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Abstract

In the course of this thesis the B-spline K-matrix method, a theoretical technique
capable of reproducing the single ionization continuum of atoms, was developed.
Two systems were addressed in particular: helium and boron, as representatives
of two- and three-active-electron atoms.

Some of the findings presented here resulted in original contributions to the sci-
entific literature. Total and partial photoionization cross sections and asymmetry
parameters of the fundamental helium state were examined up to the sixth ioniza-
tion threshold, yielding the first ab initio reproduction of the first intruder state
effects below N=4 threshold, the first reproduction of dipole asymmetry param-
eters below N=6 threshold and of nondipole anisotropy parameter γ below N=2
threshold.

Most of the material presented here relies on the multiple basis implementa-
tion of the B-spline K-matrix method which allows the reproduction of almost
arbitrarily excited metastable satellites below a prescribed threshold. The new
technique, when used to investigate helium triplet states, yielded the most accu-
rate and extensive existing characterization of triplet metastable states up to the
fifth ionization threshold. Within more than 1700 natural and unnatural S, P and
D doubly excited states, eleven intruder states were discovered, entirely unknown
before.

At least two experimental groups, at ELETTRA in Trieste and at BESSY II in
Berlin, are recently tackling the problem of measuring the metastable 23S helium
photoionization cross section. We therefore undertook a parallel theoretical inves-
tigation of the photoionization process of both the fundamental and the excited 3S
helium states. The latter prelude to the future investigation of the radiative decay
of doubly excited states and already revealed interesting peculiar features.

To this purpose, we devised an extension of the K-matrix method to treat the
atom-radiation interaction non perturbatively.

A general three electron package has been developed and applied to study
boron resonances. Specific formulas were derived to obtain arbitrary tensorial one-
particle and scalar two-particle matrix elements between three electron states on
non-orthogonal basis as required for an efficient exploitation of B-splines.

A detailed study of the B-spline effective completeness led to a general result
which assure that B-spline based methods are well conditioned for a large class of
knot grids.
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Introduction

Since Hertz’s discovery of the photoelectric effect in 1887 [1] and its proper expla-
nation by Einstein in 1905 [2], photofragmentation processes proved to be among
the most prolific means of investigation of atomic and molecular system dynamics.

In 1928 Compton and Boyce [3], and Kruger [4], two years later, found in the
arc spectrum of helium the first evidence of a doubly excited state, assigning the
320.392 Å line to the (2p2)3Pe → (2s2p)3Po radiative decay.

The experimental practice made a considerable step forward when, in 1963,
Madden and Codling [5] showed that synchrotron radiation is a useful X-ray
source for spectroscopic purposes: they succeeded in measuring the first reso-
nant profile in the photoionization spectrum of helium. Dedicated beamlines for
atomic and molecular photoelectron spectroscopy experiments are now available
at synchrotron laboratories all around the world: the Advanced Light Source at
Berkeley [6], ELETTRA ring in Trieste [7], BESSY II in Berlin [8], Photon Fac-
tory in Tsukuba [9], SOLEIL near Paris [10], the Advanced Photon Source near
Chicago [11], Synchrotron Radiation Source at Daresbury [12] and Max-Lab in
Lund [13], just to mention the most relevant.

Despite its simplicity, helium, the smallest atom with electronic correlation,
has been one of the most studied systems because of its almost inexhaustible man-
ifold phenomenology, progressively disclosing as new, more refined experimental
techniques became available.

Many characteristic Fano profiles were already clearly visible in the total pho-
toionization cross section collected in 1963 by Madden and Codling [5]. Twenty
years after, the first partial differential cross sections were measured [14] and, in
the early nineties, the energy resolution dropped sharply through ∼ 5 meV [15]
to ∼ 2 meV [16] when Domke et al observed for the first time the elusive (2p, nd)
1Po autoionizing Rydberg series below N=2 threshold. In the same period, the
first detailed spectra of dipole anisotropy parameters also appeared [17]. By 1996,
in new observations of helium doubly excited states, the unprecedented ∼ 1 meV
resolution was achieved [18, 19].

At higher energies, the regular pattern of autoionizing multiplets were found
to be perturbed by intruder states from series converging to high lying thresholds
[20–22]. In the neighborhood of double photoionization threshold, myriad intruder
states accumulates until roughly between N ∼ 8 and N ∼ 13 thresholds, any
regularity is virtually lost [23–26]

New scaling laws for the amplitudes of the resonant character of partial cross
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sections approaching the double photoionization limit soundly reflect the predic-
tions of the most modern development of the semiclassical theory of the quantum
three charged body problem [27, 28].

Beyond being an exemplary quantum analog of a classically chaotic system near
the double ionization threshold, low lying doubly excited states have continued to
yield new discoveries. A lot of attention has been devoted in particular to the
radiative decay and to the relativistic effects on doubly excited states autoioniza-
tion. In 2000, Gorczyca et al [29] demonstrated that both radiative decay and
spin-orbit interaction had to be considered to account for the observed features of
the photoionization spectrum in the immediate neighborhood of N = 2 threshold.
In 2001 Penent et al eventually observed the radiative decay of triplet doubly ex-
cited states in the photoionization of the helium atom in its ground state [30]. The
branching ratio between autoionization and radiative decay was measured only few
years ago [31].

Measurements of photoionization spectra of metastable states are now afford-
able: preliminary results on the first resonant features in 23S He spectrum have
recently been presented [32] and closer investigations are on schedule [33, 34].

Many new measurements on doubly excited states with symmetry which cannot
be reached in ordinary photoionization experiments have recently been made acces-
sible through the application of external electric [35–37] and magnetic fields [38,39].

Finally, sizable non dipole effects were found at unexpectedly low energies even
in a target as small as helium [40].

All of these experimental findings represented in the past, and are often today,
challenges to ever more accurate and reliable theories. The multiple basis B-spline
K-matrix method developed in this thesis is one of them. It succeeded in providing
original reproductions of some of the observations outlined above, often unveiling
previously unknown details. Moreover, as discussed at length in the following
chapters, it has unique features that makes it particularly fit to deal naturally
with those processes which involves highly excited Rydberg series below prescribed
thresholds, like the radiative cascades originating from doubly excited states.



Chapter 1

B-spline K-matrix method

1.1 Outline of photoionization observables

In atomic photoionization experiments, the gaseous target is introduced through
a thin nozzle into a vacuum chamber where it intersects a photon beam. Upon
photon absorption, the atom generally undergoes manifold transformations where
two or more fragments, electrons, photons, ions, excited neutral states, result.

Let consider the exemplary case of helium in its fundamental state, illuminated
with X-rays in the energy range between 24.6 eV and 79 eV, corresponding to single
and double helium ionization thresholds respectively. With the absorption of one
photon, helium may readily eject one electron (single photonionization - SPI),
possibly leaving the parent ion in an excited state if Eγ > 65.4 eV (He+ excitation
threshold), or it may be temporarily trapped in a metastable state where, to a crude
approximation, both the electrons are excited out of the fundamental level into
outer bound orbitals (double photoexcitation - DPE). Such doubly excited states
(DES) most often decay through autoionization (AI): one electron is eventually
captured in a low-lying bound state of the parent ion releasing to the other electron
enough energy to escape the atom. Since direct SPI and resonant AI result in
the same final states, they give rise to characteristic interference figures in the
photoionization spectra, known as Fano profiles [41].

If a metastable state is sufficiently long lived, the radiative decay (RD) may
become a competitive or even dominant relaxation mechanism. The metastable
state can even decay radiatively to a state of lower energy which itself lies in the
continuum (radiative autoionization - RAI). In such case, one electron and one
photon are ejected simultaneously.

He∗∗
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!!!!!!!

AI

""

RD ## He∗ + γ′

He + γ

SPI
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"
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DPE
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As all these processes depend strongly on the energy, polarization and intensity
of the incident radiation, a stringent control on these light parameters is crucial.
Modern X-ray beams for atomic and molecular photoionization experiments consist
of monochromatized, strongly polarized synchrotron radiation produced through
dedicated beamlines with energy resolutions ranging from few tenths to few meV.
For example, PLEIADES beamline at SOLEIL [10] provides 20000-100000 resolving
power between 35 eV and 1 keV, beam intensities from higher orders lower than
0.5%, and almost arbitrary polarizations: linear with arbitrary tilt, circular and
elliptical.

To measure the total photoionization cross section (TCS), it is sufficient to
collect directly all the ions produced [42]. To obtain partial cross sections and
angular distribution parameters, instead, the photoelectrons are collected by time-
of-flight spectrometers [43] along specific directions with small angular acceptances,
e.g. 3◦-6◦. If the photoelectron has left the parent ion in the state α, its energy is
found about Eγ−Eα, where the energy of the impinging photon is narrowly peaked
about Eγ. The ratio between the probability per unit of time that a photoelectron
with energy Eγ−Eα is collected along the direction Ω with a solid angle acceptance
dΩ, and the total numeral photon flux density Φγ , defines the differential partial
cross section dσα/dΩ

dσα

dΩ
≡ dP (Eγ − Eα)

dtdΩΦγ
. (1.1)

In order to compare with the experiment, we can use the quantum mechanical
theoretical expression analogous to 1.1 provided by perturbation theory. To the
lowest order, the partial differential photoionization cross section is proportional to
the square module of the matrix element of a suitable transition operator between
the initial and final state of the atom:

dσα

dΩ
=

(2π)2

cωγ
|〈ψ−

α#k
|(ε ·

n
∑

i=1

ei#kγ ·#ri(pi|φ0〉|2. (1.2)

The initial state φ0 is clearly that of the target atom when injected into the re-
action chamber. From the discussion above it is clear that the final state lies in
the continuum: the photoelectron is asymptotically free, therefore its kinetic en-
ergy may vary by arbitrarily small amounts. Since all the measuring devices are
macroscopic, they select a final state which is a broad, almost monochromatic pho-
toelectron wavepacket, times a parent ion state in a definite energy level α, and
which may be approximated, in a time independent approach, with a plane wave
(actually a Coulomb wave) for the photoelectron, suitably coupled to the parent
ion in the state α, plus a linear combination of incoming spherical waves in all
the degenerate channels (incoming boundary conditions). Such states, indicated
with the symbol ψ−

α#k
(α collects all the quantum numbers beyond the asymptotic

photoelectron linear momentum, included the photoelectron spin projection), are
also said to be controlled in the future: in a time dependent approach, any L2

energy convolution of such states yields a wave packet which in the far future has
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indeed a nonvanishing component in channel α only, since after leaving the atom,
the photoelectron wavepacket eventually is an outgoing wave.

In the photoionization of strongly localized states at energies up to few hundreds
eV, the exponential factor in equation 1.2 may be confidently approximated with
1 (dipole approximation). In this case the transition operator is a true rank one
tensor. As a consequence the well known dipole selection rules apply and only
a small number of final continuum manifolds with definite symmetry need to be
calculated. Moreover, when the parent ion orientation is not measured, the angular
distribution of the photoelectron is entirely described with a single parameter,
βα(E), ranging from −1 to 2:

dσα#k

dΩ
=

σα(E)

4π

{

1 + βα · 3 cos2 θ − 1

2

}

(1.3)

where σα(E) is the integral cross section for channel alpha (see appendix B for the
definition of symbols)

σα(E) =
π

3 c ωγ(2L0 + 1)

∑

L$α

∣
∣
∣〈φ0‖V̂ 0

1 ‖ψ−Γ
αE$α

〉
∣
∣
∣

2

. (1.4)

For linearly polarized radiation, θ is the angle between the electron linear momen-
tum and the light polarization axis. For circularly polarized radiation, equation
1.3 still holds, but θ is the angle between the electron and photon linear momenta.
The expression of β for linearly polarized light is

βα =

{

∑

LL′

∑

$α$′α

√
30Π$αLL′ C$′α0

$α0 20(−)Lα+$α+L+L′+L0

{

L′ 2 L
,α Lα ,′α

}{

1 2 1
L′ L0 L

}

×

× 〈φ0‖V̂ 0
1 ‖ψ̄

(−)Γ
αE$α

〉〈φ0‖V̂ 0
1 ‖ψ̄

(−)Γ′

αE$′α
〉∗
}/{

∑

L$α

∣
∣
∣〈φ0‖V̂ 0

1 ‖ψ
(−)Γ
αE$α

〉
∣
∣
∣

2
}

. (1.5)

As these formula shows, the theoretical reproduction of the experimentally ob-
servable quantities can be reduced to the calculation of matrix elements between
bound and continuum atomic states with definite spherical symmetry and fulfilling
appropriate boundary conditions.

The theory of electromagnetic transitions, and the scattering theory needed to
deal with atomic states in the continuum and to compute photoionization parame-
ters is covered in detail in the appendices A and B. The present chapter describes
how to obtain numerically the accurate atomic states in the continuum needed for
a positive comparison with modern experiments.

1.2 The close coupling equations

The eigenfunction of a N+1-electron system at energies below the double ionization
threshold, where at most one electron can leave the system, can be written as a
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linear combination of one electron orbitals suitably coupled to a complete set of
bound N -electron states, plus a residual N + 1 L2 localized electron function:

ΨΓ
j (XN+1) = A

∑

i

Φ̄Γ
i (XN ; r̂N+1σN+1)

1

rN+1
F Γ

ij(rN+1) +
∑

i

χΓ
i (XN+1)b

Γ
ij . (1.6)

where A is the usual antisymmetrizer A = 1
N !

∑

P∈SN
(−1)sgnPP, XN is a shorthand

for the collection of spatial and spin variables for the first N electrons, and rN+1,
(rN+1 and σN+1 are the radius, direction and spin projection of the N+1-th electron.
The channel functions Φ̄Γ

i are defined as parent ion (or atom) N -electron eigenstates
with well defined angular momentum, spin and parity, coupled with the N + 1-th
electron spin-angular functions so to realize a specific total symmetry identified
by parity, angular momentum, spin and their projections onto an axis, collectively
indicated with Γ (we restrict the discussion to light systems, where the electrostatic
approximation is justified - i.e. no magnetic interactions or other relativistic effects
are taken into account). The χΓ

i ’s are also referred to as pseudostate channel,
localized channel, or correlation functions.

At each energy E there are as many linearly independent solutions ΨΓ
j as the

number of Φ̄Γ
i whose threshold Ej , the energy of the corresponding N -electron

bound state, is lower than E. The expansion coefficients bΓ
ij and the radial functions

F Γ
ij are such that ΨΓ

j is an eigenfunction of the total N -electron hamiltonian:

HΨΓ
j = EΨΓ

j . (1.7)

Equation 1.7 can be projected onto the χΓ
i , integrating over all the spin and radial

variables, and onto the Φ̄Γ
j , integrating over all the variables except the N + 1-th

radius. The bΓ
ij are eventually eliminated, yielding a system of integrodifferential

equations known as the close coupling equations

[

−1

2

d2

dr2
+

,i(,i + 1)

2r2
− Z − N

r
− εi

]

F Γ
ij(r) −

−
∑

m

{

V Γ
im(r)F Γ

mj(r) +

∫
[

KΓ
im(r, r′) + XΓ

im(r, r′)
]

F Γ
mj(r

′)dr′
}

= 0 (1.8)

where ,i is the N + 1-th electron orbital angular momentum in the i-th channel
Φ̄Γ

i , and εi = E−Ei is the asymptotic N +1-th electron energy, negative for closed
channels, positive for open channels. V Γ

ij (r) is the local direct potential, while
KΓ

ij(r, r
′) and XΓ

ij(r, r
′) are the nonlocal exchange and correlation potentials. The
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explicit expressions of these potentials are

V Γ
ij (r, r

′) = N 〈Φ̄Γ
i |

1

rN N+1
− 1

rN+1
|Φ̄Γ

j 〉|r≡rN ,r′≡rN+1
(1.9)

KΓ
ij(r, r

′) = N 〈Φ̄Γ
i (XN−1, r

′ΩNσN ; ΩN+1σN+1)|(H − E)

|Φ̄Γ
j (XN−1, rΩN+1σN+1; ΩNσN)〉 (1.10)

XΓ
ij(r, r

′) = −N+1
N 〈Φ̄Γ

i |(H − E)Gχ
o (E; r, r′)(H − E)|Φ̄Γ

j 〉 (1.11)

where Gχ
o (E; r, r′) =

∑

i

|χi〉〈χi|
E − Eχ

i

To solve practical scattering or photoionization problems, the close coupling ex-
pansion 1.6, which in principle lead to exact solutions, must be truncated to a finite
set of channels Φ̄Γ

i and correlation functions χΓ
i . Moreover, a prescription to get a

complete set of linearly independent solutions at each energy must be given, and
these solutions must be labeled according to the boundary conditions they fulfill.
Many techniques accomplishing these tasks in different ways have been proposed.

A class of methods, reviewed by Nesbet [44], define functionals of the F Γ
ij ’s

which are stationary about the exact solutions satisfying prescribed asymptotic
conditions [45,46]. Among these variational methods, Kohn’s [47] and Schwinger’s
[48] are perhaps the most popular.

The most widely used technique in the late twenty years, the R-matrix method,
was introduced by Wigner and Eisenbud [49–51] in connection to the study of
nuclear reactions, but encountered a considerable success also in the atomic and
molecular physics community. For a review of the R-matrix method applied to
atomic and molecular scattering problems see [52].

In the R-matrix approach, the configuration space is partitioned into two re-
gions, one where all the N + 1 electrons are confined within a prescribed radius
a from the scattering centre, and one where only N electrons are confined within
r < a, while rN+1 > a. The boundary radius a must be chosen so that the nonlocal
exchange and correlation potential, which decay exponentially with r, are negli-
gible, and the local direct potential has reached its asymptotic multipolar form.
The close coupling expansion is truncated to a finite number of channels and the
N -electron scatterer function and the N + 1-electron correlation functions are ex-
panded on finite basis within ri < a. In this scheme, to any linear combination of
incoming N + 1-th electron wave components at the boundary r = a there corre-
sponds a unique set of outgoing components which defines the scattering properties
of the system within a. The effects of the inner region on the electron scattering
are entirely defined through a suitable hermitian Green function whose spectral
decomposition is obtained with a single diagonalization of the total hamiltonian
restricted to the inner region, modified with the addition of the Bloch operator [53]
(which restores the hamiltonian hermiticity, broken by the truncation of the space
to a set of functions which do not vanish at the boundary). The diagonalization,
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which is the most time-consuming step, is performed just once, and essentially pro-
vides the solution of the scattering problem at any energy. The R-matrix method
is therefore very efficient.

A completely different approach to scattering problems consists in the regular-
ization of the asymptotic non-L2 component of the wave functions by seeking the
solutions to a similar problem where the radial coordinates are scaled by a phase
factor (complex scaling) [54]:

r → reıθ. (1.12)

The θ-independent (complex) eigenvalues of the scaled hamiltonian are directly the
position of the system resonances. The complex scaling methods yielded initially
unclear results because of the sensibility of observables upon the angle θ when
the rotation was performed about the origin and basis functions with noncompact
support were used. A significant improvement in the complex scaling technique was
obtained with the introduction of exterior complex scaling (ECS) [55, 56], where
the radius acquires a phase factor only after a prescribed boundary r0:

r → rθ(r0 − r) + [r0 + (r − r0)e
ıθ]θ(r − r0) (1.13)

With the inclusion of B-splines, ECS proved to be particularly successful not only
in the characterization of metastable states [24] but more appealingly in yielding
typical scattering observables like differential photoionization cross sections, not
necessarily restricted only to single fragmentation processes. In 2004, Horner et
al [57] obtained essentially exact results for the triply differential cross section of
helium double photoionization. Today, ECS is among the most promising methods
available.

The close coupling expansion 1.6 can be exploited directly in the solution of
the time dependent Schrödinger equation [58]. In the case of photoionization the
initial bound state is propagated under the influence of an external potential until
the cross section can be extracted from the amplitude of the outgoing components
of the wavefunction [59]. Smart implementations of such “brute force” methods
seems to be the most appropriate to face the sophisticated photofragmentation
processes made possible by today fs free electron laser facilities, but are clearly
unfit to seek metastable states.

1.3 K-matrix

Formally a configuration interaction in the continuum, on the line of a pioneering
paper by Fano [41], the L2 K-matrix method [60, 61] follows the close coupling
prescription: a complete set of stationary eigenfunctions of the hamiltonian ψP

αE

in the continuum, are approximated with a linear combination of partial wave
channels φαE (PWC’s) plus a localized (or pseudostate) channel (LC):

ψP
αE = φαE +

∑

γ

∑
∫

dε φγε
P

E − ε
Kγε,αE (1.14)
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where the index α runs over the open channels at energy E, while the index γ runs
over all available channels (open and closed) including the LC.

Equation 1.14 echoes the Lippmann-Schwinger equation with the principal
value Green function [62]

ψP
αE = φαE + GP

o (E)V ψP
αE (1.15)

The Lippmann-Schwinger equation can indeed be cast in the form of equation 1.14,
by defining the off-shell reaction matrix K as

Kγε,αE ≡ 〈φαε|V |ψP
αE〉. (1.16)

The converse is actually not true as the unperturbed channels φαε in 1.14 are
generally defined in such a way that they are not orthogonal. In particular they
are not the eigenchannels of an unperturbed hermitian operator. This is not a
problem as the 1.14 should simply be looked at as a configuration interaction
expansion, where the P

E−ε factor allows Kγε,αE to be regular in the first continuous
energy index ε, and this is all what is required in order to solve the problem with
standard numerical techniques. Moreover, we shall see in the following that the
on-shell K-matrix, as computed from 1.14, still is the Cayley transform of the true
scattering matrix of the physical problem (App. A).

A PWC function is defined as an (N − 1)−electron bound parent state (atom
or ion) ΦIα with well defined spin, parity, angular momentum and energy Iα ≡
(Sα, Πα, Lα, Eα), coupled to a single particle state with definite angular momen-
tum ,α and asymptotic energy ε, to form an antisymmetric N electron state with
definite spin S, parity Π, angular momentum L and projections Σ and M , which
we shall indicate with the collective index Γ ≡ (S, Π, L, Σ, M):

φΓ
αE = A

∑

σασ

CSΣ
Sασα

1
2
σ

∑

mαm

CLM
Lαmα $αm Φσαmα

Iα
⊗ 2ϕΓ,σm

α . (1.17)

The radial parts of the one particle orbitals ϕΓ
αε are defined so that the φΓ

αE diag-
onalize the Hamiltonian within the (Γ, α) subspace:

〈φΓ
αEα+ε| H |φΓ

αEα+ε′〉 = (Eα + ε) δ(ε − ε′), ε > 0, (1.18)

〈φΓ
αEα+εi

| H |φΓ
αEα+εj

〉 = (Eα + εi) δij , εi, εj < 0. (1.19)

The partial wave channels normalized as

〈φαE|φαE′〉 = δ(E − E ′) (1.20)

have the following asymptotic behaviour

φγE ∼
√

2kγ

π
Φγ

eiθγ(r) − e−iθγ(r)

2ikγr
, θγ(r) = kγr+η log 2kγr−lγπ/2+σl +δl (1.21)

where Φγ is the parent ion function coupled to the spin and angular part of the
N + 1-th electron, kγ =

√

2(E − Eγ), η = Z/kγ, σl is the Coulomb phaseshift and
δl an additional phaseshift characteristic of the channel.
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E PWC1 PWC2 LCPWC3

Figure 1.1: The K-matrix system of integral equations is a configuration interaction (CI)
which includes the single ionization continuum. The set of continuum states in each partial wave
channel is represented with a shadowed region above the channel threshold. The pile of levels on
the right represent the pseudostate channel, comprising correlation functions as well as possible
autoionizing states. All these channels interact with each other (arrows).

The localized channel comprises a large number of many-electron functions
χΓ

i , with global symmetry Γ, built from localized orbitals, and which separately
diagonalizes the Hamiltonian:

〈χΓ
i |χΓ

j 〉 = δij , 〈χΓ
i |H|χΓ

j 〉 = δijE
Γ
i , χΓ

i =
∑

j

[∧

k

ϕkj

]Γ

LS
ci
j (1.22)

Equation (1.14) may be solved for the off-shell reaction K-matrix functions by
requiring ψP

αE to be an eigenfunction of the complete projected hamiltonian with
eigenvalue E:

〈φβE′|E −H |ψP
αE〉 = 0 ∀ β, E′.

This leads to a system of integral equations for the off shell reaction matrix K:

KβE′,αE −
∑

γ '=β

∑
∫

dεVβE′,γε(E)
P

E − ε
Kγε,αE = VβE′,αE(E)(1 − δαβ) (1.23)

where the effective potential V is defined as

VβE′,αE ≡ 〈φβE| H− E |φαE〉 = HβE′,αE − E SβE′,αE

The K-matrix integral equations arise also in the minimization of a suitable func-
tional through the Newton variational principle [62]. At each energy, where the
scattering space is n−fold degenerate, n linearly independent coupled-channel func-
tions ψP

αE are obtained.
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Consider now the following linear combinations of stationary wavefunctions

ψ±
E = ψP

E [1 ± iπK(E)]−1

where ψ±
E = (ψ±

1E , . . . , ψ±
nE) and Kα,β(E) ≡ KαE,βE is known as on-shell reactance

matrix (see for example Newton §7.2.3 [62]). As r ≡ rN+1 → ∞

ψ±
αE ∼

open
∑

β

{

φβE +
open
∑

γ

∑
∫

dεφγε
P

E − ε
Kγε,βE

}

[1 ± iπK(E)]−1
βα =

= φαE +
open
∑

βγ

∑
∫

dεφγε
1

E − ε ± i0+
Kγε,βE[1 ± iπK(E)]−1

βα (1.24)

Replacing in the equation above the φγε with their asymptotic behaviour 1.21, and
closing the integrals with suitable circuits in the complex k plane, the following
expression is obtained

ψ±
αE ∼ φαE −

open
∑

γ

√

2π

kγ
Φγ

e±iθγ(r)

r

[ K(E)

1 ± iπK(E)

]

γα
(1.25)

In ψ±
α there are only outgoing (incoming) waves in all channels but α. In other

terms ψ± are recognized as the ordinary scattering solutions for wavepackets con-
trolled in the past (future) (see appendix A). Since

〈ψ±
E|ψ±

E′〉 = δ(E − E ′)1 (1.26)

the normalization of the stationary solutions is readily derived

〈ψP
E|ψP

E′〉 = δ(E − E ′)(1 + π2K2(E)). (1.27)

The scattering matrix, defined as

〈ψ−
E′|ψ+

E〉 = δ(E − E ′)S(E), (1.28)

therefore retains its familiar expression, as anticipated above:

S(E) =
1 − iπK(E)

1 + iπK(E)
. (1.29)

The on-shell scattering matrix S is unitary. Moreover, since the systems of our
interest are invariant under parity and time reversal, S is also symmetric [62]. As
a consequence, the on-shell K-matrix is both symmetric and real.

For a correct asymptotic behaviour, the close coupling expansion might be re-
stricted in principle to open channels only, but very poor results are then generally
obtained as Feshback resonances, brought by closed channels, and most of the cor-
relation would not be included. Closed PWC channels account for only a minor
part of the correlation, because the close coupling expansion is both slow and in-
complete: only bound states of the target are included. The convergence is greatly
improved instead by the pseudostate or localized LC channel where the presence of
true bound states and localized pseudo eigenstates quickly corrects those deficien-
cies. With a judicious choice of the localized channel, the close coupling expansion
can be safely truncated beyond few closed thresholds above the energy of interest.
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1.4 Discretization on an L2 basis

Eq. 1.23 is an integral equation of the form

σf(t) =

∫ b

a

K(t, s)f(s)ds + g(t) (1.30)

in the unknown f(t). The election procedure to solve these equations is through
discretization:

∫ b

a

y(s)ds =
N
∑

j=1

wjy(sj). (1.31)

where wj are the weights and sj the abscissas of a quadrature rule. Evaluating
the equation at the quadrature points and defining fi as f(ti), gi as g(ti) and
K̃ij = K(ti, sj)wj, the integral equation is eventually reduced to

(σ1 − K̃) · f = g. (1.32)

This is a linear system and can be solved applying the standard LU decompo-
sition and back substitution algorithms. The solution is well-conditioned, unless
sigma is very close to an eigenvalue of K̃.

Now we can drive our attention to the details of our computational scheme
which explicitly takes in to account the scattering nature of the physical problem
underlying equation 1.23. There are many peculiarities that must be considered.
First of all the unknown is a function of a number of channel indexes, the discrete
channel identifier γ and an index within the channel which might be continuous,
discrete or both. Continuous indexes formally vary in semi-infinite energy intervals
starting at the corresponding channel thresholds.

The abscissas of the quadrature rule in the discretization of the continuum
energy index of a specific partial wave channel are taken as the eigenvalues of
the hamiltonian projected onto a finite approximation to that channel where a
nourished set of B-splines-based one particle wavefunctions are coupled to the
channel parent ion. Full details on the definition of this basis are given in section
1.6 and in appendix C.

Energy grids are consequently defined a priori and cannot be chosen at will
to meet the needs of integral accuracy. The grid lacks in particular the lower
limit of the continuum interval which must therefore be extrapolated. The kernel
is formed by two distinct factors: an analytical part, which is the representation
of the principal part resolvent 〈αε|G0(E) = 1

E−ε〈αε|, and a numerical part, that
takes into account the energy matrix elements as well as the superposition between
functions in different channels.

The Cauchy integral

I(f, g; E) ≡
∫ b

a

f(t)
P

x − t
g(t)dt (1.33)

can be reduced to
I(f, g; x) - f · P(x)g. (1.34)
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Figure 1.2: Structure of the integration matrix. The diagonal blocks are filled when B-spline
interpolation is used, while they are band diagonal when the Lagrange interpolation is adopted.

where f and g are expanded on a set of characteristic functions χ

f(t) -
n
∑

i=1

χi(t)fi, χi(tj) = δij , fi ≡ f(ti). (1.35)

and the principal part integration matrix is given by

Pij(x) ≡
∫ b

a

χi(t)
P

x − t
χj(t). (1.36)

In eq. 1.23 there is an integration interval for each channel, so an integration
matrix must be separately defined for each channel:

Pγ
ij(E) ≡

∫ ∞

Eγ

χγ
i (ε)

P
E − ε

χγ
j (ε). (1.37)

The higher limit has to be truncated. Actually, the cut can be rather severe without
significantly affecting the result and possibly improving the speed and stability of
the method.

In equation 1.23, the discrete indexes do not need any integration:

∑

i

(ESβE′,γi − HβE′,γi)
1

E − Eγi
Kγi,αE . (1.38)

Discrete indexes corresponds to the pseudostates of the localized channel and to
those discrete states in the partial wave channels whose energy is lower than the
corresponding channel threshold. The discretized version of equations 1.23 is finally

Kβ,αE −
∑

γ '=β

Vβγ(E)Gγ
o
(E)Kγ,αE =

nα∑

i=1

Vβ,αεi(E)χα
i (E). (1.39)
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Figure 1.3: Structure of H and S matrices adapted to the K-matrix algorithm.

or ∑

γ '=β

[δβγ1 − Vβγ(E)Gγ
o
(E)] Kγ,αE = Vβ,αE(E) (1.40)

Diagonal blocks of V are explicitly excluded on the left hand side of equation 1.40,
while the α block in the interpolation on the right hand side should be zero.

The on-shell K-matrix is obtained from the off-shell K-matrix again through
interpolation:

Kαβ(E) =
nα∑

i=1

χα
i (E)Kαεi,βE (1.41)

Since the on-shell K-matrix should be real and symmetric, and the interpolation
above does not yield symmetry by construction, the symmetry check on K(E) is a
good test on the calculation consistency. Actually, in almost all the calculations
carried out in this thesis, the average absolute error Kij − Kji was smaller than
10−12 times the average Kij + Kji.

Finally, the scattering matrix obtained through the Cayley transform of K(E)
is still not the scattering matrix of the physical process, as even if K(E) were
zero, the partial wave channels still account for phase shifts δα which affects the
scattering matrix. The physical scattering matrix Sp(E) may thus be written as

Sp = ei∆ 1 − iπK

1 + iπK
ei∆, (1.42)

where ∆ is a diagonal matrix: ∆αα = δα. Conversely, the “physical” K-matrix can
be written as

Kp = −1

π

sin ∆ − π cos ∆ K

cos∆ + π sin ∆ K
(1.43)

As implemented now, the LU factorisation must be carried out at each single
energy without regard to previously computed points. This makes the present
implementation of the K-matrix method somewhat lengthy when compared to
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other methods, where the heavy calculation is performed just once. Hopefully,
there is plenty of space for substantial optimization, because most of the time
the solution changes smoothly and may therefore be predicted and refined on the
basis of the the solutions obtained at neighboring energies. If applicable, such
propagation of the solution might well improve the speed of the method by some
orders of magnitude.

A similar discretization method was exploited in 1970 by Reinhardt and Sz-
abo [63] to determine the elastic electon-atom scattering phase shift and extended
shortly after to the inelastic case [64, 65]. Many different L2 methods have been
proposed in the literature for the case of a single open channel; few authors ex-
tended them to the multichannel case making use of some basic results of scattering
theory [66–75] as we do.

The L2 K-matrix method has already been applied successfully to a number
of problems in atomic physics [74, 76–79]. In section 1.6 and in appendix C we
shall discuss a particular basis, the B-spline basis, and its advantages over other
functional spaces.

1.5 Basis Conditioning

As put forth in the previous section, to solve equations (1.18) and (1.19), the
Hamiltonian is diagonalized with the radial part of one particle states ϕα in (1.17)
projected on a B-spline basis. In the case of two electron systems, the parent ion
functions have just one electron. The PWC basis is therefore reduced in order
to be orthogonal to the target, and to avoid redundancy between different PWC
channels.

Some of the eigenvalues fall below the parent ion energy and approximate the
first terms of a Rydberg series. Eigenfunctions corresponding to energies above
that of the parent ion approximate continuum wave functions. The radial part of
the corresponding ϕαε is fitted with a “shifted” spherical Coulomb function of the
same energy in the radial region where asymptotic behaviour is eventually reached
and B-spline knots are still thick enough to faithfully reproduce oscillations. By
this procedure, both the partial wave shift δαE and the normalization factor are
determined. The fitting also sort out the states without a correct asymptotic
behaviour: irregular wavepackets with too large energies for their oscillations to be
representable by the available splines. As described in detail in the next section,
in our case the knot spacing rises rapidly beyond a certain radius R2, where the
calculated oscillating wave functions fade. If R2 is large enough, this fictitious
behaviour does not affect the inter-channel interaction.

Look at the expressions of the potentials V Γ
ij (r), KΓ

ij(r, r
′) and XΓ

ij(r, r
′) in 1.8

as r → ∞: the two nonlocal potentials die out as fast as the functions adopted
to represent the bound parent ion states and the correlation functions. Indeed,
in definition 1.12, r can be recognized as the argument of one of these functions.
Since bound and correlation functions have exponential tails or even, in some
numerical approximations, compact supports, their influence is negligible beyond
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a characteristic distance R1

V Γ
ij (r) gives rise instead to multipolar potential at large distances:

V Γ
ij (r) =

∑

$

aΓ
ij$

r$+1
, r ≥ R1 (1.44)

The multipoles1 range from the maximum between |,i − ,j | and |Li − Lj | and
the minimum between ,i + ,j and Li + Lj , where ,i and Li are respectively the
orbital angular momentum of the N + 1-th electron and the angular momentum
of the parent ion in the i-th partial wave channel. Moreover , ≥ 1, the monopole
contribution having been explicitly removed already in the definition 1.12, and
the parity of , must be simultaneously equal to that of ,i − ,j and Li − Lj. The
dipole term, , = 1, gives rise, in second order, to a relatively long range attractive
polarization potential

V (r) → − α

2r4
(1.45)

which might not be negligible at distances R2 as large as 100 au, depending on the
polarization of the parent ion states, particularly at low energies.

The entire K-matrix method actually relies on the hypothesis that all the par-
tial wave channels are totally decoupled after R2. This assumption has eventually
to be validated either by the convergence of results with increasing R2 or by a
positive comparison with experimental results.

In our experience, roughly half of the eigenstates, those with higher energies,
are not reliable and can be rejected. A knots spacing of 0.75 au below R2 yields a
hundred reliable PWC continuum states over an energy interval of roughly 2.5 au
above parent-ion energy. In the case of He, such a wide energy is required to reach
the highest ionization thresholds from the fundamental 1s state of He+ but is much
beyond needs for those PWC’s corresponding to excited He+ states. In practice
all the PWC’s states with energies higher than 0.25 au above the double photoion-
ization threshold are removed. These high lying states, irrespective of wether they
are good representations of monoenergetic functions or not, do superpose to the
true eigenfunctions at lower energies, but their contribution is effectively recovered
through the LC. The overall effect of this selection is to reduce substantially the
total dimension of the linear system which has eventually to be solved. In the
3sϕpε channel, for example, we retain 32 Rydberg states and 60 continuum states
out of a basis with original dimension of 274.

Finally all Rydberg-type orbitals are also removed and the resulting set of the
PWC functions is the Conditioned Partial Wave Channel (CPWC). In the calcu-
lation of the 1Po manifold, examined in chapter 2, 9 open channels and 16 closed
channels, all those up to N=5 threshold, are included: 1, 2, 3, 4, 5s ϕp, 2, 3, 4, 5p ϕs,d,
3, 4, 5d ϕp,f , 4, 5f ϕd,g and 5g ϕf,i. The highest nine closed channels could have been

1

aΓ
ij! =

√
4πΠli

Π!
(−)N+Nj C

!j0
li0 !0

{

Li li L
lj Lj "

}

〈Φi‖O!‖Φj〉, O!m ≡
N∑

i=1

r!
iY!m(r̂i)
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omitted but their inclusion do not increase much the total size and allows to use
the same basis to investigate the energy interval below N = 5 threshold.

The LC functions should be conditioned as well since they superposes greatly
with all partial wave channels. The possible arbitrariness of the final solution
would otherwise yields numerical instability and the appearance of pathological,
unphysical results. This is particularly true in the case of two electron systems
where the full-CI limit is easily reached. To eliminate the redundancy, the projector
over all CPWC is diagonalized over the localized two electron basis LC. Most of
the projector spectrum is nearly zero but its final part rises steeply to 1.

The subspace with eigenvalues which differ from 1 less than a small threshold (
10−2) is removed. The remains define the reduced localized channel (RLC). In our
case the total LC space has dimension 4826 (full-CI space spawned by 31 s, 30 p,
29 d, 28 f , 27 g, 27 h, 27 i orbitals). By the above procedure 222 functions are left
out and consequently the LC set reduces to a RLC with 4604 functions effectively
linearly independent on all the CPWC functions.

To complete the conditioning, the RLC and the set of all the Rydberg states
from the PWC’s are merged. The Hamiltonian is diagonalized on the merged basis
to form the final Conditioned Localized Channel (CLC). The CLC states of highest
energy do not contribute significantly to the final result and may be left out. In
our example the complete CLC basis has 5371 terms, 4500 of which are retained in
the final calculation. The overall dimension of the CLC plus the CPWC’s is 6000,
which is substantially smaller than the original total size of 9731.

We conclude this section mentioning a possible further improvement of the
conditioning protocol, which is both substantial and peculiar to the K-matrix.
The two parameters that limit the accuracy of K-matrix results are the extensions
of the quantization boxes for parent ion and correlation states R1, for continuum
states R2, and for Rydberg satellites R3. As we shall see, R3 can be chosen easily
to be very large, as it can be reached with a quadratic increase of B-spline knots
positions. R2 must be sufficiently larger than R1 for multipolar energy terms to
be negligible, and R1 must be large enough to accomodate all the required parent
ions. Since the continuous wave represented within r ≤ R2 must have a uniform
quality, the B-spline knot spacing must also be uniform (the asymptotic spacing is
independent on R2, and it is coarsly defined by the energy difference between the
first single and the double ionization threshold. In the case of helium ∆E = 2 au).

Now imagine that we wanted to reach the 20th threshold in 1S helium within the
“monodimensional” s approximation, where only nsεs channels are taken into ac-
count. The energy of the lowest bound state in each partial wave channel spectrum
(suitably orthogonalized to the channels with lower thresholds) , with dominant
configuration ns2, is given with good approximation by the following Rydberg
series [80]:

En = − 3.3142

(n + 0.0597)2
. (1.46)

To reach the 20-th threshold, we must be able to represent all those states whose
energy fall below this threshold, corresponding to n ≤ 26. To properly accomodate
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the 26−th orbital, R1 must be of the order of 700 au, and R2 ∼ 1000 au or even
larger. To properly represent the oscillations of the most energetic waves near the
double photoionization threshold, an asymptotic knot spacing within r ≤ R2 of
≤ 1au is required. This means that each single partial wave channel counts some
thousands functions, and the problem is already almost untractable. Nevertheless,
the diagonalization of a single partial wave channel would not be untractable at
all. It would yield a large number of good states in the continuum, much denser
in the energy interval of interest than is required for an accurate interpolation of
matrix elements. The solution is thus already at hand: we select a small number
of nonconsecutive states in the continuum, recovering a pwc dimension which is
essentially invariant with respect to R1 and R2. What’s more, since the single
photoionization thresholds accumulate at the double photoionization threshold, the
energy gap above thresholds is eventually small, and could possibly be represented
by just two or three points. Most of the channels may thus yield some tens of
Rydberg states and few states in the continuum. The conditioned problem would
therefore be reduced to a perfectly affordable effective dimension of just two or
three thousands terms.

1.6 B-splines

The use of B-splines as basis functions for quantum mechanical calculations dates
back to the early eighties [81], but it was after publication of “A Practical Guide
to Splines” by deBoor [82] that B-splines was recognized as a powerful tool for
atomic physics calculations [83] particularly to reproduce those processes which
involve the ionization continuum [84] and highly excited, or diffuse states [85].
Fully developed atomic packages, entirely based on B-splines, are now available
[86–88]. More recently, successful B-splines approaches to molecules have also
been developed [89–91].

A broad survey of B-splines applications to atomic and molecular physics was
given by Bachau et al [92]. For a recent review covering the applications of B-splines
to Hartree-Fock and Dirac-Fock calculations see [93]. In appendix C the definitions,
main properties and an indepth analysis of B-splines effective completeness are
given. In the present section a brief survey of the most original exploitments of
B-spline properties peculiar to this thesis will be given.

1.6.1 Flexibility

The most crucial issue when using B-splines is probably knot collocation. Indeed,
for a sufficiently regular function of one real variable f , n knots t1, . . . , tn can
be chosen so that the approximation error of f by the spline space $ of order k
corresponding to t is dominated by [82]

min
f̃∈$

max
x

|f(x) − f̃(x)| ≤ constkn
−k

(∫ b

a

|Dkf |1/kdx

)k

. (1.47)
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If Dkf is not uniformly distributed on f ’s domain, the error 1.47 can be substan-
tially smaller than that obtained with an evenly spaced grid of knots.

Bound states of either charged and neutral systems have exponential tails which
are suitably represented with exponentially increasing set of knots [92]. At small
radii, instead, it is useful to allow for a fully free optimization of knot positions.
In this way the convergence of observables as a function of the number of knots
is surprisingly fast. We found the SCF energy minimization through the free
optimization of an assigned number of knots to suitably serve this purpose. In
table 1.1 an example of the this convergence for the fundamental helium state
energy as a function of the number of knots for B-splines of order 7 is shown. In
appendix C more examples are given.

n E
3 -2.857 091 391
4 -2.861 502 991
5 -2.861 628 353
6 -2.861 678 169
7 -2.861 679 299
8 -2.861 679 879
9 -2.861 679 974

10 -2.861 679 984
11 -2.861 679 992
12 -2.861 679 993 4
13 -2.861 679 994 526
14 -2.861 679 995 332
∞ -2.861 679 995

Table 1.1: Hartree-Fock energies of the Helium atom obtained on B-spline basis with order
k = 7, defined by fully optimized grids with 3 to 14 knots.

As anticipated in section 2, continuum states for charged parent ions and for
neutral parent atoms (electron-atom scattering, negative ion photodetachment)
have an oscillatory character as r → ∞

φl(r) ∝
1

kr
sin(kr + Z/k log(2kr) − lπ/2 + σl + δl). (1.48)

In this case, an asymptotically evenly spaced set of knots represents the oscillatory
function with uniform accuracy. The interval between two consecutive knots should
be sufficiently narrow to ensure a good representation of the shifted Coulomb waves
in the whole energy interval of interest. In practice, a spacing of 0.75 au assures
an energy interval of roughly 2.5 au above threshold.

In the discretized K-matrix method, matrix elements with one or two continuum
indexes are interpolated between values at adjacent energies. A sufficiently thick
energy grid is therefore required. Moreover, at large distances from the nucleus, a
multipolar potential may still be strong, in particular when the parent ion is highly
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polarizable. It is thus essential that the set of evenly spaced knots reaches a large
radius R. In all the calculations presented in this thesis we adopted R ∼ 250 au.

Rydberg states for charged parent ions accumulates on the limiting zero energy
state φE=0

l [94]:
φE=0

l (r) =
√

rJ2l+1(
√

8r). (1.49)

Asymptotically

φE=0
l =

r1/4

√
π

cos

(√
8r − lπ − 3

4
π

)

, r → ∞ (1.50)

Because of the square root of r in the argument of a periodic function, a quadrati-
cally increasing set of knots assures that in the oscillating part of the wave function
the number of knots per half-wave is roughly constant. In table 1.6.1 some hydro-
gen eigenvalues of s states with principal quantum number n up to the 220-th are
reported with the absolute error with respect to the exact 1/2n2 Rydberg series.
The original B-spline basis is built on a grid with 1375 knots of order k = 7. All
reported eigenvalues are computed with fantastic precision. Once the total number

n Energy Error

1 -0. 499 999 999 999 972 2.8 [-14]
2 -0. 124 999 999 999 986 1.4 [-14]
3 -0. 055 555 555 555 545 1.1 [-14]
4 -0. 031 249 999 999 991 9.3 [-15]
... ... ...

218 -0. 000 010 520 999 916 2.4 [-17]
219 -0. 000 010 425 137 091 3.3 [-17]
220 -0. 000 010 330 578 512 3.1 [-17]

n of Rydberg states we are interested in is established, the set of knots can be more
readily completed after r - n2 adding an exponentially increasing set of knots to
the quadratic set (beyond the largest classical turning point there are no more
oscillations). In figure 1.4 the hydrogen s Rydberg state with n = 225 is shown.

1.6.2 Efficiency

In a scattering atomic system, all the dynamical regimes surveyed thus far, each
one neatly represented with a specific set of knots, interact and must be repre-
sented simultaneously. The use of many independent B-spline basis is not viable:
when knots do not coincide, non-zero conditions for integrals get tricky, and many
different integral tables are required. Moreover this is a perfect recipe to destroy
non-singularity of superposition matrix, whose regularization introduces all sort of
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Figure 1.4: 225s hydrogen orbital: rφ225s(r). B-splines allow full representation to machine
accuracy of hugely excited states with economical basis.
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anomalous oscillations in residual basis functions. So the question arises whether a
common and efficient B-spline basis can be chosen exhibiting all the desired prop-
erties. A trivial solution would be to choose the basis for the “most demanding”
character, say continuum states. In this approach it is difficult to get a concise
basis for short range correlation and target states. What is suitable for one elec-
tron in the continuum is much much beyond needs for two electrons of comparable
energy, at least as long as the double ionization is not concerned. The resulting CI
for parent ions and neutrals would be unnecessarily huge, possibly unmanageable.

An alternative way is suggested by a property of B-splines as trivial as remark-
able: given a knot grid I, the B-splines defined by a sub set J ⊂ I are all linear
combinations of those defined on the larger set. Therefore we can merge all the
knot sets and extract in a clear way an optimal subset for all kinds of function
characters. Such procedure, though, can still be improved because with the merg-
ing many intervals appear which are far too small to actually enrich the functional
space: there is no point in having occasional 0.1 au intervals (good for keV electrons
. . .) at dozens au from the nucleus.

The general procedure we devised consists instead in three steps:

1. Choose an optimal basis for short range wavefunctions, up to a certain dis-
tance R1;

2. Define a suitable basis for the continuum by prolonging the previous basis
with its tangent with an assigned slope up to a given distance R2 where the
non monopolar potential terms are assumed to be negligible;
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Figure 1.5: Set of knots involved in the merging procedure to produce an efficient common grid.
An initial set of knots (yellow) is established through free optimization (see text for details). It
is prolonged with a quadratically (green) and linearly (blue) increasing set of knots. A subset
(red) is sought in the latter in order to reproduce the former with a minimal error.

3. Replace the knots in the short range basis with the nearest knots in the
corresponding continuum basis: at very small radii the knots coincides, while
at higher radii they differ by small amounts which are generally irrelevant to
the basis performance;

4. Complete the largest set of knots with those widely spaced knots needed to
represent as much long range satellites as needed, up to a third distance R3.

As a result, a relatively small basis is obtained, and optimal basis for every be-
haviour can be easily extracted from it. In figure 1.5 the various sets of knots
involved in the merging process are represented.

As a final remark, we stress the fact that the continuum wave functions have
a bad behaviour beyond the limit radius where the knot spacing rises rapidly :
they oscillates a bit with odd frequencies and rapidly die out. These solutions
are nevertheless perfectly fit to K-matrix method because contributions to energy
matrix elements among continua and between continua and large satellites comes
mainly from short range interactions. This means that with K-matrix, the quan-
tization box for satellites can be much larger (by order of magnitudes!) than the
quantization box for the continuum.
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1.7 Resonance characterization

We seek resonances as poles of the scattering matrix S(E) (1.29) in the lower half
of the complex energy plane [49, 95–97]. The problem can be reduced to find the
poles of the S(E) determinant:

detS(E) = exp

{

2i
open
∑

j

ϕj(E)

}

(1.51)

where the eigenphases ϕj(E) are related to the real eigenvalues λj(E) of K(E)
matrix through ϕj(E) = − arctan[πλj(E)]. The determinant is unimodular on the
real axis and clearly have the same poles of S(E) which consequently appear as a
well known Breit-Wigner phase factors:

e2iϕj(E) =
E − Ej − iΓj/2

E − Ej + iΓj/2
, ϕj = arctan [2(E − Ej)/Γj] +

π

2
(1.52)

where Ej and Γj are respectively energy and width of the jth resonance .
For a not too large energy interval comprising Nres resonances, detS(E) may

be written in the form of product of a smooth background phase factor and Nres

resonance phase factors (This property of the total phaseshift was recognized some
thirty years ago [98]):

detS(E) = exp

(

2i
Nres∑

p=1

ϕp(E) + 2iϕbg(E)

)

.

To find the resonance positions it is sufficient to add up the eigenphases from
the scattering matrix and fit the result with a linear combination of arcotangent
functions plus a smooth polynomial background. This procedure must be applied
separately for each isolated group of resonances. Figure 1.6 illustrates the fitting
procedure. Total phaseshift, divided by π, around an isolated doubly excited states
multiplet in 1Po helium manifold below N=5 threshold is reported as a function
of energy together with its derivative (scaled to fit in the plot), which represents
the density of states. The fitting function (nine resonance terms plus a polynomial
background of fourth degree) is superposed to the phase shift as a thicker line. The
corresponding resonance parameters are reported in table 1.2 (The outer principal
quantum number n in the classification of resonances is chosen to match that by
Rost et al [99]).

In figure 1.7 a more spectacular example of autoionizing multiplet series is
reported: the 3De helium manifold below N=5 threshold.

Huge resonances with widths comparable to or larger than the intermultiplet
distance may be missed because they cannot be distinguished from a polynomial
background in a small interval. A technique to circumvent this is to subtract
progressively the narrower fitted resonances and to repeat the fitting procedure on
the residual spectrum.
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Figure 1.6: Total phaseshift and state density for an isolated multiplet in the 1Po helium
manifold below N=5 ionization threshold.
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Table 1.2: Parameters of a selected group of 1Po helium resonances below N=5 ionization
threshold, corresponding to the peaks shown in figure 1.6.

[N1N2m]A E (au) Γ/2 (au)

[031]+14 -0. 084 080 6.79[-5]
-0. 084 092 6.29[-5]a

[121]+13 -0. 083 935 4.19[-5]
-0. 083 966 5.68[-5]a

[211]+12 -0. 083 729 5.76[-5]
-0. 083 737 5.97[-5]a

[301]+10 -0. 084 087 2.38[-5]
-0. 084 103 2.48[-5]a

[040]−14 -0. 083 682 2.76[-6]
-0. 083 678 2.87[-6]a

[130]−13 -0. 083 918 7.79[-6]
-0. 083 919 7.60[-6]a

[220]−12 -0. 084 073 4.76[-6]
-0. 084 079 5.84[-6]a

[310]−11 -0. 084 160 6.37[-6]
-0. 084 169 5.77[-6]a

[400]−10 -0. 083 805 3.77[-7]
-0. 083 820 3.21[-7]a

a[Rost et al (1997)] [99]
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Figure 1.7: 3De helium total phaseshift divided by π (blue) and state density (red) below N=5
threshold as a function of the effective principal quantum number n∗. In the asymptotic region
each multiplet is formed by twelve resonances, corresponding to the degeneracy of the N=5 3De

threshold: 5sWd, 5pWp, 5pWf , and 5"W!−2,!,!+2 for " = 2, 3, 4. The excursion of the total
phaseshift in the interval of one effective quantum number reproduces closely this number as the
inset shows. The nine narrower resonances are clearly visible as Lorentz peaks in the density of
states, that is the derivative of φtot/π with respect to n∗ (The resonances in the inset has actually
been scaled for clarity). As shown in the text, for autoionizing Rydberg resonances the density of
states per unit of effective quantum number can be seen as the number of revolutions performed
by an electron temporarily captured when scattering off the parent ion.

The derivative of the δsum/π represents the density of states in the continuum

ρ =
1

π

dδ

dE
. (1.53)

As first observed by Eisenbud [100], the derivative of the phase shift is proportional
to the time delay of an electron scattering off the parent ion

τ = 2!
dδ

dE
= hρ(E). (1.54)

The first equation in 1.54 is often referred to as the Wigner-Eisenbud relation [101].
For a recent review of time delay in quantum scattering, see De Carvalho et al [102].
In the specific case of photoionization, the long range Coulomb interaction between
the parent ion and the leaving photoelectron gives rise to infinitely many metastable
states below each ionization threshold, arranged in multiplets. The multiplet series
eventually stabilizes in a periodic pattern (that is the derivative of total phaseshift
with respect to the effective quantum number n∗ ≡ [2(Ethr − E)]−1/2 converges
to a periodic function of n∗). The characteristic period of a specific orbit is T =
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h/∆E where ∆E ∼ 1/n∗3 is the distance between two consecutive corresponding
resonances. Consequently, the number of revolutionsNrev of a wavepacket captured
in a metastable state around the energy E is

Nrev = τ/T = n∗3ρ(E) = ρ(n∗) (1.55)

As the density of states ρ(n∗) is periodic, the impinging electron follows essentially
homothetic trajectories at corresponding energies (n∗

2 = n∗
1+k with k = 1, 2, 3, . . .),

with characteristic sizes rising as n∗2, and periods rising as n∗3, analogously to the
third Kepler’s law. In the case shown in figure 1.7, the impinging electron may
perform tens to hundreds revolutions before leaving the ion.

