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 A B S T R A C T

We prove that every one-dimensional locally normal metric current, intended in the sense of 
U. Lang and S. Wenger, admits a nice integral representation through currents associated to 
(possibly unbounded) curves with locally finite length, generalizing the result shown by E. 
Paolini and E. Stepanov in the special case of Ambrosio–Kirchheim normal currents. Our result 
holds in Polish spaces, or more generally in complete metric spaces for 1-currents with tight 
support.

. Introduction

Superposition principles are very useful tools in Analysis and Probability, as they allow to factorize a problem into lower 
imensional ones. Classical examples are the coarea formula for 𝐵𝑉  functions, the slicing theory of currents and the Optimal 
ransport problem with cost=distance (in the latter case, the decomposition being given by transport rays). In the context of 1-
imensional currents, it is particularly interesting to extend the classical S. Smirnov’s [1] superposition principle even to the case 
hen the ambient space is a metric space, having in mind the well-posedness of ODE’s in metric measure spaces (see [2,3]) or the 
heory of Optimal Transport, see [4,5].
In this paper we prove that every one-dimensional locally normal metric current admits a decomposition, thus extending the 

esults of E. Paolini and E. Stepanov in [4,5] for Ambrosio–Kirchheim normal currents. A notion of local metric current was first 
ntroduced by U. Lang in [6]. Later, he gave, alongside S. Wenger, a different, non equivalent definition, in [7]. We will work 
ith the latter (recalled in Section 2.1 below). Roughly speaking, this notion generalizes Ambrosio–Kirchheim metric currents by 
equiring finite mass only on bounded sets. In Section 3 of this paper, we provide the natural concepts of ‘‘subcurrent’’ and ‘‘acyclic 
urrent’’ for this class of objects. As it is customary in this field, we will work with the requirement that the mass measures of 
urrents are tight, which is not restrictive, for instance, when the ambient metric space is Polish (see also Remark  2.1).
Let us define, preliminarly, the classes of curves we will be dealing with. As in [4,5] we consider compact curves with finite 

ength (which always admit a Lipschitz parameterization) and the distance induced by the sup norm when we consider the invariance 
nder reparameterization:

efinition 1.1.  Let (𝐸, 𝑑) be a complete metric space. We equip the set of Lipschitz curves 𝜃 ∶ [0, 1] → 𝐸 with the distance 

𝑑𝛩(𝜃1, 𝜃2) ∶= inf
{

max
𝑡∈[0,1]

𝑑(𝜃1(𝑡), 𝜃2(𝜙(𝑡))) ∶ 𝜙∶ [0, 1] → [0, 1] bijective increasing
}

, (1.1)

nd call two curves 𝜃𝑖 ∶ [0, 1] → 𝐸, 𝑖 = 1, 2, equivalent, if 𝑑𝛩(𝜃1, 𝜃2) = 0.
The set of equivalence classes of Lipschitz curves equipped with the distance 𝑑𝛩 will be denoted by 𝛩(𝐸).
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Remark 1.2. (𝛩(𝐸), 𝑑𝛩) can be written as a countable union of complete subspaces of the form 𝛩𝐿 = {[𝜃] ∈ 𝛩(𝐸) ∶ 𝓁(𝜃) ≤ 𝐿}, 
𝐿 ∈ N. For example, if 𝐸 is separable (and then 𝛩(𝐸) is separable as well), this gives that any finite Borel measure 𝜂 on 𝛩(𝐸) is 
tight.

A notable distinction from the classical case is that, in order to maintain the transport property of the representation of acyclic 
currents (which comes from (1.4) below), highlighted in [4], it is necessary to consider curves which are not necessarily of bounded 
length. This can be easily understood by looking at the basic example of the current associated to an unbounded simple oriented 
curve with a single boundary point (e.g. a half-line in R𝑑), where, as it is somehow natural, the decomposition must be given by 
the curve itself. Clearly, the transport property has to be meant in a wider sense, involving the possibility of exchanging mass ‘‘with 
infinity’’ (see Remark  4.19). Therefore in the context of local currents, it is more convenient to consider, instead, open ended curves 
with locally finite length in 𝐸, according to the following definition:

Definition 1.3.  Consider 

𝑋 ∶=
{

𝛽 ∈ Liploc((0, 1);𝐸) ∣ 𝓁(𝛽 𝑈 ) < ∞ for any bounded open set 𝑈 ⊆ 𝐸
}

,

 where 𝓁(𝛽 𝑈 ) = ∫𝛽−1(𝑈 ) |𝛽̇| d𝑡 and |𝛽̇| and |𝛽̇| is the metric derivative of 𝛽.
We define the set 𝛤 (𝐸) as the quotient 𝑋⟋∼, where 𝛽1 ∼ 𝛽2 iff there exists 𝜙 ∶ (0, 1) → (0, 1) increasing and bijective s.t. 𝛽1 = 𝛽2◦𝜙.

Notice that the difference between 𝛩(𝐸) and 𝛤 (𝐸) is essentially due to the requirement of locally finite length, since any open 
ended curve with finite length has a unique extension to a curve in 𝛩(𝐸). Actually, the local finiteness of the length of 𝛽 ∈ 𝛤 (𝐸)
gives the following dichotomy: either lim𝑡→0 𝛽(𝑡) exists, or lim𝑡→0 𝑑(𝛽(𝑡), 𝑥̄) = ∞, for any 𝑥̄ ∈ 𝐸 (same for 𝑡 → 1). In addition, since 
all concepts we will be dealing with are invariant under reparameterization, we will occasionally consider other open or closed 
intervals as domains of our curves.

In Section 4.5 we introduce, mainly for measure-theoretic purposes, the topology 𝜏𝛤  induced by the map 𝛽 ↦ 𝑇𝛽 in 2.22, 
canonically associating to 𝛽 ∈ 𝛤 (𝐸) the local 1-dimensional current in 𝐸. In this connection, notice that this topology is not Hausdorff 
in 𝛤 (𝐸) since 𝑇𝛽 = 𝑇𝛽 does not imply that 𝛽 is a reparameterization of 𝛽 (for example, concatenating 𝛽 with two copies with opposite 
orientation of a curve 𝛼 with 𝛼(0) = 𝛽(1) does not change 𝑇𝛽).

Our main result is the following (here 𝐍1,𝑏(𝐸) denotes the class of local and normal 1-dimensional currents in 𝐸, see Definition 
2.3 and Definition  2.12).

Theorem 1.4.  Let (𝐸, 𝑑) be a complete metric space and let 𝑇 ∈ 𝐍1,𝑏(𝐸). Then there exists a positive Borel measure 𝜂 over 𝛤 (𝐸) such 
that

𝑇 = ∫𝛤 (𝐸)
𝑇𝛾 d𝜂(𝛾), (1.2)

‖𝑇 ‖ = ∫𝛤 (𝐸)
‖𝑇𝛾‖ d𝜂(𝛾). (1.3)

Moreover, 𝑇  can be decomposed as 𝑇 = 𝐴+𝐶, where 𝐶 is a cycle of 𝑇  and 𝐴 is acyclic. Finally, denoting by 𝜂𝐴 the measure associated to 
𝐴 as in (1.2) and (1.3), we have that 𝜂𝐴-almost every curve is injective, and that 

‖𝜕𝑇 ‖ = ‖𝜕𝐴‖ = ∫𝛤 (𝐸)
‖𝜕𝑇𝛾‖ d𝜂𝐴(𝛾). (1.4)

In this generality, Theorem  1.4 represents a new result even in the Euclidean setting. However, our proof-technique is intrinsically 
metric, in the sense that it relies on the validity of the statement for normal currents in general metric spaces, due to Paolini 
and Stepanov, even when our space 𝐸 is Euclidean. Indeed, we exploit a simple trick which consists in using a ‖𝑇 ‖-dependent 
‘‘conformally’’ modified distance 𝛿 (see Section 4.3) of the distance 𝑑, turning 𝑇  into a current 𝑇  of finite mass with respect to 𝛿 in 
the completion 𝐸 of 𝐸 with respect to 𝛿. Therefore, when the mass of 𝜕𝑇  is assumed to be already finite, we reduce ourselves to 
an application of Paolini and Stepanov’s result, provided we are able to show that still 𝜕𝑇  has finite mass (this is not obvious, see 
Example  4.13, but it can be obtained at the expense of embedding isometrically our spaces into 𝓁∞). We recall here Paolini and 
Stepanov’s result for further use (cfr. [4, Theorem 5.1] and [5, Corollary 3.3]).

Theorem 1.5.  Let 𝑇 ∈ 𝐍1(𝐸). Then there exists a finite positive Borel measure 𝜂̄ over 𝛩(𝐸) with total mass 𝜂̄(𝛩(𝐸)) ≤ M(𝑇 ) +M(𝜕𝑇 )
such that

𝑇 (𝜔) = ∫𝛩(𝐸)
𝑇𝜃(𝜔) d𝜂̄(𝜃) ∀𝜔 = 𝑓 d𝜋 ∈ Lipb(𝐸) × Lip(𝐸), (1.5)

M(𝑇 ) = ∫𝛩(𝐸)
M(𝑇𝜃) d𝜂̄(𝜃) = ∫𝛩(𝐸)

𝓁(𝜃) d𝜂̄(𝜃), (1.6)

with 𝜂̄-a.e. 𝜃 ∈ 𝛩(𝐸) contained in supp(𝑇 ).
Furthermore, 𝑇  can be decomposed into a sum 𝑇 = 𝐴 + 𝐶 where 𝜕𝐶 = 0, 𝐶 ≤ 𝑇  and 𝐴 is acyclic. In addition,
2 



L. Ambrosio et al. Nonlinear Analysis 262 (2026) 113913 
(i) The measure 𝜂𝐴 obtained by applying the result on 𝐴 as in (1.5) and (1.6) satisfies 𝜂𝐴(1) = (𝜕𝑇 )+, 𝜂𝐴(0) = (𝜕𝑇 )− and 𝜂𝐴-a.e. curve 
in 𝛩(𝐸) is injective; in particular 

M(𝜕𝑇 ) = M(𝜕𝐴) = ∫𝛩(𝐸)
M(𝜕𝑇𝜃) d𝜂𝐴(𝜃). (1.7)

(ii) the measure 𝜂𝐶 obtained by applying the result on 𝐶 as in (1.5) and (1.6) satisfies 𝜂𝐶 (0) = 𝜂𝐶 (1) = ‖𝐶‖ and

M(𝑇𝜃) = 𝓁(𝜃) = 1 for 𝜂𝐶 -a.e. curve in 𝛩(𝐸).

We remark that the main technical difficulties faced in order to state and prove Theorem  1.4 arise from the issue of infinite mass 
for the current 𝑇 , which was also the original motivation for this work, see the forthcoming paper [8] where this problem is raised. 
On the other hand, dropping the condition M(𝜕𝑇 ) < ∞, which is done in Section 3, is relatively easier. Indeed, first in Theorem 
3.8 we prove the decomposition 𝑇 = 𝐴 + 𝐶 with 𝐶 (maximal) subcycle of 𝑇  and 𝐴 acyclic, for any 𝑚-dimensional local current 
𝑇 . Then, focusing on the acyclic part in the case 𝑚 = 1, we show that it can be written as a countable sum of subcurrents with 
finite boundary, with no cancellations even at the level of boundaries, see Theorem  3.9, a result which may also be of independent 
interest. This is done almost by hand, using the local finiteness of ‖𝜕𝑇 ‖ and applying Theorem  1.5 on the restriction of 𝑇  to balls 
in a clever way.

To conclude, note that our work does not provide a result of decomposition of cycles in elementary subcycles, as it was done 
in the case of finite mass already in [1] and again in [5] in the metric setting, involving averages on ‘‘almost periodic paths’’ or 
‘‘solenoids’’ (see [5, Section 4] for precise definitions and statements in this sense) . Solenoids cannot in general be decomposed 
into closed curves, and so in some sense they are the most elementary 1-dimensional cycles which can be used for this purpose.

In our case, the matter is that a decomposition in solenoids is not preserved by reversing the metric construction that we perform 
to reduce ourselves to the case M(𝑇 ) < ∞, and so its existence does not seem to follow from our approach.

2. Preliminaries

In this section, (𝐸, 𝑑) will denote a generic metric space. We denote by Lipb(𝐸) and Lipbs(𝐸) the spaces of bounded Lipschitz 
functions and of Lipschitz functions with bounded support in 𝐸 respectively. We denote by (𝐸) the 𝜎-algebra of Borel sets and by 
𝑏(𝐸) ⊆ (𝐸) the class of bounded Borel sets. Analogously, we denote by ∞(𝐸) and ∞

bs(𝐸) the class of bounded Borel functions 
and bounded Borel functions with bounded support, respectively.

In the sequel, 𝐌0(𝐸) denotes the class of Borel 𝜎-additive measures 𝜇 ∶ (𝐸) → R with finite total variation concentrated on a 
𝜎-compact set and by 𝐌0,𝑏(𝐸) the class of set functions 𝜇 ∶ 𝑏(𝐸) such that 𝐵 ↦ 𝜇(𝑈 ∩ 𝐵) belongs to 𝐌0(𝐸) for any bounded Borel 
set 𝑈 . Clearly any nonnegative 𝜇 ∈ 𝐌0,𝑏(𝐸) can be canonically and monotonically extended to a 𝜎-additive set function, for which 
we use the same notation 𝜇, defined on the whole of (𝐸), which then belongs to 𝐌0(𝐸) iff 𝜇(𝐸) < ∞.

Remark 2.1.  Note that the ‘‘tightness’’ requirement in the previous definition is automatically satisfied if 𝐸 enjoys topological 
properties ensuring that every finite nonnegative Borel measure is tight. This is true when (𝐸, 𝑑) is a Polish space or if we assume 
(consistently with the Zermelo–Fraenkel set theory, as done also in [9]) that the density character of every metric space considered 
is an Ulam number (see [10, Chapters 1 and 7]).

2.1. (Local) metric currents

We now introduce the notions of metric currents that we will need, starting with the case of 0-dimensional currents.

Definition 2.2 (0-dimensional metric currents). We say that a linear functional 𝑇 ∶ Lipbs(𝐸) → R is a 0-dimensional current with 
locally finite mass if there exists a nonnegative 𝜇 ∈ 𝐌0,𝑏(𝐸) such that

|𝑇 (𝑓 )| ≤ ∫𝐸
|𝑓 | d𝜇 ∀𝑓 ∈ Lipbs(𝐸).

It is easily seen that the class of nonnegative 𝜇 ∈ 𝐌0,𝑏(𝐸) satisfying the inequality above is a lattice in the class of nonnegative 
𝜇 ∈ 𝐌0,𝑏(𝐸). The least one is called mass of 𝑇  and denoted by ‖𝑇 ‖.

We say that 𝑇  has finite mass if the inequality above holds for some 𝜇 ∈ 𝐌0(𝐸).

Clearly any 0-dimensional current with locally finite mass is representable by integration with respect to a measure 𝜇𝑇 ∈ 𝐌0,𝑏(𝐸), 
namely 𝑇 (𝑓 ) = ∫𝐸 𝑓 d𝜇𝑇 , which shows that we can canonically identify the class of 0-dimensional metric currents with locally finite 
mass with 𝐌0,𝑏(𝐸). In the case of 0-dimensional currents 𝑇  with finite mass, the canonical identification is with 𝐌0(𝐸), so that in 
particular 𝑇 (𝑓 ) is well defined when 𝑓 ∈ Lip𝑏(𝐸) (or even when 𝑓 is a bounded Borel function).

