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Abstract
In this paper we propose and analyze an algorithm for identifying spectral gaps
of a real symmetric matrix A by simultaneously approximating the traces of spec-
tral projectors associated with multiple different spectral slices. Our method utilizes
Hutchinson’s stochastic trace estimator togetherwith the Lanczos algorithm to approx-
imate quadratic forms involving spectral projectors. Instead of focusing ondetermining
the gap between two particular consecutive eigenvalues of A, we aim to find all gaps
that are wider than a specified threshold. By examining the problem from this per-
spective, and thoroughly analyzing both the Hutchinson and the Lanczos components
of the algorithm, we obtain error bounds that allow us to determine the number of
Hutchinson’s sample vectors and Lanczos iterations needed to ensure the detection of
all gaps above the target width with high probability. In particular, we conclude that
the most efficient strategy is to always use a single random sample vector for Hutchin-
son’s estimator and concentrate all computational effort in the Lanczos algorithm. Our
numerical experiments demonstrate the efficiency and reliability of this approach.

Mathematics Subject Classification 65F50 · 65F15

1 Introduction

We consider the problem of locating gaps in the spectrum of an n × n real symmetric
matrix A, i.e., finding intervals that do not contain any eigenvalue of A. A variant of
this problem that is more commonly encountered in the literature is the following:
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given an integer k with 1 ≤ k < n, find a real number μ such that exactly k of the
eigenvalues of A (counted with their multiplicities) are strictly belowμ. This problem
can be equivalently restated as finding μ such that the spectral projector Pμ onto the
subspace spanned by the eigenvectors of A associated with eigenvalues strictly smaller
than μ satisfies rank(Pμ) = k; since for a projector the rank is equal to the trace, we
can also write this requirement as tr(Pμ) = k. If we denote the eigenvalues of A
by λi and we label them in non-decreasing order, this problem has a solution only if
λk < λk+1 (non-degeneracy assumption). In this case, anyμ lying in the open interval
(λk, λk+1) is a solution. Instead of looking for the gap for a specific value of k, the
approach that we present here aims to find all gaps in the spectrum with width above a
certain threshold, and in addition we obtain an estimate of the number of eigenvalues
below each gap. In practical cases where it is of interest to find μ in the gap between
λk and λk+1, the gap (λk, λk+1) is often relatively large, so we expect to be able to
find it by looking for all gaps above a certain width.

There are several applications where it is required to locate gaps in the spectrum of
a given symmetric matrix. In Kohn–Sham Density Functional Theory for electronic
structure computations [1], at each step of a self-consistent field iteration it is necessary
to compute either the eigenvectors of a symmetricmatrix (the linearized discreteKohn–
Sham Hamiltonian) associated with eigenvalues below the Fermi level (or chemical
potential, usually denoted by μ), corresponding to the so-called occupied states of
the system, or equivalently the corresponding spectral projector Pμ. In the case of
insulators at zero electronic temperature, the linearized Hamiltonians exhibit a gap
separating the first k eigenvalues from the rest of the spectrum, where k is the number
of electrons, and locating this gap is equivalent to estimating the Fermi level μ. In
particular, in linear scaling electronic structure computations the spectral projector is
approximated either by polynomials or by rational functions that act as filters, i.e.,
approximate the step function hμ(λ) that takes the value 1 for λ < μ and 0 for λ > μ

(see, e.g., [2]). Clearly, in order to use this approach it is first necessary to estimate
the Fermi level μ, which is a nontrivial task.

Another potential area of application arises in solid state physics, where the loca-
tion of gaps in the energy spectrum of quantum-mechanical systems described by
Schrödinger operators with periodic potentials is an important problem; see, e.g., [3],
as well as [4].

An additional possible area of application is spectral clustering, which uses the
eigenvectors of the graph Laplacian to partition a graph, see [5] and references therein.
The stability of the partitioning under small perturbations of the weights is governed
by the gaps in the spectrum of the graph Laplacian; in particular, relatively large
gaps correspond to stable partitions. Hence, identifying sufficiently large gaps in the
spectrum of the Laplacian matrix is an important preliminary step for any spectral
clustering algorithm.

Finally, as a further application wemention estimating the stability of invariant sub-
spaces under perturbations. It is well known in numerical linear algebra that individual
eigenvectors of symmetric matrices corresponding to a cluster of tightly spaced eigen-
values will be highly ill-conditioned. On the other hand, if the cluster is well-separated
from the rest of the spectrum, the invariant subspace spanned by those eigenvectors
is well-conditioned and can be determined with high accuracy; furthermore, iterative
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methods designed to approximate the invariant subspace (or, equivalently, the orthog-
onal projector onto it) will typically converge rapidly. Hence, being able to efficiently
identify gaps in the spectrum of a symmetric matrix A provides a way to estimate
the conditioning of invariant subspaces. Moreover, when A is banded, or sparse, the
invariant space is “localized”, an important property that can reduce computational
costs considerably; see, e.g., [6] and also [2, Sec. 11.4] and [7].

In the literature, a few approaches have been proposed to estimate values ofμ lying
within the target gap. It is well known that for any real symmetric matrix A−μI there
exists a unit lower triangular matrix L and a block diagonal matrix D with 1 × 1 and
2 × 2 blocks such that A − μI = LDLT ; see for example [8, Chap. 1.3.4]. Since A
and D are congruent, they have the same inertia, i.e., the same number of positive,
negative, and possibly zero eigenvalues (the latter can occur only when μ happens
to be an eigenvalue of A, an extremely unlikely occurrence in practice). Hence, if A
is not too large, an LDLT factorization of A − μI can be used to count the number
of eigenvalues smaller than μ. If this number is less than k (larger than k) then μ

is increased (respectively, decreased) and the procedure is repeated until the correct
value is found. When A is sparse, one can make use of symmetric row and column
permutations to reduce the fill-in in L (and therefore the arithmetic and storage costs)
while preserving sparsity, see [9, Chap. 7]. A major drawback of this approach is its
cost, and especially the fact that having computed the LDLT factorization of A− μI
for a certain μ is of no help in computing the factorization for a different value of
μ, hence using matrix factorizations in a trial-and-error fashion can be prohibitively
expensive, even assuming that a factorization can be computed at all.

Different techniques havebeenused in the context of linear scalingmethods. In these
methods, an initial guess μ0 ≈ μ is used in constructing a polynomial approximation
to the projector Pμ0 by an iterative process knownaspurification, essentially aNewton-
type method. The value of μ is adjusted in the course of the iterative process until
the prescribed value k of the trace is obtained; hence, the determination of μ and the
approximation of the projector Pμ are interweaved. The main cost in this approach is
the need to repeatedly solve n × n linear systems with variable coefficient matrix at
each iteration. We refer to [10, 11] for details on these adaptive procedures.

Yet another approach is the one that combines stochastic trace estimators with
the Lanczos algorithm to compute an approximation of tr(Pμ). An advantage of this
approach is that we can exploit the shift-invariance property of Krylov subspaces (see,
e.g., [12]) to efficiently approximate the trace of the spectral projectors Pμ associated
with many different values of μ at the same time. The combination of Hutchinson’s
estimator and the Lanczos algorithm has also appeared in literature on related prob-
lems that exploit the trace of spectral projectors, such as the estimation of the number
of eigenvalues of a matrix A contained in a given interval [a, b] or the estimation of
spectral densities, see, for instance, [13–16]. In the context of spectral density approx-
imation, a similar approach is the kernel polynomial method, which was introduced
in [17, 18] and uses a polynomial expansion based on Chebyshev polynomials.

Here we focus on the approach that combines Hutchinson’s trace estimator and
the Lanczos algorithm to estimate the trace of the spectral projectors Pμ. When using
this kind of approach, it is essential to have a criterion to choose the parameters of
the algorithm, namely the number of random vectors xi for Hutchinson’s estimator
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and the number of Lanczos iterations, in order to minimize the computational cost
and guarantee the correctness of the results. However, although there exist theoretical
results on the convergence speed of this approach in the literature, they are mainly
focusedon the global approximation of the spectral density and they are not satisfactory
when applied to gap detection; in particular, they are not useful to determine how the
parameters should be selected. Themain purpose of thiswork is to answer this question
for the problem of finding gaps in the spectrum of a matrix. By changing the point
of view from finding μ such that the number of eigenvalues below μ is exactly k to
finding all the gaps in the spectrumwith width above a certain threshold, we are able to
provide a rigorous analysis that allows us to choose the input parameters to ensure that
all the target gaps are found, and at the same timeminimize the computational cost. Our
analysis will determine that for this problem the most efficient choice is to use a single
quadratic form xT Pμx to approximate tr(Pμ), but in order to reach this conclusion
we first have to analyze the more general algorithm that uses Hutchinson’s stochastic
trace estimator. This analysis will result in an algorithm that simultaneously computes
upper and lower bounds to xT Pμx for all considered values of μ, and exploits them
to find intervals that contain no eigenvalues of A with high probability.

The rest of the paper is organized as follows. In Sect. 2 we describe a basic version
of the algorithm that we are going to use to detect the gaps in the spectrum of A.
Each component of the algorithm is then analyzed in detail in Sect. 3, with a focus
on bounding the error. Then, in Sect. 4 we put together the analysis to determine the
best choice of input parameters and we obtain an efficient and robust algorithm that
can give guarantees on its output. In Sect. 5 we conduct some numerical experiments
to evaluate the performance and reliability of our approach. Finally, Sect. 6 contains
some concluding remarks.

2 Algorithm overview

We start by introducing some notation to establish the framework for our algorithm.
Given μ ∈ R, let hμ : R → R denote the Heaviside function

hμ(x) =
⎧
⎨

⎩

1 for x < μ,

1/2 for x = μ,

0 for x > μ.

The step function hμ is closely related to the sign function, indeed we have hμ(x) =
− 1

2 sign(x − μ) + 1
2 . We denote by λi the eigenvalues of A in non-decreasing order,

counted according to their multiplicities, and by {ui }ni=1 ⊂ R
n an orthonormal basis

of eigenvectors, where ui is an eigenvector associated with λi . Assuming that μ does
not coincide with any of the eigenvalues of the matrix A, we can define the spectral
projector

Pμ := hμ(A) =
∑

i : λi<μ

uiuTi .
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Note that although we can define hμ(A) for all μ, since hμ(μ) = 1/2 this definition
only yields a spectral projector if μ �= λi for all i = 1, . . . , n, so in the following we
are always going to assume that this condition holds. Since the eigenvalues of Pμ are
all either 0 or 1, we have

tr(Pμ) = rank(Pμ) = #{i : λi < μ} =: ne(μ),

where ne(μ) denotes the number of eigenvalues of A that are strictly smaller than μ.
The problemof finding gaps in the spectrumof A can be formulated as finding intervals
[a j , b j ] such that tr(Pμ) is constant for μ ∈ [a j , b j ]. We are going to determine gaps
in the spectrum of A by approximating tr(Pμ) for several different values of μ, using
Hutchinson’s trace estimator combinedwith theLanczosmethod for the approximation
of quadratic forms. We first focus on the approximation of tr(Pμ) for a fixed value of
μ.