1.8 Radiative K-matrix

This section is devoted to the treatment of atom and radiation on equal ground.
We are not presently interested in high intensity fields but to single photon pro-
cesses where the branching ratios of fluorescence channels might be comparable to
those of autoionization channels. In this case the ion yield spectrum, what is often
actually measured in photoionization experiments, ceases to reproduce the absorp-
tion cross section, while the fluorescence yield spectrum grows complementarily.
One expects also to find larger resonances and a qualitative modification of spec-
tra: as the incident photon energy approaches a given photoionization threshold,
the autoionization width gets narrower while the fluorescence width converges to
a finite value and eventually dominates giving rise to a complete superposition of
autoionizing states.

This idea has already be exploited by a number of authors. General theoretical
formulation of the so called radiation damping can be found in [103–105]. The
first application to the radiative decay on an isolated resonance have been pre-
sented by Berrington and coworkers in 1990 [106]. In 1995 Robicheaux, Gorczyca,
Pindzola and Badnell described in detail the inclusion of radiation damping in the
close coupling equations with the “pole approximation”, obtained neglecting the
channel-channel interaction through emission and absorption of virtual photons.

In the same way we defined a partial wave channel (see eq. 1.17), we can
define a fluorescence channel, coupling to a bound state φa a photon with definite
spherical symmetry j, electric (λ = +) or magnetic (λ = −) character, and energy
ω (see appendix B for definitions)

|φΓ
ajλE〉 =

∑

maµ

CLM
Lama,jµ φLamaSσ ⊗ b(λ)†

ωjµ |−〉. (1.56)

As long as the electronic spin is a constant of motion, we can couple the angular
momentum of the field to the orbital angular momentum of the electrons. More-
over, when the A field is taken as uniform, the A2 term in the hamiltonian can be
neglected, and the fluorescence channels do not require any prediagonalization:
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〈φΓ
ajλω|H|φΓ

ajλω′〉 = (Ea + ω) δ(ω − ω′) (1.57)
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Figure 1.8: Schematic representation of autoionization and fluorescence decay channels

The close coupling autoionization wave functions are seeked then in the follow-
ing form

|Ψ℘
αE〉 = |φαE〉+

∑

γ

∑
∫

dε|φγε〉
℘

E − ε
Kγε;αE+

∑

d

∫ Ωd

dω|d⊗ω〉 ℘

E − Ed − ω
Kdω;αE

(1.58)

where in |d ⊗ ω〉 the bound state d is coupled to a dipole photon to form a state
with the same symmetry of autoionization channels |φαE〉. The ultraviolet cutoffs
Ωd have been introduced to regularize the integrals and can be chosen in such a
way that they do not appear in the final, considerably simplified equations. A
similar expression holds for the fluorescence channels

|Ψ℘
aω〉 = |a⊗ω〉+

∑

γ

∑
∫

dε|φγε〉
℘

E − ε
Kγε;aω+

∑

d

∫ Ωd

dω′|d⊗ω′〉 ℘

E − Ed − ω′Kdω′;aω

(1.59)

where it is understood that E = Ea + ω. These equations are transformed into a
system of coupled integral equations through passages analogous to those followed
in the previous sections. All the details and definitions of symbols are given in
appendix E. The final system of equations for the components on autoionization



1.8 Radiative K-matrix 32

channels is very similar to the conventional K-matrix equation:

[1 − VP(E)]K•,αE = V(E)•,αE (1.60)

[1 − VP(E)]K•,aω = Cω1/2∇•,a (1.61)

Actually, the K matrix between matter channels remains unchanged with respect
to the case where the fluorescence channels are completely omitted. This remains
thus the only time-consuming step. The components on the fluorescence channels
are given in terms of the former solutions by

Kbω,αE = Cω1/2 {∇b,αE + ∇b,•P(E)K•,αE} (1.62)

Kbω′,aω = Cω′1/2∇b,•P(E)K•,aω (1.63)

The on-shell K-matrix is manifestly symmetric. Even if the matter K-matrix is
left unchanged, the transition matrices T± do change, and so does the scattering
matrix S as well as all the resonance widths.

In the case of just one discrete state i coupled to a fluorescence channel a ⊗ ω
a simple calculation leads to the following expression for the radiative linewidth:

Γ(E) = 2πC2(E − Ea)|∇a,i|2

which coincides with the well known radiative decay rate of i. In appendix E, this
method is applied, as an example, to the radiative decay of an autoionizing state.



Chapter 2

Singlet helium photoionization

2.1 Introduction

Despite the apparent simplicity of the helium system, its photoionization spectrum
displays a richness of details that has begun to be fully appreciated only in the last
two decades. The N-th ion threshold is announced by a resonance multiplet series
with (2N − 1) terms which, for small N (N ! 7) [23], can be labelled according
to a set of approximate quantum numbers. When in a doubly excited state the
outer electron is so far away from the nucleus that its effects on the inner electron
can be approximated by a constant electric field, the available configurations of
the inner electron are adequately labeled with the Stark quantum numbers N1,
N2 and m [107]. A set of Stark quantum numbers therefore identify an asymp-
totic Rydberg series of doubly excited states with assigned inner electron principal
quantum number N = N1 + N2 + |m| + 1, total spin, angular momentum, and
parity. A single term in a series is identified with an additional index n for the
principal quantum number of the outer electron: [N1N2m]n. A further symbol
A = +/− /0, originating in the molecular approximation scheme, is generally also
specified (for further details on the many almost equivalent classification schemes
of doubly excited states, see appendix F).

When many interacting doubly excited states with different N occur in the same
energy interval, though, these approximate quantum numbers loose their meaning.
This happens already below the N=4 threshold where, in the 1Po symmetry, the
first intruder state, [031]+5 , appears. As the energy rises, the increasing number of
intruder states perturb the regularity of the photoionization spectrum [22,24,108]
until, beyond N=9, it is virtually lost [23–25,109].

Much theoretical work has been dedicated to the detailed study of anomalies
above N = 4 threshold [21–24,99,108,110]. Nevertheless, not earlier than a couple
of years ago (2006), the aforementioned very first anomaly in the photoionization
spectrum of helium was still only experimentally resolved [21]. This is because the
[031]+5 perturber, which falls just ∼ 10 meV below the N = 4 threshold, affects the
underlying autoionizing Rydberg series in a region where the principal quantum
number n of the outer electron is so large, n ≥ 14, to seriously challenge ordinary R-
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matrix programs, where all satellites are constrained within the quantization box.
With the present implementation of the multiple-base B-spline K-matrix method
instead, highly excited autoionizing Rydberg states are easily obtained with high
accuracy, as far as only the outer electron is concerned. In the next section we
discuss the first ab initio reproduction [111] of the experimental results mentioned
above.

In dipole approximation, the angular distribution of any specific photoioniza-
tion cross section (either total or partial) of helium is entirely described by a single
dipole anisotropy parameter β. As far as we know, the first and only measurements
of the partial cross sections asymmetry parameters βN below N=6 are reported as
preliminary data by Jiang and Püttner in Jiang PhD thesis [112]. A theoretical
investigation of the photoionization spectrum under N=5 and N=6 thresholds was
therefore undertaken [113] in order to reproduce their experimental findings. In
sections 2.3 and 2.4 we discuss those results. We find a good agreement with all
the available published data and a semi-quantitative agreement with Jiang and
Püttner’s β6

N ’s.
When non dipolar interaction terms between the atom and the incident radia-

tion field are taken into account, the many multipolar amplitudes resulting in the
same final quantum state give rise to interference effects that alter the photoelec-
tron dipolar angular distribution (see appendix B). To measure these effects in
helium at low energies is particularly challenging as helium is much smaller than
the employed radiation wavelength and they are consequently also small. In prox-
imity of resonance features of both dipolar and quadrupolar electric (the leading
non dipolar) cross sections, though, the latter may even become dominant, result-
ing in a sizable peak in the backward-forward photoelectron anisotropy, provided
that the resolution is sufficiently high to resolve those resonances. The first success-
ful measurement of this interference effect has been performed in 2002 by Krassig
et al [114], but have not been reproduced yet with an ab initio calculation. In
section 2.5 a set of such calculations is presented. A good quantitative agreement
is found, with the exception of the immediate neighborhood of the dipolar Fano
profile minimum, where the simulated nondipole anisotropy parameter is found to
depend strongly on the experimental energy resolution.

2.2 [031]+5 , the first intruder state

Let summarize briefly what is expected below the N = 4 threshold. The 1Po

resonances accumulating at threshold are classified in seven series with different
parabolic quantum numbers [N1N2m]A [99, 115]:

[021]+, [111]+, [201]+, [030]−, [120]−, [210]−, [300]−.

The nine-fold degenerate underlying continuum where these resonances are embed-
ded can be partitioned itself within the parabolic quantum number scheme:

• N = 1: [000]−
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• N = 2: [001]+, [010]−, [100]−

• N = 3: [011]+, [101]+, [020]−, [110]−, [200]−.

It is customary to define the reduced resonance width Γ̄ and the quantum defect
µ as

Γ̄n ≡ Γn · (n∗)3, n∗ = 1/
√

2(Ethr − En),

µn = n − n∗.

Within each series, Γ̄n and µn are expected to converge to a limit characteristic of
that series [94]

Γ̄[N1N2m]A

n −→ Γ̄[N1N2m]A

∞ , µ[N1N2m]A

n −→ µ[N1N2m]A

∞ .

In figure 2.1 the logarithm of reduced widths Γ of resonances below N = 4 threshold
are reported as functions of the effective quantum number n∗, together with the
available results by Rost et al [99] which reach n∗ = 11 ÷ 12 (if not otherwise
stated, all values are in atomic units and nuclear mass is considered infinite).

If we ignore for a while the deep quenching of [021]+ series around n∗ ∼ 14−15,
it is easy to discern three classes of series according to their asymptotic reduced
widths

• I class: [021]+, [111]+, [201]+, log10 Γ̄∞ ∼ −0.5 ÷ −1.5

• II class: [030]−, [120]−, [210]−, log10 Γ̄∞ ∼ −2.0 ÷ −2.5

• III class: [300]−, log10 Γ̄∞ ∼ −4.0

This is to be expected on the basis of propensity rules for non-radiative transitions
[99] which describe three decay mechanisms of decreasing efficiency: a) ∆N2 = −1,
b) ∆m = −1, c) ∆N1 3= 0.

Besides autoionization, doubly excited states may decay also through emission
of radiation. The main mechanism is the radiative decay of the inner electron with
principal quantum number N, to a lower state with principal quantum number
N−1. To a first approximation, which improves as the outer electron is more ex-
cited, it is possible to estimate a lower limit to the radiative lifetime. It can be
easily checked [116] that, considering the radiative lifetimes of the p inner electron
orbitals, which have the shortest lifetimes, the lower limits for the radiative res-
onance width Γr,lim range from 2, 4 · 10−7 au for N = 2 to 9.3 · 10−9 au for N =
6. As already evidenced by Rubensson et al [117], the radiative decay mechanism
cannot be neglected if one wants to make a proper comparison with the latest
most accurate measurements on doubly excited states below the N = 2 threshold
made possible by today experimental standards. The importance of the radiative
decay changes much according to which energy interval is considered. Between the
N = 3 and N = 4 threshold, just the narrowest [300]− series might be seriously
broadened below n = 30. It is worth to mention that Γr,lim generally overesti-
mates the true radiative width since in doubly excited states the inner electron
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Figure 2.1: log10(Γ̄) vs. effective quantum number n∗. · · · · · ·◦ , Rost et al [99]; ——• ,
present work. The series, in decreasing order of width between n∗ = 5 and n∗ = 10, are [111]+,
[021]+, [201]+, [120]−, [030]−, [210]− and [300]−.
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has not a well defined angular momentum and its lifetime is enhanced by its non-p
components, as already predicted theoretically [118, 119] and recently confirmed
experimentally [120].

Resonance parameters for [300]− series cannot consequently be compared to
experiment (were it available) since the radiative lifetime of inner 4p orbital (Γrad -
3.1 · 10−8 au) is comparable to or shorter than the autoionization life-time. With
the last three terms of the series, the reduced width begin to rise. This is most
probably the symptom of an incipient loss of accuracy in the representation of
Rydberg satellites, which hopefully compromises only this series even if further
investigation may be required to confirm this.

At this point it’s worth to mention that the same calculations were performed
with a slightly larger localized basis set, which extended up to 70 au instead of
60 au, and no significant differences were observed. This means that within the
energy interval examined in this article, all configurations with both electrons
located beyond 60 au can be safely neglected.

The accord between the present resonance parameters and those published by
Rost et al [99] is generally very good with few exceptions. The series computed by
Rost et al begin probably to loose reliability in correspondence of the last term, as
is apparent in [030]− and [300]− series. Moreover [210]− series has a slightly larger
reduced width than that computed in the present paper. Their resonance parame-
ters for [210]− series are actually in better agreement with those we obtained in a
preliminary calculation where the maximum orbital angular momentum was equal
to 4 instead of 6. It’s plausible that in Rost et al results, part of the correlation in
higher terms was lacking.

Finally, there is a relatively high discrepancy between [300]− series, but since
widths by Rost et al have been published with only a couple of significant figures,
their values are probably affected by a large uncertainty.

Once the general frame has been outlined, the interesting characteristic of this
energy interval is clearly the anomalous behaviour of [021]+ and [030]− series. A
plot of log10 Γ versus quantum defect is reported in figure 2.2. Five series, those
indicated with letters b, c, d, f and g, converge rapidly to their limiting values,
approaching µ∞ from higher µ values. The [021]+n series, indicated with the letter a,
drifts toward higher quantum defects and suffer a strong quenching which reaches
its maximum in correspondence of n = 16÷17. Finally [030]−n series, indicated with
the letter e, approaches its limiting quantum defect from below and experiences a
clear spike in reduced width between n = 20 and n = 24 which corresponds to an
opposite shoulder in the larger [021]+ series.

This phenomenology can be clarified if we join together the effects on the two
irregular series in a total quantum defect and reduced width

µn = µ[021]+

n + µ[030]−

n , Γ̄n = Γ̄[021]+

n + Γ̄[030]−

n .

In figure 2.3 µn and Γ̄n are plotted as functions of the averaged energy of cor-

responding terms in the two series: En = (E[021]+
n + E[030]−

n )/2. The collective
quantum defect undergoes the characteristic increase due to the presence of an
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in proximity of the [031]+5 intruder state. On x-axis, energy in atomic units is reported. See text
for more details.
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Table 2.1: [031]+5 pseudo-resonance parameters.

E0(au) γ(au) q F 2 µ0 µ1 Γ̄0 Γ̄1

-0.1260 0.0012 -1.10 0.12 3.75 0.011 0.13 -0.001

intruder state which is known as [031]+5 [99, 121], the first term of a series with N
= 5.

A similar phenomenon below N = 4 threshold has been already discussed for
the simpler case of S doubly excited states [122,123] where what is identified with
the (N, k)5 = (5, 4)5 intruder state interacts with the (4, 3)n series leaving the other
Rydberg series unaffected according to propensity rules. In that case the quantum
defect jump occurs at around 0.004au below threshold, four times the distance of
the present [031]+5 pseudo-resonance and is therefore much easier to be identified.

A first hint of experimental evidence of the [031]+5 intruder state has been sug-
gested by Domke [20] and later confirmed by Püttner et al [21] in a high resolution
experiment (2 meV) performed at the Advanced Light Source in Berkeley.

The anomalies are consistent with non-radiative propensity rules since the
[021]+ and [030]− resonances are actually the only ones which may be coupled with
the [031]+5 intruder state. The two series act as an underlying continuum where the
intruder state dissolves. Moreover, the intruder state couples the two series. When
the [021]+ series, which experiences a large µ drift, reaches the corresponding term
in [030]− series, the two series mixes and a limited exchange of decay width is
observed. This may explain the spike in [030]− and the corresponding shoulder in
[021]+ reduced width.

The continuous line in figure 2.3a is a least square fit to the points with the
4-parameter function

µ = µ0 + µ1ε +
1

π
arctan(ε), ε ≡ E − E0

γ

a simple two parameter resonant profile and a linear background lead to a remark-
able agreement with all seventeen points. Other four parameters are needed to fit
the total reduced width in figure 2.3b, which is known to be modulated by a Fano
shape [94] (resonance energy and width are taken from the previous fitting to keep
the number of free parameters to a minimum)

Γ̄ =

[
(q − ε)2

1 + ε2
− 1

]

F 2 + Γ̄0 + Γ̄1ε.

In table 2.1 the optimal values of the eight fitting parameters are reported. If this
interpretation is correct, the effects of [031]+5 pseudo-resonance should be visible
even across threshold. Unfortunately it was not possible to confirm this point
since, in an interval of few tenth of eV above each threshold, our method exhibits
oscillating results which are usually quenched in the otherwise more interesting
higher part of the energy interval between two thresholds.
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Table 2.2: [021]+ (upper values) and [030]− (lower values) resonance parameters for n = 12, 13.
The highest values in Rost et al classification [99] are reported for comparison. ([−n] ≡ 10−n).

n -E (au) Γ (au) E (eV) Γ (eV) µ Γ̄(au)

Rost et al 0.1295425 4.78[-5]
12 0.1295400 4.72[-5] 75.47825 1.28[-3] 1.506 5.46[-2]

0.1298115 4.58[-6] 75.47087 1.25[-4] 1.806 4.86[-3]
Rost et al 0.1298231 4.46[-6]

Rost et al 0.1288034 2.62[-5]
13 0.1288005 2.63[-5] 75.49837 7.15[-4] 1.530 3.97[-2]

0.1289940 3.51[-6] 75.49311 9.56[-5] 1.811 4.92[-3]
Rost et al 0.1290039 4.2 [-6]

Püttner et al [21] were drawn to similar conclusions by looking at the principal
[021]+ series without considering the contribution of [030]− series.

In table 2.2 we compare the resonance parameters of the n = 12, 13 terms in
the two perturbed series with the highest values available in the paper of Rost et

al [99]. An excellent agreement is found, as also figure 2.1 shows. In the same
paper, the authors published also the parameters related to the [031]+5 resonance
which, according to their calculation, should fall at −0.12640 au and have a width
of 2.2[−3] au. These values are fictitious since there is no such thing as a single
pole with dominant N=5 character. The intruder [031]+5 state is rather smoothly
distributed over the two perturbed Rydberg series as it has been pointed out later
by the same authors [21]. As a consequence, the two perturbed series are actually
expected to exhibit a mixed [021]+/[030]−/[031]+ character.

Partial photoionization cross sections to the 2s and 2p He+ states were measured
for the first time by Woodruff and Samson [14] up to N= 5 ionization threshold by
measuring the yield of fluorescence photons in the decay of residual parent ion to
fundamental 1s state (2s state decays radiatively thanks to collisions). By means of
a cylindrical electrostatic energy analyser, Zubek et a [124] succeeded in selecting
n = 2 and n = 3 ionic yields below N= 4 threshold. Domke et al [15, 19, 20] pub-
lished many results of total photoionization yield with an energy resolution ∆E ≤ 6
meV. The total cross section measure with the highest resolution, ∆E ≤ 2 meV,
has been published by Püttner et al [21]. Absolute partial cross sections can be
found in a paper by Menzel et al [125]. In 2003 Harries et al [126] published the
first measures of σn$, the partial cross sections resolved both in principal and in
angular quantum numbers. For a thorough review of the experimental determi-
nation of the asymmetry parameter prior to 1991 see Zubek et al [17]. For more
recent results see [125].

On the theoretical side a number of authors investigated the energy interval
below N= 4 ionization threshold [22, 78, 108, 127–130], unfortunately without re-
producing its features in the neighborhood of threshold.
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Figure 2.4: Total photoionization cross sections of Helium below N= 4 threshold in the energy
window where the effects of [031]+5 appear. Cross sections is given in Mb. On the x axis the pho-
ton energy in eV is reported. Theoretical predictions: ——velocity gauge, · · · · · ·acceleration
gauge, - - - -length gauge. Experimental data: - - - -• - - - -Püttner et al (1999) [21],
- - - -"- - - -Domke et al (1996) [19].

In figure 2.4 we have compared our theoretical prediction of total cross section,
through the well known expression (see appendix B for the definition of symbols)

σ =
∑

α

σα, σα =
π

3 c ωγ(2L0 + 1)

∑

L$α

∣
∣
∣〈φ0‖V̂ 0

1 ‖ψ
(−)Γ
αE$α

〉
∣
∣
∣

2
. (2.1)

in the neighborhood of the resonance quenching caused by the [031]+5 intruder
state with the experimental results by Püttner et al (1999) [21] and Domke et

al (1996) [19]. Theoretical data have been convoluted with a gaussian resolution
function, FWHM= 2.36 meV. The small rounded peak that appears in the last 2
meV of each spectrum is a boundary effect of the convolution algorithm and can be
safely ignored. The intruder state manifests itself in cross sections and asymmetry
parameter as a clear change of character between 75.47 eV and 75.58 eV.

Our and experimental data are in substantial agreement. There is actually
a small inconsistency between baselines of the two experimental data set. Our
theoretical prediction reproduces the oscillating details of the high resolution data
by Püttner et al [21] and follows faithfully the baseline of the 6 meV resolution
data by Domke et al [19]. Experimental data, which are given in arbitrary units,
have been scaled and shifted in energy to fit our theoretical prediction. Photon
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energies in experimental data sets by Domke and Püttner have been lowered by 9
meV and 5 meV respectively.

All our calculations compare favorably with experimental and theoretical results
cited thus far. Every cross section and asymmetry parameter has been calculated
in length, velocity and acceleration gauges. The excellent gauge accord, the three
being almost indistinguishable, certifies both convergence and accuracy of our com-
putation. Further results in this energy window on partial photoionization cross
sections and asymmetry parameters are reported in appendix L.

2.3 Below N=5 threshold

Many experiments have been devoted to the energy interval below N=5 threshold
to find total cross section [14,15,20,131], partial cross sections [17,110,124,125,131,
132], total [17] and partial [125,131] dipole asymmetry parameters. In some cases,
resonance parameters have been extracted from experimental results [15,20]. In the
following we will compare mainly to the measurements by Domke et al [20] with a
photon beam of FWHM 5.4 meV for the total cross section, to the measurements
by Menzel et al [131] with 12 meV FWHM resolution for the βn and σn, and
to the more recent σn measurements by Jiang and Püttner [110] obtained with a
resolution of 6 meV FWHM.

On the theoretical side, a large number of techniques have been applied. Reso-
nance parameters are generally determined by means of complex rotation. Here we
will refer to the review by Rost, Schulz, Domke and Kaindl [99] for both doubly ex-
cited states classification schemes and comparison of resonance parameters. In the
calculation of total and partial cross sections and asymmetry parameters, R-matrix
method has been the favored one. See in particular the papers by Schneider, Liu
and Rost [108], by van der Hart and Greene [22], where a B-spline basis has been
adopted, and to references cited therein.

All the calculations were carried out with a maximum orbital angular momen-
tum ,max = 6, obtaining E(11Se) = −2.903 642 673 au for the energy of the ground
state (accurate electrostatic limit −2.903 724 377 au [133]) in good agreement with
the estimated limit for ,max = 6 of −2.903 643 88 au [134]. The Rydberg constant

used for the binary system 4He+ - e− is R4He+ =
M4He+

M4He

Rh = 13.603828(12) eV.

The energy scale is given by the experimental first ionization potential of helium
plus the theoretical excitation energy with respect to the ground state of He+.

Since parent He+ states are built in a finite size box, energies of states with
different angular momenta differ by tiny amounts. N=5 threshold energy ranges
from −0. 079 999 942 au for 5s level to −0. 079 999 999 au for 5g level. N=6
threshold energies ranges from −0. 055 555 235 au for 6s level to −0. 055 555 553
au for 6h level. An average over all angular momenta is taken as reference: E5

av =
−0. 079 999 977 au, E6

av = −0. 055 555 410 au. These discrepancies are much
smaller than the estimated errors upon the calculated energies of the two electron
states.
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Figure 2.5: Log of the reduced width Γ̄ versus the effective principal quantum number n∗ of
the 9 series in the N=4-N=5 interval. • - Rost et al ; ◦ - present results.

Resonances. In figure 2.5 our theoretical results are compared with those by
Rost et al [99] in a reduced width, Γ̄ = Γ · (n∗)3, vs effective principal quantum
number n∗ plot. There is an excellent agreement for [211]+, [301]+, [130]− and
[040]− series which all display a regular behavior.

As is well known, two intruder states formally belonging to two series converging
to the higher N=6 threshold fall in this energy interval, the [041]+ state which
causes the modulation of [031]+ series, and the [131]+ state, which causes the
[121]+ series quenching (see [99] for more details). Also for these two perturbed
series there is still a fairly good agreement.

The [200]− and [310]− series differ slightly in our and in Rost treatment. In
our calculations the two series come closer a couple of terms earlier than in Rost
results but remains more separated in width, while those calculated by Rost yield
almost indistinguishable doublets.

An inferior agreement is found in the narrowest [400]− series. Extremely narrow
series are more difficult to be determined numerically and absolute differences
are actually much amplified in a logarithmic scale, so that at the moment we
cannot conclude if these differences are due to a different representation of system
dynamics or rather to the width determining algorithm.
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Figure 2.6: Total cross sections below N=5 threshold compared with measurements by Menzel
et al (• · · · •) [125]. Experimental results have been scaled by a factor 1.048.

Cross sections. In figure 2.6 the original total cross sections is compared with
experimental data by Menzel et al [125, 131] scaled with a factor 1.048.

In figure 2.7, our theoretical partial cross sections have been compared with
data by Menzel et al [125, 131] and by Jiang et al [110]. Data by Jiang are on
an arbitrary scale so a suitable factor has been applied. As for the total cross
section, a scale factor has been applied even to partial cross sections: 1.062 (n=1),
0.905 (n=2), 1.0 (n=3,4). It is interesting here to observe that almost identical
scaling factors (1.05 for σtot, 1.06 for σ1, 0.915 for σ2, 1.0 for σ3,4) have been
applied by the same author in their original experimental/theoretical paper [131]
in order to compare the experimental data with the computed ones. In reporting
the experimental data for σ3,4, an energy shift of −3 meV and +2 meV has been
applied to Jiang and Menzel data respectively. All partial cross sections have been
convoluted with a FWHM = 6 meV gaussian. All experimental and theoretical
data agree very well. Menzel data have a much smaller dispersion than those by
Jiang, but the energy resolution is slightly smaller. Very good agreement is found
with Jiang data even for the height of the narrowest peaks.

Asymmetry parameters. In dipole approximation, the angular distribution
of electrons emitted in the photoionization of an unoriented system by a linearly
polarized incident light is general [135] and completely described by means of a
single asymmetry parameter β

dσ

dΩ
=

σ

4π

[

1 + β (3 cos2 θ − 1)/2
]

(2.2)

where θ is the angle between the momentum of the ejected electron and the light
polarization axis. Expressions like (2.2) hold for partial and total cross sections
σn$, σn and σtot with weighted asymmetry parameters:

βn =
∑

$

σn$βn$/σn, βtot =
∑

n

σnβn/σ
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Figure 2.7: Partial cross sections σn below N=5 He+ excitation threshold compared with data
by Menzel et al • · · · •, ◦ · · · ◦ [125] and by Jiang et al " · · ·" [110].
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Calculation and measurement of the beta parameters is well known to be much
more demanding than that of partial cross sections. In figure 2.8 the βn parameters,
convoluted with a 12 meV FWHM gaussian, have been compared with experimen-
tal data by Menzel [125] and Jiang [110]. There is a good agreement in the resonant
features of all plots. The largest absolute disagreement between the two experi-
ments (∆β2 - 0.1)and between theory and experiment (∆β2 - 0.25) is found for
β2. The data of Menzel are actually much more pronounced also in resonant fea-
tures so that, by chance, they are reproduced with good approximations by twice
our theoretical prediction. The absolute agreement is good in β3 with Jiang data
and in β4 with Menzel data.

2.4 Below N=6 threshold

Cross sections. For cross sections, the agreement with available data is better
than among resonances: here minor peaks in the theoretical predictions are not
found in the experimental picture, but all main features are reasonably reproduced.

In figure 2.10 the partial cross sections σn are compared with the experimental
results by Jiang et al [110]. The theoretical results are convoluted with 10 meV
(σtot) and 6 meV (σn) FWHM gaussian for a ready comparison with the cited
experimental literature. In figure 2.9 a linear background (= −0.034·(E−77.1 eV))
has been subtracted to the total cross section for a clearer comparison with data
by Domke et al [20]. The original cross section has a negative slope similar to σ1

which is the dominant contribution. Experimental σ2,3,4 have been shifted by 15
meV at lower energies for a closer comparison with our theoretical prediction. The
two dominant peaks at 76.9 eV and at 77.05 eV as well as the first four peaks in the
group between 77.13 eV and 77.4 eV show a good correspondence. The last peaks
are instead progressively more out of phase with a disagreement in the position of
the last cumulative peak by roughly 15 meV. A problem of energy scale convention
might be the origin of this discrepancy. Experimental σ5 data are available in the
energy window between 77.15 eV and N=6 threshold. With an energy shift of
8 meV downward, a remarkable agreement between several of the higher energy
peaks is obtained.

Dipole Asymmetry Parameters. As far as we know, theoretical partial cross
section asymmetry parameters below N=6 threshold have not yet been published
and their experimental measurements appeared only in Jiang PhD dissertation
(freely available online [112]). In figure 2.11 our theoretical predictions are com-
pared with existing measurements. β agreement is pretty good in absolute value
and some resonant features are clearly recognizable. Experimental β2 data lies
between 0.41 and 0.51 while our theoretical prediction lies between 0.46 and 0.54
which results in an average difference of 0.04 which is relatively small. A clear
correspondence between peak at 77.0 eV, valley at 77.08 eV and peak at 77.15 eV
can be seen. Experimental and theoretical β3 differ on average by ∼ 0.1 units,
and there is still a correspondence between three features analogous to those ob-
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Figure 2.8: Asymmetry parameters below N=5 threshold compared with data by Menzel et al
• · · · •, circ · · · ◦ [125] and Jiang et al " · · ·" [110].
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Figure 2.9: Total cross sections below N=6 threshold. Baseline has been subtracted for a better
comparison with experimental data by Domke.

served in β2. It should be noted that modulations in theoretical and experimental
quantity are of comparable amplitude. In β4 a difference of ∼ 0.15 units between
theory and experiment is found. A steep peak at ∼ 77.8 eV is the most remarkable
feature common to both experimental and theoretical data. Other correspondences
are difficult to ascertain. There are no experimental data for a comparison with
β5. With the present knowledge, the predictive value of our plot should be lim-
ited to the most evident features, that is a definitely negative average value, large
variations of angular distribution (β changes by as much as 0.7 units with this
convolution width) and most probably a narrow peak at 76.9 eV, a broader peak
between 77.0 and 77.1 eV and two valleys after them.

2.5 Non dipole effects

As shown in appendix B, magnetic dipole and electric quadrupole transitions give
rise to a peculiar photoelectron angular distribution fully described by two addi-
tional parameters γ and δ, beyond the dipole anisotropy parameter β:

∂σ )

∂Ω
=

σ

4π

{

1 + β · 3 cos2 θ − 1

2
+ (δ + γ cos2 θ) × sin θ cosφ

}

(2.3)

Non dipole transition amplitudes are typically two order of magnitudes (∼ 1/c)
smaller than dipole amplitudes. Their contribution to the total cross section is
therefore usually negligible. The alteration of the angular distribution may instead
be sizable and even macroscopic, specifically near non-dipole resonant transitions or
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Figure 2.10: Partial cross sections below N=6 threshold. Comparison is made with experimen-
tal results by Jiang et al [110] where available.
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Figure 2.11: Partial cross section asymmetry parameters below N=6 threshold. Experimental
data " · · ·" are taken from Jiang PhD dissertation.
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for very diffuse systems. The most striking effect is a forward-backward anisotropy.
At large energies this phenomenon, also known as retardation effect, appears as a
structureless drag in the forward direction, simply due to the photon momentum
transfer to the ejected electron [136].

The backward-forward anisotropy results in a net electronic current [137, 138]
which has been suggested to be in connection with selective diffusive separation of
chemical elements in stars under radiation pressures [139].

Low energy nondipole effects are expected in very diffuse systems. In 1986
Leuchs et al [140] indeed observed the interference between quadrupole and dipole
transitions in low-energy (2 eV) photoionization from a sodium rydberg state.

Later, evidences of low-energy non-dipole effects were found even in small sys-
tems, thanks to the resonant character of quadrupolar transitions. Martin et
al [141] measured the E1-E2 interference in Cadmium, with values which are 0.5%
of the dipole cross section for photon energies as low as 13 eV.

In rare gases in particular, the anisotropy is very large [142,143]. Dolmatov and
Manson [144] observed it in Ne and Ar at energies as low as few tens of eV, and
found it to be comparable to or even larger than nondipole terms from hundreds to
thousands of eV. A large number of similar experimental results have been gathered
since [145–151]

The nondipole effects in helium are much less pronounced than in the heavier
atoms. The first observation of a backward-forward asymmetry, due to the dipole-
forbidden 1s21S→2p21D2 resonance below N=2 threshold, was made few years ago
(2002) by Krässig, Kanter et al [40, 114].

We are not aware of any ab initio calculation of the γ resonant profile: the
existing theoretical predictions are based on simple models with few parameters.
In the following we report the results of a fully ab initio calculation of the γ
parameter. The analytical expression for γ when a linearly polarized incident
radiation is assumed and when both the initial atomic state and the final parent
ion state are S states is the following:

γα = −9
√

2
Re
(

〈φ0‖V̂ 0
1 ‖ψ̄

(−)P
αEp 〉〈φ0‖V̂ 1

2 ‖ψ̄
(−)D
αEd 〉∗
)

∣
∣
∣〈φ0‖V̂ 0

1 ‖ψ
(−)P
αEp 〉
∣
∣
∣

2 , (2.4)

see appendix B for the derivation.
In figure 2.12 all the involved quantities are reported: the dipole cross section

(red curve), the electric quadrupole cross section (blue curve, amplified by a factor
105), and the “interference cross section” γσ, as it appear in equation 2.3 (green
curve, amplified by a factor 103).

Some considerations on few details are to be drawn here. First of all, the
expressions given above for the γ anisotropy parameter is only valid when the dipole
cross section is much larger than all the others. This is clearly not the case in the
neighborhood of the minimum of the dipolar Fano profile (red curve in figure 2.12).
Actually both the interference term and the dipolar cross section are zero there.
In this case the appropriate expression for the gamma parameter simply makes use
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Figure 2.12: Cross sections involved in the calculation of the non dipole effects in the photoion-
ization cross section of the helium fundamental singlet state near the first couple of 1Po and 1De

doubly excited states. The quadrupole channel total cross section (in blue) contribute negligibly
to the total cross section as the ordinary dipole total cross section (in red) dominates by a fac-
tor 105. The angular distribution of the cross section instead is influenced by sizable amounts,
depending on the interference term (in green) which is linear with respect to the quadrupole
transition amplitude. The deviation from a dipole angular distribution is largest around the
maximum of the quadrupole cross section, near the quadrupole resonance, and near the zero of
the dipole cross section.
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Figure 2.13: Comparison between the experimental and the unconvoluted theoretical γ factor.
There is in general already a very good agreement with the most prominent exception of an
energy interval of 0.1 eV across the dipole resonance. The experimental values are by Krassig et
al [114]

of the total cross section, dipolar and quadrupolar, in the denominator of 2.4. In
this way the γ parameter is well defined and regular in the whole energy interval.
We shall see however that much more drastic regularization are required in order
to compare positively with the experiment, performed with an energy resolution
of some tens meV. In figure 2.13 the Krassig’s experimental results are compared
with our theoretical prediction. There is a remarkable quantitative agreement in
the whole region except near the zero of the dipolar cross section. Clearly some
further regularization is required. 20 meV FWHM experimental resolution are
declared. In the upper panel of figure 2.14 we report the convoluted gamma factor
with gaussian weight functions with FWHM=20, 30 and 40 meV. The experimental
data far from 60.2 eV are in substantial agreement with all these resolutions, but
the large positive and negative peaks do not still compensate. As the measurement
is performed taking the ratio between two photoionization cross sections, though,
the proper convolution procedure requires first that both the interference term and
total cross section term be separately convoluted, and only then the ratio of the two
to be taken. In this way we obtained the predictions reported in the lower panel
in figure 2.14. A better agreement is then found, even if a significant discrepancy
at E ∼ 60.25 eV still persists.

In our opinion the structure induced in the γ parameter by the zeroes of the
dipole cross section should be quietly recognized as the plain artifact of an unbe-
coming definition.
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Figure 2.14: Upper panel: comparison between the experimental and the convoluted γ factor.
The theoretical values are convoluted with gaussian functions with three different FWHM: 20,
30 and 40 meV. Even with the largest convolution width there is still a remarkable disagreement
near the dipole resonance. This is partly due to the inapplicability of the convolution to the
asymmetry parameter. Krassig et al [114] claim an experimental resolution of 20 meV. Lower
panel: the experimental asymmetry parameter γ is obtained as the quotient of measurements
with finite resolution. A better procedure to reproduce the experiment is thus to first convolute
the product of matrix elements and then to employ them in the expression of the asymmetry
parameter. This procedure brings the theoretical prediction nearest to the experiment, even if a
good agreement is still lacking, particularly in the 100 meV interval above the dipole resonance.



Chapter 3

Helium triplet states

3.1 Introduction

The very first evidence of doubly excited states was the observation in 1928 by
Compton and Boyce [3] and, two years later, by Kruger [4], of a triplet decay:
the 320.392 Å line due to (2p2)3Pe → (2s2p)3Po transition in the arc spectrum
of helium. Since then many experiments have been found involving the triplet
doubly excited states of helium: in the energy spectrum of electrons emitted after
bombardment with positively charged ions [152] or with electrons [153], during the
relaxation of excited helium atom after decay of He− negative ion resonances [154],
and in beam foil experiments [155]. In 2000 Gorczyca et al [29] found that the
electrostatic approximation cannot account for the anomalous behaviour in the
photoionization cross section of helium close to N=2 threshold [117]: both radia-
tive decay and the spin-orbit interaction between singlet and triplet doubly excited
states have to be taken into account to fully explain the observations. The first
direct evidence of the population of LS-forbidden triplet doubly excited states in
the photoionization of fundamental helium followed soon [30], and later investi-
gations confirmed those findings [119, 156, 157]. TDES are also produced through
collisions of singlet doubly excited states with other gas particles, as evidenced
by the enhancement of fluorescence decay of TDES as pressure is raised [31]. At
BESSY II (Berlin), Mickat et al [158] measured the radiative decay of singly excited
triplet Rydberg satellites. Coreno et al [159], at ELETTRA (Trieste), observed
visible fluorescent emissions from (2p7d) and (2p8d) 3Do states.

Information on triplet doubly excited states obtained in fluorescence decay stud-
ies, though, are necessarily incomplete. Since the experiment by Madden and
Codling [5], photoionization with synchrotron radiation has been one of the most
prolific means of investigation of atomic doubly excited states. Apparently the
same technique could be used for triplets: the metastable fundamental 23S state
has a huge lifetime, ∼ 104s [160], and it is produced with high efficiency by electric
discharges in helium. Moreover, below N=2 threshold, 1s2s → 2snp transitions
are allowed already in the independent particle approximation, giving rise to very
large resonant signals, well above the underlying 1s2s → 1sεp direct ionization
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background. Still the experiment proved in the past to be challenging. In the early
seventies, Stebbings et al [161] succeeded in measuring the background absolute
cross section, but no resonant features were observed. The required technology
became available only quite recently. The three lowest 3P resonances in 23S pho-
toionization spectrum below N=2 threshold has eventually been observed, for the
first time, at GASPHASE beamline of ELETTRA in Trieste [32].

As far as we know, the group in Trieste is recently (April 2008) trying to single
out as much as a dozen of new resonances below N=2 threshold [33]. Moreover,
a group at Bessy II in Berlin is designing the triplet spectrum investigation even
beyond N=2 threshold [34].

We present here a detailed analysis of the photoionization of the metastable
23S state in dipole approximation [162] to provide a reliable guide for these new
closer experimental investigations. Total cross section, partial cross sections and
dipole asymmetry parameters are calculated up to N=5 threshold.

Photoionization of 23S has been examined before by several authors. Most
of the calculations, though, are restricted below N=2 threshold [163–168], while
some of those crossing the multichannel threshold did not get to the resonant
region [169,170]. Only Sánchez and Mart́ın [171] and Zhou and Lin [172] examined
in some detail the resonant structure below N=3 threshold. At the best of our
knowledge, the energy region beyond N=3 threshold has never been taken into
account. In the present investigation, peaks assignment in photoionization spectra
is performed whenever possible, and the role of [040]+5 intruder state below N=4
threshold is elucidated.

The accurate evaluation of photoionization cross sections may also be used
to improve the parameters required to evaluate the depletion of 23S in compact,
optically thick planetary nebulae, where the photoionization plays a significant
role [173], and to compute the He+ - e− recombination rates needed to improve
constraints on big bang nucleosynthesis models [174, 175].

We also examine in great detail [176] the autoionization properties of he-
lium triplet doubly excited states with L ≤ 2 up to N=5 threshold. Various
theoretical techniques have been employed to compute resonance parameters in
the past, among which Feshbach projection method [177], many-body perturba-
tion theory [178], stabilization method [179,180], and complex coordinate method
[123, 181–184]. These investigations, though, focused, with few exceptions, on
the first few resonances only, leaving a vast majority of the spectrum uncovered.
Moreover many symmetries are not considered, and energies and widths are often
hardly accurate. Due to the renewed experimental interest in autoionization and
radiative decay of triplet doubly excited states, a comprehensive, accurate study
of autoionizing triplet states seemed to be timely.

As shown in previous chapters, the B-spline K-matrix method provides reliable
parameters for metastable multiplets in helium up to very high excitations of the
external electron. As many as twenty autoionizing multiplets below each threshold
from N=1 to N=5 in 3S, 3Pe, 3Po, 3De and 3Do manifolds with strongly corre-
lated CI wave functions (maximum orbital angular momentum ,max = 8) have
been determined and separated in series, within the electrostatic, fixed nucleus
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approximation.
For states with total angular momenta L > 2, relativistic effects cannot be

neglected. In Rydberg states the main corrections in the LS coupling come from
triplet-singlet mixing of same n,L,J states:

Ψ(n3LJ) = Ψ0(n
3LJ) cos θ + Ψ0(n

1LJ ) sin θ.

The mixing coefficients sin θ are known from literature (see Table 11.11 in [185])
to be around ∼ 0.0003, ∼ 0.01 and ∼ 0.5 for P, D and F states respectively, which
correspond to a contribution to the norm of the states of ∼ 10−5%, ∼ 0.01% and
∼ 30%. For D states the singlet component is still far smaller than the dominant
triplet, while for F states the two are almost equivalent. This is why the present
work does not cover symmetries with L > 2.

The classification of most series and intruder states according to Stark/Lin
[N1N2m]A quantum numbers was accomplished by a bold employment of the
propensity rules. The corresponding decay paths through Stark channels are de-
picted by an effective graphical form.

A wealth of completely new dynamical features emerged in the process, among
which nine clearly visible intruder states: [040]+5

3Po, [031]+5
3De and [031]+5

3Pe

below N=4 threshold, [050]+6 and [140]+6
3Po, [041]+6 and [131]+6

3Pe and [032]+6
3Do

below N=5 threshold. Two other 3De intruder states below N=5 threshold, most
probably [041]+6 and [131]+6 , are thought to cause the observed complex resonance
pattern which could not be disentangled here. Moreover, interseries interactions
alone give rise to many dramatic effects, as in the case of 3De symmetry below
N=3 threshold, which, being not mediated by any intruder state, indicate a failure
of the Stark model.

The unabridged table set of all the Rydberg and resonance parameters, reported
in appendix K, is presently in press on Atomic Data and Nuclear Data Tables [186].
Some representative excerpts are tabulated here below each ionization threshold in
comparison with the best available data from literature. Whenever available, the
most accurate and extensive data in literature are reported also as white circles in Γ̄
vs n∗ plots (see for example figure 3.3.a) along with our data, which are represented
by black dots. Dots belonging to the same autoionizing series are connected by a
continuous line.

3.2 Autoionization decay paths

As outlined in section 2.1, to a first approximation, the doubly excited helium
states [N1N2m]An (see Rost et al [99] and appendix F) states decay to underlying
channels according to three different mechanisms:

A) ∆N2 = −1

B) ∆m = −1

C) ∆N1 3= 0.
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whose efficiency follows the order A > B > C. Decay is enhanced (suppressed)
for + (−) states. + states decaying by means of either A or B mechanism, with
large widths (Γ̄ - 10−1 − 100), are known as type I resonances, − states decaying
through A or B mechanisms, with intermediate widths (Γ̄ - 10−3 − 10−2), form
type II resonances, finally all states decaying through C mechanism, with the
smallest widths (Γ̄ - 10−8 − 10−3), form type III resonances. As a rule of thumb,
reduced widths of resonances are ordered according to the following propensity
rules: AI > BI > AII > BII > CIII.
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[301] [211] [121] [031]
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[001]

C III

A I
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Figure 3.1: Autoionization decay paths of 3Pe (a), and 3Do (b) doubly excited states of helium
up to N=6 threshold. Channels are labelled with mixed Stark/Lin numbers [N1N2m]A. Channels
with the same threshold N (N= N1 +N2 +m+1) are on the same row. Next to an exemplary set
of arrows, representing the relevant decay modes, the corresponding mechanisms are indicated.
Similar arrows are understood to correspond to the same mechanism. See text for details.

In figures 3.1 and 3.2 the autoionization decay paths for helium unnatural and
natural states respectively, with L ≤ 2, are reported in detail. Please note that
CIII decay mode is reported only when the other more efficient mechanisms are
unavailable. All decay paths are sections of a global {[N1N2m]} lattice (Lin’s A
quantum number is undetermined because it depends on global 2S+1Lπ symmetry)
which extends indefinitely along A, B and C edges. Each [N1N2m] lattice point
corresponds to infinite angular momenta L = m, m+1, · · · which give rise, for each
term [N1N2m]n, to a corresponding “rotor-like” series [187,188] . The lattice corner
is [000] for natural and [001] for unnatural parity states respectively. Figures 3.1
and 3.2 will be used throughout.
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Following Lin [189], the energies of the lowest terms in series with the same
global symmetry and converging to the same threshold, should be ordered accord-
ing to the rule A = +1 < A = −1 < A = 0. Among those with the same A, the
lowest has the highest K. At low energies, these criteria are useful to identify the
character of intruder states and interpret most of the preeminent features of au-
toionizing series. From extensive calculations in singlet symmetry [22–25,108,109],
though, it is well known that, as energy rises, the [N1N2m]A classification scheme
as well as the propensity rules steadily loose their applicability. We will show with
some length in the following that, as expected, also for the triplet manifold they
are violated in a number of ways even between first and fifth ionization thresholds.

3.3 Computational details

Every PWC channel comprises roughly 275 functions, 30-34 of which lie below
the parent ion energy. Those states which lie more than 0.5 au above the double
ionization threshold are not used since they are effectively reproduced by the lo-
calized channel. In this way, depending on the parent ion energy, only 65 to 127
states above threshold are retained and form a set of conditioned PWC’s with a
substantial reduction of the space dimension (see chapter 1 for details on matrix
conditioning).

In each manifold 3Lπ, the pseudo-state channel, which gives rise to autoionizing
states, Rydberg states and short range correlation is built in few steps. First the
full-CI space with suitable symmetry is constructed from 31 s, 30 p, 29 d, 28 f , 27
g, 27 h, 27 i, 27 j and 27 k orbitals. The dimensions of these spaces are reported
on the second column in table 3.1 under LC label. To obtain accurate bound
Rydberg states the full-CI LC is augmented with the PWC which has the lowest
threshold. The corresponding dimension is reported on the fifth column in table
3.1 under BR label. To obtained the LC space to be used in K-matrix evaluation
few more steps are required. The full-CI LC is first effectively orthogonalized to the
whole conditioned PWC space, to avoid numerical singularities. The dimensions
of orthogonalized LC spaces are reported on the third column in table 3.1 under
LCort label. The orthogonalized space is finally augmented with all those PWC
states which lie below their threshold. The corresponding dimensions are reported
on the fourth column in table 3.1 under LCKM label.

The number of PWC (open and closed) and the total dimension of their con-
tinuum parts are reported in table 3.1 on sixth and seventh column respectively.
The last column specifies the total dimension of the linear systems which is to be
solved in order to get the reaction K-matrix.

In table 3.2 the energies of He+ parent ion states are reported. The differ-
ence with respect to the exact −2/n2 electrostatic values is at least one order of
magnitude smaller than the accuracy in the final two electron results.

We chose a pragmatic strategy to classify the autoionizing series . For high
values of the effective principal quantum number n∗ ≡ 1/

√

2(Ethreshold − E) all
separate branches of the autoionizing multiplet series can be easily recognized in
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Table 3.1: Block dimensions. See text for details.

3Lπ LC LCort LCKM BR NPWC PWC TOT

3S 3439 3303 3761 3685 15 1118 4879
3Pe 3196 3100 3411 3442 10 703 4114
3Po 6284 6052 6819 6530 25 1827 8646
3De 8439 8161 9099 8685 31 2240 11339
3Do 5354 5212 5698 5600 16 1117 6815

Table 3.2: Parent ion energies

N=1 N=2 N=3

" ——————— ——————— ———————

s -1.999 999 989 -0.499 999 987 -0.222 222 197
p -0.499 999 998 -0.222 222 216
d -0.222 222 221

N=4 N=5

" ——————— ———————

s -0.124 999 968 -0.079 999 942
p -0.124 999 988 -0.079 999 966
d -0.124 999 997 -0.079 999 984
f -0.124 999 999 -0.079 999 994
g -0.079 999 999
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a Γ̄ vs. n∗ plot where each branch converge to a finite limit as n∗ → ∞. For
most series, ∆n∗ − 1 and ∆Γ̄ between two adjacent terms are small and smooth,
so that every series can be traced back to the first term. Autoionizing series can
be labelled according to the asymptotic values of K and T approximate quantum
numbers in Herrick classification scheme (see [99] and references therein for details).
At the moment we do not have the possibility of determining the (K,T) character
of resonances. We therefore assigned to each series an arbitrary letter and added
the corresponding Herrick’s labels when available in literature.

In 3De symmetry, the first terms of the twelve autoionizing series converging to
N = 5 threshold couldn’t be separated solely on the basis of quantum defect and
reduced width. Intruder states from higher thresholds are likely to cause strong
mixing between satellites from different series. (K, T ) resonance character might
actually be meaningless here. In A series, some resonance widths are comparable
to the intermultiplet distance and the fitting procedure failed to find them.

All our data are reported with a fixed number of figures, only part of which are
likely to have reached convergence. The number of reliable figures for each result
is to be estimated by comparison with other accurate calculations in literature,
what is done in some detail in the following. All the photoionization cross section
spectra (actually photoabsorption cross sections, as the fluorescence channels are
not taken into account and the fluorescence decay may not be negligible at all)
have been convoluted with a FWHM=5 meV gaussian kernel, corresponding to a
reasonable experimental resolution.

3.4 Below N=1 threshold.

Within electrostatic approximation, the bound states below the first ionization
threshold have natural parity and are arranged, in each symmetry, in single Ryd-
berg series with dominant configuration 1sn, (Table 3.3).

In order to show the accuracy which is to be expected in the representation
of Rydberg satellites, in table 3.3 the energies of the lowest ten Rydberg states
for each natural symmetry treated here, 3S, 3Po and 3De, are compared to the
highly accurate results by Bürgers et al [123] and Drake et al [190], truncated to
nine decimal figures. The other few 3S states available in literature and the rest
of our computed energies have been omitted for clarity (the full set of results is
reported in appendix K) Discrepancies are perfectly tolerable, being of the order
of ∼ 5 × 10−8 au. In 3S series, three minor points should be remarked. First, our
1s6s energy is lower than those by Bürgers et al and Drake et al by 4.7 · 10−8

au, probably falling below the electrostatic limit. This might be due to round-off
errors in our calculations. The energy level for 1s11s state published by Bürgers
et al is clearly wrong due to a typing error in their original paper (compare with
the 1s10s energy) . Finally, the uncertainty for the 1s15s state by Bürgers seems
underestimated: the distance with our energy is roughly twice as large (but that
again could be due to round-off error in our result). In 3Po symmetry, the general
agreement is within few tens of billionth of atomic unit, with a remarkable, possibly
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Table 3.3: 3S, 3Po and 3De Rydberg states energies (au) below N=1 threshold.

n 3S 3Po 3De

———————– ———————– ———————–

2 -2.175 229 311 -2.133 164 081
-2.175 229 378b -2.133 164 192b

-2.175 229 378a

3 -2.068 689 043 -2.058 081 046 -2.055 636 295
-2.068 689 067b -2.058 081 084b -2.055 636 309b

-2.068 689 067a

4 -2.036 512 067 -2.032 324 332 -2.031 288 834
-2.036 512 083b -2.032 324 354b -2.031 288 848b

-2.036 512 083a

5 -2.022 618 867 -2.020 551 187 -2.020 021 029
-2.022 618 872b -2.020 551 187b -2.020 021 027b

-2.022 618 872a

6 -2.015 377 500 -2.014 207 991 -2.013 901 454
-2.015 377 453b -2.014 207 959b -2.013 901 415b

-2.015 377 453a

7 -2.011 129 892 -2.010 404 944 -2.010 212 089
-2.011 129 920b -2.010 404 960b -2.010 212 106b

-2.011 129 920a

8 -2.008 427 100 -2.007 946 990 -2.007 817 912
-2.008 427 122b -2.007 947 014b -2.007 817 935b

-2.008 427 122a

9 -2.006 601 502 -2.006 267 248 -2.006 176 667
-2.006 601 517b -2.006 267 267b -2.006 176 685b

-2.006 601 516a

10 -2.005 310 783 -2.005 068 790 -2.005 002 804
-2.005 310 795b -2.005 068 805b -2.005 002 818b

-2.005 310 794a

a)Bürgers, Wintgen and Rost (1995) [123]
b)Drake and Yang (1992) [190]
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fortuitous, 1s5p state where a discrepancy of only 5 · 10−10 au is found. Similar
considerations apply to 3De symmetry.

Oscillator strengths. In table 3.4 some oscillator strengths in velocity gauge
for 3Po←3Se and 3De←3Po transitions between Rydberg states are compared with
recent accurate data from literature [185]. A remarkably good agreement is found,
with discrepancies of the order of 10−7.

In table 3.5 the inner coherence of our data is examined by comparing the
results obtained in length, velocity and acceleration gauges. Discrepancies between
length and velocity gauges are of the order of one part in a million. For transitions
which include the lowest states, disagreement with acceleration gauge is one or
two order of magnitude larger. The accuracy in acceleration matrix elements is
completely lost when almost degenerate initial and final states are considered. This
is possibly due to the fact that acceleration matrix elements are so small (they need
to be hugely amplified by (∆E)−2 in order to be compared to velocity oscillator
strengths) that their accuracy is badly sploiled by an absolute numerical error.

