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In 2013 the Nobel prize for chemistry was awarded to Martin Karplus, Michael
Levitt and Arieh Warshel “for the development of multiscale models for complex
chemical systems”. [1]

The meaning of multiscale models is twofold. It can describe a model which is able
to treat at least two different computational approaches, and use them to describe
different portions of the same system at the same time. As an alternative, it may
refer to a model where the output obtained from a highly accurate calculation is
used to parameterize another model, which is less accurate but able to deal with
bigger systems on a longer time scale at the same computational cost.

The term complex chemical systems has instead a more vague definition. The com-
plexity of the system could be related to its dimensions (i.e., the large number of
atoms/molecules that needs to be considered in order to have a reliable represen-
tation of the physico-chemical phenomenon) or to the interactions occurring at the
molecular level, which may not be included in the adopted model or even to the
description of the effect of an external perturbation, such as an external electric
field, and its effect on the system’s properties.

The main goal of this thesis work is the development of a theoretical framework for
the description of both energy and response properties of complex molecular systems
by means of multiscale approaches.

In multiscale models the chemical system is generally divided into a variable number
of portions, which are modeled using different levels of theory, namely, quantum
mechanics (QM) and molecular mechanics (MM). The principal benefit of such a
partitioning is the possibility of reducing the computational cost without loosing
the information related to the properties of interest.

A typical application of multiscale modeling is the study of electronic properties
of solvated systems. In this case, it is common practice to describe the solute at
the QM level, whereas the solvent is described classically. In this way all the elec-
tronic degrees of freedom related to the solute are considered explicitly, whereas
the presence of the environment, i.e., the solvent, is modeled as an external ”per-
turbation” acting on the system under study. Solvent effects can be described in
different ways. The most adopted approaches describe the solvent either as a dielec-
tric medium, e.g., by means of the Polarizable Continuum Model, PCM, giving rise
to the QM/PCM method, or atomistically, thus defining a QM/MM approach. [2–
15] The MM atomistic layer can be described in terms of fixed point charges (Elec-
trostatic Embedding, EE) or by exploiting more sophisticated methods belonging
to the family of the so-called Polarizable Embedding (PE) approaches. [16–31]

Although the distinctive inability of PCM to take into account solute-solvent specific
interactions is recovered by exploiting EE approaches, there is still a strong simplifi-
cation in adopting such a model within a QM/MM framework, i.e., the assumption
that the QM portion is perturbed by the presence of the MM environment, whereas
the MM portion is not perturbed by the presence of the QM electronic density.
In other words, solute-solvent mutual polarization effects are not considered, thus
yielding a physically inconsistent description of the system.

For this reason, this thesis focuses on PE approaches to solvation, and in particular
on the Fluctuating Charge (FQ) model. [27, 28] The polarization is in this case
introduced by means of two fundamental parameters, which control the charge flow
among the atoms of the MM portion, namely, electronegativity and chemical hard-
ness.
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The starting point is the definition and partitioning of the energy of the QM/MM
system into three contributions:

E = EQM + EMM + EQM/MM (1)

where EQM and EMM are the energies of the QM and MM portions, respectively,
whereas EQM/MM represents the interaction energy between the two moieties. EQM/MM

is generally partitioned as:

EQM/MM = EEle
QM/MM + EPol

QM/MM + ERep
QM/MM + EDis

QM/MM (2)

where EEle
QM/MM is the electrostatic term and EPol

QM/MM is the polarization energy.

The last two terms ERep
QM/MM and EDis

QM/MM represent the so-called Pauli repulsion
and dispersion energies, respectively; they can be grouped together and refereed to
as ”van der Waals” contributions.

The different QM/MM approaches can be hierarchically classified based on how
the two (QM and MM) portions are individually modelled, but also based on the
specific formulation of EEle

QM/MM and EPol
QM/MM . Three principal schemes are ex-

ploited, i.e. the mechanical embedding (ME), electrostatic embedding (EE) and
polarizable embedding (PE).
In the mechanical embedding scheme QM computations for the QM portion are
performed in the absence of the MM portion, and the interaction between the QM
and MM portions are treated at the MM level. [32, 33] These interactions usually
include both bonded (stretching, bending, and torsional) and non-bonded (electro-
static and van der Waals) interactions. ME handles the interaction at the MM level,
however such a treatment has drawbacks. First, it requires an accurate set of MM
parameters such as atom-centered point charges for both the QM and MM portions.
Second, ME ignores the perturbation of the electronic structure of the QM portion
due to the electrostatic interaction with the MM portion (the atom-centred charges
in the MM portion do not polarize the QM portion).
In the EE scheme the QM computation for the QM portion is carried out in the
presence of the MM portion, by including the electrostatic interaction between the
QM electronic density and MM point charges in termso of one-electron operators
that enter the QM Hamiltonian. [34, 35] In this way the polarization of the QM
portion by the charge distribution of the MM portion is taken into account auto-
matically. Essentially, a QM code must be able to perform the self-consistent-field
(SCF) treatment in the presence of the external point-charge field, that represents
the MM charge model. EE is limited to the first term of Equation 2, which can be
expressed as:

EEE
QM/MM = EEle

QM/MM(ρQM) =

Nq∑
i

qiVi(ρQM) (3)

In particular, the MM portion, and the resulting QM/MM electrostatic interaction
energy, are represented by means of a set of fixed charges, placed on the MM atoms,
which interact with the QM density, ρQM . The index i runs over the number of
charges N q, and V i(ρQM) is the QM electric potential calculated at the i -th charge
q i placed in the MM portion. EEle

QM/MM(ρQM) is expressed in terms of Coulomb’s law,
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and it is explicitly dependent on the QM density. The use of MM atom-centered
partial charges is very efficient, and it is the most popular way to construct the
effective QM Hamiltonian. MM point charges actually include the contributions due
to higher-order multipoles implicitly, i.e., the higher-order contributions are folded
into the zero-order parameters. It is also possible to include higher-order multipole
contributions explicitly, but this results in harder implementations and increase in
the computational cost. Furthermore, it is important to stress that higher-order
terms are generally much more sensitive to geometry or conformational changes,
thus limiting the transferability of the model. The bonded (stretching, bending,
and torsional) interactions and non-bonded van der Waals interactions between the
QM and MM portions are retained at the MM level. As in the case of ME, MM
parameters are generally taken from the most popular force fields.
From a more physically oriented point of view, QM and MM portions will polarize
each other until their charge distributions are self-consistent.

In PE, the coupling between the two portions is expressed as:

EPE
QM/MM = EEle

QM/MM(ρQM)+EPol
QM/MM(ρQM) =

Nq∑
i

qiVi(ρQM)+
∑
i

xi(ρQM)si(ρQM)

(4)
The various PE approaches which have been proposed in the literature differ in the
way they define the polarization energy EPol

QM/MM in terms of the QM density, ρQM .
In particular, they prescribe different specifications for the electrostatic quantities x
and the QM electric sources s, both employed to represent the MM portion.
In the present work, we will use the FQ model, which is based on the electronega-
tivity equalization (EE) principle. [36, 37] The atomic charges are redistributed to
equalize the electronegativity/chemical potential at each site.
The energy required to create a charge q on an atom can be expressed by a Taylor
expansion truncated at the second order as:

E(q) = E0 + q

(
∂E

∂q

)
+

1

2
q2

(
∂2E

∂2q

)
= E0 + qχ0 +

1

2
q2J (5)

where χ0 represents the Mulliken’s definition of electronegativity, [38] whereas J
depends on the hardness (η = J/2). [39]
The electrostatic energy of an atomic system composed by a set of M molecules
each containing Nα atoms can be computed as follows:

E(q, r) =
M∑
α

Nα∑
i

(
χ0
α,iqα,i +

1

2
Jα,iiq

2
α,i

)
+

M∑
α

M∑
β

Nα∑
i

Nβ∑
j>i

Jαβ,ij(rαβ,ij)qα,iqβ,j (6)

where q is a vector representing a set of charges, whereas Jαβ,ij(rαβ,ij) takes the name
of interaction kernel and can assume different functional forms. [40–42] Optimum
charge distribution is achieved by minimizing the energy expression reported in
Equation 6 with respect to the charges on each atom, i.e.:

∂E(q, r)

∂qα,i
= 0 (7)
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that is another way of equalizing electronegativities (see Equation 5). This kind of
minimization problem can be solved by matrix inversion, iteratively or exploiting
the extended Lagrangian methods.

In order to capture solute-solvent interactions by means of computational approaches,
a sensible description of the solvated systems need to be achieved. In fact, in most
cases, a systems composed of a single solute molecule surrounded by few nearby
solvent molecules is not a good approximation of the interactions taking place in
the actual sample. On the other hand, accurate calculations on a very large number
of molecules cannot be computationally afforded. It should be additionally em-
phasized that, contrary to bulk properties which are characteristics of the whole
solution, the origin of a spectral response is in most cases the solute molecule. One
of the principal consequences of this solute-localized spectral response is the possi-
bility of reducing the degrees of freedom needed to accurately describe the system,
i.e. by using a QM description for the solute and a classical approach for the solvent.
This approach identifies to the so-called “focused model” where the focus is always
the solute molecule and its interactions with the solvent.
Before moving to a more detailed discussion of the techniques and computational
tools adopted and developed in this thesis, it is important to summarize the com-
putational workflow applied in all the studies presented in the following chapters.

1. Definition of the QM and MM portions: the part of the system to be treated
as the QM portion, and that defined as the MM portion, need to be accu-
rately chosen. The definition may change depending on the system’s chemical
properties, its potential interactions with the surrounding environment, and
the final spectral property to be modelled. As a general approach, the solute
molecule is always included in the QM portion. In some special cases, the QM
portion can be extended to the nearest solvent molecules, e.g. in the case of
an aqueous environment the water molecules forming H-bonds with the so-
lute may strongly influence its electron density distribution and consequently
the final spectra. The boundary between the two moieties (i.e., the QM/MM
boundary) is defined accordingly.

2. Conformational sampling: the solute molecule may generally be described in
a rigid, semi-rigid, or flexible fashion. A highly rigid structure may reason-
ably be modelled by freezing its geometry into a minimum energy structure
(possibly optimized at a given QM level). In this way it is possible to di-
rectly observe the contribution to the final spectra arising from solvation. On
the other hand, since only one solute structure is considered, this approach
should be applied with care to flexible systems. For the latter, the configu-
rational space needs to be reliably sampled. To avoid spurious effects coming
from solute-solute interactions, the system is generally composed of a single
solute molecule. This assumption corresponds to the case of extremely di-
luted systems, where each solute molecule is surrounded by an almost infinite
number of bulk solvent molecules. In addition to intramolecular conforma-
tional changes, a reliable sampling of solvent configurations around the solute
is of out-most importance. An effective way of sampling the phase space of
a given solution consists of resorting to classical Molecular Dynamics, where
temperature and pressure are chosen to mirror the desired experimental setup.

16 Matteo Ambrosetti



For many common systems, such as organic and biological molecules, suitable
parametrizations are available in the literature, whereas for less common sys-
tems it is possible to either use a general-purpose force field or, in the worst
case, parametrize a new force field. Once the force field and boundary con-
ditions (e.g., temperature, pressure, number of solvent molecules etc.) are
defined, the simulation may be run. It is imperative for such simulations to be
long enough to take into account the principal conformational changes of the
investigated molecules and that the simulation parameters correctly reproduce
all possible system configurations and their relative energy. Note that the force
field used in the MD sampling may differ from the one employed in subsequent
QM/MM spectroscopy calculations. The force field used for the MD sampling
and the force field used in the QM/MM calculations have different purposes,
and generally a different functional form. The former is employed to obtain
an accurate conformational sampling, while the latter has to accurately model
the effect of the solvent upon the spectroscopic observables.

3. Extraction of representative structures: a number of structures (snapshots)
are extracted from MD runs and employed for the subsequent QM/MM cal-
culations. Two slightly different approaches can be adopted to generate these
structures: I) solute-centered sphere and II) skin-shell shape. In the first case,
which is generally applied to small or globular molecules, the snapshots have
the shape of spherical “droplets” obtained by cutting spheres of given radii
centered on the solute. In the second case, which is more appropriate for
molecules extending along a preferential direction (e.g., linear molecules), all
the solvent molecules within a specific distance from each atom of the solute are
considered. Although the first approach benefits from the spherical symmetry
of the solvent, which better mimic an homogeneous environment, the second
approach has the advantage of reducing the number of solvent molecules in-
cluded in the MM portion without loosing accuracy in the description of the
environment. The radius of the droplet is chosen to be large enough to retain
solute-solvent interactions in a physically consistent way, and is usually of the
order of tens of Ångstrom. The total number of snapshots to be extracted,
which constitutes the computational sample, is chosen so to reach the conver-
gence of the desired property/spectroscopy (steps 4 and 5 below). Notice that
such a number is highly variable (from hundreds to thousands of snapshots),
and it strongly depends on the property/spectroscopy to be computed.

4. QM/MM calculations: once the snapshots have been extracted from the MD
trajectory, a QM/MM calculation of the target property is performed on each
of them. This step requires to choose the QM level of theory, which can depend
on the system and the desired spectroscopic response, and should follow state-
of-the-art of QM calculations of the same property for isolated systems. Then,
a model for the coupling of the QM and MM portions need to be defined.

5. Extraction of spectra: energies, structures, properties, and spectra obtained
for each snapshot are extracted and averaged to produce final spectra. The
results can then be analyzed and finally compared with experimental data.
At this stage, any shortcomings of the procedure may emerge, e.g. insufficient
number of snapshots, insufficiently long MD, poor choice of classical force field,
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or inadequacies in the QM/MM or electronic structure methods. Then, the
procedure may be restarted from the step(s) that need refinement.

At the time when this work started, there were three main issues affecting the
QM/FQ model, namely: 1) absence of extension to non-linear optical properties,
such as second harmonic generation and two photo absorption spectroscopy; 2) lack
of reliable parameterization for non-aqueous solutions and 3) limitation in the treat-
ment of out-of-plane polarization of the MM portion, which was based on point
charges only, thus discarding higher orders (e.g. dipoles). These three limitations
are discussed in details in the next chapters, and methods to treat such phenom-
ena/effects are proposed.

The first original contribution that is presented in this Thesis (Chapter 1) re-
ports on the extension of QM/FQ to the computation of one, two photon absorption
(OPA and TPA) and second harmonic generation (SHG) spectra of molecular solutes
in aqueous solution. The aim of this study is twofold; from one side it shows the
ability of QM/FQ to accurately reproduce several electronic properties and spectro-
scopic observables. At the same time, QM/FQ is compared with other embedding
approaches, such as QM/PCM or non-polarizable QM/MM approaches.
Chapter 2 solves a limitation of QM/FQ, i.e., the lack of reliable parametrization
for non-aqueous environments. In particular, a machine learning-based parameteri-
zation procedure is proposed and applied to parametrize dioxane, tetrahydrofurane,
acetonitrile, ethanol and methanol. Then QM/FQ and the new parametrization are
challenged to reproduce solvatochromic shifts of organic dyes of increasing physico-
chemical complexity.
QM/FQ models the MM classical environment through a set of charges. This de-
scription is improved in Chapter 3, where a novel fully polarizable approach based
on fluctuating charges and fluctuating dipoles (FQFµ) is proposed and coupled to
a quantum mechanical SCF Hamiltonian (QM/FQFµ). The peculiarity of the re-
sulting QM/FQFµ approach stands in the fact that polarization effects are modeled
in terms of both fluctuating charges and dipoles, which vary as a response to the
external electric field/potential. The resulting QM/FQFµ model is then extended
to the calculation of vertical excitation energies of solvated dyes under two different
solvation regimes, i.e., linear response (LR), and corrected-Linear Response (cLR).
In the same chapter, QM/FQFµ is further extended to the analytical evaluation of
nuclear gradients and infrared (IR) spectra of molecular systems in aqueous solu-
tion. Finally, in Chapter 4 the purely electrostatic description of the solute-solvent
interaction is questioned and the pivotal role of quantum confinement effects on the
description of solvatochromic shifts of two prototypical organic molecules in aqueous
environment is demonstrated. In this case particular attention is paid to dissect the
effects of the single forces acting on the solute-solvent couple, thus allowing for a
rationalization of experimental findings in terms of physico-chemical quantities.
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Non-linear spectroscopies
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Fully Polarizable QM/Fluctuating Charge Approach

to Two-Photon Absorption of Aqueous Solutions

Multiphoton absorption is the synchronous absorption of multiple photons leading
to an excitation of a molecule from one electronic state to another. [43] Such an ef-
fect was originally predicted by Göppert-Mayer in 1931, [44] but only first measured
in 1961 because its intensity was too weak to be detected before the advent of laser
sources. [45] Among multiphoton processes, the most common is two-photon absorp-
tion (TPA), in which the simultaneous absorption of two photons takes place. [43]
Nowadays, TPA measurements are not as common as compared to one-photon ab-
sorption (OPA), however the study of TPA processes is growing and rapidly becom-
ing a well-established research field. [46, 47] TPA is governed by different symmetry
selection rules, states that are dark in OPA experiments might thus be accessible
in TPA. Furthermore, TPA is a non-linear process whose intensity depends on
the square of the incoming light. This affords a greater spatial resolution than in
OPA experiments. TPA has a number of technological applications, in particular in
molecular devices. [43, 48–51] The design of molecular systems with large TPA cross
sections is thus a challenge both from an experimental and computational point of
view. [43, 52–66]

High TPA cross sections are generally measured for large chromophores, [61, 67]
for which the computational description at high level of accuracy is difficult and
sometimes not affordable. For this reason, most of the computational studies on
this kind of spectroscopy have been performed by resorting to density functional
theory (DFT), due to the good compromise between accuracy and computational
cost. [52, 68, 69] In addition to the quantum-mechanical issue in the description of
the target molecule, it is worth remarking that most of the experimental TPA cross
sections are measured in the condensed phase. [63–65, 70, 71] For instance, a 50%
increase in TPA cross sections has been reported by changing the solvent. [46] In
order to successfully reproduce experimental data, such effects need to be taken into
consideration.

The problem of treating solvent effects on observable properties is one of the
pillars in quantum chemistry. The most successful approaches make use of multiscale
and focused models, where the environment is treated at a lower level of accuracy
with respect to the target molecule: [2, 6, 72–80] the latter is generally treated at
the quantum-mechanical (QM) level, whereas the former is treated classically.

In the resulting QM/classical approaches, the classical portion can range from
an atomistic description (giving rise to quantum mechanics/molecular mechanics
(QM/MM) models[22, 72, 73, 81–85]) to a dielectric continuum (DC) description.
Among the latter, the polarizable continuum model (PCM), [2–4, 86–89] in which
the environment is depicted as a homogeneous continuum dielectric with given di-
electric properties, has been particularly successful. In such an approach, the QM
described target molecule is accommodated into a molecular shaped cavity. The
QM electron density and the dielectric mutually polarize. The QM/PCM approach
has been extended to the description of TPA spectra by some of the present au-
thors, [56, 90–92] and an open-ended response formulation was put forth in a recent
communication. [93] One of the main problems related to a continuum description
of the environment is that all information about the atomistic structure of the en-
vironment is neglected. Thus, the specific molecule-environment interactions (e.g.
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hydrogen bonding), cannot be described.
In order to recover the atomistic description of the environment, QM/MM is

exploited, where the target molecule is still described at the QM level, whereas the
environment is described by resorting to molecular mechanics (MM) force fields. [72,
74, 77, 94–99] In electrostatic QM/MM embedding approaches, a set of fixed charges
is placed on the MM portion and the interaction between QM density and MM
charges is introduced in the QM Hamiltonian. Mutual polarization, i.e. the polar-
ization of the MM portion arising from the interaction with the QM density and
viceversa, can be introduced by employing polarizable force fields. These can be
based on distributed multipoles, [16–20] induced dipoles, [21, 24, 25] Drude oscilla-
tors, [26] capacitances and polarizabilities, [100–102] fluctuating charges (FQs) [27–
29] or fluctuating charges and fluctuating dipoles (FQFµ). [30]

Thanks to the availability of a variational formulation of the quantum/classical
polarizable coupling, the QM/FQ approach has been extended to the analytical cal-
culation of a large variety of properties and spectroscopies: molecular gradients and
Hessians, [103] linear response properties, [104, 105] including optical rotation, [106–
108] and electronic circular dichroism, [109] vibrational circular dichroism, [110] third
order mixed electric/magnetic/geometric properties [111, 112] and second harmonic
generation. [113] Remarkably, QM/FQ has already been shown to accurately model
some of the systems where PCM and other continuum models completely fail.

Non-polarizable QM/MM approaches and polarizable QM/MM based on induced
dipoles have been extended to the calculation of TPA spectra of molecules in solu-
tion. [24, 85, 114] In this paper, we extend the QM/FQ model to the computation
of TPA spectra. In particular, we have selected the challenging case of rhodamine
6G (R6G) in aqueous solution, which has been studied extensively both theoreti-
cally and experimentally. [58, 115–121] The large interest in such a molecule – in
particular to its TPA spectrum – is due to the transition between the ground and
second excited state, which is dark in OPA due to symmetry selection rules. From
a theoretical point of view, this is the first time that solvent effects on TPA of R6G
in aqueous solution are considered. This is achieved using a variety of models: a
continuum approach (PCM), an electrostatic embedding (QM/TIP3P [122]) and a
polarizable embedding (QM/FQ).

The QM/FQ Approach

In the FQ approach, each MM atom is endowed with a charge which can vary
according to the electronegativity equalization principle (EEP) [123, 124] which
states that, at equilibrium, the instantaneous electronegativity (χ) of each atom
has the same value. [123, 124] The model is based on a set of two parameters, i.
e. atomic electronegativies and chemical hardnesses (η), which can be rigorously
defined within conceptual DFT [123, 125] as the first and second derivatives of the
energy with respect to the charges, respectively. Through these parameters, FQs
(q) can be defined as those minimizing the functional: [27, 126]

F [q,λ] =
∑
α,i

qαiχαi +
1

2

∑
α,i

∑
β,j

qαiJαi,βjqβj +
∑
α

λα

(∑
i

qαi −Qα

)

= q†χ+
1

2
q†Jq + q†λ

(1.1)
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where q is a vector containing the FQs, the Greek indices α run over molecules
and the Latin ones i over the atoms of each molecule. λ is a set of Lagrangian
multipliers used to impose charge conservation constraints on each molecule. The
charge interaction kernel J is, in our implementation, the Ohno kernel and the
diagonal terms of J kernel are the chemical hardnesses η. The stationarity conditions
of the functional in Equation (1.1) are defined through a linear system: [113, 126](

J 1λ
1†λ 0

)(
q
λ

)
= −

(
χ
Q

)
(1.2)

We note in passing that the capacitance MM model employed by Rinkevicius,
Li, Sandberg, Mikkelsen, and Ågren includes induced charges in its modeling of the
metallic portions of the MM environment. [101] Hence, despite the largely differ-
ent physical setting of the models, their polarization equations bear a significant
resemblance.

The QM/FQ model system is constituted by a QM core region placed at the
center of a spherical region defining the environment (see Figure 1.1), i.e. containing
a number of solvent molecules, which are described in terms of FQ force field (FF).

Figure 1.1: Schematic representation of the QM/FQ model.

The FQ FF can be effectively coupled to any QM method. It suffices to augment
the QM energy functional with the classical functional in Equation (1.1) and the
quantum/classical interaction. For the FQ FF the latter is defined as the classical
electrostatic interaction between the FQs and the QM density. [104] Explicitly, the
interaction takes the form:

EQM/FQ =

NFQ∑
i=1

V [ρ](ri)qi =

NFQ∑
i=1

NAO∑
µ,ν=1

〈
χµ

∣∣∣∣ −qi|r− ri|

∣∣∣∣χν〉Dνµ, (1.3)
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with V [ρ](ri) the electrostatic potential due to the QM density of charge at the
i-th FQ qi placed at ri, {χµ} a Gaussian atomic orbital (AO) basis set and Dµν the
AO density matrix.

For a hybrid Kohn–Sham (KS) DFT description of the QM moiety, the global
QM/MM energy functional reads: [103, 104]

E [D, q,λ] = ESCF [D] + F [q,λ] + q†V (D). (1.4)

Stationarity of Equation (1.4) with respect to the density matrix yields the self-
consistent field (SCF) equations:

FC = SCε, F = h+Gγ(D) + Fxc + FFQ (1.5)

where the various terms in the KS matrix F are:

hµν =

〈
χµ

∣∣∣∣∣−1

2
∇2 −

∑
K

ZK
|RK − r|

∣∣∣∣∣χν
〉

, (1.6a)

Gγ
µν(D) =

∑
αβ

Dβα(gµναβ − γgµβαν), (1.6b)

Fxc,µν =

∫
drχµ(r)χν(r)

∂Exc
∂ρ(r)

∣∣∣∣
ρ(r)

=

∫
drχµ(r)χν(r)vxc(r), (1.6c)

FFQ,µν = q†Vµν =

NFQ∑
i=1

〈
χµ

∣∣∣∣ −qi|r− ri|

∣∣∣∣χν〉 . (1.6d)

The FQs consistent with the QM density are obtained by solving the stationarity
conditions with respect to the polarization variational degrees of freedom q, i.e. by
solving Equation (1.2) with a modified right-hand side (RHS), including the QM
potential as additional source term, effectively coupling the QM and MM moieties
and ensuring mutual polarization:(

J 1λ
1†λ 0

)(
q
λ

)
= −

(
χ+ V (D)

Q

)
(1.7)

.

Linear and Quadratic Response Functions in a QM/FQ framework

Thanks to its variational formalism, the QM/FQ approach [29] is especially suited to
the modeling of response and spectral properties because its energy expression can be
easily differentiated up to high orders. The quantum/classical coupling terms needed
for the calculation of response properties, can be easily derived and implemented
so that polarization effects are fully considered also in the computed final spectral
data. [103–105, 110, 111, 127, 128]

For a QM/FQ system subject to a Hermitian, time-periodic, one-electron per-
turbation V t, response functions and response equations can be formulated in the
atomic orbital, density matrix-based quasienergy formalism [129] of [130]. To the
best of our knowledge, this is the first time the quasienergy formalism is employed
in the QM/FQ framework. The starting point is the time-averaged quasienergy
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Lagrangian, {L̃(C̃, µ̃, q̃, t)}T , parametrized in terms of the desired perturbed coeffi-
cient matrix C̃, the Lagrange multipliers ensuring orthonormality of the one-electron
basis µ̃ and the perturbed FQs q̃. The tilde is here used for quantities evaluated
at general perturbation strengths. We can obtain this Lagrangian by augmenting
the quasienergy in Equation (52) of Ref. [130] with the perturbed FQ functional of
Equation (1.1). The time-averaged quasienergy Lagrangian is not suitable for an
atomic orbital-based theory, since it features the molecular orbital (MO) coefficient
matrix. However, its perturbation-strength-differentiated counterpart {L̃a(D̃, q̃, t)}T
can be expressed in terms of the desired variational degrees of freedom D̃ and q̃:

L̃a(D̃, q̃, t)
{Tr}T

= Ẽ00,a − S̃aW̃ , (1.8)

where we have borrowed notation from Ref. [93]. Indeed, the close similarity be-
tween the PCM and FQ models allows us to leverage the same arguments in Ref. [93]
to formulate linear and quadratic response functions in a QM/FQ framework. The
generalized KS energy Ẽ is the time-dependent equivalent of Equation (1.4):

Ẽ [D̃, q̃]
Tr
=

[
h̃+ Ṽ t +

1

2
G̃γ(D̃)− i

2
T̃

]
D̃ + Ẽxc[ρ̃(D̃)] + hnuc + F [q̃, λ̃] + q̃†Ṽ (D̃).

(1.9)
where Ṽ t is the AO basis representation of the perturbation operator and T̃ =〈

χ̃µ
∣∣ ˙̃χν
〉
−
〈

˙̃χµ
∣∣ χ̃ν〉 is the time-differentiation AO overlap matrix. Evaluation of

Equation (1.8) at zero perturbation strength yields the the first-order property for-
mula. For an electric field perturbation this corresponds to the electric dipole mo-
ment and, thanks to the Hellmann–Feynman theorem, only requires the unperturbed
density matrix. Further differentiation of Equation (1.8) and evaluation at zero per-
turbation strength yields higher order response functions. Detailed expressions can
be obtained from eqs. (22a)-(22c) and Appendix A in Ref. [93] by replacing perturbed
and unperturbed apparent surface charges σ with perturbed and unperturbed FQs,
respectively and the generalized free energy G with E :

Lab
{Tr}T

= E00,ab + E10,aDb + E01,aqb − SabW − SaW b (1.10a)

Labc
{Tr}T

= E00,abc + E10,acDb + E10,abDc + E20,aDbDc + E10,aDbc + E11,aDbqc

+ E01,acqb + E01,abqc + E01,aqbc + E11,aqbDc

− SabcW − SabW c − SacW b − SaW bc

(1.10b)

Response parameters need to be determined in order to assemble the property
expressions from the perturbed variational parameters Da, qa and so forth appear-
ing in the expressions given above. Zero-field perturbation-strength differentiation
of the orthonormality, TDSCF, and FQ equations yields the desired response equa-
tions. [93, 130, 131] Solution of the N -th order response equations for the bN pertur-
bation tuple yields the desired response parameters XbN . The perturbed variational
parameters are further partitioned into a sum of homogeneous and particular contri-
butions. [130] Whereas the former depend on the N -th order response parameters,
the latter depend only on lower order response parameters. With this partition, the
response equations to any order can be compactly rearranged as: [132, 133]
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[
E[2] − ωbNS[2]

]
XbN = M bN

RHS. (1.11)

The left-hand side (LHS) includes the generalized Hessian and metric matri-
ces, E[2] and S[2], respectively and ωbN =

∑N
i=1 ωbi . The RHS M bN

RHS collects con-
tributions from lower-order perturbed density matrices and N -th order particular
contributions, see Refs. [93, 130, 131].

For a single, electric-field type perturbation, the matrix-vector products E[2]Xb

and S[2]Xb assume the form:

E[2]Xb = GKS([Xb,D]S)DS − SDGKS([Xb,D]S) + F [Xb,D]SS

− S[Xb,D]SF + qbHV DS − SDV qbH (1.12)

S[2]Xb = S[Xb,D]SS. (1.13)

whereGKS now collects the two-electron and exchange-correlation contributions.
The general expression for the RHS (see Equation (46) in Ref. [93]) simplifies to the
matrix elements of the electric dipole perturbation operator, with no contributions
from the classical polarizable model. These equations are equivalent, upon trans-
formation to the MO basis, to their more familiar formulation as Casida’s equa-
tions. [104, 134] Perturbed FQs are obtained by solving:

JqbH = −V (Db
H), (1.14)

once again highlighting the introduction of the mutual QM/MM polarization.
Response equations for the second-order response parametersXbc can be derived

in a similar fashion. Restricting ourselves to electric-field type perturbations only,
the linear transformations are expressed as:

E[2]Xbc = GKS([Xbc,D]S)DS − SDGKS([Xbc,D]S) + F [Xbc,D]SS

− S[Xbc,D]SF + qbcHV DS − SDV qbcH (1.15)

S[2]Xbc = S[Xbc,D]SS. (1.16)

In contrast to the linear response equations, the RHS will contain FQ contribu-
tions:

M bc
RHS,FQ =

[
(qbcP )†V DS + q†V Dbc

PS + (qbH)†V Dc
ωS + (qcH)†V Db

ωS
]	
, (1.17)

with the second-order particular FQs calculated as the solution to the linear
equation:

JqbcP = −V (Dbc
P ), (1.18)

and the perturbed density matrix Dbc
P is in turn assembled from first-order per-

turbed density matrices.
As for the PCM, there are two classes of contributions from the classical polar-

izable region: implicit, through the unperturbed Fock matrix, and explicit, through
the N -th order perturbed homogeneous FQs. This is indeed a trait shared by any
quantum/classical polarizable model.
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One- and Two-Photon Absorption

We can formulate one- and two-photon absorption parameters in terms of single
residues of the linear and quadratic response functions, respectively. [135] have pre-
sented a density matrix-based, open-ended formulation of single residues that can
be coupled to classical polarizable models. [93, 114]

TPA cross sections of randomly oriented systems can be calculated from the
imaginary part of the third susceptibility. Alternatively, they can be obtained as
the individual two-photon transition matrix elements Sab between the initial state
|i〉 and final state |f〉, with the sum-over-states expression: [136]

Sab =
∑
s

(
〈i|µa|s〉 〈s|µb|f〉

ωsi − ω
+
〈i|µb|s〉 〈s|µa|f〉

ωsi − ω

)
(1.19)

where a, b ∈ x, y, z and ω is the frequency of the external radiation, which is half
of the excitation energy ωf to the final state |f〉 (2ω = ωf ). The summation runs
over all s states, including initial and final state. ωsi = ωs − ωi is the transition
energy between s and i states.

For linearly polarized light with parallel polarization, rotationally averaged mi-
croscopic OPA and TPA cross sections can be written in terms of the transition
matrix tensors S and their complex conjugates S as:

〈δ1PA〉 =
1

3

∑
a

SaS̄a (1.20)

〈δ2PA〉 =
1

15

∑
ab

(
2SabS̄ab + SaaS̄bb

)
. (1.21)

Finally, the macroscopic TPA cross section in cgs units can be obtained from the
rotationally averaged TPA strengths (〈δTPA〉) expressed in atomic units as:

σTPA =
Nπ3αa5

0ω
2

c
〈δTPA〉 g(2ω, ω0,Γ) (1.22)

where N = 4 in case of single beam experiments, α is the fine structure constant,
a0 is the Bohr radius, ω is the photon energy in atomic units, c is the speed of light
and g(2ω, ω0,Γ) the lineshape function describing spectral broadening effects. The
common unit for TPA cross sections is GM in honour of the work of Maria Goppert-
Mayer (1 GM = 10−50 cm4 s photon−1). We refer the reader to Ref. [52] for further
details on the computational approach to TPA cross sections.

