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CONTROL OF THE STOCHASTIC BURGERS MODEL
OF TURBULENCE*

GIUSEPPE DA PRATO! AND ARNAUD DEBUSSCHE?

Abstract. We consider a control problem for a stochastic Burgers equation. This problem is
motivated by a model from the control of Turbulence (see [Choi et al., J. Fluid Mech., 253 (1993),
pp. 509-543]). We study a sequence of approximated Hamilton—Jacobi equations by using dynamic
programming.
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1. Introduction. It has been shown in [3] that the stochastic Burgers equation
is a good and simple model with which to study turbulence phenomena. The mathe-
matical study of this equation has been the object of several papers [2], [9], [10], [17],
[21].

This model also has been used in [6] to test a numerical algorithm for reducing
the cost function in the very important problem of the control of turbulence.

In this paper we consider the stochastic Burgers equation with distributed param-
eter controls. The cost function has the same form as in [6] and contains the analogue
of the kinetic energy. The problem is as follows: minimize

J(z):E(/OT

where the control z is in L2(2 x [0,7] x [0,1]), and X (¢,£), € € [0,1], t € [0,T], is
the solution of the controlled Burgers equation

axX |?

E3

1 2
9 |Z(5)\L2(o,1)

1 2
ds+ 3 |X(T)|L2(o,1)> ;
£2(0,1)

AX — (8;;2( n ;(XQ)) dt + /Qzdt + \/QdW, € € 0,1], t > 0,

D9 X0y = Xt 1) =0, ¢ > 0,
X(0,8) =x(£), £€0,1],

where x € L?(0,1).

Here W is a cylindrical Wiener process on L?(0,1) (in other words 4¥ is the
“space-time white noise”) and is adapted to a stochastic basis (Q, F,{F;}i>0,P) (of
course the control z has to be adapted to the filtration {F;};>0). Moreover @ is a
symmetric linear operator on L?(0,1). In (1.1) the operator \/@Q acts both on the
noise and on the control. This is essential in our work: it enables us to use a Hopf

*Received by the editors October 28, 1996; accepted for publication (in revised form) June 10,

1998; published electronically May 13, 1999.
http://www.siam.org/journals/sicon/37-4/31130.html
fScuola Normale Superiore di Pisa, 56126 Pisa, Italy. The research of this author was partially
supported by the Italian National Project MURST “Equazioni di Evoluzione e Applicazioni Fisico-
Matematiche.”
TCNRS et Université de Paris Sud, 91405 Orsay, France. This research was done while this author
was visiting the Scuola Normale Superiore di Pisa.

1123



Downloaded 08/22/19 to 134.214.188.172. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

1124 GIUSEPPE DA PRATO AND ARNAUD DEBUSSCHE

transform on the Hamilton—Jacobi equation (see below). This might be a restriction
in the applications. However, this assumption is not artificial. It can be interpreted
as a control acting on the solution in the same way as the noise or as a noise acting
on the control.

It is easy to see that the cost functional J cannot have finite values unless @ is a
nuclear operator. This is a simple consequence of the Ito formula.

In this paper we study this control problem following the dynamic programming
approach. We solve the associated Hamilton-Jacobi equation and prove that it has a
solution that coincides with the value function. More precisely, let A be the unbounded
operator on L?(0, 1) defined by

0%x

Az = e D(A) = H?*(0,1) N H;(0,1),

and F, g are the nonlinear functions:

d(x?) oz
= 15

12(0,1) .

Then we can associate our control problem with the Hamilton—Jacobi equation
1

(12) — 5 W@ w2 + g(),

1
u(0,z) = 3 |2[F 20,1

for x € L?(0,1), t € [0, T).
We prove below that there exists a solution v and that

(1.3) uw(T,x) = igf J(2).

Moreover, for each control z and its associated solution X of (1.1), the fundamental
identity holds:

L) )+ 38 [ IVl 0, Ko, + 2(6) s = I,

We prove that the closed loop equation
02X+ 0 2
X* _ * _ - T _ ’X* ;
d (852 +a€( ) — Qug (T —t (t)))dt+\/§dW
X*(t,0) = X*(t,1) =0, t >0,
X*(0,8) =x(§), £€[0,1]

(1.5)

has a unique solution. It follows that there exists a unique optimal control given by

(1.6) 25(t) = —/Q ua (T — t, X*(1)).
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To prove the existence of a solution to the Hamilton—Jacobi equation (1.2) we use a
Hopf transform

u=—Inwv.

The function v satisfies
1
(1.7) v (t,z) = 3 Tr [QUae (t, 2)] + (Az + F(2),v.(t, x)) — g(z)v

so that using the Feynmann—Kac formula we have an explicit representation for u,

08 ) = (e [ VO - [ avnas]).

where Y is the solution to the uncontrolled equation

(Y0,
dy_(afz+8£(Y)>dt+\/§dW,£e[O,1]7t207

Y(t,0)=Y(t,1) =0, t >0,
Y(0,8) = (), £€[0,1].

The study of second-order Hamilton—Jacobi equations has been the object of
several articles. Existence and uniqueness in finite and infinite dimensions have been
obtained using semigroups methods (see [1], [8], [4], [5], [13], [14], [15]) and also using
the concept of viscosity solution (see [7], [12], [19], [20], [16]). However, these results do
not cover our case. Indeed here we simultaneousy have a non-Lipschitz Hamiltonian
H(u) = 1 |\/Q ug|?, asingular term in the cost functional g(z) = % |6%X|2L2(071)7 and

(1.9)

the nonlinear term f(z) = %(X 2) coming from the Burgers equation.

All the formula described above can be derived formally; we use an approxima-
tion technique to justify them. We consider an approximate problem which is finite
dimensional by using a Galerkin approximation and in which g and f are replaced by
bounded and Lipschitz functions. We obtain a control problem which we can solve
easily and a sequence {u™} of approximations of the solution to (1.2). We derive
several a priori estimates and prove convergence of the approximation. The main
difficulty is that we are not able to obtain an a priori estimate in the space of C!
bounded functions on u™. We have only the estimates

m 1
)] < 5 (12 + THQ).

(¢, )] < Ce? (a0t Q)
and a similar estimate on u[ (¢).