3.5 Below N=2 threshold.

Below N=2 threshold, unnatural parity states are prevented to autoionize in elec-
trostatic approximation. Comparison with the most accurate calculation available
for 3Pe symmetry [191] evidences an agreement of 10−6 au for the fundamental
state, and 10−7 au for the first excited states (Table 3.6). For 3Do symmetry the
only reference we could found [178] has just five significant decimal digits, all in
agreement with our result (Table 3.6).

Natural parity states, instead, may decay by autoionization. Most of the exist-
ing calculations for 3S [123, 178, 184], 3Po [166, 167, 178, 179, 183, 184, 192–196] and
3De [178,184,197] symmetries address this energy interval. In figures 3.3.a through
3.3.f, the three pairs of Γ̄ vs n∗ and µ vs n∗ plots corresponding to 3S, 3Po and
3De symmetries are reported. All autoionizing series are regular: both reduced
widths and quantum defects rapidly get to their limiting values. The close overlap
of white circles (literature data: see [123] for 3S states, and [184] for both 3Po and
3De states) and black dots (present results) confirm a very good agreement.

In 3S symmetry, for which the most accurate results are available, the disagree-
ment in energy position is comparable to or (occasionally much) lower than 10−7

au. Resonance widths agree to all common digits (except at most ±1 on the last
one), which reach four digits in the best cases (Table 3.7). Looking at the sec-
ond row from below in figure 3.2.a, we see that in 3S symmetry two series are
expected, one with intermediate width, labelled [010]−, which decays through AII
mechanism, and a narrow one, [100]−, which decays through CIII mechanism. By
comparison with the actual Γ̄ vs n∗ plot, reported in figure 3.3.a, [010]− and [100]−

can be recognized as A and B series respectively.
In 3Po symmetry, our calculations compares well with the best available data.

In all three “branches” of the multiplet series, roughly six digits should be granted.
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Table 3.4: Some oscillator strengths. The upper values are the present results ("max = 8), the
lower values are by Drake [185].

23S 33S 43S 53S
—————– —————– —————– —————–

23Po 0. 539 087 0 -0. 208 536 4 -0. 031 720 9 -0. 011 340 9
0. 539 086 1 -0. 208 535 9 -0. 031 720 8 -0. 011 340 9

33Po 0. 064 460 8 0. 890 852 7 -0. 435 672 0 -0. 067 607 2
0. 064 461 2 0. 890 851 3 -0. 435 671 1 -0. 067 607 3

43Po 0. 025 768 8 0. 050 082 9 1. 215 264 8 -0. 668 300 2
0. 025 768 9 0. 050 083 3 1. 215 263 0 -0. 668 300 3

53Po 0. 012 490 4 0. 022 913 8 0. 044 229 8 1. 530 631 8
0. 012 490 6 0. 022 914 1 0. 044 230 5 1. 530 628 7

63Po 0. 006 982 3 0. 011 993 6 0. 021 630 5 0. 041 518 2
0. 006 982 2 0. 011 993 3 0. 021 630 1 0. 041 517 7

73Po 0. 004 298 9 0. 007 077 0 0. 011 775 0 0. 021 099 2
0. 004 299 0 0. 007 077 2 0. 011 775 4 0. 021 100 3

23Po 33Po 43Po 53Po

—————– —————– —————– —————–
33De 0. 610 226 0 0. 112 099 3 -0. 036 959 0 -0. 006 900 9

0. 610 225 2 0. 112 100 4 -0. 036 959 2 -0. 006 900 9

43De 0. 122 846 9 0. 477 595 0 0. 200 948 0 -0. 088 301 0
0. 122 846 9 0. 477 593 8 0. 200 949 8 -0. 088 301 7

53De 0. 047 006 8 0. 124 552 7 0. 438 388 1 0. 280 056 2
0. 047 007 1 0. 124 553 2 0. 438 388 8 0. 280 055 8

63De 0. 023 469 7 0. 053 009 9 0. 123 944 3 0. 429 449 8
0. 023 469 2 0. 053 009 3 0. 123 941 4 0. 429 441 0

73De 0. 013 563 5 0. 028 158 0 0. 055 231 9 0. 125 233 2
0. 013 563 8 0. 028 158 7 0. 055 233 2 0. 125 238 9

83De 0. 008 604 6 0. 016 981 0 0. 030 285 3 0. 057 057 4
0. 008 604 7 0. 016 980 9 0. 030 285 3 0. 057 058 9
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Table 3.5: Comparison of gauges for oscillator strengths between Rydberg states

23S 33S 43S
—————— —————— ——————

l 5. 390 873[-1] -2. 085 364[-1] -3. 172 095[-2]
23Po v 5. 390 870[-1] -2. 085 364[-1] -3. 172 093[-2]

a 5. 390 702[-1] -2. 085 392[-1] -3. 172 130[-2]

l 6. 446 079[-2] 8. 908 528[-1] -4. 356 721[-1]
33Po v 6. 446 082[-2] 8. 908 527[-1] -4. 356 720[-1]

a 6. 446 146[-2] 8. 908 104[-1] -4. 356 786[-1]

l 2. 576 875[-2] 5. 008 291[-2] 1. 215 265[+0]
43Po v 2. 576 876[-2] 5. 008 293[-2] 1. 215 265[+0]

a 2. 576 894[-2] 5. 008 394[-2] 1. 215 435[+0]

113S 123S 133S
—————— —————— ——————

l 2. 298 997[-2] 4. 293 775[-2] 3. 984 829[+0]
133Po v 2. 299 004[-2] 4. 293 780[-2] 3. 984 830[+0]

a 2. 216 232[-2] 6. 717 708[-1] 4. 359 201[+2]

l 1. 321 110[-2] 2. 361 594[-2] 4. 398 427[-2]
143Po v 1. 321 117[-2] 2. 361 600[-2] 4. 398 430[-2]

a 1. 797 465[-3] 4. 967 529[-2] 1. 008 119[+0]

l 8. 412 606[-3] 1. 357 805[-2] 2. 427 827[-2]
153Po v 8. 412 677[-3] 1. 357 812[-2] 2. 427 832[-2]

a 4. 239 960[-5] 7. 208 423[-3] 8. 874 723[-2]

l 5. 772 151[-3] 8. 651 026[-3] 1. 396 123[-2]
163Po v 5. 772 216[-3] 8. 651 086[-3] 1. 396 129[-2]

a 6. 472 873[-5] 1. 222 488[-3] 1. 640 007[-2]
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Table 3.6: 3Pe and 3Do Rydberg states below N=2 threshold ("max = 8).

n 3Pe 3Do

——————————————– ——————————————–

2 -0. 710 499 239
-0. 710 500 155 678 334b

-0. 710 500a

3 -0. 567 812 762 -0. 559 328 053
-0. 567 812 898 725 3b -0. 559 33a

-0. 567 81a

4 -0. 535 867 134
-0. 535 867 188 7b

5 -0. 522 254 537
-0. 522 25(3)b

a) Lindroth (1994) [178]
b) Goodson et al (1991) [191]

Table 3.7: 3Se resonances below N=2 threshold ("max = 8).

A B
——————————————– ——————————————–

n E (au) Γ (au)

3 -0. 602 577 486 6. 651[-6]
-0. 602 577 505a 6. 65 [-6]

4 -0. 548 840 846 3. 095[-6]
-0. 548 840 858a 3. 094[-6]

5 -0. 528 413 960 1. 542[-6]
-0. 528 413 972a 1. 542[-6]

6 -0. 518 546 252 8. 569[-7]
-0. 518 546 375a 8. 56 [-7]

7 -0. 513 046 289 5. 201[-7]
-0. 513 046 496a 5. 2 [-7]

8 -0. 509 672 670 3. 377[-7]
-0. 509 672 798a 3. 38 [-7]

9 -0. 507 455 981 2. 311[-7]
-0. 507 456 056a 2. 32 [-7]

10 -0. 505 922 102 1. 649[-7]
-0. 505 922 151a 1. 64 [-7]

n E (au) Γ (au)

3 -0. 559 746 441 2. 606[-7]
-0. 559 746 626a 2. 60 [-7]

4 -0. 532 505 270 1. 431[-7]
-0. 532 505 349a 1. 44 [-7]

5 -0. 520 549 113 8. 203[-8]
-0. 520 549 199a 8. 2 [-8]

6 -0. 514 180 007 5. 038[-8]
-0. 514 180 356a 5. 0 [-8]

7 -0. 510 378 019 3. 284[-8]
-0. 510 378 174a 3. 2 [-8]

8 -0. 507 925 053 2. 249[-8]
-0. 507 925 149a 2. 2 [-8]

9 -0. 506 250 009 1. 603[-8]
-0. 506 250 079a 1. 6 [-8]

10 -0. 505 055 287 1. 181[-8]
-0. 505 055 341a 1. 2 [-8]

aBürgers, Wintgen and Rost (1995) [123]
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Figure 3.3: Reduced widths and quantum defects vs effective quantum number n∗ for 3S, 3Po

and 3De states below N=2 and N=3 thresholds. Below N=2 : a) Γ̄3S , b) µ3S , c) Γ̄3P o , d) µ3P o ,
e) Γ̄3De , f) µ3De . Below N=3 : g) Γ̄3S , h) µ3S , i) Γ̄3P o , j) µ3P o , k) Γ̄3De , l) µ3De . White circles
are the most accurate data available in literature. See text for details.
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Widths errors should be lower than one part over a hundred (Table 3.8).
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Table 3.8: 3Po resonances below N=2 threshold ("max = 8).

A (K, T ) = (1, 0) B (K, T ) = (0, 1) C (K, T ) = (−1, 0)

——————————————– ——————————————– ——————————————–

n E (au) Γ (au)

2 -0. 760 490 639 2. 989[ -4]
-0. 760 491 2. 998[ -4]a

-0. 760 492 4 2. 999[ -4]b

-0. 760 489 2. 99 [ -4]c

3 -0. 584 671 760 8. 230[ -5]
-0. 584 672 8. 25 [ -5]a

-0. 584 672 3 8. 225[ -5]b

-0. 584 671 8. 24 [ -5]c

4 -0. 542 837 034 3. 157[ -5]
-0. 542 837 3. 17 [ -5]a

-0. 542 837 25 3. 16 [ -5]b

-0. 542 837 3. 17 [ -5]c

5 -0. 525 711 793 1. 491[ -5]
-0. 525 711 — a

-0. 525 71 — b

-0. 525 711 1. 51 [ -5]c

6 -0. 517 107 078 8. 134[ -6]
-0. 517 105 7. 6 [ -6]b

-0. 517 107 8. 6 [ -6]c

7 -0. 512 191 135 4. 904[ -6]
-0. 512 19 — b

-0. 512 206 5. 4 [ -6]c

8 -0. 509 123 755 3. 178[ -6]
-0. 509 095 — b

n E (au) Γ (au)

3 -0. 579 030 867 1. 895[ -6]
-0. 579 030 6 1. 89 [ -6]a

-0. 579 030 49 1. 894[ -6]b

-0. 579 030 1. 85 [ -6]c

4 -0. 539 558 730 7. 979[ -7]
-0. 539 558 7 8. 9 [ -7]a

-0. 539 558 785 7. 7 [ -7]b

-0. 539 558 7. 90 [ -7]c

5 -0. 523 946 606 4. 126[ -7]
-0. 523 945 — a

-0. 523 943 5 — b

-0. 523 946 4. 10 [ -7]c

6 -0. 516 079 530 2. 385[ -7]
-0. 516 077 5 — b

-0. 516 079 2. 3 [ -7]c

7 -0. 511 547 658 1. 494[ -7]
-0. 511 551 — b

-0. 511 547 1. 5 [ -7]c

n E (au) Γ (au)

3 -0. 548 844 002 1. 253[ -8]
-0. 548 844 — a

-0. 548 844 35 — b

-0. 548 841 1. 3 [ -8]c

4 -0. 528 638 225 5. 777[ -9]
-0. 528 638 — a

-0. 528 638 41 — b

-0. 528 637 6. 6 [ -7]c

5 -0. 518 709 909 3. 006[ -9]

-0. 518 693 — b

-0. 518 708 3. 2 [ -9]c

6 -0. 513 155 641 1. 745[ -9]
-0. 513 145 — b

-0. 513 155 1. 6 [ -9]c

a Kar and Ho (2006) [180], (2005) [179]; b Ho (1993) [183]; c Chen (1997) [184]



3.5 Below N=2 threshold. 71

From figure 3.2.b we see that in 3Po symmetry three autoionizing series are
expected: a large [010]+ series, decaying with AI mechanism, a [001]− series with
intermediate reduced width, decaying with BII mechanism, and a narrow [100]0

series which should decay through CIII mechanism only. Once again the pre-
dictions of the approximate asymptotic theory are confirmed as shown in figure
3.3.c, where the aforementioned series are readily recognized in A, B and C series
respectively (the unfortunate coincidence of letters for series and mechanisms is
accidental).

Similar considerations apply for 3De symmetry (Table 3.9). The 3De picture

Table 3.9: 3De resonances below N=2 threshold. [n] = 10n.

A [N1N2m]A = [001]0 B [N1N2m]A = [010]−

——————————————– ——————————————–

n E (au) Γ (au)

3 -0.560 686 7.520[ -6]
-0.560 684 7.56 [ -6]a

4 -0.533 463 3.821[ -6]
-0.533 462 3.82 [ -6]a

5 -0.521 131 2.063[ -6]
-0.521 130 2.08 [ -6]a

6 -0.514 541 1.219[ -6]
-0.514 540 1.2 [ -6]a

n E (au) Γ (au)

3 -0.583 784 2.838[ -8]
-0.583 784 3.12 [ -8]a

4 -0.541 679 9.778[ -9]
-0.541 679 1.0 [ -8]a

5 -0.525 019 4.184[ -9]
-0.525 018 4.8 [ -9]a

6 -0.516 688 2.151[ -9]
-0.516 687 2.5 [ -9]a

C [N1N2m]A = [100]0

——————————————–

n E (au) Γ (au)

4 -0.529 312 7.062[-11]
-0.529 312 7. [-11]a

5 -0.519 017 1.196[-11]
-0.519 016 — a

6 -0.513 322 1.023[-12]
-0.513 322 — a

a)Chen (1997) [184]

is similar to 3Po, but width ratios are even larger. The three [001]0, [010]− and
[100]0 series predicted in figure 3.2.c are readily recognized as A, B and C series in
3.3.e plot. This last series actually display a curious dip around n∗ = 7. Data used
for comparison [184], also shown in table 3.9, unfortunately lack crucial points
to confirm this. There are no reasons to suspect our data to be wrong. Still
this “spontaneous quenching” is unusual, because there is no apparent cause for
it: neither intruder states (which appear only above N=3 threshold) nor collisions
among series (quantum defects are all well separated, see figure 3.3.f), where nearly
degenerate states can “share” some of their width. It is worth to point out, though,
that terms in C series are so narrow that they decay radiatively.
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Photoionization cross sections Excitation cross sections are huge. The total
cross section convoluted with a gaussian weight function with FWHM= 5 meV
reaches 1 GB (see figure 3.4). The first three peaks, corresponding to [010]+2 ,
[010]+3 and [001]−3 terms respectively, have actually been observed recently [32].
The reason why photoionization cross sections to doubly excited states below N=2
are so large is trivial: transitions from the dominant 1s2s configuration of the
target state to the 2snp components shared by all 3Po doubly excited states below
N=2 are allowed.

At variance with the photoionization of the fundamental 1s2 11S helium state,
it is well known that in the photoionization spectrum of metastable states many
non-dominant series are relatively large [166, 171, 172, 198]. In particular Zhou
et al [166, 172] claimed this to be an evidence of the inapplicability of propensity
rules for radiative transitions [199,200] to the photoionization of metastable states.
Propensity rules as derived in [199] indeed rely on the hypothesis that the the
electron motion is restricted around the so called “saddle point” (r1 = −(r2, a
relevant configuration for symmetrically excited states N = n, what is clearly
not the case for 1s2s metastable states. As a consequence the excitation of the
vanishingly narrow [100]0 series, which on account of propensity rules should be
prohibited (∆ν = 2 3= 0,±1), is as intense as the excitation of the largest [010]+

series and both are less intense than [001]− peaks by a factor ∼ 10.
In 1999 Rubensson et al [117] demonstrated that radiative decay must be taken

into account for a proper interpretation of photoionization spectra, since fluores-
cence branching ratio can be non negligible or even dominant for many narrow
doubly excited states. Also in the case of triplet doubly excited states, autoion-
ization is the dominant channel for only one of the three triplet resonance series
converging to N=2 threshold, while for the other two narrower series the radia-
tive decay rapidly prevails [119]. According to table I in [119] the autoionization
branching ratio for [001]−n terms decreases from 80.8% for n = 3 to 11.4% for n = 8
with a corresponding complementary increase of the fluorescence branching ratio
from 19.2% to 88.6%. [100]0n terms behave similarly with autoionization branching
ratios falling from 74.1% for n = 3 to 16.9% for n = 8. Absolute heights and
widths not including the coupling to the spontaneous emission channel (see table
3.8) are therefore unreliable for most of the narrower resonances. Since the inte-
grated cross section is nevertheless approximately preserved, our choice to present
our calculations as photoabsorption spectra convoluted with a reasonable resolu-
tion is justified.

In an experiment with 5 meV resolution, a dozen multiplets should be visible as
a collective peak, and for six or seven multiplets all peaks (the first two multiplets
have actually only one and two peaks each) should be recognized. It must be
emphasized, though, that because of the comparable concurrence of autoionization
and radiative decay neither the ion yield nor the fluorescence spectrum are expected
to provide the photoabsorption spectrum.

To conclude this paragraph we observe that in figure 3.4 all the three gauges
are reported: length and velocity are indistinguishable, while acceleration, reported
with a dashed line, can be barely recognized in the last plot.
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Figure 3.4: Total 23S helium photoionization cross section σtot below N=2 threshold. A) [010]+,
B) [001]−, C) [100]0.
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3.6 Below N=3 threshold.

Below N=3 threshold all doubly excited states decay essentially through autoion-
ization. In figures 3.3.g through 3.3.l and 3.8.a through 3.8.d the Γ̄/µ vs n∗ pairs
for natural and unnatural states respectively are shown. No signatures of intruder
states can be discerned: quantum defect series do not undergo any significant rise.

3S resonances are in beautiful agreement with data by Bürgers et al [123],
the most accurate available in literature. The worst energy level disagreement is
3.5 · 10−6 au for the n = 7 term in A (K = 0) series. The n = 7 term has the worst
agreement also in the other two series. In the other cases the disagreement is of
the order of 1 · 10−6 au. Resonance widths agree within few parts in a thousand,
with the possible exceptions of those which in the literature are reported with less
than four significant digits (Table 3.10).

The series assignment on the basis of propensity rules (see figure 3.2.a, third
row from below) is the following: A is assigned to [110]−, B to [020]−, both decaying
AII, C to [200]− decaying CIII. B is assigned to the channel with the largest K
because of the smaller energy of its first term. Note how the three series cluster
just below n∗ = 5.

Most of 3Po literature data, by Ho [183], are in very good agreement with our
results with the exception of the last few terms which are likely to be more accurate
in the present work. See table 3.13 for a detailed comparison.

Please note that the original value E=-0.484 2805 Ry for the n = 6 term
of C series reported in literature [183] is probably misprinted and should read
instead E=-0.484 3805 Ry. In this way the agreement with our results (Table 3.13)
improves by two order of magnitude and is consistent with the excellent agreement
found for n=5 and n=6 terms in C series.

Here the pattern is standard (see figure 3.2.b): the two largest A and B series
correspond to [020]+ (highest K) and [110]+ channels, decaying through the highly
favoured AI mechanism. C is the [011]− series, it decays through both AII and
BII mechanism. The narrower D is identified with [101]− series which decays
BII only. Also D lowest term energy is higher than the energy of the lowest C,
coherently with the lower K value of [101]−. Finally E is assigned to [200]0 which
decays CIII.

For 3De the comparison with the rather old results by Oberoi [177] (Table 3.11)
show a good agreement for A and E series (1 · 10−5 au), a worst agreement for B
and C series (1·10−4) au, and a remarkably bad agreement for F series (2·10−3 au).
The strongest disagreement are in correspondence with the lowest states in each
series, probably because Oberoi results are less accurate for the most correlated
states.



3.6 Below N=3 threshold. 75

T
ab

le
3.

10
:

3
S

e
re

so
n
an

ce
s

b
el

ow
N

=
3

th
re

sh
ol

d
("

m
a
x

=
8)

.

A
(K

=
0)

B
(K

=
2)

C
(K

=
−

2)
—

—
—

—
—

—
—

—
—

—
—

—
—

—
–

—
—

—
—

—
—

—
—

—
—

—
—

—
—

–
—

—
—

—
—

—
—

—
—

—
—

—
—

—
–

n
E

(a
u
)

Γ
(a

u
)

4
-0

.
27

0
28

3
42

2
4.

68
3[

-5
]

-0
.

27
0

28
3

61
4

4.
66

2[
-5

]a

5
-0

.
24

9
00

0
35

5
1.

37
1[

-5
]

-0
.

24
9

00
0

41
8

1.
38

0[
-5

]a

6
-0

.
23

9
69

5
13

6
9.

16
7[

-6
]

-0
.

23
9

69
6

88
7

9.
20

0[
-6

]a

7
-0

.
23

4
56

5
59

9
6.

10
2[

-6
]

-0
.

23
4

56
9

03
8

6.
12

2[
-6

]a

8
-0

.
23

1
41

9
79

0
4.

20
1[

-6
]

-0
.

23
1

42
1

64
6

4.
20

0[
-6

]a

9
-0

.
22

9
34

4
76

6
2.

97
7[

-6
]

-0
.

22
9

34
5

78
2

2.
98

2[
-6

]a

10
-0

.
22

7
90

2
29

9
2.

17
5[

-6
]

-0
.

22
7

90
2

91
4

2.
18

2[
-6

]a

11
-0

.
22

6
85

8
39

6
1.

63
3[

-6
]

-0
.

22
6

85
9

2.
[-
6]

a

n
E

(a
u
)

Γ
(a

u
)

4
-0

.
28

7
27

7
01

1
2.

96
3[

-5
]

-0
.

28
7

27
7

13
8

2.
98

3[
-5

]a

5
-0

.
25

8
13

3
94

0
1.

95
3[

-5
]

-0
.

25
8

13
3

97
6

1.
95

0[
-5

]a

6
-0

.
24

4
80

7
14

3
1.

16
3[

-5
]

-0
.

24
4

80
7

48
9

1.
16

0[
-5

]a

7
-0

.
23

7
67

0
16

5
7.

12
4[

-6
]

-0
.

23
7

67
2

21
3

7.
15

6[
-6

]a

8
-0

.
23

3
43

2
36

4
4.

65
1[

-6
]

-0
.

23
3

43
3

32
7

4.
64

4[
-6

]a

9
-0

.
23

0
71

8
51

1
3.

16
8[

-6
]

-0
.

23
0

71
9

08
8

3.
15

6[
-6

]a

10
-0

.
22

8
87

9
60

3
2.

23
9[

-6
]

-0
.

22
8

88
0

00
0

2.
23

4[
-6

]a

11
-0

.
22

7
57

7
45

8
1.

63
4[

-6
]

-0
.

22
7

57
7

8
1.

6
[-
6]

a

n
E

(a
u
)

Γ
(a

u
)

4
-0

.
24

9
96

4
42

4
1.

35
8[

-5
]

-0
.

24
9

96
4

61
6

1.
35

8[
-5

]a

5
-0

.
24

0
31

3
50

1
6.

96
5[

-6
]

-0
.

24
0

31
4

49
4

6.
98

[-
6]

a

6
-0

.
23

4
96

6
46

4
4.

13
3[

-6
]

-0
.

23
4

96
9

58
2

4.
08

4[
-6

]a

7
-0

.
23

1
69

0
68

1
2.

62
4[

-6
]

-0
.

23
1

69
2

11
6

2.
60

0[
-6

]a

8
-0

.
22

9
53

4
90

9
1.

76
8[

-6
]

-0
.

22
9

53
5

70
1

1.
76

0[
-6

]a

9
-0

.
22

8
04

0
35

0
1.

24
8[

-6
]

-0
.

22
8

04
0

87
3

1.
24

6[
-6

]a

10
-0

.
22

6
96

1
56

8
9.

15
3[

-7
]

-0
.

22
6

96
2

2.
[-
6]

a

a
)

B
ü
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For 3De the picture would be identically neat, were not for the formidable dive
in the first part of F series (see table 15 in appendix K). F is asymptotically
the narrowest series and should therefore be assigned [200]0 label (see figure 3.2.c,
third row from below). Still it starts with a reduced width well above all other
series and reaches its limiting Γ̄ value beyond the sixth term only. Looking at
the corresponding µ plot a possible explanation is found: F resonances are almost
degenerate with A resonances, corresponding to the largest [011]+ series, the only
channel which decays AI. Because of this, small departures from the asymptotic
condition are sufficient to cause the strong mixing and the consequent width sharing
observed here. Indeed this is an evidence of the shortcoming of the propensity rules
based upon approximate model, making the assignment of the first two terms to
A or F series a matter of taste. The other series are regular. E is probably [002]−

which decays BII. The assignment of the remaining B, C and D series is uncertain.
The agreement between present and literature data in 3Pe symmetry [178,182,

201] are comparable to the 3Po case (Table 3.12): few millionths of au at worst
for resonance positions, few thousandths for resonance widths. 3Pe picture (figure
3.8.a) is interpreted plainly (see figure 3.1.a): A is the [011]+ series which decays
AI, and B is the [101]+ series which decays CIII. Very good agreement is found
with literature data by Ho and Bhatia [182].

Table 3.12: 3Pe resonances below N=3 threshold ("max = 8)

A B
——————————————– ——————————————–

n E (au) Γ (au)

2 -0. 336 083 896 4. 487[-3]
-0. 336 087 9 4. 489[-3] a

3 -0. 271 555 941 1. 788[-3]
-0. 271 557 150 1. 789[-3] a

4 -0. 250 930 988 8. 553[-4]
-0. 250 931 50 8. 55 [-4] a

5 -0. 240 959 065 4. 552[-4]
-0. 240 960 4. 5 [-4] a

n E (au) Γ (au)

3 -0. 291 155 340 7. 399[-5]
-0. 291 158 23 7. 40 [-5] a

4 -0. 253 574 102 2. 350[-5]
-0. 253 574 650 2. 352[-5] a

5 -0. 241 957 507 1. 444[-5]
-0. 241 958 3 1. 44 [-5] a

6 -0. 235 890 571 9. 539[-6]
-0. 235 894 8. 0 [-6] a

a) Ho and Bhatia (1993) [182]

3Do (figure 3.8.c) does not correspond closely to the prediction of propensity
rules (see figure 3.1.b). The three series [002]+, [011]− and [101]0 which decay BI,
AII and CIII respectively, should be well separated. A series is actually clearly
recognized as the expected largest [002]+ series and the low energy of its first term
confirms this. B and C series, though, have comparable widths and even intersect
around n∗ = 8. On the basis of first term energy, B should be the [001]− series,
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but in that case the AII mechanism would be asymptotically half as effective as
the CIII mechanism.

Table 3.13: 3Po resonances below N=3 threshold. [n] = 10n.

A [N1N2m]A = [020]+ B [N1N2m]A = [110]+

——————————————– ——————————————–

n E (au) Γ (au)

3 -0.350 370 2.982[-3]
-0.350 38 2.99 [-3]a

-0.350 378 2.987[-3]b

4 -0.279 4761 1.379[-3]
-0.279 4776 1.374[-3]b

5 -0.255 161 6.489[-4]
-0.255 162 6.46 [-4]b

6 -0.243 374 3.355[-4]
-0.243 38 3.3 [-4]b

7 -0.236 875 1.904[-4]
-0.236 875 1.92 [-4]b

n E (au) Γ (au)

4 -0.309 375 1.121[-3]
-0.309 38 1.12 [-3]a

-0.309 380 1.118[-3]b

5 -0.260 2321 3.111[-4]
-0.260 2339 3.100[-4]b

6 -0.245 2337 1.556[-4]
-0.245 2350 1.553[-4]b

7 -0.237 754 8.867[-5]
-0.237 757 8.74 [-5]b

8 -0.233 430 5.514[-5]
-0.233 401 6.0 [-5]b

C [N1N2m]A = [011]− D [N1N2m]A = [101]−

——————————————– ——————————————–

n E (au) Γ (au)

4 -0.278 816 98 6.261[-5]
-0.278 817 05 6.256[-5]b

5 -0.253 5529 3.343[-5]
-0.253 5529 3.345[-5]b

6 -0.242 1895 1.964[-5]
-0.242 1903 1.7 [-5]b†

7 -0.236 0681 1.217[-5]
-0.236 0682 8.0 [-6]b

n E (au) Γ (au)

4 -0.258 5246 5.367[-6]
-0.258 5249 5.361[-6]b

5 -0.244 0364 3.571[-6]
-0.244 0367 3.57 [-6]b

6 -0.237 0107 2.532[-6]
-0.237 0131 1.916[-6]b

E [N1N2m]A = [200]0

——————————————–

n E (au) Γ (au)

5 -0.246 0593 3.523[-7]
-0.246 0597 3.512[-7]b

6 -0.238 5110 2.223[-7]
-0.238 5119 2. [-7]b

a)Lindroth (1994) [178]
b)Ho (1993) [183]
† Changed value. See text for details.
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Figure 3.5: Reduced widths and quantum defects vs effective quantum number n∗ for 3S, 3Po

and 3De states below N=4 and N=5 thresholds. Below N=4 : a) Γ̄3S , b) µ3S , c) Γ̄3P o , d) µ3P o ,
e) Γ̄3De , f) µ3De . Below N=5 : g) Γ̄3S , h) µ3S , i) Γ̄3P o , j) µ3P o , k) Γ̄3De , l) µ3De . White circles
are the most accurate data available in literature. See text for details.
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Figure 3.6: Total cross section σtot (a) and partial cross sections σ1 (b) and σ2 (c) below N=3
threshold. A) [020]+, B) [110]+, C) [011]−, D) [101]−, E) [200]0.

Photoionization cross sections In figure 3.6.a the total cross section below
N=3 threshold is reported in length, velocity and acceleration gauges. As before
the gauge agreement is excellent. At this resolution, all resonances in the first
complete multiplet, that between 52.45 eV and 52.65 eV, should be recognizable.
The second term of [011]− series and the third term in [020]+ series give rise to
peaks in the total cross section of comparable intensity. The other three terms are
smaller by roughly an order of magnitude. As expected, σ2 is the largest partial
cross section. In σ1 [020]+ series is actually dominant on the whole energy range
(see figures 3.6.b and 3.7.b), [011]− series is ten times smaller, [200]0 and [110]+

series are barely visible and [101]− series cannot be recognized at all. In σ2 (see
figures 3.6.c and 3.7.c), which is roughly thirty times larger that σ1, all five series
are clearly visible and [011]− series is only slightly less intense than [020]+ series.
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Figure 3.7: Details of total cross section σtot (a) and partial cross sections σ1 (b) and σ2 (c)
below N=3 threshold. See figure 3.6 for label description.
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In figure 3.6.a, in the non-resonant photon energy region between 46 and 49 eV,
small oscillations can be seen. Such artifacts are found in all spectra immediately
after the opening of a new parent ion excitation threshold. A similar disturbance
appears also in the total phase-shift. These fictitious oscillations fade rapidly
in both frequency and amplitude, getting completely negligible after a couple of
effective quantum number units. In test calculations we have verified that enlarging
the quantization box the oscillations get progressively smaller, leaving essentially
unaltered the resonant structure and the average background. Given the excellent
agreement of our resonance parameters with the best of those found in literature
[176] and the excellent agreement among the three gauges, we concluded that the
present calculation was already enough accurate to satisfactorily reproduce all the
interesting phenomena in the energy region examined here.

3.7 Below N=4 threshold.

To account for accuracy of metastable states in this energy region, table 3.14 com-
pares some 3S states with accurate data by Bürgers et al [123]. Energy differences
are of the order of 10−6 au, often much smaller than that, and resonance widths
are in agreement within one part in a hundred or even a thousand. In figure 3.5.a,
the whole set of results by Bürgers et al is plotted: even the available higher terms
are shown to be in striking agreement with our data. All series have comparable
reduced widths, the narrowest D is assigned tentatively to [300]− channel, decaying
CIII (see figure 3.2.a, fourth row from below), but the other three are too similar
to be confidently assigned to the remaining [210]−, [120]− and [030]− channels.
Our calculation predicts a “collision” between B and D series to take place around
n∗ = 6. The same feature is clearly seen already in Bürgers data and therefore
should be reliable.

The mestastable 3Po states below N=4 threshold reported in literature [181]
are far less accurate than below lower thresholds: very good agreement is found
within the discernible accuracy of available data. The large discrepancy for the D
resonance is probably a shortcoming of literature data (Table 3.15). Moreover, in
literature two series out of seven are not reported.
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Table 3.14: 3Se resonances below N=4 threshold. [n] = 10n.

A B

——————————————– ——————————————–

n E (au) Γ (au)

5 -0.169 3070 4.174[-5]
-0.169 3066 4.202[-5]a

6 -0.152 1222 3.366[-5]
-0.152 1220 3.360[-5]a

7 -0.143 1745 2.302[-5]
-0.143 1760 2.276[-5]a

8 -0.137 9605 1.551[-5]
-0.137 9613 1.428[-5]a

9 -0.134 6788 1.039[-5]
-0.134 6795 1.051[-5]a

10 -0.132 4903 7.421[-6]
-0.132 4907 7.430[-6]a

n E (au) Γ (au)

5 -0.161 480 68 1.041[-4]
-0.161 480 66 1.040[-4]a

6 -0.147 168 47 7.429[-5]
-0.147 168 81 7.423[-5]a

7 -0.139 996 4.045[-5]
-0.139 998 4.035[-5]a

8 -0.135 8564 3.005[-5]
-0.135 8574 3.003[-5]a

9 -0.133 2298 2.097[-5]
-0.133 2304 2.101[-5]a

10 -0.131 4566 1.505[-5]
-0.131 4570 1.509[-5]a

C D [N1N2m]A = [300]−

——————————————– ——————————————–

n E (au) Γ (au)

5 -0.151 176 48 4.434[-5]
-0.151 176 42 4.482[-5]a

6 -0.141 6904 2.983[-5]
-0.141 6914 2.939[-5]a

7 -0.136 7854 1.932[-5]
-0.136 7871 1.924[-5]a

8 -0.133 8106 1.304[-5]
-0.133 8117 1.299[-5]a

9 -0.131 8487 8.995[-6]
-0.131 8492 9.080[-6]a

10 -0.130 4807 6.559[-6]
-0.130 4810 6.566[-6]a

n E (au) Γ (au)

5 -0.140 0872 8.689[-6]
-0.140 0885 8.818[-6]a

6 -0.135 9726 3.585[-6]
-0.135 9755 3.504[-6]a

7 -0.133 3279 2.701[-6]
-0.133 3292 2.680[-6]a

8 -0.131 5331 2.183[-6]
-0.131 5337 2.174[-6]a

9 -0.130 2610 1.779[-6]
-0.130 2614 1.772[-6]a

10 -0.129 3271 1.453[-6]
-0.129 3274 1.448[-6]a

a) Bürgers, Wintgen and Rost (1995) [123]
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Figure 3.8: Reduced widths and quantum defects vs effective quantum number n∗ for 3Pe and
3Do states below N=3, N=4 and N=5 thresholds. Below N=3 : a) Γ̄3P e , b) µ3P e , c) Γ̄3Do , d)
µ3Do . Below N=4 : e) Γ̄3P e , f) µ3P e , g) Γ̄3Do , h) µ3Do . Below N=5 : i) Γ̄3P e , j) µ3P e , k) Γ̄3Do ,
l) µ3Do . White circles are the most accurate data available in literature. See text for details
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Below N=4 threshold, the first intruder states appear in 3Po, 3Pe and 3De

series. 3Po hosts the first intruder state of this survey. Theory predicts three
“strong” channels, [030]+, [120]+ and [210]+ which all decay AI (see figure 3.2.b,
fourth row from below), and clearly correspond to A, B and C series collectively;
three “intermediate” channels, [021]− (AII and BII), [111]− (AII and BII) and
[201]− (BII), corresponding to the group formed by D, E and F series; and finally
the narrowest channel [300]0 (CIII) which corresponds to G series. The intruder
state should be [040]+5 , since it has the largest K among series converging to the
higher N=5 threshold. It interacts exclusively with A series which therefore should
correspond plainly to [030]+ series. In figures 3.12.a and 3.12.b and in table 3.20
details of [040]+5 intruder state characterization are reported. Since the assignment
of the remaining series would be questionable, it is not considered here. Once
again there is an interaction between a narrow and a large series: the first term of
G series collides with the third term of C series causing the former to be unusually
large and the latter to quench slightly.

As below N=3 threshold, the only available data for 3De states are due to
Oberoi (1972) [177]. Rather large discrepancies with our results (Table 3.16) are
found. Beyond 3S states, 3Pe states are those most accurately computed below N=4
threshold. Comparison with data by Ho and Bhatia [182] are generally within few
millionths of au, with an isolated spike of 1.7 · 10−5 au for the lowest metastable
state in A series (Table 3.17).

In 3De symmetry there is one intruder state, probably [031]+5 (see figure 3.2.c).
It dissolves in A series, thus identified with [021]+ channel (AI decay). [111]+,
the other large series in the multiplet, is recognized as D series. E series should
correspond to the narrowest [300]0 channel (CIII). D collides around its fourth
term with E series, and around its ninth term with A series. All other series are
regular. The detailed assignment to the remaining [012]−, [030]−, [102]−, [120]−,
[201]0 and [210]− channels is left unsettled. In figures 3.12.e and 3.12.f and table
3.20 details of [031]+5 intruder state characterization are reported. As a concluding
remark, we observe that the quantum defect of A series rises by merely 0.4 units: it
therefore lays half below and half above threshold. Unfortunately, as examined in
greater detail in the following subsection, the low energy region in 3De symmetry
below N=5 threshold is particularly demanding: large series, like that the present
perturber state belongs to, are often indistinguishable from a smooth background
in the total phaseshift, so that a clear sign of [031]+5 intruder state cannot be
recognized above threshold. Still it is true that total phaseshift baseline above
N=4 threshold rises steadily in possible agreement with a low energy resonance
with large width.
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In 3Pe symmetry, the third and last intruder state below this threshold, prob-
ably [031]+5 , is encountered. It interacts strongly (AI mechanism) with [021]+

channel which is recognized in B series, the only one whose quantum defect rises
steadily by a significant amount (see figure 3.8.f). As B series drifts through the
resonant multiplet, it collides about n∗ = 12.5 with the narrowest C series, which
has [201]+ character (CIII mechanism). The remaining A series corresponds to
the [111]+ channel (AI mechanism), in accordance to the fact that its fundamental
states has an higher energy than that of the first term in B series. The second term
of C series is almost degenerate with the third term of A series. This circumstance
is confirmed by the independent calculations by Ho and Bhatia [182] which beau-
tifully agree with our data (see figure 3.8.e). Again this collision causes a small dip
in A series and a small peak in C series.

At the best of our knowledge, no 3Do data are available for comparison below
N=4 threshold.

3Do symmetry (see figure 3.8.c) is regular. Its five A, B, C, D and E series are
straightforwardly assigned to the [012]+ (AI), [102]+ (BI), [021]− (AII), [111]−

(AII) and [201]0 (CIII) channels respectively. A and B series are almost degener-
ate and intersects around n∗ = 10. In that neighbourhood the two corresponding
Γ̄ series get slightly closer.

Photoionization cross sections Four main characteristic should be noted in
photoionization spectrum: i) there is again a clearly dominating series: [030]+ (see
figures L.10 and 3.9), ii) between 55.5 eV and 55.75 eV a nice interference effect
due to [040]+5 intruder state can be appreciated (see figure 3.9), iii) a mirroring
behaviour between σ1 and σ2 is visible, iv) the largest resonant features in total
cross section are one order of magnitude smaller than the background. The grey
region (yellow in the on-line version) highlights the [Er − Γr : Er + Γr] energy
interval (Er = −0.128875(7) au ⇐⇒ Eγ = 55.5675(2) eV, Γr = 1.37(2) 10−3

au = 37.3(5) meV) where the intruder state dissolve in [030]+ series, as described
at length in [176]. The situation is very similar to that encountered below N=4
threshold in the photoionization of the fundamental 1s2 state [111].

3.8 Below N=5 threshold.

Below N=5 threshold the whole 3S, 3De, 3Do symmetries and four series out of nine
in 3Po symmetry are not as yet reported in literature.

In 3Se symmetry there are no signatures of intruder states. Except E series,
which is recognized as the narrow [400]− series (see figure 3.5.g), the other four
series, [310]−, [220]−, [130]− and [040]−, with comparable reduced widths, are
left unassigned. Please note that in this case the reduced widths are plotted on a
linear scale (figure 3.5.g) A tiny collision between E and B series takes place around
n∗ = 9.2.
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The most recent 3Po data [181] are 25 years old and are in rather poor agreement
with our results with some large differences like in A resonance energies and G
resonance width (Table 3.18).

We feel that no definitive conclusions can be drawn from this comparison:
literature data may simply be unfit to certify the reliability of our 3Po calculation
in this energy window. Two intruder states, probably [050]+6 and [140]+6 , can be
recognized. [050]+6 dissolves through AI mechanism in [040]+ channel and falls at
an energy lower than that of the second intruder state. This leads to assign [040]+

character to A series. Analogously, C series is recognized as the [130]+ channel.
B and D series should correspond to [220]+ and [310]+ channels respectively and
I series to the asymptotically narrowest [400]0 channel. The other series cannot
be assigned unequivocally. They collectively correspond to the remaining [031]−,
[121]−, [211]− and [301]− channels which decay by either AII or BII mechanism.
A remarkable violation of propensity rules is to be noted here: E and F channels,
which should be left undisturbed by the intruder state, actually suffer a strong
quenching in close correspondence to that in A series. The few available data for
comparison, by Ho [181], date back to 1982 and are in poor agreement with ours.

In 3De symmetry, at low energy, the regularity of resonance series is almost
completely destroyed: those clearly discernible paths at high effective quantum
numbers could not be confidently prolonged below n∗ around 8 for most series,
whose assignment is therefore particularly problematic. At least one, maybe two,
intruder states fall here, probably [041]+6 and [131]+6 (see figure 3.5.k). A and C series
are probably [121]+ and [031]+ channels respectively, while B series corresponds
to the remaining “unperturbed” channel [211]+ among those which decay through
AI mechanism. The fitting procedure failed to localize as much as four terms of
A series. This is because their reduced width is comparable to a whole ∆µ = 1
interval so that their effect on the total phaseshift could not be distinguished from
the background. The effectiveness of the fitting procedure is compromised also by
the large number of terms in each multiplet (12) which “hide” the largest ones. In
the case of 3Pe symmetry, where some series are even larger than in 3De symmetry,
all terms could actually be determined because multiplets are only fourfold.

Below N=5 threshold, the most accurate data available in literature for a com-
parison are for 3Pe states (see table 3.19). The quantitative agreement of our results
with those obtained by Ho and Bhatia [182] is less accurate: energy differences as
large as 10−4 au are found. The deviations found, however, are small indeed and
the resonance widths are still in good agreement, as the superposition of the two
data sets in figure 3.8.i shows. The general features of autoionizing series should
therefore be reliable. In 3Pe two intruder states, probably [041]+6 and [131]+6 (those
with predictably the lowest energies), can be observed (see figure 3.1.a and 3.8.i).
[041]+6 dissolves in [031]+ channel, which thus corresponds to C series, while [131]+6
dissolves in [121]+ channel, recognized in A series. The remaining large B series is
unaffected by intruder states and is therefore identified with the [211]+ channel.
Finally D series corresponds to the narrowest [301]+ channel. The picture here is
very neat: µ rises are independent and almost complete (∆µ = 1), and there are
no clear signs of collisions between series. The available literature data [182] are
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Table 3.19: 3Pe resonances below N=5 threshold. [n] = 10n.

A [N1N2m]A = [121]+ B [N1N2m]A = [211]+

——————————————– ——————————————–

n E (au) Γ (au)

6 -0.109 477 3.223[-3]
-0.109 463 3.122[-3]a

7 -0.098 555 9.301[-4]
-0.098 602 9.06 [-4]a

8 -0.093 427 4.458[-4]
-0.093 44 4.1 [-4]a

n E (au) Γ (au)

6 -0.107 285 1.547[-3]
-0.107 27 1.53 [-3]a

7 -0.096 589 1.275[-3]
-0.096 641 1.374[-3]a

8 -0.091 459 9.695[-4]
-0.091 51 9.4 [-4]a

C [N1N2m]A = [031]+ D [N1N2m]A = [301]+

——————————————– ——————————————–
n E (au) Γ (au)

6 -0.119 404 3.458[-3]
-0.119 30 3.54 [-3]a

7 -0.102 137 2.260[-3]
-0.102 096 2.269[-3]a

8 -0.095 081 1.525[-3]
-0.095 134 1.48 [-3]a

9 -0.091 069 8.713[-4]
-0.091 11 8.5 [-4]a

n E (au) Γ (au)

7 -0.095 236 9.778[-5]
-0.095 254 8.85 [-5]a

8 -0.090 562 3.545[-5]
-0.090 725 4.2 [-5]a

a)Ho and Bhatia (1993) [182]
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in encouragingly good agreement with our results.
In 3Do symmetry, A quantum defect rises by a whole unit; a corresponding Fano-

profile is observed in the Γ̄ plot (see figure 3.8.k). C quantum defect undergoes
a smooth increase by a half unit while γ̄ experiences a deep quenching. Running
through the multiplet, C series collides with G series between ninth and tenth
C term. As a consequence, G series, which is the smallest by at least an order
of magnitude, spreads slightly in this region. From the discussion above we can
conclude that there are two other intruder states in 3Do symmetry. We guess them
to be [032]+6 , interacting with [022]+ channel, which corresponds to A series, and
[122]+6 , interacting with [112]+ channel, which corresponds to C series (see figure
3.1.b). The remaining large non interacting B series corresponds to [202]+ channel.
G series is recognized as the narrowest [301]0 channel. Finally the remaining [031]−,
[121]− and [211]− channels collectively correspond to D, E, F series but are otherwise
left unassigned.

Photoionization cross sections and asymmetry parameters The spectrum
here has a very peculiar behaviour. Looking at figure 3.10 and 3.11 there are two
strong series: E with a first peak around 56.2 eV, and D, which is responsible for
the last crest of peaks beginning at 56.75 eV. E series almost dies out after the
fourth term. The first four terms are actually those which deviate most from the
asymptotic behaviour in terms of quantum defect of the series [176]. It is thus
possible that the lowest [050]+6 intruder state is responsible for this behaviour.
From figures 3.10 and 3.11 mirroring of partial cross sections σN and σN ′ with odd
N + N ′ and mimicking of those with even N + N ′ is apparent.

3.9 Intruder states

Intruder states dissolve in the underlying resonance series much as metastable
states dissolve in the underlying continua. Intruder state parameters can indeed be
extracted from µ vs E and from Γ̄ vs E plots in exactly the same way as resonance
parameters are extracted from the total phaseshift and q and F parameters of
their Fano profile are extracted from the scattering cross section. For those intruder
states which interact with only a single autoionizing series to a good approximation,
the following fitting formulas for the corresponding µ and Γ̄ series can be adopted:

µ(E) =
1

π
arctan (ε) +

1

2
+ µ0 + µ1 ε (3.1)

Γ̄(E) = F
q + ε

1 + ε2
+ Γ̄0 + Γ̄1 ε (3.2)

where ε ≡ 2(E − E0)/Γ and E0, Γ, F , q, µ0, µ1, Γ̄0 and Γ̄1 are fitting parameters.
To characterize an intruder state, quantum defect is fitted first so to determine its
energy position E0 and width Γ. In this way µ and Γ̄ fits require four parameters
each.
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Figure 3.13: Intruder states below N=5 threshold. Effects of [041]+6 on a) Γ̄ vs E and b) µ
vs E for [031]+ 3Pe series. Effects of [032]+6 on c) Γ̄ vs E and d) µ vs E for [022]+ 3Do series.
Effects of [131]+6 on e) Γ̄ vs E and f) µ vs E for [121]+ 3Pe series. Effects of [122]+6 on g) Γ̄ vs E
and h) µ vs E for [112]+ 3Do series. Energy and reduced widths are in atomic units. See table
3.20 for fitting parameters and text for details.
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Table 3.20: Some intruder triplet states in helium. All values are in au. Standard deviation on
the last digit is indicated in parenthesis. [n] is to be read 10n.

2S+1Lπ [N1N2m]An E Γ F q

3P o [040]+5 -0.128 875(7) 1.37(2) [-3] 0.165(5) 0.30(3)

3P e [031]+5 -0.126 08(2) 2.4(6) [-3] 0.193(7) -0.01(3)

3De [031]+5 -0.125 12(2) 2.63(9) [-3] 0.29(2) -0.14(3)

3P e [041]+6 -0.087 98(2) 1.57(4) [-3] 0.26(2) 0.06(6)

3Do [032]+6 -0.085 696(3) 2.43(7) [-3] 0.42(2) -0.08(4)

3P e [131]+6 -0.0835(4) 4.3(6) [-3] 0.52(7) -0.5(2)

3De [122]+6 -0.081 94(9) 4.7(1) [-3] 0.15(1) -3.8(3)

Seven intruder states were parametrized quickly, while the two 3Po intruder
states [050]+6 and [140]+6 below N=5 threshold interact with many series and over-
lap, so that a more sophisticated fit should be employed. The numerical values of
the fitting parameters are reported in table 3.20. Figures 3.12 and 3.13 show how
the elementary (3.1) and (3.2) models are able to reproduce closely the observed
behaviour.

3.10 Photoionization of Rydberg satellites

In the photoionization of a Rydberg state, the oscillator strength concentrates
on final autoionizing doubly excited states with similar excitation of the external
electron, giving rise to a comb structure with vanishing contributions from the
continuum. When properly normalized, the combs display auto-similarity, because
almost all the oscillator strength is due to the transition of the inner electron only,
while the outer electron is merely “shaken up”.

In the very peculiar case of targets with the same principal quantum number
of the external electron and of threshold, the spectrum is amplified. Intruder
states can concentrate effectively the excitation on the group of DES where the
intruder dissolves. This phenomenon is particularly evident for the [040]+5 state
below N=4 threshold (left panel in figure 3.14). Two intruder states fall below
N=5 threshold: [050]+6 and [140]+6 . Apparently both give rise to an amplification
in the photoionization spectrum of 1s5s Rydberg (right panel in figure 3.14), the
former between n=6 and n=8, the latter beyond n=10. Cross sections are divided
by n∗3. In this way the integrals on n∗ axis is constant. The spectra are clearly
autosimilar, small changes being attributable to the influence of intruder states
still beyond n = 20.
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3.11 Radiative decay of doubly excited states

The availability of a large number of Rydberg states leads naturally to the accurate
treatment of radiative cascades in helium. In chapter 1 and in appendix B, the
question of radiative decay of doubly excited states to a discrete as well as to a
continuous state is considered in a general perspective, either with an extension of
the K-matrix method to include the atom-radiation interaction non perturbatively,
or with a two-photon approach. As we have not yet implemented those models,
we will present here the much simpler situation of radiative decay of those doubly
excited states which are bounded in electrostatic approximation: unnatural states
below N=2 threshold.

These states decay to final states both below and above the ionization threshold.
In the latter case, the doubly excited states decay simultaneously radiatively and
by autoionization:

He(2pnp 3P e) → He+(1s) + e− + γ (3.3)

He(2pnd 3Do) → He+(1s) + e− + γ (3.4)

The state width due to the radiative decay is therefore written as

Γ0 =
∑

i

Γi←0 +
∑

α

∫ E0

Eα

dE
dΓα←0

dE
(3.5)

where (see appendix B for the definition of the transition operators)

Γi←0 =
ω0,i

3π!c3

1

2L0 + 1
|〈φ0‖V̂ 0

1 ‖φi〉|2 (3.6)

dΓα←0

dE
=

ω

3!c3

1

2L0 + 1

ele
∑

L$α

∣
∣
∣〈φ0‖V̂ 0

1 ‖ψ
(−)Γ
αE$α

〉
∣
∣
∣

2
(3.7)

The non resonant radiative autoionization contribution to the lifetime of these
states is comparable to that of the third less intense transition to a bound Rydberg
state. See figures 3.16 and 3.15. The contribution from the resonant process is
much smaller, being of the order of one part in a thousand for 2p2 3Pe, as shown
in figure 3.17.
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Figure 3.15: State radiative decay width density Γ(E) as a function of energy (in au) for the
first two 3Do doubly excited states below N=2 threshold to 3De (black) and 3Pe red symmetry.
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Figure 3.16: State radiative decay width density Γ(E) as a function of energy (in au) for
the first six 3Pe doubly excited states below N=2 threshold to 3Po symmetry (the other final
symmetries are not shown).
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Figure 3.17: Detail of the state radiative decay width density Γ(E) as a function of energy
for the 2p2 3Pe doubly excited state to the 3Po underlying continuum in a neighborhood of the
[010]+2 resonance.



Chapter 4

Three electron systems

4.1 Separation of spin and spatial components

An N-electron wave function with well defined spin can be expanded on the set of
antisymmetrized products of spin functions ΘNS

i and a spatial function F :

Φ = AΘNS
i F (4.1)

where A = 1
N !

∑

P(−1)sgnPP. It is well known that the ΘNS
i form the basis for

an irreducible representation of the symmetric group SN [202]. Their indexes
enumerate the group of different paths in the branching diagram which give rise
to the right final spin [203]. The action of antisymmetrizer on 4.1 leads naturally
to Wigner projectors onto the conjugate representation α̃:

AΘα
i F =

1

nα

∑

j

Θα
j Wα̃

jiF (4.2)

where
Wα

ij ≡
nα

N !

∑

P

Dα∗
ij (P)P, Dα̃

ij(P) ≡ (−1)PDα∗
ij (P) (4.3)

Exploiting the properties of Wigner operators

Wα†
ij = Wα

ji , Wα
ijW

β
kl = δαβδjkW

α
il, (4.4)

the matrix element between such states of a spinless operator totally symmetric
upon particle permutations can be written as

〈Φ′|O|Φ〉 =
∑

j′j

〈ΘS
j′W

S̃
j′i′F

′|O|ΘS
j WS̃

jiF 〉 = 〈F ′|OWS̃
i′i|F 〉 (4.5)

Matrix elements can be written as a sum over the (N+1)! permutations and the N+1

monoelectronic or
(
N
2

)

bielectronic terms in the observable O:

〈Φ′|O|Φ〉 =
∑

n

∑

P

DS̃∗
i′i (P)〈F ′|onP|F 〉 (4.6)
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There are some features in this expression to be noted. First the spin coupling is
fully accounted for in the irreducible representation factor D. This is also the case
in the remarkable instance of a single photoionization channel, where a parent ion
of well defined multiplicity is coupled to a free electron:

Ψ = A(N+1)[Φ ⊗ φ] =

= A(N+1)[A(N)ΘNSα
i F ⊗ 2θf ] =

= A[ΘNSα
i ⊗ 2θ][F ⊗ f ] =

= AΘ(N+1)S
Sαi [F ⊗ f ] =

=
∑

j

Θ(N+1)S
j W

(N+1)S̃
j,Sαi [F ⊗ f ]

A true CI target requires the contributions of many spin coupling schemes, so that
the wave function in that case has a slightly more complicated expression

Ψ =
∑

j

Θ(N+1)S
j

∑

i

CiW
(N+1)S̃
j,Sαi [Fi ⊗ f ]

For two electron targets, though, both S2 irreducible representations are monodi-
mensional and the indexes actually coincide with the target spin. The matrix
element between singlet and triplet target channels in overall doublet multiplicity,

for example, requires the set of D
˜{2,1}

0,1 (P) factors.
In atoms all angular integrations in 4.6 can be reduced to contractions of

Clebsch-Gordan coefficients. Moreover, all the contractions over magnetic quantum
numbers can be written in terms of products of 3nj symbols. For three electrons,
eighteen different formulas are required for both one and two particle operators.
They are derived in appendix G with the use of graphical techniques. In the case
of more than three electrons, the number of different formulas rises prohibitively
(96 monoelectronic and 144 bielectronic angular factors for four electrons) making
derivation by hand exceedingly tedious. As explained at length in appendix G, this
approach to compute matrix elements is useful only for non-orthogonal basis sets.
When orthogonal basis sets are used instead, more concise and effective methods
have been devised ages ago [204].

