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We study the singular limit of Fokker–Planck equation of polymers density as the dom-

inant time scale of small-scale component of turbulent flow goes to zero. Here, we com-
plete the study of Flandoli–Tahraoui [Stretching of polymers and turbulence: Fokker

Planck equation, special stochastic scaling limit and stationary law, J. Differential Equa-

tions 452 (2026) 113789] about scaling limit as the space scale of small-scale component
of turbulent flow goes to zero by using stochastic modeling of turbulence. Depending on

certain parameters related to turbulence modeling, the limit density has a generalized

Cauchy distribution for the end-to-end vector. We also discuss the limit when we don’t
have a probability density limit. Our approach is based on the derivation of appropriate

estimates on L2 with appropriate weight and investigation of the convergence.

Keywords: Fokker–Planck equation; turbulence; singular limit; polymer flow; Cauchy
distribution.
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1. Introduction

Polymers are complex molecular systems that can be vaguely thought of as a chain

of springs. Understanding polymer dynamics is important, both theoretically and in

practice. One application is that the presence of low concentrations of polymers can

lead to a significant change in hydrodynamics, and one of the most important effects

is the drag reduction in turbulence. In a turbulent fluid, polymers are usually found

in two states called coil and stretched. The coil state is like a spherical or ellipsoidal

rolled chain, which may be more or less elongated, but still in the roll position. The

stretched state is when the chain is elongated, more similar to a straight line than

a sphere. Strongly stretching turbulence may lead to the stretched state; when the

polymer passes from one state to the other, we speak of coil-stretch transition.
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One of the aims of this contribution is to rigorously justify the power-law dis-

tribution of the end-to-end vector of polymers. Consider in dimension 2 or 3 the

following Hookean model:dRt = ∇u(Xt, t)Rtdt−
1

β
Rtdt+

√
2σdWt,

dXt = u(Xt, t)dt,

(1.1)

where Xt is the polymer position (the center of mass) and Rt is the end-to-end

vector, representing the orientation and elongation of the chain, see e.g. Ref. 7.

The polymer is embedded into a fluid having velocity u(t, x), which stretches Rt by

∇u(x, t). The equation for Rt contains also a damping (restoring) term with relax-

ation time β and Brownian fluctuations
√

2σdWt where, to simplify the notation,

we have denoted by σ2 the product kT
β , k being the Boltzmann constant and T

being the temperature.

We consider a dilute (non-interacting) family of polymers subject to equations

(1.1), thus described by the kinetic equation for the density fN,τ := fN,τ (x, r, t) of

polymers with position x and length r at time t,

∂tf
N,τ + divx(uN,τfN,τ ) + divr

((
∇uN,τr − 1

β
r

)
fN,τ

)
= σ2∆rf

N,τ ,

uN,τ := uN,τ (x, t) = uL(x, t) + us(x, t) = uL(x, t) + ◦
∑
k∈K

σN,τk (x)∂tW
k
t ,

fN,τ |t=0 = fτ0 .

(1.2)

Here uN,τ (x, t) is the fluid velocity and it is assumed that uN,τ (x, t) is made of

two components, a deterministic large-scale one uL(x, t) and a stochastic one, mod-

eling small-scale turbulence, of the form
∑
k∈K σ

N,τ
k (x)∂tW

k
t , acting in Stratonovich

form. We stress the fact that the coefficients σN,τk (x) of the turbulent part depend

on a parameter N so that, when N increases, they represent smaller and smaller

space scales, precisely Fourier frequencies N ≤ |k| ≤ 2N , providing a separation of

scale regime. The noise acts on fN,τ (x, r, t) in transport form, but incorporating

also the stretching action by the term ∇uN,τ (x, t)r. The coefficients (σN,τk )k depend

as well on the dominant time scale τ of us, see Sec. 2.3.

In Ref. 22, under suitable intensity assumption, such that the stretching term

has a finite limit covariance, we proved that fN,τ weakly converges to the solution

fτ := fτ (x, r, t) of a deterministic equation, with a new diffusion term in the r-

variable, of the form
∂tfτ + divx(uLfτ ) + divr(∇uLrfτ )

= divr

(
1

β
rfτ

)
+ σ2∆rfτ +

kT
2

divr(Ab(r)∇rfτ ),

fτ |t=0 = fτ0 ,

(1.3)
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where Ab(r) = ((b + 1)|r|2I − br ⊗ r) (b = 2 in 2D and b = 1 in 3D), kT = Cda
2
τ

(Cd = π log(2)
8 in 2D and Cd = 8π log(2)

15 in 3D) and aτ is an intensity parameter of

the noise depending on τ . We refer to Sec. 2, where we recall the assumptions and

main results from Ref. 22 about the rigorous derivation of (1.3), as scaling limit

of (1.2).

In the regime where the relaxation time of polymers β and the dominant time

scale τ satisfy β = ζτ, ζ > 0, (1.3) becomes
∂tfτ + divx(uLfτ ) + divr(∇uLrfτ ) =

1

ζατ
divr

(
αrfτ +∇rfτ +

1

2
Ab(r)∇rfτ

)
,

fτ |t=0 = fτ0 , (x, r) ∈ Td × Rd, d = 2, 3,

(1.4)

where α > 0 and is related to the intensity of turbulence, see Sec. 2.3 how to get

(1.4) from (1.3) and (2.7) for the interpretation of α.

The aim of this contribution is to consider the singular limit as τ → 0 of (1.4).

This completes the study done in Ref. 22, and rigorously justifies the physical

predictions about the power tail of the probability density function of polymer end-

to-end vector R (see e.g. Ref. 2). In Ref. 22, we proved a first scaling limit (in

space) by using a stochastic modeling of small-scale turbulent flow. In other words,

we proved limN→+∞ fN,τ = fτ exists and fτ satisfies (1.3). Here, we prove that

limτ→0 f
τ = limτ→0 limN→+∞ fN,τ exists in an appropriate sense and we identify

the limit. To the best of the author’s knowledge, this is the first time that scaling and

singular limits,a in space and time, have been considered using stochastic modeling

of small scales of turbulent flow in the presence of stretching and transport terms.

The main novelty of our contribution lies in the rigorous analysis based on analytical

tools derived from the stochastic diffusion limit, homogenization theory and kinetic

equations.

Sketch of the main results

For the convenience of the reader, let us explain heuristically the main result of

this work; then precise results (see Theorems 3.1 and 3.2) and rigorous proofs are

provided in the main body of the paper. We distinguish three cases:

• The case α > d
2 : there exists f0 ∈ L2(Td × Rd; (1 + |r|2

2 )αdrdx) such that

lim
τ→0

∫
Td×Rd

|fτ0 − f0|2
(

1 +
|r|2

2

)α
drdx = 0,

aWe use scaling limit to denote the limit as N → +∞, which corresponds to a spatial scaling
limit. On the other hand, the term singular limit denotes the limit τ → 0, which corresponds
to the temporal singular parameter τ . We use the word “singular” because the limit problem

(equilibrium) does not have the same nature as the initial one (1.4) (kinetic).
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then fτ converges to ρ⊗ 1
Z (1 + |r|

2

2 )−α in L2
(
0, T ;L2(Td×Rd; (1 + |r|

2

2 )αdrdx)
)
,

where Z =
∫
Rd(1 + |r|2

2 )−αdr and ρ is the unique L2-valued solution of
∂tρ+ uL · ∇xρ = 0,

ρ(x)|t=0 = ρ0 =

∫
Rd
f0(x, r)dr.

(1.5)

• The case 0 < α ≤ d
2 and (

∫
Td×Rd |f

τ
0 |2(1 + |r|2

2 )αdrdx)τ is bounded: there exists

a subsequence of (fτ )τ denoted by (fτk)τk such that

fτk converges weakly-* to 0 in L∞
(

0, T ;L2

(
Td × Rd;

(
1 +
|r|2

2

)α
drdx

))
.

• The case 0 < α ≤ d
2 and (

∫
Td×Rd |f

τ
0 |drdx)τ is bounded: there exists a sub-

sequence of (fτ )τ denoted by (fτk)τk such that fτk converges weakly-* to ν in

L∞
(
0, T ;M(Td × Rd)

)
, where M denotes the space of Radon measures and ν

satisfies in weak sense the following:

divr

(
αrν +∇rν +

1

2
Ab(r)∇rν

)
= 0. (1.6)

The solution to (1.6) is ν = g ⊗ µα, where g is an element of L∞(0, T ;M(Td))
and µα ∈M(Rd) defined as follows:

〈µα, ϕ〉M,Cc :=

∫
Rd

(
1 +
|r|2

2

)−α
ϕ(r)dr, ∀ϕ ∈ Cc(Rd).

We refer to Sec. 3 for a discussion about the physical interpretation of the above

results.

Stochastic diffusion limit results are related to homogenization theory in very

broad sense. Regarding this latter and without trying to be exhaustive, we refer to

Ref. 3 for deterministic techniques, Ref. 34 for PDE homogenization and stochastic

modeling (see also Refs. 31 and 29). However, it is important to notice that the

strategies in stochastic diffusion limits are different from classical homogenization

and especially they are very efficient for generalizations to nonlinear problems.

The origin of stochastic diffusion limits, based on the Itô–Stratonovich corrector,

is Ref. 23 that threw a new light on passive scalars subject to turbulent models. The

result of Ref. 23 has been generalized in several directions, showing in particular its

strength for nonlinear scalar problems (see Ref. 21 for a review). In particular, we

refer to Refs. 17 and 18 for the results in this direction about the 2D Euler and 2D

Navier–Stokes equations. Moreover, this approach leads to a delayed blow-up and

dissipation enhancement results, see e.g. Refs. 16 and 30. We refer also to Ref. 22

for extended literature review on the stochastic diffusion limits and transport noise.

It is worth underlying that the mentioned results concern scalar problems with

transport noise. However, when the turbulent fluid acts on vector fields, in addition

to transport there is stretching : namely the differential Dφt of the Lagrangian flow
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φt of a fluid produces a modification of the length of vectors v, which leads to an

increase of length for many possible directions v. The result of this work can be

classified in this direction.

More difficult has been adapting the ideas to advected vector fields, because

of lack of control on the stochastic stretching when the diffusive scaling limit is

performed. Nevertheless, positive results for particular models have been obtained,

adapting the classical scaling of Ref. 23, see e.g. Refs. 8, 19, 20 and 33. Recently,

after considering a new scaling such as the noise covariance goes to zero but a

suitable covariance built on derivatives of the noise converges to a non-zero limit,

new results have been obtained in Refs. 9 and 22 in the case of stochastic transport-

stretching. In Ref. 9, we introduced a background stochastic Vlasov equation behind

stochastic transport and advection equations which gives additional information on

the fluctuations and oscillations of solutions based on Young measures. We first

developed the theory for the stochastic transport of a passive scalar. Then we

developed the theory for a passive vector field, where stretching also acts in addition

to transport. In the case of a passive vector field the background Vlasov equation

adds completely new statistical information to the stochastic advection equation

and the theory developed may help to recognize the existence of large values of

the length of the vectors, where the physical phenomenon of magnetic dynamo is

an example. In Ref. 22, we considered the new scaling by considering the Fokker–

Planck equation (1.2) of polymers density and obtained the result described in the

beginning of this introduction, namely, (1.3) as a limit of (1.2).

On the other hand, kinetic equations in general, which correspond to the meso-

scopic scale, appear in the study of many problems in physics, biology, and other

fields. Different types of these equations have been studied extensively, both in

terms of the existence of solutions and their properties, as well as the asymptotic

behavior with respect to the parameters appearing in the equations. In general,

the main interest when studying asymptotic is to derive equations of macroscopic

quantities such as density and probability distribution with respect to mesoscopic

variable such as particle velocity and the polymers end-to-end vector in our case.

Without trying to be exhaustive, the author studied in Ref. 36 the asymptotic of

electron distribution function in semiconductor kinetic theory where the equation

is given by Boltzmann transport equation for high electric fields. He proved that

the limit distribution function is given by the tensor product of the density (sat-

isfying a linear transport equation) and a probability distribution function of the

velocity variable satisfying an appropriate PDE. In plasma, people are interested in

studying the asymptotic of the Vlasov–Poisson–Fokker–Planck System for example.

There are two important scalings, the low field limit and the high field limit. This

leads to different scalings of the kinetic equations and requires a separate analysis,

we refer for example to Refs. 13 and 32. In Refs. 13 and 37, the limit distribution

function is given by the tensor product of the density (satisfying a drift-diffusion

equation) and a normalized Maxwellian with zero mean for the microscopic veloc-

ity. In Ref. 15, the authors investigate a zero inertia limit of some kinetic equation
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where the limit is given by the tensor product of the density (satisfying a nonlinear

transport equation) and monokinetic distribution of the velocity variable. We refer

for example to Refs. 25–28 and 32 for more results about the asymptotics of the

kinetic equations.

Finally, it is worth mentioning that due to the stretching term in (1.1) and

the appropriate stochastic scaling in Ref. 22, the matrix Ab is generated after the

first scaling limit. This matrix Ab is a fundamental key giving rise to the Cauchy

distribution for the end-to-end vector.

Structure of the paper

The paper is organized as follows: in Sec. 2, we present some preliminaries and

formulate the problem. Then, we collect the main results and the physical inter-

pretation of our work in Sec. 3. Section 4 is devoted to the proof of a uniform

estimate with respect to τ and some results about the continuity equation associ-

ated with (1.4). In Sec. 5, we prove the convergence results, while discussion and

outlook are provided in Sec. 6. We conclude the paper with Appendix A containing

a proof of Lemma 4.1, Appendix B talks about the weighted Poincaré inequality

and commutator estimate lemma in Appendix C.

2. Preliminaries and Formulation of the Problem

The aim of this section is to recall the main ingredients of the rigorous derivation of

(1.4) as the scaling limit of (1.2). We consider a dilute family of polymers described

by the kinetic equation (1.2) for the density fN,τ . In order to make the paper

self-contained and for the convenience of the reader, let us recall the structure of

(σN,τk )k. For more details we refer to Ref. 22.

2.1. Structure of the small scales

In order to clarify the stochastic modeling of small scales, τ denotes the dominant

time scale of us and ` ∼ N−1 its space scale.

The 2D case

Consider Z2
0 := Z2 − {(0, 0)} divided into its four quadrants (write k = (k1, k2))

K++ = {k ∈ Z2
0 : k1 ≥ 0, k2 > 0}; K−+ = {k ∈ Z2

0 : k1 < 0, k2 ≥ 0},

K−− = {k ∈ Z2
0 : k1 ≤ 0, k2 < 0}; K+− = {k ∈ Z2

0 : k1 > 0, k2 ≤ 0}

and set

K+ = K++ ∪K+−; K− = K−+ ∪K−− and K = K+ ∪K−.
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Let (Ω,F , (Ft)t, P ) be a complete filtered probability space. Defineb

σN,τk (x) = θN,τk

k⊥

|k|
cos k · x, k ∈ K+, σN,τk (x) = θN,τk

k⊥

|k|
sin k · x, k ∈ K−,

where

θN,τk =
aτ
|k|2

, N ≤ |k| ≤ 2N, N ∈ N∗; θN,τk = 0 elsewhere, (2.1)

where aτ is a positive constant measuring the intensity, see Sec. 2.3. Let us also

consider a family (W k
t )
k∈Z2

0
t of independent Brownian motions on the probability

space (Ω,F , P ). Then, set us(x, t) =
∑
k∈K σ

N,τ
k (x)∂tW

k
t .

The 3D case

We introduce the partition Z3
0 = Γ3,+ ∪ Γ3,−

c such that Γ3,+ = −Γ3,− and we

consider a family of real-valued independent Brownian motions (Bk,jt )
k∈Z3

0
t , j ∈

{1, 2} defined on the complete filtered probability space (Ω,F , (Ft)t, P ), that is

E(Bk,jt Bl,ms ) = min(t, s)δk,lδj,m. Then, we introduce a sequence of complex-valued

Brownian motions adapted to (Ft)t defined as follows:

W k,j
t =

B
k,j
t + iB−k,jt if k ∈ Γ3,+,

B−k,jt − iBk,jt if k ∈ Γ3,−.

Let N ∈ N∗, define θN,τk,j = aτ
|k|5/2 1{N≤|k|≤2N}, for a positive constant a. Then, for

each k ∈ Z3
0, j ∈ {1, 2} we denote σN,τk,j (x) = θN,τk,j ak,je

ik·x, where { k|k| , ak,1, ak,2} is

an orthonormal system of R3 for k ∈ Γ3,+ and ak,j = a−k,j if k ∈ Γ3,−. Set

WN,τ (t, x) =
∑

k∈Z3
0,j∈{1,2}

θN,τk,j ak,je
ik·xW k,j(t), (2.2)

and consider us = ∂tW
N,τ in the 3D case.

Seeking not to overload the notation, we simply recall the result of the scaling

limit and refer to the main theorems in Ref. 22 for the precise mathematical frame-

work of well-posedness and the various estimates necessary for the analysis. Thus,

the following subsection concerns the rigorous derivation of (1.3) as a scaling limit

of (1.2).

2.2. Scaling limit results

Let us present the following scaling limit result based on Ref. 22.

bFor y = (y1, y2) ∈ R2, y⊥ stands for (−y2, y1).
cZ3

0 = Z3 − {(0, 0, 0)}.
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2.2.1. Notation and functional setting

Let d ∈ {2, 3}, we consider the periodic boundary conditions with respect to the

spacial variable x, namely x belongs to the d-dimensional torus Td = (R/2πZ)d.