However, we are able to prove that u™ converges to a C? function u which is

a solution of (1.2), that the formulas (1.1) and (1.3) hold, and that the closed loop
equation (1.5) has a unique solution. Thus the original control problem is completely
solved.

2. Preliminaries and main results. Let H = L?(0, 1) endowed with the usual
norm and inner product denoted by |- | and (-,-). We define a linear operator A in H
by setting

0%z

Ax:aié?,

x € D(A) = H?*(0,1) N H3(0,1).
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As usual, H*(0,1), k € N, is the Sobolev space of all functions in H whose derivatives
up to the order k belong to H, and H} (0, 1) is the subspace of H'(0, 1) of all functions
whose traces at 0 and 1 vanish.

The operator A is self-adjoint and strictly negative and has a compact inverse.
We can define (—A)* and D((—A)?®) for any s € R. For s = 1, we have D((—A4)/?) =
H}(0,1) and its norm and inner product are denoted by

1
2

ol = 1(=4)"%al, ((@,y) = ((—A)"22,(~A)"/2y) @,y € H}(0,1).
The sequence of eigenvalues of A is
M = —k*rm% k€N,

and it is associated with the orthonormal basis of eigenvectors {ey }ren,

er =+/2/7 sinké, ke N, £ €[0,1].

For any positive integer m we denote by P, the orthogonal projector on the space
spanned by eq,...,en,.

We also consider a linear operator () which is assumed to be symmetric, non-
negative, and of trace class; and a cylindrical Wiener process W on H associated
with a stochastic basis (2, F,{Fi}+>0,P). (The reader is referred to [11] for precise
definitions.) Let L%,(Q x [0,T]; H) be the space of all square integrable and adapted
processes with values in L2(0,T; H). For = € H}(0,1) we set

0

(z?).
The control problem we want to study is

Minimize

T
(2.1) J(z) = E < / (|X<t>||2 +s |z<t>|2) at+ s |X<T>2>
over all z € L%, (Qx[0,T]; H),

where X is the solution of the controlled Burgers equation

22) { dX = (AX + F(X) +/Q 2)dt + /Q dW,

X(0)==x
and the initial datum « is in H.
For any z € L}, (2 x [0,T]; H), (2.2) has a unique solution. More precisely, its

solution can be constructed as the limit of Galerkin approximations. For m € N, we
define F,, by

0
Fr(z) = T (fm(x)), = € Hy(0,1),
where
fmla) = G eR,
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and we consider the following Galerkin approximation of (2.2):

03 dX 1 = (AXp + P Fin(Xim) + P/ Q 2m)dt + Prp/Q dW,
' X (0) = @y,

where z,, € L%, (Q x [0,T); P,,H) and x,, € P, H. The existence and uniqueness
of X,, follow from the classical theory of finite dimensional stochastic differential
equations.

We will need a lemma, whose proof is given in the appendix.

LEMMA 2.1. Let {Zm tmen, {2m }men be such that x,, — x in H and zp, — z
in L& (Q x [0,T); H) and almost surely in L*([0,T] x H). Let X,, be the solution of
(2.3). Then { X, }men is convergent to the unique solution X of (2.2) in

L*(Q x [0,T]; Hy(0,1)) N L*(; C([0,T); H))

and almost surely in L*([0,T] x H).
As mentioned in the introduction, we can formally associate the following Hamilton—
Jacobi equation with the control problem (2.1)—(2.2):

ug(t,x) = % Tr [Quye (8, )] + (Az + F(x), ug(t, z))
(2.4) 5 W@ w0 + [,
w(0,) = 3 laf,

for t € [0,T],z € H. Using the Hopf transformation
u=—Inw,

v formally satisfies
1
(2.5) v(t,x) = 3 Tr [Quas (8, )] + (Az + F(2),v,(t, x)) — Hx||2v,

and so, by the Feynmann-Kac formula,

1 t

(2.6) v(t,z) =K (eXp [—2 Y (t)]* - / ||Y(s)|2ds}) ,
0

where Y is the solution to the uncontrolled Burgers equation

{ dY = (AY + F(Y))dt + /Q dW,

&7 Y(0) = x.

It is classical that Y is two times differentiable with respect to x. More precisely, we
have the following lemma, whose proof is given in the appendix.

LEMMA 2.2. The function v defined by (2.6)—(2.7) is two times differentiable with
respect to x € H. For any (x,h) € H x H, its derivative at x in the direction of h is
given by

va(t,a)h = — h V() () | e 2V @OF = LY (9)7ds
(28)1@, h E[((Y(tm o) +2 [ (o >>>d>
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where n" is the solution of

dﬁh h 0 h
L —Ant +2= (Y9,

(2.9) dt 7 55( )
n"(0) = h.

Moreover, its second derivative is given by

v x =_ hp))? ' h()I12ds h

ettt = £ [ (1" + 2 [ I G)1Pds + (0.0

(2.10) +2 /t((y(8)7 Ch(s)))ds) e—%lY(t)F—f; |Y(S)|2ds:|
0

+E

((Y ()" (1)) +2 /0 t((Y(S)aﬂh(s)))ds> Y OP-[] IY<s>|2ds] ’

where (" is the solution of

a¢" h, o0 h 2
S A2 (veh + ,
2.11) o ¢ 85( ¢" + (1m)?)
¢"(0) =0.
We will also consider the Galerkin approximation of (2.9),
dnh h 0 ’ h
— 2 = Any + P (frn (Yo )1m)
(212) i 1 o (i (Y )11,
771’711(0> = Pyh,
and of (2.11),
dCh h 0 / h " h \2
i:Am+Pm7 mYm m+ mYm m )
2.15) = A g U (V)G 4 (Vin) (7))
¢m(0) =0,

where Y,,, is the solution to

dYp, = (AYp 4 Fop (V) dt + P /Q dW,
(2.14)
Y (0) = ap,

and z,,, € P,H, h € P,,h.
LEMMA 2.3. Let {&m tmen be such that x,, — x in H; then

Poh |2
N R L
he H,|h|=1 L2(0,T5H(0,1))
Py h h
sSup |77'm,m -n ’ T-H — 0,
he H,|h|=1 c([o,T);H)

Pk h|?2
sup ¢t =C ) — 0
heH,Ih\:1| " |L2(0’T’Hé(0’1)) 7

Poh h
sup mht— ¢ o —0
heH,|h\:1| m |C([0,T],H)
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almost surely when m — oo. The proof of this lemma is given in the appendix.

