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domain method with Lagrange multipliers. In particular, we propose two augmented Lagrangian-
based preconditioners to accelerate the convergence of iterative solvers for such classes of linear
systems. We consider two relevant examples to illustrate the performance of these preconditioners
when used in conjunction with flexible GMRES: the Poisson and the Stokes fictitious domain prob-
lems. A spectral analysis is established for both exact and inexact versions of the preconditioners.
We show the effectiveness of the proposed approach and the robustness of our preconditioning
strategy through extensive numerical tests in both two and three dimensions.

1. Introduction

Over the years, several numerical approaches have been developed to address problems involving overlapping or non-matching
computational meshes. Among these, we highlight a small selection of well-established methods: the Immersed Boundary Method [1]
(IBM), the Finite Cell Method [2] (FCM), the Cut Finite Element Method [3] (CutFEM), and the Fictitious Domain approach [4-6]
(FD). These methods differ in how they treat cells and degrees of freedom near the interface. CutFEM and FCM involve adjustments
to the degrees of freedom and integral routines, since the degrees of freedom on cut cells are duplicated across the interface, and bulk
integrals are recomputed over the polygonal or polytopal shapes resulting from the intersections of the elements with the cutting
interface. For moving interface problems, such as in fluid-structure interactions, this may require recomputing the bulk contribution
at each time step. In contrast, FD methods treat all cells in the same way without duplicating degrees of freedom, although this comes
at the price of lower global order of convergence, which has been shown to be only a local effect near the interface [7]. Furthermore,
when using Lagrange multipliers in fictitious domain methods, coupling operators are assembled to encode interactions between basis
functions defined on non-matching and overlapping meshes [8]. Nevertheless, integration issues are limited to the coupling term only,
making these methods attractive for moving interface problems by avoiding recomputation of bulk integrals. Recent developments
have shown that it is also possible to compute these integrals without explicitly dealing with mesh intersections, and this does not
deteriorate the convergence properties of the method [9]. Moreover, it is robust with respect to small cuts [10], while CutFEM and
FCM may require additional stabilization in such cases. Therefore, when the coupling between the bulk and the interface problems
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\begin {equation}\label {eqn:intro} \begin {bmatrix} \mathsf {A} & \mathsf {C^T} \\ \mathsf {C} & 0 \end {bmatrix} \begin {bmatrix} \mathsf {u} \\ \mathsf {\uplambda } \end {bmatrix}= \begin {bmatrix} \mathsf {f} \\ \mathsf {g} \end {bmatrix} \qquad \text {and} \qquad \begin {bmatrix} \mathsf {A} & \mathsf {B^T} & \mathsf {C^T} \\ \mathsf {B} & 0 & 0 \\ \mathsf {C} & 0 & 0 \end {bmatrix} \begin {bmatrix} \mathsf { u} \\ \mathsf { p} \\ \mathsf { \lambda } \end {bmatrix}= \begin {bmatrix} \mathsf { f} \\ \mathsf { 0} \\ \mathsf { g} \end {bmatrix},\end {equation}


$\mathsf {A} \in \mathbb {R}^{n \times n}$


$\mathsf {B} \in \mathbb {R}^{m \times n}$


$\mathsf {C} \in \mathbb {R}^{l \times n}$


$\mathsf {A}$


$\mathsf {S} = \mathsf {C A^{-1}C^T}$


$\mathsf {S }$


$\mathsf {C}$


$\mathsf {S}$


$\mathsf {S_B=BA^{-1}B^T}$


$\mathsf {S_C=CA^{-1}C^T}$


$\mathsf {A}$


$\mathsf {B}$


$\mathsf {S_B}$


$\mathsf {A}$


$\mathsf {B}$


$\mathsf {S_C}$


$\mathsf {B}$


$\omega $


$\mathbb {R}^d$


$d=2,3$


$\Gamma := \partial \omega $


$\Omega \subset \mathbb {R}^d$


$\omega \Subset \Omega $


\begin {equation}\begin {cases}\label {eqn:model-problem} -\Delta u = f \quad \text {in} \quad \Omega \setminus \Gamma , \\ \quad \,\, u = g \quad \, \text {on} \quad \Gamma , \\ \quad \,\, u = 0 \quad \, \text {on} \quad \partial \Omega , \end {cases}\end {equation}


$f \in L^2(\Omega )$


$g \in H^{\frac {1}{2}}(\Gamma )$


$\Omega $


$\omega $


$\Gamma $


$\Gamma $


$\Omega $


$\omega $


$\Omega $


$\Gamma $


$\omega $


$\Gamma $


$\Omega $


$D\subset \mathbb {R}^d$


$s\ge 0$


$\|\cdot \|_{s,D}$


$H^s(D)$


$\|\cdot \|_{0,D}$


$L^2$


$L^2$


$(\cdot , \cdot )_{D}$


$D$


$\langle \cdot , \cdot \rangle _{\Gamma }$


$H^{\frac 12}(\Gamma )$


$L^2(\Gamma )$


$\Lambda _h \subset L^2(\Gamma )$


\begin {equation*}V(\Omega ):= H_0^1(\Omega ) = \{v \in H^1(\Omega )\colon v_{|\partial \Omega } =0\},\end {equation*}


\begin {equation*}\Lambda (\Gamma ):= H^{-\frac {1}{2}}(\Gamma ),\end {equation*}


$\mathcal {L}: V(\Omega ) \times \Lambda (\Gamma ) \rightarrow \mathbb {R}$


\begin {equation}\mathcal {L}(v,\mu ):=\frac {1}{2}\left (\nabla v,\nabla v\right )_{\Omega } - \left (f,v \right )_{\Omega } + \langle \mu , v-g \rangle _{\Gamma }. \label {Xeqn3-3}\end {equation}


$\mathcal {L}$


$(u,\lambda ) \in V(\Omega ) \times \Lambda (\Gamma )$


\begin {equation*}\begin {bmatrix}\label {eqn:operator-form} A & C^T \\ C & 0 \end {bmatrix} \begin {bmatrix} u \\ \lambda \end {bmatrix}= \begin {bmatrix} F \\ G \end {bmatrix},\end {equation*}


\begin {equation*}A : V(\Omega ) \rightarrow V(\Omega )' \quad \langle Au,v\rangle _{V(\Omega )',V(\Omega )} = (\nabla u, \nabla v)_{\Omega },\end {equation*}


\begin {equation*}C : V(\Omega ) \rightarrow \Lambda (\Gamma )' \quad \langle C v,\lambda \rangle _{\Lambda (\Gamma )',V(\Omega )} = \langle \lambda ,v \rangle _{\Gamma },\end {equation*}


\begin {equation*}F : V(\Omega ) \rightarrow \mathbb {R} \quad F(v)=(f,v)_{\Omega },\end {equation*}


\begin {equation*}G : \Lambda (\Gamma ) \rightarrow \mathbb {R} \quad G(\mu )=\langle \mu ,g \rangle _{\Gamma }.\end {equation*}


$A$


$\mathsf {A}$


$\mathsf {x}$


$\mathcal {A}$


$\lambda $


$\Omega $


$\Gamma $


$\Omega _h$


$\Gamma _h$


$N_{\Omega }$


$N_{\Gamma }$


$T_i$


$K_i$


$\{T_i\}_{1 \leq i \leq N_{\Omega }}$


$\{K_i\}_{1 \leq i \leq N_{\Gamma }}$


$\Omega $


$\Gamma $


$\overline {\Omega } = \bigcup _{i=1}^{N_{\Omega }} T_i$


$\overline {\Gamma } = \bigcup _{i=1}^{N_{\Gamma }} K_i$


$d=2$


$\Omega _h$


$\Gamma _h$


$d=3$


$\Omega _h$


$\Gamma _h$


$h_\Omega $


$h_\Gamma $


$\Omega _h$


$\Gamma _h$


$h_\Omega $


$h_\Gamma $


$\Gamma _h$


$\Gamma $


$\Gamma _h$


$\Omega _h$


$\Gamma _h$


$V(\Omega )$


\begin {equation}\label {eqn:V-h} V_h := \{v_h \in H_0^1(\Omega )\colon v_h{|_T} \in \mathcal {Q}^1(T), \forall T \in \Omega _h\},\end {equation}


$\mathcal {Q}^1(T)$


$1$


$T$


$\Lambda (\Gamma )$


\begin {equation}\label {eqn:Lambda_h}\Lambda _h := \{\mu _h \in L^2(\Gamma )\colon \mu _h{|_K} \in \mathcal {Q}^1(K), \forall K \in \Gamma _h\}.\end {equation}


$\{ \varphi _i\}_{i=1}^n$


$\{ \psi _\alpha \}_{\alpha =1}^l$


$V_h := \text {span} \{ \varphi _i\}_{i=1}^n$


$\Lambda _h := \text {span} \{ \psi _\alpha \}_{\alpha =1}^l$


$\mathsf {u}$


$\mathsf {\uplambda }$


\begin {equation}\begin {bmatrix}\label {eqn:algebraic-form} \mathsf {A} & \mathsf {C^T} \\ \mathsf {C} & 0 \end {bmatrix} \begin {bmatrix} \mathsf {u} \\ \mathsf {\uplambda } \end {bmatrix}= \begin {bmatrix} \mathsf {f} \\ \mathsf {g} \end {bmatrix} \quad \text {or} \quad \mathcal {A} \mathsf {x} = \mathsf {{b}},\end {equation}


$\mathsf {A} \in \mathbb {R}^{n \times n}$


$\mathsf {C} \in \mathbb {R}^{l \times n}$


$\mathsf {C}$


\begin {equation}\label {inf-sup} \inf _{\mu _h \in \Lambda _h} \sup _{v_h \in V_h} \frac {\langle \mu _h, v_h \rangle _{\Gamma }}{||\mu _h||_{-\frac {1}{2},\Gamma } \, ||v_h||_{1,\Omega }}\ge \beta _2.\end {equation}


$V_h$


$\Lambda _h$


$h_{\Omega }/h_{\Gamma }$


$\Gamma _h$


$\beta _2$


$h_\Omega $


$h_\Gamma $


$V_h$


$\Lambda _h$


$h_{\Omega }/h_{\Gamma }$


$\Gamma _h$


$(u_h,\lambda _h)\in V_h\times \Lambda _h$


\begin {equation}\|u-u_h\|_{1,\Omega }+\|\lambda -\lambda _h\|_{-1/2,\Gamma }\le {\rm C} \inf _{\substack {v_h\in V_h\\ \mu _h\in \Lambda _h}} \left (\|u-v_h\|_{1,\Omega }+\|\lambda -\mu _h\|_{-1/2,\Gamma }\right ), \label {eq:err_estimate}\end {equation}


${\rm C}>0$


$h_\Omega $


$h_\Gamma $


$\rm C$


\begin {equation}\begin {bmatrix}\label {eqn:matrix-aug-p} \mathsf {A}+\gamma \mathsf {C^T W^{-1}C} & \mathsf {C^T} \\ \mathsf {C} & 0 \end {bmatrix} \begin {bmatrix} \mathsf {u} \\ \mathsf {\uplambda } \end {bmatrix}= \begin {bmatrix} \mathsf {f} +\gamma \mathsf {C^T W^{-1}g } \\ \mathsf {g} \end {bmatrix} \quad \text {or} \quad \mathcal {A}_{\gamma } \mathsf {x} = \mathsf {\hat {b}},\end {equation}


$\mathsf {W}$


$\gamma $


$\mathsf {A}_{\gamma }:= \mathsf {A} + \gamma \mathsf {C^T W^{-1}C}$


\begin {equation}\label {eqn:preconditioner} \mathcal {P}_{\gamma } := \begin {bmatrix} \mathsf {A}_{\gamma } & \mathsf {C^T} \\ 0 & -\frac {1}{\gamma }\mathsf {W} \end {bmatrix}.\end {equation}


$\mathsf {A}$


$\mathsf {C}$


$\gamma \mathsf {W^{-1}}$


$\mathsf {S}_\gamma = \mathsf {C A}_\gamma ^\mathsf {-1}\mathsf {C^T}$


$\gamma $


$\gamma $


$\mathsf {A}_\gamma $


$\gamma $


$\gamma $


$\mathsf {A}_\gamma ^\mathsf {-1}$


$\mathcal {A}_\gamma $


$\mathsf {A}_\gamma $


$\mathsf {S}_\gamma $


$\mathcal {P}_{\gamma }^{-1}$


\begin {equation*}\mathcal {P}_{\gamma }^{-1} = \begin {bmatrix} \mathsf {A}_\gamma ^\mathsf {-1} & 0 \\ 0 & \mathsf {I}_l \end {bmatrix} \begin {bmatrix} \mathsf {I}_n & \mathsf {C^T} \\ 0 & \mathsf {-I}_l \end {bmatrix} \begin {bmatrix} \mathsf {I}_n & 0 \\ 0 & \gamma \mathsf {W^{-1}} \end {bmatrix},\end {equation*}


$\mathsf {I}_n$


$\mathsf {I}_l$


$n$


$l$


$\mathsf {W}$


$\mathsf {A}_\gamma $


$\mathsf {S = CA^{-1}C^T}$


$\mathsf {W}$


\begin {equation}\label {eqn:choice}\mathsf {W} := \mathsf {M_{\lambda }^2},\end {equation}


$\mathsf {M_{\lambda }}$


$\Lambda _h \subset \Lambda (\Gamma )$


\begin {equation}\label {eqn:mass_matrix_immersed} \bigl (\mathsf {M_\lambda }\bigr )_{\alpha ,\beta } := \int _{\Gamma } \psi _\alpha \psi _\beta , \qquad \alpha ,\beta =1,\ldots ,l.\end {equation}


\begin {equation}\begin {bmatrix}\label {eqn:matrix_aug} \mathsf {A}_\gamma & \mathsf {C^T} \\ \mathsf {C} & 0 \end {bmatrix} \begin {bmatrix} \mathsf {x} \\ \mathsf {y} \end {bmatrix}= \lambda \begin {bmatrix} \mathsf {A}_\gamma & \mathsf {C^T} \\ 0 & -\frac {1}{\gamma }\mathsf {W} \end {bmatrix} \begin {bmatrix} \mathsf {x} \\ \mathsf {y} \end {bmatrix},\end {equation}


$\lambda =1$


$(\mathsf x, -\gamma \mathsf {W}^{-1} \mathsf {Cx})$


$\lambda = \frac {\gamma \mathsf {x^T} \mathsf {C^T} \mathsf {W}^{-1}\mathsf {C} \mathsf x }{\mathsf {x^T} (\mathsf {A} + \gamma \mathsf {C^T} \mathsf {W^{-1}} \mathsf {C} )\mathsf x},$


$\mathsf {x} \notin \ker (\mathsf {C})$


$\mathsf {W} := \mathsf {M_\lambda ^2}$


$\lambda $


$h_\Omega $


$h_\Gamma $


\begin {equation}\label {eq:secondcase} \epsilon \ge f(\bar \beta _2^2) = \frac {\delta \bar \beta _2^2}{1+\delta \bar \beta _2^2}>0,\end {equation}


$\mathsf x \in \ker (\mathsf {B})\setminus \ker (\mathsf {C})$


\begin {equation}\label {eq:eigenvaluesC} \epsilon \le \lambda = \frac {\delta \mathsf {x^T} \mathsf {C^T} \mathsf {M_\lambda ^{-2}}\mathsf {C} \mathsf x }{\mathsf {x^T} (\mathsf {A} + \delta \mathsf {C^T} \mathsf {M_\lambda ^{-2}} \mathsf {C} )\mathsf x}.\end {equation}


$\epsilon $


\begin {equation*}\epsilon = \min _{\mathsf {v} \in \mathcal {R}}\frac {\delta \mathsf {v^T} \mathsf {C^T} \mathsf {M_\lambda ^{-2}}\mathsf {C} \mathsf v}{\mathsf {v^T}(\mathsf {A} +\delta \mathsf {C^T} \mathsf {M_\lambda ^{-2}} \mathsf {C} )\mathsf v},\end {equation*}


$\mathcal {R}$


$\mathsf {v}$


$\mathsf {A}$


$\ker (\mathsf {C})$


$\mathsf {v^T} \mathsf {A} \mathsf v$


\begin {equation*}\epsilon =\min _{\mathsf {v}\in \mathcal {R}} \, \frac {\delta \mathsf {v^T} \mathsf {C^T} \mathsf {M_\lambda ^{-2}}\mathsf {C} \mathsf v }{\mathsf {v^T} \mathsf {A} \mathsf v} \frac {\mathsf {v^T} \mathsf {A} \mathsf v}{ \mathsf {v^T} \mathsf {A} \mathsf v +\delta \mathsf {v^T} \mathsf {C^T} \mathsf {M_\lambda ^{-2}} \mathsf {C} \mathsf v}.\end {equation*}


$r(\mathsf v) := \frac { \mathsf {v^T} \mathsf {C^T} \mathsf {M_\lambda ^{-2}} \mathsf {C} \mathsf v}{\mathsf {v^T} \mathsf A \mathsf v}$


$\epsilon $


\begin {equation*}\epsilon = \min _{\mathsf {v}\in \mathcal {R}} \frac {\delta r(\mathsf v)}{1+\delta r(\mathsf v)} = \min _{\mathsf {v}\in \mathcal {R}} f\left (r(\mathsf v)\right ),\end {equation*}


$f(r(\mathsf {v}))$


$r(\mathsf {v}) > 0$


$f(\min _{\mathsf {v}\in \mathcal {R}} r(\mathsf {v}))$


$\min _{\mathsf {v} \in \mathcal {R}} r(\mathsf v) \ge \bar \beta _2^2$


$h_\Gamma $


$\mathsf x \in \ker (\mathsf {C}) \setminus \ker (\mathsf {B})$


$\eta $


\begin {equation}\label {eq:12} \eta \le \lambda = \frac {\gamma \mathsf {x^T} \mathsf {B^T} \mathsf {M_p^{-1}}\mathsf {B} \mathsf x }{\mathsf {x^T}(\mathsf {A} +\gamma \mathsf {B^T} \mathsf {M_p^{-1}} \mathsf {B} )\mathsf x}.\end {equation}


$\eta $


\begin {equation*}\gamma \mathsf {B^T} \mathsf {M_p^{-1}}\mathsf {B} \mathsf {x} = \lambda (\mathsf {A} +\gamma \mathsf {B^T} \mathsf {M_p^{-1}} \mathsf {B} ) \mathsf {x}.\end {equation*}


\begin {equation*}\eta = \min _{\mathsf {v} \in \mathcal {R}}\frac {\gamma \mathsf {v^T} \mathsf {B^T} \mathsf {M_p^{-1}}\mathsf {B} \mathsf v }{\mathsf {v^T}(\mathsf {A} +\gamma \mathsf {B^T} \mathsf {M_p^{-1}} \mathsf {B} )\mathsf v},\end {equation*}


$\mathcal {R}$


\begin {equation*}\mathcal {R}:= \{\mathsf {v} \in \mathbb {R}^n | \mathsf {u^T}(\mathsf {A} +\gamma \mathsf {B^T} \mathsf {M_p^{-1}} \mathsf {B} )\mathsf v=0 \quad \forall \mathsf {u} \in \ker (\mathsf {B})\}.\end {equation*}


$\mathsf {u} \in \ker (\mathsf {B})$


$\mathcal {R}$


\begin {equation*}\mathsf {u^T}\mathsf {A} \mathsf {v} = 0 \quad \forall \mathsf {u} \in \ker (\mathsf {B}),\end {equation*}


\begin {equation*}\mathcal {R}:= \{\mathsf {v} \in \mathbb {R}^n | \mathsf {u^T}\mathsf {A} \mathsf v=0 \quad \forall \mathsf {u} \in \ker (\mathsf {B})\}.\end {equation*}


$\mathsf {v^T} \mathsf {A} \mathsf v$


\begin {equation*}\eta =\min _{\mathsf {v}\in \mathcal {R}} \, \frac {\gamma \mathsf {v^T} \mathsf {B^T} \mathsf {M_p^{-1}}\mathsf {B} \mathsf v }{\mathsf {v^T} \mathsf {A} \mathsf v} \frac {\mathsf {v^T} \mathsf {A} \mathsf v}{ \mathsf {v^T} \mathsf {A} \mathsf v +\gamma \mathsf {v^T} \mathsf {B^T} \mathsf {M_p^{-1}} \mathsf {B} \mathsf v}.\end {equation*}


$r(\mathsf v) := \frac {\mathsf {v^T} \mathsf {B^T} \mathsf {M_p^{-1}} \mathsf {B} \mathsf v}{\mathsf {v^T} \mathsf {A} \mathsf v}$


$\mathsf {B^T} \mathsf {M_p^{-1}}\mathsf {B}$


$\mathsf {A}$


$\eta $


\begin {equation*}\eta = \min _{\mathsf {v}\in \mathcal {R}} \frac {\gamma r(\mathsf v)}{1+\gamma r(\mathsf v)} = \min _{\mathsf {v}\in \mathcal {R}} f\left (r(\mathsf v)\right ).\end {equation*}


$f(r(\mathsf {v}))=\frac {\gamma r(\mathsf v)}{1+\gamma r(\mathsf v)}$


$r(\mathsf {v}) > 0$


\begin {equation*}\min _{\mathsf {v}\in \mathcal {R}} f\left (r(\mathsf v)\right ) = f(\min _{\mathsf {v}\in \mathcal {R}} r(\mathsf v)).\end {equation*}


$\min _{\mathsf {v}\in \mathcal {R}} r(\mathsf v) = \beta _1^2$


\begin {equation}\label {eq:firstbound} \eta = f(\beta _1^2) =\frac {\gamma \beta _1^2}{1+\gamma \beta _1^2}>0,\end {equation}


$h_\Omega $


$\eta $


$\mathsf {x} \notin \ker (\mathsf {B}) \cup \ker (\mathsf {C})$


\begin {equation*}\theta \le \lambda = \frac { \mathsf {x^T} \big ( \gamma \, \mathsf {B^T}\mathsf {M_p^{-1}} \mathsf {B} + \delta \, \mathsf {C^T}\mathsf {M_\lambda ^{-2}} \mathsf {C} \big ) \mathsf {x} } { \mathsf {x^T}\big ( \mathsf {A} + \gamma \, \mathsf {B^T}\mathsf {M_p^{-1}} \mathsf {B} + \delta \, \mathsf {C^T}\mathsf {M_\lambda ^{-2}} \mathsf {C} \big ) \mathsf {x} }.\end {equation*}


\begin {equation*}\theta = \min _{\mathsf {v} \in \mathcal {R}} \frac { \mathsf {v^T}\big ( \gamma \, \mathsf {B^T}\mathsf {M_p^{-1}} \mathsf {B} + \delta \, \mathsf {C^T}\mathsf {M_\lambda ^{-2}} \mathsf {C} \big ) \mathsf {v} } { \mathsf {v^T}\big ( \mathsf {A} + \gamma \, \mathsf {B^T}\mathsf {M_p^{-1}} \mathsf {B} + \delta \, \mathsf {C^T}\mathsf {M_\lambda ^{-2}} \mathsf {C} \big ) \mathsf {v} },\end {equation*}


\begin {equation*}\mathcal {R} := \big \{ \mathsf {v} \in \mathbb {R}^n \,\big |\, \mathsf {u^T}\mathsf {A} \mathsf {v} = 0 \quad \forall \mathsf {u} \in \ker (\mathsf {B}) \cap \ker (\mathsf {C}) \big \}.\end {equation*}


$\mathsf {v^T}\mathsf {A} \mathsf {v}$


\begin {equation*}r(\mathsf {v}) := \frac { \mathsf {v^T}\big ( \mathsf {B^T}\mathsf {M_p^{-1}} \mathsf {B} + \mathsf {C^T}\mathsf {M_\lambda ^{-2}} \mathsf {C} \big ) \mathsf {v} } { \mathsf {v^T}\mathsf {A} \mathsf {v} }.\end {equation*}


\begin {equation*}\theta \geq f\bigg ( \min \{\gamma ,\delta \} \,\, \min _{\mathsf {v} \in \mathcal {R}} r(\mathsf {v}) \bigg ),\end {equation*}


$f(\cdot )$


$\min _{\mathsf {v} \in \mathcal {R}} r(\mathsf {v}) \geq \bar \beta _3^2,$


\begin {equation}\label {eqn:thirdcase} \theta \geq f\bigg (\min \{\gamma ,\delta \} \,\, \bar \beta _3^2\bigg ) = \frac {\min \{\gamma ,\delta \} \,\, \bar \beta _3^2}{1+ \min \{\gamma ,\delta \} \,\, \bar \beta _3^2} > 0,\end {equation}


$h_\Omega $


$h_\Gamma $


${\mathsf {A}}_\gamma $


$\mathcal {P}_{\gamma }$


\begin {equation}\label {eqn:preconditioner_approx} \mathcal {\widehat {P}}_{\gamma } := \begin {bmatrix} \mathsf {\widehat {A}}_\gamma & \mathsf {C^T} \\ 0 & -\frac {1}{\gamma } \mathsf {\widehat {W}} \end {bmatrix},\end {equation}


$\mathsf {\widehat {A}}_\gamma $


$\widehat {\mathsf {W}}$


$\mathsf {A}_{\gamma }$


$\mathsf {W}$


$\mathsf {A}_{\gamma }^{-1}$


$\Lambda _h$


$V_h$


$\Omega _h$


$\mathcal {O}(h^{-d})$


$\Gamma _h$


$\mathcal {O}(h^{-(d-1)})$


$\mathsf {W} = \mathsf {M_\lambda ^2}$


$\widehat {\mathsf { W}}$


$\mathsf {W}$


$\mathsf {M_\lambda }$


\begin {equation}\label {eqn:W-approx} \mathsf {\widehat {W}} := \text {diag}(\mathsf {M_\lambda })^2.\end {equation}


