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Multifield models of inflation typically assume that interactions between particles are weak and can be
treated perturbatively. Strongly coupled models provide an intriguing alternative and may offer novel
inflationary phenomenology. In this work, we study the “unparticle” scenario, where the inflaton is
weakly mixed with a strongly coupled sector, specified by a (gapless) conformal field theory. For certain
choices of the conformal scaling dimension Δ, the exchange of unparticles leads to distinctive non-
Gaussian features in the primordial curvature distribution, including bispectra with enhanced squeezed
limits and oscillations close to the equilateral regime. Efficiently analyzing these models using cosmic
microwave background (CMB) data is a challenge since (a) they are defined over a wide range of Δ,
(b) the novel phenomenology is not restricted to squeezed limits, (c) the bispectra are nonfactorizable in
momenta, and (d) the signatures are often highly degenerate with single-field self-interactions. Here, we
overcome these limitations using a library of tools, including recently developed neural-network
factorization schemes, principal component analyses (with carefully chosen bases), and optimal CMB
estimators. Our combined pipeline condenses 161 nonseparable unparticle bispectra into just 7
factorizable forms, with negligible loss of signal-to-noise ratio. We apply the model to the latest
temperature and polarization data from Planck, asking two key questions: (1) Can we detect unparticles?
(2) Can we distinguish between unparticle bispectra and single-field self-interactions? Across 1 ≤ Δ ≤ 9,
we find a maximal signal-to-noise ratio of 1.2σ (or 1.7σ in an analysis marginalized over self-
interactions), implying no evidence for new physics. We also place the first CMB constraints on the
modified consistency-condition-satisfying orthogonal bispectrum typically used in galaxy survey
analyses with forth

�
NL ¼ −12� 12. While many unparticle models are very degenerate with the

single-field shapes (and highly correlated among themselves), certain values of Δ (close to half-
integers) have very different shapes, offering an intriguing discovery channel for future experiments.
The methods developed herein can be directly applied to other classes of strongly coupled
sectors (and beyond), motivating the exploration of models beyond the standard weakly coupled
paradigm.
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I. INTRODUCTION

The primordial bispectrum is an important probe of the
underlying dynamics of inflation. It is instructive to
consider the parallels between the bispectrum in cosmology
and scattering events in terrestrial collider physics: both
probe the microscopic laws responsible for the low-energy
interactions of light external particles—curvature perturba-
tions in inflation or partons in the LHC—with high-energy
sectors that cannot be observed directly. In both scenarios,
our inference of fundamental physics is limited by our

imaginations: restricting our attention to simple bispectrum
templates, such as the local, orthogonal and equilateral
shapes, can potentially lead to a loss of novel microscopic
information about inflation. In this paper, we explore a
scenario of an unparticle mediating an interaction among
the curvature fluctuations during inflation. This is a very
simple model of an underlying “strongly coupled sector” in
inflation, which contrasts with the conventional weakly
coupled “quasi-single-field” templates that have been
analyzed in detail in recent years; e.g., [1–18].
To begin, let us quickly review the theoretical framework

from which we build our templates [19–26]. If primordial
fluctuations really came from inflation, we can organize the
dynamics of the fluctuations using an effective field theory
—the EFT of inflation. In this case, self-interactions of the
curvature perturbation are encoded in a handful of local
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operators and can be searched for using the well-known
equilateral and orthogonal shapes of the bispectrum.1 The
EFT of inflation is similar to the nonlinear sigma model in
particle physics. In particular, being an EFT, it requires new
physics at high energies to explain its inherently nonlinear
dynamics.2 This leads us to consider candidate micro-
scopic/ultraviolet (UV) completions of the EFT. The
simplest possibility—where most models of inflation fall
within—is of a UV completion with a linear sigma model,
such as slow-roll inflation. In this case, the inflaton has a
classical trajectory that determines the background geom-
etry, and its small fluctuations source curvature perturba-
tions. Another natural, but much less explored, UV
completion is to regard the spectator fields as a composite
particle in a strongly coupled theory.3 In particle physics,
examples of this form include quantum chromodynamics
(QCD) and composite scenarios for the Higgs field. We
illustrate these different UV completion scenarios in Fig. 1.
Among the strongly coupled models, the most peculiar

signal comes from large anomalous dimensions of the

composite fields. Anomalous dimensions are ubiquitous in
quantum mechanics—they are a modification of the naive
scaling behavior of correlations among particles, due to
interactions either among themselves or with their envi-
ronment. In practice, the usual Newtonian/Coulomb poten-
tial among particles can be modified with a different falloff
rate. The modified power-law decay is the anomalous
dimension. If interactions are small, anomalous dimensions
will be very small, so large anomalous dimensions, like the
ones we study here, are tied to strongly coupled dynamics.
To obtain a significant anomalous dimension in the
composites, from the classification of infrared (IR) behav-
iors of quantum field theories [28], the IR theory has to be
scale invariant.4 This scale-invariant field is often referred
to as an unparticle [29–31] and can be described as
operators of a conformal field theory (CFT). The behaviors
of such models in the squeezed and collapsed configura-
tions were first discussed in [22], while the bispectrum and
trispectrum for generic kinematics were studied in [24]. For
a model where strong coupling dynamics arises during
inflation, see e.g. the “dark walker” from the conformal
window of QCD in [25]. There, some operators act as
unparticles during inflation, while the theory opens up gaps
and has dark matter candidates after inflation. These
models exhibit a distinctive inflationary phenomenology.
In particular, the interactions generate coherent correlations

FIG. 1. Types of inflationary bispectra. The EFT of inflation provides a basis for describing self-interactions of curvature
perturbations. Often, one assumes that the microscopic physics underlying this self-interaction is weakly coupled, sourced by a
mediator particle of generic mass and spin. In the massless limit, where the mediator cannot be integrated out, this results in local non-
Gaussianity, while the heavy-mass case leads to equilateral signatures. Alternatively, the microscopic dynamics can also arise from the
exchange of an operator in a strongly coupled sector. In this case (which has rarely been considered in the literature) we can parametrize
the correlation function of the strongly coupled theory by its mass gap and the scaling dimension of the operator. In this work, we focus
on a gapless model known as the unparticle scenario, which is determined only by its scaling dimension, Δ.

1Formally, we require the modified orthogonal template
introduced in [27] to fully characterize self-interactions, since
the conventional form has an unphysical squeezed limit. In
practice, the standard orthogonal template is often sufficient
however.

2In the standard slow-roll scenario, a single scalar field is
responsible for the background perturbations, and its mixing with
gravity produces the nonlinear structure of the EFT. Going
beyond this minimal scenario requires new physics in the form
of additional fields.

3Such a scenario would be suggestive of the inflaton itself also
being a composite of more fundamental fields. It would be
interesting to investigate the phenomenological consequences of
such a possibility.