2.1 Hutchinson’s trace estimator

Stochastic trace estimators approximate the trace of a matrix B that is accessible via
matrix–vector products by making use of the fact that, for any random vector x such
that E[xxT ] = I , we have E[xT Bx] = tr(B), where E denotes the expected value.
Hutchinson’s trace estimator [19] is a simple stochastic estimator that generates s
vectors x1, . . . , xs with i.i.d. randomentries, that are usually chosen as eitherGaussian
N (0, 1) or Rademacher (uniform ±1), and approximates tr(B) with

trHs (B) := 1

s

s∑

i=1

xTi Bxi . (2.1)

In order to attain an absolute accuracy ε on tr(B), Hutchinson’s trace estimator requires
O(‖B‖2F/ε2) sample vectors [20, 21]. More precisely, the error from the Hutchinson’s
trace estimator when B is symmetric can be bounded by using the following result
from [20].

Proposition 2.1 [20, Theorem 1] Let B be a nonzero symmetric matrix, and let trHs (B)

denote the Hutchinson trace approximation obtained using s i.i.d. Gaussian N (0, 1)
random vectors. If

s ≥ 4

ε2

(‖B‖2F + ε‖B‖2
)
log(2/δ),

then
P
(|tr(B) − trHs (B)| ≥ ε

) ≤ δ.

If we use vectors with Rademacher instead of Gaussian entries, the convergence rate
of Hutchinson’s estimator depends on ‖B−diag(B)‖F and ‖B−diag(B)‖2 instead of
‖B‖F and ‖B‖2, so in certain situations it can be faster than with Gaussian vectors, for
instance when B is diagonally dominant; see [20, Corollary 1] for a precise statement.

The O(1/ε2) dependence on ε of the number of sample vectors s makes it very
expensive to obtain highly accurate approximations with stochastic trace estimators.
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However, this is not an issue for a setting such as ours, where an absolute accuracy
ε = 1

2 is enough to exactly determine tr(Pμ), which is an integer. In contrast, the
dependence on ‖Pμ‖2F will make it quite difficult to accurately estimate the number
of eigenvalues below μ, since ‖Pμ‖2F = ne(μ) can be quite large. Note that when μ

is close to the right endpoint of the spectrum, one can consider I − Pμ instead of Pμ

in order to reduce its norm, since tr(I − Pμ) = n − ne(μ). However, this does not
handle the case where μ is near the center of the spectrum. To overcome this issue, we
will have to slightly change our perspective in order to develop an efficient algorithm.
This topic will be discussed in greater detail in Sect. 3.2.

Remark 2.2 Since rank(Pμ) = ne(μ) and all the eigenvalues of Pμ are either 0 or 1,
for this setting it usually does not make much sense to use the improved stochastic
trace estimators such as Hutch++ [22, 23] or XTrace [24], which also employ a low-
rank matrix approximation. Indeed, there is no gradual decay in the eigenvalues of Pμ

and hence there is no advantage in computing a low-rank approximation of Pμ, unless
ne(μ) is very small compared to the matrix size.

Remark 2.3 When the matrix A is sparse, we could alternatively approximate the trace
of the matrix function Pμ = hμ(A) with a probing method (see, for instance, [25–
27]). The probing approach has a faster convergence when the function hμ(A) is
well-approximated by polynomials on the spectrum of A [25, Theorem 4.4], i.e., it
converges similarly to the Lanczos method for the computation of hμ(A)x. We will
see in Sect. 3.3 that this convergence rate is heavily dependent on the value of μ, so
we prefer to use a stochastic trace estimator in order to eliminate this dependence.

2.2 Lanczos approximation of quadratic forms

Within Hutchinson’s estimator we have to compute the quadratic forms xTi Pμxi for
i = 1, . . . , s, which can be done efficiently by using the Lanczos method. For sim-
plicity, consider a single quadratic form xT hμ(A)x. Let us denote by Km(A, x) =
span{x, Ax, . . . , Am−1x} the Krylov subspace of dimension m associated to A and
x, and let Vm ∈ R

n×m be an orthonormal basis of Km(A, x) constructed using the
Lanczos algorithm [28, Algorithm 6.15]. The Lanczos algorithm also constructs a
tridiagonal matrix Tm ∈ R

(m+1)×m that satisfies the Arnoldi relation

AVm = Vm+1Tm .

The quadratic form xT Pμx can then be approximated with

qm := ‖x‖22eT1 hμ(Tm)e1, (2.2)

where Tm = V T
m AVm is the leading principalm×m block of Tm . The convergence rate

of the approximation in (2.2) depends on howwell the function f can be approximated
with polynomials over the spectrum of A; see Sect. 3.3. The Lanczos approximation of
xT Pμx can also be interpreted and analyzed in terms ofGaussian quadrature rules [29].
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2.3 Simultaneous computation for different�

The approach described above can be easily modified in order to compute approxima-
tions to tr(Pμ) simultaneously for several μ, for a cost that is only slightly higher than
the cost of the approximation for a single μ. The key observation is that for a fixed
matrix A andvector x, we can extract approximations to the quadratic forms xT f j (A)x
for several different functions f j from a single Krylov subspace Km(A, x). Since the
cost of computing the approximation (2.2) is dominated by the cost of constructing the
orthonormal basis Vm via the Lanczos algorithm, the additional operations required
to compute approximations for different functions represent only a minor part of the
overall cost. More precisely, let us consider N f different functions f j , j = 1, . . . , N f .
For a fixed Krylov subspace dimension m, we can approximate each quadratic form
xT f j (A)x with

qm, j := ‖x‖22eT1 f j (Tm)e1, j = 1, . . . , N f .

The quantities qm, j can be computed efficiently in the following way. Obtain first an
eigenvalue decomposition Tm = UmDmUT

m and compute f j (Dm) for j = 1, . . . , N f

by applying the functions f j to the diagonal entries of Dm . The Lanczos approxima-
tions to the quadratic forms can now be computed with the identity

qm, j = wT
m f j (Dm)wm, j = 1, . . . , N f ,

where wm := ‖x‖2UT
m e1 is the same for all j and needs to be computed only once.

If we assume that the small matrix function f (Tm) is computed via an eigenvalue
decomposition also in the case of a single function f , the only additional operations
that we have to do when we have N f different functions are the computation of the
diagonal matrix functions f j (Dm) and the computation of the final approximations
qm, j = wT

m f j (Dm)wm for all j , for a total cost of O(mN f ). This additional cost is
negligible compared to theO(m nnz(A)) cost for thematrix–vector productswith A in
the construction of the Krylov subspaceKm(A, x), unless the number of functions N f

is extremely large.
In total, the cost of computing approximations to xT f j (A)x for j = 1, . . . , N f

with the Lanczos algorithm adds up to O(m nnz(A) + nm + m2 + mN f ), where
the O(nm) term is the cost of orthogonalization in the Lanczos algorithm using the
three-term recurrence; if full reorthogonalization is used instead to increase stability,
the orthogonalization cost would increase to O(nm2). The O(m2) term corresponds
to the computation of eigenvalues and eigenvectors1 of the tridiagonal matrix Tm ,
and the O(mN f ) term corresponds to the computation of qm, j for all j . Note that
the convergence rate of the approximation of the quadratic form xT f j (A)x can vary
significantly depending on the function f j , so this approach may construct approxi-
mations with considerably different errors for different functions, since we are using

1 The O(m2) cost for computing eigenvectors of a tridiagonal matrix assumes that the MRRR algorithm
[30, 31] is used, which is now the state of the art in SCALAPACK and other software packages. We note
that this algorithm might fail in some extreme cases; however, remedies are known [32].
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the same number of iterations m for all functions. We will focus on analyzing this
aspect in Sect. 3.3.

Remark 2.4 A similar approach could be used to approximate quadratic forms with
several different functions using rational Krylov methods [33], which depend on a
certain sequence of poles ξ = [ξ1, . . . , ξm−1] and employ as an approximation space
the rational Krylov subspace Qm(A, x, ξ) = qm−1(A)−1Km(A, b), with qm−1(z) :=∏m−1

j=1 (z − ξ j ). However, the convergence of a rational Krylov method is heavily
dependent on the poles ξ , which should be chosen depending on the function. In
particular, in the case of f j = hμ j for different parameters μ j , a sequence of poles
that produces an accurate approximation for a certainμ j will give poor approximations
for other parameters, especially if they are far from μ j . For this reason, the Lanczos
method is better suited for this scenario. A rational Krylov subspace method could be
useful to compute a more accurate approximation for the quadratic form xT hμ(A)x
associated with a specific parameter μ, especially in situations in which the Lanczos
method converges very slowly.

Returning now to the approximation of tr(Pμ) with Hutchinson’s estimator, let us

consider N f different parameters {μ j }N f
j=1 ⊂ R and define the functions f j = hμ j .

Provided that we use the same random sample vectors {xi }si=1 for the approximation
of tr(Pμ j ) via Hutchinson’s estimator for all j , we can use the same Krylov subspace
Km(A, xi ) to extract approximations to xTi Pμ j xi for all μ j at the same time, with
essentially the same cost of approximating a quadratic form for a single parameter μ.
This feature of this approach represents a considerable computational advantage over
other methods, such as those based on the LDLT factorization, which are only able
to test a single candidate μ at a time.

A high-level algorithmic description of the procedure outlined in this section is
given in Algorithm 1. This algorithm returns an approximation to tr(Pμ j ) for all
j = 1, . . . , N f . The level of accuracy of these approximations, as well as whether
they can be exploited to detect gaps in the spectrum of A, is going to be thoroughly
investigated in the sections that follow. We are also going to identify criteria for
selecting the input parameters of themethod, namely the number ofHutchinson sample
vectors s and Lanczos iterations m. The product of this analysis will be an algorithm
that, given as input a failure probability δ and a relative gap width θ , aims to find all
the gaps in the spectrum whose relative width is larger than θ ; each one of these gaps
is found with probability at least 1−δ. In addition, all the gaps found by the algorithm
are certified, in the sense that the probability of finding an eigenvalue of A within a
gap is smaller than δ.

Remark 2.5 We mention that Algorithm 1 has been extensively used in the literature
for related problems, such as spectral density estimation and estimation of eigenvalue
counts in an interval [13, 15, 16], and it is also known as “stochastic Lanczos quadra-
ture” [16]. The main novelty of our work is in the theoretical analysis contained in
the following sections, which provides guarantees for the detection of spectral gaps,
and allows us to select the parameters s andm in order to minimize the computational
cost. We are going to provide a more detailed comparison of our contributions with
those found in the literature in Sect. 4.5.
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Algorithm 1 Eigenvalue gap finder – Prototype
Input: Symmetric matrix A ∈ R

n×n , number of Hutchinson samples s, Krylov subspace dimension m,
vector of test parameters μ = [μ1, . . . , μN f ]

Output: tr j ≈ tr(Pμ j ) for j = 1, . . . , N f
1: for i = 1, . . . , s do
2: Draw a vector xi ∈ R

n with random i.i.d. Gaussian N (0, 1) entries
3: Construct an orthonormal basis Vm ∈ R

n×m of the Krylov space Km (A, xi ) with the Lanczos
algorithm and compute the associated tridiagonal matrix Tm ∈ R

(m+1)×m

4: Compute the eigenvalue decomposition Tm = UmDmUT
m and wm = ‖xi‖2UT

m e1
5: for j = 1, . . . , N f do

6: Compute q(i)
m, j = wT

mhμ j (Dm )wm

7: end for
8: end for
9: for j = 1, . . . , N f do

10: Compute the trace approximation tr j = s−1 ∑s
i=1 q

(i)
m, j

11: end for

3 Algorithm analysis

In this section we examine some general properties of the trace approximations com-
puted by Algorithm 1, and we analyze in detail the errors that occur in the Hutchinson
and Lanczos parts of the approximation.

