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Abstract: We prove that the entanglement cost equals the regularized entanglement of
formation for any infinite-dimensional quantum state p4p with finite quantum entropy
on at least one of the subsystems A or B. This generalizes a foundational result in quan-
tum information theory that was previously formulated only for operations and states on
finite-dimensional systems. The extension to infinite-dimensional systems is nontrivial
because the conventional tools for establishing both the direct and converse bounds,
i.e., strong typicality, monotonicity, and asymptotic continuity, are no longer directly
applicable. To address this problem, we construct a new entanglement dilution protocol
for infinite-dimensional states implementable by local operations and a finite amount
of one-way classical communication (one-way LOCC), using weak and strong typical-
ity multiple times. We also prove the optimality of this protocol among all protocols,
even under infinite-dimensional separable operations, by developing an argument based
on alternative forms of monotonicity and asymptotic continuity of the entanglement of
formation for infinite-dimensional states. Along the way, we derive a new integral rep-
resentation for the quantum entropy of infinite-dimensional states, which we believe to
be of independent interest. Our results allow us to fully characterize an important op-
erational entanglement measure—the entanglement cost—for all infinite-dimensional
physical systems.
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1. Introduction: The Asymptotic Continuity Catastrophe

Midway upon the journey of our gates,
we found ourselves within a system large,
for the dimension finite had been lost.
Quantum Inferno, Canto 1

1.1. Entanglement dilution. A fundamental discovery of quantum information science
is that quantum entanglement is not only one of the most striking features of quantum
mechanics [1], butit can be considered from the operational side as a resource, namely, as
a fuel that powers quantum technology. Among its many applications, we find quantum
teleportation [2], dense coding [3], the violation of Bell inequalities [4], and quantum key
distribution [5,6]. As any other resource, quantum entanglement can be manipulated,
i.e., transformed into different forms. The canonical way to do so is by employing local
operations and classical communication (LOCC), which constitute the most general
operations that distant parties bound to the rule of quantum mechanics and allowed to
exchange only classical messages can implement [7].

The most important entanglement manipulation protocol is perhaps entanglement
distillation [8-10], whose goal is to transform many identical and ideally distributed
(IID) copies of a quantum state p4p into as many copies as possible of the ebit, i.e.,
the two-qubit maximally entangled state shared between A and B while making an
asymptotically vanishing error. The converse task is, however, equally important from
the conceptual [10] as well as possibly practical [11] point of view: it consists of using
LOCC assisted by pure entanglement, in the form of ebits, to prepare as many copies
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of pap as possible, again with asymptotically vanishing error. It is therefore called
entanglement dilution. The duality between entanglement distillation and entanglement
dilution offers a striking parallel with classical thermodynamics, where heat can be
transferred from hot to cold baths to obtain work, or work can be invested to transfer
heat in the opposite direction. Entanglement is, however, more complex than what this
intriguing similarity might suggest. In fact, while in classical thermodynamics work and
heat can be interconverted reversibly by means of Carnot cycles, entanglement theory
harbors the fascinating phenomenon of irreversibility, which shows that different forms
of entanglement are in general inequivalent [12—17].

One of the pillars of finite-dimensional entanglement theory is the characterization
of the optimal rate of ebits that must be consumed per output copy of p = psp in
entanglement dilution under LOCC. This rate is called the entanglement cost of pap,
denoted by E. (p). As proved in Ref. [18] in the case of finite-dimensional quantum
systems (see also [19]), it is given by

1
Ec(p) = EF (p) = lim — Ef(p®"), (1

where Ey, called the entanglement of formation [10], is defined as the convex-roof
extension of the entanglement entropy [8], and E ‘;" is its regularized form.

1.2. Enter infinite-dimensional systems. So far so good. But, problematically, the quan-
tum physics in our world is not necessarily as straightforward as the analysis in the
finite-dimensional case might suggest. To see why one needs to consider an infinite-
dimensional system, consider that even within the paradigm of current quantum tech-
nology, we can easily step out of the reassuring finite-dimensional setting. In actual
quantum experiments, a “perfect” qubit, i.e., an intrinsically two-dimensional quantum
system without any additional degrees of freedom, is hardly ever encountered. Rather,
we make qubits by embedding them into an infinite-dimensional system in various ways.
This is what happens, e.g., for superconducting qubits, trapped ions, and single photons.
In these experimental platforms, a subspace of the overall system spanned by the ground
state and the first excited state can be used as a qubit; at the same time, the overall Hilbert
space is intrinsically infinite dimensional.

Regardless of whether quantum information processing is designed to be qubit-based,
infinite-dimensional Hilbert space is bound to lurk just above the finite-dimensional sub-
space where we carry out our computations. Indeed, the effects of state transitions leaking
into higher energy levels are common in practical implementations of quantum proto-
cols. With more precise control, in principle, we can potentially take advantage of the
higher dimensions of Hilbert space to enhance the performance of quantum information
processing.

Also from the practical standpoint, one of the most important applications of entan-
glement theory is the theory of entanglement distribution in quantum optical networks,
which are intrinsically infinite-dimensional objects [20,21]. The many results involv-
ing the calculation or the estimation of capacities of continuous-variable channels, such
as the quantum capacities of the pure loss channel [22-28], of the thermal attenua-
tor [24,27,29-33], and of non-Gaussian bosonic dephasing channels [34], as well as the
calculation of the classical capacity of phase-insensitive single-mode Gaussian chan-
nels [35,36], are exemplary of this widespread interest. Recently, also the entanglement
cost of continuous-variable quantum channels has been thoroughly investigated [37].
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Finally, from a more fundamental standpoint, quantum field theory suggests that the
elementary constituents of matter are represented by infinite-dimensional quantum sys-
tems. Accordingly, entanglement of quantum fields has become the subject of increasing
interest [38].

Whether the motivation lies in practical applications or in the fundamental logical
consistency of the theory, the question is the same: what are the limitations on entangle-
ment manipulation in infinite-dimensional systems? To answer this question, in recent
years, there has been a growing interest in the generalization of results in entanglement
theory from finite- to infinite-dimensional quantum systems.

1.3. Main contribution. The present paper aims to generalize the formula (1) for the
entanglement cost to all infinite-dimensional quantum systems with an underlying sep-
arable Hilbert space.

Several issues arise when one attempts to extend the original proof, which works only
in finite dimension, to the infinite-dimensional case. Let us leave aside for a second the
fact that even the definition of entanglement of formation presents some subtleties in the
latter case [39], as those can be avoided by restricting to sufficiently well-behaved, e.g.,
finite-energy, quantum states. The proof of (1) in Ref. [18] is composed of two main
parts: the direct part, which consists of constructing an entanglement dilution protocol
that achieves an asymptotic rate close to the right-hand side of (1), and the converse
part, whose goal is to show that this is the optimal rate, i.e., that no other protocol can
achieve a lower rate.

Neither the direct nor the converse part of the argument in Ref. [18] work as stated in
infinite-dimensional systems. Regarding the direct part, the key technique in constructing
the entanglement dilution protocol in [18] was strong typicality, which means that if a
sequence (x1, ..., xy) € L is sampled in an independent and identically distributed
(IID) way from a probability distribution p (x) over a finite set 2, then each element
x € & appears in this sequence approximately Np (x) times. The problem here lies in
the fact that strong typicality holds only for finite sets . It is necessary to take into
account infinite sets if one wants to generalize the result to infinite-dimensional systems.

An equally serious issue arises in the converse part of the proof. Remarkably, the
issue arises even if the target state p4 p itself is supported on the tensor product of finite-
dimensional local spaces. Indeed, it is in principle possible that some LOCC protocols
could aim to obtain an approximation to several copies of p4p, i.e., to the state pf’g,
by actually preparing an infinite-dimensional state that acts on the full Hilbert space but
is nonetheless close to pfg in trace distance. Such protocols could have, in principle,
a lower entanglement cost than any finite-dimensional protocol. The key technical tool
that is employed in the finite-dimensional proof to control the approximation to the target
state is the asymptotic continuity of the entanglement of formation E y [40-42]. This is
a particularly strong form of continuity in which the dimension of the underlying space
makes an explicit appearance. For infinite-dimensional spaces, however, the statement
trivializes. Due to this phenomenon, dubbed the “asymptotic continuity catastrophe”
in Ref. [43], it was impossible, prior to our work, to establish a converse bound for
entanglement dilution in terms of the regularized entanglement of formation. Some
converse bounds in infinite-dimensional systems were available [43,44], but they did not
coincide with the regularized entanglement of formation, and thus were not sufficient to
establish (1).

A somewhat different case is that of Ref. [37, Proposition 5], which proves that
the entanglement cost of certain bosonic Gaussian channels is lower bounded by their
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regularized entanglement of formation. This is an example of a converse statement for
entanglement dilution obtained in an infinite-dimensional setting. So, why is this proof
not affected by the asymptotic continuity catastrophe? In short, the reason has to do with
the fact that Ref. [37] studies channels rather than states. In finding lower bounds on the
cost in this setting, one can simply choose to input a state RA with local finite energy
on R. Since R is not touched by the channel nor by its simulation, the two relevant
states coming into play can be guaranteed to have finite local energy, which enables
Ref. [37] to apply the energy-constrained continuity of the entanglement of formation
in Ref. [45]. By contrast, in the case of states we are dealing with here, we may impose
some energy constraint on the target state ,offg, but not on the infinite-dimensional state
that is actually prepared by the protocol; thus, we cannot use the energy-constrained
continuity in Ref. [45] for these states.

In this work, we prove that the entanglement cost of infinite-dimensional states p4 p
is given by the same formula (1) as in the finite-dimensional case, provided that the
quantum entropy of the reduced state of p4p on either A or B is finite. For the direct
part, we construct an entanglement dilution protocol that works for both finite- and
infinite-dimensional systems and achieves a rate as close to the regularized entanglement
of formation as desired. To prove that this protocol works as intended, we develop a
technique for approximating multiple copies of infinite-dimensional mixed states, which
goes beyond a mere application of typicality. The protocol uses one-way LOCC as in
the finite-dimensional case, and remarkably, even if psp is infinite dimensional, it is
implementable with only finitely many bits of one-way classical communication.

To demonstrate the optimality of this protocol (converse part), we prove that even
with the use of separable operations (SEP) one cannot achieve a lower entanglement
dilution rate. To circumvent the obstacles arising from infinite dimensionality, we show
a generalized result on the monotonicity of the entanglement of formation under infinite-
dimensional SEP operations, progressing beyond the existing monotonicity results [46—
49]. Then, to circumvent the asymptotic continuity catastrophe, we develop an alternative
argument based on the semi-continuity bound on the entanglement of formation of
infinite-dimensional states recently introduced by Ref. [50], rather than the conventional
asymptotic continuity in Refs. [40—42], which is applicable only to finite-dimensional
states, or the continuity relation in Ref. [45], which instead applies only to two energy-
constrained states.

The rest of this paper is organized as follows. In Sect. 2 we introduce our terminology
and establish some notation. In Sect. 3 we present our main results. To prove them, in
Sect. 4 we construct the asymptotically optimal one-way LOCC protocol for entangle-
ment dilution to infinite-dimensional states, and in Sect. 5 we establish the converse
statement, demonstrating that not even SEP operations can do better. We conclude by
summarizing our findings and describing some open problems in Sect. 6.

2. Preliminaries

In this section, we fix our terminology and explain our notation. In Sect. 2.1, we summa-
rize the formulation of quantum mechanics in infinite-dimensional systems. In Sect. 2.2,
we discuss various notions of topologies that are needed to define the convergence of
infinite-dimensional quantum operations. In Sect. 2.3, we introduce several classes of
operations considered in our analysis, clearing up some subtleties related to infinite-
dimensional systems. In Sect. 2.4 and Sect. 2.5, we formalize the notions of entangle-
ment cost and entanglement of formation. Finally, in Sect. 2.6, we discuss why exactly
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the finite-dimensional analysis of entanglement cost in Ref. [18] cannot be directly ex-
tended to the infinite-dimensional case. Throughout this paper, we let IN denote the set
of non-negative integers and IN the set of positive integers.

2.1. Quantummechanics. Quantum systems are represented by complex separable Hilbert
spaces . A linear operator B on # is said to be bounded if the operator norm

[ Blloo = sup {[IBlv}|| : [v) € Z, |l|v)]| < 1} 2)

is finite, where |||v)|| for |v) € # is the norm induced by the inner product of 7. In
what follows, we will denote by % (#°) the Banach space of bounded operators on #
equipped with the operator norm || - | oo. We let 1 € &8 (#°) denote the identity operator.
A bounded operator B € B () is said to be compact if B maps the unit ball of #Z into
arelatively compact set, i.e., if the closure of B {|v) € # : |||v)|| < 1} is compact in Z .
The Banach space of compact operators on # equipped with the operator norm will be
denoted by FZ (Z).

