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ABSTRACT. We describe the minimal number of critical points and the minimal number s of
singular fibres for a non isotrivial fibration of a surface S over a curve B of genus 1, exhibiting
several examples and in particular constructing a fibration with s = 1 and irreducible singular
fibre with 4 nodes.

Then we consider the associated factorizations in the mapping class group and in the symplec-
tic group. We describe explicitly which products of transvections on homologically independent

and disjoint circles are a commutator in the Symplectic group Sp(2g,7Z).
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Our present work consists of two tightly related but different parts: the first is geometrical,

and concerns fibrations f : S — B of a smooth complex algebraic surface over a smooth complex

curve B, with special attention to the case where the base curve B has genus at most 1.

The second part is of algebraic nature, and determines which powers of products of certain

standard transvections are a commutator in the symplectic group Sp(2g,7Z).
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In the first section we begin describing the algebraic version of the so called Zeuthen-Segre
formula, relating the topological Euler-Poincaré characteristic e(S) with the number u of singu-
larities of the fibres of f (counted with multiplicity).

Then in proposition 1.2 we consider the case where the genus b of the base curve B is 1, and
describe the cases where p is minimal ( 4 = 3 or = 4). Both cases occur, the first case due to
the existence of the Cartwright-Steger surface [CS10], the second due to theorem 3.5 of section
3.

We proceed observing that if the base curve has genus b > 2, then there are non isotrivial
fibrations without singular fibres; we also recall some basic lower bound for the number s of
singular fibres of a moduli stable fibration when the base curve B has genus b = 0,1. That
s = 1 occurs for b = 1 was shown by Castorena Mendes-Lopes and Pirola in [CMLP17] (in their
examples the singular fibre is reducible, and either with fibre genus g = 9, or with very high
genus, here we show an example with g = 10), and we use a variant of their method in theorem
3.5 to construct an example with ¢ = 9 and irreducible and nodal singular fibre.

In section four we recall how to such a fibration corresponds a factorization in the Mapping
class group Map,, hence also in the symplectic group Sp(2g,Z); and we recall several results,
referring to [St-Yul7] for results concerning symplectic fibrations.

The main point is that, if f : .S — B is such that b = 1, and the fibre singularities are just
nodes, we get that a product of Dehn twists is a commutator in Mapg, respectively a product
of transvections is a commutator in Sp(2g,Z).

In the next sections we treat rather exhaustively the purely algebraic question to determine
which powers of the standard transvection, and of the product of transvections on homologically
independent and disjoint circles, are a commutator in the Symplectic group Sp(2g,7Z).

While [St-Yul7] state that the product of two Dehn twists cannot be a commutator in Mapy,
we show that the corresponding product of transvections is a commutator in Sp(2g,Z), for all
g=>2.

1. FIBRATIONS OF COMPACT COMPLEX SURFACES OVER CURVES

DEFINITION 1.1. Let f : S — B be a holomorphic map of a compact smooth (connected)
complex surface S onto a smooth complex curve B of genus b.

By Sard’s lemma, the fibre F, := f~!(y) is smooth, except for a finite number of points
P1,---ps € B (and then the fibres F),. are called the singular fibres).

(1) f is said to be a fibration if all smooth fibres are connected (equivalently, all fibres are
connected). In this case we shall denote by g the genus of the fibres.

Consider a singular fibre F; = > n;C;, where the C; are distinct irreducible curves.

(2) Then the divisorial singular locus of the fibre is defined as the divisorial part of the
critical scheme, Dy := > (n; — 1)C}, and the Segre number of the fibre is defined as

e = degF + D Kg — Dt2,

where the sheaf F is concentrated in the singular points of the reduction (F}),.q of the fibre
F;, and is defined as the quotient of Og by the ideal sheaf generated by the components of the
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vector d7 /s, where s = 0 is the equation of Dy, and where 7 is the pull-back of a local parameter
at the point ¢ € B.
More concretely,
T = ij;'ljvs = T/(ij])v

and the logarithmic derivative yields

dr = S[Z 1 (dfjInz; fr)]-
J

The following is the algebraic version of the Zeuthen-Segre formula, expressing how the topo-
logical Euler Poincaré characteristic e(S) of S, equal to the second Chern class ¢2(S) of S, differs
from the one of a fibre bundle (for a topological fibre bundle e(S) =4(g —1)(b—1)) (see [CB],
[Catl7]).

Theorem 1.1. ( Modern Zeuthen-Segre Formula) Let f : S — B be a fibration of a
smooth complex surface S onto a curve of genus b, and with fibres of genus g.
Then
e(5) = ca(S) =4lg —1)(b = 1) + p,
where p1 =Y, g s, and g is the Segre number defined above.
Moreover, uy > 0, and indeed the Segre number p; is strictly positive, except if the fibre F; is
smooth or is a multiple of a smooth curve of genus g = 1.

The importance of the formula lies in the fact that the difference p :=e(S) —4(b—1)(g — 1)
is always non negative.

It leads to an interpretation of u as the total number of singular points of the fibres, counted
with multiplicity, in the case where g # 1 (observe that if g = 0, then S is an iterated blow up
of a P-bundle over B, hence u is equal to the number of blow ups, and also to the number of
singular points on the fibres taken with their reduced structure).

Indeed, if the singularities of the fibres are isolated, then p; is the sum of the Milnor numbers
of the singularities; in particular, it equals the number of singular points of the fibre if and only
if all the singularities are nodes, i.e., critical points where there are local coordinates (x,y) such
that locally f = 22 — y? (equivalently, f = zy).

Most of the times, the formula is used in its non refined form: if g > 1, then either u > 0, or
@ =0 and we have a differentiable fibre bundle.

The formula is well known using topology (see [BPHV]), but the algebraic formula is very
convenient for explicit calculations.

Let us look at the particular case where the base curve B has genus b = 1, hence e(S) = p > 0.

If moreover g > 2, then we have the following proposition (using also some arguments from
[CaKel4]):

Theorem 1.2. Let f : S — B be a fibration of a smooth complex surface .S onto a curve of
genus b = 1, and with fibres of genus g > 2.

Then either e(S) = u = 0, or e(S) = p > 3, equality holding if and only if S is a minimal
surface S with py(S) = ¢(S) = 1 or py(S) = ¢(S) = 2, and with K% = 9. In particular S is then
a ball quotient. Moreover, either
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(I) all fibres are reduced, and the singular points of the fibres are either

(I1) 3 nodes, or

(I 2) one tacnode ( f = y? — x* in local coordinates), or

(I 3) one node and one ordinary cusp ( f = 4% — 2? in local coordinates), o

(IT) we have one double fibre, twice a smooth curve of genus 2 (hence g = 3) plus one node.
If instead e(S) = p =4 and S is minimal, then necessarily either

(1) pg(S) =q(S)=1or

(2) pg(S) = q(S) =2, or

(3) pg(S) = q(S) = 3, and then g = 3, the fibration has constant moduli and just two
singular fibres, each twice a smooth curve of genus 2; or

(4) S is a product of two genus 2 curves in this case py(S) = ¢(5) = 4.

PROOF. If S is not minimal, every (—1)-curve maps to a point, hence f factors asp: S — 5,
where S’ is the minimal model, and f' : S’ — B. Since e(S) equals e(S’) plus the number of
blow ups, it suffices to prove the inequality in the case where S is minimal.

Since S is non ruled, we have (recall that x(S) =1 — q(S) + py(S)) K% > 0,x(S) > 0.