3.1 General properties

A simple but essential observation is that the approximations to tr(Pμ) computed
by Algorithm 1 are increasing in μ. Let us start by looking at the Hutchinson
approximation. Denoting by (λ j , u j )

n
j=1 the normalized eigenpairs of A, so that

A = ∑n
j=1 λ ju juTj , we canwrite the trace approximation obtainedwithHutchinson’s

estimator as

trHs (Pμ) = 1

s

s∑

i=1

xTi Pμxi = 1

s

s∑

i=1

xTi

⎛

⎝
∑

j : λ j<μ

u juTj

⎞

⎠ xi = 1

s

s∑

i=1

∑

j : λ j<μ

|uTj xi |2.

This shows that the Hutchinson trace approximation is monotonic in μ. In addition,
the above identity also highlights the fact that Hutchinson’s approximation of tr(Pμ)

is a piecewise constant function, with jumps when μ coincides with an eigenvalue of
A. The height of the jump at λk is given by 1

s

∑s
i=1|uTk xi |2.

Let us now consider the Lanczos approximation of the quadratic form xTi Pμxi .

LettingT (i)
m be theprojectionof A ontoKm(A, xi ) computedby theLanczos algorithm,

and denoting by (λ
(i)
j , u(i)

j )mj=1 the normalized eigenpairs of T (i)
m , we have

xTi Pμxi ≈ q(i)
m, j := ‖xi‖22eT1 hμ(T (i)

m )e1 = ‖xi‖22
∑

j : λ(i)
j <μ

|eT1 u(i)
j |2.
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Fig. 1 Approximations to tr(Pμ) obtained with Algorithm 1 compared with exact tr(Pμ) and Hutchinson’s
approximation trHs (Pμ) with exact quadratic forms, for several different μ. Left: s = 1, m = 50. Right:
s = 10, m = 50

Again, this is an increasing function of μ, with jumps whenever μ coincides with an
eigenvalue of T (i)

m . It follows that the approximation of tr(Pμ) computed by Algorithm
1 using Hutchinson’s estimator and the Lanczos method is an increasing function of
μ, with jumps when μ is equal to an eigenvalue of T (i)

m for some i .

Example 3.1 To illustrate the behavior of the approximation of tr(Pμ) computed by
Algorithm 1 on a simple example, we consider a symmetric matrix A of size n = 600,
with eigenvalues contained in the interval [0, 60] and three gaps given by the intervals
[20, 21], [30, 32] and [40, 44]. In Fig. 1 we compare the approximation from Algo-
rithm 1 with m = 50 Lanczos iterations, Hutchinson’s estimator trHs (Pμ) with exact
quadratic forms, and the exact trace tr(Pμ), which coincides with ne(μ), for several
different values of μ. The number of random vectors is either s = 1 or s = 10.
Figure1 confirms the behavior described above. In particular, we see that Hutchin-
son’s estimator with exact quadratic forms has a jump whenever μ coincides with an
eigenvalue of A, so it correctly detects all the gaps in the spectrum, although the value
of the approximation of tr(Pμ) can be quite off, especially with s = 1. On the other
hand, Hutchinson’s estimator combined with the Lanczos algorithm for computing
quadratic forms, which is the approximation that we are actually able to compute, has
jumps when μ corresponds to an eigenvalue of one of the projected matrices T (i)

m . We
see that the Lanczos approximation is able to detect the largest gap quite well, but the
other two gaps do not stand out from the other steps in the staircase-like curve. With
s = 10, the Lanczos curve looks like a staircase with somewhat jagged steps, because
the projected matrices T (i)

m have different eigenvalues for different random vectors xi ,
and the curve is obtained by averaging the approximations q(i)

m, j associated with each

T (i)
m . Note that the curves in Fig. 1 are approximations of the (unnormalized) spectral

density of A, which coincide with the approximations shown, for instance, in [16,
Fig. 1].
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3.2 Trace estimator analysis

In this section we focus on analyzing the approximation of tr(Pμ) using Hutchinson’s
estimator. The error from the stochastic trace estimator can be bounded with Theorem
2.1. Since all the eigenvalues of Pμ are either 0 or 1, we have ‖Pμ‖2 = 1 and
‖Pμ‖2F = ne(μ). Therefore, in order to have P

(|tr(Pμ) − trHp (Pμ)| ≥ ε
) ≤ δ with

Gaussian vectors, we would need to take

s ≥ 4

ε2

(
ne(μ) + ε

)
log(2/δ). (3.1)

Since the exact tr(Pμ) only takes integer values, in order to compute it correctly it is
sufficient to have a final absolute accuracy smaller than 1

2 on the trace approximation;
if we also account for the error in the Lanczos approximation, it is enough to take
ε = 1

4 . However, a key issue with this approach is the fact that the required number
of sample vectors s grows proportionally to the number ne(μ) of eigenvalues below
the level μ. This means that in a situation in which a gap is not close to the extrema
of the spectrum, such as if ne(μ) = n/c for some moderate constant c > 1, we would
have to take s = O(n), which is too expensive to be practical.

Remark 3.1 In alternative to Gaussian random vectors, we can also use Rademacher
vectors, which have random±1 entries. Aswementioned in Sect. 2.1, the convergence
rate of Hutchinson’s estimator with Rademacher random vectors depends on ‖B −
diag(B)‖2F instead of ‖B‖2F , so it can be faster than with Gaussian vectors in certain
scenarios, such as when the entries of B decay away from the diagonal. Here we prefer
to employ Gaussian vectors because of the rotational invariance of their distribution,
which will prove useful in the following analysis.

In order to circumvent the growth of the number of sample vectors with ne(μ), we
slightly change our point of view. Instead of considering the approximation of tr(Pμ),
let us take two different valuesμ < μ′, and consider the difference tr(Pμ′)− tr(Pμ). If
we use the same sample vectors in Hutchinson’s estimator for both tr(Pμ) and tr(Pμ′),
the difference trHs (Pμ′) − trHs (Pμ) coincides with the Hutchinson approximation of
tr(Pμ′ − Pμ). Since we have ‖Pμ′ − Pμ‖2F = ne(μ′)−ne(μ), this means that Hutchin-
son’s estimator can easily approximate the differences in the traces of projectors when
μ and μ′ are close enough that there are only a few eigenvalues of A in the interval
[μ,μ′], even if the exact values of tr(Pμ) and tr(Pμ′) are quite far from the approxi-
mations computed by the stochastic estimator. In particular, the heights of the jumps in
trHs (Pμ) that occur whenμ coincides with an eigenvalue of A should be approximated
quite accurately even with a small number of sample vectors.

Let us analyze this phenomenon in more detail. Recall that

trHs (Pμ) = 1

s

s∑

i=1

∑

j : λ j<μ

|uTj xi |2,
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so if we take μ and μ′ such that λk−1 < μ < λk < μ′ < λk+1 for some k, we have

trHs (Pμ′) − trHs (Pμ) = 1

s

s∑

i=1

|uTk xi |2.

Since the random vectors xi are independent of the eigenvector uk , we have that
{uTk xi }si=1 are i.i.d. N (0, 1) random variables, due to the rotational invariance of
Gaussian vectors. As a consequence, the random variable ys = ∑s

i=1|uTk xi |2 has
a χ2 distribution with s degrees of freedom, i.e., it is the sum of the squares of s
independent unit normal random variables.

We have E[ys] = s, which means that the expected height of each jump in trHs (Pμ)

is equal to 1. Intuitively, the height of a jump in trHs (Pμ) is small when the vectors
xi are all approximately orthogonal to the eigenvector uk , an event that has a small
chance of occurring. Since small jumps in trHs (Pμ) are more difficult to detect when
approximating the quadratic forms in Hutchinson’s estimator via the Lanczos method,
it will be useful to have an upper bound on the probability of small jumps. The lemma
that follows provides us with such a bound. In the following, we say that the jump in
trHs (Pμ) at the k-th eigenvalue of A is ε-small if its height is smaller than ε, i.e., if
ys ≤ sε.

Lemma 3.2 Given δ ∈ (0, 1) and ε ∈ (0, 1), if the number of samples s satisfies

s ≥
⌈

2 log(1/δ)

log(1/ε) + ε − 1

⌉

,

then we have
P(ys ≤ sε) ≤ δ,

i.e., the jump at λk is ε-small with probability at most δ.

Proof To prove this, we use a Chernoff bound on the lower tail of the probability
distribution of ys . For any λ > 0, we have

P(ys ≤ sε) = P(e−λys ≥ e−λsε) ≤ E[e−λys ]
e−λsε

, (3.2)

where the last inequality follows from Markov’s inequality. Since ys is a χ2 random
variable with s degrees of freedom, we can write ys = X2

1 +· · ·+ X2
s , where {X j }sj=1

are i.i.d. N (0, 1) random variables. We have

E[e−λX2
j ] = 1√

2π

∫

R

e−λz2e− 1
2 z

2
dz = 1√

2π

∫

R

1√
1 + 2λ

e− 1
2 y

2
dy = 1√

1 + 2λ
,

where we used the change of variables y = z
√
1 + 2λ. It follows that
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E[e−λys ] = E

[ s∏

j=1

e−λX2
j

]

= E[e−λX2
1 ]s = (1 + 2λ)−s/2,

and by combining this identity with (3.2) we obtain

P(ys ≤ sε) ≤ eλsε(1 + 2λ)−s/2 ∀λ > 0. (3.3)

Taking λ = 1
2ε − 1

2 , we get

P(ys ≤ sε) ≤ (
εe1−ε

)s/2
.

With some simple algebraicmanipulations, we conclude thatP(ys ≤ sε) ≤ δ provided
that we take

s ≥ 2 log(1/δ)

log(1/ε) + ε − 1
.

This concludes the proof, since the number of samples s is an integer. 
�
Note that P(ys ≤ sε) is the probability that a jump in trHs (Pμ) corresponding to a

certain fixed eigenvalue of A is ε-small, andwe can useLemma3.2 to obtain conditions
on s that bound the probability of having ε-small jumps associated with any set of
eigenvalues of A. This probability can be either boundedwith a union bound argument,
or computed directly by observing that the heights of different jumps in trHs (Pμ) are
independent, because the quantities {uTk xi }i,k are all independent due to the rotational
invariance of the xi and the orthogonality of the uk . The number of sample vectors s
required to have an ε-small jump probability lower than δ reduces as ε decreases. At the
same time, the number of Lanczos iterations required to approximate the quadratic
forms with accuracy of order ε (and thus manage to detect the jumps in trHs (Pμ))

increases as ε becomes small. In Sect. 3.3 we obtain some bounds on the Lanczos
error, which we will later compare with the ε-small jump probability bound from
Lemma 3.2 in order to determine the best choice of parameters for the algorithm.

