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ABSTRACT. This paper deals with quantitative spectral stability for operators with compact
resolvent acting on L2(X,m), where (X, m) is a measure space. Under fairly general assump-
tions, we provide a characterization of the dominant term of the asymptotic expansion of the
eigenvalue variation in this abstract setting. Many of the results about quantitative spectral
stability available in the literature can be recovered by our analysis. Furthermore, we illustrate
our result with several applications, e.g. quantitative spectral stability for a Neumann limit of
a Robin problem, conformal transformations of Riemannian metrics, Dirichlet forms under the
removal of sets of small capacity, and for families of Fourier-multipliers.
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1. INTRODUCTION

Let us consider the Hilbert space L?(X,m), where (X, m) is a measure space endowed with a
positive measure m. Given {(Yz, mg)}ae[oﬁl] a family of measure spaces, where Y, C X and m.
are positive measures over Yz, let {H.}.c[,1] be a family of non-negative, self-adjoint operators

H. : D[Hs] - LZ(YVE;me) — LQ(YYE,mE)a

so that m. is absolutely continuous with respect to m and (Yy, mg) = (X, m). Moreover, we
suppose that the spectrum o(H.) of H, is discrete for any e € [0, 1] and we denote it by o(H.) =
{An,eInen, where we are repeating each eigenvalues according to its multiplicity.

The present paper is aimed to the study of the asymptotic of the eigenvalue’s variation A, . —An 0
as ¢ — 07 for simple eigenvalues, under suitable assumptions on the family {H:}eco,1)- In
particular we are interested in a quantitative result, that is, in how the eigenvalues A, . converge
to Ao ase — 0F.

There is a vast literature about quantitative spectral stability for compact operators, with
many examples in the field of elliptic PDEs on the Euclidean space or on Riemannian manifolds,
in particular under smooth and nonsmooth deformation of the domain, see for example the classical
paper [35]. We also refer to [25] for an overview.

A very classic problem is quantitative spectral stability for elliptic operators under some geo-
metrical perturbation on the domain, for example, removing a small set and imposing Dirichlet
boundary condition on the removed set.

In the seminal paper [34], the variation of the eigenvalues of the Laplace operator acting on
an Euclidean domain D, and perturbed by removing small balls, is characterized explicitly by the
means of Green functions. For generic holes concentrating in a compact set K, the eigenvalue’s
variation is characterized in terms of weighted capacity of the removed sets in [17]. In dimension
2, a precise first order asymptotic expansion of the eigenvalue’s variation for similar problems is
obtained in [1] and in [3]. In particular, in this latter work the authors provided an expansion
in series of the weighted capacity of a scaling hole e K. In an arbitrary dimension N, for scaling
holes K, it is possible to explicitly estimate the vanishing order, see [17]. In the general setting
of Riemannian manifolds we refer to [12] for a precise description of the eigenvalue’s variation in
terms of the capacity of the removed sets and for a more detailed overview of the literature for
the Dirichlet Laplacian on manifolds.
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For the fractional Laplacian operator in a bounded domain of RY, a similar characterization of
the eigenvalue’s variation in terms of a weighted fractional capacity was proved in [2]. Furthermore,
in the same paper, the authors managed to compute the eigenvalue’s variation in the case of a
sequence of shrinking holes of the form K, where K is a compact subset. Such computation is
sharp in the case of set of positive N-dimension Lebesgue measure.

For the ground state of a generic Dirichlet form (€, F) in a measure space (X, m), under the
removal of sets of small capacity, the eigenvalue’s variation is expanded at the second order in [32],
under suitable assumption on the resolvent and semigroup associated to £.

For the polyharmonic operator (—A)™ acting on a bounded Euclidean domain, the eigenvalue’s
variation is computed in [22] in terms of a suitable notion of weighted capacity. If the removed sets
are given by €K for some compact set K, a more precise description of the eigenvalue’s variation,
with explicit estimates on its vanishing order, is also provided in the aforementioned work.

The Neumann Laplacian operator in a bounded domain 2 C RY, where Neumann conditions
are imposed on the boundary of the removed set, was studied for example in [29, 16]. In [29]
removing a set of size ¢, the author expresses the eigenvalue of the perturbed problem as an
analytic function in two variables composed with the perturbing parameter ¢ and dyelog(e),
where dy = 1 if N is odd and 0 if IV is even. In [16] the eigenvalue’s variation is characterized by
the weighted torsion of the removed set. Furthermore, for holes of the form zy 4+ ¢K for some
xg € Q and compact K C €, the eigenvalue’s variation can be computed more explicitly. It is
worth noticing that its vanishing order strongly depends on the point xy. A completely explicit
expression of the eigenvalue’s variation is obtained for spherical holes. We also mention that the
study of the convergence in Hausdorff distance of the spectrum for generics holes in R? was studied
in [5].

A different case of geometric perturbation was considered in [21], for the Euclidean Dirichlet
Laplacian. More precisely the authors attached a small cylindrical tube to the unperturbed domain
Q and let the section of the cylinder shrinks. The vanishing order of the eigenvalue’s variation is
computed with monotonicity formula’s techniques.

The case where mixed Dirichlet and Neumann boundary condition are imposed on the boundary
of a bounded domain @ C RY for the Laplacian operator were considered in [17, 18]. More
precisely, if the Dirichlet region vanishes, then the eigenvalue’s variation can be quantified in
terms of a weighted capacity of a disappearing set. With techniques based on a combination min-
max estimates and a monotonicity formula, the case of a vanishing Neumann region was studied
in [18].

Finally, we mention that, for Aharonov-Bohm operators with an arbitrary numbers of moving
poles, the eigenvalue’s variation was recently studied in [19] and [20]. In this case, the quantity
that characterizes the eigenvalue’s variation may be seen as an intermediate notion between a
weighted torsion and a weighted capacity. There is a vast literature about quantitative spectral
stability for Aharonov-Bohm operators, see [19] for a detailed overview.

In the present paper, we focus on simple eigenvalues providing an abstract viewpoint that
unifies some of the aforementioned results in a general setting. In particular we are referring to
[19, Theorem 5.2], [20, Theorem 5.3], [16, Theorem 2.3] and, see Subsection 4.3 for details, to [17,
Theorem 2.5], [2, Theorem 1.5] and [22, Thoerem 1.2]. Furthermore Theorem 3.1 generalizes [32,
Theorem 3.6] to the case of simple eigenvalues and removes several assumptions, see Subsection
4.3. The case of multiple eigenvalues is object of current investigation, see [7].

Our main result, see Theorem 3.1, characterizes the eigenvalue’s variation as

Ao st ¢n,0Vn,6 dm. + O (”Vn,EHQL?(YE,mE))
fys |¢n,0|2 dm, + O(||Vn,6||L2(Y57mE))

where ¢,, ¢ is a normalized eigenfunction of the operator H associated to the simple eigenvalue
Ano and V., is the unique minimizer of an energy functional J., which depends on ¢, g, see
(2.8), and we also obtain the convergence of the associated eigenfunctions in a suitable sense. We
also presents several applications of Theorem 3.1.

Ane— Ano = as e — 0,
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Some different and more classical methods to study eigenvalues variations are available in the
literature, as perturbation theory of families of analytic forms in the sense of Kato, see [28], and
the min-max characterization of eigenvalues. Our approach, however, allows us to deal with more
singular type of perturbations than Kato’s theory and to characterize the eigenvalues variation as
a leading term with a reminder, while the min-max approach often yields only estimates. Finally,
we mention that the function 9. := ¢g|y, — V= can be interpreted as a quasimod (see for example
[11, Chapter 20]) for the eigenfunction ¢, see the proof of Theorem 3.1.

The paper is organized as follows. In Section 2 we provide some abstract preliminaries results
and present the assumptions needed to prove Theorem 3.1. In Section 3 we prove Theorem 3.1
and discuss several results usefull to ensure the validity of its assumption, focusing on qualitative
spectral stability in Subsection 3.3. Finally, in Section 4, as applications of Theorem 3.1, we study
quantitative spectral stability for a Neumann limit of a Robin problem, conformal transformations
of Riemannian metrics, Dirichlet forms under the removal of sets of small capacity, and for families
of Fourier-multipliers.

2. PRELIMINARIES AND ASSUMPTIONS

Throughout the paper, for any measure space (X, m) we will denote with (-, -) 2 (x m) the scalar
product in L?(X,m). Furthermore we denote the resolvent and the spectrum of an operator H
respectively by p(H) and o(H), while we will use D[H] for its domain. We also recall that a
symmetric, non-negative form (€, F) on L?*(X,m) is closed if its domain F is complete with
respect to the norm induced by the scalar product

E1:=E4 ()2 (x,m)- (2.1)
To any non-negative, self-adjoint and densely defined operator
H:D[H] C L*(X,m) — L*(X,m),
it is possible to associate a unique symmetric bilinear form (&, F) given by
E(u,v) == (VHu, \/ﬁv)Lz(x’m) for any u,v € F, (2.2)

where F := D[V/H|. Moreover, the form (£, F) is closed. On the other hand, any non-negative
densely defined, closed symmetric form admits a unique operator H such that (2.2) holds; see for
example [24, Theorem 1.3.1].

2.1. Preliminaries. In this subsection we present some abstract results that will be used through-
out the paper. For the sake of completeness we also provide a short proof of each result.