By Noether’s formula 12x(S) = Kz + e(S), while the Bogomolov-Miyaoka-Yau inequality
yields K% < 9x(S), equality holding if and only if S is a ball quotient. Hence e(S) > 3x(S); and
if X(S) = 0, then necessarily also K% = e(S) = 0. Otherwise, e(S) = pu > 6 unless x(S) = 1,
which is equivalent to saying that p,(S) = ¢(95).

If e(S) = 3, then x(S) = 1, KZ = 9 and we have a ball quotient. The map to B shows that
q(S)>b=1.

On the other hand, the classification of surfaces with p, = ¢ shows that p, = ¢ < 4, equality
holding if and only if S is a product S = C; x Cs of two genus 2 curves, in which case K2 = 8
[Bea82].

Moreover ([CCM98], [Pir02], see especially [HP02]) if p, = ¢ = 3 either K2 =6 or K? = §&;
hence in the first case e(S) = 6, and in the second case e(S) = 4. In the latter case S is a
quotient (C' x D)/(Z/2) where C, D are smooth curves of respective genera 2,3, and the group
Z]2 acts diagonally with B := C/(Z/2) of genus 1, and E := D/(Z/2) of genus 2. The only
fibrations onto curves of strictly positive genus are the maps to B, respectively E. For the map
S — B all the fibres are isomorphic to D, except two fibres which are the curve E counted with
multiplicity 2.

Hence, if e(S) = 3, then necessarily p; = ¢ = 1 or py = ¢ = 2. Moreover, since we have a ball
quotient, Kg is ample and we claim that D; = 0 for each non multiple fibre (this means that all
n; are equal to n > 2).

In fact, if F} is not multiple, Dy - Kg =Y _,(n; — 1)KgC;, while by Zariski’s lemma D? <0 if
we do not have a multiple fibre. Since S is a ball quotient, it contains only curves of geometric
genus > 2, in particular of arithmetic genus > 2: if C; is not a submultiple of Fy, then C? < 0,
hence Kg - C; > 3. This obviously contradicts p < 3.

If a fibre is multiple F; = nF’, then

DiKs=(n—1)KgF' = (n—1)(2¢ — 2),
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and this contribution is even, and < 2 if and only if n = 2 and ¢’ = 2. F’ must be smooth, else
its geometric genus would be < 1, contradicting that S is a ball quotient. Hence there is only
one multiple fibre, and a node on another fibre.

In fact, if a fibre is reduced, then g is the sum of the Milnor numbers of the fibre singularities.
Each point of multiplicity at least 3 has Milnor number at least 4, so all singularities are A,
singularities, i.e., double points, with local analytic equation y?> — 2"*!. Their Milnor number
is equal to n.

O

REMARK 1.2. (a) There exists a ball quotient with ¢ = p, = 1: it is the Cartwright-Steger
surface [CS10]. For this Rito [Rito19] asserts that there are exactly 3 singular fibres, each having
a node as singularity.

(b) Ball quotients with ¢ = p; = 2 are conjectured not to exist (this would follow from the
Cartwright-Steger classification if one could prove arithmeticity of their fundamental group).

The claimed proof of this fact in [Yeul3] is badly wrong.

(c) a fibration with e(S) = 4 and with S a product of two genus 2 curves is constructed in a
forthcoming section. For this the singular points of the fibres are exactly 4 nodes.

(d) Fibrations with e(S) = 4 and with p; = ¢ = 2 and fibre genus 4, 10 can be obtained using
a surface introduced by Polizzi, Rito and Roulleau in [PoRiRoul7], as we now show.

Theorem 1.3. Let p: S — E x E be the degree 4 map of the Polizzi-Rito-Roulleau surface to
the Cartesian square of the Fermat elliptic curve. Set € to be an automorphism of order three of
the Fermat elliptic curve acting on a uniformizing parameter via multiplication with a primitive
third root of 1, that we also call e.

Then the maps

¢1, 2 ExXE—=E, o¢1(z,y):=z+y d¢2z,y) =ey+2x

produce fibrations fi, fo : S — E with f; defined as the Stein factorization of ¢; o p. They have
the following properties:

e f5 has fibre genus g = 4, and two singular fibres, each consisting of a smooth genus 2
curve intersecting a smooth elliptic curve transversally in two points.

e f1 has fibre genus ¢ = 10, and only one singular fibre, having only nodes as singulari-
ties, consisting of a smooth genus 6 component intersecting two genus one components

transversally each in respectively two points.

PROOF. Recall that S is constructed in [PoRiRoul7] through a degree two étale map A —
E x E, corresponding to a character y : m(E x F) — Z/2, and then S is a double cover of the
blow up X of A in the two points which are the inverse image of the origin, ramified on the

strict transforms of the four elliptic curves
{z =0}, {y=0}{y ==} {y = —ex}

According to two editors of Crelle, the article was indeed withdrawn, but published because of a technical error
of the printer, which has not been publicly acknowledged by the editorial board of Crelle.
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which meet pairwise transversally and exactly at the origin (observe that the authors use the
primitive sixth root of 1, ¢ := —¢, in their notation).

The fibres of ¢ intersect these curves in respectively 1,1,4,3 points, those of ¢o intersect
these curves in respectively 1,1, 1,3 points.

Hence the general fibre of f; has genus g satisfying 2g —2 =4 % = ¢g = 10, while the same
calculation would seem to show that the general fibre of fs has genus g satisfying 2¢g — 2 =
4. g = g = 7: however the fibres of ¢5 o p are, as we shall now show, not connected, and consist
of two connected components of genus g = 4.

The only singular fibre of f; is the one over 0, which contains the inverse images of the two
exceptional divisors D and Dy and of the fibre of ¢; over 0.

Blowing up the origin in F x E we see that the exceptional divisor D intersects each of the
four curves in one point, while the fibre of ¢ intersects the last two curves in respectively 3,2
points.

Hence the singular fibre of f; contains two genus one components which are disjoint and
intersect the rest of the fibre transversally respectively in two points. The rest of the fibre is an
irreducible smooth component of genus equal to 6, because, as we shall now show, the inverse
image in A of the fibre of ¢ is a connected elliptic curve, and then we take a double covering
branched in 10 points.

While the authors take a basis Ceq,(ea, e1,ea of the lattice 7 (E x E), we take the more
natural basis e, €e, ea, €ea. In the second basis, and using an additive notation, the character
X takes values (0,1,1,1) on the four basis vectors.

It follows then easily that the restriction of the double covering is nontrivial on the five curves

{$ = O}a {y = O}a {y = l’}, {y = —ELL'}, {y = _'I}a

(and their translates). In particular, the fibres of ¢ o p are connected.

While, for the fibres of ¢, like {ey + x = 0}, the values of the character y on the two periods
(e1 — ey —€e3), (€67 —eg) areequal to 0+ 1+1=0,1—-1=0.

Hence the inverse image of fibre of ¢9 splits into two components and we get a fibration fo
whose fibres are of genus g =4, fo : S — E’, where E’ is an étale cover of degree 2 of E.

The singular fibres lie over the origin in £, hence we get two singular fibres for the two points
of E’ lying over the origin in E. Thus the number of singular fibres s of fo equals 2, and each
singular fibre is the inverse image of the union of an elliptic curve and an exceptional curve
(= P!). Since the double covering of the elliptic curve is branched on 2 points, while the double
cover of the exceptional curve is branched in 4 points, we obtain the desired assertion.

O

2. NUMBER OF SINGULAR FIBRES OF A FIBRATION

Once we fix b, g and we consider fibrations f : S — B with fibres F' of genus g, and genus b
of the base curve B, the Zeuthen-Segre formula which we have discussed in the previous section
gives a relation between the the topological Euler characteristic e(.S) and the number of singular
fibres of f, counted with multiplicity.
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In particular, if there is only a finite number ¢ of critical points of f, it gives an upper bound
for the number c.