Now, in the same vein, we consider the case 𝑚 > 0, where the main difference between the local and the non local case consists 
in the replacement of Lip (𝐸) with Lip (𝐸) in the first argument of 𝑇 , see [7,9].
bs 𝑏

3 
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Definition 2.3 (Metric currents with finite and locally finite mass). A functional 𝑇 (𝑓 d𝜋1 ∧⋯ ∧ d𝜋𝑚) defined on

Lipbs(𝐸) ×
[

Lip(𝐸)
]𝑚

→ R 𝑚 ≥ 1

is called an 𝑚-dimensional metric current with locally finite mass on 𝐸 if the following properties hold:
(1) 𝑇  is multilinear;
(2) 𝑇  is continuous in the following sense: if 𝜋𝑗

𝑖 , 𝜋𝑖 ∈ Lip(𝐸), 𝜋𝑗
𝑖 → 𝜋𝑖 as 𝑗 → ∞ pointwise in 𝐸 for all 𝑖 = 1,… , 𝑚 and 

sup𝑖,𝑗 Lip(𝜋
𝑗
𝑖 ) < ∞, then

lim
𝑗→∞

𝑇 (𝑓 d𝜋𝑗
1 ∧⋯ ∧ d𝜋𝑗

𝑚) = 𝑇
(

𝑓 d𝜋1 ∧⋯ ∧ d𝜋𝑚
)

∀𝑓 ∈ Lipbs(𝐸);

(3) 𝑇 (𝑓 d𝜋1 ∧⋯ d𝜋𝑚) = 0 whenever 𝜋𝑖|supp 𝑓 = 0 for some 𝑖 ∈ {1,… , 𝑚};
(4) there exists a nonnegative 𝜇 ∈ 𝐌0,𝑏(𝐸) such that 

|

|

𝑇 (𝑓 d𝜋1 ∧⋯ ∧ d𝜋𝑚)|| ≤
𝑚
∏

𝑖=1
Lip(𝜋𝑖)∫𝐸

|𝑓 | d𝜇 (2.1)

holds for all (𝑓, 𝜋1,… , 𝜋𝑚) ∈ Lipbs(𝐸) ×
[

Lip(𝐸)
]𝑚.

We say that 𝑇  has finite mass if (2.1) holds for some 𝜇 ∈ 𝐌0(𝐸). We denote by 𝐌𝑚(𝐸), 𝐌𝑚,𝑏(𝐸), the vector spaces of 𝑚-dimensional 
metric currents with finite mass and locally finite mass, respectively, so that 𝐌𝑚(𝐸) ⊆ 𝐌𝑚,𝑏(𝐸).

Remark 2.4 (Extensions of currents). Using the density of Lipschitz functions with bounded support in 𝐿1(𝐸, ‖𝑇 ‖), currents with 
locally finite mass can be canonically extended to ∞

bs(𝐸) ×
[

Lip(𝐸)
]𝑚 retaining properties (1)-(4). Analogously, currents with finite 

mass can be canonically extended to ∞(𝐸) ×
[

Lip(𝐸)
]𝑚 retaining properties (1)-(4). In particular, the possibility to extend currents 

with finite mass to Lipb(𝐸) ×
[

Lip(𝐸)
]𝑚 grants that our presentation is consistent with the axiomatization in [9], see also Remark 

2.10 below.

Definition 2.5 (Mass and support of currents). As in the case 𝑚 = 0, for 𝑇 ∈ 𝐌𝑚,𝑏(𝐸), we call mass and denote ‖𝑇 ‖ the least 
nonnegative measure 𝜇 ∈ 𝐌0,𝑏(𝐸) satisfying (2.1). When 𝑇 ∈ 𝐌𝑚(𝐸), the total mass of 𝑇  is defined by M(𝑇 ) ∶= ‖𝑇 ‖(𝐸) and one can 
easily show that (𝐌𝑚(𝐸),M) is a Banach space.

For 𝑇 ∈ 𝐌𝑚,𝑏(𝐸), the support of 𝑇  is defined as the closed set

supp 𝑇 ∶= supp ‖𝑇 ‖ = {𝑧 ∈ 𝐸 ∶ ‖𝑇 ‖(𝐵𝑟(𝑧)) > 0 ∀𝑟 > 0}.

If 𝛴 is any 𝜎-compact set with ‖𝑇 ‖(𝐸 ⧵ 𝛴) = 0, then 𝛴 ⧵ supp 𝑇  is contained in the union of countably many ‖𝑇 ‖-negligible open 
balls, thus ‖𝑇 ‖(𝐸 ⧵ supp 𝑇 ) = 0, i.e. ‖𝑇 ‖ is concentrated on supp 𝑇 .

Remark 2.6.  Arguing as in [7,9] one can prove that on open sets 𝐴 the mass measure ‖𝑇 ‖(𝐴) can be computed as follows:

sup
∑

𝜆∈𝛬
𝑇 (𝑓𝜆 d𝜋𝜆,1 ∧⋯ ∧ d𝜋𝜆,𝑚)

where the supremum runs among all finite families {(𝑓𝜆, 𝜋𝜆,1,… , 𝜋𝜆,𝑚)}𝜆∈𝛬, with 𝜋𝜆,𝑖 ∈ Lip1(𝐸) and ∑𝜆∈𝛬 |𝑓𝜆| ≤ 𝜒𝐴.

Along with the strong notion of convergence of currents given by the mass norm M, it is often useful to consider the usual weak 
convergence.

Definition 2.7 (Weak convergence). Let 𝑇𝑛, 𝑇 ∈ 𝐌𝑚,𝑏(𝐸), we say that 𝑇𝑛 is weakly convergent to 𝑇 , and write 𝑇𝑛 ⇀ 𝑇 , if

lim
𝑛→∞

𝑇𝑛(𝑓 d𝜋1 ∧… d𝜋𝑚) = 𝑇 (𝑓 d𝜋1 ∧… d𝜋𝑚)

for all (𝑓, 𝜋1,… , 𝜋𝑚) ∈ Lipbs(𝐸) ×
[

Lip(𝐸)
]𝑚.

Note that, by Remark  2.6, ‖𝑇 ‖(𝐴) is lower semicontinuous under weak convergence for any open set 𝐴 ⊆ 𝐸. Also, we introduce 
the push-forward operator in the class of local metric currents; in the class of Ambrosio–Kirchheim (i.e. currents with finite mass) 
the condition that the preimage under 𝜑 of bounded sets is bounded, which grants that 𝑓◦𝜑 ∈ Lipbs(𝐸), is not needed.

Definition 2.8 (Push-forward). Let 𝑇 ∈ 𝐌𝑚,𝑏(𝐸), let (𝐸′, 𝑑′) be another metric space and let 𝜑 ∈ Lip(𝐸,𝐸′) be such that 𝜑−1(𝐵) is 
bounded for any bounded set 𝐵 ⊆ 𝐸′. We define a function 𝜑#𝑇 ∶ Lipbs(𝐸′) ×

[

Lip(𝐸′)
]𝑚

→ R by

𝜑#𝑇 (𝑓 d𝜋1 ∧⋯ ∧ 𝜋𝑚) ∶= 𝑇 (𝑓◦𝜑 d(𝜋1◦𝜑) ∧⋯ ∧ d(𝜋𝑚◦𝜑))

and call it the push-forward under 𝜑 of 𝑇 . Note that 𝜑 𝑇 ∈ 𝐌 (𝐸′) with ‖𝜑 𝑇 ‖ ≤
[

Lip(𝜑)
]𝑚𝜑 ‖𝑇 ‖.
# 𝑚,𝑏 # #
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Definition 2.9 (Restriction). For 𝑇 ∈ 𝐌𝑚,𝑏(𝐸), 𝑔 ∈ ∞(𝐸), 𝜏 ∈
[

Lip(𝐸)
]𝑘, 0 ≤ 𝑘 ≤ 𝑚, we denote by 𝑇 (𝑔, 𝜏) ∈ 𝐌𝑚−𝑘,𝑏(𝐸) the 

restriction of 𝑇  to (𝑔, 𝜏), defined by 
𝑇 (𝑔 d𝜏1 ∧⋯ ∧ d𝜏𝑘)(𝑓 d𝜋1 ∧⋯ ∧ d𝜋𝑚−𝑘) ∶= 𝑇 (𝑓𝑔 d𝜏1 ∧⋯ ∧ d𝜏𝑘 ∧ d𝜋1 ∧⋯ ∧ d𝜋𝑚−𝑘).

 In the case 𝑘 = 0, notice that ‖𝑇 𝑔‖ = |𝑔|‖𝑇 ‖, so that M(𝑇 𝑔) = ∫𝐸 |𝑔| d‖𝑇 ‖ < ∞ if 𝑔 ∈ ∞
bs(𝐸). In that case, we will use the 

simplified notation 𝑔𝑇 ∶= 𝑇 𝑔. If 𝐵 ⊆ 𝐸 Borel, we will also denote 𝑇 𝐵 ∶= 𝑇 𝜒𝐵 = 𝜒𝐵𝑇 .

Remark 2.10.  Using multiplication by elements in ∞
bs(𝐸), several properties established for currents with finite mass can be 

immediately extended to currents with locally finite mass, in particular the alternating property, which justifies the ‘‘wedge’’ notation 
we used from the very beginning (alternatively, one can borrow results from [7]).

Definition 2.11 (Boundary). Let 𝑇 ∈ 𝐌𝑚,𝑏(𝐸). We define its boundary 𝜕𝑇 ∶ Lipbs(𝐸) ×
[

Lip(𝐸)
]𝑚−1

→ R by
𝜕𝑇 (𝑓 d𝜋1 ∧⋯ ∧ d𝜋𝑚−1) ∶= 𝑇 (𝜎 d𝑓 ∧ d𝜋1 ∧⋯ ∧ d𝜋𝑚−1),

where 𝜎 ∈ Lipbs(𝐸) is any function satisfying 𝜎|supp 𝑓 ≡ 1.

Notice that the definition above is well-posed by the locality property (3) of metric currents, as different choices of 𝜎 do not 
change the resulting current. Furthermore, we have the following Leibniz rule (see e.g. [7, Eq. (11)]): 

𝜕(𝑇 𝜌) = (𝜕𝑇 ) 𝜌 + 𝑇 d𝜌 ∀ 𝑇 ∈ 𝐌𝑚,𝑏(𝐸), 𝜌 ∈ Lip(𝐸). (2.2)

In general 𝜕𝑇  need not have finite or locally finite mass. This motivates the next definition.

Definition 2.12 (Normal and locally normal currents). We denote by 𝐍𝑚(𝐸) the class of all 𝑇 ∈ 𝐌𝑚(𝐸) such that 𝜕𝑇 ∈ 𝐌𝑚−1(𝐸). 
Elements of 𝐍1(𝐸) are called normal 𝑚-dimensional currents. The class 𝐍𝑚,𝑏(𝐸) ⊆ 𝐌𝑚,𝑏(𝐸) of locally normal 𝑚-dimensional currents 
is defined analogously, by requiring 𝜕𝑇 ∈ 𝐌𝑚−1,𝑏(𝐸).

Remark 2.13.  It is easy to see that weak convergence of normal currents is stable under the operation of boundary.
In the class of normal metric currents we have the following compactness theorem (cfr. [9, Theorem 5.2]).

Theorem 2.14 (Compactness). Let (𝑇𝑛) ⊆ 𝐍𝑚(𝐸) be such that sup𝑛(M(𝑇𝑛) +M(𝜕𝑇𝑛)) < ∞, satisfying the following equi-tightness condition: 
for every 𝜀 > 0 there exists a compact set 𝐾𝜀 ⊆ 𝐸 such that

‖𝑇𝑛‖(𝐸 ⧵𝐾𝜀) + ‖𝜕𝑇𝑛‖(𝐸 ⧵𝐾𝜀) < 𝜀 ∀𝑛 ∈ N.

Then there exists a subsequence (𝑇𝑛(𝑘)) weakly convergent to 𝑇 ∈ 𝐍𝑚(𝐸).

Using this result we can easily infer a suitable variant, holding for equi-bounded and equi-tight sequences of local currents.

Corollary 2.15 (Compactness for local currents). Let (𝑇𝑛) ⊆ 𝐍𝑚,𝑏(𝐸) be such that for any 𝐴 ⊆ 𝐸 open and bounded the following two 
conditions hold:
(1) sup𝑛(‖𝑇𝑛‖(𝐴) + ‖𝜕𝑇𝑛‖(𝐴)) < ∞;
(2) for every 𝜀 > 0 there exists a compact set 𝐾𝜀 ⊆ 𝐴 such that

‖𝑇𝑛‖(𝐴 ⧵𝐾𝜀) + ‖𝜕𝑇𝑛‖(𝐴 ⧵𝐾𝜀) < 𝜀 ∀𝑛 ∈ N.

Then there exists a subsequence (𝑇𝑛(𝑘)) weakly convergent to 𝑇 ∈ 𝐍𝑚,𝑏(𝐸).

Proof.  Let 𝜒 ∶ R → [0, 1] be a cut-off function s.t. 𝜒 ≡ 1 on (−∞, 0], 𝜒 ≡ 0 on [1,+∞), 𝜒 1-Lipschitz. Fix 𝑥̄ ∈ 𝐸 and set, for every 
𝑅 ∈ N, 𝜒𝑅 ∶ 𝐸 → [0, 1], 𝜒𝑅(𝑥) ∶= 𝜒(𝑑(𝑥, 𝑥̄) − 𝑅). We study the sequence (𝜒𝑅𝑇𝑛), with 𝑅 fixed. If 𝐵 is any Borel set, exploiting (2.2) 
and ‖𝑇𝑛 d𝜒𝑅‖ ≤ Lip(𝜒𝑅)‖𝑇𝑛‖ we obtain 

‖𝜒𝑅𝑇𝑛‖(𝐵) + ‖𝜕(𝜒𝑅𝑇𝑛)‖(𝐵) ≤ 2‖𝑇𝑛‖(𝐵 ∩ 𝐵𝑅+1(𝑥̄)) + ‖𝜕𝑇𝑛‖(𝐵 ∩ 𝐵𝑅+1(𝑥̄)). (2.3)

Then, combining (2.3) with the hypotheses on (𝑇𝑛), we are able to apply Theorem  2.14 to (𝜒𝑅𝑇𝑛). By a diagonal argument, there 
exists a subsequence (𝑇𝑛(𝑘)) such that 𝜒𝑅𝑇𝑛(𝑘) ⇀ 𝑇𝑅 for some 𝑇𝑅 ∈ 𝐍𝑚(𝐸), for all 𝑅 ∈ N. We then define a local 𝑚-dimensional 
current 𝑇  by

𝑇 (𝑓 d𝜋1 ∧⋯ ∧ 𝑑𝜋𝑚) ∶= 𝑇𝑅(𝑓 d𝜋1 ∧⋯ ∧ d𝜋𝑚), supp(𝑓 ) ⊆ 𝐵𝑅(𝑥̄),

where (𝑓, 𝜋) ∈ Lipbs(𝐸) × [Lip(𝐸)]𝑚. Note that, independently from the choice of 𝑅, we get (as 𝜒𝑅𝑓 = 𝑓 )

𝑇 (𝑓 d𝜋1 ∧⋯ ∧ 𝑑𝜋𝑚) = lim
𝑘→∞

𝑇𝑛(𝑘)(𝑓 d𝜋1 ∧⋯ ∧ 𝑑𝜋𝑚),

which proves both that 𝑇  is well-defined and the convergence 𝑇 ⇀ 𝑇 . □
𝑛(𝑘)
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Later in this work we will need the following estimate, stated and proved for simplicity only in the 1-dimensional case. 