Proposition 2.1. Let (€, F) be a symmetric, non-negative, densely defined and closed form on
L?(X,m) and let H be the associated densely defined, non-negative and self-adjoint operator.
Suppose X\ :=mino(H) > 0 is an eigenvalue of H and that

H™': L*(X,m) — L*(X,m) is a compact operator.
Then the embedding i : F — L?(X,m) is compact.

Proof. Since H™! is compact, by [36, Theorem 12.30] and the Spectral Theorem for bounded,
self-adjoint operators, H “Zisa compact operator. Let v, — v weakly in F as n — oco. Then for
any w € F

lim (\/ﬁvn,\/ﬁw) = lim &(v,,w) = E(v,w) = (\/ﬁv,\/ﬁw)

n— 00 L2(X,m) n— 00 L2 (X,m) .

Hence vHuv,, — v Hv weakly in L?(X,m) as n — oo and so, by the compactness of H % v, >0
strongly in L?(X,m) as n — oc. O

In the following we will make use of the next (abstract) Poincare’s inequality.
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Proposition 2.2. Let (£, F) be a symmetric, densely defined, non-negative and closed form on
L?(X,m) and let H be the associated densely defined, mon-negative and self-adjoint operator.
Suppose that X := mino(H) > 0 and that H~! is a compact operator. Then

||w||ig(x7m) <A 'E(w,w)  for any w € F. (2.3)

Proof. Let us consider the minimization problem

nf{g(w’w):we}"\{o}}. (2.4)

ol Z xmy
Let us show that there exists a minimizer of (2.4). Let {u, }nen be a minimizing sequence and let
U/n
Up = ——————.

”un”Lz(X,m)
Then also {v, }nen is a minimizing sequence and [|vy[| 2y, = 1. Since € is closed (hence (&1, F)
is Hilbert) and {vy, }, is bounded, up to a subsequence, we can assume that v,, — v weakly in the
norm & = € + (-, ") pa(x ) a8 N — 00 to some v € F.

In particular ||v[|2(x,,) = 1 thanks to Proposition 2.1. By the lower semicontinuity of the
norm &; we have

E1(v,v) < liminf & (vy,, vy)

n— o0
and so
E(v,v) < liminf E(vy, vy,).
n—oo

We conclude that v minimizes (2.4). Hence, v is a solution of the equation

E(v,v
E(v,w) = % (U, W) p2(x,y,) forany we F.
HU”LZ(X,m)
It follows that Mé& is an eigenvalue of H and that v an associated eigenfunction. Hence,
L2(X,m)
A< ”v”‘i& Since H~! is compact it follows that there exists an eigenfunction associated to
L2(X,m)

A, see for example [36, Theorem 12.29]. Evaluating the ratio in (2.4) with such an eigenfunction
we obtain the opposite inequality thus concluding that

inf{g(w’w):we}"\{o}} — A

2
||wHL2(X,m)
which proves (2.3). O

We will use the following regularity result in Subsection 4.4. It is a rather simple and standard
fact in spectral theory, we provide a detailed proof for the sake of completeness.

Proposition 2.3. Let (£, F) be a non-negative, densely defined, symmetric and closed bilinear
form and H the corresponding densely defined, non-negative and self-adjoint operator. Let f €
L?(X,m) and suppose that u € F solves the equation

E(u,v) = (f,v)p2(x,my foranyveF. (2.5)
Then u € D[H| and Hu = f.

Proof. It is not restrictive to suppose that info(H) > 0. Indeed info(H +1Id) > 1, D[H] =
D[H +1d] and if u is a solution to (2.5) and only if u solves

E1(u,v) = (f +w,v)po(x,m foranyveF.

Since info(H) > 0, the operator H~! is well-defined and bounded on L?(X,m). Let us set
@ := H~'f. Clearly 4 € D[H], Hi = f and, by definition of the operator H, @ solves (2.5). It
follows that

Eu—ta,u—a)=0

and so, by Proposition 2.2, u = 4. In conclusion u € D[H] and Hu = f. O
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2.2. Assumptions. Let us consider the Hilbert space L?(X,m), where (X, m) is a measure space
endowed with a positive measure m. Let {(Yz,mc)}ocj0,1) be a family of measure spaces, where
Y. C X and m. are positive measures over Y., so that m. is absolutely continuous with respect
to m and (Yo, mo) = (X,m). Let {(£%, F2)}cejo,1) be a family of non-negative, symmetric forms
defined on their domain F. C L?(Yz, m.).

For any € € [0, 1] let Z. be a linear subspace of F. that is closed with respect to the norm (Efe))%,
where 5{6) is as in (2.1). We are going to consider the eigenvalues of the form £(*) restricted to
the subspace Z.. We need to consider such a restriction to encompass several problems that have
been studied in the literature. For example, this is crucial in [19] and Subsection 4.3.

More precisly, let us define

) . c(e)
£ =8, .

It is clear that £©) is a closed, non-negative defined and symmetric form with domain Z.. If we
define

Zs = ZH‘HLZ(YE,mE)
that is, Z. is the closure of Z. with respect to the norm of L2(YE7 m.) and we endow it with the
norm induced by L?(Yz,m), then clearly £(¢) is densely defined in Z.. Let H. be the associated

non-negative, densely defined and self adjoint operator, see [24, Theorem 1.3.1]. In what follows
we suppose that for any ¢ € [0, 1]

the spectrum of H. is discrete and it consists of a non-decreasing (A1)
diverging sequence of non-negative eigenvalues {A: n }nem {0}

where each eigenvalue is repeated according to its multiplicity.
Under the assumption (A1), let {¢- »}nen {0} be an associated basis of Z. given by eigenfunc-

tions of H,.. In particular,

EE (Ppe,w) = Ane (QSn’E,w)LQ(YE)mE) for any w € Z.. (2.6)
Since we are interested in the quantitative spectral stability, it is natural to suppose that
liH(l) Aen = Ao, forany n e N\ {0} (A2)
E—r

In addition, it is not restrictive to suppose that
Xe,g >0 for any e € [0, 1], (A3)
as detailed in the following remark.

Remark 2.4. If \.; = 0 then we can perform our analysis for the family of operators {H. +
Id}eepo,1)- Indeed, { H.+Id}.¢[o,1 is a family of densely defined, positive, self-adjoint operators that
possesses the same properties of {H }.¢[o,1- The spectrum of H. + Id is given by {A. n+1}nem {0}-

More generally, we may perform our analysis for a family of forms {(£(®), Z<)}eelo,1) that are
uniformly lower semi-bounded by a constant ¢ < 0. Indeed, we can simply shift the associated
operators { H.}.¢[o,1] by —cld.

It is a standard fact that, under the above assumptions, the operator (H.)~! is continuous,

non-negative and self-adjoint. Moreover, in view of [36, Theorem 12.30], by (Al) the operator
(H.)~! also turns out to be compact.

Fix a simple eigenvalue \g, and a corresponding eigenfunction ¢, For the sake of simplicity
we write Ao instead of A, and ¢g instead of ¢¢ . We assume that

160ll 2 (xmy =1 and  lim Y|¢d2dn%::1. (A4)

We suppose that the space Fy is included in any F. in the following sense

weFy = uy. €F. (A5)
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Such condition is well-posed since m, is absolutely continuous with respect to mg. Furthermore,
for any € € (0,1]

La(u) = 5(8)(¢0a U) - >\0(¢07U)L2(Y57m5) for any u € ‘Faa (27)

defines a continuous linear functional on Z. in view of (A5). For the sake of simplicity, we will
still denote with £() the quadratic form

E@ (w) :== £®(w,w) for any e € [0,1] and w € F..

Let us define for any € € (0, 1] the functional
1
Je(u) = 55(5)(u) — L.(u) for any u € F.. (2.8)

Proposition 2.5. For any ¢ € [0,1] there exists a unique V. € F. solving the minimization
problem

inf{Je(u) : u € Zc + oy, }- (2.9)
Furthermore, V. is the unique solution to the equation
E(Vo,u) = Lo(u)  for anyu € Z. (2.10)
such that Ve — ¢oyy, € Ze. If
L. #£0in Z.  or oy, & Ze.
then V. # 0.

Proof. Thanks to (2.3), denoting by || - || 7. the operator norm over F, it is enough to notice that
1 € 1 1 € 3 5 1
Jo(u) 2 €9 () = (€7 W)F | Lel () = 5EP () = 1+ AZ)ED @)? || Lel 7).

to see that J,. is coercive on F.. Since J. is also convex and continuous on F, we obtain the
existence of a minimizer V. € F. of (2.9) which solves (2.10). Indeed, the affine subspace Z. + oy,
is closed with respect to the norm || - ||z, in view of Proposition 2.2.

Furthermore, if v; and vy solve (2.10) and v; — ¢0\y5 € Z. for i = 1,2, then v := v; — vy solves

E@(v,u) =0 for any u € Z..

Since v € Z., testing with v we conclude that v = 0 by (2.3).

Finally, if ¢y, ¢ Z then clearly V. is not trivial. On the other hand, suppose that ¢oy. € Z-..
Then we are minimizing the functional J. on the linear space Z.. Since L. # 0, there exists a
function w € Z. such that L.(w) > 0. Then, choosing ¢ > 0 small enough, J.(tw) = t2£) (w) —
tLc.(w) < 0. We conclude that J.(V:) < 0 and so V. # 0. O

Remark 2.6. We underline that while the potential V. strongly depends on the eventual shifting
we made for the form £(), see Remark 2.4, this has no influence on the eigenvalues variation.

The last assumption of the present section is that
gi_% ||V5||L2(Y5,ms) =0. (AG)

In view of (2.7) and (2.10), this is a natural requirement, since we are interested in stability results
for the spectrum of Hy.

