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We study the singular limit of Fokker—Planck equation of polymers density as the dom-
inant time scale of small-scale component of turbulent flow goes to zero. Here, we com-
plete the study of Flandoli-Tahraoui [Stretching of polymers and turbulence: Fokker
Planck equation, special stochastic scaling limit and stationary law, J. Differential Equa-
tions 452 (2026) 113789] about scaling limit as the space scale of small-scale component
of turbulent flow goes to zero by using stochastic modeling of turbulence. Depending on
certain parameters related to turbulence modeling, the limit density has a generalized
Cauchy distribution for the end-to-end vector. We also discuss the limit when we don’t
have a probability density limit. Our approach is based on the derivation of appropriate
estimates on L2 with appropriate weight and investigation of the convergence.
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1. Introduction

Polymers are complex molecular systems that can be vaguely thought of as a chain
of springs. Understanding polymer dynamics is important, both theoretically and in
practice. One application is that the presence of low concentrations of polymers can
lead to a significant change in hydrodynamics, and one of the most important effects
is the drag reduction in turbulence. In a turbulent fluid, polymers are usually found
in two states called coil and stretched. The coil state is like a spherical or ellipsoidal
rolled chain, which may be more or less elongated, but still in the roll position. The
stretched state is when the chain is elongated, more similar to a straight line than
a sphere. Strongly stretching turbulence may lead to the stretched state; when the
polymer passes from one state to the other, we speak of coil-stretch transition.
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One of the aims of this contribution is to rigorously justify the power-law dis-
tribution of the end-to-end vector of polymers. Consider in dimension 2 or 3 the
following Hookean model:

1
dR; = Vu(X;,t)Rydt — = Rydt +20dW,

B (1.1)
dXt = U(Xt,t)dt,

where X; is the polymer position (the center of mass) and R; is the end-to-end
vector, representing the orientation and elongation of the chain, see e.g. Ref. [7.
The polymer is embedded into a fluid having velocity u(t, ), which stretches R; by
Vu(z,t). The equation for R; contains also a damping (restoring) term with relax-
ation time 8 and Brownian fluctuations v2cdW, where, to simplify the notation,
we have denoted by o2 the product %p, k being the Boltzmann constant and T
being the temperature.

We counsider a dilute (non-interacting) family of polymers subject to equations
7 thus described by the kinetic equation for the density fV7 := fN7 (2,7, t) of
polymers with position x and length r at time ¢,

O fNT + divy (T VT + div, ((VUN’TT — ;r) fN’T> = oA N,

uN,‘r = uNyT(xvt) = uL(xat) + U’s(x7t) = uL(xat) +o 057T(x)8twtka
keK
Vo = £7

(1.2)

Here u™'7 (2, t) is the fluid velocity and it is assumed that u™'"(z,t) is made of
two components, a deterministic large-scale one uy,(x,t) and a stochastic one, mod-
eling small-scale turbulence, of the form } 7, _ J,]CV’T (z)0,Wk, acting in Stratonovich
form. We stress the fact that the coefficients a,iV’T(m) of the turbulent part depend
on a parameter N so that, when NN increases, they represent smaller and smaller
space scales, precisely Fourier frequencies N < |k| < 2N, providing a separation of
scale regime. The noise acts on f~:"(z,7,t) in transport form, but incorporating
also the stretching action by the term Vu™:" (x,t)r. The coefficients (oliV’T)k depend
as well on the dominant time scale 7 of us, see Sec.

In Ref. 22| under suitable intensity assumption, such that the stretching term
has a finite limit covariance, we proved that f7 weakly converges to the solution
fr = fr(z,7,t) of a deterministic equation, with a new diffusion term in the 7-
variable, of the form

ath + le:r (uLf'r) + diV’l“ (VqufT)
= div, <;rf7) + 02N, fr + %divr(Ab(r)VTfT), (1.3)

f'r|t:0 - fgv
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where Ay(r) = (b+ 1)|r|?’I —br®@7r) (b=21in 2D and b = 1 in 3D), kr = Cya?
(Cy = ﬂng(Q) in 2D and Cy = %&?(2) in 3D) and a, is an intensity parameter of
the noise depending on 7. We refer to Sec. [2| where we recall the assumptions and
main results from Ref. 22] about the rigorous derivation of , as scaling limit
of .

In the regime where the relaxation time of polymers 8 and the dominant time
scale T satisfy 5 = (1, ( >0, (1.3) becomes

1 1
O fr + diVa:(uLfT) + divr(vquffr) = —div, (a'rf‘r + V.o fr+ 2Ab(r)v7’f7>7

Car
f‘r|t:0:f6—a ($7T)€TdXRd7d:2,3,
(1.4)

where a > 0 and is related to the intensity of turbulence, see Sec. how to get
from and for the interpretation of a.

The aim of this contribution is to consider the singular limit as 7 — 0 of .
This completes the study done in Ref. 22| and rigorously justifies the physical
predictions about the power tail of the probability density function of polymer end-
to-end vector R (see e.g. Ref. [2). In Ref. 22] we proved a first scaling limit (in
space) by using a stochastic modeling of small-scale turbulent flow. In other words,
we proved limy_, o0 fN7 = f7 exists and f7 satisfies . Here, we prove that
lim, o f7 = lim, o limy_s 400 fV'7 exists in an appropriate sense and we identify
the limit. To the best of the author’s knowledge, this is the first time that scaling and
singular limits,® in space and time, have been considered using stochastic modeling
of small scales of turbulent flow in the presence of stretching and transport terms.
The main novelty of our contribution lies in the rigorous analysis based on analytical
tools derived from the stochastic diffusion limit, homogenization theory and kinetic
equations.

Sketch of the main results

For the convenience of the reader, let us explain heuristically the main result of
this work; then precise results (see Theorems and [3.2]) and rigorous proofs are
provided in the main body of the paper. We distinguish three cases:

e The case a > %: there exists fo € L?(T¢ x R%; (1 + #)adrdaj) such that

2 [e3
lim If5 — fol? (1 + |7’) drdz =0,
R 2

T—0 Td xR

aWe use scaling limit to denote the limit as N — +oo, which corresponds to a spatial scaling
limit. On the other hand, the term singular limit denotes the limit 7 — 0, which corresponds
to the temporal singular parameter 7. We use the word “singular” because the limit problem
(equilibrium) does not have the same nature as the initial one (kinetic).



2060 Y. Tahraoui

1 IrPy—a 5 72 L 72(Td « R- Iy
then f, converges to p® £ (14 5-)~* in L*(0,T; L*(T¢ x R%; (14 5-)“drdz)),

where Z = [5.(1+ @)_adr and p is the unique L2-valued solution of

Op+ur - Vaep =0,
(1.5)
p(z)]t=0 = po = / fo(x,r)dr.
Rd

e The case 0 < a < % and (fgu, pa [f712(1+ %)adrdx)T is bounded: there exists
a subsequence of (f;), denoted by (f-,)r, such that

2\ @

fr. converges weakly-* to 0 in L™ (O, T; L* (Td x RY; (1 + |TQ> drda;)).

e The case 0 < o < ¢ and ([ru, ga |ff|drdz), is bounded: there exists a sub-
sequence of (f;); denoted by (fr,)r. such that f, converges weakly-* to v in
L (0,T; M(T% x R?)), where M denotes the space of Radon measures and v
satisfies in weak sense the following:

1
div, (arv +V,v+ 2Ab(r)Vrz/> =0. (1.6)

The solution to (1.6)) is ¥ = g ® 4, where g is an element of L°°(0,T; M(T%))
and p, € M(R?) defined as follows:

(Has )M, 1= /

2\ —«
(1 + 7‘|) o(r)dr, Yo e C,(R?).
Rd

2

We refer to Sec. |3| for a discussion about the physical interpretation of the above
results.

Stochastic diffusion limit results are related to homogenization theory in very
broad sense. Regarding this latter and without trying to be exhaustive, we refer to
Ref. 3l for deterministic techniques, Ref. [34! for PDE homogenization and stochastic
modeling (see also Refs. [31] and 29)). However, it is important to notice that the
strategies in stochastic diffusion limits are different from classical homogenization
and especially they are very efficient for generalizations to nonlinear problems.

The origin of stochastic diffusion limits, based on the It6—Stratonovich corrector,
is Ref. 23| that threw a new light on passive scalars subject to turbulent models. The
result of Ref. 23| has been generalized in several directions, showing in particular its
strength for nonlinear scalar problems (see Ref. 21l for a review). In particular, we
refer to Refs. [17] and [18] for the results in this direction about the 2D Euler and 2D
Navier—Stokes equations. Moreover, this approach leads to a delayed blow-up and
dissipation enhancement results, see e.g. Refs. [16l and [30. We refer also to Ref. 22
for extended literature review on the stochastic diffusion limits and transport noise.
It is worth underlying that the mentioned results concern scalar problems with
transport noise. However, when the turbulent fluid acts on vector fields, in addition
to transport there is stretching: namely the differential D¢, of the Lagrangian flow
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¢ of a fluid produces a modification of the length of vectors v, which leads to an
increase of length for many possible directions v. The result of this work can be
classified in this direction.

More difficult has been adapting the ideas to advected vector fields, because
of lack of control on the stochastic stretching when the diffusive scaling limit is
performed. Nevertheless, positive results for particular models have been obtained,
adapting the classical scaling of Ref. 23] see e.g. Refs. 8] [19] 20/ and 33l Recently,
after considering a new scaling such as the noise covariance goes to zero but a
suitable covariance built on derivatives of the noise converges to a non-zero limit,
new results have been obtained in Refs. [9and [22]in the case of stochastic transport-
stretching. In Ref.[9, we introduced a background stochastic Vlasov equation behind
stochastic transport and advection equations which gives additional information on
the fluctuations and oscillations of solutions based on Young measures. We first
developed the theory for the stochastic transport of a passive scalar. Then we
developed the theory for a passive vector field, where stretching also acts in addition
to transport. In the case of a passive vector field the background Vlasov equation
adds completely new statistical information to the stochastic advection equation
and the theory developed may help to recognize the existence of large values of
the length of the vectors, where the physical phenomenon of magnetic dynamo is
an example. In Ref. [22] we considered the new scaling by considering the Fokker—
Planck equation of polymers density and obtained the result described in the
beginning of this introduction, namely, as a limit of .

On the other hand, kinetic equations in general, which correspond to the meso-
scopic scale, appear in the study of many problems in physics, biology, and other
fields. Different types of these equations have been studied extensively, both in
terms of the existence of solutions and their properties, as well as the asymptotic
behavior with respect to the parameters appearing in the equations. In general,
the main interest when studying asymptotic is to derive equations of macroscopic
quantities such as density and probability distribution with respect to mesoscopic
variable such as particle velocity and the polymers end-to-end vector in our case.
Without trying to be exhaustive, the author studied in Ref. [36] the asymptotic of
electron distribution function in semiconductor kinetic theory where the equation
is given by Boltzmann transport equation for high electric fields. He proved that
the limit distribution function is given by the tensor product of the density (sat-
isfying a linear transport equation) and a probability distribution function of the
velocity variable satisfying an appropriate PDE. In plasma, people are interested in
studying the asymptotic of the Vlasov—Poisson—Fokker—Planck System for example.
There are two important scalings, the low field limit and the high field limit. This
leads to different scalings of the kinetic equations and requires a separate analysis,
we refer for example to Refs. 13l and 32l In Refs. [13] and [37, the limit distribution
function is given by the tensor product of the density (satisfying a drift-diffusion
equation) and a normalized Maxwellian with zero mean for the microscopic veloc-
ity. In Ref. [I5, the authors investigate a zero inertia limit of some kinetic equation
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where the limit is given by the tensor product of the density (satisfying a nonlinear
transport equation) and monokinetic distribution of the velocity variable. We refer
for example to Refs. 25H28] and [32] for more results about the asymptotics of the
kinetic equations.

Finally, it is worth mentioning that due to the stretching term in and
the appropriate stochastic scaling in Ref. 22, the matrix A, is generated after the
first scaling limit. This matrix A, is a fundamental key giving rise to the Cauchy
distribution for the end-to-end vector.

Structure of the paper

The paper is organized as follows: in Sec. [2| we present some preliminaries and
formulate the problem. Then, we collect the main results and the physical inter-
pretation of our work in Sec. [3] Section [4] is devoted to the proof of a uniform
estimate with respect to 7 and some results about the continuity equation associ-
ated with (1.4). In Sec. [f] we prove the convergence results, while discussion and
outlook are provided in Sec. 6. We conclude the paper with[Appendix A] containing
a proof of Lemma [£.1] talks about the weighted Poincaré inequality
and commutator estimate lemma in

2. Preliminaries and Formulation of the Problem

The aim of this section is to recall the main ingredients of the rigorous derivation of
(1.4) as the scaling limit of (|1.2)). We consider a dilute family of polymers described
by the kinetic equation (1.2) for the density f~'". In order to make the paper

self-contained and for the convenience of the reader, let us recall the structure of

(o,iV’T)k. For more details we refer to Ref. 22

2.1. Structure of the small scales

In order to clarify the stochastic modeling of small scales, 7 denotes the dominant
time scale of ug and ¢ ~ N~ its space scale.

