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ABSTRACT In this paper we continue the study of the notion of &-rectifiability in Carnot groups. We say that a
Radon measure is &,-rectifiable, for i € IN, if it has positive h-lower density and finite h-upper density almost
everywhere, and, at almost every point, it admits a unique tangent measure up to multiples.

In this paper we prove a Marstrand-Mattila rectifiability criterion in arbitrary Carnot groups for &-rectifiable
measures with tangent planes that admit a normal complementary subgroup. Namely, in this co-normal case, even
if a priori the tangent planes at a point might not be the same at different scales, a posteriori the measure has a
unique tangent almost everywhere.

Since every horizontal subgroup of a Carnot group has a normal complement, our criterion applies in the particular
case in which the tangents are one-dimensional horizontal subgroups. Hence, as an immediate consequence of our
Marstrand—Mattila rectifiability criterion and a result of Chousionis-Magnani-Tyson, we obtain the one-dimensional
Preiss’s theorem in the first Heisenberg group H'!. More precisely, we show that a Radon measure ¢ on H! with
positive and finite one-density with respect to the Koranyi distance is absolutely continuous with respect to the
one-dimensional Hausdorff measure H!, and it is supported on a one-rectifiable set in the sense of Federer, i.e., it is
supported on the countable union of the images of Lipschitz maps from A C R to H.
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1 INTRODUCTION

In Euclidean spaces a Radon measure ¢ is said to be k-rectifiable if it is absolutely continuous with respect to
the k-dimensional Hausdorff measure H¥ and it is supported on a countable union of k-dimensional Lipschitz
submanifolds, see [11, §3.2.14]. In Euclidean spaces, the previous global definition arises as a consequence of
the local structure of the measure, as it is clear from the following Proposition which is classically attributed to
Marstrand and Mattila, see e.g., [22, Theorem 16.7].

Proposition 1.1. Assume ¢ is a Radon measure on R" and k is a natural number such that 1 < k < n. Then, ¢ is a
k-rectifiable measure if and only if for ¢-almost every x € R"™ we have

(i) 0 < Ok(p,x) < OF*(¢,x) < +oo,

(ii) Tang(¢,x) C {AH¥.V : A >0, and V is a k-dimensional vector subspace},
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where @ (¢, x) and O (¢, x) are, respectively, the lower and the upper k-density of ¢ at x, see Definition 2.8, and Tany (¢, x)
is the set of k-tangent measures to ¢ at x, see Definition 2.7, while H* is the Hausdorff measure.

The previous infinitesimal characterization of rectifiable measures in the Euclidean spaces is at the core of the
definition of &-rectifiable measures, which have been introduced by the second named author in [25, Definition
3.1 & Definition 3.2], in the setting of Carnot groups, and which have been studied by the two authors in [5, 4].
We stress that the present paper is the second of two companion papers derived from [5]. For a more thorough
introduction we refer the reader to the introductions of [5, 4].

A Carnot group G is a simply connected nilpotent Lie group, whose Lie algebra is stratified and generated by
its first layer. Carnot groups are a generalization of Euclidean spaces, and we remark that (quotients of) Carnot
groups arise as the infinitesimal models of sub-Riemannian manifolds and their geometry, even at an infinitesimal
scale, might be very different from the Euclidean one. From now on G will be a fixed Carnot group endowed
with an arbitrary left-invariant homogeneous distance d, see Section 2, and we recall that any two such distances
are bi-Lipschitz equivalent. These groups have finite Hausdorff dimension, that is commonly denoted by Q, with
respect to any homogeneous left-invariant distance. We recall that on G we have a natural family of dilations
{6, } 150, see Section 2, which gives raise to a homogeneous structure on G with respect to which we can perform
blow-ups. We recall here the notion of 7-rectifiable measure.

Definition 1.1 (#-rectifiable measures). Fix a natural number 1 < h < Q. A Radon measure ¢ on G is said to be
Py-rectifiable if for ¢-almost every x € G we have

(i) 0 < ©(g,x) < O"(¢,x) < +oo,
(ii) Tany(¢,x) € {AS".V(x): A >0}, where V(x) is a homogeneous subgroup of G of Hausdorff dimension ,

where @i‘(([),x) and @hf*((p,x) are, respectively, the lower and the upper h-density of ¢ at x, see Definition 2.8,
Tany, (¢, x) is the set of h-tangent measures to ¢ at x, see Definition 2.7, and S" is the spherical Hausdorff measure
of dimension /, see Definition 2.4. Furthermore, we say that ¢ is &) -rectifiable if (ii) is replaced with the weaker

(ii)* Tany (¢, x) C {AS"LV : A >0, V is a homogeneous subgroup of G of Hausdorff dimension /}.

If we impose more regularity on the tangents we can define different subclasses of #-rectifiable or &?*-rectifiable
measures, see Definition 2.20 for details. We notice that, a posteriori, in the aforementioned definitions we can and
will restrict to A > 0, see Remark 2.6.

Additional remark. This is the second of two companion papers derived from [5]. The present work consists of an
elaboration of Sections 2 and 5 of the Preprint [5], while the first of the two (that will appear as [3]) is an elaboration
of Sections 2, 3, 4, and 6 of [5]. In order to avoid redundancy, we wrote the complete proofs of some of the ancillary
results of Section 2 of [5] only in the first of the two. Therefore, here we omit some of the proofs of the basic results,
but we will always give precise references to the complete proofs that are contained in the Preprint on arXiv [5]. We
finally remark the results presented here are independent from those proved in Sections 3, 4, and 6 of [5]. Therefore
the present work is completeley indepent from the other.

1.1 Results

The main contribution of this paper is a co-normal Marstrand-Mattila rectifiability criterion for &-rectifiable
measures in the setting of Carnot groups. Already in the Euclidean case, it is not trivial to prove that a &?*-rectifiable
measure is rectifiable, see [8, Theorem 5.1], and [22, Theorem 16.7]. Proving that a ﬂéfl-rectiﬁable measure in

a Carnot group of Hausdorff dimension Q is supported on the countable union of C};-regular hypersurfaces is a
challenging problem that has been solved by the second-named author in [25, Theorem 3].

In this paper we adapt Preiss’s techniques in [27] to prove that &?*-rectifiable measures with co-normal tangents,
i.e., with tangents that admit at least one normal complementary subgroup, are Z-rectifiable, see Theorem 3.1.
This means that in this co-normal case, even if the tangents at a point might not be the same at different scales, then
a posteriori the tangent is unique almost everywhere. We recall that when we say that a homogeneous subgroup V
of a Carnot group G admits a complementary subgroup, we mean that there exists a homogeneous subgroup L such
that G=V- L and VNIL = {0}.
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Theorem 1.2 (Co-normal Marstrand-Mattila rectifiability criterion). Let G be a Carnot group endowed with an arbitrary
left-invariant homogeneous distance. Let ¢ be a &7} -rectifiable measure on G with tangents that admit at least one
normal complementary subgroup. Then ¢ is a Py-rectifiable measure. Moreover, there are countably many homogeneous
subgroups V; of homogeneous dimension h, and Lipschitz maps ®; : A; C V; — G, where A;’s are compact, such that

o(G\ U i(4)) =0.

icIN

Let us notice that the converse of Theorem 1.2 holds as well. Namely if ¢ is a Radon measure on G with positive
h-lower density and finite h-upper density ¢-almost everywhere, and there are countably many homogeneous
subgroups V; of homogeneous dimension #, and Lipschitz maps ®; : A; C V; = G, where A;’s are compact, such

that
4’(@\ U cDi(Ai)> =0,
ieN
hence ¢ is & -rectifiable (and a fortiori &7 -rectifiable). The proof is done first by a classical reduction to measures
of the type S".T, and hence using the Rademacher theorem, and the area formula, which hold for the maps ®;.
The resulting reasoning is exactly the same as in the last part of the proof of Theorem 3.1.

As we said above, a Marstrand-Mattila rectifiability criterion for codimension-one rectifiable measures in arbitrary
Carnot groups has been proved by the second named author in [25]. The techniques used in [25] are likely to be
adapted to show the same result in the more general co-horizontal case. Apart from the cases discussed here, and
the result in Theorem 1.2, we presently do not know if a Marstrand-Mattila rectifiability criterion holds in the
generality of &7*-rectifiable measure with complemented tangents. We believe that such a result could be really
challenging because of the lack of regularity of the projections map in the general case.

We remark that we are able to prove Theorem 1.2 because of the following two key observations: whenever V
admits a normal complementary subgroup L, then the projection Py : G — V related to the splitting G = V - IL
is a Lipschitz homogeneous homomorphism, see Proposition 2.21, and moreover V is a Carnot subgroup, see [2,
Remark 2.1]. This allows us to adapt Preiss’s machinery in [27] not without some difficulties that are essentially
due to the fact that, on the contrary with respect to the Euclidean setting, we do not have a canonical choice of a
normal complementary subgroup to V when there is at least one. We also stress that, for the Marstrand-Mattila
rectifiability criterion, the assumption on the strictly positive lower density is necessary already in the Euclidean
case, see [27, p. 5.9].

The hypotheses of Theorem 1.2 are satisfied whenever we have a & -rectifiable measure with horizontal tangents.
Thus, the previous co-normal Marstrand-Mattila rectifiability criterion, jointly with the result of [6, Theorem 1.3], can
be used to give the proof of Preiss’s theorem for measures with one-density in the Heisenberg group H' endowed
with the Koranyi norm. For the sake of clarity, let us recall that if we identify H! = R® = {(x,t) : x € R%,t € R}
through exponential coordinates, then the Koranyi norm is ||(x,t)|| := (||x||%, + t2)1/4, where || - ||ey is the standard
Euclidean norm.

Theorem 1.3 (One-dimensional Preiss’s theorem in H'). Let H! be the first Heisenberg group endowed with the Koranyi
norm. Let ¢ be a Radon measure on H' such that the one-density ©' (¢, x) exists positive and finite for ¢-almost every x € H.
Then ¢-almost all of H' can be covered with countably many images ®;(A;) of Lipschitz functions ®; : A; C R — H!, and
moreover ¢ is absolutely continuous with respect to the one-dimensional Hausdorff measure H'.

Proof. From the fact that the one-density exists at ¢-almost every x € H! we deduce that at ¢-almost every x € H!
the tangent measures are uniform measures, see [24, Proposition 2.2]. Then from [6, Theorem 1.3] we get that the
tangent measures, at ¢-almost every x € H!, are S1_L, where L is a horizontal line. Finally from Theorem 1.2, since
every horizontal line admits a normal complementary subgroup, we get the first part of the sought conclusion. The
absolute continuity is a consequence of Proposition 2.5. O

Let us notice that Theorem 1.3 is one of the few cases in which Preiss’s theorem [27] is nowadays known to hold
beyond the Euclidean space. The characterization of the k-rectifiability of a measure through the existence of the
k-density in Euclidean spaces was one of the great achievement of Geometric Measure Theory [27]. Another Preiss’s
type result has been proved by A. Lorent [20] in £3,. Recently, the second named author has accomplished to prove
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the analogue of Theorem 1.3 for the 3-density, which requires a deeper understanding of 3-uniform measures in the
first Heisenberg group H!, see [24, 25].

A related result to Theorem 1.3 in the broad generality of metric spaces is contained in [28]. Nevertheless we
stress that here we prove Theorem 1.3 in the general setting of Radon measures and we ask no bound on the density,
just its existence: namely, we prove that whenever the 1-density of a Radon measure exists on H! endowed with
the Koranyi norm, hence we have that it is rectifiable. We remark that, even if we take advantage of the fact that the
classification of the 1-uniform measures on IH! was known from [6], the result in Theorem 1.3 is non-trivial, since it
requires the Marstrand-Mattila rectifiability criterion in Theorem 1.2.

Let us remark that the previous Theorem 1.3 is the last step needed to completely solve in H! the implication
(i)=(ii) of the density problem formulated in [25, page 50]. Let us explain this and give a scheme here. If in H'
endowed with the Koranyi norm we have a Radon measure ¢ such that there exists & > 0 for which the a-density
©%(¢, x) exists positive and finite for ¢-almost every x € H! we first get that a is an integer, see [7, Theorem 1.1].
Thus the only non-trivial cases are

e o = 1. In this case ¢ is &) -rectifiable, see Theorem 1.2. Moreover we can cover ¢-almost all of H! with
countably many images of Lipschitz maps from subsets of R to H!. Note that we can improve the latter
conclusion. Indeed, we can cover ¢-almost all of H! with countably many images of Cf;-functions defined on
open subsets of R to H!. This last improvement comes from Pansu-Rademacher theorem for Lipschitz maps
between Carnot groups, see [26], and the Whitney exstension theorem proved in [16, Theorem 6.5].

* « = 2. In this case ¢ is &,-rectifiable, see [25, Theorem 3.7]. This means that the tangent measure is ¢-almost
everywhere unique and it is a Haar measure of the vertical line in H!.

e ¢ = 3. In this case ¢ is P3-rectifiable, see [24], and [25, Theorem 4]. Moreover we can cover ¢-almost all of H!
with countably many Cli-hypersurfaces, see [25, Theorem 4].

As it is clear from the list above, an interesting line of investigation could be a finer study of the structure of
P-rectifiable measures in H.
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2 PRELIMINARIES
2.1 Carnot Groups

In this subsection we briefly introduce some notations on Carnot groups that we will extensively use throughout
the paper. For a detailed account on Carnot groups we refer to [18].

A Carnot group G of step « is a simply connected Lie group whose Lie algebra g admits a stratification
g=V1i® Vo, ®---® Vix. Wesay that V] @& Vo @ --- @ Vi is a stratification of gif g=V; & V, &--- @ V4,

V1,Vi] =Vi4q, foranyi=1,...,k—1, V1, Vil = {0}, and Vi # {0},

where [A, B] := span{[a,b] : a € A,b € B}. We call V; the horizontal layer of G. We denote by n the topological
dimension of g, by n; the dimension of V] for every j = 1,...,x. Furthermore, we define 71; : G — V; to be the
projection maps on the i-th strata. We will often shorten the notation to v; := m;v.

For a Carnot group G, the exponential map exp : g — G is a global diffeomorphism from g to G. Hence, if we
choose a basis {Xj,..., X} of g, any p € G can be written in a unique way as p = exp(p1X1 + - - - + pnXy). This
means that we can identify p € G with the n-tuple (py,..., pn) € R" and the group G itself with R"” endowed with
the group operation - determined by the Baker-Campbell-Hausdorff formula. From now on, we will always assume
that G = (R", -) and, as a consequence, that the exponential map exp acts as the identity.

For any p € G, we define the left translation 7, : G — G as

qHTPQZ:p'q.
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As already remarked above, the group operation - is determined by the Campbell-Hausdorff formula, and it has the
form (see [13, Proposition 2.1])
p-q=p+q+2(p,q), forall pgeR",

where 2 = (21,...,2¢) :R"XR" = V] &... @V, and the 2;’s have the following properties. Forany i = 1,...x
and any p,q € G we have

(i) 2i(6rp,62q) = M 2i(p.q),
(i) 2i(p,q) = —2i(—q,—p),
(ii)) 27 =0and 2i(p,q9) = 2i(p1,---, Pi-1,91,-- -, Gi-1)-

Thus, we can represent the product - as

p-g=p1+qupr2+02+2(p1,q1), - Pe+ a9+ 2c(P1, - Pr—1,91, - 1 Gx—1))- (1)

The stratificaton of g carries with it a natural family of dilations 6, : g — g, that are Lie algebra automorphisms
of g and are defined by
Sp(v1,...,0¢) = (Avl,)\sz,...,A"v,{), for any A >0,

where v; € V;. The stratification of the Lie algebra g naturally induces a gradation on each of its homogeneous Lie
sub-algebras b, i.e., sub-algebras that are J)-invariant for any A > 0, that is

h=ViNh@...®VeNh. )

We say that h = Wy @ - - - & Wy is a gradation of b if [W;, Wj] C Wl-+]- for every 1 < i,j < x, where we mean that
Wy := {0} for every ¢ > «. Since the exponential map acts as the identity, the Lie algebra automorphisms J, can be
read also as group automorphisms of G.

Definition 2.1 (Homogeneous subgroups). A subgroup V of G is said to be homogeneous if it is a Lie subgroup of G
that is invariant under the dilations d,.

We recall the following basic terminology: a horizontal subgroup of a Carnot group G is a homogeneous subgroup
of it that is contained in exp(V7); a Carnot subgroup W = exp(h) of a Carnot group G is a homogeneous subgroup
of it such that the first layer V3 N § of the grading of h inherited from the stratification of g is the first layer of a
stratification of b.

Homogeneous Lie subgroups of G are in bijective correspondence through exp with the Lie sub-algebras of g
that are invariant under the dilations J,. For any Lie algebra h with gradation h = W; @ ... & W, we define its
homogeneous dimension as

dimpom (h) == fi-dim(Wi).
i=1

Thanks to (2) we infer that, if  is a homogeneous Lie sub-algebra of g, we have dimyy, (h) := Y5 ;- dim(h N V).
We introduce now the class of homogeneous and left-invariant distances.