3. QUANTITATIVE SPECTRAL STABILITY

In this section we prove our main theorem and some additional results to quantify the as-
ymptotic of the eigenvalues variation more explicitly. Furthermore, we discuss the validity of its
assumption presenting a criterion for qualitative spectral stability.
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3.1. Asymptotics of the eigenvalues variation. Let A\g and ¢ be as in Section 2 and for the
sake of simplicity let A := A\, . In view of (A2), it is not restrictive to suppose that A is simple
for any e € [0,1]. Let ¢. := ¢, be an eigenfunction corresponding to the eigenvalue A. such that

2
19=lze (v may = 1-

Let us define the orthogonal projection
II, : LZ(YEJTLE) — Z, I (w)= (w7¢6)L2(Y57m€) e

Since (E, Z.) is closed, in view of Proposition 2.2, it follows that Z. is a Hilbert space with

respect to the scalar product £(). Let
R.:=(H.)™": 2. - Z.. (3.1)
By the very definition of %, it holds

EE (Rou,v) = (u,v)p2(ve,m.y  for any u,v € Z, (3.2)

1
and so if we endow Z. with the norm £)* then R, is linear and continuous. In particular, the
restriction of R. to Z., which we still denote with R, is linear and continuous as well. By the
Spectral Theorem for bounded, self-adjoint operators it follows that
£ _
(dist (1, o(R2))? < S et — o)

see for example [27, Proposition 8.20]. Clearly, the eigenvalues of R. satisfy u. , := ﬁ for any
n € N\ {0}.

The proof of the following theorem is inspired by [1, Appendix A], [17, Theorem 2.5], [2,
Theorem 1.5] and [19, Theorem 5.2].

for any u € p(R.) and w € Z. \ {0}, (3.3)

Theorem 3.1. Let {H.}.cjo,1) be a family of non-negative, densely defined and self-adjoint oper-
ators

H.:D[H.] C L*(Y.,m.) — L*(Y.,m.)
with associated bilinear forms (5(5),]-'5), Fiz a simple eigenvalue Ao := Ao, of Hy with associated

normalized eigenfunction @, let Ae := Ac . Suppose that all the assumptions (A1) to (A6) hold.
Then,

Ao fys ¢oVe dm. + O (”VaHi%YE,mE))

Ae — Ao = as e — 0, (3.4)
) Jy. 16ol* dme + O(IVell p2 (v, o)
where V. is the function provided by Proposition 2.5. Furthermore,
EO(go — Vo~ T(60 — Vo)) = O (IVel}ay, ) 8520, (3.5)
and
60 = T (60 = Vo)l sz vemay = O (IVell oy msy ) (3.6)

(9o — (9o — Vo)) = EOV) + 0 (IVell oy, oy (€D (VD) = 0 (€9 (1)), (37)
as € — 0.

Proof. Suppose that V. = 0. Then L. = 0 and ¢o)y, € Z.. It follows that ¢o|y, is an eigenfunction
of &. Hence by (A2), for € small enough, A\. = Ag. In conclusion (3.4) holds trivially. Therefore
it is not restrictive to suppose that V. # 0 for any ¢ € (0, 1].

Let ¢ := ¢g|y, — Vz. Then 9. € Z. by Proposition 2.5 and

EO (e, w) = Xo (60, W) 12y, n,) forall w € Ze, (3.8)
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in view of (2.7) and (2.10). From (3.8) we deduce that
EG (e, w) = Ao (P2, 0) 2y iy = Ao Ve, ) 2y, .y for allw € Ze. (3.9)
Since ¢. € Z., we may choose
w = ope = (Yo, be) L2(v. mo)Pe
in (3.9), thus obtaining
(Ae = A0) (e, ete) (v ny = Ao (Ve @0) 2 (v, ey + Ao (Ve Tlethe = do) pay, m.) - (3.10)

by (2.6).
Now we study the asymptotic, as ¢ — 0, of each term in (3.10). For the sake of simplicity, we
divide the rest of the proof into several steps.

Step 1. We claim that
Ae = Aol = O(IVll 12y, m.y):  as e — 0. (3.11)

Letting p1o := Ay ' and p. := A1, since )\ is simple and A, — Ao by (A2), for e small enough
|Ae = Aol = AcXolpe — pol
< 2X\§dist(po, o(R.))
_ 1/2
< 2/\% (5(6)(ME - Mo%)) :
£©) (1)
thanks to (3.3). Since [|¢o[z2(x ) =1, by (3.8) and the Cauchy-Schwarz inequality we have

EE (1he) = Ao (0:¥e) L2(v2 m.)

=X — Ao <1 - / |ol” dms) - /\0/ Po Ve dm. (3.13)
Y. Ye
= )\0 —+ 0(1),
where in the last equality we have used (A4). By (3.2) and (3.8) tested with R.tp. — potle,

EE (R — poe)
= — (Ve, Rete — pote) 2y, . + (60, Retbe = p100e) 12y oy — € (Hothe, Retpe — potbe)
=—(Vo, Retpe — UO@Z)E)L?(YE,mE) :
Hence, by the Cauchy-Schwarz inequality and Proposition 2.2,
EO(Rte — pore) = — (Ve, Retbe — oe) 12y .
<IVellze(ve,mey 1Retbe — povellL2(ve m.)
< IVellza (v, (1@ (Revpe = pore))?.

(3.12)

Hence - 1o
(EO(Rethe — pove)) " = OIVell 2y ym.)) s e — 0. (3.14)
Claim (3.11) follows from (3.12), (3.13), and (3.14).

Step 2. We claim that

EO (. — Mb) = O (||V;||iz(ysym5)) as e — 0. (3.15)

Let

Xe = e —letpe and & i= ReXe — fleXe- (3.16)
By definition we have

Xe € Ne:={w € Zc : (W, 9c) 2(y. .y = 0}
and, from (2.6) and (3.2), it follows that R.w € N, for all w € N,. Hence the operator

R.:=Rey, : N. = N,
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is well-defined. Furthermore, o(R.) = 0(R.) \ {pe}. In particular, there exists a constant K > 0,
which does not depends on ¢, such that (dist(s., a(RE)))2 > K (for £ small enough). Moreover,
(3.3) holds for R.. Then

EG@(xe) < 71_, (dist(pe, 0(R.)))* €O (xe)
1 ~
<€ (ReXe — peXe) (3.17)
1
-~ g@
7 €9&),

by (3.16). In view of (3.8) and (2.6) tested with &,

%(Xsafa) - )‘8 (X87€5)L2(Y5,m£) = )‘0 (%ag&)LZ(YE,mE) + ()‘0 - /\E) (z/)EagE)LQ(YE,mE) : (3'18)
Then from (3.2) and (3.18) we deduce that

%(56) = %(REst &) — IU‘E%(X& &)

= — e [%(Xea gs) - )\ES(E) (REX57 ge”
Ao ()‘0 - )‘E)

=N (Ver &) 2 (veum) = T (Yer &) L2(ve . -

From the Cauchy-Schwarz inequality and Proposition 2.2 it follows that

A —— 1 Ae — A 1
5(6)(56) < )\7;HV€HL2(Ys,mE)(5(E)(€E))2 + |)\%O|||wg||L2(Y€,mE)((€(E)(65))2

€ €

and hence, by (A2),

e 1
ED ()} < C (IVell gy m + e = Yol el L2y, ) (3.19)
for some constant C' > 0 which does not depend on e. Furthermore, (A6) and (A4) yield
||w5||%/2(y€,ms) —1=0(1) ase—0.

Then (3.15) follows from (3.11), (3.17), and (3.19). Since 1. = ¢9 — V. we have proved (3.5).
Step 3. We claim that

60 = Metell L2y, oy = OUIVell L2y my) a8 €= 0. (3.20)
Indeed from the definition of v, Proposition 2.2 and (3.15) it follows that

60 = Metlell p2y oy < 10 = Vellp2iy oy + 10 = etbell 2y, oy

(3.21)
= O(||V;||L2(Y€7m5)) as e — 0.

In particular we have proved (3.6). Furthermore, since ¢g = V. + 1/,
£ (¢o — Methe) = EO (Vo) + EO) (the — Tewpe) + 26 (V2 v — Ttbe)
= EOWV) + O([Vell oy oy (ED(V2))2) = O(ED(V2)),  as e — 0,

thanks to the Cauchy-Schwarz inequality, Proposition 2.2 and (3.15). Hence we have proved (3.7).
Step 4. We claim that

(e, Uetbe) p2(y oy = /Y |po|? dm. + O(IVellz2¢v. ym.y) ase—0. (3.22)

We have that
(wsansws)L2(YE7mE) = (d)s - HEwE7H€1/}E)L2(YE77,LE) + HHEws||2L2(YE7mE)

2
= ||Hs¢sHL2(YE,m5)'
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e—0

Since [¢oll 2y, ym.y — 1, (3.21) and the Cauchy-Schwarz inequality imply that
ITetbe| 72, oy = 60 = TetbellZa gy, .y + 1600172 0v, mmoy = 2 (B0 = Tetbe, 60) 12y .y
= /Y |go|® dm. + O(IVellz2(v. ym.y) ase—0.
Putting together (3.10), (3.20) and (3.22), we finally obtain

Ao ny poVedme + O (”VaHi?(YE,mE))
fys |po|? dm. + O(H‘/EHLQ(YE,ma))
thus proving (3.4). O

Ae — Ao = as e — 0,

Remark 3.2. It is also possible to prove (3.4) and (3.6) following the approach exposed in [16,
Proof of Theorem 2.3]. It is based on a abstract lemma originally proved in [10] and then revisited
in [12] and [4]. See [16, Lemma 7.1] for a simplified version of this lemma suitable for simple
eigenvalues and for a short proof. However, following this approach we would only obtain

60 = Ve = Te(wo = Volll v my = O (IVell gy sy ) s 352 =0,

which is a slightly weaker version of (3.5). To recover (3.5) some additional work is required, see
[16, Proof of Theorem 2.3].