4This scale invariance is of the four-dimensional theory
coupled to inflation. It is a larger symmetry than the one we
usually require for inflation. The scale invariance of primordial
perturbations is a consequence of de Sitter symmetry and tied to
the lightness of the inflaton in Hubble units.
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between modes, leading to oscillatory features in the
bispectrum that extend beyond the squeezed limit.
If such sectors are present during inflation, how can we

detect them? In general, searching for novel inflationary
signatures is a difficult task, given the coupled complexities
of predicting the correlators in inflationary space, evolving
them to late times (and potentially nonlinear scales) and
efficiently probing them using data from the cosmic
microwave background (CMB) or large-scale structure
(LSS). Here, we will focus on the first observable, which
currently provides the strongest constraints on most pri-
mordial signatures (except for some oscillatory features)
and is simpler to model, due to the small amplitude of
fluctuations at the redshifts corresponding to the primary
CMB signal.
Due to the high-dimensionality of contemporary CMB

data [with Npix ¼ Oð107Þ pixels in Planck temperature
maps], we require sophisticated techniques to robustly
extract the small inflationary bispectrum signatures. The
standard workhorse is the Komatsu-Spergel-Wandelt
(KSW) approach, which invokes factorizability of the
underlying inflationary bispectrum to reduce the compu-
tation time of a bispectrum estimator from OðN3

pixÞ to
OðNpix logNpixÞ. Many models, such as the unparticle
model introduced above, are not inherently factorizable,
thus we must proceed by an alternate (and usually approxi-
mate) path, such as measuring the bispectrum in a set of
Legendre modes, Fourier modes, or bins (e.g., [32–38]).
Here, we adopt a different approach, which is sketched in
Fig. 2, utilizing the machine learning framework introduced
in [39] to obtain a highly accurate approximation to the
target bispectrum of interest using a set of neural-network
basis functions. Unlike the conventional equilateral and
orthogonal templates, our models depend on an a priori
unknown parameter, the conformal scaling dimension Δ.
To efficiently characterize the broad parameter space, we
supplement the factorization approach with a principal
component analysis (PCA) compression (paying close
attention to possible degeneracies with single-field bispec-
tra) and implement the result in the CMB bispectrum code

PolySpec. Finally, we apply our results to the latest Planck
temperature and polarization dataset, which (a) places
strong constraints on the unparticle scenario (optionally
marginalizing over self-interactions and (b) serves as a
proof of concept for the analysis of general strongly
coupled (and nonfactorizable) inflationary models.
The remainder of this paper is as follows. In Sec. II we

outline the inflationary models considered in this work,
before specifying our pipeline for analyzing them in Sec. III.
Observational constraints are given in Sec. IV before we
conclude in Sec. V. Throughout this work, we assume the
Planck 2018 cosmological parameters [40], with h ¼
0.6732;ωb ¼ 0.02238;ωc ¼ 0.1201; τreio ¼ 0.05431; ns ¼
0.9660; As ¼ 2.101 × 10−9 and a single massive neutrino
with mν ¼ 0.06 eV. All inflationary predictions are com-
puted in the scale-invariant limit, i.e., withns ¼ 1, though the
CMB estimators allow for nonzero ns − 1 when converting
from dimensionless shape to curvature bispectrum.

II. INFLATIONARY MODELS

A. Strongly coupled sectors and unparticles

Strongly coupled theories come in a variety of forms.
One coarse way to parametrize theory space is to contrast
the mass of the lowest excitation—the mass gap of the
theory—to the Hubble scale during inflation. Then, we
have three different scenarios: MGap ≪ Hinf , MGap ∼Hinf
and MGap ≫ Hinf . Since we already know that large
anomalous dimensions are typically due to strong coupling,
signals from large anomalous dimensions will become one
of the most distinct signatures of the existence of strongly
coupled dynamics. We focus on the MGap ≪ Hinf scenario,
where the spectator sector can be well approximated by a
CFT. Such CFT sectors may contain operators with large
anomalous dimensions. There is no generic Lagrangian
description for CFTs, and usually physicists work with
conformal data, in the form of scaling dimensions and
three-point coupling constants. For our purposes, specify-
ing the conformal dimension will be enough, because we
exchange the two-point function of the gapless sector,

FIG. 2. Schematic outline of this work. Given a set of primordial bispectrum templates, computed analytically using bootstrap
techniques, we use linear optimization (a principal component analysis) to obtain a small set of basis templates that describe a wide span
of models. Using the techniques of [39], these are expanded in factorizable form using machine learning techniques, allowing them to be
integrated in KSW-type CMB estimators. Finally, we use the PolySpec package to place primordial non-Gaussianity (PNG) constraints on
the underlying template amplitudes, fΔNL. Though we focus on unparticle templates in this work, this outline could be applied to any
suite of models.
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which is completely fixed by its scaling dimension. In other
words, the computation and analysis we have is available
for a general class of theories.
The scalar two-point function of an unparticle in flat

space in Euclidean signature is completely fixed by
conformal symmetries; it is given by

hOΔðτ1;x1ÞOΔðτ2;x2Þiflat ¼
1�

ðτ1 − τ2Þ2 þ ðx1 − x2Þ2
�
Δ :

ð1Þ

Here Δ is the “scaling dimension” of the operator OΔ,
which relates to the difference between canonical scaling
dimension of operator O and anomalous dimension that O
picks up during the renormalization. Noting that the flat
slicing of the de Sitter (dS) metric is conformally flat,

ds2 ¼ −dη2 þ dx2

H2η2
≡ α2ðηÞð−dη2 þ dx2Þ; ð2Þ

we can derive the two-point function of conformal fields in
dS spacetime (as a good approximation for the inflationary
two-point function) from the flat space result by taking τ ↦
iη and the corresponding transformation of operators
OΔðxÞ ↦ ÕΔðαðηÞxÞ≡ αðηÞ−ΔOΔ,

hÕΔðη1;xÞÕΔðη2; yÞidS4 ¼
αðη1Þ−Δαðη2Þ−Δ�

−ðη1 − η2Þ2 þ ðx − yÞ2
�
Δ

¼ ðH2η1η2ÞΔ�
−ðη1 − η2Þ2 þ ðx − yÞ2

�
Δ :

ð3Þ

In four dimensions, the unitarity bound of scalar conformal
fields requires Δ ≥ 1. For a specific model as proposed in
[25], the unparticle comes from a non-Abelian gauge
theory in the dark sector. The theory lies on the edge of
the conformal window, which becomes near conformal and
strongly coupled during inflation.
Using the language of the EFT of inflation, the leading

order interaction between the scalar perturbation π and the
scalar primary operator OΔ is

LπO ¼ 1

2
μ2−ΔMpljḢj1=2ð−2π̇OΔ þ ð∂μπÞ2OΔÞ; ð4Þ

where μ is the effective coupling constant which will be
absorbed in the overall size of the signal, i.e., fΔNL. The
quadratic interaction is what we start with to compute the
correlator, as shown in [24].

