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Communicated by Enrico Valdinoci We prove that every one-dimensional locally normal metric current, intended in the sense of
U. Lang and S. Wenger, admits a nice integral representation through currents associated to

Iéi}r,:; l;r:: (possibly unbounded) curves with locally finite length, generalizing the result shown by E.
Metric spaces Paolini and E. Stepanov in the special case of Ambrosio-Kirchheim normal currents. Our result
Curves holds in Polish spaces, or more generally in complete metric spaces for 1-currents with tight

support.

1. Introduction

Superposition principles are very useful tools in Analysis and Probability, as they allow to factorize a problem into lower
dimensional ones. Classical examples are the coarea formula for BV functions, the slicing theory of currents and the Optimal
Transport problem with cost=distance (in the latter case, the decomposition being given by transport rays). In the context of 1-
dimensional currents, it is particularly interesting to extend the classical S. Smirnov’s [1] superposition principle even to the case
when the ambient space is a metric space, having in mind the well-posedness of ODE’s in metric measure spaces (see [2,3]) or the
theory of Optimal Transport, see [4,5].

In this paper we prove that every one-dimensional locally normal metric current admits a decomposition, thus extending the
results of E. Paolini and E. Stepanov in [4,5] for Ambrosio—Kirchheim normal currents. A notion of local metric current was first
introduced by U. Lang in [6]. Later, he gave, alongside S. Wenger, a different, non equivalent definition, in [7]. We will work
with the latter (recalled in Section 2.1 below). Roughly speaking, this notion generalizes Ambrosio—Kirchheim metric currents by
requiring finite mass only on bounded sets. In Section 3 of this paper, we provide the natural concepts of “subcurrent” and “acyclic
current” for this class of objects. As it is customary in this field, we will work with the requirement that the mass measures of
currents are tight, which is not restrictive, for instance, when the ambient metric space is Polish (see also Remark 2.1).

Let us define, preliminarly, the classes of curves we will be dealing with. As in [4,5] we consider compact curves with finite
length (which always admit a Lipschitz parameterization) and the distance induced by the sup norm when we consider the invariance
under reparameterization:

Definition 1.1. Let (E,d) be a complete metric space. We equip the set of Lipschitz curves 0 : [0, 1] — E with the distance
dg(0,,6,) = inf{ n}g)lc]d(al @), 0,(p(@))) : ¢:[0,1] - [0, 1] bijective increasing}, (1.1)
tel0,

and call two curves 6; : [0,1] — E, i = 1,2, equivalent, if dg(6,,6,) = 0.
The set of equivalence classes of Lipschitz curves equipped with the distance dg will be denoted by O(E).
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Remark 1.2. (O(E),dg) can be written as a countable union of complete subspaces of the form 6; = {[0] € O(E) : £(0) < L},
L € N. For example, if E is separable (and then O(E) is separable as well), this gives that any finite Borel measure # on O(E) is
tight.

A notable distinction from the classical case is that, in order to maintain the transport property of the representation of acyclic
currents (which comes from (1.4) below), highlighted in [4], it is necessary to consider curves which are not necessarily of bounded
length. This can be easily understood by looking at the basic example of the current associated to an unbounded simple oriented
curve with a single boundary point (e.g. a half-line in R?), where, as it is somehow natural, the decomposition must be given by
the curve itself. Clearly, the transport property has to be meant in a wider sense, involving the possibility of exchanging mass “with
infinity” (see Remark 4.19). Therefore in the context of local currents, it is more convenient to consider, instead, open ended curves
with locally finite length in E, according to the following definition:

Definition 1.3. Consider
X :={p € Lip,,.((0,1); E) | #(BL_U) < oo for any bounded open set U C E},

where Z(fLLU) = [ﬂ_,(u) |f]dt and || and |f| is the metric derivative of f.
We define the set I'(E) as the quotient X/N, where B, ~ B, iff there exists ¢ : (0,1) — (0, 1) increasing and bijective s.t. §; = f,0¢.

Notice that the difference between O(E) and I'(E) is essentially due to the requirement of locally finite length, since any open
ended curve with finite length has a unique extension to a curve in ©(E). Actually, the local finiteness of the length of g € I'(E)
gives the following dichotomy: either lim,_ A(¢) exists, or lim,_ d((t),X) = oo, for any ¥ € E (same for r — 1). In addition, since
all concepts we will be dealing with are invariant under reparameterization, we will occasionally consider other open or closed
intervals as domains of our curves.

In Section 4.5 we introduce, mainly for measure-theoretic purposes, the topology 7, induced by the map f ~ Tj in 2.22,
canonically associating to f € I'(E) the local 1-dimensional current in E. In this connection, notice that this topology is not Hausdorff
in I'(E) since T = Tj; does not imply that f is a reparameterization of f§ (for example, concatenating § with two copies with opposite
orientation of a curve a with a(0) = §(1) does not change Tj).

Our main result is the following (here N, ,(E) denotes the class of local and normal 1-dimensional currents in E, see Definition
2.3 and Definition 2.12).

Theorem 1.4. Let (E,d) be a complete metric space and let T € N, ,(E). Then there exists a positive Borel measure n over I'(E) such
that

T = / T, dn(y), 1.2)
I'(E)

iri= [ i 1.3
I'(E)

Moreover, T can be decomposed as T = A+ C, where C is a cycle of T and A is acyclic. Finally, denoting by n, the measure associated to
A as in (1.2) and (1.3), we have that n,-almost every curve is injective, and that

10T | = lloA]| = / 10T, Il dn s ). 1.4)
I'(E)

In this generality, Theorem 1.4 represents a new result even in the Euclidean setting. However, our proof-technique is intrinsically
metric, in the sense that it relies on the validity of the statement for normal currents in general metric spaces, due to Paolini
and Stepanov, even when our space E is Euclidean. Indeed, we exploit a simple trick which consists in using a ||T'||-dependent
“conformally” modified distance 5 (see Section 4.3) of the distance d, turning T into a current T of finite mass with respect to & in
the completion E of E with respect to 6. Therefore, when the mass of 9T is assumed to be already finite, we reduce ourselves to
an application of Paolini and Stepanov’s result, provided we are able to show that still 9T has finite mass (this is not obvious, see
Example 4.13, but it can be obtained at the expense of embedding isometrically our spaces into £*°). We recall here Paolini and
Stepanov’s result for further use (cfr. [4, Theorem 5.1] and [5, Corollary 3.3]).

Theorem 1.5. Let T € N,(E). Then there exists a finite positive Borel measure 7j over @(E) with total mass 7(O(E)) < M(T) + M(aT)
such that

T(w) = / Ty()dij() Vo= fdx € Lip,(E) X Lip(E), 1.5)
O(E)

M(T) = / M(Tp) d(0) = / £(0) dif(9), 1.6)
o(E) o(E)

with fj-a.e. € O(E) contained in supp(T).
Furthermore, T can be decomposed into a sum T = A + C where dC =0, C < T and A is acyclic. In addition,
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(i) The measure n, obtained by applying the result on A as in (1.5) and (1.6) satisfies n4(1) = (0T)*, n,(0) = (8T)~ and n,-a.e. curve
in O(E) is injective; in particular

M(0T) = M(3A4) = / M(0T,) dn 4 (6). .7
O(E)

(i) the measure n. obtained by applying the result on C as in (1.5) and (1.6) satisfies n-(0) = n-(1) = ||C|| and

M(Ty) =) =1 for ne-ace. curve in O(E).

We remark that the main technical difficulties faced in order to state and prove Theorem 1.4 arise from the issue of infinite mass
for the current 7', which was also the original motivation for this work, see the forthcoming paper [8] where this problem is raised.
On the other hand, dropping the condition M(dT) < oo, which is done in Section 3, is relatively easier. Indeed, first in Theorem
3.8 we prove the decomposition T = A + C with C (maximal) subcycle of T and A acyclic, for any m-dimensional local current
T. Then, focusing on the acyclic part in the case m = 1, we show that it can be written as a countable sum of subcurrents with
finite boundary, with no cancellations even at the level of boundaries, see Theorem 3.9, a result which may also be of independent
interest. This is done almost by hand, using the local finiteness of ||0T|| and applying Theorem 1.5 on the restriction of T to balls
in a clever way.

