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ABSTRACT. We consider a one-parameter family of expanding interval maps
{Ta}aeo,1) (Japanese continued fractions) which include the Gauss map (a =
1) and the nearest integer and by-excess continued fraction maps (o = %, a=
0). We prove that the Kolmogorov-Sinai entropy h(«) of these maps depends
continuously on the parameter and that h(a) — 0 as @ — 0. Numerical results
suggest that this convergence is not monotone and that the entropy function

has infinitely many phase transitions and a self-similar structure. Finally, we

find the natural extension and the invariant densities of the maps Ty, for o = 7—1L

1. Introduction. Let o € [0,1]. We will consider the one-parameter family of
maps Ty, : I, — I, where I, = [a — 1, ], defined by

1 1

ne) =[] [l

These dynamical systems generalize the Gauss map (a = 1) and the nearest
integer continued fraction map (o = 3); they were introduced by H. Nakada [10].
For all « € (0,1] these maps are expanding and admit a unique absolutely con-
tinuous invariant probability measure du, = po(z)dz (for a detailed proof in this
particular case see for example [3]). Nakada computed the invariant densities pq,

for % < a < 1 by finding an explicit representation of their natural extensions. The
maps p, are piecewise finite sums of linear fractional functions:

+1—a].

For g < a <1,

1 1 =
o) = gt ay (X5 0 + X))
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Fi1GURE 1. Graph of the map T, when o« = 0.2
1
For 3 <a<g,
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where g, G denote the golden numbers @ and @ respectively.

The case V2 — 1 < « < 1 was later studied by Moussa, Cassa and Marmi [J]
for a slightly different version of the maps, that is My (z) : [0, max(a, 1 — )] —
[0, max(c, 1 — )] defined as follows:

1 1
Lo |1+1-al
x|

Notice that for a given «, M, is a factor of T,: in fact T, o h = h o M, where
h :x — |z| is the absolute value. Since all the corresponding results for the maps
M., can be derived through this semiconjugacy, in the following paragraphs we will
focus on the maps T,,.
The following proposition extends the results of Moussa, Cassa and Marmi [9]
to the maps T,:

Mo (z) =

Proposition 1. For V2 —-1<a < %, a representation of the natural extension of
T, is To : Doy — D, where

200 —1
Dy =la—1, 0,1—
[a 1_a>><[ 9]

20—1 1 -2 1 1-2
U|: ° ) a>x<[071_g]u|:_7g:|>u|: a,a]X[O,g]CR2,
11—« a 2 «

1
To(z,y) = (Ta(x)’ [E[+1-a] + sign(il?)y> '

x
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Then the invariant density for V2 —1 < a < % s

() = — O —
Pal® ~log G XMo—1.2) W G 11

1 1 1 1
RIEERES <x+ Giitzra a7 2> F X[m0y (7)1 G) :
The proof of the above proposition is quite straightforward and we leave it to
the reader. It can be shown [6] that the Kolmogorov-Sinai entropy with respect

to the unique absolutely continuous invariant measure u, of the T, is given by
Rohlin’s formula:

W(T) = /: log | T, (2)|djta(x).

Actually, Rohlin’s formula applies also to the M,, and h(T,) = h(M,). For
V2 —1 < a < 1, the entropy can be computed explicitly from the expression of the
invariant densities [10], [9]:

(1)

S - forg<a<l1
T forﬁ—lgagg.

In particular, the entropy is constant when v/2—1 < a < ¢ and its derivative has
a discontinuity (phase transition) in o = g.

The case @ = 0 requires a separate discussion; in fact, due to the presence of
an indifferent fixed point, T doesn’t admit a finite invariant density, although it is
invariant with respect to the infinite measure duy = 1‘1—2. Therefore the entropy of
Ty can only be defined in Krengel’s sense, that is up to multiplication by a constant
(see M. Thaler [11] for a study of the general one-dimensional case). Following [1],

for any subset A of [0,1] with 0 < u(A) < co we can define

h(To, po) = po(A)h((To)a)

where h((Tp)a) is the entropy of the first return map of Ty on A with respect

to the normalized induced measure psq = u:([j‘l)' This quantity is well-defined

since the product h(Tp, o) doesn’t depend on the choice of A, and it has been
computed exactly: h(To, o) = 3%2%2 [16]. Since this is a finite value, for a sequence
A of subsets whose Lebesgue measure tends to 1 we would have h((Tp)a,) =
2
s
(3log 2)po (Ak)

— 0. In this restricted sense we can say that “the entropy of Ty is 0”.

Expression (1) suggests the notion that the dynamical systems T, are somehow

related and have a common origin; actually for % < a < g their natural extensions

are all isomorphic. Moreover, a recent result by R. Natsui [11] shows that the
natural extensions of the Farey maps associated to the T, are all isomorphic when
l<a<i
s <a<l

It is well-known that the maps 77 and T descend from the geodesic flow on
the unit tangent bundle of the modular surface PSL(2,Z)\PSL(2,R) [13], [8]. In-
deed we can represent this flow as a suspension flow over the natural extension
of these maps and deduce in this way the invariant probability measures from the
normalized Haar measure on PSL(2,Z)\PSL(2,R). It is natural to conjecture that
the same happens for all the maps Ty, o € [0,1]. If this were true, one could (at
least in principle) apply Abramov’s formula to compute the entropies h(«) from the
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entropy of the geodesic flow.

We now summarize briefly the contents of the various sections of the paper.
In § 2 we prove that the entropy h(a) of T, is continuous in @ when « € (0, 1] and
that h(a) — 0 as o — 0, as it had been conjectured by Cassa [5]. This result is
based on a uniform version of the Lasota-Yorke inequality for the Perron-Frobenius
operator of T, following M. Viana’s approach [17]; in the uniform case, however, a
further difficulty arises from the existence of arbitrarily small cylinders containing
the endpoints, requiring ad hoc estimates.

In § 3 we analyze the results of numerical simulations for the entropy obtained
through Birkhoff sums, which suggest that the entropy function has a complex
self-similar structure.

Finally, in § 4 we compute the natural extension and the invariant densities

of the T, for the sequence {a = %}TGN.

2. Continuity of the entropy. The main goal of the present section is the fol-
lowing

Theorem 1. The function o — h(«) is continuous in (0,1], and
QILI& h(a) = 0.

Since in the case a@ > v/2 — 1 the entropy has been computed exactly by Nakada
[10] and Marmi, Moussa, Cassa [9], we can restrict our study to the case 0 < a <
V2 -1

It is well-known [3] that for all & € (0, 1] the maps T, admit a unique absolutely
continuous invariant probability measure pu,, whose density p, is of bounded vari-
ation (and therefore bounded). In addition, a result of R. Zweimdiiller entails that
P is bounded from below (see [18], Lemma 7):

Va € (0,v2 — 1], 3C > 0 s.t Va € Iy, po(z) > C. (2)
The uniqueness of the a.c.i.m. is a consequence of the ergodicity of the system:

Lemma 1 (Exactness). For all a € [0,1], the dynamical system (Ty, tia) s exact
(and therefore ergodic).

The proof of this Lemma for a € [%, 1} was given by H. Nakada [10] and can

be adapted to our case with slight changes (see Appendix 5.2). The fact that Ty is
exact follows from a result of M. Thaler [11].

To prove continuity we adopt the following approach: by means of a uniform
Lasota-Yorke-type inequality for the Perron-Frobenius operator, we prove that the
variations of the invariant densities are equibounded as « varies in some neighbor-
hood of any fixed & > 0 (see Proposition 3 below). Our argument follows quite
closely [17], except that we have to deal with a further difficulty arising from the
fact that the cylinders containing the endpoints « and a— 1 can be arbitrarily small.
After translating the maps so that their interval of definition does not depend on
a around @, we prove the L!-continuity of the invariant densities p,, using Helly’s
Theorem (Lemma 3). Then the continuity of the entropy follows from Rohlin’s
formula.



ENTROPY OF JAPANESE CONTINUED FRACTIONS 677
2.1. Notations.

2.1.1. Cylinders of rank 1. Let 0 < a < /2 — 1. The map T, is piecewise analytic
on the countable partition P = {I;r}jzjmin U{I; }j>2, where jmin = [|2]+1-a],
and the elements of P are called cylinders of rank 1:

1 1 1
I+ =\— |, | € [Jmin 17 ) I+ =\ )
! (j-i-a j—l—i—a] 7€ min 4 1,00), - L, Join o’

1 1 1
D= |- - e [3 L=la—1,-———].
i" { R j+a)’]€[’°°)’ 2 = {o‘ ’ 2+a)

T, is monotone on each cylinder and we have

To(x)=1—j, xel, j €NNJ[jmin,0)
To(z)=—1—j, wel ,jeNN[200).

x

Thus for z € Iji,

1
i@y =M =A<t

where

S)\jVO&E[@—

depend only on & and . Moreover, we have that Var = %@
7 @

g, a+el.

2.1.2. Cylinders of rank n; full cylinders. Let P(") = \/Z:O1 T, 4(P) be the induced

partition in monotonicity intervals of 7). Each cylinder Inn) e P™M is uniquely
determined by the sequence

((jO(n)v 50(77))7 SRR (jn—l(n)v En—l(n))

such that for all z € I\, Ti(z) € I;Z((:)). On each cylinder T} is a Mobius map
b

d > € GL(2,Z). We will say that a cylinder L(,n) ceP

n __ ax+b a
Ty (z) = &4, where ( .

is full it TM(I{M) = 1.
2.1.3. Perron-Frobenius operator. Let V, : TP (I™) — I{™ be the inverse branches

of T, and Pr, the Perron-Frobenius operator associated with T;,. Then for every
€ LY(1,),

¢ (Va(z))

(P:?a<ﬂ)($) = Z WXTS(IS"))(I)' (4)
O
On I,(,n) we have the following bound:
1 1

sup = sup < )\57") <\,

10 (T (@)| o | T8 (Ta (@) - T ()]
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where )\%n) =\ jo(n) " A

J

- Recall that for f1,..., f, € BV,

jnfl(

Var(fi--- fa) <Y Var(f) [ sup|fi (i)
k=1 i#k

and consequently

1
Var ————— = Var
10 () (@) 1 T4 (Ta™ (@) - Th(Ta()) - Th(a))|

< n)\%").

