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Chapter 1

Introduction

So you want to write a fugue?
You’ve got the urge to write a fugue
You’ve got the nerve to write a fugue
So go ahead and write a fugue

Glenn Gould, So You Want to
Write a Fugue

1.1 Overview

Let’s start with a platitude. Words and sentences are conventional signs: they
mean what they do because speakers use them (or have used them) in a certain
way. There is nothing wrong with the idea, as far as it goes, but it doesn’t go
far. ‘Use determines meaning’, understood this way, says too little to be useful.

Inferentialism is one way to flesh out the slogan. It claims that the meaning
of linguistic expressions is determined by the way they are used in inferences. If
we want to know what a sentence means, an inferentialist would say, we should
look at what it follows from, and to what follows from it. Likewise, if we want to
know what a word means, we should look at how it contributes to the inferential
connections of the sentences where it occurs.

The idea, to some extent, goes back to Frege’s early work. In Section 3 of
the Begriffsschrift he explains the notion of ‘conceptual content’ as follows:

There are two ways in which the content of two judgements may
differ; it may, or it may not, be the case that all inferences that
can be drawn from the first judgement when combined with certain
other ones can always also be drawn from the second when combined
with the same other judgements. The two propositions ‘the Greeks
defeated the Persians at Plataea’ and ‘the Persians were defeated
by the Greeks at Plataea’ differ in the former way; even if a slight
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difference of sense is discernible, the agreement in sense is prepon-
derant. Now I call that part of the content that is the same in both
the conceptual content. (Frege 2002, p. 12)

Two statements have the same conceptual content if and only if we can
substitute one for the other without turning good arguments into bad ones.
Put another way, the content of a statement can be pinned down by the role it
plays in inferences.

Another source of inspiration comes from Gentzen’s work in proof-theory.
In the 1930’s Gentzen set out to provide “a formalism that reflects as accu-
rately as possible the actual logical reasoning involved in mathematical proofs”
(Gentzen 1969, p. 74). To achieve this he devised his famous natural deduction
calculi, where logical operators are governed by introduction and elimination
rules. Introduction rules specify conditions under which formulas containing a
certain operator can be deduced. Gentzen’s introduction rule for conjunction,
for example, was:

A B
(∧ I)

A ∧B

Elimination rules specify what may be deduced from formulas containing a
given operator. Gentzen’s elimination rules for conjunction were:

A ∧B
(∧ E1)

A
A ∧B

(∧ E2)
B

After presenting his calculi, Gentzen remarks that:

The introductions represent, as it were, the ‘definitions’ of the sym-
bols concerned, and the eliminations are no more, in the final anal-
ysis, than the consequences of these definitions. [...] Note that in
saying this we need not go into the ‘informal sense’ of the symbol.
(Gentzen 1969, pp. 80-81)

We can put put Gentzen’s emphasis on the importance of introduction rules
aside for now. What matters, at this stage, is the claim that inference rules
don’t just describe the behaviour of connectives. In laying down certain rules,
he says, we are ‘defining the symbols concerned’; we are specifying what they
mean.

These ideas were further developed, under Wittgenstein’s influence, by philoso-
phers like Carnap (1937), Sellars (1953, 1954), and Dummett (1991). On the
more technical side, Prawitz’s work (e.g. 1974, 1987) has also spurred an effort
to develop inferentialists semantics for logical formalisms, that is, semantics
centred around the notion of proof rather than truth.1

1This is known as proof-theoretic semantics, see (Schroeder-Heister 2023) for an overview.
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Perhaps the best way to see what inferentialists are getting at is to look at
what they say about good inferences. Consider a toy example:

Frida is a cat
Frida is an animal

A traditional way to explain what makes this a good argument goes roughly
as follows: ‘Frida’ denotes a certain cat, ‘cat’ denotes the set of cats, and ‘animal’
the set of animals. A sentence of the form ‘x is a P ’ is true if and only if the
denotation of ‘x’ is an element of the denotation of ‘P ’, and the set of cats is
(necessarily) a subset of the set of animals. Therefore, if it is true that Frida is
a cat, then it must be true that Frida is an animal.

The details matter less than the order of explanation. We start from claims
about the meaning of ‘animal’ and ‘cat’, and account for the goodness of our
inference in terms of them (and truth-preservation).2 Inferentialists turn this
explanation upside down. For them, the fact that speakers take inferences from
‘x is a cat’ to ‘x is an animal’ to be correct is part of what makes ‘cat’ and
‘animal’ mean what they do. They start with a primitive notion of good infer-
ence, understood in terms of what is accepted by a community or an individual
speaker, and use it to explain our talk of meaning (and sometimes talk of truth
as well).

There is a subtlety to keep in mind. Strictly speaking, the traditional and
inferentialist accounts, as I have presented them, aren’t really inverses of each
other. The traditional account starts from claims about meaning and gets to a
notion of good inference, where a good inference is not just one that is accepted
by a community or an individual. The inferentialist account, on the other hand,
starts from a notion of good inference understood in terms of what speakers or
communities accept, and explains meaning in terms of it. It may be tempting
to say that the traditional account goes from meaning to validity, whereas the
inferentialist account goes from validity to meaning, but this would erase an
important difference: that between inferences that are ‘good’ in the sense of
being accepted, on the one hand, and inferences that are ‘good’ in some speaker-
independent sense, on the other. A better way to put the point, then, is to say
that inferentialists go from claims about inferential use to claims about the
meaning of expressions.3

There are many different ways to be an inferentialist. A moderate option
is to say that meaning is determined by inferential use —or as it is sometimes
put, that the meaning of an expression should be ‘read off’ the way it’s used
in inferences. Moderate inferentialists may say that the meaning of ‘and’ is a

2I am identifying the meaning of terms with their reference for the sake of simplicity, but
the same order of explanation is at play in more sophisticated accounts where meanings are
identified with e.g. functions from ‘possible worlds’ to extensions.

3Of course, this raises the question of how inferentialists can carve out a notion of ‘good
inference’ that goes beyond being conventionally accepted. This is related to the notion of
proof-theoretic harmony, and will loom large in Chapters 3 and 4.
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certain truth-function, for example, but they will also insist that this so because
speakers endorse certain inferences involving the word ‘and’. According to strict
versions of inferentialism, in contrast, the meaning of an expression just is the
role it plays in inferences. The thought goes roughly as follows: being a bishop
or a rook, in the game of chess, consists in being moved according to certain
rules. Similarly, being a conjunction or a disjunction consists in being used a
certain way in inferences (in the case of conjunction, for example, according to
Gentzen’s rules above). In this vein, a strict inferentialist may say that all there
is to know about the meaning of ‘and’ is that one can draw inferences from ‘A’
and ‘B’ to ‘A and B’ (and vice versa).

These ideas are relatively popular when applied to logical vocabulary. Words
like ‘or’, ‘some’ and ‘not’ play a central role in arguments, and conversely, the
way we use those words in arguments seems especially telling about what they
mean. For this reason, connectives, quantifiers and the like are seen as a promis-
ing starting point for inferentialism.

This thesis examines three central debates in inferentialist approaches to
logical vocabulary. These debates could be treated independently of each other,
but they are interrelated: stances in each of them exclude stances in the others,
and answers to some of them can pave the way for answers to the rest. The hope
is that by treating them together we can get a fuller picture of the strengths
and weaknesses of inferentialism as a whole.

The first debate concerns an intuitive distinction between ‘good’ and ‘bad’
rules. We have already seen that, according to inferentialists, some rules of
inference define the expressions that they govern. A question that immediately
arises is whether any set of inference rules can define a logical operator. In his
(1960) Arthur Prior gave a compelling argument against this view. Consider a
connective ‘tonk’ governed by the following rules:

A
(tonk I)

A tonk B
A tonk B

(tonk E)
B

By chaining applications of (tonk I) and (tonk E) we can infer two arbitrary
sentences from each other. If these rules define a connective, Prior says, then
we have to conclude that any sentence can be inferred from any other. Infer-
entialists, on their part, have typically replied that Prior only shows that some
sets of rules can’t be taken to define a connective. They have also proposed dif-
ferent criteria to pin down which sets of rules are acceptable definitions, known
as criteria of proof-theoretic harmony. Different benchmarks of acceptability
draw the line at different places, but they tend to agree that there is something
wrong with the standard rules for some classical connectives. Simply put, then:
inferentialism seems incompatible with the acceptance of classical logic. There
has been a lot of debate about the justification of different harmony criteria,
and about whether harmony can really pose a problem for classical logicians. I
will refer to this, somewhat loosely, as the Problem of Harmony.
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The second debate concerns the relation between different logics. Philoso-
phers often disagree about which arguments are logically valid, and it has some-
times been claimed that the parties involved in this type of disagreement are
talking past each other. Quine (1986), for instance, famously held that logics
which validate different arguments use different logical vocabulary. Take the
conflict between classical and intuitionistic logicians. The classical logician, on
Quine’s view, holds that all sentences of the form ‘P orc notc P ’ are logically
true. The intuitionist replies that some sentences of the form ‘P ori noti P ’ are
not true, let alone logically so. It’s not that they disagree about some sentences
involving the fixed particles ‘or’ and ‘not’; rather, they mean different things
by those two words. Quine’s point is easy to reformulate in inferentialist terms.
According to strict inferentialists the meaning of logical vocabulary is given by
the rules governing its use. Since different logics are characterised by different
sets of inference rules, the worry is that changing the rules one takes as valid
amounts to changing one’s language.

Pace Quine, partisans of rival logics tend see each other as endorsing differ-
ent cannons of inference for the same language. Intuitionists (some intuitionists,
at least) claim that the Law of Excluded Middle doesn’t always hold, not that
classical logicians should adopt a new disjunction and negation. Likewise, clas-
sical logicians tend to claim that intuitionists are wrong about disjunction and
negation, not that they are speaking ‘intuitionese’. Quine’s approach seems
not to make justice to this picture, and it also threatens to make substantial
disagreement about logic impossible. I will call this the Meaning-Variance Prob-
lem.

The third (and final) debate concerns the proper formulation of moderate
inferentialism. So far I have been quite vague about this kind of position; I have
only said that, according to moderate inferentialists, the meaning of logical
vocabulary should be read off the role it plays in inference. What exactly is
a role in inference, though? And how does one read a semantics off of it?
As it turns out, answering these questions is a complicated task. A major
hurdle is the non-categoricity of logical vocabulary. In his Formalization of Logic
(1943) Carnap showed that there are non-normal interpretations of classical
logic, that is, deviant interpretations of the connectives and quantifiers that
are consistent with the classical consequence relation. This spells trouble for
moderate inferentialists. It follows from Carnap’s results that on many natural
ways of understanding ‘meaning’, ‘inferential roles’, and ‘reading off’, the usual
meaning of logical vocabulary is not pinned down by the role it plays in inference.
I will call this Carnap’s Problem.

If we squint right, we can see these three problems as instances of wider
philosophical debates. A popular way of explaining the force of certain argu-
ments is to say that they hold good in virtue of the meaning of expressions that
occur in them. In the case of logically valid arguments, we are often told that
they hold good in virtue of the meaning of logical vocabulary. Inferentialists
think of rules as definitions, so the whole point of harmony criteria, that is,
the whole point of trying to determine which sets of rules ‘really’ define logical
connectives, is to salvage the link between meaning and validity in the face of
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tonk-like cases.
The Meaning-Variance Problem shows up also outside the philosophy of

logic: whether differences between theories entail differences in the meaning of
the words in which they are couched has been a popular topic in philosophy of
science since Duhem (1954), Kuhn (1962) and Feyerabend (1962). And finally,
the existence of non-normal interpretations that are consistent with the way we
use logical expressions (i.e. Carnap’s Problem) can be seen as a special case of the
so-called Indeterminacy of Reference (Davidson 1979; Quine 1960). Although
I will only consider how these problems relate to logic and the prospects of
inferentialist theories about it, I hope that the discussion can be of some use,
as a series of case studies, to readers who are interested in the more general
debates.

It just remains to sketch the line this thesis takes with respect to all three
problems, after which I will give an outline of the chapters that follow.

Regarding the Problem of Harmony, I will argue that there is nothing to
prevent inferentialists from endorsing classical logic. Admittedly, the usual for-
malisations of classical logic are disharmonious. However, classical logic can
also be given bilateral formulations —see (Rumfitt 2000; Smiley 1996). I will
discuss how to extend criteria of harmony to bilateral settings, and present two
harmonious bilateral formalisations of classical logic. Both systems, inciden-
tally, are proof-theoretically well-behaved: they have the usual normalisation,
separation, and subformula properties.

A common answer to the Meaning-Variance Problem, going back to Putnam
(1957) and Morton (1973), is to claim that sides who agree on enough logical
principles use the same logical vocabulary. The obvious difficulty with this idea
is spelling out what counts as ‘enough’ agreement. Recently, some inferentialists
have tried to do just that (Dicher 2016; Paoli 2003, 2014; Restall 2002, 2014).
They are often called minimalists, following Hjortland’s (2014) terminology.
Minimalists draw a boundary roughly along the line between the operational
and structural rules of sequent calculi: operational rules confer meaning, struc-
tural rules don’t. It follows that disagreements about logic that can be seen as
disagreements about structural rules need not involve a change of language.

In this thesis I will argue that minimalism, despite its initial plausibility,
is a bad idea; it erases the distinction between connectives that we ordinarily
take to be different, and identifies connectives that shouldn’t be identified. I
will also argue that the importance of the ‘change of language’ issue has been
exaggerated. In many cases, I think, there is no fact of the matter as to whether
different logics share their stock of operators, but there can still be substantial
disagreement between partisans of each of them.

As for the third problem, I will argue that there are simple, natural ways of
construing ‘reading off’ and ‘roles in inference’ that allow us to read off the usual
interpretation of (classical) first-order languages from standard proof-systems,
as well as from the classical consequence relation. In other words, I will argue
that in some sense Carnap’s Problem can be ‘solved’.
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1.2 Thesis Outline

• Chapter 2 presents the general background behind this thesis. It goes
through the main tenets of inferentialism, some prominent ways of sharp-
ening them, and the motivation behind different forms of inferentialism.

• Chapter 3 introduces the Problem of Harmony. After explaining the
problem in detail, it examines the best-known criteria of proof-theoretic
harmony and sets the stage for Chapter 4.

• Chapter 4 discusses bilateralism and its importance for the harmony de-
bate. It argues that the usual criteria of proof-theoretic harmony need
to be adjusted in bilateral settings, proposes one way of doing so, and
presents two novel, harmonious calculi for classical logic. It also proves
normalisation theorems for both calculi, and shows that normal deriva-
tions have the separation and subformula properties.

• Chapter 5 discusses the Meaning-Variance Problem. It begins with a
discussion of Quine’s arguments for the Meaning-Variance claim. After
this, it goes on to argue against recent minimalist proposals, and concludes
with a reassessment of the importance of meaning-variance claims.

• Chapter 6 tackles Carnap’s Problem. It discusses the most important
proposals to ‘solve’ it, and goes on to put forward a novel way to get
around the issue. The chapter concludes with a coda that looks back at
the Problem of Harmony from a moderate inferentialist point of view.

1.3 List of Included Papers

A number of published or under review papers form the basis of some chapters
of this thesis. These are:

• del Valle-Inclán, Pedro, Schlöder, Julian J. (2023). Coordination and
Harmony in Bilateral Logic. Mind 132 (525):192-207.

• del Valle-Inclán, Pedro, (2023). Harmony and Normalisation in Bilateral
Logic. Bulletin of the Section of Logic 52 (3):377-409.

• del Valle-Inclán, Pedro (2024). Carnap’s Problem, Definability and Com-
positionality. Journal of Philosophical Logic 53 (5):1321-1346.

• del Valle-Inclán, Pedro (2025). Proof-Theoretic Harmony and the Strength
of Rules. Erkenntnis.

• del Valle-Inclán, Pedro (under review) Global Validity and the Meaning
of Connectives.

• del Valle-Inclán, Pedro (under review) Minimalism, Structural Rules, and
Meaning-Variance.
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By chapter:

• Chapter 3, especially Section 3.2.3, draws on (del Valle-Inclán 2025)

• Chapter 4 is based on (del Valle-Inclán and Schlöder 2023) and (del Valle-
Inclan 2023).

• Chapter 5, especially Sections 5.3-5.7, draws on Minimalism, Structural
Rules, and Meaning-Variance.

• Chapter 6 draws on (del Valle-Inclán 2024) and Global Validity and the
Meaning of Connectives.

9



Chapter 2

Inferentialism: a primer

For the only way to write one,
Is just to plunge right in and write one

Glenn Gould, So You Want to
Write a Fugue

In this chapter I will give an overview of inferentialism. Inferentialists, as
we have seen, want to account for meaning in terms of use in inferences. That
is a large project, and there are different ways to go about it. I have already
mentioned two, strict and moderate inferentialism; they are discussed in more
detail in the next section. Although the strict/moderate distinction is impor-
tant, there are other useful ways to sort out types of inferentialism, ways that
cut across this divide; I will present them in Section 2. And finally, in Section
3 I will address the elephant in the room: why be an inferentialist at all? This
section goes through the usual motivations for different types of inferentialism.

2.1 Strict and Moderate Inferentialism

It is customary to draw a distinction between semantics and meta-semantics.
Semantics tries to specify the meaning of the expressions of some language.
Meta-semantics tries to clarify what makes it the case that linguistic expres-
sions mean what they do. The claim that ‘cavallo’ means horse in Italian, for
example, belongs to semantics; the claim that ‘cavallo’ means horse because
Italian speakers have certain communicative intentions when they utter it, on
the other hand, belongs to meta-semantics.1

Moderate inferentialism is a meta-semantic thesis, according to which:

1As usual the distinction is easier to exemplify than to fully explain, and there is room for
disagreement about where semantics ends and meta-semantics begins. Still, a rough and ready
understanding of the distinction is enough here. Incidentally, what I am calling semantics and
meta-semantics have also been called ‘descriptive’ and ‘foundational’ semantics, respectively
(see Stalnaker 1997, Garćıa-Carpintero 2012).
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(Inf) The meaning of linguistic expressions is determined by their
use in inference.

Strict inferentialism is a semantic thesis, namely:

(Inf)+ The meaning of linguistic expressions consists in their use in
inference.

One important difference between them is that moderate inferentialism is
neutral as to how to characterise meanings. The most common semantic the-
ories identify the meaning of sentences with the conditions under which they
are true, and explain meaning of subsentential expressions in terms of (broadly)
referential relations to non-linguistic objects. Moderate inferentialism is com-
patible with this approach; it just adds that reference and truth-conditions are
fixed by roles in inference. At the same time, moderate inferentialism is also
compatible with less orthodox approaches to semantics, where meaning is ex-
plained in terms of e.g. assertibility or verifiability conditions (Dummett 1991,
Prawitz 1987). Strict inferentialism, in contrast, comes with its own way of talk-
ing about meaning. According to strict inferentialists meaning is a roundabout
way of talking about inferential use, and talk of meaning boils down to talk of
(appropriate) use in inferences.

Let’s look at each option a bit closer, beginning with moderate inferential-
ism. What does it mean to say that the way a logical expression is used in
inferences determines reference or truth-conditions? One way to explain this is
to look at how inferentialists think semantics relates to language use. Tradi-
tionally, semantics associates certain objects (‘semantic values’) with sentential
and subsentential expressions in a systematic way. For inferentialists the only
point of doing so is as part of an attempt to explain the linguistic behaviour of
speakers; semantic values are posits to explain patterns of use:

It is possible to associate many sorts of things with sentences and
other linguistic expressions. What makes the association a semantic
one is precisely the possibility of appealing to it to explain the pro-
prieties that govern the use of those expressions. Calling what one
associates with expressions ‘contents’, ‘propositions’, ‘sets of possi-
ble worlds’, ‘truth conditions’, ‘extensions’, or ‘referents’ is at best
issuing a promissory note that hints at how what are put forward
as their semantic correlates ought to be taken to be relevant to de-
termining how those expressions are correctly used. [...] Semantics
answers to pragmatics, attributions of content to explanations of
use. (Brandom 1994, pp. 187-8)

This broadly pragmatist approach is popular beyond the ranks of inferen-
tialism. On Davidson’s program, for example, sentences are assigned semantic
values so as to make sense of the interpretee’s verbal behaviour as a rational,
intentional activity, and accounting for the use of language in this way is the
only criterion of correctness for semantics (Davidson 1973). Quine (1960) also
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denied that there could be objective reasons to choose between translation man-
uals that predict identical patterns of use, and more generally still, mainstream
work in natural language semantics often works, implicitly at least, under a
similar assumption. Here is Barwise on what he calls ‘thin semantics’:

We have intuitions about the logical behavior of a certain class of
sentences. [For example] with attitude reports these are largely in-
tuitions about the phenomenon of “opacity”: reluctance to substi-
tute co-referential terms and the like. We codify these intuitions
in a set of logical principles, and then semantics consists of finding
a collection of plausible set-theoretic models that makes the logical
principles come out correct. I think this is the traditional conception
in semantics, and it is the setting for Montague Grammar. (Barwise
and Perry 1985, p. 148)

This way of looking at things can help build a bridge between inferential
use and truth-conditions. Suppose that we have some account that spells out
how the truth of a statement is connected to its use.2 Then an inferentialist
may argue that an assignment of semantic values that ‘does its job’, that is,
helps explain proprieties of linguistic use, should make certain basic arguments
truth-preserving. For example, it is part of the inferential role of ‘and’, part of
how that word is used, that arguments of the form:

A,B ⊢ A ∧B

are to be accepted as correct. In order for arguments of this form to be
truth-preserving, it must be the case that whenever A is true and B is true, so
is A ∧ B. Similarly, it is part of the inferential role of ‘and’ that arguments of
the forms:

A ∧B ⊢ A A ∧B ⊢ B

ought to be accepted. For them to be truth-preserving, it must be the case
that whenever A ∧ B is true so are A and B. Putting everything together, we
get the standard truth-condition for conjunction: A∧B is true if and only if A is
true and B is true; the semantic value we have read off the role conjunctions play
in inference is the usual truth-function. As we will see in Chapter 6, matters
are more complicated with the rest of propositional connectives, and much more
complicated when we add quantifiers to the mix; we leave further details until
then.

What about strict inferentialism? According to strict inferentialists, as we
know, meaning is not something distinct from, but somehow associated with,
linguistic expressions. Sentences are inferentially articulated —that is, certain
transitions from (sets of) sentences to sentences are sanctioned as appropriate,

2There are many ways to do this. Lewis (1975), for instance, speaks of a convention of
truthfulness between speakers, and Weiner (2005) of truth as a standard of assertibility.
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and others as inappropriate— and the meaning of a sentence consists in its
specific pattern of inferential connections.3 Sellars puts the point as follows:

To say that ‘ ‘rot’ means red ’ is not to describe ‘rot’ as standing
“in the meaning relation” to an entity red ; it is to use a recognized
device (the semantical language game) for bringing home to a user
of ‘red’ how Germans use ‘rot’. (Sellars 1954, p. 213)

In other words, to state the meaning of an expression is just to state how it
functions in its language, and that is all there is to meaning:

It would be a mistake to [claim] that the semantical statement “‘es
regnet’ means it is raining” gives information about the German use
of ‘Es regnet’ which would supplement a description of the role it
plays in the German language game, making a complete description
of what could otherwise be a partial account of the properties and
relations of ‘Es regnet’ as a meaningful German word. [..] It conveys
no information which could not be formulated in terms of the pieces,
positions, moves, and transitions [...] of the German language game.
(Sellars 1954, p. 213)

Now, how does one go about specifying the inferential role of different ex-
pressions? The most popular way to do so is in terms of inference rules, rules
that make explicit the allowed moves and transitions between different state-
ments. This is what logicians do (for very restricted classes of expressions) when
they set up formal deductive systems. And indeed, strict inferentialists typi-
cally hold that the inferential role of logical expressions can be described using
Gentzen-style rules familiar from proof-theory. For example, the inferential role
of classical disjunction can arguably be spelled out by the following rules:4

A
(∨ I1)

A ∨B
B

(∨ I2)
A ∨B

A ∨B

Γ1, [A]1

D1

C

Γ2, [B]1

D2

C
(∨ E)1

A

This approach can be extended to non-logical vocabulary. A popular strat-
egy is to adopt Dummett’s ‘two-aspect’ model of the meaning of sentences
(Dummett 1973). The first aspect, Dummett says, consists in the conditions
under which a sentence can be appropriately asserted. The second aspect com-
prises the consequences of the assertion of a sentence, including what can be

3Note that it is only sentences that are inferentially articulated (we don’t draw infer-
ences between e.g. individual words). Inferentialist semantics starts by explaining the content
of sentences, and the content of subsentential expressions is then recovered as the uniform
contribution they make to the content of the sentences where they occur.

4The usual notational conventions apply: the Di stand for sub-derivations, brackets indi-
cate the discharge of hypotheses, and both vacuous and multiple discharges are allowed.
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deduced from it. The thought is that we can characterise the first aspect of
meaning by something like introduction rules, and the second aspect by means
of something like eliminations. Plausibly, the two aspects of ‘x is a bachelor’
could be (partially) characterised by rules like:

x is an unmarried man
x is a bachelor

x is a bachelor
x is a man

x is a bachelor
x is unmarried

In order to flesh out examples like this, and develop a fully fledged theory
of meaning, one needs to make theoretical and methodological choices that go
beyond the distinction between strict and moderate inferentialism. The most
important options are laid out in the next section.

2.2 More Inferentialisms

Inferentialists disagree about much more than the strict/moderate distinction.
A first, important source of conflict is the intended target of the position, that
is, the sort of language inferentialism is supposed to be a theory of.

Some inferentialists, like Peacocke (2004) and Boghossian (2000), are inter-
ested in the idiolects of individual speakers. Others, like Peregrin (2014) or
Dummett (1991), focus on shared, public languages. Each option comes with
its own take on what we should zoom in on. If we are interested in idiolects, we
should look at the inferential practices of single speakers. If we are interested in
public languages, we should look at patterns of use shared across communities
of speakers.

Idiolect-inferentialists tend to have a descriptive notion of use in mind when
they talk about the inferential use of an expression. Peacocke (2004), for exam-
ple, takes meaning to be determined by the inferences speakers find ‘primitively
obvious’, and Boghossian (2000) spells out use in terms of individual disposi-
tions to infer. Inferentialists who focus on public languages, in contrast, favour
normative notions of use. When they talk about the use of an expression they
mean its correct use according to some community-wide standard. More impor-
tantly, their talk of meaning usually involves normative vocabulary. Brandom,
for instance, talks about implicit rules governing commitment and entitlement
to statements, as well as relations of incompatibility between them. Speakers
are ‘players in the game of giving and asking for reasons’, and keep score of
each others commitments and entitlements. The meaning of a sentence is then
explained as the overall difference its utterance makes to the commitment-and-
entitlement score of a player (see Brandom 1994, Ch. 3).

Inferentialists also disagree about the scope of inferentialism, that is, about
which expressions inferentialism applies to. Sometimes inferentialism is pro-
posed as an analysis of restricted classes of expressions, like legal or scientific
terms; this is known as local inferentialism. Other times inferentialism is put
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forward as an all-encompassing theory of meaning, applicable to complete lan-
guages; this is known as global inferentialism. The chapters that follow only
deal with inferentialism applied to logical vocabulary, which calls for a quick
clarification. When speaking of logical vocabulary, I will not take for granted a
sharp, principled boundary between logical and non-logical expressions. There
is a long standing debate about what sets logical vocabulary apart.5 As far as
this thesis is concerned, though, we can also see the logical/non-logical distinc-
tion as contingent, pragmatic, and somewhat arbitrary (Gómez-Torrente 1989,
2002; Warmbrõd 1999).

Finally, a third important distinction between inferentialists concerns the
range of inferences which are considered relevant to meaning. On one side of
the divide we have authors like Peregrin (2014) and Brandom (1994), who claim
that every inferential link plays a role in carving out the meaning of each and
all expressions. This is often thought to lead to semantic holism, the view
that the meaning of any given sentence (and derivatively, of any subsentential
expression) can’t be disentangled from the meaning of the rest. In Dummett’s
words:

On such a view, it is illegitimate to ask for the content of any single
statement [...]; the significance of each statement [...] is modified
by the multiple connections which it has, direct and remote, with
other statements in other areas of our language taken as a whole
[...]. Rather, even this image is false to the facts: it is not that a
statement has, as it were, a primal meaning which then gets modified
by the interconnections that are established with other statements
[...]. Its meaning simply consists in the place which it occupies in the
complicated network which constitutes the totality of our linguistic
practices. (Dummett 1975, p. 218)

On the other side of the divide we have inferentialists who think that only
part of the inferential use of an expression is relevant for its meaning. Here is
Boghossian on conditionals:

The thought is that there is a particular set of inferences involving
‘if, then’ that are meaning-constituting for a thinker: of all the in-
ferences that ‘if, then’ can and does participate in, a specific subset
is responsible for fixing its meaning. (Boghossian 2000, pp. 248-9)

Inferentialists of this sort typically allow for the possibility of clusters of
expressions whose meanings depend on one another. What they reject is that
there is an all-encompassing semantic cluster, language as a whole.

The debate is reproduced, at smaller scale, in the case of logical vocabu-
lary. Some inferentialists (e.g. Tennant 1987, 1997) insist that the meanings
of logical expressions should be ‘separable’, that is, that it should be possible

5See e.g. (Hacking 1979) (Došen 1989) and (Brandom 1994) for different takes from an
inferentialist perspective, and (Bonnay 2014) for an overview of how the issue is approached
in model-theoretic terms.
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to explain the meaning of each logical operator independently of the rest. The
most popular way to go about this is to use Gentzen-style introduction and
elimination rules which govern single operators, like the rules for conjunction
and disjunction we saw earlier. Other inferentialists (e.g. Milne 2002) allow for
clusters of logical expressions with interdependent meanings. Correspondingly,
they consider rules in which more than one logical constant occurs, such as:

[A]1

D
B

1¬A ∨B

[B]1

D
A

1
A ∨ ¬B

A third option is to say that the operators of a logic have to be accounted
for en bloc. One way to do this is to lay down rules that establish a cyclical
dependence between operators. For example, given operators o1, . . . , on, the
rules for o1 may feature o2, whose rules in turn feature o3 (and so on), until we
get to the rules for on, which feature o1. Alternatively, we could take meanings
to be given by consequence relations on a language, rather than by rules, as in
(Bonnay and Westerst̊ahl 2016).6 This thesis looks at positions of each of these
kinds.

Choices about the scope and range of inferentialism also affect the notion
of inference at play. We have already seen that, in order to extend the rule-
based approach to non-logical vocabulary, inferentialists consider material rules
of inference (i.e. rules that are not logically valid) such as:

x is a bachelor
x is unmarried

In fact, global inferentialists think of inferences in an even broader way. An
inference, as we normally think of it, is a ‘language-to-language’ move: it takes
us from a set of sentences (the premises) to another sentence (the conclusion).
This is sometimes seen as a problem for inferentialists who want to account for
predicates that are closely tied to observation, like colour terms. The worry is
that, by only looking at how linguistic expressions relate to each other, we might
end up with a picture of language as something disconnected from the world.
Take the sentence ‘This is red’. It certainly stands in inferential relations to
other sentences; for instance, it is entailed by ‘This is vermilion’, and it entails
‘This is coloured’. As relevant as these connections may be to its meaning,
though, there seems to be something missing from the story: the fact that ‘red’
correctly applies to all and only red things.

6We can see this last option as a way to ‘quotient over’ sets of rules that yield the same
derivability relation; the idea is that sets of rules which give rise to the same derivability
relation determine the same meanings.
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Cases like this lead most global inferentialists to allow for what Sellars (1954)
called language-entry and language-exit rules. These are inferences (in a loose
sense of the word) that take us ‘from world to language’ and ‘from language to
world’. The meaning of ‘red’, for example, could be partly given by a language-
entry rule to the effect that it is appropriate to assert ‘This is red’ while pointing
to a red thing, and a language-exit rule stating that it is appropriate to fetch
the red object upon being told ‘Fetch the red thing’.7 Brandom sums up the
idea as follows:

Inferential relations between noninferential circumstances of appro-
priate application and noninferential appropriate consequences of
application are also taken into account. [...] Thus the visible pres-
ence of red things warrants the applicability of the concept red —not
as the conclusion of an inference, but observationally. And the point
is that the connection between those circumstances of application
and whatever consequences of application the concept may have can
be understood to be inferential in a broad sense, even when the
items connected are not themselves sentential. (Brandom 2007, p.
658)

While this is important in its own right, it will not play a role in what
follows. Here I am concerned only with logical vocabulary, and according to
inferentialist orthodoxy it can be accounted for in terms of inferences in the
usual ‘language-to-language’ sense.

2.3 Why Inferentialism?

Now that we have a clearer idea of what inferentialism looks like, it is important
to ask: why be an inferentialist at all? Naturally, different types of inferentialism
can be argued for on different grounds, so let’s start with the main concern of
this thesis, strict and moderate inferentialism applied to logical vocabulary.

Moderate inferentialists hold that the meaning of logical operators is deter-
mined by the way they are used in inferences. The idea that use determines
meaning is widespread in contemporary philosophy of language, but why in-
ferential use in particular? A good way to motivate this choice is to compare
logical operators with other types of expressions. The meaning of proper names,
like ‘Bob’, or mass nouns, like ‘water’, can perhaps be learnt by something like
ostension. If one points to sufficiently many bodies of water while saying ‘wa-
ter’, an interlocutor with enough good will and good luck may find out what we
mean.8 Logical constants, however, seem to call for a different type of expla-
nation; after all, it is difficult to imagine what pointing to an instance of ‘and’
may look like.

7That being said, some inferentialists insist that we can make do with language-to-language
inferences alone, see (Simonelli 2023).

8I am more than oversimplifying here; see e.g. (Quine 1960) for a classic discussion of the
problems that arise from this picture.
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Plausibly, we pick up the meaning of logical operators by seeing how they are
used in sentences. A very prominent aspect of that use consists in producing
and evaluating arguments, so the idea that we can build a semantic theory
by concentrating on this feature of use has some initial appeal. Moreover, as
inferentialists are fond of pointing out, alternative meta-semantic accounts seem
to not get off the ground. Take informational semantics, which tries to root
meaning-talk in lawlike connections between mental or linguistic items, on the
one hand, and the external objects and properties that cause them on the other
(Fodor 1990, Dretske 2000). This program seems straightforward in the case of
simple nouns and predicates, like ‘horse’ and ‘red’. But it is difficult to make
sense of the idea of a causal relation involving, say, truth-functions —or any
other sort of abstract mathematical entity, for that matter (Steinberger and
Murzi 2017, Adams and Aizawa 2021).

What about strict inferentialism? One advantage of the position, compared
to more standard approaches to semantics, is that it is ‘ontologically neutral’:

Traditionally, semantics has been denotational and representational,
consisting in a homomorphic valuation from expressions to some
range of objects. This approach risks ontological explosion, first
in hypostatizing denotations for empty names, predicates, conjunc-
tions, prepositions and so on [...], then in seeking values for false
propositions in the form of non-actual states of affairs. It is also
regressive, since a criterion is now needed to determine which non-
actual states of affairs are possible, which simply repeats the initial
problem. Talk of possible worlds is an attractive metaphor, but does
little useful philosophical work and much harm. (Read 2010, p. 558)

Strict inferentialism does without the usual denotational apparatus; an ex-
pression is contentful in virtue of being inferentially connected to others, and its
meaning is not something separate and distinct from it. This sort of approach
seems especially fitting for logical constants. The idea that expressions like
‘or’ and ‘not’ have referents, like proper names, is somewhat counter-intuitive
and comparatively recent; traditionally, logical expressions were taken to be
syncategorematic.9

So much so for inferentialism about logic. What about global forms of in-
ferentialism? Clearly one may grant that the meaning of logical expressions is
best approached in terms of their inferential use, but it isn’t obvious how this
scales up to whole languages. The first thing to keep in mind is that global in-
ferentialists tend to construe the notion of inference very broadly. We have seen
that even observation reports like ‘This is red’ count, on Brandom’s construal,
as broadly inferential; restricting attention to inferential use therefore turns out
not to be much of a restriction. The point can be pushed further. One way

9That is not to say that truth-conditional semantics must always assign semantic values to
logical expressions. In fact, the standard Tarskian semantics for first-order languages treats
connectives and quantifiers syncategorematically. The point is just that strict inferentialism is
a different way to cash out the shared intuition that logical operators do not work, semantically,
like predicates and names.
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to understand (some) global inferentialists is to see them as claiming that all
genuinely linguistic use is inferential. According to Brandom, for instance, what
distinguishes the noises made by a parrot in response to a certain stimulus, on
the one hand, from genuine linguistic behaviour on the other, is that the latter
is inferentially articulated:

The parrot does not treat “That’s red” as incompatible with “That’s
green”, nor as following from “That’s scarlet” and entailing “That’s
colored”. Insofar as the repeatable response is not, for the parrot,
caught up in practical proprieties of inference and justification, and
so of the making of further judgments, it is not a conceptual or a
cognitive matter at all. (Brandom 2000, p. 48)

Finally, and changing tack, inferentialism is also sometimes thought to be a
good stepping stone for understanding wider philosophical problems. Dummett,
for instance, has claimed that inferentialism yields the best account of what
linguistic understanding consists in. On a purely truth-conditional approach, to
know the meaning of a sentence is to know the conditions under which it is true.
Dummett finds this problematic for two reasons. The first is that knowledge of
meaning should not in general be construed as explicit theoretical knowledge.
The second reason is that the claim that understanding a statement consists
in knowing what it is for it to be true, according to Dummett, is circular: “it
attempts to explain what it is to grasp a thought in terms of having a thought
about that thought”(Dummett 2006, p. 78). In contrast, grasping the meaning
of a sentence, on an inferentialist account, consists in accepting certain inferences
involving it, where this is understood as a practical ability —a form of ‘knowing
how’ rather than ‘knowing that’.

Other authors have seen inferentialism as a way to get a grip on the episte-
mology of logic. Details vary depending on the specific form of inferentialism
involved, but the overall idea is to argue for the analiticity of logic. One strategy,
inspired by Gentzen’s ideas, has it that introduction rules define the operators
they involve, in that they display necessary and sufficient conditions for the
assertion of certain sentences involving them, and elimination rules can be jus-
tified by their corresponding introductions (I will say more about this in the
next chapter).

Boghossian (2003) proposes a related idea. He begins by asking how justifica-
tion is transmitted from the premises of a deductive argument to its conclusion.
According to Boghossian traditional answers fall into one of two categories: in-
ternalist answers demand that we should be in a position to know, by reflection
alone, that the premises of the argument provide us with good grounds for be-
lieving its conclusion, and externalist answers demand instead that the patterns
of argument we employ be necessarily truth-preserving. The problem, accord-
ing to Boghossian, is that internalist approaches lead to an infinite regress, and
externalist approaches are too lax: some inferences are ‘epistemically blame-
worthy’ and truth-preserving. Boghossian’s way out is to argue that accepting
certain inferences is a necessary condition for grasping the meaning of logical
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operators, and that inference patterns which are ‘constitutive’ of the concepts
they involve can be used blindly and blamelessly (Boghossian 2003, p. 239).

It goes without saying that these accounts have faced a legion of objections,
and that the rough motivation for different forms of inferentialism we just went
through is far from conclusive. Then again, that was never the point. Broad
semantic and meta-semantic claims, like the main inferentialist ideas, are best
seen as gambits, working hypotheses to be vindicated through the construction
of a satisfactory theory along the lines they propose. It is therefore time to
take a look at some of the problems that stand in the way of inferentialists, and
consider how one may get around them.
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Chapter 3

The Problem of Harmony

A canon in inversion
is a dangerous diversion

Glenn Gould, So You Want to
Write a Fugue

In this chapter we will look at the ins and outs of the Problem of Harmony.
Section 1 explains what the problem consists in, and what the different strategies
to tackle it are. Section 2 goes through some examples of the most popular type
of solution, namely, laying down criteria about which inference rules correctly
define logical operators. Finally, Section 3 takes stock prepares the ground for
Chapter 4.

3.1 What is the Problem of Harmony?

In his (1960) Arthur Prior set out to refute any view that combines two claims
that were relatively widespread at the time.1 The first is that some inferences
are ‘analytically valid’, that is, valid in virtue of the meaning of the vocabulary
in them:

(AV): Some inferences are valid in virtue of the meaning of expres-
sions that occur in them.

At this point it would be natural to ask what validity (let alone validity ‘in
virtue of meaning’) consists in. Luckily, we don’t need to get bogged down by
the details in this case. For the purposes of Prior’s argument, validity can be
understood in any way that entails valid inferences ought to be accepted by all
speakers.

The second claim Prior is concerned with has to do with the use of inference
rules as definitions:

1See e.g. (Kneale 1956) or (Popper 1947).
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(AR): Any set of rules can define the meaning of an expression that
it governs.

(AV) and (AR) suggest an attractive picture of the connection between
use, meaning, and logical validity. Gentzen’s (∧ I) and (∧ E1/2) describe some
aspects of our use of the word ‘and’. Suppose that, in line with (AR), we take
them to define the meaning of conjunction. Then by (AV) all inferences carried
out according to these rules are valid in virtue of the meaning of conjunction.
Validity springs from meaning, and meaning from linguistic use.

This picture is plausible enough if we have sensible rules in mind, but (AR)
is a very permissive principle; it states that any set of inference rules can define
an operator. Prior takes advantage of this, and proposes to define a connective
‘tonk’ by means of the following rules:

A
(tonk I)

A tonk B
A tonk B

(tonk E)
B

By chaining applications of (tonk I) and (tonk E) we can infer two arbitrary
sentences from each other, and according to (AV) those inferences will be valid
in virtue of the meaning of ‘contonkion’. This is the core of the Problem of
Harmony: it seems to follow from (AV) and (AR) that any sentence can be
validly inferred from any other.

Prior saw his argument as a reductio ad absurdum of the inferentialist pro-
gram, but unsurprisingly, inferentialists have resisted his conclusion. There are,
broadly speaking, three ways to reply to Prior’s challenge. The first is to hold
on to both (AV) and (AR), and try find some fault with Prior’s argument.
The second is to reject (AV), and the third is to reject (AR) instead.

The first strategy has recently been defended by Jared Warren (2015, 2020).
Warren asks us to imagine a community of speakers whose inferential practice
was adequately described, at least in part, by the rules (tonk I) and (tonk E).
Suppose their language, Tonklish, was just like English except for the addition
of the word ‘tonk’, and suppose they accepted inferences like:

(1) Two plus two is four, therefore two plus two is four tonk there
are six spoons in my pocket, therefore there are six spoons in my
pocket.

According to (AV) and (AR) inferences like (1) would be analytically valid.
But the mistake, Warren says, is assuming that the Tonklish sentences occur-
ring in (1) should be homophonically translated into English. The meaning
of a sentence, on an inferentialist approach, is a matter of the role it plays in
inference. The inferential role of the Tonklish sentences ‘two plus two is four’
and ‘there are six spoons in my pocket’, however, would be radically different
from the inferential roles of their homophonic English counterparts. Therefore,
Warren says, (AV) and (AR) don’t force us to conclude that the claim that
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there are six spoons in my pocket can be (correctly) inferred from the claim
that two plus two is four. It only follows that two different claims —expressed
in Tonklish by deceptively familiar-looking sentences— analytically follow from
each other.2

The second strategy, rejecting (AV), has also received some attention. At
first sight it may seem that, if one rejects (AV), the second premise (AR) has
to go with it. As Boghossian has pointed out, (AV) and (AR) appear to be
connected by principles like:

(P): If someone’s being disposed to make the inference from S1 to
S2 is constitutive of what S2 means in that person’s idiolect, then
the inference from S1 to S2 is analytic in that person’s idiolect —
i.e., valid by virtue of the meanings of S1 and S2 alone. (Boghossian
1994, p. 111)3

Inferentialists who reject (AV) insist that (P), and other principles along its
lines, are false. A popular way to explain why is to say that, although meaning
is a matter of inferential role, validity depends on truth-preservation:

To say that the inference from ‘red’ to ‘not blue’ is constitutive of
the meaning of ‘red’, is to say that someone must be prepared to
make that inference if he is to mean red by ‘red’. If we wish, we may
put this by saying that such a person must be prepared to regard
the inference from ‘red’ to ‘not blue’ as valid. But this doesn’t by
itself imply that the inference is valid, let alone that it is valid by
meaning alone. Being constitutive of meaning is one thing, being
analytic [analytically valid] another. (Boghossian 1994, p. 120)

Stephen Read takes a similar line in his (2015b):

What is good about the notion of proof-theoretic validity is that it
recognizes that what rules one adopts determines the meaning of the
logical terms involved and commits one to accepting certain infer-
ences as valid. What is bad is to infer from this that those inferences
really are valid. Proof-theoretic validity [. . .] cannot serve the meta-
physical function of actually making those inferences valid. Validity
is truth preservation, and proof must respect that fact. (Read 2015b,
p. 156)

Robert Brandom goes about this second strategy in a different way. Borrow-
ing Dummett’s two-aspect model of meaning (see Section 2.1), Brandom holds
that using any concept involves a tacit committment to the ‘inference’ from

2Of course, this raises the question of what Tonklish sentences could possibly mean, and
what a Tonklish-to-English translation might look like. For details see (Warren 2015, 2020).

3Boghossian formulates (P) in terms of idiolects and individual dispositions to infer, but
the same point can be made in terms more palatable to ‘public-language inferentialists’ (see
Chapter 2, section 2.2).
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its grounds of application to its consequences of application (Brandom 1994, p.
126). But crucially, he says, those tacit commitments can be challenged and
rejected:

One can refuse to employ a concept, on the grounds that it embodies
an inference one does not endorse. [. . .] Critical thinkers, or merely
fastidious ones, must examine their idioms to be sure that they are
prepared to endorse and so defend the appropriateness of the ma-
terial inferential transitions implicit in the concepts they employ.
(Brandom 1994, p. 126)

The idea is that, although some inferences partly constitute the meaning of
the expressions they govern —as per (AR)— this doesn’t entail that they are
valid, at least in any sense of ‘valid’ which compels us to endorse them. This
leaves open the question of which inferences ought to be endorsed. Boghossian
and Read have a short answer: (necessarily) truth-preserving inferences. This
answer is not available to Brandom, though, since he takes talk of truth to be
dependent on talk of appropriate inferences. His position

starts with a practical distinction between good and bad inferences,
understood as a distinction between [conventionally] appropriate and
inappropriate doings, and goes on to understand talk about truth as
talk about what is preserved by the good moves. (Brandom 2000,
p. 12)

Brandom’s answer, to the extent that it is an answer, is that there is no
one-size-fits-all way to decide which inferences to stand up for, and so, which
concepts to use:

This is not the sort of a question to which one ought to expect or
even welcome a general or wholesale answer. Grooming our concepts
and material inferential commitments in the light of our assertional
commitments [. . .] and the latter in the light of the former is a messy,
retail business.(Brandom 1994, pp. 129-30)

Although the first two ways of responding to Prior’s challenge, exemplified by
Warren, Boghossian, Read, and Brandom, are viable and interesting in their own
right, the most popular line of defence has been the third one, abandoning (AR)
while holding on to (AV). The idea behind this third approach is that only some
sets of rules will do as definitions. This comes with a burden: explaining which
inference rules successfully define logical operators, and why. There are many,
often intricate ways to answer this question, and we will look at some of them
in the next section.

3.2 Some Criteria of Harmony

The moral inferentialists tend to draw from Prior’s paper is straightforward:
not all sets of rules can be taken to adequately define an expression, and we
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should look for criteria to determine which do. Following (Dummett 1975),
these different benchmarks are known as criteria of proof-theoretic harmony.

Over the years many (non-equivalent) criteria have been proposed, and I will
not attempt to exhaustively review them here. Instead, I will focus on the three
best-known proposals, explain their motivation and examine their consequences
for classical logic. This will be enough to give a clear idea of the state of the
harmony debate, and set the stage for what’s to come.

3.2.1 Harmony and Conservativeness

One of the earliest replies to Prior’s challenge is Nuel Belnap’s (1962). According
to Belnap:

The key to a solution lies in observing that [. . .] we are not defining
our connectives ab initio, but rather in terms of an antecedently
given context of deducibility, concerning which we have some definite
notions. (Belnap 1962, p. 131)

This antecedently given context of deducibility, Belnap says, consists of as-
sumptions about the properties of the relation of logical consequence. And what
the rules for tonk show is that:

By a too careless use of definitions, it is possible to create a situ-
ation in which we are forced to say things inconsistent with those
assumptions. (Belnap 1962, p. 131)

Let’s make this more precise. Belnap’s context of deducibility can be spelled
out in terms of structural rules. Consider, for example, the usual rules of Iden-
tity, Weakening and Cut:

(Id)
A ⊢ A

Γ ⊢ C
(W)

Γ, A ⊢ C
Γ ⊢ A ∆, A⇒ C

(Cut)
Γ,∆ ⊢ C

Belnap’s suggests that:

We may take this little system as expressing all and only the uni-
versally valid statements and rules expressible in the given notation:
it completely determines the context. (Belnap 1962, p. 132, my
emphasis)

Now suppose that we extend this system with the tonk rules, which in the
new notation read:

A ⊢ A tonk B A tonk B ⊢ B

25



Using (Cut) in combination with the tonk rules we can derive p ⊢ q for all
atomic sentences p, q. This wasn’t possible in the original system, which we
had assumed to already encode all valid deducibility statements not containing
any connectives. The tonk rules, then, clash with our antecedent assumption
and must be rejected. The idea can be generalised using the notion of a weak
conservative extension:

(Weak) Conservative Extension: Let L be a language and D
a calculus for L that contains only structural rules. Let c be a
connective not in L, and say L+ is the result of extending L with
c, and D+ the result of closing D under the rules for c. Finally, let
⊢x denote deducibility in a system x. We say that D+ is a weak
conservative extension of D if, for any Γ ∪ {A} ⊆ L, we have that:

Γ ⊢D+ A iff Γ ⊢D A.

According to Belnap an operator c is harmonious (relative to a calculus D),
if and only if the rules for c are weakly conservative with respect to D. I will
call this B-harmony for short. Once again:

The justification for unpacking the demand for consistency [with
the context of deducibility] in terms of conservativeness is precisely
our antecedent assumption that we already had all the universally
valid deducibility-statements not involving any special connectives.
(Belnap 1962, p. 132)4

A pleasant feature of Belnap’s criterion is that it is (relatively) ‘framework-
independent’. The notion of a weak conservative extension abstracts away from
the specifics of different proof-systems, and works equally well in sequent and
natural deduction settings; as we will see below, this doesn’t hold for many other
harmony criteria. At the same time, Belnap’s criterion of harmony is ‘context-
dependent’: an operator is B-harmonious only with respect to some calculus. In
the usual terminology, Belnap’s is a global harmony criterion. Some have seen
this as a problem (e.g. Steinberger 2011a), arguing that harmony criteria should
be local, that is, apply to operators regardless of the context in which they are
used. We will see some examples of this type of harmony criterion shortly.

Putting this aside, though, it is easy to check that all standard calculi for
classical logic are B-harmonious. The reason conservativeness is often thought a
problem for classical logic is not Belnap’s proposal, but a natural generalisation
of it due to Dummett. In his (1991) Dummett argues that the rules governing
a connective should form a conservative extension with respect to the entire
calculus they belong to, not just with respect to its structural fragment. We
will call this a strong conservative extension:

4Strictly speaking Belnap’s notion of harmony also includes a requirement of unique-
ness (roughly, a requirement that connectives governed by the same rules should be inter-
substitutable). He attaches relatively little importance to uniqueness, though, and it won’t
play a part in what follows, so I will omit it here. For more on this see (Belnap 1962) and
(Došen and Schroeder-Heister 1985).
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(Strong) Conservative Extension: Let L be a language and D
a calculus for L. Let c be a connective not in L, and say L+ is the
result of extending L with c, and D+ the result of closing D under
the rules for c. Finally, let ⊢x denote deducibility in a system x.
We say D+ is a strong conservative extension of D when, for any
Γ ∪ {A} ⊆ L, we have that:

Γ ⊢D+ A iff Γ ⊢D A.