To conclude, note that our work does not provide a result of decomposition of cycles in elementary subcycles, as it was done
in the case of finite mass already in [1] and again in [5] in the metric setting, involving averages on “almost periodic paths” or
“solenoids” (see [5, Section 4] for precise definitions and statements in this sense) . Solenoids cannot in general be decomposed
into closed curves, and so in some sense they are the most elementary 1-dimensional cycles which can be used for this purpose.

In our case, the matter is that a decomposition in solenoids is not preserved by reversing the metric construction that we perform
to reduce ourselves to the case M(T) < oo, and so its existence does not seem to follow from our approach.

2. Preliminaries

In this section, (E,d) will denote a generic metric space. We denote by Lip,(E) and Lip, (E) the spaces of bounded Lipschitz
functions and of Lipschitz functions with bounded support in E respectively. We denote by B(E) the s-algebra of Borel sets and by
B,(E) C B(E) the class of bounded Borel sets. Analogously, we denote by B*(E) and BR(E) the class of bounded Borel functions
and bounded Borel functions with bounded support, respectively.

In the sequel, M,(E) denotes the class of Borel s-additive measures y : B(E) — R with finite total variation concentrated on a
o-compact set and by M, ,(E) the class of set functions y : B,(E) such that B = u(U n B) belongs to My(E) for any bounded Borel
set U. Clearly any nonnegative 4 € M, ,(E) can be canonically and monotonically extended to a s-additive set function, for which
we use the same notation y, defined on the whole of B(E), which then belongs to My(E) iff u(E) < .

Remark 2.1. Note that the “tightness” requirement in the previous definition is automatically satisfied if E enjoys topological
properties ensuring that every finite nonnegative Borel measure is tight. This is true when (E, d) is a Polish space or if we assume
(consistently with the Zermelo-Fraenkel set theory, as done also in [9]) that the density character of every metric space considered
is an Ulam number (see [10, Chapters 1 and 7]).

2.1. (Local) metric currents

We now introduce the notions of metric currents that we will need, starting with the case of 0-dimensional currents.

Definition 2.2 (0-dimensional metric currents). We say that a linear functional 7 : Lip,(E) — R is a 0-dimensional current with
locally finite mass if there exists a nonnegative u € M, ,(E) such that

(/)] < / Ifldu Vf € Lipy(E).
E

It is easily seen that the class of nonnegative u € M, ,(E) satisfying the inequality above is a lattice in the class of nonnegative
u € My ,(E). The least one is called mass of T and denoted by ||T||.
We say that T has finite mass if the inequality above holds for some y € M(E).

Clearly any 0-dimensional current with locally finite mass is representable by integration with respect to a measure ur € M ,(E),
namely T(f) = [, f dur, which shows that we can canonically identify the class of 0-dimensional metric currents with locally finite
mass with M ,(E). In the case of 0-dimensional currents 7' with finite mass, the canonical identification is with M,(E), so that in
particular T'(f) is well defined when f € Lip,(E) (or even when f is a bounded Borel function).

Now, in the same vein, we consider the case m > 0, where the main difference between the local and the non local case consists
in the replacement of Lip,,(E) with Lip,(E) in the first argument of T, see [7,9].
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Definition 2.3 (Metric currents with finite and locally finite mass). A functional T(f dz; A --- A drx,,) defined on

Lipy(E) x [Lip(E)]" = R m>1
is called an m-dimensional metric current with locally finite mass on E if the following properties hold:

(1) T is multilinear;
(2) T is continuous in the following sense: if ﬂ{ ,7; € Lip(E), ﬂ{ — m; as j — oo pointwise in E for all i = 1,...,m and
sup; ; Lip(x}) < oo, then

/_13& T(f dz] A+ A dal) =T (f doy A+ A dm,) VS € Lipy(E):

(3) T(f dmy A -+ dm,,) = 0 whenever z; |, , = 0 for some i € {1,...,m};
(4) there exists a nonnegative u € M, ,(E) such that

77 dmy p - n am) < [T vty [ 1710m @1
i=1 E

holds for all (f, 7, ..., 7,) € Lipy(E) X [Lip(E)|".

We say that T has finite mass if (2.1) holds for some 4 € M(E). We denote by M,,(E), M, ,(E), the vector spaces of m-dimensional
metric currents with finite mass and locally finite mass, respectively, so that M,,(E) C M,, ,(E).

Remark 2.4 (Extensions of currents). Using the density of Lipschitz functions with bounded support in L!(E, ||T||), currents with
locally finite mass can be canonically extended to BR(E) X [Lip(E)]m retaining properties (1)-(4). Analogously, currents with finite
mass can be canonically extended to B*(E) x [Lip(E)]m retaining properties (1)-(4). In particular, the possibility to extend currents
with finite mass to Lip,(E) X [Lip(E)]m grants that our presentation is consistent with the axiomatization in [9], see also Remark
2.10 below.

Definition 2.5 (Mass and support of currents). As in the case m = 0, for T € M, ,(E), we call mass and denote ||T| the least
nonnegative measure u € My ,(E) satisfying (2.1). When T € M,,(E), the total mass of T is defined by M(T) := ||T'||(E) and one can
easily show that (M,,(E),M) is a Banach space.

For T € M,, ,(E), the support of T is defined as the closed set

suppT :=supp ||T||={z€ E: ||IT||(B.(2))>0 Vr>0}.

If ¥ is any o-compact set with |T||(E \ X) = 0, then X \ suppT is contained in the union of countably many ||T||-negligible open
balls, thus ||T||(E \ suppT) =0, i.e. ||T|| is concentrated on supp 7.

Remark 2.6. Arguing as in [7,9] one can prove that on open sets A the mass measure ||T||(4) can be computed as follows:

sup Y T(f; dmyy A A dy,)
A€A

where the supremum runs among all finite families {(f;. 7, .....7,,,)} e, With z;; € Lip;(E) and Y, | f;] < x4-

Along with the strong notion of convergence of currents given by the mass norm M, it is often useful to consider the usual weak
convergence.

Definition 2.7 (Weak convergence). Let T,

n’

T € M, ,(E), we say that T, is weakly convergent to T, and write T, = T, if
lim 7,(fdz; A ... dz,)) = T(f dz| A ... dz,,)
n—oo

for all (f, 7. ....7,) € Lipy(E) X [Lip(E)]".

Note that, by Remark 2.6, ||T||(A) is lower semicontinuous under weak convergence for any open set A C E. Also, we introduce
the push-forward operator in the class of local metric currents; in the class of Ambrosio—Kirchheim (i.e. currents with finite mass)
the condition that the preimage under ¢ of bounded sets is bounded, which grants that fog € Lip,,(E), is not needed.

Definition 2.8 (Push-forward). Let T € M,, ,(E), let (E’,d’) be another metric space and let ¢ € Lip(E, E’) be such that ¢ }(B) is
bounded for any bounded set B C E’. We define a function @47 : Lipy(E’) X [Lip(E’ )]m — R by

@uT(f dry A+ Amy,) :=T(fop d(zjop) A -+ A d(x,,00))

and call it the push-forward under ¢ of T. Note that ¢, T € M, ,(E') with [|g,T|| < [Lip(@)]" @4 lIT|l.
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Definition 2.9 (Restriction). For T € M, ,(E), § € B®(E), 7 € [Lip(E)]k, 0 < k < m, we denote by T L (g,7) € M,,_; ,(E) the
restriction of T to (g, r), defined by

TL(gdry A Adr)(f dry A Adm,_y) :=T(fg dry A= A dry A drry Ao A dr_p).
In the case k = 0, notice that ||T L g|| = |g|||T|l, so that M(T L. g) = [, Ig|dIIT|l < 0 if g € BR(E). In that case, we will use the
simplified notation g7 :=T L g. If B C E Borel, we will also denote TL. B :=TL yp = ypT.

Remark 2.10. Using multiplication by elements in By?(E), several properties established for currents with finite mass can be
immediately extended to currents with locally finite mass, in particular the alternating property, which justifies the “wedge” notation
we used from the very beginning (alternatively, one can borrow results from [7]).
Definition 2.11 (Boundary). Let T € M, ,(E). We define its boundary oT : Lip, (E) X [Lip(E)] ml R by

OoT(f dmy A+~ ANdrp,_y) :=T(c df Admy A+ Adm,_y),
where o € Lip, (E) is any function satisfying o, r = 1.

