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1
Introduction

The search for ways to free humankind from manual work dates back to the 4th millennium
B.C., when mankind was using animals for traction and transport [1]. The first water wheels
were developed around two thousand years ago, and the first windmills around one thousand
years ago. Yet, it was not until the industrial revolution in the 18th and 19th century that
mankind completely switched from relying on human workforce to mechanical work produced
by heat engines powered by the combustion of wood and fossil fuels. By exploiting macro-
scopic objects with moving parts, such as turbines, we can now extract useful work from
temperature differences. This revolution led to the birth of thermodynamics, which mainly
deals with large macroscopic objects which are close to thermal equilibrium.

The massive increase of CO2 emissions caused by the combustion of fossil fuels is de-
stroying our ecosystems and posing a threat to our survival [2]. It is therefore ever more
important to find alternative and efficient sources of energy. Among the many possibilities
that are currently being explored, the interest of the scientific community in thermoelectricity
has witnessed a large growth thanks to pioneering works that pointed to the possibility of
developing small scale thermoelectric heat engines which are highly efficient and free from
moving parts [3–5]. Thermoelectric devices could potentially be used to recover waste heat
from all those activities which produce heat as a byproduct, ranging from most conventional
engines (such as car engines), to industrial processes and to most kinds of power-plants. Ther-
moelectricity in low dimensional systems may also find applications in heat management at
the nanoscale [6], which is becoming a problematic issue because of the ongoing miniaturiza-
tion of electronic components (such as computing processors), and to perform on-chip active
cooling [7].

The thermoelectric effect, which consists of the generation of a charge current or of a
voltage bias across some material as a consequence of a temperature difference, was first
observed by A. Volta [8], and the first actual experiment was conducted by T. J. Seebeck
in 1822 [9]. Studies of the thermoelectric effect advanced in the 1950s thanks to Ioffe [10]:
the role of doped semiconductors as good thermoelectric materials was understood and the
Bi2Te3 compound was developed for commercialization. Nowadays, thermoelectric devices
are commercially available, yet their efficiency is low compared to traditional heat engines
relying on moving parts [11]. In the 90s, thanks to the pioneering works of Dresselhaus [3, 4]
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2 Introduction

and of Mahan and Sofo [5], it was realized that strongly confined low dimensional systems
may yield highly efficient heat-to-work conversion. These systems, such as quantum dots,
require a quantum description and are typically described by few degrees of freedom. These
systems are profoundly different compared to the macroscopic objects that were considered
when the field of thermodynamics was born. Indeed, thermodynamics was developed to
deal with systems (such as gases and liquids) that are typically composed of an Avogadro
number of particles (order 1023); therefore, these systems are always near thermal equilibrium
with negligible fluctuations, allowing us to describe such complicated many-body systems in
terms of few macroscopic state variables, such as volume, pressure and temperature. This
is a striking simplification compared to attempting to solve the classical dynamics of 1023

interacting particles.
Conversely, recent tremendous advances in nanofabrication techniques have enabled un-

precedented control of quantum systems down to the single particle level. Now, experiments
involving few quantum particles or degrees of freedom can be carried out in a variety of plat-
forms, ranging from trapped ions [12, 13], to electron spins associated with nitrogen-vacancy
centers [14], to circuit quantum electrodynamics [15], to single-electron transistors [16]. We
are now at the point that it is possible to fabricate devices which behave as qubits, i.e. the
smallest possible quantum system characterized only by two states, and couple them to ther-
mal baths [17–19]. However, as opposed to macroscopic classical systems, these systems can
be completely driven out-of-equilibrium, they can be strongly coupled to environments, and
they are made up of few constituents.

These profound differences called for the extension of thermodynamics to account for
finite-size effects, large fluctuations and strong system-bath coupling in a quantum setting.
This gave birth to a currently active research field which is known as “quantum thermody-
namics” [17, 20, 21]. Quantum thermodynamics deals with a variety of problems that arise
when trying to apply thermodynamic concepts to small out-of-equilibrium quantum systems.
Here are some of the questions that are being addressed: how can one define concepts such
as heat, work and entropy in a meaningful way? How do non-equilibrium fluctuations ex-
tend to the quantum regime? Do quantum effects such as entanglement, coherence and
non-commutativity, which lead to the so-called “quantum supremacy” idea in the field of
computation, boost or decay the performance of nanoscopic thermal machines? What are
the difficulties or opportunities entailed by a quantum evolution with respect to finite-time
thermodynamics? How does equilibration emerge from a microscopic quantum description
of many-body systems? What is the link between information and thermodynamics in the
quantum regime?

The work presented in this thesis develops themes within the field of quantum thermody-
namics. In particular, we focus on understanding how to use quantum mesoscopic devices,
especially single-electron systems, which are experimentally accessible nowadays, to construct
thermal machines such as heat engines and refrigerators. We study these systems both as
steady-state thermoelectric thermal machines, and as driven quantum systems which per-
form cycles analogue to the classical Carnot and Otto cycles. On the one hand, we give an
overview of the formalism necessary to describe these systems. On the other, we study how
to optimize the performance of these devices, such as the extracted power of heat engines,
the cooling power of refrigerators, the thermovoltage induced by a temperature difference,
and the corresponding efficiencies. This allows us to simultaneously understand how to op-
erate these devices, and to tackle fundamental questions such as finding ultimate limits to
the extracted power and to the efficiency at maximum power, and understanding the impact
of strong coupling to the environment. While this thesis is theoretical, we also present some



3

experimental measurements that we were able to describe.
The outline of the thesis is the following: in Chap. 2 we lay the theoretical foundations

necessary to describe quantum systems coupled to thermal baths in the weak coupling regime
and beyond. This formalism, based on a perturbative extension of the Markovian master
equation, will be used throughout the entire thesis. In Chap. 3 we describe and characterize
quantum thermal machines distinguishing between thermoelectric machines, and driven ther-
mal machines. In particular, in Sec. 3.1 we describe the thermoelectric effect and we discuss
the laws of thermodynamics in this context. We show how to exploit this effect to implement
thermoelectric heat engines and refrigerators, and we characterize their performance. We
then pedagogically apply the formalism presented in Chap. 2 to a simple yet paradigmatic
system: a single-level quantum dot (QD) coupled to thermal baths. In Sec. 3.2 we show how
to use the formalism presented in Chap. 2 to describe driven thermal machines, and we state
the laws of thermodynamics in this context. We then show how to implement a driven heat
engine and a refrigerator, and we pedagogically study the performance of a slowly-driven
Otto cycle applied to the minimal quantum system, i.e. a qubit (a two level system).

The next chapters are devoted to presenting original studies. In Chap. 4 we study the
thermoelectric properties of an interacting multi-level QD based heat engine. We investigate
the performance of this system both in the linear (small temperature differences) and non-
linear response regime, and we study the impact of multiple thermals baths, of the multi-
level structure of the QD and of the Coulomb interaction on the power and efficiency of the
system. In Chap. 5 we use the formalism developed in Chap. 4 to describe the thermoelectric
performance of an actual experiment performed at the NEST laboratory, Pisa, Italy. The
system is a multi-level interacting QD embedded in an InAs/InP nanowire. Thanks to our
theoretical model, we are able to estimate the electronic efficiency of such device, which
turns out to be close to its thermodynamic upper limit. In Chap. 6 we use the formalism
developed in Chap. 2 to describe the thermovoltage of a single-electron transistor device
which was measured in an experiment carried out at the Aalto University, Helsinki, Finland.
We find that both a non-linear description and coherent quantum effects beyond the weak
coupling regime are crucial to accurately describe the experimental data without any free
fitting parameters. In Chap. 7 we study an absorption refrigerator, i.e. a system, coupled
to three thermal baths, which is able to cool the coldest bath without requiring any external
work. The absorption refrigerator is based on two Coulomb-coupled single electron systems,
which are experimentally accessible devices [22]. The optimal working condition to maximize
the cooling power is derived, and an interpretation of this effect based on information theory
is given. In Chap. 8 we study thermal rectification across a qubit. We find strategies to
maximize such effect and we find clear signatures of coherent quantum effects, beyond a weak-
coupling description, in the thermal rectification. In Chap. 9 we study the maximum power
of a driven two-level system in the weak-coupling regime. Without making any assumption on
the particular cycle or driving strategy, and regardless of the microscopic details of the system
(i.e. of the coupling between the two-level system and the baths), we find that the power is
universally maximized by applying an Otto-cycle in the fast-driving regime, i.e. when the
driving is faster than the typical thermalization rate of the two-level system. We also find
that there is no general upper bound to the efficiency at maximum power other than Carnot’s
efficiency. In Chap. 10 we study an arbitrary quantum system, weakly coupled to multiple
thermal baths, driven in the fast driving regime. We find that the power is universally
maximized by “generalized Otto cycles”, and we show that the complexity of these cycles
depends on the size of the Hilbert space of the quantum system being driven. We then
find classes of systems where the standard Otto cycle is optimal. Under this hypothesis, we



4 Introduction

compare the efficiency of a collection of interacting and non-interacting qubits, finding that
the there is a many-body enhancement of the power when the temperature difference between
the baths is small. Finally, in Chap. 11 we draw the conclusions.



2
Open quantum systems

The aim of this thesis is to study the thermodynamic properties of quantum systems. In
particular, we will focus on how quantum systems can be used to construct thermodynamic
machines, such as heat engines and refrigerators. In this chapter, we lay the theoretical
foundations necessary to treat these systems. In the following chapters we then use the
formalism developed in this chapter to characterize and study various quantum thermal
machines.

One of the main concepts in thermodynamics is the separation between the “local system”,
or “working fluid”, upon which we can act and perform transformations, and the “heat baths”,
which are instead large macroscopic object with a well defined temperature. In order to study
thermodynamics of quantum systems, we must be able to study the dynamics of a local system
(typically a mesoscopic quantum system) coupled to heat baths, which play the role of the
environment. The most generic evolution a system coupled to an environment can undergo
is described by a completely positive trace preserving linear map (CPTL) [23]. However,
deriving the explicit form of these maps is in general a formidable task. Furthermore, finding
a meaningful definition of heat and work valid in a completely general quantum setting is
still an open question. On the other hand, when the coupling between the system and the
environment is weak, all thermodynamic quantities can be consistently defined, and it is
possible to derive perturbative schemes to practically compute all quantities of interest.

In this thesis, we focus on perturbative schemes performed in the system-bath coupling
strength. We first focus on a leading order expansion in the system-bath coupling, which
we denote as “weak-coupling regime”. Within this regime, the evolution of the local density
matrix obeys a Lindblad master equation, which we derive and discuss in Sec. 2.1. As we will
see, there are common regimes where this approach leads to rate equations for the probability
of finding the system in a given instantaneous eigenstate, and the rates are determined
by the Fermi golden rule. We then show in Sec. 2.2 how to perform calculations beyond
the weak-coupling regime by perturbatively accounting for higher order processes. These
calculations lead to effects such as “co-tunneling”, where two electrons or excitations are
coherently transported across the device.

5



6 Open quantum systems

2.1 Weak-coupling regime
In this section we lay the foundations for the description of the dynamics of a quantum system
coupled to an arbitrary environment. For notation consistency with the following chapters,
we denote with “heat bath” the environment, although the derivation in this section holds
also when the environment is comprised of several heat baths, or even when it is not in a
thermal state. The Hamiltonian of the total system, composed by the local system S and by
the bath B, can be written as

Htot = HS +HB +HS,B, (2.1)

where HS is the Hamiltonian of our local system, HB is the Hamiltonian describing the bath,
and HS,B is the Hamiltonian describing the coupling between the system and the bath. The
density matrix ρtot(t) describing the state of the total system at time t evolves according to
the von Neumann equation

d

dt
ρtot(t) = − i

~
[Htot, ρtot(t)], (2.2)

where ~ is Planck’s reduced constant and [X,Y ] = XY − Y X denotes the commutator
between two arbitrary operators X and Y .

Since the baths are assumed to be “macroscopic”, they are comprised of many degrees
of freedom which make it difficult to solve Eq. (2.2) exactly. Furthermore, since we are
interested in thermodynamics, it is often unnecessary to have detailed information about the
exact state of the heat bath. The goal of this section is therefore to derive a closed equation
which governs the evolution of the reduced density matrix of the system

ρ(t) ≡ TrB[ρtot(t)], (2.3)

which only embodies the degrees of freedom of our local system S. Notice that TrB[X] denotes
the partial trace of an arbitrary operator X over the degrees of freedom of the bath. To do
so, we follow the standard derivation of the Lindblad master equation [24, 25] first put
forward by Davies [26]. After a mathematical derivation, in Sec. 2.1.1 we discuss the physical
assumptions underlying this method. In the following pedagogical derivation, which goes
along the lines of Ref. [27], we will not delve too deep into formal aspects when the physical
picture is clear.

We start by rewriting Eq. (2.2) in the interaction picture

d

dt
ρ̃tot(t) = − i

~
[H̃S,B(t), ρ̃tot(t)], (2.4)

where the “tilde” denotes the interaction picture. For a time-independent Hamiltonian, in-
teraction picture operators Õ(t) are related to their Schrödinger representation O(t) through
the mapping

Õ(t) ≡ U †0(t)O(t)U0(t), (2.5)

where
U0(t) ≡ e−i(HS+HB)t/~ (2.6)

is the time-evolution operator for the “free” part of the total Hamiltonian, and we assume
t = 0 to be the initial time. The interaction picture state is instead defined as

ρ̃tot(t) ≡ UI(t)ρtot(0)U †I (t), (2.7)
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where
UI(t) ≡ U †0(t)e−iHtot t/~. (2.8)

We now integrate each side of Eq. (2.4) between 0 and t, yielding

ρ̃tot(t) = ρ̃tot(0)− i

~

∫ t

0
ds [H̃S,B(s), ρ̃tot(s)]. (2.9)

Inserting Eq. (2.9) into the right-hand-side (r.h.s.) of Eq. (2.4), and taking the trace over the
bath on both sides yields

d

dt
ρ̃(t) = − 1

~2

∫ t

0
ds TrB[H̃S,B(t), [H̃S,B(s), ρ̃tot(s)]], (2.10)

where we have assumed that

TrB[H̃S,B(t), ρ̃tot(0)] = 0. (2.11)

This last hypothesis, which will soon be written in a more explicit form, can always be
enforced up to a redefinition of HS, and it is automatically verified in all models considered
in this thesis.

We are interested in obtaining a closed equation for ρ̃(t), but Eq. (2.10) still contains
ρ̃tot(t). Since we want to find the dynamics of ρ̃(t) in the weak coupling regime, we can
replace ρ̃tot(t) in the r.h.s. of Eq. (2.10) (which already contains second order terms in the
coupling Hamiltonian) with an approximate expression valid for weak coupling. We therefore
write

ρ̃tot(t) ≈ ρ̃(t)⊗ ρ̃B. (2.12)

Equation (2.12), known as the Born approximation, holds by further assuming that the bath
is much larger than the system, so that its state will not change in time (ρ̃B is assumed to
be constant). Inserting Eq. (2.12) into Eq. (2.10) yields

d

dt
ρ̃(t) = − 1

~2

∫ t

0
ds TrB[H̃S,B(t), [H̃S,B(s), ρ̃(s)⊗ ρ̃B]], (2.13)

which is a closed integro-differential equation for ρ̃(t). We now perform the Markov ap-
proximation, which consists of replacing ρ̃(s) → ρ̃(t). Physically, we are assuming that the
evolution of the state at a given time t only depends on the state at that given time t (Marko-
vianity). As we argue in Sec. 2.1.1, this approximation is justified if we are only interested
in solving the dynamics of the system on a coarse-grained time scale which is larger than τB,
where τB is the typical decay timescale of the correlation function of the bath [see Eq. (2.24)
for a mathematical definition]. Intuitively, τ−1

B represents “the speed of the bath”, which is
assumed to be the fastest rate in the system. This yields

d

dt
ρ̃(t) = − 1

~2

∫ t

0
ds TrB[H̃S,B(t), [H̃S,B(s), ρ̃(t)⊗ ρ̃B]]. (2.14)

At last we change the integration variable according to s→ t− s, and let the integration go
to infinity. Again, this is a reasonable approximation if the timescale over which ρ̃(t) varies
is larger than τB. We therefore obtain

d

dt
ρ̃(t) = − 1

~2

∫ ∞
0

ds TrB[H̃S,B(t), [H̃S,B(t− s), ρ̃(t)⊗ ρ̃B]]. (2.15)
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This approximation is know as the Born-Markov approximation.
To further simplify Eq. (2.15), we expand HS,B (in the Schrödinger picture) onto the

product basis as follows
HS,B =

∑
α

Sα ⊗Bα, (2.16)

where Sα and Bα are Hermitian operators acting respectively on the space of the system
and of the bath. Next, we denote with E the (discrete) set of eigenvalues (energies) of HS,
and with Π(E) the projector onto the eigenspace relative to the eigenvalue E. Using the
completeness relation 1 =

∑
E Π(E), we can write

Sα =
∑
E′,E

Π(E)SαΠ(E′) =
∑
∆E

∑
E′−E=∆E

Π(E)SαΠ(E′) =
∑
∆E

Sα(∆E), (2.17)

where
∑

∆E denotes a sum over all energy differences,
∑
E′−E=∆E denotes a sum over all

energies E and E′ such that the energy difference is ∆E, and

Sα(∆E) ≡
∑

E′−E=∆E
Π(E)SαΠ(E′). (2.18)

We can therefore decompose Sα as a sum of Sα(∆E) operators. Using Eq. (2.18), it can be
shown that the interaction picture of these operators simply becomes

S̃α(∆E) = e−i∆E t/~ Sα(∆E). (2.19)

The interaction picture of the coupling Hamiltonian can thus be written as

H̃S,B(t) =
∑
α,∆E

e−i∆E t/~ Sα(∆E)⊗ B̃α(t), (2.20)

where B̃α(t) is the interaction picture representation of the Bα operators.
We notice that the hypothesis in Eq. (2.11) is enforced if

Tr
[
B̃α(t) ρ̃B

]
= 0. (2.21)

It can be shown that if the bath is described by free fermions or bosons, and if ρ̃B is a thermal
state, this condition is automatically verified whenever the coupling term destroys or creates
excitations in the bath.

Inserting Eq. (2.20) into Eq. (2.15) yields, after some algebra,

d

dt
ρ̃(t) =

∑
∆E,∆E′
α,β

ei(∆E
′−∆E) t/~Gαβ(∆E)

[
Sβ(∆E)ρ̃(t)S†α(∆E′)− S†α(∆E′)Sβ(∆E)ρ̃(t)

]
+h.c.,

(2.22)
where h.c. stands for Hermitian conjugate, and where we define

Gαβ(∆E) ≡ 1
~2

∫ ∞
0

ds ei∆E s/~ 〈B̃†α(t)B̃β(t− s)〉 . (2.23)

Equation (2.23) is the one-sided Fourier transform of the bath correlation function

〈B̃†α(t)B̃β(t− s)〉 = Tr
[
B̃†α(t)B̃β(t− s) ρ̃B

]
. (2.24)
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In the cases considered in this thesis, ρ̃B is a thermal state, so it commutes with HB.
Under this hypothesis we have two simplifications: ρB = ρ̃B, so we will drop the “tilde”
from now on. Furthermore, the correlation function only depends on time differences, i.e.
〈B̃†α(t)B̃β(t− s)〉 = 〈B̃†α(s)B̃β(0)〉, thus Gαβ(∆E) does not depend on t.

We now perform the last approximation, known as the secular approximation. Equa-
tion (2.22) contains a sum over ∆E and ∆E′. When ∆E 6= ∆E′, the exponential oscillates
on a typical timescale τS = ~/(E − E′), where E 6= E′ are two energies of the system. If we
assume that the smallest gap in the spectrum of HS is large enough such that τS � τT, where
τT is the typical thermalization timescale of the system (i.e. the timescale we are trying to
resolve), then the exponential terms in Eq. (2.22) with ∆E 6= ∆E′ oscillate very quickly with
zero mean, so we can neglect them. This leads to

d

dt
ρ̃(t) =

∑
∆E,α,β

Gαβ(∆E)
[
Sβ(∆E)ρ̃(t)S†α(∆E)− S†α(∆E)Sβ(∆E)ρ̃(t)

]
+ h.c. (2.25)

We now decompose Gαβ(∆E) as

Gαβ(∆E) = 1
2Γαβ(∆E) + iMαβ(∆E), (2.26)

where
Mαβ(∆E) ≡ 1

2i [Gαβ(∆E)−G∗βα(∆E)] (2.27)

is a Hermitian matrix and

Γαβ(∆E) ≡ Gαβ(∆E) +G∗βα(∆E) =
∫ +∞

−∞
ds ei∆E s/~ 〈S̃†α(s)S̃β(0)〉 (2.28)

is a positive matrix which, as we will see, sets the typical timescale τT for the thermalization
of S with its environment. Using these definitions, and switching back to the Schrödinger
picture, we can rewrite Eq. (2.25) as

d

dt
ρ(t) = − i

~
[HS +HLS, ρ(t)] +D[ρ(t)], (2.29)

where
HLS =

∑
∆E,α,β

Mαβ(∆E)S†α(∆E)Sβ(∆E) (2.30)

is know as the Lamb shift Hamiltonian, and

D[ρ] =
∑

∆E,α,β
Γαβ(∆E)

[
Sβ(∆E)ρS†α(∆E)− 1

2
{
S†α(∆E)Sβ(∆E), ρ

}]
(2.31)

is a linear superoperator (since it acts on the space of operators) known as the dissipator.
{X,Y } ≡ XY +Y X denotes the anticommutator between two arbitrary operators X and Y .
Equation (2.29) is the well know Lindblad master equation which describes the evolution of
the local density matrix ρ(t). It can be shown that it is indeed a CPTL map. The additional
term HLS can be shown to commute with HS, so it simply renormalizes the energy scales of
HS. We therefore set HLS = 0 throughout this thesis unless explicitly stated. The dissipator
instead describes the influence of the bath on the dynamics of the system.
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If the environment is made up of a single thermal bath at temperature T , we have that

ρB = e−HB/(kBT )

Z
, (2.32)

where Z = Tr
[
e−HB/(kBT )

]
is the partition function and kB is Boltzmann’s constant. Under

this hypothesis, it can be shown that the rates Γαβ(∆E) induced by the bath satisfy

Γαβ(∆E) = e−∆E/(kBT )Γβα(−∆E). (2.33)

Equation (2.33) guarantees that, under weak hypothesis, the local system evolves towards a
steady state given by a thermal state for the local system [28, 29]:

ρ(t) t→∞−−−→ e−HS/(kBT )

Z
. (2.34)

We are now interested in finding a closed set of equations for the dynamics of the popu-
lations, i.e. of the probability pi(t) of finding the system at time t in the ith eigenstate |Ei〉
of HS with energy Ei:

pi(t) ≡ 〈Ei|ρ(t)|Ei〉 . (2.35)

As we will see in the following chapters, in most cases the knowledge of the populations
pi(t) is sufficient to compute the heat currents flowing through the system. Multiplying
Eq. (2.29) by 〈Ei| to the left, and |Ei〉 to the right, and assuming that the spectrum of HS
is non-degenerate, we find the Pauli master equation

d

dt
pi(t) =

∑
j

[pj(t)Γj→i − pi(t)Γi→j ] , (2.36)

where
Γi→j ≡

∑
α,β

Γαβ(Ei − Ej) 〈Ei|Sα|Ej〉 〈Ej |Sβ|Ei〉 . (2.37)

Equation (2.36) will be the starting point for many calculations performed in this thesis, and
it has a very intuitive physical meaning. The probability of finding the system in state i will
increase if we are in state j [pj(t)], and the bath induces a transition from j to i (Γj→i), while
it decreases if the system is already in state i [pi(t)], and the bath induces a transition to a
different state j (Γi→j). The rates Γi→j are exactly equivalent to the Fermi golden rule. This
observation will allow us in the next section to extend this formalism to include higher order
processes in the coupling strength. At last, we notice that Eq. (2.33) can be written for the
rates Γi→j as

Γi→j = e−(Ej−Ei)/(kBT )Γj→i. (2.38)

This relations is known as the detailed balance equation. Equation (2.38) tells us that the
probability per unit time to absorbs energy ∆E is lower than the probability per unit time
to release energy ∆E into the environment by a factor e−∆E/(kBT ).

As we will see in the following chapters, in the presence of multiple independent thermal
baths the rates Γi→j decompose into the sum of rates relative to each bath. In this case, the
rates relative to each bath individually satisfy Eq. (2.38) with the corresponding temperature.
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2.1.1 Range of Validity

In this section we briefly discuss the various approximations and physical assumptions that
allowed us to derive the master equation. First of all, we perform a perturbative expansion
in HS,B, therefore the coupling must be weak. We then perform other approximations which
rely on a precise timescale separation. There are three relevant timescales : (1) the system’s
typical timescale τS = ~/∆E, where ∆E is the smallest gap in the system, (2) the timescale
of the bath τB, which is given by the typical decay time of the correlation function of the
bath, and (3) the thermalization time τT, given by the inverse of the characteristic transition
rate Γi→j , which determines the timescale for the thermalization of the system with the bath.
For the approximations to hold, τB must be smaller than all other timescales, i.e. the bath
must be “large and fast”. Furthermore, for the secular approximation to hold, i.e. for all
terms with ∆E 6= ∆E′ to vanish in Eq. (2.22), we must have that τS � τT. The master
equation approach is thus valid when we are in the regime

τB � τS � τT. (2.39)

The last inequality, i.e. the fact that τT should be the largest timescale, is actually automat-
ically satisfied if we are in the “weak coupling regime”. Indeed, τT is inversely proportional
to the coupling strength, while the other timescales do not depend on the coupling. So by
decreasing the coupling strength, it is always possible to make τT the largest timescale.

2.2 Beyond the weak-coupling regime
In this section we discuss one possible way to perform calculations beyond the weak coupling
regime which we have adopted in various scenarios. Our starting point is the Pauli master
equation [Eq. (2.36)], and the fact that the rates Γi→j can be equivalently computed by using
the Fermi golden rule. Let us denote with |Ei〉 the eigenstates of HS with energy Ei, and with
|ek〉 the eigenstates of HB with energy ek. Since HS and HB describe independent degrees of
freedom, the eigenstates of the total uncoupled system, HS + HB, are given by the product
basis, i.e. by |ψik〉 ≡ |Ei〉 ⊗ |ek〉, with corresponding energy εik ≡ Ei + ek, for all i and k.

The Fermi golden rule allows us to compute the transition rate between eigenstates of
HS +HB induced by the coupling term HS,B, which is treated perturbatively. Therefore, the
transition rate from eigenstate |Ei〉 to eigenstate |Ej〉 in the local system S is given by a sum
over all transitions from |ψik〉 to

∣∣ψjk′〉, for all k and k′, in the total system. We thus have
that

Γi→j =
∑
k,k′

2π
~
Wik(1−Wjk′)

∣∣ 〈ψjk′ |T |ψik〉∣∣2 δ(εjk′ − εik), (2.40)

where Wik and Wjk′ are the probabilities of finding the total system in state |ψik〉 and |ψjk′〉
respectively, T denotes the T -matrix [30–33] and δ(x) denotes the Dirac-delta. A perturbative
representation of the T -matrix is given by

T = T (1) + T (2) + . . . (2.41)

with

T (1) = HS,B, T (2) = HS,BG0HS,B, (2.42)

where G0 = 1/(εik −HB−HS + iη) is the Green function of the uncoupled total system, and
η is in infinitesimal positive quantity. The first order term, T (1), yields the standard Fermi
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golden rule rates, while the term T (2) describes processes which involve interacting twice with
HS,B.

A class of systems we will consider in many of the following sections are those where
the bath is composed of a collection of free fermions, and where the local system can host
electrons, for example a quantum dot or a metallic island. In these cases, the coupling
Hamiltonian is chosen as to describe the tunneling of a single electron from one lead to the
other. In this context, the first order term T (1) allows us to compute sequential tunneling
rates, i.e. the rate of single-electron tunneling between the bath and the system. The second
order term T (2), instead, allows us to compute the rate of coherent tunneling of two electron
between the bath and the system, known as cotunneling [34].

We use the notation Γi→j , without any superscript, to denote sequential tunneling only,
i.e. Eq. (2.40) with T = T (1) = HS,B. Instead, we denote with

Γ(cot)
i→j ≡

2π
~
∑
k,k′

Wik(1−Wjk′)
∣∣∣ 〈ψjk′ |T (2)|ψik〉

∣∣∣2 δ(εjk′ − εik)
= 2π

~
∑
k,k′

Wik(1−Wjk′)

∣∣∣∣∣∣
∑
l,k′′

〈ψjk′ |HS,B|ψlk′′〉 〈ψlk′′ |HS,B|ψik〉
εik − εlk′′ + iη

∣∣∣∣∣∣
2

δ(εjk′ − εik) (2.43)

the second order co-tunneling rates. In the second equality we inserted a sum over all eigen-
states |ψlk′′〉 of the uncoupled Hamiltonian HS+HB with corresponding energy εlk′′ . By ana-
lyzing the structure of the last equality in Eq. (2.43), we can pictorially describe co-tunneling
as a process where the interaction HS,B evolves the intial state |ψik〉 into an arbitrary virtual
state |ψlk′′〉, and then a second interaction HS,B evolves the virtual state into the final state
|ψjk′〉. Finally, all these virtual processes are summed up coherently (i.e. the sum over l, k′′
inside the square modulus), and all initial and final states, compatible with the transition
i→ j in the local system, are summed up incoherently (the outer sum over k, k′). A detailed
calculation of the co-tunneling rates in specific systems is described in App. C and E.



3
Quantum thermal machines

In this chapter we discuss how to implement, describe and characterize quantum thermal
machines, and we discuss the laws of thermodynamics in this context. We mainly focus on
two types of thermal machines: the heat engine, and the refrigerator. A heat engine is a
device which converts part of the heat that would naturally flow from the hot bath to the
cold one into useful work. The refrigerator instead is a device which requires work to extract
heat from the cold bath.

There are two main classes of thermal machines: steady-state machines, which we denote
as thermoelectric machines, and driven thermal machines. These machines are distinguished
by different operational regime, and by different ways of exchanging work with the envi-
ronment. Given these profound differences, we discuss thermoelectric machines in Sec. 3.1
and driven thermal machines in Sec. 3.2. We then present original work on thermoelectric
machines in Chaps. 4, 5, 6, 7 and 8, and on driven thermal machines in Chaps. 9 and 10.

3.1 Thermoelectric machines

The thermoelectric effect, first observed by A. Volta [8] in 1794, consists of the generation of
a steady-state charge current or of a voltage drop across some device (for example a metallic
bar) by applying a temperature difference to it. The origin of this effect becomes quite clear
once we realize that, in metallic objects, charge and heat are due to the same microscopic
mechanisms, i.e. by the motion of electrons that carry charge and energy. Indeed, already
in 1853 Gustav Wiedemann and Rudolph Franz observed empirically that in bulk metals the
ratio of the thermal conductance K over the electrical conductance G was a constant at fixed
temperature. Ludvig Lorenz then observed that the ratio K/G is to good approximation
linear in T . These observations gave rise to the famous Wiedemann-Franz law [35]

K

GT
= L, (3.1)

where
L = π2

3

(
kB
e

)2
(3.2)

13
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is the Lorenz number, e being the modulus of the electron charge and kB Boltzmann’s con-
stant.

As we will discuss in this section, the direct proportionality of the electrical and thermal
conductance is a strong limiting factor to the efficiency of thermoelectric devices. Fortu-
nately, this “coupling” between charge and heat breaks down in mesoscopic devices, where
the transport mechanisms is not diffusive anymore. As we will show, this allows us to design
mesoscopic devices where the Wiedemann-Franz law is strongly violated (an explicit example
is given in Chap. 4), and conversely the efficiency as thermal engines is greatly enhanced.

This section is organized as follows: without relying on any specific formalism to compute
the charge and heat currents, in Sec. 3.1.1 we define the prototypical setup we consider in
this thesis, we show how the laws of thermodynamics are stated in this context, and we show
how to construct and evaluate the performance of a heat engine and of a refrigerator. In
Sec. 3.1.2 we focus on the linear response regime, i.e. on small temperature and voltage
biases. In this context, we introduce the transport coefficients and the figure of merit ZT ,
which quantifies the efficiency of heat engines and of refrigerators. In Sec. 3.1.3 we discuss
what properties a system must have in order to exhibit a large figure or merit, and we
discuss why strongly confined systems, such as quantum dots, are expected to have high
thermoelectric efficiency. In Sec. 3.1.4 we show how to explicitly compute the charge and
heat currents flowing across our device building on the formalism introduced in Chap. 2.
Finally in Sec. 3.1.5 we pedagogically apply the formalism developed in Chap. 2 and in
Sec. 3.1.4 to compute the transport coefficients and to evaluate the performance of a single-
level QD operated as a heat engine. We use this example to discuss various physical effects,
such as the concept of energy filtering, which occur also in more complicated and realistic
setups, and we discuss how they can enhance or limit the efficiency of thermoelectric devices.

3.1.1 Setup and characterization of thermal machines

𝑇L, 𝜇L 𝑇R, 𝜇R
Local 

System
S

𝑒𝑉 = 𝜇R − 𝜇L

𝐽L 𝐽R

𝐼

Figure 3.1: A quantum system S (gray circle) is coupled to two fermionic thermal baths character-
ized by temperatures TL (left) and TR (right), and by chemical potentials µL and µR. The difference
in chemical potential is guaranteed by an applied voltage bias V . JL and JR denote the heat currents
flowing out of the respective baths, while I denotes the charge current flowing from left to right.

Let us consider a generic local system S coupled to two fermionic heat baths characterized
respectively by temperatures TL (left) and TR (right), and by chemical potentials µL and µR,
as schematically shown in Fig. 3.1. Since the heat baths are assumed to be large “macroscopic”
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objects, we assume that any interaction in the baths can be accounted for by a quasi-particle
description emerging, for example, by applying a mean-field approximation. Therefore, the
heat baths are described by a collection of free fermions. In this context, we write the
environment Hamiltonian HB, defined in Eq. (2.1), as HB = HL +HR where, for α = L,R,

Hα =
∑
k

εαk c
†
αkcαk. (3.3)

In Eq. (3.3), c†αk (cαk) represents the fermionic creation (destruction) operator of an electron
in bath α with single-particle energy εαk and quantum number k which satisfy the usual
anticommutation relation {cαk, c†α′k′} = δα,α′δk,k′ and {cαk, cα′k′} = 0, δ being the Kronecker
delta. Since the baths are each in an thermal state with a well defined temperature and
chemical potential, the state of the baths ρB is assumed to be prepared at some initial time
as ρB = ρL ⊗ ρR, where

ρα = e−(Hα−µNα)/(kBTα)

Z
. (3.4)

Z = Tr
[
e−(Hα−µNα)/(kBTα)

]
is the grand canonical partition function, and

Nα ≡
∑
k

c†αkcαk (3.5)

is the operator associated with the total number of electrons in bath α.
The temperature and chemical potential imbalance will drive S into an out-of-equilibrium

steady-state which may admit steady-state currents. As schematically shown in Fig. 3.1,
we denote with I the steady-state charge current flowing from left to right and with Jα the
steady-state heat current flowing out of reservoir α. In general, these quantities are defined
as

I ≡ e 〈ṄL〉 ,
Jα ≡ −〈Ḣα − µαṄα〉 ,

(3.6)

where, for an arbitrary operator O, the “dot” denotes the time derivative, which can be
computed as Ȯ = (i/~)[Htot, O], and where the expectation value is defined as 〈O〉 ≡
Tr[ρtot(t→∞)O]. The definition of Jα provided in Eq. (3.6) can be derived from the first law
of thermodynamics. Focusing on bath α, we define the internal energy Uα and the particle
number nα as

Uα ≡ 〈Hα〉 , nα ≡ 〈Nα〉 . (3.7)

The first law, for bath α, is given by

U̇α = µαṅα − Jα. (3.8)

It is now easy to derive the definition of Jα, provided in Eq. (3.6), by combining Eqs. (3.7)
and (3.8).

Since the dynamics of the total system is induced by a time-independent Hamiltonian
Htot, the total energy is conserved. Assuming that in the steady state 〈ḢS〉 = 〈ḢS,B〉 = 0,
energy conservation implies

〈ḢL〉+ 〈ḢR〉 = 0. (3.9)

Furthermore, if we assume that the system is also charge conserving, we have that

〈ṄL〉+ 〈ṄR〉 = 0. (3.10)
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a)

Heat Engine

𝐽L > 0; 𝐽R < 0; 𝑃 > 0

b)

Refrigerator

𝐽L < 0; 𝐽R > 0; 𝑃 < 0

Figure 3.2: Schematic representation of a heat engine a), and of a refrigerator b). The corre-
sponding sign of the heat currents and of the power is reported.

We now provide a definition of the power P extracted from our system. Formally, this
can be done by stating the first law of thermodynamics for the local system S:

P = JL + JR. (3.11)

Plugging Eqs. (3.6), (3.9) and (3.10) into Eq. (3.11), we find that

P = −V I, (3.12)

where the voltage bias V is given by eV = µR − µL. Equation (3.12), which we derived
from the first law, is very intuitive: work is extracted by driving a current against a chemical
potential difference, which can be visualized as charging a macroscopic battery.

While the first law of thermodynamics is an energy conservation statement which treats
heat and work on the same footing, the second law places a bound on the inter-conversion
between these quantities. In steady state, the entropy of the local system S cannot change,
so the second law simply reduces to

JL
TL

+ JR
TR
≤ 0, (3.13)

the equality sign being saturated when the transfer of heat occurs reversibly.
We now discuss how to construct a thermoelectric heat engine and refrigerator. Through-

out this thesis, unless stated explicitly, we assume that TL > TR, and we define the temper-
ature bias ∆T ≡ TL − TR ≥ 0 and the average temperature T ≡ (TL + TR)/2.

A heat engine, as schematically depicted in Fig. 3.2a, is a device which converts part of
the heat naturally flowing from the hot lead to the cold lead into work. Therefore, JL ≥ 0,
JR ≤ 0 and P ≥ 0. We denote with P[E] ≡ P the power of a heat engine. Due to the second
law, not all heat can be converted into work. Therefore the efficiency, defined as the ratio
between the extracted work and the heat provided by the hot lead, is bound by the second
law [Eq. (3.13)] to be smaller than Carnot’s efficiency ηc ≡ 1− TR/TL:

η ≡
P[E]
JL
≤ ηc. (3.14)

The charge and heat currents are a function of the temperature difference ∆T and of the
voltage bias V . We can therefore define the maximum efficiency η(max) as the efficiency
maximized over the voltage bias at fixed temperature difference, i.e.

η(max) ≡ max
V

η. (3.15)
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In most scenarios, maximizing the efficiency yields a low extracted power. Intuitively, this is
due to the fact that, in most systems, achieving Carnot’s efficiency implies that the extracted
power is zero. Therefore, maximizing the efficiency may not be the best choice in practical
applications. It is thus important to introduce the concept of maximum power P (max)

[E] , which
we define as

P
(max)
[E] ≡ max

V
P[E]. (3.16)

This definition prompts us to introduce also the concept of efficiency at maximum power
η(P (max)

[E] ), which is the efficiency of the engine when it is operated at maximum power.
Many attempts have been made in literature trying to place an upper bound to the effi-
ciency at maximum power. For small temperature differences, as we show in Sec. 3.1.2,
η(P (max)

[E] ) ≤ ηc/2 [11]. This bound was extended to finite temperature differences in Ref. [36]
by concatenating many engines operating in the linear regime, finding that the efficiency at
maximum power is bound by the Curzon-Ahlborn efficiency

ηCA ≡ 1−
√
TR
TL
. (3.17)

This bound was previously derived for an endoreversible model of a heat engine [37]. However,
this is not a fundamental upper bound. Indeed, within the context of driven engines, it has
been shown [38] that any system operating in the low dissipation regime, which means “slow
enough”, exhibits an efficiency at maximum power bound by the Schimdt-Seifert [39] efficiency

ηSS ≡
ηc

2− ηc
, (3.18)

which is larger than ηCA. Furthermore, in Chap. 4 we prove that the efficiency at maximum
power of a thermoelectric heat engine based on an interacting multilevel quantum dot can
exceed ηCA beyond the linear response regime, while in Chap. 9 we show that, by choosing a
specific system-bath coupling, it is possible to construct a driven heat engine based on a qubit
that exhibits an efficiency at maximum power arbitrarily close to ηc. While this implies that
there is no fundamental upper bound to η(P (max)

[E] ) other than ηc, in most concrete setups
strict upper bounds do emerge, and it is nonetheless an important thermodynamic quantity
to study.

A refrigerator, as schematically depicted in Fig. 3.2b, is a device which requires work to
extract heat from a cold bath, therefore JL ≤ 0, JR ≥ 0 and P ≤ 0. The power (or cooling
power) of a refrigerator is defined as P[R] ≡ JR. Also in this case, the second law places a
bound on the inter-conversion between heat and work. The coefficient of performance (COP)
C of a refrigerator, which plays the role of the efficiency for heat engines, is defined as the
ratio between the cooling power and the power provided, and it is bound by Cc ≡ TL/∆T :

C ≡
P[R]
|P |
≤ Cc. (3.19)

We then define the maximum COP as

C(max) ≡ max
V

C. (3.20)

As in the heat engine case, the cooling power P[R] is typically small when the system is
operated at maximum COP. We therefore define the maximum cooling power

P
(max)
[R] ≡ max

V
P[R]. (3.21)
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Also in this case, we define the COP at maximum power, denoted by C(P (max)
[R] ), as the COP

when the system is operated at maximum power.
In the next section, we show how in the linear response regime η(max), η(P (max)

[E] ), and
C(max) can all be expressed in terms of a single dimensionless quantity known as the figure
of merit ZT .

3.1.2 Linear response regime

We talk about “linear response regime” when the charge and heat currents are linear in ∆T
and V . Typically, this happens when ∆T/T � 1 and eV/(kBT )� 1. As we now show, the
linear response regime allows us to characterize the performance of a heat engine and of a
refrigerator in terms of a single dimensionless figure of merit ZT.

By definition, within the linear response regime we can write(
I
JL

)
=
(
L11 L12
L21 L22

)(
V

∆T/T

)
, (3.22)

or equivalently:
~j = L· ~x, (3.23)

where ~j ≡ (I, JL), ~x ≡ (V,∆T/T ), and where the matrix L, with coefficients Lij , is known as
the Onsager matrix [11]. Notice that the heat current JR is a function of I and JL through
the first law, i.e. Eqs. (3.11) and (3.12). The Onsager matrix L, which depends on the
details of the system, satisfies the property L12 = L21 in time-reversal symmetric systems.
We will work under this assumption throughout the whole thesis. Furthermore, in order
to guarantee positive entropy production, L must be positive semi-definite. This can be
shown by plugging the expansion in Eq. (3.23) into Eq. (3.13), i.e. the second law, under the
assumption ∆T/T � 1, and requiring that the inequality is satisfied for all choices of ∆T
and V .

In order to characterize the transport properties in terms of physically meaningful quanti-
ties, we introduce the following transport coefficient: the electric conductance G, the Seebeck
coefficient S and the thermal conductance K. As we now show, these three quantities are in
a one-to-one relation with L. The electric conductance, defined as

G ≡ I

V

∣∣∣∣
∆T=0

= L11, (3.24)

describes the electrical response of the system to a voltage bias while the temperature differ-
ence is zero. Since L is positive semi-definite, we have that G ≥ 0. The Seebeck coefficient
S, defined as

S ≡ − V

∆T

∣∣∣∣
I=0

= 1
T

L12
L11

, (3.25)

describes the voltage that the system develops, as a response to a temperature difference, in
open circuit condition. This voltage, know as the thermovoltage, is responsible for enforcing
I = 0 in the presence of a temperature difference. A high values of S means that a large
voltage is necessary to balance the current that is induced by a temperature difference. At
last, the thermal conductance, defined as

K ≡ JL
∆T

∣∣∣∣
I=0

= 1
T

det(L)
L11

, (3.26)
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describes the thermal response of the system to a temperature difference in open circuit
conditions. Under this hypothesis the power is zero so, thanks to the first principle, we have
that JL = JR. Since L is positive semi-definite, both L11 ≥ 0 and det(L) ≥ 0, so K ≥ 0.

We now express the properties of a heat engine, namely P (max)
[E] , η(max) and η(P (max)

[E] ) in
terms of the transport coefficients. To this end, we define the dimensionless figure of merit

ZT ≡ GS2T

K
(3.27)

which, thanks to the positivity of the Onsager matrix, is a non-negative quantity. It is easy
to show that the following relations hold

P
(max)
[E] = 1

4GS
2 ∆T 2, (3.28)

and
η(max) = ηc

√
ZT + 1− 1√
ZT + 1 + 1

, η(P (max)
[E] ) = ηc

2
ZT

2 + ZT
, (3.29)

where, within the linear response, ηc = ∆T/T . Because of Eq. (3.28), the combination GS2

is known as “power factor”. Interestingly, both the maximum efficiency and the efficiency at
maximum power are growing functions of ZT . Therefore, finding an optimal device from a
thermoelectric point of view is equivalent to finding devices with a large ZT . In Sec. 3.1.3
we discuss which characteristics a system must have to yield a large value of ZT . We notice
that, as ZT → ∞, η(max) approaches ηc, while η(P (max)

[E] ) approaches ηc/2, as anticipated in
Sec. 3.1.1. Therefore, within the linear response regime, for time-reversal symmetric systems,
the efficiency at maximum power is exactly upper bounded by ηc/2. Indeed, both upper
bounds ηCA and ηSS, introduced respectively in Eqs. (3.17) and (3.18), yield ηc/2 when
expanded to first order in ∆T/T .

In the refrigerator case, the maximization of the cooling power P (max)
[R] , within the linear

response regime, yields the unphysical result |V | → ∞. We therefore only consider the
maximization of the COP. A simple optimization of C yields

C(max) = Cc

√
ZT + 1− 1√
ZT + 1 + 1

, (3.30)

where Cc = T/∆T within the linear response regime. Interestingly, also C(max) is a growing
function of ZT with the same functional dependence on ZT as η(max), see Eq. (3.29).

3.1.3 The best thermoelectrics

In the previous section, we expressed the thermodynamic properties of thermoelectric heat
engines and refrigerators in terms of the transport coefficients. Thanks to Eqs. (3.28), (3.29)
and (3.30), it is clear that a good thermoelectric device must have a large value of ZT , while
retaining also a large power factor GS2. We are therefore interested in finding devices with
large values of G and S, which increases both the power factor and the figure of merit, and
small values of K.

Unfortunately, most bulk materials have ZT < 1, while a value of at least ZT ≈ 3 is
required to make thermoelectric devices competitive with traditional heat engines based on
moving parts [11]. The optimization of ZT is a very difficult task, since G, S and K cannot
be varied independently. As anticipated earlier, one limiting factor is the Wiedemann-Franz
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law [see Eq. (3.1)] which fixes the ratio GT/K in many bulk materials, preventing us from
varying G and K independently. Furthermore, Ref. [11] argues that any good thermoelectric
material is likely to strongly violate the Wiedemann-Franz law.

In a seminal work by Mahan and Sofo [5], it was shown that devices that act as “energy
filters” yield a divergent value of ZT . In other words, we are interested in devices where
only electrons with a given fixed energy contribute to transport. This can be achieved by
considering, for example, low dimensional systems which exhibit peaked density of states, or
considering the extreme case of a single-level quantum dot (QD), which is a fermionic system
with a single energy level. As we show in Sec. 3.1.5, when a single-level QD is weakly coupled
to the leads, only electrons which have the exact energy of the QD’s energy level are allowed to
tunnel between the baths and the QD, realizing an energy filter as prescribed by Mahan and
Sofo. As we show, this system yields a divergent value of ZT by producing a divergent value
of GT/K, which is a stark violation of the Wiedemann-Franz law. Physically, QDs exhibit a
discrete spectrum, with an energy spacing even larger than the thermal energy (at cryogenic
temperatures), thanks to extreme spatial confinement of the electrons. For example, in
Chap. 5 we study the thermoelectric properties af a QD embedded in an InAs/InP nanowire,
where the size of the QD is of the order of tens of nanometers, producing a level spacing of
the order of 5meV.

3.1.4 Computing charge and heat currents

In this section we discuss how to compute the charge and heat currents flowing across our de-
vice building on the framework described in Chap. 2. We assume that the out-of-equilibrium
state of the system, described by the probabilities pi solutions to Eq. (2.36) in the steady-
state, are known. While the expressions we now derive can be obtained using a more formal
approach, we present an intuitive derivation which sheds light on the microscopic mechanism
responsible for charge and heat transport in the weak coupling regime. This approach also
allows us to develop useful physical intuition necessary to compute charge and heat currents
also beyond the weak coupling regime.

For concreteness, let us assume that we have two thermal baths, so HB = HL + HR. If
the baths are independent (as we assume through the entire thesis), we can decompose the
rates

Γi→j = Γ(L)
i→j + Γ(R)

i→j , (3.31)

where Γ(α)
i→j , formally defined by Eq. (2.40) with T = HS,α, is the transition rate induced

by bath α. Furthermore, let us focus on I (which is the charge current flowing from left to
right) and on JL defined in Eq. (3.6). We recall that JL is defined as the variation of the
expectation values of

Hα − µαNα. (3.32)

Therefore, we can interpret I as −e times the variation in electron number of the left bath,
and JL as the variation of energy of the left bath, minus µα times the variation in electron
number of the left bath.

In this thesis, we study steady-state devices which are fermionic, and such that the eigen-
states of HS have a well define number of electrons (i.e. HS commutes with the operator
associated with the total fermionic number in S). This is equivalent to requiring that S, alone,
does not create nor destroy electrons. Of course, this assumption encompasses also classes of
interacting systems, such as electronic devices with Coulomb repulsion (examples are studied
in Chaps. 4, 5, 6, 7 and 8). We therefore denote with Ni and Ei respectively the number of
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electrons and the energy of eigestante |Ei〉 of HS. From the derivation of the Pauli master
equation, valid in the weak-coupling regime, we can draw the following physical picture: our
system S undergoes transitions between eigenstates by interacting with the baths. We can
associate a transition rate Γi→j to each transition from some state |Ei〉 to some state |Ej〉
of S. In most cases considered in this thesis, these transitions are due to electrons tunneling
between the baths and the system. A transition between |Ei〉 and |Ej〉 changes the number
of charges in S from Ni to Nj , and its energy from Ei to Ej . Since these transitions conserve
the total number of electrons (by hypothesis of HS,α) and energy (at leading order in the
coupling strength, the rates are computed with the Fermi golden rule, which imposes energy
conservation), the number of electrons and the energy of the baths change respectively by
(Ni−Nj) and (Ei−Ej) upon the transition. We can therefore compute I and JL accounting
for the transported quantity upon all possible transitions. This yields

I =
∑
i,j

pi Γ(L)
i→j(−e)(Nj −Ni),

JL =
∑
i,j

pi Γ(L)
i→j [(Ej − Ei)− µL(Nj −Ni)] .

(3.33)

The sum over i is a sum over all possible states of S, while the sum over j describes all possible
transition from state i to state j (notice that the terms within the sum vanish for i = j).
The transition rate Γ(L)

i→j is then multiplied by the corresponding transported quantity, i.e.
the charge −e(Nj −Ni) or the heat (Ej − Ei)− µL(Nj −Ni).

With a similar argument, we can also include the effect of co-tunneling in the charge
and heat currents. A detailed derivation is provided in Chap. 6 and in App. C. All ther-
modynamics quantities, such as the power, efficiency and COP, can now be computed from
Eq. (3.33).

3.1.5 Single-level quantum dot-based heat engine: an energy filter

In this section we use the formalism developed in Chap. 2 and in Sec. 3.1.4 to study the
performance of a single-level QD-based heat engine. This example allows us to introduce
some concepts and methods which are relevant also for more complicated systems, and we
illustrate the idea of an “energy filter”. While an exact solution, valid for arbitrary coupling
strength, which allows us to compute the charge and heat currents through such a simple
system is known [40, 41], we use the perturbative approach of Chap. 2 as a way to illustrate
the formalism which can then be applied also to complicated interacting systems where exact
solutions are hard, if not impossible, to find.

The Hamiltonian of the single-level QD is given by

HS = E d†d, (3.34)

where d† (d) is the creation (destruction) fermionic operator of the electron in the QD, and
the Hamiltonian of the baths is the one described in Eq. (3.3). Since we are considering two
thermal baths, the coupling Hamiltonian will be given by HS,B = HS,L + HS,R, where HS,α
describe the coupling between the QD and bath α. We assume that the QD is tunnel-coupled
to bath α, i.e.

HS,α =
∑
k

Vαk d
†cαk + h.c., (3.35)

where Vαk are complex coefficients describing the system-bath coupling.
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The starting point of our calculation is the Pauli master equation, see Eq. (2.36). The
two states of our system are the empty state |E0〉 ≡ |0〉, where |0〉 is the fermionic vacuum
state, and the occupied state, |E1〉 ≡ d† |0〉. State |E0〉 is characterized by 0 energy and 0
electrons in the QD, while state |E1〉 is characterized by energy E and 1 electron. Denoting
with p0 and p1 the corresponding probabilities, the steady-state solution can be found setting
dp1/dt = 0 and recalling the normalization condition for probabilities, i.e.

p0Γ0→1 − p1Γ1→0 = 0,
p0 + p1 = 1,

(3.36)

where Γi→j are the sequential tunneling rates describing a transition in the local system from
state |Ei〉 to |Ej〉. We compute these rates using the Fermi golden rule Eq. (2.40) as discussed
in Sec. 2.2.

Let us start from Γ0→1. We need to consider all eigenstates of the total uncoupled system
which describe an electron tunneling from the baths to the empty QD. Therefore, the initial
and final states are1

|ψ0αk〉 = c†αk |0〉 , |ψ1〉 = d† |0〉 , (3.37)

for all values of α = L,R and k. Notice that while there are many initial states |ψ0αk〉,
indexed by α and k, describing this transition, there is only one final state |ψ1〉. The energy
of |ψ0αk〉 is ε0αk = εαk, and the energy of |ψ1〉 is ε1 = E. Plugging this into the leading
order Fermi golden rule Eq. (2.40) yields

Γ0→1 = 2π
~
∑
αk

W0αk(1−W1)| 〈0|dHS,αc
†
αk|0〉 |

2δ(εαk − E). (3.38)

Since the equilibrium thermal probability of finding a fermion with energy εαk in bath α is
given by the Fermi distribution fα(εαk − µα) ≡ (1 + e(εαk−µα)/(kBTα))−1, W0αk = fα(εαk −
µα), while W1 = 0 since this process requires the QD to be initially empty (Γ0→1 is the
conditional probability per unit time of having a transition from |E0〉 to |E1〉, provided that
the QD is empty). Using these relations, plugging Eq. (3.35) into Eq. (3.38) and using the
anticommutation relations, we find

Γ0→1 =
∑
α

Γ(α)
0→1 ≡

∑
α

2π
~
∑
k

fα(εαk − µα)|Vαk|2δ(εαk − E), (3.39)

where we split the sum over α in order to separate the contribution of the two baths. Notice
that the energy conserving delta-function in Eq. (3.39) imposes that only electrons with
energy εαk = E can tunnel from the baths into the QD: this is precisely the mechanism
producing the energy filter we mentioned earlier. Since the thermal baths are assumed to be
large objects, the level spacing is assumed to be infinitesimal. This allows us to perform the
following formal substitution ∑

k

g(εk)→
∫ +∞

−∞
dεDα(ε)g(ε), (3.40)

1More precisely, one should consider all eigenstates of the baths, therefore also multi-electron states. One
then associates to each configuration a probability given by the grand-canonical distribution. For simplicity,
since the baths are non-interacting, we here adopt a single-particle picture such that we only consider single-
particle states, and we associate to each state a probability given by the Fermi distribution. The two approaches
yield identical results.
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where Dα(ε) ≡
∑
k δ(ε−εk) is the density of states of bath α, and g(ε) is an arbitrary function

(sufficiently smooth on the energy spacing scale of bath α). This yields

Γ(α)
0→1 = γαfα(E − µα), (3.41)

where
γα ≡

2πD(E)|Vα(E)|2

~
(3.42)

fixes the typical rate. In Eq. (3.42) we define Vα(εk) ≡ Vαk. In most realistic cases, the
density of states and the coupling constants are approximately constant on the energy scale
where transport occurs (which is order of the largest between eV and kBTα); therefore it is
common to assume that γα does not depend on energy. Equations (3.41) and (3.42) describe
a lot of physics: we see that the probability per unit time for an electron to tunnel from the
lead to the QD is proportional to the occupation of the electrons in the lead, described by
the Fermi distribution. Indeed, if the chemical potential of lead α is smaller than E, and the
distance is much larger than kBTα, then the rate becomes vanishingly small since there are
no electrons which have a high enough energy to tunnel into the QD. If instead the chemical
potential is larger than E, and the distance is much larger than kBTα, than Γ(α)

0→1 ≈ γα
reaches its maximum value, which depends on the square of the coupling terms Vαk, and on
the density of states of the bath. If instead |E − µα|/(kBTα) . 1, then Γ(α)

0→1 will be a finite
fraction of γα.

We now move to Γ1→0, which also in this case will be given by the sum of the contributions
of the two leads, i.e. Γ1→0 =

∑
α Γ(α)

1→0. We could repeat the previous reasoning to the inverse
process, however a faster way to compute this rate is to invoke the detailed balance equation.
Indeed, the rate associated to a process is directly related to the rate associated with the
inverse process through Eq. (2.38). Using the algebraic relation fα(ε)/[1−fα(ε)] = e−ε/(kBTα),
it is easy to show that

Γ(α)
1→0 = γα[1− fα(E − µα)]. (3.43)

The 1−fα(E−µα) factor in Eq. (3.43) represents the fact that, because of the Pauli exclusion
principle, the state in the baths at energy E must be unoccupied for the electron to tunnel
from the QD to the bath.

The out-of-equilibrium state of the QD can be computed by plugging Eqs. (3.43) and
(3.41) into (3.36), yielding

p0 = γL(1− fL) + γR(1− fR)
γL + γR

, p1 = γLfL + γRfR
γL + γR

, (3.44)

where, for ease of notation, we defined fα ≡ fα(E − µα).
We can now compute the charge and heat currents. Equation (3.33) reduces to

I = (−e) p0Γ(L)
0→1 − (−e) p1Γ(L)

1→0,

JL = (E − µL) p0Γ(L)
0→1 − (E − µL) p1Γ(L)

1→0.
(3.45)

Plugging Eqs. (3.41), (3.43) and (3.44) into Eq. (3.45) yields

I = −e γLγR
γL + γR

(fL − fR),

JL = E − µL
−e

I.
(3.46)
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It is now straightforward to compute the transport coefficients using their definition. Since
the energies µα and E are defined up to an additive constant, without loss of generality we
set E = 0. Furthermore, defining µ such that µR = µ+ eV/2 and µL = µ− eV/2, it is easy
to find

G = e2

4kBT
γLγR
γL + γR

1
coth2

(
µ

2kBT

) ,
S = µ

eT
,

K = 0.

(3.47)

As a function of the average chemical potential µ, the electrical conductance is bell-shaped,
with the maximum at µ = 0, i.e. at resonance, and with a characteristic width determined by
the thermal energy kBT . The electrical conductance then decays exponentially as µ increases.
The Seebeck coefficient, instead, is a linear function of µ and it vanishes at resonance. Indeed,
the Seebeck coefficient is zero when the system is particle-hole symmetric, and this occurs in
our system when µ = 0.

Strikingly, K = 0, which implies
ZT →∞. (3.48)

Indeed, our system acts as a perfect energy filter thus, as predicted by Mahan and Sofo, its
figure of merit diverges. The high efficiency and efficiency at maximum power of a single-level
QD in the weak coupling regime is therefore due to the fact that it exhibits a finite power
factor GS2, while K = 0, resulting in ZT → ∞. This surprising behavior of K is a direct
consequence of the proportionality between I and JL [see Eq. (3.46)]. Indeed, K is defined
as the ratio between JL and ∆T when the voltage bias is chosen as to guarantee I = 0.
Crucially, if I and JL are directly proportional, as in our case, I = 0 implies JL = 0, and
therefore K = 0. It is thus the proportionality between JL and I which maximizes the figure
of merit, and this happens only if all electrons tunneling through the device have the same
exact energy (in our case, they all carry energy E).

In reality, it is not possible to realize a device which has both finite power, and an
exactly divergent ZT . There are (at least) two effects that break the proportionality between
I and JL by allowing electrons to tunnel through the device with different energies. The
first is the presence of other energy levels in the QD. While all electrons obviously carry a
charge −e, the presence of other energy levels allows electrons to tunnel through the device
carrying different energies, and thus breaking the proportionality I ∝ JL. An example of an
experiment where this effect is dominant is described in Chap. 5. Another mechanisms is
the so-called “level broadening”, which arises by considering processes beyond leading order
in the coupling strength. Indeed, processes such as co-tunneling allow electrons to tunnel
directly from one lead to the other passing through a virtual state in the QD. This process
is such that tunneling electrons are allowed to have an energy inside an energy windows
centered around E with a characteristic width set by ~γα. Therefore, it is as if we had a
“leak” in our energy filter. One would be tempted to decrease the coupling γα as to make
the filter more and more ideal. However, doing so reduces the power (which scales as ~γα):
this is one of the many cases where we witness a trade-off between efficiency and power. An
example of an experiment where this effect is dominant is described in Ref. [42].

At last, another physical mechanism which reduces the efficiency of actual devices is the
presence of phonons. They do not carry charge, so they do not contribute to G and S, but
they carry energy, so they contribute to K by increasing the thermal conductance. While
their impact becomes negligible at sufficiently low temperatures (for example at cryogenic
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temperatures), they are definitely relevant at room temperature, and they only have a detri-
mental effect on the performance of thermoelectric device. Throughout this thesis, we only
focus on the electronic degrees of freedom, therefore neglecting the impact of phonons.

Despite these limitations, the idea of implementing energy filters is a fundamental concept
when building efficient thermoelectric devices. This idea resulted in numerous theoretical
and experimental works (see Chap. 4 for an overview of the literature). For example, using
QD-based devices, it was experimentally shown in Ref. [42] that an electronic efficiency at
maximum power close to the Curzon-Ahlborn efficiency can be achieved at temperatures
around T = 1K, while in Chap. 5 we describe an experiment where an electronic figure of
merit ZT ≈ 35 can be achieved at temperatures around T = 30K. In the former example,
the efficiency is limited by the level-bradening effect, while in the latter by the multilevel
structure of the QD.

3.2 Driven thermal machines

In this section we discuss how to implement a driven thermal machine and how to describe
its performance. While the systems studied in Sec. 3.1 operate in the steady-state, and they
perform work again a chemical potential difference, the systems we consider in this section
are instead driven in time, i.e. the Hamiltonian of the local system HS(~u(t)) is explicitly
time-dependent through a set of control parameters ~u(t). These control parameters could be
for example gate voltages, electromagnetic fields, etc. In this scenario, work is performed
by the external fields, for example by a gate voltage source. In this thesis, we only consider
driven systems in the weak-coupling regime.

The operating principle of these machines is very similar to a classical thermodynamic
heat engine. Let us consider the standard example of an ideal gas, which plays the role of our
system S, inside a chamber with a movable piston. Assuming that the system remains close
to equilibrium, we can describe the state of the system by specifying its pressure, volume and
temperature. The evolution of the state of the system is described by the state equation, and
it is influenced by two effects: we can couple the system to a heat bath, allowing heat to flow
between the bath and the system, or we can act on the system with some time-dependent
control which compresses or expands the gas. The state of the system will therefore change
both because we can couple it to a heat bath, and because we can act on it with some time-
dependent control. At last, we can extract work from the system by allowing the piston to
expand in time. In this setup, work is performed against the external time-dependent force
that is compressing or expanding the gas.

In the quantum case the state of the system can be driven completely out-of-equilibrium,
so we cannot use an effective description in terms of a handful of macroscopic variables.
Instead, the state of the system is described by the reduced density matrix ρ(t). The state,
which evolves according to the Lindblad master equation [see Eq. (2.29)], can change because
we couple the system to a heat bath, or because we act on the system with some time-
dependent control. Also in this case, work is performed against the time-dependent controls
~u(t).

In Sec. 3.2.1 we describe in detail how to compute the heat currents and the work in
driven systems, and we present the laws of thermodynamics in this context. We then discuss
how to implement a heat engine or a refrigerator, and we give some general properties of the
efficiency at maximum power. In sec. 3.2.2 we pedagogically apply the formalism described in
Sec. 3.2.1 to study a heat engine based on a driven qubit (two level system) in the infinitely
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slow regime. Finite-time effects, studied using the formalism described in Chap. 2 and in
Sec. 3.2.1 are studied in Chaps. 9 and 10.

3.2.1 Setup and characterization of thermal machines

𝑇L 𝑇R
Local 

System
S

𝐽L 𝐽R

𝑢(𝑡)

𝑃

Figure 3.3: A quantum system S (gray circle), which is controlled through a set of control param-
eters ~u(t), can be coupled to a thermal bath at temperature TL (left red box) or to a thermal bath
at temperature TR (right blue box). JL and JR denote the heat fluxes flowing out of the respective
thermal baths, whereas P denotes the extracted power.

Let us consider a generic system S that can be coupled to two arbitrary heat baths
characterized respectively by temperatures TL (left) and TR (right), as schematically shown
in Fig. 3.3. We can control the system in time through a set of controls parameters ~u(t)
which enter the Hamiltonian of the system so that HS(~u(t)). Furthermore, we assume that
we can arbitrarily couple and decouple the thermal baths to the system. As in the previous
section, we consider two thermal baths, so we have that HB = HL + HR, where Hα is the
Hamiltonian of bath α with α = L,R. We assume that the reduced density matrix ρ(t) of
the local system evolves according to the Lindblad master equation (2.29). Since we have
two thermal baths, the dissipator decomposes naturally as D~u(t)[ρ] = DL,~u(t)[ρ] + DR,~u(t)[ρ].
Neglecting the Lamb-shift Hamiltonian, the Lindbald master equation therefore reads

d

dt
ρ(t) = − i

~
[HS(~u(t)), ρ(t)] +

∑
α

λα(t)Dα,~u(t)[ρ(t)], (3.49)

where λα(t) = 0, 1 is an additional control parameter that allows us to switch on or off
the coupling to bath α by setting to 0 the contribution of bath α. Since the control ~u(t)
can change the spectrum of HS(~u(t)), we use the notation Dα,~u(t)[ρ(t)] to emphasize the
dependence of the dissipators on the controls. While the Lindblad equation was derived
in Chap. 2 assuming that HS did not depend on time, it can be shown that it holds as
in Eq. (3.49), with dissipators computed using the instantaneous spectrum of HS(~u(t)), if
HS(~u(t)) commutes with itself at all times, or if the driving speed of ~u(t) is slow enough as
to guarantee the validity of the quantum adiabatic theorem for a closed system evolving only
according to HS(~u(t)) [43–45].

We now derive an expression to compute the extracted power and the heat currents flowing
out of the baths. We start from the definition of work. Let us assume, for the moment, that
ρ(t) evolves only under the influence of HS(~u(t)), i.e. we set λα(t) = 0. In such case, there
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are no heat baths, so the first law of thermodynamics for the system is given by

U̇(t) = −P (t), (3.50)

where P (t) is the extracted power, and U(t) is the internal energy defined as

U(t) = Tr[ρ(t)HS(~u(t))]. (3.51)

Taking the time derivative yields

U̇(t) = Tr[ρ̇(t)HS(~u(t))] + Tr
[
ρ(t)ḢS(~u(t))

]
, (3.52)

where, with a slight abuse of notation, we denote ḢS(~u(t)) = d/(dt)HS(~u(t)). Using Eq. (3.49)
and the cyclic property of the trace, it is easy to see that the term proportional to ρ̇(t) vanishes
if the evolution of ρ(t) is unitary. Therefore the extracted power, for a closed system, is given
by

P (t) = −Tr
[
ρ(t)ḢS(~u(t))

]
. (3.53)

We now move to the case where also the baths are coupled, i.e. λα(t) 6= 0. Denoting with
Jα the heat flowing out of lead α, the first law of thermodynamics is given by

U̇(t) = −P (t) +
∑
α

Jα. (3.54)

Differentiating U̇(t) as in Eq. (3.52) and using Eq. (3.49) yields

U̇(t) = Tr
[
ρ(t)ḢS[~u(t)]

]
+
∑
α

λα(t) Tr
[
Dα,~u(t)[ρ(t)]HS(~u(t))

]
. (3.55)

We therefore identify the power as in Eq. (3.53), and the heat currents with [46]

Jα = λα(t) Tr
[
Dα,~u(t)[ρ(t)]HS(~u(t))

]
. (3.56)

We are now able to compute the heat currents and the power extracted from our machine,
but we still need to understand how to construct thermodynamic cycles. As in classical
thermal machines, we wish to operate our system cyclically, such that the variation of internal
energy is zero after each cycle. Thanks to the first law of thermodynamics, this implies that
all the extracted work only comes from energy exchanged with the baths in the form of heat,
and not from a particular preparation of the system’s state. We therefore consider a periodic
control with period T , such that ~u(t+ T ) = ~u(t), and λ(t+ T ) = λ(t). We may refer to this
periodic control with the term “protocol”. From Eq. (3.51) we see that the internal energy
difference is zero after each cycle only if both the control and the state ρ(t) are periodic.
However, the state ρ(t) is not in general periodic.

We can recover the standard concept of a cycle by exploiting an interesting prop-
erty of the Lindblad master equation: the real part of the eigenvalues of the Lindbla-
dian generator L~u(t),λα(t), defined as the linear operator such that Eq. (3.49) is written as
ρ̇(t) = L~u(t),λα(t)[ρ(t)], are all non-positive [27]. It can be shown that, under weak assump-
tions, this property implies that ρ(t) admits a so-called “limiting cycle” [29]. This means
that, if we apply a T periodic protocol ~u(t) and λ(t), after a sufficiently long time the state
ρ(t) will also become a periodic function with the same period T . This asymptotic solution,
known as the limiting cycle, does not depend on the initial condition for ρ(t). Throughout
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this thesis, we therefore focus on the regime where both the protocol and the state are pe-
riodic functions with the same period. In this regime, the internal energy difference is zero
after each cycle.