According to Dummett, a connective c is harmonious (relative to a calculus
D) if and only if the rules for c are strongly conservative with respect to D. I
will call this D-harmony for short.

Contrary to B-harmony, this new criterion flags many standard calculi for
classical logic as defective. Often the problem is that the rules for classical
negation are non-conservative. Consider, for example, a calculus with Gentzen’s
rules for ∧ and ∨ plus the usual rules for the conditional:

Γ, [A]1

D
B

(→ I)1
A→ B

A→ B A
(→ E)

B

In this system Peirce’s Law ((A → B) → A) → A cannot be proved. If we
add any set of rules for classical negation, say:

[A]1

D1

¬A
(¬ I)1¬A

A ¬A
(¬ E1)

B
¬¬A

(¬ E2)
A

then Peirce’s Law becomes derivable. The rules for classical negation, there-
fore, are not D-harmonious with respect to our background calculus.

Important as this observation might be, we should also keep in mind that
strong conservativeness doesn’t rule out classical logic tout court. It is well
known that plenty of multiple-conclusion calculi for classical logic, both in
sequent and natural deduction style, contain only strongly conservative rules
(Boričić 1985; Read 2000; Gentzen 1969). Dummett, and other inferentialists
with him, have argued that multiple-conclusion rules cannot be used to define
the meaning of logical operators (Dummett 1991; Steinberger 2011b; Tennant
1997). Even if we grant their point, however, there remain classical, single-
conclusion calculi in which all rules are conservative. This is typically achieved
by incorporating Peirce’s Law in the form of a rule (Gordeev 1987; E. Zim-
mermann 2002), but that is not the only option. The {∃,∧,¬} signature is
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expressively complete for classical first-order logic, and almost any standard
calculus for this signature will come out D-harmonious.5

Finally, let’s turn to one last important question: why should we require
strong conservativeness? The usual motivation goes something as follows. Sup-
pose that, in line with (AV), logically valid arguments are valid in virtue of the
meaning of logical vocabulary. Suppose, in addition, that the meaning of each
logical operator should be specified by its rules, regardless of the meaning of the
others. Then a logically valid argument from some premises Γ to a conclusion
A should only appeal to the rules for operators that occur in A or Γ, since they
completely determine the meaning of the relevant vocabulary; the demand for
strong conservativeness arises naturally.6

This argument gives rise to questions of its own, most notably: why should
we assume that the meaning of each operator must be specified independently of
the meaning of the rest? This is just another formulation of the requirement of
separability from Section 2.2. And the problem, as pointed out by Milne (2002)
and Steinberger (2011a), is that arguments in favour of separability are few and
far between. Besides some appeals to plausibility or intuition, the principle is
usually taken for granted, rather than argued for.

Dummett’s (1991) is a clear example. Although Dummett is not a holist,
he grants that there are clusters of expressions whose meanings depend on one
another:

To understand a sentence of a given language, one must know some
fragment of that language. [. . .] The principle of compositionality
allows that a range of coordinate expressions [. . .] may be capable of
being understood only together. (Dummett 1991, pp. 222-23)

This leaves open the possibility that the meanings of logical constants need
not, in general, be given independently of each other. But the possibility is
brushed off when we are told that:

The logical constants form a uniquely simple case: [. . .] to under-
stand ‘A or B’, one need not understand ‘A and B’ or ‘if A then B’.
(Dummett 1991, p. 223)

To make matters more complicated, when considering whether we should
specify the meaning of logical vocabulary using only ‘pure’ rules, that is, rules
containing a single operator, Dummett says:

Reflection shows this demand is exorbitant. An impure c-introduction
rule will make the understanding of c depend on the prior under-
standing of the other logical constants figuring in the rule. Cer-
tainly we don’t want this dependence to be cyclic; but there would

5For a simple example in natural deduction, take the ∧, ∃, and ¬ rules from (Prawitz 1965,
Ch. 1). It is easy to show that, for any c ∈{∃, ∧, ¬}, c can be conservatively added to the
c-less fragment of the calculus.

6In fact there are two important alternatives here: one could claim that the meaning of
each logical term is given by its operational rules, or by its operational rules and the structural
rules of their calculus. We will examine these alternatives in detail in Chapter 5.
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be nothing in principle objectionable if we could so order the logical
constants that the understanding of each depended only on the un-
derstanding of those preceding it in the order. (Dummett 1991, p.
257)

But this seems to run counter to the separability requirement, and so against
the demand for strong conservativeness.

Let’s take stock. There are two harmony criteria built around conserva-
tiveness, Belnap’s weak and Dummett’s strong conservativeness requirements.
According to Belnap’s criterion the usual formalisations of classical logic are
harmonious, while according to Dummett’s some (though not all) standard cal-
culi for classical logic are defective. Moreover, Dummett’s criterion rests on the
assumption that logical vocabulary should be separable, and it is unclear what
the grounds for this assumption are.

3.2.2 Harmony and Inversion

The next harmony criterion, also due to Dummett, calls for some stage-setting.
As we saw in Section 2.1, Dummett sorts the principles governing the use of
sentences into two types:

Crudely expressed, there are always two aspects of the use of a given
form of sentence: the conditions under which an utterance of that
sentence is appropriate, which include, in the case of an assertoric
sentence, what counts as an acceptable ground for asserting it; and
the consequences of an utterance of it, which comprise both what
the speaker commits himself to by the utterance and the appropriate
response on the part of the hearer, including, in the case of assertion,
what he is entitled to infer from it if he accepts it. (Dummett 1973,
p. 396)

Inferentialists explain the meaning of subsentential expressions in terms of
their contribution to the meaning of a representative range of sentences. In the
case of logical constants, Dummett says, this range consists of sentences where
they occur as the main operator. The meaning of a constant c can then be laid
out by its introduction and elimination rules: I-rules represent the constant’s
contribution to the grounds for the assertion of the sentences where it occurs,
and E-rules represent the constant’s contribution to the consequences of such
assertions.

Dummett’s key idea is that there should be a certain balance between the
two aspects of the use of sentences, and therefore between introduction and
elimination rules. He describes this balance as follows:

It should not be possible, by first applying one of the introduction
rules for c and then immediately drawing a consequence from the
conclusion of that introduction rule by means of an elimination rule
of which it is the major premise, to derive from the premises of the
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introduction rule a consequence that we could not otherwise have
drawn. (Dummett 1991, pp. 247-8)

Let’s say that a local c-peak is a formula occurrence (in a derivation) that is
simultaneously the consequence of a c-Introduction rule and the major premise
of a c-Elimination rule. Then according to Dummett’s second harmony criterion
a connective c is harmonious if and only if local c-peaks are eliminable. I will
call this I-harmony for short.7

Typically, one shows that local peaks can be eliminated using the sort of re-
ductions that make up the bulk of a normalisation proof. Suppose, for example,
that we have a local ∨-peak which is a conclusion of (∨ I1) and major premise
of (∨ E):

Γ0

D0

A
(∨ I1)

A ∨B

Γ1, [A]1

D1

C

Γ2, [B]1

D2

C
(∨ E)1

C

Clearly we can also derive C without the ∨-peak A ∨ B; we just need to
rearrange a few sub-derivations:

Γ0,Γ1

D0

A
D1

C

Local ∨-peaks that are consequences of (∨ I2) and major premises of (∨ E)
are eliminated using a similar strategy:

Γ0

D0

B
(∨ I2)

A ∨B

Γ1, [A]1

D1

C

Γ2, [B]1

D2

C
(∨ E)1

C ⇝

Γ0,Γ2

D0

B
D2

C

And ∧-peaks can be eliminated too:

7The ‘I’ stands for ‘Inversion’, for reasons we will see shortly.
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Γ0

D0

A

Γ1

D1

B
(∧ I)

A ∧B
(∧ E1)

A ⇝

Γ0

D0

A

Γ0

D0

A

Γ1

D1

B
(∧ I)

A ∧B
(∧ E2)

B ⇝

Γ1

D1

B

These procedures are available because the elimination rules for ∧ and ∨
just ‘undo’ or ‘invert’ what is done by their respective introductions. Prawitz
puts the point as follows:

An elimination rule is, in a sense, the inverse of the correspond-
ing introduction rule: by an application of an elimination rule one
essentially only restores what had already been established if the
major premise of the application was inferred by an application of
an introduction rule. (Prawitz 1965, p. 33)

Naturally, not all pairs of (sets of) introduction and elimination rules are
like this. The rules for tonk make this clear:

A
(tonk I)

A tonk B
A tonk B

(tonk E)
B

On the face of it, the inverse of (tonk I) is not (tonk E), but the rather
harmless rule:

A tonk B
(tonk E)∗

A

Peaks formed by an application of (tonk I) followed by an application of
(tonk E)∗ are easy to eliminate, but peaks formed by (tonk I) and (tonk E)
can’t be reduced, which makes the tonk rules disharmonious:

Γ1

D1

A
(tonk I)

A tonk B
(tonk E)

B

⇝
?
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Perhaps more surprisingly, the usual sets of rules for classical negation are
also disharmonious in this new sense. Given the rules for classical negation we
saw earlier, for example, there is no general procedure for eliminating ¬-peaks
of the form:

[¬A]1

D
¬¬A

(¬ I)1¬¬A
(¬ E2)

A

Before we compare this new criterion of harmony to the ones we have seen
so far, it will we useful to consider another important aspect of I-harmony.
According to Dummett, the possibility of eliminating local peaks is tied to the
more ambitious project of finding ‘proof-theoretic justifications’ of some logical
laws. We already know that Dummett distinguishes between aspects of the
use of sentences that relate the grounds for an assertion, on the one hand,
and aspects that have to with the consequence of an assertion, on the other.
Building on this idea he distinguishes between two types of theory of meaning.
Pragmatist theories take the consequences of the assertion of a sentence to
determine its meaning, while verificationist theories take grounds for assertion
as meaning-determining instead.

Now, a connective’s introduction rules spell out some grounds on which we
may assert a sentence where it is the main operator. (∧ I), for example, licenses
the assertion of A ∧ B on the grounds of the two sentences A and B. Clearly,
though, (∧ I) doesn’t exhaust all conditions for appropriately asserting A ∧ B;
for instance, if we have proven C → (A∧B) and C we can safely conclude A∧B.
Dummett calls the grounds for assertion specified by introduction rules direct
or canonical grounds, and suggests that verificationists should take canonical
grounds to determine the meaning of the sentences they warrant.

This idea has two important consequences. First, if introduction rules are
meaning-conferring stipulations, then they don’t stand in need of justification.
And secondly, if canonical grounds really determine the meaning of some sen-
tences, then the corresponding introduction rules are in a certain sense ‘com-
plete’. This is what Dummett calls the Fundamental Assumption:

A statement may frequently be established by indirect means, but
to label certain means ‘canonical’ is to claim that, whenever we are
justified in asserting the statement, we could have arrived at our
entitlement to do so by those restricted means. (Dummett 1991, p.
252)

On any view along this lines the validity of introduction rules is more or less
unproblematic. But what about elimination rules? Following Prawitz (1973,
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1974), Dummett tries to justify them by appeal to their corresponding intro-
ductions. In simple cases the justification Dummett has in mind boils down to
a re-interpretation of the procedures for eliminating local peaks. Let’s stick to
∨ as an example, and suppose that in the following application of (∨ E) the
sub-arguments D0,D1, and D2 are valid and have no undischarged premises:

D0

A ∨B

[A]1

D1

C

[B]1

D2

C
(∨ E)1

C

The argument D0 is valid by assumption, so it warrants the assertion of A∨B.
By the Fundamental Assumption, we could have arrived at such a warrant by
canonical means, using (∨ I1) or (∨ I2). Say, without loss of generality, that we
could have arrived at it by means of (∨ I2):

D0

B
(∨ I2)

A ∨B

[A]1

D1

C

[B]1

D2

C
(∨ E)1

C

Then the second procedure for levelling out ∨-peaks shows that we could
have arrived at the same conclusion C without appealing to (∨ E):

D0

B
D2

C

The upshot is that, if the Fundamental Assumption is correct, applications
of (∨ E) to valid sub-arguments with no undischarged premises are ‘safe’: a
valid argument for their conclusion is available before (and independently of)
them. Dummett takes this to justify (∨ E). More generally, he holds that:

Any elimination rule shown to be in harmony with the introduction
rules is justifiable, and hence to be considered valid. (Dummett
1991, p. 253)

The fully worked out version of this idea is what Dummett calls the upwards
justification procedure (Dummett 1991, Ch. 11). Roughly put, the upwards
justification procedure is an inductive definition of validity according to which
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applications of introduction rules yield valid arguments by default, and appli-
cations of elimination rules yield valid arguments if they can be justified along
the lines that we just sketched. The details of the inductive definition aren’t
important for our purposes, but two difficulties with the resulting account will
be relevant below.

The first difficulty is that Dummett’s Fundamental Assumption doesn’t seem
to fit well with our actual use of logical vocabulary (Ripley 2017; Rumfitt 2017).
Take (∨ I1) and (∨ I2) —yes, again. If the Fundamental Assumption is right,
and if ‘∨’ is to have roughly the same meaning as ‘or’, it follows that whenever
we are justified in asserting ‘A or B’ we could have been in a position to assert A
or assert B. Now we face a choice. If the ‘could’ in ‘could have’ is interpreted in
a narrow sense, akin to practical possibility, then the Fundamental Assumption
gets our conventions about what warrants the assertion of disjunctions wrong.
Here is a colourful example due to Ripley:

You know that a certain spaceship has a self-destruct button, that
the spaceship is functioning properly and will only self-destruct if
the button is pressed, and that Alice and Zebra are the only po-
tential buttonpressers aboard the ship. You see the spaceship un-
dergo its self-destruct process, destroying (alas!) Alice, Zebra, and
all records or evidence about what was on the ship before its de-
struction. Putting this all together, you conclude that either Alice
or Zebra pressed the self-destruct button. This conclusion is surely
warranted, but you have, and can have, no evidence about which
one of them it was. (Ripley 2017, p. 313)

If, on the other hand, the ‘could’ in ‘could have’ is interpreted more broadly
(say, as possibility in principle for an ideally placed observer), then it is difficult
to see how the Fundamental Assumption relates to our actual linguistic practice.
As Ripley puts it “the kinds of warrant that are directly connected to our use
of language are not plausibly understood as merely possible warrants; they are
the actual ones” (Ripley 2017, p. 315).8

The second difficulty with the upwards justification procedure is that it
validates inferences that seem plainly incorrect. Goldfarb (2016) has pointed
out that given any A and B which don’t share atomic sub-sentences, and where
A does not contain ⊥, the inference from A → B to B is valid according to
Dummett’s definition. It is therefore difficult to see how the upwards procedure
carries any justificatory force.9

8Dummett himself grants that the status of the Fundamental Assumption is “very shaky”
and that “as applied to the conditional and the universal quantifier, we have to concede that
the fundamental assumption is not literally true” (Dummett 1991, pp. 277-8).

9I am oversimplifying things here. What Goldfarb shows is that, given any sensible set
of rules for atomic sentences, inferences like the above will count as valid. The problem
traces back to Dummett’s treatment of ‘atomic bases’, i.e. sets rules for atomic sentences.
Other proof-theoretic definitions of validity are available. Stafford and Nascimento (2023), for
example, define a notion of proof-theoretic validity that is sound and complete for intuition-
istic propositional logic, although it isn’t clear that their assumptions are compatible with
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We now have a fuller picture of of ‘harmony as inversion’. It is time to
compare it with conservativeness-based criteria.

Earlier we saw that conservativeness requirements are framework-independent,
in that they apply to different types of proof-system, and global, in the sense
that whether a set of rules is conservative partly depends on the calculus to
which it belongs. I-harmony, in contrast, is framework-dependent and local.

The framework-dependence of I-harmony is easy to spot: it appeals to in-
troduction and elimination rules, which are characteristic of natural deduction
systems. That being said, it has an analogue in sequent settings. The procedures
to eliminate local peaks roughly correspond to procedures to eliminate principal
cuts.10 The first procedure for eliminating ∨-peaks, for example, corresponds
to the following cut-elimination step:

D0

Γ0 ⇒ A

Γ0 ⇒ A ∨B

D1

Γ1, A⇒ C

D1

Γ1, B ⇒ C

Γ1, A ∨B ⇒ C
(Cut)

Γ0,Γ1 ⇒ C
⇝

D0

Γ0 ⇒ A

D1

Γ1, A⇒ C
(Cut)

Γ0,Γ1 ⇒ C

When sequent rules are such that principal cuts involving them can be elimi-
nated we will say that they are cut-inductive, and we will take cut-inductiveness
as the sequent correlate of I-harmony.

The observation that I-harmony is a local criterion calls for some explana-
tion. In some calculi peaks for a connective c can sometimes be avoided using
the rules for a different connective c′. In a calculus with tonk and ∨, for example
this may look as follows:11

Γ1

D1

A
(tonk I)

A tonk B
(tonk E)

B ⇝

Γ1

D1

A
(tonk I)

A tonk B
(∨ I)

(A tonk B) ∨B
[A tonk B]1

(tonk E)
B [B]1

(∨ E)1
B

I-harmony, however, is meant to capture a certain balance between the two
aspects of the use of sentences, a balance that supposedly obtains regardless
of the rest of the expressions in a language. Implicitly, the demand seems to

Dummett’s. For a different way to raise doubts about the justificatory power of Dummett’s
strategy, see (Haack 1982).

10Principal cuts are applications Cut where both occurrences of the cut-formula have been
obtained in the previous step of a derivation using operational rules.

11Note that the tonk-peak on the left derivation disappears, but only at the cost of intro-
ducing a ∨-peak in its place. Moreover, eliminating the new ∨-peak would only re-introduce
the tonk-peak we begun with. Strictly speaking, then, we are not so much eliminating peaks
as shuffling them around.
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be that, given any connective c, it should be possible to eliminate c-peaks ‘by
appeal to the rules for c alone’. The simplest way to make this idea sharper is
requiring that c-peaks be eliminable in any calculus containing only c.

This takes care of the comparison between I-harmony and conservativeness-
based criteria. Let’s now turn to another important question: what is the
motivation for I-harmony? One possibility is to draw on the upwards justifi-
cation procedure. Eliminating local peaks, according to Dummett, doubles as
a justification of the elimination rules involved, so I-harmony can be seen as
a requirement that elimination rules be proof-theoretically justified. At times
Dummett seems to reject this idea, however:

The Fundamental Assumption [. . .] will not suffice to validate all laws
of classical logic by proof-theoretic means. That is not a condem-
nation of classical logic, since there is no a priori reason to assume
that the meanings of the logical constants can be specified by any
set of self-justifying laws. (Dummett 1991, p. 279)

In his (1991) Dummett first introduces I-harmony as “an analogue, within
the restricted domain of logic” of the general requirement for strong conserva-
tiveness (p. 247). The extent to which I-harmony and strong conservativeness
are analogues is problematic, though. As Steinberger (2013) has pointed out,
the two requirements neither imply nor are implied by each other. More pre-
cisely (a) a set of rules can be strongly conservative with respect to a calculus
containing only I-harmonious rules without being I-harmonious itself, and (b)
adding a set of I-harmonious rules to an I-harmonious calculus need not give
rise to a strongly conservative extension.

We already have the materials for an example of claim (a). The usual rules
for ∨ and ∧ are I-harmonious, while the rules for classical negation given in the
previous section aren’t. If we add them to a calculus containing only ∨ and ∧,
however, we get a strong conservative extension.

An example of claim (b) appears in (Dummett 1991). Consider an operator
⊔ governed by the same rules as disjunction, except that (⊔ E) doesn’t allow
extra assumptions in the sub-derivations of the minor premises:

A
(⊔ I1)

A ⊔B
B

(⊔ I2)
A ⊔B

A ⊔B

∅, [A]1

D1

C

∅, [B]1

D2

C
(⊔ E)1

A

These rules are I-harmonious. We can eliminate ⊔-peaks in the same way
that we eliminate ∨-peaks. A calculus containing the usual rules for ∧ and the
rules for ⊔ above, therefore, contains only I-harmonious rules. In such a calculus
the distributive law A∧(B⊔C) ⊢ (A∧B)⊔(A∧C) isn’t provable. Still, when we
extend it with the usual rules for ∨, which are also I-harmonious, distributivity
follows:
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A ∧ (B ⊔ C)

B ⊔ C
[B]1

B ∨ C
[C]1

B ∨ C
1

B ∨ C

A ∧ (B ⊔ C)

A [B]2

A ∧B
(A ∧B) ⊔ (A ∧ C)

A ∧ (B ⊔ C)

A [C]2

A ∧ C
(A ∧B) ⊔ (A ∧ C)

2
(A ∧B) ⊔ (A ∧ C)

This takes us to the last contested issue surrounding harmony-as-inversion.
The idea behind I-harmony is to enforce a certain balance between introduction
and elimination rules, but some have argued that it falls short of this goal
(Steinberger 2011a, Tranchini 2018). Once we fix a set of introduction rules,
I-harmony excludes eliminations that seem ‘too strong’ with respect to them.
For instance, given what (tonk I) requires in order to prove the sentence A
tonk B, the rule (tonk E) allows one to deduce ‘too much’. Still, the objection
continues, I-harmony does not exclude eliminations that are ‘too weak’ with
respect to their corresponding introductions. (⊔ E) is often used as an example,
but the point is clearer when we look at the following connective ⊓:

A B
(⊓ I)

A ⊓B
A ⊓B

(⊓ E)
A

Intuitively, (⊓ E) doesn’t let us deduce ‘as much as it should’, given how
A ⊓B is proved using (⊓ I). However,it is clear that ⊓ is I-harmonious.

Partly to address this problem Dummett sketches a converse of the upwards
justification procedure, the downwards justification procedure (Dummett 1991,
Ch. 13). This is an attempt to justify introduction rules on the basis of their cor-
responding eliminations, much like the upwards procedure was meant to justify
eliminations on the basis of their corresponding introductions. Dummett then
proposes a further requirement of stability, based on the interaction between
upwards and downwards justifications:

Suppose we adopt the downwards procedure, and start with a set E
of elimination rules. By our procedure, we can determine which in-
troduction rules are valid: say these form a set I. Now, with respect
to this set I of introduction rules the upwards justification proce-
dure is well-defined, so we can use it to determine which elimination
rules are valid, according to the criteria of the upwards procedure.
If we get back by this means to the set E , or to some set interderiv-
able with E , in the presence of I, stability prevails; otherwise not.
(Dummett 1991, pp. 287-8)

The requirement of stability rules out ⊔ and ⊓, but it is somewhat under-
mined by the problems that surround Dummett’s proof theoretic justifications.
Besides the dubious status of the Fundamental Assumption, the upwards jus-
tification procedure, as we saw, validates some seemingly incorrect inferences.

37



Conversely, the downwards justification procedure invalidates some instances of
(presumably) valid inference patterns, like modus ponens.12

Ultimately, Dummett fell back on conservativeness as his preferred harmony
criterion (Dummett 1991, p. 290). As we will see in the next section, however,
there have been other attempts to cash out the idea that introduction and
elimination rules should offset one another.

3.2.3 Harmony and Strength

Our next harmony criterion is due to Neil Tennant. Originally presented in
(Tennant 1978), it has seen successive reformulations in (Tennant 1987), (Ten-
nant 1997), and more recently in (Tennant 2020).

Tennant’s goal is to ensure that the introduction and elimination rules for
logical operators are ‘balanced’ with each other. In some sense, as we saw ear-
lier, (tonk E) is too strong for (tonk I), and (⊓ E) is too weak for (⊓ I). In
order to make the relevant idea of balance more precise Tennant puts forward
two requirements, one about the interplay between introductions and elimina-
tions, and another about the relative strength of rules. I will call them the
requirements of equilibrium and maximality, respectively.

The requirement of equilibrium appeals to the notion of the strongest propo-
sition with a property φ. By a proposition Tennant understands a class of log-
ically equivalent formulas. If A is a formula, ‘the proposition A’ is the class
of formulas logically equivalent to A. Strength, as applied to propositions, is
defined as follows (see Tennant 2020, p. 237):

Strongest proposition with property φ: The strongest propo-
sition with property φ is that proposition A with property φ such
that any proposition B with property φ is deducible from A.

Weakest proposition with property φ: the weakest proposition
with property φ is that proposition A with property φ that can be
deduced from any proposition B with property φ.

Clearly, these definitions take some background deducibility relation ⊢ for
granted. When I want to emphasise this, or when the relation in question is not
clear from context, I will talk of (⊢)propositions being (⊢)stronger than others.

With this in place, we can now present the first half of Tennant’s harmony
criterion, the requirement of equilibrium.13 Let c be a connective governed by
(c I) and (c E). Then in order for c to be in equilibrium, (c I) and (c E) must
satisfy the following conditions (Tennant 2020, pp. 241-2):

12See (Prawitz 2017) for details. In the same paper Prawitz proposes a modification with
which Dummett’s procedure justifies the usual intuitionistic rules, so this last problem is not
unsurmountable. More recently Oliveira (2019) has put forward a variant of the downwards
justification procedure such that the resulting notion of validity is complete for propositional
intuitionistic logic.

13I will follow Tennant in formulating the requirement for binary connectives, but the
changes needed for n-ary connectives are obvious. Here and in what follows (c I) and (c
E) can be taken as single rules or as sets of rules.
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(S): AcB is the strongest conclusion possible under the conditions
described by (c I). Moreover, in order to show this:
(i) One needs to exploit all the conditions described by (c I).
(ii) One needs to make full use of (c E).
(iii) One may not make any use of (c I).

(W): AcB is the weakest major premiss possible under the condi-
tions described by (c E). Moreover, in order to show this:
(iv) One needs to exploit all the conditions described by (c E).
(v) One needs to make full use of (c I).
(vi) One may not make any use of (c E).

Tennant’s formulation of (S) and (W) is not entirely clear, so it will be
useful to see them in action. Let’s take ∧ as an example. In order to prove
that its usual rules satisfy (S), we need to show that A ∧ B is the strongest
proposition that fulfils the conditions described by (∧ I). Let C be an arbitrary
proposition that can be inferred from premisses A, B. We can show that A∧B
is stronger as follows:

A ∧B
(∧ E1)

A
A ∧B

(∧ E2)
B

C

Note that this derivation (i) uses the assumption that C can be inferred from
A, B, (ii) makes full use of (∧ E) —that is, it uses ‘both halves’ of the rule—
and (iii) makes no use of (∧ I).

In order to prove (W) we need to show that A∧B is the weakest proposition
that fulfils the conditions described by (∧ E). Let C be an arbitrary proposition
from which we can infer A, B. We can show that A ∧B is weaker as follows:

C
A

C
B

(∧ I)
A ∧B

It is also easy to check that this derivation satisfies conditions (iv)-(vi) in
much the same way that the previous one satisfied conditions (i)-(iii).

There are still a couple of loose ends to tie. First, (S) and (W) appeal to
the notion of the strength of a proposition, but strength with respect to which
deducibility relation? Tennant doesn’t explicitly address this, but he does insist
that harmony is a relation in which an operator’s rules stand to each other
regardless of the rules governing the rest of the language (Tennant 1997, Ch.
10). This suggests that the intended background deducibility relation is ⊢c, the
relation induced by (c I) and (c E). In what follows I will take this for granted,
but nothing substantial hinges on it.
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Secondly, the requirement of equilibrium doesn’t uniquely determine the
appropriate counterpart of a given set of rules. Take (∨ I1) and (∨ I2). They
are in equilibrium with (∨ E), but also with its restricted version (∨ ER) from
the previous section:

A ∨B

Γ1, [A]n

D1

C

Γ2, [B]n

D2

C
(∨ E)n

C
A ∨B

∅, [A]n

D1

C

∅, [B]n

D2

C
(∨ ER)n

C

Similarly, there can be more than one introduction rule in equilibrium with
a given elimination. For example, (→ E) is in equilibrium with (→ I) and also
with the restricted rule (→ IR), in which no vacuous discharges are allowed:

Γ, [A]n

D
B

(→ I)n
A→ B

Γ, [A]n□
D
B

(→ IR)n
A→ B

Moreover, the different rules in equilibrium with a given introduction or
elimination need not be variations of the same shape. The usual rule of con-
junction introduction, for example, is in equilibrium with (∧ E1/2), but also
with the following elimination:

A ∧B

Γ, [A]n[B]n

D
C

(∧ GE)n
C

According to Tennant a criterion of harmony should uniquely determine the
counterpart of any given introduction or elimination rules. In order to ensure
this, he supplements the requirement of equilibrium with the requirement of
maximality. This requirement consists of two conditions (Tennant 2020, p.
239):

(M1): Given (c E), we determine (c I) as the strongest introduction
rule such that (c I) and (c E) are in equilibrium.

(M2): Given (c I), we determine (c E) as the strongest elimination
rule such that (c I) and (c E) are in equilibrium.

Putting all the pieces together, we have Tennant’s harmony criterion: a
connective c is harmonious if and only if its rules satisfy the requirements of
equilibrium and maximality. We will call this T-harmony for short.
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The reader can check that the usual sets of rules for classical negation are
not in equilibrium, and therefore aren’t T-harmonious. Comparing Tennant’s
notion of harmony with the preceding ones, however, is more complicated, due
to some problems that arise from the requirement of maximality.

Whenever we have a rule and several counterparts in equilibrium with it,
the requirement of maximality asks us to pick the strongest one. The obvious
question is: strongest in what sense? Unlike in the case of propositions, Tennant
offers no account of the strength of rules. This is a problem, since there are many
reasonable things one can can mean by ‘(c E1) is stronger than (c E2) given (c
I)’.

Intuitively, an elimination rule is stronger than another if it allows us to
‘deduce more’. A natural way to make this more precise is by comparing the
resulting deducibility relations. Let ⊢c1 be the relation induced by (c I) and (c
E1), and ⊢c2 the relation induced by (c I) and (c E2). Then we can say that:

Strength1: Given (c I), rule (c E1) is stronger1 than rule (c E2) if
⊢c2⊆ ⊢c1 .

This is not the only option, though. If we look back at the rules in the
beginning of the section, we can see that (∨ ER) is a special case of (∨ E), and
(→ IR) is a special case of (→ I). The standard rules allow for more inferential
transitions, more passages from premisses to conclusions, than their restricted
versions. This suggests that we can also cash out ‘deducing more’ in terms
of derivations, rather than derivability. Here is the corresponding notion of
strength:

Strength2: Rule (c E1) is stronger2 than rule (c E2) if all correct
applications of (c E2) are correct applications of (c E1).

Alternatively, we may want to think of ‘deducing more’ in terms of deriv-
ability between rules, rather than derivability between formulas:

Strength3: Rule (c E1) is stronger3 than rule (c E2), given (c I), if
(c E2) is derivable from (c E1) and (c I).

These notions of strength are not equivalent, and depending on which of
them we settle on —if any— different pairs of rules will come out harmonious.14

The requirement of maximality, then, has simply not been stated in full: we still
need to know what notion of strength it assumes.15

14To see that strength1 is different from strength2, compare the usual (∧ E1/2) rule with
the general-elimination rule (∧ GE): they are equally strong1 but neither is stronger2 than
the other. To see that strength1 is different from strength3, note that (∨ E) and (∨ ER) are
equally strong1 but the first is strictly stronger3. And finally, to see that strength2 is different
from strength3, just compare (∧ E1/2) and (∧ GE) again: neither is stronger2 than the other,
but they are equally strong3.

15A similar point is made in (Ceragioli 2022), but Ceragioli’s take differs substantially from
mine. Relevantly for this section, Ceragioli holds that something like strength1 is the ‘right’
measure of strength.
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The problem runs deeper than this, though. A criterion of harmony is sup-
posed to rule out ‘defective’ or ‘illegitimate’ connectives. This means that we
can’t simply pick a notion of strength for the requirement of maximality; we
also need to explain why that particular notion of strength is the right one. As
far as I can tell, however, there is no a unique right measure of the strength of
rules to start with. Rather, each of the notions of strength we have considered
picks out a reasonable sense in which we can say that a rule is stronger than
another.

Suppose we are focused on the fine-grain of proofs, as when proving normali-
sation results or designing backwards proof-search algorithms. Then something
like strength2 seems appropriate: it is a measure of strength that takes the shape
and number of proof-trees into account. If we are only interested in the yield of
rules (as when assessing soundness and completeness), then strength2 will not
do; it is sensitive to aspects that don’t affect derivability between formulas, and
something like strength1 seems more adequate. And in other contexts still (say,
when studying the admissible rules of some proof-system), strength3 would be
more fitting. Which measure of strength is right depends on what we want the
notion to be sensitive to, but there is no independent reason to prefer one over
the other.16

The rest of Tennant’s proposal offers little guidance as to which notion of
strength is best suited for the job. Take the requirement of equilibrium. Its goal
is to ensure some facts about the strength of propositions, which is defined in
terms of derivability between formulas. This suggests that the relevant notion
of strength should be something like strength1. At the same time, Tennant
imposes a long list of conditions regarding what the derivations used to show
equilibrium must look like, something that only strength2 and strength3 are
sensitive to, although in different ways. We get (at best) mixed signals about
which measure of strength to use.

The requirement of maximality also leads to a second, related problem. This
requirement asks us to pick the strongest rule among our various candidates.
In doing so, it assumes that there is always (exactly) one such rule. But this
assumption seems unjustified, and examples suggesting that it is false are easy
to come by. Consider (∧ I) again. As we saw, it is in equilibrium with each of
the following eliminations:

A ∧B (∧ E1/2)
A/B

A ∧B

[A]n[B]n

D
C

(∧ GE)n
C

16For a useful analogy, take the question of who is the strongest weightlifter. This may be
whoever lifts the most weight (in absolute terms). Or it may be whoever lifts the most weight
relative to their body mass (pound for pound strength). And in either case, we have to specify
both how much weight is lifted and how (the two Olympic weightlifting events, ‘snatch’ and
‘clean and jerk’, have different records). The point is that these measures of the strength of
weightlifters come apart, just like our measures of the strength of rules. And just like in the
case of rules, there is no single right way to call the shots.
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Now, which one is the strongest of the two? This will depend on the notion
of strength we want to use. Notably, if strength is defined in any of the ways we
have considered, neither rule is the strongest: (∧ E1/2) and (∧ GE) are equally
strong1 and equally strong3, and neither is stronger2 than the other. What’s
more, this is the most natural thing to say. There is no compelling reason to
see either rule as the strongest of the pair; arguably, a measure of strength
according to which one of (∧ E1/2) and (∧ GE) was strictly stronger than the
other would be a bad measure of strength.

We could try to avoid the problem by claiming (∧ E1/2) and (∧ GE) are in
fact ‘the same rule’, but there seem to be good reasons not to do so. According
to the few available accounts of what inference rules are, (∧ E1/2) and (∧ GE)
are not identical. I am only aware two accounts that deliver precise identity
criteria. One is part of the folklore of proof-theory and the other is due to
Tennant (2021). The first account defines sequents as a pairs (Γ, A) where A is
a sentence and Γ is a collection of sentences. It then defines sequent-to-sequent
transitions as tuples of sequents, and inference rules as sets of sequent-to-sequent
transitions. It is easy to check that (∧ E1/2) and (∧ GE), seen this way, are
different rules. The second account, Tennant’s, takes rules as inductive clauses
on a definition of derivations; (∧ E1/2) and (∧ GE) are distinct rules according
to it too.

More importantly (∧ E1/2) and (∧ GE) behave quite differently in proofs,
and extending the same calculus with them can produce non-equivalent results.
This is best seen in a substructural setting. In structural logics, like classical or
intuitionistic logic, open assumptions are collected into sets. In substructural
logics they are collected into multisets or sequences.17 Suppose we are collect-
ing assumptions into multisets, as in linear logic and its variants, and let our
background calculus have only a conditional with the usual rules:

Γ, [A]n

D
B

(→ I)n
A→ B

A→ B A
(→ E)

B

If we add a conjunction governed by (∧ E1/2) and (∧ GE), we have that
p ∧ q, p→ r, q → s ⊢ r ∧ s. But if we add a conjunction governed by (∧ I) and
(∧ E1/2), we don’t: the closest we get is p ∧ q, p ∧ q, p→ r, q → s ⊢ r ∧ s. In
fact, in intuitionistic linear logic these rules can define distinct connectives; (∧
E1/2) is an elimination rule for the additive conjunction ‘with’, whereas (∧ GE)
is an elimination rule for (something close to) the multiplicative conjunction
‘tensor’.18 The usual accounts of inference rules seem to tell the right story.

17Sequences are ordered lists, and multisets are lists without order (equivalently, sets with
repetitions).

18More precisely, the variant of (∧ GE) where no vacuous or multiple discharges are allowed
is an elimination rule for tensor. For more details on linear logic in a natural deduction setting
see (Negri 2002).
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Not only do (∧ E1/2) and (∧ GE) produce different sets of proof-trees, but in
some standard contexts they also give rise to different derivability relations, and
define distinct connectives. The choice between (∧ E1/2) and (∧ GE) makes an
important difference, and this looks like a good reason not to identify them.

Let’s summarise the discussion. Tennant’s harmony criterion consists of
the requirements of equilibrium and maximality. There are two problems with
the requirement of maximality. The first is that it appeals to the notion of
the strength of a rule, but (a) there are multiple, non-equivalent measures of
the strength of a rule, and Tennant doesn’t clarify which one is at play, and
(b) it seems that no principled choice among various measures of strength can
be made. The second problem with the requirement of maximality is that it
assumes there is a unique maximally strong rule in equilibrium with any given
set of rules. This assumption is questionable and, on closer inspection, seems
mistaken.

A different family of problems is pointed out in Florian Steinberger’s (2009).
Consider these standard rules for the existential quantifier:

A(t/x)
(∃ I)

∃xA(x)

∃xA(x)

Γ, [A(t/x)]n

D
B

(∃ E)n
B

As usual, A(t/x) is the result of substituting the term t for all free occur-
rences of x in A, x is freely substitutable for t in A, and in applications of (∃
E) the term t cannot occur in Γ,∃xA(x), or B.

It is relatively straightforward to show that (∃ I) and (∃ E) satisfy the
requirement of equilibrium.19 But as it turns out, a deviant elimination rule
(∃ E)∗, which is just like (∃ E) but without any restrictions on variables, is
also in equilibrium with (∃ I) —see (Steinberger 2009, p. 659). Moreover, the
combination of (∃ I) and (∃ E)∗ is trivialising, much like the combination of
(tonk I) and (tonk E). For example, it allows us to prove that P (b) follows from
P (a) for any atomic P and arbitrary a and b:

P (a)
(∃ I)

∃xP (x) [P (b)]1
(∃ E)∗1

P (b)

Steinberger draws the following conclusion:

19In fact, as Steinberger notes there are problems already at this stage. Whether an appli-
cation of (∃ E) is correct depends, among other things, on which variables occur free in its
premises and conclusions. At the same time, the requirement of equilibrium is meant to apply
to propositions, i.e. sets of logically equivalent formulas. Logically equivalent formulas need
not contain the same free variables, though, so ensuring that Tennant’s set-up doesn’t break
down requires some footwork. For more details see (Steinberger 2009, p. 659)
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Surely (∃ E)∗ is the strongest elimination rule [in equilibrium with
(∃ I)] as it enables us to ‘extract’ the most out of sentences contain-

ing ∃ in a dominant position. In particular, of course, it is stronger
than the ordinary (∃ E) elimination rule. It follows that it is the
wholly unrestricted elimination rule that is in harmony with the
introduction rule given above. (Steinberger 2009, p. 659, with no-
tational changes)

Let’s unpack this passage. Steinberger argues that (∃ E)∗ is stronger than (∃
E), since the former “enables us to extract the most out of sentences containing
∃ in a dominant position”. It may not be entirely clear which notion of strength
Steinberger has in mind, but there is no need to quibble: (∃ E)∗ is stronger than
(∃ E) in all the senses we have looked at. It follows that the standard rules for
∃ do not satisfy the requirement of maximality, and so are disharmonious. This
is an unintended consequence of Tennant’s criterion, and arguably a sign that
there is something wrong with his approach: (∃ I) and (∃ E) are typically seen
as a paradigmatically ‘balanced’ pair of rules.

Steinberger also states that (∃ E)∗ is the strongest rule in equilibrium with
(∃ I), and so “it follows that it is the wholly unrestricted elimination rule that
is in harmony with the introduction rule”. This is too quick; for all we know
some rule stronger than (∃ E)∗ could be in equilibrium with (∃ I). All the
same, Steinberger’s comment highlights another difficulty with the maximality
requirement: in speaking of the strongest introduction or elimination rule with a
certain property, the requirement presupposes a full account of the general shape
of introductions and eliminations, but it isn’t obvious what such an account must
look like.20

In response to Steinberger’s criticism Tennant adds a further conservative-
ness requirement, which he formulates for sequent settings:

We are arguing, in effect, for a certain conservativeness requirement :
The rules for a logical operator should not allow one to prove (on the
assumption that Cut is admissible) any atomic sequent. (Tennant
2010, p. 467)

Translated back to natural deduction jargon, this is the requirement that
rules for a logical operator shouldn’t make it possible to prove new inferences
between atomic formulas by means of local peaks. Clearly, whether a set of
rules is conservative in this sense partly depends on the calculus to which they
belong. This doesn’t sit well with Tennant’s insistence that harmony is a relation

20Tennant (1997, Ch. 9) argues that meaning-constitutive rules should feature exactly one
occurrence of exactly one operator; for introduction rules this occurrence should be in the
conclusion, and for elimination rules in one of the premises. If this is taken as an account of
the shape of introductions and eliminations, it is arguably too restrictive. Many unproblematic
connectives (for instance, connectives that can be defined in terms of others that Tennant finds
harmonious) can’t be given rules of this type. Elaborating on this point would take us too
far afield, but see (Olkhovikov and Schroeder-Heister 2014), (Read 2015a) and (Humberstone
and Makinson 2011) for the sort of result I am alluding to.
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between rules, rather than between rules and background calculi, but at least
it flags Steinberger’s deviant rules as disharmonious in all interesting contexts:
Steinberger’s rules, as we saw earlier, allow us to derive P (b) from P (a) for all
atomic P and arbitrary a and b, and so are non-conservative with respect to
any calculus in which this doesn’t hold without them.

Finally, and for the sake of uniformity with the previous sections, we should
ask about the justification of Tennant’s harmony criterion. As far as I can tell,
not much motivation has been offered. (Tennant 1978) simply puts forward
the harmony criterion as a way to cash out the idea that the rules governing
connectives should be balanced (p. 74).21 In (Tennant 1987), on the other hand,
we are told that:

The requirement for harmony emerges clearly if one follows a philo-
sophical method that has the appearance of empirical speculation
about the origins of language, but is actually designed to focus on
constitutive features of meaning. This is the method of enquiring
after the aetiology of entrenchment of expressions in a language and
of conventions governing their use. (Tennant 1987, p. 77)

There follows a long discussion about how some connectives could be in-
troduced into a language that lacked logical operators, after which the require-
ments of equilibrium and maximality are stated without much indication as to
how they relate to the previous remarks. And lastly, (Tennant 2020) has it that:

Harmony is a transcendental precondition for the very possibility
of logically structured communication. A would-be logical operator
that does not display harmony [. . .] could not possibly be retained
within an evolving language after making a first debut. Because the
‘deductive reasoning’ that it would afford would go so haywire, it
would have been rapidly selected against. (Tennant 2020, p. 245)

Let’s summarize the discussion once again. Tennant’s original harmony cri-
terion consists of two requirements, the requirement of equilibrium and the re-
quirement of maximality. The requirement of maximality gives rise to problems
related to the notion of the strength of a rule and the existence of a maximally
strong rule satisfying certain conditions. Moreover, as Steinberger points out,
Tennant’s harmony criterion is vulnerable to certain counterexamples. These
can be ruled out (relative to any sensible background calculus) by means of
an extra conservativeness requirement, making the resulting harmony criterion
‘global’ or ‘context-dependent’. This, however, doesn’t sit well with Tennant’s
overall approach. In addition, it is not clear what the motivation for T-harmony
is.

21Strictly speaking (Tennant 1978) only presents the requirement of equilibrium; the re-
quirement of maximality is a later addition.
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3.3 Taking stock: Harmony and Classical Logic

It is time to take a step back and put this chapter in perspective. We begun
with Prior’s observation that, if one accepts (AV) and (AR), it seems to follow
that any sentence can be validly inferred from any other. We then went through
two ways of dismissing Prior’s challenge. The first was to hold on to (AV) and
(AR) and reject Prior’s conclusion. The second was to insist that inference
rules can be meaning-constituting without being analytically valid —that is,
holding on to (AR) and rejecting (AV). Insofar as these replies get rid of the
Problem of Harmony, they also block any harmony-based objection to classical
logic.

After this we focused on the most popular type of response to Prior’s ar-
gument: restricting (AR) by means of harmony criteria. It follows from our
discussion that harmony is less of a problem for classical logicians than it is
usually made out to be. According to conservativeness-based proposals, like B-
harmony and D-harmony, some formalisations of classical logic are harmonious.
In contrast, criteria built around an intuitive notion of balance, like I-harmony
and T-harmony, have it that classical logic is disharmonious. Whether this
should be concerning is unclear, though; I-harmony and T-harmony face serious
problems of their own, and there are plausible grounds to reject them.

As we will see shortly, an even stronger response is available for classicists.
There are somewhat unusual formalisations of classical logic that satisfy all the
harmony criteria in the literature, including I and T-harmony. Their operational
rules straightforwardly ‘invert’ or ‘undo’ each other in the sense discussed by
Prawitz, and they appear to be balanced according to any plausible measure of
balance. Arguably, then, these calculi give a general response to harmony-based
objections against classical logic. The details of this approach are laid out in
the next chapter.
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Chapter 4

Harmony and Bilateralism

And a bit of augmentation
is a serious temptation

Glenn Gould, So You Want to
Write a Fugue

Ever since Frege’s (1997) it has been common to assume that, although
assertion is a fundamental speech act, there is no need to consider an opposing
speech act of rejection. More recently, some philosophers have challenged this
idea (Price 1990, Smiley 1996, Rumfitt 2000). I will say more about these two
positions, known as unilateralism and bilateralism, in Section 1.

There are many ways to incorporate bilateralist ideas into logical machinery.
One approach, due to (Smiley 1996), is to augment formal languages with signs
for both assertion and rejection, and use rules governing asserted and rejected
formulas. As Rumfitt (2000) has shown, some of the resulting calculi for classical
logic satisfy the usual harmony requirements. This has prompted many to claim
that bilateralism gives classical logicians a way out of the Problem of Harmony,
but on closer inspection the issue is more complicated. As we will see, in bilateral
settings the usual (or ‘unilateral’) harmony criteria aren’t enough to rule out
a host of trivialising, tonk-like connectives. Therefore, the fact that there are
‘unilaterally harmonious’ rules for the classical connectives can hardly be an
indication that there is nothing wrong with them. What we need, it seems,
is a way to adapt the standard harmony criteria to bilateral contexts. I will
propose one way of doing so in Section 2, and show that Rumfitt’s calculi are
not harmonious in this new sense.

In Section 3 I will present two bilateral calculi for classical logic which do
satisfy the criterion of harmony from Section 2 (as well as all unilateral harmony
criteria), and in that sense vindicate the claim that bilateralism can make clas-
sical logic harmonious. Finally, in Sections 4 and 5 I will prove normalisation
theorems (and some corollaries) for the calculi of Section 3, showing that they
are proof-theoretically ‘well-behaved’.
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4.1 Assertion, Rejection and Negation

What is the relation between the speech acts of assertion and rejection? And
how do these speech acts relate to negation? Contemporary debates centre
around two opposing views, unilateralism and bilateralism. According to uni-
lateralism the rejection of a sentence A is best analysed as the assertion of
the negated sentence ¬A. According to bilateralism, in contrast, assertion and
rejection are best seen as distinct speech acts.1

The point can be put in terms of answers to polar (or ‘yes/no’) questions.
Unilateralists and bilateralists agree that affirmative answers to the question ‘Is
it the case that A?’ should be analysed as assertions of the sentence A. For
example, given the following exchange between speakers Abelard and Eloise:

(1) Abelard: Is Astrolabe in the kitchen?
Eloise: Yes.

both sides of the debate agree that Eloise’s ‘Yes’ amounts to an assertion
of the sentence ‘Astrolabe is in the kitchen’. The disagreement concerns the
analysis negative answers, such as:

(2) Abelard: Is Astrolabe in the kitchen?
Eloise: No.

According to unilateralists, Eloise performs the same speech act in (1) and
(2): she is asserting something. The difference is that in (1) Eloise asserts
the sentence ‘Astrolabe is in the kitchen’, while in (2) she asserts the sentence
‘Astrolabe isn’t in the kitchen’. According to bilateralists, on the other hand,
Eloise is performing different speech acts in (1) and (2): in (1) she is asserting,
and in (2) she is rejecting. However, both speech acts concern the same sentence,
‘Astrolabe is in the kitchen’.2

Here I will focus on what bilateralism looks like in the context of an infer-
entialist approach to meaning. The general idea goes as follows. According to
bilateralists our inferential practice deals in both assertions and rejections: in
the course of an argument we will typically assert some sentences and reject
others. According to inferentialists, moreover, the meaning of logical operators
is given by the rules that govern our inferential practice. But if this practice fea-
tures both assertions and rejections, so will the rules in question. In the specific
case of negation, the approach more or less reverses unilateralism; instead of
analysing rejection in terms of assertion and negation, the strategy is to analyse
negation in terms of assertion and rejection.

1Following (Incurvati and Schlöder 2017) I use ‘assertion’ and ‘rejection’ to refer to speech
acts, which express attitudes of assent and dissent, respectively, towards sentences. This
choice of terminology is common, but some prefer ‘denial’ for what I am calling rejection and
‘rejection’ for what I am calling dissent (e.g. Restall 2005, Ripley 2017).

2The classic argument against bilateralism is Frege’s (1997), while (Price 1990) and (Smi-
ley 1996) are standard bilateralist responses. For general introductions to the unilateral-
ism/bilateralism debate see (Ripley 2011, 2020) and (Incurvati and Schlöder 2023).
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To flesh out this idea we have to introduce some distinctions. So far I have
been talking of rejections rather generally, but there is reason to be a bit more
discriminating. Compare the following exchanges:3

(2) Abelard: Is Astrolabe in the kitchen?
Eloise: No.

(3) Abelard: Astrolabe is in the kitchen.
Eloise: No, he is either in the kitchen or the living room.

The bilateralist wants to say that in both cases Eloise’s ‘No’ expresses a
rejection. Still, these rejections are different in some important ways. In (2)
Eloise’s ‘No’ is equivalent to (though not necessarily identical with) an assertion
that Astrolabe isn’t in the kitchen. Indeed, the dialogue could go on as follows:

(2) (cont.) Abelard: Well, he can only be in the kitchen or the living
room, because all the other rooms are empty. Since he isn’t in the
kitchen, I guess he must be in the living room.

In (3), on the other hand, Eloise’s ‘No’ isn’t equivalent to the assertion
that Astrolabe isn’t the kitchen; her perfectly coherent continuation makes this
clear. Using Incurvati and Schlöder’s (2017) terminology , we will say that (2)
features a strong rejection, and (3) a weak one.