In section 4 we will prove, by an approximation technique, that v given by (2.6)
is a strict solution of (2.5). By strict solution we mean that v is a C? function with
respect to x; that for any z € D(A), t — v(t,z) is a C! function; and that (2.5) holds
for any (t,z) € D(A) x [0,T]. We will also obtain that v = Inv is a strict solution of
(2.4).

Then, again by approximation, we show that the fundamental identity (1.4) holds.

It remains to be proved that the closed loop equation (1.5) has a unique solution
X*. The difficulty here is that we have only a rather bad estimate on u,. We will
consider this problem in section 5.

The main result of this paper, whose proof is presented in sections 4 and 5, is the
following.

THEOREM 2.4. Let v be defined by (2.6)~(2.7) and v = —Inv; then u is a
strict solution to the Hamilton—Jacobi equation (2.4). Moreover for any z € L3, (€ x
[0,T]; H), we have

u(T,x) + E/ 1VQ up (T — s, X (s,x)) 4 2(s)>ds = J(2),

where X is the solution of (2.2) and J is defined by (2.1).
The control problem (2.1) has a unique solution given by
Z() = —VQ ua (T — t, X*(1)),
where X* is the unique solution to the closed loop equation
dX* = (AX* + F(X*)dt — Quy (T — t, X*(t))) dt + /Q dW,
X*(0) ==z.
Remark 2.5. In fact we prove a little bit more. Indeed, we show that the

optimal control z* and the optimal state X™* are the limits of an approximated finite
dimensional problem.

3. Approximations. We already have introduced the Galerkin approximation
(2.3) of (2.2). We also need to approximate the terms ||-||? and 3|-|? in the functional
J. If Il € N, we set

VS ) gl(x)_l+||x”27x€ 0( ) )

The approximated control problem is

Minimize
T 1
(3.1) Jim(zm) = E (/ (9:(Xm(8)) + 5 |2 () |?)dt + @l(l“m(T))>
0

over all z,, € L}, (Q x [0,T); P, H),

where X, is the solution of (2.3).
We define for I,m € N, x,,, € P,,H, t € [0, T

St z0) = B <e—w(m(t))—fo gz<Ym<s))ds) ,
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where Yy, is the solution of (2.14). It defines a two times continuously differentiable

function with respect to x,, € P, H, and for h € P,, H we have

At o) = El((Dx@KY%(D%Uﬁ(0)+l/ (Dxm<ym@o»nz<g>ds)
(3.2) ’

*tpl m(t)— f (Y, S))dS]
where 0" is the solution of (2.12) and

vy, (t2)(h,h) = ~E ((stoz( m(1)), G (2)) + /O(Dmgz(Ym(S))vail(S))dS

D21 (Yo (1)) (01 (1) t/le ) @W&@MQ
(33) *‘PI(Y (t)— fgl S))ds]
t 2
+E ((Dzwz(Ym<t)),n$(t))+ /O (Dugi(Yin(s)), s (s)) ds)

Xe

7

—p1(Ym (t))ffot 91(Ym (3))d8‘|

where ¢ is the solution of (2.13). By the Feynman-Kac formula we know that v%™

satisfies the equation

,m 1 m m
Ullf = 5 Tr [ mQU-Lm g,m] (Axm + P’rnFm(xm)a Uglﬂm) - gl(xm)vh ,
(3.4)

ob™(0, 1,,) = e~ Pt (@m)
on P, H x [0,T]. Also, clearly
(3.5) VP ) > e HE T,

Therefore the function

ub™ = —Inob™

is two times continuously differentiable and it can be checked that it is a solution of

the Hamilton—Jacobi equation associated with (3.1):

1
ui m(t» ) = 35 Tr [ mQuzm,mm] (Axm + P Fon(2m), “17:?)

(3.6) - |P \/> wm

"0, xm) = wz(xm)-

+ g1 xm)
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A standard computation using Ito’s formula shows that

2
’dt

1 T
Wb (T, )+ 5/ ’\Fu;::(Tft,Xm(t))Jer(t)
0

~—~
w
\]

2
I

T
Xn @)+ [ (0Xn@) + 5 om0 ) a

+ /OT (ug:@ —t, X (1)), P/ Q dW(t)> .

Taking the expectation, we obtain the fundamental identity

l,m 1 T l,m 2
(38) " (Toan) + 5B | V@ U (T = t, X () + 2 ()]t = ().
We deduce that if X I.m is the solution to the closed loop equation

{ dX[ 0 = (AX] 1y + PP (X[ ) — PrQub™(T — t,X7,,)) dt + Py /Q dW,

lem(o) = Tm,
(3.9)
then there exists a unique optimal control 2/, for (3.1) which is given by the feedback
formula

(3.10) 2 () = =/ Q uk™(T — t,X],,).

We will see below (see Lemma 4.1) that 4™ (T —t, X/,,) is a globally Lipschitz and
bounded function so that by (3.5) the same holds for ubt™(T — , X/,n) and we know
that X, exists and is unique. We also have

T
Jl7m(zl*,m) = ul’m(T, Tp) = inf J; p(2) = —InE (e‘p‘(ym(T))fo gl(y’"(s))d5> ,

(3.11) |
where Y, satisfies (2.14).
We will also use the function

(3.12) V" (b ) = E <e‘5'ym<f>2—fot “Ym“)'zdS)

where Y, is the solution of (2.14), with first and second derivatives given by

vy (t,zm)h

((ymu), M (1)) + 2 / (Vo) nms)))ds)e—%Ym<f>'2—f5 'Ym‘s)'r"ﬂ :
0
(3.13)
vy o (tz)(h,h) = —E

Tm T

((m(t»c,’;(t)) Y RCABNABI
0

h()]? g 2 Y@= [ Y (5)]12ds
il OF +2 [ a5 ds)e Y (O = [} 1Yo (o) Pt
0

+E ((ym(tm:;(t)) +2 /O t((ym<s>7nﬁl(s>>>ds) e OF =[] 'Ym“”’"ﬂ :

(3.14)
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where 2 and (" are defined by (2.12), (2.13).