Defining 〈P 〉 as the average work and 〈Jα〉 as the average heat exchanged during one
cycle, i.e.

〈P 〉 ≡ 1
T

∫ T

0
P (t) dt, 〈Jα〉 ≡

1
T

∫ T

0
Jα(t) dt, (3.57)

the first law reduces to
〈P 〉 = 〈JL〉+ 〈JR〉 , (3.58)

and the second law, for the time averaged quantities, reduces to

〈JL〉
TL

+ 〈JR〉
TR

≤ 0. (3.59)

We can now define a heat engine and a refrigerator as in Sec. 3.1.1 using the average power
and heat currents instead of their steady-state counterpart. Let us assume that TL ≥ TR. A
heat engine is a system that converts part of the heat flowing from the hot lead ( 〈JL〉 ≥ 0)
to the cold lead ( 〈JR〉 ≤ 0) into work ( 〈P 〉 > 0). The power of a heat engine is therefore
identified with P[E] ≡ P , and 〈P[E]〉 denotes its time average over a cycle. The efficiency is
then defined as

η ≡
〈P[E]〉
〈JL〉

. (3.60)

The maximization of the efficiency is something that has been understood since Carnot,
i.e. we must perform reversible transformations. This universal strategy typically requires
infinitely slow transformations, which means that a finite amount of work is extracted over an
infinite amount if time. Therefore, while it is possible to reach Carnot efficiency, this usually
comes to the price that 〈P[E]〉 = 0. It is therefore interesting to try to understand how to
maximize the power.

The maximization of the extracted power, i.e. the maximization over all possible cycles
described by all possible periodic functions ~u(t) and λα(t), is in general a formidable task.
Indeed the power, which involves finite-time thermodynamics, strongly depends on the un-
derlying dynamics of the system, and as such it is deemed as a model specific task, lacking
universal traits. There have been many attempts in literature to design cycles yielding high
power. These strategies range from the use of shortcuts to adiabaticity to speed up Carnot
cycles [47–50], to optimal control techniques [51–56], to slow driving expansions [38, 57–60]
(see Chap. 9 for an overview of the literature). In Chaps. 9 and 10 we show that, for small
quantum systems obeying Lindblad dynamics, there may be universal features in the optimal
protocols that deliver maximum power.

A concept closely related to the maximum power, which has received a lot of attention
in literature, is that of the efficiency at maximum power η(P (max)

[E] ), defined as the efficiency
of the heat engine while it is operating at maximum power. As in the steady-state case,
many bounds have been derived in literature either for certain classes of systems, or in
certain operational regimes. For example, the Curzon-Ahlborn efficiency [see Eq. (3.17)]
emerges in various specific models [37, 61, 62], and it has been derived by general arguments
from linear irreversible thermodynamics [36]. Notably, it has been shown in Ref. [38] that
low dissipation heat engines, i.e. systems operated slow enough such that only leading order
corrections in 1/T are accounted for respect to the infinitely slow regime, exhibit an efficiency
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at maximum power that is exactly upper bounded by the ηSS efficiency [defined in Eq. (3.18)],
valid for any temperature difference. However, in Sec. 9 we show that, for a simple two-level
system, the maximum power is reached in the opposite regime, i.e. when the driving is
faster than the typical thermalization rates induces by the bath, such that the state of the
system is completely out-of-equilibrium. In this regime, we show that the only upper bound
to efficiency at maximum power is given by the Carnot efficiency.

Analogously, we can construct a refrigerator, a machine that requires work ( 〈P 〉 ≤ 0)
to move heat from the cold bath ( 〈JR〉 ≥ 0) to the hot bath ( 〈JL〉 ≤ 0). The power we
are interested in is related to the heat extracted from the cold bath. We therefore define
P[R] ≡ JR, and 〈P[R]〉 its average over a cycle. The COP is defined as

C ≡
〈P[R]〉
| 〈P 〉 |

. (3.61)

As in the heat engine case, C can be maximized by performing reversible transformations,
which allow us to reach the Carnot upper bound Cc, at the price of vanishing power. We
are therefore interested in studying the maximum power P (max)

[R] , i.e. the average power
maximized over all possible protocols. We can then study also the COP at maximum power
C(P (max)

[R] ), defined as the COP when the system is delivering maximum power.

3.2.2 Slowly driven qubit-based Otto cycle

In this section we go through a simple example, namely a system comprised of a qubit
coupled to two thermal baths. We study how the system performs by applying an infinitely
slow Otto cycle. This allows us to understand how different Otto cycles can lead the system
to operate as a heat engine or as a refrigerator. We then compute the efficiency and the COP.
The maximization of the power of a qubit-based heat engine or refrigerator, accounting for
finite-time effects, is performed in Chap. 9.

Assuming as usual that TL ≥ TR, a quantum Otto cycle is made up of four strokes.

1. Hot isothermal stroke: S is placed in contact with the hot bath at temperature TL
for some time τL while the controls are not varied. As a consequence, only heat is
exchanged between the bath and S.

2. Adiabatic stroke: S is disconnected from the baths, and the controls are varied in time
according to some protocol. The evolution during this stroke is unitary, thus only work
is extracted/performed on the system.

3. Cold isothermal stroke: S is placed in contact with the cold bath at temperature TR for
some time τR while the controls are not varied. Only heat is exchanged between the
bath and S.

4. Adiabatic stroke: S is disconnected from the baths, and the controls are again varied
in time according to some protocol. The evolution during this stroke is unitary, thus
only work is extracted/performed on the system.

This protocol is then repeated periodically. As we see, heat and work are never exchanged
simultaneously in an Otto cycle, thus the analysis is simpler. Furthermore, in this section,
we study an “ideal” Otto cycle, where τα → ∞. This implies that the system reaches full
thermalization during the isothermal strokes. This huge simplification allows us to study the
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system without taking into account finite-time effects, i.e. without even solving the Lindblad
equation.

We study a working fluid comprised of a two-level system

HS(ε(t)) = ε(t)
2 σz, (3.62)

where ε(t) is our only control parameter [previously denoted with ~u(t)] and σz is a Pauli
matrix. Let us denote with |E0〉 the instantaneous ground state with energy −ε(t)/2 and with
|E1〉 the instantaneous excited state with energy ε(t)/2, and let us define the corresponding
probabilities pj(t) = Tr[|Ej〉 〈Ej | ρ(t)], for j = 0, 1, such that p0 + p1 = 1. Physically p0 is
the probability of finding the system in the ground state, and p1 of finding the system in the
excited state. Notice that while the eigenvalues of HS(ε(t)) depend on ε(t), the eigenstates
do not: this is due to the fact that HS(ε(t)) commutes with itself at all times.

Invoking the first principle, we can compute the total heat exchangedQ during the isother-
mal strokes as the difference between the final internal energy of the system and the initial
one. Denoting with ρi (ρf ) the initial (final) state of S during the isothermal stroke, with
corresponding probabilities p(i)

j (p(f)
j ), and denoting with ε the fixed control parameter, we

have
Q = Tr[ρf HS(ε)]− Tr[ρiHS(ε)] = ε

2
[
(p(f)1 − p

(i)
1 )− (p(f)0 − p

(i)
0 )
]
. (3.63)

Invoking the first principle, we can also compute the work W extracted during the adiabatic
strokes as the difference between the initial and final internal energy. We denote with εi
(εf ) the value of the control and with ρi (ρf ) the state of S at the beginning (end) of the
stroke. Since the evolution is unitary, and since HS(ε(t)) commutes with itself at all times,
the probabilities associated with ρi and ρf do not change. Denoting them with p0 and p1,
we find

W = Tr[ρiHS(εi)]− Tr[ρfHS(εf )] = 1
2(εf − εi)(p0 − p1). (3.64)

Notice that the work only depends on the initial and final control parameters, while it does
not depend on the specific path in control space, nor on the speed of the transformation.
Again, this is a consequence of the fact that HS(ε(t)) commutes with itself at all times, so
Landau-Zener transitions, i.e. non-adiabatic transitions between the eigenstates of HS(ε(t))
due to finite driving speed, cannot occur.

Let us denote with εL (εR) the value of the control ε(t) during the hot (cold) isothermal
stroke. Furthermore, since only the probabilities pj are needed to compute the exchanged
heat and work, let us denote with p(L)j the state at the end of the hot isothermal stroke, and
with p(R)j the state at the end of the cold isothermal stroke. Since we assume that τα →∞,
the local system S will thermalize with the bath, so these states will be thermal states, see
Eq. (2.32). Therefore

p
(α)
0 = 1− fα, p

(α)
1 = fα, (3.65)

where we define
fα ≡ (1 + eεα/(kBTα))−1. (3.66)

We now go through each stroke of the Otto cycle and compute the heat and work during
each of the four strokes of the Otto cycle using Eqs. (3.63) and (3.64). During the hot
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isothermal stroke, the control is given by εL, and the state evolves from p
(R)
j to p(L)j . Therefore

the total heat QL extracted from the left bath during this stroke is given by

QL = εL (fL − fR) . (3.67)

During the first adiabatic stroke, the state remains constant, described by p
(L)
j , and the

control varies from εL to εR. Thus the work W1 extracted during this stroke is given by

W1 = −εL − εR2 tanh
(

εL
2kBTL

)
. (3.68)

During the cold isothermal stroke, the control is given by εR, and the state evolves from p
(L)
j

to p(R)j . Therefore the total heat QR extracted from the right bath during this stroke is given
by

QR = −εR (fL − fR) . (3.69)

At last, during the second adiabatic stroke, the state remain constant, described by p(R)j , and
the control varies from εR to εL. Thus the work W2 extracted during this stroke is given by

W2 = εL − εR
2 tanh

(
εR

2kBTR

)
. (3.70)

We can compute the total work extracted from the system as

W = W1 +W2 = εR − εL
2

[
tanh

(
εL

2kBTL

)
− tanh

(
εR

2kBTR

)]
. (3.71)

We now analyze how to design an Otto cycle that operates as a heat engine. First, we
notice that the heat and work remain unaltered if εα → −εα, for both α = L,R. Therefore,
without loss of generality, we can set εL ≥ 0. A heat engine is characterized by QL ≥ 0,
QR ≤ 0 and W ≥ 0. Using Eqs. (3.67), (3.69) and (3.71), it can be seen that these conditions
are met if and only if

1 ≤ εL
εR
≤ TL
TR

. (3.72)

Notice that also εR ≥ 0. Equation (3.72) tells us within which range of parameters we must
choose εL/εR in order for the system to behave as a heat engine. The range becomes smaller
and smaller as the temperature difference becomes smaller: intuitively, this is due to the fact
that it is “harder” to construct a heat engine between baths with very similar temperatures.
Notably, plugging Eqs. (3.67) and (3.71) into the definition of η [see Eq. (3.60)], it can be
seen that the efficiency of an Otto cycle is given by

η = QL
W

= 1− εR
εL
. (3.73)

By plugging Eq. (3.72) into Eq. (3.73) we see that, for all values of εL and εR compatible
with a heat engine,

η ≤ ηc, (3.74)

where ηc = 1− TR/TL is Carnot’s efficiency. The equality is achieved when εL/TL = εR/TR.
As we could expect, plugging this condition into Eq. (3.71) shows that the work, at Carnot
efficiency, is zero.
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We can also investigate when the system behaves as a refrigerator, which is characterized
by QL ≤ 0, QR ≥ 0 and W ≤ 0. As argued earlier we assume, without loss of generality, that
εL ≥ 0. It can be seen that the system operates as a refrigerator if and only if

TL
TR
≤ εL
εR
. (3.75)

Also in this case, εR ≥ 0. The coefficient of performance of an Otto cycle can be computed
by plugging Eqs. (3.69) and Eq. (3.71) into the definition of the COP [see Eq. (3.61)]. This
yields

C = QR
|W |

= εR
εL − εR

. (3.76)

Plugging Eq. (3.75) into Eq. (3.76) shows that, for all values of εL and εR compatible with
the refrigerator,

C ≤ Cc, (3.77)

where Cc = TR/(TL − TR) is Carnot’s COP. Also in this case, it is easy to see that Carnot’s
COP is reached when εL/TL = εR/TR, which implies QR = 0.



4
Thermoelectric properties of an interacting quantum

dot-based heat engine

As discussed in Sec. 3.1, heat-to-work conversion based on thermoelectricity promises an
enhanced efficiency thanks to the “energy filtering” effect that can result from confinement
and quantum effects [3–5]. The study of thermoelectric effects in nanostructures [11, 63–66]
is thus attracting increasing interest.

A heat engine composed of a quantum dot (QD) is a paradigmatic example, since it
is characterized by a spectrum of discrete levels which maximizes energy filtering. The
thermoelectric properties of QD systems [67–90] and the performance of QD-based heat
engines [91–122] has been studied theoretically by a number of authors (see Ref. [123] for
a review). The vast majority of the papers dealing with QD-based heat engines consider
a single degenerate energy level or two non-degenerate levels [91–95, 97–119]. The case of
QDs with many levels has been addressed only in few papers [96, 120–122]. Moreover, the
performance of QD-based heat engines has been mostly studied within the linear response
regime [91, 92, 94, 95, 97, 98, 101–111, 121, 122], where the thermoelectric performance of the
system is entirely characterized by ZT . The case of an interacting multi-level QD beyond the
linear response has not been addressed so far. On the one hand, the presence of many levels is
expected to yield important consequences. Indeed, already in the linear-response regime they
have an impact on the thermopower, the thermal conductance and ZT [67, 68, 70, 122, 124].
On the other, non-linear effects, relevant when larger temperature and voltage biases are
applied, are important as far as power and efficiency are concerned. We emphasize that a
number of experiments assessing the thermoelectric properties of QDs have been reported in
Refs. [42, 124–145].

In this chapter, we fill this gap by studying the thermoelectric properties and heat-to-
work conversion performance of a multi-level QD in a multi-terminal configuration within
the Coulomb blockade regime. We consider the limit of small tunnelling rates, i.e. the
weak coupling regime described in Sec. 2.1, which in this context is known as sequential
tunneling regime, and we study both the linear and non-linear response regimes. Coulomb
interaction among electrons is accounted for by a finite and small capacitance C whose
associated energy scale is its charging energy (Ne)2/(2C), where N is the number of electrons

33



34 Thermoelectric properties of a quantum dot-based heat engine

in the QD and e is the modulus of the electron charge. Moreover, we consider a generic
multi-terminal structure, whereby the QD is connected to many (two or more) reservoirs
(electronic thermal baths). We will concentrate only on the optimization of the thermoelectric
properties of the electronic system, neglecting the parasitic phononic contribution to heat
transport. Our results therefore set an upper bound to the thermoelectric efficiency of the
QD, approachable only in the limit in which suitable strategies to strongly reduce phonon
transport are implemented.

Generalizing Refs. [69] and [70] to the multi-terminal case, by solving the Pauli master
equation [see Eq. (2.36)] one can determine the probability of occupation of the energy levels
of the QD in a multi-terminal setup, thus allowing to calculate the charge and heat currents
for given values of the electrochemical potentials and temperatures of the reservoirs.

In the linear response regime, where voltage and temperature biases are small, we derive
closed-form expressions for the charge and heat currents and specify their limits of validity.
We define local and non-local transport coefficients and express them in terms of a gener-
ating function under the assumption that the tunneling rates are energy-independent. We
then derive, in the low temperature limit, analytical expressions for all transport coefficients
as a function of the average electrochemical potential µ. Along with the main features of the
transport coefficients (located around values of µ equal to the dominant transition energies
required to add or remove an electron from the QD), such expressions also describe a fine
structure arising from the interplay between interaction and level quantization (controlled by
the two energy scales: charging energy and level spacing). Furthermore, for the calculation
of the thermal conductance we find that it is crucial to consider the presence of many lev-
els. Within the linear response, we consider both the two-terminal and the three-terminal
system aiming at addressing the performance of heat-to-work conversion. In the former case
we obtain analytical expressions for the power factor Q and the figure of merit ZT finding,
remarkably, that those quantities are simultaneously maximized for values of the electrochem-
ical potential which differ by about 2.40kBT with respect to the dominant transition energies.
In addition, ZT shows a fine structure of secondary peaks whose height is independent of
the system’s parameters and can take values as large as ZT = 9. We compare the figure of
merit with a non-interacting system, finding that Coulomb interactions dramatically increase
ZT by strongly suppressing the thermal conductance. For the case of three terminals with
energy-independent tunneling rates, we derive analytic expressions for the maximum power
and corresponding efficiency, finding that the addition of a third terminal at an intermediate
temperature decreases the efficiency at maximum power, but can increase the power. We also
find particular intermediate temperatures where the third terminal increases the maximum
power and achieves the same efficiency of a two terminal system.

We analyze the regime beyond the linear response by numerically solving the Pauli master
equation, focusing on the two-terminal setup. Going beyond the linear response, i.e. consider-
ing large temperature and voltage biases, ∆T and V , is interesting for various reasons. On one
hand, it allows to increase the Carnot efficiency ηc and the power generated by a heat engine
(in our case the peak power scales approximately as (∆T )2 also beyond the linear response
regime). On the other hand, the efficiency at maximum power is not bounded by ηc/2, as in
the linear response, and can even go above the Curzon-Alhborn efficiency [36, 37, 61, 62, 146].
In literature, the scattering theory of nonlinear thermoelectric transport in quantum conduc-
tors has been developed only recently [147–149]. The regime beyond linear response for
QD-based heat engines has been theoretically addressed in Refs. [93, 96, 99, 100, 112–120],
but limited to single or double level quantum dots.

In discussing the results, we first focus on the behavior of the non-linear Seebeck and
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Peltier coefficients aiming at assessing the interplay between charging energy and level spac-
ing on these two quantities and how the Onsager reciprocity relation that connects them
is violated beyond linear response. Second, we study the efficiency and output power of a
heat engine. In particular, we calculate the maximum efficiency and maximum power by
maximizing such quantities with respect to the applied bias voltage, for fixed values of tem-
perature bias and electrochemical potential. The maximum efficiency shows only quantitative
changes, with respect to the linear response, by increasing the temperature bias. The effi-
ciency at maximum power instead develops peaks which go beyond the ηc/2 linear-response
limit and approach ηc for large temperature differences. Remarkably, the maximum power,
normalized to its peak value, only slightly depends on the temperature bias and can be well
approximated by the analytic expression obtained for the linear response regime. Moreover,
we find that efficiency at maximum power and maximum power take approximately their
peak values simultaneously, under the same conditions found for the linear response. Finally,
we assess the impact of interactions by comparing the efficiency at maximum power in two
situations, namely the case of a doubly degenerate level with interaction and the case of two
non-degenerate levels without interaction. We find that, especially when charging energy and
level spacing are of the order of the thermal energy, the efficiency at maximum power is much
higher in the interacting case and goes above the Curzon-Alhborn efficiency. We also find
that in the doubly degenerate interacting case the maximum power is enhanced by almost a
factor 2 with respect to the non-degenerate case.

The chapter is organized as follows: in Sec. 4.1 we describe the system under investigation
and we detail the theoretical model. In Sec. 4.2 the model is specified to the linear response
regime. Here we report analytic expressions obtained in the quantum limit, Sec. 4.2.1, and
calculate power and efficiency in the cases of a two-terminal system, Sec. 4.2.2 (with the
efficiencies of interacting and non-interacting QDs compared in Sec. 4.2.3), and of a three-
terminal system, Sec. 4.2.4. Sec. 4.3 is devoted to the discussion of the regime beyond the
linear response in a two-terminal system: in Sec. 4.3.1 we study the non-linear Seebeck and
Peltier coefficients and in Sec. 4.3.2 we discuss efficiency and output power of a heat engine.
Finally, in Sec. 4.4 we provide a summary and discuss future developments. In addition,
App. A presents the details of some calculations and the analytic non linear study of a single
energy level QD system.

4.1 Multi-level interacting QD
In this section we briefly outline the formalism used to describe the thermoelectric properties
of a multilevel interacting QD. We will only consider electron transport, neglecting any con-
tribution due to phonons. As shown in Fig. 4.1 (left), the QD is tunnel-coupled to N electron
reservoirs, each characterized by a given temperature Tα and electrochemical potential µα,
so that the occupation of the electrons within reservoir α follows the Fermi distribution

fα(E) =
[
1 + exp

(
E − µα
kBTα

)]−1
, (4.1)

where kB is Boltzmann’s constant. In Fig. 4.1 (right), Ep (with p = 1, 2, . . . labeled in
ascending order) are the QD single-electron energy levels (in the absence of interaction).
These levels can be shifted by means of an applied gate voltage.

The QD is weakly coupled to the reservoirs through large tunneling barriers. More pre-
cisely, we assume that thermal energy kBT , level spacing and charging energy are much



36 Thermoelectric properties of a quantum dot-based heat engine

 

𝑄𝐷 

𝑇1, 𝜇1 𝑇𝒩 , 𝜇𝒩  𝑇𝛼 , 𝜇𝛼 

𝐼1
 , 𝐽1

𝑢, 𝐽1
ℎ 𝐼𝒩

 , 𝐽𝒩
𝑢 , 𝐽𝒩

ℎ  

𝐼𝛼
 , 𝐽𝛼

𝑢, 𝐽𝛼
ℎ 

… … 
 

   

   

   

   

                                                        

   

Figure 4.1: Left: A quantum dot (QD) is tunnel-coupled to N reservoirs, each kept at a tempera-
ture Tα and at an electrochemical potential µα, with α = 1, ...,N . Arrows represent charge, energy and
heat currents (I, Juα , and Jhα , respectively) flowing from the reservoirs α to the QD. Right: Schematic
energy representation of a multilevel QD. E1, E2, etc. are the single-electron energy levels of the QD,
while µ1 and µα are the electrochemical potentials relative to reservoir 1 and α, respectively.

larger than the coupling energy between reservoirs and QD [~
∑
α Γα(p), where Γα(p) is the

tunneling rate from level p to reservoir α, which we assume independent of the number N
of electrons inside the dot]. As a consequence, the charge on the QD is quantized, i.e. each
energy level Ep can have either zero or one electron, np = 0 or np = 1 (any degeneracy, like
electron spin, can be taken into account counting each level multiple times), and transport
occurs due to single-electron tunneling processes (sequential tunneling regime). The electro-
static energy associated with the electrons within the QD is given by U(N) = ECN

2, where
EC = e2/2C, N =

∑
i ni is the total number of electrons within the QD, and C is the capaci-

tance of the QD. The QD is described by states characterized by a set of occupation numbers
{ni} relative to the energy levels. The QD changes state whenever a single-electron tunneling
process takes place. The non-equilibrium probability for a given state {ni} to occur, p({ni}),
can be computed [34, 69] by writing a straightforward set of balance equations for p ({ni}),
which are equivalent to the Pauli master equation presented in Sec. 2.1. In this chapter, we
present the Pauli master equation using intuitive arguments rather than a formal derivation.
Our aim is to compute in stationary conditions the charge, energy and heat currents out of
the electron reservoirs [denoted in Fig. 4.1 (left) by I, Juα and Jhα , respectively], induced by
the temperature and electrochemical potential differences.

4.1.1 Pauli master equation

In what follows we describe a generalization of the method put forward by Beenakker in
Refs. [69] and [70]. The notation will slightly differ from the previous chapters. The single-
electron tunneling processes that contribute to changing over time the probability p({ni})
are due to electrons that tunnel from the QD to the reservoirs and vice-versa. For an electron
exiting the QD, initially with N electrons, from energy level Ep and going into reservoir α at
energy Efin, energy conservation imposes that

Ep + U(N) = Efin(N) + U(N − 1). (4.2)
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On the contrary, for an electron that tunnels from an initial state in reservoir α at energy Ein

to the level Ep in the QD that initially had N electrons, energy conservation imposes that

Ein(N) + U(N) = Ep + U(N + 1). (4.3)

p({ni}) can then be determined by the following Pauli master equation, which is a set of
equations, one for each configuration {ni}:

∂

∂t
p ({ni}) = −

∑
pα

δnp,0p ({ni}) Γα(p)fα
(
Ein(N)

)
−
∑
pα

δnp,1p ({ni}) Γα(p)
[
1− fα

(
Efin(N)

)]
+
∑
pα

δnp,0p ({ni}, np = 1) Γα(p)
[
1− fα

(
Efin(N + 1)

)]
+
∑
pα

δnp,1p ({ni}, np = 0) Γα(p)fα
(
Ein(N − 1)

)
, (4.4)

where we have introduced the notation

p ({ni}, np = 1) = p ({n1, . . . , np−1, 1, np+1, . . . }) (4.5)

and
p ({ni}, np = 0) = p ({n1, . . . , np−1, 0, np+1, . . . }) (4.6)

for the QD states. The first term in Eq. (4.4) accounts for the decrease of the probability
p({ni}), with the QD initially in the state {ni}, due to an electron coming from a reservoir
and occupying an empty level in the QD. The rate of electrons coming from reservoir α will be
given by a sum over all empty levels p (such that np = 0) of the tunnel rate Γα(p), multiplied
by the probability of finding the QD in this state, p ({ni}), and multiplied by the reservoir’s
occupation fα

(
Ein(N)

)
at the correct energy Ein(N) to tunnel to level p. The second term

accounts for the decrease of the probability p({ni}), with the QD initially in the state {ni},
due an electron leaving the QD from an occupied level to tunnel into a reservoir. The third
term accounts for the increase of the probability p({ni}) if the QD is in a state with an extra
electron in level p with respect to {ni}, and if this electron leaves the QD, tunneling to the
reservoirs. The forth term accounts for the increase of the probability p({ni}) if the QD is in
a state with a missing electron in level p with respect to {ni}, and if this electron enters the
QD in level p, tunneling from the reservoirs. The stationary solution of the master equation,
obtained imposing ∂p/∂t = 0, together with the normalization request∑

{ni}
p ({ni}) = 1 (4.7)

provides a complete set of equations that uniquely defines p ({ni}). The sum over {ni} means
the sum over ni = 0, 1, with i = 1, 2, ....

4.1.2 Charge, energy, and heat currents

As described in Sec. 3.1.4, Charge Iα and energy Juα currents flowing from reservoir α to the
QD can be calculated as the sum of all possible tunneling processes, since the QD can be in
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any state {ni} with probability p({ni}) and an electron can tunnel into or out of any energy
level Ep. More precisely, for the charge current we have

Iα = −e
∞∑
p=1

∑
{ni}

p({ni})Γα(p)
{
δnp,0fα(Ein(N))− δnp,1[1− fα(Efin(N))]

}
, (4.8)

e being the modulus of the electronic charge, while for the energy current we have

Juα =
∞∑
p=1

∑
{ni}

p({ni})Γα(p)
{
δnp,0fα(Ein(N))Ein(N)− δnp,1[1− fα(Efin(N))]Efin(N)

}
, (4.9)

Ein(N) [Efin(N)] being the energy carried by an electron entering (exiting) the QD. The heat
currents exiting the reservoirs can be calculated as Jhα = Juα + µα

e Iα. Using Eqs. (4.8) and
(4.9), we find that

Jhα =
∞∑
p=1

∑
{ni}

p({ni})Γα(p)

×
{
δnp,0fα(Ein(N))

[
Ein(N)− µα

]
− δnp,1[1− fα(Efin(N))]

[
Efin(N)− µα

] }
. (4.10)

In order to numerically determine the stationary probability distribution p({ni}) from
the master equation, we will consider a finite number L of energy levels. 1. By organizing
the values of p({ni}) into a 2L-components vector ~p (two choices ni = 0, 1 for each level), the
master equation (4.4) for the stationary probability distribution, ∂~p∂t = ~0, can be represented
as the homogeneous linear system M~p = ~0, where M is a 2L × 2L matrix. M must have a
null space of at least dimension 1, otherwise the only possible solution would be the trivial
one (~p ≡ 0). This is demonstrated in App. A.1 by showing that summing together all the
equations in the master equation yields zero. We can thus find the probabilities by including
the normalization condition, Eq. (4.7).

By defining Ñ =
∑
i 6=p

ni it is possible to show that the master equation for the stationary

probability distribution can be written as∑
p

(δnp,1 − δnp,0)
[
p ({ni}, np = 0)A

Ñ,p
−p ({ni}, np = 1)B

Ñ,p

]
= 0, (4.11)

where
A
Ñ,p

=
∑
α

Γα(p)fα
(
Ein(Ñ)

)
(4.12)

and
B
Ñ,p

=
∑
α

Γα(p)
[
1− fα

(
Ein(Ñ)

)]
=
∑
α

Γα(p)−A
Ñ,p

. (4.13)

To derive Eq. (4.11) we have used the fact that Ñ = N , for the terms in the master equation
proportional to δnp,0, and Ñ = N − 1, for the terms in the master equation proportional to
δnp,1, and the identity

Efin(N + 1) = Ein(N), (4.14)
stemming from Eqs. (4.2) and (4.3). It is worth mentioning that using the master equation
in the form of Eq. (4.11), it is possible to prove that the master equation always allows a
non-trivial solution (see App. A.1).

1The results can be interpreted as the exact solution of a system with L energy levels or as an approximate
solution of a system with infinite levels. In the latter case, one needs to check that the result are stable with
increasing number of energy levels.
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4.1.3 Probability detailed balance equations

It is clear that the master equation (4.11) is automatically satisfied when the following set of
equations

p ({ni}, np = 0)A
Ñ,p
− p ({ni}, np = 1)B

Ñ,p
= 0 (4.15)

are fulfilled for a given value of p and a given set of occupation numbers {ni}. Equation (4.15),
introduced in Ref. [69] with the name “detailed balance equations”, are hereafter referred to
as “probability detailed balance equations” (PDBEs) to avoid confusion with the detailed
balance equation (2.38). Eqs. (4.15) represent a set of L· 2L−1 equations, since p can take
L values and, at a given p, all other occupation numbers (n1, . . . , np−1, np+1, . . . , nL) can be
chosen in 2L−1 different ways. Of course, if a solution to the PDBEs exists, than it is also a
solution of the master equation. We can show, however, that the PDBEs are not in general
consistent, i.e. no set of p({ni}) exists that can simultaneously satisfy all the PDBEs (see
App. A.2). This is also true in the linear response regime. In this case, however, we could
prove (see App. A.3) that the PDBEs are consistent if EC = 0, or if ∆Tα = 0 for all α, or
when the tunneling rates are proportional to each other, namely when Γα(p) = kαΓ1(p), for
α > 1, kα being constants. Note that this condition is trivially satisfied when the rates Γα
do not depend on p. As a result, the PDBEs do not allow in general a solution, but when
they do they are useful in computing analytically the energy and heat currents in the linear
response regime (see Sec. 4.2).

4.1.4 Level balance equations

We will now derive a set of equations that is always consistent and that can be used in the
general case to obtain a closed-form expression of the charge current in the linear response
regime (see Sec. 4.2). We impose that, in stationary conditions, the rate of electrons entering
any given QD energy level p must equal the rate of electrons leaving that energy level. For
electrons tunneling into the QD, initially with N electrons, from any reservoir, one has to
require that level p is empty and must consider all possible states ({ni}, np = 0), where
Ñ = N . The total rate of electrons entering energy level Ep is given by∑

α,{ni}i6=p

p({ni}, np = 0)Γα(p)fα
(
Ein(N)

)
. (4.16)

For electrons tunneling out of the QD, initially with N electrons, to any reservoir one has to
require that level p is occupied and must consider states with ({ni}, np = 1), where Ñ = N−1.
The total rate of electrons leaving level Ep is given by∑

α,{ni}i 6=p

p({ni}, np = 1)Γα(p)
[
1− fα

(
Efin(N)

)]
. (4.17)

If we equate the rates of electron entering and leaving level p, and use the notation introduced
in Eqs. (4.12) and (4.13), we obtain∑

{ni}i6=p

[
p({ni}, np = 0)A

Ñ,p
−p({ni}, np = 1)B

Ñ,p

]
= 0. (4.18)

We will refer to this set of L equations (one for each energy level p) as the level balance
equations (LBEs) 2. Note that, using an argument similar to that put forward in App. A.1,

2Note that the PDBEs (4.15) could be obtained using the same arguments, but assuming that the QD is
in a specific configuration ({ni})i6=p, instead of summing over all possible such configurations. To obtain the
LBEs, the probability that level p is occupied is given by the marginal probability

∑
{ni}i6=p

p ({ni}, np = 1).
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it is possible to prove that Eqs. (4.18) can be obtained from the master equation, thus the
LBEs are always consistent with the master equation. However, the number of LBEs (equal
to L) is smaller than the equations in the master equation (equal to 2L) and they might not
be sufficient to determine the probabilities p ({ni}). Note that one can prove that Eqs. (4.18)
yield charge current conservation:

∑
α Iα = 0.

4.1.5 Output power and efficiency

Under steady-state conditions, the output power P of a multi-terminal system is given by
the sum of all the heat currents

P =
N∑
α=1

Jhα . (4.19)

If P > 0, the system behaves as a heat engine, i.e. converting heat into work. In this situation
the efficiency η is defined as the ratio between the output power and the total heat current
absorbed by the system

η = P∑
α′
Jhα′

, (4.20)

where the sum over α′ runs over all positive heat currents. For a two-terminal system the
efficiency cannot exceed the Carnot efficiency defined as ηc = 1−T1/T2, with T2 > T1. In addi-
tion, for a multi-terminal system η cannot go beyond the two-terminal Carnot efficiency [101]
calculated using the hottest and coldest temperatures among T1, T2, ..., TN .

We define the temperature and electrochemical potential differences as Tα = T + ∆Tα
and µα = µ + ∆µα, with α = 1, ...,N , and choosing reservoir 1 as the reference value, i.e.
∆T1 = ∆µ1 = 0. In what follows we fix the values of ∆Tα and calculate the maximum
output power, P (max), and maximum efficiency, η(max), by varying ∆µα. We also consider
the efficiency at maximum power, η(P (max)), which is the efficiency when the values of ∆µα
are chosen to maximize the power. These quantities are straightforward generalizations of
the ones introduced in Sec. 3.1.1 to the multiterminal case.

As shown in Sec. 3.1.2, for a two-terminal system within the linear response regime, i.e.
when the charge and heat currents depend linearly on the temperature and electrochemical
potential differences, both the output power and efficiency can be written in terms of the
transport coefficients, namely the electrical conductance G, the thermopower S and the
thermal conductance K. Defining ∆T ≡ ∆T2 > 0, the transport coefficients G, S and K are
respectively defined as in Eqs. (3.24), (3.25) and (3.26). The efficiency at maximum power
and the maximum efficiency can then be expressed in terms of ZT , defined in Eq. (3.27),
through the relations in Eq. (3.29). By defining the power factor Q = GS2, the expression
of the maximum power given in Eq. (3.28) can be written as

P (max) = 1
4Q∆T 2. (4.21)

We recall that both η(P (max)) and η(max) are monotonous growing functions of ZT ; the only
restriction imposed by thermodynamics is ZT ≥ 0. When ZT = 0 both η(max) and η(P (max))
vanish, while for ZT → ∞, η(max) → ηc, and η(P (max)) → ηCA, where ηCA = ηc/2 is the
so-called Curzon-Ahlborn efficiency [36, 37, 61, 62, 146] in linear response.
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4.2 Linear response regime
As already mentioned above, in the linear response regime the applied temperature and
electrochemical potential biases are small enough so that the currents depend linearly on
them. Assuming that |∆Tα| � T and |∆µα| � kBT , we follow Refs. [69] and [70] and
suppose the probability p({ni}) to differ from its equilibrium distribution peq({ni}) in the
following way:

p({ni}) = peq({ni}) [1 + ψ({ni})] , (4.22)
where ψ is a “small” function. In Eq. (4.22)

peq({ni}) = 1
Z

exp

− 1
kBT

 ∞∑
p=1

Epnp + U(N)− µN

 (4.23)

is the Gibbs distribution in the grand canonical ensemble, when all reservoirs have the same
temperature and electrochemical potential, with grand partition function given by

Z =
∑
{ni}

exp

− 1
kBT

 ∞∑
p=1

Epnp + U(N)− µN

 . (4.24)

In our expressions we will consider terms up to first order in ψ, ∆Tα/T , and ∆µα/kBT .
By linearizing the LBEs with respect to the above small quantities, Eq. (4.18), one finds the
relation∑
{ni}i 6=p

peq({ni}, np = 0)f
(
Ep + (2Ñ + 1)EC

)∑
α

Γα(p)
{
ψ({ni}, np = 0)

− ψ({ni}, np = 1) + 1
kBT

[(
Ep + (2Ñ + 1)EC − µ

) ∆Tα
T

+ ∆µα
] }

= 0, (4.25)

where f(E) stands for the Fermi distribution at temperature T and electrochemical potential
µ. By expressing p({ni}) in terms of ψ({ni}) and linearizing Eq. (4.8), we can use Eq. (4.25)
to remove ψ({ni}) from the charge current, and we find the following closed-form expression:

Iα = − e

kBT

∞∑
p=1

∞∑
N=1

peq(N)Feq(Ep|N) [1− f(ε(N, p))]
∑
β

Γα(p)Γβ(p)
Γtot(p)

×
[
(ε(N, p)− µ)∆Tα −∆Tβ

T
+ (∆µα −∆µβ)

]
, (4.26)

where Γtot(p) =
∑
α Γα(p), and

ε(N, p) = Ep + U(N)− U(N − 1) = Ep + (2N − 1)EC (4.27)

is the energy needed to add to the QD, initially occupied by N−1 electrons, the N -th electron
to level p (and equivalently for the inverse process). In Eq. (4.26) the quantity

peq(N) ≡
∑
{ni}

peq({ni})δ∑ni,N
(4.28)

is the equilibrium probability of finding N electrons in the QD, and

F (Ep|N) ≡ peq(Ep ∩N)
peq(N) =

∑
{ni}

peq({ni})δnp,1δ∑ni,N

peq(N) (4.29)
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is the equilibrium conditional probability of finding level p occupied, when N electrons are
in the QD. Note that expression (4.26) coincides with the one that can be derived using the
PDBEs. However, the above derivation which uses the LBEs shows that Eq. (4.26) is always
valid within the linear response regime.

Unfortunately, we were able to derive a closed-form expression for the energy current
using Eq. (4.25) only in the absence of interaction (EC = 0). For EC 6= 0, the energy current
Juα can be derived using the relation

∑
α

Γα(p)
{
ψ({ni}, np = 0)− ψ({ni}, np = 1)

+ 1
kBT

[(
Ep + (2Ñ + 1)EC − µ

) ∆Tα
T

+ ∆µα
] }

= 0, (4.30)

obtained by linearizing the PDBEs, Eq. (4.15) (which is equivalent to removing the sum over
{ni} from Eq. (4.25)). Thus, in the domain of validity of the PDBEs, the heat current can
be written as

Jhα = 1
kBT

∞∑
p=1

∞∑
N=1

peq(N)Feq(Ep|N) [1− f(ε(N, p))] [ε(N, p)− µ]

×
∑
β

Γα(p)Γβ(p)
Γtot(p)

[
(ε(N, p)− µ)∆Tα −∆Tβ

T
+ (∆µα −∆µβ)

]
. (4.31)

We now define the transport coefficients, namely the electrical conductance Gαβ, the
thermopower Sαβ and the thermal conductance Kαβ, for the multi-terminal case, as [101]

Gαβ =
( eIα

∆µβ

)
∆Tγ = 0 ∀γ,
∆µγ = 0 ∀γ 6= β

, (4.32)

Sαβ =
( ∆µα
e∆Tβ

)
Iγ = 0 ∀γ,
∆Tγ = 0 ∀γ 6= β

, (4.33)

and
Kαβ =

( Jhα
∆Tβ

)
Iγ = 0 ∀γ,
∆Tγ = 0 ∀γ 6= β

. (4.34)

Note that index β takes values in the range 2, ...,N , since reservoir 1 is chosen as the reference.
Local and non-local transport coefficients are distinguished depending on whether the two
indices are, respectively, equal or different.

The expressions for the currents [(4.26) and (4.31)] have an intuitive interpretation. In-
deed, the currents depend on the probability that a given energy level of the QD is occupied
[peq(N)Feq(Ep|N)] times the probability that there is an empty state with the correct en-
ergy in the reservoir [1 − f(ε(N, p))]. The sum over all energy levels p and over the total
number of electrons N in the QD accounts for all the various tunneling processes that can
occur. Moreover, as far as the energy current is concerned, ε(N, p) is the energy carried by an
electron that leaves the QD from level p when N electrons are present before the tunneling
process, or equivalently, ε(N, p) is the energy carried by an electron that enters the QD into
level p increasing the number of total electrons to N . We recall that Eq. (4.26) for the charge
current is always valid, while Eq. (4.31) holds only when the PDBEs are valid (see App. A.3).
The expressions for the charge and heat currents, in the case of two terminals, coincide with
the ones obtained in Refs. [67, 69, 70].
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If we assume that the tunneling rates do not depend on p, i.e. Γα(p) = Γα, we can rewrite
the charge and heat currents in Eqs. (4.26) and (4.31) as follows:

Iα = − e

kBT

∑
β

ΓαΓβ
Γtot

P
[
(ε− µ)∆Tα −∆Tβ

T
+ ∆µα −∆µβ

]
, (4.35)

and

Jhα = 1
kBT

∑
β

ΓαΓβ
Γtot

P
[
(ε− µ)

(
(ε− µ)∆Tα −∆Tβ

T
+ ∆µα −∆µβ

)]
, (4.36)

where P is the linear functional

P[x] ≡
∞∑
p=1

∞∑
N=1

ptot(N, p)x(N, p), (4.37)

with
ptot(N, p) = peq(N)Feq(Ep|N) [1− f(ε(N, p))] . (4.38)

For a two terminal system it is possible to define analogous equations that do not require the
tunneling rates to be energy-independent [150], but we will not consider this case. We can
thus use the definitions of the transport coefficients given in Eqs. (4.32), (4.33) and (4.34) to
write them in terms of the functional P as

Gαβ = e2

kBT

(
δαβΓα −

ΓαΓβ
Γtot

)
P [1] ,

Sαβ = − 1
eT
δαβ
P[ε− µ]
P [1] ,

Kαβ = 1
kBT 2

(
δαβΓα −

ΓαΓβ
Γtot

)(
P[(ε− µ)2]− P

2[ε− µ]
P [1]

)
.

(4.39)

These expressions only require the calculation of P[(ε−µ)k], with k = 0, 1, 2, and make mani-
fest various properties of the transport coefficients. Namely, i) all three transport coefficients
are symmetric matrices (as required by the Onsager relations in the presence of time-reversal
symmetry); ii) Gαβ and Kαβ have non-local terms, while the thermopower is only local (non-
zero non-local Sαβ occur when relaxing the assumption for which the tunneling rates do not
depend on the energy levels [101]); iii)

∑
αGαβ =

∑
αKαβ = 0, stemming from charge and

energy conservation.
By defining the generating function

Ω[λ] ≡ lnP
[
eλ(ε−µ)

]
, (4.40)

we can write the transport coefficients as follows:

Gαβ = e2

kBT

(
δαβΓα −

ΓαΓβ
Γtot

)
eΩ[0],

Sαβ = 1
eT
δαβ

∂Ω
∂λ

∣∣∣∣
λ=0

,

Kαβ = 1
kBT 2

(
δαβΓα −

ΓαΓβ
Γtot

)
eΩ[0] ∂

2Ω
∂λ2

∣∣∣∣∣
λ=0

.

(4.41)

In the next Subsection, we will compute an analytic expression for Ω[λ] in the quantum limit.
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4.2.1 Quantum limit

The quantum limit is characterized by having the energy spacing between levels of the QD
and the charging energy much bigger than kBT [while kBT � ~Γα(p)]. We start by observing
that the sum over p and N in Eq. (4.37) accounts for the fact that electrons can enter or leave
the QD with energy ε(N, p) through, in principle, any energy level Ep with the QD being
occupied by any number of electrons N . The transition energies ε(N, p) are schematically
shown in Fig. 4.2. At low temperatures we expect the lowest energy levels of the QD to
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Figure 4.2: Schematic representation of the transition energies ε(N, p) as N and p vary. In this
figure we are assuming EC � ∆E and equidistant energy levels, Ep − Ep−1 = ∆E. The bold lines
represent the dominant transition energies ε̃(N) = ε(N, p = N).

be occupied, so that, if there are initially N − 1 electrons in the QD, electrons can flow
mainly through level p = N . Such process gives the dominant contribution to transport and
is represented by the dominant transition energy ε̃(N) ≡ ε(N, p = N) (depicted in bold in
Fig. 4.2). Therefore, in the quantum limit one expects to get the sum over N and p appearing
in P [Eq. (4.37)] reduced to few dominant terms [the three equilibrium probabilities peq(N),
Feq(Ep|N) and f(ε(N, p)) becoming very sharp functions].

Following Ref. [70], one finds (see Ref. [150] for details) that the dominant contribution
to Ptot in Eq. (4.37) occurs when N = Nmin is the integer that minimizes the quantity

|ε̃(N)− µ|, (4.42)

and for values of p such that ε(Nmin, p) is between the electrochemical potential µ and the
dominant transition energy, i.e. such that ε̃(Nmin) ≤ ε(Nmin, p) < µ or µ < ε(Nmin, p) ≤
ε̃(Nmin). In the former case, p = Nmin, Nmin + 1, Nmin + 2, ..., p̄, where p̄ is the largest integer
such that ε(Nmin, p) < µ. In the latter case, p = Nmin, Nmin− 1, Nmin− 2, ..., p̄ where p̄ is the
smallest integer such that ε(Nmin, p) > µ. We then find that Eq. (4.37) becomes

P[x] = 1

4 cosh2
(∆min

2kBT

) p̄∑
p=Nmin

x(Nmin, p), (4.43)

where we have defined ∆min ≡ ε̃(Nmin)− µ. Eq. (4.43) only keeps the dominant terms in the
low-temperature limit.

This approximation must be improved when p̄ = Nmin, that is, the sum in P in Eq. (4.43)
reduces to the single term p = Nmin and transport is provided by the dominant transition
energy ε̃(Nmin) only. If in this case one imposes that Iα = 0, then one obtains Jhα = 0, since
Jhα ∝ Iα. As a consequence one gets Kαβ = 0 3. Thus, when p̄ = Nmin, we improve our

3This approximation for two terminals leads to zero thermal conductance and to the Carnot efficiency, as
discussed for single-level quantum dots [5, 151, 152].
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approximation of P by extending the sum over p to the two nearest integers, p = Nmin ± 1.
We have numerically verified that this approximation is valid when 2EC > ∆E.

In order to obtain analytical expressions for the transport coefficients, hereafter we focus
on the case of equidistant levels, Ep − Ep−1 = ∆E. After introducing the parameter

ξ ≡ 4 cosh2 (∆min/2kBT )
e∆E/kBT

(4.44)

and defining the integer NJ ≡ p̄−Nmin, we obtain

Ω[λ] = − ln
[
4 cosh2

(∆min
2kBT

)]
+ λ∆min

+ ln
[
eλ∆E(|NJ |+1)sign(NJ ) − 1

esign(NJ )λ∆E − 1
+ ξδNJ ,0

(
cosh (λ∆E)− tanh

(∆min
2kBT

)
sinh (λ∆E)

)]
.

(4.45)
Using Eqs. (4.41) and (4.45), we finally obtain the multiterminal transport coefficients

Gαβ =
(
δαβΓα −

ΓαΓβ
Γtot

)
e2

4kBT cosh2( ∆min
2kBT )

(1 + |NJ |) ,

Sαβ = −δαβ
1
eT

(
∆min + ∆E

2 NJ

)
,

Kαβ =
(
δαβΓα −

ΓαΓβ
Γtot

)
kB

( ∆E
kBT

)2

×


1
12e
−|∆min|/kBT |NJ | (|NJ |+ 1) (|NJ |+ 2) if NJ 6= 0,

1
e∆E/kBT + 4 cosh2(∆min/2kBT )

if NJ = 0.

(4.46)

We have computed Gαβ and Sαβ setting ξ = 0, since the term proportional to ξ in Eq. (4.45)
only yields minor corrections that make these quantities more “smooth” as a function of µ;
the calculation of Kαβ instead requires a non null value of ξ. Eqs. (4.46) exhibit a number
of interesting features. First of all, Gαβ shows peaks as a function of the electrochemical
potential µ every time ∆min = 0, namely when µ = ε̃(N). For example, the N -th peak
corresponds to µ equal to the N -th dominant transition energy,

µ = µN ≡ (N − 1)∆E + (2N − 1)EC . (4.47)

We set Ep = (p − 1)∆E, for p = 1, 2, . . . , and therefore the separation between two nearby
peaks is given by ∆E+ 2EC . Due to the factor cosh−2( ∆min

2kBT ) in Gαβ, these peaks have a bell
shape with amplitude of the order of kBT . On the other hand, the thermal conductance Kαβ

has plateaus of width 2∆E around µN [67], corresponding to the second line of the expression
of Kαβ for NJ = 0. For NJ 6= 0, the thermal conductance Kαβ is then exponentially
suppressed due to the term e−|∆min|/kBT . The local thermopower Sαα vanishes at the values
µN where the electrical and thermal conductances Gαα and Kαα exhibit a maximum. Sαα has
a linear dependence on µ with slope dSαα/dµ = 1/eT , with jumps when either Nmin or NJ

change by one. Therefore we have, for EC � ∆E, main oscillations of period ∆E+2EC , and
a fine structure with spacing ∆E [70]. We note that the fine structure is present also for Gαβ
and Kαβ, but in these cases the amplitude of the fine structure oscillations is exponentially
small.



46 Thermoelectric properties of a quantum dot-based heat engine

4.2.2 Two-terminal system

In the two-terminal case, the matrices Gαβ, Sαβ, and Kαβ reduce to the familiar transport
coefficients, namely the electrical conductance G = G22, the thermopower S = S22, and
the thermal conductance K = K22. From Eqs. (4.46) we recover the formulas for G and
S well-known in literature [70], while our expression for K coincides for NJ = 0 with the
result of Ref. [67], but also provides the fine structure oscillations for NJ 6= 0. Although such
oscillations are not appreciable in K as a function of µ, we will see below that they give rise
to a visible fine structure in ZT .

As we have discussed in Sec. 4.1.5, within the linear response regime the relevant quantities
to characterize the performance of a thermoelectric device are the power factor Q and the
figure of merit ZT . From the expressions of the transport coefficients in Eqs. (4.46), specified
for the two-terminal case, one can compute Q and ZT analytically within the quantum
limit. The obtained expressions are given below, and compared with a numerical calculation
performed using the master equation.

Power factor

Let us start by studying the power factor Q. Within the quantum limit, we find that

Q = γ (1 + |NJ |)
4kBT 3 cosh2 (∆min/(2kBT ))

(
∆min + NJ

2 ∆E
)2
, (4.48)

where we have defined γ ≡ Γ1Γ2/(Γ1 + Γ2). As for G, the power factor Q is dominated
by a fast decrease, given by the term cosh−2 (∆min/2kBT ), thus becoming vanishingly small
within a few kBT around µ = µN [see Fig. 4.3(a)]. In fact the fine structure, given by
the terms with NJ , is not visible in Fig. 4.3(a) due to the rapid suppression given by the
cosh−2 (∆min/2kBT ) term in Eq. (4.48). Differently from G, the power factor vanishes at
µ = µN , due to the fact that in this point the thermopower S = 0. So as µ moves away
from µN , Q increases quadratically due to the linear growth of the thermopower with µ, and
then it rapidly decreases within a few kBT due to the cosh−2(∆min/2kBT ) term. Hence there
are two symmetric peaks around µ = µN , within a few kBT . These double peaks are the
dominant feature of Fig. 4.3(a) and identify the optimal values of ∆min (and consequently
of µ) to obtain the absolute maximum power P (max)

peak , namely when the power factor Q is
maximum, Q = Q∗. From Eq. (4.48), we obtain that Q is maximum for values ∆∗min of ∆min
such that

∆∗min
2kBT

= coth
(∆∗min

2kBT

)
. (4.49)

The numerical solution is ∆∗min ' ±2.40kBT , which corresponds to µ = µN ± 2.40kBT . This
result does not depend on any energy scale of the system except for kBT , and coincides with
the non-interacting single-level case (see App. A.4). The value Q∗ of Q in these points is

Q∗ ' 0.44γkB
T

, (4.50)

so that the peaks of the power factor only depend on γ and on the reference temperature.
In conclusion, if we want to extract maximum power from this system, we must choose
µ = µN ± 2.40kBT . We will now show that also ZT reaches a local maximum at these same
values of the electrochemical potential confirming that these are the optimal values for heat
to work conversion in the quantum limit linear response regime.
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Figure 4.3: (Color online) Power factorQ (a) and figure of merit ZT (b) are plotted as a function of
the electrochemical potential µ. For both quantities the analytical quantum limit [given by Eqs. (4.48)
and (4.51)] is plotted as a red dashed curve, while the numerically calculated result is plotted as a
black solid curve. All curves are calculated at EC = 50 kBT , ∆E = 10 kBT , and ~Γ1(p) = ~Γ2(p) =
(1/100) kBT .

Figure of merit

Let us now study the figure of merit ZT in the quantum limit. To obtain a more manageable
analytical expression, we compute K from the function Ω[λ] expanded to the first order
in ξ [this corresponds to approximating K with a constant plateau when NJ = 0, namely
4 cosh2(∆min/2kBT ) is neglected with respect to e∆E/kBT in the last line of Eqs. (4.46)]. We
then obtain

ZT =


1
4

(
∆min
∆E

)2
e∆E/kBT

cosh2
(

∆min
2kBT

) if NJ = 0,

3|NJ |
2+|NJ |

(
1− 2 |∆min|

∆E|NJ |

)2
if NJ 6= 0,

(4.51)

which implies that the behavior of ZT is different for the two cases |µ−µN | < ∆E (NJ = 0)
and |µ−µN | > ∆E (NJ 6= 0). In the former case K exhibits a plateau, so that ZT is directly
proportional to Q and therefore it has the same double peak structure at µ = µN ± 2.40kBT .
This is clearly shown in Fig. 4.3(b) where ZT is plotted as a function of µ.

The value of ZT in these points is

ZT ∗ ≈ 0.44 e∆E/kBT

(∆E/kBT )2 . (4.52)
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This results has been obtained also in Ref. [153]. Eq. (4.52) shows that in the limit
∆E/kBT →∞, we have that ZT →∞. For example, for ∆E = 6kBT , we reach ZT ∗ ≈ 5; for
∆E = 10kBT , we reach ZT ∗ ≈ 97, and so on. This is consistent with Mahan and Sofo’s ob-
servation [5] that a narrow transmission function yields ZT →∞. Furthermore, these peaks
in ZT correspond to peaks in Q, so in these points we can maximize P (max) and η(P (max))
simultaneously. Instead, when NJ 6= 0, ZT has a discontinuity every time µ = ε(N, p) with
p 6= N , which means with a ∆E spacing. This fine structure is the origin of the saw-tooth
oscillations of Fig. 4.3(b). The value of ZT in each µ = ε(N, p) is given by

ZTp =

3 |N−p|+1
|N−p|−1 if |N − p| ≥ 2,

1 if |N − p| = 1.
(4.53)

The height of these peaks, as opposed to ZT ∗, has no dependance on the parameters of the
system. The highest peak is obtained for |N − p| = 2, where ZTp=N±2 = 9. For values of p
distant from N , the height of the peak decreases to an asymptotic value of ZT∞ = 3.

4.2.3 Comparison with a non-interacting QD

Here we compare the efficiency of an interacting QD (with 2EC > ∆E) with the efficiency
of a non-interacting QD (EC = 0) that has the same energy spacing ∆E; the comparison is
performed within the linear response quantum limit for a two-terminal setup. The generating
function in Eq. (4.45) cannot be used in the case EC = 0 since it requires 2EC > ∆E � kBT .
The generating function for EC = 0 will be denoted as ΩNI[λ] (where NI stands for “non
interacting”) and calculated as follows. As we can see from Eq. (4.40), we must compute
P[exp{{λ(ε(N, p)− µ)}}] using the definition of P given in Eq. (4.37). When EC = 0,
ε(N, p) = Ep, so the transition energies correspond to the energy levels of the QD, and
they do not depend on the number of electrons in the QD. As a consequence, there is no
dependance on N in the argument of P, so we can explicitly perform the sum over N in
Eq. (4.37) yielding the following expression:

PNI[x(p)] ≡
∞∑
p=1

1
4 cosh2 [(Ep − µ)/2kBT ]

x(p). (4.54)

Each term in the series in Eq. (4.54), as a function of µ, is a bell-shaped function centered
around Ep of width set by kBT . Therefore, within the quantum limit we can restrict the
sum over p to the three bell-shaped functions closest to µ, namely p = Nmin, Nmin ± 1
(Nmin, defined as in Eq. (4.42), is such that ENmin is the closest energy level to µ). This
approximation allows us to find

ΩNI[λ] = − ln
[
4 cosh2

(∆min
2kBT

)]
+ λ∆min + ln

[
1 + 2ξ cosh

(
λ∆E − ∆min

kBT

)]
, (4.55)

where ∆min in the non-interacting case reduces to the distance between µ and the nearest
energy level: ∆min = ENmin − µ.

Let us now compare Eq. (4.55) with its interacting counterpart, Eq. (4.45), settingNJ = 0,
thus neglecting the fine structure. We notice that the two expressions are identical when
ξ = 0; this implies that Gαβ and Sαβ are equal in the interacting and non-interacting case
[in Eqs. (4.46) Gαβ and Sαβ are calculated at ξ = 0], while Kαβ is different in the two cases,
since it is determined by the term proportional to ξ in Eqs. (4.45) and (4.55). We find that

K
(NI)
αβ = 2kB

(
δαβΓα −

ΓαΓβ
Γtot

)( ∆E
kBT

)2
e−∆E/kBT 2ξ + cosh (∆min/kBT )

1 + 2ξ cosh (∆min/kBT ) . (4.56)
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Figure 4.4: (Color online) Comparison between K(NI) = K
(NI)
22 and K = K22, given respectively

by Eqs. (4.56) and (4.46), plotted as a function of µ. Both cases have been computed with the
parameters used in Fig. 4.3, except for setting EC = 0 in the non-interacting case. The interacting
thermal conductance has been multiplied by a factor 70. In particular, its maximum value is half the
minimum of K(NI).

A comparison between the interacting and non-interacting thermal conductances is plotted
for a two-terminal system in Fig. 4.4, using Eqs. (4.46) and (4.56) at equal ∆E = 10kBT . In
this figure the dominant transition energy of the interacting system is located, see Eq. (4.47),
at µ = µN=2 = 160 kBT , while the energy levels of the non-interacting system are chosen as
Ep = (p−1)10kBT so that in both cases G has a peak in µ = 160 kBT . We have verified that
a numerical calculation is in very good agreement with Eq. (4.56) using the parameters of
Fig. 4.4. As we can see from Fig. 4.4, K(NI) = K

(NI)
22 and K = K22 are very different. While

K has a plateau of width 2∆E centered in µN=2, K(NI) has a minimum in µN=2, and reaches
a maximum value for µ between two energy levels. Furthermore, by comparing Eq. (4.56)
with the last line of Eqs. (4.46), we see that K(NI) ≈ 2 cosh (∆min/kBT )K, so the minimum of
K(NI), occurring at ∆min = 0, is twice the maximum of K, and K(NI) increases exponentially
respect to K as ∆min increases.

Intuitively, the striking difference between the two models can be explained as follows.
As discussed in App. A.4, if we consider a single energy level QD the thermal conductance
vanishes (K = 0) since K is computed at zero charge current and charge and heat currents
are proportional in this case. However, K can be finite when at least two energy levels are
available, and gets bigger by increasing the flux of electrons tunneling at different energies.
Now, Coulomb interaction produces a correlation between electrons tunneling at different
energies. Namely, if one electron enters the QD the electrostatic energy increases by 2EC ,
preventing other electrons from entering the QD at any other energy level. Therefore, until
that electron tunnels out of the QD, all other processes are blocked: this is a manifestation
of Coulomb blockade. On the contrary, in the non-interacting case all tunneling events are
independent. This correlation is thus responsible for suppressing simultaneous tunneling
through different energy levels in the interacting case, which results in a suppression of K.

So in general K is much smaller than K(NI). As a consequence of these observations, we
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expect ZT to be suppressed in the non-interacting case.
By setting ξ = 0 in Eq. (4.56), we find

ZTNI = 1
8

(∆min
∆E

)2 e∆E/kBT

cosh2
(

∆min
2kBT

)
cosh

(
∆min
kBT

) . (4.57)

Comparing Eq. (4.57) with Eq. (4.51), we see that, for NJ = 0, ZT =
2 cosh (∆min/(kBT ))ZTNI, so ZTNI is exponentially suppressed as ∆min increases. Given
this suppression, the maximum of ZTNI occurs at ∆∗min ≈ ±1.36kBT , corresponding to

ZT ∗NI ≈
1

13.8
e∆E/kBT

(∆E/kBT )2 .

This value is approximately 6 times smaller than ZT ∗ for the interacting case, see Eq. (4.52).
Furthermore, since K is “flat” around the dominant transition energies in the interacting

case, the peak power P (max)
peak and the figure of merit ZT ∗ are reached at the same electro-

chemical potential, ∆∗min ≈ ±2.40kBT , so ZT (P (max)
peak ) = ZT ∗. Instead in the non-interacting

case these two quantities are not simultaneously maximized, due to the strong dependance
of K(NI) on µ, so we have that

ZTNI(P (max)
peak ) ≈ 1

25.3
e∆E/kBT

(∆E/kBT )2 ,

which is approximately 11 times smaller than ZT (P (max)
peak ), see Eq. (4.52).

In conclusion, within the linear response quantum limit, an interacting QD (with
2EC > ∆E) has a considerably higher ZT with respect to a non-interacting QD both at
peak efficiency, and at peak power, while having the same power factor (G and S being
equal).

At last we will study how these two models violate the Wiedemann-Franz law, which
states that for macroscopic ordinary metals the Lorenz ratio L = K/GT is a constant equal
to the Lorenz number L0 = (kB/e)2(π2/3). Using Eqs. (4.46) and (4.56), we find that

L = L0
π2

( ∆E
kBT

)2
 |NJ |(|NJ |+ 2) if NJ 6= 0,

12e−
∆E
kBT cosh2 ∆min

2kBT if NJ = 0,
(4.58)

and

LNI = L0

( ∆E
kBT

)2 24
π2 e

− ∆E
kBT cosh2 ∆min

2kBT
cosh ∆min

kBT
, (4.59)

where L refers to the interacting case, and the expression of K, for simplicity, has been
computed at ξ = 0. In both cases the Wiedemann-Franz law is strongly violated: at ∆min = 0,
the Lorenz ratio is exponentially smaller than L0 thanks to (∆E/kBT )2 exp{(−∆E/kBT )}
(this has been noticed in Ref. [153] for the interacting model). In both cases the Lorenz ratio
exponentially increases with ∆min. In the non-interacting model the exponent is 2∆min/(kBT )
(twice the interacting case), and the maximum value, achieved at ∆min = ∆E/2, is of the
order of LNI ≈ (∆E/kBT )2L0. Interestingly, in the interacting case [Eq. (4.58)], when
|∆min| > ∆E, i.e. NJ 6= 0, we find plateaus whose height increases with NJ .
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4.2.4 Three-terminal system

In this Section we consider the case of a three-terminal system, which allows to study the non-
local transport coefficients and the influence of an additional terminal on the thermoelectric
performance of the system. We focus on the simplest case when the couplings to the reservoirs
are energy independent, that is, the rates Γα do not depend on p, and we will consider an
equidistant QD spectrum. Analytical expressions in the quantum limit for the power and the
efficiency at maximum power can be obtained also in this case on the basis of the expressions
written in Ref. [101] and of Eqs. (4.46) for the transport coefficients. All considerations made
in this Section are valid for both interacting and non-interacting systems.

In a three-terminal setup with time reversal symmetry we have nine independent coeffi-
cients: three electrical conductances G22, G33, and G23, three thermopowers S22, S33, and
S23, and three thermal conductances K22, K33, and K23. According to the expressions in
Eqs. (4.46), valid in the quantum limit when the couplings to the leads are independent of
energy, one finds that the local and non-local electrical (thermal) conductances are charac-
terized by peaks (plateaus) located in the same positions as for the two-terminal case. The
two local electrical (thermal) conductances G22, G33, (K22, K33), can have different heights if
the coupling to reservoirs 2 and 3 are different (Γ2 6= Γ3), while the non-local conductances,
G23 and K23, are negative. On the other hand, the local thermopowers S22 and S33 are equal
and exhibit the same fine structure as in the two-terminal case. Moreover, the non-local
thermopower S23 vanishes, as a consequence of energy independent tunneling rates.

The power and efficiency of a three-terminal system are defined in Eqs. (4.19) and (4.20).
For definiteness, let’s consider T3 ≥ T2 ≥ T1, so ∆T3 ≥ ∆T2 ≥ 0. In general, Carnot’s
efficiency cannot be written only in terms of the temperatures T1, T2, and T3, but it depends
on the details of the system [101]. Nonetheless, if we fix the temperature of the hottest and
coldest reservoir, that is, T3 and T1, it can be shown that ηc ≤ η

(2)
c , where η(2)

c = 1− T1/T3
is the Carnot efficiency of the two-terminal system; the equal sign can be achieved when
two reservoirs have the same temperatures. So adding a third terminal at an intermedi-
ate temperature cannot increase the maximum efficiency beyond the two terminal Carnot’s
efficiency.

Also in the three terminal case the efficiency at maximum power cannot go beyond the
linear response Curzon-Ahlborn efficiency ηCA = η

(2)
c /2. Our aim is to maximize the power P

with respect to ∆µ2 and ∆µ3, at given temperature differences. Then we will consider a fixed
value of ∆T3, and we will study the maximum power P (max) and the efficiency at maximum
power η(P (max)) varying T2 between the fixed T1 and T3. These calculations can be performed
by writing the currents in terms of the temperature and electrochemical potential differences
through the Onsager matrix Lij [101]; in turn, Lij can be related to the transport coefficients.
By rewriting Eqs. (4.41) as

Gαβ = MαβG,
Sαβ = δαβS,
Kαβ = MαβK,

(4.60)

where
Mαβ = δαβΓα −

ΓαΓβ
Γtot

, (4.61)

and by defining

ZT = GS
2T

K
, Γij = Γi + Γj , (4.62)
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we can write the currents as

(
I2/Γ2
I3/Γ3

)
= G
eΓtot

(
−Γ13 Γ13 Γ3 −Γ3

Γ2 −Γ2 −Γ12 Γ12

)
∆µ2
eS∆T2

∆µ3
eS∆T3

 , (4.63)

(
Jh2 /Γ2
Jh3 /Γ3

)
= K

Γtot

(
Γ13 Γ13 −Γ3 −Γ3
−Γ2 −Γ2 Γ12 Γ12

)
0

∆T2
0

∆T3

+ ST
(
I2/Γ2
I3/Γ3

)
. (4.64)

Note that the quantities G, S, K and ZT only depend on the properties of the QD, which
can be interacting or non-interacting, and on the reference electrochemical potential µ; they
do not depend on the number of reservoirs nor on the tunneling rates.

The electrochemical potential differences that maximize P at given reservoir temperatures
can be written as

∆µα = 1
2eS∆Tα. (4.65)

Inserting these expressions into P yields

P (max) = 1
4
Q

Γtot

[
Γ1Γ2∆T 2

2 + Γ1Γ3∆T 2
3 + Γ2Γ3 (∆T3 −∆T2)2

]
, (4.66)

where Q = GS2. The maximum power is thus an always positive quantity and, in the same
manner as in the two-terminal case, see Eq. (4.21), it is proportional to Q and quadratic
in the temperature differences. Furthermore, the properties of the QD and the chosen µ
are all contained in the Q term, while the coupling to the reservoirs and the temperature
differences are separately accounted for in the term between square parentheses in Eq. (4.66).
The efficiency at maximum power instead is given by

η
(
P (max)

)
= η

(2)
c
2

ZT
ZT + 2

[
Γ1Γ2∆T 2

2 + Γ1Γ3∆T 2
3 + Γ2Γ3 (∆T3 −∆T2)2

]
×


1

Γ1∆T3(Γ2∆T2+Γ3∆T3) if Γ3
Γ1+Γ3

∆T3 ≤ ∆T2 ≤ ∆T3,
1

Γ3∆T3[Γ1∆T3+Γ2(∆T3−∆T2)] if 0 ≤ ∆T2 ≤ Γ3
Γ1+Γ3

∆T3.
(4.67)

It is interesting to notice that in this equation the term before square parenthesis, which does
not depend on Γα, is exactly equal to the two terminal efficiency at maximum power, see
Eq. (3.29), since ZT = ZT for a two terminal system. The remaining part of Eq. (4.67) takes
into account the particular temperatures and couplings to the three terminals. Furthermore
the efficiency at maximum power, also in this 3 terminal system, only depends on ZT . There
are three limiting cases we will first study: ∆T2 = 0, ∆T2 = ∆T3 and ∆T2 = ∆T3Γ3/(Γ1+Γ3).

If ∆T2 = 0, T1 = T2, so we have one hot reservoir at temperature T3 and two cold ones
at the same temperature. In this case we obtain

P (max) = 1
4Q∆T 2

3
(Γ1 + Γ2) Γ3

(Γ1 + Γ2) + Γ3
, (4.68)

η
(
P (max)

)
= ηc

2
ZT
ZT + 2 . (4.69)



4.2 Linear response regime 53

Note that for a two-terminal system the maximum power, obtained by inserting Eq. (4.60)
into Eq. (4.21), is given by

P
(max)
2 = 1

4Q∆T 2
2

Γ1Γ2
Γ1 + Γ2

. (4.70)

Comparing Eq. (4.70) with Eq. (4.68), and Eq. (3.29) with Eq. (4.69), we notice that the
3 terminal system is formally equivalent to a 2-terminal system with temperature difference
∆T3, with tunneling rate Γ1 + Γ2 instead of Γ1, and Γ3 instead of Γ2.

If ∆T2 = ∆T3, T2 = T3, so we have two hot reservoir at temperature T3 and one cold
reservoir at temperature T1. In this case we obtain

P (max) = 1
4Q∆T 2

3
Γ1 (Γ2 + Γ3)

Γ1 + (Γ2 + Γ3) , (4.71)

η
(
P (max)

)
= ηc

2
ZT
ZT + 2 . (4.72)

As in the previous limiting case, this system behaves like a 2-terminal with temperature
difference ∆T3 and with tunneling rate Γ2 + Γ3 instead of Γ2.