2.1.4. Finally, we state the following bounded distortion property, that we are going
to use several times in the sequel:

Proposition 2 (Bounded distortion). Yoo > 0, 3Cy such that Vn > 1,VL(7") €
P(n)vvxvy S 17(777’),

Moreover, for all measurable set B C I, for all full cylinders L(,") e P,

m(B)m(L;")
m(V,(B)) = ),
1
where m denotes the Lebesgue measure.

The proof of this statement follows a standard argument and can be found in
Appendix 5.1.

2.2. Uniformly bounded variation of the invariant densities. Let & € (0, No-
1] and € < @ be fixed, and choose « € [@ — &, a + €.

Proposition 3. Va € (0,2 —1], pa is of bounded variation, and 3, IK > 0 such
that for all « € [@ — e,a + €], Var(p,) < K.

The main result we need in order to prove Proposition 3 is the following

Lemma 2 (Uniform version of the Lasota-Yorke inequality). Let & be fized. Then
there exist \g < 1, C, Ko > 0 such that Vn, Vo € BV (I), Va € [a —e,a + €],

Var (PR ¢) < COw)" Varg + Ko [ [¢lda,
1o

Assuming Lemma 2 the Proposition then follows easily. Indeed it is enough to
recall that the Cesaro sums

n—1
1 .
_ - J
=" § P 1
Jj=0
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of the sequence {P%a 1}jen converge almost everywhere to the invariant density pq
of T,,. Both the variations and the L° norms of the {p,} are uniformly bounded:

Var p, < — ZVar(P] ) ZKOm =Ky Yn

/pndx— Z/PJ lde =m(Is) =1 Yn=

JOI

sup |pn| < Var pn + <Ko+1 Vn,
Ia «

1
m(1y)
where Ky is the constant we found in Lemma 2. Then we also have Varp, <
Ky, sup |pa| < Ko + 1, which concludes the proof of Proposition 3.

Proof of Lemma 2. We have

o (Vo)
Var (P, 0 <Z<T7Y?<€>>|<Tg> Vo

¢ (V(2)) ‘
T&L(L(I")) (Tg})/ (Vn (‘T))

¢ (y)
@) (v )D )

For the last equality, observe that since V;, : Tg}([é")) — Lg") is a homeomorphism,

Var Upn (107 (‘( 5y V) = Varlén) \(TE)'\' The first term in expression (5) can be

|
estimated using (i):

<p( 1 1
Var ———— Var ¢ sup + Var sup |p
2 )] = 2 ( T T T e
< Z )\%") Var ¢ + n)\%") sup|¢] | -
,7 5 5

For the second term, we have 2 En Sup;(m)
n

Tt | < 25, A sup 0 [e(y)]. In

conclusion, from equation (5) we get

Var (Pf. @) (z) < /\"\ﬁar<p+2(n+2 /\ ™) sup | . (6)
o " m
We want to give an estimate of the sum in equation (6); recall that for ¢ € BV,
1 ..
suplel < Varo+ — [ lelds (i
5 m(Iy )1(")
n

However, equation (ii) doesn’t provide a global bound independent from 7 for two
reasons. In the first place, the lengths of the intervals 17(7") are not bounded from
below when the indices j;(n) grow to infinity. Furthermore, a difficulty that arises
only in the case of uniform continuity and that was not dealt with in reference [17]
is that the measures of the cylinders of rank n containing the endpoints @ and & —1
are not uniformly bounded from below in «, and require a careful handling.
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To overcome the first difficulty, following [17], we split the sum into two parts: for
n fixed, let k& be such that
)\n
Z)‘j S 5o T (7)
>k

Since A doesn’t depend on «, neither does k. Define the set of “intervals with
bounded itineraries”

G(n) = {1y € P™ | max(jo(n), -, jn-1(n)) < k} (8)
To get rid of the measures of the cylinders containing the endpoints, we com-
bine them with full cylinders; the measures of the latter can be estimated using

Lagrange’s Theorem, since the derivatives are bounded under the hypothesis of

bounded itineraries. When combining intervals, we have to consider the sum of the
corresponding )\S,n) and make sure that it is smaller than 1. This requires additional

care when L(,’” Sa-—1

Remark 1. Let r = r(«) be such that

1 1 4
Upp1 S a < vy, WherevT:—§+§,/1+; 9)

(clearly 7 is bounded by r(@) + 1 in a small neighborhood of @). Then T%(a — 1) =
% e€ly fori=0,...,r—land T (a—1) ¢ I; . Thus any cylinder with more
than 7 consecutive digits “(2,—)” is empty, and the cylinder ((2,-),...,(2,—))
of rank r may be arbitrarily small when « varies. The cylinder (jmin, +) can be

arbitrarily small too.
Consider the function ¢ : G(n) — G(n) which maps every nonempty cylinder
Lgn) in Ig(n) in the following way:
a. If (i(n), €i(n)) = (Jmin, +) for some 7, then (ji(§), €(£)) = (Jmin + 1, +);
b. If 3¢ such that
(Gi(m)eim), - Gigr (), €ir (M) = ((2,7),(2,2), -+, (2,0)),

then ((]1 (5)7 51(5))7 SRR (ji+r(§)7 5i+7“(§))) = ((27 _)7 RS (27 _)7 (37 _));
c. Otherwise, (ji(§),&:(£)) = (Ji(n),€i(n))
We want to show that there exists d,, > 0, depending only on @, such that for all
¢ € o(G(n)), m(§) > 6,. For this purpose, we group together the sequences of
consecutive digits (2, —), and obtain a new alphabet A = .A4; U A, where
~A1 = {(37 _)7 M) (kv _)} U {(jmin +1, +)7 R (kv +)}

~A2 = {(27 _)7 ((27 _)7 (27 _))7 R ((27 _)7 ceey (27 _))}

r—1

Then each £ € o(G(n)) can be seen as a sequence in A'° = {(a1,...,as) € A% |a; €

n

Az = ajp1 € Ay} for some n > s > 2. Let ﬁ be the first return map on A;
restricted to o(G(n)):

T(x) = To(z) for z € (a) € Ay;
T(x)=Ti(z) ifJi:axe((2-)....2,-),z¢(2-),....(2,-)).
i it1
Let V, be the inverse branch of T relative to the cylinder (a). Observe that
Y(ai,...,as) € A% T(ay,. .., as) = T(as). (10)
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This can be proved by induction on s: when s = 1 it is trivial; supposing that the
property (10) holds for all sequences of length s, we have

Tvsﬂ(al, ceyGsg1) = Ts+! ((al, ceyas) N 17,11 ---YN/aS(aS+1)) =

= T(Tvs(al, ey @s) N (ast1))

since T* is injective on (ay, ..., a,); this is equal to T(T(as) N (ast1)) by inductive
hypothesis.
o If as11 € Ay, we have as € A; and T(as) = I: then f”l(al,...,asH) =
T(as+1).

o Ifas1q € Ag, T(as) O (as+1). Infact for alli =0,...,r — 1,

T2, 7)1 (2,2) =T, ([a - 1,1/(1'217)@))) -

i

- -2 [-5=a)2 Y2 ]-3.0] ay

2 + a ac Ay

Equation (10) provides a lower bound on the measures of the intervals in o(G(n)):
1
3
M(a) = (max ((k +a+e)? 2+a+ E)QT(&))) > sup ‘T’

< m(T(as)) = m(T*(as, ..., as)) <mlai,..., as)sup ’(TVS)’ , and

in a neighborhood of @. Thus for all Ig(n) € o(G(n)),

1
b = ———— < m(I™).
3M(a)" — mle™)
Returning to the sum in equation (6), and defining Tén) = U o (1) = Ig(")},
we find:

> (W’wglwl)é d>oooswlel | Y AW
Iy I

F(n)
fMec(n) " Meo(Gn)) L o(I§)=1{"

We want to estimate ' = sup > )\%"): each sum can be computed dis-
o(G(n)) U(IT(]")):IE(H)

tributively as a product of at most n factors A, each of which corresponds to one

of the cases a),b), c¢) that we have listed in the definition of o:

e In the case a), we have A} = Aj.. + Aj41 < 2(a@+¢)? < 1 (remark that
Jmin > 3 when a <2 —1).

e Inthe case b), X = A5+ A\ 'A\3 = (1—)20—D ((1 —a)?+ ﬁ) <0.9. In
fact, when a > & we have (1—a)2—|—(2++01)2 < 1; otherwise, (1—04)24—(%%)2 <

5

1 and for ao > 1,41, we have r — 1 > L_ _2 and

a2+a

20 2r-1)
(1— )= = (1 - ) < (

1+«

<
14 a)2r=1 = 14 2a(r — 1)
14+«

3
-7 2
S35 30402 ° 5
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o In the case c), A} = \,,.

(The constants in the previous discussion are far from optimal, but they are sufficient
for our purposes.)

Then ) < max ()\", (%) W) = \" < 1. Note that only depends on & and not
on «.