A bounded operator B € 9B (#') is said to be positive semidefinite if (v|B|v) > 0
for any |v) € #, which we write as B > 0. Let {|n)}, be any orthonormal basis of 7.
Given any positive semidefinite bounded operator B, the convergence of the (possibly
infinite) sum ), (n|B|n), which contains only non-negative terms, as well as its value
if it converges, is independent of the choice of {|n)}, [51, Sec. 18]. If the sum converges,
the trace of the positive semidefinite operator B is defined as Tr[B] := )_, (n|B|n).
A bounded operator T € B (¥) is said to be of trace class if |T|; = Tr[|T|] =
>, mllT||n) < oo, where |T| = NTTT > 0, and TT is the adjoint operator of
T. Although a trace-class operator is not necessarily positive semidefinite, the above
definition of the trace extends naturally to any trace-class operator 7', by setting

Te[T]:= ) (n|T|n), 3)

n

which turns out to converge and is independent of the choice of orthonormal basis
{|n)}, [51, Sec. 18]. In the finite-dimensional case, the trace defined in (3) coincides with
the sum of the diagonal elements in the matrix representation of the finite-dimensional
operator. The set of trace-class operators is necessarily compact. We will let I (#)
denote the Banach space of trace class operators equipped with the trace norm || - ||;.
For two trace-class operators T, T' € T (%), we will call the quantity % || T — T’||1
the trace distance between T and T’, and the corresponding topology the frace-norm
topology on I (). We will use the trace-norm topology for I (#°) throughout the
paper.

Quantum states are then represented by density operators, i.e., positive semidef-
inite trace-class operators on # with trace 1. We let B(#), F+(F), and T (F)
denote the cones of positive semidefinite bounded, compact, and trace-class opera-
tors, respectively. The set of density operators will be denoted instead by 9 (#') =
{p €Ty (F): Tr[p] = 1}. Given a state p € D () with spectral decomposition
o =Y. p(x)|x)x]|, the quantum entropy of p is defined by

S (p) = ~Tr[plogy p] = = Y p(x)log; p(x) , )

where we set 0log, 0 :== 0 and S (p) = oo if the series on the right-hand side diverges.
The entropy function S on 9 (') is: concave, meaning that S (pp+ (1 — p)o) >
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pS(p)+ (1 —p)S(o) forall p,o € D(F) and all p € [0, 1]; and lower semi-
continuous, i.e., liminf_, , § (p)) = S(p), where the limit is taken in the trace-norm
topology.

The Hilbert space describing a composite quantum system A B is the tensor product of
the Hilbert spaces representing its subsystems, in formula 74 p .= 74 @7 p. We may use
an operator with subscript A B to represent the state of AB, e.g., pap € D (4  Ip).
The reduced state of A obtained from the partial trace over B is denoted by p4 =
Trp [pap] € D (#4), and similarly for B. The composite system obtained by joining n
copies of AB is indicated by A” B”".

A quantum state o4 g of AB is said to be separable if it is in the closed convex hull (in
the trace-norm topology) of the set of all tensor-product states wa ® tp forwa € D (#a)
and tp € D (#p). The set of separable states will be denoted by S(A : B); it is formally
defined by

S(A:B) =clconv{wa @15 : wa € D(H4), T8 € D (HB)}, (5)

where cl denotes the closure with respect to the trace-norm topology. Rather intuitively,
S (A : B) can alternatively be defined as the set of barycenters of all Borel probability
measure p on D (#4) x D (#p); that is, any separable state o4p can be written in
terms of the (Bochner) integral as o4p = fdu(a)A, rB) ws ® 1 [52,53]. If there

exists a representation of the form o45 = Zfozl p(x) a)xc) ® tl(;) then o4 g is said to be

countably separable. In the infinite-dimensional case, it is known that separable states
that are not countably separable do exist [52,53].

A state that is not separable is said to be entangled [52,54]. The simplest example of
an entangled state is the two-qubit maximally entangled state, called an entanglement
bit or ebit. This is defined by & := |®)(D|, where

1
E(|O>A®|O>B+|1)A®|l>3)G%A ® p - (6)

[P)ap =

2.2. Topologies on the set of quantum channels. We use a subset of linear maps & :
T(H)—> T (% ! ) to represent transformations between quantum states. Here, # and
' are the input and output Hilbert spaces, respectively. The linear map £ is called:
positive, it £(T) > 0 forall T > 0; completely positive (CP), if I; ® £ is positive for
all k € IN,, where I} denotes the identity map on the set of k x k complex matrices;
and trace-preserving (TP), if Tr [8 (T)] =Tr[T]forall T € T (¥). A completely
positive trace-preserving (CPTP) map is also called a quantum channel. Quantum
channels describe the transformations between quantum states allowed within the law
of quantum mechanics. For a finite or countably infinite set #, a family of CP maps
(& f)je 7 summing up a TP map >_jes €j is called an instrument. Instruments describe
physical measurements on quantum systems: the output state corresponding to input
state p and measurement outcome j is simply %.

Since we are dealing with possibly infinite-dimensional systems, we need to choose a
topology on the space of quantum channels. A possible choice is the topology of uniform
convergence, induced by the diamond norm [55]. However, it has been observed that
this topology is often too fine, and as a consequence, it exhibits some pathological
behaviors—for instance, it places physically close channels at nonzero distance [56,
Sec. IT]. Two alternatives that are more physically sound are the topology induced by the
energy-constrained diamond norm [27,56,57] and the topology of strong convergence.
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Fortunately, Ref. [57, Proposition 3] has shown that for many physically motivated
Hamiltonians, these two alternatives are equivalent, so we adopt the latter without loss
of generality. We then say that a sequence, (En)n of CPmaps &, : T () - T (% ! )

converges strongly toamap £ : T () — T (%), and we write &, #g &, if
lim [|E.(T) —EM)|, =0 VT eT (). 7
n—oo

Under these assumptions, this map £ must be CP. If the £, are quantum channels, then
so must be £. The closure with respect to the topology of strong convergence is denoted
by cls(-).

So far we have discussed the strong convergence of quantum channels. However, for
what follows, we will also care about strong convergence of instruments, i.e., countable
collections ¥ = (&;); of CPmaps & : T () - T (7//) that sum up to a CPTP
map »_; &. One can easily think of instruments as quantum channels by appending an
ancillary output system that records the outcome of the measurement, i.e., by constructing
the quantum channel p — Y, & (p) @ |i)i|. In this way, we can extend the notion of

strong convergence from channels to instruments. We let .7, _)—Sog & denote the strong
%

convergence of the sequence of instruments (J‘,)U to .J.

2.3. LOCC for infinite-dimensional systems. To talk about entanglement manipulation,
we need to first discuss a few subtleties associated with the definition of local operations
and classical communication (LOCC) in the case of infinite-dimensional systems. The
good news is that most of the work done by Ref. [7, Sec. 2.2] to define finite-dimensional
LOCC carries over straight away to the infinite-dimensional case. Let us summarise the
main steps of Ref. [7, Sec. 2.2] here. For some positive integer N, let ' = #4, ® - - - ®
Ja, represent an N-partite quantum system, where #,, for eachn € {I,..., N} is
the separable Hilbert space associated with the n™ party. For simplicity of presentation,
here we use the same input and output systems 7 in the following definitions of maps,
but the general case with different input and output systems follows similarly. We allow
for either finite or countably infinite sets as index sets of the instruments in the following
definitions. For two instruments .% = (&;);¢; and 5" = (& ]’.)je ;> we call " a coarse-

graining of .7 if there exists a J-indexed partition of 7,i.e., I = || jes 1j» such that for
all j € J,itholds that & ; =D ic I; &;. Despite the somewhat cumbersome definition, the

physical meaning is clear: we canimplement .’ by first measuring .#, and then “binning”
the outcome into one of the subsets /;. For each party , an instrument .¥ = (&;); is
called one-way local with respect to party n if each of its CP maps has the form

1 We should talk more generally about convergences of nets rather than sequences. However, since we are
working with separable Hilbert spaces, the topology of strong convergence turns out to be metrizable i.e.,
induced by a metric. This simple fact, stated in Ref. [57], can be proved by considering a dense set (o), cIN
of states, and then defining the distance d(&,&’) ==Y, 27" (€ =€) (on) | 1~ Then, in a metric space,
topologies can be defined by specifying the converging sequences instead of the converging nets. The details
are left to the reader.
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where Sl.(") is a CP map on I (#3,), and ]-'i(n) is a CPTP map on I (#4,,). The
interpretation here is that party n applies an instrument (51.("))[. on their system, commu-
nicates the outcome i to all the other parties, and each party n’ # n post-processes their

system with some quantum channel .7:1.(" ) that may depend on i.
An instrument ¥’ is LOCC-linked to (&;); if, for all i, there exists a one-way local
instrument (f jli)j with respect to some party n; € {1, ..., N} such that ¥’ is a coarse-

graining of the instrument (.7: Jli o&)i j Physically, after the outcome i has been obtained
and broadcast to all parties, one of them, say party n;, depending on i, can, in turn, apply
another instrument on their system. We say that:

1. & € LOCCy, if .7 is the coarse-graining of a one-way local instrument with respect
to some party;

2. 7 € LOCC, (r = 2), if .# is LOCC-linked to some .¥ € LOCC,_y;

3. F € LOCCy, if # € LOCC, for some finite r.

Note. Given an instrument in LOCC{, we may be interested in specifying with respect
to which party it is one-way local up to coarse-graining. If the underlying system is
bipartite (N = 2), we identify the two parties with Alice and Bob, and we use the
notation LOCC_, and LOCC _ to denote the sets of instruments that are (up to coarse-
graining) one-way local with respect to Alice and Bob, respectively. Clearly,

LOCC; =LOCC_, ULOCC.. (C))

We are now ready to extend the definition of LOCC in Ref. [7, Sec. 2.2] from finite-
to infinite-dimensional systems.

Definition 1 (LOCC). An instrument .% = (&;), on some N-partite separable Hilbert
space ' = Hx, ®- - -@Ha, is said to be LOCC if there exists a sequence of instruments
J1, S, ... € LOCCy such that .%,, is LOCC-linked to .%, for all v > 1, and each .%,

has a coarse-graining .7, = (Ei(u))l. with the property that

7! T_i?.Z N4 (10)

strongly, in the sense of Sect. 2.2.

To prove the converse part of our main result, we need to extend also the notion of
separable operations, originally introduced in Refs. [58,59] for the finite-dimensional
case, to infinite-dimensional systems.

Definition 2 (Countably separable operations and separable operations). A quantum
channel £ acting on an N -partite separable Hilbert space # = %4, ® - - - ® # 4, is said
to be countably separable, and we write £ € SEPY, if there exists a Kraus representation
E(p)= Zgozl K, prK, ;, where all Kraus operators K can be written as tensor products

Ky = ®£/:1 Ko((”), with each Ké”) acting on the corresponding local space #,. The
set of separable channels, denoted SEP, is the closure of SEPy with respect to the
topology of strong convergence, i.e.,

SEP = cl; (SEPy) . (11)

We say that an instrument (&;); on # is separable (respectively, countably separable) if
the corresponding channel p = »; £ (p) ®|i )(i|y is separable (respectively, countably
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separable), where X is a classical system assigned to one of the parties, without loss of
generality Aj. (Since classical information can be copied, it is immaterial which party
gets X.)

The rationale behind the above definition reflects the phenomenology observed for
separable states in infinite-dimensional systems. According to (5), S(A : B) is defined
as the closure of the set of countably separable states with respect to an appropriate
topology for states; in the same way, we now construct SEP as the closure of SEPy with
respect to an appropriate quantum channel topology. The fact that taking the closure is
a necessary step will be apparent from the discussion below.

There is a simple hierarchy among the above classes of operations (or instruments),
namely,

LOCC-,, LOCC. Cc LOCC| Cc LOCC;, C ... C LOCCyy C LOCC c LOCC C SEP,
(12)

where LOCC := clg (LOCCyy). Note that cly (LOCCy) = clg (LOCC) by definition
of LOCC. The inclusion relation (12) mirrors the finite-dimensional one in Ref. [7,
Eq. (3)]. One of the results of Ref. [7] is that all inclusions in (12) are strict already in
finite dimension. In general systems, we have

LOCCn C SEPy C SEP. (13)

Already in finite dimension LOCCy # SEP = SEP, so that the first inclusion in (13)
is in general strict. As for the second, it is also strict in the case of infinite-dimensional
systems. A simple example that suffices to show this claim is as follows: consider a
“replacer channel” acting on a bipartite system AB

Es(pap) = 0apTrlpagl , (14)
where o0 = o4 p is a separable but not countably separable state. As it turns out,
Es € LOCC \ SEPyy C SEP \ SEPyy . (15)

The fact that &, ¢ SEP|y can be seen by observing that if p is a product state, the output
of any operation in SEPy acting on p must be a countably separable state, but o is not
countably separable. The fact that £, € LOCC is proved as follows. Pick a sequence of
countably separable states o, with lim,_, », ||[c — || = 0. This is possible because the
set of separable states is the closure of that of countably separable states with respect to
the trace-norm topology. Then, construct the replacer channels

E: p>aTrlp]. (16)

Note that &, is one-way local with respect to any party. Moreover, £,41 0 &, = E41.
Hence, &,,1 is LOCC-linked to &, for all v. Since &, ﬁg E,, we have &, € LOCC.

