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Continuity of entropies via integral
representations

Mario Berta, Ludovico Lami, and Marco Tomamichel

Abstract—We show that Frenkel’s integral representation
of the quantum relative entropy provides a natural frame-
work to derive continuity bounds for quantum informa-
tion measures. Our main general result is a dimension-
independent semi-continuity relation for the quantum rel-
ative entropy with respect to the first argument. Using it,
we obtain a number of results: (1) a tight continuity relation
for the conditional entropy in the case where the two states
have equal marginals on the conditioning system, resolving
a conjecture by Wilde in this special case; (2) a stronger
version of the Fannes–Audenaert inequality on quantum
entropy; (3) better estimates on the quantum capacity of ap-
proximately degradable channels; (4) an improved continuity
relation for the entanglement cost; (5) general upper bounds
on asymptotic transformation rates in infinite-dimensional
entanglement theory; and (6) a proof of a conjecture due to
Christandl, Ferrara, and Lancien on the continuity of ‘filtered’
relative entropy distances.

Index Terms—Quantum entropy, information measures,
integral representations.

I. Introduction

IN a series of recent works, a new integral formula for
Umegaki’s quantum relative entropy was discovered.

Originally found by Frenkel [1] and later refined by
Jenčova [2] and Hirche and Tomamichel [3], it can be
written as

𝐷(𝜌∥𝜎) = (log 𝑒)
∫ ∞

1
d𝛾

(
1
𝛾
𝐸𝛾(𝜌∥𝜎) +

1
𝛾2 𝐸𝛾(𝜎∥𝜌)

)
.

(1)
Here, Umegaki’s quantum relative entropy [4] of a quan-
tum state 𝜌 with regards to another quantum state 𝜎 is
given as

𝐷(𝜌∥𝜎) ..= Tr 𝜌
(
log 𝜌 − log 𝜎

)
, (2)

assuming that the support 𝜌 is contained in the support
𝜎 as otherwise the quantity is not finite. Moreover,
for any given 𝛾 ≥ 1, the corresponding hockey-stick
divergence is defined by

𝐸𝛾(𝜌∥𝜎) ..= Tr (𝜌 − 𝛾𝜎)+ , (3)
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where 𝑋+ ..=
∑

𝑖 max{𝑥𝑖 , 0} |𝑖⟩⟨𝑖 | is the positive part of
a Hermitian operator 𝑋 with spectral decomposition
𝑋 =

∑
𝑖 𝑥𝑖 |𝑖⟩⟨𝑖 |. Here and throughout, log(·) denotes the

logarithm to an arbitrary basis and exp(·) its inverse.
The quantum relative entropy can be seen as a parent

quantity for quantum entropies, as other information
measures such as the von Neumann entropy, the con-
ditional entropy, and the mutual information can all be
expressed in terms of it. The operational importance of
the relative entropy, in turn, stems from the quantum
Stein’s lemma due to Hiai and Petz [5], which endows
it with an operational interpretation in the context of
quantum hypothesis testing. The above expression of the
relative entropy in terms of hockey-stick divergences is
particularly fruitful because the latter quantities, thanks
to their operational significance in binary hypothesis
testing, exhibit many useful mathematical properties and
are thus comparatively easy to manipulate.

Integral representations of quantum relative entropies
have already been employed to derive continuity bounds
(see [6] for an early example and [3, Section 5.2] for the
most recent instance). One of our main goals is to derive
fully quantum extensions of the continuity inequality for
the Shannon entropy. Its tight version states that for two
probability distributions 𝑃𝑋 , 𝑄𝑋 on a finite alphabet X
with 1

2 ∥𝑃𝑋 − 𝑄𝑋 ∥1 ≤ 𝜀 ≤ 1 − 1
|X | in variational distance,

one has that��𝐻(𝑋)𝑃 − 𝐻(𝑋)𝑄
�� ≤ 𝜀 log (|X | − 1) + ℎ2(𝜀) , (4)

where 𝐻(𝑋)𝑃 ..= −∑
𝑥∈X 𝑃(𝑥) log𝑃(𝑥) denotes the Shan-

non entropy, and

ℎ2(𝑝) ..= 𝑝 log 1
𝑝
+ (1 − 𝑝) log 1

1 − 𝑝
(5)

is the binary entropy function. The above inequality is
attributed to Csiszár by Petz [7, proof of Theorem 3.8],
but no reference is provided there. Its earliest published
proof seems to be in a paper by Zhang [8]. The inequality
admits a quantum generalisation due to Fannes [9],
Audenaert [10], and Petz [7, Theorem 3.8]:

|𝑆(𝜌) − 𝑆(𝜎)| ≤ 𝜀 log(𝑑 − 1) + ℎ2(𝜀) , (6)

where 𝑆(𝜌) ..= −Tr 𝜌 log 𝜌, called the von Neumann en-
tropy, is the extension of the Shannon entropy to density
operators 𝜌 on Hilbert spaces of finite dimension 𝑑, and
𝜀, which is assumed to satisfy 1

2 ∥𝜌 − 𝜎∥1 ≤ 𝜀 ≤ 1 − 1
𝑑
,

is a bound on the trace distance between the density
operators 𝜌 and 𝜎, where ∥𝜌−𝜎∥1 ..= Tr |𝜌−𝜎 |. Yet another
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generalisation of (4) is to conditional entropies: for any
two probability distributions 𝑃𝑋𝑌 , 𝑄𝑋𝑌 on a product
alphabet X × Y , if 1

2 ∥𝑃𝑋𝑌 − 𝑄𝑋𝑌 ∥1 ≤ 𝜀 ≤ 1 − 1
|X | then

Alhejji and Smith proved that [11]��𝐻(𝑋 |𝑌)𝑃 − 𝐻(𝑋 |𝑌)𝑄
�� ≤ 𝜀 log (|X | − 1) + ℎ2(𝜀) , (7)

where 𝐻(𝑋 |𝑌) ..= 𝐻(𝑋𝑌) − 𝐻(𝑌) is the conditional en-
tropy. The above inequality was then extended by Wilde
to the quantum-classical case where 𝑋, the conditioned
system, is promoted to a quantum system [12]. Wilde
also conjectured that a similar continuity relation should
hold also for the fully quantum case [12, Eq. (58)],
namely that��𝐻(𝐴|𝐵)𝜌 − 𝐻(𝐴|𝐵)𝜎

�� ?
≤ 𝜀 log

(
|𝐴|2 − 1

)
+ ℎ2(𝜀) , (8)

where 𝐻(𝐴|𝐵)𝜌 ..= 𝑆(𝜌𝐴𝐵) − 𝑆(𝜌𝐵) is the conditional
entropy, |𝐴| is the dimension of the quantum system 𝐴,
and 1

2 ∥𝜌𝐴𝐵 − 𝜎𝐴𝐵∥1 ≤ 𝜀 ≤ 1 − 1
|𝐴|2 is an estimate on the

trace distance between the two states 𝜌𝐴𝐵 and 𝜎𝐴𝐵.
Our intuition to unify all these different bounds and

move towards a proof of (8) is to lift the problem
from quantum entropies to the corresponding parent
quantity, the relative entropy. Our main general result
is Theorem 1 below, which presents a semi-continuity
bound of the form

𝐷(𝜌∥𝜔) − 𝐷(𝜎∥𝜔) ≤ 𝜀 log(𝑀 − 1) + ℎ2(𝜀) , (9)

where 1
2 ∥𝜌 − 𝜎∥1 ≤ 𝜀 ≤ 1 − 1

𝑀 , and 𝑀 is any number
such that the operator inequality 𝜌 ≤ 𝑀𝜔, meaning
that 𝑀𝜔 − 𝜌 is positive semi-definite, holds. Note that
the left-hand side of (9) does not contain an absolute
value. This feature, which makes ours a semi-continuity
bound rather than a plain continuity bound like (4), is
rather fundamental, as the expression on the left-hand
side can happen to diverge to −∞. Eq. (9) is in fact tight,
in the sense that for all 𝑀 ≥ 1 and 𝜀 ∈

[
0, 1 − 1

𝑀

]
one can find a triple of states 𝜌, 𝜎, 𝜔 obeying the above
conditions and saturating (9). Our proof of (9) uses the
integral representation in (1) together with the properties
of hockey-stick divergences. The conceptual novelty of
our approach, therefore, is that it works directly at the
level of quantum entropies, without first operating a re-
duction to the classical case, like all previous approaches
to prove the Fannes–Audenaert inequality [9], [10], [7].

The formal resemblance between (4) and (6), on one
side, and (9), on the other, is clear. Indeed, as we will
show, the latter inequality constitutes a strict generalisa-
tion of the former two. In fact, in Section III-A we show
how to use our (9) to obtain an improved version of the
Fannes–Audenaert inequality (6) (Corollary 3).

As an immediate consequence of (9), in Section III-B
we also prove Wilde’s conjecture (8) in the special case
where 𝜌𝐴𝐵 and 𝜎𝐴𝐵 have equal marginals on the condi-

tioning system, in formula 𝜌𝐵 = 𝜎𝐵. Our inequality takes
the form��𝐻(𝐴|𝐵)𝜌 − 𝐻(𝐴|𝐵)𝜎

��
≤ 𝜀 log (|𝐴| min{|𝐴|, |𝐵|} − 1) + ℎ2(𝜀) (𝜌𝐵 = 𝜎𝐵) ,

(10)
where 1

2 ∥𝜌𝐴𝐵 − 𝜎𝐴𝐵∥1 ≤ 𝜀 ≤ 1 − (|𝐴| min{|𝐴|, |𝐵|})−1;
it generalises the Fannes–Audenaert inequality (6), and
it directly implies (8) in the case of equal marginals.
Note that the case where |𝐵| ≤ |𝐴| is less interesting,
as it follows immediately from (6) applied to the global
system 𝐴𝐵. The case where the dimension of 𝐵 is larger
than that of 𝐴, and perhaps even infinite, is, on the
contrary, novel.

Remarkably, in proving (10) we cannot afford to restrict
ourselves to the classical case, as one typically does to
prove (6), because the conditional entropy, unlike the
von Neumann entropy, is not invariant under (global)
unitaries. It is here that our fully quantum methods grant
us a decisive advantage.

While our solution of Wilde’s conjecture covers only
the case of equal marginals, it is precisely this case
that turns out to have a plethora of fruitful applications
throughout quantum information theory. Using (10), we
are able to derive continuity bounds on several funda-
mental quantities that are tighter than anything found
in the prior literature. First, in Section III-C we tackle
the entanglement cost, a key entanglement measure that
quantifies how much entanglement is needed to prepare
a given quantum state in the asymptotic limit. Then, in
Section III-D, we employ once again (10) to derive the
tightest available bounds on the magnitude of additivity
violations in the quantum capacity of approximately
degradable channels [13]. We continue by applying our
general result (9) in a somewhat indirect way to resolve
a conjecture by Christandl, Ferrara, and Lancien [14,
Conjecture 7] on a special form of continuity of certain
relative-entropy-based resource quantifiers. Finally, in
Section III-F we show how to employ the dimension-
independent inequality (9) to constrain transformation
rates in infinite-dimensional entanglement theory, by-
passing known technical hurdles related to the failure
of asymptotic continuity in infinite-dimensional systems,
a phenomenon referred to as the ‘asymptotic continuity
catastrophe’ in [15].