Proposition 2.16.  Let 𝑇 ∈ 𝐍1,𝑏(𝐸), 𝑥0 ∈ 𝐸. Then 𝑇 𝐵𝑟(𝑥0) ∈ 𝐍1(𝐸) and 

‖𝜕(𝑇 𝐵𝑟(𝑥0))‖(𝜕𝐵𝑟(𝑥0)) ≤
d
d𝑟

‖𝑇 ‖(𝐵𝑟(𝑥0)) (2.4)

for a.e.  𝑟 > 0.

Proof.  By the local finiteness of the boundary mass, ‖𝜕𝑇 ‖(𝜕𝐵𝑟(𝑥0)) = 0 for almost all 𝑟 > 0.
Furthermore, the function 𝛼(𝑟) = ‖𝑇 ‖(𝐵𝑟(𝑥0)) is increasing, hence, it is almost everywhere differentiable. Fix a radius 𝑟 > 0

satisfying all these conditions Note that 𝑇 𝜌𝑛
𝑛→∞
⟶ 𝑇 𝐵𝑟(𝑥0) weakly, where

𝜌𝑛(𝑥) =

⎧

⎪

⎨

⎪

⎩

1 if 𝑥 ∈ 𝐵𝑟(𝑥0)
1 − 𝑛(𝑑(𝑥, 𝑥0) − 𝑟) if 𝑥 ∈ 𝐵𝑟+ 1

𝑛
(𝑥0) ⧵ 𝐵𝑟(𝑥0)

0 else.
Based on the conditions on 𝑟, the semicontinuity of mass with respect to weak convergence, Eq.  (2.2) and the fact that Lip(𝜌𝑛) ≤ 𝑛, 

we can conclude that

‖𝜕(𝑇 𝐵𝑟(𝑥0))‖(𝐸) ≤ lim inf
𝑛→∞

‖𝜕(𝑇 𝜌𝑛)‖(𝐸)

≤ lim inf
𝑛→∞

‖(𝜕𝑇 ) 𝜌𝑛‖(𝐸) + ‖𝑇 (𝜎 d𝜌𝑛)‖(𝐸)

= ‖𝜕𝑇 ‖(𝐵𝑟(𝑥0)) + lim inf
𝑛→∞

‖

‖

‖

𝑇
(

𝜎 d𝜌𝑛
)

‖

‖

‖

(𝐸)

= ‖𝜕𝑇 ‖(𝐵𝑟(𝑥0)) + lim inf
𝑛→∞

‖

‖

‖

𝑇
(

𝜒𝑛 d𝜌𝑛
)

‖

‖

‖

(𝐸)

≤ ‖𝜕𝑇 ‖(𝐵𝑟(𝑥0)) +
d
d𝑟

‖𝑇 ‖(𝐵𝑟(𝑥0)).

 with 𝜎 ∈ ∞
𝑏𝑠(𝐸) identically equal to 1 on 𝐵2𝑟(𝑥0) and 𝜒𝑛 the characteristic function of 𝐵𝑟+1∕𝑛(𝑥0) ⧵ 𝐵𝑟(𝑥0). This proves that 

𝑇 𝐵𝑟(𝑥0) ∈ 𝐍1(𝐸). By subtracting ‖𝜕(𝑇 𝐵𝑟(𝑥0))‖(𝐵𝑟(𝑥0)) = ‖𝜕𝑇 ‖(𝐵𝑟(𝑥0)) from both sides, we obtain (2.4). □

2.2. Curves in metric spaces

We introduce a few basic definitions about metric curves, i.e. continuous maps 𝛾 ∶ 𝐽 ⊆ R → 𝐸, where 𝐽 is an interval (possibly 
unbounded, not necessarily closed). Any restriction of 𝛾 to a subinterval 𝐽 ⊆ 𝐽 will be called a subcurve of 𝛾. A curve 𝛾 ∶ 𝐽 ⊆ R → 𝐸
is called an arc if it is injective.

Recall that 𝛾 ∈ AC([𝑎, 𝑏];𝐸) if 

𝑑(𝛾(𝑠), 𝛾(𝑡)) ≤ ∫

𝑡

𝑠
𝑔(𝑟) d𝑟 whenever 𝑎 ≤ 𝑠 ≤ 𝑡 ≤ 𝑏 (2.5)

for some 𝑔 ∈ 𝐿1(𝑎, 𝑏), so that in particular Lipschitz maps are absolutely continuous. For the following result, see for example [11, 
Theorem 9.2].

Definition 2.17 (Metric derivative). We define the metric derivative of 𝛾 at the point 𝑡 ∈ 𝐽 as the limit

lim
ℎ→0

𝑑(𝛾(𝑡 + ℎ), 𝛾(𝑡))
|ℎ|

whenever it exists and, in this case, we denote it by |𝛾̇|(𝑡).

Theorem 2.18.  For any 𝛾 ∈ AC([𝑎, 𝑏];𝐸) the metric derivative |𝛾̇|(𝑡) exists for 1-a.e. 𝑡 ∈ (𝑎, 𝑏), it belongs to 𝐿1(𝑎, 𝑏) and it is the least 
admissible 𝑔 in (2.5).

Definition 2.19 (length). The length 𝓁(𝛾) of a curve 𝛾 ∶ 𝐽 → 𝐸 is defined as

𝓁(𝛾) = sup

{𝑁−1
∑

𝑖=0
𝑑(𝛾(𝑡𝑖), 𝛾(𝑡𝑖+1)), 𝑡0,… , 𝑡𝑁 ∈ 𝐽 , 𝑡0 < ⋯ < 𝑡𝑁 , 𝑁 ∈ N

}

.

For 𝛾 ∈ ACloc(𝐽 ;𝐸), we have the formula 𝓁(𝛾) = ∫𝐽 |𝛾̇| d𝑡.

Definition 2.20 (Reparameterization). If 𝐽 , 𝐽 are intervals in R, we say that 𝛾̃ ∶ 𝐽 → 𝐸 is a reparameterization of 𝛾 ∶ 𝐽 → 𝐸 if there 
exists an increasing bijection 𝜙 ∶ 𝐽 → 𝐽 such that 𝛾̃ = 𝛾◦𝜙.

It will be convenient to localize in the ambient space 𝐸 the notion of length as follows. When 𝑈 ⊆ 𝐸 is an open set, we will 
make use of the notation 𝛾 𝑈 to denote the at most countable family (𝛽𝑖)𝑖∈𝐼  of subcurves of 𝛾 obtained by restricting 𝛾 to 𝛾−1(𝑈 ), 
which can be written as a countable disjoint union of open intervals in 𝐽 .
6 
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Definition 2.21 (Localization in 𝐸). Given a curve 𝛾 ∶ 𝐽 → 𝐸, we define the length of 𝛾 in a open set 𝑈 ⊆ 𝐸 as 

𝓁(𝛾 𝑈 ) =
∑

𝑖∈𝐼
𝓁(𝛽𝑖),

 where 𝛾 𝑈 = (𝛽𝑖)𝑖∈𝐼 . We say that 𝛾 has locally finite length in 𝐸 if 𝓁(𝛾 𝑈 ) < ∞ for any 𝑈 ⊆ 𝐸 bounded.

Note that 𝓁(𝛾) is invariant under reparametrizations, and hence the same is true for 𝓁(𝛾 𝑈 ). The localized length can be uniquely 
extended to a regular Borel measure 𝐹 ↦ 𝓁(𝛾 𝐹 ), 𝐹 ⊆ 𝐸 Borel, which in the case 𝛾 ∈ ACloc(𝐽 ;𝐸) is given by the formula 

𝓁(𝛾 𝐹 ) = ∫𝛾−1(𝐹 )
|𝛾̇| d𝑡 = 𝛾#(|𝛾̇|1 𝐽 )(𝐹 ) ∈ [0,∞].

Recall that, for 𝐽 ⊆ R Borel, [[𝐽 ]] ∈ 𝐌1,𝑏(R) denotes the elementary current associated to the integration on 𝐽 , namely 
[[𝐽 ]](𝑓, 𝜋) = ∫𝐽 𝑓𝜋′ d𝑡.

Definition 2.22.  Given 𝛾 ∈ Lip(𝐽 ;𝐸) with locally finite length in 𝐸, we associate to it the one-dimensional local current 
𝑇𝛾 ∈ 𝐌1,𝑏(𝐸) given by 𝑇𝛾 ∶= 𝛾#[[𝐽 ]], that is

𝑇𝛾 (𝑓 d𝜋) = ∫𝐽
𝑓 (𝛾(𝑡))(𝜋◦𝛾)′(𝑡) d𝑡, (𝑓, 𝜋) ∈ Lipbs(𝐸) × Lip(𝐸).

Assuming without loss of generality 𝐽 = (0, 1), note that if 𝛾 has finite length then it can be uniquely extended to [0, 1] and it 
holds

𝜕𝑇𝛾 = 𝛿𝛾(1) − 𝛿𝛾(0).

Using the definition of ‖𝑇𝛾‖ one can easily prove that 

‖𝑇𝛾‖ ≤ 𝛾#
(

|𝛾̇|1 𝐽
)

. (2.6)

Moreover, it is worth to mention that the area formula for metric-valued Lipschitz maps (see for instance [12,13]) gives 𝛾#
(

|𝛾̇|1

𝐽
)

= 𝑁1 𝛾(𝐽 ) with 𝑁(𝑥) = 0(𝛾−1(𝑥)).

3. Cyclic and acyclic currents

Definition 3.1.  For 𝑇 , 𝑆 ∈ 𝐌𝑚,𝑏(𝐸), 𝑆 is a subcurrent of 𝑇  if 

‖𝑇 ‖ = ‖𝑆‖ + ‖𝑇 − 𝑆‖. (3.1)

In this case, we denote this relationship by 𝑆 ≤ 𝑇 .

Remark 3.2.  Note that, to show that (3.1) holds, it is enough to check the identity ‖𝑇 ‖(𝐵) = ‖𝑆‖(𝐵) + ‖𝑇 −𝑆‖(𝐵) for all bounded 
open sets 𝐵. Furthermore, since the inequality ≤ always holds, it is enough to check the identity for specific family of bounded open 
sets exhausting 𝐸, as the family of open balls with fixed center and diverging radius.

Remark 3.3.  For any Borel set 𝐵 ⊆ 𝐸, it always holds 𝑇 𝐵 ≤ 𝑇 .

Remark 3.4.  If 𝑅 ≤ 𝑆 and 𝑆 ≤ 𝑇 , then 𝑅 ≤ 𝑇 . Indeed, the subadditivity of mass gives

‖𝑇 ‖ = ‖𝑆‖ + ‖𝑇 − 𝑆‖ = ‖𝑅‖ + ‖𝑆 − 𝑅‖ + ‖𝑇 − 𝑆‖ ≥ ‖𝑅‖ + ‖𝑇 − 𝑅‖

as well as the validity of the converse inequality.

Proposition 3.5.  If 𝑅 ≤ 𝑇  and 𝑆 ≤ 𝑇 − 𝑅 then 𝑅 ≤ 𝑅 + 𝑆 and 𝑅 + 𝑆 ≤ 𝑇 .

Proof.  We have

‖𝑇 ‖ = ‖𝑇 − 𝑅‖ + ‖𝑅‖ =

= ‖𝑇 − 𝑅 − 𝑆‖ + ‖𝑆‖ + ‖𝑅‖ ≥ ‖𝑇 − 𝑅 − 𝑆‖ + ‖𝑅 + 𝑆‖ ≥ ‖𝑇 ‖.

In particular, all the intermediate inequalities are equalities, and the conclusion follows. □

Proposition 3.6.  Let 𝑇 ∈ 𝐌𝑚,𝑏(𝐸), (𝑆𝑛)𝑛 ⊆ 𝐌𝑚,𝑏(𝐸), 𝑆𝑛 ≤ 𝑇  for all 𝑛 ∈ N, and suppose that 𝑆𝑛 ⇀ 𝑆 weakly as 𝑛 → ∞. Then 𝑆 ≤ 𝑇
and ‖𝑆 ‖(𝐴) → ‖𝑆‖(𝐴) for any bounded open set 𝐴 ⊆ 𝐸.
𝑛
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Proof.  Consider the sequence (𝑇 − 𝑆𝑛), converging weakly to 𝑇 − 𝑆. By the lower semicontinuity, for any bounded open set 𝐴, we 
have

‖𝑆‖(𝐴) + ‖𝑇 − 𝑆‖(𝐴) ≤ lim inf
𝑛→∞

‖𝑆𝑛‖(𝐴) + lim inf
𝑛→∞

‖𝑇 − 𝑆𝑛‖(𝐴)

≤ lim inf
𝑛→∞

[

‖𝑆𝑛‖(𝐴) + ‖𝑇 − 𝑆𝑛‖(𝐴)
]

= ‖𝑇 ‖(𝐴) < ∞,

which means thanks to Remark  3.2 that 𝑆 ≤ 𝑇 . In addition, the two inequalities used in the first line have to be equalities and the 
first one gives ‖𝑆‖(𝐴) = lim inf𝑛 ‖𝑆𝑛‖(𝐴). But, since this holds for any subsequence of (𝑆𝑛), we find ‖𝑆‖(𝐴) = lim𝑛 ‖𝑆𝑛‖(𝐴). □

Definition 3.7. 𝐶 ∈ 𝐌𝑚,𝑏(𝐸) is called a cycle of 𝑇 ∈ 𝐌𝑚,𝑏(𝐸) if 𝐶 ≤ 𝑇  and 𝜕𝐶 = 0. We say that 𝑇 ∈ 𝐌𝑚,𝑏(𝐸) is acyclic if 𝐶 = 0 is 
the only cycle of 𝑇 .

Theorem 3.8.  Every current 𝑇 ∈ 𝐌𝑚,𝑏(𝐸) contains a cycle 𝐶 such that 𝑇 −𝐶 is acyclic. In particular, any 𝑇 ∈ 𝐌𝑚,𝑏(𝐸) can be decomposed 
as 𝑇 = 𝐴 + 𝐶, where 𝐶 is a cycle of 𝑇  and 𝐴 is acyclic.

Proof.  We argue as in Section 4, introducing an auxiliary function to evaluate the masses of the subcurrents. Let 𝜁 ∶ 𝐸 → [0, 1]
be a continuous function with ∫𝐸 𝜁 d‖𝑇 ‖ < ∞ and with 𝑐𝑛 ∶= inf𝐵𝑛

𝜁 > 0 for all 𝑛 ∈ N where, as usual, 𝐵𝑛 ∶= 𝐵𝑛(𝑥̄) for some fixed 
𝑥̄ ∈ 𝐸. Set

𝜉(𝑇 ) ∶= sup
{

∫𝐸
𝜁 d‖𝐶‖ ∣ 𝐶 ≤ 𝑇 , 𝜕𝐶 = 0

}

.

