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SOLUTION OF THE BELLMAN EQUATION ASSOCIATED WITH AN
INFINITE DIMENSIONAL STOCHASTIC CONTROL PROBLEM AND
SYNTHESIS OF OPTIMAL CONTROL*

VIOREL BARBUt AND GIUSEPPE DA PRATO#

Abstract. We prove the existence and uniqueness of the dynamic programming equation for control
diffusion processes in Hilbert spaces.

Introduction. Consider the optimal control problem:
Minimize

®) E(j (8, x(O)+3 k(O di-+ o(x(T))

over all u in M2 (0, T; H) subject to
dx =(Ax +u)dt +Ve dW,  e>0,

0.1)
X(O) =Xo.

Here A is the infinitesimal generator of a contraction Cp-semigroup in a real separable
Hilbert space H with the norm |-| (Q, %, P) is a probability space, W, is a H-valued
Brownian motion on (), %, P) and E is the expectation.

The function g:[0, T]xH - R is continuous and convex as a function of x for
every te[0, T].

This paper is concerned with a direct approach fo the dynamic programming
equation associated with problem (P), namely (see for instance [4], [6]):

(2, x) +%|¢x(t, x)[*—(Ax, ¢, (t, x))—% Tr (So, (2, x)) =g(t, x),

(0.2)
@ (0,x)=dox)

where S is the covariance of W;. In few words the idea (already used in [2]) consists
in approximating the term 3léx > by a "'(¢ — b ), where @, is the convex regularization
of ¢ and after to let a tend to zero. We have previously studied in [3] this problem
in the particular case where go and g(-, x) have a sublinear growth. We remark that
when g is quadratic (0.2) reduces to a Riccati equation and the corresponding control
problem has been studied by several authors (see for instance [6]).

The contents of the paper are outlined below. Sections 1 and 2 are concerned
with notation and preliminary results for spaces of differential functions and convex
functions frequently used in the text. Section 3 studies a linearized version of problem
(0.2). Section 4 gives the main result on existence and uniqueness for problem (0.2).
Furthermore it is shown that for £ - 0 the solution to (0.2) converges to the solution
of the Hamilton-Jacobi equation

G, x) + 3y (8, X)P —(Ax, b (1, x)) =g (8, x),

0.3
0 ¢ (0, x) = ¢olx)
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which has been studied in [2] by a different method. This result resembles the classical
approach of Hamilton-Jacobi equations in finite dimensional spaces [9]. Finally in § 5
we study the synthesis for problem (P) proving the existence and uniqueness of a
smooth feedback control.

1. Notation and preliminary results. Throughout in the sequel H is a real separ-
able Hilbert space with inner product (-, -) and norm |:|. For k =0, 1, - - -, denote
by C*(H) the space of all k times continuously differentiable (Fréchet) functions
¢ :H - R which are bounded on bounded subset on H along with their derivatives
up to order k. For kK =0 we shall simply write C(H). Other notation such as
C“(0, TIXH), k =0, 1, and L(H) is obvious. We set

(1.1) | lin =Sup {l6®x)1+xP) 7 ;xeHY,
¢ llnn =Sup {6 x)—a®y)|lx—y|™
A+ (x| vy’ s x £y e H}

where ¢’ stands for the derivative of order 4 and |x|v |y|=max (x|, |y]).
LEMMA 1. For any ¢ € C**'(H) one has

(1.3) ldll,n = 1@k +1.n-

Proof. For |y|=1 we have
6 D) -yl +]xP
=lim [¢“(x +1y) = ¢ 00| - [fl [+ (x| v [x + 1y D> T = b llenly,

(1.2)

(h)

which implies that |¢ |k +1.» =||@|lc... Conversely we have
6 ()= “ Wl —y[T[1+ (x| vIyD* T
1
= L o “ (1= A)x +Ay) dA[1+ (x| v]y)>" T
Since |[(1—A)x +Ay|=|x| v]|y|, the latter implies ||¢|c.. = ||k +1.. as claimed.
We shall also use the following notation:

X ={¢peC(H); |¢lon,<+x},

Y ={¢ € C'(H); |lo.ny+ 1,0, < +00},

Z = {¢ € CZ(H)’ |¢]0,n0 < +CX3, |¢|1,n1 < +w9 I¢|2,n2 < +CD, “¢”2,n3 < +w}

where no=ni1=n,=n;=0 are fixed integers. The spaces X, Y and Z are endowed
with the norms

(1.4) l¢|x = I¢|0,no’ |¢IY = ld’ l(),nu+ l¢|1,n1’
(15) Id) |Z = |¢ |0,"0+ |¢|1,"| + |¢l2»n2 + “¢"2."3'

We note for the purposes of § 4 the following lemma.
LEMMA 2. For each M >0 the set

(1.6) A={beZ;|p|z =M}

is closed in X. Furthermore if {¢,} < A is convergent in X to ¢ then
(1.7) (s Dnx (X)) >y, dx(x))
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uniformly on every bounded subset of H. Finally, if S € £(H) is a nuclear symmetric
operator then

(1.8) Tr (S, xx (x)) > Tr (Spsx (x))

uniformly on bounded subsets of H.
Proof. Let {¢.}<=Z, |¢p,|z =M and ¢ € X be such that ¢, > ¢ in X. We have to
show that ¢ € Z and |¢|z =M. For any R >0 there exist M g, i =0, 1, 2, 3, such that

Sup [¢(0)|=Mir,  i=0,1,2,
(1.9)
Sup 1870 =6 0)|

u

©y<Bn lx =yl

=M; g,

where B ={x e H; |x|=R}.
Let now R >0 be fixed and x, y € Bg, h €[—1, 1]. We set

(1‘10) l//n,x,y(h)=¢n(h)=¢n(x+h)’)
and notice that
(1.11) Yn(h) =y, dne(x +hy)).