We can make better sense of the difference between strong and weak rejec-
tions in terms of the notion of committment. Speakers who strongly reject a
sentence A, like Eloise in (2), bring upon themselves certain obligations. They
must, for example, allow their interlocutors to assert ¬A in the course of an
argument, and assert ¬A themselves if asked to take a stance on whether A;
failure to do so would be considered incoherent behaviour by the other parties
in a conversation. We will say that a speaker in this situation is committed to
the strong rejection of A. In contrast, speakers who weakly reject a sentence A,
as Eloise in (3), bring upon themselves different obligations. Relevantly, they
may object to their interlocutors asserting ¬A in the course of an argument,
and need not assert ¬A if asked to take a stance on the issue.

A similar point can be made about assertions, as the following examples
show:

(4) Abelard (to Eloise): Astrolabe is in the kitchen.

(5) Abelard (to Eloise): Perhaps Astrolabe is in the kitchen. He could
also be in the living room, though.

In Incurvati and Schlöder’s (2019) terminology (4) is a strong assertion, and
(5) a weak one. By strongly asserting a sentence A speakers again bring upon
themselves some obligations. For instance, they must allow their interlocutor
to assert A in the course of an argument, and reject ¬A if asked to take a

3Examples (2)-(4) come from (Restall forthcoming).
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stance on whether ¬A; we will say they are committed to the strong assertion
of A. In contrast, speakers who weakly assert a sentence A may object to their
interlocutors asserting A in the course of an argument; they can coherently take
the question of whether A to be unsettled.

According to many bilateralists (e.g. Restall 2005; Ripley 2017; Rumfitt
2000; Smiley 1996) the meaning of negation can be explained in terms of rules
governing the (strong) assertion and rejection of certain sentences.4 These rules
can be concisely represented if we use signed languages, where each formula is
preceded by a force indicator ‘+’ or ‘−’; +A stands for the assertion of A and
−A for its rejection. Since ‘+’ and ‘−’ represent the force of speech acts they
can’t be embedded or iterated, but for the rest the unsigned part of formulas is
built up from atomic expressions and logical operators in the usual way. In this
setting Smiley (1996) proposes the following rules for classical negation:

−A
(+¬ I)

+¬A
+¬A

(+¬ E)
−A

+A
(−¬ I)

−¬A
−¬A

(−¬ E)
+A

Rule (+¬ I) states that if a speaker is committed to the rejection of A, then
they are committed to the assertion of ¬A. Conversely, (+¬ E) states that if
a speaker is committed to the assertion of ¬A then they are committed to the
rejection of A. These two rules should clarify the sense in which, in (2), Eloise
does something equivalent to asserting ¬A; given (+¬ I) and (+¬ E) speakers
are committed to the rejection of A exactly when they are committed to the
assertion of ¬A. The second pair of rules is read analogously: (−¬ I) states that
committment to the assertion of +A entails committment to the rejection of ¬A,
and (−¬ E) that committment to the rejection of ¬A entails committment to
the assertion of A.5

This approach to explaining the role of negation in inference (and so, for
inferentialists, its meaning) can be extended to the rest of the operators of
classical propositional logic. In the resulting picture, the meaning of logical
constants is explained in terms of the effects that sentences containing them have
for the commitments of speakers. The next section lays this out in more detail,
and explains why the resulting calculi are relevant for the harmony debate.

4.2 Bilateralism, Classical Logic, and Harmony

In his (2000) Ian Rumfitt formalises classical propositional logic using natural
deduction rules for signed formulas. His operational rules for the connectives
are as follows:6

4From now on, ‘assertion’ and ‘rejection’ mean strong assertion and rejection, respectively.
5The idea of reading these rules in terms of committment comes from (Incurvati and

Schlöder 2017), who take inspiration from Brandom (1983, 1994). Rumfitt (2000, 2002)
understands the rules in terms of conventions about the correct assertibility of sentences.

6Some notational conventions: unless otherwise stated, uppercase Roman letters range over
unsigned formulas, uppercase Greek letters over sets of signed formulas, and lowercase Greek
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Conjunction:

+A1 +A2
(+∧ I)

+A1 ∧A2

−Ai
(−∧ I)

−A1 ∧A2

+A1 ∧A2
(+∧ E)

+Ai

−A1 ∧A2

Γ1, [−A1]1

D1

φ

Γ2, [−A2]1

D2

φ
(−∧ E)1φ

Disjunction:

+Ai
(+∨ I)

+A1 ∨A2

−A1 −A2
(−∨ I)

−A1 ∨A2

+A1 ∨A2

Γ1, [+A1]1

D1

φ

Γ2, [+A2]1

D2

φ
(+∧ E)1φ

−A1 ∨A2
(−∨ E)

−Ai

Implication:

Γ, [+A1]1

D
+A2

(+ → I)1
+A1 → A2

+A1 −A2
(− → I)

−A1 → A2

+A1 → A2 +A2
(+ → E)

+A2

−A1 → A2
(− → E)

+A1/−A2

Negation:

−A
(+¬ I)

+¬A
+A

(−¬ I)
−¬A

letters over signed formulas. Brackets indicate discharged assumptions, and both multiple
and vacuous discharges are allowed. I will indicate vacuous discharges with the superscript v
next to the relevant application of a rule.
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+¬A
(+¬ E)

−A
−¬A

(−¬ E)
+A

In addition to operational rules, Rumfitt’s calculus contains coordination
principles. These are rules that govern the interaction between ‘+’ and ‘−’,
rather than specific connectives. They are supposed to capture general norms
about the relation between assertion and rejection. Rumfitt’s first coordination
principle is the rule of Rejection, which uses a primitive symbol ⊥ to indicate
that a certain position is incoherent:7

+A −A
(Re)

⊥

(Re), then, simply states that committment to the assertion and the rejection
of the same sentence is incoherent. In addition, his system has the rule of
Smilean Reductio:

Γ, [+A]1

D
⊥

(SR1)1−A

Γ, [−A]1

D
⊥

(SR2)1
+A

The first half of Smilean Reductio states that if committing to the assertion
of A would lead to incoherence, then one is committed to the rejection of A.
The second half states that if committment to the rejection of A would lead
to incoherence, then one is committed to its assertion. Smilean Reductio also
encodes a form of explosion: by vacuously discharging an occurrence of +A or
−A, the rule allows one to derive any φ from ⊥.

We will call the resulting system R. R gives rise to a derivability relation
between signed formulas, just like standard (or ‘unilateral’) calculi give rise to
derivability relations between unsigned ones. R’s signed consequence relation
coincides with the usual formalisations of classical logic in its +-signed fragment
but, unlike standard calculi, makes room for rejections too. Let’s introduce
some new terminology. Given an unsigned language L, where formulas are
built from atoms p, q, . . . and connectives ∧,∨,→ and ¬ in the usual way, let
Ls := {+A |A ∈ L} ∪ {−A |A ∈ L} be the signed version of L. Say also that,
for any Γ ⊆ L, the set Γ+ of signed formulas is Γ+ := {+B |B ∈ Γ}. Then as
(Rumfitt 2000) shows, for any Γ ∪ {A} ⊆ L we have that:

Observation 4.1. Γ ⊢CL A if and only if Γ+ ⊢R +A.

7Following (Tennant 1999) Rumfitt takes ⊥ to be a punctuation sign in derivations, rather
than a formula. Since it is not a formula, it cannot be embedded or signed.
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Rumfitt’s coordination principles are unusual in several ways. First, al-
though Rejection and Smilean Reductio are distinct rules, all applications of
Smilean Reductio require a previous occurrence of ⊥, and this occurrence can
only result from an application of (Re). In other words, it doesn’t make much
sense to consider (SR) independently of (Re). Similarly, it is not clear that it
makes sense to consider (Re) independently of (SR). Recall that for Rumfitt ⊥
is not the conclusion of an argument; it is a punctuation sign, a placeholder
indicating that a specific proof configuration has been reached. To some extent
it is (SR) that does all the deductive work, and we can see (Re) as a dispens-
able graphical device. In fact, the original formulation of Smilean Reductio (see
Smiley 1996) was:

Γ1, [φ]1

D1

ψ

Γ2, [φ]1

D2

ψ
1

φ

which is easily seen to be equivalent to the combination of (SR) and (Re).8

In addition, Smilean Reductio does two distinct jobs at the same time. First, it
states that committment to the assertion and the rejection of a formula jointly
exhaust the possibilities for any speaker. And secondly, it also codifies a princi-
ple of explosion. We can get a clearer picture of the resulting relation between
assertion and rejection if we swap Rumfitt’s coordination principles for the more
perspicuous Explosion and Bilateral Excluded Middle:

+A −A
(Ex)φ

Γ1, [+A]1

D1

φ

Γ2, [−A]1

D2

φ
(Bem)1φ

It is routine to check that (Re), (SR1) and (SR2) are derivable from (Ex)
and (Bem), and vice versa. Now, say R′ is the calculus containing Rumfitt’s
operational rules plus (Ex) and (Bem). It follows from the fact that (Ex) and
(Bem) are interderivable with (Re) and (SR1/2), combined with Observation
4.1, that:

Observation 4.2. Γ ⊢CL A if and only if Γ+ ⊢R′ +A.

In contrast with unilateral formalisations of classical logic, R and R′ satisfy
all the usual harmony criteria. It is intuitively clear why this should be so, at
least for criteria that bank on an informal notion of balance. Take the rules

8Here and in what follows φ denotes the conjugate of φ, where the conjugate of +A is −A
and vice versa.
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for negation: in order to apply (+¬ I) one needs to derive a sentence of the
form −A, which is precisely what an application of (+¬ E) yields. Similarly, in
order to apply (−¬ I) one needs a derivation of +A, which is precisely what an
application of (−¬ E) yields. The introductions and eliminations of the same
sign straightforwardly ‘undo’ or ‘invert’ each other. Something similar happens
with the rest of connectives, and the proof that Rumfitt’s operational rules are
strongly conservative is straightforward as well (see Rumfitt 2000 for details).

On the face of it we have a general response to harmony-based objections to
classical logic: if we take the difference between assertion and rejection seriously,
classical logic seems as inferentialist-friendly as we could wish for (Rumfitt 2000,
Sec. VII). On closer inspection, however, this is simply too quick. Granted,
Rumfitt’s bilateral system satisfies all the harmony criteria put forward for
unilateral calculi. But in a bilateral setting these criteria can’t to rule out all
trivialising connectives. Consider, for example, bink:

+A −A
(+ bink I)

+ bink A
−A

(− bink I)
− bink A

+ bink A
(+ bink E)

+A/−A
− bink A

(− bink E)
−A

The bink rules for each sign are direct inverses of each other, and bink is har-
monious according to all the usual measures of ‘balance’. Still, in the presence
of (SR1) bink trivialises any consequence relation. The following derivation, for
example, shows that it allows us to derive −A for any A:

[+ bink A]1
(+ bink E)

+A

[+ bink A]1
(+ bink E)

−A
⊥

(SR1)1− bink A
(− bink E)

−A

The same point can be made with respect to the other half of Smilean
Reductio. Consider benk, the mirror image of bink:

−A
(+ benk I)

+ benk A
+A −A

(− benk I)
− benk A

+ benk A
(+ benk E)

−A
− benk A

(− benk E)
+A/−A
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Just as before, these rules are balanced according to all the usual standards.
Still, when combined with (SR2) they allow us to derive −A for any A:

[− benk A]1
(− benk E)

+A

[− benk A]1
(− benk E)

−A
⊥

(SR2)1
+ benk A

(+ benk E)
−A

The problem is not specific to Smilean Reductio. The following introduction
and elimination rules, for instance, are also balanced according to the usual
criteria:

+A
(+ blink I)

+A blink B
−B

(− blink I)
−A blink B

+A blink B
(+ blink E)

+A
−A bink B

(− blink E)
−B

In the presence of (Re), however, they make any assertion incompatible with
any rejection:

+A
(+ blink I)

+A blink B
−B

(− blink I)
−A blink B

(Re)
⊥

What can we learn from these examples? The usual measures of balance
between introduction and elimination rules, and more generally, the usual cri-
teria of harmony, were all put forward with unilateral calculi in mind. In these
calculi what one can do with a connective depends on operational (and perhaps
structural) rules. In bilateral systems, however, coordination principles license
further inferences. As a result, connectives that are acceptable according to
the usual standards can become tonk-like when they interact with the wrong
coordination principle. This suggests that, when we move to a bilateral set-
ting, the notion of harmony should take into account both the relation between
introduction and elimination rules (or whatever other feature is taken to de-
termine ‘unilateral’ harmony), and the relation between operational rules and
coordination principles.

One way of going about this suggests itself when we take a closer look at
how bink, benk and blink interact with coordination principles. Take blink and
(Re). (Re) stipulates that committment to the assertion and the rejection of the
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same sentence is incoherent. A fortiori, committment to +(A blink B) and −(A
blink B) is incoherent. When we look at the rules for blink in isolation, though,
there appears to be no incompatibility between these two sentences; +(A blink
B) is equivalent to +A and −(A blink B) is equivalent to −B. This intuitive
‘mismatch’ has a correlate at the level of derivability: if we postulate (Re) for
atomic sentences only there is no way to derive ⊥ from +(A blink B) and −(A
blink B).9 Contrast this with the relation between the negation rules and (Re).
It is easy to see that if (Re) holds in a given calculus, then it will automatically
hold for the expansion of that calculus with ¬ and its rules, because we can
always mimic applications of (Re) to formulas governed by ¬ by applications of
the (Re) to their immediate subformulas:

+¬A −¬A
(Re)

⊥ ⇝

+¬A
(+¬ E)

−A
−¬A

(+¬ E)
+A

(Re)
⊥

The same happens with respect to bink and (SR1). Given (SR1) we are
committed to −bink A for arbitrary A.10 If we look at the rules for bink
in isolation, however, there is no reason why this should be so: −bink A is
equivalent to −A. Just as before, if we postulate (SR1) only for atomic sentences,
we cannot derive it for sentences governed by bink.11 In contrast, if (SR1) holds
for a given calculus, then it will also hold for the extension of that calculus with
¬:

[+¬A]1

D
⊥

(SR1)1−¬A ⇝

[−A]1
(+¬ I)

+¬A
D
⊥

(SR1)1
+A

(−¬ I)
−¬A

Let’s generalise this idea. We will say that coordination principles P1 . . .Pn

are preserved by the rules for a connective c if, when P1 . . .Pn are restricted to
atomic sentences, all their instances for sentences with c as their main operator
are derivable. Preservation of coordination principles is, as we have seen, a cor-
relate of the intuitive ‘mismatch’ between blink, bink, and certain coordination
principles. This suggests the following bilateral criterion of harmony:

Bilateral harmony: A connective c is bilaterally harmonious,
given coordination principles P1 . . .Pn, iff (i) (+cI) and (+cE) are
unilaterally harmonious; (ii) (−cI) and (−cE) are unilaterally har-
monious; (iii) P1 . . .Pn are preserved by the rules for c.

9For a proof see the Appendix to this chapter.
10Strictly speaking, given (SR1) and (Re); as we have seen Smilean Reductio can’t be teased

apart from Rejection.
11See again the Appendix for a proof.
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This criterion doesn’t commit us to any particular notion of unilateral har-
mony. This is a feature, not a bug. The debate on unilateral harmony is far
from settled, and defining things this way is enough to adapt unilateral harmony
criteria to bilateral settings while leaving bilateralists wiggle room to adopt their
favourite unilateral criterion. The idea, simply put, is that whatever unilateral
harmony consists in, bilateral harmony is that plus preservation of all available
coordination principles.12

This criterion has, I take it, some plausibility. Coordination principles lay
down general norms concerning the relation between assertion and rejection.
When we define a connective by means of operational rules, we want this def-
inition to ‘fit together’ with those independently given stipulations. Given the
examples above, it seems that preservation of all coordination principles is at
least a sufficient condition for this vague ‘fitting together’ to obtain. If we cou-
ple this requirement with a suitable measure of harmony between introductions
and eliminations, we get a workable criterion bilateral harmony. Alternatively,
we could argue as follows. In bilateral calculi the behaviour of connectives is
determined by both operational rules and coordination principles, so bilateral
harmony criteria should take both into account. If we ensure that coordination
principles for complex formulas can be dispensed with, though, the ‘bilateral
problem of harmony’ reduces to its unilateral part. This is essentially what the
present idea of harmony ensures, so we can again take it as a sufficient condition
for harmony.

Now, how does the new criterion fare? As I have already mentioned, it rules
out bink, benk and blink, since their rules don’t to preserve the coordination
principles which make them trivialising. This is not because our examples have
been cherry-picked. Many other ‘bilateral tonks’ have been proposed in the
literature (see e.g. Francez 2014, Kürbis 2021 and Simonelli, forthcoming), and
the criterion rules them out as well. In fact, the new criterion of harmony rules
out more than we might expect. Rumfitt (2000) has shown that all his opera-
tional rules preserve the coordination principle of Rejection. As Ferreira (2008)
points out, however, some of Rumfitt’s rules don’t preserve Smilean Reductio.
Rumfitt’s R, therefore, is not harmonious in our new sense. It seems that we
have come full circle: in order to avoid the problem of harmony we moved to a
bilateral setting, where classical connectives can be given rules that are harmo-
nious according to all the usual standards. It then became clear that, in this
new setting, the usual standards of harmony aren’t enough. To solve this we
proposed a specifically bilateral criterion of harmony. But according to this new
criterion, the bilateral rules for classical connectives aren’t harmonious after all.
Luckily, there is a way to solve this problem. I will present the general idea
behind it in the next section, and take care of the more technical details in
Sections 4 and 5.

12The idea of cashing out bilateral harmony (partly) in terms of preservation is not new.
Rumfitt requires that all operational rules preserve (Re), and considers this “a precondition
for the connectives to possess coherent bilateral senses” (Rumfitt 2008, p. 1060). As bink and
benk make clear, though, preservation of (Re) isn’t enough to rule out all tonk-like operators.
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4.3 Harmony at last

Fernando Ferreira’s (2008) gives a model-theoretic proof that some of Rumfitt’s
operational rules don’t preserve Smilean Reductio. By looking at the matter
proof-theoretically we can get a clear idea of exactly which rules these are. We
know from the previous section that there is a scheme for re-writing applications
of (SR1) to formulas governed by ¬ as applications of (SR1) to their immediate
subformulas. An analogous scheme is available for applications of (SR2):

[−¬A]1

D
⊥

(SR2)1
+¬A ⇝

[+A]1
(−¬ I)

−¬A
D
⊥

(SR2)1−A
(+¬ I)

+¬A

Using these two schemes we can show that, if Smilean Reductio is laid down
for atomic formulas, then it is derivable for complex formulas where ¬ is the
main operator. In other words, the rules for ¬ preserve Smilean Reductio. The
same holds for Rumfitt’s rules for the conditional, given the following re-writing
schemes:13

[+A→ B]1

D
⊥

(SR1)1−A→ B ⇝

[+A]1 [−A]2

⊥
(SR2)v

+B
(+ → I)1

+A→ B

D
⊥

(SR2)2
+A

[+B]3

+A→ B

D
⊥

(SR1)3−B
−A→ B

[−A→ B]1

D
⊥

(SR2)1
+A→ B ⇝

[+A]1 [−B]2

−A→ B

D
⊥

(SR1)1−A [+A]3

⊥
(SR2)2

+B
(+ → I)3

+A→ B

13Recall that the superscript v indicates the vacuous discharge of an assumption.
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It is also easy to find re-writing schemes for applications of (SR1) that dis-
charge sentences of the form +A∨B and, dually, for applications of (SR2) that
discharge sentences of the form −A ∧B:

[+A ∨B]1

D
⊥

(SR1)1−A ∨B ⇝

[+A]1
(+∨ I)

+A ∨B
D
⊥

(SR1)1−A

[+B]2
(+∨ I)

+A ∨B
D
⊥

(SR1)2−B
(−∨ I)

−A ∨B

[−A ∧B]1

D
⊥

(SR1)1
+A ∧B ⇝

[−A]1
(−∧ I)

−A ∧B
D
⊥

(SR1)1
+A

[−B]2
(−∧ I)

−A ∧B
D
⊥

(SR1)2
+B

(+∧ I)
+A ∧B

This means that the only problematic uses of Smilean Reductio are those in
which sentences of the form −A ∨ B or +A ∧ B are discharged. They are the
source of disharmony in Rumfitt’s system, and if we take care of them we will
get a bilaterally harmonious calculus. This is not difficult to achieve. Consider
the following rules for rejected conjunctions and asserted disjunctions:

[+A]1

D
−B

(−∧ I)1−A ∧B
−A ∧B +A

(−∧ E)
−B

[−A]1

D
+B

(+∨ I)1
+A ∨B

+A ∨B −A
(+∨ E)

+B

As we are about to see, these rules preserve all the coordination principles
we have considered. More generally, let B be the set of Rumfitt’s operational
rules, with our modifications for conjunction and disjunction B. Then we have
that:

Observation 4.3. All the rules in B preserve Smilean Reductio and Rejection,
as well as Explosion and Bilateral Excluded Middle.
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Observation 4.3 follows trivially from the normalisation theorems to be
proven shortly. Now let’s define two calculi, HB1 and HB2. HB1 consists of B,
(SR1/2), and (Re), and HB2 consists of B, (Ex), and (Bem). By Observation
4.3 in both these calculi all coordination principles are preserved. Moreover,
their operational rules are unilaterally harmonious.14 And finally, it is routine
to check that:

Observation 4.4. HB1 and HB1 are equivalent to Rumfitt’s calculus (i.e. Γ ⊢R
φ iff Γ ⊢HB1/2

φ).

HB1 and HB2, then, are bilaterally harmonious calculi for classical logic.
In the next two sections I will prove normalisation theorems for them. As a
corollary to these theorems we will get not just Observation 4.3, but also the
usual separation and subformula properties, and a straightforward comparison
between the shape of normal derivations in HB1 and HB2, on the one hand,
and those from Prawitz’s (1965) on the other.

4.4 Harmony and Normalisation: HB1

All derivations in normal form, according to Dag Prawitz’s (1965) original result,
share a central feature: no formula occurrence in them is simultaneously the
consequence of an introduction rule and the major premise of an elimination.
In the terminology of the previous section, normal derivations don’t contain
any local peaks. This is what inspires I-harmony. If the operational rules for
a connective are ‘balanced’, the thought goes, one should gain nothing by first
introducing and then immediately eliminating a connective. Therefore, it should
be possible to eliminate all such steps within a derivation.15 This is the core
principle behind normalisation, and so for normal derivations in HB1 we will
require that:

(i) No conclusion of an I-rule is a major premise of an E-rule.

The notion of bilateral harmony from the previous section suggests a simi-
lar principle, this time regarding the interaction between operational rules and
coordination principles. Speaking very loosely, we can say that a connective
is ‘balanced’ with respect to a coordination principle if one can lay down the
coordination principle for atoms and prove it for complex sentences. To reflect
this at the level of derivations we will require that applications of coordination
principles to complex formulas be eliminable. In normal HB1 derivations, then:

14This is obvious in the case of local criteria of harmony, since the rules of each sign simply
invert each other. The fact that the operational rules are strongly conservative also follows
from the normalisation theorems below (see corollaries 4.14 and 4.22).

15This is not the whole story. In the presence of, for example, the usual rules for disjunction,
one can introduce a connective and eliminate it a few steps below in the derivation, rather
than immediately after the introduction. To cover these cases normalisation proofs usually
include so-called ‘permutative reductions’. This sort of problem can’t arise with the modified
rules in HB1, though, so we need not worry about it.
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(ii) Coordination principles are applied only to atoms.

Clauses (i) and (ii) are enough to ensure that normal derivations have
the separation property, and therefore, that the operational rules of HB1 are
strongly conservative. They are not enough to secure the stronger subformula
property, however, as the following derivation shows:

+p −p
⊥

(SR2)v+q

+p −p
⊥

(SR1)v−q
⊥

(SR2)v+r

This derivation satisfies (i) and (ii), but contains signed formula occurrences
+q and −q which are subformulas of neither the assumptions nor the conclusion.
This is due to the fact that the form of explosion encoded by Smilean Reductio
is used twice, consecutively. To obtain the subformula property for normal
derivations we just have to require that:

(iii) No conclusion of Smilean reductio is a premise of Rejection.

Putting everything together, we have the following definition of normal form.

Definition 4.5. Normal form
A derivation in HB1 is in normal form if in it: (i) No conclusion of an I-rule is
a major premise of an E-rule. (ii) Coordination principles are applied only to
atoms. (iii) No conclusion of Smilean Reductio is a premise of Rejection.

Formula occurrences which violate clauses (i), (ii) and (iii) are called max-
imal operational formulas, maximal coordination formulas and ancil-
lary maximal formulas, respectively.

In the rest of this section I will prove normalisation and corollaries for HB1.
The first step is laying down the appropriate re-writing schemes, or ‘reduction
steps’ as I will call them from now on. Since the rules for disjunction and
conjunction are analogous I won’t give reduction steps for the latter; they can
be obtained from those for disjunction by switching + for − and vice versa.
Finally, it may be useful to keep the overall normalisation strategy in mind when
examining the reduction steps. Reductions for maximal coordination formulas
may create maximal operational formulas of the same complexity. Reduction
steps for maximal operational formulas, on the other hand, may create new
ancillary maximal formulas only. Finally, reduction steps for atomic ancillary
maximal formulas create no new maximal formulas of any kind. Therefore, the
normalisation process reduces maximal coordination formulas first, followed by
maximal operational formulas, and then ancillary maximal formulas.
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4.4.1 Operational Reductions

Negation:

D1

−A
(+¬ I)

+¬A
(+¬ E)

−A ⇝
D1

−A

D1

+A
(−¬ I)

−¬A
(−¬ E)

+A ⇝
D1

+A

Implication:

[+A]1

D1

+B
(+ → I)1

+A→ B

D2

+A
(+ → E)

+B ⇝

D2

+A

D1

+B

D1

+A

D2

−B
(− → I)

−A→ B
(− → E)

+A/−B ⇝

D1/2

+A/−B

Disjunction:

[−A]1

D1

+B
(+∨ I)1

+A ∨B
D2

−A
(+∨ E)

+B ⇝

D2

−A
D1

+B

D1

−A
D2

−B
(−∨ I)

−A ∨B
(−∨ E)

−A/−B ⇝

D1/2

−A/−B
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4.4.2 Reducing (Re) to Atoms

Negation:

+¬A −¬A
(Re)

⊥ ⇝

+¬A
−A

−¬A
+A

(Re)
⊥

Implication:

D1

+A→ B

D2

−A→ B
(Re)

⊥ ⇝

D1

+A→ B

D2

−A→ B
+A

+B

D2

−A→ B
−B

(Re)
⊥

Disjunction:

D1

+A ∨B
D2

−A ∨B
(Re)

⊥ ⇝

D1

+A ∨B

D2

−A ∨B
−A

+B

D2

−A ∨B
−B

(Re)
⊥

4.4.3 Reducing (SR) to Atoms

Negation: (the remaining case is analogous)

[+¬A]1

D
⊥

(SR1)1−¬A ⇝

[−A]1

+¬A
D
⊥

(SR2)1
+A
−¬A
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Implication:

[+A→ B]1

D
⊥

(SR1)1−A→ B ⇝

[+A]1 [−A]2

⊥
(SR2)v

+B
(+ → I)1

+A→ B

D
⊥

(SR2)2
+A

[+B]3

+A→ B

D
⊥

(SR1)3−B
−A→ B

[−A→ B]1

D
⊥

(SR2)1
+A→ B ⇝

[+A]1 [−B]2

−A→ B

D
⊥

(SR1)1−A [+A]3

⊥
(SR2)2

+B
(+ → I)3

+A→ B

Disjunction:

[+A ∨B]1

D
⊥

(SR1)1−A ∨B ⇝

[−A]1 [+A]2

⊥
(SR2)v

+B
(+∨ I)1

+A ∨B
D
⊥

(SR2)2−A

[+B]3

+A ∨B
D
⊥

(SR1)3−B
−A ∨B

[−A ∨B]1

D
⊥

(SR2)1
+A ∨B ⇝

[−A]2 [−B]1

−A ∨B
D
⊥

(SR1)1

+B
(−∨ I)2

+A ∨B
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4.4.4 Ancillary Reductions

Ancillary reductions eliminate formula occurrences that are consequences of
Smilean reductio and premises of Rejection. Because of the way the normalisa-
tion process takes place, we only need to consider them for atomic formulas. In
what follows, then, α ranges over arbitrary atoms and α denotes the conjugate
of α.16 There are three cases to consider:

Case 1: One of the premises of Rejection is not the conclusion of Smilean
Reductio. Suppose (without loss of generality) that it is the left one:

D1

α

[α]1

D2

⊥ (SR1/2)
1

α
(Re)

⊥ ⇝

D1

α
D2

⊥

Note that since α is an atom, this eliminates the ancillary maximal formula
in question while creating no new maximal formulas of any kind.

Case 2: Both premises of Rejection are the conclusion of Smilean Reductio,
and at least one of the applications of Smilean Reductio discharges no premises
of Rejection. Say (without loss of generality) that the rightmost application is
of this type:

D1

α

[α]1

D2

⊥
(SR)1

α
(Re)

⊥ ⇝

D1

α
D2

⊥

Note that this also reduces the number of ancillary maximal formulas with-
out giving creating new maximal formulas of any kind.

Case 3: Both premises of Rejection are conclusions of Smilean Reductio that
discharge some premise of Rejection.

16Recall that the conjugate of +A is −A and vice versa.

66



[α]1
D0

α

⊥
D1

⊥
(SR)1

α
D2

α
(Re)

⊥ ⇝

D2

α

D0

α
(Re)

⊥
D1

⊥

Suppose we apply this reduction to an ancillary maximal formula such that
there are no ancillary maximal formulas above it or above a formula side con-
nected with it. In the original derivation there may be further occurrences of
α with discharge label 1 besides the one explicitly represented above. We also
replace them with a copy of D2 ending in α. Those occurrences that were not
premises of Rejection are unproblematic. Those that were, though, become new
ancillary maximal formulas of the same complexity. By assumption they are
ancillary maximal formulas of the type covered in Case 1. We eliminate them
as part of the current reduction step, and as a result the number of ancillary
maximal formulas decreases, and we create no maximal formulas of other kinds.

4.4.5 Normalisation and Corollaries

Theorem 4.6 (Normalisation). If there is a derivation D of φ from Γ then
there is a normal derivation D′ of φ from Γ′ ⊆ Γ.

Proof. To each derivation D we assign a coordination rank (n,m) ∈ N × N,
where n is the highest complexity of a maximal coordination formula, and m the
number of maximal coordination formulas of maximal complexity. A derivation
without maximal coordination formulas has rank (0, 0), and coordination ranks
are ordered lexicographically. Each derivation D is also assigned an operational
rank (j, k) ∈ N×N defined analogously but with respect to maximal operational
formulas, and we order operational ranks with their own lexicographical order.
The following is an effective procedure to normalise derivations:

1. Take a maximal coordination formula of the highest complexity such that
there are no maximal coordination formulas of the highest complexity
above it or above a formula side-connected with it. Apply the appropriate
reduction from Sections 4.2 and 4.3. As a result, the coordination rank
strictly decreases. After a finite number of iterations, then, our derivation
has coordination rank (0,0).

2. Take a maximal operational formula of the highest complexity such that
there are no maximal operational formulas of the highest complexity above
it or above a formula side-connected with it. Apply the appropriate re-
duction from Section 4.1. The operational rank strictly decreases, and the
coordination rank stays (0, 0). After a finite number of iterations, then,
our derivation has coordination and operational ranks (0,0).
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3. Take an ancillary maximal formula (note that it must be atomic) such
that that there are no ancillary maximal formulas above it or above a
formula side-connected with it. Apply the appropriate reduction from
Section 4.4. The number of ancillary maximal formulas goes down, and the
coordination and operational ranks stay the same. After a finite number
of steps, the derivation is in normal form.

From this theorem it follows that all the operational rules in B preserve
Smilean Reductio and Rejection; this is the first half of Observation 4.3.

Definition 4.7. Branch
A branch π in a derivation D is a sequence φ1, ..., φn of occurrences of formulas
or of ⊥ such that: (i) φ1 is a leaf (an assumption), discharged or not. (ii) φi+1

stands immediately below φi. (iii) φn is either the conclusion of D or the first
formula occurrence in the sequence that is the minor premise of (+ → E), (+∨
E) or (−∧E).

Lemma 4.8. Every formula in a derivation belongs to some branch.

Proof. By induction on derivations.

The following theorem characterises the shape of normal derivations (see
also Observation 4.10 for a comparison with Prawitz’s normal form).

Theorem 4.9 (Shape of normal derivations). Let D be a normal derivation,
π = φ1, ..., φn a branch in it. Then there is a minimum formula φi dividing D
into two (possibly empty) parts, the E part and the I-part, such that:
(i)Each φj in the E-part (i.e. j < i) is the major premise of an E-rule.
(ii) If i ̸= n then φi is a premise of (Rejection) or an I-rule.
(iii) Each φk in the I-part (i.e. i < k) is a premise of an I-rule, except φi+1,
which may be a premise ⊥ of Smilean Reductio.

Proof. Let π = φ1, ..., φn be a branch in a normal derivation D. Then in π
there are (a) no applications of an E-rule after an I-rule, (b) no applications of
Smilean Reductio after an I-rule, (c) no applications of Rejection after an I-rule
and (d) no applications of an E-rule after Smilean Reductio. I will prove (a) as
an example; (b)-(d) are proved analogously.

No applications of an E-rule after an I-rule: suppose for a contradic-
tion that there are such applications, let φk be the first consequence of an E-rule
applied after an I-rule, and consider φk−1. Since the derivation is normal, φk−1

is not the consequence of an I-rule. It cannot be the consequence of Smilean
Reductio or Rejection either, as then we couldn’t obtain φk from it through an
E-rule. Therefore φk−1 must be the consequence of an E-rule, contradicting the
assumption that φk was first.

Once (a)-(d) are secured the rest of the theorem follows easily. Consider the
last rule applied in π: if it is an E-rule, let φi = φn. If it is Smilean Reductio,
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let φi = φn−2. If it is Rejection, let φi = φ1. Finally, if the last rule is an
I-rule, let φi be the only formula occurrence in π that is a premise of Rejection
–if there is one–, or else let φi be the first premise of an I-rule.

Observation 4.10. An alternative way of phrasing Theorem 4.9 is to say that
a branch in a normal derivation consists of three (possibly empty) parts: an
E-part, where every formula occurrence is the major premise of an E-rule, a C-
part, where every formula occurrence is atomic and a premise of a coordination
principle, and an I-part, where every formula occurrence is a premise of an I-rule.
Branches in Prawitz’s classical normal derivations (see Prawitz 1965) consist of
a (possibly empty) E-part and a (possibly empty) I-part, joined together by a
(possibly empty) part where classical reductio is applied to an atom.

We can now obtain the subformula and separation properties as corollaries.

Definition 4.11. Subformula
Signed formula ψ is a subformula of signed formula φ if the unsigned part of ψ
is a subformula (in the standard sense) of the unsigned part of φ. For example,
all of +p, −p, +q, −q are signed subformulas of +p → q. Note that ⊥ is not a
formula but a punctuation sign.

Definition 4.12. Order of a branch A branch π = φ1, ..., φn in a derivation
D is of order 0 if φn is the conclusion of D, and of order k + 1 if it ends on the
minor premise of an E-rule the major premise of which belongs to a branch π′

order k.

Corollary 4.13 (Subformula property). All the formulas that occur in a normal
derivation of φ from Γ are subformulas of some γ ∈ Γ or of φ.

Proof. By induction on the order of branches. Let π = φ1, ..., φn be a branch of
order k and assume the result for branches of order j < k. We will think of the
E, C and I-parts of a branch as defined in Observation 4.10. The result is obvious
for the I-part: if k = 0 all formulas in it are subformulas of φn = φ. Similarly,
if k > 0 then all formulas in the I-part are subformulas of φn, which is in its
turn a subformula of the major premise ψ of an elimination rule that belongs to
a branch of lower order. By inductive hypothesis ψ is itself subformula of some
γ ∈ Γ or of φ, and therefore so are all the formulas in the I-part.

It remains to show the result for the E and C-parts. Note that all remaining
formulas are subformulas of φ1, the first formula of the branch. Now, if φ1 is
an undischarged assumption the result follows trivially. If φ1 is a discharged
assumption, there are two cases to consider:

Case 1: If φ1 is discharged by Smilean Reductio then φ1 must be an atom,
and so the E-part of our branch π is empty. Moreover, the application of
Smilean Reductio in question concludes φ1, the conjugate of φ1. Note that φ1

is a subformula of φ1, and that φ1 must be a subformula of φn, the last formula
of the branch. Therefore, φ1 is a subformula of φn. If the branch π is of order
0 this means that φ1 is a subformula of the conclusion, and if π is of order > 0
then the result follows by inductive hypothesis.
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Case 2: If φ1 is discharged by an I-rule, then it is a subformula of the
consequence φk of that application, and φk is in its turn a subformula of φn,
the last formula in the branch. Once again, if the branch π is of order 0 this
means that φ1 is a subformula of the conclusion, and if π is of order > 0 then
the result follows by inductive hypothesis.

Corollary 4.14 (Separation property). In a normal derivation of φ from Γ
only operational rules for connectives in φ and Γ (and perhaps coordination
principles) are used.

Proof. Follows immediately from Corollary 4.13.

4.5 Harmony and Normalisation: HB2

The first two clauses of the definition of normal form for HB2 are identical to
those of HB1. In other words, in all normal HB2 derivations:

(i) No conclusion of an I-rule is a major premise of an E-rule.

(ii) Coordination principles are applied only to atoms.

The motivation behind them remains the same: (i) is taken from Prawitz,
and (ii) is suggested by the notion of bilateral harmony from Section 3. Just as
in the case of HB1, this is enough to ensure that normal derivations satisfy the
separation property, but not enough to obtain the subformula property, as the
following derivation shows:

+p −p
(Ex)

+q
+p −p

(Ex)−q
(Ex)

+r

In order to make sure that normal derivations have the subformula property
we will follow the same strategy as before, that is, imposing constraints on
the way coordination principles interact with each other. These constraints are
given by clause (iii) of Definition 4.15.

Definition 4.15. Normal form
A derivation in HB2 is in normal form if in it: (i) No conclusion of an I-rule is
a major premise of an E-rule. (ii) Coordination principles are applied only to
atoms. (iii) (a) No conclusion of Ex) is a premise of (Ex), (b) no application of
(Ex) has both premises discharged by (Bem) and, (c) no conclusion of (Bem) is
a premise of (Ex).

Formula occurrences that infringe clauses (i) and (ii) are called maximal
operational formulas and maximal coordination formulas, respectively.
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Formula occurrences that infringe clause (iii) are called ancillary maximal
formulas.

HB1 and HB2 share operational rules, so the reduction steps for operational
maximal formulas are as before. The obvious similarity between Rejection and
Explosion means that the reduction steps which restrict (Ex) to atomic premises
are identical to the reductions steps which restrict (Re) to atomic premises; I
will omit them as well. The remaining reduction steps are as follows.

4.5.1 Reducing Conclusions to Atoms in (Ex)

Negation:

D1

+A

D2

−A
(Ex)

+¬B ⇝

D1

+A

D2

−A
(Ex)

−B
(−¬ I)

+¬B

D1

+A

D2

−A
(Ex)

−¬B ⇝

D1

+A

D2

−A
(Ex)

+B
(−¬ I)

−¬B

Implication:

D1

+A

D2

−A
(Ex)

+B → C ⇝

D1

+A

D2

−A
(Ex)

+C
(+ → I)v

+B → C

D1

+A

D2

−A
(Ex)

−B → C ⇝

D1

+A

D2

−A
(Ex)

+B

D1

+A

D2

−A
(Ex)

−C
(− → I)

−B → C

Disjunction:

D1

+A

D2

−A
(Ex)

+B ∨ C ⇝

D1

+A

D2

−A
(Ex)

+C
(+∨ I)v

+B ∨ C
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D1

+A

D2

−A
(Ex)

−B ∨ C ⇝

D1

+A

D2

−A
(ex)

−B

D1

+A

D2

−A
(Ex)

−C
(−∨ I)

−B ∨ C

4.5.2 Reducing Assumptions to Atoms in (Bem)

Negation:

[+¬A]1

D1

φ

[−¬A]1

D2

φ
(Bem)1φ ⇝

[−A]1

+¬A
D1

φ

[+A]1

−¬A
D2

φ
(Bem)1φ

Implication:

[+A→ B]1

D1

φ

[−A→ B]1

D2

φ
(Bem)1φ ⇝

[+B]3

+A→ B

D1

φ

[−B]3 [+A]2

−A→ B

D2

φ

[−A]2 [+A]1
(Ex)

+B
(+ → I)1

+A→ B

D1

φ
(Bem)2φ

(Bem)3φ

Disjunction:

[+A ∨B]1

D1

φ

[−A ∨B]1

D2

φ
(Bem)1φ ⇝

[+B]3

+A ∨B
D1

φ

[−B]3 [−A]2

−A ∨B
D2

φ

[−A]1 [+A]2
(Ex)

+B
(+∨ I)1

+A ∨B
D1

φ
(Bem)2φ

(Bem)3φ

4.5.3 Reducing Conclusions to Atoms in (Bem)

Negation: (the case where φ = −¬B is analogous)
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[+A]1

D1

+¬B

[−A]1

D2

+¬B
(Bem)1

+¬B ⇝

[+A]1

D1

+¬B
−B

[−A]1

D2

+¬B
−B

(Bem)1−B
+¬B

Implication:

[+A]1

D1

+B → C

[−A]1

D2

+B → C
(Bem)1

+B → C ⇝

[+A]1

D1

+B → C [+B]2

+C

[−A]1

D2

+B → C [+B]2

+C
(Bem)1

+C
(+ → I)2

+B → C

[+A]1

D1

−B → C

[−A]1

D2

−B → C
(Bem)1−B → C ⇝

[+A]1

D1

−B → C
+B

[−A]1

D2

−B → C
+B

(Bem)1
+B

[+A]2

D1

−B → C
−C

[−A]2

D2

−B → C
−C

(Bem)2−C
−B → C

Disjunction: Analogous to implication.

4.5.4 Ancillary reductions

As before, the αi range over arbitrary atoms and αi is the conjugate of αi.

Clause (iii)(a):

D1

+p
D2

−p
(Ex)α1

D3

α1
(Ex)α2 ⇝

D1

+p
D2

−p
(Ex)α2
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Clause (iii)(b):

[α1]1 [α1]n
(Ex)α2

D1

α3

[α1]1

D2

α3
(Bem)1α3

D3

α4

[α1]n

D4

α4
(Bem)nα4 ⇝

[α1]1

D2

α3

D3

α4

[α1]1

D4

α4
(Bem)1α4

Note that in this last reduction we have assumed that the left premise of the
application of (Ex) is discharged before the right one. This doesn’t matter; if it
is the other way around, the appropriate reduction is analogous.

Clause (iii)(c):

[+p]1

D1

α1

[−p]1

D2

α1
(bem)1α1

D3

α1
(ex) α2 ⇝

[+p]1

D1

α1

D3

α1
(ex)α2

[−p]1

D2

α1

D3

α1
(ex)α2

(bem)1α2

Applications of (ex) like the one above on the left, where at least one of the
premises is a conclusion of (Bem), are called peaks. The size of a peak is the
sum of the length of the maximal segments that the premises of (Ex) belong
to (if a premise is not part of a maximal segment, we assign it length 0).17 In
the normalisation process we will assign to each derivation a peak rank (j, k),
where j is the greatest size of a peak in the derivation, and k the number of
peaks of greatest size. It is easy to check that the reduction above, when applied
to a maximal segment such that there are no longer maximal segments above
it, side connected with it, or above a formula side connected with it, strictly
reduces the peak rank of a derivation.

4.5.5 Normalisation and corollaries

Theorem 4.16 (Normalisation). If there is a derivation D of φ from Γ then
there is a normal derivation D′ of φ from Γ′ ⊆ Γ.

Proof. Analogous to the previous proof of normalisation. Derivations are as-
signed a coordination and an operational rank, defined as before. We apply

17Segments are defined in Def. 4.17 below.
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coordination reductions first (Sections 5.1-5.3) and then operational reductions
(Section 4.1), starting always from maximal formulas of maximal complexity
such that there are no maximal formulas of maximal complexity above them or
above a formula side connected with them. Once a derivation has no coordina-
tion or operational maximal formulas, we assign it a peak rank, as defined at
the end of Section 5.4, and apply the reduction for ancillary formulas of type
(iii)(c) as indicated there. Once there are no peaks left, the only remaining
maximal formulas are those that infringe clauses (iii)(a) and (iii)(b). They
can be eliminated in any order using the appropriate reductions from Section
5.4.

From this theorem it follows that all the operational rules in B preserve
Bilateral Excluded Middle and Explosion; this is the second half of Observation
4.3.

Definition 4.17. Segment A segment σ in a branch π is a sequence of formula
occurrences σ1, ..., σn in π such that: (i) σ1 is not the conclusion of an appli-
cation of (Bem). (ii) Each σi for i < n is a premise of (Bem), and σi+1 stands
immediately below σi. (iii) σn is not a premise of an application of (Bem).

Definition 4.17 entails that all the elements of a segment are occurrences
of the same formula. The length of a segment is the number of formula
occurrences in it. A segment is called maximal if it ends in an application
of (Ex). This means that maximal coordination formulas that violate clause
(iii)(c) of Definition 4.15 are always final formula occurrences in maximal seg-
ments of length ≥ 1, and maximal coordination formulas that violate clauses
(iii)(a) and (iii)(b) are always maximal segments of length 1. There are no
maximal segments of other types.

Lemma 4.18. Every branch can be uniquely divided into consecutive segments.

Proof. By induction on the length of branches.

Theorem 4.19 (Shape of normal derivations). Let D be a derivation in normal
form, π a branch in D, and let σ1, ...σn be the segments in π. Then there is
a segment σi in π, called the minimum segment, which separates two (possibly
empty) parts, the E-part and the I-part, with the properties:

1. For each σj in the E-part (i.e. j < i), σj is a major premise of an E-rule,
except possibly σi−1, which may be a premise of (ex).

2. If i ̸= n, then each formula in the segment σi is a premise of (bem) except
the last one, which may be a premise of an I-rule.

3. For each σj in the I-part (i.e. i < j < n), σj is a premise of an I-rule.

Proof. It is easy to see that, in a branch π = φ1, ..., φn of a normal derivation,
no formula occurrences that are premises of an Introduction rule precede for-
mula occurrences that are major premises of an Elimination, (Bem) or (Ex).
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Similarly, no formula occurrences that are premises of (Bem) precede formula
occurrences that are premises of (Ex) or major premises of an E-rule, and no
formula occurrences that are premises of (Ex) precede formula occurrences that
are major premises of an E-rule or (Ex). Now:

If there is no formula occurrence that is a premise of an I-rule or (Bem),
let σi = φn. If there is a formula occurrence that is a premise (Bem), let φi

be the first such formula, and let σi be the segment starting at φi. Finally, if
there is no formula occurrence that is a premise (Bem), but there is a formula
occurrence that is a premise of an I-rule, let φi be the first such formula, and
let σi = φi.

Observation 4.20. An alternative way of phrasing Theorem 4.19 is to say
that a branch in a normal derivation consists of three (possibly empty) parts:
an E-part, where every formula occurrence is the major premise of an E-rule, a
C-part, where every formula occurrence is a premise of a coordination principle
–and within which (Ex) is applied before (Bem)– and an I-part, where every
formula occurrence is a premise of an I-rule.

Corollary 4.21 (Subformula property). All the formulas that occur in a normal
derivation of φ from Γ are subformulas of some γ ∈ Γ or of φ.

Proof. By induction on the order of branches. Let π = σ1, ...σn be a branch
of order p, let σi be its minimum segment, and assume the result for branches
of lower order. Consider first all σj with i ≤ j ≤ n. All such formulae are
subformulas of φn, the formula in the last segment σn of the branch. If the
branch in question is of order 0 the result immediately follows. If the branch is
of order > 0 then φn is the minor premise of an application of an E-rule, the
major premise ψ of which belongs to a branch of order p− 1. But by induction
hypothesis the result holds for ψ, and φn is a subformula of ψ, so the result
follows.

It remains to account for the σj with j < i. Now, all such formulae are
subformulas of φ1, the first formula of the branch. If φ1 is an undischarged
assumption, the result immediately follows. Similarly, if φ1 is discharged by an
application of an I-rule, then it is a subformula of some formula in an I-part,
and the result follows by the above. Finally, suppose that φ1, is discharged by
an application of (Bem). φ1 cannot be the major premise of an elimination
rule, since it is an atom. If it is the minor premise of an E-rule, or a premise
of an I-rule or (Bem), then there are no σj with j < i and we are done. The
only remaining possibility is that φ1 is a premise of (Ex). Then φ1 is the only
formula before the minimum segment σi (in other words, φ1 is the only formula
we still need to account for). φ1 is a subformula of the other premise φ1 of
the application of (Ex) in question, and φ1 cannot be discharged by (Bem).
Moreover, φ1 belongs to a branch of the same order as π. If φ1 is undischarged,
or discharged by a I-rule, the result immediately follows. If it is a consequence
of an E-rule, then it is a subformula of the initial formula ψ of its branch. But
then ψ is not atomic, and so can only be undischarged or discharged by an
I-rule. In either case, the result follows.
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Corollary 4.22 (Separation property). In a normal derivation of φ from Γ
only operational rules for connectives in φ and Γ (and perhaps coordination
principles) are applied.

Proof. Follows immediately from the previous corollary.
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Appendix I

This Appendix shows that the rules for bink and blink don’t preserve Smilean
Reductio and Rejection, using the Kripke models introduced in (Ferreira 2008).
An F-Model is a tuple M = (W,R, v+, v−) where (W,R) is a non-empty poset
and v+, v− are valuation functions from the set of propositional atoms to P(W )
such that:

(i) ∀w,w′ ∈W , wRw′ and w ∈ v+(p) =⇒ w′ ∈ v+(p).

(ii) ∀w,w′ ∈W , wRw′ and w ∈ v−(p) =⇒ w′ ∈ v−(p).

(iii) v−(p) ∩ v+(p) = ∅ for all atoms p.

Satisfaction in an F-model is defined as follows (see Ferreira 2008, p. 1055
for the satisfaction conditions of the Boolean connectives):

M,w |=+ p iff w ∈ v+(p).

M,w |=− p iff w ∈ v−(p).

M,w |=+ bink A iff M,w |=+ A and M,w |=− A.

M,w |=− bink A iff M,w |=− A.

We use M,w |= +A as shorthand for M,w |=+ A and M,w |= −A as a
shorthand for M,w |=− A. We also stipulate that M,w ̸|= ⊥.

Now, it is obvious that the rules for bink are sound for the class of F-
models. To see that they don’t preserve Smilean Reductio, assume for a con-
tradiction that they do and consider the F-Model M with W = {w0, w1, w2},
R = {(w0, w0), (w0, w1), (w1, w1), (w0, w2), (w2, w2)} and where v+(p) = {w1}
for all atoms p, v−(q) = {w2} for all atoms q. As shown by Ferreira (2008, p.
1056) M satisfies Smileian Reductio for atoms. By assumption and the sound-
ness of bink, it follows that M satisfies Smileian Reductio for all sentences.
Using Smileian Reductio and the rules for bink, as we saw in Section 4.2, we
have ⊢ −A for any A. By soundness and because M satisfies (SR) it follows
that M, w |= −p for all w. But by construction, M, w1 ̸|= −p.

The proof that the rules for blink don’t preserve Rejection is analogous.
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Chapter 5

Logic, Translation, and
Minimalism

While a stretto diminution
is an obvious solution

Glenn Gould, So You Want to
Write a Fugue

In this chapter we will examine the Meaning-Variance Problem. The best
way to introduce this problem is to consider different ways in which philosophers
disagree about logic. They disagree, first of all, about how it constrains they way
we think and argue. They disagree about how we come to know logical truths,
and about the relation between logic and mathematics. And perhaps perhaps
more surprisingly, they also disagree about which arguments are logically valid.
Let’s focus on this last type of disagreement.