We can finally complete our estimate for the sum over I7(7") € G(n):

n 1
VO sl S Vel [
m

—(n) 7(71)
1{Mea(G(n)) \'¢ R

1M ea(G(n)) Le
. 1
<A\" | Varp + Z 71(71) Loy P
1V ea(G(n)) m(le”) JTe

< A"
<3 Varg + = lgll (12)

On the other hand, for the sum over Lgn) ¢ G(n) we have the following estimate:

2 (<n+ 2 sgr;|so|>
)

I ¢G(n I

n—1
<suplg| > > (n+2) o = Ajuay - (13)

J>k 1=0 j5i(n)=max{jo(n),.--.jn—1(n)}=3j

where in the third sum of expression (13) we take [ to be the smallest integer that
realizes the maximum, to avoid counting the same sequences twice. Observe that
when we take the sum over jo(n),...,jn—1(n), since we are not taking into account
the signs €;(n), we are actually counting at most 2" distinct sequences.

A

Jo(n) * A

jnfl(n)

(Jo(n)s--sdn—1(n))
Ji(m)=j

<\ |2 > A

= Jo(n)
(Go(m)s--sdi—1(M)sdr41 ()5 sdn—1(n))

n—1 7
<N 2] D an | < 2!

i=0 j; =2
il Ji

A

Jn—1(n)

2
since Y57 A; < %= < 2. Therefore

n—1
> ((n +2)A sup |<P|> < suple| D> (n+2)n2 !
i

If,")géc(n) ) < j>k 1=0

< S}lp lp| n(n +2)22 1 Z A < S}lp || n(n 4+ 2)A"
« _]>k7 @
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where in the last inequality we have used the hypothesis (7) on k.
In conclusion, \éar(P}la ) is bounded by

- 1
A" ((n2 + 3n—|—3)\§ar<p—|— (n+2) <5— +n> |<p|1)

and we recall that we have chosen 8, and X so that they do not depend on «.
Choose any X € (A, 1), and let K > 0, N € N be such that

vn > 1, (n? —|—3n+3)5\" < KN and Vn > N, K\" <

N =

Let L(n) = (n+2) (é + n) K = linaéxNL(n). For any n, we can perform the

Euclidean division n = ¢IN + r for some ¢ > 0 and 0 <7 < N. Then
Var (Pr¢) SFXN\ggrcerKHsolll. (14)
More generally, we can show by induction on ¢ that
var (PEYo) < (BAY)*Varg + Cla) K ¢l (15)

where C(q) = 1+ 3 4+ -+ + 5= < 2 for all ¢. In fact if (15) is true for some g,
recalling that the Perron-Frobenius operator Pr, preserves the L' norm, we get

\;ar (P}ZH)NQO) < (FE\N)Q \éar (Pﬁ ‘P) + C(Q)K HP%\; 90”1
— 1 -

<(RAV)TH Var g + (C(q) + §> K¢l dz

<(KAN)att Var o+ C(q + DK |||, da.

For 0 <r < N, Var (P}, o) < KA" Varp + K ||¢]l,. In general, for n = gN + 7, we
obtain

Var (PR o) < (RAY)1Var (P ¢) + C(@) |l

o NP K - .
SRR Varg + K (KNV)1+C(@)) ol < 54 Vario + 3K [l

Now take \g > max (—11_—,)\), so that % < (M) "(Mo)M? = (Xg)™. This concludes

2N

the proof of Lemma 2. O

2.3. L' continuity of the densities p, and continuity of the entropy. Let
a € (0, V2— 1] be fixed. To study the L!-continuity property of the densities p, (and
the continuity of the entropy h(«)) it is convenient to work with measures supported
on the same interval. Thus we rescale the maps T, with « in a neighborhood of & to
the interval [&—1, @] by applying the translation 75_,. Let Ap.a = Ta—a 0T ng_la
be the new maps:

Let in = IjjE + & — «a be the translated versions of the intervals of the original

partition, and j,(z) = po 751, (2) = p(r — @+ ) the invariant densities for A, 5.

Clearly the bounds for the sup and the variation of p, are still valid for g.

1

r—a+ «

Aa)@(.’l/') =

— +1—a}+a—a.
r—a+«
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Lemma 3. Let & € (0,v/2—1] be fized, and let € be given by Proposition 3. Then if
1
{an} C [@—¢,a+¢] is a monotone sequence converging to &, we have pa,, L, Da-
For the proof see Appendix 5.3.

The L'-continuity of the map a — p, is sufficient to prove that the entropy map
a — h(a) is also continuous. This is achieved by applying the following lemma (for
a proof see for example [1]) to Rohlin’s formula.

Lemma 4. Let {p,} be a sequence of functions in L*(I) such that

2. pn /AN p for some p € L'(I)
Then for any ¢ € L*(I),

Y(pn —p) — 0.

Applying Rohlin’s Formula for the entropy, we get for any o € [@ — ¢, @ + €]

« 1 «
o) = [ tog eszn(adde =2 [ logle — -+ ol )

Consider a sequence {ay,} — @. Then

Ih(G) — h(am)] < 2 /

(e}

(0%

10g 2 — @& + | i () — log |2 fa()|d
—1
<2([ Jtogle~ @+ aul (o, (@) = ) o+
a—1

+/ ‘(10g|:v—a+an|—10g|x|)ﬁa(x)|dx> .
a-1

The second integral is bounded by 2(Ky+ 1) f§71 [log |z — & + ap| — log |z|| dz and
vanishes when n — oo because of the continuity of translation in L'. If we take
Pn = Poys P = Pa, ¥(x) = |log|z|| in Lemma 4, we find that the first integral also
tends to 0. O

2.4. Behaviour of the density and entropy when «a — 0. In this section we
will prove that the entropy has a limit as & — 07 and that lim,_,q+ h(a) = 0.
The continuity of the entropy on the interval (0,v/2 — 1] followed from the L'-
continuity of the densities. The vanishing of the entropy as o — 0 is a consequence
of the fact that the densities converge to the Dirac delta at the parabolic fixed point
of Ty as a — 0.

Proposition 4. When o — 0, the invariant measures [i, of the translated maps
Ano : [-1,0] = [=1,0] converge in the sense of distributions to the Dirac delta in
—1.

From the previous Proposition the vanishing of the entropy follows easily:

Corollary 1. Let h(«) be the metric entropy of the map T, with respect to the
absolutely continuous invariant probability measure p. Then h(a) — 0 as a« — 0.

Proof of the Corollary. We compute the entropy of the T, through Rohlin’s
formula:

ha) =2 / llog || (16)
a—1
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Observe that VE C (¢1,0], po(E) = ﬁua(E) < %m(E) Therefore if p,, is the
density of fiq, pa < % in (¢1,0]. Given €, let ¢ be such that |log|z|| < e for
x € [—1,¢g], and choose a small such that o — 1 < ¢k, po([ck, @]) = fia([Ck, 0]) < e
and % < e. Then

Ck c1 «
ha) < / o | d + / llog || djta + / llog ||| padz

Ck C1
Co

1
3 o (e ca) + s o el — 0

which concludes the proof. O

< [log |ex| +

To prove Proposition 4 we adopt the following strategy: we introduce the jump
transformations G, of the maps T, over the cylinder (2, —), whose derivatives are
strictly bounded away from 1 even when a — 0; we can then prove that their
densities % are bounded from above and from below by uniform constants. Using
the relation between pu, and the induced measure v,, we conclude that for any

measurable set B such that —1 ¢ B, jio(B) = pia(B + ) — 0 when a — 0.

Proof of Proposition /. Given v,41 < a < v, as in equation (9), and 0 < j < r,
let

Lo= 1, \ (2a _)a Lj = [CjJrla Cj) = ((27 _)7 SO (27 _)) \ ((27 _)7 sy (2a _))
J J+1

for 1 <j <r. Thus I, = Uy<;<, L; (mod 0). It is easy to prove by induction that

. i—1 1 1 . -
for r > J > 1; C; = ‘/(Jzyi) (_24’_04) = -1+ E, that 1S, < Cj < -1

_J
Jt+l - J’
while ¢p = «a, ¢41 = a — 1. Let
_ mj+1
Ga|Lj—Ta |Lj

be the jump transformation associated to the return time 7(z) = j+1 <= x € L.
Observe that 7 is bounded and therefore integrable with respect to po. Then a
result of R. Zweimuller ([19], Theorem 1.1) guarantees that G, admits an invariant
measure v, < (i, such that for all measurable F,

o) = s | X v (r > mpn 7)) an)

n>0

where C() is a suitable normalization constant. Actually from equation (17) it
follows that v, (I,) = vo({T > 0}) < C(a)pa(ly) is finite, and so by choosing a
suitable C'(a) we can take v, (Io) = 1. We will prove the following:

Lemma 5. There exists & > 0 such that for 0 < o < &, the densities Vo, of v, are
bounded from above and from below by constants that do not depend on «: ICy s.t.
Cy! < a < Co.

Proof of Lemma 5. In order to prove that 1, is bounded from above, we can
proceed as in Lemma 2, and show that 3C’ such that for all o, Vo € L(I,),
Vary, P& ¢ < C'. Since the outline of the proof is very similar to that of Lemma
2, we will only list the passages where the estimates are different, and emphasize
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how in this case all the constants can be chosen uniform in o.
The cylinders of rank 1 for G, are of the form
ke _ /- . X
Ij _(jvkas)T((27_)7'-'a(27_)7(k56))5 OS]ST,
J

so they are also cylinders for T, although of different rank. On IJI-C’E, 7 > 1 we have

1 . 4 1 1
= (T9(x)---T, 2 < \k = < <-
‘G'a(x) (Ta@) @) <N = GG S G S 1
1 - 1
GL(x)| ~ 952(k + 1)%’
while on Ig’a, G,;(z) =22 < ﬁ < %, and so \ = sup‘Gi,’ < i for all a.