II. A semi-continuity relation for the relative entropy

We now present our main technical result, which
employs the integral formula in (1) to derive a new
semi-continuity relation for the relative entropy with
respect to the first argument, when the second one is
fixed. Before we state it, it is useful to fix some notation.
For two quantum states 𝜌 and 𝜔 on the same quantum
system, their max-relative entropy is defined as [16], [17]

𝐷max(𝜌∥𝜔) ..= inf{𝜆 ∈ R : 𝜌 ≤ exp(𝜆)𝜔} . (11)
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Theorem 1. Let 𝜌, 𝜎, 𝜔 be quantum states on the same
separable Hilbert space such that 1

2 ∥𝜌 − 𝜎∥1 ≤ 𝜀 and

exp [𝐷max(𝜌∥𝜔)] ≤ 𝑀 (12)

for some 𝜀 ∈ [0, 1] and 𝑀 ≥ 1. Then, we have that

𝐷(𝜌∥𝜔) − 𝐷(𝜎∥𝜔)

≤


𝜀 log (𝑀 − 1) + ℎ2(𝜀) if 𝜀 < 1 − 1
𝑀 ,

log 𝑀 if 𝜀 ≥ 1 − 1
𝑀 .

(13)

Moreover, for every such 𝜀 and 𝑀, there exists a triple of states
𝜌, 𝜎 and 𝜔 obeying (12) for which the inequality (13) is tight.

Remark 2. It is possible to give a slightly simplified
bound that is looser than the right-hand side of (13) but
does not involve a function defined piece-wise. Namely,
it holds that

𝐷(𝜌∥𝜔) − 𝐷(𝜎∥𝜔) ≤ 𝜀 log 𝑀 + ℎ2(𝜀) , (14)

simply because the right-hand side of the above equation
can be shown to be never smaller than that of (13).

Proof of Theorem 1. If 𝜀 ≥ 1 − 1/𝑀 there is nothing to
prove, as it is clear that

𝐷(𝜌∥𝜔) − 𝐷(𝜎∥𝜔) ≤ 𝐷(𝜌∥𝜔) ≤ 𝐷max(𝜌∥𝜔) ≤ log 𝑀 ;
(15)

therefore, let us assume that 𝜀 < 1 − 1/𝑀 and thus also
𝑀 > 1. We start by writing

1
log 𝑒

(𝐷(𝜌∥𝜔) − 𝐷(𝜎∥𝜔))

=

∫ ∞

1

d𝛾
𝛾

(
𝐸𝛾(𝜌∥𝜔) − 𝐸𝛾(𝜎∥𝜔)

)
+
∫ ∞

1

d𝛾
𝛾2

(
𝐸𝛾(𝜔∥𝜌) − 𝐸𝛾(𝜔∥𝜎)

)
.

(16)

We will now bound the two above integrals separately.
First, it holds that∫ ∞

1

d𝛾
𝛾

(
𝐸𝛾(𝜌∥𝜔) − 𝐸𝛾(𝜎∥𝜔)

)
(i)
=

∫ (1−𝜀)𝑀

1

d𝛾
𝛾

(
𝐸𝛾(𝜌∥𝜔) − 𝐸𝛾(𝜎∥𝜔)

)
+
∫ 𝑀

(1−𝜀)𝑀

d𝛾
𝛾

(
𝐸𝛾(𝜌∥𝜔) − 𝐸𝛾(𝜎∥𝜔)

)
+
∫ ∞

𝑀

d𝛾
𝛾

(
𝐸𝛾(𝜌∥𝜔) − 𝐸𝛾(𝜎∥𝜔)

)
(ii)
≤
∫ (1−𝜀)𝑀

1

d𝛾
𝛾

𝜀 +
∫ 𝑀

(1−𝜀)𝑀

d𝛾
𝛾

(
1 − 𝛾

𝑀

)
= 𝜀 ln ((1 − 𝜀)𝑀) + ln 1

1 − 𝜀
− 𝜀

= −(1 − 𝜀) ln(1 − 𝜀) + 𝜀 ln 𝑀 − 𝜀 .

(17)

Here, in (i) we split the integral into three parts, noting
that (1 − 𝜀)𝑀 ≥ 1. The justification of (ii) is a bit more
involved, as we used three different upper bounds for

the integrand in each of the three regions: namely, for
1 ≤ 𝛾 ≤ (1 − 𝜀)𝑀 we have that

𝐸𝛾(𝜌∥𝜔) = Tr (𝜌 − 𝛾𝜔)+ ≤ Tr (𝜌 − 𝜎)+ + Tr (𝜎 − 𝛾𝜔)+
≤ 𝜀 + 𝐸𝛾(𝜎∥𝜔) ;

(18)
in the third region, i.e. for 𝛾 ≥ 𝑀, it holds that

𝐸𝛾(𝜌∥𝜔) − 𝐸𝛾(𝜎∥𝜔) ≤ 𝐸𝛾(𝜌∥𝜔) ≤ 𝐸𝑀(𝜌∥𝜔)
= Tr (𝜌 − 𝑀𝜔)+ = 0 ,

(19)
where the last equality follows because 𝜌 ≤ 𝑀𝜔 by
definition; finally, in the second region, i.e. for (1−𝜀)𝑀 ≤
𝛾 ≤ 𝑀, we write

𝛾 = 𝑝𝑀 + (1 − 𝑝)(1 − 𝜀)𝑀 , 𝑝 ..=
𝛾 − (1 − 𝜀)𝑀

𝜀𝑀
, (20)

and then

𝐸𝛾(𝜌∥𝜔) ≤ 𝑝 𝐸𝑀(𝜌∥𝜔) + (1 − 𝑝)𝐸(1−𝜀)𝑀(𝜌∥𝜔)
= (1 − 𝑝)𝐸(1−𝜀)𝑀(𝜌∥𝜔)
= (1 − 𝑝)Tr (𝜌 − (1 − 𝜀)𝑀𝜔)+
≤ (1 − 𝑝)Tr (𝜌 − (1 − 𝜀)𝜌)+
= (1 − 𝑝) 𝜀

= 1 − 𝛾

𝑀
,

(21)

where the first inequality is by convexity of 𝛾 ↦→
𝐸𝛾(𝜌∥𝜔), in the second line we observed again that
𝐸𝑀(𝜌∥𝜔) = 0, and the inequality in the fourth line holds
due to the operator inequality 𝑀𝜔 ≥ 𝜌, together with the
fact that Tr𝑋+ is monotonically non-decreasing in 𝑋 with
respect to the positive semi-definite (Löwner) ordering.
This completes the justification of (17).

We now move on to the second integral in (16). It holds
that ∫ ∞

1

d𝛾
𝛾2

(
𝐸𝛾(𝜔∥𝜌) − 𝐸𝛾(𝜔∥𝜎)

)
(iii)
=

∫ 𝑀−1
𝑀𝜀

1

d𝛾
𝛾2

(
𝐸𝛾(𝜔∥𝜌) − 𝐸𝛾(𝜔∥𝜎)

)
+
∫ ∞

𝑀−1
𝑀𝜀

d𝛾
𝛾2

(
𝐸𝛾(𝜔∥𝜌) − 𝐸𝛾(𝜔∥𝜎)

)
(iv)
≤
∫ 𝑀−1

𝑀𝜀

1

d𝛾
𝛾2 𝛾𝜀 +

∫ ∞

𝑀−1
𝑀𝜀

d𝛾
𝛾2

(
1 − 1

𝑀

)
= 𝜀 ln 𝑀 − 1

𝑀𝜀
+
(
1 − 1

𝑀

)
𝑀𝜀

𝑀 − 1
= 𝜀 ln(𝑀 − 1) − 𝜀 ln 𝑀 − 𝜀 ln 𝜀 + 𝜀 .

(22)

Here: in (iii) we split the integral, noting that 𝑀−1
𝑀𝜀 ≥ 1

by assumption; in (iv) we first observed that

𝐸𝛾(𝜔∥𝜌) = Tr (𝜔 − 𝛾𝜌)+ ≤ Tr (𝜔 − 𝛾𝜎)+ + 𝛾 Tr(𝜎 − 𝜌)+
≤ 𝐸𝛾(𝜔∥𝜎) + 𝛾𝜀 ,

(23)
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which gives the upper bound on the first term. Moreover,

𝐸𝛾(𝜔∥𝜌) − 𝐸𝛾(𝜔∥𝜎) ≤ 𝐸𝛾(𝜔∥𝜌) ≤ 𝐸1/𝑀(𝜔∥𝜌)

= Tr
(
𝜔 − 1

𝑀
𝜌

)
+

= 1 − 1
𝑀

,

(24)

because rather obviously

𝛾 ≥ 𝑀 − 1
𝑀𝜀

≥ 1 ≥ 1
𝑀

, (25)

which gives the upper bound on the second term. This
completes the justification of (22). Putting (17) and (22)
together finally proves the claim.

To show optimality, consider (commuting) qubit states

𝜌 = |0⟩⟨0| , 𝜎 = (1 − 𝜀) |0⟩⟨0| + 𝜀 |1⟩⟨1| ,

and 𝜔 =
1
𝑀

|0⟩⟨0| +
(
1 − 1

𝑀

)
|1⟩⟨1| ,

(26)

which satisfy 1
2 ∥𝜌 − 𝜎∥1 = 𝜀 and 𝐷max(𝜌∥𝜔) = log 𝑀, as

well as

𝐷(𝜌∥𝜔) − 𝐷(𝜎∥𝜔) = 𝜀 log(𝑀 − 1) + ℎ2(𝜀) =.. 𝑓 (𝑀, 𝜀)
(27)

We note that 𝑓 is monotone in 𝑀 but achieves a max-
imum of log 𝑀 at 𝜀 = 1 − 1

𝑀 as a function of 𝜀. If
𝜀 ≤ 1 − 1

𝑀 , the inequality in (13) is clearly saturated. If
𝜀 > 1− 1

𝑀 , instead, we can consider the above three states
for 𝜀 ↦→ 1− 1

𝑀 . Since we only require that 1
2 ∥𝜌− 𝜎∥1 ≤ 𝜀,

this once again proves the claim.