B. Bootstrap predictions

We begin by constructing a family of primordial bispec-
trum shapes arising from the tree-level exchange of a scalar
unparticle with conformal dimension Δ ≥ 1. As discussed
in [9], the induced curvature bispectrum can be obtained
using bootstrap techniques, starting from the four-point
function of a conformally coupled scalar φ. Writing the soft
limit of the dimensionless φ four-point function as bðuÞ
[often denoted Fðu; 1Þ], the curvature three-point function
is proportional to

Bζðk1; k2; k3Þ ∝
1

k31k
3
2

�
1 −

k1k2
k12

∂k12

��
1 − u2

u2
∂ubΔðuÞ

�
þ 2 perms: ð5Þ

defining u ¼ k3=k12 and k12 ≡ k1 þ k2. Following [24], the
four-point function of φ for scalar unparticles can be
computed analytically, leading to the following expression
for bðuÞ:

bΔðuÞ≡ −
1

Δ − 1

�
2u

1þ u

�
2ðΔ−1Þ

2F1

�
1;Δ − 1;Δ;

2u
1þ u

�

þ 1

2 − Δ

�
2u

1þ u

�
2F1

�
1; 2 − Δ; 3 − Δ;

2u
1þ u

�

þ 2

Δ − 1

�
2u

1þ u

�
2F1

�
1; 1;Δ;

1 − u
1þ u

�
; ð6Þ

where 2F1 is the Gauss hypergeometric function. Using the
curvature bispectrum, we can define the amplitude fΔNL and
the dimensionless shape SΔðx; yÞ,5

Bζ;Δðk1; k2; k3Þ≡ 18

5

A2
ζ

k21k
2
2k

2
3

× fΔNL × SΔ

�
k1
k3

;
k2
k3

�
ð7Þ

normalizing in the equilateral limit, with SΔð1; 1Þ ¼ 1.
Note that we assume the de Sitter limit (ns ¼ 1), with
curvature power spectrum PζðkÞ ¼ Aζ=k3. In the squeezed
limit, SΔ has the scaling

SΔðx; 1Þ ∼
(
xΔ−1 for 1 ≤ Δ ≤ 2

x else:
; ð8Þ

the latter matches the scaling of the single-field self-
interaction templates, while Δ → 1 approaches the limiting
form of the canonical orthogonal shape, as well as various
nonstandard vacuum scenarios (albeit transiently [41,42]).
Using Mathematica, we evaluate SΔðx; yÞ over the

triangular domain jx − yj ≤ 1 ≤ xþ y and x ≤ y ≤ 1,
and tabulate the result on a logarithmic grid in

5We will denote the shape by both Sðkx; ky; kÞ and Sðx; yÞ in
this work, invoking scale invariance.
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x∈ ½10−4; 1� and a linear grid in y∈ ½0.5; 1� for a range of
conformal dimensions Δ∈ ½1; 9� [omitting integer Δ, where
bΔðuÞ diverges]. These tabulated shapes form a library of
bootstrap unparticle bispectra suitable for use in the
analysis below.

C. Phenomenology

While the above bispectra are sourced by a very different
mechanism to those of mundane single-field self-inter-
actions, it is a priori unclear if they can be distinguished,
particularly given the scaling behavior of (8). To ascertain
this, we can compute the primordial cosine between the
unparticle shape functions SΔ and standard local, equi-
lateral, and orthogonal shapes, defined via [43–49]

Slocðk1; k2; k3Þ ¼
1

3

�
k21
k2k3

þ 2 perms:

�

Seqðk1; k2; k3Þ ¼
�
k1
k2

þ 5 perms:

�

−
�

k21
k2k3

þ 2 perms:

�
− 2

Sorthðk1; k2; k3Þ ¼ 3

�
k1
k2

þ 5 perms:

�

− 3

�
k21
k2k3

þ 2 perms:

�
− 8: ð9Þ

In this work, we will additionally consider the alternative
orthogonal shape proposed in [27] (which we label
orthogonal�),

Sorth�ðk1; k2; k3Þ ¼ ð1þ pÞ Δ̃
e3

− p
Γ3

e23
ð10Þ

defining

p ¼ 27
743

7ð20π2−193Þ − 21
;

Δ̃ ¼ ðk1 þ k2 − k3Þðk2 þ k3 − k1Þðk3 þ k1 − k2Þ
e3 ¼ k1k2k3;

Γ ¼ 2

3
ðk1k2 þ k2k3 þ k3k1Þ −

1

3
ðk21 þ k22 þ k23Þ: ð11Þ

In the squeezed limit (x ≪ 1), these have asymptotic
scalings proportional to x−1; x1; x0 and x1 respectively.
As shown in [27], the EFT of inflation predicts two

dominant self-interaction templates, induced by the π̇3 and
ð∂iπÞ2π̇ vertices in the primordial Lagrangian. While these
are not directly factorizable, they can be extremely well
described by a linear combination of Seq and Sorth� , given

their asymptotic limits limx≪1 Sπ̇
3ðx;1Þ ∼ limx≪1 Sð∂iπÞ

2π̇ ∼ x.
For this reason, LSS studies, which are particularly

sensitive to squeezed limits through scale-dependent bias,
have primarily adopted the Sorth� template (e.g., [50]). CMB
analyses, on the other hand, typically use the Sorth template,
which, in combination with Seq still provides a fairly
accurate basis for self-interactions. Since we will some-
times marginalize over self-interactions in this work (which
is particularly sensitive to the template definition if the
correlation coefficient is large), we principally adopt the
LSS definition, Sorth� in this work.
The overlap between templates is defined via the cosine

cosðS;S0Þ≡ hSjS0iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffihSjSihS0jS0ip ;

hSjS0i≡
Z

dk1

Z
dk2

Z
k1þk2

jk1−k2j
dk3

×
Wðk1ÞWðk2ÞWðk3Þ

k1 þ k2 þ k3
Sðk1; k2; k3ÞS0ðk1; k2; k3Þ

ð12Þ

integrating over a triangular domain. To roughly mimic the
sensitivity of Planck, we add a factor of ðk1 þ k2 þ k3Þ−1 to
convert from three to two dimensions (following [32]) and
a set of weighting functions WðkÞ to restrict to the relevant
Fourier-space scales (with support for 2 × 10−4 ≤
k=Mpc−1 ≤ 2 × 10−1), following [39].
In Fig. 3, we plot the cosines for a range of scaling

