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Abstract

In recent years fractional operators have received considerable attention both in pure
and applied mathematics. They appear in biological observations, finance, crystal
dislocation, digital image reconstruction and minimal surfaces.

In this thesis we study nonlocal minimal surfaces which are boundaries of sets
minimizing certain integral norms and can be interpreted as a non-infinitesimal version
of classical minimal surfaces. In particular, we consider critical points, with or withouth
constraints, of suitable functionals, or approximations through diffuse models as the
Allen-Cahn’s.

In the first part of the thesis we prove an existence and multiplicity result for critical
points of the fractional analogue of the Allen-Cahn equation in bounded domains.
We bound the functional using a standard nonlocal tool: we split the domain in two
regions and we analyze the three significative interactions. Then, the proof becomes an
application of a classical Krasnoselskii’s genus result.

Then, we consider a fractional mesoscopic model of phase transition i.e. the fractional
Allen-Cahn equation with the addition of a mesoscopic term changing the ‘pure phases’
41 in periodic functions. We investigate geometric properties of the interface of the
associated minimal solutions. Then we construct minimal interfaces lying to a strip
of prescribed direction and universal width. We provide a geometric and variational
technique adapted to deal with nonlocal interactions.

In the last part of the thesis, we study functionals involving the fractional perimeter.
In particular, first we study the localization of sets with constant nonlocal mean
curvature and small prescribed volume in an open bounded domain, proving that these
sets are ‘sufficiently close’ to critical points of a suitable potential. The proof is an
application of the Lyupanov-Schmidt reduction to the fractional perimeter.

Finally, we consider the fractional perimeter in a half-space. We prove the existence
of a minimal set with fixed volume and some of its properties as intersection with the
hyperplane {xx = 0}, symmetry, to be a graph in the z-direction and smoothness.
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1 Introduction of the summary results

In recent years fractional operators have received a lot of attention both in pure
and applied mathematics. The motivations are multiple: they appear in biological
observations (for example when a predator decides that a nonlocal dispersive strategy
to hunt its preys is more efficient) [64], in minimal surfaces [22], in crystal dislocation
[12] and in finance [41]. In particular, from a probabilistic point of view, the fractional
Laplacian is an infinitesimal generator of Lévy processes, see [10].

Fractional operators generalize classical ones, because if their order is given by
the parameter s € (0,1), when s — 07 we obtain the identity, while if s — 1~ we
recover(after proper scaling) the classical local operator. For these reasons in the first
part of this thesis we are interested in studying an elliptic nonlinear equation with
fractional diffusion of the form

(—=A)°u=W'(u) in2CRN (1.0.1)

with s € (0,1), (—A)* the fractional Laplacian (defined in (2.1.2))) and W (u) := %
the well known double-well potential. The interest versus this equation, known as
the fractional Allen-Cahn equation, is due to the fact that it models the process of
phase separation in iron alloys, along with order-disorder transitions, and the fractional
exponent s € (0,1) allows us to consider long-range particle interactions (producing,
depending on the value of s, local or nonlocal effect, see [82, 84]).

In the last years many aspects of the fractional Allen-Cahn equation has been studied.
As it concerns existence, uniqueness and qualitative properties of we refer to
[20], where Cabré and Sire studied a more general equation of the form

(=A)*u+G'(u) =0 in RV,

where G denotes the potential associated to a nonlinearity f.
Then, some authors investigated multiplicity results of nontrivial solution for

{gs(_A)su +u=h(u) in A2, (1.0.2)

u=0 on O(A2),

where (2 is a bounded domain in RN, A € RT, N > 2s with s € (0,1), and h(u) has a
subcritical growth (see [48]), or for

e2(—AYu+V(z)u= f(u) inRY,
u € H*(RN) (1.0.3)
u(z) >0 z € RN,
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where N > 2s, the potential V' : RV — R and the nonlinearity f : R — R satisfy
suitable assumptions (see [49]).
Moreover, in [73], Passaseo studied the functional

2 1
u) .:g—:/Q|Du| dx+g/QG(u)dx, (1.0.4)

where 2 C RY is a bounded domain, u € H'(£2), G € C?*(R;R") with exactly two
zeros, and € € R, showing that the number of critical points for f. goes to infinity as
e —0.

Afterwards, in [57] and [63], Guaraco and Mantoulidis used a min-max approach to
study as e — 0.

Motivated by these results, we addressed an existence and multiplicity results for
the energy

1 U u(y )
LS e s o
y\
_ —u(y)[’ / —
F.(u):= 2|10g5|/ e dxdy+|510g€| W(u)dx, if s=1/2,
23 1
// |u N+25 d dy + = /W ) dz, if se (1/2,1),
(1.0.5)

domain, W is the double-well potential (see (3.0.2)) for more details), u € H*({2) and
e € RT.

In particular, in the same spirit as 73], in Chapter [3} we consider the functional F
and we prove the following

that is the fractional counterpart in §2 of (1.0.4)), with 2 C R¥ that is a bounded
3-0.2)

Theorem 1.1. Let 2 CRY be o bounded domain. Then there exist two sequences of
positive numbers {ex }ren, {cktren such that for every e € (0,¢ex), the functional F.
has at least k pairs

(7U175, U1,5)7 ceey (7uk7€a uk#‘:)

of critical points, all of them different from the constant pair (—1,1) satisfying

—1<uj(z)<1 Vaze, Vee (0,e), i=1,...k;
Fg(ui75) <c Vee (0,€k), i=1,...,k.

Moreover, for all e € (0,ex) and alli =1,...,k we have
F(u;e) > min{FE(u) ru€e H3 (), -1 <u(x) <1 forxe Q,/ udr = 0}.
0
(1.0.6)

Another interesting problem related to the fractional Allen-Cahn equation concerns
plane-like minimizers, i.e. minimizers that stay at a finite distance from a plane along



every direction. About that, in [31], Cozzi and Valdinoci studied the functional

/ / )| K(z,y)dedy + W(z,u(x))dx, (1.0.7)
RN JRN RN
where K is a kernel comparable to that one of the fractional laplacian and W is the
double-well potential. In particular they constructed minimizers of E with interfaces in
a slab of prescribed direction and bounded size (independently of the direction).
This type of problem was first studied by Caffarelli and De La Llave in [24] where
the authors considered an elliptic integrand J (but also functionals involving volume
terms) in RY or in suitable manifolds, periodic under integer translations, and they
proved that for any plane in RV there exists at least one minimizer of J with a bounded
distance from this plane.
The analogous result of [31] for s = 1 was proved in [86], where the first addendum
of E is replaced by

/(A(x)Vu(x), Vu(x))de,

with A bounded and uniformly elliptic matrix. Some other generalizations were analyzed
in (741160} [13].

Then, in [69], Novaga and Valdinoci considered the Allen-Cahn energy with the
addition of a ‘mesoscopic term’ H which is ‘neutral’ in the average and at each point it
prefers one of the two phases, i.e.

Eq(u) == /Q (\Vu(x)|2 + W(z,u(x)) + H(:v)u(gc)) dz, (1.0.8)

where £2 C RY is a bounded domain, N > 2, u € H'(£2), W is the standard double-well
potential and H € L= (RY).

They investigated geometric properties of the interfaces of the associated minimal
solutions and they gave density estimates for the level sets. This allowed them to
construct, in the periodic setting, minimal interfaces near a prescribed strip.

In the same spirit of [31] and [69], we studied in Chapter [4] the fractional Allen-Cahn
energy with the addition of a ‘mesoscopic term’ H, i.e.

/RN/RN ) — u(y)| K (x, y)dxdy+/ W(z,u(z))de+ [ H(z)u(z)d,

RN

where K is a kernel comparable to that one of the fractional laplacian, W is the
double-well potential and H € L>°(RY) (see Chapter |4| for more details).
For this functional we construct minimal interfaced near a strip of universal size:

Theorem 1.2. Let s € (0,1), do € (0,1/10) and N > 2. Given 6 € (0,1 — dg), there
exists My > 0 depending only on 0 and on universal quantities, such that for any
w € RN\ {0}, there is a class A-minimizer u,, of £ for which we have

{|uw|<9}c{xeRN;i

o X € [O,MO]}.

Moreover,



1 Introduction of the summary results

o ifw e QN \ {0}, u, is periodic with respect to ~,;

o ifw c RV\ QV, uy is the uniform limit on compact subsets of RN of a sequence
of periodic class A-minimizers.

We refer to Definition and for the notions of class A-minimizer and
function ~, periodic respectively.

In addition to the study of the properties which characterize the solutions of the
fractional Allen-Cahn equation , it is also interesting to observe that, if 2 ¢ RV
is a bounded domain, the complete version of F. (defined in (L.0.5))) is given by
Ts.0e s H?(£2) - RU {400},

K(u, 2) +e72 [, W(u)dz it s € (0,1/2),
To0.e(u) == q [eloge| ' (e 25IC(u 2) —i—fQ u)dz) if s =1/2, (1.0.9)
e IC(u, 2) + L [, W da: if s € (1/2,1),

where € > 0, W is the double-well potential and

|u |u u(y)l?
K(u, // N+2s d dy + 0 Jo— N+2s dzdy.

is the fractional counterpart of the functional studied by Modica and Mortola in
[22], where the authors proved the I'-convergence of the energy to De Giorgi’s perimeter
(defined in [52]).

In the same way Savin and Valdinoci in [82] considered the functional Zs ¢, . showing
that if s € [1/2, 1), then Z; ( . I'-converges to the classical perimeter, while if s € (0,1/2)
and u|9 = XE — XrnN\ g for some set E' C (2, then Z; . I'-converges to the fractional
perimeter (localized with respect to (2)

=[] e [ e (0010
ENQ JEC | — B2 JECna |z — vy

Moreover, Ambrosio, De Philippis and Martinazzi analyzed in [6] the link between the
fractional perimeter and the classical De Giorgi’s perimeter, showing the equi-coercivity,
the I'-convergence of the fractional perimeter, when s approaches 1/2, to the classical
perimeter (up to a scaling factor), and they deduced a local convergence result for
minimizers.

Therefore the fractional perimeter, defined for a measurable set £ C RV, as

dx dy
1.0.11
RN e = (Lo

where N > 2, s € (0,1/2) and EY that is the complement of E, is a (nonlocal)
variation of the classical notion of perimeter which takes into account also a long-range
interactions between sets, and hence it is of great interest from a mathematical point
of view. Additionaly, the fractional perimeter has a relevant role in many applications.



Figure 1.1: Discrepancy between classical perimeter and fractional perimeter in a bitmap.

For example, if we consider a bitmap, that is a digitalized image in which every pixel
can only be black or white, we can easily see that the fractional perimeter is more
accurate than the classical one to analyze digitalized images (see |39} [27]).

To observe this fact, we take a grid of square pixels of small side € > 0 and a black
square F of side 1 rotated by 45 degrees with respect to the orientation of the pixels.
Then we digitalize the square and we see a numerical error due to the pixels intersecting
the square which become black, see Figure Computing the (classical) perimeter of
the original square and that one of the digitalized image we notice an error of a factor
/2 since the perimeter of the first is 4 and that one of the second is 41/2 (independently
on g).

If we use the fractional perimeter (for example with s = 0.48 so that it is very
close to the classical perimeter thanks to [6]), we get a much better approximation.
Indeed, in this case, the discrepancy D;(e) between the fractional perimeter of the
original square and that one of the digitalized image is bounded by above by the sum
of "boundary pixels", whose number is 4/e. Moreover, the intersection of one pixel with
its complement is given, for N = 2, by the scaling factor e2~2* (obtained by (L.0.11))).
Therefore, for C > 0, we obtain that Dy(e) < Cel™2¢ — 0 as € — 0.

For all these reasons, in the last part of this thesis we focus on the study of some
properties holding for minimizers of the fractional perimeter, whose boundaries are
called nonlocal constant mean curvature surfaces. They appear in the study of fractals
[87], cellular automata |58, 25| and phase transitions |16} |82].

First we study fractional isoperimetric problems. Their standard version consists
in the study of least-area sets contained in a fixed region (a ball, the Euclidean space,
... ). More precisely, if we consider a N-dimensional manifold M, with or without
boundary, the goal would be to find, among all the compact hypersurfaces X C M
which contain a region {2 of volume V(£2) = m € (0,V(M)), those of minimal area
A(X). Such a region {2 is called an isoperimetric region and its boundary X' is said an
isoperimetric hypersurface.

For this problem, a first general existence and regularity result can be obtained
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combining the works of Almgren with those of Gonzalez, Massari, Tamanini and Griiter
(see [2, 52, [53]). We also refer the reader to [76], where one can find an interesting
survey about the various topologies of the minimizers.

Beyond the existence and the regularity problem, it is also interesting to study the
geometry and the topology of the solutions, and to give a qualitative description of
the isoperimetric regions. As it concerns these issues, we recall that in 2000 Morgan
and Johnson showed in [67] that a region of small prescribed volume in a smooth and
compact Riemannian manifold has asymptotically (as the volume tends to zero) at
least as much perimeter as a round ball.

Afterwards, regarding critical points of the perimeter relative to a given set, in [43],
Fall proved the existence of surfaces similar to half spheres surrounding a small volume
near nondegenerate critical points of the mean curvature of the smooth boundary of
an open set in R3. Moreover he showed that the boundary mean curvature determines
the main terms studying the problem with a Lyapunov-Schmidt reduction.

Then, in [42] he proved that isoperimetric regions with small volume in a bounded
smooth domain {2 are near global maxima of the mean curvature of (2.

Results of the same kind were shown in [40] and [88]. The authors considered
closed manifolds, proving that isoperimetric regions with small volume located near the
maxima of scalar curvature. In [88] Ye also showed a viceversa: for every critical points
p of the scalar curvature there exists a neighborhood of p foliated by constant mean
curvature hypersurfaces. Moreover, in [85], Taylor studied the boundary regularity for
the capillarity problem.

In the last years the increase of the interest for the fractional operator has led many
mathematicians to study isoperimetric problems even in a fractional setting.

In [46], Figalli, Fusco, Maggi, Millot and Morini generalized to the fractional setting a
well known quantitative isoperimetric inequality which holds for the classical perimeter.
Indeed, in the Euclidean framework, we know that among all sets of prescribed measure,
the balls have the least perimeter, i.e. for any F C R¥ borel set of finite Lebesgue
measure, it results

N[Bi|¥|E|'V < P(E), (1.0.12)

with B; denoting the unit ball of RY with center at the origin and P(E) is the De
Giorgi’s perimeter of E. The equality in holds if and only if F is a ball.

Fusco, Millot and Morini proved in [50] an analogous result for fractional perimeter
P, (defined in (1.0.11))), then Figalli, Fusco, Maggi, Millot and Morini improved it,
showing the following result:

Theorem 1.3. [/6, Theorem 1.1] For every N > 2 and sy € (0,1/2) there exists
C(N,s9) > 0 such that

Py(E) > |PS|(§135|E|NN2S{1 + A(E)z} (1.0.13)
B F s

whenever s € [sg,1/2] and 0 < |E| < oo.



As in [50],

A(F) :=inf [EA(Brp ()] cx e RN
Bl

is the Fraenkel asymmetry of E and measures the normalized L!-distance of E from
the set of balls of volume |E|, while rg := (|E|/|B1])*" so that |E| = |B,|, where
B, is the ball of radius 7 and center at the origin.

In the same spirit of extension of classical results to the fractional setting, we mention
a paper of Maggi and Valdinoci. In [61] they modify the classical Gauss free energy
functional used in capillarity theory by considering surface tension energies of nonlocal
type.

In this way, the authors analyzed a family of problems including an interesting
nonlocal isoperimetric problem. In particular, taking 2 C RY and o € (—1,1), Maggi
and Valdinoci studied the nonlocal capillarity energy of E' C (2 defined as

E(E) ::// K(x,y)dxdy+o/ K(z,y)dxdy,
EJECNQ EJoc

with K : RY \ {0} — [0, +0o0) that is an interaction kernel, i.e. an even function such
that

() () <

N

|Z|N+25
where N > 2, s € (0,1/2), A > 1, € € [0,00) and B.(z) that is the ball of center =
and radius €. They gave existence and regularity results, density estimates and new
equilibrium conditions with respect to those of the classical Gauss free energy.
Motivated by the existence of these results, in Chapter [5] we want to study the
localization of sets with constant nonlocal mean curvature and small prescribed volume

in an open bounded domain proving this

Theorem 1.4. Let 2 C RY be a bounded open set with smooth boundary and s €

(0,1/2).

For x in a given compact set © of §2, set

1
Vaol(z ::/ ——-dy.
o r¥\@ [z —yM

Then for every strict local extremal or non-degenerate critical point xo of Vo in 2,
there exists € > 0 such that for every 0 < € < € there exist spherical-shaped surfaces
with constant HY curvature and enclosing volume identically equal to e, approaching
xg as e — 0.

We refer to Section for the definition of H, which is the fractional counterpart
of the well known mean curvature.

Moreover, knowing only the topology of the domain, we can also deduce a multiplicity
result:
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Corollary 1.5. Let 2 C RY be a bounded open set with smooth boundary. Then there
exists € > 0 such that for every 0 < ¢ <  there exist at least cat({2) spherical-shaped
surfaces with constant HY curvature and enclosing volume identically equal to .

We write cat({2) to denote the Lusternik-Schnirelman category of the set {2 (see [59]
and Section [2.5| for more details).

Then, in the second part of Chapter [5| we want to study the existence and some
properties of sets with fixed volume m € (0,400) which minimize the fractional
perimeter in a half-space. We notice that, recently, in [65] Mihaila showed the axial
symmetry of smooth critical points of the fractional perimeter in an half-space, using a
variant of the moving plane method.

Our main result will be the following:

Theorem 1.6. Let s € (0,1/2). There exists a minimizer E for

dxd
(E,RY) : / / a 13+26 E measurable set with |E| =m
BN\E [z —y|

€ (0,+00), (1.0.15)

where RY := {x € RY : 2y > 0} denotes the half-space. Moreover OE is a radially
decreasing symmetric graph of class C* in the interior, intersecting orthogonally the
hyperplane {xn = 0}.

1.1 Overview of the thesis

This thesis is organized in five chapters.
In Chapter [2] we introduce some notation, the setting and some preliminary results.

In Chapter [3| (whose results are published in |70]) we consider the fractional Allen-
Cahn energy in a bounded domain and we prove Theorem To do this we
get a bound by above on F. through a nonlocal estimate obtained splitting the domain
in two suitable regions and evaluating F; in the three possible interactions. Then we
show the validity of Palais-Smale condition and we apply a classical Krasnoselskii’s
genus tool to prove the existence and multiplicity results for minimizers of .

