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Abstract

The aim of this work is understanding the stretching mechanism of stochastic models of turbulence
acting on a simple model of dilute polymers. We consider a turbulent model that is white noise in time
and activates frequencies in a shell N < |k| < 2N and investigate the scaling limit as N — oo, under
suitable intensity assumption, such that the stretching term has a finite limit covariance. The polymer density
equation, initially an SPDE, converges weakly to a limit deterministic equation with a new term. Stationary
solutions can be computed and show power law decay in the polymer length.
© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license
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1. Introduction

Polymers are complex molecular systems, that can be vaguely thought as a chain of springs.
In a turbulent fluid they are usually found in two states called coil and stretched. The coil state is
like a spherical or ellipsoidal rolled chain, which may be more or less elongated, but still in roll
position. The stretched state is when the chain is elongated, more similar to a straight line than a
sphere. Turbulence with small stretching intensity produces only a small perturbation of the coil
state, while strongly stretching turbulence may lead to the stretched state; when the polymer pass
from one state to the other we speak of coil-stretch transition.

In this work, we consider in dimension 2 or 3 the following Hookean model:

1
dR, =Vu(X;,t)Rdt — ER,dt +20dW,, W
dX, =u(X;,t)dt,
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where X; is the polymer position (the center of mass) and R; is the end-to-end vector, repre-
senting the orientation and elongation of the chain, see e.g. [1, Section 4.2]. The polymer is
embedded into a fluid having velocity u(¢, x), which stretches R; by Vu(x,t). The equation
for R, contains also a damping (restoring) term with relaxation time 8 and Brownian fluctua-
tions v/20dW, where, to simplify the notations we have denoted by o2 the product %T, k being
Boltzmann constant and 7' being the temperature.

The statistics of the polymer length r, say the diameter, have been investigated by several
authors in the physical literature, see for instance [2—5] and other references mentioned below.
In the coil state, the distribution of r is found to be power law

fr)y~r7t7@ for relatively large r )

with the exponent « positive (so that f is normalizable). The exponent & depends on the stretch-
ing properties of the turbulent flow: the highest is the stretching intensity, the lowest is «. At
o = 0 one has the coil-stretch transition. In the stretched state, the precise mathematics depends
on the idealizations of the model. If we had introduced a superlinear damping instead of the lin-
ear damping — L R;, this would produce a sort of cut-off at very high lengths (e.g. FENE model,
see Remark 12), so that the behavior (2) would be true only in a range

ro <<r <<ri

and globally the function f would still be a pdf. In our idealization of linear damping, the stretch-
ing may overcome the damping and lead to infinite length in the asymptotic regime, which is the
idealized signature of stretch state, see subsection 4.1.

Clearly, one would like to predict the exponent « based on turbulence features. The theory
developed on physical grounds by [2] and [6] tells us that « is related to the Lyapunov exponents
of the turbulent flow. Precisely, if ¢, (x) is the Lagrangian flow associated to the turbulent fluid,
and we define

1
L£(g) = lim ~logE[|D¢r (x)|]

then « satisfies % = L (). However, the computation of £ («) is not trivial in general.

The theory just mentioned does not make use of scale separation (and not even delta correla-
tion in time of the turbulent fluid), hence it is quite general (much more than ours). In our paper
we consider a special class of turbulent flows, delta-correlated in time, having a precise dyadic
scale £, namely based on Fourier components of modes |k| € [E’l 2071 ] When £ is very small,
precisely in the scaling limit as £ — 0, we discover a power law of the form (2). This provides an-
other proof (or a more rigorous proof, although in a particular regime) of the emergence of power
law in polymer length . In addition, we find a very direct relation between « and the turbulent
flow characteristics, thanks essentially to the special structure of the flow and the separation of
scales intrinsic in the scaling limit; the non-trivial informations on the Lyapunov exponents are
not needed anymore.

For the convenience of the reader, let us explain heuristically the main result of this work then
precise results (see section 4) and rigorous proofs are provided in the main body of the paper.
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1.1. Sketch of the main results

We consider a dilute (non-interacting) family of polymers subject to equations (1), thus de-
scribed by the kinetic equation for the density £V (x,r,t) of polymers with position x and length
r at time ¢

B,fN(x, rt)  +div, @ (x, t)fN(x, r, 1)) + div, (VuN (x, Hr — %r)fN(x, r,1))

=0?A, fN(x,r 1) 3)
M=o = fo-

Here u® (x, 1) is the fluid velocity. We assume that u” (x, f) is made of two components, a
deterministic large-scale one u (x, ¢) and a stochastic one, modeling small-scale turbulence, of
the form Zk K a,fv (x) o, W," , acting in Stratonovich form, that will be described below in detail,
hence

uN () =up (et oY ol ()W
keK

Here we just stress the fact that the coefficients akN (x) of the turbulent part depend on a parameter
N so that, when N increases, they represent smaller and smaller space scales, precisely Fourier
frequencies N < |k| < 2N, providing a separation of scale regime essential for our analysis. The
noise acts on f (x,r,1) in transport form, but incorporating also the stretching action by the
term Vu® (x, 1) r.

Our aim in this work is twofold. Firstly, present a rigorous mathematical framework and
proofs to study a stochastic Fokker-Planck equations with transport noise and general class of ini-
tial data. These equations has an hyperbolic nature with respect to the space variable x € T? and
polymer length vector variable € R2. Thus, we should combine techniques for weighted spaces
to handle the r-variable, spatial homogeneity and mirror symmetry of the covariance operator to
handle the stochastic part and prove existence of “quasi-regular weak solution”, see Definition 5.
Then, combine commutators techniques to handle the space variable, using a density result based
on Wiener chaos decomposition to prove uniqueness in this class of solution, see Theorem 8. We
refer to section 5 for discussion about the mathematical challenges related to these equations.

Secondly, understand the stretching power on the polymer, in the limit as N — oo when
the noise activates frequencies in a shell N < |k| < 2N. The final result is a limit model, of
Fokker-Planck type, with a new diffusion term in the radial variable of the polymer, with non-
homogeneous and degenerate coefficients. Its radially symmetric stationary solutions are explicit
and have power-law tails. Let us describe quickly the scaling limit result, see Theorem 9 for the
precise result. Under the assumptions described in section 2, we prove that £ (x,r, t) weakly
converges to the solution of a deterministic equation of the form (the results below contain also
a deterministic term in the velocity, which is omitted here in the Introduction for notational
simplicity)

o f(x,r, 1) —divr(%rf(x, r1)=02A, f(x,rt)+ %div,(A(r)V?(x, 1))
Sfli=o = fo

“
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wlog(2) , . . .
————a” where a is an intensity parameter of

where A(r) = krG|ri?1 —2r @ r) and kp =
the noise. The new diffusion term in the r-variable is one of the most important novelty of this
work. It captures the statistical properties of the stretching mechanism. We compute the explicit
rotation-invariant solution of the associated stationary equation and find it has a power law decay

for large |r|:

FarD) ~ |r|F7

indicating large values with high probability. The constants in the power are directly associated
to those of the stochastic model of «”. This fact was predicted in the physical literature based on
other models and assumptions, see e.g. [2]. In our model we identify a simple link between the
power of the tail and parameters of the turbulence model, see subsection 4.1.

We wish to draw the reader’s attention to the following: introduce the mean of the structure
tensor T(z, x) := fRz r@rfN(t, x, r)dr then TV ! satisfies the following closed system of PDEs

2
TN +uV . vrTN = (V)TN + TV (V) — E(TN —kTT) )
TV|,—o = To.

The last equation (5) is a macroscopic Oldroyd-B model (see e.g. [7, Section 2.8]) and the tensor
T characterize the viscoelastic (non-Newtonian part) of the flow (1). Many rheological behavior
can be detected such as shear viscosity, normal stress difference and overshoot phenomenon in
contrast with Newtonian flows, see e.g. [1] and we refer e.g. to [7-9] for other types of non-
Newtonian flows. As we discuss in subsection 4.1, the explicit rotation-invariant solution of the
stationary equation associated with the limit equation has a power-law density and therefore it
is not sufficient to study the system (5) only, this is another reason we base our analysis on
FP equation (3). We will comment about the limit equation associated with (5) in Remark 11.
Finally, although the results and proofs are presented in 2D, similar results hold in 3D after some
cosmetic changes and mostly the form of the stochastic turbulent velocity, see subsection 7.4.

This work is a key step in a research project on the effects of small-scale turbulence on large-
scale motion, started a few years ago after the development of a new technique. In order to
understand the novelties it may be useful to review these recent developments and stress similar-
ities and differences.

1.2. Literature review
We divide the presentation in two subsections, the scalar and the vector case. The second
one is characterized by a peculiar issue, the presence of stretching, which is by no means an

incremental detail over the scalar case; and the present work aims to give relevant information
on the stretching case.

I The subscript N to stress the dependence on N because of the presence of ul.
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1.2.1. The scalar case

The foundational work [10] investigated a problem that, to some extent, could be considered
as a variant of diffusion approximation results in stochastic homogenization theory: a stochastic
first order differential operator in Stratonovich form gives rise, in a suitable scaling limit, to a
deterministic diffusion term. The stochastic equation had the form (we do not describe in detail
the spatial domain, the finite or countable set where the index k varies and other details which
have no relevance for the purpose of this section, see [10])

dpN =>4 0Ner - Vol oaw}
)ON|z=0 =po € L?

with suitable vector fields e (a suitable subset of a complete orthonormal system in L?) and the
family of real valued coefficients OV := (Glfv ) Under the assumptions

fim HeNH —x, lim HeNH -0,

2
N—oo 02 N—oo £

it has been proved that, in a weak sense (namely against test functions or in suitable negative
order Sobolev spaces) the solution pV converges in mean square to the unique deterministic
solution p; of the heat equation

01 01 =KkAp;
Pli=0 = po
(possibly with the constant ¥ modified by a constant related to space dimension and the choice of

the orthonormal system). The technical assumption mentioned above on 8 can be reformulated
in terms of the noise covariance function:

2
on =Y (0)) e e () =EIW (x, DO W (7, 1]
k
where W (x,1) =), 9,?’ ex (x) W,k and the associated linear operator on L? vector fields v (x)

Qxv) <x>=/QN (x,y) v () dy.

The assumption is that the trace of Q5 converges to « and the operator norm to zero. Heuristi-
cally, it means that the function Qy (x, ¥) tends to a non zero value along the diagonal and to
zero outside, in other words

limy 0 On (x,x) =«

. (6)
limy—oQOn (x,y) =0forx#y

namely the variance of the noise remains constant at the limit but the space correlation goes to
zero.
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We have said that this is related to results in homogenization theory [11], but it is important
to notice that the model and strategy are different from classical homogenization and especially
they are very efficient for generalizations to nonlinear problems. The result of [10] has been ex-
tended, indeed, to 2D Euler equations, 2D Navier-Stokes equations, and other nonlinear models
like Keller-Siegel and nonlinear heat equations, see [12] and [13] for the basic results in this
direction, obtained both with compactness methods and more quantitatively with estimates on
stochastic convolutions. The results have been supplemented by the analysis of Gaussian fluctua-
tions and Large Deviations [14]. Mixing and dissipation enhancement results can also be obtained
by this approach, see [15—18], [13, section 9] and [19,20]. The fact that the limit equation con-
tains an additional strongly elliptic term sometimes has a feedback effect of regularization on
the approximating stochastic problems (the closeness in some norm provides additional a priori
bounds), leading to delay of blow-up results [21]. See also [22-31] for various other applications,
examples and numerical approximations. The problem is of interest also for Large Eddy Simu-
lations and Boussinesq assumption, see [32] for a Smagorinsky type result. The scaling limit has
been also transposed to particle systems, see for instance [33,34]. This list of works is certainly
non complete but it gives the feeling of the fertility of the scaling limit result proved in [10].

Let us also mention that transport and transport-stretching noise (the second being the topic
of next subsection) is currently used in many other researches and for different purposes; above
we have restricted the attention to works dealing with the special scaling limit to an additional
diffusion. The list of references on other research directions on transport-stretching noise is too
long, let us only mention as examples [35—40].

1.2.2. The vector fields case

The works discussed above dealt with scalar problems, where transport noise induces an addi-
tional elliptic operator. When the turbulent fluid acts on vector fields, the action has two aspects:
not only transport but also stretching: namely the differential D¢, of the Lagrangian flow ¢, of a
fluid produces a modification of the length of vectors v, v = D¢, v. Since we consider divergence
free fluids, the deformation tensor Du of the velocity field u has zero trace, the symmetrization
typically has positive eigenvalues, indicating that an increase of length should be expected for
many directions v.

Understanding deterministic and random stretching is much more difficult and open, with
respect to transport. Two indications of this difficulty are that stretching is considered the most
important problem in view of the open problem of blow-up for the 3D Navier-Stokes equations
[41]; and that in contrast to a wide range of results on mixing and dissipation enhancement
produced by chaotic transport of scalars, there is very few on the effect of complex stretching
[42]. The problem of random stretching has been approached also by the scaling limit described
above, and the research of the present paper is along this line. Let us see what previous papers
did on this topic.

The results are more fragmentary than the scalar case. One of the first works on the action of
vector fields has been done in [43] on the 3D Navier-Stokes equations in vorticity form, for the
vorticity w = Vu, u being the velocity of the fluid. However, precisely because the effect of the
random stretching term (w - Veg), more precisely

Ze,ﬁ*’ (@ Ver) odWF
k
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was (and it stills until now) not well understood, this term was neglected and only the transport

> 600 (e - Vo) 0 dWf
k

was considered (with the need of a projection operator, see [43] for motivation and details).
The result is similar to the scalar case [21], namely a delay of blow-up, relevant because of the
relevance of the equation, but still incomplete because it does not explain what would happen
in the presence of random stretching. See also a generalization to rough path noise [44] and to
magnetic hydrodynamics [19].

Concerning the 3D Navier-Stokes equations, a very important progress appeared recently [45].
It is concerned with the Navier-Stokes equations in velocity form and the noise, of transport type,
is at that level (energy-preserving instead of circulation-preserving as it should be the transport-
stretching noise at the level of vorticity equation, see the foundational work [38]). The stretching
action of such noise is a bit hidden but the mathematical progress is very important since it
shows that a reasonable noise (with some form of stretching) may still regularize the 3D Navier-
Stokes type equations (the result needs an hyperviscosity but of lower degree than the one of the
deterministic theory).

Then three works appeared with explicit inclusion of a random stretching term, all of them
basically assuming that the noise satisfies the classical scaling (6) of the scalar case. The first
one, [46] deals with a Navier-Stokes type system called 2D-3C, having 3D features but also 2D
simplifications, which allows one to control the strength of the stretching term; the physics is
motivated by a limit of fast rotating systems. The second one is [47] on a passive magnetic field
in 3D thin domains, where the smallness of one of the three dimensions is a key ingredient for
the control of stretching; the mathematics is quite intricate and thus the result is developed for the
simplified case of a passive vector field. The third one is [48], again on the passive magnetic field,
but in a full three dimensional domain. Stretching is full, in a sense, here but the key ingredient
is controlling the solution in a negative Sobolev space, physically speaking at the level of the
magnetic potential. As already said, but crucial for the comparison with the present paper, all
these works try to assume that the noise scales, in N, as in (6), which in particular it means that
we expect a Laplacian coming for the transport, in the limit equation. Heuristically, when the
Laplacian-due-to-transport persists, stretching could be infinite (at least a priori). The ways to
overcome this blow-up of stretching, in the above papers, has been either to constrain it by a
2D-3C structure, or by a smallness parameter related to thin nomains, or controlling the solution
in a negative Sobolev space.