dimensions. While the correlations with the local shape are
always weak (≲10%), those with the equilateral template
can be large, reaching 99.99% for Δ ≈ 3. The overlap with
the two orthogonal shapes is smaller than for equilateral,
but generically increases with Δ, while that with Seq
decreases. We also find larger correlations as we approach
Δ ¼ 1, which is attributed to the enhanced squeezed limit
(which differs considerably from the equilateral shape).
Notable features are observed around half-integer values of
Δ, where the cosine with the equilateral shape drops
considerably and that with the orthogonal shapes is
enhanced. This matches the behavior found in [24] and
corresponds to the emergence of oscillations in the shapes
(outside the squeezed regime and thus distinct from the
weakly coupled cosmological collider signatures); these
can cause the equilateral limit Sð1; 1Þ to vanish, which we
will find to source strong fNL bounds in the sections below.
Overall, it is clear that, while the unparticle templates
overlap strongly with the equilateral shape at low Δ, they
present novel phenomenology at both specific values of Δ
(around half-integers) and for Δ ≫ 2, which are worthy of
further study.

III. ANALYSIS PIPELINE

A. Orthogonalization

How can we efficiently search for the signatures of
unparticles across a wide range of scaling dimensions?
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From Fig. 3, it is clear that to fully probe the unparticle
regime, we require both a wide and dense sampling in Δ.
Directly analyzing each model in question is inefficient,
particularly given the high correlations between templates,
thus we advocate performing a basis decomposition in
order to isolate the novel unparticle signatures using a small
set of templates.
We represent a given unparticle template SΔ as a linear

combination of the equilateral and orthogonal� templates,
plus a sum of residual components expanded in a carefully
chosen basis [obtained via a singular value decomposition
(SVD), as specified below]:

SΔðk1; k2; k3Þ ≈
XNSVDþ2

i¼1

fiðΔÞSiðk1; k2; k3Þ;

fSig ¼ fSeq; Sorth� ; Sð1ÞSVD;…; SðNSVDÞ
SVD g: ð13Þ

Here, the basis elements Siðk1; k2; k3Þ are independent of
Δ, and the k-independent weights solve

hSΔjSji≡
XNSVDþ2

i¼1

fiðΔÞhSijSji j ¼ 1; 2;…; NSVD þ 2

ð14Þ
using the inner product of (12). Since we explicitly include
Seq and Sorth� in the basis set (similar to [51,52]), the
decomposition of (13) fully captures the correlations of

unparticle models with single-field templates, with fSðiÞSVDg
encoding the novel unparticle signatures.6

To implement the above prescription in practice, we first
generate a grid of unparticle models acrossNΔ ¼ 161 values
of the scaling dimension and Oð106Þ triplets of wave
numbers. Using these, we define two NΔ × NΔ Fisher
matrices,

Funmarg
ΔΔ0 ¼ hSΔjSΔ0 i

Fmarg
ΔΔ0 ¼ hSΔjSΔ0 i −

�
hSΔjSeqi hSΔjSorth� i

� hSeqjSeqi hSorth� jSeqi
hSorth� jSeqi hSorth� jSorth� i

!−1 hSeqjS0Δi
hSorth� jS0Δi

!
; ð15Þ

these are proportional to the (idealized) inverse-square error bar on fΔNL before and after marginalizing over feqNL and f
orth�
NL (i.e.,

inflationary self-interactions). Next, we perform an eigendecomposition of Fmarg
ΔΔ0 . Restricting to the first few eigenmodes

FIG. 3. Overlap of unparticle shapes with standard templates. We plot three-dimensional cosine between the unparticle shape SΔ and
various standard bispectrum shapes as a function of the conformal scaling dimension Δ. These cosines are obtained via a suitable inner
product in primordial space, applying a mild k-weighting to mimic the Planck sensitivity. The “orthogonal*” template refers to the shape
of [27] (used in most large-scale structure studies), which has the same squeezed-limit scaling as the equilateral shape. Notably, models
with Δ < 2 exhibit an enhanced squeezed limit, though unitarity requires a lower bound of Δ ≥ 1.

6Note that this would not hold if we had used the Sorth template instead of Sorth� . While the distinction is small in practice, it is
important when one wishes to marginalize over self-interactions.
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defines our SVDbasis: fSðiÞSVDg.7 By construction this basis is
orthogonal to Seq and Sorth� (and is itself orthonormal),
implying that it captures only the independent unparticle
signatures, as desired.8

Given the distinct squeezed limits of (8), it is advanta-
geous to treat the 1 ≤ Δ < 2 and Δ ≥ 2 separately, con-
structing a separate SVD basis for each. For the former, we
also include Sorth in the basis set (which has the same
squeezed limit as SΔ¼1) which reduces the number of SVD
templates needed to accurately reconstruct the shape. Here,
we require that the SVD basis reproduces both Funmarg and
Fmarg to within 98%: this requires NSVD ¼ 2 for 1 ≤ Δ < 2
and NSVD ¼ 5 for Δ ≥ 2.
In Fig. 4 (solid lines), we plot the information loss

incurred by our compression onto the SVD basis, measured
via the idealized error bars σðfΔNLÞ ∝ F−1=2

ΔΔ . For the full
templates, we find essentially no loss of information (below
one part in 105), while the marginalized constraints are

preserved to within 2%. The largest deviations are found for
Δ → 2 (where the low-Δ basis is least efficient) or for Δ ∼
2.5 (where the non-self-interaction behavior is most ap-
parent). All in all, we find that we can decompose the full
set of 161 models to just 7 templates without negligible loss
of information, even after marginalizing over self-
interactions.

B. Factorization

We now consider how to practically constrain the basis
shapes derived above using temperature and polarization
anisotropy data. Due to the two-dimensional nature of the
CMB and the underlying oscillatory projection integrals,
efficient data analyses are possible only if the shape in
question is factorizable, meaning that it can be expanded in
the (permutation-invariant) form

Sfactðk1; k2; k3Þ ¼
1

6

XNfact

n¼1

wnαnðk1Þβnðk2Þγnðk3Þ þ 5 perms:;

ð16Þ

where αn, βn, γn are arbitrary functions and wn are scalar
weights. While the simplest templates [including those of
(9)] can be expressed in this form, most realistic models
cannot. To proceed, one must rewrite the desired model in a

FIG. 4. Information loss from basis projection. We plot the theoretical error bars on the unparticle shape from an idealized forecast
(σtrue) and after projecting onto the orthogonalized basis (σSVD). The blue lines show the results for a single-template analysis of fΔNL,
while the red marginalize over the two self-interaction shapes (via feqNL and forth

�
NL ). The dotted lines show the error bars after projecting

the models onto the neural-factorized basis—the imperfect reconstruction results in a slight loss of information for some choices ofΔ. In
all cases, we compute the error bar using a three-dimensional Fisher forecast, which allows us to directly analyze both factorized and
unfactorized templates.