By (1.9) we have
|t (R)] = Moar, | (h)| = Miorlyl,
[y (h)— (k)| = Maorlh — K|yl h,ke[-1,1].

By the Ascoli-Arzela theorem there exists a subsequence {n;} of N such that {y,, } is
uniformly convergent as k - 0. It follows that

‘f/nk(h)""ﬁ(x +hY),
d
%k(h)*E(fﬁ(x +hy)),

(1.12)

(1.13) uniformly in [—1, 1]

and consequently ¢ is Gateaux differentiable (we shall denote by D¢ (x) the Gateaux
derivative of ¢ at x). We have

(1.14) U1 (0) =y, Prx (X)) >y, D (x)).

We can show now that D¢ (x) is continuous in x which will imply D¢ = ¢,. We have
indeed

(1.15) |0 sy (0) = Y2,y (O] = Ky, By (%) = b (2D = Mo r|x — 2]y,
from which, recalling (1.14) and letting x tend to +00 we get

(1.16) Ky, D¢ (x)—Dé¢ (z))| =Mz rlx —zlly| VyeH,

(1.17) ID¢ (x) =D (2)| = M2 r|x —z|.

Consequently ¢ € C'(H), D¢ = ¢, and

(1.18) (s B (X)) =25 (y, 6 (x)) Yy eH.
The latter implies (1.7) by a standard argument. Now we set
(1.19) Cneyu () = La(h) = (U, dux(x +hy)).
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It follows that

(1.20) En(h) = Puex (x +hy)(u, y),
and by (1.9)
(1.21) |20 (R) = (k) = Mag|h —k||u|ly |

Using once again the Ascoli-Arzelad theorem we may conclude that there exists a
subsequence {n;} of {n;} such that

(n;'((h) = <ua ¢nkx(x +h}’)>"> <u$ ¢x(x +h)’)>,

(1.22) 4
{Lk(h)»%(u, by (x +hy)).
We set
(1.23) Lo +hy)]  =Eot)wy).
an* ’

From (1.22) it follows that

(1.24) Gnxx () (U, y) > Ep (x)(u, y).

To prove that E¢ = ¢,, it suffices to show that E is continuous in x. We have

|§:1,x,y,u(0) - g;,z,y,u(0)| = |¢nxx (x)(u’ Y) - qsnxx (Z )(u9 y )l

(1.25)
=M;rlx —z||ullyl

and, recalling (1.24), we get for k - 00

(1.26) (B¢ (x) — E (2))(u, y)| = M3 rlx —z||ully].
It follows that E¢ (x) = ¢, (x) and
(127) (bn,'cxx(x)(u» y)_) ¢xx (x)(u9 Y)

It is also clear that

(1.28) Drxx (X)(U, ¥) > Prx (x)(u, y)

uniformly on bounded sets on H.
To prove that |¢|z =M we proceed as follows. Let {e;} be an orthonormal basis
in H such that

(1.29) Se; = A, Y A <co.
i=0

We have

(130) TI' (S¢n,xx (x)) = '20 Ai(ﬁn,xx (eb ei)

which along with (1.28) and some simple calculations implies the claimed conclusion.
In the sequel we shall denote by B([0, T']; C "(H))thespaceofall¢:[0, T]xH >R
such that (8'¢/dx')(z1, 22, * * *, z;) is continuous in [0, T]x H, for z1,z,,***,z; € H;
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besides for any R >0 we have

s )
ox'

<400, i=0,1,---,h, te[0,T]
te[0,T]
|x]=R

We set moreover

B([0,T]; X)={¢ €B(0, T]; C(H)); ,S[‘é‘%] b (2, - )|x <+oo},
B([0,T); Y)={¢ € B([0, T]; C'(H)); ,S[b‘% (2, )|y < +o0},
B([0,T); Z)={¢ € B([0, T]; C*(H)); ,S{b‘% | (2, )|z < +o0}.

Let {Q, %, P} be a complete probability space and let W be a H-valued Brownian
motion. Let {e,} be an orthonormal basis in H and assume that W is given by

(1.31) W)= ¥ VA:Bi(0)e,
i=0
whereA; =0,i=1,2,: -, Z;’:O A; <ooand {B;(t)} are scalar Brownian motions mutually

independent. Let S be the nuclear positive operator defined by
(1.32) Se; = Ae;, i=1,--

We note (see [6]) that

(1.33) Cov (W,) =1S.

In the sequel we shall denote by L%0,T; H) (resp. M 2(0, T; H)) the space of all
nonanticipative mappings x:[0, T]x Q- H with respect to W, such that

(1.34) P(LT e (6)? dt <oo) -1
resp.
(1.35) E(LTlx(S)lz ds <+oo>.

For other concepts and fundamental results on Brownian motion we refer the reader
to [6], [10], [11], [12].

2. Preliminaries on convex functions. In this section we recall for later use some
definitions and elementary properties of some spaces of convex functions. For general
concepts and results on convex analysis we refer to [1] and [5].