The 2D case
Consider Z3 := Z* — {(0,0)} divided into its four quadrants (write k = (k1, k2))

Ky ={ke€Z:: ki >0k >0} K_,={kcZ2:k <0,ky>0},
K _ ={ke€Zl: ki <0ky<0}; Ky ={k€cZ:k >0,k <0}
and set

K+:K++UK+_; K_:K_+UK__ and K:K+UK_
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Let (Q, F, (F:)t, P) be a complete filtered probability space. Define”

1 1

k k
o,iV’T(x):%V’Tmcosk-x, ke Ky, oéV’T(x)zeév’Tmsink-x, ke K_,

where
ar

oNT = PR N <|k|<2N, NeN 67 =0 -elsewhere, (2.1)

where a, is a positive constant measuring the intensity, see Sec. Let us also
2
consider a family (Wt’“)ic €% of independent Brownian motions on the probability

space (2, F, P). Then, set us(z,t) = >, cx U,iV’T(x)ﬁtWtk.

The 3D case

We introduce the partition Z§ = I's ; U5 _¢ such that I'3 4 = —I'3_ and we

. 3
consider a family of real-valued independent Brownian motions (Bf ),’f i e
{1,2} defined on the complete filtered probability space (Q, F, (Ft)s, P), that is
E(Bf’JBé’m) = min(¢, $)0,10;,m. Then, we introduce a sequence of complex-valued

Brownian motions adapted to (F;); defined as follows:

BF 4 iB7 ™ ifkels,,

Wi = _ _
B" —iBf ifkeTs_.

Let N € N*, define 9,]5;7 = \ICTTT/Z’]‘{NS‘MSQN}’ for a positive constant a. Then, for
each k € Z3, j € {1,2} we denote O'IJ;{;(I) = Qﬁfak,jeik'z, where {%, A1, ak2} 18
an orthonormal system of R? for k € I's 4 and ag; = a_y ; if k € I'5 _. Set

WY (o) = > 0 ag et W (1), (2.2)
kezd je{1,2}

and consider u; = ;W™ in the 3D case.

Seeking not to overload the notation, we simply recall the result of the scaling
limit and refer to the main theorems in Ref. 22| for the precise mathematical frame-
work of well-posedness and the various estimates necessary for the analysis. Thus,
the following subsection concerns the rigorous derivation of as a scaling limit

of .

2.2. Scaling limit results

Let us present the following scaling limit result based on Ref. 22

PFor y = (y1,y2) € R?, y* stands for (—ya2,y1).
73 = 73 — {(0,0,0)}.
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2.2.1. Notation and functional setting

Let d € {2,3}, we consider the periodic boundary conditions with respect to the
spacial variable x, namely z belongs to the d-dimensional torus T¢ = (R/27Z)<.
On the other hand, the end-to-end vector variable r belongs to R%. Let m € N* and
we introduce the following Lebesgue and Sobolev spaces with polynomial weight,
namely

L?,.(T* x RY)
e ms [ PO ) e = 151, < o0
Td x R4 n

Note that L? o(T* x R?) coincides with the Lebesgue space L*(T¢ x R?). We will
use the following notation L%Q(']I‘d x RY) := H. We recall the definition of inner
products defined on the spaces H and L?(T? x R%).

(h,g)m = / h(z,7)g(z,7)(1 + |r|?)dxdr, Vg,h € H;

(h,g) := / h(x,7)g(z,r)dzdr, Vg,h € L*(T% x RY).
TdxR4

2.2.2. Scaling limit as N — 400

Let T > 0 and u;, = up(z,t) be a given large-scale component such that u; €
C([0,T],C*T%R%)) and div,(ur) = 0.
Since L>°(0,T; H) is not separable, it is convenient to recall the following space:

L2 (Q;L%°(0,T;H)) = {u: Q — L>(0,T; H) is weakly-* measurable
and Eluf|Fe o 7,y < 00},

where weakly-* measurable stands for the measurability when L°°(0,7;H) is
endowed with the o-algebra generated by the Borel sets of weak-* topology, we
recall that (see Ref. [12)

Ly (9 L>°([0,T); H)) ~ (L*(Q; L'([0, T]; H')))'.

Assume that fJ € H and fV7 be the unique quasi-regular weak solution of
(1.2) (see Ref.[22)). Let us recall the main ideas to get from (L.2).

By using the stochastic modeling of small scale, we get a stochastic Fokker—
Planck equation in Stratonovich form:

1
D fNT + divy (up TSN + div, ((VUJIY’TT - Br) fN’T) =N, fNT
o Ve fNToaWE = (Vo r) - Ve fNT 0 g, (2.3)
kEK kEK
N im0 = £3.
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We write in It6 form, where we need to compute It6—Stratonovich corrector,
see Ref. 22l By using the space-homogeneity and mirror symmetry of the covariance
operator Q(z,y) == > ,cx or (z) @ op (y), we get the following It6 form of the
stochastic Fokker—Planck equation:

1
AN+ div (u) T fFNT)dt 4 div, ((Vuf Tr— Br) fN’T) dt

=N fNTdE = Y o TN N TAWE = S (Vo ).V, f N T AW
keEK keK

1
+anA, fNTdt+ S div, (Z (Vo Tr) @ (Vo " r))V, fN’T> dt,

keK
fN’T|t:0 = f({a

where

An(r) = Z (Voir) @ (Volr)) = krAp(r) + O(;)P(r),

keK

P is a polynomial of second degree.

By using the scaling , we see that Ay (r) — kpAp(r) and ay — 0. Thus, we
can interpret the emergence of the part including A,(r) as a consequence of the
stretching effect and the choice of scaling . More precisely, we get (see Ref. [22])
the following result.

Theorem 2.1. Under the assumption that the small scales have the given structure
in Sec. . There exists a new probability space, denoted by the same way (for sim-
plicity) (. F, P), f, € L3 (L=([0,T]: H)),V,f, € L*(% L([0,T); H)) such
that the following convergence holds (up to a subsequence)

FYT = froin Ly, (9 L%([0,T]; H)),
Vo f T = Vo frin L2 (Q L2([0, 7] H)).
Moreover f; is the unique solution of the following problem: P-a.s. for anyt € [0,T):

/ / fr (@, ()b (r)drdz — / 17 (0,7 () e
TdJRd Td JRd

= /t/ fr(z,r, s)ur(z, s) - Vad(x)(r)drdzds
0 JTdJRd

t 1
* /0 /]l‘d Rd fr(x,r,9) (vuL(S, z)r — ﬁT’) -V p(r)¢(z)drdeds
_ /f/ / 02V, fr(x, 7, 8) - Voo (r) () drdads
Td JRd

/ /T /R o AV fr (w1, 5) - Vop(r) p(a)drdavds,
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for any ¢ € C°°(T?) and ¢ € CX(RY), Ay(r) = ((b+1)|r]*T—br®r) (b= 2 in 2D
and b =1 in 3D), kr = Cya? (Cy = ™2 in 2D and Cy = 2 iy 3D) and
a- s an intensity parameter of the noise.

2.3. The derivation of (1.4)

We recall that o2 is the product ’%T, k being Boltzmann constant and T being the

2:

temperature. Hence o %7 where Cy = kT > 0. In order to formulate the main

equation, let us present the following.

2.3.1. Noise specification and the parameter a,

We focus on the 2D case and the 3D case follows in the same way. Denote by us the

small scale of the turbulent velocity, its vortex structures have a dominant time scale
2
7 and space scale £, and the associated turbulent kinetic energy kr (of order %, in

2 o, . . . .
other words, kp = n% for a positive constant ). In a Gaussian approximation of
the model, a reasonable choice is

ﬁzlkl .

us(x,t) = Wmek(x)Z

)

N<[k|<2N

where the functions ej(z), sine and cosine, N ~ (7!, and ZF are stationary
Ornstein—Uhlenbeck processes solution of

1 2
dzF = ——7ZFdt + \/7th’€,
T T

where (W});, are independent Brownian motions. The average kinetic energy is
given by

Blu(@ )= 5 > e

N<|k|<2N

1 1 2 . . . . .
and 7z >y <jpi<an Tk () has a unitary variance size. The intensity of the tur-

bulent flow is given by /kr. Therefore, after using the approximation

1 ! k k ’
l%E <\/F\/O ZSdSWt> :0,

we write

11 Kkt
us(l',t)dt = TkT Z zwm@k(l’)dwtk

N<|k|<2N
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Thus, a, is of the order \%C’(f) with C(¢) = 4. More precisely, a, = \/E\LEC(E).
Thus we infer that a, = % with C3 = v/k > 0. Let us formulate the main equation.

It is clear that we can write the limit equation given by Theorem as follows:
atf'r + lez (uLfT) + divr(vquf'r)

Cf;“g div, (Ap(r) V' fr), (2.5)

= div, (;rf7> + 02N fr +

frle=o = 17

In the regime where the relaxation time of polymers and the dominant time scale
of the small-scale turbulent flow satisfies 8 = {7,( > 0, we obtain

atf‘r + din(”LfT) + diVT(<VUL7")fT)

(1 Co C,C2
= —_ e — 714 2'6
dm(CTrfT + CTVTfT + AV fr ), (2.6)
let:0 = fg
By setting
1 Cy
*=Zocz Y md =m0 2.7)

it is worth making some comments on the parameter a. Note that from , «
becomes smaller either when ¢ becomes larger (i.e. the relaxation time of polymer
B becomes larger than the dominant time scale 7) or C3 becomes larger (i.e. the
intensity of the turbulent flow becomes larger). In both cases, this corresponds to
a stronger turbulent flow for the polymers.

Therefore, we obtain the following equation for f. = f,(z,r,t):

1 1
O fr + diVa:(uLf'r) + din(VULTfT) = —div, (a'r'f'r +Vfr + 2Ab(7')vrf'r>a

Cart
f'r|t:() = fa—
Without loss of generality set v = 1. Our aim is to investigate the limit behavior

of (fr) as 7 — 0 in (2.3).
1 1
Ocfr + dive(ur fr) + div,.(Vuprf;) = —div, (arfT +V.fr+ 2Ab(r)VTfT> ,

Cat
frle=o = f3-
(2.8)

For clarity of the presentation, it is worth summarizing the various key parame-
ters (see Table|l)) of the paper and those related to it from Ref. 22 First, we recall

that C5 > 0 is a dimensionless constant measuring the intensity of the turbulent
87 log(2)

flow, Cy = WIOTg@) in 2D and Cy = =5~ in 3D occurring after taking the scaling

limit and depending on the choice of coefficients (Uév’r) N-
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Table 1. Key parameters.

Parameter Scaling limit224 (N 1 4+00) Singular limit (7 J. 0)
Boltzmann constant X Temperature kT kT
Polymer relaxation time B8 B
Dominant space scale of small-scale turbulence L~ N1 {~ N1
Dominant time scale of small-scale turbulence / T

. _ C3
Intensity parameter (turbulence) a ar = 7
Constant ¢ > 0 / B=qr

. _ 1

Exponent « (see also ([2.7)) / a= e,z

3. Main Results

Let us introduce the following space

2\ &
Ha:{g:deRd—HR://gQ(x,r)<1—|—|r|) drdx<oo}, a > 0.
Td JRd 2

Remark 3.1. Note that H, — H N L'(T? x RY) if o > 4.

In the following, we always consider fj € H for any 7 > 0.

3.1. Statement of the main result

Consider the following assumptions:

(H1) There exists A > 0 independent of 7 such that sup, ||f07||%,a <A.
(H2) There exists fo € Hy such that lim- o || f§ — follz, = 0.

The first result concerns the case o > 4.

Theorem 3.1. Let 7 > 0 and o > 4 5, assume that assumption H; is satisfied. Let
fr be the unique quasi-reqular weak solution to , then

s 10+ [ (e (i+5))

|7 Tt KT
X 1—1—7 drdxds < e~ A,

2

where K = 2al|Vyaup|oo. If moreover Hy is satisfied, the following convergence
holds as T — 0
1 PP\,
fr —>Tp®Z<1—|—2> in L*(0,T; Hy), (3.1)
where p is the unique solution to and Z = [p.(1+ #)_adr =C(d,a) is a
normalizing factor. In addition, the following rate of convergence holds

"l"|2 T T 2
[ [ oen (14 1) drasas < a4 S5 - sl )
Td JRA

where C,, is a positive constant.
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Proof. It is a consequence of Propositions and Lemma O

Note that , in Theorem asserts convergence in the space L?(0,T; H,)
with rate O(7) if ||f§ — foll3, = O(T). This convergence is the consequence of
the combination of the inequality 5.5) and the weighted Poincaré inequality .
Additionally, from it follows

2
sup // |fr(t) — ®pa|2<1—|—|2|>drd;v
te[0,7] J T4 Jra

2\ @ _
g// |fOT—p0<8>pa|2<1—|-|T2 > drdx + C+/T,
Td JRd

which asserts convergence in the space L*(0,T; H,) with rate O(y/7) if || f] —po ®
pallf, = O(y/T). However, it is worth noticing that the convergence in L>°(0,T’; H,)
requires a stronger assumption of convergence of the initial data, namely it requires
fo to have the form py ® pq,.