III. Applications
A. Improved Fannes–Audenaert inequality

Theorem 1 evaluated for 𝜔 = 𝜋 ..= 1/𝑑 immediately
implies a slightly strengthened version of the Fannes–
Audenaert inequality in (6). We recall that this inequal-
ity states that given two states 𝜌, 𝜎 at trace distance
𝜀 ..= 1

2 ∥𝜌 − 𝜎∥1, their entropies obey the inequality
|𝑆(𝜌) − 𝑆(𝜎)| ≤ 𝜀 log(𝑑 − 1) + ℎ2(𝜀), where 𝑑 is the
dimension of the underlying Hilbert space. The original,
looser form of this continuity relation was found by
Fannes [9], while the tight version was established by
Audenaert [10] and Petz [7, Theorem 3.8]. Our bound
yields an improvement for mixed states.

Corollary 3. Let 𝜌, 𝜎 be any two states at trace distance
1
2 ∥𝜌 − 𝜎∥1 ≤ 𝜀 ≤ 1 − 1

𝑑 𝜆max(𝜎) on a 𝑑-dimensional quantum
system. Here, 𝜆max(𝜎) denotes the maximal eigenvalue of 𝜎.
Then, we have that

𝑆(𝜌) − 𝑆(𝜎) ≤ 𝜀 log (𝑑 𝜆max(𝜎) − 1) + ℎ2(𝜀) . (28)

Remark 4. The restriction on the range of 𝜀 in the
statement of Corollary 3 is motivated by considerations
that are similar to those found at the end of the proof
of Theorem 1. Namely, for 𝜀 = 1 − 1

𝑑 𝜆max(𝜎) the right-
hand side of (28) achieves its maximum value, equal to
log

(
𝑑𝜆max(𝜎)

)
. That the left-hand side of (28) must be

upper bounded by this number is however easy to show,
so for larger values of 𝜀 the statement of Corollary 3
would be somewhat empty.

Another approach to avoid restricting the range of
𝜀 is to define 𝜀 as the exact trace distance 1

2 ∥𝜌 − 𝜎∥1,
rather than taking it to be a generic upper bound on it.
Although this is the approach followed by some authors,
it is not what is most useful in applications, where
one often has an estimate of the trace distance but not
its exact value. Similar considerations will apply to the
restrictions on the range of 𝜀 in, e.g., the forthcoming
Theorem 5 and Proposition 8.

We stress that our proof, in contrast to previous ar-
guments, does not go via a reduction to the commu-
tative case (e.g. via dephasing) but instead the integral
representation method applies directly in the quantum
setting.

It is instructive to compare our bound given in Corol-
lary 3 with the one proved by Sason for classical random
variables [18], and later sharpened and extended to the
quantum case by Jabbour and Datta [19] to the form��𝐻(𝑋)𝑃 − 𝐻(𝑋)𝑄

�� ≤ 𝜀 log (𝛼𝑑 − 1) + ℎ2(𝜀) , (29)

where 𝜀 ..= 1
2 ∥𝑃−𝑄∥1, 𝑑 ..= |X |, 𝛼 ..= ∥𝑃−𝑄∥∞/𝜀, and we

set ∥𝐿∥∞ ..= max𝑥∈X |𝐿(𝑥)|. In contrast, our bound from
Corollary 3 yields��𝐻(𝑋)𝑃 − 𝐻(𝑋)𝑄

�� ≤ 𝜀 log (𝛽𝑑 − 1) + ℎ2(𝜀) , (30)

where 𝛽 ..= max{∥𝑃∥∞ , ∥𝑄∥∞}, and we restrict ourselves
to the interesting case of small 𝜀 ≤ 1 − 1

𝛽𝑑 . We find in
Appendix A that the bounds (29) and (30) are in general
incomparable.

B. Improved continuity of conditional entropy
Our Theorem 1 can be applied to the question about

the tight continuity of the quantum conditional entropy
independent of the dimension of the conditioning sys-
tem [20], [21], [22]. Our tightest bound features the mixed
state Schmidt number [23]

SN(𝜌𝐴𝐵) ..= inf
𝜌=

∑
𝑖 𝑝𝑖𝜓𝑖

max
𝑖

SN
(
|𝜓𝑖⟩𝐴𝐵

)
, (31)

where the minimisation is over pure state convex de-
compositions 𝜌𝐴𝐵 =

∑
𝑖 𝑝𝑖 |𝜓𝑖⟩⟨𝜓𝑖 |𝐴𝐵, and SN

(
|𝜓𝑖⟩𝐴𝐵

)
denotes the regular pure state Schmidt number, i.e. the
rank of the reduced state Tr𝐵 |𝜓𝑖⟩⟨𝜓𝑖 |𝐴𝐵.

Theorem 5. Let 𝐴𝐵 be a bipartite quantum system where 𝐴
has finite dimension |𝐴|. Let 𝜌 = 𝜌𝐴𝐵 and 𝜎 = 𝜎𝐴𝐵 be two
states at trace distance 1

2 ∥𝜌 − 𝜎∥1 ≤ 𝜀 and having the same
marginal on 𝐵, i.e. such that

𝜌𝐵 = 𝜎𝐵 . (32)

Then, assuming 𝜀 ≤ 1 − 1
|𝐴| SN(𝜌𝐴𝐵) , it holds that

𝐻(𝐴|𝐵)𝜌 − 𝐻(𝐴|𝐵)𝜎 ≤ 𝜀 log
(
|𝐴| · SN(𝜌𝐴𝐵) − 1

)
+ ℎ2(𝜀) .

(33)
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It then immediately follows that��𝐻(𝐴|𝐵)𝜌 − 𝐻(𝐴|𝐵)𝜎
��

≤ 𝜀 log
(
|𝐴| min{|𝐴|, |𝐵|} − 1

)
+ ℎ2(𝜀)

(34)

for quantum states 𝜌𝐴𝐵 , 𝜎𝐴𝐵 with 𝜌𝐵 = 𝜎𝐵 and 𝜀 ≤ 1 −
1

|𝐴| min{|𝐴|,|𝐵|} , whereas for separable states the bound is
improved to��𝐻(𝐴|𝐵)𝜌 − 𝐻(𝐴|𝐵)𝜎

�� ≤ 𝜀 log (|𝐴| − 1) + ℎ2(𝜀) (35)

for 𝜀 ≤ 1 − 1
|𝐴| . This pleasantly reproduces the tight

classical bound (7) from [11] and the corresponding
quantum-classical bound [12] (that both equally hold
even when 𝜌𝐵 ≠ 𝜎𝐵).

Proof of Theorem 5. Set

𝜔 = 𝜔𝐴𝐵 = 𝜋𝐴 ⊗ 𝜌𝐵 = 𝜋𝐴 ⊗ 𝜎𝐵 . (36)

For any positive integer 𝑘 ∈ N+, the map 𝑋 ↦→ 𝑘1Tr𝑋−𝑋
is known to be 𝑘-positive (see e.g. [24, Eq. (3.11) and dis-
cussion thereafter]). By taking 𝑘 = SN(𝜌𝐴𝐵) and applying
the resulting map on the 𝐴-system to each element in the
convex decomposition 𝜌𝐴𝐵 =

∑
𝑖 𝑝𝑖 |𝜓𝑖⟩⟨𝜓𝑖 |𝐴𝐵, we deduce

the operator inequality

𝜌𝐴𝐵 ≤ SN(𝜌𝐴𝐵)1𝐴 ⊗ 𝜌𝐵 = |𝐴| · SN(𝜌𝐴𝐵)𝜋𝐴 ⊗ 𝜌𝐵

= |𝐴| · SN(𝜌𝐴𝐵)𝜔𝐴𝐵 ,
(37)

which immediately implies that

𝐷max
(
𝜌𝐴𝐵



𝜔𝐴𝐵

)
≤ log

(
|𝐴| · SN(𝜌𝐴𝐵)

)
. (38)

We thus obtain that
𝐻(𝐴|𝐵)𝜎 − 𝐻(𝐴|𝐵)𝜌

= 𝐷
(
𝜌𝐴𝐵



𝜋𝐴 ⊗ 𝜌𝐵

)
− 𝐷

(
𝜎𝐴𝐵



𝜋𝐴 ⊗ 𝜎𝐵
)

= 𝐷(𝜌𝐴𝐵∥𝜔𝐴𝐵) − 𝐷(𝜎𝐴𝐵∥𝜔𝐴𝐵)
≤ 𝜀 log

(
|𝐴| · SN(𝜌𝐴𝐵) − 1

)
+ ℎ2(𝜀) ,

(39)

where in the last step we applied Theorem 1.

As mentioned in the introduction, it was then also
conjectured by Wilde [12] that (34) holds generally for
finite-dimensional states:

Conjecture 6 [12]. For two finite-dimensional quantum
states 𝜌𝐴𝐵 , 𝜎𝐴𝐵 with trace distance 1

2 ∥𝜌𝐴𝐵 − 𝜎𝐴𝐵∥1 ≤ 𝜀 ≤
1 − 1

|𝐴|2 , do we have that��𝐻(𝐴|𝐵)𝜌 − 𝐻(𝐴|𝐵)𝜎
�� ?
≤ 𝜀 log

(
|𝐴|2 − 1

)
+ ℎ2(𝜀) . (40)

This would indeed be stronger than the state-of-the-art
Alicki–Fannes–Winter bound [21], [25], [26], [27], which
states for 1

2 ∥𝜌𝐴𝐵 − 𝜎𝐴𝐵∥1 ≤ 𝜀 ≤ 1 that��𝐻(𝐴|𝐵)𝜌 − 𝐻(𝐴|𝐵)𝜎
�� ≤ 𝜀 log |𝐴|2 + (1 + 𝜀) · ℎ2

( 𝜀
1 + 𝜀

)
.

(41)
While we fail to prove Conjecture 6 in full generality,
a multitude of comments around our Theorem 5 are
noteworthy:

• Eq. (34) is exactly tight for |𝐴| = |𝐵| in all dimen-
sions, as choosing 𝜌𝐴𝐵 = Φ𝐴𝐵 maximally entangled

and 𝜎𝐴𝐵 = (1−𝜀)Φ𝐴𝐵+ 𝜀
|𝐴|2−1 (1𝐴𝐵 −Φ𝐴𝐵) gives equal-

ity. This is in contrast to the not exactly tight (41).
• For the general case, our Theorem 1 implies that

𝐻(𝐴|𝐵)𝜎 − 𝐻(𝐴|𝐵)𝜌
≤ 𝜀 log

(
|𝐴| min{|𝐴|, |𝐵|} − 1

)
+ ℎ2(𝜀) + 𝐷(𝜎𝐵∥𝜌𝐵) .

(42)
• Employing the Fannes–Audenaert inequality on 𝐴𝐵

for the special case 𝜌𝐵 = 𝜎𝐵 yields��𝐻(𝐴|𝐵)𝜌 − 𝐻(𝐴|𝐵)𝜎
�� ≤ 𝜀 log(|𝐴| |𝐵| − 1) + ℎ2(𝜀) .