Now, if we choose a cycle 𝐶1 ≤ 𝑇  such that ∫𝐸 𝜁 d‖𝐶1‖ > 𝜉(𝑇 )∕2, then 𝜉(𝑇 −𝐶1) ≤ 𝜉(𝑇 )∕2. Indeed, if the converse inequality were 
true, we could find 𝐶2 ≤ 𝑇 − 𝐶1 with ∫𝐸 𝜁 d‖𝐶2‖ > 𝜉(𝑇 )∕2. But then, Proposition  3.5 would give 𝐶1 + 𝐶2 ≤ 𝑇  and

∫𝐸
𝜁 d‖𝐶1 + 𝐶2‖ = ∫𝐸

𝜁 d‖𝐶1‖ + ∫𝐸
𝜁 d‖𝐶2‖ > 𝜉(𝑇 ),

a contradiction. Proceeding in this way (and assuming that the process never stops, otherwise the proof is trivial) we can find cycles 
𝐶𝑘 with 𝐶0 = 0, 𝜉(𝑇 −

∑𝑘
0 𝐶𝑖) ≤ 2−𝑘𝜉(𝑇 ) and

‖

‖

‖

𝑘
∑

𝑖=0
𝐶𝑖
‖

‖

‖

=
𝑘
∑

𝑖=0
‖𝐶𝑖‖ ≤ ‖𝑇 ‖ ∀ 𝑘 ∈ N.

By construction we have
𝑞
∑

𝑖=𝑝
‖𝐶𝑖‖(𝐵𝑛) ≤ 𝑐−1𝑛

𝑞
∑

𝑖=𝑝 ∫𝐵𝑛

𝜁 d‖𝐶𝑖‖ ≤ 𝑐−1𝑛

𝑞
∑

𝑖=𝑝
𝜉(𝑇 −

𝑖−1
∑

𝑗=0
𝐶𝑗 ) ≤ 𝑐−1𝑛 𝜉(𝑇 )

𝑞
∑

𝑖=𝑝
2−𝑖

for all 𝑛, 𝑝, 𝑞 ∈ N with 𝑝 ≤ 𝑞. Hence, since 𝑛 is arbitrary, the series ∑∞
𝑖=0 𝐶𝑖 defines a cycle 𝐶 ∈ 𝐌𝑚,𝑏(𝐸) with 𝐶 ≤ 𝑇 . Furthermore, 

Proposition  3.6 gives that 𝑇 − 𝐶 ≤ 𝑇 −
∑𝑘

𝑖=0 𝐶𝑖 for all 𝑘 ∈ N.
Finally, we conclude the proof by demonstrating that 𝐴 = 𝑇 − 𝐶 is acyclic. We do so by noting that if 𝐶̃ is a cycle of 𝐴, then 

𝐶̃ ≤ 𝑇 −
∑𝑘

𝑖=0 𝐶𝑖 for all 𝑘, and since 𝜉(𝑇 −
∑𝑘

𝑖=0 𝐶𝑖) → 0 as 𝑘 → ∞, we conclude that 𝐶̃ = 0. □

In the one-dimensional case 𝑚 = 1, we can push forward the decomposition of 𝑇 ∈ 𝐍1,𝑏(𝐸) by writing the acyclic part as a sum of 
subcurrents of finite boundary mass, with superposition holding also at the level of the boundaries. To do this we rely on Theorem 
1.5 in a fundamental way.

Theorem 3.9.  Let 𝑇 ∈ 𝐍1,𝑏(𝐸), then there exist currents 𝑆𝑖 ∈ 𝐍1,𝑏(𝐸) such that 𝑇 =
∑∞

𝑖=0 𝑆𝑖, 𝜕𝑆0 = 0 and 

‖𝜕𝑆𝑚‖(𝐸) < ∞, 𝑆𝑚 ≤ 𝑇 −
∑

𝑖<𝑚
𝑆𝑖, 𝜕𝑆𝑚 ≤ 𝜕𝑇 −

∑

𝑖<𝑚
𝜕𝑆𝑖 ∀𝑚 ∈ N. (3.2)

Proof.  We set 𝑆0 = 𝐶, where 𝐶 is a maximal cycle of 𝑇  given by Theorem  3.8. Now, fix some 𝑥̄ ∈ 𝐸. We will construct inductively 
the subcurrents (𝑆𝑖)𝑖≥1, ensuring that they satisfy the requirements (3.2) along with the additional condition 

‖𝜕𝑇𝑚‖(𝐵𝑚−1(𝑥̄)) = 0, (3.3)

where 𝑇𝑚 ∶= 𝑇 −
∑

𝑖<𝑚 𝑆𝑖. Notice that the conditions (3.2) inductively give 
∑

𝑖<𝑚
‖𝑆𝑖‖ ≤ ‖𝑇 ‖ and

∑

𝑖<𝑚
‖𝜕𝑆𝑖‖ ≤ ‖𝜕𝑇 ‖, (3.4)

so that ‖𝑇𝑚‖ ≤ ‖𝑇 ‖ and ‖𝜕𝑇𝑚‖ ≤ ‖𝜕𝑇 ‖.
Assuming that 𝑆0,… , 𝑆𝑚−1 have been constructed, we will then find 𝑆𝑚 ∈ 𝐍1,𝑏(𝐸) such that

𝑆𝑚 ≤ 𝑇𝑚, 𝜕𝑆𝑚 ≤ 𝜕𝑇𝑚, ‖𝜕𝑆𝑚‖(𝐸) < ∞ and ‖𝜕(𝑇𝑚 − 𝑆𝑚)‖(𝐵𝑚(𝑥̄)) = 0.

Let 𝑟𝑚,𝑛 ↑ ∞ as 𝑛 → ∞ be radii such that 𝑇𝑚 𝐵𝑟𝑚,𝑛 (𝑥̄) ∈ 𝐍1(𝐸) for each 𝑛 ∈ N (which exists thanks to Proposition  2.16) and that 
𝑟 ≥ 𝑚.
𝑚,1
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Fig. 1. .

For all 𝑛 ∈ N consider the measures (𝜂𝑚,𝑛)𝑛 obtained by applying Theorem  1.5 to 𝑇𝑚 𝐵𝑟𝑚,𝑛 (𝑥̄) ∈ 𝐍1(𝐸). That is, 𝑇𝑚 𝐵𝑟𝑚,𝑛 (𝑥̄) =
∫𝛩(𝐸) 𝑇𝛾 d𝜂𝑚,𝑛(𝛾) with 

‖𝑇𝑚 𝐵𝑟𝑚,𝑛 (𝑥̄)‖ = ∫𝛩(𝐸)
‖𝑇𝛾‖ d𝜂𝑚,𝑛(𝛾),

‖𝜕(𝑇𝑚 𝐵𝑟𝑚,𝑛 (𝑥̄))‖ = ∫𝛩(𝐸)
‖𝜕𝑇𝛾‖ d𝜂𝑚,𝑛(𝛾).

 and 𝜂𝑚,𝑛 is supported in 𝛩(𝐵𝑟𝑚,𝑛 (𝑥̄)). We define the Borel set

𝐴𝑚 ∶=
{

𝛾 ∈ 𝛩(𝐸) ∶ either 𝛾(0) ∈ 𝐵𝑚(𝑥̄) or 𝛾(1) ∈ 𝐵𝑚(𝑥̄)
}

and we consider the currents (see Fig.  1.)

𝑆𝑚,𝑛 ∶= ∫𝐴𝑚

𝑇𝛾 d𝜂𝑚,𝑛(𝛾).

It is easy to see that 

𝑆𝑚,𝑛 ≤ 𝑇𝑚 𝐵𝑟𝑚,𝑛 (𝑥̄) ≤ 𝑇𝑚 and 𝜕𝑆𝑚,𝑛 ≤ 𝜕(𝑇𝑚 𝐵𝑟𝑚,𝑛 (𝑥̄))

 and also that (𝜕𝑆𝑚,𝑛) 𝐵𝑚(𝑥̄) = (𝜕𝑇𝑚) 𝐵𝑚(𝑥̄) for all 𝑛 ∈ N (the equality of boundaries holds because the curves in the complement 
of 𝐴𝑚 start and end out of 𝐵𝑚(𝑥̄)). Also, the local finiteness of ‖𝜕𝑇 ‖ and the inequality ‖𝑇𝑚‖ ≤ ‖𝑇 ‖ yield a uniform estimate on the 
boundary masses: 

‖𝜕𝑆𝑚,𝑛‖(𝐸) = ∫𝐴𝑚

‖𝜕𝑇𝛾‖(𝐸) d𝜂𝑚,𝑛(𝛾) ≤ 2∫𝐴𝑚

‖𝜕𝑇𝛾‖(𝐵𝑚(𝑥̄)) d𝜂𝑚,𝑛(𝛾)

≤ 2‖𝜕(𝑇𝑚 𝐵𝑟𝑚,𝑛 (𝑥̄))‖(𝐵𝑚(𝑥̄)) ≤ 2‖𝜕𝑇 ‖(𝐵𝑚(𝑥̄)) < ∞.
(3.5)

We observe that, since for all 𝑚, 𝑛 ∈ N we have 

‖𝑆𝑚,𝑛‖ ≤ ‖𝑇 ‖ and ‖𝜕𝑆𝑚,𝑛‖ 𝐵𝑟𝑚,𝑛 (𝑥̄) ≤ ‖𝜕𝑇 ‖ 𝐵𝑟𝑚,𝑛 (𝑥̄),

 the sequence (𝑆𝑚,𝑛)𝑛 satisfies the hypotheses of Corollary  2.15, i.e. it is equi-locally bounded in 𝐍1,𝑏(𝐸) and locally equi-tight. 
Therefore, there exists, up to subsequences, a weak limit that we will denote by 𝑆𝑚.

By Proposition  3.6, 𝑆𝑚 ≤ 𝑇𝑚, and by lower semicontinuity of mass and (3.5) we get ‖𝜕𝑆𝑚‖(𝐸) ≤ 2‖𝜕𝑇 ‖(𝐵𝑚(𝑥̄)) < ∞. Furthermore, 
fixed any 𝐵 open bounded, for 𝑛 sufficiently large we have 

(𝜕𝑆𝑚,𝑛) 𝐵 ≤ 𝜕(𝑇𝑚 𝐵𝑟𝑚,𝑛 (𝑥̄)) 𝐵 = (𝜕𝑇𝑚) 𝐵,

 and so by applying again Proposition  3.6 we find that (𝜕𝑆𝑚) 𝐵 ≤ (𝜕𝑇𝑚) 𝐵, hence 𝜕𝑆𝑚 ≤ 𝜕𝑇𝑚 by Remark  3.2. We also have

‖𝜕(𝑇𝑚 − 𝑆𝑚)‖(𝐵𝑚(𝑥̄)) ≤ lim inf
𝑛

‖𝜕(𝑇𝑚 − 𝑆𝑚,𝑛)‖(𝐵𝑚(𝑥̄)) = 0,

that is, ‖𝜕𝑇𝑚+1‖(𝐵𝑚(𝑥̄)) = 0.
Finally, the thesis follows from the fact that the series ∑∞

𝑖=0 𝑆𝑖 converges (locally in mass, hence weakly) to a local 1-current 
𝑆, which must coincide with 𝑇 . Indeed, we have local absolute convergence, since for all 𝑚 ∈ N (3.4) gives ∑∞

𝑖=0 ‖𝑆𝑖‖ ≤ ‖𝑇 ‖. 
Furthermore, as 𝑇𝑚 ⇀ 𝑇 − 𝑆, by Proposition  3.6 we find that 𝑇 − 𝑆 ≤ 𝑇1 and from (3.3) we deduce that 𝜕(𝑇 − 𝑆) = 0. The fact that 
𝑇 = 𝑇 − 𝑆  is acyclic then implies that 𝑇 = 𝑆. □
1 0
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Remark 3.10.  The decomposition 𝑇 =
∑

𝑖 𝑆𝑖 given by Theorem  3.9 satisfies 

‖𝑇 ‖ =
∞
∑

𝑖=0
‖𝑆𝑖‖, ‖𝜕𝑇 ‖ = ‖𝜕(𝑇 − 𝑆0)‖ =

∞
∑

𝑖=1
‖𝜕𝑆𝑖‖. (3.6)

In particular, in order to prove Theorem  1.4, it is sufficient to show that it is true when M(𝜕𝑇 ) < ∞. Moreover, in the case M(𝑇 ) < ∞, 
combining (3.6) with Theorem  1.5, we obtain a measure 𝜂 over 𝛩(𝐸) which decomposes 𝑇  as in Theorem  1.4. Hence, it is necessary 
to work with the space of open ended curves 𝛤 (𝐸) only when 𝑇  has infinite mass.

4. Proof of the main result

4.1. Plan of the proof

To prove the main result, we will develop a construction which will enable the application of Theorem  1.5, which is the already 
known result for Ambrosio–Kirchheim normal metric currents. We will accomplish this by turning a given local current 𝑇  whose 
boundary has finite mass, which can be assumed with no loss of generality thanks to Theorem  3.9, into an Ambrosio–Kirchheim 
normal current, via an ad hoc conformal transformation of the ambient metric. A key step will be the a priori reduction to the case 
where the ambient metric space is 𝓁∞, since this will imply good topological properties of the completion of the space with respect 
to the new conformal metric.

4.2. Reduction to the case 𝐄 = 𝓁∞

By our assumption, see also Remark  2.1, the mass of a local current 𝑇 ∈ 𝐌1,𝑏(𝐸) is supported on a separable set, which allows 
us to reduce the problem to the case of complete separable metric spaces.

Now, consider 𝓁∞ = 𝓁∞(N;R) with the distance 𝑑∞ induced by the usual norm ‖ ⋅ ‖∞. We recall the following classical result 
(appeared first in [14]).

Theorem 4.1.  If (𝐸, 𝑑) is separable, then there exists an isometric embedding 𝑗 ∶ 𝐸 → 𝓁∞.

Hence, taken 𝑗 as in Theorem  4.1, we observe that it suffices to show the decomposability of 𝑗#𝑇 ∈ 𝐍1,𝑏(𝓁∞). Indeed, from our 
construction (which relies on Theorem  1.5) it will follow that almost every curve in the decomposition of 𝑗#𝑇  lies in supp(𝑇 ), hence, 
by completeness, in 𝐸 (here we naturally identify 𝑥 ∈ 𝐸 with 𝑗(𝑥)). Thus, from now on, we will work with (𝐸, 𝑑) = (𝓁∞, 𝑑∞).