This upper bound must obviously depend on e(S), as shows the case where b = 1: in fact, in
this case there exist unramified coverings B’ — B of arbitrary degree m, and the fibre product

fl:8:=SxgB — B

has both numbers ¢ = m - ¢ and e(S") = m - e(S).

The Zeuthen-Segre formula says also that if there are no singular fibres, for ¢ > 2, then
necessarily e(S) = 4(b — 1)(g — 1). There are two ways in which this situation can occur
(see [Cat17] for more details), since then S is relatively minimal and one can apply Arakelov’s
theorem asserting that

KZ>8(b—1)(g—1),
equality holding iff all the smooth fibres are isomorphic.

As a consequence, there are two cases when e(S) =4(b—1)(g — 1):

Etale bundles: K% = 8(b— 1)(g — 1), and there is a Galois unramified covering B’ — B
such that

S =SxpB =B xF,

Kodaira fibrations: K2 > 8(b—1)(g — 1), and not all fibres are biholomorphic.

The only restrictions for Kodaira fibrations are that b > 2,¢g > 3, and for all such values of
b, g we have Kodaira fibrations.

Assume now that b < 1, and assume that not all smooth fibres are biholomorphic. Let then

B* := {t € B|F; is smooth }.

Then the universal cover of B* admits a non constant holomorphic map into the Siegel space
Hg4, which is biholomorphic to a bounded domain.

The conclusion is that, for b = 1, there must be at least one singular fibre, whereas for b = 0
the number of singular fibres must be at least 3.

With the stronger hypothesis that the fibration is moduli stable, i.e., all singular fibres have
only nodes as singularities and do not possess a smooth rational curve intersecting the other
components in two points or less, one gets a better estimate [Bea81], [Tan95], [Za04]:

Theorem 2.4. Let f: S — B be a moduli stable fibration with g > 1. Then the number s of
singular fibres is at least:
(1) s>4forb=0,9 > 1,
(2) s>bforb=0,9> 2,
(3) s>6for b=0,9 > 3,
(4) s>2forb=1,9g =2.

For b = 1 Ishida [Ishi06] constructed a Catanese-Ciliberto surface with g = 3, K% = 3,
pg = ¢ = 1 having only one singular fibre: but in this case the singular fibre is not a stable
curve, it is isomorphic to the union of 4 lines in the plane passing through the same point (note
that here the Milnor number is 9, and that for a plane quartic curve the number of singular
points is at most 6, so that there is no stable curve with g = 3 and with 9 nodes).
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Parshin [Par68] claimed that for a moduli stable fibration with b = 1 one should have s > 2,
but the claim was contradicted by [CMLP17] who constructed an example with s = 1 and with
reducible singular fibre.

In the next section, using a variation of the method of [CMLP17], we construct an example
where there is only one singular fibre, irreducible and with 4 nodes (the number of nodes should
be the smallest one, see remark 1.2).

This example will play a role also in the later sections.

3. A FIBRATION OVER AN ELLIPTIC CURVE WITH ONLY ONE SINGULAR FIBRE, IRREDUCIBLE
AND NODAL

Theorem 3.5. There exists fibrations f : S — B, where B is a smooth curve of genus b = 1,
and the fibres of f are smooth curves of genus g = 9, with the exception of a unique singular
fibre, which is an irreducible nodal curve with 4 nodes. Moreover, S is the product C; x Cs of

two smooth genus 2 curves.

PrOOF. We achieve the result in three steps.

Step 1: we construct, for i = 1,2, a degree 4 covering
fi : Cz — B,

branched only over O € B, and with f;*(O) consisting of two (necessarily simple) ramification
points.

Step 2: taking O to be the neutral element of the group law on the genus 1 curve B, we set,
as in [CMLP17],

S = Cl X CQ, and f(l’l,xg) = fl(arl) — fg(wg).

Hence z := (x1,x2) is a critical point for f if and only if both z; is a critical point for f; and
x2 is a critical point for fs.

By the choice made in step 1, we have 4 such critical points, and for each of them f(x) = O.
Hence f has only one singular fibre Fp := f~1(0O), which possesses exactly 4 singular points.

By simple ramification, there is a local coordinate ¢ around O, and there are local coordinates
2

z; around z; such that in these coordinates f;(z;) = z7. Therefore, at a critical point x, there

are local coordinates (z1, z2) such that

f(21,2:2> = Z% - z%:

and we have a nodal singularity of the fibre Fp = {f(21,22) = 0}.

Step 3: we shall show, based on the explicit construction in step 1, that the singular fibre
Fo = f~4O), which is the fibre product C; x g Oy, is irreducible.

We observe moreover that the fibre F, over a point y € B is the fibre product of C7 and Cs
via the respective maps f; —y and fa: hence there are exactly 2-2 -4 = 16 simple ramification
points for the map F,, — B, hence g(F,) = 9.

Construction of step 1: We construct the two respective coverings f; : C; — B using
Riemann existence’s theorem, and we let B be any elliptic curve, with a fixed point O which we
take as neutral element for the group law.
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Since the local monodromy at the point O is a double transposition, the monodromy p; :
m1(B\ {O}) factors through the orbifold fundamental group

I :=7{"(B;20) := (o, ,1l[e, B] = 7,7° = 1),

where ~ represents a simple loop around the point O.
We define then two homomorphisms,

p1 20— Sy, (a) :=1(1,2,3,4), u1(8) :=(1,2)(3,4),

p2 1 T = Gy, po(e) == (1,2,3), pa(B) == (1,4)(2,3).
In both constructions j;(3) is an element of the Klein group K = (Z/2)?, consisting of

the three double transpositions and of the identity, as well as u;(aBa™t) = ui(y3). We have
respectively

pi(afa™) = (2,3)(4,1), pa(aBa) = (2,4)(1,3),

so that py (afa™t) # u1(B) and u;(7y) is the third nontrivial element in &C, a double transposition
as desired.

The conclusion is that u;(I") contains the normal subgroup K and is generated by K and
pi(c).

Hence p(T) is the dihedral group Dy, while pa(T) is the alternating group 2.

We let then f; to be the degree 4 covering associated to the monodromy p; : I' = Gy4.

Proof of the assertion of Step 3: The normalization of the singular fibre of f, whch is
the fibre product of C1 and Cs over B, is a degree 16 covering of B associated to the product

monodromy
p1 X i ' —= G4 X 6y C Gy

The irreducibility of this fibre product amounts therefore to the transitivity of the monodromy
w(T) := p1 x p2(T) on the product set {1,2,3,4} x {1,2,3,4}.

Indeed, the p(a)-orbit has cardinality 12 and contains ¥ := {1,2, 3,4} x {1,2,3}. Moreover,
each element not in ¥ is of the form (a,4) and u(8) sends (a,4) to an element (y,1) which lies
in 3, whence there is a unique orbit, the monodromy is transitive, and the unique singular fibre
Fo of f is irreducible.

O

REMARK 3.1. Since we took B to be any elliptic curve, we see that our construction leads
to a one-parameter family of such fibrations. And since a deformation of a product of curves is
again a product, we see that any deformation of f which has exactly one singular fibre must be

as in our construction.

4. FIBRATIONS AND FACTORIZATIONS IN THE MAPPING CLASS GROUP

Let as usual now f : S — B be a fibration of an algebraic surface onto a curve B of genus b,
such that the fibres F; of f have genus g.

