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Abstract

The aim of this paper is to show the existence of metrics g, on S™, where g, is a perturbation of the
standard metric g,, for which the Yamabe problem possesses a sequence of solutions unbounded in
L>°(S™). The metrics g, that we find are of class C* on S™ with (k < 272). We also prove some
new multiplicity results.

1 Introduction

Let (M",g) be a compact Riemannian manifold of dimension n > 3 with scalar curvature R,. The
conformal deformation ¢’ = wiz g of g, where v : M — R is a smooth positive function, has scalar
curvature Ry related to Ry by

n+2 (n—1)

—2cpAgu + Rgu = Ryun—2; Cp = 2m,

where Ay is the Laplace-Beltrami operator on (M, g), see [5]. The Yamabe problem consists in finding
some metric ¢’ in the conformal class [g] of g such that its scalar curvature Ry is a constant function.
Choosing Ry =1 then the problem is equivalent to finding a solution to the equation on M

(1) —2c,Agu + Ryu = unE w0

A positive answer to the Yamabe problem has been given by Th. Aubin, see [4, 5], who proved that if
(M™, g), n > 6, is not locally conformally flat, then the Yamabe problem has at least one solution. The
locally conformally flat case and dimensions n = 3,4, 5 have been handled by R. Schoen [18], see also [20].
For a detailed treatment of this topic see for example the review [12]. See also [6] and [7] for different
proofs.

In [19], R. Schoen announced the following compactness Theorem, giving a detailed proof for the
locally conformally flat case.

Theorem 1.1 Let (M, g) be a compact C* manifold not conformally equivalent to the standard sphere.
Then the set of solutions of problem (1) is compact in C**(M).

It is a natural question to see if Theorem 1.1 can be extended to C'* metrics on manifolds of arbitrary
dimension. The main purpose of our paper is to show that this is not the case. Let g, denote the standard
metric on S™. Our main result is the following.



Theorem 1.2 Let k > 2 and n > 4k + 3. Then there exists a family of C* metrics g. on S™, with
9. — Gollck(smy — 0 as € — 0, which possess the following property. For every e small enough, problem
(1) on (S™,9.) has a sequence of solutions vi with ||vl]| e (gn)y — 400 as i — oc.

Remark 1.1 It is an open problem to find the sharpest condition on n and k for which the above non-
compactness result is true.

The proof of Theorem 1.2 is based on a sharpening of a construction introduced in [3]; since this
paper is the starting point of our work we discuss it in more detail. There the authors consider on S™ a
suitable class of metrics §. = g, + €h, perturbations of the standard one, and prove the existence of two
solutions of the Yamabe problem.

Using stereographic coordinates problem (1) for (M, g) = (S™,7.) can be reduced to study

(2) —2c,Agu+ Ryu = w2/ (=2 iy R u > 0.

Here g = g, is the metric with components g;; = Zo_ "7*g,j, where 2o : R" — R is given by

1 e
20(x) = Kp ——————, fin = (4n(n — 1)) T
(1 + o)
Taking g. = g, + €h, it turns out that
(3) gij = 05 + chij,

for some symmetric matrix h;;. The Weyl tensor W, of the metric g in (3) can be expanded in powers of
e as Wy =eWp, + o(e), where W, depends only on h. The main result of [3] is the following.

Theorem 1.3 Let n > 6, and let h be of the form
(4) h(z) = 7(z) + w(z — o),

where T,w are of class C°°, with compact support, and with Wy, W, #0. Then there exists L > 0 such
that for |zo| > L there exists € > 0 for which, for |e| < &, there exist at least two different solutions u .
and ug . of problem (2).

Coming back to the original problem on S™, Theorem 1.3 implies the existence of at least two solutions

for problem (1) on (S™,7.).
Solutions of (2) can be found as critical points of the functional f. : E = DV2(R™) — R defined as

1 1 .
(5) fe(u) = / <0n|Vgu2 + §Rgu2 — 2—*|u|2 ) dvy, u€ F,
R’n
where 2* = % The positive solutions of f) = 0 constitute an (n + 1)-dimensional manifold Z given by
_n=2 X —f n n
Z=<qzue=p 2 2o T ‘u>0,§€R ~ R, x R".

Using the Implicit Function Theorem it is shown, see [1], [2], that there exists a manifold Z., perturbation
of Z, which is a natural constraint for f., namely if f!|z_ (u) = 0 for some u € Z, then also f.(u) = 0.
In the case of (5) it turns out that

fe(ze) = by +€°T(2:) + o(e?); bo = fo(20),



for some I' : Z — R. Hence, roughly, critical points of I' give rise, for £ small, to solutions of (2). If
W # 0, then T' admits some minima and, when |zg| is large, " inherits a double well structure: this
guarantes the existence of at least two solutions u ., uz of (2).

In this paper, the above result is extended by showing the existence of metrics on S™, perturbations
of the standard one, for which problem (1) possesses infinitely many distinct solutions, which are not
bounded in L*°(S™). This is done by considering on R™ a metric g = g. = § + ¢h with

(6) h(z) = Z o 7(x — ),

ieN

where 7 : R? — M™*" is a C* matrix-valued function with compact support, W, # 0, o; € R, and
|x;| = +00 as i — oco. Using the fact that the metric g possesses infinitely many “bumps”, we prove that
the function f.|z. inherits infinitely many local minima provided the points z; are sufficiently far away
one from each other. The last step of the proof of Theorem 1.2 consists in proving that:

i) the metric g. gives rise to a C* metric g, on S";
ii) for £ small, problem (1) for (S™,7.) has a sequence of solutions whose L norm blows up.

The method we use can be extended to prove some new multiplicity results. Let us recall that the
existence of multiple solutions for the Yamabe problem has been studied in [10], [19] and [17]. In [10]
multiplicity is obtained under symmetry assumptions while in [19] the author considers the specific case
of SY(T) x 8™, where S1(T') is the one dimensional circle of radius T. He proves that when T — +o0,
problem (1) possesses an increasing number of solutions. In [17] the author proves that, given any
manifold of dimension greater or equal than 3 and with positive scalar curvature, then, for some suitable
C° perturbation of the metric, the solutions of (1) have a multibump structure.
Our multiplicity results are of two types:

1) we improve Therorem 1.3 by showing the existence of a non-minimal third solution, see Theorem 5.1;

2) in the specific case of the sphere S™, we improve the result in [17], by proving the same result for C*
perturbations of the standard metric, provided n > 4k + 3, see Theorem 5.2.