3.3 Lanczos approximation analysis

In this section we discuss the error in the Lanczos approximation of a quadratic form
xT hμ(A)x. Recall that we denote by

Ek( f ,S) = min
deg p≤k

max
z∈S

| f (z) − p(z)|

the best uniform norm error in the approximation of a continuous function f on the
compact set S ⊂ R with polynomials of degree up to k. If qm denotes the Lanczos
approximation to xT f (A)x from the Krylov subspace Km(A, x), we have

|xT f (A)x − qm | ≤ 2‖x‖22E2m−1( f ,	(A) ∪ 	(Tm)), (3.4)

see, for instance, [34, eq. (1.2)]. Since the function f = hμ is discontinuous at μ, we
have that E2m−1(hμ, [a, b]) is always at least 1

2 if μ ∈ [a, b], so we cannot derive
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meaningful error bounds if we simply consider an interval [a, b] that contains the
whole spectrum of A. On the other hand, we can obtain bounds on the polynomial
approximation error of hμ on two disjoint intervals, one to the left and one to the right
ofμ. We start by stating a result for the polynomial approximation of the sign function
on the union of two symmetric intervals [−b,−a] ∪ [a, b].
Proposition 3.3 [35, Theorem 1] Let 0 < a < b. We have

lim
m→∞

√
m

(
b + a

b − a

)m

E2m+1(sign, [−b,−a] ∪ [a, b]) = b − a√
πab

.

The statement of Proposition 3.3 implies that there exists C > 0 such that

E2m+1(sign, [−b,−a] ∪ [a, b]) ≤ C√
m

(
b − a

b + a

)m

,

and for m large enough we can take

C = b − a√
πab

+ 1.

Remark 3.4 In a situation in which the spectrum of A is not symmetric with respect
to the origin, using the bound in Proposition 3.3 to bound the error of the Lanczos
method for the sign function can yield overly pessimistic results, since it would require
us to consider intervals that are much wider than 	(A). In such a case, it would be
more convenient to consider the polynomial approximation of the sign function on
a nonsymmetric set. For instance, the asymptotics of E2k+1(sign, [−a,−1] ∪ [1, b])
for a �= b have been studied in [36], where the authors generalize Proposition 3.3 to
[36, Theorem 1.1]. The result in [36] could be used to obtained more refined error
bounds for the Lanczos approximation error, but the complexity of the statement,
which involves Green’s functions and integral representations, makes it significantly
more difficult to employ in our setting.

We can easily turn Proposition 3.3 into a bound for the step function hμ for anyμ ∈
R. Let us define

b1 := λ1 − μ, a1 := λne(μ) − μ, a2 := λne(μ)+1 − μ, b2 := λn − μ,

and let
a := min{|a1|, |a2|} and b := max{|b1|, |b2|}.

Note that 	(A) ⊂ [λ1, λne(μ)] ∪ [λne(μ)+1, λn] and recall that hμ(x) = − 1
2 sign(x −

μ) + 1
2 , so we have

E2m+1(hμ, [λ1, λne(μ)] ∪ [λne(μ)+1, λn]) = E2m+1(h0, [b1, a1] ∪ [a2, b2])
= 1

2
E2m+1(sign, [b1, a1] ∪ [a2, b2])
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≤ 1

2
E2m+1(sign, [−b,−a] ∪ [a, b])

≤ C

2
√
m

(
b − a

b + a

)m

,

with C = 1 + (b − a)/
√

πab, where we used Proposition 3.3 for the last inequality.
Denoting the relative spectral gap associated to μ by θ := a/b, we obtain

E2m+1(hμ, [λ1, λne(μ)] ∪ [λne(μ)+1, λn]) ≤ C

2
√
m

(
1 − θ

1 + θ

)m

. (3.5)

We can combine this result with (3.4) to bound the error in the Lanczos approximation
of quadratic formswith Pμ = hμ(A), provided that no eigenvalue of Tm lies within the
gap (λne(μ), λne(μ)+1). Unfortunately, we cannot exclude a priori that an eigenvalue of
Tm lies within the gap, and indeed this often happens in practice; however, since there
must be at least one eigenvalue of A in the open interval between two consecutive
Ritz values [37, Sect. 4], there can be at most one eigenvalue of Tm in the interval
(λne(μ), λne(μ)+1). This fact can be proved using the theory of orthogonal polynomials,
see, for instance, [38, Theorem 1.21], using the fact that the Ritz values are the zeros
of an orthogonal polynomial associated with a Gauss quadrature rule; see, e.g., [29,
Theorem 6.2]. In the analysis that follows, we assume for simplicity that there are no
Ritz values in the gap (λne(μ), λne(μ)+1). We discuss how we can modify our approach
to deal with this issue in Remark 3.7.

Remark 3.5 In the literature, several techniques have been used to obtain approxima-
tions to the sign matrix function that circumvent the problem of Ritz values getting
arbitrarily close to zero [39], for instance by writing sign(z) = z · (z2)−1/2 and con-
structing an approximation of (A2)−1/2x using theKrylov subspaceKm(A2, x), which
ensures that the eigenvalues of the projected matrix are bounded away from 0, since
A2 is positive definite as long as A is nonsingular. Alternatively, one can construct an
approximation using harmonic Ritz values [40], which are always outside of the inter-
val between the largest negative and the smallest positive eigenvalue of A, so they avoid
the discontinuity of the sign function. Since in this work our goal is to approximate
xT hμ(A)x for several μ, we opted to use the standard Lanczos approximation (2.2),
for which it is very cheap and straightforward to compute approximations for many
different functions.

Combining (3.4) with (3.5), we obtain the following bound on the Lanczos approx-
imation error.

Proposition 3.6 Let qm be the Lanczos approximation (2.2) to xT hμ(A)x from the
Krylov subspaceKm(A, x), and assume that there is no eigenvalue of Tm in the interval
(λne(μ), λne(μ)+1). We have

|xT hμ(A)x − qm | ≤ Cθ‖x‖22√
m − 1

(
1 − θ

1 + θ

)m−1

, (3.6)

where θ is defined above and Cθ = 1 + (1 − θ)/
√

πθ .
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Note that if we take a different value ofμ in the interval (λne(μ), λne(μ)+1), the error
|xT hμ(A)x − qm | remains the same, because the function hμ takes the same values
on the eigenvalues of A and Tm and hence the matrix functions hμ(A) and hμ(Tm) do
not change. On the other hand, the bound in Proposition 3.6 depends on θ , which in
turn depends on μ. It is quite easy to see that the sharpest bound in (3.6) is obtained
when θ is as large as possible, which occurs when μ is precisely in the middle of the
gap, i.e. μ = 1

2 (λne(μ) + λne(μ)+1).
The convergence predicted by Proposition 3.6 is at least exponential with rate (1−

θ)/(1 + θ), with in addition an O(1/
√
m) factor which is independent of the gap

width. Note that Cθ grows as the gap becomes smaller; see Proposition 3.3. In order
to have an error |xT hμ(A)x − qm | ≤ ε, the number of Lanczos iterations m should
satisfy

m + log(m − 1)

2 log
(
(1 + θ)/(1 − θ)

) ≥ 1 + log
(
Cθ‖x‖22/ε

)

log
(
(1 + θ)/(1 − θ)

) . (3.7)

Assuming that the relative gap θ is large enough, we do not lose much by discarding
the log(m − 1) term, and we can take

m ≥ 1 + log
(
Cθ‖x‖22/ε

)

log
(
(1 + θ)/(1 − θ)

) . (3.8)

On the other hand, in a situation where the spectral gap is very small, the Lanczos
method effectively converges like O(1/

√
m). Note that if x is a Gaussian random

vector we have E[‖x‖22] = n, so with a very small gap for which θ ≈ 0 we would
need to take

m �
C2

θ n
2

ε2
,

which is definitely unfeasible. This means that when using the Lanczos method we
can only hope to approximate xT hμ(A)x accurately whenμ is inside a relatively large
gap in the spectrum of A, and we should instead expect to have quite a large error
whenever μ is close to an eigenvalue of A.

A crucial requirement for using the bound in Proposition 3.6 is the knowledge of
the relative gap width θ . Since the gaps in the spectrum are not known to us in advance,
we cannot use this result to check if the error of the Lanczos method is below a certain
tolerance ε. On the other hand, Proposition 3.6 can be useful to choose the number
m of Lanczos iterations at the start of the algorithm. Indeed, if our goal is to find all
the gaps in the spectrum of A with relative width at least θ , for any given ε we can
select m using (3.8) to ensure that the error |xT hμ(A)x − qm | ≤ ε whenever μ is
inside a gap with width at least θ . However, we are still unable to determine for which
values of μ this condition is satisfied. The final component that we need to make the
algorithm work is an a posteriori bound on the error, which will allow us to detect
when |xT hμ(A)x − qm | ≤ ε, without knowing the gaps in the spectrum in advance.
For this purpose we can use an a posteriori error bound from [26], which we adapt to
the step function hμ in Sect. 3.4.
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Remark 3.7 If there is an eigenvalue of Tm inside the gap (λne(μ), λne(μ)+1), the results
above do not hold. However, it is still possible to detect that there is a gap in the
spectrum of A. Indeed, let us assume that the gap (λne(μ), λne(μ)+1) has relative width
θ and that there is exactly one eigenvalue τ of Tm in the gap. Then, the gap is split
into the two smaller gaps (λne(μ), τ ) and (τ, λne(μ)+1), and one of them has a relative
width at least θ/2. In other words, there is an interval of relative width θ/2 where there
are no eigenvalues of A or Tm , and hence when μ is inside that interval the Lanczos
approximation error satisfies the bound (3.6) with θ replaced by θ/2. In order to ensure
that this gap is detected, it is then enough to use θ/2 instead of θ as a target gap width
for our algorithm. We remark that with this approach we are only able to detect the
larger portion of the gap, and not the whole gap in 	(A); however, the accuracy in
the approximation of the gap can be refined for a small computational cost by simply
running a few extra Lanczos iterations, which would cause the eigenvalue of Tm to
move around the gap or, even better, to disappear from the gap.

3.4 An a posteriori error bound for the Lanczos algorithm

In this section we adapt an a posteriori error bound given in [26] for the approximation
of xT f (A)x with a rational Krylov method to the case of the Lanczos approximation
of f = hμ. The result given in [26, Theorem 4.8] employs the Cauchy integral
formula and the residue theorem to obtain upper and lower bounds on the error in the
approximation of xT f (A)x with a rational Krylov method. This result can be easily
used to bound the error in the Lanczos approximation for f = hμ, but it requires
some caution since the function hμ is discontinuous at μ. In the following, we briefly
retrace the proof of [26, Theorem 4.8] and adapt it to the current setting.

If � ⊂ C is a simple closed curve that surrounds the eigenvalues of A below μ, we
have

Pμ = hμ(A) = 1

2π i

∫

�

(z I − A)−1dz.

If the eigenvalues of Tm that are smaller than μ also lie in the interior of �, we have

hμ(A)x − ‖x‖2Vmhμ(Tm)e1 = 1

2π i

∫

�

(z I − A)−1rm(z)dz,

where

rm(z) = x − (z I − A)xm(z), with xm(z) = ‖x‖2Vm(z I − Tm)−1e1,

that is, rm(z) is the residual of a shifted linear system afterm iterations of the Lanczos
method. With the same algebraic manipulations used in [26, Sect. 4.3], we obtain

xT hμ(A)x − ‖x‖22eT1 hμ(Tm)e1 = ‖x‖22
2π i

∫

�

ϕm(z)2vTm+1(z I − A)−1vm+1dz,

with
ϕm(z) = tm+1,meTm(z I − Tm)−1e1,
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where tm+1,m denotes the element in position (m + 1,m) of the matrix Tm . Using
an eigenvalue decomposition Tm = UmDmUT

m , with Um orthogonal and Dm =
diag(θ1, . . . , θm), we can define

[
α1, . . . , αm

] := tm+1,meTmUm,
[
β1, . . . , βm

]T := UT
m e1

and

γ j :=
∑

k : k �= j

αkβk
1

θ j − θk
, j = 1, . . . ,m.