Definition 2.2 (Homogeneous left-invariant distance). A metricd : G x G — R is said to be homogeneous and left
invariant if for any x,y € G we have

(i) d(drx,0,y) = Ad(x,y) for any A > 0,
(i) d(x, zy) =d(x,y) for any z € G.

We remark that two homogeneous left-invariant distances on a Carnot group are always bi-Lipschitz equivalent. It
is well-known that the Hausdorff dimension (for a definition of Hausdorff dimension see for instance [22, Definition
4.8]) of a graded Lie group G with respect to an arbitrary left-invariant homogeneous distance coincides with the
homogeneous dimension of its Lie algebra. For a reference for the latter statement, see [19, Theorem 4.4]. From
now on, if not otherwise stated, G will be a fixed Carnot group. We recall that a homogeneous norm || - || on G is
a function || - || : G — [0, 4+o0) such that ||d,x|| = A||x|| for every A > 0and x € G; ||x-y|| < ||x|| + ||ly|| for every
x,y € G; and ||x|| = 0 if and only if x = 0. We introduce now a distinguished homogeneous norm on G.
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Definition 2.3 (Smooth-box metric). For any g € G, we let

gl := max{ei[ga], ealgal'?, ... exlgul" ¥},

where ¢ = 1 and ¢, ... &, are suitably small parameters depending only on the group G. For the proof of the
fact that we can choose the ¢;’s in such a way that ||-|| is a homogeneous norm on G that induces a left-invariant
homogeneous distance we refer to [13, Section 5].

Given an arbitrary homogeneous norm || - || on G, the distance d induced by || - || is defined as follows

d(x,y) = [lx~ -yl

Vice-versa, given a homogeneous left-invariant distance d, it induces a homogeneous norm through the equality
lx|| := d(x,e) for every x € G, where e is the identity element of G.

Given a homogeneous left-invariant distance d we let U(x,r) := {z € G : d(x,z) < r} be the open metric ball
relative to the distance d centred at x and with radius r > 0. The closed ball will be denoted with B(x,r) := {z €
G : d(x,z) < r}. Moreover, for a subset E C G and r > 0, we denote with B(E,r) := {z € G : dist(z,E) < r} the
closed r-tubular neighborhood of E and with U(E,r) := {z € G : dist(z, E) < r} the open r-tubular neighborhood of E.

Definition 2.4 (Hausdorff Measures). Throughout the paper we define the h-dimensional spherical Hausdorff measure
relative to a left invariant homogeneous metric d as

Sh(A) = supinf{ Zr? A C U B(xj,1i), 1; < (5},
5>0 j=1 =1

for every A C G. We define the h-dimensional Hausdorff measure relative to d as

H"(A) := supinf { ZZ*h(diam E]')h tAC Ej, diamE; < (5} ,
>0 j=1 j=1

for every A C G. We define the h-dimensional centered Hausdorff measure relative to d as

C"(A) := sup CIE),
ECA

for every A C G, where

[ee] [ee]
Cé’(E) = supinf{ r;? :EC U B(xj,r]-), xj €E, 1j < 5},
6>0 j=1 j=1

for every E C G. We stress that C" is an outer measure, and thus it defines a Borel regular measure, see [9,
Proposition 4.1], and that the measures S 1M Ch are all equivalent measures, see [11, Section 2.10.2] and [9,
Proposition 4.2].

Definition 2.5 (Hausdorff distance). Given a left-invariant homogeneous distance d on G, for any couple of sets
A, B C G, we define the Hausdorf{f distance of A from B as

dy (A, B) := max { sup dist(x, B), sup dist(4, y) },
xX€A y€EB

where

dist(x, A) := inf d(x,y),
ist(x, A) Jnf, (x,y)

for every x € Gand A C G.
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2.2 Densities and tangents of Radon measures

Throughout the rest of the paper we will always assume that G is a fixed Carnot group endowed with an arbitrary
left-invariant homogeneous distance d. Some of the forthcoming results will be proved in the particular case in
which d is the distance induced by the distinguished homogeneous norm defined in Definition 2.3, and we will
stress this when it will be the case.

The homogeneous, and thus Hausdorff, dimension with respect to 4 will be denoted with Q. Furthermore as
discussed in the previous subsection, we will assume without loss of generality that G coincides with IR"” endowed
with the product induced by the Baker-Campbell-Hausdorff formula relative to Lie(G).

Definition 2.6 (Weak convergence of measures). Given a family {¢;};cn of Radon measures on G we say that ¢;
weakly converges to a Radon measure ¢, and we write ¢; — ¢, if

/fd(,bi — /fd(,b, for any f € C.(G).

Definition 2.7 (Tangent measures). Let ¢ be a Radon measure on G. For any x € G and any r > 0 we define the
measure
T (E) := ¢(x - 6,(E)), for any Borel set E.

Furthermore, we define Tany(¢, x), the h-dimensional tangents to ¢ at x, to be the collection of the Radon measures
v for which there is an infinitesimal sequence {r;};cn such that

ri_th,,l.¢ — .
Remark 2.1. (Zero as a tangent measure) We remark that our definition potentially admits the zero measure as a
tangent measure, as in [8], while the definitions in [27] and [23] do not.

Definition 2.8 (Lower and upper densities). If ¢ is a Radon measure on G, and i > 0, we define

©1(9,%) = liminf Mw' and  ©"(¢,x) := limsup M,

r—0 r 50 rh

and we say that @/ (¢, x) and @"*(¢, x) are the lower and upper h-density of ¢ at the point x € G, respectively.
Furthermore, we say that measure ¢ has h-density if

0< O (¢,x) = 0" (¢,x) < o, for ¢-almost any x € G.

Lebesgue theorem holds for measures with positive lower density and finite upper density, and thus local
properties are stable under restriction to Borel subsets.

Proposition 2.1. Suppose ¢ is a Radon measure on G with 0 < @/ (¢, x) < @"*(¢,x) < oo for ¢p-almost every x € G.
Then, for any Borel set B C G and for ¢-almost every x € B we have

@Z((])LB, x) = @ﬁ(gb, x), and G)h'*((/m_B,x) =" (¢, x).

Proof. This is a direct consequence of Lebesgue differentiation Theorem of [15, page 77], that can be applied since
(G, d, $) is a Vitali metric measure space due to [15, Theorem 3.4.3]. O

We stress that whenever the h-lower density of ¢ is stricly positve and the h-upper density of ¢ is finite ¢-almost
everywhere, the set Tany, (¢, x) is nonempty for ¢-almost every x € G, see [25, Proposition 1.12]. The following
proposition has been proved in [25, Proposition 1.13].

Proposition 2.2 (Locality of tangents). Let h > 0, and let ¢ be a Radon measure such that for ¢-almost every x € G we
have
0 < O!p,x) <O (¢,x) < co.

Then for every p € L(¢) that is nonnegative ¢p-almost everywhere we have Tany, (o, x) = p(x)Tany, (¢, x) for ¢-almost every
x € G. More precisely the following holds: for ¢-almost every x € G then

if r; — 0 is such that Tthx,rf(P — v then r;th,ri (pp) — p(x)v. 3
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Let us introduce a useful split of the support of a Radon measure ¢ on G.
Definition 2.9. Let ¢ be a Radon measure on G that is supported on the compact set K. For any ¢,y € IN we define
E(9,7) :={x € K: 97" < ¢(B(x,r)) < 0" forany 0 < r < 1/}. (4)
Proposition 2.3. For any 9,y € IN, the set E(8, ) defined in Definition 2.9 is compact.
Proof. This is [25, Proposition 1.14]. O

Proposition 2.4. Assume ¢ is a Radon measure supported on the compact set K such that 0 < @/ (¢, x) < @"*(¢,x) < oo
for ¢-almost every x € G. Then ¢(G \ Uy ,en E(8,7)) = 0.

Proof. Let w € K\ Uy, E(%,7) and note that this implies that either @ (¢,x) = 0 or @"*(¢,x) = oo. Since
0 < @!(p,x) < O"*(p,x) < oo for p-almost every x € G, this concludes the proof. O

We recall here a useful proposition about the structure of Radon measures.

Proposition 2.5 ([25, Proposition 1.17 and Corollary 1.18]). Let ¢ be a Radon measure supported on a compact set on
G such that 0 < @) (¢, x) < O"*(¢,x) < oo for ¢p-almost every x € G. For every 8,y € N we have that ¢p_E(8, ) is
mutually absolutely continuous with respect to S"_E(9, ).

2.3 Intrinsic Grassmannian in Carnot groups

We give the definition of the intrinsic Grassmannian on Carnot groups and introduce the classes of complemented
and co-normal homogeneous subgroups.

Definition 2.10 (Intrinsic Grassmanian on Carnot groups). For any 1 < I < Q, we define Gr(h) to be the family of
homogeneous subgroups V of G that have Hausdorff dimension h.
Let us recall that if V is a homogeneous subgroup of G, any other homogeneous subgroup such that

V-L=G and VNL={0}.
is said to be a complement of G. Finally, we let

(i) Grc(h) to be the subfamily of those V € Gr(h) that have a complement and we will refer to Gr.(h) as the
h-dimensional complemented Grassmanian,

(i) Gra(h) the subfamily of those V € Gr.(h) having a normal complement and we will refer to Gr4(h) as the
h-dimensional co-normal Grassmanian.

Let us introduce the stratification vector of a homogeneous subgroup.
Definition 2.11 (Stratification vector). Let 1 € {1,...,Q} and for any V € Gr(h) we denote with s(V) the vector
§(V) := (dim(V; NV),...,dim(V, NV)),
that with abuse of language we call the stratification, or the stratification vector, of V. Furthermore, we define
S(h) :={s(V) e N*:V € Gr(h)}.

We remark that the cardinality of &(h) is bounded by [T7_;(dimV; + 1) for any & € {1,...,Q}. We remark that
sometimes in the literature what we call stratification vector is referred to as growth vector.

Definition 2.12 (s-co-normal Grassmannian). For any s € &(h) we let
Gr4(h) :={V € Gra(h) : s(V) = s},

and we will refer to Gr% (h) as the s-co-normal Grassmannian.
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We now collect in the following some properties of the Grassmanians introduced above. The simple proofs are
omitted and can be found in the Preprint [5].

Proposition 2.6 (Compactness of the Grassmannian, [5, Proposition 2.7]). For any 1 < h < Q the function
dG (Wl/ WZ) = dH,G (Wl N B(Or 1)/ WZ N B(Or 1))/
with W1, Wy € Gr(h), is a distance on Gr(h). Moreover (Gr(h),dg) is a compact metric space.

Proposition 2.7 ([5, Proposition 2.8]). There exists a constant hg > 0, depending only on G, such that if W,V € Gr(h)
and dg(V, W) < hg, then s(V) = s(W).

Proposition 2.8 ([5, Proposition 2.9]). Suppose V € Gr(h) is a homogeneous subgroup of topological dimension d. Then
SMV, H'"V, C".V and H%, .V are Haar measures of V. Furthermore, any Haar measure A of V is h-homogeneous in the
sense that

A(8:(E)) = "A(E),  for any Borel set E C V.

We now introduce the projections related to a splitting G = V - IL of the group.

Definition 2.13 (Projections related to a splitting). For any V € Gr.(h), if we choose a complement IL, we can find
two unique elements gy := Pyg € V and gy, := Pp.g¢ € IL such that

§=Pv(g) PL(g) =gv gL
We will refer to Py (g) and Py (g) as the splitting projections, or simply projections, of ¢ onto V and IL, respectively.
We recall here below a very useful fact on splitting projections.

Proposition 2.9. Let us fix V € Gr¢(h) and IL two complementary homogeneous subgroups of a Carnot group G. Then,
forany x € G the map ¥ :' V — V defined as ¥ (z) := Py (xz) is invertible and it has unitary Jacobian. As a consequence
Sh(Py(€)) = S"(Py(xPy(E))) = S"(Py(xE)) for every x € G and & C G Borel.

Proof. The first part is a direct consequence of [14, Proof of Lemma 2.20]. For the second part it is sufficient to use
the first part and the fact that for every x,y € G we have Py (xy) = Py (xPyy). O

The following proposition holds for the distance d induced by the norm introduced in Definition 2.3. The proof is
omitted and can be found in the Preprint [5].

Proposition 2.10 ([5, Proposition 2.11]). Let G be a Carnot group endowed with the homogeneous norm || - || introduced in
Definition 2.3. Let W € Gr(h) be a homogeneous subgroup of Hausdorff dimension h and of topological dimension d. Then

(i) there exists a constant C1 := C1(s(W)) such that for any p € W and any r > 0 we have

He, (B(p,r) NW) = Cir, (5)

(ii) there exists a constant B(W) such that C" W = B(W)H%,LW,
(iii) B(W) = HL,LW(B(0,1))~! and in particular B(W) = B(s(W)).

Remark 2.2. We stress here for future references that the proof of item (iii) of Proposition 2.10, see [5], follows from
the following fact, whose proof is in [5, Proof of Proposition 2.11]. It holds that whenever an arbitrary Carnot group
G is endowed with an arbitrary left-invariant homogeneous distance d, then for every homogeneous subgroup
W C G of Hausdorff dimension %, we have that

C"(WnNB(0,1)) =1. (6)

Let || - || be a homogeneous norm on G. A function ¢ : G — R is said to be radially symmetric with respect to || - || if
there is a function g : [0,00) — R, called profile function such that ¢(x) = g(||x|).
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Proposition 2.11. Let ¢ : G — R be a radially symmetric function with respect to a homogeneous norm || - || on G, and let g
be its profile function. Let V € Gr(h). Then the following holds

/(pdChl_V = h/sh_lg(s)ds.

Proof. It suffices to prove the proposition for positive simple functions, since the general result follows by Beppo
Levi’s convergence theorem. Thus suppose V has topological dimension d and let ¢(z) := Y | a; XB(0,;)(z) and

note that thanks to Remark 2.2 for any V € Gr(h) we have that C".V(B(0,r;)) = r!, and then
/qo )dCV = ZaChLV 0,77)) Zar
i=
N
=h) a / s"1ds :h/Zaish_l)([O,,j] (s)ds = h/sh_lg(s)ds
i=1 i=1

Let us conclude this subsection with two Propositions about the projection maps.

Proposition 2.12 (Corollary 2.15 of [14]). If V and IL are two complementary subgroups, there exists a constant C(V,1L)
such that for any g € G we have

GV, L)[PL(g)] < dist(g, V) < |[PL(g)ll,  forany g € G. @)

In the following, whenever we write C>(V,1L), we are choosing the supremum of all the constants such that inequality (7) is
satisfied.

Proposition 2.13. For any V € Gr.(h) with complement 1L there is a constant C3(V,1L) > 0 such that for any p € G and
any r > 0 we have
S"V(Py(B(p,7))) = C5(V,L)r"

Furthermore, for any Borel set A C G for which Sh(A) < oo, we have
S".V(Py(A)) <2C5(V,L)S"(A). 8)

Proof. The existence of such C3(V,1L) is yielded by [14, Lemma 2.20]. Suppose {B(x;, ;) }ieN is a countable covering
of A with closed balls for which Yo 7 < 28"(A). Then

Sh(py(A)) < sh( ( U B(x;, i )) < Cy(V,L) Y <2C5(V,IL)SH(A).

ieIN

2.4 Cones over homogeneous subgroups and cylinder with co-normal axis

In this subsection, we introduce the intrinsic cone Cyy («) and the notion of Cyy («)-set, and prove some of their
properties. In this subsection G will be a fixed Carnot group endowed with an arbitrary homogeneous norm || - ||
that induces a left-invariant homogeneous distance d.

Definition 2.14 (Intrinsic cone). For any « > 0 and W € Gr(h), we define the cone Cy («) as
Cw(a):={w e G :dist(w, W) < afw||}.
Definition 2.15 (Cyy («)-set). Given W € Gr(h), and a > 0, we say that a set E C G is a Cyy («)-set if

ECp-Cw(a), forany p € E.

10
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The following two Lemmata can be found in the Preprint [5]. The proof of the first is written here for the reader’s
convenience, since it will be evoked later on, while the proof of the second is omitted.

Lemma 2.14 ([5, Lemma 2.15]). For any W1, W, € Gr(h), e > 0and « > 0 if dg(W1, Wy) < e/4, then
Cw, () € Cw,(a +¢).
Proof. We prove that any z € Cyy, () is contained in the cone Cyy, (¢ + €). Thanks to the triangle inequality we infer

dist(z, W) < d(z,b) + inf d(b,w), for any b € Wy.
weW,
Thus, choosing b* € W7 in such a way that d(z, b*) = dist(z, W1 ), and evaluating the previous inequality at b* we
get
dist(z, Wp) < dist(z, W1) + dist(b*, W) < a||z|| + dist(b*, W3), (9)

where in the second inequality we used z € Cyy, ().