(43)
• Following [28, Proposition 3.5.3], one resolved quan-

tum case is when 𝐻(𝐴|𝐵)𝜌 ≥ 𝐻(𝐴|𝐵)𝜎 and 𝜎𝐴𝐵

is diagonal in a maximally entangled basis (which
also implies that |𝐴| = |𝐵|). This, however, can be
deduced from the plain Fannes–Audenaert inequal-
ity — as explained in [28, Section 3.5].

• In the classical case, one does have the tight
bound (7), which is not directly implied by Theo-
rem 1. The classical proof from [11] employs sophis-
ticated pre-processing of the input distributions 𝑃𝑋𝑌

and 𝑄𝑋𝑌 , making use of the conditional majorisation
monotonicity of the conditional entropy. This then
reduces everything to the product case with a uni-
form 𝑌-marginal. The proof method also extends to
𝐴 quantum, by means of conditional dephasing [12].

• For the general quantum case, one might then try
similar pre-processing ideas as well, making use of
the monotonicity of the quantum conditional en-
tropy under 𝐴-unital operations [29], also known as
quantum conditional majorisation [30], [31] — which
is also how the above example of 𝜎𝐴𝐵 diagonal in a
maximally entangled basis works.

• Another approach is to employ divergence centers
for the choice of 𝜔 in Theorem 1. For the quantum
relative entropy it is defined as [32]

𝜔∗(𝜌, 𝜎) ..= argmin max
{
𝐷(𝜌∥𝜔), 𝐷(𝜎∥𝜔)

}
, (44)

for which 𝐷(𝜎𝐵∥𝜔∗
𝐵
) − 𝐷(𝜌𝐵∥𝜔∗

𝐵
) = 0. However, it

is not a priori clear how to tightly upper bound
𝐷max(𝜌𝐴𝐵∥𝜋𝐴 ⊗ 𝜔∗

𝐵
) for that choice. It is known

that [32], [33]

𝜔∗(𝜌, 𝜎) = 𝜆 · 𝜌 + (1 − 𝜆)𝜎 for 𝜆 ∈ [0, 1] (45)

and one might choose some general 𝜆 with
𝜔𝜆

𝐵
(𝜌𝐵 , 𝜎𝐵). Bounding

𝐷max
(
𝜌𝐴𝐵



𝜋𝐴 ⊗ 𝜔𝜆
𝐵

)
≤ log

(
𝜆−1 |𝐴|2

)
(46)

and then further optimising the choice of 𝜆 ∈ [0, 1]
against the terms

𝐷
(
𝜎𝐵



𝜔𝜆
𝐵

)
− 𝐷

(
𝜌𝐵



𝜔𝜆
𝐵

)
(47)

also leads to some bounds. In fact, this ap-
proach leads to the conjectured bound as long as
𝐻min(𝐴|𝐵)𝜌 ≥ − log

(
𝜆|𝐴|

)
, solidifying the intuition

that the most difficult case to handle is when 𝜌𝐴𝐵 is
highly entangled.
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• The original proofs [22], [21] on the continuity of
the quantum conditional entropy instead work with
the max-relative entropy divergence center [26]

𝜔∗
max(𝜌, 𝜎) ..= argmin max

{
𝐷max(𝜌∥𝜔), 𝐷max(𝜎∥𝜔)

}
,

(48)
where the max-relative entropy between two states 𝜏
and 𝜉 on the same separable Hilbert space is defined
by (11). The above state 𝜔∗

max(𝜌, 𝜎) takes the explicit
form

𝜔∗
max(𝜌, 𝜎) =

𝜌 + 2[𝜌 − 𝜎]+
1 + 1

2 ∥𝜌 − 𝜎∥1
=

𝜎 + 2[𝜌 − 𝜎]−
1 + 1

2 ∥𝜌 − 𝜎∥1
. (49)

This choice also leads to bounds in our formalism,
which, however, do not seem to be exactly tight
either.

We remark that Theorem 5 can be generalised with
a suitable application of the chain rule, showing that
only the marginals that differ contribute to the continuity
bound. Namely, for 𝐴𝐵𝐶 a tripartite quantum system
with 𝐴 of finite dimension |𝐴| and 𝜌 = 𝜌𝐴𝐵𝐶 and 𝜎 =

𝜎𝐴𝐵𝐶 two states at trace distance 1
2 ∥𝜌− 𝜎∥1 ≤ 𝜀 ≤ 1− 1

|𝐴|2
and satisfying 𝜌𝐵𝐶 = 𝜎𝐵𝐶 , we have that��𝐻(𝐴𝐵|𝐶)𝜌 − 𝐻(𝐴𝐵|𝐶)𝜎

�� ≤ 𝜀 log
(
|𝐴|2 − 1

)
+ ℎ2(𝜀) . (50)

This follows from 𝐻(𝐴𝐵|𝐶) = 𝐻(𝐴|𝐵𝐶)+𝐻(𝐵|𝐶) together
with the fact that the latter entropy has the same value
on 𝜌𝐵𝐶 and 𝜎𝐵𝐶 .

Further, this then also implies bounds for entropic
quantum channel expressions (cf. [34], [35]). Those often
involve so-called regularisations [36], which make the
derivation of the corresponding continuity statements
slightly more involved. As an example, we state an
improved continuity bound for the output entropy of
𝑛-fold tensor product channels in terms of the diamond
norm, which, for quantum channels M𝐴→𝐵 and N𝐴→𝐵,
is defined as

M𝐴→𝐵 −N𝐴→𝐵




⋄

..= sup
|Ψ⟩𝐴𝐴′




((M𝐴→𝐵 −N𝐴→𝐵

)
⊗ 𝐼𝐴′

) (
|Ψ⟩⟨Ψ|𝐴𝐴′

)



1
,

(51)
where the supremum is over all ancillary systems 𝐴′ and
all pure states |Ψ⟩𝐴𝐴′ on 𝐴′.

Lemma 7. Let M𝐴→𝐵 and N𝐴→𝐵 be quantum channels, with
𝐵 finite dimensional and 1

2


M𝐴→𝐵−N𝐴→𝐵




⋄ ≤ 𝜀 ≤ 1− 1

|𝐵|2 .
Then, for all reference systems 𝐴′ and states 𝜌𝐴𝑛𝐴′ on 𝐴⊗𝑛𝐴′

we have that��𝑆 ( (
M⊗𝑛

𝐴→𝐵
⊗ 𝐼𝐴′

)
(𝜌𝐴𝑛𝐴′)

)
− 𝑆

( (
N ⊗𝑛

𝐴→𝐵
⊗ 𝐼𝐴′

)
(𝜌𝐴𝑛𝐴′)

) ��
≤ 𝑛 ·

(
𝜀 log

(
|𝐵|2 − 1

)
+ ℎ2(𝜀)

)
.

(52)

This improves on the previous bound [34, Theorem
11]��𝑆 ( (

M⊗𝑛
𝐴→𝐵

⊗ 𝐼𝐴′
)
(𝜌𝐴𝑛𝐴′)

)
− 𝑆

( (
N ⊗𝑛

𝐴→𝐵
⊗ 𝐼𝐴′

)
(𝜌𝐴𝑛𝐴′)

) ��
≤ 𝑛 ·

(
4𝜀 log |𝐵| + 2ℎ2(𝜀)

)
.

(53)

Proof of Lemma 7. Following the telescoping argument
from [34, Theorem 11] and employing our improved
continuity of the quantum conditional entropy for states
with equal marginals from Theorem 5, we immediately
deduce the claim.

C. Improved continuity of entanglement cost

The entanglement cost [37] is the fundamental en-
tanglement measure that quantifies the amount of pure
entanglement that is needed to prepare a given mixed
state in the asymptotic limit [38], [39], [40], [41] us-
ing only local operations and classical communication
(LOCC) [42]. It represents the maximal asymptotic entan-
glement measure [43], [44], [45], and it can be computed
for any state 𝜌 = 𝜌𝐴𝐵 of a bipartite quantum system 𝐴𝐵
as

𝐸𝑐(𝜌) = lim
𝑛→∞

1
𝑛
𝐸 𝑓

(
𝜌⊗𝑛 ) , (54)

𝐸 𝑓 (𝜌) ..= inf
{𝑝𝑥 ,𝜓𝑥 }𝑥 :

∑
𝑥 𝑝𝑥𝜓

𝐴𝐵
𝑥 = 𝜌𝐴𝐵

∑
𝑥

𝑝𝑥 𝑆
(
𝜓𝐴

𝑥

)
. (55)

Throughout this section, we are going to assume that
at least one between 𝐴 and 𝐵 is finite dimensional. The
measure in (55) is called the entanglement of formation.
The infimum in its definition runs over all decompo-
sitions of 𝜌 as a convex combination of pure states
𝜓𝐴𝐵

𝑥 = |𝜓𝑥⟩⟨𝜓𝑥 |𝐴𝐵. For a precise operational definition
of the entanglement cost, we refer the reader to [38] or
to the explanation below (104). However, for the sake
of this discussion we could also take directly (54) as a
definition.

A continuity relation for the entanglement of forma-
tion in (55) was proved already in 2000 by Nielsen [46]
and then later refined in [12] based on the tight continu-
ity bounds for the classical conditional entropy from [11].
The analysis of the continuity properties of the entan-
glement cost (54) proved significantly more complicated,
mainly due to the presence of the regularisation, i.e. the
limit 𝑛 → ∞ over the number of copies, in its definition.
The first continuity relation was established in 2015 by
Winter [22, Corollary 4], and proving it required con-
siderable technical progress [22, Proposition 5], which
requires conditioning on quantum systems. Here, we
show how to use our new Theorem 1 to provide an
improvement over Winter’s result.

Proposition 8. Let 𝐴𝐵 be a bipartite quantum system, with
either 𝐴 or 𝐵 finite dimensional. Let 𝜌𝐴𝐵 and 𝜎𝐴𝐵 be two
states on 𝐴𝐵 whose trace distance satisfies

1
2 ∥𝜌𝐴𝐵 − 𝜎𝐴𝐵∥1 ≤ 𝜀 ≤ 1 −

√
2𝑑2 − 1
𝑑2 . (56)

Then, setting 𝛿 ..=
√
𝜀(2 − 𝜀) and 𝑑 ..= min{|𝐴|, |𝐵|} < ∞,

we have that

|𝐸𝑐(𝜌𝐴𝐵) − 𝐸𝑐(𝜎𝐴𝐵)| ≤ 𝛿 log
(
𝑑2 − 1

)
+ ℎ2(𝛿) . (57)
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This improves on the previous bound

|𝐸𝑐(𝜌𝐴𝐵) − 𝐸𝑐(𝜎𝐴𝐵)| ≤ 𝛿 log
(
𝑑2) + (1 + 𝛿) · ℎ2

(
𝛿

1 + 𝛿

)
(58)

from [22, Corollary 4].