If ∆T2 = ∆T3Γ3/(Γ1 +Γ3), reservoir 2 has an intermediate temperature such that Jh2 = 0.
In fact this specific value of ∆T2 distinguishes the two regimes where Jh2 > 0 and Jh2 < 0. In
this case we obtain

P (max) = 1
4Q∆T 2

3
Γ1Γ3

Γ1 + Γ3
, (4.73)

η
(
P (max)

)
= ηc

2
ZT
ZT + 2 . (4.74)

As in the other two limiting cases, this system behaves like a 2-terminal system, where
reservoir 2 has been removed; this is to be expected because at this particular temperature,
no heat flows through the second reservoir.

According to Eq. (4.67), all values of ∆T2 other than the three cases discussed above
decrease the efficiency at maximum power with respect to the two-terminal case. The max-
imum power instead, at given tunneling rates, is increased with respect to the two-terminal
case. In fact the maximum power is formally equal to that of a two-terminal system, coupled
to the same QD, with increased tunneling rates. So if we have fixed values of Γ1, Γ2 and Γ3,
we achieve the largest maximum power by choosing ∆T2 = 0 if Γ1 < Γ3 and ∆T2 = ∆T3 if
Γ1 > Γ3. In Fig. 4.5, P (max) and η

(
P (max)

)
from Eqs. (4.66) and (4.67) are plotted as a

function of ∆T2/∆T3, choosing ~Γ1 = 0.02kBT and ~Γ2 = ~Γ3 = 0.01kBT . As we can see in
panel (a), the power is maximum when ∆T2 = ∆T3 (this result is expected since Γ1 > Γ3).
Furthermore the three maxima in panel (b) correspond to the three limiting cases previously
studied, where η

(
P (max)

)
reaches the two-terminal performance.
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Figure 4.5: (a) Maximum power, Eq. (4.66), normalized to Q and (b) efficiency at maximum
power, Eq. (4.67), normalized to Carnot’s efficiency, plotted as a function of ∆T2/∆T3. Curves
computed with ZT = 10, ∆T3/T = 10−4, ~Γ1 = 0.02kBT , ~Γ2 = ~Γ3 = 0.01kBT .

4.3 Non-linear response

The linear response theory describes correctly the thermoelectric properties of bulk materials
in most experimental conditions. However, as discussed for instance in Ref. [154], non-linear
effects are important in nanoscopic setups, since the temperature difference is applied across
very small elements of the order of tens or hundreds of nanometers. As far as heat-to-
work conversion is concerned, there is a practical reason to consider the non-linear response,
namely efficiency and power output may increase with increasing temperature difference.
Furthermore, for systems with time-reversal symmetry the efficiency at maximum power can
overcome the limit of ηc/2 only beyond the linear response 4.

In this section we will consider a two-terminal QD system and discuss the numerical
results obtained solving the master equation (4.4) as discussed in Sec. 4.1. We will focus
our discussion on the thermoelectric properties, and on the efficiency and power produced
by a QD-based heat engine. Let us define the charge current I ≡ I2 = −I1, thanks to
charge current conservation, and the average reservoir temperature T̄ = (T1 + T2)/2, which
determines the typical thermal energy scale of the system beyond linear response (all energies
will be given in units of kBT̄ ). Furthermore, ∆µ ≡ ∆µ2 = −eV , with V applied voltage,
∆T ≡ ∆T2, and assume equidistant energy levels with spacing given by ∆E. In order to
describe the potential drop between the QD and the two reservoirs, we will assume that the

4Note, however, that the Curzon-Ahlborn limit can be overcome also within linear response when time-
reversal symmetry is broken, see Refs. [155–159].
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set of energy levels is shifted as Ep(V ) = Ep − (1 − θ0)eV , where 0 ≤ θ0 ≤ 1 is the fraction
of potential V that drops over the tunnel barrier which couples reservoir 2 to the QD.

Regarding charge transport, we recall that in the linear response, within the quantum
limit, the conductance exhibits peaks occurring at the dominant transition energies, i.e.
when µ = µN , of width given by kBT̄ . By applying a finite voltage bias V , in the absence of
a temperature difference (∆T = 0), the differential conductance, defined as

G =
(
∂I

∂V

)
, (4.75)

exhibits the typical Coulomb diamond structure, with visible excited states, as a function of
V and µ, see for instance Ref. [160].

4.3.1 Non-linear Seebeck and Peltier coefficients

In the non-linear regime the thermopower (Seebeck coefficient) can be defined as follows

S = − V

∆T

∣∣∣∣
I=0

, (4.76)

i.e. as the ratio between the thermovoltage V that develops as a result of a finite ∆T applied,
at open circuit (I = 0). In Fig. 4.6, S is plotted as a function of µ for various values of ∆T/T̄ .
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Figure 4.6: (Color online) Non-linear thermopower S plotted as a function of µ for various values
of ∆T/T̄ , and ∆E = 20kBT̄ , EC = 50kBT̄ , ~ΓL(p) = ~ΓR(p) = 0.01kBT̄ , θ0 = 1/2.

The black solid curve (calculated for ∆T/T̄ = 10−4) is the linear-response reference that is
well approximated by the expression given in Eqs. (4.46). As discussed in Sec. 4.2.1, the black
solid curve presents main oscillations of period ∆E + 2EC , and a fine structure with a ∆E
spacing [70]. Since we have chosen an equidistant energy spectrum, all curves share a number
of features with the linear-response reference. Namely, i) S crosses zero with positive slope
at the main transition energies µN and is periodic with periodicity ∆E + 2EC (in Fig. 4.6
µ = 290 kBT̄ corresponds [see Eq. (4.47))] to µN=3); ii) in the range of µ considered, S is



56 Thermoelectric properties of a quantum dot-based heat engine

antisymmetric with respect to µ = 290 kBT̄ ; iii) S vanishes for values of µ in the middle
points between two dominant transitions µN and µN+1 (in Fig. 4.6 such points are located at
µ = 230 kBT̄ and µ = 350 kBT̄ ). Moreover, since we set θ0 = 1/2, the linear increase of S for
µ ' µN does not depend on the ratio ∆T/T̄ , i.e. it is well described by the linear-response
proportionality coefficient 1/(eT̄ ). Interestingly, such features (except for the fine structure
oscillations) can be understood in terms of a non-interacting model (see App. A.4), which
also explains the reduction of the negative slope of S at the middle points as the ratio ∆T/T̄
increases.

Let us now discuss the behavior of S when departing from the linear response regime.
Fig. 4.6 shows that for all values of ∆T the thermopower deviates from the linear-response
curve only for µ above 310 kBT̄ (or below 270 kBT̄ ). A sharp departure already occurs at
∆T/T̄ = 0.5 (red curve). This can be understood from the fact that, for µ > 310 kBT̄ , S is
of the order of 15 kB/e which corresponds to a value of the thermovoltage (V = −7.5 kBT̄ /e)
such that |eV | � kBT

5. Note that µ = 310 kBT̄ roughly corresponds to the first step
of the fine structure in linear response. In particular, while the first step hardly moves by
increasing ∆T from its position in linear response, the second step, occurring at µ = 330 kBT̄
in the linear response, shifts to a smaller value for increasing ∆T/T̄ , eventually disappearing
or merging with the first step. This behavior may be attributed to the combination of the
following two effects. On one hand, the thermovoltage V , which determines the transport
energy window, depends on µ and increases with ∆T according to the definition (4.76). On
the other hand, an increase of ∆T/T̄ moves the lowest temperature (T1) towards absolute
zero, thus sharpening the Fermi distribution function f1(E). This last effect is also responsible
for the sharpening of S(µ) as ∆T/T̄ increases. Note furthermore that the extremal values of
S decrease as ∆T/T̄ increases.

Let us now consider the non-linear Peltier coefficient defined, for a given voltage V , as

Π = Jh2
I

∣∣∣∣∣
∆T=0

. (4.77)

Our aim is to assess the failure of the Onsager reciprocity relation Π = TS, which holds in
the linear response regime. Beyond linear response, for a single-level non-interacting QD, one
finds a “corrected” reciprocity relation, namely Π + V/2 = T̄ S in the case where θ0 = 1/2
(see App. A.4). To single out the effect of interactions in a multi-level QD, in Fig. 4.7 we plot
the ratio r = (Π + V/2)/(T̄ S) as a function of µ for various values of ∆T/T̄ and eV/(kBT̄ )
(∆T/T̄ is used to compute S, while eV/kBT to compute Π). Fig. 4.7 shows that the ratio
r departs significantly from 1, the linear response result (blue thin line), only far enough
from the dominant transition energy µN=3 = 290 kBT̄ . In particular, when Π is in the linear
response regime and S is not (black solid curve) the strong deviations occurring for µ around
the middle points between dominant transition energies, namely µ = 230 kBT̄ and µ = 350
kBT̄ , can be explained by a two-level non-interacting model (see App. A.4). However, the
deviations occurring in the range of values of µ between 250 kBT̄ and 330 kBT̄ can be imputed
to interaction effects. In the opposite case, where S is in the linear response and Π is not (red
curve), the deviations of r from 1 are entirely due to interaction effects and r takes values
between 0 and 1 in the entire range of values of µ. When both S and Π are beyond linear
response the two behaviors discussed above coexist giving rise to the black dashed curve 6.

5We have also checked that we are well beyond the linear response for the electric conductance.
6The black dashed curve is actually equal to the product of the solid black and the red curve. Indeed, due
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Figure 4.7: (Color online) Ratio r = (Π +V/2)/(T̄ S) plotted as a function of µ for various values
of eV/kBT (for the Peltier coefficient) and of ∆T/T̄ (for the thermopower), for the same parameter
values as in Fig. 4.6. The blue thin line is the reference r = 1.

4.3.2 Efficiency and output power

In this Section we consider the efficiency for heat-to-work conversion and output power in a
two terminal system. Specifying Eq. (4.20) to a two terminal system where ∆T > 0, we have
that

η = P

Jh2
, (4.78)

where P > 0 is the output power, defined in Eq. (4.19), and Jh2 > 0 is the heat current
absorbed by the system. Apart from the system’s parameters, η depends on V and ∆T .

Let us first consider the maximum efficiency η(max), obtained by maximizing the efficiency
η with respect to the applied voltage V , at given ∆T . η(max) is plotted, normalized to ηc,
in Fig. 4.8(a) as a function of µ for different values of ∆T/T̄ . All plots show pairs of peaks
close to µN , whose maximum is very close to ηc, and secondary peaks of smaller height. The
solid black curve, relative to the linear response regime (∆T/T̄ = 10−4), is related through
Eq. (3.29) to the plot of ZT [Fig. 4.3(b)]7 discussed in Sec. 4.2.2. For the black curve a pair
of maxima approaching ηc occur at µ = µN ±2.40kBT̄ , while η(max) vanishes at the dominant
transition energies (and at the middle points between two dominant transition energies).
Moreover, a fine structure of secondary peaks, with spacing ∆E, appears for intermediate
values of µ. Moving away from the linear response, the main observation is that an increase
of ∆T/T̄ > 0.1 produces only quantitative changes to the curves. As shown in Fig. 4.8(a), the
main peaks of η(max) are still approximately located at µ = µN ± 2.40kBT̄ and approaching
the Carnot efficiency, while the peaks’ width reduces slightly with increasing ∆T , and the
fine structure of the secondary peaks gets simply distorted.

to the Onsager reciprocal relations in this product the linear response Peltier Π (which appears in the ratio
r for the solid black curve) simplifies with the linear response T̄ S (which appears in the ratio r for the red
curve).

7Notice that in Fig 4.8 ∆E = 20 kBT , while in Fig. 4.3 ∆E = 10 kBT .
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Figure 4.8: (Color online) (a) Maximum efficiency, normalized to Carnot’s efficiency, (b) maximum
output power P (max), normalized to its peak value P (max)

peak , and (c) efficiency at maximum power
η(P (max)), normalized to ηc, plotted as a function of µ for various values of ∆T/T̄ , for the same
parameter values as in Fig. 4.6.

Another important quantity in heat-to-work conversion is the maximum output power
generated P (max), which is obtained by maximizing the output power with respect to the
applied voltage V . It turns out that P (max) exhibits pairs of peaks approximately located
at µ = µN ± 2.40kBT̄ whose height increases approximately quadratically with ∆T , as long
as ∆T/T̄ is not to close to 2. Interestingly, Fig. 4.8(b) shows that the maximum output
power P (max), when normalized to its peak value P (max)

peak , only very weakly depends on the
ratio ∆T/T̄ . In particular, P (max)/P

(max)
peak is well approximated by the linear-response result,

whose analytical expression is obtained by substituting Eq. (4.48) into Eq. (4.21).
The efficiency at maximum power η(P (max)) can now be calculated by taking, for each

value of µ, the value of V which maximizes the power. η(P (max)) is plotted, as a function of µ,
in Fig. 4.8(c) for various values of the ratio ∆T/T̄ . By increasing such ratio starting from the
linear response [solid black curve, related to the plot of ZT in Fig. 4.3(b) through Eq. (3.29)]
one finds that the peak values, again occurring approximately at µ = µN ±2.40kBT̄ , increase
well above ηc/2 (the upper limit for the linear response). On the contrary, the efficiency
at maximum power for values of µ away from µN , relative to the fine structure, decreases
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Figure 4.9: (Color online) Efficiency at maximum power η(P (max)
peak ) plotted as a function of ηc

for various values of EC , with ∆E = 0 (solid curves) and for various values of ∆E, with EC = 0
(dashed curves). Thin solid curves represent the CA and SS efficiencies, see text. Tunneling rates are
~Γ1(p) = ~Γ2(p) = 0.01kBT̄ . The inset shows the same curves on the entire range ηc ∈ [0, 1].

with increasing ∆T/T̄ beyond the linear response, but is only slightly different moving from
∆T/T̄ = 1 (red curve) to ∆T/T̄ = 1.95 (black dashed curve).

It is now interesting to compare the peak values of the efficiency at maximum power with
various reference values, such as the Curzon-Alhborn (CA) efficiency [37] ηCA = 1−

√
1− ηc

and the Schmiedl-Seifert (SS) efficiency [39] ηSS = ηc/(2 − ηc) 8 discussed in Sec. 3.1.1. To
do so we calculate the peak power, i.e. maximizing the power with respect to V and µ,
and plot the corresponding efficiency as a function of ηc (determined by the temperature
difference) in various situations, see Fig. 4.9. In particular, we consider the case of a QD
with one doubly degenerate level with a finite charging energy (solid thick curves) and the
case of a QD with two non-degenerate levels and zero charging energy (dashed curves). The
parameters are chosen such that the two situations can be compared, namely ∆E = 2EC ,
i.e. the differential conductance consists of two peaks separated by the same electrochemical
potential. Figure 4.9 (inset) shows the following general feature for small ηc, i.e. in the linear
response regime: η(P (max)

peak ) increases linearly with ηc with slope determined by the value
of ZT [see Eq. (3.29)]. In particular, the two black curves (relative to EC = 10 kBT̄ and
to ∆E = 20 kBT̄ ) virtually coincide, and are equal to the one for a single non-interacting
level QD [see App. A.4 and the first line of Eqs. (A.44)], since the parameters are such that
kBT̄ � EC ,∆E, where the transport is mostly accounted for by a single energy level. On the

8This is actually the upper bound of the Schmiedl-Seifert efficiency, see Refs. [38, 39].
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Figure 4.10: (Color online) Correlation between efficiency and output power calculated for a few
points of the plots in Fig. 4.9, both for doubly degenerate interacting case (solid curves), and non-
degenerate non-interacting case (dashed curves). Curves obtained by increasing the value of V from
zero to the thermovoltage value, corresponding to the open-circuit situation, for various values of ηc.
Panel (a) refers to ∆E = 20 kBT̄ (with EC = 0, dashed curves) and to EC = 10 kBT̄ (with ∆E = 0,
solid curves), while panel (b) refers to ∆E = 3 kBT̄ (with EC = 0, dashed curves) and to EC = 1.5
kBT̄ (with ∆E = 0, solid curves).

contrary, the two red curves (relative to EC = 1.5 kBT̄ and to ∆E = 3 kBT̄ ) differ by a large
extent, with the interacting case (solid red curve) exhibiting larger efficiency at maximum
power with respect to the associated non-interacting case (dashed red curve). Note that the
efficiency at maximum power relative to the interacting case goes beyond the CA efficiency,
when ηc is larger than about 0.5, for all values of EC between 1.5 kBT̄ and 10 kBT̄ . Finally,
we find that the SS efficiency is never overcome.

To complete the analysis, we show the correlation between efficiency and power corre-
sponding to a few points (i.e. a few values of ηc) in the curve of Fig. 4.9. More precisely,
Fig. 4.10 shows how the value of the power P and the efficiency η evolve by increasing the
applied voltage V from zero (where both P and η vanish) to the thermovoltage (where P
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Figure 4.11: (Color online) Maximum power, normalized to the peak value, plotted as a function
of µ for different values of ηc with EC = 10 kBT̄ , ∆E = 0 and considering a single doubly degenerate
energy level. Surprisingly, not only the linear-response curve (black) is very well approximated by the
analytic expression in Eq. (4.79) (black dashed curve) valid in the quantum limit. Tunneling rates are
~Γ1(p) = ~Γ2(p) = 0.01kBT̄ .

vanishes as a consequence of the fact that the charge current vanishes) 9. In particular, panel
(a) refers to the case ∆E = 20 kBT̄ (dashed curves) and EC = 10 kBT̄ (solid curves), while
panel (b) refers to the case ∆E = 3 kBT̄ (dashed curves) and EC = 1.5 kBT̄ (solid curves).
We checked that in the linear response (when ηc � 1) the power reaches its maximum when
the efficiency is nearly equal to ηc/2. By increasing ηc, for all the curves in the figure, both
maximum power and efficiency at maximum power increase. For large values of ηc (green
curves), the efficiency remains close to the Carnot efficiency when V is increased beyond the
point of maximum power. The general feature is that in the interacting case (solid curves)
the power is much larger than in the associated non-interacting situation (dashed curves).
When ∆E and EC are of the same order as kBT̄ [Fig. 4.10(b)], both the maximum power
and the efficiency at maximum power are increased in the interacting case as compared with
the non-interacting case. A remarkable property of both regimes discussed in panels (a) and
(b) is that in the strongly nonlinear regime, the maximum power is obtained for values where
the efficiency is high and close to the maximum efficiency.

We finally discuss a peculiarity of the maximum power output considering a doubly de-
generate energy level in the interacting case 10 (as we will point out, some considerations
are also valid in the non degenerate case). Fig. 4.11 shows the maximum power, normalized
with respect to the peak value, as a function of µ for different values of ηc including the
linear-response case (parameter values are the same as for Fig. 4.9, with EC = 10 kBT̄ ).

9For a given value of ηc, we first find the values µ = µ̄ and V = V̄ leading to the peak value P (max)
peak for

power. We then set µ = µ̄ and vary the voltage V from zero to the thermovoltage.
10The effect of degenerate energy levels on the electron and thermal conductance and on thermopower of a

QD was considered in Ref. [68].
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The first remarkable feature is that the two peaks around a dominant transition energy have
different heights (here µN=1 = 10 kBT̄ and µN=2 = 30 kBT̄ ); in the absence of degeneracy,
within the quantum limit all the peaks have the same height (see Fig. 4.3). More precisely,
see Eq. (4.79), the external peaks, displaced of 2.53kBT̄ from µN are higher with respect
to the internal peaks, displaced of 2.32kBT̄ from µN , whose height is almost equal to the
non-degenerate (interacting) case. The second feature is that all curves, apart from the case
of very large ηc (blue curve), are well approximated by the linear-response quantum limit
expression (black dashed curve in Fig. 4.11)

P (max) =
√

2γ
16kBT̄

(∆T
T̄

)2 ∆2
min

cosh ( ∆min
2kB T̄

± log 2
2 ) cosh ( ∆min

2kB T̄
)
. (4.79)

The plus (minus) sign in Eq. (4.79) is to be taken when Nmin is even (odd). Eq. (4.79) allows
us to find that level degeneracy gives rise to an enhancement of output power of about 1.77
times respect to the non-degenerate case, independently of the parameter values (see also
Ref. [102]). Eq. (4.79) also makes clear that the origin of the asymmetry for ∆min → −∆min
and of the difference in peaks’ height is the term ± log 2/2 occurring in the presence of
degeneracy. The case of EC = 1.5 kBT̄ (not shown), which is not within the quantum limit,
produces a much more asymmetric behavior. We have verified that also in the non degenerate
case the analytic formula derived in the linear response regime [see Eq. (4.48)] well describes
the maximum power also beyond the linear response regime.

4.4 Summary

In this chapter, we studied the thermoelectric properties of a multi-level interacting QD in
the sequential tunneling regime, in a multi-terminal setup, both in the linear response regime
and beyond. In particular, we have

• generalized the sequential tunneling method put forward by Beenakker in Refs. [69] and
[70] to a multi-terminal configuration and set the range of validity of the expressions
for the charge and heat currents in the linear response regime;

• found simple analytic formulas for the multi-terminal transport coefficients in the low
temperature limit;

• found simple analytic formulas for the power factor Q and the figure of merit ZT in
the low temperature limit for a two-terminal setup;

• found that Q and ZT can be simultaneously maximized for suitable values of the
electrochemical potential;

• found that Coulomb interactions can dramatically enhance ZT by suppressing the ther-
mal conductance;

• found that both the interacting an non-interacting models strongly violate the
Wiedemann-Franz law;

• found analytic expressions for the maximum power and for the efficiency at maximum
power in a three terminal setup;
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• investigated the nonlinear Seebeck and Peltier coefficients in a two-terminal setup,
identifying features of the breakdown on the Onsager reciprocity relation;

• computed numerically the maximum efficiency, the maximum power, and the efficiency
at maximum power in the non-linear regime, finding optimal system parameters for
heat-to-work conversion such that the efficiency at maximum power can go beyond
Curzon-Alhborn’s efficiency;

• compared the case of a doubly degenerate level with interaction and the case of two
non-degenerate levels without interaction finding that the interacting case enhances the
power output and, especially when charging energy and level spacing are of the order
of the thermal energy, it increases the efficiency at maximum power that can go beyond
Curzon-Alhborn’s efficiency;

• found that the non-linear maximum power is well approximated by the analytic linear
response expression;

• found that QDs with degenerate energy levels and Coulomb interactions achieve higher
efficiency and output power than non-degenerate QDs; in particular the maximum
power is enhanced almost of a factor 2;

• calculated the transport coefficients for a non-linear, non-interacting QD with 1 and 2
energy levels (App. A.4);

• found approximate analytic expressions for the maximum power and efficiency at max-
imum power for a non-linear, non-interacting QD with 1 energy level (App. A.4).

The multi-terminal formalism developed in this chapter and the expressions we have obtained
for charge and heat currents, transport coefficients, power and efficiency could be used to
design and analyze experimental data. Extensions of the studies presented in this chapter
could include level spacings different from the equidistant and regimes beyond the quantum
limit. Finally, a comprehensive description of the thermoelectric properties and performance
of a QD should assess the role of quantum coherence going beyond the sequential tunneling
limit and the relevance of phonon contribution to heat transport.
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5
Thermoelectric conversion at 30 K in InAs/InP

nanowire quantum dots

The progress in the fabrication and control of nanostructured systems has opened new
prospects for thermoelectric (TE) research [5, 161] and has provided new ways to create
improved TE devices [11, 63, 64, 123, 162]. As discussed in Sec. 3.1.3 and Chap. 4, quan-
tum dots (QDs) were soon identified as ideal systems for the implementation of efficient heat
engines [5] and for the creation of nanoscale thermometers [163]. The key property is their dis-
crete density of states that yields a strong energy selectivity in their transmission profile thus
opening the way to the realization of TE systems with an optimized performance [5]. As a con-
sequence, TE effects in QDs have been extensively investigated both theoretically [67, 68, 70–
74, 76–90, 118, 130, 131] and experimentally [42, 127, 132, 135, 138, 141, 164–168]. The TE
behavior of electronic devices is characterized by the figure of merit ZT , see Eq. (3.27), that
is larger in more efficient devices. Indeed, within linear-response regime, both the maximum
efficiency and the efficiency at maximum power are solely determied by the figure of merit,
and they are growing functions of ZT , see Eq. (3.29). In bulk materials the maximization
of ZT has been proved to be highly nontrivial since G, S and K are intrinsically related.
On the contrary, heat and charge transport in QD-based TE devices can be disentangled
and larger values of ZT can be achieved. The performance of thermal machines based on
QDs has been theoretically studied by many authors [86, 108, 109, 116, 118, 121, 169], while
only one experimental investigation is available up to now [42]. We also note that QDs can
provide a key building block for the fundamental investigation of quantum and stochastic
thermodynamic effects, as shown for small-sized systems, where thermal fluctuations are of
much relevance [17, 170, 171]. The investigation of TE effects in single-electron systems is
usually performed in temperature regimes for which the thermal energy kBT is smaller than
the Coulomb gap. In addition, it is often desirable to implement devices where the individual
energy levels are well-resolved with respect to the thermal energy so that only few levels
contribute to the heat transport.

In this chapter we report of an experimental study, conducted at the NEST Laborary,
Pisa, in which the strong confinement of QDs realized in InAs/InP heterostructured nanowires
(NWs) [172–174] is exploited to demonstrate field-effect control on the thermopower S up to

65
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Figure 5.1: (a) Scanning electron micrograph of a typical device. A local heater (red) is used
to establish a temperature difference ∆T between the two ends of the NW (green) embedding an
InAs/InP heterostructured QD. The device is fabricated on top of a degenerately-doped SiO2/Si p++
substrate (gray) and a set of Ti/Au electrodes (yellow) can be used both as electrical contacts to the
NW and as local resistive thermometers. The QD electronic configuration can be controlled with a
pair of side gates (SG, purple) or using the conductive substrate as a backgate electrode (BG). (b)
Transmission electron micrograph of the heterostructured QDs. (c) Sketch of the energetics scheme:
the QD implements a multi-level system that can mediate heat and charge transport between the
a source (S) and a drain (D) electrodes, in the presence of thermal and electric biases. Two spin-
degenerate levels E1 and E2 (∆E = E2 − E1) play a relevant role in the regime studied in the
experiment.

temperatures of the order of 30 K. The high temperature regime has been little explored in
similar systems [141], usually operated at much lower temperatures [42, 132]. Our devices
allow for the application of a temperature gradient along the NW, the measurement of charge
current and the Seebeck coefficient, as well as the direct measurement of local temperatures.
The strong confinement of the electrons in our QDs allows us to obtain charging energies
EC exceeding 5 meV, with inter-level spacings ∆E of the order of 5 meV and thus to operate
our devices at relatively high temperatures and close to the QD depletion. Employing the
theoretical model developed in Chap. 4, and accounting for sequential tunneling mediated
by two spin-degenerate levels [68, 69, 169], we can accurately reproduce the experimental
conductance and thermopower. This allows us to estimate the electronic thermal conductance
K, the power factor GS2 and the electronic figure of merit ZT .

5.1 Setup and measurements

Figure 5.1(a) shows a scanning electron micrograph of one of the investigated devices, where
different colors correspond to different elements (see App. B.1 for fabrication details). The
device core is constituted by an InAs/InP heterostructured NW with a diameter of 52±1 nm.
As visible in the Fig. 5.1(b), the nanostructure embeds a 20 ± 1 nm InAs island separated



5.1 Setup and measurements 67

from the rest of the NW by two ≈ 4 nm-wide InP barriers. The NWs used for this study
were grown by Au-seeded chemical beam epitaxy [175] and have a wurtzite crystal structure.
As grown NWs were detached from the growth substrate by sonication in isopropyl alcohol
(IPA) and randomly deposited on a SiO2/Si p++ substrate by drop-casting and contacted
by e-beam lithography followed by an evaporation of a metallic Ti/Au (10/100 nm) bilayer.
The resulting device layout includes a metallic serpentine heater (red), which can be fed by
a current IH to induce, thanks to Joule heating, a thermal gradient along the NW (green).
Our architecture also includes a set of multiple contact electrodes (yellow) that allows to: (i)
apply a voltage bias V and measure the current I flowing through the NW; (ii) perform a
local measurement of the temperature by tracking the resistance of the central metallic part
of the contact electrodes (see Apps. B.1, B.2 and B.3 for measurement details). The QD
population and spectrum can be controlled by a set of field-effect gates including the SiO2/Si
p++ substrate, or back-gate (gray), and two side gates that can also be used to modify the
radial confinement profile of the QD (purple) [176].

The control on the temperature of the system is obtained by setting the temperature of
the bath Tbath in which the device is immersed and then by setting a temperature gradient
across the NW so that its hot end is at a temperature TH and its cold end is at a temperature
TC. The average temperature Tavg = (TH +TC)/2 is set high enough (Tavg ∼ 30 K) so that we
can benefit of the following advantages. (i) Since ~Γ� kBTavg (where Γ is the characteristic
tunnelling rate through the QD barriers) and ∆E is not much larger than kBTavg, sequential
tunnelling processes dominate the thermoelectric transport and data analysis is relatively
straightforward (see below for details); (ii) Since ∆T � Tavg, non-linear response effects in
thermal bias ∆T are negligible thus simplifying the theoretical analysis; (iii) charge transport
can be explored for relatively large applied bias voltages (up to V ≈ kBTavg/e) while remaining
in the linear response regime. In this situation, the current I flowing through the QD is given
by

I = G(V + S∆T ), (5.1)

where G is the electrical conductance and S is the Seebeck coefficient. The thermovoltage
at open circuit conditions is thus given by Vth = −S∆T . It should be noted that both G
and S are temperature dependent even if not explicitly indicated. Typical transport data
from our QDs can be seen in Fig. 5.2(a), reporting a colorplot of I as a function of the gate
voltage Vgate and the DS bias V at T = 4.2 K. Any of the three available gates (SG1, SG2
and BG) can be used to operate the device, but in the experiment reported here the QD
was controlled using the lateral gate SG1 because it yielded the most stable control of the
electronic configuration. Coulomb diamonds are clearly visible for various QD filling numbers
N , and indicate a charging energy on the first spin-degenerate level EC = 7 ± 1 meV and
an inter-level spacing ∆E = 5 ± 1 meV. In Fig. 5.2(a) N = 0 corresponds to a completely
depleted QD, as further discussed in App. B.4 and as indicated by high-temperature transport
data. However, the behavior of the device is not expected to critically depend on the presence
of filled levels as long as they are far away in energy with respect to the relevant energy scales,
in particular kBTavg. In Fig. 5.2(b) we report a set of I(V ) curves corresponding to vertical
cross-sections at fixed Vgate taken from the region highlighted by the black rectangle in panel
(a). The thermoelectric response of the device has been obtained from transport data in the
linear regime. From the curve I(V ) curve restricted to the linear response range (see e.g. Fig
2 (b)), we determine G (slope) and Ith = GS∆T (intercept) for each Vgate value and for a fixed
∆T using Eq. (5.1). From the knowledge of the slope and intercept of the lines it is possible
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Figure 5.2: (a) Typical map of the QD current versus V and Vgate showing the QD filling N in each
Coulomb blockade diamond. The analysis of the diamonds yields a charging energy EC = 7 ± 1 meV
and an energy spacing between the first and second QD level ∆E = 5 ± 1 meV. (b) I(V ) curves
for several values of the gate voltage Vgate. Thermoelectric measurements are obtained in the linear
response regime, i.e. for low applied voltage bias (eV < KBT) for which the response of the system is
linear and thus eq. 5.1 holds.(b) Current I, as a function of V , in the linear response range for four
values of Vgate highlighted by arrows of the corresponding color in panels (e) and (f). (c) Extrapolated
conductance G and (d) thermovoltage −Vth as function of the applied gate voltage Vgate for the first
degenerate energy level for an average temperature Tavg = 24.9 K and for IH = 10 mA current feeding
the heating serpentine, when the system is in a Tbath = 4.2 K thermal bath. Panels (e) and (f) report
equivalent data for Tavg = 31.2 K and IH = 13 mA and Tbath = 10 K. Temperatures are obtained by
using the local metallic thermometers at the two NW ends.

to compute Vth = −S∆T . Fig. 5.2(c)-(f) show the plots of G(Vgate) and −Vth(Vgate) for two
different bath temperatures and heating currents IH, such that the average temperatures of
the QD are Tavg = 24.9 K in panels (c) and (e) and Tavg = 31.2 K in panels (d) and (f),
respectively.
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5.2 Theoretical model and heat engine analysis

Experimental data are analyzed with a theoretical model based on a master equation ac-
counting for sequential tunnelling of electrons between the leads and the QD [34, 70, 169].
As already mentioned in the introduction, we can reasonably assume that co-tunnelling pro-
cesses are negligible when two conditions are met, namely ~Γ � kBTavg and ∆E . kBTavg.
The first condition is required since small values of ~Γ/kBTavg suppress the coefficient of co-
tunneling rates. The second condition comes from the fact that co-tunneling contributions
decay as a power law with the energy difference δE between the chemical potential of the
leads and the nearest resonance (measured in units of kBTavg) [34]. This means that they
may prevail over sequential contributions for large enough δE, since sequential tunneling
contributions decay exponentially with δE/kBTavg [34, 69, 177]. Remarkably, the presence of
two spin-degenerate levels, with spacing equal to ∆E, sets a bound to the energy difference
δE. The second condition (for which ∆E . kBTavg), therefore, ensures that the exponen-
tial suppression of sequential tunnelling is limited and we can safely disregard co-tunneling
effects. This is particularly relevant for values of Vgate such that the chemical potential of
the leads is between the two spin-degenerate levels, where the thermopower is maximal even
though the conductance is negligible.

Two spin-degenerate QD orbitals E1 and E2 are taken into account in the QD model
and tunnelling rates are assumed to depend on the number of electrons N in the QD (see
App. B.5 for details about the model). Further important outputs of the fitting procedure
(detailed in App. B.6) are the electronic temperatures TH,fit and TC,fit that can be used to
obtain a better estimate of the net temperature bias across the QD structure ∆Tfit. The
average fit temperature Tavg,fit = (TH,fit + TC,fit)/2 matches nicely with the one obtained
experimentally sing the metallic thermometers Tavg, and confirms the good calibration of
the resistive thermometers. On the contrary, ∆Tfit is sizably smaller than ∆T . This is not
very surprising since the NW has a finite heat conductance leading to a partitioning of the
thermal bias as observed in experiments at lower temperatures [178]. Since ∆Tfit is the
relevant temperature bias for the analysis of the TE response of the QD, it has been used for
all the subsequent estimates on the TE parameters of the nanostructure.

Fig. 5.3(a) and (b) show the experimental data (red dots) for the case Tavg = 31.2 K,
together with the fitted curves (solid lines) obtained using the model (∆Tfit = 2.05 K).
Different fitting models are compared: the solid black curve accounts for two spin-degenerate
energy levels in the QD (here referred to as the “four-level” model); the green dashed curve
accounts for a single (spin-degenerate) energy level (referred as the “two-level” model), as
often done in the literature to model single [101, 104, 107, 112, 115] and double quantum dot
system [32, 109, 116, 118, 179]. We notice that the four-level model nicely fits the experimental
data for G and S in the whole range of values of Vgate under consideration, while the two-level
model is accurate only for values Vgate < 1.6 V in the conductance plot (the first two peaks in
Fig. 5.3(a)) and up to Vgate ' 1 V in the thermopower plot (Fig. 5.3(b)). The theory can now
be employed to calculate the electronic thermal conductanceK by using the fitting parameters
obtained from the experimental data G(Vgate) and S(Vgate) (see App. B.6 for details about
values obtained for the parameters). The resulting K(Vgate) curves for the two models are
plotted in Fig. 5.3(c). Remarkably, the curve relative to the two-level model departs even
in the first peak from the curve of the four-level model. This is due to the fact that K, by
definition, is the ratio between the heat current and the temperature difference in open circuit
conditions, i.e. when I is zero. In a sequential single-level model, all electrons tunnel through
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Figure 5.3: Theoretical fit of the experimental data and modeling of electronic thermal conduc-
tivity. Conductance (a) and thermopower (b) data shown in Fig.5.2(e)-(f) are compared with the
result of the two-level and four-level models. Little discrepancy between the two emerges in the area
of interest involving the first spin-degenerate state of the QD. Differently, sizable deviations start to
appear in configurations corresponding to a QD filling N ≥ 2. The absence of deviations below the
first spin-degenerate level is consistent with the N = 0 filling. In the model, the experimental gate
voltage values are converted into energy using a gate lever arm αgate = 0.011 ± 0.001 meV/V (see
App. B.4 for further details). (c) Electronic thermal conductance K obtained using the two-level
(green dashed line) and four-level (black line) model. The large discrepancy between the two models
on the high end of the plotted energy range indicates only a four-level model can yield a reliable
estimate of K in the studied experimental configuration.

the QD at the same energy, thus the same amount of heat is transferred to/from a given
reservoirs in each tunneling event. If I = 0, there is not net transfer of charge, thus there is
no net transfer of heat. This implies K=0, regardless of the gate voltage. Conversely, if there
are two or more energy levels, electrons can tunnel at different energies, and this possibility
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Figure 5.4: (a) Maximum Power extracted from the system as a function of the gate voltage. The
experimental data (red dots) and the theoretical prediction (black curve) are computed as GS2∆T 2/4
using respectively the experimental and theoretical values of G and S. (b) Electronic thermoelectric
figure of merit dependence on the applied gate voltage, computed using the extrapolated curves for
G, S and K (Fig. 5.3). (c) Electronic efficiency at maximum power in units of Carnot efficiency ηc.

allows for a net heat transfer at zero charge current [68, 169]. Therefore, as opposed to G
and S, the value of K in the sequential regime is fully determined by the multilevel structure
of the QD. It is thus crucial to employ the four-level model to estimate it properly.

Using the three transport coefficients G, S and K one can evaluate the performance of our
QD system when operated as a heat engine. Indeed, the electric response to a temperature
difference can be used to drive a current against a voltage bias, effectively extracting work
from the system. The efficiency of a heat engine is then defined as the ratio between the
extracted work and the heat provided by the hot reservoir. At fixed Vgate and temperature
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difference, we define P (max) as the maximum power that can be extracted by optimizing over
the applied V . The corresponding efficiency will then be the efficiency at maximum power
η(P (max)). It can be shown [11] that P (max) also corresponds to the maximum power that
can be performed on a variable load resistance in series with the QD. However, as shown
in Sec. 3.1, within the linear response regime both P (max) and η(P (max)) can be computed
simply from the knowledge of the transport coefficients G, S and K through Eqs. (3.28)
and (3.29). The maximum power is plotted in Fig. 5.4(a) as a function of the gate voltage
Vgate using the theoretical (solid curve) and experimental (red circles) values of G and S
together with the fitted value of ∆Tfit. The experimental data (available down to Vgate '
−1 V) is well reproduced by the four-level model which presents several peaks, the largest
one corresponding to P

(max)
peak = 0.37 fW occurring at Vgate ' −0.78 V. Remarkably, the

corresponding value of the electronic figure of merit [plotted in Fig. 5.4(b)] is ZT ≈ 35. ZT
displays a fast increase as Vgate decreases below the first conductance peak, as expected for
a single-level QD. This is due to the fact that there are no levels below the first conductance
peak, so that our QD system approximately satisfies the requirement for achieving Carnot
efficiency [5]. Indeed, the electronic efficiency at maximum power, plotted in Fig. 5.4(c),
takes the value η(P (max)) = 0.47ηc (where ηc is Carnot’s efficency) for Vgate ' −0.78 V,
implying that our QD system can be operated at an electronic efficiency at maximum power
very close to the Curzon-Ahlborn’s linear response upper bound ηCA = ηc/2. It is worth
observing that the electronic efficiency at maximum power is computed from the knowledge
of ZT [11]. Interestingly, Fig. 5.4(c) shows that the electronic efficiency at maximum power
roughly behaves as the maximum power [Fig. 5.4(a)], implying that both the maximum power
and corresponding efficiency can be simultaneously maximized.

5.3 Summary
In this chapter we explored TE phenomena in InAs/InP NW QD-based devices at high
temperature in the linear regime. Experimental data were analyzed using a multi-level model
based on the resolution of a master equation which allowed us to compute the electronic
thermal conductance of the system. This, in combination with the experimental data of
conductance and thermopower, allowed us to estimate the electronic thermoelectric figure of
merit ZT and the electronic efficiency at maximum power of our thermoelectric engine. We
found that the ideal Curzon-Ahlborn’s upper bound is nearly attained, and that a figure of
merit ZT ≈ 35 is reached while extracting the maximum power from the system. This study
demonstrates the full electrostatic control of the heat engine features of a thermally biased
NW QD operating in high temperature regimes. Our results shed light on the operation
of few level thermoelectric engines, a key issue for the physics and technology addressing
heat and charge transport mediated by single carrier. The electronic ZT , which neglects
the contribution of the phonons to the thermal conductance, is a sound characterization of
the electronic properties of the device which allows to compare the electronic performance
of different thermoelectric materials. Furthermore, it is directly related to the efficiency of
non-equilibrum devices, such as solars cells which aim at recovering the energy of out-of-
equilibrium "hot carriers" excited by light [180, 181]. Possible applications include on-chip
cooling, energy harvesting on cryogenic platforms and nanoscale thermometry.



6
Non-linear thermovoltage in a single-electron

transistor

So far, most of the experimental investigations of thermal properties in nanostructures have
focused on the thermal conductance [137, 167, 178, 182–188]. Conversely the thermovoltage,
which describes the electrical response to a temperature difference and is directly related to
both the power and efficiency of thermal machines, see Sec. 3.1, is much less studied. This
is due to the difficulty in coupling local sensitive electron thermometers and heaters/coolers
to the sample under study in order to have a well-defined, known temperature difference
across the device. The thermovoltage has been measured in devices based on nanowires
[189, 190] and on quantum dots [125, 127, 128, 132, 134, 135, 138, 139, 141, 164, 165, 168,
191]. In these experiments, however, the temperature of the electrodes were typically not
measured directly, but rather determined as fitting parameters, and there are no experiments
where the temperature of the electrodes and the thermovoltage are measured simultaneously.
Furthermore, there are no experiments probing the thermovoltage in devices based on metallic
islands, while theoretical works for these systems have focused only on the linear response
regime [70, 78–80, 83, 85, 192]. The non-linear thermovoltage though has been theoretically
studied in discrete-level systems in Refs. [75, 81, 84, 87–90, 96, 113, 169, 193].

In this chapter, we report on the first measurement of the thermovoltage in a metallic
single-electron transistor (SET) using on-chip, local tunnel-junction-based thermometers and
electron temperature control. The experiment was performed at the Aalto University, Fin-
land. This system allows us to perform thermoelectric measurements with an unprecedented
control, both within the linear and non-linear response regimes, imposing temperature dif-
ferences exceeding the average temperature. Using a theoretical model which accounts for
non-linear effects and co-tunneling processes, we find an excellent agreement with the experi-
mental data with no free parameters. On one hand, this allows us to nail down quantitatively
the role of co-tunneling processes on the thermovoltage. On the other hand, we find that
in the non-linear regime the temperature of the island emerges as a crucial parameter. Sur-
prisingly, although the thermovoltage is measured at zero net charge current, within the
non-linear response the island tends to overheat to a temperature greater than the average
lead temperature, which results in a suppression of the thermovoltage. We show, however,

73
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Figure 6.1: Representation and characterization of the single-electron transistor. a) False-colored
SEM image of the full device and a zoomed in view around the metallic island (yellow) tunnel coupled
to two normal leads (red and green). b) Schematic representation of the system with the same coloring
as in the SEM image. The heat balance in the metallic island is represented by red arrows. c) Absolute
value of the current through the SET as a function of the applied source drain voltage V and of the
gate-induced charge ng.

that the non-linear thermovoltage can be optimized up to a factor two with respect to the
experimentally observed value by lowering the temperature of the island to the temperature
of the cold lead. This could be achieved by exploiting the phonons in the island which act as
a third thermal bath coupled to our system.

6.1 Experimental setup

Fig. 6.1a) is a colored scanning electron micrograph of the device and Fig. 6.1b) is a schematic
representation of the experiment with the same colors highlighting the main elements of the
fully normal-conducting SET. The left lead L (red) and right lead R (green) are tunnel and
capacitively coupled to a central metallic island I (yellow), which is under the influence of a
tunable gate electric field (orange). A voltage bias V = VL − VR can be applied to the SET
electrodes and the corresponding current I can be measured for an initial characterization
of the device. The temperature TR of the electrons in R is fixed to the bath temperature,
given the strong electron-phonon coupling in the large and “bulky” lead. On the other hand,
the electronic temperature TL in the left lead (red) can both be varied and measured using
the superconducting tunnel probes (blue). The tunability of the temperature is possible
thanks to the superconducting wire (purple) in clean contact with the left lead through
which there is no heat conduction, and thanks to the limited size of the normal (red) part
of the lead that reduces the electron-phonon heat flux. Electrons within the island are in
local equilibrium at temperature TI since the electron-electron interaction is much faster
than the tunneling rates [7]. The experiment is performed in a dilution refrigerator at bath
temperatures typically between 50 and 400 mK. For the thermovoltage measurements, the
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SET voltage bias source and current preamplifier (sketched in red in Fig. 1a) are disconnected.
Crucially, the thermovoltage Vth is probed directly across the SET using a room-temperature
voltage preamplifier with ultralow input bias current below 20 fA. Fabrication details can be
found in Ref. [167] where “sample B” is the device used for this experiment.

Figure 6.1c) shows the absolute value of the current I across the device at 65 mK as a
function of the potential bias V and of the gate-induced charge ng = (CLVL+CRVR+CgVg)/e
, where CL, CR and Cg are, respectively, the capacitances of the island to L, R and to the
gate electrode, and Vg is the gate voltage. In the dark blue regions, Coulomb diamonds,
single electron tunneling between the leads and the island is not allowed, and the current is
very small. At half integer values of ng, “degeneracy points”, there are conductance peaks at
zero bias since single electron tunneling is allowed for any finite voltage bias.

6.2 Model
The state of the SET is characterized by the probability p(n) to have n excess charges on the
island. The electrostatic energy necessary for this is

U(n) = EC (n− ng)2 , (6.1)

where EC = e2/(2C) is the charging energy with C = CL + CR + Cg. Electron tunneling
between the leads and the island induces transitions between charge states. The leading
order process in a perturbative expansion in the tunnel coupling between the island and the
leads corresponds to a single electron transfer between the leads and the island (sequential
tunnelling) [34, 194]. The sequential-tunneling rates for transferring electrons from α =
L,R (I) to β = I (L,R), with the island initially having n charges, is denoted by Γαβ(n) (see
App. C.1 for details).

Higher order processes can become dominant if all sequential-tunneling processes are
energetically unfavorable [in the Coulomb diamond region in Fig. 6.1c)]. In particular, co-
tunneling (second order process) refers to the transfer of an electron from one lead to another,
without changing the charge state of the island but going through a virtual state. The
dominant contribution of this kind is inelastic co-tunneling, i.e. the electron which tunnels
from lead L, say, to I via a virtual state has a different energy with respect to the electron
tunneling from I to R 1. We denote the rate of inelastic co-tunneling that transfers a charge
from α = L (R) to β = R (L), when n electrons are on the island before the process occurs,
by γαβ(n).

The probabilities p(n) can be computed by solving tha Pauli master equation (see Chap. 2
and App. C.1 for details). The charge current can then be written as I(V ) = Iseq + Icot,
where

Iseq = e
∑
n

p(n) [ΓLI(n)− ΓIL(n)] (6.2)

is the sequential-tunneling contribution, given by electrons tunneling between lead L and I,
and Icot = e

∑
n p(n)[γLR(n) − γRL(n)] is the inelastic co-tunneling contribution [31, 32, 34,

79, 83]. We compute the sequential and co-tunneling rates exactly, without linearizing in the
voltage bias and temperature difference (see App. C.1 for details).

1The process where the same electron tunnels from α = L,R to I and then to β = L,R is known as “elastic
co-tunneling”, since also the microscopic state on the island remains unchanged. As discussed in Refs. [34, 192],
this process is relevant only when the thermal energy kBT and the voltage bias are much smaller than

√
ECδ,

where δ is the energy level spacing in the island. In our case the energy levels almost form a continuum,
making

√
ECδ the smallest energy scale at play.
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In the presence of a fixed temperature bias (TR 6= TL), the thermovoltage Vth is the
solution to

I(Vth) = 0. (6.3)

Notice that the charge current also depends on the temperature of the island TI. By imposing
that the charge current and the net energy entering the island through electron tunneling are
zero, we find that

TI = TLRR + TRRL
RL +RR

, (6.4)

where RL and RR are respectively the resistance of the left and right tunnel junctions.
Eq. (6.4), which is found performing a simple sequential tunneling calculation within lin-
ear response and in the two charge state approximation (valid for EC � kBT ), reduces to
TI = T̄ ≡ (TL + TR)/2 in the present symmetric case where RL = RR. We will thus initially
assume that TI is given by the average lead temperature T̄ . However, as we will soon discuss
in detail, we find that this assumption gives quantitatively wrong results beyond the linear
response regime, leading us to the exploration of the impact of TI on the thermovoltage.

6.3 Results

We focus on two data sets which represent two different regimes: linear response (Fig. 6.2),
i.e. when the modulus of the temperature difference ∆T = TL−TR is smaller than the average
lead temperature T̄ = (TL + TR)/2, and non-linear response (Fig. 6.3). In both cases, using
the model detailed above, we could accurately reproduce the experimental data without any
free parameter. The system parameters EC = 100 µeV ≈ kB × 1.16 K and RL = RR =
26 kΩ are independently extracted from charge current measurements. Figures 6.2 and 6.3a)
present the same qualitative behavior, namely a periodic oscillation of the thermovoltage
with the gate-induced charge ng and a linear dependence around degeneracy points, but they
exhibit different amplitudes (note that the sign of Vth is opposite in the two cases since the
temperature biases are opposite).

We first analyze the linear response regime by choosing the set of data obtained when the
temperature of the leads is TL = 134 mK and TR = 190 mK, such that |∆T | < T̄ . In Fig. 6.2
we compare the measured Vth (blue dots) as a function of ng with different theoretical models.
The red thin curve represents the typical sawtooth behavior which is predicted within linear
response accounting only for sequential tunneling and two charge states. This is characterized
by a linear function of ng, crossing zero at the degeneracy points with slope EC∆T/T̄ [70].
The other two curves (red dashed and green solid) are instead determined by computing Vth
using Eq. (6.3) and assuming that TI = T̄ [see Eq. (6.4)]. The red dashed curve, which only
accounts for sequential tunneling, shows a smoothened sawtooth behavior as a consequence of
including multiple charge states in the master equation and of a finite temperature. However,
both models based on sequential tunneling (thin and dashed red curves) approximately fit
the experimental data only near the degeneracy points (near half integer values of ng). In this
case, indeed, sequential tunneling is allowed and thus dominates over co-tunneling [83]. On
the other hand the green solid curve, computed including co-tunneling contributions, shows
a strong suppression of the thermovoltage as we move away from degeneracy points. The
excellent agreement between this model and the experimental measurements pinpoints the
critical dependence of the thermovoltage on inelastic co-tunneling processes.
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Figure 6.2: Experimental and theoretical thermovoltage as a function of ng. The red thin curve
represents the sawtooth behavior predicted with a sequential-tunneling calculation in linear response
and accounting for two charge states. The dashed red curve is found by solving Eq. (6.3) including
only sequential contributions, while the green curve includes also co-tunneling contributions. The
temperatures of the leads are TL = 134 mK and TR = 190 mK and, according to Eq. (6.4), we assume
that TI = T̄ .
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Figure 6.3: a) Experimental and theoretical thermovoltage as a function of ng. All theoretical
curves include co-tunneling. The red dashed-dotted curve corresponds to a linear response calculation
around T̄ . The green dashed curve corresponds to a non-linear calculation where we fix TI = T̄ , while
the black curve corresponds to a non-linear calculation where TI, shown in b) as a function of ng, is
calculated solving the heat balance condition in Eq. (6.5) together with Eq. (6.3). The temperatures
of the leads are TL = 342 mK and TR = 63 mK.

We now move to the non-linear regime. In Fig. 6.3a) we show the measured thermovoltage
as a function of ng (blue dots) compared to theoretical calculations, all of which include co-
tunneling contributions. The lead temperatures are TL = 342 mK and TR = 63 mK, such
that |∆T | > T̄ . The red dashed-dotted curve is computed within the linear response regime
choosing the average lead temperature T̄ as the characteristic temperature. More precisely,
we solve Eq. (6.3) setting TI = T̄ and choosing a small temperature difference of the leads
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δT around T̄ to find the thermopower S ≡ Vth/δT for δT → 0. We then calculate the
thermovoltage as Vth = S(TL−TR), where now TL = 342 mK and TR = 63 mK are the actual
lead temperatures. As we can see from Fig. 6.3a), this linear response model overestimates the
thermovoltage almost by a factor two. A non-linear calculation (green dashed curve) improves
the agreement with the experimental data. This calculation is performed by solving Eq. (6.3)
using the actual lead temperatures and, as before, we fix the island temperature at TI = T̄ .
The difference between the red dashed-dotted and green dashed curves proves that we are
indeed in the non-linear response regime, and it shows that the main effect of the nonlinear
response is to decrease the amplitude of the thermovoltage. However, we still do not obtain
a good agreement with the experimental data.

We find that we can get a perfect agreement with the experimental data if we further
improve the model by determining also the island temperature TI through a heat balance
equation, rather than fixing it at T̄ . More precisely [see Fig. 6.1b)], we denote by Q̇tun the
heat current entering the island from sequential and co-tunneling events (see App. C.1 for
details) and by Qel-ph = ΣV(T 5

I − T 5
R) the heat current flowing from electrons in the island

to the phonons (we assume that the electronic temperature TR in the bulky right electrode
is equal to the temperature of the phonons). V is the island volume and Σ is the electron-
phonon coupling constant which only depends on the material. The temperature of the island
can thus be determined by the following heat balance equation

Q̇tun = Q̇el-ph. (6.5)

The values of the parameters entering Qel-ph that we use are determined independently:
V = 225 × 100 × 29 nm3 is estimated from SEM images and Σ is obtained from Ref. [167]
for this device (sample B). The value, Σ = 2.8 WK−5m−3, is close to the standard literature
value for copper [7] and in agreement with measurements of other samples fabricated using
the same Cu target.

The black curve in Fig. 6.3a) is thus determined by computing both Vth and TI simul-
taneously by solving Eqs. (6.3) and (6.5) without any free parameters for each value of ng.
As we can see, the non-linear model, complemented with the heat balance equation, is in
excellent agreement with the experimental measurements, demonstrating that TI is indeed
an important parameter in the non-linear regime. Conversely we have verified that, using the
parameters of Fig. 6.2 which are within the linear response regime, Vth only weakly depends
on the particular choice of TI between TL and TR. In Fig. 6.3b) we plot the island temper-
ature TI, as a function of ng over a single period, determined in the same calculation that
leads to the black curve in Fig. 6.3a). Remarkably, despite the very low phonon tempera-
ture (63 mK), the calculated TI ≈ 250 mK is much larger than the average lead temperature
T̄ = 202.5 mK. This means that while the net charge current across the SET is zero, the heat
current due to electrons tunneling back and forth is overheating the island to a temperature
that is significantly larger than the average temperature, resulting in a further decrease of
the thermovoltage. This is another signature of the non-linear response of the system, as it
violates Eq. (6.4). We further find that the island temperature displays a weak ng modulation
of approximately 10 mK, but this prediction cannot be confirmed in the present experiment.

Finally we discuss how the thermovoltage depends on TI. In Fig. 6.4 we plot V max
th , the

maximum amplitude of Vth, computed by solving Eq. (6.3) at fixed lead temperatures TL =
342 mK and TR = 63 mK and varying TI between the lead temperatures. The black solid lines
and the gray area point to the actual experimental value of V max

th and to the corresponding
computed TI which differs from T̄ [see black curves in Figs. 6.3a) and 6.3b)], while the
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Figure 6.4: The maximum amplitude of the thermovoltage V max
th is plotted as a function of the

island temperature, for TR ≤ TI ≤ TL. The green dashed lines point to the values of V max
th and TI

found in the non-linear calculation at fixed TI = T̄ (see the green dashed curve of Fig. 6.3a) while
the black solid lines and the gray area refer to the non-linear calculation including the heat balance
equation (see the black solid curve of Fig. 6.3).

dashed green lines point to V max
th calculated setting TI = T̄ [see the green dashed curve in

Fig. 6.3a)]. We find that V max
th strongly depends on the choice of TI and that it increases

as TI is lowered. Indeed, at TI = TR = 63 mK, the amplitude of the thermovoltage reaches
27µeV, twice the experimental value [see blue dots in Fig. 6.3a)]. Thus, by increasing the
energy exchange between the electrons and phonons in the island, for example by increasing
the island’s volume, we can lower the temperature of the island which in turn results in an
increase of Vth.

6.4 Summary
We performed measurements of thermovoltage in a metallic island tunnel coupled to normal
leads. Within the linear regime we nailed down the role of co-tunneling in determining
the thermovoltage. Within the non-linear response regime we explored temperature biases,
determined with on-chip thermometers, even larger than the average lead temperature. Using
a theoretical model which accounts for co-tunneling and non-linear effects, we found an
accurate agreement with the experimental data without any free parameters. In particular,
we found that the temperature of the metallic island becomes an important parameter which
must be determined by solving a heat balance equation for the island. Surprisingly, even if the
net charge current through the system is vanishing and the coupling to the leads is symmetric,
the metallic island overheats to a temperature larger than the average lead temperature. As
a consequence, the amplitude of the thermovoltage oscillations decreases.
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7
Absorption refrigerators based on Coulomb-coupled

single-electron systems

Absorption refrigerators, also known in literature as self-contained or autonomous refriger-
ators, are systems that extract heat from a cold thermal bath only by exploiting the inco-
herent interaction with other two thermal baths held at higher temperatures. No work is
provided to the system, i. e. cooling is achieved by heating. The exploration for solid state
implementations of absorption refrigerators has been recently attracting a considerable at-
tention [195–212]. The question of identifying the smallest absorption quantum refrigerators
was addressed by Linden et al. in Ref. [196], where systems such as two qubits, a qubit and
a qutrit, or a single qutrit were considered. It has been later shown that these “minimal”
systems can operate at Carnot efficiency[197, 198], and the role of quantum coherence and
entanglement has been addressed [201, 202, 205–207, 209]. Besides being of fundamental
interest in quantum thermodynamics, absorption refrigeration is also appealing for practi-
cal reasons: waste heat can be used to achieve cooling at the nanoscale without providing
work nor requiring any external control of the system. There are already few experimental
proposals[11, 199, 213–219], but the only experimental realization so far has been performed
with trapped ions [220]. In Ref. [11], in particular, it was pointed out that the very sim-
ple setup consisting of two capacitively-coupled quantum dots could act as an absorption
refrigerator, and the conditions under which its coefficient of performance (COP) can reach
Carnot’s limit were discussed (no entanglement or quantum coherence is required).

In this chapter, on one hand, we analyze in detail a setup consisting of two capacitively-
coupled quantum dots. More precisely, we derive the general conditions under which the
system operates as an absorption refrigerator, and determine the optimal system parameters
which simultaneously maximize the cooling power and the COP. We find that, under these
conditions, the system exhibits a particularly simple refrigeration COP, which can indeed
reach Carnot’s upper limit, and that the cooling power is directly proportional to a mea-
surable charge current [11], allowing for an indirect measurement of a heat flow (notice that
heat currents can be also measured directly in metallic islands (MIs), e. g. in Ref. [22]). Fur-
thermore, we analyze the system as an autonomous Maxwell demon [221–228], finding that it
can operate attaining the highest efficiencies for information creation and consumption, and

81
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Figure 7.1: Panel (a): schematic representation of the system. Panel (b): the Fermi distribution
of the leads (red upper left, gray upper right and blue lower left) is shown vertically. The black thick
lines represent the transition energies ∆U1(n2) and ∆U2(n1) [Eq. (7.2)] that are measured with respect
to common chemical potential of the leads (black dashed line). Panel (c): sequence of system states
and electron transitions that provide cooling when conditions (7.7) and (7.8), represented by the red
crosses, are satisfied. The black horizontal lines represent the actual transition energies as determined
by the occupation of the other QD, while the grey horizontal lines represent the transition energies
when the other QD has opposite occupation. δQα, for α=L,R,C, represents the heat extracted from
reservoir α during the corresponding electron transition.

determining the expression that relate its COP to these efficiencies. Finally, we propose two
experimental realizations, based either on quantum dots (QDs) or metallic islands, which can
implement the non-trivial requirements for the system to behave as an absorption refrigera-
tor. We demonstrate that these systems, which closely resemble existing experimental setups
[22, 144, 145, 229–235], can attain an observable cooling power using realistic parameters.

7.1 Ideal setup

The system under investigation, depicted in Fig. 7.1(a), consists of two electronic reservoirs
[upper left (L) and upper right (R)] tunnel coupled to a QD, denoted by 1. A second
QD, 2, capacitively coupled to 1, is tunnel coupled to a third electronic reservoir (C). The
number of electrons occupying each Coulomb-blockaded QD can be controlled through a gate
of capacitance Cgi and applied voltage Vgi, with i = 1, 2. Reservoir L is kept at a higher
temperature, TL = T+∆T , with respect to the other reservoirs which are kept at temperature
TR = T and TC = T −∆TC. The heat current leaving reservoir α = L,R,C is denoted by Jα,
and the charge current flowing between reservoirs L and R is denoted by I. We describe the
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transport in the entire system using the Pauli master equation (see Chap. 2) in the sequential
tunneling limit. Although we expect higher order tunneling processes, such as co-tunneling,
to decrease the cooling power, these corrections are suppressed if the conductances of the
junctions are much smaller than the conductance quantum and temperature is not too small.
The electrostatic energy of the system is given by

U(n1, n2) = EC1(n1 − nx1)2 + EC2(n2 − nx2)2 + EI(n1 − nx1)(n2 − nx2), (7.1)

where ni (for i = 1, 2) is the number of electrons in QD i, nxi = VgiCgi/e, and ECi = e2/(2Ci)
is its charging energy. Ci is the capacitance of QD i to its surroundings, and EI is the inter-
system charging energy which is controlled by the capacitive coupling between the QDs. By
assuming that ECi � kBT and constraining the values of nxi to an appropriate range, we can
restrict our analysis to 4 charge states, described by n1, n2 = 0, 1. The “transition energy”,
i.e. the energy necessary to add an electron to QD 1 (2), which also depends on the occupation
of QD 2 (1), is given by ∆U1(n2) = U(1, n2)−U(0, n2) [∆U2(n1) = U(n1, 1)−U(n1, 0)]. Since
∆Ui(1)−∆Ui(0) = EI, we can write

∆Ui(n) = θiEI + (n− 1)EI, (7.2)

where

θ1 = 1− nx2 + EC1
EI

(1− 2nx1), (7.3)

θ2 = 1− nx1 + EC2
EI

(1− 2nx2), (7.4)

can be varied using the gate voltages. The transition energies are schematically represented
in Fig. 7.1(b) and 7.1(c) as black thick lines. Let Γin

L/R(n2) [Γout
L/R(n2)] be the rate of electrons

tunneling from (to) reservoir L/R to (from) QD 1, and let Γin
C (n1) [Γout

C (n1)] be the rate
of electrons tunneling from (to) reservoir C to (from) QD 2. Note that the tunneling rates
satisfy the detailed balance conditions [see Eq. (2.38)]

Γout
α (n) = exp

{[
δα(n)
kBTα

]}
Γin
α (n), (7.5)

where δL(n) = δR(n) = ∆U1(n) and δC(n) = ∆U2(n). The currents can be calculated by
specifying the tunneling rates for each process and by determining the probability pn1,n2 for
the two QDs to have occupation numbers n1 and n2 (see App. D.1). We also use Eq. (7.5)
to express Γin

α (0) in terms of Γout
α (0) and Γout

α (1) in terms of Γin
α (1). We emphasize, however,

that the results we present in the next section do not depend on the specific form of the
rates, as long as Eq. (7.5) is satisfied. Only a quantitative description of the cooling power
will explicitly depend on the rates.

7.2 Optimal rates for cooling power and COP
The COP of an absorption refrigerator is defined as

C = JC
JL
, (7.6)

where JL > 0 is the input heat and JC > 0, the cooling power, is the heat extracted from
reservoir C (their expressions are reported in App. D.1). Considering generic rates that are
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only constrained by satisfying the detailed balance condition [Eq. (7.5)], we find that the
cooling power is maximized, at fixed values of EI, θ1 and θ2, when

Γin
L (1) = 0, (7.7)

Γout
R (0) = 0, (7.8)

and Γout
L (0), Γin

R (1), Γout
C (0), Γin

C (1), are as large as possible (see App. D.2 for details). In this
situation [i. e. when Eqs. (7.7) and (7.8) hold and when θi > 1/2, see App. D.1 for details]
the condition for the positivity of JC reduces to the simple inequality

θ1 > θ∗1 ≡ 1 + 1
ηcCc

, (7.9)

where ηc = 1 − T/TL and Cc = TC/(T − TC). Remarkably, in this situation the COP is
also maximized (at least for ∆TC = 0), and takes a particularly simple (i. e. independent of
temperatures) form

C = 1
θ1 − 1 , (7.10)

that only depends on θ1 (which is determined by both gate voltages Vg1 and Vg2). Note that
Eq. (7.9) implies that ∆U1(1) > 0 and ∆U1(0) > 0, i. e. both transition energies are above
the common chemical potential of the reservoirs1, as shown in Fig. 7.1(b). This observation
holds also for generic rates that do not satisfy Eqs. (7.7) and (7.8), see App. D.2 for details.

Eq. (7.10) implies that the input heat is always smaller than the cooling power for θ1 < 2,
and C is a decreasing function of θ1. The COP C takes its maximum value when θ1 = θ∗1 [see
Eq. (7.9)], the smallest value of θ1 for which the system behaves as a refrigerator, giving

C(max) ≡ ηcCc, (7.11)

as expected for absorption refrigerators. Indeed, Eq. (7.11) states that C(max) can be inter-
preted as the combination of two two-terminal reversible machines each operating at Carnot’s
efficiency. The first one is a reversible Carnot heat engine that produces work by using the
temperature difference between reservoirs L and R, with ηc = 1−T/TL, while the second one
is a reversible Carnot refrigerator operating between reservoirs C and R that is powered by
the work of the heat engine, with Cc = TC/(T − TC). C(max) is the highest COP allowed by
the second principle of thermodynamics, as can be proven by imposing energy conservation
and zero entropy production, which read

JL + JR + JC = 0, (7.12)
JL
TL

+ JR
TR

+ JC
TC

= 0. (7.13)

Finally, when the COP is given by Eq. (7.11), we find that the cooling power vanishes.
Another remarkable consequence of conditions (7.7) and (7.8), also noted in Refs. [11, 116],

is that
JC = EI

e
I. (7.14)

Since the coupling between the upper and lower systems EI is a measurable system parameter,
Eq. (7.14) allows an indirect measurement of the cooling power simply by measuring the
charge current in the upper system.

1
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A simple picture of these results can be given using the energy scheme of Fig. 7.1(b)
and the conditions (7.7) and (7.8) [represented by red crosses in Fig. 7.1(c)]. The sequence
of electron transitions that leads to the removal of heat from reservoir C is shown in Fig.
7.1(c) and represented by blue arrows. For each step the heat exchanged in the corresponding
transition is indicated as δQα (for example, in the first step δQL = ∆U1(0) = (θ1 − 1)EI is
the input heat provided by L and associated to an electron tunneling from L to QD 1, event
which can only occur when QD 2 is unoccupied). In one cycle, an electron is transferred from
L to R, and an amount δQtot

C = EI of heat is extracted from C: this statement is equivalent
to Eq. (7.14). Moreover, we notice that an amount δQtot

L = (θ1 − 1)EI of input heat is
provided by L. Computing the COP over one cycle as δQtot

C /δQtot
L yields precisely Eq. (7.10).

Eqs. (7.7) and (7.8) guarantee that the system can only evolve along the cycle represented
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Figure 7.2: The coefficient of performance, COP, [panel (a)] and the heat currents in units of
ΓkBT [panels (b) and (c)] are plotted as a function of θ1, when Eqs. (7.7) and (7.8) are satisfied.
Panel (b) refers to ∆TC = 0, while panel (c) refers to ∆TC = ∆T/5. The parameters are Γout

C (0) =
Γin

C (1) = Γout
L (0) = Γin

R (1) ≡ Γ, θ2 = 1, EI = 6kBT and ∆T/T = 1/10. Since all rates are proportional
to Γ, the heat currents depend linearly on the rate, so the plots in panel (b) and (c) do not depend
on the value of Γ.
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in blue arrows in Fig. 7.1(c), or in the opposite direction, which leads to heating of reservoir
C. Cooling is obtained when the system evolution along the blue arrows prevails over the
opposite direction, and this happens when Eq. (7.9) is satisfied.

In Fig. 7.2 we plot the cooling power JC and input heat JL, as functions of θ1, for the case
∆TC = 0 [panel (b)] and ∆TC = ∆T/5 [panel (c)] by imposing that Eqs. (7.7) and (7.8) are
satisfied. The COP, given by a particularly simple law [Eq. (7.10)], is plotted in Fig. 7.2(a).
The gray region in Fig. 7.2(b) and 7.2(c) denotes the values of θ1 where the system does not
act as a refrigerator for reservoir C [according to Eq. (7.9), θ∗1 = 1 for ∆TC = 0 and θ∗1 ' 1.2
for ∆TC = ∆T/5 and ∆T/T = 1/10]. Fig. 7.2(b) shows that the cooling power is zero when
θ1 = θ∗1 = 1 [where the COP diverges, see panel (a)] and it is maximum when θ1 ' 1.2, where
C ≈ 5 [see panel (a)]. Fig. 7.2(c), relative to ∆TC = ∆T/5, shows that both the maximum
cooling power and the corresponding COP decrease, with respect to the ∆TC = 0 case, since
we are refrigerating a colder system. The value of the cooling power weakly depends on θ2
in the range between 0 and 1.

7.3 Experimental proposals

The experimental realization of the proposed absorption refrigerator relies on the ability of
implementing the crucial conditions (7.7) and (7.8). Such conditions could be, in principle,
implemented by properly engineering the tunneling barrier which couple QD 1 to its reser-
voirs, in order to obtain tunneling rates for QD 1 that depend on the occupation of QD 2. In
this section, we make use of an additional QD [116] to implement the crucial condition (7.7)
that is found to be sufficient for obtaining heat extraction.