In Chapter {4| (whose results are published in [71]) we study a fractional mesoscopic
model of phase transition in a periodic medium. We prove an important result about
the regularity of minimizers of the associated functional, an energy estimate and some
geometric properties. Then we give a proof of Theorem (first under the additional
assumption that K has a fast decay at infinity then for general kernels) both for rational
and irrational vectors.

In Chapter [5| (whose results are published in [62]) first we study the localization of
sets with constant nonlocal mean curvature and small prescribed volume in a bounded
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open set with smooth boundary. We prove Theorem [T.4] as an application of Lyapunov-
Schmidt reduction and Corollary [I.5] through a result about the Lusternik-Schnirelman
category. Then, in the second part of this chapter, we consider the fractional perimeter
in a half-space, proving the existence of a minimal set with fixed volume and some of its
properties as symmetry, to be a graph in the x y-direction, smoothness and intersection
with the hyperplane {xx = 0} in Theorem |1.6






2 Notation and preliminary results

In this chapter we want to introduce the framework that will be used throughout this
thesis.

2.1 Functional spaces
Let £2 C RY be an open set and s € (0,1). For any p € [1,+00) we define
N u(z) — uly
wor(@) = {ue (@) M e 17(2x )} (2.1.1)

as an intermediate Banach space between LP(£2) and W1?(£2) endowed with the norm

[l w2y : (/ |u|”dx+/ |1|A:(Ez |N(+s)p|pd dy)l/p,

u(z) — u(y)|? Y
s.p = — 77 _dxd
o= ( [ [ ey

is called the Gagliardo (semi)norm. If p = 2 we define

The term

W*2(02) := H*(12)

which is a Hilbert space.
This is an important space because it is related to the fractional Laplacian operator

(—A)*:

Definition 2.1. We consider the Schwartz space of rapidly decaying functions defined
as

S(RY) = {f e C®°RY): Va,BeNY, sup [z*DPf(z)| < oo}.
z€RN

Taken s € (0,1), for any u € S(RY), we define the fractional laplacian of u as
(A ulz) = C(N,s)pv. [ o) =uly) 4 (2.1.2)
’ Ry | =y N2

where P.V. denotes the principal value, i.e.

u(r) — u(y)

(—A)°u(z) := C(N,s) lim SIS v,

e—0t RN\ B.(z) |l’ —

11
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where B.(z) denotes a ball of radius € and center x € RY and C/(N, s) is a dimensional
constant depending on N and s given by

C(N,s) = (/RN de)_l. (2.1.3)

As in the classical case, if 0 < s < s’ < 1, the space WP s continuously embedded
into W*P:

Proposition 2.2. [35], Proposition 2.1]. Let p € [1,400) and 0 < s < s’ < 1. Let 2
be an open set in RY and u: 2 — R be a measurable function. Then

[ullwer2) < Cllully o)
for suitable positive constant C = C(N,s,p) > 1. In particular
W P(02) — WP(2).
Moreover, the space WP is continuously embedded in W *P:

Proposition 2.3. [35, Proposition 2.2] Let p € [1,+00) and s € (0,1). Let £2 be an
open set in RN of class C%' and u : £2 = R be a measurable function. Then

[ullwsw(2) < Cllullwre(2)
for suitable positive constant C = C(N,s,p) > 1. In particular
WLP(02) — WP(0).

Definition 2.4. (35| Section 5] Let s € (0,1) and p € [1,4+00). We say that an open
set 2 C RY is an extension domain for WP if there exists C = C(N,p, s, 2) > 0 such
that for every u € W*P(§2) there exists @& € W*P(RY) with i(x) = u(x) for all z € 2
and [|@]|wsp@ry) < Cllul|wss (o).

We point out that an arbitrary open set is not an extension domain for W*P but
any open set of class C%! with bounded boundary it is.

If we have an extension domain, we have the following continuous embeddings (see
also [35]):

Theorem 2.5. [34, Theorem 4.53]. Let s € (0,1) and let p € (1,+00). Let 2 C RN
be a CO1 set. We have:

e if sp < N, then W*P(02) — Li(2) for every ¢ < Np/(N — sp);

e if sp =N, then W*P(£2) — L1(£2) for every q < +0o0;

e if sp > N, then W*P(2) — L*°({2) and, more precisely,
Wor(Q) = ¢ NP (2),

where for A € (0,1] we denote with C’I?’A(_Q) the space of bounded Hélder continuous
functions of order \ on (2.

12



2.2 Nonlocal Minimal Surfaces

As it concerns the compact embeddings we have this

Theorem 2.6. [34, Theorem 4.54]. Let s € [0,1), p>1 and N > 1. Let 2 C RY be
a C%! set.

e If sp < N, then the embedding of W*P(§2) into L¥(§2) is compact for every

e if sp= N, then the embedding of WP (£2) into LF(£2) is compact k < +o0;

e if sp > N, then the embedding of W*P({2) in C’g”\(()) is compact for every
A< s—N/p.

When s > 1 and it is not integer we write s = m + o, where m is an integer and
€ (0,1). In this case

WP($2) :={u € W™P(2) : D% € WP(£2) for any « : |a] = m}.
This is a Banach space with respect to the norm
1/p

lallwesc = [ Nalymaay + S 1DulBymniey | - (2.1.4)

laj=m

Obviously, if s = m integer, the space W*P({2) coincides with the Sobolev space
WP ((2).

For these spaces, embedding theorems similar to the previous ones hold, see 34,
Theorem 4.57] and [34, Theorem 4.58].

2.2 Nonlocal Minimal Surfaces

In this section we introduce the nonlocal minimal surfaces (or s-minimal surfaces) that
are boundaries of the minimizers of the fractional perimeter.

They appear in phenomena when the particles get farther and farther apart, faster
than the interaction potential decaying. So two particles which belong to different
phases and stay away from the interface give a nontrivial contribute to the total
interaction energy.

2.2.1 The fractional Perimeter

The notion of fractional perimeter was introduced by Caffarelli, Roquejoffre and Savin
in [22], where they were motivated by the structure of interphases that arise in classical
phase field models when very long space correlations are present.

Definition 2.7. For 0 < s < 1/2 the fractional perimeter (or s-perimeter) of a

measurable set E C RY is defined as
dz dy
/ /EC P y|N+29 (2.2.1)

13



2 Notation and preliminary results

Figure 2.1: The interactions considered in the localized fractional perimeter.

where hereafter E¢ will denote the complement of a set E. So, we say that a set
E C RY has finite s-perimeter if Ps(E) < oo.

We point out that the fractional perimeter corresponds to the usual semi-norm of
the characteristic function y g in the fractional Sobolev space H*(R™), that is

1 xe(@) = xe@)P
PS(E) = §[XE]H5(]RN) /]RN /RN |£L’—y|N+28 dxdy

Moreover, by @ Theorem 2], it is known that the fractional perimeter I'-converges
to De Giorgi’s perimeter as s — 1/2. Precisely, it holds

I — lin/l (1 —28)Ps(F) = wn-_1P(E), (2.2.2)
s11/2
where, here and in the following, wy_1 denotes the (N — 1)-dimensional measure of
the unit sphere of RN-1.
The fractional perimeter can be localized to a bounded open set 2 C RV by taking
away the contribution of points of E and E€ outside 2, i.e.

dx dy dx dy
o= f oo  as
Enn JEC |13—y|N+23 nac JEcno |z_y‘N+25 ( )

where 2¢ denotes the complement of 2.

Roughly speaking, the localized fractional perimeter represents the interaction of
any point inside F with any point outside £ where we "remove" possible infinite
contributions to the energy which come from infinity (see Figure , since they do
not contribute to the minimization.

Definition 2.8. We say that a set £ C RY is a s-minimizer for the fractional perimeter
in §2 if

P.(E.Q) < P,(F, ) (2:2.4)
for any measurable set F that coincides with E outside {2, i.e. F\ 2= E\ (2.

The boundaries of s-minimizing sets are referred to as nonlocal minimal surfaces.

Remark 2.9. [22] The set E N 2¢ plays the role of ‘boundary data’ for E N . If
2 C RY is a bounded Lipschitz domain, inf P(-, £2) is bounded by P,(E \ {2, £2) < oc.
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2.2 Nonlocal Minimal Surfaces

The existence of these minimizer for the fractional perimeter is easily proved through
the direct method of the Calculus of Variations. Indeed, the fractional perimeter is
lower semicontinuous:

Proposition 2.10. [22, Proposition 5.1]. If xg, — Xg in L},,, then

liminf Ps(E,, 2) > P(E, 2).

n—-+oo
Hence, the following existence result holds:

Theorem 2.11. [22, Theorem 3.2]. Let 2 C RY be a bounded Lipschitz domain,
Ey C 2° is a given set. There esists a set E, with EN Q2° = Ey such that

inf  Pu(F,0) = Py(E, ).
FNNC=E,

In [22] it is proved that s-minimizers satisfy a suitable integral equation (that is the
Euler-Lagrange equation corresponding to the functional (2.2.3)). If F is a s-minimizer
for P, in {2 and OF is smooth enough, this equation results

XE(Y) — Xgc ()
e = 2.2.
/RN |z — y|N+2s dy =0 (2.2.5)

for any z € 2N OFE.

Hence, if E C R¥ is an open set, in analogy with the classical minimal surfaces which
have zero mean curvature, one defines the nonlocal (or fractional) mean curvature,
briefly denoted with NMC, of OF at a point = € OF as

xe(y) = xee(y)
H, = e T v e 2.2.
5,(9E(x) /]RN |(E—y‘N+2S dy7 ( 6)

so that equation (2.2.5) can be written as Hs pg(x) = 0.
We point out that the integral in (2.2.6) is understood in the principal value sense,
hence defining

5 ,7 xXe(y) — x5e ()
Hoosle) = /]RN\Bg(z) PR (2.27)

we have
1 9
H;op = (%13(1) H op-

Note that, if 9E € C?, the nonlocal mean curvature H gp is well-defined in a neigh-
bourhood of x in the principal value sense and, in this case, it agrees with usual mean
curvature in the limit as s — 1/2 by the relation

lim (1—2s)H; o =wn_1Hog,
s—1/2

where Hpp denotes the classical mean curvature of OF, see [1, Theorem 12].
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If E is smooth and compactly contained in {2, let w be a smooth function defined on
on OF, with small L*> norm. We call F,, the set whose boundary 0F,, is parametrized
by

OE, ={z+w(z)vg(x): = € OFE} (2.2.8)
where vg is a normal vector field to OF exterior to E.

The first variation of the fractional perimeter (2.2.3)) along these normal perturbations

is given by

d

dtPs(Etwy Q)\t:o = = Ps(Etw; Q) = / (HS’aE)’U} dO'7 (229)
dt t=0 OE

see [32], and this quantity vanishes for all such w if and only if

H op(z) =0 forallz e OEN (2.

We point out that, besides (2.2.6]), there are other ways to write the nonlocal mean
curvature. For example, if x € OF, setting Xg := Xg — Xgc, we have

H,op(x) = %/RN Xe( +|?/y)|;+>§ff(x —9) 4,
_ 1 [ Xe(+y) - Xel@—y) - 2Xe(x)
-2 /]RN y[N+2s dy (2.2.10)
_ (£4)XE(@)
C(N,s) '’

where the first two integrals are understood in the principal value sense, C(N, s)
is defined in (2.1.3) and (—A)* is the fractional Laplacian defined in (2.1.2)). This
representation is useful because it allows us to write the Euler-Lagrange equation as

(=A)°xg =0 along OF.

Finally, as conclusion of this section, we recall the partial known results about the
regularity theory of nonlocal minimal surfaces, (see [§] and [83]):

Theorem 2.12. (16, Theorem 5.3] In the plane, s-minimizers are smooth, i.e.
o if £ is a s-minimizer in 2 C R?, then OFE N {2 is a C*-curve.

o Let E be a s-minimizer in £2 C RN, and let X C OE N §2 be its singular set.
Then, denoting with H¢ the d-dimensional Hausdorff measure, H4(Xg) =0 for
any d > N — 3.

Moreover, when s is close to 1/2, we have that

Theorem 2.13. [16, Theorem 5.4] There exists € € (0,1/2) sucht that if s > & —¢,
then

o if N <7 any s-minimizer is of classe C'>°.
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2.3 Classical and fractional Allen-Cahn equations

o If N =8 any minimal surface is of class C*° except, at most, countably many
isolated points.

e any s-minimal surface is of class C*> outside a closed set X of Hausdorff dimen-
sion N — 8.

2.3 Classical and fractional Allen-Cahn equations
S. Allen and J. W. Cahn in the 1970s introduced the well-known Allen-Cahn equation
—Au=u—u® in2CRY, (2.3.1)

which describes a phase coexistence model, where u is the phase of the medium at
x € {2 and {2 represents the container.

It is easy to see that equation has a variational structure, so its solutions can
be found as critical points of the energy functional

:%/Q|Vu(;1c)|2dac—&—/QW(u(gc))dgc7 (2.3.2)

where W(r) := (17:2)2 is the well known double-well potential.

The first term of Zy; is an interfacial energy which prevents phase changes from point
to point and ‘wild’ phase oscillations; the second term penalizes considerable deviations
from the ‘pure phases’ +1.

In the last thirty years of the 20*" century a lot of results about the Allen-Cahn
equation are obtained: a I'-convergence result (see [66]), energy and density estimates
(see [23]), and locally uniform convergence of level sets (see [23]) are shown.

Recently with the growth of interest for fractional operators, a lot of mathematicians

addressed their attention to the fractional counterpart of the Allen-Cahn equation, i.e.

(-AYu=u—u* in2CRY, (2.3.3)

where s € (0,1) and (—A)* that is the fractional Laplacian introduced in (2.1.2). This
model, different from the classical one, deals with longe-range interactions which can
influence the coexistence of the two ‘phases’ introducing new phenomena.

However, as its classical counterpart, equation has variational structure. In
this case, up to scaling constants omitted for simplicity, the energy associated to the
fractional Allen-Cahn equation is

_ COns 2
Ts.0(u) : . //cg |a:y|N+2)5| da:dy—l—/QW(u(x))dx, (2.3.4)

where C s is defined in and
Co=(2x02) U (2xRY\2)) U (RV\2)x02). (2.3.5)
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2 Notation and preliminary results

It is interesting to observe that the interface term of considers the points in {2
which can be regarded as the complement in R of the ‘inactive’ set R™ \ 2, while
in , Cp collects the couples (z,y) € RY x RY such that at least one of the
points belongs to {2 (and hence Cy, takes into account the ‘inactive’ couples of points
in (RY\ 2) x (RV\ 2)).

Following [38], we recall some interesting results, previously analyzed for equation

(2.3.1), obtained for the fractional Allen-Cahn equation (2.3.3).

For e > 0 and s € (0, 1), we define the functional Z; o . : H*({2) — R as

u(y)® / . L

dx dy W fse (0,5

//CQ |33'—y|N+29 2+ 2s s ( 72
u(y)| / . 1
Ts = fg=1
)= e // |zfy\N+25 2+ Sk

29 1 : 1
//C |x7y|N+25 dzdy + - /W if se (1,1
2

that is the rescaled functional obtained from the use of the blow-down sequence

ue(x) = u(g) fore =0

in (@Z31).

The I'-convergence result for the fractional Allen-Cahn energy is the following:

Theorem 2.14. [82, Theorem 1.5] If 2 C RY is a smooth domain and u. : 2 — [—1,1]
is a sequence of minimizers for Is o . such that

sSup IS,Q,E(UE) < 00,
e€(0,1)

then, up to a subsequence,

lim ue = up := Xg — Xgc in L*(92), (2.3.7)
e—0
for some set E C RV,
If s € (0,1/2) and u. converges weakly to ug in RN \ £2, then the set E minimizes
the fractional perimeter P in §2 with respect to its datum in RN \ £2.
If s € [1/2,1), the set E minimizes the perimeter in 2 with respect to its boundary
datum.

It is important to highlight that this theorem represents the nonlocal analogue
of the classical I'-convergence result proved in [66] with a fundamental difference:
the same limit holds but, depending on the parameter s, the limit set E has
different features. Moreover, as remarked in 38|, the I'-convergence results stated
in Theorem are easier in the case s € (0,1/2) since characteristic functions are
admissible competitors with finite energy. Contrarily, if s € [1/2,1), the proof is
more difficult because it needs to reconstruct a local energy from all the nonlocal
contributions.
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2.3 Classical and fractional Allen-Cahn equations

As it concerns the fractional counterpart of the energy and density estimates we
have this

Theorem 2.15. (84, Theorem 1.3 and Theorem 1.4] Let R > 1 and Bg be the ball of
radius R centered at the origin. If w: Bryy — [—1,1] is a minimizer of I ., then

CRN—2 ifs e (0,3),
T Bpy, (u) < S CRN"ogR  ifs=1, (2.3.8)
CRN-1 ifse (3,1),

for some C > 0.
In addition, if u(0) = 0, the Lebesgue measure of {u > 1/2} and {u < —1/2} in Bpg
are both greater than cRN for some ¢ > 0.

It is interesting to note that, as in the classical case, the energy bound is influenced
by the parameter s in the same way: for s large the estimate does not depends on s,
while for s small the energy contributions coming from infinity add energy in a large
ball.

Moreover we observe that the constants in Theorem [2.15] can depend on N and s
and they are weaker than the constant of the classical case. However the estimates in
Theorem [2.15] allow us to have this

Corollary 2.16. /84, Corollary 1.7] If 2 C RY is a smooth domain, E C RY and
Ue : 2 — [—1,1] is a minimizer of I, o . such that (2.3.7) holds true, then the set
{Jue| < 1/2} converges locally uniformly in 2 to OF as e — 0.

2.3.1 De Giorgi’s conjecture

Although we will not deal this topic in this thesis, we briefly discuss an important
problem related to the Allen-Cahn equation: the well known De Giorgi’s conjecture.
In 1979 De Giorgi conjectured the following

Conjecture 2.17. [33] Let u: RY — [—1,1] be a solution of the Allen-Cahn equation
[2.3.1)) in the whole of RN such that

ou

%(33) >0 forallzeRY, (2.3.9)

Is it true that u is 1D that is, denoting with SV=1 the (N — 1)-dimensional sphere of
RN, u(x) = ug(w - x) for some ug : R — R and w € SN71, at least for N < 82

This conjecture was proved for N = 2,3 (see [5, [51]) while the cases N = 4,8 are

still open. For N =4,...,8 the conjecture was shown in |79] with the limit assumption
. / _
xNh—goo u(z',xn) = £1. (2.3.10)

A variant of the conjecture (known as Gibbons conjecture) with (2.3.9) replaced by a
uniform limit assumption at infinity was showed independently in [44} (7, 9]. Moreover
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2 Notation and preliminary results

a variational variant with (2.3.9)) replaced by a minimality assumption was proved in
[79] when N < 7. The case N = 8 is still open, while a counterexample was given for

N291n.