Let us notice that, given W an arbitrary homogeneous subgroup of G, p € G an arbitrary point such that p* € W
is one of the points at minimum distance from W to p, then the following inequality holds

"l < 2[lpll- (10)

Indeed,
"I = lIpll < (e 7t pll = d(p. W) < lpll = [lp* ]| < 2llp]l-
Now, by homogeneity, since b* € W is the point at minimum distance from W1 of z, we get that Dy /) (b*)

is the point at minimum distance from Wy of Dy (z). Thus, since |[D;(z)|| = 1, from (10) we get that
HDl/HZH (b*) H < 2. Fmally we obtain

dist(b*, W») = ||z|dist(Dy . (b*), W2) = ||z/dist(Dy . (b*), W2 N B(0,4)) <
< ||zllder (W1 N B(0,4), W, N B(0,4)) (11)
= 4||z||d (W1 N B(0,1), W, N B(0,1)) < ¢z,

where the first equality follows from the homogeneity of the distance, and the second is a consequence of the
fact that || Dy /7 (") < 2, and thus, from (10), the point at minimum distance of D; /|, (b*) from W; has norm
bounded above by 4; the third inequality comes from the definition of Hausdorff distance, the fourth equality is
true by homogeneity and the last inequality comes from the hypothesis dg(W1, W3) < ¢/4. Joining (9), and (11)
we get z € Cyy, (¢ + €), that was what we wanted. O

Lemma 2.15 ([5, Lemma 2.16]). Let V € Grc(h), and let IL be a complementary subgroup of V. There exists &1 :=
€1(V,1L) > 0 such that

LNCy(er) = {0}
Moreover we can, and will, choose €1 (V,IL) := C»(V,1L)/2.
Remark 2.3. Let V € Grc(h) and let L be a complement of V. Let us notice that if there exists « > 0 such that
LN Cy(a) = {0}, then C5(V,LL) > a. Ineed it is enough to prove that «||Pp.(g)|| < dist(g, V) for every ¢ € G. If
g €V the latter in equality is trivially verified. Hence suppose by contradiction that there exists ¢ ¢ V such that

al|Pr(g)]| > dist(g, V). Since dist(g, V) = dist(Pp(g), V) we conclude that Py (g) € LN Cy(a) = {0}, thatis a
contradiction since ¢ ¢ V.

We will not use the following proposition in the paper, but it is worth mentioning it.

Proposition 2.16. The family of the complemented subgroups Gr¢(h) is an open subset of Gr(h).

11
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Proof. Fixa W € Gr¢(h) and let IL be one complementary subgroup of W and set ¢ < min{e;(V,LL), iig}. Then, if
W'’ € Gr(h) is such that dg(W, W') < ¢/4, Lemma 2.14 implies that W' C Cy(¢) and in particular

LNW CLNCw(e) = {0}.

Moreover, since ¢ < fig from Proposition 2.7, we get that W’ has the same stratification of W and thus the
same topological dimension. This, jointly with the previous equality and the Grassmann formula, means that
(WNV)+(LNV;) =V, foreveryi = 1,...,x. This, jointly with the fact that L "W’ = {0}, implies that IL
and W’ are complementary subgroups in G due to the triangular structure of the product - on G, see (1). For an
alternative proof of the fact that L and W’ are complementary subgroups, see also [17, Lemma 2.7]. O

We now prove a Proposition that will be useful in the next Section.

Proposition 2.17. Let W € Gr¢(h) and assume 1L is one of the complementary subgroups of W. Any other subgroup
V € Gr(h) on which Py is injective and satisfying the identity s(V) = s(W) is contained in Gr.(h) and admits IL as a
complement.

Proof. The hypothesis s(V) = s(W) implies that V and W have the same topological dimension. If by contradiction
there existsa 0 # y € LNV, then

Py (y) = 0 = Pw/(0).

This however is not possible since we assumed that Pyy is injective on V. The fact that L "'V = {0} concludes the
proof by the same argument we used in the proof of the previous Proposition 2.16. O

The following definition of intrinsically Lipschitz functions is equivalent to the classical one in [14, Definition 11]
because the cones in [14, Definition 11] and the cones Cy (a) are equivalent whenever V admits a complementary
subgroup, see [14, Proposition 3.1].

Definition 2.16 (Intrinsically Lipschitz functions). Let W € Gr.(h) and assume L is a complement of W and let
E C W be a subset of V. Let « > 0. A function f : E — L is said to be an a-intrinsically Lipschitz function if
graph(f) := {v- f(v) : v € E} is a Cy(«)-set. A function f : E — L is said to be an intrinsically Lipschitz function if
there exists & > 0 such that f is an a-intrinsically Lipschitz function.

The next Proposition can be found in the Preprint [5] and thus we omit its proof.

Proposition 2.18 ([5, Proposition 2.19], see also [14]). Let us fix W € Grc(h) with complement IL. IfT C G is a
Cw («)-set for some o < €1 (W,1L), then the map Py : T — W is injective. As a consequence T is the intrinsic graph of an
intrinsically Lipschitz map defined on Py (T).

We conclude this subsection with a more careful study of the co-normal Grassmanian. These results will turn out
to be fundamental when approaching the Marstrand-Mattila rectifiability criterion in Section 3.

Proposition 2.19. For any s € &(h) the function ¢ : GrZ(h) — R defined as
¢(V) :=sup{e;(V,LL) : L is a normal complement of V}, (12)
is lower semicontinuous. Moreover the following conclusion holds
if 9 C GrZ (h) is compact with respect to dg, then there exists a e > 0 such that ¢(V) > eq forany V € 4 C Gr& (h).

Proof. Let us prove that the function ¢ is lower semincontinuous. Since € (V,L) = C;(V,LL)/2, see Lemma 2.15,
it is enough to prove the proposition with 2¢(V) instead of ¢(V), and with C,(V, L) instead of ¢1(V,LL). Let us
fix V € Gry(h) and 0 < € < ¢(V), and denote with IL one of the normal complement subgroups of V for which
Co(V,IL) > 2¢(V) — e. For any W € Gr%(h) thanks to Lemma 2.14 we have

Cw(Co(V,L) —4dg(V, W) —¢) C Cy(Co(V,IL) —¢), (13)

whenever dg(V, W) is small enough. Therefore if dg(V, W) is sufficiently small, the latter inclusion and the
same proof as in Lemma 2.15 imply that LN W C LN Cy(C2(V,L) —¢) = {0}. Since LNW = {0}, L and V

12
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are complementary subgroups and V and W have the same stratification vector, and thus the same topological
dimension, we have that IL is a complement of W for the same argument used in the proof of Proposition 2.16.
Thus, taking (13) into account we get that IL N Cy (C2(V, L) — 4dg(V, W) —¢) = {0} and thus, from Remark 2.3,
we get that Co (W, L) > Co(V, L) — 4dg(V, W) — e whenever dg(V, W) is sufficiently small. This implies that

2¢(W) > Co(W,IL) > Co(V, L) — 4dg(V, W) — & > 2¢(V) — 4d(V.W) — 2¢,
whenever dg(V, W) is small enough, and thus

liminf ¢(W) > ¢(V) —¢,
do (W,V) -0

from which the lower semicontinuity follows due to the arbitrariness of e. The conclusion in item (i) follows since
¢ C Gri(h) is compact and ¢ is lower semincontinuous. O

Remark 2.4. We observe that in the previous proposition we did not use the fact IL is normal, but we stated the
proposition in this specific case since we are going to use this formulation in the paper. The same proof works in
the more general case when V € Gr2(h) and ¢(V) = sup{e;(V,L) : L is a complement of V}.

Proposition 2.20. Let C > 0and V € GrZ (h) be such that ¢(V) > C. Then there exists a normal complement IL of V such
that -

IPy(@Il < (1+2/C)ligll,  and  |[PL(Q)] < (2/C)lIgll, ~ forallg € G, (14)
provided Py and Py, are the projections relative to the splitting G = VIL.

Proof. Thanks to the definition of ¢(V), see (12), there exists a normal complementary subgroup IL of V such that
€1(V,L) > C/2. Thus, from Lemma 2.15, we get LN Cy(C/2) = {0}. This implies, arguing as in Remark 2.3, that
for any g € G we have

CllPL(@)ll/2 < dist(V, Pr(g)) = dist(V, g) < |g]]- (15)

Furthermore, thanks to the triangle inequality we have

gl = 1Pv ()] = [1PL(&) ]| = 1Py ()] = (2/C)lIgll,
thus concluding the proof of the proposition. O

Proposition 2.21. Let C > 0and V € Gr%(h) be such that ¢(V) > C. Let I be a normal complementary subgroup to
V as in Proposition 2.20. Then the projection Py : G — 'V related to the splitting G = V - 1L is a (1 + 2/C)-Lipschitz
homogeneous homomorphism.

Proof. Thanks to the fact that IL is normal, we have that for any x,y € G the following equality holds
Py (xy) = Py (xyxryyyr) = Py (xyyv - yy'xwyy - yi) = Py (x) Py (y).

Since Py is always an homogeneous map, we infer that Py is a homogeneous homomorphism. Moreover, from
Proposition 2.20 we have that

IPyv(g)ll < (1+2/0)lgl
for every ¢ € G. Hence from the fact that Py is a homomorphism we have
1Py ()7 Py (y) | = [Py (x )| < (1+2/C)[lxyll,
for every x,y € G and thus Py is (1 + 2/C)-Lipschitz. O

Remark 2.5. Notice that in the proof of the above proposition we proved that whenever L is normal, then Py is a
homomorphism.

Definition 2.17 (Cylinder). Let V, L be two complementary subgroups of G. For any u# € G, and r > 0 we define

T(u,r) := Py'(Py(B(u,7))).

13



PRELIMINARIES

In the following proposition we study the structure of cylinders T(-,-) when L is normal.

Proposition 2.22. Let C > 0and V € Gr& (h) be such that ¢(V) > C. Let IL be a normal complementary subgroup to 'V as
in Proposition 2.20. Thus, for any u € G we have T(u,r) = Py(u)é,T(0,1). Furthermore, we have

T(u,r) C Py(u)d,Py' (B(0,(1+2/C))NV) = Py (B(Py(u), (1+2/C)r)NV).
Finally, for any h € IL we have B(uh,r) C T(u,r).

Proof. First of all, we note that thanks to Proposition 2.21 we have that w € Py (B(u,r)) if and only if there exists a
v € B(0,1) such that w = Py (u)d,Py(v). Therefore, given u € G and r > 0, we have that y € T(u,r) if and only
if y = Py(u)é,Py(v)h for some v € B(0,1) and h € L. Thus we conclude that T(u,r) = Py (u)é,T(0,1) for every
uecGandr>0.

Secondly, thanks to Proposition 2.21 we infer that Py (B(0,1)) C VN B(0, (1 +2/C)) and thus combining such
inclusion with the first part of the proposition we deduce that

T(u,r) C Py(u)é,Py'(B(0,(14+2/C))NV) = Py (B(Py(u), (1+2/C)r)NV),

where the last equality is true since Py is a homogeneous homomorphism. Finally, thanks to the first part of the
proposition, for any u € V and any h € IL we have

B(uh,r) C T(uh,v) = T(u,r),

and this concludes the proof of the proposition. O

2.5 Rectifiable measures in Carnot groups

In what follows we are going to define the class of h-flat measures on a Carnot group and then we will give
proper definitions of rectifiable measures on Carnot groups. Again we recall that throughout this subsection G will
be a fixed Carnot group endowed with an arbitrary left-invariant homogeneous distance.

Definition 2.18 (Flat measures). For any h € {1,..., Q} we let M(h) to be the family of flat h-dimensional measures in
G, ie.
M(h) := {AS"W : for some A > 0and W € Gr(h)}.

Furthermore, if G is a subset of the h-dimensional Grassmanian Gr(h), we let M (h, G) to be the set
M(h, G) := {AS".W : for some A > 0and W € G}. (16)

We stress that in the previous definitions we can use any of the Haar measures on W, see Proposition 2.8, since
they are the same up to a constant.

Definition 2.19 (), and &} -rectifiable measures). Let h € {1,...,Q}. A Radon measure ¢ on G is said to be a
Pp-rectifiable measure if for ¢-almost every x € G we have

(i) 0 < ©L(¢g,x) <O (¢,x) < +0o,

(i) there exists a V(x) € Gr(h) such that Tan, (¢, x) C {AS".V(x): A > 0}.
Furthermore, we say that ¢ is &7} -rectifiable if (ii) is replaced with the weaker
(ii)* Tany(¢,x) € {AS".V: A >0and V € Gr(h)}.

Remark 2.6. (About A = 0 in Definition 2.19) It is readily noticed that, since in Definition 2.19 we are asking
@i‘(<p, x) > 0 for ¢-almost every x, we can not have the zero measure as a tangent measure. As a consequence,
a posteriori, we have that in item (ii) and item (ii)* above we can restrict to A > 0. We will tacitly work in this
restriction from now on.

14
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On the contrary, if we only know that for ¢-almost every x € G we have
Q" (¢, x) < +oo, and  Tany(¢,x) C {AS"LV(x): A >0}, (17)

for some V(x) € Gr(h), hence @/ (¢, x) > 0 for p-almost every x € G, and the same property holds with the
item (ii)* above. Indeed, if at some x for which (17) holds we have @’l(cp,x) = 0, then there exists r; — 0 such
that r;hcp(B(x, r;)) = 0. Since @h'*(gb, x) < +co, up to subsequences (see [1, Theorem 1.60]), we have V;th,ri4’ —
AS"_V(x), for some A > 0. Hence, by applying [1, Proposition 1.62(b)] we conclude that r; " Ty ,,¢(B(0,1)) —
AS" .V (x)(B(0,1)) > 0, that is a contradiction.

Throughout the paper it will be often convenient to restrict our attention to some subclasses of &,- and ;-
rectifiable measures, imposing different restrictions on the algebraic nature of the tangents. More precisely we give
the following definition.

Definition 2.20 (Subclasses of &7, and &} -rectifiable measures). Let h € {1,...,Q}. In the following we denote by
Z;, the family of those &7)-rectifiable measures such that for ¢-almost every x € G we have

Tany, (¢, x) € M(h, Gre(h)).
Furthermore, the family of those &7} -rectifiable measures ¢ such that for ¢-almost any x € G we have
(i) Tany(¢p,x) € M(h, Gre(h)) is denoted by 22, ,
(i) Tany,(¢,x) € M(h, Gra(h)) is denoted by 2=,
(iti) Tany (¢, x) € M(h, Gry(h)) is denoted by P

Proposition 2.23. Let h € {1,...,Q} and assume ¢ is a Radon measure on G. If {r;}icN is an infinitesimal sequence such
that r;th,ri4> — ACM'V for some A > 0 and V € Gr(h) then

lim ¢(B(x,7;)) /1" = A.

i—00
Proof. Since C".V(x)(dB(0,1)) = 0, see e.g., [17, Lemma 3.5], thanks to Remark 2.2 and to [1, Proposition 1.62(b)],

we have
A= )LChLV(x)(B(O,l)) = lim w — lim wa

i—»00 r’? i—»00 7

1 1
and this concludes the proof. O
The above proposition has the following immediate consequence.

Corollary 2.24. Let h € {1,...,Q} and assume ¢ is a P} -rectifiable. Then for ¢p-almost every x € G we have
Tany, (¢, x) C {AC" W : A € [0 (¢, x),0"* (¢, x)] and W € Gr(h)}.
We introduce now a way to estimate how far two measures are.

Definition 2.21. Given ¢ and ¢ two Radon measures on G, and given K C G a compact set, we define

rtgp) = sup {| [ sap— [ i < tipi (60} (19)
We also write Fy, for Fp(y ).

Remark 2.7. With few computations that we omit, it is easy to see that Fy,(¢, ) = rFy1(Tx ¢, Tx, ). Furthermore,
Fk enjoys the triangular inequality, indeed if ¢y, ¢, ¢3 are Radon measures and f € Lip; (K), then

| [ fag— [ saga| <| [ rigi [ raga|+| [ rags— [ sag)
< Fx(¢1, ¢2) + Fr(¢2, ¢3).
The arbitrariness of f concludes that Fx(¢1, ¢2) < Fx(¢1, $3) + Fx(¢3, ¢2).
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The proof of the following criterion is contained in [25, Proposition 1.10] and we omit the proof.

Proposition 2.25. Let {y;} be a sequence of Radon measures on G. Let y be a Radon measure on G. The following are
equivalent

1. pi — W
2. Fx(pi, u) — 0, for every K C G compact.

The following proposition is a consequence of the choice of the norm in Definition 2.3, since it is based on
Proposition 2.10.

Proposition 2.26. Let G be a Carnot group endowed with the smooth-box norm defined in Definition 2.3. Let h € {1,...,Q}
and suppose that {V;}icN is a sequence of planes in Gr(h) converging in the metric dg to some V € Gr(h). Then,
Chv; — chov.