Notice that the definition above is well-posed by the locality property (3) of metric currents, as different choices of ¢ do not
change the resulting current. Furthermore, we have the following Leibniz rule (see e.g. [7, Eq. (11)]):

ATLp)=@NLp+TL dp VT €M, (E), p € Lip(E). 2.2)
In general 0T need not have finite or locally finite mass. This motivates the next definition.
Definition 2.12 (Normal and locally normal currents). We denote by N,,(E) the class of all T € M,,(E) such that 0T € M,,_,(E).
Elements of N, (E) are called normal m-dimensional currents. The class N,, ,(E) € M,, ,(E) of locally normal m-dimensional currents
is defined analogously, by requiring 0T € M,,,_; ,(E).
Remark 2.13. It is easy to see that weak convergence of normal currents is stable under the operation of boundary.
In the class of normal metric currents we have the following compactness theorem (cfr. [9, Theorem 5.2]).
Theorem 2.14 (Compactness). Let (T,) € N,,(E) be such that sup,(M(T,) + M(0T,)) < oo, satisfying the following equi-tightness condition:
for every € > 0 there exists a compact set K, C E such that
IT,ICE\ K) + 19T, I(E\ K,) <& VneEN.
Then there exists a subsequence (T,,) weakly convergent to T € N, (E).

Using this result we can easily infer a suitable variant, holding for equi-bounded and equi-tight sequences of local currents.

Corollary 2.15 (Compactness for local currents). Let (T,) C N, ,(E) be such that for any A C E open and bounded the following two
conditions hold:

(1) sup,(IT,1I(A) + (10T, |I(A)) < oo;
(2) for every € > 0 there exists a compact set K, C A such that

IT AN K) + 0T, LA\ K,) <& VneN.
Then there exists a subsequence (T,,) weakly convergent to T € N, ,(E).

Proof. Let y : R — [0, 1] be a cut-off function s.t. y =1 on (-,0], y =0 on [1,+), y 1-Lipschitz. Fix x € E and set, for every
ReN, ygr : E = [0,1], yp(x) := y(d(x,%) — R). We study the sequence (ypT,), with R fixed. If B is any Borel set, exploiting (2.2)
and |IT, L dygll < Lip(zg)IIT, || we obtain

ILART,I(B) + 10k TI(B) < 20T, II(B 0 By () + 10T, (B N By (%) (2.3)

Then, combining (2.3) with the hypotheses on (7)), we are able to apply Theorem 2.14 to (yx7,). By a diagonal argument, there
exists a subsequence (7)) such that ygT,,) — TR for some TR € N,,(E), for all R € N. We then define a local m-dimensional
current T by

T(f dz; A - Adm,,) :=TR(fdz; A A dz,),  supp(f) C Bg(X),
where (f, 7) € Lipy (E) X [Lip(E)]". Note that, independently from the choice of R, we get (as yzf = f)
T(f dmy A Admy) = lim T, (f dmy A Ady,),

which proves both that 7' is well-defined and the convergence T,y = 7. [
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Later in this work we will need the following estimate, stated and proved for simplicity only in the 1-dimensional case.

Proposition 2.16. Let T € N, ,(E), x, € E. Then TI_E,(xO) € N,(E) and
10(T" L B,(x))II(0B,(xp)) < %urué,(xo)) (2.4)

forae. r>0.

Proof. By the local finiteness of the bound_alry mass, ||0T||(0B,(xy)) = 0 for almost all r > 0.
Furthermore, the function a(r) = ||T||(B,(xy)) is increasing, hence, it is almost everywhere differentiable. Fix a radius r > 0

satisfying all these conditions Note that TL p, ST LEr(xo) weakly, where
1 if x € B.(x)
pa(x) =31 =nldx,xp)—r) ifx e B, (x0) \ B.(xq)

0 else.
Based on the conditions on r, the semicontinuity of mass with respect to weak convergence, Eq. (2.2) and the fact that Lip(p,) < n,
we can conclude that

0T LB, (x)II(E) < liminf 0T L p,)II(E)
<liminf |@T) L p,I(E) + I T L (o dp,)I(E)

= 19T II(B,(x)) + liminf ||T L (o dp, )| (E)

= 10T lI(B, (xo)) + lim inf ||T L (, d, )

)
< 10T 1B, (o) + I B, (xo)).

with ¢ € B(E) identically equal to 1 on B,.(xy) and y, the characteristic function of B, /n(x0) \ B,(xp). This proves that
T L_B,(x,) € N;(E). By subtracting [|o(T L B, (x,))||(B,(xy)) = |0T||(B,(x)) from both sides, we obtain (2.4). []

2.2. Curves in metric spaces

We introduce a few basic definitions about metric curves, i.e. continuous maps y : J C R — E, where J is an interval (possibly
unbounded, not necessarily closed). Any restriction of y to a subinterval J C J will be called a subcurve of y. Acurvey : J CR - E
is called an arc if it is injective.

Recall that y € AC([a, b]; E) if

t
d(y(s),y(®) < / g(r)dr whenever a <s <t <b (2.5)

for some g € L'(a, b), so that in particular Lipschitz maps are absolutely continuous. For the following result, see for example [11,
Theorem 9.2].

Definition 2.17 (Metric derivative). We define the metric derivative of y at the point 7 € J as the limit

i d(y(t + h), (1))
m -—-
h—0 |h|

whenever it exists and, in this case, we denote it by |7|(?).

Theorem 2.18. For any y € AC([a, b]; E) the metric derivative |7|(t) exists for L!-a.e. t € (a,b), it belongs to L'(a,b) and it is the least
admissible g in (2.5).

Definition 2.19 (length). The length #(y) of a curve y : J — E is defined as

N-1
£(y) = sup{ X A vt ), tos oty €T, tg < <ty,N € N} .

=0
For y € AC,,.(J; E), we have the formula £(y) = [, |7|dz.

Definition 2.20 (Reparameterization). If J, J are intervals in R, we say that 7 : J — E is a reparameterization of y : J — E if there
exists an increasing bijection ¢ : J — J such that 7 = yo¢.

It will be convenient to localize in the ambient space E the notion of length as follows. When U C E is an open set, we will
make use of the notation y LU to denote the at most countable family (f;);c; of subcurves of y obtained by restricting y to y~1(U),
which can be written as a countable disjoint union of open intervals in J.
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Definition 2.21 (Localization in E). Given a curve y : J — E, we define the length of y in a open set U C E as

LU =Y £B),
iel

where y LU = (f,);c;- We say that y has locally finite length in E if #(y L U) < oo for any U C E bounded.

Note that #(y) is invariant under reparametrizations, and hence the same is true for #(yL_U). The localized length can be uniquely
extended to a regular Borel measure F — £(y L F), F C E Borel, which in the case y € AC,.(J; E) is given by the formula

AL F) = / 171d = 7471 £' L IYF) € [0, oo].
y~L(F)

Recall that, for J C R Borel, [J] € M, ,(R) denotes the elementary current associated to the integration on J, namely

[[J]](f,n')=fJ fx' dt.

Definition 2.22. Given y € Lip(J; E) with locally finite length in E, we associate to it the one-dimensional local current
T, € M, ,(E) given by T, := y,[lJ1, that is

T,(fdﬂ)=/f(y(l))(ﬂoy)'(t)dt, (f, ) € Lipy(E) X Lip(E).
7

Assuming without loss of generality J = (0, 1), note that if y has finite length then it can be uniquely extended to [0, 1] and it
holds
T, = 8,y = ¥y(0)-
Using the definition of ||T, || one can easily prove that
T, 11 < e (l71L" L T). (2.6)
Moreover, it is worth to mention that the area formula for metric-valued Lipschitz maps (see for instance [12,13]) gives y#(|j/|£1 (I

J) = NH!'L y(J) with N(x) = G~ (x)).

3. Cyclic and acyclic currents

Definition 3.1. For T, S € M,, ,(E), S is a subcurrent of T if
TN = 1S+ 1T = S|l 3.1

In this case, we denote this relationship by § <T.

Remark 3.2. Note that, to show that (3.1) holds, it is enough to check the identity ||T||(B) = ||.S||(B)+ ||T — S||(B) for all bounded
open sets B. Furthermore, since the inequality < always holds, it is enough to check the identity for specific family of bounded open
sets exhausting E, as the family of open balls with fixed center and diverging radius.