In the next two sections, ¢ denotes any constant depending only on the data
A, @, T. We always use the same symbol ¢ although the constants have different values.
Sometimes, we use a constant depending on w € 2, or m € N, ..., in which case we
will write C(w) or ki, . ...

Also, when f is a C! (resp., C?) function from H or P,, H to R, we will identify its
first (resp., second) differential f, (resp., fi.) with the gradient (resp., the Hessian)
of f; i.e., we use the two notations

fo(@)h = (folz),h), 2,h € H
and
foz(@)(h, h) = (foa(2)h,h), z,h € H,
respectively.

4. Passing to the limit. We take the limit in our approximation in two steps.
We first proceed to the limit [ — oo, then, using a priori estimates on the Galerkin
approximation, we take the limit m — oo. We first bound v"™ uniformly in I.

LEMMA 4.1. For any m € N there exists a constant k,,depending on m and on
A,Q,T such that for any x,, € PpH,t € [0,T]

1) L™t zm)| < k.

m

Proof. We have the following inequalities:

(4.1) [(=A)?Drgi(y)]” < 4ai(y), y € Hy(0,1),
(4.2) |De1(y)]? < 4eily), y € H,

(4.3) 1D2g1(y)(n,m)| < 6nl*, y,n € Hy(0,1),
(4.4) IDZi(y)(m,m)| < 6lnl?, y,m € H.

Since f! is bounded by /m and (2.12) is a linear system of ordinary differential
equations, there exists a constant ¢(m,T') such that

(4.5) 1, ()] < c(m, T)|hl|, h € H.

Similarly we have for the solution of (2.13)

(4.6) ¢k @) < e(m, T)|h?, h € H.

By (3.2), (4.1), (4.2), and the Cauchy—Schwarz inequality, for x,,,, h € P, H, t € [0,T],

vz, (& 2m)hl

t 1/2 t
< ¢(m,T)E (w(ym(t))+ / gl(Ym(s))ds> o Ym)= [ 91 (Y (s))ds |h)
0

< C(m,T)|h|,



Downloaded 08/22/19 to 134.214.188.172. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

CONTROL OF STOCHASTIC BURGERS MODEL OF TURBULENCE 1133

since /ze~* is bounded. This proves (i). Similarly (ii) follows from (3.3), (4.1)—(4.4),
and elementary inequalities. 0
Using (4.1)-(4.4) and the dominated convergence theorem it can be seen that for
any =, € P,H, t €1[0,T),
VT (t Tn) — VTt T,
(4.7) L™ (t, @) — v (t, @) in P H,
vb™ () — U™ L (t2,) in L(P,, H)

TmTm TmTm

when [ — co. Also, using Lemma 4.1 and with another application of the dominated
convergence theorem, it follows that v, is a solution of

1
o = 5 T PRQU, 1)+ (A + PFn(en) 02,) = om0
(4.8)

v™(0, ) = e~ 3leml®
From Lemma 4.1 we deduce the following estimates on

lm

ub™ = —Inob™.

LEMMA 4.2. For any m € N, there exists a constant k., depending on m and on
A,Q,T such that for any x,, € PpH,t € [0,T]

(i) |ul’m(t7xm)| < % (|xm|2 +T Tr Q)u
() U™ (t, 2m)| < Ky et (ml+T Tr @),

(i) [ub™, (6 @m)|eepy ) < kme? (lom*+T Tr Q) 4 g2 clom*+T Tr @,

J:ﬂlzm,
Proof. By Jensen’s inequality we have

W (t, 30) > ¢ EEE RO [T 0V ()ds) 5 BG4 [] 1Y ()] ?ds)

By Ito’s formula we have

SV + / ¥on(o)]Pds = / (Yl VR W)

1
+3 (Jzm]? + t Tr (PrQ))
since (Fi,(Yin), Yin) = 0. Thus
vl’m(t’ xm) Z 67%(‘zm‘2+t Tr (PmQ)) Z 67%(‘IM‘Q+T Tr (PMQ))'

Now (i) follows from the definition of u>™, and (ii), (iii) from the chain rule. d
Let us define

u" = —Inov™.

Then by (4.7) for any x,, € P,H, t € [0,T],
ul™ (b, 2 ) — U™t T,
(4.9) ul™ (b, xm) — ul (¢, @) in Py H,

Tm

ubm (t, xm> —oym (t’ xm) in [:(PmH),

TmTm TmTm
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and by (4.8) u,, is a solution of

Y YT,

1
uy'(t,x) = 3 Tr [PmQu;”m’xm] + (A;Em + P Fon(Tm), ult )

1
(4.10) ) |Pm\/éu;j;|2—|— meH2a

1
u™(0, z,,) = §|mm|2.
Using Ito’s formula we have for any z,,, € L?(Q x [0,T]; P, H), Ty € P H,

dt

2
u™ (T, xm) ~+ ‘

/OT )\f U, (T =, Xon(t)) + 2m (t)

N~ N

T
(411) = P+ [ (1% + 5 o))

+ /OT (e (7 = £, X (1)), Puv/Q dW (1))

We now derive some a priori estimates uniform in m in order to take the limit m — oo.
LEMMA 4.3. There exists a constant ki depending on A,Q,T such that for any
Tm € P H,t €[0,T]

(i) oz, (& wm)| < K,

(ll> |U:7£nma:m (taxm)|£(PmH) < k1~

Remark 4.4.

e We are not able to give an a priori estimate on v"»™ independently of m. This
explains why we take the limit in two steps.

e We do not have a lower bound on v™ such as in (3.5) for v™. Thus we do
not know whether ©™ has a bounded derivative. Formally ™ and v™ are
associated to the control problem in which the cost functional J; ,,, is replaced
by

T
(4.12) Jm<zm>=E</0 (lxm<t>2+§|zm<t>|2)dt+;|xm<t>|2>.

We shall prove in section 5 that the corresponding closed loop equation has
a unique solution.
Proof of Lemma 4.3. Let us first note that

(4.13) fh(a) <2, a€eR.