$\mathsf {\widehat {W}}$


$\mathsf {A}_\gamma $


$\mathsf {A}$


$\mathsf {C^T}$


$\mathsf {C}$


$\Lambda _h$


$\lambda $


$\mathsf {W}$


$\mathcal {A}_\gamma $


$\Omega = [0,1]^2$


$\omega = \mathcal {B}_{r}(\boldsymbol {c})$


$\boldsymbol {c} = (0.5, 0.5)$


$r = 0.21$


$\mathcal {Q}_1$


$V_h$


$\Lambda _h$


$\mathsf {A} \in \mathbb {R}^{289\times 289}$


$16$


$\mathsf {C} \in \mathbb {R}^{17 \times 289}$


$\mathcal {A}_{\gamma } \in \mathbb {R}^{306\times 306}$


$\mathcal {B}_{r}(\boldsymbol {c})$


$r$


$\boldsymbol {c}$


$\mathcal {A}_\gamma $


$\mathcal {P}_{\gamma }^{-1} \mathcal {A}_\gamma $


$\gamma $


$\mathcal {A}_\gamma $


$\mathcal {P}_{\gamma }^{-1}\mathcal {A}_\gamma $


$\gamma $


$\mathsf {W} =\mathsf {M_{\lambda }^2}$


$\gamma $


$\gamma \mathsf {W^{-1}}$


$\mathcal {A}_\gamma $


$\gamma $


$\mathbf {f} \in [L^2(\Omega )]^d$


$\mathbf {g} \in [H^{\frac {1}{2}}(\Gamma )]^d$


$\mathbf {u}$


$p$


$\mathbf {f}$


$\mathbf {u}$


$\Gamma $


$\mathbf {g}$


\begin {equation}\label {eqn:constraint-incompressibility} \int _{\Gamma } \mathbf {g}\cdot \boldsymbol {n}=0,\end {equation}


$\boldsymbol {n}$


$\Gamma $


$\mathbf {u}$


\begin {equation*}V(\Omega ):= [H_0^1(\Omega )]^d =\{\mathbf {v} \in [H^1(\Omega )]^d\colon \mathbf {v}_{|\partial \Omega } = \mathbf {0}\}.\end {equation*}


$p$


$L^2(\Omega )$


$p$


\begin {equation*}Q(\Omega ):= L_0^2(\Omega )= \Bigl \{ q \in L^2(\Omega )\colon \int _{\Omega } q =0 \Bigr \}.\end {equation*}


\begin {equation*}\Lambda (\Gamma ):= [H^{-\frac {1}{2}}(\Gamma )]^d.\end {equation*}


$\mathcal {L}: V(\Omega ) \times Q(\Omega ) \times \Lambda (\Gamma ) \rightarrow \mathbb {R}$


\begin {equation}\mathcal {L}(\mathbf {v},q,\boldsymbol {\mu }):= \frac {1}{2}\left (\nabla \mathbf {v}, \nabla \mathbf {v}\right )_{\Omega } -(\nabla \cdot \mathbf {v},q)_\Omega - (\mathbf {f},\mathbf {v} )_{\Omega } + \langle \boldsymbol {\mu }, \mathbf {v}-\mathbf {g} \rangle _{\Gamma }. \label {Xeqn19-20}\end {equation}


$\mathcal {L}$


$(\mathbf {u}, p, \mathbf {\lambda }) \in V(\Omega ) \times Q(\Omega ) \times \Lambda (\Gamma )$


\begin {align}\label {eqn:LM-stokes-2} (\nabla \mathbf {v}, \nabla \mathbf {u})_{\Omega } - (\nabla \cdot \mathbf {v},p)_{\Omega } + \langle \mathbf {\lambda }, \mathbf {v}\rangle _{\Gamma } &= (\mathbf {f},\mathbf {v})_{\Omega } \qquad \forall \mathbf {v} \in V(\Omega ), \nonumber \\ (\nabla \cdot \mathbf {u},q)_{\Omega } &= 0 \qquad \qquad \, \forall q \in Q(\Omega ), \nonumber \\ \langle \boldsymbol {\mu }, \mathbf {u}\rangle _{\Gamma } &= \langle \boldsymbol {\mu },\mathbf {g}\rangle _{\Gamma } \qquad \forall \boldsymbol {\mu } \in \Lambda (\Gamma ).\end {align}


$\beta _p > 0$


$q \in Q(\Omega )$


\begin {equation}\label {eqn:inf_sup_div} \sup _{\mathbf {v} \in V(\Omega )} \frac {(\nabla \cdot \mathbf {v},q)_{\Omega }}{\|\mathbf {v}\|_{1,\Omega }} \geq \beta _p ||q||_{0,\Omega }.\end {equation}


$\langle \boldsymbol {\mu }, \mathbf {v} \rangle _{\Gamma }$


$\mathbf {\lambda }$


\begin {equation*}K_0 := \{\mathbf {v} \in V(\Omega ): (\nabla \cdot \mathbf {v},q)_\Omega =0 \quad \forall q \in Q(\Omega ) \} = \{\mathbf {v} \in V(\Omega ): \nabla \cdot \mathbf {v}=0 \text { in } \Omega \},\end {equation*}


$q= \nabla \cdot \mathbf {v} \in Q(\Omega )$


$\mathbf {v} \in \bigl [H_0^1(\Omega )\bigr ]^d$


$\beta _\mu > 0$


$\boldsymbol {\mu } \in \Lambda (\Gamma )$


\begin {equation}\sup _{\mathbf {v} \in K_0} \frac {\langle \boldsymbol {\mu }, \mathbf {v} \rangle _{\Gamma }}{\|\mathbf {v}\|_{1,\Omega }} \geq \beta _\mu ||\boldsymbol {\mu }||_{-\frac {1}{2},\Gamma }. \label {Xeqn22-23}\end {equation}


$\Lambda (\Gamma ) = [H^{-\frac {1}{2}}(\Gamma )]^d$


\begin {equation*}||\boldsymbol {\mu }||_{-\frac {1}{2},\Gamma } = \sup _{\mathbf {z} \in H^{1/2}(\Gamma )} \frac {\langle \boldsymbol {\mu }, \mathbf {z} \rangle _{\Gamma }}{\|\mathbf {z}\|_{\frac {1}{2},\Gamma }}.\end {equation*}


$\{\mathbf {z}_n\}_{n \in \mathbb {N}}$


\begin {equation*}\lim _{n \rightarrow +\infty } \frac {\langle \boldsymbol {\mu }, \mathbf {z}_n \rangle _{\Gamma }}{\|\mathbf {z}_n\|_{\frac {1}{2},\Gamma }} = \|\boldsymbol {\mu }\|_{-\frac {1}{2},\Gamma }.\end {equation*}


$[H_0^1(\Omega )]^d$


$[H^{1/2}(\Gamma )]^d$


$\mathbf {u}_n \in K_0$


$\mathbf {u}_{n|\Gamma }=\mathbf {z}_n$


$\|\mathbf {u}_n\|_{1,\Omega } \leq c \|\mathbf {z}_n\|_{\frac {1}{2},\Gamma }$


\begin {equation*}\sup _{\mathbf {v} \in K_0} \frac {\langle \boldsymbol {\mu },\mathbf {v} \rangle _{\Gamma }}{\|\mathbf {v}\|_{1,\Omega }} \geq \frac {\langle \boldsymbol {\mu },\mathbf {u}_n \rangle _{\Gamma }}{\|\mathbf {u}_n\|_{1,\Omega }} \geq \frac {1}{c} \frac {\langle \boldsymbol {\mu },\mathbf {z}_n \rangle _{\Gamma }}{\|\mathbf {z}_n\|_{\frac {1}{2},\Gamma }} \geq \frac {1}{2c} ||\boldsymbol {\mu }||_{-\frac {1}{2},\Gamma },\end {equation*}


$\{\mathbf {z}_n\}_{n \in \mathbb {N}}$


$V(\Omega )$


$M := Q(\Omega )\times \Lambda (\Gamma )$


$\|(q,\boldsymbol {\mu })\|^2_{M} := \|q\|_{0,\Omega }^2 + \|\boldsymbol {\mu }\|_{-\frac {1}{2},\Gamma }^2$


$U,P_1$


$P_2$


$b_1 \colon U\times P_1 \rightarrow \mathbb {R}$


$b_2\colon U \times P_2 \rightarrow \mathbb {R}$


\begin {equation*}Z_{b_1} := \{v \in U \colon b_1(v, q_1) = 0 \quad \forall q_1 \in P_1\} \subset U,\end {equation*}


$c > 0$


\begin {equation*}\sup _{v \in U} \frac {b_1(v,p_1) + b_2(v,p_2)}{\|v\|_U} \geq c (\|p_1\|_{P_1} + \|p_2\|_{P_2}) \qquad (p_1, p_2) \in P_1 \times P_2.\end {equation*}


$c > 0$


\begin {equation*}\sup _{v \in U} \frac {b_1(v,p_1)}{\|v\|_U} \geq c \|p_1\|_{P_1}, \quad p_1 \in P_1\end {equation*}


\begin {equation*}\sup _{v \in Z_{b_1}} \frac {b_2(v, p_2)}{\|v\|_U} \geq c \|p_2\|_{P_2}, \quad p_2 \in P_2.\end {equation*}


$C > 0$


\begin {equation}\label {eqn:combined-inf-sup_stokes} \sup _{\mathbf {v} \in V(\Omega )} \frac {(\nabla \cdot \mathbf {v},q)_{\Omega } + \langle \boldsymbol {\mu },\mathbf {v} \rangle _{\Gamma }}{\|\mathbf {v}\|_{1,\Omega }} \geq C \|(q,\boldsymbol {\mu })\|_{M} \qquad (q,\boldsymbol {\mu }) \in M.\end {equation}


$U=V(\Omega )$


$P_1=Q(\Omega )$


$P_2=\Lambda (\Gamma )$


$b_1(\mathbf {v}, q) := (\nabla \cdot \mathbf {v},q)_{\Omega }$


$b_2(\boldsymbol {\mu },\mathbf {v}) := \langle \boldsymbol {\mu },\mathbf {v} \rangle _{\Gamma }$


$Z_{b_1}=K_0$


$C > 0$


\begin {equation*}\sup _{\mathbf {v} \in V(\Omega )} \frac {(\nabla \cdot \mathbf {v},q)_{\Omega } + \langle \boldsymbol {\mu },\mathbf {v} \rangle _{\Gamma }}{\|\mathbf {v}\|_{1,\Omega }} \geq C \Bigl (\|q\|_{0,\Omega } + \|\boldsymbol {\mu }\|_{-\frac {1}{2},\Gamma } \Bigr ) \qquad (q,\boldsymbol {\mu }) \in M.\end {equation*}


$\|q\|_{0,\Omega } + \|\boldsymbol {\mu }\|_{-\frac {1}{2},\Gamma } \geq \sqrt {\|q\|_{0,\Omega }^2 + \|\boldsymbol {\mu }\|_{-\frac {1}{2},\Gamma }^2} = \|(q,\boldsymbol {\mu })\|_{M}$


$\mathcal {Q}_2$


$\mathcal {Q}_1$


$V_h \subset V(\Omega )$


$Q_h \not \subset Q(\Omega )$


$Q_h$


$Q_h \not \subset Q(\Omega )$


\begin {equation}\label {eqn:Lambda-h-S} \Lambda _h := \{\boldsymbol {\mu }_h \in [L^2(\Gamma )]^d\colon \boldsymbol {\mu }_h{|_K} \in [\mathcal {Q}^1(K)]^d, \forall K \in \Gamma _h\}.\end {equation}


$\{\boldsymbol {\varphi }_i\}_{i=1}^n$


$\{\phi _k\}_{k=1}^m$


$\{\boldsymbol {\psi }_\alpha \}_{\alpha =1}^l$


$V_h, Q_h,$


$\Lambda _h$


$(\mathsf {u},\mathsf {p}, \mathsf {\uplambda })$


\begin {equation}\begin {bmatrix}\label {eqn:matrix} \mathsf {A} & \mathsf {B^T} & \mathsf {C^T} \\ \mathsf {B} & 0 & 0 \\ \mathsf {C} & 0 & 0 \end {bmatrix} \begin {bmatrix} \mathsf { u} \\ \mathsf { p} \\ \mathsf {\uplambda } \end {bmatrix}= \begin {bmatrix} \mathsf { f} \\ \mathsf { 0} \\ \mathsf { g} \end {bmatrix},\end {equation}


$0$


$\mathbf {u}_{|{\partial \Omega }}=\mathbf {0}$


$p$


$Q$


$L^2_0(\Omega )$


$\mathsf {B}$


$0$


$\mathsf {A} \in \mathbb {R}^{n \times n}$


$\mathsf {B} \in \mathbb {R}^{m \times n}$


$\mathsf {C} \in \mathbb {R}^{l \times n}$


$\mathsf {C}$


$V_h \times Q_h$


$V_h$


$Q_h$


$\beta _1$


$q_h \in Q_h$


\begin {equation}\label {eqn:inf-sup-div-discrete} \sup _{\mathbf {v}_h \in V_h} \frac {(\nabla \cdot \mathbf {v}_h,q_h)_{\Omega }}{\|\mathbf {v}_h\|_{1,\Omega }} \geq \beta _1 ||q_h||_{0,\Omega }.\end {equation}


$K_0$


\begin {equation*}K_{0,h} := \{\mathbf {v}_h \in V_h: (\nabla \cdot \mathbf {v}_h,q_h)_{\Omega }=0 \quad \forall q_h \in Q_h \} \subset V_h.\end {equation*}


$V_h,Q_h$


$\Lambda _h$


$h_{\Omega }/h_{\Gamma }$


$\Gamma _h$


$\beta _2 > 0$


$h_{\Omega }$


$h_{\Gamma }$


$\boldsymbol {\mu }_h \in \Lambda _h$


\begin {equation}\label {eqn:inf_sup_lambda_h} \sup _{\mathbf {v}_h \in K_{0,h}} \frac {\langle \boldsymbol {\mu }_h, \mathbf {v}_h \rangle _{\Gamma }}{\|\mathbf {v}_h\|_{1,\Omega }} \geq \beta _2 ||\boldsymbol {\mu }_h||_{-\frac {1}{2},\Gamma }.\end {equation}


$K_{0,h} \subset V_h$


$V_h$


$\boldsymbol {\mu }_h \in \Lambda _h$


\begin {equation}\label {eqn:inf_sup-lambda-h-V-h} \beta _2 ||\boldsymbol {\mu }_h||_{-\frac {1}{2},\Gamma } \leq \sup _{\mathbf {v}_h \in K_{0,h}} \frac {\langle \boldsymbol {\mu }_h, \mathbf {v}_h \rangle _{\Gamma }}{\|\mathbf {v}_h\|_{1,\Omega }} \leq \sup _{\mathbf {v}_h \in V_{h}} \frac {\langle \boldsymbol {\mu }_h, \mathbf {v}_h \rangle _{\Gamma }}{\|\mathbf {v}_h\|_{1,\Omega }}.\end {equation}


$M_h := Q_h \times \Lambda _h$


$M$


$V_h,Q_h$


$\Lambda _h$


$h_{\Omega }/h_{\Gamma }$


$\Gamma _h$


$\beta _3 > 0$


$h_{\Omega }$


$h_{\Gamma }$


$(q_h,\boldsymbol {\mu }_h) \in M_h$


\begin {equation}\label {eqn:combined-inf-sup-stokes-discrete} \sup _{\mathbf {v}_h \in V_h} \frac {(\nabla \cdot \mathbf {v}_h,q_h)_{\Omega } + \langle \boldsymbol {\mu }_h,\mathbf {v}_h \rangle _{\Gamma }}{\|\mathbf {v}_h\|_{1,\Omega }} \geq \beta _3 \|(q_h,\boldsymbol {\mu }_h)\|_{M}.\end {equation}


$\mathcal {Q}_2$


$\mathcal {P}_{1}$


$(n+m+l)\times (n+m+l)$


\begin {equation}\begin {bmatrix}\label {eqn:algebraic-form_stokes} \mathsf {A}+\gamma \mathsf {B^T} \mathsf {Q^{-1}} \mathsf {B} +\delta \mathsf {C^T} \mathsf {W^{-1}} \mathsf {C} & \mathsf {B^T} & \mathsf {C^T} \\ \mathsf {B} & 0 & 0 \\ \mathsf {C} & 0 & 0 \end {bmatrix} \begin {bmatrix} \mathsf { u} \\ \mathsf { p} \\ \mathsf { \lambda } \end {bmatrix}= \begin {bmatrix} \mathsf { f}+\delta \mathsf {C^T} \mathsf {W^{-1}} \mathsf { g} \\ \mathsf { 0} \\ \mathsf { g} \end {bmatrix} \quad \text {or} \quad \mathcal {A}_{\gamma \delta } \mathsf {x}=\mathsf {\hat {b}}.\end {equation}


$\mathsf {Q}$


$\mathsf {W}$


$\gamma >0$


$\delta >0$


\begin {equation}\label {eqn:prec-AL-stokes} \mathcal {P}_{\gamma \delta } = \begin {bmatrix} \mathsf {A}_{\gamma \delta } & \mathsf {B^T} & \mathsf {C^T} \\ 0 & -\frac {1}{\gamma }\mathsf {Q} & 0 \\ 0 & 0 & -\frac {1}{\delta }\mathsf {W} \end {bmatrix},\end {equation}


\begin {equation}\label {eqn:factor} \mathcal {P}_{\gamma \delta }^{-1} = \begin {bmatrix} \mathsf {A}_{\gamma \delta }^\mathsf {-1} & 0 & 0 \\ 0 & \mathsf {I}_m & 0 \\ 0 & 0 & \mathsf {I}_l \end {bmatrix} \begin {bmatrix} \mathsf {I}_n & \mathsf {B^T} & \mathsf {C^T} \\ 0 & -\mathsf {I}_m & 0 \\ 0 & 0 & -\mathsf {I}_l \end {bmatrix} \begin {bmatrix} \mathsf {I}_n & 0 & 0 \\ 0 & \gamma \mathsf {Q^{-1}} & 0 \\ 0 & 0 & \delta \mathsf {W^{-1}} \end {bmatrix},\end {equation}


$\mathsf {A}_{\gamma \delta } := \mathsf {A}+\gamma \mathsf {B^T} \mathsf {Q^{-1}} \mathsf {B} +\delta \mathsf {C^T} \mathsf {W^{-1}} \mathsf {C}$


$\mathsf {S_B}=\mathsf {B A^{-1}B^T}$


$\mathsf {M_p}$


$\operatorname {Ran}(\mathsf {B})$


$\mathsf {B}$


$\mathsf {Q:= M_p}$


$\mathsf {W := M_{\lambda }^2}$


\begin {equation}\label {eqn:mass_matrix_immersed_stokes} \bigl (\mathsf {M_\lambda }\bigr )_{\alpha ,\beta } := \int _{\Gamma } \boldsymbol {\psi }_\alpha \cdot \boldsymbol {\psi }_\beta \qquad \alpha ,\beta =1,\ldots ,l.\end {equation}


$\mathcal {P}_{\gamma \delta }$


$\mathsf {A}_{\gamma \delta }$


$\mathsf {Q}$


$\mathsf {W}$


$\mathsf {A}_{\gamma \delta }$


$\mathsf {B^T} \mathsf {Q^{-1}} \mathsf {B}$


$\mathsf {Q^{-1}}$


$\mathsf {B^T} \mathsf {Q^{-1}} \mathsf {B}$


$\mathsf {Q}$


$\mathsf {B^TB}$


$\mathsf {A}$


$(\mathsf {B^T} \mathsf {Q^{-1}} \mathsf {B})_{ij}$


$\forall i,j \in \{1, \ldots , n\}$


$\gamma \bigl (\nabla \cdot \boldsymbol {\varphi }_i,\nabla \cdot \boldsymbol {\varphi }_j \bigr )_{i,j}$


$\mathsf {A}$


$\mathsf {B^T Q^{-1} B}$


$\mathsf {A} \in \mathbb {R}^{578 \times 578}$


$\mathsf {B} \in \mathbb {R}^{81 \times 578}$


$\mathsf {C} \in \mathbb {R}^{34\times 578}$


$\mathsf {A_{\text {GD}}}$


$\mathsf {A}$


$\mathsf {A}$


$\mathsf {A}+\mathsf {B^T} \mathsf {Q^{-1}} \mathsf {B}$


$\mathsf {A}$


$\mathsf {Q}$


$\mathsf {C^T W^{-1} C}$


$\mathsf {W}$


$\mathsf {C^T C}$


$\mathsf {B^T B}$


$\mathsf {A}$


$\mathsf {A}_{\gamma \delta }$


$10^{-2}$


\begin {equation}\label {eqn:prec_diagona} \mathcal {P}_{\text {sym}, \gamma \delta } = \begin {bmatrix} \mathsf {A}_{\gamma \delta } & 0 & 0 \\ 0 & \frac {1}{\gamma }\mathsf {Q} & 0 \\ 0 & 0 & \frac {1}{\delta }\mathsf {W} \end {bmatrix}.\end {equation}


$\mathcal {P}_{\gamma \delta }$


$\mathcal {P}_{\gamma \delta }$


$\mathsf {A}_{\gamma \delta }$


$\mathcal {A}_{\gamma \delta }$


$\mathcal {P}_{\gamma \delta }^{-1} \mathcal {A}_{\gamma \delta }$


$\operatorname {Spec}(\mathsf {M})$


$\mathsf {M}$


$\mathcal {A}_{\gamma \delta }$


$\mathcal {P}_{\gamma \delta }$


$\mathcal {P}^{-1}_{ \gamma \delta } \mathcal {A}_{\gamma \delta }$


$(\mathsf {x; y; z})$


$\mathcal {P}_{\gamma \delta }^{-1} \mathcal {A}_{\gamma \delta }$


\begin {equation*}\operatorname {Spec}(\mathcal {P}_{\gamma \delta }^{-1} \mathcal {A}_{\gamma \delta }) \subseteq \left [ \min (\eta , \epsilon , \theta ), 1 \right ],\end {equation*}


\begin {equation*}\eta = \min \left \{\frac {\gamma \mathsf {x^T} \mathsf {B^T} \mathsf {Q}^{-1}\mathsf {B} \mathsf x }{\mathsf {x^T} (\mathsf {A} + \gamma \mathsf {B^T} \mathsf {Q^{-1}} \mathsf {B} )\mathsf x } \;\biggm |\; \mathsf x \in \ker (\mathsf {C}) \setminus \ker (\mathsf {B})\right \},\end {equation*}


\begin {equation*}\epsilon = \min \left \{\frac {\delta \mathsf {x^T} \mathsf {C^T} \mathsf {W}^{-1}\mathsf {C} \mathsf x }{\mathsf {x^T} (\mathsf {A} + \delta \mathsf {C^T} \mathsf {W^{-1}} \mathsf {C} )\mathsf x } \;\biggm |\; \mathsf x \in \ker (\mathsf {B}) \setminus \ker (\mathsf {C})\right \},\end {equation*}


\begin {equation*}\theta = \min \left \{\frac {\mathsf {x^T} (\gamma \mathsf {B^T} \mathsf {Q}^{-1}\mathsf {B} + \delta \mathsf {C^T} \mathsf {W}^{-1}\mathsf {C}) \mathsf x}{\mathsf {x^T}(\mathsf {A}+\gamma \mathsf {B^T} \mathsf {Q^{-1}} \mathsf {B} +\delta \mathsf {C^T} \mathsf {W^{-1}} \mathsf {C})\mathsf x} \;\biggm |\; \mathsf x \not \in \ker (\mathsf {B}) \cup \ker (\mathsf {C}) \right \},\end {equation*}


$\lambda = 1$


$n$


$\lambda $


$\mathcal {P}^{-1}_{ \gamma \delta } \mathcal {A}_{\gamma \delta }$


$(\mathsf x; \mathsf y; \mathsf z)$


\begin {equation}\begin {bmatrix}\label {eqn:eigenproblem} \mathsf {A}_{\gamma \delta } & \mathsf {B^T} & \mathsf {C^T} \\ \mathsf {B} & 0 & 0 \\ \mathsf {C} & 0 & 0 \end {bmatrix} \begin {bmatrix} {\mathsf x} \\ {\mathsf y} \\ {\mathsf z} \end {bmatrix}= \lambda \begin {bmatrix} \mathsf {A}_{\gamma \delta } & \mathsf {B^T} & \mathsf {C^T} \\ 0 & -\frac {1}{\gamma } \mathsf {Q} & 0 \\ 0 & 0 & -\frac {1}{\delta } \mathsf {W} \end {bmatrix} \begin {bmatrix} {\mathsf x} \\ {\mathsf y} \\ {\mathsf z} \end {bmatrix},\end {equation}


\begin {align}&\mathsf {A}_{\gamma \delta } \mathsf x + \mathsf {B^T} \mathsf y + \mathsf {C^T} \mathsf z = \lambda (\mathsf {A}_{\gamma \delta } \mathsf x + \mathsf {B^T} \mathsf y + \mathsf {C^T} \mathsf z), \label {eqn:barAx} \\[6pt] &\mathsf {B} \mathsf x= -\frac {\lambda }{\gamma } \mathsf {Q} \mathsf y,\label {eqn:Bx} \\[6pt] &\mathsf {C} \mathsf x= -\frac {\lambda }{\delta } \mathsf {W} \mathsf z. \label {eqn:Cx}\end {align}