Remark 3.3. It is worth noticing that, as € — 0, the quotient in (3.4) can be written as

Xo Jy. doVe dme + O (”‘/’c‘Hi?(YE,mE)>
Jy. |02 dme + OVl 12 (v m.y)

1- f |¢O|2 dms
= <)\0 ¢oVe dme + O (”V:f”iz(Ys,mE))) <1 + I + O(IVellp2(vem.y)

Y- fYE |¢O|2 dme

= )\0/ ¢oVe dme +o0 (”Vz-:HLZ(YE,mE)) .
Y.

by the Cauchy-Schwarz inequality. Hence, if the rate of convergence of ||¢o||L2(v. m.) 2% 1 can
be precisely quantified, a more accurate estimate on the asymptotic behavior of A\g — A. can be
recovered. In particular, if

1-— / |go|® dme = O (||Vellr2(vam.))  ase— 0,
Y.
then by the Cauchy-Schwarz inequality
Ae — Ao = )\0/ doVe dm. + O (||V5|\2Lz(y5,m5>) as € — 0.
Ye

Under some additional assumptions, we are able to identify more explicitly a sequence of eigen-
functions associated to the simple eigenvalues )., that converges in suitable sense to ¢g. More
precisely let ¢. be the eigenfunction associated to Ac such that

/|<f>5|2dm5:1 and /¢0¢5de>0. (3.23)
YE Ys

Such a choice is possible, at least for small £, since in view of (3.6), fy dop-dm # 0 for any e
close enough to 0.

Proposition 3.4. Suppose that

/ ¢l dme =140 (||Vellr2(vem.))  ase— 0. (3.24)
Ys
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Then
5@N¢Of¢g::0(sﬁkv9) as e — 0T, (3.25)
Furthermore, if
IVelliey. m.y = o (£9(V2) (3.26)
then
E9 (60— 6.) = EOWV) +0 (£(V.))  ase—0F, (3.27)
60 = 6cll3av, ey = 0 (EC(2))  ase— 0", (3.28)
Proof. Since A. is simple, thanks to (3.6) and (3.23)
¢ _ Hs(¢0 — VE)
e (d0 = Ve)llpz(ve m.)
Hence

L TG0 — Vol gy I?

£ (¢ — e(dg — V2)) = 9 (M (¢o — V2
( (00 = V) 1T (G0 — V)l 2y, s (00 = V)

and, by (3.6) and (3.24),

L= (d0 — Vo) 122 (v

= ||¢0 - HE(¢0 - VE)||2L2(YE,m5) + ”d)OHiQ(YE,mE) -2 (¢0 - H6(¢0 - Vs); ¢O)L2(Y5,m5)
=1+ OVl L2 (vem.))-

It follows that
EO(pe —T(do = V) = O(IVell T2y, m.y) @€ — 0%,
Hence by (3.7) we have proved (3.25). Furthermore, thanks to (3.26) and (3.7),

£ (o - 6.)
= EO(V2) + E9(pe — (g — V2)) + 26 (6. — TLe(60 — V), Tle(do — V) — o) + 0 (€O (V7))

:g@u%)+o(gaa@» as e — 0%,

which proves (3.27). Finally, thanks to (3.6) and (3.26), we can prove (3.28) in a similar manner.
]

3.2. Some additional results to quantify A. — A\g. To quantify more explicitly the rate of
convergences of simple eigenvalues provided by Theorem 3.1, in many situations results like [19,
Proposition 4.5, Proposition 6.5] or [16, Lemma 3.1, Lemma 3.5] may be useful. Indeed they can
be used to compute the order of infinitesimal of [|Vell 2y, . OF EE)(V.) as e — 0F. In this
subsection we generalize to our abstract setting the aforementioned results. The first one is a
characterization of the minimal value of the functional J.. Its interest lays in the fact that if
HL€||(}-E)* — 0" as € — 0T in a controlled way then the study of the asymptotic behavior as of

E£E) (VL) (thus also of IVellL2 (v, m.)) can be reduced to the study of asymptotic behavior of J(Vz).
Indeed, testing (2.10) with V;, by Proposition 2.2,

Me IVelZ2 vy < €9 (V) = 200e(Ve) + Le(V2)) < 2(1T(Va)l + I Ze |z, (€9 (V2)) )

The advantage of this approach is that competitors may be used to obtain information about the
infinitesimal order of J.(V), see for example [19, Proposition 4.3].
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Proposition 3.5. For any ¢ € [0, 1]
2

1 £@© sw) — Le(w 1
Je(Ve) =—5  sup E20 (s)) (w) + =E9(¢o) — Le (o). (3.29)
2 wez.\{0} &) (w) 2
Moreover, if ¢g € Z, then
Ls(w)2

1
Je(Ve) = 2 weszlgl{){O} EE (w)’

Proof. In view of (2.9) it follows

J(V.) = wlggg Je(w + ¢p) = wlggs (tlg]}g Je(tw + (bo)) . (3.30)

By the definition of J., we get

T.(tw + 6o) = %5@ (tw + do) — Le(tw + do)

t2 1
= 55(5) (w) + 55(8)(%) + £ (w, ¢o) — tLe(w) — Le (o)
implying that for any w € Z. \ {0}

1 (€9 (w,pg) — Le
o0 = (S

3 EE) (w, ¢po) — Le(w)
EE) (w)

Hence, (3.29) follows from (3.30).
In the particular case ¢g € Z. we have that

)= g ) = e e

? 1
) €9+ 56en)

EE) (w, ¢g) — Le(w)
EE) (w)

5(6) (U}, (b()) +

weZ. teR \ 2

2
= inf inf (tg(s) (w) — tLE(w))

and so

1 L. (w)?

J(Vo) = —= Zelw)”
e(Ve) 2w€521:1\o{0} EE) (w)

Le(w) - L6(¢0)

O

The next proposition provides a sufficient condition to sharpen the asymptotic expansion in
(3.4). Furthermore, in many applications it is easier to compute the infinitesimal order of £(V;)
instead of || V.|| L2(Ye,me)? especially when blow-up arguments are involved, see for example [16,
19]. Moreover, it provides sufficient conditions for (3.26) to hold. It is a generalization of [23,

Proposition 3] which dealt with the case of capacitary potentials.

Proposition 3.6. Assume that the following holds.
(i) For all ex — 0% and {ug}ren with ux € Fey, |Jun, [l 12

sz ,makn

y =1 and EER)(uy) < C,

for some constant C > 0 that does not depends on k, there exists u € Fy and a subsequence

{uk,, tnen such that:
(i.1) EErn)(uy, ,v) = EO(u,v) for any v € Fo,
(.2) ull gy = 1.
(ii) For any u € Fy there exists {un fnen C Fo such that:
(ii.1) w, — u weakly in Fo as n — oo,

(ii.2) for any o € (0,1] there exists ng € N such that u, € Z. for any n > ng and any

€€ (Oa 50];
(ii.3) Le(up) =0 for any n > ng and any € € (0,0].
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Then
IVl 2y sy = 0(E@ (V) as e = 0.
Proof. Suppose by contradiction that there exists a subsequence of {ej }ren such that
IVerllZegye, i,y = CE(Vey)
where C' > 0 is a constant not depending on k. Define
Wy = Ve .
||Vak ||L2(Y5k,m€k)
By assumption, there exists W € Fy with ||W||L2(X’m) = 1 and such that, up to a subsequence,
EC) (Wi, v) = EO(W,v)  for any v € Fy.
Let v € Fy and let {v,} C Fo be as in (ii). Then for any ko € N there exists a ng € N such that
E(Ek)(Wk,vn) =L.(v,) =0 for any n > ng and any k > k.

Hence, passing to the limit as k — oo, we obtain

EO(W,v,) =0 for any n > ny.
Passing to the limit as n — oo, we conclude that

EO(W,v)=0 for any v € Fp.

Testing the above equation with W, we get 5(0)(W) = 0, which is a contradiction in view of
Proposition 2.2. O

3.3. A sufficient condition for spectral stability. In this subsection we provide a general
criterion to prove that assumption (A2) holds, that is, that there is spectral stability. It is based
on the following result, we refer to [14, Corollaries XI 9.3, XI 9.4] for a proof.

Theorem 3.7. Let Ry, Ry be linear bounded, non-negative, compact, self-adjoint operators on a
Hilbert space H. Let {jin itnen o} = 0(Ri) \ {0} fori=1,2. Then

|tng = pino| < By = Rl oy for any n € N\ {0}

The proof of the following theorem is inspired by [9, Proposition 6.1.7] and this approach to
spectral stability is inspired by [35, Lemma 1.1].

Theorem 3.8. Suppose that
me =m for any ¢ € (0,1] and m(X \ Yz) = 0" ase — 0F.