The paper is organized as follows. Section 2 contains some preliminaries. Section 3 deals with the
construction of the natural constraint Z. for f.. In Section 4 Theorem 1.2 is proved, and in Section 5
some related results are treated. The Appendix contains some technical proofs.
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Notations

We denote by E = DL2(R") the completion of C°(R™) with respect to the Dirichlet norm ||ul|? =
Jrn Vu|?*dz. (u,v) is the standard scalar product Jgn Vu Vv dz, for u,v € E. Given u € E, the function
u* € E is defined as

1 T
(o) = e <|x|2> =€

If f € C1(E), we denote by f’ or Vf its gradient. We set Crit(f) = {z € E: f'(z) =0}. If f € C*(E),
f"(z) : E — E is the linear operator defined by duality in the following way

(f"(z)v,w) = D*f(x)[v,w],  Vv,we E.



If x € Crit(f), we denote by m(z, f) the Morse index of f at x, namely the maximal dimension of
a subspace of E on which f” is negative definite. We also denote by m*(x, f) the extended Morse
index, the maximal dimension of a subspace of E on which f” is non-positive definite. For all u € F,

n—2

i€ Rand £ € R” we set uye = = 2 u (””T_E) The map 7 denotes the stereographic projection
m: 8" = {zeR": |z =1} — R" through the north pole Py of S, Py = (0,...,0,1), where we
identify R™ with {m eR"™ g, = O} . The map R : S™ — S™ is the reflection through the hyperplane
{Zn41 = 0}, ie. for (2/,2,41) € S™, it is R(2', xpny1) = (2/, —2py1). Given a function v : R" — R, we
define v* : R® — R in the following way

vﬁ(x)v<|$x|2> , x € R"™.

Weset S, = {h:R" — M(n xn) : h;j = h;;,Vi,j}. In the following, for brevity, the positive constant C'
will assume possibly different values from line to line.

2 Preliminaries

In this paper we consider metrics on R™ possessing ”infinitely many bumps”. In order to describe precisely
such metrics we introduce some notations.

Let 7 : R™ — R be a C*° function with compact support with W, # 0, see formula (13). For A > 0,
let Ha C S,, be defined by

(1) Ha= {h ()= oir(e — ), fo - @y > 4 diam (supp7), i £ 5, Y |oil? gA}.

ieN
We will consider the following class of metrics on R"”
(8) Gij = (92)ij = 0i5 + €hij,

where € is a small parameter and h = h;; € H4.
Geometric preliminaries and expansion of f.

We recall some formulas given in [3] which will be useful for our computations. It will always be
understood that the expansions in € below are uniform for h € H4. We denote with g;; = 6;; + ch;; the
coefficients of the metric g and with g/ the elements of the inverse matrix (¢~');;. The volume element
dVy of the metric g is

(9) dVg = |g|% dxr = <1 4e %t?‘ h—+e? (é(trh)z N it?‘(hz)) + 0(52)> dr.

The Christoffel symbols are given by I‘ﬁj = %[Digkj + D, gri — Drgijlg™. The components of the Riemann
tensor, the Ricci tensor and the scalar curvature are given respectively by

(10) R}, = DT, — D;TY + % T — T T Ry = Riyj; R = Ry;g".

im~ jk jm* ik
The Weyl tensor Wiy, is defined by

1
Wit = Rijup— ——=
n

— (Bingjn — Ragje + Rugin — Rjrga) + )(gjlgik — gikgi)-

(n—1)(n-2



For a smooth function u the components of V u are (Vgu)i = giiju, so we have
(11) (V,ou)' = Vu (1+ 0(g)),
and moreover

(12) |Vgu\2 = |Vu* —¢ ZhijDiuDju +&2 ZhilhljDiuDju + o(g?).

0,J 1,5,
Let R, be the scalar curvature of g. There holds, see [3],

R.(z) =eRy(x) + g2 Ro(x) + 0(52),

where
Rl = ZD?jhij —Atr h,
,J
and
3
Ry = =2 hyDjhi;+ Y hiiDihej + Y hyiDiyha + i > DihjiDihyy
k,j,l k,j,l k,j,l k,j,l
1 1
— > DihjyDihjr + Y DihjDjhgg — i > DjhuDjhgi — 3 > DjhuDihjp.
k,3,1 k,j,1 k,j,1 k,j,l

Similarly we define the tensor Wijkl by
(13) Wijkl = EWijkl + 0(8).

By formulas (9) and (11) the functionals u — [ |V u|?dVy, u — [ |u|?” dV, are well defined for u € E
and h € H 4. Moreover, for h € H 4, the supports of the functions 7(- — ;) are all disjoint, so there holds
R,. < |e| Ry, with Ry, € L (R"), and || Rp,| L% (un) tniformly bounded, by the condition 37, los|z < A.

Hence also the map u — [ R, u?dV, is well defined. In conclusion the Euler functional f.: E — R

1 1 *
(1) 10 = [ (el + R = o ) vy, g =6,

is well defined, provided h € H 4 and ¢ is sufficiently small. The functional f; in (14) admits the following
expansion

Yu € F, fg(u):fo(u)+6G1(u)+52G2(u)+0(€2),

folu) = / (chu2 - 2i*|u T) dx;

1 1 «\ 1
Gi(u) = / —cp ZhijDiuDju + §R1u2 + (chu2 - 2—*|u\2 ) §trh dx;

.9

where

1 1 x 1 1
Go(u) = / Cn Z hithij DiuDju + §R2u2 + (chu|2 — 2—*|u|2 ) (8(757“ h)? — 4tr(h2)>

i,5,0

1 1
+ itrh §R1u2 —Cp Z hijDiuDju dx.

0,7



We now describe in some detail how problem (1) on S™ can be reduced to problem (2) on R"™, and
viceversa. The stereographic projection 7 : S™ — R™ induces an isomorphism ¢ : H'(S") — E defined
by

(15) (tu)(z) = zo(z) u(r 1 (x)), ue HY(S™), zeR™

In particular the following relations hold for all u,v € H(S™)

(16) 2¢p, Vi - Vv = / (2¢, Vot - Vg, v + uv) dVy,, / () "L = / u? L.
RTL n n

n

If g is a Riemannian metric on S™, the Euler functional J : H!(S™) — R associated to problem (1) is
o 1, o 1 o 1/gn

Using stereographic coordinates on S™, we define the metric g on R™ to be

4

(17) gij(x) = 25 "2 (x) gy (2)

and, associated to g, the functional f : £ — R

1 1 o
fu) = /Rn <cnvgu|2 + §Rgu2 — ol 2 > dV,, u€Ek.