Remark 3.2. It is worth mentioning that the same conclusion of Theorem
holds if Hy is replaced by fo € L2(T%; L'(R%)) such that lim, o || f§ — foll221 = 0.

In the following, M (T? x R?) denotes the space of Radon measures. Concerning
the case 0 < a < %, we have the following theorem.

Theorem 3.2. Let 7> 0 and 0 < a < %. We distinguish two cases:

(i) Assume that Hy is satisfied and let f, be the unique quasi- reqular weak solution

to (4.2). Then
2"
1 LI

w 1501+ o [ ][5
t€[0,7) Td JRA

|T|2 —()(+1
(1 + 5 ) drdzds < eXTA.

2

Moreover, there exists a subsequence (fy, )k of (fr)r such that the following
convergence holds:

for =0 in L°(0,T; Hy) as k — 4oo. (3.2)

(ii) Let f§ € LY(T% x RY) N H and f, be the unique quasi-reqular weak solu-
tion to (4.2). Assume the exzistence of Ao > 0 independent of T such that
sup,~o | f5ller < Aa. Then

sup / / \fT(t)|drdac§/ / |f5ldrde < As. (3.3)
te[0,7] JTaJRE Te /R4

Moreover, there exists a subsequence (fr, )i of (f+)r and v € L>(0,T; M(T? x
R%)) such that

fro = v in L0, T; M(T? x RY) as k — +o0, (3.4)
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and v solves, in the sense of distributions,? the following:

1
div, (aru +V,.v+ 2A;,(7“)VTV> =0 inD. (3.5)

Proof. It is a consequence of Propositions [4.1] 5.2 and [5.3] O

Remark 3.3. Since the differential operator acts only with respect to r-variable,
a particular solution is of the form v = g,(-) ® p,, where g, is an element of
L>(0,T; M(T%)) and p, € M(R?) solving

1
div, (amr Vet 2Ab<r>vrm) —0 in (C=(RY)). (3.6)

On the other hand, P,(r) = (1 + @)’a € C(RY) and arP,(r) + V,.Py(r) +
1Ay (r)Pa(r) = 0. Define the following Radon measure fi4:

orelanc. = [ Palr)e(r)dr, i€ Cu(RY, (3.7
Indeed, let p € C.(R?), one gets
|(Pas MC|—‘/P r)dr

for some positive constant C. Consequently, g,(-) ® pto € L>¥(0,T; M(T¢ x R?))
solves ([3.5)).

< lgle. / Pu(r)dr < Cllg|c.
supp(p)

3.1.1. Non-uniqueness of measure-valued solutions and selection principle
O<a<id

Since the differential operator in (3.5) acts only with respect to r-variable, the
solution has the form

v=g(t,z) ® or, (3.8)
where g is any element of L>(0,T; M(T%)) and o, € M(R?) is the solution of

1
div, <o¢rg,, +V,o0, + 2Ab(r)Vrgr> =0 in D'(RY). (3.9)

¢ (Non-uniqueness of v) Note that at this level, the uniqueness fails by choos-
ing g1,02 € L>(0,T; M(T%)) such that g; # g and note from Remark that
01(t, ) ® ur and go(t, ) ® p, are two distinct solutions to (3.5)).

e (The uniqueness of g,.) Let us discuss the uniqueness for the solution to .
Namely, o, satisfies (see ([5.20))

1
<QT, —ar-Vyep + Ao+ 2div,«(Ab(7")Vrc,0)> ds =0 for any ¢ € C?(R?).
M,C.
(3.10)

41t is the dual space of C°(]0, T[xT¢ x R?), denoted by D’.
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By using Lebesgue decomposition theorem of Radon measures (cf. Ref. 39), there
exists a unique pair (g.., 07) of measures such that o, = o7 + o}, where

e ol < \g (absolutely continuous with respect to Lebesgue measure on R?). More-
over, g.c = h(r)dr with h € LL (R%).

loc
e of 1 )\, (singular with respect to Lebesgue measure) and may include Dirac

measures. In other words, concentrations are authorized in the space M (R?).

2
As we already indicated in Remark that p,.(dr) = (1 + %)_O‘dr € M(R?)
solves (3.6). In accordance with Lebesgue decomposition theorem, p, belongs to
Ohes 1-€.
0ne = tr + Cpip2,C > 0 where i, 2 is another absolutely continuous component.

(3.11)

In general, it is difficult to explicitly compute all the solutions to (3.9)) but if unique-
ness holds, then it is necessary to get o, = p,, since (3.9) is a linear equation. This
is the goal of the next proposition.

Proposition 3.1. There exists a unique Radon measure solution to (3.9), in the

sense ([3.10]).

Proof. Recall that is a linear PDE. Hence the difference of two solutions, still
denoted by p,., satisfies . In order to prove uniqueness, we use the standard
duality argument and Riesz representation theorem (see e.g. Ref. [39) for Radon
measures. Namely, the uniqueness follows if we show

(0, ) myce =0 for any 1 € C°(RY). (3.12)
Let us see if (3.12)) holds. To abbreviate the notation, define

1
Lrp = —ar-Vep + A+ 5 dive (4y(r) Vig).

From (3.10)), we have (o, L*¢) = 0 for any ¢ € CZ(R?). Let us analyze the adjoint
equation. Namely, let 1) € C2°(R?%) and denote by By the ball with radius M such
that supp(¢)) C Bjps. Then, consider the following problem in Bj; with Dirichlet
boundary condition:

(3.13)

,C*QD = ’l/) in BM,
p=0 on 0Byy.

The existence of solution in Hg(Byy) to follows by using “Fredholm alterna-
tive for linear PDEs” (see e.g. Ref. [14)). Since B is C*°-boundary, the classical
elliptic theory (see e.g. Ref.[14) ensures the existence of ¢ € C*°(Bjy). Then, extend
¢ by zero outside By to get ¢ € C2(R?). Therefore, we obtain

(0r, V) M, = (0r, L 0) pm,c. = 0. (3.14)
The claim (3.12)) follows from the arbitrariness of . O
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Finally, let us discuss a selection principle for g.

e (Selection principle for g) Since sup,.- ||ff|lz1 < A2, by using (3.3) we can
set g, = f]Rd frdr and integrate (2.8)) with respect to r, therefore we get

Orgr + dive(urg,) =0, 7 >0,
grlt=0 = g5 = /d fodr € Ll(']I‘d).
R

Note that (3.15) is linear transport equation studied in Ref. {1l Therefore, by
writing Ref. [[1 in the case of torus, we have the following proposition.

(3.15)

Proposition 3.2. Let ug € C([0,T],C*(T%RY)), divy(ur) =0 and g§ € L*(T?).
There eists a unique weak solution g, € L>([0,T]; L*(T%)) to (3.15)) in the fol-
lowing sense:

T
/0 /Rd (gT(t,:c) Opp(t, @) + g- (¢, x) ur(t, =) - Vgo(t,x)) dz dt

+/ 95(x) p(0,2)dz =0
Rd
for every test function p € C°([0,T) x T%). Moreover, the solution is renormalized:

01B(g-) +ur - VB(g:) =0

for all B € CY(R) with bounded derivative and vanishing near 0.

A priori, at the limit, we will be interested in with initial Radon measure
data (a weak-* limit, as 7 — 0, of (f7), in M(T4)), which requires more involved
analysis so we restrict ourself to the case L'-data at the limit, in order to explain
the idea of selection.

Proposition 3.3. Let go € L'(T?%) and assume moreover that (g5), in (3.15)
converges to go in L'(T?) as 7 — 0. Then g, converges to g in L>=([0,T); Ll(Td))
as T — 0, where g € L>([0, T]; L*(T4)) is the unique weak solution to

0yg + div,(urg) =0,
' (ug) (3.16)

§|t:0 = go-

Proof. The existence and uniqueness to (3.16]) follow as above, namely by using
Ref. 11l On the other hand, using the linearity of (3.15) and (3.16), the difference

gr — ¢ is the unique weak solution to
9 (9- — 9) + diva(ur(g- —9)) =0, 7>0,
~ (3.17)
— Jli=0 = g§ — go € L*(T?).

Recall that the solution is renormalized. By choosing appropriate sequence (), €
CY(R) with bounded derivative, vanishing near 0 and converging to the absolute
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value function (note that we can also use similar computation as in Proposition
as well), we get

sup |gT—§\dm§/ lgd — golde — 0 as T — 0. (3.18)
te[0,1] JTd T4
O

Consequently, as a natural selection to avoid the trivial non-uniqueness, we can

select g in (3.8]) to be g, the unique weak solution of (3.16).

Remark 3.4. A natural assumption guarantees that (g7 ), converges toward go in
LY(T?) and to assume fJ converges to some fo € L'(T? x R?), instead assuming
only the boundedness in L!(T? x R%) as in Theorem [3.2](ii).

3.2. On the role of the unbounded potential

Let us show that the unbounded nature of the restoring force leads to the emergence
of a measure valued limit if 0 < o < g. Note that the unbounded nature of the
force allows the polymer end-to-end vector to take values in R%, which plays a role

in the lack of L'-compactness in this regime.

Proposition 3.4. Under the assumptions of Theorem ii), let fr €
L>(0,T; L' (T4 x R?)) be the unique solution to [2.8)) satisfying

sup // |f-()|drde < Ay, V7 >0.
tel0,7] JTd JRa

Then (f;)r does mnot contain any weakly-* convergent subsequence in
L>(0,T; L' (T4 x R%)).

Proof. We reason by contradiction. Assume that (f;), has a subsequence, denoted
by (fr. ),k € N, which converges weakly-* to some f in L>(0,T; L'(T?¢ x R?)).
Namely, the following holds:

T
// fr (s, 2,7)E(8)(x)p(r)dsdxdr
0 JrdJrd

T p—
_>/0 /JI‘d e f(s,z,m)&(s)¢(2)(r)dsdadr, (3.19)

for any ¢ € LY([0,T]),v € L*>®(T%),¢ € L>®(R%). On the other hand, we know
that f;, is the unique solution to for any £ € N and it is bounded in
L>(0,T; L' (T4 x R?)). Therefore, it converges, with respect to the weak-* topology,
in L>=(0,T; M(T¢ x R?)) (up to subsequence) to some 7 such that

- ~ 1 ~
div, (aru + V.U + 2Ab(r)VTV) =0in D,

T T
and /0 /11‘d » fm(S,x,r)f(s)w(l“)(b(r)dsda:dr—>/0 (v, p)E(s)ds, (3.20)
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for any & € L([0,T)),¢ € Co(T?%) and ¢ € C.(R?). We proved in Sec. [3.1.1] that ¥
has necessarily the form h @ (1 + ) *dr for some h € L*(0,T; M(Td)). Now,
set 1 € Co(T?) and ¢ € C.(R?) in (3.19). Using the uniqueness of the limit, we

obtain from ((3.20)
. i 2y~
I L] fanu@omsosias = [“oe (14 15) o
0 JTdJ/Re 0 2
The arbitrariness of ¢, ¢ and ¢ gives f = h ® (1 + #)_adr. Finally, recall that

2
/ (1+||) dr=400 if0<a
Rd 2

which contradicts the assumption f € L>(0,T; L' (T x R9)). |

1\3\&

Remark 3.5. We can use a similar argument and Dunford-Pettis theorem (see
e.g. Ref. [6)) to show that the sequence (f;), is not uniformly integrable.

3.3. Physical interpretation

From a physical point of view, the statistics of the polymer length R have been
investigated by several authors in the physical literature, see for instance Refs. 2] 24
and [35. In the coil state, the distribution of polymer end-to-end vector R is found
to be power law

f(R) ~ R™'=% for relatively large R (3.21)

with the exponent 6 positive (so that f is normalizable). The exponent 6 depends
on the stretching properties of the turbulent flow: the highest is the stretching
intensity; the lowest is 6. At @ = 0 one has the coil-stretch transition.