7An alternative approach would be to construct a basis from
Funmarg directly. This is less efficient, however, and carries no
guarantee of preserving information after marginalizing over self-
interactions.

8This basis can be equivalently derived by performing a
projecting out Seq and Sorth� from fSΔg using a Gram-Schmidt
procedure, then performing a singular value decomposition on
the deprojected shapes.
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separable form, for example, expanding it in a modal basis
(e.g., [32]). In this work, we adopt the approach of [39],
which uses machine learning tools to construct a low-
dimensional set of neural-network basis functions
fαn; βn; γng and weights fwng tailored to the target
bispectrum. This has been shown to accurately reproduce
a variety of bispectra using just a handful of terms (typically
Nfact ≲ 5), which is far fewer than for the modal approach
(e.g., [53]). Here, we apply these techniques to each of the
SVD basis functions individually: an alternative approach
would be to construct a joint basis directly from the SΔ
models, though this is more expensive to optimize.
We implement the factorization procedure using the

SEPARABLE_BK code developed in [39].9 For each of the
SVD templates described above, we optimize for the basis
functions using stochastic gradient descent given the loss
function:

LðbasisÞ ¼ hSfact½basis� − SSVDjSfact½basis� − SSVDi
hSSVDjSSVDi

ð17Þ

where h·j·i is the inner product defined in (12), and ‘basis’
contains the set of 3Nfact one-dimensional functions used in
(16), which are parametrized as neural networks with a
single hidden layer. We introduce a number of improve-
ments compared to the former work. Firstly, instead of
learning the weights fwng dynamically alongside αn, βn,
γn, we fix them to the maximum-likelihood solution
(obtained by setting δL=δwn ¼ 0). The optimal weights
are thus

hMnjSSVDi ¼
XNfact

n0¼1

wopt
n0 hMnjMn0 i;

Mnðk1; k2; k3Þ≡ αnðk1Þβnðk2Þγnðk3Þ þ 5 perms: ð18Þ

This leads to faster training and a more accurate model.
Secondly, we add a number of penalties to the loss function
of (17):

LðbasisÞ ⊃ 10−3 log

����X
Nbasis

n¼1

G2
nn

����
þ 10−1

PNbasis
n;n0¼1

ðGnn0 − δKnn0GnnÞ2PNbasis
n¼1 G2

nn

þ 10−2ðlog detG − 1Þ2 ð19Þ

for Gnn0 ≡ hMnjMn0 i. Respectively, these ensure that the
overall amplitudes of the Nfact basis functions are close to
unity (noting that scaling degeneracy with wn), that the
basis is approximately orthogonal (with Gnn0 → 0 for
n ≠ n0), and that degenerate modes are avoided. While

this correction is certainly ad hoc, we have found it to
substantially improve the training efficacy.
We find that we can obtain 95% accurate factorizable

representations of the seven SVD shapes discussed above
using Nfact ¼ 5 terms. For each shape, computation
required ≈2 hours on a single CPU core, or ∼30 minutes
on a GPU. Our SVD templates proved significantly more
difficult to analyze than the weakly coupled collider shapes
considered in the previous work [39], which could be
reproduced to > 99.9% accuracy with a similar Nfact. We
attribute this to the complex phenomenology of numerical
SVD-based templates and the oscillations in the unparticle
shapes themselves,10 though note that 95% accuracy is
more than sufficient in practice.
Finally, we can express the unparticle shapes discussed

above in our orthogonalized-plus-factorized basis. This is
practically achieved by replacing SðiÞSVD in (13) with the
neural-factorized representations obtained from (16). By
computing the idealized Fisher matrix using the new basis
functions, we can assess the information loss induced by
the projections: this is shown in the dotted lines in Fig. 4.
We find that the direct constraints on fΔNL are preserved to
98% accuracy (with largest deviations found at large Δ),
while those marginalized over self-interactions are pre-
served to within 94% (with greatest information loss found
for Δ ∼ 2.75). All in all, we conclude that the basis
transformations performed above (which are necessary to
compare theory and data) do not severely impact our ability
to constrain the unparticle phenomenology.

C. Estimation

The outcome of the previous sections is a set of seven
SVD basis shapes, each of which has been decomposed
into Nfact ¼ 5 factorized components, allowing them to be
readily constrained from observational data. To do so, we
utilize the PolySpec code [54–57] (building on [36,58]),
which implements optimal KSW (e.g., [59]) estimators for
a variety of primordial bispectrum and trispectrum models.
Here, we use the general factorized shape functionality
discussed in [39], which takes the basis functions and
weights computed by the SEPARABLE_BK code as input and
outputs the corresponding fNL estimates.11 Schematically,
the estimator takes the form f̂NL ¼ F−1N̂, defining the
numerator and normalization

9Available at https://github.com/kunhaozhong/separable_bk.

10In initial testing, we considered applying the factorization
scheme to the unparticle shapes themselves, rather than the SVD
basis. This yielded more accurate decompositions, but is ex-
pensive to apply in practice, due to the large number of scaling
dimensions considered in this work.

11Notably, PolySpec transforms from dimensionless to dimen-
sionful primordial bispectrum (S → Bζ) using ns ≈ 0.96, to
ensure consistency with the power spectrum scalings.
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N̂n ∼
1

6

X
ijk

∂haiajaki
fðnÞNL

×
�
½C−1a�i½C−1a�j½C−1a�k − 3½C−1a�iC−1

jk

�
F nn0 ∼

1

6

X
ijki0j0k0

∂haiajaki
fðnÞNL

C−1
ii0 C

−1
jj0C

−1
kk0

∂hai0aj0ak0 i
fðn

0Þ
NL

; ð20Þ

for a template specified by the amplitude fðnÞNL, where ai is
the CMB data vector, C is its covariance, and i indexes
pixels (or harmonic coefficients) and polarizations. If the
primordial bispectrum is factorizable [as in (16)], the i, j, k
summations decouple, allowing the expression to be
efficiently computed using spherical harmonic transforms.
By construction the estimator is (almost) minimum vari-
ance, implying that its normalization satisfies the Cramér-

Rao bound: σðfðnÞNLÞ ≥ F−1=2
nn .