In the setup, schematically pictured in Fig. 7.3, we introduce an additional QD (3),
tunnel-coupled to 1, and we require that its transition energy ∆U3 is aligned with ∆U1(0)
[see Fig. 7.3(b)]. This way, the “energy filtering” effect of QD 3 is used to suppress Γin

L (1) with
respect to Γout

L (0). To perform a quantitative analysis, we study the dynamics of the system
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Figure 7.3: Left: schematic representation of the system, where 1, 2 and 3 represents either QDs
or MIs. Right: representation of the transition energies in the case of the system with QDs. See
Fig. 7.1 for details.

of the three QDs altogether under the assumption that the coupling between QDs 1 and 3
is much weaker than the coupling between such QDs are their reservoirs. The electrostatic
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energy of the system [see Eq. (7.1) for two QDs] now takes the form

U(n1, n2, n3) = EC1(n1−nx1)2 +EC2(n2−nx2)2 +EC3(n3−nx3)2 +EI(n1−nx1)(n2−nx2),
(7.15)

where we have added the third term, relative to the additional QD (3). Analogously to the
two-QD case, we define ∆U1(n2) = U(1, n2, n3) − U(0, n2, n3), ∆U2(n1) = U(n1, 1, n3) −
U(n1, 0, n3) and ∆U3 = U(n1, n2, 1)− U(n1, n2, 0), which can be written as

∆U1(n2) = EI(θ1 + n2 − 1),
∆U2(n1) = EI(θ2 + n1 − 1),
∆U3 = EI(θ3 − 1),

(7.16)

where we have defined the following 3 independent dimensionless parameters

θ1 = (1− 2nx1)EC1/EI + (1− nx2)
θ2 = (1− 2nx2)EC2/EI + (1− nx1)
θ3 = (1− 2nx3)EC3/EI + 1.

(7.17)

If we assume that each QD can be only singly-occupied, we can restrict our analysis to
the following 8 states: |0, 0, 0〉, |0, 0, 1〉, |0, 1, 0〉, |1, 0, 0〉, |1, 0, 1〉, |0, 1, 1〉, |1, 1, 0〉 and |1, 1, 1〉,
where |n1, n2, n3〉 is the state associated to the set of occupation numbers (n1, n2, n3). The
probability pα for the system to be in the state |α〉 = |n1, n2, n3〉 is calculated by solving the
Pauli equation in the stationary case (see App. D.3 for details)

ṗα =
∑
ν

(−Γαν pα + Γνα pν) , (7.18)

where Γαν is the rate for the transition from state |α〉 to state |ν〉. The rates Γαν which
account for the transfer of electrons between a QD and a reservoir can be expressed as [31]

Γαν = ~−1γλfλ(∆Ũαν), (7.19)

where γλ is the coupling energy between the reservoir λ = λ(α, ν) and a QD, where λ = L, R,
C depends on the initial state |α〉 and final state |ν〉. In Eq. (7.19), fλ(ε) = [1+eε/(kBTλ)]−1 is
the reservoir Fermi distribution function, while ∆Ũαν = Ũ(ν)− Ũ(α) is the transition energy,
where Ũ(α) = U(n1, n2, n3) [see Eq. (7.15)] with the set of occupation numbers corresponding
to the state |α〉. The inter-dot transition rates, which account for the transfer of electrons
between QD 1 and 3 [namely, Γ(0,0,1),(1,0,0) and Γ(0,1,1),(1,1,0)], are obtained using the procedure
outlined in App. D.3 under the assumption that the hopping element t is much smaller than
the coupling energy between QDs and reservoirs [236–240].

The relevant heat currents can now be written as

JC,L =
∑
αν

∆Ũαν (Γαν pα − Γνα pν) , (7.20)

where the sum runs over the states specified in App. D.3. In Fig. 7.4 we plot the cooling
power JC, as a function of θ1, for realistic parameters and setting θ3 = θ1 in order to obtain
the resonant condition [i. e. ∆U3 = ∆U1(0)] which approximately implements condition
(7.7). The solid black curve is relative to the case ∆TC = 0, while the dashed red curve
refers to ∆TC = ∆T/10. Fig. 7.4 shows that in both cases heat extraction is obtained
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Figure 7.4: Cooling power JC, relative to the system containing three QDs and represented in
Fig. 7.3, under resonant condition [∆U3 = ∆U1(0)]. JC is plotted as a function of θ1 for the case
∆TC = 0 (solid black curve) and the case ∆TC = ∆T/10 (dashed red curve), setting θ2 = 1/2 and
imposing θ3 = θ1. The parameters are of the order of the experimental ones reported in Ref. [234]
and read: EI = 0.72 meV, γL = γR = γC = 0.036 meV, t = 0.016 meV, and T = ∆T = 4.17 K.

and that JC takes a maximum value of the order of 10−2 pW. We notice that, as in the
ideal case, the cooling power is weakly dependent on θ2 in the range between 0 and 1, and
that in this case JC is maximized for θ2 ' 1/2. Moreover, we check that when the difference
between ∆U3 and ∆U1(0) is not much larger than the coupling energies γL/R/C, the condition
θ3 = θ1 is essentially fulfilled and the curves in Fig. 7.4 do not change appreciably. We have
demonstrated that the implementation of the crucial condition (7.7) alone is sufficient to
obtain heat extraction. Cooling power, as seen above, is expected to be maximal when the
additional condition (7.8) is also satisfied. This could be implemented by adding another
filtering QD in series with 1, between R and 1, and aligning its transition energy to ∆U1(1).
For experimental purposes, however, a simpler system is desirable, especially because the
transition energies of the different QDs need to be tuned by individual gates (not shown in
Fig. 7.3), operation that is further complicated by possible cross-couplings arising between
them.

7.3.1 Metallic islands

We will now explore the possibility of replacing the QDs in the setup depicted in Fig. 7.3 with
MIs. These are systems still characterized by a large charging energy but, as opposed to QDs,
they present a continuous distribution of energy levels (the level spacing is much smaller than
kBT ) so that electrons within the island are thermalized and distributed according to the
Fermi distribution. Due to the absence of discrete levels, the sharp “filtering effect” discussed
above in the QD system and exploited to satisfy the crucial conditions (7.7) and (7.8) is not
possible. As we will show below, however, heat extraction can nonetheless be obtained in
the setup depicted in Fig. 7.3, where 1, 2 and 3 are now usual metals and reservoir R (grey
element) is superconducting. Our aim is to approximately satisfy Eq. (7.7) by properly tuning
the chemical potential of MI 3. Conversely, by exploiting the superconducting gap of reservoir
R, we aim at approximately satisfying Eq. (7.8) in order to suppress the electron transfer
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with energy near ∆U1(0). Unlike the case with QDs, here the detailed balance condition
[Eq. (7.5)] is not satisfied by the rates between islands at different temperatures. As we shall
see, however, this has only minor consequences.

The electrostatic energy of the system is equal to the one relative to the system of three
QDs, Eq. (7.15). Also in this case we assume that each MI can only be singly-occupied so
that our analysis can be restricted to the 8 states defined in the QD case. In the sequential
tunneling regime, the stationary probability pα that the system is in the state α is computed
by solving the master equation (7.18), where, unlike in the QDs case, the rate for the transition
from state α to state ν is given by

Γαν = 1
e2Rαν

∫
dεNλ(ε)Nµ(ε−∆Ũνα)fλ(ε)

[
1− fµ(ε−∆Ũνα)

]
. (7.21)

Here, Rαν is the resistance of the tunneling barrier involved in the tunneling process, while
λ = λ(α, ν) and µ = µ(α, ν) identify the indices of the MIs or reservoirs involved in the
tunneling process. In Eq. (7.21), Nλ denote the normalized density of states, which takes the
value Nλ = 1 for λ = 1,2,3,L,C, and

NR(ε) =
∣∣∣∣∣Re

(
ε+ iγ√

(ε+ iγ)2 −∆2

)∣∣∣∣∣ , (7.22)

for the superconducting reservoir [241, 242]. Here γ is a phenomenological inverse quasi-
particle lifetime, and ∆ is the superconducting gap. As before, the heat currents JL and
JC are defined as the heat currents extracted from reservoirs L and C, and are computed in
App. D.4.

In Fig. 7.5 the cooling power is plotted, using realistic parameters, as a function of θ1, for
∆TC = 0 (solid black curve) and for ∆TC = 5 mK (dashed red curve) and setting θ2 = 1/2.
We assume that MIs 1 and 3 are at temperature T , while MI 2 is at temperature T −∆TC.
Aiming at implementing the condition (7.7), we place the electrochemical potential ∆U3 half
way between ∆U1(0) and ∆U1(1), i. e. we set θ3 = θ1 + 1/2. In fact, this guarantees that
(if kBT . EI) the electron energy distribution in MI 3 is such that electron transfer to MI 1
is suppressed in the case where MI 2 is occupied. Note, however, that the opposite process
(electron transfer from 1 to 3) is not suppressed. Indeed, to obtain heat extraction we need to
further assume that electrode R is superconducting. Figure 7.5 shows that cooling is achieved
in both cases, ∆TC = 0 and ∆TC = 5 mK. In the former case, the maximum cooling power
is of the order 10−2 fW, while in the latter heat extraction is still possible, but the maximum
cooling power decreases roughly by a factor 4. Interestingly, heat extraction occurs even
for θ1 < 1, contrary to the prediction of Eq. (7.9). This can be attributed to the fact that
the detailed balance condition (7.5) is not satisfied for the tunneling rates coupling MIs or
reservoirs having different temperatures. An amount of heat equal to JC is also extracted
from MI 2 (see App. D.4 for details). Naturally no heat is extracted when reservoir R is in
the normal state. We find that JC is maximized when θ2 ' 1/2 and θ3 ' θ1 + 1/2, and that
its increase with ∆T is at most linear. Nevertheless, we wish to point out that there is no
simple condition to identify the optimal values of EI and ∆. Yet by scaling all energies and
temperatures of a given factor, the cooling power scales as the square of such factor.
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Figure 7.5: Cooling power, relative to the setup depicted in Fig. 7.3 for MIs, as a function of
θ1 for two different values of ∆TC, and setting θ2 = 1/2 and θ3 = θ1 + 1/2. The parameters used
are experimentally relevant, see for example Refs. [22, 167], and read: EI = 25 µeV, ∆ = 35 µeV,
γ = 10−3 µeV, T = 100 mK, ∆T = 200 mK and Rαν = 10 kΩ for all barriers.

7.4 Maxwell demon: mutual information flow
Recent experimental advancements have turned the intriguing MD thought experiment [243,
244] into real experiments, spurring a vast experimental and theoretical research. A pro-
found relation between information and thermodynamics was found [222, 245–250] and
various manifestation of MDs have been theoretically[221, 224, 226–228, 251–259] and
experimentally[22, 223, 225, 260–272] studied. In autonomous MDs, where the demon is
part of the analyzed system, cooling has been studied from various standpoints, but, as far as
we know, in all cases a voltage bias was used to “power” the demon. Conversely, our system
does not require work, but it can be viewed as an autonomous MD since there is no direct
heat transfer between the driving (D) and the cooled (C) system associated with electron
tunneling; the cooling effect can thus be interpreted as due to information transfer.

According to the theoretical framework developed in Ref. [222], one can write the following
inequalities

Ṡ(r)
D − İ ≥ 0, (7.23)

Ṡ(r)
C + İ ≥ 0, (7.24)

where Ṡ(r)
D = −JL/TL − JR/TR and Ṡ(r)

C = −JC/TC represent, respectively, the entropy
variation in the driving and cooled reservoirs, while İ (−İ) represents the variation of mutual
information between system D and C due to tunneling events in D (C). The system behaves
as a refrigerator, by extracting heat from reservoir C, when Ṡ(r)

C < 0, which implies İ > 0
in order to satisfy Eq. (7.24). We can thus interpret system D as a MD which acquires
information by monitoring system C. In turn, system C uses this information as a resource
to decrease its temperature. Eq. (7.24) shows that the cooling of reservoir C is bounded
by Ṡ(r)

C ≥ −İ, while Eq. (7.23) shows that reservoirs L and R are bound to dissipate at
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least Ṡ(r)
D ≥ İ. This observation motivates the definition of the following thermodynamic

efficiencies [222]

ηD = İ
Ṡ(r)
D
≤ 1, ηC = |Ṡ

(r)
C |
İ
≤ 1, (7.25)

where ηD represents the “information generation” efficiency, and ηC the “information con-
sumption” efficiency. Notice that by definition 0 ≤ ηD, ηC ≤ 1, and they are equal to 1 when,
respectively, Eqs. (7.23) and (7.24) are strict equalities. While C is a quantity assigned to
the entire system, ηD and ηC characterize the two subsystems, so that they can be viewed
as a refinement to C [222]. By combining Eqs. (7.6), (7.12) and (7.25), the COP C can be
written in terms of the product ηDηC and of Cc as

C = C(max) ηDηC
1 + Cc(1− ηDηC) . (7.26)

This is consistent with the fact that, in general, ηD and ηC individually provide more infor-
mation than C, which is directly related only to their product ηDηC. Using Eq. (7.26), we
notice that C = C(max) if and only if ηD = ηC = 1. This implies that for θ1 = θ∗1, where the
COP reaches Carnot’s limit [see Eq. (7.11)], we have that ηD = ηC = 1.
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Figure 7.6: The efficiencies ηD and ηC are plotted as a function of θ1 starting from θ1 = θ∗
1 for

the case ∆TC = ∆T/5. The parameters are the same as in Fig. 7.2(c).

In Fig. (7.6) we plot ηD and ηC as a function of θ1. As expected, when θ1 = θ∗1, ηD = ηC =
1. For larger values of θ1 the efficiencies decrease, but they remain close to 1. In general,
finding high thermodynamic efficiencies in this model is not trivial [222, 226, 257, 272].

7.5 Summary
In this chapter, we studied several aspects of a minimal implementation of an absorption
refrigerator based on two Coulomb coupled single-electron systems [11]. We derived the
general condition to guarantee cooling by heating and we found the optimal rates that simul-
taneously maximize cooling power and coefficient of performance (COP). A simple relation
between cooling power and charge current is also found. Analyzing the system as an au-
tonomous Maxwell demon, we have shown that the efficiencies for information production
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and consumption can reach their upper bounds, and we have related the COP to these effi-
ciencies. Finally, we have put forward two experimental proposals, based on quantum dots
(QDs) and metallic islands (MIs). In both proposals we have introduce an additional QD
or MI that implements the non-trivial condition required to achieve cooling-by-heating. By
plugging in realistic parameters we have shown that these proposals, which resemble existing
experiments, yield observable heat currents [18, 42].



8
Heat rectification through a qubit

As discussed in the previous chapters, thermal transport in quantum devices has garnered vast
attention in the last decade motivated by the miniaturization of current electronic and thermal
devices. Improving thermal mangagement at the nanoscale became necessary to prevent
overheating of the electronic circuitry. In addition, research in this field is growing thanks to
recent advances in the experimental realization of nanoscale thermal devices [7, 17, 18, 273–
275]. An intriguing phenomenon which may arise in nanoscale devices is thermal rectication,
i. e. the asymmetric conduction of heat, whereby the heat flow in one direction is different
with respect to the heat flow in the opposite direction, see Fig. 8.1. Thermal rectification,
first observed experimentally by Starr in 1935 [276], has been studied in a variety of setups
since then, both theoretically[96, 277–296] and experimentally[19, 140, 297–299].

Thermal rectification is interesting both from a practical and from a fundamental point of
view. On the one hand, it can be used in a nanoscale device to evacuate heat from sensitive
areas, while preventing it from flowing back in. On the other hand, from a conceptual
point of view, it is interesting to understand what are the fundamental physical requirements
for a system to exhibit thermal rectification, and what are the strategies to maximize this
phenomenon. In this chapter we study thermal rectification through a qubit (S) coupled to
two thermal baths at different temperatures as schematically sketched in Fig. 8.1. In panel
(a) and panel (b), we depict the positive and negative bias cases. One bias condition is
obtained from the other by inverting the temperature of the baths.

In order to observe thermal rectification, the presence of inelastic scattering is necessary,
and the baths must be asymmetrically coupled to the system. In the absence of inelastic
scattering, the heat current flowing from the left (L) to the right (R) heat bath can be
described by the Landauer-Büttiker (LB) scattering approach [300, 301]

JLB =
∫ +∞

−∞

dε

2π~εT(ε)[nL(ε)− nR(ε)], (8.1)

which is an energy integral of the transmission function T(ε), which does not depend on the
bath temperatures, multiplied by the difference of energy distributions nα(ε), for α = L,R.
In this situation, no rectification is possible, since JLB only changes sign (and not magnitude)
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Figure 8.1: (a) and (b): Schematic representation of a central quantum system S (gray circle)
coupled to the two heat baths. The left and right baths are characterized respectively by the temper-
atures TL and TR. Panel (a) represents the positive bias case, i.e. TL = T +∆T/2 and TR = T −∆T/2
with ∆T > 0, while panel (b) represents the negative bias configuration where the sign of ∆T is re-
versed. In the presence of some asymmetry in the coupling to the baths (represented by the different
thickness of the dashed lines), the magnitude of the heat currents flowing through the device may
depend on the sign of ∆T , leading to thermal rectification. (c), (d) and (e): Schematic representation
of the transmission function, as a function of the energy ε, for the positive and negative bias case.
Each panel corresponds to a different kind of variation of the transmission function which can realize
heat rectification.

upon exchange of the bath temperatures. Inelastic processes occur naturally in the presence
of non-linearities, for example induced by interactions, or by time dependent driving in the
Hamiltonian describing the system [302]. In the presence of interactions, at least when the
spectral density of the baths have identical energy dependence, one can formally express the
heat current analogous to the scattering theory with a “transmission function” which now
depends also on the temperatures of the baths [295, 303] [see Eq. (8.15)]. If, in addition, the
quantum system S is coupled asymmetrically to the two baths, thermal rectification can take
place.

Within this framework we can identify three possible ways the transmission probability
can change upon inverting the temperature bias (from positive to negative). As schematically
shown in Fig. 8.1, the transmission functions can change in height (c), position (d) and width
(e). The height shift is the main mechanism that allows rectification even in the weak coupling
regime, and it is present whenever one accounts for inelastic processes. The position shift
is caused by the real part of the self energy, known as Lamb shift, which accounts for the
renormalization of the system energy scales due to the system-bath coupling. Finally, the
width of the transmission probability may change when the system is strongly coupled to the
baths. In most cases we consider, the width and height shift occur together.

In the literature, thermal rectification has been studied in different nanoscale systems,
such as quantum dots [96, 287, 296], spin-boson models [279, 295], non-linear harmonic res-
onators [283], and hybrid quantum devices [284, 285, 289], to name a few. In most cases, the
weak coupling wide band approximation is used to study thermal rectification. It has been
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shown in Ref. [284] that asymmetric system-bath coupling and the presence of non-linearities
are sufficient conditions to observe thermal rectification. Studying the spin-boson model
[279, 295] and the non-linear harmonic resonator [283], it has been observed that thermal
rectification increases as a function of the temperature difference and as a function of the
asymmetry between the system-bath coupling strenghts. The spin-boson model has been
studied also beyond the weak coupling regime in Ref. [295] using non equilibrium Green’s
function, and an enhancement in thermal rectification was observed.

Although thermal rectification has been studied in various specific systems, strategies to
maximize rectification remain unclear. Moreover, it is not known if there are any fundamental
bounds to the maximum rectification that can be obtained, and what is the impact of higher
order coherent processes on rectification. In this chapter, we address these issues studying
heat rectification across a qubit employing three different formalisms: (1) the master equation
(ME) taking cotunneling into account, (2) non-equilibrium Green’s functions (NEGF) and
(3) exact calculations based on Feynman-Vernon path integral approach in the qubit case.
Without assuming any specific model for the bath and system-bath Hamiltonian, we study
how to maximize rectification and we derive general upper bounds valid within the weak
coupling regime. Furthermore, we find that the rectification can be enhanced by exploiting
the temperature dependence of the Lamb-shift, together with gapped density of states in
the baths. We then perturbatively go beyond the weak coupling regime generalizing the
calculation of Ref. [295] by addressing general spin couplings between the system and the
baths, as well as the effect of the Lamb shift. Furthermore, employing the Feynman-Vernon
path integral approach, we are able to exactly study the strong coupling regime. Thanks
to these methods, we find that many bounds and limitations emerging in the weak coupling
regime can be overcome, and that rectification can be enhanced by higher order quantum
coherent processes. These violations provide clear and simple “strong coupling signatures”
which are experimentally observable.

The chapter is organized as follows. In Sec. 8.1 we present the model and in Sec. 8.2 we
define the rectification coefficient. In Sec. 8.3 we study the qubit case in the weak coupling
regime, while in Sec. 8.4 we study the qubit beyond the weak coupling regime. At last, in
Sec. 8.5 we provide a summary.

8.1 Model

We consider a qubit S arbitrarily coupled to two thermal baths denoted by L (left) and R
(right) [see Fig. 8.1 for a sketch]. As in Chap. 2, the total Hamiltonian is given by

Htot = HL +HR +HS +HS,L +HS,R, (8.2)

where Hα, for α = L,R, is the Hamiltonian of bath α, HS is the Hamiltonian of the system
S and HS,α describes the coupling between S and α. Each of these components - the baths,
the system, and the couplings - contribute in different ways to the thermal properties of the
device. We therefore describe each one in detail.

The baths are assumed to be “large” quantum systems which have a well defined tem-
perature Tα and chemical potential µα in the fermionic case. We describe the baths as a
collection of non-interacting bosons or fermions. Since the baths are assumed to be “macro-
scopic” compared to S, even if interactions are present in the baths it is reasonable to assume
that a single particle description will hold by adopting a mean field approach. The parameters
of the baths are therefore to be regarded as “effective” and emerging from a quasi-particle
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description. The Hamiltonian of the bosonic (B) and fermionic (F) baths is given by

H(B)
α =

∑
k

εαk b
†
αkbαk, H(F)

α =
∑
k

εαk c
†
αkcαk, (8.3)

where bαk and b†αk (cαk and c†αk) are respectively the destruction and creation bosonic
(fermionic) operators of an excitation with energy εαk in bath α and quantum number k. The
operators satisfy the usual commution and anticommutation relations: [bαk, b†α′k′ ] = δα,α′δk,k′ ,
[bαk, bα′k′ ] = 0, {cαk, c†α′k′} = δα,α′δk,k′ and {cαk, cα′k′} = 0, where [. . . , . . . ] and {. . . , . . . }
denote, respectively, the commutator and anticommutator. Since the baths are at thermal
equilibrium, we assume the bosonic baths to be prepared in a thermal Gibbs state ρ(B)α =
e−H

(B)
α /(kBTα)/Z

(B)
α , where Z(B)

α = Tr [e−H
(B)
α /(kBTα)] is the partition function of bath α, while

we assume the fermionic bath to be prepared in the state ρ(F)α = e−(H(F)
α −µαNα)/(kBTα)/Z

(F)
α ,

where Z
(F)
α = Tr

[
e−(H(F)

α −µαNα)/(kBTα)
]

is the grand partition function of bath α and
Nα =

∑
k c
†
αkcαk is the particle number operator of bath α.

The Hamiltonian of the qubit S is given by

HS = ∆
2 σz, (8.4)

where ∆ is the energy spacing between the ground and excited state, and σz denotes a
Pauli matrix. Notice that any two-level Hamiltonian can be written as in Eq. (8.4) by
choosing an appropriate basis. Physically, in a bosonic system, the qubit may represent a
non-linear harmonic oscillator where the interaction is so strong that only the first two states
are energetically accessible. In a fermionic system, instead, the two states of the qubit may
represent the two states of a single levels QD: occupied, or unoccupied.

The coupling allows energy exchange between the baths and S. We can write the most
general system-bath interaction as

HS,α = σ+ ⊗Bα + σ− ⊗B†α + σz ⊗Bαz, (8.5)

where Bα is an arbitrary operator (not necessarily Hermitian) acting on the Hilbert space
of bath α, while Bαz is an Hermitian operator acting on the space of bath α (see App. E.1
for details). This expression can be derived by expanding the operators acting on the tensor
space of S and of the bath onto the product basis, and choosing the Pauli matrices and
the identity as basis of Hermitian operators acting on the qubit space. After deriving some
general properties, in this chapter we will explicitly consider the “linear coupling” and the
“non-linear coupling” cases, i.e.

B(lin)
α =

∑
k

Vαk dαk, (8.6)

B(non-lin)
α =

∑
k

Vαk d
2
αk, (8.7)

respectively, where the operator dαk denotes bαk when the baths are bosonic, while dαk
denotes cαk when the baths are fermionic. The coupling strength is determined by the real
coupling constants Vαk. When assessing strong coupling effects, we will focus on the spin-
boson (sb) model, i.e. we will consider a bosonic bath coupled to the qubit via the following
interaction

H
(sb)
S,α =

∑
i=x,y,z

n̂α,iσi ⊗
∑
k

Vαk (bαk + b†αk), (8.8)
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where n̂α = (sin θα cosφα, sin θα sinφα, cos θα) is a unit vector parameterized by the angles
θα and φα.

As we will see in the following, the system-bath interaction can be conveniently charac-
terized by the spectral density

γα(ε) = 2π
∑
k

|Vαk|2δ(ε− εαk). (8.9)

Taking the continuum limit for the energy spacing of the baths, and assuming that the
coupling constants Vαk only depend on the energy εαk, we can rewrite Eq. (8.9) as

γα(ε) = 2πDα(ε)|Vα(ε)|2, (8.10)

where Dα(ε) is the density of states of bath α, and Vα(εαk) = Vαk. In the following, we will
consider generic spectral densities for the two baths. In some cases, explicitly mentioned in
the following, we will focus on bosonic baths with Ohmic spectral densities and an exponential
cut-off energy εC, i.e.

γα(ε) = πKα ε e
−ε/εC ≡ KαI(ε), (8.11)

where Kα is the dimensionless Ohmic coupling strength [304].

8.2 Heat current and rectification
We are interested in studying the steady-state heat current flowing across the device when a
temperature bias is imposed between the baths. Specifically, as depicted in Fig. 8.1, we fix
TL = T + ∆T/2 and TR = T − ∆T/2, where T is the average temperature. Since no work
is performed on the system (in the fermionic case, we consider no chemical potential bias),
the first principle of thermodynamics tell us that heat will flow from left to right if ∆T > 0
(positive bias case, see Fig. 8.1a), otherwise it will flow from right to left (negative bias case,
see Fig. 8.1b). Furthermore, since we consider steady state currents, the heat flowing out of
one bath is equal to the one flowing into the other bath. Therefore, for simplicity we define
the heat flowing out of the left lead as

J(∆T ) ≡ − lim
t→+∞

d

dt
〈HL〉 (t), (8.12)

where 〈. . .〉 (t) = Tr[ρ(t) . . .], ρ(t) being the density matrix representing the state of the total
system at time t. Notice that the time variation of the energy associated with the coupling
Hamiltonian vanishes in steady state [58].

As discussed in the introduction, it is possible to construct devices where the magnitude
of the heat current depends on the sign of the temperature bias. Specifically, if the left-right
symmetry is broken, the magnitude of the heat current |J(∆T )| induced by a positive bias
may be different respect to |J(−∆T )|, which is the heat current induced by a negative bias.
We therefore define the rectification coefficient R as

R = |J(∆T )| − |J(−∆T )|
|J(∆T )|+ |J(−∆T )| , (8.13)

for ∆T > 0. The definition is such that |R| ≤ 1. Furthermore, R = 0 means that no
rectification takes place, while |R| = 1 means that we have perfect rectification (i.e. the
heat current is finite in one direction, and null in the other). Positive (negative) values of R
indicate that the heat flow is greater for positive (negative) temperature biases.
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Starting from the formal definition of the heat current given in Eq. (8.12), we can
simplify the calculation of the heat current using a standard procedure known as “bath
embedding”[41], which is valid whenever the operators of the bath appear linearly in HS,α.
This approach does not apply to the non-linear coupling case, Eq. (8.7), which will be treated
only in the weak coupling regime. Under such hypothesis, the formally exact Meir-Wingreen-
type formula [305] for the heat current can be written as [303, 306–309]

J(∆T ) = ±
∫

dε

2π~ εTr
[
G<(ε)Σ>

L (ε)−G>(ε)Σ<
L (ε)

]
, (8.14)

where the integration is performed over [0,+∞] ([−∞,+∞]) for bosonic (fermionic) baths,
while the minus sign in front of the integral applies only in the QD case where both the
system and the baths are fermionic. G≶(ε) is the Fourier transform of the lesser/greater
Green’s function of S in the presence of the baths, while Σ≶

L (ε) is the Fourier transform of
the lesser/greater embedded self energy induced by the left bath. The lesser and greater
embedded self energies can be determined from the Keldysh contour components Σα(z, z′) =∫
dεk/(2π) γα(εk)gα,εk(z, z′), where gα,εk(z, z′) = −i/~ 〈Tc{dαk(z)d†αk(z′)}〉0 is the free contour

Green function of bath α, Tc denoting the contour ordering. The only quantities which must
be determined in Eq. (8.14) are G≶(ε).

There is a typical situation in which Eq. (8.14) can be written as a simpler and more
transparent expression. Namely, if the spectral densities γα(ε) of the baths are proportional,
i.e. γL(ε) ∝ γR(ε), we can write Eq. (8.14) as [40]

J(∆T ) =
∫

dε

2π~ ε T (ε, T,∆T ) [nL(ε)− nR(ε)] , (8.15)

where
T (ε, T,∆T ) = iTr

{
γL(ε)γR(ε)
γL(ε) + γR(ε) [G>(ε)−G<(ε)]

}
(8.16)

and nα(ε) denotes the energy distribution of bath α. Therefore, nα(ε) = (eε/(kBTα) − 1)−1

for bosonic baths, while nα(ε) = (e(ε−µα)/(kBTα) + 1)−1 for fermionic baths. This formula was
used in Ref. [295] to study the spin-boson problem. The dependence of T (ε, T,∆T ) on the
temperatures may arise from G≶(ε), which are indeed correlation functions of S computed
in the presence of the baths. We notice that, in the absence of this temperature dependence,
the magnitude of the heat current would remain the same in the positive and negative bias
cases, and there would be no thermal rectification. Indeed, this is the case for non-interacting
systems, where Eq. (8.16) reduces to the well known scattering formula with a transmission
function that does not depend on the temperature of the baths [see Eq. (8.1)]. It is therefore
crucial to introduce a non-linearity in the local system or in the coupling Hamiltonian to
observe thermal rectification.

8.3 Weak coupling regime
In this section, we derive general properties and upper bounds to the rectification coefficient R
only assuming that the baths are weakly coupled to the qubit, see Chap. 2. The approximation
performed in this section allows us to consider height and position shift in the transmission
function (see Fig. 8.1), but it neglects any width shift. Indeed, in this regime the width of
the transmission function is the smallest energy scale, so it is infinitesimal. In the following
sections, we will be able to observe also the impact of width shifts performing calculations
beyond the weak-coupling regime.
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Neglecting for the moment the Lamb-shift (which we discuss in Sec. 8.3.4) we find that
(see App. E.2 for details)

R = 1− C
1 + C

, (8.17)

where
C = ΓL(∆, TH)ΓR(∆, TC)

ΓL(∆, TC)ΓR(∆, TH) · ΓL(∆, TC) + ΓR(∆, TH)
ΓL(∆, TH) + ΓR(∆, TC) , (8.18)

Γα(∆, Tα) = Γ+
α (∆, Tα) + Γ−α (∆, Tα) is the total dissipation rate induced by bath α and

TH/C = T ± ∆T/2 for ∆T > 0. Γ+
α (∆, Tα) [Γ−α (∆, Tα)] represents the rate with which

the qubit, being in the ground (excited) state, transits to the excited (ground) state by
exchanging energy with bath α (these are equivalent to the sequential rates introduced in
Chap. 2). Since bath α is prepared in a thermal state, these two rates are in general related by
the detailed balance condition Γ+

α (∆, Tα) = e−∆/(kBTα)Γ−α (∆, Tα) [see App. E.3 for details].
The dissipation rate can then be calculated by evaluating

Γ−α (∆, Tα) = 1
~2

∫ +∞

−∞
dt ei∆t/~

〈
Bα(t)B†α(0)

〉
α
, (8.19)

where the expectation value is taken with respect to the equilibrium thermal state ρα of the
bath, ∆ is the energy spacing of the qubit [see Eq. (8.4)], and the operators Bα(t) and B†α(t)
are interaction picture operators (they evolve through Hα), thus the coupling to the qubit is
neglected [see App. E.3 for a derivation of Eq. (8.19)].

We can now study R for any weakly coupled system using Eqs. (8.17) and (8.19), which
are generally easy to compute (we will consider various models explicitly in the following
sections). Interestingly, as a consequence of the weak coupling assumption, the coupling term
σz⊗Bαz [see Eq. (8.5)] does not contribute to J(∆T ), therefore neither to R. Intuitively, this
is due to the fact that the heat current in the weak coupling regime is mediated by transitions
in S induced by the baths. Therefore, the heat current only depends on the population of
the qubit, which in turn is solely determined by the coupling terms proportional to σ+ and
σ− (see App. E.2 for more details).

The rest of the section is organized as follows: in Sec. 8.3.1, we derive general bounds
assuming that the baths are “similar” (this is a weak hypothesis; a proper definition will be
given). We then study the impact of linear and non-linear coupling to the baths. In Sec. 8.3.2
we show that rectification can be enhanced when the baths are not “similar”. In Sec. 8.3.3, we
study a generic spin coupling to the bath. At last, in Sec. 8.3.4 we show how the Lamb-shift
can be exploited to further enhance rectification.

8.3.1 Rectifying with “similar” system-bath coupling

In this section we assume that the left and right baths are “similar”, i.e. we assume that the
dissipation rate can be decomposed as

Γ(∆, Tα) = γα(∆)g(∆, Tα), (8.20)

where γα(∆) is the spectral density of bath α, given by Eq. (8.10), and g(∆, Tα) ≥ 0 is an
arbitrary non-negative function. Equation (8.20) implies that the dissipation rates of the
two baths, as a function of temperature, are equal up to a prefactor. However, the rates
may have any dependence on the gap of the qubit through the spectral densities. Two baths
are similar whenever the coupling Hamiltonians relative to the two baths are distinct linear
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combinations of the same operators. For example, two bosonic baths, with distinct density of
states, both coupled to the system through a linear or non-linear coupling, are similar baths.

Let us define the “asymmetry coefficient” λ as

λ = γL(∆)− γR(∆)
γL(∆) + γR(∆) , (8.21)

such that |λ| ≤ 1. Using Eq. (8.20), we can cast Eq. (8.17) into the simple form

R = λ
g(∆, TC)− g(∆, TH)
g(∆, TC) + g(∆, TH) . (8.22)

Without specifying the precise model, we can derive the following general properties of R:

• If λ > 0, R is a decreasing function of g(∆, TH), and an increasing function of g(∆, TC)
(the monotonicity is inverted if λ < 0). Therefore, if g(∆, T ) is monotonous with respect
to T , then R is monotonous with respect to ∆T .

• R is linear, therefore monotonous, with respect to λ.

• Given the first property, we can maximize the possible rectification by taking the limits
where g(∆, TH) and g(∆, TC) respectively tend to zero and infinity. This yields the
following bound

|R| ≤ |λ|. (8.23)

As a consequence, the maximum rectification is severely limited by the asymmetry ratio
λ. As expected, for λ = 0 we find that there is no rectification, and the only way to
obtain perfect rectification is to have a vanishingly small coupling to one bath.

• Given the second property, |R| is bounded by |(g(∆, TC) − g(∆, TH))/(g(∆, TC) +
g(∆, TH))|. We therefore have stronger rectification when g(∆, T ) has a strong temper-
ature dependence.

Linear system-bath tunnel couplings

In this section we study heat rectification through a qubit where the coupling to the baths
is linear, i.e. defined by Eq. (8.6). For fermionic baths weakly coupled to the qubit, we have
that (see App. E.4.1, for details)

g(∆, T ) = 1. (8.24)

Plugging this value into Eq. (8.22) shows us that no rectification is possible. This is indeed
expected, since a qubit coupled to fermionic reservoirs can be described by a non-interacting
fermionic Hamiltonian, where the Landauer-Büttiker formula can be used to compute the
heat current. Next, we consider bosonic baths. In this case, as shown in App. E.4.2, we have
that

g(∆, T ) = coth [∆/(2kBT )], (8.25)

so rectification is possible. In particular, we find the following properties:

• g(∆, T ) is a monotonous increasing function of T , thus λ and R have opposite signs.
This means that more heat flows out of the weakly coupled lead.

• Since g(∆, T ) is a monotonous function of T , the rectification increases with ∆T .
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• Since g(∆, T ) is never zero, but it diverges for T → ∞, the bound in Eq. (8.23) is
saturated only in the limit of infinitely hot reservoir (TH →∞).

• It can be explicitly seen that |R| is a decreasing function of the gap ∆, so it is maximum
in the limit ∆ → 0. In this limit, we can expand the cotangent, finding the following
bound

|R| ≤ λ TH − TC
TH + TC

. (8.26)

Bosonic baths with non-linear coupling

In this section we consider bosonic baths coupled non-linearly to the system as defined in
Eq. (8.7). As shown in App. E.4.3, this leads to 1

g(∆, T ) = 1 + coth2[∆/(4kBT )], (8.27)

and we find the following properties:
• g(∆, T ), as a function of T , has the same monotonicity as the bosonic case with linear

coupling, it only diverges for T → ∞, and it is never zero. Therefore, it has the same
first 3 properties of section 8.3.1.

• Also in this case, g(∆, T ) is monotonous with respect to ∆, such that R is maximized
in the limit ∆→ 0. Performing an expansion for small ∆, we find the following bound

|R| ≤ λ T
2
H − T 2

C
T 2
H + T 2

C
. (8.28)

Comparing with Eq. (8.26), we see that the non-linear coupling yields a higher rectifi-
cation. This can be explicitly verified by comparing the exact expressions of R using
Eq. (8.22).

8.3.2 Rectifying with “different” system-bath coupling

In this section, we check if relaxing the condition of Eq. (8.20) allows stronger rectification.
Equation (8.20) does not hold whenever the correlation function in Eq. (8.19) is “different
enough” for the two baths, and this may happen considering different bath Hamiltonians,
and/or different coupling Hamiltonians.

As an example, we take the two bosonic baths, but we consider two different coupling
Hamiltonians. We assume the left bath to be linearily coupled to the qubit (as in Sub-
sec. 8.3.1) and the right bath to be non-linearly coupled to the qubit (as in Subsec. 8.3.1)
and, as in the previous section, we define the quantity λ = (γL(∆)−γR(∆))/(γL(∆)+γR(∆)).
Plugging the respective rates for the left and the right lead into Eq. (8.17) yields an exact
expression for R which in the limit ∆→ 0 is simply given by

R = TH − TC
TH + TC

(8.29)

regardless of λ [we assume that γα(∆→ 0) does not diverge]. Notably, a general property of
“similar baths” is that |R| ≤ |λ|, while here we have rectification even for λ = 0, and it can
be made arbitrarily large simply by choosing larger and larger temperature differences. This
proves that, in general, different system-bath couplings can produce a higher rectification
coefficient.

1In this case, we define the function g(∆, T ) through Γα(∆, T ) = γα(∆/2)g(∆, T )/2. This choice does not
influence the results presented.
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8.3.3 Arbitrary baths with different spin couplings to the system

In this section, we investigate what happens when the qubit is coupled to the baths through
the same arbitrary bath operators, but through different Pauli spin matrices. As an example,
we consider the coupling Hamiltonian given in Eq. (8.8) with VLk = VRk, although also non-
linear couplings can be treated on the same footing. As shown in App. E.4.4, this system
can be mapped into the “similar baths” case with an effective γα(∆) ∝ sin2 θα. Therefore,
all the properties derived in Sec. 8.3.1 hold in this case, where the asymmetry coefficient is
given by

λ = sin2 θL − sin2 θR
sin2 θL + sin2 θR

, (8.30)

while the function g(∆, T ) depends on the bath and system-bath Hamiltonian [in the specific
case of Eq. (8.8), we have g(∆, T ) = coth [∆/(2kBT )], see Eq. (8.25)]. Interestingly, the
rectification does not depend on the angle φα; as we will show, this property does not hold
beyond the weak coupling regime thanks to coherent transport effects. The only relevant
angle is θα, which is the angle between the coupling term and the qubit Hamiltonian (which
is proportional to σz). Since the rectification is linear in λ, we find that the rectification is
maximum when θL is 0 and θR is π/2, or viceversa.

8.3.4 Rectification enhanced by the Lamb-Shift

Until now we have ignored the Lamb shift, i.e. the renormalization of the energy gap of the
qubit induced by the presence of the baths. The renormalization of the qubit gap depends
on both bath temperatures, thus it may influence the rectification properties of the device.
As we now show, this allows us to achieve rectification beyond the bounds derived in the
previous sections.

As shown in App. E.6, if the system-bath Hamiltonian does not contain terms proportional
to σz (i.e. Bαz = 0), the Lamb shift Hamiltonian (which has to be summed to the “bare”
Hamiltonian HS) takes the following form [27]:

HLS = [δ∆L(∆, TL) + δ∆R(∆, TR)]σz, (8.31)

where
δ∆α(ε, Tα) = 1

2πP
∫ +∞

−∞

Γα(ε′, Tα)
ε− ε′

dε′. (8.32)

In Eq. (8.32), P indicates a Cauchy principal value integration. We recall that the ∆ appear-
ing in Eq. (8.31) is the bare gap, neglecting the Lamb shift.

The renormalized gap is therefore given by

∆̃(∆T ) = ∆ + δ∆L(∆, T + ∆T/2) + δ∆R(∆, T −∆T/2), (8.33)

and it may change upon inverting the temperature bias (∆T → −∆T ). In the presence of a
Lamb shift, R is still given by Eq. (8.17) provided that we replace ∆→ ∆̃(∆T ).

In general, we notice that the renormalization terms δ∆α(∆, Tα) is of the same order
in the coupling strength as the rates Γα(ε, Tα) (which are evaluated at leading order in the
coupling). Therefore, if the rates Γα(ε, Tα) are smooth functions of ε, their variation due to
the Lamb shift will be beyond leading order in the coupling strength. Therefore, the effect
of the Lamb shift on rectification is negligible in the weak coupling regime when the spectral
density of the baths is a smooth function of the energy (on the ~Γα scale).
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Figure 8.2: Upper panel: the bare gap ∆, the renormalized gap ∆̃(∆T ) in the positive bias
case and the renormalized gap ∆̃(−∆T ) in the negative bias case, as a function of the bare gap
∆. The dashed gray line corresponds to the gap ε0 in the density of states of the baths, while the
region highlighted in gray shows where the renormalized gaps are respectively larger and smaller than
ε0. Lower panel: the heat currents J(∆T ) and J(−∆T ). In the highlighted region we have perfect
rectification (up to higher order corrections in the coupling strength). The parameters are: KR = 5KL,
εC = (20/3) kBT , ε0 = (4/3) kBT and ∆T/T = 2/3.

However, the Lamb shift may become relevant for rectification whenever there is a strong
energy dependence in Γα(ε, Tα), for example, if the density of states of the baths has a gap.
As we will show in detail in the following, even a small renormalization of the gap can have
a large impact on the current.

We consider two bosonic Ohmic baths with a cutoff frequency εC, but we add a gap in
the density of states between zero and a certain value ε0. We thus have that

Γα(ε, Tα) = π

~
Kα θ(ε− ε0) ε e−ε/εC coth [ε/(2kBTα)], (8.34)

where θ(ε) is the Heaviside function which describes the gap in the density of states. In the
upper panel of Fig. 8.2 we show the bare gap ∆ (black curve), the renormalized gap ∆̃(∆T )
for the positive bias case (blue curve), and the renormalized gap ∆̃(−∆T ) for the negative
bias case (green curve), as a function of the bare gap ∆. As we can see, the renormalized
gaps are different in the positive and negative bias cases. In particular, in the highlighted
region ∆̃(−∆T ) is inside the gap, i.e. it is smaller than ε0 (dashed gray line), while ∆̃(∆T )
is outside the gap; we therefore expect a finite heat current in the latter case, and a zero
heat current in the former. This is confirmed in the lower panel of Fig. 8.2 where J(∆T )
and J(−∆T ) are plotted as a function of the bare gap. The heat currents are computed
using Eq. (E.7) with ∆ → ∆̃(∆T ) to account for the Lamb shift. As we can see, within the
highlighted region we have perfect rectification. However, we expect that the inclusion of
higher order effects in the coupling strength (for example co-tunneling effects) will reduce the
rectification. Indeed, the perfect rectification visible in the gray region in the lower panel of
Fig. 8.2 is a consequence of the current J(−∆T ) being directly proportional to the density
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of states, therefore exactly zero for ∆̃(−∆T ) < ε0; on the other hand, higher order effects
create small yet finite currents even in this parameter range. Nonetheless, we have identified
a mechanism to enhance rectification exploiting the Lamb shift.

8.4 Beyond weak coupling regime

As we have seen, the weak coupling regime puts strong constraints on the rectification coeffi-
cient R. In this section, we show that some of these bounds can be overcome by going beyond
the weak coupling regime. This implies that coherent quantum effects - beyond “sequential
tunneling” - can be beneficial for rectification. From the point of view of the transmission
function, see Fig. 8.1, going beyond the weak coupling regime allows us to consider also width
shifts, which were neglected in the previous section.

We perform calculations beyond the weak coupling regime using three different tech-
niques. First, we include co-tunneling effects in the master equation (ME), which allows us
to intuitively interpret our results; next, we employ a perturbative approach based on non
equilibrium Green’s function (NEGF) theory which yields results beyond sequential and co-
tunneling effects. Finally, we perform an exact calculation employing the Feynman-Vernon
path integral approach.

For concreteness, we consider bosonic baths, and a general spin coupling to the baths
as defined in Eq. (8.8). We will then mainly consider two different couplings: the “XX
coupling”, where both left and right baths are coupled to the system through σx, i.e. θL =
θR = π/2, φL = 0, φR = 0, and the “YX coupling”, i.e. θL = θR = π/2, φL = π/2, φR = 0.
Since the XX and YX couplings only differ by the angle φα [see Eq. (8.8)], both cases display
identical rectification within the weak coupling regime (see Sec. 8.3.3). As we will see, this
property is violated beyond the weak coupling regime, signaling the effect of higher order
coherent quantum effects. We will also consider arbitrary spin coupling in the ∆ → 0 limit.
This particular choice exhibits no current in the sequential tunneling limit. Hence, thermal
current and thermal rectification becomes solely due to higher order processes.

In the following, we describe the ME technique including co-tunneling in Sec. 8.4.1, the
NEGF method in Sec. 8.4.2, exact calculations based on Feynman-Vernon path integral
approach in Sec. 8.4.3 and we discuss the impact on rectification in Sec. 8.4.4. The results
for arbitrary spin coupling in the ∆→ 0 limit will be presented in Sec. 8.4.5.

8.4.1 Master equation with co-tunneling

In this section we describe how to perform calculations beyond the weak coupling regime by
adding rates to the ME that arise from second order processes in the coupling Hamiltonian.
It can be shown that, both for the XX and YX couplings, only elastic cotunneling processes
contribute, i.e. only those processes that coherently transfer an excitation from one bath to
the other - via a virtual state - without changing the state of the qubit.

We find that the heat current, including co-tunneling effects, can be expressed as (see
App. E.7 for details)

J(∆T ) = J seq(∆T ) + Jcot(∆T ), (8.35)

where J seq(∆T ) is the heat current expected in the weak coupling regime, given by Eq. (E.7),
and

Jcot(∆T ) =
∫ ∞

0

dε

2π~εγL(ε)γR(ε)
∣∣∣∣ 1
∆ + ε+ iη

± 1
∆− ε+ iη

∣∣∣∣2 [nR(ε)− nL(ε)] (8.36)
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is the contribution due to co-tunneling, where η is an infinitesimal positive quantity, and
nα(ε) is the Bose-Einstein distribution relative to bath α. The plus sign in Eq. (8.36) refers
to the XX coupling, while the minus sign to the YX coupling.

Crucially, since the temperatures only enter through the Bose-Einstein distributions,
Jcot(∆T ) is an anti-symmetric function, i.e. Jcot(−∆T ) = −Jcot(∆T ). Therefore the con-
tribution of cotunneling to the heat current is the same both for the positive and negative
bias case. Mathematically, Eq. (8.36) diverges logarithmically in the limit η → 0+. The
co-tunneling rates can be “regularized” in a proper manner[32, 33, 83]. Assuming that the
qubit is in the ground state, the first term inside the square modulus of Eq. (8.36) arises
by virtually transferring an excitation from one bath to the qubit, and then from the qubit
to the other bath. The second term instead arises by virtually creating an excitation both
in one bath and in the qubit, and then by destroying an excitation in the qubit and in the
other bath. The different XX and YX couplings produce opposite interference effects between
these two processes. If we had neglected the “counter rotating” terms in H

(sb)
S,α [Eq. (8.8)],

the second term inside the square modulus would have vanished and the co-tunneling rates
would have become the same in the XX and YX cases.

Exploiting the anti-symmetry of Jcot(∆T ), the impact of co-tunneling on rectification can
be easily appreciated by plugging Eq. (8.35) into Eq. (8.13):

R = |J seq(∆T )| − |J seq(−∆T )|
|J seq(∆T )|+ |J seq(−∆T )|+ 2Jcot(∆T ) , (8.37)

where we fix ∆T > 0. Notably, co-tunneling only appears at the denominator of
Eq. (8.37). In addition, the cotunneling contribution of Eq. (8.36) represents an elas-
tic process which would induce no rectification on its own. However, defining Rseq =
(|J seq(∆T )| − |J seq(−∆T )|)/(|J seq(∆T )|+ |J seq(−∆T )|), we see that if Jcot(∆T ) < 0, then

|R| > |Rseq|, (8.38)

whereas |R| < |Rseq| if Jcot(∆T ) > 0. Therefore, co-tunneling can enhance rectification.
Interestingly, the co-tunneling contribution Jcot(∆T ) is usually negative when sequential
tunneling dominates. Indeed, the transmission function due to sequential tunneling is a
delta function peaked around resonant condition. The cotunneling contribution increases the
width of the transmission function giving it an effective bell shape (as shown in Fig. 8.1).
As we increase the width of the transmission function, we move the weight from the peak of
the transmission function to its tails. Therefore, where sequential dominates, co-tunneling
contribution decreases the heat flow. On the other hand, if sequential tunneling is suppressed,
i.e. in the tails of the transmission function, co-tunneling increases the heat flow. Therefore,
we expect the following behavior: when sequential tunneling is dominant, we expect co-
tunneling to enhance rectification. Instead, when the currents are dominated by co-tunneling,
we expect the rectification to decrease in comparison to the weak-coupling predictions. This
qualitative argument is confirmed by the calculations performed in Sec. 8.4.4.

8.4.2 Non-equilibrium Green’s function method

In this section we describe how to employ the NEGF method to compute heat currents beyond
the weak coupling limit. Since Green functions for spin operators cannot be expanded in
a perturbative series using Wick’s theorem, we first perform the following transformation
[310, 311]

σa = − i2
∑

bc=x,y,z
εabc ηbηc, (8.39)
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where εabc is the Levi-Civita symbol, and ηa denotes three Majorana fermion operators (they
satisfy the anticommutation relation {ηa, ηb} = 0 for a 6= b, η2

a = 1 and ηa = η†a). The qubit
and coupling Hamiltonians [see Eqs. (8.4) and (8.8)] therefore become (up to an irrelevant
additive constant)

HS = −i∆2 ηxηy,

H
(sb)
S,α = − i2

∑
abc

n̂α,aεabc ηbηc ⊗
∑
k

Vαk(bαk + b†αk),
(8.40)

where the indices a, b and c run over x, y and z in the sum. Notice that in this representation
the qubit Hamiltonian is still quadratic (therefore “free”), while H(sb)

S,α is the product of three
operators. Therefore, in the Majorana representation the system-bath coupling gives us the
non-linear term which, as we discussed, is necessary to observe rectification.

Assuming that the spectral densities of the two baths are proportional, the heat current is
given by Eq. (8.15) where T (ε, T,∆T ), in general, must be computed numerically. However,
we are able to find an analytic expression for the transmission function by solving the Dyson
equation for the Green’s functions with an expression for the self energy expanded to leading
order in the coupling Hamiltonian H(sb)

S,α (see App. E.8 for details). In the XX coupling case,
this method leads to

TXX(ε, T,∆T ) = 4 ∆2γL(ε)γR(ε)
(ε2 − 2ε (δ∆L(ε, TL) + δ∆R(ε, TR))−∆2)2 + ξ2(ε)

(8.41)

where ξ(ε) = ε
∑
α γα(ε)(1+2nα(ε)), and δ∆α(ε, Tα), which describes the Lamb shift induced

by bath α, is defined in Eq. (8.32) with Γα(ε′, Tα) = γα(ε′) coth [ε′/(2kBTα)] 2. Instead, in
the YX coupling case we find

TYX(ε, T,∆T ) = 4 ε2 γL(ε)γR(ε)
(ε2 −X (ε)−∆2)2 + Y2(ε)

, (8.42)

where

X (ε) = 2ε (δ∆L(ε) + δ∆R(ε))+(1 + 2nL(ε)) (1 + 2nR(ε)) γL(ε)γR(ε)−4δ∆L(ε)δ∆R(ε), (8.43)

and
Y(ε) =

∑
α,β=L,R
α 6=β

(2δ∆α(ε)− ε) (1 + 2nβ(ε)) γβ(ε). (8.44)

This approach provides results which are more accurate with respect to the ME approach
(including co-tunneling contributions), since it contains higher order processes beyond sequen-
tial and cotunneling thanks to the implicit re-summation performed by solving the Dyson
equation.

8.4.3 Spin-boson model: Exact calculation

In this section we consider the XX coupling case. Under these conditions an exact formal
expression for the heat current Eq. (8.14) for general spectral densities of the two baths can

2In order to account for the counter-rotating terms in the coupling Hamiltonian, in the calculation of the
Lamb-shift the spectral density γα(ε′) must be extended to negative values according to γα(−ε′) = −γα(ε′).
See App. E.8 for details.
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be derived within the Feynmann-Vernon path-integral approach to the spin-boson problem
[304]. Calculations are reported in App. E.9. When the spectral densities have the same
energy dependence, i.e. γL(ε) ∝ γR(ε), the heat current takes the form of Eq. (8.15) with

T (ex)
XX (ε, T,∆T ) = 2 γL(ε)γR(ε)

γL(ε) + γR(ε)Im [χ(ε)] , (8.45)

where χ(ε) is the Fourier transform of the qubit dynamical susceptibility in the presence of
the two baths, χ(t) = (i/~)Θ(t)〈[σx(t), σx(0)]〉, given in Eq. (E.107).

We now focus on Ohmic spectral densities, defined as in Eq. (8.11). The dimensionless
Ohmic coupling strength Kα enters the exact expression of the dynamical susceptibility in a
form which allows the path summation in analytic form when KR+KL = 1/2, analogously to
the Toulouse point of the Ohmic spin boson problem [304, 312], see Eq. (E.111). We obtain

χ(t) = 2∆2

~3ν
Θ(t)e−νt/2

∫ ∞
0

dτP (τ)
[
e−ν|t−τ |/2 − e−ν|t+τ |/2

]
, (8.46)

where ν = π∆2/(2~ εC) and

P (τ) =
∏
α

(
εC

πkBTα
sinh

(
π|τ |kBTα

~

))−2Kα
. (8.47)

We note that χ(t) takes the same form of the spin-boson model at the Toulouse point with
the only differnce that the bath-induced (dipole or intra-blip, see App. E.9) interactions
involving the two baths enter P (τ) in factorized form. Indeed, in the limit KL = KR = 1/4
and ∆T = 0 we recover the susceptibility of the Kondo problem at the Toulouse point. Under
these conditions the heat current trivially vanishes. In the following we will evaluate heat
rectification considering asymmetric couplings with the two baths under the“overal” strong
coupling condition KL +KR = 1/2. All possible heat transfer processes are exactly included.
To this end the heat current Eq. (8.15) with (8.46) is more conveniently written as

J = 1
~

KLKR
KL +KR

Im
∫ +∞

−∞
dt χ(t)F (−t), (8.48)

where

F (−t) = (kBTR)3ψ(2)
(

1 + kBTR
εC

(
1− iεC t

~

))
− (kBTL)3ψ(2)

(
1 + kBTL

εC

(
1− iεC t

~

))
(8.49)

and ψ(2)(z) denotes the second derivative of the digamma function.

8.4.4 Rectification beyond the weak-coupling regime

In this section we show that various general properties and bounds derived in Sec. 8.3 can
be overcome, allowing the system to exibit stronger rectification than in the weak-coupling
regime. We will also be able to identify the effect of higher order coherent transport on
rectification. We will consider Ohmic spectral density, as in Eq. (8.11), for both baths.

In Fig. 8.3a we plot R as a function of KL in the XX and YX case comparing the
NEGF calculation, the ME calculation including cotunneling effects [ME(cot)] and the ME
calculation in the weak coupling regime [ME(seq)]. The coupling constant KR = 0.005 and
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Figure 8.3: R, computed with the three methods described in the legend, as a function of KL (a)
and as a function of the gap ∆ (b) both for the XX and YX couplings; the ME(seq) case is the same
for both couplings. We denote with “NEGF” the calculations performed with the non-equilibrium
Green’s function method described in Sec. 8.4.2, with “ME(cot)” those performed with the master
equation which includes co-tunneling described in Sec. 8.4.1, and with “ME(seq)” the calculations
performed in the weak coupling limit as described in Sec. 8.3. We neglect the Lamb shift in this plot.
The inset in (a) shows the same points plotted as a function of λ for λ ∈ [0.25, 1]. In panel (a), the
parameters are KR = 0.001, ∆ = 0.8kBT , εC = 10kBT and ∆T/T = 8/5. In panel (b), the parameters
are KL = 0.006, KR = 0.03, εC = 10kBT and ∆T/T = 1.9.

the temperatures are fixed. First we notice that, for small values of KL, i.e. in the weak
coupling limit, all three curves coincide, as expected. As KL increases, we notice that the
NEGF and ME(cot) curves nicely agree up to KL ≈ 0.025, and then we see some deviations.
Next, we notice that the rectification using NEGF and ME(cot) method is different in the
XX and YX cases, whereas it is the same using the ME(seq) method. Indeed, in Sec. 8.3.3 we
showed that, in the weak coupling regime, rectification only depends on the angle between
the qubit (σz) and the coupling term. Higher order coherent processes, instead, are able to
distinguish these different couplings, as they produce different interference effects [see the ±
in Eq. (8.36)]. Next, we notice that rectification is enhanced in the XX coupling case thanks
to higher order processes, while it is suppressed in the YX case (we will explain this behavior
describing Fig. 8.3b). In the inset of Fig. 8.3a we plot the same points as a function of the
asymmetry coefficient λ = (KL−KR)/(KL+KR) [see Eq. (8.21)]. We recall that, in the weak
coupling regime, we proved that R is linear in λ (see Sec. 8.3.1). Indeed, for small values of
λ, the behavior is linear. Interestingly, the behaviour becomes non-linear for larger values of
λ, which correspond to larger values of the coupling constant KL. This non-linearity is yet
another signature of higher order coherent processes.

In Fig. 8.3b we plot R, computed with the three methods described above, as a function
of ∆ for fixed values of the temperatures and of the coupling constants. There are many
interesting facts to notice. First, the coupling constants are not very small, so the NEGF
and ME(cot) methods, which qualitatively agree with each other, provide visible corrections
to the ME(seq) calculations. As we noticed also in Fig. 8.3a, rectification is stronger in the
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Figure 8.4: Comparison of thermal current and thermal rectification in the strong coupling regime
computed using the two methods described in the legend, as a function of qubit gap ∆. The NEGF
calculation includes the Lamb shift. The parameters are KL = 0.01, KR = 0.49, εC = 100kBT and
∆T/T = 1.9.

XX case (blue curves), while it is weaker in the YX case (green curves) as compared to
the ME(seq) calculations for ∆ ≤ 2kBT . For ∆ > 2kBT , all the methods predict similar
values of R. Interestingly, the value of R computed using the NEGF and ME(cot) methods
in the XX case shows a violation of the general weak-coupling bound of Eq. (8.23), i.e. we
find that |R| > |λ| = 0.67 (denoted with a horizontal magneta line in Fig. 8.3b) for small
values of ∆. On the other hand, in the YX coupling case we notice that coherent processes
decrease rectification. This different behavior is due to the following fact: the heat currents
computed in the ME(seq) case tend to zero as ∆/(kBT ) → 0 (see App. E.2 for details).
In the XX case, the two terms inside the square modulus of Eq. (8.36) cancel each other,
hence also the co-tunneling contribution vanishes; however, in the YX case, it remains finite.
Therefore, in the ∆ → 0 limit, sequential tunneling dominates over co-tunneling in the XX
case, thus enhancing rectification (as discussed in Sec. 8.4.1). On the contrary, in the YX
case co-tunneling dominates over sequential tunneling, thus suppressing rectification. This
observation justifies also the large deviation between the ME(seq) curve and the other ones
observed in the YX case for small ∆. At last, we notice that in the YX case, thanks to higher
order processes, the NEGF and ME(cot) are non-monotonous with respect to ∆ (as discussed
in Sec. 8.3.1, R is monotonous in ∆ in the weak coupling regime).

In Fig. 8.4 we plot the heat current (upper panel) and the rectification coefficient (lower
panel) as a function of the qubit gap ∆ fixing all other parameters as described in the caption.
We compare the analytic results obtained in the XX case using the NEGF method including
the Lamb-shift (see Sec. 8.4.2) with the exact calculation obtained using the Feynman-Vernon
path integral approach (see Sec. 8.4.3). In doing so, we are constrained to fixing the coupling
strength as KL +KR = 1/2. We observe that the exact and NEGF calculations for the heat
current give quantitatively different results, i.e. the NEGF method tends to overestimate the
magnitude of the heat current for values of ∆/(kBT ) . 10, while it underestimates the heat
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Figure 8.5: Contour plot of J(∆T ), (a), and of R, (b), as a function of θ and φ. The parameters
are: εC = 80kBT , KL = KR = 0.06 and ∆T/T = 1.9.

current for larger values of ∆/(kBT ). However, qualitatively there is a reasonable agreement
between the two calculations. This is in fact surprising: the NEGF approach is perturbative
in the coupling strength. Therefore, strictly speaking, it is valid only for KL +KR � 1, while
KL +KR = 1/2 (strong coupling regime). On the other hand, the rectification coefficient is
very different for small values of ∆/(kBT ): the NEGF approach strongly overestimates the
rectification. However, this behavior is inverted upon increasing the qubit gap. Then, for
large enough values of ∆, the two methods predict a more similar rectification coefficient,
with the exact calculation predicting higher thermal rectification compared to the NEGF
calculations. At last, for even larger values of ∆, the rectification coefficient predicted by
both methods tends to 1, i.e. no rectification.

8.4.5 Rectification with arbitrary σ coupling

In this section we study the impact on rectification of more general couplings respect to
the XX and YX cases using the NEGF formalism previously described (see App. E.8 for
details about the calculation). We focus on the ∆/(kBT ) → 0 limit where heat transport is
entirely due to higher order coherent processes. This is due to the fact that the heat current,
computed in the weak coupling regime, tends to zero as ∆/(kBT ) → 0 (see App. E.2). We
therefore consider the coupling Hamiltonian, given in Eq. (8.8), with an arbitrary coupling to
the left bath, i.e. arbitrary θL = θ and φL = φ, but with fixed σx coupling to the right lead,
i.e. θR = π/2 and φR = 0. The XX and YX cases, considered in the previous sections, can be
recovered respectively by setting θ = π/2 and φ = 0, or θ = π/2 and φ = π/2. Notice that,
by considering a coupling with θ 6= π/2, we are including also a σz coupling to the left lead.
We recall that, in the weak coupling regime, the σz coupling does not contribute to the heat
current. In order to isolate the impact on rectification of different spin couplings, we consider
the case of identical spectral densities for the two baths, i.e. γL(ε) = γR(ε). Therefore, the
only asymmetry in the coupling, which can give rise to rectification, is given by the different
directions described by n̂L and n̂R.
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In Fig. 8.5a we show a contour plot of the heat current J(∆T ), at fixed temperatures and
for equal Ohmic spectral densities [i.e. KL = KR, see Eq. (8.11)], as a function of the two
angles θ and φ in the small gap limit, i.e. for ∆/(kBT )→ 0. For simplicity, we neglected the
Lamb shift. Strikingly, the heat current is maximum when the left lead is coupled through σz,
i.e. for θ = 0 (lower part of Fig. 8.5a). This is surprising for two reasons: first, in the weak
coupling limit the heat current at θ = 0 would be null even for finite values of ∆, since σz
does not contribute to the heat currents; second, regardless of the coupling strength, a single
bath coupled to S through σz cannot transfer heat to the system, since the Hamiltonian of S
would commute with the total Hamiltonian (and thus it would be a conserved quantity). In
this case, the σz coupling would only produce dephasing in the qubit state. We can therefore
qualitatively describe transport in this regime as a direct transfer of heat from one bath to
the other. As θ increases, and therefore as the σz component decreases, the heat current
decreases monotonously, to the point that it is null in the XX case (φ = nπ), while it remain
constant in the YX case (along φ = π/2 + nπ).

Interestingly, also the rectification coefficients roughly follows a similar trend, i.e. it is
maximum where also the heat currents are maximum. This can be seen in Fig. 8.5b, where
R is contour-plotted as a function of θ and φ for the same parameters as in Fig. 8.5a. Indeed,
R is maximum for θ = 0, i.e. when the left lead is coupled only through σz. As θ increases,
R decreases monotonically along φ = nπ, just as the heat current itself. However, it remain
constant along φ = π/2 + nπ, while for intermediate values of φ it displays a non-monotonic
behavior.

We can therefore conclude that the optimal operational points in the ∆/(kBT ) → 0
limit are the YX and the ZX coupling cases. These couplings simultaneously maximize the
magnitude of the heat current and of the rectification coefficient. We emphasize that the
heat current, which is solely due to coherent quantum processes, behaves in the opposite way
respect to what would be expected from weak coupling calculations (the heat currents should
be zero both because ∆ = 0 and because σz does not contribute to the heat current).

8.5 Summary
In this chapter, we studied thermal rectification across a qubit. First, we derived general
properties and bounds that emerge in the weak coupling regime. Then, employing various
techniques such as the non-equilibrium Green functions, the master equation including co-
tunneling rates, and an exact calculation based on Feynman-Vernon path integral approach,
we analyzed rectification beyond the weak coupling regime. We found that various weak-
coupling bounds can be violated, allowing the system to exhibit stronger rectification. Some
of these violations provide simple and clear signatures of coherent tunneling effects beyond
the weak coupling regime.
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9
Maximum power and corresponding efficiency for

two-level heat engines and refrigerators: optimality
of fast cycles

Two thermal baths in contact through a working fluid that can be externally driven represent
the prototypical setup that has been studied from the origin of thermodynamics up to our
days. The energy balance can be described in terms of three quantities: the work extracted
from the fluid and the heat exchanged with the hot/cold baths. The fundamental limitations
to the inter-conversion of heat into work stem from the concept of irreversibility and are
at the core of the second law of thermodynamics. A working medium in contact with two
baths at different temperatures is also significant from a practical point of view, since it
is the paradigm behind the following specific machines: the heat engine, the refrigerator
[11, 200, 313, 314], the thermal accelerator [315], and the heater [315].

Quantum thermodynamics [17, 20, 316] has emerged both as a field of fundamental
interest, and as a potential candidate to improve the performance of thermal machines
[18, 42, 124, 171, 201, 317–327]. The optimal performance of these systems has been dis-
cussed within several frameworks and operational assumptions, ranging from low-dissipation
and slow driving regimes[38, 57–60], to shortcuts to adiabaticity approaches [47–50], to en-
doreversible engines [328, 329]. Several techniques have been developed for the optimal control
of two-level systems for achieving a variety of goals: from optimizing the speed [330–332],
to generating efficient quantum gates [333, 334], to controlling dissipation [335, 336], and to
optimizing thermodynamic performances [51–56].

The aim of the present chapter is to find the optimal strategy to deliver maximum power
in all four previously mentioned machines. We perform this optimization in the simplest,
yet non trivial, model of a machine which, in the spirit of quantum thermodynamics, is
based on a two-level quantum system as working fluid. As opposed to current literature,
we explicitly carry out the power maximization without making any assumptions on the
operational regime, nor on the speed of the control parameters, nor on the specific coupling
between the working fluid and the bath. We find that, if the evolution of the working

113
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Figure 9.1: (a) Schematic representation of the setup. S (grey circle) is externally driven by
modulating the level spacing ε(t) and coupled with the hot bath H (red box) and the cold bath C
(blue box) at inverse temperatures βH and βC. JH and JC are the heat currents leaving the baths,
while ΓH and ΓC are the associated dissipation rates. Depending on the controls the system can
operates either as an heat engine (mode [E]), as a refrigerator (mode [R]), as a thermal accelerator
(mode [A]), or as a heater (mode [H]). (b) Representation of the optimal protocol that maximizes
the power in the limit dt → 0; and (c) power in mode [H] for finite values of dtΓ normalized to the
maximum power. We assume a single bath coupled to S characterized by a dissipation rate Γ(ε) such
that Γ(ε) = Γ(−ε). In this case, the maximization in Eq. (9.8) yields ε∗H = −ε∗C, and Γ in (c) denotes
Γ(ε∗H).

medium is governed by a Markovian master equation [24, 25], the optimal driving takes a
universal form: an infinitesimal Otto-cycle-like structure in which the control parameters
must be varied between two extremal values as fast as possible. This is our first main results,
described in Eq. (9.8). Surprisingly, the optimal solution is achieved in the “fast-driving”
regime, i.e. when the driving frequency is faster than the typical dissipation rate induced
by the baths, which has received little attention in literature [337–339]. Notice that the
qubit-based heat engine studied in Sec. 3.2.2 is operated in the oppositive regime, i.e. in the
infinetly slow regime.