Proof. First of all note that Proposition 2.7 implies that there exists a iy € IN such that for any i > iy we have that
V; and V have the same stratification and thus the same topological dimension d. Since the V;’s have the same
stratification if i > iy, Proposition 2.10(iii) implies that B(V;) = B(V) for any i > iy. Thus, for any continuous
function f with compact support thanks to Proposition 2.10 we have

lim [ fdc".v; - / fdC"V = lim ,B(W)( / fAHALV; — / fdﬂguw) =0,
1—00

1—00

where the last identity comes from the fact that H, . V; — HZ V. O

Now we are going to define a functional that in some sense tells how far is a measure from being flat around a
point x € G and at a certain scale r > 0.

Definition 2.22. For any x € G, any h € {1,...,Q} and any r > 0 we define the functional:

. Fy(¢, 08" xV
dxr (¢, M(h)) := ér;‘g it B | - ) (19)
VeGr(h)

Furthermore, if G is a subset of the h-dimensional Grassmanian Gr(h), we also define

. Fer(p,O08" xV
dxr (9, M(h, G)) == @125 u(d PhT1 ) :
veG

Remark 2.8. It is a routine computation to prove that, whenever 1 € IN and r > 0 are fixed, the function
x — dyr(¢p,M(h,G)) is a continuous function. The proof can be reached as in [25, Item (ii) of Proposition 2.2].
Moreover, from the invariance property in Remark 2.7 and Proposition 2.8, if in (19) we use the measure C " xV we
obtain the same functional.

The proof of the next Proposition is in the Preprint [5] and thus we omit it.

Proposition 2.27 ([5, Proposition 2.30]). Let ¢ be a Radon measure on G satisfying item (i) in Definition 2.19. Further, let G
be a subfamily of Gr(h) and let 9(h, G) be the set defined in (16). If for ¢p-almost every x € G we have Tany, (¢, x) C M(h, G),
then for ¢p-almost every x € G and every every k > 0 we have

limd, (¢, M(h,G)) = 0.
r—0 77

The following proposition is an adaptation of [27, 4.4(4)] and it will be crucial in the proof of Marstrand-Mattila’s
rectifiability criterion in Section 3.

Proposition 2.28. Suppose that h € {1,...,Q}, ¢ is a Radon measure supported on a compact set, and let G C Gr(h). If
there exists an x € E(9,),a o € (0,27100+0)9=1) and a 0 < t < 1/(27) such that

dx,t (¢I m(h/ G)) S 0.h+4,

then there is a' V € G such that

16
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(i) whenever y,z € B(x,t/2) N xV and ot < r,s < t/2 we have

¢(B(y,r) NB(xV,c?t)) > (1 — 2001 85) (1 /5)'p(B(z,5));

(ii) furthermore, if the plane V yielded by item (i) above admits a complementary normal subgroup 1L, denote by Py
the splitting projection on 'V according to this splitting. Then for any k > 0 with ok < 27191, if we define
Ty (0,t/4k) := Py (Py(B(0,t/4k))) we have

¢(B(x,t/4) N xTy(0,/4k)) < (14 40 (2kh +1))C"(P(B(0,1)))k"¢(B(x,t/4)).
Proof. First of all, we notice that by the definition of dy (¢, M(h, G)) there exist V € G and A > 0 such that
Foi(¢, ACMLxV) < o340+,

PROOF OF (1) The key of the proof of item (i) is to show that for any w € B(x,t/2) NxV, any 7 € (0,¢/2] and
any p € (0, ] we have

¢(B(w, 7)) < AC"_(xV)(B(w, T + p)) 4+ " 3t"+1/p, (20)
ACH_(xV) (B(w, T — p)) < ¢p(B(w, ) N B(xV,p)) + " +3t+1/p. (21)

Before proving that (20) and (21) together imply the claim, we need to give a lower bound for A. Since x € E(9, ),

with the choice w = x, T = t/4, and p := ¢t we have, from (20), that the following inequality holds

“Ht/a)" < p(B(x,t/4)) < AC"(xV)(B(x, (1/4 + d2)t)) + o1

(22)
= A(1/4+ o) 4 1,

where the last equality comes from Remark 2.2. Since we know that o < 1/ (210(h+1) ®), we infer that ol <1/ (8h19),

and then from (22) we infer
074 < AM1/4+0?)" + "1 and in particular A > 971273, (23)

where we exploited the fact that 1/4 + 02 < 1, the fact that o1 < 1/(8h19) and the fact that 4" — 8" > 8",
Let us now prove that (20) and (21) imply the claim. Since by hypothesis 7,5 > ot with the choice p = ot we
have p < r,s. Furthermore since ot < r,s < t/2and y,z € B(x,t/2) N xV, the bounds (20) and (21) imply

¢(B(y,r) NB(xV,p)) _ AC' (xV)(B(y,r —p)) — 3" /p

(
4)(3(215)) o /\ChL(x )( (z,s + P)) + oh+3¢h+1 /P
1— 2t/r)h _ 0_h+1

A (t/1)!
T AL+ 02t/s)h + oM HI(t/s)h

A1 =) — (Thﬂ(t/r)’1 " /\(1 —o)h -0
“shA(1+0) +0h+1(t/s)h Al+o) 40’

where the equality in the second line comes from Remark 2.2, and we are using ct/r < 1, and ot/s < 1. Since
2ho < 1, we have that (1 +¢)" < 1+ 2ho, that can be easily proved by induction on k. This together with (23) and
Bernoulli’s inequality (1 — )" > 1 — oh allows us to finally infer that

¢(B(y,r) NB(xV,p)) _ " 1— (Ah+1)o/A 1001y g T
¢(B(z5)) Z Gir @t e/r = (172 o),

where the last inequality comes from the fact that o < 1/219+1)9, from (23) and some easy algebraic computations
that we omit. An easy way to verify the last inequality is to show that (1 —&c)/(1 + Bo) > 1— jo, where
&= (Ah4+1)/A, B:= (2hA +1)/A and 7 := 2100i+1)9, and observe that the latter inequality is implied by the fact
that@ + B — 7 < 0.

17
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Therefore, we are left to prove (20) and (21). In order to prove (20), we let g(z) := min{1,dist(z, G \ U(w, T +
p))/p} and note that

)< [ 82p) < [ l2AC" (3V)() + Lip(@)Fr(9, ACT (xV)
< AC'L(xV)(B(w, T+ p)) + "3+ /.
On the the other hand, to prove (21) we let h(z) := min{1,dist(z,G \ (U(w,t) NU(xV,p)))/p} and

AC! (xV)(B(w, T — p)) < / h(z)dAC" (xV) (2)

< [ hE)ag() + Lip (1) Fys (g, A" (xV)
< ¢(B(w, ) N B(xV,p)) + "3t +1 /.

PROOF OF (1I): In this proof let us fix T := t/4 and define the function ¢(z) := min{1, dist(z, G \ U(U(x,T) N
xT(0,7/k),p))/p}, where 0 < p < 7. With this definition we have the following chain of inequalities
#(B(x,7) N xT(0,7/k)) / ((2)dp(z) < / 0(2)dAC"(xV)(2) + Lip(£) Fy. (¢, AC" (xV))
< ACHL(xV)(B(x, T+ p) N xT(0, T/k + p)) + 4"+1gh+3+1 7 (24)
< AC'LV(P(B(0,1)))(T/k 4 p)t 4 4"+ 1gh+3ch+1 /)

where the third inequality above comes from the fact that, according to the proof of Proposition 2.21, the projection
P is a homomorphism, and then the following chain of equalities holds

P(B(T(0,7/k),p)) = P(T(0,7/k)B(0,p0)) = P(B(0,t/k))P(B(0,p)) = P(B(0, 7/k + p)). (25)

Putting together (21) when specialized to the case w = x and T = t/4, with (24) and Remark 2.2, we infer that

¢(B(x,7) NxT(0,T/k)) < AC'" .V (P(B(0,1)))(t/k + p)" 4 4" +1gh+3 h+1/p
¢(B(x, 7)) - Mt — p) — 41 gh+37h+1 /p

(26)

Since 02 < 1 we choose p := 02T and note that since ck < 2719%9~1, the previous inequality yields
¢(B(x, 1) NxT(0,7/k)) _ ACH(P(B(0,1)))(1/k + c?)l + 4h+1gh+1
$(B(x, 7)) - A1 — 02)h — ghtigh+T
< (1+40(2kh +1))C"(P(B(0,1)))k ",

where we omit the computations that lead to the last inequality but we stress that we need C"(P(B(0,1))) > 1, that
in turns comes from the fact that P(B(0,1)) 2 B(0,1) NV and C"(B(0,1) N'V) = 1, due to Remark 2.2; and also the
bound on A in (23). The last inequality concludes the proposition. O

We prove the following compactness result that will be of crucial importance in the proof of the co-normal
Marstrand-Mattila rectifiability criterion later on.

Proposition 2.29. Let h € {1,...,Q} and assume ¢ is a P} -rectifiable measure. Then, for ¢-almost all x € G the set
Tany, (¢, x) is weak-+ compact.

Proof. Since the statement of the Proposition does not depend on the choice of the left-invariant homogeneous
distance on G, we assume that G is endowed with the left-invariant homogeneous distance induced by the
smooth-box norm in Definition 2.3.

Let x € G be such that 0 < @/ (¢,x) < @"*(¢,x) < co and Tany(¢p,x) C M(h). We now prove that for
any sequence {)\jCh\_Wj}]-E]N C Tany(¢, x), there are a A > 0 and V € Gr(h) such that, up to non-relabelled
subsequences we have

/\]‘ChLW]‘ — AChV.
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Indeed, thanks to Corollary 2.24 we have that A; € [0 (¢, x),®"* (¢, x)] for any j € N and thus we can assume
without loss of generality that
Aj = A € [OL(¢,x), 0" (¢, x)]

up to a non-relabelled subsequence. Furthermore, thanks to Proposition 2.6 there exists a V € Gr(h) such that
V; — V with respect to the metric dg. Thus, thanks to Proposition 2.26 and a simple computation that we omit, we
conclude that

/\]'ChLV]' - )LChLV.
Since we assumed {A]-ChLVj} C Tany (¢, x) then, for any j € IN there is a sequence {r/(j) } ey such that

re() Ty = AC'LV.

Thus, Proposition 2.25 implies that limy_,e Fo1(r¢(j) " T, ()P AjChLVj) = 0, and in particular for any j € IN there
exists an £; € N such that defined v; := 7, (j) we have

Fou (v "o, AiC'OV) < 1/].

Since limsup; t]-_th,t].gb(B (0,7)) < @"*(¢,x)r" for any r > 0, thanks to [1, Corollary 1.60], we can assume
without loss of generality that there exists a Radon measure v such that tj_th,tj([) — v. On the other hand, by

definition we have that v € Tany(¢, x) and thus by hypothesis on ¢ there isa # > 0 and a W € Gr(h) such that
v = nC"_W. This implies that for any j € N we have

Fo1 (1C" W, AC" V) < Foi (nC" W, e " Ty ) + Fou (¢ o, AiC'LV)
+ For(AC"v, AChL V)
< Fo1(nC" W, t]thx,tjcp) +1/j+ Fop(AC"LV;, ACMLY).

The arbitrariness of j and Proposition 2.25 implies that Fy; (7C".W, A\C"_ V) = 0 and since flat measures are cones,
see Remark 2.7, we conclude that 7C".W = AC"_V. This shows that AC"LV € Tany, (¢, x) and then the proof is
concluded. O

3 MARSTRAND-MATTILA RECTIFIABILITY CRITERION FOR CO-NORMAL—@;-RECTIFIABLE MEASURES

This chapter is devoted to the proof of the following result, which is a restatement of the main result of the paper
in Theorem 1.2.

Theorem 3.1 (Co-normal Marstrand-Mattila rectifiability criterion). Assume ¢ is a 2, <_rectifiable measure on a Carnot
group G. Then there are countably many W; € Gra(h), compact sets K; € W; and Lipschitz functions f; : K; — G such that

¢(G\ U fi(ki) = 0.

i€N
In particular ¢ is & -rectifiable.

We briefly discuss the strategy of the proof of Theorem 3.1, which is ultimately an adaptation of Preiss’s technique
in [27, Section 4.4(4), Lemma 5.2, Theorem 5.3, and Corollary 5.4] to our setting, see Proposition 2.28, Proposition 3.6,
and Proposition 3.10, respectively. In particular we show that whenever a Radon measure satisfies precise structure
conditions, see Proposition 3.6, that are always verified whenever ¢ is &, -rectifiable with tangents that admit at
least one normal complementary subgroup, see Proposition 3.8, then it is possible to find a Lipschitz function
f:K€eV — G, with V € Grq(h), such that ¢(f(K)) > 0. This implies that G can be covered ¢-almost all with
Uien fi(K;), where f; : K; € V; — G are Lipschitz functions, see the first part of the proof of Theorem 3.1.

The last part of Theorem 3.1 is reached from the first part and the following key observation: if a homogeneous
subgroup of a Carnot group admits a normal complementary subgroup, then it is a Carnot subgroup, see [2, Remark
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2.1]. Thus the maps f; are Lipschitz maps between Carnot groups and we can apply Pansu-Rademacher theorem,
see [26], Magnani’s area formula, see [21], and a classical argument to conclude that S"_f;(K;) is a &} -rectifiable
measure, see the last part of the proof of Theorem 3.1. From this latter observation, the proof of Theorem 3.1 is
concluded.

Throughout all this Section we let G be a Carnot group of homogeneous dimension Q equipped with the
smooth-box norm introduced in Definition 2.3. This does not result in a loss of generality since our aim is
to prove Theorem 3.1 that is clearly independent on the choice of the particular left-invariant homogeneous
distance on G. So we may suppose that G is endowed with the left-invariant homogeneous distance induced
by the smooth-box norm introduced in Definition 2.3

3.1 Rigidity of the stratification of &} -rectifiable measures

We let ¢ : G — [0,1] be a positive, smooth, radially symmetric function with respect to || - ||, supported in B(0,2),
and such that ¢ =1 on B(0,1). We shall denote by g its profile function, that is defined right above the statement
of Proposition 2.11.

Proposition 3.2. Forany h € {1,...,Q} there exists a constant 3(G,h) = 1 > 0 such that for any V € Gr(h) and any
s € &(h)\ {s(V)}, we have

inf dist(z, W)dC".V > ],
Wégr(h)/¢(z) ist(z, W)dC™
5(W)=s

where the stratification vector s(-) was introduced in Definition 2.11.

Proof. Suppose by contradiction this is not the case. Thus there are two sequences {W;} C Gr(h) and {V;} C Gr(h)
such that for any i € N we have s(W;) # s(V;) and

/q)(z) dist(z, W;)dC"_.V; < 1/i. (27)

Thanks to the pidgeonhole principle and the fact that G(), see Definition 2.11, is a finite set we can assume up to
passing to a non re-labelled subsequence that

s(W;) = 51 # 52 = 5(V), for any i € N.
Furthermore, thanks to Proposition 2.6, we can also assume, up to passing to a non re-labelled subsequence, that

W; = W € Gr(h), and V; =V € Gr(h).
dg dg

Furthermore, thanks to Proposition 2.7, we also deduce that
s(W) =51 # sp =s(V).

In order to conclude the proof of the proposition we first note for any U € Gr(h) and any R > 0, if z € B(0,R),
then every element u € U for which dist(z, U) = d(u,z) is contained in B(0,2R). The same argument as in (9) and
(11) allows us to conclude that for every z € B(0,2) the following inequality holds

dist(z, W;) > dist(z, W) — 8dg(W,W;), forall i € N. (28)
Putting together (27) and (28) thanks to Proposition 2.11 we infer

1/i > / ¢(z) dist(z, W;)dC" v, > / ¢(z) dist(z, W)dC".V; — 8dg (W, W;) / p(z)dC" v,

(29)
= /qo(z) dist(z,'\W)dChLVi—8dG(W,Wi)h/sh*1g(s)ds.
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Therefore, since ¢(z) dist(z, W) is a continuous function with compact support, thanks to Proposition 2.26 and
sending i to +co in the previous inequality we conclude

/(p(z) dist(z, W)dC".V = 0.

In particular dist(z, W) = 0 for S"LV-almost every z € V, and since both Lie(V) and Lie(W) are vector subspaces
of Lie(G) we have V C W. On the one hand this allows us to infer that

dim(V;NV) < dim(V; N W), forany i € {1,...,x},

and on the other hand, since 5(V) # 5(W), there must existan ¢ € {1,...,«} such that dim(V; NV) < dim(V, "W).

This however contradicts the fact that W € Gr(h), indeed

K K
h=dimpe, V=Y i -dim(V;NV) <) i-dim(V;NW) = dimpem (W).
i=1 i=1

Proposition 3.3. Let s € G(h). For any Radon measure 1 we define

WeGr
5(W)=s

Fs(9) = inf(h)/qo(z) dist(z, W)dy.