Letting Q = U;ZO{IJI-C’E}, and A{") = SUp ()
equation (6) for the maps Gg:

Var (Pg_¢) (z) < A" \éargo + Z (n+ 2))\57") sup |p],
° e 1

@ , we can obtain the analogue of

and similarly to (7), we can choose h such that ) .., Zlg < T{}L—",g, and the set of
intervals with bounded itineraries

G(n) = {IS") = ((Go, ko,20); -+ (n—1,kn—1,6n-1)) € Q" |
Inax(jo, N 7jn—1) S h, max(ko, RN kn—l) S h}

Again we can define a function o : G(n) — G(n) that maps every cylinder 17(7") =

(o k0, 0); -+ -5 (1, kn—1,8n-1)) t0 I = (6, Kb €6)s -+ (1 Ky_1,51)) 88
follows:
a. If (Ji,kiv€i) = (J, Jmin, +), J < 7 — 1 for some ¢, then (5!, kl,e}) = (J, jmin +
L+);
b. If for some i, (j;, ki, e;) = (r,k,€) with (k,€) # (Jmin, +)s (Jmin + 1, +), then
(]:v kzl'v 5;) = (r—1,ke);
c. If (jiu kiu Ei) S {(’f‘, jmin7 +)7 (Tajmin + 17 +)7 (’f‘ - 17jmin7 +)}7 then
(.]{a k;a E'/L) - (T - 17jmin + 1; +)7
d. Otherwise, (j/, ki, €)= (ji, ki, €i)-
With this definition, the cylinders in o(G(n)) are all full, because as we have seen
in equation (11), for 0 <4 <r—1,

TR )2 graa)2 U T

i

Then VI{" € o(G(n)),

(n) n\/ (n) 4\n (n)
1 <m(I sup Ga =m([ 9h = m(1l > = s

which doesn’t depend on «. Again we need to estimate the supremum over I, 5(") €

0(G(n)) of the sums > /\5771), each of which is the product of n terms A,
o(1y)=1{"
that correspond to one of the cases a),b), c)d) we listed previously:
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e In the case a), \; = )\gmi" + )\gmi“H < m men <
@< V2 =1, jmin > 3).
e In the case b), N, = A\F + \F | < (k—41)2 ((T+11)2 + (T+12)2) < % when a < vg;
e In the case ¢), X, = Mmin 4 \min 4 \Jmintl | pJmint]
<4(m+ o )(ﬁ—l—ﬁ) <%f0ro¢<v2;

Jmin

e In the case d) N <A=1.
Then N < A =L, and as in equation (12), we find for o < vy,

> <A$,")sup|<ﬂl>§X > SUP|<P|<)\"V3YSO+ lell

n
1M eG(n) 1" ea(G(n)) I

< + (observe that for

For the sum over intervals with unbounded itineraries we proceed in a similar way

o (13):

n—1
(’ﬂ) k (77) . knf (77)
PIERVLEDD > MmN
IT(]")QG(n) i>h 1=0 Ji(n)=i+1=
max(jo(n)r")jnfl(n))
n—1
() () S
ko(n)  ykn—1(n = (n)
+ ) Mo N | S22 w2 2 N
ki (m)= Z— i>h 1=0 15 eQ

max(ko(n),....kn—1(n))

(This expression is redundant, but sufficient for our purpose.) Observe that

N - 4
Z A%)SQZZW (Zk2> <8, and so

IJI-C’EEQ 7=0 k=3
4
)\(n) < _n24n 4 < nA\".
Sy
IV ¢G(n) izh

Then we can prove relation (14) and complete our argument exactly like in Lemma
3. Notice that all the constants involved are uniform in «.

To prove that the densities v, of v, are uniformly bounded from below, we use a
bounded distortion argument. We follow the same outline as in Appendix 5.1, but
with the advantage that in this case the derivatives are uniformly bounded from
above. B
Since Ty, satisfies Adler’s condition }(:,?fa)g <

K (here K = 2), then there exists K’

independent of n and of a such that ¥n > 0, < K’ (see [18], Lemma 10).

(Te)"”
T2
Then Vzx,y belonging to the same cylinder [ Jk © of rank 1 of G,

a2 | = e || = [ e

G . .
(GI (5)) ( ) a(y)| S K |Ga(x) Ga(y)|7 d

< 362
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O, Z)/(y) m " Z+1 i1
8 (e Szzo G (Gi(x)) ‘ K Z\G =G (@)
SKQQE)W“>GWM
o (1Y (G2)' ()

where we remark that C; does not depend on a. Letting W, : G%(I (")) — Iy (") e

(

the local inverses of G2, for every full cylinder Inn) € P and for every measurable

set B,
G (y)ldy  m(Wy(B)) sup [(GZ) (y)]
B win " “My< et = o mV(B))
m(L) [ G @dr = () i [(Gn)@)] . m(IY)
I(n) xe]f,")
m(Iy")

= m(W,(B) = m(B) ™
Finally, we can show that the measure of the union S, of all full cylinders of
rank n is strictly greater than 0. In fact we have the following characterization:
If,”’ € QM is not full = it has an initial segment of the orbit (with respect
to Gy) of one of the endpoints @ and o — 1 as its final segment. That is, if
a = (a1,az2,as,...) and a — 1 = (by,be,bs,...), then there exists 1 < k < n such

that L(,n) = (Wiy. e, Wnk,Q1,--., Q) OF L(]") = (w1, ++,Wn_t,b1,...,bx). To prove

(18)

this, observe that if L(,n) doesn’t contain any initial segment of (a1, as,as,...) or
(b1, b2, bs,...), it is clearly full, and if every such segment (aq,...,ax) or (b,...,bx)
is followed by wki1 # ar41 or bry1 respectively, then it is either full or empty
because G is monotone on each cylinder. Then

LM$M%<UQﬁkmhw%0+%<UG$”%hum0

k=1 k=1
n
Z Val(at,...,ak) + Va(b1,..., b))
k=1

since v, is G,-invariant. We have already shown that v, is bounded from below,
and so vy (a,...,ar) + Vo (b1,...,b) < C'(m(as,...,ar) +m(b1,...,b)).

In order to prove that v,(SY) < 1, we take advantage of the fact that the cylinders
containing the endpoints become arbitrarily small when « approaches 0. Recall
that (a1) = (jmin) = ([£ +1—a]), and consequently inf ,,) |G, ()] > (jmin — 1),
and since infr |G? (z)| > 4, from Lagrange’s theorem we get

( ) < !
m(ai,...,a) < .
, , 4k_1(]min - 1)2
Since jmin — 00 as @ — 0, we can choose & such that Va < &, m(aq,...,ax) < ﬁ.

+\/ 14+4/r we

Similarly, recall from Remark 1 that for v,.+1 < o < v,., where v, = ,
have (b1) = ((2,-),...,(2,-), (k,¢)) for some k > 3, and recalling that Tl Ta—1) =
~—_———
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o=l wo find

1—ia ?
. 1 (1 —ia)? 4
f|G! = inf . > .
&) Gl =l ey —12H -G+ Da) = (1 —rap?
ButaZvTHéril<a2+a:>1—ra<%<3a,andsobytakingd

small enough we can ensure that Yo < @, inf,) |G, ()| > 4C” and consequently
m(by, ..., b) < 7 Vk.

Then for o small enough, m(S,Cl) <E Y <= va(S) <2 Va(Sn) >
2= m(Sy) > (S”) > 2. Taking the sum over all full cylinders I, 7(7 n (18), w
find that for all measurable BC1,,

m(B)m(S,) _ m(B)
& - 3010/'
Now recall that the density of Vo is equal almost everywhere to the limit of the

Cesaro sums lim,,— o % =0 PG 1, and so for a < @,

m(Gy"(B)) =2 m(G."(B) N Sy) >

n—1
[ : 1 —n
Vo (B) nlinéoﬁZ/PG lda:—nh_{I;OEZm(Ga (B))
=07 i=0
and consequently we have v, (B) > ?:g(fé), VB. O

We can finally conclude the proof of Proposition 4. The following properties
hold:

e C(a) — oo when o — 0. In fact when a is small, Cj' < %= < Cj for some
Cy, and

r T 1 1 T
1= alLi) =) ==Y Valln) = =— > valla—1,cx])
,;,“ : ,;00@ 2 Cla) ,; ’

n>k

1 1 1
ZCoC(a) D> mila=1e) 2 CoC(a) <k§ r1 U Uo‘)

(i) )

since 7 < — L < y 4 1. Therefore the normalization constant Cla) >

CLO (log (a2—1+a) — 1) — 00 when a — 0.
e Finally, VL, k > 0 finite, po(Lr) — 0 when v — 0. In fact we have

fia (L) :j>k ”gii? < C(’gg) ;m(m < % 11— x| < %% —0!