In the fractional setting, Conjecture is proved only in some cases:

Theorem 2.18. Let u : RN — [—1,1] be a solution of the fractional Allen-Cahn
equation ([2.3.3)) in the whole of RN such that

ou

%(aj) >0 forallzeRY.

Suppose that either

or

Then v is 1D.

This theorem was proved in when N =2 and s = %, in when N = 2
and s € (0,1), in when N =3 and s = £, in when N =3 and s € (3,1), in
[36] when N = 3 and s € (0,3) and in [47] when N =4 and s = 1. For N > 9 and
s € (%, 1) a counterexample to the validity of Theorem was exibithed in |\ In
the other cases the problem is open (in higher dimensions Theorem is proved with
the additional limit assumption by a collage of )

By a superposition of the results in the same papers , one can prove the
existence of g9 € (0,1/2] such that the fractional variational version of De Giorgi’s
Conjecture was proved when N < 7 and s € (% — £0,1) with the assumption (2.3.9)
replaced by a minimality assumption.

Finally we mention an interesting result which holds for the fractional Allen-Cahn
equation, but it is not true for the classical Allen-Cahn equation (see Theorem 1]),
revealing a purely nonlocal phenomenon:

Theorem 2.19. Let s € (0,%) and u be a solution of (2.3.3) in RN. Then u is
1D.

As highlighted in , this theorem tell us that if we have a phase coexistence in this
framework and we plug more energy into the system, then two situations can occur:

a) the two interfaces oscillate significantly at infinity (and hence the flatness as-
sumption of Theorem does not hold);

b) the graph of u can oscillate but, since from Theorem u has to be 1D, the
phase separation occurrs along parallel hyperplanes with possible multiplicity.

Thanks to Theorem 1.3] we know that Theorem is false when s € (1/2,1),
while the case s = 1/2 is still open.
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2.4 Introduction to the Lyapunov-Schmidt reduction

2.4 Introduction to the Lyapunov-Schmidt reduction

In this section we introduce the setting which we will use to apply the Lyapunov-
Schmidt reduction, i.e. a tool that allows us to study a class of problems with a small
(or large) parameter and variational structure.

If we denote with B;(€) a ball with center ¢ € RY and unit radius and we take
we CHIB1(E)), we will write B(£,w) to indicate the set such that

OB(&,w) :=={y e RN 1y = 2 + w(x)vp, ) (2), 2 € 0B1(£)}, (2.4.1)

where v, (¢) is the outer unit normal to dB1(§). Then, if 2 C RY is an open and
bounded set, we consider the fractional perimeter of a measurable set £ C RY in £2 as
the interaction between F and its complement inside {2 only, i.e.

dz dy
(B, ) / /Q\E 7 g (2.4.2)

where s € (0,1/2). In analogy with (2.2.6]), we define the nonlocal mean curvature (in
) of OF at x € JF corresponding to (2.4.2)) as

XE(Y) = XEene(y)
HEp(z) = /Q |x_y|N+”25 dy, (2.4.3)

(see [61, Theorem 1.3 and Proposition 3.2 with ¢ = 0 and g = 0]) where, as usual, xg
denotes the characteristic function of £, E® is the complement of E, and the integral
has to be understood in the principal value sense.

We also set

Se:=0B1(§) and  Pf(w) = Py(B({ w), 2) (2.4.4)

then, for 3 € (2s,1) and ¢ € C1P(IB(&,w)), we set
/
PE) @l i= [ Hpeupdon (2.45)
( f) OBy OBEW)

where do,, stands for the area element of OB(&, w(§)).
Consider next the spherical fractional Laplacian

p(0) = ¢(o)
|0 — o N+2s do,

Lsp(0) fPV/

S

where S := S¥N~1 = 9B, and P.V. denotes the principal value.
It turns out that (see [19])

Ly : CHP(S) = CP=5(9). (2.4.6)
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2 Notation and preliminary results

The operator Ls has an increasing sequence of eigenvalues 0 = g < A} < Ay < -+ -

whose explicit expression is given by
r 2k + N +2s r N +2s
aN=D/2P((1 - 2s)/2 2 B 2
(1425)225((N + 2s5)/2) F(2k+N—2s—2> F(N—Zs—?) ’

/\k =

2 2
(2.4.7)
see |78, Lemma 6.26], where I" is the Euler Gamma function. The eigenfunctions are
the usual spherical harmonics, i.e. one has

Ly = A\ for every k € N and ¢ € &,

where & is the space of spherical harmonics of degree k and dimension ny := Ny — Ni_o,
with
(n+k—1)!
(n—1)k!

We recall that ng = 1 and that & consists of constant functions, whereas ny = N and
& is spanned by the restrictions of the coordinate functions in RV to the unit sphere
S.

For sets that are suitable graphs over the unit sphere S of RV, we have the follow-
ing result concerning nonlocal mean curvature relative to the whole space, see [19|
Theorem 2.1, Lemma 5.1 and Theorem 5.2].

N = fork>0 and Np,=0 fork <O.

Proposition 2.20. Given 8 € (2s,1) we consider the family of functions
1
1 ={pcC®) : lolms <5}

Then the map ¢ — H, ap(0,4) 15 a C* function from T into CP=25(S). Moreover, its
linearization at ¢ =0 is given by

p = 2dN,s(Ls - )\1)907 (248)
; ; N 1—2s . N—-1 . .
where Ay is defined in (2.4.7) and dy s := AR with B that is the unit ball

in RV-1,

Accordingly we have than every function in the kernel of the above linearized
nonlocal mean curvature is a linear combination of first-order spherical harmonics, i.e.
if w € Ker (Ls — A1), we have

N
w=> \Yi (2.4.9)
=1

where {Y;}i=1... v € & and \; € R. Therefore, defining

W= {’wGCLﬁ(Sg)Z/ in=0fori:1,...,N,}, (2.4.10)
Se
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it follows by Fredholm’s theory that L, — A; is invertible on W.

As a consequence of the above proposition, using a perturbation argument, we deduce
also the following result, for which we need to introduce some notation. Let {2 be a
bounded set in RY. For ¢ > 0 we denote (2, := é(). Fix a compact set © in {2, and

let € € %@. Then we consider the operator Lgf corresponding to the linearization of
the nonlocal mean curvature at Bj (&) relative to 2. (defined as in (2.4.3))), namely the
nonlocal operator such that

d Q. Q.
3| Heomers) = (Lag#):
t t=0

We have the following result:

Proposition 2.21. Let 2, O, £ and L?g be as above, and let 5 € (2s,1). Consider
the family of functions

1
T = {(p € CHP(Se) ¢ [lellpoe(se) < 2}~

Then the map @ — H;?(;B@ ) is a C™ function from T into C®~2%(S¢). Moreover, if

W is as in (2.4.10)), LSQZ is invertible with uniformly bounded inverse on W.

2.5 Genus and category of a set

In this last section we follow |4] to discuss briefly a theory introduced by Lusternik-

Schnirelmann to deduce multiplicity results for critical points of a functional defined on

a manifold M in connection with the topological properties of M. The main ingredient

of this theory is a topological tool, called the Lusternik-Schnirelmann (or L-S) category.
Let M be a topological space.

Definition 2.22. [4, Definition 9.2] The category of a set A C M with respect to M,
denoted by catp;(A), is the least integer k such that A C A; U---U Ay with A; closed
and contractible in M for every i =1,--- k.

We set cat(2) = 0 and catpr(A) = +oo if there are no integers with the above property.
We will use the notation cat(M) for catpr (M) and A to indicate the topological closure
of the set A.

Remark 2.23. From the previous definition, it is easy to see that caty(A) = catpr(A).
Moreover, if A C B C M, we have that caty/(A) < catpa(B), see |4, Lemma 9.6].

Then, assuming that
M = F~1(0), where F € CY(E,R) with ED M and F'(u) #0Yu € M,
(2.5.1)

we set
caty (M) = sup{catp (A) : A C M and A is compact}.

Note that if M is compact, caty (M) = cat(M).
We also recall the definition of the Palais-Smale condition (or (PS)-condition).
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Definition 2.24. Let H be a Hilbert space and J € C!(H). Every subsequence
{tun }nen such that

{J(uy)} is bounded and J'(u,) — 0in H™ () (2.5.2)

is relatively compact. If a sequence satisfies (2.5.2)), it is called Palais-Smale sequence
(or (PS)-sequence).

With this setting at hand, we can state an important result about the Lusternik-
Schnirelman category:

Theorem 2.25. [/, Theorem 9.10] Let (2.5.1)) holds, let J € CY1(E,R) be bounded
from below on M and let J satisfy (PS)-condition. Then J has at least caty,(M) critical
points on M.

Remark 2.26. If M has boundary, under the same assumptions of Theorem [2:25] one
can still find at least caty (M) critical points for J provided V.J is non zero on 0M and
points in the outward direction.

Actually, this interesting theory does not give any new result when M is the unit
sphere S in a infinite dimensional Hilbert space because cat(S) = 1. So it is useful to
introduce another topological tool which will substitute the category in the sense of
even simmetry:

Definition 2.27. |4, Definition 10.1] Let H be a Hilbert space and E be a closed
subset of H \ {0}, symmetric with respect to 0 (i.e. E = —E).

We call genus of E in H, indicated with geny(E), the least integer m such that
there exists ¢ € C(H;R™) such that ¢ is odd and ¢(z) # 0 for all z € E.

We set gengy(E) = +oo if there are no integer with the above property and
geny (D) = 0.

We recall that, if SV is a N-dimensional sphere of H with centre in zero, it results
geny, (SN) =N +1.
A remarkable result about the genus is the following:

Theorem 2.28. [/, Proposition 10.8] Let H be a Hilbert space and f: H — R be an
even C?-functional satisfying the (PS)-condition.

Set f¢:={u € H : f(u) < c} for all c € R. Then, for all ¢1, co € R, such that
c1 <2 < f(0), we have

geny () < genpg (f) + #{(—usu) = e < fug) < o, f'(u;) = 0},

where, if A is a set, we indicate with #A the cardinality of A.
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3 Multiplicity of critical points for the
fractional Allen-Cahn energy

In this chapter we present an existence and multiplicity result for critical points of the

functional
|u 1 .
_ ‘N—O—QS dxdy—i— W( ) da if s € (0,1/2),
u(y)|® / .
Fe(u) = dz fs=1/2
E(U) 22|5101g€|/ |1737E|1\)[|J;1 log{-j‘ .’17; I s / )
7(1 dy+~- [ W(u)d if 1/2,1
2 /n TR y+€/n e 1 36((;0’1;,

where £2 C RY is a smooth and bounded domain, v € H*({2), and ¢ € R™.
The map W : R — R™ is the standard double-well potential, i.e. an even function
such that
W e C*(R;RT), W(+1)=0, W >0in (-1,1),

W'(£1) =0, W"(£1) > 0. (30.2)

Hence, F. is the contribution in {2 of the energy associated to the fractional Allen-Cahn
equation. It is the fractional counterpart of the functional studied by Modica and
Mortola in [66], where they proved the I'-convergence of their energy to De Giorgi’s
perimeter. An analogous result of I'-convergence for a functional as (3.0.1)) is discussed
by Valdinoci-Savin in [82].

Passaseo studied in 73] the classical analogue of our functional, i.e.

) :5/ |Du|2dx+1/ G(u) do (3.0.3)
n gJn

where 2 C RY is a bounded domain, u € H'({2), ¢ is a positive parameter and
G € C?(R;RY) is a nonnegative function with two zeros, o and 3. He proved that the
number of critical points for f. goes to oo as e — 0.

Our goal is to extend Passaseo’s result to the fractional counterpart given by F.. In
particular we want to show the following

Theorem 3.1. Let 2 C RY be a smooth bounded domain and W be a function
satisfying (3.0.2)). Then there exist two sequences of positive numbers {ex }ken, {Ck }ren
such that, for every e € (0,e), the functional F. has at least k pairs

(7U1,€a ul,s), sy (7uk,€7 uk‘,e)
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3 Multiplicity of critical points for the fractional Allen-Cahn energy

of critical points, all of them different from the constant pair (—1,1) satisfying

“1<ue(z)<1 Vaze, Vee(0,e), i=1,...k;
Fg(uq;7g) <c¢, Vee (O,Sk), 1=1,... k.

Moreover, for every e € (0,ex) and i =1,...,k we have
Fo(u;e) > min{FE(u) cu e H(2),-1<u(z) <1 forze Q,/ udx = O}. (3.0.4)
Q

First of all we observe that critical points of Theorem [3.I] do not include constant
functions:

Remark 3.2. Notice that for every € > 0, the function u = 0 is obviously a critical point
for the functional F., but it is not included among the ones given by Theorem [3.1]
Indeed if s € (1/2,1), but for the other cases it is similar, we have

1
F.(0) = gW(O)|Q| — 400 ase—0.

Moreover since inf{W(t) : W/(t) = 0,—1 < t < 1} > 0, one can deduce that the
critical points given by Theorem are not constant functions. Indeed, if u. = ¢,
is a constant critical point for F, (distinct from =£1), it must be W'(c.) = 0 and
—1 < ¢. < 1. Therefore

Wiee) > inf{W(t): W' (t)=0,-1<t<1} >0 (3.0.5)

and thus, considering the functional related to s € (1/2,1), but the other cases are
similar, we would get

1
F.(c.) = EW(C€)|Q| — 400 ase —0, (3.0.6)

in contradiction with F.(c.) < ¢ for all € € (0,¢eg).

Remark 3.3. Supposing, without loss of generality, that (2 is a connected domain, for
all € > 0 it results

min{FE(u) ru€e H3(2),-1<u(x) <1 Vze Q,/ udr = O} > 0. (3.0.7)
2

Indeed, let u be a minimizing function and let us assume F.(u) = 0. Recalling the
definition of F. it has to be

|a(z) — a(y)® _
———>daxdy=0 and W(u)=0. 3.0.8
[ S =0t we 0o

From the first equality and the fact that |, o udz = 0 it follows that u = 0, but this
contradicts the second equality in (3.0.8) since W (0) > 0.
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3.1 Estimate from above of F

3.1 Estimate from above of F.

To prove Theorem we need to introduce some notation and a preliminary result
which allow us to obtain a bound from above of the functional F;.

Definition 3.4. Fixed k > 0 integer, for every A = (A\(0), ... A(*)) € R¥*! we define
the function ¢y : R — R as

k

ox(t) == Z A cos(mt).

m=0

For every A € R¥*! with [A|gss1 = 1 and € > 0, let Lo(¢y) : R — R be the function

given by o -
1 NG
L. = —
(=g [ o

Note that L.(yy) is well defined because for all A € Rt with |A|ge+1 = 1 the
function ¢, has only isolated zeros.

Now, for & = (21,--+ ,2n) € 2 C RY, we denote by P; the projection onto the first
component, and we set

SF = {L.(pr) o Py : X € RFFL | N|prsr = 1}
Lemma 3.5. (73, Lemma 2.4] Let us fiz a,b € R with a < b and consider
x(pa) = ##{t € [a, 0] : pa(t) = 0}
for X € R¥L with |A|gr+1 = 1. Then, for every k € N, we have
sup{x(pa) : A € R¥L A guys = 1} < +o0,

Lemma 3.6. Let 2 C RY be a bounded domain and W be a function satisfying (3.0.2)).
Then, for every k € N there exists a constant c > 0 such that

F.(f)<e. YfesSt (3.1.1)
Proof. Let uy . := L.(py) o Py € S¥ and call

a:=1inf P,(£2), b:=supP(£2),
Zy = {t € [a,b] : pa(t) = 0},
Zye = {t e R:dist(t, Z)) < €}.

Note that, for x € {2,
(i) if Pi(z) ¢ Zx ¢, then |uy (x)] =1 and Duy (x) = 0;

(i) if Py(z) € Zx, then |uy(z)| < 1 and [Duy(z)] < L.
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3 Multiplicity of critical points for the fractional Allen-Cahn energy

1 1
Y/\,e Z)\

yE

! ! !
! ! !
| | |
| | ’ |
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| | |
| | |

ot Pi(02)

Figure 3.1: The partition of P;(f2).

We want to evaluate F;(uy ), analyzing the contributions given by two terms of the
functional.

Since {2 is bounded, we can suppose that it is included in a cube @ of side large
enough. Then, denoting with Y) . := Zﬁs the complement of Z) ., for z, y € 2, we
have three cases:

(a) Pi(x) € Yy and Pi(y) € Y ;
(b) Pi(z) € Zy and Pi(y) € Y .;
(c) Pi(z) € Zre and Pi(y) € Z ..
From Lemma we can set k := max{x(px) : A € R*¥*1 |A|pri1 = 1}, so that

k k+1
Zne=J 2. and Ya.C(JVi.,
i=1 i=1

where, for all i = 1,--- , k, we denote Z} := {t' € [a,b] : pA(t") =0}, Z§ . == {t € R:
dist (t, Z}) < e} and Yy _ are as in Figure
Now, calling ZNE = Pl_l(ZAVs) N 2 and }v&ﬁ = Pfl(YA,s) N {2, we observe that

W(upe)dz =0 (3.1.2)
YA,E
and, defining p := sup{|z|: € 2}, M := max{W(t) : [t| < 1}, and ey := wn_1p" 1,
we get

- W(uyze)dr < M|Zy .| < 2ekMey < +o0, (3.1.3)
ZA,E

since x(px) = #(Zx), Zxe = Uiez, ]t —¢,t+¢[ and from Lemma 3.5 x(pa) < k < +oo.
At this point it remains to estimate

[ur (@) = urc(y)]?
/ / |x _ y|N+2 dz dy,

so we analyze it in the three cases distinguished above:
Case (a). We have

k+1

|U)\s — Uy s(y / / ‘u)\s u)\s(y)|2
/Y/\s/YAe |'CL‘_y|]\/v—"_26 v= Z YJ ‘m_y|N+2.s T dy

z]l

(3.1.4)
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3.1 Estimate from above of F

Since the bigger contribution in the interaction comes from two successive strips
Yy _ and Y/\“gl for ¢ = 1,--- ,k which are at least 2¢ away, we denote with Q_ =

Q N Pt < 0}), with Q4 := Q N P; ' ({t > 2¢}) and we can write

k+1 2
|UA (@) —ux(y)|
> [ Jy s e

zgl

4
g(k+1)2/ / —dzdy.
o Ja, |x_y‘N+2s

in n strips of width & > 0, with n of order 1/ and using polar

(3.1.5)

Then we split @ _
coordinates, we obtain

4
(k+1 / / mdxdy<4n k+ / / _28_1d7"dx1
@ 2 (3.1.6)

- (k+1) N/ ( 2.%1) 2Sd1’1 .
—2e
Now, depending on the value of s € (0, 1), we distinguish two cases:

(G) if s #1/2, we have

e 21725 (k 4+ 1)2c3
2 _ —2s _ N  _1-2s/91-2s
(k+1) / (—2z1)"**day S0 —25) e %2 1). (3.1.7)

—2¢

(@) Ifs =1/2,

—€

2kt 1)20%/ (~21)~% day :4n(k+1)2c2N/ (2e) e

—2¢ 2¢e
=2n(k + 1)%c% log 2.
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3 Multiplicity of critical points for the fractional Allen-Cahn energy

Case (b). We note that YAZ . CQ\ ZA ., thus

ure(7) — ure(y)|?
dz dy
/zk . /n . o= yIN“S

|“>\6 — U s(y)|2
< dx d
Z/ /\Zl y|N+2S Y

min{1/e2|x — y|?,4}

< 2cne Sup/ dy
i—zlzeZV;’E Q\Zi . @ — y|N+2s

2e 1 +oo
< 2/{50?\, (/ 727,1—25 dr + / qp—172s dr)
o € 2
2 7"2_23 2e T—Qs +o0
=kl =- 8 3
(5 2—23]0 * 5—23}25 N

22—25 22—25
= k€1_28 <1—5 + s )C?V

Case (c). It results

[ure(7) — ure(y)?
dx dy
Lol -

ux (@) = uxc(y)]?
‘Z/Z =it

uc (@) = uxc(y))?
/ / R e

Concerning the first term of the right-hand side, we have

|U>\€ uAE(?J)‘Z
2/7 et

2—2s

1 vy % 222
< — Z5 e r1=28 dr < ke? gl=2s,
—52;| )\,5|N 0 >~ les

The other term is estimated as in Case (b).