Then, the functional 5 : M — R on Radon measures is continuous with respect to the weak-* topology in the duality with
the functions with compact support on G.

Proof. Let 1; — 1 and note that for any V € Gr(h) for which s(V) = s, we have

lim / o(2) dist(z, V)dy; / o(2) dist(z, V)dy, (30)

i—+4o00
since ¢(z) dist(z, V) is a continuous function with compact support. Let us first prove that

Fs () < liminf F5(¢;).

Indeed, if by contradiction .5 () > liminf;_,. %5 (i), up to passing to a non re-labelled subsequence in i that
realizes the liminf and up to choosing a quasi-minimizer for .%;(1;), we can find 6 > 0, and W; € Gr(h) with
s(W;) = s such that

Fo(p) > / o(z)dist(z, W,)di; +5,  forallic N. (31)

We can assume that W; — W € Gr(h), with s(W) = s, up to a non re-labelled subsequence, see Proposition 2.6
and Proposition 2.7. Thus since ¢; — ¢ passing to the limit the right hand side of (31)" we obtain .%;(¢) >
[ ¢(z)dist(z, W)dy, that is a contradiction with the definition of .#;. The proof of the proposition is concluded if
we prove that

Zs(¢) > limsup Zs (¢;).

1—00

In order to prove the previous inequality let us fix ¢ > 0 and V, € Gr(h) with s(V;) = s such that

/ o(2) dist(z, Ve )dyp — e < Zu (). (32)

1 Setting f;(z) := ¢(z)dist(z, W;) and f(z) := ¢(z) dist(z, W) we notice that f; — f uniformly on B(0,2) since W; — W. Thus | [ fdy —
[ fidpi| < | [ fap — [ fay;|+ | [ fdp; — [ fidp;| and the limit is zero because 1; — ¥, sup; $;(B(0,2)) < +o0 and f; — f uniformly on B(0,2).
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Putting together (30) and (32), we infer

limsup Zs(¢;) — e < limsup [ ¢(z)dist(z, V¢)dy; — ¢

- / o(2) dist(z, Vo )dy — e < Zu ().
The arbitrariness of € concludes the limsup inequality and thus the proof of the proposition. O

Definition 3.1. For any 7 C Mi(h) we define s(7") to be the set
s5(T) := {s(V) : there exists a non-null Haar measure of V in 7 }.

Namely we are considering all the possible stratification vectors of the homogeneous subgroups that are the support
of some element of 7.

Theorem 3.4. Assume ¢ is a & -rectifiable measure. Then, for ¢p-almost every x € G the set s(Tany,(¢,x)) C &(h) isa
singleton.

Remark 3.1. In the notation of the above proposition, since for ¢-almost every x € G we have Tany, (¢, x) C M (h),
the symbol s(Tany (¢, x)) is well defined ¢-almost everywhere.

Proof. Suppose by contradiction there exists a point x € G where
(i) 0 <@g, x) <O (¢,x) < oo,
(ii) Tany,(¢,x) C M(h),
(iii) there are V1, V, € Gr(h) with s(V;) # s(V5) and Ay, Ay > 0 such that A{C"_V1, A,C" V, € Tany, (¢, x).
Assume that {r;},cn and {s;};en are two infinitesimal sequences such that r; < s; and for which
TLQGD —=MC"Vy,  and % — ACMLV,.
i i

Note that thanks to Proposition 2.23, we have in particular that @’1 (P, x) <A, A < oh* (¢, x). Throughout the rest
of the proof we let s := s(V;) and we define

. . Tard
flr) = int / p(z) dist(z, W)d-77

s(W)=s

Thanks to Proposition 3.2 and Proposition 3.3 we infer that the function f is continuous on (0, c0) and that

lim f(r;) =0 and  lim f(s;) > JA, > 1O (¢, x).
1—00

1—00

Let us choose, for i sufficiently large, 0; € [r;,s;] in such a way that f(0;) = J@"(¢,x)/2 and f(r) < I0@"(¢,x)/2
for any r € [r;,0;]. Up to passing to a non re-labelled subsequence, since ¢ is &, -rectifiable, we can assume
that Ui_th,gl. — A3CM V5 for some A3 > 0 and some V3 € Gr(h). Thanks to Proposition 2.23, we infer that
@’l(4>, x) < A3 < @h'*(cp, x) and thanks to the continuity of the functional .%, in Proposition 3.3, we conclude that

10%(9,%)/2 = lim f(0;) = lim F4(0; "Trp,9) = AsFs(CMLVs3). (34)
1—00 1—00
The chain of identities (34) together with the bounds on A3 imply
0 < 10 (¢, x) /20" (¢, x) < F(C".V3) < T/2. (35)

Since V3 € Gr(h), (35) on the one hand implies by means of Proposition 3.2 that s(V3) = s. On the other hand,
since .7 (C"_V3) > 0, we have that s(V3) # s, resulting in a contradiction. O
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Definition 3.2. Assume ¢ is a &7, -rectifiable measure. For every x € G we define the map s(¢, x) € IN® in the
following way

s(x) = s if Tany (¢, x) C M(h) and s(Tany, (¢, x)) is the singleton {s},
"7 10 otherwise.

Remark 3.2. The map s(¢, ) is well defined and non-zero ¢-almost everywhere thanks to Theorem 3.4.
Proposition 3.5. Assume ¢ is a &} -rectifiable measure. Then, the map x — s(¢, x) is ¢-measurable.

Proof. Let hig be the constant introduced in Proposition 2.7. Let us first prove that there exists & := #(G) such that
the following assertion holds

forany 1 < h < Q and for any V,W € Gr(h), if V C Cyw (), then dg(V, W) < . (36)

Indeed, if this was not the case, we can find an 1 < h < Q and sequences {V;}, {W;} in Gr(h) such that
V; C Cw,(i"!) and for which dg(V;, W;) > i, for all i € N. Thus, up to non re-labelled subsequences, we
can assume that V; — V and W; — W, for some V,W & Gr(h), thanks to Proposition 2.6. Thanks to the
aforementioned convergences and the fact that V; C Cwi(i_l) for every i € IN we deduce that V C W and thus
V = W since they both have homogeneous dimension /. But this latter equality is readily seen to be in contradiction
with the fact that dg(V;, W;) > kg, for all i € N, since W; - W and V; — V.

Let {Vy}/—1 N be a finite #/3-dense set in Gr(h), where @ is defined above. For any r € (0,1) N Q and
?=1,...,N we define the functions on G

fro(x) = r_hqy({w € B(x,r) : dist(x 1w, V) > &|x 1w||}) = r_h4>(1(x, r,0)).

We claim that the functions f, y are upper semicontinuous. Let {x;};cy be a sequence of points converging to some
x € G and without loss of generality we assume that lim; ., 7 "¢(I(x;,7,£)) exists. Since the sets I(x;,,/) are
contained in B(x, 1) provided i is sufficiently big, we infer thanks to Fatou’s Lemma that

. 1 .. 1 .
limsup £ (x9) = 5 limsup [ i ()d9(2) < 5 [ Hmsup xige 0G0, 7)

i—yo0 ™ e r i—yo0
Furthermore, since x; — x and the sets I(x;,7,£) and I(x,r,¢) are closed, we have

hm sup Xl(xi,r,é) = XlimsupHJroo I(x;,r,0) < XI(x,r,Z)/
i—00

where the first equality is true in general. Then, from (37), we infer that
1 1
timsup f(x) < ;[ B sup i, (2)9(2) < 5 [ Xiarsy (D9(2) = fra(2),
i—00 1— 00

and this concludes the proof that f, ; is upper semicontinuous. This implies that the function

= liminf f,,,
fﬂ reQyr— fr€

is ¢-measurable and as a consequence, since Tany, (¢, x) C M(h) for ¢-almost every x € G, we infer that the set
By:={xeG: fi(x) =0}N{x € G: Tany(¢,x) C M(h)},

is ¢-measurable as well. If we prove that for ¢-almost any x € B, there exists a non-zero Haar measure v in
Tany, (¢, x) relative to a homogeneous subgroup V of G such that dg(V,V,) < hig, we infer that

s(Tan, (¢, x)) = {s(V,)}, for ¢-almost any x € By, (38)

and thus s(¢, x) = s(V,) for p-almost every x € By. Indeed, if we are able to find such a measure v relative to V,

(38) is an immediate consequence of the fact that if dg(V, V) < g, Proposition 2.7 implies that V and V, have
the same stratification; and the fact that, from Theorem 3.4, ¢-almost everywhere the tangent subgroups have the
same stratification.

In order to construct such a non-zero Haar measure v, we fix a point x € By in the ¢-full-measure subset of By
such that the following conditions hold

23



MARSTRAND-MATTILA RECTIFIABILITY CRITERION FOR CO-NORMAL-,@;-RECTIFIABLE MEASURES

(i) 0 < O(¢g,x) <O"*(¢,x) < 0,
(i) Tany(¢,x) C M(h),

and we let {r;},c be an infinitesimal sequence of rational numbers such that lim; 4 fre(x) =0.
Thanks to item (i) above and the compactness of measures, see [1, Proposition 1.59], we can find a non re-labelled
subsequence of r; such that
rthx,ri4’ — .

Such a v belongs by definition to Tany (¢, x) and thus there isa A > 0 and a V € Gr(h) such that v = AC"_V.
Thanks to [8, Proposition 2.7], we infer that

v({w € U(0,1) : dist(w, V) > &|w]|}) < liminfr; "T,, ¢({w € U(0,1) : dist(w, V) > &[w]})
1—00

= liminfri_hcp({w € U(x,r;) : dist(x 1w, V,) > &||x 1w||}) =0,
1—00

where the last identity comes from the choice of the sequence ;. This shows in particular that
V C {w e G :dist(w,V,) <a|w|} = Cy, (),

and then, from (36) we conclude that dg(V, V) < fig, that was what we wanted to prove.
An immediate consequence of (38) is that

if¢,me{l,...,N} and s(Vy) # s(V,,) then ¢(By N By,) = 0. (39)

On the other hand, the B,’s cover ¢-almost all G. To prove this latter assertion, we note that since ¢ is &} -
rectifiable, for ¢-almost all x € G there is an infinitesimal sequence r; = 0, a A > 0 and a V € Gr(h) such that
ri_th,,l.gb — ACM"_V. Since the set {V,: ¢ =1,...,N} is &/3-dense in Gr(h), there must exist an £ € {1,...,N}
such that

V C{w e G:dist(w,V,) < a||w|}. (40)

This last inclusion follows since there exists ¢ such that dg(V,V;) < &/3 and the observation that every point in
0B(0,1) NV is such that every point at minimum distance of it from V, is in B(0,2) N V. The previous inclusion,
jointly with [8, Proposition 2.7], implies that

fo(x) = lIminf f, o(x) < liminf f, ,(x)
reQr—0" "’ i—o00 v
= liminfr;h4>({w € B(x,r;) : dist(x 1w, V) > &||x1w]|})
1—00

< limsup r; "Ty,,p({w € B(0,1) : dist(w, V) > &||w|})
i—00

< AC".V({w € B(0,1) : dist(w, V,) > &||w]||}) =0,

where the last inequality is true since (40) holds. This proves that x € B; and as a consequence that the B,’s cover
¢-almost all G.

We are ready to prove the measurability of the map x — s(¢,x). Fix an s € &(h) and let D(s) := {x € G :
s(¢,x) = s} NUY_, B. Since by the previous step the B,’s cover ¢-almost all G we know that {x € G : s(¢, x) =
s\ Uzl\i 1 By is ¢-null and thus it is ¢-measurable. Furthermore, thanks to (38) and (39) we know that up to ¢-null
sets we have

D(s)= |J {Br:s(V,) =s}.

se€&(h)

Since the sets By are ¢-measurable, this concludes the proof that {x € G : s(¢, x) = s} is ¢-measurable for every
s € G(h), taking also into account that s(¢, -)~1(0) is ¢-null. O
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3.2 Proof of Theorem 3.1

This long and technical section is devoted to the proof of Theorem 3.1.

Definition 3.3. Let C > 0 be a real number. Through the rest of this section we let
Cs(C):=1+2/C,

and
C5(C) = (10(1 + C;))*Q+10),

Remark 3.3. Let s € &(h) be fixed and let V € GZ(h) with ¢(V) > C, where ¢ is defined in (12). Let IL be a
complement of V and P := Py the projection on V related to this splitting. Note that with the previous choices of
Cs and Cs, for any h € {1,...,Q}, thanks to Proposition 2.20 and Remark 2.2, we have

2(1+Cy)"C*(P(B(0,1))) < C5/2"*?,
since C"(P(B(0,1))) < C".V(B(0,Cy)) = C.

Proposition 3.6. Let h € {1,...,Q}, s € &(h), and let 4 be a subset of GrZ,(h) such that there exists a constant C > 0 for
which
e(V)>Cforall Ve,

where we recall that e was defined in (12). Further letr > 0, ¢ € (O,S’h’SCge’h], r1:=(1—¢e/h)r,and y := 2’7h’3C§5h£2,
where Cy4 and Cs are defined in terms of C in Definition 3.3.

Let ¢ be a Radon measure and let z € supp(¢). We define Z(z,r1) to be the set of the triplets (x,s,V) € B(z,Csr1) X
(0,Cs7] x Grsy(h) such that

¢(B(y,t)) > (1 —¢)(t/Csr)"p(B(z,Csr)), (42)

whenever y € B(x,Css) NxV and t € [us,Css]. The geometric assumption we make on ¢ is that we can find a compact
subset E of B(z, Csry) such that z € E,

¢(B(z,Csr) \ E) < "1 C5"¢(B(z,Csr1)), (43)

and such that for any x € E and every s € (0,Csr — d(x,z)] there is a V € Gr%(h) such that (x,5,V) € Z(z,r1).
Furthermore we assume that there exists W € ¢ such that (z,r, W) € Z(z,r1), and let us fix IL a normal complementary
subgroup of W such that Proposition 2.21 holds. Let us denote P := Py the projection on W related to the splitting G = WIL.

Let us recall that with the notation T (u,r) we mean the cylinder with center u € G and radius r > 0 related to the projection
P = Py, see Definition 2.17. For any u € P(B(z,r1)) let s(u) € [0, r] be the smallest number with the following property:
for any s(u) < s < r we have

1. ENT(u,s/4h) # @, and
2. ¢(B(z,Csr) N T(u, Cus)) < p~"(s/Csr)"9(B(z, Csr)).
Finally, we define
(w) A:={u€P(B(z,n)):s(u) =0}
(B) Av = {u e P(B(z,r1)) i s(u) >0, and ¢(B(z,Csr) N T(w, Cus(u))) = e (s(u)/Csr)'9(B(z, Cs1)) |,

(v) Ay = {u € P(B(z,11)) : s(u) >0, and ¢((B(z,Csr) \ E) N T(u,s(u)/4h)) > 271 (s(u)/4hCsr)"¢(B(z, C5r))}.
Then we have
(i) s(u) < Cshur for every u € P(B(z,11)),

(ii) The function u — s(u) is lower semicontinuous on P(B(z,r1)) and as a consequence A is compact,
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(iii) P(B(z,11)) C AUA; UA,,
(iv) C"(P(B(z,r))\ A) < 5"*3C3hch(P(B(0,1)))er",
(v) P(ENP1(A)) = A, S"(ENP~Y(A)) > 0 and there is a constant ¢ > 1 such that

¢ ISMENPI(A)) < p(ENPTY(A)) < eSHENPTL(A)).

Proof. We prove each point of the proposition in a separate paragraph. For the sake of notation we write Z := Z(z,r1),
and without loss of generality we will always assume that z = 0, since Py is a homogeneous homomorphism,
see Proposition 2.21, and thus the statement is left-invariant. Since it will be used here and there in the proof, we
estimate ¢(B(0,Csr) \ B(0,Csrq)). Since (0,7, W) € Z, we infer that

¢(B(0,Csr1)) > (1 —e)(r1/r)"¢(B(0, Cs7)).
This implies that

¢(B(0,Cs7) \ B(0,Csr1)) = ¢(B(0, Csr)) — ¢(B(0,Csr1)) < ¢(B(0,Cs5r)) (1 — (1 —¢)(r1 /1))

— $(B(0,C5r)) (1= (1—&)(1 —e/h)") < 26(B(0, Csr)), (44)

where in the last inequality we used that i — (1 —¢/h)" is increasing.