4.2 The LC refining algorithm

In three electron systems, the correlation space in the close coupling expansion
1.6 is typically two or three orders of magnitude larger than in the corresponding
two electron cases, where the full-CI limit is easily reached. Basis sets with some
millions of configurations are common. As we were more interested in inserting
some correlation in the scattering wave functions, rather than getting very accurate
results for few bound states, we decided to deal with the localized space swiftly by
automatically selecting few thousands configurations out of the total space, among
the most relevant to improve the energy region of interest.
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The basis B that we seek is defined by the requirement that the variations of
the lowest N energies Ei, through the addition of a configuration not included in
B, are all lower than a corresponding set of assigned thresholds εi. Conversely, the
variation of at least one of the same set of energies is required to be larger than
the corresponding εi when any configuration in B is removed.

B is not necessarily well defined, as many different basis might fulfill the stated
requirement. We nevertheless are confident that if the configurations are built on
SCF orbitals, a reasonable approximation of a useful B can be obtained through
an iterative algorithm.

We proceed indeed as follows. In the first step, the energies of all the configu-
rations are computed, and the hamiltonian is diagonalized on a certain number of
those with the lowest energies, say 1000, which form B1, the first basis.

From this point, the algorithm proceeds iteratively. LetBn be the basis at the n-
th step, and Hn the hamiltonian matrix restricted to that basis. The contribution of
all the configurations to the energy of the first N states is evaluated perturbatively
according to the following formula

∆Ei ≡
|〈φi|H − Ei|a〉|2

εa − Ei
(4.7)

which is the first non-zero perturbative contribution of the configuration a to the
energy of the i − th state. Only those configurations which contribute to at least
one of the lowest N eigenvalues of Hn more than its prescribed threshold, are
included in the next Bn+1 basis.

The algorithm generally gets rapidly to a reasonable result, but then begins to
oscillate including and rejecting just few almost irrelevant configurations, so that
some stopping criterion has been included.

Helium negative ion As an example of the basis iterative refinement, we shall
consider the case of He−. In electrostatic approximation, the 4Po He− manifold has
one loosely bound state which lies ∼ 77.52 meV below the 23S helium metastable
state [205], with 1s2s2p dominant configuration. We have used a basis with max-
imum orbital angular momentum ,max = 8, roughly 30 orbitals in each angular
momentum, and which reach the maximum radius of ∼ 60 au. The total di-
mension is 1994764. In table 4.1 we have reported the energies obtained at each
iterative step of the basis refinement. At the fourth step, the optimized basis grew
to 12131 functions. The corresponding energy differs by merely ∼ 0.128 meV from
the literature value, that is two parts in a thousand of the total binding energy.

4.3 Boron

At the best of our knowledge, there is only one theoretical work on boron photoion-
ization [206] by Kupliauskienė, published ten years ago, where the photoionization-
excitation cross sections are calculated within a relaxed-orbital Hartree-Fock scheme.
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Table 4.1: Convergence of the He− 1s2s2p 3Po energy along the steps in iterative refinement
of CI LC space. The reference space, generated by 31s, 30p, 29d, 28f , 27g, 27h, 27i, 27j and 27k
orbitals, has 1994764 functions. One threshold ε1 has been set to 10−9.

N Dim E (au)
0 1 -2.111 881 85
1 1000 -2.133 149 93
2 1187 -2.177 534 13
3 12143 -2.178 068 09
4 12131 -2.178 068 64
Reference [205] -2.178 073 33

The author investigate only the energy interval 10 eV above threshold and com-
pletely omit resonances.

Here we present some preliminary results on Boron, where the inner 1s2 shell is
approximated as a single-configuration frozen core, with the addition of a semiem-
pirical polarization potential, as described in the following paragraph.

4.3.1 Polarizable core

For those processes where the energy of the photon is so low that only valence
electrons can be excited, the inner electrons can tentatively be modeled with a
frozen single determinant core. Such an approximation is actually too drastic as
the long range dynamical correlation between the outer valence and the inner core
electrons can be quite significant.

Long range correlation between valence electrons and core electrons can be
partly taken in to account with a semiempirical polarization interaction term. The
static polarization energy of a system of n equal point charges outside a polarizable
sphere is

Epol = −αe2

2

∑

ij

r̂i · r̂j

r2
i r

2
j

(4.8)

where the scalar polarizability α of the core φ0 is given by

α = 2
∑

i'=0

|〈φ0|µ0|φi〉|2

Ei − E0
(4.9)

where φi are excited states. The polarization term cannot be applied as it is because
it is justified only for those configurations where the point charges are outside the
polarizable charge distribution, and it is even badly divergent near the origin. The
solution we adopted here is to attach to the polarization term, a regularizing factor.
A good choice is the smooth step function W6(r; ro):

W6(r; ro) = 1 − e−( r
ro )

6

(4.10)
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where ro is a cutoff radius. A useful effective polarization operator can thus be
written as

Hpol = −α

2

∑

i

W6(ri, ro)

r4
i

− α
∑

i,j>i

W1/2
6 (ri, ro)W1/2

6 (rj , ro)

r2
i r2

j

P1(Ωij) (4.11)

where we have isolated the one body and the two body contributions. A different
cutoff parameter ro can be chosen for every orbital angular momentum, that is, if
φ$ is an orbital with well defined angular momentum ,, then:

〈(r |Ŵ|φ$〉 = W6(r; r$)φ$((r) (4.12)

The whole set of cutoff parameters can be optimized to improve the single ex-
citation spectrum of the ionic system with only one valence electron. No new
formula are needed beyond those already implemented for the calculation of stan-
dard electrostatic hamiltonian. The monoelectronic polarization term can be dealt
with most easily including its radial integral among the kinetic term and electron-
nucleus term, while the two body term is analogous to the , = 1 multipole in the
lagrange expansion of electron-electron repulsion, but its radial part is easier in
that it factorizes in the product of two monoelectronic terms. A similar treatment
has been adopted in many other context, see for example [207,208].

Parent ions All the states spawned by the configurations 1s22,n,′ with n ≤ 4 are
considered and the excitation energies with respect to the fundamental 1Se state are
compared with the available experimental data, thoroughly revised by Ryabtsev
et al in a recent paper [209]. In each group, the first value is the nonrelativistic
present calculation, while the underlying values are from the experiment. When
more experimental values with different J coupling are available, the weighted
average

∑

J(2J + 1)EJ/
∑

J(2J + 1) is reported.

Partial wave channels In the following we report the effective potentials for
the partial wave channels in all the symmetries involved in the photoionization of
the fundamental state of boron: 2Se, 2Pe, 2Po and 2De. The effective potentials are
defined, on the line of the close coupling equations 1.8, as

Vi(r) =
l(l + 1)

2r2
− 1

r
− V Γ

ii (r) −
∫

[KΓ
ii(r, r

′) + XΓ
ii(r, r

′)]dr′ (4.13)

The reduction of nonlocal potentials adopted above gives a reliable idea of these
potentials only if they have diagonal predominance, but actually is otherwise ar-
bitrary. On the abscissas of effective potentials plots, log(r + 1) is reported. In
appendix I the effective potentials are reported also for other symmetries.

In table 4.3 the energies we obtained for boron Rydberg states have been com-
pared with those reported in a recent compilation of experimental data by Kramida
and Ryabtsev (2007) [210].
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Table 4.2: Energies of the B+ parent ions.
Configuration Term Eth (au) ∆E (au) Eth-Eexp

1s22s2 1Se -24.304444 0.000000 —
1s22s2p 3Po -24.134085 0.170359

0.170179 1.80[-4]
1s22s2p 1Po -23.969472 0.334972

0.334419 5.53[-4]
1s22p2 3Pe -23.853199 0.451245

0.450742 5.03[-4]
1s22p2 1De -23.837698 0.466746

0.466399 3.47[-4]
1s22p2 1Se -23.722597 0.581847

0.581667 1.80[-4]
1s22s3s 3Se -23.712995 0.591449

0.591293 1.56[-4]
1s22s3s 1Se -23.677187 0.627257

0.627053 2.04[-4]
1s22s3p 3Po -23.648210 0.656234

0.656078 1.56[-4]
1s22s3p 1Po -23.647633 0.656811

0.656581 2.30[-4]
1s22s3d 3De -23.617926 0.686518

0.686410 1.08[-4]
1s22s3d 1De -23.599467 0.704977

0.704802 1.75[-4]
1s22s4s 3Se -23.546370 0.758074

0.757923 1.51[-4]
1s22s4s 1Se -23.539148 0.765296

0.765170 1.26[-4]
1s22s4p 1Po -23.526997 0.777447

0.777271 1.76[-4]
1s22s4p 3Po -23.522657 0.781787

0.781621 1.66[-4]
1s22s4d 3De -23.511170 0.793274

0.793136 1.38[-4]
1s22s4f 3Fo -23.507407 0.797037

0.796918 1.19[-4]
1s22s4f 1Fo -23.507321 0.797123

0.797003 1.20[-4]
1s22s4d 1De -23.504408 0.800036

0.799851 1.85[-4]
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Table 4.3: Comparison of Boron doublet Rydberg energies above the fundamental 1s22s22p
32Po state with the available experimental results, from NIST database [211].

2Se 2Po 2De

————————– ————————– ————————–

n E (au)

1 0.182 4573
0.182 4341

2 0.250 6678
0.250 6448

3 0.274 0805
0.274 0474

4 0.284 7712
0.284 69

5 0.289 9053
0.289 6036

6 0.292 5248
0.292 3163

7 0.295 2722
0.295 2144

8 0.297 4263
0.297 3928

9 0.299 0569
0.298 9382

n E (au)

1 0.0003167
0.0000000(1/2)
0.0000695(3/2)

2 0.2215425
0.221491735(1/2)
0.22149986(3/2)

3 0.2633221
0.2632941(1/2)
0.26329701(3/2)

2Pe

————————–
n E (au)

1 0.3313216
0.3304385(1/2)
0.3304916(3/2)

2 0.3963435
0.3957615(1/2)
0.3957855(3/2)

3 0.4336333
0.4348905(1/2)
0.434909(3/2)

4 0.4501606
0.4507195(3/2)

5 0.4585667
0.4587396(3/2)

n E (au)

1 0.2186185
0.2180522(3/2)
0.21805365(5/2)

2 0.2496244
0.249539695(3/2)
0.249540475(5/2)

3 0.2733841
0.2733501(3/2)
0.27335055(5/2)

4 0.2847294
0.2847045(3/2)
0.28470525(5/2)

5 0.2909209
0.29090055(3/2)
0.29090055(5/2)

6 0.2946558
0.2946368(3/2)
0.29463695(5/2)

7 0.2970792
0.2970607(3/2)
0.2970608(5/2)

8 0.2987843
0.2987208(3/2,5/2)

9 0.3003763
0.29990765(3/2,5/2)
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Table 4.4: Comparison of Boron quadruplet Rydberg energies above the fundamental 1s22s22p
32Po state with the available experimental results, from NIST database [211].

4Se 4Pe 4Do

————————– ————————– ————————–

n E (au)

1 0.3921041
0.392755(3/2)

4So

————————–
n E (au)

1 0.4439246
0.442437(3/2)

n E (au)

1 0.1323976
0.1315415(1/2)
0.131564(3/2)
0.131593(5/2)

4Po

————————–
n E (au)

1 0.3527474
0.3519015(1/2)
0.3519351(3/2)
0.351994(5/2)

2 0.4193579
0.418561(5/2)
0.418577(3/2)
0.418585(1/2)

3 0.4217358
0.4209085(5/2)

n E (au)

1 0.4157530
0.4149585(3/2)
0.414966(5/2)
0.4149785(7/2)

2 0.4424892
0.441696(3/2)
0.4417265(5/2)
0.441744(7/2)

3 0.4545794
0.453837(7/2)
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Resonances The data on boron resonances in literature are so scarce that no
useful comparison can still be done. In figure 4.1 we simply reported the density of
states in the four manifold required to compute the photoionization cross section
of the Boron 1s22s22p fundamental state. The density of states is actually filtered
through an arcotangent in order to fit into the plot.
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Summary and Outlook

In this dissertation, a B-spline K-matrix technique was designed, implemented and
applied to study the single ionization states of atomic systems with two and three
active valence electrons. The new technique was applied to investigate relevant
aspects of the photoionization spectrum of helium and of the resonant structure of
both helium and boron.

On the procedural side the following main contributions were given.
An indepth investigation of effective completeness, the most remarkable property
of B-splines, led to the assessment of a general result on the well conditioning of
B-spline based methods, irrespective of the defining grid.

A protocol have been devised to build a priori knot grids capable of yielding
arbitrarily highly excited autoionizing Rydberg states below specific thresholds, as
it was recognized that, peculiar to the K-matrix method, the quantization boxes for
the continuum and the metastable part of the wavefunction need not to coincide.

General formulas for three-electron matrix elements of arbitrary one and two par-
ticle operators, between states on non orthogonal orbital basis have been derived.

An extension to the K-matrix technique for the ab initio non perturbative treat-
ment of the atom-radiation interaction has been devised.

A conditioning protocol for the K-matrix algorithm has been formulated and ex-
ploited, leading to a substantial reduction of the matrix dimensions.

A fitting method to determine resonance parameters from the total phase shift
has been exploited in the fitting of resonance series themselves in order to define
pseudo positions, widths and q parameters for intruder states.

On the applicative side, many original calculations were undertaken. The effects of
[031]+5

1Po, the first intruder 1Po state in helium, on the photoionization spectrum
measured in 1999 by Püttner at al [21] were reproduced for the first time with an
ab initio calculation [111].

The dipole asymmetry parameters βN below N = 6 threshold in the photoioniza-
tion of helium were computed for the first time [113] in support to some preliminary
results by Jiang et al (2006) [112].

A broad investigation on metastable helium triplet states up to the fifth ionization
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threshold yielded the most extensive and accurate characterization of resonances
in both natural and unnatural symmetries with L ≤ 2 [186] now available. This
was a very remarkable step forward since the data available in this domain were
despairingly few, uneven and often inaccurate.

The autoionization paths of helium doubly excited states have been arranged in
effective graphical schemes which exhibit the propensity rules for non radiative
decay. Propensity rules was massively used to classify the aforementioned helium
triplet doubly excited states and the eleven intruder states found there, none of
which was known before [176]. Nine of these intruder states have been assigned a
pseudo position, width, q and strength parameter.

In order to provide accurate photoionization spectra of the metastable 23S helium
state for the interpretation of some late experiments which succeeded to reveal
the resonant structure of its spectrum [32–34], we obtained total and partial cross
sections and asymmetry parameters for the process up to the fifth ionization thresh-
old [162].

As far as we know, no ab initio calculation of the non dipole forward-backward
anisotropy parameter in the low energy photoionization spectrum of helium, mea-
sured by Krässig et al [114], are available yet. We therefore developed our general
multipolar code to reproduce those results finding a substantial agreement with
the experimental data.

The three-electron code was applied to the boron atom where the inner core was
simulated with a semiempirical polarization potential in order to reproduce the B
III excitation energies. Single ionization states were computed with the K-matrix
method up to the sixth ionization threshold and the first few resonances in most of
the doublet and quadruplet natural and unnatural symmetries up to L = 2 below
each threshold were determined.

Many research lines can be pursued by means of the computational tools designed
and developed in this thesis. Thanks to the native accurate treatment of highly
excited Rydberg states allowed by the multiple B-spline basis K-matrix method,
a natural future investigation is the non perturbative treatment of radiative cas-
cades from doubly excited helium states. A considerable effort has been spent in
the design and implementation of a general three active electron code, which is,
nevertheless, yet largely unexploited. Finally, the general code for multiple matrix
elements should allow closer investigation of nondipole effects.
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Appendix A

Scattering

Quantum scattering theory is treated in almost any QM textbook. We will give
a swift survey of the subject, in order to get to the most relevant results used
throughout this thesis. Full details can be found in [62, 212–214].

A.1 Time dependent theory

Given the following partition of the total hamiltonian H

H = H0 + H ′, (A.1)

we define the Green’s functions of the Schrödinger equations corresponding to H
and Ho as

(i∂t − H0)G
±(t) = δ(t), (i∂t − H)G±(t) = δ(t) (A.2)

G±(t) = G±(t) = 0 for ± t < 0. (A.3)

Formal solutions are readily found:

G±(t) = ∓iθ(±t)e−iH0t, G±(t) = ∓iθ(±t)e−iHt. (A.4)

The differential equations A.2 can be converted into an integral equation:

G±(t − t′) =

∫ ∞

∞
G±(t − t′′)(i∂t′′ − H)G±(t′′ − t′)dt′′ =

=

∫ ∞

∞
(i∂t′′ − H0)G

±(t − t′′)G±(t′′ − t′)dt′′ −

−
∫ ∞

−∞
G±(t − t′′)H ′G±(t′′ − t′)dt′′ =

= G±(t − t′) −
∫ ∞

−∞
G±(t − t′′)H ′G±(t′′ − t′)dt′′ (A.5)
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Figure A.1: Schematic representation of the in and out states in the classical scattering ana-
logue. It is clear that in order for the in and out states to be well defined, they must correspond
to unbound states of the total hamiltonian. Bound states have no such limits at all. This is
true also for long range potential such as that between charged particles, in which case only the
trajectory tangent is well defined.

or

G±(t − t′) = G±(t − t′) +

∫ ∞

−∞
G±(t − t′′)H ′G±(t′′ − t′)dt′′. (A.6)

G±(t) propagates forward (backward) in time, by an interval t, any state vector
subject to an unperturbed evolution. The G’s do just the same for the complete
hamiltonian. Given the full dynamics of a state vector, we can define the two
asymptotes for t → ±∞

ψin(t) ≡ lim
t′→−∞

iG+(t − t′)ψ(t′) (A.7)

ψout(t) ≡ lim
t′→+∞

−iG−(t − t′)ψ(t′). (A.8)

The two cases are represented schematically in figure A.1. The limiting procedure
can be reversed

ψ(t) = lim
t′→−∞

iG+(t − t′)ψin(t′) = lim
t′→+∞

−iG−(t − t′)ψout(t
′); (A.9)

from the identity

i∂t′ [G
+(t − t′)ψ(t′)] = −δ(t − t′)ψ(t′) + G+(t − t′)H ′ψ(t′) (A.10)
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and the definition (A.7), we get by integration

ψ(t) = ψin(t) +

∫ ∞

−∞
dt′G+(t − t′)H ′ψ(t′). (A.11)

A similar equation holds with ψout:

ψ(t) = ψout(t) +

∫ ∞

−∞
dt′G−(t − t′)H ′ψ(t′). (A.12)

These equations allow to label ψ with a complete set of expectation values of
operators which commute with the unperturbed hamiltonian H: the expectation
values of the corresponding in or out state:

ψ+(α, t) = ψin(α, t) +

∫ ∞

−∞
dt′G+(t − t′)H ′ψ+(α, t′) (A.13)

ψ−(α, t) = ψout(α, t) +

∫ ∞

−∞
dt′G−(t − t′)H ′ψ−(α, t′). (A.14)

With similar passages it is possible to write ψ in terms of ψin/out only:

ψ(t) = ψin(t) +

∫ ∞

−∞
dt′G+(t − t′)H ′ψin(t′), (A.15)

ψ(t) = ψout(t) +

∫ ∞

−∞
dt′G−(t − t′)H ′ψout(t

′). (A.16)

The applications taking ψin(t) and ψout(t) in ψ(t) are called Møller wave operators
and are actually independent of t:

ψ±(t) = Ω(±)ψin/out(t), Ω(±) = 1 ∓ i

∫ ∞

−∞
dtG±(−t)H ′G∓(t), (A.17)

moreover, thanks to the hermiticity of H ′,

ψin/out(t) = Ω(±)†ψ(t). (A.18)

We can use these expressions to express the out states in terms of the corresponding
in states:

ψout(t) = Ω(−)†Ω(+)ψin(t). (A.19)
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The scattering operator S ≡ Ω(−)†Ω(+) establishes the correspondence between the
initial free wave packet, which is approaching the scattering event, and the final
free wave packet, emerging from the collision. S commutes with the unperturbed
hamiltonian

[S, H0] = 0, S ≡ Ω(−)†Ω(+), (A.20)

it is therefore a constant of motion

Sαβ = 〈ψ(α, t)|S|ψ(β, t)〉 (A.21)

We can easily derive the relation

ψin(t) = S†ψout(t). (A.22)

If the sets {ψin} and {ψout} are complete, S is unitary

S†S = SS† = 1. (A.23)

The Cayley transform of S yields its hermitian representation, known as reactance
operator or K-matrix 1

K = − i

π

1 − S

1 + S
, S =

1 − iπK

1 + iπK
. (A.24)

A.2 Time independent theory

The Fourier transform of the Green functions

G±(z) =

∫ ∞

−∞
dteiztG±(t) ± Im(z) > 0 (A.25)

G±(z) =

∫ ∞

−∞
dteiztG±(t), ±Im(z) > 0 (A.26)

yields a unique function on the whole complex plane, except on the real positive
axis where it is discontinuous:

G(z) =
1

z − H0
, G(z) =

1

z − H
. (A.27)

1our K-matrix is −i/π times that generally defined in literature.
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The two limits from above and from below are the regularized Fourier transform
on the real axis of + and − operators respectively:

G±(E) =
1

E − H0 ± i0+
, G±(E) =

1

E − H ± i0+
. (A.28)

The resolvent G±(E) have an hermitian and a skew-hermitian part

G±(E) = GP(E) ∓ iπδ(E − H0), GP(E) =
P

E − H0
(A.29)

If we Fourier transform equation A.6 we obtain the operator version of the cele-
brated Lippmann-Schwinger equation [215]

G±(E) = G±(E) + G±(E)H ′G±(E). (A.30)

The Lippmann-Schwinger equation in terms of state vectors is obtained by Fourier
transforming equations (A.13) and (A.14):

ψ+
αE = φαE + G+(E)H ′ψ+

αE (A.31)

ψ−
αE = φαE + G−(E)H ′ψ−

αE , (A.32)

where φαE is an eigenfunction of H0 and a of complete set of commuting operators
with eigenvalues collectively indicated with α.

The so called standing wave solution, defined by

ψP
αE = φαE + GP(E)H ′ψP

αE , (A.33)

is of particular interest to the present thesis as the stationary Lippmann-Schwinger
equation (A.33) leads to a set of K-matrix integral equations analogous to those
already encountered in the first chapter. From ψP

αE the solutions with incoming
and outgoing asymptotic conditions are easily obtained. To see this, replace the
partitioning

ψP
αE = ψ+

α + ∆ψαE (A.34)

into (A.33), consider that ψ+
αE itself obey the Lippmann-Schwinger equation and

that δ(E − H0) can be represented as

δ(E − H0) =
∑

α

|φαE〉〈φαE|. (A.35)
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As a result

∆ψαE = iπ
∑

β

φβETβα(E) + GP(E)H ′∆ψαE (A.36)

where we have defined

Tβα(E) = 〈φαE|H ′|ψ+
αE〉. (A.37)

∆ψαE must be consequently a linear combination of the ψP
βE ’s:

∆ψαE = iπ
∑

β

ψP
βETβα(E), (A.38)

finally

ψ+
αE = ψP

αE − iπ
∑

β

ψP
βETβα(E). (A.39)

The same argument can be repeated, with trivial modifications, for the ψ−
αE states:

ψ−
αE = ψP

αE + iπ
∑

β

ψP
βE(E)T ∗

αβ. (A.40)

In other terms the ψ± are linear combinations of the ψP .
Note that if the ψ± states are normalized according to

〈ψ±
E|ψ±

E′〉 = δ(E − E ′) · 1 (A.41)

then the corresponding stationary states are not orthogonal

〈ψP
E|ψP

E′〉 = δ(E − E ′) · (1 + π2K2(E)) (A.42)

where K(E) is the on shell K-matrix, that is the Cayley transform of the unitary
matrix which transforms the ψ+

E states into the ψ−
E states.

A.3 Transition rate

Under the influence of a perturbation potential, the free packets are scattered along
states which would otherwise remain unpopulated. We shall briefly derive the
generalized Fermi golden rule for the transition rate between unperturbed states.

Consider the following wavepacket controlled in the past

ψi(t) =

∫

dγ dE s(γ − α) g(E − Ei) e−iEt ψ+
αE (A.43)
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where the s and g functions are narrowly peaked around zero (in some meaningful
sense: it does not really matter how the space of α quantum numbers is actually
made up) and normalized L2 to 1. ψ+

αE can be written as

ψ+
αE = ψαE +

∫

dβ dε ψβε
1

E − ε + i0+
Tβε,αE (A.44)

Any unperturbed ray ψβEf
outside the cone where ψi lies in the far past, gets

progressively populated; the transition amplitude is

Af←i(t) =

∫

dα dE g(α) gσ(E − Ei) e−i(E−Ef )t 〈ψβEf
|ψ+

αE〉 =

=

∫

dα dE g(α) gσ(E − Ei) e−i(E−Ef )t TβEf ,αE

E − Ef + i0+
-

- TβEf ,αEi

∫

dα dE g(α) gσ(E − Ei)
e−i(E−Ef )t

E − Ef + i0+
=

= TβEf ,αEi

∫

dE gσ(E − Ei)
e−i(E−Ef )t

E − Ef + i0+

(A.45)

The transition rate is

Wf←i ≡
d

dt
|Af←i(t)|2

∣
∣
∣
∣
t=0

= −i|TβEf ,αEi|2 ×

×
∫

dE dE′ g(E − Ei) g(E ′ − Ei)
E − E ′

E − Ef + i0+

1

E ′ − Ef − i0+

(A.46)

Exploiting the identity

ε − ε′

(ε′ − i0+)(ε + i0+)
=

1

ε′ − i0+
− 1

ε + i0+
=

P
ε′

− P
ε

+ iπδ(ε) + iπδ(ε′) (A.47)

and the symmetry of the integral in (A.46), we get

Wf←i = 2π|TβEf ,αEi|2 g(Ef − Ei). (A.48)

In the limit of an initial wave packet with well definite energy, the distribution
function can be replaced with a delta

Wf←i = 2π δ(Ef − Ei) |TβEf ,αEi|2 (A.49)

Moreover, for low energy electromagnetic transitions in light atoms, the perturba-
tive approach yields very accurate results and the ψ+ can be replaced usefully by
the Born series
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Wf←i = 2π δ(Ef − Ei) |〈ψβEf
|V

∞∑

j=0

[G+
0 (Ei)V ]j|ψαEi〉|2 (A.50)

A.4 Scattering cross section

When both the initial and the final states are normalized as

〈ψαΩ̂E|ψβΩ̂′E′〉 = δαβδ(Ω̂ − Ω̂′)δ(E − E ′) (A.51)

the transition rate divided by the particle flux density associated with the incoming
state is the cross section for the scattering of the incoming particles in an energy
interval dE ′ and an angular sector dΩ′:

σβΩ̂′E′←αΩ̂E

dE ′dΩ̂′
=

WβΩ̂′E′←αΩ̂E

ΦαE
(A.52)

ΦαE is readily derived as

ΦαE =
k2

(2π)3
, k =

√

2(E − Eα) (A.53)

thus
σβΩ̂′E′←αΩ̂E

dE ′dΩ̂′
=

(2π)4

k2
δ(E ′ − E) |TβΩ̂′E′←αΩ̂E|

2 (A.54)

or
σβΩ̂′E←αΩ̂E

dΩ̂′
=

(2π)4

k2
|TβΩ̂′E′←αΩ̂E|

2 (A.55)

With the alternative normalization

〈ψα#k|ψβ#k′〉 = δαβ δ(3)((k − (k′) (A.56)

the cross section expression is instead

σβ#k′←α#k

dΩ̂′
= (2π)4 k′

k
|Tβ#k′←α#k|

2. (A.57)

A.5 Partial wave expansion

The on-shell S matrix relative to the scattering of an electron off an atom or
atomic ion, can be expanded in terms of matrix elements between states with
definite spherical symmetry, where the S matrix itself is diagonal:

SβΩ̂′σ′,αΩ̂σ(E) =
∑

LMSΣ

∑

l1m1

∑

l2m2

CLM
LβMβ l2m2

CSΣ
SβΣβ

1
2
σ′C

LM
LαMα l1m1

CSΣ
SαΣα

1
2
σ ×

×Yl2m2
(Ω̂′) Y ∗

l1m1
(Ω̂) S̄Γ

βl2,αl1(E)

(A.58)
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where
S̄Γ

βl2,αl1(E) = e−i(
l2π
2

−σηl2
−δΓ

βl2
)SΓ

βl2,αl1(E)ei(
l2π
2

+σηl2
+δΓ

βl2
). (A.59)

The transition matrix is related to the on-shell scattering matrix through the
following relation

SβΩ̂′σ′,αΩ̂σ(E) = δαβδσσ′δ(Ω̂′ − Ω̂) − 2iπTβΩ̂′σ′,αΩ̂σ(E). (A.60)

If we define
MΓ

βl2,αl1(E) = δαβδl2l1 − S̄Γ
βl2,αl1(E) (A.61)

we can find the following expansion for T

TβΩ̂′σ′,αΩ̂σ(E) =
1

2iπ

∑

LMSΣ

∑

l1m1

∑

l2m2

CLM
LβMβ l2m2

CSΣ
SβΣβ

1
2
σ′C

LM
LαMα l1m1

CSΣ
SαΣα

1
2
σ ×

×Yl2m2
(Ω̂′) Y ∗

l1m1
(Ω̂) MΓ

βl2,αl1(E)
(A.62)

In order to get the scattering cross section we have to take the square module of
(A.62). Major simplifications arise when an average over the initial and a sum over
the final orientations is performed.

σβΩ̂′E←αΩ̂E

dΩ̂′
=

(2π)2

k2

1

2Π2
SαLα

∑

MαMβ

∑

ΣαΣβ

∑

σσ′

∑

LMSΣ

∑

l1m1

∑

l2m2

∑

L′M ′S′Σ′

∑

l3m3

∑

l4m4

×

×CSΣ
SβΣβ

1
2
σ′C

SΣ
SαΣα

1
2
σC

S′Σ′

SβΣβ
1
2
σ′C

S′Σ′

SαΣα
1
2
σ ×

×CLM
LβMβ l2m2

CLM
LαMα l1m1

CL′M ′

LβMβ l4m4
CL′M ′

LαMα l3m3
×

×Yl2m2
(Ω̂′) Y ∗

l4m4
(Ω̂′) Y ∗

l1m1
(Ω̂) Yl3m3

(Ω̂) MΓ
βl2,αl1(E)MΓ′∗

βl4,αl3(E)
(A.63)

With ordinary algebraic techniques (see appendix G) most of the summations are
replaced with closed formula. As a result, the differential cross section is expanded
in terms of Legendre polynomials of the scattering angle

σβΩ̂′E←αΩ̂E

dΩ̂′
=

1

8k2

1

Π2
SαLα

∑

j

(2j + 1) Pj(Ω̂ · Ω̂′)
∑

S

(2S + 1)
∑

LL′

(2L + 1)(2L′ + 1)×

×
∑

l1l2l3l4

(−1)Lα+Lβ+l1+l2Πl3l4C
l20
j′0 l40C

l10
j0 l30

{

Lβ l2 L
j L′ l4

}{

Lα l1 L
j L′ l3

}

×

×MΓ
βl2,αl1(E)MΓ′∗

βl4,αl3(E)
(A.64)

The total cross section formula is drastically simpler in that only the j = 0 term
survives:

σβ←α(E) =
π

2k2

∑

SL

(2S + 1)(2L + 1)

(2Sα + 1)(2Lα + 1)

∑

l1l2

|MΓ
βl2,αl1(E)|2 (A.65)
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The total probability of scattering off a target alpha can be cast in the following
form

σα =
4π

k2

∑

SL

(2S + 1)(2L + 1)

2(2Sα + 1)(2Lα + 1)

∑

$

(

S̄1/2
Γ − S̄−1/2

Γ

2i

)2

α$,α$

(A.66)

Finally, in the elastic scattering region off a totally symmetric target, the familiar
expression

σ =
4π

k2

∑

$

(2, + 1) sin2 δ$. (A.67)

is found.



Appendix B

Atom-radiation interaction

B.1 Field quantization

The interaction between radiation and matter in the non relativistic approximation
is accounted for by the minimal coupling lagrangian1

L =
∑

i

mi

2
ṙ2
i +

∫ (
E2 − B2

8π
+

1

c
(A ·(j − ρφ

)

d3r (B.1)

where the potential scalar and vector fields are defined by

(E = −∇φ − 1

c
∂t

(A, (B = ∇× (A. (B.2)

The charge density ρ and the current density (j for point charges are given by

ρ((r, t) =
∑

i

qiδ
(3)((r − (ri(t)), (j((r, t) =

∑

i

qi(̇ri(t)δ
(3)((r − (ri(t)). (B.3)

The minimal action principle δ
∫ t2

t1
L(t)dt = 0, equivalent to the Eulero Lagrange

equations,

d

dt
∂#̇ri

L − ∂#riL = 0,
d

dt
∂φ̇L + ∂#r · ∂∂&rφL− ∂φL = 0 (B.4)

where L is the lagrangian density, yields the correct equations of motion for both
fields and particles. Assuming the Coulomb gauge (∇ · (A = 0), straightforward
passages actually lead to the familiar Maxwell equations and Lorentz force

1Gauss system and atomic units (e = 1, ! = 1, me = 1, α = 1/c) will be used throughout.
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∇2φ = −4πρ, # (A = −4π

c
(j⊥, mi(̈ri = qi( (E +

1

c
(̇ri × (B). (B.5)

The Hamilton function corresponding to (B.1) is

H =
∑

i

(pi · (̇ri +

∫ (

Π #A · (̇A + Πφφ̇
)

d3r − L (B.6)

where the conjugate momenta to the lagrangian coordinates (ri, (A((r) and φ((r) are
defined as

(pi = ∂#̇ri
L = mi(̇ri +

qi

c
(A((ri, t), (Π #A = ∂ #̇A

L =
1

4πc2
∂t

(A, (Πφ = ∂φ̇L = 0. (B.7)

The hamiltonian of an atomic system in the fixed nucleus approximation is readily
derived

H =
∑

i

{
1

2

(

(pi − α (A
)2

− Z

ri

}

+
∑

i,j>i

1

rij
+

1

8π

∫

(E2
⊥ + B2)d3r (B.8)

Three separate energy terms are recognized: one for the electrons interacting
through instantaneous Coulomb potentials, one for the free transverse field and
one for the interaction between the transverse field and the electrons

H = HMat + HRad + HRad−Mat (B.9)

HMat =
∑

i

(
p2

i

2mi
− Z

ri

)

+
∑

i,j>i

1

rij
(B.10)

HRad =
1

8π

∫

(E2
⊥ + B2)d3r (B.11)

HRad−Mat = −α
∑

i

(A((ri, t) · (pi +
α2

2

∑

i

A((ri, t)
2 (B.12)

The habitual canonical quantization for the electron motion

[((ri)α, ((pj)β] = iδijδαβ (B.13)

can also be applied to the transverse field within any of those specific domains –
bounded, unbounded; cubic, spherical, etc. – which embody in a natural way those
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kinematic conditions which are frequently encountered in atomic physics. In order
to get all of them at once we shall derive the general result .

Consider an arbitrary domain D and a complete basis of transverse field func-
tions (Uµλ satisfying the homogeneous Helmholtz equation

(∇2 + k2)(Uµλ = 0. (B.14)

The (Uµλ depend on a set of continuous µ and discrete λ parameters and are or-
thonormalized according to

∫

D

d3r(Uµλ((r)(U
∗
µ′λ′((r) = δλλ′δ(µ − µ′). (B.15)

Thanks to eq. (B.14), the fields also obey the orthogonality condition

(k − k′)

∫

D

d3r(Uµλ((r)(Uµ′λ′((r) = 0 (B.16)

The vector potential can be expanded on this basis:

(A =
∑
∫

λ

dµ
(

Aλµe
−iωt(Uµλ + A∗

λµe
iωt(U∗

µλ

)

(B.17)

The energy of the free radiation field can be cast in the form

HRad =
1

8πc2

∫ (

(̇A · (̇A − (A · (̈A
)

d3r (B.18)

where we used the wave equation obeyed by the free field

# (A = 0 (B.19)

and the following identity for transverse fields

∫

d3r(∇× (A) · (∇× (B) = −
∫

d3r (A ·∇2 (B (B.20)

Replacing (B.17) in (B.18) and exploiting eqns.(B.15-B.16), the following expres-
sion for the energy in terms of the independent parameters Aλµ is readily obtained:
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HRad =
∑
∫

λ

dµ
ω2

4πc2

(

AλµA
∗
λµ + A∗

λµAλµ

)

. (B.21)

If we define the conjugate canonical coordinates Qλµ, Pλµ as

Qµλ =
1√
4πc2

(A∗
µλ + Aµλ), Pµλ =

iω√
4πc2

(A∗
µλ − Aµλ) (B.22)

the hamiltonian results in a sum of independent harmonic oscillators explicitly
written in terms of the Qλµ and the Pλµ

HRad =
∑
∫

λ

dµ
1

2

(

P 2
λµ + ω2

µλQ
2
λµ

)

(B.23)

The canonical quantization now reads

[Qλµ, Pλ′µ′ ] = iδλλ′δ(µ − µ′). (B.24)

We can define the ladder operators as

b†λµ = 1√
2ω

(ωQλµ − iPλµ)

bλµ = 1√
2ω

(ωQλµ + iPλµ)
(B.25)

[bλµ, bλ′,µ′] = 0, [b†λµ, b
†
λ′,µ′ ] = 0, [bλµ, b

†
λ′,µ′] = δλλ′δ(µ − µ′) (B.26)

b†λµ and bλµ are interpreted respectively as the creator and destructor of a photon
in the mode (λµ) and are the quantum analogues of A∗

λµ and Aλµ:

√

ω

2πc2
A∗

λµ → b†λµ,

√

ω

2πc2
Aλµ → bλµ (B.27)

The fundamental state of the radiation space where no photons are present, the
vacuum state |−〉, is normalized as

〈−|−〉 = 1 (B.28)

In every mode, all the well known relations for the harmonic oscillator are valid

b†|n〉 =
√

n + 1|n + 1〉, b|n〉 =
√

n|n − 1〉 (B.29)
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HRad =
∑
∫

λ

dµ ω

(

b†λµbλµ +
1

2

)

(B.30)

For bounded domains, where there are only discrete parameters, the radiation
space is the tensor product of the spaces of multiple occupancy for every oscillator:

H =
⊗

λ

Hλ, Hλ =
∞
⊕

n=0

1√
n!

b†nλ |−〉 (B.31)

while for unbounded domains, the radiation states are properly defined as the
superposition of one, two, . . . , n photon states defined through L2 functions
φ(n)(µ1λ1, µ2λ2, . . . , µnλn) with suitable restrictions on the ordering of parameters

|φ〉 =
∑
∫

λ

dµ|µλ〉φ(1)(µλ) +
∑
∫

λ

∑
∫

λ′

dµdµ′|µλ ⊗ µ′λ′〉φ(2)(µλ, µ′λ′) + . . . (B.32)

The general expression for the quantized transverse vector potential in Heisem-
berg representation is obtained replacing the Aλµ and A†

λµ in eq. (B.17) by their
quantum analogues from eq. (B.27). The transformation to the Schrödinger pic-
ture amounts simply to strip off the time factors:

(A =
∑
∫

λ

dµ

√

2πc

k

(

(Uµλbµλ + (U∗
µλb

†
µλ

)

(B.33)

We can now specialize equation (B.33), as anticipated, to the four most popular
schemes in atomic physics: the cubic box with edge L and periodic boundary
conditions, the spherical box of radius R and reflecting boundary conditions, and
the unlimited domain in cartesian and spherical coordinates. The cartesian schemes
are best suited for processes where the radiation field is populated mainly along a
specific direction, as in the case of the photoionization with synchrotron radiation
or in the interaction with lasers, while the spherical schemes are appropriate to
describe photonic-atomic states with well defined SO(3) symmetry, such as those
encountered in the spontaneous decay.

Cubic box. In a cubic box with edge L and periodic boundary conditions, there
are three denumerable parameters for the wave direction (k, ki = 2πni/L, ni ∈
Z \ {0}, and one for its polarization λ in the plane orthogonal to (k

(U#kλ =
ei#k·#r

L3/2
ε̂k̂λ,

(A =
∑

#k,λ

(
2πc

L3k

)1/2 (

ε̂k̂λe
i#k·#rb#kλ + ε̂∗

k̂λ
e−i#k·#rb†#kλ

)

(B.34)

[b#kλ, b
†
#k′λ′

] = δ#k#k′δλλ′ (B.35)
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Unbounded domain in cartesian coordinates. with unbounded domains we
have the freedom to choose the normalization of the basis functions

(U#kλ =
ei#k·#r
√

(2π)3
ε̂k̂λ,

(A =
∑

λ

∫

d3k
( c

4π2k

)1/2 (

ε̂k̂λe
i#k·#rb#kλ + ε̂∗

k̂λ
e−i#k·#rb†#kλ

)

(B.36)

[b#kλ, b
†
#k′λ′

] = δ(3)((k − (k′)δλλ′ (B.37)

or

(Uωk̂λ = ω
ei#k·#r
√

(2πc)3
ε̂k̂λ,

(A =
∑

λ

∫

dk̂ dω
( ω

4π2c

)1/2 (

ε̂k̂λe
i#k·#rbωk̂λ + ε̂∗

k̂λ
e−i#k·#rb†

ωk̂λ

)

(B.38)

[bωk̂λ, b
†
ω′k̂′λ′ ] = δ(ω − ω′)δ(k̂ − k̂′)δλλ′ (B.39)

Spherical box. Four discrete parameters, jmλki, classify the basis functions in
a spherical box. j and m are the total angular momentum j = 1, 2, 3, . . . (there
are no scalar photons) and its projection on a quantization axis m = −j,−j +
1, . . . , j−1, j, λ defines the polar (+) or axial (−) character of the transverse field,
corresponding to electric and magnetic 2j−poles respectively, finally the momenta
ki are chosen in such a way to fulfill the total reflection conditions at the boundary

(Uijmλ =

√

2k2
i

R
(Θ(λ)

kijm
, (A =

∑

ijmλ

(
4πcki

R

)1/2 {
(Θ(λ)

kijm
b(λ)
kijm

+ (Θ(λ)∗
kijm

b(λ)†
kijm

}

(B.40)

[b(λ)
kijm

, b(λ′)†
ki′ j

′m′ ] = δjj′δmm′δλλ′δii′ (B.41)

The electromagnetic multipoles (Θ(λ)
kjm are defined as follows

(Θ(+)
kjm =

∇× (, ukjm

k
√

j(j + 1)
, (Θ(−)

kjm =
(, ukjm
√

j(j + 1)
; (Θ(±)

kjm = ∇×
(Θ(∓)

kjm

k
(B.42)

where

uklm = jl(kr)Ylm(θ, φ) (B.43)
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The vector potential in (B.40) is actually approximated: we used the asymptotic
approximation for the electric multipoles to obtain an explicit expression for the
normalization coefficient; however this is perfectly acceptable as long as the R → ∞
limit is taken in the final results.

Unbounded domain in spherical coordinates.

(Ukjmλ =

√

2k2

π
(Θ(λ)

kjm, (A =
∑

jmλ

∫ √
4ck dk
{

(Θ(λ)
kjmb(λ)

kjm + (Θ(λ)∗
kjmb(λ)†

kjm

}

(B.44)

[b(λ)
kjm, b(λ′)†

k′j′m′ ] = δjj′δmm′δλλ′δ(k − k′) (B.45)

Also in this case, other normalizations can be chosen; for example:

(Uωjmλ =

√

2k2

πc
(Θ(λ)

kjm, (A =
∑

jmλ

∫ √
4αω dω

{

(Θ(λ)
kjmb(λ)

ωjm + (Θ(λ)∗
kjmb(λ)†

ωjm

}

(B.46)

[b(λ)
ωjm, b(λ′)†

ω′j′m′ ] = δjj′δmm′δλλ′δ(ω − ω′) (B.47)

Dipole approximation When all the relevant wavelengths in the atom-radiation
interaction are much larger than the characteristic size of the atom, the field can
be approximated with its value at the origin. This is usually called the dipole
approximation: the magnetic multipoles are manifestly zero and since (see eq. 18
pag 148 in [216])

∇× [ rl (L Ylm(θ, φ)] = i(l + 1)
√

l(2l + 1) rl−1 (Y l−1
lm (θ, φ)

only the electric dipole gives rise to a non vanishing contribution

(Θ(λ)
kjm((0) = δλ + δj 1

i√
6π

(ε1m.

It should be observed that the vector potential in dipole approximation does not co-
incide with the complete electric dipole component. The vector potential operator
at the origin in spherical and cartesian unbounded domains are

Aµ = i

√

2α

3π

∫

ω1/2dω(εµ
1b

(+)
ω1µ − εµ∗

1 b(+)†
ω1µ ) (B.48)
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(A =
∑

λ

∫

d3k
( c

4π2k

)1/2 (

ε̂k̂λb#kλ + ε̂∗
k̂λ

b†#kλ

)

. (B.49)

Equation (B.48) clearly shows that at each wavelength there is essentially only
one mode which interacts with the localized atom, while in (B.49) an integral over
all the possible directions and a sum over all the polarizations remain. This is
a marked advantage of the spherical over the cartesian scheme when computing
matrix elements between states with definite SO(3) global symmetry: it is much
more straightforward to adopt spherical photons from the outset instead of dealing
with irrelevant channels, which sooner or later must nevertheless be projected out.

B.2 Transition amplitudes and rates

The interaction term (B.12) causes the eigenstates of the decoupled hamiltonian
to evolve. Matter-radiation interaction can indeed be seen as a scattering process
between photons and charged particles, where photons may be emitted or absorbed.
The transition rate from an initial state (of both matter and radiation) |i〉 to a
final state |f〉 is therefore given plainly by the generalized Fermi golden rule (see
appendix A on scattering)

Wf←i = 2πδ(Ef − Ei)
∣
∣
∣

∞
∑

j=0

〈f |V [G+
0 (Ei)V ]j |i〉

∣
∣
∣

2
(B.50)

The absorption of a single photon of well defined momentum and polarization is
represented, in a cubic box, as the transition from the initial state |i〉 = |A〉 ⊗ |n〉
to the final state |f〉 = |B〉 ⊗ |n − 1〉. The transition rate is proportional to the
photon flux F and, to the lowest order approximation, is given by:

Wf←i =
4π2

cω
δ(EB − EA − ω)F|〈B|ε̂ ·

∑

i

ei#k·#ri(pi|A〉|2 (B.51)

The transition rate divided by the photon flux and integrated in the total final
energy, yields the photoabsorption cross section:

σf←i =
4π2

cω
|〈B|ε̂ ·
∑

i

ei#k·#ri(pi|A〉|2 (B.52)

When the final state lies in the single ionization continuum where a complete set
of eigenfunctions ψ−

α,Ek̂eσ
with the normalization condition

〈ψ−
α,Ek̂eσ

|ψ−
β,E′k̂′

eσ′
〉 = δαβδ(E − E ′)δ(Ωk − Ω′

k)δσσ′
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are available, the expression (B.52) gives the partial differential cross section

dσα,Ek̂eσ

dΩk̂e

=
(2π)2

cωγ
|〈ψ−

α,Ek̂eσ
|(ε ·

n
∑

i=1

ei#kγ ·#ri(pi|φ0〉|2. (B.53)

The very same results can be obtained in the unbound domain scheme, where
the absorption of a single initial photon is considered, provided that the final
result is properly normalized with respect to the photon flux density. The latter
can be derived easily by taking the expectation value of the Pointing vector (S =
1/4π (E × (B on the single occupancy state b†#kλ

|−〉 and dividing the results by ω.

This yields a finite value equal to c/(2π)3 k̂. Cross sections are usually measured in
barns: 1b= 10−28m2. Since 1au= 5.291772108 · 10−11m, 1b is of the same order of
magnitude of a nuclear section. Soft X-ray atomic photoionization cross sections
of dipole allowed transitions are typically of the order of magnitude of 1Mb, while
those for processes of second order in the field expansion around the origin (electric
quadrupole, magnetic dipole) are of the order of 100b.

B.3 Driven Schrödinger equation

As we have seen, the photoionization of an atom can be seen as the collision of a
photon with the atom where the photon disappears. The stationary wave function
that properly describe the process is therefore

Ψ+
0ω = φ0 ⊗ ω + ψ+

scat (B.54)

where in ψ+
scat all radiative channels have only incoming components, while au-

toionization channels have only outgoing components. We can annihilate as usual
the first member by applying the operator (E −H) where E = E0 + ω and H is
the total hamiltonian H = H + HRad + H ′:

(E − H − HRad − H ′)ψ+
scat = H ′φ0 ⊗ ω (B.55)

As long as radiative channels in the scattering function are completely neglected,
we can write simply

(E0 + ω − H)ψ+
scat = H ′φ0 ⊗ ω (B.56)

This is known as the driven Schrödinger equation.

B.4 Multipolar expansion

To cast the photoionization differential cross section (B.53)

∂2σα,Ek̂eσ

∂E∂Ωk̂e

=
(2π)2

cωγ
|〈ψ−

α,Ek̂eσ
|(ε ·

n
∑

i=1

ei#kγ ·#ri(pi|φ0〉|2,
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in a sum over cross products of transition matrix elements between irreducible
representation of SO(3), both the radiation field and the matter wave have to be
expanded in spherical waves:

ei#k·#r = 4π
∞
∑

J=0

iJjJ (kr)
J
∑

M=−J

Y M
J (k̂)YJM(r̂). (B.57)

where jJ is a spherical Bessel function. The interaction term becomes

ei#k·#r(ε · (p = 4π
∞
∑

J=0

iJjJ(kr)
∑

Mµ

Y M
J (k̂)εµ

1 YJM(r̂)p1µ. (B.58)

With few passages we can couple the orbital angular momentum with the polar-
ization vector

∑

Mµ

Y M
J (k̂γ)ε

µ
1 YJM(r̂)p1µ =

∑

Mµ

Y M
J (k̂γ)ê

µ
1 · ε̂
∑

T τ

CT τ
JM 1µ[YJ(r̂) ⊗ p1]T τ =

=
∑

T τ

ε̂ ·
(

∑

Mµ

CT τ
JM 1µY M

J (k̂γ)ê
µ
1

)

[YJ(r̂) ⊗ p1]T τ =

=
∑

T τ

[

(ε · (Y Jτ
T (k̂γ)
][

YJ(r̂) ⊗ p1

]

T τ
(B.59)

where we made use of the following definitions of tensor product and vector spher-
ical harmonics

{MJ1
⊗ NJ2

}JM ≡
∑

M1M2

CJM
J1M1 J2M2

MJ1M1
NJ2M2

, (B.60)

(Y Jτ
T (θ, φ) ≡

∑

Mµ

CT τ
JM 1µ Y M

J (θ, φ) (e µ
1 . (B.61)

The multipolar expansion of the interaction term is then

V =
∞
∑

T=1

T
∑

τ=−T

T+1
∑

J=T−1

4πiJ (ε · (Y Jτ
T (k̂γ)

N
∑

i=1

jJ(kγ ri)
[

YJ(r̂i) ⊗ p(i)
1

]

T τ
. (B.62)

The multipolar transition operator
[

YJ(r̂i)⊗p(i)
1

]

T τ
has the parity of J+1. The true

tensors, with J = T ± 1, are the electric multipoles ET while the pseudo-tensors,
with J = T , are the magnetic multipoles MT :
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V (MT ) ≡
∑

τ

4πiT
(

(Y T τ
T (k̂γ) · (ε

) N
∑

i=1

jT (kγ ri)
[

YT (r̂i) ⊗ p(i)
1

]

T τ
, (B.63)

V (ET ) ≡
∑

τ

4π
{

iT−1
(

(Y T−1 τ
T (k̂) · (ε

) N
∑

i=1

jT−1(k ri)
[

YT−1(r̂i) ⊗ p(i)
1

]

T τ
+

iT+1
(

(Y T+1 τ
T (k̂) · (ε

) N
∑

i=1

jT+1(k ri)
[

YT+1(r̂i) ⊗ p(i)
1

]

T τ

}

. (B.64)

The reduced matrix elements of the one-particle operators jJ(kr)[YJ(r̂)⊗p1]T τ can
be formulated in terms of reduced matrix elements of jJ(kr) p:

〈f ′Y$′m′ |jJ(kγ r)[YJ(r̂) ⊗ p1]T τ |fY$m〉 =

=
∑

µν

〈f ′Y$′m′|jJ(kγ r)YJµ(r̂)p1ν |fY$m〉CT τ
Jµ 1ν =

=
∑

d

ΠJd√
4πΠ$′

C$′0
d0 J0

∑

µνδ

CT τ
1ν JµC

$′m′

dδ Jµ〈f ′Ydδ|jJ(kγ r)p1ν |fY$m〉 =

=
∑

d

ΠJ√
4πΠ$′

C$′0
d0 J0〈f ′Yd‖jJ(kγ r)p1‖fY$〉

∑

µνδ

CT τ
1ν JµC

$′m′

dδ JµC
dδ
$m 1ν =

=
C$′m′

$m T τ√
2,′ + 1

∑

d

ΠJTd√
4π

{

1 J T
,′ , d

}

C$′0
J0 d0〈f ′Yd‖jJ(kγ r)p1‖fY$〉(−)J+T+1,

(B.65)

where we used the relation

∑

µνδ

CT τ
1ν JµC

$′m′

dδ JµC
dδ
$m 1ν = (−)1+J+T ΠTdC

$′m′

T τ $m

{

1 J T
,′ , d

}

, (B.66)

therefore

〈f ′Y$′‖jJ(kγ r)[YJ(r̂) ⊗ p1]T‖fY$〉 =
∑

d

ΠJTd√
4π

{

1 J T
,′ , d

}

C$′0
J0d0

〈f ′Yd‖jJ(kγ r)p1‖fY$〉(−)J+T+1(B.67)

In particular

〈f ′Y$′‖j0(kγ r)[Y0(r̂) ⊗ p1]1‖fY$〉 =
1√
4π

〈f ′,′‖j0(kγ r)p1‖f,〉

〈f ′Y$′‖j2(kγ r)[Y2(r̂) ⊗ p1]1‖fY$〉 =

√

15

4π

∑

d

ΠdC
$′0
20 d0

{

2 1 1
, ,′ d

}

×

× 〈f ′d‖j2(kγ r)p1‖f,〉.