$\mathsf {B}$


$\mathsf x \ne \mathsf 0$


$\mathsf {Q}$


$\mathsf {W}$


$\mathsf x=\mathsf 0$


$(\mathsf x; \mathsf y; \mathsf z) = (\mathsf 0; \mathsf 0; \mathsf 0)$


$(\mathsf x; \mathsf y; \mathsf z)$


$\mathsf {x} \ne 0$


$\lambda = 1$


$\mathcal {P}^{-1}_{ \gamma \delta } \mathcal {A}_{\gamma \delta }$


$(\mathsf x; -\gamma \mathsf {Q}^{-1} \mathsf {B} \mathsf x; -\delta \mathsf {W}^{-1} \mathsf {C}\mathsf x)$


$\mathsf x \not \in \ker (\mathsf {B}) \cup \ker (\mathsf {C})$


$\lambda = 1$


$(\mathsf x; 0; -\delta \mathsf {W}^{-1} \mathsf {C}\mathsf x)$


$\mathsf x \in \ker (\mathsf {B}) \setminus \ker (\mathsf {C})$


$(\mathsf x; -\gamma \mathsf {Q}^{-1} \mathsf {B} \mathsf x; \mathsf 0)$


$\mathsf x \in \ker (\mathsf {C}) \setminus \ker (\mathsf {B})$


$(\mathsf x; \mathsf 0; \mathsf 0)$


$\mathsf x \in \ker (\mathsf {B}) \cap \ker (\mathsf {C})$


$n$


$\lambda \ne 1$


$\lambda \ne 0$


\begin {equation}\label {eqn:only_x} \mathsf {A}_{\gamma \delta } \mathsf x + \mathsf {B^T} \mathsf y + \mathsf {C^T} \mathsf z = 0,\end {equation}


\begin {equation*}\mathsf y = -\frac {\gamma }{\lambda } \mathsf {Q}^{-1} \mathsf {B} \mathsf x \quad \text {and} \quad \mathsf z = -\frac {\delta }{\lambda } \mathsf {W}^{-1} \mathsf {C} \mathsf x.\end {equation*}


\begin {equation}\label {eqn:11} \mathsf {A}_{\gamma \delta } \mathsf x - \frac {\gamma }{\lambda } \mathsf {B^T} \mathsf {Q}^{-1}\mathsf {B} \mathsf x - \frac {\delta }{\lambda } \mathsf {C^T} \mathsf {W}^{-1}\mathsf {C} \mathsf x = \mathsf 0.\end {equation}


$\lambda \mathsf x^\ast $


\begin {equation*}\lambda \mathsf x^\ast \mathsf {A}_{\gamma \delta } \mathsf x - \mathsf x^\ast (\gamma \mathsf {B^T} \mathsf {Q}^{-1}\mathsf {B} + \delta \mathsf {C^T} \mathsf {W}^{-1}\mathsf {C}) \mathsf x = 0,\end {equation*}


\begin {equation}\label {eqn:lambda} \lambda = \frac {\mathsf x^\ast (\gamma \mathsf {B^T} \mathsf {Q}^{-1}\mathsf {B} + \delta \mathsf {C^T} \mathsf {W}^{-1}\mathsf {C}) \mathsf x}{\mathsf x^\ast (\mathsf {A}+\gamma \mathsf {B^T} \mathsf {Q^{-1}} \mathsf {B} +\delta \mathsf {C^T} \mathsf {W^{-1}} \mathsf {C})\mathsf x}.\end {equation}


$\gamma \mathsf {B^T} \mathsf {Q}^{-1}\mathsf {B} + \delta \mathsf {C^T} \mathsf {W}^{-1}\mathsf {C}$


$\mathsf {A}$


$\mathcal {P}^{-1}_{ \gamma \delta } \mathcal {A}_{\gamma \delta }$


$\lambda $


$\mathsf x^\ast $


$\mathsf {x^T}$


$\lambda < 1$


$1$


$\gamma $


$\delta \rightarrow \infty $


$\mathsf x \in \ker (\mathsf {C}) \setminus \ker (\mathsf {B})$


\begin {equation*}0 <\eta \le \lambda = \frac {\gamma \mathsf x^\ast \mathsf {B^T} \mathsf {Q}^{-1}\mathsf {B} \mathsf x }{\mathsf x^\ast (\mathsf {A} + \gamma \mathsf {B^T} \mathsf {Q^{-1}} \mathsf {B} )\mathsf x} < 1,\end {equation*}


\begin {equation*}\eta = \min \left \{\frac {\gamma \mathsf x^\ast \mathsf {B^T} \mathsf {Q}^{-1}\mathsf {B} \mathsf x }{\mathsf x^\ast (\mathsf {A} + \gamma \mathsf {B^T} \mathsf {Q^{-1}} \mathsf {B} )\mathsf x } \;\biggm |\; \mathsf x \in \ker (\mathsf {C}) \setminus \ker (\mathsf {B})\right \}.\end {equation*}


$\mathsf x \in \ker (\mathsf {B}) \setminus \ker (\mathsf {C})$


\begin {equation*}0<\epsilon \le \lambda = \frac {\delta \mathsf x^\ast \mathsf {C^T} \mathsf {W}^{-1}\mathsf {C} \mathsf x }{\mathsf x^\ast (\mathsf {A}+\delta \mathsf {C^T} \mathsf {Q^{-1}} \mathsf {C} )\mathsf x} < 1,\end {equation*}


\begin {equation*}\epsilon = \min \left \{\frac {\delta \mathsf x^\ast \mathsf {C^T} \mathsf {W}^{-1}\mathsf {C} \mathsf x }{\mathsf x^\ast (\mathsf {A} + \delta \mathsf {C^T} \mathsf {W^{-1}} \mathsf {C} )\mathsf x } \;\biggm |\; \mathsf x \in \ker (\mathsf {B}) \setminus \ker (\mathsf {C})\right \}.\end {equation*}


$\mathsf x \not \in \ker (\mathsf {B}) \cup \ker (\mathsf {C})$


\begin {equation*}0<\theta \le \lambda = \frac {\mathsf x^\ast (\gamma \mathsf {B^T} \mathsf {Q}^{-1}\mathsf {B} + \delta \mathsf {C^T} \mathsf {W}^{-1}\mathsf {C}) \mathsf x}{\mathsf x^\ast (\mathsf {A}+\gamma \mathsf {B^T} \mathsf {Q^{-1}} \mathsf {B} +\delta \mathsf {C^T} \mathsf {W^{-1}} \mathsf {C})\mathsf x}<1,\end {equation*}


\begin {equation*}\theta = \min \left \{\frac {\mathsf x^\ast (\gamma \mathsf {B^T} \mathsf {Q}^{-1}\mathsf {B} + \delta \mathsf {C^T} \mathsf {W}^{-1}\mathsf {C}) \mathsf x}{\mathsf x^\ast (\mathsf {A}+\gamma \mathsf {B^T} \mathsf {Q^{-1}} \mathsf {B} +\delta \mathsf {C^T} \mathsf {W^{-1}} \mathsf {C})\mathsf x} \;\biggm |\; \mathsf x \not \in \ker (\mathsf {B}) \cup \ker (\mathsf {C}) \right \}.\end {equation*}


$\lambda \ne 1$


$\mathsf x \in \ker (\mathsf {B}) \cap \ker (\mathsf {C})$


$\mathsf {A}_{\gamma \delta } \mathsf x = 0$


$\mathsf {A}_{\gamma \delta }$


$\mathsf x$


$\Omega = [0,1]^2$


$\omega = \mathcal {B}_{r}(\boldsymbol {c})$


$\boldsymbol {c} = (0.45,0.45)$


$r = 0.21$


$\mathcal {Q}_2$


$\mathcal {Q}_1$


$\mathcal {Q}_1$


$33$


$\mathsf {A} \in \mathbb {R}^{578 \times 578}$


$\mathsf {B} \in \mathbb {R}^{81 \times 578}$


$\mathsf {C} \in \mathbb {R}^{34\times 578}$


$\mathcal {A}_{\gamma \delta } \in \mathbb {R}^{677\times 677}$


$\mathsf {Q}$


$\mathsf {W}$


$\mathsf {Q} := \mathsf {M_p}$


$\mathsf {W} := \mathsf {M_{\lambda }^2}$


$\mathcal {A}_{\gamma \delta }$


$\mathcal {P}^{-1}_{ \gamma \delta } \mathcal {A}_{\gamma \delta }$


$\gamma $


$\delta $


$\delta $


$\gamma $


$(0, 1]$


$1$


$\delta $


$\gamma $


$\mathsf {Q}$


$\mathsf {W}$


$\lambda $


$h_\Omega $


$h_\Gamma $


$\gamma $


$\delta $


$d=2$


$\Gamma $


$d=3$


$\Lambda _h$


$C>0$


$h_\Gamma $


\begin {equation}\label {eqn:inverse_estimate} ||\mu _h||_{-\frac {1}{2},\Gamma } \geq C h_{\Gamma }^{\frac {1}{2}} ||\mu _h||_{0,\Gamma } \qquad \forall \mu _h \in \Lambda _h.\end {equation}


$V_h$


$\Lambda _h$


$h_{\Omega }/h_{\Gamma }$


$\Gamma _h$


$\tilde \beta _2$


$h_\Omega $


$h_{\Gamma }$


\begin {equation}\label {inf-sup2} \inf _{\mu _h \in \Lambda _h} \sup _{v_h \in V_h} \frac {\langle \mu _h, v_h \rangle _{\Gamma }}{||\mu _h||_{0,\Gamma } \, ||v_h||_{1,\Omega }}\ge h_{\Gamma }^{-\frac {1}{2}} \tilde \beta _2.\end {equation}


$H^{\frac {1}{2}}$


$H^{-\frac {1}{2}}$


$\mathsf {M}$


$\mathsf {N}$


$\lambda _1 \le \ldots \le \lambda _n$


$\mathsf {v}_1, \ldots , \mathsf {v}_n \in \mathbb {R}^n$


$\mathsf {M} \mathsf {v}_i = \lambda _i \mathsf {N} \mathsf {v}_i.$


$\mathsf {x} \in \mathbb {R}^n$


$\lambda _1$


\begin {equation*}\lambda _1 = \min _{\mathsf {x} \neq 0} \frac {\mathsf {x^T} \mathsf {M} \mathsf {x}}{\mathsf {x^T} \mathsf {N} \mathsf {x}}, \quad \text {achieved when } \mathsf {x} = \pm \mathsf {v}_1.\end {equation*}


$\lambda _{2}$


\begin {equation*}\lambda _{2} = \min _{\substack {\mathsf {x} \neq 0 \\ \mathsf {x^T} \mathsf {N} \mathsf {v}_1 = 0}} \frac {\mathsf {x^T} \mathsf {M} \mathsf {x}}{\mathsf {x^T} \mathsf {N} \mathsf {x}}, \quad \text {achieved when } \mathsf {x} = \pm \mathsf {v}_{2},\end {equation*}


\begin {align}|v_h|_{1,\Omega } &= (\mathsf {v^T} \mathsf {A} \mathsf {v})^{1/2}, \label {eq:norm1} \\[6pt] \|\mu _h\|_{0,\Gamma } &= (\mathsf {\upmu ^T} \mathsf {M_\lambda } \mathsf {\upmu })^{1/2}, \label {eq:norm2} \\[6pt] \|q_h\|_{0,\Omega } &= (\mathsf {q^T} \mathsf {M_p} \mathsf {q})^{1/2}, \label {eq:norm3}\end {align}


$\mathsf v$


$\mathsf {q}$


$\mathsf {\upmu }$


$\mathsf {A}, \mathsf {M_p}, \mathsf {M_{\lambda }}$


$\mathsf {A}, \mathsf {B}$


$\mathsf {M_p}$


$\beta _1 > 0$


\begin {equation}\label {eq:13} \beta _1^2 = \min _{\{\mathsf {v} \in \mathbb {R}^n | \mathsf {u^T}\mathsf {Av} =0 \,\, \text {for} \,\, \mathsf {u} \in \ker (\mathsf {B})\}} \frac {\mathsf {v^T} \mathsf {B^T} \mathsf {M_p^{-1}} \mathsf {B} \mathsf v}{\mathsf {v^T} \mathsf {A} \mathsf v}.\end {equation}


$\mathsf {A}$


$\mathsf {B}$


$\mathsf {M_p}$


$\Omega $


$\mathsf {A}, \mathsf {C}$


$\mathsf {M_\lambda }$


$\bar \beta _2$


$h_\Gamma $


\begin {equation}\bar \beta _2^2 \le \min _{\{\mathsf {v} \in \mathbb {R}^n | \mathsf {u^T}\mathsf {Av} =0 \,\, \text {for}\,\, \mathsf {u} \in \ker (\mathsf {C})\}} \frac {\mathsf {v^T} \mathsf {C^T} \mathsf {M_\lambda ^{-2}}\mathsf {C} \mathsf v}{\mathsf {v^T}\mathsf {A} \mathsf v}. \label {Xeqn45-49}\end {equation}


$\langle \mu _h, v_h \rangle _{\Gamma } = \mathsf {v^T}\mathsf {C^T} \mathsf {\upmu }$


\begin {equation}\label {eq:inf-sup3} \inf _{\mathsf {\upmu } } \sup _{\mathsf {v}} \frac {\mathsf {v^T C^T} \mathsf {\upmu }}{(\mathsf {v^T A v})^{\frac {1}{2}}\,(\mathsf {\upmu ^T} h_\Gamma \mathsf {M_\lambda } \mathsf {\upmu })^{\frac {1}{2}}}\ge \tilde \beta _2.\end {equation}


$0<\sigma _1 \leq \sigma _2 \leq \ldots \leq \sigma _l$


$l$


\begin {equation}\label {eq:eigenLBB} \mathsf {C^T} h_\Gamma ^{-1} \mathsf {M_\lambda ^{-1}}\mathsf {C}\mathsf v = \sigma \mathsf {A} \mathsf v.\end {equation}


$\sigma _1$


$\mathsf {C^T} h_\Gamma ^{-1} \mathsf {M_\lambda ^{-1}}\mathsf {C}$


\begin {equation}\label {eq:min} \tilde \beta _2^2 = \sigma _1 = \min _{\{\mathsf {v} \in \mathbb {R}^n | \mathsf {u^T}\mathsf {Av} =0 \,\, \text {for}\,\, \mathsf {u} \in \ker (\mathsf {C})\}} \frac {\mathsf {v^T} \mathsf {C^T} h_\Gamma ^{-1} \mathsf {M_\lambda ^{-1}}\mathsf {C} \mathsf v}{\mathsf {v^T}\mathsf {A} \mathsf v}.\end {equation}


$(h_\Gamma \mathsf {M_\lambda })^{-1}$


$\mathsf {M_\lambda ^{-2}}$


\begin {equation}\label {eq:bounds} 0 < \frac {c}{C^2} \le \frac {\mathsf {\upmu ^T} \mathsf {M_\lambda ^{-2}} \mathsf {\upmu }}{\mathsf {\upmu ^T} (h_\Gamma \mathsf {M_\lambda })^{-1} \mathsf {\upmu }} \le \frac {C}{c^2},\end {equation}


$c, C$


$\mathsf {\upmu } = \mathsf {C} \mathsf v$


$\frac {\mathsf {\upmu ^T} (h_\Gamma \mathsf {M_\lambda })^{-1} \mathsf {\upmu }}{\mathsf {v^T} \mathsf {A} \mathsf v}$


\begin {equation*}0 < \frac {c}{C^2} \frac {\mathsf {v^T} \mathsf {C^T}(h_\Gamma \mathsf {M_\lambda })^{-1} \mathsf {C}\mathsf v}{\mathsf {v^T} \mathsf {A} \mathsf v}\le \frac {\mathsf {v^T} \mathsf {C^T} \mathsf {M_\lambda ^{-2}} \mathsf {C}\mathsf v,}{\mathsf {v^T} \mathsf {A} \mathsf v} \le \frac {C}{c^2} \frac {\mathsf {v^T}\mathsf {C^T}(h_\Gamma \mathsf {M_\lambda })^{-1} \mathsf {C} \mathsf v}{\mathsf {v^T} \mathsf {A} \mathsf v}.\end {equation*}


\begin {equation}\label {eq:eiginfsup1} \bar \beta _2^2 \le \min _{\{\mathsf {v} \in \mathbb {R}^n | \mathsf {u^T}\mathsf {Av} =0 \text { for } \mathsf {u} \in \ker (\mathsf {C})\}}\frac {\mathsf {v^T} \mathsf {C^T} \mathsf {M_\lambda ^{-2}}\mathsf {C}\mathsf v}{\mathsf {v^T}\mathsf {A} \mathsf v}\end {equation}


$\bar \beta _2^2 := \frac {{c}}{C^2}\sigma _1$


$h_\Gamma $


$\mathsf {A}, \mathsf {B}, \mathsf {C}, \mathsf {M_p}$


$\mathsf {M_\lambda }$


$\bar \beta _3>0$


$h_\Omega $


$h_\Gamma $


\begin {equation}\label {eq:13} \bar \beta _3^2 \le \min _{\{\mathsf {v} \in \mathbb {R}^n | \mathsf {u^T}\mathsf {Av} =0 \text { for } \mathsf {u} \in \ker (\mathsf {C}) \cap \ker (\mathsf {B})\}} \frac {\mathsf {v^T} (\mathsf {B^T} \mathsf {M_p^{-1}} \mathsf {B} + \mathsf {C^T} \mathsf {M_\lambda ^{-2}} \mathsf {C}) \mathsf v}{\mathsf {v^T} \mathsf {A} \mathsf v}.\end {equation}


\begin {equation}\label {eqn:LM-stokes-3} \begin {aligned} (\nabla \mathbf {v}_h, \nabla \mathbf {u}_h)_{\Omega } - (\nabla \cdot \mathbf {v}_h,p_h)_{\Omega } + \langle \mathbf {\lambda }_h, \mathbf {v}_h\rangle _{\Gamma } & = (\mathbf {f},\mathbf {v}_h)_{\Omega } & & \quad \forall \mathbf {v}_h \in V_h, \\[6pt] -(\nabla \cdot \mathbf {u}_h,q_h)_{\Omega }+\langle \boldsymbol {\mu }_h, \mathbf {u}_h\rangle _{\Gamma } & = \langle \boldsymbol {\mu }_h,\mathbf {g}\rangle _{\Gamma } & & \quad \forall (q_h, \boldsymbol {\mu }_h) \in M_h. \end {aligned}\end {equation}


\begin {equation}\left [ \begin {array}{ccc} \mathsf {A} & \mathsf {B^T} & \mathsf {C^T} \\ \mathsf {B} & 0 & 0 \\ \mathsf {C} & 0 & 0 \end {array} \right ] = \begin {bmatrix} \mathsf {A} & \mathsf {D^T} \\ \mathsf {D} & 0 \\ \end {bmatrix}, \label {Xeqn53-57}\end {equation}


$\mathsf {D} := \begin {bmatrix} \mathsf {B} \\ \mathsf {C} \end {bmatrix}$


$d: V \times M \rightarrow \mathbb {R}$


$d(\mathbf {v},(q,\boldsymbol {\mu })) = (\nabla \cdot \mathbf {v},q)_{\Omega } + \langle \boldsymbol {\mu },\mathbf {v}\rangle _{\Gamma }$


$d(\cdot ,\cdot )$


\begin {equation*}d(\mathbf {v}_h,(q_h,\boldsymbol {\mu }_h)) = \mathsf {v^T} \mathsf {B^T} \mathsf {q} + \mathsf {v^T} \mathsf {C^T}\mathsf {\upmu } .\end {equation*}


\begin {equation*}||(\boldsymbol {\mu }_h, q_h)||^2_{M}= ||q_h||_Q^2 + ||\boldsymbol {\mu }_h||_\Lambda ^2,\end {equation*}


\begin {equation}\label {eq:inf-sup3} \inf _{(\mathsf {\upmu }, \mathsf {q}) } \sup _{\mathsf {v}} \frac {\mathsf {v^T B^T} \mathsf {q} + \mathsf {v^T C^T} \mathsf {\upmu }}{(\mathsf {v^T A v})^{\frac {1}{2}}\,(\mathsf {q^T M_p q} + \mathsf {\upmu ^T} h_\Gamma \mathsf {M_\lambda } \mathsf {\upmu })^{\frac {1}{2}}}\ge \tilde \beta _3.\end {equation}


$0<\sigma _1 \leq \sigma _2 \leq \ldots $


\begin {equation}\label {eq:eigenLBB} (\mathsf {B^T M_p^{-1}B} + \mathsf {C^T} h_\Gamma ^{-1} \mathsf {M_\lambda ^{-1}}\mathsf {C})\mathsf v = \sigma \mathsf {A} \mathsf v.\end {equation}


$\sigma _1$


\begin {equation}\label {eqn:h-combined-algebraic} \tilde \beta _3^2 = \sigma _1 = \min _{\{\mathsf {v} \in \mathbb {R}^n | \mathsf {u^T}\mathsf {Av} =0 \,\, \text {for}\,\, \mathsf {u} \in \ker (\mathsf {B}) \cap \ker (\mathsf {C})\}} \frac {\mathsf {v^T B^T M_p^{-1}B v} + \mathsf {v^T} \mathsf {C^T} h_\Gamma ^{-1} \mathsf {M_\lambda ^{-1}}\mathsf {C} \mathsf v}{\mathsf {v^T}\mathsf {A} \mathsf v}.\end {equation}


$(h_\Gamma \mathsf {M_\lambda })^{-1}$


$\mathsf {M_\lambda ^{-2}}$


\begin {equation}\label {eqn:combined_algebraic} \bar \beta _3^2 \le \min _{\{\mathsf {v} \in \mathbb {R}^n | \mathsf {u^T}\mathsf {Av} =0 \,\, \text {for}\,\, \mathsf {u} \in \ker (\mathsf {B}) \cap \ker (\mathsf {C})\}} \frac {\mathsf {v^T B^T M_p^{-1}B v} + \mathsf {v^T} \mathsf {C^T} \mathsf {M_\lambda ^{-2}}\mathsf {C} \mathsf v}{\mathsf {v^T}\mathsf {A} \mathsf v}.\end {equation}


$V_h$


$Q_h$


$\Lambda _h$


$\mathsf {Q} := \mathsf {M_p}$


$\mathsf {W} := \mathsf {M_\lambda ^2}$


\begin {equation*}\operatorname {Spec}(\mathcal {P}_{\gamma \delta }^{-1} \mathcal {A}_{\gamma \delta }) \subseteq \left [ \min (\eta , \epsilon , \theta ), 1 \right ]\end {equation*}


$h_\Omega $


$h_\Gamma $


$\mathcal {P}^{-1}_{ \gamma \delta } \mathcal {A}_{\gamma \delta }$


$0$


$1$


\begin {equation}\label {eq:gen_EP} (\gamma \mathsf {B^T} \mathsf {Q}^{-1}\mathsf {B} + \delta \mathsf {C^T} \mathsf {W}^{-1}\mathsf {C}) \mathsf x = \lambda (\mathsf {A}+\gamma \mathsf {B^T} \mathsf {Q^{-1}} \mathsf {B} +\delta \mathsf {C^T} \mathsf {W^{-1}} \mathsf {C})\mathsf x,\end {equation}


$\mathsf x^\ast $


$\mathsf {x^T}$


$\lambda _{\min }^+$


$\Omega \subset \mathbb {R}^3$


$\Gamma $


$\Gamma _h$


$\Gamma _h$


\begin {equation}c h_\Gamma ^2 \le \frac { \mathsf {\upmu ^T}\mathsf {M_\lambda } \mathsf {\upmu } }{\mathsf {\upmu ^T} \mathsf {\upmu }} \le C h_\Gamma ^2 \quad \quad \forall \mathsf {\upmu } \in \mathbb {R}^l, \label {Xeqn64-68}\end {equation}


\begin {equation}\label {eq:bounds1} 0 < \frac {c}{C^2 h_\Gamma } \le \frac {\mathsf {\upmu ^T} \mathsf {M_\lambda ^{-2}} \mathsf {\upmu }}{\mathsf {\upmu ^T} (h_\Gamma \mathsf {M_\lambda })^{-1} \mathsf {\upmu }} \le \frac {C}{c^2 h_\Gamma }.\end {equation}


$\mathsf {\upmu } = C \mathsf v$


\begin {equation}\label {eq:2d} \min _{\{\mathsf {v} \in \mathbb {R}^n | \mathsf {u^T}\mathsf {Av} =0 \text { for } \mathsf {u} \in \ker (\mathsf {C}\}}\frac {\mathsf {v^T} \mathsf {C^T} \mathsf {M_\lambda ^{-2}}\mathsf {C}\mathsf {v} }{ \mathsf {v^T}\mathsf {A} \mathsf v } \ge \frac {\bar \beta _2^2}{h_\Gamma }.\end {equation}


\begin {equation}\label {eqn:bound_h_beta} 0<\frac {\delta \bar \beta _2^2}{h_\Gamma +\delta \bar \beta _2^2} \le \epsilon \quad \quad \text {for}\,\, \mathsf x \in \ker (\mathsf {B})\setminus \ker (\mathsf {C}).\end {equation}


\begin {equation}0 < \frac {\min \{\gamma ,\delta \} \,\, \tilde {\beta }^2_3}{\max \big \{1, \frac {C^2 h_{\Gamma }}{c}\big \}+\min \{\gamma ,\delta \} \,\, \tilde {\beta }^2_3} \leq \theta \quad \quad \text {for} \,\,\mathsf {x} \notin \ker (\mathsf {B}) \cup \ker (\mathsf {C}). \label {Xeqn68-72}\end {equation}


$h_\Gamma $


$h_\Gamma \rightarrow 0$


$1$


$\mathcal {P}_{\gamma \delta }$


$\gamma $


$\delta $


$\mathsf {{\bar A}}$


$\mathsf {A}_{\gamma \delta }$


$\mathsf {P}$


$\mathcal {P}_{\gamma \delta }$


\begin {equation}\label {eq:prec_id} \mathsf {P}= \begin {bmatrix} \mathsf {{\bar A}} & \mathsf {B^T} & \mathsf {C^T} \\ 0 & -\frac {1}{\gamma }\mathsf {Q} & 0 \\ 0 & 0 & -\frac {1}{\delta }\mathsf {W} \end {bmatrix}.\end {equation}