According to a popular idea, partisans of different logics are in fact ‘parti-
sans of different languages’. Whenever two logics validate different arguments,
the thought goes, they use different logical vocabulary; we will call this the
Meaning-Variance claim. It is often thought that, if the Meaning-Variance claim
is true, then there can be no ‘real’ or ‘substantial’ disagreement between parties
who disagree about the validity of arguments: they use different languages, so
they are merely talking past each other. The goal of this chapter is to exam-
ine arguments for and against the Meaning-Variance claim, and to clarify its
consequences.

The best-known defence of the Meaning-Variance thesis comes from Quine
(1954, 1960, 1986), and we will begin by looking at his work. Unfortunately,
philosophers also disagree about what Quine’s case for the Meaning-Variance
claim consists in. Here I will focus on the most plausible interpretations: the
Translation Argument, discussed in Section 1, and the Use Argument, discussed
in Section 2.

This separation is somewhat artificial; in Quine’s work the arguments are
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intermingled, and Quine jumps from one to the other without notice. Still,
this way of organizing what Quine says can help us make better sense of his
position. Ultimately, in any case, my goal is not to weigh in on what the
right interpretation of Quine is, but to assess different arguments for Meaning-
Variance.

A common response to the Meaning-Variance claim, going back to Putnam
(1957) and Morton (1973), has it that sides who agree on ‘enough’ logical prin-
ciples use the same logical vocabulary. The obvious difficulty with this idea is
spelling out what counts as ‘enough agreement’. Morton and the later Putnam
(see his 1969) thought no precise criterion could be given. More recently, though,
some inferentialists have tried to provide one. They are often called minimalists,
following Hjortland’s (2014) terminology. In Sections 3-6 I will present mini-
malist proposals by Francesco Paoli (2003, 2014), Greg Restall (2002, 2014),
and Bogdan Dicher (2016), and argue that they should be rejected. Finally, in
Section 7 I will take stock and reassess the importance of the Meaning-Variance
claim.

5.1 Logic and Translation

Let’s start with a birds-eye view of Quine’s position. Quine thought that par-
tisans of different logics use different logical vocabulary. He also thought that
the ordinary meaning of logical terms is captured by classical logic. Therefore,
he concluded, non-classical logicians simply “change the subject” (Quine 1986,
p. 81), that is, they speak novel languages.

Quine typically put his point in terms of translation, or rather, in terms
of a loose sense of ‘translation’ that includes the interpretation of our native
language. If a speaker endorses a non-classical logic, Quine said, no acceptable
translation can map their logical terms to ours (where again, ‘we’ are allegedly
classical logicians). He gave a relatively straightforward argument for this idea
in Philosophy of Logic (1986); we will call it the Translation Argument. Very
roughly put, the argument goes as follows: first, classical logical truths are obvi-
ous. But secondly, translation must ‘save the obvious’. Therefore, no acceptable
translation identifies the classical connectives and quantifiers with those of non-
classical logicians.

Our first job in this section is to flesh out the Translation Argument. We will
start with the first premise, and in particular with the word ‘obvious’. Quine
uses it as a term of art, stripped of the usual epistemological connotations:

I am using the word ‘obvious’ in a [. . .] behavioral sense, with no
epistemological overtones. When I call ‘1 + 1 = 2’ obvious to a com-
munity I mean only that everyone, nearly enough, will unhesitatingly
assent to it, for whatever reason; and when I call ‘It is raining’ obvi-
ous in particular circumstances I mean that everyone will assent to
it in those circumstances. (Quine 1986, p. 82)
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Understood this way, the claim that all classical logical truths are obvi-
ous seems trivially false. Speakers aren’t logically omniscient, and there is no
guarantee that a long and complex classical logical truth will be immediately
recognised as such. As a result, it need not be assented to at all, even by classical
logicians. To accommodate these cases Quine speaks of potential obviousness:

Every [classical] logical truth is either obvious as it stands or can
be reached from obvious truths by a sequence of individually ob-
vious steps. To say this is in effect just to repeat [. . .] that the
[classical] logic of quantification and identity admits of complete
proof procedures, and some of these are procedures that generate
sentences purely from visibly true sentences by steps that visibly
preserve truth. (Quine 1986, pp. 82-83)

Quine doesn’t spell out what an ‘individually obvious step’ is, but it’s safe
to assume he intends the metaphor about visible (preservation of) truth to be
understood in behaviouristic terms, like his earlier gloss on obvious sentences.1

With this in mind, we can take an inferential step to be obvious for a given
community if it would ordinarily go unchallenged by its members.

Now, it would be easy to extend the notion of potential obviousness from
sentences to inferential steps; for instance, we could say that an inferential step
is potentially obvious if its conclusion can be obtained from its premises by
means of obvious inferential steps. Quine, however, doesn’t go as far. His point
is just that there are enough obvious classical logical truths, and enough obvious
classically valid inferential steps, to make all classical logical truths (potentially)
obvious. Let’s make this official:

(Obv) All classical logical truths are (potentially) obvious.

The second premise is harder to pin down. Quine insists that translation
must ‘save the obvious’, but it is not entirely clear what this means. At a first
pass, we can say that it consists in never translating our interlocutors in a way
that makes them disagree with us over (potentially) obvious sentences:

(Sto) Correct translation never represents our interlocutors as dis-
agreeing with us over (potentially) obvious sentences.

Quine’s examples can help us put a finger on the sort of thing he had in
mind. Suppose, for instance, that the speakers of a language so far unknown to
us will not assent to a certain sentence in the rain. Then, Quine says:

We have reason not to translate the sentence as ‘It is raining’. Nat-
urally the native’s unreadiness to assent to a certain sentence gives
us reason not to construe the sentence as saying something whose
truth should be obvious to the native at the time. (Quine 1986, p.
81)

1Recall also that Quine held a disquotational theory of truth, see e.g. (Quine 1986, Ch. 3).
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The general maxim behind this seems to be that:2

(i) If an English sentence is (potentially) obvious, it must be trans-
lated by a foreign sentence that is assented to.

Something like the converse of (i) is also supposed to constrain translation:

It behooves us, in translating a strange language, to make the ob-
vious sentences go over into English sentences that are true and,
preferably, also obvious. (Quine 1986, p. 82)

Put in the obviousness-and-assent terminology of the rest of the argument,
this is to say that:

(ii) If a foreign sentence is obvious, it must be translated by an
English sentence that is assented to.

And lastly, to take another famous example, suppose that our fictional na-
tives assent to a certain sentence ‘q ka bu q’ which would be straightforwardly
translated by an English sentence of the form ‘q and not q’. Then:

Just how good a translation is this, and what may the lexicogra-
pher’s method have been? If any evidence can count against a lex-
icographer’s adoption of ‘and’ and ‘not’ as translations of ‘ka’ and
‘bu’, certainly the natives’ acceptance of ‘q ka bu q’ [. . .] counts
overwhelmingly. (Quine 1954, p. 352)

What matters in this case, as far as Quine is concerned, is not that sentences
of the form ‘q and not q’ are logical falsehoods; it is that that they are obvious
falsehoods. The general idea seems to be that:

(iii) If a foreign sentence is assented to, it must not be translated
by an obviously false English sentence.3

(Obv) and (Sto) rule out interpreting our interlocutors as asserting classical
logical falsehoods, and as refusing to assent to classical logical truths. Whenever
a speaker seems to do either of those things, the maxims will prompt us to change
the translation of the sentences the speaker has asserted or refused to assent to;
we will have to ‘translate away’ the disagreement, so to speak.

The resulting account is subtler than it looks, and there are some niceties
that we should keep in mind. First, Quine does not deny that some speakers
endorse non-classical logics. What he rejects is a certain picture of the situa-
tion, according to which non-classical logicians have abandoned some classical

2Clauses (i)-(iii) below come from (Morton 1973).
3Some care must be put into what we mean by ‘obviously false’ here. If we don’t mind

begging some questions against dialethists, we can take an obviously false sentence to be one
whose negation is (potentially) obvious. Alternatively, we can define obvious falsehood much
like Quine defines obviousness: an obviously false sentence, in this sense, would be one from
which ‘everyone, nearly enough, would unhesitatingly dissent ’.
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principle but retained the classical logical vocabulary. Disagreement is ‘trans-
lated away’ only in the sense that by abandoning classical logic one abandons
classical logical constants with it. In this sense, for example, the intuitionist:

should not be viewed as controverting us as to the true laws of
certain fixed logical operations, namely, negation and alternation
[disjunction]. He should be viewed rather as opposing our negation
and alternation as unscientific ideas, and propounding certain other
ideas, somewhat analogous, of his own.(Quine 1986, p. 87)

Secondly, there is no reason to assume that every aspect of classical (or any
other) logic can be recovered under translation. Logical truth, Quine says, is
guaranteed under translation “only in a negative sense”:

What is negative about this guarantee is that it does not assure that
all our logically true sentences carry over into truths of the foreign
language; some of them might resist translation altogether. (Quine
1986, p. 83)

And finally, whether asserting classical logical falsehoods and refusing to as-
sent to classical logical truths covers all cases of deviation from classical logic
depends on how we tell logics apart. For Quine logics were sets of theorems, and
disagreement about logic was disagreement about logical truth (Quine 1954, p.
354, 1986, p. 80). It has now become the norm to use more fine-grained identity
criteria: logics are typically seen as consequence relations between formulas or
sequents.4 As a result, distinct logics can agree in their respective sets of the-
orems, but validate different inferences or meta-inferences. If we want Quine’s
argument to cover these cases, we need to understand (Obv) and (Sto) more
broadly. In the case of (Obv) this is more or less straightforward. If we extend
the notion of potential obviousness to inferences (say, along the lines I sketched
above) we can strengthen (Obv) to:

(Obv)+ All classical logical truths and valid inferences are (poten-
tially) obvious.

In the case of (Sto) we would need to add further clauses along the lines of:

(iv) If the inferential step from Γ to A is (potentially) obvious, then
the inferential step from the translation of Γ to the translation of A
must be (potentially) obvious.

Whether these changes are faithful to Quine’s position is unclear. On the
one hand, as I said, he officially understands disagreement between partisans of
different logics as disagreement about logical truth. But on the other hand, he
also turns to disagreement about logical consequence in some of his examples:

4See e.g. (Avron 1991) and (Ripley 2021) for discussion, and (Dicher and Paoli 2018) for
a more abstract notion of a consequence relation.
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[Paraconsistent logicians] think they are talking about negation, ‘¬’,
‘not’; but surely the notation ceased to be recognizable as negation
when they took to regarding some conjunctions of the form p ∧ ¬p
as true, and stopped regarding such sentences as implying all others.
(Quine 1986, p. 81, my emphasis)

In what follows I will largely ignore this issue. What matters for our purposes
is that Quine’s argument, or something like it, is compatible with fine-grained
ways of individuating logics. In the spirit of good book-keeping, however, here
is the general form of the Translation Argument: all classical logical truths
and valid inferences are (potentially) obvious. Translation must not construe
our interlocutors as disagreeing with us over (potentially) obvious matters —
where this includes sentences and inferences. Therefore, whoever endorses a
non-classical logic is best seen as using ‘non-classical vocabulary’.

On the face of it the Translation Argument only deals with the relation
between classical and non-classical logics. However, it is easy to see that if the
argument works at all, then it has consequences more or less across the board.
(Sto) is presented as general constraint on translation. As long as some (not
necessarily classical) logic is obvious for a community, it rules out all translations
that identify its logical vocabulary with that of partisans of other logics. In this
sense, then, Quine is committed to a general form of the Meaning-Variance
claim.

We now have a better idea of what the Translation Argument looks like.
The obvious next question is: how good an argument is it? As we will see, there
is reason to be wary. Let’s begin with another look at (Obv), the claim that
all classical logical truths are (potentially) obvious. Here it will be useful to
distinguish, following (Burgess 2005), between descriptive and prescriptive crit-
icisms of classical logic. According to descriptive critics, classical logic endorses
principles that are (a) invalid and (b) not operative in actual practice. Accord-
ing to prescriptive critics, on the other hand, classical logic correctly describes
our standard inferential practice, but this practice is defective for one reason or
other.

Now, descriptive critics of classical logic will just flatly deny (Obv). Priest,
for example, dismisses it as “mind-numbingly false” (2003, p. 462), and charges
Quine with confusing pure and applied logic. The idea, roughly put, is that
while it may be clear that a certain principle holds according to a given logic,
it is often unclear whether it holds according to the (largely implicit) canons of
inference of a certain community.

More generally, the fact that there are critics of classical logic at all may
be a problem for (Obv). Take once again (English-speaking) intuitionists, who
refuse to assent to some sentences of the form ‘A or not A’. If (Obv) is to be
true, then they can’t be full-blown citizens of ‘our’ linguistic community. More
precisely, whenever they refuse to assent to a sentence of the form ‘A or not A’,
we must assume that the words ‘or’ and ‘not’, as they use them, don’t correspond
to our ‘or’ and ‘not’. But of course, that is just what the Translation Argument
supposed to show. In this sense, (Obv) seems either false or question-begging.
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Ultimately, though, it is hard to take any conclusive stance on (Obv). Ac-
cording to Quine a sentence is obvious for a community if “everyone, nearly
enough, will unhesitatingly assent to it” (Quine 1986, p. 82, my emphasis).
Whether Quine’s argument works depends, to a large extent, on how we inter-
pret this ‘nearly’. If it is understood quite broadly, then (Obv) may well be
true —at least if we put descriptive criticisms of classical logic aside. At the
same time, the broader this ‘nearly enough’ is, the more things will count as ob-
vious, which makes (Sto) more and more implausible. The fact is that (Obv)
is formulated with a lot of built in slack, while Quine’s conclusion isn’t. This,
however, makes the Translation Argument both harder to refute and harder to
endorse.

Something similar happens with the claim that translation must save the
obvious. At times Quine presents it as a defeasible rule of thumb:

The maxim of translation underlying [(Sto)] is that assertions startlingly
false on the face of them are likely to turn on hidden differences of
language. [...] The common sense behind the maxim is that one’s
interlocutor’s silliness, beyond a certain point, is less likely than bad
translation or, in the domestic case, linguistic divergence. (Quine
1960, p. 59, my emphases)

If that is all there is to (Sto), the Translation Argument can’t get off the
ground. What follows from the argument, understood this way, is only that dis-
agreements about logic are sometimes, or perhaps often, a sign that the parties
involved use different logical vocabulary. This is more or less uncontroversial,
but also clearly weaker than what Quine takes his argument to show:

The logics of two cultures will be, we saw, incommensurable at worst
and never in conflict, since conflict would simply discredit our trans-
lation. The same attitude would apply, we noted, even to a logical
deviant within our linguistic community: we would account his de-
viation a difference of dialect. (Quine 1986, p. 96, my emphasis)

A tempting way to argue for the full-fat version of (Sto), understood to
apply always and everywhere, is to appeal to the Principle of Charity. Quine
does this only in passing (Quine 1960, p. 59), so it will be useful to draw on
Davidson’s closely related work to fill in the gaps.5

According to Davidson our interpretation of other speakers’ utterances should
be as charitable as possible, in two ways. First, we must make the interpretee
right (by our standards) whenever this is plausible (Davidson 1974, p. 320). And
secondly, we must read “a certain degree of logical consistency” in the speech

5There is an important difference between Quine and Davidson’s approaches. Quine looks
at the topic of interpretation in terms of translation, and Davidson in terms of assignments
of truth-conditions to sentences. In the rest of this section I will put aside Davidson’s talk of
truth-conditions; my goal is to build the best possible argument for (Sto), and not so much
to analyse Davidson’s views.
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and thought of our interlocutors (Davidson 2001b, p. 211). Both maxims fall
under the label ‘Principle of Charity’.

Davidson’s expression “a certain degree of logical consistency” is bound to
raise some questions. For example, what degree of logical consistency? And
consistency according to which logic? Davidson himself seems undecided. At
times he states that “we have no choice but to project our own logic” onto our
interlocutors (Davidson 2004, p. 157). In other writings it is only “a modicum”
(Davidson 2001b, p. 211) of logic that we project, or as much of it as is required
to get a Tarskian theory of truth for the language we are interpreting (Davidson
1973, p. 323). And other times still, the goal is to “maximize the self-consistency
we attribute to [the interpretee], on pain of not understanding him” (Davidson
1967, p. 313), which suggests that we should take our interlocutor’s position
to be consistent —or at least, not obviously inconsistent— according to the
standards we take them to have.

In what follows I will understand “a certain degree of logical consistency”
in this last (and weakest) sense. This is for two reasons. The first is that if
the Principle of Charity already involves reading our logic into other speakers,
there is no point in arguing from Charity to (Sto): whoever rejects (Sto) will
automatically reject the Principle of Charity. The second reason is that, as I
will argue below, a case can be made that even if we grant that some degree
of charity, broadly understood, is a necessary requirement for interpretation,
charity need not extend as far as taking our interlocutors to share our logic.

With this out of the way we can move on to the next important question:
why should we adopt the Principle of Charity? Davidson insists that it is far
from well-meaning assumption; it is, he says, a necessary requirement for in-
terpretation. According to Davidson, unless we take our interlocutors to be
‘sufficiently right’ and ‘sufficiently coherent’ we will not be able to interpret
their utterances at all (and more generally, we will not be able to make sense of
their actions as rational, intentional behaviour):

The aim is not the absurd one of making disagreement and error
disappear. The point is rather that widespread agreement is the
only possible background against which disputes and mistakes can
be interpreted. Making sense of the utterances and behaviours of
others, even their most aberrant behaviour, requires us to find a
great deal of reason and truth in them. (Davidson 1974, p. 321)

The general idea, then, is that being ‘too wrong’ is tantamount to being
unintelligible:

If we cannot find a way to interpret the utterances and other be-
haviour of a creature as revealing a set of beliefs largely consistent
and true by our own standards, we have no reason to count that crea-
ture as rational, as having beliefs, or as saying anything. (Davidson
1973, p. 193)

Ultimately these claims are grounded in Davidson’s views on the relation
between the interpretation of speech, belief ascriptions, and belief. Davidson
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begins by noting that we can’t interpret another speaker’s utterances unless we
simultaneously ascribe them some appropriate beliefs:

Beliefs and meanings conspire to account for utterances. A speaker
who holds a sentence true on a certain occasion does so in part
because of what he means, or would mean, by an utterance of that
sentence, and in part because of what he believes. If all we have
to go on is the fact of honest utterance, we cannot infer the beliefs
without knowing the meaning, and have no chance of inferring the
meaning without the belief. (Davidson 1974, p. 310)

But crucially, Davidson says, beliefs can only be identified against the back-
ground of other beliefs that are related to them. I can believe that there is a
cloud passing before the sun —to use one of his examples— only if I believe
that there is a sun, that water can turn into gas, and so on. There may not be
a list of necessary and sufficient conditions for having any one belief, Davidson
says, but some related beliefs must be ascribed along with any given one if the
ascription is to make sense at all.6 According to Davidson, this entails that a
speaker can’t be too wrong about something if we are to sensibly interpret her
as talking or thinking about it : “too much mistake simply blurs the focus”.
(Davidson 1984c, p. 168).

At first sight it is tempting to argue from the Principle of Charity to (Sto).
The argument in question could go something as follows. To take our interlocu-
tors to assert logical falsehoods, or dissent from logical truths, is to take them
to be wrong. Of course, Charity doesn’t require us to make our interlocutors
infallible —“the aim is not the absurd one of making disagreement and error
disappear”. Nevertheless, logical principles seem to have a special status. They
are obvious (or at least let’s grant that they are, for the sake of argument).
They are also, as Quine puts it, “germane to all topics” (1960, p. 13). And they
are crucial to the explanation of rational behaviour.7 Perhaps the point can be
extended to obvious sentences in general. As Quine says in a slightly different
context:

Somehow we feel that if our interlocutor will not agree with us on
these platitudes there is no depending on him in most of the further
contexts containing the terms in question. (Quine 1960, p. 67)

The idea is that taking someone to be wrong about obvious matters is in-
compatible with them being ‘right enough’ and ‘coherent enough’ to be inter-
pretable. Charity, therefore, should push us to translate away their apparently
deviant views. Let’s call this the Argument from Charity.

6See (Davidson 1984b) for the example, and (Glüer 2011, Ch. 3) for more on the topic.
7This is perhaps clearer in the case of inferences than in the case of logical truths. Think,

for example, of explaining someone’s action of ringing a doorbell in terms of their desire to
make their presence known and their belief that if they ring the doorbell, then their presence
will be known.
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The Argument from Charity, I think, looks better from a distance than it
does from up close. To make matters simpler I will focus on logic, and in
particular on the debate between classical and non-classical logicians. In this
context the crux of the argument is the claim that if we don’t translate away
our interlocutor’s logical deviance, they will seem unintelligible to us. But is
this true? Or at least, is this true in all cases, as (Sto) requires?

A first reason to be sceptical is that the Argument from Charity overesti-
mates how much non-classical logicians need to deviate from classical logic. In
many cases the departure from classical standards is limited to highly specialised
domains. Intuitionists (some intuitionists, at least) refrain from using classical
logic in the context of mathematical discourse that quantifies over infinite do-
mains, and no further. Paraconsistentists (some paraconsistentists, anyway)
abandon classical logic only when it comes to unusual sentences that make
classical logicians hesitate and puzzle, like the semantic paradoxes. And more
generally, non-classical logicians of all breeds appeal to recapture results in or-
der to show that one can reason classically in most contexts.8 The idea that,
since logic is germane to all topics and crucial to the explanation of rational
behaviour, taking our interlocutors to be wrong about logic makes their over-
all behaviour unintelligible, loses much of its bite. Generally speaking, taking
someone to be wrong about logic need not involve taking them to be wrong that
often, nor about vital day-to-day matters.

A second reason to be weary is perhaps obscured by Quine’s writing. His
examples of disagreement about logic are often artificial thought experiments.
They deal with fictional speakers who flatly assert contradictions without fur-
ther explanation, or who neatly switch up the classical principles that govern
conjunction and disjunction. Real-life examples are always more sophisticated.
Relevantly for us, flesh and bone non-classical logicians give detailed arguments
as to why they reject classical logic. They typically fail to convince classical
logicians, but the arguments at least explain how one would come to be wrong
(wrong, that is, from the classical logician’s point of view). In practice, taking
our interlocutors to be wrong about logic is often to impute them a reason-
able, perhaps even compelling mistake, and this is not the type of mistake that
threatens to make them unintelligible. Moreover, although non-classical logi-
cians reject classical principles, their standards of correct argumentation are as
clear as those of classicists. The feeling that “if our interlocutor will not agree
with us on platitudes there is no depending on him in most of the further con-
texts containing the terms in question” tends to arise only in fictional cases,
and just for lack of detail. Classical mathematicians may take intuitionists to
be wrong, but they are perfectly capable of reasoning constructively.

And lastly, a third reason to doubt the Argument from Charity is that
partisans of different logics sometimes do take each other to be wrong, rather
than to speak a different language. That doesn’t mean that they are right in
doing so, of course. But it does suggest, against the Argument from Charity,

8See e.g. (Fiore and Rosenblatt 2023) for an overview of recapture results and the problems
they involve.
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that we can make sense of the verbal and non-verbal behaviour of someone who
we take to be mistaken about logic without assuming that they speak a different
language.

Here we should consider one last line of defence for the Argument from
Charity. If the objections above are correct, they show (at best) that we don’t
need to translate away disagreement about logic, but the Principle of Charity
demands more; it requires us to make our interlocutors ‘optimally right’:

A good theory of interpretation maximizes agreement. Or, given
that sentences are infinite in number [. . .] a better word might be
optimize. (Davidson 1984c, p. 169)

With this in mind, one could argue that translating away logical deviance
makes for ‘optimal interpretations’, and so Charity does, in the end, push us
to save the obvious. To see whether this reply can work we have to ask what
optimizing agreement consists in. For Davidson, it is a matter of getting the
right sort of agreement, where:

The ‘right sort’ [. . .] is no easier to specify than to say what consti-
tutes a good reason for holding a particular belief. (Davidson 1984a,
p. xvii)

At times Davidson gives general descriptions of what he has in mind:

Disagreement about theoretical matters may (in some cases) be more
tolerable than disagreement about what is more evident: disagree-
ment about how things look or appear is less tolerable than dis-
agreement about how they are; disagreement about the truth of
attributions of certain attitudes to a speaker by that same speaker
may not be tolerable at all, or barely. It is impossible to simplify
the considerations that are relevant, for everything we know or be-
lieve about the way evidence supports belief can be put to work in
deciding where the theory can best allow error, and what errors are
least destructive of understanding. (Davidson 1984c, p. 169)

But here we run into two problems, one old and one new. First, even if we
take this sort of characterisation on board, it is still (and by design) a collection
of defeasible guidelines. When all is said and done, we face the same problem as
with Quine’s characterisation of (Sto) as an approximate rule of thumb. The
Translation Argument requires (Sto) to apply always and everywhere, but the
appeal to Charity can’t deliver as sweeping a conclusion.

Secondly, it isn’t clear that Davidson’s talk of optimization should be ac-
cepted. Perhaps attributing too much error to our interlocutors makes them
unintelligible, and therefore some degree of charity is necessary for interpreta-
tion. But once there is enough agreement with our interlocutor to make them
interpretable, why should we (always and everywhere, as a matter of method-
ological requirement) take them to be in ‘optimal in agreement’ with us? The
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fact —if it is a fact— that “too much mistake blurs the focus” doesn’t entail
that less mistake will always make for a better interpretation. Seen this way,
Davidson’s insistence on optimal agreement outstrips the justification of the
Principle of Charity.

All things considered, then, the Translation Argument doesn’t hold up. The
claim that classical logical truths are obvious, insofar as it is more or less precise,
is questionable, and the claim that translation must save the obvious (always
and everywhere) seems ungrounded, even when we try to back it up with an
appeal to the Principle of Charity. Now the question is: are there other ways
of arguing for the Meaning-Variance claim?

5.2 Logic and Use

In this section we will look into a second argument Quine offers in favour of the
Meaning-Variance thesis. The best way to introduce it is to test the reader’s
patience and turn to (Obv) yet another time. In the previous section we un-
derstood (Obv) as a descriptive claim: the claim that, as a matter of fact,
everyone in ‘our’ linguistic community unhesitatingly assents to classical logical
truths.9 We also saw that there seems to be a problem with this claim. If our
linguistic community includes, say, all English-speakers, then (Obv) is plainly
false; there are English-speaking non-classical logicians. If, on the other hand,
we exclude non-classical logicians from our linguistic community, we seem to be
begging the question. The Translation Argument itself was supposed to show
that non-classical logicians are linguistic deviants, so we can’t assume it from
the outset.

Alternatively, we can read (Obv) as a sort of stipulation. On this reading,
Quine’s point is simply that belonging to the linguistic community of classical
logicians consists in assenting to all classical logical truths, and refusing to
assent to classical logical falsehoods. To mean what classical logicians mean by
‘or’, ‘not’, and so on, is just to have a certain disposition to assent and dissent.
Let’s call this the constitutive reading of (Obv).

As before, the constitutive reading of (Obv) can be generalised in two ways.
First, if we want a notion of logic that isn’t solely focused on logical truth, we
can say that using classical logical vocabulary also consists in accepting all
classically valid inference steps. And secondly, we can extend the constitutive
reading from classical to any other logic: to use the connectives of a certain
logic L, on this view, is just to be disposed to assent to and dissent from certain
sentences, and to accept some inferences.

This way of understanding (Obv) has immediate consequences for the Meaning-
Variance claim. We can illustrate them with an example from the previous sec-
tion: Quine’s imaginary natives, who earnestly assent to sentences of the form
‘q ka bu q’. On the constitutive reading of (Obv), there can be no evidence that
‘ka’ should be translated by classical conjunction, and ‘bu’ by classical negation.

9At least once a suitable classically valid argument for it has been produced, recall the
notion of potential obviousness.
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To use classical conjunction and negation consists in not earnestly assenting to
sentences of the form ‘q and not q’ (among other things). Translating ‘ka’ and
‘bu’ by classical conjunction and negation, therefore, can never be correct. If we
also assume, with Quine, that English speakers use ‘and’ and ‘not’ in a way that
is faithfully described by classical logic, we should conclude that ‘ka’ and ‘bu’
don’t correspond to ‘and’ and ‘not’, respectively. The apparent disagreement
with the natives could only be a mistranslation.

The point is as general as we want the constitutive reading of (Obv) to be. If
using the vocabulary of a given logic L consists in having a certain disposition to
assent and dissent from sentences, and to accept some inferences, then whoever
doesn’t display the disposition in question doesn’t use the vocabulary of L.
Partisans of different logics, therefore, use different logical vocabulary. We can
call this the Use Argument.

Authors like Berger (1990) and Gustafsson (2017) take the Use Argument to
be at the core of Quine’s case for Meaning-Variance. This raises two questions.
First, how good is the Use Argument as an interpretation of Quine? And second,
how good is it as an argument? The rest of this section is focused on the first
question, and the rest of the chapter on the second.

In §13 of Word and Object Quine puts forward the Use Argument more or
less explicitly, although only for propositional connectives. He begins by stating
that there are behavioural criteria which describe the use of classical negation,
conjunction, and disjunction in terms of assent and dissent:

The criterion of negation is that it turns any [. . .] sentence to which
one will assert into a sentence from which one will dissent, and vice
versa. That of conjunction is that it produces a compound to which
[. . .] one is prepared to assent always and only when one is prepared
to assent to each component. That of alternation is similar with
assent changed twice to dissent. (Quine 1960, pp. 57-8)10

Fulfilling these semantic criteria, Quine says, is all that matters when it
comes to deciding whether to translate a native idiom by the corresponding
classical connective:

When we find that a native construction fulfills one or another of
these three semantic criteria, we can ask no more toward an under-
standing of it. (Quine 1960, pp. 58)

We have settled a people’s logical laws completely, so far as the
truth-functional part of logic goes, once we have fixed our transla-
tions by the above semantic criteria. (Quine 1960, pp. 60)

10Attentive readers will have noticed that these are the rules (+¬ I/E), (+∧ I/E) and
(−∨ I/E) from Chapter 4. Incidentally, these rules are enough to derive the rest of Rumfitt’s
operational rules with the help of his coordination principles, and they were the only primitive
operational rules in (Smiley 1996).
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A similar claim appears in Philosophy of Logic. There Quine asks us to
imagine a logician whose conjunction is governed by the classical laws for dis-
junction, and whose disjunction is governed by the classical laws for conjunction.
After noting that we would “regard his deviation [from classical logic] as merely
notational and phonetic”, Quine goes on to say:

Could we be wrong in so doing? Could he really be meaning and
thinking genuine conjunction in his use of ‘and’ after all, just as we
do, and genuine alternation in his use of ‘or’, and merely disagreeing
with us on points of logical doctrine respecting the laws of conjunc-
tion and alternation? Clearly this is nonsense. There is no residual
essence of conjunction and alternation in addition to the sounds and
notations and the laws in conformity with which a man uses those
sounds and notations. (Quine 1986, p. 81, my emphasis)

Clearly that the Use Argument is at least part of what Quine had in mind
when defending the Meaning-Variance claim. At the same time, some of what he
says is outright incompatible with this argument. To begin with, Quine denies
that his point about the translation of connectives extends to quantifiers:

Of what we think of as logic, the truth-functional part is the only
part the recognition of which, in a foreign language, we seem to be
able to pin down to behavioral criteria. (Quine 1960, p. 61)

And more puzzlingly, his discussion of behavioural criteria for the translation
of connectives is immediately followed by an appeal to the Principle of Charity,
and by a passage, quoted earlier, in which the directive to translate away logical
deviance is put in terms of common sense and likelihood:

The maxim of translation underlying all this is that assertions startlingly
false on the face of them are likely to turn on hidden differences of
language. [...] The common sense behind the maxim is that one’s
interlocutor’s silliness, beyond a certain point, is less likely than bad
translation or, in the domestic case, linguistic divergence. (Quine
1960, p. 59)

Note, however, that according to the constitutive reading of (Obv) it makes
no sense to say that a translation according to which our interlocutors share our
logical vocabulary but reject one of our logical principles is ‘unlikely’: to use our
logical vocabulary is to share our dispositions to assent, dissent, and acquiesce
to inferences.

By and large, different authors have emphasised the Use or the Translation
Argument at the cost of passing over some of what Quine says. Priest (2003)
and Bryant (2017) focus on the Translation Argument, and leave out passages
where Quine seems to adopt the constitutive reading of (Obv). Berger (1990),
who prefers the Use Argument, doesn’t discuss Quine’s take on quantifiers or
his appeal to Charity, and Gustafsson (2017), who follows Berger, leaves out
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the quantifier issue but notices a certain tension in the appeal to Charity. Ul-
timately, the question of which reading gives the ‘real’ Quine is not important.
Both interpretations have enough textual support, and both give rise to compli-
cations. Instead, I will focus on a more important question. I have argued that
the Translation Argument doesn’t hold up. But what about the Use Argument?

Clearly, what animates this argument is the constitutive reading of (Obv).
In its most general form, this is the claim that using the vocabulary of a certain
logic L consists in a disposition to assent to some sentences, dissent from others,
and accept certain inferences. Now, Quine insists at several points that any
deviation from classical logic amounts to a change in all logical vocabulary:

We had been picturing the rejection of the law of excluded middle,
‘p ∨ ¬p’, mainly as rejection of classical negation. I have now di-
rected the intuitionist’s case rather at the alternation. Actually the
distinction is unreal; once you upset the interrelations of the logical
operators, you may be said to have revised any or all. (Quine 1986,
p. 87, my emphasis)

This claim has come under fire more or less since Quine first put it forward.
The usual response, going back to Morton (1973) and the early work of Putnam
(1957), is that parties who agree on enough logical principles use the same
logical vocabulary. This response comes with a burden: one has to explain what
‘enough agreement’ is. Morton and the later Putnam (see his 1969) thought no
precise criterion could be given. More recently, however, some philosophers have
tried to provide one. We will call them minimalists, and examine their views in
the following three sections.

5.3 Minimalism (and some bureaucracy)

Minimalism is best seen as part of the broader tradition of (strict) inferentialism,
according to which the meaning of logical vocabulary is given by the rules of
inference governing its use. For minimalists not all inference rules contribute to
the meaning of logical constants. They draw a boundary roughly along the line
between the operational and structural rules of sequent calculi: operational rules
determine meanings, structural rules don’t. Disagreements about structural
rules, therefore, need not involve a change of meaning.

It is useful to distinguish between two types of minimalist proposal, which
tackle slightly different questions. The first one is: when do different logics have
the same vocabulary? Here we are looking for identity criteria for connectives
and quantifiers across logics, where a logic is something different to the various
calculi for it. This is the problem Francesco Paoli (2003, 2014) addresses; let’s
call his approach ‘logic-first’ minimalism.

Since minimalists hold that inference rules define the vocabulary they gov-
ern, they can also ask a second, related question: when do different sets of
inference rules define the same logical constant? Here we are looking for iden-
tity criteria across calculi, rather than logics. Greg Restall (2002, 2014) and
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Bogdan Dicher (2016) focus on this second problem; let’s call their approach
‘rule-first’ minimalism.

The distinction should not be blown out of proportion. Ultimately all mini-
malists have to address both questions, and answers to one cannot be indepen-
dent of answers to the other. Still, it is important to note that these are different
questions, and that they bring about different types of identity criterion.

In the next two sections I will argue against both logic-first and rule-fist
minimalism. The problem with them is easy to explain: it is possible to give
different operational rules for the same connective, and we can exploit this
fact to show that minimalist criteria of identity yield clearly wrong verdicts
about which connectives are the same. More precisely, I will argue that Paoli’s
logic-first criterion is too coarse-grained, whereas Restall and Dicher’s rule-first
accounts draw too many distinctions.

Before we get into the details we have to fix some terminology and notation.
From now on, capital Greek letters range over multisets of sentences, and Roman
capital letters from the beginning of the alphabet range over sentences. A
sequent (in some language L) is a pair of finite multisets of L-sentences, where
the pair (Γ,∆) is represented as ‘Γ ⇒ ∆’. A sequent-to-sequent inference is a
pair (X,σ), where X is a set of sequents (the premises) and σ is a sequent (the
conclusion). Lastly, a rule (in a language L) is a set of L-sequent to L-sequent
inferences. Rules will be presented in the usual notation, for example:

Γ, A,B ⇒ ∆

Γ, A ∧B ⇒ ∆

We will also need a notion of ‘same rule over different languages’. There is a
plain, bread-and-butter sense in which this is one rule formulated using different
symbols ∧ and &:

Γ, A,B ⇒ ∆

Γ, A ∧B ⇒ ∆

Γ, A,B ⇒ ∆

Γ, A&B ⇒ ∆

This sense can be made precise with the usual appeal to rule schemata,
and it is enough for our purposes. I will assume a meta-language with dummy
formulas (φ,ψ...), dummy connectives (◦, ◦′, ...) and dummy context symbols
(▽,▽′, ...). Using them we can formulate rule schemata such as:

▽, φ, ψ ⇒ ▽′

▽, φ ◦ ψ ⇒ ▽′

An application (in L) of a rule schema is obtained by uniformly replacing
dummy context symbols by multisets of L-formulas, dummy connectives by
connectives of L, and dummy formulas by L-formulas. An instance of a rule
schema (in L) is the set of all its applications (in L), and rules in languages L
and L′ are ‘the same rule’ when they are instances of the same schema.
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Discussing logic-first minimalism will also require us to distinguish between
logics and calculi. Since we will have to accommodate examples of substructural-
ity, in what follows logics are multiset consequence relations. In other words,
a logic with underlying language L is a relation between finite multisets of
L-formulas and L-formulas, or between finite multisets of L-formulas (i.e. mul-
tiple conclusions are allowed). I will use ‘L’ and ‘⊢’, possibly with subscripts,
to denote logics, and use ‘logic’ and ‘consequence relation’ interchangeably.

Calculi are just sets of rules, and a rule R is admissible in a calculus S if
its addition to S yields no new provable sequents. A single-conclusion sequent
calculus S is cut-free if the following rule is admissible in it:

Γ ⇒ A Γ′, A⇒ C
(Cut)

Γ,Γ′ ⇒ C

and the same goes for multiple-conclusion calculi and the rule:

Γ ⇒ A,∆ Γ′, A⇒ ∆′
(Cut)+

Γ,Γ′ ⇒ ∆,∆′

With this out of the way, we can finally discuss minimalism. I will deal with
logic-first minimalism in the next section, and rule-first minimalism in Section
5.

5.4 Minimalism and Logics

Logic-first minimalists give identity criteria for connectives across different log-
ics. Roughly put, they hold that the connectives of two logics are identical if
they share operational rules in certain calculi. The underlying idea is that:

If we identify meaning tout court with operational meaning [the
meaning determined by operational rules alone], we are in a position
to claim that although the classes of provable sequents are different
in each case [...] the connectives’ meanings do not change. (Paoli
2014, pp. 441-442)

Francesco Paoli (2003, 2014) has put forward a minimalist proposal along
these lines.11 His goal is to determine the conditions under which logics are
‘genuine rivals’. In order for this to happen, he says, the logics in question must
(1) share their logical vocabulary, and (2) validate different arguments.

To make this idea more precise he uses the auxiliary notions of a presentation
of a logic and a homophonic translation. A presentation P= (L,S) of a logic
L is a pair with L a propositional language and S a cut-free sequent calculus

11Here I focus on Paoli’s views as presented in his (2014). His position has since changed
in important ways, as indicated in (Dicher and Paoli 2018).
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(composed of rules in L) for L. Two presentations P= (L,S) and P′ = (L′,S ′)
whose languages contain the connectives c1, ..., cn and c′1, ..., c

′
n, respectively,

are similar if the arity of ci and c′i is the same for all i ≤ n. Finally, the
homophonic translation between languages L and L′ is defined as follows:

Homophonic translation: Let L and L′ be languages with con-
nectives c1, ..., cn and c′1, ..., c

′
n, respectively, and suppose the arity

of ci and c′i is the same for all i ≤ n. The homophonic translation t
of L-sentences into L′-sentences is inductively defined as:

t(p) = p for every atom p;

t (c1(A1, ...An) ) = c′i ( t(A1), ..., t(An) ).

By extension, the homophonic translation of an L-sequentA1, ...An ⇒
B1, ...Bm into an L′-sequent is t(A1), ...t(An) ⇒ t(B1), ...t(Bm).

With this under his belt, Paoli transforms conditions (1) and (2) above
into a formal criterion of genuine rivalry for presentations, in terms of which he
proposes a criterion of rivalry for logics. The criterion of rivalry for presentations
goes as follows:

(CGR): Let P= (L,S) and P′ = (L′,S ′) be similar presentations
containing connectives c1, ..., cn and c′1, ..., c

′
n, respectively. Then

P and P′ are genuine rivals if:

(i) For all i ≤ n, ci has the same operational rules in S as c′i in S ′.

(ii) There is an S-provable sequent containing some connective ck
whose homophonic translation is not S ′-provable, or vice versa.

Lastly, two logics L and L′ are genuine rivals if they have genuinely rival
presentations.

As Paoli is careful to stress:

We do not require of some putatively competing logics that all of
their presentations be genuine rivals; it suffices that there exists a
pair of genuinely rival presentations for the criterion to apply. (Paoli
2014, p. 442)

This comment is important for two reasons. First, it emphasises that we are
dealing with a criterion of identity and rivalry for logics, although the criterion
itself is put in terms of presentations. And secondly, it underlines how permissive
the criterion is. In the rest of this section I will explain why this gives rise to
problems, but first let me narrow the debate. Here we are not really interested
in the ‘rivalry’ part of the criterion —that is, in clause (ii)— but only in the
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criterion of identity for connectives, clause (i). Let’s isolate this part for future
reference:12

(CIC): Let L and L′ be logics containing connectives c1, ..., cn and
c′1, ..., c

′
n, respectively. Then L and L′ share the same connectives

if there are similar presentations P= (L,S) and P′ = (L′,S ′) of L
and L′, respectively, such that:

(i) For all i ≤ n, ci has the same operational rules in S as c′i in S ′.

At first sight (CIC) works as intended. According to it classical logic shares
its connectives with several substructural logics, including certain subsystems of
linear logic. In addition (CIC) is also able to deal with notational variants of a
logic, since notational variants can always be given calculi that share operational
rules. On closer inspection, though, (CIC) is too coarse grained: it forces us
to identify connectives that should be kept apart.

We will start with some contrived examples, and later move on to more
natural ones. To begin with, take the logics L∧ and L∗. L∧ is the conjunction-
only fragment of classical logic, and L∗ is a trivial consequence relation over a
language with a single binary connective ∗; more precisely, L∗ consists of all pairs
(Γ, A) with non-empty Γ. Quite surprisingly, (CIC) yields that ∧ and ∗ are the
same connective. To show this we just need to give appropriate presentations
PL∧ = (L∧,S∧) and PL∗ = (L∗,S∗

∧). Let L∧ and L∗ be the propositional
languages with (only) the binary connectives ∧ and ∗, respectively. As for the
cut-free sequent calculi, say that S∧, the calculus for L∧, has the usual stock of
single-conclusion structural rules:

(Id)
A⇒ A

Γ, A⇒ C
(Wl)

Γ, A,B ⇒ C

Γ, A,A⇒ C
(Ctrl)

Γ, A⇒ C

and the following (also standard) operational rules:

Γ, A⇒ C

Γ, A ∧B ⇒ C

Γ, B ⇒ C

Γ, A ∧B ⇒ C
Γ ⇒ A Γ ⇒ B

Γ ⇒ A ∧B

Next we need a calculus S∗
∧ for the logic L∗. We will let it have all the

structural rules of S∧ and, in addition, the following rule (Triv):

Γ ⇒ A
(Triv)

Γ ⇒ B

12Here I’m just following Paoli: “Recall that, according to (CGR), whenever two connec-
tives have the same operational properties in appropriate sequent calculus presentations, they
also have identical meanings” (Paoli 2014, p. 452).
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Other than that, the rules for ∗ are the same as the rules for ∧:

Γ, A⇒ C

Γ, A ∗B ⇒ C,∆

Γ, B ⇒ C

Γ, A ∗B ⇒ C
Γ ⇒ A Γ ⇒ B

Γ ⇒ A ∗B

That, however, is all we need: S∧ and S∗
∧ are cut-free and give the same

operational rules for ∧ and ∗. According to (CIC), then, ∧ and ∗ are the same
connective.13

I think this is a good indicator that something is wrong with (CIC). At
the same time it probably isn’t a definitive objection. Paoli’s criterion is meant
to be a precise version of the fuzzy, intuitive notion of ‘sharing enough logical
principles’. L∗ is an artificial limit case, though; it is (arguably) one of those
instances where the notion we are trying to do justice to is not fully settled one
way or another. And so, perhaps we shouldn’t find it so concerning if (CIC)
yields unexpected results in unexpected cases.

Unfortunately, the problems with (CIC) don’t end here. To see why we just
need to take another look at the calculus S∗

∧ for L∗. It should be clear that the
structural rule (Triv) makes the operational rules for ∗ more or less irrelevant; we
could have chosen almost any other set of operational rules and we would have
ended up with a calculus for L∗ anyway.14 Since (CIC) is blind to structural
rules, this means we can identify ∗ with (almost) any binary connective. Earlier
we showed that ∗ was identical to classical conjunction. Now we will show, by
essentially the same argument, that ∗ is identical to classical disjunction.

Take L∨, the disjunction-only fragment of classical logic, and consider a
presentation PL∨ = (L∨,S∨) where L∨ is the language containing only ∨ and
S∨ is the following cut-free sequent calculus:

(Id)
A⇒ A

Γ, A⇒ C
(Wl)

Γ, A,B ⇒ C

Γ, A,A⇒ C
(Ctrl)

Γ, A⇒ C

Γ, A⇒ C Γ, B ⇒ C

Γ, A ∨B ⇒ C
Γ ⇒ A

Γ ⇒ A ∨B
Γ ⇒ B

Γ ⇒ A ∨B

Now consider the presentation P′
L∗

= (L∗,S∗
∨) of L∗, where L∗ is as before

and S∗
∨ has the structural rules (Id), (Wl), (Ctrl), and (Triv), and the same

operational rules for ∨ that we have just seen:

13A proof that S∧ is cut-free can be found in e.g. (Negri and Von Plato 2008, Ch. 5). To
see that S∗

∧ is cut-free just note that we can derive any of its provable sequents using only
(Id), (Wl), and (Triv).

14More concretely, any set of operational rules such that the resulting calculus (a) was
cut-free and (b) couldn’t prove any sequent with an empty antecedent, would have done.
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Γ, A⇒ C Γ, B ⇒ C

Γ, A ∗B ⇒ C
Γ ⇒ A

Γ ⇒ A ∗B
Γ ⇒ B

Γ ⇒ A ∗B

At this point a rule-first minimalist could claim that this new calculus, S∗
∨,

and the previous one, S∗
∧, define different connectives. That response is not

available to Paoli, though. He puts the identity question in terms of logics,
and S∗

∨ and S∗
∧ are calculi for the same logic. Therefore, the argument can go

through as before: S∗
∨ and S∗∨ are cut-free and assign the same operational

rules to ∨ and ∗, so according to (CIC), ∨ and ∗ are the same connective.15

When we put everything together, we are in trouble. We have shown that ∧
is the same connective as ∗, and also that ∗ is the same connective as ∨. We are
then forced to say that ∧ is the same connective as ∨. But of course, classical
conjunction and disjunction are not the same connective, and any criterion of
identity should keep them apart. In other words, (CIC) will not do.

In the course of answering an objection by Hjortland Paoli presents a second,
more fine-grained version of (CIC). This second version uses Avron’s (1988)
distinction between the internal and external consequence relations of sequent
calculi:

Internal consequence relation: B is an internal consequence of
A1, ...An in calculus S (formally, A1, ...An ⊢I

S B) iff the sequent
A1, ...An ⇒ B is derivable in S.

External consequence relation: B is an external consequence of
A1, ...An in calculus S (formally, A1, ...An ⊢E

S B) iff the sequent ⇒ B
is derivable in S with the addition of the sequents ⇒ A1, ...,⇒ An

as axioms and (Cut) as a primitive rule.

The internal consequence relation of a calculus reflects which structural rules
are admissible in it: ⊢I

S is monotonic if (Wl) is admissible in S, transitive if S
is cut-free, and so on. External consequence relations, on the other hand, are
more independent of admissibility facts. For instance, ⊢E

S is reflexive, transitive,
and monotonic for any calculus S.

Now, say the structural fragment of a consequence relation is its restriction to
atomic sentences. The idea behind Paoli’s second pass at (CIC) is that, in order
for connectives of different logics to have the same meaning, it is not enough
that there be cut-free sequent calculi that give them the same operational rules.
In addition, the structural fragments of the external consequence relations of
those calculi must coincide. Let’s make this official:

(CIC)+: Let L and L′ be logics containing connectives c1, ..., cn and
c′1, ..., c

′
n, respectively. Then L and L′ share the same connectives

15For a proof that S∨ is cut-free see (Negri and Von Plato 2001, Ch. 5). To see that S∗
∨ is

cut-free note again that we can derive any of its provable sequents using only (Id), (Wl), and
(Triv).
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if there are similar presentations P= (L,S) and P′ = (L′,S ′) of L
and L′, respectively, such that:

(i) For all i ≤ n, ci has the same operational rules in S as c′i in S ′.

(ii) The structural fragments of the external consequence relations
of S and S ′ coincide.

Here a word of warning is important. Paoli explicitly formulates (CIC), but
(CIC)+ is only implicitly found in his (2014). There he argues that linear logic
without exponentials and lattice bounds, LL, and classical logic, CL, have the
same connectives because, in addition to satisfying (CIC):

Classical logic (seen as a multiset consequence relation) and the ex-
ternal consequence relation of LL coincide over the purely structural
fragment: for any multiset Γ of propositional variables, Γ ⊢CL p iff
Γ ⊢E

LL p. (Paoli 2014, p. 459)

Strictly speaking Paoli’s talk of the external consequence relation of a logic
doesn’t make sense. Logics don’t have external consequence relations, only
calculi do. Still, it seems clear that in the passage above he is speaking somewhat
loosely, and that the intended reading is (CIC)+.

The improved criterion (CIC)+ is more sensitive to the presence of struc-
tural rules than its predecessor (CIC). Relevantly for us, it blocks the previous
collapse argument concerning ∧, ∗, and ∨. This is because the structural frag-
ment of the external consequence relation of S∧ is not the same as the structural
fragment of the external consequence relation of S∗

∧. Therefore, under the new
criterion these calculi aren’t enough to identify ∧ with ∗. The same goes, of
course, for ∗ and ∨.

This is just a stopgap, however, and (CIC)+ runs into the same type of
‘collapse argument’ as (CIC). This time instead of building our own counter-
example we will take one off the shelf. It is well known that intuitionistic linear
logic has two distinct conjunctions, the additive conjunction ‘with’ (&) and the
multiplicative conjunction ‘tensor’ (⊗). According to (CIC)+, though, these
connectives are the identical.

To show that & and ∧ are the same connective consider the presentation
PL∧ = (L∧,S∧) given earlier, and compare it to the following presentation
PL&

= (L&,S&) for L&, the with-only fragment of intuitionistic linear logic.16

L& is, as expected, the language containing only &, and S& is just like S∧ but
without the structural rules (Wl) and (Ctrl). Since S∧ and S& are cut-free and
assign the same operational rules to ∧ and &, we have that & and ∧ are the
same connective.