As before, we let B* be the complement of the s critical values p1,...,ps of f. We denote the
s singular fibres by f~!(p;) =: F;, and set S* := f~1(B*) =S\ (F, U... Fy).
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Then f* : S* — B* is a differentiable fibre bundle, and its monodromy defines homomorphisms
m(B*, to) — Mapy — Sp(29,Z),

where the second homomorphism corresponds geometrically to the bundle J* of Jacobian vari-
eties with fibres J; := Jac(F;) = Pic®(F).

Here Map, is the Mapping class group Dif f(Fy)/Dif f°(Fp), introduced by Dehn in [Dehn38],
and we let v :m(B*, t9) - Map, be the geometric monodromy.

Fixing a geometric basis, the fundamental group m (B*, ) is isomorphic to the group

7Tb(8) = <041, 517 - Op, Bba Y1, -- 778’HTPYZHI£ [(Xj, 5]] = 1>a

and the image §; := v(7;) is a conjugate of the local monodromy around p;.
In the case where the only fibre singularity is a node, then 9; is a Dehn twist around the van-
ishing cycle, a circle ¢;, whose image in the Symplectic group is the Picard-Lefschetz transvection

associated to the homology class ¢ of ¢;:
T., Te(v) := v+ (¢,v)c,

(here (¢, v) denotes the intersection pairing on the base fibre Fy, a smooth curve of genus g).

It is customary to view the monodromy as a factorization

in the Mapping class group (just let o := v(a;), 8} := v(5;)).
Completing work of Moishezon [Moish77] and Kas [Kas80], Matsumoto showed the following
result (theorems 2.6 and 2.4 of [Matsu96]):

Theorem 4.6. Given a factorization I1§6;118 [a}, B;] = 1 in the mapping class group Mapy, for
g > 1, there is a differentiable Lefschetz fibration f : M — B, whose monodromy corresponds
to such a factorization, if and only if the §; are negative Dehn twists about an essential simple
closed curve.

Moreover, two such fibrations are equivalent, for g > 2, if and only if the corresponding
factorizations are equivalent, via change of a geometric basis in 71 (B*, by) and via simultaneous
conjugation of all the factors d;, o}, B; by a fixed element a € Map,.

In the above theorem a simple closed curve c is said to be essential if it is not the boundary
of a disk. There are two cases: if its homology class in Hj(Fp,Z) is non trivial (hence the
complementary set is connected) then c is said to be nonseparating, or of type I. Else, the
complementary set is disconnected, the curve is said to be separating, or of type II, and pinching
the curve to a point one gets the union of two curves of respective genera h > 1, (¢ — h) > 1,

meeting in a point.

REMARK 4.1. Matsumoto takes the more restrictive definition in which M is oriented, and
that at the critical points there are complex coordinates z1, zo such that not only F' is locally
given by zjzs9, but also the complex orientation coincides with the global orientation. One says
then that the Lefschetz fibration is orientable.

Kas does not make this requirement, so there is no requirement imposed on the Dehn twists

0; occurring in the factorization.
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An important question is whether a factorization comes from a holomorphic fibration: the
case of fibre genus g = 2 was treated by Siebert and Tian [S-T05].

A similar question can be posed, requiring M to be a symplectic 4-manifold, and that there
is a local symplectomorphism yielding the local complex coordinates (z1, z2) (we take here the
standard symplectic structure on the target C2). This question was however answered by Gompf
[Gompf95], see also [ABKPO0O0], who showed that any orientable Lefschetz fibration comes from
a symplectic Lefschetz fibration.

Matsumoto showed, for g = 2 orientable Lefschetz fibrations, that the number m of singular
fibres of type I, and the number n of singular fibres of type I satisfy the congruence

m+2n =0 € Z/10.

Indeed, the Abelianization of Maps is isomorphic to Z/10.

We refer to [St-Yul7] for more information about the minimal number of singular fibres for
an orientable Lefschetz fibration over a curve of genus b, the cases b = 0, 1 being the open cases.
Stipsicz and Yun state that for b = 1 the number s of singular fibres is at least 3. The bound
would be sharp in genus g = 19 because of the Cartwright -Steger surface. Our example in
theorem 1.3 shows that already in genus g > 4 we have a product of 4 Dehn twists which is a
commutator.

In the case b = 1, the existence of such a factorization is equivalent to the assertion that a
product of s Dehn twists is a commutator in the Mapping class group.

In view of this, in the next section we focus on a related question, when is the product of
certain transvections a commutator in the Sp(2g,Z).

5. COMMUTATORS IN THE SYMPLECTIC GROUP Sp(2g,Z), g < 2

5.1. The case g = 1. Asa warm up, let us begin with the case g = 1, where Sp(2,Z) = SL(2,7Z).

In this case the group surjects to the group PSL(2,7Z) of integral Mobius transformation. It
is known, see for instance [Ser73], that PSL(2,Z) is the free product (Z/2) * (Z/3), where the
first generator comes from the matrix A, the second generator comes from the matrix B,

(1) e (00

We consider the standard transvection 17" = T, , with matrix

11
T:= ,
giving rise to the projectivity z — z + 1.

Proposition 5.7. (i) One has T-! = AB, hence the image of 7! in the Abelianization
(Z)2) x (Z]3) = (Z]6) of PSL(2,Z) is equal to (1,1) = 1 € Z/6, and no power T™, for m
not divisible by 6, is a product of commutators.

(ii) T7?™ is a commutator in GL(2,Z) Vm.

(iii) 7™ is a product of commutators in GL(2,Z) only if m is even.
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(iv) No power T™, m # 0, is a commutator in SL(2,Z).

PROOF. An immediate calculation shows that 7~! = AB, hence assertion (i) follows.

C = <_1 0),
0 1

OTmC—l(Tm)—l — T_2m.

(ii) follows by taking

hence

(iv) assuming that
T =X"'YXY~ !, meZm+#0,

equivalently
Z:=X1'YX =1mY.
Setting
v (r s) |
t u
we get

7. <r+mt s+mu>'
t u

Since Y and Z are conjugate, they have the same trace, hence:
r+mt+u=r+u=1t=0.
Since Y has determinant = 1, we obtain
ru=1=r=u==l1,
and possibly replacing Y with —Y we obtain
r=u=1=Y =T°

Whence,
T5X = XT™"s,

hence X (ej) is an eigenvector for 7*%; since s # 0, X is also upper triangular, hence a power of

T and we reach a contradiction.

(iii) we observe that reduction modulo 2 yields a projection GLo(Z) — GL2(Z/27) ~ &3 and

that T is sent by this projection to a transposition, hence an odd permutation.

The fact that the condition of being a commutator changes drastically, if one allows orienta-

tion reversing transformations, occurs also in higher genus. For instance Szepietowski [Szep10)]

proved:

Theorem 5.8. Let ¢ be an essential closed circle in a compact complex curve X of genus g > 3:

then any power of the Dehn twist J. is a commutator in the extended mapping class group

Map§, = Dif f(X)/Dif f*(X).
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5.2. The case g = 2. We consider the lattice Z* with its canonical basis e, ea, €3, e4, and define
the symplectic form (-|-) on Z* by setting
(e1le2) =1 = (eslea)

and
(ei|ej) =0, fOI‘{i,j} ¢ {{172}’ {374}}‘

The matrix of this symplectic form is then

0 1 0 O

-1 0 0 O
Jo 1=

0 0 0 1

0 0 -1 0

We denote by Sp(4,7Z) the corresponding symplectic group, i.e. the group of 4 x 4 matrices X

with integral coefficients satisfying

"X Jy X = .
Let now T' € Sp,(Z) be the matrix
1 100
T 01 00
0 010
0 001

We prove in this subsection the following result

THEOREM 5.1. Let m € Z be an integer; the power T™ of T is a commutator in the group

Sp(4,Z) if and only if m is even. In particular, T itself is not a commutator.