On the other hand, the end-to-end vector variable r belongs to Rd. Let m ∈ N∗ and

we introduce the following Lebesgue and Sobolev spaces with polynomial weight,

namely

L2
r,m(Td × Rd)

:=

{
f : Td × Rd → R :

∫
Td×Rd

|f(x, r)|2(1 + |r|2)
m
2 dxdr := ‖f‖2L2

r,m
<∞

}
.

Note that L2
r,0(Td × Rd) coincides with the Lebesgue space L2(Td × Rd). We will

use the following notation L2
r,2(Td × Rd) := H. We recall the definition of inner

products defined on the spaces H and L2(Td × Rd).

(h, g)H :=

∫
Td×Rd

h(x, r)g(x, r)(1 + |r|2)dxdr, ∀g, h ∈ H;

(h, g) :=

∫
Td×Rd

h(x, r)g(x, r)dxdr, ∀g, h ∈ L2(Td × Rd).

2.2.2. Scaling limit as N → +∞

Let T > 0 and uL = uL(x, t) be a given large-scale component such that uL ∈
C
(
[0, T ], C2(Td;Rd)

)
and divx(uL) = 0.

Since L∞(0, T ;H) is not separable, it is convenient to recall the following space:

L2
w-∗(Ω;L∞(0, T ;H)) = {u : Ω→ L∞(0, T ;H) is weakly-* measurable

and E‖u‖2L∞(0,T ;H) <∞},

where weakly-* measurable stands for the measurability when L∞(0, T ;H) is

endowed with the σ-algebra generated by the Borel sets of weak-* topology, we

recall that (see Ref. 12)

L2
w-∗(Ω;L∞([0, T ];H)) ' (L2(Ω;L1([0, T ];H ′)))′.

Assume that fτ0 ∈ H and fN,τ be the unique quasi-regular weak solution of

(1.2) (see Ref. 22). Let us recall the main ideas to get (1.3) from (1.2).

By using the stochastic modeling of small scale, we get a stochastic Fokker–

Planck equation in Stratonovich form:

∂tf
N,τ + divx(uN,τL fN,τ ) + divr

((
∇uN,τL r − 1

β
r

)
fN,τ

)
= σ2∆rf

N,τ

−
∑
k∈K

σNk · ∇xfN,τ ◦ ∂tW k −
∑
k∈K

(∇σNk r) · ∇rfN,τ ◦ ∂tW k,

fN,τ |t=0 = fτ0 .

(2.3)

M
at

h.
 M

od
el

s 
M

et
ho

ds
 A

pp
l. 

Sc
i. 

20
26

.3
6:

20
57

-2
11

1.
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 S

C
U

O
L

A
 N

O
R

M
A

L
E

 S
U

PE
R

IO
R

E
 D

I 
PI

SA
 o

n 
09

/2
8/

26
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



June 12, 2026 10:52 WSPC/103-M3AS 2650032

Small-scale turbulence limit of Fokker–Planck equation 2065

We write (2.3) in Itô form, where we need to compute Itô–Stratonovich corrector,

see Ref. 22. By using the space-homogeneity and mirror symmetry of the covariance

operator Q(x, y) :=
∑
k∈K σ

N
k (x) ⊗ σNk (y), we get the following Itô form of the

stochastic Fokker–Planck equation:

dfN,τ + divx(uN,τL fN,τ )dt+ divr

((
∇uN,τL r − 1

β
r

)
fN,τ

)
dt

= σ2∆rf
N,τdt−

∑
k∈K

σN,τk .∇xfN,τdW k −
∑
k∈K

(∇σN,τk r).∇rfN,τdW k

+αN∆xf
N,τdt+

1

2
divr

(∑
k∈K

((∇σN,τk r)⊗ (∇σN,τk r))∇rfN,τ
)
dt,

fN,τ |t=0 = fτ0 ,

(2.4)

where

AN (r) =
∑
k∈K

((∇σNk r)⊗ (∇σNk r)) = kTAb(r) +O

(
1

N

)
P (r),

P is a polynomial of second degree.

By using the scaling (2.1), we see that AN (r) → kTAb(r) and αN → 0. Thus, we

can interpret the emergence of the part including Ab(r) as a consequence of the

stretching effect and the choice of scaling (2.1). More precisely, we get (see Ref. 22)

the following result.

Theorem 2.1. Under the assumption that the small scales have the given structure

in Sec. 2.1. There exists a new probability space, denoted by the same way (for sim-

plicity) (Ω,F , P ), fτ ∈ L2
w-∗(Ω;L∞([0, T ];H)),∇rfτ ∈ L2(Ω;L2([0, T ];H)) such

that the following convergence holds (up to a subsequence)

fN,τ ⇀ fτ in L2
w-∗(Ω;L∞([0, T ];H)),

∇rfN,τ ⇀ ∇rfτ in L2(Ω;L2([0, T ];H)).

Moreover fτ is the unique solution of the following problem: P -a.s. for any t ∈ [0, T ]:∫
Td

∫
Rd
fτ (x, r, t)φ(x)ψ(r)drdx−

∫
Td

∫
Rd
fτ0 (x, r)φ(x)ψ(r)drdx

=

∫ t

0

∫
Td

∫
Rd
fτ (x, r, s)uL(x, s) · ∇xφ(x)ψ(r)drdxds

+

∫ t

0

∫
Td

∫
Rd
fτ (x, r, s)

(
∇uL(s, x)r − 1

β
r

)
· ∇rψ(r)φ(x)drdxds

−
∫ t

0

∫
Td

∫
Rd
σ2∇rfτ (x, r, s) · ∇rψ(r)φ(x)drdxds

+

∫ t

0

∫
Td

∫
Rd

kT
2
Ab(r)∇rfτ (x, r, s) · ∇rψ(r)φ(x)drdxds,
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for any φ ∈ C∞(Td) and ψ ∈ C∞c (Rd), Ab(r) = ((b+ 1)|r|2I − br⊗ r) (b = 2 in 2D

and b = 1 in 3D), kT = Cda
2
τ (Cd = π log(2)

8 in 2D and Cd = 8π log(2)
15 in 3D) and

aτ is an intensity parameter of the noise.

2.3. The derivation of (1.4)

We recall that σ2 is the product kT
β , k being Boltzmann constant and T being the

temperature. Hence σ2 = C2

β , where C2 = kT > 0. In order to formulate the main

equation, let us present the following.

2.3.1. Noise specification and the parameter aτ

We focus on the 2D case and the 3D case follows in the same way. Denote by us the

small scale of the turbulent velocity, its vortex structures have a dominant time scale

τ and space scale `, and the associated turbulent kinetic energy kT (of order `2

τ2 , in

other words, kT = κ `
2

τ2 for a positive constant κ). In a Gaussian approximation of

the model, a reasonable choice is

us(x, t) :=

√
kT
`

∑
N≤|k|≤2N

1

|k|2
k⊥

|k|
ek(x)Zkt ,

where the functions ek(x), sine and cosine, N ∼ `−1, and Zkt are stationary

Ornstein–Uhlenbeck processes solution of

dZkt = −1

τ
Zkt dt+

√
2

τ
dW k

t ,

where (W k
t )k are independent Brownian motions. The average kinetic energy is

given by

E[|us(x, t)|2] =
kT
`2

∑
N≤|k|≤2N

1

|k|4
e2k(x),

and 1
`2

∑
N≤|k|≤2N

1
|k|4 e

2
k(x) has a unitary variance size. The intensity of the tur-

bulent flow is given by
√
kT . Therefore, after using the approximation

lim
τ→0

E

[(
1√
τ

∫ t

0

Zks ds−W k
t

)2
]

= 0,

we write

us(x, t)dt :=
√
τkT

∑
N≤|k|≤2N

1

`

1

|k|2
k⊥

|k|
ek(x)dW k

t .

M
at

h.
 M

od
el

s 
M

et
ho

ds
 A

pp
l. 

Sc
i. 

20
26

.3
6:

20
57

-2
11

1.
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 S

C
U

O
L

A
 N

O
R

M
A

L
E

 S
U

PE
R

IO
R

E
 D

I 
PI

SA
 o

n 
09

/2
8/

26
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



June 12, 2026 10:52 WSPC/103-M3AS 2650032

Small-scale turbulence limit of Fokker–Planck equation 2067

Thus, aτ is of the order √̀
τ
C(`) with C(`) = 1

` . More precisely, aτ =
√
κ √̀

τ
C(`).

Thus we infer that aτ = C3√
τ

with C3 =
√
κ > 0. Let us formulate the main equation.

It is clear that we can write the limit equation given by Theorem 2.1 as follows:
∂tfτ + divx(uLfτ ) + divr(∇uLrfτ )

= divr

(
1

β
rfτ

)
+ σ2∆rfτ +

Cda
2
τ

2
divr(Ab(r)∇rfτ ),

fτ |t=0 = fτ0 .

(2.5)

In the regime where the relaxation time of polymers and the dominant time scale

of the small-scale turbulent flow satisfies β = ζτ, ζ > 0, we obtain
∂tfτ + divx(uLfτ ) + divr((∇uLr)fτ )

= divr

(
1

ζτ
rfτ +

C2

ζτ
∇rfτ +

CdC
2
3

2τ
Ab(r)∇rfτ

)
,

fτ |t=0 = fτ0 .

(2.6)

By setting

α =
1

ζCdC2
3

> 0 and γ =
C2

ζCdC2
3

> 0, (2.7)

it is worth making some comments on the parameter α. Note that from (2.7), α

becomes smaller either when ζ becomes larger (i.e. the relaxation time of polymer

β becomes larger than the dominant time scale τ) or C3 becomes larger (i.e. the

intensity of the turbulent flow becomes larger). In both cases, this corresponds to

a stronger turbulent flow for the polymers.

Therefore, we obtain the following equation for fτ = fτ (x, r, t):
∂tfτ + divx(uLfτ ) + divr(∇uLrfτ ) =

1

ζατ
divr

(
αrfτ + γ∇rfτ +

1

2
Ab(r)∇rfτ

)
,

fτ |t=0 = fτ0 .

Without loss of generality set γ = 1. Our aim is to investigate the limit behavior

of (fτ )τ as τ → 0 in (2.8).
∂tfτ + divx(uLfτ ) + divr(∇uLrfτ ) =

1

ζατ
divr

(
αrfτ +∇rfτ +

1

2
Ab(r)∇rfτ

)
,

fτ |t=0 = fτ0 .

(2.8)

For clarity of the presentation, it is worth summarizing the various key parame-

ters (see Table 1) of the paper and those related to it from Ref. 22. First, we recall

that C3 > 0 is a dimensionless constant measuring the intensity of the turbulent

flow, Cd = π log(2)
8 in 2D and Cd = 8π log(2)

15 in 3D occurring after taking the scaling

limit and depending on the choice of coefficients (σN,τk )N .
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Table 1. Key parameters.

Parameter Scaling limit22 (N ↑ +∞) Singular limit (τ ↓ 0)

Boltzmann constant × Temperature kT kT

Polymer relaxation time β β

Dominant space scale of small-scale turbulence ` ∼ N−1 ` ∼ N−1

Dominant time scale of small-scale turbulence / τ

Intensity parameter (turbulence) a aτ = C3√
τ

Constant ζ > 0 / β = ζτ

Exponent α (see also (2.7)) / α = 1
ζCdC

2
3

3. Main Results

Let us introduce the following space

Hα =

{
g : Td × Rd → R :

∫
Td

∫
Rd
g2(x, r)

(
1 +
|r|2

2

)α
drdx <∞

}
, α > 0.

Remark 3.1. Note that Hα ↪→ H ∩ L1(Td × Rd) if α > d
2 .

In the following, we always consider fτ0 ∈ H for any τ > 0.

3.1. Statement of the main result

Consider the following assumptions:

(H1) There exists Λ > 0 independent of τ such that supτ>0 ‖fτ0 ‖2Hα ≤ Λ.

(H2) There exists f0 ∈ Hα such that limτ→0 ‖fτ0 − f0‖Hα = 0.

The first result concerns the case α > d
2 .

Theorem 3.1. Let τ > 0 and α > d
2 , assume that assumption H1 is satisfied. Let

fτ be the unique quasi-regular weak solution to (4.2), then

sup
t∈[0,T ]

‖fτ (t)‖2Hα +
1

ζατ

∫ T

0

∫
Td

∫
Rd

∣∣∣∣∇r(fτ (s)

(
1 +
|r|2

2

)α)∣∣∣∣2
×
(

1 +
|r|2

2

)−α+1

drdxds ≤ eKTΛ,

where K = 2α‖∇xuL‖∞. If moreover H2 is satisfied, the following convergence

holds as τ → 0

fτ →τ ρ⊗
1

Z

(
1 +
|r|2

2

)−α
in L2(0, T ;Hα), (3.1)

where ρ is the unique solution to (4.12) and Z :=
∫
Rd(1 + |r|2

2 )−αdr = C(d, α) is a

normalizing factor. In addition, the following rate of convergence holds∫ T

0

∫
Td

∫
Rd

(fτ − ρ⊗ pα)2(s)

(
1 +
|r|2

2

)α
drdxds ≤ Cα

(
τ +

T

Z
‖fτ0 − f0‖2Hα

)
,

where Cα is a positive constant.
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Proof. It is a consequence of Propositions 4.1, 5.1 and Lemma 4.2.

Note that (3.1), in Theorem 3.1, asserts convergence in the space L2(0, T ;Hα)

with rate O(τ) if ‖fτ0 − f0‖2Hα = O(τ). This convergence is the consequence of

the combination of the inequality (5.5) and the weighted Poincaré inequality (B.3).

Additionally, from (5.5) it follows

sup
t∈[0,T ]

∫
Td

∫
Rd
|fτ (t)− ρ(t)⊗ pα|2

(
1 +
|r|2

2

)α
drdx

≤
∫
Td

∫
Rd
|fτ0 − ρ0 ⊗ pα|2

(
1 +
|r|2

2

)α
drdx+ C̃

√
τ ,

which asserts convergence in the space L∞(0, T ;Hα) with rate O(
√
τ) if ‖fτ0 −ρ0⊗

pα‖2Hα = O(
√
τ).However, it is worth noticing that the convergence in L∞(0, T ;Hα)

requires a stronger assumption of convergence of the initial data, namely it requires

f0 to have the form ρ0 ⊗ pα.

Remark 3.2. It is worth mentioning that the same conclusion of Theorem 3.1

holds if H2 is replaced by f0 ∈ L2(Td;L1(Rd)) such that limτ→0 ‖fτ0 −f0‖L2
xL

1
r

= 0.

In the following,M(Td×Rd) denotes the space of Radon measures. Concerning

the case 0 < α ≤ d
2 , we have the following theorem.

Theorem 3.2. Let τ > 0 and 0 < α ≤ d
2 . We distinguish two cases:

(i) Assume that H1 is satisfied and let fτ be the unique quasi- regular weak solution

to (4.2). Then

sup
t∈[0,T ]

‖fτ (t)‖2Hα +
1

ζατ

∫ T

0

∫
Td

∫
Rd

∣∣∣∣∇r(fτ (s)

(
1 +
|r|2

2

)α)∣∣∣∣2

×
(

1 +
|r|2

2

)−α+1

drdxds ≤ eKTΛ.

Moreover, there exists a subsequence (fηk)k of (fτ )τ such that the following

convergence holds:

fηk
∗
⇀ 0 in L∞(0, T ;Hα) as k → +∞. (3.2)

(ii) Let fτ0 ∈ L1(Td × Rd) ∩ H and fτ be the unique quasi-regular weak solu-

tion to (4.2). Assume the existence of Λ2 > 0 independent of τ such that

supτ>0 ‖fτ0 ‖L1 ≤ Λ2. Then

sup
t∈[0,T ]

∫
Td

∫
Rd
|fτ (t)|drdx ≤

∫
Td

∫
Rd
|fτ0 |drdx ≤ Λ2. (3.3)

Moreover, there exists a subsequence (fτk)k of (fτ )τ and ν ∈ L∞(0, T ;M(Td×
Rd)) such that

fτk
∗
⇀ ν in L∞(0, T ;M(Td × Rd)) as k → +∞, (3.4)
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and ν solves, in the sense of distributions,d the following :

divr

(
αrν +∇rν +

1

2
Ab(r)∇rν

)
= 0 in D′. (3.5)

Proof. It is a consequence of Propositions 4.1, 5.2 and 5.3.

Remark 3.3. Since the differential operator acts only with respect to r-variable,

a particular solution is of the form ν = gx(·) ⊗ µr, where gx is an element of

L∞(0, T ;M(Td)) and µr ∈M(Rd) solving

divr

(
αrµr +∇rµr +

1

2
Ab(r)∇rµr

)
= 0 in (C∞c (Rd))′. (3.6)

On the other hand, Pα(r) = (1 + |r|2
2 )−α ∈ C∞b (Rd) and αrPα(r) + ∇rPα(r) +

1
2Ab(r)Pα(r) = 0. Define the following Radon measure µα:

〈µα, ϕ〉M,Cc :=

∫
Rd
Pα(r)ϕ(r)dr, ∀ϕ ∈ Cc(Rd). (3.7)

Indeed, let ϕ ∈ Cc(Rd), one gets

|〈Pα, ϕ〉M,Cc | =
∣∣∣∣ ∫

Rd
Pα(r)ϕ(r)dr

∣∣∣∣ ≤ ‖ϕ‖Cc ∫
supp(ϕ)

Pα(r)dr ≤ C‖ϕ‖Cc

for some positive constant C. Consequently, gx(·) ⊗ µα ∈ L∞(0, T ;M(Td × Rd))
solves (3.5).