To make links with the physical literature on the coil-stretch transition, it is
worth recalling that the tail exponent 6 is related to the Lyapunov exponents of
the turbulent flow and polymer relaxation time. More precisely, if ¢;(x) denotes
the Lagrangian flow associated to the turbulent flow, and we set

L() = Jim +logE[| Doy (x|

then 0 satisfies 57 = L(@). It is important to mention that the computation of
L(0) is not easy 1n general and we would like to predict the exponent 6 based on
turbulence features. In our case, we obtain the following probability density

1 2
p(r) = 7 ( + |r2|> ~ |r|72*  for relatively large |r|,

where |r| denotes the length of the end-to-end vector of the polymers and « depends
on some interpretable constants, see (2.7)). Taking into account the space dimension,
we get

p(Ir]) ~ |r[ 71472
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in accordance with the prediction of Ref. 2l Now, comparing to (3.21)), we get

2
CCyC2

‘= B relaxation time of polymer (3.22)
7 dominant time scale of small-scale turbulence’ ’

Let us discuss the results of Theorems and We distinguish two main
cases.

0=2a—d= —d where

(i) If o > 4 .° then we have two subcases:

e The case a > %f: the average (mean) associated with the probability den-
sity in Theorem is finite and the most of polymers have an equilibrium
size. One can consider that polymers are in coil state in this regime.

d

e The case § <a < %: The mean is not finite and larger values of polymer

end-to-end vector are more probable, which means that the most of polymers
have large size and the polymers are in stretched state. Moreover, at o = %
the average (mean) associated with the probability density in Theorem [3.1|is
not finite anymore, this can be interpreted as the criterion for the coil-stretch
transition. Note also that ¢ corresponds to § = 0 from (3.22), which is the
coil-stretch transition threshold following

(ii) The case 0 < a < g: In this case, we no longer have a probability density
in Theorem Moreover, we don’t have a priori uniqueness of the limit as
7 — 0. Depending on the regularity of the initial data, we obtain different
limits, the first one is the trivial limit. More importantly, the second limit v,
Radon measure valued one in Theorem[3.2] The latter seems to be more natural
because it corresponds to the L!-framework and we are dealing with Fokker—
Planck-type equation (see Ref. 22]). As noticed in Remark and Sec.

we can define a family of explicit solutions given by

9(t,7) ® po, g € L=(0,T; M(T?)) and puq given by (3.7).

Note that p, shows a power-law decay with the exponent « in the generalized
sense of Radon measure. From , as a decreases, the turbulent flow becomes
stronger. Thus, we can say that the polymers are strongly stretched in compar-
ison with the second subcase above, where the pdf must be interpreted as a less
regular object, namely as a Radon measure absolutely continuous with respect
to Lebesgue measure on R?, with density (Radon-Nikodym derivative) showing
the power-law decay behavior. In addition, in the stretched state, the precise
mathematics depends on the idealizations of the model. If we had introduced a

2
®Note that [pa(1+ \7“2| )~ %dr = |S47Y fo+oo(1 +v2)"*w?"1dy < oo if and only if o > g (1s4=1
denotes the surface area of the unit sphere in R%).

2
fNote that first absolute moment [4 [r|(1+ %)*"‘dr =891 f0+°°(1 +v2)7*vddv < o if and

only if a > %.
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superlinear damping instead of the linear damping —%Rt, this would produce
a sort of cut-off at very high lengths (e.g. Finitely Extensible Nonlinear Elastic
(FENE) model, see Sec. [6)), so that the behavior (3.21) would be true only in
a range

Rmin < R < Rmax

and globally the function f would still be a pdf. We refer to Sec. [f] for further
discussion on FENE model. In our idealization of linear damping, the stretching
may overcome the damping and lead to infinite length in the asymptotic regime,
which is the idealized signature of stretch state. More precisely, note that the
mathematical idealization in the Hookean model allows the infinite extensibility
mechanism. Recall that the term including A, (r) (see the operator £ in (3.24)))
is a consequence of stretching effect, resulting after taking the first scaling
limit?? and it is responsible for the loss of compactness in L' if 0 < o < 4.
Indeed, in the absence of the term A,(r) we see that £ is the Fokker—Planck
operator associated with Ornstein—Uhlenbeck process and we expect a Gaussian
distribution as 7 — 0, even if the finite extensibility constraint is missing. On
the other hand, since Ay(r)r = |r|?r and |r|? is the smallest eigenvalue of the
matrix Ay(r), the effective diffusion increases with |r| and enhances the outward
motion for large values of |r|. Consequently, it allows the mass to escape to
infinity and, mathematically speaking, it indicates a failure of tightness of the
associated probability measures and the loss of compactness in L'-space, see
Sec. In other words, the term including Ap(r) overcomes the drift term
containing « (which confines the mass) if 0 < o < g. To conclude, the notion
of “infinite length” reflects the possibility of polymers reaching infinite length
and this corresponds to the loss of compactness from a mathematical point of
view. Summarizing, this phenomenon is a consequence of a combination of the
stretching effect of the turbulence and the infinite extensibility possibility of
the Hookean model.

In all cases, our main results justified rigorously match the physical prediction
(see e.g. Ref. [2) concerning the power-law distribution of polymers embedded in
turbulent flow.

3.4. The coil-stretch operator

A first step in the study of the limit as 7 — 0 in (2.8) requires understanding the
singular term Ca%divr(arfq. + Vi, fr + %Ab(r)VTf,.). This will be the objective of

this subsection. Note that P,(r) = (1 + @)’ag satisfies

arP,(r) + V,.P,(r) + %Ab(T)V,Pa (r) =0, (3.23)

&In the following, we use po for the renormalized Cauchy-type function and P, for the non-
renormalized one.
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where we denoted Ay(r) = (b+ 1)|r|*] — br @ r. Thus

1
arg + vrg + iAb(r)vrg

-(+5) [ ol )t pmom{o(+ ) ]
- (1 + ";2)& [Vrga + ;Ab(r)vrga],

where (to simplify the notation) we used g, = g(1 + %)a Thus, we can guess
formally that the penalization 7 — 0 leads to

fr(t i, m) = p(t, 2)pa(r),

where po(r) = (1 + %) @ (Z is a normalizing factor) is generalized Cauchy

density with parameter o > % The aim of this subsection is to study some spectral
properties of the following operator:

E(f):divr<arf+vrf+;((b+1)r|2f—br®r)vrf>, be{1,2}. (3.24)

Let d € {2,3} and consider the following space:

2\ @
Xaz{g:Rd—HR:/ g2(r)<1+|r2> dr<oo}, a>0.
Rd

Note that X, is a Hilbert space endowed with its natural inner product, namely

|r[®

(f9)x. = y f(r)g(r) <1 + 2>adr.

We introduce the following unbounded operator £ acting on X, as follows:

L: X, — Xq,
: P\ 1
g E(Q) = div, 1+ 7 Vrga + §Ab(r>v7‘ga s
with domain

D(L) = {g €Xo, V- ((1 + Vf)a KH ;Ab(r)>vrga]> € Xa}.

It is clear that A,(r)* = Ap(r). Let us introduce the following space Z,, which
serves to prove the closedness of —L.
>\ *
V.fl1+—
i+

|7“ 2\ —a+1
Za{geXa: <1+>
Rd 2

It is not difficult to check that Z, is a Hilbert space equipped by its natural inner
product. Let us present the main spectral properties of the operator L.

2

dr<+oo}.
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Proposition 3.5. Let a > g, the operator —L is self-adjoint on X, and satisfies:

(1) —L is positive and Ker(L) = {cP,, c¢€ R},

(2) R(L) ={g € Xa: Jpag(r)dr =0},
(3) For all g € R(L) there exists f € D(L) such that L(f) = g. The solution is
unique under the solvability condition [y, f(r)dr = 0.

Proof. —£ is symmetric on X,,. Indeed, let f,g € D(L). Since Ay(r)t = Ay(r), we
get

enrom == [, ((1+15) " [Fohe+ 340198 ) - Vg

o [t (145 s b))
= (f.£(9))x.

In particular, since Ay(r)V, fo - Vifa > |72V, fo|?, we obtain

(=L(f);

= [ (
L.
=/

2\ " 1
(1 + 9 ) |:vrfa + 2Ab(r)vrfa:|> : Vrfad'r
|r

2\ —«
D) s+ A0 o Vg ar

) [ e
|7"‘2 —a+1
:/ <1+ 2) IV, ful2dr > 0. (3.25)
Rd

Thus —£L is symmetric and positive. On the other hand, note that D(L£) is dense in
X, since C°(R%) € D(L). By using Lax-Milgram theorem, we obtain the existence
and uniqueness of h € Z, for any g € X, such that

2 1 2
/Rd (1 + |r2| ) {Vrha + 2Ab(r)Vrha] -V, dr +/ hq§( ‘2| ) dr

:/ g¢<1+|2) dr, N € Zq.
- 2

In other words, (I — £)h = g. Let us show that I — £ is closed, let (hy, (I — L)hy,)
converges to (h, g) in X, xX,. We need to prove that h € D(L) and (I-L)h = g. By
using Lax—Milgram theorem, there exists a unique 9 € Z, such that (I — L)y =g
hence 1 € D(L). Therefore (I — L£)(¢p — hy) converges to 0 in X, which ensures
that ¢ — h,, goes to 0 in X, and ¥ = h € X,. We deduce that —L is also closed
and —1 belongs to the resolvent of —L.

(1) From (3.25), we get Ker(L) = {cP,,c € R} since f, = f(1 + @)0‘

1+
1+
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(2) Since —L is closed symmetric and —1 belongs to the resolvent of —£ then it is
self-adjoint thanks to Ref. [38. By using Ref. 6, we have

R(L) =Ker(£L)t :={g€ X, :(9,Pa)x, =0} = {g € Xy / g(r)dr = 0}.
Rd
The point (3) holds obviously. O

Remark 3.6. Note that in the case 0 < a < d/2, we still have that —L is positive.
2
On the other hand, P, (r) = (14 Z5)= ¢ X,, which implies that Ker(£) = {0}.

4. Uniform Estimates and Continuity Equation
4.1. Uniform estimates with respect to T

Let 7 > 0 and « > 0, the aim of this section is to prove some uniform estimates with
respect to 7. First, we improve the regularity with respect to the r-variable com-
paring to the one proved in Ref. 22| with a bound depending on 7 (see Lemma.
Then, we combine Lemma and to obtain uniform estimates with respect
to 7.

To simplify the notation, let’s introduce the following spaces:

Y={peH:V,pcHV,pec L*(T? xR},

2\ @
Ha:{g:’]I‘ded—)]R:// gQ(m,r)(l—i—lr) drdx<oo}, a> 0.
Td JRd 2

By approximation arguments and Theorem [2.1] we can deduce that (2.8) is satisfied
in V'-sense, namely there exists a unique quasi-regular weak solution f, such that

fr€ Lo (0 L([0,T]: H)),  Vifr € LX(Q L2([0,T); H)) (4.1)
and f,(t) := f,(t,z,r) satisfies P-a.s. for any ¢ € [0, T:

/]I‘d y fr(t)pdrdx — /Td/Rd 15 ddrdx

= // fr(8)(ur(s) - Voo + (Vur(s)r) - V,.¢)drdxds
0JTdJRe

1 t
- E A A‘d /]Rd Osz(S)T : Vr(b"_ vrf'r(s) ' vr¢
+ %Ab(T)VTfT (s) - V,odrdzds, (4.2)

for any ¢ € ). In order to derive some necessary estimates, we introduce a regu-
larization kernel. More precisely, let § > 0 and © be a smooth radially symmetric
density of a probability measure on R?, compactly supported in B(0,1) and define
the approximation of identity for the convolution on R? as ©;(y) = 370 (%). Since
we are working on T? x R?, we recall that for any integrable function h on T?, h
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can be extended periodically to a locally integrable function on the whole R¢ and
convolution ©g x h is meaningful and [h]s := Os x h is still a C*-periodic function.
Now, we present the following lemma which serves for the proof of Proposi-

tion {11

Lemma 4.1. There exists C =

IT\2
sup I (t) drdz
te[0,7] JTd JRd
1 g 2 r|? ot
Vofr 1+ — drdxd
+2C7'04/0/1rd S ( ! 2) e

2\ @
eCT/ / (fO? 1+ I drdz < AeCT. (4.3)
Td JRd 2

Although the proof of Lemma [4.1] follows by classical arguments, we give a proof
in for the convenience of the reader.

Remark 4.1. (L?-estimate) It is worth mentioning that we can prove the L? esti-

mates using arguments similar to the one used in but the bound
depends on % For the convenience of the reader, let us give just the formal argu-
ment. The estimate is based on the analysis of the following:

" <divr (arfT A éAb(rwrfT) , f7>

- /T/R (ozrf7+V o 3 AV, fT> V., fdrdz
>0

_ _C—T/Td/RdrfT-Vrderdx

- Cor /Td/Rd (|V f-12 + Ab( WVofr -V f-r) drdx

>0

m + 2a||Vyur||eo such that

4 R ,
=tz Ju e e [ (9P g1V ge 5o

This is why we consider the space H, to obtain uniform bound with respect to 7.