Next, to show that ⊗ and ∧ are also identical, consider the alternative
presentation P′

L∧
= (L∧,Sm

∧ ) for L∧, where L∧ is as before and Sm
∧ is as

follows:

16I’m restricting attention to single-connective fragments for the sake of simplicity, but the
argument goes through if we take the full-stock of connectives too.
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(Id)
A⇒ A

Γ, A⇒ C
(Wl)

Γ, A,B ⇒ C

Γ, A,A⇒ C
(Ctrl)

Γ, A⇒ C

Γ, A,B ⇒ C

Γ, A ∧B ⇒ C
Γ ⇒ A Γ′ ⇒ B

Γ,Γ′ ⇒ A ∧B

To get a similar presentation PL⊗ = (L⊗,S⊗) for L⊗, the tensor-only frag-
ment of intuitionistic linear logic, let L⊗ be the language containing only ⊗,
and let S⊗ be just like Sm

∧ except without the rules (Wl) and (Ctrl).
Once again, since Sm

∧ and S⊗ are cut-free and share operational rules, ∧ and
⊗ are the same connective. And once again, when we put everything together
we are in trouble: & is identical to ∧ which is identical to ⊗, so we are forced
to say that & is identical to ⊗.

The problem with Paoli’s logic-first minimalism can be summarised as fol-
lows. Identity is a transitive notion, but the relation of sharing operational rules
in some cut-free calculus is not. If we want a criterion of identity for connectives
put in terms of sharing operational rules —call this relation R— we are faced
with a dilemma. If we don’t close R under transitivity, we have a non-transitive
notion of identity; in other words, we don’t have a notion of identity at all. And
if we do close R under transitivity, it becomes easy to chain calculi in such a
way that we identify connectives that should be kept apart.

At a slightly more technical level, it is clear that the sort of collapse argument
I have used only goes through because Paoli poses a question in terms of logics
and answers it in terms of calculi. It is natural to wonder, then, whether rule-
first minimalist proposals, which don’t have this built in ‘mismatch’ of levels,
fare any better. That will be the topic of the next section.

5.5 Minimalism and Rules

Rule-first minimalists give criteria to identify connectives across different calculi.
In this section I will look at proposals of this kind by Greg Restall (2002, 2014)
and Bogdan Dicher (2016), and argue that they run into problems that are, in
a sense, dual to the problems of logic-first minimalism.

Let’s begin with Restall’s proposal. According to Restall only operational
rules determine the meaning of logical constants. Calculi with the same opera-
tional rules, therefore, have the same logical vocabulary. He allows for further
wiggle room, though. On his account we can define identical connectives by
means of rules that are only similar. Loosely speaking, rules are similar if
they highlight the same pattern of inference.17 Take these rules for negation in
classical, intuitionistic, and dual-intuitionistic logic:18

17This way of glossing Restall’s position comes from (Dicher 2016).
18The example is Restall’s (2014, pp. 281-2).
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Γ ⇒ A,∆

Γ¬A⇒ ∆
Γ ⇒ A

Γ,¬A⇒
⇒ A,∆

¬A⇒ ∆

If we ignore the multisets Γ and ∆, all of them instantiate a common pattern:

⇒ A
¬A⇒

and in that sense they are ‘similar’. The idea can be made more precise as
follows: operational rules are similar if they have the same active and principal
formulas, and according to Restall similar rules define identical connectives.

A second minimalist proposal is put forward in (Dicher 2016). Dicher agrees
with Restall that structural rules don’t influence the meaning of connectives.
But he holds that the structure of the sequents in an operational rule does affect
the meaning of the connectives it governs. Consider once more the previous
batch of rules for negation:

Γ ⇒ A,∆

Γ¬A⇒ ∆
Γ ⇒ A

Γ,¬A⇒
⇒ A,∆

¬A⇒ ∆

The rule on the left allows for there to be a multiset on each side of the
sequent arrow ‘⇒’; it prescribes a multiset-multiset structure for sequents. The
rule on the middle, on the other hand, allows for a multiset on the left of ‘⇒’
and a multiset with at most one formula on the right; let’s call this a multiset-
formula structure. Finally, the rule on the right allows for a multiset with at
most one formula on the left of ‘⇒’ and a multiset on its right; we will say
this is a formula-multiset structure. Dicher holds that some of this structural
information is inseparable from the definition of connectives, and should be
taken into account when we set out to give identity criteria. To see why, let’s
have another look at a standard rule for ⊗:

Γ, A,B ⇒ ∆

Γ, A⊗B ⇒ ∆

In order to formulate this rule it must be possible to have at least two
formulas on the left of ‘⇒’. This is a non-trivial requirement, and some calculi
—e.g. for dual-intuitionistic logic, see (Urbas 1996)— only allow single formulas
on the left of the sequent arrow. According to Dicher, the stipulation that the
collection to the left of ‘⇒’ may have more than one member is inseparable from
the definition of ⊗, and should be counted as part of its meaning:
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Rules for the connectives carry structural information. [...] Some of
that structural information is a sine qua non: it codifies structural
properties which are essential for the definability of the connective.
[...] I will call them connective-intrinsic or, for short, intrinsic. A
connective’s intrinsic properties are an integral part of its meaning.
(Dicher 2016, p. 745)

More precisely, Dicher holds that connectives are defined by the structurally
minimal version of their operational rules, that is, by the formulation of their
operational rules that imposes the least structural demands.19 The following
rule, for instance, would play the same part in the definition of a connective as
the previous one:

Γ, A,B ⇒ C

Γ, A⊗B ⇒ C

I think Restall and Dicher’s proposals, despite their differences, run into
the same problem. I will try to explain it in general terms first, and then give
some examples. We can pin down the same logic by means of different sets of
inference rules. Put more plainly: there are lots of calculi for any given logic.
Rule-first minimalists give criteria about which sets of inference rules define the
same connectives, and this seems to come with a burden: to make sure that
calculi for the same logic define the same connectives. This is where I think
Restall and Dicher’s proposals go wrong. By focusing on the fine-grain of rules,
they end up drawing too many distinctions.

I will use classical propositional logic over a language with conjunction and
negation as a case study. We are going to define the connectives by means of
rules, as strict inferentialists would have it. Let’s say we settle on the following
structural rules (the choice is more or less irrelevant):

(Id)+
Γ, A⇒ A,∆

Γ ⇒ A,∆ Γ′, A⇒ ∆′
(Cut)+

Γ,Γ′ ⇒ ∆,∆′

Γ, A,A⇒ ∆
(Ctr)+lΓ, A⇒ ∆

Γ ⇒ A,A,∆
(Ctr)+r

Γ, A⇒ A,∆

and add the following rules for negation:

Γ ⇒ A,∆
(¬ L)

Γ,¬A⇒ ∆

Γ, A⇒ ∆
(¬ R)

Γ ⇒ ¬A,∆
19He also requires that rules should be conservative and unique in the sense of (Belnap

1962), but this will play no part in what follows.
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Now all we need to do is add some rules for classical conjunction. How
should we do it? With the following set of (additive) rules, we get a calculus
for classical logic:

Γ, A⇒ ∆

Γ, A ∧1 B ⇒ ∆

Γ, B ⇒ ∆

Γ, A ∧1 B ⇒ ∆

Γ ⇒ A,∆ Γ ⇒ B,∆

Γ ⇒ A ∧1 B,∆

But we are spoilt for choice. If we add these (multiplicative) rules instead,
we still get a calculus for CL:

Γ, A,B ⇒ ∆

Γ, A ∧2 B ⇒ ∆

Γ ⇒ A,∆ Γ′ ⇒ B,∆′

Γ,Γ′ ⇒ A ∧2 B,∆,∆
′

Here is the problem: according to Restall and Dicher’s proposals, these two
sets of rules define two different connectives.20 And of course this raises the
question: which of them (if any) is classical conjunction?

The problem goes beyond ∧1 and ∧2. For example, if we use this set of rules:

Γ, A,B ⇒ ∆

Γ, A ∧3 B ⇒ ∆

Γ, A ∧3 B ⇒ ∆

Γ, A,B ⇒ ∆

we also get a calculus for classical logic, and it is easy to check that, according
to Dicher and Restall’s criteria, ∧3 is different from both ∧1 and ∧2.

The same holds if we add these rules:

Γ, A,B ⇒ ∆

Γ, A ∧4 B ⇒ ∆ Γ, A,B ⇒ A ∧4 B,∆

More generally, we can define infinitely many ‘different classical conjunc-
tions’ by exploiting the fact that, given our structural rules, demanding several
occurrences of a formula in a premise does not change a rule’s yield. For exam-
ple, this set of rules:

Γ, A,A,B ⇒ ∆

Γ, A ∧5 B ⇒ ∆

Γ ⇒ A,∆ Γ′ ⇒ B,∆′

Γ,Γ′ ⇒ A ∧5 B,∆,∆
′

20In Restall’s case this is because neither of the left introduction rules in the first set is similar
to the left introduction rule of the second set. In Dicher’s case, it is because —amongst other
things— the structurally minimal formulation of the rules in the first set calls for a formula-
formula structure, whereas the second needs at least a multiset-formula structure, due to the
left introduction rule.
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is just like the set defining ∧1, except that now we require two occurrences
of A in the premiss-sequent of the left rule. Once more, ∧5 counts as a new
connective in both Restall and Dicher’s accounts, but the resulting calculus is
still a calculus for classical logic. The same goes for the versions of these rules
that require three, four, or any finite number of occurrences of A.

There seem to be two possible responses. The first is to appeal to harmony
constraints. If only one set of rules for conjunction is harmonious, and the
others are ‘defective’ or ‘unacceptable’ definitions, then the problem disappears.
I don’t think there is much to this response. Every harmony criterion I am
aware of validates two or more of the sets of rules we have considered, and
it is easy to come up with more examples.21 Even if we bring some form of
harmony constraint into the picture, we still have to account for ‘different’
classical conjunctions.

The second, more radical response is to bite the bullet and insist that there
are several classical conjunctions. Dicher (2020) follows this route. He argues
that despite the usual assumption that classical logic has only one conjunction,
∧1 and ∧2 are different connectives. More generally, he holds that there are two
versions (additive and multiplicative) of each of the usual classical connectives.
He puts the point as follows:

Classical logic is usually presented over a language that does not
explicitly contain Sheffer’s stroke. Even the banal ‘if and only if’
rarely makes it into the primitive language. It simply isn’t techni-
cally convenient. But if one wishes one can add them [...] safe in the
knowledge that they will not modify the consequence relation, while
nevertheless leaving their mark at the level of proofs. Consequence-
wise, the biconditional’s behaviour can be mimicked with the help of
the conditional and of the conjunction. [...]. Rule-wise, ‘if and only
if’ is a proper citizen of the classical consequence relation. [...] Ditto
for multiplicative disjunction and for every other connectives which
are additive/multiplicative relations of each other. One of each pair
is (classically) enough; more make for better representativity—to
stick to political metaphors. (Dicher 2020, p. 89, my emphasis)

I don’t think this response works either. A first reason to worry is that, as
I have argued above, both Restall and Dicher’s accounts force us to distinguish
between much more than ∧1 and ∧2. Perhaps there is some initial plausibility
to the idea of importing the additive/multiplicative distinction from linear to
classical logic, but the distinctions between ∧1−∧5 (and all their variants) are of
a different kind. A second reason to worry is that holding that there are several
classical conjunctions —or disjunctions, or whatnot— puts the minimalist in
an awkward spot. The goal, at the outset, was to come up with a criterion of
identity for logical vocabulary according to which partisans of different logics

21(Avron 1991) and (Došen 1989), for instance, contain a different set of invertible rules for
conjunction, and more generally, two sets of invertible rules for each of the usual connectives.
All of them would do as examples in the discussion above.
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speak the same language. But now we are committed to something harder to
swallow: that partisans of the same logic speak different languages.

The third, and most important reason why I don’t think Dicher’s strategy
works is the following. From an inferentialist point of view (which is shared by
all minimalists) differences in meaning turn on differences in use. In the case
of logical constants, differences in meaning turn on differences in the way those
constants are used in proofs. Now, suppose there are two classical mathemati-
cians, one of which uses ∧1 and the other ∧3. What differences between their
inferential practices would there be? They would agree on which sentences are
theorems. They would also agree on which sentences follow from which (that
is, on which arguments are valid). They would even agree on which ‘meta-
inferences’ are correct, in the sense that the calculi with ∧1 and ∧3 above have
the same sequent-to-sequent derivability relation. What else is there to look at?
In the passage just quoted Dicher speaks of a difference ‘at the level of proofs’.
What he is pointing out is that, depending on which of ∧1 and ∧3 we take as
primitive in a calculus, we end up with different sets of derivation trees. The
question, then, is whether this difference is enough for an inferentialist to draw
a distinction in meaning. The answer, I would argue, is ‘no’.

There is always a good amount of slack between the informal proofs found
in mathematics journals and textbooks, on the one hand, and the derivation
trees in formal calculi set up by logicians, on the other. This is something that
happens by design. Formal derivations are meant to ‘fill in the gaps’ —to use
Frege’s metaphor— of informal proofs; they substitute the actual inferential
steps made in proofs as they occur in the wild by putatively simpler, ‘smaller’
ones. Crucially, this filling in of the gaps always includes an irreducible amount
of choice by the logician. Logicians have not, and could not, ‘discover’ that the
rules governing the use of conjunction in classical mathematics are those of ∧1,
as opposed to those of ∧3. Logicians set out to account for the many patterns
of inference involving conjunctions in classical mathematics in terms of a few
elementary rules. And ultimately, they decide which rules to use for this task.
The range of choice is not unlimited, and perhaps some rules are more natural
than others. But in a good number of cases there is no reason to prefer some set
of primitive rules over another. Granted, different choices determine different
sets of derivation trees in the resulting calculi. But these differences depend
on choices on the part of the logician, not on the actual use of the connectives.
They do not, in general, stem from a difference in use, and so they are irrelevant
—from an inferentialist point of view— when it comes to drawing distinctions
in meaning.

Let’s summarise the point. Rule-first minimalists identify the connectives
defined by different calculi when their operational rules resemble each other.
Calculi for the same logic, however, can have very different rules, and so min-
imalist criteria turn out to be too narrow: standard calculi for the same logic
define, according to them, different connectives.22 Moreover, insisting that most

22I have used classical logic as an example, but only for simplicity. The same kind of
argument goes through for any structural logic, and several substructural ones.
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logics have distinct versions of the same connective will not do. This idea —
besides being implausible— forces us to (a) construe partisans of the same logic
as speaking different languages and (b) draw distinctions in meaning that don’t
correspond to differences in use, which seems unacceptable from an inferentialist
point of view.

5.6 Another Look at Structural Rules

In this section I will go through some further observations that weigh against
minimalism, and sketch an alternative way to look at structural rules. I won’t
attempt to give a detailed theory of how structural rules affect the meaning of
connectives, or an alternative criterion of identity for logical vocabulary. The
goal is, rather, to make sense of the failure of the minimalist proposals we have
looked at.

According to inferentialists logical vocabulary is defined by the role it plays in
inferences. Minimalists add that there is a ‘core’ part of the inferential behaviour
of each logical constant. They characterise this part in terms of operational
rules, and argue that logical constants which fulfil the same ‘core’ inferential
role are identical. The objections to minimalism I have raised so far stem from
the same observation: that it is misleading to talk of the operational rules of a
connective. The behaviour of (what we normally think of as) a single connective
can be brought about by means of very different operational rules, even when
we fix a stable background of structural assumptions. This makes logic-first
minimalism clump too many connectives together, and rule-first minimalism
draw too many distinctions.

There is a second, related worry about minimalism. Minimalists assume a
substantial distinction between the core operational meaning of a connective,
on the one hand, and the non-essential part of its behaviour that depends on
structural rules, on the other. But the distinction between structural and op-
erational rules, and between inferences validated by the former and inferences
validated by the latter, is to some extent a matter of preference. Let’s stick to
classical conjunction as an example. In a calculus for classical conjunction with
multiplicative rules, like Sm

∧ , we can prove the sequent p⇒ p ∧ p as follows:

p⇒ p p⇒ p
p, p⇒ p ∧ p

(Ctrl)p⇒ p ∧ p

In fact, it is easy to show that any derivation of p ⇒ p ∧ p in this calculus
must contain at least one application of (Ctrl).

23 Still, it would be a mistake to
conclude that the validity of p ⊢ p∧p is inseparable from the rule of Contraction.

23The quickest way is by backwards proof search: the calculus only proves classically valid
sequents, so the last rule applied to obtain p⇒ p ∧ p can only be (Ctrl).
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If we use additive rules, as in the calculus S∧, we can derive the same sequent
using operational rules alone:

p⇒ p p⇒ p
p⇒ p ∧ p

and if we use a mix of additive and multiplicative rules:

Γ, A,B ⇒ C

Γ, A ∧B ⇒ C
Γ ⇒ A Γ ⇒ B

Γ ⇒ A ∧B

we can get rid of (Wl) and (Ctrl) altogether.24 There is no fact of the matter
as to whether the validity of p ⊢ p∧ p depends on the core operational meaning
of classical conjunction. All these calculi give an equally good account of the
behaviour of ‘and’ in classical logic, but they draw the structural/operational
boundary in different places.

The situation does not change when we add more connectives to the mix.
We can isolate aspects that are common to the behaviour of all the vocabulary
of a logic (or calculus) and chalk them up to structural rules; but we can also
build them into operational rules one connective at a time. When we look at
things this way, it is misleading to think of structural and operational rules as
different in kind. Instead, the former become a limit case of the latter: structural
rules are operational rules shared by all connectives (and atoms). This makes
structural rules useless when it comes to distinguishing between connectives of
the same logic (or calculus). But it stops short of the minimalist claim that
structural rules are irrelevant for distinguishing connectives of different logics
(or calculi).

There is one last observation to keep in mind. Structural rules are usually
laid down for arbitrary formulas. For example, in the standard formulation of
left weakening:

Γ ⇒ C
(Wl)

Γ, A⇒ C

the active formula A can be of any complexity. In these cases structural rules
(partly) govern the behaviour of formulas containing logical vocabulary, just
like operational rules. But what if we postulate structural rules only for atoms?
For instance, what if we opt for the following rule of ‘atomic weakening’?

Γ ⇒ C
(Wl)

′
Γ, p⇒ C

24See e.g. (Negri and von Plato 2001, Ch. 2) for a proof.
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One may think that when structural rules are formulated this way, they
shouldn’t play a role in the identity conditions of connectives. After all, they
don’t explicitly license any inferences involving them.

In his (1979) Hacking defends a version of this view. According to Hacking
the operational rules of a calculus are definitions of the connectives they govern
provided that (1) if we postulate structural rules, they must only apply to
atoms and (2) if we postulate a structural rule for atoms, any application of it
to complex formulas must be admissible:

I shall presently qualify the suggestion that Gentzen’s operational
rules can be regarded as definitions. I claim here only that if we are
to pursue that idea, we shall require that the definitions be conserva-
tive. Cut-elimination, dilution-elimination, and identity-elimination
(for complex formulas) are necessary conditions for this. (Hacking
1979, p. 298)

Now, this idea seems related to to the bilateral harmony criterion of the
previous chapter. But how exactly? And more relevantly for this section, can
Hacking’s proposal be used to defend minimalism against the objections I have
considered? Let’s take each question in turn.

Although Hacking’s idea is similar in spirit to the harmony criterion of Chap-
ter 4, accepting the latter doesn’t commit us to accepting the former. This is,
first of all, because the harmony criterion of the previous chapter has to do
with coordination principles, while Hacking’s idea relates to structural rules.
Granted, on bilateralist readings of sequent calculi (e.g. Restall 2005) structural
rules and coordination principles come to the same thing. But there are many
other ways of reading sequent calculi, ways that don’t force us to identify the
two types of rule.

More importantly, the harmony criterion I suggested earlier is only a suf-
ficient, but not necessary, condition for the acceptability of sets of rules. The
point was only that if the interaction between complex formulas and coordina-
tion principles is severed, then the bilateral problem of harmony reduces to its
unilateral part. That doesn’t commit us to any further views about whether
coordination principles play a role in determining meanings, or about whether
they should be kept in mind when thinking of the identity conditions of logical
vocabulary. And of course, it also doesn’t commit us to Hacking’s claim that
the admissibility of structural rules is a necessary condition for the acceptability
of connectives, even if we take structural rules to be coordination principles in
different notation.

Let us now turn to the second question: can Hacking’s idea save the mini-
malist proposals we have looked at? As far as I can tell, it can’t: the type of
objection I have pointed out seems to go through even if we enforce Hacking’s
restrictions.

Take the multiplicative calculus Sm
∧ . As it stands, it is a calculus for L∧, the

∧-only fragment of classical logic. If we get rid of (Wl) and (Ctrl) altogether,
we have a calculus for the ⊗-only fragment of intuitionistic linear logic. But
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if we only restrict its structural rules to atoms, we still have a calculus for L∧
and, moreover, a calculus where all applications of structural rules to complex
formulas are admissible. What’s more, it is enough to add a rule of trivialisation
for atoms:

Γ ⇒ p
(Triv)′

Γ ⇒ q

to get a calculus for the trivial logic L∗, and a calculus in which all applica-
tions of structural rules to complex formulas are admissible.25

Something similar holds for S∧, the additive calculus for L∧. Removing
weakening and contraction yields a calculus for the &-only fragment of intu-
itionistic linear logic, but restricting structural rules to atoms yields a calculus
for L∧ in which non-atomic applications of structural rules are admissible. And
once again, adding the atomic rule (Triv)′ results in a calculus for L∗ where
applications of structural rules to complex formulas are still admissible.26

What this means is that the ‘collapse argument’ of Section 4, and the ‘too-
many-distinctions argument’ of Section 5, go through even if we adopt Hacking’s
restrictions. In other words, it seems that, when it comes to giving identity
conditions for connectives, we simply can’t ignore structural rules, even when
they are formulated just for atoms.

5.7 A final look at Meaning-Variance

Let’s take a step back. We begun by distinguishing between two arguments for
the Meaning-Variance claim, the Translation Argument and the Use Argument.
We concluded (or at any rate, I did) that the Translation Argument is not
successful: it establishes at best that Meaning-Variance is often plausible, but
this much nobody denies.

The Use Argument, on the other hand, has more legs. If logical vocabulary is
individuated by the principles that govern its use, then indeed, changing those
principles amounts to changing logical vocabulary. But as we saw, the Use
Argument argument rests on the controversial claim that any change in logic,
no matter how small, is enough to change the meaning of all logical constants.

As Putnam and Morton pointed out long ago, it seems plausible to say that
parties who agree on enough logical principles share their logical vocabulary.
We therefore looked at Dicher, Restall and Paoli’s proposals as to what ‘enough
agreement’ is, and found them lacking. Granted, there may be other ways to
cash out the notion of ‘enough agreement’, but the ball is in the minimalists’
court. In the rest of this section I won’t try to weigh in any further on whether
the Meaning-Variance claim is true. Instead I will challenge two common as-
sumptions that, I think, are behind much of the attention that this claim has
attracted.

25For proofs of these claims see the Appendix to this chapter.
26Proofs of these claims are also in the Appendix
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The first assumption is that there must be a fact of the matter about whether
any given logical expressions are synonymous. Perhaps the clearest formulation
of this worry comes from Boghossian’s (1996):

How can there fail to be facts about whether any two expressions
mean the same? [. . .] Wouldn’t this have to entail that there are
no facts about what each expression means individually? Putting
the question the other way: Could there be a fact of the matter
about what each expression means, but no fact of the matter about
whether they mean the same? (Boghossian 1996, pp. 370-71)

Considered very generally, the point seems less concerning than Boghossian
allows. Most philosophers would grant that vague predicates are meaningful,
and also that there is no fact of the matter about some meaning-related claims
involving them. When it comes to logical vocabulary, though, the worry seems
more pressing. The claim that there is something vague or unsettled about the
meaning of logical expressions seems to imply that there is something vague or
unsettled about logical validity itself, even within a single logic. And moreover,
inferentialists claim the role of logical vocabulary in inference, and hence its
meaning, can be pinned down in terms of precise rules. How, then, could there
fail to be a fact of the matter about whether logical expressions mean the same?

There are, I think, ways to look at the situation which can help drive away
this concern. Perhaps the most straightforward is to say that, although there
is nothing vague about the inferential behaviour of logical constants, what is
‘unsettled’ or ‘up for grabs’ is which part of that inferential behaviour we should
count as meaning-constituting. To illustrate the point it may be useful to rehash
our discussion about minimalism in terms of an analogy that inferentialists are
fond of, the analogy between logic and chess. The idea, as we saw in Chapter 1, is
that being a certain piece in the game of chess consists in being moved according
to certain rules. Similarly, being a certain logical constant, like conjunction or
a disjunction, consists in being used a certain way in inferences.

Now, just as there are non-classical logics, there are ‘non-classical’ variants
of chess. And just as we can ask whether different logics use different logical
vocabulary, we may want to ask if the many well-known chess variants use
different chess pieces. If we take chess pieces to be defined by the rules that
govern their use, this is tantamount to asking exactly which rules define the
different pieces. And just as in the case of logic, several options are available.

One idea —the analogue of Quine’s position— is to say that any change in
the rules of chess amounts to changing the pieces of the game. Recall that for
Quine:

Once you upset the interrelations of the logical operators, you may
be said to have revised any or all. (Quine 1986, p. 87)

But this is not the only option. The distinction between structural and
operational rules maps surprisingly well from logic onto chess. Here is, for
example, a natural way to sort chess rules into ‘structural’ and ‘operational’:
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Structural Rules:

S1: Only one piece can be moved per
turn.

S2: No piece can be moved to a square
occupied by a piece of the same colour.

...

Operational Rules:

Ob: Bishops move diagonally.

Or: Rooks move in straight lines.

...
´

It is possible, then, at least in principle to be a ‘minimalist about chess’,
and claim that chess pieces are defined by the operational rules governing their
use. A moment’s reflection shows that minimalism about chess runs into the
same problems as minimalism about logical constants. The distinction between
aspects of the behaviour of chess pieces that are due to ‘operational rules of
chess’, on the one hand, and aspects that are due to its ‘structural rules’, on
the other, is as arbitrary in chess as it is in logic. Here is, for example, an
alternative way to lay down the rules of chess:

Structural Rules: Operational Rules:

O′
b: (i) Bishops move diagonally and

(ii) they can’t be moved to a square
occupied by a piece of the same colour
and (iii) if a player moves a bishop,
their turn ends.

O′
b: (i) Rooks move in straight lines

and (ii) they can’t be moved to a square
occupied by a piece of the same colour
and (iii) if a player moves a rook, their
turn ends.

...

It is easy to see how we could exploit this fact to translate the collapse
argument from Section 5, or the too-many-distinctions-argument from Section
6, from connectives to chess pieces. But there is one important sense in which
the analogy between chess pieces and logical constants breaks down. In the
case of chess, there is no temptation to insist that there must be a fact of the
matter about whether all chess variants use the same chess pieces; we are content
to say that nothing in our use of expressions like ‘is the same chess piece as’
settles the matter one way or another. More importantly, this doesn’t commit
us to any sort of (problematic) scepticism. It is unambiguously clear whether
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any given move is legal within a game of chess, or within a game of any well-
defined chess variant. We see at once that the behaviour of chess pieces can be
captured in terms of precise rules, while their identity conditions are obscure.
Ditto for logical expressions. Inferentialists can say that anything we may want
to count as part of the meaning of logical vocabulary comes from its (sharply
defined) behaviour in inferences, but there is no fact of the matter as to what
exactly we should chalk-down to meaning and what to, say, the ‘background
context of deducibility’. This does not entail that there is something vague
about what counts as a classical theorem, or a classically valid inference (and
similarly for any other logic). And in this light, the claim that there is no fact
of the matter about whether some logical constants are synonymous appears
much less threatening than it seems at first sight.27

Now let’s turn to the second, widespread assumption about the Meaning-
Variance debate. It is often thought that if the Meaning-Variance claim is true,
then disagreements about logic boil down to verbal disputes. The point has
been put in many different ways, but the general idea is that if partisans of
different logics use different languages, there can be no ‘genuine’ or ‘substantial’
disagreement between them.

This is a mistake. Admittedly, the Meaning-Variance claim is incompatible
with some forms of disagreement. If —getting back to an earlier example—
classical logicians hold that all sentences of the form ‘P orc notc P ’ are logically
true, while intuitionists deny that some sentences of the form ‘P ori noti P ’ are
true, then classicists and intuitionists are talking about different sentences. So
be it; this still leaves many interesting forms of disagreement on the table.

A first type of disagreement that is compatible with the Meaning-Variance
claim is ‘descriptive’ disagreement. Here we run once more into the distinction
between pure and applied logic that Priest has emphasised throughout his work.
A pure logic is an abstract theory, formulated in an artificial, uninterpreted lan-
guage. To apply a pure logic we need a systematic way to match expressions
in some natural language with strings of symbols in the artificial language; in-
ferring, as Priest puts it, “is a practice carried out in the vernacular” (2003, p.
459). Often, different applied logics give opposing verdicts concerning an infer-
ence in natural language. Therefore, Priest says, there is room for (substantial)
disagreement concerning which pure logic best describes some implicit standard
of correct inference:

Rivalry in [. . .] logic occurs when different theories, each relative
to the way that it is applied, deliver different, incompatible verdicts
[. . .] concerning the validity of some inference. For example, consider
the inference ‘If there is no greatest prime number then there is a
greatest prime number. Hence, there is a greatest prime number’.
Given the usual identifications, classical logic says that it is correct
to draw this inference; intuitionistic logic that it is not. (Priest 2003,
p. 459)

27For a related idea see Stewart Shapiro’s (2015, 2019), where he argues that ‘meaning the
same’, as applied to logical constants, is both vague and context-dependent.

113



Other forms of disagreement are available. For instance, partisans of different
logics may reply that they use different logical vocabulary for good reasons. Here
Dummett is a clear example. He held that classical logic can only be vindicated,
or rather, can only be understood, against the background of notions of truth
and truth conditions that transcend verification. But those notions, he claimed,
are ultimately unintelligible:

It is just this which an opponent of a realist model of meaning finds
incredible: he cannot believe that a grasp of a notion of truth tran-
scending our capacities for its recognition can be acquired, and dis-
played, only by the acceptance of certain forms of reasoning. He
concludes, instead, that these forms of reasoning, though generally
accepted, are fallacious. (Dummett 1978, p. 318)

The point is not whether Dummett was right. The point is that the sort
of disagreement he had with classical logicians is both compatible with the
Meaning-Variance claim and anything but unsubstantial. According to his own
description of the situation, Dummett chose to speak a non-classical language
on the grounds that the language of classical mathematicians was incoherent.
To describe this as two parties merely talking past each other is a blunder.

Putnam is another excellent example. In his (1969) he proposes to adopt the
‘Quantum Logic’ of Birkhoff and Von Neumann (1936) to better accommodate
experimental results of modern physics. In the course of his discussion, he con-
siders the charge that adopting a non-classical logic would involve abandoning
classical logical vocabulary.28 And he immediately dismisses the thought that
this could be a problem:

Even if this be true, little of interest to the philosophy of logic fol-
lows. From the fact that ‘a language which does not have a word
V which obeys such-and-such patterns of inference does not contain
the concept or (or whatever) in its customary meaning’ it does not
follow that a language which is adequate for the purpose of formu-
lating true and significant statements about physical reality must
contain [. . .], or that it should contain, a word V which obeys such
and such patterns of inference. Indeed, it does not even follow that
an optimal scientific language can contain such a word V. (Putnam
1969, p. 188-9)

What counts as a good reason to speak a different language depends, in this
context, on what counts as a good reason to adopt a given logic. For philosophers
like Dummett, good reasons are semantic reasons. For anti-exceptionalists like
Putnam, they are the sort of reason that guide us when adopting any other
theory, like simplicity and fit with observation.29 And for others still, good
reasons may have to do with metaphysical assumptions (see Priest 2014; Tahko

28Incidentally, it is clear from his discussion that he has the Use Argument in mind.
29See (Martin and Hjortland 2024) for an recent overview of anti-exceptionalism in logic.
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2021). Regardless of which of them is right —if any— the fact remains that
the Meaning-Variance claim does not entail that disagreements about logic are
trivial or uninteresting. As Putnam put it in his (1969):

The important fact to keep in mind [. . .] is that the whole ‘change
of meaning’ issue is raised by philosophers only to minimize a con-
ceptual revolution. But only a demonstration that a certain kind of
change of meaning is involved, namely, arbitrary linguistic change,
would successfully demolish the philosophical importance I am claim-
ing for these revolutions. And this kind of change of meaning is
certainly not what is involved (Putnam 1969, p. 190)

Superficially, the Meaning-Variance claim promises to do away with dis-
agreement about logic. Some welcome this idea, and are drawn to Meaning-
Variance for this reason. Others find the notion that disputes about the validity
of arguments are ‘merely verbal’ unacceptable, and look for ways to resist the
Meaning-Variance claim. Ultimately, though, what lies behind both reactions is
a misunderstanding of the consequences of Meaning-Variance. What is actually
at stake in the Meaning-Variance debate is not whether there can be disagree-
ment about logic; it is how best to describe the disagreement between partisans
of different logics. Meaning-Variance, on its own, neither does away with nor
precludes substantial disagreement about logic.
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Appendix II

In this Appendix I provide the proofs for several claims in Section 6.

Results about Sm∧
We need to prove that if we restrict all the structural rules of Sm

∧ to atoms,
then in the resulting calculus (a) we can derive the same sequents as in Sm

∧ ,
(b) all applications of structural rules to complex formulas are admissible, and
(c) if we add the atomic rule (Triv)′ we get a calculus for L∗ where again
applications of structural rules to complex formulas are admissible. Since (a)
implies (b), we will prove (a) and (c). To prove (a) it is enough to show that all
derivations of Sm

∧ can be transformed into derivations where structural rules are
applied to atoms. Eliminating non-atomic applications of contraction requires
the following lemma:

Lemma 5.1. If Γ, P ∧ Q ⇒ C is derivable, so is Γ, P,Q ⇒ C. Moreover, in
the derivation of Γ, P,Q⇒ C, all new applications of (Ctrl) are to formulas of
lower complexity than P ∧Q.

Proof. See (Negri and von Plato 2001), Lemma 5.1.1, (i)

Now we can show that:

Lemma 5.2. Non-atomic applications of (Ctrl) can be substituted for applica-
tions of (Ctrl) to formulas of lower complexity.

Proof. Take a derivation of the form:

π
Γ, P ∧Q,P ∧Q⇒ C

Γ, P ∧Q⇒ C

By Lemma 5.1 (applied twice) there is a derivation of Γ, P, P,Q,Q ⇒ C. We
apply (Ctrl) twice to derive Γ, P,Q ⇒ C, and then apply the left operational
rule for ∧ to get a derivation of Γ, P ∧Q⇒ C

By successive applications of Lemma 5.2 we can eliminate all non-atomic
applications of (Ctrl). Then we can eliminate non-atomic applications of (Id)
and (Wl) by successive uses of the following rewriting schemes:

R(Id):

P ∧Q⇒ P ∧Q ⇝

P ⇒ P Q⇒ Q

P,Q⇒ P ∧Q
P ∧Q⇒ P ∧Q

116



R(Wl):

π
Γ ⇒ C

Γ, P ∧Q⇒ C ⇝

π
Γ ⇒ C

Γ, P ⇒ C

Γ, P,Q⇒ C

Γ, P ∧Q⇒ C

This completes the proof of claim (a). It only remains to show that (c) if we
add the rule:

Γ ⇒ p
(Triv)′

Γ ⇒ q

we get a calculus for L∗ where non-atomic applications of structural rules
are admissible. This is straightforward. First note that:

Lemma 5.3. We can derive Γ ⇒ p for any Γ ̸= ∅ and any atom p using only
atomic applications of structural rules.

Proof. Let q be an atom occurring in a formula D ∈ Γ (there must be at least
one, since Γ ̸= ∅). We can derive q ⇒ p using atomic applications of (Id)
and (Triv), then derive D ⇒ q from it using atomic applications of (Wl) and
operational rules, and then derive Γ ⇒ q from D ⇒ q by the same method.

Finally, with the help of the previous lemma, it is easy to show that:

Lemma 5.4. We can derive Γ ⇒ A for any Γ ̸= ∅ and any A using only atomic
applications of structural rules.

Proof. By induction on the complexity of A. The base case is covered by the
previous lemma. If A = P ∧Q, there are two cases. If Γ contains more than one
formula occurrence, let Γ′,Γ′′ be non-empty multisets such that Γ = Γ′ ∪ Γ′′.
By inductive hypothesis we can derive Γ′ ⇒ P and Γ′′ ⇒ Q, and then apply the
right-introduction rule for ∧ to get Γ ⇒ P ∧Q. If Γ contains only one formula
occurrence, let r be an atom of that formula. Then by inductive hypothesis we
can derive r ⇒ P and r ⇒ Q, and apply the right-introduction rule for ∧ to get
r, r ⇒ P ∧ Q. After that we apply (Ctrl) to r, getting r ⇒ P ∧ Q, and derive
Γ ⇒ P ∧Q from it as in the previous lemma.

Results about S∧

We need to prove that if we restrict all the structural rules of S∧ to atoms, then
in the resulting calculus (a) we can derive the same sequents as in S∧, (b) all
applications of structural rules to complex formulas are admissible, and (c) if
we add the atomic rule (Triv)′ we get a calculus for L∗ where again applications
of structural rules to complex formulas are admissible. Since (a) implies (b), we
will, again, just prove (a) and (c). To prove (a) it is enough to show that all
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derivations of S∧ can be transformed into derivations where structural rules are
applied to atoms. The only tedious case is eliminating non-atomic applications
of (Ctrl), which requires some lemmas. As usual, the height of a derivation is
the greatest number of successive applications of rules in it.

Lemma 5.5. If Γ ⇒ A ∧ B is derivable, then so are Γ ⇒ A and Γ ⇒ B.
Moreover, in the derivations of Γ ⇒ A and Γ ⇒ B all new applications of
(Ctrl) are to formulas of lower complexity than P ∧Q.

Proof. By induction on the height of derivations.

Lemma 5.6. If Γ, P ∧Q⇒ C is derivable, then so is Γ, P,Q⇒ C. Moreover,
in the derivation of Γ, P,Q ⇒ C all new applications of (Ctrl) are to formulas
of lower complexity than P ∧Q.

Proof. By induction on the complexity of C.

Base case:

If C = r for some atom r our derivation looks as follows:

π
Γ, P ∧Q⇒ r

But then it is clear, by direct inspection of the rules of S∧, that some top-
sequent in π is of the form r ⇒ r, where r is a subformula of some D ∈ Γ, or
P , or of Q. Regardless of which it is we can derive φ ⇒ r (where φ is D, P or
Q, as appropriate) using applications of (Wl) and operational rules, and then
derive Γ, P,Q⇒ r from it similarly.

Inductive step:

If C = A∧B, then by Lemma 5.5 there are suitable derivations of Γ, P ∧Q⇒
A and Γ, P ∧ Q ⇒ B. But then by inductive hypothesis there are suitable
derivations of Γ, P,Q⇒ A and Γ, P,Q⇒ B, from which we can derive Γ, P,Q⇒
A ∧B using the right-introduction rule for ∧.

Lemma 5.7. If Γ, P,Q⇒ C is derivable, then so is Γ, P ∧Q⇒ C. Moreover,
in the derivation of Γ, P ∧Q⇒ C all new applications of (Ctrl) are to formulas
of lower complexity than P ∧Q.

Proof. By induction on C. The base case is analogous to the base case of Lemma
5.6. For the inductive step, note that when C = A∧B, there are (once again by
Lemma 5.5) suitable derivations of Γ, P,Q ⇒ A and Γ, P,Q ⇒ B. Therefore,
by inductive hypothesis there are suitable derivations of Γ, P ∧ Q ⇒ A and
Γ, P ∧ Q ⇒ B, from which we can derive Γ, P ∧ Q ⇒ A ∧ B using the right-
introduction rule for ∧.
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We can finally show that non-atomic applications of (Ctrl) can be eliminated.
First note that:

Lemma 5.8. Non-atomic applications of (Ctrl) can be substituted for applica-
tions of (Ctr)l to formulas of lower complexity.

Proof. Take a derivation of the form:

π
Γ, P ∧Q,P ∧Q⇒ C

Γ, P ∧Q⇒ C

By Lemma 5.6 (applied twice) there is a derivation π′ of Γ, P, P,Q,Q ⇒ C.
Then we can apply (Ctrl) twice to get a derivation of Γ, P,Q ⇒ C, and by
Lemma 7 there is a derivation π′′ of Γ, P ∧Q⇒ C.

By successive applications of Lemma 5.8 we can eliminate all non-atomic
applications of (Ctrl). Then we eliminate non-atomic applications of (Id) and
(Wl) by successive uses of the following rewriting schemes:

R(Id):

P ∧Q⇒ P ∧Q ⇝

P ⇒ P
P ∧Q⇒ P

Q⇒ Q

P ∧Q⇒ Q

P ∧Q⇒ P ∧Q

R(Wl):

π
Γ ⇒ C

Γ, P ∧Q⇒ C ⇝

π
Γ ⇒ C

Γ, P ⇒ C

Γ, P ∧Q⇒ C

This completes the proof of claim (a). The proof of (c) for S∧ is analogous
to the corresponding proof for Sm

∧ .
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Chapter 6

Rules, Models, and
Meanings

Just forget all that we’ve told you
and the theory that you’ve read

Glenn Gould, So You Want to
Write a Fugue

So far we have looked at different problems from a strict inferentialist point
of view. In this chapter we will switch gears and turn to moderate inferential-
ism instead. According to this type of view, recall, meaning is determined by
inferential use, but the notion of meaning itself need not be cashed out in in-
ferential terms. A popular option for moderate inferentialists is to characterise
meanings using the standard machinery of reference and truth-conditions. In
Chapter 2 we briefly outlined one way this could be done. The thought was that
a reasonable assignment of semantic values should make certain argument pat-
terns come out truth-preserving. This places constraints on what assignments
of reference and truth-conditions are adequate for a given language, and in that
sense allows us to read a semantics off of inferential practice. The example we
used was quite simple. We ordinarily take arguments like those below to be
correct:

A,B ⊢ A ∧B A ∧B ⊢ A A ∧B ⊢ B

In order for them to be truth-preserving a conjunction A∧B must be true if
and only if both its conjuncts A and B are true. Therefore, we said, the infer-
ential role of ‘and’ determines the standard truth-conditions for conjunctions.
We also mentioned that matters are more complicated for other propositional
connectives, and even more so when we add quantifiers to the mix. The time
has come to delve into those complications.
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One of the main problems for moderate inferentialism is that, on many nat-
ural ways of understanding what interpretations, inferential roles, and meaning
determination consist in, inferential roles determine ‘unintended’ or ‘deviant’
meanings for logical vocabulary. Roughly put: even when we cash out the no-
tion of meaning in the standard referential terms, the meanings pinned down
by inferential roles aren’t the usual ones. We will call this Carnap’s Problem,
and say more about it in Section 1.

Philosophers have come up with different workarounds to Carnap’s Problem.
Here I will examine the most prominent ones: James Garson’s (Section 2),
Timothy Smiley’s (Section 3), Vann McGee’s (Section 4), and a joint proposal
by Dag Westerst̊ahl and Dennis Bonnay (Section 5). After this, in Section 6, I
will put forward a solution of my own, and take stock in Section 7. The chapter
ends with a brief Coda that wraps up the thesis by going back to its beginning,
the Problem of Harmony, seen this time from a moderate inferentialist point of
view.

6.1 What is Carnap’s Problem?

According to moderate inferentialists the meaning of logical vocabulary is de-
termined by its inferential role. This gives rise to an obvious question: is the
meaning determined by the inferential roles of logical constants the usual, or
‘normal’ one? We will call this Carnap’s Question. In order to so much as pose
this question we have to clarify three things:

(i) What we mean by interpretations, and which of them are normal.

(ii) What we mean by inferential roles.

(iii) What we mean by inferential roles ‘determining’ or ‘ruling out’
interpretations.

There are many different answers to (i)-(iii), and in that sense, many different
‘Carnap Questions’. I will say a little more about which of them are sensible and
interesting in latter sections, but for now let’s focus on one concrete example.

In the case of classical propositional logic we can take interpretations for
a language L to be valuations, that is, arbitrary functions from L-sentences to
{1,0}. It is then natural to say that valuations are ⋄-normal for some connective
⋄ if they respect the usual truth-table for ⋄, and normal when they are ⋄-normal
for all connectives ⋄ of L.

Next we have to specify what inferential roles are. We know from Chapter
2 that authors like Brandom and Peregrin take every inferential link to play
a role in carving out the meaning of all expressions. In Chapter 5 we saw an
analogue of this in a logic-centred setting: according to Quine any deviation from
classical logic changes the meaning of all logical vocabulary. Now, the classical
consequence relation ⊢L on L gives full information about which sentences follow
from which, alone or in combination with others. From a broadly holist point
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of view, then, we can say that ⊢L encodes the inferential role of L’s logical
vocabulary.1

We are almost there; it just remains to say what it is for an interpretation to
be (in)compatible with the inferential roles of classical connectives. Let’s stick
with our previous choice, and say that v is consistent with ⊢L when it makes
all valid arguments truth-preserving: if Γ ⊢L A and v(Γ) = 1, then v(φ) = 1.2

We now have a sharp, tractable version of Carnap’s Question: we are asking
if all valuations consistent with ⊢L are normal. The answer, as Carnap (1943)
pointed out, is ‘no’ (for any expressively complete L). Say, for concreteness, that
L has connectives ∧,∨,¬ and →, and consider the trivial valuation vT such that
vT (A) = 1 for all sentences A. It is easy to see that vT is (trivially) consistent
with ⊢L, but not ¬-normal. Or take vcl, the valuation such that vcl(A) = 1 if
and only if A is a classical tautology. Once again, it is routine to check that
vcl is normal only for ∧, but still consistent with ⊢L. In fact, given any set of
L-sentences Γ, the valuation vΓ such that vΓ(A) = 1 if and only if Γ ⊢L A is
always consistent with ⊢L, but normal if and only if Γ is maximally consistent;
this means that infinitely many non-normal interpretations are consistent with
⊢L.

This is a problem; it is (an instance of) Carnap’s Problem. On our current
way of understanding interpretations, inferential roles, and ‘pinning down’, the
inferential roles of classical connectives don’t pin down the usual interpretations.
Either we have been wrong all along about the meaning of classical connectives,
or else that meaning isn’t determined by inferential roles. Luckily for moderate
inferentialists there are other compelling (perhaps more compelling) ways to
answer (i)-(iii), which give rise to new ways of understanding Carnap’s Question.
It is still possible, therefore, to formulate a version of moderate inferentialism
that doesn’t run into this difficulty. In the rest of this chapter we will look at
some prominent options.

6.2 Garson: Local and Global Models

Let’s begin with Garson’s (2013) take on Carnap’s Problem. The main difference
with our previous set-up is that Garson thinks of inferential roles in terms
of rules, rather than consequence relations. There are at least two ways of
reading semantics off of rules: we can use ‘local’ or ‘global’ models. These
alternatives are examined in subsections 6.2.1 and 6.2.2, respectively. In these
first subsections the discussion is restricted to (classical) propositional logic.
We will look at Garson’s take on Carnap’s Problem for first-order languages in
6.2.3.

1⊢L is an infinite set of pairs, so one may reasonably ask how speakers are supposed to
know about its extension. Inferentialists can reply that speakers follow inference rules which
are sound and complete for ⊢L (recall Quine’s notion of potential obviousness). Note that,
since on this approach we only care about the overall consequence relation, in practice we are
saying that sets of rules which give rise to the same derivability relation between formulas
determine the same meaning.

2Here and in what follows ‘v(Γ) = 1’ is short for v(A) = 1 for all A ∈ Γ.
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6.2.1 Local Models

From a certain point of view, as we have seen, it is possible to take the inferential
role of (all) classical connectives to be (simultaneously) specified by the classical
consequence relation. The caveat ‘from a certain point of view’ is important,
because this idea will not sit well with everyone. To begin with, we know from
Chapter 2 that authors like Tennant and Dummett insist that the meaning of
each connective should be separable from the meaning of the rest. And even
if we put separability aside, we may not want to ‘quotient over’ sets of rules
that give rise to the same consequence relation. Perhaps we want to identify
rules with the same strength, but as we saw in Chapter 3, derivability between
formulas is not the only way to think about strength. Or perhaps, as some of the
minimalists from Chapter 5, we think differences in the rules we accept make
a difference in what we mean by logical connectives, regardless of their overall
effect on the derivability relation of a calculus. What happens to Carnap’s
Problem when we take the meaning of connectives to be determined by the
rules that govern them? That is, in a nutshell, the question Garson sets out to
answer.

The first step is making the question more precise. Let’s start with in-
terpretations. In the previous section an interpretation for a language L was a
valuation from L-sentences to {1, 0}. Here we see the first difference: Garson re-
stricts attention to non-trivial valuations, that is, valuations such that v(A) = 0
for some A. Garson doesn’t offer an argument for this restriction. Rather, after
noting that Belnap and Massey (1990) call it an ‘innocuous assumption’, he
remarks that:

Adopting the “innocuous assumption” causes some feelings of guilt,
since ideally one would say absolutely nothing about valuations.
However, many of the pleasing results in this book depend on valu-
ations being consistent [non-trivial]. (Garson 2013, p. 12)

This move is common (though rarely justified) in the literature on Carnap’s
Problem, and we will see analogues of it when discussing McGee’s and Bonnay
and Westerst̊ahl’s accounts. Let’s grant the point, at least temporarily and for
the sake of argument; in the rest of this section interpretations are non-trivial
valuations.

Next we need to define rules. A sequent (in some language L) is a pair (Γ,∆)
of sets of L-sentences, where the pair (Γ,∆) is written ‘Γ ⇒ ∆’, and an n-ary
rule R is a set of n+ 1-tuples of sequents. Each n+ 1-tuple (σ1, ...σn+1) in an
n-ary rule R is an application of R, where σ1, ...σn are the premiss-sequents and
σn+1 the conclusion-sequent.3

3This is essentially the definition of a rule in Chapter 5, except that we are now using
arbitrary sets of formulas instead of finite multisets. The switch to sets is harmless, since we
won’t consider substructural logics. The use of arbitrary (rather than finite) sets of formulas
is more problematic, and I will say more about it in Section 6.2. Note, incidentally, that
this definition of a rule excludes higher-order rules in the sense of (Schroeder-Heister 1984).
Whenever I make a statement about ‘all rules’ of a certain type, then, higher-order rules aren’t
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It just remains to explain what it is for a rule to be compatible with some in-
terpretation. Earlier we said that valuations were consistent with a consequence
relation when they made all valid arguments truth-preserving. Rules, however,
take us from sequents to sequents, and sequents aren’t true or false; what should
we say? Garson’s first suggestion is to require preservation of satisfaction. A
sequent Γ ⇒ ∆ is satisfied by an interpretation v if and only if v(A) = 0 for
some A ∈ Γ or v(B) = 1 for some B ∈ ∆, and v preserves satisfaction in a rule
R when, for all applications of R, if v satisfies the premiss-sequents then it also
satisfies the conclusion-sequent; if this happens we will also say that v satisfies
the rule R. Finally, we say that v satisfies (or is a local model of) a set of rules
R when it satisfies each R ∈ R.

Garson’s idea is that a (set of) rule(s) is compatible with all and only its
local models. He puts the point in terms of ‘conditions on interpretations’. Say
that a set of rules R locally expresses a condition C on interpretations if, for all
interpretations v, v is a local model of R if and only if it obeys C. Then Carnap’s
Question can again be put in formal terms: we want to know if Garson’s rules
for the connectives locally express the usual boolean conditions:

(∧) v(A ∧B) = 1 if and only if v(A) = v(B) = 1.

(¬) v(¬A) = 1 if and only if v(A) = 0.

(∨) v(A ∨B) = 1 if and only if v(A) = 1 or v(B) = 1.