(3.1.9)

(3.1.10)

(3.1.11)

Hence, by (3.1.5), (3.1.7), (3.1.8), (3.1.9) and (3.1.11f), we obtain the following
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3.1 Estimate from above of F

estimates for the functionals F.: if s € (0,1/2), we have

1 Uy e(T) —u 2 1
FE(U)HE) — 7/9 Q| )\,E( ) )\,E(y)‘ dl’dy+ ETS/QW(U)\75)dx

D) |l‘ _ y|N+2$
92-2s 92—2s 21-2s
< k(cf\[(l — 1_8> +2CNM>€125
2725 (ke 4+ 1)2
22—28 22—23 21—25
S]€<C%V<1s Tt 15) +20NM>
20k + 1)

21—28 _ 1 2 .
s(1—2s) ( Jex

If s =1/2 we get

1 [uxe (@) — uxc(y)[? 1 /
Fo(uy,e) = : : dedy + ——— | W(uy.)d
(a,€) 2uoge|/9/g oyt W gy J, W) de
1

<

(k(10ck +2Men) + n(k +1)*c} log 2)

~ [loge
< k(10ck +2Mey) + n(k +1)%cy log 2.
(3.1.13)
Finally, if s € (1/2,1) it results
g1 |urc(2) — ur e () 1
F, = : : dedy+- | W d
e =5 [ [ s dady + - RS
22—25 22—25 21—25 2_257’1(]{; + 1)2
< k(3 2M — (2" - 1)
- (CN<].—S+ s +1—s)+ CN>+ s(1 —2s) ( Jen
(3.1.14)
and the proof is complete. O

We now state a technical lemma, that will be useful to prove our main result.
Lemma 3.7. For every e >0 and k € N the set S¥ verifies the following properties:

(a) S* is a compact subset of H*(§2);

(1) st = —st;

(c) for all k € N there exists &, > 0 such that 0 ¢ S¥ Ve € (0,2);

(d) for all k € N and ¥V ¢ > 0 such that 0 ¢ S*, gen (S¥) >k +1.

Proof. The points (b), (¢) and (d) are proved in [73]. For (a) we use 73, Lemma 2.8]
and the fact that H!(§2) is continuously embedded in H*(£2) for all s € (0,1), see
Proposition [2.3] O
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3 Multiplicity of critical points for the fractional Allen-Cahn energy

3.2 Proof of Theorem 3.1

In this section we will show the proof of Theorem To do this we will use a classical
result about the genus, i.e. Theorem [2.28]
To apply this result, however, we need to prove the following

Lemma 3.8. The functional (3.0.1) satisfies the (PS)-condition.

Proof. We will show the lemma for s € (1/2,1) being the other cases analogous.
Since W is quadratic, there exist «, 8 > 0 such that

W(u) >au+p YueR. (3.2.1)

From Lemma we know that {F.(u,)}nen is bounded, hence (3.2.1)) implies that
[un| 22y is bounded, so that u, — w in H*(£2) and u,, — u in L? from Theorem

—uwae €l
We claim that w is a critical point of F,. Indeed for all v € H*({2),

P == [ M= ) - o)) dady
+g/ﬂW’(U)Udl‘
—JE%O(QS a / . ,N+gs)<v<x>v<y>>dxdy

+*/ W (up)v dx) =0,
€Ja

since u, — w in H*(2) and, by hypothesis, F!(u,) — 0. This implies that F!(uy,)(u, —
uw) + Fl(u)(uy, —u) — 0, but

(3.2.2)

F’(un Up — U +F()( _u)
g25— 1/ / |:1c — Wﬁfgs v) (un(z) — u(z) —un(y) + u(y)) dedy

25 1 R y N
/‘/_Q |3}—y‘N+29 (.’E) ( ) n(y)+ (y))d dy

1 ! !
+ z /Q (W (upn) — W (w)](un, — ) dz,

(3.2.3)

and the second term on the right hand side tends to 0. In particular we obtain

|un () — un(y)]? [u(z) — u(y)|*
e S dxdy — —2 7 dxdy.
/Q o |z—y[NT2 olo lx—yN+t2s

Hence ||un |3 (o) = lull}s (o) and since u, — u in H*(£2), the proof of the lemma is
complete. O
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3.2 Proof of Theorem

We are now able to prove our main result.

Proof of Theorem [3.1] As usual we prove the theorem only for s € (1/2,1). Consider
W € C?(R;R*) another even function, satisfying the following properties:

W=W Vte[-1,1] and tW/(t) > 0 for [¢] > 1.

This asymptotic behaviour guarantees that

o 528—1 U
Fou) = /Q ||a(jz |N(+25 dz dy + - /W

is a C2-functional which satisfies the (PS)-condition. We claim that for every critical
point u € H*(§2) of the functional F'., it holds |u(x)| < 1 for all x € £2, which implies
that @ is a critical point for the functional F; too. Indeed, if @ is a critical point for
F., for all v € H*({2), we have that

25— 1/ /Q |a:—y\N+2S (x)—v(y))dxdy—i-%/ﬂwl(ﬂ)vdmzo.

In particular, if we set @ := max{min{w, 1}, —1}, choosing v it results

g1 u(x) —a(z) —u i T 1 W (0)(@ — a)de =
| [ R ) — i) ~ () + i) dy+5/0 () >i324(;,
with

// |z — |N+29 (u(x) — a(z) —u(y) + a(y)) dr dy

[a(z) —u(y)?
= B = I qedy >0, (3.2.5
L e a0 w29

and

/W’(ﬂ)(ﬂ—a)dx>/W’(u—a)(ﬂ—a)dx>o if w— a0 in £,
2 (]

since tW/(t) > 0 for |t| > 1. It follows that @ = 4, that is [u(x)| < 1 for almost every
x € (2 as desired.

At this point we take £, > 0 such that g5 < W( )|£2|, where ¢, is the constant
introduced in Lemma Then, for every € € (0, sk) we can apply Theoremnto the
functional F'. with ¢; < 0 and ¢z = ¢y, observing that F.(0) = LW (0)|£2| > ¢, for all

e € (0,ex). In this way, since gen(?ﬁl) = gen(()) = 0, and gen(F, ) >gen(SF) >k +1
from Lemma [3.7and the fact that S¥ C F." C H5(£2) \ {0}, we obtain that for every

¢ € (0,&g), the functional F. has at least (k+ 1) pairs (—uge, o), - -, (—Up.c, Uk,c)
of critical points with Fo(u; ) < ¢ forall i =0,1,...,k.
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3 Multiplicity of critical points for the fractional Allen-Cahn energy

Note that these (k + 1) pairs of critical points include also this one given by the
minimizers 1. Thus we can assume that (—ug ¢, u0,) = (—1,+1).

On the contrary, if {2 is a connected domain, the other solutions are not minimizers
for the functional F.. Indeed it results

Fo(uje) >0 Vee (0,e5) andi=0,1,...,k

because if F.(u; ) = F-(u; ) = 0, we should have

|ui E(I) — Uy s(y)|2 i .
: : dzdy =0 d W(u;.)=0 2
f et sty =0 wd W =o m

and hence u; . should be a constant function with value +1 or —1.
Moreover let us remark that for all € € (0,e;) and i = 1,... &k we have

Fo(u;e) > min{Fe(u) tu € H°(92), /Qudx = 0}. (3.2.6)

To see this fact, as discussed above, we assume that

min{FE(u) tu € H‘S(Q)7/Qud:c = O} > 0,

otherwise (3.2.6) would be obvious. Then, for every ¢; > 0 such that
¢ < min{Fe(u) tu € HS(Q),/ udr = O},
2

—=cC1 .
we would have gen (F - ) = 1 because below ¢; the mean is non zero and we can use

it as odd function into R! in the genus definition, i.e. Definition Therefore, if
were false, the solutions would belong to a set of genus one, in contradiction
with their construction in Theorem m Now, it remains to prove . Let us
replace the function W appearing in the definition of functional F. by a sequence

of functions {W;};en and denote by {Fﬁ}jeN the corresponding sequence of new
functionals. Moreover suppose that, for all j € N, the functions W satisfy the same
properties of W and that

lim W,(t) = 400 for |t| > 1. (3.2.7)

j—oo

Then property (3.2.6) holds for the higher critical values of the functional Fi for all
j € N. Thus (3.0.4) follows for j large enough, since

Fo(u;e) > lim min{Fg(u) tu € HS(.(Z),/ udr = O}
J—00 0
= min{Fa(u) tu € H (), |u(x)] <1Vx € Q,/ udz = 0}
Q

thanks to (3.2.7]). O
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4 Minimizers for a fractional
Allen-Cahn equation in a periodic
medium

In this chapter, which corresponds to |71], we study the solutions of a fractional
mesoscopic model of phase transitions in a periodic medium, i.e. for N > 2 we consider
the energy functional

/ / V)P K (x,y) dxdy+/ W(z,u(x))dz+ H(z)u(x)dz.
RN JRN RN

(4.0.1)
The function K : RY x RN — [0, +00] is measurable, symmetric and comparable to
the kernel of the fractional laplacian, i.e.

K(z,y) = K(y,z) forae. z,y € RY (K1)
and, denoting with x(o,1) the characteristic function of the interval (0,1),

Mool =) _ o A

N
EETRET S o=y for a.e. z,y € R, (K2)

for some A > X >0 and s € (0,1).
The function H € L°°(RY) is a small perturbation of the fractional Allen-Cahn
functional. So we assume that
sup [H| < 7, (H1)
RN

for n sufficiently small, depending on N and on the structural constants of the problem.
We also assume that H has zero-average and it is ZV-periodic, i.e.

/ H(z)dxz =0 (H2)
[0,1]¥

and
H(x+k)=H(x) VkezZV. (H3)

The map W : RY x R — [0, +00) is the standard double well-potential, i.e. it is a
bounded measurable function such that

W(z,£1) =0 for a.e. 2 € RY, (W1)
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4 Minimizers for a fractional Allen-Cahn equation in a periodic medium

and for any 6 € [0,1)
inf_ W (2, ) > ~(6) (W2)

zeRY
[r|<6

where 7 : [0,1) — R* is a non-increasing function. We assume that W is differentiable
in the second component, with partial derivative locally bounded in € R and uniformly
in z € RY, that is

W (2, r)|Wa(z,r)| <W* for ae. z € RY and any r € [~1, 1] (W3)

for some W* > 0. Moreover, since we want to model a periodic environment, we require
both K and W to be periodic under integer translations:

K(z+ky+k)=K(z,y) forae z,yc€RY and any k € ZV (K3)

and
W(z+k,r)=W(x,r) forae zcRY and any k € ZV, (W4)

for any fixed r € R. Finally we require that
Wu(lz,-1—7r)<—c and Wy(z,1+71)>c (W5)
for any r > do with dy € (0,1/10), and suitable ¢ > 0, and
W(z,—14+7r)=W(z,1+r) (W6)

for any r € [—dq, do]-
The functional (4.0.1]) is composed by three terms (the first two give us the fractional
Allen-Cahn equation):

e a ‘kinetic interaction term’ |u(z) — u(y)|?K (z,y), which penalizes the phase
changes of the system,;

e a double-well potential term W, which penalizes considerable deviations from the
‘pure phase’ +1;

e a ‘mesoscopic term’ Hu, which is ‘neutral’ in the average and at each point it
prefers one of the two phases.

Hence we have a model of phase coexistence where u : RV — R is a state parameter.
The fractional exponent s € (0,1) represents the fact that this model considers
long-range particle interactions (and it can produce, depending on the value of s, local
or non-local effect, see |82, [84]).
We are interested in plane-like minimizers, so our main goal is to construct minimal
interfaces lying to a strip of universal size. To do this we need to introduce some
terminology:

Definition 4.1. Fixed w € Q™ \ {0}, we define in RY the relation

rtr~yy<e=y—xr=keZ" withw-k=0.
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It is easy to see that ~,, is an equivalence relation and we denote with
Riv =RY /o

the associated quotient space.
A function v : RNV — R is said to be periodic with respect to ~, if

u(z) = u(y) for any z,y € RY such that = ~,, y. (4.0.2)

When the context is clear, we will write ~ and RN to refer to ~,, and Rg .
Then, we consider a set 2 C RY and we define the total energy £ of u: RY — R in
(2 as

//cg ) —u(y \K(xy)da:dy—i—/qu( dx—l—/H u(z)de,
(4.0.3)

where
Co = RY xRY)\ (RV\ 2) x RV \ 2))

=(2x2)U (2 x (RY\2)U RN\ 2)x0).

Observe that if 2 = RY the energy (4.0.3) coincides with (4.0.1)).
Moreover, setting for all U,V C RY

(4.0.4)

H@UV) =5 [ [ jule)  utw)PK ) dedy,

thanks to (K1J), we can see £(u, £2) as the sum of the kinetic part
IC(us; 825 02) + 2K (u; 2; RN\ 2)

and the potential part

P(u; 2) = /Q (W(m,u(aﬁ)) + H(x)u(x)) dz.

Assuming from now on that every set and every function is measurable, we give the
following

Definition 4.2. Let 2 C RN be a bounded set. A function u is a local minimizer of
Ein 2 if E(u, 2) < 400 and
E(u, 2) < E(v, N2)

for any v = u in RV \ (2.

Remark 4.3. |31, Remark 1.2] A minimizer u of {2 is also a minimizer on every subset
of 2.

Since our aim is to construct functions with minimizing properties in R, we have
to make precise how we extend Definition [£.2] to the full space.

37



4 Minimizers for a fractional Allen-Cahn equation in a periodic medium

Definition 4.4. A function v is called a class A-minimizer of the functional £ if it is
a minimizer of £ in {2 for any bounded set 2 C RV,

With this setting at hand, we can state our main result:

Theorem 4.5. Let s € (0,1) and N > 2. Suppose that the kernel K and the potential
W satisfy — and - respectively.

Given 6 € (0,1 — &), there exists a positive constant My depending only on 6 and
on universal quantities, such that, for any w € RN \ {0}, there is a class A minimizer
u,, of the functional € for which we have

{Juo| < 0} C {o:ERN : ﬁ ze [O,MO]}.

Moreover,
o ifw e QN \ {0}, u, is periodic with respect to ~,;

o ifw e RV \QV, uy, is the uniform limit on compact subsets of RN of a sequence
of periodic class A minimizers.

Roughly speaking, this theorem tells us that given any vector w € RN \ {0} we
look for minimizers having most of the transition between the pure states in a strip
orthogonal to w and of universal width.

We prove this result using geometric and variational tools introduced in [24] and [36]
and then adapted in [31] to deal with nonlocal interactions. Fixed w € Q" \ {0} we
will consider the strip

SM = {2z e RN 1wz €[0,M]},

where M > 0, and the quotient space RN which allows us to gain compactness. This
will be necessary to obtain a minimizer u’ w.r.t. periodic perturbations with support
in SM. Thanks to geometrical arguments, if M/|w| is larger than some universal
parameter My, u’ becomes a class A-minimizer for £. Since My does not depend on
the fixed direction w, we can pass to the limit on rational directions and deduce the
result for an irrational vector w € RV \ QV.

We stress that the energy and density estimates is the standard technique to show that
uM is a class A-minimizer. These estimates have been obtained in [18,|84] (in different
settings), but their framework is different from ours. Thus we use the Holderianity of
local minimizers of £ and an energy estimate.

Finally we point out that the addition of the term Hwu to (1.0.7)) changes the ‘pure
phases’ from +1 into periodic functions, introducing a considerable difference with
respect to [31]. Indeed, this fact produces a volume term in the energy that requires a

renormalization as in [69).

4.1 Regularity of the minimizers and energy estimate

In this section we want to prove that local minimizers of £ are Holder continuous
functions with a growing energy inside large balls.
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4.1 Regularity of the minimizers and energy estimate

Let 2 C RY be an open and bounded set, s € (0,1) and K a measurable kernel
satisfying (K1) and (K2). If u : RV — R is a measurable function, we say that
ue X(0) if

u, € L*(2) and  (z,y) = (u(z) —u(y))VK(z,y) € L*(Ca).

Then we denote with X,({2) the subspace of X ({2) given by functions vanishing a.e.
outside 2. It is easy to see that by it results H*(RN) C X(2) C H*(2) and if
2" C 2 we have Xo(£2') C Xo(£2) C H*(RY).

Now we call

Dicup) = [ [ (ula) = ul)ota) — o) K (z.9) dody

observing that it is well-defined for example when v € X (£2) and ¢ € Xo(£2). Let
f € L*(2). We call u € X(£2) a supersolution of

Di(u,-) =f in£ (4.1.1)
if
Dy (u, ) > (f,0) 2~y for any non-negative p € Xo(2). (4.1.2)
Similarly, we say that v € X ({2) is a subsolution of (4.1.1)) if

Di(u, ) < (f,0)r2@yy for any non-negative ¢ € Xo(£2) (4.1.3)
and we tell that u € X (£2) is a solution of (4.1.1)) if
Di(u, ) = (f, p)r2mn) for any ¢ € Xo(£2). (4.1.4)

Obviously u is a solution of (4.1.1)) if it is a subsolution and a supersolution.
Thanks to these definitions we can show the regularity of the minimizers of £.