1The reader might be wondering whether the estimates of the densities of T, in Paragraph 2.2
and the continuity of the entropy might be derived directly from Lemma 5. This would follow
from equation (19) if we possessed a suitable lower bound for o when o varies; but we haven’t
been able to provide such a bound except for small a. As for the continuity of the entropy, the fact
that h(Tw) and h(Ga) are related by the Generalized Abramov Formula [19] suggests that proving
the continuity of h(Go) might be a valid alternative approach; however, taking expansivity into
account, we believe that the estimates necessary to prove L'-continuity of the invariant densities
of G» (as in Appendix 5.3) would be far more taxing than for T,.
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Consider now the translated versions A, o of the T, with respect to @ = 0, and
let ¢; = ¢; — « be the translated versions of the ¢; (we omit the dependence
on « for simplicity). Then we have fio((¢é,0]) — 0 for all finite k. Let f €
C*(]-1,0]) be a test function: we want to show that Ve > 0, 3o’ such that

Va < o, ‘f?l f(z)diie — f(—l)} < e. Since f is uniformly continuous, 39 such
that V]z — 1] < 4, |f(x) — f(—1)] < &. Choose k so that ¢ < —1+ 0. Then for all
« such that fin((¢x,0]) <,

[ = s < [ 10 - -l + /0 o dns

10
+ [ DI <24 Sl +15CD). D

3. Numerical results. In this section we collect our numerical results on the en-
tropy of Japanese continued fractions. We already know that the function o —
h(T,) is continuous in (0,1] and that in the case a > /2 — 1 the entropy has
been computed exactly by Nakada [10] and Marmi, Moussa, Cassa [9]. For val-
ues of « in the interval (0,v/2 — 1] we have numerically computed the entropy of
the maps applying Birkhoff’s ergodic theorem and replacing the integral h(T,) =
=2 [ log|z| pa(x)dz in Rohlin’s formula with the Birkhoff averages

n—1
h(a,n,z) = —% Z log |To]¢(x)‘
j=0

which converge to h(T,) for almost all choices of z € (o« — 1, «). In order to get rid
of the dependence on the choice of an initial condition we have computed h(«, n, zy)
for a large number N of uniformly distributed values of 2, € (a—1,a), k=1,... N,
and we have taken the average on all the results:

N
1
h(a,n,N) = N Zh(a,n,xk) .
k=1

Unsurprisingly, it turns out that the values h(a,n,zy) are normally distributed
around their average h(co,n, N) (see Figure 2). We have also computed the stan-
dard deviations of the normal distributions for values of n from 500 to 350000 (see
Figure 3): a least squares fit suggests that they decay as 1/+/n (we refer to A. Broise
[4] for a general treatment of Central Limit Theorems that may apply also to our
maps).

In Figure 4 we see a graph of h(a,10%, N) at 4080 uniformly distributed random
values of a in the interval (0,v/2 — 1): the values of N range from 10° to 4 - 10°
increasing as « decreases so as to keep the standard deviation approximately con-
stant. The estimated error for the entropy is less than 2 - 1074,

As o — 0 the entropy decreases (although non monotonically, see below) and the
graph exhibits a quite rich self-similar structure that we have just started to in-
vestigate: for example the entropy seems to be independent of o as «v varies in the
intervals whose endpoints have Gauss continued fraction expansions of the form
[0,n,n—1,1,n] and [0, 7] respectively, and to depend linearly on « in the intervals
([12],[0,n,1]). Compare with Figure 6, where h(a, 10%,4 - 10°) is computed at 1600
values of a € (0.264,0.281) and with Figure 8 where h(a,10%,2 - 10%) is computed
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F1GURE 2. The dependence on n of the standard deviation of the
normally distributed (3, n, 2x) where n ranges from 500 to 350000
and N = 100.

FI1cure 3. The distribution of h(3,1000,xy) for 10000 random

1
2
initial conditions. The average h(,n, N) = 3.41711 must be com-

pared to the exact value h(Ty) = s = 3.418315971 ...
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FIGURE 4. The entropy of the map T, at 4080 uniformly dis-
tributed values of o from 0 to 0.42. The estimated error is less
than 2-10~4.
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FIGURE 5. The entropy of the map T, at 1314 uniformly dis-
tributed values of « from 0.29 to 0.30. The estimated error is
less than 1-10~%.
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FI1GURE 6. The entropy of the map T, at 1600 uniformly dis-
tributed values of « from 0.265 to 0.281. The estimated error is
less than 1.5 - 10~%.
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FI1GURE 7. The entropy of the map T, at 989 uniformly distributed
values of o from 0.278 to 0.281. The estimated error is less than
4.107°.
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2. 025’/

0.09 0. 095 r 0. 105 0.11

1.975

FIGURE 8. The entropy of the map 7, at 1799 uniformly dis-
tributed values of « from 0.09 to 0.11. The estimated error is
less than 2.5 - 10~%.

at 1799 values of « € (0.09,0.11).

Figure 5 is a graph of h(a, 10%,4-10%) at 1314 uniformly distributed random values
of o in the interval (0.29,0.3): here the non-monotone character of the function
a — h(T,) is quite evident. A magnification of Figure 6 corresponding to values
a € (0.278,0.281), showed in Figure 7, suggests that the same phenomenon occurs
at the end of each of the plateaux exhibited in Figure 4.

4. Natural extension for a = % In the case a € (0,v/2— 1], the structure of the
domain D, of the natural extension for T, seems to be much more intricate than
for & > /2 — 1. Here we find the exact expression for D, and the invariant density
of T, when o € {%,T € N}.

4.1. The by-excess continued fraction map. Before stating our main theorem,
we introduce some notations. In the following paragraphs we will often refer to the
by-excess continued fraction expansion of a number, that is the expansion related
to the map Mo(z) = —1 + [L + 1], My : [0,1] — [0,1]. To simplify notations, we
will omit the minus signs and use brackets:

1
<a0,a1,ag,...>$ , ai€{2,3,4,...}

agp —

1

ay — ———
a2—.-.



ENTROPY OF JAPANESE CONTINUED FRACTIONS 695

FIGURE 9. Graph of the map M,

We will denote a non-integer remainder > 1 by a semicolon:

1

a; €{2,3,4,.. .}

<a0,a1,...,an;x> =

agpg —

ayp —

Qp — —
x

We also recall that the by-excess expansion of any real number y € (0, 1) is infinite,
and that

y = {(a1,a2,a3,...) € Q= Jis. t. Vj >4, a; =2.

4.2. Reflection rules. We begin by making some preliminary observations on the
relation between the symbolic dynamics of the map M, and the reflection map
x — 1 — 2 on [0,1], which reveal a sort of “duality”between the digit 2 and the
digits greater than 2, and will prove very useful to construct a “dual”fibred system
for T, in the sense of Schweiger [12].

Let = (a1,a9,as,...) € [0,1]. We would like to determine the by-excess con-
tinued fraction expansion of 1 — x. Since the general solution to this problem turns
out to be quite complicated, we will only describe a single step of the algorithm,
that is, we will suppose to have computed the first 7 digits of the expansion and the
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remainder:

z€[0,1)

1
(1)
Z:<h1,h2,h3,...>, h122
We want to determine the first digit of the remainder 1 — z. For reasons that will
become clear later, we will treat any sequence of the kind
2,2,...,2
———
n
as a single digit.

We will make use of the following well-known identity (see for example [9]) that can
be easily proved by induction on n:

1
1——— =(2.2....,2y) VWyeR. (20)
~——

n+y_1 n—1

There are three separate cases to consider:
e If hy,ho > 3, then from the identity (20) with n = h; and

1= L 1 1 1
Y N 2 hg—... ’ y_ h 1 1
° hy — ...
we get
1—<h1,h2,h3,...> =<2,...,2;2+<h2—1,h3,...>>
——
h1—2
=(2,...,23— (1= (ha — 1,hs,...)))
——
h172

We sum up our observations in the following

Rule 1. Ifhl,h223,
1
1—<(hi,ho,h3,...) =(2,...,2,3;
< 1,702,103, > < 5 ) Ay 7(1—<h2—1,h3,>)>

hi—2

[ ] IfZ:<h1,2,...,2,h3,...> with h17h323, then
——
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We want to use the identity (20), with

1
—l=—F——F7—=—12-(2...,2,hs,...
Y <2,,,.,2,h3,”_> <’ y &y 183, > ,
n—1
1 1
y  1—(2,...,2,hs,...)
——
n—1

Observe that

1
1—(2,....2,hs,...) =
<H/—/ 3 > n—|—<h3—1,h4,...>
n—1
= ! F1— (1= (hg— 1, hy,..)
=n — (1 — -
1—(2,...,2, hs,...) S
——
n—1

In conclusion, we find

Rule 2. If hl,hg > 3,
1
1—<h1,2,...,2,h3,h4,...>: 2,...,2,7’L+3;
—— ——— 1—< >

hs — 1, ha, ...

n h1—2

o If 2 =(2,...,2, ha,...), ha > 3, then using again the identity (20) with
———

1 1

Y <h27h37"'>7 y_l <2 o >
we find
1
1—(2,...,2, ho,hs,...) =
<H/—’ 21 > n—|—1+<h2—1,h3,...>
1

Tnt2—(1—(ha—1,hs..)

Rule 3. If hy > 3, 1
1—(2,...,2 hohs,..) = (n+2
2. 2P hs, ) <” 1—(h2—1,h3,...>>

n

Notice that we have taken into consideration all the possible cases. Also remark
that Rule 1 and Rule 2 guarantee that in the new digits h} a sequence of twos is
never followed by another.

Let a = 1, for a fixed r > 3. Observe that T, () = 0, and

=i g ferizo0,...r-2.

Tifa—1)= =
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Let (3 be the fixed point for My corresponding to the branch r +1, and & = —1:

r—pB
1—+/ 1)2-4
5:T+ (r+1) =@r+Lr+1,r+1,r+1,...)
2
: (21)
= =(rr+1Lr+1,r+1,...).
S Ve R )
Then
1-5=1(2,...,2,3,2,...,2,3), 1-¢6=1(2,...,2,3) (22)
—— = N——
r—1 r—2 r—2

4.3. Domain of the natural extension. Let n > 1, and define

hy€{2,(2,2),....(2,2,...,2) U {3,4,....r},
———

r—1

HY = {(hl,hg,...,hn)

hoy oo b €{2,(2,2),...,(2,2,..., 2} U{3.4,...,r,r+1},
———

r—2

and such that h; = (2,...,2) = hjp1 > 3}
——

S

hisha, .. he €42,(2,2),...,(2,2,...,2)}
——
r—2

H, = {(h17h27'-'7hn—1)

——

S

U{3,4,...,r,r+ 1}, and such that h; = (2,...,2) = hj;1 > 3}
Moreover, for i =2,3,...,r — 1 define

hy€{2,(2,2),...,(2,2,....2)  U{3.4,...,r + 1},
—_——
r—1—1
By € 12,(2,2), .., (2,2, . 2 U {3,4, ... rr + 1},
——

r—2

H;:{(hl,hg,...,hn)

—

S

and such that h; = (2,...,2) = h;y1 > 3}.