\begin {equation*}\mathsf {S} := \frac {1}{\gamma }\mathsf {Q} \qquad \text {and} \qquad \mathsf {X} := \frac {1}{\delta }\mathsf {W}.\end {equation*}


$\mathsf {P}$


$\mathsf {Q}$


$\mathsf {W}$


\begin {equation*}\mathsf {\bar {P}} := \begin {bmatrix} \widehat {\mathsf {A}} & \mathsf {B^T} & \mathsf {C^T} \\ 0 & -\widehat {\mathsf {S}} & 0 \\ 0 & 0 & -\widehat {\mathsf {X}} \end {bmatrix},\end {equation*}


$\widehat {\mathsf {A}}$


$\widehat {\mathsf {S}}$


$\widehat {\mathsf {X}}$


$\mathsf {\bar A}$


$\mathsf {S}$


$\mathsf {X}$


$\widehat {\mathsf {A}}^{-1} \mathsf {\bar A}$


$\widehat {\mathsf {S}}^{-1} \mathsf {\tilde {S}}$


$\widehat {\mathsf {X}}^{-1} \mathsf {\tilde {X}}$


$\tilde {\mathsf {S}} = \mathsf {B}\widehat {\mathsf {A}}^{-1} \mathsf {B^T}$


$\tilde {\mathsf {X}} = \mathsf {C}\widehat {\mathsf {A}}^{-1} \mathsf {C^T}$


\begin {align}\gamma _{\text {min}}^A = \lambda _{\text {min}}(\widehat {\mathsf {A}}^{-1} \mathsf {\bar A}), \qquad \gamma _{\text {max}}^A = \lambda _{\text {max}}(\widehat {\mathsf {A}}^{-1} \mathsf {\bar A}), \qquad \gamma _A \in [\gamma _{\text {min}}^A,\gamma _{\text {max}}^A], \label {Xeqn70-74} \\[6pt] \gamma _{\text {min}}^S = \lambda _{\text {min}}^+(\widehat {\mathsf {S}}^{-1} \mathsf {\tilde {S}}), \qquad \gamma _{\text {max}}^S = \lambda _{\text {max}}(\widehat {\mathsf {S}}^{-1} \mathsf {\tilde {S}}), \qquad \gamma _S \in [\gamma _{\text {min}}^S,\gamma _{\text {max}}^S], \label {Xeqn71-75} \\[6pt] \gamma _{\text {min}}^X = \lambda _{\text {min}}(\widehat {\mathsf {X}}^{-1} \mathsf {\tilde {X}}), \qquad \gamma _{\text {max}}^X = \lambda _{\text {max}}(\widehat {\mathsf {X}}^{-1} \mathsf {\tilde {X}}), \qquad \gamma _X \in [\gamma _{\text {min}}^X,\gamma _{\text {max}}^X]. \label {Xeqn72-76}\end {align}


$\mathsf {B}$


$\tilde {\mathsf S}$


$\widehat {\mathsf {S}}^{-1} \tilde {\mathsf S}$


$\widehat {\mathsf {S}}^{-\frac {1}{2}} \tilde {\mathsf {S}} \widehat {\mathsf {S}}^{-\frac {1}{2}}$


$\widehat {\mathsf {S}}^{-1} \tilde {\mathsf S}$


$0$


$\lambda _{\min } ^+(\widehat {\mathsf {S}}^{-1} \mathsf {\tilde {S}})$


$\bar {\mathsf {P}}^{-1}\mathcal {A}_{\gamma \delta }$


\begin {equation}\label {eqn:equivalent_eigs} \mathsf {\bar {D}}^{-\frac {1}{2}}\mathcal {A}_{\gamma \delta }\mathsf {\bar {D}}^{-\frac {1}{2}} \mathsf {w} = \lambda \mathsf {\bar {D}}^{-\frac {1}{2}}\mathsf {\bar {P}}\mathsf {\bar {D}}^{-\frac {1}{2}} \mathsf {w},\end {equation}


\begin {equation*}\mathsf {\bar {D}} := \begin {bmatrix} \widehat {\mathsf {A}} & 0 & 0 \\ 0 & \widehat {\mathsf {S}} & 0 \\ 0 & 0 & \widehat {\mathsf {X}} \end {bmatrix}.\end {equation*}


$\mathsf {\tilde {A}} := \widehat {\mathsf {A}}^{-\frac {1}{2}} {\mathsf {\bar A}} \widehat {\mathsf {A}}^{-\frac {1}{2}}$


$\mathsf {R}:= \widehat {\mathsf {S}}^{-\frac {1}{2}} \mathsf {B} \widehat {\mathsf {A}}^{-\frac {1}{2}}$


$\mathsf {K} := \widehat {\mathsf {X}}^{-\frac {1}{2}} \mathsf {C} \widehat {\mathsf {A}}^{-\frac {1}{2}}$


$\widehat {\mathsf {A}}$


$\widehat {\mathsf {S}}$


$\widehat {\mathsf {X}}$


$\mathsf {B}$


$\mathsf {C}$


$\tilde {\mathsf A}$


$\mathsf R$


$\mathsf {B}$


$\mathsf {K}$


\begin {equation}\begin {bmatrix}\label {eqn:inexact_prec_system} \mathsf {\tilde {A}} & \mathsf {R^T} & \mathsf {K^T} \\ \mathsf {R} & 0 & 0 \\ \mathsf {K} & 0 & 0 \end {bmatrix} \begin {bmatrix} \mathsf x \\ \mathsf y \\ \mathsf z \end {bmatrix}=\lambda \begin {bmatrix} \mathsf {I} & \mathsf {R^T} & \mathsf {K^T} \\ 0 & -\mathsf {I} & 0 \\ 0 & 0 & -\mathsf {I} \end {bmatrix} \begin {bmatrix} \mathsf x \\ \mathsf y \\ \mathsf z \end {bmatrix}.\end {equation}


$\lambda $


$\bar {\mathsf {P}}^{-1}\mathcal {A}_{\gamma \delta }$


$(\mathsf x;\mathsf y; \mathsf z)$


$||\mathsf x||^2+||\mathsf y||^2+||\mathsf z||^2=1$


\begin {align}\mathsf {\tilde {A}} \mathsf x - \lambda \mathsf x &= (\lambda - 1)\mathsf {R^T} \mathsf y + (\lambda - 1)\mathsf {K^T} \mathsf z, \label {eqn:first-inexact} \\[6pt] \mathsf {R}\mathsf x &= -\lambda \mathsf y, \label {eqn:second-inexact} \\[6pt] \mathsf {K}\mathsf x &= -\lambda \mathsf z. \label {eqn:third-inexact}\end {align}


$1 \in [\gamma _{\text {min}}^A,\gamma _{\text {max}}^A]$


$\widehat {\mathsf {A}}^{-1} \mathsf {\bar A}$


$\tilde {\mathsf {A}}$


$\lambda =1$


$\bar {\mathsf {P}}^{-1}\mathcal {A}_{\gamma \delta }$


$(\mathsf x;-\mathsf {R}\mathsf x;\mathsf {-K} \mathsf x)$


$\mathsf x\ne 0$


$\lambda \ne 1$


$\mathsf x \ne 0$


$\mathsf x \in \ker (\mathsf {R}) \cap \ker (\mathsf {K})$


$\mathsf y=\mathsf z=0$


\begin {equation*}\mathsf {\tilde {A}} \mathsf x = \lambda \mathsf x,\end {equation*}


$\lambda $


\begin {equation}\lambda \in [\gamma _{\text {min}}^A,\gamma _{\text {max}}^A]. \label {Xeqn78-82}\end {equation}


$(\mathsf x;0;0)$


$\mathsf x \in \ker (\mathsf {K})\setminus \ker (\mathsf {R})$


$\mathsf z=0$


\begin {align}\mathsf {\tilde {A}} \mathsf x - \lambda \mathsf x &= (\lambda - 1)\mathsf {R^T} \mathsf y, \label {eqn:x_inexact_kerK} \\[6pt] \mathsf {R}\mathsf x &= -\lambda \mathsf y. \label {eqn:Rx_inexact_kerK}\end {align}


$\mathsf x^{*}$


$\mathsf y$


\begin {equation*}\mathsf x^{*} \mathsf {\tilde {A}} \mathsf x - \lambda ||\mathsf x||^2 = -|\lambda |^2 ||\mathsf y||^2 + \bar {\lambda } ||\mathsf y||^2.\end {equation*}


$||\mathsf x||^2=1-||\mathsf y||^2$


\begin {equation}\label {eqn:kerK} \mathsf x^{*} \mathsf {\tilde {A}} \mathsf x - \lambda +(\lambda -\bar {\lambda }) ||\mathsf y||^2 + |\lambda |^2 ||\mathsf y||^2=0.\end {equation}


$\lambda =a + ib$


\begin {equation}\label {eqn:be_real} \begin {cases} \mathsf x^{*} \mathsf {\tilde {A} \mathsf x} - a + (a^2+b^2)||\mathsf y||^2=0, \\ b(2||\mathsf y||^2 -1)=0. \end {cases}\end {equation}


$b=0$


$||\mathsf y||^2=\frac {1}{2}.$


$b\ne 0$


\begin {equation}\label {eqn:kerK_bne0} 2\,\mathsf x^{*} \mathsf {\tilde {A}} \mathsf x - \lambda -\bar {\lambda } + |\lambda |^2=0\end {equation}


$|\lambda |^2-\lambda -\bar {\lambda }= |\lambda -1|^2 -1$


$\mathsf x^{*}\mathsf x= ||\mathsf x||^2=\frac {1}{2},$


\begin {equation*}2 |\lambda - 1|^2 = 2-2 \frac {\mathsf x^{*} \mathsf {\tilde {A}} \mathsf x}{\mathsf x^{*}\mathsf x},\end {equation*}


\begin {equation*}|\lambda -1|^2 \leq 1 - \gamma _{\text {min}}^A.\end {equation*}


$1-\gamma _{\text {min}}^A \geq 0$


\begin {equation}\label {eq:circle} |\lambda -1| \leq \sqrt {1 - \gamma _{\text {min}}^A}.\end {equation}


$1 - \gamma _{\text {min}}^A <0$


$\lambda $


$\lambda = a+ib$


\begin {equation*}(a-1)^2 +b^2 \le 1-\gamma _{\text {min}}^A,\end {equation*}


$(1,0)$


$\sqrt {1-\gamma _{\text {min}}^A}$


$1-\gamma _{\text {min}}^A \ge 0$


$\lambda $


$b=0$


$\lambda $


$\mathsf x$


\begin {equation*}\mathsf x = \bigl ( \mathsf {\tilde {A}} - \lambda \mathsf {I} \bigr )^{-1} (\lambda -1)\mathsf {R^T} \mathsf y,\end {equation*}


\begin {equation}\label {eqn:eqlemma} \mathsf R \bigl ( \mathsf {\tilde {A}} - \lambda \mathsf {I} \bigr )^{-1} (1-\lambda )\mathsf {R^T} \mathsf y=\lambda \mathsf y.\end {equation}


$[\gamma _{\min }^A, \gamma _{\max }^A]$


$\lambda \not \in [\gamma _{\text {min}}^A,\gamma _{\text {max}}^A]$


$\mathsf z \ne 0$


$\mathsf s \ne 0$


\begin {equation}\frac {\mathsf z^T \bigl (\mathsf {\tilde {A}} - \lambda \mathsf {I} \bigr )^{-1}\mathsf z}{\mathsf z^T \mathsf z} = \Biggl ( \frac {\mathsf {s^T} \mathsf {\tilde {A}}\mathsf {s}}{\mathsf {s^T} \mathsf {s}} - \lambda \Biggr )^{-1} = (\gamma _A -\lambda )^{-1} \label {Xeqn86-90}\end {equation}


$\gamma _A := \frac {\mathsf {s^T} \mathsf {\tilde {A}}\mathsf {s}}{\mathsf {s^T} \mathsf {s}}$


$\frac {\mathsf {y^T}}{\mathsf {y^T} \mathsf {y}}$


\begin {equation*}(1 - \lambda )\, \frac {(\mathsf {R^T} \mathsf {y})^\mathsf {T} (\mathsf {\tilde {A}} - \lambda \mathsf {I})^{-1} (\mathsf {R^T} \mathsf {y})}{\mathsf {y^T} \mathsf {y}}=\lambda .\end {equation*}


\begin {equation*}(1 - \lambda )\, (\gamma _A - \lambda )^{-1} \frac {\mathsf {y^T} \mathsf {R} \mathsf {R^T} \mathsf {y}}{\mathsf {y^T} \mathsf {y}} = \lambda .\end {equation*}


$\mathsf {R}$


$\mathsf {R} \mathsf {R^T} = \mathsf {\hat {S}}^{-1/2} \mathsf {\tilde {S}} \mathsf {\hat {S}}^{-1/2}$


$\mathsf {\hat {S}}^{-1} \mathsf {\tilde {S}}$


\begin {equation*}\frac {\mathsf {y^T} \mathsf {R} \mathsf {R^T} \mathsf {y}}{\mathsf {y^T} \mathsf {y}} \in [\gamma _{\min }^S, \gamma _{\max }^S],\end {equation*}


\begin {equation*}(1-\lambda ) (\gamma _A -\lambda )^{-1} \gamma _S = \lambda .\end {equation*}


$\lambda $


\begin {equation*}\lambda ^2 - (\gamma _A + \gamma _S)\lambda + \gamma _S = 0.\end {equation*}


\begin {equation*}\lambda _{1,2}=\frac {\gamma _A+\gamma _S \pm \sqrt {(\gamma _A+\gamma _S)^2 - 4 \gamma _S}}{2}.\end {equation*}


$\lambda _{1}$


\begin {equation*}\lambda _{1}=\frac {\gamma _A+\gamma _S + \sqrt {(\gamma _A+\gamma _S)^2 - 4 \gamma _S}}{2} \leq \gamma _A +\gamma _S\leq \gamma _{\text {max}}^A + \gamma _{\text {max}}^S,\end {equation*}


\begin {equation*}\lambda _{2}=\frac {2 \gamma _S}{\gamma _A+\gamma _S + \sqrt {(\gamma _A+\gamma _S)^2 - 4 \gamma _S}} \geq \frac {\gamma _{\text {min}}^S}{\gamma _{\text {max}}^A+\gamma _{\text {max}}^S}.\end {equation*}


\begin {equation}\lambda \in \left [\frac {\gamma _{\text {min}}^S}{\gamma _{\text {max}}^A+\gamma _{\text {max}}^S}, \gamma _{\text {max}}^A + \gamma _{\text {max}}^S \right ]. \label {Xeqn87-91}\end {equation}


$\mathsf x \in \ker (\mathsf {R}) \setminus \ker (\mathsf {K})$


$b$


$b\ne 0$


$1-\gamma _{\text {min}}^A \geq 0$


\begin {equation}|\lambda -1| \leq \sqrt {1 - \gamma _{\text {min}}^A}. \label {Xeqn88-92}\end {equation}


$b=0$


\begin {equation}\lambda \in \left [\frac {\gamma _{\text {min}}^X}{\gamma _{\text {max}}^A+\gamma _{\text {max}}^X}, \gamma _{\text {max}}^A + \gamma _{\text {max}}^X \right ]. \label {Xeqn89-93}\end {equation}


$\mathsf {x} \not \in \ker (\mathsf R) \cup \ker (\mathsf K)$


$\mathsf x^{*}$


$\mathsf y$


$\mathsf z$


\begin {align}\mathsf x^{*}\mathsf {\tilde {A}} \mathsf x - \lambda \|\mathsf x\|^2 &= (\lambda - 1)\mathsf x^{*}\mathsf {R^T} \mathsf y + (\lambda - 1)\mathsf x^{*}\mathsf {K^T} \mathsf z, \label {eqn:x-not-in-both-kers} \\[6pt] \mathsf x^{*}\mathsf {R^T}\mathsf y &= -\bar {\lambda }\, \|\mathsf y\|^2, \label {Xeqn91-95} \\[6pt] \mathsf x^{*}\mathsf {K^T}\mathsf z &= -\bar {\lambda }\, \|\mathsf z\|^2. \label {Xeqn92-96}\end {align}


\begin {equation*}\mathsf x^{*}\mathsf {\tilde {A}} \mathsf x- \lambda ||\mathsf x||^2 = -(\lambda -1)\bar {\lambda } ||\mathsf y||^2 -(\lambda -1)\bar {\lambda }||\mathsf z||^2,\end {equation*}


\begin {equation*}\mathsf x^{*}\mathsf {\tilde {A}} \mathsf x - \lambda ||\mathsf x||^2 = -|\lambda |^2 (||\mathsf y||^2 + ||\mathsf z||^2) + \bar {\lambda }(||\mathsf y||^2 + ||\mathsf z||^2).\end {equation*}


$||\mathsf x||^2+||\mathsf y||^2+||\mathsf z||^2=1$


\begin {equation}\label {eqn:realimag} \mathsf x^{*}\mathsf {\tilde {A}} \mathsf x = \Bigl ( |\lambda |^2 + \lambda - \bar {\lambda } \Bigr )||\mathsf x||^2 + \bar {\lambda } - |\lambda |^2.\end {equation}


$\lambda := a + ib$


\begin {equation}\begin {cases}\label {eqn:be-real-again} \mathsf x^{*}\mathsf {\tilde {A}} \mathsf x - (a^2+b^2) ||\mathsf x||^2 -a +a^2 +b^2=0, \\ b(1-2||\mathsf x||^2)=0, \end {cases}\end {equation}


$b=0$


$||\mathsf x||^2=\frac {1}{2}$


$b\ne 0$


\begin {equation}\label {eqn:imag-in-both-kers} 2\, \mathsf x^{*}\mathsf {\tilde {A}} \mathsf x = -|\lambda |^2 + \lambda + \bar {\lambda }.\end {equation}


$|\lambda |^2-\lambda -\bar {\lambda }= |\lambda -1|^2 -1$


$\mathsf x^{*}\mathsf x= ||\mathsf x||^2=\frac {1}{2},$


\begin {equation*}|\lambda - 1|^2 = 1- \frac {\mathsf x^{*} \mathsf {\tilde {A}} \mathsf x}{\mathsf x^{*}\mathsf x},\end {equation*}


\begin {equation*}|\lambda -1|^2 \leq 1 - \gamma _{\text {min}}^A.\end {equation*}


$1-\gamma _{\text {min}}^A \geq 0$


\begin {equation}|\lambda -1| \leq \sqrt {1 - \gamma _{\text {min}}^A}. \label {Xeqn96-100}\end {equation}


$1 - \gamma _{\text {min}}^A <0$


$\lambda $


$b=0$


\begin {equation*}\mathsf y = -\frac {1}{\lambda }\mathsf {R}\mathsf x, \quad \quad \mathsf z = -\frac {1}{\lambda }\mathsf {K}\mathsf x.\end {equation*}


\begin {equation*}\mathsf {\tilde {A}} \mathsf x - \lambda \mathsf x = -\frac {(\lambda -1)}{\lambda }\mathsf {R^TR}\mathsf x -\frac {(\lambda -1)}{\lambda }\mathsf {K^TK}\mathsf x,\end {equation*}


$\frac {\lambda \mathsf {x^{T}}}{\mathsf {x^{T}} \mathsf x}$


$\lambda $


\begin {equation}\lambda ^2 - \lambda \Bigl ( \frac {\mathsf {x^{T}} \mathsf {\tilde {A}} \mathsf x}{\mathsf {x^{T}}\mathsf x} + \frac {\mathsf {x^{T}} \mathsf {R^T R} \mathsf x}{\mathsf {x^{T}}\mathsf x} + \frac {\mathsf {x^{T}} \mathsf {K^TK} \mathsf x}{\mathsf {x^{T}}\mathsf x} \Bigr ) + \Bigl ( \frac {\mathsf {x^{T}} \mathsf {R^T R} \mathsf x}{\mathsf {x^{T}}\mathsf x} + \frac {\mathsf {x^{T}} \mathsf {K^TK} \mathsf x}{\mathsf {x^{T}}\mathsf x} \Bigr ) =0. \label {Xeqn97-101}\end {equation}


\begin {equation*}\gamma _R := \frac {\mathsf {x^T} \mathsf {R^T R}\mathsf x}{\mathsf {x^T} \mathsf x} \quad \text {and} \quad \gamma _K := \frac {\mathsf {x^T}\mathsf {K^T K}\mathsf x}{\mathsf {x^T} \mathsf x}.\end {equation*}


\begin {equation}\lambda ^2 - \lambda ( \gamma _A + \gamma _R + \gamma _K) + \gamma _R + \gamma _K =0. \label {Xeqn98-102}\end {equation}


$\lambda $


\begin {equation*}\lambda _{1,2}=\frac {\gamma _A+\gamma _R + \gamma _K \pm \sqrt {(\gamma _A+\gamma _R + \gamma _K)^2 - 4 (\gamma _R + \gamma _K)}}{2}.\end {equation*}


$\lambda _{1}$


\begin {equation*}\lambda _{1}=\frac {\gamma _A+\gamma _R + \gamma _K + \sqrt {(\gamma _A+\gamma _R + \gamma _K)^2 - 4 (\gamma _R + \gamma _K)}}{2} \leq \gamma _A + \gamma _R + \gamma _K \leq \gamma _{\text {max}}^A + \gamma _{\text {max}}^R + \gamma _{\text {max}}^K,\end {equation*}


\begin {equation*}\lambda _{2}=\frac {2(\gamma _R + \gamma _K)}{(\gamma _A+\gamma _R + \gamma _K)+ \sqrt {(\gamma _A+\gamma _R + \gamma _K)^2 - 4 (\gamma _R + \gamma _K)}} \geq \frac { \gamma _{\text {min}}^R + \gamma _{\text {min}}^K}{\gamma _{\text {max}}^A + \gamma _{\text {max}}^R + \gamma _{\text {max}}^K}.\end {equation*}


$\mathsf {R}$


$\mathsf {R^TR}$


$\mathsf {K^TK}$


$\mathsf {RR^T}$


$\mathsf {KK^T}$


\begin {equation*}\gamma _R \in [0,\gamma _{\text {max}}^S] \quad \text {and} \quad \gamma _K \in [0,\gamma _{\text {max}}^X].\end {equation*}


$\mathsf x \not \in \ker (\mathsf R) \cup \ker (\mathsf K)$


$\mathsf {R^TR}$


$\mathsf {K^TK}$


$\gamma _R>0$


$\gamma _K>0$


$\gamma _R \in [\gamma _{\text {min}}^S,\gamma _{\text {max}}^S]$


$\gamma _K$


\begin {equation*}\lambda _{2} \geq \frac { \gamma _{\text {min}}^S + \gamma _{\text {min}}^X}{\gamma _{\text {max}}^A + \gamma _{\text {max}}^S + \gamma _{\text {max}}^X} > 0.\end {equation*}


\begin {equation}\lambda \in \left [\frac { \gamma _{\text {min}}^S + \gamma _{\text {min}}^X}{\gamma _{\text {max}}^A + \gamma _{\text {max}}^S + \gamma _{\text {max}}^X}, \gamma _{\text {max}}^A + \gamma _{\text {max}}^S +\gamma _{\text {max}}^X \right ]. \label {Xeqn99-103}\end {equation}


$\mathcal {P}_{\gamma \delta }$


$\widehat {\mathsf {M}}_\mathsf {p} := \text {diag}(\mathsf {M_p})$


$\widehat {\mathsf {M}}_\mathsf {\lambda } := \text {diag}(\mathsf {M_\lambda })^2$


$\mathsf {A}_{\gamma \delta }$


$10^{-1}$


$10^{-2}$


$\mathsf {M_p}$


$\mathsf {A}_{\gamma \delta }$


$\mathsf {M_p}$


$\mathsf {\bar A}$


$\mathsf {S}$


$\mathsf {X}$


$\mathsf {\widehat {A}} := \text {ichol}(\mathsf {\bar A}, \text {drop\_tol=}10^{-1}),$


$\mathsf {\widehat {S}} := \frac {1}{\gamma }\text {diag}\bigl (\mathsf {M_p}\bigr ),$


$\mathsf {\widehat {X}} := \frac {1}{\delta }\text {diag}\bigl (\mathsf {M_\lambda }\bigr )^2.$


$\bar {\mathsf P}^{-1} \mathcal {A}_{\gamma \delta }$


$\lambda = 0$


$\sqrt {1- \gamma _{\min }^\mathsf {A}}$


$\mathcal {Q}_1$


$V_h$


$\Lambda _h$


$\mathcal {Q}_2$


$\mathcal {Q}_1$


$V_h$


$Q_h$


$\mathcal {Q}_1$


$\Lambda _h$


$|V_h|+|\Lambda _h|$


$|V_h|+|Q_h|+|\Lambda _h|$


$\Omega _h$


$\Omega _h$


$\Gamma = \Gamma ^1$


$\Gamma = \Gamma ^2$


$\mathbf {u}$


$\Gamma ^6$


$\mathsf {Q=M_p}$


$\mathsf {W=M_\lambda ^2}$


$\mathrm {TOL}$


$10^{-8}$


$10^{-10}$


$\Gamma ^1$


$\Gamma ^4$


$\mathcal {P}_{\gamma \delta }$


$\mathcal {P}_{\text {sym}, \gamma \delta }$


$\mathbf {u}$


\begin {equation*}\mathcal {P}_{\text {BFBt}}^{-1} = \begin {bmatrix} \mathsf {\widehat {A}} & \mathsf {C^T} \\ 0 & -\mathsf {\widehat {S}} \end {bmatrix}^{-1},\end {equation*}