We shall denote by K the set of all convex functions ¢ € C(H). For any ¢ e K
denote by ¢, the function

Q.1 $a(x)=inf{2a) x -y +o(y);yeH}, a>0

and recall that ¢, € K NC(H).
For any ¢ € K denote by d¢: H - H the subdifferential of ¢, i.e.,

dp(x)={x*eH;(x*,x~y)z=¢(x)—(y),Vy e H}.
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If ¢ € C'(H) then d¢ is single valued and ¢ =@’ (¢' is the derivative of ¢). The
map d¢: H -» H is maximal monotone, i.e.,

x*¥—y*, x—y)=0 forallx*edp(x),y*edp(y)

and the range R(1+ad¢) is all of H (1 is the identity operator).
In particular this implies that

o =1+« 8(1))"1 ©x

exists for all @ >0 and moreover |x, —X,|=|x — | for any x, £ € H. Also we have

2.2) ()= (x)+(2a) x —x.> Va>0,xeH
and
(2.3) F.(x)=F(x,)=a '(x —x4),

where F =9d¢ and F, = ¢ ..
Assume now that ¢ € K N C?*(H). Since x = x, +aF(x,) we have

l=x,+aF'(xy) x5
where x/, is the derivative of the operator x - x,. Hence
(2.4) xh=(1+aF'(x.)) "

In the next lemma we gather for later use some immediate properties of x, and F,.
LEMMA 3. Forany ¢ € KN C*H) and x, y € H we have

(2.5) ol =[x|+a|F(0)],

(2.6) |Fo ()| =|F (x)],

2.7 IFa ()l =1F'(x)l,

(2.8) IFe () —FaWI=IF'(x) —F'(ya)l;

Proof. The proof is well knowh but we sketch it for the reader’s convenience.
Since F is monotone, we have the inequality

0=(F (xa) —F(0), Xa) = X —Xa, Xa) — (F(0), Xo)
which implies
al* = lxal (x| +a|[F (O)])
and (2.5) follows. To prove (2.6) we notice that
IFa(x)| =l (x —(1+aF) 'x)|
=a '|1+aF) '[A+aF)x —x]|=|F(x)|.

As regards (2.7) it follows by (2.4) because F' is a positive operator. Finally, again
by (2.4), we have

lxe —yal S alF'(xa) = F'(ya)l
while by (2.3)
IFo(x)=Foy)l=a xt—yu| S|F'(xa) = F'(ya)|
which yields (2.8) as claimed.
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For any ¢ >0 and ¢ € C'(H)NK we set
(2.9) Ryo(x)=a (¢ (x)=dax))—3l¢' ().

LEMMA 4. We have
1

(2.10)  |Rga(@)|=|F(x)| L |F (x — atF (xo)) = F(x)| dt +%|F(x) ~F(xa)]?

and
1

(2.11) |R4.a(x)|=|F(x)] J |F'(x = atF (x2)) = F'(x)| dt + |F'(x)| |F (xo) = F (x)]

0

where F =¢'.
Proof. To prove (2.10) it suffices to notice the equality

1
Roal) =—(6 (1) =6 (2)) =3 (F )P+ [F(6)P)

1
= L (F(x = atF (x4)), F (x.)) dt —%(IF(xa)l2+ IF (o)

1

- [ Pl —atF ) - Feo), Fle dt=3IF ()~ F(x, ).

Finally (2.11) follows from the identity

Rle(6) =L (F ()~ F ()~ F' (1) + F(x)

1

= J‘ F'(x —atF(x,)) " F(xo) dt —F'(x) - F(x)
0

1

- j [F'(x —atF (x,))— F'(x)] - F(x.) dt + F'(x)(F(x.)  F (x)).
0

LEMMA 5. Assume that ¢, € K N C*(H). Then for all x € H

(2'12) (ba(x)‘(l;a(x)é(b(-fa)'—(g(x-a)’
(2.13) o = %ol S @|F (xa) = F (xa)l,
(2.14) |Fa(x) = Fo(x)| S |F (x0) = F (xa).

Proof. By (2.1) we have
_ 1 _ _
Bal) = Gul) =int [ S ()5l —y Py e H - B2 -SIF P,

which clearly implies (2.12). Next we have
Xo — %o =(1+aF) ' (x +a(F(xs) —F(x4))— (1 +aF)'x

and by (2.2)

Xa —ialéalﬁ(xa)~F(xa)]‘
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Finally by the identity
Fo(x)=Fa(x)=a " (xa —%a)

we find (2.14) as claimed.
LEMMA 6. Assume that ¢ € C'(H)NK. Then for every k =0,1,2, - - - there exists
a continuous positive function Cy such that

(2.15) 1+ |xa* = 1 +]x A+ aC (F(0)])
forall x e H and o > 0.

Proof. 1t is a simple consequence of (2.5).
PROPOSITION 1. Assume that ¢, ¢ € C*(H)NK. Then foralln =0, 1, - - - we have

(2.16) lbalon =1 +aC,(IF(0))|blo.n

(2.17) lbalin =11 |l2n = b 2>
(2.18) [fallz.n = (1+aC.(IFO)))ll2.ns

(2.19) e = balon = (1+aC(IF(0))|d — Dlo.n,
(2.20) b = Falin =1 +aCo((FO)d — B1,ne

Moreover, if ||, |¢|. = A then there exists C(A) >0 such that
|¢a - <£a |0,n0 + |¢a - q;all,nl + |¢o¢ - (ga ‘2,n1+n3

(2.21) _ - -
= (1 +aC(/\ )){|¢ _¢ lO.no+ |¢ —'¢11,n1 + I¢ —¢ 12,n1+n3}'

Proof. From (2.12) and (2.15) the below inequalities follow

ba(X) = Pa(x) _P(xa) =P (Fa) 1+|%al™
T+ T 1+z 1+

=l¢ —Flo.(1+aC.(F ),

which imply (2.20) and (2.16). Estimates (2.17) are immediate consequences of (2.6)
and (2.7); the other inequalities are simple (although tedious) consequences of proper-
ties of .