Let R, be as in (3.1). Assume that for any € € [0,1] there exists a bounded linear operator

P.:Zy— Z.
and a bounded linear operator
E.: 7. — Z,
such that (Esu)‘ys =u, P.E.u=u for any u € Z. and
8l_i)r(r)1+(PEw,v)Lz(yE)m) = (w,v)r2(x,m) for any v,w € Zy, (3.31)
(REPEU, w|YE)L2(Y57m) = (U‘YE , REPEw)L2(Y€,m) for any v,w € Zy. (3.32)

Furthermore, let (€, F) be a non-negative, densely defined, closed bilinear form and H the corre-
sponding densely defined, non-negative, self-adjoint operator. Assume that H™' is a well-defined,
bounded and compact operator and that F C Zy. Finally let

R.:2y— Zy, R.:=E.R.P.

and suppose fie 1 20 — F are well-defined and equibounded, that is there exists a constant C, that
does not depend on €, such that

E(R.u) < C ||U||22(X7,"L) for any u € Zy and ¢ € [0, 1]. (3.33)
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We also assume that if Esu — w weakly in F then w € Zy and

lim £ (R.Pou,v) = EQ(w,v), for any v € Z. (3.34)
e—0t
Then for any n € N
lim A = Agn. (3.35)
e—0+

Proof. For the sake of simplicity, we divide the proof in three steps.
Step 1. We have that

o(R.) =o(R:)U{0} or o(R.)=0(R.). (3.36)
Indeed, if R.¢. = pe¢., then
EEEEQSS =E.R.P.E.¢0. = E.Rc¢pc = pEc .
Since the kernel of E. is trivial, it follows that o(R.) C J(Es). On the other hand, if f{eqbs = lePe,
and pe # 0, then P.¢. # 0 and
E.Re(Pe¢e) = pe Ec(Pe).
Hence p. is a eigenvalue of R, since F is injective. We conclude that (3.36) holds.

Step 2. For any u € Z; we have that
lim HEEU — Rou‘

e—0+

=0. 3.37
L2(X,m) ( )
By (3.33) and Proposition 2.1, for any u € Z; there exists a sequence Esnu — w weakly in F as
n — oo, for some w € F. Then by (3.31), and (3.34) for any v € Z
(u, ) L2(x,m) = nli_)rr;o(Pgnu, V) L2(Y,m) = Elir(r)lJr IS (R-P.u,v) = 5(0)(10, v).
Hence Esnu — Rou, strongly in L?(X,m) as n — oo, thanks to Proposition 2.1. By the Urysohn
Subsequence Principle we conclude that (3.37) holds.
Step 3. We claim that
lim
e—0t

R. — ROH —0. (3.38)
L(L?(X,m))

By the compactness of the operator R. — Ry, for any ¢ € [0, 1] there exists a f- € L?(X,m)
with ||f5||L2(X7m) = 1 such that

HEE_ROH ) = Héefs_ROfs

L(L2(X,m L2(X,m)
Hence, there exists a sequence f., — f weakly for some f € L?(X,m). By compactness of Ry
it follows that Rof., — Rof strongly in L?(X,m), as n — oco. By (3.33), up to a subsequence,
R., f.. — g strongly in L?(X,m) for some g € F.

For any h € Z, thanks to (3.32),

(RE” Jeu: h) L2(X,m) B (fE"’RE"PE"h)m(Ye»m) + (RE”fE“’h> L2(X\Yz,m)
—(f. R h) —( R h) (R' h) .
(fs" ) L2(X,m) Jeu: Re, L2(X\Y.,m) T (B fen L2(X\Y:,m)
Thanks to the absolute continuity of the integral,
ol + o3 +

(feus B ooy 0 () Py 0T A 0o

By (3.37)
(97 h)L2(X,m) = nh~>n;o (RET,, fsna h) L2(X,m) = (fa ROh)LQ(XJn) = (Rofa h)L2(X,m) .

Hence g = Ryf. By Proposition 2.1, we conclude that the R., f.. — Rof strongly in L%(X,m).
By Urysohn’s Subsequence Principle we conclude that (3.38) holds.
In conclusion (3.35) follows from Theorem 3.7 and (3.36). O
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Remark 3.9. In the applications of Theorem 3.1 presented in Section 4, we will use either
Theorem 3.8 or min-max arguments to show that (A2) holds.

4. APPLICATIONS

In the present section we discuss some applications of Theorem 3.1. The first two applications,
a Neumann limit of a Robin problem and a conformal transformation of a Riemannian metric,
could also be studied with more standard techniques, see Remark 4.3 and Remark 4.4 below.
However, they are relatively simple and hence a good way to illustrate our technique, which is
based instead on a minimization procedure.

In the last two applications, we study much more singular perturbations such as the removal
of set of small capacity from the domain of a Dirichlet form and a non-smooth variation of the
symbol of a Fourier multiplier.

4.1. A Neumann limit of a Robin problem. In what follows, let (M, g) be a complete Rie-
mannian manifold of dimension dim(M) = n > 2 and Q@ C M a smooth bounded domain. We

adopt the convention that A is the negative definite Laplace-Beltrami operator (i.e. A = dd%z in R).
Moreover, we denote by dv the Riemannian volume density of M and by da the (n—1)-dimensional
area element. Fix ¢ € (0,1] and consider the following Robin eigenvalue problem

{—Au = Au, in Q, (@1)

g—;‘ = —cu, on J9,
where v is the outward pointing unit normal to 92 and A. is a simple eigenvalue. Our aim is to

show that we are able to predict, at the first order, the rate of convergence of the simple eigenvalues
of (4.1) to that of the limit problem

(4.2)

—Au = Au, in €,
% =0, on 02

using the asymptotic expansion provided by Theorem 3.1. The complementary case, that is, the
limit as € — oo was studied in detail in the very recent paper [33].

Since the first eigenvalue of the boundary value problem (4.2) is 0, as stressed in Section 2 it is
preferable to consider the following equivalent family of problems

{—Au—i—u:)\w in Q, (4.3)

% = —c¢u, on 0f),

for e € [0,1]. Let (£), F.) be the Dirichlet form associated to problem (4.3)

E©) (u,v) ::/ [9(Vu, Vv) + uv) dv—|—5/ uv da
Q 0

with domain F, := H'(Q). Following the notations of Section 2, we have for any ¢ € [0, 1]
Y. =Q, Z.=F.=H'YQ), Z. = L*(9).

Hence, letting Ay a simple eigenvalue of problem (4.3) with ¢ = 0 and ¢p a associated normalized
eigenfunction we have

5(6)(%7“):)\0/ poudv+e [ ¢ouda forany u € H' ().
Q a0
Denoting by L. : H'(Q) — R the linear and continuous operator

L.(u) :=¢ Pou da
o0
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and by J. : HY(Q) — R the functional
1
Jo(u): = 55@ (u) — Le(u)

:/ [[Vul® + ] dv—l—e/ u? da —¢ pou da,
Q o) o9

by Proposition 2.9 we obtain the existence of the (unique) minimum V. € H'(£2) of the minimiza-
tion problem

inf{J.(u) : uve HY(Q)}.
Now we show that V. <=2 0 in H(Q). Indeed, by Proposition 2.9, V. satisfies
EG(Vo,u) = Lo(u)  for any u € HY(Q),
ie.

/ 9(VV,,Vu) +Vou] dv+e Veuda=¢ pou da  for any u € H*(Q). (4.4)
Q 19) o9
Testing (4.4) with V itself, it follows that
/ [VV2+ V2] dvte | VEZda=e [ ¢oVeda
Q o9 19)

implying

||Va||§11(9) < 8/89 ooVe dv

< el|gol|L200) 1 VellL2(00) -
As a consequence of the following classical inequality, we get

0
Vel | #r1 ) — 0.

Proposition 4.1. Let (M, g) be a complete Riemannian manifold and Q@ C M a smooth domain.
Then, there exists a positive constant Co > 0 so that for every u € H(Q)

/ lul? da < CO/ [[Vul® + ] dv. (4.5)
o9 Q

If the dimension of M is at least 3, then the results is contained in [31, Proposition 1.1]. Otherwise,
in any dimension, it can be deduced from classical trace results in smooth bounded domain in R¥,
see [30, Theorem 18.1], together with the choice of a finite cover of local charts whose closures
smoothly intersect the boundary 0.

Let A, e be the n-th eigenvalue of problem (4.1) for any ¢ € [0, 1].

Ape= inf sup (/ [[Vul® + ] dv+5/ u? da) ,
ACHY(Q)  wea o 00

dim(A)=n H“HLQ(Q)=1

where the infimum is taken over all the n-dimensional subspaces A of H'(Q). If A C H'(Q) is a
fixed n-dimensional vector space, then by (4.5) one has

/[|Vu|2—|—u2] dVS/ [[Vul® + ] dv—l—a/ u? da
Q Q 0

<1+ aC’)/ [[Vul® +v?] dv for any u € A,
Q
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obtaining
sup / [[Vul* +v?] dv<  sup (/ [[Vul® + ] dv—|—€/ u? da)
u€A Q u€A Q o0
lullp2 g)=1 lull g2 g)=1
<(1+4+eC) sup / [[Vul® +u?] dv.
\\1L\\122<Q):1 ¢
Taking the infimum over all the n-dimensional subspaces A C H'(Q), it follows
)\O,n S )\s,n S (]- + EC))\O,n
that implies
lim Ac , = Ao -
e—0
As a consequence, by Theorem 3.1, we get

Ao — Ao = Ao,n/ Vego dv+ O (IIVell3aey) ase 0.
Q

We study the asymptotic behavior of V in order to obtain a more explicit description of the
eigenvalue variation. To this aim, let us define

Firstly, we observe that by (4.4)

/ {g(fog, Vu) + ‘N/Eu} dv+e¢ Vou da = ¢dou da (4.6)
Q a0

o0

for every u € H'(Q2), implying, by testing the equation with u = XN/E,

/Q vafg

By Holder inequality and (4.5), we get

2 ~ ~
+ Vf} dv < [ Ve da.
o

IVallZ @) < lldollL2 ool Vellz2 (o0
< Ollpoll 200 Vell 710
i.e.
Vel oy < Cllgollr2o0),

thus the family {IN/E}E is bounded in H'(Q). Whence, there exists a sequence &, — 0% as n — oo

~ ~ 1 ~
and a function V € H'(Q) such that V,, 2O,y weakly in H'(£2) as n — oo.