$\mathsf {\widehat {S}^{-1}:=(CC^T)^{-1}C{A}C^T(CC^T)^{-1}}.$


$h_{\Omega }^{-\frac {1}{2}}$


$\mathsf {\widehat {A}^{-1}}$


$10^{-2}$


\begin {equation*}\mathcal {P}_{\text {rational}}^{-1}:= \begin {bmatrix} \mathsf {\widehat {A}} & 0 \\ 0 & \mathsf {\widehat {S}} \end {bmatrix}^{-1}.\end {equation*}


$\mathsf {S} = \mathsf {C A^{-1} C^T}$


$\mathsf {\widehat {S}}$


$\mathsf {v}$


\begin {equation*}\mathsf {\widehat {S}}^{-1}\mathsf {v} = c_0 \mathsf {M_\lambda ^{-1}}\mathsf {v} + \sum _{i=1}^{N_p}c_i \bigl (\mathsf {A_{\lambda }} - \rho p_i \mathsf {M_\lambda }\bigr )^{-1}\mathsf {v},\end {equation*}


$c_i$


$p_i$


$\mathsf {A_\lambda }$


$\Lambda _h$


$\rho $


$\mathsf {M_\lambda ^{-1}A_\lambda }$


$\{p_i\}_{i=1}^{N_p}$


$\{c_i\}_{i=0}^{N_p}$


$N_p=20$


$\rho (\mathsf {M_\lambda ^{-1}A_\lambda })$


\begin {equation*}\rho (\mathsf {M_\lambda ^{-1}A_\lambda }) \leq d(d+1) ||\text {diag}(\mathsf {M_\lambda })^{-1}||_{\infty } ||\mathsf {A}||_{\infty }.\end {equation*}


$p_i \in \mathbb {R}$


$p_i \leq 0$


$\mathsf {\widehat {S}}^{-1}$


$N_p$


$10^{-14}$


$\mathsf {\widehat {A}^{-1}}$


$(1,1)$


$L^2(\Omega )$


$H^1(\Omega )$


$\Gamma ^1$


$u(x,y):= \sin (2\pi x)\sin (2\pi y)$


$L^2(\Omega )$


$H^1(\Omega )$


$h_\Omega $


$\Gamma ^1$


$\gamma =10$


$10^{-2}$


$\mathsf {\widehat {A}}_{\gamma }$


$\mathsf {W}$


$\mathrm {TOL}\! =\!10^{-10}$


$\Omega = [0, 1]^2$


$\{\Gamma ^{i}\}_{i=1,2,3}$


$\Gamma ^1 := \partial B_r(\boldsymbol {c})$


$\Gamma ^2 := \Bigl \{ \bigl ( R + x_c + r \cos (\theta \pi x)\cos (2\pi x),\, R + y_c + r \cos (\theta \pi x)\sin (2\pi x) \bigr ) \,\Big |\, x \in [0,1) \Bigr \},$


$\Gamma ^3 := \left \{ (x,y) \in \mathbb {R}^2: \min \left ( x - a, b - x, y - a, b - y \right ) = 0 \;|\; (x,y) \in [0,1]^2 \right \}$


$[a,b]^2$


$a >0$


$a<b<1$


$f=1$


$g=1$


$\mathrm {TOL}\! =\!10^{-6}$


$h_{\Omega }$


$u(x,y):= \sin (2 \pi x)\sin (2 \pi y)$


$f:=8 \pi u^2(x,y)$


$u$


$u$


$\Gamma $


$H^2(\Omega )$


$\mathrm {TOL}$


$\Gamma ^1$


$h_{\Omega }$


$\Gamma ^1$


$\Gamma ^2$


$h_{\Omega }$


$\Gamma ^2$


$\Gamma ^3$


$h_{\Omega }$


$\Gamma ^3$


$\Gamma ^1$


$\boldsymbol {c} = (0.4, 0.4)$


$r=0.2$


$\Gamma ^2$


$R=0.2$


$r=0.04$


$x_c=0.5$


$y_c=0.5$


$\theta =10$


$\Gamma ^3$


$a=0.25$


$b=0.5$


$h_{\Omega }$


$\mathsf {\widehat {A}}_{\gamma }$


$\mathcal {P}_{ \gamma \delta }$


$\Omega =[0,1]^2$


\begin {equation*}\mathbf {f} := [ 1, 0 ]^T, \quad \mathbf {g} := [ -0.5, 0.5 ]^T,\quad \Gamma ^{4}:=\partial \mathcal {B}_{r}(\boldsymbol {c}),\end {equation*}


$\boldsymbol {c}=(0.45,0.45)$


$r=0.21$


$\mathbf {g}$


$\gamma \! =\! \delta \! =\!10$


$\mathsf {Q}$


$\mathsf {W}$


$\mathsf {Q}$


$\mathsf {W}$


$V_h$


$10^{-2}$


$\mathrm {TOL}\!=\!10^{-8}$


$\mathrm {TOL}\! =\!10^{-8}$


$\mathsf {\widehat {A}}_{\gamma }$


$\gamma ,\delta $


$\mathsf {\widehat {A}}_{\gamma \delta }$


$\mathsf {Q^{-1}}$


$\mathsf {W^{-1}}$


$\mathsf {Q}$


$\mathsf {\widehat {M}_p}$


$\mathsf {W}$


$\mathbf {u}$


$\mathcal {P}_{\gamma \delta }$


$\mathcal {P}_{\text {sym}, \gamma \delta }$


$\mathcal {P}_{\gamma \delta }$


$\Gamma ^{5} := \partial B_r(\boldsymbol {c})$


$\Gamma ^{6} := \Bigl \{ (x,y,z) \in \mathbb {R}^3: \left (\sqrt {x^2 + y^2} - 0.3\right )^2 + z^2 - (0.1)^2 = 0\Bigr \},$


$\boldsymbol {c}=(\frac {1}{2},\frac {1}{2},\frac {1}{2})$


$r=0.1$


$\Gamma ^6$


$0.2$


$0.4$


\begin {equation*}\mathbf {f} := [ 1, 0, 0 ]^T, \quad \mathbf {g} := [ -1, 1, 0 ]^T.\end {equation*}


$\Gamma ^6$


$\mathbf {u}$


$\gamma \! =\! \delta \! =\! 10$


$(1,1)$


$10^{-2}$


$\mathsf {Q}$


$\mathsf {W}$


$(1,1)$


$56$


$16$


$256$


$\Gamma ^6$


$7$


$7$


$16$


$512$


$\mathsf {A}$


$\mathsf {B}$


$\mathsf {C}$


$h$


$(h_\Gamma \mathsf {M_\lambda )^{-1}}$


$\mathsf {M_\lambda ^{-2}}$


$d=2$


$\mathsf {M_{\lambda }}$


$\Gamma _h$


$\{\mathsf {A}_l\}$


$\{\mathsf {B}_l\}$


$l$


$l$


$\alpha $


$\beta $


\begin {equation*}0<\alpha \le \frac { \mathsf {w^T} \mathsf {A}_l \mathsf w}{\mathsf {w^T} \mathsf {B}_l \mathsf w} \le \beta , \quad \quad \forall \mathsf w \neq 0.\end {equation*}


$l$


\begin {equation}\label {eq:speceq} 0<\alpha \le \frac { \mathsf {\upmu ^T} \mathsf {M_\lambda ^{-2}} \mathsf {\upmu }}{ \mathsf {\upmu ^T}(h_\Gamma \mathsf {M_\lambda })^{-1} \mathsf {\upmu }} \le \beta , \quad \quad \forall \mathsf {\upmu } \neq 0,\end {equation}


$\mathsf {\upmu ^T}\mathsf {\upmu }$


$(h_\Gamma \mathsf {M_\lambda })^{-1}$


$\mathsf {M_\lambda ^{-2}}$


$\mathsf {M}$


$[\lambda _{\min }(\mathsf {M}), \lambda _{\max }(\mathsf {M})]$


\begin {equation}\label {eq:eig} \frac {\lambda _{\min } (h_\Gamma \mathsf {M_\lambda })}{\lambda _{\max } ( \mathsf {M_\lambda ^{2}})}\le \frac {\mathsf {\upmu ^T}\mathsf {M_\lambda ^{-2}} \mathsf {\upmu }}{\mathsf {\upmu ^T}(h_\Gamma \mathsf {M_\lambda })^{-1} \mathsf {\upmu }} \le \frac {\lambda _{\max } (h_\Gamma \mathsf {M_\lambda })}{\lambda _{\min } ( \mathsf {M_\lambda }^{2})}.\end {equation}


$\mathbb {R}^1$


$d=2$


$\Gamma _h$


\begin {equation}\label {eq:massbounds} c h_\Gamma \le \frac {\mathsf {\upmu ^T} \mathsf {M_\lambda } \mathsf {\upmu } }{\mathsf {\upmu ^T} \mathsf {\upmu }} \le C h_\Gamma \quad \quad \forall \mathsf {\upmu } \in \mathbb {R}^l.\end {equation}


$\lambda (h_\Gamma \mathsf {M_\lambda }) = h_\Gamma \lambda ( \mathsf {M_\lambda })$


$\lambda (\mathsf {M_\lambda }^2) =(\lambda ( \mathsf {M_\lambda }))^2$


\begin {equation}0 < \frac {c}{C^2} \le \frac {\mathsf {\upmu ^T}\mathsf {M_\lambda ^{-2}} \mathsf {\upmu }}{ \mathsf {\upmu ^T}(h_\Gamma \mathsf {M_\lambda })^{-1} \mathsf {\upmu }} \le \frac {C}{c^2}, \label {Xeqn103-A.4}\end {equation}


$\Lambda _h$


$C>0$


$h_\Gamma $


\begin {equation}||\mu _h||_{-\frac {1}{2},\Gamma } \geq C h_{\Gamma }^{\frac {1}{2}} ||\mu _h||_{0,\Gamma } \qquad \forall \mu _h \in \Lambda _h. \label {Xeqn104-A.5}\end {equation}


$H^1$


\begin {equation*}||\mu _h||_{-\frac {1}{2},\Gamma } := \sup _{0 \ne z \in H^{\frac {1}{2}}(\Gamma )} \frac {\langle \mu _h, z \rangle _{\Gamma }}{||z||_{\frac {1}{2},\Gamma }} \geq \sup _{0 \ne z_h \in \Lambda _h} \frac {\langle \mu _h, z_h\rangle _{\Gamma }}{||z_h||_{\frac {1}{2},\Gamma }},\end {equation*}


$\Lambda _h \subset H^{\frac {1}{2}}(\Gamma )$


$z_h = \mu _h$


\begin {equation*}||\mu _h||_{-\frac {1}{2},\Gamma } \geq \frac {||\mu _h||_{0,\Gamma }^2}{||\mu _h||_{\frac {1}{2},\Gamma }}.\end {equation*}


\begin {equation*}||\mu _h||_{\frac {1}{2},\Gamma } \leq c h_{\Gamma }^{-\frac {1}{2}} ||\mu _h||_{0,\Gamma },\end {equation*}


$\Lambda _h$
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can be modeled through a Lagrange multiplier, the fictitious domain method offers a viable alternative which is generally simpler
to implement, and may be computationally more efficient, especially in the presence of moving domains. Several aspects of these
methods have been addressed in the literature. For example, stabilization of the method when used in conjunction with CutFEM has
been presented in [11], the impact of different types of coupling operators on the convergence of the resulting method has been
analyzed in [9,12], while possible strategies for the implementation of these operators in parallel computing environments, where
the non-overlapping meshes are generally distributed with different partitioning, have been presented in [13,14].

The major drawback of using the Lagrange multiplier based Fictitious Domain method remains the computational demands of
solving the resulting large-scale problems, both in terms of time and memory. In this work, we answer this challenge by proposing
efficient preconditioning techniques that significantly reduce computational costs while maintaining robustness and scalability.

We focus on two model problems stemming from the application of the fictitious domain approach to the Poisson and Stokes problem.
After discretization, the resulting linear systems exhibit the following two-by-two and three-by-three block structures:

T T
A cTlu ¢ A B C'u f
c olla = and B 0 0O flpl=|0]} €))
g c o ofxrl e

where A € R"™" is symmetric positive definite (SPD), B € R™" and C € R,

Two-by-two block linear systems of this type are an example of saddle point problems which arise in many areas of computational
science and engineering. In [15], a wide variety of technical and scientific applications leading to these saddle point problems
is reviewed, including mixed finite element methods and linear and nonlinear optimization. Similarly, three-by-three block linear
systems of this form arise, for instance, in finite element modelling of potential fluid flow problems [16] or elasticity problems [17].
The large-scale saddle point problems in (1) make the use of direct solvers prohibitive, as they do not scale well with the size of
the problem, in terms of both computational cost and memory usage. This is particularly evident when solving problems that result
from discretizing partial differential equations in three-dimensional space. Moreover, as the mesh size approaches zero, the condition
number of the system matrices increases, leading to a deterioration in the convergence rate of iterative methods. Designing a suitable
preconditioner is crucial to reduce or even eliminate this dependency on the mesh size. Developing robust solvers is also essential for
efficiently handling computations with a large number of time steps and fine spatial discretizations within a reasonable timeframe.
Regarding the two-by-two block linear system of saddle point type in (1), a large selection of solution methods is reviewed in [15],
which also provides a detailed survey on preconditioners. In computational fluid dynamics, block diagonal and block triangular
preconditioners are particularly popular [18]. The effectiveness of such preconditioners depends on the availability of good approxi-
mations for both the (1,1)-block A and the Schur complement S = CA~'CT. However, finding a suitable approximation for the dense
matrix S is especially challenging in the context of interface non-fitted meshes; difficulties arise because the matrix C in (1) does
not consist of integrals defined on the same computational mesh, but rather on two arbitrarily overlapping grids. Preconditioning
strategies for unfitted methods are an active area of research, and have been explored in [19-21], to mention a few. However, to
the best of our knowledge, for the fictitious domain with Lagrange multipliers method, it remains unclear how to construct a good
approximation for the algebraic Schur complement and to which matrix it is spectrally equivalent. For this reason, in this paper, we
propose an effective augmented Lagrangian-based preconditioner that eliminates the need for a good approximation to the dense
Schur complement matrix. On the other hand, as shown in [22,23], in the framework of fitted (or matching) meshes, the algebraic
Schur complement S is tightly related to the continuous properties of the trace operator, requiring the computation of the action of
fractional operators. A technique to overcome the computational burden associated with this matter is presented in [24].

Recently, several studies have focused on iterative methods and robust preconditioners for solving three-by-three block systems [25-
28]. In [25], various block diagonal and block triangular preconditioners for Krylov subspace methods are described and analyzed
for double saddle point systems with the same structure as the one in (1). Several alternatives have been proposed in the literature,
particularly for cases where the (3,3)-block is non-zero [29-33]. In addition, preconditioners for Fictitious Domain with Distributed
Lagrange Multipliers (FD-DLM) formulations have been recently explored in [34-36], while Uzawa iterative methods were presented
in [37,38]. Most of the available preconditioners, such as those proposed in [25], require finding an approximation for both Schur
complements Sz = BA™'BT and S = CA~'CT. We note that in our formulation the matrices A and B in (1) are the same as those
in the problem without an immersed boundary. Therefore, existing literature on how to approximate Sg can be directly used (for
instance, in the Stokes scenario, A and B correspond exactly to the discrete Laplacian and the discrete divergence of the classical
Stokes problem). The main challenge is therefore related to finding approximations for Sc. To address this issue, we propose an
extension of the augmented Lagrangian (AL)-based preconditioner proposed for the two-by-two block linear system, as an effective
preconditioner for the three-by-three block case.

In both cases, we follow the main ideas of augmented Lagrangian preconditioners in the context of stable finite element discretiza-
tions of the Oseen and Navier-Stokes equations [39,40], and derive an equivalent AL formulation for the problems at hand. The global
linear system of equations is solved using a (flexible) Krylov subspace method. In this work, we use Flexible GMRES (FGMRES) [41]
since the preconditioner is a variable one due to the way the (1,1)-block is approximately inverted. As previously indicated, to illus-
trate the performance of the proposed preconditioners in the context of fictitious domain methodologies, we consider two relevant
test problems: the Poisson fictitious domain problem, which results in the two-by-two block linear system in (1), and the Stokes
fictitious domain problem, where the imposition of a constraint on the velocity field on the immersed boundary yields a double saddle
point problem as the one in (1). For the first model problem, the two-by-two block linear system is non-singular, whereas the system
matrix in the second case may be singular (due to the rank deficiency of B) if Dirichlet boundary conditions are applied on the whole
boundary, leaving the scalar pressure field defined up to a constant.
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In contrast to classical preconditioners for Stokes problems, where only the mass matrix on the pressure space is exploited while
building the augmented block [39], also the mass matrix on the space of the Lagrange multiplier is needed when considering a
fictitious domain formulation. We provide a spectral analysis of the proposed AL preconditioner for the Stokes problem, assuming
both exact and inexact solves (using similar arguments as in [28]). Analogous considerations hold for the Poisson case. Through
extensive numerical experiments, uniform convergence with respect to the discretization parameters is observed. Moreover, having
in mind three-dimensional scenarios where the computational complexity of sparse direct solvers for inverting individual blocks
of the preconditioner soon becomes prohibitive, we have investigated the performance of our solvers when only inner iterative
solvers are employed, confirming the good convergence properties. We provide a distributed memory implementation of the proposed
methodology using the DEAL.II finite element library [42,43].

The work is structured as follows. In Section 2, we introduce the relevant notation and setup through a Poisson problem with
an internal boundary, and derive an augmented Lagrangian-based preconditioner for the model problem. In Section 3, we extend
the same technique to the Stokes system and perform a spectral analysis of the proposed preconditioner in Section 4. In Section 5,
we discuss in detail the eigenvalue distribution of the preconditioned matrix when an inexact version of the proposed AL-based
preconditioner is used, while Section 6 provides several numerical experiments to validate the robustness of our methodology across
different scenarios. Finally, Section 7 summarizes our conclusions and points to further research directions.

2. Poisson fictitious domain problem and notation

Let  be a closed and bounded domain of R¢, d = 2, 3, with Lipschitz continuous boundary I' : = dw, and Q c R¢ a Lipschitz domain
such that o € Q. We consider the Poisson model problem

—Au=f in Q\T,
u=g on T, 2)
u=0 on 0Q,

for given data f € L*(Q)and g € H % (D). Throughout this work we refer to Q as the background domain, while we refer to w as the
immersed domain, and I" as the immersed boundary. Hence, T is a subset of Q of codimension one (a surface in dimension three or a
curve in dimension two). The rationale behind this setting is that it allows solving problems in a complex and possibly time-dependent
domain w, by embedding it in a simpler background domain Q - typically a box — and imposing some constraints on the immersed
boundary I'. For the sake of simplicity, we consider the case in which the immersed domain is entirely contained in the background
domain, but more general configurations may be considered. A prototypical configuration is shown in Fig. 1.

Given a domain D c R? and a real number s > 0, we denote by || - Il,p the standard Sobolev norm of H*(D). In particular, || - [y p
stands for the L?>-norm stemming from the standard L2-inner product (-,-), on D. Finally, with (-, ) we denote the standard duality

1
pairing between HZ(I') and its dual. At the discrete level, it can be evaluated using the scalar product in L*(T"), provided that
Aj, € L*(I'). As ambient spaces, we consider

V(Q) = Hy(Q) ={ve H(Q): v =0},
and
A@D) := H™2(D),

which guarantee the well-posedness of the continuous problem thanks to the fulfillment of the ellipticity on the kernel and the inf-sup
condition [44].
Problem (2) can be written as a constrained minimization problem by introducing the Lagrangian £ : V(Q) x A(I') — R defined as

L. p) = 3(V0, V0l = (. + (o0 = 9)r. 3)
0
n
T
o0

Fig. 1. Model problem setting, with immersed domain w, immersed boundary I', and background domain Q.
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Looking for stationary points of £ gives the following saddle point problem of finding a pair (u, 1) € V(€2) x A(I') such that
(Vu, Vo)g + (A, v)r = (f,0)g Yv e V(Q), 4)
(wouyp =(u.&)r V€ AD), (5)

which in operator form reads as

e SIE=Lel

where
ATVQ =V (Au )y y@ = (Vi Vo)g.
C: V@~ AD) (Cv, Yaqy @ = (4 Vs
F:VQ->R F@) =(f,0)q,

G:AD) >R G = (u,g)r.

As is clear from the previous paragraph, we use normal font to denote linear operators, e.g. A, while matrices and vectors are denoted
by the sans serif font, e.g., A and x, respectively. Moreover, we will use a calligraphic font to denote block matrices associated with
the saddle point system, e.g., .A. We will use the letter 4 to denote both the Lagrange multiplier and a generic eigenvalue of a matrix.
The different meaning will be clear from the context and no confusion should arise.

2.1. Finite element discretization and mesh assumptions

We discretize the computational meshes associated with the background domain Q and with the immersed boundary I in an unfitted
or non-matching way, in the sense that the two computational grids are constructed independently, and no alignment conditions are
asked. The computational meshes Q, and I'; consist of a finite number Nq and Ny of disjoint elements T; and K; such that {T;},;<n,,

and {K;} <y, form a partition of Q and T}, i.e. Q= U.S Nor andT = UNFl K;. When d =2, Q, will be a quadrilateral mesh and T,
a mesh composed by straight line segments. For d = 3, Qh w111 be a hexahedral mesh and I';, is a surface mesh whose elements are
quadrilaterals embedded in the three-dimensional space. We denote by Ay and A the mesh sizes of ©, and I'j, respectively. For
simplicity, we assume that the mesh sizes hg and A are small enough so that the geometrical error is negligible with respect to the
discretization error. Furthermore, we assume I', to be a quasi-uniform discretization of I'. In practice, we will consider meshes I',
with a uniform mesh-size, using background meshes Q, that may be locally refined in the vicinity of ', to capture the geometry of
the immersed boundary.

We consider the finite element discretization of V(Q) based on linear standard Lagrange finite elements, namely

Vy 1= (v, € Hy(Q): vyly € Q'(T).VT € Q). (6)

where Q'(T') denotes the space of polynomials of degree 1 in each variable on the element T. For the Lagrange multiplier space A(I)
we set

Ay o= {uy € LX) : uylg € Q1K) VK €T,). )

Given basis functions {¢; ?:1 and { wa}fl o such that V), := span{(pi};'= and A, :=span{y,}' we have that the discrete version

of (4), (5) can be written as the following algebraic problem with unknowns u and A:

a=1’

[é %T] [;] - [;] or Ax=b, (8)
where
Aij = Vo, Vo) ihj=1,...,n
Cui = (@i WoIr i=1,....,n a=1,...,1
fi=(f.9)a i=1,...,n
8z = (Wa-8)r a=1,..,1

Note that A € R™" is symmetric positive definite and C € R™". Next, we recall the following theorem that states the existence,
uniqueness, and stability of the discrete solution together with optimal error estimates. The interested reader is referred to [5, Sect.
5], for the details. Notice that C must have full row rank in order to ensure the solvability of the algebraic problem (8), which is
guaranteed by the inf-sup condition (9) below.

Proposition 1. Let V), and A, be defined as above. If hg /hy is sufficiently small and the mesh I'), is quasi-uniform, then there exists f,
independent of the mesh sizes hg and hi- such that the following discrete inf-sup condition holds:

(Mpsvpdr
€ opevy linll_1 pHonllig

©)]
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Standard theory of saddle point problems [17] yields the following a priori estimate.

Theorem 1. Let V), and A, be defined as above. If hg, /hy is sufficiently small and the mesh I';, is quasi-uniform, then the unique solution
(up, Ap) € Vi X Ay, of the discretization of (4), (5), satisfies

llu—uplly o+ 14 = A4l jpr <C L}:Ielg, (llu = vpllig + 1A = ppll =y j2r)» (10)
h
HpEAp

with C > 0 a constant independent of the mesh sizes hg, and hy-.

Remark 1. These results show that the accuracy of the FD method depends on the approximation properties of both the solution
and the Lagrange multiplier spaces, provided the continuous and discrete inf-sup conditions hold. In particular, Theorem 1 suggests
that discretization spaces should be chosen so that their approximation properties are balanced both in terms of polynomial degrees,
and in terms of the mesh ratio; otherwise, the global error is dominated by the least accurate variable, and the inf-sup condition may
deteriorate. Indeed, the constant C in (10) is independent of the mesh sizes, but not of their ratio, as the discrete inf-sup condition of
the coupling operator reflects this dependence. Hence, no advantage would be gained by choosing a very small or a very large ratio.
The proposed preconditioner is designed to be effective under these conditions, ensuring robust convergence and a consistently low
iteration count.

2.2. Augmented Lagrangian preconditioner

We present our augmented Lagrangian-based preconditioner for the model problem (2) discretized by stable finite element pairs.
Our derivation closely follows early works on augmented Lagrangian preconditioning for the Oseen problem [39,40].