PROPOSITION 2. Assume that ¢ € C*(H)NK and that no, n1, na, are nonnegative
integers such that

(2.22) no=2n1(1+n,), o= Ny =n,.
Then there exists a continuous increasing mapping v: R* > R, such that

(2.23) IRo.alone=ay(élin, [¢lan).

Proof. We have

IF (x — atF (xa)) = F ()| = |6 2.ma [F () {1+ [|x] v |x —atF (xa)[*"}

= 0[b oyl b |1, (1 + [ {1+ x|+ |F (1)1}

= @l L2unald |1,y (14 [ P + [ |+ | 1,0, (14 )™
= ¥ 1(1 1ns [ |2n) (14 [x[>7747172).

(2.24)
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Moreover, one has
|F (x) = F (xa)| =1 l2,n,lx = xal{1 +[|x] v |xa]T*"2}
(2.25) = | Lol 1, (14 [ "D{1 + x| +1F (0)[1"2}
= @y2( |1y |6 |2.n) (1 + ] |27272),

From (2.24) and (2.25) the conclusion follows, by virtue of (2.10).
PROPOSITION 3. Assume that ¢ € C*(H)NK and no=n1=n,=n3=0. Let m, be
a positive integer such that

(2.26) mi=Q2ni+2n1n3) v (ng+2n,).
Then there exists a continuous increasing mapping n:R> > R, such that
2.27) IR4,|1,m1 = an (|| 1,n05 B 2,55 10 ||2,15)-
Proof. We have
IF'(x — atF (xo)) — F'(x)]

S allpllom, - 1610 1+ PP+ [+ F (o[}

= bl 1. (LI P {1+ [+ 1eb |1y (1 + b "]}

= an1( l1mss 16 ]2mz5 I ll2ns) (1 + [ *1747172).
Recalling (2.11), (2.25) we get

IR 4.0 ()| = a3 |1nss b ]2,m50 b l2.n5)

. {1+|x|4n1+4n1n3+,x|2n1+4n2},

(2.28)

as claimed.

3. The linearized problem. We shall study here the linear Cauchy problem:

bu(t, x) —(AX, by (b, X)) —= Tr (Shrx (8, x)) = 0,
2
3.1)
¢(0’ x) = ¢0(x)’

where ¢oeZ, ¢ >0 and A:D(A)cH - H is the infinitesimal generator of a Co_
semigroup ™’ of contractions on H, i.e.,

(3.2) le*|=1 forallt=0.

By a solution to problem (3.1) we mean a function ¢ € B([0, T']; Z) which belongs
to C'[0, T'] for each x e D(A) and satisfies (3.1) for all x e D(A) and all r€[0, T].
Consider the approximating problem

n n 8 n
¢t (ta x)_<Anx’ ¢x(t’ x)>_5Tr (S(bxx(ta x)) = 09
(3.3) .
6" (0, x) = do(x),
where A, =n’(n—A) '=nA(n—A)"" (the Yosida approximation of A).

It is well known that exp (tA,)x - exp (tA)x for every x in H and A,x > Ax for
every x in D(A) (see for instance [6]). Moreover, since A, is bounded, it is easy to
prove many properties in equations involving A,, (for example It&’s formulafor ¢ " (¢, u))
and afterward to pass to limit as n goes to infinity.
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LEMMA 7. For every ¢o€Z, problem (3.3) has a unique solution ¢" €
C'([0, TIxH)NB(0, T); Z) given by the formula

t
(3.4) ¢"(l‘,x)=E¢o(e'A"x +~/sj eSA"dWT_s).
0
Proof. For existence we first remark that ¢, = Wr — Wr_, is a Brownian motion.
We have:

t

(3.5) &t x)=e"“"Edox (e'A"x —Ve J e d((s)),
0

(3.6) & (t, x) = e "Eorx (e Ay —Ve J e d{(s)) e,
0

We notice that if ¢ € C*(H) then ¢"(x)e £(H,¥(H,R)) and so we may write
(@"(x) y) z=0¢"(x)(y,z)=(¢"(x)* y,z). In this sense we have (¢P)"(x)=
P*¢"(x)P for all Pe £(H). To prove that ® is differentiable with respect to ¢ we
notice that for each 4 >0 one has

t+h t

do (e(Hh)A"x Ve j e*n d{s) —¢0(e Ay —Ve L e*n d{s)

0

_ ptth et
=<e(:+h)A"x_etAnx_\/6J’ €SA"d§s,¢ox(etA"x"‘/ej esA"d£s>>
t 0
1 tA - SA
3.7 +—¢0xx(e "x—\/ej e "d{s>
2 0

t+h 2
h)A A - A
~[e('+ Mg —e" "x~\/ej e’ "d{s]
t

+ Ll {(1 —a)¢0xx((1 -a) [e'A"x —Je Lt et d{s]
t+h

+a[e('+h)A"x —Je I e d{sD
o

2

t+h
A A ~ A
_[e(z+h) "x—-e' "x—JSJ es "d{s]
t

e

To calculate ¢,(t, x) we remark that

(3.8) lim % (e Ay —enx)= A, e nx

and
t+h et

(39) E<J eSAn dgsa ¢0x (etA"x _‘/3 j eSA" d{s>> =0,
t 0

since {; have independent increments. Moreover, one has

1
(3.10) }Lil% il_le(wh)A,,x _ e'A"x |2 — 0,
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}

t+h t
(3.11) ~ lim {5 j Tr (sesA’ﬁqsOxx(e“‘Anx v j ¢ dgs) ¥ ds)}
t 0

h>0 |2

2

h-0

(1 a, [ s, )U" a, ]
11mE{2h¢0xx(e X «/eLe d¢s : e’ rdd

t
=§Tr [Se’A"d)o,c,c (e'A"x ~e J e d{s) e'A"].
0

Observe also that the last integral in (3.7) goes to O for A >0 by the Lebesgue
dominated convergence theorem.
It follows that