Proof of Proposition 8. The key observation is that The-
orem 5 suffices to improve the continuity estimate in
the original proof of the (asymptotic) continuity of the
entanglement cost, given by Winter [22, Corollary 4].
With Winter’s notation, we can explain the idea very
concisely as follows. The entire proof of [22, Corollary 4]
goes through, but in the last line of the last equation we
apply our Theorem 5 instead of [22, Lemma 2]. This is
possible because 𝜌̃ and 𝜎̃ have the same marginals on
𝐴′𝑋 (in fact, even on 𝐴′𝐵′𝑋), as Winter observes in the
equation before. Also, note that because of the restriction
on the range of 𝜀 we have that 𝛿 ≤ 1 − 1

𝑑2 .

Remark 9. The technical reason why our fully quantum
continuity relation is needed in the proof of continuity
of the entanglement cost, but not in that of the entan-
glement of formation, is that in the aforementioned last
equation of the proof of [22, Corollary 4] the system
𝐴′ is un-measured and thus quantum. This does not
happen in the proof of continuity for the entanglement
of formation, as in that case the conditioning system
is fully measured (cf. the first part of the proof of [22,
Corollary 4]).

D. Approximate degradability
Let N𝐴→𝐵 be a quantum channel with input system 𝐴

and output system 𝐵. Let 𝑉𝐴→𝐵𝐸 be one of its Stinespring
dilations, so that N𝐴→𝐵(𝜌𝐴) = Tr𝐸 𝑉𝐴→𝐵𝐸

𝜌𝐴𝑉
†
𝐴→𝐵𝐸

for
all states 𝜌𝐴 on 𝐴. We denote with N 𝑐

𝐴→𝐸
the associ-

ated complementary channel, that acts as N 𝑐
𝐴→𝐸

(𝜌𝐴) =

Tr𝐵𝑉𝐴→𝐵𝐸
𝜌𝐴𝑉

†
𝐴→𝐵𝐸

. For some 𝜀 ∈ [0, 1], we say that a
channel Θ𝐵→𝐸̃, where 𝐸̃ ≃ 𝐸 is a copy of the quantum
system 𝐸, is an 𝜺-degrading channel for N𝐴→𝐵 if it holds
that [13]1

1
2


N 𝑐

𝐴→𝐸 − 𝜄𝐸̃→𝐸 ◦ Θ𝐵→𝐸̃ ◦N𝐴→𝐵




⋄ ≤ 𝜀 , (59)

where 𝜄𝐸̃→𝐸 is the embedding of 𝐸̃ ≃ 𝐸 into 𝐸, and the
diamond norm is given by (51).

The notion of approximate degradability was intro-
duced to study quantum capacities [34], [13], [47]. To
compute these latter quantities, a useful notion is a
suitably modified version of the coherent information.
We remind the reader that the coherent information
of a channel N = N𝐴→𝐵 with complementary channel
N 𝑐 = N 𝑐

𝐴→𝐸
is given by

𝐼𝑐
(
N
) ..= sup

𝜌

{
𝑆
(
N (𝜌)

)
− 𝑆

(
N 𝑐(𝜌)

)}
, (60)

1In [13, Definition 4] an 𝜀-degrading channel is defined with 2𝜀
instead of 𝜀 on the right-hand side of Eq. (59).

and due to the Lloyd–Shor–Devetak theorem [48], [49],
[50], [51], the quantum capacity can be written as

𝑄
(
N
)
= lim

𝑛→∞
1
𝑛
𝐼𝑐
(
N ⊗𝑛 ) = sup

𝑛∈N+

1
𝑛
𝐼𝑐
(
N ⊗𝑛 ) . (61)

For degradable (i.e. ‘0-approximate degradable’) chan-
nels, the above regularisation is unnecessary, because the
coherent information turns out to be additive; one thus
obtains the single-letter formula 𝑄

(
N𝐴→𝐵

)
= 𝐼𝑐

(
N𝐴→𝐵

)
.

In the case of approximately degradable channels, the
coherent information in general ceases to be additive
and can be strictly super-additive, entailing that the
regularisation in (61) cannot be removed.

To obtain an additive quantity, one needs to consider
a suitably modified version of the coherent informa-
tion. Let Θ𝐵→𝐸̃ be an 𝜀-approximate degrading map for
N𝐴→𝐵. Then we can imagine to modify (60) by replacing
the complementary channel N 𝑐

𝐴→𝐸
on the right-hand

side by its approximate version Θ𝐵→𝐸̃ ◦ N𝐴→𝐵 (we can
safely ignore the isometric embedding 𝜄𝐸̃→𝐸 if we only
compute entropies). By doing so, one obtains the quan-
tity [13, Eq. (5)]

𝑈Θ(N ) ..= sup
𝜌=𝜌𝐴

{
𝑆
(
N (𝜌)

)
− 𝑆

(
(Θ ◦N )(𝜌)

)}
= sup

𝜌𝐴

𝐻(𝐹 |𝐸̃) ,
(62)

where 𝐹 is an environment for a Stinespring dilation
𝑊𝐵→𝐸̃𝐹 of Θ𝐵→𝐸̃. We can compare directly (62) and (60)
by re-writing the latter as

𝐼𝑐(N ) = sup
𝜌𝐴

{
𝐻
(
𝐸̃𝐹

)
− 𝐻(𝐸)

}
. (63)

Remarkably, the quantity in (62) is additive, meaning
that [13, Lemma 3.3]

𝑈Θ1⊗Θ2

(
N1 ⊗ N2

)
= 𝑈Θ1(N1) +𝑈Θ2(N2) (64)

holds for all choices of channels N1 ,N2 and Θ1 ,Θ2.
We are now ready to state the main result of this

section.

Proposition 10. Let N be a quantum channel, and let Θ

be an 𝜀-degrading channel for N . Provided that 𝜀 ≤ 1 − 1
|𝐸 |2 ,

where |𝐸 | is the dimension of the environment of a Stinespring
dilation of N (which can be restricted to the rank of the
Choi matrix of N ), the quantum capacity 𝑄(N ) of N can
be bounded as

𝐼𝑐(N ) ≤ 𝑄(N ) ≤ 𝑈Θ(N ) + 𝜀 log
(
|𝐸 |2 − 1

)
+ ℎ2(𝜀) , (65)

where 𝑈Θ(N ) is defined by (62). Furthermore, if 𝜀 ≤ 1 − 1
|𝐸 | ,

then it also holds that
𝐼𝑐(N ) ≤ 𝑄(N )

≤ 𝐼𝑐(N ) + 𝜀 log
[ (
|𝐸 | − 1)2(|𝐸 | + 1)

]
+ 2ℎ2(𝜀) ,

(66)

This improves on the previous bound in [13, Theo-
rem 7], which featured worse fudge terms.

Proof of Proposition 10. We follow the main ideas em-
ployed in the proof of [13, Theorem 7, (i) and (ii)],
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starting with (65). The first inequality is trivial, and
follows by direct inspection of (61). As for the second
one, pick a positive integer 𝑛 ∈ N+, and write as in [13,
proof of Theorem 7(ii)]

𝐻
(
𝐸̃𝑛𝐹𝑛

)
− 𝐻(𝐸𝑛)

= 𝐻
(
𝐹𝑛 |𝐸̃𝑛

)
+ 𝐻

(
𝐸̃𝑛

)
− 𝐻(𝐸𝑛)

(i)
= 𝐻

(
𝐹𝑛 |𝐸̃𝑛

)
+

𝑛∑
𝑡=1

(
𝐻
(
𝐸̃≤𝑡𝐸>𝑡

)
− 𝐻

(
𝐸̃<𝑡𝐸≥𝑡

) )
(ii)
= 𝐻

(
𝐹𝑛 |𝐸̃𝑛

)
+

𝑛∑
𝑡=1

(
𝐻
(
𝐸̃𝑡

��𝐸̃<𝑡𝐸>𝑡
)
− 𝐻

(
𝐸𝑡

��𝐸̃<𝑡𝐸>𝑡
) )
.

(67)
Here, we used the shorthand notation 𝐻

(
𝐸̃≤𝑡𝐸>𝑡

) ..=

𝐻
(
𝐸̃1 . . . 𝐸̃𝑡𝐸𝑡+1 . . . 𝐸𝑛

)
, and similarly 𝐻

(
𝐸̃<𝑡𝐸≥𝑡

) ..=

𝐻
(
𝐸̃1 . . . 𝐸̃𝑡−1𝐸𝑡 . . . 𝐸𝑛

)
. We used a telescopic identity in (i)

and the chain rule in (ii). To continue, we observe that
the state of the system 𝐸̃≤𝑡𝐸>𝑡 is of the form

𝜎(𝑛,𝑡) = 𝜎(𝑛,𝑡)
𝐸̃≤𝑡𝐸>𝑡

..=
(
(Θ ◦N )⊗𝑡 ⊗ (N 𝑐)⊗(𝑛−𝑡)

)
(𝜔𝑛) , (68)

where 𝜔𝑛 = 𝜔𝑛
𝐴𝑛 is the initial state. The state of the

system 𝐸̃<𝑡𝐸≥𝑡 can instead be written as

𝜌(𝑛,𝑡) = 𝜌(𝑛,𝑡)
𝐸̃<𝑡𝐸≥𝑡

..=
(
(Θ ◦N )⊗(𝑡−1) ⊗ (N 𝑐)⊗(𝑛−𝑡+1)

)
(𝜔𝑛) .

(69)
Identifying 𝐸̃ ≃ 𝐸, we have that

1
2




𝜌(𝑛,𝑡) − 𝜎(𝑛,𝑡)





1
≤ 1

2 ∥Θ ◦N −N 𝑐 ∥⋄ ≤ 𝜀 ≤ 1 − 1
|𝐸 |2 ,

(70)
where 𝐸̃<𝑡𝐸>𝑡 plays the role of the ancillary system 𝐴′

in (51). Note that

𝜌(𝑛,𝑡)
𝐸̃<𝑡𝐸>𝑡

= Tr𝐸𝑡 𝜌
(𝑛,𝑡)
𝐸̃<𝑡𝐸≥𝑡

=

(
(Θ ◦N )⊗(𝑡−1) ⊗ (N 𝑐)⊗(𝑛−𝑡)

)
(𝜔𝑛)

= Tr𝐸̃𝑡
𝜎(𝑛,𝑡)
𝐸̃≤𝑡𝐸>𝑡

= 𝜎(𝑛,𝑡)
𝐸̃<𝑡𝐸>𝑡

,

(71)
i.e. the marginals of 𝜌(𝑛,𝑡) and 𝜎(𝑛,𝑡) on 𝐸̃<𝑡𝐸>𝑡 coincide.
This implies, via Theorem 5, that

𝐻
(
𝐸̃𝑡

��𝐸̃<𝑡𝐸>𝑡
)
− 𝐻

(
𝐸𝑡

��𝐸̃<𝑡𝐸>𝑡
)

= 𝐻
(
𝐸̃𝑡

��𝐸̃<𝑡𝐸>𝑡
)
𝜎(𝑛,𝑡) − 𝐻

(
𝐸𝑡

��𝐸̃<𝑡𝐸>𝑡
)
𝜌(𝑛,𝑡)

≤ 𝜀 log
(
|𝐸 |2 − 1

)
+ ℎ2(𝜀) .