4.3. Conformal transformation and properties

Let 𝑇 ∈ 𝐍1,𝑏(𝐸) be a locally normal 1-current in 𝐸. We aim to build a new distance 𝛿 on 𝐸 in order to be able to apply Theorem 
1.5 on 𝑇 , at least when ‖𝜕𝑇 ‖(𝐸) < ∞. We define 𝛿 by modifying 𝑑 in a Riemannian-like manner. For all 𝑥, 𝑦 ∈ 𝐸, we set the 
conformal distance1

𝛿(𝑥, 𝑦) ∶= inf

{

∫

1

0
𝑔(|𝛾(𝑡)|)|𝛾̇|(𝑡) d𝑡 ∣ 𝛾 𝑑-Lipschitz , 𝛾(0) = 𝑥, 𝛾(1) = 𝑦

}

, (4.1)

where the continuous function 𝑔 ∶ [0.∞) → [0,∞) is built as follows. Choose 𝑟𝑛 → ∞ such that the function 𝛼(𝑟) ∶= ‖𝑇 ‖(𝐵𝑟) is 
differentiable at 𝑟 = 𝑟𝑛 and ‖𝜕𝑇 ‖(𝜕𝐵𝑟𝑛 ) = 0, so that (see Proposition  2.16) 𝑇 𝐵𝑟𝑛 ∈ 𝐍1(𝐸) and 

‖𝜕(𝑇 𝐵𝑟𝑛 )‖(𝜕𝐵𝑟𝑛 ) ≤ 𝛼′(𝑟𝑛) < ∞ for all 𝑛. (4.2)

We define 

𝜙(𝑟) ∶= max
{

1, ‖𝑇 ‖(𝐵𝑟+1), max
𝑟𝑛≤𝑟

𝛼′(𝑟𝑛)
}

(4.3)

and 
𝑔(𝑟) ∶= 1

𝜙̃(𝑟)2𝑟
. (4.4)

where 𝜙̃ ≥ 𝜙 is a continuous function, which we can choose non-decreasing (as 𝜙 is non-decreasing).
We will denote by 𝐸 the completion of 𝐸 with respect to the distance 𝛿 and let

𝑖 ∶ (𝐸, 𝑑) → (𝐸, 𝛿)

denote the inclusion map. In addition, we will use the following notation:

• 𝐼 = 𝐸 ⧵ 𝑖(𝐸) denotes the set of points ‘‘at infinity’’ resulting from the completion;

1 Here by | ⋅ | we denote the norm ‖ ⋅ ‖ .
∞
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• 𝐵𝑟(𝑥) and 𝐵𝛿
𝑟 (𝑥) will be the open balls of radius 𝑟 and center 𝑥 in (𝓁∞, 𝑑) and (𝐸, 𝛿) respectively; when not specified, it is 

understood that 𝑥 = 0;
• Lip and Lip𝛿 will denote the Lipschitz functions in (𝐸, 𝑑) and (𝐸, 𝛿) respectively.
• M and M𝛿 , as well as ‖⋅‖ and ‖⋅‖𝛿 , will denote the total mass and the mass measures of currents in (𝐸, 𝑑) and (𝐸, 𝛿) respectively.
• Similarly, 𝓁(𝛾) and 𝓁𝛿(𝛾) will denote the length of a curve 𝛾 (and |𝛾̇|, |𝛾̇|𝛿 its metric derivative) in (𝐸, 𝑑) and (𝐸, 𝛿) respectively.

We will usually identify 𝑥 with 𝑖(𝑥) and 𝐸 with 𝑖(𝐸).

Proposition 4.2 (Comparison of distances in 𝐸). The two distances satisfy the following local inequalities:
(1) for all 𝑟 > 0 there exists 𝑐(𝑟) < ∞ such that

𝑐(𝑟)𝛿(𝑥, 𝑦) ≥ 𝑑(𝑥, 𝑦) ≥ 𝛿(𝑥, 𝑦) ∀ 𝑥, 𝑦 ∈ 𝐵𝑟;

(2) for all 𝑧 ∈ 𝐸, 𝜀 ∈ (0, |𝑧|∕2) one has 

𝑔(|𝑧| − 𝜀)𝑑(𝑥, 𝑦) ≥ 𝛿(𝑥, 𝑦) ∀𝑥, 𝑦 ∈ 𝐵𝜀(𝑧); (4.5)

(3) for all 𝑧 ∈ 𝐸 and 𝜀 > 0 small enough, there exists 𝜀 = 𝜀(|𝑧|, 𝜀) > 0 such that 

𝛿(𝑥, 𝑦) ≥ 𝑔(|𝑧| + 𝜀)𝑑(𝑥, 𝑦) ∀𝑥, 𝑦 ∈ 𝐵𝜀(𝑧). (4.6)

Furthermore, lim𝜀→0 𝜀(𝑟, 𝜀) = 0 for any 𝑟 > 0.

Proof.  The inequality 𝑑 ≥ 𝛿 easily follows from the fact that 𝑔 ≤ 1. To show the converse inequality in (1), we consider an arbitrary 
𝛾 such that 𝛾(0) = 𝑥, 𝛾(1) = 𝑦. If supp(𝛾) ⊆ 𝐵𝑟+1, then we have

∫

1

0
𝑔(|𝛾(𝑡)|) |𝛾̇|(𝑡) d𝑡 ≥ 𝑔(𝑟 + 1)𝓁(𝛾) ≥ 𝑔(𝑟 + 1)𝑑(𝑥, 𝑦).

On the other hand, if there exists 𝑡 > 0 such that 𝛾(𝑡) ∉ 𝐵𝑟+1, then

∫

1

0
𝑔(|𝛾(𝑡)|) |𝛾̇|(𝑡) d𝑡 ≥ ∫

𝑡

0
𝑔(|𝛾(𝑡)|) |𝛾̇|(𝑡) d𝑡 ≥

≥ 𝑔(𝑟 + 1) 𝑑(𝑥, 𝛾(𝑡)) ≥ 𝑔(𝑟 + 1) ≥ 𝑔(𝑟 + 1)
2𝑟

𝑑(𝑥, 𝑦).

The inequality then follows by choosing 𝑐(𝑟) ∶= max{1, 2𝑟}∕𝑔(𝑟 + 1).
For the inequality (4.5): we have

𝛿(𝑥, 𝑦) ≤ ∫

1

0
𝑔(|𝑡𝑦 + (1 − 𝑡)𝑥|)|𝑦 − 𝑥| d𝑡 ≤ 𝑔(|𝑧| − 𝜀)𝑑(𝑥, 𝑦)

where we used that 𝑡𝑦 + (1 − 𝑡)𝑥 ∈ 𝐵𝜀(𝑧) for all 𝑡 ∈ [0, 1] and that 𝑔 is decreasing.
For the last inequality we set 𝑟 = |𝑧| and 

𝜀(𝑟, 𝜀) ∶= inf
{

ℎ > 𝜀 ∶ ∫

𝑟+ℎ

𝑟+𝜀
𝑔(𝑠) d𝑠 ≥ 4𝜀

}

. (4.7)

Clearly 𝜀(𝑟, 𝜀) is well defined for 𝜀 small enough and goes to 0 as 𝜀 → 0. Note that, similarly to what we did for one of the inequalities 
in (1), for any 𝛾 connecting 𝑥 and 𝑦 such that supp(𝛾) ∩ 𝐵𝑐

𝑟+𝜀(𝑟,𝜀) ≠ ∅, we have

∫

1

0
𝑔(|𝛾(𝑡)|)|𝛾̇|(𝑡) d𝑡 ≥ ∫

𝑟+ℎ

𝑟+𝜀
𝑔(𝑠) d𝑠 ≥ 4𝜀 ≥ 2𝑑(𝑥, 𝑦) ≥ 2𝛿(𝑥, 𝑦),

for some ℎ > 𝜀 as in the definition of the infimum (4.7). Here the first inequality follows by the co-area formula applied to the 
Lipschitz function 𝑓 (𝑡) ∶= |𝛾(𝑡)|.

Hence, in the calculation of 𝛿(𝑥, 𝑦) we may restrict our attention to curves that are supported within 𝐵𝑟+𝜀(𝑟,𝜀). In particular, we 
obtain

𝛿(𝑥, 𝑦) ≥ 𝑔(𝑟 + 𝜀(𝑟, 𝜀)) inf

{

∫

1

0
|𝛾̇|(𝑡) d𝑡 ∶ 𝛾(0) = 𝑥, 𝛾(1) = 𝑦

}

= 𝑔(𝑟 + 𝜀(𝑟, 𝜀))𝑑(𝑥, 𝑦). □

Remark 4.3.  The function 𝜀(𝑟, 𝜀) we found in Proposition  4.2 (defined by (4.7)) is non-decreasing in 𝑟.

Remark 4.4.  From the previous estimates, it follows that the topology of 𝐸 coincides with the topology induced by (𝐸, 𝛿) on 𝐸. 
In particular, 𝑖(𝐵 ) is complete in (𝐸, 𝛿), 𝑖(𝐵 ) is an open set in 𝐸 and 𝑖(𝐵 ) ∩ 𝐼 = ∅ for all 𝑟 > 0.
𝑟 𝑟 𝑟

11 
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As an immediate consequence of Proposition  4.2, we obtain that the length of a curve in (𝐸, 𝛿) is actually given by the formula 
suggested by (4.1).

Proposition 4.5.  Let 𝛾 ∈ ACloc(𝐽 ; (𝐸, 𝑑)) (thus also 𝛾 ∈ ACloc(𝐽 ; (𝐸, 𝛿))), where 𝐽 ⊆ R is an interval. Then 

𝓁𝛿(𝛾) = ∫𝐽
𝑔(|𝛾(𝑡)|) |𝛾̇|(𝑡) d𝑡. (4.8)

Proof.  Since 𝓁𝛿(𝛾) = ∫𝐽 |𝛾̇|𝛿(𝑡) d𝑡, it suffices to show that 

|𝛾̇|𝛿(𝑡) = 𝑔(|𝛾(𝑡)|) |𝛾̇|(𝑡), for a.e. 𝑡 ∈ 𝐽 . (4.9)

An application of (4.5) of Proposition  4.2 with 𝑧 = 𝑥 = 𝛾(𝑡), 𝑦 = 𝛾(𝑡 + ℎ) yields 

𝛿(𝛾(𝑡), 𝛾(𝑡 + ℎ)) ≤ 𝑔(𝑟 − 𝜀)𝑑(𝛾(𝑡), 𝛾(𝑡 + ℎ)), (4.10)

where 𝑟 = |𝛾(𝑡)| and 𝜀 = 𝜀(ℎ) = 𝑑(𝛾(𝑡), 𝛾(𝑡 + ℎ)) → 0 as ℎ → 0. On the other hand, applying (4.6), again with 𝑧 = 𝑥 = 𝛾(𝑡), 𝑦 = 𝛾(𝑡 + ℎ), 
we obtain 

𝛿(𝛾(𝑡), 𝛾(𝑡 + ℎ)) ≥ 𝑔(𝑟 + 𝜀(𝑟, 𝜀)) 𝑑(𝛾(𝑡), 𝛾(𝑡 + ℎ)). (4.11)

Hence, passing to the limit ℎ → 0 in (4.10) and (4.11) and using the continuity of 𝑔 we get (4.9) at any 𝑡 ∈ 𝐽 where the metric 
derivatives |𝛾̇|(𝑡), |𝛾̇|𝛿(𝑡) exist. □

One of the key advantages of working with 𝐸 = 𝓁∞ is the validity of the following lemma. 

Lemma 4.6. 𝐼 = 𝐸 ⧵ 𝑖(𝐸) consists of exactly one point.

Proof.  We first consider the sequence (𝑐𝑛) ⊆ 𝐸 = 𝓁∞, where 𝑐𝑛 = (𝑛, 0, 0,…). The sequence is Cauchy in (𝐸, 𝛿) for any 𝑔 as in (4.4), 
since (for 𝑚 > 𝑛)

𝛿(𝑐𝑛, 𝑐𝑚) ≤ ∫

𝑚

𝑛
𝑔(𝑡) d𝑡 ≤ ∫

∞

𝑛
2−𝑡 d𝑡,

therefore it defines a point 𝑥∞ ∈ 𝐼 . We are now going to show that any sequence (𝑎𝑛) converging to an element 𝑥̃∞ ∈ 𝐼 gets 
arbitrarily close to the sequence (𝑐𝑛), this will provide the equality 𝑥∞ = 𝑥̃∞. Let (𝑎𝑛) be such a sequence, with 𝑎𝑛 = (𝑎1𝑛, 𝑎

2
𝑛,…). Since 

by Proposition  4.2 the topologies coincide on 𝑑-balls, we may assume lim𝑛→∞ ‖𝑎𝑛‖∞ = ∞.
It will then be enough to show that for any 𝑎 = (𝑎𝑛)𝑛 such that 𝑁 < ‖𝑎‖∞ < 2𝑁 it holds 𝛿(𝑎, 𝑐𝑁 ) ≤ 𝜀(𝑁), for some 𝜀(𝑁) → 0 as 

𝑁 → ∞. Clearly we can find 𝐾 ∈ N such that 𝑁 < ‖𝑎𝐾‖ < 2𝑁 . We will estimate 𝛿(𝑎, 𝑐𝑁 ) through the concatenation of the curves 
𝛾𝑖 = (𝛾𝑗𝑖 ) ∶ [0, 1] → 𝓁∞ 𝑖 = 1, 2, 3 which connects the two points.

We set

𝛾𝑚1 (𝑡) =

⎧

⎪

⎨

⎪

⎩

(1 − 𝑡)𝑎𝑚 if 𝑚 ≠ 𝐾,𝐾 + 1
𝑎𝐾 if 𝑚 = 𝐾
𝑡𝑁 + (1 − 𝑡)𝑎𝐾+1 if 𝑚 = 𝐾 + 1

𝛾𝑚2 (𝑡) =

{

(1 − 𝑡)𝛾11 (1) + 𝑡𝑁 if 𝑚 = 1
𝛾𝑚1 (1) else 

𝛾𝑚3 (𝑡) =

{

𝑁 if 𝑚 = 1
(1 − 𝑡)𝛾𝑚1 (1) else. 

We notice that 𝛾1(0) = 𝑎, 𝛾1(1) = 𝛾2(0), 𝛾2(1) = 𝛾3(0) and 𝛾3(1) = 𝑐𝑁 , furthermore ‖𝛾𝑖(𝑡)‖∞ ≥ 𝑁 and |𝛾̇𝑖|(𝑡) ≤ 3𝑁 for all 𝑡, 𝑖.
We see that 𝛾1⊕𝛾2⊕𝛾3 is a Lipschitz curve connecting 𝑎 and 𝑐𝑁 , therefore we can conclude the proof with the following estimate:

𝛿(𝑎, 𝑐𝑁 ) ≤
3
∑

𝑖=1
∫

1

0
𝑔(‖𝛾𝑖(𝑡)‖∞)|𝛾̇𝑖(𝑡)| d𝑡 ≤ 9𝑁 𝑔(𝑁) → 0 as 𝑁 → ∞. □

The unique ‘‘point at infinity’’ added by completing the space (𝐸, 𝛿) will be denoted by 𝑥∞.

Lemma 4.7.  For all 𝑟 > 0, 𝑥 ∈ 𝜕𝐵𝑟 there exists a curve 𝛾𝑥 ∶ [0, 1] → 𝐸 such that 𝛾𝑥(0) = 𝑥, 𝛾𝑥(1) = 𝑥∞, supp 𝛾𝑥 ⊆ 𝐵𝑐
𝑟  and 

‖𝑇𝛾𝑥‖𝛿(𝐸) = 𝓁𝛿(𝛾𝑥) = ∫ ∞
𝑟 𝑔(𝑠) d𝑠.

Proof.  The statement follows with the arc

𝛾̃(𝑡) =

{

1
1−𝑡𝑥 if 𝑡 ∈ [0, 1),

𝑥∞ if 𝑡 = 1.

12 
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It is easy to see that 𝛾̃ is continuous in [0, 1] with respect to (𝐸, 𝛿) and locally absolutely continuous in [0, 1) with respect to 𝑑. Then, 
using Proposition  4.5, one finds that

𝓁𝛿(𝛾̃𝑥) = ∫

1

0
𝑔
(

|𝑥|
1 − 𝑡

)

|𝑥|
(1 − 𝑡)2

d𝑡 = ∫

∞

𝑟
𝑔(𝑠) d𝑠. □

Remark 4.8. Lemma  4.6 and Lemma  4.7 were the only instances where we explicitly relied on the specific topological structure of 
𝓁∞. The rest of the construction we performed above would still be meaningful in any geodesic metric space (𝐸, 𝑑) (which somehow 
justifies the use of this generic notation for (𝓁∞, 𝑑∞)).