Let us come to the different scaling in N used in the present paper, which also appears in [49]
for very different purposes (a precise comparison is made below). Here we have stretching of a
passive vector quantity R;, that in Lagrangian form is written as

}:@5v@(xﬁ)Rﬁodw¢
k

(X, being the position of the polymer), and in Eulerian form as
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N N k
Z@k (Ver (x)r) - VN (x,1) 0dW]
k

(Vex is a matrix acting on the vectors RtN and r respectively). Then we are faced also with the
covariance matrix

2
Crr o= (8) (Ver )1 & (Ve (1)),

k

Clearly, since (roughly speaking) |Vey (x)| ~ |k|, we cannot hope that the classical scaling (6) of
the scalar case holds and simultaneously also the covariance matrix Cy , (x, ¥) has a finite limit
in N. For this reason we introduce a different scaling w.r.t. (6), where Oy (x, y) goes to zero
outside and also on the diagonal with the right speed but Cy , (x, y) satisfies, very heuristically,

lim Cy., (x,x) = A (r)
N—0

lim Cy,(x,y)=0forx#y
N—0

where A (r) is the matrix function described in this paper (equal to a multiple of 3 |r 121-2r®r).
The consequence of this scaling is that no diffusion in the x-variable appears, opposite to the
scalar case; but a diffusion in r appears, with diffusion matrix A (r). In other words, the effect of
transport becomes irrelevant in the scaling limit, while the effect of stretching has a limit which
is a diffusion in the length variable r, with a special diffusion matrix.

Finally, let us compare the present work with [49]. The work is devoted to a stochastic PDE
for a passive magnetic field, subject to a model of turbulence fluid. In [49] it is shown that it is
possible to investigate a Vlasov-type equation, suitably associated to the equation of the magnetic
field, prove a diffusion limit result for it and deduce informations on the increase of magnetic
field, in the scaling regime that controls the derivatives of the stretching used also here. The
two works stem from a similar physical intuition, but the two problems are very different, the
present one starting from a Lagrangian description of a polymer, while [49] from the Eulerian
fluid dynamic description of a magnetic field. Moreover, the mathematical techniques to deal
with them are completely different: in [49] the Vlasov-type equation is investigated in the space
of measures, in the spirit of Young measure solutions, and the technique to prove well posedness
and scaling limit is ultimately based on the properties of the solutions of the original Eulerian
SPDE. On the contrary, in the present paper we analyze the Fokker-Planck equation directly in a
space of functions, with non trivial technical details related to weighted spaces (not used before
in the above mentioned literature on these scaling limit problems).

Structure of the paper

The manuscript is organized as follows: in section 2, we present the functional and stochas-
tic settings. Then we introduce in section 3 the stochastic FP in Itd form after presenting some
properties of the covariance operator. Section 4 collects the main results of our work, the compu-
tation of the explicit rotation-invariant solution of the associated stationary equation of (13). In
section 5, we highlight the ideas of the proof and some formal calculations as well as the techni-
cal challenges. Section 6 is devoted to the proof of the existence and uniqueness of quasi-regular
solution to the stochastic FP (12). In section 7, we prove the convergence of the stochastic FP
(12) to the limit PDE (13).
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2. Notations, definitions and problem formulation

2.0.1. Notations and functional setting

We will consider the periodic boundary conditions with respect to the spacial variable x,
namely x belongs to the 2-dimensional torus T2 = (R/27Z)?. On the other hand, the end-to-
end vector variable r belongs to R?. Let m € N* and introduce the following Lebesgue and
Sobolev spaces with polynomial weight, namely

L2, (T xRY :={f:T? x R? > R : f £GP+ 1P dxdr =12, <o),
T2xR2

H,(T*xR*):={f:T*xR*>R: Y_ 10782 £ (e, )24 4 |r[H™ dxdr
VI+HBI<lp2) o

2
= < Xy,

where [ € N*. Now, let us precise the functional setting to study (12). We will use the following
notations

H2,(T2xRY):=V, L2,(T?>xR?):=H.
We recall the definition of inner products defined on the spaces V and H.
(h.g)y:= > R aPn(x, a8 g(x, (1 + |r|dxdr, Vg heV:
¥ I+IBI=2p2) R2

(h, ) = f hx, Ng(e, ) (1 + rPdxdr, Vg, h e H;
T2xR2

(h,g) = / h(x,r)g(x,r)dxdr, Vg,heL*(T?x R?).
T2xR?2

Since L*°(0, T; H) is not separable, it is convenient to introduce the following space:
2 . . . . H
Ly, (Q;L%°0,T; H))={u:Q— L*(0, T; H) is weakly-* measurable and
E”u”%m(o,T;H) < oo},

where weakly-* measurable stands for the measurability when L°°(0, T'; H) is endowed with the
o -algebra generated by the Borel sets of weak-* topology, we recall that (see [50, Thm. 8.20.3])

/

L3, (@ L®(10, T); H)) = (L2 L' (10, T); H')))

For y = (y1, y2) € R?, y= stands for (—y», y;). We recall the following notations:

10
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9 d )
o (Vigi=12= (—85 )i=1,2; (Vr@i=1,2= (a_f)i=l,2 for scalar function g.
1 1
dg' dg’ .
o (Vi) j=12= (g)i,j:l,% (Vi@ j=12= (y)i,j:l,z for vector valued function g.
J J

2 9%g 2 0°g
e Ag= Z 82—x,~; Arg= Z FE for scalar function g.
i=1 i=1

and divy,,g = V,/, - g for vector valued function g. We don’t stress the subscript in V, when it
is clear from the context.

In order to prove a uniqueness results, we will need some regularization kernel. More pre-
cisely, let § > 0 and p be a smooth density of a probability measure on R?, compactly supported

in B(0, 1) and define the approximation of identity for the convolution on RZ as ps(y) = 2 p( %)

(We also assume that p is radially symmetric). Since we are working on T2 x R?, we recall that
for any integrable function g on T2, g can be extended periodically to a locally integrable func-
tion on the whole R? and convolution p;s * g is meaningful and ps * g is still a C*-periodic
function.

Finally, throughout the article, we denote by C, C;, i € N, generic constants, which may vary
from line to line.

2.0.2. Assumptions on the noise
Consider Z3 := Z* — {(0, 0)} divided into its four quadrants (write k = (k1 k2))

K++=[kezgzklzo,k2>o}; K_+={kezg:k1<o,k230]
K-={kezdti =0k <0}: Ki=[kezd:ki >0k =0}
and set
Ki=Ky UK+ K_.=K_yUK__andK =K UK_.

Let (2, F, (F1):, P) be a complete filtered probability space. Define

kt k-t
a,fv(x)ze,ﬁvmcosk-x, keKy, o,ﬁ(x):@,ﬁvmsink.x, keK_
where
9,5:#, N<|k<2N, NeN* ¢Y=0 eclsewhere.

This is the main assumption about the shell structure of the noise; and a is a positive constant
measuring the intensity. Since 6, depends only on |k|, sometimes we write 6. Notice that

11
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ki (k*),

diog (x) =—bk 7 < sink - x, keKy, o,i=1,2,
ki (k*

diof (x) =6 i ¢ cosk - x, ke K_.

. . kezi .. . . -
Let us also consider a family (W,k ): R0 of independent Brownian motions on the probability
space (€2, F, P). On the same probability space we shall soon assume that there exists another
independent 2-dimensional Brownian motion (W;);.

2.0.3. Dense subsets in the space L*()

The purpose of this part is to recall a density result, which will play a crucial role in
subsection 6.3 and subsubsection 6.3.1. Namely, we will prove that uniqueness holds a par-
ticular class of solution, see Definition 5. It is sometimes called Wiener uniqueness and was

. . 72
used for instance by [51-55]. For that, let G; be Ele filtration associated with (Wtk )fe  namely
G = O’{Wsk; s €[0,t],k € Z%}, and denote by G, its completed filtration.” For T > 0, let us
introduce

H=L*Q,Gr,P), M,={keZ} |kl<n}

G=JGu Gu=1lg=(kem,; &k € L*O0,T); VkeM,}.
neN

ForneN, g € G,, we set

t t
1
e =exp( ) / AW ) =2 3 f gk (9)I7ds), fort € [0, T;

kGMn 0 keMn 0
D ={ex(T); geG}.

From It6 formula, we get de, (1) = Z gk(t)egy (t)d wk (t). Based on the Wiener chaos decom-

keM,
position, we recall the following result, see [56, Ch. 1].

Lemma 1. D is dense in H.
2.0.4. Lagrangian description and stochastic Fokker-Planck equation
Let X; € R? and R, € R? be the position and end-to-end vector of the polymer. In the In-

troduction we have generically stated that they satisfy (1). Here we shall be more specific. Let
(X¢, Ry) satisfying

1
dR, =Vu(X;, t)R,dt — ER,dz +20dW;, D
dX[ =u(X,,t)dl‘,

2 We assume that Fo contains all the P-null subset of 2.

12
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where V is the gradient with respect to x-variable. We assume that the velocity field u is the sum
of a large scale divergence-free component u (x, ¢) (deterministic, with a reasonable smoothness
specified below) plus a stochastic small-scale component, precisely given by the noise coeffi-
cients introduced above, in other words

u(x,t) = uN(x,t):uL(x,t)+oZa,§V(x)a,Wk, 8)
keK

where we choose the Stratonovich multiplication both in virtue of Wong-Zakai principle (a white
noise is the idealization of smooth noise) and because of conservation laws. Since the Brownian
motions (W;),, due to thermal force (microscopic level), in (7) acts on a very short time scale
and also that the polymer length is much smaller than the viscous length of the turbulent flow, we
write firstly the FP equations with respect to it, with quenched velocity. Then we use the random
velocity given by (8) in the resulting FP equation, with Brownian motions (W/)¥€K" having
a different time scale (mesoscopic/macroscopic level). Formally speaking, we may associate a
stochastic Fokker-Planck equation in Stratonovich form:

0 fN(x,r 1) Hdive(ur(x,t) fN(x,r, 1)) +div, (Vurp(t, x)r — %r)fN(x, 1))

= ozArfN(x, r,t)
= ek N Ve N ) 0 WK =3 (Vo ).V, fN (x r 1) 0 9, WE
M=o = fo,
©)

where we have used the properties divy (cr,fv) =0,k e K, divy(uz) =0 and div, (Va,ﬁvr) =03
The derivation (rigorously in weak form) of equation (9) from (7) and (8) is done by It6 formula
applied to the composition of a test function with the process (X;, R;). Then taking conditional
expectation instead of the classical expectation, so that the martingale term corresponding to the
noise (8) remains. We refer to [57,58] for similar computations about environmental noise in the
case of interacting particles and mean field theory and [59,60] for general mathematical results
about Fokker-Planck equation. Therefore, (9) will be used as the main equation we study in this
work.

Before we formulate rigorously the meaning of the equation (9), let us rewrite the previous
equation (formally) from the Stratonovich to the It6 form. The question is the form of the It6-
Stratonovich corrector. This computation requires some additional care with respect to previously
known cases developed in the literature, hence we devote to it a separate section.

3. It6-Stratonovich correctors
Let ¥ be a given smooth function and set Q(x, y) := ZkeK a,gv x)® o,fv (y). In this part,

we will write the It6 form associated with (9) when Q is space-homogeneous and has a mirror
symmetry property.

3 div, (Va,fvr) =0 is consequence of divy (alfv) =0.

13
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Denote by Liy = —(o,ﬁV.wa + (Va,ﬁvr).Vrl/f) then the corrector term is given by
1
3 ZkeK Ly Lyr. Recall that div, (O’kN) =0 and let us compute Ly L.

LiLgy = — (0 VoL + (Vo 'r).V, L)
= V(o Vo + (Vo' ).V ) + (Vo 1) .V, (0 Vi + (Vo N ).V, 4)
=div, ((o ® o)V y) +div, (Vo' r) @ (Vo' r) V)
+ N Vo (Vo 1)V ) + (Vo ). Ve (o Vo).

Lemma 2. Assume the noise is space-homogeneous i.e. Q(x,y) = Q(x — y) and Q(x,x) =
0(0), be a constant matrix, then

1) =1'W) + 1P =Y o Vo (Vo' r).Vey) + (Vo' 1)V, (o Vi)
keK

2
=2 D 9, 0i1(0)x (ry 3, ¥).

Ly,i=1
If moreover Q has the mirror symmetry property i.e. Q(x) = Q(—x), then I () =0.

Proof. Let ¢y be a smooth function (we drop the dependence of o on N here for the simplicity
of notation). We have

2
'y =YY" oldy (0, 0fr,d,¥)

keK Ly,i=1
2 2
! i ! i
=3 > 0i iy, oDy 0+ > Y 0B, 0l 0 (ry B, ).
keK l,y.i=1 keK l,y,i=1

First, let us compute the second term in the last equation. We have

D ol 0l (x) = dx, > oL (ML (x) = s, Qit(x — ¥),

keK keK

which gives (we recall that Q is space-homogeneous)

> 01(x)dy, 04 (x) = By, 0i.1(0). (10)
keK
2 ) 2
ThusZ Z 0p 0y, 0} 0y (ry 3, W) = Z dx, 0i,1(0)dy, (ry 3y, ). Next, let us compute
keK l,y,i=1 Ly,i=1

14



F. Flandoli and Y. Tahraoui Journal of Differential Equations 452 (2026) 113789

2
Py =Y (Vol'r). Vo Vo) =D Y 0y, 00r, 0, (0400 )

keK keK l,y,i=1

2 2
:Z Z axyalialiax,(ry3ritﬂ)= Z 3nyi,l(0)3x,(Vy3r,-W)~

keK l,y,i=1 Ly,i=1

Now, let us prove that the first part of /! vanishes. Namely

2 2 2
Z Z Uli(aﬂaxyoli)”yar,“pz Z <ZZU;£3x,3xV6;£> ry o =0.

keK l,y,i=1 y,i=1 I kekK
2
It is sufficient to show that Z Z a,ﬁax, Oy, O’,é = 0. Indeed, notice that
| kekK
2
l i_ l i
Z D iy, 0f = Z By, D 010y} — Z D0y, 04dyol == D B, 00k 0
I kekK keK I kekK I kekK

where we used similar arguments to the one used to obtain (10) to get

> 0l (x)dy 04 (x) = 85, 0,1(0) and 3y, Y _ 04dy,04 =0.

keK keK

On the other hand, note that

Z > 0y, 000y0] = Z 0y > O, 000f — ) B, (Z dy ool = Z Oy, Y _ O, 000},

| kekK keK keK I keK

since div, (o) = 0. Again, note that ZkeK 8xy o,ﬁa,i = Bxy Q;.;(0). Therefore

Oy Y 0, 0404 = Oy (3, Q1.1 (0)) =0.
keK

Summing up, we get I(Y) = 2212%1&1 Bxy 0i1(0)0y, (ry 0, ¥). If Q(x) = Q(—x) and Q is
smooth function, we see that Bxy Q;1(0) = 0 and the second part of Lemma 2 follows.

Moreover, the correctors have a special form.

Lemma 3. The following equalities hold

.
Edwx@(ak ® o)V f)—— D O AL =anAf,

keK keK++

> ((Va,ﬁvr) ® (vo,gvr)) =A@ + 0(%)P(r),

keK

15
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where A(r) =kr G ri?1 —=2r@r) =kr(ri? I +2r+ @rt), kr =

P is a polynomial of second degree.

log(2
%g()az, r=(r1,r2) and

Proof. Let us simplify the expressions of
| 1.
S(f):=53dv, (Y ((Voi'r) ® (Voi'n) V. ) and B(f) i= 3dive (Y (0" @ o)V, ).
keK keK
First, we consider the term 3. Recall that

L €

k k
a,ﬁv(x)zé‘%mcosk'x, keKy, o,ﬁv(x)ze‘%msink'x, keK_.

We have

kt @kt
Zak ®ok = Z( |k|)2 2 cos’k - x + Z (9|k|)2 sin®k - x
keK keK Ik | keK_ Ik l
Skt @kt

(keK_—>—keKy)= Z ) pE

k€K+
kt @kt k®k

(keKy_>k-eKip)= Z ® k)z( k2 |k|2

k€K++

> (Kt =K1y UKy ).