Computational Details

The close similarity of the PCM and FQ models renders the implementation of the
latter a rather straightforward extension of the former. Our implementation re-
lies on the PCMSolver library, [137] which already provides the infrastructure for
the PCM and lends itself to the extensions needed for a FQ implementation. The
calculation of TPA cross sections with the FQ discrete model was implemented in
the LSDALTON program package. [138] LSDALTON provides single residues of
the quadratic response function in vacuo and we exploited the existing interface
with PCMSolver [139] to extend this functionality to include the PCM and FQ
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quantum/classical polarizable models. The TPA implementation in LSDALTON
leverages the 2n + 1 rule. Ensuring correctness of the linear response calculations
is enough to guarantee correctness up to cubic response properties. We performed
extensive testing of the PCM and FQ linear and quadratic response functions, in-
cluding their residues, against DALTON. [56, 90–92]

The use of a modular programming paradigm, based on open-source libraries and
programs, is particularly beneficial for the work here presented. The most significant
programming investment was the extension of the PCMSolver library.

Rhodamine 6G (R6G) (see Figure 1.2) in aqueous solution has been amply stud-
ied experimentally using both OPA and TPA techniques. [58, 115–121] Such a system
is capable of forming solute-solvent hydrogen bonds, and is thus a good test case for
our atomistic polarizable QM/FQ approach.

We adopted the following computational protocol for our QM/MM calculations
of excitation energies, OPA and TPA intensities:

Definition of the systems and calculation of atomic charges The solute molecule
was surrounded by a number of water molecules large enough to represent all
the solute-solvent interactions (at least 8500). The atomic charges of the solute
were computed by using the Charge Model 5 (CM5). [140]

Classical MD simulations in aqueous solution The MD simulations were per-
formed in a cubic box reproduced periodically in every direction, satisfying
periodic boundary conditions (PBC). A minimization step ensures that simu-
lations were started from a minimum of the classical PES. From the MD run,
a set of snapshots was extracted to be used in the following QM/TIP3P [122]
and QM/FQ calculations.

Definition of the different regions of the two-layer scheme and their boundaries
Each snapshot extracted from the MD run was cut into a sphere centered on
the solute. A radius of 25 Å was chosen in order to include all specific water-
solute interactions.

QM/classical calculations QM/TIP3P, and QM/FQ OPA and TPA calculations
were performed on 100 structures obtained in the previous step. The results
obtained for each spherical snapshot were extracted and averaged to produce
the final value.

In step 1, R6G was optimized and CM5 charges were calculated at the B3LYP/6-
31+G* level of theory including solvent effects by means of the PCM. [2]

The MD simulation was performed using GROMACS, [141] with the OPLS-
AA [142] force fields to describe intra- and inter-molecular interactions. CM5 charges
were used to account for electrostatic interactions. The TIP3P FF was used to de-
scribe the water molecules. [122] A single molecule was dissolved in a cubic box
containing at least 8500 water molecules. A chloride ion has been included in the
box to neutralize the system. The chromophore was kept fixed during all the steps of
the MD run. This neglects geometric relaxation due to solvation and is an approx-
imation. However, our primary goal is to compare direct (electronic) rather than
indirect (geometrical) solvent effects on the properties. Furthermore, this approxi-
mation affords a fairer comparison with implicit solvent models. R6G in aqueous so-
lution was initially brought to 0 K with the steepest descent minimization procedure
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Figure 1.2: Rhodamine 6G structure and atom labeling.

and then heated to 298.15 K in an NVT ensemble using the velocity-rescaling [143]
method with an integration time step of 0.2 fs and a coupling constant of 0.1 ps for
200 ps. The time step and temperature coupling constant were then increased to
2.0 fs and 0.2 ps, respectively, and an NPT simulation (using the Berendsen baro-
stat and a coupling constant of 1.0 ps) for 1 ns was performed to obtain a uniform
distribution of molecules in the box. A 10 ns production run in the NVT ensem-
ble was then carried out, fixing the fastest internal degrees of freedom by means of
the LINCS algorithm (δt=2.0 fs), [144] and freezing the R6G at the center of the
simulation box. Electrostatic interactions are treated by using particle-mesh Ewald
(PME) [145] method with a grid spacing of 1.2 Å and a spline interpolation of order
4. We have excluded intramolecular interactions between atom pairs separated up
to three bonds. A snapshot every 100 ps was extracted in order to obtain a total of
100 uncorrelated snapshots.

For each snapshot a solute-centered sphere with a radius of 25 Å was cut. Notice
that the chloride ion was not present in any of the extracted spherical snapshots.
For each snapshot, OPA and TPA spectra were then calculated with two QM/MM
approaches: the water molecules were modeled by means of the non-polarizable
TIP3P FF, [122] and the FQ SPC parametrization proposed by. [27] For comparison,
we also ran QM calculations on the isolated chromophore and embedded in a PCM
continuum modelling the water solution.

We performed all OPA calculations using a locally modified version of the Gaus-
sian 16 package, [146] whereas we used a locally modified version of the LSDALTON
program, [138] interfaced to the PCMSolver library, [137] for the TPA calculations.
The CAM-B3LYP/6-31+G* model chemistry was used in all calculations. For the
LSDALTON calculations we leveraged the implementation of density fitting, with
the df-def2 auxiliary fitting basis, to accelerate the evaluation of the Coulomb ma-
trix.

For the PCM calculations, the cavity was generated from a set of atom-centered,
interlocking spheres. PCMSolver implements the GePol algorithm for cavity gen-
eration and uses the Bondi–Mantina set of van der Waals radii [147, 148] 1.20 Å
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for hydrogen, 1.70 Å for carbon, 1.55 Å for nitrogen and 1.52 Å for oxygen. All
radii were scaled by a factor of 1.2. Values of the static and optical permittivities
of εs = 78.39 and ε∞ = 1.776, respectively, were used for the PCM calculations in
water in LSDALTON.

For the PCM calculations in Gaussian, the following atomic radii were used and
scaled by a factor of 1.1: 1.443 Å for hydrogen, 1.9255 Å for carbon, 1.83 Å for
nitrogen and 1.75 Å for oxygen. Values of the static and optical permittivities of
εs = 78.3553 and ε∞ = 1.77785, respectively, were instead used to model water
solvent effects.

The differences in PCM parametrization between the two codes used in this study
did not lead to significant differences (less than 1%) between computed ground state
energies, excitation frequencies and oscillator strengths.

MD analysis: Hydration Pattern

First, we analyze the MD runs in terms of the hydration patterns with a particular
focus on hydrogen bonds (HBs) formed between R6G and solvent water molecules.
Second, OPA and TPA spectra are presented and compared with their experimental
counterparts.

R6G is characterized by a keto oxygen and by amino groups, which can act
as HB donors, whereas the ether oxygen atoms (O1 and O2) together with the
amino nitrogen atoms (N1 and N2) can act as HB acceptors (see Figure 1.2 for
atom labeling). HB patterns were analyzed by extracting the radial distribution
functions g(r) from the MD trajectories. For this analysis the TRAVIS package
was used. [149] The radial distribution functions were computed taking as reference
oxygen atoms (O1, O2 and O3), nitrogen atoms (N1 and N2) and amino hydrogen
atoms (H1 and H2) of the solute; they are plotted in Figure 1.3. The most intense
peak of the g(r) refers to the carboxylic oxygen (O3), whereas the other atoms are
not involved in HBs with the solvent water molecules. The average number of HBs
between water molecules and the carboxylic oxygen (O3) is 1.7, thus confirming
strong HB patterns.

OPA Spectra of R6G in aqueous solution

100 uncorrelated snapshots were extracted from the MD run. The convergence
of the studied properties (OPA and TPA spectra) was checked by considering an
increasing number of snapshots. These results are reported in Figures S1 and S2 in
the supporting information (SI) [150].

QM/FQ OPA results are depicted in Figure 1.4. Raw data (sticks) and their
Gaussian convolution, with full width at half maximum (FWHM) of 0.1 eV, are
shown.

The OPA spectrum is characterized by an intense transition (S1) at about 2.8
eV (440 nm) which is related to a pure HOMO→LUMO transition. The second
transition (S2) is a pure HOMO-1→LUMO transition and is located at about 3.2
eV (380 nm). This transition is dark due to the symmetry of the involved orbitals,
see Figure 1.5. Our findings confirm what already reported in previous theoretical
studies, [116] and is in contrast with some experimental works, [58] where S2 is in-
stead assigned to a visible transition. The third transition predicted by the QM/FQ
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Figure 1.3: Radial distribution function g(r) between selected sites of R6G and
water molecules. The considered atomic sites are highlighted in Figure 1.2
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Figure 1.4: QM/FQ calculated OPA spectrum of R6G in aqueous solution reported
as stick spectrum and convoluted with a Gaussian band shape (FWHM=0.1 eV)
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approach is located at 4.1 eV (300 nm), and involves a combined transition between
HOMO-1→LUMO+1 and HOMO-2→LUMO. The whole computed spectrum, in-
volving also the higher transitions, is reported in the SI (Figure S3). [150]

HOMO - 1

HOMO

LUMO

S1

S2

A'

A'

A''

Figure 1.5: Graphical scheme of the first two transitions of R6G in aqueous solution.
Molecular orbitals related to each transition are depicted.

We investigated the relevance of solvent effects by employing different computa-
tional approaches, ranging from continuum QM/PCM to nonpolarizable QM/TIP3P
and polarizable QM/FQ descriptions. As a reference, the OPA spectrum of the so-
lute in vacuo was also calculated. Vertical excitations and oscillator strengths as
obtained by exploiting the different approaches summarized in Table 1.1 and graph-
ically depicted in Figure 1.6. The experimental spectrum is also reported. [58]

Table 1.1: Vacuum and aqueous solution vertical excitation energies (eV) and oscil-
lator strengths (a.u.) for the three lowest singlet excited states of R6G calculated
at the CAM-B3LYP/6-31+G* level of theory. QM/PCM, QM/TIP3P and QM/FQ
approaches were used to model environment effects in solution. The experimental
vertical excitation energies are also reported. aExperimental values are taken from
Ref. [58]

Vacuum QM/PCM QM/TIP3P QM/FQ Exp. a

Evert f Evert f Evert f Evert f Evert

S1 3.07 0.89 2.98 1.05 2.82 0.84 2.81 0.90 2.27
S2 3.68 0.00 3.71 0.00 3.18 0.01 3.20 0.00
S3 4.42 0.25 4.47 0.29 4.15 0.21 4.13 0.26 3.46

The experimental spectrum is dominated by an intense transition (S1) at about
2.3 eV (550 nm), characterized by an inhomogeneous band broadening, probably
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due to a vibronic convolution. The second visible transition is instead at about 3.6
eV (350 nm) and can be associated to the S3 transition.
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Figure 1.6: One-photon absorption spectra for the R6G chromophore at the CAM-
B3LYP/6-31+G* level of theory. Computed vacuum, QM/PCM, QM/TIP3P and
QM/FQ OPA spectra are reported. The experimental spectrum is reproduced from
Ref. [58].

The first transition (S1) is predicted to be the most intense by all the differ-
ent methods, with a redshift when solvent effects are taken into consideration. In
particular, QM/PCM, QM/TIP3P and QM/FQ predict very similar vertical excita-
tion energies for the S1 transition, with the largest redshift shown by QM/FQ. All
the approaches considered correctly describe the S2 transition as being symmetry-
forbidden, see Table 1.1. The models employed exhibit major differences for the third
transition (S3), which is predicted at about 280 nm in vacuum and by QM/PCM,
and at about 310 nm by both QM/TIP3P and QM/FQ approaches (see Fig. 1.6).

The atomistic description captures the explicit solvent-solute interactions that
appear to be crucial in the modeling of this transition. Implicit solvation is unable
to capture solvent effects, as it is shown by the negligible differences observed with
respect to the vacuum results. Furthermore, the energy difference between S1 and
S3 is correctly predicted by QM/MM approaches (∼ 1.18 eV) as compared to the
experimental value (1.19 eV), whereas it is overestimated by the QM/PCM approach
(1.49 eV). Notice also that by considering energy differences, instead of absolute
vertical excitation energies, systematic errors and biases due to the choice of QM
method, and in particular of a specific DFT functional, should be avoided.

To further analyze the nature of the electronic transitions, their charge transfer
(CT) nature was characterized by a simple index, denoted as DCT . [151, 152] The
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barycenters of the positive and negative density distributions are calculated as the
difference of ground state (GS) and excited state (ES) densities. The CT length
index (DCT ) is defined as the distance between the two barycenters. Calculated
vacuum, QM/PCM, QM/TIP3P and QM/FQ DCT values are reported in Table 1.2.

Table 1.2: DCT indices (Å) for the first three excited states as obtained by exploiting
the various models considered in this work.

Vacuum QM/PCM QM/TIP3P QM/FQ
S1 1.195 1.170 1.668 1.624
S2 1.318 1.336 1.587 1.574
S3 0.811 0.759 4.043 3.580

The first two transitions (S1 and S2) have little CT character. The largest dif-
ference between the considered approaches is shown by the S3 transition, of which
the CT character is irrelevant in vacuo and at the QM/PCM level, whereas is huge
at both QM/TIP3P and QM/FQ levels. This different behaviour was expected by
considering the computed OPA spectra reported in Figure 1.6; in fact, the largest
discrepancy between vacumm-QM/PCM and QM/MM approaches was indeed pre-
dicted for the S3 transition.

TPA Spectra of R6G in aqueous solution

Figure 1.7 reports computed QM/FQ TPA raw data and their Gaussian convolution.
We adopted a Gaussian lineshape with FWHM of 0.1 eV in agreement with previous
computational studies on TPA and suggested best practices, see Ref. [52].
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Figure 1.7: QM/FQ calculated TPA spectrum of R6G in aqueous solution reported
as stick spectrum and convoluted with a Gaussian band shape (FWHM = 0.1 eV)

The first two visible transitions at about 1.4 and 1.6 eV have almost the same
intensity and they are the S1 and S2 transitions, respectively. The S2 transition is
not dark, due to the different symmetry selection rules in TPA compared to OPA
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(see Figure 1.4). The computed QM/FQ TPA spectrum is dominated by an intense
peak at about 2.06 eV (600 nm) associated to the S3 transition.

We compared different approaches to model solvent effects also for TPA spectra
and considered QM/PCM, QM/TIP3P and QM/FQ models. In addition, TPA
spectra of R6G in vacuo was computed as an additional reference point. Vacuum,
QM/PCM, QM/TIP3P and QM/FQ TPA spectra are plotted in Figure 1.8 together
with the experimental spectrum, reproduced from Ref. [115].
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Figure 1.8: Two-photon absorption spectra for the R6G chromophore at the CAM-
B3LYP/6-31+G* level of theory. Computed vacuum, QM/PCM, QM/TIP3P and
QM/FQ OPA spectra are reported. The experimental spectrum is reproduced from
Ref. [115].

The experimental TPA spectrum is characterized by three main peaks at 1.14,
1.52, and 1.73 eV. These correspond to the S1, S2 and S3 transitions, respectively.
It is worth noting that the peak at about 1.25 eV was wrongly reported to be asso-
ciated to the S2 transition in some experimental works due to the similar intensity
with respect to the peak at 1.14 eV. [58] Milojevich, Silverstein, Jensen, and Camden
recently showed that such a peak is instead a vibronic band due to Herzberg–Teller
terms. [116] Notice in fact that such a vibronic peak exactly corresponds to the vi-
bronic peak present also in the experimental OPA spectrum, see Figure 1.6. In this
work, we are not considering any vibronic contributions because our main goal is to
show the performance of QM/FQ approach in predicting solvent effects on multi-
photon spectroscopies. As a consequence, the peak at 1.25 eV cannot be reproduced
by the different approaches explored in this work.

The computed vacuum and aqueous solution transition energies and TPA cross
sections (in GM units) of the first three transitions are reported in Table 1.3, together
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with their experimental values. It is clear from Figure 1.8 and Table 1.3 that all the
approaches considered in this work predict the S3 transition as the most intense in
the TPA spectrum. The whole TPA spectra, including also higher energy transitions,
are reported in Figure S4 of the SI. [150]

Table 1.3: Vacuum and aqueous solution TPA vertical excitation energies (eV) and
cross sections (GM) for the six lowest singlet excited states of R6G calculated at
the CAM-B3LYP/6-31+G* level of theory. QM/PCM, QM/TIP3P and QM/FQ
approaches were used to model environment effects in aqueous solution. The ex-
perimental TPA vertical excitation energies and cross sections are also reported.
aExperimental values from Ref. [115]

Vacuum QM/PCM QM/TIP3P QM/FQ Exp. a

ETPA σ ETPA σ ETPA σ ETPA σ ETPA σ
S1 1.54 15.52 1.46 24.03 1.46 18.67 1.44 27.37 1.14 15
S2 1.84 29.83 1.83 69.55 1.64 16.92 1.64 27.59 1.52 65
S3 2.21 466.50 2.20 1390.33 2.07 417.39 2.06 712.69 1.73 150

Both QM/MM approaches outperform the vacuum and QM/PCM models in
reproducing the experimental relative differences between the vertical transition en-
ergies. As already pointed out in case of OPA spectra (see Figure 1.6 and Table 1.1),
this is particularly evident in the case of the S1-S3 difference. The relative intensity
of the S1 and S3 transitions is correctly reproduced by all the different methods,
with the best agreement with experiment shown by QM/TIP3P and QM/FQ.

The largest discrepancy is reported in case of the S2 transition for both relative
energies and intensities. The data reported in Table 1.3 show that the S1-S2 energy
difference is indeed wrongly reproduced even by QM/MM approaches (∼ 0.2 eV
vs. 0.38 eV in the experiment). Some differences between the considered methods
are encountered in case of relative intensities between S1 and S2. In particular,
QM/PCM is almost able to reproduce the experimental intensity ratio between the
two peaks (2.9 vs. 4.3), whereas non-polarizable QM/TIP3P results are the worst
(0.9 vs. 4.3). Such a huge discrepancies probably reflects the fact that for this
transition, HB interactions play a minor role with respect to polarization effects.

Finally, the major effect of including polarization effects in the description of
solvent effects is the increase of the S3 TPA cross section, which is reported by both
QM/PCM and QM/FQ whereas QM/TIP3P is consistent with the vacuum counter-
part. Remarkably, in passing from a continuum to a discrete approach (QM/FQ),
the S3 TPA cross section decreases, thus moving closer to the experimental value.

To conclude our comparison between computed and experimental TPA spectra
of R6G in water, it is worth pointing out that experimental TPA measurements are
not a standard technique. [115] In fact, as reported in Figure S5 in the SI, [150]
several experimental TPA spectra of R6G in aqueous solution have been reported
previously in the literature, [115] showing large discrepancies even in the measured
spectra. Therefore, a quantitative comparison is particularly challenging.
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A polarizable embedding approach to second har-

monic generation (SHG) of molecular systems in

aqueous solutions

Non Linear Optics (NLO) [153–156] has been reported to impact many different
research fields, such as material science, communications, medicine and the devel-
opoment of electronic devices. [157–159] The role of theoretical investigations have
been relevant in this field, because such studies have demonstrated to provide valu-
able information guiding the design of new optical devices. [160] Through the variety
of NLO properties, [161–163] the most basic one is the first hyperpolarizability, i.e.
the quadratic response of a system to an external electric field. The frequency of the
resulting exiting wave is the combination of incident frequencies of the laser beams:
if the entering waves have the same frequency ω and the frequency of the result-
ing wave is 2ω, then the process takes the name of Second Harmonic Generation
(SHG). SHG will be the topic of the present paper. Within the Born-Oppheneimer
approximation, (hyper-)polarizabilities bear electronic and a vibrational terms. [76,
164–168] The first derives from the rearrangement of the electronic density in the
presence of the external field, whereas the latter from the rearrangement of nuclear
motions. In case of SHG, the electronic contribution is predominant over the vibra-
tional one, which only accounts for the 5-20% of the total value. [169–172] Notice
that this is not generally true for static properties, where vibrational contributions
can be even larger than electronic terms. [173–175] Electronic properties can be cal-
culated by resorting to standard Quantum-Mechanical (QM) methods. If compared
to Hartree-Fock (HF), Density Functional Theory (DFT) generally increases the
agreement between calculated and experimental values. [176–178] However, when-
ever electron correlation plays a crucial role, Coupled Cluster (CC) approaches are
best suited, [179–184] although they cannot be applied to medium-large systems.
In such cases, DFT represents a good compromise between accuracy, feasibility and
computational cost. For these reasons, DFT is employed in this work. A proper
choice of the QM level to treat a given system is not the only key for a good
reproduction of experimental data. In fact, for condensed phase systems the in-
clusion of environmental effects is mandatory to achieve a good modeling of the
system. [185–188] The standard approach to include such effects is to resort to con-
tinuum solvation approaches, such as the Polarizable Continuum Model (PCM). [2]
This model has been successfully applied to the modeling of several properties and
spectroscopies, and also to SHG of solvated systems. [176, 186, 189, 190] However,
it may fail when specific solute-solvent interactions play a dominant role, and this
is due to the lack of any atomistic description of solvent molecules. [25, 110, 111,
191] In all such cases, the best strategy has demonstrated to be to resort to the so
called QM/Molecular Mechanics (MM) methods. [72, 74, 82, 97] Such approaches
have already been employed for the description of SHG. [85, 192–195] In standard
MM Force-Fields (FF) no mutual solute-solvent polarization effects are considered:
this is due to the fact that the so-called electrostatic embedding approach is ex-
ploited, i.e. the charges placed on the MM atoms, which define the solute-solvent
interaction, are fixed. The solute-solvent mutual polarization can be restored by
employing polarizable force-fields, based on distributed multipoles, [16–19] induced
dipoles, [21, 24, 25] Drude oscillators [26] or Fluctuating Charges (FQ). [27, 196]
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This latter approach is exploited in this study, because it has already been success-
fully applied to the calculation of several molecular properties and spectroscopies
for systems in aqueous solution. [29, 110, 111] In the present paper, the QM/FQ
approach is applied for the first time to the calculation of SHG of molecular sys-
tems in aqueous solution. A purely electrostatic solute-solvent interaction will be
considered, however quantum non-electrostatic effects, such as Pauli Repulsion and
Dispersion, may play a role and preliminary models to account for them have been
proposed in the recent literature. [11, 14, 197, 198] Notice also that polarizable em-
bedding approaches based on induced dipoles have been applied to the modeling of
SHG with promising results. [23, 183]

We present the extension to Second Harmonic Generation (SHG) of the atomistic
fully polarizable QM/FQ method that treats the solvent atomistically and embeds
each atom in the solvent with a fluctuating charge (FQ) which responds to the solute
QM electrostatic potential in a self-consistent manner.The proposed approach is able
to achieve an adequate modeling of solvent effects both in the quantum mechanical
response equations and on the conformational properties of the system, which is
sampled by resorting to MD simulations. The application of the model to selected
organic acids in aqueous solution, for which the interaction with the surrounding
environment is dominated by HB interactions, shows a good agreement in both
the modeling of solvent effects and in the reproduction of experimental SHG data
extracted from Hyper Raman Scattering experiments.

The QM/FQ model

In the FQ approach, polarization effects are considered by allowing point charges
placed on the MM moiety to fluctuate according to differences in atomic elec-
tronegativities. The model is based on a set of parameters representing atomic
hardnesses and electronegativities, whose physical origin can be rigorously defined
within the so called “conceptual DFT”. [123, 125] Through these parameters, atomic
charges can be computed based on the difference of electronegativities between the
atoms. [27, 28, 196] More in detail, the FQ FF describes polarization effects by en-
dowing each MM atom with a fluctuating charge whose value depends on the elec-
tronegativity [27, 28, 196] according to the Electronegativity Equalization Principle
(EEP) [123, 124] which states that, at equilibrium, the instantaneous electronega-
tivity χ of each atom has the same value. [123, 124] The FQs (q) can be defined as
those minimizing the following functional: [126]

F (q,λ) =
∑
α,i

qαiχαi +
1

2

∑
α,i

∑
β,j

qαiJαi,βjqβj +
∑
α

λα(
∑
i

qαi −Qα)

=q†χ+
1

2
q†Jq + λ†q (1.23)

where q is a vector containing the FQs, the Greek indices α run over molecules
and the Latin ones i over the atoms of each molecule. λ is a set of Lagrangian
multipliers used to impose charge conservation constraints on each molecule. The
charge interaction kernel J is, in our implementation, the Ohno kernel. [199] Atomic
units are used throughout the article. The stationarity conditions of the functional
in Equation1.23 are defined through the following equations: [126]
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∑

β,j Jαi,βjqβj + λα = −χαi∑
i qαi = Qα

(1.24)

The previous system of equations can be recast in a more compact formalism by
introducing the extended D matrix:

D =

(
J 1λ
1†λ 0

)
where 1λ is a rectangular matrix containing the Lagrangian multipliers. The

linear system of equation then reads:

Dqλ = −CQ (1.25)

where CQ collects atomic electronegativities and total charge constraints, whereas
charges and Lagrange multipliers are collected in qλ.

The FQ FF can be effectively coupled to QM methods. The resulting QM/FQ
approach [29, 126] has been shown to be especially suited for the modeling of re-
sponse and spectral properties because, as it is shown below, its energy expression
can be easily differentiated up to high orders. The QM/FQ method fully accounts
for polarization effects: in fact the FQs placed in the MM moiety adjust to both the
electrostatic potential generated by the QM portion and their electronegativities,
while the QM core feels the presence of the FQs through specific additional terms
in the QM Hamiltonian. In case of the calculation of response/spectroscopic prop-
erties, such terms propagate to the solute’s response equations, so that polarization
effects are fully considered also in the computed final spectral data. [107, 110, 111,
127, 200, 201]

Figure 1.9: Schematic representation of the QM/FQ model.

We recall that the QM/FQ model system is constituted by a QM core region
placed at the center of a spherical region defining the environment (see Figure 1.9),
i.e. containing a number of solvent molecules, which are described classically and
whose atoms carry fluctuating charges that can respond to the solute’s electrostatic
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potential. The size of this region is chosen so to yield converged final results, and
the relative positions of the QM and MM atoms results from a sampling performed
through a classical molecular dynamics (MD) simulation which explored the target-
environment configuration space, as well as the target’s different conformers.

The basic QM/FQ energy is defined as the classical electrostatic interaction
between the FQs and the QM density: [200]

EQM/FQ =

Nq∑
i=1

VQM[ρ](ri)qi (1.26)

where VQM[ρ](ri) is the electrostatic potential due to the QM density of charge
at the i -th FQ qi placed at ri. Notice that non-electrostatic interaction terms, which
have been recently proposed by some of us, [11] will not be considered in this work.
By exploiting a Self Consistent Field (SCF) description of the QM moiety, the global
QM/MM energy functional reads: [200–202]

E [P,q,λ] = trhP +
1

2
trPG(P) + q†χ+

1

2
q†Jq + λ†q + q†V(P) (1.27)

where h and G are the one and two electron contributions to the energy and Fock
operator, and P is the density matrix. The FQs consistent with the QM density are
obtained by solving the following equation:

Dqλ = −CQ −V(P) (1.28)

which includes the coupling term V(P) between the QM and MM moieties.

First Hyperpolarizability in the QM/FQ approach

The theoretical framework sketched above can be further extended to electric re-
sponse properties. The microscopic response of a molecular system to an external
electric field E(t) can be represented by an induced dipole moment µ(t):

µ(t) = µ0 + µω cos(ωt) + µ2ω cos(2ωt) + ... (1.29)

Each Fourier amplitude in Equation 1.29, can be rewritten as a Taylor expansion
with respect to the external electric field. [155] In particular, SHG, i.e. the generation
of a photon at 2ω as a result of the interaction with an incident ω photon reads:

µ2ω =
1

4
β(−2ω;ω, ω) : EωEω (1.30)

The most important contribution to this quantity is due to the first term, that
is namely the first hyperpolarizability β. It is a third rank tensor that can be
described by a 3 x 3 x 3 matrix, whose 27 components can be reduced to 10 assuming
Kleinmann’s symmetry, i.e. βαββ = ββαβ = βββα. [203]

By exploiting the response theory formalism, the first-order hyperpolarizability
β(−2ω;ω, ω) can be calculated as:[204, 205]

β(−2ω;ω, ω) = 2TrµP(2) (1.31)
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where µ is the electric dipole moment integral matrix and P(2) is the second-
order density matrix. A generic second-order density matrix is obtained by solving
perturbed equations up to the second order; however, when only one dynamic per-
turbation is involved, it is possible to avoid the solution of the second-order coupled
perturbed equations by using an iterative procedure to reconstruct the density ma-
trix. [204–206] Thus, in order to calculate the electrostatic QM/FQ contribution to
β(−2ω;ω, ω), the first-order perturbed density matrix P(1) is constructed by resort-
ing to linear response theory and by solving the first-order CPHF/CPKS equations.
The right-hand side of the CPHF equations is real: hence, QX = QY and it is
possible to reduce the response equations to a problem of half dimension solving for
X + Y . By summing the CPHF equations, we obtain:

(Ã + B̃)(X + Y) + 2Q = 0 (1.32)

which can be used together with (Ã+B̃)(X−Y) = 0. Notice that FQ contributions
affect the orbital rotation Hessian Ã + B̃.

If one or more oscillating electric fields are applied, the response equations need
to be generalized to the frequency dependent case. Frequency dependent CPHF
equations (FD-CPHF) need to be solved and the proper transition densities are to
be used to compute the desired properties:[200](

Q̃X

Q̃Y

)
+

(
Ã− ωI B̃

B̃ Ã + ωI

)(
X
Y

)
= 0 (1.33)

Computational Details

QM/FQ calculations of the SHG hyperpolarizabilities were performed by resorting
to the following multi-step protocol:

1. Definition of the system and calculation of atomic charges. The six molecules
depicted in Figure 1.10 were surrounded with a number of water molecules
sufficient to represent all the relevant solute-solvent interactions. The atomic
charges of the solutes were computed using the RESP approach.

2. Classical MD equilibration, simulation and sampling. Minimization runs were
performed to yield the starting configurations used in the MD simulation pro-
duction runs: minimization was accomplished by resorting to the NPT ensem-
ble. MD production runs were carried out for each of the six molecules long
enough for obtaining a sufficient sampling of a representative portion of the
phase-space, so to correctly reproduce all possible system configurations and
their relative energy. In order to refine the description of hydrogen bonding
(HB) interactions, off-site charges (the so-called Virtual Sites (VS) or dummy
atoms) with a fixed position with respect to the generating atom were added.
In such a way, also the directionality of HBs was recovered and described.
Two different classical MD simulation runs were performed for each molecule,
i.e. with and without the inclusion of VS (MDVS and MDnoVS, respectively).
From the MD runs, a set of snapshots was extracted to be used in the QM/FQ
calculations.
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3. Definition of the different regions of the two-layer scheme and their boundaries.
Each snapshot extracted from the MD runs was cut into a sphere centered on
the solute, retaining only the solvent molecules within the sphere. The radius
of this region was chosen to include specific solute-solvent interactions.

4. Running SHG QM/FQ calculations. Analysis of the results, comparison with
experimental data. SHG β(−2ω;ω, ω) calculations were performed on the set
of structures obtained for the six molecules in the previous step of the protocol.
The results obtained for each spherical snapshot were extracted and averaged
to produce the final SHG value.

Figure 1.10: Structure of the molecules studied in this work. The green spheres
depicted on each Oxygen atom represent the Virtual Sites (VS).

Molecular geometries of the molecules depicted in Figure 1.10 were optimized
and the RESP atomic charges were calculated at the CAM-B3LYP/6-311++G**
level of the theory. The Polarizable Continuum Model (PCM) was used to account
for the aqueous environment in such optimizations. [2, 207] MD simulations were
carried out by using GROMACS[141] with Amber 99ffSB-ILDN force field to de-
scribe intramolecular and intermolecular potentials. [208] RESP charges were used
for electrostatic interactions. [209, 210] VS were possibly placed on the centroids
of Boys orbitals. [211, 212] In particular a couple of VS was assigned to each car-
boxylic and hydroxylic Oxygen atom (see Figure 1.10). A single solute molecule was
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solvated in a cubic box with a side length of approximately 4.7 nm containing a vari-
able number of water molecules (3400-3900) modeled using the TIP3P parameter
set, depending on the considered molecule 1-6. [213] Electrostatic interactions were
taken into account by means of the particle mesh Ewald method [145] using a cutoff
radius of 1.2 nm in real space. A cutoff radius of 1.2 nm was also chosen for van der
Waals interactions. Periodic boundary conditions were applied in all directions.

For each molecule, two single short (1.0 ns) NPT MDnoVS and MDVS simulations
were performed at 300 K for thermalization purposes. Consequently, two 10 ns
NVT MDnoVS and MDVS simulations were carried out for each molecule. The MD
simulations were carried out using a constant temperature of 300 K and adopting
the velocity-rescale method with a coupling constant of 0.1 ps and a time step of
0.5 fs. [214] The LINCS algorithm was used in order to constrain all bonds of the
solute molecules. [144] The coordinates of each system were stored every 0.5 ps of
simulation.