One direction of the equivalence will follow from reduction modulo 2: we shall prove the

following stronger result

THEOREM b5.2. The reduction modulo 2 of the matriz T does not belong to the group generated
by the commutators in the group Sp(4,Fq).

The reverse implication in Theorem 5.1 shall result from a simple explicit construction given
below. Note that as a consequence of this latter implication, every power of T is a commutator
in Sp4(4,F,) for every odd prime p.

Here is the explicit realization of even powers T2 as commutators: set

1 0 10 1 0 m
1 1
(5.9 v_|o O 0 0
0 0 10 0m 1 0
0 -1 0 1 00 0 1

Then one verifies that X, Y are indeed symplectic matrices and XY X 1Y~ = 72™,
We shall give two proofs of Theorem 5.2. The first proof, which occupies the rest of this

section, makes use of the isomorphism between the group Sp(4,F3) and the symmetric group
S¢.
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This isomorphism has a nice and classical geometric interpretation, which we now briefly
describe, in the spirit of the first part of our work.

Recall that every algebraic curve C' of genus ¢ = 2 has a canonical map which is a double
covering of the projective line branched in six points, so that there is an involution on C, called
the hyperelliptic involution, whose six fixed points Py, ..., Ps are called the Weierstrass points
(they are the critical points for the canonical map).

Hence every curve C of genus 2 admits an affine model of equation

y* = (z—an)- (2~ ae)

for pairwise distinct complex numbers aq, ..., a¢ (thus P; = (s, 0)).

Given any fibration S* — B* in curves of genus 2 and a point by € B*, the action of
the fundamental group m;(B*,by) on the fibre of by gives, as described above, a morphism
m1(B*,by) — Maps; this morphism also induces a permutation of the six Weierstrass points,
hence a representation 71 (B*,by) — Gg.

On the other hand, the first homology group H;(C,Z/2) is isomorphic to the subgroup
Pic®(C)[2] of the 2-torsion points in the Jacobian variety Jac(C) = Pic(C).

This subgroup is isomorphic to (Z/2)*. Since 2P, = 2P; = K¢ (here K¢ is the (degree two)
canonical divisor of C'), and since div(y) = Y, P; — 3K, it has a basis given by the differences
P1 — PQ,PQ — P3,P3 — P4,P4 — P5 (indeed, Zl Pi = div(y) = 3KC = (P1 - PQ) + (Pg — P4) +
(Ps — Fs) =0).

The morphism Mapy — Sp(4,7) can be composed with reduction modulo 2, thus giving a
homomorphism Mapy — Sp(4,7/27), where the symplectic form modulo 2 is called the Weil
pairing on the group Pic’(C)[2], and corresponds to cup product in cohomology.

To see that the two groups Sp(4,Z/2Z) and Sg are indeed isomorphic, we observe that the half
twist on a simple arc joining o; and «;, which yields a transposition exchanging the two points
P;, P;, lifts to a Dehn twist d; ; which maps to a transvection 7; ; on the class corresponding to
P, — Pj.

Hence we have defined a homomorphism &g — GL(H(C,Z/2Z)), which is an embedding
because a permutation fixes all the basis vectors if and only if it is the identity. Moreover, the
two groups have the same cardinality, hence we have an isomorphism.

We describe now more formally the isomorphism &g ~ Sp(4, Fs) following §10.1.12 of Serre’s
book [Ser16].

Let H C F§ be the hyperplane of equation Z?Zl x; = 0. Consider the alternating bilinear form
H x H — Fy sending (x,y) — >, z;y;. The vector (1,...,1) is orthogonal to the whole space,
and the induced bilinear form on the four dimensional vector space V := H/ < (1,...,1) >
turns out to be non degenerate. The group &g acts naturally on F§ leaving H invariant; also it
conserves the bilinear form and fixes the point (1,...,1), so it acts (faithfully) on V' as a group
of symplectic automorphisms. Hence we obtain an embedding &g — Sp(V) = Sp(4,F3). To
prove that this embedding is in fact an isomorphism, we compare the orders of the two groups.

The order of Sp(4,F3) can be computed as follows: the set of non-degenerate planes in F%
has cardinality 15-8/6 = 20, since one can choose a non-zero vector v1 in 15 ways and a second
vector vy € F3\ vi in 16 — 8 = 8 ways. Hence there are 15 - 8 possibilities for the ordered base
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(v1,v2) and each plane admits six order bases, hence the cardinality of the set of non-degenerate
planes is 20. The group Sp(4,F2) acts transitively on the set of non-degenerate planes and the
stabilizer of any such plane is isomorphic to SLa(F2) x SLa(F2) ~ &3 x &3, so has order 36. It
follows that

1Sp(4,Fy)| = 20 x 36 = 720 = 6!

We then obtain the sought isomorphism Sg ~ Sp(4,Fa).

We want to prove that the matrix 7" corresponds, via this isomorphism, to an odd permutation
in &g, hence it does not belong to the derived subgroup of Sp(4,Fs).

Now, T has order two, and every even permutation of order two in S is conjugate to the
permutation (1,2) o (3,4). To prove the theorem, it then suffices to show that this permutation
gives rise to a matrix in Sp(4, Fy) which is not conjugate to T.

The quotient space V.= H/ < (1,...,1) > is represented by the vectors (z1,...,xs) with
vanishing last coordinate zg and vanishing sum of the coordinates. A basis is provided by
v; = (1,0,0,0,1,0),v2 = (0,1,0,0,1,0),v3 = (0,0, 1,0,1,0) and vs = (0,0,0,1,1,0).

The permutation (1,2) o (3,4) sends

V1 & V2
V3 < U4
hence corresponds to the matrix
0100
1 0 00
S = ,

0 001
0010

which is not conjugate, not even in SL4(F2), to the matrix T' (compare the ranks of 7'+ I and
S + I). This ends the proof of Theorem 5.2.

Actually, it turns out that the matrix T corresponds to a permutation of &g conjugate to
(1,2) 0 (3,4) o (5,6).

6. ALTERNATIVE PROOF FOR g = 2

Our second proof, which will only be sketched here, is more involved but has the advantage

of admitting some extensions in higher dimensions.

Notation. For a vector space V and vectors vy, ...,v; € V, we denote by < vq,...,v; > the
sub-vector space generated by vi,...,vx. When A is a lattice (or a Z-module), and vy, ..., v
are k elements of A, we denote by the same symbol < vy, ...,vr > the Z-module generated by
v1,...,Vg, when no confusion can arise.

For a vector v € Z* (or more generally in a module with symplectic form (:|-)), the symbol

v™ denotes its orthogonal with respect to the given symplectic form.

We start with the following Proposition, which in fact holds in arbitrary characteristic not
dividing the integer m appearing in the statement, and is one of the main tool in the proof of
the Theorem.
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PROPOSITION 6.1. Let m # 0 be an integer and suppose that
(6.10) T =XYyX ly-!

for two matrices X, Y € Sp(4,Z). Then either ey is an eigenvector for both X and Y, or the
orbit of e1 under the subgroup generated by X andY is contained in a two dimensional sub-lattice
of Z*, contained in ef- and invariant under X and Y.

Remarks: (1) The above proposition could be extended in higher dimensions: for the analogue
in dimension 2g, the result would be that the orbit of e; under the group generated by X and
Y would be contained in an invariant subgroup A C Z2%9, satisfying A C A+ C ef. (2) We have
stated the proposition over the integers, but we could have worked over any field (of characteristic
not dividing m); in that case we would speak of sub-vector spaces instead of sub-lattices.