(→) v(A→ B) if and only if v(A) = 0 or v(B) = 1.

Now, Garson gives a structural rule and some operational rules for each
connective. The structural rule in question is (Id):4

(Id)
Γ, A⇒ A

The operational rules (natural deduction rules in sequent-style notation) are
as follows:

taken into account. Finally, single-conclusion rules are (‘lower order’) rules with exactly one
formula in the succedent of sequents. Rules with at most one formula in succedents will only
be considered in Section 6.6.

4Strictly speaking Garson’s calculi also contain rules for left Weakening and Cut. These
are redundant and I omit them for simplicity, but all results below continue to hold if we add
the two further structural rules.
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Conjunction:

Γ ⇒ A Γ ⇒ B
(∧ I)

Γ ⇒ A ∧B
Γ ⇒ A ∧B

(∧ E1)
Γ ⇒ A

Γ ⇒ A ∧B
(∧ E2)

Γ ⇒ B

Negation:

Γ, A⇒ B Γ, A⇒ ¬B
(¬ I)

Γ ⇒ ¬A
Γ,¬A⇒ B Γ,¬A⇒ ¬B

(¬ E)
Γ ⇒ A

Disjunction:

Γ ⇒ A
(∨ I1)

Γ ⇒ A ∨B
Γ ⇒ B

(∨ I2)
Γ ⇒ A ∨B

Γ ⇒ A ∨B Γ, A⇒ C Γ, A⇒ C
(∨ E)

Γ ⇒ C

Implication:

Γ, A⇒ B
(→ I)

Γ ⇒ A→ B
Γ ⇒ A→ B Γ ⇒ A

(→ E)
Γ ⇒ B

Say that R∧, R¬, R∨ and R→ are the sets containing the appropriate
operational rules and (Id). Then it is routine to check that:

Observation 6.1. R∧, R¬, R∨ and R→ locally express (∧), (¬), (∨) and (→),
respectively.

Proof. See (Garson 2013, Ch. 3).

This may seem like good news for moderate inferentialists, but Observation
6.1 is one of the “pleasing results” that hinges on Garson’s restriction of inter-
pretations to non-trivial valuations. The trivial valuation vT is a local model
of any single-conclusion rule (just like it is consistent with all single-conclusion
consequence relations), but it does not obey (¬). Therefore, neither R¬ nor any
other set of single-conclusion rules locally expresses (¬) when vT counts as an
interpretation.

The root of the problem is the fact that every single-conclusion rule contains
exactly one formula in the succedent, so it is natural to wonder what happens
when we turn to multiple-conclusion rules instead. The choice between natural
deduction or sequents, in this case, doesn’t really matter, so I will focus on
the more familiar sequent setting. Suppose we pick following rules R+

∧ for
conjunction:
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(Id)+
Γ, A⇒ A,∆

Γ, A,B ⇒ ∆
(∧ L)+

Γ, A ∧B ⇒ ∆

Γ ⇒ A,∆ Γ ⇒ B,∆
(∧ R)+

Γ ⇒ A ∧B,∆

Clearly, all ∧-normal interpretations (or valuations) preserve satisfaction
for these rules. Conversely, any interpretation (or valuation) that preserves
satisfaction for all rules in R+

∧ must be ∧-normal. To see this, just note that
all valuations satisfy (Id)+, and that any valuation which preserves satisfaction
for R+

∧ will also satisfy all sequents provable from it, such as:

A,B ⇒ A ∧B A ∧B ⇒ A A ∧B ⇒ B

But plainly, valuations that satisfy these sequents are ∧-normal.

Something similar happens with negation. Say we pick the following rules R+
¬ :

(Id)+
Γ, A⇒ A,∆

Γ ⇒ A,∆
(¬ L)+

Γ,¬A⇒ ∆

Γ, A⇒ ∆
(¬ R)+

Γ ⇒ ¬A,∆

Once more, all ¬-normal valuations preserve satisfaction for these rules, and
conversely, all valuations that preserve satisfaction for these rules must be ¬-
normal, since they will satisfy the provable sequents:

A,¬A⇒ ⇒ A,¬A

Any other standard set of multiple-conclusion rules would have done; for
instance, if a set of rules is interderivable with R+

∧ or R+
¬ then it has the

same local models as them, so it locally express the same conditions. It is also
straightforward to check that analogous results hold for the rest of classical
connectives. Putting everything together, we have that:

Observation 6.2. Any standard set of multiple-conclusion rules for ∧, ¬, ∨
or → locally expresses (∧), (¬), (∨) or (→), respectively, even if we count the
trivial valuation as an interpretation.

Each provable sequent in a multiple-conclusion calculus for classical logic cor-
responds to a valid argument in the multiple-conclusion classical consequence
relation: for example ⇒ A,¬A corresponds to ⊢ A,¬A, and A,¬A ⇒ corre-
sponds to A,¬A ⊢ . This means that the proof of Observation 6.2 still goes
through if we take classical logic to be a multiple-conclusion consequence re-
lation, and require valuations to be consistent with it. Put another way, the
‘improvement’ with respect to Section 6.1 comes from the switch from single to
multiple-conclusions, rather than from the switch from consequence relations to
rules.
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Garson ultimately decides against reading conditions on interpretations us-
ing local models. His main reason is that rules sometimes locally express a
semantics for which they are incomplete. Take Garson’s rules for →, that is,
(Id) and:

Γ, A⇒ B
(→ I)

Γ ⇒ A→ B
Γ ⇒ A→ B Γ ⇒ A

(→ E)
Γ ⇒ B

They locally express the classical truth-condition (→) on interpretations, as
per Observation 6.1, but we know from Section 3.2.1 that they can’t prove all
classically valid formulas: Peirce’s Law ((A→ B) → A) → A is a case in point.

It isn’t clear that this is a reason to write off local models altogether, though.
A simple fix would be to stick with local models but strengthen the notion of
local expression. Say that a set of rules R locally expresses+ a condition C on
valuations if it locally expresses C and is complete for the resulting semantics.
Garson’s rules for → don’t locally express+ (→), but many other sets of rules
will do. For instance, it is enough to supplement R→ with Peirce’s rule:

Γ, A→ B ⇒ A

Γ ⇒ A

to get a calculus that proves the full →-fragment of classical logic and locally
expresses+ (→). Moreover, R∧, R¬ and R∨, that is, Garson’s single-conclusion
rules for the rest of connectives, also locally express+ the intended semantics, as
does any standard system of multiple-conclusion rules. In short, nothing would
be lost with the switch to local expression+.

Alternatively, we could just shrug the problem off. Van McGee makes a
related suggestion when discussing the possibility that some natural deduction
system for second-order logic determines the full-second order semantics:

The rules of inference determine the truth conditions. The truth
conditions, together with the mathematical facts, determine the log-
ical consequence relation. The rules of inference are simple, but the
mathematical facts are complex. So it should not be a cause of alarm
that derivability is recursively enumerable but logical consequence
is not. (McGee 2000, p. 72)

On this approach the fact that some rules locally express a semantics for
which they are incomplete isn’t concerning; it is one thing to determine a se-
mantics and another to derive all valid inferences. In the absence of further
arguments, then, one could reply that this sort of incompleteness is harmless,
and perhaps (in hindsight) unsurprising.

Let’s take stock. First, taking meanings to be determined by single-conclusion
rules and reading semantics off of them using local models doesn’t solve Car-
nap’s Problem, or at least, it solves Carnap’s Problem only with the help of
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an ad hoc assumption concerning the trivial valuation vT . On the other hand,
if we turn to multiple conclusion rules the usual semantics is secured. This is
moderately good news for moderate inferentialism. It is good news because it
shows we can avoid Carnap’s Problem (at least for propositional logic). But it
is only moderately good news because, as we know from Chapter 3, many infer-
entialists insist that multiple-conclusion rules are inadequate formalisations of
inferential practice (and in fact Garson agrees, see Garson 2013, Ch. 11). Now
let’s see if global models fare any better.

6.2.2 Global Models

Garson’s second suggestion is to read semantics off of rules using preservation of
validity in sets of interpretations, rather than preservation of satisfaction. The
details behind this are easy to explain. Interpretations, as before, are non-trivial
valuations, and ⋄-normal interpretations respect the usual truth-table for ⋄. A
sequent is valid in a set of interpretations V (‘V -valid’ for short) if it is satisfied
by all v ∈ V . And finally, given a set V of interpretations and a rule R, we say
that R preserves V -validity when, for all its applications, if the premiss-sequents
are V -valid, so is the conclusion-sequent; if this happens we will also say that
V is a global model of R.

The idea, this time, is that sets of rules are compatible with all and only
their global models. Formally, we will say that a set of rules R globally expresses
a condition C on interpretations when, for all sets of interpretations V , V is a
global model of all R ∈ R if and only if all v ∈ V obey C. Carnap’s Question
then becomes: do Garson’s rules for the connectives globally express the usual
boolean conditions?

The answer, as in the previous section, depends on whether have single or
multiple-conclusion rules in mind. Garson shows that his preferred multiple-
conclusion rules globally express the intended classical semantics (Garson 2013,
Ch. 11). The argument he uses is, I think, needlessly complicated, and his calculi
are quite unusual, so we will show the result for R+

∧ and R+
¬ instead. First, it

is clear that any set of ∧-normal or ¬-normal valuations is a global model of
R+

∧ or R+
¬ , respectively. But conversely, any global model of R+

∧ or R+
¬ must

contain only ∧-normal or ¬-normal interpretations, respectively. To see this, let
V be a global model of R+

∧ or R+
¬ . Clearly (Id)+ is V -valid, since it is valid in

any set of valuations. But by assumption R+
∧ (or R+

¬ ) preserves V -validity, so
the following provable sequents are V -valid, and therefore satisfied:

A,B ⇒ A ∧B A ∧B ⇒ A A ∧B ⇒ B

A,¬A⇒ ⇒ A,¬A

Once again, though, any valuation which satisfies these sequents must be
∧-normal or ¬-normal, and this completes the proof. Analogous results hold for
any set of rules interderivable with R+

∧ or R+
¬ , and the same argument works for
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any standard choice of rules for the remaining connectives. We can summarise
the situation as follows:

Observation 6.3. Any standard set of multiple-conclusion rules for ∧, ¬, ∨
or → globally expresses (∧), (¬), (∨) or (→), respectively, even if we count the
trivial valuation as an interpretation.

Now let’s turn to the more delicate single-conclusion case. The headline
news is that the only set of rules that globally expresses the normal classical
semantics is R∧, the set of rules for conjunction. Garson’s argument is, again,
needlessly involved, so here is an alternative one:

Observation 6.4. R¬, R∨ and R→ don’t globally express (¬), (∨) and (→),
respectively.

Proof. Fix a language L with ¬,∨ and → as logical vocabulary, and consider
the set V containing all normal classical interpretations and the valuation vcl
such that vcl(A) = 1 if and only if A is a classical tautology. Clearly vcl doesn’t
obey (¬), (∨) or (→), so it only remains to show that V is a global model
of R¬, R∨ and R→. To see this, first note that if a sequent Γ ⇒ A is V -
valid, then it is also classically valid, since V contains all classical (normal)
valuations. Now suppose that the premiss-sequents of an application of one of
our rules are V -valid. Then these premiss-sequents are also classically valid, and
so is the conclusion-sequent, since R¬, R∨ and R→ preserve classical validity.
But then the conclusion sequent is also V -valid, since V contains only (normal)
classical valuations and vcl, which satisfies all classically valid sequents. Note,
incidentally, that this argument goes through for any other set of rules which
preserves classical validity.

Despite this result, the single-conclusion setting has a further interesting
twist: according to Garson we can read intuitionistic semantics from certain
(intuitionistic) rules for implication and negation. To explain this we need one
last bit of notation. Given a set of valuations V for language L, let the relation
≤V on V be defined by:

(≤) v ≤V v′ iff for all A ∈ L, v(A) = 1 implies v′(A) = 1.

Now, Garson’s rules for intuitionistic implication are the same as his rules for
classical implication, R→. This shouldn’t be surprising. We have already seen
that R→ alone can’t prove all classical validities, and in fact it is well-known
that R→, taken on its own, formalises the →-fragment of intuitionistic rather
than classical logic. Quite suggestively, the condition globally expressed by R→
is:

(C→): v(A → B) = 1 iff (∀v′ ∈ V ), if v ≤ v′ and v′(A) = 1 then
v′(B) = 1.

Garson’s set of rules R∼ for intuitionistic negation contains (Id) and:
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Γ, A⇒ B Γ, A⇒∼B
(∼ I)

Γ ⇒∼A
Γ ⇒ A Γ ⇒∼A

(∼ E)
Γ ⇒ B

These rules globally express the following condition:

(C∼): v(∼A) = 1 iff (∀v′ ∈ V ) if v ≤ v′ then v′(A) = 0.

The sense in which Garson claims to read intuitionistic semantics for → and
∼ should be clear: (C→) and (C∼) look remarkably like the clauses for the
interpretation of → and ∼ in intuitionistic Kripke models. Unfortunately, as
we will see, there are two problems with Garson’s results, one related to his
semantics and the other to his rules. Let’s take each of them in turn.

If we have another look at Garson’s set-up we immediately notice a peculiar-
ity. Given a set V of valuations, condition (≤) fully determines the correspond-
ing relation ≤V on V . Moreover, the extension of ≤V depends on the values
of all formulas in all valuations v′ ∈ V . Now consider (C→) and (C∼) again.
According to these clauses the values of A → B and ∼ C in v ∈ V depend
(amongst other things) on which valuations v′ are such that v ≤V v′. Since this
depends of the value of all formulas in all v′ ∈ V , the values of A→ B and ∼C
in v partly depend on the values of all formulas in all v′ ∈ V .

Garson attempts to prove a theorem that, if true, would curb the extent of
this dependence. Say that a condition C on valuations is functional if, given
a set of atomic valuations VAt, there is a unique set of valuations V that obey
C and agree with VAt on the value of all atoms.5 What Garson attempts to
show is that (C→) and (C∼) are functional. This, he says, would show that his
semantics:

behaves as a recursive definition of truth ought to do, namely to
provide a unique account of the truth-values of the complex formulas
given an assignment of values to the propositional variables. (Garson
2013, p. 66)

Garson’s proof, however, is incorrect, and (C→) and (C∼) aren’t functional.6

To show this we need some stage-setting. Fix a language L→,∼ built up from
an infinite set of propositional atoms At = {p1, p2, p3, ...}, → and ∼. Kripke
models are triples M = (W,R, u) with W a non-empty set, R a partial order
on W , and u a function u : At×W −→ {1, 0} such that:

(Mon): For all w,w′ ∈W and p ∈ At, if wRw′ and u(w, p) = 1 then
u(w′, p) = 1.

The forcing relation ⊩ is defined as usual:

5We say that V and VAt agree on the value of all atoms when there is a bijection f between
VAt and V such that v(p) = f(v)(p) for all atoms p.

6See (Garson 2013, p. 67-8) for his attempted proof, which goes wrong in the second to last
line of p. 67. Woods (2012, p. 285) also claims that (C→) and (C∼) are functional, although
without proof; note that Woods uses the term ‘categoricity’ instead of ‘functionality’.
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M, w ⊩ p iff u(w, p) = 1.

M, w ⊩ A → B iff (∀w′ ∈ W ) if wRw′ and M, w′ ⊩ A,
then M, w′ ⊩ B.

M, w ⊩∼A iff (∀w′ ∈W ) if wRw′ then M, w′ ̸⊩ A.

And finally, the following well-known lemma will be useful:

(Persistence) Let M = (W,R, u) be a Kripke model, let w,w′ ∈ W
be such that wRw′. Then M, w ⊩ A implies M, w′ ⊩ A, for all
φ ∈ L→,∼.

We can now prove our result. It shows that (C→) and (C∼) are not func-
tional and a little bit more —namely, clause (iii) below.

Theorem 6.5. There is a set of atomic valuations VAt and two distinct sets of
valuations V, V ′ such that:

(i) V and V ′ agree with VAt on the value of all atoms.

(ii) All valuations in V and V ′ obey (C→) and (C∼).

(iii) There are valuations v ∈ V and v′ ∈ V ′ that agree on the value of all
(proper) subformulas of A→ B and ∼C but such that v(A→ B) ̸= v′(A→ B)
and v(∼C) ̸= v′(∼C).

Proof. The structure of the proof is simple. We begin with a set of atomic
valuations VAt, then construct two Kripke models M and M′ from it, and then
extract the required V and V ′ from M and M′, respectively. The set of atomic
valuations is VAt = {w1, w2, w3}, where w1 only makes atom p1 true, w2 only
makes atoms p1, p2 true and w3 only makes atoms p1, p2, p3 true. Next we build
V and V ′ —incidentally, the construction of V follows (Garson 2013, p. 67).

Building V : Consider the Kripke model M = (W,R, u) with W = VAt,
R the reflexive and transitive closure of {(w1, w2), (w2, w3)}, and u defined by
u(wi, s) = wi(s) for all atoms s. We can extract a set V = {v1, v2, v3} of
valuations from M by letting vi(A) = 1 iff M, wi ⊩ A. Then:

(i) By construction vi(s) = wi(s) for all atoms s, i.e. V agrees with VAt on
the values of atoms.

(ii) All valuations in V obey (C→) and (C∼): first we show, as a lemma,
that vi ≤ vj iff wiRwj . The right-to-left direction follows immediately from
(Persistence) and (≤). For the left-to-right direction, suppose that wi /Rwj .
Then i > j, so there is some atom s ∈ {p1, p2, p3} such that M, wi ⊩ s but
M, wj ̸⊩ s. This means that vi(s) = 1 and vj(s) = 0, so by (≤) we have vi ̸≤ vj .
This completes the proof of the lemma. But then:

(C→) vi(A→ B) = 1 iff M, wi ⊩ A→ B iff wiRwj and M, wj ⊩ A implies
M, wj ⊩ B iff vi ≤ vj and vj(A) = 1 implies vj(B) = 1.
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(C∼) vi(∼A) = 1 iff M, wi ⊩∼A iff wiRwj implies M, wj ̸⊩ A iff vi ≤ vj
implies vj(A) = 0.

Building V ′: Consider the Kripke model M′ = (W ′, R′, u′) with W ′ and u′

defined as before, but withR′ the reflexive and transitive closure of {(w1, w2), (w1, w3)}
instead. We extract a second set of valuations V ′ = {v′1, v′2, v′3} from M′ letting
v′i(A) = 1 iff M′, wi ⊩ A. Just as in the previous case:

(i) By construction v′i(s) = wi(s) for all atoms s, i.e. V ′ agrees with VAt on
the values of atoms.

(ii) All valuations in V ′ obey (C→) and (C∼): we again need to show first
that v′i ≤ v′j iff wiRwj . The right-to-left direction still follows from (Persis-
tence) and (≤). The left-to-right direction changes slightly. First note that
wi /Rwj only in case either i > j or i = 2 and j = 3. To see that v′2 ̸≤ v′3,
let p9 be any atom distinct from p1, p2, p3. Then M′, w2 ⊩ p3 → p9 but
M′, w3 ̸⊩ p3 → p9, so v′2(p3 → p9) = 1 but v′3(p3 → p9) = 0. For the remaining
case note, once again, that if i > j then there is some atom s ∈ {p1, p2, p3}
such that M, wi ⊩ s but M, wj ̸⊩ s, which means that v′i(s) = 1 and v′j(s) = 0,
so by (≤) we have that v′i ̸≤ v′j . The proof that all valuations in V ′ obey (C→)
and (C∼) then proceeds exactly as it did for V .

This completes the proof of parts (i) and (ii) of the theorem. To see that
part (iii) also holds, note that v2 and v′2 agree on the value of p3 and p9, and
yet v2(p3 → p9) = 0 but v′2(p3 → p9) = 1, and note also that v2(∼p3) = 0 but
v′2(∼p3) = 1.

Theorem 6.5 shows that the value of v(∼ A) and v(A → B) in some v ∈
V depends on the value of all formulas in every v′ ∈ V , and that this value
can differ between models that agree on the value of all atoms in all their
valuations. It is useful to compare this situation with Kripke semantics. In a
Kripke model (W,R, u) to know whether a formula is forced at some node w
we need to know which nodes w is R-related to, and which atoms are forced
in those nodes. However, we don’t need to know what formulas are forced in
every node of the model, while in Garson’s semantics we do. This brings other
aspects of the similarity between Garson’s approach and Kripke semantics into
question. The monotonicity constraint (Mon) of Kripke models represents the
assumption that verifications can’t be ‘lost’ when passing from one evidential
stage to another, but the analogous condition (≤) in Garson’s framework is
considerably stronger. First, it applies to arbitrarily complex formulas, rather
than atomic ones. And secondly, it also stipulates the ‘converse’ of (Mon): if
v(A) = 1 implies v′(A) = 1 (for all A ∈ L), then v ≤ v′. It is unclear what to
make of this further requirement, but the difference suggests that the analogy
between Garson’s conditions and Kripke semantics should be taken with a fair
amount of caution.

Now let’s turn to the second problem with Garson’s results. His rules R→
for intuitionistic implication, recall, are (Id) and:
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Γ, A⇒ B
(→ I)

Γ ⇒ A→ B
Γ ⇒ A Γ ⇒ A→ B

(→ E)
Γ ⇒ B

and his rules R∼ for intuitionistic negation are (Id) and:

Γ, A⇒ B Γ, A⇒∼B
(∼ I)

Γ ⇒∼A
Γ ⇒ B Γ ⇒∼B

(∼ E)
Γ ⇒ A

These look like standard rules, but something sets them apart from the norm:
in all of them Γ may be an infinite set of formulas. This immediately raises the
question of whether Garson’s results hold for the usual, finitary version of his
rules. Let Rf

→ and Rf
∼ be the versions of R→ and R∼ where Γ is only allowed

to be finite. It is easy to check that Garson’s results about local expression go
through for Rf

→ and Rf
∼; as we are about to show, though, his results about

global expression don’t hold for finitary rules.7

Once again we need to lay some groundwork. First, given a Kripke model
M = (W,R, u) and some w ∈ W , the submodel generated by w is Mw =
(W ′, R′, u′), where W ′ = {x ∈ W : wRx} and R′, u′ are the restrictions of R
and u to W ′. The following lemma about generated submodels is well-known:

(Gen. Sub.) Let M = (W,R, u) be a Kripke model, Mw = (W ′, R′, u′)
the submodel generated by some w ∈ W . Then for all A ∈ L→,∼
and all w′ ∈W ′, M, w′ ⊩ A iff Mw, w′ ⊩ A.

We will also need the following lemma:

Lemma 6.6. Let Γ ⇒ A be an intuitionistically invalid sequent with Γ finite.
Then:

(i) There is a Kripke model M = (W,R, u) and some w ∈ W such that
M, w ⊩ G for all G ∈ Γ, M, w ̸⊩ A, and w makes only finitely many atoms
true.

(ii) There is a Kripke model M′ = (W ′, R′, u′) and some w′ ∈W ′ such that
M′, w′ ⊩ G for all G ∈ Γ, M′, w′ ̸⊩ A, and M′, w′ ̸⊩ C for some classical
tautology C.

Proof. (i) Let Γ ⇒ φ be an intuitionistically invalid sequent with Γ finite.
By completeness of Kripke semantics there is some M0 = (W0, R0, u0) with
a w0 ∈ W such that M0, w0 ⊩ G for all G ∈ Γ and M0, w0 ̸⊩ A. Let
M1 = (W1, R1, u1) be the submodel generated by w0. By (Gen. Sub) we still
have that M1, w0 ⊩ G for all G ∈ Γ and M1, w0 ̸⊩ A. To ensure that w0 only

7Garson says that he allows infinite antecedents “for ease of comparison with multiple
conclusion sequent systems” (Garson 2013, p. 9). This is puzzling, given that (a) his results
about multiple conclusion rules don’t depend on them having infinite antecedents and (b)
standard multiple conclusion sequent systems only allow finite antecedents anyway.
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makes finitely many atoms true, we build a second model M2 = (W2, R2, u2)
from M1. Let W2 = W1, and R2 = R1. As for u2, let it be defined exactly as u1
except in w0, where we let u2(w0, s) = u1(w0, s) for the (finitely many!) atoms s
that occur in Γ or A, and u2(w0, p) = 0 for all remaining atoms. Routine induc-
tion on the complexity of L→,∼-formulas shows that for all B ∈ Γ ∪ {A} and
all w ∈ W1, we have that M2, w ⊩ B iff M1, w ⊩ B. Therefore, M2, w0 ⊩ G
for all G ∈ Γ and M2, w0 ̸⊩ A.

(ii) To prove (ii) we build a further model M3 = (W3, R3, u3) from M2.
Let W3 = W2 ∪ {x, y} for some x, y ̸∈ W2 (with x ̸= y) and let R3 =
R2 ∪ {(x, x), (y, y), (w0, x), (w0, y)}. As for u3, let pi, pj be two atoms not oc-
curring in Γ or φ (there must be two such atoms, since Γ is finite). Then we
define u3 by:

(a) u3(w0, s) = u2(w0, s) for all atoms s. Note that in particular u3(w0, pi) =
u3(w0, pj) = 0, since pi, pj don’t occur in Γ or φ.

(b) u3(x, s) = u2(w0, s) for all s ̸= pi, pj , and u3(x, pi) = u3(x, pj) = 1.

(c) u3(y, s) = u2(w0, s) for all s ̸= pi, pj , and u3(x, pi) = 1 but u3(x, pj) = 0.

(d) For all remaining w ∈ W2, if s ̸= pi, pj then u3(w, s) = u2(w, s), and
u3(w, pi) = 1, u3(w, pj) = 0.

Routine induction on the complexity of L→,∼-formulas shows that for all
C ∈ Γ ∪ {A} and all w ∈ W1, we have that M3, w ⊩ C iff M2, w ⊩ C. This
immediately implies that M3, w0 ⊩ G for all G ∈ Γ and M3, w0 ̸⊩ A. It is
also easy to check that M3, w0 ̸⊩ ((pi → pj) → pi) → pi. Since ((pi → pj) →
pi) → pi is an instance of Peirce’s law, and hence a classical tautology, (ii) is
proven.

Here are, at last, the promised results:

Theorem 6.7. There is a global model V of Rf
→ such that some v ∈ V does

not obey (C→).

Proof. Fix a language L→ with → as the sole connective. An L→-interpretation
v is intuitionistic if there is an M = (W,R, u) with a w ∈ W such that for all
A ∈ L→, v(A) = 1 iff M, w ⊩ A. Let I be the set of intuitionistic interpretations
that make some classical tautology false. Our global model is V = I ∪ {vcl},
where vcl is the interpretation such that vcl(A) = 1 iff A is a classical tautology.
Note that:

(a) vcl ≤V v iff v = vcl, since all valuations in I make some classical tautology
false, and

(b) vcl does not obey (C→), since vcl(p1) = vcl(p2) = vcl(p1 → p2) = 0.

It remains to show that the rules in Rf
→ preserve V-validity. To prove this,

we first have to show that a sequent Γ ⇒ A with finite Γ is intuitionistically valid
if and only if it is V -valid. The left-to-right direction is shown by contraposition:
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suppose Γ ⇒ A is not V -valid. Then for some v ∈ V we have v(Γ) = 1 for all
G ∈ Γ but v(A) = 0. If v ∈ I the result immediately follows. If v = vcl the result
follows as well, since all classically valid sequents hold in vcl, so Γ ⇒ A must be
classically, and hence intuitionistically, invalid. The right-to-left direction is also
shown by contraposition: suppose Γ ⇒ φ is intuitionistically invalid. Then by
Lemma 6.6, part (ii), there is a Kripke model M = (W,R, u) and some w ∈W
such that M, w ⊩ G for all G ∈ Γ, M, w ̸⊩ A, and M, w ̸⊩ C for some classical
tautology C. But then there is some v ∈ I ⊆ V that invalidates Γ ⇒ A.

The theorem immediately follows from this. All applications of rules in R→
preserve intuitionistic validity (that is, if the premiss-sequents are intuitionis-
tically valid, so is the conclusion-sequent). But since we are dealing only with
sequents with finite antecedents, the rules in Rf

→ also preserve V -validity.

Theorem 6.8. There is a global model V of Rf
∼ such that some v ∈ V does

not obey (C∼).

Proof. Fix a language L∼ built up from atoms At = {p1, p2, p3, ...} and with ∼
as the sole connective. Let If be the set of intuitionistic valuations that make
only finitely many atoms true. Now we define a further valuation ve as follows:
say that an L∼-sentence is even iff it is an atom with an even index or one such
atom preceded by an even number of occurrences of ‘∼’; otherwise the sentence
is odd. We let ve(A) = 1 iff A is even. Our global model is V = If ∪{ve}. Note
that:

(a) ve ≤V v iff v = ve, since all valuations in If make only finitely many
atoms true.

(b) ve does not obey (C∼), since, for any odd atom s we have that ve ≤ v′

implies v′(s) = 0, but ve(∼ s) = 0.

It remains to show that the rules in Rf
∼ preserve V-validity. To show this we

first need to prove that a sequent Γ ⇒ A with finite Γ is intuitionistically valid if
and only if it is V -valid. The left-to-right direction is shown by contraposition:
if Γ ⇒ A is not V -valid, then for some v ∈ V we have v(γ) = 1 for all γ ∈ Γ but
v(A) = 0. If v ∈ If we are done. If, on the other hand, v = ve, then Γ contains
only even sentences and A is odd, and it is easy to find a classical valuation in
which Γ ⇒ A does not hold: if A is an atom s preceded by an even number of
negations, the classical valuation that makes all atoms in Γ true and s false will
do (since s itself must be an odd atom), and if A is an atom s preceded by an
odd number of negations, the classical valuation that makes all atoms in Γ and s
will do. But since Γ ⇒ A is classically invalid, it is also intuitionistically invalid.
For the right-to-left direction, note that if Γ ⇒ A is intuitionistically invalid,
then by Lemma 6.6 part (i) there must be some v ∈ If ⊆ V that invalidates it.
The rest of the proof proceeds as in the previous theorem.

The upshot so far is that Garson’s results don’t hold for the finitary version
of his rules. But in fact we can strengthen the result, and show that no set of
finitary, single conclusion rules for the connectives Garson considers expresses

135



his semantics. Let’s take → as an example. Since the global model V defined
in Theorem 6.7 doesn’t obey (C→), it is enough to show that V is a global
model of any set of finitary, single-conclusion rules for →. Now, any set of rules
for → must preserve intuitionistic validity from premiss-sequents to conclusion-
sequent. Suppose that some set of rules R for → doesn’t preserve V -validity.
Then there is an application of some R ∈ R with V -valid premiss-sequents
and a V -invalid conclusion-sequent. But in Theorem 6.7 we showed that a
sequent Γ ⇒ φ with finite Γ is V-valid if and only if it is intuitionistically valid.
Therefore, the premiss-sequents are intuitionistically valid and the conclusion-
sequent isn’t, and the rule in question doesn’t preserve intuitionistic validity; in
other words, R isn’t a set of rules for →. A similar argument works for ∼, and
therefore:

Corollary 6.9.

(i) No set of finitary rules that proves all and only the valid sequents of the
∼-fragment of intuitionistic logic expresses (C∼).

(ii) No set of finitary rules that proves all and only the valid sequents of the
→-fragment of intuitionistic logic expresses (C→).

This is a problem for Garson’s project. On the face of it our inferential
practice is finitary: we reason from finitely many assumptions to finitely many
conclusions, using rules with finitely many premisses. If this is correct, though,
Garson’s semantic conditions C→ and C∼ are disconnected from our use of log-
ical vocabulary, since no set of rules with finite antecedents can express them.
Note, incidentally, that the claim that our use of logical vocabulary is finitary
doesn’t commit us, in and of itself, to any particular view about compactness.
Paseau and Griffiths (2021), for example, have recently argued that ‘the classi-
cal consequence relation of English’ is non-compact, but even they grant that
“we understand [a valid argument with infinitely many premisses] via a finite
description, and convince ourselves of [its] validity by finite reasoning” (Paseau
and Griffiths 2021, p. 194). Similarly, as we know, McGee (2000) has argued
that rules can express a semantics for which they are not complete, so finitary
rules can determine non-compact consequence relations.

Let’s summarise our results. First, taking meanings to be determined by
single-conclusion rules and reading semantics off of them using global mod-
els doesn’t solve Carnap’s Problem: no single-conclusion rules for the classical
connectives globally expresses classical semantics, and no set of finitary rules
globally expresses Garson’s ‘intuitionistic’ semantics either. On the other hand,
and much like in the previous section, if we use multiple-conclusion rules the
intended meaning of classical connectives is pinned down. The obvious next
question is: what about the quantifiers?

6.2.3 But what about the Quantifiers?

In this section we will look at Garson’s take on Carnap’s Problem for first-
order languages. Now, Garson takes interpretations for quantified languages to
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be (non-trivial) valuations, as in the propositional case. The problems start
when he tries to define ∀-normal interpretations. He distinguishes between a
‘substitutional’ and an ‘objectual’ reading of quantifiers. On the substitutional
reading an interpretation v is ∀-normal when:8

(s∀) v(∀xφ) = 1 iff v(φ[y/x]) = 1 for all variables y of the language.

The question that immediately arises is whether (s∀) is a plausible notion of
normal interpretation. And arguably, it isn’t. A first-order semantics in terms
of (s∀) doesn’t so much as mention a domain of quantification, which puts it
quite far from the usual way(s) of interpreting quantifiers. But the worry goes
deeper. First, (s∀) doesn’t really match the usual truth-conditions of quantified
sentences: in a (normal) classical structure we may have that M, σ |= Py for
all variables y but M, σ ̸|= ∀xPx. And secondly, as Garson himself (2013, p.
215) points out, (s∀) induces a non-compact consequence relation. To see this,
fix a language with a unary predicate P and no individual constants or function
symbols, and consider the argument from all sentences of the form Py, for y a
variable of the language, to ∀xPx:

{P [y/x] | y ∈ Vars}⊢ ∀xPx

This argument is truth-preserving on all interpretations that satisfy (s∀),
and therefore valid on Garson’s ‘normal’ substitutional semantics. The result of
taking any finite subset of {P [y/x] | y ∈ Vars} as premises, on the other hand,
is not. Needless to say, no standard proof-system for classical logic is strongly
complete for this substitutional semantics.

The objectual reading of quantifiers is more involved. Garson begins by
introducing the notion of a ‘hybrid formula’. Given a domain D, hybrid formulas
are recursively defined so that any well-formed-formula is a hybrid formula,
and the result φ[d/x] of substituting an object d ∈ D for all free occurrences
of x in a hybrid formula φ is a hybrid formula itself. Garson then considers
interpretations that range over hybrid formulas, and takes v to be ∀-normal,
given a domain D, when:

(o∀) v(∀xφ) = 1 iff v(φ[d/x]) = 1 for all d ∈ D.

Although (o∀) is, perhaps, more natural than (s∀), there is still reason to
doubt its adequacy. We were after a definition of normal interpretations over
a language L. What we have been given, however, is a definition of normal
interpretations over a ‘hybrid’ (i.e. extended) language L′. To avoid this sort
of problem Br̂ıncuş (2024) restricts attention to countable domains all of whose
elements are named by a constant, which effectively collapses Garson’s objectual
and substitutional readings. But this doesn’t really solve the issue: he is just
left without a notion of normal interpretation applicable to all languages.

8From now on, when discussing first-order languages lowercase Greek letters φ,ψ... range
over formulas, and uppercase Roman letters P,Q, ... range over non-logical predicates.
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The problem we are facing is easy to explain. In order to make Carnap’s
Question precise enough to be worth asking we have to clarify, among other
things, what we mean by (normal) interpretations. There are several ways we
can go about it, but not everything will do. Some sensible minimal requirements
are that normal interpretations be among the usual ways of interpreting first-
order languages, and that the definition of normality be general enough to apply
to languages of arbitrary signature. Garson’s proposals fail on both accounts,
and this seems like a good reason to reject his way of formulating Carnap’s
Problem altogether.

In the rest of this section I will consider an alternative way to understand
Carnap’s Problem for first-order languages that stays relatively close to Garson’s
set-up, but doesn’t run into the same problems. This is partly to explore what
the first-order Carnap’s Problem looks like when we define interpretations as
valuations, and partly because the tools we will develop will be useful in the
next section.

Let’s start from the basics. When we talk about semantics for first-order
logic, what comes to mind is the Tarskian definition of satisfaction of a formula
φ under a variable assignment σ in a structure M = (D, I), where D is a domain
and I a function interpreting the non-logical vocabulary. Given such an M, the
usual inductive definition is:

(i) M, σ |= P (x1, ...xn) iff (σ(x1), ..., σ(xn)) ∈ I(P ).

(ii) M, σ |= φ ∧ ψ iff M, σ |= φ and M, σ |= φ.

(iii) M, σ |= ¬φ iff M, σ ̸|= φ.

(iv) M, σ |= ∀xφ iff M, σ[a/x] |= φ for all a ∈ D.

where σ[a/x] is the variable assignment that results from setting σ(x) = a
and leaving σ otherwise unchanged.

These clauses don’t define assignment of semantic values; they define a
ternary relation |= between structures, variable assignments, and formulas. Still,
there is an obvious sense in which, given some L-structure M, a satisfaction re-
lation |= determines a class of valuations: just set vMσ (φ) = 1 if M, σ |= φ, else
vMσ (φ) = 0, for any formula φ. As the notation suggests, this yields a valuation
vMσ for each variable assignment σ from L to M.

Using this idea, it is easy to set-up a valuational semantics for first-order
logic. An interpretation (based on an L-structure M) will be a set of valuations
VM := { vσ |σ ∈ AM }, where AM is the set of variable assignments from L to
M. Since the meaning of non-logical expressions is not in question here, we will
assume that atomic formulas are evaluated as usual i.e.:

vσ(Qx1, . . . xn) = 1 iff M, σ |= Qx1, . . . xn

for any vσ ∈ VM and n-ary predicate Q. Now, how should we define ∀-
normal interpretations? The usual satisfaction clause for ∀ is:
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(iv) M, σ |= ∀xφ iff M, σ[a/x] |= φ for all a ∈ D.

In ‘valuation-speak’, this is to say that VM is ∀-normal when, for all vσ ∈
VM:

(∀) vσ(∀xφ) = 1 iff vσ[a/x](φ) = 1 for all a ∈ D.

Finally, we have to explain what it is for interpretations to be compatible
with rules. First, say that Γ ⇒ ∆ is VM-valid when it is satisfied by all
vσ ∈ VM. And secondly, say that VM is consistent with a rule R when, for all
applications of R, if the premiss-sequents are VM-valid, so is the conclusion-
sequent. In other words, VM is consistent with R if it is a global model of
R.9

We now have a Garson-like way of posing Carnap’s Question in first-order
settings: we want to know if (given any L-structure M), all interpretations VM

that are consistent with the rules for ∀ are ∀-normal.
The answer to this question is ‘no’, regardless of whether we use single or

multiple-conclusion rules, natural deduction or sequent calculi. For reasons
that will become clear in the next section I will focus on the multiple-conclusion
natural deduction rules from (Boričić 1985), but analogous results hold for any
other standard choice. Here are the rules in question:

Γ ⇒ φ(y/x),∆
(∀ I)+

Γ ⇒ ∀xφ,∆
Γ ⇒ ∀xφ,∆

(∀ E)+

Γ ⇒ φ(y/x),∆

As usual y must be free for x in φ, φ(y/x) is the result of replacing all free
occurrences of x in φ for y, in (∀ I) y must not occur free in Γ, ∀xφ, or ∆, and
the context-sets are finite.

Our goal is to prove that some non ∀-normal interpretation is consistent with
these rules. First, let’s fix a language L with a single binary predicate R as non-
logical vocabulary, and consider the L-structure B = (D, I) with D = Z − {0}
and I(R) =< . To get a non-normal interpretation V B based on B, we will use
a second model A = (D′, I ′) with D′ = Z and I ′(R) =< . Just define V B by
letting vσ(φ) = 1 if and only if A, σ |= φ (for all σ ∈ AB, where ‘|=’ is the usual
satisfaction relation).

To see that V B is not ∀-normal, take any σ ∈ AB such that σ(x) = −1 and
σ(y) = 1. By definition of V B we have that:

vσ[a/z]( ¬(Rxz ∧ Rzy) )=1 for all a ∈ D = Z− {0},
but vσ( ∀z ¬(Rxz ∧Rzy) ) = 0.

9Note that it wouldn’t have done to define consistency with a rule in terms of preservation
of satisfaction, rather than validity, because the rules for ∀ don’t preserve satisfaction in an
assignment: in a normal model we may have that M, σ |= P (y) but M, σ ̸|= ∀xPx. Garson
makes a similar point in (Garson 2013, p. 43).
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It remains to show that V B is consistent with (∀ I)+ and (∀ E)+. To do this
we need some new terminology and two quick lemmas. First, given some L-
structure M, we will say that Γ ⇒ ∆ is |=-valid if, for any assignment σ ∈ AM,
we have that M, σ |= Γ implies that M, σ |= ψ for some ψ ∈ ∆. The required
lemmas are:

Lemma 6.10. For any σ ∈ AA, let σ+n be the assignment such that σ+n(x) =
σ(x) + n for all variables x. Then for all σ ∈ AA, n, and φ:

A, σ |= φ iff A, σ+n |= φ

Proof. By induction on the complexity of formulas.

Lemma 6.11. Let Γ,∆ be finite. If, for all σ ∈ AA with range in Z− {0}, we
have that A, σ |= Γ implies A, σ |= ψ for some ψ ∈ ∆, then Γ ⇒ ∆ is |=-valid.

Proof. Let Γ,∆ be finite and suppose that, for all σ ∈ AA with range in Z−{0},
we have that A, σ |= Γ implies A, σ |= ψ for some ψ ∈ ∆. We want to show that
Γ ⇒ ∆ is |=-valid, that is, we want to show that for all σ′ ∈ AA, we have that
A, σ′ |= Γ implies A, σ′ |= ψ for some ψ ∈ ∆. We will do this by contraposition.

Suppose there is some σ′ ∈ AA such that A, σ′ |= Γ but A, σ′ ̸|= ψ for all
ψ ∈ ∆. We now construct a σ∗ ∈ AA with range in Z−{0} such that A, σ∗ |= Γ
but A, σ∗ ̸|= ψ for all ψ ∈ ∆, contrary to our assumption.

Let x1 . . . xn be the (finitely many!) variables that occur free in Γ,∆. If
σ′(xi) ̸= 0 for all i ≤ n, we just let σ∗(xi) = σ′(xi) for all i ≤ n and σ∗(z) = 1
for all other variables z. Then A, σ∗ |= Γ but A, σ∗ ̸|= ψ for all ψ ∈ ∆, since σ′

and σ∗ agree on all the free variables in Γ,∆.
If, on the other hand, σ′(xi) = 0 for some i ≤ n, let k = Max {|σ′(x1)| . . . |σ′(xn)|}+ 1,

where | | is the absolute value function. Then σ′+k(xi) ̸= 0 for all i ≤ n. More-
over, since we have that A, σ′ |= Γ but A, σ′ ̸|= ψ for all ψ ∈ ∆, by Lemma
6.10 we also have that A, σ′+k |= Γ but A, σ′+k ̸|= ψ for all ψ ∈ ∆. But then
it is enough to let σ∗(xi) = σ′+k(xi) for all i ≤ n and σ∗(z) = 1 for all other
variables z. We then have that A, σ∗ |= Γ but A, σ∗ ̸|= ψ for all ψ ∈ ∆, since
σ′+k and σ∗ agree on all the free variables in Γ,∆

We can now show that V B is consistent with (∀ I)+ and (∀ I)+.

Theorem 6.12. V B is consistent with (∀I)+ and (∀E)+

Proof.

(∀ I)+: Let y be free for x in φ and not occur free in Γ, ∀xφ, or ∆, and

suppose that Γ ⇒ φ(y/x),∆ is V B-valid. We want to show that Γ ⇒ ∀xφ,∆
is V B-valid too. Now, since Γ ⇒ φ(y/x),∆ is V B-valid, that is, since for any
σ ∈ AB:

vσ(Γ) = 1 implies vσ(ψ) = 1 for some ψ ∈ ∆ ∪ {φ(y/x)}

we also have, by the definition of V B, that for any σ ∈ AA with range in Z−{0}:
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A, σ |= Γ implies A, σ |= ψ for some ψ ∈ ∆ ∪ {φ(y/x)}

But then by Lemma 6.11, Γ ⇒ φ(y/x),∆ is |=-valid in A. Since (∀ I)+ clearly
preserves |=-validity (remember that ‘|=’ is the usual satisfaction relation), we
have that Γ ⇒ ∀xφ,∆ is also |=-valid in A. Therefore, by the definition of V B,
we have that for any σ′ ∈ AB ⊂ AA:

vσ′(Γ) = 1 implies vσ′(ψ) = 1 for some ψ ∈ ∆ ∪ {∀xφ}

In other words, Γ ⇒ ∀xφ,∆ is V B-valid, as was to be shown.

(∀ E)+: Analogous to the previous case.

It is easy to see that the same reasoning applies to the single-conclusion
versions of (∀ I)+ and (∀ E)+, as well as to other standard choices of single
and multiple-conclusion sequent rules for ∀.10 Our discussion can therefore be
summarised as follows: Garson’s way to state Carnap’s Problem for first-order
settings is inadequate, since his notion of a normal interpretation is neither
recognisably normal nor applicable to languages of arbitrary signature. There
is a closely related way of formulating Carnap’s Problem which retains the use of
valuations and global models. On this way of understanding Carnap’s Problem,
however, the usual rules for ∀ don’t pin down normal interpretations.

6.3 Smiley: Bilateral Constraints

In this section we will look at bilateral approaches to Carnap’s Problem. We
will start off gently, focussing on the propositional case. Our first goal, as usual,
is getting clearer about how to formulate Carnap’s Problem. We saw in Chapter
4 that the formal languages bilateralists use contain signed formulas +A and
−B, where ‘+’ and ‘−’ are markers for assertion and rejection.11 How should
we define interpretations for these languages? We will take a cue from Incurvati
and Smith (2010) and let interpretations for a signed language Ls be valuations
from the unsigned part of each formula to {0,1}. The idea, as they put it, is that
“it is propositional contents that are the primary locus of evaluation” (Incurvati
and Smith 2010, p. 9); roughly, it is the propositional content of an assertion or
rejection that can be true or false. As usual, an interpretation is ⋄-normal for
some connective ⋄ if it respects the usual truth-table for ⋄, and normal if it is
⋄-normal for all of our connectives.

Next we need to explain what inferential roles are. In this case it doesn’t
matter much whether we use rules or consequence relations. We will eventually

10For instance, any set of rules interderivable with (∀ I)+ and (∀ E)+ has the same global
models, so V B will be consistent with it too.

11Here we temporarily go back to the notational conventions of Chapter 4: uppercase Roman
letters range over unsigned propositional formulas, and lowercase Greek letters over signed
ones.
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look at both options, but let’s start with the simpler one: for now the inferen-
tial role of classical connectives is given by the classical bilateral consequence
relation of their language. To make things more concrete, fix a signed proposi-
tional language Ls with the usual connectives ∧,¬,∨ and →. Then the classical
bilateral consequence relation ⊢b

Ls
on Ls is, as we know from Chapter 4, the

derivability relation of calculi R, HB1 and HB2.
Finally, we need to explain which valuations are compatible with ⊢b

Ls
. Once

again we will follow (Smiley 1996) and (Incurvati and Smith 2010), though
somewhat loosely. First, say that a positively signed formula +A is correct
under a valuation v if v(A) = 1, and incorrect otherwise; dually, a negatively
signed formula −A is correct under v if v(A) = 0, and otherwise incorrect.
Next, a signed sequent Γ ⇒ φ (or inference Γ ⊢b

Ls
φ) is bilaterally satisfied by

v (‘satisfiedb by v’ for short) when φ is correct under v if Γ is correct under
v. And finally, v is bilaterally consistent (‘consistentb’) with ⊢b

Ls
if it makes all

inferences in ⊢b
Ls

correct.
We have put together a bilateralist way of formulating Carnap’s Question:

we want to know if all valuations consistentb with ⊢b
Ls

are normal. The question
can be tackled directly, but it will be more illuminating to coax an answer out
of results that we have already encountered.

The crucial observation is that, from a certain point of view, the bilateral
single-conclusion consequence relation ⊢b

L is a uni lateral multiple-conclusion
consequence relation in disguise.12 To better explain this let’s adopt a new
convention: instead of writing bilateral inferences as Γ ⊢b

L φ, we will indicate
the positively and negatively signed premisses separately, that is, we will write
things like +Γ,−∆ ⊢b

L φ. Then as (Rumfitt 2000) notes:13

Observation 6.13. Let L be the unsigned version of Ls, let ⊢L be the classical,
multiple-conclusion consequence relation on L, and let v be any valuation. Then:

(i) +Γ,−∆ ⊢b
Ls

+A iff Γ ⊢L A,∆, and

v satisfiesb +Γ,−∆ ⊢b
Ls

+A iff v satisfies Γ ⊢L A,∆.

(ii) +Γ,−∆ ⊢b
Ls
−A iff Γ, A ⊢L ∆, and

v satisfiesb +Γ,−∆ ⊢b
Ls
−A iff v satisfies Γ, A ⊢L ∆.

Observation 6.13 allows us to translate back and forward between bilateral
and unilateral settings to prove different results. Let’s take ¬ as an example. By
Observation 6.13 a valuation v satisfiesb −A ⊢b

Ls
+¬A if and only if it satisfies

⊢L ¬A,A, and similarly for +¬A ⊢b
Ls
−A and ¬A,A ⊢L . But clearly, v satisfies

12A word of warning: the connection between bilateral single-conclusions and unilateral
multiple-conclusions I am about to explain is important at a technical level, but doesn’t
bear on the philosophical issue of whether assertion and rejection are distinct speech acts.
Indeed, we could have just as well phrased the point by saying that unilateral multiple-
conclusions are bilateral single-conclusions in disguise. For more on bilateralist readings of
multiple conclusions see e.g. (Restall 2005).

13The observation goes back to at least (Shoesmith and Smiley 1978).
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⊢L ¬A,A and ¬A,A ⊢L if and only if it is ¬-normal. Therefore, all valuations
consistentb with ⊢b

Ls
must be ¬-normal. The point can be straightforwardly

extended to the rest of connectives. We know from our discussion of Observation
6.2, that the multiple-conclusion consequence relation ⊢L is consistent with all
and only normal valuations. But then by Observation 6.13 we have that:

Observation 6.14. ⊢b
Ls

is consistentb with all and only normal valuations.