A total of 200 uncorrelated snapshots were extracted from the 10 ns MD (one
snapshot every 50 ps). For each snapshot a 15 Å sphere centered at the solute’s
geometric center was cut. This radius assures the convergence of the computed
data (see Figure S1 given as Supporting Informations (SI) [215]). All hyperpo-
larizabilities (β(−2ω;ω, ω)) were calculated within the QM/MM framework at the
CAM-B3LYP/6-311++G**. For molecule 1 a comparison between CAM-B3LYP,
B3LYP and ωB97X-D functionals and cc-pVDZ, aug-cc-pVDZ and 6-311++G**
basis sets was also performed. The water molecules were modeled both with the
SPC FQ parameters [27] and the parametrization proposed by some of the present
authors. [128] The TIP3P [122] force-field was exploited in non-polarizable QM/MM
calculations. The β(−2ω;ω, ω) convergence, as a function of the number of snap-
shots, was checked for each system. All QM/FQ calculation were performed by
using a locally modified version of Gaussian 16. [146] Finally, the calculated values
were compared with experimental Hyper Rayleigh Scattering (HRS) data taken from
Ref. [216] Experimental HRS values were divided by the Lorentz local-field factor
in order to be directly compared with our calculated data. [217–219]

In Ref. [216] a comparison between computed and experimental data was done
by referring to the following quantity:

|~β|=
√
β2
x + β2

y + β2
z (1.34)

where:

βi =
3∑

k=1

βikk + βkik + βkki (1.35)

Therefore, our calculated data refer to Equation 1.34. We note, however, that
alternative definitions for HRS values, giving computed results directly comparable
with experimental data, can be found in the literature. [218, 220–222]

MD Analysis

The analysis of MD trajectories was performed by using the TRAVIS package. [149]
Three different results are presented and discussed: the radial distribution func-
tion g(r) (RDF), the spatial distribution function (SDF) and the dihedral distribu-
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tion function (DDF). It is worth noticing that from a structural point of view, the
molecules depicted in Figure 1.10 are strictly related. In fact, molecules 1-3 are
characterized by the same electron-donor group as molecules 4-6. The only differ-
ence between the two sets of molecules is that the first triplet is para-substituted,
whereas the last is meta-substituted.

Hydration patterns

The hydration pattern was analyzed by means of the radial distribution function
g(r) computed taking as reference all Oxygen and hydroxil Hydrogen atoms of the
solutes. 2 bears the largest number of potential HB sites: for this reason, we will
focus on its RDF (Figure 1.11), whereas the data for the other molecules are given
as SI (see Figure S2 [215]). The left and right panels of Figure 1.11 report the g(r)
obtained from the two MD runs performed with or without virtual sites (MDVS and
MDnoVS, respectively).

Figure 1.11: RDF of system 2, obtained from the analysis of the MD run without
(left panel) or with (right panel) virtual sites.

Focusing on both panels of Figure 1.11, it is worth pointing out that the most
intense peaks of the g(r) are presented by the carboxylic Oxygen (O2) and the water
Hydrogen (HW) atoms, and by both the hydroxylic Hydrogen (H1 and H3) and
water Oxygen (OW) atoms. Moreover, with the exception of O1, all g(r) maxima
increase if virtual sites are considered in the MD runs (right panel). Notice also
that such an effect is accompanied by a thinning of the g(r) width. The presence
of VSs in the MD runs guarantees a better reproduction of the properties of HBs,
in particular their directionality. This results in a smaller spatial spreading of the
HBs and therefore a thinner maximum in the g(r).

Table 1.4 reports the average number of HBs per site, as obtained from the
analysis of both MDnoVS and MDVS. Such numbers were calculated by integrating
the first peaks of each g(r), which refer to the first hydration sphere. The number
of HBs exhibited by O1 and H1 is constant for most of the molecules, with the
exception of O1 in 5 in the case of MDnoVS. The same behaviour is shown by H3,
but not by O3, whose HB pattern varies a lot among the various molecules. Notice
also that in case of MDVS the number of HBs for O1 and O2 is generally lower than
for MDnoVS. The opposite is noticed for O3, for which the presence of VSs in the MD
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runs causes an increase in the number of HBs. Finally, it is worth pointing out that
the smaller spatial spreading of HBs and the thinner maximum of the corresponding
g(r) already commented for MDVS generally result in the decreasing of the average
number of HBs (see column labelled HBmean in Table 1.4).

O1···HW O2···HW O3···HW H1···OW H3···OW HBmean

MDnoVS

1 0.64 2.21 0.76 1.03 1.16
2 0.55 2.37 0.73 1.04 0.98 1.14
3 0.55 2.19 1.04 1.26
4 0.56 2.42 0.66 1.15 1.20
5 0.33 2.13 1.21 1.01 0.99 1.14
6 0.50 2.08 1.00 1.19

MDVS

1 0.63 1.96 0.97 1.00 1.14
2 0.51 2.02 1.06 1.00 1.01 1.12
3 0.51 2.01 1.00 1.17
4 0.49 1.91 1.00 1.01 1.10
5 0.55 1.86 1.34 1.00 1.02 1.15
6 0.57 1.90 1.01 1.16

Table 1.4: Number of Hydrogen Bonds for the different molecules depicted in
Figure 1.10. HBmean reports the average number of HBs reported in the other
columns.

To refine the analysis on hydration patters, SDF were calculated from the MDVS:
the results are plotted in Figure 1.12 for all the molecules depicted in Figure 1.10.
SDF calculated from MDnoVS are reported in Figure S3, as SI. [215] Calculated SDF
isodensity values are equal to 70 and 100 nm−3 for water Hydrogen and Oxygen
atoms, respectively. Figure 1.12 gives a pictorial view of HBs spatial distribution:
red and white surfaces refer to water Oxygen and Hydrogen atoms, respectively. All
investigated molecules present a common feature in their acceptor portion, with a
strong O2-HW and H1-OW hydrogen bonding interaction. This is not surprising
considering the results discussed before and reported in Table 1.4. 2 and 5 present
an H3-OW HB which is symmetrically distributed. This suggests that the hydroxyl
moiety (O3H3) can rotate during the MD simulation. These findings are confirmed
by the dihedral distribution function depicted in Figure 1.13 for molecule 2. In fact,
the distribution of the C4-C5-O3-H3 dihedral angle shows two maxima at 0 and
180 degrees, thus confirming two most probable configurations. In Figure 1.13, the
distribution related to the dihedral angle of the donor hydroxyl group (C2-C1-O1-
H1) is plotted. Notice that in this case a single maximum occurs at 0 degrees, thus
confirming the SDF sampling.

Convergence with respect to sampling extracted from the MD

Before analyzing the QM/FQ β(−2ω;ω, ω) results for the selected systems, we first
analyze the dependence of the calculated data on the sampling extracted from the
MD, i.e. on the number of selected uncorrelated snapshots. In Figure 1.14, the
average values of β(−2ω;ω, ω) as a function of the number of snapshots for the
six selected systems are plotted. Notice that panel (a) refers to the snapshots ex-
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Figure 1.12: Spatial distribution functions extracted from MDVS. Calculated SDF
isodensity values are given in nm−3 and are equal to 70 and 100 nm−3 for water
hydrogen and oxygen atoms, respectively.

Figure 1.13: Dihedral distribution function of molecule 2 obtained with MDVS.

Matteo Ambrosetti 47



tracted from the MD performed without the inclusion of VS, whereas (b) to the MD
with the inclusion of VS. In both cases, the convergence in the average property
is almost reached with 100 snapshots and completely guaranteed if the final values
are obtained by averaging 200 snapshots. For this reason, all the data which will
be reported in the next sections are obtained as a result of the averaging over 200
snapshots.
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Figure 1.14: Average values of β(−2ω;ω, ω) as a function of the number of snapshots
extracted from the MD for all the molecules depicted in Figure 1.10. (a) Snapshots
extracted from MDnoVS. (b) Snapshots extracted from MDVS.

Dependence on DFT Functional and Basis Set

The dependence of the β(−2ω;ω, ω) on the choice of the DFT functional and basis
set is discussed for molecule 1. The CAM-B3LYP, B3LYP and ωB97X-D DFT
functionals were combined with the cc-pVDZ, aug-cc-pVDZ and 6-311++G** basis
sets. The average β(−2ω;ω, ω) results are reported in Table 1.5.

Functional cc-pVDZ aug-cc-pVDZ 6-311++G**

MDnoVS

B3LYP 8.65 13.31 13.59
CAM-B3LYP 7.36 11.31 11.54
ωB97x-D 7.04 10.84 11.08

MDVS

B3LYP 8.63 12.03 12.39
CAM-B3LYP 7.43 10.36 10.66
ωB97x-D 7.09 9.91 10.22

Table 1.5: Calculated QM/FQ β(−2ω;ω, ω) of molecule 1 as varying the DFT
functionals and basis set. Data refer to both the MD runs performed without or
with the inclusion of VS. All data are reported in esu.

Table 1.5 shows some general trends. First, the calculated β(−2ω;ω, ω) increases
going from the cc-pVDZ to the 6-311++G** basis sets for all functionals employed.
By taking as reference the cc-pVDZ basis set, aug-cc-pVDZ shows an increase in
the values of 39% (MDnoVS) and 54% (MDVS), whereas the 6-311++G** set of 44%
(MDnoVS) and 57% (MDVS). Such a behaviour can be explained by considering
that β(−2ω;ω, ω) values have already been reported to be extremely sensitive to
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the inclusion of diffuse functions in the basis set. [223–225] The largest values are
obtained with the 6-311++G** set, however these data are only slightly different
from those calculated by using the aug-cc-pVDZ set. Let us pass to consider the
dependence of β(−2ω;ω, ω) values on the choice of the DFT functional. For both
MDs, the smallest value is given by ωB97x-D and the highest by B3LYP. With
respect to ωB97x-D, CAM-B3LYP data are 4-5% greater, whereas B3LYP values
are 22-23% greater. Such results are in agreement with previous studies, [186] which
showed that B3LYP generally overestimates electric response properties.

On the basis of the data discussed so far, the further analyses are performed by
exploiting the CAM-B3LYP/6-311++G** values.

QM/MM β(−2ω;ω, ω) results

In panels (a) and (b) of Figure 1.15 raw β(−2ω;ω, ω) QM/FQ values for molecule
1 are plotted. Again, the values obtained with or without the inclusion of VS are
depicted. Mean values, obtained by averaging the property all over the snapshots,
are also plotted as horizontal lines. The plots in Figure 1.15 clearly show the range
of variability in time of the calculated property, i.e. the dependence of the calculated
data on the spatial arrangement of the solvent molecules around the solute, and its
conformation.

Panels (c) and (d) of Figure 1.15 report the same analysis, this time focused on
solvent effects. The latter are calculated as the difference between QM/FQ and vac-
uum β(−2ω;ω, ω) at the same level of theory (CAM-B3LYP/6-311++G**). Both
MD runs without and with VS are considered. The inspection of the plots shows pos-
itive, as well as negative solvent effects for the single snapshot. Therefore, although
the average solvent effect is positive (see the horizontal lines), the contribution to
the single snapshot can be either positive or negative. Our dynamical, atomistic
approach to the solvation phenomenon is able to give insight into such a variability,
whereas mean-field approaches (such as continuum solvation) would instead focus on
the mean value. Similar findings can also be extracted from the analysis of molecules
2-6, whose data are given as SI (see Figures S4-S8 [215]).

The calculated values in vacuo, the average QM/FQ and QM/TIP3P β(−2ω;ω, ω)
values (together with their standard errors) are reported in Tables 1.6. Experimental
data, taken from Ref. [216] are also reported. The calculated vacuum β(−2ω;ω, ω)
data only qualitatively reproduce the experimental trend; in fact, absolute values
are underestimated, with the average deviation being of the order of 50%.

Moving to QM/FQ data (Table 1.6), we note that both MD runs, with or without
VS, give similar β(−2ω;ω, ω) results, being the average difference of the order of
3% . The major discrepancy between the two MD runs is given by molecule 1:
this is probably due to the larger number of water molecules bound to O3, via
HBs. In fact, by chemical intuition, the more water molecules are bound to O3,
the less π coordination occurs in the molecule, thus reducing the absolute value of
β(−2ω;ω, ω). Notice also that calculated β(−2ω;ω, ω) for molecule 5 are larger
than the corresponding data for molecule 4. Such a behaviour is not modelled
by vacuum calculations. Therefore, it cannot be attribuited to the level of theory
chosen, but instead to solvent effects described by coupling the MD to the atomistic
description of the QM/FQ model.

Also, solvent effects (i.e.the difference between QM/FQ and vacuum values) re-
ported as percentages in Table 1.6, follow indeed a specific trend. In fact, solvent
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Figure 1.15: QM/FQ β(−2ω;ω, ω) values for molecule 1 calculated for the different
snapshots extracted from the MD runs without ((a))-((c)) or with ((b))-((d)) VS.
Panels (a) and (b) report β(−2ω;ω, ω) raw data, panels (c) and (d) report difference
between QM/FQ and vacuum β(−2ω;ω, ω) data. All values are given in esu.

effects always increase moving from molecule 1 to 3 and from 4 to 6. Thus, the
observed smaller β(−2ω;ω, ω) value for 4 is numerically due to the similarity in the
vacuum values for 4 and 5. However, the final difference in the β(−2ω;ω, ω) values
for 4 and 5 is very small. To end the discussion on solvent effects on β(−2ω;ω, ω),
we note that, on average, they increase vacuum values of about of 53 % and 60 %
for MDnoVS and MDVS, respectively.

In order to evaluate the dependence of our findings upon the specific parametriza-
tion exploited for modeling the aqueous solution by means of the FQ approach, both
the parametrization proposed by Rick et al. [27] and by Carnimeo et al. [128] are
compared (see columns QM/FQa and QM/FQb in Table 1.6) . The most relevant
discrepancy between the two parametrizations is the difference in electronegativities
between water and oxygen and hydrogen atoms, which in case FQb is greater than
case FQa. FQ charges are calculated by solving Equation 1.27, therefore a greater
difference in electronegativities causes greater electrostatic interactions (i.e. larger
absolute electric charges). For this reason, it is not surprising that QM/FQb results
are larger than QM/FQa, being the difference 5% in case of MDnoVS and 3% in case
of MDVS.

Finally, calculated QM/FQ β(−2ω;ω, ω) are compared to experimental values
(Table 1.6). Clearly, the inclusion of solvent effects, described by means of our
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protocol, drastically reduces the error between calculations and experimental values.
In fact, the error is 22% and 23% in case of MDnoVS and MDVS respectively, with
the minimal error (20%) being reported for MDnoVS and the FQb parametrization.

To end the discussion on calculated QM/MM β(−2ω;ω, ω), it is worth noticing
that the non polarizable QM/TIP3P approach underestimates experimental of about
37% on average. Thus, by taking as reference the calculations for the isolated
molecules, indeed a non-polarizable atomistic description of the environment reduces
the discrepancy with respect to experimental data. However, solvent effects are
dramatically underestimated by the non-polarizable force field.

Vacuum QM/TIP3P QM/FQa QM/FQb

MDnoVS

1 8.47 9.63±0.15 (14%) 11.54±0.17 (36%) 12.11±0.18 (43%)
2 7.10 8.61±0.07 (21%) 10.54±0.08 (48%) 10.96±0.09 (54%)
3 4.15 6.00±0.08 (44%) 6.98 ±0.07 (68%) 7.48 ±0.09 (80%)
4 3.71 4.44±0.06 (20%) 5.15 ±0.07 (39%) 5.45 ±0.07 (47%)
5 3.63 4.83±0.05 (33%) 5.76 ±0.05 (58%) 5.98 ±0.06 (65%)
6 2.35 3.43±0.05 (46%) 3.99 ±0.05 (70%) 4.28 ±0.06 (82%)

MDVS

1 8.65±0.15 ( 2%) 10.66±0.17 (26%) 10.92±0.18 (29%)
2 8.40±0.08 (18%) 10.61±0.09 (49%) 10.79±0.10 (52%)
3 6.08±0.07 (46%) 7.23 ±0.07 (74%) 7.53 ±0.08 (81%)
4 4.36±0.06 (17%) 5.24 ±0.06 (41%) 5.41 ±0.07 (46%)
5 4.69±0.05 (29%) 5.73 ±0.05 (59%) 5.88 ±0.06 (65%)
6 3.52±0.05 (50%) 4.23 ±0.04 (80%) 4.43 ±0.05 (88%)

Table 1.6: CAM-B3LYP/6-311++G** Vacuum, QM/TIP3P and QM/FQ
β(−2ω;ω, ω) (± standard errors) for molecules 1-6. Solvent effects, defined as the
difference between the QM/FQ or QM/TIP3P and the vacuum data, are given as
percentages in brackets. All values are reported in esu.
a FQ parametrization proposed by Rick et al. [27]
b FQ parametrization proposed by Carnimeo et al. [128]
Experimental values are reported from Ref. [216]:
1 13.06 4 9.91
2 10.93 5 6.78
3 10.28 6 6.57
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QM/Fluctuating Charge Protocol to Compute Sol-

vatochromic Shifts

The study of electronic, optical properties of chromophores is of particular interest
for many different applications, ranging from photochemistry to technology.[226] In
most cases, such optical properties are tuned by dissolving the selected dye in differ-
ent solvents, which can yield to substantial changes in the solute’s properties.[227]
When dealing with electronic excitations, solvent effects mainly manifest in a shift of
the solute’s absorption band,[228] which is usually referred to as solvatochromism, or
solvatochromic shift. [227, 229–235] Depending on the nature of the transition, blue-
or red-shifts are observed;[227] therefore, reliable computational approaches need to
correctly reproduce both the ‘sign” of the solvatochromic shift, and its magnitude
as a function of the nature of the solvent.[234]

To this end, different methods have been proposed, generally focusing the at-
tention to the solute, which is responsible for the spectral signal and is accurately
described at the Quantum-Mechanical (QM) level. The solvent, which modifies but
does not determine the spectral property, is instead treated at lower level of sophisti-
cation.[236, 237] The various approaches differ in the way they describe the solvent,
which can be treated implicitly, as a continuum, or atomistically.[237, 238] In the lat-
ter case, QM/Molecular Mechanics (MM)[74, 97] or quantum embedding approaches
[239, 240] may be used, where solvent molecules are described by a classical force
field or a QM wavefunction, respectively. Another remarkable difference between the
three aforementioned approaches is the way they model solute-solvent interactions.
Continuum solvation is a ”mean-field” approach, where specific, direction interac-
tion (e.g. hydrogen bonding) are neglected.[236] The latter are instead considered
in explicit, atomistic approaches, which are specified by the quality of the descrip-
tion of solvent molecules and their interaction with the QM solute.[74, 241–244]
In most quantum embedding methods, electrostatic, polarization and Pauli repul-
sion solute-solvent interactions are accurately treated,[242, 245] whereas QM/MM
approaches generally discard quantum repulsion,[246, 247] and sometimes also po-
larization effects.[248] However, being the computational cost of QM/MM methods
much lower than most quantum embedding methods, the former are rapidly becom-
ing the golden-standard for many applications,[241, 248, 249] especially those refined
approaches which are able to correctly take into account solute-solvent mutual po-
larization effects (i.e. in the so-called polarizable QM/MM embedding methods).[23,
241, 249–252]

Polarizable QM/MM embedding approaches can be based on distributed multi-
poles, [253] induced dipoles, [248, 250–252] Drude oscillators, [26, 254] fluctuating
charges (FQ) [29, 104] and possibily dipoles, [31, 255, 256] or AMOEBA.[19, 257,
258] In particular, the QM/FQ approach has been specifically developed to model
spectral properties.[241] There, MM atoms are endowed with a charge that can vary
as a function of differences in MM electronegativity or as a response to the electric
potential generated by the QM density.[104]

Although the excellent performance of QM/FQ to describe aqueous solutions,
mainly due to a reliable parametrization of the force field and the extension up to
analytical energy third derivatives, [103, 110, 111, 215, 259–261] its application to
non-aqueous solutions has been severely hampered by lack of reliable parametriza-
tions. In fact, QM/FQ is a completely general approach, which can be applied to
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(a) PNA (b) QB

(c) MER (d) BET

Figure 2.1: Molecular structures of the studied dyes.

any embedded system, pending a reliable parametrization of the classical layer.[241]
In this work, we extend for the first time the FQ force field to six solvents of dif-
ferent polarity and hydrogen-bonding capability, thus substantially increasing the
applicability of QM/FQ beyond aqueous systems. The method is tested to repro-
duce solvatochromic shifts of four chromophores, which exhibit large solvatochromic
shifts when dissolved in polar, protic and apolar, aprotic solvents, namely: para-
nitroaniline (PNA), 1-methyl-8-oxyquinolinium betaine (QB), 1-methyl-4-[(oxocyclohexadienylidene)ethylidene]-
1,4-dihydropyridine (MER) and 2,6-Diphenyl-4-(2,4,6-triphenylpyridin-1-ium-1-yl)
phenolate (BET). The molecular structures of the dyes are given in Fig. 2.1

The paper is organized as follows. The next section reports on the computational
methods which have been used to parametrize the FQ force field for six selected
solvents. The novel FQ parameters are then exploited to predict solvatochromic
shifts of the four chromophores in the selected solvents. A summary and a discussion
on the future perspectives of the method end the paper.

Parameterization Procedure

In QM/FQ, each solvent atom is endowed with a Fluctuating Charge (FQ), whose
value can vary as a response to the QM electronic density. FQs are defined by
solving a linear equation which is written in terms of atomic electronegativities
(χ) and chemical hardnesses (η), which constitute the parameters of the FQ force
field. In this paper we propose a novel parametrization for 1,4-dioxane (DIO),
tetrahydrofuran (THF), acetonitrile (ACN), ethanol (ETH) and methanol (MET),
and water (WTR), see Figure 2.2, where also polarity (φ) and dielectric constant (ε)
of each solvent values are reported. Notice that φ is equivalent to the normalized
ET
N value usually exploited in Reichardt’s scale.[234]

As already mentioned above, the application of QM/FQ to different environ-
ments needs appropriate specification of atomic electronegativities and chemical
hardnesses.[27, 28, 196] In this work, we have decided to exploit atomic parameters
independently of chemical makeups. For instance, in MET, the two Hydrogen atoms
in C-H and O-H groups are characterized by the same atomic parameters. Notice
however that our procedure is general and specific atom-types, defined similarly to
other force fields, can also be considered. The parameterization workflow is sketched
in Figure 2.3.
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(a) 1,4-dioxane (DIO)
φ = 0.164
ε = 2.2

(b) tetrahydrofuran (THF)
φ = 0.207
ε = 7.4

(c) acetonitrile (ACN)
φ = 0.460
ε = 35.7

(d) ethanol (ETH)
φ = 0.654
ε = 24.8

(e) methanol (MET)
φ = 0.762
ε = 32.6

(f) water (WTR)
φ = 1.0
ε = 78.3

Figure 2.2: Geometries of the solvents studied in the present work ordered based on
their polarity. Relative polarity (φ) as reported in Ref. [227] and dielectric constant
(ε) used in QM/PCM calculations are also given.

Model 
(Fluctuating Charge)

Cost Function

FQ Parameters 
(χ,η)

Optimization
(Genetic Algorithm)

Validation

Optimal Parameter Set

Reference Dataset
(Eint QM/dipole)

QM

dipole

Figure 2.3: Graphical representation of the parameterization workflow.

Reference Dataset. The first step of the parametrization procedure involves the
definition of a reliable reference data-set, that we built for the following four solvents
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of increasing polarity: [227] DIO, ACN, MET and WTR. Notice that, although the
parameterization procedure is solvent specific, the final parameters can be trans-
ferred to similar solvents, i.e. those that are constituted of similar geometrical
structures or have similar physico-chemical properties. This is indeed the case of
THF and ETH, for which the parameters were specified by transferring those ob-
tained for DIO and MET, respectively (vide infra). The reference data-set was
assembled by using solvent geometries optimized at the CCSD/aug-cc-pVTZ level
of theory.

For all structures in the data-set, the interaction energy (EREF
int ) between each

solvent molecule (treated at the QM level) and a dipolar probe was calculated.
All QM/dipole reference calculations were performed at the Hartree-Fock (HF)/6-
311++G** level, by using the electronic structure program eT . [262] In particular,
we followed the strategy first proposed by Stern et al. [263] and recently exploited
in Ref.[264]. In this approach, the dipolar probe is constituted by a pair of ±1 a.u.
point charges separated by 1 Å. The solvent-dipole interaction energy is then sam-
pled along different symmetry axes and solvent-dipole distances. Depending on the
solvent, a different number of points, ranging between 150 and 250, was exploited.
The minimum/maximum distance between the probe and the solvent molecule is
2.0/10.0 Å, with a constant step of 0.25 Å. The results of the calculations for the
reference data set obtained for the four solvents are plotted as solid line in Fig. 2.4.

Cost Function The loss function (ξ2) used to train the model was defined as:

ξ2 =
1

N

N∑
i=1

wi(E
REF
int,i − E

FQ
int,i(χ,η))2 (2.1)

It is a Weighted Mean Squared Error (WMSE) loss function, where N represents
the number of points used in the fitting, i.e. the solvent-dipole scan configurations
obtained at the previous step. EREF

int,i is the QM/dipole reference interaction en-
ergy of the i-th geometry. On the same geometry, the FQ-dipole interaction energy
(EFQ

int,i(χ,η)) is computed by treating the solvent molecule at the FQ level. The
FQ energy depends on χ and η, which are the adjustable parameters of the opti-
mization. In Eq. 2.1, wi is a weighting factor, which was set to the inverse of the
solvent-dipole distance.

Optimization. FQ parametrization is a non-convex optimization problem, because
the two parameter sets χ and η are not linearly related to the interaction energy
EFQ
int,i(χ,η). As a consequence, the function is characterized by several local minima,

thus a gradient-based algorithm (e.g., steepest descent, conjugate gradient method),
would not be effective. For this reason, we exploited a genetic algorithm (GA), which
is an evolutionary algorithm that mimics the process of natural selection. [265, 266]
In particular, we used the Python module inspyred, [267, 268] where the parameter
space ({χ,η}) was restrained to the [0,1] interval.

For each solvent molecule, a minimum of twenty parameter optimizations was per-
formed, each constituted by a population of 100 individuals, corresponding to a
randomly generated parameter set (χ,η). Therefore, for each molecule 2000 differ-
ent starting points in the parameter space were considered.
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(a) Dioxane (b) Acetonitrile

(c) Methanol (d) Water

Figure 2.4: Reference QM/dipoles (solid lines) and FQ/dipoles (dashed lines) inter-
action energies (in kcal/mol) as a function of the solvent-dipole distance for all the
parametrized solvents (DIO, ACN, MET, WTR).
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Validation. GA is a stochastic optimization technique. At the end of the previous
step, multiple sets of sub-optimal parameters, i.e. characterized by similar values
of the loss function ξ2, were obtained. In order to select the best parameter set, we
performed an additional validation step, which is based on two physical observations.

First, the parameter sets have to follow the electronegativity scale, i.e. atomic
electronegativity need to increase as moving right along a row of the periodic table.
Therefore, all sub-optimal parameter sets that do not follow this criterion were
rejected.

Second, we imposed the parameter sets to correctly reproduce the molecular static
isotropic polarizability αmol, computed at the CCSD/aug-cc-pVTZ level, and the
static isotropic bulk polarizability αbulk, computed at the CAM-B3LYP/6-311++G**,
of the selected solvent. Note in fact that in the FQ formalism, η and α are strictly
related. [269]

Note that, although the aforementioned validation criteria could have been included
in the loss function, we preferred to keep the loss function independent of model
specific features. It is worth remarking that the procedure may provide different op-
timal parameter sets, also in case the constraints mentioned above are incorporated
in the loss function.

Optimal parameter set. The optimal parameter set, i.e. that associated to the
lowest value of the loss function and the lowest error for both αmol and αbulk, was
selected. The values obtained for each solvent molecule are reported in Tab. S1
given in the Supporting Information (SI). In Figure 2.4, FQ solvent-dipole interac-
tion energies as a function of the solvent-dipole distance are reported. Reference
QM/dipole values are also plotted for the sake of comparison. The FQ optimal
parameter sets correctly reproduce reference curves, although with some discrepan-
cies, essentially due to the lack of out-of-plane polarization in the FQ model (see
for instance, d4 and d5 in Fig. 2.4d). This limitation of FQ may be overcome by
adding terms depending on atomic dipoles, as it has been recently shown by some of
us. [255]. Finally notice that our procedure permits to select the best parameters to
reproduce the most relevant interactions of a specific solvent (see for instance d3-d4
vs. d1-d2 in Fig. 2.4c).

Computational Protocol

In order to compute QM/FQ UV-Vis absorption spectra of the selected dyes in the
aforementioned solvents, dynamical aspects of the solvation phenomenon were con-
sidered by resorting to classical MD simulations. PNA, QB and MER geometries
were optimized at the CAM-B3LYP/aug-cc-pVDZ level, whereas we adopted the
CAM-B3LYP/6-31+G(d,p) level for BET, according to Ref. [19]. Solvent effects on
molecular geometries were modeled by using the PCM. [236] All MD runs were per-
formed by using GROMACS. [270] The GAFF force field was exploited to describe
both intramolecular and intermolecular interactions. [271, 272] Solute and solvent
bonded and non-bonded parameters were generated by means of Antechamber pack-
age [273, 274] with the only exception of water for which the standard TIP3P force
field was used. [275] Atomic charges of both solute and solvent molecules were cal-
culated by using the RESP charge fitting method. [276] During each MD run solutes
were constrained in their minimum energy structure.

Matteo Ambrosetti 59



The size of the simulation boxes ranged from 7 nm (PNA) to approximately 10
nm (BET). An integration time step of 1 fs was adopted for all MD runs. The tem-
perature was kept constant to 300 K by adopting the velocity-rescaling method [214]
with a coupling constant of 0.1 ps. Electrostatic interactions were taken into account
by means of the particle mesh Ewald method [277] using a cut-off radius of 1.4 nm
in real space. The same cut-off was also used for van der Waals interactions.

An NPT simulation of 1 ns (using the Berendsen barostat [278] and a coupling
constant of 2.0 ps) was performed on each system for equilibration purposes. Then,
a 2.5 ns NVT production run was performed in order to sample the system’s config-
uration space. A total of 100 uncorrelated snapshots were extracted from the last 2
ns of the MD (one snapshot every 20 ps). For each snapshot, a sphere of variable
radius (20-25 Å), depending on the solute size, centered at the solute center of mass,
was cut and used in the following QM/FQ UV-Vis calculations.

QM/PCM and QM/FQ vertical excitation energies were calculated at the TD-
DFT level by exploiting Linear Response (LR) and corrected Linear Response (cLR)
regimes, which is a first-order state-specific approximation. [256, 260] For all the
transitions, both LR and cLR shifts with respect to the frozen density approximation
(ω0) were summed, in agreement to Refs. [279] and [280]. Such an approach has
been recently proposed in the literature and named cLR2.[281] All QM/PCM and
QM/FQ ω0, LR, cLR and cLR2 energies are reported in Tabs. S2-S3 in the SI.
All TD-DFT calculations were performed by using the CAM-B3LYP functional in
combination with the aug-cc-pVDZ as basis set (PNA, QB, MER) or 6-31+G(d,p)
(BET), the latter according with Ref. [19]. All QM/FQ calculations were performed
by using a locally modified version of the Gaussian 16 package. [146] Non-polarizable
QM/Electrostatic Embedding (QM/EE) were also performed by exploiting TIP3P
and GAFF charges, for water and the other solvents respectively (see Table S4 in
the SI for QM/EE vertical excitation energies).

Numerical Results

In this section we apply the parameters obtained above to describe absorption spec-
tra and solvatochromic shifts of the dyes in Fig.2.1. For each molecule, we ana-
lyze the transition involved in the spectral signal, and we compare QM/FQ val-
ues with electrostatic embedding (QM/EE) and continuum solvation approaches
(QM/PCM), so to disentangle the role of explicit solute-solvent interactions (when
relevant) and polarization effects. Finally, computed data are compared with exper-
imental values (see Tables S5 in the SI) and general trends are commented.

Para-nitroaniline

Para-nitroaniline (PNA) belongs to the family of “push-pull” organic compounds,
being characterized by an electron-donor amino group (NH2) and a para electron
acceptor nitro group (NO2), which are connected by a π-conjugated phenyl ring
(see Figure 2.1a). Different theoretical approaches (continuum and atomistic) have
already been challenged to reproduce PNA solvatochromic shifts, by also exploiting
correlated wavefunctions.[282–284] The absorption spectrum of PNA is characterized
by a bright band, which is due to a Charge-Transfer (CT) transition from the donor
to the acceptor moieties.[282–289] Similarly to most CT transitions, PNA absorption
maximum exhibits a large red solvatochromic shift as the polarity of the solvent
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increases. Therefore, PNA represents an ideal candidate to test the quality of the FQ
parametrization discussed above. Here we discuss PNA absorption spectra in DIO,
THF, ACN, MET and WTR. For all methods (QM/FQ, QM/EE and QM/PCM),
the lowest bright excitation is predicted to be a HOMO-LUMO π → π∗ transition,
with clear CT character (see Fig. 2.5a).

HOMO LUMOa)

b)

c)

Figure 2.5: a) PNA HOMO and LUMO involved in the studied electronic transi-
tion. b) QM/PCM, QM/EE, QM/FQ and experimental PNA excitation energies as
a function of the solvent polarity (φ). c) QM/PCM, QM/EE, QM/FQ and exper-
imental PNA solvatochromic shifts computed with respect to gas-phase excitation
energy.