In view of (15), we see that the strong closure in (11) is needed to include in the
definition of SEP some natural channels that we would want to call separable. As it
happens for states, it is natural to conjecture that SEP channels that are not in SEPy
still admit a continuous Kraus decomposition with tensor-product Kraus operators. We
leave the investigation of this question, which is not essential for our problem, for future
work.
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2.4. Entanglement cost. The two fundamental ingredients of entanglement manipula-
tion are entanglement distillation and entanglement dilution, two essentially opposite
tasks [8—10]. The former consists of transforming many IID copies of a given state
PAB Into as many ebits as possible while employing only LOCC (or their variants as
discussed in Sect. 2.3) and achieving an asymptotically vanishing error. The converse
task of entanglement dilution, which will be of interest here, consists of preparing many
copies of psp with LOCC while consuming as few ebits as possible, and again with
vanishing error.

More formally, the task of entanglement dilution involves two parties, Alice and
Bob, who can perform a restricted family © of CPTP maps, assisted by initially shared
entanglement in the form of ebits. For the sake of this paper, it suffices to consider the
cases

0 € {LOCC_,, LOCC ., LOCCy, LOCC, LOCC, SEPy, SEP}.  (17)

Let p = pap € D (4 @ #) be a target quantum state on a (either finite- or infinite-
dimensional) bipartite quantum system A B. The entanglement cost of p under opera-
tions in O is defined by

n—00&,e0 2

1
Ee o(p) = inf{r ~0: lim inf = Hgn(q>®L”’J) — o 1:0}, (18)

where ® = |®)d| is the ebit defined by (6), and for a fixed n, the operation &, acts
on a bipartite system composed of [rn] + [rn] qubits and outputs a state in A" B".
In (18), r should be interpreted as an achievable rate, i.e., as an achievable ebit cost per
copy of p to be prepared. If the set on the right-hand side of (18) is empty, then we set
Ec, o(p) = +o0.

Remark 3. Given two classes of operations © and @', if © C 0’ then

Ec 0(p) = Ec,0(p) 19)
for all bipartite states p.

Remark 4. All the classes of free operations in (17) are closed under composition, im-
plying that

Ec.6(E(p) < Ecolp) VEEO. (20)
Also, Alice and Bob can create arbitrary countably separable states with even the smallest
of the classes in (17), namely, either LOCC_, or LOCC .. It then follows that

Ec.o(p) =E; o(p®0) (21)

for all countably separable states o and for all O in (17). In particular, granting Alice and
Bob access to a source of (discrete) shared randomness does not alter the entanglement
cost.

Remark 5. All the classes of free operations in (17) are closed under parallel use repre-
sented by tensor product, meaning that for all O as in (17), if £ € Oy, .5, Al:B| and

& €0y, p, A}:B)» where we specified as subscripts the input and output systems, then
Ei1®& € @AlAz:Ble—m’lA’z:BiBé' As an immediate consequence, for all pairs of states
0 = pap and w = wy g it holds that

Eco(p®w) < Eco(p)+Ec o). (22)
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In the definition of entanglement cost (18), the preparation of n copies of p can incur
a nonzero error, however such error must vanish asymptotically as n — oo. Because of
the fact that manipulation is not required to be zero-error, the entanglement cost under
any class of operations and under its strong closure turns out to be the same. In particular,
the cost under LOCC and that under LOCCy coincide. This simple fact is proved below.

Lemma 6 (Entanglement cost under a class of operations and under its closure). For
all classes of operations O (not necessarily as in (17)) and all bipartite states p = pap,
it holds that

Eco(p) =E, 5(p), (23)

where 6 := cl, (0) denotes the closure of © with respect to the strong operator topology.
In particular,

Ec rocex(p) = Ec,Locc(p),  E¢ sepy(0) = E¢ sep(p) . (24)

Proof. Since © C 0, by Remark 3, we have that Ec 0(p) = E. 5(p). For the opposite
inequality, assume that » > 0 is an achievable rate for entanglement dilution to p under
operations in @. This means that there exists a sequence of operations &, € O such that

lim ~ Hs (®Blrnl) — ~0. (25)

n%oo

1

Now, because of the definition of strong topology (Sect. 2.2), for all n, we can find some
&) € O such that

Consequently, we also have that

<L (26)
n

~|er(@8irmy — &, (@Bl )Hl

% HE’;(@MMJ) — o = % ‘ £ (@Blrmly — gn(q,chrnJ)Hl
1 27)
#3 |En(@orm) o] 0

This implies that r is also an achievable rate for entanglement dilution under 0, i.e.,

r > E¢ ¢(p). Taking the infimum over » shows that £ 5(p0) > E. s(p), completing
the proof of (23). The second identity in (24) follows 1mmed1ately by taking O = SEP[y.
To deduce the first, simply write

Ec rocc(p) = Ec Locen(P) = E, toce (0) = Ec,Locc(p) (28)

where the first and last inequality follow from Remark 3 due to (12), while the middle
equality is simply (23) applied to ® = LOCCyy. O

Putting together (12), Remark 3, and Lemma 6, we deduce that

Ec Locc,(p) = Ec Locc, (p) > -+ > Ec Loccy (0)

(29)
= E¢ Locc(p) = E¢ sepy (p) = Ec sep(p)

for arbitrary bipartite states p = pap. In finite dimension, it is known that all of the
above notions of cost, which are a priori different, actually coincide. Our results will
show that, perhaps surprisingly, the same happens in infinite-dimensional systems.
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2.5. Entanglement of formation. A foundational result in entanglement theory is the
characterization of entanglement cost under finite-dimensional LOCC as the regulariza-
tion of the entanglement of formation [18,19], one of the most important entanglement
measures. In a finite- or infinite-dimensional quantum system, the entanglement of
Jormation is constructed as the continuous convex-roof extension of the entanglement
entropy, i.e. [10,39,60]

E = inf d S ,
! ) pap=/du(¥) vap ./ #(p) (wA) (30)
where the infimum on the right-hand side is taken over all Borel probability measures
w on the set of pure states v = Yap = |Y ) ¥|4p of 4 ® Zp having as barycenter
pAB- Since pure states on AB have the same local entropy on A and on B, in (30),
we can equivalently replace S (¥4) with S (¥p). Note that Refs. [39,60,61] (see also
Ref. [62, Sec. 4.4.2] for a recent review) have also introduced another possible definition
of entanglement of formation, where one replaces the integral in (30) with a discrete,
countably infinite sum:

Eroy= _inf > p)S(vd). (31)

paB=2_ P(X) Y8
Clearly, ~
Ef(p) < Ey(p) (32)
holds in general, by restricting the measure p in (30) to be a countable convex combina-
tion of Dirac measures. If AB is finite dimensional, it follows from Carathéodory’s the-
orem [63, Lemma A.2] that in fact £y = Ey. The same is true for infinite-dimensional

systems, provided that one considers only states with finite local entropy; that is, as
shown in Ref. [61],

Ef(pas) = Ef(pap) ¥ pap € D (Ha®Xp) with min{S(pa), S (pp)} < 0.

(33)
Itis presently unknown whether the above two versions of the entanglement of formation,
E ¢ and E ¢, coincide in general or not [62, Sec. 4.4.2]. However, the continuous version
E ¢ has superior proven analytical properties, which is why it may be regarded as the
most appropriate definition.? In particular, in Ref. [39, Sec. 5] it is proved that:

e E is everywhere lower semi-continuous, meaning that
1i”rgiogf E¢(on) = Ef(p) (34)

for all converging sequences (py), of states p, € D (#x ® #Zp) with limit p €
D (K @ #p),1.e.,suchthat||p, — pll; —=2 0. The same property for E y is known
to hold on sufficiently regular sequences but has not been established in general.

e [ is monotonic under operations in LOCC, meaning that

Ef(E@) <Ef(p) Vp=pape€DHa@Xp) . VEeLOCC. (35)

Note that Ref. [39, Sec. 5] only states (35) explicitly for selective local instruments,
but by composing them, taking limits, and using the lower semi-continuity (34), one
can establish (35). In this work, we will extend (35) to all separable operations (see
Proposition 26 below).

2 We thank Maksim E. Shirokov for bringing this point to our attention.
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Additionally, the restriction in (33) immediately implies that the entanglement of for-
mation itself is finite, i.e., £y (0) < 00, due to the concavity of the entropy. In fact,
fdu(lﬂ) S(l/fA) <S (f du(y) S(WA)) = S (p4a), and analogously for B. In this work,
we will always deal with states having finite local entropy, hence the distinction between
Ey and E is not crucial for us.

Another important property of the entanglement of formation is subadditivity; for
every two states p4p and o4/, we have that

Ef(pap ® oap) < Ef(pas) + Ef(oam), (36)

where it is understood that on the left-hand side, the entanglement of formation is
computed with respect to the bipartition AA" versus BB’. Note that the additivity
Ey (pAB ® oA/B/) =Ey (pAB) + Ef(oA/B/) does not hold in general [64,65]. When
combined with Fekete’s lemma [66], subadditivity implies that the regularized entan-
glement of formation exists and can be evaluated as

1 1
00 — T _ (O — - ®n
ET (p)) = nll>moo . Es(p®") nlel}l:If+ . Ef(p®"). 37)

Again, it is understood that the bipartition used on the right-hand sides of (37) is A"
versus B”. The main result of Ref. [18] is precisely that

Ec,Locc(p) = ET (p) (38)

for all states pap € D(Ha ® Hp) with both dim 74 < oo and dim #3 < oo, provided
that one restricts also the LOCC operations to be finite dimensional.

In the finite dimension, the entanglement of formation is not only lower semi-
continuous but, in fact, asymptotically continuous. Namely, for any two states p4p and
wap of a bipartite system AB with finite minimum local dimension
d := min {dim %4, dim #}, it holds that [42, Corollary 2]

Ef (0) = Ef @)] = Ve@—e)loga@ — D +ha (Ve@=2)) . (39)

where h2(x) := —xlog, x — (1 — x)log, (1 — x) is the binary entropy function, and

1
£:= 3 llpas — wanl (40)

is the trace distance between p and w (cf. Refs. [40,41]), assumed to satisfy the inequality

0<e<l1- —szfl. The above inequality implies not only the continuity of E s but
also a special form of uniform continuity that features a linear dependence on log, d —
this is precisely what is commonly referred to as asymptotic continuity.

2.6. What exactly goes wrong in the infinite-dimensional case?. Before presenting our
main result, it is worth discussing why exactly the finite-dimensional proof of (38) in
Ref. [18] cannot be directly extended to infinite-dimensional systems. We already gave a
broad overview of the problems in Sect. 1.3, but now we can be more technically precise
and pinpoint where the issues lie. Essentially, there are four main problems, two in the
direct part and two in the converse.
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6]

(@)

3)

“)

The direct part of the argument in Ref. [18] relies crucially on the existence of an
entanglement dilution protocol that prepares any pure state 14 p by consuming ebits
at a rate equal to S(¥4). The first problem lies precisely in how to construct such a
protocol in the infinite-dimensional case. In fact, in order for the cost to be identified
with the local quantum entropy, we need to apply some notion of typicality to the
locally reduced state ¥ 4. How does this work beyond finite dimension? We will solve
this issue by resorting to the fact that the notion of weak typicality is still applicable
to countably infinite ensembles.

Another more serious problem that arises in attempting to generalize the achievability
(direct) part of the argument in Ref. [18] is as follows: given any pure-state decom-

position pap = Y, p(x) oY " B, instead of o}, we aim to prepare its typical part,

n
given, up to normalization, by aneﬂ p(x™) Iﬂ/(;f,l);n, where x" = (x1,...,x,),

px™) =TI\, p(xp), ‘ﬁAan = Qi 1/ff_‘x’3 ,and T;,S’n is the strongly typical set [67,
Definition 14.7.2]. Loosely speaking, T p ,, comprises all sequences that contain each
symbol x € 2 approximately Np (x) times, with the approximation being controlled
by &. Now, the key observation is that in finite dimension, when 2 can be assumed
to be finite without loss of generality [63], each of the numbers Np (x) is either O
@if p(x) = 0) or asymptotically large (if p(x) > 0). In the latter, nontrivial case, we
can thus apply the asymptotic entanglement dilution protocol for pure states, with
associated cost S(v{!)

If the alphabet X is infinite, which will be the case for a generic infinite-dimensional
state, then the strongly typical set [68, Definition 2] (see also Ref. [69]) will include
sequences in which some of the symbols, namely those with very small probabilities,
appear a non-asymptotic number of times. We could call this the “rare” part of the
state pf’g. What entanglement dilution protocol do we use for this rare part, given
that we cannot rely anymore on the asymptotic protocol? We will solve this problem
by devising a more “wasteful” protocol that is to be applied specifically to the rare
part of the state. The crux of our argument is to show that the corresponding waste
of resources can be controlled and made arbitrarily small asymptotically.