Proposition 4.1. Let a > 0 and assume that (Hy) holds. There exists K =
2a||Vur||so such that

I |r|?
su (1)]12 +7// V. (f, 2<1+ ) drdxzds
s 15+ o [ 9P (145

<eKTA =K. (4.4)
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Proof. Let t € [0,7] and ¢ € Y, if we denote X = (z,7) € T¢ x R? and
O;5(X) = O5(x), then ¢5 := Os*¢ is an appropriate test function in (4.2)), a classical
computation yields

/T L Osodrds - /T d /R (g )sodrda

—// / [ur(s) - Vafr(8)]sd + [(Vur(s)r) - Vi fr(s)|spdrdeds
0 JTdJR4

Com- //Td/w aldiv,(fr(s)r)]s¢drdzds
1

+Co7/ ((Arfr(s)]s,d) + <[dlvr(Ab( IV fr(s)ls, p)ds, Vo €V,
(4.5)

where (-,-) denotes the duality pairing between )’ and Y. Let us introduce a
sequence of cut-off function T/ (s) = max(—M, min(s, M)), M € N and define

2
ru = g((1+2)), rem, a2

Recall that [Ty ()] < (1+25)2 and Tos(r) + (1455) as M 1 00, Let 6 > 0, M €

N, notice that ¢s ar(z,r) = Tar(r)[f(-)]s(z,7) is an appropriate test function in
(4.5), therefore we obtain

/ o (D12 Tngdrdz — / ST Tyrdrds
TdJR4 TdJRd

- /Ot/qrd/]Rd [ur(s) - Vafr(s)lsTu[fr(s)]sdrdzds

// [(Vur(s)r) - Virfr(8)]sTar[fr(8)]sdrdxds
'H‘d Rd

COéT//Td/Rd aldiv,(f-(s)r)]sTalfr(s)]sdrdzds

N 1( / (A ()5, Talf (5)]s)ds

Cat \ Jo

wf t (31010 (Aa(r) ¥, Do Tu £ (5 s ). (46)

Now, we use (4.3) to prove some uniform estimates independent of 7. For the
analysis of the term independent of 7, see the first part of the proof of Lemma
in We will discuss only the 7 dependent terms.
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4.1.1. Uniform estimates with respect to T

Note that

(// / aldivy(fr(s)r)]sThlf )]5drdxd‘9+/Ot<[ArfT(S)]5,TM[fT(S)]5>dS>

—/ <1[dw< 09 ) T () s

/// (m“ s)ls + Vilf s+§Ab< )V [ff(s)]s)

X Vo (Tl o)) )drdeds.
By using (3.23)), we obtain
arlfe (s + Vol ()]s + 5 A(r) Vo [ ()]s

=9, (114 2')) (1+ |2|)

#9166 (1+ 1) ) (14 25)
Therefore, we have

o [ (artre s+ Wl + 54050

X V(T [fr(8)]s)drdxds

e L L () ) ()

X V(T [fr(8)]s)drdxds

“a Lo (o) ) ()

X V(T [fr(8)]s)drdxds
= Iéw.

By using (4.1)), it is possible to let 6 — 0 in the last equality. Moreover, note that

s =5 (1) (1)
() )
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thus

it =gz [ Lo (o ()
(1+|r2|2>aT (1+T2|2> drdzds@_//qrd/Rd(IJr —Ay(r )
Vr<fr(s)(1+|g|2) )-VT(TM<1+|T22> )fT(s)drdxds
“ar L o (o (14 5) )
(oo (1 ) Y ) Y

Concerning the first and the third terms, we have

Vo L () )
<1+2|> iy <1+|T2|2> drdads
e L G (10 (1 15))
@1+ Y (14 Y Vs
o L L L7 (o))
<1+T2|2> Th <1+|2|2) drdzds,

hence, by using Fatou’s lemma (see e.g. Ref. [6) we get

gt > 2 [ [ (0 (1))

Finally, we use (4.3) to show that limps_ oo |[RM| = 0 where

=g L () (o))
X (VT <TM (1 + |2|2> a) fT(s)> drdads.

2

2

? r[?
<1+ 5 ) drdxds.
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Note that Ths(r)(1 + @)*0‘ = Ty(r)o (1 + #)a, where Ty (s) = TMT(S),S >0
thus

v.(T L YT (1 MY 4.7
AT ) )= merM (P50 ) Laseienn @) (47)

in a weak sense. On the other hand, we have

2\ 7!
’—oer(l—F 5 > 1{(1+ 22

| 2

(r)

2\
§2QM<1+ ) 1{(1+¥)Q>M}(r)

|2\ "

2
=20 (1 - 2) Harigyosan )

and consequently
1 2\
<I+ 2Ab ))VT (fr(s) (1 + |T2|) )‘

7Y < CT//W/W
2 "2

X fr(s) (1 + 2) 1{(1+‘,|2)G>M}(r)drdxds.

Since

MIEEOO‘ (1 + ;Ab(m) v,( (5) (1 ; '7’2'2)0>

=0 ae (z,7,8) € T xR x (0,7).

1

r|2\ 2
£ (14 ) 1y 0

By using (4.3)), we obtain the following dominated function:
1 2 2 7%
=|(7+ 3400 v, (£ (1 + V) e (1+ 1)

€ LY(RY x T¢ x (0,T)),
Lebesgue dominated convergence theorem (see e.g. Ref. [6]) ensures that

lim |RM|=o0.

M —+o00
Thus

/Td . fT(t)Q(l + T)adrdx
*aar Lo (1))

OGS
(1 + 2) drdxds
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T\2 |T|2 “
g/ / (fo)*(1+ — | drdx
Td JRd 2
2
+ 2|V, uL||oo/// <1+) drdzds.
Td JRd 2

Set K = 20|V, ur || and apply Gronwall inequality to deduce

2\ @
sup / f-(t)? (1 + |T|> drdzx
tef0,1] JTd JRa 2

2 11—«
e | L (e ) ) (1) e
eKT/Td/Rd(fOT)Q(l—i—VQ'Z) drdz. 0O

4.2. The continuity equation

Let a > g and 7 > 0, after integration “formally” with respect to the variable r in

([2.3), set

Pr = Pr(t,w) = f-,—(ﬁ,l‘,?")d?"
R

and consider the following continuity equation:
Opr +ur - Vapr =0,

(4.8)
pr@lio =5 = [ fi(wryar

Under the assumption Hy, we have (p§), is bounded in L?(T9).

Proposition 4.2. Assume that Hy holds, there exists a unique solution
pr € C([0,T]; L*(T?))
to (4.8)) in the following sense:
t
/ pr(t)pdr — // pr(s)ur, - Vdzds :/ phedr, Yo HY(TY).  (4.9)
T 0Jra Td

Moreover, (p,), is bounded in L>(0,T; L*(T?)).
Proof. The existence follows by a classical arguments, for example, use the
Galerkin approximation and prove that the approximation sequence is a Cauchy

sequence in C([0,T]; L?(T%)) (see also Ref. 11l for a different proof). The uniqueness
and the boundedness are consequence of Lemma [£.2] O
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Lemma 4.2. (Stability) Let p1 and ps be two solutions to (4.8)) in the sense (4.9),
with initial conditions p and p3, respectively. Then

sup [ (o1 — po)(B)2d < / 10h — pRPPde. (4.10)
te[0,T] JTd Td

Proof. Let ¢ € HY(T?) and ¢ € [0, T]. Note that p; — py satisfies

/W (p1 — p2)(t)pdz — /Ot/w (p1— p2)(s)ur, - Vpdads = /Td (03 — p2)pdz.

Recall that @5 := O5 % ©" is an appropriate test function in last equation, hence

o= st + [ [ fusSion = pa)ollsgdnds = [ 16} = e

Set ¢ := Os x (p1 — p2) = [p1 — pz2]s, which is an appropriate test function in the
last equality. We get

/T (o1~ P00 + / / Jur Vo1 — p2)(SNslor — paladinds
= [ 1ob = )i (4.11)

Now, we are in position to use commutator estimates (Lemma|C.1)). Namely, notice
that

[ur - V(p1 = p2)lslpr — pals = ([ur - V(p1 — p2)]s —ur - V[(p1 — p2)]s)[(p1 — p2)(5)]s
+ur - V(p1 — p2)lslpr — p2ls.
Recall that p; — po € C([0,T]; L?(T9)) and by applying Lemma we get
([ur - V(p1 = p2)ls = ur - V[(p1 = p2)ls)[pr = p2)s = 0 in L*(T? x (0,T))
as & — 0.

On the other hand, we have
t 1t _
// ur, - V{(pr = p2)lslpr — p2lsdrds = f// div(ur[(pr — p2)]§)dads = 0.
0 J1a 2 Jo Jra
Now, we pass to the limit in (4.11)) as 6 — 0 to conclude the proof. O

Lemma 4.3. Assume that Hy and Hy hold. Then, there exists a unique solution p

in the sense of (4.9) to
Op+ur - Vyep =0,

pallico = = [ foaryar

and the sequence (p;), converges to p in C([0,T], L*(T%)) as 7 — 0.

(4.12)

hRecall that ©5 is a symmetric regularization kernel.
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Proof. Recall that py = [g. fo(x,7)dr € L*(T%), the existence and uniqueness
follow like Proposition On the other hand, we get ||p] — pollrz — 0. Indeed,
notice that

15— ol = [ ([ 6500) o) o
< [ ([ 15— o) e
< [ ([ 15— o) e

2
< /Rd <1+ |7"2\ > dr/w 9 T (2,7) — fol, )2

2
(1+2| > drdr —0 asd |0,

thanks to Hy and fRd(l + #)’adr < +o0 since o > g. Thus, the convergence is
a consequence of Lemma [4.2) by setting p1 = p, and p2 = p. D

5. Convergence Result as 7 — 0
5.1. The case a > g

Let a > %, we prove the following result.

Proposition 5.1. Let (f;), be the unique quasi-reqular weak solution to for
any T > 0. Assume that assumptions Hy and Ho are satisfied then f, converges to
PR pa in L?(0,T; Hy) as T — 0. More precisely, there exists C, > 0 (independent
of T) such that the following inequality holds:

/ / / —p®pa)i(s )(1 + T|> drdzds < C,7 + f/ / lpr — p|*dxds,
0 JraJra 2 Z Jo Jra

where p is the unique solution to [{12) and pa(r) = £(1+ #)70‘ is the Cauchy
probability density on RZ.

Proof. Let t € [0,7] and set f := f(t,z,r) = p(t,z) @ pa(r), define g, = f — f
and ¢gj = f§ — po ® po. By using (3.23) and (4.12) we get for any ¢ € V-

/w/Rd gr () pdrdz — /Td/Rd g0 ddrda

= /t/ / g (8)ur(s) - Vyddrdzds + /t/ £:(8)(Vur(s)r) - V,¢drdads
0 JTdJRa 0 JTdJRd

o [ [ asrsir 926+ V() 9+ gV,

x V,odrdzds. (5.1)
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Let ¢ € Y and § > 0, the arguments already detailed ensure that

[ lortensodrae— [ [ iaglsodrds

N / /T /]R [ (s) - Vagr(8)lsd + [(Vur(s)r) - V, fr(s)]|spdrdads

Car //Td/Rd [div,.(g-(s)7)]spdrdzds
1

+ 7/ ([Argr(s)]s: &) + <[d1Vr(Ab( )Vergr(s))]s, ¢)ds, (5.2)

Car

where (-, ) denotes the duality pairing between )’ and Y. Consider

¢s.m (2,7) = Tar (r)lg- ()]s (2, ) €V,

which is an appropriate test function in ([5.2). Thus, we obtain

/ / l9- ()3 Tmdrdx — / / (9013 drd
TdJR4 Td JRd

— /t/Td/Rd [ur(8) - Vagr(s)]sTag-(s)]sdrdrds

//Td R [(Vur(s)r) - Vi fr(s)]sTarlg-(s)]sdrdzds

CaT/ /Td /]Rd afdiv, (g7 (s)r)]sTa[g-(s)|sdrdzds
1

b / (A9 ()]s, Taalgr()]s)ds

Cat

1
Cat

/Ot <;[divr(Ab(r)VTgT(s))]5, Ty [gT(S)]5>ds.

Now, let us pass to the limit as 6 — 0 then M — +o0 in the last equality.

e A standard argument (see e.g. the proof of Lemma [4.1)) ensures

hminf// g-(t TMdrdx< lim inf hmlnf// g-(t TMdrdz
M—+o00 Jyd JRd M—+o00 6—0 Jpd JRd

and by monotone convergence theorem (see e.g. Ref. []), we deduce
lim inf / / G- (t)?Typdrdz = lim / / gr(t)*Tardrdz
M—+o0 Td JRA M —+o0 TdJR4

2\ @
:/ / g-(t)? (1—|—|T|) drdz.
Td JRd 2
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e Since gf € Hy, we get lims—o [ru fgal903T0mdrde = [14 [pa(95)*Tardrdz, again
monotone convergence theorem ensures

2 «
li 2T = D21 I drdz.
M—1>IEoo /H‘d/Rd (90) Mde.’L‘ /Ed/Rd (90) < + 2 rar

e lims_.g fOthdf]Rd [ur,(5) - Vagr(8)]sTar[g-(s)]sdrdzds = 0. Indeed, note that

[uL(S) : vng(S)]éTM[gT(S)]is
= ([ur(s) - Vagr(s)]s —ur(s) - Valgr(s)]s) Tar[g-(s)]s
+ur(s) - Valgr(8)]sTa[g-(s)]s.