(3.12) qus"(r,x)=<A,,x,¢;‘<t,x)>+§Tr (Sé7 (8, x)),

where D, means the right derivative. Since the right-hand side of (3.12) is continuous
we conclude by a standard result, that (3.3) holds.

Uniqueness. Let ¢ be a solution to problem (3.3). We set ¢ (t, x)=¢ (T —1t,x).
Then ¢ is a solution to the backward problem

W(t, 1)+ (A, Uy (8, 1)) +§ Tr (S (t, X)) =0,

(3.13)
Y (T, x) = ¢olx).

Let u = u(s, t, x) be the solution to the stochastic differential equation

(3.14) du=Auds+VedW, ult)=x,

i.e.,

(3.15) ws, t, x) = ey 44z I R AW = u(s).
t

By the It6 formula

dy(s,u)= [tlfs(s, u)+§Tr (Stxx (s, u))] ds + (s, u) du,

from which, by integrating in [¢, T'] and taking the expectation we obtain
l!/(ty x) = Ed’(ta u(t’ [ x)) =E‘//(T" M(T, ty x)) = E¢0(U(T, t’ x))9

and therefore ¢ =¢" as claimed. The following corollary follows via a standard
variation of constants formula.
CoOROLLARY 1. Under the assumptions of Lemma 7, the problem

60t x)—(Anx, §1(, x>>—§Tr (Spl(t, x)) = (8, ),

(3.16)
é"(0,x)=o(x)

has for every { € B([0, T); Z) a unique solution ¢" given by
t

" (t,x) =E¢o(e'A"x +Ve L e‘A"dWT-S>

(3.17)

t—s

t —
+Ej- {(s, ey +Ve J e™n dWT_(,) ds.
0 0
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PROPOSITION 4. For every ¢o€Z problem (3.1) has a unique solution ¢ €
B([0, T]; Z) given by

t

(3.18) ¢(t,x)=E¢0(e’Ax +\/EJ e dWT_s).

0
Moreover, for each nonnegative integer m there exists w,, >0 such that
(319) |¢(ta ')]i,m éeswm'|¢0|i,m’ i =0, 1, e,
(3'20) ”¢ (t, : )“i,m éeswm+ltll¢0lli,m’ i = 0, 1’ tt.

Proof. Let ¢" given by (3.4). Inasmuch as for each x € H, e ““"x > ¢"*x uniformly
on compacts we see that

@ (L, x)> & (8 x), , .
uniformly in [0, T'], T >0.
Tr (S %x(t, x) > Tr (S (£, X),

Moreover, since for all x e D(A)A,x, ¢ (¢, x)) > {Ax, ¢, (¢, x)) uniformly in [0, T] we
infer that ¢; (¢, x) - ¢:(¢, x) uniformly on [0, T'] and therefore ¢ satisfies (3.1) for all
te[0, T] and x e D(A) (we note that in this case ¢ is differentiable as a function of
t for each x e D(A)).

For uniqueness let n € B ([0, T]; Z) be another solution to problem (3.1). For
x € H we set x, = (n —A) 'nx and notice the equation

108, %) = (A ks 1ty X)) —%Tr (STax (1, X))

= <(A —Ap)Xn, Mx (¢ xn»'
Then by Corollary 1,

t
n(t’ xn) =Ed¢o (etA"xn +‘/3 j eSA" dWT_s)

0

t—s

+EJ <(A —A)Xn, nx(e('_S)A"xn +\/;J
o

0

e dWT_a) ds>.

Letting n tend to +00 we get n =¢ as claimed. To prove (3.19) we shall restrict
ourselves to the case i = 0 the other cases being similar. Since M, = [y e** dWr_, is a
martingale it follows (see for instance [12]) that for each m € N there exists y,, >0
such that

2m
m

(3.21) E < yi™

t
J‘ ESA dWT_s
0

We have
t

e“x ++e J e dWr_,
0

2m>

It follows that there exist real bounded functions a.,e =2, 3, - - -, 2m such that

(1, x)| = |¢0|0,ME(1 +

t

J e dW,_, }(1 +]x[P™).
(4]

2m —_
60 2 = bolonE{ 1+ X aulle)Ve
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By virtue of (3.21) there exists real bounded functions b, such that

2m
66 0] = ol (L+xP™)(1+ X b2e0"),

so (3.19) is proved. The proof of (3.20) is completely similar, so it will be omitted.
We shall consider now the nonhomogeneous Cauchy problem,

.t x)—(Ax, ¢x<t,x>>—§Tr (Shux (£, %)) = g (1, X),

(3.22)
¢ (Oy X) = ¢0(x)’

where ¢oeZ and ge B ([0, T); Z).

By a solution to (3.22) we mean a function ¢ € B([0, T']; Z) which belongs to
W0, T) as a function cf ¢ (for each x € D(A)) and satisfies (3.22) for all x e D(A)
and a.e. te]0, TI[.