In Fig. 2.5b, QM/FQ, QM/EE and QM/PCM excitation energies are com-
pared as a function of the solvent polarity (φ). We first notice that, as expected,
QM/PCM absorption energies remains almost constant when φ is larger than 0.4.
This is not surprising, due to the well-known asymptotic behavior of PCM contri-
butions for solvents’ permittivity constants larger than 20.[236] Similar results are
given by QM/EE, whereas QM/FQ excitation energies decrease when φ increases,
thus matching experimental trends (see 2.5).[285, 288] For THF and DIO, the exper-
imental trend is generally better reproduced by QM/PCM as compared to QM/FQ.
This may be due to inaccurate calculation of the QM/FQ excitation energy of PNA
dissolved in THF, because for THF the same FQ atomic parameters obtained for
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DIO are used (see above).
In Fig. 2.5c QM/FQ, QM/EE and QM/PCM solvatochromic shifts (∆E) com-

puted as:

∆E = Evac − Esolv (2.2)

are compared with experimental values. Notice that Eq. 2.2 refers to vacuo-to-
solvent solvatochromic shifts, defined according to Ref. [19]. In eq. 2.2, Evac

and Esolv are excitation energies in vacuo and in solution, respectively. Fig. 2.5
clearly shows that both QM/PCM and QM/EE strongly underestimate experimen-
tally measured shifts, whereas QM/FQ gives very good values, in some cases in
perfect agreement with experiments. More in details, QM/FQ gives errors for VAC
→ DIO, VAC → THF, VAC → ACN, VAC → MET and VAC → WTR shifts of
0.03, 0.19, 0.17, 0.03 and 0.08 eV, respectively, thus confirming the reliability of
both the method and its parametrization for the different solvating environments.
As expected, the largest error occurs for VAC → THF, because for THF the same
parameters as DIO are exploited (see above).

It is worth noticing that our simulations disregard solute-solvent Pauli repulsion,
dispersion effects, dynamical changes in solute configurations and vibronic effects,
therefore a perfect agreement with experimental values is not expected.[290, 291]
However, the exploited computational protocol permits to disentangle electrostat-
ics/polarization effects on the solute response. The reduced error obtained by ex-
ploiting QM/EE and QM/FQ approaches as compared to the implicit (QM/PCM)
method shows that an accurate, dynamic description of the solute-solvent interac-
tions is needed, for both apolar (DIO) and polar solvents. Also, the polarizable
QM/FQ outperforms the non-polarizable QM/EE when compared to the experi-
mental data, thus showing that solute-solvent polarization plays a crucial role in
determining the electronic properties of PNA in solution. Finally, the almost per-
fect agreement between QM/FQ and the experimental data clearly demonstrates
the reliability of the novel FQ parametrization.

Quinolinium Betaine

Quinolinium betaine (QB, see Fig.2.1) has a zwitterionic character, therefore it is
strongly hydrophilic. Its absorption spectrum is dominated by the transition from
the dipolar ground state to an excited state of considerably reduced polarity.[292]
The ground state is therefore stabilized in polar solvents, and this leads to an increase
of the transition energy, i.e. to a positive solvatochromism. In this work, we have
investigated the solvatochromic shift of QB dissolved in DIO, THF, ACN, MET and
WTR.

For all solvents and embedding methods, the lowest bright excitation of QB cor-
responds to the HOMO-LUMO π → π∗ transition, which has a partial CT character
(see Fig. 2.6a). Calculated QM/PCM, QM/EE and QM/FQ excitation energies as
a function of solvent polarity (φ) are reported in Figure 2.6b, together with ex-
perimental values taken from Ref. [292]. Similarly to PNA, QM/PCM is able to
reproduce the experimental trend only for the less polar solvents (DIO, THF) while,
as expected, the curve is substantially flat for the most polar solvents (ACN, MET,
WTR). On the contrary, both QM/EE and QM/FQ well reproduce the experimental
trend. Differently from PNA, in this case QM/EE values are closer to experiments
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Figure 2.6: a) QB HOMO and LUMO involved in the studied electronic transition.
b) QM/PCM, QM/EE, QM/FQ and experimental QB excitation energies as a func-
tion of the solvent polarity (φ). c) QM/PCM, QM/EE, QM/FQ and experimental
QB solvatochromic shifts computed with respect to the excitation energy in dioxane.
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than QM/FQ ones. Such a good agreement may be ascribed to systematic errors
due to the selected level of theory;[19] therefore, in the following we will mainly
focus on energy differences, i.e. solvatochromic shifts, which are less affected by
systematic errors.

Finally, in fig. 2.6c computed and experimental solvatochromic shifts are re-
ported. Note that they are calculated with respect to DIO, due to the lack of
experimental spectra of QB in the gas phase reported in the literature. Fig. 2.6c
clearly shows that QM/PCM cannot reproduce the experimental trend for the most
polar solvents, whereas both QM/EE and QM/FQ computed solvatochromic shifts
increase as the solvent polarity increases. In particular, we notice that for ACN
the two atomistic approaches yield almost the same value (with QM/FQ being in
almost perfect agreement with experiments). For MET and WTR, QM/FQ com-
puted shifts are larger than their experimental counterparts, whereas the opposite
occurs for QM/EE. This behavior can be due to the fact that Pauli repulsion ef-
fects, which might be large for MET and, especially, WTR,[290] are neglected in our
calculations. The inclusion of such effects, which are always repulsive, would bring
computed values towards the experimental findings because they act in opposite
direction with respect to QM/FQ electrostatic and polarization contributions.

To conclude this section on QB, it is worth noticing that QM/FQ solvatochromic
shift in THF is wrongly predicted in sign (negative instead of positive). However, the
QM/FQ error is of about 0.06 eV (∼ 1.3 kcal/mol), thus the absolute discrepancy
can be considered satisfactory.

Brooker’s Merocyanine

1-methyl-4-[(oxocyclohexadienylidene)ethylidene]-1,4-dihydropyridine also known as
Brooker’s merocyanine [293] (MER) has been amply studied both experimentally
and theoretically due to the sensitivity of its absorption spectrum on the solvent
polarity.[294–297] Similarly to PNA and QB, MER is characterized by two resonance
structures, neutral (quinoid) and zwitterionic (benzenoid). The latter is stabilized by
polar solvents, whereas the neutral form is predominant in apolar solvents. Also, the
phenolate Oxygen atom can form hydrogen bonds with protic solvents, thus further
increasing the weight of the zwitterionic form. [297–299] For the aforementioned
reasons, MER is used as an indicator to measure solvents’ polarity and hydrogen
bond donor capability.

In this work, we focus on MER absorption spectra in THF, ACN, ETH, and
WTR. MER lowest bright excitation corresponds to a HOMO-LUMO π → π∗ tran-
sition, independently from the solvent and the solvation approach. Fig. 2.7 reports
the pictures of MOs involved in the transition, which clearly has CT character, as
the density moves from Nitrogen to Oxygen. In Figure 2.7b, experimental [295, 296]
MER excitation energies as a function of the solvent polarity are compared with com-
puted results obtained at the QM/PCM, QM/EE and QM/FQ levels. QM/PCM
excitation energies are placed around 2.6 eV, in sharp contrast with experiments,
which report an almost linear increase of transition energies by increasing the sol-
vent polarity. Remarkably, this trend is reproduced by QM/FQ, whereas, similarly
to QM/PCM, QM/EE excitation energies are almost constant in all solvents, with
a slight increase when MER is dissolved in WTR.

Computed and experimental solvatochromic shifts with respect to DIO are re-
ported in Fig. 2.7c. Although QM/FQ solvatochromic shifts are underestimated
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Figure 2.7: a) MER HOMO and LUMO involved in the studied electronic transi-
tion. b) QM/PCM, QM/EE, QM/FQ and experimental MER excitation energies
as a function of the solvent polarity (φ). c) QM/PCM, QM/EE, QM/FQ and ex-
perimental MER solvatochromic shifts computed with respect to excitation energy
in dioxane.
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for ETH and WTR, QM/FQ results directly follow the experimental trend, whereas
both QM/PCM and QM/EE solvatochromic shifts are almost unaffected by sol-
vent polarity. Such a behavior demonstrates the important role of both specific
and polarization solute-solvent effects. To conclude the discussion on MER, we also
computed MER gas-phase vertical excitation energy, which is reported in Tab. S4
and S6, given as SI. QM/FQ is able to reproduce both the experimentally mea-
sured positive and negative solvatochromic shifts in highly polar (ETH and WTR)
and medium-to-low polarity solvents, respectively;[298] remarkably, such a behavior
cannot be described by QM/PCM.

Reichardt’s Betaine

HOMO LUMOa)

b)

c)

Figure 2.8: a) BET HOMO and LUMO involved in the studied electronic transi-
tion. b) QM/PCM, QM/EE, QM/FQ and experimental BET excitation energies as
a function of the solvent polarity (φ). c) QM/PCM, QM/EE, QM/FQ and exper-
imental BET solvatochromic shifts computed with respect to gas-phase excitation
energy.
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Solvent effects induce dramatic shifts on BET absorption spectrum, and for this
reason it has been used to develop the Reichardt’s polarity index ET(30), which is
probably the most popular solvent polarity scale [227, 234, 300, 301].

The absorption spectrum of BET as dissolved in DIO, ACN, MET and WTR has
been computed by modelling the solvent effects by means of the QM/PCM, QM/EE
or QM/FQ approaches. BET lowest excitation, of clear CT character (see 2.8a),
corresponds to the HOMO-LUMO π → π∗ transition for all considered solvents and
solvation approaches. Experimental [295, 296] excitation energies as a function of
the solvent polarity are given in Fig. 2.8b, together with computed values. Clearly,
experimental data linearly depend on the solvent polarity, whereas both QM/EE
and QM/PCM values flatten out by increasing the solvent polarity. Remarkably,
among the tested approaches, QM/FQ is the only one that is able to model the
experimentally observed trend.

In Fig. 2.8c we finally report computed and experimental solvatochromic shifts.
Reference excitation energies in vacuo are 1.66 (experimental) and 1.18 (calculated)
eV. BET values confirm what has already been discussed for the previous molecules.
QM/PCM cannot reproduce experimental solvatochromic shifts for the most polar
and protic solvents, whereas QM/EE results are in good agreement with experi-
ments, especially for DIO, ACN and MET. QM/FQ always overestimates exper-
imental values, similarly to the case of QB (see above). However, also for BET
the good performance of QM/EE can be ascribed to a fortunate error cancellation,
due to the fact that both Pauli repulsion and solute-solvent polarization effects are
neglected (the latter are instead considered by QM/FQ, and are large).

Discussion

In this section, we further study the quality of the computational approach, by fo-
cusing on general trends for all four molecules. First, we investigate band broadening
by moving from apolar to polar protic solvents. To this end stick spectra, displayed
as histograms, of the four chromophores in the different solvents are reported in
Fig. 2.9. Clearly, by moving from DIO to WTR the absorption band broadens
out. By fitting the different absorption spectra with gaussian functions, we see
that their Full Width Half Maximum (FWHM) values, which are a direct measure
of band broadening, are substantially influenced by the solvent. The increase of
band broadening is particularly evident for BET, for which FWHM in WTR is 65%
larger than in DIO (0.71 vs 0.43 eV). Because BET is kept frozen during MD runs,
broadening arises from fluctuations of solvent molecules around the solute. From
the physico-chemical point of view, this is not unexpected. In fact, for strongly
interacting solvents, such as MET and WTR which can interact with BET via HB
interactions, such fluctuations yield to a larger scattering of absorption energies as
compared to apolar non-protic solvents, such as DIO.

The reliability of the method can also be investigated by studying the dependence
of ground state (GS) and excited state (ES) dipole moments (in Debye) as a function
of the solvent polarity φ (see Fig. 2.10). We first notice that PNA differs from other
solutes, because its GS dipole moment is lower than the ES one, independently
of the solvent polarity. This is clearly reflected by the negative solvatochromic
shifts reported for PNA only. However, for all studied systems, an almost linear
dependence of both GS and ES dipole moments as a function of the solvent polarity
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Figure 2.9: QM/FQ excitation energy distributions of PNA, QB, MER and BET
dissolved in different solvents of increasing polarity. The FWHM of each band is
also reported (in eV).
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is predicted. Remarkably, ETH, MET and WTR values (see for instance MER, QB,
and BET) deviate from linearity, being such a behaviour possibly explained by the
fact that protic solvents may not be barely described by the solvent polarity index,
which does not take into account strong, directional solute-solvent interactions.

 10

 12

 14

 16

 18

 20

 0  0.2  0.4  0.6  0.8  1

PNA

ES

GS

D
ip

o
le

 M
o
m

e
n
t 
(D

e
b
y
e
)

Solvent Polarity (φ)

 4

 6

 8

 10

 12

 14

 0  0.2  0.4  0.6  0.8  1

ES

QB
GS

 25

 35

 45

 0  0.2  0.4  0.6  0.8  1

ES

MER

GS

 5

 15

 25

 35

 0  0.2  0.4  0.6  0.8  1

ES

BET

GS

Figure 2.10: QM/FQ PNA, QB, MER and BET ground (GS, blue) and excited (ES,
red) dipole moments (in Debye) as a function of the solvent polarity index, (φ).

Finally, in Fig. 2.11, correlation maps between experimental (∆Eexp) solva-
tochromic shifts and calculated QM/PCM (left panel, ∆EQM/PCM), QM/EE (middle
panel, ∆EQM/EE) and QM/FQ (right panel, ∆EQM/FQ) values are reported.

DIO
THF
ACN
ETH
MET
WTR

Figure 2.11: PNA, QB, MER and BET QM/PCM (left), QM/EE (middle) and
QM/FQ (right) solvatochromic shifts (∆E) with respect to experimental values
(∆Eexp).

For PNA (circles), QM/FQ deviations with respect to experimental values oscil-
late from a minimum value of 0.03 eV for DIO and MET to a maximum value of 0.19
eV for THF. A similar behaviour is observed for QB, where the largest discrepancy
is observed for WTR (0.17 eV), whereas for MER, the largest error increases up to
0.26 eV (WTR). As already commented above, the largest deviations are observed
for BET. However, we remark that such discrepancies can attributed to the solute
geometry being kept frozen during MD runs, and also to the fact that solute-solvent
interactions are limited to electrostatic (and polarization) contributions, and other
quantum forces may be in place for some of the studied molecules. This is for in-
stance the case of BET in WTR; in fact, if Pauli repulsion is included by resorting to
the approach that we have presented in Ref. [246] and extended to TD-DFT in Ref.
[290], for aqueous BET the error moves from 0.46 eV to 0.1 eV. We finally remark

Matteo Ambrosetti 69



that vibronic effects may affect computed accurate solvatochromic shifts[291]. Gas-
phase vibronic UV-Vis spectra of the studied systems within the vertical gradient
approximation[302] are reported in Tab. S6 in the SI, showing that such terms can
be as large as 0.1 eV.

Finally, let’s compare QM/FQ to QM/EE and QM/PCM. QM/FQ outperforms
the other two approaches, resulting in mean error of about 0.18 eV with respect to
0.25 and 0.43 eV, as it is obtained by using QM/EE and QM/PCM, respectively.
Not surprisingly, QM/PCM gives the worst values, thus showing the limitations of
continuum solvation and the necessity of explicit treatment of protic, polar solvents.
On the other hand, the reduced errors of QM/FQ compared to QM/EE demonstrate
that polarization effects are relevant to the description of solvatochromic shifts.
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Chapter 3

Beyond the Fluctuating Charge
model: FQFµ
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Polarizable QM/MM Approach with Fluctuating

Charges and Fluctuating Dipoles: The QM/FQFµ

Model

The problem of describing the interaction between a molecule and its embedding en-
vironment is a challenge in Quantum Chemistry. The interplay between the molecule
and the environment can in fact dramatically alter both the structure and the elec-
tronic response to external electromagnetic fields. The most successful answer to
this problem has been found within the realm of multiscale approaches: [2, 3, 72, 73,
86, 87] there, the focus is always the molecule and the key is to accurately capture
the molecule/environment interactions and their effects on the molecular structure
and properties, while neglecting to simulate the intrinsic properties of the environ-
ment. Such an approach is based on the assumption that molecular energetic and
response properties are local properties of the molecule, which are modified but not
determined by the presence of the environment.

In the last years, much effort has been devoted to develop multiscale QM/MM
approaches, which keep an atomistic description of all the system under study and
are therefore able to model specific molecule-environment interactions, such as hy-
drogen bonding (HB). [74, 97] Most QM/MM approaches developed so far focus on
describing the electrostatic interactions between the QM and MM portions. The
most physically consistent of such methods are those in which the mutual polariza-
tion between the QM and MM portions of the system is recovered. This has led to the
development of the so-called polarizable QM/MM approaches, which can be based
on distributed multipoles, [16–20] induced dipoles, [21, 24, 25] Drude oscillators [26]
or Fluctuating Charges (FQ). [27–29] In the latter approach, the electrostatic in-
teraction is described by endowing each MM atom with a charge that can vary as
a response to both the differences in electronegativity between MM atoms and in
electric potential generated by the QM density.

The classical FQ force field is described only in terms of charges. This poses
some conceptual issues because only monopoles, i.e. zeroth order of the electro-
static Taylor expansion, are taken into consideration. As a consequence, the in-
trinsic anisotropy of some specific molecule-environment interactions, such as HB,
is not explicitly taken into account. To overcome this problem, the electrostatic
description of the FQ force field can be refined by including an additional source
of polarization. This can be done by adding induced point dipoles, [263] Drude
Oscillators (Polarizable Charge Equilibration PQEq), [264, 303] or Gaussian-like
induced atomic dipoles (Q+P iso [R,αiso] model, [304] Discrete Interaction Model
DIM, [305] Capacitance Polarization Model CMM [306]). Differently from the basic
formulation of the FQ force field, in the last two approaches gaussian distributions
representing the charges, the Drude Oscillators or the induced atomic dipoles are
considered, so that the Coulomb law divergence at zero distance, i.e. the so-called
“polarization catastrophe”, is avoided. [304, 305]

In this work, we present a novel polarizable force field, which we will call Fluc-
tuating Charge Fluctuating Dipoles (FQFµ), in which both monopoles (charges)
and dipoles can vary as a response to the external Maxwell sources, i.e. electric
potential/field. The proposed model founds its fundamental basis on Ref. [304] and
overcomes the limitations of FQ at describing anisotripic electrostatic terms. FQFµ
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is then coupled to a QM description, following the general structure of QM/MM
approaches, yielding the novel QM/FQFµ method. Therefore, QM/FQFµ can be
seen as a refinement of our previously developed QM/FQ method. [29, 103, 104,
112, 113, 127]

An important difference between QM/FQFµ (and QM/FQ) and other polariz-
able QM/MM approaches, is that the latter only adjust the first order of the elec-
trostatic Taylor expansion (i.e. dipole terms) to the QM density, but they keep the
monopole (and higher orders) terms fixed. However, it has been proven that charges
indeed give the main contribution to the electrostatic interaction energy. [307, 308]

As stated before, similar polarizable QM/MM approaches, in which both charges
and dipoles are polarizable, have been proposed (see Refs. [305, 306]). However, our
approach presents several differences with respect to them. The most relevant is
that the widths of the gaussian charge/dipoles distributions are defined in terms of
atomic chemical hardnesses and polarizabilities, which are the quantities entering
the definition of FQFµ. Also, to the best of our knowledge, we report on the first
application of a QM/fluctuating charges+fluctuating dipoles approach to molecular
systems in a molecular environment (not on surfaces/nanoparticles, as for instance in
Ref. [304–306]). Another relevant novelty of the present work stands in the strategy
which is exploited for model parametrization and testing. In fact, parametrization
is tuned to get an accurate reproduction of electrostatic interaction energies (vide
infra), whereas other approaches rely on atomic parameters defining the specific MM
polarizable force field which is actually used.

The manuscript is organized as follows. In the next section, the FQFµ force
field is proposed and then coupled to a QM SCF description (QM/FQFµ). A
parametrization for aqueous solutions is proposed and applied to the the calcu-
lation of electrostatic and total interaction energies of a water dimer as a function of
the intermolecular distance. Then, QM/FQFµ is tested against solute-solvent elec-
trostatic interactions of four selected systems in aqueous solution. Some conclusions
and future perspectives end the manuscript.

FQFµ force field

In the FQFµ force field each MM atom is endowed with both a charge q and an
atomic dipole µ, that can vary according to the external electric potential and
electric field. Both charges and dipoles are described as s-type gaussian distribution
functions:

ρqi(r) =
qi

π
3
2R3

qi

exp

(
−|r− ri|2

R2
q

)

ρµi(r) =
|µi|
π

3
2R3

µi

n̂i ·∇
[

exp

(
−|r− ri|2

R2
µi

)]
(3.1)

where Rqi and Rµi are the width of the Gaussian distributions ρqi and ρµi ,
respectively. n̂i is a unit vector pointing to the dipole direction µi.

The total energy E associated with a distribution of charges and dipoles is equal
to: [304]
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where χ is the atomic electronegativity, η the chemical hardness and α the atomic
polarizability. Tqq

ij , Tqµ
ij and Tµµ

ij are the charge-charge, charge-dipole and dipole-
dipole interaction kernels, respectively. If the gaussian distributions in Equation 3.1
are adopted, the functional form of the interaction kernels provided by Mayer [304]
can be exploited. Tqq

ij term reads:

Tqq
ij =

1

|rij|
erf

(
|rij|
Rqi−qj

)
(3.3)

where Rqi−qj is equal to
√
R2
qi

+R2
qj

. When ri tends to rj, the use of gaussian

distributions avoids any issues which are related to the typical divergence of Coulomb
kernels (i.e. the so-called “polarization catastrophe”): [304, 305]

lim
rij→0

Tqq
ij = Tqq

ii =
2√
π

1

Rqi−qi
(3.4)

In order to collect all the quadratic terms in the charges, the diagonal elements
of Tqq can be imposed to be equal to the atomic chemical hardnesses η, so that the
width of the charge distribution Rq is defined without the need of any parametriza-
tion:

Tqq
ii = ηi ⇒ Rqi =

√
2

π

1

ηi
(3.5)

where it is assumed Rqi−qi =
√

2Rqi .

The charge-dipole and dipole-dipole interaction kernels are obtained as first and
second derivatives of the charge-charge interaction kernel in Equation 3.3 [304]:

Tqµ
ij = −∇riT

qq
ij = − rij

|rij|3
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]

(3.6)
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− 2√

π
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)2
]

+
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exp

(
− |rij|
Rµi−µj

)2

(3.7)

where Rxi−xj =
√
R2
xi

+R2
xj

(x = q, µ) and I is the identity matrix. Similarly to

what was done before for Tqq
ij , the limits for rij → 0 in the case of Tqµ

ij and Tµµ
ij are:
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lim
rij→0

Tqµ
ij = Tqµ

ii = 0 (3.8)

lim
rij→0

Tµµ
ij = Tµµ

ii = −
√

2

π

I

3R3
µi

(3.9)

From Equation 3.9, Rµi can be defined in terms of the atomic polarizability αi:

α−1
i =

√
2

π

1

3

1

R3
µi

⇒ Rµi =

(√
2

π

1

3
αi

) 1
3

(3.10)

The definition of the gaussian width Rqi and Rµi in terms of ηi and αi limits
the number of parameters which enter the definition of FQFµ to electronegativity,
chemical hardness and polarizability for each atom type. Therefore, Equation 3.2
can be formally rewritten as:

E(q,µ) =
1

2

∑
i

∑
j

qiT
qq
ij qj +

1

2

∑
i

∑
j

µ†iT
µµ
ij µj +

∑
i

∑
j

qiT
qµ
ij µ

†
j +
∑
i

qiχi =

=
1

2
q†Tqqq +

1

2
µ†Tµµµ+ q†Tqµµ+ χ†q (3.11)

where a matrix notation has been adopted. Notice that FQFµ can be further ex-
panded to consider also polarizable quadrupolar terms, by only defining the appro-
priate interaction kernels.

In Equation 3.11, the sum of charge values is not forced by any external con-
strain. However, the equilibrium condition is reached when the Electronegativity
Equalization Principle (EEP) is satisfied. Such a principle states that at equilib-
rium each atom has the same electronegativity. Thus, an energy functional to be
minimized can be written for instance by adopting Lagrangian multipliers. Notice
that we can in principle assume:

• The entire system is constrained to have charge Qtot, and no constraint is
imposed on single molecules. This permits inter-molecular Charge Transfer
(CT) and makes, at the equilibrium, the electronegativity of each atom to be
the same.

• Each molecule is constrained to assume a fixed, total charge Qα, which sums
to Qtot). Therefore, the electronegativity of each atom in the same molecule
is the same but generally has different values among different molecules.

We report here the equations obtained by adopting the first assumption. Con-
sistently with what has been done for FQ by some of the present authors, [104, 126]
similar equations can be derived under the second assumption : they are given in
Section S1 of the Supporting Information (SI). [255] Notice that our implementa-
tion is general and can treat both cases. The energy functional F can be written by
exploiting the Lagrangian multiplier (λ):
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F (q,µ, λ) = E (r,q,µ) + λ

[∑
i

(qi)−Qtot

]
=

=
1

2

∑
i

∑
j

qiT
qq
ij qj +

1

2

∑
i

∑
j

µ†iT
µµ
ij µj +

∑
i

∑
j

qiT
qµ
ij µ

†
j +
∑
i

qiχi

+ λ

[∑
i

(qi)−Qtot

]
=

=
1

2
q†Tqqq +

1

2
µ†Tµµµ+ q†Tqµµ+ χ†q + λq (3.12)

where λ is meant to preserve the total charge Qtot of the MM portion. Therefore,
the conditions for the constrained minimum are found by imposing the derivatives
of F with respect to all the variables to be zero, resulting in the following linear
problem: 

∑
j Tqq

i,jqj + λ+
∑

j Tqµ
i,jµj = −χi∑

j Tµµ
i,jµj +

∑
j Tqµ

i,jqj = 0∑
i qi = Qtot

(3.13)

The whole system can be recast in a more compact form as: [263, 306]

 Tqq 1λ Tqµ

1†λ 0 0

−Tqµ† 0 Tµµ

 q
λ
µ

 =

 −χQtot

0

 ⇒ DQλ = −CQ (3.14)

where 1λ is a vector which accounts for the Lagrangian. CQ is a vector contain-
ing atomic electronegativities and total charge constraint, whereas Qλ is a vector
containing charges, dipoles and the Lagrange multiplier.

The QM/FQFµ model

In order to couple FQFµ to a QM wavefunction in a QM/MM framework, the first
step is to define an extended energy functional, which is composed of three terms:

E = EQM + EMM + EQM/MM (3.15)

where EMM is defined in Equation 3.12. If the QM term is a variational functional
itself, the resulting, coupled equations are derived following the same procedure as
for the uncoupled case. The QM density interacts as a classical density of charge
with both charges and dipoles:

EQM/MM =
∑
i

V [ρQM ](ri)qi − µ†iE[ρQM ](ri) (3.16)

where V [ρQM ](ri) and E[ρQM ](ri) are the electric potential and electric field,
respectively, calculated at the i-th charge and i-th dipoles placed at ri. The QM
potential and the electric field are composed by an electronic (Ve, Ee) and a nuclear
(VN , EN) contribution:
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V [ρQM ](ri) = Vi [P] = V N
i (P) + V e

i (P) =
∑
ζ

Zζ
|ri −Rζ |

+

∫
R3

ρel(r)

|ri − r|
dr (3.17)

E[ρQM ](ri) = Ei(P) = EN
i (P) + Ee

i (P) =
∑
ζ

Zζ(Rζ − ri)

|ri −Rζ |3
−
∫
R3

ρel(r)(ri − r)

|ri − r|3
dr

(3.18)

where ρel is the electron density. ζ index runs over the QM nuclei, whose charges
are named Zζ and whose positions are Rı.

If the electronic density ρel(r) is expanded in an atomic basis set {χµ}, the second
terms in Equations 3.17 and 3.18 become:

V e
i (P) = −

∑
νµ

Pµν

∫
R3

dr
χµ(r)χν(r)

|ri − r|
=
∑
µν

PµνVµν,i (3.19)

Ee
i (P) = −

∑
µν

Pµν

∫
R3

χµ(r)χν(r)(ri − r)

|ri − r|3
=
∑
µν

PµνEµν,i (3.20)

where we have introduced the “uncontracted” potential Vµν and the “uncon-
tracted” field Eµν . Pµν are elements of the QM density matrix. Finally, the global
QM/MM energy functional for a SCF-like description of the QM portion is:

F (P,q,µ,λ) = trhP +
1

2
trPG(P) +

1

2
q†Tqqq +

1

2
µ†Tµµµ+ q†Tqµµ+ χ†q + λ†q+

+ q†V(P)− µ†E(P) (3.21)

where

hµν = 〈ψµ|−
∇2

2
−
∑
ζ

Zζ
|r−Rζ |

|ψν〉

Gµν =
∑
στ

Pστ (〈µσ|ντ〉 − cx〈µσ|τν〉) + cl〈ψµ|vxc|ψν〉

are the usual one- and two-electron matrices. The coefficients cx and cl define
whether Hartree–Fock (cx = 1, cl = 0), pure DFT (cx = 0, cl = 1), or hybrid DFT
are exploited. For the sake of brevity, we will refer to both the HF and KS matrices
as Fock matrix. The effective Fock matrix is defined as the derivative of the energy
with respect to the density matrix:

F̃µν =
∂E
∂Pµν

= hµν +Gµν(P) + V†µνq− E†µνµ (3.22)

where the interaction of the electron density with both charges and dipoles are
included through the coupling electrostatic terms. Charges and dipoles are obtained
by imposing the global functional to be stationary with respect to charges, dipoles
and Lagrangian multiplier. Tqq 1λ Tqµ

1†λ 0 0

−Tqµ† 0 Tµµ

 q
λ
µ

 =

 −χQtot

0

+

 −V(P)
0

E(P)

 ⇒ DQλ = −CQ−S(P)

(3.23)
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Notice that, with respect to Equation 3.14, a new source term S(P) arises. Such
a term, which represents the coupling of both charges and dipoles with the SCF
density, permits to determine them for a given density matrix.

QM/FQFµ introduces two polarization sources: fluctuating charges and fluc-
tuating dipoles. From Equation 3.23 both QM/FQ and QM/Induced Dipoles can
be recovered by considering only charge-charge or dipole-dipole blocks in the lin-
ear system. QM/FQFµ response matrix is four times bigger than the QM/FQ one
(Tqq block). As a consequence, QM/FQ can treat four times bigger systems than
QM/FQFµ at the same computational cost. Similarly to QM/Induced Dipoles,
QM/FQFµ introduces two contributions in Fock matrix (see Equation 3.22). How-
ever, in QM/FQFµ both the zeroth order monopoles and the first order dipoles are
indeed dependent on the QM density. This only causes a small increase in the com-
putational cost with respect to QM/Induced Dipoles, because the response matrix
need to be enlarged so to include the Tqq block (which is squared the number of
MM atoms).

As pointed out in the Introduction, QM/FQFµ finds its fundamentals in Ref. [304],
similarly to QM/DIM and QM/CMM. [306, 309] However, the definition of the gaus-
sian widths, which in both QM/DIM and QM/CMM are external parameters, is
automatically obtained in QM/FQFµ from chemical hardnesses and polarizabilities
(see Equations 3.5 and 3.10). As a consequence, QM/FQFµ is defined only in terms
of three parameters for each atom type: electronegativity, chemical hardness and
polarizability. A second relevant difference stands in the formulation of the inter-
action between QM and MM portions. In QM/CMM, the electrostatic interactions
is expressed in terms of a Coulomb integral of the gaussian distributions of both
charges and dipoles with the QM density. [306] In this way, Coulomb repulsion is
also taken into account. In QM/FQFµ, instead, MM charges and dipoles are seen
as point charges and point dipoles by the QM density, as it is generally assumed
in most polarizable QM/MM approaches. However, QM/FQFµ can be reformu-
lated in a similar way to QM/DIM and QM/CMM, for instance by following what
has been proposed in other contexts. [88] In addition, differently from DIM and
CMM, FQFµ has been formulated in terms of a variational functional (see Equa-
tions 3.12 and 3.21), which guarantees its rigorous further extension to molecular
properties. [89] It is worth remarking that the application of both QM/DIM and
QM/CMM has been so far limited to the study of molecular properties of systems
adsorbed on a metal surface, in which the metal surface is described by DIM or
CMM force fields. [310–313] The heterogeneous environment is instead modeled in
terms of non-polarizable force fields. [310] QM/FQFµ is not limited to any specific
kind of environment (pending an accurate parametrization is obtained), thus being
of broader applicability with respect to other approaches.