With these definitions, the function ϕm(z)2 can be rewritten in the form

ϕm(z)2 =
m∑

j=1

α2
jβ

2
j

1

(z − θ j )2
+ 2

m∑

j=1

α jβ jγ j
1

z − θ j
.

Using the residue theorem, with the same procedure used in [26, Sect. 4.3] we obtain

xT hμ(A)x − ‖x‖22eT1 hμ(Tm)e1 = ‖x‖22vTm+1gm(A)vm+1, (3.9)

with

gm(z) :=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∑

j : θ j>μ

α2
jβ

2
j

1

(z − θ j )2
+ 2α jβ jγ j

1

z − θ j
if z < μ,

−
∑

j : θ j<μ

α2
jβ

2
j

1

(z − θ j )2
− 2α jβ jγ j

1

z − θ j
if z > μ.

(3.10)

We can use (3.9) to obtain the following upper bound for the Lanczos approximation
error, which corresponds to the upper bound in [26, Theorem 4.8].

Proposition 3.8 Let qm be the Lanczos approximation (2.2) to xT hμ(A)x from the
Krylov subspace Km(A, x). We have

|xT hμ(A)x − qm | ≤ ‖x‖22 max
z∈	(A)

|gm(z)| ≤ ‖x‖22 max
z∈[λmin,λmax]

|gm(z)|,

where gm is defined in (3.10).

In contrast with what happens when the function f is continuous over the whole
spectral interval of A, in this case the function gm(z) is discontinuous at μ and the
lower bound from [26, Theorem 4.8] no longer holds. Indeed, if we denote by (λk, uk)
the normalized eigenpairs of the matrix A, we can write

vTm+1gm(A)vm+1 =
m∑

k=1

gm(λk)(uTk vm+1)
2, with

m∑

k=1

(uTk vm+1)
2 = 1.
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This expression shows that the quadratic form vTm+1gm(A)vm+1 can potentially take
any value in the convex hull of the set {gm(λk)}mk=1, depending on the coefficients
(uTk vm+1)

2. In the case that gm(λk) takes both positive and negative values, it is
possible to have vTm+1gm(A)vm+1 = 0, so the lower bound

|xT hμ(A)x − ‖x‖22eT1 hμ(Tm)e1| ≥ ‖x‖22 min
z∈[λmin,λmax]

|gm(z)|

may not hold. Note that this argument is not in contradiction with the statement of
[26, Theorem 4.8] when the function gm is continuous over the whole spectral interval
of A, because if gm(λk) takes both negative and positive values there must be a point
z ∈ [λmin, λmax] such that gm(z) = 0 by continuity of gm .

Example 3.2 In this example we compare the error of the Lanczos approximation of
xT hμ(A)x with the a priori error bound from Proposition 3.6, the a posteriori error
bound form Proposition 3.8, and the simple error estimate |xT hμ(A)x−qm | ≈ |qm −
qm+1|. We consider a symmetric matrix A of size n = 1000 with	(A) ⊂ [0, 40], and
gaps in the intervals [10, 11] and [20, 25]. We plot the convergence of the Lanczos
method in Fig. 2, where on the left plot μ = 22 is contained in the larger gap, and on
the right plot μ = 10.6 is inside the smaller gap. In the legend, the “central μ” a priori
bound refers to the bound obtained by taking μ in the middle of the gap, as mentioned
below Proposition 3.6.

Note that the convergence of the Lanczos method is much slower when μ is inside
the smaller gap, and in both cases the convergence behavior is irregular and oscillating.
The “central μ” is the most accurate between the two a priori bounds, but it does not
capture the correct convergence rate for μ = 10.6, which is further from the middle
of the spectrum; in this case, a better a priori bound would be obtained by using
a convergence result with nonsymmetric intervals, such as [36, Theorem 1.1]. The
a posteriori bound is also quite irregular, but it is able to capture the convergence rate
of the Lanczos approximation correctly in both cases, although it is off by a constant
factor. Surprisingly, the error estimate |xT hμ(A)x − qm | ≈ |qm − qm+1| is very
accurate, and it seems to almost never underestimate the error. This behavior can be
explained in the following way: the error estimate based on consecutive differences
satisfies the triangle inequality

|qm − qm+1| ≥
∣
∣
∣ |xT hμ(A)x − qm | − |xT hμ(A)x − qm+1|

∣
∣
∣,

and due to the oscillations in the convergence of the Lanczos approximation, the
two right-hand side terms |xT hμ(A)x − qm | and |xT hμ(A)x − qm+1| often have
significantly different moduli, so we have

∣
∣ |q − qm | − |q − qm+1|

∣
∣ ≥ cmax

{|q − qm |, |q − qm+1|
}
, q := xT hμ(A)x,

(3.11)
for a constant c that is close to 1. For instance, if |q−qm | > |q−qm+1|, we can take

c = 1 − |q − qm+1|
|q − qm | .
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Fig. 2 Approximation of xT hμ(A)x with the Lanczos algorithm, and comparison with the a priori error
bound from Proposition 3.6, the a posteriori error bound from Proposition 3.8 and the consecutive difference
estimate. The spectrum of A has gaps in the intervals [10, 11] and [20, 25]. Left: μ = 22. Right: μ = 10.6

The inequality (3.11) explains why the consecutive difference estimate is so often an
upper bound when the Lanczos method has oscillating convergence, as in the current
setting.

4 Final algorithm

In this section we put together all the theoretical results obtained in Sect. 3 to improve
Algorithm 1 and obtain an efficient algorithm that also provides some guarantees on
its output.

4.1 Choosing the input parameters

First of all, we need a criterion to decide the number s of Hutchinson sample vectors
and the number m of Lanczos iterations. For this purpose, given a failure probability
δ and a target relative gap width θ , we set the goal to find all gaps in the spectrum of
A with relative width greater than or equal to θ , with probability 1 − δ.

How should we choose s and m so that all these gaps are found? Let us consider a
candidate gap [μ1, μ2] ⊂ R and fix a parameter ε > 0, and say that we take m such
that the Lanczos approximation error for each quadratic form xTi Pμxi is smaller than
ε/2 for allμ inside the gap, so that trHs (Pμ) is contained in an interval of width smaller
than ε for all μ ∈ [μ1, μ2]. Then there are two possible scenarios: either there are
no eigenvalues of A in the interval [μ1, μ2], or all the jumps in trHs (Pμ) associated to
eigenvalues inside that interval are ε-small (more precisely, the sum of the heights of
these jumps is smaller than ε). This second event has a small probability of occurring,
which can be bounded using Lemma 3.2, so we can conclude that [μ1, μ2] is a gap in
the spectrum of A with high probability.

The probability that all jumps in trHs (Pμ) associated to eigenvalues in [μ1, μ2]
are ε-small is smaller than the probability of a single jump being ε-small, so we can
impose

P(ys ≤ sε) ≤ δ,
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where ys is a χ2 distribution with s degrees of freedom, see Sect. 3.2. By Lemma 3.2,
this condition is satisfied provided that

s ≥ 2 log(1/δ)

log(1/ε) + ε − 1
.

If the relative width of [μ1, μ2] is at least θ , by Proposition 3.6 we have

∣
∣
∣
∣
∣
trHs (Pμ) − 1

s

s∑

i=1

q(i)
m

∣
∣
∣
∣
∣
≤ Cθ

∑s
i=1‖xi‖22

s
√
m − 1

(
1 − θ

1 + θ

)m−1

,

where we denote by q(i)
m the approximation of xTi Pμxi afterm Lanczos iterations. By

(3.8), the above bound is smaller than ε/2 if we take

m ≥ 1 + log
(
2Cθ

∑s
i=1‖xi‖22/sε

)

log
(
(1 + θ)/(1 − θ)

) , Cθ = 1 − θ√
πθ

+ 1. (4.1)

Note that although the a priori bound in Proposition 3.6 allows us to say that the
Lanczos error is smaller than ε/2 when μ is inside a gap wider than θ , we cannot
use it to determine for which values of μ this actually happens. To detect the gaps
in practice, we are going to use either the a posteriori bound from Proposition 3.8 or
the error estimate based on consecutive differences, and assume that it is at least as
accurate as the a priori bound, i.e., that it is also smaller than ε/2 inside a gap with
relative width θ . This assumption is usually satisfied, as shown in Example 3.2, at
least in the central portion of each gap. Recalling the discussion in Example 3.7, we
can replace θ with θ/2 to ensure that all gaps of width θ are detected even when there
is a Ritz value within a gap.

We have obtained bounds on s andm that depend on δ, θ and ε, where the latter is a
parameter that can be freely chosen. In order to obtain an algorithm that is as efficient
as possible, we should aim to minimize the term that dominates the computational
cost of the algorithm, which is the O(sm nnz(A)) term corresponding to the sm
matrix–vector products with A. We have

sm ≥ 2 log(2/δ)

log(1/ε) + ε − 1
·
(

1 + log
(
2Cθ

∑s
i=1‖xi‖22/sε

)

log
(
(1 + θ)/(1 − θ)

)

)

,

and ε should be chosen in order to minimize the right hand side. With some simple
computations one can show that the function

f (ε) = 1

log(1/ε) + ε − 1
·
(

1 + log
(
2Cθn/ε

)

log
(
(1 + θ)/(1 − θ)

)

)

is increasing for ε ∈ (0, 1) since 2Cθn ≥ 1. Recalling that E[‖xi‖2] = n for all i , this
implies that we should take ε as small as possible, and since s must be an integer, in
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practice the most efficient choice is to take ε so that the probability of a jump being
ε-small is lower than δ already when s = 1, i.e.,

ε ≤ e−1δ2. (4.2)

In other words, we should simply use a single quadratic form xT Pμx to estimate
tr(Pμ), instead of using the more general stochastic trace estimator with s different
random vectors.

We mention that bounds on the number of Hutchinson sample vectors required to
achieve a certain accuracy have been obtained in [15, 16] in the context of spectral
density estimation. For instance, it is shown in [16, Theorem 1] that, in order to obtain
an accuracy of order t on the normalized spectral density in theWasserstein distance, it
is enough to take roughly

⌈
1/nt2

⌉
sample vectors.When t is not too small, this implies

that it is sufficient to use a single vector in Hutchinson’s estimator, a result that matches
the conclusion reached in this section. However, note that the result from [16] is not
applicable in our setting: indeed, an absolute error ε on ne(μ) corresponds to an error
t = ε/n on the normalized spectral density, so that the number of samples predicted by
[16, Theorem 1] would be roughly

⌈
n/ε2

⌉
, which grows linearly with n, matching our

initial observations in Sect. 3.2. Another key difference is that the theoretical results
for spectral density estimation are usually given in terms of the Wasserstein distance
or some other global measure for the quality of approximation. On the other hand,
we are only interested in approximating the spectral density close to large gaps, so
it is reasonable to expect that better results can be obtained with a different kind of
analysis. We refer to Sect. 4.5 for further discussion and comparison of our analysis
with the existing literature.