To facilitate marginalization of self-interaction shapes,
we add forthNL and forth

�
NL estimators to PolySpec, building on the

preexisting flocNL and feqNL implementations. The former is a
simple adjustment of the equilateral estimator [as is clear
from the similarities in the templates of (9)] and matches
previous works (e.g., [60]). To our knowledge, the forth

�
NL

estimator has not been previously implemented in CMB
analyses owing to its more complex shape (10) (cf. [27]),
though remains possible since Sorth� can be expressed as a
sum of monomials and thus factorized explicitly,

Sorth� ðk1; k2; k3Þ ¼
X

aþbþc¼0

ωabcka1k
b
2k

c
3 ð21Þ

where −2 ≤ a; b; c ≤ 4. Due to the larger exponents in the
expansion for Sorth� compared to that of Seq or Sorth (which
have −1 ≤ a; b; c ≤ 2), we find the forth

�
NL analysis to be

numerically sensitive to the large-k contributions to the
CMB transfer functions in highly squeezed regimes: to
avoid this issue we restrict our attention to lmin ¼ 100 in
this work.
Our dataset is the Planck PR4 temperature anisotropy

and E-mode polarization measurements, as obtained from
the NPIPE processing pipeline [61] (matching a number of
recent non-Gaussianity studies (e.g., [39,62–64]). To avoid
foreground contamination, we apply the common compo-
nent separation mask in both temperature and polarization
(inpainting small holes linearly) and work with component-
separated maps obtained via the SEVEM prescription [65].
Data are filtered in harmonic space using a translation-
invariant power spectrum comprising the best-fit theory
spectrum, the observed beam and transfer functions, and
the noise (itself obtained from half-mission maps), and we
restrict to l∈ ½100; 2048�. To compute error bars, we
employ 100 Full Focal Plane 10 (FFP10)/NPIPE simulations
[61,66], with a further 100 used to compute the linear term
in (20).

Given the Planck dataset and simulations, we jointly
infer the fNL amplitudes corresponding to the equilateral,
orthogonal�, and SVD templates, as well as the Integrated
Sachs-Wolfe-lensing amplitude, which is a known con-
taminant to primordial analyses [63]. We perform two sets
of analyses: one for Δ < 2 (analyzing also the orthogonal
template, as discussed above) and one for Δ ≥ 2. Since the
linear term of the bispectrum estimator only impacts
squeezed configurations and is expensive to compute
(involving an average over many Monte Carlo simulations),
we omit this term when analyzing the Δ ≥ 2 shapes, noting
that the squeezed limit is highly suppressed [cf. (8)] and thus
the cubic term in (20) is already essentially optimal. Due to
the various computational tricks employed within PolySpec,
the full computation is fast, requiring around 20 node
minutes per simulation (involving a few thousand spherical
harmonic transforms), with an extra 5 node hours required to
compute the mask-, noise- and beam-dependent factor F.
The final step is to transform back from the SVD basis to

the unparticle amplitudes. This is simply achieved by
recasting (20) as an estimator for fΔNL by inserting the
basis expansion (13),

f̂Δ;unmarg
NL ¼ F−1

ΔΔN̂Δ; N̂Δ ¼
XNSVDþ2

i¼1

fðiÞðΔÞN̂i;

FΔΔ ¼
XNSVDþ2

i;j¼1

fðiÞðΔÞfðjÞðΔÞF ij; ð22Þ

where N̂i and F ij (for i ¼ 1;…; NSVD þ 2) are the esti-
mator numerators and normalizations computed previously,
and fiðΔÞ are the weights obtained in Sec. III A (computed
using the factorized approximations to the SVD templates).
Here, f̂Δ;unmarg

NL is the estimated amplitude for the unparticle

model with scaling dimension Δ, while F−1=2
ΔΔ is its (mask-,

beam- and noise-dependent) optimal error bar. Notably, we
treat each value ofΔ independently, i.e., we perform single-
template analyses, ignoring correlations between templates
with different scaling dimensions. By performing joint
analyses of fΔNL with the equilateral and orthogonal�

amplitudes, we can similarly compute constraints margin-
alized over self-interactions,0

BB@
f̂eq;marg
NL

f̂orth
�;marg

NL

f̂Δ;marg
NL

1
CCA ¼

0
BB@

F 11 F 12 F 1Δ

F 21 F 22 F 2Δ

FΔ1 FΔ2 FΔΔ

1
CCA

−1

×

0
BB@

N̂1

N̂2PNSVDþ2
i¼1 fðiÞðΔÞN̂i

1
CCA ð23Þ

where i ¼ 1, 2 correspond to equilateral and orthogonal�
templates, and we have defined
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F IΔ ¼
XNSVDþ2

j¼1

fðjÞðΔÞF Ij; FΔJ ¼
XNSVDþ2

i¼1

fðiÞðΔÞF iJ:

ð24Þ

In this case, the optimal error bar is given by ½F−1�1=2ΔΔ,
where F is the 3 × 3 matrix shown above.

IV. RESULTS

We now present results of the analysis described in
Sec. III. The left panel of Fig. 5 shows the constraints on
the unparticle bispectrum amplitudes fΔNL obtained using the
pipeline of this work (with full results shown in Table I).
Both before and after marginalization of self-interaction
templates, we find no detection of unparticles, with a
maximum signal-to-noise ratio of 1.2σ at Δ ¼ 2.35
(unmarginalized) or 1.7σ at Δ ¼ 2.05 (marginalized).
Notably, the latter occurs for an unparticle model which
is highly degenerate with self-interactions [as seen from the
large σðfΔNLÞ ∼ 104], thus it is highly indicative of a noise
fluctuation. When analyzing the mean of the mocks, we also
find null detections[with a maximum significance of 0.23σ
(unmarginalized) and 0.17σ (marginalized)], implying that
our estimators do not induce additive bias. Despite the large
number of models analyzed (161 in total), the maximum
detection significance is weak: this occurs since the various
models are highly correlated, and the unmarginalized con-
straints are largely informed by the feqNL posterior (cf. Fig. 3),

which is centered close to zero. We also find no detection of
the self-interaction templates (analyzed independently): with
our data cuts (including lmin ¼ 100), we find feqNL ¼ −16�
51 and forth

�
NL ¼ −12� 12 (and forthNL ¼ −25� 24). Due to

the negligible correlations between these two self-interaction
templates, these constraints are unchanged if we analyze feqNL
and forth

�
NL jointly.