The functional J is related to f from the equation
(18) J(u) = f(u(u),  we H(S")

From equality (18) one deduces immediately that the functions {¢7'z, ¢}, ¢ are positive solutions of
Jy=0.
Let gr be the pull back of g through R, see Notations. Then gx gives rise to the metric

4

(19) g5i(@) =z "7 (@)(Gr)ij(x), T ER™
It turns out, using straightforward computations, that
1 2x; Y., xpdx 2x; Y xpde

# _ 4 k Lk k J 1l l
(20) ; gij(x) d.CCz dl’j == 6ij + ; (gij (I) - (Sij) (dl’l - |l’|2) (dl‘a — |17|2) .
Denoting by f* the functional on E associated to the metric g¥, there holds
(21) fu) = fH(u"), ue k.
It is a simple calculation to check that

H E: §
prRe T P+

(22) (2u,)" = 252, with 1 =

Technical Lemmas

We now collect some technical Lemmas, proved in the Appendix, which will be useful in the sequel.



Lemma 2.1 Let n >3 and p > 0. There exists C > 0, depending on p, such that for all a,b € R

(23) la+ 0" < C(lal” + [b]");

(24) b7~ Jaf> = o[ < € (Jal® = 1ol + Jal o) ;
(25) [la+ b2 =2(a+ 1) = laf*"~2a = b2 ~2| < C (|af? oI + |al" I,
where q = 2%(:3);) ,and r = % Note that r + g = 2* — 1. Moreover, for n > 6
(26) ‘|a FHr 2 W*—?‘ <|pF"2,  VabeR.

Lemma 2.2 Let n > 3. There exists C > 0 such that for all h € Ha and for all |e| sufficiently small
there holds

(27) Vue B, fow) - folu) £ Gilu) - € Ga(u) = o(e?) (Jlull* + [[u]*")
(28) Vue B, |fiw)= fiw) —eGi(w)] < O (Jlull + |l FF) ;
(29) vzeZ )< Clel

(30) Vue B, f1(w) — @l < Clel (1 ull 7))

(31) Vuwe B, |f(utw) = ()] < Clul (1 ul 3+ ] 52)
(32) Vuwe B, |filutw) = fw)| < Clwl (1 ul 7= + o] 7))
(33) Vuwe B, |Gt w) = Gyl < Cllul] (14 ull == + ] 72) ;

Forn = 3,4,5 we have

6—n
n—2 _|_ ||w

(34) Vu,we B, [fI (utw) = fL(u)] < Cluwll (IIu

G—n)
n—2 | .
For n > 6, the last expression becomes

(85) VuweE,  [ff(utw)~ fwll < Clwl|TE



3 Reduction of the functional

The aim of this section is to construct the natural constraint Z. for f.. This will provide the existence
of solutions to (2) close to solutions of the unperturbed problem (36) below. The advantage of our
construction respect to [1] and [2] is that it works uniformly for all h € H4 and for ¢ sufficiently small.

The natural constraint
Our starting point is the following Proposition, see [2, 16].

Proposition 3.1 The unperturbed functional fo possesses an (n+ 1)-dimensional manifold Z of critical
points, diffeomorphic to Ry x R™, given by

2

Z = {2#75 =" (:v'uf) ‘ ©w>0,¢e R"} ~ R, x R",

namely every element z, ¢ € Z is a solution of

(36) {—2anu —uns  in R™;

u>0,ue k.
Moreover fy satisfies the following properties
(i) f{/(z) =TI — K, where K is a compact operator for every z € Z;
(i) T.Z = Kerf{/(z) for all z € Z.

From (i)-(ii) it follows that the restriction of f to (T.Z)* is invertible. Moreover, denoting by L. its
inverse, there exists C > 0 such that

(37) Ll <C  for all z€ Z.

Through a Lyapunov-Schmidt reduction, using Proposition 3.1, we can reduce problem (2) to a finite
dimensional one.

For brevity, we denote by 2 € E"™! an orthonormal (n + 1)-tuple in T, Z = span{D,z, D¢, 2, ..., D¢ z}.

Proposition 3.2 Letn > 3. Given A > 0, there exist €9, C' > 0, such that for every h € H 4 there exists
a C' function
(we, ae) = (w(e, 2), ale, 2)) : (—e0,20) X Z — (E,R™1)

which satisfies
(i) w(e, z) is orthogonal to T,Z Nz € Z, i.e. (w,%)=0;
(i) fl(z +w(e, 2)) = ale,2)2 Vze Z;
(i) |lw(e, 2)|| < Cle| Vze Z.

From (i)-(ii) it follows that

(iv) the manifold Z. = {z +w(e,z) | z € Z} is a natural constraint for f..



PROOF. The unknown (w, o) satisfying (i) and (#¢) can be implicitly defined by means of the function
H:ZxExR"™ xR — ExR!

Hzw,a,c) = ( fllz4+w) —az )

(w, 2)
Since every z € Z solves f}(z) =0, it is H(z,0,0,0) = 0 and we can write
H( J=0 o 2 elwa] + Rz wae) =0
a,E) = —~  ~l(z w, zZ,w, a, =Y,
2, W, &, a(,w’ a) ( ,0,0,0)

where we have set R(z,w,a,¢e) = H(z,w,a,e) — a(iHa) |(2,0,0,0)[w, @]. From (37) it is easy to check, see

[1], that 3 |(Z 0,0,0) is invertible and there holds

-1
(38) H |(z 0,0 0)) <, Vz e Z.

Hence we can write

-1
H(z,w,a,e) =0 & (w,a)=— (%(2’,0,0,0)) R(z,w,a,¢) :=F, .(w, a).

We will prove that, for p and ¢ sufficiently small, the map F. .(, ) is a contraction in some B, = {(w, o) €
ExR" : |Jw||+]a| < p}. First we show that there exists C' > 0 such that for all ||(w, «)]|, ||(w’, a)|| < p
small enough

|Fee(w, a)| < € (Je] 4 im0,

(39) |
|Fecw',0) = Fr(w, )] < C (Je] + 0720 ) || (w, 0) = (', o).