Remark 3.3. For any Borel set B C E, it always holds T L B < T.
Remark 3.4. If R< S and S <T, then R <T. Indeed, the subadditivity of mass gives

TN = 1S+ NIT =S = IRl + IS = RIl + IT = S|l > [| Rl + IT = R|l

as well as the validity of the converse inequality.
Proposition 3.5. If R<T and S<T-Rthen R<R+Sand R+S <T.

Proof. We have

ITI=1IT =Rl + IR|l =
=T -R=SI+ISI+IRI =T - R=S[+[[R+ S| =TIl

In particular, all the intermediate inequalities are equalities, and the conclusion follows. []

Proposition 3.6. Let T € M, ,(E), (S,), €M, ,(E), S, < T for dl n €N, and suppose that S, — S weakly as n - co. Then S < T
and ||S,|[(A) = ||S||(A) for any bounded open set A C E.
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Proof. Consider the sequence (T — S,), converging weakly to 7' — S. By the lower semicontinuity, for any bounded open set A, we
have

ISICA)+ 1T = SI(A) < liminf [}, ]1(4) + lim inf [IT = 5, |(A)
<liminf (IS, 1(4) + IT = S, I(A)] = ITI(4) < co,
which means thanks to Remark 3.2 that S < T. In addition, the two inequalities used in the first line have to be equalities and the

first one gives ||.S]|(4A) = liminf, ||.S,[|(A). But, since this holds for any subsequence of (.S,), we find ||.S]|(4) = lim,, ||.S,[I(4). O

Definition 3.7. C € M, ,(E) is called a cycle of T € M, ,(E) if C < T and dC = 0. We say that T € M,, ,(E) is acyclic if C =0 is
the only cycle of T.

Theorem 3.8. Every current T € M,, ,(E) contains a cycle C such that T —C is acyclic. In particular, any T € M, ,(E) can be decomposed
as T = A+ C, where C is a cycle of T and A is acyclic.

Proof. We argue as in Section 4, introducing an auxiliary function to evaluate the masses of the subcurrents. Let { : E — [0,1]
be a continuous function with /| ¢ AT < o and with ¢, := inf 5, >0 for all n € N where, as usual, B, := B,(X) for some fixed
X € E. Set

&T) :=sup{/Cd||C|| | C<T, ac=o}.
E

Now, if we choose a cycle C; < T such that f £ CdIIC, || > &(T)/2, then &(T - C,) < &(T)/2. Indeed, if the converse inequality were
true, we could find C, < T — C,| with fE ¢ d||G,|| > &(T)/2. But then, Proposition 3.5 would give C; + C, < T and

/¢d||cl+cz||=/¢d||cl||+/Cd||c2|| > &T),
E E E

a contradiction. Proceeding in this way (and assuming that the process never stops, otherwise the proof is trivial) we can find cycles
C, with Gy =0, &T — Y5 C)) < 27*&(T) and

k k
” ZC,-H = Z IGI<ITI VkeN
i=0 i=0

By construction we have

q q q i-1 q
D UCHB,) < ¢! Z/ CdIGl ¢! Y em=Y cp<elem Y 2
i=p i=p J By i=p Jj=0 i=p

for all n, p, ¢ € N with p < ¢. Hence, since n is arbitrary, the series Z,ﬁo C; defines a cycle C € M, ,(E) with C < T. Furthermore,
Proposition 3.6 gives that T —C < T — Zf:o C; for all k e N.

Finally, we conclude the proof by demonstrating that A = T — C is acyclic. We do so by noting that if C is a cycle of A, then
C<T- Zf:o C; for all k, and since &(T — Zf:o C;) = 0 as k — co, we conclude that C =0. []

In the one-dimensional case m = 1, we can push forward the decomposition of T € N, ,(E) by writing the acyclic part as a sum of
subcurrents of finite boundary mass, with superposition holding also at the level of the boundaries. To do this we rely on Theorem
1.5 in a fundamental way.

Theorem 3.9. Let T € N, ,(E), then there exist currents S; € N, ,(E) such that T = 3,2 S;, 05, = 0 and

10S,I(E) < 0, S, <T=)'S, 05,<0T—) S, VmeN. (3.2)

i<m i<m

Proof. We set .S, = C, where C is a maximal cycle of T given by Theorem 3.8. Now, fix some x € E. We will construct inductively
the subcurrents (S));, ensuring that they satisfy the requirements (3.2) along with the additional condition

10T, I(B,,-1 (%)) = 0, (3.3)

where T,, :=T -} ,_,, S;. Notice that the conditions (3.2) inductively give
YUSI<ITI  and Y 95,1 < 0TI, (3.4)
i<m i<m
so that ||7,,|| < ||IT|| and [|0T,,|| < [|oTl.
Assuming that Sj, ..., S,,_, have been constructed, we will then find §,, € N, ,(E) such that
Sy Ty, 08, <0T,, |10S,I(E)<co and [T, — S,)II(B, (X)) = 0.

Let r,,, T co as n — oo be radii such that 7,,L. B, (%) € N|(E) for each n € N (which exists thanks to Proposition 2.16) and that
P 2 M.
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Sm,n

T L Brm,n (E) — S

}

Fig. 1. .

For all n € N consider the measures (1,,,), obtained by applying Theorem 1.5 to T,,L_ B, (%) € N,(E). That is, T, B, (%)=
J o) Ty A n(v) With

I, LB, (= / T, | ),
" O(E)
10T, B, (@)l = / 10T, | d ).
k o(E)

and 7, , is supported in @(Erm”()‘c)). We define the Borel set
A, ={y € O(E) : either y(0) € B,,(X) or y(1) € B,,(%)}

and we consider the currents (see Fig. 1.)

Sm,n :=/ Ty dl’lm,,,(}’).
A

m

It is easy to see that

mn = mn = Finn (%))

Spn<T,LB, (¥)<T, and 05, <dT,L B
and also that (9, ,,) LB, (x) = (oT,) L B,,(x) for all n € N (the equality of boundaries holds because the curves in the complement

of A,, start and end out of B,,(X)). Also, the local finiteness of ||dT|| and the inequality ||7,,|| < ||T|| yield a uniform estimate on the
boundary masses:

IIGSm,nII(E)=/ ”aTy”(E)d”m,n(y)Sz/ 10T, [|(B,,(X)) A1y 5 (¥)
Anm An (3.5)

<2010(T, L B, ()I(B,(X) < 2[10T[|(B,,(X)) < oo.
We observe that, since for all m, n € N we have
IS, <ITI and [0S, B, (0 <[oTIIL B, (3.

the sequence (S, ,), satisfies the hypotheses of Corollary 2.15, i.e. it is equi-locally bounded in N, ,(E) and locally equi-tight.
Therefore, there exists, up to subsequences, a weak limit that we will denote by S,,.
By Proposition 3.6, S,, < T,,, and by lower semicontinuity of mass and (3.5) we get [|9S,,[|(E) < 2||0T||(B,,(X)) < co. Furthermore,
fixed any B open bounded, for n sufficiently large we have

(A LB< oT,, [ B,m”()'c)) LB= aT,,) L B,
and so by applying again Proposition 3.6 we find that (0,,)L B < (dT,,) L B, hence 9S,, < dT,, by Remark 3.2. We also have
[1o(T,, = SII(B,(3)) < 1imninf 10(T,, = Sy II(B,(3)) = 0,

that is, |07}, I(B,(X)) = 0.

Finally, the thesis follows from the fact that the series ), .S; converges (locally in mass, hence weakly) to a local 1-current
S, which must coincide with T. Indeed, we have local absolute convergence, since for all m € N (3.4) gives X2 IS;|| < |IT].
Furthermore, as T,, — T — S, by Proposition 3.6 we find that T — .S < T, and from (3.3) we deduce that o(T — §) = 0. The fact that
T, =T — S, is acyclic then implies that T =.S. [J
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Remark 3.10. The decomposition T = ), S; given by Theorem 3.9 satisfies

(s (o)

ITI =Y 10, 10T1 = 10T = Sp)ll = Y’ 195,1I. (3.6)
i=0 i=1

In particular, in order to prove Theorem 1.4, it is sufficient to show that it is true when M(dT) < co. Moreover, in the case M(T) < o,

combining (3.6) with Theorem 1.5, we obtain a measure 5 over ©(E) which decomposes T as in Theorem 1.4. Hence, it is necessary

to work with the space of open ended curves I'(E) only when T has infinite mass.