Also define
= {(hi,hay...,hy) € HE | hy >3},
Hy = {(hi,ha,...,h,) € Hy | hy >3},
HY = {(h1,ha, ... ,hy) € HE | hy >3}, i=2,3,...,r— 1

Let V;(z) = -1~ denote the inverse branches of Mo, and
V(2 2)(I)$(V201/20~-~0V2)(I).
b —_—

S—— s

s
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Define

B=J U hoVieoVi)(1-&1),

=1 (hy, by, hn)EHLT

and similarly

B=U U (GmoVio- oW )((-&1),

=1 (hy,ha,.. hn)EHy

B =] U (ViyoViy o0 Vi )((1 —=€,1), i=2,...,r—1
=1 (hy,hy,...,hn)EHY,

Finally, let E, B, D C R? be defined as follows:

E:Lj([—hil—@} X [0,M0'1(1—£)}> U ([OH X [Oal—ﬁ]>,

i=1
oY) o (] <o) o (o] )
D=E\B.

Remark that we have omitted the dependence on r of the sets BT, B~—, B', E, D for
simplicity of notation.

46 44 02

FIGURE 10. A computer simulation for the domain D when r =5
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Theorem 2 (Natural extension for a = 1). Let « = L, r > 3 be fized, and let
D C R? be defined as in Paragraph 4.5. Let k(x) = [|%| +1-— a} , and

1
To(z,y) = |Talz), ———F—— ] . 23

(9] ( ) k() + Slgn(w)y> -
Then Ty, : D — D is well defined, one-to-one and onto, and it preserves the density
Kq(z,y) = Cim, where Cy = fD mda:dy. In other words, Ty, : D — D
is a natural extension for Ty,.

Here the reader should remark that the domain D and the function k also depend
on «. In the following paragraphs, however, we will write T instead of T, for the
sake of simplicity.

To prove Theorem 2 we shall need the following two lemmas:

Lemma 6. Let z = (hy,ha,...,hn;y), where y > 2 is a real number and n > 1.
Then 1 — z is of the form <h’1, hb, ... hl; m>, and

(hi ha,... hn) € Hy = (K, hly,... b)) € HE,
(hi,ho, ... hy) € HE = (W, hly,... k.)€ H.

Lemma 7.
B*U(I—B*) =1[,1—-03] (mod 0) (24)

and their union is disjoint.

Proof of Lemma 6. Suppose that (hi,hs,...,h,) € H, . From the application
of the Rules 1-3, it is straightforward to check that after a suitable number of steps
in the algorithm we will obtain a remainder of the form % > 1. We need
to verify that at each step of the reflection algorithm described in Paragraph 4.2
the newly introduced digits in the by-excess expansion are in accordance with the
definition of H,F. We will consider separately the first step and the ensuing ones. In

the first step, we will have hy € {3,...,r,r+1} or hy € {2,(2,2),...,(2,2,...,2)}.
———

r—2
If hy > 3, he > 3, applying Rule 1 we get
1
1—{(hy,ho,hs,...) =(2,2,...,2,3;
<17 25103, > <7 B ) Ly ,1—<h2—1,h3,...>> (a)
h1—2
where hy — 2 <r — 1.
If hy > 3,he = (2,2,...,2), n <r — 2, using Rule 2 we find
———
1—(hi,ho,h ) 2 2n+3 L (b)
— )= o2 ;
1,72,1t3, ) ) 4y 71—<h3—1,h4,...>
h1—2
where 0 < h; —2<r—1,n+3<r+1.
Lastly, for hy € (2,2,...,2), n <7 —2,hs > 3, we have
——

n

1
1—1(2,...,2,ha, hs,...) = 2;
<a 53 45 102,103, > <n+ ’1_<h2—1,h3,-'~>> (C)

n
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where n+42 < r as needed. In all three cases we found an admissible initial segment
for H.

The subsequent steps can be treated in a similar way, although we have to take
into account the ways in which the remainder (h;i1,hit2,...) from the original
sequence has been modified by the reflection rules. More precisely: if h;+1 > 3 it
will be replaced by h;41 —1 € {2,3,...,7}; thus when h;11 — 1 > 3, applying Rules
1 and 2, we will find

hi+173

as the next digit, with 1 < h;y1 — 3 < 7 — 2, which is admissible for H,". Moreover,
when h; 11 —1 =2 and h;42 is a sequence of twos they will be considered as a single
digit, and it is possible to obtain the sequence

which gives the new digit 4+ 1 when we apply Rule 3. We have thus completed the
proof for (hy,he,..., h,) € H, .
When switching the roles of H;' and H,, , we can follow the same basic outline.
We briefly list the few differences that the reader can easily check for himself: if
(hl,hg,...,hn) S H;l_,
e in (a) and (b), we find hy <r=h; —2<r—2
ein(c),n<r—1l=n+2<r+1

and so the reflected sequence is in accordance with the definition of H,, . O

Before moving on to the next Lemma, we make a few observations.
First of all, notice that since the inverse branches V; : x +— ﬁ of My are all non-
decreasing functions, from the by-excess expansions of a sequence of reals we can
obtain full knowledge of their ordering. In fact,

(hishay ..o hoy ) < (WL RY, . L)

0 (25)

Ji>1s. t. V) <i, hj:h;andhi>h;

Recalling the expansions of 3,1 — 3,&,1 — ¢ from equations (21) and (22), it follows
that B~ C [3,1 — ¢] and Bt C [£,1 — f3], and moreover these are the minimal
intervals containing B* and B~ : for example, the sequence

(VioVigioVigio---oVoqi)(z), z € (1 —¢,1),

goes arbitrarily close to £ as the number of pre-images grows.
We also observe that if z € (1 — &, 1), its by-excess expansion must be of the form

2= (2.2, 2 ke B, )y e > 2
———

r—1

Proof of Lemma 7. We first want to prove that BT and 1 — B~ are disjoint. Let
x € B7; then there exists [ > 1 such that M{(x) € (1-¢&,1), Mj(z) € [3,1-€] Vj <
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{. Observe that

ze(1—§,1);»z_<2,...,2,3,...,2,...,2,3,2,...,2,...>, k> 0.
— —— =

r—2 r—2 r—1

k
Equivalently, for some i > 1 we have © = (hy, ha,..., h;,2,...,2,...), where
———
n>r—1, h; >3, (hl,hg,...,hi) S E[l-_, (hl,hg,...,hi_l) S Hz:l
Then from Lemma 6 we get

1

J— = 4 I'

1 z <h17'”7hm71_<hi_172a"'727"'>>7
N~———

n

with (hf,...,h!,) € H}, and applying Rule 2 (or Rule 3 if h; = 3), we find

1—17—<h/1,...,h;n,2,...,2,n+3;z>, n+3>r+2, 0<h;—3<r—2.
———

hi—3
Observe that (h},...,h},,2,...,2) € Hl | (or to Hf if h; —3 = 0), but clearly
——
h;—3
(hy,...,h.,2,...,2,n+3) does not belong to BT because it contains the forbidden
——

hi—3
digit n+ 3. Since none of the iterates of 1 —x up to that point belongs to (1 —¢,1),
we find that 1 —x ¢ B*.

Next we want to show that B* U (1 — B~) = (£,1 - 3).
Let = (h1, ha,...) € (§,1 =)\ BT. We must prove that for almost every such z
we have 1 — 2z € B~. We have to consider two cases:

1.Vn > 1,(h1,....hy) € HF

n

and so none of the iterates M '(z) belongs to

(1 - 57 1)
2. For some i, the by-excess expansion of x contains a forbidden digit h;: either
hi=1(2,...,2),n>rorh; >r+1wheni=1,0r h; =(2,...,2),n>r—1
—— ——

n n

or h; > r—+2 when 7> 1.

However, observe that since the first condition entails in particular that all the
elements h; in the by-excess expansion of x should be bounded, it is satisfied only
for a set of Lebesgue measure 0, and therefore it is negligible for our purposes
(equivalently, recall that My is ergodic).

Next, observe that z < 1 — 3 implies that the digit 2 cannot appear r consecutive
times in the initial segment of the by-excess expansion of x, and = > £ implies
hi < r. Let ¢ be the minimum integer such that Vj < i, (hi,...,h;) € H;‘
and (h1,...,h;) ¢ H; (we have just seen that i > 1). Then h; cannot be of the
form (2,...,2),n > r — 1 because then (h;, h;y1,...) > 1 — & and = would belong

——

to BT. The only case left to consider is then h; > r + 2. Equivalently, one of
the iterates Méfk, k > 0 of x is of the form (r+1,....r+1,7r+2,...) < (.
|

k
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Applying Lemma 1 with n =i —k —1 > 1, % = <T—|—1,...,r—|—1,r—|—2,...>,
—_——
k
we get 1 —x = <h’1,...,h;n;m> (h,...,hl,) € H,. Now observe that

5:@:»%—1:7«—5:% Theny—1>%—1>1:>1—L>1—§. Now
if B, >3, we have (hy,...,h!) € H, and 1 —xz € B~. Butif b/, = (2,...,2), we
H/—/

S

)> is still greater than 1 —¢, and again 1 —x € B~

have hl > 3 and <hm7 W

(observe that m > 1, otherwise 1 —z = <h;n; m> >1-7). O

4.4. Proof of Theorem 2. First of all, we observe that Lemma 2 implies that T
is one-to-one on D. In fact, suppose that T(z1,v1) = T(22,y2). Since y» € [0, 1],
we must have k(z2) € {k(z1) — 1, k(z1), k(x1) + 1}.

o If k(x1) = k(z2) and sign(z1) = sign(xz), then obviously 1 = z2,y1 = yo.

o If k(z1) = k(z2) and sign(xy) = —sign(xz), we find y; = —ya, which is
possible only for {y; = ya = 0}, a negligible set.

e Lastly, if 21 > 0,29 < 0 and k(x2) = k(z1) + 1, we get y2 = 1 — y1. But
(r,91) € D = g1 € D, U(ET—F\BY) =y € B-U(1-£]1) =
(x2,y2) ¢ D. Thus T is one-to-one (mod 0).