By (38), condition (39) is equivalent to the following two inequalities

(40) 12z + w) = f ()]l < C (Je] + pmint2 351,

(1) (L +w) = @) = (L= +w) = DI C (Jel + o072 ) | (w,0) = (w0
We now prove (40). Using formulas (29) and (30) we have, since ||z|| is bounded
fe+w) = @] = (fiz+w) = f1) = @) + £12) + (1) - £1(2)) ]
- / (120 + sw) - £ wlds + 0(2) + 0wl

Hence, using (34) and (35), since ||z|| and ||w]|| are bounded, we deduce that

n+2

min min{2, 2+2
172Gz + w) = f 2wl < € (Jel + ™22 1 e lul[) < € (Je] + pmn2 758D,

and (40) is proved. We turn now to (41). There holds

2 +u) = file+ ) = B@ =l = | [ (264wt s = w) = 1)) o' —ulds

sup 1f2 (2 +w + s(w' = w)) = f5' (2)]| |w" —wl.
sg|0,

IN



Using again formulas (30), (34) and (35) we have that
152z + ' + s(w —w)) = f(2)]| < C (Je| +pmn58Y)

hence also (41) holds. Now that (39) is proved, if C (\6| + pmin{g’%}) < pand if C (|| +pmin{1vﬁ}) <
1, then F, . (w, a) is a contraction in B,. These inequalities are solved, for example, choosing p =2C'|¢|,
for |e| < gp with ¢ sufficiently small. Hence we find a unique solution (we, ) satisfying ||(we, ac)|| <
2C |g|. The fact that the map (w,«) is of class C! is standard and follows from the Implicit Function
Theorem. ®

Ezpansion of f: ;.

By Proposition 3.2-(iv) problem (2) is solved if one finds critical points of f.|z.. This is done by expanding
felz. in powers of ¢ as stated in Proposition 3.3 below. We recall that G; and G5 denote the coefficients
of the expansion in € of f.(u), see Section 2.

In [3] the following Lemma is estabilished.
Lemma 3.1 Forall z € Z it is G1(z) = 0. Hence G\(z2) L T,Z for all z € Z.
The function w.(z) is estimated in terms of G} (z) in the following Lemma.
Lemma 3.2 Let n > 6. The following expansion holds

(n+2)
(42) wie,z) = —e LGN (2) + O (\ew—w).
PrOOF. We can write fl(z 4+ w.) = S1 + P2 + B3 + (fo (2)[we] + € G (2)), where

pr = fe/(Zers)*f6(2+ws)*5G/1(Z+ws)§ 52:f(/)(z+ws)* (l)/(z)[wE]§
By = eGi(z+we)—eGi(2)

From (28), since ||z + w.| is uniformly bounded, we have that ||31| = O(g2). There holds
1
Bo= [ (et sw0) = i Dlwddds,
0

(nt2)
so (35) and (i4¢) in Proposition 3.2 imply ||82]] = O <|6|<"t2)). Then, from (33) it follows also that

(n+2)
|B3]] = O(g?). Hence we deduce that 8 + B2 + 33 = O (|€ ("3)). Thus the relation f!(z 4+ w.) = a2

(n+2)

can be written as f§(z)[we] + e G(2) + O (|5|<n—2>> = a.%. Projecting this equation on (7,Z)* and
applying the operator L., we obtain (42). B

We finally furnish the expansion of fc|z..

Proposition 3.3 Let n > 6. Given A > 0, the following expansion holds, uniformly in z € Z and in
heHa

(43) fe(zpg + we(z)) = bo +* D, €) + o(€?),
where I' : Ry x R™ — R is defined by

(44) D1 6) = Gal) — 5 (Lap oG () Gi))-

10



PROOF. We can write f.(z +we) =71 + 72 + 73, where
n=1rfe(2), =L, 3= felwe +2) — fa(2) — fi2)[we]-
By (27), since G1|z = 0, we deduce that
Y1 = fo(2) + € G1(2) + €2 Go(2) + o(€?) = by + €% G2(2) + o(e?).

Turning to 72, from (28), (42) and from f}(z) = 0 we obtain
2 = (f5(2),we) + & (G (2), we) + o(e?) = —&? (Lng(z), G’l(z)) ¥ o(?).
We now estimate 3. We can write
= e+ s02) — () w2 )ds.
Using (28) we have
Y3 = /01 ((fé(z + swe) — f5(2)) + e (G1(z + sw:) — G1(2)) ,ws)ds + o(e?).

Using (33), (35) and ||we|| < C'Je], it follows that
1
v = [ e s = fie)wn) ds -+ ofe?)
0

/01 (/01( 0 (z +tsw.) — 6/(2))[sw€]dt) [we]ds + /01 (/01 f{{(z)[sws]dt> [we]ds 4 o(g?)

- %6’(2)[wa,we}+0(€2)-

From the above estimates for v1, v, and 3, we deduce the Proposition. B

Study of the function I'

We report here the main properties of the function I', which are obtained in [3].
Proposition 3.4 The function T’ can be extended to the hyperplane {in = 0} by setting
(45) I'(0,£) =0,

and there holds

(46) D(p. &) — 0, as p+ |€] = +oo.
If n > 6, then
or o°T 9T .
(47) 874(0’5) =0, W(O,E) =0, 87113(0’5) =0, VE e R™,
moreover
limy, o p T (1, €) = =00 if Wi(§) #0, forn=G6;
(48)

8L(0,6) <0 if Wi(€)#0, forn>6.

11



4 Infinitely many solutions

In this Section we prove our main result Theorem 1.2. We consider on R™ metrics g of the form (8).
Since these metrics possess infinitely many “bumps”, we expect that the function f.|z. inherits infinitely
many local minima when the points x; are sufficiently far away one from each other.

Let f! be the Euler functional corresponding to the metric g'(z) = gi(z) = 6 + co; 7(x — z;). Since
o;7(- — x;) € Ha, the construction of Proposition 3.2 can be performed also for f!. We denote by
Z'={z+w! | z € Z} the corresponding natural constraint. We will often set for brevity

A; = suppT(- — x;); 2= 2 4wl

Let I'" denote the function as in (44) associated to the metric §(z) + € 7(x). By Proposition 3.4, the
function I'" possesses some negative minimum and tends to zero at the boundary of R x R™. Hence we
can find a compact set K of Ry x R™ such that

1
{y eRL xR": T7(y) < 2minI‘T} CK.

In the following this compact set K will be kept fixed.
If (u,€) € K+ (0,z;), then the functions z, ¢ + w! satisfies an uniform decay estimate. This is stated
precisely in the following Lemma.

Lemma 4.1 Let|e| < eg. There exist C > 0, R > 1 such that for every i and for every (u,&) € K+(0,x;)
there holds

; C
V(zue +wi)l (z) <

T e — x|t :

; C
(49) |26 +wi] (z) <

_W’ |z — x5 > R.