By applying our optimal protocol to heat engines and refrigerators, we find new theoretical
bounds on the efficiency at maximum power (EMP). Many upper limits to the EMP, strictly
smaller than Carnot’s efficiency, have been derived in literature, such as the Curzon-Ahlborn
and Schmiedl-Seifert efficiencies. These are discussed in Sec. 3.2. In particular, the Schmiedl-
Seifert efficiency has been proven to be universal in cyclic Brownian heat engines [39] and
for any driven system operating in the slow-driving regime [38]. By studying the efficiency
of our system at the ultimate power, i.e. in the fast-driving regime, we prove that there
is no fundamental upper bound to the EMP. Indeed, we show that the Carnot efficiency is
reachable at maximum power through a suitable engineering of the bath couplings. This
is our second main results, illustrated in Figs. 9.2b, 9.2c and 9.3. In view of experimental
implementations, we assess the impact of finite-time effects on our optimal protocol, finding
that the maximum power does not decrease much if the external driving is not much slower
than the typical dissipation rate induced by the baths [266, 274]. Furthermore, we apply our
optimal protocol to two experimentally accessible models, namely photonic baths coupled to
a qubit [18, 19, 27, 46, 340] and electronic leads coupled to a quantum dot [42, 112, 124, 266,
274, 341].
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9.1 Maximum power
The setup we consider consists of a two-level quantum system S with energy gap ε(t) that
can be externally modulated 1. As schematically shown in Fig. 9.1a, the system is placed in
thermal contact with two reservoirs, the hot bath H at inverse temperature βH and the cold
bath C at inverse temperature βC, respectively characterized by coupling constants λH(t) and
λC(t) that can be modulated in time. The system can operate in four different modes: i)
the heat engine mode [E], where S is used to produce work by extracting heat from H while
donating it to C; ii) the refrigerator mode [R], where S is used to extract heat from C; iii)
the thermal accelerator mode [A], where S operates to move as much heat as possible to C;
iv) the heater mode [H], where we simply use S to deliver as much heat as possible to both
H and C. Assuming cyclic modulation of the controls (i.e. of ε(t), λH(t) and λC(t)) we are
interested in maximizing the corresponding averaged output powers of each operating mode,
i.e. the quantities

P[E] = 〈JH〉+ 〈JC〉 , P[R] = 〈JC〉 ,
P[A] = −〈JC〉 , P[H] = −〈JH〉 − 〈JC〉 ,

(9.1)

where JH and JC are the instantaneous heat fluxes entering the hot and cold reservoirs
respectively, and where the symbol 〈· · ·〉 stands for temporal average over a modulation
cycle of the controls. To tackle the problem we adopt a Markovian Master Equation (MME)
approach [27], discussed in Chap. 2, namely we write

d

dt
ρ(t) = − i

~
[HS(ε(t)), ρ(t)] +

∑
α=H,C

Dα [ρ] , (9.2)

where ρ is the density matrix of the two-level system at time t, HS(ε(t)) := ε(t)σ+σ− its local
Hamiltonian, and

Dα [· · · ] :=
∑
i=±

λα(t)Γ(i)
α (ε(t))(σi · · ·σ†i −

1
2{σ

†
iσi, · · · }) (9.3)

is the Gorini-Kossakowski-Sudarshan-Lindblad dissipator [24, 25] associated with the bath
α = H,C. We have denoted with σ+ and σ− the raising and lowering operators of S. Dα

is characterized by dissipation rates Γ(i=±)
α (ε) and by the dimensionless coupling constant

λα(t) ∈ [0, 1] that plays the role of a “switch” control parameter. It is worth noticing that,
since [HS(ε(t)), HS(ε(t′))] = 0, the MME we employ is valid also in the fast-driving regime,
provided that the correlation time of the bath is the smallest timescale in our problem [45].
Therefore, the fast-driving regime is characterized by a control frequency which is faster
than the typical dissipation rate, but slower than the inverse correlation time of the bath.
Furthermore, we assume that the Hamiltonain HS,B, describing the system-bath interaction,
is such that its expectation value on the Gibbs state of the baths is zero (this is true, for
example, for tunnel-like Hamiltonians, where the number of creation/annihilation operators
of the bath entering HS,B is odd). Such assumption guarantees that no work is necessary to
switch on and off the coupling between the system and the baths.

Without assigning any specific value to the dissipation rates, we only require them to obey
the detailed balance equation Γ(+)

α (ε)/Γ(−)
α (ε) = e−βαε. This ensures that, at constant level

1In principle, one can consider a broader family of controls including the possibility of rotating the Hamil-
tonian eigenvectors; however there is evidence that such an additional freedom does not help in two-level
systems [54, 55]
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spacing ε, the system S will evolve into a thermal Gibbs state characterized by an excitation
probability

p(α)
eq (ε) := Γ(+)

α (ε)
Γ(+)
α (ε) + Γ(−)

α (ε)
= 1

1 + eβαε
(9.4)

when in contact only with heat bath α. For simplicity, we consider the system to be coupled
to one heat bath at the time, i.e. we assume that λH(t) + λC(t) = 1, and that λα(t) can take
the values 0 or 1. As we shall see in the following, this constraint, as well as the possibility
of controlling the coupling constants λα(t), is not fundamental to derive our results, at least
for those cases where the effective dissipation rate

Γα(ε) := Γ(+)
α (ε) + Γ(−)

α (ε) (9.5)

of each bath is sufficiently peaked around distinct values. The instantaneous heat flux leaving
the thermal bath α can now be expressed as [46]

Jα(t) = Tr[HS(ε(t))Dα [ρ(t)]] = −ε(t)λα(t)Γα[ε(t)](p(t)− p(α)
eq [ε(t)]), (9.6)

where p(t) := tr[σ+σ−ρ(t)] is the probability of finding S in the excited state of HS(ε(t)) at
time t which obeys the following differential equation

d

dt
p(t) = −

∑
α=H,C

λα(t)Γα[ε(t)](p(t)− p(α)
eq [ε(t)]), (9.7)

according to the MME specified above. By explicit integration of (9.7) we can hence transform
all the terms in Eq. (9.1) into functionals of the controls which can then be optimized with
respect to all possible choices of the latter.

As shown in App. F.1, we find that the protocols which maximize the average power
of a fixed physical setup, i.e. at fixed dissipation rates, are cycles performed in the fast-
driving regime, i.e. when the driving frequency is faster than the typical dissipation rate.
More precisely, the optimal cycle is such that ε(t) instantaneously jumps between two values
εH and εC, see Fig. 9.1b, while being in contact, respectively, only with the hot and cold
bath for infinitesimal times τH and τC fulfilling the condition τH/τC =

√
ΓC(εC)/ΓH(εH) 2.

As in Otto cycles considered in literature (see the extensive literature on this topic, e.g.
[318, 320, 327, 342–344]), no heat is transferred during the jumps and no work is done while
the system is in contact with the baths. The resulting maximum power averaged over one
period can then be cast into the following compact expression (see App.F.2 for details)

P
(max)
[ν] = max

(εH,εC)∈C

ΓH(εH)ΓC(εC)
(
p

(H)
eq (εH)− p(C)

eq (εC)
)

(√
ΓH(εH) +

√
ΓC(εC)

)2 ε̃[ν], (9.8)

where ν = E,R,A,H and the quantity ε̃[ν] is given by ε̃[E] = εH − εC, ε̃[R] = −εC, ε̃[A] = εC,
and ε̃[H] = εC − εH. In Eq. (9.8) C is the range over which the energy gap ε(t) of S
is allowed to be varied according to the possible technical limitations associated with the
specific implementation of the setup.

Equation (9.8), which stems from the optimality of the fast-driving regime, is the first
main result of the present work. We emphasize that, as opposed to current literature, our

2This particular scaling has been found also in the optimization of endoreversible Carnot Heat engines
[317].
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closed expression for the maximum power holds for any dissipation rate function ΓH/C(ε). In
the following we will apply our result to specific implementations which are relevant experi-
mentally and compute their associated efficiencies at maximum power. In particular we shall
consider the case of fermionic (Fn) and bosonic (Bn) baths with associated effective rates of
the form

Γ(Fn)
α (ε) = kαε

n, Γ(Bn)
α (ε) = kαε

n coth (βαε/2), (9.9)

with n ≥ 0 integer and with kα being a coupling strength constant. The fermionic rate
[the first of Eq. (9.9)] for instance can describe two electronic leads, with density of states
depending on n, tunnel coupled to a single-level quantum-dot [69, 169, 341]; the bosonic one
instead is applied in the study of two-level atoms in a dispersive quantum electromagnetic
cavity [345].

9.2 Heat engine mode [E]
It is common belief that the efficiency of a heat engine (work extracted over heat absorbed
from the hot bath H), driven at maximum power (EMP), should exhibit a finite gap with
respect to the Carnot efficiency ηc := 1−βH/βC. Indeed, this is corroborated by various results
on EMP bounds, discussed in Sec. 3.2: the Curzon-Ahlborn EMP ηCA := 1−

√
1− ηc emerges

in various specific models[37, 39, 59], and it has been derived by general arguments from linear
irreversible thermodynamics [36], while the Schmiedl-Seifert EMP ηSS := ηc/(2 − ηc) has
been proven to be universal for any driven system operating in the slow-driving regime [38].
However, the completely out-of-equilibrium and optimal cycles associated with the values of
P

(max)
[E] reported in Eq. (9.8), do not fulfill such assumptions. As a matter of fact, by choosing

particular “energy filtering” dissipation rates Γα(ε) (instead of the regular ones given e.g. in
Eq. (9.9)), we can produce configurations which approach Carnot’s efficiency with arbitrary
precision while delivering maximum power, proving the lack of any fundamental bound to the
EMP. Before discussing this highly not trivial effect, it is worth analyzing the performances
associated with the baths models of Eq. (9.9).

We remind that the efficiency of an Otto cycle heat engine working between the internal
energies εC and εH is given by η = 1 − εC/εH. Accordingly, indicating with ε∗H and ε∗C the
values of the gaps that lead to the maximum of the r.h.s term of Eq. (9.8), we write the EMP
of our scheme as

η(P (max)
[E] ) = 1− ε∗C/ε∗H = 1− (1− ηc) ε∗CβC/ε

∗
HβH . (9.10)

In Fig. 9.2a we report the value of η(P (max)
[E] ) obtained from (9.10) for the rates of Eq. (9.9) for

n = 0, 1. By a direct comparison with ηCA and ηSS, one notices that while the second is always
respected by our optimal protocol, the first is outperformed at least for the baths F0 and B0,
confirming the findings of Refs. [54, 112, 169]. For small temperature differences between the
baths, the EMP can be expanded as a power series in ηc of the form a1ηc +a2η

2
c + · · · . It has

been shown that a1 = 1/2 is a universal property of low dissipation heat engines [38] and,
in this context, a2 = 1/8 is associated with symmetric dissipation coefficients. As explicitly
discussed in App. F.3, we find that also our protocol delivers an efficiency at maximum power
with a first order expansion term a1 = 1/2 and with a second order correction a2 = 1/8
achieved if we assume that the two leads are symmetric, i.e. ΓH(ε, β) = ΓC(ε, β), or if the
rates are constants.
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Figure 9.2: EMP for the heat engine mode [η(P (max)
[E] ) of Eq. (9.10)], normalized to ηc, as a function

of ηc (varied by fixing βH and sweeping over βC). (a) shows η(P (max)
[E] ) for the fermionic models (F0

and F1) and the bosonic models (B0 and B1) of Eq. (9.9) together with the upper bounds ηSS [39] and
ηCA [37]. Notice that as ηc → 0 (small baths temperature difference), we have η(P (max)

[E] ) ' ηc/2+η2
c/8

as expected. For ηc → 1, instead, the value of η(Pmax
[E] ) for the models F1 and B1 saturates to a finite

fraction of ηc, while the F0 and B0 models reach Carnot efficiency. The Fermionic model displays a
slightly larger η(P (max)

[E] ) than the corresponding bosonic model. In all models we consider symmetric
leads, i.e. kH = kC. Note that η(P (max)

[E] ) does not depend on the value of kα. (b) and (c) show
η(P (max)

[E] ) computed using Lorentzian filtering rates Γα(εα) = γσ2/(σ2 + (εα − ε̄α)2) with γ, σ and ε̄α
positive constants (systems with multiple quantum-dots in series [346] e.g. exhibit such dependence).
In both panels we fix ε̄C = 1. (b): we set ε̄H = 2ε̄C such that we expect to approach ηc at η̄c = 1/2.
Indeed, as σ decreases, η(P (max)

[E] )/ηc approaches one at η̄c = 1/2. Conversely, the corresponding
maximum power decreases: in the inset, where P (max)

[E] is plotted as a function of σ for η̄c = 1/2, we
see that the maximum power becomes vanishingly small for σ → 0. The power is normalized to the
its value for σ = 0.15, where P (max)

[E] = 0.0044 γβ−1
H . (c): at fixed σ = 0.01, we show that the EMP can

approach ηc at any bath temperature. We choose ε̄H/ε̄C = 1/0.65, 1/0.5 and 1/0.35, corresponding to
η̄c = 0.35, 0.5 and 0.65. Energies are expressed in units of 1/βH, and the EMP does not depend on γ.

We now turn to the possibility of having η(P (max)
[E] ) arbitrarily close to ηc. By a close

inspection of the second identity of Eq. (9.10) we notice that one can have η(P (max)
[E] ) ' ηc

for all those models where the maximum power (see Eq. (9.8)) is obtained for values of the
gaps fulfilling the condition ε∗CβC ≈ ε∗HβH. Consider hence a scenario where the rates Γα(εα)
are such that the power is vanishingly small for all values of εα except for a windows of width
σ around a given value ε̄α, a configuration that can be used to eliminate the presence of the
activation controls λα(t) from the problem. Under the assumption of small enough σ, we
expect the maximization in Eq. (9.8) to yield βCε

∗
C ≈ βHε

∗
H when the inverse temperature

ratio is βC/βH ≈ ε̄H/ε̄C, so that η(P (max)
[E] ) ≈ ηc. This is indeed evident from Fig. 9.2b

and 9.2c, where we report the value η(P (max)
[E] ) as a function of ηc (which represents the

temperature of the baths) for rates having a Lorentzian shape dependence: by decreasing σ,
the EMP approaches Carnot’s efficiency at η̄c := 1− ε̄C/ε̄H = 1/2 (Fig. 9.2b), while by tuning
the position of the peak of the Lorentzian rates, the EMP can approach Carnot’s efficiency
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at any given bath temperature configuration η̄c (Fig. 9.2c). We emphasize that even our
system with Lorentzian shaped rates would exhibit an EMP bounded by ηSS if operated in
the slow-driving regime. The possibility of reaching Carnot’s efficiency at maximum power
is thus a characteristic which emerges thanks to the fast-driving regime. Conversely, as σ
decreases and η(P (max)

[E] )→ ηc, the corresponding maximum power tends to zero (see the inset
of Fig. 9.2b where the maximum power, at η̄c = 1/2, is plotted as a function of σ).

9.3 Refrigerator mode [R]
The efficiency of a refrigerator is quantified by the coefficient of performance (COP), i.e. the
ratio between the heat extracted from the cold bath and the work done on the system. For
an Otto-cylce the COP is given by C = εC/(εH − εC) which, by replacing the values ε∗C, ε∗H
that lead to the maximum P

(max)
[R] of Eq. (9.8), yields an associated COP at maximum power

(CMP) equal to

C(Pmax
[R] ) = ε∗C

(ε∗H − ε∗C) =
[
βHε

∗
H

βCε∗C
(1/Cc + 1)− 1

]−1

(9.11)

where Cc := β−1
C /(β−1

H −β
−1
C ) is the maximum COP dictated by the second law. Remarkably,

as in the heat engine case, we can produce configurations which approach Cc with arbitrary
precision while delivering maximum power exploiting the same “energy filtering” dissipation
rates. Before discussing this effect we present some universal properties of the CMP and we
analyze the performance of the baths models of Eq. (9.9).

Assuming that the rates depend on the energy and on the temperature through the
product βε, i.e. Γα(εα) = Γα(βαεα) (e.g. the models (9.9) satisfy this hypothesis for n = 0,
while they do not for n > 0), we find that the COP at maximum power reduces to the
universal family of curves

C(Pmax
[R] ) = C0Cc/(1 + C0 + Cc) , (9.12)

where C0 represents the COP when βH = βC. It thus follows that for these models the
knowledge of C(Pmax

[R] ) at a single bath temperature configuration identifies unambiguously
the COP for all other temperature differences. This feature is in contrast with the heat engine
mode since, under the same hypothesis, the EMP at arbitrary temperatures depends on the
details of the system.

Consider next the maximum power for the models described Eq. (9.9). We find that the
maximization in Eq. (9.8) yields ε∗H → +∞ (and a finite value of ε∗C), which implies

P
(max)
[R] = cnkC/β

n+1
C , C(Pmax

[R] ) = 0 , (9.13)

where cn is a dimensionless number which only depends on n for n > 0, while it is a function
of kH/kC if n = 0 (see App. F.4 for details). The fact that the corresponding COP is equal
to zero is a direct consequence of the divergent value of ε∗H: physically it means that the
maximum cooling power [which is finite, see Eq. (9.13)] is obtained by performing an infinite
work, thus by releasing an infinite amount of heat into the hot bath. In the more realistic
scenario where there are limitations on our control of the gaps, say |εα| ≤ ∆, the resulting
value of P (max)

[R] will be smaller than in Eq. (9.13) but the associated COP will be non-zero
with a scaling that for large enough ∆ goes as C(Pmax

[R] ) ∝ 1/(βC∆) (see App. F.4 for details).
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Figure 9.3: C(P (max)
[R] ) as a function of Cc (varied by fixing βH and sweeping over βC), computed

using the same Lorentzian filtering rates discussed in Fig. 9.2. Fixing σ = 0.01 and ε̄C = 1 as in
Fig. 9.2c, we choose ε̄H/ε̄C = 7/5, 6/5 and 17/15, corresponding to bath temperature configurations
C̄c = 2.5, 5 and 7.5. Energies are expressed in units of 1/βH and the CMP does not depend on γ.

Equation (9.13) shows that in all models the maximum cooling power only depends on the
temperature 1/βC of the cold lead as a simple power law, and it vanishes as 1/βC → 0.
Intuitively this makes sense since it is harder to refrigerate a colder bath and at 1/βC = 0
there is no energy to extract from the bath. Furthermore, for n > 0 the properties of the hot
bath (i.e. temperature and coupling constant) do not enter the P (max)

[R] formula.
We now return to the possibility of having the CMP arbitrarily close to Cc. As in the

heat engine case, from the second equality of Eq. (9.11) we see that, if the maximization in
Eq. (9.8) yields values of ε∗H and ε∗C such that ε∗HβH ≈ ε∗CβC, then C(Pmax

[R] ) ≈ Cc. Indeed, as
we can see in Fig. 9.3, we are able to have a CMP close to Cc at any desired temperature
configuration C̄c by considering appropriately tuned Lorentzian rates (described in Fig. 9.2).

9.4 Thermal accelerator [A] and heater [H] modes
For the physical models described in Eq. (9.9) it turns out that in order to maximize the heat
entering the cold bath, it is more convenient to release heat into both baths (JH, JC < 0),
rather than extracting heat from the hot bath H and releasing it into the cold bath (JH >
0, JC < 0). The thermal accelerator mode [A] thus appears to be useless if we are just
interested in maximizing the heat delivered to the cold bath. Accordingly, in the following
we shall focus on the heater [H] mode only with a single bath (or equivalently with two baths
at the same temperature). Assuming to have some physical limit |ε| ≤ ∆ on the way we can
control the gap, from Eq. (9.8) we find

P
(max)
[H] = k∆n+1

2 ×
{

tanh β∆
2 , (Fn model),

1, (Bn model), (9.14)

where k is the coupling constant appearing in Eq. (9.9). Equation (9.14) shows that the
maximum power diverges as ∆→ +∞, the exponent of ∆ depending on the density of states
associated with the rates. Interestingly, the maximum power that can be delivered to the
bath vanishes for high temperatures (β∆� 1) in the fermionic models, while it is finite and
insensitive to temperature in the bosonic models. This is due to the peculiar rates of the
bosonic models which diverge for βε � 1. On the contrary, for low temperatures (β∆ � 1)
both models yield the same value of P (max)

[H] .
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9.5 Finite-time corrections
The derivation of our main equation (9.8) was obtained under the implicit assumption that
one could implement infinitesimal control cycles. Yet this hypothesis is not as crucial as
it may appear. Indeed the feasibility of an infinitesimal Otto cycle relies on the ability of
performing a very fast driving with respect to the typical time scales of the dynamics, a
regime that can be achieved in several experimental setups [266, 274]. Furthermore by taking
the square-wave protocol shown in Fig. 9.1b characterized by finite time intervals τH and
τC still fulfilling the ratio τH/τC =

√
ΓC(εC)/ΓH(εH), we find that, at leading order in dt,

the maximum power P (max)
[ν] (dt) only different from the ideal value P (max)

[ν] of Eq. (9.8) by
a quadratic correction, i.e. P

(max)
[ν] (dt) ≈ (1 − Γ̃HΓ̃Cdt

2/12)P (max)
[ν] , where Γ̃α = (Γ̃Γα)1/2,

Γ̃ = ΓHΓC/(
√

ΓH +
√

ΓC)2, and all rates are computed for εH and εC that maximize Eq. (9.8).
Besides, even in the regime where Γ̃Hdt, Γ̃Cdt� 1, P (max)

[ν] (dt) can be shown (see App. F.2 for
details) to only decrease as (Γ̃Hdt/2)−1 + (Γ̃Cdt/2)−1, implying that a considerable fraction
of P (max)

[ν] can still be achieved also in this case (e.g. see Fig. 9.1c where we report the dt
dependence of P (max)

[H] (dt) in the heater mode). On the contrary deviations from Eq. (9.8)
due to finite time corrections in the quenches turns out to be more relevant. These last are
first order in the ration between the duration of the quench (now different from 0) and the
period of the protocol dt (see App. F.2 for details).

9.6 Summary
In this chapter we proved that a cycle switching between two extremal values in the fast-
driving regime achieves universally the maximum power and the maximum cooling rate (re-
spectively for a working medium operating as a heat engine or as a refrigerator), regardless
of the specific dissipation rates, and we found a general expression for the external control
during the cycle. The power advantage of modulating the control fields with rapid adia-
batic transformations has been observed in the literature [338, 343, 347] for some specific
model and this intuition is in agreement with our general results. We also found that the
first coefficient of the expansion in power of ηc of the EMP is universal while the second
one is linked to the symmetry of the dissipation coefficients. This chapter enlights that the
features mentioned above are valid also strongly out of equilibrium, while already proven in
low dissipation [341] and steady state [11] heat engines. If the bath spectral densities can
be suitably tailored through energy filters (as for instance in [346]) our protocol allows to
reach the Carnot bound at maximum power both operating as a heat engine or refrigerator,
although at the cost of a vanishing power. This observation proves the lack of universal upper
bounds to the efficiency at maximum power. Finally, we showed a new scaling for the COP
of a bath with flat spectral density and we established a clear dependence of the EMP and
the COP at maximum power on the spectral densities of the two thermal baths. The results
were discussed in detail for some specific models, from flat bosonic and fermionic baths to
environments with more complicated spectral densities, and finite driving speed effects were
analyzed.
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10
Maximum power heat engines and refrigerators in

the fast-driving regime

The most important thermal machines that can be constructed utilizing two or more thermal
baths are the heat engine and the refrigerator. As discussed in Chap. 3, these machines are
mainly characterized by two figures of merit: the efficiency (or coefficient of performance
COP for the refrigerator) and the extracted power (or cooling power). The optimal strategy
to maximize the efficiency (and the COP) was identified already in the 19th century, and
it is closely related to the second law of thermodynamics. As such it is characterized by a
universal strategy: infinitely slow transformations, known as reversible transformations, must
be performed [348]. On the other hand, the maximization of the extracted power or cooling
power requires finite-time thermodynamics, which relies on a microscopic model to describe
the evolution of the system. Therefore, the maximization of the power is usually regarded as
a model-specific task, thus lacking a universal characterization [46, 320, 324, 341].

Conversely, the last decade has witnessed tremendous advances in experimental techniques
which allow us to control quantum system and to operate them as thermodynamic machines
[11, 18, 42, 51–53, 55, 56, 124, 169, 171, 200, 201, 274, 317–327, 337–339, 349, 350]. We are
now at the point that it is possible to fabricate devices which behave as qubits or qutrits,
and couple them to thermal baths [17–19, 347, 351, 352]. Typical experimental platforms,
which range from trapped ions [12, 13], to electron spins associated with nitrogen-vacancy
centers [14], to circuit quantum electrodynamics [15], to single-electron transistors [16], are
all characterized by a set of “control parameters”, e.g. electric or magnetic fields, that
can be controlled in time by the experimentalist. The available control parameters may be
subject to constraints, and may only grant us a partial control over the system dynamics.
Given this framework, a fundamental question, which has not been tackled in general, is how
to optimally drive the control parameters as to maximize the power of periodically driven
classical or quantum thermal machines. This is the aim of the current chapter.

In general, this is a formidable task, as it requires us to solve the time-dependent dy-
namics of an open quantum system, coupled to thermal baths, and to perform a functional
optimization over all available control parameters. Within the slow-driving regime [38, 57–
60, 353], a universal strategy to maximize the power has been recently derived [354]. Beyond

123
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this regime, common strategies to improve the power extracted from a quantum engine rely
on performing fast and effectively adiabatic quantum operations through the Shortcut to
Adiabaticity technique [47–50] or using Floquet engineering [355, 356]. The variety of frame-
works considered in such analysis spans from the optimization of finite time Carnot cycles
[59, 354, 357, 358] to Otto engines [318, 320, 327, 342–344, 359, 360] to endoreversible models
[328, 329].

However within this mare magnum of frameworks and methods, in the context of systems
described by Markovian dynamics, recent evidence suggests that the optimal strategy to
extract maximum power may consist of varying the control parameters infinitely fast [39, 52,
55, 340, 361] (see also Chap. 9). This observation would imply a profound “duality” between
efficiency and power: both would be maximized according to two opposite universal strategies
(infinitely slow, or infinitely fast control speed).

In this chapter we discuss the optimization of thermal machines in the fast driving regime.
This last, characterized by driving time scales which are much faster than the thermal re-
laxation, is introduced and discussed in the context of Markovian dynamics, see Sec. 3.2.
Among all the possible control strategies and protocols, we provide a universal proof that the
power is optimized by “generalized Otto cycles”, i.e. by performing sudden variations of the
control parameters among a finite number of fixed values. We denote these sudden variations
as “quenches”. The generality of the proof is guaranteed by the fact that it holds for any
Hamiltonian describing the working fluid, the baths, and the coupling. Furthermore, it holds
regardless of the number of baths, and regardless of the specific form of the time dependent
dissipators in the Lindblad master equation, that can depend on an arbitrary number of
external controls subject to arbitrary constraints. In addition, it holds for the maximization
of any linear combination of the heat currents, which includes the extracted power of a heat
engine, the cooling power of a refrigerator, the dissipated heat by a heater, and so on.

The optimal protocol, i.e. the generalized Otto cycle, is characterized by L time intervals,
connected by quenches, in which the control parameters are held constant. We prove that,
in general, L ≤ d2, where d is the dimension of the Hilbert space of the working fluid, while
L ≤ d in the semi-classical case, when the Hamiltonian commutes with itself at different
times. Our general bound on the number of quenches also poses a strict constraint on the
number of thermal baths that are necessary to maximize the power.

In a large class of systems characterized by a “simple relaxation” model, we further prove
that two time intervals are sufficient, recovering the standard Otto cycle. In such cases,
assuming to have total control over the Hamiltonian of the working fluid, we are able to
explicitly identify the optimal shape of the control, which corresponds to producing highly-
degenerate many-body spectrum characterized by a single energy gap. On the one hand,
this allows us to prove that the generation of coherence is detrimental for the maximization
of the power. On the other, it allows us to compare the power of a heat engine and of a
refrigerator, driven in the optimal way, using n non-interacting (NI) qubits, or n interacting
(I) qubits. While the power of the NI qubits scales linearly in n, we find that the power in the
I case displays a super-linear transient regime, yet it asymptotically scales linearly for any
finite temperature difference ∆T . Interestingly, a heat engine in the I case operated at small
temperature differences can deliver a power which is linear in ∆T in the thermodynamic limit
of many qubits. On the other hand thermoelectric engines, slowly-driving arbitrary systems,
and the NI case are all universally characterized by a maximum power which, to leading
order, scales as ∆T 2. Therefore, the ratio between the power in the I case and all these other
engines scales as 1/∆T , signaling that there is a many-body advantage in the limit of small
temperature differences enabled by the fast driving regime. Instead, for a refrigerator, we
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find that the I case can at most deliver a power which is approximately 2.49 times larger than
the NI case in the thermodynamic limit. This implies that, as opposed to the heat engine
case, many-body working fluids do not provide a significant advantage in the construction of
refrigerators at maximum power. It may thus be more convenient to construct a refrigerator
based on many simple independent systems working in parallel.

We then apply our general results to a system characterized by a qutrit as working fluid.
We numerically show that while the standard Otto cycle is optimal for typical thermalization
models used to describe Bosonic and Fermionic baths, the generalized Otto cycle (character-
ized in this case by three quenches) outperforms the standard Otto cycle for a specific choice
of the dissipation. This implies that our bound is, in general, tight. Furthermore, as opposed
to the maximum efficiency, we show that the power can be enhanced by the presence of more
than two thermal baths at different temperatures. At last, we provide numerical evidence
supporting the hypothesis that the fast driving regime may indeed be optimal in this setup.

From an operational point of view, our results hugely simplify the numerical procedure of
finding optimal protocols. Indeed, instead of having to optimize over all possible protocols,
which are piece-wise continuous functions, using e.g. complex variational techniques [54],
we only have to optimize a function of a fixed number of variables which scales at most
quadratically with the dimensionality of the Hilbert space of the working fluid, linearly in
the semi-classical case, and remains constant in a large class of models characterized by
“simple relaxation”.

In Sec. 10.1 we describe and characterize a thermal machine composed of a quantum
system, denoted as the “working fluid”, coupled to an arbitrary number of Markovian thermal
baths. In Sec. 10.2 we introduce and characterize the fast driving regime for periodically
driven systems. In Sec. 10.2.1 we prove the optimality of the generalized Otto cycle and we
derive bounds on the number of time intervals. In Sec. 10.3 we restrict our analysis to a
class of systems characterized by a “simple relaxation” model. Under this hypothesis, tighter
bounds on the number of quenches can be obtained and, assuming total control over the
working fluid, the full optimization of the power can be carried out. Using these results, we
compare the performance of many non-interacting and interacting qubits optimally driven.
In Sec. 10.4 we apply our general results to a thermal machine composed of a qutrit as
working fluid. We numerically compute the optimal protocol for various dissipation models
and we find that, for particular values of the dissipators, the maximum power is achieved
by coupling the qutrit alternatively to three baths at different temperature. This protocol is
shown to outperform the standard Otto cycle. In sec. 10.5 we provide a summary.

10.1 The model

As schematically depicted in Fig. 10.1, we consider a d-dimensional quantum system S (the
working medium or working fluid of the model) that is weakly coupled to N thermal baths
characterized by inverse temperatures βα, for α = 1, . . . , N . We assume S to be externally
controlled through a set of time-dependent control parameters collectively represented by a
real vector function

~u(t) : [0, τ ]→ D ⊆ R
M , (10.1)

where τ is the total duration of the driving, and D represents the set of the allowed values
the controls can assume, accounting for possible experimental constraints. In the following,
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Figure 10.1: An arbitrary d-level system, controlled by M parameters ~u(t), is coupled to N
thermals baths.

we denote the function ~u(t) as the protocol or the driving. In our analysis ~u(t) acts as a
modulator both for the local Hamiltonian of the system H~u(t) (denoted with HS in the rest of
this thesis) as well as for the interactions with the thermal baths which, adopting the Gorini-
Kossakowski-Sudarshan-Lindblad (GKSL) formalism [24, 25] (see Chap. 2), we describe in
terms of the super-operator dissipators Dα,~u(t). We hence assign the temporal evolution of
the system in terms of the following Master Equation (ME) for the reduced density matrix
ρ(t) of S,

∂tρ(t) = L~u(t) [ρ(t)] ≡ − i
~

[
H~u(t), ρ(t)

]
+

N∑
α=1

Dα,~u(t) [ρ(t)] , (10.2)

where L~u(t) is the (time-dependent) quantum Liouvillian generator of the dynamics. In this
chapter, we consider dissipators Dα,~u(t) which may have an arbitrary functional dependence
upon ~u(t) 1. We note that, through this dependence, we can include the possibility of deciding
which bath is coupled to S at any given time. If only bath α is coupled to S, and if we fix
the control parameters ~u(t) = ~u, we expect S to thermalize by evolving towards the Gibbs
density operator

ρ
(eq)
α;~u ≡ exp[−βαH~u]/Zα;~u , (10.3)

Zα;~u ≡ Tr[exp[−βαH~u]] being the partition function. We frame this physical statement
in mathematical terms by requiring all the dissipators Dα,~u to be irreducible and adjoint-
stable [29, 362], two conditions which, as we discuss in Appendix G.1, are typically satisfied

1This is a quite weak assumption: indeed, in general, the dissipators only depend on the instantaneous
values of ~u(t) whenever the Hamiltonian commutes with itself at different times, or whenever the driving is
sufficiently slow as to guarantee the validity of the quantum adiabatic theorem is the absence of the baths
[43–45], i.e. ~~̇u � ∆E, where ∆E is the smallest gap in S, and the “dot” denotes the time derivative.
This hypothesis is not in contrast with what we denote as the fast driving regime. Indeed, the fast driving
regime requires the driving to be faster than the typical thermalization scale. While the thermalization scale
is inversely proportional to the system-bath coupling, and thus can be made arbitrarily big in the weak
coupling regime, the validity of the adiabatic theorem does not depend on the system-bath coupling strength.
Incidentally, we notice that the generalized Otto cycle always respects this last hypothesis, since there is no
driving while the system is coupled to the bath.
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by non-pathological dissipators.
The instantaneous heat flux flowing out of bath α can then be computed as [46]

Jα(t) ≡ Tr
[
H~u(t)Dα,~u(t) [ρ(t)]

]
. (10.4)

Exploiting a projection technique, we can replace the dynamical generator L~u(t) with
the superoperator G~u(t) which has the important property of being invertible on the (d2− 1)-
dimensional linear subspace of traceless linear operators L0

S acting on S. Specifically, Eq. (10.2)
can be rewritten in the more convenient form

∂tρ̃(t) = G~u(t)
[
ρ̃
(eq)
~u(t) − ρ̃(t)

]
, (10.5)

where ρ(eq)~u(t) is the (unique) fixed points of L~u(t) and where, for all density matrices ρ of S, we
define

ρ̃ ≡ ρ− 1/d , (10.6)
its traceless component.

We are interested in performing thermodynamic cycles, i.e. in performing a periodic
driving ~u(t), with period T , such that the variation of internal energy

U(t) ≡ Tr[H~u(t)ρ(t)] (10.7)
of the working fluid is zero after each cycle. In this regime, the first law of thermodynamics
guarantees us that all the work extracted from the system is only provided by the heat baths,
and not by some particular state preparation of S. As we see from Eq. (10.7), the periodicity
of U(t) requires both ~u(t) and ρ(t) to be periodic functions. In general, ρ(t) is not a periodic
function. However, using the fact that the dissipators Dα,~u(t) are irreducible and adjoint-
stable, the Lindblad master equation enjoys the following property (a proof is provided by
Theorem 2 of Ref. [29]): if ~u(t) is a T -periodic function, then the solution of Eq. (10.2)
asymptotically converges toward a “limiting cycle” solution ρ(lc)[~u] (t), which is independent of
the initial condition of the system, and which is periodic with the same period T of the
controls, i.e. ρ(lc)[~u] (t + T ) = ρ

(lc)
[~u] (t) for all t (the name “limiting cycle” follows from the fact

that S naturally approaches it when we repeat the periodic protocol “many times” [363]). The
subscript in ρ(lc)[~u] (t) emphasizes that the limiting cycle is a functional of the whole protocol,
i.e. it depends on the control parameters along the whole cycle. In this asymptotic regime,
the internal energy U(t) becomes a periodic function, providing us with a thermodynamic
cycle. From now on, we therefore focus solely on this regime.

We now wish to identify the optimal choice of ~u(t) that allows us to maximize the extracted
power from a heat engine, or the cooling power of a refrigerator, averaged over a cycle. Both
these quantities can be expressed as linear combinations of time integrals of the currents,
defined in Eq. (10.4). Therefore, given an arbitrary collection cα of real coefficients, we define
the Generalized Average Power (GAP), which is a functional of the whole protocol, as

Pc[~u] ≡ 1
T

N∑
α=1

∫ T

0
cαJα(t) dt = 1

T

∫ τ

0
Tr
[
H~u(t)

∑
α

cαDα,~u(t)
[
ρ
(lc)
[~u] (t)

]]
dt. (10.8)

For instance, if we choose cα = 1 for all α, Eq. (10.8) represents the average of the total
extracted heat flux, which coincides with the average extracted power for periodically driven
heat engines; if instead cα = δα,N , with α = N labelling the coldest bath and δ representing
the Kronecker delta, Eq. (10.8) represents the average cooling power, which measures the
performance of a refrigerator; if cα = −1 for all α, Eq. (10.8) represents the average dissipated
heat flux, which measures the performance of a heater, and so on.
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10.2 Fast driving regime
Finding the optimal value of ~u(t) that maximize the functional (10.8) is, in general, a
formidable task. Nonetheless, as we shall see, an explicit solution to the problem can be
obtained when studying the performance in the fast driving regime. This is characterized
by driving the system with a protocol ~u(t) whose period T is much shorter than the typical
relaxation times induced by the baths. Therefore, we may expect that the limiting cycle state
of S “does not have time” to thermalize with the bath, so it might actually converge to a
fixed, time-independent out-of-equilibrium state. This is precisely what happens.

More specifically, let us denote with η[~u] the typical rate which characterizes the ME (10.5)
(see App. G.2.2 for a formal definition of η[~u]). Formally, we can expand ρ(lc)[~u] (t) in a power
series in η[~u]T � 1. As we prove in App. G.2.2, it turns out that the leading order term ρ

(0)
[~u]

is indeed time-independent. Furthermore, its traceless component (10.6) is determined by

ρ̃
(0)
[~u] ≡

(∫
I[~u]

G~u(t)dt

)−1 [∫
I[~u]

G~u(t)[ρ̃
(eq)
~u(t)] dt

]
, (10.9)

where I[~u] denotes the time interval of one cycle of duration T . The invertibility of
∫
I[~u]
G~u(t)dt

is guaranteed by the assumption that the dissipators are irreducible and adjoint-stable (see
App. G.1 for details). Using the approximation ρ

(cl)
[~u] (t) ≈ ρ

(0)
[~u] , we can write the GAP in

Eq. (10.8) in the fast driving regime as

Pc[~u] = 1
T

∫
I[~u]

Tr
[
H~u(t)

∑
α

cαDα,~u(t)
[
ρ
(0)
[~u]

]]
dt, (10.10)

which is guaranteed to be valid up to linear corrections in the expansion parameter η[~u]T
(however, it should be stressed that, by direct evaluation, the GAP of the optimal protocol
turns out to be valid up to second order corrections in η[~u]T in two level systems [52, 361]
and in the qutrit case studied in Sec. 10.4).

Equations (10.9) and (10.10) are the main starting point of our analysis: they allow us to
express the GAP as an explicit functional of the protocol ~u(t) without requiring us to solve
the ME. This procedure is somewhat analogous to what happens in the opposite regime, the
slow driving, in which the time scales of the driving are much slower than the dissipative
dynamics induced by the baths. Optimal protocols for maximizing GAPs in this regime have
been extensively discussed [59, 354, 364, 365]. The reasoning above shows that, by exploiting
the concept of time scale separation, we can simplify the characterization of the GAP in
thermal machines. Dealing with the dynamics of ρ(t) in intermediate regimes is in general
more difficult, and this can be tackled, for instance, using the Pontryagin minimum principle
technique [52, 56, 366].

10.2.1 Optimality of sudden quenches

Instead of performing a direct constrained functional optimization of the GAP [see
Eq. (10.10)] with respect to ~u(t), we will employ an iterative procedure that eventually leads
to the identification of the “generalized Otto cycle” as the optimal one. The main idea of
the proof is the following: given any assigned periodic protocol which respects the constraint
~u(t) : [0, T ]→ D, we prove that it is possible to “cut away" parts of it to build a new, shorter,
cycle which delivers a higher or equal GAP than the starting one. By reiterating this process
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Figure 10.2: Schematic representation of the cut-and-choose procedure for M = 1. Upper panel:
representation of an arbitrary protocol ~u(t) defined on the time interval I[~u] of duration T . Central
panel: we partition I[~u] into two disjoing subsets IA and IB . Lowe panel: we define two new sub-
protocols ~uA(t) and ~uB(t) by restricting ~u(t) respectively to IA and IB . This process may introduce
discontinuities in the controls, denoted as quenches.

over and over, we end up with the generalized Otto cycle. We therefore denote this procedure
as cut-and-choose.

In order to detail the cut-and-choose procedure, let us first formally introduce the notion
of cyclic sub-protocols. Given an arbitrary cyclic protocol ~u(t) of period T and fundamental
period I[~u] = [0, T ], consider a subset IA of I[~u] of non-zero measure TA. A cyclic sub-protocol
~uA(t) of ~u(t) with period TA and fundamental period I[~uA] ≡ [0, TA] is hence obtained by
rigidly joining the various parts which compose the restriction of ~u(t) on IA. This procedure
may introduce localized discontinuities, i.e. quenches, within the protocol – see Fig. 10.2
for an example for M = 1. Assume now to drive S by repeating many times the selected
sub-protocol: since the image points of the curve ~uA(t) : I[~uA] → D form a proper subset
of those of ~u(t) : I[~u] → D, it follows that if the fast driving limit holds for the latter,
i.e. if η[~u]T � 1, then the same condition applies also to ~uA(t), i.e. η[~uA]TA � 1 – see
Appendix G.2.3. Furthermore, by construction, the new cyclic sub-protocol satisfies the
constraint on the values of the control.

Since Eq. (10.9) holds for any periodic protocol in the fast driving regime, by repeating
~uA(t) many times, the state of S will tend to a new asymptotic constant state ρ(0)

[~uA] whose
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traceless component reads

ρ̃
(0)
[~uA] =

(∫
I[~uA]

G~uA(t)dt

)−1 [∫
I[~uA]

G~uA(t)[ρ̃
(eq)
~uA(t)] dt

]
. (10.11)

It goes without mentioning that analogous conclusions can be drawn also for the sub-protocol
~uB(t) that is obtained by considering the restriction of ~u(t) to the complement IB of IA, i.e.
the set IB = I[~u]/IA of measure TB = T − TA: once more, under iterated application of such
driving, the state of S will tend to a constant asymptotic state ρ(0)

[~uB ] given by Eq. (10.11) by
simply replacing everywhere the index A with B; see Fig. 10.2 for an example.

Assume next that the states ρ(0)
[~uA] and ρ

(0)
[~uB ] introduced above coincide and are equal to

ρ
(0)
[~u] , i.e.

ρ
(0)
[~uA] = ρ

(0)
[~uB ] = ρ

(0)
[~u] . (10.12)

Equation (10.12) is a rather strong requirement which in general is not met by generic choices
of IA and IB: still, as we shall discuss in the next section, the possibility of identifying sub-
protocols fulfilling this property is always granted. For the moment we hence assume that
Eq. (10.12) is satisfied. The GAPs Pc[~uA] and Pc[~uB] delivered respectively by the sub-
protocols ~uA and ~uB can be computed using Eq. (10.10). Assuming Eq. (10.12) is fulfilled,
we notice that the integrands entering Pc[~u], Pc[~uA] and Pc[~uB] are all the same. Therefore,
exploiting the linearity of the integral respect to the its integration domain (i.e. time), and
recalling that T = TA + TB, we have that

Pc[~u] = TAPc[~uA] + TBPc[~uB]
TA + TB

. (10.13)

The above equation establishes that the GAP of the original protocol ~u(t) can be expressed as
a non-trivial convex combination of the GAPs of the sub-protocols ~uA(t) and ~uB(t): therefore
it must be smaller or equal to the maximum of those two quantities, i.e.

Pc[~u] ≤ Pc[~uA], (10.14)

where, without loss of generality we assumed Pc[~uB] ≤ Pc[~uA]. Inequality (10.14) implies
that given a generic periodic protocol ~u(t), it is possible to construct a shorter one ~uA that
delivers a larger or equal GAP. This is the reason for the name cut-and-choose procedure. We
can now re-iterate the cut-and-choose procedure starting from ~uA(t), thus obtaining another
(even shorter) protocol ~uAA(t) that produces a greater or equal GAP, and so on and so forth.
After many iterations of the cut-and-choose procedure, we end up with a protocol that cannot
be further optimized via this technique. This is a generalized Otto cycle.

This protocol is characterized by an infinitesimal domain I of duration dτ , divided into
L segments of length dτi, such that the controls ~u(t) take on a constant value ~ui ≡ ~u(ti) ∈ D
during each time interval dτi; see Fig. 10.3 for a schematic representation. Using Eq. (10.10),
the associated GAP of such protocol can hence be expressed as

Pc[{~ui, µi}] =
L∑
j=1

µjTr
[
H~uj

∑
α

cαDα,~uj

[
ρ
(0)
[{~ui,µi}]

]]
, (10.15)
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Figure 10.3: Representation of a generalized Otto cycle, which results from a large number of
re-iterations of the cut-and-choose procedure depicted in Fig. 10.2. L (infinitesimally short) constant
controls are alternated with quenches. Finite upper bounds can be obtained for the maximum value
of L that is needed for the optimization (see Table 10.1).

Quantum Semi-classical Simple relax.
max L d2 d 2∗

Scalar Params d2(M + 1)− 1 d(M + 1)− 1 2∗(M + 1)− 1

Table 10.1: Maximum value of L and maximum number of scalar parameters which determine
the generalized Otto cycle in the general quantum case, in the semi-classical case, and for a simple
choice of the Lindbladian form (cfr. Sec.10.3).
*: 2 holds for the refrigerator, while this value is min(N, d) in the heat engine case. See Sec. 10.3 for
details.

where µi = dτi/dτ represents the percentage of the total protocol time spent at each point
~ui, and ρ

(0)
[{~ui,µi}] is the time-independent limiting cyclic state whose traceless component is

[see Eq. (10.9)]

ρ̃
(0)
[{~ui,µi}] ≡

 L∑
j=1

µjG~uj

−1  L∑
j=1

µjG~uj [ρ̃
(eq)
~uj

]

 . (10.16)

Crucially, we are able to place a finite upper bound to the number L of time intervals of
the optimal generalized Otto cycle. In App. G.3.2 we prove that, in general, L is at most
equal to the degrees of freedom of the density matrix plus one. Therefore, in general we
have L ≤ d2; we denote this the “quantum case”, since all elements in the density matrix are
assumed to contribute to the evaluation of the GAP. Instead, if the system is “semi-classical”,
i.e. if [H~u(t), H~u(t′)] = 0 for all t and t′, this upper bound is reduced to L ≤ d since, under
this condition, only the populations of the instantaneous eigenstantes, which are d, play a
role in the evaluation of the GAP. Furthermore, as discussed in Sec. 10.3, if the dissipator of
each bath is characterized by a single (control-dependent) timescale and N = 2, then L = 2
regardless of the dimensionality of the system; in this case, the optimal protocol reduces to
a conventional infinitesimal quantum Otto cycle.

We therefore proved that the generalized Otto cycle universally maximizes the GAP. The
particular values of the controls ~ui and of the time fractions µi that maximize Eq. (10.15)
are instead model specific, and must be determined case by case. The total number of scalar
parameters over which Eq. (10.15) must be optimized is given by (L− 1) +ML, where L− 1
comes from the time fractions (note that

∑
i µi = 1), and ML is the number of scalar control

parameters. We report a summary of these results in Table 10.1.
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In order to gain further physical insight into our result, let us consider the paradigmatic
case in which our system S can only be coupled to one bath at the time. Mathematically,
this assumption can be described by a specific control parameter, say α(t), whose value is
the index of the bath we are coupled to, α = 1, . . . , N . Therefore, S must be coupled only
to a single bath in each time interval dτi. In this scenario, it is interesting to notice that our
bound on the number of time intervals poses a limit to the maximum number of thermal baths
necessary to maximize the GAP: indeed, at most L baths will be used. Therefore, for low
dimensional working fluids, the maximum number of thermal baths necessary to maximize
the GAP is strongly limited. However, we also explicitly show in Sec. 10.4 that three thermal
baths at different temperatures can outperform two thermal baths when the working fluid is
a qutrit. This result is in contrast with the maximization of the efficiency, which is always
obtained by coupling S only to the hottest and coldest bath available.

As a final technical remark, we discuss how to simplify the optimization over the choice
of the bath coupled to S. In principle, any bath can be coupled to S during each time interval
dτi. However, by direct inspection of Eqs. (10.15) and (10.16), it can be seen that the GAP
is invariant under permutations of ~ui and µi. Therefore, the number of independent choices
of the bath is given by the binomial coefficient

(L+N−1
N−1

)
which e.g. scales linearly in L

when only two thermal baths are available. The maximization of the GAP is thus carried
out by repeating the optimization of Eq. (10.15) over the other control parameters for each
independent choice of the baths, and then choosing the configuration delivering the largest
GAP.

10.2.2 A geometric interpretation of Eq. (10.12)

The argument presented in the previous section relies on the assumption (10.12) that one
can identify two new sub-protocols ~uA(t) and ~uB(t) that preserve the asymptotic state ρ(0)

[~u]
of the original protocol ~u(t). We provide an explicit proof that such condition can always be
fulfilled by translating it into a geometric problem.

For this purpose, let us define the curves γ[~u] ≡ {v~u(t)|t ∈ I[~u]}, γ[~uA] ≡ {v~uA(t)|t ∈ I[~uA]},
and γ[~uB ] ≡ {v~uB(t)|t ∈ I[~uB ]} generated by the functions

v~u(t) ≡ G~u(t)
[
ρ̃
(eq)
~u(t) − ρ̃

(0)
[~u]

]
, (10.17)

v~uA,B(t) ≡ G~uA,B(t)
[
ρ̃
(eq)
~uA,B(t) − ρ̃

(0)
[~u]

]
. (10.18)

Since the domains I[~uA] and I[~uB ] are complementary and provide a decomposition of I[~u],
γ[~uA] and γ[~uB ] are disjoint, and their union coincides with γ[~u] (see upper panels of Fig. 10.4
for a schematic representation). It is important to notice that the functions in Eq. (10.18),
thus also the curves γ[~u], γ[~uA], and γ[~uB ], belong to the special subspace of L0

S formed by the
traceless Hermitian operators of S which, being isomorphic to R

D with D ≡ d2 − 1, can be
parameterized in terms of D real parameters.

Since ρ̃(0)
[~u] satisfies Eq. (10.9), the curve γ[~u] has a null “center of mass" O[~u] (represented

by the black dot in Fig. 10.4), i.e.

O[~u] ≡
∫
I[~u]

v~u(t) dt = 0 . (10.19)

Using the linearity of the integral respect to its integration domain, it is easy to verify that
the sum of the “centers of mass” O[~uA] ≡

∫
I[~uA]

v~uA(t) dt with O[~uB ] ≡
∫
I[~uB ]

v~uB(t) dt is null,
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Figure 10.4: Upper left: schematic representation of γ[~u] and of its center of mass. Upper right:
schematic representation of a partition of γ[~u] into γ[~u]A and γ[~u]B . Lower panels: schematic repre-
sentation of the sub-curves γ[~u]A and γ[~u]B which preserve the center of mass of the original curve
γ[~u].

i.e.

O[~uA] +O[~uB ] = O[~u] = 0 . (10.20)

We claim that a necessary and sufficient condition for Eq. (10.12) to hold is that the curve
γ[~uA] (and hence due to Eq. (10.20), also γ[~uB ]) must have a null center of mass too. Indeed,
exploiting the invertibility of

∫
I[~uA]
G~uA(t)dt on L0

S, one can observe that setting O[~uA] = 0 is
fully equivalent to having

ρ̃
(0)
[~u] =

(∫
I[~uA]

G~uA(t)dt

)−1 [∫
I[~uA]

G~uA(t)[ρ̃
(eq)
~uA(t)] dt

]
= ρ̃

(0)
[~uA], (10.21)

where, in the last step, we used Eq. (10.11) to recognize ρ̃(0)
[~uA]. An analogous conclusion holds

also for the sub-protocol ~uB(t) thanks to Eq. (10.20).
This is the geometric reformulation of Eq. (10.12) we were looking for: our partitioning

technique works if, starting from a generic curve γ[~u] in R
D having a null center of mass, we

are able to split it into two sub-curves γ[~uA] and γ[~uB ] such that these still have a null center
of mass (this concept is schematically represented in Fig. 10.4). In Appendix G.3 we prove
that it is indeed possible assuming that the original protocol ~u(t) possesses some weak notion
of regularity. The main idea is that, given an arbitrary curve in R

D with zero center of mass,
it is always possible to identify a null convex combination of at most D + 1 points lying on
the curve. For sufficiently regular curves, the implicit function theorem allows us to extend
these points to a piecewise continuous curve of finite size.

Reiterating this cut-and-choose procedure many times may lead to a piecewise continuous
curves with a large number of discontinuities. Crucially, in App. G.3.2 we show that it is
always possible to end up with a curve characterized by at most D + 1 discontinuities. This
result gives rise to the bounds on L summarized in Table 10.1.
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10.3 Simple relaxation case
In this section we discuss a simplified model of thermalization where the super-operator G~u(t)
of Eq. (10.5) is purely multiplicative, leading to a ME of the form

∂tρ̃(t) = Γ~u(t)(ρ̃
(eq)
~u(t) − ρ̃(t)), (10.22)

with Γ~u(t) > 0 a scalar number which defines the rate of thermalization of all the observables
of the system. Furthermore, we assume that the model allows S to be coupled to a single bath
at the time. As discussed in the final part of Sec. 10.2.1, we formally introduce a single control
parameter, denoted with α(t), indexing the bath we are coupled to at time t. Notice that,
for all values of ~u(t), the equilibrium states ρ(eq)~u(t) always correspond to the Gibbs distribution
of bath α(t), i.e. ρ

(eq)
α(t);~u(t) as in Eq. (10.3). As discussed in the first part of this chapter,

the maximum GAP is given by Eqs. (10.15) and (10.16) which, using Eq. (10.22), can be
rewritten as

Pc[{~ui, µi}] =
∑L
i,j=1 cαiµiµjΓ~uiΓ~ujPi←j∑L

i=1 µiΓ~ui
, (10.23)

ρ̃
(0)
[{~ui,µi}] =

∑L
i=1 µiΓ~ui ρ̃

(eq)
~ui∑L

i=1 µiΓ~ui
, (10.24)

where αi is the constant value of α(t) during the interval dτi, and

Pi←j ≡ Tr
[
H~ui

(
ρ̃

(eq)
~ui
− ρ̃(eq)

~uj

)]
. (10.25)

We used the assumption that S can be coupled to a single bath at the time to remove the
sum over α in Eq. (10.23). Notice that Pi←i = 0, while

Pj←k + Pk←j ≤ 0 (10.26)

when S is coupled to the same temperature during the time intervals dτj and dτk. This is
given by the fact that Pj←k+Pk←j is equal to Pc[{~ui, µi}] with cα = 1 ∀i, and µi = 0 ∀i 6= j, k,
which physically represents the average power extracted from a heat engine operating between
equal temperatures (and therefore cannot be positive) 2.

Using these properties, we show that with the only assumption of the dynamics being
described by Eq. (10.22), it is possible to greatly simplify the optimization of the GAP of
thermal machines. Specifically, we find that starting from a generalized Otto cycle made of
L intervals, it is always possible to increase the performance by using only a subset l ≤ L of
the initial time intervals. We now characterize l.

As shown in Appendix G.4, we consider positive GAPs, i.e. generalized average powers
consisting of a positive linear combination of the heat currents extracted from the different
thermal baths (formally we assume that cα ≥ 0 ∀α). This hypothesis includes both the aver-
age power extracted from a heat engine (cα = 1 ∀α), and the cooling power of a refrigerator
(cα = δα,N , with α = N labelling the coldest bath). We prove that, in order to maximize
a positive GAP, it is sufficient to consider a protocol with at most one time interval per
temperature; therefore l ≤ N . Moreover, if more than one heat current is neglected in the

2Property (10.26) can also be inferred by the fact that if the temperature of the baths at the time intervals
dτj and dτk are the same and equal to 1/β, then Pj←k + Pk←j = −β−1

(
S(ρ̃(eq)

~uk
‖ ρ̃(eq)

~uj
) + S(ρ̃(eq)

~uj
‖ ρ̃(eq)

~uk
)
)
.
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definition of the GAP, it is possible to further reduce the number of intervals. Specifically,
given κ ≤ N the number of distinct temperatures of the baths for which cα 6= 0, we prove
that

l ≤ min(N,κ+ 1) . (10.27)

This implies that a refrigerator (κ = 1) is always characterized by l = 2, regardless of the
number of baths, while a heat engine (κ = N) by l ≤ N . In the following, for simplicity, we
focus on the refrigerator and heat engine case with two thermal baths at our disposal. As a
consequence, l = 2. Under this hypothesis, we find that:

(i) The optimal durations of the time intervals and the resulting maximum GAPs can be
determined (Sec.s 10.3.1-10.3.2).

(ii) If the thermalization rates are a function of the bath α(t), but only weakly depend on
the specific value of the other control parameters, i.e. Γ~ui = Γαi , and if we assume to
have total control over the system Hamiltonian, we can fully carry out the maximization
of the GAP, finding that the optimal control strategies involve degenerate spectra of
the Hamiltonian of the working fluid (Sec. 10.3.3).

(iii) Under the hypothesis of (ii), we find that generating coherence in the eigenstate basis
does not improve the GAP of thermal machines (Sec. 10.3.3).

(iv) Under the hypothesis of (ii), we compare the GAP of a heat engine and of a refrigerator
delivered by n non-interacting qubits [GAPNI(n)], with the GAP of n interacting qubits
[GAPI(n)] in the most favorable case (i.e. of full control over the many-body n qubit
Hamiltonian, see Sec. 10.3.4). By definition, GAPNI(n) scales linearly in n. We find that
GAPI(n) displays a super-linear transient regime, yet it asymptotically scales linearly
for any finite temperature difference ∆T . Interestingly, in the heat engine case, for small
temperature differences ∆T , we find the asymptotic behavior GAPI(n)/GAPNI(n) ∝
1/∆T , signaling that there is a significant many-body advantage when operating heat
engines at small temperature differences. On the other hand, for a refrigerator, we
find that the asymptotic value of GAPI(n)/GAPNI(n) is given by the universal value
ln 2/W (1/e) ≈ 2.49, where W (z) is the Lambert function. Therefore, for a refrigerator,
many-body interactions do not provide a relevant advantage over non-interacting and
independent constituents.

10.3.1 Refrigerator

Let us consider two inverse temperatures β1 and β2 such that β1 < β2. The average cooling
power of a refrigerator, P[R], is described by the GAP with c2 = 1 on the cold bath while
c1 = 0. Since l = 2, Eq. (10.23) reduces to

P[R] = µ1µ2Γ~u1Γ~u2P2←1
µ1Γ~u1 + µ2Γ~u2

(10.28)

where µ2 = 1− µ1. We can thus explicitly maximize the above expression over the choice of
the time fraction µ1, leading to

P
(max)
[R] =

Tr
[
H~u2

(
ρ̃

(eq)
~u2
− ρ̃(eq)

~u1

)]
(√

Γ−1
~u1

+
√

Γ−1
~u2

)2 , (10.29)
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which is obtained for µ1 =
√

Γ~u2/(
√

Γ~u2 +
√

Γ~u1). Notably, the expression of the maximum
cooling power in Eq. (10.29) only requires a maximization over ~u1 and ~u2, which in general
is model dependent.

10.3.2 Engine

Let us consider the same setting β1 < β2. The average extracted power of a heat engine,
P[E], is described by the GAP with c1 = c2 = 1. Since l = 2, Eq. (10.23) reduces to

P[E] = µ1µ2Γ~u1Γ~u2 (P1←2 + P2←1)
µ1Γ~u1 + µ2Γ~u2

(10.30)

It follows that the optimization over the time fraction µ1 is identical to that of the refrigerator,
see Eq. (10.28), leading to

P
(max)
[E] =

Tr
[
(H~u1 −H~u2)

(
ρ̃

(eq)
~u1
− ρ̃(eq)

~u2

)]
(√

Γ−1
~u1

+
√

Γ−1
~u2

)2 , (10.31)

which is obtained for µ1 =
√

Γ~u2/(
√

Γ~u2 +
√

Γ~u1). Also in this case, Eq. (10.31) only requires
a model-dependent maximization over ~u1 and ~u2.

10.3.3 Full maximization

The maximum average power for the refrigerator and the heat engine that we found in
Eqs. (10.29) and (10.31) has been maximized over the time fractions spent in contact with
each bath. However P (max)

[R] and P
(max)
[E] still need to be maximized over ~u1 and ~u2 among

the experimentally available controls. Until now, we did not make any assumption on the
functional form of Γ~u, nor of H~u.

We now assume that the rates Γ~ui = Γαi are fixed for each bath (i.e. they do not
depend on the value of the control ~u, but only on the bath index α), and that the control
on the Hamiltonians is total (i.e. that we can generate any Hamiltonian). In such case, the
maximization of P (max)

[E] is carried out by maximizing

Tr
[
(H1 −H2)

(
e−β1H1/Z1 − e−β2H2/Z2

)]
(10.32)

with respect to the choice of the two Hamiltonians H1 and H2. This maximization has been
carried out in Ref. [357], finding that H1 and H2 must be diagonal in the same basis |ν〉, and
that the spectrum must be given by a non-degenerate ground state, and a d− 1 degenerate
excited state. We therefore have

Hi =
d∑

ν=2
εi |ν〉 〈ν| , (10.33)

where ε1 and ε2 can be found by maximizing the form taken by (10.32) in this case

(ε1 − ε2)(e−β1ε1 − e−β2ε2)(d− 1)
(1 + (d− 1)e−β1ε1)(1 + (d− 1)e−β2ε2) . (10.34)

Analogously, it can be shown that the maximization of P (max)
[R] is carried out by maximizing

Tr
[
H2
(
e−β2H2/Z2 − e−β1H1/Z1

)]
(10.35)
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with respect to H1 and H2. The optimal Hamiltonians are again of the form of Eq. (10.33),
with ε1 →∞ (physically, the hot bath attempts to drive S towards its ground state, to obtain
a better cooling), while ε2 can be obtained as the maximum of the following expression

ε2e
−β2ε2(d− 1)

1 + (d− 1)e−β2ε2
. (10.36)

Incidentally, we notice here that the optimality of Hamiltonians with d − 1 degenerate
spectra was found also in the regime opposite to the fast driving, that is in the slow driving,
high efficiency regime [354].

10.3.4 Non-interacting vs many-body qubits

In this section we compare the maximum GAP of a heat engine and of a refrigerator delivered
by n non-interacting qubits [GAPNI(n)] driven independently, with the GAP of n interacting
qubits [GAPI(n)]. In the NI case, we assume that we have full control over the Hamiltonian of
the single qubits, while in the I case we assume to have full control over the total many-body
Hamiltonian of n qubits. Furthermore, we work under the assumptions of Secs. 10.3.3, i.e.
we consider rates Γα, for α = 1, 2, that only depend on the bath index, and not on the precise
value of the control. The comparison between the two model is made fair by enforcing that
both systems thermalize within the same time scale, i.e. we consider a master equation with
the same thermalization rates Γα.

Under these assumptions, the GAP delivered by a single qubit can be computed as de-
scribed in Sec. 10.3.3 setting d = 2. GAPNI(n) will then be equal to n times the power of a
single qubit. Instead, GAPI(n) can be computed as described in Sec. 10.3.3 setting d = 2n.

Fixing as usual β1 < β2, in Fig. 10.5 we show the maximum GAP of a heat engine, P (max)
[E]

(left panel), and the maximum GAP of a refrigerator, P (max)
[R] (right panel), as a function of

the number of qubits n in a log-log plot. The black curve, corresponding to GAPNI(n), is
a linear function of n. Notably, there is a transient regime, roughly between 100 and 102,
where GAPI(n) is superlinear: in particular, P (max)

[E] scales as n2 (the dashed orange line is a
reference quadratic function), whereas P (max)

[R] scales as a nδ, with 1 < δ < 2. However, for
large enough n (thermodynamic limit), we see that GAPI(n) is again a linear function of n,
displaying a finite gap with respect to GAPNI(n). In App. G.5 we prove that the asymptotic
behavior is given by

P
(max)
[E]

n→∞= ln 2 β−1
1 − β−1

2(√
Γ−1

1 +
√

Γ−1
2

)2 n,

P
(max)
[R]

n→∞= ln 2 β−1
2(√

Γ−1
1 +

√
Γ−1

2

)2 n,

(10.37)

which is indeed linear in n. We plot these functions respectively in the left and right panel
of Fig. 10.5 as dashed green lines.

Remarkably, in the heat engine case, the asymptotic behavior of P (max)
[E] is linear in the

temperature difference ∆T = (β−1
1 − β−1

2 )/kB. This is quite surprising: indeed, any slowly-
driven quantum system [354] or any steady-state thermoelectric heat engine [11] delivers a
power which, for small ∆T , scales as ∆T 2. Furthermore, also the maximum average power
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Figure 10.5: P (max)
[E] (left panel) and P

(max)
[R] (right panel), measured in units of β−1

2 /(
√

Γ−1
1 +√

Γ−1
2 )2, as a function of the number of qubits n displayed in a log-log plot. The black curve corre-

sponds to the non-interacting case, while the blue curve to the interacting case. The dashed green
curve is the analytic asymptotic value we find for n → ∞, see Eq. (10.37), while the dashed orange
line is a reference quadratic function. The temperatures are chosen such that β1 = 0.95β2.

of a qubit-based heat engine is proportional to ∆T 2 (see Ref. [361]), yielding GAPNI(n) =
c0 n (

√
Γ−1

1 +
√

Γ−1
2 )−2 kB∆T 2/T , where c0 ≈ 0.11 is solution to a transcendental equation.

This implies that, for small temperature differences

GAPI(n)/GAPNI(n) ∝ 1/(∆T/T ), (10.38)

which diverges in the limit ∆T/T → 0. This is clear evidence of the advantage of many-body
systems over non-interacting systems for the construction of a heat engine. This also implies
that a many-body heat engine in the thermodynamic limit and in the regime of small ∆T
can outperform any slowly driven or thermoelectric heat engine thanks to the fast-driving
regime.

In the refrigerator case, the maximum average cooling power can be computed analytically
(see App. G.5 for details). Surprisingly, it turns out that, in the thermodynamic limit,

GAPI(n)/GAPNI(n) = ln 2/W (1/e) ≈ 2.49, (10.39)

where W (x) is the Lambert function. As opposed to the heat engine case, the universality
of this ratio implies that there is no relevant advantage in using a many-body interacting
working fluid over a non-interacting system to construct refrigerators at maximum power. It
is therefore reasonable to consider operating many simple and independent systems in parallel
to implement a refrigerator at maximum cooling power.
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10.4 Case study: a qutrit heat engine
In this section we discuss and apply our optimal strategy to a setup consisting of a qutrit (a
three-level system) which can be coupled to two or three thermal baths operated as a heat
engine. We assume that the control is such that we operate in the semi-classical regime,
i.e. [H~u(t), H~u(t′)] = 0 ∀t, t′ ∈ I[~u]. We therefore know, from our general result, that at most
L = d = 3 intervals will be sufficient to maximize the power in the fast driving regime.

By studying this example, we show that standard models used to describe Fermionic and
Bosonic baths are optimized simply by 2 quenches, i.e. the standard Otto cycle, with a
spectrum as the one derived in Sec. 10.3.3 for a simpler model. Then, we explicitly construct
an example of physical system where the generalized Otto cycle with 3 quenches outperforms
the standard Otto cycle both in the presence of 2 or 3 thermal baths. Incidentally, this
implies that the power can be enhanced by the presence of more than 2 heat baths, even
if we can only couple the system to one bath at the time. At last we show that - in all
cases mentioned above - the power decreases monotonically as we increase the period of the
protocol T . This is evidence that, in this model, the fast driving regime is indeed the optimal
regime to maximize the GAP.

The Hamiltonian of the system is given by

H~u(t) = ε2(t) |2〉 〈2|+ ε3(t) |3〉 〈3| , (10.40)

where |n〉, for n = 1, 2, 3, are the three eigenstates with energies εn(t). Without loss of
generality, we set ε1(t) = 0. Our control vector is given by ~u(t) = (ε2(t), ε3(t)), and we assume
that we can couple the system to one bath at the time. This hypothesis is mathematically
described by an additional control α(t) that labels the bath we are coupled to. Following the
standard microscopic derivation of the Lindblad master equation, we find that the populations
pn(t) ≡ 〈n|ρ(t) |n〉 satisfy the following rate equation (see App. G.6 for details)

∂tpn(t) =
∑
m 6=n

[−pn(t)Γnm(~u(t), α(t)) + pm(t)Γmn(~u(t), α(t))] , (10.41)

where the scalar quantity Γnm(~u, α) represents the transition rate, induced by the bath α,
from state |n〉 to state |m〉, and ∂tpn(t) denotes the time derivative of pn(t). Since the thermal
baths are assumed to be in a Gibbs state, the rates satisfy the detailed balance equation

Γnm(~u, α) = eβα(εn−εm)Γmn(~u, α), (10.42)

which fix half of the rates. With this notation, the GAP of a heat engine, i.e. Eq. (10.8) with
cα = 1, is given by (see App. G.6 for details)

P[E][~u] =
∑
n

εn(t)∂tpn(t). (10.43)

When the baths are given by a continuum of free Fermionic (F) or Bosonic (B) particles,
and the Hamiltonian describing the system-bath coupling is quadratic, the rates are given by

Γ(F)
nm(~u, α) = γ(α)f [βα(εm − εn)],

Γ(B)
nm(~u, α) = γ(α)(εm − εn)n[βα(εm − εn)],

(10.44)

where f(x) = (ex + 1)−1 and n(x) = (ex − 1)−1 are respectively the Fermi and Bose distri-
butions. Notice that, in Eq. (10.44), we are assuming that the spectral density is flat in the
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Figure 10.6: (a) The optimal protocol, described by ε1(t) = 0 and ε2(t) = ε3(t), as a function of
time t normalized to the protocol period T for the Fermionic and Bosonic models. The system is first
coupled to bath α = 1, then to α = 2 after the quench. (b) Average power, normalized to the peak
value, as a function of the period T . In both panel the parameters are β2 = 2β1 and γ(α) = γ, where
γ is a fixed timescale.