Thus Y kol ®@olY = Zk€K++(9|1,1’|)21; I= <(1) (1)> and therefore

—dwx(Z(ok ®0, )V, f)—— D O A =anAf.

keK keK++

On the other hand, let us present some properties of S. We have (with slight abuse of notation
we use oy instead of akN )

2
(Z(v@r)@(wr)) =Y D (00irjdx,01ra)
keK il Ja=lkek

@k N2 L
= > O k- ——— Pk D O =" cos’k - x

keK keK_ k|

N2 Kokt 2,1 o gL
(ke K-> —keK;)= E (elkl) (k-r) s— =a E 6(k rk—Qk—.
k€K+ |k| k€K+ |
N<|k|<2N

16



F. Flandoli and Y. Tahraoui Journal of Differential Equations 452 (2026) 113789

1
Now, let us compute Z — (k- r)zkj‘ ® k. Note that
rex, Il
N<|k|<2N

> Lkt ort =L > N k- -L et @ kb
—(k-r =— —— (K1) — .
iex, WI° Aaeral N2

N=Ik|=2N 15%;2

1
Note that &, (x) = —6(x -r)2(x+ ® x1) is smooth function for 1 < |x| < 2. By using Riemann
sum, we get x

1 NS 1 1 1
ey Wm(k-r)zm(ﬁ@k%=/hr<x)dx+0<N>P<r>,
kekK.
15%;2 P

3
where D = {x = (|x| cos(g), |x| sin(¢)) : 1 < x| <2 and ¢ € Dy :=]0, %]U]T”, 271} and P is
a polynomial of second degree. On the other hand, we have

2

_[1 N sin?(¢) — sin(¢) cos(p)
fh, (x)dx = / z f(rl cos(p) + rpsin(e)) ( _ sin(p) cos(¢) cos2() ) dodz.
D 1 Dy
Let us compute the following integral
.2 o
I1(r) = /(rl cos(p) + r sin(go))2 ( _ sirsll(r;)(::p(zs(go) s12(()<§2)(c(:p())s((p) > do.
Dx

A standard integration with respect to ¢ gives

_w (3P =21 =2y . _
“”‘8( Comry 3R —22 )i =02

2
1
Since / —dz =log(2), we get the final expression of A(r).
z
1

Remark 4. When 9,?’ = % if N <|k|<2N,N € N* and 9,?7 = 0 elsewhere, we get

[\S]

2

Q
Q

I
=
(9%}

<a*and ay — 0. (11)

|
IA
R
=
IA

2|
=
(9%}
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Based on these two lemmata, the 1t6 form (still formulated only formally) of the stochas-
tic Fokker Planck equation (9), by assuming that the noise is space-homogeneous and satisfies
mirror symmetry property, is given by*

1
dfN +divy (ug (x, t) fNdt + div, (Vug (¢, x)r — Er)fN)dt
=02 fNdt =Y 4k O Vi fNAWE =3 (Vo Nr).V, fNaWEk

1
+ay Ay fNdr + 34V ek (Vo r) @ (Vo r)) V, fN)dt
fNi=0 = fo,

12)

where

Y ((v(f,gvr) ® (Valfvr)> — A + 0(%)1%).
keK

4. Main results

Following [53-55]. We introduce the concept of “quasi-regular weak solution” to (12), where
we prove the well-posedness. Notice that uniqueness in this class (sometimes called Wiener
uniqueness) is weaker than pathwise uniqueness.

Assumptions on large scale component
Let T > 0. In the following, we assume that u; € C([O, T1,C%(T?; R?)) such that
divy(ur) =0.

Definition 5. (Quasi-regular weak solution) Let fy € H and N € N. We say that fV is quasi-
regular weak solution to (12) if fV is (F;);-adapted and

Lo fNelL? (QL®(0,T]; H)),V,fN eL>(Qx[0,T]; H),

2. Pas.in Q: f¥N € C,([0,T]; H),
3. P-a.s: for any ¢ €]0, T'] the following equation holds:

/ / N pdrdx — / f fopdrdx

T2R? T2R?

t
_///fN(S) (ML(S)-qub—l-(VuL(s)r—%r)~V,¢>drdxds

0 T2R2
t t
=—62/[[V,fN(s)-V,¢drdxds+aN/[[fN(s)-qu&drdxds
0 T2R2 0 T2R2

4 Recall that f depends on t, x, r, w and N but we don’t stress the dependence on the above variables for the simplicity
of notation, that is, with slight abuse of notation fN = fN (t,x,r,w).
5 ¢ w ([0, T]; H) denotes the Bochner space of weakly continuous functions with values in H.
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t
+Z///(fN(s)o,fv.Vx¢+fN(s)(Va,jvr).vrqs)drdxde(s)

kekK | T2R2

t
- %/ / / O (Vo @ (Vo('n)) V. ¥ () - Vygdrdxds,  forany ¢ € U.

0 T2R2 keK

4. (Regularity in Mean) For all n € N* and each function g € G, the deterministic
function VN, x,r) = IE[fN(t,x,r)eg(t)] is a measurable function, which belongs to
L®([0,T]; H) N Cy([0,T]; H) and V, VN € L?([0,T]; H) and satisfies the following
equation

dvVN . N ) 1 N
— Tdive(lur = ha]VT) +dive ([(Vuerr) = yal = EV)V )

1
= gZArVN +05NAXVN + 5divr(z ((VcrkNr) ® (VokNr)) VrVN),
keK

in a weak sense (see Proposition 17), where

Z gko’lgv = h, and Z gk(VUI?Ir) = Yn,
kek, keky

where K, = {k € K : min(n, N) < |k|] <max(2N, n)}.

Remark 6. The point (3) in Definition 5 is satisfied for larger class of test functions, namely
¢ € V thanks to the regularity properties of V.

The main results are given by the following theorems.
Theorem 7. There exists at least one solution VN to (12) in the sense of Definition 5. More-
over, (fN)N and (VrfN)N are bounded in Lif*(Q; L®(0,T]: H)) and L*(Q2 x [0, T]; H)
respectively.

Proof. See subsection 6.2.

Theorem 8. Under the assumptions of Theorem 7, let fiN ,i = 1,2, be two quasi-regular weak
solutions of (12) with the same initial data fo. Assume that ( fiN (1), ) is G;-adapted, for both
i=1,2 forany ¢ € V. Then le :sz.

Proof. See subsubsection 6.3.1.

Concerning the scaling limit as N — 400, we have
Theorem 9. There exists a new probability space, denoted by the same way (for simplicity)
(Q,F,P), feL? (2 L®(0,T]; H))),V, f € L*(; L*([0, T1; H))) such that the follow-

ing convergence holds (up to a sub-sequence): f¥ — fin C([0,T;U’) P —a.s. and
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N TFin L2 (L0, T); H)), V,f¥ =V, 7inL*Q; L*(0,T]; H)).

w—%

Moreover f is the unique solution of the following problem: P-a.s.

//7(x,r,t)¢(X)W(r)drdx—//fo(x,r)qﬁ(X)W(f”)drdx 13)
T2 R2 T2 R2

1
Z/ffﬂx’“) (uL(x’S)'Vx¢(x)1ﬂ(r)+(VuL(5vx)r_%r)'vrlﬂ(")ff)(x))drdxds

0 T2R?2

t
—UZ/ffv,T(x,r,s)-v,w(r)qs(x)drdxds

0 T2R?2

'
— %///A(r)vrf(x,r, $)) -V (r)¢(x)drdxds,
0 T2R2

forany ¢ € C®(T?) and € cx (R?) and A(r) is given in Lemma 3.
Proof. See subsubsection 7.2.1 for the existence proof and Lemma 31 for the uniqueness.

Remark 10. By taking into account the regularity of f, (13) can be written as

8,7()6, r,t)  +divy(ur (x, t)?(x, r, 1)) +div, (Vup(t, x)r — %r)?(x, r, 1))

—02A, Fx,r 1) + %divr(A(r)Vr?(x, r 1) 14)

fli=o = fo,
in )'-sense, where Y ={p € H : V,¢ € H, V¢ € L2(11“2 X Rz)}. Moreover, since ? €

L0, T; H) and ? € C([0,T]; U, we get 7 € Cy([0,T]; H) P-as.(see [61, Lem. 1.4 p.
263]).

_ d _
e Since (14) is Fokker-Planck equation of (15) then f > 0 and o fT2xR2 f@t, x,r)dxdr =0if
fo=0and foe L'(T? x R?).

Remark 11. (The limit FP, Lagrangian description and macroscopic equation)
e From Lemma 3, we get for each r € R2

a’mlog?2
Alr)=—

|r|2r Qr 2a’m log2 |2 (rJ- ®rJ->

Ir|? 8 Ir|?

1 1
Therefore A(r) = Q(r)Q(r), where O(r) = % ”Jﬁgz (r or L SpBler
V2 |7 7]

is a symmetric, non negative matrix for each r € R? and the function » — Q(r) is Lipschitz with

). Notice that Q(r)
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linear growth. N
e Since for each i € {1, 2}, Z?:l 0jA; j(r) =0, if W and W are 2D independent Brownian
motions, then the stochastic differential equation (SDE)

dX;, =up(t, X)dt; Xo=x

_ _ 1_— _ = ~ — 15
dR; = NVur(t, X;)R; — ERt)df + Q(RHAW, + ﬁodWl; Ro=r, (15)
has (14) as Fokker-Planck equation. _
e Define T=E, (R; ® R;), a standard computation gives that T satisfies
_ _ — 2 —
0, T+ur - VT =Vur)T+T(Vur) — E(T —kTI)+EA(R;) (16)

T|;=0 = To,

which means that TV solution to (5) converges weakly to T in appropriate (weak) sense and the
turbulent velocity generates the term ]EA(E), as N — +o0, at the macroscoBic level.

Let us briefly interpret the previous results. The additional term Q(R;)d W/ in the stochastic
equation contributes to a higher dispersion of the values of R;, increasing the variance; and not in
a “Gaussian” way, since the diffusion matrix depends on R; and its quadratic form evaluated in
the R, direction increases with R,. This is coherent with the power law result for the stationary
solution illustrated in the next subsection. Similarly, the additional term |E, A(R,) in the equation
for the tensor E, (R, ® R;) is non-negative definite, mostly positive definite, hence it contributes
to a higher value of ;T hence to an increase of R;, coherent with the picture above: turbulent
stretching statistically increases polymer length.

Remark 12. It is worth mentioning that we consider the Hookean model If we consider the
“Finitely Extensible Nonlinear Elastic (FENE)” model, namely replace B R;in (1) by 1 BT R TR TTb
where b is a parameter denote the maximal length of the polymer. Then, the analysis must be
considered in a bounded domain with respect to r-variable with the appropriate boundary con-
ditions, see e.g. [62]. It is interesting to extend our result to the FENE case. It seems that the
scaling limit equation should have similar features as the current one. However, since it requires
significant changes, this will be considered in a future work.

4.1. Stationary solutions and power-law tail

The aim of this section is to discuss “formally” that the limit PDE (13) exhibits interesting
features of the power-law tail predicted in the physical literature, see for example [2]. More rig-
orous results and discussions will be the subject of a future work. We consider the limit equation
(13) in the simplest case u; = 0 and look for stationary solutions f(r), independent of x. We
look for rotation-invariant and non-negative solutions f () = g (|r|), so that f should satisfy

2
deivr(1 <3|r|21d 2r®r)Vf(r)+—Vf(r)+,BTf(r))
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Then, since V f (r) = |;—|g’ (Ir]) and k7 > 0 we get

di LA " Fry) =0 17
v, (T+E) f(r)+ﬂTTf(r) =0. a7

Set ﬁ% =aand p(r) = # + % Then we can write (17) as follows

div, (p' = ()VIp* ()] ()]) =0. (18)

If £ is smooth function, we can multiply (18) by p®(r)f and integrate over R? to get

/ PNV () f (r)Pdr =0.
R2
O’2 .
Since o 0, the last equality implies the existence of C € R such that p®(r) f (r) = C. Thus,
T

since we are looking for positive nontrivial solution, we obtain

__1
_ B Y B |r|2 02 Bkt
flrh=Cp™(r)=C T—’_k_ ,C>0.
T

In relation to physical literature, e.g. [2, eqn. (11)]. Let us just write the last formula only in |r|,
namely

— _ 2 (2 —1)—1 o 2
Frl) ~ [r| 77 = [p) "B D7 =t T (19)

Notice that the power y depends on the interpretable constants, the relaxation time of the polymer
B and the number k7 proportional to the square-intensity of the turbulent eddies. Let us make
some comments about the formula (19).

e The case y = ﬂ% —1 <042 < Bkr: f is not integrable and larger values of |r| are more

probable, which means that the most of polymers have large size and the polymers are in
stretched state. This state holds either when the relaxation time g is large or the intensity k7
of the turbulent fluid is large.

e The case y = ﬁ% —1>0« Bkr <2: f is integrable and thus the normalized f is PDF,

in other words, most polymers have an equilibrium size and the Polymers are in coil state.
The last expression of f confirms that when either the relaxation time is small (namely the
polymer is fast in recovering its equilibrium position) or the intensity k7 of the turbulent
fluid is small then the polymers tend to be in coil state.

e The case y = 5% — 1=0<% Bkr =2: The power y changes the sign and as discussed in

[2], this can be interpreted as the criterion for the coil-stretch transition.
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e As mentioned in Introduction, we recall that the power tail is related to Lyapunov exponent
A of the turbulent flow, which is not trivial to compute in general but one would like also to
predict it. From [2], one extracts the following link between A and y:

i. If A increases then y decreases. ii. y changes its sign at A = %
iii. As A tends to zero, y tends to infinity.
From (ii), we get that y changes the sign at %T = 1 = 1. Moreover, as  is related to the

turbulent flow and by combining (i) and (iii), we can say that the Lyapunov exponent A
is our model of turbulent flow is A = %T However, we do not prove such equality “just
heuristic!”. Finally, in the case of the point (iii), we get strong suppression of the tail, which
is quite natural since in a weak flow the molecules are only weakly stretched.

5. About proofs and mathematical challenges

For the convenience of the reader, let us summarize the outline of the proof and the main
technical difficulties we face in proving the main results. The details will be provided in section 6
and section 7. Note that (12) is stochastic Fokker Planck, has a hyperbolic nature with respect to
the space variable x, it cannot regularize the initial condition. Moreover, its well-posedness is not
a standard result and we need to construct a solution in an appropriate sense, see Definition 5.

The first step concerns the construction of weak solutions (see Definition 5, point (3)) by using
Galerkin approximation scheme. We proceed as follows: we construct an orthonormal basis of
H (the weight used to give sense to the terms including the coefficient with r-variable, r € R?).
It’s worth to mention we consider a general setting to prove the existence of solution and up to
cosmetic modifications, the same result follows by using other weights e.g. (1 + |r|*)"™, m > 1
which corresponds to Lf’m("ﬂ“2 x R?) e L'(T? x R?) if m > 2. The first problem concerns the
proof of some a priori estimates, for that we add the extra term )" given by (29) to control the
term coming from the interaction between the two part of the stochastic integral, in order to get
the desired estimates. Then, we may pass to the limit as m — 400 and construct solution to our
problem, after showing that )" vanishes as m — 400 (we exploit that Q is space-homogeneous
and has mirror symmetry property). Consequently, we construct weak solution, see Theorem 7.

After that, we face the problem of uniqueness due to lack of regularity with respect to the
space variable x and the presence of noise, which motivates the introduction of the notion
“quasi-regular weak solution”, which is characterized by the point (4) of Definition 5 to show
uniqueness in this subclass of solution, see Theorem 8§ (we take the advantage of the linearity of
(12)). On the other hand, we should use commutators estimates and techniques associated with
hyperbolic equations to prove in the beginning the uniqueness of solution to the equation satis-
fied by some appropriate mean (Definition 5, point (4)) and we combine that with some density
arguments in the L?-space of random variables to deduce the well-posedness in the sense of Def-
inition 5. We recall that this notion of uniqueness is weaker than the classical notion of pathwise
uniqueness, see [55, Rmk. 7]. Another key point concerns the uniform estimate with respect to
N, which follows directly from the construction of the solution since Itd formula is classical at
the level of Galerkin approximation in contrast with infinite dimension where the solution f% is
not smooth and one needs to be careful in the application of Itd6 formula.

Finally, after obtaining some estimates regarding to N, we can pass to the limit as N — +o0
(in weak sense) by considering the new regime when the noise covariance goes to zero but a

23



F. Flandoli and Y. Tahraoui Journal of Differential Equations 452 (2026) 113789

suitable covariance built on derivatives of the noise converges to a non zero limit and we obtain a
degenerate PDE with respect to the variable r, see Theorem 9 where the stationary solution of the
limit equation (13) has a power-law, with an explicit power depending on the friction parameter
B and the number k7 (related to the turbulent kinetic energy), see subsection 4.1.