The idea behind the classical AL approach is to replace the original system (8) with the equivalent formulation

[A +yCTW-'C CT] [u] _ [f +yCTwW-'g

c ollAl= g ] or Ax=b, a1

where W is a properly chosen SPD matrix and y is a positive real number. Having defined the augmented term as A, := A+ yCTW~'C,
an ideal preconditioner for problem (11) is given by the block triangular matrix

. AV CT
P, = 0 —%W . 12)

Since A is SPD and C has full row rank, the conditions of Lemma 4.1 in [39] are satisfied, thus yW~' provides a good approximation for
the inverse of the Schur complement S, = CA;'CT when y is large. However, as y increases, A, becomes increasingly ill conditioned,
making it preferable to keep y at a moderate value. The choice of the user-defined parameter y is crucial for the performance of the
preconditioner. Indeed, it should be selected based on a trade-off between the number of inner iterations required to approximate the
action of Ay‘1 and the number of outer iterations needed to solve the entire system in (11). Note that the potential benefit of A, being
symmetric is lost when a nonsymmetric preconditioner, such as the one in (12), is used. However, if good approximations to A, and
S, are available, using a method such as (F)GMRES with block triangular preconditioning will lead to rapid convergence, making the
overhead incurred from the use of a non-symmetric solver negligible [15]. In practice, the action of 7)},‘1 is given by

— [A;1 o] [1,, CT] [I,, 0 ]
v 0 Ljfo -r]lo yw)
where I, and I, are identity matrices of size n and /, respectively. The last identity implies that the application of the preconditioner
to a vector requires one solve with W, and one solve with the augmented term A, . On top of that, we observe that this reformulation
avoids the need to find a suitable approximation for the dense matrix S = CA~'CT, a task that is particularly challenging in the context
of interface non-fitted meshes. As already mentioned, the difficulty stems from the fact that the off-diagonal blocks in (8) involve
integrals of basis functions that are not defined on the same computational mesh, but rather on two grids that may overlap arbitrarily.
The choice of the matrix W is crucial for the practical performance and applicability of the preconditioner. We propose to choose

W= M2, (13)

where M, is the mass matrix on the immersed space A;, C A(D), i.e.

(M) o p :=/FWalI/ﬁ’ ap=1,..,1 as

The reason for this choice will become clear in Section 4, where we discuss the Stokes case. The main idea is that the solutions of the
generalized eigenvalue problem

A CT] [x A CT | [x

v _ v

o SIE=% Sl
yxTCTw—1cx

xT(A+yCTW-1C)x
choosing W := Mf ensures that 4 remains bounded away from zero uniformly in A and Ay (see Eq. (66)). This result holds for both

are given by A = 1 and the associated eigenvector (x, —yW~!Cx), or 4 = , for x & ker(C). In Section 4, we will prove that

5
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Fig. 2. Spectrum of the original matrix .4, (top row) and P;‘AV (bottom row) for increasing values of y.

the Poisson and the Stokes cases.
Due to the expensive solve associated especially with A, the preconditioner 7, in (12) is only ideal and not of practical use. For this
reason, it is necessary to replace the exact solves with approximate ones, resulting in a preconditioner which we denote as follows

.~ [A
Po= o (16)

where /A\y and W are approximations of A, and W, respectively, defined through the action of their inverses on vectors. The action
of A>! is approximated through the conjugate-gradient (CG) solver preconditioned by a V-cycle of Algebraic MultiGrid (AMG). It is
well known that, provided that a flexible GMRES solver is used to solve (11), the inversion of the (1,1)-block of the preconditioner
does not need to be done with high accuracy, so the tolerance for this block will be set to a rather loose value in the numerical
experiments. Concerning the (2,2)-block, we observe that the number of degrees of freedom (DoF) associated with the immersed
space A, is generally much lower than the number of DoF in the background space V,,. Indeed, while on a quasi-uniform mesh the
number of background cells in Q, scales with @(h~?), the number of facets in I';, scales with O(h~@~D). This would suggest that sparse
direct solvers (such as UMFPACK [45]) could still be employed for the inversion of W = Mi, therefore it is not necessary to find an
approximation W also when the number of DoF in the background is large. When it becomes impractical, we choose to approximate
W with a diagonal matrix whose entries are the squares of the main diagonal entries of M,, i.e.

W := diag(M,)>. 17)

Notably, if W is diagonal, the sparsity pattern of the augmented matrix A, remains close to the sparsity pattern of the original matrix
A. In particular, the product of terms CT and C adds non-zero entries corresponding to DoF living on the interface only. Note that
using a discontinuous space A, for the Lagrange multiplier 4 automatically gives a diagonal W.

2.3. Spectrum of the preconditioned matrix

We conduct numerical tests to evaluate the impact of the proposed preconditioner on the spectrum of A, (11). We consider the
Poisson problem (2) with the following configuration:

e Q=10,1P,
e @ = B,(c), where ¢ = (0.5,0.5) and r = 0.21.

We employ Q, elements both for the background space ¥V, and the immersed space A,,. We consider four global refinements of the
unit square, leading to A € R?°*?%_ The immersed mesh discretizing the interface consists of a uniform grid with 16 facets, so that
C € R, giving a global block matrix A, € R¥%*3%_Above, B,(c) denotes the ball of radius r centered at c. We report in Fig. 2
the spectrum of both A, and PV‘IAY matrices for different values of the parameter y when using the ideal variant with W = Mf\. We
point out that some of the eigenvalues of the original system are negative and close to zero, accordingly with the indefiniteness of
the saddle point system. The strong clustering of the whole spectrum near one when the parameter y increases is evident. This is
consistent with the fact that YW~ increasingly provides a better approximation for the inverse of the Schur complement of A, asy
becomes larger. Notably, all the eigenvalues of the preconditioned system are positive and real.

6
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3. Stokes fictitious domain problem

In this Section, we extend the AL-based preconditioner developed in Section 2.2 to the Stokes problem. We use bold letters to
denote vector-valued functions, and we consider the following strong formulation:

—Au+Vp=f inQ\T,
V-u=0 inQ\T,
u=g onl,
u=0 onoQ,

18)

where f € [L2(Q)]¢ and g € [H%(F)]d are given data. The first two equations represent the classical Stokes problem, where u is a
vector-valued function representing the velocity of the fluid, p a scalar function representing its pressure, and f are external body
forces. The third equation imposes a constraint for the velocity field u on the immersed boundary I'.

Concerning the incompressibility constraint, we observe that the boundary datum g must satisfy the following compatibility condition

/g~n:0, 19
r

where n is the outward unit normal to I'.
We now give the functional spaces for the continuous problem (18). For the velocity u we consider the usual choice

V(Q) = [Hy(@)]’ = {ve [H" @] vyq=0).

The pressure p naturally belongs to L?(Q) and is determined up to a constant that we fix such that p belongs to
0Q := L@ = {q € LXQ): / g= o}.
Q
The functional space for the multiplier is chosen as

A) := [H‘% o,

Problem (18) can be written as a constrained minimization problem by introducing the Lagrangian £ : V(Q) X Q(Q) x A(l) - R
defined as

L) 1= 3(V% VW = (V- V. = (Vg + (v = ) (20)

Looking for stationary points of £ gives the following double saddle point problem of finding (u, p,A) € V(Q) X O(Q) x A(') such that
(Vv,Vu)g — (V- v, p)g + (M, V) = (£, V) Vv e V(Q),
(V-u,9)g =0 Vg € 0%,

(ww)r=(u.g)r  VpeAD). (21

In order to verify the well-posedness of the double saddle point problem above, we need to fulfill two inf-sup conditions (see [17]).
The first inf-sup condition is the classical one for the Stokes problem.

Proposition 2. There exists a constant §, > 0 such that for all ¢ € Q(Q)

(V-v,9)q

2 B,llqlloq- (22)
vev@ IIVllig TR

The second one is less standard and it is the inf-sup condition for the bilinear form (u, v) associated with the Lagrange multiplier A.
Its precise statement follows as a particular case of the more general setting presented in [5] for the full fluid-structure interaction
problem. Let us first set

Ky :={veV Q) : (V- V,9)q=0 Yge0@)}={veV( Q) :V-v=0inQ},
where the second equality follows upon testing against g =V - v € Q(Q2), since v € [Hé (Q)]d.
Proposition 3 ([5], Proposition 13). There exists a constant B, >0 such that for all uy € A(T) it holds

v
sup {Vr Bullul_y . (23)

vek, lIvll1o

Proof. Since AT') =[H _% (D)4, by definition of dual norm we have

_ {u.2)r
Hall_y = T
2 enim ||Z||%’F
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Let us now consider a maximizing sequence {z,},y such that

(”! zn)r _

) mll_1 o
n—+o0o ”zn”l r _f’r
3

Thanks to the surjectivity of the trace operator from [Hé Q)19 to [H'/2()]4, it is possible to show (cfr. [5, Lemma 12]) the existence
of u, € K, such that u,r = z,, with |lu,||; o < cl|z,|1 .. The desired inequality is then obtained as follows:
. L

<”7V>F > (ﬂ’“n>r > l(”’zn>l—‘ > L” || .
veky IVlha — luullie — ¢ ||ln||%wF T2 T2l

where the last inequality follows from the fact that {z,},cy is @ maximizing sequence. [

Having these two inf-sup conditions, we can state a combined inf-sup condition involving V' (€2) and the graph space M := Q(Q) x A(')
equipped with the natural norm ||(g, y)ll%w = ||q||(2) ot ull? | which will be needed in Section 4 for the spectral analysis of our

2
preconditioner. This result is based on the abstract framework developed in [46] in the context of twofold saddle point problems,
which we quote here in a simplified form for ease of exposition.

Theorem 2 ([46], Theorem 3.1). Let U, P, and P, be reflexive Banach spaces, and let b, : U X P; - R, and b, : U X P, — R be bilinear
and continuous forms. Let

Zy ={veU: bq)=0 Vq €P}CU,

then the following conditions are equivalent:

1. There exists ¢ > 0 such that
bi(v,py) + by (v, py)
———————— 2 cllpillp, + lIp2llp) (P1,p2) € Py X Py

velU lolly

2. There exists ¢ > 0 such that

by(v,py)
sup P> clipyllp. py € Py
vet vl
and
by (v, py)
220 clpallpy. b€ P
veZy, ”U”U

We can therefore state the following combined inf-sup condition, which is a direct application of Propositions 2 and 3 above.
Proposition 4. There exists a constant C > 0 such that

(V-v,q)qg + (W, V)r

>2Cll@.mlly  (@peEM. (24)
ver Q) il

Proof. WesetU =V (Q), P, = O(Q), and P, = A(T) in the statement of Theorem 2. As bilinear forms, it is sufficient to define b,(v,q) :=
(V- v,@)q, and by(u, v) := (p, v)r. Finally, we define Z, = K. Then, Theorem 2 implies that there exists a constant C > 0 such that

(V-V.q@q + (H:V)r
vev(Q vl 0

The thesis follows using the fact that ||qlloq + Ilull_1 = IIqIIgQ + [lull? T (g, - O
\/ -1

3.1. Finite element discretization

> C(llaloq +IKl_1 ) (@p) € M.

w1

We consider a finite element discretization based on mixed finite elements. In particular, we use the stable Taylor-Hood Q,-Q,
pair, i.e. continuous piecewise quadratic velocities and linear pressures [17]. We denote the associated finite-dimensional subspaces
with ¥, ¢ V(Q) and Q,, ¢ O(Q) (we do not ask functions of O, to have zero average, therefore Q, ¢ QO(€)). Analogously to the Poisson
problem, we employ as a finite-dimensional subspace for the multiplier

Ap =y € LLADN : pylg € 1Q" (K. VK €T} (25)

With these choices of finite element spaces, and denoting with { ¢, };’ZI, {dk }Z’:l, and {y,} fx - the selected basis functions of V,,, 0y,

and A,, we end up with the following linear system of equations for (u, p, \)

A BT CT[u f
B 0 0 ffpl|=]0} (26)
cC 0 0|IA g
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where
A=V, Ve)q ihj=1,....n
B = —(V: @, d)a i=1,....n, k=1,....m
Cai=<¢is‘l/a>l‘ i=1,....n, a=1,...,1

As is customary in Immersed Boundary or Fictitious Domain methods, the velocity is fixed to 0 on the background boundary, i.e.
u)50 = 0. Due to this particular choice, the pressure field p is determined up to a constant. Choosing Q to be in L%(Q) fixes the
uniqueness of the solution for the pressure in the continuous case, but not enforcing the zero average condition at the discrete level
generates a matrix B which is not full row-rank and 0 is an eigenvalue of the system. To summarize, A € R™" is symmetric positive
definite, B € R™" is rank deficient by 1 and C € R’*". As for the Poisson problem in Section 2, the fact that C is full row-rank is a
consequence of the fulfillment of the inf-sup condition for the velocity-multiplier pair.

Sufficient conditions for the existence and uniqueness of the discrete problem are the discrete versions of the two inf-sup conditions
for the continuous problem. Since the pair V), x Q,, is stable, the discrete inf-sup condition for the Stokes problem is the standard
discrete inf-sup condition for the divergence operator.

Proposition 5. Let V), and Q,, be defined as above, then there exists a positive constant f8,, independent of the mesh parameters, such that
for all g5, € Q,, it holds

V- Vi qp)a

= Billgnlloq- 27)
vnery  vallig

The discrete analogue of Proposition 3, showing the inf-sup condition involving the discrete Lagrange multiplier, is a particular case
of [5, Proposition 16]. We start by introducing the discrete version of the kernel K|,

Kop :={vp €Vt (V-vp,q5)q =0 Vg, €0y} C V).

Proposition 6 ([5], Proposition 16). LetV},, Q, and A, be defined as above. If hg, / hi- is sufficiently small and the mesh T';, is quasi-uniform,
then there exists a constant f, > 0, independent of hq and hr, such that for all p;, € A,, it holds
(Hp:Vi)r

sup ———— 2 Bollppll_1 - (28)
vh€Ko Vil o AT

Remark 2. By definition, K, ;, C V},. This allows us to rewrite the inf-sup condition in (28) on the whole V},. More precisely, for all
M, € Ay, it holds
(Mp>Vi)r (Mp> Vidr

S osup ————— < sup —————. (29)

Bollmpll <
B viekon IVallig vaeVy IVallio

1
Proceeding exactly as in the continuous case, we can exploit the two individual discrete inf-sup conditions (27) and (28), use The-
orem 2, and obtain a combined inf-sup condition for the discrete case. We denote with M, := Q, x A, the discrete version of the
graph space M.

Proposition 7. LetV,,Q, and A, be defined as above. If hg, / hr- is sufficiently small and the mesh T';, is quasi-uniform, then there exists a
constant f; > 0, independent of hg, and hy, such that for all (q;,, p,) € M, it holds
(V- Vi ap)o + (i Vidr

sup > B3ll(qn> )l ps - (30)
o Ivilliq

Remark 3 (Finite element spaces). Concerning the particular choice of the finite-dimensional subspaces, we notice that other choices
are possible, such as Q,-P;, which use discontinuous piecewise linear pressures [47]. However, we stress that the forthcoming spectral
analysis is generic and relies only on the choice of inf-sup stable elements.

3.2. Augmented Lagrangian preconditioner

Consider the (n + m + [) X (n + m + I) linear system of Eq. (26). To apply the same reasoning used for the Poisson case, we propose
augmenting the (1,1)-block twice and reformulating the Stokes fictitious domain problem as the following equivalent system

A+yBTQ'B+sC™W-'C BT CT[u f+6CTW g
B 0  0|p|= 0 or A,sx=b. (31)
c 0 0 g

Both Q and W are arbitrary SPD matrices and y > 0, § > 0 are two real parameters to be selected. Then, we propose the following
preconditioner:
A, BT cT
Ps=[0 —:Q 0 |, (32)
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Fig. 3. Comparison of resulting sparsity patterns after different augmentations. Here we considered A € R¥¥*578 B € R8578 and C € R3**78. The

resulting matrices stem from the discretization of the Stokes fictitious domain problem, using the configuration in Section 4.1. The matrix Ag,
denotes the matrix A augmented with the Grad-Div stabilization.

which has inverse

Aj 0 o], BT CTi, 0 0
737‘51= o 1, ojffo -I, 010 yQ! o | (33)
0 0 Ijo 0o -Ifo 0 sw-1

with A; 1= A+ yBTQ "B + 6CTW~'C. It is well known [18] that for LBB-stable discretizations of the Stokes problem, if the Schur
complement Sz = BA™'BT is nonsingular, it is spectrally equivalent to the pressure mass matrix M,. Otherwise, spectral equivalence
holds on Ran(B), the range of B. We set Q := M,. Motivated by its effectiveness in the scalar case investigated in Section (2) for the
Poisson problem, we set again W := Mi, defined analogously to the scalar case in (14) as

(M)\)a,/i :=/FV/a'Wﬁ a,fp=1,...1 34

All in all, from Eq. (33) it is evident that the application of the proposed preconditioner P,; to a vector requires one solve with
A, s, one with Q, and one with W, plus two sparse matrix-vector products. The considerations made for the scalar case in Section 2
also apply identically in this case. In particular, the overall complexity is shifted to the solution of the augmented velocity in the
(1,1)-block.

Of course, one could think of avoiding assembling A, ; and instead use it as an operator, but this would prevent the usage of precon-
ditioners such as AMG or ILU decompositions.

We first focus on the practical construction of BTQ~'B, which appears in the augmentation of the (1,1)-block. Note that if Q" is a
dense matrix, then the product BTQ~'B will also be dense. Furthermore, even when a diagonal approximation of Q is used, the product
BTB may contain significantly more non-zero entries than A itself. A possible remedy to this issue is to use a Grad-Div stabilization. As
discussed in [48], the Grad-Div stabilization can be interpreted as the sum of an algebraic term, given by (BTQ~'B), ;Vi,je{l,....n},
and a projection-type stabilization term; see also [49]. This additional projection term vanishes asymptotically as the mesh is refined,
making it reasonable to use the same AL approach to build the preconditioner, but without explicitly adding the augmentation to the
(1,1)-block. Specifically, the contribution y (V- ¢,,V - @ j),.‘j is directly added to the global matrix A during the assembly phase of the
system, thus avoiding the issues related to the explicit computation of the product BTQ~"B. Replacing this augmentation by Grad-Div
stabilization implies that new entries are added only where the components of the velocity couple. Fig. 3 illustrates the sparsity
pattern of matrix A when Grad-Diy stabilization is included (see Fig. 3a) and compares it to the sparsity pattern of the augmented
matrix A + BTQ~'B when A does not include the stabilization term, and Q is replaced with its main diagonal (see Fig. 3b).

On the other hand, we explicitly construct the term CTW~'C. When a diagonal approximation of W is used, as will be the case
in Section 6.2, the influence of CTC on the sparsity pattern of the whole augmented block is minimal, especially compared to the
influence of BTB. This is clearly shown in Fig. 3c: the increase in the total number of non-zero entries in the final augmented block,
where A includes the Grad-Div stabilization term, is much more favorable. In practice, we will experience the fill-in shown in Fig. 3c.
Once the whole A ; term is assembled, it is solved with CG preconditioned by a single V-cycle of AMG, using a very loose tolerance
(such as 1072).

Remark 4 (Symmetric preconditioning). The preconditioned system is non-symmetric since we are dealing with a block triangular
preconditioner. Therefore, eigenvalue information alone is not sufficient to rigorously justify the mesh independence of the conver-
gence of non-symmetric matrix iterations like GMRES [50]. For this reason, we have tested a symmetric and positive definite (block

10
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diagonal) variant of our preconditioner, namely

Ays 0 0
1

Poymys = 0 ;Q 0 (35)

0 0 éw

In fact, in this case, the preconditioned matrix is similar to a symmetric matrix, and the eigenvalues provide meaningful estimates of
the convergence rate of a method like preconditioned MINRES. We note that while mesh independence is observed, the total number
of outer iterations for the global system solved with MINRES preconditioned with the symmetric positive definite variant of P, is
higher than that obtained with FGMRES preconditioned by P, ;. In addition, note that the MINRES solver requires the preconditioner
to be applied exactly (or iteratively but in an accurate way), meaning that the augmented block A, ; needs to be solved with a stricter
tolerance. This results in a high number of inner iterations. Hence, the block triangular preconditioner (32) outperforms the block
diagonal one in terms of computational cost. Even if we lost the possible advantage of A, ; being symmetric, using a method like
FGMRES with block triangular preconditioning leads — in practice — to more rapid convergence.

4. Spectral analysis

In this Section, we derive lower and upper bounds for the eigenvalues of the preconditioned matrix Py‘; A,; for the Stokes prob-
lem. Although eigenvalue information alone is generally insufficient to predict the convergence behaviour of nonsymmetric Krylov
subspace methods, practical experience suggests that convergence is often fast when the spectrum is real, positive, and confined
within a moderately sized interval bounded away from 0. In the following, we denote with Spec(M) the spectrum of a generic square
matrix M.

The next result, concerning the spectrum of the preconditioned matrix, is purely algebraic and does not depend on any physical
interpretation of the matrices involved. In Section 4.2, we will refine this analysis for the particular case in which such matrices
correspond to those arising from the Stokes fictitious domain formulation. In that case, it will be possible to prove that the eigenvalues
of the preconditioned system are bounded away from zero uniformly in the discretization parameters.

Theorem 3. Suppose that A,; and P,; are defined by the matrices in (31) and (32), respectively. The non-zero eigenvalues of P;SIAV(; are
all real and positive. More precisely, let (x;y; z) be an eigenvector of Py‘é' A, s, it holds

Spec(P,; A,5) C [min(y, €, 0), 1],

where
TRTO-!
p=mind =B L BX )\ ker(®) \,
xT(A+yBTQ 'B)x
. sxTCTw-1cx }
= X T W X |y eker(B)\ ker(C) b,
¢ mn{xT(A+5CTW“C)x x € ker(8) \ ker(C)

. { xT(yBTQ™!'B 4+ 6CTW~IC)x
6 = min

ker(B) U ker(C) »,
XT(A+7BTQ-1B + 6CTW-C)x | x § ker(B) Uker( )}

and with A = 1 being an eigenvalue of algebraic multiplicity at least n.

Proof. Let 4 be an arbitrary eigenvalue of Py’él.AV[; with a corresponding eigenvector (x;y;z). The generalized eigenvalue problem
can be written as

A BT CTx Ay BIT CT Ix
B 0 0fy|=40 —3Q 0 Tyl (36)
C 0 0|z 0 _éw z
which can be written explicitly as
A,sx+BTy+CTz= A(A,;x + BTy +CT2), (37)
A
Bx = —;Qy, (38)
A
Cx = —ng. (39)

Note that the zero eigenvalue of the matrix in (31) related to the rank deficiency of B does not affect the convergence of preconditioned
GMRES and can be excluded from the discussion [18,40].

Notice that x # 0; otherwise, in view of the fact that Q and W are SPD matrices, x = 0 implies (x;y; z) = (0;0; 0), in contradiction with
the fact that (x;y; z) is an eigenvector. Hence, from now on we assume that x # 0.

11
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It is clear from Egs. (37)-(39) that 1 =1 is an eigenvalue of P;;A},& with the corresponding eigenvector (x; —yQ~!Bx; —6W~'Cx)

when x ¢ ker(B) U ker(C). Obviously, A = 1 is an eigenvalue associated also with the eigenvector (x;0; —§W~!Cx) when x € ker(B) \
ker(C), with the eigenvector (x; —yQ~'Bx; 0) when x € ker(C) \ ker(B) and with the eigenvector (x;0;0) when x € ker(B) n ker(C). The
algebraic multiplicity of this eigenvalue is therefore at least .

From now on, we assume that A # 1 (and A # 0). From (37) we derive

A,sx+BTy+CTz=0, (40)
whereas from (38) and (39), we respectively obtain
y= —ZQ_IBX and z= —éW_ICx.
A A

By substituting the preceding two relations in (40), it follows that

A, 5% — %BTQ" Bx — %CTW_]CX =o. (41)
Multiplying both sides of (41) by Ax*, we get

IX*Asx — x*(yBTQ™'B + 6CTW™'C)x = 0,
which is equivalent to

_ x*(yBTQ7'B+s6CTW-IO)x
" x*(A+yBTQ B +6CTW-1C)x’

(42)

Taking into account that yBTQ™!B + §CTW~!C is the sum of two symmetric positive semidefinite matrices and A is SPD, we conclude
that all the eigenvalues of P! A, 5 are real.!

From (42) we also deduce that 4 < 1, and that all eigenvalues satisfying (42) tend to 1 for y and/or 6 — . Summarizing, we have
the following cases:

e x € ker(C) \ ker(B),

yx*BTQ1Bx

O<pi=——moo——o
= x*(A + yBTQ"B)x

5

where

. yx*BTQ~!Bx
1 = min { —x*(A B0 B x € ker(C) \ ker(B)}.

e x € ker(B) \ ker(C),

sTwyw—1
O<e<i=XC W Cx
x*(A +86CTQ1C)x

where

. { Sx*CTW~ICx
€ = min

¥(A+6CTW-TOx | € ker(B) \ ker(C)},

e x & ker(B) U ker(C),

x*(yBTQ™!B 4+ 6CTW~1C)x

0<0<i=
x*(A +yBTQ"'B + sCTW-1C)x

)

where

0= mi x*(yBTQ™'B + 6CTW~1C)x
B x*(A +yBTQ-1B + 6CTW-1C)x

x & ker(B) U ker(C)}.

It is easy to check that if A # 1, then x € ker(B) n ker(C) implies A,sx = 0. Since A ; is SPD, this means that x should be the zero vector,
which is impossible. [

1 Note that since 4 is real, the corresponding eigenvector can also be chosen to be real and therefore x* can be replaced by x.

12
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Fig. 4. Spectrum of the original system matrix A,; (top row) and Py’é‘ A,; (bottom row) for increasing values of y and ¢ applied to the Stokes test
case.

4.1. Spectrum of preconditioned matrix

We perform numerical tests to evaluate the theoretical findings in Theorem 3 and analyze the impact of the proposed precondi-
tioner on the spectrum of the system in (31). We start with the following configuration for the Stokes problem:

e Q=10,1P,
e o = B,(c), where ¢ = (0.45,0.45) and r = 0.21.