3.1.1. Non-uniqueness of measure-valued solutions and selection principle

(0 < α ≤ d
2 )

Since the differential operator in (3.5) acts only with respect to r-variable, the

solution has the form

ν = g(t, x)⊗ %r, (3.8)

where g is any element of L∞(0, T ;M(Td)) and %r ∈M(Rd) is the solution of

divr

(
αr%r +∇r%r +

1

2
Ab(r)∇r%r

)
= 0 in D′(Rd). (3.9)

• (Non-uniqueness of ν) Note that at this level, the uniqueness fails by choos-

ing g1, g2 ∈ L∞(0, T ;M(Td)) such that g1 6= g2 and note from Remark 3.3 that

g1(t, x)⊗ µr and g2(t, x)⊗ µr are two distinct solutions to (3.5).

• (The uniqueness of %r) Let us discuss the uniqueness for the solution to (3.9).

Namely, %r satisfies (see (5.20))〈
%r,−αr · ∇rϕ+ ∆rϕ+

1

2
divr(Ab(r)∇rϕ)

〉
M,Cc

ds = 0 for any ϕ ∈ C2
c (Rd).

(3.10)

dIt is the dual space of C∞c (]0, T [×Td × Rd), denoted by D′.
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By using Lebesgue decomposition theorem of Radon measures (cf. Ref. 39), there

exists a unique pair (%rac, %
r
s) of measures such that %r = %rs + %rac where

• %rac � λd (absolutely continuous with respect to Lebesgue measure on Rd). More-

over, %ac = h(r)dr with h ∈ L1
loc(Rd).

• %rs ⊥ λd (singular with respect to Lebesgue measure) and may include Dirac

measures. In other words, concentrations are authorized in the space M(Rd).

As we already indicated in Remark 3.3 that µr(dr) = (1 + |r|2
2 )−αdr ∈ M(Rd)

solves (3.6). In accordance with Lebesgue decomposition theorem, µr belongs to

%rac, i.e.

%rac = µr + Cµr,2, C ≥ 0 where µr,2 is another absolutely continuous component.

(3.11)

In general, it is difficult to explicitly compute all the solutions to (3.9) but if unique-

ness holds, then it is necessary to get %r = µr, since (3.9) is a linear equation. This

is the goal of the next proposition.

Proposition 3.1. There exists a unique Radon measure solution to (3.9), in the

sense (3.10).

Proof. Recall that (3.10) is a linear PDE. Hence the difference of two solutions, still

denoted by %r, satisfies (3.10). In order to prove uniqueness, we use the standard

duality argument and Riesz representation theorem (see e.g. Ref. 39) for Radon

measures. Namely, the uniqueness follows if we show

〈%r, ψ〉M,C∞c
= 0 for any ψ ∈ C∞c (Rd). (3.12)

Let us see if (3.12) holds. To abbreviate the notation, define

L∗ϕ = −αr · ∇rϕ+ ∆rϕ+
1

2
divr(Ab(r)∇rϕ).

From (3.10), we have 〈%r,L∗ϕ〉 = 0 for any ϕ ∈ C2
c (Rd). Let us analyze the adjoint

equation. Namely, let ψ ∈ C∞c (Rd) and denote by BM the ball with radius M such

that supp(ψ) ⊂ BM . Then, consider the following problem in BM with Dirichlet

boundary condition: {
L∗ϕ = ψ in BM ,

ϕ = 0 on ∂BM .
(3.13)

The existence of solution in H1
0 (BM ) to (3.13) follows by using “Fredholm alterna-

tive for linear PDEs” (see e.g. Ref. 14). Since ∂BM is C∞-boundary, the classical

elliptic theory (see e.g. Ref. 14) ensures the existence of ϕ ∈ C∞(BM ). Then, extend

ϕ by zero outside BM to get ϕ ∈ C2
c (Rd). Therefore, we obtain

〈%r, ψ〉M,C∞c
= 〈%r,L∗ϕ〉M,Cc = 0. (3.14)

The claim (3.12) follows from the arbitrariness of ψ.
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Finally, let us discuss a selection principle for g.

• (Selection principle for g) Since supτ>0 ‖fτ0 ‖L1 ≤ Λ2, by using (3.3) we can

set gτ =
∫
Rd fτdr and integrate (2.8) with respect to r, therefore we get

∂tgτ + divx(uLgτ ) = 0, τ > 0,

gτ |t=0 = gτ0 =

∫
Rd
fτ0 dr ∈ L1(Td).

(3.15)

Note that (3.15) is linear transport equation studied in Ref. 11. Therefore, by

writing Ref. 11 in the case of torus, we have the following proposition.

Proposition 3.2. Let uL ∈ C
(
[0, T ], C2(Td;Rd)

)
, divx(uL) = 0 and gτ0 ∈ L1(Td).

There exists a unique weak solution gτ ∈ L∞([0, T ];L1(Td)) to (3.15) in the fol-

lowing sense:∫ T

0

∫
Rd

(
gτ (t, x) ∂tϕ(t, x) + gτ (t, x)uL(t, x) · ∇ϕ(t, x)

)
dx dt

+

∫
Rd
gτ0 (x)ϕ(0, x) dx = 0

for every test function ϕ ∈ C∞c ([0, T )×Td). Moreover, the solution is renormalized :

∂tβ(gτ ) + uL · ∇β(gτ ) = 0

for all β ∈ C1(R) with bounded derivative and vanishing near 0.

A priori, at the limit, we will be interested in (3.15) with initial Radon measure

data (a weak-* limit, as τ → 0, of (fτ0 )τ in M(Td)), which requires more involved

analysis so we restrict ourself to the case L1-data at the limit, in order to explain

the idea of selection.

Proposition 3.3. Let g0 ∈ L1(Td) and assume moreover that (gτ0 )τ in (3.15)

converges to g0 in L1(Td) as τ → 0. Then gτ converges to g̃ in L∞([0, T ];L1(Td))
as τ → 0, where g̃ ∈ L∞([0, T ];L1(Td)) is the unique weak solution to∂tg̃ + divx(uLg̃) = 0,

g̃|t=0 = g0.
(3.16)

Proof. The existence and uniqueness to (3.16) follow as above, namely by using

Ref. 11. On the other hand, using the linearity of (3.15) and (3.16), the difference

gτ − g̃ is the unique weak solution to∂t(gτ − g̃) + divx(uL(gτ − g̃)) = 0, τ > 0,

gτ − g̃|t=0 = gτ0 − g0 ∈ L1(Td).
(3.17)

Recall that the solution is renormalized. By choosing appropriate sequence βM ∈
C1(R) with bounded derivative, vanishing near 0 and converging to the absolute
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value function (note that we can also use similar computation as in Proposition 5.3

as well), we get

sup
t∈[0,T ]

∫
Td
|gτ − g̃|dx ≤

∫
Td
|gτ0 − g0|dx→ 0 as τ → 0. (3.18)

Consequently, as a natural selection to avoid the trivial non-uniqueness, we can

select g in (3.8) to be g̃, the unique weak solution of (3.16).

Remark 3.4. A natural assumption guarantees that (gτ0 )τ converges toward g0 in

L1(Td) and to assume fτ0 converges to some f0 ∈ L1(Td × Rd), instead assuming

only the boundedness in L1(Td × Rd) as in Theorem 3.2(ii).

3.2. On the role of the unbounded potential

Let us show that the unbounded nature of the restoring force leads to the emergence

of a measure valued limit if 0 < α ≤ d
2 . Note that the unbounded nature of the

force allows the polymer end-to-end vector to take values in Rd, which plays a role

in the lack of L1-compactness in this regime.

Proposition 3.4. Under the assumptions of Theorem 3.2(ii), let fτ ∈
L∞(0, T ;L1(Td × Rd)) be the unique solution to (2.8) satisfying

sup
t∈[0,T ]

∫
Td

∫
Rd
|fτ (t)|drdx ≤ Λ2, ∀τ > 0.

Then (fτ )τ does not contain any weakly-* convergent subsequence in

L∞(0, T ;L1(Td × Rd)).

Proof. We reason by contradiction. Assume that (fτ )τ has a subsequence, denoted

by (fτk)τk , k ∈ N, which converges weakly-* to some f in L∞(0, T ;L1(Td × Rd)).
Namely, the following holds:∫ T

0

∫
Td

∫
Rd
fτk(s, x, r)ξ(s)ψ(x)φ(r)dsdxdr

→
∫ T

0

∫
Td

∫
Rd
f(s, x, r)ξ(s)ψ(x)φ(r)dsdxdr, (3.19)

for any ξ ∈ L1([0, T ]), ψ ∈ L∞(Td), φ ∈ L∞(Rd). On the other hand, we know

that fτk is the unique solution to (2.8) for any k ∈ N and it is bounded in

L∞(0, T ;L1(Td×Rd)). Therefore, it converges, with respect to the weak-* topology,

in L∞(0, T ;M(Td × Rd)) (up to subsequence) to some ν̃ such that

divr

(
αrν̃ +∇rν̃ +

1

2
Ab(r)∇rν̃

)
= 0 in D′,

and

∫ T

0

∫
Td

∫
Rd
fτk(s, x, r)ξ(s)ψ(x)φ(r)dsdxdr →

∫ T

0

〈ν̃, ψφ〉ξ(s)ds, (3.20)
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for any ξ ∈ L1([0, T ]), ψ ∈ Cc(Td) and φ ∈ Cc(Rd). We proved in Sec. 3.1.1 that ν̃

has necessarily the form h ⊗ (1 + |r|2
2 )−αdr for some h ∈ L∞(0, T ;M(Td)). Now,

set ψ ∈ Cc(Td) and φ ∈ Cc(Rd) in (3.19). Using the uniqueness of the limit, we

obtain from (3.20)∫ T

0

∫
Td

∫
Rd
f(s, x, r)ψ(x)φ(r)ξ(s)dxdrds =

∫ T

0

〈h⊗
(

1 +
|r|2

2

)−α
dr, ψφ〉ξ(s)ds.

The arbitrariness of ψ, φ and ξ gives f = h⊗ (1 + |r|2
2 )−αdr. Finally, recall that∫

Rd

(
1 +
|r|2

2

)−α
dr = +∞ if 0 < α ≤ d

2
,

which contradicts the assumption f ∈ L∞(0, T ;L1(T× Rd)).

Remark 3.5. We can use a similar argument and Dunford–Pettis theorem (see

e.g. Ref. 6) to show that the sequence (fτ )τ is not uniformly integrable.

3.3. Physical interpretation

From a physical point of view, the statistics of the polymer length R have been

investigated by several authors in the physical literature, see for instance Refs. 2, 24

and 35. In the coil state, the distribution of polymer end-to-end vector R is found

to be power law

f(R) ∼ R−1−θ for relatively large R (3.21)

with the exponent θ positive (so that f is normalizable). The exponent θ depends

on the stretching properties of the turbulent flow: the highest is the stretching

intensity; the lowest is θ. At θ = 0 one has the coil-stretch transition.

To make links with the physical literature on the coil-stretch transition, it is

worth recalling that the tail exponent θ is related to the Lyapunov exponents of

the turbulent flow and polymer relaxation time. More precisely, if φt(x) denotes

the Lagrangian flow associated to the turbulent flow, and we set

L(q) = lim
t→∞

1

t
logE[|Dφt(x)|q]

then θ satisfies θ
2β = L(θ). It is important to mention that the computation of

L(θ) is not easy in general and we would like to predict the exponent θ based on

turbulence features. In our case, we obtain the following probability density

p(r) =
1

Z

(
1 +
|r|2

2

)−α
∼ |r|−2α for relatively large |r|,

where |r| denotes the length of the end-to-end vector of the polymers and α depends

on some interpretable constants, see (2.7). Taking into account the space dimension,

we get

p(|r|) ∼ |r|−1+d−2α

M
at

h.
 M

od
el

s 
M

et
ho

ds
 A

pp
l. 

Sc
i. 

20
26

.3
6:

20
57

-2
11

1.
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 S

C
U

O
L

A
 N

O
R

M
A

L
E

 S
U

PE
R

IO
R

E
 D

I 
PI

SA
 o

n 
09

/2
8/

26
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



June 12, 2026 10:52 WSPC/103-M3AS 2650032

Small-scale turbulence limit of Fokker–Planck equation 2075

in accordance with the prediction of Ref. 2. Now, comparing to (3.21), we get

θ = 2α− d =
2

ζCdC2
3

− d where

ζ =
β

τ
=

relaxation time of polymer

dominant time scale of small-scale turbulence
. (3.22)

Let us discuss the results of Theorems 3.1 and 3.2. We distinguish two main

cases.

(i) If α > d
2 ,e then we have two subcases:

• The case α > d+1
2

f : the average (mean) associated with the probability den-

sity in Theorem 3.1 is finite and the most of polymers have an equilibrium

size. One can consider that polymers are in coil state in this regime.

• The case d
2 < α ≤ d+1

2 : The mean is not finite and larger values of polymer

end-to-end vector are more probable, which means that the most of polymers

have large size and the polymers are in stretched state. Moreover, at α = d+1
2

the average (mean) associated with the probability density in Theorem 3.1 is

not finite anymore, this can be interpreted as the criterion for the coil-stretch

transition. Note also that d
2 corresponds to θ = 0 from (3.22), which is the

coil-stretch transition threshold following.2

(ii) The case 0 < α ≤ d
2 : In this case, we no longer have a probability density

in Theorem 3.2. Moreover, we don’t have a priori uniqueness of the limit as

τ → 0. Depending on the regularity of the initial data, we obtain different

limits, the first one is the trivial limit. More importantly, the second limit ν,

Radon measure valued one in Theorem 3.2. The latter seems to be more natural

because it corresponds to the L1-framework and we are dealing with Fokker–

Planck-type equation (see Ref. 22). As noticed in Remark 3.3 and Sec. 3.1.1,

we can define a family of explicit solutions given by

g(t, x)⊗ µα, g ∈ L∞(0, T ;M(Td)) and µα given by (3.7).

Note that µα shows a power-law decay with the exponent α in the generalized

sense of Radon measure. From (2.7), as α decreases, the turbulent flow becomes

stronger. Thus, we can say that the polymers are strongly stretched in compar-

ison with the second subcase above, where the pdf must be interpreted as a less

regular object, namely as a Radon measure absolutely continuous with respect

to Lebesgue measure on Rd, with density (Radon–Nikodym derivative) showing

the power-law decay behavior. In addition, in the stretched state, the precise

mathematics depends on the idealizations of the model. If we had introduced a

eNote that
∫
Rd (1 +

|r|2
2

)−αdr = |Sd−1|
∫+∞
0 (1 + v2)−αvd−1dv <∞ if and only if α > d

2
(|Sd−1|

denotes the surface area of the unit sphere in Rd).
fNote that first absolute moment

∫
Rd |r|(1 +

|r|2
2

)−αdr = |Sd−1|
∫+∞
0 (1 + v2)−αvddv <∞ if and

only if α > d+1
2
.
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superlinear damping instead of the linear damping − 1
βRt, this would produce

a sort of cut-off at very high lengths (e.g. Finitely Extensible Nonlinear Elastic

(FENE) model, see Sec. 6), so that the behavior (3.21) would be true only in

a range

Rmin � R� Rmax

and globally the function f would still be a pdf. We refer to Sec. 6 for further

discussion on FENE model. In our idealization of linear damping, the stretching

may overcome the damping and lead to infinite length in the asymptotic regime,

which is the idealized signature of stretch state. More precisely, note that the

mathematical idealization in the Hookean model allows the infinite extensibility

mechanism. Recall that the term including Ab(r) (see the operator L in (3.24))

is a consequence of stretching effect, resulting after taking the first scaling

limit22 and it is responsible for the loss of compactness in L1 if 0 < α ≤ d
2 .

Indeed, in the absence of the term Ab(r) we see that L is the Fokker–Planck

operator associated with Ornstein–Uhlenbeck process and we expect a Gaussian

distribution as τ → 0, even if the finite extensibility constraint is missing. On

the other hand, since Ab(r)r = |r|2r and |r|2 is the smallest eigenvalue of the

matrix Ab(r), the effective diffusion increases with |r| and enhances the outward

motion for large values of |r|. Consequently, it allows the mass to escape to

infinity and, mathematically speaking, it indicates a failure of tightness of the

associated probability measures and the loss of compactness in L1-space, see

Sec. 3.2. In other words, the term including Ab(r) overcomes the drift term

containing α (which confines the mass) if 0 < α ≤ d
2 . To conclude, the notion

of “infinite length” reflects the possibility of polymers reaching infinite length

and this corresponds to the loss of compactness from a mathematical point of

view. Summarizing, this phenomenon is a consequence of a combination of the

stretching effect of the turbulence and the infinite extensibility possibility of

the Hookean model.

In all cases, our main results justified rigorously match the physical prediction

(see e.g. Ref. 2) concerning the power-law distribution of polymers embedded in

turbulent flow.

3.4. The coil-stretch operator

A first step in the study of the limit as τ → 0 in (2.8) requires understanding the

singular term 1
ζατ divr(αrfτ + ∇rfτ + 1

2Ab(r)∇rfτ ). This will be the objective of

this subsection. Note that Pα(r) = (1 + |r|2
2 )−αg satisfies

αrPα(r) +∇rPα(r) +
1

2
Ab(r)∇rPα(r) = 0, (3.23)

gIn the following, we use pα for the renormalized Cauchy-type function and Pα for the non-

renormalized one.
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where we denoted Ab(r) = (b+ 1)|r|2I − br ⊗ r. Thus

αrg +∇rg +
1

2
Ab(r)∇rg

=

(
1 +
|r|2

2

)−α[
∇r
{
g

(
1 +
|r|2

2

)α}
+

1

2
Ab(r)∇r

{
g

(
1 +
|r|2

2

)α}]

=

(
1 +
|r|2

2

)−α[
∇rgα +

1

2
Ab(r)∇rgα

]
,

where (to simplify the notation) we used gα = g(1 + |r|2
2 )α. Thus, we can guess

formally that the penalization τ → 0 leads to

fτ (t, x, r) ' ρ(t, x)pα(r),

where pα(r) = 1
Z (1 + |r|2

2 )−α (Z is a normalizing factor) is generalized Cauchy

density with parameter α > d
2 . The aim of this subsection is to study some spectral

properties of the following operator:

L(f) = divr

(
αrf +∇rf +

1

2
((b+ 1)|r|2I − br ⊗ r)∇rf

)
, b ∈ {1, 2}. (3.24)

Let d ∈ {2, 3} and consider the following space:

Xα =

{
g : Rd → R :

∫
Rd
g2(r)

(
1 +
|r|2

2

)α
dr <∞

}
, α > 0.