(72)

Now, plugging (72) into (67), optimising over the initial
state 𝜔𝑛 , and dividing by 𝑛 yields the inequality

1
𝑛
𝐼𝑐
(
N ⊗𝑛 ) ≤ 1

𝑛
𝑈Θ⊗𝑛

(
N ⊗𝑛 ) + 𝜀 log

(
|𝐸 |2 − 1

)
+ ℎ2(𝜀)

(iii)
= 𝑈Θ(N ) + 𝜀 log

(
|𝐸 |2 − 1

)
+ ℎ2(𝜀) ,

(73)
where (iii) follows from the additivity of 𝑈Θ in (64).
Taking the limit 𝑛 → ∞ in (73) yields (65), according
to (61).

As for (66), it is obtained precisely as in [13, Theo-
rem 7(i)], by combining the above statement with the

continuity relation that links 𝐼𝑐(N ) and 𝑈Θ(N ). This
takes the form [13, Proposition 3.2]

|𝐼𝑐(N ) −𝑈Θ(N )| ≤ 𝜀 log(|𝐸 | − 1) + ℎ2(𝜀) , (74)

provided that 𝜀 ≤ 1 − 1
|𝐸 | .

Remark 11. It is possible to obtain tighter versions of
the relations (65) and (66) by using the full power of our
main inequality (13). To this end, one needs to introduce
two channel divergences, the un-stabilised and the sta-
bilised max-relative entropy, respectively given by

𝐷max(Λ1∥Λ2) ..= sup
𝜌

𝐷max
(
Λ1(𝜌)



Λ2(𝜌)
)
, (75)

𝐷max(Λ1∥Λ2) ..= sup
𝜌

𝐷max
(
(Λ1 ⊗ 𝐼)(𝜌)



 (Λ2 ⊗ 𝐼)(𝜌)
)

(76)

for any two quantum channels Λ1 ,Λ2 with the same
input and output systems. Here, the max-relative en-
tropy is defined by (11), and the optimisation in (75)
is over all states on the input system, while in (76) we
included also an ancillary system (a procedure known
as ‘stabilisation’). Importantly, due to [52, Lemma 12] the
stabilised max-relative entropy can be computed via the
semi-definite program

𝐷max(Λ1∥Λ2) = min {𝛾 : 2𝛾Λ2 −Λ1 ∈ CP} , (77)

where CP denotes the set of completely positive maps.
With this notation, we can state the following refine-

ments of (65) and (66): provided that 𝜀 ≤ 1−2−𝐷max(N 𝑐 ∥ 𝜋Tr),
where (𝜋Tr)(𝑋) ..= 𝜋𝐸 Tr𝑋 is the completely depolarising
channel, we have that

𝐼𝑐(N ) ≤ 𝑄(N )

≤ 𝑈Θ(N ) + 𝜀 log
(
2𝐷max(N 𝑐 ∥ 𝜋Tr) − 1

)
+ ℎ2(𝜀) .

(78)

Moreover, if also the condition 𝜀 ≤ 1 − 1/𝑀 is satisfied
for some 𝑀 ≥ 2𝐷max(Θ◦N ∥ 𝜋Tr) (for example, one could set
𝑀 = |𝐸 |), then

𝐼𝑐(N ) ≤ 𝑄(N )

≤ 𝐼𝑐(N ) + 𝜀 log
[
(𝑀 − 1)

(
2𝐷max(N 𝑐 ∥ 𝜋Tr) − 1

)]
+ 2ℎ2(𝜀) .

(79)

To see (78), one simply modifies (72) and writes

𝐻
(
𝐸̃𝑡

��𝐸̃<𝑡𝐸>𝑡
)
𝜎(𝑛,𝑡) − 𝐻

(
𝐸𝑡

��𝐸̃<𝑡𝐸>𝑡
)
𝜌(𝑛,𝑡)

= 𝐷
(
𝜌(𝑛,𝑡)
𝐸̃<𝑡𝐸≥𝑡




𝜋𝐸𝑡 ⊗ 𝜌(𝑛,𝑡)
𝐸̃<𝑡𝐸>𝑡

)
− 𝐷

(
𝜎(𝑛,𝑡)
𝐸̃<𝑡𝐸≥𝑡




𝜋𝐸̃𝑡
⊗ 𝜎(𝑛,𝑡)

𝐸̃<𝑡𝐸>𝑡

)
≤ 𝜀 log

(
2𝐷max

(
N 𝑐

𝐴→𝐸𝑡

(
𝜂𝐸̃<𝑡 𝐴𝐸>𝑡

) 

 (𝜋Tr)𝐴→𝐸𝑡

(
𝜂𝐸̃<𝑡 𝐴𝐸>𝑡

) )
− 1

)
+ ℎ2(𝜀)

≤ 𝜀 log
(
2𝐷max(N 𝑐 ∥ 𝜋Tr) − 1

)
+ ℎ2(𝜀) .

(80)
Here, the first inequality follows from Theorem 1; we
also remembered (71) and set

𝜂𝐸̃<𝑡𝐴𝐸>𝑡
..=

(
(Θ ◦N )⊗(𝑡−1) ⊗ 𝐼 ⊗ (N 𝑐)⊗(𝑛−𝑡)

)
(𝜔𝑛) . (81)
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For (79), we combine (78) with the inequality

𝑈Θ(N ) ≤ 𝐼𝑐(N ) + 𝜀 log(𝑀 − 1) + ℎ2(𝜀) , (82)

obtained by observing that, for all input states 𝜔𝐴,

𝐻(𝐹 |𝐸̃) = 𝐻(𝐹𝐸) − 𝐻(𝐸) + 𝐻(𝐸) − 𝐻(𝐸̃)
= 𝐻(𝐹𝐸) − 𝐻(𝐸) + 𝐷

(
(Θ ◦N )(𝜔𝐴)



 (𝜋Tr)(𝜔𝐴)
)

− 𝐷
(
N 𝑐(𝜔𝐴)



 (𝜋Tr)(𝜔𝐴)
)

≤ 𝐻(𝐹𝐸) − 𝐻(𝐸) + 𝜀 log(𝑀 − 1) + ℎ2(𝜀) ,
(83)

where the inequality follows once again from Theorem 1.

All of these approximate degradability bounds can be
evaluated both numerically and analytically on concrete
quantum channels (cf. [13], [47]), and we note that our
methods can be combined with other ways of extracting
bounds (see, e.g., the latest [19]).

E. Improved continuity of filtered entropies
Our goal in this section is to use the above Theorem 1

to prove the following conjecture of Christandl, Ferrara,
and Lancien [14, Conjecture 7], formulated below in
a general fashion that the interested reader can find
discussed in [14] below their statement of the problem.

Conjecture 12 [14]. Let F ⊆ D(H) be a set of states that is
star-shaped2 around the maximally mixed state in dimension
𝐷 = dim(H) < ∞, and let L ⊆ CPTP(H → H′) be any set
of channels. Then, there exists a universal constant 𝜅 and a
function 𝑔 : [0, 1] → R+ with lim𝜀→0+ 𝑔(𝜀) = 0 such that
for every 𝜌, 𝜎 ∈ D(H) satisfying

1
2 ∥𝜌 − 𝜎∥L ≤ 𝜀 (84)

we have that���𝐷L(𝜌∥F ) − 𝐷L(𝜎∥F )
��� ≤ 𝜅𝜀 log𝐷 + 𝑔(𝜀) . (85)

Here, we defined

∥𝑋∥L ..= sup
Λ∈L

∥Λ(𝑋)∥1 , (86)

𝐷L(𝜌∥𝜔) ..= sup
Λ∈L

𝐷
(
Λ(𝜌)



Λ(𝜔)
)
, (87)

𝐷L(𝜌∥F ) ..= inf
𝜔∈F

𝐷L(𝜌∥𝜔) . (88)

In essence, (85) is a sort of asymptotic continuity state-
ment, but stronger, because it is given with respect to
the ‘L-filtered’ (semi-) norm ∥ · ∥L instead of the full
trace norm ∥ · ∥1. If the full trace norm is considered,
then asymptotic continuity is known, e.g. from [53, The-
orem 11].

The above conjecture is known to be true when L is
a set of measurements [54, Proposition 3], or a specific
subset of channels [14, Proposition 6]. We will see that
we can tackle the case of general sets of channels. Before

2A set of states F ⊆ D(H) is said to be star-shaped around some
𝜎 ∈ F if, for all 𝜌 ∈ F , the whole segment joining 𝜌 and 𝜎 is contained
in F .

we state the general result that will allow us to solve the
conjecture, let us fix some terminology. An alternative
measure of L-filtered distance from a set of states F can
be constructed by using the max-relative entropy (11)
instead of the Umegaki relative entropy in (88). Namely,

𝐷L
max(𝜌∥𝜔) ..= sup

Λ∈L
𝐷max

(
Λ(𝜌)



Λ(𝜔)
)
, (89)

𝐷L
max(𝜌∥F ) ..= inf

𝜔∈F
𝐷L

max(𝜌∥𝜔) . (90)

Before proceeding, we also need to construct the real
function

𝑔(𝑥) ..= (1 + 𝑥) log(1 + 𝑥) − 𝑥 log 𝑥 , (91)

defined for all 𝑥 ≥ 0, with the usual convention that
0 log 0 = 0. We now state the following general result.

Proposition 13. Let H be an arbitrary (possibly infinite-
dimensional) separable Hilbert space. Let F ⊆ D(H) be a
set of states that is star-shaped around some 𝜏 ∈ F , and let
L ⊆ CPTP(H → H′) be any set of channels. Then for all
𝜌, 𝜎 ∈ D(H) satisfying 𝐷max(𝜌∥𝜏) < ∞ and

1
2 ∥𝜌 − 𝜎∥L ≤ 𝜀 (92)

it holds that
𝐷L(𝜌∥F ) − 𝐷L(𝜎∥F ) ≤ 𝜀𝐷L

max(𝜌∥𝜏) + 𝑔(𝜀) + ℎ2(𝜀)
≤ 𝜀𝐷max(𝜌∥𝜏) + 𝑔(𝜀) + ℎ2(𝜀) ,

(93)
where the function 𝑔 is defined by (91).

In particular, if F is convex, then minimising over 𝜏 ∈ F
yields

𝐷L(𝜌∥F ) − 𝐷L(𝜎∥F ) ≤ 𝜀𝐷L
max(𝜌∥F ) + 𝑔(𝜀) + ℎ2(𝜀) .

(94)

As a simple corollary, we obtain a solution to Conjec-
ture 12 by Christandl, Ferrara, and Lancien.