(B.68)
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〈f ′Y$′‖j1(kγ r)[Y1(r̂) ⊗ p1]1‖fY$〉 = − 3√
4π

∑

d

Πd C$′0
10 d0

{

1 1 1
, ,′ d

}

×

×〈f ′d‖j1(kγ r)p1‖f,〉. (B.69)

〈f ′Y$′‖j1(kγ r)[Y1(r̂) ⊗ p1]2‖fY$〉 =

√

15

4π

∑

d

ΠdC
$′0
10 d0

{

1 1 2
, ,′ d

}

×

× 〈f ′d‖j1(kγ r)p1‖f,〉.

〈f ′Y$′‖j3(kγ r)[Y3(r̂) ⊗ p1]2‖fY$〉 =

√

35

4π

∑

d

ΠdC
$′0
30 d0

{

3 1 2
, ,′ d

}

×

× 〈f ′d‖j3(kγ r)p1‖f,〉.

(B.70)

If we define

V J
T τ =

N
∑

i=1

vJ
T τ (i), vJ

T τ (i) = 4πiJjJ(kγri)[YJ(r̂i) ⊗ p(i)
1 ]T τ , (B.71)

we can rewrite the total transition operator as

V =
∞
∑

T=1

T+1
∑

J=T−1

T
∑

τ=−T

[(ε · (Y Jτ
T (k̂γ)] V J

T τ . (B.72)

In general

〈ψΓ′|V |ψΓ〉 =
∞
∑

T=1

T+1
∑

J=T−1

T
∑

τ=−T

[(ε · (Y Jτ
T (k̂γ)] 〈ψΓ′|V J

T τ |ψΓ〉 =

=
∞
∑

T=1

T+1
∑

J=T−1

{
T
∑

τ=−T

CL′M ′

LM T τ√
2L′ + 1

[(ε · (Y Jτ
T (k̂γ)]

}

︸ ︷︷ ︸

KINEMATICS

×〈ψΓ′‖V J
T ‖ψΓ〉

︸ ︷︷ ︸

DYNAMICS

(B.73)

where the kinematic term of a transition matrix element between atomic states
with definite symmetry has been factored out.

In principle we should evaluate the integral 〈f ′Y$′‖jJ(kr)p1‖fY$〉 at each photon
energy. Hopefully, for large wavelengths, few terms of the jJ Taylor series lead to
converged results already:

jJ(z) = zJ
∑

ν

(−z2)ν

2νν!(2J + 2ν + 1)!!
, (B.74)
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v̂J
T τ =

∞
∑

ν=0

kJ+2ν
p v̂Jν

T τ , v̂Jν
T τ = 4πiJ

(−)ν · rJ+2ν

2νν!(2J + 2ν + 1)!!
[YJ(r̂) ⊗ p1]T τ . (B.75)

B.5 Expansion of the outgoing electron wave

The expansion we look for is

ψ−
α;#ke σ

=
∑

$α

$α∑

m=−$α

∑

Γ

CLM
Lαmα $αmCSΣ

Sασα
1
2
σ Y ∗

$αm(k̂e) ψ̄(−)Γ
αE (B.76)

where Γ is a collective index for the symmetry (LSΠ, MΣ) and we have incorpo-
rated the phase shift factor in the wavefunction:

ψ̄(−)Γ
αE = ei( 'απ

2
−ση'α

−δΓ
α'α)ψ(−)Γ

αE (B.77)

Asymptotically (rn → ∞) ψ−
α;#ke σ

is

ψ−
α;#ke σ

∝ Φα · ei#ke·#rn · 2χσ(ζn)
︸ ︷︷ ︸

plane wave in channel α

+
open
∑

γ

Φγ · Cγ(r̂n, ζn) ·
e−ikγrn

kγrn

︸ ︷︷ ︸

incoming spherical waves
in every open channel

(B.78)

with the normalization

〈ψ−
α;#ke σ

|ψ−
β;#k′

e σ′
〉 = δαβδσσ′δ(E − E ′)δ(k̂e − k̂′

e) (B.79)

The complete expansion of the transition matrix element between a bound state
φ0 and a continuum state ψ−

α,#keσ
is

〈φ0|V |ψ−
α,#keσ

〉 =
∞
∑

T=1

T+1
∑

J=T−1

∑

Γ$αm

{ T
∑

τ=−T

CL0M0

LM T τ

(ε · (Y Jτ
T (k̂γ)√

2L0 + 1

}

×

× CLM
Lαmα $αm CSΣ

Sασα
1
2
σ Y ∗

$αm(k̂e) 〈φ0‖V J
T ‖ψ̄(−)Γ

α,E 〉. (B.80)
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B.6 Orientational Average

Most of the photoionization experiments are not designed to discriminate the target
or the final fragments on the basis of their orientation (spin polarization, atomic
magnetic quantum numbers, etc). In order to reproduce the experimental results,
the differential cross section (B.53) must be averaged over the initial atomic and
summed over the final atomic and electronic polarizations.

∂σᾱ,Ek̂e

∂Ωk̂e

=
(2π)2

cωγ(2S0 + 1)(2L0 + 1)

∑

Σ0M0

∑

mα

∑

σασ

|〈φ0|V |ψ−
α,#keσ

〉|2 (B.81)

Through straightforward algebraic passages (which we spare to the inculpable
reader), a final result is obtained which can be cast in several forms, for exam-
ple

∂σᾱ,Ek̂e

∂Ωk̂e

=
(2π)2

cωγ
×
∑

$eme

Y$eme(k̂e)×

×
∑

TT ′

∑

JJ ′

{∑

ττ ′

CT τ
$eme T ′τ ′

[

(εγ · (Y Jτ
T (k̂γ)
] [

(εγ · Y J ′τ ′

T ′ (k̂γ)
]∗
}

×

×
∑

$α$′α

∑

LL′

Π$α$eLL′√
4π(2L0 + 1)ΠT

C$′α0
$α0 $e0

{

L′ ,e L
,α Lα ,′α

} {

T ,e T ′

L′ L0 L

}

×

× (−)L+L′+L0+T ′+Lα+$α 〈φ0‖V J
T ‖ψ̄(−)Γ

αE$α
〉 · 〈φ0‖V J ′

T ′ ‖ψ̄(−)Γ′

αE$′α
〉∗.

(B.82)

or

∂σᾱ,Ek̂e

∂Ωk̂e

=
(2π)2

cωγ

∑

K$e$γ

(

[ε ⊗ ε]K · [Y$e(k̂e) ⊗ Y$γ (k̂γ)]K
)∑

TT ′

∑

JJ ′







T J 1
T ′ J ′ 1
,e ,α K






×

×
∑

LL′

∑

$α$′α

1

4π
Π$e$α$γJTT ′LL′C$′α0

$e0 $α0C
J ′0
$γ0 J0(−1)Lα+$′α+L+L′+T+L0×

×
{

,α ,e ,′α
L′ Lα L

} {

L0 T L
,e L′ T ′

}

〈φ0‖V J
T ‖ψ̄(−)Γ

αE$α
〉 〈φ0‖V J ′

T ′ ‖ψ̄(−)Γ′

αE$′α
〉∗.

(B.83)

These expressions can be easily specialized to simpler cases of our interest. The
next sections will be dedicated to this task where for clarity the bar over initial
and final state indexes will be dropped.2

2The bar over ψ is not an average: its possible absence indicates that two conjugate phase
factors annihilated.
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B.7 Integral cross sections

We get integral cross sections easily from differential cross sections integrating over
k̂e

σα,E =

∫

dΩ̂k̂e

∂σα,Ek̂e

∂Ωk̂e

. (B.84)

In the integration process, just the ,e = 0 term survives and the expression B.82
is greatly simplified:

σα,E =
(2π)2

cωγ

∑

JJ ′T

∑

τ

[

(ε · (Y Jτ
T (k̂γ)
] [

(ε · Y J ′τ
T (k̂γ)

]∗

(2L0 + 1)(2T + 1)
×

×
∑

L$α

〈φ0‖V J
T ‖ψ(−)Γ

αE$α
〉〈φ0‖V J ′

T ‖ψ(−)Γ
αE$α

〉∗ (B.85)

We expect integral cross sections to be polarization independent. That this is the
case can be easily proved if we remember that

J
∑

M=−J

|(a · (Y J+1
JM (n̂)|2 =

1

8π
{J |(a|2 + (J + 2)|n̂ · (a|2} (B.86)

J
∑

M=−J

|(a · (Y J
JM(n̂)|2 =

2J + 1

8π
{|(a|2 − |n̂ · (a|2} (B.87)

J∑

M=−J

|(a · (Y J−1
JM (n̂)|2 =

1

8π
{(J + 1)|(a|2 + (J − 1)|n̂ · (a|2}(B.88)

J
∑

M=−J

((a · (Y J+1
JM (n̂))∗((a · (Y J−1

JM (n̂)) =

√

J(J + 1)

8π
{|(a|2 − 3|n̂ · (a|2} (B.89)

as a consequence

σα,E =
{ ele
∑

TL$α

∣
∣
∣

√
T

2T+1
〈φ0‖V T+1

T ‖ψ(−)Γ
αE$α

〉 +
√

T+1
2T+1

〈φ0‖V T−1
T ‖ψ(−)Γ

αE$α
〉
∣
∣
∣

2
+

mag
∑

TL$α

∣
∣
∣〈φ0‖V T

T ‖ψ(−)Γ
αE$α

〉
∣
∣
∣

2} π

2 c ωγ(2L0 + 1)
.

(B.90)

In an expansion of V J
T in powers of kγ, the leading, constant term is purely dipolar.

The next term scales as k2
γ and contains electric dipole, magnetic dipole and electric

quadrupole contributions:

σ - σ(E1;00,00) + 2σ(E1;00,20) + 2σ(E1;00,01) + σ(M1;10,10) + σ(E2;10,10) (B.91)

where we have adopted the notation σ(XT ;Jν,J ′ν′).
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Electric dipole d lowest order (T = 1, J = 0):

σd
E,α =

π

3 c ωγ(2L0 + 1)

ele
∑

L$α

∣
∣
∣〈φ0‖V̂ 0

1 ‖ψ
(−)Γ
αE$α

〉
∣
∣
∣

2
. (B.92)

Pure magnetic dipole m (T = 1, J = 1):

σm
E,α =

π

2 c ωγ(2L0 + 1)

mag
∑

L$α

∣
∣
∣〈φ0‖V̂ 1

1 ‖ψ
(−)Γ
αE$α

〉
∣
∣
∣

2
. (B.93)

Pure electric quadrupole Q lowest order (T = 2, J = 1):

σQ
E,α =

3π

10 c ωγ(2L0 + 1)

ele
∑

L$α

∣
∣
∣〈φ0‖V̂ 1

2 ‖ψ
(−)Γ
αE$α

〉
∣
∣
∣

2
. (B.94)

In the frequent case where φ0 is an Se state we can write:

σd
E,α =

π

3 c ωγ

∑

$

∣
∣
∣〈φ0‖V̂ 0

1 ‖ψ
(−)Po

αE$ 〉
∣
∣
∣

2
. (B.95)

σm
E,α =

π

2 c ωγ

∑

$

∣
∣
∣〈φ0‖V̂ 1

1 ‖ψ
(−)Pe

αE$ 〉
∣
∣
∣

2

. (B.96)

σQ
E,α =

3π

10 c ωγ

∑

$

∣
∣
∣〈φ0‖V̂ 1

2 ‖ψ
(−)De

αE$ 〉
∣
∣
∣

2

. (B.97)

To conclude this section we observe that for two electron systems, the magnetic
contribution to the photoionization cross section of an S state is identically zero.

B.8 Dipole anisotropy parameter β

In this section we will derive the angular distribution of photoelectrons in the
specific case of lowest order dipole approximation, T = T ′ = 1, J = J ′ = 0 :

∂σα,Ek̂e

∂Ωk̂e

=
(2π)2

cωγ

∑

$eme

Y$eme(k̂e)
1

4π

∑

ττ ′

C1τ
$eme 1τ ′ ετ ετ ′∗×

×
∑

$α$′α

∑

LL′

Π$α$eLL′

√
4π(2L0 + 1)Π1

C$′α0
$α0 $e0

{

L′ ,e L
,α Lα ,′α

} {

1 ,e 1
L′ L0 L

}

×

× (−)L+L′+L0+1+Lα+$α 〈φ0‖V 0
1 ‖ψ̄

(−)Γ
αE$α

〉 · 〈φ0‖V 0
1 ‖ψ̄

(−)Γ′

αE$′α
〉∗.

(B.98)
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First of all note that ,α and ,′α must have the same parity, so ,e is restricted to
the values 0 and 2. We will consider only linear and circular polarization with
ẑ as quantization axis. In all these cases τ can assume only one value and the
only me term which survives is 0. The angular distribution is thus given by the
superposition of a constant term (,e = 0) and a dz2 term3:

∂σd
E,α,k̂e

∂Ωk̂e

=
σd

E,α

4π

{

1 + βα · 3 cos2 θ − 1

2

}

(B.99)

where β is the celebrated dipole anisotropy factor. β can assume only values be-
tween +2 and -1, since differential cross section is positive by construction. The
total cross sections measurements are usually made at the magic angle atan(

√
2) -

54o 44′ 8′′ where the differential cross section coincides with the averaged total cross
section, irrespective to the β value. Thanks to the fact that all polarization de-
pendence is gathered in a common geometrical factor, the anisotropy parameters
for circularly and linearly polarized light are proportional to each other:

β! = β" = −1

2
β). (B.100)

Of course the angular distribution of a photoelectron with β = 2 produced with
linearly polarized light differs from that of a photoelectron with β = −1 produced
with circularly polarized light. In the two cases the ẑ axis differ, for with linearly
polarized light the beam propagates on the xy plane since k̂γ has to be orthogonal to

ε̂γ , while for circularly polarized light the field rotates on xy plane and (kγ is parallel
to the quantization axis. The geometry for linear and circular polarizations are
depicted in figures B.1 and B.2. Finally, for an unpolarized laser beam, β is exactly

ke

k $

$!

%

&

Figure B.1: Geometry of photoelec-
tron angular distribution with linearly
polarized light.

ke

k $

$! = x +_ i y

%

&

x

y

Figure B.2: Geometry of photoelec-
tron angular distribution with circu-
larly polarized light.

the same as in the case of circular polarization, since it’s a statistic average of the

3Y20(θ, φ) =
√

5
4π · 3 cos2 θ−1

2
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two circular polarizations which are identical. It’s an easy matter to demonstrate
that the average of the two linear polarization angular distribution lead to the very
same result.

'=2 '=1 '=0 '=(1

z

ke
%

Figure B.3: Photoelectron angular distribution for different values of the dipole anisotropy
parameter β. The arrows point parallel to the ẑ axis.

The explicit form of β with linearly polarized laser is

β )
α =

{

∑

LL′

∑

$α$′α

√
30Π$αLL′ C$′α0

$α0 20(−)Lα+$α+L+L′+L0

{

L′ 2 L
,α Lα ,′α

}{

1 2 1
L′ L0 L

}

×

× 〈φ0‖V̂ 0
1 ‖ψ̄

(−)Γ
αE$α

〉〈φ0‖V̂ 0
1 ‖ψ̄

(−)Γ′

αE$′α
〉∗
}/{

∑

L$α

∣
∣
∣〈φ0‖V̂ 0

1 ‖ψ
(−)Γ
αE$α

〉
∣
∣
∣

2
}

(B.101)

the expression simplifies further if the photoionization of an S state is considered

β )
α←S =

∑

$α$′α

√
30Π$α C$′α0

$α0 20(−)Lα+$α

{

1 2 1
,α Lα ,′α

}

〈φ0‖V̂ 0
1 ‖ψ̄

(−)P
αE$α

〉〈φ0‖V̂ 0
1 ‖ψ̄

(−)P
αE$′α

〉∗

∑

$α

∣
∣
∣〈φ0‖V̂ 0

1 ‖ψ
(−)P
αE$α

〉
∣
∣
∣

2

(B.102)

if the final state is an S target coupled to a p wave then we find the well known
result β ) = 2 and β " = β ! = −1. If a P parent ion is available, β has a structure
due to interference between s and d outgoing spherical waves:
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βP←S =
|Vd|2 − 2

3
2 Re(VsV ∗

d )

V 2
s + V 2

d

(B.103)

where we have defined Vl ≡ 〈φ0‖V̂ 0
1 ‖ψ̄

(−)P
αE$ 〉. When the target state has the exotic

symmetry So, each parent ion state can be coupled to a single outgoing wave with
the same angular momentum to give rise to a P e state so the energy dependent
matrix elements in the numerator and denominator of eq B.102 cancel with each
other and an energy independent β factor results:

β =
√

30Π$ C$0
$0 20

{

1 2 1
, , ,

}

. (B.104)

Total cross section anisotropy parameter. The total differential cross sec-
tion, where the parent ion state is arbitrary, is the sum of partial differential cross
sections. It has the usual dipole angular dependence where the anisotropy factor
is simply the weighted average of partial anisotropy factors:

∂σ

∂Ω
=

σ

4π

(

1 + β · 3 cos2 θ − 1

2

)

, β =
∑

α

σα

σ
βα. (B.105)

B.9 Beyond the dipole approximation

In dipole approximation the photoelectron angular distribution depends only on
the angle between the electron momentum and the light polarization.
A macroscopic breakdown of the dipole approximation may be expected when the
light wavelength is comparable to the target mean radius, for example with hard
X-rays or with diffuse excited atomic states [140]. In other cases, nondipole correc-
tions may not contribute significantly to the total cross section but may alter the
photoelectron angular distribution through constructive and destructive interfer-
ence with the dominant dipole amplitude. This effects must be taken in to account
to properly interpret high precision measurements. Moreover, specific local fea-
ture like quadrupole and dipole resonances may cause significant departures from
dipole approximation. When nondipole terms cannot be neglected, the cylindrical
symmetry of the photoelectron angular distribution is broken and a dependence
on the azimuthal angle is expected. In particular, when the lowest-order nondipole
contribution to the differential cross section are taken into account, two nondipole
anisotropy parameters arise:

∂σ )

∂Ω
=

σ

4π

{

1 + β · 3 cos2 θ − 1

2
+ (δ + γ cos2 θ) × sin θ cosφ

}

(B.106)

∂σ !

∂Ω
=

σ

4π

{

1 + β · 3 cos2 θ − 1

2
+ (δ + γ cos2 θ) × cos θ

}

(B.107)
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The derivation of this result is somehow more lengthy than in dipole approximation
but equally straightforward. The E1-E1 term is of course the same as before.
We will consider only the lowest order contribution from the E1-E2 and E1-M1
interferences, since all other terms are of higher order in kγ. For other derivations
see Cooper [217–219] and Grum-Grzhimailo [220]

B.9.1 E1-E2

The geometric factor in eq (B.82) of the interference term between electric dipole
and electric quadrupole (T = 1, J = 0, T ′ = 2, J ′ = 1 plus complex conjugate) is

∑

me

Y$eme(k̂e)
∑

ττ ′

C1τ
$eme 2τ ′

[

(εγ · (Y 0τ
1 (k̂γ)
] [

(εγ · Y 1τ ′

2 (k̂γ)
]∗

(B.108)

,e can only take on values 1 and 3, the value 2 being prohibited on ground of parity
considerations (,α and ,′α have to be of different parity because they are coupled
to the same target state but give rise to two compound states reached from a same
bound state by means of two transition operators of different parity).

Linear polarization For linear polarization (with reference to geometry in fig.
B.1) (B.108) reduces to

,e = 1 ⇒ − 3

16π

√

3

5π
sin θ cosφ

,e = 3 ⇒ 3

16π

√

2

5π
(5 cos2 θ − 1) sin θ cosφ

(B.109)

With linear polarization the interference term is thus:

∂σ(E1−E2) )

∂Ω
=

3

8
√

5cωγ

1

2L0 + 1
· sin θ cosφ ×

×
∑

LL′

∑

$α$′α

Π$αLL′〈φ0‖V̂ 0
1 ‖ψ̄

(−)Γ
αE$α

〉〈φ0‖V̂ 1
2 ‖ψ̄

(−)Γ′

αE$′α
〉∗(−)Lα+$α+L+L′+Lo ×

×
{

−
√

3C$′α0
$α0 10

{

L′ 1 L
,α Lα ,′α

}{

1 1 2
L′ Lo L

}

+

+

√

14

3
C$′α0

$α0 30

{

L′ 3 L
,α Lα ,′α

}{

1 3 2
L′ Lo L

}

(5 cos2 θ − 1)

}

.

(B.110)
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So the general expressions for the nondipole anisotropy parameters are

γ(E1−E2))
α =

{

3

√

3 · 5 · 7
2

∑

LL′

∑

$α$′α

Π$αLL′ C$′α0
$α0 30(−)Lα+$α+L+L′+L0×

{

L′ 3 L
,α Lα ,′α

}{

1 3 2
L′ L0 L

}

×

× 〈φ0‖V̂ 0
1 ‖ψ̄

(−)Γ
αE$α

〉〈φ0‖V̂ 1
2 ‖ψ̄

(−)Γ′

αE$′α
〉∗
}/{

∑

L$α

∣
∣
∣〈φ0‖V̂ 0

1 ‖ψ
(−)Γ
αE$α

〉
∣
∣
∣

2
}

+ C.C. (B.111)

δ(E1−E2))
α =

{

− 9√
5

∑

LL′

∑

$α$′α

Π$αLL′(−)Lα+$α+L+L′+L0×

〈φ0‖V̂ 0
1 ‖ψ̄

(−)Γ
αE$α

〉〈φ0‖V̂ 1
2 ‖ψ̄

(−)Γ′

αE$′α
〉∗×

×
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√
3 C$′α0

$α0 10
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L′ 1 L
,α Lα ,′α
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1 1 2
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If L0 is zero
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Finally, if Lα = 0 the only nonzero parameter is γ



B.9 Beyond the dipole approximation 152

γ(E1−E2))
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δ = −1 δ = 0 δ = +1

γ = −1

γ = 0

γ = +1

Figure B.4: Angular distribution with nondipole anisotropy with a linearly polarized laser
beam.

Circular polarization for circular polarization (with reference to geometry in
fig. B.2) (B.108) reduces to

,e = 1 ⇒ − 3

16π

√

3

5π
cos θ

,e = 3 ⇒ − 3

16π

√

1

10π
(5 cos2 θ − 3) cos θ.

(B.116)

The interference term becomes
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So the general expressions for the nondipole anisotropy parameters are
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If L0 = 0
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Finally, if Lα = 0
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(B.124)

That is, in this special case δ"
α is the opposite of γ"

α and the angular distribution
is:

∂σ "
α

∂Ω
=

σ

4π

{

1 + β"
α · 3 cos2 θ − 1

2
+ δ"

α sin2 θ cos θ
}

(B.125)

which is exactly what we get if we take the average of two orthogonal linear polar-
ization. In general, with unoriented targets the circular polarization gives rise to
processes indistinguishable from those promoted by unpolarized light.

B.9.2 E1-M1

The geometric factor in eq (B.82) in this case is

∑

me
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C1τ
1me 1τ ′

[

(ε · (Y 0τ
1 (k̂γ)
] [
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]∗

(B.126)

,e can take on only the value 1. Eq (B.126) for linear and circular polarization
reduces to

: → 3

16π
√

π
sin θ cosφ (B.127)

$ → 3

16π
√

π
cos θ (B.128)

This means that γ(E1−M1) is always zero while δ(E1−M1) is the same in the two
polarizations. The interference term is
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and
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If L0 = 0
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δ = −1 δ = 0 δ = +1

γ = −1

γ = 0

γ = +1

Figure B.5: Angular distribution with nondipole anisotropy with a circularly polarized laser
beam.
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B.10 Radiative decay

The spontaneous transition rate of an excited level with the emission of one photon
irrespective to emission direction and polarization is given by the contribution of
both discrete and continuum final states:

Γ0 =
∑

i

Γi←0 +
∑

α

∫ E0

Eα

dE
dΓα←0

dE
(B.132)

where, in our notations
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ω0,i
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1
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The radiative decay to the continuum may be enhanced by the presence of a reso-
nance. This picture is schematically represented in figure B.6

Figure B.6: Radiative decay of a discrete state to both discrete and scattering final states.

The spontaneous radiative decay rate in dipole approximation of an excited
state to a final state with the emission of a single photon with arbitrary direction
and polarization is easily derived as

W =
4ω

3c3
|〈B|
∑

i

(pi|A〉|2 (B.135)

B.11 Radiative transitions in the continuum

The treatment of simultaneous autoionization-fluorescence channels is problematic
in a non perturbative approach. In the present section the lowest order perturbative
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approach will therefore be followed. It is not uncommon that doubly excited states
live so long that they can decay radiatively to other doubly excited states. When
the initial doubly excited state is created in a photoionization experiment, we are
dealing with a two photon process, for which the transition rate is given by

W = 2πδ(E + ω − E0 − ω0)
∣
∣〈ψ−

αE ⊗ ω|V G+
0 (E0 + ω0)V |φ0 ⊗ ω0〉

∣
∣
2

(B.136)

The G+
0 can be expanded on a complete set of intermediate states:

G+
0 (E) =

∑

Γ′

∑

γ

∑
∫

dε
|ψΓ′

γε〉〈ψΓ′

γε|
E − ε + i0+

(B.137)

(the asymptotic condition obeyed by the wavefunctions in the expansion is irrele-
vant). If we divide (B.136) by the incident photon flux and assume the unbounded
domain in cartesian coordinates scheme with δ(ω−ω′) normalization for the emit-
ted photon, we obtain the following cross section

$ ’

$

Figure B.7: Radiative decay between doubly excited states
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∣
∣
∣
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γε |ε̂k̂0λ0

· (P |φ0〉
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∣
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∣
∣
∣

2

(B.138)

For an accurate evaluation of the two photon transition amplitude, the pole con-
tribution must be considered separately from that of the principal part [221]. The
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cross section can be averaged over the initial and summed over the final atomic
polarizations if these are not measured in the experiment. To this purpose we can
separate kinematics and dynamics as usual

〈ψΓ−
αE0+ω0−ω|ε̂

∗
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ε∗µ
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(B.139)
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The overall averaged expression can be written as a sum of terms, each having a
geometric factor of the following form
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contraction of repeated Clebsh Gordan indexes can be performed with the help of
graphical rules (see appendix G):
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or, in algebraic terms
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We are left with the following contraction over magnetic quantum numbers which
depends on the polarization of the two involved photons

∑

νµµ′µ0µ′
0

C1µ0

1µ′ JνC
1µ′

0

1µ Jνε
µ0

k̂0λ0
ε
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εµ′
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(B.143)

We shall consider the case of a linearly polarized incident light along the quanti-
zation axis ẑ: εµ0

k̂0λ0
= δµ00. In this case the expression (B.143) reduces to

F λ
J ≡
∑

µ

|C10
1µ J−µε

µ

k̂λ
|2, J = 0, 1, 2 (B.144)
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J runs over 0, 1 and 2 only, therefore the summation can easily be performed
explicitly. The two possible polarization that are interesting in this arrangement
are that orthogonal to the incident photon polarization, indicated with ε̂⊥ and
ε̂θ ≡ k̂ × ε̂⊥, as reported in figure B.11

z

!
%

%

k

!

ε̂⊥ and ε̂θ (often indicated as êφ and êθ) have the following expressions in terms of
the spherical versors êµ (see [216] pag. 8 eq. 34)

ε̂⊥ =
i√
2

(

eiφ ê−1 + e−iφ ê+1

)

ε̂θ = − sin θ ê0 +
cos θ√

2

(

eiφ ê−1 − e−iφ ê+1

)

where

ê−1 =
1√
2

(êx − iêy), ê0 = êz, ê+1 = − 1√
2

(êx + iêy) (B.145)

The sum in B.144 with λ =⊥, θ is readily done and the result is

F⊥
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1

2
, F⊥
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3

10

F θ
0 = sin2 θ, F θ
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2
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We define MΓ′

Γα,Γ0φ0
(ω0, ω) as

MΓ′

Γα,Γ0φ0
(ω0, ω) = α2

√
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∑
∫
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γε 〉〈ψΓ′−
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E0 + ω0 − ε + i0+

(B.146)

The complete expression for the cross section is then
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dσΓαω←φ0ω0

dω0dωdΩ
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×
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When the initial state has L0 = 0, this expression gets much simpler. Indeed
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therefore we can write

dσΓαω←φ0ω0

dω0dωdΩ
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The geometric term

∑

J

2J + 1

9

{

J 1 1
L 1 1

}

F λ
J

can be summed up explicitly for the three allowed final angular momenta and for
the two polarizations θ and ⊥

L = 0 L = 1 L = 2

θ 2
27 sin2 θ 1

18 cos2 θ 1
90(3 + sin2 θ)

⊥ 0 1
18

1
30

It is to be noted that for each final angular momentum the two intensities with
different polarization converge to the same value, as they should since for θ = 0 the
two polarizations are actually indistinguishable. Secondly, because of the averaging
process, the emitted light has no polarization coherence, it is therefore no surprise
that non vanishing intensities for any polarization can be detected. What we
actually measure if we do not look at the final atomic state is the total cross
section dσω←φ0ω0

/dω0dωdΩ due to all the possible final symmetries Γ and channels
α

dσω←φ0ω0

dω0dωdΩ
=
∑

Γ

σΓω←φ0ω0

dω0dωdΩ
, where

dσΓω←φ0ω0

dω0dωdΩ
=
∑

α

dσΓαω←φ0ω0

dω0dωdΩ
(B.151)
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Hopefully we can extract the contributions from the three final angular momenta
by simply measuring the total cross sections at θ = 0 and at θ = π in the two
polarization:

∑

α

|MSα,Sφ0
(ω0, ω)|2 = −18

11
σ(0) +

27

2
σθ(π) +

18

11
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α
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11
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∑

α

|MDα,Sφ0
(ω0, ω)|2 =

30

11
σ(0) − 30

11
σ⊥(π) (B.154)

B.12 Gauges

The transition matrix elements in dipole approximation can be computed in either
of three difference gauges: length, velocity and acceleration. Since

[ H,(r ] = −i(p and [ H, (p ] = iZ
(r

r3
(B.155)

the matrix elements of (p, (r and (r/r3 between eigenstates of the hamiltonian are
interrelated through the following identities

(E − E ′)〈ψ‖R1‖ψ′〉 = −i〈ψ‖P1‖ψ′〉 = 〈ψ‖A1‖ψ′〉/(E − E ′) (B.156)

where
(R =
∑

i

(ri
(P =
∑

i

(pi
(A = Z
∑

i

(ri

r3
i

(B.157)

The identity B.156 is not satisfied for approximate eigenfunctions of the hamil-
tonian. As the three operators weight the wavefunctions in radically different
ways, a best choice can be done in order to obtain the most reliable results. The
acceleration gauge has usually great disadvantages over the first two, since it is
exceptionally demanding near the nucleus, where the wave functions are highly
correlated. For good results, large orbital angular momenta are required, even
if length or velocity would give good results with much less correlated wavefunc-
tions. When good acceleration matrix elements can nevertheless be obtained, like
in helium, the radiative transitions between continuum states are well defined and
regular at the outset, and this is an immense advantage over the other two gauges.

In our experience, the velocity gauge gives the most reliable matrix elements. It
generally works when either acceleration or length gauges fail. Moreover it can be
regularized straightforwardly to deal with radiative transitions in the continuum,
in those cases where accurate wavefunctions are not available and the acceleration
gauge yield inaccurate results. The regularization consists simply in computing
the transition radial matrix elements up to a certain distance R2 where the wave-
functions have reached their asymptotic behaviour:

φl(r) ∼ cos(δ)fl(kr) + sin(δ)gl(kr), r ≥ R2 (B.158)

φl′(r) ∼ cos(δ′)fl′(k
′r) + sin(δ′)gl′(kr). (B.159)



B.12 Gauges 162

where fl and gl are respectively the regular and irregular radial solutions with
angular momentum l pertinent to the problem. The integrand between regular
and irregular Bessel functions in a semi-infinite domain can be regularized and
integrated analytically

I11(k, k′, l, l′; R2) = lim
λ→0+

∫ ∞

R2

fl(kr)
d

dr
fl′(k

′r)e−λrr2dr (B.160)

I12(k, k′, l, l′; R2) = lim
λ→0+

∫ ∞

R2

fl(kr)
d

dr
gl′(k

′r)e−λrr2dr (B.161)

I21(k, k′, l, l′; R2) = lim
λ→0+

∫ ∞

R2

gl(kr)
d

dr
fl′(k

′r)e−λrr2dr (B.162)

I22(k, k′, l, l′; R2) = lim
λ→0+

∫ ∞

R2

gl(kr)
d

dr
gl′(k

′r)e−λrr2dr (B.163)

The correction to the integral computed on the [0, R2] interval is therefore of the
form

[

cos δ sin δ
]
[

I11(k, k′, l, l′; R2) I12(k, k′, l, l′; R2)
I21(k, k′, l, l′; R2) I22(k, k′, l, l′; R2)

] [

cos δ′

sin δ′

]

(B.164)

Nikolopoulos addressed the problem of transition matrix elements between states
in the continuum in a recent paper, where he shows that a “surface contribution”
can be computed in all the three gauges [222].

The length gauge is almost always as good as the velocity gauge, but it dis-
plays extremely bad behaviours for particular transitions when the wavefunctions
are computed with the multiple B-spline K-matrix method: those between highly
excited Rydberg states and continuum wave functions. In such cases, the bound
states reaches beyond the radius where the oscillating part of the continuum wave
function is dumped. Since the length gauge greatly emphasizes that region, a very
bad agreement with the other two gauges is found, except near resonances, where
the continuum is dominated again by a well represented far-reaching autoioniz-
ing Rydberg satellite. We insist that in these cases the velocity and acceleration
gauges are in very good agreement. This problem is therefore characteristic of
length gauge only.



Appendix C

B-Splines

B-splines were conceived by Isaac Jacob Schoenberg (1903-1990) during the second
world war [223,224], but it was only after the publication of deBoor’s book [82] that
B-splines begun to be extensively adopted by the atomic and molecular community.

In this chapter we survey the definition and main properties of B-splines. We
also present some original results and applications pertinent to this thesis. Specif-
ically, a detailed characterization of the B-spline property known as effective com-

pleteness, and a closer look to SCF energy convergence on fully optimized sets of
knots.

C.1 Definition and basic properties

The splines are defined as piecewise polynomials of order k (maximum degree k−1),
C∞ everywhere, except at a fixed set of knots {ti} where they are at least Cki−2,
with k ≥ ki ≥ 1. νi = k − ki + 1 is called the knot multiplicity because the same
spline basis can be obtained from a basis with

∑

i νi maximally regular knots in
the limit where sets of νi contiguous knots coalesce to i-th knots. In other terms
the spline space is specified by an order k and a non-decreasing set of knots. The
total dimension of spline space is n + k, but if we specialize to the subset which
is zero below the lowest and above the highest knots we are left with a space of
dimension n − k. As a consequence every spline extends at least over k adjacent
intervals (k+1 consecutive knots, when counted with their multiplicity). The n−k
independent splines restricted to k intervals, clearly a basis of the spline space, are
commonly called B-splines.

Bk
i (x), the i-th B-spline of order k, which extends from the knot ti to the knot

ti+k, is defined iteratively, according to deBoor [82], as follows:

B1
i (x) = θ(x − ti) · θ(ti+1 − x) (C.1)

Bk
i (x) =

x − ti
ti+k−1 − ti

Bk−1
i (x) +

ti+k − x

ti+k − ti+1
Bk−1

i+1 (x). (C.2)

In figure C.1, the iterative generation of B-splines on a uniform grid with 6 knots
(the first and last knots are maximally degenerate) up to fifth order is shown. In
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the following, unless otherwise stated, we shall refer to standard set of knots where
the first and last breakpoints are maximally degenerate while the other are non
degenerate:

t1 = t2 = . . . = tk ≤ tk+1 ≤ . . . ≤ tn−k ≤ tn−k+1 = tn−k+2 = . . . = tn

1

0

1

0

1

0

1

0

1

0
0 0.2 0.4 0.6 0.8 1

k=1

k=2

k=3

k=4

k=5

Figure C.1: Iterative generation of B-splines.

B-splines are invariant upon affine transformations: that is, if

if x → x′ = a x + b, ti → t′i = a ti + b then Bk
i
′
(x′) = Bk

i (x). (C.3)

This property is proven easily by induction from the iterative definition C.1 C.2:

B1
i
′
(x′) = θ(x′ − t′i) · θ(t′i+1 − x′) = (C.4)

= θ(a x − a ti) · θ(a ti+1 − a x) = (C.5)

= θ(x − ti) · θ(ti+1 − x) = B1
i (x); (C.6)
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moreover the rational factors in C.2 are manifestly invariant upon affine transfor-
mations, so the thesis follows immediately. If an operator kernel has well defined
scaling properties upon affine transformations:

o(x, y) → o(x′, y′) = f(a, b)o(x, y) (C.7)

so is for the matrix elements of the corresponding operator:

〈B′
i|O|B′

j〉 =

∫

dx′dy′B′
i(x

′)o(x′, y′)B′
j(y

′) (C.8)

= a2f(a, b)

∫

dxdyBi(x)o(x, y)Bj(y) = (C.9)

= a2f(a, b)〈Bi|O|Bj〉 (C.10)

For the identity operator, in particular, f(a, b) = 1/a (o(x, y) = δ(x − y)) and

〈B′
i|B′

j〉 = a〈Bi|Bj〉 (C.11)

It is useful therefore to define the L2-normalized B-splines as

B̄i(x) ≡ Bi(x)/
√

〈Bi|Bi〉 (C.12)

The superposition matrix between L2 normalized B-splines is itself invariant upon
affine transformations. As a consequence, since B-splines are defined locally (that
is a B-splines depends on the positions of knots within its support only), the su-
perposition matrix for a grid with a smoothly changing knot spacing is “almost the
same” as that for an evenly spaced set of knots. The exact meaning of this state-
ment will be precised later in this appendix. To avoid a cumbersome notation, we
shall everywhere omit the bar and assume that all the B-splines are L2-normalized
unless otherwise stated.

The advantages of B-splines are manifold [92]. Since the support Di of the i-th
B-spline is formed by k consecutive intervals, the integrals between two B-splines
and a local operator are zero unless their indices differ less than the order k:

〈Bi|O|Bj〉 =

∫

Di∩Dj

Bi(x)o(x)Bj(x)dx. (C.13)

As a consequence, matrices are sparse and often (not always, because we consider
polyelectronic functions) band-diagonal. On uniform grids, matrices of transla-
tionally invariant operators, that is with kernel o(x, y) = o(x − y), are Toeplitz:

〈Bi|O|Bj〉 = 〈Bi+n|O|Bj+n〉. (C.14)

If an hermitian operator O is both local and translationally invariant, like the
identity and the kinetic energy, its matrix on a uniform grid is Toeplitz and banded,
in other terms it is defined by just k numbers.
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B-splines are positive: expansion coefficients of represented functions are akin to
the functions themselves. Without rapid oscillations of coefficients, the cancellation
errors are kept at minimum. In particular [82], if f =

∑

i Bici

∣
∣
∣
∣
ci −

M + m

2

∣
∣
∣
∣
≤ Dk

M − m

2
, m = min

x∈[a,b]
f(x), M = max

x∈[a,b]
f(x) (C.15)

where Dk is a constant that depends only on k and not on the particular partition of
the [a, b] interval: At any point, the evaluation of a linear combination of B-splines

k 2 3 4 5 6
Dk 1 3 5.5680. . . 12.0886. . . 22.7869. . .

requires the evaluation of k basis functions only. With Gauss-type integration
technique, matrix elements of operators with polynomial kernels are exact. The
error ε in the approximation of a Ck function f with B-splines, is bounded by

ε ≤ constk|t|k‖Dkf‖, |t| = max
i

(ti+1 − ti), ‖f‖ = max
x∈[a,b]

|f(x)| (C.16)

Finally, the fact that each couple of different B-splines has a significant portion of
their domain where they do not superpose gives rise to a strong linear indepen-
dence.

C.2 Free knots optimization

Depending on the asymptotic behaviour of the wave function which is to be repre-
sented, different kinds of knot spacing are required. Indeed, for sufficiently regular
functions f , the condition C.16 can be sharpened considerably by restricting to
the optimal set of n-knots grids, in which case [82]

ε ≤ constkn
−k

(∫ b

a

|Dkf |1/kdx

)k

. (C.17)

In other terms, the convergence is still of order n−k as stated in C.16 with a uniform
grid, but if the largest values of Dkf concentrate in small intervals, the last factor
in C.17 can be substantially smaller than ‖Dkf‖. Knot collocation is therefore a
crucial issue in the use of B-splines.

In spherical coordinates the metric is r2 so that basis functions are defined as

χn,l,m((r) = Ni
Bi(r)

r
Ylm(r̂) (C.18)

For basis functions with orbital angular momentum l to be continuous, the first l+1
splines are to be rejected as long as origin adheres to their support. The first spline
would introduce a negative divergence in hamiltonian matrix elements due to the
electron-nucleus potential energy term and for non-zero angular momenta the first
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l+1 B-splines, if adherent to the origin, give rise to positive divergences because of
the repulsive centrifugal term in the kinetic energy. With Gauss-type integration
algorithm, positive divergences turn out actually to be just very high numbers.
Wave functions corresponding to irregular behaviour at origin have fictitious huge
energies which somehow prevent their inclusion in the final wave functions. It is
possible, and desirable, though, to get rid completely of such spurious behaviours
rejecting all irregular functions. With B-splines of order k one would be limited
in principle to orbital angular momenta lower than k. There are two ways to
circumvent this problem. The first is to choose a priori a B-spline order higher
than the orbital angular momenta that will actually be used. The other way, the
one we adopted, is to add a knot near the origin (say at 10−3 au) and to reject
always the first min(l + 1, k) B-splines. For angular momenta equal to or higher
than k, wave functions are zero up to the first knot and therefore regular with
respect to all operators with a singular kernel. For moderate energies this cutoff
near the origin does not alter the results.

The second derivative of B-splines of order k = 2 (piecewise straight lines) is
undefined at knots and zero elsewhere. They have thus zero kinetic energy and
clearly cannot be used to represent wave functions. The B-spline with k = 3
have non zero but discontinuous kinetic energy, what make convergence with the
number of knots awfully slow: in table C.1 the helium Hartree-Fock energies on
fully optimized grids with n knots are reported.

n E
3 -2.779 338 219
4 -2.843 069 934
5 -2.851 374 034
6 -2.857 303 447
7 -2.859 638 726
8 -2.860 414 302
9 -2.860 852 696

14 -2.861 529 370
∞ -2.861 679 995

Table C.1: Hartree-Fock energies of the Helium atom obtained on B-spline basis with order
k = 3, defined by fully optimized grids with 3 to 9 knots.

B-splines of fourth order are therefore the first viable choice. Table C.2 shows
the same convergence study as in table C.1 but with k = 7. More precisely, the
SCF energy converges polynomially to the Hartree-Fock limit as a function of the
number of knots.

log(∆E) = a − b log N where a = 6.8730 ± 0.8213, b = −10.9805 ± 0.4457
(C.19)

A similar calculation reported in table C.3 shows that 16 knots are sufficient to
reproduce the Hartree-Fock limit of SCF energy of Beryllium ground state up to
ten digits.
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n E
3 -2.857 091 391
4 -2.861 502 991
5 -2.861 628 353
6 -2.861 678 169
7 -2.861 679 299
8 -2.861 679 879
9 -2.861 679 974

10 -2.861 679 984
11 -2.861 679 992
12 -2.861 679 993 4
13 -2.861 679 994 526
14 -2.861 679 995 332
∞ -2.861 679 995

Table C.2: Hartree-Fock energies of the Helium atom obtained on B-spline basis with order
k = 7, defined by fully optimized grids with 3 to 14 knots.

n E (au)
4 -14.434 395 620
5 -14.552 485 339
6 -14.572 440 224
7 -14.572 871 172
8 -14.572 987 929
9 -14.573 009 653

10 -14.573 020 704
11 -14.573 022 385
12 -14.573 022 844
15 -14.573 023 148
16 -14.573 023 158
18 -14.573 023 165
∞ -14.573 023 16

Table C.3: Hartree-Fock energies of the Beryllium atom obtained on fully optimized B-spline
basis of order k = 7 with 4 through 18 knots.

There are atomic systems for which the Hartree-Fock approximation is inap-
plicable, like H−. In such cases a configuration approach is required at the outset,
and the optimization process is considerably slowed down. Such states as the
fundamental states of H− or He− (4Pe) do nevertheless greatly benefit from an op-
timization of the grid of knots as they are both very diffuse and highly correlated,
therefore requiring large expansions on orbital angular momenta as shown for H−

in table C.4, where the CI energy of the fundamental state is reported as a function
of both the radial and angular extension of the basis.

The quality of the results improves as the spline order rises, up to a point
where the potentiality of the larger basis is counterbalanced by numerical loss
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Table C.4: CI energies of the fundamental state of H− as a function of the total number n of
radial B-splines and the maximum orbital angular momentum ". The accurate electrostatic limit
is −0.527751016544306 au [225].

, n=26 n=31 n=34 n=36 n=38
R=19.62au R=26.07au R=29.93au R=32.51au R=35.09au

0 -0.5142638 -0.5144712 -0.5144896 -0.5144935 -0.5144952
1 -0.5265243 -0.5265816 -0.5265841 -0.5265844 -0.5265846
2 -0.5273831 -0.5274358 -0.5274380 -0.5274383 -0.5274384
3 -0.5275713 -0.5276229 -0.5276251 -0.5276254 -0.5276255
4 -0.5276347 -0.5276860 -0.5276881 -0.5276884 -0.5276885
5 -0.5276617 -0.5277128 -0.5277150 -0.5277153 -0.5277154
6 -0.5276751 -0.5277262 -0.5277284 -0.5277287 -0.5277287
7 -0.5276825 -0.5277336 -0.5277357 -0.5277360 -0.5277361
8 - - -0.5277401 - -
9 - - -0.5277428 - -
10 - - -0.5277446 - -
11 - - -0.5277458 - -
13 - - -0.5277473 - -
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Figure C.2: For large values of the maximum orbital angular momentum " the relative error
on energy scales as "−5/2.
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of precision. In table C.5, the SCF helium energies on optimized grids with 14
knots and spline order from 3 to 8 are compared. In double precision arithmetic,

k E (au)
3 -2.861 529 369 952
4 -2.861 677 544 736
5 -2.861 679 928 634
6 -2.861 679 992 042
7 -2.861 679 995 332
8 -2.861 679 995 554

∞ -2.861 679 995

Table C.5: Hartree-Fock energies of the Helium atom obtained on B-spline basis with 14 knots,
defined by fully optimized grids with order k = 3 to 8.

k ∼ 8 is a practical limit beyond which little advantages are gained. In this thesis
anyway, all calculations were performed with k = 5 to keep the dimensions and
computational time to a minimum.

C.3 Effective completeness

In numerical analysis the stability of the solution of a linear system

Ax = b (C.20)

is characterized by the condition number K(A) of the matrix of the coefficients
A, given by ‖A‖ · ‖A−1‖. logK(A) is an indicative measure of the number of
significant figures lost in the computation. The L2 norm ‖A‖2, defined as

‖A‖2 = max
x '=0

‖Ax‖2

‖x‖2
, where ‖x‖2 =

√
∑

i

|xi|2, (C.21)

is commonly chosen. In this case, ‖A‖ is given by its largest singular value, that is
the largest eigenvalue maxi si of

√
A†A. For positive definite hermitian matrices,

like the superposition matrix S, the singular values si coincides with the eigenvalues
λi and the condition number is consequently given by

K2(S) =
maxi λi

mini λi
. (C.22)

If some eigenvalues of the superposition matrix of a certain basis used to project
electronic wavefunctions are too large or too small, the accuracy of the results is
seriously compromised.

A well known catastrophic example is given by the classical Gaussian and Slater
basis, widely used before the attestation of B-splines for the lowest lying atomic
bound states. In figure C.3 the eigenvalues of the superposition matrices for well
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tempered Gauss and Slater basis [226] with dimensions N = 10, 100 and 1000
are plotted in decreasing order as a function of the eigenvalue fraction: λi vs. i/N .
Already with 100 functions, roughly a fourth of the basis functions are numerically
linearly dependent with the others. Larger basis does not add substantially to the
linear independent set. Such situation leads to all sort of numerical problems.

This is at striking variance with the case of B-splines: with a basis of order 7
on as much as 10 000 equally spaced knots, all the eigenvalues lie above 10−2.

The B-spline remarkable capability of approaching L2 completeness in arbi-
trary, possibly unlimited, intervals without spoiling the well conditioning of the
corresponding superposition matrix is known as effective completeness.

Effective completeness is largely the reason of B-spline success in atomic and
molecular physics calculations [227]. In the following section the concept of effective
completeness is precised and a general result is presented which demonstrate that
for a large class of knot grids relevant to atomic calculations, the spectrum of the
B-spline superposition matrix is well behaved and actually akin to a very specific
functional form.

We shall investigate here what exactly one is to expect from a large B-spline
basis in terms of the eigenvalues of its metric. It turns out that the extreme
eigenvalues of the superposition matrix, and therefore its condition number, can be
stringently localized around well defined finite values whenever reasonable limiting
conditions on a sequence of grids apply.

Consider the following parametrization of an arbitrary grid of separated knots
{ti}i∈IN (t0 < t1):

ti+1 − ti = eδi(ti − ti−1), 2 ≤ i ≤ N − 1, t0 < t1. (C.23)

The δi are convenient invariant parameters for the superposition integrals:

〈Bk
i |Bk

j 〉 = sk
j−i(δi+1, δi+2, . . . , δj+k) (C.24)
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Figure C.3: Eigenvalue distributions λi vs i/N for even-tempered basis of slater (blue) and
gaussian (red) functions of dimension 10, 100 and 1000. Recursion parameters are by Cooper et
al [226]. See text for comments.
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where, without loss of generality, we have assumed j ≥ i. If the spacing between
consecutive knots changes smoothly along a grid, then the matrix elements of the
corresponding B-spline superposition matrix differ little from those defined by a
uniform grid, even if the width ratio of far intervals may be substantially far from
1.

To precise this concept let introduce the following definition: a sequence of
grids {{t1i }i≤N1

, {t2i }i≤N2
, . . .} with Ns → ∞ is said locally uniform when

lim
s→∞

∆s = 0, ∆s = max
i

|δs
i | (C.25)

A relevant family of locally uniform sequences of grids can be the following

tsn = f [n · g(Ns)], f ∈ C2, f ′(0) > 0 (C.26)

where |f ′′/f ′| is bounded, and g is a strictly positive infinitesimal function limN→∞ g(N) =
0. This family captures the idea of a set of knots with a knot density given by
a well defined function f . If g(N) = A/N , the sequence of grids gets dense in
[f(0), f(A)], while if limn→∞ g(N) ∗ N = ∞ and limn→∞ f(n) = ∞, the sequence
of grids gets dense in [f(0), +∞). In the two cases the corresponding sequences of
spline spaces get dense in L2[f(0), f(A)] and L2[f(0), +∞].

The superposition between two splines can be approximated in the neighbor-
hood of the evenly spaced knots in their support as

〈Bk
i |Bk

j 〉 = sk
j−i((0) +

j−i+k
∑

l=1

∂l s
k
j−i((0) δi+l + o(δm). (C.27)

In a locally uniform sequence of grids then, it eventually happens that

|〈Bk
i |Bk

j 〉 − sk
j−i((0)| ≤ (2k − 1)[1 + max

l
|∂l s

k
j−i((0)|] ∆ (C.28)

Thanks to the fact that, by hypothesis, ∆ in a locally uniform sequence is infinites-
imal, the eigenvalues of the superposition matrix are equally distributed as in the
case of a plainly uniform grid. Moreover, the eigenvalue distribution functions are
known, as stated in the following theorem

Theorem C.3.1. The sequence of spectra {{λ(k),s
i }i∈INs

}s∈N of the superposition

matrices among L2 normalized B-splines of order k, defined by a locally uniform
sequence of knot grids {{tsi}i≤Ns}s=1,2,3,..., is such that

lim
s→∞

λ(k),s
1x Ns2 = fk(x), uniformly for x ∈ (0, 1] (C.29)

where =x> is the lowest integer greater than x, and fk(x) is a function which depends

solely on the spline degree k and has the following analytical expression

fk(x) = 1 + 2
k−1
∑

j=1

sk
j cos(πjx), x ∈ [0, 1], sk

j = sk
j ((0). (C.30)
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In other terms, all the locally uniform sets of knots are equivalent in that
they give rise to non-singular superposition matrices with the same distribution of
eigenvalues, irrespective to their global character.

Proof.
First First we observe that the eigenvalues problem for a real symmetric banded

circulant matrix Aij = a|i−j| of total dimension N reads

k−1
∑

j=−k+1

a|j|ci+j = λci (C.31)

with the N solutions n = 1, 2, . . . , N :

cn
j = e2iπ nj

N , λn =
k−1∑

j=−k+1

a|j| e
iπ 2nj

N = a0 + 2
k−1∑

j=1

aj cosπj
2n

N
. (C.32)

The eigenvalues λn and λN−n are degenerate, each eigenvalue is therefore assumed
twice with the exception of λN and of λN/2 if N is even. If the matrix elements of
the circulant matrix are given by the superpositions between normalized B-splines
on a uniform grid, aj ≡ sk

j then, the eigenvalues are given by

λn = 1 + 2
k−1
∑

j=1

sk
j cos πj

2n

N
, n = 0, 1, . . . , ?N/2@ (C.33)

As N approaches ∞, the set {xn = 2n/N, n = 0, 1, . . . , ?N/2@} gets dense in [0, 1],
and we recover the analytic expression given in Eq.(C.30).

Incidentally, a uniform grid of knots on a circle gives rise to a superposition
matrix which is circulant (see figure C.4). Indeed the iterative definition (C.1, C.2)
of B-splines can be easily generalized to a circular domain for k greater than the
number of knots.

Anyway, the superposition matrix of a set of B-splines defined on a uniform
grid in the real axis is not circulant, as the first splines do not superpose to the
last ones, but it is Toeplitz (constant on diagonals). It has long been known [228],
though, that the spectra of a Toeplitz matrix is equally distributed to that of the
corresponding circulant matrix, and, in the hermitian case, it is bounded both
above and below by the extreme values of the discrete Fourier transform f(θ) =
∑

j ajeijθ, θ ∈ [0, 2π]. From this result it can be shown that the Toeplitz spectrum
actually converges uniformly to that of the corresponding circulant matrix

∀ε ∃N | ∀n > N ∀n > N, i ≤ n |tni − cn
i | < ε. (C.34)

For hermitian banded Toeplitz matrices, the uniform convergence can be demon-
strated more easily by means of a corollary of the min-max theorem [229], as
reported at the end of this appendix. In the case of banded matrices, moreover,
the uniform convergence can indeed be precised better [230]:

|t(k),n
i − c(k),n

i | < π max
x

|f(x)|(k − 1)/(n + 1). (C.35)
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Figure C.4: B-splines (k=4) defined on a circular domain. If the knot spacing is uniform, they
give rise to a circulant superposition matrix, since the “last” splines superpose to the “first” ones.