5.0.1. Formal computations and estimates
Let us present some formal computations related to (12). Namely, we compute || £V |, by
applying It6 formula (formally), we get

t
1
1N O = I foll* =2 / (NG, up - Ve fN () + (Veupr — B’) -V, fN(s))ds
0
t t t
— 207 / IV, £ () 1Pds — 2an / IV N (5)l17ds — / (AY .V (), vy £V (5))ds
0 0 0

t
+23° / [N ), o Ve N )+ (Y (9), (Vo ).V, £V (s)1d W (s5)

keK 0

t
+ Y [ 1o VNI + 1V ).V, N (9)11Pds
keK 0

t

+2)° /(U,{N.foN(s), (Vo r).V, N (s))ds.
keKO

Since divy (ur) = div, (Vupr) = dive (o)) = div,(VoVr) = 0, one has

(fNoup - Vo fNy = (N, oM Vo Ny =0,
N, Veurr) -V Ny = (N, (Vo ).V, V) = 0.

On the other hand, since

t t
> / o Ve fN(s)Pds =) / (0 Vi fN(5), o Vi £V (9)ds

keK 0 keK 0

t

= [C a0 @al @9, Y69, s

0 keK

t t

= Y O’ / (Ve fN(8), Vi fN ())ds =2ay / IV ()] %ds.
0

keKi4 0
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Hence —2ay / Ve fN (s)||2ds+z / o .V, £V (s)|I?ds = 0. Similarly, we have
keK 0

Z/ (Vo' ).V, f (S)Ilzds—/(Ak VN (). Ve £V ())ds,
keK 0

where A,](V is given by

AY =Y (Vo @ maln): (20)

keK

thus — /(Ak v, fN$), V, f (s))ds+Zf||(Vak PV, N (s))?ds = 0.
keK
Summmg up, we get ’

t
1Y )11 + 202 / IV, £ () I17ds — |l foll*

/ )N nds +2 ) / @ VeV s), (Vo ).V, £V (s))ds.

keKO

On the other hand, notice that

@Y Ve fNs), (Vo' )V N () = = (Vo' ) Ve Ve N s)), £V () =0, (21)

keK keK

since the covariance matrix Q is space-homogeneous and has mirror symmetry property, see
Lemma 2. By using (21), we obtain

t t
2
1N @) + 202 / IV, £ () 11%ds < |l foll> — 5 [ (fNG),r- Ve fN(s))ds.
0

Let us compute the last term of the RHS. We have

2
(fN,r-V,fN)—Z / fN(x,r)r,--arl.fN(x,r)drdx
i=lpoS R2
1 2
=3 / ridy (f)2 e, ydrdx = — | V)2,
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t t
2
Consequently, || /¥ ()]I* + 207 / 19, Y0 Pds < 1A + / 1V (5))12ds. Gronwall
0 0

lemma ensures the following: P-a.s.

t
vi=0: [IfNol? +202/ 19, £¥ () 11Pds < |l follPeF". (22)
0

Note that the last inequality (22) is sufficient, a priori, to construct a weak solution and also
ensure the uniqueness, since (12) is a linear equation. Unfortunately, (22) is not rigorous. Indeed,
if £V satisfies (22) only then we are not able to apply directly Itd formula to (12) and we need
either to approximate or regularize (12) in appropriate way and prove the existence of f and
(22), after passing to the limit with respect to the approximation or regularization parameters. It
turns out that it is not sufficient to consider fy € L2(T x R?) and we need more regular initial
data, namely fo € H to construct a weak solution, see Definition 5. Uniqueness is more delicate,
since (12) has a hyperbolic character with respect to x-variable and we will prove uniqueness in
particular class of solution, see Theorem 8. For the convenience of the reader, let us explain the
arguments that failed when we tried to obtain (22) in rigorous way.

5.0.2. A priori estimates via Galerkin approximation
The first step concerns the projection of (12) onto a finite dimensional space, see (28). Then,
we apply finite dimensional Itd formula which leads to the presence of the term

> @) Ve Pul (Vo ) Ve fundwir (fn =P fN) 23)
keK

instead of Z(akN.Vx fN(s), (Vo,fvr).VrfN(s)) and (21) is not valid anymore. We remedy this

keK
issue by subtraction this term (23) at the level of Galerkin approximation to get an appropriate

estimate, see Lemma 15 and we need to show that lim(a,fv -Vy Pm[(Va,ﬁvr).Vr Sml,bwj)g=0to
m

recover the original problem (12). It’s worth to mention that since r € R? and it acts as coefficient
then we need to use initial data fy € H to prove that the extra term (23) vanishes as m — +o00,
see (46) and one obtains the desired estimates of Lemma 15. We refer to section 6 for more
details.

5.0.3. Uniqueness via commutators and quasi-regular weak solution

Once the existence of weak solution satisfying the points (1), (2) and (3) of Definition 5
is established, one seeks to prove the uniqueness of this class of solutions. Since (12) has an
hyperbolic nature, one uses the commutators estimates in order to prove pathwise uniqueness.
Let us explain why using this technique does not give uniqueness of this class of solution, for
that we mention only the terms that cause problems. Let § > 0 and ¢ € C2° (T? x R?), if we
denote X = (x,r) € T? x R?, ps(X) = ps(x) and @5 := ps * ¢ then we need to pass to the limit
as 6 — 0 in the equality
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t

1 1
EEII[fN(t)]aIIZ +E / ([ur(s) - Vo fN ()15 + [div, (Vur (s)r — Er)f%)]a, [N (s)Is)ds

0

t
=E / (@A V()]s +an[Ay £V ()]s, [V (5)]s)ds
0

t

1
+5E f (iv, Y (Vo' r) @ (Vo' r)) VN (s)ls, L1 (9)1s)ds

0 keK

t
1
+5) E / 1o Ve fN ()15 + LYo ).V, N ()51 ds.
keK 0

We can estimate all the terms in convenient way except the terms

1 1

1
E [(anion Ol Y 0lids + 3 YE [ o) 5o NoniPds @b
0

0 keK

keK

t
+Y E f (0 Vi fN ()15, 1V 1)V, N (9)]5)ds.
0

keK
A priori, we expect that the sum of the first two terms in (24) vanishes as § — 0 (balance of en-
ergy of Itd Stratonovich corrector) but in order to get that, we need more regularity of fV,
namely V, f N e L?(T? x R?), which is not our case. Concerning the last term in (24), it is
expected to disappear due to the space homogeneity and the mirror symmetry of the covariance
QO but also it requires Vy fV € L2(T? x R?) as well. Consequently, we take the advantage of the
linearity of the equation (12) and we prove uniqueness in weaker sense, see Theorem 8.

t
1
The last two terms come from the term 3 Z E / I [alﬁv,VXfN(s)](s +[(V0,fvr).V,fN(s)]5 %ds.
0

6. Existence and uniqueness of solutions to (12)

Our aim is this section is to prove the existence and uniqueness of solution to (12) in the sense
of Definition 5, namely Theorem 7 and Theorem 8. We divide the proof into several steps. First,
we introduce the Galerkin approximation. Then, we prove some estimates in the appropriate
spaces. Next, we show the existence of analytically weak solution to (12). Finally, we prove the
uniqueness of the class of quasi-regular weak solutions after showing the existence and unique-
ness of the solution to an appropriate mean equation associated with (12), see Proposition 17 and
Lemma 21.

6.0.1. Galerkin basis and approximation

We need to construct an orthonormal basis of H such that all the terms in our approximation
scheme are meaningful. For that, note that V f—>t H. On the other hand, (V, (-, -)y) is a separable
cont.
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Hilbert space. By using [63, Lem. C.1.], there exists a Hilbert space (U, (-|-)y) suchthat U — V,
U is dense in V and the embedding U < V is compact. Thus the embedding U < H is also
compact and we can construct an orthonormal basis for H by using the eigenvectors of the
compact embedding operator. More precisely, there exists an orthonormal basis {w;};cn of H
such that w; € U and satisfies

(v, w))y =ri(w,wj)g, YvelU, ieN, (25)

where the sequence {A;};cN of the corresponding eigenvalues fulfils the properties: A; > 0, Vi €

N. Note that {w; = iji} is an orthonormal basis for U, see [63, Subsect. 2.3] for similar argu-

ment of construction. Now, let m € N* and denote by H,, = span{w, - - - , w;,} and the operator
m

Py, defined from U’ to H,, defined by P, : U — Hy,; u+> Pyu= Z(u, w; )y yw;. In par-
i=1

ticular, the restriction of P, to H, denoted by the same way, is the (-, -)-orthogonal projection

from H to H,, and given by

m
Pu:H— Hy: ur> Pyu=Y (u,w;)pw;. (26)

i=1
We notice that || Pyullp < |ullg, Yu € H, then || Pyl L, 0y < 1.

Remark 13. It is worth to mention that the restriction of Py, to U is also an orthogonal projection,
thanks to (25) and thus || Py llLw,v) < 1.

We have the following continuous embedding U < V < H < L?(T? x R?). Since U is
dense subset of L>(T? x R?), we can consider the following compact Lions-Gelfand triple,
namely

U LY(T?>?xR)»=LXT?>xR>) U’

dense

To simplify the notation, the duality between U and U’ will be denoted (-, -) instead of (-, -}y y.
Thus, we have the following equality

(fiu)y=(f,u), VYfeL*(T?xR?), Vuel. (27)

m
We use Faedo-Galerkin method, we introduce the approximation f;,(¢) = Z gmj(t)w; and set
Jj=1
fm(0) = Py, fo € Hy,. We consider the following finite dimensional SDE

t t
(fm @), wj)a — (fo,wj)u —f(fm(S),uL -Viwj)pds —/(.fm(S),y'"wj)HdS; l<j=m
0 0

(28)
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!
2 1
=— /((quLr) Ve fn($), wj)y + E(fm(S), wj)h + E(r Vi fm($), wj)pds
0

t
—/[a%vrﬁn(sxvrw,-)ﬂ + 202 (Vs fu(5), rw;) + an (Vs fin(s), Vew;) g 1ds
0

t t
1
=5 [ AVt Frwpuds = [T, £(5).rw)pds,
0 0
t

3 ). 0 Vew ) g — (Vo r) - Vi fiu(8). w)) )d WE(s),
keKO

where

(VakNr) -r

Y'p:= " Pn [(wkNrwr(Pm(aﬁ Ve + 2

Pu(a .Vx¢):| NoeU. (29)
keK

Note that (28) is a linear system of SDE, by classical result (see e.g. [64, Chapter V]), we get
the existence and uniqueness of F;-adapted solution f,,, € C([0, T], Lz(Q; H,)).

Remark 14. Note that

m N N (Valgvr) T N
(fm, Y wj)H = Z(fmv Py (VUk r)-vr(Pm(Gk -vij)) +2T|’_|2Pm(ak ‘waj) JH
keK
Vo Nr) -

=Y (> (Vo ).V, (P (0 Vew ) o +2(fon, %Pm(aﬁ Vew))n
keK

=Y (0 - Ve Pul (Vo) ).V, find wj) i
keK

Indeed, using that diV(VUkN r) = 0 and integrating by parts with respect to the r variable, we get

> s Vo 0.V (P Newj)) i ==Y (Vo 'r). Vs fou, (P (0 Vxwj))
keK keK

=2 (Vo 1) 1 fons (Pu(0y) Vew)))).
keK

(Volivr) -7

Since ((Va,ﬁvr) T fm, (Pm((TkNwaj))) = (fm, 1+ |r2

Pm(okN.waj))H, we get
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o V"W ==Y (Vo ).V fn, (Pu(0 Vew ) u
keK

= (0 Vi Pul (Vo ).V, ) wj) i,
keK

where we used first that P, is self-adjoint with respect to (-, -) g scalar product and then integrate
by parts with respect to the x variable.

6.1. A priori estimates

We apply the finite dimensional It6 formula to the process f, to get

t
Il fon ON — NI P foll 3 =2 / (fn(8)ur - Vi fn(s)) pds (30)
0

t
2 1
- 2/((VxMLV) Ve fn($), fm($)H + Ellfm(s)llz + E(V Vi (), fm(s))nds
0

t t
+2 / (fn($), V" fu) s —2 / (02 1Vr fn ()13 +202 (Vs fon(8), 7 (5)) + an Vs fin () 131 s
0 0
t t
- / (AY N, fin(8), Vi fn(8)) s — 2 / (AN, fin(8), 7 fn(5))ds
0 0

t
+2)° / ((Fn (). 0 Ve fun ()bt = (V1) Vi fon(5). fon ) )W (5)

keK 0

t
+y f 1Pn NV )17 + 1P (Vo ).V fon ()11 3,ds
keK 0

t

+2ZZ/(0,CN.VXﬁn(s>,w,->H(<V<r,£Vr).vrfm(s>,wj>Hds.

j=lkeK

Since divy (uz) = divy (oY) = 0, one has (fyn. ur - Vo f)rr = (fn. 0 Vs fn)u = 0. On the
other hand, note that

t

t
> / o Ve fu@lFds = > OF)° f (Ve fin(5), Vi fin(5)) mds

keK | keKi4 0

30



F. Flandoli and Y. Tahraoui Journal of Differential Equations 452 (2026) 113789
t
2
=2ay / IV fm ()| ds,

where we used that (U,fV.Vx fm> UkN.Vx fm)H = (akN ® akNfom, Vs fm) . Therefore

—2aNf||v fm<s>||Hds+Z/||P o Ve fu ()13 <0,

keK 0

since ||Pmo,£V.Vx Fn |3, < ||o,£V.Vx fm (s)lli, due to that P, is the (-, -) y-orthogonal projection
from H to H,,. Similarly, we have

t

3 / V0 P05, o) s = [ (A9, £ (5). 5, f ) s,

kekK 0 0

where A,ICv is given by (20), thus

/(Ak Ve fn($), Vi fn () nds + Z/ 1P (Vo r).Vy fn($)II3ds <0

keK 0

On the other hand, note that

m !
ZZ/(O,?’.fom(S), W) (Vo 1)V, fin(s), wj) ds
J=1kekK

t

=y / OO Ve fu()wp awj, (Vo' r).V, fu(s) uds
keKy j=1
t

=-> / (fin(5), P [(kaN r).Vr (P (07 Vi fn(5)) +2

keK 0

(Va,?'r) -r

me(aklv-vxfm(s))})HdS

- / (), V™ fin(5))ds.
0

Summing up, we get

t t
”fm(t)”%{ - ”meOH%{ +202/ ”Vrfm(s)”%{ds = _2/((vx”Lr) Ve fin($), fm(s)u  (B1)
0 0
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2 1
+ N O + =

t
: 20 Ve f o) fu(s)nds = 40 [ et ronas
0

t t

2 [V fuo1rtn(s0ds =2 Y [ (Vo) V0 fa6). Fn ) W),

0 keK 0

Let us estimate the terms of the right hand side in (31). First, note that

t t
/((quLr) Ve fn($), fn () nds = —/(fm(S), Jm($)(Vyurr) - ryds
0 0

t
< [ Vauzlloo f 1 fon (). (32)
0

A standard integration by parts gives

t t
1 1
/ SOV ). Fn ) irds == / U fu 2+ (P fon(s). fun(s))ds,
0 0

t t t
and | / %(wvrfm(s), Fuls)pds] < % f I fn ()12, ds. Let us estimate f (Vr fon(S). 1 fn ().
0 0 0

t t
Note that/(vrfm(s)arfm(s))dsz_/(fm(s)a Sm(s))ds, thus
0 0

t t
—402/(v,fm(s),rfm(s))ds=402/ | fin () ||%ds. (33)
0 0

t
Next, the term —2/(A,1<VV, fm (), rfm(s))ds. Since div,[VakNr] =0, we get
0

t t
/ (AY Yy fn (), rfn(s))ds =) / (VR r) - Vi fin(s), (Vo' r) - rfin(s))ds
0

keK 0

t
=-> / (Vo 1)V, (). (Vo r) -1 fu D (VD) fu 5). fn &) VoLV 'r) - 1D )ds,

keK 0
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and 2/(Ak Vi fin(8), v fn(s))ds = Z/((Vak ) fim(8), fm(s)V, (Vak r) - r]ds. On the
keK
other hand note that ’

t

> / (Vo r) fu(8), fn (VA [(Vo r) - r]ds

keKO
-y f(ek> KPP o Sink < S), fn () sink XV, [ Ly
P el |k| kTR
+0
+ Z /(Gk) |k| ( —cosk Xfm(8), fm(s)cosk - xV,.[— k kL -r]ds
e A TR kK
-y "
= O . S
o kI~ Tkl T
5 J_
—kEXKj f(e,kp k| ((W i LYY fm<s)| 0
x
b o ek ))ds
T e T

t t t

2

<2 Y [ @RI IPds < PO [ 15ds <€ [ 1o s
N=lk22N 0

thus

D / (V1) funs), fn VALV r) s < C / Vn@l3ds, G4

keK 0

2
where C > 0 (independent of N) satisfies Y ek 4 < C. Concerning the stochastic inte-
N<[k|<2N k|2

gral, note that ((Vak ) Ve (S fmn ) H = —(fin(S), fin (s)(Va,ﬁVr) -r)). Recall that
k+ k+
(Vo r)(x) = —k - relﬁgm sink-x, keKi; (Vol'r)(x)=k- rel’,jlm cosk-x, keK_
(35)
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and

t t

3 f (~((VOXr) - Ve fun (). ) mdWE(s) =2y [ ((Fn (). fnS (V) - dWE(s).