Note that Xα is a Hilbert space endowed with its natural inner product, namely

(f, g)Xα =

∫
Rd
f(r)g(r)

(
1 +
|r|2

2

)α
dr.

We introduce the following unbounded operator L acting on Xα as follows:

L : Xα → Xα,

g 7→ L(g) = divr

((
1 +
|r|2

2

)−α[
∇rgα +

1

2
Ab(r)∇rgα

])
,

with domain

D(L) =

{
g ∈ Xα,∇r ·

((
1 +
|r|2

2

)−α[(
I +

1

2
Ab(r)

)
∇rgα

])
∈ Xα

}
.

It is clear that Ab(r)
∗ = Ab(r). Let us introduce the following space Zα, which

serves to prove the closedness of −L.

Zα =

{
g ∈ Xα :

∫
Rd

(
1 +
|r|2

2

)−α+1∣∣∣∣∇rf(1 +
|r|2

2

)α∣∣∣∣2dr < +∞
}
.

It is not difficult to check that Zα is a Hilbert space equipped by its natural inner

product. Let us present the main spectral properties of the operator L.
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Proposition 3.5. Let α > d
2 , the operator −L is self-adjoint on Xα and satisfies:

(1) −L is positive and Ker(L) = {cPα, c ∈ R},
(2) R(L) = {g ∈ Xα :

∫
Rd g(r)dr = 0},

(3) For all g ∈ R(L) there exists f ∈ D(L) such that L(f) = g. The solution is

unique under the solvability condition
∫
Rd f(r)dr = 0.

Proof. −L is symmetric on Xα. Indeed, let f, g ∈ D(L). Since Ab(r)
t = Ab(r), we

get

(L(f), g)Xα
= −

∫
Rd

((
1 +
|r|2

2

)−α[
∇rfα +

1

2
Ab(r)∇rfα

])
· ∇rgαdr

= −
∫
Rd
∇rfα ·

((
1 +
|r|2

2

)−α[
∇rgα +

1

2
Ab(r)∇rgα

])
dr

= (f,L(g))Xα .

In particular, since Ab(r)∇rfα · ∇rfα ≥ |r|2|∇rfα|2, we obtain

(−L(f), f)Xα
=

∫
Rd

((
1 +
|r|2

2

)−α[
∇rfα +

1

2
Ab(r)∇rfα

])
· ∇rfαdr

=

∫
Rd

(
1 +
|r|2

2

)−α[
|∇rfα|2 +

1

2
Ab(r)∇rfα · ∇rfα

]
dr

≥
∫
Rd

(
1 +
|r|2

2

)−α[(
1 +
|r|2

2

)
|∇rfα|2

]
dr

=

∫
Rd

(
1 +
|r|2

2

)−α+1

|∇rfα|2dr ≥ 0. (3.25)

Thus −L is symmetric and positive. On the other hand, note that D(L) is dense in

Xα since C∞c (Rd) ⊂ D(L). By using Lax–Milgram theorem, we obtain the existence

and uniqueness of h ∈ Zα for any g ∈ Xα such that∫
Rd

(
1 +
|r|2

2

)−α[
∇rhα +

1

2
Ab(r)∇rhα

]
· ∇rφαdr +

∫
Rd
hφ

(
1 +
|r|2

2

)α
dr

=

∫
Rd
gφ

(
1 +
|r|2

2

)α
dr, ∀φ ∈ Zα.

In other words, (I −L)h = g. Let us show that I −L is closed, let (hn, (I −L)hn)

converges to (h, g) in Xα×Xα.We need to prove that h ∈ D(L) and (I−L)h = g. By

using Lax–Milgram theorem, there exists a unique ψ ∈ Zα such that (I −L)ψ = g

hence ψ ∈ D(L). Therefore (I − L)(ψ − hn) converges to 0 in Xα which ensures

that ψ − hn goes to 0 in Xα and ψ = h ∈ Xα. We deduce that −L is also closed

and −1 belongs to the resolvent of −L.

(1) From (3.25), we get Ker(L) = {cPα, c ∈ R} since fα = f(1 + |r|2
2 )α.
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(2) Since −L is closed symmetric and −1 belongs to the resolvent of −L then it is

self-adjoint thanks to Ref. 38. By using Ref. 6, we have

R(L) = Ker(L)⊥ := {g ∈ Xα : (g, Pα)Xα
= 0} =

{
g ∈ Xα :

∫
Rd
g(r)dr = 0

}
.

The point (3) holds obviously.

Remark 3.6. Note that in the case 0 < α ≤ d/2, we still have that −L is positive.

On the other hand, Pα(r) = (1 + |r|2
2 )−α /∈ Xα which implies that Ker(L) = {0}.

4. Uniform Estimates and Continuity Equation

4.1. Uniform estimates with respect to τ

Let τ > 0 and α > 0, the aim of this section is to prove some uniform estimates with

respect to τ . First, we improve the regularity with respect to the r-variable com-

paring to the one proved in Ref. 22 with a bound depending on τ (see Lemma 4.1).

Then, we combine Lemma 4.1 and (3.23) to obtain uniform estimates with respect

to τ.

To simplify the notation, let’s introduce the following spaces:

Y = {ϕ ∈ H : ∇rϕ ∈ H,∇xϕ ∈ L2(Td × Rd)},

Hα =

{
g : Td × Rd → R :

∫
Td

∫
Rd
g2(x, r)

(
1 +
|r|2

2

)α
drdx <∞

}
, α > 0.

By approximation arguments and Theorem 2.1, we can deduce that (2.8) is satisfied

in Y ′-sense, namely there exists a unique quasi-regular weak solution fτ such that

fτ ∈ L2
w-∗(Ω;L∞([0, T ];H)), ∇rfτ ∈ L2(Ω;L2([0, T ];H)) (4.1)

and fτ (t) := fτ (t, x, r) satisfies P-a.s. for any t ∈ [0, T ]:∫
Td

∫
Rd
fτ (t)φdrdx−

∫
Td

∫
Rd
fτ0 φdrdx

=

∫ t

0

∫
Td

∫
Rd
fτ (s)(uL(s) · ∇xφ+ (∇uL(s)r) · ∇rφ)drdxds

− 1

ζατ

∫ t

0

∫
Td

∫
Rd
αfτ (s)r · ∇rφ+∇rfτ (s) · ∇rφ

+
1

2
Ab(r)∇rfτ (s) · ∇rφdrdxds, (4.2)

for any φ ∈ Y. In order to derive some necessary estimates, we introduce a regu-

larization kernel. More precisely, let δ > 0 and Θ be a smooth radially symmetric

density of a probability measure on Rd, compactly supported in B(0, 1) and define

the approximation of identity for the convolution on Rd as Θδ(y) = 1
δd

Θ(yδ ). Since

we are working on Td × Rd, we recall that for any integrable function h on Td, h
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can be extended periodically to a locally integrable function on the whole Rd and

convolution Θδ ∗ h is meaningful and [h]δ := Θδ ∗ h is still a C∞-periodic function.

Now, we present the following lemma which serves for the proof of Proposi-

tion 4.1.

Lemma 4.1. There exists C = d/2+10α
ζτ + 2α‖∇xuL‖∞ such that

sup
t∈[0,T ]

∫
Td

∫
Rd
fτ (t)2

(
1 +
|r|2

2

)α
drdx

+
1

2ζτα

∫ T

0

∫
Td

∫
Rd
|∇rfτ (s)|2

(
1 +
|r|2

2

)α+1

drdxds

≤ eCT
∫
Td

∫
Rd

(fτ0 )2
(

1 +
|r|2

2

)α
drdx ≤ ΛeCT . (4.3)

Although the proof of Lemma 4.1 follows by classical arguments, we give a proof

in Appendix A for the convenience of the reader.

Remark 4.1. (L2-estimate) It is worth mentioning that we can prove the L2 esti-

mates using arguments similar to the one used in Appendix A but the bound

depends on 1
τ . For the convenience of the reader, let us give just the formal argu-

ment. The estimate is based on the analysis of the following:

1

ζατ

〈
divr

(
αrfτ +∇rfτ +

1

2
Ab(r)∇rfτ

)
, fτ

〉
= − 1

ζατ

∫
Td

∫
Rd

(
αrfτ +∇rfτ +

1

2
Ab(r)∇rfτ

)
· ∇rfτdrdx

= − 1

ζτ

∫
Td

∫
Rd
rfτ · ∇rfτdrdx

− 1

ζατ

∫
Td

∫
Rd

≥0︷ ︸︸ ︷(
|∇rfτ |2 +

1

2
Ab(r)∇rfτ · ∇rfτ

)
drdx

=
d

2ζτ

∫
Td

∫
Rd
f2τ drdx−

1

ζατ

∫
Td

∫
Rd

≥0︷ ︸︸ ︷(
|∇rfτ |2 +

1

2
Ab(r)∇rfτ · ∇rfτ

)
drdx.

This is why we consider the space Hα to obtain uniform bound with respect to τ.

Proposition 4.1. Let α > 0 and assume that (H1) holds. There exists K =

2α‖∇xuL‖∞ such that

sup
t∈[0,T ]

‖fτ (t)‖2Hα +
1

ζατ

∫ T

0

∫
Td

∫
Rd
|∇r(fτ (s)P−α)|2

(
1 +
|r|2

2

)1−α

drdxds

≤ eKTΛ := K. (4.4)
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Proof. Let t ∈ [0, T ] and φ ∈ Y, if we denote X = (x, r) ∈ Td × Rd and

Θδ(X) = Θδ(x), then φδ := Θδ∗φ is an appropriate test function in (4.2), a classical

computation yields∫
Td

∫
Rd

[fτ (t)]δφdrdx−
∫
Td

∫
Rd

[fτ0 ]δφdrdx

= −
∫ t

0

∫
Td

∫
Rd

[uL(s) · ∇xfτ (s)]δφ+ [(∇uL(s)r) · ∇rfτ (s)]δφdrdxds

+
1

ζατ

∫ t

0

∫
Td

∫
Rd
α[divr(fτ (s)r)]δφdrdxds

+
1

ζατ

∫ t

0

〈[∆rfτ (s)]δ, φ〉+
1

2
〈[divr(Ab(r)∇rfτ (s))]δ, φ〉ds, ∀φ ∈ Y,

(4.5)

where 〈·, ·〉 denotes the duality pairing between Y ′ and Y. Let us introduce a

sequence of cut-off function TM (s) = max(−M,min(s,M)),M ∈ N and define

TM (r) := TM
((

1 +
|r|2

2

)α)
, r ∈ Rd, d = 2, 3.

Recall that |TM (r)| ≤ (1+ |r|
2

2 )α and TM (r) ↑ (1+ |r|
2

2 )α asM ↑ +∞. Let δ > 0,M ∈
N, notice that φδ,M (x, r) = TM (r)[fτ (·)]δ(x, r) is an appropriate test function in

(4.5), therefore we obtain∫
Td

∫
Rd

[fτ (t)]2δTMdrdx−
∫
Td

∫
Rd

[fτ0 ]2δTMdrdx

= −
∫ t

0

∫
Td

∫
Rd

[uL(s) · ∇xfτ (s)]δTM [fτ (s)]δdrdxds

−
∫ t

0

∫
Td

∫
Rd

[(∇uL(s)r) · ∇rfτ (s)]δTM [fτ (s)]δdrdxds

+
1

ζατ

∫ t

0

∫
Td

∫
Rd
α[divr(fτ (s)r)]δTM [fτ (s)]δdrdxds

+
1

ζατ

(∫ t

0

〈[∆rfτ (s)]δ, TM [fτ (s)]δ〉ds

+

∫ t

0

〈
1

2
[divr(Ab(r)∇rfτ (s))]δ, TM [fτ (s)]δ

〉
ds

)
. (4.6)

Now, we use (4.3) to prove some uniform estimates independent of τ . For the

analysis of the term independent of τ , see the first part of the proof of Lemma 4.1

in Appendix A. We will discuss only the τ dependent terms.
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4.1.1. Uniform estimates with respect to τ

Note that

−

(∫ t

0

∫
Td

∫
Rd
α[divr(fτ (s)r)]δTM [fτ (s)]δdrdxds+

∫ t

0

〈[∆rfτ (s)]δ, TM [fτ (s)]δ〉ds

)

−
∫ t

0

〈
1

2
[divr(Ab(r)∇rfτ (s))]δ, TM [fτ (s)]δ

〉
ds

=

∫ t

0

∫
Td

∫
Rd

(
αr[fτ (s)]δ +∇r[fτ (s)]δ +

1

2
Ab(r)∇r[fτ (s)]δ

)
×∇r(TM [fτ (s)]δ)drdxds.

By using (3.23), we obtain

αr[fτ (s)]δ +∇r[fτ (s)]δ +
1

2
Ab(r)∇r[fτ (s)]δ

= ∇r
(

[fτ (s)]δ

(
1 +
|r|2

2

)α)(
1 +
|r|2

2

)−α
+

1

2
Ab(r)∇r

(
[fτ (s)]δ

(
1 +
|r|2

2

)α)(
1 +
|r|2

2

)−α
.

Therefore, we have

− 1

ζατ

∫ t

0

∫
Td

∫
Rd

(
αr[fτ (s)]δ +∇r[fτ (s)]δ +

1

2
Ab(r)∇r[fτ (s)]δ

)
×∇r(TM [fτ (s)]δ)drdxds

= − 1

ζατ

∫ t

0

∫
Td

∫
Rd
∇r
(

[fτ (s)]δ

(
1 +
|r|2

2

)α)(
1 +
|r|2

2

)−α
×∇r(TM [fτ (s)]δ)drdxds

− 1

ζατ

∫ t

0

∫
Td

∫
Rd

1

2
Ab(r)∇r

(
[fτ (s)]δ

(
1 +
|r|2

2

)α)(
1 +
|r|2

2

)−α
×∇r(TM [fτ (s)]δ)drdxds

:= IMδ .

By using (4.1), it is possible to let δ → 0 in the last equality. Moreover, note that

∇r(TMfτ ) = ∇r
((

1 +
|r|2

2

)α
fτ

)
TM

(
1 +
|r|2

2

)−α
+∇r

(
TM

(
1 +
|r|2

2

)−α)(
1 +
|r|2

2

)α
fτ
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thus

lim
δ→0

IMδ = − 1

ζατ

∫ t

0

∫
Td

∫
Rd

∣∣∣∣∇r(fτ (s)

(
1 +
|r|2

2

)α)∣∣∣∣2
×
(

1 +
|r|2

2

)−α
TM

(
1 +
|r|2

2

)−α
drdxds− 1

ζατ

∫ t

0

∫
Td

∫
Rd

(
I +

1

2
Ab(r)

)

∇r
(
fτ (s)

(
1 +
|r|2

2

)α)
· ∇r

(
TM

(
1 +
|r|2

2

)−α)
fτ (s)drdxds

− 1

ζατ

∫ t

0

∫
Td

∫
Rd

(
1

2
Ab(r)∇r

(
fτ (s)

(
1 +
|r|2

2

)α))

·
(
∇r
(
fτ (s)

(
1 +
|r|2

2

)α)
TM

(
1 +
|r|2

2

)−2α)
drdxds.

Concerning the first and the third terms, we have

JM :=
1

ζατ

∫ t

0

∫
Td

∫
Rd

∣∣∣∣∇r(fτ (s)

(
1 +
|r|2

2

)α)∣∣∣∣2
×
(

1 +
|r|2

2

)−α
TM

(
1 +
|r|2

2

)−α
drdxds

+
1

ζατ

∫ t

0

∫
Td

∫
Rd

(
1

2
Ab(r)∇r

(
fτ (s)

(
1 +
|r|2

2

)α))

×
(
∇r(fτ (s)

(
1 +
|r|2

2

)α
)TM

(
1 +
|r|2

2

)−2α)
drdxds

≥ 1

ζατ

∫ t

0

∫
Td

∫
Rd

∣∣∣∣∇r(fτ (s)

(
1 +
|r|2

2

)α)∣∣∣∣2
×
(

1 +
|r|2

2

)1−α

TM

(
1 +
|r|2

2

)−α
drdxds,

hence, by using Fatou’s lemma (see e.g. Ref. 6) we get

lim inf
M→+∞

JM ≥ 1

ζατ

∫ t

0

∫
Td

∫
Rd

∣∣∣∣∇r(fτ (s)

(
1 +
|r|2

2

)α)∣∣∣∣2(1 +
|r|2

2

)1−α

drdxds.