Corollary 14. Let F ⊆ D(H) be a set of states star-
shaped around the maximally mixed state in dimension 𝐷 =

dim(H) < ∞, and let L ⊆ CPTP(H → H′) be any set of
channels. Then for all 𝜌, 𝜎 ∈ D(H) satisfying

1
2 ∥𝜌 − 𝜎∥L ≤ 𝜀 , (95)

we have that���𝐷L(𝜌∥F ) − 𝐷L(𝜎∥F )
��� ≤ 𝜀 log𝐷 + ℎ2(𝜀) + 𝑔(𝜀) , (96)

where the function 𝑔 is defined by (91).

The above result is remarkable because:
• it solves Conjecture 12;
• it generalises [53, Theorem 11] in three ways, namely

(a) lifting the asymptotic continuity from the trace
distance to L-filtered distance (see also [54, Propo-
sition 3]), (b) removing the assumption on the con-
vexity of F , and (c) removing any assumption on
the set L, which does not even need to be made of
measurements;
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• it generalises and significantly tightens [54, Propo-
sition 3] and [14, Proposition 6], removing any as-
sumption on the set of channels, which in particular
no longer need to be (partial) measurements; finally,

• the estimate on the right-hand side seems reason-
ably tight, as its form is not too different from
that found in [22, Lemma 7] (note that 𝑔(𝑥) =

(1 + 𝑥) ℎ2
(

𝑥
1+𝑥

)
).

We will now prove Proposition 13 and then deduce
from it Corollary 14. In order to prove Proposition 13
with Theorem 1, we need to show that we can restrict
the optimisation over free states in (88) to states with
respect to which 𝜌 has a controlled max-relative entropy
(see (11) for a definition). This is needed because of the
𝐷max term on the right-hand side of (13). We fix this with
a little lemma that is already essentially contained in the
proof of [54, Proposition 3] (and that we re-discovered
independently).

Lemma 15. For an arbitrary (possibly infinite-dimensional)
separable Hilbert space H, let F ⊆ D(H) be a set of states star-
shaped around some 𝜏 ∈ F , and let L ⊆ CPTP(H → H′) be
any set of channels. Then for all 𝜌 ∈ D(H) and all 𝑞 ∈ (0, 1),
it holds that

inf
𝜔∈F , 𝜔 ≥ 𝑞𝜏

𝐷L(𝜌∥𝜔) + log(1 − 𝑞) ≤ 𝐷L(𝜌∥F )

≤ inf
𝜔∈F , 𝜔 ≥ 𝑞𝜏

𝐷L(𝜌∥𝜔) ,
(97)

where 𝐷L(𝜌∥F ) is defined by (88).

Proof. The upper bound is trivial. As for the lower
bound, for every 𝜔 ∈ F one can construct 𝜔′ = (1−𝑞)𝜔+
𝑞𝜏, which is again a state in F due to the fact that this
set is star-shaped around 𝜏. Note also that 𝜔 ≤ 1

1−𝑞 𝜔
′

and moreover 𝜔′ ≥ 𝑞𝜏, so that by operator monotonicity
of the logarithm (or, in other words, by applying [32,
Proposition 5.1(i)]) we obtain

𝐷L(𝜌∥𝜔) ≥ 𝐷L
(
𝜌



 𝜔′

1 − 𝑞

)
= 𝐷L(𝜌∥𝜔′) + log(1 − 𝑞)
≥ inf

𝜔′′∈F , 𝜔′′≥𝑞𝜏
𝐷L(𝜌∥𝜔′′) + log(1 − 𝑞) .

(98)

Taking the infimum over 𝜔 ∈ F on the left-hand side
completes the proof.

We are now ready to prove Proposition 13 and Corol-
lary 14.

Proof of Proposition 13. Let us fix an arbitrary 𝑞 ∈ (0, 1).
Then

𝐷L(𝜌∥F ) (99)
(i)
≤ inf

𝜔∈F , 𝜔 ≥ 𝑞𝜏
𝐷L(𝜌∥𝜔)

= inf
𝜔∈F , 𝜔 ≥ 𝑞𝜏

sup
Λ∈L

𝐷
(
Λ(𝜌)



Λ(𝜔)
)

(ii)
≤ inf

𝜔∈F , 𝜔 ≥ 𝑞𝜏
sup
Λ∈L

{
𝐷
(
Λ(𝜎)



Λ(𝜔)
)
+ 𝜀𝐷L

max(𝜌∥𝜏) (100)

+ 𝜀 log 1
𝑞
+ ℎ2(𝜀)

}
(iii)
≤ 𝐷L(𝜎∥F ) + log 1

1 − 𝑞
+ 𝜀𝐷L

max(𝜌∥𝜏) + 𝜀 log 1
𝑞
+ ℎ2(𝜀) .

Here: in (i) we restricted the infimum (the easy direction
in Lemma 15); in (ii) we applied Theorem 1 in the
simplified form (14), noting that 1

2


Λ(𝜌) − Λ(𝜎)




1 ≤

1
2 ∥𝜌 − 𝜎∥L ≤ 𝜀 and observing that

𝐷max
(
Λ(𝜌)



Λ(𝜔)
)
≤ 𝐷max

(
Λ(𝜌)



Λ(𝜏)
)
+ log 1

𝑞

≤ 𝐷L
max(𝜌∥𝜏) + log 1

𝑞

(101)

via the triangle inequality for the max-relative entropy,
applicable because 𝜔 ≥ 𝑞𝜏; finally, in (iii) we used again
Lemma 15 (this time the less trivial part of it).

It remains only to optimise over 𝑞 ∈ (0, 1). Fortunately
this can be done analytically, thanks to the simple for-
mula

𝑔(𝜀) = inf
0<𝑞<1

{
𝜀 log 1

𝑞
+ log 1

1 − 𝑞

}
. (102)

Using it, we obtain that

𝐷L(𝜌∥F ) ≤ 𝐷L(𝜎∥F ) + 𝜀𝐷L
max(𝜌∥𝜏) + 𝑔(𝜀) + ℎ2(𝜀)

(iv)
≤ 𝐷L(𝜎∥F ) + 𝜀𝐷max(𝜌∥𝜏) + 𝑔(𝜀) + ℎ2(𝜀) ,

(103)
where (iv) is simply by data processing. This proves (93).
Finally, if F is convex, and hence star-shaped around all
of its states, then we can minimise over 𝜏 ∈ F , thus
obtaining also (94) and completing the proof.

Proof of Corollary 14. It suffices to apply Proposition 13
with 𝜏 = 1/𝐷 equal to the maximally mixed state. In-
deed, noting that 𝜌 ≤ 1 = 𝐷𝜏, we have that 𝐷max(𝜌∥F ) ≤
𝐷max(𝜌∥𝜏) ≤ log𝐷, and similarly for 𝜎. Applying (93)
twice, the second time with 𝜌 and 𝜎 exchanged, we
obtain precisely (96).

F. Upper bound on transformation rates in infinite dimensions
Let 𝜌 = 𝜌𝐴𝐵 and 𝜎 = 𝜎𝐴′𝐵′ be two bipartite states

of possibly infinite-dimensional systems 𝐴𝐵 and 𝐴′𝐵′.
A key quantity of interest in entanglement theory is
the asymptotic transformation rate 𝜌 → 𝜎, i.e. the
maximum rate of production of copies of 𝜎 that can be
achieved by consuming copies of 𝜌 and using only local
operations and classical communication (LOCC) [42].
This is formally defined by

𝑅LOCC(𝜌 → 𝜎)
..= sup

{
𝑅 : lim

𝑛→∞
inf

Λ∈LOCC𝑛

1
2


Λ𝑛

(
𝜌⊗𝑛 ) − 𝜎⊗⌈𝑅𝑛⌉



1 = 0
}
,

(104)
where LOCC𝑛 denotes the set of channels with input
system 𝐴𝑛 : 𝐵𝑛 and output system 𝐴′𝑚 : 𝐵′𝑚 , and
𝑚 ..= ⌈𝑅𝑛⌉. The operationally most important entan-
glement measures, the distillable entanglement and the
entanglement cost (see also Section III-C), can be seen
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as special case of the above notion, according to the for-
mulae 𝐸𝑑, LOCC(𝜌) ..= 𝑅LOCC(𝜌 → Φ2) and 𝐸𝑐, LOCC(𝜌) ..=
𝑅LOCC(Φ2 → 𝜌)−1.

In spite of their operational importance, asymptotic
transformation rates are extremely difficult to evaluate
and especially estimate from above. For this reason, one
is often interested in tight upper bounds on them. A
general strategy to construct upper bounds is to use the
regularised relative entropy of entanglement, defined
by [55], [56]

𝐸∞
𝑅 (𝜌) ..= lim

𝑛→∞
1
𝑛
𝐸𝑅

(
𝜌⊗𝑛 ) , (105)

𝐸𝑅(𝜌) ..= 𝐷
(
𝜌


S(𝐴 :𝐵)

)
= min

𝜔∈S(𝐴:𝐵)
𝐷(𝜌∥𝜔) . (106)

Here, S(𝐴 :𝐵) denotes the set of separable states on the
bipartite system 𝐴𝐵, defined by [57]

S(𝐴 :𝐵)
..= cl conv

{
|𝛼⟩⟨𝛼 |𝐴 ⊗ |𝛽⟩⟨𝛽 |𝐵 :

|𝛼⟩𝐴 ∈ H𝐴 , |𝛽⟩𝐵 ∈ H𝐵 , ⟨𝛼 |𝛼⟩ = 1 = ⟨𝛽 |𝛽⟩
}
,

(107)
where cl conv represents the closed convex hull (with
respect to the trace norm topology). The limit in (105)
exists due to Fekete’s lemma [58], because of the sub-
additivity property 𝐸𝑅

(
𝜌⊗𝑛 ) ≤ 𝑛𝐸𝑅(𝜌). Furthermore, the

infimum in the definition of 𝐷
(
𝜌


S(𝐴 :𝐵)

)
in (106) is al-

ways achieved, also for infinite-dimensional systems [59,
Theorem 5]. The importance of the regularised relative
entropy of entanglement stems from its operational in-
terpretation in the context of entanglement testing, guar-
anteed by the recently established generalised quantum
Stein’s lemma [60], [61], [62], [63].

If 𝜌 and 𝜎 are finite-dimensional states, with 𝜎 ∉ S(𝐴 :
𝐵) entangled, i.e. not separable, it is known that [37,
Eq. (146)]

𝑅LOCC(𝜌 → 𝜎) ≤
𝐸∞
𝑅
(𝜌)

𝐸∞
𝑅
(𝜎) . (108)

Note that 𝐸∞
𝑅
(𝜎) > 0, since 𝐸∞

𝑅
is a faithful measure of

entanglement [60], [64]. The problem with (108) is that
its standard proof [37, XV.E.2] makes use of asymptotic
continuity, a strong form of continuity that does not
apply to infinite-dimensional systems. Our main con-
tribution in this section is to generalise (108) to the
infinite-dimensional setting, thus avoiding the ‘asymp-
totic continuity catastrophe’ described in [15]. The price
we will have to pay is a stronger regularity assumption
on the target state 𝜎; however, crucially, no regularity
assumption is made on the LOCC protocols that can be
employed in (104) to effect the transformation. Our result
is as follows.