Let h € P,,H. We take the scalar product of (2.12) with 5, and obtain

d 0
% *dt|77fn,|2 + [l lI* = <Pm5€(ﬂ”(ymmfn)’nﬁn>
(414) _ 1 ! " ( 8 ) h \2

IA

Yol 1520 0,1)
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by integration by parts and Holder’s inequality. Using interpolation and the Sobolev
embedding theorem, we have

(4.15) [ 20,1 < el > Nl
Hence, using Young’s inequality,

1

3 a@ Lol 2 + Il 12 < ell Y21l 2 + Hnml\2

and, by Gronwall’s lemma,

t 4/3
()2 < o 1T,

(4.16) t
t $)||14/3
/0 Ink (s)]|%ds < o 1Ym @)l np.

We infer from (3.13) and the Cauchy—Schwarz inequality that

(P +2 t |Ym<s>||2ds)1/2

~ 3 (O [ Y () [2dste [ [V ()] ds 1 Ih|

[vge (t, 2 )h| < E

e 2

and (i) follows from elementary inequalities.
For the second estimate we take the scalar product of (2.13) with ¢” and obtain

h 0 / h h 0 " h h
5 3110 A1 = (P g U )chah )+ (P g (A ()71, 61)
and use
8 / /‘ 1
(Page Wi, 6 )| < CITAI I + 1 IGAIR
and
0 7 // h
(Pagg Ul ).61 )| = ‘/f 1) o e
<2l Tao IS ClnflTaoy + 1 ||CQLH2-
We deduce

d
= |G+ Gl < e Yl 160 2 + ellmmlZao,0)
and by (4.15), (4.16), and Gronwall’s lemma
C ¢ S / S
‘C’r}‘rlz(t)|2 <e fo 1Yo (s)11*/2d |h|4,

o t ¢ /3
[ b P < e s
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By the Cauchy—Schwarz inequality, (3.14), (4.16), (4.17), we obtain
t
o2 ()00 < | (14 V0P + [ IYon(o)Pas)
0
¢ 3 Ym O = [ 1Yo () Pdste [ 1Y ()1 >ds } B2,

and (ii) follows. |

Applying Lemma 2.1 with z,, = 0 and z,,, = P, x, we easily prove that for each
x € H,te€l0,T)
(4.18) v™(t, Ppx) — v(t, x)

when m — oco. Also, we have for any z € H, t € [0,T],

|V, (t, Prx) — vy (t, )|
= sup (Umm (ta me)v th) - (Ux(ta (ﬂ), h)

|h|=1
Cw Pk Y (5), Pl (V)Y ) o= 2 Y OF = [ 1Y ()]s
sup B (00184 0) 42 [ (i)l )i )
<(Y(t),77(t)) + 2/t((Y(s)7n(5)))dS> e—%IY(t)IZ—f: IIY(s)Ilzds]
0
su Pph t ) Pt (s ds | e 21V (D= [ 1Y ()] 2ds
<E| s | (00015t 0) 42 [ (Vi) nfr ) )

(<Y<t>,n<t>>+2 / ((Y(sm(s)))ds)e‘%Y“”‘fﬁY““ds

It follows from Lemma 2.2 and Lemma 2.3 that the quantity inside of the expectation
of the right-hand side above almost surely goes to zero. We infer from the dominated
convergence theorem and estimate (4.16) that

(4.19) vt (t, Ppx) — ve(t,x) in H.

By a similar argument, we prove that for any « € H, ¢ € [0,T],

(4.20) ot o (t, Ppt) — g (t,x) in L(H)

l‘nzxm,

when m — oo. (The expressions of v, vy, vz, are given in (2.6), (2.8), (2.10).) Inte-
grating (4.8), we have for x € H,t € [0, T],

V™ (t, Pp) = e~ 2 Pmal®
¢
1
+/ [5 Tr (PnQul . (s, Ppa)) + (PnAz + PpFy(Prz), vl (s, Ppa))
0

—[| P ||*v™ (s, me)} ds.
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We choose x € D(A). Using Lemma 4.3, we have for any s € [0, 7]

% Tr (PnQul o (8, Pnx)) + (PnAz + Py Fy(Pox), vl (s, Pux))

— || Pm|[*v™ (s, P )

1
<3k T Qe+ ky (JAzf + el 2] /2) + [l
We have used inequalities
0<v™(s,Ppz)<1

and the following consequence of Agmon’s inequality:

| P Fon (Pr)| < [F (Pr)| < |f7ln(me) Pzl

9
¢
< 2| Pl L 0,0 1Pl < ¢ P2 Pl |*/? < elac] /2 ]|/,

We deduce from (4.18), (4.19), (4.20), and the dominated convergence theorem that
for x € D(A),t € [0,T],

o(t,x) = e~ zlel’
trl m 2
+ [ [5T0 @uis.) + (A + Pla).vus,) — alo(s, )] ds.

Since v, vy, vy, are continuous with respect to ¢, it follows that t +— v(¢,z) is a C*
function for € D(A), and for x € D(A),t € [0,T],

vi(t, ) = % Tt [Quoa(t, )] + (Az + F(2), va(t, 7)) — ||z v(t, @),

so that v is a strict solution of (2.5). The following lemma is an easy consequence of
Lemma 4.2, Lemma 4.3, and (4.9).
LEMMA 4.5. For any x.,, € P,H,t € [0,T] we have

() 0< fum(tam)| <5 (Jaml +T T Q)
(ll) |u;nm (taxm)‘ S k’l 6% (|93m\2+T’I‘r Q)7

(111) |ugi”a:m <t7 xm)'ﬁ(PmH) < kleé (|wm|2+T Tr Q) + k%e‘xm|2+T Tr Q.

From (4.18), (4.19), and (4.20) we have for z € H,t € [0, T7,
u™(t, Ppa) — u(t, x),
(4.21) ull (t, Ppw) — ug(t, o) in H,
ul o (t, Pnx) Py — g, (t,x) in L(H).