keKO keK 0

By using the Burkholder-Davis-Gundy inequality, we get

2E sup | / > fns). ) (Vo) - r)dWEs)]

S L B e

<2E[ f D A Fn (), fun () (Vo r)) - r)Pds]'2.

keK

On the other hand, we have

t

[ S 1. £ut5)(To ) s

0 keK

L

k
1/2 1/2 £ \2
=Y ORIkl /( i (1+| armm Y + D2 fs). 7 - i sink- x(L+ D2 fn)?ds

keK 4

kJ_
+ Y OR)? |k|2/(|k| (1+| an +|r|2)1/2fm(s),r-mcosk-x<1+|r|2)1/2fm(s))2ds

keK_

<Y ORIkl /||<1+|r| M2 FnOIPIA 4 171D 2 ds

keK

t
<Y Op? |k|2/||(1+|r| MW fwe)ltds = > <e§§)2|k|2/||fm(s)||%,||fm<s)||%1ds
0

keK keK
N=|k|<2N

t t
1
> e f 1N | fn ()1 7ds < C f NACIAFAGIPEE
0

keK 0
N<|k|<2N

=C sup Ilfm(q)IIH/IIfm(S)IIHdS

q€[0,1]
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which gives

t

/Zl(ﬁn(S) fn()(Vo ) - r)Pds <C sup | fm(q)IIH/II fn@®gds,  (36)

0 ek q€[0,t]

where we used Z < C, with C > 0 independent of N. Therefore

1
k> =
€
N<|k|<2N

2E sup | / D ) f Vo r) - dWHEs)]

q€[0,t] ek

<2E[ / D 1 s), fn($)(Var) - r)Pds]'?

keK

<2E[C sup || fu(@)ll% / Il fon () 11%,ds1'/2

q€l0,1]

<€E sup | fu(@llf + E/IIfm(S)IIHds
q€l0,t]

for any € > 0 (to be chosen later). By using (31) and gathering the previous estimates, we get

(1—-e)E sup “fm(Q)”%{"‘zo’zE/”Vrfm(s)”%{
q€l0,7]

t
8 C
< 12 ol + 20Vt + 5 402 +2C + 2]E/ ()1 ds.

1
By choosing € = > and setting

8
A =2[2||Vyur oo + P +40% +4C), (37)

we obtain

E sup I fn (@) 1% +402Ef||vrfm(s)||%,sznfon%,HEf||fm<s>||%,ds.
q€l0,z]
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Finally, Gronwall lemma ensures

t
Vi>0:E sup | fu(@)l% +402Ef||vrfm(s)||%,szufon%,e“.
q€l0,7]
0

As a conclusion, we get

Lemma 15. For every m € N¥, there exists a unique solution f,, € C([0,T], LZ(Q; H,)) to
(28), which is adapted to the filtration and satisfy

t
Vt>0:E sup Il fin (@1 + 40°E / IV, fn 113 <21 foll % €™, (38)
q€[0,¢]
0

where A is given by (37).
In order to handle the stochastic integral as N — 400, it is convenient to show the following.

Lemma 16. The unique solution f,, € C([0, T], L2(Q2; Hy)) to (28) satisfies

t
Vie[0,T1:E sup || fu(@)ll3’ + (262>PE(/ IV, fu ()37 < Cllfoll e, V1 < p < 400
q€l0,1] 0
(39)
where C > 0 is independent of N and m.

Proof. From (31), by using (32), (33) and (34) we get

t t
A
Il fn (113 + 202f Vs () |3ds < || foll 3 + Ef Il fon ()13 ds
0 0

1
+20) / (= (Vo r) - Vi fin(s), () m)dW(5)].

keK 0

Let p > 1, we have

t t
A
O3 + (2627 ( / IV, fon($)113ds)? < Cplll foll 7 + (1! f 1 fon ()P ds
0 0
t
+27C,| Z/(—((wan NV fn(8), () m)dWE()]P.

keK 0
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Now, by using Burkholder-Davis-Gundy inequality and (36), we get

2PCpE sup IfZ(fm(s) TV r) - r)d Wk (s)|P

q€[0,7] keK

<20 C, [ / S (), fn )T r) 1) Pds)??

kekK

<27C,CP?t P DRE[ sup | fn(@)I3F /||fm(s>|| Pds)'/?
q€l0,t]

@2rc,)icrer-!
<k sup II.fm(q)IIi,p++]E f I fu ()77 ds,
0

q€l0,1]

for any € > 0 (to be chosen later). Consequently, there exists C > 0 independent of m and N
such that

(1—-e)E sup I @17 + (202 PE( / IVy fn () 11%,ds)P
q€[0,1]

Cll fol +<c+—)JE [ LI ds.

1
Hence, (39) follows by choosing € = 3 and applying Gronwall lemma.

6.2. Existence of solution to (12)

We have the following equation of f;,(¢) = fi, (x, r, 1):

dfm(t)  +Ppdivy(ur fu()dt + Ppdiv,((Vupr — %r)fm(t))dt

= vex Pu(@l - Vi Pu[(Vo N 1)V, fiuDdt + 02 Py A, fin ()dt
= kek Pnol! Vi fNAWE =3k Pu(VaNr).V, fin ()dWE (40)

1
oy Py Ay fin(1)dt + EPmdivr(Zkek (Vo' r) @ (Vo r)) V, fu(t))dt,
Smli=0 = Pu fo.

From (40) we get for 1 < j <m:
//fm(t)wjdrdx—/‘/‘meowjdrdx “41)

T2R? T2R?
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t
- / / / Sm(s) <ML(S) “Vywj + (Vup(s)r — %r) . Vru)j> drdxds

0 T2R?

t
Z_Z///Vrfm(s)s(VUkNV)Pm[G/:V-wai]drdxds

kekK | T2 R2

! t
_ngffvrfm(s)~Verdrdde+aN///fm(s).Aijdrdxds

0 T2R? 0 T2R2

t
+ Z///[fm(s)o,fv.vij + fm(s)(VakNr).erj]drdxde(s)

ek 0 T2R2

=~

Let us pass to the limit in the last equation.

1% step
By using Lemma 15, we are able to get the following convergences (up to a subsequence)

fn— fin L2(Q; L*([0, T]; H)), (42)
fu —* Fin L2_ (S L°°([0, T1; H))), (43)
Vi fn = Vi f in L2 L2([0, T H)). (44)

On the other hand, from Lemma 16, we obtain also

t
Vi €[0,T]:E sup. 17 @13 + (%%PE(/ IV, F&)3)P < Cllfoll77e%, V1 < p < +00
q€l0,t
0

(45)

where C > 0 is independent of N and m.

2" step

For ¢ € U, note that / / Jm(x,r, )¢ (x,r)dxdr is adapted with respect to (F;); and recall

T2R2
that the space of adapted processes is a closed convex subspace of L>(2 x [0, T']), hence weakly

closed. Therefore f / f(x,r, )¢ (x, r)dxdr is also adapted and its It6 integral is well defined

T2R2
and bounded. Now, let us consider the following mapping
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L:L*Qx[0,T]; H)— L*( x [0, T]; R)

t
fu> Y / / / I Vep+ (Vo r).V,@)drdxd Wk (s),

keK | T2R2
which is linear and bounded. Therefore, by using (42), we infer that

t
Z / / / T Vet + (Vo r).V,¢)drdxd W (s)
keK | T2 R2
t
= //f(s)(a,fv.vxcp + (Vo' r).V,¢)drdxdW¥(s) in L*(R2 x [0, T]).
kekK | T2 R2

3step

For ¢ € H,, and t € [0, T'], let us set

1
By (1) :=//fm(t)¢drdx—Z//ffm(s)(o,jv.vx¢+(Va,f\’r).vr@drdxdwk(s).

T2 R2 keK | T2 R2
From (41), we write (in distributional sense with respect to )

iBmz/‘/‘fm <ML~VX¢+(Vqu—%r)-Vraﬁ)drdx

dt
T2 R2

-y / / Ve fn (Vo r) Pylo)y - Vipldrdx — o? / / V, fn - Vrdpdrdxds

keKp2 g2 T2R?
1
+aN//fmAx¢drdx— 5//(2 ((W,ﬁ%)@(%,%)) Vi f) - Vepdrdx.
T2 R2 T2R2 k€K

Let A € F and £ € D(0, T),° by multiplying the last equation by I4£ and integrating over
Q x [0, T] we derive

- f /T (B0 Jasa P
A 0

T
= / /fm (s) (uL(s) -V + (Vup(s)r — %r) . Vﬂﬁ) E(s)drdxdsd P

6 D(0, T) denotes the space of C°°-functions with compact support in ]0, T'[.
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~

/ / Z / / Yy fn )V 1) Pulo) - ViplE(s)drdxdsd P

40 keKTz R2

T
/[(ﬂ//V Jm(s) - VqﬁE(s)drdxdsdP+//aNf/fm(s) A,pE(s)drdxdsd P
A 0

T2R? 0 T2R?

Now, let us prove the following.

//Z//V fm(s)(Vak r)Py, [ok Viplé(s)drdxdsd P — 0 as m — +o0. (46)

keK’]I‘Z]RZ

Indeed, it’s sufficient to pass to the limit with (w;);cN as test functions. Thus, for 1 <i <m, we
recall

T
// //V Vo r) Pulo - Vipla(s)drdxdsd P
A0

keKk. T2 R2

keK

T
3B [V hn0). (V) Palal - w14 5)ds
0

T
=E / (O Pu(0) - Vi Pul(Vo ).V, fu (D). wi) 1 a£ (s)ds
0 keK

where E denotes the expectation. On the other hand, the following convergence holds

Z(Va,gvr)Pm o - Vew;] — Z(Va,?’r)a,gv - V,w; in L2(T? x R?).
keK keK

Indeed, denote by || - || the norm in L2(T? x R?), we get

1Y (Vo r) (P = Dioy - Vewillls < YO KPIIFI(Pr — DIo] - Vw113

keK keK
<Y ORI I(Pa = DIoY - Vewilllg

keK
< Y O P = T g 1 Vawi 1

keK
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<D ORI Pw = T g1,y lwi Iy
keK
2 2
<C| Py — I”L(H,H)”wi”(] — 0,

where C > 0’ ‘and since Py, is an orthogonal projection on H. On the other hand, V; f,, converges
weakly to V, f in L2(Q2 x [0, T] x T2 x R?), thanks to (44). Therefore

hm //Z//V fm(Y)(Vak r)Py, [o'k -V, $lE(s)drdxdsd P

0 kEKTZRZ

—Zf/(v ), Vool - Vew)é(s)dsd P

keKA

//(f(s) Z(Vak r)- Vak -Vew;))é(s)dsdP =0 VieN.

keK
2
Indeed, for given function r we have Y ~ (Vo ).V, (o) Vi) =~ >~ 0y, 04ry 0y, (000 V)

keK keK l,y,i=1
and

2 2 2
D0 O, 0iry b (0fdy ) =D Y B, 00040y (ry 0¥ = Y B, Qi1(0)dy (ry B, ).

keK 1,y,i=1 keK I,y,i=1 Ly,i=1

Since the covariance matrix Q satisfies Q(x) = Q(—x) then 8xy Q;1(0) =0. As a result we get

:////f(b") (“L(s)‘vx¢+(V“L(s)r_%”)'Vr¢>§(s)drdxdsdP
T2R

T
/ V, f(s) - V,¢E(s)drdxdsd P + f / an / F(s) - AypE(s)drdxdsdP
2R2 A0

T2R?

:.\.%
o\\!
qw
—

1

7 N4 72

Recall that 0 k|“ = —<C
Z( \kl) Ik| keZK k|6 ~

kekK
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T
_//%//(Z (Vo' & (Vo)) V, () - Vg€ (s)drdxdsdP, Ve U,
A

0 T2R2 keK

where

t
B(t) :=//f(t)¢drdx—2f//f(s)(a,g\’.vx¢+(Va,gvr).vrqs)drdxdwk(s).

T2 R2 keko T2 R2

= o . . dB
Then, taking into account the regularity of f, we infer that the distributional derivative o

belongs to the space L2(2 % [0,T)). Recalling that B € L2(2 x [0, T]), we conclude that
B() € L*(Q; C([0, T)).

Considering the properties of It0’s integral, we deduce

//f(t)¢drdx e L>(Q; C([0, T]),
T2 R2

which means that fe L%(Q; C([0, T]; U’) and therefore fe L%(Q; C, ([0, T1; H), thanks to
(43) and [61, Lemma. 1.4 p. 263]. We finish the proof by showing some continuous convergence
in time. Indeed, let & € C*°([0, ¢]) for ¢ €]0, T'] and note that the following integration by parts
formula holds
t t
dB d&
ﬁ(s)g‘(s)ds =— B(s)ads + B(t)&(t) — fopdrdx&(0). 47)
0 0 T2 R2

Now, by standard arguments (see e.g. [65, proof of Prop. 3.]) we get for any ¢ €]0, T],
/ / Fn (O pdrdx — / / f(t)pdrdx in L*(2, H), as m — oo,
T2R2 T2R?2

and f (0) = fo in H-sense. In conclusion, there exists a solution in the sense of Definition 5
(f = fN to stress the dependence N, since we will pass to the limit as N — 400 in section 7.)

/ / N pdrdx — / / fopdrdx

T2R2 T2R?

t
_///fN(S) <ML(S)-VX¢+(VML(S)V— %r)-Vﬂb) drdxds

0 T2R2
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t t
=—02///V,fN(s)-Vr¢drdxds+aN///fN(s)-qubdrdxds

0 T2R? 0 T2R?

t
+Z///[fN(s)alfV.quﬁ+fN(s)(Va,ivr).V,qS]drdxde(s)

keK T2 R2

l\)lH

/ /(Z (Vak r)® (Vo r)) Y f (s)) - V,.odrdxds,

0 T2R2 kek

for any ¢ € U. In particular, fV is adapted with respect to the given filtration.
6.3. Uniqueness of quasi-regular weak solution

In order to prove (4) in Definition 5 and the uniqueness of “quasi-regular weak solution” to
(12), we need first to prove the existence and uniqueness of solution V" to an appropriate mean
equation. Namely, we prove the following.

Proposition 17. For any t € [0, T, there exists VN (t) = E[ N (t)e, (¢)] such that

1. VN e L>([0,T]; H), V,VN € L2([0, T1; H) and VN € C, ([0, T1; H).
2. Foranyt €0, T), it holds

/ / vN @ pdxdr — / / fopdxdr

T2R? T2R?

t
/ / vV (s) ([u(s)—h,z]-vx¢+<[vms)r—yn]— %ryw) drdxds
0 T2R2

t T
—/02 /V,VN(S)-V,gbdrdxds—i—/oz;v//VN(s)-quﬁdrdxds
0 0

T2 R2 T2 R2
/%//(Z (Vo) ® (Vo r)) v,V (s)) -V, pdrdxds, Vo€V,
0 T2R2 keK

Remark 18. A priori, the last point holds for any ¢ € U and by taking into account the regularity
of the solution V¥, it holds as well for all peV.
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Proof of Proposition 17.
Let g € G, by using It6 formula to the product, we get

dleg(t) fin ()] +eg(t) Pudivy (ur fin(1))dt + eg (1) Ppdiv, (Vupr — %r)fm(t))dt

= tek €eOPu(0) - Vi Pu[(Vo ' r).V, ful)dt + 02eq (t) Pu Ay fin ()dt
=Y kek €PN Vi fNOdWE =3k eo () Pu(VaNr).V, frn(HdWH
+aneg (1) Py Ax fn()dt
+éeg () Pudiv, (X gk (Vo' r) @ (Vo r)) V. fn (1))t
+ 2 kem, fm(Dgr()eg (AW (1)
~[Xkem, 8x0egVAWH (1), Yy e () Puo Vi fY (1)
+eg (1) P (Vo ).V fr (1) dWK]
eg(t) fmli=0 = Pm fo.