Then we can write T(D \ B) = T(D) \ T(B). Now it is quite straightforward to
check that T(D) = D. In fact, recalling that

n+a n—14+«

1 1

{x>0|k(a¢)—n}—< ) ], n>r
{z>0]k(zx)= :( } n>r

r+a’

1

{z <0]k(x)= :[ ), n>2

n—l—l—a n+a

k(x

{z <0 {oz , 2—|—a)

(152 tosi0-a11 )

7

_(i_-l)’_(j:i)} % (B’Mé_2(l_§)} \Bi—1>,z’:2,...,r—1, (a)

|
T([—%,—Qia}x([m—g]w)) — [0,a] x ({%,1-5}\}#), (b)

(|t < 0a-a)

_[a—l,a]x({%,n%w]\B), n=3,...r (0)

Here we observe that B+ U [T, 2_1%} =B~ U [rv 2+£]

2,3,...,7 — 1. Also remark that the rectangles [—@ oz] X [L, %} and [« —
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1,a] x [L l} for n = 3,...,r both belong to B.

n+§’n
T(|- s < (01-6150) @

:([a—l,O]x ([ﬁﬁ} ﬂD))
g <[O,a] % <[7°—1—L1’ ﬁ} \Vr+1(B)>

s ohli + R W
(Here we wanted to highlight the fact that B* N {m, m] =g.)

T (|-t ] < 01-av80) ©
—la—1,0] ([%%HJ \Vn(B_)>, S

—
)
N

T([n—1+a’n—;+a]X([O’l_ﬁ]\BJr))
z[a—l,a]x([ LI }\le(fﬁ)), n>r4l

n—Bn-1
where we set V.1 (z) = ==
([ < 0 29) o

.0l x (| =01 |\ B).

To conclude the proof observe that

1 1

BTU(1-B7)=[1-6=V,"(BT)= [mam

[\ Vo)
which together with (d) proves that T is onto.

Finally, the fact that K (z,y) is invariant for T' can be easily checked through the
change of variables formula: we observe that the determinant of the Jacobian for
T is respectively Wl)ﬂ/)? when z > 0 and m when « < 0. Then for any

AC D, if weput At =AN{z >0} and A~ = An{x < 0}, we have

K(z,y)dzdy
T(A)

1 1
= (/A+ 7u2(1/u+v)2dUdv
+/ 1 dudy ) — 1 / dudv +/ dudv
2 Lu—02 ) T U v w2 T ) G w)?)

4.5. Invariant densities and entropy for a = % Since m 0Ty = T o1, where
w1 is simply the projection on the first coordinate, the invariant density for T, is
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obtained by integrating K, (x,y) with respect to the second coordinate. Given a
sequence (hi, ha, ..., hy,), define

1
a(hl,hg,...,hn): 1 > 1
<h17h27---7hn§ﬁ>
1
b(hi,ha, ..., hyp) = 1.
(ha by hn) = =3y >
Let
= 1 1
be@) =3 ( - ).
2 o e N B )l )
- 1 1
V() = ( )
;(hl,hzn) H- $+b(h1, ahn) x+a’(h’la 7hn)
=% Y ( ! - ! )
e \T +bh1,...,hn)  x+alhy,... hy)
fori=2,...,r — 1, and observe that

b 1 1
Tsdy=——1 - —.
o« (L+2y) r+y T4
It follows that, for a suitable normalization constant c,,

r—1

wa(x) 1 1
“ o (@) | ———— — i)
e T\ M T e

X1 (@) <ﬁ B 1/1(:1:)) +X[0,$]($) (ﬁ - 1/)+(17)>>

is an invariant density for Tj,.

Remark 2. Even in the case a = % the domain of the natural extension seems
too complicated to allow for a direct computation of the entropy. However, as
far as Corollary 1 is concerned, it is probably possible to prove a much stronger
result. In fact Nakada [10] showed that in the case of 3 < a < 1, the integral

—2 [ log|z| fDa(z) K(x,y)dydx (where D, (x) are the vertical sections of the do-

main of the natural extension) is constant and equal to %2. We conjecture that the
same should be true for 0 < a < %

Remark 3. One may ask whether the proof of Theorem 2 could be adapted to
the general case of a € (0,1/2 — 1) with relatively small changes. We observe that
our proof makes use of the fact that 71 (1) =0 = 771 (L —1). Also in the case

a € [V2—1,1], as shown in [10] and [5], the construction of the Natural Extension
depends on the fact that the tails of the a-expansions of o and a — 1 coincide
after one or two iterations (more precisely, T2(a) = Tp (o — 1) when « € [g, 1], and
T%(a) = T?( — 1) when a € [V2 — 1, ¢]).

In the general case, one would need an explicit relation between the a-expansions
of a and of o — 1, which at present is not known.
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5. Appendix. In this section we collect the proofs of some lemmas that were used
in the main part of the article.

5.1. Bounded Distortion.
Proof of Proposition 2. Observe that 3k > 0 such that VI € P,Vr,y € I7

Ty (x)
_ < .
1] < kL) - Tulo)
In fact, if z,y € I5 ,, then
Ti(x) 1 y? |zy| ‘y’
o) I < Y|z 4y <.
‘T'( ) Ta(z) = Taly)l |22 |z -yl
Letn>1, I e PO 2y e I{". Deﬁne)\—sup‘ = (1 — a)?: then
(T2 W) |~ | TATiW) | = | TA(Ti () ‘
log | == = log | =522~ § a1
oY @)| ~ 2= 8 T Ti | < 2 | T
<4 Z ‘Tz-l-l Tz+1 42 |Tz z |
§4Z AT (y) = T ()] < 42)\1 W = Ca. (26)

Then | el < ¢ = €1, Let 1)) be a full cylinder: T7(I§") = Iy Now

consider any measurable set B:

@ w)ldy  m(Vy(B)) sup [(T3) ()]

m(B) _ v,(B) ver” m(V,(B))
= < <Ci——~—
m(le) [ (T2)(@)lde = m(I{™) inf |(T2)(2)] m(Is™)
5 zell™
m(1;")
= m(Vy(B)) = m(B) o (27)
which concludes the proof. O

5.2. Exactness. To prove the exactness of the T, a € (O, %), we follow the same
argument of H. Nakada ([10], Theorem 2). The crucial property we need in order
to prove Lemma 1 is

Proposition 5. The family of the cylinder sets I,(I") = (Wi,...,wn) € P™ such

that Tg;([,(/‘)) = I, generates the Borel sets.
(Here we write w; = (j;, &;) for brevity).
Proof of Proposition 5. Consider the sets
En={(w1,...,wn) | Talw1) # Lo, T2 (w1, w2) # In, ..., T (w1, ..., wp) # I}

and let M,, = m (UI(")eE ) Consider the orbits of the endpoints with respect
to Ty:

az(al,ag,ag,...), a—lz(bl,bg,b3,...)
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Then E1 = {(al), (bl)}, and

E,={(w1,...,wn) € P | (wo,...,wn) € Ep—1 and wy = aq or by}
U{(al,ag,...,an),(bl,bg,...,bn)}.

In fact if wy ¢ {a1,b1}, we would have T, (w1) = I,; moreover, if (wo,...,wy,) #
(ag,...,an), the monotonicity of T, on (a;) implies that either (wa,...,w,) N
To(a1) = @, or (wa,...,wn) € Th(ar). In this last case T2 (a1, wa,...,wy) =
T Y wa,...,wn). So we get

M, <((1-a)?+a*)M,_1 +m((a1,...,a,) U (b1,...,b,)),

and since (1—a)?+a? < 1 and m(wy, ..., w,) vanishes as n — oo, we have M,, — 0
as n — oo, that is, E = {z | Vn, T;(L(]") (2)) # I} has Lebesgue measure 0, where
I,(,n) (2) is the cylinder in P(") containing x. Then, recalling that T}, is non-singular,
m(T, ™ (E)) is also 0 for all n > 0, and so m (|J,, T, "(£)) = 0. That is, for almost

all z there is a subsequence {n;} such that 7" (I}}(z)) = I, for all i € N. Then
for almost all z, YU open neighborhood of = we can find n and a full cylinder

zel™ cU. O

Proof of Lemma 1. We have just proved that the full cylinders generate the Borel
sets. Then a sufficient and necessary condition for exactness, due to Rohlin [15], is

the following: 3C' > 0 such that ¥n, VI\™ full cylinder of rank n, VX C I{™

n Ma X

(T2 (X)) < LX) (25)
ta(Ly™)

We recall that the Ty, satisfy the bounded distortion property: Then, recalling that

the density of 11, with respect to the Lebesgue measure is bounded from above and

from below by constants, we get for some constant C,

1
NQ(VW(B)) > EMQ(B)MQ(Ifgn))a
that is, Rohlin’s characterization (28). O
5.3. Continuity.

Proof of Lemma 3. Since sup |pa, | < K, Varp,, < K Vn, we can apply the
following theorem:

Helly’s Theorem. Let {p,} be a sequence in BV (I) such that:

1. sup|pn| < K1 Vn,
2. Varp, < Ky Vn

1
Then there exists a subsequence py, and a function p € BV (I) such that py, L, P,
Pn, — p almost everywhere, and

sup |p| < K7, Var p < K.