Femionic case, and Ohmic in the Bosonic case. Physically, these models may describe re-
spectively electronic leads coupled to a quantum dot [42, 112, 124, 169, 266, 341] or photonic
baths coupled to an (artifical) atom [18, 19, 27, 46, 340].

We now apply our results to this model. As detailed in App. G.6, we determine the
optimal protocol by maximizing Eq. (10.43) driven by a generalized Otto cycle with L = 3 in
the fast-driving regime. We therefore perform a maximization over 8 parameters: two time
fractions µi (since

∑
i µi = 1) and 6 control values ε(i)n , where we defined ε(i)n as the value of

εn(t) during the time interval i = 1, 2, 3. Notice that we only optimize over ε(i)n for n = 2, 3
since ε1(t) = 0. Assuming that we have two thermal baths at inverse temperatures β2 = 2β1,
we try all possible temperature configurations as discussed in Sec. 10.2.1.

Notably, we find that both the Bosonic and the Fermionic models are optimized by a
standard Otto cycle with only 2 quenches. Furthermore, the maximum power is achieved
when ε

(i)
2 = ε

(i)
3 , which is exactly the energy spectrum which we proved to be optimal in

a simpler relaxation model, see Sec. 10.3.3. In Fig. 10.6(a), we plot the optimal protocol,
described by ε1(t) = 0 and ε2(t) = ε3(t), as a function of time, while in Fig. 10.6(b) we plot
a finite-time numerical calculation of the average extracted power P[E] as a function of the
protocol duration T , while maintaining the time fractions µi constant. Interestingly, we notice
that in both models the power decreases monotonically with T , providing us with evidence
that - in this case - the fast driving regime may be optimal to maximize power extraction.
We also notice that the derivative of P[E] respect to T , at T = 0, is null, hinting that our
fast driving results may hold up to second order in γT . Furthermore, a large fraction of the
maximum power can still be extracted even when the driving is slower than the characteristic
rate γ, showing that our upper bound is “robust” to finite-time corrections.
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Figure 10.7: Contour plot of the average power, normalized to the peak value P (max)
[E] , as a

function of x and y. The parameters are: β1 = 8.12β2, β3 = 7.81β2, ε(1)
2 = 1.85β−1

2 , ε(1)
3 = 1.56β−1

2 ,
ε

(2)
2 = 10.07β−1

2 , ε(2)
3 = 9.58β−1

2 , ε(3)
2 = 1.75β−1

2 , ε(3)
3 = 8.12β−1

2 , γ12(1) = γ, γ13(1) = 1.21γ,
γ23(1) = 2.28γ, γ12(2) = 9.45γ, γ13(2) = 2.53γ, γ23(2) = 5.26γ, γ12(3) = 5.9γ, γ13(3) = 1.4γ,
γ23(3) = 6.22γ.

We now show that there are cases in which a generalized Otto cycle with 3 quenches can
outperform a standard Otto cycle. As a “counter-example”, let us consider the case where
the rates Γnm(~u, α) are vanishingly small for all controls ~u, except for a set of discrete points.
Physically, this could be implemented through peaked density of states in the baths. We
therefore consider 3 thermal baths at inverse temperatures βα (for α = 1, 2, 3), such that
each one induces a non-null rate only when the controls ε2(t) and ε3(t) take the values ε̃(α)

2
and ε̃(α)

3 , respectively. Mathematically, we can describe this scenario defining

Γnm(~u, α) = γnm(α)χ(~u, α), (10.45)

where γnm(α) are constants, and χ(~u, α) is an indicator function which is one if ε2(t) = ε̃
(α)
2

and ε3(t) = ε̃
(α)
3 , otherwise it is zero. In this scenario, the optimal values of ε(i)n are simply

given by ε̃(i)n . The only parameters over which we must optimize are the time fractions µi,
which we express as

θ1 = x, θ2 = (1− x)y, θ3 = (1− x)(1− y), (10.46)

where x ∈ [0, 1] and y ∈ [0, 1] cover all possibilities. This parameterization is such that one of
the three time fractions µi is null if and only if x and/or y takes the values 0 or 1. In Fig. 10.7
we show a contour-plot of the average power P[E] as a functions of x and y (see caption for
the parameters used). As we can see, the maximum power does not occur on the sides of the
box: this implies that all optimal µi are finite, so the generalized Otto cycle with three finite
intervals outperforms the standard Otto cycle. Numerically, we find that the optimal power



142Maximum power heat engines and refrigerators in the fast-driving regime

occurs at x ≈ 0.092 and y ≈ 0.86. This result also proves that the power can be enhanced by
using three thermal baths; this is in contrast with the optimization of the efficiency, which
only requires coupling to the hottest and the coldest bath. Physically, this is due to the fact
that, even if the third bath has a temperature between the coldest and the hottest, it may
have a thermalization rate which is higher than the other baths, thus speeding up the heat
exchange.

At last, we verified numerically that there are cases where 3 quenches outperform 2
quenches even when we only have two thermal baths. Furthermore, we computed the exact
finite-time average power P[E] as a function of T , performing the optimal protocol found
through the maximization in Fig. 10.7. Notably, as in the Fermionic and Bosonic models,
we find that the power decreases monotonically as T increases, with the same qualitative
behavior as in Fig. 10.6(b). Again, this hints at the optimality of the fast driving regime.

10.5 Summary

In this chapter we exhaustively discussed the optimization of thermal machines in the fast
driving regime. We proved in full generality that in this regime the optimal protocols are
universally given by generalized Otto cycles, which are composed by a certain number L
of time intervals where the control is fixed. We then bound L from above in terms of the
dimension of the Hilbert space of the working fluid. The proof holds regardless of the specific
choice of the control-dependent dissipators, of possible constraints on the control parameters,
and regardless of the specific form of the Hamiltonian of the working fluid.

Studying a simpler class of master equations, we found tighter bounds on L, and we
showed that the standard Otto cycle (characterized by L = 2) is optimal in a vast class
of systems. We then considered baths characterized by a single thermalization timescale.
Assuming full control over the system, we explicitly found the optimal driving strategy,
which involves producing highly degenerate states, revealing an interesting connection with
the results of [357] and [354]. In this scenario, we found that the generation of coherence in
the instantaneous eigenstate basis is detrimental for power maximization. We then compared
the performance of a heat engine and of a refrigerator based on n interacting (I) qubits or
on n non-interacting (NI) qubits. We found that while there is a transient regime where
the power of the I model is superlinear in n, in the thermodynamic limit (n → ∞), both
models deliver a power linear in n. In the heat engine case, the power in the thermodynamic
limit scales linearly with the temperature difference ∆T . Conversely, the maximum power of
thermoelectric heat engines, slowly driven heat engines, and of the NI case universally scales
as ∆T 2. Therefore, for small temperature differences and in the thermodynamic limit, there is
a clear many-body advantage enabled by the fast-driving regime. On the contrary, we proved
that the power of a refrigerator in the I case is universally ≈ 2.49 greater than in the NI case,
proving that many-body effects provide a very marginal advantage over operating independent
systems. It is therefore reasonable to consider constructing a refrigerator operating in parallel
many simple independent units.

Besides their theoretical relevance, these results lead to a great simplification in the op-
timization of thermodynamic problems from a practical point of view, due to the intrinsic
simplicity of the generalized Otto cycle. This simplification can be exploited both for analyt-
ical and numerical treatments, as we explicitly showed studying a qutrit-based heat engine.
In this setup, we analyzed typical configurations, such as fermionic and bosonic baths, and
we found a specific form of the dissipators such that the optimal protocol consists of coupling
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the system to three baths at different temperatures. This result marks a difference with the
maximization of the efficiency, that always require only two thermal sources, and shows that
the bound on the number of intervals derived in the first part of the chapter is actually tight
in this case.

This work unlocks the possibility of analytically and/or numerically optimizing the per-
formance of many quantum thermal machines. As future directions, it is interesting to assess
the role of coherence under general master equations, and to understand for which classes of
systems the fast driving regime is optimal for power extraction. Furthermore, by providing
strict bounds on optimal protocols, our results can be used as benchmarks to assess if effects
beyond the Markovian regime and weak coupling approximation can indeed enhance, or de-
crease, the performance of thermal machines. By highlighting the importance of many-body
interactions for the performance of a heat engine regime, a future venue would be to identify
and study realistic systems which display the ∆T scaling of the maximum power in the ther-
modynamic limit. At last, it seems natural to investigate the properties of the fast-driving
regime respect to other thermodynamic figures of merit, such as the efficiency at maximum
power, or work fluctuations.
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11
Conclusions

In this thesis we studied the thermodynamic properties of quantum systems, focusing in par-
ticular on the performance of quantum thermal machines. In Chap. 2 we presented a general
formalism to study open quantum system which we employed throughout the entire thesis
to study the dynamics of mesoscopic systems coupled to thermal baths. We then presented
an extension of this formalism to account for coherent tunneling processes beyond leading
order in the system-bath coupling. In Chap. 3 we applied this formalism to describe various
thermal machines, such as heat engines and refrigerators operating in different regimes. The
following chapters presented original work.

In Chaps. 4, 5, 6, 7 and 8 we dealt with thermoelectric machines, i.e. with system oper-
ating in the steady state. In particular, in Chap. 4 we studied the thermoelectric properties
of an interacting, multilevel quantum dot operated as a heat engine. We assessed the im-
pact of the multilevel structure and of interactions on the performance of the heat engine,
studying the power, the efficiency, and the efficiency at maximum power. Furthermore, we
found that the correlation between tunneling electrons imposed by Coulomb repulsion im-
proves the efficiency of the heat engine by enhancing the energy filtering mechanism. In
Chap. 5 we applied the formalism developed in Chaps. 2, 3 and 4 to analyze experimental
measurements of an InAs/InP nanowire quantum dot. We studied the system as a thermo-
electric heat engine, finding that it can reach efficiencies close to the thermodynamic bound.
In Chap. 6 we assessed the impact of coherent tunneling effects - beyond the weak coupling
regime - on the thermovoltage across a metallic island, and we were able to accurately de-
scribe experimental measurements without any free fitting parameter. In Chap. 7 we studied
an absorption refrigerator - a system that exploits a temperature difference to refrigerate an
even colder thermal bath without requiring any external work - based on Coulomb coupled
single electron systems. We found the conditions under which it can operate at maximum
coefficient of performance, and we analyzed the system as an autonomous Maxwell daemon.
In Chap. 8 we studied thermal rectification across qubits, deriving exact upper bounds and
general properties which hold in the weak coupling regime. We then performed calculations
beyond the weak coupling regime, finding that higher order coherent processes can violate
the aforementioned bounds, allowing for stronger rectification and providing us with simple
signatures of higher order coherent processes.

145
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In Chaps. 9 and 10 we dealt with driven thermal machines. In particular, in Chap. 9 we
searched for the optimal cycle that maximizes the extracted power from a heat engine, and the
cooling power from a refrigerator, using a qubit as working fluid. Without any assumptions
on the particular system-bath coupling, we found that the power is always maximized by
an Otto cycle performed in the fast-driving regime, i.e. when the driving is faster than the
typical relaxation rate induced by the baths. Inspired by this result, in Chap. 10 we studied
an arbitrary quantum system operated in the fast-driving regime. Among all possible cycles
in the fast-driving regime, we found that the “generalized Otto cycle” universally maximizes
the power of heat engines and the cooling power of refrigerators. We related the complexity
of the cycle to the size of the Hilbert space of the working fluid. In certain classes of systems,
we found that the optimal cycle reduces to the standard Otto cycle. At last, we compared the
performance of a heat engine composed of n interacting and non interacting qubits, finding
that interactions can boost the performance, also in the thermodynamic limit, when the
temperature difference between the leads is small. Conversely, we proved that interaction
effects provide a very limited advantage when operating as a refrigerator.

As future direction, it is interesting to further assess the impact of quantum effects,
such as coherence, entanglement, and strong system-bath coupling, on the performance of
thermal machines. While these effects lead to the idea of “quantum supremacy” in the
field of quantum computation, it is still not clear whether such advantage extends also to
quantum thermodynamics. Another direction which should be further investigated is the
relation between thermoelectric and steady state heat engines, and understanding under
which hypothesis a driven quantum thermal machine delivers maximum power in the fast-
driving regime.



A
Appendix: thermoelectric properties of an
interacting quantum dot-based heat engine

In this appendix we present the details of some calculations relative to Chap. 4, and we report
the analytic non linear study of a single energy level QD system.

A.1 The Pauli master equation always allows a non-trivial
solution.

To prove this statements, let us consider the Pauli equation as written in Eq. (4.11). This
equation is made up of a sum over p of the following expression:

(δnp,1 − δnp,0)
[
p ({ni}, np = 0)A

Ñ,p
−p ({ni}, np = 1)B

Ñ,p

]
, (A.1)

which is a function of a generic configuration {ni}. Let us sum this expression for the two
particular configurations: ({ni}, np = 1) and ({ni}, np = 0). When np = 1, the first term
in round parenthesis gives a plus sign, while when np = 0, it gives a minus sign. The rest
of the expression does not depend on np, since Ñ =

∑
i 6=p ni, thus the sum over the above

configurations exactly vanishes. Now let us go back to Eq. (4.11), and let us sum over the
two configurations ({ni}, nk = 1) and ({ni}, nk = 0), k being a given index. According to the
argument given above, the term in the sum where p = k vanishes, and we obtain∑

nk=0,1

∑
p6=k

(δnp,1 − δnp,0)
[
p ({ni}, np = 0)A

Ñ,p
− p ({ni}, np = 1)B

Ñ,p

]
= 0. (A.2)

Thus by summing over a given occupation number nk = 0, 1 we have removed the case p = k
in the sum over p. If we now sum over all occupation numbers, we will remove all terms
from the sum, yielding zero 1. The sum over all occupation numbers {ni} is the sum of all
2L equations in the Pauli master equation: this demonstrates that any equation in the Pauli

1By summing over all occupation numbers except for a fixed np, we could demonstrate that the LBEs
derive from the Pauli equation.
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master equation is linearly dependent from the other ones. Thus the matrix M defined by
the master equation has a null space of dimension at least 1, since we demonstrated that the
rows of M are not linearly independent. Furthermore, if we perform the same sum over all
occupation numbers to the time dependent Pauli master equation, given in Eq. (4.4), we find
that:

∂

∂t

∑
{ni}

p({ni})

 = 0. (A.3)

This is an obvious but important property that says that the probability normalization does
not depend on time.

A.2 The PDBEs are not consistent in general

In general, if EC 6= 0, the PDBEs are not consistent. This means that no set of p({ni})
exists that can simultaneously satisfy all the PDBEs. In App. (A.3) we will discuss which
conditions guarantee their consistency within the linear response regime.

Here let us demonstrate their inconsistency in the special case L = 2. Let us start from
Eq. (4.15) and consider non null temperature and electrochemical potential differences. We
will show that these equations form an over-complete set for p({ni}) that in general does not
allow any non null solution. Since L = 2, we have 2L = 4 unknown probabilities, and the
number of PDBEs is 2L−12 = 4. In this case, the PDBEs can be represented in matrix form
as follows

MD~p ≡


A0,1 −B0,1 0 0

0 0 A1,1 −B1,1
A0,2 0 −B0,2 0

0 A1,2 0 −B1,2



p00
p01
p10
p11

 =


0
0
0
0

 , (A.4)

where pn2n1 ≡ p(n2, n1) and the coefficients are defined in Eqs. (4.12) and (4.13). In order to
show that this linear algebra problem does not allow a non null solution, we will show that
the determinant det(MD) is in general not zero. We have

det(MD) = Γtot(1)Γtot(2) (A0,2A1,1 −A0,1A1,2) + Γtot(1)A0,2A1,2 (A0,1 −A1,1)
+ Γtot(2)A0,1A1,1 (A1,2 −A0,2) , (A.5)

where Γtot(p) =
∑
α Γα(p). It is pretty clear that since Γα(p), Ep and EC are arbitrary,

this determinant cannot be in general zero. For instance, choosing a two terminal system
with Γ1(p) = Γ2(p) = Γ, ∆µ2 = 4kBT , E1 = 1/2kBT , E2 = 3/2kBT , µ = ∆T2 = 0 we
obtain det(MD)/Γ4 ' 0.20. It is interesting to notice that at equilibrium (∆µ2 = ∆T2 = 0),
the PDBEs are all exactly satisfied by the gran canonical distribution. Furthermore, in the
non-interacting limit EC = 0, the coefficients A

Ñ,p
and B

Ñ,p
depend only on p, so that we

can drop the Ñ argument. Thus det (MD) = A2A1B1B2 −A1A2B2B1 ≡ 0.
The proof can be extended to any number L of levels as follows. We rewrite the PDBEs,

Eq. (4.15), as

ln p ({ni}, np = 0)− ln p ({ni}, np = 1) = ln
B
Ñ,p

A
Ñ,p

. (A.6)

This equation has the same form as the LDBEs (A.8) which we will consider in App. A.3,
where the unknown probabilities are replaced by the logarithm of the probabilities, and where
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δp(Ñ) = ln
B
Ñ,p

A
Ñ,p

. (A.7)

As we shall show in App. A.3, these equations are consistent if δp(Ñ) satisfies property
(A.10). This is the case if EC = 0, since A

Ñ,p
and B

Ñ,p
are then independent of Ñ . Then

condition (A.10) is trivially fulfilled with c = 0 and the PDBEs are consistent.
To summarize, as we will see in Appendix A.3, the PDBEs are not consistent in general,

but they are if we set EC = 0 or ∆µα = ∆Tα = 0 for all α. Furthermore, within the linear
response regime, they are valid in many more cases, for example if the tunneling rates are
proportional, i.e. Γα(p) = kαΓ1(p) for α = 2, 3, . . . ,N .

A.3 Conditions of validity of the linearized PDBEs

In this Appendix we will assess under which conditions the linearized PDBEs are consistent.
We start by rewriting Eq. (4.30) in the following way:

ψ({ni}, np = 0)− ψ({ni}, np = 1) = δp(Ñ), (A.8)

where
δp(Ñ) ≡ − 1

kBT

∑
α

Γα(p)
Γtot(p)

[(
Ep + (2Ñ + 1)EC − µ

) ∆Tα
T

+ ∆µα
]
. (A.9)

We will prove that the linearized PDBEs, written in Eq. (A.8), are consistent if δp(Ñ) satisfies
the property

δp(N)− δp(M) = c(N −M), (A.10)

where c is a constant that does not depend on p, N or M . This statement will be explicitly
proven for a two energy level system, then it will be extended to L energy levels by induction.

Property (A.10) is in general satisfied if the tunneling rates are proportional, i.e. Γα(p) =
kαΓ1(p), or if EC = 0, or if ∆Tα = 0 for all α. Furthermore, in a three terminal system,
property (A.10) is satisfied also if ∆T2 = 0 and Γ3(p) = kΓtot(p), or if ∆T3 = 0 and Γ2(p) =
kΓtot(p). These conditions can be generalized to a generic N -terminal system by requiring
that

EC
∑
α

Γα(p)
Γtot(p)

∆Tα (A.11)

is independent of p.

A.3.1 Two energy level system (L = 2)

We will prove that if property (A.10) is satisfied, then the linearized PDBEs allow a solution.
Eq. (A.8) represents a linear algebra problem for ψ({ni}). For L = 2, ψ({ni}) = ψ(n2, n1) ≡
ψn2,n1 . Let ~ψ be the vector (ψ00, ψ01, ψ10, ψ11) and let B be the corresponding matrix such
that Eq. (A.8) can be written as

B~ψ =


1 −1 0 0
0 0 1 −1
1 0 −1 0
0 1 0 −1



ψ00
ψ01
ψ10
ψ11

 =


δ1(0)
δ1(1)
δ2(0)
δ2(1)

 ≡ ~δ. (A.12)
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Figure A.1: (Color online) Heat current computed using Eq. (4.10) and using non equilibrium
probabilities found solving exactly the Pauli master equation (black solid line) and a subset of inde-
pendent PDBEs (red dashed line), as a function of the electrochemical potential µ. The parameters
used are: ∆T/T = 10−4, ∆µ = 0, EC = kBT , 5 equidistant energy levels with ∆E = 0.2kBT ,
~Γ1(p) = (5)p−1kBT , and ~Γ2(p) = (0.01)p−1kBT .

Matrix B has a null space of dimension 1, generated by ~ψ = (1, 1, 1, 1), thus it is not invertible.
This vector actually represents the equilibrium distribution: when ∆Tα = ∆µα = 0, δp(Ñ) =
0, so ~ψ = (1, 1, 1, 1) satisfies Eq. (A.12). Since p = peq(1 + ψ), p = 2peq. Normalizing the
probabilities yields p ≡ peq, so we have demonstrated that the equilibrium distribution is in
fact given by the grand canonical distribution. Eq. (A.12) will allow a solution if and only
if vector ~δ belongs to the image of matrix B. The dimension of the image of matrix B is 3,
so there is a one dimensional space orthogonal to the image of B that cannot be obtained by
linear combinations of B’s columns. Vector

~v0 =


1
−1
−1
1

 (A.13)

is orthogonal to the columns of B, so it is a generator of this one dimensional space. Thus
a solution ~ψ will exist if and only if vector ~δ only belongs to the image of B, thus it cannot
have a projection on ~v0. The projection is zero when

0 = ~v0 ·~δ = δ1(0)− δ1(1)− δ2(0) + δ2(1) (A.14)

which is satisfied using property (A.10).
As we have shown in Sec. 4.2, Eq. (4.26) for the linearized charge current is correct in

general, instead the linearized heat current given in Eq. (4.31) is correct only if the linearized
PDBE are consistent. We verified numerically all these statements computing exactly, for
small temperature and electrochemical potential differences, the charge and heat currents
using both the PDBEs and the Pauli master equation. As demonstrated by Fig. A.1, which
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shows the heat current as a function of µ for a choice of tunneling rates that are not propor-
tional to each other, a particular subset of PDBEs leads to an incorrect result (red dashed
curve) which differs from the one obtained using the Pauli master equation (black solid curve).
On the other hard, there is no difference when plotting the charge current using the same
parameters as in Fig. A.1.

A.3.2 L energy level system

We extend the previous demonstration to a generic system with L energy levels. We will use
the following notation and conventions:

• {ni} indicates a generic set of occupation numbers, conventionally ordered the following
way: {nL, nL−1, . . . , n2, n1}.

• (np = 1, {ni}) is a shorthand notation for: {nL, . . . , np+1, 1, np−1, . . . , n1}.

• (np = 0, {ni}) is a shorthand notation for: {nL, . . . , np+1, 0, np−1, . . . , n1}.

• (np = 1, {0}) is a shorthand notation for: {0, . . . , 0, 1, 0, . . . , 0}, where the 1 is relative
to np = 1.

• (np = 0, {0}) is equivalent to: {0, . . . , 0}.

• ~ψi is the component of vector ~ψ with index i.

• Each linearized PDBE in Eq. (A.8) can be uniquely defined by specifying p and {ni},
so [p|{ni}] is a shorthand notation to indicate that given equation.

• Let A be a matrix written in block form, for example:

A =

 B 0
0 C
D E

 , (A.15)

where B, C, D and E are matrices. By “block row” we intend the set of rows in the
block. For example, the first block row of A is (B, 0), the second block row of A is
(0, C), and so on.

In order to represent the linearized PDBE, given in Eq. (A.8), in matrix form, we will put the

2L unknowns ψ({ni}) into a vector as follows: ~ψI({ni}) ≡ ψ({ni}), where I({ni}) =
L∑
i=1

ni2i−1.

Let us define B(L) as the L2L−1 × 2L matrix such that Eq. (A.8) can be represented as
follows:

B(L)~ψ = ~δ(L), (A.16)

where ~δ(L) is a vector containing the various values of δp(Ñ). Each row of B(L) contains zeros
except for a +1 and a−1 in the position corresponding to ψ(np = 0, {ni}) and ψ(np = 1, {ni}).
Let’s notice that B(L) has the following property:

B(L)

1
...
1

 =

0
...
0

 . (A.17)

This property is trivial since, as we just discussed, each row of B(L) only has a +1 and a −1.
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Recursive decomposition

We want to write B(L) in terms of B(L − 1). We will thus order the rows in B(L), and
accordingly the elements of ~δ(L), starting from those LDBE [p|{ni}] where p < L, then we
will add the ones involving level L. In particular, we will first put equations [p|(nL = 0, {ni})]
with p < L, then we will add equations [p|(nL = 1, {ni})] with p < L, and at last we will add
equations [L|{ni}], which are the ones involving level L. For example, B(2) will be written
as in Eq. (A.12).

This ordering allows us to relate B(L) to B(L − 1). The first set of equations [p|(nL =
0, {ni})], with p < L, represents all possible LDBE between elements of ~ψ with nL = 0, so
they are equivalent to the LDBE for L − 1 levels. Since nL = 0, according to our indexing
convention, these rows involve all indexes of ~ψi with 0 ≤ i < 2L−1, which corresponds to the
first half of vector ~ψ. Instead, the equations [p|(nL = 1, {ni})], with p < L, represents all
possible LDBE between elements of ~ψ with nL = 1, so also these equations are equivalent to
the LDBE for L − 1 levels. Since nL = 1, according to our indexing convention, these rows
involve all indexes of ~ψi with i ≥ 2L−1, which corresponds to the second half of vector ~ψ.
At last, equations [L, {ni}] relate components of ψ where only the occupation number nL is
changed. Since I(nL = 1, {ni}) = I(nL = 0, {ni}) + 2L−1, these equations relate indexes of
~ψ that are distant 2L−1, thus they mix elements between the first and second half of ~ψ. We
will thus have the following block representation:

B(L) =

 B(L− 1) 0
0 B(L− 1)

Id(L− 1) −Id(L− 1)

 , (A.18)

where Id(L) is the 2L × 2L identity matrix. Since we trivially have that B(1) = (1,−1),
Eq. (A.18) can be used to define B(L) recursively, yielding a precise row ordering. For
example, as we can see in Eq. (A.12), B(2) can be obtained by applying Eq. (A.18) to B(1).

Also ~δ(L) allows a decomposition in terms of ~δ(L− 1). The first block row in Eq. (A.18),
(B(L − 1), 0), corresponds to equations [p|(nL = 0, {ni})] with p < L. Recalling Eq. (A.9),
we will notice that δp(Ñ) depends on level L only through:

Ñ(L) =
L∑
i 6=p

ni =
L−1∑
i 6=p

ni = Ñ(L− 1), (A.19)

since nL = 0. So in the first block row we have that ~δ(L) = ~δ(L − 1). The second block
row, (0, B(L− 1)), corresponds to equations [p|(nL = 1, {ni})] with p < L. So this time the
presence of level L will change the values of Ñ the following way:

Ñ(L) =
L∑
i 6=p

ni = 1 +
L−1∑
i 6=p

ni = 1 + Ñ(L− 1), (A.20)

since nL = 1. So in the second block row ~δ(L) is given by ~δ(L− 1) replacing Ñ with Ñ + 1.
Using property (A.10), we have that:

δp(Ñ + 1) = δp(Ñ) + c, (A.21)

where c is a constant that does not depend on p or Ñ . So in the second block row we will have
that ~δ(L) = ~δ(L− 1) + c. The last row (Id(L− 1),−Id(L− 1)) in Eq. (A.18) corresponds to
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equations [L|{ni}], which involve level L. So let us define ~∂(L) as the vector that corresponds
to ~δ(L) in the third block row.

Using these observations and Eq. (A.18), we can rewrite Eq. (A.16) using the following
decomposition: B(L− 1) 0

0 B(L− 1)
Id(L− 1) −Id(L− 1)

(~ψ(nL = 0, {ni})
~ψ(nL = 1, {ni})

)
=

 ~δ(L− 1)
~δ(L− 1) + c

~∂(L)

 . (A.22)

This decomposition will be the main tool to perform a demonstration by induction.

The independent part of B(L)

Among the L2L−1 rows of B(L), we will explicitly show how to extract 2L − 1 linearly inde-
pendent rows; we will later show that all other rows can be obtained by linear combinations.
Let’s define B̃(L) as the matrix containing only the rows of B(L) corresponding to equations
[p|{ni}] with ni = 0 for i < p; these are 2L− 1 rows. We will now prove by induction that all
the rows of B̃(L) are linearly independent.

Since B̃(L) is made by selecting rows from B(L), we can decompose it in terms of B̃(L−1)
just like we did for B(L) in Eq. (A.18). An interesting characteristic of B̃(L) is that it only
has one equation in the block [L|{ni}] involving ψ(0, 0, . . . , 0) and ψ(1, 0, . . . , 0). So the
decomposition becomes:

B̃(L) =

 B̃(L− 1) 0
0 B̃(L− 1)

1, 0, . . . , 0 −1, 0, . . . , 0

 . (A.23)

We can use Eq. (A.23) to define B̃(L) recursively noticing that B̃(1) = B(1) = (1,−1).
Now we can prove by induction over L the following statement: all the rows of B̃(L)

are linearly independent. This statement is obvious for L = 1 and L = 2. We will now
assume that our statement is valid for L − 1, and we will show that this implies that it is
valid for L. The first block row in Eq. (A.23) contains rows that are linearly independent by
hypothesis. The same is true for the second block row. Also putting together the first and
second block row yields 2L− 2 independent rows, since the space generated by the respective
linear combinations are clearly orthogonal thanks to the block decomposition. So we have to
show that the last row cannot be written as a linear combination of previous rows. We will
make a proof by contradiction. Let’s assume that the last row ~v = (1, 0, . . . , 0| − 1, 0, . . . , 0)
can be written as a linear combination of a vector belonging to the space generated the first
block row, ~w0, and of one belonging to the second block row, ~w1:

~v = ~w0 + ~w1. (A.24)

If we define ~n = (1, . . . , 1|0, . . . , 0), we will have that:

~n· ~w0 = 0,
~n· ~w1 = 0.

(A.25)

The first equation is zero because, as we have shown in Eq. (A.17), B(L) has the property
that B(L)(1, . . . , 1)T = 0, so it is true also for B̃(L). The second equation is zero because ~n
has zeroes on all non null components of ~w1. So multiplying each sides of Eq. (A.24) by ~n
yields ~n·~v = ~n· ( ~w0+ ~w1) = 0, which is absurd because ~n·~v = 1. Thus we have completed
the proof by induction.



154 Appendix: thermoelectric properties of a quantum dot-based heat engine

Consistency of the linearized PDBEs

We will now show that if property (A.10) is valid, the linearized PDBEs are consistent and
allow a solution for ψ given by a one dimensional space; the unique solution can then be
found by imposing the normalization condition on the probabilities. We will thus prove by
induction over L the following statement: if δp(N) satisfies property (A.10), all equation in
the linear algebra system in Eq. (A.22) can be written as linear combinations of the equations
involving the rows of B̃(L). Since there are 2L − 1 independent rows in B̃(L), by virtue of
Rouché-Capelli’s theorem we will have a solution given by a 2L − (2L − 1) = 1 dimensional
space. This statement is trivially true for L = 1, since B(1) = B̃(1), and we have proved it
explicitly for L = 2, so we will show that if it’s valid for L− 1, then it’s valid for L.

Let’s consider the subset of rows of Eq. (A.22) where B(L) = B̃(L). Among these
equations, we will denote by “set 0” those belonging to the first block row, and “set 1”
those belonging to the second block row. As we can see from Eq. (A.23), this leaves out one
equation in the last block row, which is:

ψ(0, 0, . . . , 0)− ψ(1, 0, . . . , 0) = δL(0). (A.26)

By induction hypothesis, all equations in the first block row of Eq. (A.22) can be written as
linear combinations of set 0. Furthermore, if δp(N) satisfies property (A.10), also δp(N) + c
satisfies the same property, so by induction hypothesis, also all equations in the second block
row of Eq. (A.22) can be written as linear combinations of set 1. So any row in the first
and second block row in Eq. (A.22) can be written as linear combinations of those equations
involving B̃(L).

We are left to show that equations in the last block row of Eq. (A.22) can be written as
linear combinations of equations involving B̃(L). Thanks to what we have just demonstrated,
this is is equivalent to showing that the equations in the last block row are linear combinations
of the first two block rows of Eq. (A.22), and of Eq. (A.26). The equations of the last block
row of Eq. (A.22) are of the form

ψ(nL = 0, {ni})− ψ(nL = 1, {ni}) = δL(Ñ). (A.27)

Given any fixed set of {ni}, which fixes Ñ =
∑
i 6=L ni, we will now show how to obtain

Eq. (A.27) by relating ψ(nL = 0, {ni}) to ψ(nL = 1, {ni}) only using the equations of the
first two block rows of Eq. (A.22) and Eq. (A.26). We can first relate ψ(nL = 0, {ni}) to
ψ(nL = 0, {0}) using the equations in the first block row Ñ times, each time changing a non
null ni to zero. We will obtain the following result:

ψ(nL = 0, {ni})− ψ(nL = 0, {0}) = −
Ñ∑
i=1

δpi(Ñ − i), (A.28)

where pi is the energy level whose occupation number has been changed to zero at step i;
the argument Ñ − i is given by the fact that at each step we use a linearized PDBE where∑
i 6=pi ni decreases by one. Using Eq. (A.26) we obtain

ψ(nL = 0, {ni})− ψ(nL = 1, {0}) = δL(0)−
Ñ∑
i=1

δpi(Ñ − i). (A.29)

Now we can relate ψ(nL = 1, {0}) to ψ(nL = 1, {ni}) using the equations of the second block
row to set each non null ni back to 1. If we do this in the exact same order as we did in the
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previous step, we will obtain

ψ(nL = 0, {ni})− ψ(nL = 1, {ni}) =
Ñ∑
i=1

δpi(i) + δL(0)−
Ñ∑
i=1

δpi(Ñ − i). (A.30)

The “new” term has the same set of {pi}, and the argument i is given by the fact that∑
i 6=pi ni increases by one at each step, and it starts from 1 since now nL = 1. Eq. (A.27)

is of the same form, therefore the equations on the last block row can be expressed as linear
combinations of B̃(L) if and only if they represent the same equation, which requires:

δL(Ñ)− δL(0) =
Ñ∑
i=1

[
δpi(i)− δpi(Ñ − i)

]
. (A.31)

Using property (A.10), this last equation reduces to Ñ = Ñ , concluding the proof by induc-
tion.

A.4 Non-interacting QD: Non-linear effects
In this Appendix we will study the transport coefficients, maximum and peak efficiency and
efficiency at peak power of a two-terminal non-interacting QD. We will first consider a single-
level QD and then a two-levels QD (with energy-independent tunneling rates).

Let us first consider a QD with a single energy level E1. In this case, the Pauli master
equation with EC = 0 reduces to a single simple equation, so it is possible to compute the
currents. Using the two-terminal notation introduced in Secs. 4.2.2 and 4.3 we obtain

I = −eγ(f2 − f1),
Jh2 = (∆̄min + θ0eV )γ(f2 − f1),

(A.32)

where
f1 = f

(
∆̄min − (1− θ0)eV

kBT1

)
,

f2 = f

(
∆̄min + θ0eV

kBT2

)
,

∆̄min = E1 − µ,

(A.33)

with the Fermi function f(x) = [1 + exp(x)]−1. Note that the same result could be obtained
using the Landauer-Büttiker scattering formalism with a narrow in energy single-level QD
transmission probability. Using Eq. (A.32), we can compute

G ≡ ∂I

∂V

∣∣∣∣
∆T=0

= e2γ

4kBT

 θ0

cosh2
(

∆̄min+θ0eV
2kBT

) + 1− θ0

cosh2
(

∆̄min−(1−θ0)eV
2kBT

)
 . (A.34)

Note that the value of θ0 can be determined by measuring G.
We can also compute S using Eq. (A.32). The condition I = 0 is satisfied when the

arguments of the two Fermi distributions f1 and f2 are equal, so we obtain

S ≡ − V

∆T

∣∣∣∣
I=0

= − 1
eT ∗

∆̄min, (A.35)
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where
T ∗ = θ0T1 + (1− θ0)T2 (A.36)

is the average reservoir temperature, weighed with θ0. As we can see, the slope of S(µ) beyond
the linear response regime is strongly determined by θ0. In the linear response regime T ∗ ' T ,
where T is the average reservoirs’ temperature, so once again we obtain the result we obtained
in the quantum limit linear response regime of an interacting QD neglecting the fine structure
oscillations, due to other energy levels.

It is now interesting to study the influence of a second energy level on S. In Fig. A.2
we show the comparison between the thermopower of a non-interacting two energy level
QD (dashed lines) and the multilevel interacting QD considered in Fig. 4.6 (solid lines), for
different values of ∆T . For the sake of comparison, we choose the value for the two energy
levels E1 and E2 to match the two dominant transition energies of the multilevel interacting
QD, in particular E1 = µN=3 = 290 kBT̄ and E2 = µN=4 = 410 kBT̄ . On one hand, the
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Figure A.2: (Color online) Thermopower S as a function of µ for a two-level non-interacting QD
with energies E1 = 290kBT̄ and E2 = 410kBT̄ (dashed lines) and of a multi-level interacting QD
(solid lines), considered in Sec. 4.3, with the same parameters used in Fig. 4.6.

non-interacting thermopower shows a linear dependence on µ when µ is close to E1 or E2,
whose slope is independent of ∆T (only because θ0 = 1/2) and is the same as the interacting
QD when |∆min| < ∆E. On the other, when µ is close to the middle point µ∗ = (E1 +E2)/2
between E1 and E2, the thermopower depends linearly on µ with a negative slope (S ' αδµ,
with δµ being a small displacement with respect to µ∗) which depends on the temperatures
as

α = − 1
e∆T

T1 cosh2( ∆ε
4kBT1

)− T2 cosh2( ∆ε
4kBT2

)
θ0T1 cosh2( ∆ε

4kBT1
) + (1− θ0)T2 cosh2( ∆ε

4kBT2
)
, (A.37)

where ∆ε = E2 − E1. Eq. (A.37) has been found by expanding the charge current around
µ = µ∗. Once again, the slope of the interacting and non-interacting QDs are the same in
this region. In between instead the fine structure oscillations of the interacting QD create a
substantial difference that causes the maximum value of S to decrease.
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At last we can compute the Peltier coefficient for a single energy level QD using Eq. (A.32):

Π ≡ Jh2
I

∣∣∣∣∣
∆T=0

= −∆̄min
e
− θ0V. (A.38)

Surprisingly, we would have obtained the same result also without setting ∆T = 0. On the
other hand, it strongly depends on V : increasing the voltage shifts Π by θ0V , so measuring
this shift would allow to measure θ0. Furthermore, if we compute Π in the linear response
regime, setting V = 0 in Eq. (A.38), we can explicitly verify that Π = TS is respected. If
we set θ0 = 0, we see that Π = T ∗S, even beyond the linear response regime, for arbitrary
temperature and voltage differences. Interestingly, in the presence of two levels the Peltier
coefficient beyond linear response Π still satisfies the relation (Π + θ0V ) = TSlin, where Slin
is the linear-response thermopower (black dashed curve in Fig. A.2), so that (Π + θ0V ) does
not depend on V .

The linearization of G and S for a single-level non-interacting QD yields the same results
obtained for a multilevel interacting QD, in the quantum limit linear response regime, if we
restrict |∆min| < ∆E. We could expect this result since considering a single energy level
is intuitively equivalent to sending ∆E and EC to infinity in the interacting QD. On the
contrary, a single level QD model cannot be used to estimate K since it predicts K = 0 [in
fact, from Eq. (A.32) we have that Jh2 ∝ I, so K, caluclated at I = 0, vanishes].

We now want to study the power and efficiency of a single-level QD. Considering ∆T =
T2 − T1 > 0 and inserting Eq. (A.32) into the definitions in Eqs. (4.19) and (7.6), we can
write the power and efficiency as

P = −V I = γeV (f2 − f1), (A.39)

η = P

Jh2
= eV

θ0eV + ∆̄min
. (A.40)

We will consider a fixed temperature difference ∆T = T2 − T1 > 0, and a variable V such
that the system behaves as a heat engine (P > 0). The power is positive when V ∈ [0, Vstop],
where Vstop is the non zero voltage that creates a null charge current. Imposing this condition
we find

Vstop = ∆̄min
e

ηc
1− θ0ηc

. (A.41)

Without loss of generality, we can specify our analysis to the region where µ < E1, E1 being
the energy of the single energy level; thus ∆̄min > 0, so Vstop is positive, and our system will
behave as a heat engine when

0 ≤ V ≤ Vstop = ∆̄min
e

ηc
1− θ0ηc

. (A.42)

Let us now discuss the peak efficiency of the system. We have to maximize Eq. (A.40)
with respect to ∆̄min and V , at fixed ∆T > 0, respecting ∆̄min > 0 and Eq. (A.42). Since η
is a growing function of V for ∆̄min > 0, η will be maximum when computed at the highest
allowed voltage, Vstop. Inserting Vstop in Eq. (A.40) yields:

η(max) = ηc. (A.43)

Thus a single level QD in the sequential tunneling regime always achieves η(max) = ηc,
regardless of the the temperature difference, θ0 and the distance between µ and E1 [151, 152].
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Figure A.3: (Color online) Comparison between η(P (max)
peak ) computed numerically and using

Eq. (A.44). Also ηCA and ηSS are displayed.

Using Eq. (A.39) we can compute the power when η is maximum, i.e. when V = Vstop: this
yields P = 0. These results agrees with the expectation that Carnot’s efficiency is reached
when the heat exchange is “reversible”, thus when the power is vanishingly small.

Let us now study the efficiency at peak power, η(P (max)
peak ). P (max)

peak is obtained by max-
imizing the power with respect to ∆̄min and V , at fixed ∆T > 0, imposing ∆̄min > 0 and
Eq. (A.42). By imposing this request we obtain two coupled equations that cannot be solved
analytically [112]. However, the Fermi function is always evaluated when the argument is
positive, and we approximate it with its exponential tail. By doing so, we obtain

η(P (max)
peak ) = ηc

ηc
ηc − (1− ηc) ln (1− ηc)

,

P
(max)
peak = γēkB∆T ηc[

1 + ē(1− ηc)1−1/ηc
] [
ē+ (1− ηc)1/ηc

] , (A.44)

where ē is Napier’s constant. These equations provide an approximate expression of P (max)
peak

and η(P (max)
peak ) for a single level QD, valid for any reservoir temperatures. Note how η(P (max)

peak )
only depends on ηc, while P (max)

peak depends on both T1 and T2 through ηc and ∆T . Note
η(P (max)

peak )→ ηc/2 as ηc → 0, as expected from the fact that ZT →∞ for a narrow transmis-
sion probability [5]. As we can see in Fig. A.3, there is a good agreement between η(P (max)

peak )
given in Eq. (A.44) and a numerical calculation: the analytic expression slightly underesti-
mates η(P (max)

peak ). Furthermore, we can see that the efficiency at peak power goes beyond
ηCA, while it remains under ηSS. We have also verified that P (max)

peak given in Eq. (A.44) is in
good agreement with the numerical calculation.

To further assess the validity of the approximate analytical formulas (A.44), we expand
them around ηc = 0 and ηc = 1, and compare the obtained results with the exact expansions
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known in these limiting cases [112]. An expansion of Eq. (A.44) around ηc = 0 yields

η(P (max)
peak ) = ηc

2 + η2
c
8 + 7

96η
3
c +O(η4

c ),

P
(max)
peak = γkBT

ē2

(1 + ē2)2

(∆T
T

)2
+O

(
(∆T/T )3

)
,

(A.45)

where T is the average temperature in the linear response regime. Our result for η(P (max)
peak )

has to be compared with exact expansion of Ref. [112],

η(P (max)
peak ) = ηc

2 + η2
c
8 + 7

96(1 + 0.0627)η3
c +O(η4

c ). (A.46)

As we can see the first two orders are exactly the same, while the third order only has ≈ 6%
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Figure A.4: (Color online) Maximum power, normalized to the peak value, plotted as a function
of µ for different values of ηc with ∆E = 20 kBT̄ and EC = 0 (top panel) and with ∆E = 3 kBT̄ and
EC = 0 (bottom panel). Tunneling rates are ~Γ1(p) = ~Γ2(p) = 0.01kBT̄ .

correction, confirming that Eq. (A.44) slightly underestimates the exact result. The expansion
of P (max)

peak instead confirms that in the linear response regime the peak power depends on ∆T 2.
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Furthermore, evaluating the coefficient numerically yields P (max)
peak ≈ 0.105γkBT (∆T/T )2,

which is in very good agreement with the result obtained in Eq. (4.50) for a multilevel QD
in the quantum limit linear response regime (note that P (max)

peak = Q∗∆T 2/4).
An expansion of Eq. (A.44) around ηc = 1 yields

η(P (max)
peak ) ≈ 1 + (1− ηc) ln (1− ηc), (A.47)

P
(max)
peak ≈

γkB∆T
1 + ē

(
1 + ē

1 + ē
(1− ηc) ln (1− ηc)

)
, (A.48)

to be compared with the exact expansion [112]

η(P (max)
peak ) ≈ 1 + (1− ηc) ln (1− ηc)

1.278 . (A.49)

There is a good agreement between the two formulas, and we can see that Eq. (A.44) slightly
underestimates η(P (max)

peak ). We stress that the expression of P (max)
peak for ηc ≈ 1, Eq. (A.48),

shows that the peak power is proportional to ∆T , as opposed to ∆T 2 as in the linear response
regime. Furthermore the peak power approaches its maximum value given by P

(max)
peak =

γkB∆T/(1 + ē) when ηc = 1 .
At last, we have computed numerically the maximum power P (max)

max in the case of a two-
level non-interacting QD. P (max)

max is computed by maximizing the power only over V ; the peak
of P (max)

max as a function of µ will thus yield P (max)
peak . In Fig. A.4 P (max)/P

(max)
peak is plotted as

a function of µ for ∆E = 20 kBT and ∆E = 2 kBT respectively in panel (a) and (b). Each
curve corresponds to a different value of ηc, starting from the linear-response case (black
solid curve) to the extremely non-linear behavior (black dashed curve) at ηc = 0.99. In panel
(a), representing the quantum limit, all curves nearly coincide with the linear-response one
(apart for very large values of ηc). For each value of ηc the height of the four peaks is equal,
contrary to the case where interaction is present (see Fig 4.11). This is to be expected,
since the two energy levels do not influence each other in the quantum limit in the absence
of interaction, so the behavior is essentially dictated by a single level. In the bottom panel
instead, representing a case away from the quantum limit, the external peaks are much higher
with respect to the internal peaks, especially for small values of ηc. This is due to the fact
that ∆E is of the order of kBT̄ and therefore we cannot consider a single energy level at a
time, and this produces the peak asymmetry.
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Appendix: Thermoelectric conversion at 30 K in

InAs/InP nanowire quantum dots

In this appendix we report experimental and theoretical details concerning Chap. 5.

B.1 Materials and methods

InAs/InP heterostructured NWs were fabricated using a chemical beam epitaxy process
seeded by metallic nanoparticles obtained from thermal dewetting of a Au thin film [367].
Growth was performed at 420 ± 10 ◦C using trimethylindium (TMIn), tert-butylarsine
(TBA), and tributylphosphine (TBP). The TBAs and TBP are thermally cracked at around
1000 ◦C upon entering the growth chamber, while the TMIn decomposes on the substrate
surface. The metallorganic pressures were 0.3, 1.0, and 4.0 Torr for TMIn, TBAs, and TBP,
respectively. These growth conditions ensure to achieve InAs/InP NW heterostructures with
straight morphology, constant diameter, wurtzite crystal structure and atomically sharp inter-
faces [175, 368]. InAs/InP and InP/InAs interfaces where realized without any interruption
by switching the group V precursors. The position of the dot inside the NW is determined
based on its average distance from the Au nanoparticle, as measured from an ensemble of
wires with STEM. This leads to a typical alignment error of ±50 nm, based on NW imaging
statistics and on alignment errors during the lithographic process. Ohmic contacts are ob-
tained by thermal evaporation of a Ti/Au (10/100 nm) bilayer, after a chemical passivation
step based on a standard (NH4)Sx solution.

The NW voltage bias was obtained using the auxiliary output of a Stanford Research
lock-in amplifier SR830 and a resistor divider. Charge current was measured using a DL1211
current preamplifier and an Agilent 34401A multimeter. Each of the thermometers was
excited by an AC current of 1µA, obtained using the sinusoidal output of a SR830 amplifier
connected to a 1 MΩ bias resistor. The local heater was supplied using a Keithley 2400
SourceMeter. The gate voltage was controlled using a Yokogawa 7651 DC source.

161
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B.2 Measurement setup circuit

The developed experimental platform allows to acquire simultaneously the temperatures and
to perform transport measurements. To do so, we use two 1:1 audio transformers to isolate
the circuit used to feed and acquire data from the thermometers to the circuit used to apply
bias voltage and measure the flowing current. The electrical scheme is shown in Fig. B.1. The

Figure B.1: Experimental circuit electrical scheme. Two 1:1 audio transformers are used to
disentangle the circuit applying voltage bias and thermometers. Two SR830 Lock-in amplifiers (Lock-
in 1 and 2) are used in order to perform high precision 4-wire measurements. The voltage is applied
using a SR830 DC output passing through a 1/100 voltage divider (green circle) inserted in order
to avoid overcharging the nanowire. Current flowing through the nanostructure is measured by a
multimeter digitalizing the output of a current pre-amplifier (red circle).

thermometers are fed with a constant 5 µA amplitude AC current, provided by the oscillating
input of two SR830 lock-in amplifiers (5 V amplitude) connected in series with 1 MW resistors.
The working frequencies are 781 Hz and 1151 Hz, respectively. Phase-locked measurements
are used to measure the voltage drop between the central leads of the thermometers (Signal
in A lock-in 1(2) and Signal in B lock-in 1(2) in Fig. B.1), which is directly related to
the local temperature via the dependence of the gold layer resistance on temperature. In
order to perform temperature measurements, a calibration procedure is needed to link the
voltage reading to a temperature measurement. Details about the thermometers calibration
is provided in Sec. B.3.

On the other side, the biasing voltage is provided by a SR830 DC voltage output (Aux out
1 in Fig. B.1). The source is connected to a 1/100 protective voltage divider, used to avoid
providing excessive bias voltage to the nanostructure and thus damaging it. Furthermore,
current flowing through the NW is measured by means of a pre-amplifying stage (DL1211),
whose output is digitalized by an Agilent 34410A multimeter.
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B.3 Thermometer and heater calibration

As previously anticipated, calibration procedures are needed in order to properly use the
micro-thermometers embedded in the developed architecture.

These calibration procedures are performed for every device during the cool-down pro-
cedure. This means that the thermometers are fed as described in Sec. B.2 and the voltage
drop between the central leads is measured during the insertion of the sample in the cryostat,
i.e. going from 300K to 4K, every 1 s.

The resulting curve is shown in Fig. B.2, in which calibration curves are displayed for
the thermometer near (red curve) and far (blue curve) from the heating serpentine in the
temperature interval from 80 K to 4 K. Higher temperatures are not reported in the figure,
being the calibration curve trivially linear and temperature higher than 80 K out of interest
in this study.

Figure B.2 shows the calibration curves without any offset, and the differences between
them can be related to the fabrication procedure not being ideal (e.g. slight differences
in the thickness of the gold layer defining the thermometers). It is worth to notice that

Figure B.2: Thermometer calibration curves from 65K to 4K. Red color is referring to the ther-
mometer near the heater, while blue color is used for the far from heater thermometer. Differences
between curves can be attributable to the non-ideality of fabrication procedures.

thermometers tend to “saturate” for temperatures less than 10 K and are not responsive to
further changes in temperature. This behavior can be attributed to the metallic nature of
the thermometers and does not represent a limitation for this study, in which temperatures
higher than 10 K are considered.
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After having measured the response of the thermometers, it is possible to have a local
temperature measurement by acquiring the voltage drop value and comparing it with the
measured curve.

Moreover, after having retrieved the calibration curves for the thermometers, we verify
their response to the local heating serpentine. To do so, we feed the heater by a constant
current by using a Keithley 2400 SourceMeter and measure the variation on the voltage drop
between the central leads of the thermometers for different values of the heating current. The
obtained curves are shown in Fig. B.3, in which response to current flowing through the heater
is reported for both thermometers. It is possible to notice that the red curve is more responsive
for lower values of the heating current, coherently with the relative thermometer being near
the heater. By comparing the measured value for the voltage drop of the thermometer at a

Figure B.3: Thermometer response to current flowing through the heating serpentine. Blue color
refers to the thermometer far from the heater, while the red curve represents the response of the
thermometer near the heater. The red curve is responsive to the heater for lower current values
compared to the red curve. This behavior is coherent with the thermometer position relatively to the
serpentine.

fixed value for the current flowing through the serpentine with the thermometer calibration
curve shown in Fig. B.2, we can directly evaluate the effect of the heater on the system mean
temperature and temperature gradient.

B.4 Quantum dot characterization

In this experiment, more than 5 devices have been fabricated and measured. Results presented
in Chap. 5 are from device D1, while data from device D2 and D3 are presented here.
All devices are fabricated in the same configuration. Preceding the data acquisition with
applied thermal bias, quantum dot characterization has been performed for every device under
analysis. This allows to have a better comprehension of the observed phenomenology, which
severely depends of the position of the resonant energy levels involved in transport. Figure B.4
shows the preliminary quantum dot characterization, consisting in visualizing the “Coulomb
diamonds” and exploring the “pinch-off” voltage zone, in which the dot is completely depleted
– which is of particular interest in our experiment, being thermoelectric effects intimately
linked to the occupation number of the nanostructure. It is worth to mention here that
in general in QD measurements the suppression of electrical transport below the pinch-off
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voltage may not be sufficient to assert the absence of any other electronic levels below what is
considered the first one. This is due the fact that the electronic transport could be quenched
elsewhere in the electronic path. In this particular case, ancillary measurements show that
we truly are able to fully deplete the QD, as:

1. Excited state spectroscopy of the “N = 0” state does not show excited states, which
are present for any state above N = 1.

2. High T measurements do not show any indication of additional levels involved in trans-
port due to thermal energy.

3. Electrical transport is modulated by using both the back-gate and the side gates, which
are local structures and act only in the vicinity of the heterostructured QD.

Furthermore, even if some other level was present below the N = 0 state that would have
made no difference in terms of the model used for data analysis and thoroughly explained in
Sec. B.5 of the present document. Moreover, in order to relate the applied gate voltages to

Figure B.4: (a) Current measurements in the parameters space defined by applied bias and gate
voltages. The typical Coulomb blockade diamonds are visible, as well as the completely depleted
region marked with the N = 0 occupation number (“pinch-of”). (b)(c) Horizontal and vertical cuts
corresponding the colorplot shown in (a).

actual energies in the energy spectrum of the quantum dot and thus compare the experimental
data with theoretical predictions, it is necessary to extract important parameters such as the
gate lever arm, αBG. Figure B.5 shows the relation between Coulomb diamonds and the
system energetics used to extrapolate this parameter (data belongs to a different dot with
respect to what is shown in Fig. B.4).
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Figure B.5: Coulomb diamonds. The arrows represent the relation between the diamond dimen-
sions and the system energetics. By acquiring the dimensions of the diamonds, it is possible to evaluate
the system charging energy EC , the spacing between two resonant energy levels of the quantum dot
∆E, and the gate lever arm αBG.

B.5 Theoretical model
We now describe the theoretical model used to fit the data and to compute the electronic
thermal conductance. According to the theory developed in Ref. [70] and further studied in
Ref. [169], we employ a master equation approach that accounts for sequential tunneling. As
discussed in Chap. 5, co-tunneling can be neglected when ~Γ is much smaller than kBT and
when the level spacing and charging energy are not “too large” respect to kBT . Indeed, in
our experiment typical values of ~Γ/(kBT ) are around 3× 10−3. We further verified that co-
tunneling can be disregarded by computing G, S, K and the electronic ZT theoretically (only
in the two-level model) both including and neglecting co-tunneling. Using the parameters
relative to the measurement at Tavg = 24.9K, we could see no deviations between the two
cases in the range of the experimental data. However, deviations are observed in the range
of Vgate much smaller than −1V where both G and K are exponentially small respect to
their peak value. At last, we wish to emphasize that if co-tunneling can be neglected at
Tavg = 24.9K, it is even more justified at higher temperatures (Tavg = 31.2K).

We account for two single-electron degenerate levels in the QD, labelled by p = 1, 2. The
occupation of each level, np, can thus take values 0, 1, 2. The single electron energy of level p
is given by Ep = δ2,p∆E, where the first level is chosen at zero energy, and ∆E is the energy
level spacing. The electrostatic energy necessary to have N electrons in the QD is given by
U(N) = ECN

2. Thus, the energy necessary to add 1 electron to level p of the QD, which
initially has N electrons, is given by

∆U(N, p) = Ep + U(N + 1)− U(N)− µ, (B.1)

where µ = αBGeVgate is an energy shift induced by the applied gate voltage. The state of
the QD is described by the 2 occupation numbers {n0, n1}. In the weak coupling regime,
sequential tunneling of electrons between the leads and the QD induces transition between
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the states. The rate of sequential tunneling of electrons from(to) lead α = L,R to (from)
level p of the QD with a fixed spin when there are N electrons before the transition occurs
is given respectively by

Γ+
α (N, p) =γα(N, p)fα[∆U(N, p)],

Γ−α (N, p) =γα(N − 1, p) [1− fα[∆U(N − 1, p)]] ,
(B.2)

where γα(N, p) is a characteristic of the system which depends on the density of states of
lead α at energy ∆U(N, p) and on the coupling between lead α and the QD, and fα(ε) =
(1 + e(ε−µα)/(kBTα))−1 is the Fermi distribution of electrons in lead α at temperature Tα and
chemical potential µα. In the presence of a voltage bias V , the chemical potential of the leads
is µL/R = ±eV/2.

We can describe transport through the system by calculating the out-of-equilibrium oc-
cupation probabilities pn0n1 of finding the system in state {n0, n1}. This is done by solving
the master equation

∂p00/∂t = −p00(2Γ+
01 + 2Γ+

02) + p10Γ−11 + p01Γ−12,

∂p01/∂t = −p01(2Γ+
11 + Γ−12 + Γ+

12) + p11Γ−21 + p002Γ+
02 + p022Γ−22,

∂p02/∂t = −p02(2Γ+
21 + 2Γ−22) + p12Γ−31 + p01Γ+

12,

∂p10/∂t = −p10(Γ−11 + Γ+
11 + 2Γ+

12) + p002Γ+
01 + p202Γ−21 + p11Γ+

12,

∂p11/∂t = −p11(Γ−21 + Γ+
21 + Γ−22 + Γ+

22) + p012Γ+
11 + p212Γ−31 + p102Γ+

12 + p122Γ−32,

∂p12/∂t = −p12(Γ−31 + Γ+
31 + 2Γ−32) + p022Γ+

21 + p222Γ−42 + p11Γ+
22,

∂p20/∂t = −p20(2Γ−21 + 2Γ+
22) + p10Γ+

11 + p21Γ−32,

∂p21/∂t = −p21(2Γ−31 + Γ−32 + Γ+
32) + p11Γ+

21 + p202Γ+
22 + p222Γ−42,

∂p22/∂t = −p22(2Γ−41 + 2Γ−42) + p12Γ+
31 + p21Γ+

32,∑
pn1n2 = 1,

(B.3)

in the stationary case (i.e. imposing (∂pn1n2)/∂t = 0). We defined Γ±Np ≡ Γ±L (N, p) +
Γ±R(N, p). Once the probabilities are known, we can compute the charge and heat currents
leaving the left reservoir as

I = −e
∑

n1,n2,p

pn1n2

[
δnp,02Γ+

L (N, p) + δnp,1
(
Γ+
L (N, p)− Γ−L (N, p)

)
− δnp,22Γ−L (N, p)

]
,

JL =
∑

n1,n2,p

pn1n2

[
δnp,02ε+Γ+

L (N, p) + δnp,1
(
ε+Γ+

L (N, p)− ε−Γ−L (N, p)
)
− δnp,22ε−Γ−L (N, p)

]
,

(B.4)
where N = n1 + n2 and ε+ = ∆U(N, p)− µL is the heat removed from the left reservoir (L)
when an electron tunnels from L to the QD, ε− = ∆U(N−1, p)−µL is the heat injected in the
left reservoir when an electron tunnels from the QD to L. At last, the transport coefficients
are computed using their definition provided in Eqs. (3.24), (3.25) and (3.26).

B.6 Parameter estimation
Experimental values of G and Vth are determined the following way: for each fixed Vgate
value, we consider the curve I(V ) for which the linear response holds (|eV | � kBT ). We
then fit the curve I(V ) = GV + GS∆T which allows us to determine G from the angular
coefficient and S∆T from the intercept.
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The model described in Sec. B.5 allows us to compute G and Vth. Thus, by fitting the
computed curves for the conductance and thermovoltage we are able to retrieve the values
of the parameters involved in defining these quantities describing the system, i.e. the system
average temperature and applied temperature bias, the charging energy and the tunneling
rates of the barriers defining the QD.

Within the linear response regime, the currents do not depend separately on the tunnel-
ing rates relative to the two leads, instead they depend on a combination of the two [70].
Therefore, we can assume that γα(N, p) does not depend on α. Furthermore, we find that we
can obtain a good fit assuming that the rates only depend on the number of electrons N . We
thus define γ(N) = γα(N, p) for N = 0, 1, 2, 3. At last, given the lack of experimental points
around the third and fourth peak of the conductance, we take γ(2) = γ(3).

We determine the rates γ(N) and the average temperature Tavg by fitting G with the
theoretical model described in Sec. B.5. By using these extracted parameters, we can compute
the Seebeck coefficient S and estimate ∆T by fitting the measured S∆T . However, we find
that we can further improve the parameter estimation by fitting simultaneously G and S∆T
varying γ(N), Tavg and ∆T around the values previously estimated.

The following tables shows the extracted parameters for two different explored tempera-
tures:

T (K) ∆T (K) EC(meV) γ(0)(GHz) γ(1)(GHz) γ(2)(GHz) γ(3)(GHz)
24.9 1.85 6.5 1.56 0.97 2.0 2.0
31.2 2.05 5.9 1.6 1.1 1.31 1.31



C
Appendix: Non-linear thermovoltage in a

single-electron transistor

In this appendix we report details about the calculations performed in Chap. 6.

C.1 Computing charge and heat currents

As in Chap. 2, the system is described by the following Hamiltonian

H = HI +
∑

α=L,R
Hα +HI,B, (C.1)

where Hα =
∑
kσ(εk + eVα)a†kσαakσα is the Hamiltonian of the free electrons in lead α = L,R,

HI =
∑
kσ εkc

†
kσckσ + EC(n̂ − ng)2 is the Hamiltonian of the electrons in the metallic island

and HI,B =
∑
kpσα t

(α)
kp c

†
pσakσα + h.c. is the usual tunneling Hamiltonian between the leads

and the island. akσα (a†kσα) is the destruction (creation) operator of electrons in lead α with
energy εk + eVα and spin σ, ckσ (c†kσ) is the destruction (creation) operator of electrons in
the metallic island with energy εk and spin σ, and n̂ is the operator for the number of excess
electrons on the island.

In order to describe charge and heat transport in the system, we employ the Pauli master
equation approach to compute the probabilities p(n) in terms of all processes that can induce
transitions between charges states (the tunneling rates) - see Chap. 2. Sequential tunneling
of electrons between the island and the leads changes the charge state by one, so it enters
the master equation. Co-tunneling processes instead transfer an electron from one lead to
another one via a virtual state in the island, but the overall process does not change the
number of electrons in the island; consequently, the master equation does not depend on
co-tunneling. Second order processes that transfer two electrons from/to the leads to/from
the island can be safely neglected as the charging energy EC is much larger than the thermal
energy kBT and than the voltage bias range considered in this work. The master equation
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reads

∂p(n)
∂t

=
∑

α=L,R
{−p(n) [ΓαI(n) + ΓIα(n)] + p(n− 1)ΓαI(n− 1) + p(n+ 1)ΓIα(n+ 1)} ,

(C.2)
and we solve it by setting ∂p(n)/∂t = 0 for every n. Eq. (E.4) states that the probability of
being in charge state n can decrease (first r.h.s. term) if the island has n excess charge states
and an electron tunnels into or out of the island, while it can increase (second and third r.h.s.
terms) if, after a sequential tunneling process, the number of excess charges on the island is
n.

Given the probabilities, the charge current can be computed by summing Iseq and Icot

given in Eq. (6.2) and below. The energy entering the metallic island Q̇tun can be computed
as

Q̇tun ≡ Je
L + Je

R = Jh
L + Jh

R + e(VL − VR)I, (C.3)

where Je
α and Jh

α are respectively the energy (measured respect to the common voltage
ground) and heat currents leaving reservoir α, and we used the fact that Je

L = Jh
L + eVLI and

Je
L = Jh

R − eVRI. We can simply interpret the r.h.s. of Eq. (C.3) by noticing that the heat
entering the metallic island is given by the sum of the heat leaving the leads and the heat
generated by Joule effect. We notice that a shift of the energy reference shifts VL and VR,
but it does not change Jh

L and Jh
R, so Q̇tun, as defined in Eq. (C.3), does not depend on the

un-physical energy reference.
The heat currents can be calculated in terms of “heat rates”. We thus define ΓhαI(n) as the

rate of heat leaving reservoir α when electrons tunnel sequentially from lead α to the island
with n initial electrons, and ΓhIα(n) as the rate of heat entering lead α when electrons tunnel
sequentially from the island to lead α with n initial electrons. Analogously, we define γh/outαβ (n)
as the rate of heat leaving lead α when a co-tunneling process transfers one electron from
lead α to lead β with n electrons in the island, and γh/inαβ (n) as the rate of heat entering lead
β when a co-tunneling process transfers one electron from lead α to lead β with n electrons
in the island. Notice that also co-tunneling processes where α = β must be considered in the
heat currents, since the electron leaving and the one entering the same lead can have different
energies. Also the heat currents can be written as Jh

α = J
h/seq
α + J

h/cot
α , where

Jh/seq =
∑
n

p(n)
[
ΓhαI(n)− ΓhIα(n)

]
(C.4)

is the sequential-tunneling contribution, given by electrons tunneling between lead α and I,
and

Jh/cot
α =

∑
n,β=L,R

p(n)
[
γ
h/out
αβ (n)− γh/inβα (n)

]
(C.5)

is the inelastic co-tunneling contribution.
Using the T -matrix theory (or generalized Fermi golden rule) [30–32], we can compute

sequential and co-tunneling rates as described in Sec. 2.2. The transition rate from a given
initial state |ψi〉 to a final state |ψf 〉 is given by

Γi→f = 2π
~
Wi(1−Wf ) | 〈ψf |T |ψi〉|2 δ(εf − εi), (C.6)

where Wi and Wf are the probabilities of finding the system in state |ψi〉 and |ψf 〉, εi and
εf are the energies of states |ψi〉 and |ψf 〉 and T = HI,B +HI,BG0HI,B + . . . is the T matrix
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with G0 = 1/(εi − H0 + iη) denoting the Green function in the absence of the HI,B, i.e.
H0 = HB + HI. We compute sequential rates by taking T at first order in HI,B. We thus
take T = HI,B in Eq. (C.6) and sum over all states in the lead and in the island, yielding

ΓαI(n) = 2π
~

∑
k1σ1,k2σ2

fα(εk1)f−I (εk2)
∣∣∣ 〈0|ck2σ2HI,Ba

†
k1σ1α

|0〉
∣∣∣2 δ [εk2 − εk1 + ∆Eα(n)] , (C.7)

where ∆Eα(n) = U(n+1)−U(n)−eVα is the electrostatic energy difference to move an elec-
tron from lead α to the island, fα/I(ε) = [1+exp

{
(ε/(kBTα/I))

}
]−1 is the Fermi distribution of

lead α at temperature Tα or of the island at temperature TI, f−α/I(ε) = fα/I(−ε) = 1−fα/I(ε),
and kB is the Boltzmann constant. An analogous expression holds for ΓIα(n). The heat
rates are computed in the same way, taking into account that an amount of heat εk is re-
moved(injected) from(into) a lead if an electron with momentum k tunnels from(into) the
lead. We thus have that

ΓhαI(n) = 2π
~

∑
k1σ1,k2σ2

εk1fα(εk1)f−I (εk2)
∣∣∣ 〈0|ck2σ2HI,Ba

†
k1σ1α

|0〉
∣∣∣2 δ [εk2 − εk1 + ∆Eα(n)] ,

ΓhIα(n) = 2π
~

∑
k1σ1,k2σ2

εk2fI(εk1)f−α (εk2)
∣∣∣ 〈0|ak2σ2αHI,Bc

†
k1σ1
|0〉
∣∣∣2 δ [εk2 − εk1 −∆Eα(n− 1)] .

(C.8)
By assuming that the energy levels in the leads and in the island form a continuum, by
taking a constant density of states around the Fermi energy and by replacing the hopping
parameters t(α)

kp with their averaged value over k and p, we can write the sequential rates and
heat rates in terms of the functions

Υα(∆E) ≡ 1
e2Rα

+∞∫
−∞

dεfα(ε)f−I (ε−∆E),

Υh
α(∆E) ≡ 1

e2Rα

+∞∫
−∞

dε εfα(ε)f−I (ε−∆E),

(C.9)

where Rα is the tunnel resistance between lead α and the island, as follows:

ΓαI(n) = Υα[∆Eα(n)], ΓIα(n+ 1) = Υα[−∆Eα(n)],
ΓhαI(n) = Υh

α[∆Eα(n)], ΓhIα(n+ 1) = −Υh
α[−∆Eα(n)].