We can also replicate Garson’s results about local and global models of
multiple-conclusion rules. For the local case, say that v is a bilateral local model
(‘local modelb’ for short) of a rule R when, in any application of R, if the premiss-
sequents are satisfiedb so is the conclusion sequent, and say a set of rules R
bilaterally locally expresses (‘locally expressesb’) a condition C on valuations if
all its local modelsb obey C. By Observation 6.13, given any single-conclusion
bilateral rule R there is a unilateral, multiple-conclusion rule R′ that locally
expresses the same condition on valuations. The bilateral introduction rules
(+¬ I) and (−¬ I) from Chapter 4, for instance, have exactly the same local
models as these familiar multiple-conclusion sequent rules for ¬:

+Γ,−∆ ⇒ −A
(+¬ I)

Γ,−∆ ⇒ +¬A ⇝
Γ, A⇒ ∆

(¬ R)+
Γ ⇒ ¬A,∆

+Γ,−∆ ⇒ +A
(−¬ I)

Γ,−∆ ⇒ −¬A ⇝
Γ ⇒ A,∆

(¬ L)+
Γ,¬A⇒ ∆

Similarly, coordination principles have the same local models as certain
structural rules which are satisfied in all valuations. For example, applications
of Explosion correspond to a combination of Cut and Weakening:

+Γ,−∆ ⇒ −A +Γ′,−∆′ ⇒ +A
(ex)

+Γ,+Γ′,−∆,−∆′ ⇒ +B ⇝

Γ, A⇒ ∆ Γ′,⇒ A,∆′

Γ,Γ′ ⇒ B,∆,∆′

+Γ,−∆ ⇒ −A +Γ′,−∆′ ⇒ +A
(ex)

+Γ,+Γ′,−∆,−∆′ ⇒ −B ⇝

Γ, A⇒ ∆ Γ′ ⇒ A,∆′

Γ,Γ′, B ⇒ ∆,∆′

It is routine to check that the operational rules governing each connective
in R, HB1 or HB1, together with the coordination principles of their respective
calculi, locally expressb the same conditions as any standard set of multiple-
conclusion rules for the same connective. In other words, we have the following
analogue of Observation 6.2:

Observation 6.15. The bilateral rules for ∧, ¬, ∨ and → locally expressb (∧),
(¬), (∨) or (→), respectively.
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A similar strategy covers Garson’s results on global expression. First, say
that a sequent +Γ,−∆ ⇒ φ is bilaterally valid in a set V of valuations (‘V -validb’
for short) if it is satisfiedb by all v ∈ V . Secondly, say that V is a bilateral global
model of a rule R (‘global modelb of R’) when, for any application of R, if the
premiss-sequents are V -validb so is the conclusion-sequent. And finally, say that
a set of rules R bilaterally globally expresses (‘globally expressesb’) a condition
C on valuations if all its global modelsb obey C.

By the same reasoning as before, given any single conclusion bilateral rule
R there is a unilateral, multiple conclusion rule R′ with exactly the same global
models. It is again routine to check that the operational rules governing each
connective in R, HB1 or HB1, together with the coordination principles of their
calculi, globally expressb the same conditions as any standard set of multiple
conclusion rules for the same connective. This gives us an analogue of Observa-
tion 6.3:

Observation 6.16. The bilateral rules for ∧, ¬, ∨ and → globally expressb
(∧), (¬), (∨) or (→), respectively.

Now that we have a clear idea of what happens in the propositional case, we
are ready to move on to quantifiers. Surprisingly, there is almost no bilateralist
literature concerning the first-order version of Carnap’s Problem.14 Luckily, in
Section 6.2.3 we saw a way of formulating Carnap’s Problem that is easy to
transpose to our new setting. Let’s get to it.

An interpretation (based on an L-structure M) is a set of valuations
VM := { vσ |σ ∈ AM }, where AM is the set of variable assignments from M
to L. We assume that atomic formulas are interpreted as usual, and say that
VM is ∀-normal when, for all vσ ∈ VM:

(∀) vσ(∀xφ) = 1 iff vσ[a/x](φ) for all a ∈ D.

Explaining what it is for interpretations to be compatible with bilateral rules
is smooth sailing. In the unilateral case we said that VM was consistent with
a rule R when it was a global model of R. In the bilateral setting, we will say
that VM is bilaterally consistent with a rule R (‘consistentb with R’) if it is a
global modelb of R.15

Now we just need to settle on some bilateral rules for ∀. The obvious choice
is:16

+Γ,−∆ ⇒ +φ(y/x)
(+∀ I)

+Γ,−∆ ⇒ +∀xφ
+Γ,−∆ ⇒ +∀xφ

(+∀ E)
+Γ,−∆ ⇒ +φ(y/x),

14The only exception I am aware of is (Button and Walsh 2018). Button and Walsh’s inter-
pretations are boolean-valued models (very roughly, many-valued valuations), and explaining
their results would take us too far afield. For more details, see (Button and Walsh 2018, Ch.
13).

15Recall that VM is a global modelb of R when, in any application of R, if the premiss-
sequents are VM-validb, so is the conclusion.

16Now we go back to the notational conventions of first-order languages: uppercase Roman
letters range over non-logical predicates, and lowercase Greek letters over (unsigned) formulas.
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where as usual, y must be free for x in φ, φ(y/x) is the result of replacing
all free occurrences of x in φ for y, and in (+∀ I) the variable y must not occur
free in Γ, ∀xφ, or ∆.

Just like in the propositional case, we need to supplement (+∀ I) and (+∀
E) with coordination principles. Any of the sets of coordination principles from
Chapter 4 would do, but let’s settle on Explosion and Bilateral Excluded Middle
for concreteness. In the new notation, they are:

+Γ,−∆ ⇒ +φ +Γ′,−∆′ ⇒ −φ
(ex)

+Γ,+Γ′,−∆,−∆′ ⇒ ±ψ

+Γ,−∆,+φ⇒ ±ψ +Γ′,−∆′,−φ⇒ ±ψ
(bem)

+Γ,+Γ′,−∆,−∆′ ⇒ ±ψ

The rules R∀ for ∀ are (ex), (bem), (+∀ I) and (+∀ E). It may seem strange
that we haven’t given rules for negatively signed formulas. However, the follow-
ing rejective rules are derivable from R∀:17

+Γ,−∆ ⇒ −φ(y/x)
(−∀ I)

+Γ,−∆ ⇒ −∀xφ
+Γ′,−∆′ ⇒ −∀xφ +Γ,−∆,−φ(y/x) ⇒ ±ψ

(−∀ E)
+Γ,+Γ′,−∆,−∆′ ⇒ ±ψ

where as usual, y must be free for x in φ, φ(y/x) is the result of replacing
all free occurrences of x in φ for y, and in (−∀ E) the variable y must not occur
free in Γ, ∀xφ, or ∆. Taking (−∀ I) and (−∀ E) as derived rather than primitive
will simplify our proofs, but the same results apply if we include them in R∀.

We finally have all the pieces to pose Carnap’s Question: we want to know if
all valuations consistentb with R∀ are ∀-normal. Once again, the question can
be answered using results we have already encountered. First note that, in line
with Observation 6.13, we have that:

Observation 6.17. For any set of valuations V :

(i) +Γ,−∆ ⇒ +φ is V-validb iff Γ ⇒ φ,∆ is V -valid.

(ii) +Γ,−∆ ⇒ −φ is V-validb iff Γ, A⇒ ∆ is V-valid.

Using Observation 6.17 it is easy to find unilateral multiple-conclusion rules
that have the same global models as the rules in R∀. Coordination principles
still correspond to structural rules that are valid in all sets of valuations:

17It’s not obvious in our hideous notation, but −(∀ I) and (−∀ E) are analogues of the usual
unilateral rules for ∃, bringing out the classical duality between the quantifiers.
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+Γ,−∆ ⇒ −φ +Γ′,−∆′ ⇒ +φ
(ex)

+Γ,+Γ′,−∆,−∆′ ⇒ +ψ ⇝

Γ, φ⇒ ∆ Γ′ ⇒ φ,∆′

Γ,Γ′ ⇒ ψ,∆,∆′

+Γ,−∆ ⇒ −φ +Γ′,−∆′ ⇒ +φ
(ex)

+Γ,+Γ′,−∆,−∆′ ⇒ −ψ ⇝

Γ, φ⇒ ∆ Γ′ ⇒ φ,∆′

Γ,Γ′, ψ ⇒ ∆,∆′

+Γ,−∆,−φ⇒ +ψ +Γ′,−∆′,+φ⇒ +ψ
(bem)

+Γ,+Γ′,−∆,−∆′ ⇒ +ψ ⇝

Γ ⇒ φ,ψ,∆, Γ′, φ⇒ ψ,∆′

Γ,Γ′ ⇒ ψ,∆,∆′

+Γ,−∆,−φ⇒ −ψ +Γ′,−∆′,+φ⇒ −ψ
(bem)

+Γ,+Γ′,−∆,−∆′ ⇒ −ψ ⇝

Γ, ψ ⇒ φ,∆, Γ′, φ, ψ ⇒ ∆′

Γ,Γ′ ⇒ ψ,∆,∆′

More interestingly, (+∀ I) and (+∀ E) correspond to Boričić’s multiple-
conclusion natural deduction rules (∀ I)+ and (∀ E)+ from Section 6.2.3:

+Γ,−∆ ⇒ +φ(y/x)
(+∀ I)

+Γ,−∆ ⇒ +∀xφ ⇝

Γ ⇒ φ(y/x),∆
(∀ I)+

Γ ⇒ ∀xφ,∆

+Γ,−∆ ⇒ +∀xφ
(+∀ E)

+Γ,−∆ ⇒ +φ(y/x), ⇝

Γ ⇒ ∀xφ,∆
(∀ E)+

Γ ⇒ φ(y/x),∆

Now, Theorem 6.12 shows that the non-normal interpretation V B is consis-
tent with Boričić’s rules (∀ I)+ and (∀ E)+. But since these rules have the same
global models as (+∀ I) and (+∀ E), the non-normal interpretation V B is also
consistentb with (+∀ I) and (+∀ E). Officially, then:

Theorem 6.18. V B is consistentb with (+∀ I) and (+∀ E).

It is also easy to see that Theorem 6.18 implies that V B satisfiesb all sequents
provable from R∀, so attempting to read the usual semantics off the bilateral
consequence relation that our rules give rise to, rather than from the rules
themselves, would fail as well. All in all, then, the situation can be put as follows:
when it comes to Carnap’s Problem, bilateral approaches have the same effect
as unilateral approaches that make use of multiple-conclusions. This means that
in a propositional setting the normal semantics is pinned down by the bilateral
consequence relation, as well as by the bilateral rules for the connectives. In
first-order settings, however, bilateral rules of inference can’t secure the normal
interpretation of the quantifiers.
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6.4 McGee: Open-Endedness

In this section we will examine Vann McGee’s (2000) approach to Carnap’s
Problem. His take is conceptually quite different to those we have encountered
until now, so it will be useful to start off with an overview of his position. Ac-
cording to McGee the meaning of logical vocabulary is determined by the rules
of inference governing its use. Crucially, he thinks those rules are open-ended,
meaning that they remain valid “however our language may be enriched by the
addition of new sentences” (McGee 2000, p. 66), or “in every mathematically
possible extension of our language” (2000, p. 70). Here is the idea at play:

We accept reductio ad absurdum because its validity follows from
the meaning of classical ‘¬’. We do not accept it because we have
surveyed the forms of expression found in English and found that its
expressive power is circumscribed in such a way as to validate the
rule. When we introduce a new predicate into the language [. . .] we
do not have to inquire whether reductio ad absurdum remains valid
for inferences involving the new predicate. (2000, p. 66)

McGee also claims that, for any class of models, there is a ‘mathematically
possible extension of our language’ which contains a sentence that is true ex-
actly in those models. He then argues that any non-normal interpretation of
a language L invalidates some classically valid inference when extended to a
richer language L′. Non-normal interpretations, therefore, are ruled out on the
grounds that they violate open-endedness.

Our first goal in this section is to make this more precise. We will begin by
looking at McGee’s rules. He adopts a proof-system from (Mates 1972) in which
only sentences (closed formulas) occur in derivations. Let Γ range over (finite)
sets of sentences, φ and ψ range over sentences, and θ range over formulas with
one variable x free. Then the calculus in question —call it C— is:

(Id)
Γ, φ⇒ φ

Γ, φ⇒ ψ Γ′ ⇒ φ
(Cut)

Γ,Γ′ ⇒ ψ

(∧ I)
φ,ψ ⇒ φ ∧ ψ

(∧ E1)
φ ∧ ψ ⇒ φ

(∧ E2)
φ ∧ ψ ⇒ ψ

Γ, φ⇒ ⊥
(¬ I)

Γ ⇒ ¬φ (¬ E1)¬¬φ⇒ φ
(¬ E2)

φ,¬φ⇒ ψ

Γ ⇒ θ(c/x)
(∀ I)

Γ ⇒ ∀xθ
Γ ⇒ ∀xθ

(∀ E)
Γ ⇒ θ(t/x)

where ⊥ := ψ∧¬ψ for some sentence ψ, in (∀ I) c is any individual constant
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not occurring in ∀xθ or in Γ, and in (∀ E) t is any closed term.

Here we hit the first bump in the road. To begin with, (∀ I) assumes that
the language we are working with has at least one individual constant. And
to continue, C isn’t complete for classical consequence in any language with a
finite stock of individual constants. The reason, briefly put, is that when every
constant of a language occurs in a finite set of sentences Γ, C can’t derive all
classically valid sequents of the form Γ ⇒ φ. For example, in a language with a
single individual constant c and two atomic predicates P,Q, the calculus cannot
derive ∀x(Qc ∧ Px) ⇒ ∀xPx.18

Is this a problem? On the one hand, it is somewhat tempting to argue that
natural languages can have infinitely many ‘closed terms’ but not infinitely many
‘individual constants’.19 On the other hand, McGee could reply that we follow
the rules of C ‘open-endedly’, that is, no matter how our language is expanded.
Therefore, if we need a fresh individual constant to draw an inference according
to (∀ I), we can always add it to our language. This may leave some potentially
awkward questions about whether we also follow rules of inference no matter
how our language is reduced, rather than expanded, and what this means in a
scenario where we eliminate all individual constants, but I won’t try to press
the point here. Let’s say that, at the very least if we grant open-endedness, C
is a sensible description of how classical logicians argue.

Next we have to say more about interpretations. McGee keeps his discussion
quite informal, and I will (have to) follow suit, but here is the general idea.
In order to consider interpretations in all ‘mathematically possible languages’,
McGee says, we have to adopt a certain abstract point of view:

To make sense of “mathematically possible languages” we have to
conceive of a language abstractly, as perhaps an ordered pair con-
sisting of a collection of expression types, appropriately arrayed in
grammatical categories, and a function assigning to each expression
a semantic value. (McGee 2000, p. 62, my italics)

Officially, then, interpretations are assignments of semantic values to sub-
sentential expressions, and these interpretations determine the truth-conditions
of whole sentences. McGee doesn’t say anything else about interpretations (for
instance, the range of possible semantic values for each type of expression, or how
truth-conditions are determined by sub-sentential semantic values). As a general
background example, though, we can think of the way taking the semantic value

18This is easy to see ‘informally’, by trying out a few derivations and noting why they fail.
A strict proof is routine but tedious: tweak the rules for ∧ and ¬ in obvious ways to get
a cut-free calculus C′ that derives the same sequents as C, and then show by an upwards
proof-search that C′ can’t derive the sequent ∀x(Qc ∧ Px) ⇒ ∀xPx.

19The labels ‘closed term’ and ‘individual constant’ should be taken with a (large) pinch of
salt when applied to natural languages. The idea, however, is that there are infinitely many
English expressions that would ordinarily be formalised as closed terms (think of iterating the
phrase ‘the father of’ in front of the name ‘Mary’), but only finitely many syntactically simple
expressions (e.g. proper names) that would be formalised as individual constants.
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of ‘∧’ to be the usual truth-function determines the truth-conditions of sentences
of the form φ ∧ ψ.

Now, how should we define normal interpretations? McGee’s idea is that
an interpretation is normal as long as it determines certain truth conditions.20

Given some interpretation I for a language L, let’s write ‘M |= φ’ to mean that
φ is true in the L-model M. Then I is ∧-normal or ¬-normal, respectively, if
for every L-model:

(∧)m M |= φ ∧ ψ iff M |= φ and M |= φ.

(¬)m M |= ¬φ iff M ̸|= φ.

As for the universal quantifier, let c be an individual constant of L and say
that L-models M and M′ are c-variants when they differ only in the value they
assign to c. Then I is ∀-normal when:

(∀)m If c does not appear in θ, then M |= ∀xθ(x) iff M′ |= θ[c/x] in
every c-variant M′ of M.

Here we hit another snag. To start with, not all languages have individual
constants. And to continue, if a language has a finite stock of individual con-
stants, some sentences of the form ∀xθ(x) will contain all of them, but (∀)m can’t
be applied to such sentences. Simply put: (∀)m defines ∀-normal interpretations
only for a restricted class of languages.

This time the fact that any language can be extended is irrelevant; the point
is that we want a definition of ∀-normal interpretations for arbitrary languages,
not for some extensions of any given language. This seems like a good reason to
reject McGee’s definition of normality, but let’s put the issue aside for the rest
of this section. From now own, all our languages have infinitely many individual
constants.

The final piece of the puzzle is explaining how rules constrain interpretations.
The first part of McGee’s answer is simple enough: acceptable interpretations
should make the rules of C validity-preserving. Given some interpretation I, a
sequent Γ ⇒ ψ is valid when, for all models M of our language, M |= Γ implies
M |= ψ, and a rule R is validity-preserving when, for every application of R,
if the premiss-sequents are valid under I, so is the conclusion-sequent. In the
case of rules with no premiss-sequents, like (Id) or (∧ I), validity-preservation
boils down to the validity of certain sequents. For this reason, and to avoid
repetition, I will sometimes use the expressions ‘rule R is valid’ and ‘rule R is
validity-preserving’ interchangeably.21

20The fact that interpretations are assignments of semantic values to sub-sentential expres-
sions while normality is defined at the sentential level could be problematic. As we will see
in the next section, some interpretations are ‘sub-sententially non-normal’ (i.e. they assign
sub-sentential expressions an unusual semantic value) and ‘sententially normal’ (i.e. they de-
termine the same semantic value for sentences as a ‘sub-sententially normal’ interpretation
would). For more details see 6.5.1

21McGee often says that he takes the rules of inference to be “truth preserving” (e.g. McGee
2000, pp. 66, 67, 70), but it is clear from context, and obvious from his proofs, that he means
what I am calling ‘validity-preserving’(or ‘validity’ for short).

149



The second part of McGee’s answer is where open-endedness comes into play.
The idea, recall, is that the rules of C should come out valid ‘no matter how our
language is extended’. McGee massages this into a more concrete requirement
as follows:

The semantic role of a sentence is determined, uniquely up to logical
equivalence, by specifying the models in which the sentence is true.
So the effect of introducing a new sentence is to identify a new class
of models, and the effect of open-endedness is to broaden the class
of models with respect to which [the rules of C are required to be
valid]. (McGee 2000, p. 66, my italics)

There are certain complications to unpack here. When McGee says that the
effect of adding new expressions to a language L is “to identify a new class of
models”, what he means is a new class of L-models —this much is clear from his
proofs, as we will see below. This is a problem. Suppose we enrich a language
L with a new predicate P , and call the resulting language L′. Then L′-models
are distinct from L-models, and strictly speaking no sentence of L′ identifies a
class of L-models.

A possible explanation is that McGee also assumes that “changing the logical
operators does not change the class of models” (McGee 2000, p. 65). Perhaps,
then, his talk of mathematically possible extensions should be understood as
talk of mathematically possible extensions by means of new logical operators.
This, however, raises problems of its own. The most obvious is that McGee
offers no clear reason to assume that adding new logical operators to a language
L never requires us to change the notion of an L-model. He states in a footnote
that “most, but not all, of the connectives and quantifiers we encounter in
practice meet this condition”. He then considers “one [quantifier] that does
not”, Keisler’s probability quantifier, and concludes that “it is not altogether
clear that [it] ought to count as a logical operator”, since it is not invariant
under permutations (see McGee 2000, fn. 24). Unfortunately, it is difficult to
see why we should derive a general lesson from this specific example, and in any
case, cashing out logicality in terms of invariance under permutations is not the
only option.22

Let’s put this aside for a minute and keep following McGee, though. The
effect of open-endedness, he says, is to “broaden the class of models with respect
to which the rules of C are valid”. But how much does it broaden this class?

There are surely limits —though no one knows much about them—
on what classes of models it would be possible to define in some
psychologically and practically feasible extension of English. Surely,
however, there are no limits on which classes of models it is possible,
in principle, to define in some mathematically possible language.
(McGee 2000, p. 67)

22See e.g. (Gómez-Torrente 2002), (Brandom 1994), and (Warmbrõd 1999) for further ref-
erences.
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Once again we face some issues here. The first is that McGee confidently
asserts that any class of models is definable in some mathematically possible
language, but gives no reason to share his certainty. The second is that, given
the earlier quote, what seems relevant is whether every class of models of a
given language L is definable in an extension of L by means of logical operators
only. This, however, doesn’t follow even if we grant that every class of models
is definable in some language. And finally, the point at issue is whether all
interpretations of logical vocabulary can be pinned down by inferential practice,
so it isn’t clear that we can appeal, as McGee does, to ‘psychologically and
practically’ unfeasible extensions of our language.23

Let’s take stock. McGee’s argues that, by open-endedness, interpretations
should make the rules of C come out valid in every mathematically possible
extension of our language. He also holds that every class of models is definable
in some mathematically possible language, and he concludes that the rules of
C must come out valid in every class of models for our language. There are
three problems with this argument. The first is that it is a non-sequitur. The
conclusion only follows if we assume that every class of models of a language
L is definable in one of its ‘mathematically possible extension’ by means of
logical operators, and also assume that adding new logical operators to L doesn’t
change the class of L-models. The second problem is that we have been given
no reason to make those assumptions. And the third problem is that, even if we
grant McGee’s assumptions, it doesn’t go without saying that we can appeal to
all extensions of a given language by means of logical operators, rather than to
extensions that are ‘psychologically and practically feasible’, as he puts it.

Be that as it may, we now have enough background to go through McGee’s
proof that the rules for C (and open-endedness) pin down normal interpretations.
Fix some language L and and consider any L-interpretation I that makes the
rules of C come out valid with respect to any class of L-models. Our goal is to
show that I is normal. The case of conjunction is almost trivial. By assumption
I makes the following rules valid:

(∧ I)
φ,ψ ⇒ φ ∧ ψ

(∧ E1)
φ ∧ ψ ⇒ φ

(∧ E2)
φ ∧ ψ ⇒ ψ

In other words, for every L-model M, if the antecedents of any of these
sequents are true in M, so is the conclusion. From this it immediately follows
that for any model M:

(∧)m M |= φ ∧ ψ iff M |= φ and M |= φ.

Things start to get interesting with negation. McGee’s rules for it, recall,
are:

23For more on this last point see (Picollo, forthcoming).
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Γ, φ⇒ ⊥
(¬ I)

Γ ⇒ ¬φ (¬ E1)¬¬φ⇒ φ
(¬ E2)

φ,¬φ⇒ ψ

where ⊥ := χ ∧ ¬χ for some sentence χ.

At this point McGee introduces the extra assumption that there is no model
in which all sentences are true (McGee 2000, p. 70). Let’s make this official:

(Non-Triv): There is no L-model M such that M |= φ for every
sentence φ of L.

(Non-Triv) is McGee’s analogue of Garson’s restriction to non-trivial inter-
pretations (see Section 6.2.1), and much like Garson, McGee offers no specific
reason to adopt (Non-Triv). In any case, from (Non-Triv) and the assump-
tion that (¬ E2) is valid we immediately get that:

(a) There is no L-model M and L-sentence φ such that M |= φ and
M |= ¬φ.

Given (a), all that remains in order to show that I is ¬-normal is:

(c) There is no L-model M and L-sentence φ such that M ̸|= φ and
M ̸|= ¬φ.

As the labels suggest, we need a quick intermediate lemma to prove (c),
namely:

(b) There is no L-model M such that M |= ⊥.

To see that (b) holds, just note that all the rules of C are valid (or validity-
preserving) by assumption, so every sequent provable in C is valid. Since we can
derive the sequent ⊥ ⇒ ψ for arbitrary ψ:

(∧ E1)χ ∧ ¬χ⇒ χ
(¬ E2)

χ,¬χ⇒ ψ
(Cut)

χ ∧ ¬χ,¬χ⇒ ψ
(∧ E2)χ ∧ ¬χ⇒ ¬χ
(Cut)

χ ∧ ¬χ⇒ ψ

lemma (b) follows by (Non-Triv) once again.

We can now tackle McGee’s proof of (c) —see (McGee 2000, p. 71). First,
he says, consider an extension L+ of L which contains a sentence δ that is true
in all and only the models where M ̸|= φ and M ̸|= ¬φ. Since there is no
model such that M |= δ and M |= φ, the sequent δ, φ ⇒ ⊥ is valid. Since
(¬ I) preserves validity, the sequent δ ⇒ ¬φ is valid as well, and by a similar
reasoning the sequent δ ⇒ ¬¬φ is valid too. Given that the rules preserve
validity, the end-sequent of the following derivation is also valid:
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δ ⇒ ¬φ
(∧ E2)¬φ,¬¬φ⇒ ⊥
(Cut)

δ,¬¬φ⇒ ⊥ δ ⇒ ¬¬φ
(Cut)

δ ⇒ ⊥

Therefore, it follows by (b) that there is no M such that M |= δ, and by
definition of δ:

(c) There is no L-model M and L-sentence φ such that M ̸|= φ and
M ̸|= ¬φ.

There is a further unstated assumption in this proof. McGee’s argument, in
a nutshell, is that if we extend the language L to L+, then there is no model such
that M ̸|= φ and M ̸|= ¬φ. This tells us something about the original language
L only if we assume that the truth-value of φ in every model remains unchanged
as we go from L to L+ and vice versa; otherwise, it could be precisely expanding
L into L+ that makes it the case that there is no model such that M ̸|= φ and
M ̸|= ¬φ. Note, however, that it is possible to define interpretations for which
extending the language in certain ways can change the truth-value of sentences
(e.g. the substitutional interpretation of quantifiers in Bonevac 1985, p. 230), so
it is unclear whether this assumption is legitimate.

Finally, let’s move on to the universal quantifier. The rules governing ∀,
recall, are:

Γ ⇒ θ(c/x)
(∀ I)

Γ ⇒ ∀xθ
Γ ⇒ ∀xθ

(∀ E)
Γ ⇒ θ(t/x)

where θ(x) is a formula with one variable x free, and c is any constant not
occurring in ∀xθ or in Γ. Once again, McGee introduces an extra assumption
to deal with this case:

To get the truth conditions for quantified sentences, we need to think
about how to utilize the proviso “the individual constant c does not
appear in ∀xθ or in Γ” in rule (∀ I). Let’s say that two models M
and M′ are c-variants if they are just alike, except perhaps in the
value they assign to c. If c does not appear in the sentence ψ, then
whether ψ is true in M should not depend on what value M assigns
to c, so that, if M and M′ are c-variants and ψ is true in one of
them, it is true in both. Thus we assume that, if the constant c does
not occur in ψ, then the class of models in which ψ is true is closed
under c-variants, and, conversely, that if a class of models is closed
under c-variants, then there is, in some mathematically permissible
language, a sentence not containing c that is true in all and only the
members of the class. (McGee 2000, p. 71, with added italics and
changes in notation)

153



Now, the assumption being introduced is a certain closure condition on all
interpretations, normal and non-normal. Let’s isolate it:

(Clo)

(i) If the constant c does not occur in ψ, then the class of models in
which ψ is true is closed under c-variants, and

(ii) if a class of models is closed under c-variants, then there is, in
some mathematically permissible language, a sentence not contain-
ing c that is true in all and only the members of the class.

The obvious question is: why should we impose this condition? As far as I
can tell, McGee offers no motivation. All that we are told is that “if c does not
appear in the sentence ψ, then whether ψ is true in M should not depend on
what value M assigns to c”, but the question is precisely why it shouldn’t (and
in what sense of ‘should’). On the face of it, McGee is simply ruling out some
non-normal interpretations by fiat.

In any case, once (Clo) is in place ∀-normality follows easily. Recall that
an interpretation is ∀-normal if, for every model M:

(∀)m If c does not appear in θ, then M |= ∀xθ(x) iff M′ |= θ[c/x] in
every c-variant M′ of M.

To show the left-to-right direction, suppose c doesn’t occur in ∀xθ(x) and
M |= ∀xθ(x). Then by (Clo)(i) we have that M′ |= ∀xθ(x) in any c-variant
M′ of M. But since the sequent ∀xθ ⇒ θ(c/x) is valid (since (∀ E) preserves
validity), it follows that M′ |= θ(c/x) in any c-variant M′ of M.

For the right-to-left direction, suppose M′ |= θ(c/x) in any c-variant M′ of
M. By (Clo)(ii) there is a sentence ψ not containing c that is true in all and
only the c-variants of M. This means that the sequent ψ ⇒ θ(c/x) is valid, and
since rule (∀ I) preserves validity, so is the sequent ψ ⇒ ∀xθ(x). Finally, since
M |= ψ, we have that M |= ∀xθ(x).

All in all the discussion in this section can be summarised as follows. McGee’s
general idea is that open-endedness rules out non-normal interpretations of log-
ical vocabulary. On closer inspection, however, one needs more than open-
endedness to do this: McGee’s results rely on assumptions about the ‘math-
ematically possible extensions’ of our language and the effect of adding new
logical operators, and on relatively ad hoc restrictions like (Clo) which haven’t
been clearly justified. In addition, McGee’s definition of ∀-normal interpreta-
tions doesn’t apply to arbitrary first-order languages.

6.5 Bonnay andWesterst̊ahl: Semantic Constraints

In this section we will look at Bonnay and Westerst̊ahl’s (2016) approach to
Carnap’s Problem. Their overall strategy is easy to explain. According to
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Bonnay and Westerst̊ahl some interpretations can be ruled out from the get go;
the “space of possible interpretations” as they put it “is a priori restricted by
universal semantic principles” (Bonnay and Westerst̊ahl 2016, p. 721). They
also claim that, given these universal semantic constraints, we should restrict
attention to interpretations that are (a) compositional, (b) non-trivial, and (c)
in the case of the quantifiers, invariant under permutations. But with these
restrictions in place, they say, Carnap’s Problem is avoided. We will begin by
briefly looking at how this strategy plays out for propositional languages, so as
to set the stage, and then move on to the first-order case.

An interpretation for a propositional language L is an arbitrary valuation,
i.e. an arbitrary function from L-sentences to {1,0}. Valuations are ⋄-normal
when they respect the truth-table for ⋄, and normal when they are ⋄-normal
for all connectives ⋄ of L.

Bonnay and Westerst̊ahl read interpretations off of consequence relations, as
in Section 6.1: a valuation v is consistent with a consequence relation ⊢ when
it makes all valid arguments of ⊢ truth-preserving: if Γ ⊢ A and v(Γ) = 1, then
v(A) = 1.

As we know from Section 6.1, though, it is easy to find non-normal inter-
pretations that are consistent with the classical consequence relation ⊢L of any
(truth-functionally complete) language L. Our main examples were the trivial
valuation vT and the valuation vcl such that vcl(A) = 1 iff A is a classical tautol-
ogy. This is where the idea of imposing restrictions on the type of valuation we
take into account comes into action. Bonnay and Westerst̊ahl begin by stating
that “as speakers, we know that our language [...] is going to have some true and
some false sentences” (Bonnay and Westerst̊ahl 2016, p. 733). This is, again,
the requirement of non-triviality familiar from Garson and McGee’s accounts.

The second restriction Bonnay and Westerst̊ahl impose is compositionality.
The usual, fast and loose formulation of the principle of compositionality says
that the meaning of a complex expression depends on the meanings of its parts
and the syntactic rules used to put them together. This formulation can be made
more precise in a number of non-equivalent ways.24 Bonnay and Westerst̊ahl go
for the following one: an assignment µ of semantic values to the expressions of
some language is compositional if:

(PC): For every n-ary syntactic rule O there is a semantic composi-
tion function FO such that for any well-formed expression O(e1, ...en)
we have µ(O(e1, ...en)) = FO(µ(e1), ...µ(en)).

In the case of propositional logic, where µ is a valuation v, (PC) just says
that v must treat each connective as a truth-function.

These two requirements, compositionality and non-triviality, are enough to
rule out all non-normal interpretations of propositional languages. In fact, com-
positionality alone gets rid of all valuations that are non-normal for ∧, ∨ or →.
The requirement of non-triviality is only needed to dispose of the valuation vT ,

24See (Pagin and Westerst̊ahl 2010a) for discussion and further references.
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which is compositional and normal for all our connectives except ¬. Let’s make
this into a theorem, for future reference:

Theorem 6.19. Let L be a propositional language and v a valuation for L. If
v is compositional, non-trivial, and consistent with ⊢L, then v is normal.

Proof. See Bonnay and Westerst̊ahl 2016.

There is an obvious question that we haven’t asked yet: why should we
require non-triviality and compositionality? In the case of non-triviality, we are
simply told that “it is a very weak requirement, hardly in need of motivation”
(Bonnay and Westerst̊ahl 2016, p. 725). It is unclear why we should accept
this, though. Of course, taking every sentence of a language to be true is a
very contrived interpretation, but the question was never whether non-normal
interpretations are far-fetched, but whether they are possible. In this context,
we can’t just flatly assert that “as speakers, we know that our language is going
to have some true and some false sentences”. The point is precisely whether we
do, and more importantly, how.

As for compositionality, we get the usual argument concerning learnabil-
ity: natural languages have infinitely many sentences, so speakers can’t learn
their meanings one by one. Compositionality, therefore, seems like “our cur-
rently best explanation of learnability” (Bonnay and Westerst̊ahl 2016, p. 725).
As it is often pointed out, however, learnability constraints don’t establish the
need for compositionality in the strong sense demanded by Bonnay and West-
erst̊ahl.25 We will come back to compositionality and its consequences several
times throughout this section. First, though, we need to explain how Bonnay
and Westerst̊ahl go about Carnap’s Problem in first-order settings.

As we know well, the usual Tarskian clauses for the satisfaction of quantified
formulas in a model under an assignment are:

(iv) M, σ |= ∀xφ iff M, σ[a/x] |= φ for all a ∈ D.

(v) M, σ |= ∃xφ iff M, σ[a/x] |= φ for some a ∈ D.

When ∀ and ∃ are treated as generalised quantifiers, clauses (iv) and (v) are
slightly modified. Quantifiers, in these contexts, denote sets of subsets of the
domain: ∀ denotes the set {D} containing only the domain D of the structure,
and ∃ denotes the set of all non-empty subsets of D (let’s call it ED for short).
The corresponding clauses for satisfaction are:

(iv)′ M, σ |= ∀xφ iff {a ∈ D|M, σ[a/x] |= φ} ∈ {D}.

(v)′ M, σ |= ∃xφ iff {a ∈ D|M, σ[a/x] |= φ} ∈ ED.

25See e.g. (Pagin and Westerst̊ahl 2010b) or (Szabó 2012) for details.
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It should be clear that clauses (iv)-(v) are equivalent to (iv)′-(v)′, in the sense
that they give rise to the same satisfaction relation. Bonnay and Westerst̊ahl
prefer the latter formulation, and we will follow suit. They introduce the general
notion of a first-order interpretation as follows:

Since we assume compositionality, our interpretations amount to
giving syntactically adequate semantic values to the logical and non-
logical vocabulary. Since we furthermore assume non-triviality, we
need not worry about the interpretation of connectives, which has
to be standard by [Theorem 6.19]. Hence, our interpretations can
be taken to be pairs of the form (M, Q) where M is a standard
L-structure [...] interpreting the non-logical vocabulary of M, and
Q is a set of subsets of [the domain of the structure], interpreting ∀.
(Bonnay and Westerst̊ahl 2016, p. 729)

An interpretation for a language L, then, is a weak model M, Q, where
M = (D, I) is an L-structure and Q is a set of subsets of D. Given a weak
model M, Q, satisfaction is defined in the obvious way:26

(1) M, Q, σ |= P (x1, ...xn) iff (σ(x1), ..., σ(xn)) ∈ I(P ).

(2) M, Q, σ |= φ ∧ ψ iff M, Q, σ |= φ and M, Q, σ |= φ.

(3) M, Q, σ |= ¬φ iff M, Q, σ ̸|= φ.

(4)′ M, Q, σ |= ∀xφ iff {a ∈ D|M, Q, σ[a/x] |= φ} ∈ Q.

Clauses (2) and (3) are just the usual clauses for ∧ and ¬. This is to be
expected, since Bonnay and Westerst̊ahl claim that compositionality and non-
triviality fix the normal interpretation of connectives. Clause (4)′ is almost
identical to (iv)′, the standard clause for ∀. The only difference is that in (4)′

the denotation of ∀ can be any set of subsets of D, and not just the usual one,
{D}. In other words, the only possible source of non-normality in a weak model
comes from deviant interpretations of ∀. A weak model M, Q, then, is normal
if Q = {D}, and non-normal otherwise.

Adapting the notion of consistency to weak models is straightforward. Bon-
nay and Westerst̊ahl take the classical consequence relation ⊢L of a first-order
language L to be a relation between sentences (closed formulas) only; this means
that a weak model M, Q is consistent with the classical consequence relation ⊢L
of L if, whenever Γ ⊢L φ and M, Q |= Γ, we have that M, Q |= φ (no reference
to variable assignments is needed, since we are dealing with sentences).

Finally, Bonnay and Westerst̊ahl also require that the interpretation of quan-
tifiers be invariant under permutations. They define this notion in the usual way.
A permutation π of the domain D of a structure is a bijection of D onto itself.

26Of course, if L contains individual constants and function symbols, clause (1) is modified
in the usual way to account for terms.
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If π is a permutation of D and X ⊆ D, let π(X) = {π(a) ∈ D | a ∈ X}. Then
Q ⊆ P(D) is invariant under permutations if Q = {π(X) ∈ P(D) |X ∈ Q} for
all permutations π. It is easy to check that {D}, the normal interpretation of
∀, is indeed invariant under permutations.

According to Bonnay and Westerst̊ahl, all weak models that are (non-trivial,
compositional, invariant under permutations and) consistent with the classical
consequence relation of their language must be normal. In the rest of this section
I will focus on two problems with this claim. The first is that Bonnay and
Westerst̊ahl’s restrictions don’t seem to rule out non-normal interpretations for
all languages. The second is that their definition of a first-order interpretation
either violates compositionality or else begs the question against non-normal
interpretations of connectives. These problems are explained in 6.5.1 and 6.5.2,
respectively.

6.5.1 Carnap’s Problem and Definability

The main result of Bonnay and Westerst̊ahl’s paper is a characterisation of the
interpretations of the universal quantifier ∀ that are consistent with the classical
consequence relation of a language. This characterisation uses the notion of a
principal filter closed under the interpretation of terms. Recall that a principal
filter F on a set S is a non-empty set of subsets of S such that for some G ⊆ S,
we have that F = {X ⊆ S |G ⊆ X}. Given a weak model M, Q for a language
L, possibly containing individual constants and function symbols, we say that
Q is a principal filter closed under the interpretation of terms in M if:

(i) Q is a principal filter on D generated by some G ⊆ D.

(ii) For any n-ary function symbol f of L, if a1, ..., an ∈ G, then

I(f)(a1, ...an) ∈ G.

(iii) For any individual constant c of L, I(c) ∈ G.

Bonnay and Westerst̊ahl’s characterisation is as follows:

(BW1) Let L be a language with ∀ primitive, let M, Q be a weak
model for it. Then M, Q is consistent with ⊢L iff Q is a principal
filter closed under the interpretation of terms in M.

They combine this characterisation with an ancillary result:

(BW2) A principal filter Q on D is invariant under permutations
iff Q = {D}.

In theory, (BW1) and (BW2) should take care of Carnap’s Problem. Accord-
ing to (BW1) consistency with the classical consequence relation forces us to
interpret ∀ as a principal filter closed under the interpretation of terms. (BW2)
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then shows that the only such filter that is also invariant under permutations
is {D}, the normal interpretation of ∀. Therefore, non-normal weak models are
ruled out (or so it seems).

The problem with Bonnay and Westerst̊ahl’s strategy is easy to explain:
they only prove (BW1) for languages with predicate variables (that is, for
‘second-order languages without second-order quantifiers’). While Bonnay and
Westerst̊ahl claim that the addition of predicate variables is a “simplifying as-
sumption” without which “similar results would hold” (Bonnay and Westerst̊ahl
2016, p. 729), it is difficult to see what they mean. Without predicate vari-
ables, some weak models falsify (BW1) and are both non-normal and invariant
under permutations. In other words, without predicate variables the normal
interpretation of quantifiers is not secured. To see this we need an extra bit
of terminology: given a weak model M, Q for a language L, the extension of a
formula φ relative to σ and x is ||φ||M,Q

σ,x := {a ∈ D |(M, Q), σ[a/x] |= φ}, and

a subset X of D is definable if X = ||φ||M,Q
σ,x for some φ, σ and x. The following

lemma gives a counterexample to (BW1) that is simultaneously non-normal and
invariant under permutations:27

Lemma 6.20. There is a first-order language L1 with a non-normal weak model
N , Q consistent with the classical consequence relation ⊢L1 .

Proof. Take the language L1 with ∧,¬ and ∀ as logical constants and a unary
predicate symbol P as non-logical vocabulary. Consider the L1-structure N =
(D, I) where D is any set such that |D| > 1 and I(P ) = D. Next we need
a (non-normal) interpretation for ∀ to make N into a weak model. Say we
interpret ∀ with ED, the set of all non-empty subsets of D —in other words, we
will (mis)interpret ∀ as ∃.

We now have a weak model (N , ED). It is clear that (N , ED) is non-normal,
and it is easy to check that ED is invariant under permutations. The only thing
left to show is that (N , ED) is consistent with the classical consequence relation
⊢L1 of L1. A routine induction on formulas shows that for any φ, σ and x:

(d1) ||φ||N ,{D}
σ,x = D or ||φ||N ,{D}

σ,x = ∅.

(d2) ||φ||N ,ED
σ,x = ||φ||N ,{D}

σ,x .

A second induction on formulas then shows that, for any φ and σ, we have
that N , {D}, σ |= φ iff N , ED, σ |= φ. All steps of this second induction are
trivial except the quantifier one, which goes as follows:

27Incidentally, Lemma 6.20 is also an example of those ‘sub-sententially non-normal’ but
‘sententially-normal’ interpretations mentioned in fn. 19 of Section 6.4.
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N , {D}, σ |= ∀xφ iff by (4)′

||φ||N ,{D}
σ,x = D iff by (d1), (d2)

|φ||N ,ED
σ,x = D iff by (d1), (d2)

|φ||N ,ED
σ,x ∈ ED iff by (4)′

N , ED, σ |= ∀xφ.

Finally, N , {D} is a normal interpretation, and hence consistent with ⊢L1
. But

by the above the normal weak model N , {D} is equivalent to the non-normal
weak model N , ED, so N , ED is also consistent with ⊢L1

.

Lemma 6.20 is formulated for the very simple language L1, but it can be
adapted to richer ones. If a language has function symbols and individual con-
stants, the function I can give them any value whatsoever, and if it has further
predicate letters R of arity n we just need to set I(R) = Dn. It is also impor-
tant to note that the fact that we (mis)interpreted ∀ as ∃ is largely irrelevant.
For instance, let En be the set of subsets of D containing at least n elements.
Then Lemma 6.20 also applies if the denotation of ∀ is En for any n > 1. And
finally, Lemma 6.20 can be adapted to languages with ∃, rather than ∀, as a
primitive symbol. Let a weak model M, Q for a language where ∃ is primitive
be ∃-normal if Q = ED. Then:

Corollary 6.21. There is a a language L2 with ∃ as a primitive symbol and a
non ∃-normal weak model N , Q consistent with ⊢L2 .

Proof. Let L2 be exactly as L1 but with ∃ primitive instead of ∀. It follows
from Lemma 1 that N , {D} is a non ∃-normal weak model for L2 consistent
with ⊢L2

.

We can explain what’s going on from a more general perspective by adapting
a result from (Antonelli 2013). Consider once again the normal interpretation
of ∃:

M, ED, σ |= ∃xφ iff {a ∈ D|M, σ[a/x] |= φ} ∈ ED

There is a certain sense in which this interpretation overshoots the mark. We
don’t really need ∃ to denote all non-empty subsets of the domain in order to
get the usual satisfaction relation. It is enough that it denotes all the definable
non-empty subsets of the domain, those that are the extension of some formula.
Let’s make this observation more precise and more general. Given a weak model
M, Q, let Def(M, Q) be the set of definable subsets of D. Then:28

28Lemma 6.22 is a modification of the Hull Theorem from (Antonelli 2013). The modifi-
cation is needed to (a) adapt Antonelli’s idea to the present setting and (b) avoid a problem
with Antonelli’s definition of the hull of a model, pointed out in (Antonelli 2017).
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Lemma 6.22. If M, Q and M, Q′ are weak models such that Q′ = Q ∩
Def(M, Q), then M, Q, σ |= φ iff M, Q′, σ |= φ for any φ and σ.

Proof. The proof is by induction on formulas. The weak models agree on the
interpretation of atomic formulas and connectives, so all steps are trivial ex-
cept the quantifier one. Let Q be whatever quantifier Q and Q′ are meant to
interpret. Then:

M, Q, σ |= Qxψ iff

||ψ||M,Q
σ,x ∈ Q ∩ Def(M, Q) iff (by induction hypothesis)

|ψ||M,Q′

σ,x ∈ Q ∩ Def(M, Q) iff (by assumption)

|ψ||M,Q′

σ,x ∈ Q′ iff

M, Q′, σ |= Qxψ.

Corollary 6.21 can now be seen as a special case of Lemma 6.22. The only
definable sets of N , ED are D and ∅. Thus {D} = ED ∩ Def(N , ED), and so
the non ∃-normal model N , {D} is equivalent to the ∃-normal model N , ED.

Something similar happens with the normal interpretation of ∀:

M, {D}, σ |= ∀xφ iff {a ∈ D|M, σ[a/x] |= φ} ∈ {D}

In this case we don’t need ∀ to denote the set containing only D. We can, for
instance, clutter its denotation with undefinable subsets and get an equivalent
weak model:

Lemma 6.23. Let M, Q and M, Q′ be weak models such that Q′ = Q ∪ B
for some B ⊆ P(D) such that B ∩ Def(M, Q) = ∅. Then M, Q, σ |= φ iff
M, Q′, σ |= φ for any φ and σ.

Proof. Again by induction on formulas. All steps are trivial except the quantifier
one. For the left-to-right direction note that

M, Q, σ |= Qxψ ⇒ ||ψ||M,Q
σ,x ∈ Q ⇒ (by induction hypothesis)

||ψ||M,Q′

σ,x ∈ Q⇒ ||ψ||M,Q
σ,x ∈ Q ∪B ⇒ M, Q′, σ |= Qxψ.

For the right-to left direction, note that

M, Q′, σ |= Qxψ ⇒ ||ψ||M,Q′

σ,x ∈ Q ∪B ⇒ (by induction hypothesis)

||ψ||M,Q
σ,x ∈ Q ∪B ⇒ ||ψ||M,Q

σ,x ∈ Q⇒ M, Q, σ |= Qxψ.
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Lemma 6.20 can then be seen as a special case of Lemma 6.23. The only
definable sets of N , {D} areD and ∅. Thus ED = {D} ∪ B for a B ⊆ P(D) such
that B ∩ Def(N , {D}) = ∅, and hence the non ∀-normal weak model N , ED is
equivalent to the ∀-normal weak model N , {D}.

Let’s summarise the discussion. Bonnay and Westerst̊ahl’s use of predicate
variables is a core piece of the machinery that gets them their results. The non-
normal weak models above exploit the fact that, given a first-order language and
a structure for it, there are often subsets of the domain that can’t be defined by
any formula.29 Adding predicate variables to a first-order language boosts its
expressive power, and therefore rules out a host of non-normal interpretations.
Bonnay and Westerst̊ahl’s proof of (BW1) —for second-order languages— hinges
on this, and cannot be adapted to first-order ones.30 Note, incidentally, that the
results in this subsection show that there are non-normal interpretations of the
quantifiers even if we assume that the standard interpretation of the connectives
is fixed ; indeed, the ‘normality’ of the connectives is built into the way Bonnay
and Westerst̊ahl define weak models. As we will see in the next subsection,
however, there is a problem with this.

6.5.2 Carnap’s Problem and Compositionality

We are now going to focus on a problem with the way Bonnay and Westerst̊ahl
define interpretations. The key fact to keep in mind is that the usual, two-
valued semantics for first-order languages is not compositional. This calls for
some explanation. As we know from Section 6.2.3 the usual clauses defining
satisfaction are not an assignment of semantic values; they are the definition of a
ternary relation |= between structures, variable assignments, and formulas. The
notion of compositionality, as Bonnay and Westerst̊ahl define it, only applies
to assignments of semantic values, so it doesn’t really make sense to say that
a satisfaction relation is, or isn’t, compositional. Still, as we also saw in 6.2.3
there is an obvious way in which a satisfaction relation |= determines a class of
valuations: just set vMσ (φ) = 1 if M, σ |= φ, else vMσ (φ) = 0, for any formula
φ.

Each satisfaction relation, then, defines a two valued semantics for first-order
languages. But there is a catch: this semantics is not always compositional.
Take a language L, an L-structure M, and the standard satisfaction relation

29Note that undefinability is a pervasive phenomenon that applies to languages with more
expressive power than I have considered above. For instance, a simple cardinality argument
shows that given any countable L and any L-structure M = (D, I) with a countably infinite
D, some subsets of D are not definable by any L-formula.

30Perhaps one could argue that the addition of predicate variables doesn’t make a language
second-order, and that what matters is whether we can quantify over predicate variables (I
owe this point to Dag Westerst̊ahl). Ultimately, I think this point doesn’t matter much. If
we count languages with predicate variables as first-order, then the problem with Bonnay and
Westerst̊ahl’s approach is that it only solves Carnap’s Problem for a restricted (and rather
unusual) class of first-order languages.
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|= between them. In any valuation determined by |=, the semantic value of a
formula φ ∧ ψ is a function of the semantic value of φ and the semantic value
of ψ: vMσ (φ ∧ ψ) = 1 iff vMσ (φ) = vMσ (ψ) = 1, for any σ. Something similar
happens with negation: vMσ (¬φ) = 1 iff vMσ (φ) = 0 (again, for arbitrary σ). But
the same does not hold for quantifiers: the truth value of ∀xφ does not depend
only on the truth value of φ. Put more formally, the value of vMσ (∀xφ) is not a
function of the value of vMσ (φ), but of the values of vMσ′ (φ) for all appropriate
σ′.31 Indeed, it is easy to find structures M such that for some φ, ψ and σ, we
have that vMσ (φ) = vMσ (ψ) = 1 but vMσ (∀xφ) = 0 and vMσ (∀xψ) = 1. In those
cases no function on semantic values (i.e. no truth-function) corresponds to the
syntactic operation generating ∀xφ from φ —and similarly for ∃.32

The fact that the valuations vMσ are not compositional is not a problem in
and of itself. They assign truth-values to formulas in a natural, systematic, and
finitely specifiably way, following the recursive clauses for satisfaction. Nev-
ertheless, this failure of compositionality must be a problem for Bonnay and
Westerst̊ahl. For them compositionality is a universal constraint that all inter-
pretations, normal or not, must abide by. Unfortunately, they seem to have a
two-valued semantics in mind when defining interpretations of first-order lan-
guages. Recall what they say:

Since we assume compositionality, our interpretations amount to
giving syntactically adequate semantic values to the logical and non-
logical vocabulary. Since we furthermore assume non-triviality, we
need not worry about the interpretation of connectives, which has
to be standard, by [Theorem 6.19]. Hence, our interpretations can
be taken to be pairs of the form (M, Q) where... (Bonnay and
Westerst̊ahl 2016, p. 729)

Theorem 6.19 says that if our only semantic values are 0 and 1, composi-
tionality and non-triviality rule out all non-normal interpretations of the con-
nectives. But then something must be wrong with the passage above. If the
only semantic values are 0 and 1, then normal interpretations are not (always)
compositional. If, on the other hand, there are semantic values besides 1 and 0,
then the appeal to Theorem 6.19 is moot, and we can’t assume that composi-
tionality and non-triviality pin down the standard interpretation of connectives.
This is the second problem with Bonnay and Westerst̊ahl’s approach: their def-
inition of a first-order interpretation either violates compositionality or begs the
question against non-normal interpretations of the connectives.

31The appropriate σ′ are of course those of the form σ[a/x] for some element a of the
domain.