For later use, we notice the following existence result.

PROPOSITION 5. For every ¢o€Z and geB ([0, T]; Z) problem (3.22) has a
unique solution ¢ € B ([0, T']; Z) given by the formula

_ t
b (t, x) =E¢o(emx +Ve J e dWT_S)
(3.23) , 0 o
+E J g(s, ey +Ve I e’ dWTW) ds.
0 0

Proof. Existence follows from Proposition 4. To prove uniqueness, arguing as in
the proof of Lemma 7 it suffices to assume that A is bounded.
Let ¢ €B([0,T];Z) be a solution to (3.22) where g=0 and ¢o=0 and let
(t,x)=¢ (T —t, x). Finally set ¢"(t, x) = ¢ (¢, P"x), where
(324) an = Z (x, e,'>e,‘.
i=1

Clearly ¢" eC'([0, TIxH;RNC(0,T]; Z), so we may apply the Itd formula to
¢" (s, u) (see for instance [11]) and get

(3.25) " (5,0) = (435, )45 Tr (U (s, u») ds +y" (s, u) dW..
Integrating and taking the expectation we obtain

T €
(3.26) 0=Ey" (T, u(T) =" (6 0)+E | [02(s,u(s) +5 Tr Sy(s, uls) | ds,

where u is the solution to (3.1) (with A,, = A).
As n goes to infinity we get
T

W(t, x)=-E j (05,006 +5 Tr (Se s, w (5))) ds =0,

as claimed.
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4. The main results. Consider the Cauchy problem

&i(t, x)+%|¢x(t, x> —(Ax, ¢.(, x))—gTr (Sx(t, x)) =g (1, x),

4.1)
¢(O’x)=¢0(x)’ 8>0,

under the following assumptions:

a) A is the infinitesimal generator of a Cy semigroup of contractions;
4.2) b) ¢oecZNK;geB(0,T]; Z)NHK;
¢) no=2n.(1+n,);

where % ={¢ € B([0, T]; C(H)); 6 (t)e K, Vet [0, T}
We shall consider the approximating problem

$: (1, X)+Ol‘(¢“(t, x)—¢a(t, x)) —(Ax, ¢5 (1, x))

43) 2 Tr (8656 X) =g (6 ),

(ba(oa x) = (ﬁo(X),
where a €]0, 1] and ¢, is defined by (2.1), i.e.,
1
#2(x) =int {7 (6 v) +5 e~y y e H).
o
A weak form of problem (4.3) is given by the following integral equation:
t
% (t, x) =exp (—a“t)E¢0(e'Ax +Ve j et dWT_s)
0
t

4.4) +E L exp (—a " (t—5))a 'p% +g)

t—s

-(s, el +~/;j

0

e dWT_s> ds.

PROPOSITION 6. Under assumption (4.2) for every a > 0, (4.4) has a unique solution
¢*e€B([0, T]; Z). Moreover ¢ satisfies (4.3) for all (t,x)e[0, T1xD(A).
Finally there exist »; 20, i =0, 1, 2, 3 such that

|¢ “ (ta : )|i,"li = €Xp (8(6it)|¢0|i,ni

4.5) ,
+j exp (edi(t —s))\g(s, Mimds,  i=0,1,2,
0
4.6) |I¢a (, )”2,n3 =exp t(8(53t)||¢0"2,n3
+ [ exp (edst =D& (s, o, ds.
0
Proof. Set
¢°t,x)=e /°E o(e'Ax +Ve I e dWT_s)
@.7) °

t—s

t
+EI e-(t-—s)/ag(s’e(t—s)Ax +\/€j oA dWT—o—) ds,
o o
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¢ "t x) ="t x)
(4.8)

t—

1 Y _
+_"EJ‘ e (t s)/ad)z(s’e(t s)Ax+J
o 0 0

Using inequalities (2.16)-(2.20) it is not difficult to find i =0, 1, 2, 3, such that

e d WT_(,) ds.

|¢n(t’ * )li,n.- = exp (sa;it)l(ﬁOli,ni
t

+J exp (e@;(t —s))|g(s, *)in ds, i=0,1,2,
0

(4.9)

"t Mo, Sex D3t s
(4.10) ||¢ )”2 p (e@s3 )"¢o"2,

t

+ ] exp (eas(t=s)lgs, M, ds.
By (4.9) and (4.10) we see that the set
I'={¢"(t);neN,tel0, T]}

is bounded in Z.
Set now

(4~11) |¢|2= ‘¢|0,n0+l¢|1,n1+|¢|2,n1+n3'

By (2.21) it follows (T being bounded in Z) that {¢" (¢, - )} is a Cauchy sequence, with
respect to the norm |- |5, uniformly in ¢. This implies that {¢"} converges in B([0, T];
C*(H)) to a function ¢°. By (4.9).and (4.10) it follows that ¢* € B([0, T]; Z) and
also that (4.5) and (4.6) hold.

Finally, using Proposition 5 it is easy to check that ¢“ is the unique solution to
(4.3) for all (¢, x)e[0, TIxD(A).

THEOREM 1. Under assumptions (4.2) the Cauchy problem (4.1) has a unique
solution ¢ € B([0, T]; X)NB([0, T]; C'(H)) such that ¢(-,x)e W" (0, T) for all
x€D(A). Moreover, the map (do,g)—>¢ is Lipschitz from XXB([0,T];Z) to
B([0, T1; X). Finally the set {¢(t, ), t€[0, T} is bounded in Z.