PrOOF. We can suppose without loss of generality that z; = 0 and the support of 7 is contained in
By ={zeR" : |z| <1}
The function z%, satisfies V f2(z%) = alZ, hence it solves the equation
—2¢, A(21) — 2% 722l = —alAz, in R"\ B;.

Performing the transformation (see the Notations for the definition of the map u — u*)

n—2

(@) = ui(x) = po 7 (20) (),

one easily verifies that the function u’ solves

n+2

> g, (ux), in By,

(50) —Aul(z) = [ul 2 (2)ul(e) + p
where ¢, = —al(z)A(Z*). Since (u1,£1) belongs to the fixed compact set K, the norm
(51) llazllcs(s,) is uniformly bounded for (u1,&1) € K.

Moreover, since w_ is a continuous function of z, it turns out that

(52) Cu= sup / |Vull> =0, m,= sup / lui]?” — 0, as u — 0.
(1&)eK J By (m&)eK J By

Under conditions (50), (51) and (52), the arguments in the proof of Proposition 1.1 in [13] imply that
for some p = po sufficiently small it is ||ul|c1(p,) < C uniformly in for (1,&1) € K. From this one can
easily deduce that ’
C 1

= MJ;2 ‘I|n72 I

#(z)

2
for x| > —; (11,61) € K,
Ho
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which is the first inequality in (49). The second inequality follows in the same way from the boundedness
of [l o1, @
Lemma 4.2 There exist C > 0, 1 > 0 such that for |e| < ey there holds
(53) |lwe —wl]| < OV fe(z +wi) — VFi(z +wi)|l.
PRrROOF. Let us consider the function
H: ZxExR" 5 ExR" xR

with components H, € E and Hy € R**! given by

Hi(z,w,a,e) = Vi(z+wl+w)—(al+a)sz,
Hay(z,w,a,e) = (w,32).
We have
_ _ OH _
H(z,w,a,e) =0 < H(z,0,0,¢) + m‘(z7070’5) [w,a] + R(z,w,a,e) =0,

where R(z,w,a,¢) = H(z,w,a,e) — H(2,0,0,¢) — Q(E)T?,)kz,o,o,a) [w, a].
It is easy to see that for |¢| small enough there holds

0H |
a(w’a) (Z,U,O,E)

H(z,w,o,e) =0 & (w,a) = Fe »(w, o),

s

-1

<C Vz € Z.

Moreover we have

where )

_ oH _ _
Fs,z(wa a) = (8 |(z,0,0,6)> (H(Zv 07 0; 5) + R(Za w, o, 5)) .

(w, @)

We claim that the following two estimates hold. For all ||(w, a)||, ||(w’,a’)|| < p small enough

o . . . n+2
(54) [Fez(w, )| < OV fe(z 4+ w) = V(2 +wl)l| + Cpn=2,
(55) [Fesw,@) = Fe(w' o) < Cpmt o —w].
Let us prove (54). For all (w,«) € B,
(56) [Fez(w, )| < CH(z,0,0,€)[| + C[R(z,w, e, €)
We have, using the same arguments of Proposition 3.2

HR(E,Z,’LU,OZ)” = HH(vavavg) 7ﬁ(270707€) - m‘(Z,0,0,E) [wvo‘]

IV £z 4wl + w) = Ve(z +wl) = D2fe(z + wi)w]]| < C o] 72

13



Since H(z,0,0,e) = Vf(z +wl) — Vfi(z + wl), (54) follows from (56). Let us turn to (55). For all
(w, ), (W', ) € B, it is

-1

_ _ oOH _ _
HFs,z(waa) - Fs,z(wlval)” = H (6(w’a)|(z,0,0,6)> (R(szva7€) - R(valaalvg))H
1
< c / ()" (2 + w0 + ' + 8w — w')) — (fo)"(z + w')ds
0
x o —w] < Cp* 2w - wl,

so (55) holds true. Now, arguing as in Proposition 3.2, we deduce that there exists a unique (w?,al)

such that
(i) (w?, 2) = 0;
(ii) Vfo(z +wi +wP) = (ol + aP)z;
(iii) |wP || < C||Vfe(z +wl) — VFi(z + wl)]| for e sufficiently small.

The couple (wg +wP,al + a?) satisfies (i) — (iv) in Proposition 3.2, hence by uniqueness it must be
we = wl +wP; by (iii), inequality (53) follows. m

In the next Lemma we estimate the quantity ||V f.(2%) — V fio(z%)|| with respect to e, {0}, and
{J)i}i.
Lemma 4.3 There exist C > 0, Ly > 0 such that, if |z;, — x;| > L1 for all i # iy, then
i
| — 4 [" 2

(57) IV fe(zpe + i) = VO (ze + wi)| < Clel >
i#ig

fOT’ all (p“ag) € (Oamio) + K.

PROOF. Since the metric g is flat on A; for i # ig, for v € E there holds

(Vfe(2L0) = V2o (2l0),0)| = Z/A 26, V20 - Vv + Ryzl0v — |20 722000 dV
itip VA

- E / 26, V20 - Vv — |2002 72200y dz| .
iio Y A

Using the Holder inequality on each A; we get

(VIo(2l0) = V[ (20),0)| < Clel Y Ui/ V22 [Vo] + [22] [o] + |22 o] da
itip YA
By Lemma 4.1 we know that for (i, &) € (0,2;,) + K
, C ; C
28@)| € T, V@) S 7 for for - 2 R
N |7 — @[

Hence we deduce, using the Holder and the Sobolev inequalities, if |x;, — ;| > L1, i # 4o, with L1 > R,
there holds

) o 1 1 1
|(Vfe(222) = V[ (220),0)] SC|5|||U||Z:Ui< + -+ T |n+2>'
1o

FrRN ) L LR M
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This concludes the proof. ®

In the next Proposition we compare f.|z. with the reduced functional fio| z;, corresponding to one-
bump metrics.
Proposition 4.1 Set ‘ ‘
Qip = fe(zue +we) = 2 (2 +w2).
Then, if |x;, — x;| > L1 for all i # ig, for all (1, &) € (0,2;,) + K and for all |e| < &1 there holds

n—2

(58) |Qm\<<9k|(§: —xmw) i

PROOF. We have by (31), (53) and (57)
Qul = 1l we) = FO ) < Lzt w) — e+ 0l +110) = o)
< COllwe —w|] + \fa( &) - Z”(Z“)\ S OV fe(22) = V2 (20 + [ f(22) — f22 ()]

i#io

A

(59)