32Note that if we use partial valuations that assign truth-values only to sentences the re-
sulting semantics is not compositional either. Set, for all sentences φ, vM(φ) = 1 if M |= φ,
else vM(φ) = 0. Compositionality, on Bonnay and Westerst̊ahl’s formulation, requires that
for each syntactic operation O there should be a corresponding operation on semantic val-
ues. The syntactic components of sentences, however, are not in general sentences themselves.
For instance, the syntactic components of ∀xP (x) are all subsentential, so no operation on
semantic values corresponds to the syntactic operation that generates ∀xP (x).
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It is possible to give compositional semantics for first-order languages, which
leads to a natural question. Suppose we reformulate Bonnay and Westerst̊ahl’s
notion of an interpretation so that (a) normal interpretations are always compo-
sitional and (b) we don’t beg the question against non-normal interpretations
of the connectives. Do compositionality, non-triviality and invariance under
permutations pin down the normal interpretation of logical vocabulary?

The answer is ‘no’. The reason, roughly put, is that compositional semantics
for first-order languages require a large number of semantic values. This, in
its turn, makes Carnap’s Problem more difficult to solve, since more semantic
values entail more possible interpretations, and therefore more unintended ones
to rule out. As we will see, this means that in the new setting Bonnay and
Westerst̊ahl’s restrictions are not enough to fix the standard interpretation of
connectives, let alone quantifiers.

The most common strategy to set up a compositional semantics for first-order
languages is to take the semantic value JφKM of a formula φ in a structure M
to be the set of variable assignments σ such that M, σ |= φ.33 Let’s bring back
some notation from Section 6.2.3: given a structure M = (D, I) for a language
L, AM is the set of all variable assignments from L to D. Then first-order
formulas can be interpreted as follows:34

(1) JP (x1, ...xn)KM = {σ ∈ AM | (σ(x1), ..., σ(xn)) ∈ I(P )}

(2) Jφ ∧ ψKM = JφKM ∩ JψKM

(3) J¬φKM = AM − JφKM

(4) J∃xφKM = {σ ∈ AM |σ ∼x σ
′ for some σ′ ∈ JφKM}

(5) J∀xφKM = {σ ∈ AM |σ′ ∈ JφKM for all σ′ st. σ ∼x σ
′}

The general idea is clear: the semantic values of formulas are sets of assign-
ments, and conjunction and negation are interpreted as operations on seman-
tic values (intersection and complementation, respectively). As pointed out in
(Wehmeier 2018), however, the resulting semantics is not fully compositional
either. The problem lies again with the interpretation of quantifiers —that is,
with clauses (4) and (5). Compositionality, remember, demands that for each
syntactic operation O there should be a corresponding operation on semantic
values. The usual way of setting up the syntax of first-order languages has one
syntactic operation that takes the quantifier ∀, any variable x, and any formula
φ, and returns a formula ∀xφ —and similarly for ∃. Clause (5), on the other
hand, covertly defines one semantic operation for each variable x; the right-hand
side of (5) refers to x qua syntactic object —and so does (4).

33See (Kreisel and Krivine 1967), (Monk 1976), (McGee 1996) or (Janssen and Partee 2011).
34Once again, if a language contains individual constants and function symbols clause (1)

is modified in the obvious way to account for terms. The notation ‘σ ∼x σ′’ means that the
assignment σ differs from the assignment σ′ at most in the value it assigns to x.
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Different (and somewhat strained) solutions to this problem have been put
forward. One option is giving semantic values to variables. We could, for in-
stance, take the value JxKM of x in M to be the variable x itself, and reformulate
the interpretations of ∃ and ∀ accordingly, as functions that take a set of assign-
ments and a variable as arguments, and map them to a set of assignments.35 On
this account the normal interpretations of ∧ and ¬ would still be intersection
and complementation, but the normal interpretations of quantifiers would be
the following functions from Vars×P(AM) to P(AM):

f∃(x, Y ) = {σ ∈ AM |σ ∼x σ
′ for some σ′ ∈ Y }

f∀(x, Y ) = {σ ∈ AM |σ′ ∈ Y for all σ′ st. σ ∼x σ
′}

Another option is to slightly change the formulation of the syntax, so that for
each variable x we have a syntactic operation Ox that takes a string ‘∀x’ and a
formula φ and returns a formula ∀xφ (similarly for ∃); on this account the string
‘∀x’ is then interpreted as a single unit. The normal interpretations of ∧ and ¬
are intersection and complementation, as before, but the normal interpretations
of quantifier-variable strings are functions from P(AM) to P(AM):

f∃x(Y ) = {σ ∈ AM |σ ∼x σ
′ for some σ′ ∈ Y }

f∀x(Y ) = {σ ∈ AM |σ′ ∈ Y for all σ′ st. σ ∼x σ
′}

All of what I will say applies, with obvious modifications, to either option.
The second one saves some time and some brackets, so I will take it as the
official normal interpretation. Again, nothing hinges on this.

Now we have to adapt the rest of the notions involved in formulating Car-
nap’s Problem. It will be useful to keep the simpler propositional case in mind
while we do it, just to make sure we don’t go astray. An interpretation for a
propositional language is a valuation v from formulas to {1, 0}. In the first-order
case interpretations depend on structures M = (D, I). Given such an M, an
interpretation is a function from formulas to P(AM).

A compositional valuation associates a truth-function to each connective.
Thus, compositional valuations can be defined as tuples v = (vo, t∧, t∨, t¬, t→),
where vo is a valuation for atoms and the t⋄ are truth-functions. In the first-
order case compositional interpretations can also be defined as tuples T =
(fo, F∧, F¬, F∀, F∃). Here fo is a function from atoms to P(AM), and the F⋄
are operations on P(AM).36

In a normal, compositional valuation the t⋄ are the intended truth-functions.
Similarly, in a normal, compositional interpretation T = (f0, F∧, F¬, F∀, F∃) the

35This is a simplification of (T. E. Zimmermann and Sternefeld 2013, Ch. 10), which takes
a similar but more elaborate route.

36Strictly speaking, given our official normal interpretation F∀ and F∃ are sets of operations
(one for each variable).
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F⋄ are the intended operations. There is an additional wrinkle to take care of,
though. Given the usual definition of satisfaction, the semantic value of an
atomic formula P (x1, ...xn) is closed under assignments that agree on the free
variables x1, ...xn. Formally, this means that if σ ∈ JP (x1, ...xn)KM and σ, σ′

agree on the value of x1, ...xn, then σ′ ∈ JP (x1, ...xn)KM. Our interpretations
are tuples T = (f0, F∧, F¬, F∀, F∃) where fo is an arbitrary function from atomic
formulas to P(AM), and arbitrary functions need not respect that closure con-
dition. In order for an interpretation to be normal, then, we must also demand
that f0 obeys clause (1) above. And finally, a valuation is non-trivial if it does
not assign the value 1 to all formulas. Similarly, (fo, F∧, F¬, F∀, F∃) is non-trivial
if it does not assign the value AM to all formulas.

This takes care of the normal interpretations, as well as the non-normal,
compositional and non-trivial ones. Now we need to address invariance under
permutations. Bonnay and Westerst̊ahl’s notion of invariance works well if we
take quantifiers to denote sets of subsets of D. In order to achieve composi-
tionality, however, we have had to interpret quantifiers as operations on sets of
assignments, so the definition of invariance has to be adapted. Luckily there is a
well-known, off-the-shelf way to do this due to (McGee 1996). If π is a permuta-
tion of D and X is a set of variable assignments, let π∗(X) = {π ◦ σ ∈ AM|σ ∈
X}. Then an n-ary operation O on AM is invariant under permutations if
π∗(O(X1, ..., Xn)) = O(π∗(X1), ..., π∗(Xn)) for all permutations π.

The last missing piece of the puzzle is consistency with a consequence relation
⊢. This is also easy to address. We will say that T is consistent with ⊢ if,
whenever Γ ⊢ φ, we have that

⋂
γ∈Γ

JγKT ⊆ JφKT , where JψKT is the semantic

value of ψ on the interpretation T .37 Following Bonnay and Westerst̊ahl ⊢L is
a relation between sentences only (although this doesn’t really matter).

We have, at last, formulated all the notions related to Carnap’s Problem
in a way that is compatible with Bonnay and Westerst̊ahl’s assumptions. The
following lemma shows that, in this setting, compositionality, non-triviality,
and invariance under permutations don’t fix the standard meaning of logical
vocabulary.

Lemma 6.24. There is a first-order language L3 with a compositional, non-
normal, non-trivial, invariant-under-permutations interpretation T that is con-
sistent with ⊢L.

Proof. Take the language L3 with ∧,¬ and ∀ as logical constants and a binary
predicate symbol R as non-logical vocabulary. Consider the L3-structure M =
(D, I) where D is any set such that |D| > 1 and I(R) = D2. We will now
construct an interpretation T = (fo, F∧, F¬, F∀, F∃) based on M. Let C ⊂ AM

be the set of variable assignments such that σ(x) = σ(y) for all variables x, y.
Note that C is indeed a proper subset of AM, since |D| > 1. Then T is defined
as follows:

37At the risk of stating the obvious: this definition of consistency just says that, given a
valid argument, any assignment that makes the premises true must make the conclusion true
as well.
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f0(R(x1, x2)) = {σ ∈ AM | (σ(x1), σ(x2)) ∈ I(R)}

F∧(X,Y ) = X ∩ Y .

F¬(AM) = C, and if X ̸= AM F¬(X) = AM.

F∃y(X) = F∀y(X) = X for all variables y.

T is clearly compositional, so it remains to show that (a) T is non-normal,
(b) T is non-trivial, (c) the F⋄ are invariant under permutations and (d) T is
consistent with ⊢L3

.
The fact that (a) T is non-normal is obvious; F¬, F∀ and F∃ are not the

intended operations. To see that that (b) T is non-trivial just note that
J¬∃x1∃x2R(x1, x2)KT = C ̸= AM. Next we need to prove that (c) the F⋄ are
invariant under permutations. This is obvious for F∧, which is just intersection,
and also for the operations in F∃ and F∀, which are just the identity function.
To show the same for F¬ first note that, for any permutation π of the domain,
π∗(AM) = AM and π∗(C) = C. In other words, AM and C, seen as 0-ary
operations, are invariant under permutations. But then:

F¬(π∗(AM)) = F¬(AM) = C = π∗(C) = π∗(F¬(AM))

F¬(π∗(X)) = AM = π∗(AM) = π∗(F¬(X)) for X ̸= AM

where the second identity rests on the fact that if X ̸= AM, then π∗(X) ̸= AM

for any permutation π.
Finally, we need to prove that (d) T is consistent with ⊢L3 . A trivial induc-

tion on formulas shows that for any φ:

(d1) JφKT = AM or JφKT = C.

(d2) JφKT = AM iff JφKM = AM.

(d3) JφKT = C iff JφKM = ∅.

Now we can prove the result by contraposition. Let Γ ∪ {φ} be a set of
sentences, and suppose that

⋂
γ∈Γ

JγKT ̸⊆ JφKT . By (d1) we must have that JγKT =

AM for all γ ∈ Γ and JφKT = C. By (d2) and (d3) this means that JγKM = AM

for all γ ∈ Γ and JφKM = ∅. Therefore, Γ ̸⊢L3
φ. Note, incidentally, that if we

had taken ⊢L3
to be a relation between all formulas, open and closed, the proof

would have still gone through.

As before, Lemma 6.24 is stated for the very limited language L3, but can
be adapted to richer ones: if a language has constants and function symbols, the
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function I can give them any value whatsoever, and if it has further predicate
letters P of arity n, we just need to set I(P ) = Dn.

There is a second, more important sense in which Lemma 6.24 can be gen-
eralised. It turns out that if we take the semantic values of formulas to be
sets of assignments, there are non-normal interpretations even if every subset
of D (and every subset of Dn, for any n) is definable.38 The reason is simple:
given a sufficiently large domain, certain sets of assignments can never be the
semantic value of any formula on any normal interpretation. This allows us to
construct non-normal interpretations that differ from normal ones only in the
way they behave with respect to these ‘extra’ semantic values, and this is pos-
sible regardless of the interpretation of non-logical vocabulary. Let’s spell out
the details.

The semantic value JφKM of an open formula φ on the normal interpretation
based on a structure M is the set of variable assignments σ such that M, σ |= φ,
where |= is the usual satisfaction relation. Clearly, whether M, σ |= φ or not
hinges on the value σ assigns to the (finitely many) free variables x⃗ of φ. We
need some terminology to describe this. Given a structure M for L and a
(non-empty) finite sequence of variables x1, ...xn = x⃗, we will say that a set of
assignments Y ⊆ AM depends on x⃗ if there is a σ and a σ′ that differ at most in
the values they assign to some variables in x⃗, but such that σ ∈ Y and σ′ ̸∈ Y .
A set Y ⊆ AM is dependent if it depends on some finite x⃗, and independent
otherwise. Now, it is easy to check that:

Observation 6.25. The semantic value JφKM of an arbitrary formula φ in a
normal interpretation based on M is always AM, ∅, or a dependent subset of
AM.

Crucially, Observation 6.25 holds regardless of whether every subset of the
domain D is definable. In addition:

Observation 6.26. Given a structure M for L, some independent subsets Y
of AM are invariant under permutations.

For instance, given any structure M, the set C∞ of assignments that give
the same value to (at least) countably infinitely many variables is independent
and invariant under permutations. By combining Observations 6.25 and 6.26
we get that:

Lemma 6.27. Let L be any first-order language. Then there is a composi-
tional, non-normal, non-trivial, invariant-under-permutations interpretation T
consistent with ⊢L.

Proof. Take any L-structure M = (D, I) with |D| ≥ ω. By Observations 6.25
and 6.26 some independent subsets of AM are invariant under permutations.

38Adapting the notion of definability to this setting is trivial: the extension of a formula
φ (relative to σ and x, on an interpretation I) is ||φ||Iσ,x := {a ∈ D |σ[a/x] ∈ JφKI}, and

a subset X of D is definable if X = ||φ||Iσ,x for some φ, σ and x. This is extended to cover
subsets of Dn in the obvious way.
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Since |D| ≥ ω, we have that C∞ ̸= AM. Thus, some independent subsets
of AM are invariant under permutations and not the semantic value of any
formula under the normal interpretation based on M. Next we will define
a non-normal T = (f0, F∧, F¬, F∀, F∃) based on M. Let f0 interpret atoms
normally, and let the F⋄ behave like the normal operations except when applied
to subsets of AM that are independent, invariant under permutations, and not
the semantic value of a formula under the normal interpretation; for those sets
(pairs of sets, in the case of F∧), the F⋄ are the constant function to C∞.
Then T = (f0, F∧, F¬, F∀, F∃) is compositional, non-normal and invariant under
permutations. Moreover, since the F⋄ behave non-normally only for sets of
assignments that are not the semantic value of a formula, and otherwise behave
like the normal operations, T is non-trivial and consistent with ⊢L. Note that,
as mentioned above, this construction works regardless of how the function I
interprets non-logical vocabulary

It is time to take stock now. Bonnay and Westerst̊ahl’s strategy to solve
Carnap’s Problem is imposing restrictions on the interpretations we take into
account, based on what they call semantic universals. There are three problems
with this approach. The first, and more philosophical, is that it isn’t clear that
Bonnay and Westerst̊ahl have adequately motivated their semantic constraints.
The other two problems are more technical. First, Bonnay and Westerst̊ahl’s
results rely on the use of predicate variables, and secondly, their definition of a
first-order interpretation either violates compositionality or else begs the ques-
tion against non-normal interpretations of connectives.

6.6 Another Approach to Carnap’s Problem

So far I have been focussing on the shortcomings of different approaches to
Carnap’s Problem. In this section I will change tack, and propose an alternative
solution. The approach I will explore is a slight modification of Bonnay and
Westerst̊ahl’s, and the overall idea behind it is easy to explain: using second-
order variables won’t do, but if we look at our inferential practice, something
similar to it can be justified.

The way forward is to focus on the notion of consistency with a consequence
relation. Up until now we have identified consistency and truth-preservation:
an interpretation was consistent with the classical consequence relation of a
language if it made all classically valid arguments truth-preserving. A closer
look at the way we draw inferences, though, suggests that this is too weak a
requirement.

Consider the inference from ‘7 is a counterexample to Goldbach’s conjecture
and 8 is a counterexample to Goldbach’s conjecture’ to ‘7 is a counterexample
to Goldbach’s conjecture’. We accept this inference despite not knowing the
extension of the predicate ‘is a counterexample to Goldbach’s conjecture’ (and
regardless of what it happens to be). More generally, we accept all inferences
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of the form P (c1) ∧ P (c2) ⊢ P (c1) despite not knowing the extension of every
predicate P and every individual constant c1 and c2 (and regardless of what they
happen to be). If we want to account for the inferential role of ∧, then, it isn’t
enough to give it a semantic value that makes our inferences truth-preserving
given that P , c1 and c2 are interpreted a certain way; we typically don’t know
the interpretation of non-logical vocabulary. To account for the inferential role
of ∧, it seems, we must give it a semantic value that makes valid arguments
truth-preserving regardless of how of non-logical vocabulary is interpreted.

This is not an isolated example, but the norm. Take any inference of the
form ∀xP (x) ⊢ P (c). We also accept it without knowing the extension of P or
the reference of c, whatever they happen to be. To account for the role of ∀ in
inferences, then, we must give it a semantic value that makes arguments of this
form truth-preserving no matter how P and c are interpreted.39

Let me make the point more general: so far we have read semantics off of
consequence relations by looking at interpretations that make valid arguments
truth-preserving. But to adequately represent the role of logical vocabulary,
to do justice to the way we actually use it, is to give it semantic values that
make valid arguments truth-preserving regardless of the interpretation of non-
logical vocabulary. The notion of consistency, therefore, should be strengthened
accordingly.

The technical set-up this requires is straightforward. Taking sets of assign-
ments as the semantic values of formulas, as we saw, makes Carnap’s Problem
artificially difficult; it saddles us with more semantic values than formulas. Here
we will go for a simpler and more natural option: the semantic values of for-
mulas will be truth-values. The rest of modifications are obvious. In previous
sections we built interpretations on top of structures M = (D, I). We are going
to require truth-preservation across reinterpretations of non-logical vocabulary,
so the function I has to go. Everything else is largely as before: given a do-
main D, an interpretation is a tuple T = (F∧, F¬, Q), where F∧ and F¬ are
truth-functions interpreting ∧ and ¬, respectively, and Q is a set of subsets of
D, interpreting ∀. When we add a function I for the non-logical vocabulary,
formulas are evaluated in the obvious way:

Tσ(Px1, ...xn) = 1 iff (σ(x1), ..., σ(xn)) ∈ I(P ).

Tσ(φ ∧ ψ) = F∧[Tσ(φ), Tσ(ψ)].

Tσ(¬φ) = F¬[Tσ(φ)].

Tσ(∀xφ) = 1 iff {a ∈ D| Tσ[a/x](φ) = 1} ∈ Q.

39A different way to argue for the same point is to note that the extension of non-logical
predicates changes over time, but we continue to endorse valid arguments regardless of how it
changes. To paraphrase McGee, if I am told that some red object has been destroyed, I don’t
pause to consider whether, given the new extension of ‘red’, the inference from ‘Everything
is red and sticky’ to ‘Everything is red’ remains acceptable. To account for this fact, then,
we must give ∧ and ∀ semantic values that make the argument truth-preserving regardless of
how non logical vocabulary is interpreted.
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Finally, an interpretation T is consistent+ with ⊢L if it is truth-preserving
given any function I for non-logical vocabulary. In other words, it is consistent+

with ⊢L if, given any I, we have that Γ ⊢L φ and Tσ(Γ) = 1 imply Tσ(φ) = 1
(where Γ and φ can be formulas, not just sentences).40

If we look at things this way, it is easy to show that the role of classical
logical vocabulary in inferences does rule out non-normal interpretations:

Lemma 6.28. Let T = (F∧, F¬, Q) be an interpretation (with underlying do-
main D) for a language L. If T is consistent+ with ⊢L, then T is normal.

Proof. We will work by contraposition:

Conjunction: Suppose e.g. that F∧(1, 1) = 0. Take any φ,ψ and
σ such that Tσ(φ) = Tσ(ψ) = 1 (there must be some such φ,ψ and
σ, because ⊢L contains tautologies and T is consistent+ with it, so
tautologies must have value 1 under any σ). Since F∧(1, 1) = 0, we
have that T invalidates φ,ψ ⊢L φ∧ψ. Remaining cases are similar.

Negation: Suppose e.g. that F¬(0) = 0. Set I(P ) = ∅ (P can be a
predicate symbol of any arity, but for simplicity we will take it to be
unary). Let σ be an arbitrary assignment. Since I(P ) = ∅ we must
have Tσ(Px) = 0. Then Tσ(Px ∧ ¬Px) = 0, since one conjunct is
false. But F¬(0) = 0, so Tσ(¬(Px∧¬Px)) = 0. Thus, T invalidates
the tautology ⊢L ¬(Px ∧ ¬Px). Remaining cases are similar.

Universal Quantifier: We have to show that {D} = Q. First,
suppose for a contradiction that D ̸∈ Q. Since ⊢L ¬(Px ∧ ¬Px),
we must have Tσ′(¬(Px ∧ ¬Px)) = 1 for all σ′. Let’s use the ab-
breviation φ := ¬(Px ∧ ¬Px) for readability. Now, let σ be arbi-
trary. Then {a ∈ D| Tσ[a/x](φ) = 1} = D ̸∈ Q, so Tσ(∀x¬(Px ∧
¬Px)) = 0. Therefore, T invalidates ⊢L ∀x¬(Px ∧ ¬Px), contra-
dicting consistency+. Next, suppose that there is some C ⊂ D in Q.
Let I(P ) = C, and let σ′ be an assignment such that σ′(x) /∈ C.
Then {a ∈ D| Tσ[a/x](Px) = 1} = C ∈ Q, so Tσ(∀xPx) = 1.
But Tσ(Px) = 0, so T invalidates ∀xPx ⊢L Px, contradicting
consistency+.

A couple of comments are in order. First, it should be clear that quantify-
ing over interpretations in the definition of consistency+ has more or less the
same effect as second-order variables in Bonnay and Westerst̊ahl’s account. The
current option, however, has a clear motivation rooted in inferential practice.

40Bonnay and Westerst̊ahl use a similar approach, mutatis mutandis, when they consider
Carnap’s Problem in the context of possible worlds semantics for propositional logic. They say
quantifying over interpretations in the definition of consistency is only done “for simplicity”
(Bonnay and Westerst̊ahl 2016, p. 731), but it can be shown that it is a necessary condition
for the strategy to work.
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Moreover, it is a weaker assumption than the alternative. Predicate variables
make every subset of D and Dn (for any n) definable, whereas it is not in gen-
eral the case that, given a language L and a subset of D or Dn, we can always
find a function I under which that subset is definable.

Secondly, the way I have defined interpretations presupposes what type of
semantic value corresponds to each syntactic category: connectives are inter-
preted by truth-functions, and quantifiers by sets of subsets of the domain.
This is something Bonnay and Westerst̊ahl also take for granted:

One must choose the semantic values of expressions belonging to a
given syntactic category [...] Our hypothetical language learner al-
ready knows, or guesses, what kind of language is to be learnt: what
the syntactic categories are, and what kinds of things expressions of
these categories stand for. (Bonnay and Westerst̊ahl 2016, p. 726)

I will say more about this assumption in the next section. For now, it is
enough to note that it doesn’t make interpretations compositional. This is a
feature, not a bug. As we have seen, compositionality (in the strict sense pre-
ferred by Bonnay and Westerst̊ahl) is too strong a requirement, and part of what
gets them into trouble. Recall also that, as we discussed in Section 6.5, Bon-
nay and Westerst̊ahl motivate the requirement of compositionality through the
usual learnability argument, but learnability arguments don’t establish the need
for compositionality in the strong sense they intend. In other words, nothing is
lost with the switch to non-compositional interpretations.

The current approach also allows us to read classical semantics off of any
standard calculus for classical logic. I will take ∀ as an example, but the cases for
∧ and ¬ are similar. Consider these typical natural deduction rules (in sequent
notation) for ∀:

Γ ⇒ φ(y/x)
(∀ I)

Γ ⇒ ∀xφ
Γ ⇒ ∀xφ

(∀ E)
Γ ⇒ φ(y/x)

where y must be free for x in φ, φ(y/x) is the result of replacing all free
occurrences of x in φ for y, and y must not occur free in Γ or ∀xφ.

How should we adapt the notion of consistency+ to rules? It is clear that
we often draw inferences according to (∀ I) and (∀ E) —and take them to
be valid— without knowing the interpretation of the non-logical vocabulary
involved. Therefore, to adequately represent the inferential role of ∀, we must
give it a semantic value that makes inferences sanctioned by (∀ I) and (∀ E) valid
regardless of the interpretation of non-logical vocabulary. Let’s make this more
formal. Given an interpretation T and some I for the non-logical vocabulary,
we will say that ∆ ⇒ ψ is valid in T if Tσ(∆) = 1 implies Tσ(ψ) = 1 (for any
σ). Moreover, an interpretation T = (F∧, F¬, Q) is consistent+ with a rule R
if, given any I, whenever the premiss-sequents of R are valid in T , so is its
conclusion-sequent. Then it is easy to show that:
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Lemma 6.29. Let T = (F∧, F¬, Q) be an interpretation (with underlying do-
main D) for a language L. If T is consistent+ with (∀ I) and (∀ E) then
Q = {D}.

Proof. We will assume for simplicity that L has a unary predicate P , and work
by contraposition. Suppose D /∈ Q. Let I(P ) = D. Then we have that
Tσ(Px) = 1 and Tσ(∀xPx) = 0 for any assignment σ. In other words, ⇒ Px is
valid, and ⇒ ∀xPx is not. But we can infer ⇒ ∀xPx from ⇒ Px by (∀ I), so
T is not consistent+ with (∀ I). Similarly, suppose there is some C ⊂ D in Q.
Let I(P ) = C, and let σ′ be an assignment such that σ′(x) /∈ C. Then we have
that Tσ(∀xPx) = 1 for any σ, but Tσ′(Px) = 0. Therefore ⇒ ∀xPx is valid but
⇒ Px is not. Since we can infer the latter from the former using (∀ E), T is
not consistent+ with (∀ E).

A similar argument works for any other standard set of natural deduction
(or sequent) rules for ∀, and the corresponding result for the connectives is easy
to prove.

Let’s close the section with a brief ‘check-list’ comparison with the ap-
proaches we have seen so far. Garson’s solution to Carnap’s Problem, in the
propositional case, relies either on non-triviality or on multiple conclusion rules.
Both options are problematic, the first because we have been given no reason
to assume non-triviality, and the second because, as we saw in Chapter 3, it
isn’t clear that multiple conclusions are an adequate representation of our infer-
ential practice. In contrast, the current approach works with single conclusion
rules and consequence relations, and doesn’t assume that all interpretations are
non-trivial.

The comparison with Garson’s approach to the first-order case is more com-
plicated. We rejected his ‘substitutional’ and ‘objectual’ definitions of normal-
ity:

(s∀) v(∀xφ) = 1 iff v(φ[y/x]) = 1 for all variables y of the language.

(o∀) v(∀xφ) = 1 iff v(φ[d/x]) = 1 for all d ∈ D.

on the grounds that they are neither recognisably normal nor applicable to
all languages. Neither of these problems arises for the current approach. I also
proposed an alternative valuational set-up in Section 6.2.3. Comparison with
this last approach will have to wait until the next section, when I say a bit more
about interpretations in general.

We also saw that, from a technical point of view, the use of bilateral rules
or consequence relations is equivalent to the use of multiple conclusions. This
means that bilateral approaches avoid Carnap’s Problem in propositional set-
tings, but the negative results about the valuational semantics of 6.2.3 carry over
to bilateral approaches. In contrast, the current approach secures the normal
interpretation of quantifiers.
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Now let’s move on to McGee’s proposal. In a certain sense open-endedness
plays the same role as quantification over interpretations of non-logical vocab-
ulary: it bypasses the expressive limitations of first-order languages, and en-
sures that each non-normal interpretation invalidates a classically valid infer-
ence. At the same time, open-endedness is stronger and more problematic than
consistency+. This is, in the first place, because it isn’t clear what the range of
mathematically possible extensions of a language consists in, and the extent to
which we need to modify the notion of a model as we enrich first-order languages
with arbitrary sentences.41 But secondly, it is unclear that acceptance of the
rules of classical logic actually is open-ended. For instance, it is fairly common to
hold that classical logic has to be abandoned when first-order languages are ex-
tended in certain ways (say, with vague predicates, or with truth-predicates).42

In contrast, here we only assume that an adequate interpretation must make
valid arguments truth-preserving under arbitrary ‘well-behaved’ interpretations
of the non-logical vocabulary that we already have (where ‘well-behaved’ just
means that the interpretations give standard, unproblematic semantic values to
non-logical vocabulary, and don’t smuggle in vagueness, self-reference and the
like).

Incidentally, Murzi and Topey (Murzi and Topey 2021) have recently put
forward a solution similar to McGee’s. Like McGee, they attempt to read clas-
sical semantics from rules of inference, and take those rules to be open-ended.
They cash out open-endedness more modestly than McGee, though: for Murzi
and Topey rules must remain valid across all extensions of a language obtained
by adding new predicate letters and individual constants. This is much less
problematic than McGee’s talk of “all mathematically possible extensions of a
language”, and only slightly stronger than our assumption that inference rules
must remain valid across arbitrary interpretations of the current non-logical
vocabulary. Murzi and Topey also assume which type of semantic value can be
given to quantifiers.43 And lastly, the inference rules from which they read the
semantics are slightly unusual: their (2021) uses higher-order rules in the style
of (Schroeder-Heister 1984), but their approach also works for (‘lower-order’)
natural deduction or sequent rules that allow empty succedents.44 In contrast,
the current approach reads the usual semantics from any standard calculus for
classical logic.

Finally, the comparison with Bonnay and Westerst̊ahl’s proposal is straight-
forward: their approach assumes compositionality, non-triviality, invariance un-
der permutations, and doesn’t work for (all) first-order languages, since it is
essentially tied to the use of predicate variables. The current approach, on
the other hand, starts from a similar notion of interpretation and only uses

41Not to mention McGee’s additional assumptions about the definability of all classes of
models, as well as ad hoc add-ons like (Clo).

42See e.g. (Beall 2003) for some references.
43Their language sometimes suggests they take the denotation of ∀ to be a subset of the

domain of quantification, rather than a set of subsets (see Murzi and Topey 2021, p. 3407).
If this is so, it is unclear how the approach could be extended to other quantifiers like ∃.

44I owe this last point to Julien Murzi.
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consistency+, a substitute for predicate variables motivated by our inferential
practice.

6.7 Carnap’s Problem and Interpretations

Let’s take a step back and put what we have done so far in perspective. We
begun with a relatively simple question: whether the inferential role of (classical)
logical vocabulary rules out its non-normal interpretations. This question is
sensible only insofar as we can explain three things:

(i) What we mean by ‘interpretations’.

(ii) What we mean by ‘inferential roles’.

(iii) What we mean by inferential roles ‘ruling out’ interpretations.

We have seen the two standard ways of spelling out what inferential roles
amount to: in terms of consequence relations and in terms of inference rules.
The approach I have put forward works with both. We have also seen that ‘ruling
out’ is usually cashed out in terms of truth (or validity) preservation. I have
argued that it is better explained in terms of truth (or validity) preservation
across all reinterpretations of non-logical vocabulary, or consistency+. This
takes care of (ii) and (iii); now it is time to say more about (i).

By and large, the literature on Carnap’s Problem is split into two camps.
According to the first interpretations are assignments of truth-conditions to for-
mulas (or sentences). According to the second, interpretations are assignments
of semantic values to subsentential expressions.

Garson’s work and the Garson-like semantics of sections 6.2.3 and 6.3 are
clear examples of the first type of approach. In both of them interpretations
assign semantic values only to formulas, and non-logical vocabulary is treated
syncategorematically.

McGee is somewhere in between the sentential and sub-sentential approaches.
Officially his interpretations are assignments of semantic values to sub-sentential
expressions. At the same time, normality is defined in terms of the truth-
conditions of full sentences, so the specific semantic value of logical expressions
is somewhat irrelevant.

The fully sub-sentential approach is also common. The usual set-up (at the
propositional level) has interpretations assign truth-functions to connectives.45

Bonnay and Westerst̊ahl extend this to the first-order case by taking quantifiers
to be interpreted by sets of subsets of the domain, and I have followed suit.
Seeing this, it is natural to ask: is there any reason to prefer sentential or
subsentential definitions of interpretations?

The idea that sub-sentential expressions have meanings is perhaps the or-
thodoxy —to the extent that there is an orthodoxy— both in philosophy and
formal semantics. If we take this idea on board, it is reasonable to demand

45See e.g. (Peacocke 2004), (Hodes 2004),(Hacking 1979) or, in a different setting, (Button
and Walsh 2018).
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that interpretations assign semantic values to individual expressions, and to
define ⋄-normal interpretations in terms of the specific semantic value of the
expression ‘⋄’. There are, however, well-known challenges to this orthodoxy.
On Davidson’s program, for example, interpreting a language is ultimately a
matter of assigning truth-conditions to its sentences, and “words, meanings of
words, reference, and satisfaction are posits we need to implement a theory of
truth” (Davidson 2001a, p. 222). As Davidson puts it:

It makes no sense, on this approach, to complain that a theory comes
up with the right truth conditions time after time, but has the logical
form (or deep structure) wrong. We should take the same view of
reference. (Davidson 2001a, p. 223)

From this perspective it is misguided to define normal interpretations in
terms of the semantic value of sub-sentential expressions, rather than in terms
of the truth-conditions of whole sentences. I will not attempt to settle this
general debate here; it goes well beyond Carnap’s Problem and the scope of this
thesis, and worse still, I don’t know which side of the debate is right. What I
will try to do instead is signpost some false leads, and say a few words in favour
of the way I have defined interpretations.

First, it may seem that the sentential approach to valuations is more con-
genial to inferentialism. Inferentialists take meaning to consist in, or be deter-
mined by, the role linguistic expressions play in inferences, and it is primarily
sentences that are inferentially articulated: we don’t draw inferences between
individual words. Be that as it may, it would be rushed to conclude that sub-
sentential interpretations are incompatible with inferentialism. It is one thing to
say that inferentialist semantics must begin by ascribing contents to sentences,
and a different one to say that it can disregard the meaning of individual words.
Indeed, many prominent inferentialists put a lot of emphasis on talk about
the meaning of specific logical operators (recall the notion of separability from
Chapter 2, and its importance for the discussion of Harmony in Chapter 3).

Secondly, it could be tempting to argue that sentential interpretations are
preferable because they ‘assume less’ about the languages we are interested in.
Sub-sentential interpretations take for granted some division of the expressions
of a language into different syntactic categories, and the type of semantic value
that expressions of each category can be given. To some extent sentential inter-
pretations do the same: they assume, at least, a division between the syntactic
category ‘formula’ (or ‘sentence’) and all others, and the semantic value that
formulas or sentences can have.46 Of course, some degree of stipulation is in-
evitable, and any way to define interpretations will rule out some options from
the get go. The worry, however, is that in building more into the definition of
interpretations, sub-sentential approaches make Carnap’s Problem easier.

This objection has more bite, except for the fact that it is not clear what
‘easier’ means in this context. Stipulating the kind of semantic value that cor-

46For instance, when defining interpretations Garson and McGee assume that there are
exactly two truth-values, ruling out gaps, gluts, and supervaluations.
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responds to different syntactic categories does rule out some assignments of
truth-conditions to complete sentences. For instance, no assignment of truth-
functions to the propositional connectives can result in the valuation vcl such
that such that vcl(A) = 1 iff A is a classical tautology (this is what sits at the
core of Bonnay and Westerst̊ahl’s Theorem 6.19). At the same time, on the sub-
sentential approach interpretations can be non-normal even when they assign
all formulas the same truth-value as a normal interpretation would; this was one
of the upshots of Lemma 6.20. In other words, the sub-sentential approach rules
out some sentential interpretations from the start, but also introduces more a
demanding notion of normality.

Now for some good news. Deciding, once and for all, whether the sentential
or the sub-sentential approach is to be preferred is a tall order, but we can
at least evaluate individual proposals on their own merits. I rejected Garson’s
substitutional reading of the quantifiers:

(s∀) v(∀xφ) = 1 iff v(φ[y/x]) = 1 for all variables y of the language.

on the grounds that it doesn’t match the standard truth-conditions of quan-
tified sentences, and his objectual definition of normal interpretations:

(o∀) v(∀xφ) = 1 iff v(φ[d/x]) = 1 for all d ∈ D.

on the grounds that it is not applicable to arbitrary languages. This was
also the reason I took issue with McGee’s definition of normality:

(∀)m If c does not appear in θ, then M |= ∀xθ(x) iff M′ |= θ[c/x] in
every c-variant M′ of M.

As we saw in Section 6.4, (∀)m is only applicable to languages with infinitely
many individual constants. In that respect our definition of normal interpre-
tations does better, since it is recognisably normal and applicable to arbitrary
languages. There are other ways to define interpretations which fare equally
well on both accounts, like the first-order valuational semantics I considered in
Sections 6.2.3 and 6.3. But then again, it is not surprising that there is more
than one reasonable thing to mean by ‘interpretation’.

The interpretations I have used are a natural, straightforward generalisa-
tion of standard first-order semantics: logical expressions can take any semantic
value of the type they usually receive. Some could complain that this is still
not general enough, that I am building ‘too much’ into the notion of an inter-
pretation. The complaint presupposes some theory of how much a definition of
interpretations can take for granted before it is ‘too much’, and I am not sure
that such a theory is available. But in any case, readers who think my defi-
nition of interpretations is too narrow can relativise the results of Section 6.6.
What Section 6.6 shows is that, if connectives and quantifiers are interpreted
with the usual semantic types, then they must be given their normal semantic
values. Or put more suggestively: that if connectives and quantifiers are inter-
preted as connectives and quantifiers, they must be interpreted normally. This
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is not the last word on Carnap’s Problem. It couldn’t be: there are as many
‘Carnap’s Problems’ as there are ways to define interpretations. But it does, I
hope, help to clarify the relation between what logical constants mean and how
they are used in arguments.

6.8 Coda: Harmony Again

We are almost done, but it is never too late to reminisce. The first problem we
examined, back in Chapter 3, was the Problem of Harmony. This problem arises
from the combination of two claims:

(AV): Some inferences are valid in virtue of the meaning of expres-
sions that occur in them.

(AR): Any set of rules can define the meaning of an expression that
it governs.

As Prior pointed out, it seems to follow from (AV) and (AR) that any
sentence can be validly inferred from any other. By (AR) we can define a
connective ‘tonk’ with the following rules:

A
(tonk I)

A tonk B
A tonk B

(tonk E)
B

Since (tonk I) and (tonk E) supposedly define the meaning of tonk, by (AV)
all inferences carried out according to them are valid in virtue of the meaning
of ‘contoktion’. But of course, consecutive applications of (tonk I) and (tonk E)
allow us to derive any two sentences from each other.

In Chapter 3 we focussed on solutions to the Problem of Harmony that lay
down syntactic restrictions limiting which rules we can take as definitions. Now
that we know more about moderate inferentialism, we can revisit the idea from
a different point of view. Moderate inferentialists think the meaning of logical
expressions is determined by inference rules. But, just like strict inferentialists
claim that some (sets of) rules fail to define a connective, moderate inferentialists
can claim that some (sets of) rules fail to determine a meaning. This is the line
Peacocke takes in his (2004):

In showing the legitimacy of introducing a constant as conforming
to certain laws, the fundamental task for a realist must be to demon-
strate that there is a semantical value for it which makes those laws
necessarily truth-preserving. I will refer to the requirement that
there exists such a value as ‘the Semantic Constraint’. (Peacocke
2004, p. 167)47

47A realist, for Peacocke, is “a theorist who allows that a sentence or content can be true
though unverifiable by us.” (Peacocke 2004, p. 153).
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According to Peacocke, the problem with the rules for tonk is that they fail
to pick out a semantic value. By this he means something quite specific:

For the realist, the fundamental objection to Prior’s runabout infer-
ence ticket tonk is semantical. [. . .] The semantical objection to tonk
is that there is no binary function on truth values which validates
both its introduction and its elimination rules. (Peacocke 2004, p.
167, my italics)

The underlying assumption is that, since tonk is a binary sentential connec-
tive like conjunction or disjunction, it should receive the same type of semantic
value as them. Once again, though, we face the problem of deciding whether
Peacocke is assuming ‘too much’ about semantic values. In this specific case,
however, the point is less problematic than in the previous section: something
like Peacocke’s argument goes through regardless of what we take as the range
of possible semantic values of tonk. Suppose only that sentences have exactly
one of two semantic values, True and False. Peacocke’s Semantic Constraint
requires that the meaning of tonk —if there is one— should make (tonk I) and
(tonk E) necessarily truth-preserving. It follows that such a meaning should
make the tonk rules truth-preserving regardless of the interpretation of non-
logical vocabulary. But now consider two sentences P (c) and Q(c), where P,Q,
and c interpreted so that P (c) has semantic value True and Q(c) has semantic
value False. The tonk rules allow us to infer Q(c) from P (c), and therefore (tonk
I) and (tonk E) don’t preserve truth. Whatever semantic values are, generally
speaking, no semantic value can do the job the tonk rules would require it to.

This second argument still depends on two substantial assumptions. First,
it assumes that sentences are either true or false (and never both), and secondly,
it assumes that rules pick out (subsentential) interpretations which make them
necessarily truth-preserving. Cook (2005) and Fjellstad (2015) have pointed out
that, without these assumptions, it is possible to find a meaning (of sorts) for
tonk. Suppose that sentences can be true (T), false (F), neither true nor false
(N), or both true and false (B), as in the logic FDE. Next define an ad hoc
notion of logical consequence —call it consequencet— which tracks preservation
of either truth or non-falsity (where truth and falsity aren’t mutually exclusive).
A bit more formally:

Γ |=t φ iff either (a) or (b) hold:

(a) whenever all γ ∈ Γ are T or B, so is φ.

(b) whenever φ is F or B, so is some γ ∈ Γ.

If we demand that rules be sound for consequencet, it is possible to interpret
tonk with a function on the values T,F,N, and B (see Cook 2005 for details).
Fjellstad describes a similarly baroque environment in which sentences receive
different interpretations depending on whether they occur as premises or con-
clusions, and proves that his set-up allows for an interpretation of tonk (see
Fjellstad 2015).
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What should we make of these results? Cook and Fjellstad show that, in the
context of a tailor-made model theory, it is possible to assign tonk a denotation.
At the same time, one could wonder whether this denotation is worth calling a
semantic value. This takes us to something we briefly touched upon in Chapter
2, when introducing the idea of moderate inferentialism:

It is possible to associate many sorts of things with sentences and
other linguistic expressions. What makes the association a semantic
one is precisely the possibility of appealing to it to explain the pro-
prieties that govern the use of those expressions. Calling what one
associates with expressions ‘contents’, ‘propositions’, ‘sets of possi-
ble worlds’, ‘truth conditions’, ‘extensions’, or ‘referents’ is at best
issuing a promissory note that hints at how what are put forward
as their semantic correlates ought to be taken to be relevant to de-
termining how those expressions are correctly used. [...] Semantics
answers to pragmatics, attributions of content to explanations of
use. (Brandom 1994, pp. 187-8)

Following Brandom, we can distinguish between a formal semantics —roughly,
a systematic assignment of something-or-others to linguistic expressions— and
a semantics proper, that is, a systematic assignment of something-or-others to
linguistic expressions by appeal to which we can explain proprieties of linguistic
use. This is a very vague distinction, but even vague distinctions can be helpful
when dealing with extreme cases like tonk. Both Cook and Fjellstad are care-
ful to note that their respective set-ups aren’t intended for the analysis of our
inferential practice, or more generally, for the analysis of ‘proprieties of use’ in
Brandom’s sense.48 In this sense, their results are compatible with the (fuzzy)
idea that no ‘proper semantics’ validates the rules for tonk.

Let’s take stock and regroup. We have seen that if we assume that (a) all
sentences are true or false (and never both), and (b) rules pick out interpreta-
tions that make them necessarily truth-preserving, then the rules for tonk don’t
pick out a semantic value. We have also seen that, if we let go of assumptions
(a) and (b), it is possible to give tonk a denotation, but it isn’t clear whether
we should call this denotation a semantic value. Those with a strong classical
bent will share Peacocke’s assumptions, and are bound to be content with this
situation. Most non-classical logicians, however, will reject (a), (b), or both,
and so for them Peacocke’s solution isn’t available (indeed, it isn’t a solution at
all). This takes us to the moral Cook himself extracts from his result:

As a more general lesson, the existence of Tonk-Logic suggests that
discussion of the legitimacy of logical connectives should focus not
only on which ones are and are not acceptable simpliciter, but should
also take into account which connectives are acceptable in which con-
text. [. . .] A mismatch between our account of the general accept-
ability of a particular connective (such as tonk) and its acceptability

48See (Cook 2005, p. 221) and (Fjellstad 2015, p. 16), respectively.
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within a particular formal logic (such as Tonk-logic) should then
lead us to rethink both the acceptability of the connective itself and
the legitimacy of the particular conception of consequence in ques-
tion. What the present example illustrates, however, is that such
mismatches always present us with a choice. (Cook 2005, pp. 223-4)

Moderate inferentialists may want to rephrase Cook’s point in terms of
meaning and meaning-determination, but the idea seems important nonethe-
less. Whether a set of rules picks out a semantic value depends on what we
mean by ‘picking out’ and by ‘semantic value’. In cases like tonk the choice
between rejecting an expression as meaningless, on the one hand, or analysing
linguistic use in terms of a contrived semantics, on the other, is likely to be ob-
vious. To that extent, classical logicians and (most) non-classical logicians will
agree that tonk is meaningless. In other cases, though, the situation is bound
to be less clear. The fact that a certain set of rules is validated by something we
are comfortable calling a semantics may lead us to accept the rules in question,
and conversely, the fact that a given semantics can’t accommodate expressions
we would hesitate to call meaningless might lead us to search for a different
semantics.49

The picture of harmony —if it can still be called that— which emerges is
unusual, but perhaps worth more attention than it has received. What counts
as a defective set of rules can’t be decided from the outset. Whether a rule
picks out a semantic value depends on the background language, and can only
be decided after we weigh in the suitability of a complete semantic framework.
In some fringe cases the answer will be reasonably clear, but generally speaking
no one-size-fits-all criterion is likely to be useful. This is, perhaps, less satisfying
that the sharp(er) criteria we reviewed in Chapter 3. If Cook is on the right
track, though, this outcome is inevitable; after all, our notion of what fails to
determine a meaning can’t be any less vague than our notion of what counts
as meaning in the first place. And we will leave it at that, so as to end, as we
started, with a platitude.

49Perhaps some good examples of this interplay are the change in logician’s perception
of modal logics before and after Kripke’s work, and the strict-tolerant semantics Ripley has
advocated for in order to extend classical logic with a well-behaved truth-predicate (Ripley
2012). Note that in strict-tolerant semantics logical consequence is not transitive, and the
rejection of transitivity leads Ripley to doubt that there is, all things considered, something
wrong with tonk (Ripley 2015).
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Chapter 7

Concluding Remarks

And when you’ve finished writing it
I think you’ll find a great joy in it,
or so...

Glenn Gould, So You Want to
Write a Fugue

Inferentialism is one way to flesh out the slogan that use determines meaning.
It is especially promising when applied to logical vocabulary, but even then,
developing an inferentialist theory of meaning involves taking stances on some
difficult debates. Here I have focused on the Problem of Harmony, the Problem
of Meaning-Variance, and Carnap’s Problem. In each case my goal has been to
help clear some roadblock, or suggest new avenues for inferentialists to explore.

In the case of proof-theoretic harmony, I have argued that the qualms in-
ferentialists have traditionally had about classical logic should be dismissed.
This is for two reasons. The first is that close inspection of the usual criteria
of harmony shows that certain formalisations of classical logic are harmonious
according to many standards, and that there are serious problems with the
stricter harmony criteria that rule out classical logic. The second reason is that
it is possible to give bilateral calculi for classical logic that satisfy all standard
harmony criteria, even when these are adapted (strengthened, really) so as to
suit the bilateralist framework.

In the case of meaning-variance the situation is more complicated. I have
taken issue with Quine’s arguments for the Meaning-Variance thesis, the Use
and the Translation arguments. At the same time, I have tried to show that
current minimalist proposals are untenable. This still leaves open the question
of whether partisans of different logics use different logical vocabulary. But I
have also suggested that there may not be an answer to this question (at least
not in all cases), and that, regardless, the meaning-variance debate has less
momentous consequences than it is usually made out to have.

Finally, I have suggested one way to ‘solve’ Carnap’s Problem, that is, a
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way of formulating moderate inferentialism that doesn’t run into complications
about the categoricity of logical vocabulary, and I have argued that this ap-
proach avoids some of the issues that affect related proposals.

Along the way some of the connections between these topics have come to the
surface. Whether structural rules partly determine the meaning of connectives
plays a role in the harmony debate (for instance, in conservativeness-based cri-
teria), as well as in the meaning-variance debate. Similarly, a choice concerning
which rules determine the same meaning must inform any stance on harmony:
presumably rules that determine the same meaning must fall or stand together,
as far as harmony goes. Bilateralism also cuts across the problems we have
looked at. It can be seen as a way to approach the harmony debate, but also
goes some way towards solving Carnap’s Problem. And adopting a moderate
inferentialist point of view, in its turn, allows us to see the harmony debate in
a new light.

Many other points of contact between our three problems have been left
unexplored, and there is further work to be done regarding each of them. The
normalisation results of Chapter 4 should be extended to first-order calculi. A
deeper investigation into the consequences of the approach to meaning variance
suggested in Chapter 5 is called for. And Chapter 6 suggests that the debate
surrounding Carnap’s Problem would benefit from a clearer account of what can
go into the notion of an interpretation, and the role model-theoretic semantics
plays in moderate inferentialism. But while the work is not finished, I hope,
at least, to have gone some way into clarifying the prospects of inferentialist
approaches to logic.
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2307/2215086.
— (1994). Making It Explicit: Reasoning, Representing, and Discursive Com-

mitment. Cambridge, Mass.: Harvard University Press.
— (2000). Articulating Reasons: An Introduction to Inferentialism. Cambridge,

Mass.: Harvard University Press.
— (2007). “Inferentialism and Some of its Challenges”. In: Philosophy and Phe-

nomenological Research 74.3, pp. 651–676. doi: 10.1111/j.1933-1592.
2007.00044.x.
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Warmbrõd, K. (1999). “Logical Constants”. In: Mind 108.431, pp. 503–538. doi:
10.1093/mind/108.431.503.

Warren, Jared (2015). “Talking with Tonkers”. In: Philosophers’ Imprint 15.
— (2020). Shadows of Syntax: Revitalizing Logical and Mathematical Conven-

tionalism. New York, USA: Oxford University Press.
Wehmeier, Kai F. (2018). “The Proper Treatment of Variables in Predicate

Logic”. In: Linguistics and Philosophy 41.2, pp. 209–249.
Weiner, Matthew (2005). “Must We Know What We Say?” In: Philosophical

Review 114.2, pp. 227–251. doi: 10.1215/00318108-114-2-227.
Woods, Jack (2012). “Failures of Categoricity and Compositionality for Intu-

itionistic Disjunction”. In: Thought: A Journal of Philosophy 1.4, pp. 281–
291.

Zimmermann, Ernst (2002). “Peirce’s Rule in Natural Deduction”. In: Theoret-
ical Computer Science 275.1, pp. 561–574. issn: 0304-3975.

192



Zimmermann, Thomas Ede and Wolfgang Sternefeld (2013). Introduction to Se-
mantics. An Essential Guide to the Composition of Meaning. Berlin, Boston:
De Gruyter Mouton.

193