We consider a discretization with Q,-Q, elements for the velocity and pressure unknowns, while Q, elements are used for the Lagrange
multiplier. The background mesh consists of three uniform refinements of the unit square, while the immersed mesh consists of a
uniform grid with 33 facets. For this discretization, we have A € R8%78_ the (negative) divergence matrix is B € R3>78, and the
coupling matrix is C € R¥*578, resulting in a global matrix A, ; € RS77677, The choices for Q and W are

e Q:= Mp (pressure mass matrix),
o W = Mi (immersed mass matrix squared).

We report in Fig. 4 the spectrum of the unpreconditioned (top row) and preconditioned (bottom row) system matrix for increasing
(but identical) values of the AL parameters 6 and y for the ideal preconditioner. We observe that, except for the zero eigenvalue, the
rest of the eigenvalues are real and lie in the interval (0, 1]. Moreover, the non-zero eigenvalues of the preconditioned system are
(incrementally) shifted towards 1 as the parameters § and y increase.

4.2. Mesh-independence for lower bound

Concerning the lower bound in Theorem 3, for suitable choices of the matrices Q and W it is possible to prove that 4 is bounded
away from zero uniformly in Ay and A, for all fixed y and 6. We will first prove the result for d =2, i.e. when I' is a curve. The
extension to the case d = 3 follows similarly and is given as a Remark at the end of this Section. Before delving into the proof, we
collect some useful results we will need in the sequel. We start with the following inverse estimate, whose proof can be found in
Appendix B.

Lemma 1. Let A, be the space for the discrete Lagrange multiplier, defined in (25). Then, there exists a constant C > 0 independent of the
mesh size hy- such that the following estimate holds:

1
”l‘h”_%yrzc}l[%“/‘hll(),l“ Yy € Ay (43)
Using Lemma (1) above, we get the following alternative characterization of the discrete inf-sup condition (29).

Proposition 8. Let V,, and A, be defined as in Section 3.1. If hg [ hy is sufficiently small and the mesh T'), is quasi-uniform, then there exists
a positive constant f}, independent of the mesh sizes hg, and hy- such that the following rescaled inf-sup condition holds

)
inf (ki O

1
HREAR v, eV, ||Mh||(),r ||Uh||1,§1 r

13
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1
Alternative equivalence results between scaled norm and H?2 norms have been shown through localization techniques in [51] and

1
recently extended to the H™ 2 case by Bertoluzza in [52].
In addition, we report the following well-known result concerning the general theory of the generalized Rayleigh quotient, which
will be useful in what follows.

Remark 5. Let M and N be symmetric and symmetric positive definite matrices, respectively, with generalized eigenvalues 4, < ... <
A, and eigenvectors vy, ..., v, € R”, such that Mv; = 4,Nv,. Let x € R”, denote an arbitrary vector. Then:
¢ The smallest eigenvalue 4, can be characterized as
X7

. Mx .
A, = min , achieved when x = +v,.
x#0 xTNx

¢ The second smallest eigenvalue A, satisfies

T
. X' Mx .
Ay = min , achieved when x = +v,,
x#0  xTNx
X Nv =0

and so on.

Finally, norms of finite element functions can be computed using the following definitions:

[oplie = (A2, (45)
Nupllor = (WTMW'2, (46)
lgnlloq = (@ My@)'/2, (47)

where v, q and p are vectors of the coefficients associated with the velocity, pressure and Lagrange multiplier basis functions, and
A, M, M, are the usual stiffness and mass matrices. To prove mesh-independence for the lower bound of the preconditioned system,
we will link the discrete inf-sup conditions to suitable generalized eigenvalue problems. The following three lemmas provide an
algebraic interpretation of the discrete inf-sup stability conditions presented in Section 3.

Lemma 2. Let A, B, and M, be the matrices defined in Section 3, and assume that the discrete inf-sup condition in Proposition 5 is satisfied.
Then, the inf-sup constant f; > 0 is such that

" v'B™M_ "By
A A

min (48)
{veR"|uT Av=0 for ueker(B)} vTAv
Proof. A proof of this result can be found in [18] (p. 193), or in [53], where the classical Stokes problem is analyzed in detail. Notice
that the matrices A, B and M, are exactly those of the classical Stokes problem defined in Q, without an immersed boundary. [

Lemma 3. Let A,C, and M, be the matrices defined in Section 3, and assume that the discrete inf-sup condition (29) is satisfied. Then, there
exists a positive constant f3, independent of hr, such that

vIcTM2Cy

32 < min
{veR"|uT Av=0 for ucker(C)} vTAv

P < (49)

Proof. Using the matrix norms (45), (46) and given that (u,, v,)r = v' CTy, it is possible to give an algebraic interpretation of the
discrete inf-sup stability condition in Proposition 8. In particular we have:

vicT

inf sup - e - > B>. (50)
BV OTAYT (WThrMyw

Arguing as in [53], let 0 < 6 <0, < ... < 5, be the I largest generalized eigenvalues of
CThr'M'Cv = cAv. (51)

Therefore, the constant appearing in the inf-sup condition (44) is given by the square root of ¢, which is hence independent of the
mesh size (this result can be proved following the same approach used in [53], where the classical Stokes problem is considered).
In other words, considering Remark 5 and given the fact that CTh; ! M;‘ C is a symmetric and positive semidefinite matrix, the following
characterization holds:

TeTp=1v-1
v C A TMyCy

7= (52)

= min
{veR"|uT Av=0 for ueker(C)} vTAv

Furthermore, for a one-dimensional immersed domain embedded in a two-dimensional background domain, it can be shown that
(hyM~! and M;z are spectrally equivalent, i.e.
TM-2
M

0< L 2" €

=, 53
C2 7 WT(hrMy)~lp ™ 2 (53)

14
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for some positive constants ¢, C independent of the discretization parameters (the details can be found in Appendix A). Setting i = Cv,

T —1
and multiplying each term of (53) by %, we get

¢ VICT(heMy)~'Cv - vICTM2Cy, L CYICT My "y
c? vIAv - vTAv e vTAv ’

Combining this result with (52), it follows that

0<

TeTp-2
vIC'M“Cv
32 < Y S

72 < (54)

min
{veR"|uT Av=0 for ueker(C)} vTAv
(where ﬁz = é"l); uniformly in hp. O
Lemma4. LetA,B,C,M, and M, be the matrices defined in Section 3, and assume that the two inf-sup conditions (27) and (29) are satisfied.
Then, there exists a positive constant f3; > 0 independent of both hg, and hr, such that

vI(B™™.'B + CTM;?C)v

32 < min 55
by < {veR" |uT Av=0 for ueker(C)nker(B)} vTAv (55)
Proof. The discrete counterpart of the original double saddle point problem (21) can be equivalently rewritten as
(Vi Vup)g = (V- vy, pp)a + (b Vidr = (£, vp)g YVp € Vp,
(56)
=(V-up, qp)g + (Hps W) = (Mg, B V(gp> up) € My,
Problem (56) is associated with the following partition of the original saddle point matrix
T T
A BT C A o
B 0 0 = D ol (57)
C 0 0

whereD := [CB:] Defining the bilinear formd : V X M — R asd(v, (g, p)) = (V - V,q)q + (i, V)1, we have that at the discrete level d(., -)

can be evaluated as
d(vy, (qn, uy)) = vTBTq + VTCTu.

Using now the matrix norms (45), (46), (47), and the definition of the norm

2 2 2
NCun a3 = Nanll + Haally

it is possible to give an algebraic interpretation of the discrete inf-sup stability condition in Proposition 7, using the rescaled variant
provided by Lemma 1. In particular, we have:

vIBTg+v'CTu

inf sup > ﬂ~3 . (58)

(e v T 1 T T 1
(vVTAV)2 (@'Mpq + W hrMy )2

Arguing again as in [53], let 0 < 6, < 0, < ... be the nonzero generalized eigenvalues of
(BTM;1 B+CTh!M'C)v = cAv. (59)

Then, the constant appearing in the inf-sup condition (58) is given by the square root of ¢, which is therefore independent of the
mesh size. Then, considering the properties of the generalized Rayleigh quotient, the following characterization holds:

TRTM-! TETj—1p-1
vBMva+vChrMACv

ﬁ2 =0, = min (60)
3 {veR"|uT Av=0 for ueker(B)nker(C)} vTAv
Furthermore, using the spectral equivalence between (h-M,)~! and M;Z as in the previous case, we can conclude that
vIBTM;'Bv +v'CTM ?Cv
B < min . 61)
{veR"|uT Av=0 for ueker(B)nker(C)} VTAV

O
Theorem 4. Let V), O, and A, be defined as in Section 3.1. If Q := Mp, and W := Mi, then the lower bound in
Spec(P A,g) € [min(y, €,0), 1]
from Theorem 3 is bounded away from zero by a positive constant independent of the discretization parameters hg and hy.
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Proof. From the proof of Theorem 3 (more precisely from Eq. (41)), we know that all eigenvalues of PV’; A, s, except for those that
are equal to 0 and 1, coincide with the eigenvalues of the following generalized eigenvalue problem:

¥BTQ 1B +6CTWIC)x = A(A +yBTQ "B + 5CTW™'C)x, (62)

and they are all real. Therefore, the corresponding eigenvector can also be chosen to be real and, from now on, x* is replaced by x".
Our goal is to show that A*. , the smallest positive eigenvalue of (62), is bounded away from zero. To this end, we analyze separately
the three cases considered in Theorem 3.

x € ker(C) \ ker(B). We want to estimate #. From Theorem 3, we know that
cao BMTBX 63)
- xT(A+yBTM! B)x
Therefore, 5 coincides with the smallest positive eigenvalue of the generalized eigenvalue problem

yBTM;1 Bx = A(A + yBTM;1 B)x.
In other words,

) vaBTM;1 Bv

1= R A BTV B
where R is defined as

R :={veR"u"(A+ yBTM;‘ B)v=0 VYu e ker(B)}.
Since u € ker(B), it follows that the condition in R reduces to

uTAv=0 Vu € ker(B),
and thus we can equivalently define

R :={veR"u"Av=0 Vu e ker(B)}.

Next, we multiply and then divide by vT Av to obtain

y = min vaBTM;1 Bv vTAv
veR VIAY  vTAv +yvTBTMZ! Bv'
vIBTM,BY . . . . o ST .
Let r(v) i1= —% A”v be the generalized Rayleigh quotient associated with B m;'B and A. Then we observe that n can be written
as
yrv)

= ) R V).

Since f(r(v)) = #(rv()v) is a monotone increasing function for r(v) > 0,

min f(r(v)) = f(min r(v)).

From Lemma (2) we have min, r(v) = ﬂlz, therefore we can conclude that

2

i
n=S0) =1 ylﬁz >0, (64)
1

uniformly in hq, which completes the estimate for #.

x € ker(B) \ ker(C). From Theorem 3, we know that
8xTCTM2Cx
<j=—r (65)
xT(A + 6CTM_2C)x
Arguing as in the previous case, ¢ can be written as
sv'CT™M;2Cy
€e=mn —m ——
veR vT(A + 6CTM;2C)v

where, to keep the notation simple, we will again denote by R the set of vectors v that are A-orthogonal to ker(C).
We multiply and then divide by v'Av to obtain

2
) 5vTCTMA Cv VTAV
€ = min

VER vTAv vIAV + 5vTCTM;2Cv '

16
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vIcTmZey

—ac—» SO that e can be written as

Once again, we define the generalized Rayleigh quotient r(v) :=

or(v)
€=

= ) min f(r(v)),

where f(r(v)) is a monotone increasing function for r(v) > 0. Therefore, we need to characterize f(min,cx r(v)). To this aim, we
use Lemma 3, from which we know that min,cy (v) > §2, therefore it follows that

250, (66)

uniformly in Ap.
Remark 6. We emphasize that this result, derived in the context of the Stokes fictitious domain problem, also applies to the
Poisson fictitious domain problem. In particular, it shows that the eigenvalues of the preconditioned matrix remain uniformly
bounded away from zero also for the Poisson problem.
o x & ker(B) U ker(C). From Theorem 3, we know that
~ xT(yBTM; 1B + 6 CTM;?C)x
xT(A+y BTM'B + 5CTM2C)x

As in the previous cases, we have

vI(yB™™,'B + 8 CTM2C)v

6 = min S
veR vT(A+yBTM;1B + 6 CTM;°C)v
where now
R:={veR"|u"Av=0 Vu€ ker(B)nker(C)}.

Proceeding as before, we multiply and divide by v'Av, and define the generalized Rayleigh quotient
vI(BT™M;'B +CTM’C)v

r(v) i=
™ vIAv

It follows that
6> f<min{y,5} minr(v)),
VER

where f(-) is defined analogously as before. Owing to Lemma 4, we know that min,cp r(v) > ﬁ_z which in turn implies
min{y, 5} ﬁ?
0> f<min{y,5} ﬁ2> =——" "3 >0, (67)
3 1 4+ min{y, 6} 532

uniformly in A and Ap.

O

Remark 7 (Three-dimensional case). When Q c R3, the immersed domain I' is discretized with a surface mesh I';,. Assuming a

quasi-uniform discretization for Iy, it holds

HTMAH
TR

yielding (see also Appendix A)

2
chr,

IN

<Ch:  VpeR!, (68)

TM-2
n'Men
c < A <C

0< . 69
C2hy = uT(hrMy~1p = hy ©%
Setting again p = Cv in the proof of Lemma 3, it holds that
vicTM2cy  j?
min —1r >z (70)
{veR"|uT Av=0 for ueker(C} vTAv hr
Following the same steps used to derive Eq. (66), we employ the inequality in (70) above to obtain
56,
——<e¢ for x € ker(B) \ ker(C). (71)
hr+ 62

17
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By repeating the same reasoning but starting from Lemma 4, and simply adapting Eq. (60), we get
min{y, 6} f;

2
< hr}+min{y,5} ﬁ§

c

0< <6 for x ¢ ker(B) U ker(C). (72)

max {1,

Notice how in these cases the lower bound for the eigenvalues of the preconditioned matrix depends explicitly on h. However, it is
immediate to observe that as 4 — 0, the lower bound in (71) tends to 1, and also (72) remains bounded away from zero. Therefore,
we can still conclude that also in this scenario the bounds are robust with respect to the discretization parameters.

5. Spectral analysis of the inexact variant of P,
In this Section, we discuss in detail the eigenvalue distribution of the preconditioned matrix when an inexact version of the

proposed AL-based preconditioner (32) is employed. We mainly follow the analysis presented in [28]. For the sake of readability, we
now drop 7, 6 and write A in place of A, s and P in place of P,;, so that our ideal preconditioner reads

A BT cT
P={0 —Q 0 [ 73)
1
0 0 -iw

In order to use the same notation as in [28], we define

S::lQ and X::lW.
Y 3
Due to the expensive solve associated in particular with the (1,1)-block, the ideal preconditioner P is not practical and needs to be
replaced by an approximation. In practice, we will employ approximations also for the matrices Q and W. Hence, we are to analyze
the following inexact version:

A BT CT
P:=lo0 -S o]
0 0 -X

where A, S, and X represent symmetric positive definite approximations of A, S, and X, respectively. The spectral properties of the
preconditioned matrix will be given in terms of the eigenvalues of A~'A, §~1§, and X~!X, where § = BA~!BT and X = CA-ICT. We
define

yllr‘lin = lmin(A_]/Z\), J/I':ax = /lmax(A_]/_\), 74 € [yl:‘lin’ yrﬁax]’ (74)
ylflin = A;in(s_lé)’ ylfmx = Amax(s_lg)s Ys € [Vlflin’ y1:|s1ax]’ (75)
rX = AmnXTIR), = A XTIX), €L (76)

We note that B is rank deficient by 1 and, consequently, the matrix S is symmetric positive semidefinite. Moreover, since S-18 is

similar to §~7 §§_% , which is a symmetric and positive semidefinite matrix, the eigenvalues of S~!S are nonnegative and its smallest
eigenvalue is equal to 0. However, since the presence of a zero eigenvalue does not affect the convergence of preconditioned GMRES,
we focus only on the smallest positive eigenvalue, denoted as A;in(g‘lg).

We then use the fact that looking for the eigenvalues of P~! A, s is equivalent to solving

D2A,;D7Zw=AD"2PD zw, (77)
where
A 0 0
B:=[o S ol
0 0 X

~ ~_ 1l _~_1 ~A_l A1 ~_ Ll ~_1 ~ A -~
Let A :=A"2AA"2,R:=8"2BA72,and K := X"2CA™ 2. Since A, S, and X are SPD, B is rank deficient by 1, and C has full row rank,
then A is SPD, R has the same rank as B and K has full row rank. The explicit computation of (77) yields the following generalized
eigenvalue problem:

A RT  K'[x I RT KT'[x
R 0 0ffyl=40 -1 0|yl (78)
K 0 0|z 0 o0 -If:z

Let 4 be an eigenvalue of P~! A, ;5 and (x; y; z) a corresponding eigenvector such that [|x||> + |[y||* + [|z]|* = 1. It follows from (78) that
Ax—ix=(GA-DRTy+ (4 - 1)Kz, (79)

18



M. Bengzi et al. Computer Methods in Applied Mechanics and Engineering 450 (2026) 118522

Rx = -2y, (80)
Kx = —Az. (81)

Following [28], we make the assumption that 1 € [y;:ﬁn, yA ], which is very commonly satisfied in practice. Since A-LA is similar to

A, 2 =1 is also an eigenvalue of P! A, with corresponding eigenvector (x; —Rx; —Kx), provided that x # 0. Hence, from now on we
assume A # 1 and x # 0.

e x € ker(R) nker(K).
Egs. (80) and (81) imply y = z = 0. Then, we readily obtain from (79)
Ax = AX,
which implies that 1 is real and

1€ [yrﬁlin’ yrﬁax]'

(82)

The associated eigenvector is of the form (x;0;0).

x € ker(K) \ ker(R).
Eq. (81) implies z = 0, which gives

Ax — Ax = (4= DRTy, (83)

Rx = —1y. (84)

After multiplying the first equation by x*, the conjugate transpose of the second by y on the right, and inserting the second equation
in the first we obtain

x*Ax = Allx| 1> = =1AP1IyI1* + Allyl 1.
Using the fact that ||x||> = 1 — ||y||?, we get

XAx =2+ (A= DIyII® +14171lyI1* = 0. (85)
Writing now A = a + ib, we obtain the following system for the real and imaginary parts

{X*Ax- a+ (@ +)|lyll> =0, (86)

b2llyl2 - 1) = 0.
From the second equation, it follows that b = 0, or ||y||*> = % We assume b # 0. Therefore, Eq. (85) in the system above reads as
2x*Ax— A=A+ [4>=0 (87)
Exploiting the identity |A|> — A — 1 = |4 — 1|?> — 1, and dividing the last equation by x*x = ||x||> = % we get
x*Ax

201A-1P2=2-2 ,

X*X

therefore

[A-12<1—y4

min”

Hence, if | —y2, >0, we have

A=t <y/1-7A 88)

Conversely, if 1 — ylgin < 0, then there exists no 4 with nonzero imaginary part satisfying equality (87). Using A = a + ib, Eq. (88)
can be written as

(@a—12+bp <1—y4

min’

which represents a circle centered in (1,0) with radius /1 — yx?lin’ meaning that if 1 — Vr/:nn > 0, then the eigenvalues 4 lie in this

circle.
We now consider the case b = 0. In this case, 4 is real, and the corresponding eigenvector can also be chosen to be real. Solving
for x the Eq. (83) gives

x=(A=a1)"' (4= DRy,
which, plugged into Eq. (84) gives
R(A=41)"'(1 = ARTy = 4y. (89)

We now quote the following Lemma from [28], which will be used to characterized the real eigenvalues not lying in [yA yA 1.

min
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Lemma 5.
Suppose that there exists an eigenvalue 1 ¢ [y'ﬁin, y,ﬁax]. Then, for arbitrary z # 0, there exists a vector s # 0 such that
ZT(A—/II)_IZ TA -
————=(3=-1) =u-» (90)
Iz sTs
. sTAs
wherey, 1= 1.

Multiplying Eq. (89) by nyTy, we obtain

TOT(A — AT)-1(RT
1-2 Ry) (A T/II) Ry _,
Yy

Using the lemma above, this yields

TRRT
Q=D -» 2 =0

Note that, by the definition of R, we have RRT = §-1/288-1/2_ which is similar to §~'S. Therefore,
y'RRTy
yTy

€ [min Vman
and
A=Dya=Hlys =4
It follows that A satisfies the quadratic equation

P =(a+rs)h+rs=0.

The next steps are identical to the ones in [28], and are reported here only for completeness.
The two solutions of the quadratic equation above are

_ ratrs Vgt —drs

2
The first root A, can be bounded by

Ya+rs +Va+rs)?—4rs

A1a

A s
A= ) SYa+7s < Vmax T Ymaxe
while
s
A= 2ys > min

Z— 5
YatVvs+V (}'A + VS)Z - 47S Ymax T Ymax

All in all, we have

S
min A S
L€ s Vmax + Ymax | - (91)

A
Ymax + Ymax

x € ker(R) \ ker(K).

Thanks to the particular form of the preconditioned system in (78), this case is completely analogous to the previous one. Therefore,
we only report the final results.

Proceeding in the same fashion as in the previous paragraph, we have two cases to distinguish, depending on the solution » of
Eq. (86). When b # 0: if 1 — 7£in > 0, we have

M—1|§\/1—y£m. (92)

If b=0:
Yo
le | —mn A4 X | (93)
|:7’r?1ax + yrﬁax max ' /max
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e x & ker(R) U ker(K).
We start by multiplying Eq. (79) by x*, the conjugate transpose of Eq. (80) by y on the right, and the conjugate transpose of
Eq. (81) by z on the right, obtaining

x*Ax = AlIx|I> = (4 — Dx*RTy + (A — Dx*K"z, 949
x*RTy = —11lyll%, (95)
XK'z ==1]z||%. (96)

By insertion of the last two equations in (94) we get
x*Ax = AlXI1* = =(A = DAlylI* = (4 = DAl|zl],
which after simple algebra gives
x*Ax = AIXIP = =12PA I + 11z + A1y 11 + [1z]).
Using ||x||* + |lyl[* + [|z||* = 1 yields
x*Ax:(|/1|2+/1-1)||x||2+2-|z|2. 97)

By writing 4 := a + ib, we obtain the following equations for the real and imaginary parts:

X*Ax — (@ +)||x||2—a+d® + b =0, 98)
b(1 =2[Ix|1*) =0,
from which we get again b = 0, or ||x||? = % We assume b # 0, so that Eq. (97) becomes
2x Ax = AP+ A+ A (99)
Exploiting again the identity |4|> — A — 1 = |4 — 1|® — 1, and dividing the last equation by x*x = ||x||? = % we get
o
M_Hz:l_x Ax’
X*X
therefore

[A-1P<1—y4

min*

Hence, if 1 — yr/:lin > 0, we have

[A=1<y/1=vA (100)

If1- yr?lin < 0, then there exists no A with nonzero imaginary part satisfying (99).

We finally consider the case b = 0. From Egs. (80) and (81) we immediately obtain
y:—%RX, Z:—%KX.

Plugging these into Eq. (79), we get

Kx,

Ax — Ax = —MRTRX— MKT
y A

then we multiply both sides by %, obtaining the following quadratic equation in A:

TR TRT TT TRT TT
AZ_A(X-I{\X_'_XRTRX xKTKx> (xRTRx_'_xKTKx>=0. (101)
xTx xTx xTx xTx xTx
We now define
. xTRTRx . xTKTKx
YR =% and yg 1= ———.
xTx xTx
Therefore,
P =ds+rr+r)+rR+7K =0. (102)

Solving for 4 gives the following two (real) solutions:

A= Ya+ TR+ 1k 2 V4 +rr+ 78> — 4R +7K)
12= .
’ 2

The first root A, can be bounded by

Ya+TR+ 7K+ VA H1R+ 752 — 40k +78)

A= )

A R K
SYA+TYRTTVK = Vmax t Ymax T Ymax
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(a) Whole spectrum of preconditioned matrix. (b) Zoom on the leftmost part of the spectrum.

Fig. 5. Numerical check of the bounds for the preconditioned matrix when an inexact variant of the preconditioner is employed.

while

R K
2yg +7k) > Ymin T Ymin

= =2 R K
Ga+7R+1)+ Vs +1r+70)2 —40r +7k)  Yiax T Vmax + Ymax

From the singular value decomposition of R it follows that the nonzero eigenvalues of RTR and KTK are the same ones of RRT
and KK, respectively. Therefore, we have

A

rr €10,75,,] and yg €[0,75 1.

Moreover, the assumption x ¢ ker(R) U ker(K) means that we are effectively working in the space where RTR and K"K are strictly

positive definite, thus yz > 0 and yx > 0. More precisely, we have y € [yrf1 i 75 1) The very same argument applies to y, allowing
to write
s X
A > Ymin + min >0
2 =

A K X
Ymax T Ymax T Ymax
We conclude that

},S

= min
A S X
Ymax T Ymax T Ymax

X
+ J/min

A S X
> "max + Ymax + Vmax | (103)

5.1. Spectrum of the matrix preconditioned with the inexact variant of P,

We verify the correctness of the bounds using the same configuration as in Section 4.1. As an inexact variant of the ideal pre-
conditioner in (32), we consider the case in which we approximate the mass matrices on the pressure and multiplier space with
diagonal matrices. In particular, we consider F\7Ip = diag(Mp), which is a widely used choice in the context of the classical Stokes
problem [18], and M, := diag(M,). As an approximation for A5, we employ its incomplete Cholesky factorization, computed using
the ichol function in MATLAB with a drop tolerance set to 10~!. Note that for the numerical experiments reported in Section 6, the
augmented (1,1)-block is always inverted using a CG solver preconditioned by a single V-cycle of AMG, with a loose tolerance of
102, whereas the inversion of M, is performed using a CG solver preconditioned by the lumped pressure mass matrix. However, to
verify the theoretical findings, here different approximations are considered for the augmented block A ; and for My, for simplicity
of implementation.