TmTm

Arguing as above we see that t — u(t,z) is a C! function for z € D(A), and for
x € D(A),t €[0,T],

wi(t,2) = 5 T [Quan (1,2)] + (A2 + F(@), ualt,2)) — 5 |V @uaalt, ) + 2],
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and w is a strict solution of the Hamilton—Jacobi equation (2.4).
We now want to take the limit m — oo in (4.11).
LEMMA 4.6. Let x € H and z € L}, (Q x [0,T); H), let X be the solution of (2.2)
and X, the solution of (2.3), with &, = P, 2 = Ppz. Then
ult (T —t, X (1)) = uge (T — ¢, X (1))

in L?(0,T; H) P-almost surely.

Proof. 1t is shown in the proof of Lemma 2.1 that X, is almost surely bounded
in L>°(0,T; H) and it converges almost surely in L?(0,T; H) to X. By the mean value
theorem and Lemma 4.5(iii) it follows
up (T —t, X (1) —uy. (T —t,PpX(t)) =0

x x

in L?(0,T; H) almost surely. Also by (4.21)
ult (T —t,PpX(t)) —ugs(T —t, X(t)) — 0

Tm

in H for any t € [0,7T], and by Lemma 4.5(ii) and the dominated convergence theorem
we deduce that this convergence holds in L?(0,T; H). 0

Let € H and z € L3,(Q x [0,T]; H). We take ., = P, 2 = Pz in (4.11).
Then thanks to Lemma 2.1, (4.21), and Lemma 4.6 we can take the limit and deduce
that

2
’dt

T
w(T,z) + /O ‘\/aug:(T—t,X(t))+z(t)

N = N =

T
(4.22) = Jix@ps [ (xR g Hop) @

+ /OT (uz(T £, X(1), /O dW(t)) .
From (3.8) we have

E ([ V@ ub™(T — t,Xm(t))|2dt>

T
< 4Jpm(zm) + 2]E/ | 2|2 dt.
0

By Ito’s formula, for ¢ € [0, T
1 2 ' 2
FEXn (0 + [ 11X (s)|Ps
¢ 1, 5 1
=E | (Xin(s),2m(s))ds + i\xm| —|—§t Tr P,Q
0

1/ ) I ) 1o, 1
<= | | Xm(s)[?ds+ =s | |z(8)|%ds + =|z|* + =T Tr Q.
2 /s 2%/, 2 2

By the Gronwall lemma it follows easily that

T
Jim(zm) < c (ml2 +T Tr (Q) + E/ zlzdt>
0
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and

T T
E (/ |fu§;g%(Tt,Xm(t))|2dt> <c <|x|2+TTr (Q)+IE/ |z|2dt>.
0 0

It follows that /@ uy™(T —t, X,,,(t)) is bounded in L?(2 x [0, T1). Since it converges
pointwise to v/Q u (T — t, X (t)) we have by Fatou’s lemma

(/ G u(T — £, X (1)) dt) < c<|x|2+TTr (Q)+2E/O |z|2dt,>

and v/Q u, (T —t, X (t)) belongs to L?(Q x [0, T]). Therefore we can take the expec-
tation in (4.22) and obtain the fundamental identity

(4.23) uw(T,z) + = E/ IVQ un(T — t, X (1)) + 2(t)[2dt = J(z).

5. Existence of a solution to the closed loop equation. We now consider
the closed loop equation

51) dX* = (AX™ + F(X*)dt — Qu, (T —t, X*(t))) dt + /Q dW,
' X*(0) = .
We first note that thanks to Lemma 4.5 and (4.21)

(5.2) lug(t, )| < ky 2 (EFHT Q) o e pp

(5.3) (e (8, 2) 211y < 262 01T Q) g e .

Hence u, is locally Lipschitz in z. This is the main ingredient in the proof of the
following result.
LEMMA 5.1. There exists at most one solution of (5.1) with trajectories in

L>=(0,T; H) N L2(0,T; Hi(0,1)).

Proof. Let X1, X5 be two solutions of (5.1) and X = X; — X5. We have

% =AX 4+ F(Xy) — F(X2) — Q (ug (T — t, X1(t)) — us (T — t, Xa(1))) .

It follows that X € L?(0,T; H'(0,1)) and

LIXP 4 IXIP = (PX) = F(X2), X) — (QualT — £, X2) ~ Qua(T — 1, Xs), X)

DN =

A

1 2 T
S 5 ||XH2 +c (‘X1|%°°(O,1) + ‘X2|%°°(0,1)> |X‘2 + 4kzlle2(M1+TT Q)‘XlQ,

where

My = max{|X1| e (0,015 [ Xa| Lo (0.1:10) }-
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By the Sobolev embedding theorem
| XilLoe(o,) < el X, i=1,2.
Thus by Gronwall’s lemma

T
|X(t)|2 < ecfo (HxlH2+||X2H2)d5+M2T|X(O)‘2

with
M, = 4k41162(M12+T Trq)
The result follows since X (0) = 0. ad
We prove the existence of X* by approximation. Let X[, be the solution of (3.9)
with z,, = P,,x.

LEMMA 5.2. There exists a constant ko depending only on A,Q,T such that for
any l,m € N

E < sup |Xl’jm(t)|2> < kqy (\x|2 + Tr Q).

t€[0,T]
Proof. First we have

Jl,m(zl*,m) < Jl,m(o) < (|mm‘2 +tTr Q)

DN | =

by Ito’s formula, where 2/, is defined in (3.10). It follows that

T
(5.4) E (/ |z;jm(t)|2dt> <|zmfP4+tTrQ < |z +tTr Q.
0
By Ito’s formula
1 2 ’ 2
3 XinOF + [ 1X(0)ds

_ /Ot (\/é z;jm(s),xgjm(s)) ds + /Ot (X;jm(s), \/édW(s))
+% (|| +t Tr (PrnQ))

<o [ iaorass g [TIxc o

+ s /Ot (X (9), V@ aW(s)) +% (JoP + ¢ Tr Q).

The result follows by the application of a Martingale inequality. 1]
We deduce that there exists X, in L?(2; L°(0,T; H)) such that

E ( sup |Xm(t)|> < ko (|2 + Tx Q)

te[0,7)
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and
X/, — Xpin L*(Q; L>(0,T; H)), weak star.