On the one hand, since T); depends only on r, we have

// / ur(s) - Valgr (3)|sTaalg- (s)]sdrdwds

- /Ot/Rd Ty /Td ur(8) - Vzlg-(8)]slg-(s)]sdzdrds

= ;/Ot/w T /Td div[ur (s)[g-(s)|3]dzdrds = 0.

On the other hand, since |Th| < M and by using Cauchy—Schwarz inequality we
have

L ) Ve (0)s = wso) - Vi 61s) sl (9

< M|[ur(s) - Vigr(s)ls — ur(s) 'vw[97(5)]5||L2(’]I‘d><]Rd><(0,T))
X H[97’(5)]5||L2(’JI“1><]R'1><(O,T))
< M||[ur - Vagrls — ur - Valgrlsll o2 (e xrex 0,7 1197 | 22 (ra xra % 0,7)) = 05

by using that g, € L?(0,T; H) and the commutator estimate, see Lemma
e The term fotfﬂ,d Jra(Vur(s)r)-V, f-(s)]sTar[g- (s)]sdrdads requires special atten-
tion, by using (4.1)) and the properties of convolution one gets

6—0

Jim /0 /T d /R ((Vun($)r) - Voo () Turlge (5)]sdrdrds

= [ [ 5o Vet o) g vz

Note that

/ot/qrd/Rd(vuL(s)T) - Vi f2(8)Tar g (s)drduds
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// (Vur(s)r) - Vyfr(s)Ta fr(s)drdzds

// (Vur(s)r) - Vo fr($)Thp(s) @ padrdxds.
T JRe
Concerning the second term, we have
1
[(Vur(s)r) - Ve fr(s)Tap(s) @ pal < ZIIVuLlloolr|[Ve fr (s)llo(s)] - (5.3)

Thanks to ([£.3)), we get ||Vur|loo|r||Vrfr(s)||p(s)] € LR x T x (0,T)) and
Lebesgue’s dominated convergence theorem (see e.g. Ref. [6) ensures

lim // (Vur(s)r) - Vo[ (8)Tarp(s) ® padrdxds
M —+o0 Td JRd

7 / / / (Vur (s)r) - V, [+ (s)drduds
/ / / div, (Vg (s)rf(s)) drdzds = 0.

On the other hand, concerning the first term we have

// (Vur(s)r) - Vi fr(s)Tn fr(s)drdzds
Td /R4

//Td/w (Vur(s)r) -V, fr(s)Tn <1 + |22) fT(s)(l + |T2|2>ad’r'd1'ds
_/Ot/w - F2(8)(Vur(s)r) - V, (TM <1 |r22> )(1 + T2|2> drdzds
L Lo

X (VUL(S)T) Vo (f2(s) (1 + '22) a) drdxds

=AM A

We have limy; 1o |4} = 0. Indeed, by using (4.7) we get

\AM|<a||VuL||OO/// <f2 " M(1+I7°2> ant
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[rf?

X 1{(1+¥)&>M}(7‘) (1 + 2) )drda:ds

t 2\ @
< 2 | .
< a||VUL||OO/0/Td/Rd fi(s) (1 + 5 1{(1+‘T;2)Q>M}(r)drd:pds

(i) Since 0 <1 (r) <1 for any r € R%, we have

{422y > 0y

7”‘2 “
) = 72660 (14 15 ) 1y O

<f2(s)<1+|r|2)a =1f(s,r), VM eN
=~ Jr 9 . ) ) ’

for (s,r) € [0,7] x R%. Thanks to Proposition we have
fe LY(TY xR x (0,7)),

namely

T T 2\ @
/ / / fdrdzds = / / / f2(s) <1 + |r> drdzds < +o0.
0 JTdJRe 0 JTdJRd 2

rI’\a
{(1+¥)Q>M}(r) =0 for every r € R? and f2(s)(1+ %)

is independent of M almost everywhere (z,7,s) € T¢ x R? x (0,T), it follows
that

(if) Since limps— 4001

M —+o0 2
a.e. (z,7,5) € T x R% x (0, 7).

Therefore, Lebesgue’s dominated convergence theorem (see e.g. Ref. [()) ensures

t 2\ @«
. 2 |7 _
Mliriloo/o/qrd/mff(s)<l+ 2 ) Ltz yos gy (M)drdeds =0

and limpss 4 o0 |AM| = 0. Concerning A}, since [T (1 + @)*a\ <1 we have

£-(s)Tar (1 + |r22> 7Q(VUL(S)’I“) -V, (fT(s) (1 + |2'2)&) ‘

[r[?

f()(Vur (s)r) - Vs <f7<s> (1 + 2> ) ‘ -
By using (#.4) and Young’s inequality, we have G € L*(T? x R% x (0, T)). Indeed,

/Ot/Td/Rd |G|drdzds
= /ot/ird/Rd 17 (s) (1 + |7022)ad7"daucls 42| Vur |
<L (e () ) (14

. R%
lim  f3(s) (1 + — 1{(1+#)Q>M}(T)drdxds =0

Gy =

<

2 -«
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On the other hand, note that

i 0 (14 57) wuston v (0 (14 5) )

[rf?

= £,(s)(Vur(s)r) - V. (fT(s) (1 + 2)@) ae. (z,1,5) € T x RY x (0, T).

Lebesgue’s dominated convergence theorem (see e.g. Ref. [6) gives

2
i [[ [ reoma(i2) "
M —+o0 Td JRd

@t (0 (14 ) i

- / [ st v (5 (1 ) Y aranas

By using , we obtain

//T V() - Vr(ff(8)<1+|r;> >drdxds
f//w/w (1+|2) drdxd8+7||VuL||2
S L Lo (e (1 BV (14 )

< K<2 + ||VuL||zoCa> VT = Cy/T. (5.4)

e Concerning the other terms, we have

M . _ i t aldiv s)r s raras
= e [ el o (0Tl (<)drdzd

+ 7/ ([Argr(5)]5, Talgr(5)]5)ds

Car

o | (G 40001 Vr0 6Dl Tl 6 s

_ (m//jrd/Rd(mgT s+ Velgn(s)s + 3 A0Vl ()

Vi (Tarlg-(s)]s)drdzds.
Note that the smallest eigenvalue of Ay(r) is |r

presented in Sec. [f.1.1] we infer
>\
14 2

hmlan 2—///
M —+o0 CO{T Td JRd

|2 and by repeating the arguments

2 |7°‘2 11—«
(1 + 2) drdxds.
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Summarizing, we get

/T/]R g-(t)? (1 + T2l2>adrd;v
“ar L L[ o 5))

§/ / (gg)2(1+r|> drdz + Cy/7.
Td JRd 2
Hence

sup // g-(t ( |— drdx
teo,1] JTd JRa 2

)
Com‘/ /T/R V’“(QT ( ))
< [ [ (1+5)

In other words, we obtain

2 [0}
sw [ [ 150 o0 pap(147) aris
te[o0,7] JTd JRd 2

e Lo (o =pora (145 )

AN
<1+ 5 ) drdxds

2\ @« -
s// [f6 = po ®pal2<1+|’"2|) drdz 4+ C/7. (5.5)
TdJRe

Let us use (5.5)) to deduce the convergence results. Indeed, (5.5)) implies

2 —a+l
/ / / ( Sreme )(1+ |T2|2> ) <1+|T22> drdxds
Td JRd
2\ B
cor( - menr(+ ) )

<Cr—0 ast—0. (5.6)

2 |7‘|2 e’
(1 + 2) drdxds

IR
(1+ 5 ) drdxds

drdz + C\/T.

2

Recall that for o > %, Vo (dr) = %(1 + %)_D‘dr is a Borel probability measure on
R4, set

2\ &
ha:(fr_p®pa)(1+|r2|) ;
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by using the weighted Poincaré inequality (see Proposition|B.1)), there exists C,, > 0
such that

2
/ h2dv, — (/ h dua) <, / |Vha |2<1+ id )dua.
Rd Rd 2

On the other hand, note that

B 2\ “ 1 1
/Rdhadl/af/Rd(fT p®pa)<1+ 5 dl/a—Z Rdder p 7Z(p7 p)-

Gathering the last inequalities to get

2 o 1 /7
/ / / —p®@pa)(s)( 1+ — I drd:cds < CoCr + —/ / \pr — p|*dxds.
Td JRA 2 Z 0 JTa

By using Lemma we have p, — p in L%(T¢ x (0,T)) as 7 — 0 and the result
holds. |

Remark 5.1. Since a > g, the last inequality implies the convergence in L'(T% x
R< x (0,7)).

5.2. The limit as T — 0 if 0 < a < 2

We will discuss the following two cases.

(i) f§ € H, N H and there exists A > 0 independent of 7 such that

sup, o || £ I, < A
(i) f7 € LY(T¢ x RY) N H and there exists A > 0 independent of 7 such that

SUP;>0 ||foTHL§,J, <A.

5.2.1. The case (f7)r is bounded in H,
Following Proposition there exists K = 2a||V, ur |0 such that

1 T
sup (15Ol + o / / IV, (o (5)Po)
t€[0,T) cat Jo Jra/ra

2
<1 4 |T2|) drdzds < e¥XTA := K. (5.7)

Proposition 5.2. Let 0 < a < % and assume that (fJ); is bounded in H,. Then
there exists a subsequence of (f.), denoted by (fr,)r, such that

fro =0 in L>®(0,T;H,) as 1, — 0. (5.8)
Proof. By using (5.7) and Banach—Alaoglu-Bourbaki theorem (see e.g. Ref. [),

one gets the existence of subsequence of (f,), (denoted by (f;, )r.) and f €
L*>(0,T; H,) such that

fro = f in L®(0,T;H,) as 74 — 0, (5.9)
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an
//W V()P )I2<1+ |7“|2> +1drdxds§KCaTk. (5.10)

From , we obtain
9 ()P~ >|2(1+ s

Therefore, up to subsequence if necessary, we get

Vo (fr (8)P_o)> = 0 ae. in [0,7] x T x R as 75, — 0, (5.11)

) — 0 in L*([0,T] x T% x RY) as 7, — 0.

since (1 + = ‘ )17 > 0. On the other hand, thanks to and (5.11)) we get the
following convergence in the sense of distributions

<vr(fm (S)P_a), ¢>D’,D — <VT(?(S)P_Q), (I)>D’,D = 0, Vo € D,

where D = C(]0,T[) ® C=(T%) ® C*(R%). Hence, we deduce the existence of
distribution Ay, such that

2
?P_a = ht,w n D/ = f = htw X Pa<’l“) = ht,w [029] (1 + |T2|) n D/.

We recall that [p.(1+ 2 ) adr diverges if 0 < a < 2. Since f € L>(0,T; H,)
from , we deduce that htz =0. O

5.2.2. The L!-setting

We prove the following result.

Proposition 5.3. Assume that fJ € L'(T? x RY) N H and there exists A > 0
(independent of T) such that sup, < || f§llL: < A. Then

sup / |fT(t)\drda?§// |f5]drde < A. (5.12)
R4 Té /R4

te[0,7]JTd

Moreover, there exists a subsequence of (fr)r (denoted by (fr)r) and v €
L>(0,T; M(T? x R?)) such that

fro = v in L°°(0,T; M(T? x RY) as k — 400, (5.13)

and v solves, in the sense of distributions, the following equation:

1
div, (ozru + V,v+ 2A;,(7“)V7,1/> =0 inD. (5.14)

Proof. Let € > 0, we define 7. the odd continuous function on R as follows:

if € < s,

ne(s) = {1+Sin<2ﬁ€(25_6)>} ifo<s<e

N = =
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Note that n. € C*(R),n! € L>°(R) and satisfies:

o n(s)| <1TATE Vs € Ry
o 7. > 0,5upp(n) C [—e€ e and [nf(s)] < 5, Vs € R;
o 7.(s) converges pointwise to sign(s) as e — 0.

Let d,¢ > 0, note that n.([f-(-)]s) € V. By using (4.5)), we get for any ¢ € [0, T

/Td/Rd[fr(t)]éne([f'r(t)]&)de(E - /H‘d/Rd[fg]gnﬁ([fg]é)drdl.