Denote K, = {k € K : min(n, N) < |k| <max(2N, n)} and set V,, (t) = E(f,(¢)e, (7)) then

d[Vin ()] + Ppdivy(up Vi, (t))dt 4 Py div.(Vupr — %r)Vm (t))dt

= Z P - Ve Pu[(VaN ).V, Vi (0Dt + 0% Py Ay Vi (1)dt
keK

1
Fay Py Vi (D)dt + 5Pmdivr(z ((W,ﬁv n® (Vo r)) Y,V (1))dt,

keK
— Y Pugkol ViV () + Pugi(Vo ).V, Vi (2)
kekK,
Vinli=0 = Pm fo.

Denote Z gka,fv =h, and Z gk(Va,fvr) = y,». Then V,, satisfies
kekK, keK,

dVpy

1
a1 +Ppdivy ([ug — 1y )V (2)) + Ppdive ([((Vupr) — yu] — Er)vm(t))

=Y vex Pn@ -ViPu[(VoNr). Ve Vi]) + 02 Py A Vi (1)
1 .
FON P A Vin (0 + 3 Pundive (Le e (V1) @ (Vo 1) Vi Vin (1),
Vinlt=0 = P fo.

(48)

(48) is linear system of ODE, by using a classical result (see e.g. [64, Chapter V]) we get
Lemma 19. There exists a unique V,, € C([0, T]; Hy,) to (48).

Lemma 20. For every m € N*, there exists a unique solution V,, = Ele, f,,1 € C([0, T1; Hy) to
(48), which satisfy
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t
Vi >0: sl[lop]nvm(q)n%,+402/||v,vm<s>||%,szufon%,e““, (49)
q€l0,t
0

where
8 t
M0 =21 Veurlloo + B +402 +2C]t + /(Ilg(S)II2 + 1)ds < +o0.
0

Proof. The proof consists of arguments analogous to the proof of Lemma 15 but for the reader’s
convenience, let us sketch it. By applying Itd formula with || - ||%1 to the process Vj, satisfying
(48), we obtain

IV N1 = 1| Pu foll

t t
_2 / (Vi (), L - Vi Vin () rdls —2 / (Vin(5): Iin - Vi Vin () el
0 0

t
i / (Vattrr) - Vo Vi (s), Vin ()t
0

t

t t
+2/(Vm(s)»yn -V Vi ($))uds + / %”Vm(s)”%-]ds + % /(V Vi Vi (), Vin(s)) mds
0 0 0

t
+2) / (Vin (), 0 - Vi Pul (Vo PV, Vi (9)D s
keK 0

t

-2 / (021 YV, Vi ()13 4 202V, Vi (8), 7 Vi (8)) + oy |V Vi () 13 1ds
0

t t
— / (AY (X, 1)V, Vi (8), Vi Vi (8)) s — 2 / (AY (X, 1)V, Vi (5), 7 Vi (5))ds
0 0

The last equation has similar terms as (30) (without the stochastic integrals and Itd correctors)
but with the two new terms

t t
2f(vm(s)a hy ~Vme(S))HdS+2/(Vm(S), Yu - Vi Vi () pds.
0 0

By noticing that div, (h,) = 0, the first term vanishes. Concerning the second one, note that
lyal <171 )" lgxl = Irlligl and

|k|<n
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t
/ Vi (). 3n - Ve V() ds = = Y (Vi (5), gk (Vo' 1) - 1 Vi (8))dls,
0 kek,

t t
which ensures that /|(Vm(s), Vo Vi Vi) glds < /(Ilg(s)ll2 + 1)||Vm(s)||%1ds. Thus, the
0 0

other terms can be estimated by similar arguments as in subsection 6.1 and we obtain Lemma 20.

By using Lemma 20, we are able to get the following convergences (up to a subsequence)

V,, — Vin L%([0, T]; H), (50)
Vi =* Vin L®([0, T1; H), (51)
V.V, — V,Vin L%([0, T]; H), (52)

moreover, by using the linearity of the expectation we get V= Ele, f] (recall that V,,, = E(eg fin)
and ¢, € L?(R2)). Now, we have all the ingredients in hand to argue as in subsection 6.2 and
obtain Proposition 17.

Lemma 21. Let N € N*. Then, the solution VN given by Proposition 17 is unique.

Proof of Lemma 21.
Let VlN and V2N be two solutions, with the same initial data, given by Proposition 17 and
denote by V¥ their difference. Then for any 7 €]0, T] and ¢ € V, we have

/ / vN (@) pdxdr (53)

T2R?

t
:///VN(x,r,s) <[uL(x,s)—hn]-Vx¢+([VuL(s,x)r—yn]—%ryvrqﬁ)drdxds

0 T2R2
; T
—/02//VrVN(x,r,s)'Vr¢drdxds+/0tN//VN(XJ’,S)'qu)d’”dXdS
0 T2R2 0 T2 R?

t

- / % / /(Z ((VUICNV) ® (VG,?T)) VrVN(x, r,8)) - Vegdrdxds.

0 T2R2 keK
Since the above equation is understood in weak form, we need first to consider an appropriate
regularization of V¥ denoted by [V¥]s. Then, take the L2-inner product of the above equation

with [V ]s and finally pass to the limit with respect to the regularization parameters 8.
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Step 1: Regularization
Let ¢ € Cf"(?l"2 x R?), if we denote X = (x,7) € T? x R? and ps(X) = ps(x), then @5 :=
ps * @ is an appropriate test function in (53), namely we get

VN @), ¢s)

t
=///VN(S) ([”L(S)_hn]'Vx‘PS"‘([VML(S)r_Yn]_%r)'vr(/)8> drdxds

0 T2R2
t T
—/02//VrVN(s)~Vr(p5drdxds+/aN//VN(s)~Ax(p5drdxds
0 T2 R2 0 T2 R2

/ //(Z (VUk r) Q@ (Voy r)) V. VN(s)) - V,psdrdxds.

0 T2R2 keK

Since p is radially symmetric then the operator of convolution with pj is self-adjoint on L*(T?2 x
R?). Thus

t

1
Wv¥n)ls, o)+ / ([(n(s) — ) - Ve VN ()]s + +Idiv, (Vur ($)r — yu — Er)VN(s))Ls, w) ds
0

Il
S t—

T
02([AVVN(s)]a, @)ds + / an([A VY ()]s, p)ds
0

1
+ / S1div (Y- (Vo' @ (Vo ) v, VY ()]s, o)ds = f ([d(5)]s, @)ds.
0

keK

[\)

Consider the following space X := {¢ € H; V¢ € H} and note that X — L3 (T? x RY) — X’
is Gelfand triple. Since

VN e L>([0, T1; H), V, VN € L*([0, T]; H),

and by using the regularization properties of p, one gets that [d(-)]s € L2([0, T: X'). Therefore,
we can set ¢ = [VN ()]s to get

t

1
EII[VN(t)]aIIZ + f ([(u(s) —hy) - Ve V()]s

0
1
+ [div, ((Vup (s)r — yn — E")VN(S))]S, [VN(S)]a)dS (54)
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t T

= / o2 ([A VY ()]s, [V (5)1s)ds + / an([A VY ()15, VY (5)]s)ds
0 0
7 1
+ [ Sdiv (Y ((Vof'n @ (V6 9,V 6 1V 6 1),

0 keK

Now, let us pass to the limit in the last equality (54). The proof is based on commutator estimates
and using the properties of (ok)kek -

Step 2: Passage to the limit as 6 — 0

First, recall that VN () € L2(T? x R?), by properties of convolution product, we get
(Slin(l)[VN(l’, s = VN (r, ) in L2(T?) uniformly for a.e. r € R? and we get (Slin(l) vy sl =

Il vV (1) ||2. Next, we will prove the following

t
lim / ([ur(s) - Vo VN ()15, [VV (5)15)ds = 0. (55)
0

Since div,u; =0, we get
t
/ (lur(s) - Ve VN ()]s, [V (5)15)ds
0

t
= / (ps * [ur(s) - Vo VN ()] = up(s) - Vieps # [V ()1, ps * [V (s)1)ds.
0

Let us introduce the commutator rs(s) = ps * [ur (s) - Vy VN(s)] —ur(s) - Vyps * [VN(s)]. Thus,
(55) is a consequence of Friedrichs’ type lemma (see e.g. [66, Vol. 3, p. 9]), namely the following
holds: a.e. s € [0, T']

175l 22 < CI1VuL 6o [V )

L2(T2xR2)’ (56)

limrs (s) =0 in L*(T? x R?), (57)

where C > 0 independent of §. Indeed, let us show (56), note that

rs (s, x,r) = —/ (ur (x,8) —ur (v, 5) - Vaps (x =) VN (s, y,r) dy.
R2
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Y to get

Consider the following change of variables z = a

Vep () VY (s, y,7)dz

up (y+36z,8) —ur (y,s)
rs(s,x,r)=— 5 .
]RZ

1
:—//VML(y+a8z,s)zda~pr(z) VN (s, y,r)dz.
R2 O

Thus |5 (5, %, 7) | < IVur($)lloo fg2 1211Vxp () [IVY (s, y,7) [dz. Since x = y + 8z, we get

Irs 1722 gey < VUL 13 / / ( / 21IVap @) IVY (s, y.7) |dz)*dydr
R2T?2 R2

< ||WL(s>||§o(//</z Vep () VY (s, y,r)dz) dydr
R2T?2 R2

< IVuL )12, / 2P 195 () Pd( / / VY (s, y, r) Pdydr,
R2 R2T?2

< CIVuLO VY )17 2p2r2)»

since supp[p] C B(0, 1) and denoted by C? = fRZ 1z|?|Vip (z) |*dz < +00. Concerning (57),
we have

L*(T? x Rz)—gin})r(;(s) =—-vN() /wL(s)z - Vep(2)dz

2

Indeed, we have

1
//|/fVuL(y+a8z,s)zda~pr(z) VN (s, y,r)dz

R272 R2 0

—VN(s,x,r) /VML(S,X)Z-VXp(Z)dZ Izdxdr

2

1
=//|//VML(y+a81,s)zda~Vx,0(z) yN (s,y,r)dz

R272 R2 0
—/VN(s,x,r)VuL(s,x)z-Vx,o(z)dz|2dxdr
RZ
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|
5///f|VuL(y+a8z,s)z'pr(z)VN(s,y,r)dz

R2T2R2 0
— VN(S, x,r)Vur(s,x)z - Vx,o(z)|2dozdzdxdr

1
s//ff|wL<y+aaz,s)vN<s,y,r)

R2R272 0
— VN (s, y 482, 7)Vur (s, y + 82)|*dadydr|z|*|Vyp(2)*dz

1
<2 f / / f Vur (y + adz, VY (s, y. 1) — VN (s, y. 1)Vu (5. y)Pdadydr|z2|Vsp(2) 2dz
R2R272 0

1
+2////|VN(s,y,r)VML(S,y)

R2R272 O
— VN (s, y +82,1)Vur (s, y + 82)Pdadydr|z|* |V, p(2)|*dz
= 181 + 152
Using the continuity of translations in Lz(Tz) for the function VN Vu;, we get limsup / 52 =0.

§—0
Concerning / 51 , note that

1
1 2 N 2 2 2
/] 52////|VML()’ a8z, 8) = Vur (s DIV (5. y. r) Pdadydr|zPIVep(2)Pdz.
R2R272 0

On the other hand, by mean-value theorem we get

[Vup(y +adz,s) — Vurp (s, y)| <adlzlllurllc2
Thus I} < 52||uL||§,2f/|vN (s,y,r)|2dydrfIzl4|Vx,o(z)|2dz — 0. Finally, since p is

R2 72 R2
smooth density of a probability measure, we get g2 20,0 (z)dz = —8;; and so

/ Vur(s)z - Vyep(z)dz = —divuy =0,
R2

which gives (57). The next step is proving the following

t
lim / ([hn(s) - Vi VY ()]s, [V (5)15)ds = 0. (58)
0
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We recall that Z gkokN = h, and div,h, =0, hence
kekK,

t

/ ([n(s) - Ve VN ()15, [V ()15)ds
0
t

= / (05 % [hn(s) - Va V()] = hy(s) - Vieps % [V ()], ps # [VN (s)])ds.
0

Let us introduce the commutator
By N N
rs(s) = ps * [p(s) - Vi V()] —urp(s) - Vips x [V7 (s)].
(58) is a consequence of the following: a.e. s € [0, T']

oo

prponge, = Clal [ VY ®)

s 59
L2(T2xR2) (59)
lim ri(s) =0in L*(T? x R?), (60)
where C > 0 independent of §. Indeed, similarly to (56), we get
rgl(s’xvr)z_/(hn(xvs) _hﬂ(yvs))'vxp5(x_y)VN(Svysr)dy
R2
thus, we obtain (|| - || denotes the L°°-norm with respect to the x-variable)

73 ()7 2p2m2) < CIVRRO N VY 1172722y

since supp[p] C B(0, 1) and denoted by c?= fRZ 1212V, p (z) |2dz < +00. On the other hand,
note that

1
1Vihnlloo < D 1gklIVoX oo < D TLaE > gkl :=lgl e L*0, 7).
kekK, keK, |k|<n

The proof (60) is analogous to the proof (57) and we omit this detail.
1
Let us prove that lignf<[divr ((VuL(s)r) VN(S))]g, [VN(S)]5>dS =0. Since div,(Vup(s)r) =0,
0

we get

1
/([div,((VuL(s)r)VN(S))]a, [V (s)s)ds
0
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t
= f (divy (o5 * ((Vur )NV (9))) = divy (Vur ()r)os * VY (9)), ps + VV (5))ds
0

t

=— / (ps % (Vur)NVN(s)) — (Vur(s)r)ps * VN (s), ps x V, VY (s))ds.
0

On the other hand, note that

(05 % (VurL (VN (s, x,r) = (Vur (s, x)r)(ps * VV) (s, x,7)
= /[WL(x —y.8) = Vur(x, )Dlrps(MV (s, x =y, r)dy.
R2
By mean-value theorem we get |Vuy(x —y,s) — Vuyr (x,s)| < |y|llurlc2 and
(05 * (Vur ) VN)) (s, x,r) = (Vup (s, x)r) (ps x V) (s, x,7)]|
< llurlle2 / I Irlos DIV (s, x — y, r)ldy < 8llurlc2 / psIrFIVN (s, x =y, r)ldy,
R2 R2
since supp[p] C B(0, 1). Therefore, we get

t

f (05 % (Vur )NV () = (Vur()r)ps x VY (s), ps %V, VN () lds
0

t

ssnuanzf||fpa(y>|r||vN(s,x—y,r>|dy||||pa*vrvN(s)nds
0 R2?

t
sanunczf||p5*|r||VN<s)||||||pa*vrvN<s)||ds
0

t
< 8||uL||cz/ IV alIV VY (s)llds — 0as § — 0.
0

t
Concerning the term / ([divy (v VN ()15, [VN (5)15)ds. We recall that Z s (Valr) = y,.
0

kekK,
Since div, (y,) =0, we have

t

t
f ([div, (ya VY ()15, [V (5)1s)ds = f ([div, (32 VY ()15 — div, (v VY (9)]15), [VY (5)]5)dss
0 0
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t
= / (div, ps % (va VN () — divy (yups * VY (5)), ps * VN (s))dss
0

t

=— / (05 % Ya VN (5)) — yups % VN (), ps V. VN (5))ds.
0

On the other hand, note that
()05 * (YnVN))(S: X, r) - )’n(PS * VN)(st X, r)