A still faster convergence is expected for the extreme eigenvalues. The two lowest
errors vanish quadratically

e1, e2 ∼ d(k)/n2 with ∀m lim
k→∞

kmd(k) = 0. (C.36)

where n is the dimension of the B-spline basis and d(k) a proportionality constant
which converges to zero faster than any polynomials.

The errors on the highest even and odd eigenvalues obey instead the following
conditions

ee ∼ k3/2/n2 ; eo ∼ k2/n3 (C.37)

These properties on the extreme eigenvalues appear evident from a numerical ex-
ample. In figure C.5 the functions for even i

f e
nk(i/n) = (tkin − ck

in)
n

k3/2
[(i − 1)/n]−1 [1 − (i − 1/2)/n]−1 (C.38)

and for odd i

f o
nk(i/n) = (tkin − ck

in)
n

k2
[(i − 1/2)/n]−1 [1 − (i − 1)/n]−2 (C.39)

are reported for k = 7 and for n = .... as functions of the eigenvalue fraction. The
functions clearly accumulate on the limiting functions.

f e/o
k (x) = lim

n→∞
i/n=x

f e/o
nk (i/n) (C.40)

To our purposes, the f e/o
k can be suitably approximated taking n = 10000. In

figure C.6, f e/o
k for k = 2 to 20 are represented on a logarithmic scale. The terms

in the two sets clearly share the same value at x = 1 and converge exponentially
to zero at x = 0 as k → ∞.
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Figure C.5: fe
nk(x) (a) and fo

nk(x) (b) with k = 7 for n = 10, 20, 50, 100, 500, 1000 and 10000.
See text for details.
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Figure C.6: fe
k (x) (a) and fo

k (x) (b), approximated with fe/o
nk with n = 10000, for k=2 (upper

curves) through k=20 (lower curves). See text for definitions.
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To conclude the demonstration, it is sufficent to show that the sequence of
superposition spectra generated by locally uniform sequence of grids converges
uniformly to that of the corresponding sequence of Toeplitz matrices.

Let define a sequence of perturbation matrices {V 1, V 2, . . .} as

V s = Ss − T s

The perturbation matrices are non zero on the k − 1 upper and lower diagonals
only.

For a complex matrix aij, the eigenvalues are contained within the circles with
centers aii and radii Ri =

∑

j '=i |aij| (Gershgorin circle theorem). As a consequence,
the spectral radius of V is limited by

‖V ‖ ≤ max
i

∑

j

|Vij |. (C.41)

If we define A = (2k−1)[1+maxl |∂l sk
j−i((0)|], then |Vij| < A∆s. Since the diagonal

elements Vii are zero
‖V ‖ < 2(k − 1)A∆s (C.42)

Thanks to the last corollary of the min-max theorem reported at the end of this
appendix (perturbations with small spectral radius) the distance between corre-
sponding terms in equally ordered spectra of two hermitian matrices is at most
equal to the spectral radius of their difference:

∀i ≤ Ns |λs
i − tsi | ≤ 2(k − 1)A∆s. (C.43)

Since ∆s is infinitesimal, the theorem is proven. #
What about the numerical value of the sk

j ? They can actually be computed
analytically. To obtain their expression, we may adopt any set of splines defined
on a uniform grid. Here it is expedient to choose the cardinal B-splines, those
defined by the set of relative integers Z as an infinite grid of knots, since they have
a simple non recursive expression [82]:

bk
j (x) =

k
∑

r=0

(−)k−r
(k
r

)

(r + j − x)k−1
+ /(k − 1)! (C.44)

where

(x)n
+ =

{

xn if x ≥ 0
0 otherwise.

(C.45)

The characteristic superposition integrals between cardinal B-splines can then be
computed straightforwardly:

(bk
0, b

k
j ) =

∫ ∞

−∞
bk
0(x)bk

j (x) =
k
∑

r,s=0

(−)r+s

(k
r

)(k
s

)

[(k − 1)!]2

k−1
∑

α,β=0

(k − 1
α

)(k − 1
β

)

×

×rk−1−α(s + j)k−1−β (−)α+β

α + β + 1

[

min(max(r, j), s + j)α+β+1 − jα+β+1
]

(C.46)
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This formula is not very telling, but when the cardinal bk
j are normalized so to

have unit L2 norm, the reciprocals of their integrals happen to be integer numbers.
Stated otherwise, the ratio between the largest and the smallest integrals between
cardinal splines of the same order is an integer number, so they can be exactly
tabulated. In the following we report (bk

0, b
k
j )/(bk

0, b
k
k−1) for k ≤ 6.

j
k 0 1 2 3 4 5
1 1
2 4 1
3 66 26 1
4 2416 1191 120 1
5 156190 88234 14608 502 1
6 15724248 9738114 2203488 152637 2036 1

A line in this table can be read from right to left, in which case it gives 1/sk
j .

Note in particular that the largest integral is 2(k − 2) orders of magnitude larger
than the smallest integral.

The theorem can be generalized to multidimensional B-splines. Let consider
for definiteness the bi-dimensional case. The B-spline basis is given by

Bij(x, y) = Bi(x)Bj(y) (C.47)

and the superposition factorizes as

〈Bij|Bnm〉 = S(x)
in S(y)

jm (C.48)

The eigenvalues are given by
λij = λ(x)

i λ(y)
j . (C.49)

where λ(x)
i (λ(y)

i ) is the i-th eigenvalue of S(x) (S(y)). For a sequence of locally
uniform, possibly different, knot grids for both the x and y axis, the two set of
eigenvalues separately converge uniformly to the corresponding sets of circulant
eigenvalues, and since the two spectra are bounded, also their product converges
uniformly to the product of circulant eigenvalues. The generalization to larger
dimensions is straightforward.

In figure C.7 we have reported the difference between the eigenvalues on an
exponential grid and the corresponding reference eigenvalues of the circulant matrix
for k = 7 and n = 10, 20, 50, 100, 500, 1000 and 10000, times n. The exponential
grid has been defined as

tin = exp [(i − 1)/(n − 1)3/4]. (C.50)

In the largest case, the intervals grows from ∼ 10−3 between the first and the
second knot, to ∼ 22 between the last two knots (around t ∼ 22000). Still the
convergence of the eigenvalues is similar to the case of the Toeplitz matrix, as it
is uniform, more precisely the error is lower than C/n where C is a constant. For
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any fixed number of extreme eigenvalues the convergence is even faster as for any
fixed i: |ei,n|n → 0 and |en−i,n|n → 0.

The set of knots of practical interest generally have a fixed number of intervals
violating the condition on δi, typically an initial and a final set of k− 1 zero-width
intervals. This adds a finite number of non vanishing terms in the series of pertur-
bation matrices. As a consequence of the second corollary to the min-max theorem
reported at the end of this appendix (finite rank perturbations), only the extreme
larger and lower k − 1 eigenvalues may be seriously affected. In this case the uni-
form convergence claimed by the theorem applies only to the inner eigenvalues. As
a matter of fact, though, no relevant deviations from the uniform case have been
observed.

What happens if the requirement of local uniformity is relieved? To investigate
that case we chose a random distribution of interval widths, uniform in (0, 1].
For a fixed number of knots and spline order there is a whole family of eigenvalue
distributions which can be described with a mean function and a standard deviation
function for each eigenvalue fraction value.

Both the mean and the standard deviation times
√

N converge rapidly to a
limiting function. This means that there is not a limiting distribution of eigenvalues
but a limiting function of all distributions. Such limiting function is pretty similar
to the limiting function of evenly spaced grid.

In figure C.8 a comparison of the limiting functions for both the uniform and
the random case are shown from order 2 to order 10. The same plot is reproduced
on a linear and on a logarithmic scale to emphasize the highest and the lowest

3

2

1

0
0.4 0.6 0.8 10.210.80.60.40.20
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(b)(a)

Figure C.7: Difference between the even (a) and odd (b) eigenvalues of the superposition
matrix between B-splines of degree k = 7, built on a locally uniform sequence of exponential
grids (see text for details), and the corresponding eigenvalues of the circulant matrix, multiplied
by the basis dimension. Dimensions n = 10, 20, 50, 100, 500, 1000, 10000 are shown. Uniform
convergence is apparent.
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part of the spectrum respectively. The eigenvalue distribution depends primarily
on the spline degree k and only marginally on the interval widths being constant
or randomly distributed. The highest eigenvalues of the random case are slightly
higher, and the lowest slightly lower, than in the uniform case.
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Figure C.8: Eigenvalues of the superposition matrices for large B-spline basis (dimension
N=10000) of degree k = 2 to 10 on evenly spaced (blue) and randomly spaced (red) knots
in decreasing order as functions of the eigenvalue fraction: λi vs i/N . In the top (bottom)
panel a linear (logarithmic) scale emphasizes the region of highest (lowest) eigenvalues. The
randomly distributed intervals do not cause the eigenvalue distribution to change significantly.
This evidence exhibits the stability of the spectrum toward deviations from local uniformity.
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C.4 Locally uniform grids and locally Toeplitz

matrices

The superposition matrices between B-splines on a uniform sequence of grids are
almost Toeplitz when the B-splines are L2 normalized. With a different normaliza-
tion, for example that of the native B-splines defined iteratively by C.1 and C.2,
any term in the sequence of superposition matrices is no longer globally similar
to a Toeplitz matrix but it is still locally so, in the sense that for any integer
m, for any real x ∈ (0, 1), and for any ε > 0 there exists an no such that for
all n > no, i, j = 1, 2, . . . , m |A3nx4+i,3nx4+j − A3nx4+1,3nx4+|j−i|| < ε. This con-
cept of local Toeplitzness is different from that introduced a decade ago by Paolo
Tilli [231]. If the sequence of B-spline grids is nevertheless defined by tni = t(i/n),
the superposition matrix is indeed locally Toeplitz in the sense defined by Tilli.
In this case Tilli has shown that the eigenvalue distribution is characterized by a
generalized Szegö formula. The Tilli approach has been extended in 2003 by Serra
Capizzano to the multilevel case of Generalized Locally Toeplitz (GLT) sequences
of matrices [232, 233].

C.5 Min-max theorem and its consequences

For an hermitian matrix A, the range (Ax, x)/‖x‖2 is a bounded real interval whose
maximum and minimum are the largest and smallest eigenvalues of A, respectively.
We have indicated with (, ) the standard hermitian form on Cn, linear in the first
and antilinear in the second argument, (x, y) =

∑n
i=1 xiy∗

i , and ‖x‖ = (x, x).
The min-max theorem 1 [229] is a refinement of this proposition which provides a
variational characterization of all the eigenvalues.

Let α↑
j be the eigenvalues of A in increasing order, α↑

1 ≤ α↑
2 ≤ . . . ≤ α↑

n,

α↓
j = α↑

n−j+1 those listed in decreasing order, and Sk an arbitrary k ≥ 1 dimensional
subspace of Cn. The min-max theorem states that

α↑
k = min

Sk

max
x∈Sk
‖x‖=1

(Ax, x), (C.51)

α↓
k = max

Sk

min
x∈Sk
‖x‖=1

(Ax, x). (C.52)

In order to demonstrate the theorem we consider first the following lemma: for
every Sk

1. there exists x ∈ Sk, ‖x‖ = 1 such that (Ax, x) ≥ α↑
k,

2. there exists x ∈ Sk, ‖x‖ = 1 such that (Ax, x) ≤ α↓
k.

To see this, consider the subspace S ′ = span{uk . . . un}, where ui is the eigenvector
corresponding to α↑

i . S ′ has codimension k−1, therefore S ′∩Sk 3= ∅. Let x ∈ S ′∩Sk

1The min-max theorem is also known as variational theorem or Courant-Fischer-Weyl theorem.
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with ‖x‖ = 1. (Ax, x) ≥ α↑
k since x ∈ S ′, so the first claim holds. The second

result is obtained through analogous steps.
The first part of the lemma implies that

inf
Sk

max
x∈Sk
‖x‖=1

(Ax, x) ≥ α↑
k.

Since the infimum is actually realized by choosing Sk = span{u1 . . . uk}, where it
equals α↑

k, the first equality holds. The second equality is demonstrated analo-
gously, exploiting the second part of the lemma.

C.5.1 Interlace theorem

Consider the matrix B = PAP , where A is a n × n matrix and P is a n × (n − r)
orthogonal projection onto a subspace of dimension n− r. If the eigenvalues αj of
A and βj of B are listed in increasing order, then for all j = 1, 2, . . . , n − r

αj ≤ βj ≤ αj+r. (C.53)

Let βi have corresponding eigenvector bi and Sj = span{b1 . . . bj}, then

βj = max
x∈Sj
‖x‖=1

(Bx, x) = max
x∈Sj
‖x‖=1

(PAPx, x) = max
x∈Sj
‖x‖=1

(Ax, x) ≥ αj

where in the last inequality we have applied the first part of the min-max theorem.
On the other hand, if we define Sn−r−j+1 = span{bj . . . bn−r}, then

βj = min
x∈Sn−r−j+1

‖x‖=1

(Bx, x) = min
x∈Sn−r−j+1

‖x‖=1

(PAPx, x) = min
x∈Sn−r−j+1

‖x‖=1

(Ax, x) ≤ αj+r,

where the last equality is given by the second part of the min-max theorem. In
particular this corollary allows to demonstrate that the eigenvalues of a banded
hermitian Toeplitz matrix Tn(f) converge uniformly to those of the corresponding
circulant matrix Cn(f) as n → ∞, since Tn(f) is the principal submatrix of Cn+r(f)
obtained eliminating the last r rows and columns, where r is the number of upper
diagonal elements of Tn(f).

C.5.2 Finite rank perturbation

Let B = A + E where A, E and B are all hermitian n × n matrices and E has
finite rank r. Then for k < j ≤ n − k

αj−k ≤ βj ≤ αj+k. (C.54)

Consider the projector P onto the orthogonal complement to the range of E. Then

PBP = PAP

let call qj the eigenvalues of the projected operators. The interlace theorem assures
that

αj , βj ≤ qj ≤ αj+r, βj+r

from which the proposition follows immediately.
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C.5.3 Perturbations with small spectral radius

Let B = A + E where A, E and B are all hermitian n × n matrices and E has
spectral radis ε, then

∀j |βj − αj | ≤ ε. (C.55)

This can be seen by applying directly the min-max characterization of eigenvalues:

β↑
j = min

Sj

max
x∈Sj
‖x‖=1

(Bx, x) = min
Sj

max
x∈Sj
‖x‖=1

[

(Ax, x) + (Ex, x)
]

≤

≤ min
Sj

max
x∈Sj
‖x‖=1

[

(Ax, x) + ε
]

= αj + ε

and similarly

β↑
j = max

S⊥
j−1

min
x∈S⊥

j−1

‖x‖=1

(Bx, x) = max
S⊥

j−1

min
x∈S⊥

j−1

‖x‖=1

[

(Ax, x) + (Ex, x)
]

≥

≥ max
S⊥

j−1

min
x∈S⊥

j−1

‖x‖=1

[

(Ax, x) − ε
]

= αj − ε



Appendix D

Interpolation

In the K-matrix technique, interpolation is a crucial part of the algorithm. It is by
means of interpolation that the set of integral equations can be discretized and on
interpolation accuracy relies much of the eventual accuracy of results. We used two
different kind of interpolation methods, which proved to be essentially equivalent:
the cubic B-spline and the Lagrange interpolation method.

For the Lagrange interpolation the approximating function in every interval is
computed with at most three points to the left and three points to the right of the
given point. This is also the assumption to extrapolate matrix elements down to
thresholds: the interpolation in the first interval, which usually is the smallest one,
relies on the values on the first three points. The whole interpolating function can
be written as

F (x) =
N
∑

k=1

ϕk(x)
∑

i∈IN
k,o

∏

j∈IN
k,o\{i}

(x − xj)
∏

j∈IN
k,o\{i}

(xi − xj)
f(xi) =

∑

i

ΦN
i,o(x)f(xi) (D.1)

where ϕi is the characteristic function of the Ci interval1. F derivative is discontin-
uous at grid points. The matrix of a local operator between Lagrange characteristic
functions ΦN

i,o(x) is band diagonal with 2o − 1 non-zero elements above and below
the diagonal. This is in particular the structure of P(E)integration matrices:

P(E)ij =

∫ Ecut

Eth

dε Φi(ε)
P

E − ε
Φj(ε) (D.3)

With cubic B-spline (k = 4), the interpolating function is C2. Given n grid
points, threshold included, the n + k − 2 = n + 2 degrees of freedom need three
conditions more than the n−1 values at points above threshold. The two common

1Ci ≡ [xi−1, xi], depends on values at points xii∈IN
k,o

where the index set is defined by

IN
k,o ≡ {max(1, k − o), . . . ,min(N, k + o − 1)} (D.2)

where o is the prescribed maximum number of points to the left and to the right of the interval
to be interpolated.
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Figure D.1: The band structure of the integration matrix which results when Lagrange inter-
polation is used.

conditions of zero second derivative at boundaries define the set of natural splines.
The last condition can be, for example, to set the first derivative at threshold
to the same value at the first point after it. A characteristic feature of B-spline
interpolation, which is a direct consequence of the requirement for differentiability,
is that the value of the interpolating function depends on the values at all grid
points. As a consequence the integration matrix is no more band diagonal.

As a matter of facts, the two methods did not give rise to appreciably different
results.

Proper care must be paid for the signs of the PWC’s states in the continuum in
order to have matrix elements which can be correctly interpolated in the continuous
index(es).



Appendix E

Radiative K-matrix, an example

In this appendix the full derivation of the radiative K-matrix equations is provided,
along with the elementary application to the case of a single discrete state coupled
both to an autoionizing and a fluorescence decay channel.

As anticipated in the first chapter, the close coupling autoionization wave func-
tions are seeked as

|ΨP
αE〉 = |φαE〉+

∑

γ

∑
∫

dε|φγε〉
P

E − ε
Kγε;αE+

∑

d

∫ Ωd

dω|d⊗ω〉 P
E − Ed − ω

Kdω;αE

(E.1)

where in |d⊗ω〉 the bound state d is coupled to a dipole photon to form a state with
the same symmetry of autoionization channels |φαE〉. The ultraviolet cutoffs Ωd

have been introduced for a reason that will become clear in the following. we shall
consider for clarity only the case of dipole approximation, where the photons have
only one discrete parameter: the polarization at the origin. The generalization
to the interaction with general multipolar photons is straightforward. A similar
expression holds for the fluorescence channels

|ΨP
aω〉 = |a⊗ω〉+

∑

γ

∑
∫

dε|φγε〉
P

E − ε
Kγε;aω+

∑

d

∫ Ωd

dω′|d⊗ω′〉 P
E − Ed − ω′Kdω′;aω

(E.2)

where it is understood that E = Ea + ω. This equations are transformed into a
system of coupled integral equations through the action of the functionals

〈φβE′|(E − H), 〈b ⊗ ω′|(E − H)

To this purpose, we observe that

〈a ⊗ ω|H|b⊗ ω′〉 = (Eb + ω) δab δ(ω − ω′) (E.3)

〈φαE|H|a ⊗ ω〉 =

√

2α3

3π(2L + 1)
ω1/2〈ΦαE‖∇1‖a〉, ∇1 =

∑

i

∇1(i) (E.4)
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We shall indicate with C the recurrent factor
√

2α3

3π(2L+1) . The reduced matrix

element 〈φαE‖∇1‖a〉 will be designated with ∇αE,a or ∇•,a wherever it is sensible
to do so. For the effective interaction potential we adopt the shorthand notation

V (E)βE′,αE = [HβE′,αE − ESβE′,αE ](1 − δαβ)

where also the dependence on energy will possibly be omitted. The four projected
equation are

KβE′,αE −
∑

γ '=β

∑
∫

dεV (E)βE′,γε

P
E − ε

Kγε,αE −

−C
∑

a

∇βE′,a

∫ Ωa

0

dωω1/2 P
E − Ea − ω

Kaω,αE = V (E)βE′;αE (E.5)

Kbω′,αE = Cω′1/2

{

∇b,αE +
∑

γ

∑
∫

dε∇b,γε
P

E − ε
Kγε,αE

}

(E.6)

KβE′,aω −
∑

γ '=β

∑
∫

dεV (E)βE′,γE
P

E − ε
Kγε,aω −

−C
∑

d

∇βE′,d

∫ Ωd

0

dω′ω′1/2 P
E − Ed − ω′Kdω′,aω = Cω1/2∇βE′,a (E.7)

Kbω′,aω = Cω′1/2
∑

γ

∑
∫

dε∇b,γε
P

E − ε
Kγε,aω (E.8)

It is immediate to see that, as it stands, the problem depends on the ultraviolet
cutoffs Ωd. For example when we replace Kdω′,aω in the last term in (E.7) with the
expression in (E.8) we obtain

∑

γ

∑
∫

dε
∑

d

C2∇βE′,d

{∫ Ωd

0

dω′ ω′P
E − Ej − ω′

}

∇d,γε
P

E − ε
Kγε,aω

The integration in parenthesis is analytical:

Ia(Ωa) ≡
∫ Ωa

0

dω′ ω′P
E − Ea − ω′ = −Ωa + (E − Ea) ln

(
E − Ea

Ωa − E + Ea

)

Ia(Ωa) diverges as Ωa approaches ∞. If one is not interested in the radiative cor-
rection to the energy position of atomic levels or resonances, this trouble can be
dealt with rather swiftly by choosing Ωa in such a way to make all Ia(Ωa) identi-
cally zero. This means in principle to choose a different set of cutoffs for each total
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energy, but this aspects will not bother us at all, as with this assumption every ref-
erence to cutoffs graciously disappears and the whole problem gets hugely simpler.
First of all only the electronic continuum needs to be discretized. Assuming the
habitual discretization of the K-matrix system, equations (E.5) and (E.7) become
very similar:

[1 − VP(E)]K•,αE = V(E)•,αE (E.9)

[1 − VP(E)]K•,aω = Cω1/2∇•,a (E.10)

In particular, the K matrix between matter channels remains unchanged with re-
spect to the case where the fluorescence channels are completely omitted. The
other two equations, (E.6) and (E.8), allow to find the other matrix elements:

Kbω,αE = Cω1/2 {∇b,αE + ∇b,•P(E)K•,αE} (E.11)

Kbω′,aω = Cω′1/2∇b,•P(E)K•,aω (E.12)

The on-shell K-matrix is manifestly symmetric. Simple manipulations shows that

Ka,b(E) = C2(E − Ea)
1/2(E − Eb)

1/2∇a,•
{

P(E)−1 − V(E)
}−1 ∇•,b (E.13)

KαE,aE = C(E − Ea)
1/2P(E)−1

αE,•
{

P(E)−1 − V(E)
}−1 ∇•,a (E.14)

KaE,αE = C(E − Ea)
1/2∇a,•

{

P(E)−1 − V(E)
}−1

P(E)−1
•,αE (E.15)

Even if the matter K-matrix is left unchanged, the transition matrices T± do

change, and so does the scattering matrix S as well as all the resonance widths.
Now we shall consider explicitly the case of one autoionization channel, one flu-

orescence channel and one discrete state. The unperturbed states are given by the
autoionization channel functions |ε〉 with a total energy ε above the autoionization
threshold Eth, the fluorescence channel |ω〉 where it is understood that the state is
an atomic state |a〉 suitably coupled to a dipole photon γω, and the discrete state
|φ〉:

〈ε|H|ε′〉 = (Eth + ε)δ(ε − ε′), 〈φ|H|φ〉 = Eφ, 〈ω|H|ω′〉 = (Ea + ω)δ(ω − ω′)

〈φ|H|ω〉 = Cω1/2∇φa, 〈ε|H|ω〉 = Cω1/2∇εa, 〈φ|E − H|ε〉 = −Vφε(E).

The two principal part Lippmann Schwinger equations are:
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|ΨP
E〉 = |E〉 + |φ〉 P

E − Eφ
KφE +

∫

dε|ε〉 P
E − ε

KεE +

∫

dω′|ω′〉 P
E − Ea − ω′Kω′E

|ΨP
ω 〉 = |ω〉 + |φ〉 P

E − Eφ
Kφω +

∫

dε|ε〉 P
E − ε

Kεω +

∫

dω′|ω′〉 P
E − Ea − ω′Kω′ω

From the projection of the first equation on (E−H)|E ′〉, (E−H)|φ〉 and (E−H)|ω′〉
we obtain the correspondent following three equations

−VφE + KφE −
∫

Vφε
P

E − ε
KεE − C∇φa

∫

ω1/2 P
E − Ea − ω

KωEdω = 0

−VE′φ
P

E − Eφ
KφE + KE′E − C∇E′a

∫

ω1/2 P
E − Ea − ω

KωEdω = 0

−Cω′1/2∇aE − Cω′1/2∇aφ
P

E − Eφ
KφE − Cω′1/2

∫

∇aε
P

E − ε
KεE + Kω′E = 0

From the third of these equations we get

Kω′E = Cω′1/2

{

∇aE + ∇aφ
P

E − Eφ
KφE +

∫

∇aε
P

E − ε
KεE

}

With the assumption on the cutoff regularization, we can replace KωE in the second
projected equation to obtain the familiar expression

KE′E = VE′φ
P

E − Eφ
KφE

and finally, exploiting the first projected equation, we get

P
E − Eφ

KφE =
VφE

E − Eφ − ∆φ

where ∆φ = ∆φ(E) ≡
∫

dεVφε
P

E−εVεφ Thus

KE′E =
VE′φVφE

E − Eφ − ∆φ

KωE = Cω1/2

{

∇aE +

[

∇aφ +

∫

−∇aεVεφ

E − ε

]
VφE

E − Eφ − ∆φ

}
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We have obtained the autoionization-autoionization and fluorescence-autoionization
elements of K-matrix. For the on-shell K-matrix, the autoionization-fluorescence
matrix elements are also known since K is real and symmetric, but to obtain the
general matrix elements as well as the fluorescence-fluorescence matrix elements
we have to apply the same procedure to the second Lippmann-Schwinger equation.
The three projected equations are

−Cω1/2∇φa + Kφω −
∫

−VφεKεω

E − ε
− C∇φa

∫

−ω′1/2Kω′ω

ω − ω′ = 0

−Cω1/2∇E′a − VE′φ
P

E − Eφ
Kφω + KE′ω − C∇E′a

∫

−ω′1/2Kω′ω

ω − ω′ = 0

−Cω′1/2∇aφ
P

E − Eφ
Kφω − Cω′1/2

∫

−∇aεKεω

E − ε
+ Kω′ω = 0

Therefore

Kω′ω = Cω′1/2

{

∇aφ
P

E − Eφ
Kφω +

∫

−∇aεKεω

E − ε

}

KE′ω = Cω1/2∇E′a + VE′φ
P

E − Eφ
Kφω

P
E − Eφ

Kφω = Cω1/2
∇φa +
∫

−Vφε∇εa

E−ε

E − Eφ − ∆φ

and finally

KE′ω = Cω1/2

{

∇E′a +
VE′φ

E − Eφ − ∆φ

[

∇φa +

∫

−Vφε∇εa

E − ε

]}

and

Kω′ω = C2(ω′ω)1/2







∫

−∇aε∇εa

E − ε
+

(

∇aφ +
∫

−∇aεVεφ

E−ε

)(

∇φa +
∫

−Vφε∇εa

E−ε

)

E − Eφ − ∆φ









Appendix F

Helium doubly excited states

Helium doubly excited states (DES) are those states where both the electrons ere
excited out of the inner 1s shell. With the exception of unnatural states below
N=2 threshold in electrostatic approximation, the DES give rise to autoionizing
resonances as their energy is higher than the first He ionization threshold.

Since their observation in the photoionization spectrum of the pioneering ex-
periment by Madden and Codling in 1963 [5] it was apparent that most of them
could not be described in terms of a single electronic configuration. In a joint paper
Cooper, Fano and Prats [234] proposed the first classification scheme for 1Po He
DES below N=2 threshold in terms of symmetric and antisymmetric linear combi-
nations of configurations 2snp±2pns, corresponding respectively to the strong and
weak peaks in the photoionization spectrum. A third series, with a dominant single
configuration 2pnd, much narrower and weaker than the other two, was observed
for the first time only in 1992 by Domke et al [16]. Doubly excited states in other
symmetries and below higher thresholds cannot be easily reduced to expressions
from independent particles approximation schemes. Still the effective principal
quantum numbers and reduced widths of such resonances exhibit clear regularities
which indicate the possible existence of approximate quantum numbers.

Many efforts were devoted to develop reliable approximated models for the
correlated motion of the two electrons. After the pioneering work of Wulfman [235],
Herrick, Kellman, Sinanoğlu and Poliak developed group theoretical methods which
proved to be useful to interpret resonance widths and intensities. In the Doubly
Excited State Basis (DESB), proposed by Herrick and Sinanoglu in 1975 [236], a
DES is specified by four approximate quantum numbers, K, T , N , n, beyond the
exact ones.

|Nn, KTLSΠ〉 =
∑

ll′

|Nl, nl′, LSΠ〉DKTLΠ
Nl,nl′ (F.1)

where

DKTLΠ
Nl,nl′ =(−1)l′gπMT

√

(n + K + T )(n + K − T )(2l + 1)(2l′ + 1)×

×







1
2(N − 1) 1

2(n − 1) 1
2(n − 1 + K + T )

1
2(N − 1) 1

2(n − 1) 1
2(n − 1 + K − T )

l l′ L







(F.2)
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gπ = 1 if l + l′ ∼ Π otherwise gπ = 0. MT = 1 if T = 0 otherwise MT =
√

2. Many
other works on the same line followed [115, 187, 188, 237–240].

K is roughly proportional to − cos θ12. The larger K, the larger the interelec-
tronic angle, the smaller the energy. For an extensive investigation of this aspect,
see Bürgers - 1999 [241]. T measures the angular momentum projection of the
inner electron along the interelectronic axis. The problem with this approximation
scheme is that yet many different principal quantum numbers n enter in a reliable
description of the states.

C. D. Lin [189, 242, 243] proposed an hyperspherical adiabatic approximation
where the wavefunction is written in the following form

Ψ = F n
µ (R)Φµ(R; Ω) (F.3)

where R and Ω are the hyper-radius and the hyper-angle respectively. The index µ
defines a channel: µ ≡ {N, (K, T )A, L, S, Π}. K and T are the same as Herrick’s.
A is a “radial correlation” number, which is ±1 according to the nodal/antinodal
character of the wavefunction at r1 = r2. A = 0 is also allowed to label those states
without a clear nodal character. See also the review [244].

In our opinion the clearest (and simplest) classification scheme is provided by
the Stark model: when the external electron is very far away from the nucleus,
the inner electron experiences an almost constant static field. Its eigenstates are
therefore the Stark states, identified by three quantum numbers: N1, N2 and m
which assign the number of nodes along ξ, η and φ coordinates in a parabolic
system (see BETHE and SALPETER [107], sec. 6) in which hydrogenic atoms are
still separable. In this last scheme the inner principal quantum number is N =
N1+N2+m+1, T = m and K = N2−N1. The series classification scheme based on
Stark quantum numbers completed with the parity index A = ±1 which originates
in the molecular approximation is also called the parabolic notation: [N1N2m]A.
A single term in a series is identified with a last index n for the principal quantum
number of the outer electron: [N1N2m]An .

Yet another classification scheme by Feagin and Briggs (1986) [245], maybe
the most successful in accounting for the preservation of resonance series character
down to very low excitation of the outer electron with respect to the inner one, is
provided by the molecular model. In this model the states are expanded on the
basis of molecular orbitals for the nucleus in the field of the two electrons, defining
a molecular axis analogously as in the H+

2 molecule.
For a detailed description of the classification schemes, autoionization and pho-

toionization propensity rules see the topical review by Rost, Schulz, Domke and
Kaindl [99] and references therein. Nicolaides et al - 2002 [246] gave a critical anal-
ysis of DES models. See also Bouri et al - 2006 [247] on the comparison between
parabolic and spherical partial cross sections near He double ionization threshold.

Significant parallels can be drawn with the dynamics of the classical helium
atom. Ostrovsky et al [248–253] dedicated many effort to the description of the
so called planetary states [254]. In (quantum) planetary atoms, both the electrons
are highly excited in a metastable state which is analogous to a stable classical
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planetary atom configuration. For planetary states, the classification schemes ex-
amined above are inapplicable. For a review, see Richter et al - 1993 [255] and
Tanner et al 2000 [256].



Appendix G

Matrix Elements

The celebrated series of papers by Racah on complex atomic spectra, appeared
during the forties of the last century [257–260] opened the wide field of interaction
between complex atomic configurations.

In particular the first derivation of three electron matrix elements between
arbitrary configurations has been given algebraically by Fano, Prats and Gold-
schmidt [261]. In a later work, Fano introduced a standardized procedure to treat
antisymmetrization of electrons in different shells and investigated satisfactorily
most of the simplifications in the calculation of matrix elements [204].

Significant improvements may be obtained with the support of the graphical
method, which has been used extensively by several authors from a general point of
view. A general computer program to evaluate recoupling coefficients of arbitrary
complexity has also been written more than 35 years ago by Burke [262]. Other
relevant contributions came from Hibbert [263–265]. For a review on this topics
see Briggs [266] and references therein. There are still improvements in this field,
mainly in the production of efficient algorithms. See for example [267]

Even though, in the works cited thus far, recoupling coefficients and highly
efficient methods have been developed, they rely heavily on subshell orthogonality
and ordering. In the present work, where highly correlated systems of very few
electrons are considered, it was found convenient to derive anew all formulas with-
out the orthogonality restriction to fully take advantage of spline superposition
properties and to treat on equal footing those configurations obtained through
the coupling of an arbitrary spherical wave to a CI target. Matrix elements of
monoelectronic tensor operators of arbitrary rank and electron-electron Coulomb
repulsion are considered.

In what follows we shall consider explicitly the derivation of formulas in two and
three electron systems for single particle operators of arbitrary rank and electron-
electron coulomb repulsion. Prior to spin coupling and antisymmetrization, the
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coupled spatial wavefunctions are written as

N = 2 :
∑

m1m2

CLM
l1m1,l2m2

φn1l1m1
(1)φn2l2m2

(2) (G.1)

N = 3 :
∑

m1m2m3Mα

CLM
LαMα,l3m3

CLαMα
l1m1,l2m2

φn1l1m1
(1)φn2l2m2

(2)φn3l3m3
(3) (G.2)

Contraction with configuration interaction coefficients, when present, will be con-
sidered separately. A prime to bra indexes will be added to distinguish them from
ket indexes.

In the following it will appear that phase factors depends only on the naturality
of some of the various subsystems or of the transition operator. Naturality1 of
subsystem α will be indicated with the symbol Nα.

G.1 Graphical rules for angular momentum the-

ory

This section summarizes the basic graphical rules to deal with algebraic expressions
in quantum angular momentum theory. The treatment will be limited to integer
angular momenta (all phase factors of the form (−)2j are ignored) and to those
relations strictly needed to follow diagram manipulations in this chapter. We adopt
the conventions of Varshalovich, Moskalev and Khersonskii [216].

A |jm〉 state (ket) and the corresponding functional 〈lm| (bra) are represented
with the following two arrows:

the 3 − jm symbol is represented with three jm−lines coming out from a
common node:

(

a b c
α β γ

)
a*

b '

c $+

Direction of external jm−lines in a diagram can be inverted with the multipli-
cation by the phase factor (−1)j−m

M jm M j!m
(−1)j−m

The sign of a node can be inverted with the multiplication by the phase factor
(−1)a+b+c where a, b, c are the angular momenta connected to the node.

1An irreducible representation of O(3) is called natural (naturality 0) if its parity is that of
its angular momentum, otherwise it is called unnatural (naturality 1).
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M
a

b

c

+ M
a

b

c

! (−1)a+b+c

Summation over magnetic indexes of an outgoing bra (ket) and an ingoing ket
(bra) jm lines is replaced with a continuous j−line:

M
jm Njm

M N
j)

m

The orientations of internal lines (that is lines which connect two nodes) are
irrelevant. Therefore they will be omitted unless they are thought to be useful to
follow diagram manipulation. Moreover, lines with 0 angular momentum can be
cancelled (residual nodes on a j−line are equivalent to a 1/

√
2j + 1 factor)

M j=0
a

a
M a

1√
2a+1

Summation over angular momenta J of internal lines multiplied by (2J + 1) are
common and are indicated with a thicker internal line:

O

J

NM
) (2J+1)

J

O

J

NM

M J N ) (2J+1)

J

NM J

M J ) (2J+1)

J

M J

A summation over J in a single diagram can be eliminated when the couples
of the other angular momenta which converge to the two nodes are identical

M

a b a b

J

M

ba

Given the previous rules some simple diagrams follow:
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j =
∑

m〈jm|jm〉 = (2j + 1)

j =
∑

m(−)j−m

(

j 0 j
m 0 −m

)

= 1√
2j+1

∑

m Cjm
jm,00 =

√
2j + 1

a

b

c

+ ! = {abc} 2

a

c

+ ! = {a0c} = δac

Clebsch Gordan coefficients, 6j symbols and 9j symbols have the following
graphical representation:

Ccγ
aα,bβ = c $

b '

a*

c
+

{

a b c
d e f

}

=

a

b

cde

f
+ +

+

+







j1 j2 j3

j4 j5 j6

j7 j8 j9






=

j
2

j
4

j
5

j
8

j
3

j
1

j
7

j
6

j
9

Connection and disconnection of diagrams Diagrams can be disconnected
or recoupled according to the following rules, provided at least one of the subdia-
grams have no external lines:

M j N M N
j

j

j j

N M NM
a

b

c c

b
a

+ !

c

b

a

NM J
c

b

a

b

c
dd

a
+

+ !

!

NM
d

c

b

a

Coupling of more than two electrons The contracted product of two Clebsh
Gordan coefficients in the three electron expression can be written down as a
diagram (fig G.1).

∑

Mα

CLM
LαMα,l3m3

CLαMα
l1m1,l2m2

=

l m3 3

m2l2

m1l1

L *

L

L *

L M

2{abc} = 1 if triangular inequalities are satisfied, {abc} = 0 otherwise.
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G.2 Single particle operators

Let us consider a single particle operator of rank T :

〈φα,$′m′ |oT τ |φβ,$m〉 =
C$′m′

$m,T τ√
2,′ + 1

〈φα,$′‖oT‖φβ,$〉 (G.3)

Zero particle (metric) and one particle zero-rank operators (electron kinetic energy
and electron-nucleus attraction) are obtained easily setting to zero the parity and
angular momentum of the transition operator. Examples of multipolar terms of
higher rank (electric and magnetic dipole, electric quadrupole, ecc.) are examined
in appendix B

G.2.1 Two-electron systems

The general expression to be computed can be written in a diagram as

m1l1

m2l2

m1l1

j µ

P2

P1

ML’ ’ L M

LL’

m{ }µj
)

T +

2

1

’

’ ’

’

’ ’ µj

i i

m2l2

• o(1)

ML’ ’ L M

T +

L’ L

’l1
l1

l2

l2l2’

L’ L

l2l2’ L’

’l1 l1

ML’ ’

T +

LM

l2

L
T

〈[φ′
1⊗φ′

2]|oT τ(1)Ê|[φ1⊗φ2]〉 = 〈φ′
1‖oT‖φ1〉〈φ′

2|φ2〉δl2l′2
ΠL(−)N+No

{

L T L′

l′1 l2 l1

}

CL′M ′

LM,T τ

• o(1)P12

ML’ ’ L M

T +

L’ L

’l1

L’ L

L’

’l1

ML’ ’

T +

LM

l1

l2

l2 l1

l2 l1

l1

l2

L
T

’

’

〈[φ′
1 ⊗ φ′

2]|oT τ (1)P12|[φ1 ⊗ φ2]〉 = 〈φ′
1‖oT‖φ2〉〈φ′

2|φ1〉δl1l′2
ΠL(−)No

{

L T L′

l′1 l1 l2

}

CL′M ′

LM,T τ

• o(2)
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ML’ ’ L M

T +

L’ L
L’ L

L’

ML’ ’

T +

LM

l1

l2

l1

l1

l1

l2

’l1

l2’

’l1

l2’

L
T

〈[φ′
1⊗φ′

2]|oT τ(2)Ê|[φ1⊗φ2]〉 = 〈φ′
1|φ1〉〈φ′

2‖oT‖φ2〉δl1l′1
ΠL(−)N

′+No

{

L T L′

l′2 l1 l2

}

CL′M ′

LM,T τ

• o(2)P12

ML’ ’ L M

T +

L’ L
L’ L

L’

ML’ ’

T +

LM

’l1

l2’

’l1

l2

l1

l2

l2

l1l2’
l2

L
T

〈[φ′
1⊗φ′

2]|oT τ(2)P12|[φ1⊗φ2]〉 = 〈φ′
1|φ2〉〈φ′

2‖oT‖φ1〉δl2l′1
ΠL(−)N+N ′+No

{

L T L′

l′2 l2 l1

}

CL′M ′

LM,T τ

G.2.2 Three-electron systems

The contraction to be performed is the following

∑

{mjµ}

MαMβ

CLαMα

l′1m′
1,l′2m′

2
CL′M ′

LαMα,l′3m′
3
δm′

iµ
′δl′ij

′

Cj′µ′

jµ,T τ√
2j′ + 1

δµmPi
δjlPi

C
LβMβ

l1m1,l2m2
CLM

LβMβ ,l3m3
δm′

i′
mPi′

δm′
i′′

mPi′′

(G.4)
where we have indicated with i′ and i′′ the two indexes other than that of the
variable on which the transition operator acts. This expression can be reproduced
in the following diagram where the bare numbers near edges of inner segments
define the contraction scheme according to which operator and which permutation
are considered.

m{ }µj

m1l1

l m3 3

L *

L *

l m3 3

m2l2

m1l1

L *

L

j µ

P3

P2

P1

)

T +

ML

L

2

3

1

L M

L '

’

’

’ ’

’ ’

’

’

’

’ ’ µj

i i

m2l2

• o(1)
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l3

l3

’

L *

l2

l2

’

L’L

L '

L *

’l1 l1

l2

ML’ ’

T +

L’

l3

L '

LM

L

T

l3

l3

’

L *

l2

l2

’

L’L

L '

l1’l1

l2

L * L '

T

L * L '

l3

L’

ML’ ’

T +

LM

T
L

L *

L *

ML’ ’

’l1

T +

L

l3

l3

’ l1

l2

l3L’

L '

ML

L '

’

l

l2

2

〈[[φ′
1 ⊗ φ′

2] ⊗ φ′
3]|oT τ (1)Ê|[[φ1 ⊗ φ2] ⊗ φ3]〉 = 〈φ′

1‖oT‖φ1〉〈φ′
2|φ2〉〈φ′

3|φ3〉×

×δl2l′2
δl3l′3

(−)Nα+Nβ+NΠLαLβL

{

Lα Lβ T
l1 l′1 l2

}{

L T L′

Lα l3 Lβ

}

CL′M ′

LM,T τ

• o(1)P13

L *

L *

l2

ML’ ’

’l1

T +

L

l3

l1

l2

l2

L *

l2

l2

’

L’L

L '
L *

l2

l2

’

L’L

L '

ML’ ’

T +
l3

L * l1

l2

l3

’l1

L '

L '

l3

ML’ ’

T +

LM

L’

’l1

l3

L’

L '

’l1 L '

L’
l2

L * l1

L’

ML

’ ’l

l

3

1

LM

’

l1

L '

LT

’

l1

LT

〈[[φ′
1 ⊗ φ′

2] ⊗ φ′
3]|oT τ (1)P13|[[φ1 ⊗ φ2] ⊗ φ3]〉 = 〈φ′

1‖oT‖φ3〉〈φ′
2|φ2〉〈φ′

3|φ1〉×

×δl2l′2
δl1l′3

(−)Nβ+No+N ′
ΠLαLβL

{

l1 l2 Lβ

l′1 L′ Lα

}{

L T L′

l′1 Lβ l3

}

CL′M ′

LM,T τ

• o(1)P23

L *

L *

’l1

L

l2

L *

L’L

L '

ML’ ’

T +
l3

L '

l1

l3

l2

l2

L * L '

l1’l1

L’

L’

l2

l3L’

ML

’ ’l

l

3 LM

’

l
L '

2 l3

M’

2

’

l3

T +

L

T

〈[[φ′
1 ⊗ φ′

2] ⊗ φ′
3]|oT τ (1)P23|[[φ1 ⊗ φ2] ⊗ φ3]〉 = 〈φ′

1‖oT‖φ1〉〈φ′
2|φ3〉〈φ′

3|φ2〉×

×δl2l′3
δl3l′2

(−)Nα+Nβ+NΠLαLβL







L T L′

l3 l′1 Lα

Lβ l1 l2






CL′M ′

LM,T τ

• o(1)P12

L *

L *

l3

ML’ ’

’l1

T +

L

l2

l1

l2

L *

L’L

L '

L * L '

l3

L’

ML’ ’

T +

LM

L *

L’L

L '

L *

’l1

ML’ ’

T +

L’

l3

l2 l2

’l1

L * L '

l3

l3

l3

l3

l3

l3

L’

L '

ML

L '

’

l1

T
L

L '

LM

L

T

’

l1

l

l

1

2

’

l1
T

l

l

1

2

’

’ ’
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〈[[φ′
1 ⊗ φ′

2] ⊗ φ′
3]|oT τ (1)P12|[[φ1 ⊗ φ2] ⊗ φ3]〉 = 〈φ′

1‖oT‖φ2〉〈φ′
2|φ1〉〈φ′

3|φ3〉×

×δl3l′3
δl1l′2

(−)Nα+NΠLαLβL

{

Lα T Lβ

l2 l1 l′1

}{

L T L′

Lα l3 Lβ

}

CL′M ′

LM,T τ
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G.3 Two particle operators: e-e Coulomb repul-

sion

The diagrammatic representation of interelectronic repulsion multipolar expansion
is readily derived

1

r12
=

∞
∑

l=0

gl(1, 2) (G.5)

gl(1, 2) =
l
∑
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4π

2l + 1
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<
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>

Y ∗
lm(r̂1)Ylm(r̂2) (G.6)

〈φ′
1φ

′
2|gl(1, 2)|φ1φ2〉 =

∑

m

4π

2l + 1
〈Yl′1m′

1
Ylm|Yl1m1

〉〈Yl′2m′
2
|YlmYl2m2

〉〈φ′
1φ

′
2|φ1φ2〉l =

= (−)Π+l Πl1l2l′1l′2

(

l l2 l′2
0 0 0

)(

l′1 l l1
0 0 0

)

〈φ′
1φ

′
2|φ1φ2〉l =

m2l2’ ’

m1l1m2l2’ ’

l m2 2

l

= {φ′
1φ

′
2|φ1φ2}l

m2l2’ ’

m1l1m2l2’ ’

l m2 2

l

Please note that the sign at nodes are here irrelevant, since both l1, l′1, l and
l2, l′2, l sum to even parity. Moreover, since either li or l′i is incoming and the
other is outgoing, also the direction of l-line is irrelevant. From the point of view
of angular momenta, the bielectronic interaction is equivalent to the emission and
reabsorption of a mock particle (once known with the unlucky name of “orbiton”)
with angular momentum l [261].
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’l3

’l1
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l3

L *

L *

’l2

'L

’l3

l3

l1

l2

l2

l2

l1

l2

L

l
l

L

〈[[φ′
1 ⊗ φ′

2] ⊗ φ′
3]|gl(2, 3)P123|[[φ1 ⊗ φ2] ⊗ φ3]〉 = 〈φ′

1|φ2〉{φ′
2φ

′
3|φ3φ1}l×

×δl2l′1
(−)N+NαΠLαLβ







l′2 l l3
l2 l1 Lβ

Lα l′3 L







• g(2, 3)P321

L * L ' L * L '
’l2

’l3

’l1

’l1
’l1

'L

L * 'L

l3

L *

l3

l3

'L’l2 ’l3

L *

l3

l3
L *

’l2

l3

'L

'L

’l2 ’l3

l2

l1

l1 l2

l1 l2

’l3

L

l

l

L
L

l
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〈[[φ′
1 ⊗ φ′

2] ⊗ φ′
3]|gl(2, 3)P321|[[φ1 ⊗ φ2] ⊗ φ3]〉 = 〈φ′

1|φ3〉{φ′
2φ

′
3|φ1φ2}l×

×δl3l′1
ΠLαLβ

{

l1 Lβ l2
l′3 l l′2

}{

l′2 l′3 Lβ

L l3 Lα

}

• g(1, 3)

L * 'L
L * L ' L * L '

l3’l3

’l3 l3

L * 'L
'L

L * 'L

’l3
l3

L * 'L

L *

’l1

’l2

l1

l2

l2

’l2 l2

l1’l1

l2

l2’l2

’l1 l1

l2

L
L

l
l

L l

l

〈[[φ′
1 ⊗ φ′

2] ⊗ φ′
3]|gl(1, 3)Ê|[[φ1 ⊗ φ2] ⊗ φ3]〉 = 〈φ′

2|φ2〉{φ′
1φ

′
3|φ1φ3}l×

×δl2l′2
(−)NΠLαLβ

{

l1 l l′1
Lα l2 Lβ

}{

Lα l Lβ

l3 L l′3

}

• g(1, 3)P13

L * 'L
L * L '

’l3

'LL *

’l1

’l2

l2

l2

’l2 l2

l1

l3

’l1 l2

’l3

'L

L *

l3

l1

L

l
l

L

〈[[φ′
1 ⊗ φ′

2] ⊗ φ′
3]|gl(1, 3)P13|[[φ1 ⊗ φ2] ⊗ φ3]〉 = 〈φ′

2|φ2〉{φ′
1φ

′
3|φ3φ1}l×

×δl2l′2
(−)NΠLαLβ







l′1 Lα l2
l3 L Lβ

l l′3 l1







• g(1, 3)P23

L * L ' L * L '

’l3

'L

L * 'L

l3

L *

l3

l3

'L ’l3

L *

l3

l3
L *

’l3

l3

'L

'L

’l3’l1

l1

l2

’l2

’l2

l2l1

’l1

’l2

l1 l2

’l1

’l1

L

l

l

L
L

l

〈[[φ′
1 ⊗ φ′

2] ⊗ φ′
3]|gl(1, 3)P23|[[φ1 ⊗ φ2] ⊗ φ3]〉 = 〈φ′

2|φ3〉{φ′
1φ

′
3|φ1φ2}l×

×δl3l′2
(−)NαΠLαLβ

{

l1 Lβ l2
l′3 l l′1

}{

l′1 Lα l3
L l′3 Lβ

}

• g(1, 3)P12
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L * 'L
L * L ' L * L '

l3’l3

’l3 l3

L * 'L
'L

L * 'L

’l3
l3

L * 'L

L *

’l1

’l2

’l2

’l1

’l2

’l1

l2

l1

l1

l1

l1

l2

l1

l1

l2

L
L

l
l

L l

l

〈[[φ′
1 ⊗ φ′

2] ⊗ φ′
3]|gl(1, 3)P12|[[φ1 ⊗ φ2] ⊗ φ3]〉 = 〈φ′

2|φ1〉{φ′
1φ

′
3|φ2φ3}l×

×δl1l′2
(−)N+NβΠLαLβ

{

Lα l1 l′1
l2 l Lβ

}{

Lα l Lβ

l3 L l′3

}

• g(1, 3)P123

L * L ' L * L '

’l3

'L

L * 'L

l3

L *

l3

l3

'L ’l3

L *

l3

l3
L *

’l3

l3

'L

'L

’l3’l1

’l2

’l2

’l1

’l2

’l1

’l1

l2

l1

l2 l1

l2 l1

L

l

l

L
L

l

〈[[φ′
1 ⊗ φ′

2] ⊗ φ′
3]|gl(1, 3)P123|[[φ1 ⊗ φ2] ⊗ φ3]〉 = 〈φ′

2|φ3〉{φ′
1φ

′
3|φ2φ1}l×

×δl3l′2
(−)Nα+NβΠLαLβ

{

l1 Lβ l2
l′1 l l′3

}{

l′3 Lβ l′1
l3 Lα L

}

• g(1, 3)P321

L * 'L
L * L '

’l3

'LL *

’l1

’l2

’l2

l3

’l1

’l3

'L

L *

l3

l2

l1

l1

l1

l2

l1

L

l
l

L

〈[[φ′
1 ⊗ φ′

2] ⊗ φ′
3]|gl(1, 3)P321|[[φ1 ⊗ φ2] ⊗ φ3]〉 = 〈φ′

2|φ1〉{φ′
1φ

′
3|φ3φ2}l×

×δl1l′2
(−)N+NβΠLαLβ







l′1 Lα l1
l3 L Lβ

l l′3 l2







• g(1, 2)

l2

l1’l1

’l2

l3

L * 'L
L *L *

’l3
l3

’l3
l3

’l1 l1

l2
’l2

L *

L *

l3

'LL *

l

L

l L



G.3 Two particle operators: e-e Coulomb repulsion 209

〈[[φ′
1 ⊗ φ′

2] ⊗ φ′
3]|gl(1, 2)Ê|[[φ1 ⊗ φ2] ⊗ φ3]〉 = 〈φ′

3|φ3〉{φ′
1φ

′
2|φ1φ2}l×

×δl3l′3
δNα(−)l′1+l+Lα+l2{Ll3Lα}

{

l′1 l l1
l2 Lα l′2

}

• g(1, 2)P13

L *

L *

’l1

’l2 l2

l1

l3

'L 'L

’l3 l1
'L

l3L *

’l1

’l2

l1

l2

’l3 l1

L * L '

’l3 l1

L * L '

’l1

’l2

L * l2

l3

L *
l2

l3

'L

l1

l

L

L

l

l

L

〈[[φ′
1 ⊗ φ′

2] ⊗ φ′
3]|gl(1, 2)P13|[[φ1 ⊗ φ2] ⊗ φ3]〉 = 〈φ′

3|φ1〉{φ′
1φ

′
2|φ3φ2}l×

×δl1l′3
(−)NαΠLαLβ

{

l′1 Lα l′2
l2 l l3

}{

L l1 Lα

l2 l3 Lβ

}

• g(1, 2)P23

L *

L *

l3

'L 'L

'L

l3L *

’l3 l1

L * L '

L *

l3

l3

'L

l1

l2

’l2

’l1

L * L '

’l3 l2

’l3 l2 l2

l1

’l2

’l1

’l1

’l2

l2

l1

L * l1

l

L

L

l

l

L

〈[[φ′
1 ⊗ φ′

2] ⊗ φ′
3]|gl(1, 2)P23|[[φ1 ⊗ φ2] ⊗ φ3]〉 = 〈φ′

3|φ2〉{φ′
1φ

′
2|φ1φ3}l×

×δl2l′3
(−)NβΠLαLβ

{

l′2 l l3
l2 l′1 Lα

}{

L l2 Lα

l1 l3 Lβ

}

• g(1, 2)P12

’l1

’l2

l3

L * 'L
L *

’l3
l3

’l3
l3

’l1

’l2

L *

L *

l3

'LL *

l1

l2

l2

l1

'L

l

L

l L

〈[[φ′
1 ⊗ φ′

2] ⊗ φ′
3]|gl(1, 2)P12|[[φ1 ⊗ φ2] ⊗ φ3]〉 = 〈φ′

3|φ3〉{φ′
1φ

′
2|φ2φ1}l×

×δl3l′3
δLαLβ

{Lαl3L}
{

l′1 l l2
l1 Lα l′2

}

• g(1, 2)P123
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l3L *

L * l2

l3

L *
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L

〈[[φ′
1 ⊗ φ′

2] ⊗ φ′
3]|gl(1, 2)P123|[[φ1 ⊗ φ2] ⊗ φ3]〉 = 〈φ′

3|φ1〉{φ′
1φ

′
2|φ2φ3}l×

×δl1l′3
ΠLαLβ

{

l′2 l3 l
l2 l′1 Lα

}{

L l1 Lα

l2 l3 Lβ

}

• g(1, 2)P321
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l3
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l3L *

’l1

’l2

’l1
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L

〈[[φ′
1 ⊗ φ′

2] ⊗ φ′
3]|gl(1, 2)P321|[[φ1 ⊗ φ2] ⊗ φ3]〉 = 〈φ′

3|φ2〉{φ′
1φ

′
2|φ3φ1}l×

×δl2l′3
(−)Nα+NβΠLαLβ

{

Lα l′2 l′1
l l3 l1

}{

L l2 Lα

l1 l3 Lβ

}

G.4 Outline of a general recursive formula

As already stated in the introduction to this appendix, a completely different
method suitable to deal with large systems with orthogonal, ordered shells has
been described by Fano in the mid sixties [204]. The diagrams of angular and spin
combination can be treated in a systematic way and reduced to few relevant cases
of topologically different diagrams. This approach is heartily recommended in all
standard cases.