4. Proof of the main result
4.1. Plan of the proof

To prove the main result, we will develop a construction which will enable the application of Theorem 1.5, which is the already
known result for Ambrosio-Kirchheim normal metric currents. We will accomplish this by turning a given local current T whose
boundary has finite mass, which can be assumed with no loss of generality thanks to Theorem 3.9, into an Ambrosio-Kirchheim
normal current, via an ad hoc conformal transformation of the ambient metric. A key step will be the a priori reduction to the case
where the ambient metric space is #*, since this will imply good topological properties of the completion of the space with respect
to the new conformal metric.

4.2. Reduction to the case E = £®

By our assumption, see also Remark 2.1, the mass of a local current T € M, ,(E) is supported on a separable set, which allows
us to reduce the problem to the case of complete separable metric spaces.

Now, consider #7* = #*(N;R) with the distance d, induced by the usual norm || - ||,. We recall the following classical result
(appeared first in [14]).

Theorem 4.1. If (E,d) is separable, then there exists an isometric embedding j : E — .

Hence, taken j as in Theorem 4.1, we observe that it suffices to show the decomposability of j,T" € N; ,(£*). Indeed, from our
construction (which relies on Theorem 1.5) it will follow that almost every curve in the decomposition of j,T lies in supp(T’), hence,
by completeness, in E (here we naturally identify x € E with j(x)). Thus, from now on, we will work with (E,d) = (£*®,d ).

4.3. Conformal transformation and properties

Let T € N, ,(E) be a locally normal 1-current in E. We aim to build a new distance é on E in order to be able to apply Theorem
1.5 on T, at least when ||0T||(E) < co. We define § by modifying d in a Riemannian-like manner. For all x, y € E, we set the
conformal distance'

1
6(x,y) :=inf {/0 g(yDI71(®) dt | v d-Lipschitz,y(0) = x, y(1) = y}, (4.1

where the continuous function g : [0.c0) — [0, o) is built as follows. Choose r, — oo such that the function a(r) := ||T||(§,) is
differentiable at r = r, and ||dT'||(9B, ) = 0, so that (see Proposition 2.16) TL B, €N(E) and

lo(r LB, )lI(9B, ) < a'(r,) < oo for all n. (4.2)
We define
&(r) = max { 1, ITII(B,s1)s max a’(rn)} (4.3)
and
1
) = (4.4)
S0 = S

where ¢ > ¢ is a continuous function, which we can choose non-decreasing (as ¢ is non-decreasing).
We will denote by E the completion of E with respect to the distance § and let

i:(E.d) - (E,8)
denote the inclusion map. In addition, we will use the following notation:

« I =E\i(E) denotes the set of points “at infinity” resulting from the completion;

1 Here by | -| we denote the norm || - ||,.

10
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* B.(x) and Bf(x) will be the open balls of radius r and center x in (¢*,d) and (E, 8) respectively; when not specified, it is
understood that x = 0;

« Lip and Lip® will denote the Lipschitz functions in (E,d) and (E,5) respectively.

« M and M, as well as ||-|| and ||-||5, will denote the total mass and the mass measures of currents in (E, ) and (E, 5) respectively.

+ Similarly, #(y) and #5(y) will denote the length of a curve y (and |y|, |7|s its metric derivative) in (E, d) and (E, 5) respectively.

We will usually identify x with i(x) and E with i(E).

Proposition 4.2 (Comparison of distances in E). The two distances satisfy the following local inequalities:
(1) for dll r > 0 there exists c(r) < oo such that
c(Né(x,y) 2 d(x,y) 2 6(x,y) Vx,y€ B
(2) fordll z € E, € €(0,|z|/2) one has
gzl = &)d(x, y) = 6(x, y) Vx,y € B.(2); (4.5
(3) for dll z € E and ¢ > 0 small enough, there exists £ = £(|z|, €) > 0 such that
3(x,y) 2 g(lz| +#)d(x, y) Vx, y € B.(2). (4.6)
Furthermore, lim,_, £(r,£) = 0 for any r > 0.

Proof. The inequality d > § easily follows from the fact that g < 1. To show the converse inequality in (1), we consider an arbitrary
y such that y(0) = x, y(1) = y. If supp(y) C B,,, then we have

1
/0 gy@DI71@) dr 2 g(r+ D () 2 g(r + Dd(x, y).

On the other hand, if there exists 7 > 0 such that y(¥) ¢ B,,,, then

1 t
/Og<|y<t)|>|y|(z> dzz/o QrOD 1710 dr >

r+1)

> g+ Dd(x,y@) = gr+ 1) > gTd(x, »).

The inequality then follows by choosing c¢(r) := max{1,2r}/g(r + 1).
For the inequality (4.5): we have

1
5(x.) < /0 g(liy+ (= DxDly — x| df < g(lz] - )d(x. )

where we used that ry + (1 — 1)x € B,(z) for all 7 € [0, 1] and that g is decreasing.
For the last inequality we set r = |z| and

g(r,e) :=inf{h>e: /

r+e

r+.

h
g(s)ds > 4e}. “4.7)

Clearly &(r, €) is well defined for £ small enough and goes to 0 as e — 0. Note that, similarly to what we did for one of the inequalities
in (1), for any y connecting x and y such that supp(y) N Br”+?(r o + @, we have

1 r+h
/ gly@ODIrI®dr > / g(s) ds > 4e > 2d(x, y) > 25(x, y),
0 r+e

for some h > ¢ as in the definition of the infimum (4.7). Here the first inequality follows by the co-area formula applied to the
Lipschitz function f(¢) := |y(?)|.

Hence, in the calculation of &(x, y) we may restrict our attention to curves that are supported within B, .. In particular, we
obtain

1
8(x,y) 2 g(r + &(r, €)) inf {/ [71(r) dt = y(0) = x, y(1) = y}
0
=g(r+e(re)d(x,y). O
Remark 4.3. The function £(r, ¢) we found in Proposition 4.2 (defined by (4.7)) is non-decreasing in r.

Remark 4.4. From the previous estimates, it follows that the topology of E coincides with the topology induced by (E,5) on E.
In particular, i(B,) is complete in (E, §), i(B,) is an open set in E and i(B,)n I = @ for all r > 0.

11
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As an immediate consequence of Proposition 4.2, we obtain that the length of a curve in (E, §) is actually given by the formula
suggested by (4.1).

Proposition 4.5. Let y € AC,.(J;(E,d)) (thus also y € AC,,.(J;(E,$))), where J C R is an interval. Then

25(r) = /g(l}'(f)l)l}"l(t)dt. (4.8)
J

Proof. Since Z5(y) = f [, 1715() dt, it suffices to show that

[715() = g(y@D 171(2), for a.e. t € J. (4.9)

An application of (4.5) of Proposition 4.2 with z = x = y(t), y = y(t + h) yields

S(r(®,y(t+ ) < glr—e)d(y (1), y(t + h)), (4.10)

where r = |y(1)| and € = e(h) = d(y(t),y(t + h)) — 0 as h — 0. On the other hand, applying (4.6), again with z = x = y(t), y=y(t + h),
we obtain

Sy (1), y(t + b)) 2 g(r + €(r, £)) d(y (1), y(t + h)). (4.11)

Hence, passing to the limit # — 0 in (4.10) and (4.11) and using the continuity of g we get (4.9) at any r € J where the metric
derivatives |y|(n), |7|s() exist. [

One of the key advantages of working with E = #% is the validity of the following lemma.
Lemma 4.6. I =E \ i(E) consists of exactly one point.

Proof. We first consider the sequence (c,) C E = £, where ¢, = (1,0,0, ...). The sequence is Cauchy in (E, §) for any g as in (4.4),
since (for m > n)

m (o)
(e ) < / gty dr < / 27 dr,
n n

therefore it defines a point x,, € I. We are now going to show that any sequence (a,) converging to an element %, € I gets
arbitrarily close to the sequence (c,), this will provide the equality x,, = %,. Let (a,) be such a sequence, with a, = (”:w ai, ...). Since
by Proposition 4.2 the topologies coincide on d-balls, we may assume lim,,_, o, ||a, |l
It will then be enough to show that for any a = (a"), such that N < ||a||, < 2N it holds é(a,cy) < e(N), for some £(N) — 0 as
N — . Clearly we can find K € N such that N < ||laX|| < 2N. We will estimate §(a,cy) through the concatenation of the curves
Vi = (yij) 1 [0,1] - ¢% i = 1,2,3 which connects the two points.
We set

= 0.