From the right panel of Fig. 5 it is clear that the error bar
on fΔNL varies considerably with the scaling dimension Δ.
Before marginalizing over self-interactions, we find
σðfΔNLÞ ∼ 30–60 across most of the parameter space, with
weaker bounds for large Δ and an enhancement as Δ → 1
(which has a stronger squeezed limit, cf. [67]). For
particular values of Δ (close to the half-integers, as in
[24]), the error bar is significantly tightened, reaching
σðfΔNLÞ ¼ 1.7 for Δ ¼ 7.65. In general, the quoted con-
straining power (but not the signal-to-noise ratio) depends
strongly on our choice of normalization: we find lowest
σðfΔNLÞ for models with smallest equilateral bispectra [with
σðfΔNLÞ → 0 if SΔð1; 1Þ → 0]. Notably, the error bars
obtained from simulations closely match those predicted
from the estimator normalization FΔΔ (within 12% in all
cases), indicating that our estimator is close to its Cramér-
Rao bound and thus (almost) optimal.
When marginalizing over the equilateral and orthogonal�

templates, the constraints on fΔNL degrade by factors
ranging from 1.3 to 220, depending on the scaling
dimension, but remain essentially optimal. This highlights
the strong degeneracies between the unparticle models and

FIG. 5. CMB constraints on fΔNL. Left: Normalized constraints on fΔNL obtained from the Planck PR4 temperature and E-mode
polarization dataset. We show results for both the raw and self-interaction-marginalized datasets, which are obtained using the
orthogonalized and factorized templates discussed in the main text. Dotted lines show the results obtained from the mean of 100 FFP10/
NPIPE simulations. Note that the constraints withΔ ≤ 2 andΔ > 2 use different basis sets for maximal efficiency. As shown in Fig. 6, the
individual constraints are highly degenerate, and the small amplitudes are driven by the nondetection of feqNL. We find no evidence for
unparticles in Planck data. Right: 1σ errors on the unparticle template amplitude. The points show results computed using 100 FFP10/
NPIPE simulations, while the lines show the theoretical errors obtained from the (two-dimensional) Fisher matrix. The close agreement
between points and lines indicate that our analysis is close to optimal. The constraints are strongest for certain values of Δ (around half-
integers) where the equilateral cosine in Fig. 3 is small; these points also represent the most promising discovery space, given the limited
correlations with self-interaction shapes.
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single-field self-interactions for certain values of Δ and
matches the conclusions drawn from the idealized primor-
dial cosines shown in Fig. 3 (and simple forecasts obtained
from the corresponding Fisher matrices). For much of the
parameter space, the CMB bispectrum is unable to dis-
tinguish between unparticle exchange and single-field self-
interactions. For values of Δ close to half-integers and
Δ ≫ 1, this is not the case, and marginalization degrades
the constraints only partially. For these models, the unpar-
ticle phenomenology is markedly different to that of known
templates and our analysis is adding novel information.
Such signatures represent important targets for future
studies with higher-resolution datasets.
Finally, we consider the correlation between the various

fΔNL measurements. As shown in Fig. 6, the unmarginal-
ized estimates for different scaling dimensions are highly
covariant, particularly at lowΔ (with, for example,> 95%
correlations between all models with Δ ≤ 2.35). Much of
this is driven by the strong overlap of the templates with
feqNL (Fig. 3), which dominates for small Δ. Consistent
with the picture developed above, certain values of Δ
exhibit minimal correlations with other models, with the
size of the uncorrelated region increasing at larger Δ. We
find similar results for the marginalized constraints: the
correlations between templates are large across most of
the parameter space, including for small Δ (which has
essentially just one independent component), but vanish
for certain scaling dimensions, such as Δ ≈ 2.5. This
indicates that the unparticle sector contains multiple
distinguishable phenomenologies, suggesting that the
value of Δ could, potentially, be probed using future
high-resolution experiments.

V. DISCUSSION

In this work, we have performed the first direct searches
for strongly coupled sectors in inflation. Focusing on the
unparticle scenario, which mixes a gapless conformal field
theory with the inflaton, we have carefully examined the
phenomenology of the exchange bispectra for both the
primordial curvature perturbation and the CMB temper-
ature and polarization anisotropies, utilizing bootstrap
techniques developed in [24]. For many values of the
scaling dimension Δ ≥ 1, the induced three-point functions
are practically indistinguishable from those single-field
self-interactions; however, for certain values of Δ, novel
phenomenology arises (as found in [24]). For Δ ≤ 2, we
find enhanced squeezed limits that break the Maldacena
consistency relation, mimicking weakly coupled scalars
with mass m ≤

ffiffiffi
2

p
H. Moreover, for Δ close to half-

integers and for Δ ≫ 1, we find large oscillations, which
are almost orthogonal to the single-field scenario (as well as
those from massive field exchange). While the precise
shapes of the correlators will depend on the underlying
inflationary model, the overall conclusion is clear: strongly
coupled sectors can provide new, and potentially detect-
able, signals in the cosmological collider.
Much of this work has been devoted to constructing

efficient pipelines for analyzing classes of inflationary
models. Here, we advocate for a multistep approach to
obtain close-to-optimal fNL constraints: (1) define a set of
primordial bispectra of interest (computed using analytical
or numerical techniques, across the full two-dimensional
shape space); (2) decompose these into a small set of basis
templates using a PCA; (3) factorize the resulting basis

FIG. 6. Correlation matrix for fΔNL. We compute correlations using 100 FFP10/NPIPE simulations, both analyzing each template
independently (left) and marginalizing over feqNL and f

orth�
NL . Correlations between adjacent points are very large, though we find minimal

correlations for half-integer Δ, indicating that the unparticle phenomenology in these regimes is particularly novel.
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templates using the neural-network-based approach of [39]
(see [38] for an alternative approach); (4) insert them into a
KSW-style CMB bispectrum estimator, such as PolySpec.
For the unparticle models, we have demonstrated that this
pipeline can facilitate quasioptimal analysis of a large set of
models with negligible loss of signal-to-noise ratio; indeed,
we were able to search for 161 scaling dimensions using
just 7 factorizable templates, preserving information to
within 94%. A crucial part of our approach was to include
the self-interaction shapes within the basis set (parame-
trized by feqNL and forthNL , using the [27] definition for the
latter): this allows us to exactly account for the (often very
large) cosines, avoiding possible numerical inaccuracies.12

Notably, we found that obtaining factorized bispectrum
templates (which are imperative for CMB studies) was
more difficult than [39] suggested due to the numerically
derived basis vectors (which are significantly less smooth
than most theoretical models); however, we were still able
to obtain > 95% accuracy reconstructions for all templates
considered, following some small optimizations to the code
(including explicit regularization terms).
Combining the bootstrapped unparticle templates with

the optimal CMB estimators and the latest Planck dataset,
we obtained tight constraints on the unparticle-exchange
bispectra for a wide range of scaling dimensions (as well
the equilateral and orthogonal� shapes, with the latter
analyzed for the first time). Across 1 ≤ Δ ≤ 9, we obtained
a maximum detection significance of 1.2σ (unadjusted by
look-elsewhere effects), which (as usual) indicates no
evidence for physics beyond the standard model. These
constraints can be recast as bounds on the inflationary
model, restricting the coupling of the inflaton to unparticles
for a range of scaling dimensions. For the explicit dark
walker scenario proposed in [25], however, we find that our
constraints are not competitive, since they do not improve
on the upper limits from the model itself. Due to the tight
correlations between templates (which can reach 99.99% in
the CMB), many of the fNLðΔÞ constraints are set by the
Planck equilateral bounds; however, we find tighter bounds
for both low and (close-to) half-integer Δ matching the
above discussion (and the analytic scalings of [67]).