PROOF OF (1): Letu € P(B(0,r1)) and let Csphr < s < r. Then
¢(B(0,Csr) NT(u,Css)) < ¢(B(0,Csr)) < p~"(s/Csr)"9(B(0,Cs7)),

where the last inequality comes from the fact that Csuhr < s. Defined v := uéy(ufl), we immediately note that
v € W and that, from Proposition 2.20, d(v, u) = ud(u,0) < Cyur. Furthermore, for every A € B(0, yur) we have

d(0,udy (u™")A) < pullull + [[ul| + | Al < pCary + Cary + pr

< (Cy(1+ ) +2u)ry < Csrq, )

where in the inequality above we used the fact that r; > /2, and C5 > 2(Cs +1) > C4(1+ p) +2p. Thus, on the
one hand we have B(v, ur) C B(u, (1 + C4)ur) and on the other, thanks to (45), we deduce that

B(v, ur) € B(0, Csry). (46)
Since (0,7, W) € Z, this implies thanks to the definition of Z and E that
¢(B(o, pr)) > (1—e)u"C"p(B(0,Csr1)) > ¢(B(0,Csr1) \ E). (47)
Furthermore, thanks to (46), (47) and the definition of T(-,-), we also infer that
@ #ENB(v,ur) CENB(u, (14 Cy)ur) C ENT(u,s/4h),
where the last inclusion is true since (14 Cy)ur < Csur/4 < s/(4h).

PROOF OF (11): Letu € P(B(0,71)) and let 0 < s < s(u). By definition of s(u), up to eventually increasing s such
that it still holds 0 < s < s(u), there are two cases. Either

¢(B(0,Csr) N T(u,Cys)) > (1+1)"u="(s/Csr)"¢p(B(0, Cs57)), (48)

for some T > 0 or
ENT(u,s/4h) = . (49)
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If v € P(B(0,r1)) is sufficiently close to u then s + C; 'd(u,v) < (1+ 7)s and s + C; 'd(u,v) < r, since s(u) < r
thanks to point (i). If (48) holds, this implies that

¢(B(0,Csr) N T(v, Cs(s + C; 'd(u,v)))) > ¢(B(0,Csr) N T(u,Cy3))
> (1+7)"3 " (s/Cs7)"¢(B(0, Cs1)) (50)
> (s +Cyd(u,0))/ Csr)"p(B(0, Cs1)),
where the last inequality is true provided d(u, v) is suitably small. On the other hand, if (49) holds, then
ENT(v,(s—4hd(u,v))/4h) CENT(u,s/4h) = Q. (51)

Taking into account (50) and (51), this shows that s(v) > min{s — 4hd(u,v),s + C; 'd(u,0)} = s — 4hd(u,v) provided
v is sufficiently close to u. This implies that lim inf,_,, s(v) > s for any s < s(u) for which at least one between (48)
and (49) holds. In particular, from the definition of s(u), we deduce that there exists a sequence s; — s(u)~ such
that at each s; at least one between (48) and (49) holds. In conclusion we infer

o S
11¥)rl)1brl1fs(v) > s(u).

PROOF OF (111): Suppose that u € P(B(0,71)) \ (AU A7). Since u ¢ AU Ay, then s(u) > 0 and
¢(B(0,Csr) N T(u, Cas(u))) < & (s(u)/Csr)"¢(B(0, Csr))- (52)

Thanks to the definition of s(u), for any 0 < s < s(u), up to eventually increasing s in such a way that it still holds
0 < s < s(u), we have either

¢(B(0,Cs5r) N T(1,Cys)) > u~"(s/Csr)"'¢p(B(0,Csr)), (53)

or
ENT(u,s/4h) = Q. (54)

Let us assume that (54) does not hold for some s < s(u). Then (54) does not hold for any ¢ such that s < t < s(u).
Thus, in this case, we deduce the existence of t; < s(u) such that t; — s(u) for which (53) holds. Thus we have

w7 (s(u) /Csr)"@(B(0,Csr)) = Lim u~"(t:/Csr)"¢(B(0, Csr))
< limsup ¢(B(0,Csr) N T(u, Cyt;))
i—>+00 (55)
< ¢(B(0,Csr) N T(u, Cys(u)))

<& '(s(u)/Csr)'p(B(0,Csr)),

that is a contradiction thanks to the choice of y and e. This proves that for any 0 < p < s(u) wehave ENT(u,v/4h) =
@ and thus

ENint(T(u,s(u)/4h)) = @.
Let us now define the constants
s = 16hs(u)/¢, and o := (2h —1)e/32K%
Thanks to item (i), from which s(u) < Cshur, and from the very definition of y, we deduce that
0<s(u)<s=16hs(u)/e <r—r, and u<o<l. (56)
Thanks to the compactness of E and the definition of s(u) we have that

ENT(u,s(u)/4h) # @.
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Let us fix x € ENT(u,s(u)/4h) and assume V € GrZ (h) to be such that (x,5,V) € Z. We claim that

IP(x"'y)| > ollx~"yll,  forevery y € V. (57)

Assume by contradiction that there is a y € xV such that [|x~!y|| = 1 and for which ||P(x'y)|| < o. Let us fix
w € B(0,0s) and let t € R be such that |f| < Cys(u)/(4ho). Then, we have

Cas(u)
4ho

da(o, xét(xfly)w) <d(0,x) + |¢] ||x71y|| +0s <d(0,x)+ + os. (58)

Thanks to the choice of the constants and item (i), according to which s(u) < Cshur, we infer that

Cys(u)
4ho

+0s < Cys(u)(1—1/2h +8h/((2h —1)e))
< C27h 2P r(1—1/2h + 81/ ((2h — 1)e)) < Cyer/h,

(59)

where in the first inequality above we are using the fact that C; > 1, and in the second we are using the explicit
expression y = 2~"h73C She2 and the fact that Cs Sh+1 < 1. Hence, since x € B(0, Csr) putting together (58) and
(59) we infer that

d(0,x6;(x " 1y)w) < Csry + Cuer/h < Csr, (60)

where the second inequality comes from the definition of r; and the fact that C5 > C,;. As a consequence of the
previous computations we finally deduce that

B(xd;(x"ty),os) C B(0,Csr), for any |t| < Cys(u)/(4ho).
We now prove that for any [t| < Cys(u)/(4ho) and any w € B(0,0s), we have
x61(xYy)w € T(u, Cys(u)). (61)

Indeed, thanks to Proposition 2.21, we have that

P(xér(x Ty)w) = P(x)3:(P(x~y))P(uw)
and thus since x € T(u,s(u)/4h) by means of Proposition 2.22 we infer that

d(u, P(x)) < Cys(u)/4h.
Thanks to this, and together with the fact that |P(w)|| < Cs0s due to Proposition 2.20, we can estimate
d(u, P(x)0(P(x~"y))P(w)) < d(u, P(x)) + [t||[P(x"'y) ]| + Cyos

Cas(u)  Cys(u) Cas(u) 1
< wos < =2 oy (1- — <,
ST T TOss g TG (1 2h)s(”) < Cas(u),

where in the second inequality of the last line we are using 0s = s(u)(1 —1/(2h)). Summing up, the above
computations yield that

B(xé;(x~ty),s) C B(0,Csr) N T(u,Cys(u)), forany |t| < Cys(u)/(4ho). (62)

Now we are in a position to write the following chain of inequalities

s(u)/4ho
¢(B(0,Csr) N T(u,Cas(u))) > (205)_1[ i gb(B(xét(x_ly),as))dt
> (205) " (s(u) /2ho) (1 — €) (05 /7C5)"9(B(0, Cs7)) (63)

(
= (1—¢)(1—1/2n)"16K2(2h — 1)~ 21 (s(u) / C57)"p(B(0, Cs7))
e_l(s(u)/C5r)h¢)(B(O, Csr))
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where the first inequality is true by applying Fubini theorem to the function F(t,z) 1= xp(o,¢s)(6t(y ' x)x"'2)

on the domain [—s(u)/(4ho),s(u)/(4ho)] x G, and by noticing that when |t| < s(u)/(4ho) we have (62); the
second inequality is true since x € E and then (x,s,V) € Z for some V € Gr% (h); and the last inequality is true
since (1 —¢)(1—1/(2h))"16K%(2h —1)~2 > 1. Since (63) is a contradiction with the assumption u ¢ A; we get
that (57) holds and thus P|y is injective, since it is also a homomorphism. Furthermore, since V has the same
stratification as W, Proposition 2.17 implies that VIL = G, where L is the chosen normal complement of W. Thanks
to [12, Proposition 3.1.5], there exists an intrinsically linear function ¢ : W — L such that V = graph(¢) and thus
P|y is also surjective. In particular we can find a w € xV in such a way that P(w) = u and, by using (57) and
d(u,P(x)) < Cys(u)/4h, that follows from Proposition 2.22, and the fact that P is a homogeneous homomorphism,
we conclude that the following inequality holds

C
x| < o P() P (@) | = o PGe) Ml < S0, 64

We now claim that the inclusion
U(w,s(u)/4h) C (B(0,Csr) \ E) Nint(T(u,s(u)/4h)), (65)

concludes the proof of item (iii). Indeed, we have (x,s, V) € Z, and since w € B(x, Css) N xV, see (64), and we have
us < s(u)/4h < Css, we infer, by approximation and using the hypothesis, that

¢(U(w,s(u)/4h)) > (1 — s)(s(u)/4hC5r)h<p(B(O, Csr)). (66)
Putting together (65) and (66) we deduce that

¢((B(0,Csr) \ E) Nint(T(u,s(u)/4h))) > (1 — s)(s(u)/4hC5r)h¢(B(0, Csr)).

and thus u € Ay, which proves item (iii). In order to prove the inclusion (65) we note that since ||x~w| <
Cys(u)/(4ho), see (64), we have thanks to the same computation we performed in (58), (59), and (60), that
B(w,s(u)/(4h)) € B(0,Csr). Furthermore, since P(w) = u the inclusion (65) follows thanks to the fact that
B(w,s(u)/4h) C T(u,s(u)/4h), see Proposition 2.22, and the fact that int(T(u,s(u)/4h)) NE = @.

PROOF OF (1v): Let T > 1. Thanks to [11, Theorem 2.8.4], we deduce that there exists a countable set D C A;
such that the following two hold
(@) {B(w,C2s(w)) "W : w € D} is a disjointed subfamily of {B(w, C3s(w)) "W : w € A1},

(B) for any w € A; there exists a u € D such that B(w, C3s(w)) N B(u, C3s(u)) "W # @ and s(w) < 7s(u).
Furthermore, if we define for every u € A; the set
B(u,C3s(u)) == | J{B(w, Cis(w)) "W : w € Ay, B(u,Cis(u)) NB(w,Cis(w)) NW # @, s(w) < Ts(u)},  (67)

we have, thanks to [11, Corollary 2.8.5], that A1 C Uyeca, B(1,C3s(u)) "W C Uyep B(w,C2s(w)). An easy
computation based on the triangle inequality, which we omit, leads to the following inclusion

B(u,C3s(u)) € W N B(u, (1+27)C3s(u)), for every u € Aj. (68)

Since D C Ay, and since T(u, C4s(u)) € P~1(B(u, C2s(u)) NW) for every u € Ay, see Proposition 2.22, we conclude,
by exploiting the fact that {B(w, C?s(w)) "W : w € D} is a disjointed family, the following inequality

¢(B(0,Cs5r)) = Y ¢(B(0,Csr) N T(u,Cys(u))) > e Y (s(u)/Csr)"¢p(B(0,Cs7)),

ueD ueD

where the last inequality above comes from the fact that D C A;. The above inequality can be rewritten as
YueD s(u)h < Cgsrh. In particular, thanks to Remark 2.2, and (68) we infer that

C"(A1) < Y C"(B(u, (1+27)C3s(u)) NW)
ueD
=CTa+20)" Y s(u)" < CICh(1+21)her”
ueD
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With a similar argument we used to prove the existence of D, we can construct a countable set D’ C A, such that
the family {B(u, Cys(u)/4h) "W : u € D'} is disjointed and the family {B(u, Css(u)/4h) : u € D'}, constructed as
in (67), covers A,. In a similar way as in (68) we have B(u, Cys(u)/(4h)) € W N B(u, (14 27)Cys(u) /4h) for every
u € Ap. Moreover, since

T(u,s(u)/4h) C P~1(B(u,Cys(u)/4h) NW),
for every u € Ay, see Proposition 2.22, we conclude by exploiting the fact that { B(u, Cys(u)/(4h)) "W :w € D'} is
a disjointed family, the following inequality

¢(B(0,Csr) \E) = Y ¢((B(0,Csr) \ E) N T(u,s(u)/4h))

ueD’

> 27'p(B(0,Csr)) Y, (s(u)/4hCsr)",

ueD’

(70)

where the last inequality holds since D’ C Aj,. From the previous inequality, (44), and the fact that 0 € E, we infer
that

2¢(B(0,Csr) \ E)

h
u;y(s(u)/éthy) < (B0, Car))
¢(B(0,Csr) \ B(0,Csr1)) + ¢(B(0,Csr1) \ E)
=2 #(B(0,Cor) 7
2e9(B(0,Cs)) + 11 C5 "¢ (B(0, Cs7))
=2 #(B(0,Con) =10
Consequently, we deduce that
CM"(Ax) < Y C"(WNB(u, (1+21)Css(u)/4h))
ueD’
= (1+20)"Cl Y (s(u)/4h)" < 10(1 +27)"CliCler”. 72)

ueD’
Finally, putting together (69), (72), item (iii) of this proposition, and Remark 2.2, we conclude the following
inequality
C"(P(B(0,1))\ A) < C"(P(B(0,r)) \ P(B(0,))) + C" (A1) +C"(A2)
< CMP(B(0,1)))r"(1 — (1 —e/m)") + C2'Cl (1 + 27) e +10(1 + 27)"CCler”
< 50(1 +27)"Cc(P(B(0,1)))er”

where in the last inequality we used that 1 < C; < Cs, and that C"(P(B(0,1)) > 1 since P(B(0,1)) 2 B(0,1) N W
and C"(B(0,1) N"W) = 1, thanks to Remark 2.2. With the choice T = 2, item (iv) follows.

PROOF OF (v): Letu € A and note that since s(u) = 0, for any s > 0 we have that
ENT(u,s/4h) # @.
Since the sets EN T(u,s/4h) are compact we infer the following equality thanks to the finite intersection property

@ #EN()T(us/4h) =ENP (u).

5>0

This implies that u € P(E N P~ (u)) for every u € A, and as a consequence A C P(E N P~!(A)). Since the inclusion
P(ENP!(A)) C A is obvious we finally infer that A = P(E N P~1(A)). Moreover, thanks to item (iv) and to the
choice of e < 575 Cs 3 we conclude that S"(A) > 0 thanks to the fact that C"_W and S".W are equivalent, see
Proposition 2.8, and thanks to the following chain of inequalities

Ch(A) > Ch(P(B(O,r))) — Ch(P(B(O,r)) \ A)
> C"(P(B(0,1)))r" — 5" 33 (P(B(0,1)))er" > %rh_
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Thanks to the fact that P is C;-Lipschitz, see Proposition 2.21, we further infer that
0< 8"A)=S"P(ENPL(A))) <CIS"(EnP~1(A)).
For any s sulfficiently small and u € A, by definition of s(#) and A, we have the following chain of inequalities
¢(B(x,Css)) < ¢p(B(0,Csr) N T(u,Cys)) < u(s/Csr)p(B(0,Csr)),

whenever x € EN P~!(u), where the first inequality comes from the fact that x € E C B(0,Csr;), and Proposi-
tion 2.22. Finally by [11, 2.10.17(2)] and the previous inequality we infer

p(En () < et B S g (£ pe ), 73)

On the other hand, if we assume x € E and s sufficiently small, we have (x,s,V) € Z for some V € GrZ (h). This
implies that, by using the very definition of Z, that

¢(B(x,5)) = (1 —¢)(s/Csr)"p(B(0, Cs1)),

and thus by [11, 2.10.19(3)], we have

¢(B(0,Cs7)) o
E>(1—¢)——*S"E.
Putting together (73) and (74), we conclude the proof of item (v). O
Proposition 3.7. Let ¢ bea 2, ~_rectifiable measure such that there exists an s € IN* for which for ¢p-almost every x € G
we have
Tany (¢, x) C {AS".V: A >0and V € Gri(h)}. (75)
Then, the set
9 (x) := {V € Gr&(h) : there exists ® > 0 such that OS".V € Tany(¢,x)}, (76)

is a compact subset of GrZ,(h) for all x € G for which (75) holds, and the sets
Yo ={xe€G:e(V) € (C,o0) forevery V€ 4(x)}, (77)
where ¢ is defined in (12), are ¢p-measurable for any C > 0.