(1 =1t)a™ ifm#K,K+1
EHOERE ifm=K
IN+ (1 -0kl ifm=K+1

m A=ty +IN ifm=1
rW=9q
i else

my = N ifm=1
3= (L -nyr() else.

We notice that y,(0) = a, 7,(1) = ,(0), y,(1) = y3(0) and y;3(1) = ¢y, furthermore ||y;(®)|l, = N and |y;|(r) <3N for all ¢,i.
We see that y; ®y, @y; is a Lipschitz curve connecting a and ¢y, therefore we can conclude the proof with the following estimate:

3 1
o(a,cy) < Z/ g7 Olle)7 (D] dt <IN g(N) >0 as N > oo. []
i=1 /0
The unique “point at infinity” added by completing the space (E, §) will be denoted by x,.

Lemma 4.7. For all r > 0, x € 0B, there exists a curve y, : [0,1] — E such that 7:(0) = x, y (1) = x4, suppy, S B¢ and
T, 1Is(E) = £5(ry) = /,w g(s) ds.

Proof. The statement follows with the arc

1 .

—x iftr € [0,1),
7(1) = 1-t
7 {xm ifr=1.

12
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It is easy to see that ¥ is continuous in [0, 1] with respect to (E, 8) and locally absolutely continuous in [0, 1) with respect to d. Then,
using Proposition 4.5, one finds that

1 o
Sy |x]| |x]| _
fﬁ(}’x)—/o g<_1—t> d-2 dl—/r g(s)ds. O

Remark 4.8. Lemma 4.6 and Lemma 4.7 were the only instances where we explicitly relied on the specific topological structure of
¢*. The rest of the construction we performed above would still be meaningful in any geodesic metric space (E, d) (which somehow
justifies the use of this generic notation for (£*,d,)).

We now examine how the mass measure of local 1-currents is affected by the change of metric, exploiting Proposition 4.2.

Proposition 4.9. Let S € M, ,(E), then

15115 = g(xDISI-

Proof. It is enough to prove the following estimate: for any 0 < R; < R,,
g(Ry) IISII(Bg, \ B,) < ISll5(Bg, \ Bg,) < &(R) ISII(Bg, \ Bg,)- (4.12)

Indeed, assume that (4.12) holds. Applying it to .S B, where B is an arbitrary bounded Borel set in E, let us say B C §R, we
obtain

n

n .
- ; -
ISU5B) = Y ISI5(B 0 By \ Briet) 2 D (R ) ISIBN By \ Byict)

i=0 " n i=0 n n

= [ (B[] asoansico,

for all n € N, which passing to the limit n — oo (by dominated convergence) yields

IS15(B) > /B s IS0,

proving that ||.S||s > g(|xD||S||. The converse inequality can be shown in the same way, using the other estimate in (4.12).
Let us now prove (4.12) using directly the definition of mass. Fix any 0 < £ < R, /2. By the tightness assumption on ||.S]|, for any
€ >0, we can find a compact set K C By ., \ B, 4, such that

1S115(Bg,+e \ (Bg,+e UK)) <&

Consider now a cover of K made by open balls B,(x,), 1 <n < N, with center x, € K. Let {¢,}, 0 <n < N, be a Lipschitz partition
of unity in E associated to the covering E \ U,,N:1 B,(x,), By.(x}),...,By.(xy) and note that Z,],V: | 9, = 1 on the union of the balls
B,(x,). Recalling Remark 2.6, to estimate from above the quantity

N
115115 <U Bgm)),
n=1

we consider an arbitrary family (f,.7,);c4 € Lip?, (E) x Lip’ (E), for some finite set A, such that supp(f;) € U, B, (x,) for all 1 € A
and },c 4 |/4l < 1. We have

N N
Y SFnr) =, X SUsbwmr)=8R =) Y, D S (f1a 71)

AEA A€A n=1 n=1 A€A
N N
<8R -8 Y S| (B.(x,)) = g(R, — &) IS]] <U Bé<xn>>,
n=1 n=1

where we used the locality property and the functions #; € Lip,(E), 1-Lipschitz extensions of the restriction of z,/g(R; — €) to
B, (x,). The latter function is 1-Lipschitz thanks to (4.5) of Proposition 4.2. Hence,

N N
NP <U Bg(x,,>> <gR; -o) Sl ( Bg(m) :
n=1

n=1

Finally we have

IS115(Br, \ Br,se) < 1S15(Bryie \ Br,1e) < €+ [IS15(K)

N N
<e+|Sl; (U Be(xﬂ)> <e+gR -S| (U Bg(xp) (4.13)

n=1 n=1

<e+g(R; —€) [SI(Br,yac \ Br,).

13
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Then, by sending £ — 0, we infer the inequality

1S115(Bg, \ Bg,) < &(R)) |ISI|(Bg, \ Bg,)-
The converse inequality can be proved analogously with (4.6) of Proposition 4.2: for € € (0, 1) small enough to apply Eq. (4.6) at
r < R, + 1, we find a compact set K C By, \ Bg,, such that

IISI(Bryte \ (Bgyse UK)) <&

Considering a finite covering of K composed of open balls B,(x,), 1 <n < N, each of radius ¢ and center x, € K and using a suitable
partition of unity we find, analogously to the already discussed case (here we also use Remark 4.3),

N N
1
(1S <’IL=J1 Bé(xn)> < m”sﬂa <U Bé(xn)>

n=1

and then one concludes by performing a computation analogous to (4.13) and sending e — 0. []

Remark 4.10. Note that the O-currents in E can be canonically identified the O-currents in (E, 5) supported in i(E), and their
masses are not affected by the change of metric.

The following result, which shows that the choice of the “optimal” curves is somehow independent of the metric, will be an
important ingredient in the conclusion of the proof of Theorem 1.4.

Lemma 4.11. Let S € M;(Bg,d) (and so also S € M,(By, 8)) be such that there exists a positive Borel measure n in ©(By) such that

S=/7 T, dn(y).
O(Bg)

Then

T, 115 dn(y).

Bgr)

1= [ inione) i andonty i 11 = [
0(Bg) o
Proof. Assume that ||T|| = /9(§R> T, |l dn(y). Then, applying Proposition 4.9 to the 1-currents S and T, y € @(ER), we get

||S||5=g<|x|>||sn=/6 g(xDIT, | dn(y>=/6, T, 1l dnr).

R)

(Br)

The converse implication is proven in the same way, using that |5 = (g(|x)7'[|S|l; (as g > 0). O
4.4. Extension of T to (E, 5)

In this section we show how the conformal change of metric described in Section 4.3 allows us to extend T to a normal current
on (E,$), to which we will be able to apply Theorem 1.5. We shall define

T := lim iy(TL B,), 4.14)
r—oo
where the limit is in mass. In particular, it will follow that T has finite mass.

Proposition 4.12. If T € N, ,(E) the limit lim,_, , i(T L B,) is a well-defined element T of M,(E) (in particular T has finite mass).

Proof. Applying Proposition 4.9 (actually just estimate (4.12)) with S = T and using that g(r) < 2" (|T||(B, +1))7 (recall its
definition in (4.4)) for r € N one infers that

o] o]
ITlI5B, \B,)< Y, ITIs(B . \B)< Y, 277 Vry2r.
r=lry] r=rq]
Hence, for any sequence (r,) with r, — oo the sequence (ix(T Lﬁrn)) is Cauchy in mass and the limits are all the same. []
Now, it remains to verify that T still has finite mass, if 9T does so. Note that, for this purpose, the topological properties of

E = ¢* described in Lemma 4.6 and Lemma 4.7 are essential for the validity of the result, as shown by the following example.
Example 4.13. Let E := ([0,00) x {0}) U |J,en({n} X [0,0)) C R? with the induced Euclidean distance and consider the geodesic
distance on E defined by the relation

d(x,y) :=inf {£(y) |y €Lip([0,1], E), y(0) = x, y(1) = y}.
Consider the current T := ¥ [T, 1, with y, as in Fig. 2. It is easy to see that T has locally finite mass and that T = 0. On the

other hand, the corresponding current T in (E, ) constructed as above does not have finite boundary mass.

14
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As anticipated, under our assumptions the current 97 has finite mass. More precisely, we have the following statement.
Proposition 4.14. For all T € N, ,(E) one has M(,(zﬁ) < 2M(aT).