Theorem 4.6. Take so € (0,1/2) and let s € [s9,1 — Sol. If u is a bounded local
minimizer of € in a bounded open set 2 C RN then u € C,;5(12) for some a € (0,1).
The exponent o only depends on N, sg, A and A, while the C%® norm of u on any

2" CC 2 may also depend on ||ul| e @ny, |Wr (-, u)l[ L (2), n and dist(£2',042).

Proof. If we compute the first variation of we have that u is a solution of the
Euler-Lagrange equation in 2 with —f = W,.(-,u) + H(-). Since &(u, £2) < 400
we have that v € X (§2). Moreover u, H € L>(R") and W, locally bounded imply that
f is bounded in £2. So we can apply Theorem 2.1 of |31] to obtain Cloof regularity of u
in £2. (We point out that Theorem [4.6]can also be proved using [30, Theorem 2.4] which
allows us to deduce the regularity of minimizers without using the Euler-Lagrange
equation). O

Now we define
R1=2 it s €(0,1/2)
U (R):=< logR ifs=1/2 (4.1.5)
1 if s € (1/2,1)
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4 Minimizers for a fractional Allen-Cahn equation in a periodic medium
and thanks to a well-known result in [84], based on the preliminary estimates in [72],
we want to show the energy estimate for minimizers:

Theorem 4.7. Let N € N, s € (0,1), 79 € RN and R > 3. Suppose that K and W
satisfy (K1), (K2) and (W1)), (W3), respectively. If u : RN — [—1 — 8,1 + &) is a

local minimizer of € in Bry2(xo), then
E(u, Br(xo)) < CRN "W, (R), (4.1.6)
for some constant C > 0 which depends on N, s, A and W*.

Proof. Since u is a local minimizer of £ in Brya(xg), we know that

E(u, Bria(o)) < E(v, Bry2(20)) (4.1.7)

for any v = u in RN \ Brya(o).
Moreover u satisfies

(=A)Y°u+ Wy(z,u)+ H(z) =0 in Brya(xo), (4.1.8)

and hence, given every domain V' C U C Br(zo), thanks to interior regularity estimates
we have that
[l vy < e/ U],

where ¢ > 0 is a constant, see [26] |11}, |29].
Now, being |u| < 14 dg, we can proceed as in [69, Proof of Theorem 1] to obtain our
thesis. 0

We conclude this section giving an auxiliary result that will be very useful in the
next Section 4.2

Lemma 4.8. Let s € (0,1), U, V. C RY be measurable sets and u, v € Hj (RN).
Then

H (min{u,v}; U; V) + 2 (max{u,v}; U; V) < H(w; U; V) + 2 (v; U V), (4.1.9)

and

P (min{u,v}; U) + P(max{u,v};U) = P(u; U) + P(v; U). (4.1.10)

Proof. The second identity is straightforward, while the first is proved in [31, Lemma
3.2]. O

4.2 Proof of Theorem [4.5 for rapidly decaying kernels

In this section we want to prove Theorem [£.5] assuming the following hypothesis on K:

K(z,y) for a.e. x,y € RY such that |z —y| > Rwith 3 > 1, (K4)

D —
T e —yNEE
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4.2 Proof of Theorem for rapidly decaying kernels

for some constant I", R > 0. This assumption is only technical and we will remove it
in the next section. However a fast decay of the kernel K at infinity due to the fact
that g > 1 ensures us that there exists a competitor with finite energy in the large.
Then, since geometric estimates will not depend on the quantities in , we can use
a limit procedure.
We start showing that the functional £ has a minimizer among all periodic functions.
Let s € (0,1), @ := [0,1]" and define Q-periodic functions in H (RY) as

loc

HS.(Q) = {u € H (RY) such that u(x + ¢;) = u(z) for all z € RV} (4.2.1)

per

where {ej,---ex} is the standard Euclidean base of RY.
With this notation in hand, proceeding as in |69, Lemma 7], we have the following

Theorem 4.9. Assume K and W as in Theorem[[.5. Then the functional £ attains

its minimum in H,,,(Q). Moreover if u is a minimizer, it is continuous and

’\U(x)l - 1‘ < do (4.2.2)

for any x € Q, as long as n is small enough.

Proof. Let consider {uy }nen be a minimizing sequence. By (H2]) we may suppose that
E(ur, Q) < E(1,Q) = 0. (4.2.3)
Then, from (W5)) we have

min{W(z,1+s) — W(x,1+ ), W(x,—-1—3) — W(x,—1—200)} > c(s — do)

> |H(x)(0o — 5)| (4.2.4)

for any s > g and
W(x,r)+ H(x)r >0

as long as |r| > Cy with Cy sufficiently large if 7 is small enough. Accordingly, by

Tz,

J[ @ - wwPKE) ey < [ |H(@)un(@)| do < ColQl. (4:2:5)
Co QN {Jur|<Co}
Hence we define
ug(z) if Jur(x)] <1+ d
ug(z) =¢1+ 68 if wug(x) >1+dg (4.2.6)

717(50 if uk(x) S*l*éo
and thanks to (4.2.4) we get that £(uj, Q) < E(uk, Q).

So, up to replacing uj with u) we may assume that

‘Uk| § 1+ (50. (427)
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4 Minimizers for a fractional Allen-Cahn equation in a periodic medium

By ([4:2.5), and the compact embedding of H*(Q) in L?*(Q) we obtain that
ug — u in LQ(Q) ur — u in H*(Q) and, up to subsequences, ux — u a.e. Therefore
ue HS.,.(Q) and

per

hmlnf// lug (x) — up(y)|> K (z,y dmdy>// YIPK (x,y) dzdy.
Cq Cq

Then Fatou’s Lemma and the Dominated Convergence Theorem give us

. P -
Hsme)ﬂ ,Q) = liminf £(uy, Q) = €(u, Q)

per

i.e. u is the desired minimizer.
From Theorem [4.6] we have that u is continuous, so it remains to prove (£.2.2). To
do this, we take u € H3,.(Q) minimizer for £(-, Q) and define

per

u(x) if |u(z)| <14 do
u () =¢1+d ifulz)>1+d (4.2.8)
71750 if u( ) 717(50.

By (4.2.4) and since u is a minimizer, we have

0§5(u*’Q)7€(u,Q)gff{/ (u71750)+/ (—u—1-14d9)| <0,
2 {u>1+d0} {u<—1-060}

that is |u| <1+ §p. Then, if by contradiction
—1+00 <u(zp) <1—9p for some zg € Q,

the uniform continuity of u gives

do do
1+ 2 < 1-2
+2_u() 5

for any « € B,(z) for a suitable, universal p > 0. As a consequence W (z, u(z)) > const
for x € B,(zo), from which

E(u, Q) = const - |B,(zo)| = n|@] > 0=£(1,Q) = €(u, Q),
which is a contradiction and proves (4.2.2)). O

This theorem and (W6 imply that the functional £(-, Q) admits two minimizers
ur € Hp. (Q) such that uy =wu_ +2 and

||ui F 1||L00(Q) =: (577 < dg. (429)

Note that if W (x,-) is strictly convex in [1 — &g, 1 4 do] and [—1 — dg, —1 + Jg] these
minimizers are the only global minimizers of £(-, Q) in H, (Q) and from now on we
assume that

E(uy, Q) =E(u_,Q). (4.2.10)
Remark 4.10. Note that (W6]) (required for example by [69]) implies (4.2.10)).
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4.2 Proof of Theorem for rapidly decaying kernels

4.2.1 Minimization with respect to periodic perturbations

Given w € QN \ {0} and u : RN — R a measurable function, we say that u € L*(RN)

if u e L2 _(RY) and u is periodic with respect to ~.

Hence, taken A, B two real numbers such that A < B and denoting with RN any
fundamental domain of the relation ~, we define
ALB = e L2 (RY) s u(z) >1 -6 if w-z < Aandu(z) < -1+ if w-z> B}
(4.2.11)
the set of admissible functions and we consider

Fotwy = [ [ (1) =) = fus @) = i ) ) K () oty

—|—/ (W(sc, u(z)) — Wi, u+(x))) dz —l—/~ H(z) (u(a:) - u+(m)) dz .
R R
(4.2.12)
We want to show that there exists an absolute minimizer of F,, in the class A5,
i.e. there exists u € A5 such that F,(u) < F,(v) for any v € ADE.
First of all we prove that F,, is not identically infinity on AA-5:

Theorem 4.11. Let u € A%B be defined as

Uy if w-rz<A
uz) = uy — ) (w-2) ~A)  if A<w-z<B (4.2.13)
U_ if w-z>B.

Then F,,(u) < +00.

Proof. Since the potential term of F,, vanishes at uy and u_ (thanks to (4.2.10) for
a.e. x € RV it is obviously finite if we evaluate it in %. So we only have to estimate
the kinetic term and thanks to (K2|) and (K4)) it is sufficient to prove that

|a(z) —u(y)? — |us (@) —uy (y)?
/ﬂé (/BR(ac) |z — y|Nr2s dy

|a(z) — a(y) [ — |us (@) — us(y)]
* /RN\BR(x) |z — y|N+B

(4.2.14)

2
dy) dz < +o0,

where as usual B () denotes the ball with radius R and center at z.
Less than an affine transformation we may assume w = ey and for simplicity we
may also suppose that A = 0 and B = 1. In this framework RY = [0,1]¥~! x R.

Accordingly (4.2.14) is equivalent to

= 5 2 _ _ 2
- [ DR wOF 4 )
[0,1]¥-1xR J B ()

|£L' _ y|N+25
and
= 5 2 _ _ 2
J ::/ / [u(z) — u(y)| |UJJ£§) ut (y)] dydzr < +o0. (4.2.16)
[0,1]¥N-1xR JRN\By(z) |z — yl
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4 Minimizers for a fractional Allen-Cahn equation in a periodic medium

Recalling the definition of « it follows that

_ = 2 _ 2
- [ D ) Z W g g, g2
0,181 x [~ R, R+1] / By(x) o =yl

and being u Lipschitz, we get

d
Ig4(1+60)2/ - / s | e
0,051 x [~ i, 24 1) \/ By (a) |7 = (4.2.18)

o QNWN(]. + 50)2
o 1—s

(2R + 1)R*2

where we remind that wy denotes the N-dimensional measure of the unit sphere of
RY and hence ([4.2.15) follows.
Now to prove (4.2.16)) we write J = J; + Jo + J3 with
ne | [ P ) —ulP ),
[0,1]¥=1x[2,4+00) \ JRN\B(x) |z —y|N+h ’
ne | [ @ owOF,),
[0,1]N 1 x(—00,—1) \/RN\Bx(z) |z — y[N+F ’

= 5 2 _ _ 2
Jyom / / o) ~ B — @) —us W) ) o
[0,1]N=1x[~1,2] \/RN\Bjx(z) |$ - y\

By the definition of u we have that

= 2
i g/ / %dy dz
[0,1]N =1 x[2,400) \ /RN —1 x(—00,1] |z —yl

dy
§4(1+50)2/ / — | dz.
[0,1]¥=1x[2,400) \ /RN =1x(—00,1] |v — y|N+P
/

Writing = (2/,2x) € RN "' xR, y = (v, yn) € RV~ xR and substituing 2’ := (y' —
2)/|len — yn|, we get

(4.2.19)

[
RN-1x(—00,1] |x - y|N+B

1 N |I/ 7y/|2 _L;B ,
:/ |JCN7yN‘7 -8 / 1+72 dy dyN
—oo RN -1 lzn — yn|

1
:/ oy —yn|7H 7 {/ (1+|z’\2)*NT+ﬂ dz’] dyy
RN-1

= %(xN —1)7°, (4.2.20)
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4.2 Proof of Theorem for rapidly decaying kernels

where
0:= (1+|72) "% d2 < +oo.

RN -1
Therefore
4(1 4 00)? e

B (B-1)p’
since 8 > 1. Analogously it is easy to see that J is finite too. Thus we pass to estimate
J3. Since u is a bounded function we have

d 12N, _
Jy <AL+ 50)2/ / s o= N (11602 R
[0,1]¥=1x[~1,2] \/RN\Bg(z) |z -yl g

(4.2.21)
and (4.2.16f follows. O

Note that condition (K4)) allows us to have the integrability of the first addendum of
Fo-
With this result in hand we can prove that

“+o0o
Ji < (9/ (xn —1)"Pday = 4(1 4 6o)?
2

Theorem 4.12. There exists an absolute minimizer of the functional F,, in the class

A,B
AAB.

Proof. We use the standard direct method of the Calculus of variations.
By Theorem [£.11] and since F,, > 0 we have that

=inf{F,(u) : u € AP} € [0, +o0).
So, if {u;}jen C A4B is a minimizing sequence, we may suppose that
luj| <143y ae. inRY. (4.2.22)
Then we consider an integer k£ > max{—A, B} and the Lipschitz domains
2 =RVn{zeRY : |w-z| <k}
Thanks to and we obtain

2
[ j]H (2i) o By () |xfy|N+25
dy
+4<1+5)2/ / S T
’ 2 \JRN\ By (2) [T — Y[V T2

2 uy (z) — uy () 2
< —Fo(uj, 2) dzd - W d
< (ug, £21) /Qk /RN [ — |25 T y+)\ (7, uq(z))dz

>

2y
2 2
+ < H(x)us(z )dx—f W(z,u;(x))de — — H(z)uj(z)dz
AJa, AJa, AJa,
1+ 6p)?
+2%NWN|QI¢|7

(4.2.23)
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4 Minimizers for a fractional Allen-Cahn equation in a periodic medium

where we denote with
Flu, ) // (Ju(@) — uly)? — Jug (@) — ug ()]?) K (z,y) dz dy
2, JRN

4 [ u@) - W @) de + [ HE) @) @) ds.
Q%

Q4
(4.2.24)
Now we take k € N such that kw € Z", so that (2, is a periodicity domain for wu. .
From this and the fact that uy is minimizer for £ on all the domains (2, we get

0 < Fuo(uy, ) < Fuoluy, RY),

so (4.2.23]) becomes

2
2
w3, < / / [us (@) = v ()] dedy + — W(z,uy(z))de
[ ]]H (1) )\ o Jrn |m—y|N+25 A a ( +( ))
2 1+56 1+ 8p)2
+5 H(x)u+(z)dm+2|(2k|<( §°)n+( + o) NwN>.
2y

(4.2.25)
Hence {u;};jen is bounded in H*(§2;) uniformly in j. Since H®(§2),) <> L*(£2) (see
[35, Theorem 7.1]), less than extract a subsequence, u; — u in L?(§2;) and a.e. in
2. Now we use a diagonal argument (on j and k) to find a subsequence {u]};en of
{u;}jen such that u;* — u a.e. in RN. We may identify the u?’s and u with their
~-periodic extension to RY so that the convergence will be in the full space RV.
As a consequence u € AXP and using Fatou’s Lemma we get F,,(u) = m that
concludes the proof. O

4.2.2 The minimal minimizer

Define
MAB = Ly € AMP . F(u) < Fou(v) for any v € AP}

the set of the absolute minimizers of F,, in A%5. Observe that from Theorem
MB is not empty, hence we can introduce the following

Definition 4.13. We call uf’B a minimal minimizer when it is the infimum of MA B
if we consider MAF subset of the partially ordered set (A4 F, <). In particular uA B
is the unique function of A%-Z such that

uf’B < wuin RY for every u € ./\/lf’B (4.2.26)
and

if v € A% is such that v < u in RY for every u € M2AE then v < u? in RV,
(4.2.27)
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4.2 Proof of Theorem for rapidly decaying kernels

The existence of u# is not obvious, so we will denote the rest of the section to
show it.

First of all we need to prove that the minimum between two elements of MZ2B still
belongs to M2+B. To obtain this, we follow [31], showing first a couple of auxiliary
lemmas.

Lemma 4.14. Let A, A’, B, B’ be real numbers such that A < A’ and B < B’ with
A< Band A < B'. Ifue M}P and v e M4 P then min{u,v} € MA-B.

Proof. Observing that min{u,v} € A% and max{u, v} € AA">5" and using Lemma
we get
Fo(min{u,v}) + F,(max{u,v}) < F,(u) + Fu(v).

Now, since v € MA"B" we have
Fo(min{u,v}) + F,(max{u,v}) < F,(u) + F,(max{u,v})

and hence
Fo(min{u,v}) < Fy,(u),

that is min{u,v} € M3, O
As a consequence, if we choose A = A’ and B = B’ we obtain this
Corollary 4.15. Ifu, v € M4B, then min{u,v} € M35,

At this point we can show that MB is also closed with respect to take the minimum
among a countable family of its elements:

Lemma 4.16. If {u, }nen is a sequence of elements in M2B | then inf ey u, € MZE.
Proof. Define u, := infjeyu; and inductively the sequence

ifj=1
=" L (4.2.28)
min{vj_q,u;} ifj > 2.

Corollary gives us that {v;}jen € MZB. On the other hand v; — u, a.e. in RY,
so from an application of Fatou’s Lemma we have that u, € .Af}’B and

Foluy) < lim Fy(vj) = Fo(vk)

J—r+o0
for any k € N. Hence u, € M3E. O

These results allow us to prove this

A,B
w

Proposition 4.17. The minimal minimizer u, exists and belongs to MAB.
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4 Minimizers for a fractional Allen-Cahn equation in a periodic medium

Proof. Since M;:"B is separable with respect to convergence a.e. (see [31, Proposition
B.2]), for all u € M4B we can find a sequence {uy, }neny € M2 from which we can
extract a subsequence {uy, }ren such that u,, — u a.e. in RY. We define
A,B .
u® = inf u

“ neN "
and from Lemma we get ubB € MAB.

We claim that uZ>® is the minimal minimizer, that is we have to check ([4.2.26)) and
(4.2.27)).

Let u € MA® and {u,, }xen a subsequence of {u,},en such that u,, — u a.e. in
RYN. By definition u4B < Up, in RY for all k € N. Therefore, passing to the limit as

k — +o00, we obtain (4.2.26)).
In order to prove (4.2.27) we have to suppose the existence of v € Af’B such that

v <y for all u € ./\/l’. This implies v < u,, for all n € N. Hence v < uf}’B and

(4.2.27)) is proved. O

4.2.3 The doubling property

The doubling property, or no-symmetry breaking property, is an important feature of
the minimal minimizer. In this subsection we want to show that u“>Z is not only the
minimal minimizer of MZ-B, but also the minimal minimizer over the functions with
periodicity multiple of ~. To do this we introduce a few more notation.