Passing to the limit in (4.6), it follows that

/Q [g(vf/, V) + ‘N/u} dv=[ douda (4.7)

for every u € H(1Q).

Remark 4.2. We stress that (4.7) has at most one solution. Indeed, if V and W are two functions

satisfying the equation above, then the function U := V — W satisfies

for every u € H*(Q), implying U = 0 and hence V = W.
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As a consequence of Remark 4.2, it follows that every subsequence {e,}, so that {V. }, con-

verges weakly must have V' as limit function. In particular, by the Urysohn Subsequence Principle

- -
it follows that V RSN v weakly in H!(Q) and not only along the sequence {&,,},. By (4.6) we

get

Elir(% ||VE||§{1(Q) - Elir(r# { le) boVe da_€/¢99 |V€|2 da]
= ¢)0‘7 da
o0
= IVIin ),

where the last equality follows by (4.7). We also observe that, by the very definition of XN/E, this
exactly means that

IVellfriy = O(e?) ase—0. (4.8)

Moreover, since in any Hilbert space the weak convergence together with the convergence of the
norm implies the strong convergence, we get that

e—0

V. =25 v strongly in H'(Q).
Lastly, we stress that by (4.7)

1m%/5%%m:m/ﬁ%m
Q Q

e—0

- /Q [9(V.V60) + V| av

= [ 1o da

which, together with (4.8), provides the following expression
Aen — Ao = 5/ |po|?> da + O(e?) as e — 0.
a0

Remark 4.3. We stress that the first order approximation obtained in the present subsection is
not new in literature, at least for the first eigenvalue in the Euclidean setting (see [27, Chapter
4]). As mentioned at the beginning of this section, the same result can be recovered using more
standard techniques, involving for instance the Feynman-Hellmann formula for families of analytic
forms in the sense of Kato (see [28]). This example is hence aimed to provide a simple but clear
model of the way our approach can be applied to a wide variety of different problems.

4.2. Conformal transformations. Let (M, g) be a complete Riemannian manifold and Q C M
a compact domain. Fixed a smooth function

$:[0,1]x M >R
(€:p) = Pe(p)
so that ||| q) — 0 as e — 0%, consider the following family of metrics on M

ge = 62(1)59

which are conformal to g = go.
To every ¢ € [0,1] we can associate the following eigenvalue problems

{—Agu = Au, in Q,

(4.9)
u =0, on 012,

where by A. we mean the Laplace-Beltrami operator associated to the metric g..
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For any fixed e € [0,1], the bilinear form associated to the problem (4.9) is (£(¢), F.), where
Fe = H}(Q,dv.) and

Q) (u,v) := / 9e(Veu, Vev) dve  for any u,v € Fe.
Q

Since (2 is compact, it is a standard fact (see [26]) that H} (€, dv.) does not depend on the metric
g-. Hence, in the following we consider the bilinear forms £(¢) as acting over the same domain
F := Fp. Similarly to Subsection 4.1, we have that for any € € [0, 1]

Y. =Q, Ze = Fe, ZEZLZ(Q)'

Clearly, assumptions (A1), (A3) and (A5) are satisfied.
We recall the following useful identities

g;l = 672%9717 V. =e 2%V and dv, = e™®= dv.

As a consequence, using the fact that ®. converges uniformly to 0 on 2, we have the following
control on the HJ norms

em (" el @, avey < llellmya, av) < e’ lull g2 @, av.) (4.10)

for € small enough.
Fix Ao a simple eigenvalue (with associated normalized eigenfunction ¢g) to the limit problem

—Agu = Aou, in €,
u=~0 on 0f).

In particular, for every ¢ € [0, 1]
£ (o, u) = Ao / pou dv + / 9:(Vego, Veu) dv, — / 9(Veo,Vu) dv  for any u € H}(Q),
Q Q Q

showing that condition (2.7) is satisfied, where L. : H3(2) — R is given by the linear and
continuous operator

Le(u) := / 9e(Vego, Veu) dve — / 9(Voo, Vu) dv.
Q Q
Denoting by J. : H}(Q) — R the functional
1
Ja(w) £ = L)~ Luw)

1
— 5/ 9e(Veu, Veu) dv, —/gE(ngzSo,VEu) dv. +/ 9(Vo, Vu) dv,
Q Q Q

let V. € H}(Q2) be the function provided by Proposition 2.5. We start by showing that
Lim [[Vell 22 a,ave) = 0-
By Proposition 2.5, we have
EGO (Ve u) = Lo(u)  for any u € HE (M)

and hence

/ ga(VaVe,VaU) dv, = / ge(va¢0avau) dve — / g(V¢0,Vu) dv (4'11)
Q Q Q

= / (e<"*2><1>e - 1) 9(Vo, Vu) dv
Q
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for any u € H}(2). Testing the previous equality with u = V., we get

[ 00V vV v < [ [ < oV, 9V av
Q

—

1
2
< max |20 _ 1] 2} < [ avrv.vv) dv)
Q Q

i o(n—2)2, 3
= max |e""D®e _ 1| \2 (/ —————g(VV.,VV.) dv)

Q e(n—2)0.

N|=

< max (=22 _q ¥

1 2
- S — ( / PRCAT AT dvs)
Q 6[ > mmﬁ(bg] Q

that implies

3 1 1
(/ gg(Vg‘/g’ Vg‘/g) dV5> S max ‘e(n—Q)fl)E — 1’ ﬁ)\g (412)
Q Q 6[72 ming <I>E]
and, by Proposition 2.2,
1 1
n—2)d. —1
||V ||L2(Q dve) = maX‘ ( : 1‘ 6[”;2 minﬁ@a] (/\6 )\0) ’
1 1
n—2)[|®c|| ;00 -1
< (e< M®ell ooy _ 1) pEr—— (A7)

B O( n=2)[[®cllpoo 0y _ 1) ase — 0
=0 (I2lyniey)  ase—0

since [[¢e|| 1 (q) =00, implying that condition (A6) is satisfied.
To prove the stability of the spectrum, i.e. condition (A2), we start by observing that

(=2 ming & [ g(Vu, Vu) dv fQ 9-(Veu, Veu) dve _ e(n=2maxg®e [ g(Vu, Vu) dv
o maxg P fQ w2 dv - fQ u2 dv, = enming P, fQ u? dv

Hence with min-max argument,

6(7172) ming ®. e(n72) maxg P

en maxeg P An,O < A"vs < en ming @, )\n,O

and so A, o — Ay 0 as e — 0 for any n € N.
If Ao is simple, by Theorem 3.1 we have that

N Jo 60Ve dve + O (IIVellZaqav.) )
Ae = Ao = 3 as e — 0.
Jo @3 dve + O (IIVellr2(@,av.))

’1—/¢%dv5
Q

Noticing that

(1—e"®)¢g dv
Q

nd.

§mgx|1—e 2 dv
Q

= max |1 — "%
Q

=0 (I@cllpmiy) @520,
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as in Remark 3.3 it follows that
Ae = Ao = [Ao/ doVe dve +0 (||<I>g||ioc(m)} (1+0 (12l e iey))
Q

= AO/ (bo‘/&- dVE + O (Hq)gnioo(ﬂ)) as € — 0.
Q

Under additional assumption on ®., we can obtain a more precise precise result. Let us suppose
that

[®ell ey = 0 (VE) ase—0, (4.13)

and
e(n=2)®:(z) _ q

5 ‘ < h(x) fora.e. x €, and any & small, (4.14)

where h € L?(Q). Furthermore, we require that for any = € ) there exists the limit

D,
lim ﬂ

e—=0t £

= U(z) (4.15)

and that ¥ € L*(f2). For instance, the above assumptions hold if % — Uin L>®(Q) ase — 0.
In view of (4.10), (4.12) and (4.15) we have that the family {%}56[0,1] is bounded in H{(Q).

In particular, there exists a subsequence ‘% and V € H}(£2) such that % — V weakly in H(Q)
as n — o00.

Then by the Dominated Convergence Theorem, (4.14) and (4.15) we can pass to the limit in
(4.11). Tt follows that V solves the equation

/ g(VV,Vu) dv = (n — 2)/ T g(Veo, Vu) dv.
Q Q

Since the solution to the equation above is unique, by the Urysonh subsequence principle, we can
see that Y= — V weakly in H}(Q2) as € — 0.
Finally by the Dominated Convergence Theorem

V'E ~
lim )\0/ Qﬁof dVE = )\0/ (]5()V dv
o € Q

e—0t

= /Qg(vf/,wo) dv

=(n— 2)/ U g(Vo, Vo) dv.
Q
Hence
Ae — Ao =¢(n— 2)/ U g(Vgo, Vo) dv+o(e) ase— 07, (4.16)
Q

in view of (4.13).