(C.10)

Co-tunneling rates are second order processes that involve initial and final states with
two electrons, so we now consider T = HI,BG0HI,B. We thus take |ψi〉 = a†k1σ1α

c†q1τ1 |0〉 and
|ψf 〉 = a†q2τ2βc

†
k2σ2
|0〉, which corresponds to considering the process where an electron in state

k1σ1 tunnels from lead α to the island into state k2σ2, and another one coherently tunnels
from the island in state q1τ1 to lead β into state q2τ2. From Eq. (C.6) we have that

γαβ(n) = 2π
~

∑
k1σ1,k2σ2
q1τ1,q2τ2

fα(εk1)fI(εq1)f−β (εq2)f−I (εk2)
∣∣∣∣∣∑
ν

〈ψf |HI,B|ψν〉 〈ψν |HI,B|ψi〉
εi − εν + iη

∣∣∣∣∣
2

× δ [εq2 + εk2 − εq1 − εk1 + e(Vβ − Vα)] , (C.11)
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where εi = εq1 + εk1 + eVα + U(n) is the energy of state |ψi〉, the sum over |ψν〉 runs over a
complete set of eigenstates {|ψν〉} ofH0, and εν is the energy, evaluated withH0, of state |ψν〉.
As we did for the sequential rates, we notice that in the processes described in Eq. (C.11),
the heat leaving reservoir α is εk1 , while the heat entering reservoir β is εq2 . The co-tunneling
heat rate leaving reservoir α, γh/outαβ (n), is thus given by Eq. (C.11) adding an εk1 inside the
sum over the initial and final states, while the co-tunneling heat rate entering reservoir β,
γ
h/in
αβ (n), is also given by Eq. (C.11) adding an εq2 inside the sum over the initial and final

states. Manipulating Eq. (C.11) using the same approximations mentioned for the sequential
rates, we find that by defining

υαβ(∆E,∆E1,∆E2) = ~
2π

+∞∫
−∞

dεΥα(−ε)Υβ(ε+ ∆E)
∣∣∣∣ 1
ε+ ∆E1 − iη

− 1
ε−∆E2 + ∆E + iη

∣∣∣∣2 ,
(C.12)

υ
h/out
αβ (∆E,∆E1,∆E2) = ~

2π

+∞∫
−∞

dεΥh
α(−ε)Υβ(ε+∆E)

∣∣∣∣ 1
ε+ ∆E1 − iη

− 1
ε−∆E2 + ∆E + iη

∣∣∣∣2 ,
(C.13)

υ
h/in
αβ (∆E,∆E1,∆E2) = − ~

2π

+∞∫
−∞

dεΥα(−ε)Υh
β(ε+ ∆E)

×
∣∣∣∣ 1
ε+ ∆E1 − iη

− 1
ε−∆E2 + ∆E + iη

∣∣∣∣2 , (C.14)

we can write the co-tunneling rates and heat rates as

γαβ(n) = υαβ [e(Vβ − Vα),∆Uα(n),−∆Uβ(n− 1)] , (C.15)

γ
h/out
αβ (n) = υ

h/out
αβ [e(Vβ − Vα),∆Uα(n),−∆Uβ(n− 1)] , (C.16)

γ
h/in
αβ (n) = υ

h/in
αβ [e(Vβ − Vα),∆Uα(n),−∆Uβ(n− 1)] . (C.17)

At last, we notice that the integrals in Eqs. (C.12), (C.13) and (C.14) are divergent in the
limit η → 0+. In order to overcome this problem, we adopt a commonly used “regularization
scheme” [31, 32, 34, 79, 83]. All three integrals can be written in the form

I =
+∞∫
−∞

dε g(ε)
∣∣∣∣ 1
ε− α1 − iη

− 1
ε− α2 + iη

∣∣∣∣2 =
∑
i=1,2


+∞∫
−∞

dε g(ε)
∣∣∣∣ 1
ε− αi − iη

∣∣∣∣2


− 2
+∞∫
−∞

dε g(ε)Re
{ 1

(ε− α1 + iη)(ε− α2 + iη)

}
=
∑
i=1,2

{
I(1)
i

}
− 2I(2) (C.18)

where g(ε) is a suitable function and α1 and α2 are suitable constants. We now analyze each
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integral:

I(1)
i =

+∞∫
−∞

dε g(ε)
∣∣∣∣ 1
ε− αi − iη

∣∣∣∣2 =
+∞∫
−∞

dε
g(ε)− g(αi) + g(αi)

(ε− αi)2 + η2

= g(αi)
+∞∫
−∞

dε
1

(ε− αi)2 + η2 +
+∞∫
−∞

dε
g(ε)− g(αi)

(ε− αi)2 + η2 = πg(αi)
η

+P
+∞∫
−∞

dε
g(ε)− g(αi)

(ε− αi)2 +O(η),

(C.19)

where P denotes a principal value integration. We notice that the last step of Eq. (C.19) is
an expansion for small η. In particular, the first term diverges as 1/η, the second one is finite
and independent of η, while the third one goes to zero if η → 0. The regularization scheme
consists of dropping the divergent term and retaining only the second term, which is finite
and independent of η:

I(1)
i → P

+∞∫
−∞

dε
g(ε)− g(αi)

(ε− αi)2 . (C.20)

Let’s now turn to

I(2) =
+∞∫
−∞

dε g(ε)Re
{ 1

(ε− α1 + iη)(ε− α2 + iη)

}
=

+∞∫
−∞

dεg(ε) (ε− α1)(ε− α2)− η2

[(ε− α1)(ε− α2)− η2]2 + η2 [(ε− α1) + (ε− α2)]2
=

+∞∫
−∞

dεg(ε) (ε− α1)(ε− α2)− η2

(ε− α1)2(ε− α2)2 + η2 [(ε− α1)2 + (ε− α2)2 + η2] . (C.21)

We notice that the denominator in Eq. (C.21) is always positive and non-zero. In the limit
η → 0, the term proportional to (ε − α1)(ε − α2) turns into a principal value integration,
while the term proportional to −η2 vanishes. The regularization scheme thus consists of

I(2) → P
+∞∫
−∞

dε
g(ε)

(ε− α1)(ε− α2) , (C.22)

which is now finite and independent of η.
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D
Appendix: Absorption refrigerators based on

Coulomb-coupled single-electron systems

In this appendix, we provide details on the calculations performed in Chap. 7.

D.1 Pauli equation
The probability pn1,n2 that the system is in a state with n1 and n2 electrons in QDs 1 and 2
is calculated by solving the following linear system of equations

−
[
Γin
L (0) + Γin

R (0) + Γin
C (0)

]
p0,0 + Γout

C (0)p0,1 +
[
Γout
L (0) + Γout

R (0)
]
p1,0 = 0[

Γin
L (1) + Γin

R (1)
]
p0,1 + Γin

C (1)p1,0 −
[
Γout
L (1) + Γout

R (1) + Γout
C (1)

]
p1,1 = 0

Γin
C (0)p0,0 −

[
Γin
L (1) + Γin

R (1) + Γout
C (0)

]
p0,1 +

[
Γout
L (1) + Γout

R (1)
]
p1,1 = 0

p0,0 + p0,1 + p1,0 + p1,1 = 1

(D.1)

The first three equations correspond to the master equations where the time-derivatives
ṗ0,0, ṗ1,1, and ṗ0,1 are set to zero, while the last equation corresponds to the normalization
requirement. The charge current is given by

I = e
[
p0,0Γin

L (0) + p0,1Γin
L (1)− p1,0Γout

L (0)− p1,1Γout
L (1)

]
, (D.2)

where e is the electron charge, and the heat current leaving reservoir α is given by

Jα = p0,0Γin
α (0)∆U1(0)− p1,1Γout

α (1)∆U1(1) + p0,1Γin
α (1)∆U1(1)− p1,0Γout

α (0)∆U1(0), (D.3)

for α = L,R, and

JC = p0,0Γin
C (0)∆U2(0)− p1,1Γout

C (1)∆U2(1) + p1,0Γin
C (1)∆U2(1)− p0,1Γout

C (0)∆U2(0). (D.4)

Note that one can exploit the symmetry of the transitions energies with respect to the common
chemical potential when θ1 = θ2 = 1/2 [see Eqs. (7.2) and Fig. 7.1(b)] to restrict the analysis
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to the range θ1 ≥ 1/2, without loss of generality. In fact, the heat currents relative to the
case θi = θ̄i < 1/2 are equal to the ones obtained with θi = 1 − θ̄i(> 1/2), while the charge
currents relative to the case θi = θ̄i < 1/2 are equal in amplitude but with opposite sign
with respect to the ones obtained with θi = 1− θ̄i(> 1/2). This can be explicitly verified by
substituting θi → 1 − θi and Γin/out

α (n) → Γout/in
α (1 − n) in Eqs. (7.2), (D.1), (D.2), (D.3)

and (D.4).

D.2 Optimal rates for cooling power and COP
By substituting the probability pn1,n2 , solution of Eq. (D.1), into the expression (D.4) for JC
and imposing the detailed balance condition (10.42), we find that JC > 0 if and only if

Γout
L (0)Γin

R (1)
(
e jηc(θ1−1) − 1

)
− Γin

L (1)
[
Γout
L (0)

(
1− e−jηc

)
+ Γout

R (0)
(
1− e−jηcθ1

)]
−
[
Γout
L (0) + Γout

R (0)
] [

Γin
L (1) + Γin

R (1)
]

(e j/Cc − 1) > 0. (D.5)

Interestingly, the condition (D.5) does not depend on the rates Γ(in/out)
C relative to the cooled

system, nor on θ2. In Eq. (D.5), ηc = 1 − T/TL is the Carnot efficiency of a heat engine
operating between L and R, Cc = TC/(T −TC) is the Carnot COP of a refrigerator operating
between R and C, and j = EI/kBT . Restricting to the range θ1 ≥ 1/2 (see App. D.1 for
details), the first line of Eq. (D.5) is the only term that can be positive, so that a necessary
non-trivial condition to satisfy Eq. (D.5) is that θ1 > 1.

When Eq. (D.5) is satisfied, at fixed EI, θ1 and θ2, we find that JC is a decreasing function
of Γin

L (1) and Γout
R (0), so that the optimal choice for such parameters is

Γin
L (1) = Γout

R (0) = 0. (D.6)

Now, assuming (D.6), JC is an increasing function of the remaining rates Γout
L (0), Γin

R (1),
Γout
C (0), Γin

C (1), so that the optimal choice is to take them as large as possible, compatibly
with the validity of the sequential tunneling picture.

D.3 Derivation of the master equation for the system with
three QDs

The Hamiltonian of the system with three QDs can be represented as

HS =
∑
α

εα|α〉〈α|+ EI
(
|1, 1, 0〉〈1, 1, 0|+ |1, 1, 1〉〈1, 1, 1|

)
+ t
(
|1, 0, 0〉〈0, 0, 1|+ |1, 1, 0〉〈0, 1, 1|+ h.c.

)
, (D.7)

where εα is the energy of state |α〉 in the absence of coupling, t is the hopping element
between the two tunnel coupled QDs (3 and 1), and EI represents the inter-dot charging
energy between the capacitively-coupled QDs, 1 and 2. Under the assumption that the
hopping element t is much smaller than the coupling energy between QDs and reservoirs, in
Refs. [236–240] it was shown that the density matrix ρ (whose components are defined as
ραβ = 〈α|ρ|β〉) satisfies a modified Liouville equation. In particular, the diagonal components
ραα satisfy[346]

ρ̇αα = −i[HS, ρ]αα −
∑
ν

Γανραα +
∑
δ

Γδαρδδ, (D.8)
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while the off-diagonal components, resulting from coherent tunneling of electrons between
QDS 3 and 1, satisfy

ρ̇αβ = −i[HS, ρ]αβ −
1
2
∑
ν

(Γαν + Γβν) ραβ. (D.9)

In Eqs. (D.8) and (D.9), the first (Liouville) term contains the system Hamiltonian (D.7),
while the other terms describe the coupling of the QDs with the reservoirs. In Eq. (D.9),
|α〉 = |0, 0, 1〉 and |β〉 = |1, 0, 0〉 (and viceversa), or |α〉 = |0, 1, 1〉 and |β〉 = |1, 1, 0〉 (and
viceversa), since the only non-zero off-diagonal terms are the ones related to electron tunneling
between QDs 1 and 3 (with 2 either occupied or unoccupied). Note that Eqs. (D.8) and (D.9)
depend explicitly only on the transition rate Γαν , from state |α〉 to state |ν〉, which accounts
for the transfer of electrons between a QD and the corresponding reservoir λ = λ(α, ν). In
particular, the transition rates for tunnelling events between 1 and 3, such as Γ(0,0,1),(1,0,0)
and Γ(0,1,1),(1,1,0), do not appear in Eqs. (D.8) and (D.9). The rates appearing in Eqs. (D.8)
and (D.9) can be expressed as [31]

Γαν = ~−1γλfλ(∆Ũαν), (D.10)

where γλ is the coupling energy between reservoir λ and QD, fλ(ε) = [1 + eε/(kBTλ)]−1 is the
reservoir Fermi distribution function, while ∆Ũαν = Ũ(ν) − Ũ(α) is the transition energy,
where Ũ(α) = U(n1, n2, n3) [see Eq. (7.15)] with the set of occupation numbers corresponding
to the state |α〉.

In order to keep the notation compact, we assign an index to each set of occupation
numbers as follows: (0, 0, 0) → 0, (1, 0, 0) → 1, (0, 1, 0) → 2, (0, 0, 1) → 3, (1, 1, 0) → 4,
(0, 1, 1) → 5, (1, 0, 1) → 6 and (1, 1, 1) → 7. We will show now that the inter-dot tunneling
rates, i. e. Γ3,1 ≡ Γ(0,0,1),(1,0,0) and Γ5,4 ≡ Γ(0,1,1),(1,1,0), can be obtained by using Eqs. (D.8)
and (D.9). [369] Let us consider the component (3, 3) of Eq. (D.8), i.e.

ρ̇3,3 = −it
(
ρ1,3 − ρ3,1

)
− (Γ3,0 + Γ3,5 + Γ3,6) ρ3,3 + Γ0,3 ρ0,0 + Γ5,3 ρ5,5 + Γ6,3 ρ6,6. (D.11)

In the steady state (ρ̇ = 0), the components (3, 1) and (5, 4) of Eq. (D.9) can be written,
respectively, as

ρ3,1 = t (ρ3,3 − ρ1,1)
ε3 − ε1 − i Γ̃(0)

2

(D.12)

and
ρ5,4 = t (ρ5,5 − ρ4,4)

ε5 − ε4 − EI − i Γ̃(1)

2

, (D.13)

where Γ̃(0) = Γ3,6 + Γ3,5 + Γ3,0 + Γ1,6 + Γ1,4 + Γ1,0 accounts for all the processes which lead to
the decay of the states |3〉 and |1〉, and Γ̃(1) = Γ5,3 +Γ5,2 +Γ5,7 +Γ4,1 +Γ4,2 +Γ4,7 accounts for
all the processes which lead to the decay of the states |0, 1, 1〉 and |1, 1, 0〉. By substituting
Eq. (D.12) into Eq. (D.11), with ρ1,3 = ρ∗3,1, the latter equation will contain only diagonal
elements of the density matrix, thus representing an ordinary master equation of the form

ṗ3 =
∑

ν=0,5,6
(−Γ3ν p3 + Γν3 pν)− Γ3,1p3 + Γ1,3p1, (D.14)

where pα = ραα represents the probability for the state |α〉. In Eq. (D.14), the two terms (in
Γ3,1 and Γ1,3) accounting for the transitions between states |0, 0, 1〉 and |1, 0, 0〉, when QD 2
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is unoccupied, now appear. The associated inter-dot tunneling rate takes the form

Γ3,1 = t2Γ̃(0)

(ε3 − ε1)2 +
(

Γ̃(0)

2

)2 . (D.15)

Similarly, using Eq. (D.13) in the expression for ρ̇5,5 or ρ̇4,4, one obtains the inter-dot tunneling
rate

Γ5,4 = t2Γ̃(1)

(ε3 − ε1 − EI)2 +
(

Γ̃(1)

2

)2 (D.16)

in the case where QD 2 is occupied. Note that both inter-dot tunneling rates have a Lorentzian
profile.

The relevant heat currents can be written as

JC,L =
∑
α,ν

∆Ũαν (Γαν pα − Γνα pν) , (D.17)

where the sum runs over the indices (α, ν) = (0, 2), (1, 4), (3, 5), (6, 7) for the cooling power
JC, and over the values (α, ν) = (0, 3), (1, 6), (2, 5), (4, 7) for the input heat JL.

D.4 Heat currents in the system with metallic islands
Since MIs presents a continuum of states, the heat exchanged in a single electron transition is
not fixed by the electrostatic energy difference as in Eq. (7.20), but it depends on the energy
of the electron that is tunneling. We thus need to define the following heat rates [32]

Γh,outαν = 1
e2Rαν

∫
dε εNλ(ε)Nµ(ε−∆Ũνα)fλ(ε)

[
1− fµ(ε−∆Ũνα)

]
(D.18)

and

Γh,inαν = 1
e2Rαν

∫
dε (ε−∆Ũνα)Nλ(ε)Nµ(ε−∆Ũνα)fλ(ε)

[
1− fµ(ε−∆Ũνα)

]
. (D.19)

Γh,outαν is to the heat rate extracted from λ(α, ν) (the reservoir or island from which the electron
is tunneling) and Γh,inαν corresponds to the heat injected into µ(α, ν) (the reservoir or island
to which the electron is tunneling to) when the system undergoes a transition from α to ν.
We thus have that

JC,L =
∑
α,ν

(
Γh,outαν pα − Γh,inνα pν

)
, (D.20)

where, as in Eq. (D.17), the sum runs over the values (α, ν) = (0, 2), (1, 4), (3, 5), (6, 7), for
JC, and over (α, ν) = (0, 3), (1, 6), (2, 5), (4, 7), for JL. The heat extracted from MI 2 can
also be computed as in Eq. (D.20) by summing over the values (α, ν) = (2, 0), (4, 1), (5, 3),
(7, 6).
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quantum systems

In this appendix, we provide details on the calculations performed in Chap. 8.

E.1 Most Generic System-Bath Coupling
In this appendix we prove that the system bath interaction described by Eq. (8.5) is indeed
the most generic system-bath interaction.

The most generic Hermitian operator acting on the tensor product space between of S
(a two-dimensional Hilbert space) and the baths (an arbitrary dimensional Hilbert space)
can be expanded on the product basis of the two Hilbert spaces. We therefore consider a
basis {Bi}i of Hermitian operators acting on the space of the bath, and the specific basis
~σj ≡ {1, σx, σy, σz} of Hermitian operators acting on the qubit space. This yields

HS,α =
∑
i,j

aij Bi ⊗ σj =
∑
j

Bj ⊗ σj , (E.1)

where Bj =
∑
i aijBi is an Hermitian operator acting on the bath space. Using the relations

σx = σ+ + σ−

σy = iσ+ − iσ−,
(E.2)

we obtain Eq. (8.5), where Bα = Bx + iBy.

E.2 Rectification in the weak coupling regime
We now compute the heat current flowing out of the leads in the weak coupling regime, valid
when HS,α is “small enough”. As shown in Ref. [27], the evolution of the reduced density
matrix ρ of the qubit obeys a Lindblad master equation. Furthermore, when the qubit is not
degenerate (i.e. when ∆ 6= 0), the Lindblad master equation can be cast in the form of a
rate equation for the occupation probabilities of the qubit, defined by p1 = Tr

{
ρσ+σ−

}
and

179
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p0 = 1 − p1. Interestingly, only the terms in HS,α proportional to σ+ and σ− contribute to
the rate equation. Indeed, rewriting HS,α as in Eq. (E.1), the rate equation only depends on
the following matrix elements of the σj operators [27]:

〈0|σj |1〉 , (E.3)

where {|0〉 , |1〉} are the eigenstates of the qubit. In other words, only terms which can induce
transitions in the qubit spectrum contribute to the master equation. Since 〈0|σj |1〉 = 0 for
σj = 1, σz, the only terms that determine the populations are the ones proportional to σx
and σy, and therefore to σ+ and σ−.

Neglecting for the moment the Lamb shift, as seen in Chap. 2, the probabilities satisfy
[27]

∂

∂t

(
p0
p1

)
=
(
−Γ+(∆) Γ−(∆)
Γ+(∆) −Γ−(∆)

)(
p0
p1

)
, (E.4)

where Γ±(∆) = Γ±L (∆, TL)+Γ±R(∆, TR), and Γ±α (∆, Tα), for α = L,R, is defined as in Sec. 2.1
(see App. E.3 for a derivation of the expression for the rates). Using Eq. (E.4) and p0+p1 = 1,
we can find the steady state populations

p0 = Γ−(∆)
Γ−(∆) + Γ+(∆) , p1 = Γ+(∆)

Γ−(∆) + Γ+(∆) .
(E.5)

The heat current flowing out of bath α at inverse temperature βα can then be computed as

Jα(βα) = ∆
(
p0Γ+

α (∆, Tα)− p1Γ−α (∆, Tα)
)
. (E.6)

Notice that also the steady-state heat current only depends on the rates, which in turn only
depend on the terms in HS,α proportional to σ+ and σ−. Therefore, also the rectification
coefficient, withing the weak-coupling regime, only depends on the terms proportional to
σ+ and σ−. Since Γ+

α (∆, Tα) and Γ−α (∆, Tα) are related by the detailed balance equation
(see Sec. 2.1), we can express them as Γ±α (∆, Tα) = Γα(∆, Tα)f(±∆/(kBTα)), where f(x) =
(1 + ex)−1 and where Γα(∆, Tα) is defined as in Sec. 2.1. Using Eqs. (E.5) and (E.6), and
choosing as bath temperatures TL = T + ∆T/2 and TR = T −∆T/2, we find that

J(∆T ) = ∆ ΓL(∆, TL)ΓR(∆, TR)
ΓL(∆, TL) + ΓR(∆, TR) [f(∆/(kBTL))− f(∆(kBTR))] . (E.7)

We now have a general expression for the heat current which only depends on the tunneling
rates Γα(∆, Tα). In turn, given any bath and qubit-bath Hamiltonian, we are able to compute
the rates as discussed in Sec. 2.1.

At last, we can find a general expression for R by plugging Eq. (E.7) into Eq. (8.13). This
yields Eq. (8.17).

E.3 Tunneling Rates
In this section we prove Eq. (8.19). In order to use the results of Ref. [27], we consider
the system-bath Hamiltonian as written in Eq. (E.1), such that all operators are Hermitian.
Furthermore, as argued in App. E.2, the term proportional to σz does not contribute to the
heat current. Therefore we have that

HS,α = Bx ⊗ σx +By ⊗ σy, (E.8)
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where
Bx = B† +B

2 , By = i(B† −B)
2 . (E.9)

Using results of Ref. [27] with HS,α given by to Eq. (E.8), we find

Γ−α (∆, Tα) =
∑

i,j={x,y}
γij 〈1|σi|0〉 〈0|σj |1〉 = γxx + γyy + iγyx − iγxy =

+∞∫
−∞

dt ei∆t 〈B(s)B†(0)〉 ,

(E.10)
where

γij =
∫ +∞

−∞
dt ei∆t 〈B†i (t)Bj(0)〉 , (E.11)

and Bi(t) is the time evolution of Bi in the interaction picture, i.e. Bi(t) is the Heisenberg
picture operator evolved solely according to Hamiltonian of the bath Hα. In the last step of
Eq. (E.10) we used Eq. (E.9) to express Bx and By in terms of B and B†. This concludes
the proof.

E.4 Tunneling Rates in Specific Models
In this section we derive the expression for Γα(∆, T ) in various models.

E.4.1 Fermionic baths with linear (tunnel) couplings

In this subsection we consider a fermionic bath H(F)
α , as defined in Eq. (8.3). Furthermore, we

consider the case of equal chemical potentials, which can be treated by considering the energies
εαk in Eq. (8.3) as measured respect to the common chemical potential µ. Therefore, the
energies εαk are defined in the interval [−∞,+∞]. Plugging the linear coupling Hamiltonian,
given in Eq. (8.6), into Eq. (8.19) yields

Γ−α (∆, Tα) =
∑
k,k′

VαkV
∗
αk′

+∞∫
−∞

dt ei∆t
〈
cαk(t)c†αk′

〉
. (E.12)

In the interaction picture, time-evolved bath operators Ô satisfy (with ~ = 1)

dÔ(t)
dt

= i
[
Hα, Ô(t)

]
. (E.13)

Using the fact that [Hα, cαk] = −εαkcαk, we find

cαk(t) = e−iεαktcαk. (E.14)

Plugging Eq. (E.14) into Eq. (E.12) yields

Γ−α (∆, Tα) = 2π
∑
k

|Vαk|2 〈cαkc†αk〉 δ(∆−εαk) = 2π
∑
k

|Vαk|2[1−f(βαεαk)]δ(∆−εαk), (E.15)

where f(x) = (exp(x) + 1)−1. Recognizing the spectral function, defined in Eq. (8.9), we
have that

Γ−α (∆, Tα) = γα(∆)[1− f(∆/(kBTα))], (E.16)
where V = Vk such that εk = ∆. Using the detailed balance condition, we find that

Γα(∆, T ) = γα(∆), (E.17)

which implies g(∆, T ) = 1. This proves Eq. (8.24).
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E.4.2 Bosonic baths with linear (tunnel-like) coupling

In this section we consider a bosonic bath H(B)
α , as defined in Eq. (8.3), and a linear coupling

as in Eq. (8.6). As in the fermionic case, we have that [H(B)
α , bαk] = −εαkbαk, so also in this

case we have that the interaction picture destruction operator is given by

bαk(t) = e−iεαktbαk. (E.18)

Performing the same steps as in the fermionic case, we end up with Eq. (E.15) with 〈bαkb†αk〉
instead of 〈cαkc†αk〉, which leads to having 1 + n(εαk/(kBTα)) instead of 1 − f(εαk/(kBTα)),
where n(x) ≡ (exp(x)− 1)−1. We therefore find

Γ−α (∆, Tα) = γα(∆)[1 + n(∆/(kBTα))], (E.19)

which, using the detailed balance condition, leads to

Γα(∆, Tα) = γα(∆) coth (∆/(2kBTα)). (E.20)

This proves Eq. (8.25).

E.4.3 Bosonic baths with non-linear coupling

In this section we consider a bosonic bath H
(B)
α , as defined in Eq. (8.3), and a non-linear

coupling as in Eq. (8.7). Using Eq. (8.19), we have that

Γ−α (∆, Tα) =
∑
k,k′

VkV
∗
k′

+∞∫
−∞

dt ei∆t
〈
b2k(t)(b

†
k′)

2
〉
. (E.21)

Using Eq. (E.18), we can compute the time integral, finding

Γ−α (∆, Tα) = 2π
∑
k

|Vαk|2
〈
b2αk(b

†
αk)

2
〉
δ(∆− 2εαk). (E.22)

We therefore need to compute the expectation value 〈b2αk(b
†
αk)2〉. Using the commutation

relations, we have that

〈b2αk(b
†
αk)

2〉 = 〈n2
αk〉+ 3n(εαk/(kBTα)) + 2, (E.23)

where 〈n2
αk〉 = 〈(b†αkbαk)2〉 is the thermal expectation value of the square number. The

calculation of 〈n2
αk〉 is performed in App. E.5. Using Eq. (E.38), we have that

〈b2αk(b
†
αk)

2〉 = 2 [n(εαk/(kBTα)) + 1]2 . (E.24)

Plugging this into Eq. (E.22), recalling that δ(∆−2εk) = δ(∆/2−εk)/2 (which can be proven
changing variables), and recognizing the spectral function, we find

Γ−α (∆, Tα) = γα(∆/2)[1 + n(∆/(2kBTα))]2. (E.25)

Finally, using the detailed balance condition we find

Γα(∆, Tα) = 1
2γα(∆

2 ) [1 + coth2(∆/(4kBTα))], (E.26)

which proves Eq. (8.27).
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E.4.4 Arbitrary baths with different σ couplings

In this subsection we consider arbitrary baths coupled to the qubit via Eq. (8.8). In fact, in
this appendix we consider a more general case given by

HS,α =
∑

i=x,y,z
(n̂α,iσi)⊗ (Bα +B†α), (E.27)

where n̂α = (sin θα cosφα, sin θα sinφα, cos θα) is a unit vector, and Bα is an arbitrary bath
operator. As discussed in Sec. 2.1, the term proportional to σz does not contribute to the
heat current, so we can neglect it. The term that matters is

n̂α,xσx + n̂α,yσy = sin θα
(
eiφασ+ + e−iφασ−

)
. (E.28)

Assuming that B† produces excitations in the bath with positive energy, also the terms
proportional to B†σ+ and Bσ− vanish. The relevant terms of the interacting Hamiltonian
thus become

HS,α = σ+ ⊗ B̃α + σ− ⊗ B̃†α, (E.29)
where we define

B̃α = sin θαeiφαBα. (E.30)
This interacting Hamiltonian is now of the form of Eq. (8.5). Therefore, the tunneling rates
can be computed from Eq. (8.19), yielding

Γ−α (∆, Tα) = sin2 θαh(∆, Tα), (E.31)

where h(∆, Tα) =
∫
dt ei∆t 〈Bα(t)B†α(0)〉α only depends on the bath through the temperature,

and it does not depend on θα nor φα. Using the detailed balance condition we find

Γα(∆, Tα) = sin2 θαh(βα)(1 + e−βα∆). (E.32)

This case is therefore described by the “similar bath” assumption [see Eq. (8.20)], where
γα(∆) = sin2 θα, and g(β) = h(β)(1 + e−β∆).

E.5 Thermal Averages
In this section we show how to compute the expectation value 〈n2

αk〉 for the bosonic bath.
Let us define the inverse temperature βα = 1/(kBTα) The partition function Zα is given by

Z =
+∞∑
{ni}=0

p({ni}), (E.33)

where the sum is over each ni from 0 to +∞, and where

p({ni}) = e
−βα

∑
j
njεαj (E.34)

is the canonical probability of finding the bath in a Fock state with occupation numbers {ni}.
Using these two definitions, and recalling that 〈nmαk〉 ≡

∑
p({ni})nmk , it is easy to prove that

− 1
β

∂ lnZ
∂εαk

= 〈nαk〉 , (E.35)

1
β2
∂2 lnZ
∂ε2αk

= 〈n2
αk〉 − 〈nαk〉

2 . (E.36)



184 Appendix: Heat rectification in low-dimensional quantum systems

Plugging Eq. (E.34) into (E.33), and recognizing that we can perform all the sums as geo-
metric series, we can express the logarithm of the bosonic partition function as

lnZ = −
∑
j

ln (1− e−βεαj ). (E.37)

Plugging Eq. (E.37) into (E.35), we find the well know result that 〈nαk〉 = n(βαεαk). Plugging
Eq. (E.37) into (E.36), we find

〈n2
αk〉 = 2n2(βαεαk) + n(βεαk). (E.38)

E.6 Lamb shift
In this section we compute the Lamb shift of the qubit gap induced by the bath. In order to
use the results of Ref. [27], we consider a coupling Hamiltonian as written in Eq. (E.8). As
shown in Ref. [27], we have that

HLS =
∑

ε={0,±∆}
i,j={x,y}

Sxy(ε)σ†i (ε)σj(ε), (E.39)

where
Sij(ε) = 1

2πP
∫ +∞

−∞

γij(ω)
ε− ω

dω ≡ Sε[γij(ω)], (E.40)

with
γij(ω) =

∫ +∞

−∞
dt eiωt 〈B†i (t)Bj(0)〉 (E.41)

defined exactly as in Eq. (E.11), where ∆ is replaced with ω, and where

σi(ε) =
∑

ε′−ε′′=ε

|ε′′〉 〈ε′′|σi |ε′〉 〈ε′| . (E.42)

Notice that the functional Sε[. . . ], defined in Eq. (E.40), is linear, and that ε′′ and ε′ run over
the two eigenvalues of the qubit, −∆/2,∆/2. For ease of notation, we identify the excited
state of the qubit with |1〉 = |∆/2〉, and the ground state with |0〉 = |−∆/2〉. Expanding the
sum in Eq. (E.42), we have

σi(∆) = 〈0|σi|1〉 |0〉 〈1| ,
σi(−∆) = 〈1|σi|0〉 |1〉 〈0| ,
σi(0) =

∑
k=0,1

〈k|σi|k〉 |k〉 〈k| = 0,
(E.43)

where we used the fact that both σx and σy have only zeros on the diagonal in the last
equality. Therefore, the non-null elements are given by

σx(∆) = σ−, σx(−∆) = σ+,

σy(∆) = −iσ−, σy(−∆) = iσ+.
(E.44)

Plugging these results into Eq. (E.39), using the anti-commutation relation {σ−, σ+} = 1,
and neglecting the terms proportional to the identity, we find

HLS = σz [Sxx(∆) + Syy(∆)− iSxy(∆) + iSyx(∆)]
− σz [Sxx(−∆) + Syy(−∆) + iSxy(−∆)− iSyx(−∆)] . (E.45)
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Expressing Sij(±∆) in terms of the functional Sε yields

HLS = σzS∆ [γxx(ω) + γyy(ω)− iγxy(ω) + iγyx(ω)]
− σzS−∆ [γxx(ω) + γyy(ω) + iγxy(ω)− iγyx(ω)] . (E.46)

Using the definition of γij(ω) in Eq. (E.41), and expressing Bx and By in terms of B and B†
through Eq. (E.9), it can be shown that

γxx(ω) + γyy(ω)− iγxy(ω) + iγyx(ω) = Γ−(ω),
γxx(ω) + γyy(ω) + iγxy(ω)− iγyx(ω) = Γ+(−ω),

(E.47)

where Γ−(ω) and Γ+(ω) are the rates introduced in Eq. (E.4). Plugging Eq. (E.47) into
Eq. (E.46) yields

HLS = σz
(
S∆

[
Γ−(ω)

]
− S−∆

[
Γ+(−ω)

])
(E.48)

Using Eq. (E.40), it can be shown that the operator S∆[. . . ] satisfies the general property
S−∆[f(−ω)] = −S∆[f(ω)]. Therefore, we find

HLS = σzS∆
[
Γ−(ω) + Γ+(ω)

]
. (E.49)

Finally, recalling that Γ±(ω) = Γ±L (ω, TL) + Γ±R(ω, TR), we have that

Γ−(ω) + Γ+(ω) = ΓL(ω, TL) + ΓR(ω, TR). (E.50)

Therefore, we find
HLS = σz (S∆ [ΓL(ω, TL)] + S∆ [ΓR(ω, TR)]) , (E.51)

which proves Eq. (8.31).

E.7 Co-tunneling calculation
In this appendix we derive Eq. (8.36), i.e. the expression for the heat current adding co-
tunneling rates to the ME calculation performed in the weak coupling regime (see Sec. 8.3).
We will focus on the XX and YX coupling cases, defined in Sec. 8.4. For simplicity, in this
appendix we express the system bath Hamiltonian H(sb)

S,α as

H
(sb)
S,L = (qσ+ + q∗σ−)⊗

∑
k

Vαk(bαk + b†αk),

H
(sb)
S,R = (σ+ + σ−)⊗

∑
k

Vαk(bαk + b†αk),
(E.52)

where q is a complex coefficient given by q = 1 in the XX case (since σx = σ+ + σ−) and by
q = i in the YX case (since σy = iσ+ − iσ−).

Co-tunneling (see Sec. 2.2 for more details) is a second order process where a state of
the uncoupled system evolves into another state of the uncoupled system passing through a
“virtual state” by interacting twice with H

(sb)
S,α . Since H(sb)

S,α contains the operators σ+ and
σ−, and since co-tunneling rates are obtained by acting twice with H

(sb)
S,α , the state of the

qubit remain unaltered during a co-tunneling process. This property, which is denoted as
“elastic co-tunneling”, implies that co-tunneling rates do not enter the master equation for
the probabilities.



186 Appendix: Heat rectification in low-dimensional quantum systems

We now consider all processes which transfer an excitation from the left to the right bath
while the qubit is in the ground state. For simplicity, let us denote with |0〉 and |1〉 the ground
and excited state of the qubit, and with |nα〉k a Fock state with nα excitations in mode k
of bath α. The initial |i〉, final |f〉, and intermediate states |νi〉 involved in the co-tunneling
process are respectively given by

|i〉 = |0〉 ⊗ |nL〉k ⊗ |nR〉k′ ,
|f〉 = |0〉 ⊗ |nL − 1〉k ⊗ |nR + 1〉k′ ,
|ν1〉 = |1〉 ⊗ |nL − 1〉k ⊗ |nR〉k′ ,
|ν2〉 = |1〉 ⊗ |nL〉k ⊗ |nR + 1〉k′ ,

(E.53)

for all choices of k and k′. Using the Fermi golden rule, the rate of transition from the initial
state |i〉 to the final state |f〉 is given by

Γi→f = 2π
~
|Aif |2 δ(εi − εf ), (E.54)

where εi/f is the energy of the initial/final state in the absence of the system-bath interaction,
and

Aif =
∑
j

〈f |
∑
αH

(sb)
S,α |νj〉〈νj |

∑
αH

(sb)
S,α |i〉

εi − ενj + iη
, (E.55)

η being an infinitesimal positive quantity and ενj the energy of |νj〉. Using Eqs. (E.52) and
(E.53), we have that the non-null matrix elements are

〈f |H(sb)
S,R |ν1〉 = 〈ν2|H(sb)

S,R |i〉 = VRkR

√
nR + 1,

〈ν1|H(sb)
S,L |i〉 = 〈f |H(sb)

S,L |ν2〉 = q VLkL

√
nL.

(E.56)

The total co-tunneling rate of energy Γcot(0)
L→R that accounts for the transfer of an excitation

from left to right, while the qubit is in state |0〉, is obtained by performing a weighed sum,
according to the equilibrium probabilities, over all the initial and final states of the quantity
Γi→f multiplied by the transferred energy. Combining Eqs. (E.56), (E.55) and (E.54), and
using for simplicity εk = εLk and εk′ = εRk′ , we have that

Γcot(0)
L→R = 2π

~
∑
kk′

εk |VLk|2|VRk′ |2nL(εk)[1 + nR(εk′)]
∣∣∣∣ q∗

∆ + εk + iη
+ q

∆− εk + iη

∣∣∣∣ δ(εk − εk′).
(E.57)

As usual, we assume that the energies in the leads form a continuum, so we can replace the
sum with an integral. Performing some calculations, and recalling that |q|2 = 1 both in the
XX and XY case, we have that

Γcot(0)
L→R =

∫ +∞

0

dε

2π~ ε γL(ε)γR(ε)nL(ε)[1 + nR(ε)]
∣∣∣∣ 1
∆ + ε+ iη

+ q

q∗
1

∆− ε+ iη

∣∣∣∣ . (E.58)

Note that the term q/q∗ is respectively 1 and −1 in the XX and YX cases.
The total cotunneling rate of energy Γcot(0)

R→L transferring an excitation from right to left
when the qubit is in the ground state is given by Eq. (E.58) exchanging L ↔ R. We thus
find that the net energy rate Γcot(0) ≡ Γcot(0)

L→R − Γcot(0)
R→L is given by

Γcot(0) =
∫ +∞

0

dε

2π~ ε γL(ε)γR(ε)[nL(ε)− nR(ε)]
∣∣∣∣ 1
∆ + ε+ iη

+ q

q∗
1

∆− ε+ iη

∣∣∣∣ . (E.59)
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Repeating the same derivation assuming that the qubit is in the excited state, it can be
shown that the net rate Γcot(1) is the same, i.e. Γcot(0) = Γcot(1). Therefore, the heat current
will be given by adding Eq. (E.59) to the ME expression, proving Eq. (8.36).

E.8 Non equilibrium Green’s function calculation
In this appendix, we will consider a qubit in contact with bosonic baths. As described in
Sec. 8.4.2, we express the spin operators in terms of Majorana fermions. In this representation,
the total Hamiltonian is given by Htot =

∑
α(H(B)

α +H
(sb)
S,α ) +HS, where we recall that

H(B)
α =

∑
k

εαk b
†
αkbαk

HS = −i∆2 ηxηy,

H
(sb)
S,α = − i2

∑
abc

n̂α,aεabc ηbηc ⊗
∑
k

Vαk(bαk + b†αk).

(E.60)

In all our calculations, we fix the coupling on the right hand side to have only the σx com-
ponent, i. e. n̂R,y = n̂R,z = 0 and n̂R,x = 1. The one particle Green’s function for the spin
operator is defined as

G<l,l′(t, t
′) = −i〈σl′(t′)σl(t)〉,

Grl,l′(t, t′) = −iθ(t− t′)〈
[
σ̂l(t), σl′(t′)

]
〉. (E.61)

The relations between the Green’s function in the Majorana representation and the Green’s
function in spin representation are given by[370, 371],

G
</>
l,l′ (t, t′) = ∓Π</>

l,l′ (t, t′)
Gr(t, t′) = θ(t− t′)

[
Π>(t, t′) + Π<(t, t′)

]
, (E.62)

where Π</>
l,l′ (t, t′) = ±i〈ηl′(t′)ηl(t)〉 are the lesser/greater Green’s functions for Majorana

operators. The heat current flowing from the lead R to the system is given by (setting ~ = 1)

JR(t) = i 〈[HR(t), HS(t)]〉 = −2
∑
k

εRkVRkRe
[
G<x,Rk(t, t)

]
, (E.63)

where G<x,Rk(t, t′) = −i 〈b†Rk(t′)σx(t)〉. Following standard Keldysh NEGF treatment using
Langreth theorem, the steady state heat current can be written as:

J(∆T ) = 2
∫
dε ε Re

[
Grxx(ε)D<

R(ε) +G<xx(ε)Da
R(ε)

]
, (E.64)

where DR(ε) =
∑
k |VRk|2gRk(ε) is the embedded self energy of the bath R and gRk(ε) is the

Green’s function for the uncoupled bath R. Applying the relations of Eq. (E.62), the heat
current can be computed as

J(∆T ) =
∫ ∞

0

dε

2πε
[
Π>
xx(ε)D<

R(ε) + Π<
xx(ε)D>

R(ε)
]
. (E.65)

The embedded self energies can be written more explicitly as D<
R(ε) = −inR(ε)γR(ε) and

D>
R(ε) = −i(1 + nR(ε))γR(ε). In order to evaluate the heat currents, one needs to calculate

the lesser and greater components of Majorana Green’s function.
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E.8.1 Derivation of Green’s function

In this section, we will derive the Green’s functions in Majorana representation. It is useful
to write the Majorana operators in terms of Dirac operators[370]

ηx = f + f †; ηy = i(f † − f); ηz = g + g†. (E.66)

The fermionic nature of f is consistent with,

f = ηx + iηy
2 ; f2 = 0; f †

2 = 0;
{
f, f †

}
= 1; (E.67)

the same holds for g. The Majorana representation does not suffer from vertex problem
[370] and the constraints on spins are naturally imposed on Majorana operators[311]. The
Hamiltonian for the qubit becomes

HS = ∆
2 (1− 2f †f), (E.68)

whereas the contact Hamiltonian

HS,L =
∑
k

VLk
[
nL,x (f † − f)ηz − inL,y ηz(f + f †) + nL,z(1− 2f †f)

]
(bLk + b†Lk), (E.69)

and
HS,R =

∑
k

VRk(f † − f)ηz(bRk + b†Rk). (E.70)

Note that we consider general spin coupling in the left lead whereas a fixed σx coupling in
the right. The contour ordered Green’s function for the Majorana operators can be written
as:

Πxx(τ, τ ′) =

Πt
xx(t, t′) Π<

xx(t, t′)

Π>
xx(t, t′) Πt̄

xx(t, t′)

 (E.71)

We also define the Green’s function for Dirac f - fermions in the Bogolyubov-Nambu represen-
tation, ψ ≡ (f, f †)T and ψ† ≡ (f †, f), such that Gψ(τ, τ ′) = −i 〈T ψ(τ)ψ(τ ′)〉. On expansion
in the Keldysh contour,

Gψ(τ, τ ′) =



Gt
ff†(t, t

′) Gtff (t, t′) G<
ff†

(t, t′) G<ff (t, t′)

Gt
f†f†(t, t

′) Gt
f†f (t, t′) G<

f†f†
(t, t′) G<

f†f
(t, t′)

G>
ff†

(t, t′) G>ff (t, t′) Gt̄
ff†(t, t

′) Gt̄ff (t, t′)

G>
f†f†

(t, t′) G>
f†f

(t, t′) Gt̄
f†f†(t, t

′) Gt̄
f†f (t, t′)


, (E.72)

where for instance, Gff†(τ, τ ′) = −i
〈
T f(τ)f †(τ ′)

〉
. For more clarification, see Eqs. (A2)

and (A3) in Ref.[295]. The lesser and greater Green’s function in Majorana representation
can then be computed using

Π<,>
xx (t, t′) =

[
1 1

]
G<,>ψ (t, t′)

[
1
1

]
,

Π<,>
yy (t, t′) =

[
1 −1

]
G<,>ψ (t, t′)

[
1
−1

]
. (E.73)
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E.8.2 Calculation of Dyson equation

We now show how to compute Gψ using the Dyson equation together with a leading order
expansion of the self energy in the system-bath coupling. The Dyson equation for Gψ is given
by

Gψ(τ, τ ′) = G0
ψ(τ, τ ′) +

∫
dτ1dτ2Gψ(τ, τ1)Σψ(τ1, τ2)G0

ψ(τ2, τ
′), (E.74)

where Σψ is the self-energy and G0
ψ is the free Green’s function. To leading order in the

coupling Hamiltonian, we find that Σψ = Σψ,L + Σψ,R, where

Σψ,L(τ1, τ2) = iΣL(τ1, τ2)
(
n̂2

L,xΠ0
z,z(τ1, τ2)λ̂

+ n̂2
L,yΠ0

z,z(τ1, τ2)1̂ + 4n̂2
L,z

[
G0
ff†(τ1, τ2) 0

0 G0
f†f (τ1, τ2)

] )
, (E.75)

and
Σψ,R(τ1, τ2) = iΣR(τ1, τ2)Π0

z,z(τ1, τ2)λ̂. (E.76)

1̂ is the matrix of ones, and

Σα(τ1, τ2) = −i
∑
k

|Vαk|2
〈
T
[
(bαk(τ1) + b†αk(τ1))(bαk(τ2) + b†αk(τ2))

]〉
0
, (E.77)

with 〈. . .〉0 denoting an expectation value in the absence of the system-bath coupling, and

λ̂ =
[

1 −1
−1 1

]
.

Since we are interested in steady-state currents, we perform the Fourier transform exploiting
time-translation invariance. The retarded and advanced components of Σα are thus given by

Σr/a
α (ε) =

∑
k

|Vαk|2
( 1
ε− εαk ± iη

− 1
ε+ εαk ± iη

)
= Λα(ε)∓ i

2 (γα(ε)− γα(−ε)) , (E.78)

where Λα(ε) is defined as

Λα(ε) = P
∫ ∞
−∞

dε′

2π

(
γα(ε′)
ε− ε′

− γα(ε′)
ε+ ε′

)
. (E.79)

The lesser and greater components of Σα(ε) take the form

Σ<
α (ε) = −inα(ε) (γα(ε)− γα(−ε)) ,

Σ>
α (ε) = −i(1 + nα(ε)) (γα(ε)− γα(−ε)) . (E.80)

In order to extract the various components of the self energy from Eqs. (E.75) and (E.76),
we use the Langreth rules Ref. [40]. Given an expression of the form

Σ(τ1, τ2) = A(τ1, τ2)B(τ1, τ2), (E.81)

the Langreth rules state that

Σ<(τ1, τ2) = A<(τ1, τ2)B<(τ1, τ2),
Σr(τ1, τ2) = A<(τ1, τ2)Br(τ1, τ2) +Ar(τ1, τ2)B<(τ1, τ2) +Ar(τ1, τ2)Br(τ1, τ2).

(E.82)
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Since both Eqs. (E.75) and (E.76) have the form of Eq. (E.81), one can obtain the lesser
(Σ<

ψ,α), greater (Σ>
ψ,α), retarded (Σr

ψ,α) and advanced (Σa
ψ,α) self energies in terms of different

components of Σα(ε) and of the free Green’s function for the system using Eq. (E.82), and
then performing the Fourier transform. For instance,

Σ<
ψ,L(ε) = i

∫
dε′

2πΣ<
L (ε− ε′)

(
n̂2

L,xΠ0,<
z,z (ε′)λ̂+ n̂2

L,yΠ0,<
z,z (ε′)1̂ + 4n̂2

L,z

[
G0,<
ff†

(ε′) 0
0 G0,<

f†f
(ε′)

] )
,

(E.83)

Σ<
ψ,R(ε) = i

∫
dε′

2πΣ<
R(ε− ε′)Π0,<

z,z (ε′)λ̂. (E.84)

Eqs. (E.78) and (E.80) give all the components of the Σα(ε). The only quantities which we
haven’t specified yet are the free Green’s functions of the system. The free dynamics of the
system Hamiltonian can be easily computed to obtain

G0,r
ff†

(ε) = P
{ 1
ε+ ∆

}
− iπδ(ε+ ∆),

G0,r
f†f

(ε) = P
{ 1
ε−∆

}
− iπδ(ε−∆). (E.85)

We can use the relation, Gr −Ga = G> −G< to write

G0,>
f†f

(ε)−G0,<
f†f

(ε) = −2iπδ(ε−∆),

G0,>
ff†

(ε)−G0,<
ff†

(ε) = −2iπδ(ε+ ∆). (E.86)

Using the fluctuation dissipation relation[40], G0,<(ε) = −f(ε)
(
G0,>(ε)−G0,<(ε)

)
and

G0,>(ε) = (1− f(ε))
(
G0,>(ε)−G0,<(ε)

)
where f(ε) is the Fermi distribution of the system

defined at average temperature of the two baths, we can write

G
0,</>
f†f

(ε) = ±2iπf(±ε)δ(ε−∆),

G
0,</>
ff†

(ε) = ±2iπf(±ε)δ(ε+ ∆). (E.87)

The retarded and advanced Green’s function for the system in the Majorana notation is

Π0,r/a
z,z (ω) = 2

ω ± iη
, (E.88)

such that
Π0,r
z,z(ω)−Π0,a(ω) = Π0,>

z,z (ω)−Π0,<
z,z (ω) = −4iπδ(ω). (E.89)

If we take the effective temperature of the Majorana fermions to be given by βeff(βL, βR),
we have from the fluctuation-dissipation theorem for the ordinary fermionic system in
equilibrium[40]:

Π0,>
z,z (ω) + Π0,<

z,z (ω) =
(
Π0,r
z,z(ω)−Π0,a

z,z(ω)
)

tanh
(
βeffω

2

)
. (E.90)

Using Eqs. (E.89) and (E.90), one can find the lesser and greater Green’s function for the
Majorana operators.
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Similarly, the time ordered and anti-time ordered self energies are obtained from

Σt
ψ(ε) + Σt̄

ψ(ε) = Σ>
ψ (ε) + Σ<

ψ (ε),

Σt
ψ(ε)− Σt̄

ψ(ε) = Σa
ψ(ε) + Σr

ψ(ε).
(E.91)

Performing the Fourier transform of Eq. (E.74), and assuming time translation invariance,
we obtain:

Ĝ−1
ψ (ε) = Ĝ0−1

ψ (ε)− Σ̂ψ(ε), (E.92)

where the bare system Green’s function is

Ĝ0,t−1

ψ (ε) = −Ĝ0,t̄−1

ψ (ε) = ε1̂ + ∆σz. (E.93)

This finally yields

m̂Ĝψ(ε) =



ε+ ∆− [Σt
ψ(ε)]11 −[Σt

ψ(ε)]12 −[Σ<
ψ (ε)]11 −[Σ<

ψ (ε)]12

−[Σt
ψ(ε)]21 ε−∆− [Σt

ψ(ε)]22 −[Σ<
ψ (ε)]21 −[Σ<

ψ (ε)]22

[Σ>
ψ (ε)]11 [Σ>

ψ (ε)]12 ε+ ∆ + [Σt̄
ψ(ε)]11 [Σt̄

ψ(ε)]12

[Σ>
ψ (ε)]21 [Σ>

ψ (ε)]22 [Σt̄
ψ(ε)]21 ε−∆ + [Σt̄

ψ(ε)]22



−1

,

(E.94)
where m̂ = diag(1, 1,−1,−1) is introduced to keep the appropriate sign for two different
branches of the Keldysh contour [295]. Using Eq. (E.73) along with Eq. (E.94), one can
obtain the lesser and greater Green’s function in the Majorana representation. Substituting
the Majorana Green’s functions in Eq. (E.65), we obtain the final expression for current with
general spin coupling in the left lead and a fixed spin coupling σx in the right lead.

This procedure allows us to compute the current for any coupling to the left lead, so the
various expressions derived in Chap. 8 can be computed choosing the appropriate unit vector
n̂L,i.

E.9 Exact calculation

In this section we derive the formal exact expressions for the dynamical susceptibility

χ(t) = i

~
Θ(t)〈[σx(t), σx(0)]〉 (E.95)

within the path-integral approach to the spin-boson model [304]. To deal with a correlated
initial state at time t = 0 we assume that the system starts at a preparation time tp < 0 in
a factorized state (Feynman Vernon)

Wtot = ρL(TL)⊗ ρR(TR)⊗ ρ(tp) (E.96)

where each bath is in the thermal equilibrium state described by the density matrix ρα(Tα)
and ρ(tp) is a general state of the qubit at the preparation time. Assuming that the system
is ergodic, the response function will not depend on the chosen initial state when tp → −∞.
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For the sake of simplicity, we assume that the qubit starts in a diagonal state of σx, |ηp〉,
with ηp = 1. We introduce the conditional propagating function

J(ζ, t; ζ0, 0; ζp, tp) (E.97)

to find the qubit in the state ζ at time t, conditioned to having measured the system in state
ζ0 at time t = 0 and having prepared it in state ζp at time tp. Here ζ labels the four states of
the density matrix, denoted in the following with the greek letter η = ±1 for diagonal states
and ξ = ±1 for off-diagonal states.

The conditional propagating function can be written as real time path integral∫
Dσ( · )Dσ′( · )A[σ( · )]A∗[σ′( · )]F [σ( · ), σ′( · )] (E.98)

where the functionalA[σ( · )] is the probability amplitude for the free qubit to follow the path
σ(t) ( each path can only take values ∓1 of the "coordinate" corresponding to the operator
σx), and F [σ( · ), σ′( · )] is the real-time influence functional including the effects of the two
baths. It is usual to express the paths in terms of the symmetric and anti-symmetric paths
ζ(t) and ξ(t):

η(t) = 1
2[σ(t) + σ′(t)] , ξ(t) = 1

2[σ(t)− σ′(t)] . (E.99)

When η = ±1 the qubit is in one of the two diagonal states of the density matrix expressed
in the σx basis. It is usually said that the system is in a sojourn. Instead when ξ(t) = ±1 the
system is in an off-diagonal state of the density matrix, or in a blip state. The double path
integral in Eq. (E.98) can be visualized as a single path over the four states of the density
matrix. During a sojourn of duration τ it is ξ(τ) = 0 and vice-versa during a blip lasting τ
it is η(τ) = 0.

The influence functional in the presence of two baths coupled to the qubit via σx takes
the simple form

F [σ, σ′; t0] = exp
{∫ t

t0
dt′
∫ t′

t0
dt′′

∑
ν

[
ξ̇(t′)

Re
[
Qα(t′ − t′′)

]
ξ̇(t′′) + iξ̇(t′)Im

[
Qα(t′ − t′′)

]
η̇(t′′)

]}
(E.100)

where Qα(t) = Re[Qα(t)] + iIm[Qα(t)] is the complex bath-α correlation function

Qα(t) =
∫ ∞

0

dω

π~
2γα(~ω)
ω2

[
coth

( ~ω
2kBTα

)
(1− cos(ωt)) + i sin(ωt)

]
. (E.101)

In terms of conditional propagating functions the dynamical susceptibility, Eq. (E.95) is
given by

χ(t) = i

~
Θ(t) lim

tp→−∞

∑
η=±1

∑
ξ0=±1

ηξ0J(η, t; ξ0, 0; ηp, tp) . (E.102)

Here Eq. (E.97) is evaluated for a path staring in a sojourn ηp at tp, in a blip ξ0 at time zero
and again in a sojourn at time t. We find

J(η, t; ξ0, 0; ηp, tp) =

ηηp

∞∑
m,n=1

(
−∆2

4~2
)m+n−1

∫ t

tp
D2m−1,2n−1{tj}

∑
{ξj=±1}′

GLn+m−1G
R
n+m−1

∑
{η=±1}′

HL
n+m−1H

R
n+m−1

(E.103)



E.9 Exact calculation 193

where the the symbol {}′ reminds that the sum is over all sequences of blips and sojourns in
accordance with the constraints indicated in the argument. Paths consist of 2n−1 transitions
for tp < t′ < 0 and 2m− 1 transitions for 0 < t′ < t. The blip-sojourn interactions enter the
His, whereas the Gjs include the blip-blip interactions and are given by

Hα
n+m−1 = exp

i
m+n−2∑
k=0

m+n−1∑
j=0

ξjX
α
j,kηk

 (E.104)

Gαn+m−1 = exp

−
n+m∑
j=1

Re
[
Qα2j,2j−1

] exp

−i
m+n∑
j=2

j−1∑
k=1

ξjξkΛαj,k

 (E.105)

Xα
j,k = Im

[
Qα2j,2k+1 +Qα2j−1,2k −Qα2j,2k −Qα2j−1,2k+1

]
,

Λαj,k = Re
[
Qα2j,2k−1 +Qα2j−1,2k −Qα2j,2k −Qα2j−1,2k−1

]
.

(E.106)

Inserting the conditional propagating function Eq. (E.97) in the susceptibility Eq. (E.102)
it is possible to perform the sum over the sojourns leading to

χ(t) = 2
~

lim
tp→−∞

∞∑
m=1

∞∑
n=1

(
− ∆2

2~2
)m+n−1

∫ t

tp
D2m−1,2n−1{tj}

∑
{ξj=±1}

ξnG
L
n+m−1G

R
n+m−1

sin
(
φL0,n+m−1 + φR0,n+m−1

)
Πm+n−2
k=1 cos

(
φLk,n+m−1 + φRk,n+m−1

)
(E.107)

where

φαk,m =
m∑

j=k+1
ξjX

α
j,k . (E.108)

Eq. (E.107) is the formal exact expression for the susceptibility for a qubit simultaneously
coupled to two harmonic baths at different temperatures for general spectral densities and
temperatures.

Ohmic baths and the case KL +KR = 1/2

We now specialize to the case of two baths with Ohmic damping defined in Eq. (8.11) where we
assume identical dependence on the energies included in I(ε). The bath correlation functions
take the form

Qα(t) = 2Kα ln
{( εC
πkBTα

)
sinh

(πkBTα|t|
~βα

)}
+ iπKαsgn(t) . (E.109)

The blip-sojourn interactions and the phases φνk,m, Eq (E.108) simplify, taking the form

Xα
j,k = πKα , for j = k + 1 Xα

j,k = 0 , for j 6= k + 1
φαk,n+m = ξk+1πKα . (E.110)
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The susceptibility E.107 becomes

χ(t) = 2
~

lim
tp→−∞

∞∑
m=1

∞∑
n=1

(
− ∆2

2~2
)m+n−1

∫ t

tp
D2m−1,2n−1{tj}

∑
{ξj=±1}

ξ1ξnG
L
n+m−1G

R
n+m−1

sin(π(KL +KR)) cos(π(KL +KR))n+m−2 (E.111)

We observe that dependence from the damping strenghts Kα coming from the blip-sojourn
interactions Xi,j , is in the simple form KL + KR. Thus we expect that in the case of two
Ohmic baths coupled to the qubit with strengths KL + KR = 1/2 these interactions can be
treated analogously to the standard spin-boson model for a qubit coupled to a single bath
at K = 1/2. We remark that in Eq. (E.111) the coupling strengths enter non linearly the
blip-blip interactions, GLn+m−1G

R
n+m−1, which include the temperatures of the two baths.

Therefore, the two baths at KL + KR = 1/2 are not simply equivalent to a single bath at
K = 1/2 with an "effective" temperature.

We proceed with the evaluation of Eq. (E.111) for KL + KR = 1/2. We observe that
all the terms in the sum, except for the first one m = n = 1, have n + m − 2 zeros from
cos(π(KL +KR))n+m−2. They give a non-vanishing contribution if a proper divergency comes
from the interaction terms between the system’s transitions included in the GLn+m−1G

R
n+m−1.

This is the typical case of a bath at K = 1/2. Finite contributions arise whenever a "pair"-
interaction can be cast in the following form, written in Laplace space

lim
K→1/2

∆2 cos(πK)
∫ ∞

0
dτe−λτe−Re[Q(τ)] = π

2
∆2

εC
≡ ~γ . (E.112)

The divergency of the integral comes from the τ → 0 behavior of the pair interaction for
K = 1/2

e−Re[Q(τ)] =
( εC
πkBT

sinh
(πkBT |t|

~

))−2K
→
( ~
εCτ

)2K
. (E.113)

The zero is compensated by the short distance singularity of the attractive interaction between
nearest neighbor transitions, which can be thought of as opposite charges of a dipole. In the
case of two baths with KL +KR = 1/2 we have

e−
∑

α
Re[Qα(τ)] =

∏
α

( εC
πkBTα

sinh
(πkBTα|t|

~

))−2Kα
→
( ~
εCτ

)2KL( ~
εCτ

)2KR
= ~
εCτ

.

(E.114)
The τ → 0 behavior does not depend on the temperatures and we get diverging factors which
exactly cancel the zero of the cos(π(KL +KR)), as for a single bath at K = 1/2

lim
KL+KR→1/2

∆2 cos(π(KL +KR))
∫ ∞

0
dτe−λτe−

∑
α

Re[Qα(τ)] = π

2
∆2

εC
≡ ~γ . (E.115)

Such an integral describes a collapsed dipole which does not interact with any other dipole,
having effectively a zero dipole moment. This mechanism allows to sum the different terms
of the sum in Eq. ( E.111), leading to

χ(t) = 4
~3

∆2

2γ Θ(t) e−γt/2
∫ ∞

0
dτe−

∑
α

Re[Qα(τ)][e−γ|t−τ |/2 − e−γ(t+τ)/2] . (E.116)

Performing its Fourier transform and inserting it in the Meir Wingreen formula we can
get the heat current between two harmonic baths under the "strong" coupling condition
KL +KR = 1/2.



F
Appendix: Maximum power and corresponding

efficiency for two-level heat engines and refrigerators:
optimality of fast cycles

In this appendix, we provide details on the calculations performed in Chap. 9.

F.1 Optimality of infinitesimal Otto cycles
In this appendix we present explicit proof that infinitesimal Otto cycles are optimal for
reaching maximum power performances for our two-level setting.

As a preliminary result we clarify that under periodic modulations of the control parame-
ters, the Pauli equation (9.7) produces solutions which asymptotically are also periodic. For
this purpose let us write Eq. (9.7) as ṗ(t) = A(t)p(t) + B(t) where, for ease of notation, we
introduced the functions

A(t) = −
∑

α=H,C
λα(t)Γα[ε(t)] , B(t) =

∑
α=H,C

λα(t)Γα[ε(t)]p(α)
eq [ε(t)] , (F.1)

and consider periodical driving forces such that A(t + τ) = A(t), B(t + τ) = B(t) for all t.
By explicitly integration we get

p(t) =
∫ t

0
e
∫ t
t′ A(t′′)dt′′B(t′)dt′ + e

∫ t
0 A(t′)dt′p(0). (F.2)

Decompose then the integral on the right hand side as
t∫

0

e
∫ t
t′ A(t′′)dt′′B(t′)dt′ =

t∫
t−τ

e
∫ t
t′ A(t′′)dt′′B(t′)dt′ +

t−τ∫
0

e
∫ t−τ
t′ A(t′′)dt′′e

∫ t
t−τ A(t′′)dt′′

B(t′)dt′. (F.3)

Notice now that, since A(t) and B(t) are periodic, the quantity c(t) =
∫ t
t−τ e

∫ t
t′ A(t′′)dt′′B(t′)dt′

is also periodic with period τ , while d = e
∫ t
t−τ A(t′′)dt′′ is constant in time. Substituting the

195
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previous definitions in Eq. (F.3) and then in Eq. (F.2) we find

p(t) = c(t) + d

∫ t−τ

0
e
∫ t−τ
t′ A(t′′)dt′′B(t′)dt′ + e

∫ t
0 A(t′)dt′p(0). (F.4)

In the asymptotic limit where the initial condition p(0) has been completely forgotten (since
A(t) ≤ 0 at all times, the contribution of the initial condition decays exponentially), Eq. (F.2)
gives

p(t− τ) ≈
∫ t−τ

0
e
∫ t−τ
t′ A(t′′)dt′′B(t′)dt′, (F.5)

which substituted in Eq. (F.4) allows us to write

p(t) ≈ c(t) + dp(t− τ), (F.6)

where we neglected again the contribution coming from the initial condition. Equation
(F.6) defines a recursive succession, with limit point equal to c(t)/(1− d), the periodicity of
c(t) concludes the proof. This result can also be framed in the general context of Floquet
theory [372]. The Floquet theorem states that a fundamental matrix solution of a first order
differential equation with periodically driven coefficients is quasi-periodical, namely can be
written as y(t) = P (t)eMt where P (t) is a periodic matrix function (with the same period of
the coefficients) and eMt is the so called monodromy matrix. The real parts of the eigenvalues
of M are responsible of the asymptotic behavior of the solutions and are known as Lyapunov
exponents, a stable cyclic solution is characterized by their negativity. In the case of Eq. (9.7),
our calculations reveal that the monodromy matrix is given by the constant d, the sign
of the Lyapunov exponent is given by log d < 0, confirming our predictions about the stability.

In the above paragraph we showed that the asymptotic solution of Eq. (9.7) is periodic
with the same period of the external driving ε(t). Notice that in the equilibrium scenario the
previous result is trivial, since the population instantly relaxes to the Gibbs state that is a
monotonic function of the control parameter ε. In our case we can establish only that p(t)
and ε(t) share the same period, although finding the proper functional relation between the
two is absolutely non trivial (cfr. for example [52]). However we don’t need any additional
information to prove that any cycle that is not infinitesimal, namely a square wave protocol
in which the controls jump at a time much faster that the typical dynamical scale Γ, cannot
achieve the maximum power. The proof is outlined in the following: since ε(t) and p(t) share
the same periodicity, a cycle can be represented in the (p, ε) plane as a closed curve. Let us
suppose that the optimal cycle T is not infinitesimal, for example as in Fig. F.1. Thus, it is
possible to perform an instantaneous quench, for example, in the middle (where the proba-
bility is halfway between the minimum and maximum value), and divide the transformation
in two smaller sub-cycles T1 and T2 (cfr. Fig F.1). Since the quenches are instantaneous,
they don’t contribute to the heat exchanged and to the time duration of the process. Fur-
thermore, performing the two sub-cycles in series effectively builds a transformation with
the same average power of the original cycle, a property that in symbols we can exemplify
as P (T ) = P (T1 ◦ T2). Simple calculations reveal that the power of the single sub-cycles
cannot be both greater or smaller than the power of the original one, thus we are left with
two possibilities, P (T1) ≤ P (T1 ◦ T2) ≤ P (T2) or P (T2) ≤ P (T1 ◦ T2) ≤ P (T1). In both cases
the original cycle is sub-optimal, that is absurd, unless P (T1) = P (T1 ◦ T2) = P (T2) but even
in this case we can choose one of the two sub-cycles still preserving optimality.
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Figure F.1: The original cycle is represented by a black line following a closed path in the (p, ε)
plane. The two sub-cycles are the portions of the original one enclosed in the light red and in the
light blue squares, respectively denoted with T1 and T2.

The previous argument shows that the only candidates for power maximization are those
cycles that cannot be divided with a quench as done in the above proof, thus being infinitesi-
mal. Notice that the previous proof strongly relies on the possibility of performing effectively
instantaneous quenches, a characteristic that is better analyzed in the next appendix. At
last, by using Pontryagin’s minimum principle, it can be shown that if coupling constants
λH(t) and λC(t) fulfill a “trade-off relation” (i.e. if one increases, the other one decreases),
then the optimal cycle will have λC(t) = 0 and λH(t) = 1, or λC(t) = 0 and λH(t) = 1 at all
times [52]. This implies that the coupling to the baths must be switched during the quenches
of the infinitesimal Otto-cycle.

F.2 Maximum power formula and finite-time corrections
In this appendix we prove Eq. (9.8) and discuss the finite-time corrections.

As as shown in the previous appendix, the optimal cycle must be an infinitesimal Otto
cycle, so we consider a protocol (depicted in Fig. 9.1b) where ε(t) = εH, λH = 1 and λC = 0
for t ∈ [0, τH], and ε(t) = εC, λH = 0 and λC = 1 for t ∈ [τH, τH + τC]. The optimal cycle and
corresponding power will then be found by taking the limit dt = τH +τC → 0 and maximizing
over the free parameters εH, εC and τH/τC.