Fluctuating Dipoles vs Drude Oscillators

FQFµ describes the first order of electrostatic Taylor expansion in terms of fluctu-
ating dipoles. As an alternative, Drude oscillators can be employed, as it has been
recently proposed in the PQEq force field. [264] PQEq combines the Charge Equi-
libration model (QEq) [314] with the Drude Oscillator approach. [315] Each MM
atom is seen as composed of a core and a shell, on which gaussian charge distri-
butions are placed. In particular, both a fluctuating charge (q) and a fixed charge
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(+Z) are placed on the core. The fixed charge is connected trough an isotropic
harmonic spring to the shell fixed but mobile charge (−Z), thus allowing variable
charge displacements. PQEq can be coupled to a QM description by following the
same strategy adopted above for QM/FQFµ, yielding the QM/PQEq model. In
this approach fluctuating charges result from the solution of a modified FQ sys-
tem, whereas the positions of the shell mobile charges are obtained by imposing the
total electric force acting on them to be zero (see Section S2, given as SI [255]).
QM/PQEq Fock operator reads:

F̃µν =
∂E
∂Pµν

= hµν +Gµν(P) + V†µν,cq + V†µν,cZ−V†µν,sZ (3.24)

where, q and Z are the vectors containing fluctuating and fixed charges, respec-
tively, wheareas c and s subscripts indicate core and shell positions, where the QM
potential V is calculated. Thus, differently from QM/FQFµ, QM/PQEq is defined
only in terms of the QM electric potential. The equation which defines the equilib-
rium positions of shell mobile charges (see Equation S11 given as SI [255]) introduces
a non-linearity in the problem, which can be solved only by exploiting iterative tech-
niques. [26, 254, 316, 317] Also, due to its non-linearity, QM/PQEq could present
some issues in the definition of the response property of the QM portion. On the
contrary, this does not apply to QM/FQFµ. Due to its linearity and variational
nature, QM/FQFµ can be extended to the calculation of molecular properties [19,
103, 104, 110, 111, 128, 318, 319] by using the standard techniques of quantum
chemistry. [129] PQEq can indeed be mapped into the FQFµ approach, similarly to
what has been done in the case of basic Drude Oscillator and Induced Dipole force
fields. [320]

Computational Details

QM/FQFµ was implemented in a locally modified version of Gaussian16. [146] All
QM/FQ and QM/FQFµ calculations were performed by treating the QM portion at
the HF or DFT levels of theory, combined with selected basis sets. Three different
parametrizations to treat the FQ electrostatic component in QM/FQ calculations
were exploited, taken from Ref. [27], Ref. [128] and Ref. [321]. Non-electrostatic
contributions, i.e. repulsion and dispersion, were modeled as reported in Ref. [11]
All the classical Molecular Dynamics (MD) simulations were performed with the
Gromacs package, [322–325] by keeping the same settings as previously reported by
some of the present authors. [105, 106, 113] Details on MD simulations are given as
SI. [255] The Kitaura-Morokuma Energy Decomposition Analysis (KM-EDA) [326,
327] was performed by using the GAMESS package. [328, 329] Symmetry Adapted
Perturbation Theory (SAPT) [330, 331] calculations were performed by using Psi4
1.1. [332]

Numerical Results

In this section, the parametrization of the QM/FQFµ approach to treat aqueous
solutions is presented and discussed. Then, the resulting parameters are tested
to reproduce electrostatic energies of a water dimer as a function of the oxygen-
oxygen distance as computed at the KM-EDA/6-31+G* level. Then, the total
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interaction energy Eint, i.e. the sum of electrostatic (Eele), repulsion (Erep) and
dispersion (Edis) contributions, is compared to SAPT2+3(CCD)/aug-cc-pVTZ and
CCSD(T)/aug-cc-pVTZ with Counter-Poise corrections values for the same dimer.
The dependence of the QM/FQFµ electrostatic energy on the level of theory, i.e.
the combination of HF/DFT with several basis sets is also discussed. Finally, in
order to test the transferability of our parameters to other systems, four molecules
(Methyloxirane, Acrolein, N-Methyl Acetamide and Methanol) in aqueous solution
are studied. In such cases, QM/FQFµ and QM/FQ electrostatic energies are com-
pared to SAPT0/6-311++G** values.

Model Parametrization

QM/FQFµ is general enough to model any kind of external environment, pending
an appropriate parametrization of the quantities entering Equations 3.21 and 3.22.
Such a parametrization is a crucial step towards the routinely application of the
method to real cases. In this section we will focus on aqueous solutions, which will
also allow for a quantitative comparison with QM/FQ, thus highlighting the effect
of including atomic fluctuating dipoles in QM/MM electrostatic energies.

In order to set the parameters entering Equation 3.21, selected water clusters
taken from Kratz et al. [333] (see Figure 3.1), were studied. Reference full QM
electrostatic energy values of such clusters were calculated by performing a KM-
EDA [326, 327] calculation on each structure in Figure 3.1 at the HF/6-31+G*
level, according to what has already been proposed in the literature. [8, 9, 11]

I II III

Figure 3.1: Structures of water dimers exploited in the parametrization of
QM/FQFµ.

KM-EDA values were compared to electrostatic energies obtained with the QM/FQFµ
model. In the latter, one water molecule was treated at the QM level (HF/6-31+G*),
whereas the second molecules was described by means of the FQFµ force field. For
each dimer structure two calculations were performed, by exchanging the QM and
FQFµ water molecules. Remarkably, electrostatic interaction is by definition sym-
metric if the two water molecules are interchanged. Thus, differently to what some
of the present authors reported for the parametrization of non-electrostatic contri-
butions, [11] we imposed the two calculations (i.e. the MM water molecule acts as
HB donor or acceptor) to give the same results. In such a way the transferability of
the final parameters should be guaranteed. Notice that in the QM/FQFµ approach,
electrostatic and polarization terms cannot be separated, because the electrostatic
charge contribution is partially due to QM polarization (see Equation 3.23). Thus,
QM/FQFµ electrostatic energies are compared with the sum of electrostatic and
polarization KM-EDA energy contributions.

For the studied dimers, Equation 3.21 depends on six parameters (electroneg-
ativities, chemical hardnesses and polarizabilities of hydrogen and oxygen atoms,
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respectively): their best values were defined by performing a least square roots fit-
ting on full KM-EDA data, by allowing the parameters to vary freely. Their best
fitted values are reported in Table S1 in the SI. [255] Electrostatic energies of the
selected water dimers are reported in Table S2 in SI. [255] The reliability of the
parametrization protocol is confirmed by the agreement between QM/FQFµ and
KM-EDA data. The effects due to the introduction of atomic dipoles can also be
quantified. The zeroth order monopoles, i.e. fluctuating charges, account for al-
most 70∼72 % of the total electrostatic energy, whereas the first order dipoles for
28∼30%, i.e. they give a minor, but not negligible contribution.

Interaction energy of a water dimer as a function of O-O distance

In this section, the dependence of Eele and Eint on the water-water intermolecular
distance is investigated. To this end, the water dimer depicted in Figure 3.2 (opti-
mized at the MP2/aug-cc-pVQZ level) was exploited, and the distance d between
the oxygen atoms was taken as reference.

d d

QM
QMFQFμ

FQFμ

1 2
Figure 3.2: Structure of the water dimer used to study the dependence of electro-
static and interaction energies as a function of O-O intermolecular distance.

In Figure 3.3, QM/FQFµ Eele is reported as a function of d. The plot was
constructed by increasing the O-O distance from 2.54 Å to 6.49 Å by a step of 0.05
Å (80 points). Eele was calculated by treating the QM moiety at the HF/6-31+G*
level. Again, QM and MM moieties were interchanged, and the average values were
taken. Charge and dipole electrostatic contributions QM/FQFµ|q and QM/FQFµ|µ,
are also depicted, showing that also in this case the charge contribution is dominating
at all distances (70 ∼ 72 %).

In Figure 3.4, computed QM/FQFµ electrostatic energies are compared with
KM-EDA full-QM reference electrostatic (summed with polarization) energies. An
almost perfect superposition is observed, the average computed error being of about
7% and the computed Root Mean Squared Deviation (RMSD) being only 0.29
kcal/mol (∼ 0.47 mH). The excellent reproduction of Eele is not unexpected, be-
cause the dimer structure under study is very similar to structure I exploited in the
parametrization step (see Figure 3.1).

The inset in Figure 3.4 shows the difference between calculated QM/FQFµ Eele

values obtained by assuming the QM water molecule to act as H-bond donor or
acceptor.The two curves are almost superimposed, as expected by considering the
parametrization protocol that we have followed (see previous section).

To end this discussion, the total B3LYP/aug-cc-pVTZ QM/FQFµ interaction en-
ergy as a function of d is plotted in Figure 3.5 and compared with SAPT2+3(CCD)/aug-
cc-pVTZ or CCSD(T)/aug-cc-pVTZ data (counterpoise corrections are included).
To this end, QM/FQFµ is coupled to the approach proposed by some of the present
authors to model non-electrostatic repulsion/dispersion contributions, [11] which
formulates repulsion in terms of an auxiliary density on the MM portion, whereas
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Figure 3.3: Plot of the QM/FQFµ electrostatic energy as a function of the O-O
intermolecular distance for the water dimer depicted in Figure 3.2. Charge and
dipole contributions to Eele are also plotted.
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Figure 3.4: Plot of the electrostatic energy as a function of the O-O intermolecular
distance for the water dimer depicted in Figure 3.2. QM/FQFµ values (HF/6-
31+G* for the QM moiety) are compared to KM-EDA (HF/6-31+G*) calculations.
In KM-EDA calculations, electrostatic and polarization contributions are summed
up. In the inset QM/FQFµ Eele as a function of the O-O distance is depicted for
the two structures (1 and 2) in Figure 3.2.
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QM/MM dispersion is obtained by extending the Tkatchenko-Scheffler approach to
DFT. [12, 334–337]

Clearly, QM/FQFµ+dis/rep is able to correctly reproduce both CCSD(T) equi-
librium distance (2.99 Å vs. 2.99 Å) and CCSD(T) interaction energy at the
equilibrium distance (-4.56 vs. -4.65 kcal/mol). The RMSD calculated over all 80
structures is 0.34 kcal/mol.
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Figure 3.5: QM/FQFµ (B3LYP/aug-cc-pVTZ for the QM moiety),
SAPT2+3(CCD) and CCSD(T)/aug-cc-pVTZ total interaction energies for
the water dimer in Figure 3.2 as a function of the O-O distance.

Dependence on the QM level of theory

In this section, the dependence of calculated QM/FQFµ Eele values on the level
used to model the QM moiety is studied. To this end, the water dimer depicted in
Figure 3.2 with d = 2.94 Å is exploited. Thirteen different methods were used by
following the recent literature, [107, 338] ranging from HF to pure DFT functionals
(LDA, PBE, [339] B97D, [340, 341] R-TPSS [342]), to different classes of hybrid func-
tionals (BLYP, [343] M06, [344] PBE0, [345] B3LYP, [346] M062X, [344] SOGGA11-
X, [347] mPW1PW91 [348]), also including long-range (CAM-B3LYP [349]). Each
functional was coupled to several Pople-type basis sets (see Figure 3.6), in order to
separate the contributions arising from polarization and diffuse functions. In ad-
dition, correlation-consistent and augmented correlation-consistent basis sets were
employed, up to aug-cc-pVQZ. [350]

Figure 3.6 schematically reports the observed trends. Numerical values are given
in Table S3 in the SI. [255]

All employed QM methods predict very similar Eele values as varying the basis
set, with HF always showing the highest absolute values for a given basis set (on
average, HF values are about 5% higher than the absolute average value of the
other methods). The lowest absolute values are instead shown by PBE and BLYP
functionals. However, the difference between HF and PBE/BLYP functionals (i.e.
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Figure 3.6: Dependence of Eele on the choice of basis set and QM method for the
water dimer depicted in Figure 3.2 with d = 2.94 Å.

the limit values of the computed Eele for a given basis set) is 0.75 kcal/mol on
average, being the maximum value 1.15 kcal/mol for aug-cc-pVDZ. This clearly
shows that the computed QM/FQFµ energy values are almost unaffected by the
choice of the QM description.

Let us focus on the dependence of Eele on the choice of the basis set. First, we
notice that electrostatic energy absolute values increase (of about 5% on average)
with adding diffuse functions, that probably due to the spreading of the QM density.
The addition of polarization functions has instead an opposite effect, in fact absolute
values decrease of about 17% on average. Such trends are almost constant for all
QM descriptions. Calculated Eele obtained by exploiting correlation consistent basis
sets are always smaller than Pople-calculated values. Moving from cc-pVDZ to cc-
pVQZ, the QM/FQFµ electrostatic energy increases in absolute value, and the same
trend is reported if augmented basis sets are considered. aug-cc-PVQZ gives very
similar results with respect to 6-311++G**, being the average difference of about
0.5%.

In conclusion, stable values of Eele are obtained by adding both diffuse and
polarization functions, so that their inclusion appears mandatory. For this reason,
in the following section the 6-31+G* basis set is exploited, being a good compromise
between accuracy and computational cost.

Molecules in aqueous solution

In order to show the applicability of QM/FQFµ to the study of molecular sys-
tems, and to investigate on the reliability of its parametrization, in this section the
method is applied to four selected molecules in aqueous solution: (R)-Methyloxirane
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(MOXY), acrolein (ACRO), N-methyl acetamide (NMA) and methanol (MeOH). In
the first three molecules solute-solvent Hydrogen Bonding (HB) can occur, however
the surrounding water molecules can only act as HB donor. For aqueous MeOH,
water molecules can instead act as both H-donor and H-acceptor, due to the pres-
ence of the O-H group in solute structure. Therefore, the chosen set of systems can
appropriately represent the main solute-solvent interactions which are in place in
aqueous solutions.

For each of the selected molecules, we ran classical MD simulations (see Section
S4.1 for further details) to sample the phase space. From each MD run, we extracted
10 representative structures. Spheres of 5 Å centered in the oxygen atom in case
of MOXY, ACRO, and MeOH, and in the nitrogen atom in case of NMA were cut.
Sample final structures are reported in Figure 3.7, where solute-solvent HBs are
sketched. All extracted structures are reported in Figures S1-S4 in SI. [255] The
choice of the spheres’ radius is justified by the analysis of the Radial Distribution
Functions g(r) (see Section S4.1 in SI [255]), which show that a cutting radius of 5.0
Å guarantees that all water molecules in the first two solvation shells are included.
The actual number of water molecules in each of the ten considered snapshots for
each system is reported in Table 3.1.

a) b) c) d)

Figure 3.7: Sample structures obtained by cutting a sphere of 5.0 Å around a)
(R)-methyloxirane; b) acrolein; c) N-methyl acetamide; d) methanol.

Structure MOXY ACRO NMA MeOH
1 22 19 21 26
2 18 23 17 25
3 19 19 19 23
4 19 18 18 19
5 20 19 16 21
6 19 20 17 23
7 20 14 16 18
8 13 19 15 24
9 19 20 16 17
10 20 21 20 25

Table 3.1: Number of water molecules included in each of the ten considered snap-
shots for each studied molecule in aqueous solution, obtained by using a cutting
radius of 5 Å

For each of the extracted structures, solute-solvent Eele was calculated by exploit-
ing both QM/FQ and QM/FQFµ. In case of QM/FQ calculations, three different
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parametrizations, namely QM/FQa, [27] QM/FQb [128] and QM/FQc [321] were
considered. QM/FQ and QM/FQFµ were compared with full-QM electrostatic en-
ergies calculated by exploiting SAPT0/6-311++G** (see Figure 3.8, the correspond-
ing raw data are given in Tables S4-S5 in SI [255]). In both QM/FQ and QM/FQFµ
calculations, the QM portion was described at the HF/6-311++G** level, and the
charge constraint in Equation 3.21 is imposed so to fix the total charge of the solvent
molecules to zero. This implies that Charge Transfer (CT) between different water
molecules is allowed. Such a choice is justified by the fact that reference full-QM
data implicitly take into account CT between solvent molecules. Additional calcula-
tions on the same structures were performed by fixing the total charge of the single
MM water to zero; the corresponding results are given in Section S5.4 in SI. [255]

The comparison between polarizable QM/MM and SAPT0 Eele are graphically
depicted in Figure 3.8. RMSD, Maximum Absolute Error (MAE) and Relative Error
(RE) on the ten selected structures are reported in Table 3.2. Let us focus on the
results obtained for MOXY in aqueous solution. SAPT0 values range from -17 to
-30 kcal/mol, thus showing large electrostatic interactions due to HBs, which are
reported for all the ten selected structures (see Figure S1 in SI [255]). QM/FQb

values are always larger than QM/FQa: this is related to the difference between
atomic electronegativities of the two parametrizations. Such a difference is larger
in FQb. On the other hand, QM/FQc predicts the greatest absolute Eele values,
because polarization is promoted by smaller values of chemical hardnesses. The
largest discrepancy between QM/FQ and SAPT0 is observed for the pristine FQ
parametrization by Rick et al., [27] i.e. QM/FQa, whereas the best agreement
is given by our recent parametrization, [321] i.e. QM/FQc (see also Table 3.2).
This is not surprising, because FQc was tuned to reproduce the total interaction
energy calculated at the CCSD(T) level, whereas FQa and FQb were set to reproduce
bulk water properties (FQa, Ref. [27]) or QM atomic charges (FQb, Ref. [128]). As
depicted in Figure 3.8, QM/FQFµ over-performs QM/FQ. This is also confirmed
by the data reported in Table 3.2, where a RMSD of only 1.62 kcal/mol and an RE
of 6.47 % are reported. QM/FQFµ Eele are dominated by charge contributions (on
average 75%), that in agreement with what has shown above for the water dimer.
Raw data of charge/dipoles contributions to QM/FQFµ Eele are reported in Table
S4 in SI. [255] To further confirm the quality of QM/FQFµ, the same analysis was
applied to a snapshots of MOXY in aqueous solution constructed by using a cutting
radius of 7 Å. Such an analysis is discussed in Section S5.7 in SI. [255]

The same behavior highlighted for MOXY also applies to the other selected
molecules (ACRO, MeOH, NMA). In fact, QM/FQFµ always overperforms QM/FQ.
This is particularly evident in case of MeOH, where SAPT0 values range from -40
to -15 kcal/mol, thus moving from weak solute-solvent interactions to strong HBs.
This is due to the fact the MeOH is the only chosen molecule in which solvent water
molecules can act both as H-donor and H-acceptor. Figure 3.8 clearly shows that
at small Eele values all four approaches predict similar energy values, whereas as
energy increases, the differences between the methods increases. On the other hand,
QM/FQFµ correctly reproduces SAPT0 values in the whole range of energies (i.e.
for both weak and strong HBs configurations), as can be seen both from Table 3.2
and Figure 3.8, where QM/FQFµ values lie almost perfectly on the diagonal. This
can be particularly appreciated from the data shown in the last column of Table 3.2,
which reports a statistical analysis over the whole set of 40 structures. It is also
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remarkable that QM/FQFµ, as well as all the three QM/FQ parametrizations, give
errors with respect to full QM calculation by far lower than what has been recently
reported for QM/AMOEBA calculations on different aqueous systems. [351]

To end the discussion, QM/FQFµ charge and dipole contributions for two repre-
sentative structures of MOXY and MeOH in aqueous solution (structures MOXY1

and MeOH-2 in Figures S1 and S2, given as SI [255]) are analyzed. In Figures 3.9
and 3.10, each water molecule is colored as a function of the contribution to Eele.
Such an analysis is done according to what has been recently proposed for Func-
tional group-SAPT (FSAPT). [352, 353] MOXY1 is characterized by one HB, where
a single water molecule acts as H-donor, whereas MeOH-2 is involved in two HBs,
in which one water molecules acts as H-donor and a second one as H-acceptor.
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Figure 3.8: Comparison between calculated QM/FQa, QM/FQb, QM/FQc,
QM/FQFµ Eele (HF/6-311++G** level for the QM portion) and SAPT0/6-
311++G** data. In case of SAPT0 calculations electrostatic and induction energy
contributions are summed up. Raw data are given in Table S5 in SI. [255] All data
are reported in kcal/mol.
a FQ parametrization taken from Ref. [27]
b FQ parametrization taken from Ref. [128]
c FQ parametrization taken from Ref. [321]
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MOXY ACRO NMA MeOH TOT

QM/FQa

RMSD 10.02 7.46 11.53 12.66 10.60
MAE 13.76 11.11 16.62 23.38 23.38
RE 42.54% 39.72% 40.56% 39.85% 40.67%

QM/FQb

RMSD 7.29 5.38 8.71 9.35 7.83
MAE 10.14 8.32 13.34 19.75 19.75
RE 30.85% 28.02% 30.07% 27.09% 29.01%

QM/FQc

RMSD 5.92 2.36 2.96 6.16 4.67
MAE 13.59 4.41 6.88 9.90 13.59
RE 19.67% 14.39% 8.79% 19.54% 15.60%

QM/FQFµ
RMSD 1.62 1.44 1.41 1.29 1.45
MAE 2.92 3.06 2.37 2.18 3.06
RE 6.47% 5.68% 4.65% 4.72% 5.38%

Table 3.2: Root Mean Squared Deviation (RMSD), Maximum Absolut Error (MAE)
and Relative Error (RE) of ten selected structures of MOXY, ACRO, MeOH and
NMA in aqueous solution extracted from aqueous solution. SAPT0/6-311++G**
Eele values are taken as reference. TOT indicates statistical parameters calculated on
all 40 structures extracted from MD runs. RMSD and MAE are given in kcal/mol.
a FQ parametrization taken from Ref. [27]
b FQ parametrization taken from Ref. [128]
c FQ parametrization taken from Ref. [321]

Figures 3.9 and 3.10 clearly show that in both cases HB water molecules give the
largest contributions to Eele. However, other water molecules, which are not directly
involved in HB with the QM portion, give non-negligible contributions to the total
electrostatic energy. This has a practical consequence: in fact, cluster approaches,
in which only few, geometrically close, water molecules are included in the QM por-
tion, can inappropriately model solvent effects, because such relevant contributions
will be most probably neglected.

EtotEdipolesEcharges

-4 +4Electrostatic Energy (kcal/mol)

3.40
3.68

1.61
3.84

Figure 3.9: QM/FQFµ electrostatic energy contributions (kcal/mol) for MOXY1.
Echarges and Edipoles indicate charge and dipole contributions to the total Eele. All
atoms in each water molecule are colored according to their contribution. The color
maps saturate at ±4 kcal/mol.
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Figure 3.10: QM/FQFµ electrostatic energy contributions (kcal/mol) for MeOH-2.
Echarges and Edipoles indicate charge and dipole contributions to the total Eele. All
atoms in each water molecule are colored according to their contribution. The color
maps saturate at ±4 kcal/mol.
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Electronic transitions for a fully polarizable QM/MM

approach based on fluctuating charges and fluctu-

ating dipoles: Linear and corrected linear response

regimes

Excited-state phenomena play a crucial role in many application fields, as for in-
stance photocatalysis, optical information storage and solar cells. In the past
decades, theoretical modeling of excited-state properties of molecules in the gas-
phase has become a widespread strategy of investigation, [129] giving precious in-
formation on, for instance, the nature of the electronic excitation, [151, 354, 355]
nuclei-electron coupling effects [356–358] and excited state electron dynamics. [359–
361]

However, for electronic phenomena taking place in the condensed phase, [234,
238, 279, 362–367] the interplay between the molecule and its environment can sub-
stantially alter the electronic response to external electromagnetic fields. Therefore,
any accurate modeling of excited states of solvated systems asks for reliable theoreti-
cal approaches to include the effects of the environment at all levels of the excitation
phenomenon.

Most of the currently available approaches to describe the effects of the exter-
nal environment on molecular properties belong to the class of the so-called focused
models; [2, 3, 72, 73, 86, 87] the attention is focused on the molecule and the environ-
ment is treated a lower level of sophistication as it modifies, but not determines, the
molecular response to the external radiation. In order to keep the atomistic descrip-
tion of the environment, thus substantially overcoming well-known and amply used
continuum solvent descriptions, [2–7] multiscale QM/Molecular Mechanics (MM)
approaches have been developed. [74, 97] In such models, the molecule (solute) is
treated at the QM level, whereas the environment (solvent) is modelled by means of
classical MM force fields (FF). The interaction between the QM and MM portions
is usually described in terms of electrostatic forces, although approaches to include
non-electrostatic QM/MM interactions have been proposed. [8–15] In order to fully
capure the physics of solute-solvent interactions, mutual polarization effects between
the QM and MM moieties need to be accounted for. Therefore, several polarizable
QM/MM approaches have been proposed, based on distributed multipoles, [16–20]
induced dipoles, [21–25] Drude oscillators, [26] Fluctuating Charges (FQ) [27–29]
and the recently developed approach based on both Fluctuating Charges and Fluc-
tuating Dipoles (FQFµ). [30, 31]

The latter can be seen as a refinement of QM/FQ, previously developed by some
of us, [29, 103, 104, 108, 110–113, 127, 368, 369] where the MM portion is described
by means of electric charges, which vary as a function of differences in MM atomic
electronegativities and as a response to the electric potential generated by the QM
density. Therefore, in QM/FQ only monopoles, i.e. zeroth order of the electro-
static Taylor expansion, are taken into consideration. This means that the intrinsic
anisotropy and out-of-plane contributions of molecule-environment interactions are
not explicitly taken into account. To overcome this problem, the electrostatic de-
scription given by FQ has been refined by including fluctuating dipoles (Fµ), thus
resulting in the QM/FQFµ approach. Notice that similar approaches have been
developed in other contexts, [263, 264, 303–306] however they are not specifically
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intended to model molecular systems/properties in solution.
The potentialities of QM/FQFµ at predicting electrostatic interaction energies

of organic molecules in solution have been previously highlighted. [30] In this work,
this model is further extended to the calculation of vertical excitation energies, by re-
sorting to linear response (LR) theory for Self Consistent Field (SCF) methods. Ex-
citation energies are determined by solving the so-called Casida equations, [370] for
the QM portion, appropriately modified so to include extra terms due to QM/MM
mutual polarization effects. [19, 22–24, 104, 250, 306, 371, 372] The LR approach
may reliably describe electronic transitions involving excited states associated with
large transition dipole moments. However, it lacks any accounting of the relaxation
of the classical portion as a response to charge equilibration following the excitation
of the QM density. For this reason, several state specific (SS) approaches have been
proposed in the literature both in case of continuum models [279, 280, 373–383] and
polarizable QM/MM approaches. [19, 384]

In this work, the perturbative SS corrected linear response (cLR) scheme [373]
originally developed for the Polarizable Continuum Model (PCM) is exploited and
extended to both QM/FQ and QM/FQFµ transition energies for the first time. In
this way, the classical MM portion is adjusted to the relaxed density matrix of a given
QM excited state. Notice that a similar approach has been applied to polarizable
QM/AMOEBA calculations. [19]

To show both the potentialities of QM/FQFµ at describing excitation energies
and the differences arising from resorting to LR and cLR regimes, the method is ap-
plied to the calculation of vacuo-to-water solvatochromic shifts of para-nitroaniline
(pNA), pyridine and pyrimidine. From such an analysis, it will be possible to
(i)highlight differences in the description of the excitation phenomenon moving from
continuum PCM to QM/FQ and QM/FQFµ fully atomistic approaches; (ii) directly
quantify the separate role fluctuating dipoles and fluctuating charges, and their cou-
pling; (iii) evaluate effects arising from the specification of LR or cLR regimes.

The manuscript is organized as follows. In the next section, the FQFµ force field
is presented and its coupling with a QM description at the SCF level (QM/FQFµ)
is detailed. LR and cLR working equations are then presented and discussed. After
a brief section discussing on the computational protocol which is adopted, numer-
ical results are presented. Some drawn conclusions and a discussion on the future
perspectives of the approach end the manuscript.

QM/FQFµ Approach

In the FQFµ force field each MM atom is endowed with both a charge (q) and an
atomic dipole (µ), that are not fixed but can vary according to the external electric
potential/ electric field.

The total energy E associated with a gaussian distribution of charges and dipoles
reads: [304]

E(q,µ) =
∑
i

qiχi +
1

2

∑
i

qiηiqi +
1

2
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qq
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where χ is the atomic electronegativity, η the chemical hardness and α the
atomic polarizability. Tqq

ij , Tqµ
ij and Tµµ

ij are the charge-charge, charge-dipole and
dipole-dipole interaction kernels, respectively. Their functional form can be found
in Refs. [30, 304]

In order to collect all the charge quadratic terms, the diagonal elements of Tqq

and Tµµ can be imposed to be related to atomic chemical hardness η and atomic
polarizability α, respectively. [30] Therefore, the parameters entering the definition
of FQFµ are limited to electronegativity, chemical hardness and polarizability of
each atom type. As a result, Equation 3.25 can be formally rewritten as:

E(q,µ) =
1

2

∑
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∑
j

qiT
qq
ij qj +
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2
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j
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+
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qiT
qµ
ij µ

†
j +
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qiχi =

=
1

2
q†Tqqq +

1

2
µ†Tµµµ+ q†Tqµµ+ χ†q (3.26)

where a vector notation has been adopted. Similarly to QM/FQ, the equilibrium
condition of Equation 3.26 is reached when the Electronegativity Equalization Prin-
ciple (EEP) is satisfied, i.e. when each atom has the same electronegativity. [124] If
each MM moiety is constrained to assume a fixed, total charge Qα, Equation 3.26
can be written by exploiting a set of Lagrangian multipliers (λα), whose number is
equal to the total number of moieties in the MM portion:
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where α and β run over MM moieties. By minimizing E with respect all variables,
the following linear system is defined: [30]

 Tqq 1λ Tqµ

1†λ 0 0

−Tqµ† 0 Tµµ

 q
λ
µ

 =

 −χQtot

0

 ⇒ DQλ = −CQ (3.28)

where 1λ is a rectangular matrix, which accounts for the Lagrangians. CQ is a
vector containing atomic electronegativities and total charge constraints, whereas
Lλ is a vector containing charges, dipoles and Lagrange multipliers.
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FQFµ FF can be effectively coupled to a QM SCF description, within a QM/MM
framework:

E(P,q,µ,λ) = trhP +
1

2
trPG(P) +

1

2
q†Tqqq +

1

2
µ†Tµµµ+ q†Tqµµ+ χ†q + λ†q+

+ q†V(P)− µ†E(P) (3.29)

where h and G are the usual one- and two-electron matrices, and P is the density
matrix. q†V(P) and µ†E(P) are the electrostatic couplings between the QM density
and the FQs and Fµs, respectively. The effective Fock matrix, i.e. the derivative of
the energy with respect to the density matrix, reads:

F̃µν =
∂E
∂Pµν

= hµν +Gµν(P) + V†µνq− E†µνµ (3.30)

Charges and dipoles are obtained by imposing the global functional to be sta-
tionary with respect to charges, dipoles and Lagrangian multipliers:

 Tqq 1λ Tqµ

1†λ 0 0

−Tqµ† 0 Tµµ

 q
λ
µ

 =

 −χQtot

0

+

 −V(P)
0

E(P)


DLλ = −CQ −R(P) (3.31)

Notice that, with respect to Equation 3.28, a new term, R(P), appears, which
collects QM polarization sources. Lλ is the vector containing charges, dipoles and
Lagrangian multipliers.

QM/FQFµ Electronic Transition Energies

Linear Response Regime

LR for polarizable QM/MM approaches has been already discussed in the previous
literature. [24, 104, 306] Electronic excitation energies ω for SCF Hamiltonians can
be obtained by solving Casida’s equations:[370](

Ã B̃

B̃∗ Ã∗

)(
X
Y

)
= ω

(
1 0
0 −1

)(
X
Y

)
(3.32)

Ã and B̃ matrices are defined as:

Ãai,bj = (εa − εi)δabδij + (ai|bj)− cx(ab|ij) + clf
xc
ai,bj + Cpol

ai,bj (3.33)

B̃ai,bj = (ai|bj)− cx(aj|ib) + Cpol
ai,bj (3.34)

where (pq|rs) are two electron integrals, and ε are molecular orbital (MO) en-
ergies. cx and cl are coefficients of which the definition depends on the SCF level
adopted (cx =1, cl = 0 for HF wavefunctions, cx =0, cl = 1 for DFT).

In case of polarizable QM/MM approaches, Ã and B̃ in Equations 3.33 and 3.34
account for an extra term, Cpol, which is specified according to a particular method.
In particular, for QM/FQ it reads:
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CFQ
ai,bj =

Nq∑
P

(∫
R3

φa(r)
1

|r− rp|
φi(r) dr

)
· qTP (φb, φi) (3.35)

where, qT are the perturbed fluctuating charges adjusted to the transition density
PT
K = XK + YK . [104] For QM/FQFµ, an extra term appears n the definition of

Cpol, accounting for the presence of fluctuating dipoles:

CFQFµ
ai,bj =

Nq∑
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(∫
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1
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)
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−
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φi(r) dr

)
· µTP (φb, φi) (3.36)

Perturbed charges (qT ) and perturbed dipoles (µT ) are calculated by solving the
following system of equations:

 Tqq 1λ Tqµ

1†λ 0 0

−Tqµ† 0 Tµµ

 q
λ
µ

 =

 −V(PT
K)

0
E(PT

K)


DLT

λ = −R(PT
K) (3.37)

where:

V (PT
K) = −

∑
ai

PT
K,ai

∫
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φa(r)
1

|r− rp|
φi(r) dr (3.38)

E(PT
K) =

∑
ai

PT
K,ai

∫
R3

φa(r)
(r− rp)

|r− rp|3
φi(r) dr (3.39)

The right hand side of Equation 3.37 contains both the electric potential and
field due to the perturbed density matrix PT

K . Notably, the constant term in Equa-
tion 3.31 due to atomic electronegativities vanishes. Therefore, polarization arises
from the QM density, and not from differences in electronegativity, that similarly to
the QM/FQ approach. [104, 260]

Corrected Linear Response Regime

LR and SS approaches provide the same result in case of gas-phase systems. [370]
However, when polarizable QM/classical methods are exploited, the two approaches
differ. [279] This is essentially due to the non-linear term introduced in the Hamil-
tonian (see e.g. Equation 3.29). Different approximations to solve this problem
have been proposed. [373, 374, 377] In this work, the SS cLR approach, firstly pro-
posed in for QM/PCM Hamiltoniands and successfully extended to the polarizable
QM/AMOEBA method, [19] is exploited. To the best of our knowledge, this the
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first time that the extension of cLR to QM/FQ and QM/FQFµ-like methods is
proposed.

The common way to discuss the physical differences between LR and cLR regimes
in condensed phase is to resort to a two-step protocol, in which the first step is the
same in both approaches and consists in the electronic excitation of the solute to the
K-th excited state by keeping frozen the MM response to the solute ground state.
From a computational point of view, such a picture can be achieved by imposing the
extra Cpol term in Equations 3.33 and 3.34 to be equal to zero. This means that MM
contributions are only included in the specification of MOs through Equation 3.30.
The excitation energy obtained in this approximation is refereed to as ωK0 . In the
second step of the process, MM electronic degrees of freedom adjust to the K-th
excited state density. Due to the fact that in the LR approach the MM variables are
determined as a response of the whole transition densities, LR is unable to catch the
energy differences associated to the relaxation of the QM electron density, whereas
it only accounts for a correction due to dynamic solute-environment interactions.
QM/FQ and QM/FQFµ cLR excitation energies from ground to K-th excited state
can be written as:

ωcLRK,FQ = ω0
K +

1

2

Nq∑
P

qp(rp; P
∆
K)V (rp,P

∆
K) (3.40)

ωcLRK,FQFµ = ω0
K +

1

2

Nq∑
P

qp(rp; P
∆
K)V (rp,P

∆
K)+

− 1

2

Nµ∑
P

µp(rp; P
∆
K)E(rp,P

∆
K) (3.41)

P∆
K is the so-called relaxed-density matrix, computed through the so-called Z-

vector approach, as:

P∆
K = PT

K + ZK (3.42)

where PT
K is the unrelaxed density matrix adopted in the LR approach, whereas

ZK is the Z-vector contribution which accounts for orbital relaxations. Fluctuating
Charges and Fluctuating Dipole in Equation 3.41 are calculated as in Equation 3.37,
by substituting PT

K → P∆
K .