IN

Arguing as in Lemma 4.3 we deduce

[fe(22) — f20(22)]

1, . o«
Z/%Wmﬁuum L av,

i#ig
— Z/ |V (21) 2—*|z§“|2* dx
1710
< C|€| ZO_Z/ zo ‘2_’_|Zzo|2_’_|zzo‘2 dz.

i#ig
Then, using the fact that |x; — x| > L1

) ) ) 1 1 1
fe(zl) — flo(z)| < Cle 0i< + + )
TRCORSAICOI ||;; oy T e Py T Bl g

The last inequlity and (59) imply that [Q;,| < C'le| >, Zio \a:—;ﬁ Applying the Holder inequality
i i

, (58) follows. m

Lemma 4.4 Let « > 1, v > 1. There exists a constant C' > 0 depending only on o and vy, such that

1
E ~ C 19 — +o00.
e (a—=1)y"
i#ig |Za Z |’Y Z(()a i

ProoOF. For iy large enough there holds

Z 1 /(io_l) dz Z /DO dx
— [i* —ig|" Jo (i —x2)r \Z“ =il Sy (@ —i§)

i>7o io+1) —i§)

Hence, we are reduced to estimate the above two integrals. Let us start with the first one: using the
change of variables igy = x, we deduce that

/“01) dx , /170 dy 1 /130 dy
Ta o o = —_—.
0 (i§ — =) 0 io (L—y>)r 507 o (L —yo)
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1—L
Since (1 —y*)” ~ C (1 —y)7, for y close to 1 it follows that [, (1—d$)7 ~ C4J~". Hence it turns out

that f7Y ey ~ C if)“}l)”' An analogous estimate holds for the other integral [, ) a2y
This concludes the proof.
4.1 Proof of Theorem 1.2
Existence of infinitely many solutions
Fix a € R" with |a| = 1, and let h be of the form (6) with o; = i=? and z; = Di%a. We choose
. C() . . o — (4]€ + 1)
where Cj is a constant to be fixed later. With the above choice of o; there holds Z:ff |loi|V/? < 400,

since § > 1 > % Since also o > 1, we have inf;»; |x; — ;| > 4 diam(supp 7) for ¢, j large enough. Hence,
if we take o; = 0 for ¢ sufficiently small, then h belongs to H 4.
From the expansion in (43) we know that

D(a0) =bo + 2o ITO) (1, €) +o(?07), 2l =z +wl,

and so f] i, attains absolute minimum in a point z%0 = Zrgt w with (g, ) € (0,24,) + K. Moreover
there exists a smooth open set U C K such that for o;, sui%ciently small

, , L 1
(61) Jmin [zt ul) - f2(E0) 2 Jdrole% de=|minl”,

We assume 49 to be so large that min;;, |z;, — ;| > L1, so (58) holds. Hence we have that
Cle| 1 n2
IQi0| S D(n,Q) (Z |io‘ I i0a|n) .
i#io

So, by Lemma 4.4, for i sufficiently large there holds

C e 1
D=9 a2
0

(62) |Qiol <

By our choice of ; and by (61), in order to find for ¢ small a minimum of f.|z_ near z, it is sufficient
that

1. _
(63) Qu| < gdrio™ Jof.

Taking into account (62), inequality (63) is satisfied, for iy large enough, when D = %, Cy is

le
sufficiently large, and

(64) (@ —1)(n—2) > 28.

We have then proved that if (64) holds, then for all iy large enough and ¢ small enough f.(z,.¢ + w:)

attains a minimum (7, &,) € (0,2;,) + K. Hence there are infinitely many distinct solutions v of (1)
on (S",3g,).

Regularity of the metrics
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Now we want to determine the regularity of g. on S™. Clearly g, is of class C*° on S™ \ Py. Moreover,
the regularity of g. at Py is the same as that of (g.)r at the south pole Pg and so, recalling formula
(19), it is the same of g? in 0. From equation (20), it follows that the functions g° (x) are of the form

(65) g5 (x) = 615 + ;Aijkl (é) (gkz (i) - 5kl> ,

where A;jz; are smooth angular functions. Set NI = |[(gi)f — §||cx. Since (g2)¥ — & has support in
Al = {m ER": gz € Ai}, and since diam(A®) ~ |x;]72, one can easily check from (65) that N¢ can be

|z
estimated as _ o
N: < Clel|oi] |x1|2’€ <C |6|1_m j2ek=8,

Let gB_,j be the metric constituted by the first j bumps of gg. Hence, since all the bumps of gg have
disjoint support, there holds

i?akf,@;

; _ 2k _ .
gt —gfler@ny < sup NE<Clel'™ 72  sup J<l
1

=j+1,...,1 i=j+1,...,1

So, if 2ak — 5 < 0, the sequence gf_’j is Cauchy in C*(By), and hence g. is also of class C*. If moreover

there holds 1 — 25 > 0, then |[g. — gollc+ — 0 when € — 0. The three inequalities we are requiring,
namely (64) and
B8 > 2ak; n—2>2k

are satisfied with n > 4k + 3 and our choices in (60). We have proved that g, are of class C* and that
9. — Gollcr(sn) tends to 0 as e tends to 0.

Since the solutions u® of (2) are close in E to some 25 g Wwith (7ii,&) € (0,2;) + K, the solutions
vl = 17t of (1) on S™ are close in H'(S™) to L_lzﬁi,é' From the fact that the functions L_lzﬁi,@
blow-up at Py as i — +o00, one can deduce that ||vl| e (sn) — +00 as i — +oo. Standard regularity
arguments, see [9], imply that the weak solutions v? are indeed of class C* on S™. From the fact that
[lv — L’lzﬁi@_ | 71 (sn) is small and from the maximum principle, it is also easy to check that the solutions

we find are positive. This concludes the proof.

5 Further results

In this section we prove some multiplicity results, which are consequences of the method applied above.
We consider on S™ a smooth bilinear and symmetric form h, and the metric g = g, given by

(66) 9. =0 +eh.