At the same time, the converse part of the argument needed to establish (38) also
fails in for infinite-dimensional systems. One reason for this failure is because in
this case the asymptotic continuity inequality (39), which plays a key role in prov-
ing (38), trivializes in the limit d — oo. And this is for a good reason: the entan-
glement of formation, like most entropic quantities, ceases to be continuous in the
infinite-dimensional case. In practice, the well-known fact that quantum entropy is
discontinuous everywhere if the underlying Hilbert space is infinite dimensional [70,
Sec. II.D] already implies that the entanglement of formation is discontinuous at all
pure states. This problem has been identified before in Ref. [43], where it was termed
“asymptotic continuity catastrophe.” We will solve it by means of the semi-continuity
bound recently established in Ref. [50].

Finally, another property used in the converse part of the finite-dimensional argument
in Ref. [18] is the monotonicity of the entanglement of formation under LOCC. It was
later shown in Ref. [49] that in finite dimension the monotonicity of the entanglement
of formation holds even under separable operations. Indeed, combining this result
with the argument in Ref. [18] leads to the conclusion that in finite dimension the
entanglement cost under separable operations is given by the same formula as the
right-hand side of (38). It is then natural to wonder whether an analogous formula
holds true for infinite-dimensional systems, but this has been challenging to prove
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due to the lack of analysis of the monotonicity of the entanglement of formation
under infinite-dimensional separable operations. With our rigorous formulation of
SEP and SEP in Sect. 2.3, we will solve this problem by showing that we can use
an infinite-dimensional version of the Schur—Horn Theorem [71] to extend the result
of Ref. [49], first to countably separable and then to all separable operations. This will
allow us to establish the converse bound for the entanglement cost under separable
operations.

3. Main Results

In this section, we present our main result, that is, the general equality between the
entanglement cost and the regularized entanglement of formation, whose validity we
extend from finite- to infinite-dimensional systems. In fact, our theorem below shows
something even stronger, i.e., that all the different notions of entanglement cost corre-
sponding to the classes of operations in (29) are quantitatively equivalent. Our results
can be seen as a complete generalization of the finite-dimensional result in Ref. [18].

Theorem 7 (Entanglement cost for infinite-dimensional physical systems). Let Z'a, #p
be separable (possibly infinite-dimensional) Hilbert spaces. For any quantum state
PAB € D (#n @ Hp) with finite local quantum entropy

min {S (pa), S (pB)} < 00 41
it holds that

Ec Locc., (p) = Ec Locc. (p) = Ec Loccy (0) = Ec,Locc (0)

42
= E..sepy (0) = Ec smp (0) = E¥ (9) | (2

where E. ¢ is the entanglement cost under a family of operations O as defined by (18)
(see also Sect. 2.3), and E;io is the regularized entanglement of formation given by (37).

Proof. The conclusion follows by combining the direct part (Proposition 13) and the
converse part (Proposition 28). O

Remark 8. In the above Theorem 7, we restrict our attention to states with finite local
entropy — i.e., such that (41) holds. Due to (33), for these states, the continuous and the
discrete versions of the entanglement of formation (namely, E y and E f.Tespectively) co-
incide. Since the same consideration holds for their regularized versions, on the rightmost
side of (42) we could equivalently replace E (o) with E X)) = hmn_>OO ~Ey (p )

The next two sections are devoted to a complete proof of the above Theorem 7.
In particular, Sect. 4 deals with the achievability statement, while Sect. 5 contains the
converse part.

4. Direct Part: Construction of a One-way LOCC Protocol for Entanglement
Dilution

In this section, we construct a family of one-way LOCC protocols for entanglement
dilution achieving (42), proving the direct part of Theorem 7. After a brief introduction
on typicality in Sect. 4.1, we show properties of the entanglement cost in Sect. 4.2,
which are to be used for our analysis. Then, we give the proof of the direct part in
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two main steps: first, in Sect. 4.3, we deal with the case of pure states, solving the
issue (1) highlighted in Sect. 2.6; second, in Sect. 4.4, we present our general one-way
LOCC protocol for entanglement dilution in the case of mixed states, thus addressing the
issue (2) in Sect. 2.6 and completing the conceptual developments needed to establish a
full achievability proof.

4.1. Notions of typicality. As in the finite-dimensional case, the crucial notion for con-
structing an asymptotically optimal entanglement dilution protocol is that of typical-
ity [69,72], which we summarize here. Let £ = {1, 2, ...} denote a finite or countably
infinite set, X a random variable taking on values in ', and p(x) the correspond-
ing probability distribution. A sequence of n independent and identically distributed
(IID) copies X; of X will be denoted by X" = (X, X2, ..., X,). We write realiza-
tions of X" as x" = (x1,x2,...,%x,) € I"; the corresponding probability thus is
pn (X™) = p (x1) p (x2) -+ p (x,). Define g (x|x™) as the empirical distribution of sym-
bols x € & in the string x", i.e.,

n
q (x|x") — w , (43)
n

where N (x|x") is the number of occurrences of x € & in the sequence x". We are now
ready to define the main notions of typicality employed here, namely, strong typicality,
which can be applied (and will be applied) to finite alphabets only, and weak typicality,
which is more generally applicable albeit less powerful. For details, we refer the reader
to Refs. [69,72,73]. A succinct discussion can be found in Ref. [68].

If X is finite, then for any positive integer n and any § > 0, we can define the strongly
typical set TSX” as the set of sequences x”* € & such that, for all x € &, if p(x) = 0,
then g (x|x") = 0, and otherwise | p(x) — g(x|x™)| < §. The probability that a sequence
is strongly typical approaches one asymptotically, i.e.,

. bl
nliil;op"(Té )=1 V&§=>0. (44)

An alternative notion that can be used for a countably infinite set is that of weak
typicality. If & is either a finite or countably infinite set, and the random variable X
on X has finite entropy H(X) := — Y .4 p(x)log, p(x) < oo, then for any positive

integer n and any § > 0, we can define the weakly typical set WSX " as the set of sequences
x" € I such that

_rlz log, pn(x") — H(X)| < §. (45)

Weakly typical sets enjoy a wealth of properties, presented in detail in the aforemen-
tioned textbooks. We summarize some of them below:

(a) Asymptotic equipartition property:
2—n(H(X)+8) < Pn(xn) < 2—n(H(X)—8) V" e W(SX" . (46)
(b) Asymptotically unit probability:
. bl
Jim pa(W5) =1, 47

where p, (WX") = ZX,IGWSX" Pn(x").
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(c) Exponentially small cardinality:

’WSX"‘ < QHX)H), (48)

4.2. Properties of the entanglement cost. In this section, we show the properties of the
entanglement cost relevant to our analysis. In particular, after discussing the additivity
of the entanglement cost, we show the convexity of the entanglement cost.

First, we show the additivity of entanglement cost as follows.

Lemma 9 (Additivity of entanglement cost). Let A and B be quantum systems repre-
sented by separable Hilbert spaces. For any bipartite state pap € D (H s Q #p), for
all classes of operations O in (17), and for all n € Ny, it holds that

1
Ec.o(p) = —Eco (p®"). (49)

Proof. The additivity of E. s on multiple copies of p has been shown in Ref. [18,
Lemma 1]. Importantly, the proof there works just as well in infinite-dimensional sys-
tems. Note that here we are surreptitiously using the fact that the set O is closed under
parallel use of operations (Remark 5). O

An important step in generalizing the finite-dimensional result in Ref. [18] is to re-
alize that the entanglement cost is a convex function of the state. This key fact has been
first established in Ref. [74]; however, a closer look at the justification given after Defi-
nition 17 on p.14 therein reveals that the argument of Ref. [74] relies on the expression
of the entanglement cost as the regularized entanglement formation, the very result that
we are trying to generalize. To avoid circular reasoning, we give here a separate simple
proof of the convexity of the entanglement cost, which we consider part of the folklore.

Lemma 10 (Convexity of entanglement cost). Let A and B be quantum systems rep-
resented by separable Hilbert spaces # o and # g, respectively, and let X be a random
variable with finite alphabet X distributed according to some probability distribution
p. Given a collection of bipartite states (,ox €D () )xeX WithZ = Ja @ #p and a
class of free operations O as in (17), it holds that

Eeo (32, P00 o) =30 p) Ec.o(pn) . (50)

Proof. Up to iterations, we can assume that X is a binary random variable with alphabet
X = {0, 1}. Also, without loss of generality, we can posit that p(x) > Oand E. 5(px) <
oo for all x. Defining p = p(0) po + p(1) p1 € D (), we need to prove that

Ec.0(p) < p0) Ec.6(po) + p(1) Ec,0(p1) - (51

To this end, it suffices to construct, for all > 0, an entanglement dilution protocol under
O that prepares the state p by consuming r = p(0) E. 5(p0)+p(1) E., 6(p1)+n ebits per
output copy. We can assume without loss of generality that p(0), p(1) € (0, 1). We start
by expanding p®" € @ (%’ ®"), where n is asymptotically large. Up to an exponentially
small remainder, the typical term will have about np(0) copies of pg and np(1) copies
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of p1. More rigorously, for some small £ > 0 such that 0 < & < min{p(0), p(1)} —
the precise value will be determined later — we can define

1 n
= — (™) ;
Wn o () > palx §px

x"eTEXn
1 ) (52)
DY (k> PO ()8, (p§F @ pP "),
Pa g ) kef0,...,n}:
lk/n—pO)] =
where 1
n n n ny T
Si()=— Y U U O (U e U) (53)
" wes,

is the map that symmetrizes over the n copies of AB — here, §,, is the symmetric group

over n elements, and U;‘" (respectively Uf") denotes the unitary operator that permutes

the n subsystems of A" (respectively B™) according to the permutation 7 € S,,. In going

from the first to the second line of (52), we reorganized the sequences x" by introducing

k :== N(0]x™), which parametrizes the number of times 0 appears in the sequence x".
Strong typicality applied to X shows that

o - 7

In fact, due to (44), it holds that

— 0. (54)

|1 n— 00

Pn (TgX”) wn —p&"

<2 (1 — pn(Tgxn)) —0.

n—0o0

N

Jon — %", < Hw" — pu(TX") 1
(55)

Now, in light of (52) and (54), and taking into account that the symmetrization
in (53) can be realized with local operations and a source of shared randomness, it is
intuitively clear that the entanglement cost of p cannot be larger than the rate at which
we need to consume entanglement to generate ,0]6 ® p?("_k). Since k ~ np(0), this rate
is approximately equal to p(0) E. s(po) + p(1) E. 6(p1), which would conclude the
proof.

More rigorously, there exists an operation A, € O such that A, is a CPTP map from
B (y/ ®(|_"(17(0)+5)J+L"(P(1)+§)J)) to B (% ®n) with the property that

Wy = An (p(;@Ln(P(O)*'E)J ® p?L"(P(l)*'éf)J) ) (56)
To provide a detailed description of A,, recalling that # = Z4 ® #p, we write the

space for its input system of A, as

gp ©n(pO)+6) J+Ln(p(H)+6)]) _ Iy @ ® %A(le(])(O)+E)J+Uz(p(l)+E)J) 57)

A Q- ® %B(Ln(/)(0)+é)J+Ln(p(1)+é)J)’

where ,ogb Ln(pO=O] 5 (56) belongs to
®n(p(0)+§)]
Po " €9 ((%Al ® %Bl) Q@ ® (%Atn(p(OHE)J ® %BLMMOH&)J)) ) (58)

and p1® Ln(p(1)+5)] belongs to the remaining part of the systems. The operation A, consists
of the following steps:
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(i) Alice and Bob draw a uniformly distributed permutation & € S, and an integer-
valued random variable K € {0, ..., n} thatis distributed according to the “curtailed”
binomial distribution

_1 Ok ln_k if k 0 <&,
brik =iy | oy WP PO = pOl =8
0

otherwise;

(i1) noting that k < [n(p(0)+&)| andn — k < [n(p(1) + &)], Alice and Bob discard
ln(p(0) + )] — k pairs of subsystems A; B; from those appearing in (58), and also

[n(p(l) + &)| — n +k pairs of subsystems A; B; from the remaining ones pertaining

to the state p?tn(p (D] 1ote that taking partial traces over local subsystems is an

operation in O; after this, they are left with exactly n pairs of subsystems, with Alice’s
local system written as A” and Bob’s as B";

(iii) both Alice and Bob then permute their local systems A” and B" by applying the
unitaries UA" and UE";

(iv) finally, they discard the classical system on which they have stored the values of
m and k, effectively “forgetting” them; since discarding system is in O, so is this
operation; observe that forgetting 7 after step (iii) results in the effective application
of the symmetrization operator &, defined by (53).