Thus we can find a subsequence {pq,, } converging in the L' norm and almost
everywhere to some function p, such that sup |ps| < K, Var po, < K. We want to
show that p., = ps: we observe that it is sufficient to show that p., is an invariant
density for Ay = As,a = Ta, and then use the uniqueness of the invariant density.
To simplify notations, we will write oy, for v, , pi for Pan, s and A, for Aank,@-
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Our goal is to show that VB C I5, [ xB(Aa(2))pes(z)dz = [ xB(2)pss(z)dz. Ob-
serve that every xp(x) belongs to L'(I;) and so can be approximated arbitrarily
well by compactly supported C! functions with respect to the L' norm. Then it
will be sufficient to prove that Vo € C! with compact support contained in I,

] [ et poarie — [ opm(eyin

Observe that | [ ¢(Aa(2))po(x)dx — [ @(2)pso(@)dx| < Iy + I + I3, with Iy, I, I
given below:

I = / o (Aa (1)) poo () — / o (Aa ()71 (2)da

=0. (29)

<l 128 = pooll 1

I = / (A (2))fi(x)d — / (@) poo @)

< leplloo 195 = pooll 21

~| [ et - [ e@puiads

which vanish as k — co. Finally, Io = [ |¢(Aa(z)) — ¢(Ar(x))| pr(x)dz is bounded
by K [|¢(Axk(z)) — ¢(Aa(z))| dz, and we need to show that

/ lo(Ak () — p(Aa(z))| de — 0 when k — occ. (30)
Recall that forz € J, = [ﬁ;—i% + a — o, —j+1ak +a— ak), Ag(x) = —m
—Jjta—ag and forz € J; 5 = [—Hﬁ, —j%l), As(x) = —% —j. We will exam-

ine in detail the case o < a Vk , x < & — ay; the other cases can be dealt with in

a similar way. In this case,0<j+1ak—jJ+a<d—ak, and ifj<\/&+_ak:N(k),
then—m+ﬁ%<%%ﬁ<ak—&andso
1 1 1
—— A -—ap<——— < —- ta-a 31
J—1+ax PSTi¥a T o F (31)

Ingy = szN(k) J; o, contains the set in which condition (31) isn’t satisfied, and
its measure m({N(k)) = Z;’;N(k) ‘m’ van{shes when k — oco. Given
" >0, choose k such that m(Iy ) < €”, and let k > k. Define

& [ et : ) 2 { : o+ )
= |- ta—ap,——— |, = |———, —= a—a«
i J—1+ay B iva) j+ta jt+a g

’ B 3 - 1
when 2 < j < N(k), and & = [O‘_1=_2+ak>'

Then we can split the integral (30) in three parts in the following way:

[ It - otatlar < [ o(ano) - Ao da

In iy

N(F)
> ( / le(Ax(@) - o4 @) dw) +3 ( / p(Ax(@)) - p(Aa(@) dw)

&
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The first integral in this expression is bounded by 2¢” ||¢|| . Moreover, the mea-
sures of the sets ;" tend uniformly to 0 when k — oo:

o — o

) < |a-— + ——— < Ci(a—

m(n; ) <la— al G+aGtan S @ — ag)
N (k) _

=3 [ lelnla)) - o(da(@))]do < N2l Cala — o).
j=3 "

Finally, m(§;") < % +la—ag| < % when k >k, j < N(k), and for x € & s
x < —jJ%& and z — a + ay < —#;ak, therefore
An(e) — Aa(@)] =| -1+ ———— —a+
T)— AaZ)| =|l——F ————— —a+«
k r r—a+a §
<la—apl+ 2 (14 (G + 1)),

|z(z — a + ay)|
Since ¢ is C' on a compact interval, it is also Lipschitzian for some Lipschitz
constant L., and

N(k) N(k)
S [ o) - ea@)lde < 3 mi€ Lo [ Ak(o) - As(a)
j=2 /& j=2
WansGry, . i
<> =L la — ax| < CAN() |a — ax| < Cav/]a — o
=2

when £ is large. This establishes the claim that the third integral vanishes when
T < & — ag. In the case ¢ > & — o we have similar estimates: for j < ! , we

V0a—ag|

have

1 1
— < - +a—qp < ———
jt+a  JHag j—1+a
and we can define the intervals

(e e o = (o L ta-a
T\ ¥ o B ival % T\t a -1+ K
We have m(éj—') < Csla — agl, m(vj) < %, and

|Ap(z) — Ag(z)| < C7j% |y, — @ for x E'y;'

Finally, we leave it to the reader to check that the case & < «y can be treated in
same way. Thus we can conclude that (30) holds.

Therefore we have shown that poc = ps. This is also true if we extract a converging
sub-subsequence from any subsequence of j,, , and 80 p., — pa both in L' and
almost everywhere for n — oco. This completes the proof of Lemma 3. O

Acknowledgements. We are grateful to Viviane Baladi and Marcelo Viana for
several useful discussions. In particular we wish to thank the latter for suggesting
to use the jump transformation in the proof of Proposition 4. We are also grateful
to Rie Natsui for explaining us her work on a-Farey maps.

One of us (L.L.) would like to thank Roberto Pinciroli for his careful reading
of the manuscript, including many helpful suggestions.



(1]
[2]
[3]

[4]

[5]

[6]

[9]

(10]

[11]
(12]

(13]
[14]

[16]
(17]
(18]

(19]

ENTROPY OF JAPANESE CONTINUED FRACTIONS 711

References

J. F. Alves, K. Oliveira and A. Tahzibi, On the continuity of the SRB entropy for endomor-
phisms, CMUP preprint, 2004.

J. F. Alves and M. Viana, Statistical stability for robust classes of maps with non-uniform
ezpansion, Ergodic Theory Dynam. Systems, 22 (2002), 1-32.

J. Bourdon, B. Daireaux and B. Vallée, Dynamical analysis of a-Euclidean algorithms, Anal-
ysis of algorithms, J. Algorithms, 44 (2002), 246-285.

A. Broise, Transformations dilatantes de l’intervalle et théorémes limites, (French) [Expand-
ing maps of the interval and limit theorems] Etudes spectrales d’opérateurs de transfert et
applications, Astérisque, (1996), 1-109.

A. Cassa, “Dinamiche Caotiche e Misure Invarianti,”, Tesi di Laurea, Facolta di Scienze
Matematiche, Fisiche e Naturali, University of Florence, Italy, 1995.

M. Denker, G. Keller and M. Urbanski, On the uniqueness of equilibrium states for piecewise
monotone mappings, Studia Math., 97 (1990), 27-36.

E. Giusti, “Minimal Surfaces and Functions of Bounded Variations,” Birkduser Verlag, Basel,
1984.

S. Katok, Coding of closed geodesics after Gauss and Morse, Geom. Dedicata, 63 (1996),
123-145.

P. Moussa, A. Cassa and S. Marmi, Continued fractions and Brjuno functions, Continued
fractions and geometric function theory (CONFUN) (Trondheim, 1997), J. Comput. Appl.
Math., 105 (1999), 403-415.

H. Nakada, Metrical theory for a class of continued fraction transformations and their natural
extensions, Tokyo J. Math., 4 (1981), 399-426.

R. Natsui, On the isomorphism problem of a- Farey maps, Nonlinearity, 17 (2004), 2249-2266.
F. Schweiger, “Ergodic Theory of Fibred Systems and Metric Number Theory,” Oxford Sci.
Publ., The Clarendon Press, Oxford University Press, New York, Oxford, 1995.

C. Series, Symbolic dynamics for geodesic flows, Acta Math., 146 (1981), 103-128.

M. Thaler, Transformations on [0,1] with infinite invariant measures, Israel J. Math., 46
(1983), 67-96.

V. A. Rohlin, Ezact endomorphisms of a Lebesgue space, (Hungarian) Magyar Tud. Akad.
Mat. Fiz. Oszt. Kozl., 14 (1964), 443-474.

B. Vallée, Dynamical analysis of a class of Euclidean algorithms, Latin American theoretical
informatics (Punta del Este, 2000), Theoret. Comput. Sci., 297 (2003), 447-486.

M. Viana, “Stochastic Dynamics of Deterministic Systems,” Lecture notes available at the
website http://w3.impa.br/~viana/out/sdds.pdf.

R. Zweimiiller, Ergodic structure and invartant densities of non-Markovian interval maps
with indifferent fized points, Nonlinearity, 11 (1998), 1263-1276.

R. Zweimilller, Invariant measures for generalized induced transformations, Proc. Amer.
Math. Soc., 133 (2005), 2283-2295.

Received February 2007; revised October 2007.

E-mail address: 1.1uzziQsns.it
FE-mail address: s.marmi@sns.it



http://www.ams.org/mathscinet-getitem?mr=1889563&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1933201&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1634271&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1074766&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0775682&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1413625&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1690607&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0646050&return=pdf
http://www.ams.org/mathscinet-getitem?mr=2097674&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1419320&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0594628&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0727023&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0228654&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1981160&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1644385&return=pdf
http://www.ams.org/mathscinet-getitem?mr=2138871&return=pdf

	1. Introduction
	2. Continuity of the entropy
	2.1. Notations
	2.2. Uniformly bounded variation of the invariant densities
	2.3. L1 continuity of the densities  and continuity of the entropy
	2.4. Behaviour of the density and entropy when 0

	3. Numerical results
	4. Natural extension for =1r
	4.1. The by-excess continued fraction map
	4.2. Reflection rules
	4.3. Domain of the natural extension
	4.4. Proof of Theorem 2
	4.5. Invariant densities and entropy for =1r

	5. Appendix
	5.1. Bounded Distortion
	5.2. Exactness
	5.3. Continuity

	Acknowledgements
	References