Let g be the metric on R™ associated to g by formula (17). Using the isometry ¢, it is possible to prove
that the Euler functional f. : E — R corresponding to g is well defined, and one can repeat all the
arguments of Section 3. Let again Z. = {z + w.} denote the natural constraint for f.: to study f.|z.,
for brevity we define o (11,€) : RT x R® — R as

pe(p, &) = fa(zu,f + ws(zu,ﬁ))-

We have the following Proposition, proved in the Appendix.
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Proposition 5.1 Suppose n > 3. Let h be a smooth bilinear and symmetric form on S™, and, for e
small, let G, be given by (66). Then ¢, can be extended by continuity to {yu = 0} by setting

(67) ¢6(07£) = bOv g €R™
Moreover there holds

68 li (p, &) = bo.
(68) @ (1, €) = bo

As a first application of Proposition 5.1 we improve Theorem 1.3.

Theorem 5.1 Under the same assumptions of Theorem 1.3 there exist L,é > 0 such that, for |xo| > L
and for |e| < &, problem (2) admits a third solution us.. In the non-degenerate case this solution has
Morse index m(use, f-) > 2, or in general extended Morse index m*(us.e, f=) > 2.

PROOF. In [3] it is proved that for |zo| > L large enough and for |¢| < & small enough, (. possesses two
points e, €1 of local minimum with ¢.(eg), (1) < bp. These minima give rise to two solutions u; . and
uz e of problem (2). Now three cases can occur. The first one is that supg, cgn 9= > bo, the second is
that ¢, < by and ¢ (p, &) = by for some (i, &) € Ry x R™, and the third case is that ¢ (p, &) < by for all
(1,€) € Ry x R™. In the first two cases ¢. possesses an interior maximum, while in the third case, by
the mountain pass Theorem, there exists a critical level ¢ > max{p:(eq), p(e1)}, ® < bg. In each case
there is a third solution us . to problem (2). In the non-degenerate case we show that m(us., fo) > 2.

The operator f!'(usc) is negative definite on the one-dimensional subspace {tus,t € R}, so there it is
m(us e, fe) > 1. Suppose by contradiction that m(us ¢, fe) = 1. Then, since we are in the non-degenerate
case, f!'(us.) would be positive definite on the finite dimensional space T, . Z., and us. would be a
strict minimum for f.|z.. Clearly this is a contradiction when ug3 . is an interior maximum. When us .
is a mountain pass critical point, the result follows from [11]. In the degenerate case, the same argument
shows that m*(us ¢, f-) > 2. &

Remark 5.1 As a byproduct of Proposition 5.1, we can immediately deduce that p. possesses a critical
point, and hence problem (1) admits a solution for g =g.. We point out that, in the present very specific
situation, we do not need to distinguish between different dimensions and between the locally conformally
flat or non-locally conformally flat case.

Our last result deals with thte existence of multibump solutions as in [17]. Given an integer £ > 0, an
£-bump solution of (1) is a function u satisfying (1) and such that u ~ Zle 2y i

Theorem 5.2 For all integers £ > 0, there exists g > 0 such that for all € with 0 < € < g¢, there exists
a metric g. on S™ for which problem (1) possesses £-bump solutions. If k > 2 and n > 4k + 3 then g.
can be chosen in such a way that ||g. — gollck(sny — 0 as e — 0.

For the sake of brevity we will only outline the main steps of the arguments, referring to [15] for more
details and complete proofs.

Step 1 We fix £ € N and we take x1,...,2, € R™ and g. of the form
¢
ge(z) =8;j +¢ ZT(Jc—xi), in R™.
i=1

The multibump solution is found near the following set of functions

Z8={n 4+t 22 €7},
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obtained “gluing” together ¢ elements of Z. We show that

(n+2)(n—2)
|f;<z>||—0<m;x|xixj| i +) ezt
17F]

Step 2 Following the arguments of [7], we use the last estimate to prove the existence of a manifold
Zi={zt+w:zeZ%,  |uwll=0(lf=)]),

which is a natural constraint for f.. Moreover, it turns out that

¢
fe(z4+w) =Lby —l—EQZI’(zi) + R,

i=1

where

(69) R =0 (5 maxa; — |~ “H 4 52) |
i#]

Step 3 Each of the functions I'(z;) attains a minimum at z; = z,, ¢, with p; bounded above and below,
and with &; close to z;. By means of equation (69), we prove that, if we choose max;; |z; —x; |=(n=2) g2,
these minima persist, and we find a critical point of f. on Zf. Furthermore, the metric g. gives rise to a
metric g, on S™ with g, — g, in C*.

6 Appendix

Proof of technical Lemmas

ProOF OF LEMMA 2.1. Equation (23) is a trivial consequence of the subadditivity of the function
t — [¢[P for 0 < p < 1, and of the convexity of t — [¢t|P for p > 1. When n > 6, then the number
2 —2 = ﬁ is greater than 0 and smaller or equal to 1, so equation (26) is also a consequence of the

subadditivity of ¢ — [¢|P, with 0 < p < 1. Turning to (25) it is sufficient, by homogeneity, to prove that
for every t € R there holds

(70) 1+t 1+t = [t =1 < C ()" + [t]9).

Equation (70) is satisfied near ¢t = 0 for every C' > 0, since 0 < r < 1. At infinity, the left-hand side goes
to 400 as [t[P~!, while the right hand side goes to +oo as [t|4, since ¢ > r. Moreover p — 1 < g, so (70)
holds for C sufficiently large and for all ¢. Inequality (24) can be obtained reasoning in the same way. B

PrROOF OF LEMMA 2.2 We start proving (35). Given two functions vq, vy € E, there holds

((f2 (u+w) = fL(W)[vr,v2]| = (2" = 1) ‘/(|u+w2*—2—|u2*—2)v1v2dvq

2% -2

IN

(2*=1)(1+0(¢)) ’/ ‘\u+w|2*-2 —|u

’|vl||v2|d:1c

Using the Holder and the Sobolev inequalities we deduce that

2

. % n
72*) " ol el

/ \Iu+w\2*‘2—|u\2*-2 [v1][va|dz < C (/ \IU+wI2*—2—\u
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For n > 6, using inequality (26) with a = u(z), b = w(z), we deduce that ||u+w|* =2 — |u 2*’2|% <
C |w|*", so (35) holds.

We now prove (30). Taking into account formulas (9) and (11), we have that

f;’(u)[vhvg]:/(Vvl~va(l+0(s))+Rgv1v2—( — Dl v102> dz (14 O(e)).

From the Holder and the Sobolev inequalities, and using the fact that the support of R, is compact, it
follows that

a4
(f2/(w) = ff/ (@)1, v2] = O() (14 O() + a7 ) Jjon]| ezl
and (30) is proved.
Let us turn to (32). For every v € E there holds

(711)  (fllu+w) — fl(u),v) = / (20nvgw Vv + Rywv + [u+ w|* "2 (u+ w)v — |u\2*_2uv) dv,.