PROOF. Let us put A : T — I, where I = I is the identity matrix. Note that A2 = 0 and
that Av =0 for each v € ef. Also, T" = I + nA, for all n € Z.
We note the useful equality

elL =< e1,e3,eq4 >= ker A

(where we identify the matrix A with the multiplication-by-A endomorphism of Z*). We shall
also keep in mind that A - Z* =< e; >.

We can rewrite equation (6.10) in the form

(6.11) XY —YX =mAYX,
as well as
(6.12) Xy vy ix =my XA

It immediately follows from the first of the two identities that TrAY X = 0, which means
precisely that the coefficient on the first column - second row of Y X vanishes. This property

can be stated as
Y Xe; € ef‘.

Also, interchanging X, Y turns their commutator into its inverse T~"" = I — mA and repeating

the argument we also obtain
Y Xe; € ef.

Again using equation (6.10) one gets
XYX'—Y =mAY
and, noting that interchanging X,Y turns their commutator T"" into T,
YXY ™' - X = -mAX.

From these relations we obtain as above that TrAX = TrAY =0, i.e. Xeq € elL, Ye, € ef-.

Summarizing we have

Xep,Ye,, XYey,YXey €ef.
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We now notice that the commutator XY X 'Y ~! does not change if we replace X by X Z, where
Z commutes with Y, or Y by Y Z, where Z commutes with X; hence taking for Z any power of
Y in the first case and any power of X in the second case, we also obtain that for each n € Z,

(6.13) XY, YX"e € ef.
The identity (6.12) implies, considering that ker A = ef, that
X'y lo=y'Xxl

for each v € e

Also, observing that all monomials in X,Y are symplectic matrices, and that for every sym-
plectic matrix F the relation (Fejle;) = 0 implies (F~!ejle;) = 0, we also obtain that for all
n € Z:

(6.14) XY lep, Y X tey €ef.

We now pause to prove the following

Claim: The orbit of ey under X (resp. under Y ) is contained in a proper sub-vector space of
Q*.

Proof of the Claim. This follows from the relations Y X"e; € ef, included in (6.13) and
valid for all n € Z, which imply that the orbit of e; under X is included in the hyperplane

“Heg) = tey) . course, the relations e1 € e 1N the same conclusion for the
Y~ Yet Y~—le))t. Of , the relations XY™ i imply th lusion for th

orbit under Y. This proves our claim.

We now prove that such sub-spaces must be one or two-dimensional:

Claim: The vector space generated by the orbit of ey under X (resp. under Y ) cannot be
three-dimensional.

Proof of the Claim. Suppose by contradiction that such a vector space has dimension 3.
Then it admits the base (Xflel, e1, Xe1). Since the three vectors X lei, e, Xep all belong to
et, as we have seen in (6.13), (6.14), this vector space must coincide with ei, which then is an
invariant subspace for X. But if a symplectic operator leaves invariant a subspace, it also leaves
invariant its orthogonal, so in this case the line < e; > would be X -invariant, contrary to our
assumption that ej, Xe;, X ey are linearly independent.

Then only three cases must be considered for the proof of the proposition:

(1) The two orbits of e; (under X and Y') are contained in a line; this line is then < e; > and

in this case the assertion of the proposition is plainly verified.

(2) The vector e; is an eigenvector for X and its orbit under Y is contained in a plane W;
in this case we must show that W is contained in ef- and that it is X-invariant. Of course, the

symmetric situation, when e is an eigenvector only of Y, is treated in exactly the same way.

(3) The two orbits generate planes Wx, Wy. In this case we must show that Wx = Wy and

that this common plane is contained in ef-.

Let us consider now the second case: Xe; = t+ej and the orbit of e; under Y generates a plane
W =<e,Yer >=<e1,Y te; >. Since X~ 'Y~! and Y ' X! coincide in e; and Xe; = ey,
we have X 'Y ~le; = +Y "leq, so both e, Y ~te; are eigenvectors for X, so W is X-invariant.
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Since Y le; € ef, the inclusion W C ef holds, and the verification of the proposition in this
case is complete.

In the last case to examine, let
Wx =< e1,Xe1 >=< 61,X_1€1 >, Wy =< e, Ye >=< el,Y_lel >

and again note that Wx C ef, Wy C ef. If Wx # Wy, then the subspace generated by Wx
and Wy would coincide with the hyperplane ef- and would be generated by e;, Xej, Ye;. Now,
since XYe; € ef, we would obtain that e is X-invariant, so again e; would be an eigenvector
for X, contrary to our assumptions. So we cannot have Wx # Wy and the proposition is proved

in this last case too.
O

Thanks to Proposition 6.1, we can divide the proof of Theorem 5.2 into two cases, according
to the orbit of e; under X,Y being a line or a plane.

First case: e; is an eigenvector for both X and Y. We reduce, possibly after chang-

ing X,Y by their opposite, to matrices X,Y of the form

1 % % %

01 00
(6.15)

0 * * x

0 * *x =%

Put A =T — I, where I = I is the identity matrix. Recall that A is nilpotent, satisfying
A? = 0 which implies that for every m € Z,

" =1+ mA
The following relations, whose proof is left to the reader, hold:
XA=YA=A
AX = +A, AY = £A.
From the above one easily deduces:
(6.16) XY —-YX =+mA.

Our aim now is proving that the relation (6.16) cannot hold for any odd integer m. This will
follow from an argument modulo 2, leading to the next proposition (where A will denote the
reduction of the previous matrix A modulo 2):

PROPOSITION 6.2. The equation
(6.17) XY -YX=A

admits no solution in matrices X,Y € Sp(4,Fq) satisfying (6.15).
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Let us suppose to have a solution (X,Y) to XY —YX = A in Sp(4,Fs) of the form (6.15).
From the above relations we deduce that A, so also T, commute with X and Y. Replacing if
necessary X by T'X, which does not change the commutator, we can suppose that the coefficient
on the first line - second column on X vanishes. We can suppose the same for Y, so X,Y will
both be of the form

1 0 =

01 0O
(6.18)

0 = *

0 * * =x

The following lemma ensures that we can basically choose the form of the second column too.

LEMMA 6.3. Let k be any field and (X,Y) be a solution to the equation (6.17) with X,Y €
Sp(4, k) of the above form (6.18). Then Xeg # ez and Yey # ey. Also, Xea # Yes.

PROOF. Suppose by contradiction that Xes = ey (the argument is symmetrical if Yes = eg).
Then, since the plane < eq,eo > is invariant by multiplication by X, the same must be true
of its orthogonal, which is < e3,eq4 >. Now, write Yey = es + v, where v €< e3,eq > (this is
certainly possible since Y is of the form (6.18)). The relation (6.17) applied to the vector e;

gives
e1 =Aeg=XYes —YXes=X(ea+v)—Yes=es+ Xv—e3—v=Xv—0u,

which is impossible since v and Xv belong to the plane < es,eq4 >. This proves the first two
inequalities. Suppose now Xes = Yes. Then from (6.17) applied to the vector ey we obtain,
writing Xey = es + v = Yeq, with v €< e3,e4 >,

XYes —YXey=Xv—Yv=cej.
But from Xes = e2 +v = Yeg and (e2|v) = 0 we obtain
(e2 + v|Xv) = (e2 +v|Yv) =0,
so (e2 +v|Xv —Ywv) = 0 which contradicts Xv —Yv = e; (since (e1|v) = 0 and (e1]e2) =1). O

Let us now go back to characteristic 2. Thanks to the above lemma and the form (6.18) for
X we can write Xeo = es + w for some non-zero vector w €< es, eq >. Also, again by the above
lemma, Yes = es + w' for some vector w’ # w in the plane < e3, eq >. Since w,w’ are distinct
non zero vector in the plane < es, e4 >, necessarily (w|w’) = 1, so we can suppose without loss
of generality that w = e3 and w’ = e4. Then, remembering that X, Y are symplectic, we deduce
that they take the form

(6.19) X =

o O O =
S = = O
Q o« O 2
0O U O 0
o O O =
_ o = O
N O OO
>SS oY
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for some scalars a,b,c € Fo with ad # bc and eh # fg. But then, applying once again the

relation (6.17) to the vector e we obtain Xey — ey = Yes — ez + ey, i.e.

c e+1
0 _ 0
d Cle—1
c—1 f

Using the fact that either e =0 or e—1 = e+1 = 0, at least one of the two determinants ad — bc
and eh — fg must vanish. This contradiction achieves the proof in the first case.