Importantly, the latter constraints were degraded by only
≲Oð1Þ when marginalizing over self-interaction templates,
which indicates that (a) our analysis is probing qualitatively
new regimes, and (b) there is much to be learned from
future higher-resolution datasets.
Finally, the technologies developed in this work can be

straightforwardly applied to other primordial models.
These could include additional strongly coupled scenarios,
such as the gapped unparticle model of [26], the five-
dimensional model of [68], the holographic model of [69],
or the more standard weakly coupled collider (e.g.,
[3,8,23]). While we have focused on de Sitter–invariant
systems in this work, this is also not a limitation: all parts of
the pipeline extend trivially to inflationary models with
strong breaking of scale invariance. As shown in [24,26],
unparticle exchange also yields novel signatures in the
inflationary trispectrum; while a full-shape analysis along
the lines of this work is not yet feasible, a simplified
analysis focusing on factorizable signatures may be pos-
sible following [58,62,70]. We leave these extensions to
future work.
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APPENDIX: CONSTRAINTS ON UNPARTICLES

TABLE I. Unparticle non-Gaussianity constraints.

Δ funmarg
NL σunmarg fmarg

NL σmarg Δ funmarg
NL σunmarg fmarg

NL σmarg

0.990 11.6 30.3 −48.2 173 5.05 −15.1 50.6 291 388
1.05 11.6 30.3 −47.9 173 5.10 −15.3 52.4 328 510
1.10 11.7 30.3 −46.8 174 5.15 −15.5 54.6 240 760
1.15 11.8 30.3 −44.9 177 5.20 −15.6 57.2 −897 1.03 × 103

1.20 12.0 30.5 −42.2 183 5.25 −15.3 60.1 −666 575
1.25 12.1 30.8 −39.0 194 5.30 −13.7 62.4 −313 286
1.30 12.3 31.3 −35.0 209 5.35 −8.82 60.2 −164 156
1.35 12.5 31.9 −30.1 230 5.40 1.11 × 10−1 45.5 −86.2 84.1
1.40 12.6 32.6 −23.8 257 5.45 3.84 22.5 −38.8 38.5
1.45 12.6 33.4 −15.4 293 5.50 9.25 × 10−1 3.61 −6.53 6.57
1.50 12.5 34.3 −4.15 338 5.55 −2.54 8.80 17.3 17.6
1.55 12.4 35.3 11.4 396 5.60 −5.07 16.8 36.1 37.1
1.60 12.2 36.2 33.1 470 5.65 −6.86 22.4 51.8 53.6
1.65 11.9 37.2 64.2 566 5.70 −8.18 26.4 65.6 68.3
1.70 11.6 38.2 110 692 5.75 −9.23 29.6 78.4 82.1
1.75 11.2 39.1 179 862 5.80 −10.1 32.3 90.8 95.8
1.80 10.8 40.0 291 1.10 × 103 5.85 −10.9 34.7 104 110
1.85 10.3 40.8 486 1.44 × 103 5.90 −11.6 37.0 118 126
1.90 9.83 41.6 867 1.99 × 103 5.95 −12.4 39.2 134 145
1.95 9.36 42.3 1.77 × 103 2.96 × 103 5.99 −13.0 41.1 149 163
1.99 9.08 42.8 5.01 × 103 4.89 × 103 6.05 −14.1 44.1 179 202
2.05 8.53 43.5 1.64 × 104 9.70 × 103 6.10 −15.1 47.0 215 253
2.10 8.19 43.9 8.94 × 103 7.41 × 103 6.15 −16.2 50.5 257 342
2.15 8.04 44.1 2.11 × 103 4.29 × 103 6.20 −17.6 54.7 186 498
2.20 8.25 44.1 674 2.70 × 103 6.25 −19.0 59.7 −332 517
2.25 9.23 43.3 284 1.68 × 103 6.30 −19.8 64.9 −268 287
2.30 1.25 40.1 141 854 6.35 −17.0 66.1 −153 157
2.35 9.11 7.68 11.4 53.0 6.40 −7.51 54.5 −88.7 91.0
2.40 −16.3 55.0 −253 809 6.45 7.77 × 10−1 33.5 −50.0 51.4
2.45 −6.90 52.8 −815 1.77 × 103 6.50 2.06 15.4 −24.0 24.7
2.50 −4.55 52.0 −1.86 × 103 2.84 × 103 6.55 5.80 × 10−1 3.02 −5.06 5.23
2.55 −3.70 51.7 −3.50 × 103 3.95 × 103 6.60 −1.22 5.41 9.76 10.1
2.60 −3.38 51.6 −5.68 × 103 5.04 × 103 6.65 −2.80 11.4 22.1 22.9
2.65 −3.29 51.6 −8.11 × 103 6.06 × 103 6.70 −4.14 16.0 32.8 34.1
2.70 −3.30 51.7 −1.03 × 104 6.95 × 103 6.75 −5.29 19.7 42.8 44.5
2.75 −3.35 51.7 −1.18 × 104 7.61 × 103 6.80 −6.31 22.8 52.4 54.6
2.80 −3.41 51.8 −1.18 × 104 7.81 × 103 6.85 −7.27 25.6 62.2 64.9
2.85 −3.43 51.8 −1.03 × 103 7.32 × 103 6.90 −8.20 28.3 72.9 76.0
2.90 −3.41 51.9 −7.87 × 103 6.20 × 103 6.95 −9.16 31.0 85.1 88.8
2.95 −3.31 51.9 −5.45 × 103 4.84 × 103 6.99 −9.96 33.2 96.7 101
2.99 −3.16 51.9 −3.92 × 103 3.83 × 103 7.05 −11.3 36.8 119 125
3.05 −2.77 51.8 −2.37 × 103 2.60 × 103 7.10 −12.6 40.2 147 155
3.10 −2.21 51.7 −1.55 × 103 1.84 × 103 7.15 −14.3 44.4 187 202
3.15 −1.32 51.5 −1.02 × 103 1.29 × 103 7.20 −16.2 49.6 228 281
3.20 9.04 × 10−2 51.0 −668 875 7.25 −18.7 56.1 73.1 356
3.25 2.45 49.9 −421 568 7.30 −20.9 63.4 −145 263
3.30 6.64 47.0 −245 337 7.35 −19.9 67.6 −117 152
3.35 13.5 37.7 −115 160 7.40 −10.9 59.0 −77.1 91.6
3.40 6.69 8.20 −16.9 23.7 7.45 −1.34 39.8 −49.2 56.3

(Table continued)
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