We now examine how the mass measure of local 1-currents is affected by the change of metric, exploiting Proposition  4.2.

Proposition 4.9.  Let 𝑆 ∈ 𝐌1,𝑏(𝐸), then
‖𝑆‖𝛿 = 𝑔(|𝑥|)‖𝑆‖.

Proof.  It is enough to prove the following estimate: for any 0 < 𝑅1 < 𝑅2, 
𝑔(𝑅2) ‖𝑆‖(𝐵𝑅2

⧵ 𝐵𝑅1
) ≤ ‖𝑆‖𝛿(𝐵𝑅2

⧵ 𝐵𝑅1
) ≤ 𝑔(𝑅1) ‖𝑆‖(𝐵𝑅2

⧵ 𝐵𝑅1
). (4.12)

Indeed, assume that (4.12) holds. Applying it to 𝑆 𝐵, where 𝐵 is an arbitrary bounded Borel set in 𝐸, let us say 𝐵 ⊆ 𝐵𝑅, we 
obtain

‖𝑆‖𝛿(𝐵) =
𝑛
∑

𝑖=0
‖𝑆‖𝛿(𝐵 ∩ 𝐵𝑅 𝑖

𝑛
⧵ 𝐵𝑅 𝑖−1

𝑛
) ≥

𝑛
∑

𝑖=0
𝑔
(

𝑅 𝑖
𝑛

)

‖𝑆‖(𝐵 ∩ 𝐵𝑅 𝑖
𝑛
⧵ 𝐵𝑅 𝑖−1

𝑛
)

= ∫ 𝑔
(

𝑅
𝑛

⌈

|𝑥|
𝑅∕𝑛

⌉

)

𝜒𝐵(𝑥) d‖𝑆‖(𝑥),

for all 𝑛 ∈ N, which passing to the limit 𝑛 → ∞ (by dominated convergence) yields

‖𝑆‖𝛿(𝐵) ≥ ∫𝐵
𝑔(|𝑥|) d‖𝑆‖(𝑥),

proving that ‖𝑆‖𝛿 ≥ 𝑔(|𝑥|)‖𝑆‖. The converse inequality can be shown in the same way, using the other estimate in (4.12).
Let us now prove (4.12) using directly the definition of mass. Fix any 0 < 𝜀 ≤ 𝑅1∕2. By the tightness assumption on ‖𝑆‖, for any 

𝜀 > 0, we can find a compact set 𝐾 ⊆ 𝐵𝑅2+𝜀 ⧵ 𝐵𝑅1+𝜀 such that

‖𝑆‖𝛿(𝐵𝑅2+𝜀 ⧵ (𝐵𝑅1+𝜀 ∪𝐾)) ≤ 𝜀.

Consider now a cover of 𝐾 made by open balls 𝐵𝜀(𝑥𝑛), 1 ≤ 𝑛 ≤ 𝑁 , with center 𝑥𝑛 ∈ 𝐾. Let {𝜙𝑛}, 0 ≤ 𝑛 ≤ 𝑁 , be a Lipschitz partition 
of unity in 𝐸 associated to the covering 𝐸 ⧵

⋃𝑁
𝑛=1 𝐵𝜀(𝑥𝑛), 𝐵2𝜀(𝑥1),… , 𝐵2𝜀(𝑥𝑁 ) and note that ∑𝑁

𝑛=1 𝜙𝑛 ≡ 1 on the union of the balls 
𝐵𝜀(𝑥𝑛). Recalling Remark  2.6, to estimate from above the quantity

‖𝑆‖𝛿

( 𝑁
⋃

𝑛=1
𝐵𝜀(𝑥𝑛)

)

,

we consider an arbitrary family (𝑓𝜆, 𝜋𝜆)𝜆∈𝛬 ⊆ Lip𝛿bs(𝐸) × Lip𝛿1(𝐸), for some finite set 𝛬, such that supp(𝑓𝜆) ⊆
⋃𝑁

𝑛=1 𝐵𝜀(𝑥𝑛) for all 𝜆 ∈ 𝛬
and ∑𝜆∈𝛬 |𝑓𝛬| ≤ 1. We have

∑

𝜆∈𝛬
𝑆(𝑓𝜆, 𝜋𝜆) =

∑

𝜆∈𝛬

𝑁
∑

𝑛=1
𝑆(𝑓𝜆𝜙𝑛, 𝜋𝜆) = 𝑔(𝑅1 − 𝜀)

𝑁
∑

𝑛=1

∑

𝜆∈𝛬
𝑆
(

𝑓𝜆𝜙𝑛, 𝜋̃𝜆
)

≤ 𝑔(𝑅1 − 𝜀)
𝑁
∑

𝑛=1
‖𝑆‖

(

𝐵𝜀(𝑥𝑛)
)

= 𝑔(𝑅1 − 𝜀) ‖𝑆‖

( 𝑁
⋃

𝑛=1
𝐵𝜀(𝑥𝑛)

)

,

where we used the locality property and the functions 𝜋̃𝜆 ∈ Lip1(𝐸), 1-Lipschitz extensions of the restriction of 𝜋𝜆∕𝑔(𝑅1 − 𝜀) to 
𝐵2𝜀(𝑥𝑛). The latter function is 1-Lipschitz thanks to (4.5) of Proposition  4.2. Hence,

‖𝑆‖𝛿

( 𝑁
⋃

𝑛=1
𝐵𝜀(𝑥𝑛)

)

≤ 𝑔(𝑅1 − 𝜀) ‖𝑆‖

( 𝑁
⋃

𝑛=1
𝐵𝜀(𝑥𝑛)

)

.

Finally we have
‖𝑆‖𝛿(𝐵𝑅2

⧵ 𝐵𝑅1+𝜀) ≤ ‖𝑆‖𝛿(𝐵𝑅2+𝜀 ⧵ 𝐵𝑅1+𝜀) ≤ 𝜀 + ‖𝑆‖𝛿(𝐾)

≤ 𝜀 + ‖𝑆‖𝛿

( 𝑁
⋃

𝑛=1
𝐵𝜀(𝑥𝑛)

)

≤ 𝜀 + 𝑔(𝑅1 − 𝜀) ‖𝑆‖

( 𝑁
⋃

𝑛=1
𝐵𝜀(𝑥𝑛)

)

(4.13)

≤ 𝜀 + 𝑔(𝑅1 − 𝜀) ‖𝑆‖(𝐵𝑅2+2𝜀 ⧵ 𝐵𝑅1
).
13 
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Then, by sending 𝜀 → 0, we infer the inequality
‖𝑆‖𝛿(𝐵𝑅2

⧵ 𝐵𝑅1
) ≤ 𝑔(𝑅1) ‖𝑆‖(𝐵𝑅2

⧵ 𝐵𝑅1
).

The converse inequality can be proved analogously with (4.6) of Proposition  4.2: for 𝜀 ∈ (0, 1) small enough to apply Eq.  (4.6) at 
𝑟 ≤ 𝑅2 + 1, we find a compact set 𝐾 ⊆ 𝐵𝑅2+𝜀 ⧵ 𝐵𝑅1+𝜀 such that

‖𝑆‖(𝐵𝑅2+𝜀 ⧵ (𝐵𝑅1+𝜀 ∪𝐾)) ≤ 𝜀.

Considering a finite covering of 𝐾 composed of open balls 𝐵𝜀(𝑥𝑛), 1 ≤ 𝑛 ≤ 𝑁 , each of radius 𝜀 and center 𝑥𝑛 ∈ 𝐾 and using a suitable 
partition of unity we find, analogously to the already discussed case (here we also use Remark  4.3),

‖𝑆‖

( 𝑁
⋃

𝑛=1
𝐵𝜀(𝑥𝑛)

)

≤ 1
𝑔(𝑅2 + 𝜀 + 𝜀(𝑅2, 2𝜀))

‖𝑆‖𝛿

( 𝑁
⋃

𝑛=1
𝐵𝜀(𝑥𝑛)

)

and then one concludes by performing a computation analogous to (4.13) and sending 𝜀 → 0. □

Remark 4.10.  Note that the 0-currents in 𝐸 can be canonically identified the 0-currents in (𝐸, 𝛿) supported in 𝑖(𝐸), and their 
masses are not affected by the change of metric.

The following result, which shows that the choice of the ‘‘optimal’’ curves is somehow independent of the metric, will be an 
important ingredient in the conclusion of the proof of Theorem  1.4.

Lemma 4.11.  Let 𝑆 ∈ 𝐌1(𝐵𝑅, 𝑑) (and so also 𝑆 ∈ 𝐌1(𝐵𝑅, 𝛿)) be such that there exists a positive Borel measure 𝜂 in 𝛩(𝐵𝑅) such that

𝑆 = ∫𝛩(𝐵𝑅)
𝑇𝛾 d𝜂(𝛾).

Then

‖𝑆‖ = ∫𝛩(𝐵𝑅)
‖𝑇𝛾‖ d𝜂(𝛾) if and only if ‖𝑆‖𝛿 = ∫𝛩(𝐵𝑅)

‖𝑇𝛾‖𝛿 d𝜂(𝛾).

Proof.  Assume that ‖𝑇 ‖ = ∫𝛩(𝐵𝑅)
‖𝑇𝛾‖ d𝜂(𝛾). Then, applying Proposition  4.9 to the 1-currents 𝑆 and 𝑇𝛾 , 𝛾 ∈ 𝛩(𝐵𝑅), we get

‖𝑆‖𝛿 = 𝑔(|𝑥|)‖𝑆‖ = ∫𝛩(𝐵𝑅)
𝑔(|𝑥|) ‖𝑇𝛾‖ d𝜂(𝛾) = ∫𝛩(𝐵𝑅)

‖𝑇𝛾‖𝛿 d𝜂(𝛾).

The converse implication is proven in the same way, using that ‖𝑆‖ = (𝑔(|𝑥|))−1‖𝑆‖𝛿 (as 𝑔 > 0). □

4.4. Extension of 𝐓 to (𝐄, 𝜹)

In this section we show how the conformal change of metric described in Section 4.3 allows us to extend 𝑇  to a normal current 
on (𝐸, 𝛿), to which we will be able to apply Theorem  1.5. We shall define 

𝑇 ∶= lim
𝑟→∞

𝑖#(𝑇 𝐵𝑟), (4.14)

where the limit is in mass. In particular, it will follow that 𝑇  has finite mass.

Proposition 4.12.  If 𝑇 ∈ 𝐍1,𝑏(𝐸) the limit lim𝑟→∞ 𝑖#(𝑇 𝐵𝑟) is a well-defined element 𝑇  of 𝐌1(𝐸) (in particular 𝑇  has finite mass).

Proof.  Applying Proposition  4.9 (actually just estimate (4.12)) with 𝑆 = 𝑇  and using that 𝑔(𝑟) ≤ 2−𝑟(‖𝑇 ‖(𝐵𝑟+1))−1 (recall its 
definition in (4.4)) for 𝑟 ∈ N one infers that

‖𝑇 ‖𝛿(𝐵𝑟2 ⧵ 𝐵𝑟1 ) ≤
∞
∑

𝑟=⌊𝑟1⌋
‖𝑇 ‖𝛿(𝐵𝑟+1 ⧵ 𝐵𝑟) ≤

∞
∑

𝑟=⌊𝑟1⌋
2−𝑟 ∀𝑟2 ≥ 𝑟1.

Hence, for any sequence (𝑟𝑛) with 𝑟𝑛 → ∞ the sequence (𝑖#(𝑇 𝐵𝑟𝑛 )) is Cauchy in mass and the limits are all the same. □

Now, it remains to verify that 𝜕𝑇  still has finite mass, if 𝜕𝑇  does so. Note that, for this purpose, the topological properties of 
𝐸 = 𝓁∞ described in Lemma  4.6 and Lemma  4.7 are essential for the validity of the result, as shown by the following example. 

Example 4.13.  Let 𝐸 ∶= ([0,∞) × {0}) ∪
⋃

𝑛∈N({𝑛} × [0,∞)) ⊆ R2 with the induced Euclidean distance and consider the geodesic 
distance on 𝐸 defined by the relation

𝑑(𝑥, 𝑦) ∶= inf {𝓁(𝛾) ∣ 𝛾 ∈ Lip([0, 1], 𝐸), 𝛾(0) = 𝑥, 𝛾(1) = 𝑦} .

Consider the current 𝑇 ∶=
∑∞

𝑛=0[[𝑇𝛾𝑛 ]], with 𝛾𝑛 as in Fig.  2. It is easy to see that 𝑇  has locally finite mass and that 𝜕𝑇 = 0. On the 
other hand, the corresponding current 𝑇  in (𝐸, 𝛿) constructed as above does not have finite boundary mass.
14 
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Fig. 2. .

Fig. 3. .

Fig. 4. .

As anticipated, under our assumptions the current 𝜕𝑇  has finite mass. More precisely, we have the following statement.

Proposition 4.14.  For all 𝑇 ∈ 𝐍1,𝑏(𝐸) one has M𝛿(𝜕𝑇 ) ≤ 2M(𝜕𝑇 ).

Proof.  Let 𝑇𝑟 ∶= 𝑇 𝐵𝑟. We work with 𝑟 ∈ {𝑟𝑛} (without explicitly relabeling the sub-sequence), so that (4.2) holds. In particular, 
𝑇𝑟 is normal, hence by Theorem  1.5 we can write 𝑇𝑟 = 𝐴𝑟 + 𝐶𝑟, where 𝜕𝐶𝑟 = 0, 𝐶𝑟 ≤ 𝑇𝑟 and 𝐴𝑟 acyclic. Also, the current 𝐴𝑟 enjoys 
the representation ∫𝛩(𝐵𝑟)

𝑇𝛾 d𝜂𝑟(𝛾) with 

‖𝐴𝑟‖ = ∫𝛩(𝐵𝑟)
‖𝑇𝛾‖ d𝜂𝑟(𝛾), ‖𝜕𝐴𝑟‖ = ‖𝜕𝑇𝑟‖ = ∫𝛩(𝐵𝑟)

‖𝜕𝑇𝛾‖ d𝜂𝑟(𝛾). (4.15)

Set

𝐸𝑟 ∶=
{

𝛾 ∈ 𝛩(𝐵𝑟) ∣ 𝛾(0) ∈ 𝜕𝐵𝑟, 𝛾(1) ∈ 𝜕𝐵𝑟
}

.

Now, we construct a new current 𝑇𝑟 by modifying those curves in the decomposition above which lie in 𝐸𝑟. Namely, given a curve 
𝛾 ∈ 𝐸𝑟 we replace it with the closed curve 𝛼(𝛾) = 𝛼1(𝛾)⊕𝛾⊕𝛼2(𝛾), where 𝛼1(𝛾), 𝛼2(𝛾) denote the two half-lines from the origin which 
connect 𝑥∞ to 𝛾(0) and 𝛾(1) to 𝑥∞ respectively, see Fig.  3.

That is, we define (see also Fig.  4)

𝑇𝑟 ∶= 𝑇𝛼(𝛾) d𝜂𝑟(𝛾) + 𝑇𝛾 d𝜂𝑟(𝛾) + 𝐶𝑟,
∫𝐸𝑟
∫𝐸𝑐

𝑟

15 
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so that

𝜕𝑇𝑟 ∶= ∫𝐸𝑐
𝑟

𝜕𝑇𝛾 d𝜂𝑟(𝛾).