Second case: a plane containing e; and contained in ef is invariant under X and

Y. Without loss of generality, we can suppose that this plane is < eq,e3 >. It is more conve-
nient to write the matrices with respect to the ordered basis (e1, e3, €2, e4). With respect to this
new ordered basis, the symplectic form is expressed by the matrix

(%)

where I = I denotes the 2 x 2 identity matrix and 0 the 2 x 2 null-matrix.
The conjugate matrices, still denoted by X, Y, will take the form

0 tAl 0 tBl

for two matrices A, B € GLy(Z) and symmetric matrices R, S (with integral coefficients). The

matrix corresponding to 7' in this new basis is

T,__IE
\o T

1
where F = 0 8) Now the condition XY X~ 1Y~! = T’ is equivalent to XY — Y X =
(T" — I)Y X, which amounts to the two conditions
(6.20) AB=BA, ABS+AR('‘B ')~ BAR-BS('A Y)Y =E('B H('A™").

Now we prove that:
The above equation has no solution (A, B, R,S) with A, B € GLa(F2) and R, S symmetric.
To prove this claim, rewrite the second equality, after using the commutativity of A, B, as

AB(S+B'R('B™Y) - R—-AT'S(A™Y)) = E('BH)(*ATY).
Observe that the right-hand side has rank one. We then conclude via the following lemma,

which implies that the symmetric matrix inside the parenthesis cannot have rank one:

b

C

LEMMA 6.4. Let T = (Z ) be a 2 x 2 symmetric matriz with coefficients in Fy. Let

b/ /

/ bl
X € GLy(F2) be an invertible matriz. Write X - T -'X as <a ) Then
c

a+b+c=d +¥+.



FIBRATIONS AND COMMUTATORS IN Sp(2g,Z) 21

In particular, every linear combination of symmetric matrices of the form T — X - T -'X has

rank zero or two.

PROOF. Recall that a two-dimensional vector space over Fo contains exactly three non-zero

. . ) . a b
vectors v, v2, v3, and that their sum vanishes. To a symmetric matrix T = ( ) corresponds

c

a symmetric bilinear form (-|-) on F3. The quantity a + b + ¢ equals the sum
(vi]v1) + (v2lv2) + (vi]v2) = (vi|v2) + (v2|vsg) + (vs|vr)

which is invariant under permutations of v1, vo, v3, i.e. under transformations 7'+ X T*X. O

Remark. Note that the explicit matrices (5.9) correspond to the following solution of the
equation (6.20) with E replaced by mE:

44:<1:j7 S::(o mm>.
0 1 m/2 0

7. COMMUTATORS IN THE SYMPLECTIC GROUP Sp(2g,7Z), g > 3

We now show:

Theorem 7.21. In every dimension 2g with g > 3, for every m > 0 there exist symplectic
matrices X,Y € Sp(2g,Z) whose commutator equals

I+mA 0 0 0
- 0 I 0 ... 0
B : LT

0 0 ... 0 I

1
Here, as before, A is the matrix (8 O) .

PrOOF. Clearly, it suffices to prove this statement in the case g = 3, i.e. for Sp(6,7Z).

Here is a concrete example:

101001 10 0m 0 O
010000 01 0 0 0 O
Y 001 00O 7 v — 0m 1 0 0 O
000110 0 0 0 1 0 O
010010 0 00 0 1 O
001001 0 0 0 0 m 1

g

We note that both X and Y are unipotent. In general, we can prove that for every symplectic
solution (X,Y) of XY X~'Y~! =T, both X and Y must have an eigenvalue equal to 1.
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REMARK 7.1. We want now to show that without the hypothesis that the matrices be sym-
plectic, we have examples even in dimension < 4. For instance, the following pair of (unipotent)
matrices in SL3(Z)

101 1 0 0
X=|o 10|, Y=[0 1 0
0 0 1 0 m 1

provides a solution to the equation
1 m O
XyxX'vy't=]0 1 of|l=1"
0 0 1

7.1. The case g > 3, more general. For the sake of simplicity, we introduce the following
notation:

DEFINITION 7.2. Using the standard inclusion of Sp(2¢’,Z) C Sp(2g,7Z) for g > ¢, we define
T as the image of the matrix
11
T:= ,

We define, for g > 2, T5 as the image of the matrix

in every Sp(2g,7Z).

1 100
1
T, = 0 0 0
0011
0 0 01
and we define similarly T}, € Sp(2g,7Z), for g > k.

We have the following
Theorem 7.22. T is always a commutator (g > 2); also T3 is always a commutator (g > 3).

PROOF. Here is an explicit solution for Th: XY XY ~! = T, where

00 1 0 1 -1 0 -1
¥ _ 01 0 1 , v 0 1 0 0
1 0 -1 0 0 -1 1 0
01 0 O 0 0 O
For T3 we have: T3 = XY X 'Y ~1 with
00 1 0 0 O 1 -2 0 1 0 O
00 0 1 0 1 01 0 0 0 O
1 — — —
X — 0 1 0 -1 0 7 v — 0 1 1 -1 0 -1
01 0 0 0 O 0o 0 01 0 O
00 -1 0 1 0 0 0 0 -1 1 -1
01 0 0 0 1 0 0 0 0 0 1
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The idea for constructing X,Y comes from the following remark: for every non-zero complex

A:<)\ 0)7 B:<1 (>\2—1)—1>
0 At 0 1

ABAT'B™' =1T.

number A, setting

we have

We then look for a number field K containing a unit (of its ring of integers) A such that A% — 1
is also a unit. Letting n = [K : Q] be its degree, we can view K? as a vector space of dimension
2n over Q. The two matrices A, B defined above induce automorphisms of this vector space,
and in a suitable basis define two matrices A, B € SLa,(Z) satisfying [A, B] = T},. The problem
is defining a symplectic form K? — Q inducing the standard one on Q?", after identification
K2 ~ Q?".

It turns out that for n = 2 there is only one choice for the number field K, namely the field
Q()\) where X is the ‘golden ratio’ satisfying A2 = 1 + \. Identifying K? ~ Q* via the basis
((1)), ((1)), (6\), (?\) we obtain from A, B the matrices X,Y of the theorem.

For n = 3, again we have only one choice for the cubic number field, namely the field Q(\)
where

A =207 + A - 1.
The basis to be used to identify K? with Q5 is

1\ [0\ /A\ [0\ [1+X—)2 0
0/°\1)°\0)"\\/)’ 0 "NL+A=N2)
Again, the matrices X,Y are then obtained from the action of A, B on K? ~ Q.

We can now obtain a more general result using our previous results and the following:

REMARK 7.3. (1) Assume that A; € Sp(2g;,Z) is a commutator, for ¢ = 1, 2.
Then A; @ Ay € Sp(2(g1 + 92),Z) is also commutator.
(2) In particular, this holds for As equal to the identity matrix.

Summarising, we obtained the following

Theorem 7.23. (1) 77" is never a commutator for g = 1.