This implies that
nt2

17200+ ) = 2201 < O ol 14 066 + ([l ol w) = 122 ) ™ 14 0.

Since

1
lu+w* "2 (u+w) — |ul* "2u= (2" - 1) / lu+ sw|* “2w ds,
0

setting y(z) = (2* — 1) fol lu + sw|?> ~2ds, we have |u + w|?> ~2(u + w) — |u|* "2u = y(x)w(z). Hence

there holds
* * n+4+2 n
([ e wP =2ty = =2 ™) < gl ([ )

2
Using again the Holder inequality, we have that |y| < ( fol |u + sw\z*ds> ". So from the Fubini Theorem

1 1
/|y\%daj§/ / lu+ sw|? ds d:c:/ (/|u+sw|2*dz> ds < sup |ju+ sw|3:.
0 0 s€[0,1]

Taking into account the Sobolev inequality, it turns out that, by (23)

</|y ) < sup |lw + sw||T

In conclusion we obtain (32).
We now prove (28). Given v € E, we have

w7 < C (Ju

(n 2 4+ ||w

n— 2))

(fl(u),v) = / (QCanu Vv + Ryuv — \u|2**2uv) dv.

Taking into account formulas (9) and (11), we deduce

—
R
—~
I3
&
(4
=
I

[ 2609w Vo= i DDy + OVl F0] + eRyuw + O fullo] = [uf uy

ij

X

<1 + %Etr h+ 0(52)) dz.
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Expanding the last expression in €, and O(g?), and using again the Holder and the Sobolev inequality,
we obtain (28). Formulas (27), (29), (31), (33) and (34) can be obtained with similar computations. B

Proof of Proposition 5.1

Let f2 : E — R be the Euler functional (5) corresponding to the metric ¢g°(z) = g(éx), § > 0. For all
u € E there holds

(72) o) = £ (677 u(67"2)) = f-(us0)

and inversely

fow) = f2(67% u(ow)).

The map T5 : E — E defined by Ts(u) := us is a linear isometry and by (72) f° is nothing but
f2(u) = f. o Ts. In particular for all u € F it is

(73) Vfe(u) = TsV 2 (T ).

Since f? is related to f. by the isometry Tj, one can apply without changes the construction of Section
3 to f2. Hence there exists w® € (T, Z)* such that

Vfa(zo—l—w yeT, Z.

Since V fe(z50 + we(250)) € Tes,,Z, by uniqueness and by (73) it turns out that

(74) wd () = 67 we(25,0)(67).

We consider also the functional

= 0 a0 )DauDyu — o

which corresponds to the metric in R™ which is identically equal to g(0). With respect to some orthonor-
mal system of coordinates the symmetric matrix g%/ (0) has the diagonal form (\y,...,\,), where for
brevity we have omitted the dependence of \; from €. We note that the numbers \; are positive since
g% (0) is close to the identity matrix.

Since f¥ is a perturbation of fy, reasoning as above we find an unique w? € (T,,Z)* satisfying
V £9(z0 + w?) € T,,Z. We note that, by symmetry reasons, w? must be an even function in R™. In the
next Lemma we prove some further properties of w?. Define

dVg(0)

(o) = 20 ( Ty =)
200@) =20 | —F/=—y---y —F/——) -
>\1 )\n
Lemma 6.1 The function w? satisfies V f2(z0 +w?l) = 0. Moreover there holds
w? =T,z — 20, for some >0, and  f2(z0 +w?) = bo.

PrOOF. The functional f0 is invariant under the transformations u — w, ¢, for all ;1 > 0 and ¢ € R™.
From this fact one can deduce that f2(z,¢ +w2(z,,¢)) is independent of p, £. Hence, by Proposition 3.2
(iv), the points z, ¢ + wl(z,,¢) are all critical for f2, and in particular it is V f2(zo + w?) = 0.

The positive solutions u of V f2(u) = 0 can be completely classified. In fact, using the coordinates
introduced above, a critical point u of f0 is a solution of the problem

726112)\]) = u? *, u€e k.
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Using the change of variables 2; = \;y;, and taking into account that the only solutions of —Au = 42 ~!

are of the form z, ¢, one can deduce that zg + w? = T),%, for some p > 0 (here we have used the fact
that w? must be an even function).
Now we prove that f2(zg +w?) = by: in fact there holds

ﬁﬁﬂ&ﬁ@ﬁ/(%%}%ﬁ&mﬁé y)(Jl J)mx|

Using again the change of variables x; = A\;y;, we obtain the result. The proof of the Lemma is complete.
|

PROOF OF PROPOSITION 5.1. For all © € E there holds

(75) lim ||V £2(u) = V2 ()] = 0;

(76) lim f2(u) = f2(u).

Equations (75) and (76) are easy to verify, for example starting with u € C°(R") and proceeding by
density. Furthermore, arguing as in Lemma 4.2, one can deduce that for some C > 0 it is [Jwd — w?|| <
CVFi(z) — V%)l = C|IVf2(Z)|. Hence by (75), applied with u = T},Z, and by Lemma 6.1, it
turns out that

(77) wd s w’ =% —z2 as §—0.
Using (72) and (73) we deduce that
0e(8,0) = fo(25,0 + we(250)) = f2 (20 + wl).
We can write
J2 (20 + wd) = f2(z0 + wd) = (£2(20 +w?) — 220 +wl)) + (2 (20 +wl) = f2 (20 + ) -

There holds
£ (20 +wl) = f2(20 + w?) = fe(250 + Tswl) — fe(250 + Tsw?),

and from (31) it follows that
|f=(25.0 + Tswl) = fo(250 + Tsw?)| < C || Tswl — Tsw?]|.

By (77), and since Ty is an isometry, it is f(zo +w?®) — f2 (20 +w?l) — 0 as 6 — 0. From (76) we deduce
that also f9(z0 +w?) — f2(z0 +wl) — 0 as § — 0. Hence (2o +w®) — f2(20 + wl) — 0 as § — 0. By
means of the last computations we have proved that

Actually the above reasoning can be performed uniformly if £ varies in a fixed compact set of R™;
this implies (67). Equation (68) can be proved using the Kelvin transform. In fact, since the same
computations can be repeated in the same way for f#, one has, by formula (22)

m o (p,€) = lim @7, &) =
pt|€]—+o0 (7,6)—0

This concludes the proof. ®
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