-/ t L n6) - T lane (6 )ydrdods

//’]I‘d R VuL -V, f‘F( )]5776([f7(3)]5)d7"d$d8

" ar //Td/w [div(f7(s)r)]sme([f+ ()]s )drdzds

+L/ (Ao ()]s, me([f (9)]s)

Cat

+ §<[divr(Ab(T)Vrfr(5))]5,ne([fT(S)]cs»dS-

First, note that

/ot/Td/Rd [ur(s) - Va fr(s)lsne([f+(s)]s)drdzds

=[] @) Vot 6l = (o) - Valf a1 ()]s drdeds

/ /W/]Rd uL(s 8)]ane([f-(5)]s)drdads

=As+Bs —0 asd—0.

Concerning the term Ajy, recall that [n:([f-(s)]s)| < Z|[f-(s)]s|, which ensures that
(ne([f+(5)]5))s is bounded in L?(T¢xR?x (0, T)). Therefore, we can use the commu-
tator estimate (see Lemma to get limgs_,9 As = 0. On the other hand, denote
by N, the primitive function of 7., then by using “divergence theorem” we get

b= / // ur(s $)]sne((f-(s))s)drdads
//]Rd/’]]‘d divy (ur (s f+(8)]s))dxdrds = 0.
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Second, we have limgfngded[divr(VuL(s)r)fT(s)]gne([fT(s)]g)drdmds =

Indeed, note that

/Ot/w /Rd [dive- (Vur (s)r fr(s))lsne([fr (s)]5) drdzds

2097

0.

— /O/Td/Rd ([div, (Vur(s)rf-(s)]s — dive(Vur (s)r[f-(5)]s)) ne([f- (s)]s)drdads

[ [ ] dive(Fusor it a1 (o)drdeds = Cs + D,

Recall that div,.(Vur(s)r) = 0, by using “divergence theorem” we get

D6 B /0 /]l‘d/Rd din(vuL(S)T[f"'(8)]5)776([f7(5)]5)d7“d$d8

- | t [ i (Vs (9))rdads = 0

Concerning Cjs, note that

/O /T d /R (i (Tun () ()]s — dive (Fur ()71 (9)]6) e Lf (5)]s s

= /o/ﬂ‘d/Rd (divr(@g * (Vur(s)rf-(s))) — div,.(Vug(s)r©s * fT(S)))
X Ne(O5 * f-(s))drdzds
- 7// / (85 % (Vur(s)rf-(s)) — (Vur(s)rOs * f-(s)))
0 J1dJRa
X O5 % Vi fr(8)n.(Os * fr(s))drdxds.

On the other hand, for any (s,z,r) € [0,T] x T¢ x R note that
(@5 * (Vur()rf-))(s,z,r) — Vur(s,z)r(0s = fr)(s,z,7)
= [ [Vus(e = 5.5) = Vs (e, )lrOs(u) (5,2 = . 7).
R

By mean-value theorem we get |Vur(z —vy,s) — Vur(z,s)| < |y|||ur]c2 and

|(®5 * (VuL(-)rfT))(s,x,r) — Vur(s,z)r(0s * fr)(s,x,r)|

<lhusles | 1vllr@s(w)1f-s. = yor)ldy

< lusles | Oslrll(s.m =yl
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since supp © C B(0,1). Therefore, we get

/ot/w R (85  (Vur(s)rfr(s)

— (Vur(s)rOs = f-(s)))Os * V, f-(s)n.(Os * fr(s))|drdzds

< gelluslle: |

/ Os(u)lrl (5.2 — . 1)ldy)|

||@5 * V,fT(s)HLimds

t
71'
< 2*6(5IIULHCZ/0 185 * [r[|fr(s)lll2 [1©5 * Vi fr(s)l| 2, ds

t
™
< £5||ULHC2/ 1Ol Vefr(s)lLz  ds =0 asd—0.
0

Thanks to the properties of the matrix A, and 7. > 0, we deduce

1

Car

A <[Arf7(8)}5a776([.]07(8)]5» + 1<[diVT<f4b<7n)vrf‘r(5))}57"76([.]07'(8)]5»0[5

N RO NS AN ATAN A

X 0 ([f7(s)]s)drdxds

< /T " <1+> I, fe (sl ()5 drdads. — (5.15)

Finally, we have

//W/Rd div,.(fr(s)r)]sne([f-(5)]s)drdzds
7//% Rd[ff(s)b%Vr[fr(8)]5ﬂ2([fr(8)]5)drdxds
CaT//Td iy 2 [V £ ()50l ([f+ (5)5)drdads

- - drdzds.
[ o
By using (5.15]), then letting 6 — 0 we obtain

[ | - onso)drds
TdJRd

< [ [ st [ ][ i parasas
T4.JRe ¢r Td JRa
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g// |fOT|drd:c+ /// (8)1qf,1<eydrdads
Td JRd Td JRA 26
<//|f7|dd+om// £ (s)]1 drdzd

rdx + — (s adrdxds.
= Jpa Jga 0 4CT Jo JraJra {lf~1<e}

By using Fatou’s lemma (see e.g. Ref. [6]), we get

/ [F+(®)ldrdz < limint / o (0)ne(f () drda.
Td JRa e Ta)Ra

In conclusion, we get

aT ¢
/ |fT(t)|drdac§// |fg|drdx+—// 1F2(9) 1 g e drdeds.
T JRd T JRd 4¢T Jo Jra Jma

(5.16)

By using Gronwall inequality, we deduce

am
su ~(t)|drdz < ex / Tldrdr < ex <T)A.
s [l o) [ 1 o
(5.17)

Since | f-|1qjs,|<e} — O a.e. as € — 0 and f, € L1([0, T] x T x R?) thanks to (5.17),
dominated convergence theorem (see e.g. Ref. [6]) ensures

t
I ()17 <y drdzds = 0.
tim [ [ 1501 drdds

Therefore, after passing to the limit as § — 0 then ¢ — 0 in (5.16]), we obtain ([5.12]).

The limit as 7 — 0

We recall that Riesz—Markov—Kakutani representation theorem ensures M(T? x
R?) ~ (C.(T¢ x RY)), see Ref. B9 Since L}(T? x R%) — M(T¢ x R?). By using
and Banach—Alaoglu—Bourbaki theorem (see e.g. Ref. [6]), we can extract a
subsequence of (f,), (denoted by (fr, ), ) and v € L=(0,T; M(T? x R?)) such that

fro = v in L®(0,T; M(T? x RY)) as k — 0. (5.18)
By using (4.2)), we have

<df7 ,¢> /T [ G-, 0)irds

= [, ) Voot (Tus(s)r) - V,o)drds

CM/W/RdafT Vb Vo fo(5) Vet

+ §Ab(r)vrf7(s) -Vypdrdz, Vo €. (5.19)
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Let £ € C$°(]0,T), multiplying the last equality by £ and integrating by parts with
respect to s, we obtain

T T
- / / fr(8)p0s€dsdrdr = / / G(fr(s), p)Edrdrds.
0 JTdJRd 0 JTdJRd

Now, set ¢ =9 ® ¢ € C°(T?) ® C>(RY) and integrate by parts with respect to r
in the right-hand side, we infer

—Cark/OT/W/Rd (Fr ()€ @9 @

F fr () (un(s) - €@ Vel @ 0 + (Vur(s)r) - £ ® 0 @ V,) ) drdads
T
0 JraJRa

5 (S (A€ & 0 V) )drdads

T
-/ <fm(s)7—ar-£®19®Vr90+£®19®Ar90
0

1
+ —div, (Ap(r)é @V ® VTQD)> ds.
2 M,C.

By using (5.18)) and (5.12)), we deduce as 7 — 0

T
/ <V(s),—ar-§®19®Vr<p+£®19®Ar<p
0

1
+ —div, (Ap(r)é @9V ® VMP)> ds = 0. (5.20)
2 M,C.
In particular, v is weak solution to the following equation:
1
div, <arV +V,v+ 2Ab(r)VTu> =0 inD. (5.21)
O

6. Discussion and Outlook
6.1. Summary

We study the distribution of polymers in turbulent flow by using stochastic mod-
eling of the small scales and the Fokker—Planck equation in the Hookean case. We
rigorously prove the emergence of the heavy-tail distribution of polymer elonga-
tion. More precisely, the fluid velocity is decomposed into a smooth large-scale
component and a rapidly fluctuating small-scale turbulent field. We send both the
spatial and temporal scales of these turbulent fluctuations to zero, by using scal-
ing and singular limits techniques. This allows to fill a gap between formal theory,
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numerical simulations in polymer-turbulence literature and rigorous mathematical
analysis. We distinguish two main regimes for polymers advected and stretched by
small-scale turbulence. Namely, we have

e The probability density regime (o > d/2): The limit of the Fokker—Planck density
factorizes as p(t, ) @ (1+|r|?/2) =%, which is a power-law distribution in the end-
to-end vector r. « becomes smaller in stronger turbulent flow and encodes the
competition between polymer relaxation and turbulent strain fluctuations. This
corresponds to a well-defined probability density, representing coil and moderate
stretching states. Physically, polymer extension statistics remain bounded and
close to equilibrium as o > d + %, and polymers are in “coil-state”.

e The Radon measure regime and coil-stretch transition (0 < a < d/2): a = & is
the coul-stretch transition threshold and the limit object should be understood
as Radon measure h,(t) ® (1 + |r|?/2)~%dr exhibiting power-law behavior in
the end-to-end vector. This reflects the extreme stretching of polymers induced
by turbulence and the possibility of polymers reaching infinite length, which
indicates that small-scale turbulence dominates. This corresponds also to the loss
of L'-compactness from a mathematical point of view.

6.2. Outlook

The first natural extension includes the analysis of polymers in the FENE case,
see Sec. Next is the study of polymer feedback on the flow and links with
drag reduction, by coupling Fokker—Planck and Navier—Stokes equations or any
other possible alternatives. Another future project is to consider turbulence with
non-Gaussian statistics and study the effect on the limit distribution.

6.3. FENFE model

It is worth making some comment on the FENE model. While the Hookean model
assumes linear elasticity and infinite extensibility, the FENE model introduces non-
linearity and a finite maximum extension. Namely, in the FENE model we replace
%Rt in by %%, where v/b is the upper bound of the length extension
of the polymer chains, i.e. the chains cannot stretch beyond the length v/b. From
mathematical point of view, the analysis must be considered in a bounded domain
with respect to r-variable with the appropriate boundary conditions. The rigorous
justification of the scaling and singular limits in the case of FENE model is the
subject of the ongoing work1Y However, for the convenience of the reader, let us

write what do we expect for the limit density. In the case of FENE model, we expect
to get on the right-hand side of (1.4) (after the scaling limit)

1. br Ca 2
; le'r <b—|’["|2fT + V'r’f'r + 2Ab(’f')V7‘fT>7 |7"| < b
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Concerning the singular limit, i.e. as 7 — 0, we expect f. — f where

) br Ca _ 2
le'r (b — ‘7"|2f+ VTf + 2 Ab(,r‘)v”‘f) - 07 |r| < b’

with the interpretation that Cy becomes larger as the turbulence becomes stronger.
Therefore, let us look for radial solution to the following equation:
br Cd
——f+ V, i+ —A(r)V,.§f=0
Gt Ve S A
Set t = |r|, we get the following ODE in ¢t :
the ODE, we get

L b=\ 2+ CalrP\ T b
f(?")—Z< b ) B , ’Y—2+Cdb>0and

Z is a renormalized constant. (6.1)

Note that the last formula exhibits power-law behavior, with the term reflect-
ing the fact that the domain is bounded. It is also similar to the stationary proba-
bility density derived in Ref.[I. Now, let us make some remarks on the FENE model
in comparison with the Hookean one. First, note that f is always a probability
density function, unlike the Hookean case. Furthermore, the stretching saturates at
Vb whereas in the Hookean model, we could obtain an infinite length. Finally, for
intermediate extensions, Ryin < |r| < \/5, we have

—b
2 CT4b
S (L RS

In accordance with Ref. 2] the coil-stretch holds at (2+Cgb)d = 2b. A more in-depth
discussion of this transition and its link to the Hookean case is part of the ongoing

P+ (2+Cdt2)f/ = 0. By solving

t2 2C 4t

work 1 see also Ref. [35] for some recent numerical simulation and discussions.