4.2 Detecting gaps in the spectrum

To detect the gaps in the spectrum, we use an a posteriori error bound to determine
when the error of the Lanczos approximation is smaller than ε/2.We focus on the case
s = 1, with a single random Gaussian vector x ∈ R

n , since we concluded that it is the
most efficient choice in Sect. 4.1. More precisely, for each μ we perform m iterations
of the Lanczos method to obtain qm(μ) ≈ xT Pμx with the approximation (2.2), and
we use either Proposition 3.8 or the estimate based on consecutive differences to obtain

|xT Pμx − qm(μ)| ≤ boundm(μ),

where either

boundm(μ) = ‖x‖22 max
z∈[λmin,λmax]

|gm(z)| with gm(z) as defined in (3.10),

or boundm(μ) = c|qm(μ) − qm+1(μ)|, with a safety factor c ≥ 1. As shown in
Example 3.2, the consecutive difference error estimate is usually more accurate than
the a posteriori error bound from Proposition 3.8, and very often we can also expect it
to be an actual upper bound due to the oscillation in the convergence of the Lanczos
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algorithm. In the discussion that follows, we are going to assume that boundm(μ) is
always an upper bound for the error |xT Pμx − qm(μ)|; since there is no guarantee
that this is true for the consecutive difference estimate, we will discuss some ways to
make it more robust in Example 4.1. For all μ, letting

qUm(μ) := qm(μ) + boundm(μ),

qLm(μ) := qm(μ) − boundm(μ),

we have xT Pμx ∈ [qLm(μ),qU
m(μ)].

Recalling that the quadratic form xT Pμx is an increasing function of μ, we can
refine the upper and lower bounds qUm(μ) and qLm(μ). Indeed, we can also take the
upper and lower bounds to be increasing in μ: specifically, for any μ < μ′ we must
have

xT Pμx ≤ xT Pμ′x ≤ qUm(μ′) and xT Pμ′x ≥ xT Pμx ≥ qLm(μ),

so we can replace the bounds qUm(μ) and qLm(μ) with, respectively,

q̂U
m(μ) := min

μ′≥μ
qUm(μ′) and q̂Lm(μ) := max

μ′≤μ
qLm(μ′). (4.3)

Note that the bounds q̂Um(μ) and q̂Lm(μ) are by construction increasing functions of μ.
We can further improve the bounds by taking the best ones over several values of m.
Indeed, given a set of positive integers M ⊂ N, we can define

q̂U
M(μ) := min

m∈M
q̂Um(μ) and q̂LM(μ) := max

m∈M
q̂L
m(μ), (4.4)

and we still have xT Pμx ∈ [̂qLM(μ), q̂U
M(μ)]. Using a set M with more than a

single value of m can be useful to improve the bounds in the case when there is an
eigenvalue of Tm inside one of the gaps. In such a situation, by considering bounds for
M = {m − d, . . . ,m − 1,m} there is a higher chance that one of the matrices Tm− j ,
j = 0, . . . , d has no eigenvalues in the gap, so the bounds q̂UM(μ) and q̂L

M(μ) are
likely going to be better than q̂U

m(μ) and q̂Lm(μ).
After incorporating these improvements, we can conclude that if ε is chosen accord-

ing to (4.2) and for some μ1 < μ2 we have |̂qU
M(μ2) − q̂LM(μ1)| ≤ ε, then there are

no eigenvalues of A in the interval [μ1, μ2] with probability at least 1 − δ.

4.3 Algorithm summary

The analysis in the previous sections leads to the following algorithm, whose pseu-
docode is given in Algorithm 2. Given an input failure probability δ and target relative
gap width θ , we first compute ε according to (4.2) such that the probability of having
an ε-small jump at an eigenvalue in Hutchinson’s trace estimator is less than δ when
using a single random vector (i.e., with s = 1). We then use Proposition 3.6 to select
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Algorithm 2 Eigenvalue gap finder
Input: Symmetric matrix A ∈ R

n×n , failure probability δ, target relative gap size θ , vector of test param-
eters μ = [μ1, . . . , μN f ]

Output: tr j ≈ tr(Pμ j ) for j = 1, . . . , N f , intervals [ai , bi ] that contain no eigenvalues of A with
probability 1 − δ each

1: Compute ε according to (4.2), ensuring that the probability of a jump being smaller than ε with s = 1
Hutchinson vectors is smaller than δ.

2: Draw a random Gaussian vector x ∈ R
n .

3: Compute m according to (4.1), ensuring that the Lanczos approximation (2.2) to xT Pμx has an error
smaller than ε/2 if μ is within a gap of relative width θ or larger.

4: Select a setM of integers smaller than or equal to m, such as M = {m − 4, . . . ,m − 1,m}.
5: Compute Vm and Tm by runningm iterations of the Lanczos algorithm with the matrix A and the vector

x.
6: Compute the eigendecomposition Tm = UmDmUT

m and wm = ‖x‖2UT
m e1.

7: for j = 1, . . . , N f do
8: Compute qm, j = wT

mhμ j (Dm )wm .

9: for m′ ∈ M do
10: Compute the monotone upper and lower bounds q̂Um′ (μ j ) and q̂Lm′ (μ j ) using (4.3), where

boundm′ (μ j ) is obtained either with Proposition 3.8 or by running Lanczos for one additional
iteration to compute |qm′, j − qm′+1, j |.

11: end for
12: Compute the bounds q̂UM(μ j ) = min

m′∈M
q̂Um′ (μ j ) and q̂

L
M(μ j ) = max

m′∈M
q̂Lm′ (μ j ).

13: end for
14: Compute q̂UM(μ) − q̂LM(μ) and determine the largest intervals [ai , bi ] such that |̂qUM(bi ) −

q̂LM(ai )| ≤ ε.

the numberm of Lanczos iterations that ensures that the error of the Lanczos approxi-
mation to the quadratic form xT hμ(A)x is smaller than ε/2 wheneverμ is inside a gap
with relative width at least θ . As an alternative, we could fix the number of Lanczos
iterationsm a priori, but by doing so we would lose the guarantee that all the gaps with
width larger than θ are located. Then, we run m iterations of the Lanczos method to
compute the approximation (2.2) and the upper and lower a posteriori bounds q̂UM(μ)

and q̂LM(μ) defined in (4.4), for all input values of μ and a setM of integers smaller
than or equal to m, such as {m − d, . . . ,m − 1,m}, with, e.g., d = 2. All the intervals
[μ1, μ2] such that |̂qUM(μ2) − q̂LM(μ1)| ≤ ε are hence gaps in the spectrum of A
with probability at least 1 − δ.

Note that m is selected so that the a priori error bound on the approximation of
xT hμ(A)x from Proposition 3.6 is smaller than ε/2 whenever μ is inside a gap with
relative width at least θ , so, assuming that the a posteriori error bound or estimate is
at least as accurate as the a priori one, we expect that all gaps of relative width θ or
larger are detected by Algorithm 2. Numerical evidence shows that this assumption
is generally satisfied when μ is not too close to the extrema of the gap and ε is not
too large. We also mention that, although Algorithm 2 cannot explicitly find the gap
between the k-th and the (k+1)-th eigenvalue for a given k, it still computes estimates
for tr(Pμ j ) for all μ j ∈ μ, so we know the approximate number of eigenvalues below
each detected gap and thus we can roughly determine if one of the gaps found by
the algorithm is likely to be the one between λk and λk+1 (of course, we can only
expect that Algorithm 2 will detect this gap if we assume that it is wide enough). If
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more accuracy on the number of eigenvalues below each gap is required, then one
should use a larger number s of sample vectors for Hutchinson’s trace estimator.
Alternatively, if it is feasible to compute an LDLT factorization, we can use a single
factorization to compute the exact number of eigenvalues below a certain gap in order
to verify if it corresponds to the searched gap between the eigenvalues λk and λk+1.
Observe that while computing such a factorization can be quite expensive, it would
still be significantly cheaper than trying to find the gap between λk and λk+1 by
factorizing shifted matrices A−μI in a trial-and-error approach, which would require
the computation of several LDLT factorizations.

Remark 4.1 Recall that xT Pμx is a staircase-like piecewise constant function of μ,
and in particular it must be constant in any interval that contains no eigenvalues
of A. This means that given a candidate gap [μ1, μ2], in addition to the condition
|̂qU

M(μ2) − q̂LM(μ1)| ≤ ε, we would also need to check that q̂LM(μ2) < q̂U
M(μ1). If

this additional condition is not satisfied, it is impossible for xT Pμx to be a constant
function forμ ∈ [μ1, μ2], and hencewe can concludewith certainty that theremust be
at least one eigenvalue of A in the interval [μ1, μ2]. This seems to cause a contradiction
when the condition |̂qUM(μ2) − q̂LM(μ1)| ≤ ε is verified but q̂LM(μ2) < q̂UM(μ1) is
not, since it would imply that all the eigenvalues of A contained in [μ1, μ2] have an
associated ε-small jump, which is a low-probability event. However, it simply means
that this situation is very unlikely to happen in a practical scenario, and it would
probably not be encountered if the algorithmwas run on the same problem for a second
time. In our implementation,we also check if the condition q̂L

M(μ2) < q̂UM(μ1)holds,
even though in practice we never encountered a situation in which it was not satisfied.

Remark 4.2 Wemention that one could implement a variant ofAlgorithm2which does
not require as input a vector of parametersμ = [μ1, . . . , μN f ], but instead detects gaps
by sequentially evaluating the upper and lower bounds q̂UM(μ) and q̂LM(μ) on suitably
chosen points. Such an algorithm would likely employ fewer than N f values of μ to
reach the same accuracy. However, since the bulk of the computational cost is in the
construction of the Krylov subspace, the number of points N f has a negligible impact
on performance (see Sects. 2.3 and 4.4) and thus we did not explore this approach in
detail, opting instead for a more straightforward strategy with a sufficiently dense grid
of points. We note that in order to detect all target gaps with our approach, N f must
be chosen so that there are at least two μ j that lie in each gap with width greater than
θ .

4.4 Computational cost

The most expensive operations in Algorithm 2 are the m matrix–vector products
with A required to construct the Krylov basis in the Lanczos algorithm, which cost
O(m nnz(A)) for a sparse matrix A. The additional operations done for the com-
putation of the quadratic forms xT Pμ j x with N f different parameters μ j add up to
O(nm +m2 +mN f ), as discussed in Sect. 2.3. If we estimate the error with the con-
secutive difference estimate, we have to run the Lanczos algorithm for one additional
iteration, and compute the differences |qm′, j − qm′+1, j | for all m′ ∈ M. If |M| = d
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and the elements of M are consecutive integers, this amounts to computing d + 1
quadratic forms qm′, j for all j , so the additional cost is O(m2d + mN f d).

On the other hand, if we use the a posteriori error bound from Proposition 3.8, we
have to evaluate the coefficients α j , β j and γ j for all μ j , which can be done with
O(m2) operations assuming that the eigenvalue decomposition of Tm is available, and
compute themaximum of |gm(z)| over [λmin, λmax], where gm is defined in (3.10). The
evaluation of gm(z) for all μ j at a single point z requires O(mN f ) operations, and if a
discretization of [λmin, λmax]with L points is used, we can approximately evaluate the
bound in Proposition 3.8 for all μ j with O(m2 +mN f L) operations. If a setM with
d elements is used to compute the more robust bounds q̂UM(μ j ) and q̂LM(μ j ), the cost
for the computation of the bounds is roughly multiplied by a factor d and becomes
O(m2d + mN f Ld), where we have also included the cost of computing the eigen-
values and eigenvectors of Tm′ for m′ ∈ M. Note that given qUm(μ j ) and qL

m(μ j ), the
refined bounds q̂Um(μ j ) and q̂Lm(μ j ) described in Sect. 4.2 can be computed for all μ j

with O(N f ) operations. Finally, once q̂UM(μ j ) and q̂LM(μ j ) have been computed, the
gaps can be located with a cost of O(N f ). The total computational cost of Algorithm
2 is therefore O(m nnz(A) + nm + m2d + mN f d) with the consecutive difference
estimate, and O(m nnz(A)+nm+m2d+mN f Ld)with the a posteriori bound from
Proposition 3.8.