Computational Details

The following computational protocol was exploited: [13, 112, 113, 260]

1. Definition of the system: The solute (pNA, pyridine and pyrimidine) was put
at the center of a cubic box containing a number of water molecules large
enough to account for solute-solvent interactions (vide infra). pNA, pyridine
and pyrimidine geometries were optimized at the B3LYP/aug-cc-pVDZ level
of theory, and RESP charges were calculated by including aqueous solvent
effects by means of the PCM approach. [2].
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2. Classical Molecular Dynamics (MD) runs: For each system, MD simulations
were performed by imposing periodic boundary conditions (PBC) on the cubic
box. Each MD run was preceded by an equilibration step. From each MD run,
a set of 100 uncorrelated snapshots was extracted.

3. Definition of the the two-layer scheme: For each snapshot, a solute-centered
sphere was cut. The radius of the sphere was chosen so to describe all specific
water-solute interactions (vide infra).

4. QM/MM calculations: QM/FQ and QM/FQFµ vertical excitation energies
were calculated on the spherical frames obtained at the previous step. The
results obtained for each frame were convoluted with a gaussian band-shape
and averaged to produce the final spectrum:

εi(ν̃) =

√
πe2NA

1000 ln(10)c2me

fi
σ

exp

[
−
(
ν̃ − ν̃i
σ

)2
]

(3.43)

where, ε is the molar absorptivity in L mol−1cm−1, ν̃i is the excitation energy
of the i − th state, fi is its oscillator strength, whereas σ is the standard
deviation of the gaussian convolution. e, NA, c and me are the electron charge,
the Avogadro number, the speed of light, and the electron mass, respectively.

N1
H1

N2
O1

δ

γ

τ

(a)

N1

(b)

N1 N2

(c)

Figure 3.11: pNA (a), pyridine (b) and pyrimidine (c) molecular structures and
atom labelling. For pNA, the atoms involved in the definition of γ, δ and τ dihedral
angles are highlighted.

MD simulations were performed using GROMACS, [141] by exploiting GAFF [142]
to describe both intra- and inter-molecular interactions. RESP charges were used
to account for electrostatic interactions, and TIP3P FF was used to describe wa-
ter molecules. [122] A single molecule of different solutes was dissolved in a cubic
box containing 5781, 5342 and 5324 water molecules in case of pNA, pyridine and
pyrimidine, respectively. pyridine and pyrimidine structures were kept fixed during
all the steps of the MD run because they exhibit a single conformer in aqueous so-
lution. PNA geometry was kept fixed during the equilibration step only, whereas it
was free to move in the production run. The different solutes were brought to 0 K
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with the steepest descent minimization procedure and then heated to 298.15 K in an
NVT ensemble using the velocity-rescaling [143] method with an integration time
step of 1.0 fs and a coupling constant of 0.1 ps for 100 ps. NPT simulations (using
the Parrinello-Rahman barostat and a coupling constant of 1.0 ps) for 1 ns were
performed to obtain a uniform distribution of molecules in the box. 5 ns production
runs in the NVT ensemble were finally carried out, fixing the fastest internal degrees
of freedom, i.e. hydrogen atoms, by means of the LINCS algorithm (δt=2.0 fs). [144]
Electrostatic interactions were treated by using particle-mesh Ewald (PME) [145]
method with a grid spacing of 1.2 Å and a spline interpolation of order 4. Intramolec-
ular interactions between atom pairs separated up to three bonds were excluded. A
snapshot every 50 ps was extracted in order to obtain a total of 100 uncorrelated
snapshots for each system.

For each snapshot a solute-centered sphere with a radius of 15 Å was cut (contain-
ing approximately 400 water molecules). On each droplet QM/FQ and QM/FQFµ
vertical excitation energies were calculated by exploiting both LR and cLR regimes.
In case of QM/FQ, water molecules were modeled by exploiting polarizable FQ SPC
parametrization proposed by Carnimeo et al. [128], whereas in case of QM/FQFµ
calculations the parametrization proposed in Ref. [30] was adopted.

For each snapshot, additional reference calculations, labelled as QM/QMw/FQFµ,
were also performed by including in the QM portion those water molecules placed at
a distance lower than 3.5 Åwith respect to any QM atom. This resulted in clusters
with 17 QM water molecules in case of pyridine and pyrimidine, and 23 for pNA.
All remaining solvent molecules were treated with FQFµ. For the sake of compari-
son, additional QM calculations on the chromophores treated at the PCM level were
performed. PNA was described at the CAM-B3LYP/aug-cc-pVDZ level of theory in
agreement with previous studies. [76] pyridine and pyrimidine were instead treated
at the M06/6-311+G(2df,2p) level, according to Ref. [375]. All computed absorp-
tion spectra were convoluted with a gaussian band-shape with a Full Width at Half
Maximum (FWHM) of 0.3 eV.

All QM/FQ and QM/FQFµ LR and cLR calculations were performed by using
a locally modified version of the Gaussian 16 package. [146]

Gas-Phase Vertical Excitation Energies

In this section, computed UV-Vis spectra for aqueous solutions of pNA, pyridine
and pyrimidine [250, 288, 289, 374, 385–402] (see Figure 3.11 for their structures
and atom labelling) are discussed. First, excitation energies of the three isolated
molecules are discussed and compared to experimental values. Then, QM/FQFµ,
QM/FQ, QM/QMw/FQFµ and QM/PCM LR and cLR solvatochromic shifts are
presented and compared to experimental findings.

Computed gas phase vertical excitation energies for the three systems are re-
ported in Table 3.3, together with experimental values, taken from the literature.
Calculated ground and excited dipole moments are also reported.

The molecular orbitals (MOs) involved in the transitions are graphically depicted
in Figure 3.12. The investigated excitation is a pure π → π∗ transition in case of
pNA, whereas in case of both pyridine and pyrimidine we focus our attention to
the dark n → π∗ transition. pNA π → π∗ transition is often considered to have a
Charge Transfer (CT) character, due to the fact that it involves a huge variation of
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Excitation µg µex Evert Exp.
pNA π → π∗ 7.4 12.9 4.33 4.25 a

pyridine n→ π∗ 2.3 0.4 4.67 4.59,b 4.63,c 4.74d

pyrimidine n→ π∗ 2.4 0.6 4.17 4.18,e 4.19f

Table 3.3: pNA (CAM-B3LYP/aug-cc-pVDZ), pyridine and pyrimidine (M06/6-
311+G(2df,2p) computed vertical excitation energies in gas phase (Evert) given in
eV. The character of the transition is reported, together with ground (µg) and excited
(µex) molecular dipole moments (Debye). Experimental excitation energies (eV) are
also shown. aRef. [396] bRef. [398] cRef. [374] dRef. [397] eRef. [399] fRef. [395]

the dipole moment between the ground and excited state; this is confirmed by the
computed values, see Table 3.3. The same also occurs of pyridine and pyrimidine,
which differently from pNA show a decrease of the electric dipole moment in their
excited states with respect to their ground state.

The comparison between computed and experimental vertical excitation energies
in Table 3.3, confirms that our choice of DFT functionals/basis sets give computed
data that are nicely in agreement with experiments for all systems.

MD Analysis

In this section, MD runs for pNA, pyridine and pyrimidine in aqueous solution
are analyzed by using the TRAVIS package, [149] so to extract hydration patterns
and analyze the role of hydrogen bonding (HB) interactions, which are crucial to
rationalize the trends of vertical excitation energies (vide infra). In particular, the
radial distribution function g(r), together with the running coordination number
(RCN) between the solute atoms highlighted in Figure 3.11 and solvent atoms (HW

HOMO

LUMO

π -
 π* A1

(a)

HOMO

LUMO

n -
 π* B1

(b)

HOMO

LUMO

n -
 π* B1

(c)

Figure 3.12: pNA (a), pyridine (b) and pyrimidine (c) Molecular Orbitals (MOs)
involved in the investigated electronic transitions.
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and OW) are studied. the RCN for a specific site is defined as the integral of the
g(r) as a function of the distance. The coordination number of a specific hydration
shell is the RCN at the corresponding g(r) minima. In addition, in case of pNA, the
dihedral distribution function (ddf) is also discussed.

g(r) and RCN for the three studied molecules are reported in Figs. 3.13 and 3.14.
In case of both pyridine and pyrimidine, only the nitrogen atom(s) can be involved
in HB interactions with water molecules. For this reason, in Figure 3.13, panels b
and c, the g(r) for N1· · ·OW (and N2· · ·OW in case of pyrimidine) are reported. As
it can be evinced, the g(r) of both pyridine and pyrimidine present a sharp peak
related to the first solvation shell at about 2 Å. The coordination numbers associated
with the first solvation shell are approximately 2 and 1, for pyridine and pyrimidine,
respectively. This indicates that two water molecules are involved in HB interactions
with the nitrogen atom(s) of this two solutes.

In case of pNA (see Figure 3.13, panel a), H1· · ·OW and O1· · ·HW g(r) are both
characterized by a sharp peak at about 2 Å, whereas N1 and N2 are not involved in
HB interactions with the solvent. The coordination numbers of the first shells are
around 1, showing that both the push and pull groups are involved in HB interactions
with one water molecule, on average. Notice that pNA is symmetric, thus two water
molecules undergo HB interactions with both push and pull groups of the solute.

To end the discussion, the ddf of γ, δ and τ pNA dihedral angles are reported
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Figure 3.13: pNA (a), pyridine (b) and pyrimidine (c) radial distribution functions
for selected atomic sites. See Figure 3.11 for labeling.
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in Figure 3.15 (see Figure 3.11 for atoms involved in the definition of the dihedral
angles). As it can be seen, all the considered dihedral angles fluctuate around 0
degrees (or 180 degrees in case of τ), thus indicating that pNA oscillates around
its planar configuration during the MD simulation. Specifically, out-of-plane mo-
tions of the benzene ring were monitored by analyzing δ dihedral angle, which only
marginally varies during all MD simulations, thus indicating an almost rigid struc-
ture of this ring. In addition, the analysis of γ and θ dihedral angles shows that
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Figure 3.14: pNA (a), pyridine (b) and pyrimidine (c) running coordination number
(RCN). See Figure 3.11 for atom labeling..
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Figure 3.15: pNA dihedral distribution function (ddf). See Figure 3.11 for atom
labelling.
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the oxygen atoms of the nitro group can pass the rotational barrier (e.g. they can
exchange their positions), whereas the same does not apply to the hydrogen atoms
of the amine group. Indeed, they can oscillate in the molecule’s plane, but they do
not exchange their positions during the MD runs.

Vacuo-to-Water Solvatochromism

QM/FQ, QM/FQFµ and QM/QMw/FQFµ vertical excitation energies of pNA (CAM-
B3LYP/aug-cc-pVDZ), pyridine and pyrimidine (M06/6-311+G(2df,2p) in aqueous
solution were computed on 100 uncorrelated snapshots extracted from MD runs.
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Figure 3.16: pNA (left), pyridine (middle) and pyrimidine (right) QM/FQ and
QM/FQFµ UV-Vis cLR raw data (sticks) together with their gaussian convolution
(FWHM=0.3 eV)

In Figure 3.16, pNA, pyridine and pyrimidine cLR absorption intensities as a
function of the excitation energy, obtained by exploiting QM/FQ (top) and QM/FQFµ
(bottom), for all 100 snapshots extracted from the MD simulations are plotted. No-
tice that stick spectra are obtained by plotting the raw data extracted from QM/MM
calculations performed on each snapshot. ω0 and LR stick spectra are reported in
Figs. S1 and S2 in the Supplementary Informations (SI). [256]

In all cases, the inspection of Figure 3.16 shows that QM/FQFµ data (sticks)
present a larger variability with respect to QM/FQ, which results in a greater broad-
ening of the transition band, and in a different description of vertical excitation
energies. To quantify such a variability, the standard deviation of both energies and
intensities was computed (see Table S1 given as SI [256]). As expected, QM/FQFµ
energy standard deviations are always larger than QM/FQ ones. Such findings are
due to the inclusion of fluctuating dipoles in the MM portion, which increase the
molecular dipole moment of MM water molecules. As a consequence, QM/FQFµ
convoluted spectra in Figure 3.16 show a larger inhomogeneous broadening with
respect to QM/FQ. To further investigate the origin of QM/FQFµ larger inhomo-
geneous broadening, in Figure 3.17 pNA QM/FQ (top) and QM/FQFµ (bottom)
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excitation energies as a function of γ and τ dihedral angles (see Figure 3.11) are
reported. Such a plot permits to understand whether the observed trend in broad-
ening is related to the solute’s geometry fluctuations or to solvent fluctuations, i.e.
to the different description of the electrostatic interactions given by QM/FQ and
QM/FQFµ. As it is clearly shown by Figure 3.17, the two approaches give almost
identical excitation energies as a function of the dihedral angles. Therefore, it is
confirmed that the different broadening is only due to a different description of the
QM/MM electrostatic coupling.

2

2.5

3

3.5

-180 -90 0 90 180

γ

Dihedral Angle (deg) 

τ

2

2.5

3

3.5

4

Ex
ci

ta
tio

n 
En

er
gy

 (e
V)

γ
τ QM/FQ

QM/FQFμ

Figure 3.17: QM/FQ (top) and QM/FQFµ (bottom) cLR excitation energies for
pNA as a function of the dihedral angles γ and τ (see Figure 3.11, panel a for their
definition).

PNA, pyridine and pyrimidine ω0, LR and cLR vertical excitation energies in
aqueous solution, as calculated by exploiting QM/PCM, QM/FQ and QM/FQFµ,
and the corresponding vacuo-to-water solvatochromic shifts are reported in Ta-
ble 3.4. The associated spectra are graphically depicted in Figure 3.18, where
gas-phase excitation energies are also given as stick bars. By moving from a contin-
uum description (QM/PCM) to an atomistic approach (QM/FQ and QM/FQFµ) a
gradual increase of the solvatochromic shift is reported, independently from which
vertical excitation energy (ω0, LR or cLR) is taken in consideration (see Table 3.4
and Figure 3.18). In particular, in case of pNA, QM/FQ redshifts with respect to
QM/PCM of 0.11 eV, whereas QM/FQFµ of almost 0.50 eV, thus doubling the
computed solvatochromism with respect to continuum QM/PCM values. In case
of pyridine and pyrimidine, a shift in the opposite direction with respect to pNA
is reported by all the solvation models. In particular, QM/FQ and QM/FQFµ
predict an increase of vacuo-to-water solvatochromism of 0.18/0.21 and 0.33/0.35
eV with respect to QM/PCM, respectively. Notice that such an increase corre-
sponds to a relative difference with respect to QM/PCM of almost 300 and 500
%, in case of QM/FQ and QM/FQFµ, respectively. This huge blueshift can be re-
lated to the dynamical atomistic description of the solvent water molecules given by
QM/MM approaches coupled to MD simulations. The difference between QM/FQ
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Evert (eV)
Method QM/PCM QM/FQ QM/FQFµ QM/QMw/FQFµ
ω0 3.92 3.74±0.03 3.47±0.03 3.66±0.03

pNA LR 3.81 3.70±0.03 3.31±0.03
cLR 3.84 3.71±0.03 3.37±0.03
ω0 4.84 5.00±0.01 5.21±0.01 5.02±0.01a

pyridine LR 4.84 5.00±0.01 5.20±0.01
cLR 4.79 4.97±0.01 5.12±0.01
ω0 4.31 4.52±0.01 4.67±0.01 4.49±0.01a

pyrimidine LR 4.30 4.51±0.01 4.66±0.01
cLR 4.28 4.49±0.01 4.63±0.01

Evert Exp. (eV): pNA 3.25b, pyridine 4.94c, pyrimidine 4.57d

∆E (eV)
Method QM/PCM QM/FQ QM/FQFµ QM/QMw/FQFµ
ω0 0.41 0.59±0.03 0.86±0.03 0.67±0.03

pNA LR 0.52 0.63±0.03 1.02±0.03
cLR 0.49 0.62±0.03 0.96±0.03
ω0 -0.17 -0.33±0.01 -0.54±0.01 -0.35±0.01

pyridine LR -0.17 -0.33±0.01 -0.53±0.01
cLR -0.12 -0.30±0.01 -0.45±0.01
ω0 -0.14 -0.34±0.01 -0.49±0.01 -0.31±0.01

pyrimidine LR -0.13 -0.34±0.01 -0.48±0.01
cLR -0.11 -0.31±0.01 -0.45±0.01

∆E Exp. (eV): pNA 0.99, pyridine -0.31, pyrimidine -0.35±0.06e

Table 3.4: pNA, pyridine and pyrimidine QM/PCM, QM/FQ and QM/FQFµ ω0, LR
and cLR vertical excitation energies (Evert) and vacuo-to-water solvatochromic shifts
(∆E). “Best results” (see text) are in bold. Calculated QM/FQ and QM/FQFµ
standard errors are also reported. They are calculated as σ/

√
N , where σ is the

standard deviation and N is the number of the snapshots used to obtain the average
property. Experimental data taken from the literature are reported for comparison’s
sake. aRef. [403], bRef. [288], cRef. [404], dRef. [395], eRef. [375].

and QM/FQFµ results reported by all the selected molecular systems, shows in-
stead the relevance of the inclusion of fluctuating dipoles in addition to fluctuating
charges.

By deepening the analysis of Table 3.4, the different pictures given by LR and
cLR approaches emerge. First, let’s focus on pNA ω0, LR and cLR results. The con-
tinuum QM/PCM and atomistic QM/FQ and QM/FQFµ LR and cLR excitation
energies are very similar, and shifted with respect to the frozen density approxima-
tion (ω0) of 0.11, 0.04 and 0.16 eV, respectively. The similarity between LR and cLR
energies indicates that in this particular case, the relaxation of the solvent (Which
is considered in the cLR approach), is as relevant as the dynamical solute-solvent
interactions taken into account by the LR regime. This is not surprising, by con-
sidering that the studied excitation is a pure π → π∗ transition, for which the LR
regime is generally successfull. [383] Furthermore, the major differences with respect
to ω0 are reported for LR energies, which are therefore selected as “best” results in
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Figure 3.18: pNA (left), pyridine (middle) and pyrimidine (right) QM/PCM (top)
QM/FQ (middle) and QM/FQFµ (bottom) ω0, LR and cLR spectra. (FWHM=0.3
eV). The vertical excitation energy in gas-phase is also reported.

case of pNA (and reported in bold in Table 3.4).

Differently from pNA, the n → π∗ transition is studied in case of pyridine and
pyrimidine. For such a transition, which is associated to a large variation of the
dipole moment together with a transition dipole moment close to zero (i.e. the
transition is dark), cLR regime has been previously reported to be essential in order
to correctly account for the relaxation of the solvent both in QM/PCM [373] and
polarizable QM/MM calculations. [19] This is confirmed by the data reported in
Table 3.4, where ω0 and LR excitation energies are predicted to be almost the same
by all investigated solvation approaches, whereas a shift in case of cLR is reported. In
particular, QM/PCM cLR corrections shift ω0 (and LR) energies of about 0.05 and
0.03 eV, for pyridine and pyrimidine, respectively; this corresponds to 33% deviation
in both cases. The magnitude of the QM/FQ shift reported for both molecules, and
of QM/FQFµ shift for pyrimidine are very similar to QM/PCM values. This is not
surprising, because it has been recently reported to also apply to QM/AMOEBA
cLR absorption energies. [19] QM/FQFµ cLR correction is particularly relevant for
pyridine in aqueous solution, for which a shift of 0.09 (20%) with respect to the
frozen density approximation ω0 (and LR) is obtained.

Best estimates of QM/PCM, QM/FQ and QM/FQFµ vacuo-to-water solva-
tochromic shifts for the three systems are highlighted in Table 3.4. They are obtained
by exploiting the LR regime for pNA and cLR for both pyridine and pyrimidine.
In case of QM/FQ and QM/FQFµ, standard errors are also given, which are cal-
culated as σ/

√
N , where σ is the standard deviation and N is the number of the

snapshots used to obtain the average values of the shifts. We note that the contin-
uum QM/PCM is generally unable to recover the experimental vacuo-to-water solva-
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tochromism, that reasonably due to the improper account of specific solute-solvent
interactions and to the “static” description of the solvation phenomenon. [19, 111,
257] As a consequence, the error on pNA solvatochromism is of 50%, whereas in case
of pyridine and pyrimidine QM/PCM only recovers 35% of the experimental shift.
A much better agreement with the experimental values is achieved by exploiting
the polarizable QM/FQ coupled to MD simulations; in fact, this approach is able
to recover the experimental vacuo-to-water solvatochromism in case of pyridine and
pyrimidine, whereas it fails at reproducing the value for pNA. pNA is correctly de-
scribed by QM/FQFµ, which, however, overestimates of about 0.10 eV the values for
pyridine and pyrimidine. Remarkably, in case of QM/FQFµ, cLR shifts ω0 and LR
vertical excitation energies towards their experimental counterparts (see Table 3.4).

In Table 3.4, we also report computed QM/QMw/FQFµ vertical excitation en-
ergies and vacuo-to-water solvatochromic shifts performed on the 100 snapshots
extracted from the MD runs. At a first glance, QM/FQ results are in very good
agreement with values computed on clusters, whereas larger discrepancies are re-
ported for QM/FQFµ . However, it is worth noticing that cluster QM/QMw/FQFµ
results include not only solute-solvent mutual polarization effects, but also non-
electrostatic interactions (Pauli repulsion). As some of the present authors have
recently shown, [403] solute-solvent Pauli repulsion cannot be neglected when com-
paring QM/MM values with supermolecular (cluster) approaches. The inclusion
of Pauli repulsion in QM/FQ or QM/FQFµ would change the agreement with
QM/QMw/FQFµ, up to the point of increasing the agreement for QM/FQFµ and
reducing it for QM/FQ. Remarkably, however, in any case cLR shifts ω0 and LR
absorption energies towards QM/QMw/FQFµ values.

Density Transition Vacuo QM/PCM QM/FQ QM/FQFµ
pNA π → π∗ 3.14 3.11 2.60 3.35
pyridine PT

K n→ π∗ 1.60 1.51 1.48 1.40
pyrimidine n→ π∗ 0.99 0.99 1.00 1.00
pNA π → π∗ 2.05 2.26 1.66 2.22
pyridine P∆

K n→ π∗ 0.80 1.00 0.82 0.85
pyrimidine n→ π∗ 0.54 0.73 0.58 0.64

Table 3.5: pNA, pyridine, pyrimidine vacuo, QM/PCM, QM/FQ and QM/FQFµ
DCT values (Å) for the studied transitions. The values are calculated by using both
the unrelaxed density PT

K and relaxed P∆
K densities .

To investigate the reasons of the overestimation of vacuo-to-water solvatochromic
shifts reported for QM/FQFµ (which, as stated above, is particularly evident for
pyridine and pyrimidine) the charge transfer (CT) nature of the considered tran-
sitions was characterized by a quantitative index, denoted as DCT. [151, 152] The
barycenters of the positive and negative density distributions are calculated as the
difference of the ground state (GS) and excited state (ES) densities. The CT length
index (DCT ) is defined as the distance between the two charge barycenters. DCT

indexes, as calculated by considering both the unrelaxed PT
K and relaxed densities

P∆
K , are reported in Table 3.5.

The data in Table 3.5, confirm that all the considered transitions are associated
with an intramolecular CT. In particular, the largest DCT values are reported in
case of pNA (both in gas phase and in solution), independently from the specific
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solvation model. Notice that the CT nature of each transition is different (lower) if
the calculation is performed by exploiting the relaxed density (P∆

K) instead of the
unrelaxed one (PT

K), in line with what reported in previous studies. [405] Such an
observation supports the necessity of taking into account the relaxation of the solvent
polarization, i.e. to adopt a cLR regime rather than the common LR approach for
the solvated systems. However, in order to correctly decide the best regime for our
systems, molecular dipole moments need to be analyzed. In particular, differences in
cLR and LR vertical excitation energies can be related to a different description of
the change in the dipole moment moving from GS to ES (∆µ = |µex − µg|) and the
transition dipole moment (µg,ex). In fact, it has been shown that if ∆µ2 is smaller
than 2µ2

g,ex, the LR excitation energy is smaller than cLR one, and vice versa. [373]
Therefore, the relevant values are reported in Table 3.6 for the three investigated
solvation approaches.

QM/PCM µg µex ∆µ2 2µ2
g,ex

pNA 10.5 17.6 50.4 72.5
pyridine 3.1 0.2 8.4 0.5
pyrimidine 3.3 0.8 6.2 0.7

QM/FQ
pNA 10.3 15.0 22.1 38.1
pyridine 3.6 0.9 7.3 0.4
pyrimidine 3.6 1.9 2.9 0.6

QM/FQFµ
pNA 12.9 19.0 37.2 68.0
pyridine 4.4 1.6 7.8 0.5
pyrimidine 4.4 2.7 2.9 0.7

Table 3.6: pNA, pyridine and pyrimidine QM/PCM, QM/FQ and QM/FQFµ
GS(µg) and ES (µex) electric dipole moments and their squared difference (∆µ2 =
|µex − µg|2). (2µ2

g,ex), with µg,ex being the transition dipole moment, is also reported.
All dipole data are given in Debye.

We notice that moving from GS to ES the dipole moment decreases for both
pyridine and pyrimidine, whereas it increases for pNA. Remarkably, this is related
to the negative solvatochromism reported in case of pyridine and pyrimidine, and
positive in case of pNA. [375] Also, the results obtained in Table 3.4 are coherent
with the fact that for pNA 2µ2

g,ex is larger than ∆µ2, whereas the opposite applies to
both pyridine and pyrimidine. As a consequence, LR excitation energies are smaller
than cLR for pNA, whereas cLR ones are smaller than LR for the other two systems
(see Table 3.4). Furthermore, the analysis based on dipole moments (Table 3.6)
suggest that in case of pNA, QM/FQFµ outperforms QM/FQ because it predicts a
larger difference (of almost 25%) between ES and GS dipole moments, thus resulting
in a larger vacuo-to-solvent solvatochromism. The same does not apply to pyridine
and pyrimidine, because QM/FQ and QM/FQFµ predict almost the same difference
in dipole moments. The computed larger solvatochromism for QM/FQFµ is thus
probably due to the fact that both GS ans ES dipole moments are increased of almost
50% with respect to QM/FQ. Howevef, it is worth noticing that molecular dipole
moments are highly affected by non-electrostatic interactions, in particular repulsion
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energy terms, as recently reported by some of the present authors. [11] The inclusion
of such contributions can in principle reduce the molecular dipole moments of both
GS and ES. As a consequence, non-electrostatic interactions should reasonably shift
QM/FQFµ values towards the experimental data. On the other hand, in light of
such considerations, the good performance of QM/FQ for pyridine and pyrimidine
might be ascribed to error cancellations between the description of electrostatic
effects and the lack of explicit consideration of exchange-repulsion effects. [11–13]
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Calculation of IR Spectra with a Fully Polarizable

QM/MM Approach Based on Fluctuating Charges

and Fluctuating Dipoles

Vibrational spectroscopy, in particular infrared spectroscopy, is one of the most
common techniques to study structural and dynamical features of molecular systems.
Experimental spectra can be affected by a combination of effects, ranging from
anharmonicity to solvent effects, the latter playing a relevant role because most
experiments are conducted in the condensed phase. [75, 406–410]

In this work, we especially focus on the development of a method to account
for the mutual interaction between a molecular system and its environment and its
effect on the prediction of IR spectra. In fact, the presence of the environment can
alter the electronic response of the target molecule to the external electric field and
the vibrational frequecies associated with the normal modes. Therefore, approaches
able to accurately describe environmental effects are required to obtain computed
spectra directly comparable with experiments.

In the computational practice, the effects of the environment on a given spectral
property are usually included by resorting to focused models, [2, 3, 72, 73, 86, 87]
which are based on the assumption that the spectral signal is essentially due to the
target molecule (e.g. the solute in case of solutions) and the environment (e.g. the
solvent) only modifies but not determines it.

Besides the commonly used continuum solvation approaches, [6, 7] the family of
QM/MM methods, [72–74, 97] may be exploited.

Their quality is connected to the specific force field which is exploited to treat the
MM portion, and on the approach which is used to define the QM/MM interaction.
The latter can be modeled by means of the basic mechanical embedding approach
or by resorting to the so-called electrostatic embedding, where the coupling between
QM and MM portions is described in terms of the Coulomb law, i.e. the electrostatic
interaction between the potential of the QM density and the fixed charges which are
placed at MM atoms. This picture is refined in the so-called polarizable QM/MM
approaches, in which the mutual QM/MM polarization is taken into account; it can
be modeled in different ways, e.g. by resorting to distributed multipoles, [16–20]
induced dipoles, [21, 24, 25, 79] Drude oscillators, [26] Fluctuating Charges (FQ) [27–
29] and the recently developed approach based on both Fluctuating Charges and
Fluctuating Dipoles (FQFµ). [30]

In QM/FQFµ the MM portion is described in terms of both fluctuating charges
and fluctuating dipoles, which are placed at MM atoms positions and can vary as a
response to the QM electric potential and MM atomic electronegativities (the FQs)
and QM electric field (the Fµs), respectively. Such an approach is a pragmatical
extension of the QM/FQ approach, previously developed by some of the present
authors, [29, 104, 110–113, 127] in which the MM portion is described by means
of electric charges which can be polarized by the QM density and viceversa. As a
consequence, QM/FQFµ takes into account both the out-of-plane and anisotropy
contributions to polarization thanks to the inclusion of the electric dipoles in the
MM portion. [411] It is worth remarking that similar approaches have been pro-
posed in other contexts, [263, 264, 303–306, 309] however they are not based on a
variational formalism and therefore are not specifically intended to model molecu-
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lar properties/spectra. Also, to the best of our knowledge, they have never been
extended to the calculation of molecular properties/spectra determined by the nu-
clear response to external fields. An additional comparison between QM/FQFµ and
similar approaches can be found in Ref. [30]

The quality of QM/FQFµ at predicting electrostatic interaction energies has
been recently discussed [30] and some of the present authors have recently extended
this approach to the calculation of electronic vertical transition energies of organic
molecules in solution at the TD-DFT level. [412] In this work, QM/FQFµ is further
extended to the calculation of IR spectra, through its extension to energy nuclear
derivatives. Remarkably, other QM/MM approaches have been extended to the
calculation of energy gradients, [94, 318, 333, 413–417] however the only previous
polarizable QM/MM approach extended to vibrational spectroscopy is the QM/FQ
method developed by some of us. [103, 110–112]

The manuscript is organized as follows. In the next section the FQFµ force field
is briefly presented and its coupling with a QM wavefunction is specified at the
SCF level (QM/FQFµ) (see Ref. [30] for more details). Equations for analytical
first and second energy derivatives are then presented and discussed. After a brief
section discussing on the computational protocol which is adopted, numerical re-
sults are presented. In particular, QM/FQFµ is challenged against the description
of IR spectra of three organic molecules in aqueous solution, namely methyloxi-
rane, glycidol and gallic acid. IR spectra are computed by exploiting a hierarchy
of polarizable embedding approaches, namely QM/PCM, QM/FQ and QM/FQFµ.
Computed spectra are compared to their experimental counterparts, which are taken
from the literature. [187, 418, 419]

Also, we will show a comparison between different polarizable approaches (PCM
to QM/FQ and QM/FQFµ fully atomistic approaches), and we will underline the
effects of adding fluctuating dipoles to fluctuating charges in the MM force filed.
Some drawn conclusions and the discussion on future perspectives of this approach
end the manuscript.

QM/FQFµ Approach

In the FQFµ force field each MM atom is endowed with both a charge q and an
atomic dipole µ, that can vary according to the external electric potential and
electric field.

The total energy E associated with a distribution of charges and dipoles can be
written as: [30, 304, 306]

E(q,µ) =
∑
i

qiχi +
1

2

∑
i

qiηiqi +
1

2

∑
i

∑
j 6=i

qiT
qq
ij qj +

∑
i

∑
j 6=i

qiT
qµ
ij µj+

+
1

2

∑
i

∑
j 6=i

µ†iT
µµ
ij µj −

1

2

∑
i

µ†iα
−1
i µi (3.44)

where χ is the atomic electronegativity, η the chemical hardness and α the atomic
polarizability. Tqq

ij , Tqµ
ij and Tµµ

ij are the charge-charge, charge-dipole and dipole-
dipole interaction kernels, respectively. If charges and dipoles are represented as
s-type gaussian distributions, the functional form of the interaction kernels provided
by Mayer [304] can be exploited (see also Ref. [30]).
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In order to collect all quadratic terms in the charges, the diagonal elements
of Tqq can be imposed to be equal to the atomic chemical hardness η, so that
the width of the charge gaussian distribution (Rq) is defined without the need of
any parametrization. [30] The same holds for the diagonal elements of Tµµ and
the dipole gaussian distribution (Rµ), which can be defined in terms of the atomic
polarizabilities (α). [30] The definition of the gaussian width Rqi and Rµi in terms
of ηi and αi limits the number of parameters which enter the definition of FQFµ to
electronegativity, chemical hardness and polarizability for each atom type.