Proof. The fact that ¢(x) is compact is an immediate consequence of Proposition 2.29, the compactness of the
Grassmannian in Proposition 2.6, and the convergence result in Proposition 2.26. For any A, k,r > 0 define the
function M x,(x, V) : G x Gr§(h) — R as

M/\,k,r(x/ V) = Fo,k(r_th,rqb, /\ChLV),

where Fy is defined in Definition 2.21. We claim that, for any choice of the parameters, the function M,y , is
continuous when G x Grg (h) is endowed with respect to the topology induced by the metric d + dg. Indeed,
assume {x;};eny € G and {V;} C Gr5 (h) are two sequences converging to x € G and V € Gr%,(h) respectively.
Thanks to the triangle inequality we have -

limsup| M i, (x, V) = Mk, (x;, Vi) | < limsup (|M/\,k,r(va) — Mk (xi, V)

1—00 1—00
+ My pr(x, V) = MA,k,r(xi,Vi)D
< limsup Fo,k(”_th,r¢/ r_thi,r(P) + lim sup Fo,k(/\ChLW, AChLWi)

1—00 1—00
< limsup r~ " Vd(x, x;))p(B(x, kr + d(x, x;)))
i—00

+ lim sup Folk()tchl_\/, ACM V) =0,

1—00
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where the inequality in the fourth line comes from a simple computation that we omit and the last identity comes
from Proposition 2.26. This in particular implies that the function

M vV
M(x,V) := sup inf lim infM
k>0 A>0 70 Kh+1
keQ A€Q  1€Q

7

is Borel measurable.

We now claim that for ¢-almost every x € G we have that V € ¢(x) if and only if M(x,V) = 0. Indeed if
V € 9(x), there is a A > 0 and an infinitesimal sequence {r;};cn such that im; ;e Fox(r; "Ter,, AC" V) = 0
for any k > 0, see Proposition 2.25. However, by the scaling properties of F, see Remark 2.7, we can choose an
another infinitesimal sequence {s;};cn C Q such that r;/s; — 1, and then lim; , Folk(s;h Tys,, AC'" V) = 0 for
every k > 0 as well, proving the first half of the claim. Viceversa, if M(x, V) = 0, then for any j € IN there exists a
A; >0, with A; € Q, and an infinitesimal sequence {r;(j)} C Q such that lim;_,q, Fy1 (ri(j) T, ()9 AiChV) < 1/j.
Since 0 < @ (¢, x) < O"*(¢,x) < oo for ¢-almost every x € G, we can argue as in the last part of the proof of
Proposition 2.29 and hence we can assume without loss of generality that A; converge to some non-zero A and that,
for every j € IN, there exists i; € N such that r;, (j) is an infinitesimal sequence and g ( j)’thrrij G — AC"_V. This
eventually concludes the proof of the claim.

Furthermore, since ¢ by Proposition 2.19 is lower semicontinuous on Gr%(h), we know that for any C > 0 the set
G x {W € Gr&(h) : ¢(W) < C} is closed in G x Gr% (h) and in particular, the set

MH0) NG x {W € Gr§(h) : (W) < C} = {(x,V) € G x Gr§(h) such that M(x,V) =0 and ¢(V) < C},
(78)

is Borel. Now, since the projection on the first component of the above set is an analytic set, by the very definition of
analytic sets, and since every analytic set is universally measurable, see for example [10, Section 2.2.4], we get that
the set {x € G such that there exists V € Gr% (h) with M(x,V) =0 and ¢(V) < C} is ¢-measurable. In particular
its complement, that is ¢ up to ¢-null sets - since M(x,V) = 0 if and only if V € ¥(x) for ¢-almost every x € G -
is ¢-measurable as well. O

Proposition 3.8. Let h € {1,...,Q}, s € &(h), and ¢ bea 2, _rectifiable measure supported on a compact set K and for
which for ¢-almost every x € G we have

Tany, (¢, x) C {AS".V:A > 0and V € Gri(h)}. (79)

Let us further assume that there exists a constant C > 0 such that ¢(G \ 9c) = 0, where 9 is defined in (77). Throughout
the rest of the statement and the proof we will always assume that C, and Cs are the constants introduced in Definition 3.3 in
terms of C. Furthermore, let ¢ € (0,5 05 Co%) and .= 277h=3C M2,

Then, there are 8,y € IN, a ¢-positive compact subset E of E(9,7), and a point z € E NY¢ such that

(i) There exists a p; > 0 for which ¢(B(z,Csp) \ E) < yh+1C5_h¢(B(z, Csp)) forany 0 < p < pz;

(ii) There exists an rg € (0,5’10(h+5)C§3h7’1} such that for any w € E and any 0 < p < Csrg we can find a
Vu,e € Gréy(h) such that ¢(Vy,p) > C, see (12), and

1. Fuac.p(¢,OC" wVy,,) < (471971C ) (M+3) - (4Csp) "1 for some © > 0,
2. whenever y € B(w, Csp) NwVy,, and t € [up, Csp] we have ¢p(B(y, t)) > (1 —€)(t/Csp)"¢(B(w, Csp)),
3. There exists a normal complement 1Ly, p of Vi, as in Proposition 2.20 such that
(1 - &)p(B(w, Csp) NwTy,, (0,p)) < C5"C"(P(B(0,1)))p(B(w, Csp)),
where Ty, , is the cylinder related to the splitting G = Vo - L, see Definition 2.17;

(iii) There exists an infinitesimal sequence {p;(z) }ien € (0, min{rg, p; }| such that for any i € N, any w € E and any
p € (0,Cspi(z)] we have ¢(B(w, Csp)) = (1 —e)(p/pi(2))"p(B(z, Cspi(2))).
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Proof. For any positive a,b € R we define F(a, b) to be the set of those points in K for which
br" < ¢(B(x,1)), for any r € (0,a).

One can prove, with the same argument used in the proof of Proposition 2.3, see [25, Proposition 1.14], that the sets
F(a,b) are compact. As a consequence, this implies that the sets

[ee)

F(a,b) = () F(Csa, (1 —¢€)b) \ F(Csa/p,b),
p=1

are Borel. Since ¢ is &/ -rectifiable, G can be covered ¢-almost all by countably many sets F(a, b). Indeed, ¢(G \
Ug e+ F(a,b)) = 0 since 0 < ®" (¢, x) < +o0 holds ¢p-almost everywhere. In particular thanks to Proposition 2.4
we can find 4,b € R and 8,7 € N such that ¢(F(a,b) NE(d,7)) > 0. Since F(a,b) N E(8, 7) is measurable, there
must exist a ¢-positive compact subset of F(a,b) N E(8,y) that we denote with F. Notice that since (G \ %) =0
the set F N % is measurable and ¢-positive as well.

Let us denote by Gr%C(h) the set {V € Gr%,(h) such that ¢(V) > C}. Since by the very definition of % we
have Tany(¢,x) C M(h, Gr3C(h)) for p-almost every x € F N%., we infer that Proposition 2.27 together with
Severini-Egoroff theorem, that can be applied since the functions x — d, , (¢, M (h, Gr%C(h))) are continuous in x
for every k,r > 0 - see Remark 2.8 - yield a ¢-positive compact subset E of F N% and an rg < 510(n+5) C§3h7’1
such that

dyacsp (P, M(h, Grg’c(h))) < (4*11971C5*1;4)(h+4) for any x € E and any 0 < p < Csry. (80)

Let us fix z to be a density point of E with respect to ¢, and let us show that E and z satisfy the requirements of the
proposition. First, by construction E is ¢-positive and contained in E(9, ). Second, since z is a density point of E,
item (i) follows if we choose p, small enough. Moreover, the bound (80) directly implies item (ii.1). Let us prove the
remaining items.

Since E C E(9,7), 4C§r0 < /2 and 4’119’1Cgllu < 2’10(}’*1)19, Proposition 2.28(i) implies that for any w € E
and any 0 < p < Csrg - choosing o = 4’119’1Cgly and t = 4Csp in Proposition 2.28 - there exists a Vy, € Gril'c(h)
such that

(B(y, 1) NB(wV,471C51072%0)) > (12100 Va71C ) (/) ¢ (B(v,9)),

whenever y,v € B(w,2Cs50) NwVy, and 0 up <r,s < 2Csp. Since
210(h+1)4—1c5—1y < g,
with the choices s = Cs5p and v = w, we finally infer

¢(B(y,1)) = (1—¢)(r/Csp)"9p(B(w, Csp)),

for any pp < r < Csp and any y € B(w,Csp) NwVy,, and this proves item (ii.2). For any w € E and any
0 < p < Csrg we choose one normal complement Ly, of V5 as in Proposition 2.20, and we denote with P := Py, ,
the projection relative to this splitting. Eventually, Proposition 2.28(ii), with the choice k := Cs, implies that for any
0 < p < Csrg we have

¢(B(w, Csp) NwTy,,,(0,0)) < (14 (2Csh +1)8~'C5 ' u)C5"C" (P(B(0,1)))¢(B(w, C5p))

—hph (81)
< (1+¢)C"C"(P(B(0,1)))¢(B(w, Csp)),

where the last inequality comes from the fact that (2Csh + 1)9~1CS Ly < e. Hence also item (ii.3) is verified. In
order to verify item (iii), note that since z € E C F(a,b) on the one hand then there is an infinitesimal sequence
{pi(z) }iew such that
B .
(P( (ZI C5pl(‘hz))) S b (82)
(Cspi(z))
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On the other hand for any w € E, and any 0 < p < a we have

ST (Gop) (83)
Putting together (82) and (83) we finally infer that for any i € N, any w € E and any p € (0,a) we have
¢(B(z, C5pi(2))) . 1 ¢(B(w,Csp))
piz)" T l-e b
concluding the proof of item (iii) and thus of the proposition. O

Before going on with the last part of the proof of Theorem 3.1, we need a Proposition borrowed from the Preprint
[5] whose simple proof is omitted here. Before stating it, we give a couple of definitions.

Definition 3.4. Let us fix x € G, r > 0 and ¢ a Radon measure on G. We define I1;(x,r) to be the subset of planes
V € Gr(h) for which there exists a ® > 0 such that

Fo (¢, 08" xV) < 2571, (84)
Definition 3.5. For any ¢ € IN we define dg = dg (1, 9) := 912~ (#1+5),

Proposition 3.9 ([5, Proposition 3.1]). Let ¢ be a Radon measure on G that is supported on a compact set, let x € E(9,7),
fix § < ég, where dg is defined in Definition 3.5, and set 0 < r < 1/y. Then for every V € Ils(x,r), see Definition 3.4, we

have
Sup dlSt (W, xv) S 21+1/(h-‘rl)ﬁl/(h-‘rl)&l/(h-‘rl) —. Cé(ﬁ,h)él/(h_'_l). (85)

weE(d,y)NB(x,r/4) r

Proposition 3.10. Assume ¢ is a @;'ﬂ—rectiﬁable measure supported on a compact set K. Then, there exists a W € Gra(h),
a compact set K' € W and a Lipschitz function f : K' — G such that ¢(f(K')) > 0.

Proof. Theorem 3.4 implies that for ¢-almost every x € G the elements of Tany (¢, x) all share the same stratification
vector. Furthermore, thanks to Proposition 3.5, for any s € G(h) the set 7; := {x € K: s(¢,x) = s} is ¢-measurable.
Thus, if we prove that for any s € S(h) there exists a Lipschitz function as in the thesis of the proposition whose
image has positive ¢ .7;-measure, the proposition is proved since the sets .7, cover ¢-almost all K and since the
locality of tangents hold, see Proposition 2.2. Thanks to this argument, we can assume without loss of generality
that there exists a s € &(h) such that for ¢-almost every x € K we have s(¢, x) = s.

Let us further reduce ourselves to the setting in which there exists a constant C > 0 such that ¢(G \ %) = 0,
where ¥ is defined in (77). Thanks to Proposition 3.7, we know that for ¢-almost every x € G the set ¢4 (x) defined
in (76) is compact. Hence, taking item (i) of Proposition 2.19 into account, for ¢-almost every x € G there exists a
constant C(x) > 0 such that ¢(V) > C(x) for every V € ¢(x). This readily implies that

‘P(G \ Une]N%/n) =0.

Hence, since ¥ /,, is ¢-measurable for every n € IN, see Proposition 3.7, we can reduce, with the same argument
used in the previous paragraph, to deal with the case in which there exists C > 0 such that $(G \ %) = 0.

Let C; := C4(C) and Cs := C5(C) be defined as in Definition 3.3, and let € < 5_10(h+5)C5_3h, and ji =
277h73Cs Shg2, Let E C K be the compact set and z € E N the point yielded by Proposition 3.8 with respect to
€ Ji. Furthermore let € < ¢ < S_h_5C§3h, and p := 2_7h_3C§5h82 such that (1 — €)% > (1 —¢). We define

r:=p1(z), and ri:=(1—¢/h)r,

where p1(z) is the first term of the sequence {p;(z) }ien yielded by item (iii) of Proposition 3.8.
Let us check that the compact set E N B(z, Csrq) satisfies the hypothesis of Proposition 3.6 with respect to the
choiches ¢, ji, r. First of all, since r < p,, item (i) of Proposition 3.8 implies that (43) holds since ji < u. Secondly, since
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r < 1y, item (ii.2) of Proposition 3.8 implies that for any w € E and any 0 < p < Csr there exists a Vy,, € Gr&(h)
such that whenever y € B(w, Csr) NwVy,, and t € [pup, C5p] we have

¢(B(y, 1)) = (1 —&)(t/Csp)"p(B(w, Csp)).

Furthermore, since r = p;(z), thanks to item (iii) of Proposition 3.8 we finally infer that for any w € E and any
0 < p < Csr we have

¢(B(y, 1)) > (1-8)(t/Csp)"¢(B(w, Csp)) > (1 —€)*(t/Csr)"p(B(z,Cs7))

86
> (1-€)(/Csr)¢(B(z, Csr)), ()

whenever y € B(w,Csr) NwVy,, and t € [up, Csp]. The above paragraph shows that the hypotheses of Proposi-
tion 3.6 are satisfied by z and E N B(z, Csr) with the choices of 7,71, ¢, u as above.

Throughout the rest of the proof E will stand for E N B(z,Csr1), and in order to conclude the argument we will
need to use the other two pieces of information yielded by Proposition 3.8. Indeed, since r < Csry, item (ii.3) of
Proposition 3.8 implies that

(1 —e)¢(zTy,, (0,r) N B(z,Csr)) < C"(P(B(0,1)))C5"p(B(z, Cs)), (87)

where T is the cylinder related to the splitting G =V, - L, ,, and L, , is one normal complement to V , chosen as
in item (ii.3) of Proposition 3.8. Furthermore, thanks to item (ii.1) of Proposition 3.8 and the fact that » < ry we
know that there exists @ > 0 such that

Foac.r(¢,0C" 2V, ) < (47 1971C tu)h S - (4Csr) L. (88)

The bound (88) together with Proposition 3.9, that we can apply since 4Csr < v~ 1, and 271 (4’1§’1C§1y)h+3 < g,
where Jg was introduced in Definition 3.5, imply that

dist (w,zV,,)

sup < 21+1/(h+1)l91/(h+1)(271(4711971(:571#)%3)% < chly‘ (89)

weENB(z,Csr) 4Csr

The above bound shows that the set E inside the ball B(z, Csr) is very squeezed around the plane V., ,. From now
on we should denote W :=V,,, P:= Py, , L :=1L;,, and T(-,r) := Tw(-,r). In order to simplify the notation,
since all the statements are invariant up to substituting ¢ with T ;¢, we can assume that z = 0. Let us recall once
more that ¢(V;,) > C from item (ii) of Proposition 3.8.

Since it will turn out to be useful later on, we estimate the distance of the points w of EN T(0,7;) from 0. Thanks
to Proposition 2.22 and the fact that w € T(0, 1), we have ||Pyw (w)|| < Csrq. On the other hand, (15) and (89) imply
that

|PL(w)| < Cydist(w, W) < 8Cyur.

This in particular implies that
d(0,w) < |[Pw (w)[| +[|Pr(w) | < Cary +8Capry < 2Cury,

showing that
ENT(0,r1) C B(0,2Cyr1). (90)

In the following A, A; and A; are the sets inside P(B(0,71)) constructed in the statement of Proposition 3.6 with
respect to the 0 and the plane W. Now, let A be the set of those u € A for which there exists p(u) > 0 such that

¢(B(0,Csr) NT(u,5)) < 2(1 —e)*(s/Csr)"C"(P(B(0,1)))¢p(B(0, Cs7)), (91)
forall 0 < s < p(u). We claim that A is a Borel set. To prove this, we note that

A= J{ue A:(91)holds forany 0 <s < 1/k} =: | J A
kelN kelN
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Let us show that A is a a compact set for any k € IN, and in order to do this, let us assume {u;};ci\ is a sequence
of points of A;. Since Ay C A, and A is compact, we can suppose that, up to a non re-labelled subsequence, u;
converges to some u € A. Thus, we have that for every 0 < s < 1/k the following chain of inequality holds

¢(B(0,Csr) N T(u,s)) < limsup ¢(B(0,Csr) N T(uj,s +d(u, u;)))

<2(1—¢)*C"(P(B(0,1)))(s/Csr)"p(B(0, Csr)).