By construction, A, makes use of local operations and shared randomness only.
Remembering also the discussion in Remark 4, this proves that A, € O. Also, upon
acting on the input state ,og9 Ln(p©)+5)] ® p1® Ln(p(D+5)]
the state w,, defined by (52); it thus satisfies (56).

The above argument already suffices to conclude the proof. In fact, setr, := E. ¢ (pox)+
¢,where x =0, 1,and ¢ > 0is a small parameter to be fixed later. Since r, is an achiev-
able rate of entanglement dilution for p,, we can consider sequences of operations
Ex.m € O such that

, the channel A, clearly outputs

tem = Eem(OFM) . e — 08", = 0. (60)

m—00
We then see that the state
Q? Doilrx Ln(p(x)+é)JJ>

@ = (An 0 (E0,n(p+6)) ® E1,1n(p1)+6)1)) (
(

0 1
Ap o (SO,Ln(p(O)+E)J Q 51,Ln(p(l)+S)J)) ((D?Lroln(P( )+€)]] ® q)?m Ln(p( )+§)JJ)

= An (10, In(p)+6)] ® T1. [n(p(1)46)] ) »
(61)
satisfies that
|l@n —2®" |, < @ — wally + |0n — 2%,

BLn(pO+6)] o  Bln(p(1)+6)]
= ” 70, ln(p(O)+)] ® T, ln(p(1)+6)] ~ Po ®p H1

+ o = 2],
®Ln(p(0)+£)] BLn(p(1)+£)]
= H 70, Ln(p(O)+&)] ~ Po H1 + Hn, ln(p()+6)] — Py H1
+ fen =22,
— 0.
n—oo

(62)
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Here, the first and third lines are simple applications of the triangle inequality, while in
the second line, we used the data processing inequality for the trace norm to eliminate
the channel A,. To take the limit on the last line, instead, we leveraged (54) and (60).

Since O is closed under parallel use by Remark 5, it holds that &y ,, ® &,y € O for
all m and m’. Thanks to the facts that we also have A,, € O and that O is closed under
composition by Remark 4, we deduce that A, o (50,m ® El,m/) € 0. Then, (62) and the
definition (18) of entanglement cost show that

1
Ec.0(p) <limsup — 3 lreln (p(x) +8)]]

=Y (@) +8)
X (63)
=" (p) +8) (Ec,0(px) +£)

=) PO Eco(p)+E+E Y Eco(p) +20&.

Since we assumed that E. 5(ox) < oo without loss of generality, we can now take &
and ¢ small enough so that the right-hand side of the above expression is no larger than
1, thereby concluding the proof. O

4.3. Achievability of entanglement cost for infinite-dimensional pure states. We are now
ready to address the first of the issues listed in Sect. 2.6. To do this, we have to design an
entanglement dilution protocol that can prepare any (finite- or infinite-dimensional) pure
state {4 p with finite local quantum entropy S(¢4) < oo consuming about S(¥4) ebits
per output copy. The main idea of this protocol is the same as in the finite-dimensional
case: we simply prepare the locally typical part of the state. The only difference is that
we have to use the notion of weak typicality for countably infinite alphabets instead of
finite ones. A similar approach has appeared before in Ref. [37, proof of Proposition 3].

Lemma 11 (Achievability of entanglement cost for pure states). Let A and B be quantum
systems represented by separable Hilbert spaces. Let Wap = W)W |p be a bipartite
pure state on AB with finite entanglement entropy S(Y4) = S(¥p) < oo. Then, the
entanglement entropy is an achievable rate for entanglement dilution to Y op under
one-way LOCC, i.e.

Ec Locc., (Yap) < S(¥a) = S(Wp). (64)

Proof. Let the Schmidt decomposition of |y) , 5 be?
o
W)ap =Y VP @) lex)a ® 1 fi)p (65)
x=0

where {lex) A }x and {| fx)B }x are local orthonormal bases, and p is a probability distri-
bution. Let X denote the associated random variable. Observe that

00
H(X) == p(x)log, p(x) = S(a) < oo. (66)

x=0
3 The Schmidt decomposition relies exclusively on the singular value decomposition for compact operators

applied to the matrix of coefficients of /) 4 g With respect to a product of orthonormal bases. This works in
all separable Hilbert spaces.
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For an arbitrary § > 0 and any positive integer n, set

1
W) g = === DV Pu) lewn) an ® | fur) o
» (W n) 67)
n § x”EW(ixn

where for a sequence x”" = x1 ... x,, we set
n n
lexi)an = Q) lex; ), - 1 fendpn = Q)1 fu)g, - (68)
i=1 i=1

By (47), we have that (y ™ |y®") =/ p, (W") ——> 1, implying that also

1 :\/1_|(1/,(n)|1/,®n)‘2= 1_Pn(W5XH)—OO>O' (69)

n—

‘w‘”) — e

|
2
Now, there exists a simple one-way LOCC protocol that prepares any pure state
by consuming [log, r] ebits, where r is the local rank, i.e., the rank of the reduced
state. This protocol, as described in the finite-dimensional case by Ref. [8], consists of
teleporting one share of the pure state from Alice to Bob (this is the direction of classical
communication in LOCC_,). In our case, the local rank of w(”) satisfies that

ik (vip)) = | WK | < 20 OO = 1S, (70)

where we made use of (48). Hence, we can prepare ¥ by consuming at most
[n(S(ra) +6)] ebits. Due to (69), we therefore see that S(/4) + § is an achievable
rate of entanglement dilution, i.e., E; rocc_, (Yap) < S(¥a)+ 4. Since § > 0 was
arbitrary, this shows that E. pocc_, (¥aB) < S(¥a), concluding the proof. |

Before moving on, it is instructive to present a simple corollary of the analysis of
entanglement dilution for pure states in combination with the convexity of the entan-
glement cost. This corollary provides a bound on the entanglement cost for finite-rank
infinite-dimensional mixed states, but it still does not suffice to fully characterize the
entanglement cost of general infinite-dimensional mixed states.

Corollary 12 (Achievable rate of entanglement dilution for finite-rank mixed states).
Let A and B be quantum systems represented by separable Hilbert spaces. For some
integer N € IN, let

N
pag =y p)yl? (71)
x=0
be a finite-rank bipartite state. Here, p is a probability distribution over {0, . .., N}, and

for each x w)‘:‘B = |V XV |sp is a pure state. Then

N
Ec.Locc. (pag) < Y p(x) S(v]). (72)

x=0

Proof. The conclusion follows by combining Lemmas 10 and 11. O
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4.4. Achievability of entanglement cost for infinite-dimensional mixed states. We now
show how to construct a protocol that performs entanglement dilution on an arbitrary
mixed state with finite local quantum entropy at a rate equal to the regularized entangle-
ment of formation. We will also see later in Sect. 5 that such a rate is, in fact, optimal.
To arrive at the result, we have to solve issue (2) listed in Sect. 2.6. As we have seen
with Corollary 12, a mere combination of the result on pure states with the convexity
of entanglement cost is insufficient for addressing this issue. One of our main original
contributions is precisely an idea to address this issue, which is based on dividing the
state into a “common” and a “rare” part, applying the standard entanglement dilution
protocol to the former, and a different “wasteful” protocol to the latter. The standard
protocol is based on the subroutine presented in Sect. 4.3, while the wasteful proto-
col will be explained below. See Remark 14 below for more details about how these
sub-protocols constitute the overall protocol for the entanglement dilution of infinite-
dimensional mixed states.

Proposition 13 (Achievability of entanglement cost for mixed states). Let A and B
be quantum systems represented by separable Hilbert spaces. For any bipartite state
PAB € D (4 ® Hp) with finite local quantum entropy min {S (pa), S (pp)} < o0
and for all classes of operations O in (17), it holds that

Ec.o(p) SEF (p) . (73)

where E;’f’ is the regularized entanglement of formation given by (37).

Proof. The first observation is that, precisely as in the finite-dimensional case, it suffices
to prove that

Eco(p) < Ef(p) (74)

(withoutregularization), due to the additivity of the entanglement cost shownin Lemma 9.

We now set out to prove (74). To this end, start by observing that, due to the finiteness
of the local entropy, it follows from (33) that £ 7 (0) = E 7 (p); thus, it suffices to consider
discrete decompositions of p into pure states. Let

p=pas =) p)vil. (75)

x=0

be an arbitrary such decomposition. Without loss of generality, up to exchanging the
roles of A and B, here we assume that S(p4) < oco. For an arbitrary integer N € IN,,
set

o0
Sv= Y. p(x), (76)
x=N+1
and construct the states
I -
AB AB AB AB
PN = PN :=1_8N2p(x>wx e > p@ vl ()
x=0 x=N+1

so that

p=(1—0n)pN+nvoN . (78)
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Here, py can be thought of as the “common” part of p, while wy represents its “rare”
part. Since Y%, p(x) = 1 converges, we have that

1) 0,
e 79)
and thus
lo—pnlly =én ||,0N—60N||1§25Nm0- (80)

Naturally, the reduced states on the system A also satisfy that
loa— o] = 10— onli — 0. 81)
1 N—oo
and by the lower semi-continuity of the quantum entropy*
liminf S(oy) > S(pa).
iminf (on) = S(pa) (82)
But by the concavity of the quantum entropy, it also holds that

S(pa) = (1—8x) S(ppy) +6n S(wny) (83)

entailing that

S(oa) = limsup ((1 = 8n) S(of}) +6x S(wh) )

N—o00
> liminf (1 — 8x) S(p#y) +lim sup 8y S(wjy) (84)
N—o0 N—o0

= liminf S(popy) +limsup 3y S(wy) -
N—00 N—o00

Putting (82) and (84) together shows that

SNS(a)I‘?,) — 0. (85)

N—o0

This key fact will be used later for bounding the cost of the “wasteful” part of our
protocol.

We now come to the analysis of the entanglement cost of p. Applying first Lemma 10
to p decomposed as in (78), and then Corollary 12 to py, we deduce that

Ec.6(p) = (1 =8N) Ec,0(pN) +SNEc 6(wN)
N
(86)
=(1=6n) ) p(x) S(Yf) + 8N Ec. o(wn) .
x=0
To proceed we need to find a suitable upper bound on E. ¢(wy). Here is where our
“wasteful” protocol comes into play. Consider a purification ¢1’3,B Eofwy = a)l/i‘,B . Since

4 Indeed, by applying the dominated convergence theorem for entropy, specifically, Ref. [75, Theorem A3]
with the substitution n = N, A, = p;é/, A = py,and B = py from its notation to ours, one can obtain

a stronger relation than (82): limy_, o S (p?,) = S(pa). This application is justified by S (pag) < oo,
llo —pnll; —— 0, and pf\‘, = (pA - (SNwQ) /(1 —68n) < pa, which together satisfy the assumptions
-

o0
of Ref. [75, Theorem A3]. We thank an anonymous reviewer for bringing this refinement to our attention.
Nonetheless, the weaker bound given in (82) suffices for our purposes.
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tracing away the system E is a local operation, we can imagine to upper bound the
cost of wy by instead aiming to prepare ¢,’§‘,:B E (the purifying system E is assigned
to Bob) and then tracing out E. More formally, applying (20) to the local operation
Trg € Os.BE— A:B, We see that

Ec.o(n) < Ec.o(655) = S(67) = S(of). (87)

where the second inequality descends from Lemma 11. Plugging this into (86) yields

N
Ec.o(p) < (1=83) Y pr) S(¥) +8nS(wp) - (88)

x=0

We can now take the limit N — oo. Due to (79) and (85), we obtain that

Eco(p) <Y px)S(yL). (89)

x=0

Since the decomposition of p into the pure states is arbitrary, we can now optimize over
it. Due to (33), doing so yields precisely (74) and concludes the proof. O

Remark 14. 1t is instructive to pause for a second and consider what entanglement di-
lution protocol we have implicitly described in the proof of the above Proposition 13.
Essentially, in (78), we divided the state p into a “common” part py and a “rare” part
wy. Expanding p®" therefore produces a sum of strings of tensor products of py and
wy . Each string contains a majority of states py, and a small fraction of states wy. The
procedure we have implicitly outlined involves preparing these two states separately:
PN, by using its pure state decomposition, and wy, by first obtaining its purification
and then tracing away the purifying system. The crux of the analysis is to show that this
suboptimal, “wasteful” protocol, however, does not impact the rate significantly because
relatively few copies of wy need to be prepared in the asymptotic limit. At the same
time, since the decomposition of py itself has only finitely many pure states, we have
successfully bypassed issue (2) listed in Sect. 2.6 on the use of the strong typicality.