In the present section, we nevertheless would like to take the opportunity of
generalizing the approach of the previous sections to n-electron systems. The
advantage is that the corresponding formulas are valid for any basis, in particular
those which are not orthogonal. In some situations, like maybe the complete
fragmentation of four electron systems, it may be more useful to have extensive
summations over angular momenta but where almost all the radial matrix elements
are zero, rather than very concise algebraic expressions with a huge number of non
zero integrals.

In the general case we shall have to reduce the matrix element of a p−body
operator times a permutation between multielectron states arbitrarily coupled:

〈Φ′|Oij···kP|Φ〉 (G.7)
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where indexes in the operator indicates the particle onto which it acts. With the
relation

Oij···k = Pk n · · · Pj n−p+2Pi n−p+1 On−p+1···n Pi n−p+1Pj n−p+2 · · · Pk n (G.8)

the operator indexes in G.7 are reduced to the last n integers

〈Φ′|P ′On−p+1···nP ′†P|Φ〉 (G.9)

The angular part of G.9 can be dealt with separately. The operator On−p+1···n and
the two permutations P ′, P ′′ ≡ P ′†P are separated with the help of the following
identity
n
∏

i=1

δm′
imi =
∑

{MγM ′
γ}

LM

CLαM ′
α

l1m′
1,l2m′

2
C

LβM ′
β

LαM ′
α,l3m′

3
· · ·CLM

LωM ′
ω ,lnm′

n
CLM

LωMω ,lnmn
· · ·CLβMβ

LαMα,l3m3
CLαMα

l1m1,l2m2

The corresponding diagram can be represented schematically as

n n

P ,P,’ ’ ’’

O

where dotted lines join contracted intermediate angular momenta. For the sake of
clarity, many diagrammatic details are omitted. By means of the rules

M N M N NMM N

four main groups in each addendum of G.4 can be recognized and isolated as
disconnected diagrams. The Y diagram represents the magnetic quantum number
dependent Clebsh Gordan factor in the factorization of the whole matrix element
according to Wigner Eckart theorem.

’P,’ ,P’’

O
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The diagram with the operator O is a reduced matrix element which can be com-
puted once and for all. In the case of monoelectronic tensor and bielectronic scalar
operators, the reduced matrix element factors are given by one and the product of
two 6−j coefficients respectively

O G

The two diagrams with a permutation are actually recoupling coefficients which can
be dealt with recursively. To see this, consider the case in which the wave function
is built coupling the i-th electron to an i − 1-electron coupled wave function.

|Φ〉 = | [[. . . [φ1 ⊗ φ2] ⊗ φ3] ⊗ · · · ] ⊗ φn] 〉

Thanks to the elementary relation

Sn =
n−1
⋃

i=1

PinSn−1

all permutations can be written uniquely as product of exchanges through the
subduction chain

Sn ⊃ Sn−1 ⊃ Sn−2 ⊃ . . . ⊃ S2 (G.10)

P =
∏

j

(jij), ij ≤ j (G.11)

Applying repeatedly the identity resolution between exchange factors, the general
permutation term reduces to

3(3,i  )4(4,i  )5(5,i  )n!1(n!1,i    )  (n,i  )n (6,i  )6

P

The matrix element of a general Pin exchange is known

i

n

(n,i)
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that is a product of 3j symbols and a 3(n − i + 1)j symbol of the I kind.

a

a

a a c
b

b

b

1b

b

b

1ca1

c

c

c

2

n!2

n!1nnn!1

n!2

2
2

n

n!1

n!2

n!3

=







a1 a2 · · · an−1 an

b1 b2 · · · bn−1 bn

c1 c2 · · · cn−1 cn







The reduction procedure above is general and straightforward, but many summa-
tion over intermediate angular momenta are required, so it gets rapidly inefficient
even in comparison with direct contraction of Clebsch-Gordan coefficients over
magnetic quantum numbers. Efficient formulas are obtained with resummation of
diagrams which often simplifies much the final expressions. In any case, the sepa-
ration of matrix elements in permutation and operator part is convenient because
the big work involves n! formulas instead of n · n! or 1

2n(n + 1) · n! formulas for
monoelectronic and bielectronic terms. The case of three electrons is somewhat
a boundary situation since resummation of diagrams is not much easier than its
direct computation.



Appendix H

Core-valence interaction

The normalized state of a frozen closed shell core coupled to a valence wave function
is given by

Ψ =

√

N !

Nc!Nv!
A ΨcΨv (H.1)

The core function is trivially

Ψc =
√

Nc!AcΘFc (H.2)

Θ =

Nc/2
∏

i=1

αβ, Fc =

Nc/2
∏

i=1

φiφi =
∏

n,l

l
∏

m=−l

φm
nlφ

m
nl (H.3)

A basis function for the valence shell can be written as (see chapter 4)

Ψv =
√

Nv!AvΘ
α
i Fv (H.4)

Ψ can therefore be cast in the following form

Ψ =
√

N !A ΘΘα
i FcFv. (H.5)

where the valence wavefunctions must be orthogonal to the core. The matrix
elements of monoelectronic operators between such states is the sum of two contri-
bution: the expectation value on the core times the superposition between valence
shell, plus the matrix element between valence shells

〈Ψ|O|Ψ′〉 = Nc!Nv!〈ΘΘα
i FcFv|(Oc + Ov)AcAvΘΘα

j FcF
′
v〉 =

= Nc!〈ΘFc|OcAcΘFc〉Nv!〈Θα
i Fv|AvΘ

α
j F′

v〉+

+Nc!〈ΘFc|AcΘFc〉Nv!〈Θα
i Fv|OvAvΘ

α
j F′

v〉 =

=





Nc/2
∑

i=1

2〈φi|ô|φi〉



 〈Fv|wα̃
ij|F′

v〉 + 〈Fv|Ovw
α̃
ij|F′

v〉 =

= 〈O〉c · 〈Fv|wα̃
ij|F′

v〉 + 〈Fv|Ovw
α̃
ij|F′

v〉 (H.6)
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where Wα̃ is the Wigner operator for the conjugate representation to α

Wα̃
ij ≡

nα

N !

∑

P∈SN

εPDα
ij(P)P =

nα

N !
wα̃

ij.

In particular the monoelectronic matrix is the same as if the core were absent in
two cases: for the superposition matrix (oi = 1/N)

〈Ψ|Ψ′〉 = 〈V |V ′〉 (H.7)

and for non totally symmetric operators, where the first term in H.6 is zero.
For bielectronic operators instead

G = Gcc + Gvv + Gcv =
∑

ic>jc

gicjc +
∑

iv>jv

givjv +
∑

icjv

gicjv

〈Ψ|G|Ψ′〉 = Nc!Nv!〈ΘΘα
i FcFv|(Gcc + Gvv + Gcv)AcAvΘΘα

j FcF
′
v〉 =

= Nc!〈ΘFc|Gcc
AcΘFc〉Nv!〈Θα

i Fv|AvΘ
α
j F′

v〉+
+Nc!〈ΘFc|AcΘFc〉Nv!〈Θα

i Fv|Gvv
AvΘ

α
j F′

v〉+

+Nc!Nv!〈ΘΘα
i FcFv|Gcv(1 −

∑

icjv

Picjv)AcAvΘΘα
j FcF

′
v〉 =

= 〈G〉c · 〈Fv|wα̃
ij|F ′

v〉 + 〈Fv|Gvvwα̃
ij|F ′

v〉+
+Nc!Nv!〈ΘΘα

i FcFv|Gcv
AcAvΘΘα

j FcF
′
v〉−

−Nc!Nv!〈ΘΘα
i FcFv|Gcv

∑

icjv

PicjvAcAvΘΘα
j FcF

′
v〉.

The first two terms are trivial. For the third term, coulomb repulsion,

Nc!Nv!〈ΘΘα
i FcFv|Gcv

AcAvΘΘα
j FcF

′
v〉 =

= Nv!
∑

jv

〈Θα
i Fv|
∫

d3r
Nc∑

2ic=2

|φic((r)|2

|(r − (rjv |
|AvΘ

α
j F′

v〉

the frozen core acts as a totally symmetric local effective potential on valence
states.

The last term, which represents the exchange between core and valence elec-
trons, is slightly more complicated

−Nc!Nv!〈ΘΘα
i FcFv|Gcv

∑

icjv

PicjvAcAvΘΘα
j FcF

′
v〉 =

= −Nc!Nv!
∑

icjv

∑

i′cj′v

〈ΘΘα
i FcFv|

1

ri′cj′v

PicjvAcAvΘΘα
j FcF

′
v〉 =

= −Nc!Nv!
∑

icjv

〈ΘΘα
i FcFv|

1

ricjv

PicjvAcAvΘΘα
j FcF

′
v〉
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Let integrate over the Nc − 1 core variables not included in the potential:

= −Nv!
∑

jv

〈Θα
i Fv|
∑

ic

∫

dxicPicjv

{

Nc!

∫
∧

j '=ic

dxjΘ
′F′

c

1

ri′cjv

AcΘFc

}

AvΘ
α
j F′

v〉

where the prime means that the variable index of xic is not altered by the permu-
tation.

Nc!

∫
∧

j '=ic

dxjΘ
′F′

c

1

ri′cjv

AcΘFc =
φ∗

ic((ri′c)φic((ric)

ri′cjv

ζ∗(σi′c)ζ(σic)

ζ is α or β if ic is odd or even respectively. We obtain

−Nv!
∑

jv

〈Θα
i Fv|
∑

ic

∫

dxic

φ∗
ic((ric)φic((rjv)

ricjv

ζ∗(σic)ζ(σjv)PicjvAvΘ
α
j F′

v〉 =

= −
∑

jv

∑

k

〈Θα
i Fv|
∑

ic

∫

dxic

φ∗
ic((ric)φic((rjv)

ricjv

ζ∗(σic)ζ(σjv)PicjvΘ
α
kwα̃

kjF
′
v〉 =

= −
∑

jv

∑

k

∑

ic

〈Θα
i |
∑

σic

ζ∗(σic)ζ(σjv)Picjv |Θα
k 〉×

×〈Fv|
∫

d3ric

φ∗
ic((ric)φic((rjv)

ricjv

Picjvw
α̃
ij|F′

v〉 =

=
∑

jv

〈Fv|
{

Nc∑

2ic=2

∫

d3ric

φ∗
ic((ric)φic((rjv)

ricjv

Picjv

}

wα̃
ij|F′

v〉.

In this case the influence of the core is reduced to a totally symmetric non local
potential.

If we define

f̂Cϕ((r) ≡
∫

d3r′
Nc∑

2ic=2

|φic((r
′)|2

|(r − (r ′| ϕ((r); FC ≡
∑

j

f̂C
j

f̂Xϕ((r) ≡
Nc∑

2ic=2

φic((r)

∫

d3r′
φ∗

ic((r
′)ϕ((r ′)

|(r − (r ′| ; FX ≡
∑

j

f̂X
j

we can write

〈Ψ|G|Ψ′〉 = 〈G〉c · 〈Fv|wα̃
ij|F′

v〉 + 〈Fv|Gvvwα̃
ij |F′

v〉 + 2〈Fv|FCwα̃
ij|F′

v〉 − 〈Fv|FXwα̃
ij|F′

v〉

Finally, the matrix elements between the monoelectronic coulomb and exchange
operators can be expanded in multipolar components

〈ϕa|fC|ϕb〉 = δ$a$b
δmamb

∑

$cnc

(2,c + 1)〈φ$cncϕa|φ$cncϕb〉0

〈ϕa|fX |ϕb〉 = δ$a$b
δmamb

∑

$$cnc

|C$c0
$a0$0|

2〈φ$cncφ$cnc|ϕaϕb〉$



Appendix I

Representation of effective

potentials

The diagonal factor V (r) of a local, spherical potential V (r, r′)

〈r|V |ψ〉 = V (r)ψ(r), V (r, r′) = V (r)
δ(r − r′)

r2
(I.1)

can be written as

V (r) =

∫ ∞

0

V (r, r′)r′2dr′. (I.2)

When projected on a finite basis, the potential becomes

Vp = |χ〉Ṽ〈χ|, Ṽ ≡ S−1〈χ|V |χ〉S−1, S = 〈χ|χ〉 (I.3)

where Vp is no more a diagonal operator: δ(r−r′) in I.1 is replaced by a δσ(r−r′; r),
centered at 0 integrating to 1, with width σ the smaller the richer the basis.

Let examine this is more detail. The projector kernel is given by

P (x, x′) = 〈x|χ〉S−1〈χ|x′〉, P (x′, x) = P (x, x′); (I.4)

the kernel of the projected diagonal operator therefore reads

Vp(x, x′) =

∫

dyP (x, y)V (y)P (y, x′) (I.5)

or, more in general, for a non diagonal operator

Op(x, x′) =

∫ ∫

dy dy′P (x, y)O(y, y′)P (y′, x′). (I.6)

As the basis approaches completeness, P (x, y) and P (x, y)P (x′, y′) are the kernel
of operators converging to the mono and bidimensional identity. In figure I.1 a
sequence of projector kernels for 7-th degree B-spline basis defined by uniform
grids on the [0, 1] interval with 10, 20, 50, 100 and 200 knots are reported. The
dominant contribution comes from the diagonal band with a width ∼ 1/n. P (x, y)
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Figure I.1: Kernels of the projector operators P (x, y) for B-spline basis with k = 7 defined by
uniform grids on the [0, 1] interval with 5, 10, 20, 50, 100 and 200 knots.
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Figure I.2: P (x, y)P (x′, y′) with y = y′ = 0.5 for 7-th degree B-spline basis with 100 (left
panel) and 200 (right panel) knots.

becomes negligible for |x − y| % k/n. In figure I.2 the product P (x, y)P (x′, y) for
y = 0.5 is reported for k = 7 and n = 100. This plot gives an idea of the resolution
with which an operator is represented.

Equation I.3 can be exploited to extract a diagonal component V (1)
p

V (1)
p (r) =

〈r|B̄〉
r

Ṽ

∫ ∞

0

〈B̄|r′〉r′dr′ (I.7)

V (1)
p (r) can now be compared to V (r), but we must bear in mind that, for all

functions f and g belonging to the basis space:

〈f |V |g〉 = 〈f |Vp|g〉 3= 〈f |V (1)
p |g〉 f, g ∈ SB. (I.8)

Still the quality of this representation can be pretty good when a suitable B-spline
basis is used. As an example, consider the following gaussian potential

V (r) ≡ V0e
−αr2

, V0 = 4 au, α = 0.1 au (I.9)

projected on a B-spline basis with k = 7, defined on a grid with 50 knots thicker
at the origin, and asymptotically evenly spaced by 0.5au intervals up to ∼ 21.5
au. In figure I.3, the corresponding V (r) and V (1)

p (r) are reported, along with their
difference (the oscillating function) amplified by a factor of 105.

Non local potentials with diagonal predominance can still be approximated
with local effective potentials by means of I.7. This technique has been applied to
represent the effective potentials of one electron in the field of the boron parent ion
in all the symmetries shown in chapter 4. On each plot, the corresponding single
ionization branches are also reported.

The effective potentials are defined, on the line of the close coupling equations
1.8, as

Vi(r) =
l(l + 1)

2r2
− 1

r
− V Γ

ii (r) −
∫

[KΓ
ii(r, r

′) + XΓ
ii(r, r

′)]dr′ (I.10)
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Figure I.3: Comparison between the diagonal approximating V (1)
p (r) of a projected diagonal

gaussian potential V with its original kernel V (r). The two functions are indistinguishable with
the eye. Their difference, the oscillating function in the plot, has been multiplied by a factor of
105.

The reduction of nonlocal potentials adopted above gives a reliable idea of these
potentials only if they have diagonal predominance, but actually is otherwise ar-
bitrary. On the abscissas of effective potentials plots, log(r + 1) is reported.
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Table J.1: Boron Rydberg energies in atomic units.

2Se 2Po 2Pe 2De

——————– ——————– ——————– ——————–

1 0.182 4573
2 0.250 6678
3 0.274 0805
4 0.284 7712
5 0.289 9053
6 0.292 5248
7 0.295 2722
8 0.297 4263
9 0.299 0569
10 0.300 7387

4Se

——————–
1 0.3921041
2 0.4338456
3 0.4504494
4 0.4587647
5 0.4635235
6 0.4665008
7 0.4684967
8 0.4700837
9 0.4718933
10 0.4741371

4So

——————–
1 0.4439246
2 0.6788266
3 0.7171957
4 0.7326466
5 0.7404728
6 0.7449912
7 0.7478371
8 0.7497607
9 0.7513459
10 0.7532023

1 0.000 3167
2 0.221 5425
3 0.263 3221
4 0.279 9376
5 0.288 2621
6 0.293 0274
7 0.296 0090
8 0.298 0078
9 0.299 5948
10 0.301 4017

4Po

——————–
1 0.3527474
2 0.4193579
3 0.4217358
4 0.4437658
5 0.4450997
6 0.4551778
7 0.4559372
8 0.4613865
9 0.4618497
10 0.4651281
11 0.4654287
12 0.4675546
13 0.4677608
14 0.4692623
15 0.4694406
16 0.4708579
17 0.4711205
18 0.4728185
19 0.4732115
20 0.4751973

1 0.331 3216
2 0.396 3435
3 0.433 6333
4 0.450 1606
5 0.458 5667
6 0.463 3916
7 0.466 4104
8 0.468 4312
9 0.470 0199
10 0.471 8115

4Pe

——————–
1 0.1323976
2 0.3942320
3 0.4348490
4 0.4509637
5 0.4590581
6 0.4637053
7 0.4666208
8 0.4685822
9 0.4701677
10 0.4719998

1 0.218 6185
2 0.249 6244
3 0.273 3841
4 0.284 7294
5 0.290 9209
6 0.294 6558
7 0.297 0792
8 0.298 7843
9 0.300 3763
10 0.302 3333

4Do

——————–
1 0.4157530
2 0.4424892
3 0.4545794
4 0.4610572
5 0.4649272
6 0.4674226
7 0.4691614
8 0.4707420
9 0.4726726
10 0.4750248
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Table J.2: 2Se resonances.

n E (au) Γ (au)

1 0.4085167 0.4701[-3]
2 0.4396340 0.1669[-3]
3 0.4631561 0.7754[-4]
4 0.4602471 0.4212[-4]
5 0.4644234 0.2536[-4]
6 0.4670886 0.1638[-4]
7 0.4689183 0.1184[-4]
8 0.4705123 0.1439[-4]
9 0.4724355 0.1484[-4]

10 0.4748131 0.1501[-4]
11 0.5574437 0.5890[-2]
12 0.5989328 0.2182[-2]
13 0.6153425 0.1028[-2]
14 0.6235882 0.5533[-3]
15 0.6283156 0.3097[-3]
16 0.6332349 0.2202[-3]
17 0.6348222 0.1958[-3]
18 0.6366352 0.2465[-3]
19 0.6388592 0.3579[-3]
20 0.6399403 0.1931[-3]
21 0.7186997 0.9090[-4]
22 0.7320689 0.2438[-2]
23 0.7414918 0.1343[-3]
24 0.7522745 0.5169[-4]

n E (au) Γ (au)

25 0.7582243 0.2812[-4]
26 0.7618414 0.1763[-4]
27 0.7642023 0.1212[-4]
28 0.7658792 0.9828[-5]
29 0.7674785 0.1189[-4]
30 0.7694511 0.1587[-4]
31 0.7938887 0.1079[-3]
32 0.8328874 0.2880[-2]
33 0.8349317 0.2992[-3]
34 0.8521379 0.3152[-2]
35 0.8562010 0.2349[-2]
36 0.8627778 0.4509[-4]
37 0.8650121 0.4282[-3]
38 0.8693540 0.5893[-3]
39 0.8738883 0.4346[-3]
40 0.8755017 0.8905[-4]
41 0.8771874 0.2863[-3]
42 0.8794310 0.1878[-3]
43 0.8884221 0.1668[-4]
44 0.8810801 0.1468[-3]
45 0.8820231 0.4038[-4]
46 0.8827513 0.1670[-3]
47 0.8848185 0.1853[-3]
48 0.8859145 0.2289[-4]
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Table J.3: 2Pe resonances.

n E (au) Γ (au)

1 0.5570265 0.1851[-2]
2 0.5982813 0.2459[-3]
3 0.6148892 0.3516[-4]
4 0.6232668 0.3589[-5]
5 0.6311194 0.1794[-5]
6 0.6331782 0.2467[-5]
7 0.6362453 0.3091[-4]
8 0.6383349 0.5479[-4]
9 0.6331783 0.2387[-5]

10 0.6362460 0.3088[-4]
11 0.6383373 0.5557[-4]
12 0.6396474 0.1820[-4]
13 0.6516653 0.1750[-1]
14 0.6971973 0.1319[-3]
15 0.7077438 0.5966[-2]
16 0.7166435 0.1785[-3]
17 0.7236946 0.4473[-4]
18 0.7282782 0.2444[-2]
19 0.7356274 0.4204[-4]

n E (au) Γ (au)

20 0.7381320 0.1294[-2]
21 0.7405919 0.9893[-4]
22 0.7435754 0.7151[-3]
23 0.7469184 0.4595[-3]
24 0.7484973 0.9509[-5]
25 0.7491149 0.3291[-3]
26 0.7507545 0.2814[-3]
27 0.7516988 0.3889[-4]
28 0.7524935 0.3439[-3]
29 0.7546558 0.4109[-3]
30 0.7580604 0.7357[-4]
31 0.7617363 0.5400[-4]
32 0.7641367 0.3726[-4]
33 0.7658320 0.2862[-4]
34 0.7674297 0.3072[-4]
35 0.7694025 0.2328[-4]
36 0.7717866 0.3246[-4]
37 0.8311097 0.3341[-4]
38 0.8333709 0.4169[-2]
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Table J.4: 2Po resonances.

n E (au) Γ (au)

1 0.3662500 0.5717[-2]
2 0.4202861 0.5517[-4]
3 0.4252678 0.1581[-2]
4 0.4465602 0.6660[-3]
5 0.4441603 0.2709[-4]
6 0.4566849 0.3412[-3]
7 0.4553679 0.1427[-4]
8 0.4622805 0.1977[-3]
9 0.4657007 0.1248[-3]

10 0.4679454 0.8370[-4]
11 0.4712989 0.9264[-4]
12 0.4722824 0.2963[-4]
13 0.4734310 0.1146[-3]
14 0.4742307 0.1101[-4]
15 0.5185301 0.1465[-2]
16 0.5840495 0.4886[-3]
17 0.5859939 0.3513[-3]
18 0.6085271 0.1553[-3]
19 0.6097145 0.1511[-3]
20 0.6199237 0.8200[-4]
21 0.6206064 0.7893[-4]
22 0.6261221 0.4920[-4]
23 0.6265431 0.4626[-4]
24 0.6298557 0.3249[-4]
25 0.6324732 0.1970[-4]
26 0.6341571 0.1590[-4]
27 0.6355765 0.2162[-4]
28 0.6358390 0.1819[-4]
29 0.6375269 0.3004[-4]
30 0.6379327 0.2143[-4]
31 0.6398182 0.7341[-4]
32 0.6552068 0.2865[-4]
33 0.6969316 0.1532[-2]
34 0.7185497 0.1008[-3]
35 0.7309488 0.9077[-4]
36 0.7346709 0.6104[-3]
37 0.7412606 0.6684[-5]

n E (au) Γ (au)

38 0.7448724 0.1866[-3]
39 0.7471779 0.3171[-4]
40 0.7484641 0.1236[-3]
41 0.7499643 0.1238[-3]
42 0.7532036 0.1440[-3]
43 0.7514527 0.1211[-3]
44 0.7548838 0.7327[-4]
45 0.7581126 0.6217[-2]
46 0.7560947 0.4254[-4]
47 0.7582333 0.2604[-5]
48 0.7603598 0.3708[-3]
49 0.7632153 0.2525[-3]
50 0.7651462 0.1837[-3]
51 0.7658869 0.1519[-5]
52 0.7667207 0.1920[-3]
53 0.7685493 0.2576[-3]
54 0.7708091 0.3544[-3]
55 0.7775986 0.2832[-2]
56 0.7963371 0.3201[-2]
57 0.8209828 0.2314[-2]
58 0.8443360 0.1134[-2]
59 0.8451241 0.6379[-3]
60 0.8609688 0.4556[-3]
61 0.8664348 0.1455[-3]
62 0.8695517 0.2086[-3]
63 0.8743638 0.1206[-3]
64 0.8766954 0.4582[-4]
65 0.8775667 0.7265[-4]
66 0.8792887 0.1044[-3]
67 0.8805970 0.1235[-3]
68 0.8819173 0.1061[-3]
69 0.8828981 0.1021[-3]
70 0.8837028 0.1445[-3]
71 0.8864086 0.1354[-3]
72 0.8857342 0.1481[-3]
73 0.8887093 0.2380[-4]
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Table J.5: 2De resonances.

n E (au) Γ (au)

1 0.3995875 0.1828[-2]
2 0.4365075 0.5978[-3]
3 0.4516772 0.2795[-3]
4 0.4595050 0.1171[-3]
5 0.4638626 0.1361[-3]
6 0.4667373 0.7441[-4]
7 0.4686638 0.5244[-4]
8 0.4702448 0.5366[-4]
9 0.4720836 0.7219[-4]

10 0.4742650 0.1206[-3]
11 0.4752254 0.4162[-4]
12 0.5516936 0.1966[-2]
13 0.5969892 0.7575[-3]
14 0.6144544 0.3876[-3]
15 0.6230958 0.2321[-3]
16 0.6280092 0.1501[-3]
17 0.6310685 0.1028[-3]
18 0.6331093 0.7530[-4]
19 0.6347004 0.7320[-4]
20 0.6364783 0.9919[-4]
21 0.6386839 0.1406[-3]
22 0.6401475 0.3153[-4]
23 0.6584581 0.7326[-2]
24 0.7027311 0.8558[-3]
25 0.7149138 0.2501[-3]
26 0.7204269 0.2037[-2]
27 0.7260017 0.4729[-3]
28 0.7368871 0.2584[-3]
29 0.7400100 0.1150[-3]
30 0.7425337 0.8042[-3]
31 0.7428409 0.1828[-3]
32 0.7464490 0.9576[-4]
33 0.7488002 0.5173[-4]

n E (au) Γ (au)

34 0.7504934 0.7840[-4]
35 0.7515859 0.7552[-4]
36 0.7529167 0.4186[-3]
37 0.7540874 0.1046[-3]
38 0.7561085 0.5180[-3]
39 0.7564862 0.4526[-4]
40 0.7578634 0.3323[-4]
41 0.7586657 0.2262[-3]
42 0.7616236 0.2313[-4]
43 0.7621133 0.1734[-3]
44 0.7640644 0.1603[-4]
45 0.7644057 0.1137[-3]
46 0.7660638 0.8842[-4]
47 0.7673702 0.1548[-4]
48 0.7677604 0.1078[-3]
49 0.7693260 0.2149[-4]
50 0.7698734 0.1240[-3]
51 0.8215563 0.3930[-2]
52 0.8448602 0.1117[-2]
53 0.8533292 0.1291[-2]
54 0.8591601 0.1175[-2]
55 0.8650218 0.7528[-3]
56 0.8673019 0.1144[-2]
57 0.8724932 0.8772[-3]
58 0.8739585 0.3336[-3]
59 0.8764209 0.4760[-3]
60 0.8804674 0.2440[-3]
61 0.8805448 0.1534[-3]
62 0.8821372 0.1127[-3]
63 0.8841158 0.3608[-4]
64 0.8850124 0.8763[-4]
65 0.8865304 0.3881[-5]
66 0.8877976 0.6798[-4]
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Table J.6: 4Se resonances.

n E (au) Γ (au)

1 0.8264114 0.3424[-5]
2 0.8602195 0.1386[-5]
3 0.8741374 0.6771[-6]
4 0.8812927 0.3815[-6]
5 0.8854743 0.2341[-6]
6 0.8881341 0.1560[-6]
7 0.8915769 0.1256[-6]
8 0.8935366 0.1573[-6]
9 0.8959381 0.1830[-6]

n E (au) Γ (au)

10 0.9095645 0.1637[-4]
11 0.9320126 0.1993[-4]
12 0.9422872 0.1554[-4]
13 0.9479202 0.1184[-4]
14 0.9513283 0.9678[-5]
15 0.9534721 0.9245[-5]
16 0.9546266 0.4868[-5]
17 0.9556120 0.5111[-6]
18 0.9571654 0.2979[-5]

Table J.7: 4De resonances.

n E (au) Γ (au)

1 0.6681220 0.1453[-3]
2 0.7308407 0.1277[-4]
3 0.7394823 0.5773[-5]
4 0.7443904 0.3773[-5]
5 0.7474455 0.2326[-5]
6 0.7494838 0.2396[-5]
7 0.7510761 0.1662[-5]
8 0.7528633 0.2654[-5]
9 0.7550831 0.1999[-5]

10 0.8746223 0.7123[-3]
11 0.9148657 0.1397[-3]
12 0.9335134 0.4298[-5]

n E (au) Γ (au)

13 0.9411346 0.9563[-4]
14 0.9451186 0.1164[-3]
15 0.9540731 0.1482[-4]
16 0.9556506 0.9659[-5]
17 0.9519575 0.3473[-4]
18 0.9594406 0.3630[-5]
19 0.9608708 0.1849[-5]
20 0.9573432 0.7858[-5]
21 0.9633250 0.1557[-2]
22 0.9730486 0.9298[-3]
23 0.9785437 0.5160[-3]
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Table J.8: 4Pe resonances.

n E (au) Γ (au)

1 0.7518922 0.5993[-5]
2 0.6390834 0.2761[-4]
3 0.6984301 0.8873[-4]
4 0.7242131 0.4843[-4]
5 0.7266590 0.1726[-4]
6 0.7039619 0.3064[-4]
7 0.7359845 0.2395[-4]
8 0.7372958 0.1492[-4]
9 0.7485822 0.7589[-5]

10 0.9089635 0.9307[-3]
11 0.9192580 0.1850[-4]
12 0.9318234 0.4271[-3]
13 0.9422649 0.2227[-3]
14 0.9479762 0.1300[-3]
15 0.9536865 0.5425[-4]

n E (au) Γ (au)

16 0.9553243 0.4273[-4]
17 0.9565486 0.4573[-5]
18 0.9571508 0.5423[-4]
19 0.9591768 0.7037[-4]
20 0.9622455 0.2466[-3]
21 0.9701114 0.9766[-4]
22 0.9768570 0.6822[-4]
23 0.9808329 0.4755[-4]
24 0.9833816 0.3394[-4]
25 0.9851458 0.2655[-4]
26 0.9867167 0.2984[-4]
27 0.9886223 0.3689[-4]
28 0.9909531 0.3453[-4]
29 1.0034642 0.1835[-2]
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Table J.9: 4Po resonances.

n E (au) Γ (au)

1 0.4821355 0.1481[-4]
2 0.6720436 0.2244[-3]
3 0.7145667 0.9207[-4]
4 0.7313744 0.4593[-4]
5 0.7397652 0.2597[-4]
6 0.7445586 0.1613[-4]
7 0.7475537 0.1069[-4]
8 0.7495593 0.7616[-5]
9 0.7511474 0.7391[-5]

10 0.7529520 0.9460[-5]
11 0.7565282 0.1000[-5]
12 0.7614152 0.9221[-3]
13 0.8866690 0.1614[-4]
14 0.8438639 0.1770[-3]
15 0.8670089 0.7500[-4]
16 0.8775105 0.3820[-4]
17 0.8832101 0.2365[-4]
18 0.8740513 0.4587[-3]
19 0.8905752 0.1426[-4]
20 0.8920938 0.1548[-3]
21 0.8943948 0.5530[-5]
22 0.9110294 0.2555[-4]
23 0.9226133 0.3081[-3]
24 0.9252411 0.1826[-3]
25 0.9376533 0.2097[-3]
26 0.9390302 0.1173[-3]

n E (au) Γ (au)

27 0.9444779 0.2020[-3]
28 0.9461862 0.6323[-4]
29 0.9458047 0.5436[-4]
30 0.9498623 0.6145[-4]
31 0.9503073 0.4817[-4]
32 0.9526344 0.4522[-4]
33 0.9529516 0.3367[-4]
34 0.9578776 0.4982[-4]
35 0.9583440 0.3059[-4]
36 0.9600850 0.5794[-4]
37 0.9607500 0.3557[-4]
38 0.9628136 0.5777[-3]
39 0.9645325 0.1284[-3]
40 0.9725979 0.4423[-3]
41 0.9737756 0.7223[-4]
42 0.9781741 0.2947[-3]
43 0.9789625 0.4741[-4]
44 0.9816130 0.2008[-3]
45 0.9821612 0.3644[-4]
46 0.9838694 0.1368[-3]
47 0.9842786 0.3475[-4]
48 0.9854706 0.1049[-3]
49 0.9858810 0.5399[-4]
50 0.9869574 0.8852[-4]
51 0.9875880 0.1640[-3]
52 0.9890147 0.1583[-4]



Appendix K

Energy levels, resonances and

oscillator strengths in triplet He

• Table 1. Energies of bound triplet Rydberg states in Helium

n : Principal quantum number of the external electron in the dominant 1s n,
and 2p n, configurations in natural n3S, n3Po, n3De and unnatural n3Pe,
n3Do states respectively.
Energies are given in atomic units

• Tables 2-54. Positions and widths of doubly excited states below

N-th threshold

n : Principal quantum number of the external electron
E(au) : Resonance position
Γ : Resonance width
n∗ : Effective principal quantum number 1/

√

2(Ethreshold − E)
Γ̄ : Reduced width: Γ̄ ≡ (n∗)3 · Γ
Energies and widths are given in atomic units. Resonance series are labeled
with a progressive letter. The corresponding (K, T ) classification is specified
when available in literature. The assignment of external principal quantum
numbers is tentative. In some cases it is controversial because few states
fall below N-1 threshold, or ill-defined because of intruder states from higher
thresholds. 3De resonances below N=5 threshold are particularly hard to be
separated neatly in series at lower energies: the first table (labeled Unclassi-

fied) collects lower energy undifferentiated resonances and lacks numbering.

• Tables 55-64. Oscillator strengths between triplet Helium Rydberg

states

In atomic units the averaged oscillator strength is defined as:

f̄n3L′π′←m3Lπ ≡ 2

(E ′ − E)(2L + 1)

∑

ML′ML

|〈n3L′π′

, ML′ |
∑

i

pz,i|m3Lπ, ML〉|2

(K.1)
All oscillator strengths are reported in velocity gauge. Inter-threshold tran-
sitions (between natural and unnatural Rydberg states) are to be taken with
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care. With an energy difference of roughly 1.5 au, the half wavelength of
the emitted or absorbed photon is of the order of 250-300 au, thus fully
comparable to or even much shorter than the characteristic dimension of
most Rydberg states beyond the first four or five. The main contribution
to oscillator strength comes from the decay of the inner 2p electron to the
1s fundamental shell in the dominant 2pn, configuration but the possible
influence of the outlying external electron cannot be ruled out. Reported
oscillator strengths for 3Do ← 3De transitions are computed in length gauge.
Correction factors for finite-mass nucleus can be found in literature [185].
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Table 44: 3De resonances below N=5 threshold (,max = 8).

Unclassified

—————————————————————————

E (au) Γ (au) n∗ Γ̄

-0. 117 715 602 4. 123 [-3] 3. 641 1. 990 [-1]
-0. 111 330 752 5. 495 [-5] 3. 995 3. 503 [-3]
-0. 107 712 032 1. 009 [-4] 4. 248 7. 735 [-3]
-0. 106 827 700 1. 212 [-4] 4. 317 9. 753 [-3]
-0. 106 581 329 1. 636 [-3] 4. 337 1. 334 [-1]
-0. 104 738 968 1. 506 [-3] 4. 496 1. 369 [-1]
-0. 102 328 077 1. 133 [-4] 4. 732 1. 201 [-2]
-0. 100 853 697 1. 166 [-4] 4. 897 1. 369 [-2]
-0. 100 600 324 5. 283 [-5] 4. 927 6. 318 [-3]
-0. 101 246 709 2. 469 [-3] 4. 851 2. 818 [-1]
-0. 098 013 778 8. 497 [-5] 5. 268 1. 243 [-2]
-0. 098 155 272 1. 032 [-3] 5. 248 1. 492 [-1]
-0. 097 440 508 9. 808 [-5] 5. 354 1. 506 [-2]
-0. 095 715 874 4. 831 [-5] 5. 640 8. 669 [-3]
-0. 094 500 088 4. 310 [-4] 5. 872 8. 726 [-2]
-0. 094 497 924 7. 628 [-5] 5. 873 1. 545 [-2]
-0. 094 521 981 3. 765 [-5] 5. 868 7. 607 [-3]
-0. 094 555 491 2. 171 [-3] 5. 861 4. 371 [-1]
-0. 093 770 735 8. 113 [-5] 6. 026 1. 775 [-2]
-0. 093 164 077 5. 239 [-4] 6. 163 1. 226 [-1]
-0. 092 712 898 6. 245 [-5] 6. 271 1. 540 [-2]
-0. 092 338 387 7. 061 [-5] 6. 366 1. 822 [-2]
-0. 090 937 583 4. 327 [-5] 6. 761 1. 337 [-2]
-0. 090 741 139 2. 744 [-5] 6. 823 8. 714 [-3]
-0. 090 394 489 5. 032 [-5] 6. 936 1. 679 [-2]
-0. 090 013 284 1. 526 [-4] 7. 066 5. 386 [-2]
-0. 090 669 392 1. 293 [-3] 6. 846 4. 147 [-1]
-0. 088 160 095 3. 710 [-5] 7. 828 1. 779 [-2]
-0. 088 247 148 7. 036 [-4] 7. 786 3. 321 [-1]
-0. 085 832 564 3. 730 [-4] 9. 259 2. 961 [-1]
-0. 085 363 373 9. 818 [-5] 9. 654 8. 837 [-2]
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Table 55: f̄n3P o←m3Se oscillator strenghts

23Se 33Se 43Se 53Se 63Se

——————– ——————– ——————– ——————– ——————–
23Po 5. 390 870 [-1] -2. 085 364 [-1] -3. 172 093 [-2] -1. 134 088 [-2] -5. 488 485 [-3]
33Po 6. 446 082 [-2] 8. 908 526 [-1] -4. 356 720 [-1] -6. 760 725 [-2] -2. 469 796 [-2]
43Po 2. 576 876 [-2] 5. 008 293 [-2] 1. 215 265 [ 0] -6. 683 002 [-1] -1. 039 430 [-1]
53Po 1. 249 044 [-2] 2. 291 382 [-2] 4. 422 977 [-2] 1. 530 632 [ 0] -9. 032 396 [-1]
63Po 6. 982 294 [-3] 1. 199 357 [-2] 2. 163 046 [-2] 4. 151 815 [-2] 1. 841 771 [ 0]
73Po 4. 298 887 [-3] 7. 076 979 [-3] 1. 177 503 [-2] 2. 109 924 [-2] 4. 030 463 [-2]
83Po 2. 835 977 [-3] 4. 540 376 [-3] 7. 160 886 [-3] 1. 174 240 [-2] 2. 099 341 [-2]
93Po 1. 970 048 [-3] 3. 094 438 [-3] 4. 708 194 [-3] 7. 269 737 [-3] 1. 183 710 [-2]

103Po 1. 424 514 [-3] 2. 207 348 [-3] 3. 275 235 [-3] 4. 853 676 [-3] 7. 409 636 [-3]
113Po 1. 063 610 [-3] 1. 631 697 [-3] 2. 377 428 [-3] 3. 422 112 [-3] 4. 996 548 [-3]
123Po 8. 152 543 [-4] 1. 241 246 [-3] 1. 784 071 [-3] 2. 513 719 [-3] 3. 554 955 [-3]
133Po 6. 387 118 [-4] 9. 667 541 [-4] 1. 375 086 [-3] 1. 906 390 [-3] 2. 633 046 [-3]
143Po 5. 097 559 [-4] 7. 679 861 [-4] 1. 083 436 [-3] 1. 483 332 [-3] 2. 012 099 [-3]
153Po 4. 133 538 [-4] 6. 204 226 [-4] 8. 695 367 [-4] 1. 178 717 [-3] 1. 576 510 [-3]
163Po 3. 398 366 [-4] 5. 085 207 [-4] 7. 089 147 [-4] 9. 533 192 [-4] 1. 260 788 [-3]
173Po 2. 827 917 [-4] 4. 220 920 [-4] 5. 858 492 [-4] 7. 826 806 [-4] 1. 025 715 [-3]
183Po 2. 378 532 [-4] 3. 542 671 [-4] 4. 899 143 [-4] 6. 509 675 [-4] 8. 467 210 [-4]
193Po 2. 019 826 [-4] 3. 003 029 [-4] 4. 140 089 [-4] 5. 476 077 [-4] 7. 078 347 [-4]
203Po 1. 730 262 [-4] 2. 568 593 [-4] 3. 531 882 [-4] 4. 653 597 [-4] 5. 983 549 [-4]
213Po 1. 494 691 [-4] 2. 215 978 [-4] 3. 040 175 [-4] 3. 992 512 [-4] 5. 110 508 [-4]

73Se 83Se 93Se 103Se 113Se

——————– ——————– ——————– ——————– ——————–
23Po -3. 112 866 [-3] -1. 949 215 [-3] -1. 306 611 [-3] -9. 208 172 [-4] -6. 743 981 [-4]
33Po -1. 221 412 [-2] -7. 068 684 [-3] -4. 507 166 [-3] -3. 070 399 [-3] -2. 195 052 [-3]
43Po -3. 825 320 [-2] -1. 910 391 [-2] -1. 117 088 [-2] -7. 195 678 [-3] -4. 949 538 [-3]
53Po -1. 401 713 [-1] -5. 170 765 [-2] -2. 594 122 [-2] -1. 525 452 [-2] -9. 885 609 [-3]
63Po -1. 139 311 [ 0] -1. 762 544 [-1] -6. 502 975 [-2] -3. 269 262 [-2] -1. 928 491 [-2]
73Po 2. 150 535 [ 0] -1. 376 077 [ 0] -2. 121 576 [-1] -7. 821 826 [-2] -3. 935 459 [-2]
83Po 3. 991 693 [-2] 2. 457 900 [ 0] -1. 613 283 [ 0] -2. 479 425 [-1] -9. 131 034 [-2]
93Po 2. 114 163 [-2] 4. 003 155 [-2] 2. 764 313 [ 0] -1. 850 759 [ 0] -2. 836 295 [-1]

103Po 1. 201 600 [-2] 2. 145 931 [-2] 4. 047 614 [-2] 3. 070 055 [ 0] -2. 088 424 [ 0]
113Po 7. 574 310 [-3] 1. 225 736 [-2] 2. 189 341 [-2] 4. 114 807 [-2] 3. 375 313 [ 0]
123Po 5. 141 444 [-3] 7. 761 118 [-3] 1. 254 400 [-2] 2. 241 090 [-2] 4. 198 275 [-2]
133Po 3. 681 048 [-3] 5. 291 702 [-3] 7. 965 312 [-3] 1. 286 458 [-2] 2. 299 005 [-2]
143Po 2. 742 615 [-3] 3. 805 280 [-3] 5. 447 202 [-3] 8. 183 394 [-3] 1. 321 118 [-2]
153Po 2. 107 508 [-3] 2. 847 316 [-3] 3. 929 221 [-3] 5. 607 548 [-3] 8. 412 677 [-3]
163Po 1. 659 886 [-3] 2. 196 996 [-3] 2. 949 227 [-3] 4. 053 706 [-3] 5. 772 216 [-3]
173Po 1. 333 959 [-3] 1. 737 213 [-3] 2. 282 669 [-3] 3. 049 625 [-3] 4. 179 138 [-3]
183Po 1. 090 231 [-3] 1. 401 394 [-3] 1. 810 453 [-3] 2. 365 926 [-3] 3. 149 324 [-3]
193Po 9. 039 050 [-4] 1. 149 540 [-3] 1. 464 878 [-3] 1. 881 007 [-3] 2. 447 767 [-3]
203Po 7. 588 325 [-4] 9. 565 205 [-4] 1. 205 271 [-3] 1. 525 786 [-3] 1. 949 987 [-3]
213Po 6. 443 287 [-4] 8. 061 515 [-4] 1. 006 318 [-3] 1. 259 076 [-3] 1. 585 683 [-3]
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Table 56: f̄n3P o←m3Se oscillator strenghts

123Se 133Se 143Se 153Se 163Se

——————– ——————– ——————– ——————– ——————–
23Po -5. 092 690 [-4] -3. 942 896 [-4] -3. 116 759 [-4] -2. 507 400 [-4] -2. 047 820 [-4]
33Po -1. 628 252 [-3] -1. 243 623 [-3] -9. 726 950 [-4] -7. 759 596 [-4] -6. 294 322 [-4]
43Po -3. 570 586 [-3] -2. 670 859 [-3] -2. 055 751 [-3] -1. 619 374 [-3] -1. 300 335 [-3]
53Po -6. 841 291 [-3] -4. 964 696 [-3] -3. 734 905 [-3] -2. 890 350 [-3] -2. 288 483 [-3]
63Po -1. 254 358 [-2] -8. 714 971 [-3] -6. 349 842 [-3] -4. 795 990 [-3] -3. 725 944 [-3]
73Po -2. 325 502 [-2] -1. 516 057 [-2] -1. 056 070 [-2] -7. 716 047 [-3] -5. 844 470 [-3]
83Po -4. 594 726 [-2] -2. 717 534 [-2] -1. 774 143 [-2] -1. 238 003 [-2] -9. 062 893 [-3]
93Po -1. 043 233 [-1] -5. 248 181 [-2] -3. 105 266 [-2] -2. 029 003 [-2] -1. 417 490 [-2]

103Po -3. 192 369 [-1] -1. 172 719 [-1] -5. 896 843 [-2] -3. 489 378 [-2] -2. 281 087 [-2]
113Po -2. 326 226 [ 0] -3. 547 801 [-1] -1. 301 687 [-1] -6. 541 574 [-2] -3. 870 474 [-2]
123Po 3. 680 209 [ 0] -2. 564 134 [ 0] -3. 902 716 [-1] -1. 430 232 [-1] -7. 183 075 [-2]
133Po 4. 293 780 [-2] 3. 984 830 [ 0] -2. 802 123 [ 0] -4. 257 207 [-1] -1. 558 431 [-1]
143Po 2. 361 600 [-2] 4. 398 430 [-2] 4. 289 237 [ 0] -3. 040 176 [ 0] -4. 611 352 [-1]
153Po 1. 357 812 [-2] 2. 427 832 [-2] 4. 510 190 [-2] 4. 593 471 [ 0] -3. 278 280 [ 0]
163Po 8. 651 085 [-3] 1. 396 129 [-2] 2. 496 944 [-2] 4. 627 572 [-2] 4. 897 560 [ 0]
173Po 5. 940 694 [-3] 8. 897 043 [-3] 1. 435 764 [-2] 2. 568 381 [-2] 4. 749 397 [-2]
183Po 4. 305 749 [-3] 6. 112 600 [-3] 9. 149 462 [-3] 1. 476 514 [-2] 2. 641 714 [-2]
193Po 3. 248 949 [-3] 4. 433 801 [-3] 6. 287 834 [-3] 9. 407 915 [-3] 1. 518 274 [-2]
203Po 2. 529 074 [-3] 3. 349 177 [-3] 4. 563 795 [-3] 6. 466 852 [-3] 9. 673 056 [-3]
213Po 2. 018 925 [-3] 2. 611 416 [-3] 3. 451 694 [-3] 4. 697 747 [-3] 6. 652 629 [-3]

173Se 183Se 193Se 203Se 213Se

——————– ——————– ——————– ——————– ——————–
23Po -1. 694 512 [-4] -1. 418 365 [-4] -1. 199 407 [-4] -1. 023 634 [-4] -8. 811 931 [-5]
33Po -5. 179 336 [-4] -4. 315 194 [-4] -3. 634 829 [-4] -3. 091 886 [-4] -2. 654 104 [-4]
43Po -1. 061 188 [-3] -8. 781 167 [-4] -7. 354 524 [-4] -6. 225 815 [-4] -5. 322 307 [-4]
53Po -1. 846 495 [-3] -1. 513 766 [-3] -1. 258 041 [-3] -1. 058 048 [-3] -8. 995 034 [-4]
63Po -2. 961 184 [-3] -2. 397 948 [-3] -1. 972 771 [-3] -1. 645 178 [-3] -1. 388 693 [-3]
73Po -4. 553 461 [-3] -3. 629 111 [-3] -2. 947 119 [-3] -2. 431 454 [-3] -2. 033 973 [-3]
83Po -6. 878 788 [-3] -5. 370 754 [-3] -4. 289 913 [-3] -3. 491 711 [-3] -2. 888 247 [-3]
93Po -1. 039 107 [-2] -7. 898 900 [-3] -6. 177 426 [-3] -4. 943 112 [-3] -4. 032 043 [-3]

103Po -1. 594 823 [-2] -1. 170 254 [-2] -8. 906 229 [-3] -6. 974 687 [-3] -5. 590 868 [-3]
113Po -2. 530 823 [-2] -1. 770 325 [-2] -1. 299 994 [-2] -9. 903 193 [-3] -7. 766 243 [-3]
123Po -4. 249 071 [-2] -2. 778 620 [-2] -1. 944 351 [-2] -1. 428 665 [-2] -1. 089 499 [-2]
133Po -7. 821 923 [-2] -4. 625 641 [-2] -3. 024 909 [-2] -2. 117 323 [-2] -1. 556 953 [-2]
143Po -1. 686 348 [-1] -8. 458 670 [-2] -5. 000 705 [-2] -3. 270 206 [-2] -2. 290 138 [-2]
153Po -4. 965 220 [-1] -1. 814 055 [-1] -9. 093 997 [-2] -5. 374 912 [-2] -3. 515 692 [-2]
163Po -3. 516 412 [ 0] -5. 318 904 [-1] -1. 941 662 [-1] -9. 728 932 [-2] -5. 750 032 [-2]
173Po 5. 201 499 [ 0] -3. 754 497 [ 0] -5. 672 513 [-1] -2. 069 353 [-1] -1. 036 674 [-1]
183Po 4. 874 391 [-2] 5. 505 165 [ 0] -3. 992 254 [ 0] -6. 026 013 [-1] -2. 197 699 [-1]
193Po 2. 716 442 [-2] 5. 000 257 [-2] 5. 808 082 [ 0] -4. 228 795 [ 0] -6. 379 516 [-1]
203Po 1. 560 991 [-2] 2. 791 425 [-2] 5. 121 893 [-2] 6. 108 796 [ 0] -4. 461 919 [ 0]
213Po 9. 949 054 [-3] 1. 604 712 [-2] 2. 864 408 [-2] 5. 229 285 [-2] 6. 403 537 [ 0]
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Table 57: f̄n3P e←m3P o oscillator strenghts

23Po 33Po 43Po 53Po 63Po

——————– ——————– ——————– ——————– ——————–
23Pe 1. 804 802 [-1] 9. 553 117 [-3] 2. 629 933 [-3] 1. 123 997 [-3] 5. 916 040 [-4]
33Pe 9. 365 622 [-4] 1. 354 211 [-1] 4. 584 980 [-3] 1. 343 901 [-3] 6. 070 773 [-4]
43Pe 3. 608 874 [-5] 4. 972 619 [-3] 1. 279 345 [-1] 3. 703 022 [-3] 1. 096 768 [-3]
53Pe 7. 873 424 [-5] 6. 627 902 [-4] 5. 870 988 [-3] 1. 257 285 [-1] 3. 378 988 [-3]
63Pe 6. 737 636 [-5] 2. 123 772 [-4] 9. 889 155 [-4] 6. 135 274 [-3] 1. 248 796 [-1]
73Pe 5. 059 275 [-5] 9. 593 597 [-5] 3. 635 423 [-4] 1. 116 776 [-3] 6. 228 770 [-3]
83Pe 3. 731 143 [-5] 5. 213 897 [-5] 1. 797 696 [-4] 4. 302 796 [-4] 1. 177 017 [-3]
93Pe 2. 778 198 [-5] 3. 178 990 [-5] 1. 041 067 [-4] 2. 198 109 [-4] 4. 645 388 [-4]

103Pe 2. 104 025 [-5] 2. 095 804 [-5] 6. 652 118 [-5] 1. 304 309 [-4] 2. 415 625 [-4]
113Pe 1. 622 687 [-5] 1. 461 901 [-5] 4. 546 120 [-5] 8. 495 229 [-5] 1. 453 621 [-4]
123Pe 1. 273 398 [-5] 1. 064 134 [-5] 3. 262 670 [-5] 5. 897 062 [-5] 9. 577 945 [-5]
133Pe 1. 015 354 [-5] 8. 008 447 [-6] 2. 430 463 [-5] 4. 287 923 [-5] 6. 714 399 [-5]
143Pe 8. 213 451 [-6] 6. 190 583 [-6] 1. 864 489 [-5] 3. 230 115 [-5] 4. 924 141 [-5]
153Pe 6. 730 594 [-6] 4. 891 827 [-6] 1. 464 729 [-5] 2. 502 109 [-5] 3. 737 456 [-5]
163Pe 5. 579 909 [-6] 3. 937 381 [-6] 1. 173 538 [-5] 1. 982 503 [-5] 2. 914 659 [-5]
173Pe 4. 674 563 [-6] 3. 219 142 [-6] 9. 559 421 [-6] 1. 600 492 [-5] 2. 323 439 [-5]
183Pe 3. 953 281 [-6] 2. 667 663 [-6] 7. 898 087 [-6] 1. 312 668 [-5] 1. 886 132 [-5]
193Pe 3. 372 175 [-6] 2. 236 885 [-6] 6. 606 346 [-6] 1. 091 307 [-5] 1. 554 853 [-5]
203Pe 2. 899 374 [-6] 1. 895 427 [-6] 5. 586 346 [-6] 9. 181 004 [-6] 1. 298 866 [-5]
213Pe 2. 511 902 [-6] 1. 621 703 [-6] 4. 771 273 [-6] 7. 807 450 [-6] 1. 097 974 [-5]