Proof. Let T, := T L B,. We work with r € {r,} (without explicitly relabeling the sub-sequence), so that (4.2) holds. In particular,
T, is normal, hence by Theorem 1.5 we can write 7, = A, + C,, where 0C, =0, C, < T, and A, acyclic. Also, the current A, enjoys
the representation /@(E )T, dn,(v) with

14,1 =/7 T, | dn,(y), [l0A, Il = [I0T,]| =/7 10T, || dn,.(y). (4.15)
o(B

r r

Set
E, :={y € ©(B,) | 7(0) € 0B,. y(1) € 0B,}.

Now, we construct a new current i by modifying those curves in the decomposition above which lie in E,. Namely, given a curve
y € E, we replace it with the closed curve a(y) = a;(y) ®y ® a,(y), where a,(y), a,(y) denote the two half-lines from the origin which
connect x,, to y(0) and y(1) to x, respectively, see Fig. 3.

That is, we define (see also Fig. 4)

i = /E Ta(y) dn,(y) + /Ef Ty dn.(y) + C,,

r r
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so that
a7, = / ()Ty dn,.(y).
E¢

Note that here we heavily exploited the topological information given by Lemma 4.6. Also, the linear structure of E = #* allowed
us to use curves «;, @, which satisfy Lemma 4.7 (which will be useful in the following), namely half-lines from the origin.
We claim that

lim M(T, - T.) = 0. (4.16)
r—o00

Assuming that (4.16) is true, then the mass of dT can be controlled using only the boundary mass of those curves in E¢ which, by
definition, have at least an extremal in the interior of B,, and thus contribute to ||0T||(B,). Indeed,

0T, II(E) < / 10T, |(E) dn, () <2 / 0T, I(B,) dn,(r)
E¢ E¢

< 2/, 19T, |I(B,) dn,.(y) = 2||T, [|(B,) < 2M(dT)
(¢]

y

since (T,)L B, = (dT) L B,. To be more precise, since T, — T in mass in Ml(f) by construction, then (4.16) immediately implies
M(T, — T) — 0, which gives us, for any f € Lip’(E) with sup|f| < 1,

oT(f) =T df) = lim T.(1df) = lim oT.(1 df) < 2M(T).

The convergence (4.16) can be proved through a direct estimate, using the fact that (by construction) g(r) < 2*’(% ||T||(§,))*1 for
any r € {r,}, t > r. Indeed

My(T, - ) < / (Tl + 1T 1) (1) = 20, E) / g0 di

< 101108, [ swar < Lir1B) [ ew a
S/ 27'dt >0 asr— oo,
where we also exploited the following consequence of (4.15):

I|0Trll(aBr)2/E 9T, |(0B,) dn,(y) = 24,(E,). O

Corollary 4.15. For any | T € N, 4,(E) such that ||0T||(E) < co, the current T built by lim, T L B, belongs to Nl(E) In particular, there
exists a measure 1 over @(E) that decomposes T into curves as in Theorem 1.5.

We also notice that, as a consequence of Lemma 4.11, acyclicity is preserved by the transformation T + T.
Lemma 4.16. If T € N, ,(E) is acyclic, then T is acyclic in E.

Proof. Let S € M;(E)s.t. S <T and oS = 0. Then S naturally defines a local current on E with no boundary (since any f € Lip(E)
with bounded support is also an element of Lip®(E)). Recalling Remark 3.2, to obtain that S = 0 from the acyclicity of T it remains
to check that

ISI(B) + IIT = SI(Bg) = ITII(Bg)
for arbitrarily large R. By hypothesis, we have the identity of measures
IS1ls + 11T = Sll5 = Tl (4.17)

Apply then Theorem 1.5 to find, for a.e. R > 0, two measures #,, 7, on @(Bz) which decompose in curves S L By, (T — S)L By
respectively (hence, ; + 7, decomposes T L By) such that, on the ball By,

||S||=/, 1T |l dry IIT—SII=/, T, |l dnp.
O(BR) O(BR)

By Lemma 4.11, it also holds
1S = [ ldn. U7 =Sl = [T an,
o(Bg) 6(Bg)
on Bj. Putting this together with (4.17) we obtain on By the identity of measures

||T||5:/, T, 1l d(ny + 1)
o(Bp)

16
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Thus, applying another time Lemma 4.11,

ITII(Bg) = /@ . )||T,||<ER>d<m +m) = ISI(Bp) + IT = SII(Bp). O
Br

4.5. An auxiliary topology on open ended curves with locally finite length in E
Let again (E,d) be any complete metric space, as in Theorem 1.4. We equip the set of curves I'(E) with the weak topology of
local currents. That is, we define 7 as the smallest topology on I'(E) such that the functions
p € I'(E) = Ty(f dn)

are continuous, where (f, z) € Lip,(E) X Lip(E).
A fundamental system of neighborhoods of § € I'(E) is given by finite intersection of sets of the form

{ﬂ € () | [Ty(f dm) - Ty(f dn)| < /1} (4.18)
for 4> 0 and f € Lipy(E), = € Lip(E).
Remark 4.17. By Remark 2.6, the maps g — [IT5ICA), B = 10T, lI(A) are lower semicontinuous on (I'(E), z;) for any open set A C E.

Then, by a straightforward application of Dynkin’s z-4 theorem one deduces that in general these maps are Borel-measurable for
A C E Borel, since the family

Dy = {A € B(Bg(®) : f = IT;lI(A), p — [10T,|I(A) are Borel}
is a Dynkin system, for all R > 0 (where we have fixed x € E).
We recall the following simple result linking the Paolini-Stepanov topology on compact Lipschitz curves (see Definition 1.1)
with the weak convergence of currents (see [4, Lemma 4.1]).
Lemma 4.18. Let (y,), € O(E) be a sequence of curves with sup, (y,) < . If y, — v in O(E) for some y € O(E), then T, —T, weakly.
4.6. Conclusion

We are now ready to prove our main Theorem.

Proof of Theorem 1.4. It is not restrictive to work in the case M(dT) < o, since our result is valid for general T € N, ,(E) once
it holds for the currents (;); which decompose T as in Theorem 3.9 (see also Remark 3.10). Also, as discussed at the beginning
of Section 4.2, we may assume E = £*; this will allow us to apply our machinery. First, the decomposition T = A + C with
A, C €N, ,(E), C<T, doC =0and A acyclic is given by Theorem 3.8.

By Corollary 4.15, we can find a positive finite measure 7 in o(E), supported on {y : M(T,) = #5(y)}, such that

T= / _ T, di(y), (4.19)
o(E)
Tl = | 0T, (4.20)
o(E)
and, moreover, if T = A is acyclic (since then also T is acyclic by Lemma 4.16),
1970 = | Nl i, (4.21)
o(E)

and 7-a.e. y € O(E) is an arc.

In the sequel, an open ended subcurve g of y € O(E) is said to be a Xq-subcurve if g : (a,b) - E is a subcurve of y and (a, b) is
a connected component of {r € (0,1) : y(r) # x}.

Next, for F C I'(E) we define the application pp(y, F) : O(E) > NU {0} as

P, F) = Y n,(p), (4.22)
peF

where n,(§) is the number of times a x.,-subcurve § € I'(E) occurs as a subcurve of y (in particular when y((0,1)) € E we have

that n,(f) > 0 iff § = y|( ;). Notice that for 77-a.e. y all the subcurves § have finite é-length because y has finite length in (E, ) (in

particular y and its subcurves f have locally finite d-length in E thanks to Proposition 4.5 applied to the elements of y L U, for U

open bounded). In addition, they all lie in supp(T) for #-a.e. y (as supp(?) C supp(T) U {x}) and they are all arcs if y is an arc.
We use py to define a kind of push-forward measure 5 := (pg)y7, that is

n(F) 5=/7 pe(y, F)dn(y) (4.23)
O(E)

17
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for a generic Borel set F C I'(E). Thanks to Lemma 4.21 below, definition (4.23) is well-posed. From the definition, one can easily
infer the change-of-variables formula

/ h(p)dn(p) = / Y nBhp i) (4.24)
IE OE) (p: n, (>0}

for any h € L' (I'(E),n) or h nonnegative and Borel.
Choosing h(f) = ITs115(Bg) in (4.24) (see Remark 4.17) and using (4.20) one obtains

/ 1T, 15(B ) dn(B) = T 15(Br). (4.25)
I'(E)

where we have also exploited that for 7-a.e. y it holds M(T,) = #;(r), and thus

ILls= Y n,@®ITls
{82 n,($)>0)
In particular, if we choose
h(p) = Ty(w), @ = (f,n) € Lipy(E) X Lip(E), supp(f) € Bg

then h € L'(I'(E), n) (as h € L'(I'(E), n) (as |h(p)| < 1Tl Lipa(lrLBR)Sup | £1). Therefore, we can apply (4.24) to h getting exactly
(1.2).
Then, from Lemma 4.11 we obtain that (4.25) also implies

/ 1T, (B dn(B) = ITN(Br).
I'(E)

and thus, since R > 0 is arbitrary, the inequality of measures ||T|| < /, (E) 175l dn(f) must be an equality, proving (1.3).