5. Converse Part: Optimality Among All Entanglement Dilution Protocols Under
Separable Operations

In this section, we show that no protocol for entanglement dilution, even under separable
operations, can achieve a rate that is lower than the regularized entanglement of forma-
tion in (37). In this way, we will establish the converse part of Theorem 7 and, therefore,
conclude the proof of our main result. The main original contribution of this section is
an argument for the converse part based on two results. One resolves issue (3) presented
in Sect. 2.6 by identifying an appropriate replacement for asymptotic continuity in the
infinite-dimensional case, i.e., the semi-continuity bound for the entanglement of forma-
tion recently introduced in Ref. [50]. The other is the resolution of issue (4) in Sect. 2.6,
i.e., the generalization of the proof of the monotonicity of the entanglement of formation
to infinite-dimensional separable operations. We present the former in Sect. 5.1 and the
latter in Sect. 5.2. Using these results, we finally prove the converse part in Sect. 5.3.
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5.1. Semi-continuity of the entanglement of formation. To discuss the continuity of
entropic quantities defined for infinite-dimensional quantum systems, a conventional
technique is to impose an energy constraint on the states. To this end, one needs to
introduce a Hamiltonian, represented by a (possibly unbounded) self-adjoint operator H
on the underlying Hilbert space 7. For physical reasons, and up to redefining the ground
state energy, we will assume that H is positive semidefinite, meaning that (Y| H|y) > 0
for all |¢) € dom (H), where dom(X) denotes the domain of a self-adjoint operator X.
The average energy with respect to H of a state p on # with spectral decomposition
P =D 720 Pxl¥x Xy | can then be defined as

Y020 Px ||H1/2|wx)||2 if [x) € dom (H'/?) whenever py > 0,

Tr[pH]:= :
00 otherwise.

(90)

Note that the above infinite sum contains only non-negative terms and is therefore always

well defined, although possibly infinite. Also, a subtle point that is important to take into

consideration is that Tr [ p H ] may be well defined and finite even if supp(p) € dom (H)
(and thus even if p H is not a trace class operator itself).

With that in mind, we can consider a state p whose average energy with respect to a

Hamiltonian A is bounded by some constant E > 0, in the sense that
Tr[pH] < E. 1)

Intuitively, for such an energy constraint to work as expected, we also need to avoid
pathological Hamiltonians H. A mathematically convenient condition to avoid such a
pathological behavior is the so-called Gibbs hypothesis, which guarantees that H is
associated with a well-defined thermal state at all temperatures.

Definition 15 (Gibbs hypothesis). A self-adjoint (possibly unbounded) operator H on
a separable Hilbert space 7 is called a grounded Hamiltonian if the minimum of its
spectrum is 0. We say that H satisfies the Gibbs hypothesis if

Tr[e_ﬂH]<oo V>0, 92)

ie., if e M is a trace-class operator for all § > 0.
For a grounded Hamiltonian that satisfies the Gibbs hypothesis, the Gibbs state
e hH
YH. = W (93)
is well defined for all inverse temperatures § > 0; hence, it also has well-defined energy
Tr[yup H] = E. (94)

In fact, it is most common to use the above equation to re-parametrize 8 as a function
of E. In this way, we obtain the function 8y : [0, c0) — (0, o], with g (0) = co and
limg_. B (E) = 0. A key role in the theory is played by the function

Fu(E) = S(vu, pu(E)) - (95)

5 Consider, for example, the case where p = [y )| with [¢) o Z;’;l ﬁ |n), while H = 230:1 nln)n|.
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which records the entropy of the Gibbs state of a given energy. If H is grounded and
satisfies the Gibbs hypothesis, Fy is well-defined for all E > 0 and enjoys a wealth
of nice properties, some of which have been proved in Ref. [76, Proposition 1]. We are
only going to need the following.

Lemma 16. (Properties of the function Fy [76, Proposition 1]) Let H be a grounded
Hamiltonian that satisfies the Gibbs hypothesis. Then, the function Fgy : [0, 00) —
[0, 00) defined by (95) is finite on the whole half-line [0, 0o), and moreover

Fyg(E)=0(E) (E — 00), (96)

Fu(E) _
1B _ o,

ie,limp_ o

Remark 17. To obtain Lemma 16 from Ref. [76, Proposition 1], one needs to use the
relations proved in point (ii) there, and observe that, in the notation of Ref. [76], the
Gibbs hypothesis is equivalent to g(H) = 0.

We will now establish a semi-continuity bound on the entanglement of formation.
This is needed to relate the entanglement of formation of the target state and that of the
output state of the entanglement dilution protocol, namely, p®" and p, = £ (<I>®L”‘J),
respectively (cf. (18)). We are free to study whatever target states we wish, so it makes
perfect sense to impose a mild condition on p such as (33). We cannot impose an
energy constraint on p,: in fact, for the converse part, we need to analyze an arbitrary
entanglement dilution protocol, which may inject an arbitrarily high amount of energy
into the system to output p,,. Due to this asymmetry on the constraints between p®" and
Pn, bounds with energy constraints on both p and p, are inappropriate for our analysis.
By contrast, the characteristic property of the following bound is that it is a one-side
continuity bound featuring an energy constraint on p only: as such, it is suitable for our
analysis.

Lemma 18 (Semi-continuity bound for the entanglement of formation [50, Proposi-
tion 4.B]). Let Hy be a grounded Hamiltonian on a quantum system A that sat-
isfies the Gibbs hypothesis (Definition 15). Then, given an arbitrary bipartite state
oAB € D (Ha Q Hp) such that E = Tr{paHa]l < oo, with pa = Trg[pap] be-
ing the reduced state on A, for any state pap we have that

~ !/ E /! 7
Ef(0) = Ef(3) =¢'Fu (=) +8 (). 97
where E ¢ is the entanglement of formation defined by (30), Fy is the function given
by (95) (which is well defined because of the Gibbs hypothesis), € = /¢ (2 — &) with
e:=3 15— pli, and g (x) == (x + 1) log, (x + 1) — x log, x.

We also have the following lemma to convert the constraint in terms of energy into that
in terms of entropy. Since our condition on p4 g is given in terms of the entropy as (33),
the lemma below will be useful for converting our condition into the energy-constraint
condition for the above asymptotic semi-continuity bound.

Lemma 19 (Hamiltonian associated with a state [76, Proposition 4]). For an arbitrary
state p € D (H'), the following are equivalent:

(a) there exists a grounded Hamiltonian H that satisfies the Gibbs hypothesis (Defini-
tion 15) and such that Tr[pH)] < 00,
(b) S (p) < oo.

Proof. We give a simplified and fully self-contained proof in Appendix A. O
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5.2. Monotonicity of the entanglement of formation under separable operations. Through-
out this section, we extend the result of Ref. [49, Sec. III, item v)] on the monotonicity of
the entanglement of formation under finite-dimensional separable operations to infinite-
dimensional separable operations.

In the finite-dimensional case, the possible ensembles of bipartite pure states pro-
duced when separable operations act on a single bipartite pure state are characterized in
Ref. [49]. We start by generalizing this finite-dimensional result to the present infinite-
dimensional setting. The analysis in Ref. [49] relies on a function defined as the sum
of N smallest eigenvalues of a positive semidefinite operator. In particular, for a D-
dimensional positive semidefinite operator M with eigenvalues Ao > A1 > --- >
Ap—1 > 0 and spectral decomposition M = ZrzD;OI An|n)Xn|, Ref. [49] defines

D—-1
v (M) ="y, (98)
n=D—N

with the convention that xo (M) := 0. The function yy played a central role in the
finite-dimensional analysis of Ref. [49], but, problematically, xy by itself is not well
defined in the infinite-dimensional case, for the simple reason that there might be no
“smallest eigenvalue”. Instead, for any positive semidefinite trace-class operator with
spectral decomposition

o0
T=Y Jalndnl, *ozhzh = (99)
n=0
and any finite N > 0, we here use the N largest eigenvalues X, ..., Ay_1 to introduce
N—-1 oo
In (T=Te[T]= ) hn =) o, (100)
n=0 n=N

and Xo (T):=Tr[T] for N = 0. For a D-dimensional positive semidefinite operator
M with A9 > A1 > .-+ > Ap_1 > 0, we can define Xy (M) by taking formally
AD = Ap+1 = --- = 0. With our function X at hand, we are now ready to generalize
of the key technical result [49, Lemma 1] to our infinite-dimensional setting.

Lemma 20 (Generalization of Ref. [49, Lemma 1] to infinite-dimensional systems). Let
K be any separable Hilbert space. For any finite N > 0, any pair of bounded operators
A, B € B (), and any positive semidefinite compact operator

oo
K=Y kiln)nl € He ) . kozhki =, (101)
n=0
define
oo
Ky =) kaln)nl. (102)
n=N

Then, it holds that
Ty [AKBBTKAT] <Tr [AKNBBTKNAT] , (103)

where Xy is defined by (100).
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In our proof of Lemma 20, an infinite-dimensional version of the Schur—Horn Theo-
rem [71] plays an essential role. In both the finite- and the infinite-dimensional setting,
this latter result characterizes the relationship between the diagonal and the spectrum of
positive semidefinite compact operators in terms of majorization.

Lemma 21 (Infinite-dimensional Schur—Horn Theorem [71, Proposition 6.4]). Let Z be
any separable Hilbert space. For any positive integer N > 0, any positive semidefinite
compact operator M, and any set of orthonormal vectors {|v,) € Z :n=0,1,..., N—
1}, it holds that

N—-1

N—
Z Z (va| M |vy,), (104)

where Ly > A1 > -+ > An—1 are the N largest eigenvalues of M.
Using Lemma 21, we can now prove Lemma 20.

Proof of Lemma 20. Let I1y be the projector onto the orthogonal complement of the
range of A (K — Ky). We have that

rank (1 — I[1y) = dim (range (A (K — Kn))) < N, [MyAK =TINAKy .
(105)
Let (An)y—o.1,... denote the sequence of eigenvalues of AK BBTK AT sorted in the de-
scending order. Then, it holds that

N7
XN[AKBB'KA™] =Tr [AKBBTKAT] = >
—Tr [HNAKBBTKATHN]

N—1
n=0

<Tr [HNAKBBTKATHN]
= Tr [HNAKNBBTKNATHN]

<Tr [AKNBBTKNA"'] ,

where the first inequality follows from (105) due to the infinite-dimensional version of
the Schur—Horn Theorem (Lemma 21), and the last follows from the operator inequality
Iy < 1. Toapply Lemma 21, we observed that AK BBTK A" is a positive semidefinite
operator by definition, and it is also a compact operator because K is compact and A
and B are bounded [77]. m|

Using the above lemma, we can generalize Ref. [49, Theorem 2] so as to obtain the
following result.

Lemma 22 (Majorization theorem for countably separable operations). Let # and
H'p be two separable Hilbert spaces. For any positive integer N € Ny, any bipartite
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pure state Yap = |Y)X¥|ap With local reduction s = Trp\yap, and any family
(Lx ® My)y—».... of product bounded operators acting on Zx ® #p with
o
R:=Y"LiL ®MM, (107)
k=1

satisfying || R|| oo < 00, it holds that

> in (Tra| L ® Mcvan L{ @ M[|) = Fv W) IR, (108)
k=1

where X is defined as (100), and ||-|| 5, is the operator norm defined by (2).

Proof. Let |Y) = thio Jp (n)|n) ® |n) be the Schmidt decomposition of |y/). Then,
setting

D=3 Vpmln)nl, (109)

n=0
due to the map-state duality, we have that

e¢]

> VP pom) Trg[ Ly @ My pan)onm| L] M ]

n,m=0

o0
> Vp@) p(m) (m|M; M, |n) Lin)m|L,

n,m=0

> Vo) pm) (n|M] M \m) Lyjn)m|L}

n,m=0

_ Taenr T
=L, DMJM}DL]

TrB[Lk ® My Vrap LZ@M,j]

(110)

where M kT and M| are the operators defined by the relations (n|M kT |m) = (m|My|n) and
(n|M[Im) = (n|My|m)* for all n and m, respectively, and (n|Mj|m)* is the complex
conjugate of the complex number (n|Mj|m). Therefore

o o0
> 7w (Trs[ L © M vran L @ M ]) & 3" 3w (L oM M DLY)
k=1

INE
01

Tr | L Dy M M DN L] |

k‘
,_.

(nILiL, @ MM, ypy)y (1D

E
NER

Il
-

IV

~
—~

UNIR|YN)
‘<(¢NMMWHRHm

(v1) ~

XN (a) IR]loo -
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Here: (i) follows from (110); (ii) from an application of Lemma 20 with A = Ly, B =
M kT ,and K = D, which is compact because it is the square root of a trace-class operator;
(iii) can be verified with a calculation almost identical to (110) except for the substitution
) = 1YNn) = Yoy v/p @) [n) @ |n) and D — Dy = Y2\ /p ) |n)nl;
in (iv), we remembered the definition of R, reported in (107); (v) holds because of the
definition of operator norm; and finally in (vi), we noted that (Yn |Y¥n) = Z:Zo: N pn) =

XN (ZZO:O p(n)ln)(n|) = X~ (¥4). This concludes the proof. O

Using the above technical lemmas, we can characterize the probabilistic pure state
transformations under infinite-dimensional countably separable operations in terms of a
majorization condition, thereby generalizing the finite-dimensional result of Ref. [49].