We now derive a pathwise estimate for solutions of (3.9).
LEMMA 5.3. Let k(w) be a random variable. For any m € N, there exist random

times t' and constants c}' such that if )~(l7m is a solution of (3.9) satisfying

\)?l,m(O)\ < k, P—almost surely,

then
sup | X7 (1)]? +/ | X7.m(s)||%ds < ¢, P-almost surely
tef0,tp 0
Proof. Let
t
W) = [ P, /Q dw(s)

0

and
Xin = Xpm — WH

Then

d— _ _ _
%X“" = AX 1 + P Fon(Xim + W5 — Qub™(T — ¢, X1 + WH).

Using similar arguments as in the proofs of Lemmas 2.1 and 4.2 we can prove
d - - 4 3 e ~ 2 m |2
%‘Xl,mﬁ + ||Xl,m||2 < C|W,T|L/4(O71)|Xl,m|2 + Ckm€2lxl’m" WL *4T Tr Q
+ c|W2®|‘i4(071).
We set

t m 4/3 -
Fm(t) _ efcfo Wy (S)‘L4(O’1)dlel

|2
,mi o

4/3

t
c Wit (s)] f ds
Gm = 2e fo L1(0,1) ,

s W ()2 4+T T
hop = ChppeSUPtel0.7] (WA ()" +T Tr Q’

km =c sup |WZE(t)*
t€[0,T]

It is easy to obtain

d
_ Fm < hm Im Fm km
7 < hpe +

so that

e~ 9mPm(t) > _ (hm + k)t + e_gmkz7
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and if we take

tm — e_gnLkQ
k z(hﬂl + k'm)
we have
1
F(t) < — In2 + k2
Im
for ¢t € [0,t}]. Now the proof can be completed easily. |

It is not difficult to use the estimate in Lemma 5.3 and to prove that, for almost
all w € Q, a subsequence {X/ m} converges to X a solution of

dX} = (AX}, + PuFn(X5) — PnQul (T —t,X5))dt + P /Q dW,
(5.5)
Xr*n(o) = Tm

on the interval [0, ¢ ] whenever |x,,| < k. Arguing as in Lemma 5.1, (5.5) has at most
one solution so that the whole sequence converges.
We take

k=X m|re0,1;m)-

Since {Xl*m} converges pointwise to X, and in L?(2; L°°(0,T; H)) weak star to X ,,
we have X, = X, P-almost surely on [0,¢"]. It follows | X} (t7*)] < k, so that our
construction can be reiterated and X}, can be prolonged to a solution of (5.5) on the
interval [0, T]. Moreover, by Lemma 5.2 if z,,, = P,z

E| sup | X5 ) <ko (2P +TTr Q).
t€[0,T]

Arguing as in the proof of Lemma 5.3 and using Lemma 4.5 and the uniform bound-
edness of W7 in L>(0,T; L*(0, 1)), we prove the following pathwise estimate on X,.

LEMMA 5.4. Let k(w) be a random variable; there exists a random time t, and a
constant ¢y such that if X, is a solution of (5.5) satisfying

| X, (0)] < k, almost surely,

then

sup | X, ()2 +/ | X ()||2ds < cx, almost surely.
tE[O,tk] 0

Now we can repeat the argument that we have used to construct X and obtain
X*, a solution of (5.1) on [0,T] such that

E < sup |X*(t)|2> <k (2P +TTr Q).

te[0,T)

It remains to prove that

27 () = —/Q ua (T — t, X" (1))
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is an admissible control, i.e., that z* € L%,(Q x [0,T]; H).
Arguing as in Lemma 4.6 we have

ub(T =, X7 (1) 50w (T =, X5 (1) "5 ug (T — t, X (1))

Tm Tm

in L2(0,T; H) P-almost surely. Thus by (5.4) we have u,(T —t,X*(t)) € L}, (Q x
[0,T); H) and

T
E(/|f@ﬂﬁ>guP+TﬂQ.
0

This ends the proof of Theorem 2.4. 0
Appendix A.
A.1. Proof of Lemma 2.1. For any m € N we set
t
W (t) = / e=Ap \/Q dW (s);
0
it is the unique solution of
AWy = AW dt + P,/Q dW,
Wi (0) = 0.

Also

WMU:/A“MVEMWQ

0

is the unique solution (see [11]) of

AW = AW adt + /Q dW,
Wa(0) = 0.

It is not difficult to see that W7 converges to W4 in L([0,T] x [0, 1]) almost surely.
Let X, be the solution to (2.3). We set

Xm: 7n*W,Tv

thus
AX AX y + P Foy(X s + W) + P/ Q
-, — m mLm m m Zmy
(A1) dt 4
X (0) = 2.

To derive an a priori estimate, we take the scalar product of (A.1) by X,,. Using inte-
gration by parts, interpolation inequality, Sobolev embedding theorem, and Young’s
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inequality, we have
1
(P (o 4 W)L To) = = [ (o WE) = () 5 Ko
0
1 e o —
<2 [ 2 + W WR | %o e
0 73
<2 (2[Xmlra0,0) + IWH La0,1)) WA L1 0,1y [ X
_ _ 1
< AW Lao,0) | X /41 X 1774 + 3 [ X ml* + 8IW 5 | 7401y
m|8/3 ~ 1 B m
< AW 30,0 Xl + 5 1K omll® +8IWE Lo 1.
We deduce
d B B m|8/3 Y m
&R ol < W2 ) Ko P16 R s 1) + €/ 20l
and

X (0)? + / 1% (s) 2ds

[t my .\ 8/3 X
< ebfo Wi (é)|L4(0’1)d5|$m|2

t t m 8/3
Wi (r dr
+/ oS IWE I, dr (16|W2”(s)\‘i4(071)+c+\\/§ zmIQ) ds.
0

This proves that for fixed w € Q, {X,,,} is a bounded sequence in L>(0,T; L?(0,1))
and L2(0,T; Hi(0,1)). By standard arguments based on compactness and the unique-
ness of the limit (see [18]), we deduce that {X,,} converges almost surely to X in
L?([0,T] x [0,1]), the unique solution of

dX - -
X(0) = z.

We set X = X + W4 and have
dX = (AX + F(X) +/Q 2)dt + \/Q dW,
X(0) ==.

We apply Ito’s formula to |X™|? and take the expectation

1 om L om 1
3 BIX"OF 4 E [ X" (9)ds = 5 fo
(A.2) 0

+E (/Ot (\/E) zm,Xm) ds + % #Tr [PmQ]) .