Finally, we use (4.3) to show that limM→+∞ |RM | = 0 where

RM = − 1

ζατ

∫ t

0

∫
Td

∫
Rd

((
I +

1

2
Ab(r)

)
∇r
(
fτ (s)

(
1 +
|r|2

2

)α))

×
(
∇r
(
TM

(
1 +
|r|2

2

)−α)
fτ (s)

)
drdxds.
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Note that TM (r)(1 + |r|2
2 )−α = T̃M (r) ◦ (1 + |r|2

2 )α, where T̃M (s) = TM (s)
s , s > 0

thus

∇r
(
TM (r)

(
1 +
|r|2

2

)−α)
= −αrM

(
1 +
|r|2

2

)−α−1
1{(1+ |r|22 )α>M}(r) (4.7)

in a weak sense. On the other hand, we have∣∣∣∣−αrM(1 +
|r|2

2

)−α−1
1{(1+ |r|22 )α>M}(r)

∣∣∣∣
≤ 2αM

(
1 +
|r|2

2

)−α− 1
2

1{(1+ |r|22 )α>M}(r)

≤ 2α

(
1 +
|r|2

2

)− 1
2

1{(1+ |r|22 )α>M}(r)

and consequently

|RM | ≤ 2

ζτ

∫ t

0

∫
Td

∫
Rd

∣∣∣∣(I +
1

2
Ab(r)

)
∇r
(
fτ (s)

(
1 +
|r|2

2

)α)∣∣∣∣
× fτ (s)

(
1 +
|r|2

2

)− 1
2

1{(1+ |r|22 )α>M}(r)drdxds.

Since

lim
M→+∞

∣∣∣∣(I +
1

2
Ab(r)

)
∇r
(
fτ (s)

(
1 +
|r|2

2

)α)∣∣∣∣fτ (s)

(
1 +
|r|2

2

)− 1
2

1{(1+ |r|22 )α>M}(r)

= 0 a.e. (x, r, s) ∈ Td × Rd × (0, T ).

By using (4.3), we obtain the following dominated function:

y =

∣∣∣∣(I +
1

2
Ab(r)

)
∇r
(
fτ (s)

(
1 +
|r|2

2

)α)∣∣∣∣fτ (s)

(
1 +
|r|2

2

)− 1
2

∈ L1(Rd × Td × (0, T )),

Lebesgue dominated convergence theorem (see e.g. Ref. 6) ensures that

lim
M→+∞

|RM | = 0.

Thus∫
Td

∫
Rd
fτ (t)2

(
1 +
|r|2

2

)α
drdx

+
1

ζατ

∫ t

0

∫
Td

∫
Rd

∣∣∣∣∇r(fτ (s)

(
1 +
|r|2

2

)α)∣∣∣∣2(1 +
|r|2

2

)1−α

drdxds
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≤
∫
Td

∫
Rd

(fτ0 )2
(

1 +
|r|2

2

)α
drdx

+ 2α‖∇xuL‖∞
∫ t

0

∫
Td

∫
Rd
f2τ (s)

(
1 +
|r|2

2

)α
drdxds.

Set K = 2α‖∇xuL‖∞ and apply Gronwall inequality to deduce

sup
t∈[0,T ]

∫
Td

∫
Rd
fτ (t)2

(
1 +
|r|2

2

)α
drdx

+
1

ζατ

∫ T

0

∫
Td

∫
Rd

∣∣∣∣∇r(fτ (s)

(
1 +
|r|2

2

)α)∣∣∣∣2(1 +
|r|2

2

)1−α

drdxds

≤ eKT
∫
Td

∫
Rd

(fτ0 )2
(

1 +
|r|2

2

)α
drdx.

4.2. The continuity equation

Let α > d
2 and τ > 0, after integration “formally” with respect to the variable r in

(2.8), set

ρτ = ρτ (t, x) :=

∫
Rd
fτ (t, x, r)dr

and consider the following continuity equation:
∂tρτ + uL · ∇xρτ = 0,

ρτ (x)|t=0 = ρτ0 =

∫
Rd
fτ0 (x, r)dr.

(4.8)

Under the assumption H1, we have (ρτ0)τ is bounded in L2(Td).

Proposition 4.2. Assume that H1 holds, there exists a unique solution

ρτ ∈ C([0, T ];L2(Td))

to (4.8) in the following sense:∫
Td
ρτ (t)ϕdx−

∫ t

0

∫
Td
ρτ (s)uL · ∇ϕdxds =

∫
Td
ρτ0ϕdx, ∀ϕ ∈ H1(Td). (4.9)

Moreover, (ρτ )τ is bounded in L∞(0, T ;L2(Td)).

Proof. The existence follows by a classical arguments, for example, use the

Galerkin approximation and prove that the approximation sequence is a Cauchy

sequence in C([0, T ];L2(Td)) (see also Ref. 11 for a different proof). The uniqueness

and the boundedness are consequence of Lemma 4.2.

M
at

h.
 M

od
el

s 
M

et
ho

ds
 A

pp
l. 

Sc
i. 

20
26

.3
6:

20
57

-2
11

1.
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 S

C
U

O
L

A
 N

O
R

M
A

L
E

 S
U

PE
R

IO
R

E
 D

I 
PI

SA
 o

n 
09

/2
8/

26
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



June 12, 2026 10:52 WSPC/103-M3AS 2650032

2086 Y. Tahraoui

Lemma 4.2. (Stability) Let ρ1 and ρ2 be two solutions to (4.8) in the sense (4.9),

with initial conditions ρ10 and ρ20, respectively. Then

sup
t∈[0,T ]

∫
Td
|(ρ1 − ρ2)(t)|2dx ≤

∫
Td
|ρ10 − ρ20|2dx. (4.10)

Proof. Let ϕ ∈ H1(Td) and t ∈ [0, T ]. Note that ρ1 − ρ2 satisfies∫
Td

(ρ1 − ρ2)(t)ϕdx−
∫ t

0

∫
Td

(ρ1 − ρ2)(s)uL · ∇ϕdxds =

∫
Td

(ρ10 − ρ20)ϕdx.

Recall that ϕδ := Θδ ∗ ϕh is an appropriate test function in last equation, hence∫
Td

[(ρ1 − ρ2)]δ(t)ϕdx+

∫ t

0

∫
Td

[uL · ∇(ρ1 − ρ2)(s)]δϕdxds =

∫
Td

[(ρ10 − ρ20)]δϕdx.

Set ϕ := Θδ ∗ (ρ1 − ρ2) = [ρ1 − ρ2]δ, which is an appropriate test function in the

last equality. We get∫
Td

[(ρ1 − ρ2)]2δ(t)dx+

∫ t

0

∫
Td

[uL · ∇(ρ1 − ρ2)(s)]δ[ρ1 − ρ2]δdxds

=

∫
Td

[(ρ10 − ρ20)]2δdx. (4.11)

Now, we are in position to use commutator estimates (Lemma C.1). Namely, notice

that

[uL · ∇(ρ1− ρ2)]δ[ρ1− ρ2]δ = ([uL · ∇(ρ1− ρ2)]δ −uL · ∇[(ρ1− ρ2)]δ)[(ρ1− ρ2)(s)]δ

+ uL · ∇[(ρ1 − ρ2)]δ[ρ1 − ρ2]δ.

Recall that ρ1 − ρ2 ∈ C([0, T ];L2(Td)) and by applying Lemma C.1, we get(
[uL · ∇(ρ1 − ρ2)]δ − uL · ∇[(ρ1 − ρ2)]δ

)
[ρ1 − ρ2]δ → 0 in L2(Td × (0, T ))

as δ → 0.

On the other hand, we have∫ t

0

∫
Td
uL · ∇[(ρ1 − ρ2)]δ[ρ1 − ρ2]δdxds =

1

2

∫ t

0

∫
Td

div
(
uL[(ρ1 − ρ2)]2δ

)
dxds = 0.

Now, we pass to the limit in (4.11) as δ → 0 to conclude the proof.

Lemma 4.3. Assume that H1 and H2 hold. Then, there exists a unique solution ρ

in the sense of (4.9) to
∂tρ+ uL · ∇xρ = 0,

ρ(x)|t=0 = ρ0 =

∫
Rd
f0(x, r)dr,

(4.12)

and the sequence (ρτ )τ converges to ρ in C([0, T ], L2(Td)) as τ → 0.

hRecall that Θδ is a symmetric regularization kernel.
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Proof. Recall that ρ0 =
∫
Rd f0(x, r)dr ∈ L2(Td), the existence and uniqueness

follow like Proposition 4.2. On the other hand, we get ‖ρτ0 − ρ0‖L2 → 0. Indeed,

notice that

‖ρτ0 − ρ0‖2L2 =

∫
Td

(∫
Rd

(fτ0 (x, r)− f0(x, r))dr

)2

dx

≤
∫
Td

(∫
Rd
|fτ0 (x, r)− f0(x, r)|dr

)2

dx

≤
∫
Td

(∫
Rd
|fτ0 (x, r)− f0(x, r)|dr

)2

dx

≤
∫
Rd

(
1 +
|r|2

2

)−α
dr

∫
Td

∫
Rd
|fτ0 (x, r)− f0(x, r)|2

×
(

1 +
|r|2

2

)α
drdx→ 0 as δ ↓ 0,

thanks to H2 and
∫
Rd(1 + |r|2

2 )−αdr < +∞ since α > d
2 . Thus, the convergence is

a consequence of Lemma 4.2 by setting ρ1 = ρτ and ρ2 = ρ.

5. Convergence Result as τ → 0

5.1. The case α > d
2

Let α > d
2 , we prove the following result.

Proposition 5.1. Let (fτ )τ be the unique quasi-regular weak solution to (4.2) for

any τ > 0. Assume that assumptions H1 and H2 are satisfied then fτ converges to

ρ⊗ pα in L2(0, T ;Hα) as τ → 0. More precisely, there exists Cα > 0 (independent

of τ) such that the following inequality holds:∫ T

0

∫
Td

∫
Rd

(fτ − ρ⊗ pα)2(s)

(
1 +
|r|2

2

)α
drdxds ≤ Cατ +

1

Z

∫ T

0

∫
Td
|ρτ − ρ|2dxds,

where ρ is the unique solution to (4.12) and pα(r) = 1
Z (1 + |r|2

2 )−α is the Cauchy

probability density on Rd.

Proof. Let t ∈ [0, T ] and set f := f(t, x, r) = ρ(t, x) ⊗ pα(r), define gτ = fτ − f
and gτ0 = fτ0 − ρ0 ⊗ pα. By using (3.23) and (4.12) we get for any φ ∈ Y:∫

Td

∫
Rd
gτ (t)φdrdx−

∫
Td

∫
Rd
gτ0φdrdx

=

∫ t

0

∫
Td

∫
Rd
gτ (s)uL(s) · ∇xφdrdxds+

∫ t

0

∫
Td

∫
Rd
fτ (s)(∇uL(s)r) · ∇rφdrdxds

− 1

ζατ

∫ t

0

∫
Td

∫
Rd
αgτ (s)r · ∇rφ+∇rgτ (s) · ∇rφ+

1

2
Ab(r)∇rgτ (s)

×∇rφdrdxds. (5.1)
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Let φ ∈ Y and δ > 0, the arguments already detailed ensure that∫
Td

∫
Rd

[gτ (t)]δφdrdx−
∫
Td

∫
Rd

[gτ0 ]δφdrdx

= −
∫ t

0

∫
Td

∫
Rd

[uL(s) · ∇xgτ (s)]δφ+ [(∇uL(s)r) · ∇rfτ (s)]δφdrdxds

+
1

ζατ

∫ t

0

∫
Td

∫
Rd
α[divr(gτ (s)r)]δφdrdxds

+
1

ζατ

∫ t

0

〈[∆rgτ (s)]δ, φ〉+
1

2
〈[divr(Ab(r)∇rgτ (s))]δ, φ〉ds, (5.2)

where 〈·, ·〉 denotes the duality pairing between Y ′ and Y. Consider

φδ,M (x, r) = TM (r)[gτ (·)]δ(x, r) ∈ Y,

which is an appropriate test function in (5.2). Thus, we obtain∫
Td

∫
Rd

[gτ (t)]2δTMdrdx−
∫
Td

∫
Rd

[gτ0 ]2δTMdrdx

= −
∫ t

0

∫
Td

∫
Rd

[uL(s) · ∇xgτ (s)]δTM [gτ (s)]δdrdxds

−
∫ t

0

∫
Td

∫
Rd

[(∇uL(s)r) · ∇rfτ (s)]δTM [gτ (s)]δdrdxds

+
1

ζατ

∫ t

0

∫
Td

∫
Rd
α[divr(gτ (s)r)]δTM [gτ (s)]δdrdxds

+
1

ζατ

∫ t

0

〈[∆rgτ (s)]δ, TM [gτ (s)]δ〉ds

+
1

ζατ

∫ t

0

〈
1

2
[divr(Ab(r)∇rgτ (s))]δ, TM [gτ (s)]δ

〉
ds.

Now, let us pass to the limit as δ → 0 then M → +∞ in the last equality.

• A standard argument (see e.g. the proof of Lemma 4.1) ensures

lim inf
M→+∞

∫
Td

∫
Rd
gτ (t)2TMdrdx ≤ lim inf

M→+∞
lim inf
δ→0

∫
Td

∫
Rd

[gτ (t)]2δTMdrdx,

and by monotone convergence theorem (see e.g. Ref. 6), we deduce

lim inf
M→+∞

∫
Td

∫
Rd
gτ (t)2TMdrdx = lim

M→+∞

∫
Td

∫
Rd
gτ (t)2TMdrdx

=

∫
Td

∫
Rd
gτ (t)2

(
1 +
|r|2

2

)α
drdx.
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• Since gτ0 ∈ Hα, we get limδ→0

∫
Td
∫
Rd [gτ0 ]2δTMdrdx =

∫
Td
∫
Rd(gτ0 )2TMdrdx, again

monotone convergence theorem ensures

lim
M→+∞

∫
Td

∫
Rd

(gτ0 )2TMdrdx =

∫
Td

∫
Rd

(gτ0 )2
(

1 +
|r|2

2

)α
drdx.

• limδ→0

∫ t
0

∫
Td
∫
Rd [uL(s) · ∇xgτ (s)]δTM [gτ (s)]δdrdxds = 0. Indeed, note that

[uL(s) · ∇xgτ (s)]δTM [gτ (s)]δ

=
(
[uL(s) · ∇xgτ (s)]δ − uL(s) · ∇x[gτ (s)]δ

)
TM [gτ (s)]δ

+ uL(s) · ∇x[gτ (s)]δTM [gτ (s)]δ.

On the one hand, since TM depends only on r, we have∫ t

0

∫
Td

∫
Rd
uL(s) · ∇x[gτ (s)]δTM [gτ (s)]δdrdxds

=

∫ t

0

∫
Rd
TM

∫
Td
uL(s) · ∇x[gτ (s)]δ[gτ (s)]δdxdrds

=
1

2

∫ t

0

∫
Rd
TM

∫
Td

div[uL(s)[gτ (s)]2δ ]dxdrds = 0.

On the other hand, since |TM | ≤M and by using Cauchy–Schwarz inequality we

have∣∣∣∣∫ t

0

∫
Td

∫
Rd

(
[uL(s) · ∇xgτ (s)]δ − uL(s) · ∇x[gτ (s)]δ

)
TM [gτ (s)]δdrdxds

∣∣∣∣
≤M‖[uL(s) · ∇xgτ (s)]δ − uL(s) · ∇x[gτ (s)]δ‖L2(Td×Rd×(0,T ))

× ‖[gτ (s)]δ‖L2(Td×Rd×(0,T ))

≤M‖[uL · ∇xgτ ]δ − uL · ∇x[gτ ]δ‖L2(Td×Rd×(0,T ))‖gτ‖L2(Td×Rd×(0,T )) → 0,

by using that gτ ∈ L2(0, T ;H) and the commutator estimate, see Lemma C.1.

• The term
∫ t
0

∫
Td
∫
Rd [(∇uL(s)r)·∇rfτ (s)]δTM [gτ (s)]δdrdxds requires special atten-

tion, by using (4.1) and the properties of convolution one gets

lim
δ→0

∫ t

0

∫
Td

∫
Rd

[(∇uL(s)r) · ∇rfτ (s)]δTM [gτ (s)]δdrdxds

=

∫ t

0

∫
Td

∫
Rd

(∇uL(s)r) · ∇rfτ (s)TMgτ (s)drdxds.

Note that ∫ t

0

∫
Td

∫
Rd

(∇uL(s)r) · ∇rfτ (s)TMgτ (s)drdxds
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=

∫ t

0

∫
Td

∫
Rd

(∇uL(s)r) · ∇rfτ (s)TMfτ (s)drdxds

−
∫ t

0

∫
Td

∫
Rd

(∇uL(s)r) · ∇rfτ (s)TMρ(s)⊗ pαdrdxds.

Concerning the second term, we have

|(∇uL(s)r) · ∇rfτ (s)TMρ(s)⊗ pα| ≤
1

Z
‖∇uL‖∞|r||∇rfτ (s)||ρ(s)|. (5.3)

Thanks to (4.3), we get ‖∇uL‖∞|r||∇rfτ (s)||ρ(s)| ∈ L1(Rd × Td × (0, T )) and

Lebesgue’s dominated convergence theorem (see e.g. Ref. 6) ensures

lim
M→+∞

∫ t

0

∫
Td

∫
Rd

(∇uL(s)r) · ∇rfτ (s)TMρ(s)⊗ pαdrdxds

=
1

Z

∫ t

0

∫
Td
ρ(s)

∫
Rd

(∇uL(s)r) · ∇rfτ (s)drdxds

=

∫ t

0

∫
Td
ρ(s)

∫
Rd

divr
(
∇uL(s)rfτ (s)

)
drdxds = 0.