To summarize, the following (positive definite) approximations for A, S, and X are considered:

e A :=ichol(A, drop_tol = 10~1),
S

¢S := ;dlag(Mp),
S, 1g. 2

o X 1= sdiag(My)".

We show in Fig. 5 the spectrum of the preconditioned matrix P"Ayt; when the inexact variant above is employed. In particular, we
show the lower (green diamond) and upper (orange square) bound for the real eigenvalues. We notice how the lower and upper
bounds for the real part of the spectrum confirm the theoretical findings above. As already explained, 4 = 0 is an eigenvalue of the
original system, and hence it coincides with the numerical lower bound. Moreover, it is evident how all the imaginary eigenvalues

are well-contained in the disk of radius /1 — yn’:in.
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Fig. 6. Zoom on pre-processed background grid Q,, for the circle interface I' =T'! (left) and the flower-shaped interface I' = I'? (right).

6. Numerical experiments

In this Section, we present a series of numerical experiments to assess the performance of the proposed AL-based preconditioners

for the problems analyzed in this work. All the experiments have been performed using the C++ finite element library DEAL.II [42,43]
and are available at a maintained GitHub repository provided by the authors?. Building on top of a generic library, we can exploit
(in a dimension-independent fashion) features such as adaptive mesh refinement, higher-order elements, handling of non-matching
meshes, hanging node constraints, as well as API to high-performance preconditioners provided by state-of-the-art linear algebra
libraries such as TRILINOS [54] and PETSc [55]. Our code is memory-distributed and builds on the Message Passing Interface (MPI)
communication model [56].
In the examples involving the Poisson problem, we employ Q; elements both for the background space V), and the immersed space
A,,. For the Stokes test case, we employ the classical Taylor-Hood Q,-Q, stable pair for the velocity and pressure spaces V), and Q,,,
and Q, elements for the multiplier space A,. In the forthcoming Tables, we will denote by |V},| + |A;| the total number of DoF, which
corresponds to the global size of the linear system in (11). Similarly, for the Stokes problem, we denote with |V} | + |Q,,| + |A,| the total
number of DoF associated with the linear system in (31). All tests are performed using background meshes made of quadrilaterals
or hexahedra and immersed boundary meshes made of segments and quadrilaterals. We perform an initial pre-processing of the
background grid €, by applying a localized refinement around the interface, where most of the error is concentrated [7]. Sample
two-dimensional grids resulting from this process in the two-dimensional case are shown in Fig. 6. A three-dimensional analogue is
displayed in Fig. 14a. As we are using conforming elements on quadrilateral or hexahedral meshes for the background domain, local
refinement procedures induce the presence of hanging nodes. As usual, the discrete solution is enforced to be continuous through
constraints on the nodal coefficients. In practice, the nodal unknowns associated with those nodes are eliminated by restricting
their value to an interpolation of the nodal values of the finite element unknown in its parent element. The interested reader is
referred to [42] for the implementation details. Finally, we investigate the iteration counts under simultaneous refinement of both
the background and immersed meshes. All the solvers are started with the zero vector as initial guess. Throughout the experiments,
we will set Q = M, W = M2, and we will consider absolute tolerances TOL ranging from 10~% to 10719,

6.1. Poisson problem

We analyze different preconditioning techniques for the linear system (8). In particular, we test three approaches which can
be applied to our context: BFBt preconditioning [57], rational preconditioning [23], and the AL-based preconditioner devised in
Section 2.2.

Unless stated otherwise, the resulting linear system (8) (or the equivalent augmented version (11)) is solved with FGMRES(30),
preconditioned by each one of the preconditioners defined above. For ease of presentation, we recall here the definition of the first
two preconditioners. With the BFBt approach, the action of the preconditioner is defined as

~ -1

A CT
Pl = A,
BFBt [0 —S]

where §-1 := (CCT)"'CACT(CCT)~". Similar to what was reported in [57], the following set of experiments shows that convergence
1

rates for the BFBt preconditioner are mesh-dependent, with iteration counts increasing in proportion to h;. The action of A1 is
computed through a conjugate gradient solver, preconditioned by AMG, with inner tolerance set to 1072,
When employing the rational-based preconditioner [22,23], its action on a vector is determined by the following inverse

~ -1
A 0
-1 .
prational T |:0 §:| :

2 Available at https://github.com/fdrmrc/fictitious_domain_AL_preconditioners.
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This approach is based on the observation that the Schur complement S = CA~'CT, in the context of matching interfaces, is spectrally
equivalent to the fractional Laplacian [22]. The action of the inverse of S on a vector v is computed using a rational approximation
and reads
Ny
o _ -1
STl =M v + Zc,-(A,\ —ppiMy) Y,
i=1
where ¢; and p; are residues and poles, respectively, A, is the stiffness matrix on the immersed space A, and p denotes the spectral
. . . . N, N, .
radius of M;1 A,. From the implementation standpoint, {p; }i="l and {¢; }I.:‘;) are computed offline once and for all. In the present case,
N, = 20. We also need an upper bound on p(M;1 A,), which we estimate as in [23] with

p(M; A < d(d + 1] |diag(My) ™[ 1Al -

Moreover, as p; € R, p; < 0, the application of S-! involves a series of N , elliptic problems for which AMG is well-suited. The solution
of every shifted linear system is realized using the CG method with AMG as a preconditioner and a strict tolerance of 10~!4. We
observed that employing FGMRES as outer solver, with looser inner tolerances for these sub-systems, leads to high iteration counts
in this case. The inversion of A~" in the (1, 1)-block is done through the sparse direct solver UMFPACK. Since the preconditioner is
SPD, the outer solver associated with the rational preconditioner is chosen to be MINRES [58].
Concerning the AL preconditioner, we set y = 10 and a low inner tolerance of 102 for the augmented block /A\y which is always
inverted through a CG solver preconditioned by a single V-cycle of AMG. The inversion of W is performed through the sparse direct
solver UMFPACK. Moreover, the absolute tolerance employed in these experiments is TOL =100, We notice that we have chosen a
rather strict tolerance compared to other papers analyzing preconditioners, which leads to higher iteration numbers. We have chosen
this convergence criterion because it makes seeing trends easier due to the higher number of outer iterations. When using AMG, we
adopt the TrilinosML implementation [54], with parameters shown in Table C.1, in Appendix C.

We fix Q = [0, 1]* as the background domain and consider various immersed domains {I"},_, , 5 of different shapes originating
from an unfitted discretization of different curves:

o Tl :=09B,(c),
o [2:= {(R+ x, + rcos(@zx) cos(2zx), R+ y, + rcos(fxx) sin(27x)) ‘x e[o, 1)},
e I3 = {(x,y)e R2:min(x—a,b-x,y—a,b—y)=0]|(x,y) € [0,1]2},

where the second curve is a parametrization of a flower-like interface and the last one is the boundary of the square [a, b]?, assuming
a>0and a < b < 1. In all the numerical results reported hereafter, we set f =1 and g = 1 as data. Note that we have also tested
various other data and observed the same trends and behavior for the three preconditioners considered. We point out that, in all
experiments, the number of outer MINRES iterations needed by the rational preconditioner with lower tolerances (such as TOL=
1079) is significantly lower and agrees with the findings already reported in [22,23]. The correctness of our implementation can be
verified in Table 1 and Fig. 7, where optimal convergence rates against the mesh size A, are reported for the manufactured solution
u(x,y) :=sin(2zx) sin(2zy), which in turn implies f := 8zu?(x, y). Notice that from the smoothness of u, it follows that in this case the
Lagrange multiplier is identically zero. This corresponds to a special case where the interface is not truly an interface. Indeed, when an

i T T T 11T T T T T 11T T T T T 11T
107 g
—2 |
10 Table 1
” L2(Q) and H'(Q) errors for I'' across mesh re-
‘o'* _4 finement for the manufactured solution u(x,y) :=
[E 10 [ N sin(2zx) sin(2xy).
Convergence history for I'!
6 (Q) error 5 T
107° ) DoF (|Vi| + |Anl) | L*(Q) rate  H'() rate
—8— H*(Q) error
O(h 171+ 17 2,4158e-02  8,6193e-01
8 T (he) 493 + 33 6,5512e-03  4,5953e-01
107° -+- Ohd) | 1,489 + 65 1,7482¢-03  2,4187e-01
L1l (| | [ 5,013 + 129 4,45476—04 1,23366—01
1073 1072 1071 18,237 + 257 1,1254e-04 6,2321e-02
69,259 + 513 2,8308e-05 3,1324e-02
hQ 269,563 + 1,025 7,0960e-06  1,5702e-02
1,063,467 + 2,049 1,7755e-06  7,8602e-03
Fig. 7. L*(Q) and H'(Q) errors against hg, for interface I'!. 4,223,931 + 4,097 || 4,4425¢-07 3,9325¢-03
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Table 2
SR S N Outer iteration counts for the Poisson problem with circular
100 1 —o— BFBt | interface T''.
Rational Outer iteration counts for I'!
o 8O —— AL | b .
2 oF (|V4| +|An|) , BFBt Rational AL
2wl | 171 + 17 10 41 15
g 493 +33 13 57 17
5 m | 1,489 + 65 16 51 16
= 5,013 + 129 21 61 17
20 I | 18,237 + 257 27 47 15
69,259 + 513 34 57 16
Y Ll Ll 269,563 + 1,025 48 47 16
1073 102 10—t 1,063,467 + 2,049 59 47 15
hq 4,223,931 + 4,097 80 45 15
Fig. 8. Iteration counts vs. hg, for I''.
Table 3
SR S - Outer iteration counts for the Poisson problem with flower-
120 I —o BFBt N shaped interface I'2.
Rational Outer iteration counts for T2
100 - —a— AL [
2 DOF (|V,| + |An|) , BFBt Rational AL
g 80F il 177 + 17 9 19 10
S 60| . 518 + 33 11 35 13
i 1,567 + 65 16 31 13
= 401 ] 5177 + 129 21 43 15
20| | 18,575 + 257 25 43 16
69,869 + 513 42 49 16
[ — — e 270,845 + 1,025 57 47 20
10—3 10~2 10~ 1,065,947 + 2,049 70 41 18
ha 4,229,139 + 4,097 108 47 22

Fig. 9. Iteration counts vs. hg, for T2

arbitrary value for u is imposed on T, it cannot be expected that the solution is in H?(Q) since its gradient is not a continuous function
across the interface. In such cases, it is known that non-matching methods are not able to recover the optimal rate of convergence [7].
The chosen value for the absolute tolerance TOL is comparable, if not stricter, to the possible accuracy obtained in the smooth case
by the method.

Tables 2-4 present the outer iteration counts upon mesh-refinement for the Poisson problem (8) using the three preconditioners
outlined above. As interfaces we consider the circular interface I'!, centered at ¢ = (0.4,0.4) with radius r = 0.2, the flower-shaped
interface I'?, where we have chosen R = 0.2, r = 0.04, x, = 0.5, y. = 0.5, § = 10, and the square interface I'> defined by parameters
a=0.25 and b = 0.5. The results demonstrate that the AL preconditioner consistently requires fewer outer iterations compared to
BFBt and rational approaches, highlighting its robustness and efficiency. As the number of DoF increases, the iteration counts for
the BFBt preconditioner show a noticeable increase, confirming the dependency on the mesh size. In contrast, the rational and AL
preconditioners exhibit robust iteration counts, with the AL preconditioner showing lower numbers. This can be better appreciated
in Figs. 8-10, where the iteration counts are plotted against the mesh size of the background Ag. For what concerns the inner solves
for Ky we observed a roughly constant and low number of iteration counts across every refinement cycle, never exceeding nine
CG iterations for each outer iteration of FGMRES(30). The low number of outer iterations required by the AL-based preconditioner
(combined with the low number of inner ones) yields overall good solution times. For the sequence of refinements performed in
Table 2, we measured the wall-clock time spent in the solver® by all the preconditioners presented in this Section. The times are
reported in Fig. 11. Compared with BFBt and the rational preconditioner, the AL-based approach exhibits lower times across all

3 On a 2.60GHz Intel Xeon processor, using a Release build with optimization flags enabled.
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Table 4
Outer iteration counts for the Poisson problem with square

100 T erface 2.
30l Rational || Outer iteration counts for '3

“ — AL DoF (|Vi| + [As|) , BFBt Rational AL

=]

g 60r 1 189 +17 8 19 10

g 477 + 33 11 37 14

g 40 1 1,477 + 65 15 45 13

2 5,013 + 129 20 53 19

20| | 18,189 + 257 26 45 17

69,117 + 513 37 47 18

Ob i | ] 269,317 + 1,025 52 37 14

10-3 10-2 10-1 1,062,933 +2,049 || 66 33 16

he 4,222,980 +4,097 | 88 29 12

Fig. 10. Iteration counts vs. hg, for .

- — T T T T
103 |- |—e— BFBt -
= Rational
> —a AL
£ 10! ||--- O(#DoF) .
-
Q
°
?
3 07t a
B
1073 ke —— —— —— —— |
102 10? 10% 10° 106 107

DoF (|Vi| + |Asl)

Fig. 11. Wall-clock time (in seconds) for the Poisson problem with circular interface I'' using different preconditioners, as a function of the total
number of DoF.

the refinement cycles. Similar trends were observed for all other interfaces, so additional figures and tables are omitted. Albeit a
systematic comparison of the solvers is out of the scope of this paper, we argue that the observed times are representative.

6.2. Stokes problem

We analyze the application to the Stokes problem of the AL preconditioner P,; developed in Section 3. The background domain
is fixed to be Q = [0, 1]%, and the following configuration is considered:

f:=01,0", g:=[-05,05", I*:=0dB,(c),

where ¢ = (0.45,0.45) and r = 0.21. Notice that g has been chosen in such a way that the compatibility condition (19) is automatically
satisfied. Concerning the AL parameters, we have set y =6=10. In this two-dimensional example, the inversion of the mass matrices Q
and W is performed through the sparse direct solver UMFPACK, as we are still in a regime for which the factorization of the pressure
mass matrix Q is affordable. Notice that W is a 1D mass matrix, so its explicit inversion with a sparse direct solver does not constitute
a possible bottleneck in this example, even when the cardinality of V}, is large. The augmented term is never factorized, but is always
inverted through a CG solver preconditioned by a single V-cycle of AMG, with a loose tolerance of 10~2. The iteration counts for
the outer FGMRES(30) solver are reported in Table 5a, corresponding to an absolute tolerance of TOL=10-8. The AL preconditioner
shows a robust behavior, requiring low FGMRES(30) iteration counts which are independent of the refinement levels. We display the
inner iterations as the average over all outer FGMRES(30) iterations of the number of iterations for the augmented velocity block
K},. From there it can be seen that the number of inner iterations slightly increases upon mesh refinement, but remains essentially
bounded. The development of a y, 5-robust and mesh-independent solver for our double-augmented block Z\ya is far from trivial and
is left for future work. Ad-hoc geometric multigrid schemes have been used and developed in [39,59] in the context of Oseen and
Stokes problems, respectively, to overcome the issues introduced by the augmentation.
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Table 5
Outer FGMRES(30) iteration counts with an absolute tolerance TOL = 1078, along with the corresponding number of average inner iterations for the
Stokes problem using AL preconditioner across different geometries and solvers.

Iteration counts for I'* (direct solvers) Iteration counts for I'* (inexact solvers)
DoF (|Vi| + |Qn| + |Arl) Outer Inner DoF (|Vi| + |Qn| + |Anl) Outer Inner
518+ 72+ 18 17 7 518+72+18 18 2
1,446 + 190 + 34 16 8 1,446 + 190 + 34 20 2
3,818 + 494 + 66 16 16 3,818 + 494 + 66 20 13
11,922 + 1,523 + 130 16 18 11,922 + 1,523 + 130 21 15
40,002 + 5,065 + 258 15 21 40,002 + 5,065 + 258 20 18
145,442 + 18,309 + 514 15 24 145,442 + 18,309 + 514 19 20
2,154,546 + 269,831 + 2,050 10 31 2,154,546 + 269,831 + 2,050 12 25
8,503,490 + 1,063,961 + 4,098 10 42 8,503,490 + 1,063,961 + 4,098 11 28

(a) Circular interface I'* (2D test). (b) Circular interface I'* (2D test).
Iteration counts for I'° Iteration counts for I'6
DoF (|Vi| + [Qn| + |Anl) Outer Inner  DOF (|Vi| + |Qn| + |Anl) Outer Inner
9,435+469+24 12 13 8,367+421+48 13 10
22,131+1,073+192 12 16 32,829+1,561+192 14 11
135,951+6,171+294 12 24 149,319+6,767+768 14 17
904,143+39,475+3,072 12 24 984,387+42,961+3,072 14 19
6,718,791+286,855+4,614 8 37 7,132,467+304,897+12,288 13 25
52,077,519+2,197,115+286,855 8 50 53,641,515+2,265,401+49,152 13 28

(c) Spherical interface I'® (3D test). (d) Toroidal interface I'® (3D test).

T T T T T
—— Psym,’yti
— A P’YJ

2 10% | |--- O(#DoF) |
i
8
—‘,J 100, |
=
=

1072 L \\\\H“ il Ll i i =

103 104 10° 106 107
DoF (|Vi| + |Qn| + |An])

Fig. 12. Wall-clock time (in seconds) for the Stokes problem with circular interface I'* using the block-triangular AL preconditioner 7,; and its SPD
variant Py, 5, as a function of the total number of DoF.

Having confirmed the good behavior of the preconditioner with direct solvers, we test its performance when the action of Q~' and
W~ is applied inexactly. The inversion of Q is performed with a CG solver preconditioned by the (lumped) pressure mass matrix
I/le, while for the matrix W we directly invert its diagonal approximation (see Eq. (17)) . We show in Table 5b the results with this
approach. The usage of iterative solvers also for the mass matrices does not spoil the overall quality of the preconditioner. We observe
only a marginal increase in the number of outer iterations compared to the case where exact inversions are performed. However, the
overall numbers are robust upon mesh refinement, with a considerable saving in computational cost associated with the fact that no
direct inversion of any block has been performed. The computed velocity field u and its streamlines are shown in Fig. 13. Finally, we
test the performance of the block triangular preconditioner P,; defined in (32) against the diagonal and SPD variant Py, . ; presented
in Remark 4, which is used as a preconditioner for MINRES. The computing times for the solver are reported in Fig. 12, where it can be
appreciated how the block triangular preconditioner P, ; outperforms the diagonal variant by approximately an order of magnitude.

6.2.1. Three-dimensional tests
In order to show the reliability of our preconditioner also for practical usage, we finally consider the three-dimensional extension
of the tests in the previous paragraph. The following embedded surfaces are tested:

e I’ := 9B, (c),
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(a) Magnitude of the velocity field u. (b) Vector field of the velocity u.

N N

0 0.5 1

Fig. 13. Computed vector field u for the Stokes problem with an embedded circular interface.

2
i

|
o
S|

| i L

(a) Locally refined background grid €25, around the (b) Streamlines associated to the velocity field u with
toroidal interface I'6. interface I'S.
0 0.5 1 1.6

Fig. 14. Post-processing of the velocity field u with interface T®. On the right, the background geometry is shown with a wireframe (and clipped)
representation.

2
e 0= {(x,y,z)eﬂl%3 ( x2+y2—0.3) +z2—(0.1)2=0},
where ¢ :(%,%,%
we consider

f:=[1,00", g:=[-1,1,0".

)y and r = 0.1. The interface I'® describes a torus with inner and outer radius of 0.2 and 0.4. As data of the problem,

A sample grid illustrating the (local) refinement process near the embedded toroidal surface mesh I'® is shown in Fig. 14a, while
Fig. 14b displays the streamlines for the computed velocity field u. The AL parameters are set to y =§=10. The (1, 1)-block is solved
as in the previous tests with a tolerance of 1072, The mass matrices Q and W are inverted iteratively in the same way as explained in
the previous two-dimensional test. The results of this study are reported in Table 5c and d. For both the interfaces, we observe outer
iteration counts independent of the refinement level. Moreover, the order of magnitude of the inner AMG iterations for the inversion
of the (1, 1)-block is the same as in the two-dimensional tests. We solve problems up to 56 million of unknowns, thereby confirming
the trends observed so far. The three-dimensional simulations have been run varying the number of MPI processes employed from
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Strong scaling experiment

T T T T T T
10% —e— FGMRES(30) |
r —— Assemble system | |
2 [ Assemble coupling | |
2 10% ¢ —  Ideal Scaling | |
'% i ]
1L i
< 10t
& F 1
3 . 4
10° ¢
: 1 1 1 1 1 1 I 1 :
16 32 64 96 128 192 256 512
Number of MPI ranks

Fig. 15. Strong scaling test of the principal components of the whole solver for a three-dimensional problem with interface I'* with 7 million DoF.

16 up to 256 and observing robust inner and outer iteration counts. Notably, the largest simulations in Table 5c¢c and d must be
run with a sufficiently large number of cores due to the high memory cost associated with the setup of the AMG preconditioner
for the augmented block and the storage of sparse matrices arising from higher-order discretizations. We show in Fig. 15 a strong
scaling experiment for different components of our pipeline, where we keep a fixed problem size resulting from a three-dimensional
discretization comprising roughly 7 million DoF and increase incrementally the number of MPI processes from 16 to 512. In particular,
we measure the wall-clock time to assemble matrices A and B for the Stokes problem, the time to assemble the coupling matrix C, and
the time taken by FGMRES(30) to solve the final linear system of equations. The parallel experiments have been performed on the
Galileo100* Italian supercomputer. Its compute nodes have two sockets (each one with 24 cores of Intel CascadeLake). Good scaling
properties are confirmed for all the kernels employed in the simulation.

7. Conclusions

We have presented augmented Lagrangian-based preconditioners to accelerate the convergence of iterative solvers for linear sys-
tems arising from the finite element method applied to the fictitious domain approach. We have considered two model problems with
an internal interface, namely the Poisson problem and the Stokes problem, which yield two-by-two and three-by-three block systems,
respectively. A spectral analysis of the preconditioner for the Stokes problem has been performed in both the exact and the inexact
case. We tested practical and cheap variants of the proposed preconditioner that do not require the usage of sparse direct solvers,
showing its effectiveness through several numerical tests in two and three dimensions and with different immersed geometries. Addi-
tionally, the memory-distributed implementation was validated in a three-dimensional context. Future work will focus on extending
such techniques to more complex systems arising from fictitious domain methodologies, such as elliptic interface problems, which
are currently under investigation, and the development of tailored solution strategies for the inversion of the augmented block.
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Appendix A. Spectral equivalence of h-scaled mass matrices

We prove the spectral equivalence between the matrices (h-M,)~" and M;z when d = 2. In this case, the mass matrix M, is defined
on the one-dimensional (closed) curve I';,. Recall that two families of SPD matrices {A,;} and {B,;} (parametrized by their dimension
1) are said to be spectrally equivalent if there exist /-independent constants « and g with

T
O<a<

! <p A #1)
T =p, w .
Bl'

We drop the subscript /. To show that
TM-2
B M
O<as———Da——<f  Vu#O, (A1)
u'(hrM)~'

we first multiply and then divide the previous relation by u"p, so that it can be rewritten in terms of the Rayleigh quotients associated
with the matrices (hM,)~! and M;Z. Since for a Hermitian matrix M, its Rayleigh quotient lies in the interval [4,,;,(M), A,,,x(M)], and
the eigenvalues of the inverse of a matrix are the reciprocals of the eigenvalues of the original matrix, we get

TMm—2
Amin(hFM)\) < H M)\ [ < j'max(hl"'vl)\)

T M2) W (e MY ™ 0 (M2 . (A.2)
Moreover, for a quasi-uniform subdivision in R! of shape-regular elements®, it holds
chy < “T“T"‘“ <Ch. VpeR. (A3)
Noting that A(hrM,) = ArA(M,) and /I(M)\z) = (4(M,))?, we use the above bounds for the eigenvalues in (A.2), which yields
0< L < LN L C (A.4)

C2 7~ WT(heMy~Tp ~ 2

proving the spectral equivalence between the two matrices.
Appendix B. Inverse estimate

Lemma. Let A, be the space for the discrete Lagrange multiplier, defined in (25). Then, there exists a constant C > 0 independent of the mesh
size hy- such that the following estimate holds:

1
||Ilh||_%yrZChlz||Mh||(),r Vup € Ap. (B.1)
Proof. In the case of H'-conforming Lagrangian elements, by definition of dual norm, we have
. (Mps Z)r (Mps Zndr
Maall_ypoi= sup 2T Ral AN
2 ||Z||%’1- 0#zpEAy, ||Zh||%’1-

0#z€H 2 )
1
where the second inequality follows from the fact that A, ¢ H 2 (I'). Therefore, upon choosing z, = u;, we obtain

2
Nanl 2

il _y > ot
5 Tl

Finally, using the following inequality
_1
I|/4h||;r <chp Hupllor

which extends classical inverse inequalities (cfr. [60, Sect. 1.7]) from integer to real indices, gives the desired result. When A, is the
discontinuous space of piecewise constant functions, the result has been proven by Glowinski and Girault in [4] (Theorem 9). O

Appendix C. AMG parameters

The AMG parameter settings used in the numerical experiments are reported in Table C.1.

5 Since d = 2, elements of I';, are one-dimensional intervals, for which the shape-regularity condition is automatically fulfilled.
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Table C.1

Parameters for ML [54] (Trilinos 14.4.0).
Parameter Value
Smoother Chebyshev
Coarse solver Amesos-KLU
Smoother sweeps 2
V-cycle applications 1
Aggregation threshold 1074
Max size coarse level 2000
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