Hence

t t
EIXT(OF +E [ X"2ds < lon? + B ( / ﬁzzmﬁdswr@),
0 0
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which proves that X™ is bounded in L2(2, L?(0,T;H}(0,1))) and X™(t) in
L2(Q, L*(0,1)). Tt is classical that this implies
s X™ — X in L2(Q, L2(0,T; HE (0, 1)) weak,
3
X™(t) — X (t) in L?(, L*(0,1)) weak.

Since z,, converges to z in L?(Q, L2(0,T; L?(0,1))) strongly, we also have

(A4) E/Ot (\/é zm,Xm) ds—>IE/0t (\/@ z;X) ds.

By Ito’s formula for | X|?, we also have

1 t 1 t 1
E ]E\X(t)|2+IE/ 1X(s)|2ds = |:z:|2+]E/ (V@=xX)ds+ 3 11rQ,
2 ) 2 . 2
and by (A.2), (4.4)
1 m 2 ! m 2 1 2 k 2
S EX"OF +E ; 1X™(s)lI"ds — 5 E[X(@)]" + E ; X (s)[|"ds

so that convergences in (A4.3) hold in the strong topology.
Let us write Ito’s formula for £ |X™ — P, X|* :

1 t
3 |IX™ — P, X|? +/ | X™ — P, X|*ds
0
t
= / (\/@ (2" = Ppz), X" — PmX) ds
0

t
+/ (P B (X™) — P F(X),X™ - P,X)ds
0

t t 1 t
<c [ WQ G~ Pus)fPds e [ |fn(X™) = XPds 5 [ X"~ PoX|Pds.
0 0 0
We deduce

. 1/2
E ( sup |X™ — PmX|) <cE (/0 IVQ (zm — mZ)QdS)

te[0,T)

+E (/0 fn(X™) — X”ds)

By standard estimates based on Ito’s formula it can be seen that {X™} is bounded
in LP(Q, C([0,T); L?(0,1))) for any p > 1. By Sobolev’s embedding theorem and the
strong convergence of X™ to X in L%(, L2(0,T; H}(0,1))), we can prove

1/2

T 1/2
E ( / |fm(Xm)—X2|2d8> ~0,
0
implying
E| sup |[X™—-P,X|]| —0.
t€[0,T]

Since X™ is bounded in any LP(Q2, C([0,T7]; L*(0,1))), the conclusion follows. O
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A.2. Proof of Lemma 2.2. The existence of " and ¢ solutions of (2.9) and
(2.11) is classical. Let Y (resp., Y®T") be the solution of (2.7) with initial datum
x € H (resp., x +h € H). We set

r=Yeth _y® _ph
r satisfies the equation

ﬁi 2 z+h\2 \2 z h

= Ar + 8% (Yy*th —y™)2 4 2y7r) .

By similar arguments as in the proof of Lemma 4.3, we have

t t x 48
<Aawwwwv%W+AHWM@—wwwwswﬁW@”%MP
and

|WW+AW@%%

. t

c z(s)||*/3ds

< et IO [y ) -y () Y ) - v ) s,
0

It follows that
k e [? z(s)||*/3ds
(A.6) |mW+/wwWwaﬁW<”dmﬁ
0

We have
|’U(t, T+ h) - ’U(t, ‘T) - U?E(ta ‘T)h|

_E (e;Y“h(t)?f; Y= (@)Pds _ =31Y" @)= [ 1Y*()7ds
e Cara h — 1Y) [ Y7 (s))|2ds
FL @ @) +2 | (Y(s), 07 (s))ds | e 0
-E <(eé<w+’*<t>"‘Y”<t>|2>f;<||w+h<s>|2|Y$<s>|2>ds
t
—1+ (Y"(), Y* () - Y*(t)) + 2/ (Y*(s), YT (s) — Y*(s)) ds
0

—(Y*(t),r(t)) — 2/(: (Y*(s),7(s)) ds) e TP [ |YI(S)|2d5>.

By (A.5), (A.6), and elementary inequalities we obtain
|U(tv T+ h) - ’U(t, I’) - U-’E(tv Qj)h‘

s&{@+W%W+AWW@W@)

oY TP [TV )P ds e [ Y“”(s>|4/3ds} n.
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This proves the differentiability of v. The proof that v is twice differentiable is simi-
lar. O

A.3. Proof of Lemma 2.3. We define
em = M = P,
By integration by parts, Holder’s inequality, and Agmon’s inequality
@] oo 0.1y < elal? 2]V, @ € Hy(0,1),

we have
1d ! , ,
5 o o+ lehlr == [((fmm )

d
Hfm(Vep, + [ (V) (P = D) 0" + (f1,(Y) = 2Y)") afgeﬁz dg
1
< 5 llemll® + el "l [Yon = Y1* 4 el YI[Y [l (ler|* + 1(Z = P )" [?)

el "I [, (V) — 2.

Thus by Gronwall’s lemma

t t
el [ el o) < et YOO YR
0

t
( / It gt
0

t
+/0 "l 1 (Y) —2Y|2d8>~

t
e —Y|26l8+/0 Y () 1Y ()Nl [( = Pra)n"[Pds

We write

(I = Po)n"? < || (I - Pm)”i(p((_A)l/At),H)|77h| ||77hH’
and since Y is almost surely in
L(0,T; L*(0,1)) N L*(0, T; Hy (0,1)),

by (4.16) and a similar estimate on 1 we have

t
ehoF + [ |e¢n<s>||2dssc<w>< sup [V, ~ Y
0 t€[0,T]

T 1/2
+I = Pl g(p((—ayr/ay,m + ¢ (/0 | fm(Y) = 2Yl4d8> ) |h[?.
We have

0 0 T ) 7 e e s S —
|fm( ) | m (1+%Y2)2 m2 (1+%Y2)2

C C
S 3 Y740,y < oo Y eIy ?,
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so that

The

t
e+ [ leh(s)lPds < )| sup ¥~ VPP
0 t€[0,T7]

C
+|I — Pm|L(H) + — |h|2.
m

first part of the lemma follows by Lemma 2.1. The proof of the second part goes

along the same line. a

(17]
18]

[19]
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