We proceed the following way: first we perform an exact calculation, for arbitrary τH and
τC, of the heat rates 〈JH〉, 〈JC〉, averaged over one period, flowing out of the hot and cold
bath respectively. Then, in the limit dt → 0, we find the ratio τH/τC that maximizes the
power and we find the corresponding expression of the maximum power, proving Eq. (9.8)
and the optimal ratio condition

τH/τC =
√

ΓC(εC)/ΓH(εH) . (F.7)

The instantaneous heat currents can be computed by plugging the probability p(t), solu-
tion of Eq. (9.7), into Eq. (9.6). We denoted with pH(t) and pC(t) the solution of Eq. (9.7)
respectively in the time intervals IH = [0, τH] and IC = [τH, τH + τC]. Since the control
parameters (i.e. ε(t), λH(t) and λC(t)) are constant in each interval, we have that

pH(t) = He−ΓHt + p
(H)
eq , pC(t) = Ce−ΓCt + p(C)

eq , (F.8)
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where H and C are two constants and where, for ease of notation, we introduced the symbols
Γα := Γα(εα) and p(α)

eq := p
(α)
eq (εα) (for α = H,C). We determine the two constants H and C

by imposing that the probability p(t) is continuous in t = τH, i.e.

pH(τH) = pC(τH) (F.9)

and that p(t) is periodic with period τH + τC, i.e.

pH(0) = pC(τH + τC). (F.10)

We impose periodic boundary conditions because, as discussed in the previous appendix, a
periodic protocol produces a periodic p(t) after an initial transient time, and we are indeed
interested in the “asymptotic” regime. Equations (F.9) and (F.10) reduce to the following
linear-algebra problem for the constants H and C:

1
p

(C)
eq − p(H)

eq

(
e−ΓHτH −e−ΓCτH

1 −e−ΓC(τH+τC)

)(
H
C

)
=
(

1
1

)
, (F.11)

with solution(
H
C

)
=

(
p

(C)
eq − p(H)

eq
)

sinh [(ΓHτH + ΓCτC)/2]

(
eΓHτH/2 sinh (ΓCτC/2)

−eΓCτHeΓCτC/2 sinh (ΓHτH/2)

)
, (F.12)

which, via Eq. (F.8), completely determine p(t). By substituting Eq. (F.8) into Eq. (9.6), we
can write the averaged heat rates 〈JH〉 and 〈JC〉 as

〈JH〉 = 1
τH+τC

∫
IH
JHdt = εH

τH+τC
∫
IH
ṗHdt = εHH

τH+τC

[
e−ΓHτH − 1

]
,

〈JC〉 = 1
τH+τC

∫
IC
JCdt = εC

τH+τC
∫
IC
ṗCdt = εCC

τH+τC e
−ΓCτH

[
e−ΓCτC − 1

]
, (F.13)

where we use the fact that ε(t) is constant in each Iα and the fact that, since the two-level
system is coupled to one bath at a time, ṗα = ṗ with p(t) = pH(t) during IH and p(t) = pC(t)
during IC. Using the expressions for H and C given in Eq. (F.12), we can rewrite Eq. (F.13)
as

〈JH/C〉 = ±
εH/C

τH + τC

ΓHτHΓCτC
ΓHτH + ΓCτC

(
p(H)

eq − p(C)
eq

) (ΓHτH/2)−1 + (ΓCτC/2)−1

coth (ΓHτH/2) + coth (ΓCτC/2) . (F.14)

We now impose that dt = τH + τC by setting τH = θdt and τC = (1 − θ)dt, for θ ∈ [0, 1], in
Eq. (F.14). Taking hence the infinitesimal cycle limit dt→ 0 we get

〈JH/C〉 = ±εH/C
ΓHθ ΓC(1− θ)

ΓHθ + ΓC(1− θ)
(
p(H)

eq − p(C)
eq

)
. (F.15)

The maximization over θ of the above expression yields the condition

θ

1− θ =
√

ΓC
ΓH

, (F.16)

which, multiplying by dt the numerator and the denominator of the left hand side of
Eq. (F.16), proves Eq. (F.7). Solving hence Eq. (F.16) for θ and plugging the result into
Eq. (F.15) yields

〈JH/C〉 = ±εH/C
ΓHΓC(√

ΓH +
√

ΓC
)2 (p(H)

eq − p(C)
eq

)
, (F.17)
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which replaced into Eq. (9.1), and maximizing with respect to the only two free parameters
left, i.e. εH and εC, allows us to derive Eq. (9.8) for all four thermal machine modes. An
additional comment has to be made for the accelerator mode [A], that aims at maximizing
the heat released into the cold bath while extracting heat from the hot bath. By definition,
we must restrict the maximization in Eq. (9.8) to guarantee 〈JH〉 ≥ 0, e.g. by forcing C to
be (εH ≥ 0 ∩ βCεC ≥ βHεH) ∪ (εH ≤ 0 ∩ βCεC ≤ βHεH). On the other hand, the heater mode
consists of heating a single reservoir whose interaction with the two-level system is described
by a rate Γ(ε) and equilibrium probability peq(ε). So in this case the maximization must be
performed taking Γα(ε) = Γ(ε) and p(α)

eq (ε) = peq(ε) (for α = H, C). If we also require that
Γ(ε) = Γ(−ε), which physically means that the rates do not distinguish which one of the two
energy levels is the ground and excited state, we find that Eq. (9.8) can be simplified to

P
(max)
[H] = max

ε≥0, ε∈C

1
2 εΓ(ε) [1− 2peq(ε)] , (F.18)

and the corresponding optimal cycle is given by an Otto cycle where τH = τC and the value
ε that maximizes Eq. (F.18) determines εH = −εC = ε. Thus the optimal cycle in the heater
case corresponds to attempting continuous population inversions.

F.2.1 Finite-Time Corrections part one

Setting τH = θdt and τC = (1− θ)dt in Eq. (F.14), and plugging in the expression of θ that
satisfies Eq. (F.16), we find that the average heat rate for an arbitrary period dt is given by

〈JH/C(dt)〉 = ±εH/C
ΓHΓC(√

ΓH +
√

ΓC
)2 (p(H)

eq − p(C)
eq

) (Γ̃Hdt/2)−1 + (Γ̃Cdt/2)−1

coth (Γ̃Hdt/2) + coth (Γ̃Cdt/2)
, (F.19)

where Γ̃α = (Γ̃Γα)1/2 and Γ̃ = ΓHΓC/(
√

ΓH +
√

ΓC)2. Plugging this results into Eq. (9.1) and
maximizing over εH and εC yields the expression

P
(max)
[ν] (dt) = (Γ̃Hdt/2)−1 + (Γ̃Cdt/2)−1

coth (Γ̃Hdt/2) + coth (Γ̃Cdt/2)
P

(max)
[ν] , (F.20)

which provides the finite time version of Eq. (9.8). On one hand, as anticipated in Chap. 9,
by expanding Eq. (F.20) for small dt, we find the following quadratic correction

P
(max)
[ν] (dt) ≈ (1− Γ̃HΓ̃Cdt

2/12)P (max)
[ν] . (F.21)

On the other hand for Γ̃Hdt, Γ̃Cdt� 1, we get

P
(max)
[ν] (dt) ≈ (Γ̃Hdt/2)−1 + (Γ̃Cdt/2)−1

2 P
(max)
[ν] , (F.22)

implying that a considerable fraction of P (max)
[ν] can be achieved even if the driving frequency

is slower than the typical rate. Notice that Eq. (F.20) is a strictly decreasing function of dt;
this is consistent with the fact that an infinitesimal cycle is indeed the optimal solution.

We conclude by observing that we can simplify Eq. (F.20) for the heater mode where a
single reservoir is coupled to the two-level system. Under the hypothesis leading to Eq. (F.18),
we find that

P
(max)
[H] (dt) = tanh (dtΓ/4)

dtΓ/4 P
(max)
[H] , (F.23)
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where Γ is computed in the value of ε that maximizes Eq. (F.18). Figure 9.1c, which is a
plot of Eq. (F.23), shows that P (max)

[H] (dt) ≈ P
(max)
[H] up to dtΓ ≈ 2, while for dtΓ = 10 � 1,

P
(max)
[H] (dt) is only decreased of a factor two.

F.2.2 Finite-Time Corrections part two: the Quenches

Finite-time corrections to the power may not only arise from the finite duration of the isother-
mal transformations (i.e. from a finite value of τC and τH), but also from a finite duration τ
of the quenches, i.e. of the transformations during which ε changes between the two extremal
values εC and εH. We will thus assume that each quench is carried out in a time τ . The
aim of this appendix is to show how these effects could be accounted for, and to estimate
the leading order corrections to the maximum power delivered by the heat engine due to this
effect; analogous considerations hold also for the other machines. We will thus restrict ourself
to the regime τ � dt� γ−1, where dt = τC +τH and γ is the characteristic rate of the system
during the protocol. The first inequality states that the duration of the quenches is much
smaller than the duration of the isothermal transformations. The second inequality implies
that the finite-time corrections discussed in the previous subsection are neglected, since they
have been previously discussed.

Using the results of App. F.1, we know that p(t) has a limit cycle with the same period
of ε(t). If we further assume that the protocol is much faster than γ, the probability tends
to a fixed value p̄ given by

p̄ =
∫ T

0 dsΓ(s)peq(s)∫ T
0 dsΓ(s)

, (F.24)

where T = dt+ 2τ is the total duration of the protocol, Γ(s) = λH(s)ΓH[ε(s)] +λC(s)ΓC[ε(s)]
and

peq(s) = λH(s)ΓH[ε(s)]p(H)
eq [ε(s)] + λC(s)ΓC[ε(s)]p(C)

eq [ε(s)]
λH(s)ΓH[ε(s)] + λC(s)ΓC[ε(s)] . (F.25)

By using again the hypothesis that the protocol is much faster than γ, we can write the power
of the heat engine, averaged over one period, as

P[E](λ) = 1
T

∫ T

0
ds ε(s)Γ(s) [peq(s)− p̄] . (F.26)

As in the ideal protocol (see Fig. 9.1b), we will assume that during the two isothermal
transformations we respectively have ε(s) = εH, λH(s) = 1, λC(s) = 0 and ε(s) = εC,
λH(s) = 0, λC(s) = 1. This means that we are coupled to one bath at a time. Instead,
during the quenches we assume that all three control parameters (ε(s), λH(s) and λC(s))
vary linearly in time between the corresponding extremal values. We thus divide the integral
in Eq. (F.26) in the four different transformations:

P[E](τ) =
∫ τH

0 (. . . ) +
∫ τH+τ
τH

(. . . ) +
∫ τH+τC+τ
τH+τ (. . . ) +

∫ τH+τC+2τ
τH+τC+τ (. . . )

dt+ 2τ ≡

WH +WH→C +WC +WC→H
dt+ 2τ , (F.27)

where (. . . ) stands for ds ε(s)Γ(s) [peq(s)− p̄]. In the regime we consider the power, up to
leading order corrections in τ/dt, can be written as

P[E](τ) = WH +WC
dt

(
1− 2τ

dt

)
+ WH→C +WC→H

dt
, (F.28)
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where the first addend is obtained by means of a first order expansion in τ/dt of the denom-
inator in the r.h.s. of Eq. (F.27).

We wish to compare Eq. (F.28) to the power P (max)
[E] achieved in the ideal protocol, so we

will estimate the four terms WH, WC, WH→C and WC→H. First, we notice that p̄ depends
on the whole protocol, see Eq. (F.24). We can thus write

p̄ = p̄(0) + δp̄(1), (F.29)

where p̄(0) is the value of p̄ in the ideal protocol, and δp̄(1) the corrections due to the finite-
time quenches. These two terms can be calculated simply by dividing the integrals in the
definition of p̄ as we did for P[E](τ). It is easy to see that δp̄(1) is of the order τ/dt. Since
WH and WC are linear functions of p̄, and p̄ = p̄(0) + δp̄(1), we have that, for α = H,C,

Wα = ταεαΓα(εα)
[
p(α)

eq (εα)− p̄
]

=W(0)
α +W(1)

α , (F.30)

where W(0)
α is the work extracted in the ideal protocol during the isothermal transformation,

while W(1)
α represents the corrections due to the variation in population p̄ induced by the

finite-time quenches. We have that

W(1)
α = −ταεαΓα(εα)δp̄(1) ∝ εαO(γτ), (F.31)

where the last term means that W(1)
α is of the order γτ .

Next, we need to estimate WH→C and WC→H. By inspecting the definition, we see that

WH→C =WC→H ∝ 〈ε〉O(γτ), (F.32)

where 〈ε〉 is a characteristic value of the energy gap during the quench.
Now we can return to Eq. (F.28). Using Eqs. (F.30), (F.31) and (F.32), and noticing

that the order of magnitude of γ 〈ε〉 is the same as P (max)
[E] , we find that all the corrections

previously discussed are of the order γ/dt. We thus conclude that

P[E](τ) = P
(max)
[E] [1−O(τ/dt)] , (F.33)

where the corrections must be negative by virtue of the theorem proved in App. F.1. The
impact of finite time quenches is thus first order τ/dt.

F.3 Efficiency at maximum power

For small temperature differences, i.e. for small values of ηc, we can consider an expansion
of the efficiency at maximum power of the kind

η(P[E]) = a1ηc + a2η
2
c + . . . . (F.34)

In this appendix we prove that a1 = 1/2, while for symmetric or constant rates we further
have a2 = 1/8. The maximum power of a heat engine (without constraints on the control
parameters) can be written as [see Eq. (9.8)]

P
(max)
[E] = max

(xH,xC)
P[E](xH, xC), (F.35)
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where
P[E](xH, xC) := g(xH, xC; ηc)

βH
[xH − xC(1− ηc)] [f(xH)− f(xC)] , (F.36)

xα = εαβα (for α = H, C), f(x) := [1 + exp{(x)}]−1 and, expressing the Γα as a function of
the gap ε and of the inverse temperature βα of lead α,

g(xH, xC; ηc) := ΓH(xH, βH) ΓC(xC, βH/(1− ηc))(√
ΓH(xH, βH) +

√
ΓC(xC, βH/(1− ηc))

)2 . (F.37)

In Eq. (F.37) we decide to express βC as βH/(1− ηc) because we are interested in performing
an expansion in ηc around a single inverse temperature βH. Let x∗H and x∗C be respectively
the values of xH and xC that maximize P[E](xH, xC). By inspecting Eqs. (F.36) and (F.37),
we see that x∗α is a function of ηc (and of βH through g), so we can express x∗α as a power
series in ηc:

x∗H = m0 +m1ηc +m2η
2
c + . . . ,

x∗C = m0 + n1ηc + n2η
2
c + . . . . (F.38)

Both x∗H and x∗C have the same leading order term. This can be seen considering Eq. (F.36)
at ηc = 0: g(xH, xC; 0)/βH ≥ 0, while [xH − xC] [f(xH)− f(xC)] ≤ 0, so the maximum power
is zero (at equal temperatures, the second law forbids the possibility of extracting work).
Inspecting Eq. (F.36), it is easy to see that zero power at ηc = 0 implies xH = xC. Using
Eq. (9.10), we have that

η(P (max)
[E] ) = 1− x∗C

x∗H
(1− ηc) , (F.39)

so plugging Eq. (F.38) into Eq. (F.39) and expressing η(P (max)
[E] ) as a power series in ηc, we

find that
η(P (max)

[E] ) = (1 + b1)ηc + 1
2(1 + b2)η2

c , (F.40)

where

b1 = m1 − n1
m0

, b2 = m1
m0

+ 2m2 − n2
m0

.

Thus, the knowledge of b1 and b2 implies also the knowledge of a1 and a2. Also the maximum
power P[E](x∗H, x∗C) can be written as a power series in ηc by plugging the expansion Eq. (F.38)
into Eq. (F.36). This yields

P[E](x∗H, x∗C) = 1
βH

+∞∑
n=0

P
(n)
[E] η

n
c , (F.41)

where the coefficients P (n)
[E] are functions of mi, ni (for i = 0, 1, 2, . . . ) and of βH. We now

wish to determine b1 and b2 by maximizing P (n)
[E] , starting from the lowest orders. We find

that P (0)
[E] = P

(1)
[E] = 0 and

P
(2)
[E] =

[
−b1(1 + b1)

2

]
m2

0 g(m0,m0; 0)
1 + coshm0

, (F.42)
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where we expressed n1 in terms of b1. The last fraction in Eq. (F.42) is positive, so P (2)
[E] is

maximized by choosing b1 that maximizes the term in square brackets, andm0 that maximizes
the last fraction. The maximization of the first term yields b1 = −1/2, which readily implies
[see Eq. (F.40)] a1 = 1/2, as we wanted to prove. The maximization of the second term
allows us to find the following implicit expression for m0

g(m0,m0; 0)
[
2−m0 tanh

(
m0
2

)]
+m0 [∂xHg(m0,m0; 0) + ∂xCg(m0,m0; 0)] = 0, (F.43)

where ∂xαg(m0,m0; 0) denotes the partial derivative of g(xH, xC; ηc), respect to xα, calcu-
lated in xH = xC = m0 and ηc = 0. In order to compute b2, we must maximize also higher
order terms of the power. It turns out that P (3)

[E] only depends on m0 if we impose that
b1 = −1/2 and that m0 satisfies Eq. (F.43). Thus, there is nothing to optimize, so we must
analyze the next order. P (4)

[E] is a function of m0, m1, n1, m2, n2 and βC. We write m1 in
terms of b2, which is the only coefficient that determines a2. We further express n1 in terms
of b1, and impose b1 = −1/2. At last, we write g(m0,m0; 0) in terms of its partial derivatives
using Eq. (F.43). This leads to an expression of P (4)

[E] as a function of m0 (which is implicitly
known), b2, m2, n2 and βH. We maximize P (4)

[E] by setting to zero both partial derivatives of
P

(4)
[E] respect to b2 and m2. We thus find the following expression for b2:

b2 =
m0 tanh

(m0
2
)

8 · ∂xHg − ∂xCg

∂xHg + ∂xCg
− 2∂xHg + ∂xCg

2 (∂xHg + ∂xCg) , (F.44)

where all partial derivatives of g are computed in xH = xC = m0 and ηc = 0. This is,
in principle, a closed expression for b2, thus for a2, since m0 is defined in Eq. (F.43), and
Eq. (F.44) only depends on m0. Eq. (F.44) shows that in general b2, thus a2, will depend on
the specific rates. However, if ∂xHg = ∂xCg, the first term in Eq. (F.44) vanishes, while the
second one reduces to a number, yielding b2 = −3/4. Indeed, plugging this value of b2 into
Eq. (F.40) yields precisely a2 = 1/8. We conclude the proof by noticing that if the rates are
symmetric, i.e. ΓH(ε, β) = ΓC(ε, β), g(xH, xC; 0) is a symmetric function upon exchange of
xH and xC. This implies that ∂xHg(m0,m0; 0) = ∂xCg(m0,m0; 0), so a2 = 1/8. At last, if
the rates are constants, also g(xH, xC; ηc) is constant, trivially satisfying ∂xHg = ∂xCg = 0.

F.4 COP at maximum power
In this appendix we prove Eqs. (9.12) and (9.13) and we derive the scaling of the COP at
maximum power for large values of the maximum gap ∆ given by C(Pmax

[R] ) ∝ 1/(βC∆). The
COP at maximum power can be written as [see Eq. (9.11)]

C(Pmax
[R] ) = ε∗C

ε∗H − ε∗C
, (F.45)

where ε∗H and ε∗C are respectively the values of εH and εC that maximize [see Eq. (9.8)]

P[R](εH, εC) := −g(εH, εC)εC [f(βHεH)− f(βCεC)] , (F.46)

where f(x) := [1 + exp{(x)}]−1 and

g(εH, εC) := ΓH(εH)ΓC(εC)(√
ΓH(εH) +

√
ΓC(εC)

)2 . (F.47)
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We first prove that the COP at maximum power takes the universal form of Eq. (9.12)
if the rates depend on the energy and on the temperature only through βε, i.e. Γα(ε) =
Γα(βαεα). We rewrite Eq. (F.45) as a function of x∗α = βαε

∗
α (for α = H, C):

C(Pmax
[R] ) =

[
x∗H
x∗C

( 1
Cc

+ 1
)
− 1

]−1

, (F.48)

where Cc is the Carnot COP for a refrigerator. We can determine x∗α by maximizing

P[R](xH, xC) := − 1
βC

ΓH(xH)ΓC(xC)(√
ΓH(xH) +

√
ΓC(xC)

)2xC [f(xH)− f(xC)] . (F.49)

Crucially, given our hypothesis on the rates, there is no explicit dependence on the tempera-
tures in Eq. (F.49) (except for the prefactor 1/βC), so the maximization of P[R](xH, xC) will
simply yield two values of x∗H and x∗C that do not depend on the temperatures. Thus, for all
bath temperatures the COP at maximum power will be given by Eq. (F.48), where x∗H and
x∗C are two fixed values. The ratio x∗H/x∗C will depend on the specific rates we consider. By
imposing in Eq. (F.48) that the COP at maximum power of the system for βH = βC (i.e. for
Cc → ∞) is C0, we can eliminate the ratio x∗H/x∗C in favor of C0, concluding the proof of
Eq. (9.12).

We now prove Eq. (9.13). Since Eq. (F.46) remains unchanged by sending both εH → −εH
and εC → −εC, we can assume without loss of generality that εC ≥ 0 (this is a general property
which applies independently of the specific choice of bath models). Furthermore, we must
ensure that the system is acting as a refrigerator by imposing P[R](εH, εC) ≥ 0. This implies
that f(βHεH) ≤ f(βCεC), thus

0 ≤ βCεC ≤ βHεH. (F.50)
We now show that in the models described by Eq. (9.9), the partial derivative of P[R](εH, εC)
respect to εH is non negative for all values of εH and εC satisfying Eq. (F.50), which implies
that ε∗H → +∞. Using Eq. (F.50), the condition ∂P[R](εH, εC)/∂εH ≥ 0 can be written as

∂

∂εH
ln g(εH, εC) ≥ − βH

2 [1 + cosh (βHεH)] . (F.51)

Since ∂ ln g(εH, εC)/∂εH has the same sign as dΓH(εH)/dεH, and since the r.h.s. of Eq. (F.51)
is strictly negative, Eq. (F.51) is certainly satisfied whenever ΓH(εH) is a growing function.
This proves that ε∗H → +∞ when the baths are described by the Fn model [see Eq. (9.9)]
even when the two baths have different powers n. The Bn model is more tricky to analyze
since the rates are decreasing functions around the origin. Nonetheless, using Eq. (F.50) it
is possible to show that Eq. (F.51) is satisfied also in the Bn model by plugging Γ(Bn)

α (ε) [see
Eq. (9.9)] into Eq. (F.51). This result holds also when the two baths have different powers n.

We now know that ε∗H → +∞ in the Fn and Bn models. Since both Γ(Fn)
H (ε) and Γ(Bn)

H (ε)
diverge for n > 0 when ε∗H → +∞, we have that

g(+∞, εC) = ΓC(εC) = kC ε
n
C h(βCεC) = kC

xnC
βnC

h(xC), (F.52)

where, as before, xC = βCεC and h(x) := 1 for the Fn model and h(x) := coth x/2 for the
Bn model [see Eq. (9.9)]. Thus, using xC instead of εC, and noting that f(εHβH) vanishes for
εH → +∞, we can write P[R](+∞, εC) [see Eq. (F.46)] as

P
(n>0)
[R] = kC

βn+1
C

xn+1
C h(xC)f(xC). (F.53)
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Equation (F.53) is non-negarive for all values of xC and it vanishes in xC = 0 and xC → +∞
thanks to the exponential decrease of f(xC) for large values of xC. Therefore, Eq. (F.53)
will be maximum for the finite value x∗C that maximizes xn+1

C h(xC)f(xC), and plugging
x∗C into Eq. (F.53) yields the first relation in Eq. (9.13), where cn = (x∗C)n+1h(x∗C)f(x∗C).
For n = 0, we separately analyze the F0 and B0 models. In the F0 model, g(εH, εC) =
kHkC/(

√
kH +

√
kC)2, so P[R](+∞, εC) can be written as

P
(F0)
[R] = kC

βC

r

(
√
r + 1)2 xCf(xC), (F.54)

where r := kH/kC. Using the same argument as before, Eq. (F.54) implies a finite value
of x∗C which arises from the maximization of xCf(xC). We thus proved the first relation in
Eq. (9.13) for the F0 model, where c0 = r/(

√
r + 1)2 x∗Cf(x∗C). At last, in the B0 model

g(εH → +∞, εC) = kHkC coth (xC/2)/[
√
kH +

√
kC coth (xC/2)]2. Thus, P[R](+∞, εC) can be

written as
P

(B0)
[R] = kC

βC

r coth (xC/2)
(
√
r +

√
coth (xC/2))2 xCf(xC). (F.55)

Again, x∗C is a finite value which can be found by maximizing r coth (xC/2)/(
√
r +√

coth (xC/2))2 xCf(xC). Only in this case, x∗C depends on the ratio r. We thus
proved the first relation in Eq. (9.13) for the B0 model, where c0 = r coth (x∗C/2)/(

√
r +√

coth (x∗C/2))2 x∗Cf(x∗C).
The second relation in Eq. (9.13) stems from the fact that in all models ε∗H → +∞ while

ε∗C is finite. Thus, Eq. (F.45) implies that the C(Pmax
[R] ) vanishes. At last we want to roughly

estimate the behavior of C(Pmax
[R] ) in the presence of a large yet finite constraint on the

maximum gap: |ε(t)| ≤ ∆. Since εH would diverge if there was no constraint, we can assume
that, in the presence of ∆, ε∗H = ∆. On the other hand, ε∗C is a finite quantity (which is given
by ε∗C = x∗C/βC in the unconstrained case), so if we assume that ∆� ε∗C, from Eq. (F.45) we
have that

C(Pmax
[R] ) ≈ ε∗C

ε∗H
≈ x∗C
βC∆ ∝

1
βC∆ . (F.56)
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G
Appendix: Maximum power heat engines and

refrigerators in the fast-driving regime

In this appendix, we provide details on the calculations performed in Chap. 10.

G.1 Projected form of the ME
Using projection techniques in this section we show how one can cast the master equa-
tion (10.2) in the more convenient form (10.5). For this purpose we find it useful to first
recall some structural properties of GKSL generators which hold true in the finite dimen-
sional case we are analyzing in the present work. In particular in Secs. G.1.1 and G.1.2 we
shall introduce the notions of ergodicity, mixing, irreducibility, and adjoint-stability. After
that we proceed with the derivation of Eq. (10.5) in Sec. G.1.3.

G.1.1 Ergodic, Mixing, Irreducible and adjoint-stable GKSL generators

Let S be a quantum system of finite dimension d. To fix the notation we indicate with LS
the d2-dimensional vector space of linear operators on S and define SS and L0

S its subsets
formed respectively by the density and zero-trace operators of the model, i.e.

SS ≡ {ρ ∈ LS|Tr[ρ] = 1 , ρ ≥ 0} , L0
S ≡ {Θ ∈ LS|Tr[Θ] = 0} . (G.1)

The the latter forms a (d2 − 1)-dimensional vector subspace of LS for which we can identify
a projector introducing the super-operator

Q[· · · ] ≡ Id[· · · ]− Tr[· · · ] I
d
, (G.2)

and its orthogonal complement P ≡ Id−Q, Id being the identity channel (notice in fact that
using “◦" to represent the composition of super-operators we have Q ◦ Q = Q, P ◦ P = P,
P ◦ Q = Q ◦ P = 0, and that Tr[Q[Θ]] = 0 with Q[Θ] = Θ iff Θ ∈ L0

S).
Consider next a GKSL generator L for a generic time-independent master equation

∂tρ(t) = L[ρ(t)] , (G.3)

207
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for the density matrices of S. By general properties of the theory we know that L is a super-
operator on LS which can always be casted in the standard form

L[· · · ] = −i[H, · · · ] +D[· · · ] , (G.4)

D[· · · ] =
∑
j

Aj [· · · ]A†j − A†jAj [· · · ] + [· · · ]A†jAj
2

 , (G.5)

where H is a hermitian operator identifying the Hamiltonian of the system, and D is a purely
dissipator component written in terms of the (Lindblad) operators Aj 6= 0. It is also a
well know fact that L transforms any Θ ∈ LS into an element of traceless subset L0

S (i.e.
Tr[L[Θ]] = 0), which formally translates into the following identity

Q ◦ L = L , (G.6)

and that it admits always at least a fix-point state ρ(eq) ∈ SS, i.e. a density matrix of S
which is an eigen-operator of L associated with the eigenvalue zero,

L[ρ(eq)] = 0 . (G.7)

Thanks to the above properties we can hence observe that for all density matrices ρ, we have

L[ρ] = (Q ◦ L)[ρ] = (Q ◦ L)[ρ− ρ(eq)] = (Q ◦ L ◦ Q)[ρ− ρ(eq)] = (Q ◦ L ◦ Q)[ρ̃− ρ̃(eq)] ,(G.8)

where in the third passage we use the fact that ρ− ρ(eq) has trace zero, while in the final one
we adopt the short hand notation Θ̃ to indicate the projected component of Θ on L0

S, i.e.

Θ̃ ≡ Q[Θ] . (G.9)

Notice finally that from ρ(t) = (Q + P)[ρ(t)] = ρ̃(t) + I

d follows that ∂tρ(t) = ∂tρ̃(t). Thus
using this and (G.8) evaluated for ρ = ρ(t), we can hence conclude that an equivalent way to
express Eq. (G.3) is

∂tρ̃(t) = G[ρ̃(eq) − ρ̃(t)] , (G.10)

where

G ≡ −Q ◦ L ◦ Q = −L ◦ Q , (G.11)

is (minus) the restriction of L on L0
S.

Equation (G.10) is valid for all the finite-dimensional GKSL processes, but it becomes
particularly handy when specified under ergodicity assumptions [373], i.e. for those L for
which the fix-point state ρ(eq) introduced in Eq. (G.7) constitute the unique eigenvectors
with zero eigenvalue.

Definition: The generator L is said to be ergodic if ρ(eq) ∈ SS exists such that

L[Θ] = 0 ⇐⇒ Θ = λρ(eq) , (G.12)

where λ is an arbitrary complex constant.
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For our purposes, the main consequence of the above definition is that for an ergodic
GKSL generator L the corresponding restriction G defined in Eq. (G.11) is invertible when
acting on the elements of the (d2 − 1)-dimensional linear subspace L0

S. Indeed using the fact
that ρ(eq) has trace 1, we can conclude that under ergodic assumption (G.12) it holds

G[Θ] = 0 ⇐⇒ Q[Θ] = 0 , (G.13)

or equivalently that G has no zero eigenvalue on L0
S.

The ergodicity property (G.12) has been extensively studied in several works. In particular
a necessary and sufficient condition for L to be ergodic can be found e.g. in Ref. [373] where it
has been also shown that this property is very common on the set of the GKSL generators (the
non-ergodic examples being indeed a set of zero measure). Interestingly enough it turns out
that at least for the finite dimensional case we are studying here, Eq. (G.12) is equivalent to
asking that the associated ME should induce a purely mixing evolution which asymptotically
sends all input states ρ ∈ SS of the system into ρ(eq), i.e.

lim
t→∞
‖ρ(t)− ρ(eq)‖1 = 0 , (G.14)

where ρ(t) = etL[ρ] is the completely positive evolution obtained by integrating (G.3) and
‖ · · · ‖1 is the trace norm (the fact that (G.14) implies (G.12) is relatively easy to verify,
while an explicit proof of the opposite implication can be found in Refs. [374–377]). Given
all that the main drawback of the ergodic property is that (G.12) does not well behave under
summation of the GKSL generators, i.e. the sum of ergodic generators is not necessarily
ergodic (see [373] for an explicit counterexample). Nonetheless, a slightly stronger version of
the ergodicity notion does not suffer from this limitation. This is the set of GKSL generators
L which are irreducible and adjoint-stable [29, 362]:

Definition: Given a GKSL generator L and A ≡ Span{Ai} the set spanned by its
Lindblad operators, we say that L is irreducible if [A,B] = 0 for all A ∈ A implies that
B = λ1 for some complex number λ, and that L is adjoint-stable if A ∈ A implies A† ∈ A.

First of all it is worth noticing that both these two properties only involve the dissipative
component D of L (indeed they are independent of the system Hamiltonian H). Secondly, as
discussed in Refs. [29, 362] it follows that all L which are irreducible and adjoint-stable
induce dynamical evolutions which are mixing (i.e. obey to Eq. (G.14) with ρ(eq) being
identified with the steady state solution of the model) and hence, via the above mentioned
equivalence, ergodic, i.e.

L irreducible and adjoint-stable =⇒ L ergodic. (G.15)

Most importantly it also follows that, at variance with the ergodic set, the set of irreducible
and adjoint-stable GKSL generators is closed under summation (in particular they form a
convex set): more specifically given L irreducible and adjoint-stable, and L′ adjoint-stable
but not necessarily irreducible, their sum is irreducible and adjoint-stable, i.e.

L irreducible and adjoint-stable,L′ adjoint-stable
=⇒ L+ L′ irreducible and adjoint-stable. (G.16)

We now focus on a special subset of ergodic GKSL generators L which provide a rather
general description of thermalization events, see e.g. [27].
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Definition: Given β ≥ 0, a generator GKSL L is said to be thermalizing if it is
adjoint-stable and ergodic with fixed point provided by the Gibbs density matrix

ρ
(eq)
β ≡ exp[−βH]/Zβ , Zβ ≡ Tr[exp[−βH]] . (G.17)

Notice that requiring adjoint-stability for a thermalizing map is in agreement with the
underlying open system derivation of the master equation. Indeed, if this last is derived
from a microscopic model in which the system is weakly coupled to a thermal bath of inverse
temperature β, the adjoint stability of the GKSL generator can be proven using the Kubo-
Martin-Schwinger relations for the bath correlation functions [27].

We now claim that a thermalizing generator satisfies also a weak notion of irreducibility.
To begin we notice that in Eq. (G.17) the parameter β plays the role of an inverse temperature
and that, for all finite values of such quantity, the density matrix ρ(eq)β is a full rank state (for
β →∞, i.e. as the temperature drops to zero, this property is not longer guaranteed as ρ(eq)β

converges to the ground state of H). Accordingly we can invoke Theorem 5.2 of [362] to claim
that for thermalizing processes the linear set AH ≡ Span{Ai, H} spanned by the Lindblad
operators Ai and by the Hamiltonian H is irreducible, i.e. that the following implication
holds

[B,A] = 0 ∀A ∈ AH , =⇒ B = λ1 , (G.18)

with λ generic complex constant. We will refer to the condition (G.18) as to weak irre-
ducibility, since it is less demanding than the standard irreducibility, that can be recovered
with some assumptions on the nature of the Lindblad operators.

G.1.2 Irreducibility for physical GKSL generators

Within the assumption of a Thermalizing GKSL generator, let us suppose the Lindblad
operators to be represented by jump operators, i.e. of the form √γEj→Ei |Ei〉〈Ej | where
|Ei〉 denotes an eigenvector of the system Hamiltonian, whose levels are assumed to be non-
degenerate.

In this case we have, for every operator B =
∑
i′,j′mi′,j′ |Ei′〉〈Ej′ | with 0 ≤ i′, j′ ≤ D:

[
B,
√
γEj→Ei |Ei〉〈Ej |

]
= √γEj→Ei

(∑
i′,j′

mi′,i|Ei′〉〈Ej |+mj,j′ |Ei〉〈Ej′ |
)
. (G.19)

Using the equation above, we have

[
B,
√
γEj→Ei |Ei〉〈Ej |

]
= 0 ↔ mi,i = mj,j , mi′,i = mj,j′ = 0 ∀i′ 6= i, j′ 6= j. (G.20)

Since the condition [B,H] = 0 does not constrain the diagonal of B, the only way to
obtain B = λ1 as required by Eq. (G.18) and fulfil weak irreducibility is that the set AH
contains jumps connecting all the energy levels, i.e. for every i there is at least one Lindblad
operator √γEi→Ek |Ek〉〈Ei| connecting |Ei〉 with some other level |Ek〉. In this way, the first
of the two conditions in the r.h.s. of (G.20) imposes that all the diagonal elements of B
are equal. In addition, using the second condition in the r.h.s. of (G.20) we can set all the
off diagonal elements to 0 eventually obtaining B = λI. Since the latter has been proven
without imposing [H,B] = 0, we just proved that by choosing the jump operators as Lindblad
operators we have that weak irriducibility implies irreducibility.
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More in general, a Lindblad operator is the sum of jump operators connecting couples of
levels with the same energy difference [27], A(ω) =

∑
l,l′ fl,l′ |El〉〈El′ | where El−El′ = ω ∀l, l′.

We analyze the condition (G.20) in the case of a Lindblad operator composed by two
jumps, that is

[B, fi1,j1 |Ei1〉〈Ej1 |+ fi2,j2 |Ei2〉〈Ej2 |] = 0, (G.21)

we obtain that this last is equivalent to require the r.h.s. of the (G.20) for both i1, j1 and
i2, j2, with the exception that the four off diagonal elements mi1,i2 , mj1,j2 , mi2,i1 , mj2,j1 are
not necessarily 0, but satisfy the following linear system

fi2,j2mi1,i2 − fi1,j1mj1,j2 = 0,
fi1,j1mi2,i1 − fi2,j2mj2,j1 = 0.

(G.22)

Using the adjoint stability property, the (G.22) preserves its validity when replacing the
elements of B with the ones of B†, thus

f∗i2,j2mi2,i1 − f∗i1,j1mj2,j1 = 0,
f∗i1,j1mi1,i2 − f∗i2,j2mj1,j2 = 0.

(G.23)

The solution of Eqs. (G.22) and (G.23) is the null vector provided that |fi2,j2 |2 6= |fi1,j1 |2.
In this last case, the conditions imposed on B by requiring Eq. (G.21) to be valid are
equivalent to the ones obtained for two distinct jump operators. So we can reproduce the
reasoning done at the beginning of this section and state that weak irreducibility implies
irreducibility also in the case of Lindblad operators composed by two jumps between energy
eigenstates, apart from cases in which particular criteria for the values of the couplings fl,l′
are met. The calculations for the case in which some of the Lindblad operators are the linear
combination of more than two jumps allows to derive conditions on the fl,l′ linking the matrix
elements of B associated to transitions between the levels connected by the jumps, similarly to
what observed in the two jumps case. To summarize, when the master equation is an effective
description of the dynamics induced by the weak coupling of the system with a thermal bath,
the generator belongs to the adjoint-stable subset of the ergodic maps and tipically satisfies
irreducibility. Hence not only the associated restrictions G (G.11) of a thermalizing generator
is invertible on L0

S, but thanks to Eq. (G.16) this property is also shared by all the sums of
an arbitrary collection of thermalizing generators.

G.1.3 Derivation of Eqs. (10.5)

Equipped with the results derived in the previous subsection it is now easy to explicitly show
how to reformulate the master equation (10.2) in the form (10.5) with the super-operator
G~u(t) being invertible on their domain of definition.

As anticipated in the main text, we can obtain this by imposing that for all choices of
the control vectors ~u ∈ D for which Dα,~u is not explicitly null, we ask those super-operators
to be thermalizing with fixed point provided by

ρ
(eq)
α;~u ≡ exp

[
−βαH~u(t)

]
/Zα;~u , Zα;~u ≡ Tr[exp[−βαH~u]] . (G.24)

From the physical point of view this is a rather natural requirement to ask: it simply tell us
that, by putting S in contact with bath α, the model will reach the steady state configuration
defined by the corresponding thermal state ρ(eq)α;~u . As discussed in the previous section, in
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this setting it is natural to consider the dissipator Dα,~u to be adjoint stable and irreducible.
From (G.16) it follows that for all assigned ~u(t), also the super-operator L~u(t) is irreducible
and adjoint-stable, due to the fact that according to Eq. (10.2) it is given by the sum of the
Dα,~u(t)’s plus an irrelevant Hamiltonian contribution which plays no role in deciding these
properties, i.e.

L~u(t) = H~u(t) +
N∑
α=1
Dα,~u(t) , (G.25)

where we used H~u(t) to identify the commutator with H~u(t), i.e. H~u(t)[· · · ] ≡ −i[H~u(t), · · · ].
Therefore, introducing ρ(eq)~u(t) as the unique fixed point of L~u(t) and invoking (G.8), we can
again write

L~u(t)[ρ] = G~u(t)[ρ̃− ρ̃
(eq)
~u(t)] , (G.26)

for all ρ, with

G~u(t) ≡ −Q ◦ L~u(t) ◦ Q = −L~u(t) ◦ Q , (G.27)

which is also invertible on the traceless operator set L0
S. Specified in the case where ρ is the

evolved density matrix of S at time t during its interaction with the baths of the model, and
using the property ∂tρ(t) = ∂tρ̃(t), we finally end up to rewrite (10.2) in the form (10.5).

G.2 Asymptotic solutions of the fast periodically driven ME
Here we discuss the asymptotic solutions of the system ME. We start in Sec. G.2.1 formally
introducing the notion of limit cycle solutions, valid for arbitrary driving speed. Then in
Sec. G.2.2 we give a formal derivation of Eq. (10.9) of the main text, valid in the fast-driving
regime. Finally in Sec. G.2.3 we show that any sub-protocol extract from a fast cyclic control
also fulfil the fast limit condition.

G.2.1 Periodic driving

Consider the case where the control vector ~u(t) of our model, and hence the generator L~u(t)
of Eq. (10.2), is periodic with period T , i.e. ~u(t + T ) = ~u(t), for all t. We have already
commented in Appendix G.1, that requiring the Dα,~u(t)s to be irreducible and adjoint stable,
ensures that L~u(t) is irreducible and adjoint-stable. Invoking Theorem 2 of Ref. [29] we can
thus claim that our ME admits a limit cycle solution ρ(lc)~u(t) = ρ

(lc)
~u(t+T ) ∈ SS that is independent

from the initial conditions of S, and such that

lim
t→∞

(ρ(t)− ρ(lc)~u(t)) = 0 , (G.28)

the convergency being evaluated e.g. in the trace norm.

G.2.2 Fast driving limit

In the fast cyclic driving limit we assume that the period T of the cyclic driving ~u(t) is the
shortest timescale appearing in the master equation. In this scenario we want to show that,
up linear correction in T , we can approximate the limit cycle solution ρ(lc)~u(t) with a term which
is constant in time.
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To begin with, let us observe that according to Eq. (10.5), we can identify the times scale
of the system dynamics associated with the driving of the model by using the quantity

η[~u] ≡ max
t∈I[~u]

‖G~u(t)‖ , (G.29)

where the maximum is taken on period and where ‖ · · · ‖ is the induced trace-norm for super-
operators [378], i.e.

‖G~u(t)‖ ≡ max
Θ∈LS

‖G~u(t)[Θ]‖1
‖Θ‖1

, (G.30)

with ‖Θ‖1 ≡
√
Tr[Θ†Θ]. Since the system is finite dimensional, any other choice will be

fine as well, the above choice however allows for some simplification. In particular, by direct
integration of Eq. (10.5) on a generic interval [t1, t2] we can write

‖ρ(t2)− ρ(t1)‖1 = ‖
∫ t2

t1
dt′G~u(t′)

[
ρ̃
(eq)
~u(t′) − ρ̃(t′)

]
‖1 ≤

∫ t2

t1
dt′‖G~u(t′)‖‖ρ̃

(eq)
~u(t′) − ρ̃(t′)‖1

≤ (t2 − t1) η[~u] , (G.31)

which explicitly shows that the speed of variation of the density matrix of S along the trajec-
tory induced by control ~u(t) is explicitly upper bounded by η[~u]. Accordingly we now formally
identifies the fast-driving regime by restricting the analysis to those protocols which fulfil the
constraint

η[~u]T � 1 . (G.32)

Next we prove that, in the cyclic and fast driving regime, ρ(lc)[~u] (t) is approximately given by
ρ
(0)
[~u] . Accordingly, we can use Eq. (G.31) to claim that the distance between ρ

(lc)
[~u] (t) and

ρ
(lc)
[~u] (t∗) is upper bounded by |t − t∗| η[~u]. Taking a fixed value of t∗ and an arbitrary time
t ∈ [t∗, t∗ + T ] we have that

‖ρ(lc)[~u] (t)− ρ(lc)[~u] (t∗)‖1 ≤ η[~u]T . (G.33)

Therefore, invoking the fast driving condition in Eq. (G.32), we find that at zeroth order
in η[~u]T , all values of ρ(lc)[~u] (t) are given by the same fixed state, which we denote with ρ(0)

[~u] .
We now want to show that, up to first order corrections in η[~u]T , the constant term ρ

(0)
[~u] is

given by Eq. (10.9) of the main text. For this purpose let notice that since L[~u] ≡
∫
I[~u]
L~u(t)dt

is a positive sum of L~u(t) which in our construction are irreducible and adjoint-stable, from
(G.16) we can also claim that such superar-operator fulfils the same property. Accordingly

G[~u] ≡ −Q ◦ L[~u] ◦ Q = −Q ◦
∫
I[~u]

L~u(t)dt ◦ Q =
∫
I[~u]

G~u(t)dt , (G.34)

must be invertible on L0
S. Integrating hence (10.5) over the interval I[~u] and considering the

limiting cycle solution ρ(lc)(t), we get∫
I[~u]

G~u(t)
[
ρ̃
(eq)
~u(t) − ρ̃

(lc)
[~u] (t)

]
dt =

∫
I[~u]

∂tρ̃
(lc)
[~u] (t)dt = ρ̃

(lc)
~u(T ) − ρ̃

(lc)
~u(0) = 0 , (G.35)
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where the last identity follows from the periodicity of ρ(lc)~u(t). We therefore have that∫
I[~u]

G~u(t)
[
ρ̃
(lc)
[~u] (t)

]
dt =

∫
I[~u]

G~u(t)
[
ρ̃
(eq)
~u(t)

]
dt . (G.36)

In the fast driving limit (G.32), the left-hand-side of the above expression can be approxi-
mated as G[~u][ρ̃

(0)
[~u] ] up to linear correction in η[~u]T . Accordingly in this regime (G.36) allows

us to finally write

G[~u]
[
ρ̃

(0)
[~u]

]
'
∫
I[~u]

G~u(t)
[
ρ̃
(eq)
~u(t)

]
dt =⇒ ρ̃

(0)
[~u] ' G

−1
[~u]

[∫
I[~u]

G~u(t)
[
ρ̃
(eq)
~u(t)

]
dt

]
, (G.37)

where we used the above-mentioned invertibility of G[~u]. This expression, valid at leading
order in the expansion in η[~u]T , corresponds to Eq. (10.9).

G.2.3 Sub-protocols of fast driving controls

Here we show that a generic sub-protocol ~uA(t) extracted from a cyclic trajectory ~u(t) fulfilling
the fast driving limit condition (G.32), also fulfils the same condition.

As detailed in Sec. 10.2.1 of the main text, a generic sub-protocol ~uA(t) is constructed
from reduction of ~u(t) on a proper subset IA of the fundamental period I[~u]. Accordingly,
from Eq. (G.29) it follows that

η[~u] = max
t∈I[~u]

‖G~u(t)‖ ≥ max
t∈IA
‖G~u(t)‖ = max

t∈I[~uA]
‖G~uA(t)‖ = η[~uA] . (G.38)

Also, indicating with TA the measure of the interval IA, we have by construction TA ≤ T :
putting this together the thesis finally follows via the inequality

η[~uA]TA ≤ η[~u]T � 1 . (G.39)

G.3 Selection of the infinitesimal protocol
As discussed in Sec. 10.2.2, proving the possibility of fulfilling the condition (10.12) of the
main text, is equivalent to showing that starting from a generic curve in R

D (D = d2 − 1)
that has a null center of mass, we can always split it into two (non-trivial) sub-curves such
that these still have a null center of mass. This result is proven explicitly in Sec. G.3.1. Then
in Sec. G.3.2 we give a characterization of the maximum number L of time intervals entering
in Eq. (10.15).

G.3.1 Main result

Let γ ≡ {~v(t)|t ∈ [0, T ]} be a piecewise C1 curve generated by the function ~v(t) : [0, T ]→ R
D,

that satisfies ∫ T

0
~v(t)dt = 0. (G.40)

We want to show that there exist k ≤ (D + 1)2 points on the curve ~v(t1), · · ·, ~v(tk) and
parameters τ1, · · ·, τk > 0 such that∫ t1+τ1

t1
~v(t)dt+ · · ·+

∫ tk+τk

tk

~v(t)dt = 0. (G.41)
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Indeed, in such case the sub-curve identified by the restriction of ~v(t) to [t1, t1 + τ1] ∪ · · · ∪
[tk, tk + τk] would have a null center of mass.

We can suppose that this curve does not lay on any hyperplane V strictly contained in
R
D, otherwise we can simply repeat the proof in the smaller space V ∼= R

D−1.
We first notice that, calling C the convex hull of the range of the curve {~v(t) : t ∈ [0, T ]}

and C̊ its interior, then 0 ∈ C̊. Indeed, if by contradiction this is not the case, by the Hahn-
Banach theorem [379] there exists a unitary vector ~w ∈ R

D such that ~w· ~x ≥ 0 for every
~x ∈ C. Since ~v(t) ∈ C for every t, ~v(t) · ~w is a non negative function, but using Eq. (G.40)
we have ∫

~v(t) · ~wdt =
(∫

~v(t)dt
)

· ~w = 0,

hence ~v(t) · ~w = 0 for every t. This is equivalent to saying that ~v lies on the hyperplane
{~w· ~x = 0}, that is a contradiction.

Since 0 ∈ C̊, we can find D + 1 points ~p1, · · ·, ~pD+1 ∈ C̊,

~p1 = ε
(
1− 1

D+1 ,−
1

D+1 , · · ·,−
1

D+1

)
,

~p2 = ε
(
− 1
D+1 , 1−

1
D+1 , · · ·,−

1
D+1

)
,

~pD = ε
(
− 1
D+1 ,−

1
D+1 , · · ·, 1−

1
D+1

)
,

~pD+1 = ε
(
− 1
D+1 ,−

1
D+1 , · · ·,−

1
D+1

)
,

with ε a positive constant, so that ~p1, · · ·, ~pD+1 do not lie in any hyperplane and

~p1 + · · ·+ ~pD+1
D + 1 = 0. (G.42)

Moreover, since ~pj ∈ C, there exist tj1, · · ·, tjmj ∈ [0, T ] and a set of coefficients αj1, · · ·, αjmj ∈
(0, 1) with mj ≤ D + 1, αj1 + · · ·+ αjmj = 1, such that

αj1~v(tj1) + · · ·+ αjmj~v(tjmj ) = ~pj . (G.43)

Since the ~pj by construction do not lie on any hyperplane, the same holds true for the
family ~v(tjk). To simplify the notation, we reindex tjk = tl, 1 ≤ l ≤ m ≤ (D + 1)2, where
m =

∑D+1
j=1 mj , and from (G.42) and (G.43), we notice that there exist positive numbers

a1, · · ·, am with a1 + · · ·+ am = 1 such that

a1~v(t1) + · · ·+ am~v(tm) = 0. (G.44)

Moreover, the vectors ~v(t1), · · ·, ~v(tm) do not lie on any hyperplane. Up to reordering, we can
assume that ~v(tm−D+1), · · ·, ~v(tm) are linearly independent. We define the maps

fl(τ) =
{∫ tl+τ

tl
~v(t)dt if tl < T,∫ T

T−τ ~v(t)dt if tl = T,
(G.45)

and
F (τ1, · · ·, τm) = f1(τ1) + · · ·+ fm(τm). (G.46)

Then (G.41) is proven if we have that for some choice of τ1, · · ·, τm > 0 arbitrarily small,
F (τ1, · · ·, τm) = 0. For this purpose, we notice that ∂τfl(0) = ~v(tl), and

∇τm−D+1,···,τDF |τm−D+1=0,···,τm=0 =
(
~v(tm−D+1), · · · ~v(tm)

)
(G.47)
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which is an invertible matrix, since the vectors ~v(sm−D+1), · · · , ~v(sm) are linearly inde-
pendent. Moreover, F (0, · · ·, 0) = 0. Therefore, by the implicit function theorem [379], in
a neighborhood of 0, there exist C1 functions σm−D+1(τ1, · · ·, τm−D), · · ·, σD((τ1, · · ·, τm−D))
such that

F (τ1, · · ·, τm−D, σm−D+1(τ1, · · ·, τm−D), · · ·, σD((τ1, · · ·, τm−D))) = 0 (G.48)

and σj(0, · · ·, 0) = 0. If we have that for an appropriate choice of τ1, · · ·, τm−D > 0, then
σj(τ1, · · ·, τm−D) > 0 for every j, we obtain (G.41). Differentiating

0 = F (a1t, · · ·, am−Dt, σm−D+1(a1t, · · ·, am−Dt), · · ·, σm(a1t, · · ·, am−Dt))

in t = 0, we obtain

a1~v(t1) + · · ·+ am−D~v(tm−D) + d

dt
σm−D+1(0)~v(tm−D+1) + · · ·+ d

dt
σm(0)~v(tm) = 0. (G.49)

Combining this with (G.44) and recalling that ~v(tm−D+1), · · ·, ~v(tm) are linearly independent,
we obtain that

d

dt
σj(0) = aj > 0. (G.50)

Therefore, for δ small enough, σj(δa1, · · ·, δam−D) > 0, and we obtain (G.41) by choosing
τj = ajδ for j ≤ m −D, and τm−D+j = σm−D+j(δa1, · · ·, δam−D), and the analogous choice
if tj = T for some j.

G.3.2 Maximum number of sudden quenches

As discussed in Sec. 10.2.2 and in App. G.3, the most powerful protocol is a generalized Otto
cycle composed by a finite number k of infinitesimal segments where the control is constant.
Here we will prove that k ≤ L = D − 1, where D is the dimension of the vector space in
which the function ~v(t) introduced in Sec. 10.2.2 lives.

We start by considering an infinitesimal protocol, associated to a curve composed by k
infinitesimal segments each one starting from a vector ~wi ∈ R

D with 0 ≤ i ≤ k. We assume
this curve to have null center of mass, i.e. that Eq. (G.41) is valid. For an infinitesimal
protocol, Eq. (G.41) reduces to

k∑
i=1

αi ~wi = 0, (G.51)

where αi = τi/T > 0 is such that
∑
αi = 1.

Let C be the convex hull generated by the vectors {~wi : i = 1, ..k}. As argued in the
previous appendix, Eq. (G.51) implies that 0 belongs to C̊. Assuming that the original vectors
do not lie on any hyperplane, by linear independence we can identify a subset S of indices of
{1, 2, ..., k} and some coefficients ξi such that

∑
i∈S ξi ~wi = 0 and

∑
i∈S ξi = 1. Moreover, S

has at most D + 1 elements.
We now take a linear combination of

∑
i∈S ξi ~wi = 0 and Eq. (G.51) obtaining, up to

reordering the vectors

(α1 − cξ1)~w1 + · · ·+ (αD+1 − cξD+1)~wD+1 + aD+2 ~wD+2 + · · ·+ ak ~wk = 0, (G.52)

where c is a positive constant. If c = 0, all coefficients are positive, whereas for large values
of c, the first D + 1 coefficients become negative. We therefore choose the smallest value of
c such that one coefficient is null, and the other ones are positive, that is

c = min
i=1,···D+1

αi
ξi
. (G.53)
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The following argument can be simply generalized to the case where more than one coefficient
is null. We can assume that the index that minimizes the right hand side of Eq. (G.53) is
i = 1. With this choice, we have that{

cξ1 ~w1 + · · · cξD+1 ~wD+1 = 0,
(α2 − cξ2)~w2 + · · · (αD+1 − cξD+1)~wD+1 + αD+2 ~wD+2 + · · ·+ αk ~wk = 0.

(G.54)

We now define two new sub-curves, A and B, of the original infinitesimal curve through
Eq. (G.54). The first is given by D+1 infinitesimal segments, centered around ~w1, . . . , ~wD+1,
with time duration τ (A)i /T given by the coefficients of the first row of Eq. (G.54). The second
is centered around ~w2, . . . , ~wk with time duration τ

(B)
i /T given by the coefficients of the

second row of Eq. (G.54). Thanks to Eq. (G.54), these two sub curve have null center of
mass [they satisfy Eq. (G.41)], and thanks to the fact that

∑
i τ

(A)
i +

∑
i τ

(B)
i = 1, they are a

disjoint partition of the initial curve into two sub-curves. Each one of the two sub-curves is
associated to a sub-protocol, and following the partition argument introduced in Sec. 10.2.1,
we know that the sub-protocol relative to one or the other sub-curve is not less powerful than
the original one. If this procedure selects the curve supported on D + 1 vectors, the proof is
over. If the most powerful one is the one composed of k− 1 > D+ 1 vectors, we can reiterate
this argument until we end up with a protocol made up of D + 1 vectors.

G.4 One control per temperature is sufficient for positive
GAPs

Consider the expression of the generalized power (10.23), which can be rewritten as

Pc[{~ui, µi}] =
∑L
i,j=1 cαiπiπjPi←j∑L

i=1 πi
, (G.55)

(G.56)

where αi is the constant value of α(t) during the interval dτi, and πi ≡ µiΓ~ui .
We assume now that the GAP to maximize is positive, that is it consists of a positive

average of the currents extracted from some of the thermal sources i.e. cαi ≥ 0 ∀i (note that
this is the case both for the engine and the refrigerator). In such a case it is easy to see that

Pc[{~ui, µi}] ≤
∑L
i,j=1 cαiπiπjP̃i←j∑L

i=1 πi
, (G.57)

Where P̃i←j = Pi←j if Ti 6= Tj while P̃i←j = 0 if the two temperatures are the same. The
inequality holds thanks to the fact that cαi ≡ cTi ≥ 0 is positive and only depends on the
temperature, plus property (10.26) (that is, Pi←j + Pj←i ≤ 0 when Ti = Tj). We will now
maximize the right hand side of (G.57), which in the end will result in a maximization of
Pc as for the optimal control the inequality is saturated. Consider the list of controls to be
ordered in such a way to collect in the first k entries all the points at temperature T1, i.e.

Ti = T1 ⇔ 1 ≤ i ≤ k (G.58)

Then the right hand side of (G.57) can be cast as∑
i≤k,j>k πiπj(c1P̃i←j + cjP̃j←i) +

∑
i>k,j>k ciπiπjP̃i←j∑

i≤k πi +
∑
i>k πi

. (G.59)
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It is possible to re-express the above equation in terms of the time ratios spent on each control
point µi. Focusing on the controls at temperature T1 we consider the renormalized fraction
of time spent on the first k points, i.e. we introduce

θ
(1)
i = µi∑k

j=1 µj
, (G.60)

meaning that the vector ~θ(1) represents a normalized probability distribution on those points.
With this definition we see easily that expression (G.59) is in the form

~θ(1) ·~a+A

~θ(1) ·~b+B
(G.61)

for appropriate definitions of ~a, A, ~b, B. When tuning the time fractions spent on each point
at temperature T1 the best option will be thus to concentrate on one point only, i.e. θ(1)

i = δīi
where ī reaches the maximum in the following affine inequality (see Lemma below)

~θ(1) ·~a+A

~θ(1) ·~b+B
≤ max

i

ai +A

bi +B
. (G.62)

It is then sufficient to repeat the same argument for each temperature to prove that for any
positive GAP at most one control point per temperature is needed in the maximization.

The power can be thus optimized on the form

Pc[{~uα, µα}] =
∑N
α,β=1 cαπαπβPα←β∑N

α=1 πα
, (G.63)

which is the same as (10.23), except for the indices running only on different temperatures.
We notice also that if more than one coefficient cα is zero the optimization can be reduced
again. That is, suppose cα 6= 0 for α = 1, . . . , κ with κ ≤ N − 2. Then the above expression
takes the form ∑

α,β≤κ cαπαπβPα←β +
∑
α≤κ,β>κ cαπαπβPα←β∑κ

α=1 πα +
∑N
α=κ+1 πα

, (G.64)

and the Lemma can be used again to collapse all the last N − κ controls in one, remaining
with κ + 1 points. This has the immediate consequence, that e.g. for a refrigerator two
controls are always sufficient to optimize a refrigerator, where κ = 1.

Lemma Given a probability distribution ~p, a vector ~a, a positive vector ~b ≥ 0, a constant
A and a positive constant B ≥ 0, it holds that

~p·~a+A

~p·~b+B
≤ max

i

ai +A

bi +B
. (G.65)

Proof. First notice that the values of A and B can be reabsorbed in the definitions of ~a
and ~b, due to ~p being a probability distribution pi ≥ 0,

∑n
i pi = 1. Formally

a′i = ai + A

n
, b′i = bi + B

n
⇒ ~p·~a+A

~p·~b+B
= ~p· ~a′

~p· ~b′
(G.66)
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Now consider a convex combination ~p = λ~p(1) + (1− λ)~p(2) and without loss of generality

r(1) ≡ ~p(1) · ~a′

~p(1) · ~b′
≤ ~p(2) · ~a′

~p(2) · ~b′
≡ r(2) . (G.67)

It follows that

λ~p(1) · ~a′ + (1− λ)~p(2) · ~a′

λ~p(1) · ~b′ + (1− λ)~p(2) · ~b′
= λr(1)~p(1) · ~b′ + (1− λ)r(2)~p(2) · ~b′

λ~p(1) · ~b′ + (1− λ)~p(2) · ~b′

≥ λr(2)~p(1) · ~b′ + (1− λ)r(2)~p(2) · ~b′

λ~p(1) · ~b′ + (1− λ)~p(2) · ~b′
= r(2) . (G.68)

where in the last inequality we used that ~b′ ≥ 0. The same inequality be carried out in the
other sense and both inequalities can be condensed as

~p(1) · ~a′

~p(1) · ~b′
≤ λ~p(1) · ~a′ + (1− λ)~p(2) · ~a′

λ~p(1) · ~b′ + (1− λ)~p(2) · ~b′
≤ ~p(2) · ~a′

~p(2) · ~b′
. (G.69)

If follows in particular that expression is convex and is obtained on the extremal points of
the polytope in which ~p lives. The extremal points are deterministic points (pi = δīi for some
ī), and thus inequality (G.65) is proven.

G.5 Power of many interacting qubits

In this appendix we prove Eqs. (10.37) and (10.39). We start from the refrigerator case. As
discussed in Sec. 10.3.3, the maximum average cooling power is given by

P
(max)
[R] = 1(√

Γ−1
α1 +

√
Γ−1
α2

)2
1
β2

max
ε2

β2ε2
e−β2ε2(d− 1)

1 + (d− 1)e−β2ε2
. (G.70)

Defining x = β2ε2, we need to find the maximum of the function

f(x) = xe−x(d− 1)
1 + (d− 1)e−x . (G.71)

Setting to zero the derivative of f(x), the optimal value x∗ is determined by solving

ex
∗(x∗ − 1) = d− 1. (G.72)

The solution to this equation can be given in terms of the Lambert function W (z), which is
defined implicitly by the relation z = W eW . We therefore find

x∗ = 1 +W

(
d− 1
e

)
. (G.73)

Plugging this into f(x1), and using the relation e−W (x) = W (x)/x, we have that

f(x∗) = W

(
d− 1
e

)
. (G.74)
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This is an exact solution. The behavior of the Lambert function, for large arguments, is given
by

W (z) = ln(z)− ln(ln(z)) +O(1). (G.75)

Retaining only the largest contribution in the limit d→∞, we find

f(x∗) ≈ ln(d). (G.76)

Plugging this result into Eq. (G.70) with d = 2n yields the second relation of Eq. (10.37).
In the NI case, the cooling power of n qubits is given by n times the power of a single
qubit. Setting d = 2 in Eq. (G.74) and plugging the result into Eq. (G.70) gives an an exact
expression of the maximum cooling power of a single qubit. Equation (10.39) is therefore
proven by combining this relation with Eq. (10.37).

We now turn to the heat engine case. As discussed in Sec. 10.3.3, the maximum average
extracted power is given by

P
(max)
[E] = 1(√

Γ−1
α1 +

√
Γ−1
α2

)2
1

β1β2
max
ε1 ε2

(β1ε1 β2 − β2ε2 β1)(e−β1ε1 − e−β2ε2)(d− 1)
(1 + (d− 1)e−β1ε1)(1 + (d− 1)e−β2ε2) . (G.77)

Defining x1 = β1ε1 and x2 = β2ε2, we need to find the maximum of the function

f(x1, x2) = (x1β2 − x2β1)(e−x1 − e−x2)(d− 1)
(1 + (d− 1)e−x1)(1 + (d− 1)e−x2) (G.78)

in the limit of d → +∞. Approximating d − 1 ≈ d and setting the partial derivatives of
f(x1, x2) to zero, the optimal values x∗1 and x∗2 are determined by solving

β1e
x∗1(d+ ex

∗
2)x∗2 − β2

(
e2x∗1 − dex∗2 + ex

∗
1+x∗2(x∗1 − 1) + dex

∗
1(1 + x∗1)

)
= 0,

β2e
x∗2(d+ ex

∗
1)x∗1 − β1

(
e2x∗2 − dex∗1 + ex

∗
1+x∗2(x∗2 − 1) + dex

∗
2(1 + x∗2)

)
= 0.

(G.79)

We were not able to explicitly find a solution to this set of equation. We therefore search
for a perturbative solution, which is valid in the limit of large d. We do this by choosing an
“ansatz” of the form

x∗1 =
∑
i

a
(i)
1 gi(d),

x∗2 =
∑
i

a
(i)
2 gi(d),

(G.80)

where gi(d) are a set of functions that capture the asymptotic behavior of x∗1 and x∗2, and a
(i)
1

and a(i)
2 are a set of coefficients that do not depend on d, which we determine by imposing

Eq. (G.79), i.e. by setting to zero the coefficients of the terms which diverge fastest in d. We
choose the same set of functions gi(d) for both x∗1 and x∗2 since this simplifies the calculation,
and since it is a reasonable assumption given that f(x1, x2) = f(x2, x1), provided that we
also exchange the temperatures.

Unfortunately, a straightforward expansion in powers of d does not work. This is due
to the fact that we have both polynomial and exponential terms in Eq. (G.79). To find a
good “ansatz”, we thus take inspiration from the exact solution x∗1 found in the refrigerator
case: indeed, the functions f(x) in the refrigerator case and f(x1, x2) in the heat engine case
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are formally very similar. Using the asymptotic expansion of the Lambert function, from
Eq. (G.73) we have that, in the refrigerator case,

x∗ ≈ ln d− ln ln d+O(1). (G.81)

Using this intuition, and performing some attempts, we choose the following ansatz:

x∗1 = ln d− ln ln d− ln a1,

x∗2 = ln d+ ln ln d+ ln a2.
(G.82)

Plugging this ansatz into Eq. (G.79), and retaining only the fastest diverging term with
respect to d, we find (up to an irrelevant prefactor)

(a1β2 + β1 − β2) d2 ln d = 0,
(a2β1 + β1 − β2) d2 ln2 d = 0.

(G.83)

In order to suppress these fast diverging term, we set the coefficient to zero, finding

a1 = β2 − β1
β2

, a2 = β2 − β1
β1

. (G.84)

We now have an approximate expression for x∗1 and x∗2 which is asymptotically correct.
Retaining only the fastest diverging term with respect to d, we find

f(x∗1, x∗2) ≈ (β2 − β1) ln d. (G.85)

Using Eq. (G.85) to evaluate Eq. (G.77), and setting d = 2n proves the first relations in
Eq. (10.37).

G.6 Qutrit model
In this appendix we present the model we employ to describe a qutrit in the Markovian
regime. The Hamiltonian of the system is given by Eq. (10.40), and the dynamics of the local
density matrix is described by Eq. (10.2). Following the standard derivation of the Lindbald
master equation [27], and accounting for the fact that we only couple one bath at the time
to the qutrit, we write the total dissipator D~u(t)[ρ] =

∑
αDα,~u(t)[ρ] as

D~u(t)[ρ] :=
∑
i 6=j

Γij(~u(t), α(t))
(
AijρA

†
ij −

1
2
[
A†ijAij , ρ(t)

]
+

)
, (G.86)

where α(t) is an additional control labelling the bath we are coupled to, and [· · · , · · · ]+
denotes the anti-commutator operations. Γij(~u(t), α(t)) is the dissipation rate induced by
reservoir α which describes a transition from eigenstate |i〉 to eigenstate |j〉 of H and Aij =
|i〉 〈j|.

We now define the occupation probabilities pn(t) = 〈n| ρ(t) |n〉. By projecting Eq. (10.2),
provided with Eq. (G.86), onto the eigenstates of H, we can derive a closed set of equations
for pn(t), given by Eq. (10.41). Explicitly, we have that∂tp1

∂tp2
∂tp3

 =

−Γ12 − Γ13 Γ21 Γ31
Γ12 −Γ21 − Γ23 Γ32
Γ13 Γ23 −Γ32 − Γ31

 ·

p1
p2
p3

 , (G.87)
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where we omitted for simplity the arguments of the probabilities and of the rates.
In general, the probabilities associated with the limiting cycle can be computed solving

Eq. (10.41) imposing periodic boundary conditions, i.e. pn(0) = pn(T ), and imposing that∑
n pn = 1. The instantaneous heat flux flowing out of all baths J(t) =

∑
α Jα(t) can then

be computed as

J(t) = Tr
[
H~u(t)D~u(t) [ρ(t)]

]
=
∑
n

εn(t)∂tpn(t)

=
∑
m6=n

εn(t) [−pn(t)Γnm(~u(t), α(t)) + pm(t)Γmn(~u(t), α(t))] (G.88)

where, in the last equality, we used Eq. (10.41). The average power delivered by the heat
engine is then given

P[E] = 1
T

∫ T

0
J(t)dt. (G.89)

This is the procedure used for the numerical calculations at finite period T .
In order to simplify this calculation in the fast-driving regime, we first need to cast

Eq. (G.87) into a form equivalent to Eq. (10.5). We do this using a slightly different approach
respect to the one detailed in the main text, that yields equivalent results. Inserting the
relation p1 = 1 − p2 − p3 into Eq. (G.87), and using the detailed balance condition (10.42),
we find

∂tp̂(t) = G(~u(t), α(t)) · (p̂(t)− p̂(eq)α(t);~u(t)), (G.90)

where we defined p̂(t) = (p2(t), p3(t)), and where p̂(eq)α(t);~u(t) = ([p(eq)α(t);~u(t)]2, [p
(eq)
α(t);~u(t)]3) are the

Gibbs probabilities of being in state |2〉 and |3〉 when in contact with bath α(t). Omitting
the explicit argument, the matrix G(~u(t), α(t)) is given by

G =
(

Γ12 + Γ21 + Γ23 +Γ12 − Γ32
+Γ13 − Γ23 +Γ13 + Γ31 + Γ32

)
, (G.91)

which can be shown to be strictly positive definite using the detailed balance condition (10.42)
and assuming that the bath temperatures are finite. Therefore, any sum of G(~u(t), α(t)) at
different times will be positive definite, thus invertible. All relations in the main text thus
hold by replacing ρ(t) with p(t), ρ̃(t) with p̂(t) and G~u(t) with G(~u(t), α(t)). Specifically,
defining ε̂(t) = (ε2(t), ε3(t)), Eqs. (10.15) and (10.16), become in this notation

P[E][{~ui, µi}] =
L∑
j=1

µj ε̂
T
j ·G(~uj , αj) · (p̂(0)[{~ui,µi}] − p̂

(eq)
α(t);~u(t)), (G.92)

and

p̂
(0)
[{~ui,µi}] =

 L∑
j=1

µjG(~uj , αj)

−1  L∑
j=1

µjG(~uj , αj) · p̂
(eq)
αj ;~uj

 , (G.93)

where ε̂j denotes the value of the energies during the jth time interval, as determined by
the control ~uj . We can therefore compute the power of a Generalized Otto cycle in the fast
driving regime using Eqs. (G.92) and (G.93), which is much easier than solving the dynamics
explicitly. The optimization of P[E][{~ui, µi}] is then performed as described in Sec. 10.4.
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