Note that all operations associated with different values of μ are completely inde-
pendent, so the algorithm can be easily parallelized, for instance by assigning different
slices of the spectral interval to different processors. This parallelization is not par-
ticularly helpful when the matrix size n is large enough, since the dominant part of
the computation would still be the O(m nnz(A)) term associated with matrix–vector
products with A; however, parallelizing the computations associated with different
parameters μ can be helpful for mitigating the O(mN f Ld) cost of computing the a
posteriori error bounds from Proposition 3.8, which can become quite high if both N f

and L are large, see, for instance, the experiment in Sect. 5.3.
If our goal is to detect all gaps with relative width larger than θ with probability at

least 1 − δ, we should take m according to (4.1) with ε ≤ e−1δ2, i.e.,

m ≥ 1 + 1 + log
(
2Cθ‖x‖22/δ2

)

log
(
(1 + θ)/(1 − θ)

) , Cθ = 1 − θ√
πθ

+ 1, (4.5)

where we recall that E[‖x‖22] = n. By looking at the behavior of the right-hand side
of (4.5) as θ → 0, using the fact that

log

(
1 + θ

1 − θ

)

≈ 1

2θ
,

we conclude that for small θ we should take

m ≈ log

(
2‖x‖22
δ2

√
πθ

)
1

2θ
.
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Although the dependence of m on the failure probability δ and the matrix size n is
not particularly severe since they appear inside a logarithm, the main drawback of
this approach is the O(1/θ) dependence on the relative gap width θ , which causes
Algorithm 2 to quickly becomemore expensive as the target gapwidth is reduced. This
is an inherent limitation of the Lanczos method for the computation of xT Pμx, and
more precisely of the polynomial approximation of the sign function (see Proposition
3.3). As we mentioned in Sect. 3.3, Proposition 3.3 can be improved by considering
two nonsymmetric intervals as in [36], and this would in turn lead to an improved
estimate on the required number of Lanczos iterations m; however, in general we do
not expect to find an asymptotic estimate that is better than m = O(1/θ). Indeed, for
a gap located near the center of 	(A), the spectrum of A is contained in two intervals
that are approximately symmetric with respect to the gap, and there would not be any
significant advantage in using the improved result [36, Theorem 1.1].

Example 4.1 In this example we show how the bounds described in Sect. 4.2 perform
on the simple test problem from Example 3.1. The matrix A is 600 × 600, with
	(A) ⊂ [0, 60] and three gaps in the spectrum given by the intervals [20, 21], [30, 32]
and [40, 44]. We use a single Gaussian vector x ∈ R

n for Hutchinson’s estimator
and m = 50 Lanczos iterations. We compare the exact xT Pμx with the upper and
lower bounds q̂UM(μ) and q̂LM(μ) obtained both with Proposition 3.8 and with the
consecutive difference error estimate. In particular, for the latter we use the error
estimate boundm(μ j ) = c|qm, j − qm+1, j |, with a safety factor c = 2. In both
cases, we take M = {m − d + 1, . . . ,m} with d = 3. Since c|qm, j − qm+1, j | is not
guaranteed to be an upper bound for |xT Pμ j x|, the inequalities q̂LM(μ) ≤ xT Pμx ≤
q̂UM(μ) do not necessarily hold for all μ, especially after the two minimizations and
maximizations in (4.3) and (4.4). To overcome this issue, we also propose to use a
“safe” variant of the upper and lower estimates for xT Pμx, defined as

q̂U�
M(μ) := max

m∈M
q̂Um(μ) and q̂L�

M(μ) := min
m∈M

q̂L
m(μ), (4.6)

which correspond to taking the worst of the bounds associated withM instead of the
best ones. This variant significantly increases the chance that q̂U�

M(μ) and q̂L�
M(μ) are

an upper and lower bound for xT Pμx, respectively, although it reduces the overall
accuracy of the estimates.

The bounds are shown in Fig. 3, including the safe variants q̂U�
M(μ) and q̂L�

M(μ)

of the bounds obtained by using consecutive differences. Notice that the upper and
lower estimates q̂U

M(μ) and q̂LM(μ) computed with consecutive differences are much
closer to xT Pμx compared to the bounds obtained with Proposition 3.8, but they
sometimes fail to satisfy q̂LM(μ) ≤ xT Pμx ≤ q̂UM(μ): see for instance the right plot
in Fig. 3, which is a close-up of the larger gap [40, 44]. On the other hand, the safe
variants q̂U�

M(μ) and q̂L�
M(μ) are more robust, while still being more accurate than

the a posteriori bounds from Proposition 3.8. To provide a quantitative comparison,
for the plot in Fig. 3 we used 4000 different shift parameters μ j , and the inequality
xT Pμ j x ≤ q̂UM(μ j ) was not satisfied for 251 of them, while xT Pμ j x ≤ q̂U�

M(μ j )

was not satisfied for only 35 values of j . Note that the fraction of values ofμ for which
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Fig. 3 Upper and lower bounds for xT Pμx obtained with the Lanczos algorithm with m = 50 iterations.
The right plot is a close-up of the left plot around the larger gap [40, 44]

the safe upper estimate q̂U�
M(μ) fails to be an upper bound is smaller than 10−2, which

is the failure probability that we use for the experiments in Sect. 5.

4.5 Literature comparison

Aswe alreadymentioned in someof the previous sections, the combination ofHutchin-
son’s trace estimator with the Lanczos algorithm has been used in several works on
related problems, for instance in [13, 15, 16]. The main aspect that sets our work apart
from the rest of the literature is the focus on the detection of gaps, and the consequent
difference in the theoretical analysis that we perform. Indeed, most results in the liter-
ature on spectral density approximation are concerned with global approximation of
the spectral density, such as in the Wasserstein distance [16, Theorem 1], so they are
unable to exploit the faster convergence of the Lanczos method for xT hμ(A)x when
μ is located inside a large gap (see Proposition 3.6). Moreover, convergence results
found in the literature are usually based on the approximation error for tr(Pμ) with
Hutchinson’s estimator, using results such as Theorem 2.1. In our context, we require
an absolute error on ne(μ) = tr(Pμ) smaller than 1

2 , which corresponds to a relative
error of 1

2n on the normalized spectral density; as we observed at the end of Sect. 4.1,
achieving this level of accuracy with a bound such as [16, Theorem 1] would require
us to take s = O(n) vectors for Hutchinson’s estimator, which are too many to make
this approach feasible.

On the other hand, our analysis based on the height of the jumps in xT hμ(A)x and
trHs (Pμ) bypasses the need to obtain a highly accurate approximation of the trace and
allows us to use significantly fewer matrix–vector products. The main tradeoff is that
we do not obtain the precise number of eigenvalues below each detected gap, but only
an estimate. To the best of our knowledge, this perspective and the resulting approach
for the theoretical analysis have not appeared before in the literature. Although we
have not explored this direction, it is possible that some of the techniques used in this
work may also be applicable to related research areas in which the combination of
Hutchinson and Lanczos is employed, such as spectral density estimation.
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5 Numerical experiments

In this section we run some experiments to investigate the performance of Algorithm
2. For all the experiments, we use Algorithm 2 with a failure probability δ = 10−2

and a number of Lanczos iterations m that is either fixed in advance or computed
according to (4.5) in order to find all gaps with relative width larger than a certain
target θ . When not stated differently, for the Lanczos algorithm we employ the error
estimate boundm(μ j ) = c|qm, j − qm, j+1| with a safety factor c = 2, and we use
the more robust upper and lower estimates q̂U�(μ) and q̂L�(μ) defined in (4.6), with
M = {m − d + 1, . . . ,m} with d = 3. These estimates are cheaper to compute
compared to the a posteriori error bound from Proposition 3.8, and they are also quite
reliable, as shown in Example 4.1. Even though the estimate c|q j,m − q j,m+1| does
not have the same theoretical guarantees as the a posteriori error bound, we have seen
in Example 3.2 that it is usually much closer to the actual error. All the experiments
have been done using MATLAB R2024b on a laptop running Ubuntu 24.04, with 32
GB of RAM and an Intel Core Ultra 9 185H CPU with base clock rate 2.3 GHz. The
code to reproduce the experiments in this section is available on Github at https://
github.com/simunec/eigenvalue-gap-finder.

5.1 Scaling with the gap width

We start by examining the behavior of Algorithm 2 with respect to the relative gap
width θ .

We consider a symmetric tridiagonalmatrix A of size n = 30,000 obtained as a sum
A = D + T , where T is a random symmetric tridiagonal matrix withN (0, 1) entries
and D is a diagonal matrix. The eigenvalues of D are chosen so that the spectrum of
A has a gap with relative width approximately θ . Specifically, the eigenvalues of D
are contained in the intervals [1, 103] ∪ [103 + x, 104], where x satisfies

x/2

104 − 103 − x/2
= θ,

so that the relative width of the gap [103, 103 + x] is θ , and hence the spectrum of
the perturbed matrix A = D + T also has a gap with relative width approximately
θ . We consider a matrix D with 20,000 logspaced eigenvalues in [1, 103] and 10,000
logspaced eigenvalues in [103 + x, 104].

We estimate this gap using Algorithm 2, with m computed according to (4.5), so
that we can expect it to successfully find all gaps with relative width larger than θ ;
we use N f = 10,000 parameters μ, logarithmically spaced on the interval [1, 104].
For each θ , in Table 1 we show the true gap computed by diagonalizing A, the gap
estimated by Algorithm 2 and the approximate number of eigenvalues below the gap,
obtained by rounding the trace approximation xT Pμx for μ equal to the left endpoint
of the estimated gap, as well as the number of Lanczos iterations m, the execution
time of the algorithm and the time required for the computation of the eigenvalues of
A. We see that the gap is found successfully for all θ , with the estimated gap being
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slightly larger than the true gap only for θ = 0.1 and θ = 0.05. The estimated number
of eigenvalues below the gap roughly approximates the exact value 20,000, but it
is still relatively far from the correct number since we are using only one sample
vector for Hutchinson’s estimator. Note that the number of Lanczos iterations scales
approximately as O(1/θ), but the execution time increases more than linearly in the
number ofLanczos iterationsm; this is likely due to theO(m2) cost for the computation
of eigenvalues and eigenvectors of the projected matrix Tm becoming an increasingly
dominant part of the computationwhen the subspace dimensionm is large.On the other
hand, the execution time for eig remains constant, so when the gap width θ becomes
sufficiently small it would be more efficient to directly diagonalize the matrix instead
of using Algorithm 2. Of course, this would not be the case if the matrix dimension n
increases, as we show in the following experiment.