This concludes the proof of the fact that Ay is compact and thus A is an F, set, and thus Borel.
Let us notice that, since r; < r, by a compactness argument one finds that there exists a s := 5(r1,7) such that
whenever u € P(B(0,r1)), then P(B(u,5)) C P(B(0,r)). The family

B:={P(B(u,s)): u € A\ A, and s < § does not satisfy (91)}

is a fine cover of A \ A by the very definition of A. Thus [11, p. 2.8. 8.17] with a routine argument implies that 5 is a
Sh.(A\ A) Vitali relation ([11, p. 2.8.16]). Therefore, the set A \ A can be covered S"-almost all by a sequence of
disjointed projected balls { P(B(uy, s¢)) }rew such that uy € A\ A and

¢(B(0,Csr) NT(uy, 1)) > 2(1 —&)*C"(P(B(0,1)))(s/ C57)"p(B(0, Cs7)),

for every k € IN. Note that since T (uy, sy) = P~1(P(B(uy, sx))), see Proposition 2.22, we get that {T(uy, s¢) fren is a
disjointed family of cylinders. Moreover, from the very definition of s, since u; € P(B(0,71)) and s; <5, we have
that P(B(uy,sx)) € P(B(0,r)). This implies that

¢(T(0,7) N B(0,Csr)) = ), p(B(0,Csr) N T (g, 5¢))
kelN

> 2(1 - e)*ct(P(B(0,1)))C " p(B(0,Csr)) T sl ©2)
keN
Therefore, we have
"(A\A) =Y C"(P(B(u,sx))) < C"(P ) Y st
keIN keN
_ _,¢(T(0,7) N B(0,Csr))Clr" B
<27'1—¢)™* (B0, Cr)) 5 <2711 —¢)73C"(P(B(0,1)))r"

27 h(p(B(0, 1))

where the second inequality on the second line above follows from (87). Furthermore, from the previous inequality
and from item (iv) of Proposition 3.6 we deduce that

C"(A) = C"(P(B(0,r))) = C"(P(B(0,1)) \ A) = C"(A\ A)
27

> CM(P(B(0,1)))r" — 5"3C3heCh (P(B(0,1)))r" — Ch(P(B(O,l)))%r

_50

> (1—-1/25—27/50)C"(P(B(0,1)))r" > %Ch(P(B(O,l)))rh

Since A is measurable, we can find a compact set A C A and a é € (0,er/h) such that C*(A) > 0 and (91) holds for
any u € A and s € (0,). This can be done by taking an interior approximation with compact sets of A.
Thanks to item (v) of Proposition 3.6 we know that

ACA=PENP1A)), (93)

and thus for any u € A we can find a x € E such that P(x) = u. We claim that for any x € E for which P(x) € 4,

any s < min{r/4,6/(1+4 Cs)} and any w € V,; we have

[P(w)]| > [[w]|/2Cs. (94)
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Suppose by contradiction that there are an s < min{r/4,6/(1+Cs)} and a w € V, with ||w| = 1 such that
||IP(w)|| < 1/2Cs. This would imply that for any k = 0,...,|Cs5/4] —1 and any p € B(0,s/2) we have, by exploiting
P(x) = u and that P is a homogeneous homomorphism, that

d(P(x6pxs(w)p), u) = d (02 (P(w)) P(p), 0) <|[62ks (P(w)) || + [|P(p)]

< 2ks|| P(w)]| + | P(p)]| < ks/Cs + Cus < (14 Cy)s. (95)

Sinceu € A C A C P(B(0,r1)), and since P(x) = u, we conclude that x € T(0,r;). Hence, taking into account that
r1 < r, thanks to the inclusion (90), we have

d(xbyps(w)p,0) < ||x|| +2ks + s < 2Cyr + (2k + 1)s < 2C4r + 3Csr/4 < Csr. (96)
Putting together (95) and (96), we infer that for any k = 0,...,|Cs5/4] — 1 we have
B(x0ps(w),s/2) € T(u, (14 Cy)s) N B(0,Csr).

Furthermore, since x € E, B(xdys(w),s/2) are disjoint and contained in B(x, Css), we have by items (ii.2) and (iii) of
Proposition 3.8 that

1Cs/4]-1
4>(B(O,C5r)ﬂT(u,(1+C4)s))2 kz ¢ (B(x0ys(w),5/2))
=1

> L8 (2 yipie o) = LG (22 ppo.co) 07
—(1- 5)22hcj3 (C;)%(B(o, Cs1)).

Since by assumption u € A C A and (14 C4)s < 8, we infer thanks to (97) and the definition of A that

(1= 02575 () "9(B0,Cxn) < (BO,Cor) 1 T, (14 Co)s)

5 (98)

<2(1—e)*(1+ C4)h(C5r)hch(P(B(O,1)))4)(8(0, Csr)).

The chain of inequalities (98) is however in contradiction with the choice of Cs thanks to Remark 3.3, and thus the
claim (94) is proved.

Since P restricted to ENP~1(A) is surjective on A as remarked in (93), thanks to the axiom of choice there exists
a function f : A — ENP~1(A) such that P(f(u)) = u. We claim that for ¢-almost every x € f(A) there exists a
t(x) > 0 such that for any y € f(A) N B(x,t(x)) we have

IP) Pl = [IP(« )| > G2 x Tyl = G2 F(P(x) 7 F(P())I, (99)

where the last identity comes from the fact that f is bijective on its image and thus the left and right inverse
must coincide. In order to prove the latter claim, assume by contradiction that there exists an x € f(A) such that
Tany, (¢, x) C M(h, Grs(h)) and a sequence {y;}iew C f(A), with y; — x, such that

||P(x*1y,‘)|| < Cg2||x*1yi\|, for any i € IN. (100)

Defined p; := ||x~'y;||, thanks to the hypothesis on x and the definitions of y; and p; we can assume without loss of
generality that

1. for any i € IN we have p; < min{r/4,6/(1+Cs)},
2. the points g; := (51/pi(x_1yi) converge to some y € dB(0,1) such that ||P(y)|| < C52,

3. pi_th,p,.gb — AC"_V for some A > 0and V € Grg (h).
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Since Ch\_W(aB(p, s)) =0, see e.g., [17, Lemma 3.5], for any p € G and any s > 0, thanks to [8, Proposition 2.7] we
infer that

AC".V (B(y, p)) = lim Tepp(B(y,p))/p} > lim Tup,¢(B(gi,p — d(gi,y))) /o
> lim ¢(B(yi,pip/2))/p} = 9~ (p/2)" >0,
where we stress that in the second inequality in the second line we are using that there exists ¢,y € IN such
that E C E(9,y), since E is provided by Proposition 3.8. The above computation shows that the (contradiction)

assumption (100) implies that at x there is a flat tangent measure whose support V contains an element y € 9B(0,1)
such that ||P(y)|| < C52. Let us prove that if

(HC) there exists a suitably big iy € IN such that we can find a g;, € erpio such that d(y, q;,) <,

then we achieve a contradiction with (94), and thus we prove the claim (99). Indeed, the claim (HC) above would
imply thanks to the definition of y, (94), Proposition 2.20, and Proposition 2.21, that

(4C5) ™" < (1= p)/2Cs < (Iyll = lly ™43, 1) /2C5 < llg3, 1 /2Cs
<IP@i) Il < IPWI+ 1Py~ g3,) || < C52 + Cape < 2C52,

which is a contradiction since C5 > 10°.

In this paragraph we prove the claim (HC), which is sufficient to conclude the proof of the claim (99). Let ®; be
the positive numbers yielded by item (ii.1) of Proposition 3.8 with the choices p := p; around the point x, and notice
that

Ty o, Ty o
lim sup Fy 4¢. (ACMLV, @iChLVx,pi) < limsup Fy4c, ( L7 )\Chl_\/) + limsup Fy4¢. ( %61 @iChLVx,pJ

i—co 1—00 zh i—00 pfl
h
. Tx,piQD h . Fx,4C5pi (47, ®1C vax,pi> (101)
= lim sup Fyc; ( . 0iC va,pi) = lim sup el
i—roo i i—o0 0;

< (19—1;”) (h+3),
where the first identity in the second line above comes from Proposition 2.25, the second identity from the scaling

property in Remark 2.7 and the last inequality from item (ii.1) of Proposition 3.8 and some algebraic computations
that we omit. Defined g(w) := (min{1,2 — ||w||})+ by Proposition 2.11 for any V' € Gr(h) we have

/gdChl_W' = h/shil(min{l,Z— |s|})4ds

L 2 2l —1 (102)
= h /0 S + /1 S (2 - S)ds = h7—|—1

Therefore, since supp(g) € B(0,4Cs), thanks to (101) we infer that

|A [gdC'".V —©; [ gdC" V|

limsup|A — ©;| = limsup

i—00 i—00 fgdch‘—v
. Foac, (ACMV,0,C" V. p)  (h+1)(9 1p)"H3) (103)
< hm sup(h + 1) 2h+1 _q < oh+1 _ 1

1—00

< 2(1971y)(h+3)‘
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Let p € VN B(0,1) and £(w) := (u||p|| — ||p~*w]||)+. The function  is a positive 1-Lipschitz function whose support
is contained in B(0, (1+ u)||p||) and therefore, thanks to Remark 2.7, we deduce that

liminfA [ £(w)dC" Vy, > A / E(w)dChLV—limsup)\‘ / ((w)dC"'.V — / O(w)dC" V.,

=0 i—00

> A / ((w)dC" V — limsup|A — @] / (w)dC" V., — limsup ‘ / ((w)dAC"V — / (()dOC" V),

I—00 —00

> )\/E(w)dchn_\/ — limsup|A — ©;] /K(w)dchn_\/x,pi — limsup Fy (1.4 )1p| (AChLV, @iChLWx,pi).
i i—o0

1—00

(104)

Let us bound separately the two last terms in the last line above. Thanks to the triangle inequality the points
i € Vyp, of minimal distance of p from V, , are contained in B(0,2||p||). This, together Remark 2.2, implies that

/f(W)dChLVx,pi < plpIC*V o, (B, (B4 2u)Ip]1) < (B+2p)"Hp||" . (105)
On the other hand, thanks to Remark 2.7 and the fact that C "V and C hl_Vx,pl. are invariant under rescaling, we

infer that

h h (L+mllpl "™ h h
FO/(1+P‘)HPH()\C LW,@iC '—Wx,pi) = T F0,4C5(}\C LV,@Z‘C '-erpi)' (106)

Putting together (101), (103), (104), (105) and (106) we finally infer that
(L +mllpl "
lim inf A/é(w)dch\_\vxrpi > A/E(w)dchﬂ/ - 2(1971]/1)(’”3)(3 o) p| Y — (4C> (19*1;1)(“3)
1—00 5
> A/Z(w)dc’t\/ — (ﬁ—ly)(h-%)”th-&-l (2(3 +2‘u)h+1 + 1)'
(107)

Finally, Proposition 2.23 and the fact that x € E(¢,7) imply that A > ¢~!. This together with a simple computation
that we omit, based on Proposition 2.11, shows that

A [ tw)achov = o7 ullpl) -+ 1), (108)
Putting together (107) and (108) we eventually infer that
liminf/\/ﬁ(w)dChl_Vx,pi 2 1971 (]’thrl/(h + 1) _ 22(h+2)‘u(h+3)> ||p||h+l > 0,
1—00

proving that for any p € B(0,1) N'V we have B(p, u||p||) NV, # @ provided i is chosen suitably big. Thus the
claim (HC) is proved taking p = y.

Let us conclude the proof of the proposition exploiting the claim (99) that we have proved. Defined B to be the
set of full measure in f(A) on which (99) holds, we note that since B(P(x),7) C P(B(x,r)), the (99) implies the
following one: for any u € P(B) there exists a t(u) > 0 such that

If () f(w)]| < C3lu w], whenever w € AN B(u,v(u)). (109)

Furthermore, note that thanks to the proof of item (v) of Proposition 3.6 and recalling that f(A) C ENP~1(A), we
deduce that S f(A) is mutually absolutely continuous with respect to ¢ and by Proposition 2.13 we finally infer
that

S"(A\P(B)) = S"(P(f(A)\ B)) =0,

where the first equality above comes from the fact that f : A — f(A) is bijective.
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We now prove that if v(u) is chosen to be the biggest radius for which (109) holds, then the map u — t(u) is upper
semicontinuous on A. Indeed, assume {u;};c is a sequence in A such that u; — u € A and lim sup;_, o, t(u;) =
rg > 0. If rg = 0, then the inequality lim sup;_, v(u;) < t(u) is trivially satisfied. Thus, we can assume that ry > 0,
and, without loss of generality, also that the lim sup is actually a lim. For any fixed 0 < s < r( there exists an iy € IN
such that

s+d(u,u;) < e(u;) for any i > ij.

As a consequence B(u,s) C B(u;,t(u;)) and thus for any y € AN B(u,s) and i > iy we have

LF ) F I < IF @) f )|+ 1F () F @) < Collug ul + Bl My (110)

Sending i to +oo, thanks to (110) we conclude that for any y € B(u,s) N A we have ||f (1)~ f(y)|| < C2|lu~'y|| and
thus s < v(u). The arbitrariness of s concludes that v is upper semicontinuous and thus for any j € IN the sets

Li:={we A:e(w) >1/j1,

are Borel. Furthermore, since t(u) > 0 everywhere on P(B), we infer that P(B) C UjenL;. This, jointly with the
fact that S"(A) > 0, and that S"(A\ P(B)) = 0 tells us that we can find a j € N and compact subset A of L; such
that S"(A) > 0 and diam(A) < 1/2].

Let us conclude the proof by showing that f is Lipschitz on A and that ¢(f(.A)) > 0. The fact that f(.A) is
¢-positive follows from Proposition 2.20, item (v) of Proposition 3.6 and the following computation

0 < S"(A) = S"(P(f(A))) < CIS"(f(A)).

On the other hand, for any u,v € A we have d(u,v) < 1/2j and since u,v € L; then

If@) 7 f @) < Cllu"o].
This eventually concludes the proof of the proposition. O

Proof of Theorem 3.1. If we prove the result for ¢.B(0, k) for any k € IN, the general case follows taking into account
the locality of tangents Proposition 2.2 and Lebesgue differentiation theorem Proposition 2.1. Therefore, we can
assume without loss of generality that ¢ is supported on a compact set. Let us set

F = {Ujenfi(K;) : K; is a compact subset of W; with W; € Gr4(h) and f; : K; — G is Lipschitz}. (111)

Let m := infp. #{¢(G \ F)}. We claim that if m = 0 the proof of the proposition is concluded. Indeed, if m = 0 we
can take F, € .7 such that ¢(G \ F,) < 1/n and then ¢(G \ UyenFy) = 0. Let us prove that m = 0. Indeeed, if by
contradiction m > 0, we can take, as before, F;, € .Z such that 0 < ¢(G \ UpenF),) < m. Since F' := U,cNF), is Borel,
we have, thanks to the locality of tangents Proposition 2.2 and Lebesgue differentiation theorem Proposition 2.1,
that p.F' is a 2}, < _rectifiable measure with compact support. Thus we can apply Proposition 3.10 to conclude that
there exists W € Gr4(h), K a compact subset of W and a Lipschitz function f : K — G such that ¢ F'(f(K)) > 0.
Thus we get that ¢(G \ (f(K) UF’")) < m, that is a contradiction with the definition of m.

In order to prove the last part of the theorem, let us notice that, thanks to the locality of tangents in Proposition 2.2
and Lebesgue differentiation theorem in Proposition 2.1, we can reduce on ¢ E(9, ), thanks also to Proposition 2.4.
Moreover, taking into account that S"_E(8, ) is mutually absolutely continuous with respect to ¢pLE(8,7), see
Proposition 2.5, we can finally reduce to prove that S"_ f(K) is a &} -rectifiable measure whenever K is a compact
subset of W € Gra(h) and f : K — G is a Lipschitz function. The fact that S"f(K) is a #-rectifiable measure
follows from the following claim: if K is a compact subset of W € Gr«(h) and f : K — G is a Lipschitz function,
then for S"_ f(K)-almost every x € G we have that there exists W(x) € Gr(h) such that the following convergence
of measures holds

r Ty, SPF(K) — S'LW (x), as r goes to 0. (112)

Let us finally sketch the proof of (112). Since W € Gr4(h), i.e., it admits a normal complementary subgroup, we
get that W is a Carnot subgroup of G, see [2, Remark 2.1]. Thus we can apply Pansu-Rademacher theorem to
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f:KCW — G, see [21, Theorem 3.4.11], to obtain that f is Pansu-differentiable S h_almost everywhere, with Pansu
differential df, and the area formula holds, see [21, Corollary 4.3.6]. The proof of (112) with W(x) := Df(x)(W)
for S"_f(K)-almost every x is now just a routine task, building on [21, Proposition 4.3.1 and Proposition 4.3.3], and
by using the area formula in [21, Corollary 4.3.6]. We do not give all the details as the proof follows verbatim as in
the argument contained in [23, pages 716-717], with the obvious substitutions taking into account that the authors
in [23] only deal with Heisenberg groups IH" in the case W is horizontal. O
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