Proposition 23 (Majorization condition for probabilistic pure state transformation under
countably separable channels). Let 74 and 7p be separable Hilbert spaces. Given any
bipartite pure state | ) 4 g on AB, if there exists a countably separable instrument that
maps |\) o g into an ensemble of pure states {p (x), |dx)aB } , then for all positive

integers N it holds that

x=1,2,...

v (W) =D p ) Tn(ef). (112)

x=1
where X is defined by (100).

Proof. Let yap = |Y)¥|sp and ¢;‘B = |pxXdx|sp5- By assumption, we can find a
countably separable channel £ € SEPyy such that

EWan) =Y p0) ¥ @ lx)xly (113)

where, by convention, we assign the classical system X to Bob (the actual choice is
immaterial). Countable separability means that we can find a Kraus decomposition
E(G) = Zk L,® Mk(~)LZ ® MT, where Ly acts on #4, My maps #p into Zp ® Hx,
and due to the trace-preserving condition

D LiLy ® MM, = 1ap. (114)
k
For any fixed x = 1,2, ..., consider the operators My , := (x|M} acting on #p and

defined by the relation (§ | My ,|¢) g = ((§| ® (x|)Mk|§),f0rall |€)p, 1¢)p € #B. Then

Y L ®M Yap L@ M = 1ap® (xIx) € Wap) (Map ® |x)x) = p(x) 17,
¢ (115)

which implies that

Li @ My x|¥)ap = v px) cklx) |px)ap  Yh=1,2,..., (116)

where c(k|x) € C is a sequence of complex numbers such that

D lekloF =1. (117)
k
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We can now write

S p@) xv(@d) 23 p @ lekln? xv(91)
X x,k

DY v (e[ Lo @M, vas Lo M ])  A18)
x,k

(i) _

< v (W) -

Here, (i) comes from (117), (ii) from (116), (iii) from Lemma 22 with the observation,
based on (114), that

T T
H Zx’k LiLly® My My,

= sz LiL, @M (Zx |x)(x|> M, Hoo

— T T
= ”Zk LkLk®MkMkHOO (119)
= [Tasllw
=1<o
This completes the proof. O

To say something about the monotonicity of the entanglement of formation, we need
to work with the entropy rather than with the function X for representing majorization.
To translate the relations given by Proposition 23 into statements involving entropy, we
here develop a strategy that, to the best of our knowledge, has not been worked out in the
literature so far. The linchpin of it is the following integral representation of the quantum
entropy in finite- or infinite-dimensional systems, which we believe is of independent
interest. It was inspired by recent work done in this direction — but in finite dimension
— in Refs. [78-80].

Lemma 24 (Integral representation of quantum entropy via the majorization function).
Let p € D(H') be a quantum state over a (possibly infinite-dimensional) separable
Hilbert space 7. Then its quantum entropy S(p) = —Tr [,0 log, ,0] defined by (4), be it
finite or infinite, admits the integral representation

1 1du .~
S(p)=m(/0 7}3161%{XN(0)+NM}—1), (120)

where N runs on the non-negative integers, and Xy is defined by (100).

Note that the function N > N +— Xn(p) + Nu admits a minimum for all values
of u > 0, simply because limy _ o0 {Xn(0) + Nu} = +00. The proof of Lemma 24 is
relegated to Appendix B. We use the above integral formula to deduce the following
corollary.

Corollary 25 (Conversion of conditions from majorization to quantum entropy). Let
H,H' be separable Hilbert spaces. Consider a state p € D(I) and a countable
ensemble {p(x), wy},—1 . . of states wy € D(H') on H'. Here, p is a probability
distribution. Assume that

AN =Y p)An(@) YN=1,2,..., (121)

x=1
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where X is defined by (100). Then, it holds that

S(p) = Y p(x) S(wy), (122)

x=1
where the quantum entropy S is defined by (4).

Proof. For each u € (0,1), let N, € IN be such that minyew {Xn(p) + Nu} =
)'ZNH (p) + Ny . (As discussed above, such N, must exist.) Then

min {Xn(p) + Nu} = Xn, (p) + Nyt

(i) ~
> Y p() v, (@) + Nupe

X

123
=Y p) (Xw, (@x) + Nypa) (129

> ) p(x) min (T (@) + Ny,

where in (i) we used the assumption (121). For all x, the function
w — minyen {Xn(wy) + Nu} is measurable due to Lemma 24; furthermore, the series
Y p(x)minyen {Xn (wy) + N} converges for every p, as it is composed of positive
terms and ) p(x) minyew {Xn(@x) + Nu} < ), p(x)Xo(wy) = 1. This implies that
the sum of the series is itself a measurable function of .
Integrating both sides of (123) thus yields
(ii)

Lq
1+ (In2) S(p) 2 / W in (Tw(0) + N1}
0 M NelN

Vdu .~
Z/o IXX:P(JC)}\%]%{XN(@Q*'NM}
i Ld .~
(=>Xxjp(x> /0 fgé%{xmwxmvu} (124)
23 p)(1+(n2) Sy))
= 1+(ln2)Zp(x)S(a)x).

Here, (ii) and (iv) follow from Lemma 24, and in (iii) we exchanged sum and integral
using Tonelli’s theorem, which is applicable because p(x) > 0 and minyeN {)’ZN (wy) +
N u} > 0. Simple algebraic manipulations lead to (122), thereby completing the proof.

O

Combining the above result with Proposition 23, we obtain the following key state-
ment. Note that if the target ensemble is composed of a single pure state only, then
the deduction of the monotonicity of entanglement entropy from the majorization re-
lation would be an immediate corollary of Ref. [81, Theorem 2.2]. The main point, of
course, is that we consider arbitrary pure-state ensembles as targets. We also note that
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infinite-dimensional bipartite pure state transformations under LOCC and stochastic
LOCC (SLOCC) have been studied in Refs. [82—84], but the techniques found there are
not directly applicable here since our focus is on a different family of operations, i.e.,
separable operations.

Proposition 26 (Monotonicity of the entanglement of formation under separable opera-
tions). Let #x and g be any (possibly infinite-dimensional) separable Hilbert spaces.
Then, the entanglement of formation defined on D (¥ @ #p) by (30) is monotonic
under general separable channels (Definition 2), i.e.,

Ef(E() <Ef(p) Yp=pap € D(Ha@Xp), VYEESEP.  (125)

Proof. We start by observing that given any bipartite pure state |{) 45 on AB, if there
exists a countably separable instrument that transforms |1) 4 p into an ensemble of pure
states {p (x) . |¢x) ap},_, » - then itholds that

yeee

SWa) =Y p)S(s)). (126)

x=1

Indeed, the above inequality follows directly by combining Proposition 23 and Corol-
lary 25.

The next step is to prove that (125) holds when the continuous version of the entan-
glement of formation E y (defined in (30)) is replaced by its discrete version E 7 (defined
in (31)), and & is assumed to be countably separable (Definition 2). To this end, one
can employ a standard argument. Let (L ® My)—) >, be a countable family of Kraus
operators for £ € SEPy. Then, given an arbitrary pure-state decomposition of p into
pure states, say pap = Zx p(x) 1//?3, we can define

| k) = (L ® M) |¥x) s qklx) = (Y |L]L, © M M |¥y). (127)

1
g (klx)

By construction, there is a countably separable instrument that maps each |y, ) into the
ensemble {g(k|x), [¢xx)},_, , -and hence by (126), we have that

N =D qklx) S(el) - (128)

k=1

Multiplying by p(x) and summing over x, we obtain

Z pe) (¥ Zp(x) q(klx) S(¢7%4) = Ef (8 (p)) . (129)

where the last inequality follows because

E(p) =) p(x) q(klx) p (130)

x,k

is a valid discrete decomposition of £(p) into pure states. Since (129) holds for any
discrete decomposition of p into pure states, we can take the infimum over those, which
yields E ¢(p) on the leftmost side and thereby completes the proof of the monotonicity
of E 7 under countably separable channels.
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We are now ready to prove (125) in full generality.® Let p = p4p be an arbitrary state.
If E ¢ (p) = +oo there is nothing to prove; therefore, let us assume that E r(p) < oo. We
now invoke Ref. [85, Lemma 3] (with the substitutions ® — Trp and hence I:Iq> = Ey,
cf. definition of ﬁq; in Ref. [85, p. 9]) to conclude the existence of a sequence (py),
of states p, = ,o;,“B such that § (,0;,4) < oo for all n, lim,_, o ||pn — pll; = 0, and
furthermore lim, o0 E¢(0,) = E7(p). In Ref. [85, Lemma 3] it is further shown that
the p, can be taken of finite rank, but we shall not make use of this particular fact
here. Now, given a separable channel £ € SEP, consider a sequence (En)n of countably

separable channels &, € SEPy such that &, ﬁg & with respect to the strong operator
topology. Then

@ . .,

Ef (8(;0)) = hnrgloréf Ef (gn (pn))
Gy .~
< liminf E ¢ (€, (pn))

(iif) ~
< liminf Er(po,) (131
n— o0

@ liminf £/ (py)
n—oo

(]

=Ef(p).

The justification of the derivation is as follows: (i) is due to the lower semi-continuity
of Er, recalled in (34), which is applicable because

1€ Con) = E@IT < 1En(on) — En() Iy + 1€ (0) — EP) I
< llen = plly + 1€ (0) = EP)IIy (132)

— 0;

n— 00
here, we observed that the first term on the second line goes to zero due to the aforemen-
tioned [85, Lemma 3], and the second does the same because of strong convergence of
&y to &; continuing, (ii) follows by the elementary inequality (32); (iii) is an application
of the monotonicity of E ¢ under countably separable channels, established above; (iv) is
due to the equality in (33), which holds because p,, has finite local entropy for all n; and
finally (v) is again due to Ref. [85, Lemma 3]. This concludes the justification of (131)
and, therefore, the proof. O

Remark 27. While the above proof shows along the way the monotonicity of the discrete
version E y of the entanglement of formation in (31) under countably separable opera-
tions, it remains open whether E r 1s also monotonic under general separable operations.
Our contribution here is to prove that the continuous version Ey in (30) also has this
latter property.

5.3. Proof of the converse part. We are finally ready to state and prove the converse part
of our main result, Theorem 7.

6 The argument that follows is courtesy of Maksim E. Shirokov (personal communication).



277 Page 36 of 46 H. Yamasaki, K. Kuroiwa, P. Hayden and L. Lami

Proposition 28 (Converse part of entanglement cost in infinite-dimensional systems).
Let A and B be quantum systems represented by separable Hilbert spaces. For any bipar-
tite state pap € D (Hx ® #'p) with finite local quantum entropymin {S (p4) , S (o)} <
00, it holds that

Ec sep(p) = EF (p) , (133)

where SEP denotes the set of separable operations (Definition 2), and E;’co is the regu-
larized entanglement of formation given by (37).

Proof. Without loss of generality, we are going to assume that S(p4) < o0o. (The same
argument also works when S(pp) < 00, up to exchanging the roles of A and B.) By
Lemma 19, we can construct a grounded Hamiltonian H4 on A that satisfies the Gibbs
hypothesis and such that £ := Tr[ps H4] < 0o. Let us now extend this to a Hamiltonian
on 2" = Han by setting

Hpyn = HAQL®...QL + IQHAQLR ...QLl+... +1® ... QLlQH, . (134)

Itis straightforward to see that H4», just like Hy4, is a grounded Hamiltonian that satisfies
the Gibbs hypothesis.

With the definition of entanglement cost in (18), fix any § > 0. Let r be an achievable
rate for entanglement dilution of p4p under separable operations, satisfying

r=Ecsgp(p)+3. (135)

Then, by definition, for any ¢ > O there exists a sufficiently large integer np and a
sequence of separable protocols &£, € SEP with the property that for all integers n > ng

1
slon=o®"li e pi=é, <<I>®L”'J) . (136)

Following Lemma 18, we set ¢’ := /e 2 — ¢).

With all the above techniques in hand, the crux of the proof reduces to the follow-
ing chain of inequalities, joining into a similar route to the finite-dimensional case of
Ref. [18]: for all n > ny,

lrn] 9 Ef <<I>®V"J)

(ii)
> Ey (pn)

(iii) nkE
> Ef(p®n) - E/FHAn (?) - 8(8/)

i E
o) E¢(p®") — né'Fy, (Z) —g(&).