5.2 Scaling with thematrix size

Let us now consider a sequence of matrices with increasing size and approximately
constant gap width. We use a setup similar to Sect. 5.2, with fixed relative gap width
θ = 0.01 and increasing matrix size n. We take A = D + T , where T is symmetric
tridiagonal with random N (0, 1) entries and D is diagonal with 	(D) ⊂ [1, 103] ∪
[103 + x, 104], with n/2 logspaced eigenvalues below the gap and n/2 logspaced
eigenvalues above the gap. The value of x is chosen so that A has relative gap width
approximately θ , as in Sect. 5.2.

We use Algorithm 2 to estimate the gap, with the number of Lanczos iterations
m computed according to (4.5) and N f = 10,000 parameters μ, logarithmically
spaced over the interval [1, 104]. The results for a matrix dimension that increases
from n = 5000 to n = 80,000 are shown in Table 2. In this case, the gap is found
correctly for all matrix sizes, with none of the estimated gaps being larger than the
true gap computed via a diagonalization. Note that the number of Lanczos iterations
increases very slowly with the matrix dimension, in accordance with the discussion in
Sect. 4.4. Hence, the execution time of the algorithm increases roughly linearly, since
with a large matrix size n and moderate subspace dimensionm the leading term in the
computational cost is given by themmatrix–vector products with A in the construction
of the Lanczos basis, which cost O(mn) for a tridiagonal matrix. On the other hand,
the time required for computing the eigenvalues of the tridiagonal matrix A scales like
O(n2), so it quickly becomes more expensive than Algorithm 2. Note that if A was a
sparse matrix that is not tridiagonal, the diagonalization time would scale like O(n3),
making the difference between the two approaches even more evident.

It is interesting to observe that Algorithm 2 can be also used to cheaply obtain a
rough estimate of the gap by taking a larger failure probability δ and fixing the number
of Lanczos iterations m in advance instead of computing it with (4.5). For instance,
we show in Table 3 the performance of Algorithm 2 with δ = 0.5 and m = 250. We
see that the gap in the spectrum is still located successfully, although the accuracy
is generally lower and sometimes the estimated gap is larger than the true gap, for
instance in the case n = 5000. Note that the estimated number of eigenvalues below
the gap coincides with the corresponding number from Table 2, even if the number
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of Lanczos iterations is different: this happens because we used the same random
vector x for Hutchinson’s trace estimator, and in both cases we are approximating the
same quadratic form xT Pμx (the values of μ in the two cases may be different, but
as long as they are both inside the gap the corresponding values of xT Pμx coincide).
In particular, this also confirms that the error in the estimated number of eigenvalues
below the gap is essentially only due to the error in the stochastic trace estimator, and
not to the error in the approximation of the quadratic form via the Lanczos algorithm.

5.3 Examples from applications

In this section, we demonstrate the effectiveness of Algorithm 2 on two illustrative
examples arising from practical applications.

5.3.1 Dirac comb Hamiltonian

As a first model problem, we consider the one-dimensional discrete Hamiltonian oper-
ator

A = −L + V ,

where L is a finite difference discretization of the second derivative on [0, N ] with
periodic boundary conditions using a uniform grid with k points on each unit interval,
for a total of n = kN points, and V is a diagonal matrix representing a discrete Dirac
comb periodic potential, which takes the value k2 at the points x = 1, 2, . . . , N − 1,
and is zero otherwise. This problem is a toy model that mimics the properties of a
Hamiltonian of a one-dimensional physical system with a periodic potential, whose
spectrum is typically characterized by several gaps, representing forbidden energy
levels for the electrons in the system; see for instance [3, Chap. 7] and [41] for more
details.

We use a discretization with N = 2000 and k = 5 for this example, for a total of
n = 10,000 discretization points. The spectrum of the resulting symmetric tridiagonal
matrix A ∈ R

n×n , shown in Fig. 4, has five bands, separated by four relatively large
gaps, each containing a single isolated eigenvalue,which splits it into two parts;wewill
refer to them respectively as the lower and upper part of the gap. We shift and scale A
so that its spectrum is contained in the interval [0, 10], to facilitate visualization of the
gaps.We runAlgorithm2 to detect the gaps, bothwith the robust consecutive difference
estimates (4.6) andwith the error bounds fromProposition 3.8, usingm = 150Lanczos
iterations and d = 3. In Fig. 5 we show the approximations to xT Pμx and the upper
and lower bounds obtained with the two approaches, where x is the single random
vector used in Hutchinson’s estimator; we use the same vector x for the two variants of
Algorithm 2. Note that the bounds from Proposition 3.8 are significantly less accurate
than the estimates (4.6) in regions far from the gaps, but both approaches are extremely
accurate inside the gaps.With the chosen parameters, Algorithm 2 successfully detects
both parts of the first gap, the lower half of the second and third gaps, and both parts
of the fourth gap; by increasing the number of Lanczos iterations tom = 250, all gaps
are successfully detected.
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Fig. 4 Spectrum of the Dirac comb discrete Hamiltonian

In Table 4 we compare the exact gaps obtained by directly computing the eigen-
values of A with the approximate ones obtained with Algorithm 2, for the lower half
of the four gaps, along with the time required to run each method. Note that the gaps
found by using the a posteriori bounds from Proposition 3.8 are slightly smaller than
the ones obtained by estimating the Lanczos error with consecutive differences; this is
a consequence of the lower accuracy of the a posteriori bounds. Moreover, the execu-
tion time is quite higher with the a posteriori bounds, due to the O(mN f Ld) term in
the computation of the error bounds from Proposition 3.8; indeed, it turns out that this
is the most expensive part of the computation in this setting, where we use N f = 1000
different values of μ and a discretization with L = 1000 points to evaluate the maxi-
mum of |gm(z)| over the spectral interval of A. On the other hand, when the error in
the Lanczos algorithm is estimated using consecutive differences, the portion of the
computational cost that depends on N f scales as O(mN f d), which is significantly less
expensive than the error bounds from Proposition 3.8 when L = 1000 (see Sect. 4.4).

5.3.2 Hydrogenmolecule chain

As an example from electronic structure computations, we consider the discretized
Hamiltonian associated with a linear chain of 1250H2 molecules. In contrast to the
atomic hydrogen chain, which is widely used as a theoretical benchmark but does not
occur in nature, the molecular chain corresponds to a physically realizable system
while still being straightforward to define; see, e.g., [42].

The matrices are generated with the open-source package PySCF [43], a Python
package for performing electronic structure computations using Density Functional
Theory. The code returns the Hamiltonian Ã, obtained through a Galerkin discretiza-
tion over a basis of Gaussian functions, and the overlap matrix S. Although the basis
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Fig. 5 Approximations to xT Pμx, and upper and lower bounds obtained with Algorithm 2 for different μ,
with m = 150 Lanczos iterations, for the problem in Sect. 5.3.1. Left: Algorithm 2 with robust consecutive
difference error estimate (4.6). Right: Algorithm 2 with a posteriori error bound from Proposition 3.8

functions have global support, the Hamiltonian and overlap matrices are approxi-
mately sparse: most entries decay rapidly with the distance from the main diagonal
and are set to zero once they fall below the threshold used for the integrals2. The basis
can be orthogonalized by taking the Cholesky factorization S = RT R, where S is
the overlap matrix. Thus, the new Hamiltonian is A = R−T ÃR−1, and the energy
levels correspond to the eigenvalues of A; see [2, Section 3]. When the intermolecular
spacing in the chain is sufficiently large, the system behaves as a semiconductor [42],
i.e., the spectrum exhibits a gap between occupied and unoccupied states. To ensure
this, we impose an intermolecular distance of 2.5Å, while the bond length within the
H2 molecule is set to 0.74Å.

The test matrix A has size n = 5000. The spectrum, shown in Fig. 6, has two
relatively large gaps and a smaller gap in the middle of the spectrum. There is a
single isolated eigenvalue within the third gap, splitting it into two parts. In electronic
structure computations, the gap of interest is the HOMO-LUMO gap, which in this
setting corresponds to the first gap in Fig. 6. The original Hamiltonian Ã and the
Cholesky factor R have 189,622 and 99,804 nonzero entries, respectively. Although
A is also approximately sparse, in order to compute thematrix–vector products needed
for the construction of the Krylov basis it is more computationally efficient to use the
representation A = R−T ÃR−1 instead of forming A explicitly, so we rely on the
solution of the linear systems with R and RT , which are triangular and sparse, and on
multiplications with Ã.

In this test we use a setup similar to Sect. 5.3.1. We find the gaps in the spectrum
of A using Algorithm 2, and we compare the robust consecutive difference estimates
defined in (4.6) with the a posteriori bound from Proposition 3.8, both obtained using
m = 100 Lanczos iterations and d = 3; we use N f = 1000 values of μ, and a
discretization with L = 1000 points for evaluating the a posteriori error bounds. We
plot in Fig. 7 the approximations to xT Pμx and the upper and lower bounds obtained
with the two approaches. We again observe that the upper and lower bounds obtained

2 In libcint, the constant EXPCUTOFF is set to 10−15 in cint.h; see the libcint GitHub repository https://
github.com/sunqm/libcint.
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Fig. 6 Spectrum of the discrete Hamiltonian for the hydrogen molecule chain

Fig. 7 Approximations to xT Pμx, and upper and lower bounds obtained with Algorithm 2 for different μ,
with m = 100 Lanczos iterations, for the problem in Sect. 5.3.2. Left: Algorithm 2 with robust consecutive
difference error estimate (4.6). Right: Algorithm 2 with a posteriori error bound from Proposition 3.8

by using Proposition 3.8 are much more conservative compared to those based on
consecutive difference estimates, especially far from the gaps in the spectrum.

The gaps found by the two variants of Algorithm 2 and the exact gaps obtained
by diagonalizing A are shown in Table 5, where we also include the execution times
for all the methods. With the chosen parameters, Algorithm 2 is not able to detect
the small gap in the middle of the spectrum, but increasing the number of Lanczos
iterations to m = 300 allows us to detect that gap as well. The results are consistent
with the conclusions drawn from the experiment in Sect. 5.3.1.
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6 Conclusions

We have described and analyzed an algorithm for identifying gaps in the spectrum
of a real symmetric matrix by simultaneously approximating the traces of spectral
projectors associated with different slices of its spectrum, combining Hutchinson’s
stochastic trace estimator and the Lanczos algorithm. We have investigated the behav-
ior of Hutchinson’s estimator, and provided a priori and a posteriori error bounds for
the Lanczos algorithm. This analysis led to an algorithm capable of detecting all gaps
larger than a specified threshold with high probability. We have also determined that
for this problem the best strategy is to use a single random sample vector for Hutchin-
son’s estimator, and utilize all the available matrix–vector products to approximate
a single quadratic form via the Lanczos algorithm. Our numerical tests demonstrate
that the developed algorithm can efficiently and reliably detect gaps, especially when
their width is relatively large. Within our algorithm we have proposed to use either
an a posteriori error bound for the Lanczos approximation error ( Proposition 3.8), or
a simple error estimate based on consecutive differences. Although the a posteriori
error bound has better theoretical guarantees, the robust version of the error estimate
from Example 4.1 has more accurate results in practice, and it is also computationally
cheaper, notably when a large number of values of μ is used. Even when the algo-
rithm fails to detect a gap, it still provides upper and lower bounds for xT Pμx for all
considered values of μ, which can be valuable for selecting a starting point for other
algorithms, such as those based on LDLT factorizations.
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