In case of a molecular system, Equation 3.44 reads: [30]

E (q,µ,λ) = E (q,µ) +
∑
α

[
λα

(∑
i

(qαi)−Qα

)]
=

=
1

2

∑
iα

∑
jβ

qiαTqq
iα,jβqjβ +

1

2

∑
i

∑
j

µ†iαT
µµ
iα,jβµjβ +

∑
i

∑
j

qiαT
qµ
iα,jβµ

†
jβ+

+
∑
iα

qiαχiα +
∑
α

λα

[∑
i

qαi −Qα

]
=

=
1

2
q†Tqqq +

1

2
µ†Tµµµ+ q†Tqµµ+ χ†q + λ†q (3.45)

where α and β run over molecules, whereas i and j run over the atoms of each
molecule. The lagrangian multipliers λα are meant to preserve the total charge Qα

of each molecule. Therefore, the constrained minimum is found by imposing all
derivatives of E with respect all variables to be equal to zero, thus resulting in the
following linear system: [30, 306, 309]

 Tqq 1λ Tqµ

1†λ 0 0

−Tqµ† 0 Tµµ

 q
λ
µ

 =

 −χQ
0

 ⇒ DLλ = −CQ (3.46)

where 1λ is a rectangular matrix containing Lagrangian multipliers. CQ is a
vector containing atomic electronegativities and total charge constraints, whereas
Lλ is a vector containing charges, dipoles and Lagrangian multipliers.

FQFµ can be effectively coupled to a QM SCF wavefunction in a QM/MM
framework.

The global QM/MM energy functional for a SCF-like description of the QM
portion reads: [30]

E(P,q,µ,λ) = trhP +
1

2
trPG(P) +

1

2
q†Tqqq +

1

2
µ†Tµµµ+ q†Tqµµ+ χ†q + λ†q+

+ q†V(P)− µ†E(P) (3.47)

where h and G are the usual one- and two-electron matrices, and P is the density
matrix. q†V(P) and µ†E(P) represent the coupling between charges-QM electric
potential and dipoles-QM electric field, respectively. The effective Fock matrix is
defined as the derivative of the energy with respect to the density matrix:
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F̃µν =
∂E
∂Pµν

= hµν +Gµν(P) + V†µνq− E†µνµ (3.48)

where the interaction of the electron density with both charges and dipoles is
included through the electrostatic coupling terms.

Charges and dipoles are obtained by imposing the global functional to be sta-
tionary with respect to charges, dipoles and Lagrangian multipliers. Tqq 1λ Tqµ

1†λ 0 0

−Tqµ† 0 Tµµ

 q
λ
µ

 =

 −χQtot

0

+

 −V(P)
0

E(P)

 ⇒ DLλ = −CQ−R(P)

(3.49)

Notice that, with respect to Equation 3.46, a new source term, R(P), due to the
coupling of both charges and dipoles with the SCF density, arises. Again, Lλ is a
vector containing charges, dipoles and Lagrangian multipliers. A similar equation,
but involving only a non-QM source of the external electric field, has already been
proposed in Ref. [305]

Analytical Energy Derivatives

In this section QM/FQFµ analytical first and second energy derivatives with re-
spect to nuclear coordinates are presented and discussed. The following equations
are defined in the so-called Partial Hessian Vibrational Approach (PHVA), [420–
422] which has been amply exploited to treat vibrational phenomena of complex
systems. [103, 110–112] Within such a framework, it is assumed that the geomet-
rical perturbation only acts on the QM portion of the system, whereas MM atoms
are unaffected. Remarkably, the PHVA is fully consistent with a focused approach.
For the sake of completeness, however, equations for first and second derivatives
of FQFµ MM atoms are given in the Appendix section. The following derivation
directly follows what already reported by some of the present authors in case of
QM/FQ. [103] This allows to directly identify the additional terms which depend
on the presence of fluctuating dipoles in the MM portion.

Energy first derivatives

The energy first derivative of Equation 3.47 with respect to the x nuclear displace-
ment can be expressed by means of the chain rule: [103, 423]

Ex(P,q,µ,λ) =
∂E
∂x

+
∂E
∂P

∂P

∂x
+
∂E
∂q

∂q

∂x
+
∂E
∂µ

∂µ

∂x
+
∂E
∂λ

∂λ

∂x

The last three terms vanish because of the stationarity conditions. The first
term, which is the partial derivative of the energy with respect to the position of a
QM nucleus, reads:

∂E
∂x

= tr hxP +
1

2
tr G(x)(P)P + q†V(x)(P)− µ†E(x)(P) (3.50)

where: [103]
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V
(x)
i (P) =

∑
µν

PµνV
x
µν,i + nuclear contribution

=
Zζ

|Rζ − ri|2
−
∑
µν

〈
∂(χµχν)

∂Rζ

∣∣∣∣ 1

r− r′

∣∣∣∣ δ(r′ − ri)

〉
Pµν (3.51)

E
(x)
i (P) = ∇riV

(x)
i (P) (3.52)

The term involving the derivatives of the density matrix can be computed start-
ing from the idempotency condition: [202]

−PF̃PSxoo = −W̃Sxoo

where the subscript oo denotes the occupied–occupied block of the matrix in the
MO basis, and W is the energy-weighted density matrix contribution. By collecting
all the terms:

Ex(P,q,λ) = tr hxP +
1

2
tr G(x)(P)P + q†V(x)(P)− µ†E(x)(P)− trW̃Sxoo (3.53)

Notice that the term (q†V(x)(P)) is the same as computed in the QM/FQ ap-
proach. [103] Therefore, the inclusion of fluctuating dipoles gives rise to the addi-
tional term µ†E(x)(P).

Energy second derivatives

The energy second derivative with respect to nuclear displacements x and y is ob-
tained by differentiating Equation 3.53 and by exploiting once again the chain rule:

Exy =
∑
µν

[
hxyµν +

1

2
G(xy)
µν (P) + q†Vxy

µν − µ†Exy
µν

]
Pµν − tr WSxy − tr WySx

+
∑
µν

[
hxµν +G(x)

µν (P) + q†Vx
µν − µ†Ex

µν

]
P y
µν +

∑
µν

Ly†Rx
µνPµν (3.54)

Thus, the derivatives of the off-diagonal blocks of the density matrix and charges/dipoles
need to be calculated. Density matrix derivatives can be obtained through a Coupled
Perturbed Hartree–Fock (CPHF) or Kohn-Sham (CPKS) procedure. [202]

FQFµ charge and dipole derivatives can be calculated by differentiating Equa-
tion 3.49:

DLx = −R(x)(P)−R(Px) (3.55)

The Fock matrix derivative is defined as:

F̃ x
µν = F̃ (x)

µν +Gµν(P
x)−R†µνD

−1R(Px) (3.56)

where F̃
(x)
µν , which collects all explicit derivatives of the Fock matrix, reads:

F̃ (x)
µν = hxµν +G(x)

µν (P) + L†Rx
µν + R†µνL

(x)
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By rearranging the terms, the CPHF/CPKS equations are obtained (MO basis):

εiP
x
ia − εaP x

ia = −Q̃ia +
∑
jb

[
〈aj||ib〉 −R†iaD

−1Rjb

]
P x
jb

+
∑
jb

[
〈ab||ij〉 −R†iaD

−1Rbj

]
P x
bj (3.57)

By taking the adjunct equation and introducing the following matrices (we as-
sume orbitals to be real):

Ãia,jb = (εa − εi)δijδab + 〈aj||ib〉 −R†iaD
−1Rjb (3.58)

B̃ia,jb = 〈ab||ij〉 −R†iaD
−1Rbj (3.59)

the following equation is obtained:(
Ã B̃

B̃∗ Ã∗

)(
X
Y

)
=

(
Q
Q∗

)
(3.60)

where:

Ãia,jb = (εa − εi)δijδab + 〈aj||ib〉 −R†iaD
−1Rjb (3.61)

B̃ia,jb = 〈ab||ij〉 −R†iaD
−1Rbj (3.62)

Q̃ia = F̃
(x)
ia −Gia(S

x
oo)− F̃Sxia + R†iaD

−1R(Sxoo) (3.63)

Therefore, the derivatives of the density matrix and FQFµ charge/dipole deriva-
tives with respect to QM region nuclear positions are obtained by solving Equa-
tions 3.60 and 3.55, respectively. Notice that such a derivation is coherent with
what has been reported for linear response in the zero-frequency limit. [412]

To summarize, FQFµ contributions to analytical second derivatives can be grouped
into three categories:

1. explicit terms:

q†V(xy) − µ†E(xy) + L(x)†R(y)

2. contributions to Fock matrix derivatives:

L†Rx
µν + L(x)†Rµν

3. additional terms to the CPHF/CPKS matrix:

−R†iaD
−1Rjb

Notice that only the last term is required in case of electric perturbations.Also,
similarly to what has already been discussed for energy first derivatives, QM/FQFµ
second derivatives differ from QM/FQ ones because additional terms depending on
fluctuating dipoles need to be included. [103]
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Computational Details

The computational protocol exploited for calculating QM/MM IR spectra involves
the following steps: [112]

1. Definition of the system: the model system is composed by the target molecule
(solute) surrounded by a sufficiently large number of solvent molecules, cho-
sen so that both the dynamics and the subsequent QM/FQ calculations can
capture all the relevant solute-solvent interactions.

2. Classical MD simulations and sampling: this step is required to sample the
phase space of the system. Simulations are run long enough to sample a suffi-
ciently large portion of the phase-space and such that the simulation param-
eters correctly reproduce all possible system configurations and their relative
energy (and thus population). From the MD simulations a number of uncor-
related snapshots are extracted to be used later in the QM/FQ calculations.

3. Definition of the different regions of the two-layer scheme and their boundaries:
for each snapshot extracted from the dynamics, a sphere centered on the solute
is cut, retaining all solvent molecules within the sphere.

4. Running the QM/FQ calculations on the snapshots: for each of the spherical
snapshots (droplets), IR spectra are calculated, after the geometry of the QM
solute is optimized in each snapshot, by keeping fixed the positions/geometries
of all the solvent molecules.

5. Extraction of the average spectra and analysis of the results: the spectra ob-
tained for each snapshot are extracted and the final IR spectra for the system
are obtained as the arithmetic mean of the spectra for all the snapshots.

R-methyloxirane (MOXY), (S)-Glycidol (GLY) and Gallic Acid (GA) geometries
were optimized at the B3LYP/ aug-cc-pVDZ level. Solvent effects on solutes’ ge-
ometries were included through the Polarizable Continuum Model (PCM). MOXY
and GLY Molecular Dynamics (MD) simulations were carried out as detailed in
previous works by some of the present authors [106, 112] by using GROMACS. [141]

A 25 ns MD simulation of GA in aqueous solution was performed by using a
similar computational protocol. A GA molecule was placed at the center of a cubic
box and solvated with 6025 TIP3P water molecules. [122] The parameters used to
describe the GA inter-/intra-molecular interactions were taken from the GAFF force
field [424] by using the ANTECHAMBER package. [425] GA molecule was kept fixed
during all the steps of the simulation. To model intermolecular solute-solvent inter-
actions, GA partial charges were computed by relying on the Hirshfeld population
analysis, [426] as previously done by some of the present authors. [113, 260] Par-
tial charges were computed at the B3LYP/6-311++G** level of theory by including
solvent effects by means of PCM. Two subsequent 100 ps runs were performed for
equilibration purposes by using NVT and NPT ensembles, respectively. A 25 ns
NVT MD simulation was then performed to sample the configurational space at
time steps of 1 fs and by saving coordinates every 10 ps. The system was simulated
by using three-dimensional periodic boundary conditions; non-bonded interactions
cutoff was set to 10 Å. A particle mesh Ewald (PME) correction for the long-range
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electrostatics was applied and the temperature was maintained at 300 K by using
the velocity rescale algorithm.

A total of 200 uncorrelated snapshots were extracted from the last 20 ns, 50 ns
and 25 ns of MD simulations in case of MOXY, GLY and GA, respectively. For
each snapshot, a sphere centered at the solute’s geometric center was cut.A cutting
radius of 12 Å was used for MOXY and GLY, whereas a cutting radius of 15 Å was
used for GA.

QM/FQ and QM/FQFµ partial geometry optimization of the solute moiety on
each snapshot was performed according to the default settings of Gaussian16, [146]
by keeping all water molecules fixed. Finally, infrared (IR) spectra were calculated
on each partially optimized snapshot with the QM/FQ and QM/FQFµ models at
the B3LYP/aug-cc-pVDZ level (MOXY and GLY) and B3LYP/6-311++G** level
(GA), the latter in agreement with Ref. [187] SPC parameters for water were used
for FQ calculations. [27] The set of parameters recently developed by some of us
for QM/FQFµ calculations in aqueous solutions were exploited. [30]. IR data were
averaged to obtain final spectra for the three solutes; peaks were convoluted with a
Lorentzian lineshape, with Full Width at Half Maximum (FWHM) of 4 cm−1. For
the sake of comparison, QM/PCM IR spectra were also computed.

All QM/FQ and QM/FQFµ calculations were performed by using a locally mod-
ified version of the Gaussian 16 package, [146] where QM/FQFµ analytical energy
first derivatives were implemented.

Numerical Results

In this section, the results obtained by applying QM/FQFµ to the calculation of IR
spectra of MOXY, GLY and GA in aqueous solutions are reported (see Figure 3.19,
panels a-c for molecular structures). MOXY is a widely exploited test system for
computational models. [427–433] GLY, which bears an additional hydroxil group, has
been previously studied both theoretically and experimentally. [112, 418] In particu-
lar, it has been shown that eight different GLY conformers exist in aqueous solution,
thus its theoretical modeling is challenging. [112, 418, 434] GA is an organic acid
characterized by the presence of three hydroxil groups linked to the aromatic ring.
The modeling of IR spectra of GA in aqueous solution is also challenging, because
it has previously been reported by one of the present authors that the implicit PCM
fails at reproducing the experimental IR spectrum, and that experimental spectral
features can be recovered by adopting a supramolecular approach which includes
eight explicit water molecules in the QM portion. [187] Therefore, it appears to be
an ideal test-bed for QM/FQFµ.

QM/FQFµ spectra will be compared to QM/FQ, which only considers fluctu-
ating charges on MM atoms. The reason for such a comparison is twofold: (i)
QM/FQFµ is formally an extension of QM/FQ, and (ii) QM/FQ has been success-
fully applied to vibrational spectra of molecular systems in aqueous solution. [110–
112] Thus, the comparison between the two approaches can directly quantify the
relevance of fluctuating dipoles in the description of vibrational spectra and report
on the performance of the novel QM/FQFµ method.
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Figure 3.19: MOXY (a), GLY (b) and GA (c) molecular structures.

Methyloxirane in Aqueous Solution

Figure 3.20 compares QM/FQ (top) and QM/FQFµ (bottom) stick and convoluted
spectra for 200 snapshots extracted from the MD simulation. Such a number of
snapshots is enough to reach convergence. [111, 112] Stick spectra are obtained by
plotting raw data extracted from each frequency calculation. Figure 3.20 clearly
shows that both QM/FQ and QM/FQFµ IR wavenumbers and dipole strengths
depend on the snapshot, i.e. on the arrangement of water molecules around the
solute. As compared to QM/FQ, QM/FQFµ exhibits a larger spread, in particular
in the vibrational wavenumbers. The largest variability of QM/FQFµ sticks occurs
in the region between 1450 and 1500 cm−1, which is associated to methyl and CH
bending modes (see Figures S1 in the Supporting Information (SI) for a pictorial
view of the normal modes for a randomly chosen snapshot [435]).

Clearly, band broadening is automatically considered in both QM/FQ and QM/FQFµ
approaches coupled with the dynamical description given by the MD simulation,
which samples over the solute-solvent phase-space. Therefore, solvent inhomoge-
neous broadening (due to the fluctuations of the solvent molecules) does not need
to be artificially considered by imposing a pre-defined (and arbitrary) band-width,
which is instead necessary when other static approaches, such as PCM, are used.
The lorentzian convolution obtained by using a FWHM of 4 cm−1 is plotted for both
QM/FQ and QM/FQFµ spectra. Notice that QM/FQ IR spectrum is identical to
what we reported in case of the three layer QM/FQ/PCM approach, where the PCM
is used as third layer and coupled to both QM and FQ portions. Such a similarity
means that water molecules explicitly included in snapshots are able to account also
for water bulk effects.

We now move to the comparison between computed and experimental spectra
(see Figure 3.21). Notice that the experimental spectrum was measured for neat
liquid MOXY rather than aqueous solution; [419] therefore, some discrepancies with
our computed results need to be expected.

The computed and experimental IR spectra are dominated by an intense band
at about 850 cm−1. This signal is given by the symmetric stretching of the C-O
bond of the epoxyl group. QM/FQFµ band is blueshifted with respect to QM/FQ,
thus the inclusion of fluctuating dipoles increases solute-solvent interactions. In
fact, an increase in the solute-solvent interactions is reflected in a decrease in the
solute intramolecular bond strengths, therefore, resulting in a blueshift. Similar
considerations apply also to the regions between 900-1100 cm−1, where the normal
modes involve vibrations of the MOXY oxygen atom.

In the other regions of the spectra, such a blueshift is not recorded. This can be
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Figure 3.20: Calculated QM/FQ (top) and QM/FQFµ (bottom) stick and convo-
luted IR spectra of MOXY in aqueous solution. FWHM = 4 cm−1.

explained by the fact that the normal modes do not involve vibrations of the oxygen
atom, which is the only MOXY atom potentially exhibiting an Hydrogen Bond with
the solvent molecules.

Further differences between QM/FQ and QM/FQFµ are computed for the inho-
mogeneous band broadening, which is almost absent in case of QM/FQ, whereas it
affects almost all QM/FQFµ bands. This is not unexpected if the raw data depicted
in Figure 3.20 are considered. In fact, as already pointed out, QM/FQFµ generally
spreads a larger energy region for each vibrational normal mode.

The major discrepancies between QM/FQ and FQ/FQFmu and the experiment
are reported in case of the inhomogenous band broadening, which is almost absent
in the experiment. Thus, the main feature added by aqueous solution seems to be
a larger broadening of vibrational bands.

Glycidol in Aqueous Solution

Similarly to MOXY, QM/FQ and QM/FQFµ IR spectra of GLY in aqueous so-
lution were calculated by averaging over 200 snapshots extracted from the MD
simulation. [112] QM/FQ and QM/FQFµ raw data are graphically plotted in Fig-
ure 3.22, together with their lorentzian convolution. As stated before, the case of
GLY in aqueous solution is far more complicated than MOXY, because GLY is a
flexible molecule, i.e. it exists in different conformations. This is reflected in the
stick spectra depicted in Figure 3.22, which show a larger variability both in intensi-
ties and wavenumbers as compared to MOXY (see Figure 3.20); this applies to both
QM/FQ and QM/FQFµ calculations with the exception of the region around 1110
cm−1. There, QM/FQ shows a substantial variation in intensity, whereas QM/FQFµ
spreads a larger wavenumber range. The spreading of the intensities is instead larger
for QM/FQFµ in the region between 1400-1600 cm−1. Despite such discrepancies

120 Matteo Ambrosetti



 1

 700  900  1100  1300  1500

Wavenumber (cm
-1

)

Exp

 1 QM/FQFµ

 1 QM/FQ

 1

IR
 I
n
te

n
s
it
y
 (

A
rb

. 
U

)

QM/PCM

Figure 3.21: Calculated QM/PCM (orange), QM/FQ (blue) and QM/FQFµ (ma-
roon) IR spectra of MOXY in aqueous solution (QM/PCM FWHM = 10 cm−1;
QM/MM FWHM = 4cm−1). The experimental spectrum (dashed black) is repro-
duced from Ref. [419]
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between QM/FQ and QM/FQFµ, inhomogeneous broadening is described by both
approaches.
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Figure 3.22: Calculated QM/FQ (top) and QM/FQFµ (bottom) stick and convo-
luted IR spectra of GLY in aqueous solution (FWHM = 4 cm−1).

QM/PCM, QM/FQ and QM/FQFµ convoluted IR spectra are compared to
experiments in Figure 3.23. The experimental IR spectrum is reproduced from
Ref. [418] Normal modes for a randomly chosen snapshot extracted from the MD
are depicted in Figure S2 in the SI for the region 700-1800 cm−1. [435]

Computed and experimental IR spectra are dominated by an intense band at
about 1050 cm−1, assigned to a diffuse stretching/bending normal mode, involving
the hydroxyl group.

QM/FQFµ spectrum is generally blueshifted with respect to both QM/FQ and
QM/PCM, probably due to the fact it predicts larger solute-solvent interactions.

Moving to the comparison with experimental data, both the experimental and
computed spectra are characterized by a two-peak-shaped band between 1200 and
1300 cm−1, which is assigned to the C-OH and C-CH bending modes (at about 1230
and 1270 cm−1, respectively). Furthermore, above 1400 cm−1 a three-peak-shaped
band can be identified, due to the C-OH bending (1395 cm−1), a diffuse C-CH
bending (1440 cm−1) and a CH2 bending (1465 cm−1).

QM/FQ, QM/FQFµ and the experimental IR spectra are nicely in agreement. In
fact, most of relative intensities and the band broadening are correctly reproduced.
In particular, QM/FQ accurately predicts the two-peak band between 1200 and
1300 cm−1, whereas QM/FQFµ is able to catch the inhomogeneity of the three-
peak-shaped band between 1400 and 1500 cm−1. Some discrepancies are reported
in case of the peak at about 1100 cm−1 (due to the CH scissoring), which is predicted
to have a very low intensity by both atomistic QM/MM approaches, whereas it is
the second most intense peak in the experimental spectrum. Notice that it has
been reported that the relative intensity of this peak can be correctly reproduced
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Figure 3.23: Calculated QM/PCM (orange), QM/FQ (blue) and QM/FQFµ (ma-
roon) IR spectra of GLY in aqueous solution (QM/PCM FWHM = 10 cm−1;
QM/MM FWHM = 4cm−1). The experimental spectrum (dashed black line) is
reproduced from Ref. [418]
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if a supermolecule approach is adopted, i.e. if water molecules are included in the
QM region. [418] These findings, together with the results obtained by adopting our
QM/classical modeling, suggest that the inclusion of non-electrostatic interactions,
which are considered in the full QM supermolecule approach, can play a relevant
role to improve the quality of the computed spectrum in this region.

Overall, it is worth noticing that the continuum QM/PCM approach cannot re-
produce the experimental spectrum (see top of Figure 3.23), thus remarking once
again the huge potentialities of our atomistic QM/FQ and QM/FQFµ approaches
to model vibrational spectra of solutes strongly interacting with the aqueous envi-
ronment.

This is particularly evident by analyzing integrated intensities, which have been
extracted from the computed and experimental spectra by performing a spectral
deconvolution in terms of lorentzian functions (see Figure S3 and Tabs. S2-S3 in
the SI [435]). In particular, both QM/FQ and QM/FQFµ overperform QM/PCM,
thus confirming the qualitative findings based on relative intensities.

To end the discussion on the IR spectrum of GLY in aqueous solution, we point
out that the broad band measured between 1600-1700 cm−1 in the experiment is not
reproduced by any of the selected QM/classical approaches. As already reported
by some of the present authors [110, 112] and in Refs. [418, 436, 437], such band
is due to the OH bending mode of water molecules linked to GLY; therefore, it
cannot be modeled by our approaches, in which the normal modes/frequencies of
the environment are not computed.

Gallic Acid in Aqueous Solution

H3

O5
O2

H1 H2

H6

O4

H4O1
H5

O3

Figure 3.24: Gallic Acid (GA) molecular structure with atom labelling.

MD Analysis Before discussing GA IR spectra (see Figure 3.24 for atom la-
belling), in this section the MD trajectory is examined in terms of both radial distri-
bution functions (rdfs) and running coordination numbers (RCNs). In particular, in
order to obtain a description of the solvent local structure and to analyze hydrogen
bonding patterns between GA and water molecules, intermolecular H(GA)· · ·OW
and O(GA)· · ·HW rdfs and the corresponding running coordination numbers were
calculated and are reported in Figures 3.26 and 3.25 respectively. The coordina-
tion number of a specific site is defined by combining the distance at which the
first/second minimum of rdf occurs with the corresponding distance in the running
coordination number.

The oxygen atoms of the three hydroxyl groups, i.e. O1, O3 and O4 (see Fig-
ure 3.24), present a radial distribution function with a similar shape, consisting
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of a broad peak at about 3.4 Å, which is associated to the second solvation shell.
The coordination number of these sites is equal to 16.7, 12.8 and 12.2, respectively.
Remarkably, O3 rdf shows a peak at about 2.0 Å, due to the fact that this is the
only one among the hydroxyl groups that can form intermolecular HB with water
molecules. O1 and O4 are involved in an intramolecular HB. Moving to the acid
group, O5 rdf presents a sharp peak related to the first solvation shell, with a max-
imum at 2.0 Å and a coordination number corresponding to 1.6; the plot for O2 is
very similar to what has already been discussed in case of O1 and O4.

The specific arrangement of the hydroxyl groups in the meta and para positions
(with respect to the acid) of GA induces a weak but detectable anisotropy on the rdfs
of both hydrogen and oxygen atoms. In fact, both H4 and H5 rdfs present a similar
shape, with a first peak at about 2.1 and 2.2 Å, respectively. They correspond
to coordination numbers of 0.8 and 0.7, respectively. A second peak related to
the second solvation shell is placed at 3.68 Å , which corresponds to coordination
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Figure 3.25: GA radial distribution functions between GA oxygen atoms and water
hydrogen atoms (HW). See Figure 3.24 for atom labeling.
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Figure 3.26: GA radial distribution functions between GA hydrogen atoms and
water oxygen atoms (OW). See Figure 3.24 for atom labeling.
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numbers of 7.5 and 6.3, respectively. The H3 and H6, instead, show a pronounced
first narrow peak at about the same distance (1.73 Å), with a coordination number
of 1.0 and a second peak around 3.97 Å with coordination numbers of 15.2 and
13.8, respectively. Again, the differences between H3 and H4/H5 are due to the fact
that H4 and H5 are involved in the intramolecular HB, whereas H6 is free to form
intermolecular HB with water molecules. Remarkably, the results here discussed are
similar to the findings previously reported by one of the present authors. [187]

IR spectrum of GA in Aqueous Solution QM/FQ and QM/FQFµ IR spectra
of GA were obtained by averaging over 200 snapshots extracted from the MD run.
Similarly to MOXY and GLY, we checked that such a number of snapshots produce
converged spectra. The raw data extracted from the calculations, i.e. stick spectra
are reported in Figure 3.27 for the region 1000-1800 cm−1 (i.e. the region of interest
for the experimental investigation, vide infra); lorentzian convolution (FWHM = 4
cm−1) is also depicted. Both QM/FQ and QM/FQFµ stick spectra show a large
spreading in intensities and frequencies. Such a feature is reported for most com-
puted bands, in particular in the region between 1100-1400 cm−1, in which single
bands are not easily detectable (see for comparison MOXY and GLY raw spectra in
Figures 3.20 and 3.22).
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Figure 3.27: Calculated QM/FQ (top) and QM/FQFµ (bottom) stick and convo-
luted IR spectra of GA in aqueous solution (FWHM = 4cm−1).

The comparison between QM/PCM, QM/FQ, QM/FQFµ and the experimental
IR spectrum [438] shows that the latter is dominated by a three-band broad structure
between 1200 and 1500 cm−1, which probably involves more than one normal mode.
A well-separated peak is present at 1000 cm−1 and it is associated to the C-OH
bending (see Figure S3 in the SI for a graphical depiction of the normal modes [435]).
Moreover, three small bands of the same intensity are reported in the region 1500-
1800 cm−1, which are mainly due to composite C-OH bending modes of the hydroxyl
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groups and the acidic C=O stretching.
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Figure 3.28: Calculated QM/PCM (orange), QM/FQ (blue) and QM/FQFµ (ma-
roon) IR spectra of GA in aqueous solution (QM/PCM FWHM = 10 cm−1; QM/MM
FWHM = 4cm−1). The experimental spectrum (dashed black line) is reproduced
from Ref. [187]

The QM/PCM spectrum is dominated by two peaks, placed at about 1170 cm−1

and 1750 cm−1, respectively. Such peaks are related to a composite C-OH bend-
ing and to the C=O stretching. A similar spectrum is predicted by adopting the
atomistic QM/FQ approach, in which the most intense peak is predicted in the case
of the C=O stretching at about 1750 cm−1, whereas the peaks at about 1200 and
1400 cm−1 have almost the same intensity. It is worth noticing that in QM/FQ
spectra most bands present an inhomogenous broadening that is related once again
to the dynamical picture given by the sampling of the phase-space through MD. In
addition, similarly to MOXY and GLY, most of the computed QM/FQ bands are
blueshifted with respect to their QM/PCM counterparts, thus reflecting the stronger
solute-solvent interaction.

Most QM/FQFµ bands are blueshifted with respect to QM/PCM, whereas they
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are redshifted with respect to QM/FQ values, thus highlighting the different elec-
trostatic description given by the two explicit approaches. Remarkably, similarly to
GLY in aqueous solution, vibrational frequencies are not completely in agreement
with the experimental ones, that probably due to the lack of anharmonicity effects
and the use of DFT. Moreover, inhomogenous band broadening is correclty repo-
duced by both atomistic approaches, thus resulting in a very good agreement with
the experiments, in particular for the experimentally most intense band at about
1350 cm−1.
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Figure 3.29: Calculated QM/FQFµ (maroon) and QM/QMw/PCM (yellow) repro-
duced form Ref. [187] The experimental spectrum (dashed black line) is reproduced
from Ref. [187]

By further deepening the analysis of computed spectra, we see that QM/FQFµ
IR spectrum is dominated by three bands at about 1200, 1350 and 1700 cm−1,
which are predicted almost with the same intensity. This is a big improvement with
respect to both QM/PCM and QM/FQ approaches, because the most intense band
in the experimental spectrum is correctly predicted only by QM/FQFµ. It is worth
noticing that a correct reproduction of the intensity of this peak was achieved by
some of the present authors by resorting to a supermolecule approach (here called
QM/QMw/PCM), i.e. by including 8 QM water molecules in the definition of the
QM solute in QM/PCM calculations (see Figure 3.29). Such an observation indeed
indicates that an explicit solvation approach is needed to recover the experimental
features in this region. In addition, due to the fact that QM/FQFµ appropriately
reproduces the most intense band of the experimental spectrum, in a similar way
as the supermolecule approach, we can conclude that the electrostatic description
of the HB interaction is the most relevant solute-solvent contribution, and that the
electrostatic description given by QM/FQFµ in this case overcomes that modeled
by the QM/FQ.

The good reproduction of the experimental spectrum obtained by both QM/QMw/PCM
and QM/FQFµ is also confirmed by the analysis of integrated intensities, which are
obtained by performing a spectral deconvolution in terms of lorentzian functions
(see Figure S5 and Tabs. S3-S4 in the SI [435]). The largest discrepancies between
QM/FQFµ and QM/QMw/PCM are reported for normal mode frequencies, which
are better reproduced by the supramolecule approach, in particular in the region
between 1200 and 1400 cm−1. Such an improvement can be related to the fact that
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the supermolecule accounts for non-electrostatic interactions (in particular Pauli re-
pulsion) which can therefore play a relevant role in the determination of vibrational
frequencies.

To conclude the discussion on GA, it is worth noticing that all the considered
computational approaches predict very large intensities for the three modes in the
1500-1800 cm−1 region, even the supramolecule QM/QMw/PCM (see also integrated
intensities in Tab. S4 in the SI [435]). This is probably due to both the lack of
vibrational anharmonicity, which has been reported to affect not only frequencies
but also intensities. [75, 406, 407]
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Quantum Confinement Effects on Solvatochromic

Shifts of Molecular Solutes

Solvatochromism, i.e. the shift in absorption energies which is evidenced by mea-
suring absorption spectra of a given system as vapor phase or dissolved in a polar
solvent, is an amply studied phenomenon. [234, 439] Its rationalization in terms
of molecular structural patterns, electronic structure and solute-solvent interactions
has benefited much in recent years by the interplay between experiments and compu-
tational approaches. [19, 374, 375, 440–442] Due to the nature of solvatochromism,
reliable computational methods need to accurately describe the solute’s geometry,
but especially its electronic structure both in the ground and excited state(s), which
generally means that electron correlation needs to be accounted for. However, the
interactions between the solute and the surrounding solvent need to be modeled at
the same level of accuracy, so to reproduce all interaction forces between the two
players in a physically consistent way.

An iconic case is the vacuo-to-water solvatochromism exhibited by the dark
n → π∗ and bright π → π∗ transitions of acrolein, which are shifted to opposite
directions due to the presence of the surrounding water molecules. [280, 374, 443–
447] Different theoretical solvation approaches, either based on purely continuum de-
scriptions [2] or atomistic Quantum Mechanics/Molecular Mechanics (QM/MM) [72,
74] coupled to Molecular Dynamics (MD) simulations, have been challenged to re-
produce the experimental findings. [280, 374, 444–453] While continuum approaches
fail, explicit QM/MM methods based either on electrostatic or polarizable schemes,
yield computed results in good agreement with respect to experimental values only
when explicit water molecules (either 12 or 25) [444, 447] are included in the QM
moiety. These findings demonstrate that a proper account of electrostatic interac-
tions is insufficient to reproduce the experimental behavior. In addition, due to the
ability of atomistic QM/MM approaches to account for specific (hydrogen bond-
ing) solvent effects, the need to enlarge the QM portion so to include several water
molecules clearly shows that solute-solvent non-electrostatic interactions, which are
neglected in standard continuum or QM/MM approaches play a crucial role on this
property.