(2) T7" is a commutator if and only if m is even, for g = 2.
(3) T7" is always a commutator for g > 3.
(4) T} is a commutator for all g > k > 2.
()
(6)

6) 17" is a commutator for all g > 3k, when m is odd.

Ty is a commutator for all g > 2k, when m is even.

Acknowledgements. The present research was motivated by some questions posed by
Domingo Toledo to the first named author concerning the singular fibres of the Cartwright-Steger
surface, which led to an intense exchange and (still unpublished) joint work on the geometric
construction of this surface. The first author is therefore much indebted to Domingo Toledo and
Matthew Stover for very useful communications. Thanks also to Daniele Zuddas for pointing out



24

FABRIZIO CATANESE, PIETRO CORVAJA, AND UMBERTO ZANNIER

the reference [Matsu96] and for very useful conversations concerning the Polizzi-Rito-Roulleau

surface.

[ABKP00]

[BPHV]

[Beas1]
[Bea82]
[CS10]
[CMLP17]
[CB]
[CaKel4]
[Cat15]
[Cat17]

[CCM9S]

[Dehn38]
[Gompf95]
[HPO2]
[Ishi06]
[Kas80]
[Matsu96]

[Moish77]

[Par68]

[Pir02]

REFERENCES

Amorés, J.; Bogomolov, F.; Katzarkov, L.; Pantev, T. Symplectic Lefschetz fibrations with arbitrary
fundamental groups. With an appendix by Ivan Smith. J. Differential Geom. 54 (2000), no. 3, 489—
545.

W. Barth, C. Peters, A. Van de Ven, Compact complex surfaces. Ergebnisse der Mathematik und
ihrer Grenzgebiete (3), 4. Springer-Verlag, Berlin, (1984); second edition by W. Barth, K. Hulek,
C. Peters, A. Van de Ven, Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A | 4.
Springer-Verlag, Berlin, (2004).

A. Beauville, Le nombre minimum de fibres singulieres d’ une courbe stable sur P', Asterisque 81,
97-108 (1981).

Beauville, Arnaud Appendixz to: Inégalités numériques pour les surfaces de type général, by O.
Debarre, Bull. Soc. Math. France 110 (1982), no. 3, 319 —346.

Cartwright, Donald I.; Steger, Tim Enumeration of the 50 fake projective planes. C. R., Math.,
Acad. Sci. Paris 348, No. 1-2, 11-13 (2010).

Castorena, Abel; Mendes Lopes, Margarida; Pirola, Gian Pietro Semistable fibrations over an
elliptic curve with only one singular fibre, to appear in Osaka Jour Math., arXiv:1707.08671 .
Catanese Fabrizio, Bauer Ingrid Claudia, ETH Lectures on algebraic surfaces, preliminary version
(2004).

Catanese, Fabrizio; Keum, Jong Hae Some remarks towards equations for the Cartwright-Steger
surface with ¢ = 1, preprint April 2014.

Catanese, Fabrizio, Topological methods in moduli theory. Bull. Math. Sci. 5 (2015), no. 3, 287—
449.

Catanese, Fabrizio Kodaira fibrations and beyond: methods for moduli theory. Jpn. J. Math. (3)
12, No. 2, 91-174 (2017).

Catanese, Fabrizio; Ciliberto, Ciro; Mendes Lopes, Margarida On the classification of irregular
surfaces of general type with nonbirational bicanonical map. Trans. Am. Math. Soc. 350, No. 1,
275-308 (1998).

Dehn, M. Die Gruppe der Abbildungsklassen. Das arithmetische Feld auf Fldchen. Acta Math. 69
(1938), no. 1, 135-206.

Gompf, Robert E. A new construction of symplectic manifolds. Ann. of Math. (2) 142 (1995), no.
3, 527-595.

Hacon, Christopher D.; Pardini, Rita Surfaces with p; = ¢ = 3 Trans. Am. Math. Soc. 354, No. 7,
2631-2638 (2002).

H. Ishida, Catanese-Ciliberto surfaces of fiber genus three with unique singular fiber. Tohoku Math.
J. (2) 58 no. 1, 33-69, (2006).

Kas, A. On the handlebody decomposition associated to a Lefschetz fibration. Pacific J. Math. 89
(1980), no. 1, 89-104.

Matsumoto, Yukio Lefschetz fibrations of genus two: a topological approach. Topology and Te-
ichmiiller spaces (Katinkulta, 1995), 123-148, World Sci. Publ., River Edge, NJ, (1996).
Moishezon, Boris Complex surfaces and connected sums of complex projective planes. With an
appendix by R. Livne. Lecture Notes in Mathematics, Vol. 603. Springer-Verlag, Berlin-New York,
(1977). 14234 pp.

A. N. Parshin Algebraic curves over function fields. I, Izv. Akad. Nauk SSSR Ser. Mat. 32 (1968),
No. 5.

Pirola, Gian Pietro Surfaces with pg = ¢ = 3 Manuscr. Math. 108, No. 2, 163-170 (2002).



FIBRATIONS AND COMMUTATORS IN Sp(2g,7) 25

[PoRiRoul7] Polizzi, Francesco; Rito, Carlos; Roulleau, Xavier A pair of rigid surfaces with pg = ¢ = 2 and

[Rito19]
[Ser73]

[Ser16]
[S-T05]

[St-Yul7]
[Szep10]
[Tan95]
[Yeul3]

[Za04]

K? = 8 whose universal cover is not the bidisk. arXiv: 1703.10646.

Rito, Carlos Surfaces with canonical map of maximum degree, arXiv:1903.03017.

Serre, J.-P. A course in arithmetic. Translated from the French. Graduate Texts in Mathematics,
No. 7. Springer-Verlag, New York-Heidelberg, (1973). viii+115 pp.

Serre, J-P. Finite Groups - An Introduction. International Press, (2016). ix + 178.

Siebert, Bernd; Tian, Gang On the holomorphicity of genus two Lefschetz fibrations. Ann. of Math.
(2) 161 (2005), no. 2, 959-1020.

Stipsicz, Andrés 1.; Yun, Ki-Heon On the minimal number of singular fibers in Lefschetz fibrations
over the torus. Proc. Amer. Math. Soc. 145 (2017), no. 8, 3607-3616.

Szepietowski, Bazej On the commutator length of a Dehn twist. C. R. Math. Acad. Sci. Paris 348
(2010), no. 15-16, 923-926.

S.L. Tan, The minimal number of singular fibers of a semi-stable curve over P', J. Alg. Geom. 4,
591-596 (1995).

Yeung, Sai-Kee Classification of surfaces of general type with Euler number 3. J. Reine Angew.
Math. 679, 1-22 (2013).

A. Zamora, On the number of singular fibers of a semistable fibration: further consequences of Tan’s
inequality, arXiv 0401190.

Fabrizio Catanese
Lehrstuhl Mathematik VIII
Mathematisches Institut der Universitat Bayreuth
NW II, Universitéatsstr. 30
95447 Bayreuth - Germany
fabrizio.catanese@uni-bayreuth.de

Pietro Corvaja

Dipartimento di Scienze Matematiche, Informatiche e Fisiche

via delle Scienze, 206
33100 Udine - Italy

pietro.corvaja@uniud.it

Umberto Zannier

Scuola Normale Superiore

Piazza dei Cavalieri, 7
56126 Pisa - Italy

u.zannierQsns.it



LaTeX Source Files

Click here to access/download
LaTeX Source Files
FibratCommutatorsRevised.tex


https://www.editorialmanager.com/jalgebra/download.aspx?id=124406&guid=f40f23f5-a4ac-45ee-a6c9-a788fdcce822&scheme=1