On the other hand, concerning the first term we have

∫ t

0

∫
Td

∫
Rd

(∇uL(s)r) · ∇rfτ (s)TMfτ (s)drdxds

=

∫ t

0

∫
Td

∫
Rd

(∇uL(s)r) · ∇rfτ (s)TM

(
1 +
|r|2

2

)−α
fτ (s)

(
1 +
|r|2

2

)α
drdxds

= −
∫ t

0

∫
Td

∫
Rd
f2τ (s)(∇uL(s)r) · ∇r

(
TM

(
1 +
|r|2

2

)−α)(
1 +
|r|2

2

)α
drdxds

−
∫ t

0

∫
Td

∫
Rd
fτ (s)TM

(
1 +
|r|2

2

)−α
×
(
∇uL(s)r) · ∇r(fτ (s)

(
1 +
|r|2

2

)α)
drdxds

= AM1 +AM2 .

We have limM→+∞ |AM1 | = 0. Indeed, by using (4.7) we get

|AM1 | ≤ α‖∇uL‖∞
∫ t

0

∫
Td

∫
Rd

(
f2τ (s)|r|2M

(
1 +
|r|2

2

)−α−1
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× 1{(1+ |r|22 )α>M}(r)

(
1 +
|r|2

2

)α)
drdxds

≤ α‖∇uL‖∞
∫ t

0

∫
Td

∫
Rd
f2τ (s)

(
1 +
|r|2

2

)α
1{(1+ |r|22 )α>M}(r)drdxds.

(i) Since 0 ≤ 1{(1+ |r|22 )α>M}(r) ≤ 1 for any r ∈ Rd, we have

|fM (s, r)| := f2τ (s)

(
1 +
|r|2

2

)α
1{(1+ |r|22 )α>M}(r)

≤ f2τ (s)

(
1 +
|r|2

2

)α
:= f(s, r), ∀M ∈ N,

for (s, r) ∈ [0, T ]× Rd. Thanks to Proposition 4.1, we have

f ∈ L1(Td × Rd × (0, T )),

namely∫ T

0

∫
Td

∫
Rd

fdrdxds =

∫ T

0

∫
Td

∫
Rd
f2τ (s)

(
1 +
|r|2

2

)α
drdxds < +∞.

(ii) Since limM→+∞ 1{(1+ |r|22 )α>M}(r) = 0 for every r ∈ Rd and f2τ (s)(1 + |r|2
2 )α

is independent of M almost everywhere (x, r, s) ∈ Td×Rd× (0, T ), it follows

that

lim
M→+∞

f2τ (s)

(
1 +
|r|2

2

)α
1{(1+ |r|22 )α>M}(r)drdxds = 0

a.e. (x, r, s) ∈ Td × Rd × (0, T ).

Therefore, Lebesgue’s dominated convergence theorem (see e.g. Ref. 6) ensures

lim
M→+∞

∫ t

0

∫
Td

∫
Rd
f2τ (s)

(
1 +
|r|2

2

)α
1{(1+ |r|22 )α>M}(r)drdxds = 0

and limM→+∞ |AM1 | = 0. Concerning AM2 , since |TM (1 + |r|2
2 )−α| ≤ 1 we have

GM :=

∣∣∣∣fτ (s)TM

(
1 +
|r|2

2

)−α
(∇uL(s)r) · ∇r

(
fτ (s)

(
1 +
|r|2

2

)α)∣∣∣∣
≤
∣∣∣∣fτ (s)(∇uL(s)r) · ∇r

(
fτ (s)

(
1 +
|r|2

2

)α)∣∣∣∣ = G.

By using (4.4) and Young’s inequality, we have G ∈ L1(Td×Rd× (0, T )). Indeed,∫ t

0

∫
Td

∫
Rd
|G|drdxds

≤
∫ t

0

∫
Td

∫
Rd
f2τ (s)

(
1 +
|r|2

2

)α
drdxds+ 2‖∇uL‖2∞

×
∫ t

0

∫
Td

∫
Rd

∣∣∣∣∇r(fτ (s)

(
1 +
|r|2

2

)α)∣∣∣∣2(1 +
|r|2

2

)1−α

drdxds < +∞.
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On the other hand, note that

lim
M→+∞

fτ (s)TM

(
1 +
|r|2

2

)−α
(∇uL(s)r) · ∇r

(
fτ (s)

(
1 +
|r|2

2

)α)
= fτ (s)(∇uL(s)r) · ∇r

(
fτ (s)

(
1 +
|r|2

2

)α)
a.e. (x, r, s) ∈ Td × Rd × (0, T ).

Lebesgue’s dominated convergence theorem (see e.g. Ref. 6) gives

lim
M→+∞

∫ t

0

∫
Td

∫
Rd
fτ (s)TM

(
1 +
|r|2

2

)−α
× (∇uL(s)r) · ∇r

(
fτ (s)

(
1 +
|r|2

2

)α)
drdxds

=

∫ t

0

∫
Td

∫
Rd
fτ (s)(∇uL(s)r) · ∇r

(
fτ (s)

(
1 +
|r|2

2

)α)
drdxds.

By using (4.4), we obtain∣∣∣∣∫ t

0

∫
Td

∫
Rd
fτ (s)(∇uL(s)r) · ∇r

(
fτ (s)

(
1 +
|r|2

2

)α)
drdxds

∣∣∣∣
≤
√
τ

2

∫ t

0

∫
Td

∫
Rd
f2τ (s)

(
1 +
|r|2

2

)α
drdxds+

1√
τ
‖∇uL‖2∞

×
∫ t

0

∫
Td

∫
Rd
|r|2
∣∣∣∣∇r(fτ (s)

(
1 +
|r|2

2

)α)∣∣∣∣2(1 +
|r|2

2

)−α
drdxds

≤ K

(
T

2
+ ‖∇uL‖2∞ζα

)√
τ := C̃

√
τ . (5.4)

• Concerning the other terms, we have

JMδ :=
1

ζατ

∫ t

0

∫
Td

∫
Rd
α[divr(gτ (s)r)]δTM [gτ (s)]δdrdxds

+
1

ζατ

∫ t

0

〈[∆rgτ (s)]δ, TM [gτ (s)]δ〉ds

+
1

ζατ

∫ t

0

〈
1

2
[divr(Ab(r)∇rgτ (s))]δ, TM [gτ (s)]δ

〉
ds

= − 1

ζατ

∫ t

0

∫
Td

∫
Rd

(
αr[gτ (s)]δ +∇r[gτ (s)]δ +

1

2
Ab(r)∇r[gτ (s)]δ

)
· ∇r(TM [gτ (s)]δ)drdxds.

Note that the smallest eigenvalue of Ab(r) is |r|2 and by repeating the arguments

presented in Sec. 4.1.1, we infer

lim inf
M→+∞

JMδ ≥
1

ζατ

∫ t

0

∫
Td

∫
Rd

∣∣∣∣∇r(gτ (s)

(
1 +
|r|2

2

)α)∣∣∣∣2(1 +
|r|2

2

)1−α

drdxds.
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Summarizing, we get∫
Td

∫
Rd
gτ (t)2

(
1 +
|r|2

2

)α
drdx

+
1

ζατ

∫ t

0

∫
Td

∫
Rd

∣∣∣∣∇r(gτ (s)

(
1 +
|r|2

2

)α)∣∣∣∣2(1 +
|r|2

2

)1−α

drdxds

≤
∫
Td

∫
Rd

(gτ0 )2
(

1 +
|r|2

2

)α
drdx+ C̃

√
τ .

Hence

sup
t∈[0,T ]

∫
Td

∫
Rd
gτ (t)2

(
1 +
|r|2

2

)α
drdx

+
1

ζατ

∫ T

0

∫
Td

∫
Rd

∣∣∣∣∇r(gτ (s)

(
1 +
|r|2

2

)α)∣∣∣∣2(1 +
|r|2

2

)1−α

drdxds

≤
∫
Td

∫
Rd

(gτ0 )2
(

1 +
|r|2

2

)α
drdx+ C̃

√
τ .

In other words, we obtain

sup
t∈[0,T ]

∫
Td

∫
Rd
|fτ (t)− ρ(t)⊗ pα|2

(
1 +
|r|2

2

)α
drdx

+
1

ζατ

∫ T

0

∫
Td

∫
Rd

∣∣∣∣∇r((fτ − ρ⊗ pα)(s)

(
1 +
|r|2

2

)α)∣∣∣∣2
×
(

1 +
|r|2

2

)−α+1

drdxds

≤
∫
Td

∫
Rd
|fτ0 − ρ0 ⊗ pα|2

(
1 +
|r|2

2

)α
drdx+ C̃

√
τ . (5.5)

Let us use (5.5) to deduce the convergence results. Indeed, (5.5) implies∫ T

0

∫
Td

∫
Rd

∣∣∣∣∇r((fτ − ρ⊗ pα)(s)

(
1 +
|r|2

2

)α)∣∣∣∣2(1 +
|r|2

2

)−α+1

drdxds

≤ ζατ
(∫

Td

∫
Rd
|fτ0 − ρ0 ⊗ pα|2

(
1 +
|r|2

2

)α
drdx+ C̃

√
τ

)
≤ Cτ → 0 as τ → 0. (5.6)

Recall that for α > d
2 , να(dr) = 1

Z (1 + |r|2
2 )−αdr is a Borel probability measure on

Rd, set

hα = (fτ − ρ⊗ pα)

(
1 +
|r|2

2

)α
,
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by using the weighted Poincaré inequality (see Proposition B.1), there exists Cα > 0

such that ∫
Rd
h2αdνα −

(∫
Rd
hαdνα

)2

≤ Cα
∫
Rd
|∇hα|2

(
1 +
|r|2

2

)
dνα.

On the other hand, note that∫
Rd
hαdνα =

∫
Rd

(fτ − ρ⊗ pα)

(
1 +
|r|2

2

)α
dνα =

1

Z

(∫
Rd
fτdr − ρ

)
=

1

Z
(ρτ − ρ).

Gathering the last inequalities to get∫ T

0

∫
Td

∫
Rd

(fτ − ρ⊗ pα)2(s)

(
1 +
|r|2

2

)α
drdxds ≤ CαCτ +

1

Z

∫ T

0

∫
Td
|ρτ − ρ|2dxds.

By using Lemma 4.3, we have ρτ → ρ in L2(Td × (0, T )) as τ → 0 and the result

holds.

Remark 5.1. Since α > d
2 , the last inequality implies the convergence in L1(Td ×

Rd × (0, T )).

5.2. The limit as τ → 0 if 0 < α ≤ d
2

We will discuss the following two cases.

(i) fτ0 ∈ Hα ∩ H and there exists Λ > 0 independent of τ such that

supτ>0 ‖fτ0 ‖2Hα ≤ Λ.

(ii) fτ0 ∈ L1(Td × Rd) ∩ H and there exists Λ > 0 independent of τ such that

supτ>0 ‖fτ0 ‖L1
x,r
≤ Λ.

5.2.1. The case (fτ0 )τ is bounded in Hα

Following Proposition 4.1, there exists K = 2α‖∇xuL‖∞ such that

sup
t∈[0,T ]

‖fτ (t)‖2Hα +
1

ζατ

∫ T

0

∫
Td

∫
Rd
|∇r(fτ (s)P−α)|2

×
(

1 +
|r|2

2

)1−α

drdxds ≤ eKTΛ := K. (5.7)

Proposition 5.2. Let 0 < α ≤ d
2 and assume that (fτ0 )τ is bounded in Hα. Then

there exists a subsequence of (fτ )τ denoted by (fτk)τk such that

fτk
∗
⇀ 0 in L∞(0, T ;Hα) as τk → 0. (5.8)

Proof. By using (5.7) and Banach–Alaoglu–Bourbaki theorem (see e.g. Ref. 6),

one gets the existence of subsequence of (fτ )τ (denoted by (fτk)τk) and f ∈
L∞(0, T ;Hα) such that

fτk
∗
⇀ f in L∞(0, T ;Hα) as τk → 0, (5.9)
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and ∫ T

0

∫
Td

∫
Rd
|∇r(fτk(s)P−α)|2

(
1 +
|r|2

2

)−α+1

drdxds ≤ Kζατk. (5.10)

From (5.10), we obtain

|∇r(fτk(s)P−α)|2
(

1 +
|r|2

2

)1−α

→ 0 in L1([0, T ]× Td × Rd) as τk → 0.

Therefore, up to subsequence if necessary, we get

|∇r(fτk(s)P−α)|2 → 0 a.e. in [0, T ]× Td × Rd as τk → 0, (5.11)

since (1 + |r|2
2 )1−α > 0. On the other hand, thanks to (5.9) and (5.11) we get the

following convergence in the sense of distributions

〈∇r(fτk(s)P−α),Φ〉D′,D → 〈∇r(f(s)P−α),Φ〉D′,D = 0, ∀Φ ∈ D,

where D = C∞c (]0, T [) ⊗ C∞(Td) ⊗ C∞c (Rd). Hence, we deduce the existence of

distribution ht,x such that

fP−α = ht,x in D′ ⇔ f = ht,x ⊗ Pα(r) = ht,x ⊗
(

1 +
|r|2

2

)−α
in D′.

We recall that
∫
Rd(1 + |r|2

2 )−αdr diverges if 0 < α ≤ d
2 . Since f ∈ L∞(0, T ;Hα)

from (5.9), we deduce that ht,x ≡ 0.

5.2.2. The L1-setting

We prove the following result.

Proposition 5.3. Assume that fτ0 ∈ L1(Td × Rd) ∩ H and there exists Λ > 0

(independent of τ) such that supτ>0 ‖fτ0 ‖L1 ≤ Λ. Then

sup
t∈[0,T ]

∫
Td

∫
Rd
|fτ (t)|drdx ≤

∫
Td

∫
Rd
|fτ0 |drdx ≤ Λ. (5.12)

Moreover, there exists a subsequence of (fτ )τ (denoted by (fτk)k) and ν ∈
L∞(0, T ;M(Td × Rd)) such that

fτk
∗
⇀ ν in L∞(0, T ;M(Td × Rd)) as k → +∞, (5.13)

and ν solves, in the sense of distributions, the following equation:

divr

(
αrν +∇rν +

1

2
Ab(r)∇rν

)
= 0 in D′. (5.14)

Proof. Let ε > 0, we define ηε the odd continuous function on R as follows:

ηε(s) =


1 if ε < s,

1

2

[
1 + sin

(
π

2ε
(2s− ε)

)]
if 0 ≤ s ≤ ε.
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Note that ηε ∈ C1(R), η′′ε ∈ L∞(R) and satisfies:

• |ηε(s)| ≤ 1 ∧ πs
ε ,∀s ∈ R;

• η′ε ≥ 0, supp(η′ε) ⊂ [−ε, ε] and |η′ε(s)| ≤ π
2ε ,∀s ∈ R;

• ηε(s) converges pointwise to sign(s) as ε→ 0.

Let δ, ε > 0, note that ηε([fτ (·)]δ) ∈ Y. By using (4.5), we get for any t ∈ [0, T ]∫
Td

∫
Rd

[fτ (t)]δηε([fτ (t)]δ)drdx−
∫
Td

∫
Rd

[fτ0 ]δηε([f
τ
0 ]δ)drdx

= −
∫ t

0

∫
Td

∫
Rd

[uL(s) · ∇xfτ (s)]δηε([fτ (s)]δ)drdxds

−
∫ t

0

∫
Td

∫
Rd

[(∇uL(s)r) · ∇rfτ (s)]δηε([fτ (s)]δ)drdxds

+
1

ζατ

∫ t

0

∫
Td

∫
Rd
α[divr(fτ (s)r)]δηε([fτ (s)]δ)drdxds

+
1

ζατ

∫ t

0

〈[∆rfτ (s)]δ, ηε([fτ (s)]δ)〉

+
1

2
〈[divr(Ab(r)∇rfτ (s))]δ, ηε([fτ (s)]δ)〉ds.

First, note that∫ t

0

∫
Td

∫
Rd

[uL(s) · ∇xfτ (s)]δηε([fτ (s)]δ)drdxds

=

∫ t

0

∫
Td

∫
Rd

(
[uL(s) · ∇xfτ (s)]δ − uL(s) · ∇x[fτ (s)]δ

)
ηε([fτ (s)]δ)drdxds

+

∫ t

0

∫
Td

∫
Rd
uL(s) · ∇x[fτ (s)]δηε([fτ (s)]δ)drdxds

= Aδ +Bδ → 0 as δ → 0.

Concerning the term Aδ, recall that |ηε([fτ (s)]δ)| ≤ π
ε |[fτ (s)]δ|, which ensures that

(ηε([fτ (s)]δ))δ is bounded in L2(Td×Rd×(0, T )). Therefore, we can use the commu-

tator estimate (see Lemma C.1) to get limδ→0Aδ = 0. On the other hand, denote

by Nε the primitive function of ηε, then by using “divergence theorem” we get

Bδ =

∫ t

0

∫
Td

∫
Rd
uL(s) · ∇x[fτ (s)]δηε([fτ (s)]δ)drdxds

=

∫ t

0

∫
Rd

∫
Td

divx
(
uL(s)Nε([fτ (s)]δ)

)
dxdrds = 0.
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Second, we have limδ

∫ t
0

∫
Td
∫
Rd [divr(∇uL(s)r)fτ (s)]δηε([fτ (s)]δ)drdxds = 0.

Indeed, note that∫ t

0

∫
Td

∫
Rd

[divr(∇uL(s)rfτ (s))]δηε([fτ (s)]δ)drdxds

=

∫ t

0

∫
Td

∫
Rd

(
[divr(∇uL(s)rfτ (s))]δ − divr(∇uL(s)r[fτ (s)]δ)

)
ηε([fτ (s)]δ)drdxds

+

∫ t

0

∫
Td

∫
Rd

divr(∇uL(s)r[fτ (s)]δ)ηε([fτ (s)]δ)drdxds = Cδ +Dδ.