In this letter, we demonstrate the pivotal role of QM density confinement effects
on solvatochromic shifts. In particular, by resorting to a QM/MM approach able
to account for confinement effects we successfully reproduce vacuo-to-water solva-
tochromic shifts for n → π∗ and bright π → π∗ transitions of acrolein and n → π∗

transitions of pyridine and pyrimidine without the need of including explicit water
molecules in the QM portion. It is worth remarking that the selected systems present
n → π∗ and π → π∗ electronic transitions, which are of high chemical interest be-
cause among the most common in a plethora of organic molecules. Remarkably, our
approach reduces the computational effort required to obtain reliable results and is
also capable of dissecting the effects of the single forces acting on the solute-solvent
couple, so to allow for a rationalization of the experimental findings in terms of
physico-chemical quantities.

The interaction energyEint
QM/MM between the QM and MM layers within a QM/MM

framework can be written as:
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Eint
QM/MM = Eele

QM/MM + Epol
QM/MM + Erep

QM/MM (4.1)

where Eele
QM/MM and Epol

QM/MM are the electrostatic and polarization contributions,
respectively.

Erep
QM/MM is Pauli repulsion energy term, which accounts for the QM density

confinement. It will be modelled by resorting to the approach which has recently
been proposed by some of us, [11] and that is able to reproduce intermolecular
interaction energies and hyperfine coupling constants of aqueous solutes, [13] in
almost perfect agreement with full-QM approaches and experiments. [11, 13, 30]
Our approach formulates Erep

QM/MM as the opposite of the exchange integral between

QM and MM densities: [11, 202, 454]

Erep
QM/MM =

1

2

∫
dr1 dr2

r12

ρQM(r1, r2)ρMM(r2, r1) (4.2)

where (ρQM) is the QM density, and the MM density (ρMM) is defined in terms
of s-type gaussian functions placed at selected points in the MM portion. [11] Co-
efficients and exponents of such functions have been determined in a previous work
of some of us, [11] and successfully coupled to different description of QM/MM
coupling. [11, 13, 30] In our approach repulsion affects the molecular density and
molecular orbitals, as well as electronic transition energies. Notice that, differently
to approximated expressions, [8, 9, 14, 15, 197, 247, 390, 455, 456] the repulsion en-
ergy definition in Equation 4.2 is formally exact, [202] although approximations are
introduced in the definition of ρMM. [11] In addition, as it is clear from Equation 4.2,
its definition is totally independent of the choice of a specific QM/MM approach,
and can thus be coupled to any QM/MM description of electrostatic interactions.

Our modeling of repulsion interaction is coupled in this letter with a hierarchy of
QM/MM approaches (see Scheme 4.1) so to finally show that density confinement
needs to be included to get a physically consistent picture of solvatochromism. The
most basic approach we exploit is the electrostatic QM/MM embedding model (non-
polarizable QM/TIP3P [122]), in which each MM solvent atom is endowed with a
fixed charge q. To refine this basic picture, we adopt a polarizable QM/MM based
on Fluctuating Charges (FQ), [27] in which the charges are not fixed, but can vary
as a response to the QM electric potential (as a function of electronegativity, χ, and
chemical hardness, η). [29, 104, 113, 260] In addition to FQs, in QM/Fluctuating
Charges and Fluctuating Dipoles (FQFµ), each MM atom is also endowed with
electric dipoles and both charges/dipoles vary as a response to the QM electric
potential and field, respectively (as a function of χ, η and polarizability, α). [30,
412, 457] Both QM/FQ and QM/FQFµ are based on charge equilibration, thus
Charge-Transfer between MM solvent molecules can be allowed (QM/FQCT and
QM/FQFµCT).

In particular, in this work, we allow intermolecular MM CT between water
molecules that are placed at a distance lower than 5 Å to any QM atom. The
dependence of acrolein excitation energies on the size of the CT region (from 3.5
Å to 8 Å) is reported in Table S1 in the Supporting Information (SI). [290] No-
tice that charge-equilibration based approaches, such as FQ and FQFµ, suffer from
the so-called “CT catastrophe”. [458] For this reason, CT is allowed across a rel-
atively small region (≤ 8 Å). In all calculations, recently reported FQ and FQFµ
parametrizations are exploited. [13, 30]
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rep CT

MM: TIP3P [ q ]

MM: FQ [ q (χ,η) ]

MM: FQFμ [ q,μ (χ,η,α) ]

MM: TIP3P [ q ]

MM: FQ [ q (χ,η) ]

MM: FQFμ [ q,μ (χ,η,α) ]

MM: FQ [ q (χ,η) ]

MM: FQFμ [ q,μ (χ,η,α) ]

MM: FQ [ q (χ,η) ]

MM: FQFμ [ q,μ (χ,η,α) ]

QM/MM: ele QM/MM: ele + rep QM/MM: ele + CT QM/QMw/MM

a. b. c. d.
ele

Figure 4.1: Hierarchy of QM/MM approaches adopted in this work. a. elec-
trostatic/polarizable embedding: QM/MM interaction described by means of
electrostatic-only terms. b. In addition to the electrostatic coupling, Pauli repulsion
contribution is considered between the QM solute and the water molecules which
are placed at distance lower than 5.0 Å. c. Intermolecular CT between solvent water
molecules (which are placed at a distance lower than 5.0 Å from the QM) is allowed.
d. Super-molecule QM/QMw/MM approach: the first solvation shell (distance lower
than 3.5 Å) is included in the QM portion, whereas the remaining solvent molecules
are described by means of FQ and FQFµ force fields.

The methodological approach sketched above is applied to QM/MM vertical exci-
tation energies of acrolein, pyridine and pyrimidine in aqueous solution. To this end,
in order to account for solvent fluctuactions and to sample the phase-space, 100 un-
correlated snapshots were extracted from MD simulations (see Sections S1 and S2.1
given as SI for more details [290]). Vertical excitation energies were also compared
with the results obtained by including in the QM portion the water molecules in the
first solvation shell (17, 18 and 18 on average for acrolein, pyridine and pyrimidine,
respectively), and by treating the remaining solvent molecules with FQ or FQFµ
force field (QM/QMw/FQ and QM/QMw/FQFµ). Absorption energies were calcu-
lated on the same 100 snapshots extracted from MD. The results obtained by ex-
ploiting the above super-molecule approaches are taken as a reference (in addition to
experiments) to further demonstrate the reliability and robustness of our approach.
Notice that the results obtained in this way automatically include Pauli repulsion
and intermolecular CT among QM water molecules. Additional calculations at the
QM/PCM level, and on full QM clusters (QM-QMw) made of pyridine+1w (water
molecule), acrolein+2w and pyrimidine+2w were also performed.

Let us first focus on the vacuo-to-water solvatochromism exhibited by acrolein.
Figure 4.2 shows computed vacuo-to-water solvatochromic shifts for the n → π∗

(bottom) and π → π∗ (top) transitions of acrolein (the corresponding values are
reported in Table S2 in SI [290]).

The bottom part of Figure 4.2, reporting the results for n → π∗ transition,
shows that the continuum QM/PCM cannot reproduce the vacuo-to-water solva-
tochromism, whereas the cluster-like QM-QMw slightly overestimates it. By moving
to QM/MM approaches, the non-polarizable QM/TIP3P well reproduces the exper-
imental shift, but the inclusion of Pauli repulsion shifts the computed value to the
wrong direction, so that the experimental value is underestimated of 20% (absolute
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Figure 4.2: Computed and experimental n→ π∗ (bottom) and π → π∗ (top) vacuo-
to-water solvatochromic shifts of acrolein. Reference computed (CAM-B3LYP/aug-
cc-pVDZ) vacuo vertical excitation energies: n → π∗ 3.78 eV (Exp. [444] 3.69 eV);
π → π∗ 6.40 eV (Exp. [444] 6.42 eV). Horizontal dashed lines following the experi-
mental data are drawn to guide the eye. Values are given in Table S2 in the SI [290].
All data are reported in eV.

value). A totally different picture is reported for polarizable QM/MM approaches.
In fact, both QM/FQ and QM/FQFµ (by either including or neglecting CT ef-
fects) overestimate the experimental shift (33% on average). However, similarly
to QM/TIP3P, computed vertical transition energies decrease when confinement
(repulsion) effects are considered. Remarkably, the effect of quantum repulsion is
substantial, decreasing the solvatochromic shift of 18% on average.

In order to get more insight into the role of repulsion, in Figure 4.3 ground and
excited state molecular dipole moments are reported (the corresponding data are
given in Table S8 in the SI [290]). The reference value for the isolated acrolein at
the same level of calculation are 3.5 and 1.0 Debye for ground and n → π∗ excited
state, respectively. We see that both the ground and excited states are stabilized
by the solvent; however, such a stabilization is larger in case the overall attractive
electrostatic solute-solvent interactions are considered. On the other hand, repul-
sion acts as a confinement of the electron density and therefore the computed dipole
moments decrease for all methods. These findings are reflected by computed tran-
sition energies (Figure 4.2). In fact, the stabilization of the ground state resulting
from attractive electrostatic forces, yields a higher transition energy, which is in-
stead reduced when the repulsive term is included. The differences reported by
the various polarizable QM/MM approaches are due to a delicate balance between
stabilization/destabilization effects of the two (ground/excited) states.

The inclusion of CT effects between MM water molecules has an opposite ef-
fect on values computed with QM/FQ or QM/FQFµ. In fact, solvatochromic
shift decreases and shifts towards the experiment of almost 15% for QM/FQCT,
whereas it increases (and shifts towards the supermolecule QM/QMw/MM value) for
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ground and excited state molecular dipole moments. Values are reported in Table
S8 in the [290]. All data are given in Debye.

QM/FQFµCT. Such an opposite behavior can be rationalized once again by looking
at excited state dipole moments (Figure 4.3), which decrease moving from QM/FQ
to QM/FQCT, whereas the opposite trend is reported moving from QM/FQFµ to
QM/FQFµCT. This means that in the first case (QM/FQ) the intermolecular CT
acts as repulsive force, whereas in QM/FQFµ its effects is to stabilize the excited
state. Thus, the larger vacuo-to-water solvatochromism shown by QM/FQFµ is pri-
marly due to a greater stabilization of the ground state with respect to the n→ π∗

excited state.

Experimental values are exactly reproduced by QM/FQCT+rep and QM/FQFµ+rep,
whereas they are overestimated (in absolute value) by QM/FQ+rep and QM/FQFµCT+rep.

We now move to the bright π → π∗ transition of acrolein. The results depicted
in Figure 4.2 (top) show that both QM/PCM and cluster-like QM-QMw approach
cannot properly model this transition. The same applies to QM/TIP3P, which
totally fails to reproduce the experiment, giving an error of 44% and exceedingly
67% if repulsion effects are considered.

The results obtained in case of polarizable QM/MM approaches retrace those
already discussed for the dark transition, with QM/FQCT giving a perfect agreement
with the experiment when confinement effects are included; again, QM/FQFµCT

+rep shows the best agreement with QM/QMw/MM solvatochromic shifts. The
effect of Pauli repulsion is in this case larger than for n → π∗ transition, with
a contribution that reaches 41% in case of QM/TIP3P. It is worth noticing that
in this case confinement effects act in opposite direction with respect to n → π∗

excitation. These findings may be explained by the fact that in case of π → π∗

transition, the destabilization of the excited state due to the density confinement is
predominant with respect to that of the ground state (see also dipole moment values
reported in Table S8 in the SI, which confirm this trend [290]); therefore, excitation
energies shift to higher values.

Remarkably, the role of MM intermolecular CT effects is opposite with respect
to the dark n → π∗ transition; also, such effects seem to be crucial, shifting the
values of 35%, on average. In fact, the overall effect of CT is to stabilize the excited
state for QM/FQ and QM/FQFµ calculations, thus resulting in larger vacuo-to-
water solvatochromism. Therefore, Pauli repulsion and intermolecular CT act for
this transition in opposite directions, so that their effects tend to cancel out (see
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Figure 4.2 (top) and Figure 4.3). We also note that CT effects are formulated in FQ
and FQFµ in a similar way. Numerical differences are hidden in the actual numerical
values of the elements of the linear equations that need to be solved (see Refs. [30]
and [29]). For this reason, the numerical entity of CT and electrostatic interactions
is difficult to quantify.

To end the discussion on acrolein, in Figure 4.4, 12 selected molecular orbitals
(both occupied and virtual) of a randomly selected snapshot extracted from the MD
are depicted. Both molecular orbitals obtained by either including or discarding
Pauli repulsion are considered. As it is evident, the impact of quantum confinement
on molecular orbitals is impressive. Also, virtual orbitals (from 17 on) are shrunk
when Pauli repulsion is added; therefore, the aqueous solution has, as expected,
a confining effect on the QM density. In light of such findings, remarkably our
approach has the potentiality to solve some of the common issues related to the
study of Rydberg states.
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Figure 4.5: Computed (M06/6-311+G(2df,2p)) and experimental vacuo-to-water
solvatochromic shifts for pyridine (top) and pyrimidine (bottom). Reference com-
puted (M06/6-311+G(2df,2p)) vacuo vertical excitation energies: for pyridine n→
π∗ 4.67 eV (Exp. [375] 4.63 eV); for pyrimidine n→ π∗ 4.17 eV (Exp. [375] 4.18±0.01
eV). Horizontal dashed lines following experimental values are drawn to guide the
eye. Values are given in Tables S5 and S7 in the SI [290]. All data are reported in
eV.

To further demonstrate the reliability and robustness of our approach, it is also
applied to pyridine and pyrimidine, of which vacuo-to-water solvatochromism has
been investigated both by exploiting QM/continuum and atomistic QM/MM ap-
proaches. [375, 392, 393, 397, 401, 412]

Solvatochromic shifts as obtained by exploiting different computational approaches
are shown in Figures 4.5 (values are given in Tables S5 and S7 in the SI [290]).
Computed data show a similar behaviour as for acrolein. For both molecules, the
continuum QM/PCM and the cluster-like approach (QM-QMw) cannot reproduce
experimental data. Therefore, it comes out that the inclusion of a minimal number
of water molecules in the QM moiety is not a suitable approach to solvation, because
dynamical and bulk effects are inappropriately modeled.

Moving to QM/MM approaches, non-polarizable QM/TIP3P apparently yields
solvatochromic shifts in agreement with experiments and QM/QMw/MM data, how-
ever the agreement decreases when confinement effects are considered. Both po-
larizable QM/FQ and QM/FQFµ approaches overestimate solvatochromic shifts,
however the inclusion of Pauli repulsion shifts the results towards the experimental
values. For all considered approaches, quantum confinement has a disruptive impact
on the computed solvatochromisms, shifting the values of almost 30/40% on aver-
age. The same trend is also shown by computed dipole moments (see Figure S4 and
Table S8 in the SI [290]). In particular, excited state dipole moments substantially
decrease (30% on average) due to Pauli repulsion effects, thus also explaining the re-
ported trends in Figure 4.5. Similarly to acrolein n→ π∗ transition, also in this case
intermolecular CT plays an opposite role in QM/FQ and QM/FQFµ. Again, such
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findings can be explained by the destabilization that occurs moving from QM/FQ
to QM/FQCT, in which intermolecular CT has overall a repulsive effect (see Figure
S4 in SI [290]).

To summarize, for pyridine QM/FQCT is in best agreement with experiments (de-
viation of 3%), whereas QM/FQFµ (regardless the inclusion of CT effects) shows
an almost perfect reproduction of reference calculations. For pyrimidine, the best
agreement with the experimental value is shown by QM/FQ (6%), however, due to
the error bar associated to experimental data, all polarizable QM/MM approaches
(with the only exception of QM/FQFµ) give solvatochromic shifts lying within the
experimental error.
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In this thesis work, a theoretical framework and the related computational tools to
describe the energy and response properties of complex molecular systems has been
developed, implemented and tested.

The thesis has been divided into three main topics. First, the QM/Fluctuating
Charge (FQ) model has been applied and extended to the calculation of different
spectroscopies of molecular systems in aqueous solution. Second, the QM/FQ model
has been parameterized for non aqueous systems, thus allowing the study of molec-
ular properties/spectroscopies in different solvents. Third, the QM/FQ model has
been extended so that an additional source of polarization, described in terms of
fluctuating dipoles, is considered.

In Chapter 1, the extension of the QM/FQ approach to linear and quadratic re-
sponse in the quasienergy formalism is presented and applied to the calculation of the
Two-Photon Absorption (TPA). A computational protocol is developed and applied
to TPA spectra of Rhodamine 6G (R6G) in aqueous solution. Such a molecule is
characterized by a transition (S2) that is dark in the One-Photon Absorption (OPA)
spectra due to symmetry selection rules, however, it is visible in TPA spectra. One
of the main findings is that the explicit inclusion of water solvent molecules is es-
sential to increase the agreement between theory and experiment. However, some
discrepancies still remain and are principally related to the OPA-dark S2 transition
for which polarization effects included by QM/FQ seem to be crucial.

In the same chapter, the extension of QM/FQ to Second Harmonic Generation
(SHG) is presented. The modeling which is proposed focuses in achieving an ap-
propriate representation of solvent effects both in the quantum mechanical response
equations and in the conformational properties of the system, which is sampled by
resorting to MD simulations. In the selected systems, the interaction with the sur-
rounding environment is dominated by Hydrogen Bond (HB) interactions. QM/FQ
shows a good performance at reproduction experimental SHG data extracted from
Hyper Rayleigh Scattering (HRS) experiments. In particular, also in the case of
SHG, polarization effects have a key role in getting a good agreement with experi-
mental data.

In chapter 2, the extension of QM/FQ to different solvents of various polarity
and hydrogen-bonding capability is presented. In particular, the model is challenged
to reproduce solvatochromic shifts of four dyes dissolved in different solvents. The
results are compared to experimental shift and other computational approaches. In
most cases QM/FQ results are much better in agreement with experimental val-
ues than other approaches, which lack either the description of polarization effects
(QM/EE) or any atomistic description of the solvent molecules (QM/PCM). Re-
markably, non-electrostatic interactions play a crucial role to correctly reproduce
experiments.

In chapter 3, a new polarizable force field, FQFµ, is proposed and coupled with
a QM Hamiltonian. FQFµ models polarization in terms of both charges and dipoles
that can vary as a response to the external electric potential/field. From the theoret-
ical point of view, QM/FQFµ extends the QM/FQ model, where only fluctuating
charges are used to describe the polarization of the environment. QM/FQFµ is
parametrized so to reproduce electrostatic energies of aqueous solutions, and then
tested to compute electrostatic energy of a water dimer as a function of the O-O
distance, as well as the total interaction energy. QM/FQFµ is also coupled with a
model to account for non-electrostatic energy terms, showing to be able to appropri-
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ately reproduce CCSD(T) equilibrium geometry and the corresponding interaction
energy for the same water dimer. Furthermore, QM/FQFµ is applied to the cal-
culation of electrostatic energies of four molecules in aqueous solution, which can
interact with water through hydrogen bonding interactions. The results show that
charge polarization is indeed crucial to lower the errors with respect to full QM
values, whereas the inclusion of dipole refines the numerical quality of the results.
Thanks to its variational formulation, QM/FQFµ is also extended to molecular
properties and spectroscopies, by following the same strategy which has been pro-
posed for QM/FQ. Two different developments are reported in this thesis, namely
the extension to vertical excitation energies and to IR spectra.

QM/FQFµ is extended to vertical excitation energies first by resorting to linear re-
sponse (LR) theory: then, the corrected Linear Response (cLR) regime is considered
are reported for the first time for both QM/FQ and QM/FQFµ. In fact, LR ade-
quately describes environmental effects in case of transitions involving bright states
associated with large transition dipole moments, but it is not able to catch the re-
laxation of the environment as a response to charge equilibration of the QM density
on the specific excited state. cLR can instead describe such a relaxation, which is
particularly relevant in case of transitions with low/null transition dipole moments,
and with a large difference between the ground and excited dipole moments. Three
systems, namely para-nitroaniline, pyridine and pyrimidine, in aqueous solution,
are tested to proof the capabilities of the model. For all the studied systems, both
QM/FQ and QM/FQFµ outperform QM/PCM, due to the fact it cannot prop-
erly describe specific solute-solvent interactions. Furthermore, QM/FQFµ correctly
reproduces the experimental solvachromic shift in case of pNA, whereas it overesti-
mates the experimental value for pyridine and pyrimidine. The analysis of ground
and excited state molecular dipole moments shows that such a discrepancy is re-
lated to the overestimation of molecular dipole moments, probably related to the
electrostatic-only description of the solvation.

QM/FQFµ is also extended to energy analytical first and second derivatives, thus
extending the model to IR spectra. Three systems in aqueous solution are consid-
ered, namely methyloxirane, glycidol and gallic acid, which interact with water by
means of strong specific interactions. As a result, computed IR spectra obtained
using the atomistic QM/FQ and QM/FQFµ methods outperform QM/PCM. In
particular, the bands which are mostly affected by the atomistic description of the
environment, are those involving the polar moieties . In case of both methyloxirane
and glycidol in aqueous solution, QM/FQ and QM/FQFµ predict similar spectra,
whereas for gallic acid the inclusion of anisotropic terms in the MM modeling, i.e.
the inclusion of fluctuating dipoles, yields better agreement with experimental data.
It is worth pointing out that the development and implementation of analytical first
energy derivatives, i.e. energy gradients, is not only the basic ingredient for com-
puting vibrational spectra, but it also allows the further extension of the model to
QM/MM MD.

In the last chapter the role of QM density confinement in the description of sol-
vatochromic shifts is demonstrated. In particular, the results show that excellent
agreement with experimental data, not biased by error cancellation, can be obtained
by resorting to QM/MM approaches capable of accounting for quantum confinement
effects. QM/MM calculations are performed on structures extracted from MD sim-
ulations. Therefore, the quality of the results also depends on the reliability of
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the force field, and on the quality of the MD trajectory sampling. The proposed
approach differs from alternative formulations of non-electrostatic terms and, re-
markably, is so general that it can be coupled to any kind of QM/MM approach,
either based on electrostatic- or polarizable-embedding.
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mechanics capacitance molecular mechanics modeling of core-electron bind-
ing energies of methanol and methyl nitrite on ag (111) surface,” J. Chem.
Phys., vol. 145, no. 2, p. 024 703, 2016.

[311] Z. Rinkevicius, J. A. Sandberg, X. Li, M. Linares, P. Norman, and H. Ågren,
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[408] B. Mennucci and J. M. Martıénez, “How to model solvation of peptides?
insights from a quantum-mechanical and molecular dynamics study of n-
methylacetamide. 1. geometries, infrared, and ultraviolet spectra in water,”
J. Phys. Chem. B, vol. 109, no. 19, pp. 9818–9829, 2005.

[409] B. Mennucci, R. Cammi, and J. Tomasi, “Analytical free energy second
derivatives with respect to nuclear coordinates: Complete formulation for
electrostatic continuum solvation models,” J. Chem. Phys., vol. 110, no. 14,
pp. 6858–6870, 1999.

[410] M. Cossi and V. Barone, “Analytical second derivatives of the free energy in
solution by polarizable continuum models,” J. Chem. Phys., vol. 109, no. 15,
pp. 6246–6254, 1998.

[411] J. Huang, Y. Mei, G. König, A. C. Simmonett, F. C. Pickard IV, Q. Wu,
L.-P. Wang, A. D. MacKerell Jr, B. R. Brooks, and Y. Shao, “An estimation
of hybrid quantum mechanical molecular mechanical polarization energies for
small molecules using polarizable force-field approaches,” J. Chem. Theory
Comput., vol. 13, no. 2, pp. 679–695, 2017.

[412] T. Giovannini, R. R. Riso, M. Ambrosetti, A. Puglisi, and C. Cappelli, “Elec-
tronic Transitions for a Fully Polarizable QM/MM Approach Based on Fluc-
tuating Charges and Fluctuating Dipoles: Linear and Corrected Linear Re-
sponse Regimes,” arXiv e-prints, arXiv:1906.03852, arXiv:1906.03852, Jun.
2019. arXiv: 1906.03852 [physics.chem-ph].

[413] Q. Cui and M. Karplus, “Molecular properties from combined qm/mm meth-
ods. i. analytical second derivative and vibrational calculations,” J. Chem.
Phys., vol. 112, no. 3, pp. 1133–1149, 2000. doi: 10.1063/1.480658. [Online].
Available: http://link.aip.org/link/?JCP/112/1133/1.

178 Matteo Ambrosetti

https://doi.org/10.1021/acs.jpclett.9b02318
https://doi.org/10.1021/acs.jpclett.9b02318
https://doi.org/10.1021/acs.jpclett.9b02318
https://doi.org/10.1021/acs.jpclett.9b02318
https://doi.org/10.1021/acs.jpclett.9b02318
https://doi.org/10.1021/acs.jpclett.9b02318
https://arxiv.org/abs/1906.03852
https://doi.org/10.1063/1.480658
http://link.aip.org/link/?JCP/112/1133/1


[414] H. Li and M. S. Gordon, “Polarization energy gradients in combined quantum
mechanics, effective fragment potential, and polarizable continuum model
calculations,” J. Chem. Phys, vol. 126, no. 12, 124112, p. 124 112, 2007. doi:
10.1063/1.2711199. [Online]. Available: http://link.aip.org/link/
?JCP/126/124112/1.

[415] M. A. Thompson, “Qm/mmpol: A consistent model for solute/solvent polar-
ization. application to the aqueous solvation and spectroscopy of formalde-
hyde, acetaldehyde, and acetone,” J. Phys. Chem., vol. 100, no. 34, pp. 14 492–
14 507, 1996.

[416] D. Loco, L. Lagardère, S. Caprasecca, F. Lipparini, B. Mennucci, and J.-P.
Piquemal, “Hybrid qm/mm molecular dynamics with amoeba polarizable
embedding,” J. Chem. Theory Comput., vol. 13, no. 9, pp. 4025–4033, 2017.

[417] J. Dziedzic, Y. Mao, Y. Shao, J. Ponder, T. Head-Gordon, M. Head-Gordon,
and C.-K. Skylaris, “Tinktep: A fully self-consistent, mutually polarizable
qm/mm approach based on the amoeba force field,” J. Chem. Phys., vol. 145,
no. 12, p. 124 106, 2016.

[418] G. Yang and Y. Xu, “Probing chiral solute-water hydrogen bonding networks
by chirality transfer effects: A vibrational circular dichroism study of glycidol
in water.,” J. Chem. Phys., vol. 130, no. 16, pp. 164 506–164 506, 2009.

[419] R. Kawiecki, F. Devlin, P. Stephens, and R. Amos, “Vibrational circular
dichroism of propylene oxide,” J. Phys. Chem, vol. 95, no. 24, pp. 9817–
9831, 1991.

[420] S. Jin and J. D. Head, “Theoretical investigation of molecular water adsorp-
tion on the al (111) surface,” Surf. Science, vol. 318, no. 1, pp. 204–216,
1994.

[421] M. D. Calvin, J. D. Head, and S. Jin, “Theoretically modelling the water bi-
layer on the al (111) surface using cluster calculations,” Surf. science, vol. 345,
no. 1, pp. 161–172, 1996.

[422] A. Biancardi, R. Cammi, C. Cappelli, B. Mennucci, and J. Tomasi, “Mod-
elling vibrational coupling in DNA oligomers: A computational strategy com-
bining QM and continuum solvation models,” Theor. Chem. Acc., vol. 131,
no. 3, pp. 1–10, 2012.

[423] M. Frisch, M. Head-Gordon, and J. Pople, “Direct analytic SCF second
derivatives and electric field properties,” Chem. Phys., vol. 141, no. 2, pp. 189–
196, 1990.

[424] J. Wang, R. M. Wolf, J. W. Caldwell, P. A. Kollman, and D. A. Case, “Devel-
opment and testing of a general amber force field,” J. Comput. Chem., vol. 25,
no. 9, pp. 1157–1174, 2004, issn: 1096-987X. doi: 10.1002/jcc.20035. [On-
line]. Available: http://dx.doi.org/10.1002/jcc.20035.

[425] J. Wang, W. Wang, P. A. Kollman, and D. A. Case, “Automatic atom type
and bond type perception in molecular mechanical calculations,” J. Mol.
Graph. Model., vol. 25, no. 2, pp. 247–260, 2006.

Matteo Ambrosetti 179

https://doi.org/10.1063/1.2711199
http://link.aip.org/link/?JCP/126/124112/1
http://link.aip.org/link/?JCP/126/124112/1
https://doi.org/10.1002/jcc.20035
http://dx.doi.org/10.1002/jcc.20035


[426] A. V. Marenich, S. V. Jerome, C. J. Cramer, and D. G. Truhlar, “Charge
model 5: An extension of hirshfeld population analysis for the accurate de-
scription of molecular interactions in gaseous and condensed phases,” J.
Chem. Theory Comput., vol. 8, no. 2, pp. 527–541, 2012, PMID: 26596602.
doi: 10.1021/ct200866d. eprint: http://dx.doi.org/10.1021/ct200866d.
[Online]. Available: http://dx.doi.org/10.1021/ct200866d.

[427] V. Barone, M. Biczysko, J. Bloino, and C. Puzzarini, “Accurate molecular
structures and infrared spectra of trans-2, 3-dideuterooxirane, methyloxirane,
and trans-2, 3-dimethyloxirane,” J. Chem. Phys., vol. 141, no. 3, p. 034 107,
2014.

[428] M. Hodecker, M. Biczysko, A. Dreuw, and V. Barone, “Simulation of vacuum
uv absorption and electronic circular dichroism spectra of methyl oxirane:
The role of vibrational effects,” J. Chem. Theory Comput., vol. 12, no. 6,
pp. 2820–2833, 2016.

[429] K. Ruud and R. Zanasi, “The importance of molecular vibrations: The sign
change of the optical rotation of methyloxirane,” Angew. Chem. Int. Ed.,
vol. 117, no. 23, pp. 3660–3662, 2005.

[430] M. C. Tam, N. J. Russ, and T. D. Crawford, “Coupled cluster calculations of
optical rotatory dispersion of (s)-methyloxirane,” J. Chem. Phys., vol. 121,
no. 8, pp. 3550–3557, 2004.

[431] P. Mukhopadhyay, G. Zuber, M.-R. Goldsmith, P. Wipf, and D. N. Beratan,
“Solvent effect on optical rotation: A case study of methyloxirane in water,”
Chem. Phys. Chem, vol. 7, no. 12, pp. 2483–2486, 2006.

[432] M. Carnell, S. Peyerimhoff, A. Breest, K. Gödderz, P. Ochmann, and J.
Hormes, “Experimental and quantum-theoretical investigation of the circular
dichroism spectrum of r-methyloxirane,” Chem. Phys. Lett., vol. 180, no. 5,
pp. 477–481, 1991.

[433] B. A. McGuire, P. B. Carroll, R. A. Loomis, I. A. Finneran, P. R. Jewell,
A. J. Remijan, and G. A. Blake, “Discovery of the interstellar chiral molecule
propylene oxide (ch3chch2o),” Science, vol. 352, no. 6292, pp. 1449–1452,
2016.

[434] W. Sun, J. Wu, B. Zheng, Y. Zhu, and C. Liu, “Dft study of vibrational
circular dichroism spectra of (s)-glycidol–water complexes,” J. Mol. Struct.:
THEOCHEM, vol. 809, no. 1, pp. 161–169, 2007.

[435] T. Giovannini, L. Grazioli, M. Ambrosetti, and C. Cappelli, “Calculation
of ir spectra with a fully polarizable qm/mm approach based on fluctuating
charges and fluctuating dipoles,” Journal of chemical theory and computation,
vol. 15, no. 10, pp. 5495–5507, 2019.

[436] M. Losada, P. Nguyen, and Y. Xu, “Solvation of propylene oxide in wa-
ter: Vibrational circular dichroism, optical rotation, and computer simulation
studies,” J. Phys. Chem A, vol. 112, no. 25, pp. 5621–5627, 2008.

[437] M. Losada, H. Tran, and Y. Xu, “Lactic acid in solution: Investigations of
lactic acid self-aggregation and hydrogen bonding interactions with water
and methanol using vibrational absorption and vibrational circular dichroism
spectroscopies,” J. Chem. Phys., vol. 128, no. 1, p. 014 508, 2008.

180 Matteo Ambrosetti

https://doi.org/10.1021/ct200866d
http://dx.doi.org/10.1021/ct200866d
http://dx.doi.org/10.1021/ct200866d


[438] A. Edelmann and B. Lendl, “Toward the optical tongue: Flow-through sens-
ing of tannin- protein interactions based on ftir spectroscopy,” J. Am. Chem.
Soc., vol. 124, no. 49, pp. 14 741–14 747, 2002.

[439] C. Reichardt, “Solvatochromism, thermochromism, piezochromism, halochromism,
and chiro-solvatochromism of pyridinium n-phenoxide betaine dyes,” Chem.
Soc. Rev., vol. 21, no. 3, pp. 147–153, 1992.

[440] Y.-l. Lin and J. Gao, “Solvatochromic shifts of the n → π*transition of
acetone from steam vapor to ambient aqueous solution: A combined config-
uration interaction qm/mm simulation study incorporating solvent polariza-
tion,” J. Chem. Theory Comput., vol. 3, no. 4, pp. 1484–1493, 2007.

[441] C. A. Guido, S. Knecht, J. Kongsted, and B. Mennucci, “Benchmarking time-
dependent density functional theory for excited state geometries of organic
molecules in gas-phase and in solution,” J. Chem. Theory Comput., vol. 9,
no. 5, pp. 2209–2220, 2013.

[442] T. J. Zuehlsdorff and C. M. Isborn, “Modeling absorption spectra of molecules
in solution,” Int. J. Quantum Chem., vol. 119, no. 1, e25719, 2019.

[443] A. Moskvin, O. Yablonskii, and L. Bondar, “An experimental investigation
of the effect of alkyl substituents on the position of the k and r absorption
bands in acrolein derivatives,” Theor. Exp. Chem., vol. 2, no. 5, pp. 469–472,
1966.

[444] K. Aidas, A. Møgelhøj, E. J. Nilsson, M. S. Johnson, K. V. Mikkelsen, O.
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