We denote with z1,--- ,2n_1 € ZY some vectors spanning the (N — 1)-dimensional

lattice induced by ~. If k € Z" is such that w - k = 0 we can write

N-1
k= Z HiZiy
=1

with g1, -+, un—_1 € Z. Then we take m € NV~! and we define the equivalence relation

~un as
N-1
T~ om Y& T—Y= Zﬂzmzzz for 1, - ,un—1 € Z.
i=1
We denote byjf%% :=RN /. and with L} _(RY) the ~,, periodic functions of L} (RM).
Note that in R% there are my - - -my_1 copies of RN because the relation ~ is stronger

than ~,, and L} (RN) C L2 (RY).
We define the space
Ai’fb ={ue LE, (RY) :u(z) >1-0 if w-z < Aand u(z) < —1+0 if w-z > B},

loc

i.e. the admissible functions related to the new equivalence relation. Then we consider
the functional

Fam@y =g [, [ ()~ = @)~ ) Kwsp) day

H(x) (u(x) - u+(m)) dz
(4.2.29)

+ /RN (W (@ u(@) = Wiz, us(2))) do + /R

N
m
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4.2 Proof of Theorem for rapidly decaying kernels

and the set of absolute minimizers
MEE = {ue ALD  Fium(u) < Fuum(v) for any v € AP}
We call ufﬁ the minimal minimizer of Mfﬁ whose existence is assured by the same
arguments of Subsection [£.2.2]
Finally we denote the translation of a function u : R — R in the direction z € RY
by
u(z) == u(x — 2) for any z € RV, (4.2.30)

At this point we can show that the minimal minimizer in a class of larger period
coincides to that in a class of smaller period:

A,B

Proposition 4.18. For any m € N¥~1 it results o

uﬁﬁ =u
Proof. Proceeding as in [31, Proposition 4.3.1], we consider without loss of generality
my =2 and m; =1 for every 4 =2,--- , N — 1. (The general case is analogous but the
notation is much heavier).

First we show that u»F € Mﬁﬁ, since this implies that ufﬁ < uB. To do this
fﬁ (i.e. the translation of u-® in the doubled direction of z;) and we

observe that it is an element of Mﬂ;fl. Defining

we consider 7, u

~SAB s A,B A,B
Uy v= min{ul 7 ul b (4.2.31)

we may see that it is ~-periodic, so @55 € A28, Then, using Lemma [4.8|and arguing
as in the proof of Lemma [£.14] we have

}—w,m(uﬁ’B) = wa(uf’B) < 2~Fw(ﬁ£,’2) = fw,m(ﬁé,’ﬁ) < fw,m(ué,’5)~

As a consequence ub B € M4 B and soud B < ud B being uh B the minimal minimizer

of Mﬂﬁ.
On the other hand, since @52 € M2:B and u2-® € A2E, we get
. 1 . 1
fw(uf,’ﬁ) = §fwﬂ”(uﬁ:£) < ifw,m(ufyB) = fw(uf’B)»

and the proof is complete. O

4.2.4 Minimization with respect to compact perturbations

In this subsection we want to construct a class A-minimizer for £, so we have to prove
that the elements of M5 are also minimizers of the energy £ with respect to compact
perturbations in the strip

S4B = {zeRN :w-x e[A B]}.
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4 Minimizers for a fractional Allen-Cahn equation in a periodic medium

We call

Sffrf = S::"B/Nm
the quotient of the strip with respect to the relation ~,,, and we show a relation between
& and F m-

Lemma 4.19. Let u € Afﬁ be a bounded function such that F,, ,m(u) < co. For any
2 cc gf”ﬁ, consider v another bounded function such that u = v in RN \ 2 and

denote with ¢ :=v —u. Calling © and @ the ~,,-periodic extension to RN of U)oy and

Plon respectively, we have

£ ) £ B) = o)~ Fam)+ [ [ o)oK (e dray.

(4.2.32)
In particular if u € Mfﬁ,
EwRY) - R = [ [ p@)p)K ) dedy. (123
RY JRN\RN
Observe that, being ¢ compactly supported on 50‘3,’7]2 and bounded, the right hand
sides of (4.2.32)) and (4.2.33) are finite (see [31, Lemma A.2 in Appendix A])

Proof. We prove the lemma in the case m = (1,-- -, 1) but the general case is analogous;

moreover we only show because then follows noticing that & € AZ-5.

Recalling the expression of £ (see ([#.0.1)), we start by computing K(v, RN, RN \ RV).
Proceeding as in [31, Lemma 4.4.1], we get

A (0, RN RV \RN) = o7 (5, RN, RV \ RY) + 7 (u, RV, RN \ RY)

A ENE R 4 [ @R ) ey,

(4.2.34)
Then we note that
H (0, RN RN) = ¢ (5,RY,RY) and 2(v,RY) = 2(3,RY)
and recalling the definitions of £ and F,, we conclude the proof. O

Now we are ready to prove that the absolute minimizers of F, ,, in Aﬁﬁ are also
minimizers for £ with respect to compact perturbations in S2:5:

Proposition 4.20. If u € Mfﬁ, then it is a local minimizer of £ in every open set
2 cc SAB e

w,m?

E(u, 2) < E(v,N) (4.2.35)
for all v =u in RN \ 2.
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4.2 Proof of Theorem for rapidly decaying kernels

Proof. Without loss of generality we may suppose that £(v, £2) < +00 and |v| < 1+ d
a.e. in RN, Let ¢ := v —u and note that spt ¢ C 2. We claim that holds with
{2 replaced by R,]X, ie.

E(u,RYY < E(v,RY). (4.2.36)

Then Remark will imply (4.2.35]).

To show (4.2.36)) we observe that if ¢ is either non-negative or non-positive, then
(4.2.306) is a direct consequence of (4.2.33)). Moreover, if ¢ is sign-changing, we consider
min{u, u + ¢} and max{u,u + ¢}. From Lemma [4.8| we get

E(min{u, u + o}, RY) + &(max{u, u + ¢}, RY) < E(u, RY) + E(u+ ¢, RY).
Moreover, noticing that
min{u,u+ ¢} =u—¢_ and max{u,u+p}=u+ ¢4

and using (4.2.33]), we obtain

26(u,R) < E(u— o, RY) + E(u+ ¢y, RY) = E(minfu, u + ¢}, RY)

- - - 4.2.37
—l—é‘(max{u,u—i—go},R%) < E(u,R,Nn)—Fé’(u—i—go,R%) ( )

that is our thesis. O

As a consequence of this proposition and Subsection [£:2.3] we have the following

A,B

57 s a local minimizer of £ for every

Corollary 4.21. The minimal minimizer u
2 cc SHE.

Proof. Given {2, consider m € NV~ such that 2 CC S’fﬁ. Thanks to Proposition ,

uB is the minimal minimizer with respect to Mfﬁ and Proposition implies that

uAB

;7 is a local minimizer of £ in (2. O

4.2.5 The Birkhoff property

In this subsection we recall a geometric property of the level sets of the minimal

minimizer called the Birkhoff property, or non-self intersection property, representing

the fact that the level sets of the minimal minimizers are ordered under translations.
We start giving some useful notation. We define

wE=E+z={z+z:2€E}

the translation of a set E C RY with respect to z € RY and observe that for a sublevel
set (and analogously for a superlevel set)

Tz{u < 0} = {TZ’LL < 0}

Definition 4.22. We say that £ C RY has the Birkhoff property with respect to a
vector w € RV if
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4 Minimizers for a fractional Allen-Cahn equation in a periodic medium

e 7.E C E for any k € Z" such that @ -k <0, and
e 7,E D E for any k € Z" such that & -k > 0.

We call Birkhoff set a set satisfying the Birkhoff property and we recall an useful
result about these sets:

Proposition 4.23. [31, Proposition 4.5.2] Let E C RN a Birkhoff set with respect to
© € RV \ {0} and containing a ball B /5 of radius V/N. Then E contains a half-space
including the center of the ball, is delimited by a hyperplane orthogonal to the vector w
and is such that @ points outside of it.

Now proceeding as in |31, Proposition 4.5.3], we want to show that level sets of the
minimal minimizer are Birkhoff sets.

Proposition 4.24. Given § € R, the superlevel set {u»B > 0} has the Birkhoff
property with respect to w, i.e.

o {rpubB > 0} C {udB > 0}, for any k € ZVN such that w -k <0, and
o {rpubB > 0} O {udB > 0}, for any k € ZVN such that w -k > 0.

In the same way the sublevel set {uB < 0} has the Birkhoff property with respect to
—w.
Proposition [].27) still holds if strict levels are replaced by the broad ones.

Proof. Denote with v := min{u?"®, ru-?} and note that 7,u? is the minimal
minimizer with respect to m,MwB = MwAT@kBtek  Now, if w-k < 0, from
Lemma we have that v € MA@ kBrwk o6 that rudP < v < uB. Therefore

{ruB >0} C {uP > 0}.
Similarly, if w -k > 0 we get that v € M5 and hence
{u? > 0} C {nu®? > 0}.

For the conclusion concerning the sublevel set {u»® < 6} and the superlevel set
{uB > 6} we can reason as in [31, Proposition 4.5.3]. O

4.2.6 Unconstrained and class A-minimization
From now on we consider strips of the form
SM .= SOM — L3 e RN 1w -2 € [0, M]}.

We denote the space of admissible functions A%M with A the absolute minimizers
with ./\/lfy and the minimal minimizer with ug[ . Since we want to avoid narrow strips,
we assume M > 10|w].

The goal of this subsection is to show that, for large universal values of M /|w|, the
minimal minimizer v/ becomes unconstrained, i.e. it no longer feels boundary data
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4.2 Proof of Theorem for rapidly decaying kernels

prescribed outside SM | gaining additional minimizing properties in the whole RY. First
of all we adapt the results of Section to the minimal minimizer 4 and, in view of
Corollary we have that u,, is a local minimizer for £ inside the strip SM. Thus,
from Theorem [4.6] we get the existence of universal quantities « € (0,1) and C; > 1
such that

[ulf | co.e(sy < Ch (4.2.38)

for any open S CcC SM with dist(S,0S52) > 1. Then from Proposition fixed
x9 € SM and R > 3 such that Brya(79) CC SM we get that

E(u), Br(w)) < CoRN'WR(R) (4.2.39)

where Cy > 0 is a universal constant and ¥r(R) is defined in (4.1.5).
These two inequalities have a crucial role to show the main result of this section:

Theorem 4.25. There exists a universal constant Mo > 0 such that if M > My|w|, the
distance between the superlevel set {ul > —1+8q} and the upper constraint {w-xz = M}
delimiting SM is at least 1.

Proof. First of all we point out that during this proof we will denote balls B and cubes
@ without expliciting their center. Then we claim that

3 My > 8N universal constant such that, for any M > My|w|, we find a ball

B /5(z) CC SM for some z € SM on which either u > 1 — &y or u < —1+ 8.
(4.2.40)
Given M > 8N|w|, assume that for every ball B\/ﬁ cCc SM we can find a point
ze B\/ﬁ such that [uM ()| < 1—dp. If we prove that M/|w| < My, then claim
follows.
Proceeding as in [31, Proposition 4.6.1] we take k > 2 to be the only integer such
that

M
k<
~ 4N|w|

<k+1 (4.2.41)

Then we let 29 € S be a point on the hyperplane {w Sx = %} and B = Byk(xo)-
Thanks to (4.2.41)) we get that B cC SM with

dist(B,9SM) = % — Nk > Nk > 4. (4.2.42)

Therefore we can apply (4.2.38]) to obtain
[ulflco.e(my < Chr. (4.2.43)

Now we consider @ a cube with center in zy and side 2v/Nk. Clearly Q@ C B and we
can partition it (up a negligible set) into a collection {Q); ;“il of cubes with sides 2v/ N
parallel to those of ). Then we call B; C @; the ball of radius VN with the same

53



4 Minimizers for a fractional Allen-Cahn equation in a periodic medium

center of ;. By our initial assumption, for every j =1, -- , kN, there exists Z; € B
such that |u(Z;)| <1 — . We claim that

M| <1-461 in B, (%)) (4.2.44)
1/«
for some d; < Jp and some universal radius ro € (0, 1). Indeed, defining ro := (%) ,

by (4.2.43)), we have
ul ()] < [l (&) + Calwr — &% < 1~ 6o + Carg =1 - 4,

for any « € B,,(Z;) and the claim is proved.
On the other hand, since ; € B; C Q;, we get

~ 1 - WN
1By (75) N Qj] > 2W|Br0($j)| N. (4.2.45)

9N 0
Therefore, from (4.2.44), (4.2.45) and (W2|) we obtain

‘@(uyv ) va Z‘@ vaJ >Z‘@ Uy s 70 ’)ﬁQj)

= W x, Uy, H )| dx
Z/ro(%)ﬂQJ ( ( ) ( )) (4.2.46)

2{7(1—51)— 1_61]2‘37‘0 ) N Qjl
> [7(1—51)— (1 51)] rVEN = CakN,

where C3 > 0 is a universal constant. Moreover from (4.2.39) (that we can apply to B

thanks to (4.2.42))
2wM, B) < M, B) < Co(NE)N 10 (Nk) < CLEN 1w, (),

for some universal C4 > 0. Comparing the last two inequalities and recalling ,
we deduce that k£ cannot be greater than a universal constant. By , the same
holds for M/|w|, so follows.

Thus it remains to show that u cannot be greater or equal to 1 — § on B 5(2),
showing that u, < —1+dp in B /5(2).

Assume by contradiction that

ull >1-6y in B x(2). (4.2.47)

Using Proposition we have that the set {u} > 1 — §y} has the Birkhoff property
with respect to w. Then, (4.2.47)) and Proposition imply that the superlevel set
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4.2 Proof of Theorem for rapidly decaying kernels

contains the half-space II_ := {w - (z — 2) < 0}. Since B /5 (z) C S}, we can affirm
that OII_ is at least at distance 1 from the level constraint {w -z = 0}.
As a consequence if we suppose W.l.o.g. that wy > 0, the translation 7_., uM € AM.

In view of the periodicity assumptions (K3] q (W4) and (H3)), we get that F,(7_.,ul) =
Fo(uM) and so 7_¢, u € MM . Then, sinc is the mlmmal minimizer, it results

uM(z+e1) =7 o uM >uM(z) for ae. z € RV,

Now, iterating this inequality we obtain

uM(x +tey) >uM(x) >1—8y forae x€Il_andteN

or equivalently u? > 1 — §y a.e. in RY that contradicts the fact that v’/ < —1+ §; in
{w-x > M} by construction. As a consequence u’! < —1+§, on the ball B \ﬁ( Z), hence
applying again Propomtlonand PI"OpOblthIltO the sublevel set {u < —1+4¢},
we prove the theorem. O

Corollary 4.26. If M > My|w|, then v = u*a for all a > 0.

Proof. Given M > My|w| and a € [0, 1], we may apply Theorem to the minimal
minimizer v+ to obtain that vM+* < —1 + 50 a.e. in the half—space {w-z> M}
But then u*2 ¢ AM and by minimality of uM we get that F,,(ul ) < Fo(uMta).
On the other hand, obviously u € AM+a 5o .7: (uMta)y < F,(uM). Therefore uM
and u*? belong to Mf‘f[ MM *o and hence they are the same fanction. Iterating
this argument we can extend this result to any a > 0. O

Roughly speaking, this corollary tells us that if M/|w| is greater than the universal
constant My found in Theorem [4.25) u the upper constraint {w -z = M} becomes
irrelevant for the minimal minimizer u which achieves values below —1 + 69 well
before touching the constraint.

In the next proposition we show that we have an analogous behaviour with the
lower constraint {w -z = 0} and hence we get that the minimal minimizer v is

unconstrained.

Proposition 4.27. If M > My|w|, then uM € MZ*M*e for any a > 0, i.e. uM is
unconstrained.

Proof. Fix k € Z~ such that w -k > a. Let v € A;*M*% and consider its translation
KV € AM+a+‘“ k. Corollary - tells us that 7, (u®) < F,,(rv) and the thesis follows
since by (K3 - ) and (H3|), we have that F, (v ) Fo(Tiv). O

We conclude this subsection combining the previous proposition with the results of
Subsection obtaining that u? is a class A minimizer.

Theorem 4.28. If M > My|w|, then v is a class A minimizer of the functional &.
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4 Minimizers for a fractional Allen-Cahn equation in a periodic medium

Proof. The proof is similar to that of [31, Theorem 4.6.4]; we include it for complete-
ness. Let 2 C RY be a bounded subset. Take a > 0 and m € ZN~! such that
2 cc S;uM+e. From Proposition it follows that u_**¢ is the minimal
minimizer of the class M;%M T4, On the other hand Proposition implies that
Fo(uM) = F,(ugyeM+a). Then

w

Fom(uy) = emFu(ug') = emFo(ug M) = Fom(uy M),
where ¢,,, = ITY [ 'm,.

Therefore u € M;%M *e and Proposition yields that u? is a local minimizer
of £ in 2. O

4.2.7 The case of irrational directions

In this subsection we want to prove Theorem with the assumption , also for
irrational vectors w. We will use an approximation argument as in [31, Subsection 4.7].

Taken w € RV \ QV, we consider a sequence {w;}jen C QN \ {0} such that w; — w.
Denoting with u; the class A minimizer given by our construction which corresponds
to wj, we know that u; € HS (RY) N L>®(RY) with |u;| <1+ 8y in RY and

{z eRN :|uj(z)| <1-60} C {x cRY: |w—]| S [O,Mo]} (4.2.48)

Wy
for any j € N. Moreover Theorem @ implies that the u;’s are uniformly bounded in
CY%(RN) for some unversal o € (0,1). So, thanks to Ascoli-Arzela Theorem we can

loc
find a subsequence of {u;};cn (not relabeled) converging to some continuous function

u, uniformly on compact subsets of RY and |u| < 1+ 8y in RY. Since condition
passes to the limit, the same inclusion holds if we replace u; and w; with u and w.
Hence, to prove Theorem we only need to check that u is a class A minimizer of £.
With this aim in mind we fix R > 1 and we claim that u is a local minimizer of £ in
Bp, i.e. £(u, Br) < +o00 and

E(u,Br) < E(u+¢,Br) for any ¢ such that spt ¢ C Bp. (4.2.49)

Thanks to Remark [£.3] this will implies that u is a class A minimizer.