= /[yn(x —3,8) = Y (x, )]s MV (s, x — y, r)dy.
R2

By mean-value theorem we get

yn@ = y.8) =y =1 Y (s (Vo r(x —y.5) — g (Vo r)(x. 5))|
kekK,

2 _N : 2 _N
< > 1&lIlD?*6 llsolylIr] < [¥lIrlligll since [ D20 [l < 1,
kekK,

and
(08 * (Vur (Or) V) (s, x,7) = (Vur (s, x)r) (s * VV) (s, x, 1)

5IIgII/IyllrIpa(y)lVN(s,x—y,r)ldy§5|Ig||/pa(y)|rIIVN(s,x—y,r)ldy,
R2 R2

since supp[p] C B(0, 1). Therefore, we get

t
f (03 % (Vur () VY () = (Vug (5)r)ps # VYV (5), ps %V, VY ()]s
0
t
55/||g||||,05*|V||VN(S)||||||,05*VrVN(S)HdS
0

t
< 8/ IgllVY ) IV, VY (s)llds — 0as § — 0.
0

Now, notice that [div, (V" (s))15 = div, (r[V" (s)]5). Hence

t

t t
1 1 1
; / (v (¥ ) IV 95 = / IV ©ls1ds < 5 f VN ()]Pds.
0 0

0
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Next, we have (0 2[A, VN ()]s, [VN (9)]5) = (02 A LVN ()15, [VV (9)]s) == IV [V ()]s 1%,
thus

t

f (@A VY ()15, [V (5)]5)ds
0

t t
- / IV, VY ()]s 12ds — o> / 1V, VY (5)[ds as § — 0,
0 0

since V,VV € L2(0,T: H). We have ([A,VYN(s)ls.[VN(9)]s) = (A[VN ()]s, [VV($)]s)
which gives

t t

/ an ([A VN ()15, [VY (5)]s)ds = — / anlIV. VY (5)15]1°ds < 0.
0 0

Concerning the last term, first we prove the following

t

/ (Wdive Y- (Vo r) @ (Vo n) Vv @)ls, [VY (9)1s)ds

0 keK

t
+Z/ IV r).V, VN ($)1511°ds =0
kekK |

Indeed, we have

t

/ (ldiv, Y ((W,ﬁv " ® (Vo r)) VoV ()15, [V ()15)ds

0 keK

t
+ Y VoY ).V, VN ()]s 7ds
keK |

t
=-> / (Vo (Ve r) -V, VN ()]s, VIV (5)]5)ds

keK 0

t
+ Y [0 D7, s Pas

keK 0

t
=-> f (Vo (Vo r) - V. VY ()]s = (Vo (Vo' r) - V, VY ()]s, ViV (9)]5)ds
kek |
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t
-3 / (Vo' PV r) -V, VY ()15, VIV (5)]5)ds

keK 0

t
+> / ((Val'r). v, VY ()15, (Vo r).V, VN (5)]s)ds
keK 0

t
=—Y / (Vo' r) (Ve r) - V. VN ()]s — (Vo (Ve r) -V, VY ()]s, VoIV (5)]5)ds
keK 0

t
-y / (Vo r) - Vi VN ()]s, (Vo ' r) - ViV ()]s = (Vo' r).V, VY (9)]5))ds

keK 0
=Ji + Ji.
. 1 N N K k* 8
Let us prove that limsup | J5 | = 0. Recall that (Vo' r) has the form lel |k m . rmh(k - x)° for
§—0

any k € Z%. Thus, |VokNr| < 9‘% |k||r|. On the other hand, we have

t

IED 3 NGB R A
keK 0

— (Vo' (Vo' r) -V, VY ()]s, V[V ()]5)ds
and
([Vol r(Val'r) -V fN ()]s — (Vo (Vo' r) - v, VN ()]5) (x, r)

=— / (Vo (x)r) — (Vo (x — NIV (x —y)r) -V, VV (s, x — v, 1) ps(3)dy.
R2

By mean-value theorem, we get
(Vo (x)r) — (Vo (x — )n| <O k1> rllyl < 2N kIO, - ]Iy
Therefore
LV r(Vol'r) - V. VY ()]s — (Vo ' 1(Va 1) - v, VN (5)]s) (x, 1))

< /2N|k|0|¥| AFIYNVeY (x = y)r) - Ve VY (s, x = y. ) |ps (3)dy
R2

8 h(-) =cos(-) or h(-) = —sin(-), see (35).
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528N<e|%)2|k|2|r|/|r||vrvN<s,x—y,r)ms(y)dy.
R2

Thus, we get

HI(Vo r (Vo r) -V, VN ()]s — (VaN (Yol r) -V, VY ()]s, V. VY (9)1s)]

=| / / (Vo V(Yo r) -V, VY ()]s — (VN (Vo r) - V, VY ()]s VIV (5)sdxdr |
R2T2
< / / (Vo rY (Vo r) -V, VN ()]s — (Vo (Vo r) -V, VN ()1s11V, [V (5)1s|dxdr
R2T?2
<288 @AE [ 1 [ 1197V 5.x = 3 sy 9,0V 0 s
R2T?2 R2
< 28N @)1k llps # Ir 11V VY 91117 2722

< 28N @D’ KPPV, VY 17 2 g2y r2) < 28N @R KNIV VY ()1

¢

Hence, we deduce |J(;1| <26N Z(9|¥|)2|k|2/ ||V,VN(S)||%1ds — 0 as § — 0. Concerning J2,
keK 0

we recall that

t

1< [ Ve r) -V v )]s, (Vo r) - VeV ()]s = [(Vo r).V, VY ()15)) Ids.
keK 0

On the other hand, we have
(Vo' r) - Vi [VN($)]s — (Vo ).V, VY ()5

.y / (Vo ()r) = (Vo (x = ] VN (5. x — v, s ()d |
R2

< 8lk[*6, / P11V VY (s, x =y, 1)l ps(3)dy,
RZ

consequently, we get
(VN r) - Ve fN ()]s, (Vo r) - Vi VY ()]s — (Vo ).V, VN (5)]5))]

< f / Ve r) -V VN s Vo 1) - VoIV (5)1s — (VoM. 9, VY (5)15) [dxdr
R2T?2
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< SIkI%6p, / / L(Var) -V, VY ()]s / IF1V, VN (s, = v, 1) ps (y)dyldxdr

R2T?2 R2
sa|k|3(e(,¥‘)2//|/|r||vrvN(s,x—y,r)|p,s(y)dy|2dxdr
R2T2 R2
<8lkP @)’ / PV VN (s, x =y, ) ps DY 1722 m2y
]RZ

<8P ORIV VYOI < 28NIKPORD IV VN 9111,
and
[JSI<28N > 6R)* |k|2]E/ IV, VN(s)|13ds — 0as § — 0.
keK

Finally, we get

hm /( d1V, (Valfvr) ® (V(r,fvr)) V, VN ()]s, VN (9)]5)ds
keK

==Y | 1(Va}r).v, VN (s)|*ds <0,
keK 0

where we used V, V¥ ¢ LZ(O, T; H)) and
> / (Vo r).V VN ()Is1Pds =50 Y f 1Yo ).V, VN ()] ds.
keK 0 keK 0

In conclusion, by passing to the limit as § — 0 in (54) and using the above estimates, we get
1 t 1 ;
SV O +0° / IV, VN () %ds < 3 / VN (5)]1%ds. (61)
0
The last inequality (61) and Gronwall lemma ensure that VN =0in L®(0, T; H)-sense and
VVY =01in L%(0, T; H)-sense as well, which ends the proof of uniqueness.
6.3.1. Uniqueness of quasi-regular weak solutions of (12)
We will use Lemma 21 to prove that the solution to (12) in the sense of Definition 5 is unique
(in particular we use the point (4)). First, note that the set of quasi-regular weak solutions forms

a linear subspace of L2(0, T; H), since (12) is a linear equation, and the regularity conditions is
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a linear constraint. Therefore, it is enough to show that a quasi-regular weak solution fV = 0 if
the initial data fy =0.

Let g € G, by using Lemma 21 we proved that E[ fV (t)eg(1)] =01in L*°(0, T; H)-sense.
Our aim is to prove that f N = (. We recall that from Lemma 21: for any ¢ € [0, T'], we have

(ELfN (t)eg ()], ¢) =0, Ve € V and for any g € D.

Now, let G be a random variable, which can be written as a linear combination of finite number
of e4(2), it follows (by linearity)

ELN ()Gl 9)=0,Yp e V.
Next, by density of D in L?($2, G), the last equality holds for any G € L*(2, G;), namely
E[(fY (), 9)G1=0,YVp €V, VG e L*(Q,G)).

Since (fN(t), @) is Q_t-adapted, we get (fN(t), ¢) =0, for any ¢ € V. Recall that V is dense
subspace in H, thus, we deduce that ¥ = 0 and the uniqueness holds.

7. Diffusion scaling limit as N — 400
Our aim in this section is to show that the unique solution of stochastic FP equation (12), in

the sense of Definition 5, converges weakly to the unique solution of (13), under the following
scaling of the noise coefficients: 9‘],2" = # if N <|k| <2N and 9@]' = 0 else. First, note that

2 2 2
lim (elf,fl) —0;  lim sup (elf,jl) —0and lim sup |k (9{,1") —0. (62)
N—>+ook€K++ N—>+00 ek N—>+00 ek

7.1. Time regularity and tightness of laws
We begin by showing the following result about regularity in time of (fV)y.
Lemma 22. Let 2 < p < 400, there exists C > 0, independent of N such that

p—2 1
32)'

]E”fN”gn([O’T]’U/) =< CfOV any 0< n< mln(

Proof. Let 0 <h < 1 and ¢t € [0, T — h]. From Definition 5, point (3), the following equality
holds in U’-sense:

t+h

1
PNahy — Yo =— f (@ Vi) = div (Vs = 50 £ 5)Dds
t
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t+h ] t+h
+ [12a, 6 ran s+ 5 [ div @l v s

t t

h

t+
- Z N VoY) + (Vo r) .V N (s)dWEs) =1 + b+ I3 + L.
kekK %

On the one hand, we have P-a.s.

t+h
1
A f ||uL-vfo(s)+divr[(vqur—Br)f”“(s)]nwds
t

t+h
1
§[||ML||oo+||vqu||oo+E]/ LY ()l ds
t

1
<hllluplloo + IVsurlloo + =1 sup [IfN@On,
B te0,1]

since uy, is a smooth function. Concerning />, note that

t+h t+h
Il < / o2 Ar £ (5) +an Ac fN () lprds < (0 +an) / IFY ()l uds
t t

t+h

5(02+1)f 1N ) ads <h(o? +1) sup 1N Ol
tell,
t

t+h
Moreover ||I3]|y < / I div, (AN V, £V (s)l|yrds, we recall that
t

div, (AR V, Y () g7 = Sup [(div, (AY VN (), )]
U=
but (div, (AY V, fV), ¢) = (div, (AY V. V), ¢) = (f¥, div, (AY V,¢)), therefore
t+h t+h

2
[ v a¥ v ¥ s = 3P (o) [ 15V 6)uds
t t

keK

2
<h sup 1N Y k> (6F) -
>k (9)

keK
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Concerning the stochastic integral I4, let ¢ € U and note that

t+h

> [ (0 Ve N () + (Vo 1)V N (s), p)d W (s)

kekK %

t+h
=> / (o) Ve fN () + (Vo r).V, [V (5), p)dWH(s5)
keK %

t+h

=3 [V T+ (Vo) T 9w ).
keK %

We recall

h

t+
1Y " ] @) Ve fNs) + (Vo 1)V N ()dWEs) o
keK %

t+h

= sup [ Y [ (V). 00 Vep+ (Vo r).V,$)dWH ().
Iolo=1 g 4

Let ¢ € U such that ||¢||y <1 and 1 < p < +o00. Burkholder-Davis-Gundy inequality ensures

t+h
ElY f SN ), 00 Vi + (Vo' r).V,¢)d W (5)|?
keK %
t+h
<BL[ Y (600" Vo + (Vo' r). 5, 51
t kekK
5 t+h
<[ (kP +1D) (9@”,) 1PE[ f (fN (), Vo + Ir|IVrp)ds]??
keK t
t+h t+h

< CiE[ / I £ I N9lI7ds1P/? < CLE[ f I £ I NlI3ds1P/?
t t
t+h

< 1Bl / 1Y () P12,
t

2
where C1:=[D ;cx (kI>+1) (9@]) 1P/2. Thus, we obtain
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t+h t+h

NS / @ Vo £V (5) + (Vo ).V, (N ()dWH ) IE, < CIE[ / 1/ (5)Pds1P/?
t

keK %

<Cih?*E sup |IfN(@I”.
q€l0,T]

(63)

Recall the definition of W*?(0, T; U’), the Sobolev space of all u € L”(0, T; U’) such that

@ —u))?
// ! i ,ddr<+oo,
0 0

|l+sp

endowed with the norm

T T p
lu() —u()| Nu@® —ully,
”””WVP(OTU) ”M”LP(OTU/ + t_r|1+yp r.
00

Now, denote by I (fV)(-) = Z N VoY) + (Vo r).V, £V (s)dWEs).
keK 0

Thanks to (45) and Burkholder-Davis-Gundy inequality, one has

E”I(fN)”Lp(O r.wy <M, M > 0independent of m and N.

Concerning the second part, note that

dtdr

t_r|l+sp t—r|]+51’

E/T/T 11N © = 1GHOI, dr:/TfTIEnI(fN)(z)—I(for)nU,
0 0 0 0

—r|P/?
<CiE SUP ||f (Q)”p//V |1+spdtdr

L]E

<CiE sup ||fN<q>||Pf/|t—r|f’<%f~‘)*‘drdr
0

q€l0,T]

=C,

if p(% — ) > 0, which holds for any s €]0, %[.

-2
Let p>2,then0<sp—1< pT Denote by C"([0, T, U’) the space of n-Holder contin-

uous functions with values in U’ and we recall that (see e.g. [67])

61



F. Flandoli and Y. Tahraoui Journal of Differential Equations 452 (2026) 113789
WSP0,T;U') < C'([0,T],U") if 0<n<sp— L.
1
Let us take s € [0, 5[ such that sp > 1. For n € |0, sp — 1], it follows from the previous estimates
EIY [ @ VN ) + (Vo r). Y N )dWE e o 7.0 < € +M.
keK 0

Thus E|| 7 (fN) ”gn([o,T],U’) < C + M. Consequently, we obtain

p—2 1
72)3

E”fN”g’l([(),TJ,U’) < C + M for any 0 < 1 < min(

which gives that (fN)N is bounded in L? (2, C"([0, T1,U")), n €]0, min(pT_z, %)[ with2 < p <
+00.

As a consequence of Lemma 15, Lemma 16, Lemma 22 and the lower semi-continuity of the
weak convergence, we obtain

Proposition 23. Let p > 2, there exists K > 0 such that the unique solution (f™)y to (12) is
bounded by K in

p—2 1

LP(Q,L%®0,T; H)) NLP(Q,C"([0,T],U")), 0<n < min( , E).

Moreover, (V, fN)y is bounded in L*(2, L>(0, T; H)).

7.1.1. Tightness of laws
Denote by  ¢v the law of N, ww the law of W := (Wk)kGZ% and their joint law pp defined

on C([0,T],U") x C([0, T1; Ho).
Lemma 24. The set {/LfN; N € N} is tight on C([0,T1,U").

Proof. First, we have H <> U’,since U <> H. Let A be a subset C([0, T']; U’). Fol-

compact compact
lowing [68, Thm. 3] (the case p = 00), A is relatively compact in C ([0, T']; U’) if the following
conditions hold.

1. Aisbounded in L*°(0,T; H).
2. Leth >0, fC+h)— fOllLeo©,7—hvy — 0 as h — 0 uniformly for f € A.

The following embedding is compact

p—2 1

Z:=L>*0,T; H)NC"([0,T],U") = C(0,T1,U’), 0 < n < min( , 5).
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Indeed, let A be a bounded set of Z. First, note that (1) is satisfied by assumptions. Concerning
the second condition, let 7 > 0 and f € A, by using that f € C"([0, T], U’) we infer

IfC+h)— fOllLeor—nuy = (S)UP , Ifr+h) — f)lly <Ch"— 0, ash — 0,
rel0,7—h]

where C > 0 is independent of f. Let R > 0 and set Bz(0, R) :={v € Z | ||v|lz < R}. Then
Bz(0, R) is a compact subset of C([0, T'], U’), by using Proposition 23 the following holds

wpn (Bz(0, R)) =1 — ppn (Bz(0, R =1- / 1dP

{oe | fNlz>R}

1 NP
S / T2

{weu | fNlz>R)

1 Nup K?
Zl—ﬁEllf ”Z_l_ﬁ’ forany R >0, andany N € N.
Therefore, for any § > 0 we can find Rs > 0 such that

w v (Bz(0, Rs)) > 1 -4, forall N € N.
Thus the family of laws {/,LfN; N e N} is tight on C([0, T], U’).