Remark 4.4. At least formally, it would be possible to derive the (4.16) with more classical meth-
ods, as the already cited Feynman-Hellmann formula, see [28]. For example, whenever {g.}.c(0,1]
is analytic with respect to e then the family of associated eigenvalues {A. » }ccjo,1) and eigenfunc-
tions {¢e n}eejo,1) are smooth with respect to ¢ and a second order estimate was obtained in [6].
See also [15].

4.3. Dirichlet forms. Let (X,d,m) be a locally compact and separable measure metric space,
where m is a positive Radon measure defined on the Borel o-algebra B of X. Consider (£, F) a
Dirichlet form associated to the linear, non-negative, self-adjoint and densely defined operator H.
Moreover, suppose that H has a discrete spectrum {\,},en with associated orthonormal basis
of eigenfunctions {¢, }nen of L2(X,m). In view of Remark 3.3, it is not restrictive to suppose
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that A\; > 0, and so R := H~! is a well defined, non-negative, self-adjoint, bounded and compact
operator. Let

Co(X):={u: X - R : uis continuous with compact support}.

We assume that
C.(X) N F is dense in F with respect to the norm &;. (4.17)

Letting (£, F) be a Dirichlet form, there is a classical notion of capacity of sets relative to (£, F),
see for example [24]. Given f € F, a natural generalization of capacity is the definition of f-
capacity of a set K C X relative to (£, F), that is,

Cap,(K) = inf {g(u) cweF, u>fqe in K} : (4.18)

where by u we mean the quasi-continuous representative of the function u € F. Here and in the
following, by g.e. in K we mean that a certain condition holds out of a subset E of K of 0 capacity.
Similarly, by quasi-continuous we mean that the preimage of any open set by w is quasi-open, that
is, it is open up to a set of 0 capacity. For the existence of a quasi-continuous representative of
any u € F we refer again to [24].
We recall that every element of F has a quasi-continuous representative with respect to the
classical notion of capacity associated to (£, F), see for example [24].
In the spirit of [1], we consider family { K }.c[o,1) of compact subsets of X such that:
(i) Cap(Kyp) := Cap,(Ky) =0
(ii) the family {K.}.c(0,1] concentrates at Ko, that is, for every open neighbourhood U of Ky
there exists g € (0, 1] so that K. C U for every ¢ < &g.
Heuristically, the simpler example of concentrating family of compact sets are shrinking holes but
the assumption that {K.}.¢(o,1) concentrates at Ko holds in many other cases. For example if
K. — Ky in the sense of Hausdorff as ¢ — 0T, then it is easy to see that K. concentrate at K.
On the other hand concentration of sets is a more general notion, since for example if {K.}.c(0,1]
concentrates at K then it also concentrate to any set K’O such that Ky C K’O while the limit in

sense of Hausdorff is unique on compact sets.
Let

Z.:={ueF :u=0qe on K_}.
It is easy to see that Z., the closure of Z. with respect to the norm of L?(X,m), is
{ue L*(X,m) : u=0ae. on K_}.

(€, Z.) is still a Dirichlet form, see [24], and we denote by H. its non-negative, densely defined
(in Z.), self-adjoint operator. We may suppose that R. := H_ ! is a well defined and bounded
operator thanks to Remark 3.3. In particular, since R. takes values in F by Proposition 2.1 it
follows that

R.:Z. — Z.

is compact. Hence its spectrum is discrete. Let {A; , }nen be the discrete spectrum of He.
With the same notations of Section 2, for any ¢ € [0, 1]

YV.=X, F.=F and L.=0.

Fix a simple eigenvalue A := A, of (£,F) and let ¢ be a corresponding eigenfunction with
[l £2(x m) = 1. Clearly for any w € Z.
g(d)a 'U}) = )‘(d)v w)LZ(X,m) (419)

and so L. = 0. Let J: be as in (2.8) and consider the function V; € F given by Proposition 2.5.
V. coincides with the classical capacitary potential V. associated to the ¢-capacity Cap¢(KE).
Indeed V. solves the minimization problem (4.18) and so, since V¢ = ¢ on K., it solves (2.9),
which admits a unique solution. We remark that V. satisfies

E(Veyw) =0 for any w € Z.. (4.20)
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In order to prove the stability of the spectrum of H and the validity of (A6), we start with the
following technical lemma.

Lemma 4.5. Let K be a compact subset of X and suppose that Cap(K) = 0. Then the set
Zx ={u € F: KnNsuppu = 0} is dense in F endowed with its weak topology.

Proof. Fix u € C.(X)NF and consider a sequence {u, }neny C F so that
E(uy) R anaNy)| and Up = 1 a.e. in U,

where U, is a neighbourhood of K. In particular we may suppose that u, < 1 a.e. in X in view
of the Markovianity of £, see [24, Subsection 1.1]. Then (1 — u,)u € Zx and

Eu— (1 —un)u) = E(unu) < 2 (||un|\%oo(x,m) E(w) + l[ul3 e (x0m 5(%)) for any n € N.

Hence {uupy }nen is bounded in F in view of Proposition 2.2. In particular, up to a subsequence,
there exists w € F such that uu,, — w weakly in F as n — oco. By Proposition 2.1 it follows that
uu, — w strongly in L?(X, m). Furthermore by Proposition 2.2

2 2 - 2
/X |u, |* dm < ||u||L°C(X,m) HunHLZ(X,m) <X ' HU”Loo(X,m) E(un) = 0%, asn — oo.

We conclude that w = 0 and so (1 —u,)u — u weakly in F. Then the claim follows from (4.17). O

In the spirit of [17, Proposition 3.8], we have the following lemma which, together with Proposi-
tion 2.2, proves that (A6) holds. We recall that st is the classical capacitary potential associated
to the capacity Cap;(K).

Lemma 4.6. Under the assumptions above on K. and Ky, for any f € F

Cap;(K.) — 07, ase— 0t (4.21)
VI — 0 strongly in F, ase— 0T, (4.22)
m(K.) =0, ase—0". (4.23)

Proof. For any ¢ € (0, 1] the potential V.f solves the equation

EWVS w)y=0 forany w € Z.. (4.24)
Testing the equation above with Vf — f we conclude that, by the Cauchy-Schwarz inequality,

E(VI) < E(f) forany e € (0,1].

Hence there exist a sequence {V },cn and V € F such that V./ — V weakly in F. Let ¢ € Z,
and U a neighbourhood of Ky such that suppy N U = 0. Let g9 be such that K. C U for any
¢ € [0,e0]. Testing (4.24) with ¢ and passing to the limit as n — oo we conclude that E(V, ) =0
and so

E(V,w)=0 for any w € Zk,.
Hence by Lemma 4.5 it follows that V = VIJ;O = 0. Moreover,

0 = Cap,(Ky) = £(V) = E(V. f) = lim &(Ve,..f) = lim Cap,(K.,).

By the Urysohn Subsequence Principle we conclude that (4.21) and (4.22) hold.
We recall that for any set K C X

Cap(K) = inf{Cap(U) : U C X open, K C U}.
Fix 6 > 0 small enough and U C X open so that Ky C U and Cap(U) < . For ¢y € (0,1] small
enough, K. C U for every ¢ € (0,¢0] and so, thanks to [24, Subsection 2.1] and Proposition 2.2,
m(K.) <m(U) < (1+A7H)Cap(U) < (1+A1)6.
Passing to the limit as ¢ — 0% we conclude that
limsupm(K.) < (1+ A7 1)6,

e—0t

for any 6 > 0 and so (4.23) holds. O
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Proposition 4.7. For anyn € N
lim Az, = Ay (4.25)

e—0t

Proof. We are going to prove that the assumptions of Theorem 3.8 are satisfied. Let us define the
linear operator P. : L?(X,m) — Z. as

u(z), ifzre X\ K
Puu)(a) = 4 U0 T A
0, ifx e K..
Then for any u € L?(X,m), thanks to Proposition 2.2,
E(R.P.u) = (Peu, Re P-u) 12 (x,m)
< Nlull g2 (x my 1BPeull L2 x )
_1 1
<AC ||UHL2(X,m) E(RPeu)?.
Furthermore if R, P. u — w weakly in F for some w € F as n — oo, then clearly
li_>m E(R., P, u,v) =E(w,v) Yve€ Z.
We conclude that (4.25) holds in view of Theorem 3.8 O

We have proved that all the hypotheses of Theorem 3.1 are satisfied. Furthermore by Lemma
4.5 and Proposition 3.6

IVl Lo my = 0(E(V2)) = 0(Capy(Ke)),  as e —0F,
and by (4.20) tested with V. — ¢ and (4.19) tested with V.
Cap,y(K2) = E(V, V) = A(Ve, ).
In conclusion, by Theorem 3.1, we have shown that
Ae — A = Capy(K.) + o(Capy(K.)), ase—07,
where we are denoting with A, the simple eigenvalue ). ,, for any ¢ € (0, 1].

4.4. Fourier-multipliers. Let Q C R be a bounded Lipschitz domain. Consider a family {H.}.
of Fourier-multipliers with domains

L) :={ue L*RY) :u=0in RV \ Q}
Dom(H.) := {u € L(Q) : f.uec L*RM)},

where 4 is the Fourier transform of u and f. > 0 denotes the symbol of H.. We will also use F to
denote the Fourier transform. On the symbol f. we assume that

fee LL.RY) and  f.(€) = O(|¢|™), for some m € N as |¢] — oo.
Let £¢) be the bilinear form associated to H.