73Po 83Po 93Po 103Po 113Po

——————– ——————– ——————– ——————– ——————–
23Pe 3. 520 748 [-4] 2. 273 955 [-4] 1. 557 443 [-4] 1. 115 031 [-4] 8. 265 172 [-5]
33Pe 3. 335 979 [-4] 2. 054 586 [-4] 1. 364 427 [-4] 9. 562 882 [-5] 6. 980 731 [-5]
43Pe 5. 054 562 [-4] 2. 833 698 [-4] 1. 777 123 [-4] 1. 199 276 [-4] 8. 525 600 [-5]
53Pe 9. 993 733 [-4] 4. 640 391 [-4] 2. 626 882 [-4] 1. 664 009 [-4] 1. 133 839 [-4]
63Pe 3. 227 605 [-3] 9. 526 448 [-4] 4. 438 982 [-4] 2. 526 763 [-4] 1. 610 567 [-4]
73Pe 1. 244 948 [-1] 3. 145 656 [-3] 9. 267 833 [-4] 4. 326 844 [-4] 2. 471 603 [-4]
83Pe 6. 264 124 [-3] 1. 243 013 [-1] 3. 097 033 [-3] 9. 113 201 [-4] 4. 259 950 [-4]
93Pe 1. 208 283 [-3] 6. 277 573 [-3] 1. 241 966 [-1] 3. 066 031 [-3] 9. 014 530 [-4]

103Pe 4. 837 161 [-4] 1. 226 198 [-3] 6. 281 769 [-3] 1. 241 369 [-1] 3. 045 161 [-3]
113Pe 2. 543 574 [-4] 4. 954 219 [-4] 1. 237 162 [-3] 6. 281 885 [-3] 1. 241 016 [-1]
123Pe 1. 544 843 [-4] 2. 624 854 [-4] 5. 030 073 [-4] 1. 244 214 [-3] 6. 280 211 [-3]
133Pe 1. 026 013 [-4] 1. 604 589 [-4] 2. 679 366 [-4] 5. 081 532 [-4] 1. 248 930 [-3]
143Pe 7. 242 918 [-5] 1. 071 827 [-4] 1. 645 717 [-4] 2. 717 493 [-4] 5. 117 752 [-4]
153Pe 5. 344 842 [-5] 7. 605 505 [-5] 1. 104 045 [-4] 1. 675 145 [-4] 2. 745 079 [-4]
163Pe 4. 079 572 [-5] 5. 638 866 [-5] 7. 865 177 [-5] 1. 127 532 [-4] 1. 696 874 [-4]
173Pe 3. 197 738 [-5] 4. 322 636 [-5] 5. 852 831 [-5] 8. 057 533 [-5] 1. 145 165 [-4]
183Pe 2. 561 093 [-5] 3. 401 887 [-5] 4. 502 110 [-5] 6. 013 643 [-5] 8. 204 112 [-5]
193Pe 2. 088 174 [-5] 2. 734 908 [-5] 3. 554 729 [-5] 4. 638 902 [-5] 6. 137 983 [-5]
203Pe 1. 728 581 [-5] 2. 237 999 [-5] 2. 866 869 [-5] 3. 672 922 [-5] 4. 746 313 [-5]
213Pe 1. 450 121 [-5] 1. 859 589 [-5] 2. 353 864 [-5] 2. 971 068 [-5] 3. 768 010 [-5]
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Table 58: f̄n3P e←m3P o oscillator strenghts

123Po 133Po 143Po 153Po 163Po

——————– ——————– ——————– ——————– ——————–
23Pe 6. 300 721 [-5] 4. 915 529 [-5] 3. 910 055 [-5] 3. 162 153 [-5] 2. 594 095 [-5]
33Pe 5. 261 136 [-5] 4. 068 724 [-5] 3. 214 333 [-5] 2. 585 293 [-5] 2. 111 443 [-5]
43Pe 6. 302 317 [-5] 4. 803 272 [-5] 3. 751 946 [-5] 2. 990 792 [-5] 2. 425 053 [-5]
53Pe 8. 133 708 [-5] 6. 063 237 [-5] 4. 656 886 [-5] 3. 663 532 [-5] 2. 939 466 [-5]
63Pe 1. 104 402 [-4] 7. 971 766 [-5] 5. 977 843 [-5] 4. 617 117 [-5] 3. 651 460 [-5]
73Pe 1. 582 046 [-4] 1. 089 694 [-4] 7. 901 012 [-5] 5. 950 923 [-5] 4. 615 903 [-5]
83Pe 2. 439 281 [-4] 1. 566 050 [-4] 1. 082 214 [-4] 7. 873 282 [-5] 5. 950 050 [-5]
93Pe 4. 217 579 [-4] 2. 419 282 [-4] 1. 556 691 [-4] 1. 078 430 [-4] 7. 866 255 [-5]

103Pe 8. 948 311 [-4] 4. 189 452 [-4] 2. 406 377 [-4] 1. 551 065 [-4] 1. 076 629 [-4]
113Pe 3. 030 502 [-3] 8. 902 057 [-4] 4. 170 069 [-4] 2. 397 773 [-4] 1. 547 637 [-4]
123Pe 1. 240 803 [-1] 3. 019 847 [-3] 8. 868 675 [-4] 4. 156 295 [-4] 2. 391 889 [-4]
133Pe 6. 277 812 [-3] 1. 240 673 [-1] 3. 011 880 [-3] 8. 843 921 [-4] 4. 146 259 [-4]
143Pe 1. 252 187 [-3] 6. 275 196 [-3] 1. 240 594 [-1] 3. 005 781 [-3] 8. 825 146 [-4]
153Pe 5. 144 030 [-4] 1. 254 497 [-3] 6. 272 605 [-3] 1. 240 546 [-1] 3. 001 018 [-3]
163Pe 2. 765 606 [-4] 5. 163 589 [-4] 1. 256 172 [-3] 6. 270 153 [-3] 1. 240 519 [-1]
173Pe 1. 713 345 [-4] 2. 781 253 [-4] 5. 178 481 [-4] 1. 257 412 [-3] 6. 267 886 [-3]
183Pe 1. 158 746 [-4] 1. 726 134 [-4] 2. 793 464 [-4] 5. 190 096 [-4] 1. 258 356 [-3]
193Pe 8. 318 800 [-5] 1. 169 481 [-4] 1. 736 331 [-4] 2. 803 271 [-4] 5. 199 464 [-4]
203Pe 6. 236 934 [-5] 8. 411 209 [-5] 1. 178 236 [-4] 1. 744 751 [-4] 2. 811 473 [-4]
213Pe 4. 834 305 [-5] 6. 319 533 [-5] 8. 489 975 [-5] 1. 185 883 [-4] 1. 752 332 [-4]

173Po 183Po 193Po 203Po 213Po

——————– ——————– ——————– ——————– ——————–
23Pe 2. 154 773 [-5] 1. 809 637 [-5] 1. 534 778 [-5] 1. 313 331 [-5] 1. 133 471 [-5]
33Pe 1. 747 444 [-5] 1. 463 074 [-5] 1. 237 663 [-5] 1. 056 769 [-5] 9. 103 326 [-6]
43Pe 1. 995 168 [-5] 1. 662 321 [-5] 1. 400 445 [-5] 1. 191 601 [-5] 1. 023 426 [-5]
53Pe 2. 397 843 [-5] 1. 983 827 [-5] 1. 661 533 [-5] 1. 406 779 [-5] 1. 203 155 [-5]
63Pe 2. 944 326 [-5] 2. 413 028 [-5] 2. 005 249 [-5] 1. 686 692 [-5] 1. 434 553 [-5]
73Pe 3. 665 399 [-5] 2. 967 113 [-5] 2. 440 869 [-5] 2. 035 911 [-5] 1. 719 351 [-5]
83Pe 4. 630 535 [-5] 3. 688 934 [-5] 2. 995 674 [-5] 2. 472 233 [-5] 2. 069 387 [-5]
93Pe 5. 960 524 [-5] 4. 651 029 [-5] 3. 715 163 [-5] 3. 025 232 [-5] 2. 504 458 [-5]

103Pe 7. 869 436 [-5] 5. 975 765 [-5] 4. 673 277 [-5] 3. 741 642 [-5] 3. 055 231 [-5]
113Pe 1. 075 934 [-4] 7. 877 734 [-5] 5. 992 945 [-5] 4. 695 946 [-5] 3. 768 954 [-5]
123Pe 1. 545 559 [-4] 1. 075 885 [-4] 7. 888 855 [-5] 6. 011 267 [-5] 4. 720 357 [-5]
133Pe 2. 387 794 [-4] 1. 544 356 [-4] 1. 076 265 [-4] 7. 902 260 [-5] 6. 032 659 [-5]
143Pe 4. 138 804 [-4] 2. 384 943 [-4] 1. 543 799 [-4] 1. 077 031 [-4] 7. 920 519 [-5]
153Pe 8. 810 654 [-4] 4. 133 230 [-4] 2. 383 063 [-4] 1. 543 848 [-4] 1. 078 522 [-4]
163Pe 2. 997 238 [-3] 8. 799 372 [-4] 4. 129 168 [-4] 2. 382 104 [-4] 1. 544 951 [-4]
173Pe 1. 240 506 [-1] 2. 994 206 [-3] 8. 790 698 [-4] 4. 126 531 [-4] 2. 382 688 [-4]
183Pe 6. 265 829 [-3] 1. 240 501 [-1] 2. 991 780 [-3] 8. 784 435 [-4] 4. 126 239 [-4]
193Pe 1. 259 107 [-3] 6. 264 011 [-3] 1. 240 502 [-1] 2. 989 901 [-3] 8. 782 095 [-4]
203Pe 5. 207 390 [-4] 1. 259 745 [-3] 6. 262 452 [-3] 1. 240 512 [-1] 2. 988 783 [-3]
213Pe 2. 819 150 [-4] 5. 215 240 [-4] 1. 260 470 [-3] 6. 261 267 [-3] 1. 240 542 [-1]
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Table 59: f̄n3De←m3P o oscillator strenghts

23Po 33Po 43Po 53Po 63Po

——————– ——————– ——————– ——————– ——————–
23De 6. 102 259 [-1] 1. 120 993 [-1] -3. 695 898 [-2] -6. 900 863 [-3] -2. 584 814 [-3]
33De 1. 228 469 [-1] 4. 775 950 [-1] 2. 009 481 [-1] -8. 830 098 [-2] -1. 704 275 [-2]
43De 4. 700 679 [-2] 1. 245 527 [-1] 4. 383 880 [-1] 2. 800 567 [-1] -1. 469 889 [-1]
53De 2. 346 969 [-2] 5. 300 995 [-2] 1. 239 445 [-1] 4. 294 506 [-1] 3. 542 957 [-1]
63De 1. 356 347 [-2] 2. 815 799 [-2] 5. 523 185 [-2] 1. 252 336 [-1] 4. 337 845 [-1]
73De 8. 604 610 [-3] 1. 698 097 [-2] 3. 028 522 [-2] 5. 705 751 [-2] 1. 280 701 [-1]
83De 5. 824 755 [-3] 1. 112 123 [-2] 1. 870 916 [-2] 3. 183 414 [-2] 5. 899 588 [-2]
93De 4. 136 846 [-3] 7. 719 978 [-3] 1. 249 261 [-2] 1. 995 069 [-2] 3. 324 077 [-2]

103De 3. 049 010 [-3] 5. 596 721 [-3] 8. 812 869 [-3] 1. 348 629 [-2] 2. 101 735 [-2]
113De 2. 314 650 [-3] 4. 196 640 [-3] 6. 477 417 [-3] 9. 616 324 [-3] 1. 432 163 [-2]
123De 1. 800 146 [-3] 3. 233 031 [-3] 4. 915 195 [-3] 7. 135 192 [-3] 1. 028 673 [-2]
133De 1. 428 508 [-3] 2. 546 566 [-3] 3. 826 365 [-3] 5. 460 281 [-3] 7. 683 693 [-3]
143De 1. 153 127 [-3] 2. 043 455 [-3] 3. 041 959 [-3] 4. 283 143 [-3] 5. 916 110 [-3]
153De 9. 445 950 [-4] 1. 665 840 [-3] 2. 461 264 [-3] 3. 428 619 [-3] 4. 666 913 [-3]
163De 7. 837 111 [-4] 1. 376 614 [-3] 2. 021 452 [-3] 2. 791 566 [-3] 3. 755 318 [-3]
173De 6. 575 660 [-4] 1. 151 202 [-3] 1. 681 834 [-3] 2. 305 971 [-3] 3. 072 398 [-3]
183De 5. 572 678 [-4] 9. 728 788 [-4] 1. 415 229 [-3] 1. 928 847 [-3] 2. 549 541 [-3]
193De 4. 765 691 [-4] 8. 300 120 [-4] 1. 203 016 [-3] 1. 631 353 [-3] 2. 141 956 [-3]
203De 4. 111 103 [-4] 7. 145 407 [-4] 1. 032 429 [-3] 1. 394 009 [-3] 1. 819 983 [-3]
213De 3. 575 769 [-4] 6. 203 939 [-4] 8. 939 876 [-4] 1. 202 614 [-3] 1. 562 498 [-3]

73Po 83Po 93Po 103Po 113Po

——————– ——————– ——————– ——————– ——————–
23De -1. 284 485 [-3] -7. 441 310 [-4] -4. 746 506 [-4] -3. 234 682 [-4] -2. 313 692 [-4]
33De -6. 502 642 [-3] -3. 276 617 [-3] -1. 920 573 [-3] -1. 237 839 [-3] -8. 515 285 [-4]
43De -2. 892 647 [-2] -1. 116 387 [-2] -5. 674 118 [-3] -3. 350 706 [-3] -2. 174 278 [-3]
53De -2. 099 351 [-1] -4. 184 509 [-2] -1. 627 192 [-2] -8. 317 852 [-3] -4. 936 537 [-3]
63De 4. 258 068 [-1] -2. 755 882 [-1] -5. 541 025 [-2] -2. 165 917 [-2] -1. 111 576 [-2]
73De 4. 450 908 [-1] 4. 955 852 [-1] -3. 430 590 [-1] -6. 941 267 [-2] -2. 723 541 [-2]
83De 1. 319 365 [-1] 4. 604 954 [-1] 5. 642 297 [-1] -4. 118 100 [-1] -8. 372 020 [-2]
93De 6. 110 108 [-2] 1. 365 229 [-1] 4. 784 968 [-1] 6. 320 891 [-1] -4. 814 981 [-1]

103De 3. 462 022 [-2] 6. 336 823 [-2] 1. 416 136 [-1] 4. 982 490 [-1] 6. 993 802 [-1]
113De 2. 201 086 [-2] 3. 601 651 [-2] 6. 576 632 [-2] 1. 470 696 [-1] 5. 192 377 [-1]
123De 1. 507 860 [-2] 2. 297 765 [-2] 3. 743 856 [-2] 6. 826 880 [-2] 1. 527 982 [-1]
133De 1. 088 533 [-2] 1. 579 692 [-2] 2. 393 509 [-2] 3. 888 720 [-2] 7. 085 478 [-2]
143De 8. 169 762 [-3] 1. 144 430 [-2] 1. 649 407 [-2] 2. 489 128 [-2] 4. 036 055 [-2]
153De 6. 318 746 [-3] 8. 619 059 [-3] 1. 197 909 [-2] 1. 717 952 [-2] 2. 585 006 [-2]
163De 5. 005 714 [-3] 6. 688 639 [-3] 9. 044 645 [-3] 1. 249 866 [-2] 1. 785 870 [-2]
173De 4. 044 125 [-3] 5. 315 967 [-3] 7. 036 724 [-3] 9. 454 573 [-3] 1. 300 870 [-2]
183De 3. 321 393 [-3] 4. 308 407 [-3] 5. 606 904 [-3] 7. 370 171 [-3] 9. 854 391 [-3]
193De 2. 766 525 [-3] 3. 549 674 [-3] 4. 556 150 [-3] 5. 885 050 [-3] 7. 694 429 [-3]
203De 2. 333 707 [-3] 2. 967 156 [-3] 3. 765 282 [-3] 4. 794 643 [-3] 6. 157 348 [-3]
213De 1. 991 221 [-3] 2. 512 266 [-3] 3. 157 719 [-3] 3. 973 756 [-3] 5. 028 926 [-3]
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Table 60: f̄n3De←m3P o oscillator strenghts

123Po 133Po 143Po 153Po 163Po

——————– ——————– ——————– ——————– ——————–
23De -1. 717 349 [-4] -1. 312 617 [-4] -1. 027 448 [-4] -8. 202 861 [-5] -6. 659 168 [-5]
33De -6. 143 119 [-4] -4. 595 590 [-4] -3. 537 841 [-4] -2. 787 571 [-4] -2. 239 094 [-4]
43De -1. 505 171 [-3] -1. 092 277 [-3] -8. 216 370 [-4] -6. 358 003 [-4] -5. 033 975 [-4]
53De -3. 218 217 [-3] -2. 237 660 [-3] -1. 630 650 [-3] -1. 231 530 [-3] -9. 566 269 [-4]
63De -6. 620 183 [-3] -4. 330 028 [-3] -3. 020 261 [-3] -2. 207 723 [-3] -1. 672 334 [-3]
73De -1. 401 778 [-2] -8. 369 678 [-3] -5. 487 440 [-3] -3. 836 520 [-3] -2. 810 834 [-3]
83De -3. 294 260 [-2] -1. 699 143 [-2] -1. 016 419 [-2] -6. 675 874 [-3] -4. 675 612 [-3]
93De -9. 824 852 [-2] -3. 874 372 [-2] -2. 001 599 [-2] -1. 199 043 [-2] -7. 885 998 [-3]

103De -5. 518 927 [-1] -1. 129 416 [-1] -4. 461 424 [-2] -2. 307 779 [-2] -1. 383 962 [-2]
113De 7. 662 463 [-1] -6. 228 332 [-1] -1. 277 606 [-1] -5. 053 734 [-2] -2. 616 752 [-2]
123De 5. 411 316 [-1] 8. 327 862 [-1] -6. 942 039 [-1] -1. 426 780 [-1] -5. 650 119 [-2]
133De 1. 587 351 [-1] 5. 637 078 [-1] 8. 990 703 [-1] -7. 659 198 [-1] -1. 576 739 [-1]
143De 7. 350 805 [-2] 1. 648 346 [-1] 5. 868 110 [-1] 9. 651 500 [-1] -8. 379 160 [-1]
153De 4. 185 593 [-2] 7. 621 616 [-2] 1. 710 634 [-1] 6. 103 290 [-1] 1. 031 063 [ 0]
163De 2. 681 326 [-2] 4. 337 075 [-2] 7. 896 970 [-2] 1. 773 972 [-1] 6. 341 761 [-1]
173De 1. 853 507 [-2] 2. 778 200 [-2] 4. 490 325 [-2] 8. 176 243 [-2] 1. 838 182 [-1]
183De 1. 351 335 [-2] 1. 921 147 [-2] 2. 875 777 [-2] 4. 645 351 [-2] 8. 459 213 [-2]
193De 1. 024 870 [-2] 1. 401 655 [-2] 1. 989 127 [-2] 2. 974 376 [-2] 4. 802 542 [-2]
203De 8. 016 426 [-3] 1. 064 478 [-2] 1. 452 637 [-2] 2. 058 419 [-2] 3. 075 343 [-2]
213De 6. 428 505 [-3] 8. 340 667 [-3] 1. 104 700 [-2] 1. 504 703 [-2] 2. 129 506 [-2]

173Po 183Po 193Po 203Po 213Po

——————– ——————– ——————– ——————– ——————–
23De -5. 483 864 [-5] -4. 572 452 [-5] -3. 854 487 [-5] -3. 281 337 [-5] -2. 819 421 [-5]
33De -1. 827 964 [-4] -1. 513 222 [-4] -1. 267 933 [-4] -1. 073 882 [-4] -9. 186 773 [-5]
43De -4. 061 916 [-4] -3. 330 326 [-4] -2. 768 184 [-4] -2. 328 711 [-4] -1. 980 694 [-4]
53De -7. 601 749 [-4] -6. 155 263 [-4] -5. 063 698 [-4] -4. 223 074 [-4] -3. 565 699 [-4]
63De -1. 302 796 [-3] -1. 038 174 [-3] -8. 429 617 [-4] -6. 954 200 [-4] -5. 818 230 [-4]
73De -2. 134 016 [-3] -1. 666 196 [-3] -1. 330 758 [-3] -1. 083 055 [-3] -8. 959 517 [-4]
83De -3. 431 608 [-3] -2. 609 924 [-3] -2. 041 476 [-3] -1. 633 630 [-3] -1. 332 709 [-3]
93De -5. 530 596 [-3] -4. 064 699 [-3] -3. 095 886 [-3] -2. 425 413 [-3] -1. 944 830 [-3]

103De -9. 111 709 [-3] -6. 397 008 [-3] -4. 706 806 [-3] -3. 589 534 [-3] -2. 817 085 [-3]
113De -1. 570 591 [-2] -1. 034 904 [-2] -7. 272 165 [-3] -5. 356 248 [-3] -4. 090 959 [-3]
123De -2. 927 877 [-2] -1. 758 543 [-2] -1. 159 573 [-2] -8. 154 972 [-3] -6. 014 227 [-3]
133De -6. 249 743 [-2] -3. 240 735 [-2] -1. 947 619 [-2] -1. 285 121 [-2] -9. 047 960 [-3]
143De -1. 727 336 [-1] -6. 852 079 [-2] -3. 555 153 [-2] -2. 137 834 [-2] -1. 411 990 [-2]
153De -9. 101 377 [-1] -1. 878 470 [-1] -7. 456 988 [-2] -3. 871 322 [-2] -2. 330 004 [-2]
163De 1. 096 831 [ 0] -9. 825 168 [-1] -2. 030 051 [-1] -8. 064 819 [-2] -4. 190 815 [-2]
173De 6. 582 713 [-1] 1. 162 451 [ 0] -1. 054 908 [ 0] -2. 181 884 [-1] -8. 677 749 [-2]
183De 1. 903 109 [-1] 6. 824 946 [-1] 1. 227 854 [ 0] -1. 126 944 [ 0] -2. 333 738 [-1]
193De 8. 746 145 [-2] 1. 968 501 [-1] 7. 065 983 [-1] 1. 292 800 [ 0] -1. 197 809 [ 0]
203De 4. 963 931 [-2] 9. 039 217 [-2] 2. 034 089 [-1] 7. 301 070 [-1] 1. 356 573 [ 0]
213De 3. 179 446 [-2] 5. 130 280 [-2] 9. 336 629 [-2] 2. 097 605 [-1] 7. 510 367 [-1]
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Table 61: f̄n3Do←m3De oscillator strenghts

23De 33De 43De 53De 63De

——————– ——————– ——————– ——————– ——————–
23Do 1. 361 319 [-1] 6. 428 315 [-4] 1. 422 915 [-4] 5. 678 995 [-5] 2. 916 436 [-5]
33Do 8. 591 110 [-4] 1. 359 747 [-1] 7. 232 721 [-4] 1. 772 140 [-4] 7. 480 955 [-5]
43Do 1. 598 625 [-4] 9. 792 620 [-4] 1. 359 142 [-1] 7. 402 188 [-4] 1. 889 217 [-4]
53Do 6. 082 717 [-5] 2. 025 723 [-4] 1. 007 712 [-3] 1. 358 905 [-1] 7. 436 671 [-4]
63Do 3. 062 022 [-5] 8. 120 352 [-5] 2. 174 563 [-4] 1. 015 623 [-3] 1. 358 794 [-1]
73Do 1. 790 740 [-5] 4. 226 462 [-5] 8. 940 906 [-5] 2. 240 658 [-4] 1. 017 550 [-3]
83Do 1. 150 144 [-5] 2. 532 592 [-5] 4. 740 011 [-5] 9. 350 049 [-5] 2. 271 933 [-4]
93Do 7. 878 286 [-6] 1. 658 042 [-5] 2. 882 291 [-5] 5. 014 460 [-5] 9. 566 739 [-5]

103Do 5. 657 002 [-6] 1. 153 769 [-5] 1. 910 321 [-5] 3. 078 834 [-5] 5. 170 148 [-5]
113Do 4. 211 485 [-6] 8. 396 047 [-6] 1. 343 493 [-5] 2. 057 864 [-5] 3. 196 033 [-5]
123Do 3. 226 497 [-6] 6. 323 232 [-6] 9. 868 230 [-6] 1. 458 159 [-5] 2. 149 341 [-5]
133Do 2. 530 247 [-6] 4. 893 652 [-6] 7. 493 869 [-6] 1. 078 319 [-5] 1. 531 545 [-5]
143Do 2. 023 126 [-6] 3. 872 251 [-6] 5. 843 004 [-6] 8. 239 235 [-6] 1. 138 458 [-5]
153Do 1. 644 420 [-6] 3. 121 120 [-6] 4. 654 736 [-6] 6. 460 466 [-6] 8. 740 469 [-6]
163Do 1. 355 570 [-6] 2. 555 307 [-6] 3. 774 936 [-6] 5. 173 392 [-6] 6. 884 058 [-6]
173Do 1. 131 235 [-6] 2. 120 359 [-6] 3. 108 074 [-6] 4. 215 792 [-6] 5. 535 614 [-6]
183Do 9. 542 849 [-7] 1. 780 201 [-6] 2. 592 586 [-6] 3. 486 762 [-6] 4. 528 818 [-6]
193Do 8. 128 598 [-7] 1. 510 281 [-6] 2. 187 502 [-6] 2. 921 079 [-6] 3. 760 013 [-6]
203Do 6. 987 420 [-7] 1. 293 790 [-6] 1. 865 240 [-6] 2. 475 776 [-6] 3. 162 774 [-6]
213Do 6. 056 099 [-7] 1. 118 022 [-6] 1. 605 409 [-6] 2. 119 939 [-6] 2. 690 827 [-6]

73De 83De 93De 103De 113De

——————– ——————– ——————– ——————– ——————–
23Do 1. 723 363 [-5] 1. 113 724 [-5] 7. 659 875 [-6] 5. 516 041 [-6] 4. 115 425 [-6]
33Do 3. 986 958 [-5] 2. 420 658 [-5] 1. 597 818 [-5] 1. 118 066 [-5] 8. 168 919 [-6]
43Do 8. 197 830 [-5] 4. 459 299 [-5] 2. 751 848 [-5] 1. 841 134 [-5] 1. 303 270 [-5]
53Do 1. 937 191 [-4] 8. 536 492 [-5] 4. 701 580 [-5] 2. 931 961 [-5] 1. 979 592 [-5]
63Do 7. 436 163 [-4] 1. 957 952 [-4] 8. 707 741 [-5] 4. 834 677 [-5] 3. 036 686 [-5]
73Do 1. 358 746 [-1] 7. 427 342 [-4] 1. 968 155 [-4] 8. 805 134 [-5] 4. 915 614 [-5]
83Do 1. 017 644 [-3] 1. 358 727 [-1] 7. 417 425 [-4] 1. 973 588 [-4] 8. 865 137 [-5]
93Do 2. 288 987 [-4] 1. 017 163 [-3] 1. 358 720 [-1] 7. 408 322 [-4] 1. 976 634 [-4]

103Do 9. 696 372 [-5] 2. 299 117 [-4] 1. 016 526 [-3] 1. 358 719 [-1] 7. 400 444 [-4]
113Do 5. 268 187 [-5] 9. 779 968 [-5] 2. 305 502 [-4] 1. 015 881 [-3] 1. 358 722 [-1]
123Do 3. 272 603 [-5] 5. 334 136 [-5] 9. 836 836 [-5] 2. 309 708 [-4] 1. 015 281 [-3]
133Do 2. 210 866 [-5] 3. 325 668 [-5] 5. 380 665 [-5] 9. 877 144 [-5] 2. 312 576 [-4]
143Do 1. 582 103 [-5] 2. 254 518 [-5] 3. 364 062 [-5] 5. 414 721 [-5] 9. 906 658 [-5]
153Do 1. 180 745 [-5] 1. 618 681 [-5] 2. 286 732 [-5] 3. 392 786 [-5] 5. 440 395 [-5]
163Do 9. 099 287 [-6] 1. 211 862 [-5] 1. 646 128 [-5] 2. 311 253 [-5] 3. 414 870 [-5]
173Do 7. 192 235 [-6] 9. 367 388 [-6] 1. 235 565 [-5] 1. 667 345 [-5] 2. 330 426 [-5]
183Do 5. 803 210 [-6] 7. 425 943 [-6] 9. 574 691 [-6] 1. 254 177 [-5] 1. 684 224 [-5]
193Do 4. 763 675 [-6] 6. 009 328 [-6] 7. 609 621 [-6] 9. 740 380 [-6] 1. 269 282 [-5]
203Do 3. 969 345 [-6] 4. 948 854 [-6] 6. 175 781 [-6] 7. 761 271 [-6] 9. 880 293 [-6]
213Do 3. 350 258 [-6] 4. 136 264 [-6] 5. 099 857 [-6] 6. 314 242 [-6] 7. 889 838 [-6]
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Table 62: f̄n3Do←m3De oscillator strenghts

123De 133De 143De 153De 163De

——————– ——————– ——————– ——————– ——————–
23Do 3. 158 239 [-6] 2. 480 109 [-6] 1. 985 290 [-6] 1. 615 221 [-6] 1. 332 605 [-6]
33Do 6. 170 804 [-6] 4. 786 978 [-6] 3. 795 039 [-6] 3. 063 665 [-6] 2. 511 555 [-6]
43Do 9. 618 110 [-6] 7. 330 136 [-6] 5. 731 395 [-6] 4. 576 131 [-6] 3. 718 070 [-6]
53Do 1. 412 614 [-5] 1. 050 056 [-5] 8. 055 006 [-6] 6. 335 648 [-6] 5. 086 158 [-6]
63Do 2. 063 635 [-5] 1. 481 311 [-5] 1. 107 101 [-5] 8. 535 108 [-6] 6. 744 393 [-6]
73Do 3. 103 273 [-5] 2. 118 908 [-5] 1. 527 736 [-5] 1. 146 541 [-5] 8. 873 643 [-6]
83Do 4. 968 433 [-5] 3. 148 363 [-5] 2. 157 387 [-5] 1. 560 788 [-5] 1. 175 158 [-5]
93Do 8. 904 350 [-5] 5. 004 761 [-5] 3. 180 369 [-5] 2. 185 348 [-5] 1. 585 269 [-5]

103Do 1. 978 400 [-4] 8. 931 187 [-5] 5. 030 802 [-5] 3. 203 950 [-5] 2. 206 375 [-5]
113Do 7. 393 760 [-4] 1. 979 443 [-4] 8. 950 253 [-5] 5. 050 103 [-5] 3. 221 866 [-5]
123Do 1. 358 726 [-1] 7. 388 113 [-4] 1. 980 062 [-4] 8. 964 232 [-5] 5. 064 832 [-5]
133Do 1. 014 742 [-3] 1. 358 731 [-1] 7. 383 336 [-4] 1. 980 427 [-4] 8. 974 793 [-5]
143Do 2. 314 588 [-4] 1. 014 263 [-3] 1. 358 735 [-1] 7. 379 284 [-4] 1. 980 640 [-4]
153Do 9. 928 863 [-5] 2. 316 031 [-4] 1. 013 842 [-3] 1. 358 740 [-1] 7. 375 839 [-4]
163Do 5. 460 243 [-5] 9. 945 983 [-5] 2. 317 093 [-4] 1. 013 473 [-3] 1. 358 745 [-1]
173Do 3. 432 291 [-5] 5. 475 994 [-5] 9. 959 573 [-5] 2. 317 909 [-4] 1. 013 151 [-3]
183Do 2. 345 856 [-5] 3. 446 467 [-5] 5. 488 956 [-5] 9. 970 891 [-5] 2. 318 595 [-4]
193Do 1. 698 128 [-5] 2. 358 773 [-5] 3. 458 559 [-5] 5. 500 277 [-5] 9. 981 112 [-5]
203Do 1. 282 359 [-5] 1. 710 530 [-5] 2. 370 738 [-5] 3. 470 335 [-5] 5. 512 116 [-5]
213Do 1. 000 120 [-5] 1. 293 885 [-5] 1. 721 680 [-5] 2. 381 686 [-5] 3. 481 197 [-5]

173De 183De 193De 203De 213De

——————– ——————– ——————– ——————– ——————–
23Do 1. 112 880 [-6] 9. 394 114 [-7] 8. 006 743 [-7] 6. 887 045 [-7] 5. 975 258 [-7]
33Do 2. 086 384 [-6] 1. 753 380 [-6] 1. 488 825 [-6] 1. 276 510 [-6] 1. 104 440 [-6]
43Do 3. 066 006 [-6] 2. 560 883 [-6] 2. 163 267 [-6] 1. 846 612 [-6] 1. 591 647 [-6]
53Do 4. 153 258 [-6] 3. 440 998 [-6] 2. 887 053 [-6] 2. 450 310 [-6] 2. 101 612 [-6]
63Do 5. 437 710 [-6] 4. 458 487 [-6] 3. 708 519 [-6] 3. 124 687 [-6] 2. 663 480 [-6]
73Do 7. 037 727 [-6] 5. 694 214 [-6] 4. 684 966 [-6] 3. 911 663 [-6] 3. 308 784 [-6]
83Do 9. 123 477 [-6] 7. 257 762 [-6] 5. 889 962 [-6] 4. 862 428 [-6] 4. 074 271 [-6]
93Do 1. 196 717 [-5] 9. 314 844 [-6] 7. 429 411 [-6] 6. 047 499 [-6] 5. 008 572 [-6]

103Do 1. 604 008 [-5] 1. 213 512 [-5] 9. 466 960 [-6] 7. 571 109 [-6] 6. 180 820 [-6]
113Do 2. 222 671 [-5] 1. 618 818 [-5] 1. 227 097 [-5] 9. 595 915 [-6] 7. 694 463 [-6]
123Do 3. 235 883 [-5] 2. 235 723 [-5] 1. 631 013 [-5] 1. 238 969 [-5] 9. 711 729 [-6]
133Do 5. 076 426 [-5] 3. 247 262 [-5] 2. 246 690 [-5] 1. 642 080 [-5] 1. 250 021 [-5]
143Do 8. 983 091 [-5] 5. 085 988 [-5] 3. 257 075 [-5] 2. 257 150 [-5] 1. 652 823 [-5]
153Do 1. 980 779 [-4] 8. 990 097 [-5] 5. 094 553 [-5] 3. 267 116 [-5] 2. 267 821 [-5]
163Do 7. 372 915 [-4] 1. 980 921 [-4] 8. 996 853 [-5] 5. 104 329 [-5] 3. 277 959 [-5]
173Do 1. 358 749 [-1] 7. 370 502 [-4] 1. 981 174 [-4] 9. 006 361 [-5] 5. 115 561 [-5]
183Do 1. 012 878 [-3] 1. 358 754 [-1] 7. 368 727 [-4] 1. 982 009 [-4] 9. 017 948 [-5]
193Do 2. 319 274 [-4] 1. 012 667 [-3] 1. 358 758 [-1] 7. 368 291 [-4] 1. 983 001 [-4]
203Do 9. 993 146 [-5] 2. 320 404 [-4] 1. 012 576 [-3] 1. 358 766 [-1] 7. 368 743 [-4]
213Do 5. 522 794 [-5] 1. 000 266 [-4] 2. 320 636 [-4] 1. 012 217 [-3] 1. 358 849 [-1]
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Table 63: f̄n3Do←m3P e oscillator strenghts

23Pe 33Pe 43Pe 53Pe 63Pe

——————– ——————– ——————– ——————– ——————–
23Do 4. 534 587 [-1] 2. 564 256 [-1] -6. 172 021 [-2] -9. 991 978 [-3] -3. 645 926 [-3]
33Do 1. 390 282 [-1] 1. 905 040 [-1] 4. 173 455 [-1] -1. 373 267 [-1] -2. 252 117 [-2]
43Do 6. 213 692 [-2] 6. 467 311 [-2] 1. 523 745 [-1] 5. 589 664 [-1] -2. 200 451 [-1]
53Do 3. 346 545 [-2] 3. 030 973 [-2] 5. 634 632 [-2] 1. 354 188 [-1] 6. 922 934 [-1]
63Do 2. 018 362 [-2] 1. 689 115 [-2] 2. 779 125 [-2] 5. 194 725 [-2] 1. 271 106 [-1]
73Do 1. 314 637 [-2] 1. 047 204 [-2] 1. 606 101 [-2] 2. 629 648 [-2] 4. 960 924 [-2]
83Do 9. 055 103 [-3] 6. 979 138 [-3] 1. 023 901 [-2] 1. 551 321 [-2] 2. 546 616 [-2]
93Do 6. 508 706 [-3] 4. 901 732 [-3] 6. 978 578 [-3] 1. 005 982 [-2] 1. 520 808 [-2]

103Do 4. 838 562 [-3] 3. 582 886 [-3] 4. 993 300 [-3] 6. 956 562 [-3] 9. 969 348 [-3]
113Do 3. 696 544 [-3] 2. 702 641 [-3] 3. 707 734 [-3] 5. 040 379 [-3] 6. 961 010 [-3]
123Do 2. 888 666 [-3] 2. 091 342 [-3] 2. 834 972 [-3] 3. 784 068 [-3] 5. 087 631 [-3]
133Do 2. 300 775 [-3] 1. 652 873 [-3] 2. 219 803 [-3] 2. 921 635 [-3] 3. 849 648 [-3]
143Do 1. 862 614 [-3] 1. 329 810 [-3] 1. 772 742 [-3] 2. 307 619 [-3] 2. 993 525 [-3]
153Do 1. 529 283 [-3] 1. 086 313 [-3] 1. 439 487 [-3] 1. 857 316 [-3] 2. 379 812 [-3]
163Do 1. 271 156 [-3] 8. 991 867 [-4] 1. 185 676 [-3] 1. 518 853 [-3] 1. 926 855 [-3]
173Do 1. 068 148 [-3] 7. 529 483 [-4] 9. 887 932 [-4] 1. 259 131 [-3] 1. 584 390 [-3]
183Do 9. 063 278 [-4] 6. 369 978 [-4] 8. 336 535 [-4] 1. 056 307 [-3] 1. 320 200 [-3]
193Do 7. 758 425 [-4] 5. 439 195 [-4] 7. 097 659 [-4] 8. 955 575 [-4] 1. 112 937 [-3]
203Do 6. 697 616 [-4] 4. 685 363 [-4] 6. 098 712 [-4] 7. 667 565 [-4] 9. 482 753 [-4]
213Do 5. 826 308 [-4] 4. 068 211 [-4] 5. 283 967 [-4] 6. 622 722 [-4] 8. 156 651 [-4]

73Pe 83Pe 93Pe 103Pe 113Pe

——————– ——————– ——————– ——————– ——————–
23Do -1. 797 851 [-3] -1. 038 340 [-3] -6. 612 182 [-4] -4. 500 823 [-4] -3. 216 132 [-4]
33Do -8. 260 298 [-3] -4. 097 290 [-3] -2. 382 311 [-3] -1. 527 948 [-3] -1. 047 590 [-3]
43Do -3. 656 559 [-2] -1. 350 867 [-2] -6. 741 595 [-3] -3. 943 074 [-3] -2. 543 808 [-3]
53Do -3. 064 774 [-1] -5. 138 789 [-2] -1. 908 801 [-2] -9. 569 368 [-3] -5. 621 176 [-3]
63Do 8. 211 473 [-1] -3. 951 323 [-1] -6. 661 134 [-2] -2. 482 701 [-2] -1. 248 349 [-2]
73Do 1. 231 422 [-1] 9. 473 490 [-1] -4. 852 354 [-1] -8. 209 061 [-2] -3. 066 670 [-2]
83Do 4. 842 455 [-2] 1. 216 373 [-1] 1. 071 828 [ 0] -5. 763 221 [-1] -9. 773 063 [-2]
93Do 2. 503 873 [-2] 4. 797 169 [-2] 1. 216 524 [-1] 1. 195 123 [ 0] -6. 681 093 [-1]

103Do 1. 506 112 [-2] 2. 489 475 [-2] 4. 799 675 [-2] 1. 226 702 [-1] 1. 317 565 [ 0]
113Do 9. 941 763 [-3] 1. 503 844 [-2] 2. 494 538 [-2] 4. 835 044 [-2] 1. 243 837 [-1]
123Do 6. 987 364 [-3] 9. 971 332 [-3] 1. 510 539 [-2] 2. 513 490 [-2] 4. 893 977 [-2]
133Do 5. 138 280 [-3] 7. 039 561 [-3] 1. 004 447 [-2] 1. 523 869 [-2] 2. 542 702 [-2]
143Do 3. 910 236 [-3] 5. 199 263 [-3] 7. 112 949 [-3] 1. 015 113 [-2] 1. 542 245 [-2]
153Do 3. 056 841 [-3] 3. 973 243 [-3] 5. 269 888 [-3] 7. 203 466 [-3] 1. 028 411 [-2]
163Do 2. 442 209 [-3] 3. 118 536 [-3] 4. 039 726 [-3] 5. 348 925 [-3] 7. 307 969 [-3]
173Do 1. 986 555 [-3] 2. 501 022 [-3] 3. 180 409 [-3] 4. 109 856 [-3] 5. 435 293 [-3]
183Do 1. 640 646 [-3] 2. 041 877 [-3] 2. 558 339 [-3] 3. 243 360 [-3] 4. 183 680 [-3]
193Do 1. 372 853 [-3] 1. 692 418 [-3] 2. 095 002 [-3] 2. 615 462 [-3] 3. 308 100 [-3]
203Do 1. 162 436 [-3] 1. 421 657 [-3] 1. 742 287 [-3] 2. 147 946 [-3] 2. 674 119 [-3]
213Do 9. 945 513 [-4] 1. 208 155 [-3] 1. 468 221 [-3] 1. 791 249 [-3] 2. 201 267 [-3]
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Table 64: f̄n3Do←m3P e oscillator strenghts

123Pe 133Pe 143Pe 153Pe 163Pe

——————– ——————– ——————– ——————– ——————–
23Do -2. 385 007 [-4] -1. 821 343 [-4] -1. 424 465 [-4] -1. 136 346 [-4] -9. 217 921 [-5]
33Do -7. 538 720 [-4] -5. 628 461 [-4] -4. 325 864 [-4] -3. 403 683 [-4] -2. 730 613 [-4]
43Do -1. 754 087 [-3] -1. 269 282 [-3] -9. 526 821 [-4] -7. 358 959 [-4] -5. 817 842 [-4]
53Do -3. 641 768 [-3] -2. 521 638 [-3] -1. 832 106 [-3] -1. 380 536 [-3] -1. 070 437 [-3]
63Do -7. 354 461 [-3] -4. 778 836 [-3] -3. 318 864 [-3] -2. 418 530 [-3] -1. 827 796 [-3]
73Do -1. 545 100 [-2] -9. 121 163 [-3] -5. 939 224 [-3] -4. 133 639 [-3] -3. 018 892 [-3]
83Do -3. 656 652 [-2] -1. 844 919 [-2] -1. 090 655 [-2] -7. 112 433 [-3] -4. 958 005 [-3]
93Do -1. 134 758 [-1] -4. 250 299 [-2] -2. 146 493 [-2] -1. 270 207 [-2] -8. 292 327 [-3]

103Do -7. 604 145 [-1] -1. 292 928 [-1] -4. 846 243 [-2] -2. 449 068 [-2] -1. 450 281 [-2]
113Do 1. 439 375 [ 0] -8. 531 141 [-1] -1. 451 604 [-1] -5. 443 654 [-2] -2. 752 198 [-2]
123Do 1. 265 993 [-1] 1. 560 702 [ 0] -9. 461 210 [-1] -1. 610 649 [-1] -6. 042 019 [-2]
133Do 4. 970 369 [-2] 1. 291 889 [-1] 1. 681 652 [ 0] -1. 039 372 [ 0] -1. 769 970 [-1]
143Do 2. 579 702 [-2] 5. 060 053 [-2] 1. 320 645 [-1] 1. 802 301 [ 0] -1. 132 820 [ 0]
153Do 1. 564 546 [-2] 2. 622 756 [-2] 5. 160 087 [-2] 1. 351 634 [-1] 1. 922 704 [ 0]
163Do 1. 043 815 [-2] 1. 589 966 [-2] 2. 670 616 [-2] 5. 268 348 [-2] 1. 384 391 [-1]
173Do 7. 424 118 [-3] 1. 060 943 [-2] 1. 617 929 [-2] 2. 722 396 [-2] 5. 383 274 [-2]
183Do 5. 528 248 [-3] 7. 550 339 [-3] 1. 079 541 [-2] 1. 648 057 [-2] 2. 777 512 [-2]
193Do 4. 261 407 [-3] 5. 627 526 [-3] 7. 685 875 [-3] 1. 099 486 [-2] 1. 680 191 [-2]
203Do 3. 376 194 [-3] 4. 344 547 [-3] 5. 734 682 [-3] 7. 832 542 [-3] 1. 121 052 [-2]
213Do 2. 734 459 [-3] 3. 447 368 [-3] 4. 432 303 [-3] 5. 848 249 [-3] 7. 988 293 [-3]

173Pe 183Pe 193Pe 203Pe 213Pe

——————– ——————– ——————– ——————– ——————–
23Do -7. 585 457 [-5] -6. 320 316 [-5] -5. 324 250 [-5] -4. 529 379 [-5] -3. 888 509 [-5]
33Do -2. 226 786 [-4] -1. 841 540 [-4] -1. 541 610 [-4] -1. 304 508 [-4] -1. 114 857 [-4]
43Do -4. 688 444 [-4] -3. 839 715 [-4] -3. 188 373 [-4] -2. 679 630 [-4] -2. 276 793 [-4]
53Do -8. 493 504 [-4] -6. 868 666 [-4] -5. 644 344 [-4] -4. 702 527 [-4] -3. 966 209 [-4]
63Do -1. 421 334 [-3] -1. 130 970 [-3] -9. 171 692 [-4] -7. 558 000 [-4] -6. 316 179 [-4]
73Do -2. 286 567 [-3] -1. 782 037 [-3] -1. 421 167 [-3] -1. 155 164 [-3] -9. 544 077 [-4]
83Do -3. 626 902 [-3] -2. 751 760 [-3] -2. 148 377 [-3] -1. 716 527 [-3] -1. 398 326 [-3]
93Do -5. 787 284 [-3] -4. 238 876 [-3] -3. 220 441 [-3] -2. 518 040 [-3] -2. 015 622 [-3]

103Do -9. 475 413 [-3] -6. 618 864 [-3] -4. 852 857 [-3] -3. 691 190 [-3] -2. 890 575 [-3]
113Do -1. 630 600 [-2] -1. 065 981 [-2] -7. 451 520 [-3] -5. 468 136 [-3] -4. 164 460 [-3]
123Do -3. 055 626 [-2] -1. 811 021 [-2] -1. 184 487 [-2] -8. 285 146 [-3] -6. 086 104 [-3]
133Do -6. 641 026 [-2] -3. 359 234 [-2] -1. 991 525 [-2] -1. 303 102 [-2] -9. 122 198 [-3]
143Do -1. 929 503 [-1] -7. 240 554 [-2] -3. 663 060 [-2] -2. 172 221 [-2] -1. 422 211 [-2]
153Do -1. 226 425 [ 0] -2. 089 220 [-1] -7. 840 757 [-2] -3. 967 366 [-2] -2. 353 764 [-2]
163Do 2. 042 895 [ 0] -1. 320 131 [ 0] -2. 249 105 [-1] -8. 442 147 [-2] -4. 273 429 [-2]
173Do 1. 418 521 [-1] 2. 162 857 [ 0] -1. 413 808 [ 0] -2. 409 069 [-1] -9. 046 825 [-2]
183Do 5. 503 564 [-2] 1. 453 555 [-1] 2. 282 442 [ 0] -1. 507 092 [ 0] -2. 569 035 [-1]
193Do 2. 835 611 [-2] 5. 627 551 [-2] 1. 488 682 [-1] 2. 401 152 [ 0] -1. 599 105 [ 0]
203Do 1. 714 748 [-2] 2. 896 853 [-2] 5. 753 017 [-2] 1. 522 453 [-1] 2. 517 624 [ 0]
213Do 1. 144 008 [-2] 1. 751 182 [-2] 2. 958 867 [-2] 5. 868 594 [-2] 1. 549 252 [-1]
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Figure L.1: " resolved partial cross sections for n = 2 in 11S helium photoionization spectrum
below N= 4 threshold. Cross sections are given in Mb. On the x axis the photon energy in eV is
reported. (a) σ2s, (b) detail of σ2s close to threshold; (c) σ2p, (d) detail of σ2p close to threshold.
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Figure L.2: Total and N resolved partial photoionization cross sections of 11S helium below
N= 4 threshold, convoluted with a gaussian resolution function, FWHM= 2.08 meV. Cross
sections are given in Mb. On the x axis the photon energy in eV is reported. (a) σtot, (b) σtot

detail, (c) σN=1, (d) σN=1 detail, (e) σN=2, (f) σN=2 detail, (g) σN=3, (h) σN=3 detail.
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Table 1: 1Po [021]+ (upper values) and [030]− (lower values) resonance parameters below N=4
threshold for n ≥ 12. For n = 12, 13 the highest values in Rost et al classification [99] are
reported for comparison. The notation [−n] is to be read ×10−n.

n -E (au) Γ (au) E (eV) Γ (eV) µ Γ̄(au)

Rost et al 0.1295425 4.78[-5]
12 0.1295400 4.72[-5] 75.47825 1.28[-3] 1.506 5.46[-2]

0.1298115 4.58[-6] 75.47087 1.25[-4] 1.806 4.86[-3]
Rost et al 0.1298231 4.46[-6]

Rost et al 0.1288034 2.62[-5]
13 0.1288005 2.63[-5] 75.49837 7.15[-4] 1.530 3.97[-2]

0.1289940 3.51[-6] 75.49311 9.56[-5] 1.811 4.92[-3]
Rost et al 0.1290039 4.2 [-6]

14 0.1282294 1.34[-5] 75.51391 3.65[-4] 1.557 2.58[-2]
0.1283677 2.75[-6] 75.51015 7.48[-5] 1.815 4.97[-3]

15 0.1277794 5.99[-6] 75.52615 1.63[-4] 1.588 1.44[-2]
0.1278775 2.19[-6] 75.52348 5.96[-5] 1.818 5.02[-3]

16 0.1274186 2.59[-6] 75.53597 7.05[-5] 1.622 7.70[-3]
0.1274868 1.78[-6] 75.53411 4.84[-5] 1.821 5.07[-3]

17 0.1271247 2.11[-6] 75.54397 5.73[-5] 1.660 7.60[-3]
0.1271705 1.47[-6] 75.54272 3.99[-5] 1.822 5.13[-3]

18 0.1268819 3.42[-6] 75.55057 9.31[-5] 1.700 1.48[-2]
0.1269109 1.24[-6] 75.54979 3.37[-5] 1.824 5.24[-3]

19 0.1266787 5.37[-6] 75.55610 1.46[-4] 1.742 2.76[-2]
0.1266951 1.10[-6] 75.55565 2.99[-5] 1.826 5.56[-3]

20 0.1265063 7.24[-6] 75.56079 1.97[-4] 1.781 4.38[-2]
0.1265140 1.15[-6] 75.56058 3.14[-5] 1.827 6.93[-3]

21 0.1263589 8.56[-6] 75.56480 2.33[-4] 1.818 6.04[-2]
0.1263601 1.72[-6] 75.56477 4.70[-5] 1.827 1.22[-2]

22 0.1262318 1.08[-6] 75.56826 2.93[-4] 1.853 8.81[-2]
0.1262284 1.08[-6] 75.56835 2.93[-5] 1.825 8.86[-3]

23 0.1261211 1.22[-6] 75.57127 3.31[-4] 1.881 1.14[-1]
0.1261150 7.70[-7] 75.57144 2.09[-5] 1.824 7.31[-3]

24 0.1260243 1.35[-5] 75.57391 3.68[-4] 1.906 1.46[-1]
0.1260163 6.31[-7] 75.57412 1.72[-5] 1.820 6.89[-3]
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Figure L.3: " resolved partial cross sections for n = 3 in 11Shelium photoionization spectrum
below N= 4 threshold. Cross sections are given in Mb. On the x axis the photon energy in eV is
reported. (a) σ3s, (b) detail of σ3s close to threshold; (c) σ3p, (d) detail of σ3p close to threshold;
(e) σ3d, (f) detail of σ3d close to threshold.
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Figure L.4: Total and N resolved dipole asymmetry parameter β in the photoionization of 11S
helium. On the x axis the photon energy in eV is reported. (a) βtot, (b) βtot detail; (c) β2, (d)
β2 detail; (e) β3, (f) β3 detail. β1 = 2 identically. The clearest features near threshold at this
resolution are the disappearance of the narrowest structure which is almost complete at 75.52
eV, and a slight drift at higher values of the asymmetry parameter. In the unconvoluted version,
which is not shown here, the narrow structure appears again beyond 75.55 eV.
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Figure L.5: Total cross section of 11S helium below N=5 threshold, convoluted with a gaussian
profile with FWHM = 5.4 meV. A linear baseline (−0.026Mb/eV (E − 76.3eV )) has been sub-
tracted for closer comparison with measurements by Domke et al [20]. All three gauges, length,
velocity and acceleration, are reported.
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Figure L.7: Total photoionization cross sections of 11S helium below N=6 threshold. Baseline
has been subtracted for a better comparison with experimental data by Domke et al [20].
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Figure L.8: 23S helium partial photoionization cross sections σ2s (a) and σ2p (b) below N=3
threshold. See chapter 3 for the definition of labels.
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Figure L.9: Asymmetry parameter βtot of 23S helium total cross section below N=3 threshold.
β2 is not shown since it differs from βtot for only a small structureless baseline. See chapter 3 for
the definition of labels.
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Figure L.10: 23S helium total and partial photoionization cross sections below N=4 threshold.
σtot (a), σ1 (b), σ2 (c), σ3 (d). A) [030]+, B) [120]+, C) [210]+, D) [021]−, E) [111]−, F) [201]−,
G) [300]0. The assignment is tentative, see chapter 3 for more details.
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Figure L.11: 23S helium asymmetry parameters of total and partial cross sections below N=4
threshold. βtot (a), β2, β3.
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Figure L.12: Details of the 23S helium photoionization asymmetry parameters of total and
partial cross sections below N=4 threshold. βtot (a), β2, β3.
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