Notice that the family of Brownian motions W := (W) kez2 can be seen as cylindrical Wiener
process defined on the filtered probability space (€2, F, P; (F;);) with values in appropriate
separable Hilbert space Hy, more precisely WX = Wey, k € Z(z), where (ek)kezg is complete
orthonormal system in a separable Hilbert space H and recall that the sample paths of W take
values in a larger Hilbert space Hy such that H < Hj defines a Hilbert—Schmidt embedding.
Hence, P-a.s. the trajectories of W belong to the space C ([0, T'], Hp), see e.g. [69, Chapter 4].
By taking into account that the law pw is a Radon measure on C([0, T]; Hp), we obtain

Lemma 25. The set {uw} is tight on C ([0, T1; Ho).
7.1.2. Prokhorov and Skorokhod’s representation’s theorem

Thanks to Lemma 24 and Lemma 25, by Skorokhod’s representation’s theorem (see e.g. [70,
Thm. 1.10.4, p. 59]), by passing to the limit up to subsequences (denoted by the same way),

we can find a new probability space, denoted by the same way “for simplicity” (2, 7, P) and
processes

~ - = —k
(7Y, W =¥y, ). (F W= (W hezp).
such that:
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@ L (fN, wh = {WN’k}k€Z%> —-r (fN, W= {Wk}kez(z))9 on C([0, T],U") x C([0, T],
Hy).
(b) the following convergences hold

fN—TF inCqo,TLU) P-as. (64)
WY =W inC(0,T]; Hy) P —a.s. (65)

On the other hand, thanks to Proposition 23, L(f M (X) =1 where X — C([0,T],U’), with

cont.
X={g: geL™O,T;H)NC"(0,T1,U"); V,g € L*©0,T; H)}.
By using the point (a) above, one gets LNYX) =1 and (fN, WV) satisfies the point (3) of
Definition 5. Moreover, (f)y satisfies the estimates of Proposition 23 in the new probability
space. Thus, we have the following result.

Lemma 26. There exists f € L*(2; L>([0, T1; H)), V, f € L>(S; L*([0, T1; H)) such that

fN = F in LXQ; L*([0, T1; H)),
V, [N =V, [ in LX(Q; LX([0, T]; H)).
Moreover, f € LY _(S:; L®([0, T1; H)) and fN —* f in L2 __ (2 L([0, T]; H)).
Proof. By using Proposition 23, diagonal extraction argument and Banach-Alaoglu theo-
rem in the spaces L?(; L*([0, T]; H)) and Lﬁ)_*(Q; L*([0, T]; H)), there exist f,V,f €
L2(Q; L*([0, T]; H)) such that

N —TFin L*(Q: L*(0, T); H)), (66)
V, fN = V. f in L*(Q; L*([0, T]; H)). (67)

Moreover, ? € szf*(Q; L®([0,T]; H))) and the following convergence holds
N = Fin L3 (25 Lo([0, T1; H)), (68)

since (f)y is bounded in L?(2; L%®([0, T1; H)) and L2_,(2; L=([0, T1; H)) ~ (L*(;
L'([0,T1; H'))) .

7.2. Passage to the limit as N — 400

In the following, we will establish some lemmas to pass to the limit as N — +oo. For that,
consider ¢ € C®(T?), ¥ € C*(R?),"" and A € F.

9 Given a random variable & with values in space E, its law L£(&)(I") = P(¢ € I') for any Borel subset I of E.
10° Note that ¢ ® ¥ € V, thus it is an appropriate test function in Definition 5, point (3).
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Lemma 27. Let t €]0, T'[, the following convergence holds:

t
1i}1vnaN//ffvfo(x,r,s)-vxqs(x)w(r)drdxdsdpzo.
A 0 T2R2

Proof. Thanks to Fubini’s theorem and by using integration by part with respect to x, we get

t
|aN////foN(x,r,S)~Vx¢(x)¢(r)drdxdsdP|

A 0 T2R2

t
=|aN////fN(x,r,s)Ax¢(x)w(r)dxdrdsdP|.

A 0 R2T2

<Cay ||fN I 22@x10,71;22(T2xR2)) 1 AxPlloo |V [l o

where C is a constant depends only on the measure of supp(y), T and the volume of T?2. We
recall from (11) that liAr/n oy = 0 and the result follows.

Lemma 28. Let t €]0, T[, we have

t
11]{111—%////(2 ((Va,ﬁr)@(w,gvr)) Y, PN (x,r, s)) - Vo (r) (x)drdxdsd P

A 0 T2R2 keK

'
:—%////A(r)vrf(x,r,s))~V,w(r)¢(x)drdxdsdP.

A 0 T2R2

Proof. By using Lemma 3, we get

t
‘% f / / / <Z(<fokNr>®<chﬁr>) V, N, 7, 9) - Vour (r)g (x)drdxdsd P

A 0 T2R2 kek

t
=—%////A(r)vrfw(x,r,s))-V,l/f(r)qb(x)drdxdsdP—i-RN, (69)

A 0 T2R2

where Ry satisfies

IRy| <

zla

T
////W(r)an(x,r,sn-|D%w(r)¢(x>|||drdxdsdP
A 0 T2R2
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= —Ilf 210,71 1 17 ¥ oo | Blloc — 0 as N — +o00.
Now, by passing to the limit in (69) and using Lemma 26, the conclusion follows.
Concerning the stochastic integral part, we have the following result.

Lemma 29. Let t €]0, T, the following convergence holds

hm|IE/Z//f (5. 1.) (o Ve W () + (Vo ).V, p (D (x) ) drdxd W (5)14]
0 kGKTzRZ
=0,

Proof. Let A € F, ¢ € C*®(T?) and ¢ € C°(R?), by using It6 isometry we get

/Z//f’v(x,r,s) (UkN.quﬁ(x)lp(r)+(VUkNr).Vr¢(r)¢(x)> drdxdWN* ()1,
kEK’]I‘Z]RZ
- 2

t
:E/Z //1AfN(x,r,s) (o Vad W ) + (Vo ).V, 4 ()p () ) dxdr | ds

0 keK [R2 T2

2/2

keK

//(1Af’v(x,r, VbW () - o

| R2 T2

2

+ (lAfN(x,r,s)er(r)¢(x)> . (Vcrlﬁvr)dxdr ds

2

//(1AJ7N(X,V’S)VX¢(X)W(V))-Glfvdxdr ds

0 k€K R2 T2

2
+2Ef // lAfN(x,r,s)Vrtﬁ(r)(p(x))~(Valfvr)dxdr ds:=2(IN + 1}V).
0 keK |pao
By using the definition of o, we get
2
1Y =1E/Z //(qu(x r.)Vad ()Y () -0 dxdr | ds

keK R2 T2
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2
J_

:]E/ Z(9|]1¥|)2 //(1Af (x, 7, )V ()Y (r)) - —cosk xdxdr | ds

0 keKi |[R2 T2 o
— 2
~ Kkt
+]Ef Z (Qlkl)2 //(lAfN(x,r,s)Vx(ﬁ(x)l//(r)) . msink-xdxdr ds.

keK_ [R2 T2

1L €L

k
By using that (m cosk - x, |k| — sink - X)rek 1s an (incomplete) orthonormal system in L(T?;

R2), we obtain by using (62)

t
11 = sup@}E [ [ [ (P rs)viowPdxdrds
keK

0 R2T2

T
< IVepy % sup @) 2R / [ [ PN, r, s dxdrds
keK 0 R272

< KIVxpy |13 sup 0> — 0 as N — +-00.
keK
Concerning IV, we have

2

L' = /Z // 1AfN(x r,$)Vr w(r)aﬁ(x)) (Vo r)dxdr | ds

keK R2 T2

1

=JE/ > ORIk //“%-r(1AfN(x,r,s)Vr¢(r)¢(x))-k—sink-xdxdr ds

|k|
0 keKi R2 T2

]E/l NCORIIE /[i.r(l N, r, 8V W(r)q)(x))-ﬁcosk-xdxdr ds
|| k| A > r :

|k|
0 keK- [R2 T2

Thus, by using the same argument as above we obtain

T
11 = supt @) PIE [ [ [ 1 (7 eery9w 00 w) drdras
kekK

0 R2T?2

< :up[(e,mkﬁ]||vrw¢||§o||fN||22(QX[0 = 0as N — +o0.
ek M
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Lemma 30. For any t €]0, T[, the following convergence holds (up to a subsequence)

li]\r/n[//fN(x,r,t)¢(x)1/f(r)drdde:/ff?(x,r,t)¢(x)1ﬁ(r)drdde.

A T2R2 A T2R2

Proof. From (64), fN — F inC([0,T];U’) P-as. Since (fV)y is bounded in L2 (S

w—%
L*°([0, T]; H)), Vitali’s convergence theorem ensures the convergence of f N to 7 in LY(Q;
C([0,T]; U").

7.2.1. Proof of Theorem 9

Let ¢ € C®(T?) and ¢ € C°(R?), Let ¢ €]0, T] and A € F. From Definition 5, point (3)
and by multiplying by /4 and integrating over Q2 x [0, #], we derive

/ / / N pwdrdxdP — / / / foprdrdxd P

A T2R2 A T2R2

'
_//Z//ffv(s) (akN.Vx¢>l/f+(Vcrkjvr).vrl//qs)drdxdWN,k(s)dP
A

0 keKTZ R2

:////fN(s) (ML(S)-qu&W—i—(VuL(s)r—%r).vrw(P)drdxdsdP

A 0 T2R2
p t
_‘72////Vrf~N(S)-Vrl/fzi)drdxdsdP—aN////VXfN(S).vxd,wdrdxdsdp
A 0 T2R2 AR
t
- %////(Z ((Vglgvr)(g)(vaé\/r)) V. N (5)) - Vo pdrdxdsd P
0 T2R2 keK

A
=N+ + 0+ Iy

We pass to the limit as N — 400 in the RHS of the last equation. By using Lemma 26, one has

T
h]\r/n/ / / / fNN(s) <uL(s) Vi + (Vurp(s)r — %r) . er/n/;) drdxdsd P

A 0 T2R2

T
:////T(S) <ML(S)'VX¢w+(VuL(S)r_%”)'Vrl/ftﬁ)drdxdsdP.

A 0 T2R2
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Additionally, we have

T

T
lim / / / / V, fN(s) - Vo pdrdxdsd P = / / / V, f(s)- VY odrdxdsdP.
A 0

A 0 T2R? T2 R2

From Lemma 27 and Lemma 28, we get

T
li}{,n(J3N —|—J‘fv)=—% / / / / APV, f(s)) - Voypdrdxdsd P.

A 0 T2R2
Finally, we use Lemma 29 and Lemma 30 to pass to the limit in LHS to complete the proof.
7.3. Uniqueness of the limit problem (13)
Let us conclude this section by showing that the limit equation (13) has at most one solution.
Lemma 31. The solution f to (13) is unique.

Proof. Let f, and f, be two solutions to (13) and denote by f be their difference. Then P-a.s
for any 7 €]0, T] and ¢ € Y, we have

t

— — 1
(f (@), ¢)— /(f(S), up(s) - Ve + (Vup(s)r — Er) -Vro)ds (70)
0

1 t

—— / o2V, F(5), Vr)ds — % [ (A, £V (5)), V,)ds.

0 0

Since the above equation is in weak form, we need first to consider an appropriate regularization
to get an equation for || £(¢)||? for any ¢ € [0, T]. We use analogous argument to “Step 1” in the
proof of Lemma 21 to obtain

t

1 — — 1 — —
3 IEF @ s11* + f([uL(S) Vi f($)]s + [div,(Vur (s)r — Er)f(S)]a, Lf®]s)ds — (T1)
0

t

t
— _ 1 — —
=/(02[Arf(3)]5,[f(S)]a>dS+ 5/([dinA(r)Vrf(S))]s, Lf(s)]s)ds.
0

0

Notice that [div, A(F)V, £ ()]s, [f(s)]s) = (div, A(F) V[ £ ()]s, [ £ (s)]5) hence
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t

1 _ _
5 / (Ldiv, AV, Fs)s. [F()s)ds

0

t t
3k — =z
-2 / 1 IV, L7 ()15 2 + kr / Ir - Vo F (sl 2ds
0 0

kr

<
-2

o

1
_ k _
ILF 1V, ()]s 1Pds — —TT/IIIFIVrf(S)IIZdS as § — 0.
0

Next, arguments similar to that used in “Step 2” of the proof of Lemma 21 allow to pass to the
limit as § — 0 in (71) and we get

t t t
1 — — k — 1 _
5||f<r)||2+ozf||vrf<s>||2ds+§/|||r|vrf<s>||2dssEfnf(s)nzds. (72)
0 0 0

The last inequality (72) and Gronwall lemma completes the proof of Lemma 31.

Remark 32. Another way to prove that uniqueness to (13) holds is to notice that (15) has (13) as
FP equation associated. We have uniqueness in law of weak solutions of the SDE (15) due to the
properties of Q(r). The latter ensures uniqueness of solutions of (13) due to [71, Thm. 2.5].

7.4. About the 3D case

It is worth drawing the reader’s attention to the fact that with cosmetic changes to what was
made above, it is possible to prove a similar result in a three-dimensional setting. However, we
preferred to present the result in 2D because we could present the stochastic turbulent velocity
explicitly, see subsubsection 2.0.2. The main difference between 2D and 3D will be in the form of
the stochastic turbulent velocity. In 3D, we can formulate the result using Fourier decomposition.
Let us give an example of noise where we get a similar result in 3D.

We introduce the partition ZS =T3, UT3_!" such that I'; y = —T'3_ and we consider

. . . . i keZ?
a family of real valued independent Brownian motions (B,k " ),E 0 j € {1,2} defined on the
complete filtered probability space (2, F, (F;);, P), that is IE(B,k’lBé’m) = min(Z, §)8k,18j,m.
Then, we introduce a sequence of complex-valued Brownian motions adapted to (F;); defined
as follows
v |BY +iB* ifkers,
Wi = B—k,j .ok
¢ —1iB, ifkels _.

Note that W:k’j = Wtk’] 12 and satisfies

173 =73 - {(0,0,0)}.
12 Fora complex number z, Z denotes its complex conjugate.
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EwhT wim = |2 Tk=lm=] [whd whn] = 2 k=l m=
0 otherwise; t 0 otherwise .
Let N € N*, define 915\”]. = WLS/ZI{NS‘HSNV}’ for a positive constant a. Then, for each k €

ik-x

ZS, Jj € {1,2} we denote by o*,ﬁvj(x) = Q,yjak,je , where {%,ak’l,ak,z} is an orthonormal

system of R for k € I'3 4 and ag,j=a—y, jifkel'; _. Set

WVex= > ola e W@, (73)
keZ3,je(1,2)

Thanks to the assumptions on 9,?’ k) and Wk-J , we can prove that WY is a real, mean-zero and

divergence free random distribution. Moreover, WV, ) e LEQ, L2(T3, R3)), see [10, Sect.
2.2.]. On the other hand, it is not difficult to check that the covariance operator associated with
W is space-homogeneous and has a mirror symmetry property. Now, by considering u" =
ur + 08, W instead of (8) and then replace in (9) we obtain a stochastic FP in 3D similar to
(12). Then, by cosmetic changes to what has been done above and noticing that

S (r - k)? k® k 1
> ((vo,yjr)@a(vcgjr)): > r (1— >=M(r)+0(N)P(r),

|k |k|?
keZ},je{1,2) keZ}
N<|k|<2N N<|k|<2N

where M(r) = % (2|r|21 —r® r). We can prove that the initial stochastic FP (12) in 3D
converges to a limit PDE as (14) where the matrix A(r) is replaced by M (r).
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