Proposition 16. Let 𝐴𝐵, 𝐴′𝐵′ be arbitrary bipartite quantum
systems, finite or infinite dimensional. Let 𝜌 = 𝜌𝐴𝐵 and 𝜎 =

𝜎𝐴′𝐵′ be two states with 𝜎 ∉ S(𝐴′ : 𝐵′) and 𝐸𝑅,max(𝜎) < ∞.
Then

𝑅LOCC(𝜌 → 𝜎) ≤ 𝑅NE(𝜌 → 𝜎) ≤
𝐸∞
𝑅
(𝜌)

𝐸∞
𝑅
(𝜎) . (109)

In the above statement, 𝐸𝑅,max denotes the max-
relative entropy version of (106), i.e.

𝐸𝑅,max(𝜌) ..= min
𝜔∈S(𝐴:𝐵)

𝐷max(𝜌∥𝜔) , (110)

also called the logarithmic robustness of entangle-
ment [65], [66], [67]. This entanglement measure is finite
for most physically relevant states in infinite-dimensional
systems — e.g. for all Gaussian states in continuous-
variable systems; in this sense, the assumption of Propo-
sition 16 is not exceedingly restrictive. As for the stan-
dard relative entropy of entanglement, also in this case
we have the sub-additivity property

𝐸𝑅,max
(
𝜌⊗𝑛 ) ≤ 𝑛 𝐸𝑅,max(𝜌) . (111)

Furthermore, in (109) we denoted with 𝑅NE(𝜌 → 𝜎)
the asymptotic transformation rate under non-entangling
(NE) operations [68], [69], [61], [70], obtained from (104)
by replacing LOCC with the set of all channels that map
separable states to separable states.

Proof of Proposition 16. Since the set of LOCC operations
is a subset of that of NE operations, it is immediate to
see that

𝑅LOCC(𝜌 → 𝜎) ≤ 𝑅NE(𝜌 → 𝜎) . (112)

Thus, it suffices to prove the second inequality in (109).
To this end, let 𝑅 be an achievable rate, i.e. let it belong
to the set in (104), with LOCC replaced by NE. Then
there exists a sequence of NE operations Λ𝑛 such that the
states 𝜔𝑛

..= Λ𝑛

(
𝜌⊗𝑛 ) satisfy 𝜀𝑛 ..= 1

2


𝜔𝑛 − 𝜎⊗⌈𝑅𝑛⌉



1 −−−−→𝑛→∞
0. We can now write that

𝐸𝑅

(
𝜎⊗⌈𝑅𝑛⌉ ) − 𝐸𝑅

(
𝜌⊗𝑛 )

(i)
≤ 𝐸𝑅

(
𝜎⊗⌈𝑅𝑛⌉ ) − 𝐸𝑅(𝜔𝑛)

(ii)
≤ 𝜀𝑛 𝐸𝑅,max

(
𝜎⊗⌈𝑅𝑛⌉ ) + 𝑔(𝜀𝑛) + ℎ2(𝜀𝑛)

(iii)
≤ ⌈𝑅𝑛⌉ 𝜀𝑛 𝐸𝑅,max(𝜎) + 𝑔(𝜀𝑛) + ℎ2(𝜀𝑛) .

(113)

The justification of the above inequalities is as follows.
In (i) we simply observed that due to monotonicity under
NE operations [69, Lemma IV.1] it holds that 𝐸𝑅

(
𝜌⊗𝑛 ) ≥

𝐸𝑅

(
Λ𝑛

(
𝜌⊗𝑛 ) ) = 𝐸𝑅(𝜔𝑛). In (ii) we applied Proposition 13,

and in particular (94), with F = S
(
𝐴′⌈𝑅𝑛⌉ : 𝐵′⌈𝑅𝑛⌉ ) and

L = CPTP
(
H𝐴𝐵 → H𝐴𝐵

)
, so that 𝐷L(·∥F ) = 𝐸𝑅(·) and

𝐷L
max(·∥F ) = 𝐸𝑅,max(·). Finally, in (iii) we employed (111).
Diving both sides of (113) by 𝑛 and taking the limit

𝑛 → ∞ yields immediately 𝑅𝐸∞
𝑅
(𝜎) − 𝐸∞

𝑅
(𝜌) ≤ 0. The

claim follows by taking the supremum over 𝑅 and
dividing by 𝐸∞

𝑅
(𝜎), which is strictly positive due to the

faithfulness of 𝐸∞
𝑅

, whose proof in [64] works equally
well for finite- and infinite-dimensional systems.
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IV. Conclusion

Further applications in quantum information are wait-
ing to be explored, but the main open question remains
Conjecture 6 about the conditional entropy for general
bipartite quantum states. Whereas many of applications
do seem to have fixed marginals, one important question
we have to leave open concerns tight continuity bounds
for quantum conditional mutual information, which
would improve on [21], [25], [26], [27]. A strictly related
question is that of establishing tight continuity bounds
for the squashed entanglement [71], [20], improving on
the original one by Alicki–Fannes [21].

Another special case that is particularly relevant for
improving the known continuity bounds on capacities
of quantum channels (see [34], [35]) would be a version
of Theorem 5 in terms of quantum mutual information,
where one marginal of the bipartite states is equal (but
not the other one). This is not covered by Theorem 1
and our proof techniques, but one might nevertheless
conjecture even more generally that for states 𝜌𝐴𝐵 , 𝜎𝐴𝐵

and with trace distance 1
2 ∥𝜌𝐴𝐵−𝜎𝐴𝐵∥1 ≤ 𝜀 small enough,

one has something like��𝐼(𝐴 : 𝐵)𝜌 − 𝐼(𝐴 : 𝐵)𝜎
��

?
≤ 𝜀 log

(
min

{
|𝐴|2 , |𝐵|2

}
− 1

)
+ ℎ2(𝜀)

(114)

with the quantum mutual information 𝐼(𝐴 : 𝐵)𝜌 ..=
𝐻(𝐴)𝜌 + 𝐻(𝐵)𝜌 − 𝐻(𝐴𝐵)𝜌. In fact, to the best of our
knowledge, this question seems to be open even in the
classical case.3

Note. Our result on the uniform continuity bound for
the conditional entropy in the case of equal marginals
(Theorem 5) was obtained with different techniques by
Audenaert, Bergh, Datta, Jabbour, Capel, and Gondolf.
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Appendix A
Comparison of the bounds in (29) and (30)

To prove this, in the technical lemma below we investi-
gate the general relationship between the three numbers
𝜀, 𝛼, and 𝛽 appearing in (29)–(30).

Lemma 17. Let 𝜀, 𝛽, 𝛾 ∈ (0, 1]. There exist two finitely
supported probability distributions 𝑃 and 𝑄 such that 𝜀 =
1
2 ∥𝑃 −𝑄∥1, 𝛽 = max{∥𝑃∥∞ , ∥𝑄∥∞}, and 𝛾 = ∥𝑃 −𝑄∥∞, if
and only if

𝛾 ≤ min{𝜀, 𝛽}, 𝜀 + 𝛽 ≤ 1 + 𝛾 . (115)

Before proving the above result, we explain why it
solves the problem of comparing our bound and the one
by Sason (and Jabbour/Datta). For any fixed 𝜀 ∈ [0, 1),
if 𝑑 is allowed to be arbitrarily large the relationship be-
tween 𝛽 and 𝛼 = 𝛾/𝜀 can be written as 0 ≤ 𝛽−𝛼𝜀 ≤ 1−𝜀.
This encompasses cases where 𝛼 → 0+ and 𝛽 → (1− 𝜀)−,
so that 𝛼 ≪ 𝛽, and cases where 𝛽 = 𝛼𝜀 < 𝛼.

Proof of Lemma 17. Let us first show that the condi-
tions (115) are necessary. The inequality 𝛾 ≤ 𝛽 follows
from the non-negativity of 𝑃 and 𝑄, while 𝛾 ≤ 𝜀 is ele-
mentary and well known. To prove that 𝜀+𝛽 ≤ 1+𝛾, call
X the underlying alphabet, and let 𝑥0 ∈ X be the symbol
such that (without loss of generality, up to exchanging
𝑃 and 𝑄) 𝑃(𝑥0) = ∥𝑃∥∞ = max{∥𝑃∥∞ , ∥𝑄∥∞} = 𝛽. Then
𝛾 ≥ |𝑃(𝑥0)−𝑄(𝑥0)|, so that 𝑄(𝑥0) ≥ 𝛽−𝛾; we also deduce
that

𝜀 =
1
2 ∥𝑃 −𝑄∥1 =

1
2 |𝑃(𝑥0) −𝑄(𝑥0)| +

1
2

∑
𝑥≠𝑥0

|𝑃(𝑥) −𝑄(𝑥)|

≤ 𝛾

2 + 1
2

∑
𝑥≠𝑥0

(𝑃(𝑥) +𝑄(𝑥))

=
𝛾

2 + 1
2
(
1 − 𝑃(𝑥0) + 1 −𝑄(𝑥0)

)
≤ 𝛾

2 + 1
2
(
1 − 𝛽 + 1 − 𝛽 + 𝛾

)
= 1 − 𝛽 + 𝛾 ,

(116)
which proves (115). Conversely, assume that 𝛾 > 0 and
that the inequalities in (115) are satisfied. Pick some
integer 𝑁 such that 1/𝑁 ≤ 𝛾 ≤ 𝛽, and consider the
alphabet X = {0, 1} × {0, 1} × {0, . . . , 𝑁 − 1}. Construct
two probability distributions 𝑃 and 𝑄 on X as follows:

𝑃(00𝑐) = 𝛽𝛿𝑐0 , 𝑄(00𝑐) = (𝛽 − 𝛾) 𝛿𝑐0 ,

𝑃(01𝑐) =
1+𝛾−𝛽−𝜀

𝑁
, 𝑄(01𝑐) =

1+2𝛾−𝛽−𝜀

𝑁
, (117)

𝑃(1𝑏𝑐) = 𝜀 − 𝛾

𝑁
𝛿𝑏0 , 𝑄(1𝑏𝑐) = 𝜀 − 𝛾

𝑁
𝛿𝑏1 ,

where 𝛿 denotes the Kronecker delta. It is straightfor-
ward to verify that max{∥𝑃∥∞ , ∥𝑄∥∞} = 𝑃(000) = 𝛽,
∥𝑃 − 𝑄∥∞ = |𝑃(000) − 𝑄(000)| = 𝛾, and furthermore
1
2 ∥𝑃 −𝑄∥1 = 𝜀. This concludes the proof.
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