Proof. We shall obtain the solution ¢ to (4.1) as the limit for « -0 of ¢“. The
first step is the proof of the convergence of ¢°. Let a, 8 >0. By (2.10) it follows that

1
f +—(6" ~$8) ~(Ax, 62)~> Tr (S6%) = g + Rope ~Rousy
d’B(O, x)=¢0(x)a

and by Proposition 5, we get

t

(A x)=e_'/°‘Ed)o(e'Ax +~/;j

0

eSA dWT_s)

" a1
(412) +EJ-08 =/ (;d’g-l-R‘bB,a_Rd)ﬂ»B)

t—s

. (s, e +e I

0

™ dWT_c,) ds.
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By (2.20), (2.23) and (3.19) we see that
lo*(t, )= (t, owmo

= L exp (—(t—s)(a " +wo))

(4.13)
a7 (14 aCug(@® (s, M (s, ) = b (5, lonos

+(a+B8)y (16" 1> |67 2] ds.
By (4.5), (4.6) and the Gronwall lemma it follows that there exists C >0 such that
(4.14) lo=(t, )= (t, o= Cla +B),

and all {¢*(z, )} belong to a closed bounded subset of Z. Hence there exists ¢ €
B([0, T]; X) such that ¢* > ¢ in B([0, T]; X).

We shall study the convergence of ¢5. Choose m;=(2n,+2n1n3) Vv (11 +2n,).
Recalling (4.12) and (3.19) it follows by Proposition 3 that

|¢a(t, ')_¢B(t’ ')ll,mléjo exp (—(t—S)(a—1+wo))

(4.15) oA+ aC (@8 (s, M (s, )= ® (s, imy
+ (@ +B)M(° (5, MNings [ (S, amas 162 (5, ans)] ds.

Using once again the Gronwall lemma we get

(4.16) lo*(t, )= (1, )1.my = Cila +B),
and therefore ¢ € B([0, T]; C'(H)). By Lemma 2 it follows that for every ¢ € [0, T']
(4.17) Tr (S¢ 3 (¢, x)) > Tr (S (£, x))

uniformly on every Bg. Recalling now that
e 1 o [e3 s [23
&7 451651 —(Ax, 62) =3 Tr (S65) =8 ~ Ry

and keeping in mind estimate (2.21) we may infer that for every x e D(A)¢ (¢, x) is
bounded in L*(0, T) and as a - 0

B7,5)> =3 b6 I +AY, )+ 5 T (S60e(t 1) +8(63)

uniformly on Bg, for any ¢ €[0, T'], where R is arbitrary. We have therefore proved
that ¢ satisfies the conditions of Theorem 1. Let ¢',i=1,2 be two solutions to
problem (4.1) corresponding to (¢o, g'). We have

i - i i i € i i
pita (@' —d)—(Ax, ¢1) = Tr (S$r) =8'+ Ryt
¢'(t, x) = do.
This yields, recalling Proposition 5,
t

o't x)= exp (—a 't)Ed (e’Ax +Ve J e dWT_s>

0

t

t—s
+EJ exp (—a 't —9))(a Pk +gi)(s, e“—s)A+~/;j e’? dWT_a> ds
0 0
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and by (2.20), (2.23), it follows via Gronwall’s lemma that
(4.18)

o (t, ) =2t ome= C(l¢é =60 +L g (s, )~ 828, Mo ds), 0=teT

where C is independent of . In particular, we may conclude that the solution ¢ to
(4.1) is unique and the proof of Theorem 1 is complete.

Remark. If Z happens to be a dense subset of X then for any ¢oe X and
g€ B(0, T]; X) problem (4.1) has a unique weak solution ¢ € B([0, T']; X).

Now we shall study the convergence of {¢°} for ¢ - 0.

THEOREM 2. Under the assumptions of Theorem 1, ¢°—>¢ in B([0,T]; X)N
B([0, T); C'(H)), where ¢(-,x)e W" (0, T) for all xeD(A) is the solution to the
Hamilton-Jacobi equation :

@.19) Bult, x)+3dx (1, X)P —(Ax, .(t,x))=g(t,x) ae.t€[0,T], xeD(A)
T $(0,x) = olx).

Proof. First we observe that in estimates (4.5), (4.6) the constants can be taken
independent of ¢. For ¢, A >0 we have

A—¢
2

Then by (4.5) and (4.18) we see that {¢“} is a Cauchy sequence in B([0, T]; X) and
therefore for ¢ >0, ¢° > ¢ in B([0, T]; X). Moreover, arguing as in the proof of
inequality (4.16) we show that ¢° - ¢ in B([0, T]; C'(H)). Again by estimates (4.5)
and (4.6) it follows that {¢“(¢, -)} remain in a bounded subset of Z and for ¢ -0,
te[0,T]and x e D(A).

&5t x)> =3 (b, x) +H(Ax, 51, x)) + (1, x),

A 1 A A A A
6} +5 162 =(Ax, 6 1) =2 Tr (S 1) =g+~ Tr (S,

thereby completing the proof of Theorem 2.
We shall give now another approximation result which will be useful in the next
section. Again we denote by A, =n*(n —A)™' —n the Yosida approximation of A.
PROPOSITION 7. Assume that hypotheses of Theorem 1 hold for any n eN let ¢"
be the solution to the problem

1
b7 +51641 +(Ax, 81)—2 Tr (S81) =,
(4.20)
(bn(oy x) =¢0(X),

and let ¢ be the solution of problem (4.1). Then ¢"->¢ in B({0,T]; X)N
B([0, T1; C'(H)).
Proof. Let ¢™* be the solution to

na 1 na no n,a n,o
¢t, +Z(¢ Tt )+(Anx’¢x’ >—§Tr(s¢x;‘ )=g’

(4.21)
¢ (0, x) = po(x).