To show (4.2.49) we apply Theorem [4.7|to u; so
E(uj, Bry1) < Cr

for some constant C'r > 0 independent of j. Moreover by an application of Fatou’s
Lemma
E(u, Bry~) < liminf (uj, Bryr) (4.2.50)
J

—+o0

for any 7 € [0, 1]. In particular

&(u, Br) < E(u, Bry1) < O < +00 (4.2.51)
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4.3 Proof of Theorem for general kernels

because E(u, -) is monotone non-decreasing with respect to set inclusion. As it concerns
the right hand side of (4.2.50]) we let {¢;};en such that
&5 = Huj - u||L°°(BR+1)'

It is easy to see that €; — 0 and we may suppose that €; < 1/2 for any j € N. Then
we consider 7; € C2°(RYM) a cut-off function such that 0 <n; < 11in RN, n; =1 in Bg,
spt (1;) C Brye, and |Vn;| < 2/e; in RN, Take ¢ as in ([£.2.49) and assume w.lo.g.
that ¢ € L>®(RY). We also suppose that £(u + ¢, Bg) < +0o0, otherwise ([4.2.49) is
obviously satisfied. Consequently, using (4.2.51), (K2|) and the boundedness of H, u
and ¢, we get that ¢ € H*(Bgy1). At this point we define v := u + ¢ and
’Uj = n]u—&—(l—r]])u] +g0 in RN.

Observe that v; = v in B and v; = u; in RN\ Bpr+e;, hence v; is an admissible
competitor for u; in Bryc;. Then, being u; minimizer,

5(u]‘,BR+5j) S g(vj,BRJrEj). (4252)

Moreover v; — v uniformly on compact subsets of RY and

[v; = vl Lo (Brys) < g — ulloe(Bris) = €5

Now, we want to deal with the right-hand side of (4.2.52)). We can proceed as in [31}
Pag. 32-34] to decompose CBmsj and estimate £(v;, Brye,;) in each of these regions.
Then we can use

P(vj, Brie;) < P (v, Br) + W*|Brye; \ Br| + nllul| L@~y Brye; \ Br]
to say that there exists a function r : (0,1) — (0, +00) for which

lim r(8) =0 (4.2.53)

§—0+

such that
limsup £(u;, Br) < €(v, Br) + 1(6).

Jj—+o0

Combining this inequality with (4.2.50) we have
E(u, Br) < E(v, Br) +r(d)
and since ¢ is arbitrary and (4.2.53) holds, we obtain (4.2.49)), i.e. u is a class A
minimizer of £.
4.3 Proof of Theorem [4.5] for general kernels

In this section we want to prove Theorem also for kernel not satisfying condition
(K4). Indeed none of the estimates that we showed there involve any of the parameters
appearing in (K4). So we can use a limit argument similar to this of Section m
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4 Minimizers for a fractional Allen-Cahn equation in a periodic medium

Let K be a kernel satisfying (K1), (K2)), (K3) and consider a monotone increasing
sequence {R;} en C [2,400) diverging to +oco. We define

Kj(z,y) == K(z,y)X0,r,)(lz —y|) for any z,y € RY

and we observe that it fulfills 7 , (K3). Moreover K; satisfies with
R = R;. Call & the energy functional (4.0.3) corresponding to K, and, fixed a
direction w € RV \ {0}, we denote with u; the plane-like class A-minimizer for £; with
direction w. Since K verifies these minimizers exist thanks to Section We
have

{x ERN ¢ |uj(z)] <1 - 50} C {x ceRV: Y pe [O,MO]}7 (4.3.1)

]
for a universal value My > 0. We also know that |u;| < 1+ & in RV and, thanks
to Theorem [4.6 ||“j||cf’=‘_‘(RN) < C for some o € (0,1]. We underline that, since

K satisfies (K2) with the same structural constants, we can choose My, a and C
independent of j. As a consequence, Ascoli-Arzela Theorem implies that, up to a
subsequence, {u;} converges to a continuous function w, uniformly on compact subsets
of RY. The limit function u satisfies and, if w is rational, each u; is ~-periodic,
hence wu is ~-periodic. To show that w is a class A minimizer, we fix R > 1 and we take
a perturbation ¢ with spt ¢ CC Bg. We know that

Ei(uj, Br) < &(uj + ¢, Br) forany j € N.
On the other hand from an application of Fatou’s Lemma we get

E(u, BR) < hm inf 5]‘ (u]', BR)

Jj—+oo
and following the reasoning of the Subsection we have that

limsup &;(u;, Br) < E(u+ ¢, Bg).

j—+oo

These two inequalities tell us that u is a class A minimizer of £ so Theorem [4.5)] is
completely proved.
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5 On critical points of the relative
fractional perimeter

In this last chapter of this thesis we shift our attention to the fractional perimeter.
In particular, we focus first on the localization of sets with constant nonlocal mean
curvature (briefly denoted with CNMC sets) and small prescribed volume relative to an
open bounded domain. Then, in the second part of the chapter we study the existence
and some properties of sets minimizing the fractional perimeter in an half-space.

5.1 Localization of sets with CNMC and small volume

Let 2 C RY be a bounded open set. We consider the fractional perimeter of a
measurable set £ C RY in {2 as the interaction between E and its complement inside

0, ie.
dz dy
< (E, £2) / / 5.1.1
o o=y 10
where s € (0,1/2).

Notice that, with respect to the general definition of fractional perimeter given in
([2:2.3)), in this definition we are neglecting the interaction between E N {2 and E€ \ (2.
Similar to what we saw in Section the nonlocal mean curvature (in {2) of OF

at « € OF corresponding to (5.1.1)) is given by

XE XECmQ(Z/)
éaE PV/ \x—y|N+2S dy . (5.1.2)

Observe that, when 2 = RY_ (5.1.2) coincides with (2.2.6)), so we will simply write

H 5 to refer to H gE

The first main result of this chapter is to prove that sets with constant nonlocal mean
curvature and prescribed small volume in a bounded open set with smooth boundary
are sufficiently close to critical points of a suitable nonlocal potential:

Theorem 5.1. Let s € (0,1/2) and 2 C RY be a bounded open set with smooth
boundary.
For x in a given compact set © of §2, set

1
Vao(z) = /RN\Q T dy.

Then for every strict local extremal or non-degenerate critical point xog of Vi in {2,
there exists € > 0 such that for every 0 < & < € there exist spherical-shaped surfaces Se
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5 On critical points of the relative fractional perimeter

with constant Hsf,zasg curvature and enclosing volume identically equal to €, approaching
zg as € — 0.

We prove this result using the non-degeneracy of sheres with respect to the linearized
nonlocal mean curvature equation, which follows from a result in [19]. Moreover, the
central tool of the proof is a Lyapunov-Schmidt reduction which allows us to study
a finite-dimensional problem, treated by carefully expanding the relative fractional
perimeter of balls with small volume.

Then, thanks to classical results in min-max theory, we deduce a multiplicity result:

Corollary 5.2. Let s € (0,1/2) and 2 C RY be a bounded open set with smooth
boundary. Then there exists € > 0 such that for every 0 < € < € there exist at
least cat($2) spherical-shaped surfaces Se with constant Hfass curvature and enclosing
volume identically equal to €.

Here cat({2) denotes the Lusternik-Schnirelman category of the set 2 (see [59] and
Section for more details).

5.1.1 The Lyapunov-Schmidt reduction

In this section we show a finite-dimensional reduction, i.e. the Lyapunov-Schmidt
reduction, which will determine the location of critical points of the relative fractional
perimeter depending on s and the geometry of the domain. To obtain it, one of the
main tools is the following asymptotic expansion of the relative s-perimeter.

From now on we consider s € (0,1/2) and, for every € > 0, we set {2, := —2. We
€

aim to prove that the nonlocal mean curvature HY is sufficiently close to HSRN.

Lemma 5.3. Let © C 2 be a fized compact set. For all e > 0 we consider B1(Z) a
ball of center x € O, = %8 and unit radius. Then, for the fractional perimeter defined

in , the following expansion holds
Py(B1(%), 02:) = Ps(B1(7)) — wne®* V(ex) + O(e'2%)  ase — 0, (5.1.3)

where wy is the volume of the N-dimensional unit ball and

1
Vaolex) = / ———dy. 5.1.4
Ll O A (5:14)
Moreover one has that
Vipé(Bl(.f), Qg) = —OJN€2S+1V§V_Q(EQ_3) + 0(52+25). (515)

Proof. Taking € small enough, we can assume Bj(Z) C {2.. Recalling (2.2.1)), we have

_ 1
P,(B, (%), 2.) — Py(By(Z :—/ / — _dzdy. 5.1.6
B -p@@) == [ el (6510
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5.1 Localization of sets with CNMC and small volume

If we replace x with z in the last integrand, we obtain

1 1 1 _ N
|z — y|N+2s = |z — y|N+2s + O<x _ y|N+2s+1> v e Bi(z), yeRY\ QL.

Therefore

1
 _drdy
/Bl(y;) /]RN\_QE |l — y|N+2s

1 0(1)
= WN ———dy + / ————dy.
~/RN\QE |z — y|NF2s RN\, |7 — y|NH2sHL

From the latter formulas and a change of variables, we find that

Py(B1(%), £2.) — Ps(B1(%)) = 7525wN/ dy + O(1+2),

oc [T —y|N+2s

which concludes the proof of (5.1.3). Formula (5.1.5)) follows in a similar manner. [

Now we want to evaluate the deviation of the nonlocal mean curvature from a

constant, when it is computed relatively to a large domain. To do that, we define
gs’g : SN_l - R
~ 5 (5.1.7)
(@) = H?% (2 +€).

Lemma 5.4. Let § € (2s,1). For the (relative) fractional mean curvature defined in
(5.1.2)), the following expansion holds:

Hye =cns + O(>) in CP=25(SN=1), (5.1.8)
where cy s == H, s, and we recall that S¢ = 0B (§) with By(§) denoting the ball of
center at €& and unit radius. Moreover, one has that for alli=1,... N,

a%ﬂs,g = O(e2th) in CP=25(§Nh), (5.1.9)

Proof. Using the definition of (relative) fractional mean curvature (see (5.1.2))) and |77,
Lemma 2], for z € By, we can write

_ dy
Hy¢(x) =cnys Jr/ ——— o 5.1.10
¢(@) RN\, [T+ & —y| VT2 ( )

where ¢y s = Hse(- + &).
Therefore we get that, for € 9By,

H,g(z) = ens +O(™). (5.1.11)
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5 On critical points of the relative fractional perimeter

Then, using (5.1.10) and differentiating with respect to &;, we find that, for all ¢ =

1,....N,
0 - 0 dy
= | ens+ -
&; < 0¢; <CN7 /RN\QE |z + & — y|N+2s)

dy 2
=0 = 0%,
(o e s ) =01

Thus, we proved (5.1.8) and (5.1.9) in a pointwise sense. It is easy however to see
that they also hold in the C! sense on the unit sphere S¢, and therefore also in
CP=2s(GN-1), O

(5.1.12)

At this point we can perform the finite-dimensional reduction of the problem, which
is possible by the smallness of volume in the statement of Theorem [5.1}

We refer to 3] for a general treatment of the subject and to Section for the
setting used in the following.

Proposition 5.5. Suppose that §2 is a smooth bounded set of RN, © a set compactly
contained in §2, and let f € (2s,1). For e > 0 small, let £ € O.. Then there exist
we: Se =R inW and A= (A1, -+, An) e RN such that

N
VB w) —uxi [ wdido =0 B, = et DAY
S i=1

where ¢ € R is close to cn s and where {Y; }i=1,... n € &1 (extended as zero-homogeneous
function in a neighborhood of the unit sphere). Moreover, there exists C' > 0 (depending
on 0,8, N and s) such that ||we||c1s(s,) < Ce?® and such that [Ocwelcris sy <
Ce25+1

To make the above formula for H{% more precise, we mean that

N
Hgélﬂa(g,wg)(f + 214+ we(x)) =c+ Z A Y (2) for every x € Se.

=1

Proof. Let us denote by W the family of functions in C# *25(55) that are L?-orthogonal,
with respect to the standard volume element of S, to constants and to the first-order
spherical harmonics. Notice that W C W, see . Let us consider the two-
component function Fyr : O, x C1F(S¢) — CP725(S;) x R defined by

Fi(€w) i= (Pr(H 5 ¢ o), VOUBIE,w)) — wn ) weW,
where wy := Vol(B1(§)) and Py : CP72%(S¢) — W the orthogonal L2-projection onto

the space W, with respect to the standard volume element of S¢. With this notation,
we want to find w € W such that Fy-(,w) = (0,0).
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5.1 Localization of sets with CNMC and small volume

By Lemma [5.4] we have that
Fp(€,0) = (0(*),0), (5.1.13)

where the latter quantity is intended to be bounded by Ce?* in the 05*25(55) sense.
In our notation, the constant C' is allowed to vary from one formula to the other.
By Proposition and by the fact that

| velBE )i = [ vdo,

dw w=0 Se
we have that L¢ 1= V,, F57(£,0) € Inv(W, W x R) with ||L£_1HL(W><R’W) < C. Hence
Fyr(€§,w) = (0,0) if and only if F57(€,0) + Le [w] — Le[w] + Fy(§, w) — Fy#(§,0) = (0,0),
which can be written as

w = Ti(w) = _Lgl[FW(&O) - Lﬁ[w} + FW(&U}) - FW(&O)]

Therefore Fy(€,w) = (0,0) if and only if w is a fixed point for T¢. Let us show that

Tk is a contraction in a ball B5_.. () centered at & with radius Ce?s for C sufficiently
large. From the definition of T¢, the estimate (5.1.13) and the fact that

-1
”Lg ”L(WxR,W) <C,

we have
ITe(0)llcrs sy = g TFr(€, 0)llcnm(sey < C2e™. (5.1.14)
Then, taking w; and wy € Ba.2.(£) € W it follows that

[ Te(w1) =Te(w2)llcro(se) < ClIF(8, wi) = Fr(€, wa) — Le [wr —wa]l|o1.6 (s, )~ (5.1.15)

We notice that the function w — Vol(B(¢,w)) is a smooth function from the metric
ball of radius % in C1A(S;) into R. Thanks also to the smoothness statement in
Proposition the right hand side in the latter formula can be bounded by

1
Fr(€,w1) — Fp(€,w2) — Lelwn — ws] = /0 (Vi€ + sty = w2) (5.1.16)

= VP, 0)wn = w2]) ds < Cllwy — wsllZs(s,)-

Hence, in Bg,2.(§) € W the Lipschitz constant of T is CCe?. So choosing first any
C > 2C, and then ¢ > 0 small enough, we find therefore that T¢ is a contraction in
Bg.2:(£). As a consequence, there exists w. : S¢ — R in W such that [Jwe |15,y <

Ce?* and such that Fi(&, w.) = (0,0).

We also recall that the fixed point w. can be proved to be continuous and differentiable
with respect to the parameter £, (see e.g. [14], Section 2.6).
Recall that w. = w.(§) solves

Vol(B(&,we)) =wn and PW(HSQ(%B(g we)) =0 for all £ € RV,
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5 On critical points of the relative fractional perimeter

We want next to differentiate the above relations with respect to . For this purpose,
it is convenient to fix an index 7, and to consider the one-parameter family of centers

@) = &1y &+t EN) = €+ ey (5.1.17)

Our aim is to understand the variation of OB(£(t), w:(£(t))) normal to IB(E, we(§)).
The above variation is characterized by a translation in the i-th component and by a
variation of w., which is in the radial direction with respect to the center £. Therefore,
letting 14, denote the unit outer normal vector to OB(&, we(£)), the normal variation
of OB(&(t), w:(£(t))) with respect to IB(E, we(§)) (computed at ¢ = 0) is the scalar
product between the pointwise shift e; + dwe (&)

T and the unit outer normal vector to
OB(&, we(§)) that is vy,_, i.e.

Vnp, -e¢—|—alg;€)(x—§)-yws, z € Se. (5.1.18)

Hence we have that

0 0 ow,
VOl(B(g,’U)E)> =0 and PW(HSEIB(S,We(f))) |:Vw5'ei+ (g) (I‘—&)'VwE =0.

Using (5.1.9) and Proposition one finds from the second equation in the latter
2s+1

ow
, where v; . = P70 w.. Since 856 e W, it
i —
remains to control then the component of 0¢,w. in the orthogonal complement of W,
namely its average. Let us write

formula that [Jv;cl[cre(s,) < Ce

Oc,We = Vie + Cie with ¢; . € R.

From a direct computation we have that

0

=2

Vol(B(&,w:)) = /S 1+ wE)N_l(vi’E + ¢i¢)do.
¢

Since we know that |[v; c||c1.5¢s.) < Ce** T, it follows from the latter formula that
also |¢; .| < Ce?*T1. Therefore one deduces

H%wellcl,ﬁ(sg) < Ce* (5.1.19)

which is the desired conclusion, possibly relabelling the constant C. O

5.1.2 Proof of Theorem [©.1]

In this subsection we prove Theorem using the Lyapunov-Schmidt reduction. In
particular, as first step, we show how to find ¢’s so that the Lagrange multipliers \;
in the statement of Proposition vanish, obtaining surfaces with constant (relative)
nonlocal mean curvature.
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5.1 Localization of sets with CNMC and small volume

Proposition 5.6. Let w. : S¢ — R given by Proposition . Recalling (2.4.4),
for § € O, we define ¢ = P2 (B(¢,w.)). Then, for e > 0 sufficiently small, if
VE@E\&E = 0 for some £ € O, one has

Q. _
s, 0B(Ew.) — ©

where ¢ = c(e,§).
Proof. Recall that we = w.(&) solves

Vol(B(¢,w.)) =wy  and  Py(H 55, ) =0  forall &€ RY.

Since Vol(B({,w.)) = wn for any choice of ¢, it follows that the integral over
OB (&, w(§)) of the normal variation vanishes, i.e. recalling (5.1.18]), we have for £ = ¢

/ o [sz cer+ 228 g Lo, =0, (5.1.20)
OB(E w. () 9

where do,,_stands for the area element of IB(E, w.(€)).

For the same reason, recalling (2.2.9)) and (5.1.17)), we have that
d

4 PP (B(&(t), we(£(1))))

t=0

Jwe (é )
9¢;

= v
/aB(s,wE(s)) SOR(E ()

|:I/w€ ce; + (z— f) . I/w€:| doy, -

By our choice of £ we have that, for all i =1,..., N

0

ile—¢

Recalling also that by Proposition , HSQg]B Ew) = + Zj\; A:Y; (see Section for

the definition of the first-order sphereical harmonics Y;) , from (5.1.20) we have that
foralli=1,...,N

= dw. (£)
0= / AY; [ng e+ —2(x—§)- Vw5:| doy. . 5.1.21
OB(E.w.(8)) 2 oe, 7Y (5.1.21)

j=1

Notice that by the estimates on w. and Jsw, in Proposition one has

/ - Y][l,ws.ei+aws(§)(:c—§_)~yw5]dcrw5 = 0i; + 0:(1); ,j=1,...,N.
OB(€,w- (£)) 9,

Therefore the system ([5.1.21f) implies the vanishing of all A;’s, which gives the desired
conclusion. O
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5 On critical points of the relative fractional perimeter

The next step is to show that fractional perimeter of B; (&) is sufficiently close to
fractional perimeter of the deformed ball B({, w.), also when we differentiate with
respect to &.