Note that here we heavily exploited the topological information given by Lemma  4.6. Also, the linear structure of 𝐸 = 𝓁∞ allowed 
us to use curves 𝛼1, 𝛼2 which satisfy Lemma  4.7 (which will be useful in the following), namely half-lines from the origin.

We claim that 
lim
𝑟→∞

M𝛿(𝑇𝑟 − 𝑇𝑟) = 0. (4.16)

Assuming that (4.16) is true, then the mass of 𝜕𝑇  can be controlled using only the boundary mass of those curves in 𝐸𝑐
𝑟  which, by 

definition, have at least an extremal in the interior of 𝐵𝑟, and thus contribute to ‖𝜕𝑇 ‖(𝐵𝑟). Indeed,

‖𝜕𝑇𝑟‖(𝐸) ≤ ∫𝐸𝑐
𝑟

‖𝜕𝑇𝛾‖(𝐸) d𝜂𝑟(𝛾) ≤ 2∫𝐸𝑐
𝑟

‖𝜕𝑇𝛾‖(𝐵𝑟) d𝜂𝑟(𝛾)

≤ 2∫𝛩(𝐵𝑟)
‖𝜕𝑇𝛾‖(𝐵𝑟) d𝜂𝑟(𝛾) = 2‖𝜕𝑇𝑟‖(𝐵𝑟) ≤ 2M(𝜕𝑇 )

since (𝜕𝑇𝑟) 𝐵𝑟 = (𝜕𝑇 ) 𝐵𝑟. To be more precise, since 𝑇𝑟 → 𝑇  in mass in 𝐌1(𝐸) by construction, then (4.16) immediately implies 
M𝛿(𝑇𝑟 − 𝑇 ) → 0, which gives us, for any 𝑓 ∈ Lip𝛿(𝐸) with sup |𝑓 | ≤ 1,

𝜕𝑇 (𝑓 ) = 𝑇 (1 d𝑓 ) = lim
𝑟
𝑇𝑟(1 d𝑓 ) = lim

𝑟
𝜕𝑇𝑟(1 d𝑓 ) ≤ 2M(𝜕𝑇 ).

The convergence (4.16) can be proved through a direct estimate, using the fact that (by construction) 𝑔(𝑡) ≤ 2−𝑡( d
d𝑟‖𝑇 ‖(𝐵𝑟))−1 for 

any 𝑟 ∈ {𝑟𝑛}, 𝑡 ≥ 𝑟. Indeed

M𝛿(𝑇𝑟 − 𝑇𝑟) ≤ ∫𝐸𝑟

(‖𝑇𝛼1(𝛾)‖𝛿 + ‖𝑇𝛼2(𝛾)‖𝛿) d𝜂𝑟(𝛾) = 2𝜂𝑟(𝐸𝑟) ∫

∞

𝑟
𝑔(𝑡) d𝑡

≤ ‖𝜕𝑇𝑟‖(𝜕𝐵𝑟)∫

∞

𝑟
𝑔(𝑡) d𝑡 ≤ d

d𝑟
‖𝑇 ‖(𝐵𝑟)∫

∞

𝑟
𝑔(𝑡) d𝑡

≤ ∫

∞

𝑟
2−𝑡 d𝑡 → 0 as 𝑟 → ∞,

where we also exploited the following consequence of (4.15):

‖𝜕𝑇𝑟‖(𝜕𝐵𝑟) ≥ ∫𝐸𝑟

‖𝜕𝑇𝛾‖(𝜕𝐵𝑟) d𝜂𝑟(𝛾) = 2𝜂𝑟(𝐸𝑟). □

Corollary 4.15.  For any 𝑇 ∈ 𝐍1,𝑏(𝐸) such that ‖𝜕𝑇 ‖(𝐸) < ∞, the current 𝑇  built by lim𝑟 𝑇 𝐵𝑟 belongs to 𝐍1(𝐸). In particular, there 
exists a measure 𝜂 over 𝛩(𝐸) that decomposes 𝑇  into curves as in Theorem  1.5.

We also notice that, as a consequence of Lemma  4.11, acyclicity is preserved by the transformation 𝑇 ↦ 𝑇 .

Lemma 4.16.  If 𝑇 ∈ 𝐍1,𝑏(𝐸) is acyclic, then 𝑇  is acyclic in 𝐸.

Proof.  Let 𝑆 ∈ 𝐌1(𝐸) s.t. 𝑆 ≤ 𝑇  and 𝜕𝑆 = 0. Then 𝑆 naturally defines a local current on 𝐸 with no boundary (since any 𝑓 ∈ Lip(𝐸)
with bounded support is also an element of Lip𝛿(𝐸)). Recalling Remark  3.2, to obtain that 𝑆 = 0 from the acyclicity of 𝑇  it remains 
to check that

‖𝑆‖(𝐵𝑅) + ‖𝑇 − 𝑆‖(𝐵𝑅) = ‖𝑇 ‖(𝐵𝑅)

for arbitrarily large 𝑅. By hypothesis, we have the identity of measures 
‖𝑆‖𝛿 + ‖𝑇 − 𝑆‖𝛿 = ‖𝑇 ‖𝛿 . (4.17)

Apply then Theorem  1.5 to find, for a.e. 𝑅 > 0, two measures 𝜂1, 𝜂2 on 𝛩(𝐵𝑅) which decompose in curves 𝑆 𝐵𝑅, (𝑇 − 𝑆) 𝐵𝑅
respectively (hence, 𝜂1 + 𝜂2 decomposes 𝑇 𝐵𝑅) such that, on the ball 𝐵𝑅,

‖𝑆‖ = ∫𝛩(𝐵𝑅)
‖𝑇𝛾‖ d𝜂1, ‖𝑇 − 𝑆‖ = ∫𝛩(𝐵𝑅)

‖𝑇𝛾‖ d𝜂2.

By Lemma  4.11, it also holds

‖𝑆‖𝛿 = ∫𝛩(𝐵𝑅)
‖𝑇𝛾‖𝛿 d𝜂1, ‖𝑇 − 𝑆‖𝛿 = ∫𝛩(𝐵𝑅)

‖𝑇𝛾‖𝛿 d𝜂2.

on 𝐵𝑅. Putting this together with (4.17) we obtain on 𝐵𝑅 the identity of measures

‖𝑇 ‖𝛿 = ‖𝑇𝛾‖𝛿 d(𝜂1 + 𝜂2).
∫𝛩(𝐵𝑅)
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Thus, applying another time Lemma  4.11,

‖𝑇 ‖(𝐵𝑅) = ∫𝛩(𝐵𝑅)
‖𝑇𝛾‖(𝐵𝑅) d(𝜂1 + 𝜂2) = ‖𝑆‖(𝐵𝑅) + ‖𝑇 − 𝑆‖(𝐵𝑅). □

4.5. An auxiliary topology on open ended curves with locally finite length in 𝐸

Let again (𝐸, 𝑑) be any complete metric space, as in Theorem  1.4. We equip the set of curves 𝛤 (𝐸) with the weak topology of 
local currents. That is, we define 𝜏𝛤  as the smallest topology on 𝛤 (𝐸) such that the functions

𝛽 ∈ 𝛤 (𝐸) ↦ 𝑇𝛽 (𝑓 d𝜋)

are continuous, where (𝑓, 𝜋) ∈ Lipbs(𝐸) × Lip(𝐸).
A fundamental system of neighborhoods of 𝛽 ∈ 𝛤 (𝐸) is given by finite intersection of sets of the form 

{

𝛽 ∈ 𝛤 (𝐸) ∣ ||
|

𝑇𝛽 (𝑓 d𝜋) − 𝑇𝛽 (𝑓 d𝜋)||
|

< 𝜆
}

(4.18)

for 𝜆 > 0 and 𝑓 ∈ Lipbs(𝐸), 𝜋 ∈ Lip(𝐸).

Remark 4.17.  By Remark  2.6, the maps 𝛽 ↦ ‖𝑇𝛽‖(𝐴), 𝛽 ↦ ‖𝜕𝑇𝛽‖(𝐴) are lower semicontinuous on (𝛤 (𝐸), 𝜏𝛤 ) for any open set 𝐴 ⊆ 𝐸. 
Then, by a straightforward application of Dynkin’s 𝜋-𝜆 theorem one deduces that in general these maps are Borel-measurable for 
𝐴 ⊆ 𝐸 Borel, since the family

𝑅 ∶= {𝐴 ∈ (𝐵𝑅(𝑥̄)) ∶ 𝛽 ↦ ‖𝑇𝛽‖(𝐴), 𝛽 ↦ ‖𝜕𝑇𝛽‖(𝐴) are Borel}
is a Dynkin system, for all 𝑅 > 0 (where we have fixed 𝑥̄ ∈ 𝐸).

We recall the following simple result linking the Paolini–Stepanov topology on compact Lipschitz curves (see Definition  1.1) 
with the weak convergence of currents (see [4, Lemma 4.1]).

Lemma 4.18.  Let (𝛾𝑛)𝑛 ⊆ 𝛩(𝐸) be a sequence of curves with sup𝑛 𝓁(𝛾𝑛) < ∞. If 𝛾𝑛 → 𝛾 in 𝛩(𝐸) for some 𝛾 ∈ 𝛩(𝐸), then 𝑇𝛾𝑛 → 𝑇𝛾 weakly.

4.6. Conclusion

We are now ready to prove our main Theorem.

Proof of Theorem  1.4.  It is not restrictive to work in the case M(𝜕𝑇 ) < ∞, since our result is valid for general 𝑇 ∈ 𝐍1,𝑏(𝐸) once 
it holds for the currents (𝑆𝑖)𝑖 which decompose 𝑇  as in Theorem  3.9 (see also Remark  3.10). Also, as discussed at the beginning 
of Section 4.2, we may assume 𝐸 = 𝓁∞; this will allow us to apply our machinery. First, the decomposition 𝑇 = 𝐴 + 𝐶 with 
𝐴, 𝐶 ∈ 𝐍1,𝑏(𝐸), 𝐶 ≤ 𝑇 , 𝜕𝐶 = 0 and 𝐴 acyclic is given by Theorem  3.8.

By Corollary  4.15, we can find a positive finite measure 𝜂 in 𝛩(𝐸), supported on {𝛾 ∶ M𝛿(𝑇𝛾 ) = 𝓁𝛿(𝛾)}, such that

𝑇 = ∫𝛩(𝐸)
𝑇𝛾 d𝜂(𝛾), (4.19)

‖𝑇 ‖𝛿 = ∫𝛩(𝐸)
‖𝑇𝛾‖𝛿 d𝜂(𝛾), (4.20)

and, moreover, if 𝑇 = 𝐴 is acyclic (since then also 𝑇  is acyclic by Lemma  4.16), 

‖𝜕𝑇 ‖𝛿 = ∫𝛩(𝐸)
‖𝜕𝑇𝛾‖𝛿 d𝜂(𝛾), (4.21)

and 𝜂-a.e. 𝛾 ∈ 𝛩(𝐸) is an arc.
In the sequel, an open ended subcurve 𝛽 of 𝛾 ∈ 𝛩(𝐸) is said to be a 𝑥∞-subcurve if 𝛽 ∶ (𝑎, 𝑏) → 𝐸 is a subcurve of 𝛾 and (𝑎, 𝑏) is 

a connected component of {𝑡 ∈ (0, 1) ∶ 𝛾(𝑡) ≠ 𝑥∞}.
Next, for 𝐹 ⊆ 𝛤 (𝐸) we define the application 𝑝𝐸 (𝛾, 𝐹 ) ∶ 𝛩(𝐸) → N ∪ {∞} as 

𝑝𝐸 (𝛾, 𝐹 ) ∶=
∑

𝛽∈𝐹
𝑛𝛾 (𝛽), (4.22)

where 𝑛𝛾 (𝛽) is the number of times a 𝑥∞-subcurve 𝛽 ∈ 𝛤 (𝐸) occurs as a subcurve of 𝛾 (in particular when 𝛾((0, 1)) ⊆ 𝐸 we have 
that 𝑛𝛾 (𝛽) > 0 iff 𝛽 = 𝛾|(0,1)). Notice that for 𝜂-a.e. 𝛾 all the subcurves 𝛽 have finite 𝛿-length because 𝛾 has finite length in (𝐸, 𝛿) (in 
particular 𝛾 and its subcurves 𝛽 have locally finite 𝑑-length in 𝐸 thanks to Proposition  4.5 applied to the elements of 𝛾 𝑈 , for 𝑈
open bounded). In addition, they all lie in supp(𝑇 ) for 𝜂-a.e. 𝛾 (as supp(𝑇 ) ⊆ supp(𝑇 ) ∪ {𝑥∞}) and they are all arcs if 𝛾 is an arc.

We use 𝑝𝐸 to define a kind of push-forward measure 𝜂 ∶= (𝑝𝐸 )#𝜂, that is 

𝜂(𝐹 ) ∶= 𝑝𝐸 (𝛾, 𝐹 ) d𝜂(𝛾) (4.23)
∫𝛩(𝐸)
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for a generic Borel set 𝐹 ⊆ 𝛤 (𝐸). Thanks to Lemma  4.21 below, definition (4.23) is well-posed. From the definition, one can easily 
infer the change-of-variables formula 

∫𝛤 (𝐸)
ℎ(𝛽) d𝜂(𝛽) = ∫𝛩(𝐸)

∑

{𝛽∶ 𝑛𝛾 (𝛽)>0}
𝑛𝛾 (𝛽)ℎ(𝛽) d𝜂(𝛾) (4.24)

for any ℎ ∈ 𝐿1(𝛤 (𝐸), 𝜂) or ℎ nonnegative and Borel.
Choosing ℎ(𝛽) = ‖𝑇𝛽‖𝛿(𝐵𝑅) in (4.24) (see Remark  4.17) and using (4.20) one obtains 

∫𝛤 (𝐸)
‖𝑇𝛽‖𝛿(𝐵𝑅) d𝜂(𝛽) = ‖𝑇 ‖𝛿(𝐵𝑅), (4.25)

where we have also exploited that for 𝜂-a.e. 𝛾 it holds M𝛿(𝑇𝛾 ) = 𝓁𝛿(𝛾), and thus
‖𝑇𝛾‖𝛿 =

∑

{𝛽∶ 𝑛𝛾 (𝛽)>0}
𝑛𝛾 (𝛽)‖𝑇𝛽‖𝛿 .

In particular, if we choose
ℎ(𝛽) = 𝑇𝛽 (𝜔), 𝜔 = (𝑓, 𝜋) ∈ Lipbs(𝐸) × Lip(𝐸), supp(𝑓 ) ⊆ 𝐵𝑅

then ℎ ∈ 𝐿1(𝛤 (𝐸), 𝜂) (as ℎ ∈ 𝐿1(𝛤 (𝐸), 𝜂) (as |ℎ(𝛽)| ≤ ‖𝑇𝛽‖𝛿 Lip𝛿(𝜋 𝐵𝑅) sup |𝑓 |). Therefore, we can apply (4.24) to ℎ getting exactly 
(1.2).