Finally, for T acyclic, choosing h(a) = ||0T,||(Bg), one immediately obtains (1.4) from (4.21). Indeed (recall Remark 4.10 and
note that the boundary points in E of an arc y € O(E) are exactly the union of the boundary points of the curves g € yL_E, since y
is only cut at infinity)

/ 10T lI(B) dn(p) = / Y GITI B i)
e OE) (p: n,(p)>0)

- / 0T, (B i)
O(E)
= 10T |(Bg) = 0T l(Bg). [

Remark 4.19. The new results allow us to recover the “transport” part of the original statement between (oT)~ and (dT)*, with
the added possibility of receiving or sending mass from infinity. In fact, if A is the acyclic component of T given by Theorem 3.8, the
associated decomposition measure 7, can be expressed as a sum of mutually singular measures 5z, 75; and ngg, which are supported
on the families of curves which are bounded, bounded on the left and bounded on the right respectively. Then, by Definition 1.3
we note that eyunp, egutipr. € 41p and e, 4ngg are well defined, where we denoted by

eo - {f e I(E) | lim_od(f(1),X) < 00} = E,
e, 1 {peT(E) | lim_, d(f(®),%) < o} > E
the maps e((f) :=lim,_, f(r) and e;(f) := lim,_,; f(r). Finally, we see from the precedent proof that we have
eoulip + eoutipr = (OT)” and  ejynp +ejynpp = (OT)*.
Remark 4.20. We remark that if C is the cyclic component of T in Theorem 1.4, 5 is the associated decomposition measure

and ”g”UC;L and ”gR are defined analogously to Remark 4.19, then, by Theorem 1.5 and the construction argument in the proof of
Theorem 1.4, we find that

c c c c
egullp T eoullgy = €1ullg +e1ullgp = ICIls < IIT]I.
In the proof above, we have assumed the following technical Lemma.

Lemma 4.21. The function pg(y, F) is Borel-measurable on O(E), for any Borel set F in (I'(E), ).

Proof. We prove that for all L > 0 the restriction of pg(y, F) to the Borel sets
0, :={re6E)| ;) <L}

is Borel measurable. Fixed & > 0, we denote by ¢%.(r) the number of maximal x,-subcurves g of y € ©,, counted with multiplicity,
which belong to F and satisfy || — x|l = €, where

”ﬁ_xoo”oo = sup 6(ﬂ(l)axoo)~
te(0,1)

18
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Notice that ¢%(r) < C5(r)/e < L/e < oo, and that &%) 1t pp(y. F) as e — 0. So, it suffices to check the measurability of the maps
;, F € B(I'(E)).
First, we prove that ¢*(y) := Er( E)(y) is upper semicontinuous on ©;. That is, if we take y, — y in ©; (where we identify y,,
y with their parametrizations on [0, 1] which give the uniform convergence) such that (up to a subsequence) ¢*(y,) > k for some
k € N, then also ¢*(y) > k. Indeed, we can find x-subcurves g, ... B in I'(E) such that

(i) p! is the restriction of y, to some sub-interval (a,5) C [0, 1], with b} < a;’H for any 1 <i<k;
(D) 18! = xpll 2 & foralli=1,... k.

The equicontinuity of y,, together with the condition || — x|l > €, provides a uniform lower bound on 5! — af, hence one can
pass to the limit as n — oo, up to subsequences, to obtain that a] — a;, b} — b, for some g;, b; € [0, 1] with a; < b;. We deduce
that affine reparametrizations of g (closer and closer to the identity, recall that y, — y uniformly) are uniformly convergent to
B; = 7l(q, b,y With either y(a;) = x, or y(b;) = x,, or both (at least when k > 1) and || §; — x|, > . Notice that §; are not necessarily
X,-Subcurves, because they are not necessarily E-valued. Nevertheless any f; has a subcurve g (and then a subcurve of y) which
is a x,-subcurve with || — x|l > €, and this proves that ¢*(y) > k.

Now, we want to prove that ¢7, is Borel measurable on @, for any F C E open. Note that it suffices to show it for F € &, for
all R € N, where we define £z C I'(E) as the class made by unions of finite intersections of the form

N
N{per® |t an -1;; anp| < 4, ) (4.26)

J=1

for ﬁ_j € I'(E), 4; >0, f; € Lipy(E), x; € Lip(E), j = 1,..., N, with supp(f;) C Bp. Indeed, since the sets of the form (4.26) are a
basis for the topology 7, (letting also R variable), any open set can be written as an increasing union F = gy Fr, Fr € Fry1s
with Fp € &g, and hence ¢% =supg ¢5FR.

Consider then F € &, for some R > 0. Let also ¢ := 5(x°°,§R), so that if some curve g € I'(E) satisfies || — x|l < £ then
p does not intersect the ball B,. We show that the function dp() is lower semicontinuous when restricted to any of the Borel sets
Ay, N O, where

Ay =1y € O(E) 1 ¢°(r) = k, $°0(y) = h),

for k, h € N (A, is Borel thanks to the measurability of ¢¢, ¢*). This is sufficient to prove the measurability of ¢%.: indeed, the
finiteness of ¢° gives

o® =JJ A
h k

Now, take y, — y in O(E), with y,.y € Ay, N0, and find x-subcurves £, ..., §} of y, as above. Note that the limits f,, ..., f; built
as in the previous step may not be E-valued and hence §; L E may consist of multiple curves. However, for any i = 1, ..., k, exactly
one of the x,-subcurves of §;, which we will call g/ (possibly coinciding with g; itself), satisfies || — x|, 2 €, since otherwise
we would have ¢¢(y) > k. Also, we claim that ¢0(y) = h implies that g is the only element of ;L E such thilt 18] = xeolleo = -
This is obvious for ¢, > &, while for ¢, < ¢ it can be proved constructing in the same way x-subcurves f,...,f}, of y,, with
I ﬁ:." — X lleo = €05 exactly k of them will coincide with g7, ..., . This leads to the inclusion

{Br,- s B} SLBL v Br)

for the limit curves, with f; distinct, each one containing a x. -subcurve with distance from x_, larger than ¢,. Hence, if some p;
were to contain more than one x-subcurve ¢ with |la — x|l > €y, we would contradict ¢*0(y) = h. Calling f; that subcurve, the
inequality ¢, < € gives j; = f, proving the claim. Thus, our choice of &, gives

B;LBg = p]L B,

and therefore the convergence g — f; (thought as curves in O(E)) combined with Lemma 4.18 (here we use that 7, € O to infer
that £5(p!") are uniformly bounded by L) yields

lim Tpn(f dz) = Ty (f dm) = Tpe(fdm)  Vi=1,....k,
n—oo Vi 1 i

for all f € Lipy(E), = € Lip(E) with supp(f) C Bg. In particular, if ;" € F for some 1 <i < k then f; belongs to one of the sets in
(4.26) and so also f L E € F for n sufficiently large. Hence, liminf, ¢% () 2 d% (), proving the desired semicontinuity.
To conclude, we obtain that ¢, is Borel-measurable on @, for any Borel set F noticing that the family

M :={F € B(I'(E)) : ¢, is Borel-measurable on 6 }

is a Dynkin system containing the z-system of open sets. Indeed, if F € M then also I'(E) \ F € M, because ¢ — ¢7. is Borel-
measurable, since we have already checked that I'(E) € M, and the difference makes sense as ¢° only attains finite values.
Furthermore, the implication F, € M, F, disjoint = |J, F, € M is trivial. Thus, by Dynkin’s z-4 Theorem, M contains the whole
Borel s-algebra. Eventually we let ¢ > 0 and L - . []
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