Proceeding as in the proof of Theorem 1 we see that

(4.22) lim o™ =¢* inB([0,T]; X)NB(0,T]; C(H)) foralla>0.
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Hence for n >
o —@"|x =l —¢*|x +d* —™*|x +|¢"* —¢"|x > 0.
5. Synthesis of optimal control. Consider the Cauchy problem:

l//t(t, x) _%l(ﬁx (t’ x),2+<Ax, (//x (t’ x)>

(5.1) +—§—Tr (Stes(t, X))+ V (5, x) = 0,

Y(T, x) = dolx),

where V (¢, x) = g(T —¢, x). Remark that (5.1) is obtained from (4.1) by setting ¢ (¢, x) =
& (T —t,x). Throughout this section we shall assume that assumptions (4.2) are
satisfied. Then by Theorem 1, problem (5.1) has a unique solution ¢ € B([0, T']; C Y(H))
such that ¢ (-, x)e Wh®(0, T) for every x € D(A). Notice also that by virtue of
Proposition 7 the solution to the problem

G, x) =3[l ()P +H(Anx, Y2 X))

(5.2) +§Tr (SYr.(t, X))+ V(t, x) =0,

" (T, x) =do(x)
is convergent to ¢ in the following sense:
(5.3) ¢">¢ inB(0,T]; X),
(5.4) ¢t >y, uniformlyin [0, T1X Br.

We shall use these facts to prove the following lemma.
LEMMA 8. Let ue M2(0, T; H) and let ¢ be the mild solution to the stochastic
equation

(5.5) dt = (Al +u)ds+VedW,  [(t)=x, t=s=T.
If ¢ is the solution to (5.1) then the equality

1 T
W6 0+3E [ als, co)+uts)P ds
(5.6) . .
=EL (Vs co)+ SR ds+do(e(T)
holds for all (¢, x)e[0, T]xH.
Proof. Let ¢, be the solution to
(5.7) din=(Anln+u)ds +Ve dW,,  £o(t)=x,

and let ¢, : [0, T] X H - R be the function defined by
T

w,.(t,x)=jo U™ (s, x)pult — 5) ds,

where {p,} is a family of C*-real valued functions such that

11
supp (pn)cjl_;’ ;[’ pn(t)=pn(*t)a Pn =0
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and ("% p,(¢) dt = 1. Clearly ¢, € B([0, T]; Z) and (¢,,), € B([0, T]; X). By (5.3) and
(5.4) it follows that
(5.8) ¢.~>¢ inB([0, T]; X).

By standard results on infinite dimensional stochastic equations (see for instance [7])
we know that ¢, (¢) > £(¢) uniformly on [0, T'] with probability 1 and therefore

(5.9 E((Yn)x(t, yn(£))) > E¢i(t, y(¢)) uniformly on [0, T'].

Next by the Itd formula,
A (8, £2) = ()< (5, £n) ds +{(A L ds +u ds +Ve dW,, (Un)x (s, L))

2T (S5, £2)) s
Then, integrating on [¢, T'] and taking the expectation gives

1 (7 )
It ¥) +5E j Wna (s, &)+ u(s)P ds

T
-E[ (v +2u(6)F) ds + 6o(Zu(T)).

Then, if we let n tend to +00, by (5.8) and (5.9), (5.6) follows as claimed.

The relevance of the solution ¢ to (5.1) for the optimal control problem (P), is
explained in Theorem 3 below.

THEOREM 3. Assume that conditions (4.2) are satisfied. Then the solution ¢ to
(5.1) is the optimal value function of problem (P), i.e., for every t €[0, T] one has

=inf{E Tv +1| 2)d+ T));
w0 =int{E [ (Vi 260 +3uP) ds + 6o (T
(5.10)
d;=(Ag+u)ds+fsdws,g(t)=x,ueMa(o,T;H)}.

Moreover, the solution (" to the problem
d¢ = (AL 4.1, ) dt +Ve dW,  te[0,T),
£0)=x

is an optimal trajectory to problem (P) corresponding to the optimal control u™ given by

(5.11)

(5.12) u () ==, 7)) ae.telo, TI.

The optimal control u™ is unique.

In few words, Theorem 3 says that under assumption (4.2) u(t) = —¢. (¢, £(¢)) is
an optimal feedback control for the stochastic control problem (P) (see [8] for
definitions and classical results on these topics).

Proof of Theorem 3. By Lemma 8 (formula (5.6)) we see that for each (¢, x) ¢
[0, TIx H, ¢(¢, x) = (¢, x) where ® is the optimal value functions of problem (P).

Now let (¢*, u™) be a pair given by (5.10). Since ¢, € B([0, T]; C(H)) and it is
monotone in x (as the derivative of a convex function) (5.9) has a unique solution
¢ (see [7, Thms. 4 and 7]; remark that hypothesis (24) in Theorem 7 is satisfied in
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our situation because ¢, is monotone). By (5.6) we see that for every t € [0, T]

vt x)=Ef [T(g(s, £+l ©F) ds) + e (T,

and therefore u " is optimal in problem (P).
Assume now that (i, y) is another optimal pair. Again by formula (5.6) it follows
that
T

EJ w/x(s’ )7(5))+%11(s)|2 ds=0

which implies & = — ¢, (s, L(s)). since the solution to (5.9) is unique we infer that f =77
and 4 =u " as claimed.
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