Then, from Lemma  4.11 we obtain that (4.25) also implies

∫𝛤 (𝐸)
‖𝑇𝛽‖(𝐵𝑅) d𝜂(𝛽) = ‖𝑇 ‖(𝐵𝑅),

and thus, since 𝑅 > 0 is arbitrary, the inequality of measures ‖𝑇 ‖ ≤ ∫𝛤 (𝐸) ‖𝑇𝛽‖ d𝜂(𝛽) must be an equality, proving (1.3).
Finally, for 𝑇  acyclic, choosing ℎ(𝛼) = ‖𝜕𝑇𝛼‖(𝐵𝑅), one immediately obtains (1.4) from (4.21). Indeed (recall Remark  4.10 and 

note that the boundary points in 𝐸 of an arc 𝛾 ∈ 𝛩(𝐸) are exactly the union of the boundary points of the curves 𝛽 ∈ 𝛾 𝐸, since 𝛾
is only cut at infinity)

∫𝛤 (𝐸)
‖𝜕𝑇𝛽‖(𝐵𝑅) d𝜂(𝛽) = ∫𝛩(𝐸)

∑

{𝛽∶ 𝑛𝛾 (𝛽)>0}
𝑛𝛾 (𝛽)‖𝜕𝑇𝛽‖(𝐵𝑅) d𝜂(𝛾)

= ∫𝛩(𝐸)
‖𝜕𝑇𝛾‖(𝐵𝑅) d𝜂(𝛾)

= ‖𝜕𝑇 ‖(𝐵𝑅) = ‖𝜕𝑇 ‖(𝐵𝑅). □

Remark 4.19.  The new results allow us to recover the ‘‘transport’’ part of the original statement between (𝜕𝑇 )− and (𝜕𝑇 )+, with 
the added possibility of receiving or sending mass from infinity. In fact, if 𝐴 is the acyclic component of 𝑇  given by Theorem  3.8, the 
associated decomposition measure 𝜂𝐴 can be expressed as a sum of mutually singular measures 𝜂𝐵 , 𝜂𝐵𝐿 and 𝜂𝐵𝑅, which are supported 
on the families of curves which are bounded, bounded on the left and bounded on the right respectively. Then, by Definition  1.3 
we note that 𝑒0 #𝜂𝐵 , 𝑒0 #𝜂𝐵𝐿, 𝑒1 #𝜂𝐵 and 𝑒1 #𝜂𝐵𝑅 are well defined, where we denoted by

𝑒0 ∶ {𝛽 ∈ 𝛤 (𝐸) ∣ lim𝑡→0 𝑑(𝛽(𝑡), 𝑥̄) < ∞} → 𝐸,

𝑒1 ∶ {𝛽 ∈ 𝛤 (𝐸) ∣ lim𝑡→1 𝑑(𝛽(𝑡), 𝑥̄) < ∞} → 𝐸

the maps 𝑒0(𝛽) ∶= lim𝑡→0 𝛽(𝑡) and 𝑒1(𝛽) ∶= lim𝑡→1 𝛽(𝑡). Finally, we see from the precedent proof that we have
𝑒0 #𝜂𝐵 + 𝑒0 #𝜂𝐵𝐿 = (𝜕𝑇 )− and 𝑒1 #𝜂𝐵 + 𝑒1 #𝜂𝐵𝑅 = (𝜕𝑇 )+.

Remark 4.20.  We remark that if 𝐶 is the cyclic component of 𝑇  in Theorem  1.4, 𝜂𝐶 is the associated decomposition measure 
and 𝜂𝐶𝐵 , 𝜂𝐶𝐵𝐿 and 𝜂𝐶𝐵𝑅 are defined analogously to Remark  4.19, then, by Theorem  1.5 and the construction argument in the proof of 
Theorem  1.4, we find that

𝑒0 #𝜂
𝐶
𝐵 + 𝑒0 #𝜂

𝐶
𝐵𝐿 = 𝑒1 #𝜂

𝐶
𝐵 + 𝑒1 #𝜂

𝐶
𝐵𝑅 = ‖𝐶‖𝛿 ≤ ‖𝑇 ‖.

In the proof above, we have assumed the following technical Lemma.

Lemma 4.21.  The function 𝑝𝐸 (𝛾, 𝐹 ) is Borel-measurable on 𝛩(𝐸), for any Borel set 𝐹  in (𝛤 (𝐸), 𝜏𝛤 ).

Proof.  We prove that for all 𝐿 > 0 the restriction of 𝑝𝐸 (𝛾, 𝐹 ) to the Borel sets
𝛩𝐿 ∶=

{

𝛾 ∈ 𝛩(𝐸) ∣ 𝓁𝛿(𝛾) ≤ 𝐿
}

is Borel measurable. Fixed 𝜀 > 0, we denote by 𝜙𝜀
𝐹 (𝛾) the number of maximal 𝑥∞-subcurves 𝛽 of 𝛾 ∈ 𝛩𝐿, counted with multiplicity, 

which belong to 𝐹  and satisfy ‖𝛽 − 𝑥∞‖∞ ≥ 𝜀, where
‖𝛽 − 𝑥∞‖∞ ∶= sup 𝛿(𝛽(𝑡), 𝑥∞).
𝑡∈(0,1)

18 
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Notice that 𝜙𝜀
𝐹 (𝛾) ≤ 𝓁𝛿(𝛾)∕𝜀 ≤ 𝐿∕𝜀 < ∞, and that 𝜙𝜀

𝐹 (𝛾) ↑ 𝑝𝐸 (𝛾, 𝐹 ) as 𝜀 → 0. So, it suffices to check the measurability of the maps 
𝜙𝜀
𝐹 , 𝐹 ∈ (𝛤 (𝐸)).
First, we prove that 𝜙𝜀(𝛾) ∶= 𝜙𝜀

𝛤 (𝐸)(𝛾) is upper semicontinuous on 𝛩𝐿. That is, if we take 𝛾𝑛 → 𝛾 in 𝛩𝐿 (where we identify 𝛾𝑛, 
𝛾 with their parametrizations on [0, 1] which give the uniform convergence) such that (up to a subsequence) 𝜙𝜀(𝛾𝑛) ≥ 𝑘 for some 
𝑘 ∈ N, then also 𝜙𝜀(𝛾) ≥ 𝑘. Indeed, we can find 𝑥∞-subcurves 𝛽𝑛1 ,… , 𝛽𝑛𝑘 in 𝛤 (𝐸) such that

(i) 𝛽𝑛𝑖  is the restriction of 𝛾𝑛 to some sub-interval (𝑎𝑛𝑖 , 𝑏𝑛𝑖 ) ⊆ [0, 1], with 𝑏𝑛𝑖 ≤ 𝑎𝑛𝑖+1 for any 1 ≤ 𝑖 < 𝑘;
(ii) ‖𝛽𝑛𝑖 − 𝑥∞‖∞ ≥ 𝜀, for all 𝑖 = 1,… , 𝑘.

The equicontinuity of 𝛾𝑛, together with the condition ‖𝛽𝑛𝑖 − 𝑥∞‖∞ ≥ 𝜀, provides a uniform lower bound on 𝑏𝑛𝑖 − 𝑎𝑛𝑖 , hence one can 
pass to the limit as 𝑛 → ∞, up to subsequences, to obtain that 𝑎𝑛𝑖 → 𝑎𝑖, 𝑏𝑛𝑖 → 𝑏𝑖 for some 𝑎𝑖, 𝑏𝑖 ∈ [0, 1] with 𝑎𝑖 < 𝑏𝑖. We deduce 
that affine reparametrizations of 𝛽𝑛𝑖  (closer and closer to the identity, recall that 𝛾𝑛 → 𝛾 uniformly) are uniformly convergent to 
𝛽𝑖 = 𝛾|(𝑎𝑖 ,𝑏𝑖) with either 𝛾(𝑎𝑖) = 𝑥∞ or 𝛾(𝑏𝑖) = 𝑥∞, or both (at least when 𝑘 > 1) and ‖𝛽𝑖 − 𝑥∞‖∞ ≥ 𝜀. Notice that 𝛽𝑖 are not necessarily 
𝑥∞-subcurves, because they are not necessarily 𝐸-valued. Nevertheless any 𝛽𝑖 has a subcurve 𝛽∗𝑖  (and then a subcurve of 𝛾) which 
is a 𝑥∞-subcurve with ‖𝛽∗𝑖 − 𝑥∞‖∞ ≥ 𝜀, and this proves that 𝜙𝜀(𝛾) ≥ 𝑘.

Now, we want to prove that 𝜙𝜀
𝐹  is Borel measurable on 𝛩𝐿 for any 𝐹 ⊆ 𝐸 open. Note that it suffices to show it for 𝐹 ∈ 𝑅, for 

all 𝑅 ∈ N, where we define 𝑅 ⊆ 𝛤 (𝐸) as the class made by unions of finite intersections of the form 
𝑁
⋂

𝑗=1

{

𝛽 ∈ 𝛤 (𝐸) ∣ ||
|

𝑇𝛽 (𝑓𝑗 d𝜋𝑗 ) − 𝑇𝛽𝑗 (𝑓𝑗 d𝜋𝑗 )
|

|

|

< 𝜆𝑗
}

(4.26)

for 𝛽𝑗 ∈ 𝛤 (𝐸), 𝜆𝑗 > 0, 𝑓𝑗 ∈ Lipbs(𝐸), 𝜋𝑗 ∈ Lip(𝐸), 𝑗 = 1,… , 𝑁 , with supp(𝑓𝑗 ) ⊆ 𝐵𝑅. Indeed, since the sets of the form (4.26) are a 
basis for the topology 𝜏𝛤  (letting also 𝑅 variable), any open set can be written as an increasing union 𝐹 =

⋃

𝑅∈N 𝐹𝑅, 𝐹𝑅 ⊆ 𝐹𝑅+1, 
with 𝐹𝑅 ∈ 𝑅, and hence 𝜙𝜀

𝐹 = sup𝑅 𝜙𝜀
𝐹𝑅
.

Consider then 𝐹 ∈ 𝑅, for some 𝑅 > 0. Let also 𝜀0 ∶= 𝛿(𝑥∞, 𝐵𝑅), so that if some curve 𝛽 ∈ 𝛤 (𝐸) satisfies ‖𝛽 − 𝑥∞‖∞ < 𝜀0 then 
𝛽 does not intersect the ball 𝐵𝑅. We show that the function 𝜙𝜀

𝐹 (𝛾) is lower semicontinuous when restricted to any of the Borel sets 
𝐴𝑘,ℎ ∩ 𝛩𝐿, where

𝐴𝑘,ℎ ∶= {𝛾 ∈ 𝛩(𝐸) ∶ 𝜙𝜀(𝛾) = 𝑘, 𝜙𝜀0 (𝛾) = ℎ},

for 𝑘, ℎ ∈ N (𝐴𝑘,ℎ is Borel thanks to the measurability of 𝜙𝜀, 𝜙𝜀0 ). This is sufficient to prove the measurability of 𝜙𝜀
𝐹 : indeed, the 

finiteness of 𝜙𝜀 gives
𝛩(𝐸) =

⋃

ℎ

⋃

𝑘
𝐴𝑘,ℎ.

Now, take 𝛾𝑛 → 𝛾 in 𝛩(𝐸), with 𝛾𝑛, 𝛾 ∈ 𝐴𝑘,ℎ ∩𝛩𝐿, and find 𝑥∞-subcurves 𝛽𝑛1 ,… , 𝛽𝑛𝑘 of 𝛾𝑛 as above. Note that the limits 𝛽1,… , 𝛽𝑘 built 
as in the previous step may not be 𝐸-valued and hence 𝛽𝑖 𝐸 may consist of multiple curves. However, for any 𝑖 = 1,… , 𝑘, exactly 
one of the 𝑥∞-subcurves of 𝛽𝑖, which we will call 𝛽∗𝑖  (possibly coinciding with 𝛽𝑖 itself), satisfies ‖𝛽∗𝑖 − 𝑥∞‖∞ ≥ 𝜀, since otherwise 
we would have 𝜙𝜀(𝛾) > 𝑘. Also, we claim that 𝜙𝜀0 (𝛾) = ℎ implies that 𝛽∗𝑖  is the only element of 𝛽𝑖 𝐸 such that ‖𝛽∗𝑖 − 𝑥∞‖∞ ≥ 𝜀0. 
This is obvious for 𝜀0 ≥ 𝜀, while for 𝜀0 < 𝜀 it can be proved constructing in the same way 𝑥∞-subcurves 𝛽𝑛1 ,… , 𝛽𝑛ℎ of 𝛾𝑛, with 
‖𝛽𝑛𝑖 − 𝑥∞‖∞ ≥ 𝜀0; exactly 𝑘 of them will coincide with 𝛽𝑛1 ,… , 𝛽𝑛𝑘 . This leads to the inclusion

{𝛽1,… , 𝛽𝑘} ⊆ {𝛽1,… , 𝛽ℎ}

for the limit curves, with 𝛽𝑖 distinct, each one containing a 𝑥∞-subcurve with distance from 𝑥∞ larger than 𝜀0. Hence, if some 𝛽𝑖
were to contain more than one 𝑥∞-subcurve 𝛼 with ‖𝛼 − 𝑥∞‖∞ ≥ 𝜀0, we would contradict 𝜙𝜀0 (𝛾) = ℎ. Calling 𝛽𝑖 that subcurve, the 
inequality 𝜀0 < 𝜀 gives 𝛽𝑖 = 𝛽∗𝑖 , proving the claim. Thus, our choice of 𝜀0 gives 

𝛽𝑖 𝐵𝑅 = 𝛽∗𝑖 𝐵𝑅,

 and therefore the convergence 𝛽𝑛𝑖 → 𝛽𝑖 (thought as curves in 𝛩(𝐸)) combined with Lemma  4.18 (here we use that 𝛾𝑛 ∈ 𝛩𝐿 to infer 
that 𝓁𝛿(𝛽𝑛𝑖 ) are uniformly bounded by 𝐿) yields

lim
𝑛→∞

𝑇𝛽𝑛𝑖 (𝑓 d𝜋) = 𝑇𝛽𝑖 (𝑓 d𝜋) = 𝑇𝛽∗𝑖 (𝑓 d𝜋) ∀𝑖 = 1,… , 𝑘,

for all 𝑓 ∈ Lipbs(𝐸), 𝜋 ∈ Lip(𝐸) with supp(𝑓 ) ⊆ 𝐵𝑅. In particular, if 𝛽∗𝑖 ∈ 𝐹  for some 1 ≤ 𝑖 ≤ 𝑘 then 𝛽∗𝑖  belongs to one of the sets in 
(4.26) and so also 𝛽𝑛𝑖 𝐸 ∈ 𝐹  for 𝑛 sufficiently large. Hence, lim inf𝑛 𝜙𝜀

𝐹 (𝛾𝑛) ≥ 𝜙𝜀
𝐹 (𝛾), proving the desired semicontinuity.

To conclude, we obtain that 𝜙𝜀
𝐹  is Borel-measurable on 𝛩𝐿 for any Borel set 𝐹  noticing that the family

 ∶=
{

𝐹 ∈ (𝛤 (𝐸)) ∶ 𝜙𝜀
𝐹  is Borel-measurable on 𝛩𝐿

}

is a Dynkin system containing the 𝜋-system of open sets. Indeed, if 𝐹 ∈  then also 𝛤 (𝐸) ⧵ 𝐹 ∈ , because 𝜙𝜀 − 𝜙𝜀
𝐹  is Borel-

measurable, since we have already checked that 𝛤 (𝐸) ∈ , and the difference makes sense as 𝜙𝜀 only attains finite values. 
Furthermore, the implication 𝐹𝑛 ∈ , 𝐹𝑛 disjoint ⇒

⋃

𝑛 𝐹𝑛 ∈  is trivial. Thus, by Dynkin’s 𝜋-𝜆 Theorem,  contains the whole 
Borel 𝜎-algebra. Eventually we let 𝜀 → 0 and 𝐿 → ∞. □
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