Recall that divr(∇uL(s)r) = 0, by using “divergence theorem” we get

Dδ =

∫ t

0

∫
Td

∫
Rd

divr(∇uL(s)r[fτ (s)]δ)ηε([fτ (s)]δ)drdxds

=

∫ t

0

∫
Td

∫
Rd

divr(∇uL(s)rNε([fτ (s)]δ))drdxds = 0.

Concerning Cδ, note that∫ t

0

∫
Td

∫
Rd

(
[divr(∇uL(s)rfτ (s))]δ − divr(∇uL(s)r[fτ (s)]δ)

)
ηε([fτ (s)]δ)drdxds

=

∫ t

0

∫
Td

∫
Rd

(
divr(Θδ ∗ (∇uL(s)rfτ (s)))− divr(∇uL(s)rΘδ ∗ fτ (s))

)
× ηε(Θδ ∗ fτ (s))drdxds

= −
∫ t

0

∫
Td

∫
Rd

(
Θδ ∗ (∇uL(s)rfτ (s))− (∇uL(s)rΘδ ∗ fτ (s))

)
×Θδ ∗ ∇rfτ (s)η′ε(Θδ ∗ fτ (s))drdxds.

On the other hand, for any (s, x, r) ∈ [0, T ]× Td × Rd note that(
Θδ ∗ (∇uL(·)rfτ )

)
(s, x, r)−∇uL(s, x)r(Θδ ∗ fτ )(s, x, r)

=

∫
Rd

[∇uL(x− y, s)−∇uL(x, s)]rΘδ(y)fτ (s, x− y, r)dy.

By mean-value theorem we get |∇uL(x− y, s)−∇uL(x, s)| ≤ |y|‖uL‖C2 and

|
(
Θδ ∗ (∇uL(·)rfτ )

)
(s, x, r)−∇uL(s, x)r(Θδ ∗ fτ )(s, x, r)|

≤ ‖uL‖C2

∫
Rd
|y||r|Θδ(y)|fτ (s, x− y, r)|dy

≤ δ‖uL‖C2

∫
Rd

Θδ(y)|r||fτ (s, x− y, r)|dy,
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since supp Θ ⊂ B(0, 1). Therefore, we get∫ t

0

∫
Td

∫
Rd
|
(
Θδ ∗ (∇uL(s)rfτ (s))

− (∇uL(s)rΘδ ∗ fτ (s))
)
Θδ ∗ ∇rfτ (s)η′ε(Θδ ∗ fτ (s))|drdxds

≤ π

2ε
δ‖uL‖C2

∫ t

0

∥∥∥∥∫
R2

Θδ(y)|r||fτ (s, x− y, r)|dy
∥∥∥∥
L2
x,r

‖Θδ ∗ ∇rfτ (s)‖L2
x,r
ds

≤ π

2ε
δ‖uL‖C2

∫ t

0

‖Θδ ∗ |r||fτ (s)|‖L2
x,r
‖Θδ ∗ ∇rfτ (s)‖L2

x,r
ds

≤ π

2ε
δ‖uL‖C2

∫ t

0

‖fτ (s)‖H‖∇rfτ (s)‖L2
x,r
ds→ 0 as δ → 0.

Thanks to the properties of the matrix Ab and η′ε ≥ 0, we deduce

1

ζατ

∫ t

0

〈[∆rfτ (s)]δ, ηε([fτ (s)]δ)〉+
1

2
〈[divr(Ab(r)∇rfτ (s))]δ, ηε([fτ (s)]δ)〉ds

= − 1

ζατ

∫ t

0

∫
Td

∫
Rd

(
|[∇rfτ (s)]δ|2 +

1

2
Ab(r)∇r[fτ (s)]δ · ∇r[fτ (s)]δ

)
× η′ε([fτ (s)]δ)drdxds

≤ − 1

ζατ

∫ t

0

∫
Td

∫
Rd

(
1 +
|r|2

2

)
|[∇rfτ (s)]δ|2η′ε([fτ (s)]δ)drdxds. (5.15)

Finally, we have

1

τ

∫ t

0

∫
Td

∫
Rd

[divr(fτ (s)r)]δηε([fτ (s)]δ)drdxds

= − 1

ζτ

∫ t

0

∫
Td

∫
Rd

[fτ (s)]δr · ∇r[fτ (s)]δη
′
ε([fτ (s)]δ)drdxds

≤ 1

ζατ

∫ t

0

∫
Td

∫
Rd

|r|2

2
|[∇rfτ (s)]δ|2η′ε([fτ (s)]δ)drdxds

+
α

2ζτ

∫ t

0

∫
Td

∫
Rd

[fτ (s)]2δη
′
ε([fτ (s)]δ)drdxds.

By using (5.15), then letting δ → 0 we obtain∫
Td

∫
Rd
fτ (t)ηε(fτ (t))drdx

≤
∫
Td

∫
Rd
fτ0 ηε(f

τ
0 )drdx+

α

2ζτ

∫ t

0

∫
Td

∫
Rd
f2τ (s)η′ε(fτ (s))drdxds
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≤
∫
Td

∫
Rd
|fτ0 |drdx+

α

2ζτ

∫ t

0

∫
Td

∫
Rd

π

2ε
f2τ (s)1{|fτ |≤ε}drdxds

≤
∫
Td

∫
Rd
|fτ0 |drdx+

απ

4ζτ

∫ t

0

∫
Td

∫
Rd
|fτ (s)|1{|fτ |≤ε}drdxds.

By using Fatou’s lemma (see e.g. Ref. 6), we get∫
Td

∫
Rd
|fτ (t)|drdx ≤ lim inf

ε→0

∫
Td

∫
Rd
fτ (t)ηε(fτ (t))drdx.

In conclusion, we get∫
Td

∫
Rd
|fτ (t)|drdx ≤

∫
Td

∫
Rd
|fτ0 |drdx+

απ

4ζτ

∫ t

0

∫
Td

∫
Rd
|fτ (s)|1{|fτ |≤ε}drdxds.

(5.16)

By using Gronwall inequality, we deduce

sup
t∈[0,T ]

∫
Td

∫
Rd
|fτ (t)|drdx ≤ exp

(
απ

4ζτ
T

)∫
Td

∫
Rd
|fτ0 |drdx ≤ exp

(
απ

4ζτ
T

)
Λ.

(5.17)

Since |fτ |1{|fτ |≤ε} → 0 a.e. as ε→ 0 and fτ ∈ L1([0, T ]×Td×Rd) thanks to (5.17),

dominated convergence theorem (see e.g. Ref. 6) ensures

lim
ε→0

∫ t

0

∫
Td

∫
Rd
|fτ (s)|1{|fτ |≤ε}drdxds = 0.

Therefore, after passing to the limit as δ → 0 then ε→ 0 in (5.16), we obtain (5.12).

The limit as τ → 0

We recall that Riesz–Markov–Kakutani representation theorem ensures M(Td ×
Rd) ' (Cc(Td × Rd))′, see Ref. 39. Since L1(Td × Rd) ↪→ M(Td × Rd). By using

(5.12) and Banach–Alaoglu–Bourbaki theorem (see e.g. Ref. 6), we can extract a

subsequence of (fτ )τ (denoted by (fτk)τk) and ν ∈ L∞(0, T ;M(Td×Rd)) such that

fτk
∗
⇀ ν in L∞(0, T ;M(Td × Rd)) as k → 0. (5.18)

By using (4.2), we have〈
dfτ (s)

ds
, φ

〉
=

∫
Td

∫
Rd
G(fτ (s), φ)drdx

:=

∫
Td

∫
Rd
fτ (s)(uL(s) · ∇xφ+ (∇uL(s)r) · ∇rφ)drdx

− 1

ζατ

∫
Td

∫
Rd
αfτ (s)r · ∇rφ+∇rfτ (s) · ∇rφ

+
1

2
Ab(r)∇rfτ (s) · ∇rφdrdx, ∀φ ∈ Y. (5.19)
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Let ξ ∈ C∞c (]0, T [), multiplying the last equality by ξ and integrating by parts with

respect to s, we obtain

−
∫ T

0

∫
Td

∫
Rd
fτ (s)φ∂sξdsdrdx =

∫ T

0

∫
Td

∫
Rd
G(fτ (s), φ)ξdrdxds.

Now, set φ = ϑ⊗ ϕ ∈ C∞(Td)⊗ C∞c (Rd) and integrate by parts with respect to r

in the right-hand side, we infer

− ζατk
∫ T

0

∫
Td

∫
Rd

(
fτk(s)∂tξ ⊗ ϑ⊗ ϕ

+ fτk(s)(uL(s) · ξ ⊗∇xϑ⊗ ϕ+ (∇uL(s)r) · ξ ⊗ ϑ⊗∇rϕ)
)
drdxds

=

∫ T

0

∫
Td

∫
Rd

(
−αfτk(s)r · ξ ⊗ ϑ⊗∇rϕ+ fτk(s)ξ ⊗ ϑ⊗∆rϕ

+
1

2
fτk(s)divr(Ab(r)ξ ⊗ ϑ⊗∇rϕ)

)
drdxds

=

∫ T

0

〈
fτk(s),−αr · ξ ⊗ ϑ⊗∇rϕ+ ξ ⊗ ϑ⊗∆rϕ

+
1

2
divr(Ab(r)ξ ⊗ ϑ⊗∇rϕ)

〉
M,Cc

ds.

By using (5.18) and (5.12), we deduce as τ → 0∫ T

0

〈
ν(s),−αr · ξ ⊗ ϑ⊗∇rϕ+ ξ ⊗ ϑ⊗∆rϕ

+
1

2
divr(Ab(r)ξ ⊗ ϑ⊗∇rϕ)

〉
M,Cc

ds = 0. (5.20)

In particular, ν is weak solution to the following equation:

divr

(
αrν +∇rν +

1

2
Ab(r)∇rν

)
= 0 in D′. (5.21)

6. Discussion and Outlook

6.1. Summary

We study the distribution of polymers in turbulent flow by using stochastic mod-

eling of the small scales and the Fokker–Planck equation in the Hookean case. We

rigorously prove the emergence of the heavy-tail distribution of polymer elonga-

tion. More precisely, the fluid velocity is decomposed into a smooth large-scale

component and a rapidly fluctuating small-scale turbulent field. We send both the

spatial and temporal scales of these turbulent fluctuations to zero, by using scal-

ing and singular limits techniques. This allows to fill a gap between formal theory,
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numerical simulations in polymer-turbulence literature and rigorous mathematical

analysis. We distinguish two main regimes for polymers advected and stretched by

small-scale turbulence. Namely, we have

• The probability density regime (α > d/2): The limit of the Fokker–Planck density

factorizes as ρ(t, x)⊗(1+ |r|2/2)−α, which is a power-law distribution in the end-

to-end vector r. α becomes smaller in stronger turbulent flow and encodes the

competition between polymer relaxation and turbulent strain fluctuations. This

corresponds to a well-defined probability density, representing coil and moderate

stretching states. Physically, polymer extension statistics remain bounded and

close to equilibrium as α > d+ 1
2 , and polymers are in “coil-state”.

• The Radon measure regime and coil-stretch transition (0 < α ≤ d/2): α = d
2 is

the coil-stretch transition threshold and the limit object should be understood

as Radon measure hx(t) ⊗ (1 + |r|2/2)−αdr exhibiting power-law behavior in

the end-to-end vector. This reflects the extreme stretching of polymers induced

by turbulence and the possibility of polymers reaching infinite length, which

indicates that small-scale turbulence dominates. This corresponds also to the loss

of L1-compactness from a mathematical point of view.

6.2. Outlook

The first natural extension includes the analysis of polymers in the FENE case,

see Sec. 6.3. Next is the study of polymer feedback on the flow and links with

drag reduction, by coupling Fokker–Planck and Navier–Stokes equations or any

other possible alternatives. Another future project is to consider turbulence with

non-Gaussian statistics and study the effect on the limit distribution.

6.3. FENE model

It is worth making some comment on the FENE model. While the Hookean model

assumes linear elasticity and infinite extensibility, the FENE model introduces non-

linearity and a finite maximum extension. Namely, in the FENE model we replace
1
βRt in (1.1) by 1

β
Rt

1−|Rt|2/b , where
√
b is the upper bound of the length extension

of the polymer chains, i.e. the chains cannot stretch beyond the length
√
b. From

mathematical point of view, the analysis must be considered in a bounded domain

with respect to r-variable with the appropriate boundary conditions. The rigorous

justification of the scaling and singular limits in the case of FENE model is the

subject of the ongoing work.10 However, for the convenience of the reader, let us

write what do we expect for the limit density. In the case of FENE model, we expect

to get on the right-hand side of (1.4) (after the scaling limit)

1

τ
divr

(
br

b− |r|2
fτ +∇rfτ +

Cd
2
Ab(r)∇rfτ

)
, |r|2 < b.
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Concerning the singular limit, i.e. as τ → 0, we expect fτ → f where

divr

(
br

b− |r|2
f +∇rf +

Cd
2
Ab(r)∇rf

)
= 0, |r|2 < b,

with the interpretation that Cd becomes larger as the turbulence becomes stronger.

Therefore, let us look for radial solution to the following equation:

br

b− |r|2
f +∇rf +

Cd
2
Ab(r)∇rf = 0.

Set t = |r|, we get the following ODE in t : b
Cd

1
b−t2 f + ( 2+Cdt

2

2Cdt
)f′ = 0. By solving

the ODE, we get

f(r) =
1

Z

(
b− |r|2

b

)γ(
2 + Cd|r|2

2

)−γ
, γ =

b

2 + Cdb
> 0 and

Z is a renormalized constant. (6.1)

Note that the last formula (6.1) exhibits power-law behavior, with the term reflect-

ing the fact that the domain is bounded. It is also similar to the stationary proba-

bility density derived in Ref. 1. Now, let us make some remarks on the FENE model

in comparison with the Hookean one. First, note that f is always a probability

density function, unlike the Hookean case. Furthermore, the stretching saturates at√
b whereas in the Hookean model, we could obtain an infinite length. Finally, for

intermediate extensions, Rmin � |r| �
√
b, we have

f ∼ |r|d−1
(

1 + Cd
|r|2

2

) −b
2+Cdb

∼ |r|−1+d−
2b

2+Cdb .

In accordance with Ref. 2, the coil-stretch holds at (2+Cdb)d = 2b. A more in-depth

discussion of this transition and its link to the Hookean case is part of the ongoing

work,10 see also Ref. 35 for some recent numerical simulation and discussions.

Appendix A. Proof of Lemma 4.1

Let us pass to the limit as δ → 0 then M → +∞ in (4.6).

• Recall that f ∈ Cw([0, T ], H), by using the properties of convolution and the

lower semi-continuity of weak convergence, we obtain

lim inf
M→+∞

∫
Td

∫
Rd
fτ (t)2TMdrdx ≤ lim inf

M→+∞
lim inf
δ→0

∫
Td

∫
Rd

[fτ (t)]2δTMdrdx,

by Fatou’s lemma (see e.g. Ref. 6), we deduce∫
Td

∫
Rd
fτ (t)2

(
1 +
|r|2

2

)α
drdx ≤ lim inf

M→+∞

∫
Td

∫
Rd
fτ (t)2TMdrdx.

• Since fτ0 ∈ Hα, we have limδ→0

∫
Td
∫
Rd [fτ0 ]2δTMdrdx =

∫
Td
∫
Rd(fτ0 )2TMdrdx and

monotone convergence theorem ensures

lim
M→+∞

∫
Td

∫
Rd

(fτ0 )2TMdrdx =

∫
Td

∫
Rd

(fτ0 )2
(

1 +
|r|2

2

)α
drdx ≤ Λ.

M
at

h.
 M

od
el

s 
M

et
ho

ds
 A

pp
l. 

Sc
i. 

20
26

.3
6:

20
57

-2
11

1.
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 S

C
U

O
L

A
 N

O
R

M
A

L
E

 S
U

PE
R

IO
R

E
 D

I 
PI

SA
 o

n 
09

/2
8/

26
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



June 12, 2026 10:52 WSPC/103-M3AS 2650032

Small-scale turbulence limit of Fokker–Planck equation 2103

• limδ→0

∫ t
0

∫
Td
∫
Rd [uL(s)·∇xfτ (s)]δTM [fτ (s)]δdrdxds = 0. Indeed, it holds by using

commutators estimate, see Lemma C.1 (see also e.g. Ref. 22 for a similar argu-

ments).

• The term
∫ t
0

∫
Td
∫
Rd [(∇uL(s)r) · ∇rfτ (s)]δTM [fτ (s)]δdrdxds. By using (4.1) and

the properties of convolution, one gets

lim
δ→0

∫ t

0

∫
Td

∫
Rd

[(∇uL(s)r) · ∇rfτ (s)]δTM [fτ (s)]δdrdxds

=

∫ t

0

∫
Td

∫
Rd

(∇uL(s)r) · ∇rfτ (s)TMfτ (s)drdxds.

Now, by using that |T ′M | ≤ 1 we get∣∣∣∣∫ t

0

∫
Td

∫
Rd

(∇uL(s)r) · ∇rfτ (s)TMfτ (s)drdxds

∣∣∣∣
≤ α

∣∣∣∣∫ t

0

∫
Td

∫
Rd

(∇uL(s)r) · rf2τ (s)

(
1 +
|r|2

2

)α−1
T ′Mdrdxds

∣∣∣∣
≤ 2α‖∇xuL‖∞

∫ t

0

∫
Td

∫
Rd

|r|2

2
f2τ (s)

(
1 +
|r|2

2

)α−1
drdxds

≤ 2α‖∇xuL‖∞
∫ t

0

∫
Td

∫
Rd
f2τ (s)

(
1 +
|r|2

2

)α
drdxds.