Proposition 5.7. Let w. : S¢ = R given by Proposition . The following Taylor
expansion holds:

P (B(&,w.)) = PP (Bi(€)) + O(e*). (5.1.22)
Moreover one has
9 pe. (B(&,w.)) = 9 pe. (B1(£)) + O(e ). (5.1.23)
o ° T o0& °

Proof. Recalling the notation introduced in Section [2.4]and thanks to the first statement
of Lemma [5.4] we get that

PE(B(E,ws)) = P(B1(€)) + (P) (0)[we] + P (B, w2)) — (P2 (O)f]
~ P(Bi(¢)
= PRBO) +0E ) + [ (P (tw0) = (P ) el .

(5.1.24)
Using the fact that the nonlocal mean curvature is smooth, we deduce then that

(f(@%ﬂww—ﬁﬁﬂmﬁww=0@%

so the last two formulas imply (5.1.22]).
To prove (5.1.23), we use the estimate [|zwe || c1.6(s,) < Ce** ! from Proposition

Calling 7; the quantity in (5.1.18]), we write that

9 /
75, PP (B¢, w.)) = (P (we)[ri].

Taylor-expanding the latter quantity, we can write that

0 1
851335 (B(&,we)) = (P (0)[m] + 5(1’;)5)”(0)[%‘] +o(eh™)
‘ P (5.1.25)
= Ge PR (B€) + O Y.
This concludes the proof. O

With this result at hand, we are ready to prove the main theorem of this section.

Proof of Theorem[5.1 Suppose zg is a strict local extremal of Vi, without loss of
generality a minimum. Then there exists an open set 7 CC (2 such that Vi (zg) <
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5.1 Localization of sets with CNMC and small volume

infyr Vo — & for some 6 > 0. Let &¢ be defined as in Proposition @ by the estimates

(5.1.3) and (5.1.22)) it follows that for every z € %T
&y = PR (By (%)) — wne>Vo(ex) + O('12%). (5.1.26)
Since PR (B (%)) = PX" (Bi (%)), we get

Spro —P; = wNé“ZS(VQ(EI_?) —Vol(xo)) + O(€1+25)
> szzs(ian; Val(ex) — Va(zo)) + O(e12%) (5.1.27)

> dwne? 4+ 0(e'72) > swye® + Cel T > 0
for e < ‘SWTN where C' > 0 is a constant. Hence, for ¢ sufficiently small

Pz >supP..
€ %T

As a consequence &. attains a maximum in the dilated domain %T, and the conclusion
follows from Proposition [5.6]

Suppose now that x( is a non-degenerate critical point of V. From and
one can find an open set T CC {2 such that

1
deg <V¢., ET’ 0> # 0.

This implies that @, has a critical point in %T, and the conclusion again follows
from Proposition [5.6

Since in both cases the set 17" containing xy can be taken arbitrarily small, the
localization statement in the theorem is also proved. O

Remark 5.8. From [3, Theorem 2.24] one has a relation between the Morse index of a
critical point as found in Proposition [5.6] and the Morse index of the corresponding
critical point of @. In our case, since round spheres are global minimizers for the
fractional perimeter relative to RN, these two indices coincide.

To prove Corollary [5.2] we need the following lemma.

Lemma 5.9. For all x € 02 one has

lim Vi (y) = +oo,

Yy—x

and
lim VVi(y) - vo(x) = +oo,
23y—z

where vg denotes the outer unit normal to 052.
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5 On critical points of the relative fractional perimeter

Proof. Letting d := dist(x, 012) for all x € (2, thanks to the change of variables ' =
we get that

1 1
) RN\ 2 |l — y|N+2s RN\ (£2/d) |dx’ — ! |N+2s ( )

from which, if d — 0, setting RY = {z € RV : 2 > 0}, we have

z
d

1 1
S S WA . dy < +oo,
/]RN\(_Q/d) |da’ — y'|N+2s Y ®Yye |y [N Yo ee

i.e. Vi; behaves asymptotically as d~V~2% when d — 0. With a similar proof, one finds
that the component of VVi, normal to 92 behaves as d= V=271, O

Proof of Corollary[5.3 Given ¢ > 0 small enough, let us define the set £2° C (2 by
2 = {x e : dist(z,002) > §}.

From Lemma we have
VVg-vos >0 ond2°.

As in the proof of Theorem [5.1] it turns out that
L s
V. -v1gs >0 ond-2°.
E 5

Clearly, since {2 is compact, the (PS)-condition holds. So the conclusion follows from
Theorem [2.25] and Remark [2.26 O

Remark 5.10. Tt is interesting to see how the geometry of the domain (and not just
the topology, as in Corollary plays a role in order to obtain either uniqueness of
multiplicity of solutions.

In this last part of the section we will prove uniqueness for the unit ball By, i.e. we
will show that Vp, has a unique critical point at the origin which is a non-degenarate
minimum.

Secondly, we will give an example of dumble-bell domain, topologically equivalent to
a ball, such that the reduced functional @, (defined as in Proposition [5.6]) has at least
three critical points, while Corollary would give us only one solution.

Lemma 5.11. If By is the unit ball of RN, then 0 € By is a non-degenerate global
minimum of Vg, and it is the unique critical point.

Proof. First of all we note that Vp, is a radial function, i.e. Vg, () = vp, (|x]). Hence,
since Vp, is smooth in the interior of the ball, it follows that v}z (0) = 0.
It is easily seen that

(AVE,)(0) =2(1 4 s)(N + 25)/ dy > 0,

Bf |y|N+2s+2
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5.1 Localization of sets with CNMC and small volume

where B{ denotes the complement of B;. Therefore, since v, (0) = LAV, (0), it
follows that for fixed 6 > 0 one has v (t) > 0 for t € [0, 5] which implies the
non-degeneracy of the origin as a critical point of Vp, .

It remains to show the monotonicity of vp, in the whole interval (0, 1), but since
Lemma holds, it is sufficient to show that

d
dt
Recalling the definition ([5.1.4)), we get

Vg, (t&)) £0 fort e [6,1—4]. (5.1.29)

d . _ y1—t
Sy e =en. | — B0 gy, 5.1.30
dt Bl( el) CN, ‘/Bf |y—t€1‘N+28+2 Y ( )

where &y 5 is a constant depending only on N and s and y = (y1,y') € R x RV ~L.
By Fubini’s Theorem

y1—t / / y1 —t d
y. (5.1.31)
/BC y — tel‘N+2s+2 on (e wyeney ¥ — Ty — ta [V r2s+2

Since (y1,y’") € Bf x RV~1 we have two cases:

Difly|>1 = yeR;

2)if[y/| <1 = wn<—V1-[PVvuyu>/1-]yP
In the first case we obtain by oddness

/ y1—t dy — / y1—t
{v1:(y1,9")€BY} |y — té&y [N F2st2 {y1€R} ((yr —1)% + |y/|2)(N+2S+2)/2

dy = 0.
(5.1.32)

In the second case, using the changes of variables y; — ¢t = s and z =t — y;, we get

y1 —t

— s Ay
/{yli(yl,y')GBlc} |y o t€1|N+2S+2

= / _ =t dy + / =t dy
{n<—/I-Tg 2} [y — ter[NH2et2 > /1oy 2y |y — te|NH2et2 (5.1.33)

z
- 5 dz
/{z>t+m} (22 + |y [P) (N H2et2)/
S
. S dy >0,
/{szm-t} (2 + Pz Y

since {z:z>t4+ /1 —|y|?} C{z:2>+/1—|y|?> —t} and since the first integral is

negative.
Putting together (5.1.30]), (5.1.31)), (5.1.32)) and (5.1.33]) we obtain (5.1.29) which
concludes the proof. O
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5 On critical points of the relative fractional perimeter

o0

Figure 5.1: A dumb-bell domain (2.

Lemma 5.12. Let &¢ be defined as in Proposition . There exist a dumble-bell
domain (as in Figure , with the same topology of the ball, such that $¢ has at least
three critical points.

Sketch of the Proof. Given § > 0 small enough, we consider a sequence of domains °{2
as in Figure Fixed r € (0,1), it is easy to see that

Vig — Vg, inC?*(B,(0)) asé— 0. (5.1.34)

For § small, by Lemma [5.11] we get that Vs, has a unique non-degenerate minimum
71 in B, /2(0) and there exists v > 0 such that

inf Vsp> sup Vigp+1.
o0 e

By symmetry, we have a non-degenerate minimum point zs in the other ball with the
same properties. Recall also that from Lemma that if 2 € 9(°£2), it holds

lim Vs ~+00.
Sdy—zx 09( )
Hence, from (5.1.26]) (with a similar formula for the gradient in &) and the above
observations, there exists a critical point of @ other that z; and x5, by Mountain Pass

Theorem.
O

5.2 s-minimizers in an half-space

In this second part of the chapter we consider the fractional perimeter of a measurable
set £ C RY in an half-space, proving the existence of a minimizer under fixed volume
constraint. Then we characterize its intersection with the hyperplane {zx = 0} and
we show some of its properties as smoothness and symmetry.

Let us consider a bounded open set with smooth boundary £2 C RY and s € (0,1/2).

We point out that, if
dz dy
<(E, 2) / / 5.2.1
o [T — |z — y[N+2s” ( )
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5.2 s-minimizers in an half-space

using the direct method of Calculus of Variations and the Sobolev embeddings (which
hold for fractional spaces too, see [35]), it is easy to show that there exist minimizers

for
{Py(E,2),|E| =m} m € (0,+00), (5.2.2)

see |22, Theorem 3.2].

Our goal is to show that minimizers exist also relatively to an half-space, and to
characterize them to some extent. Thus, analogously to , we define the fractional
perimeter in an half-space:

Definition 5.13. Let s € (0,1/2) and E C RY be a measurable set. We denote with

dz dy
(B, RY) / / 5.2.3
rN\B |z — o — y|NF2s7 ( )

where RY = {z € RY : 2y > 0} is the half-space.
The main result of this section is the following:
Theorem 5.14. There exists a minimizer E for the problem
inf{Ps(A,M), Al = m}, m € (0, +00), (5.2.4)
where Rf = {x € RN : xx > 0}. Moreover OF is a radially-decreasing symmetric
graph of class C* in the interior, intersecting orthogonally the hyperplane {xn = 0}.

To prove this theorem first we will show the existence of a suitable rearranged
minimizing sequence which is axially symmetric and graphical over the boundary
hyperplane. After that, we will employ some results from [§], [22], [61] to prove a
diameter bound and the smoothness of the minimizing limit.

5.2.1 Proof of Theorem (.14
We begin by studying minimizers of
{Py(E,RY): EC B}, |[E|=m} m e (0,+00), (5.2.5)

where BE = BgrN Rf denotes the open half-ball of radius R > 0 centred at the origin
with |B}| > m. Without loss of generality we can assume that m = 1 and, with the
same reasoning used to show the existence of minimizers for , we can also prove
the following result.

Proposition 5.15. Problem (5.2.5) admits a minimizer E C B},.

Note that, since we look for minimizers in a half-ball, we can assume that minimizers

of (5.2.5)) are close sets.

We have next the following lemma.

Lemma 5.16. If E is a minimizer for (5.2.5)), then dist (E,{zy = 0}) = 0.
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5 On critical points of the relative fractional perimeter

TN TN

RNfl RNfl

(a) Level set of u. (b) Level set of u™.

Figure 5.2: The radially symmetric rearrangement of .

Proof. By contradiction suppose that the minimizer E C B}, does not intersect the
plane {zxy = 0}. Then, if e := (e;, - ,en) is the canonical basis of R and A :=
dist(E,{zy = 0}) > 0, we consider the shifted set £ — Aey. Using the following
change of variables (i.e. translating downwards the set E by Aéy)

Eszr—2' =x— ey € E— dey,
RY\E>y—y =y—dexy e RY \ (E - den),

we have

dx dy
P,(E,RY) =
s( ) +) //]RN\E ‘$—>\€N_y+)\€N|N+2S

dx dy - N
= P,(E — den,RY).
/E Aen /H\QN\(E )\eN) “riy‘N+2s *

This is in contradiction to the minimality of E. O

(5.2.6)

Now we address to show the symmetry of minimizers of (5.2.5). To do this, we have
to premise a couple of useful definitions.

Definition 5.17. Given a function u : RN — RT, we define u* : RY — R the radially
symmetric rearrangement of u with respect to xn so that, given xy > 0, t > 0, the
superlevel set {u*(-,zy) >t} is a ball B in RN~1 centered at the origin and such that

{u"(an) >t} = {ul an) > ],

as in Figure
If u = xg, we call E* the ball such that yg~ = (xg)*.

Definition 5.18. Given a function v : RY — R*, we define ¢ : RV — RT to be
the decreasing rearrangement of u with respect to xn: given ' > 0, t > 0, {zy :
a(z',zn) >t} C RT is a segment of the form [0, ) with o := [{zy : 4(2', zN) > t}],
as in Figure

If u = xp, we call E the set such that Xp = (XAE). Notice that dF is a graph in the
direction €.
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5,2 s-minimizers in an half-space

e D v
AT f\”f\

RN—I RN—I

(a) Level set of u. (b) Level set of a.

Figure 5.3: The decreasing rearrangement of u.

With these definitions at hand, we can show that minimizers of (5.2.5)) are radially
symmetric sets:

Lemma 5.19. If E is a minimizer of (5.2.5), we have that
P,(E*,RY) < P,(E,RY)
and the equality holds if and only if E = E*.
Proof. Proceeding as in , we define
H*(RY) = {u € L2(RY) : [u] s mry) < +00},

where

2 . 2 2y, 1-2s
wl5,, ;= inf / Vv|® + [0yv]7)y dx dy
[ ]H (RY) { foR+(| | | Y %)

(5.2.7)
v € Hp o(RY x RY),v(-,0) = u(-)}.
The space H*(RY) is endowed with the Hilbert norm
[[ul ?-[s(Rf) = ||u||%2(Rf) + [u]i[s(mf)'
According to (5.2.7)) we get that
_ 1
Py(BE,RY) = - inf / Vol + [0yv*)y' 2 dad
(B,RY) = 2 {Mwu 2+ 10,01y y .

v e Hlloc(Rf X R+)7’U('7O) = XE()}
and we define
HYRY xRY, y'2*dy) := {v e HL (RY x RT)
: / (|v]? + |Vzo* + 0,0y 2" dody < oo ¢
RY xR+

(5.2.9)
For all v € HY(RY x R*,y' =2 dy), we set v*(-,y) = [v(-,y)]*. Then
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5 On critical points of the relative fractional perimeter

a) since the symmetrization preserves characteristic functions, we have that
(xe()" = xe-(); (5.2.10)

b) from Theorem 1] we get that

Lo OV B0l Pt dedy < [ (V. + 0,0R)y > drdy.
+><

N
RY xR+t

(5.2.11)
Hence combining (5.2.8)), (5.2.10) and (5.2.11]) we deduce the desired conclusion. [

In a similar way we obtain also this

Lemma 5.20. Let E be a minimizer of (5.2.5). Then
Py(E,RY) < Py(E,RY)
and the equality holds if and only if E = E.

~

Proof. Proceeding as in Lemma and denoting with 9(-,y) = [v(-, y)], we have that
(xe() =xz0), (5.2.12)

and from Theorem 1] we get

/]RN R+(|VI@\2 + (vAy)Q)yl_25 daedy < / (|Vev|* + vz)yl_zs dzdy. (5.2.13)
+ X

N
RY xR+t

Recalling (5.2.8]) and using (5.2.12)) and ([5.2.13)) we conclude the proof. O

Remark 5.21. Note that from these two symmetrizations we obtain a connected minim-

izer for (5.2.5)).

Now we prove an estimate on the diameter of minimizers of ([5.2.5) which will allows
us to deduce, as a corollary, that these minimizing sets are also minimizers for (5.2.4):

Theorem 5.22. If E is a minimizer of (5.2.5)), then

2v/2C,
révfl ’

|diam E| < (5.2.14)

where diam E denotes the diameter of the set E and both Cy > 0 and rqg > 0 come

from Theorem 1.7].

Proof. Thanks to Lemma and Lemma we can suppose that there exists H > 0
such that

[0,Hey]C E (5.2.15)
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5.2 s-minimizers in an half-space

and that, for all t > 0,
E,=EnN {LI’:N = t} = BR(t)' (5216)
We consider the interval [0, He J\ﬁand we divide it in M subintervals of length at most
i

2rg, where rg > 0 comes from Theorem 1.7] and, denoting with {} the integer

part of a real number, M izﬁ)} + 1. For every subinterval we take its center z’

where i = 1,--- , M. From [61, Theorem 1.7], for every z*, there exist Cy > 0 and a
ball B,,(x%) with center at z* and radius 7o such that
|E N By, (2%)] > CL >0 foralli=1,---, M.
0
Thus N
H
1=|E>—. 20
27"0 C()
and hence o
0
H< % (5.2.17)
To
We proceed similarly to estimate R(t) for all ¢ > 0, obtaining that
2C
|R(t)] < for all ¢ > 0. (5.2.18)
To
Combinig (5.2.17) and (5.2.18)), we deduce the thesis. O

Corollary 5.23. Let E be a minimizer of . If R > 2;{%6;0 (where Cy, 19 > 0
comes from Theorem 1.7]) it is a free minimizer, i.e. ’
E C Bg.
Finally we prove the regularity of sets minimizing :
Proposition 5.24. Let E be a minimizer of . Then OF is C*°.

Proof. From Lemma we know that OF is graph in the direction z. Then
Corollary 3] implies that OF is C*° outside a closed singular set of Hausdorff dimension
N — 8. Moreover, since by Lemma[5.19] E is also radially decreasing and symmetric,
the singular set has to be its highest point (in the xx direction of E). Now we consider
a blow up of F centered at the singular point and we obtain a singular and symmetrical
cone C. By densities estimates (see Theorem 1.7]) which hold for E, we get that
C # @. Hence C is a lipschitz cone, so Theorem 1] tells us that C is a halfspace.
As a consequence OF is C*°. O

Proof of Theorem[5.1] From Proposition[5.15]and Corollary [5.23 we have the existence

of a minimizer for (5.2.4). Moreover, thanks to Lemma [5.19] Lemma Proposition
[(-24 and Lemma [5.16] we deduce the minimizer’s properties. O

Remark 5.25. Tt would be interesting to know whether minimizers, or even critical

points, of (5.2.4)) are unique up to horizontal translations (see for instance

for similar uniqueness results).
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