Appendix A. Proof of Lemma
Let us pass to the limit as § — 0 then M — 400 in (4.6)).

e Recall that f € C,([0,T], H), by using the properties of convolution and the
lower semi-continuity of weak convergence, we obtain

lim inf/ fr(t ) Thyrdrdz < liminf lim mf/ [f-(t TMdrdx
M—+o00 Jra Jrd M—+o00 §—0 Td JRd

by Fatou’s lemma (see e.g. Ref. [6)), we deduce
2 e
/ f-(1)? (1 + T|> drdx < liminf / fr(t)*Trrdrda.
Td JRd 2 M—+oo Jrd JRrd

e Since f§ € Hy, we have lims_q [ru [pu[fG13Tmdrde = [14 [pa(f§)*Tadrds and
monotone convergence theorem ensures

2\ @
lim / (fOT)QTMdrdx:/ / (fg)2(1+|7"|) drdz < A.
M—+oo Jrd JRrd Td JRd 2
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o lim;s_,q fOthd Jpalur(s)- Ve fr(s)|sTar[fr(s)|sdrdeds = 0. Indeed, it holds by using
commutators estimate, see Lemma (see also e.g. Ref. 22] for a similar argu-
ments).

e The term fngded[(VuL(s)r) Vo fr(8)sTa[fr(s)]sdrdzds. By using (4.1) and
the properties of convolution, one gets

lim / /T T ($)r) -V £ T ()] grdnds

6—0
// (Vur(s)r) - Vi fr ()T fr(s)drdzds.
TdJ R4
Now, by using that [T}, <1 we get

(Vur(s)r) - Vo fr(s)Th fr(s)drdzds

TdJRd
LI
2

Td

|7"|2 >\
< 2al|Vy uL||OO 1+ — drdzds
Td JRd 2
2 r*\*
< 2a||Vaurlso f2(8)[ 14+ — | drdwzds.
0 JTdJRa 2

e Concerning the term Ca% fotfﬂ‘ded aldiv,.(fr(s)r)]sTa | fr(s)]sdrdzds, we have

[divr(fr(s)r)]tiTM[fT(S)b = d[fT(S)ﬁTM +r- vr[ff(s)](S[f‘r(S)]tSTMa

by using (4.1) and the properties of convolution, it is possible to let 6 — 0 and
obtain

Jim / / (div, (£ (8)r)]s Tt Lfs ()] lrdads
d—0 Td JR

a—1
) Ty drdzds
R4

(Vur(s)r) - rf2(s )(

- d/O/T | T 47 Voo () fr(5) Tardrdads

- /t/ div,.(f7(8)r)Tas fr(s)drdxds
0 JTdJRE

t 1 t
= ﬁ // ff(s)TMdrdmds — = // ff(s)r -V, Tydrdzds
2 Td JRd 2 TdJRd

// TA( TMdrdmds—f// 2(s)|r|?
Td JRd Td JRd

(1 + |2) Ty rdrdzds

L po(1+ Y et
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e The term C% fg([ArfT(s)]g,TM[fT(s)]5>ds. Note that

Amm@wmmwws

[ I E s T + 19, )5+ 9Tl (9 srdnds,
0 JTdJRd

by using (4.1) we can pass to the limit as § — 0 and get
t

im [ ([Afr(8)]s, Tar[fr(5)]s)ds

=0 Jo

- // Vo fr($)PTs + Vo f(8) - Vi Ty fr(s)drdads
0 JTdJRd

[rf?

t a—1
- // |v7‘f‘r(s)|2TM +aV,fr(s)- <1 + > Ty fr(s)drdzds.
0Jrd /R4 2

By using Young inequality we get

//Td/Rd aVrfr(s (HW)Q 1TMfT(S)de£Cd5
< OCQ//W/RF, f2(s) <1 + T)adrdms
//T [ VrSe(s |2<1+|2>adrd:cds.

t

lim sup }Hn ([Ar f- ()]s, Tr[f-(s)]s)ds
M—+009—0

Thus, we obtain

t
< — liminf // IV, fr(8)|*Trdrdzds
Td JRd

M —+o00

2\ @
// |V, fr(s |2< |T|) drdzds
Td JRd
2 «@
+« /// < ||> drdzds.
TdJRd

e The term CM fo [div, (A (r)V fr ()]s, Tar[f(8)]s)ds. We have
/([ler(Ab( IV fr(s)]s: Tu[fr(s)ls)ds

/LL(& )16) - Vol fr ()5 T

[

a—1
+ a(Ap(r)V, [ f-(9)]s) - (1 + 2) Ty [fT(s)]5> drdzds.
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By using (4.1]), we can let 6 — 0 in the last equality and obtain
t

lim — i ([div, (Ap(r) Vi fr ()]s, Tar [ fr(5)]5)ds

6—0

:AAMQ&WWﬂ@%WﬂMM+mMWWJ$m

< (1 + |2|2) TMfT(s)>drdxds

t
:// b+ VI PIVsfo (8)2Tar — bl - Vo fo () 2 Tardrdads
TdJRd

2
+a//]1‘d R (Ap(r)V: fr(s)) - <1+ |T|> TMf-r(S)d’rdxds

2// / P2V £+ ()2 Thrdrdads

2 —1
+0‘/ /T AV (s) - <1+|) T!, - (s)drdzds.

On the other hand, we have

|r[”

(Ap(r)Vefr() - r( 14+ =5 ) Tafr(s)
| (1417 s

[r[?

g@mﬂwwﬂ@ﬁ+)

2\ a—1
3P4 (5 1T o) (14 1 i

[r[®

< L e+ e a+18af2(s) 4 I
_2a T 2 T 2 9

therefore, we get
t

lim — ; ([dive(Ap(r)Vr f7(5)]s, Taa[f+(s)]s5)ds

=0
t
> [ [ et Prdrasds
| |2 2 p2 "I"|2 *
/// gV (sl |7"|2<1+> +18a fT(8)<1+2> drdxds.
Td ]Rd

Hence by using monotone convergence theorem, we get

t

%}[Igiligli% ([divr(Ab( Ve fr ()]s, Taa [ (s)]s)ds

ITP )2 [P\
IVofr(9)|"( 1+ — | drdxds
’]I‘d ]Rd 2
2
— 1802 /// <1—|—) drdzds.
Td JRd
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By gathering the previous estimates we get

/‘ A2 (1Y drae + /ﬁ/ /F|V frsp (14 " draua
LA r rJT T r
TdJRa 2 v 2(ra Jo JraJra ’ 2 -
2 r\*
< [ [ ur(re ) dras
Td JRd 2
t 2\«
(P vl [ (1 ) drdaas.
CT 0JTdJRE 2

d/2+10a
¢t

Gronwall’s inequality ensures the existence of C =

that
2 >\ *
sup @1+ =) drdx
te[0,T) JTd JRe 2

1 T 2 |7"|2 ot
rfr 1+ — drdzd.
QCTa/o/qrd/Rd|Vf(s)|<+2> rdzds

2 [e3
< 6CT/ / (f5)? (1 + |T|) drdz < AeCT.
Td JRd 2

Appendix B. Weighted Poincaré Inequality

+ 2a||Vyur oo such

+

Let ¥, be a family of the generalized Cauchy distributions on R?, which have
densities

dﬁ;éix) = Z(l +1z*)77% o> g and a normalizing constant A.

Recall that Vary, (9) = [z 9°d0s — ([ 9d¥5)?. We have the following result.

Theorem B.1. (Theorem 3.1 from Ref. @) The generalized Cauchy distribution 9,
with o > d satisfies the weighted Poincaré-type inequality

Vary, (9) < C, [ [Val@)P(1-+ )i, ) (B.1)

for all bounded smooth functions g on R* with C, = ﬁ(, [1+ 2+ /-2)2

The authors in Ref. [4 state that Theorem can involve the values % <o<d
with constant depending on the dimension d (see Ref. ). However, general results
on Riemannian manifold,” based on the spectral gap estimate, guarantee weighted
Poincaré inequality with explicit constants. Let us recall them (see Ref. [5)). Following

Ref. B the constant C, in (B.1) is given by

1 d
if S <o<d d=2,3. (B.2)

Co=—
-3¢ "2

On the other hand, we recall that Poincaré inequality is understood in the following
sense: if the right-hand side is finite, then the function is square-integrable, and the
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inequality holds true. Therefore, based on Refs. [4l and [5] briefly recalled above, we
present the following result, which serves in our analysis. Namely, we consider v,
a family of the generalized Cauchy distributions on R¢, which have densities

dv, 1 2\ 7 d
Vd;y) = (1 + |y2|) ;o> 3 and a normalizing constant Z.

Proposition B.1. Let d € {2,3}, 0 > g and g : R* — R. Assume that g satisfies

[ vtk (1+ 2 1) < o

Then, the weighted Poincaré-type inequality holds

2
Van, (9) < o [ (9P (1415 ) ), (B:3)
where

1 2 7\
- _c _c i d <
Ao —1) <\/1+0—1 +\/0—1> ifdso,

C, =
1 d
2

Proof. By using (B.1)), (B.2)), and the change of variable x = % and noticing that

2 —0
Z:/ (1+|y|> dy:ﬁ/ (1+ |2]?) " 7dx = 2% A,
Rd 2 Rd
we obtain (B.3)). O

Appendix C. Commutator Estimate
Lemma C.1. Let p € [1,+00] and h € LP(T? x R x (0,T)). Then, we have
lim ([ur,(s) - Vah(s)]s —ur(s) - Valh(s)]s) =0 in LP(T* x R x (0,T)).
=
Similarly, if h € LP(T¢ x (0,T)) only, then we have
lim ([u(s) - Vah(s)]s = ur(s) - Valh(s)ls) =0 in LP(T? x (0,7)).
i

Proof. Set r5(s) := [ur(s) - Vih(s)]s — ur(s) - Vz[h(s)]s, we have, a.e. s € [0,T],

Irs($)ll Lo (raxray < CIIVuL(s)lloollh(s)l| e (raxra), (C.1)
limrs =0 in LP(T4 x R x (0,7)), (C.2)

where C' > 0 independent of §. Indeed, let us show (C.1)), note that

7’5(8,1,7’) == /Rd(uL(xvs) - uL(va)) ) VIpts(x - y)h(s,y,r)dy.
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Consider the following change of variables z = *5¥ to get

rs(s,m,7) = —/ us(@,s) - sz(x —92) -Vp(2)h(s,z — dz,7)dz
R2

=— /Rd/ol Vur(x —~v6z)zdy - Vp(z)h(s,x — dz,7)dz,
where we used mean value theorem, i.e.
ur(z,8) —up(x —dz,8) = 5/01 Vur(z —v6z)zdry.
Recall that supp p C B(0,1), thus

rs(s,,7)] < HVuL(s)IIOO/ 21V ()] |h(s; & = ~0z,7)|dz

supp p

< IFur)lVoloy [ hs.a = 1627)]ds

supp p

and by Holder’s inequality and Fubini’s theorem, we get

p
sy < IV sty [ ([ s =0 niaz ) asar
b JRrdJTd supp p
<IVurlloly [ [ [ hsw -6z rPdsdra:
supp p JR4JTd

< IVur ()& oIE 1PN Lo (i wpay:

by using the periodicity with respect to the z-variable. Concerning (C.2]), we have

LP(T? x RY x (0,T))- ;ii%rg(s) = —h(s,") (/R Vur(s,)z- Vp(z)dz).

2

Indeed, by using that z € suppp :=F C B(0,1), we get

[

— h(s,z,7) ( [ Vus(s )z Vp(z)dz)

§/OT/Rd/Td/F/01|VuL(:E75Z)Z~Vp(z)h(s,x52,7“)

— h(s,z,r)Vur(s,x)z - Vp(z)|Pdydzdzdrds

S/OT/F/ol/]Rd Td|[h(s,x—5z,r)VuL(x—752')

— h(s,z,7)Vur(s,z)|z - Vp(z)|Pdrdrdydzds

1
/ / Vur(x —~v0z)zdy - Vp(z)h(s,x — 0z,r)dz
RS0

p
dxdrds
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T 1
<loly [ [ ][] ntsa = 20 Vus(a - 162)
0 JFJO JRAJTE

— h(s,z,r)Vur(s,x)|Pdzdrdydzds

T 1
< 217—1HpHIé1 (/ // / |h(s,z — dz,7)
b 0o JFrJo JrRaJ T4

X [Vur(z —~v0z) — Vur (z — 62)]|Pdedrdydzds

T, 1
+ / // / |h(s,x — dz,7)Vur(x — dz) — h(s,x,r)
o JrJo JreJTd

x Vur(s, ) pdmdrdvdzds)

=1} + 13
Using the continuity of translations in L2(T¢ x R? x (0, 7)) for the function hVur,
we get limsups_,q Ig = 0. Concerning [ g, by mean-value theorem we get

T 1
21 p|1, / / / / (s, — 62,7)
b Jo JFJoJRdJTd

X [Vur(z —v6z) — Vur(z — 02)]|Pdedrdydzds

T
< 21 pl2, 07 fuz 2, / / / / Ih(s, @ — 82, r)|Pdudrdzds
b b Jo JFJRJ T4

< 27y 67 s s | (5) ~0 as 0.

”LP TdxR4x(0,T))

Finally, since p is radially symmetric, we get [, z:0;p(2)dz = —0;; and so
/ Vur(s,-)z-Vp(z)dz = —divur =0,
Rd

which gives (C.2). Then, the first claim of Lemma follows by integrating from 0
to T the above estimates. For the second part, it is clear that it follows by neglecting
integration with respect to the variable r in the above calculation. |
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