(137)

Here, (i) is simply the normalization of the entanglement of formation for (finite-
dimensional) maximally entangled states; (ii) follows from the monotonicity under the
separable channel &,, i.e., Proposition 26; in (iii), we used Lemma 18 with respect to
the Hamiltonian H4», observing that Tr [,o®” HAn] =nTr[paHa] = nE; finally in (iv),
we noticed that since by (134) H4» models a non-interacting system, it holds that

VHuw. B = Vily.p s (138)
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and hence By ,, (nE") = Bu, (E’) forall E > 0, implying that

FHAn (l’lE/) = S(yHA"sﬁHAn (nE/))
= S(Vtan. pu, (E))
=S(viy. gy, ) (139)

=nS(vuy. pu, 5))
=nFy,(E).
This completes the justification of (137). Dividing both sides of the relation (137) by n

and taking the limit n — oo, we have that

. |lrnl
r = lim
n—-oo n

E
> EF(p) — & Fy, (Z) : (140)

We are now ready to take the limit ¢ — 0%, i.e., ¢ — 07, in the above inequality.
Invoking Lemma 16 yields immediately

E
rz EF (o)~ lim &' Fa, (;) = E¥(p) (141)

for every fixed E > 0. Therefore, due to (135), we have that

Ec sep (p) = ET (p) — 6. (142)

Since this holds for an arbitrarily small choice of § > 0, it follows that
Ec sep(p) = EF (p) , (143)
which concludes the proof. O

Remark 29. For readers who would prefer to work with the discrete version of the en-
tanglement of formation E y instead of its continuous counterpart E 7, it is possible to
prove the above statement also by using E - Indeed, the above proof works in the same
way by replacing E. sgp with E. sgpy, as these two quantities are anyway equal due
to Lemma 6. The semi-continuity bound in Lemma 18 holds also for E 1 [50, Propo-
sition 4.B]. Moreover, the advantage of working with Ef and SEP may be that the
monotonicity statement in Proposition 26 becomes considerably simpler to establish, as
an inspection of the proof of Proposition 26 reveals. But, as discussed in Remark 27, our
contribution here is to establish the desired monotonicity of E y under separable rather
than countably separable operations, and use this property to construct our proof.

6. Conclusion

Infinite-dimensional systems, whether natural or engineered, are common in physics.
We commonly manipulate entanglement in such infinite-dimensional physical systems
in experiments. However, most of the significant results on asymptotic entanglement
transformation established in the history of entanglement theory are simply lost as soon
as one transitions to infinite-dimensional systems, due to the unavailability of key math-
ematical techniques that the finite-dimensional analyses rely on.
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Here we have solved the fundamental problem of characterizing an operational
measure of entanglement, the entanglement cost [8—10,18,19], in the general infinite-
dimensional setting. To wit, we have proved that the entanglement cost of any infinite-
dimensional state p4p with finite quantum entropy on either A or B is given by the
regularized entanglement of formation. This extends the foundational finite-dimensional
result of Refs. [18,19] to the case of infinite-dimensional quantum systems. We believe
that the restriction to states with finite local entropy is physically justified, as states with
finite local energy always obey it, for any choice of Hamiltonian that satisfies the Gibbs
hypothesis.

The techniques used in the finite-dimensional analysis in Ref. [18], such as strong
typicality, monotonicity, and asymptotic continuity, are no longer directly applicable if
we allow manipulation of infinite-dimensional systems. Nevertheless, we constructed
an optimal protocol for entanglement dilution of infinite-dimensional mixed states by
employing a known notion of typicality for countably infinite alphabets and a new
“wasteful” protocol that deals specifically with the “rare” part of the state. Remarkably,
the protocol is implementable with one-way LOCC and a finite amount of classical
communication assisted by a finite number of ebits, yet it still approximately outputs
copies of the infinite-dimensional target state.

We also proved the converse bound, which implies that this protocol is optimal
even among all protocols that employ infinite-dimensional separable operations. To
establish the converse, we have introduced techniques for proving the monotonicity of
the entanglement of formation under countably separable operations, generalizing the
results on finite-dimensional LOCC and SEP presented in Refs. [46-49]. Among these
techniques there is a new integral representation for the quantum entropy in infinite-
dimensional systems, which was inspired by recent works on integral representations of
quantum f-divergences. The other key piece of techniques we have used is the recent
semi-continuity bound of the entanglement of formation for infinite-dimensional states
in Ref. [50], which is used in place of the conventional asymptotic continuity, appropriate
only for finite-dimensional states [40—42].

A fundamental open question that we leave for future investigation is whether other
operational measures of more general quantum resources on infinite-dimensional sys-
tems [44,86—-88] can also enjoy a characterization in terms of entropic quantities, in a
similar way to what we did here. Also, from a more practical perspective, it would be
interesting to consider infinite-dimensional multipartite entanglement manipulation on
quantum networks [89-91].
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Appendix A: Proof of Lemma on Hamiltonian Associated with a State

In this appendix, we present a simplified and fully self-contained proof of the very handy
Lemma 19, derived by us before we became aware of Ref. [76, Proposition 4], which
features a slightly more general statement.

Lemma 30. Let (an),cw be a sequence of non-negative numbers a, > 0 such that
ZZOZO an < 00. Pick some ¢ > 1. Then there exists another sequence (by),c such that
b, > 1 for all n, lim,,_, 5, b, = +00 but

ee]

o0
Zanbnchan<oo. (A1)

n=0 n=0

Proof. 1t suffices to prove the claim for a fixed ¢ > 1. Indeed, suppose that this has been
done and that a sequence (by,),cy With the required properties has been constructed.
Given some other ¢’ < ¢, writing ¢’ = p + (1 — p) ¢ for some p € (0, 1), it suffices to
construct the new sequence b}, := p+ (1 — p) by,, which satisfies the claim for ¢’ instead
of c.

We will, therefore, fix ¢ = 5. Due to homogeneity we can also restrict to sequences
(an)n— oo satisfying Y a, = 1. Finally, without loss of generality, we can assume
that (a,),cn does not become identically O eventually in n — otherwise, the claim

trivializes. Now, set
o
by =1 —log, (Zm=n am) . (A2)

Clearly, b, > 1 and lim,_, o b, = +00. Moreover, defining the sequence of non-
decreasing numbers (1), such that

ng = min {n elN: Zoo am < Z_k}, (A3)
m=n

so that ng = 0, we see that

o0 Mg+l —

Zan b-0=3"S a0 (roe (X7 o))

k=0 n=nj
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=4, (A4)
so that indeed ijo:o anpb, <5, completing the proof. O
We are now ready to provide a full proof of Lemma 19.

Proof of Lemma 19. Tt is well known that (a) implies (b), simply because the Gibbs
state yg = e PH /Tr[e~PH] maximizes the entropy for a given energy constraint, and
hence S(p) < S(yp), where B is such that Tr [ng] = Tr[pH]. (A solution to this
equation must exist, because in infinite-dimensional systems limg_, o+ Tr [yﬂ H ] = 400.)
Whatever the value of § obtained in this way, by expanding the logarithm it is immediate
to check that S(yg) < oo.

The converse statement (that (b) implies (a)) is less clear. To prove it, write the spec-
tral decomposition of p as p = Z?,o:o p (n) |n)n|, where {|n)}, cy is an orthonormal
basis of #. Since (In2) S (p) = Z,fozo p@)In ﬁ < 00, using Lemma 30 we can
construct a sequence (b,),cn such that b, > 1 for all n, lim,—,oc b, = +00, and
Yool obap (n)In ﬁ < 00. We now define the operator

as 1
H = 219 In 3 )

n| (AS5)

with domain

2
dom(H)::{h//):Z Ynln) € I Z b2<ln ()) |1ﬁn|2<oo}

(A6)
Itis elementary to verify that H is indeed self-adjoint, and that min spec (H) = (0|H|0) =
0. Furthermore, for every 8 > 0 it holds that

Tefe P =1+ pn)P*

n=1
=1+ Y p@fre Y pm)ft
n>1, b, <l n>1, Bb,>1 (A7)
oo
<1+l{n=1: by <)+ p)
n=1
=2+|{n>1: Bb, <1} <00,
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where the finiteness of [{n > 1 : b, < 1}| follows from the fact that lim,,_, ~, 8b, =
+00. This shows that H satisfies the Gibbs hypothesis. Finally, it holds by construction
that

TrlpH] =) _byp(n)In pl < o0, (A8)

(n)

completing the proof. O

Appendix B: Proof of the Integral Representation of the Entropy
We give a proof of Lemma 24 on the integral representation of the entropy.

Lemma 24. Let p € D(H') be a quantum state over a (possibly infinite-dimensional)
separable Hilbert space F . Then, its quantum entropy S(p) = —Trplog, p defined
by (4), be it finite or infinite, admits the integral representation

1 )
S(p) = 1n2(f07M11vmn{XN(p)+N“} ) (B1)

where N runs on the non-negative integers, and Xy is defined by (100).

Proof. Without loss of generality, we assume that the eigenvalues of p are sorted in
non-increasing order, i.e.,

po=pr=pr>.... (B2)
Note that ), p, = 1, hence p, —= 0. In fact, it even holds that

n pn mo- (B3)

We learned this simple fact from Ref. [92], and we repeat here the proof found there

for completeness. By the Cauchy condensation test, since Y -, p, converges the same

must be true for Y ;2 2 pok, and therefore 2% pi k—) 0. Now, for any n € IN; we
— 00

define k, == |log, n |. Since 2f < n < 2%*1 by monotonicity (B2) we deduce that

D2kn < Pn = Dokn+1 .« (B4)

Multiplying by n, taking the limitn — o0, and using the fact that k,, — > completes
the proof of (B3).

We now go back to the proof of the integral formula. We start by observing that the
function © — minyen {)’?N (p)+ N u}, being the pointwise minimum of continuous
function, is upper semi-continuous and in particular Lebesgue measurable. Hence, the
integral on the right-hand side of (B1) is well defined.

Remember Abel’s formula for summation by parts, which states that

Zan n =aNBy + Z - an+1 (BS)

n=0
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for any two sets of numbers ay, ...,ay and by, ..., by, where B, :== kazo by. Setting
a, = pp and b, = 1 yields
N-1
an—(N+1>pN+Z<n+1) — Pust) - (B6)
n=0 n=0

Since (N + 1) py —— 0 by (B3), we deduce that
N—o00

Y+ D(pa—pant) =) pa=1. (B7)
n=0 n=0

By definition of ¥, in (100), setting a, = log, pln and b, = p, gives instead
n

Z Pn 1082 (log2 ) Z Pn+ Z (log2 > Z Pk
<log2 ) an + Z (logz P ”“) (1 = Fns1(p))

n

Pn+1
Pn

N—-1
(10g ) z pu+1ogs 20 Y (1ogs L) T
n=0
1 1
10g2 Xn+1(p) +log, — + Z log,
Po p

n=0 n+

) )’Zn+l(p) .

(B8)
To take the limit N — oo in (B8), consider first the case where S(p) < oo. Then, it
holds that

1\ o
0< (logz P_N) AN+1(p) = Z Pn 10g2 — = Z Pn 10g2 , (B9)

n=N+1 n=N+1

p',f’il)?fnﬂ(p) — S(p). If S(p) = +00

implying via (B8) that log, % +30 (log2
instead, then again due to (B8)

N-1

I\~
> (logz p ) Xns1(p) = Z palog, p— + <10g2 N) Xv+1(p)
— n+1
n=0 n=0 (B10)
1
> logy — —— o0
= 2_: Pn 108 D
n=0
This proves that the identity
1 > D
S(p) =logy —+ <log2 - ) Fne1(p) (BI11)
Po =0 n+l1

holds for all quantum states p, both of finite and of infinite quantum entropy.
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Note. If only finitely many eigenvalues of p are nonzero, so that, say, ps = p4+1 =
= 0, then the correct way to interpret the above equation is by setting

(log2 . ) Xn+1(p) = 0 foralln > d — 1, which is only natural since ,+1(0) = 0 for
these values of n. This is related to the fact that we set the value of the function —x log, x
to be 0 for x = 0.

‘We can now write

1 1
du . 0 /‘ du
_ + N = _ + N
/(; lf\}lem {XN(P) M} = . m1n XN(,O) M}

O

Z/ 7 min {7y (p) + N}
=0YP

n+1
> rp

i 1 mdp o
@ ln—+2/ f(xn+1(p)+(n+l)u)

po n=0 Pn+1

1
1n—+2 (n+1) (Pu — pus1) + Tos1 (p) In
Po =0 Pn+1

W14 (n2)Sp). (B12)

We now justify the above derivation: (i) is proved by noting that since the integrand is
non-negative, we have that

Po dp Po dy
— min +Npt = lim — min { ¥ +N
/O i ]N{xzv(p) w} am ) EIN{xzv(p) m
NL o ope gy (B13)
= lim Z/ — min {XN(p)+Ny,}
N—o0 — Pn+1 I’L Ne
n=0

in (ii), we noted that for alln € IN and p,+1 < i < py, the difference
xn+1(p) + (N + D — (Xn(p) + Nj) = i — pn (B14)

is non-positive for N < n, and non-negative for N > n + 1; consequently,
min (¥ (0) + Niup = Y1 (0) + (n + Dy (B15)

moreover, for the same reasons, itis clear that for u > po we have that min y ¢y {)'Z'N (p)+
N u} = Xo(p) = 1; finally, in (iii) we used (B7) and (B11). This completes the proof. O
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