E0ww) = | L(UOE) dg
with domain
F.={ueL?(Q) : fM*ue L*RY)}.
In the same notation of Section 2, for € [0, 1] we have
Y. =0, Z.=F. and Z. = LE(Q).

In what follows we assume that for every e € [0, 1] the symbol f. of the operator H. satisfies the
following properties:

(1) f. > 1 almost everywhere in RY;

(2) there exists a positive constants Cy, Cy > 0 such that

C1f1(€) < f(€) < Cofo(€)  almost everywhere in RV, (4.26)
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Moreover, we require that

fe 29, fo almost everywhere in RY. (4.27)

The first assumption is not restrictive, as observed after assumption (A3), and will ensure that the
bottom of the spectrum is bigger or equal than 1. In particular the resolvent operator R. = H_*
is well defined. We also assume that R. is compact. A simple criterion to ensure the validity of
this assumption is given in the next proposition.

Proposition 4.8. Suppose that
1
/ e e A < 400 for any t > 0. (4.28)
RN

Then the embedding F. — L2() is compact. In particular, R. is a compact operator.
Proof. Let u € F. and t > 0. We define
1
e tVHey = g1 <€—th2 (E)@(g)) .
We divide the proof in two steps.

Step 1. We claim that for any ¢ > 0 and u € F.

— e VHy, < HE@(u))2.

L2(RN) ™

|
Indeed by the Plancherel identity

1
[ e P o= [ -0 page) g

<t [ 1©lEeR i

Step 2. Let {u,}nen and u be such that u, — u weakly in . as n — co. We claim that
up — u strongly L3() as n — oo. To this end we notice that

e R e

+ He*t‘/ﬁf (u — uy)

||U*Un||L2(Q)

L2(Q L2(Q) L2(Q)
and so by Step 1 and the fact that {u,} is bounded in F, it is enough to prove that
lim ||e=tVHe (u — un)‘ —0. (4.29)
n—00 L2(Q)
We notice that for any v € F;
1
e VHey — g1 <etf52 (§)> * v (4.30)
and so by the Young inequality and (4.28)
1
—tvH, ’ —tf2
e v <|wv e .
H Leo(RN) ™ | HLQ(RN) L2(RN)

Furthermore, since u,, — u weakly in L3(£2) as n — oo, by (4.30), it follows that

—tVH, tvH

e Uy —> € cu  ae. in RV,

Then by Dominated Convergence Theorem we conclude that (4.29) holds. Since R, : LE(Q) — F-
is continuous then is clear that R, : LZ(Q) — L2(f) is compact. O

Remark 4.9. The assumption (4.28) is actually related to Sobolev type inequalities for the
operator v/ H.. Indeed, by the Young inequality

5
eftfs ,

Heft\/HEv
L2(RN)

ey < M2y
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for any v € L2(RY). Hence, by [13, Theorem 2.4.2], for any u > 2, the Sobolev-type inequality
2 3N (2
u < 2
191 22, g, < s [ QIR €
is equivalent to
e~ tfe < Cot ™5
L2(RN)

with C,Cs > 0.

As usual we denote with {A; ,, }nen the spectrum of H, for e € [0,1]. Similarly we denote with
{¢0.n}nen an orthonormal basis of eigenfunctions of Hy of L3(2).

Proposition 4.10. For any n € N
lim Acn = Aon- (4.31)

e—0t

Proof. Let us check that the assumptions of Theorem 3.8 hold. Following the notation of Theorem
3.8, it is enough to trivially define P. = E. = Id, where Id is the identity functional. Furthermore,
if we consider the bilinear form (€M) F;), thanks to (4.26), for any u € LZ(f)

1 1 1
6(1)(RE’U,) S ag(s) (REU,) = a(U7R8u)L2(Q) S a ||u||§12(ﬂ)

and, in view of Proposition 4.8, the associated self-adjoint operator H. has a compact resolvent
R. := H'. Furthermore if R. u — w weakly in F; for some w € F; as n — oo, then, up to a
subsequence,

— 1
~12 . 2 2
[ sl de <timint [ f R < ol

by Fatou’s Lemma and Proposition 4.8. Hence w € Fy = Zj. Since, up to a subsequence, there
exists a function g € L2(RY) such that |R., u| < g a.e. in RY, by the Dominated Convergence
Theorem

tw [ Roudde = [ pande,
RN RN

n—oo

that is, we have proved that £%(R. u,v) — £©)(w,u) for any u € Fy. By Theorem 3.8, we
conclude that (4.31) holds. O

Fix a simple eigenvalue Ag := A, 0 and a corresponding eigenfunction ¢ := ¢y, 0.

Proposition 4.11. For any u € F. we have that
£ (gnu) = o [ BT dé -+ Le(u), (432)
Q
where
Letw) = [ (7~ o) de.
RN
Proof. Let u € F.. Then clearly

ENo0w) = [ oduii e+ [ (o~ fo)out e

RN
and the previous equation makes sense in view of Proposition 2.3. Let {u,}neny C C°(Q2) be a
sequence of functions such that u, — u strongly in L?(2). Hence, by Proposition 2.3,

fodo d€ = lim / JodoTs dé = lim Ao / Goun A = Ao / dou d
RN n—oo JpN n—o00 RN RN
which proves (4.32). O

Let us define ]
Jo(u) = 55<8>(u) — L.(u).

Then, in view of Proposition 2.5, there exists a function V. € F. that minimizes J. over F; .
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Proposition 4.12. We have that
lim £©)(V.)=0. (4.33)

e—0t

Proof. Testing (2.10) with V. we obtain

£O(V) < (/RN e = ol |0l d£)2 (/RN felVel? d§> . (4.34)

in view of the Holder inequality and the fact that f. > 1. By Proposition 2.3, the Dominated
Convergence Theorem, and (4.27) we conclude that (4.33) holds. O

In conclusion, we are in position to apply Theorem 3.1 thus obtaining
Ae —Xo = )\0/ ¢oVe dz + O(HV6||2L2(Q)) ase — 07,
Q

in view of Remark 3.3.
If the rate of convergence of f. — fy can be quantified, we can compute the vanishing order of
Ao fQ ¢oVz dx. More precisely, we assume that there exists g € (0, 1] such that

GG

lim, . = h(§), (4.35)
w’ <C14+hE)|)  forae £ €RY, for any e € (0,&), (4.36)

and
|R(&)|? < Cfo(€)%fo(&) for ae. € € RN, for any € € [0, &) (4.37)

for some measurable functions A : RY — R and constant C' > 0. By the Lagrange Theorem, the
M < C(1+ |h(§)]) is verified, when, for example, ¢ — f.(§) is derivable for

assumption

any € € (0,¢9), and ’afe )’ < C(1+|h(&)]) for some constant C > 0 that does not depend on €.

Proposition 4.13. There exists V € Fq such that % — V weakly in F1 and V solves the equation
/ foVa dé = / hooti ¢, for any u € Dom[H).
RN RN

Proof. Thanks to (4.26), (4.35), Proposition 2.3, and (4.34) the family {%}EE[O ) is bounded in

Fi. In particular there exists a sequence €, — 07 and V € F; such that % — V weakly in F; as
n — oo and so, by Proposition 2.1, % — V strongly in L2(RY).
Equation (2.10) in this case is

fEV udé = / — fo) qSou d¢  for any u € F.. (4.38)

Furthermore, up to pass to a further subsequence, by Fatou’s Lemma,

2
/ f0|V| d¢ < hmlnf/ fe |VE"‘ d¢é < hmlnf/ [fen = fol |V€"||¢ | d¢
n—oo RN En
and hence, by the Cauchy-Schwarz mequahty,
1
_ 2 _ 3
liminf/ fen | d§< lim (/ Yo = Jeu) f ool? d§>
RN

en—0F n—00 g2

We conclude that V' € Fy in view of (4.35), (4.36), (4.37) and Proposition 2.3. Multiplying by e, !
and passing to the limit as n — oo in (4.38) we obtain

/ foVa de = / hooti d¢  for any u € Fo,
RN RN
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thanks to (4.35), (4.36), (4.37) and the Dominated Convergence Theorem. Since the solution of

the above equation is unique, we conclude that % — V weakly in F7 by the Urysohn Subsequence

Principle. O
In conclusion, by the Plancherel identity and Proposition 4.13,

A V. = — —
—°/¢ov; dx:Ao/ Sl dﬁﬁ)\o/ T d§:/ fodoV dfz/ B ol? de.
E 9] RN £ RN RN RN
Hence
Ae — Ao = 5/ h\%ﬁ d¢+0(?) ase—0T.
RN

Example 4.14. Let ¢, be the eigenfunction associated to the simple eigenvalue A, of the
Dirichlet Laplacian on a bounded domain Q. Choosing the symbol f.(£) := 1 + [£]272¢ for any
e € [0,1], we have that k(&) = —21log(|¢])|£|?, where h is as in (4.35). Furthermore

If(§)
Oe

for some positive constant C' > 0. We conclude that (4.35) holds.
Hence we have the following asymptotic for any simple eigenvalue A, ¢ of the fractional Laplacian
(—A)'~¢ on a bounded domain with Dirichlet boundary conditions:

M = dna = =2 | 10g(€DIERIn(E) dE+O()  as e =0

= —2log(|€)[€[*7** < C(1 +2|log(I€D]€[*),  for any € € RY

In conclusion, we have quantified the spectral stability result obtained in [8] in the special case of
the fractional Laplacian.
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