• Concerning the term 1
ζατ

∫ t
0

∫
Td
∫
Rd α[divr(fτ (s)r)]δTM [fτ (s)]δdrdxds, we have

[divr(fτ (s)r)]δTM [fτ (s)]δ = d[fτ (s)]2δTM + r · ∇r[fτ (s)]δ[fτ (s)]δTM ,

by using (4.1) and the properties of convolution, it is possible to let δ → 0 and

obtain

lim
δ→0

∫ t

0

∫
Td

∫
Rd

[divr(fτ (s)r)]δTM [fτ (s)]δdrdxds

= d

∫ t

0

∫
Td

∫
Rd
f2τ (s)TM + r · ∇rfτ (s)fτ (s)TMdrdxds

=

∫ t

0

∫
Td

∫
Rd

divr(fτ (s)r)TMfτ (s)drdxds

=
d

2

∫ t

0

∫
Td

∫
Rd
f2τ (s)TMdrdxds−

1

2

∫ t

0

∫
Td

∫
Rd
f2τ (s)r · ∇rTMdrdxds

=
d

2

∫ t

0

∫
Td

∫
Rd
f2τ (s)TMdrdxds−

α

2

∫ t

0

∫
Td

∫
Rd
f2τ (s)|r|2

×
(

1 +
|r|2

2

)α−1
T ′Mdrdxds

≤ d

2

∫ t

0

∫
Td

∫
Rd
f2τ (s)

(
1 +
|r|2

2

)α
drdxds.
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• The term 1
ζατ

∫ t
0
〈[∆rfτ (s)]δ, TM [fτ (s)]δ〉ds. Note that∫ t

0

〈[∆rfτ (s)]δ, TM [fτ (s)]δ〉ds

= −
∫ t

0

∫
Td

∫
Rd
|[∇rfτ (s)]δ|2TM + [∇rfτ (s)]δ · ∇rTM [fτ (s)]δdrdxds,

by using (4.1) we can pass to the limit as δ → 0 and get

lim
δ→0

∫ t

0

〈[∆rfτ (s)]δ, TM [fτ (s)]δ〉ds

= −
∫ t

0

∫
Td

∫
Rd
|∇rfτ (s)|2TM +∇rf(s) · ∇rTMfτ (s)drdxds

= −
∫ t

0

∫
Td

∫
Rd
|∇rfτ (s)|2TM + α∇rfτ (s) · r

(
1 +
|r|2

2

)α−1
T ′Mfτ (s)drdxds.

By using Young inequality we get∣∣∣∣∫ t

0

∫
Td

∫
Rd
α∇rfτ (s) · r

(
1 +
|r|2

2

)α−1
T ′Mfτ (s)drdxds

∣∣∣∣
≤ α2

∫ t

0

∫
Td

∫
Rd
f2τ (s)

(
1 +
|r|2

2

)α
drdxds

+
1

2

∫ t

0

∫
Td

∫
Rd
|∇rfτ (s)|2

(
1 +
|r|2

2

)α
drdxds.

Thus, we obtain

lim sup
M→+∞

lim
δ→0

∫ t

0

〈[∆rfτ (s)]δ, TM [fτ (s)]δ〉ds

≤ − lim inf
M→+∞

∫ t

0

∫
Td

∫
Rd
|∇rfτ (s)|2TMdrdxds

+
1

2

∫ t

0

∫
Td

∫
Rd
|∇rfτ (s)|2

(
1 +
|r|2

2

)α
drdxds

+ α2

∫ t

0

∫
Td

∫
Rd
f2τ (s)

(
1 +
|r|2

2

)α
drdxds.

• The term 1
ζατ

∫ t
0
〈 12 [divr(Ab(r)∇rfτ (s))]δ, TM [fτ (s)]δ〉ds. We have∫ t

0

〈[divr(Ab(r)∇rfτ (s))]δ, TM [fτ (s)]δ〉ds

= −
∫ t

0

∫
Td

∫
Rd

(
(Ab(r)∇r[fτ (s)]δ) · ∇r[fτ (s)]δTM

+ α(Ab(r)∇r[fτ (s)]δ) · r
(

1 +
|r|2

2

)α−1
T ′M [fτ (s)]δ

)
drdxds.
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By using (4.1), we can let δ → 0 in the last equality and obtain

lim
δ→0
−
∫ t

0

〈[divr(Ab(r)∇rfτ (s))]δ, TM [fτ (s)]δ〉ds

=

∫ t

0

∫
Td

∫
Rd

(Ab(r)∇rfτ (s)) · ∇rfτ (s)TM + (α(Ab(r)∇rfτ (s)))

·
(
r

(
1 +
|r|2

2

)α−1
T ′Mfτ (s)

)
drdxds

=

∫ t

0

∫
Td

∫
Rd

(b+ 1)|r|2|∇rfτ (s)|2TM − b|r · ∇rfτ (s)|2TMdrdxds

+ α

∫ t

0

∫
Td

∫
Rd

(Ab(r)∇rfτ (s)) · r
(

1 +
|r|2

2

)α−1
T ′Mfτ (s)drdxds

≥
∫ t

0

∫
Td

∫
Rd
|r|2|∇rfτ (s)|2TMdrdxds

+ α

∫ t

0

∫
Td

∫
Rd

(Ab(r)∇rfτ (s)) · r
(

1 +
|r|2

2

)α−1
T ′Mfτ (s)drdxds.

On the other hand, we have∣∣∣∣(Ab(r)∇rfτ (s)) · r
(

1 +
|r|2

2

)α−1
T ′Mfτ (s)

∣∣∣∣
≤ 3

∣∣∣∣|r|2∇rfτ (s)) · rT ′Mfτ (s)

(
1 +
|r|2

2

)α−1∣∣∣∣ ≤ 6|∇rfτ (s)||r|fτ (s)

(
1 +
|r|2

2

)α
≤ 1

2α
|∇rfτ (s)|2|r|2

(
1 +
|r|2

2

)α
+ 18αf2τ (s)

(
1 +
|r|2

2

)α
,

therefore, we get

lim
δ→0
−
∫ t

0

〈[divr(Ab(r)∇rfτ (s))]δ, TM [fτ (s)]δ〉ds

≥
∫ t

0

∫
Td

∫
Rd
|r|2|∇rfτ (s)|2TMdrdxds

−
∫ t

0

∫
Td

∫
Rd

1

2
|∇rfτ (s)|2|r|2

(
1 +
|r|2

2

)α
+ 18α2f2τ (s)

(
1 +
|r|2

2

)α
drdxds.

Hence by using monotone convergence theorem, we get

lim inf
M→+∞

lim
δ→0
−
∫ t

0

〈[divr(Ab(r)∇rfτ (s))]δ, TM [fτ (s)]δ〉ds

≥
∫ t

0

∫
Td

∫
Rd

|r|2

2
|∇rfτ (s)|2

(
1 +
|r|2

2

)α
drdxds

− 18α2

∫ t

0

∫
Td

∫
Rd
f2τ (s)

(
1 +
|r|2

2

)α
drdxds.
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By gathering the previous estimates we get∫
Td

∫
Rd
fτ (t)2

(
1 +
|r|2

2

)α
drdx+

1

2ζτα

∫ t

0

∫
Td

∫
Rd
|∇rfτ (s)|2

(
1 +
|r|2

2

)α+1

drdxds

≤
∫
Td

∫
Rd

(fτ0 )2
(

1 +
|r|2

2

)α
drdx

+

(
d/2 + 10α

ζτ
+ 2α‖∇xuL‖∞

)∫ t

0

∫
Td

∫
Rd
f2τ (s)

(
1 +
|r|2

2

)α
drdxds.

Gronwall’s inequality ensures the existence of C = d/2+10α
ζτ + 2α‖∇xuL‖∞ such

that

sup
t∈[0,T ]

∫
Td

∫
Rd
fτ (t)2

(
1 +
|r|2

2

)α
drdx

+
1

2ζτα

∫ T

0

∫
Td

∫
Rd
|∇rfτ (s)|2

(
1 +
|r|2

2

)α+1

drdxds

≤ eCT
∫
Td

∫
Rd

(fτ0 )2
(

1 +
|r|2

2

)α
drdx ≤ ΛeCT .

Appendix B. Weighted Poincaré Inequality

Let ϑσ be a family of the generalized Cauchy distributions on Rd, which have

densities

dϑσ(x)

dx
=

1

A
(1 + |x|2)−σ; σ >

d

2
and a normalizing constant A.

Recall that Varϑσ (g) =
∫
Rd g

2dϑσ − (
∫
Rd gdϑσ)2. We have the following result.

Theorem B.1. (Theorem 3.1 from Ref. 4) The generalized Cauchy distribution ϑσ
with σ ≥ d satisfies the weighted Poincaré-type inequality

Varϑσ (g) ≤ Cσ

∫
Rd
|∇g(x)|2(1 + |x|2)dϑσ(x) (B.1)

for all bounded smooth functions g on Rd with Cσ = 1
2(σ−1) (

√
1 + 2

σ−1 +
√

2
σ−1 )2.

The authors in Ref. 4 state that Theorem B.1 can involve the values d
2 < σ ≤ d

with constant depending on the dimension d (see Ref. 4). However, general results

on Riemannian manifold,5 based on the spectral gap estimate, guarantee weighted

Poincaré inequality with explicit constants. Let us recall them (see Ref. 5). Following

Ref. 5, the constant Cσ in (B.1) is given by

Cσ =
1

(σ − d
2 )2

if
d

2
< σ ≤ d; d = 2, 3. (B.2)

On the other hand, we recall that Poincaré inequality is understood in the following

sense: if the right-hand side is finite, then the function is square-integrable, and the
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inequality holds true. Therefore, based on Refs. 4 and 5 briefly recalled above, we

present the following result, which serves in our analysis. Namely, we consider νσ,

a family of the generalized Cauchy distributions on Rd, which have densities

dνσ(y)

dy
=

1

Z

(
1 +
|y|2

2

)−σ
; σ >

d

2
and a normalizing constant Z.

Proposition B.1. Let d ∈ {2, 3}, σ > d
2 and g : Rd → R. Assume that g satisfies∫

Rd
|∇g(y)|2

(
1 +
|y|2

2

)
dνσ(y) < +∞.

Then, the weighted Poincaré-type inequality holds

Varνσ (g) ≤ Cσ
∫
Rd
|∇g(y)|2

(
1 +
|y|2

2

)
dνσ(y), (B.3)

where

Cσ =


1

4(σ − 1)

(√
1 +

2

σ − 1
+

√
2

σ − 1

)2

if d ≤ σ,

1

2(σ − d
2 )2

if
d

2
< σ ≤ d.

Proof. By using (B.1), (B.2), and the change of variable x = y√
2

and noticing that

Z =

∫
Rd

(
1 +
|y|2

2

)−σ
dy = 2

d
2

∫
Rd

(1 + |x|2)−σdx = 2
d
2A,

we obtain (B.3).

Appendix C. Commutator Estimate

Lemma C.1. Let p ∈ [1,+∞[ and h ∈ Lp(Td × Rd × (0, T )). Then, we have

lim
δ→0

(
[uL(s) · ∇xh(s)]δ − uL(s) · ∇x[h(s)]δ

)
= 0 in Lp(Td × Rd × (0, T )).

Similarly, if h ∈ Lp(Td × (0, T )) only, then we have

lim
δ→0

(
[uL(s) · ∇xh(s)]δ − uL(s) · ∇x[h(s)]δ

)
= 0 in Lp(Td × (0, T )).

Proof. Set rδ(s) := [uL(s) · ∇xh(s)]δ − uL(s) · ∇x[h(s)]δ, we have, a.e. s ∈ [0, T ],

‖rδ(s)‖Lp(Td×Rd) ≤ C‖∇uL(s)‖∞‖h(s)‖Lp(Td×Rd), (C.1)

lim
δ
rδ = 0 in Lp(Td × Rd × (0, T )), (C.2)

where C > 0 independent of δ. Indeed, let us show (C.1), note that

rδ(s, x, r) = −
∫
Rd

(uL(x, s)− uL(y, s)) · ∇xρδ(x− y)h(s, y, r)dy.

M
at

h.
 M

od
el

s 
M

et
ho

ds
 A

pp
l. 

Sc
i. 

20
26

.3
6:

20
57

-2
11

1.
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 S

C
U

O
L

A
 N

O
R

M
A

L
E

 S
U

PE
R

IO
R

E
 D

I 
PI

SA
 o

n 
09

/2
8/

26
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



June 12, 2026 10:52 WSPC/103-M3AS 2650032

2108 Y. Tahraoui

Consider the following change of variables z = x−y
δ to get

rδ(s, x, r) = −
∫
R2

uL(x, s)− uL(x− δz, s)
δ

· ∇ρ(z)h(s, x− δz, r)dz

= −
∫
Rd

∫ 1

0

∇uL(x− γδz)zdγ · ∇ρ(z)h(s, x− δz, r)dz,

where we used mean value theorem, i.e.

uL(x, s)− uL(x− δz, s) = δ

∫ 1

0

∇uL(x− γδz)zdγ.

Recall that supp ρ ⊂ B(0, 1), thus

|rδ(s, x, r)| ≤ ‖∇uL(s)‖∞
∫
supp ρ

|z||∇ρ(z)||h(s, x− γδz, r)|dz

≤ ‖∇uL(s)‖∞‖∇ρ‖C1
b

∫
supp ρ

|h(s, x− γδz, r)|dz

and by Hölder’s inequality and Fubini’s theorem, we get

‖rδ(s)‖pLp(Td×Rd) ≤ ‖∇uL(s)‖p∞‖ρ‖
p
C1
b

∫
Rd

∫
Td

(∫
supp ρ

|h(s, x− γδz, r)|dz
)p
dxdr

≤ ‖∇uL(s)‖p∞‖ρ‖
p
C1
b

∫
supp ρ

∫
Rd

∫
Td
|h(s, x− γδz, r)|pdxdrdz

≤ ‖∇uL(s)‖p∞‖ρ‖
p
C1
b
‖h(s)‖p

Lp(Td×Rd),

by using the periodicity with respect to the x-variable. Concerning (C.2), we have

Lp(Td × Rd × (0, T ))- lim
δ→0

rδ(s) = −h(s, ·)
(∫

R2

∇uL(s, ·)z · ∇ρ(z)dz

)
.

Indeed, by using that z ∈ supp ρ := F ⊂ B(0, 1), we get∫ T

0

∫
Rd

∫
Td

∣∣∣∣∫
Rd

∫ 1

0

∇uL(x− γδz)zdγ · ∇ρ(z)h(s, x− δz, r)dz

− h(s, x, r)

(∫
Rd
∇uL(s, x)z · ∇ρ(z)dz

)∣∣∣∣pdxdrds
≤
∫ T

0

∫
Rd

∫
Td

∫
F

∫ 1

0

|∇uL(x− γδz)z · ∇ρ(z)h(s, x− δz, r)

− h(s, x, r)∇uL(s, x)z · ∇ρ(z)|pdγdzdxdrds

≤
∫ T

0

∫
F

∫ 1

0

∫
Rd

∫
Td
|[h(s, x− δz, r)∇uL(x− γδz)

− h(s, x, r)∇uL(s, x)]z · ∇ρ(z)|pdxdrdγdzds
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≤ ‖ρ‖p
C1
b

∫ T

0

∫
F

∫ 1

0

∫
Rd

∫
Td
|h(s, x− δz, r)∇uL(x− γδz)

− h(s, x, r)∇uL(s, x)|pdxdrdγdzds

≤ 2p−1‖ρ‖p
C1
b

(∫ T

0

∫
F

∫ 1

0

∫
Rd

∫
Td
|h(s, x− δz, r)

× [∇uL(x− γδz)−∇uL(x− δz)]|pdxdrdγdzds

+

∫ T

0

∫
F

∫ 1

0

∫
Rd

∫
Td
|h(s, x− δz, r)∇uL(x− δz)− h(s, x, r)

×∇uL(s, x)|pdxdrdγdzds

)

:= I1δ + I2δ .

Using the continuity of translations in L2(Td×Rd× (0, T )) for the function h∇uL,

we get lim supδ→0 I
2
δ = 0. Concerning I1δ , by mean-value theorem we get

2p−1‖ρ‖p
C1
b

∫ T

0

∫
F

∫ 1

0

∫
Rd

∫
Td
|h(s, x− δz, r)

× [∇uL(x− γδz)−∇uL(x− δz)]|pdxdrdγdzds

≤ 2p−1‖ρ‖p
C1
b
δp‖uL‖pC2

b

∫ T

0

∫
F

∫
Rd

∫
Td
|h(s, x− δz, r)|pdxdrdzds

≤ 2p−1‖ρ‖p
C1
b
δp‖uL‖pC2

b
‖h(s)‖p

Lp(Td×Rd×(0,T ))
→ 0 as δ → 0.

Finally, since ρ is radially symmetric, we get
∫
Rd zi∂jρ(z)dz = −δij and so∫

Rd
∇uL(s, ·)z · ∇ρ(z)dz = −div uL = 0,

which gives (C.2). Then, the first claim of Lemma C.1 follows by integrating from 0

to T the above estimates. For the second part, it is clear that it follows by neglecting

integration with respect to the variable r in the above calculation.
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7. C. L. Bris and T. Lelièvre, Multiscale modelling of complex fluids: A mathematical
initiation, in Multiscale Modeling and Simulation in Science (Springer, 2009), pp.
49–137.

8. F. Butori, F. Flandoli and E. Luongo, On the Itô–Stratonovich diffusion limit for the
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