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ABSTRACT: We recently constructed type-IIB compactifications to four dimensions depend-
ing on a single additional coordinate, where a five-form flux ® on an internal torus leads
to a constant string coupling. Supersymmetry is fully broken when the internal manifold
includes a finite interval of length ¢, which is spanned by a conformal coordinate in a finite
range 0 < z < z,. Here we examine the low-lying bosonic spectra and their classical
stability, paying special attention to self-adjoint boundary conditions. Special boundary
conditions result in the emergence of zero modes, which are determined exactly by first-order
equations. The different sectors of the spectrum can be related to Schrodinger operators on
a finite interval, characterized by pairs of real constants p and fi, with p equal to 1/3 or
2/3 in all cases and different values of ji. The potentials behave as & 2;21/ 1 and (‘Z 2112/ ;42 near
the ends and can be closely approximated by exactly solvable trigonometric ones. With

vanishing internal momenta, one can thus identify a wide range of boundary conditions
granting perturbative stability, despite the intricacies that emerge in some sectors. For the
Kaluza-Klein excitations of non-singlet vectors and scalars the Schrédinger systems couple
pairs of fields, and the stability regions, which depend on the background, widen as the
ratio ®/¢* decreases.
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1 Introduction and summary

Different scenarios for supersymmetry breaking in String Theory [1-6] have been explored
over the years. The resulting pictures are captivating, but they all entail, in one way or
another, strong back reactions on the vacuum. To wit, quantum corrections to Scherk-
Schwarz compactifications [7-15] lead to runaway potentials (and possibly to tachyonic
modes), which also emerge, already at the (projective) disk level, in the three non-tachyonic
ten-dimensional strings [16-24] of [25-35]. While supersymmetry is absent in the first two,
Sugimoto’s model in [29-35] rests on a non-linear realization of supersymmetry [36-38], and
in fact it is the simplest setting for brane supersymmetry breaking [29-35]. Fluxed AdS
vacua for the three non-tachyonic ten-dimensional strings of [25-35], where curvatures and
string couplings are everywhere weak, do exist [39-42], but they generally host unstable
modes [43, 44]. In contrast with the standard Kaluza-Klein constructions that play a
ubiquitous role for supersymmetric strings [1-6], the Dudas-Mourad vacua [45] rest on an
internal interval, and are perturbatively stable [43, 44]. However, they include regions where
the expected corrections sized by the string coupling, and/or by the space-time curvature,
become unbounded.

This paper concerns a class of type IIB [46, 47] compactifications to four-dimensional
Minkowski space with internal fluxes [48] that avoid the emergence of regions where the



string coupling becomes large.! It is a sequel of [50], where a number of properties of these
vacua were elucidated, including the presence of an effective BPS orientifold at one end
of the internal interval. Furthermore, supersymmetry is fully broken when this orientifold
lies at a finite distance from another singularity, while it is partly recovered in the limit
where the two ends are separated by an infinite distance. The analysis also showed that,
for a natural choice of boundary conditions, the massless Fermi modes present in these
vacua are those of N = 4 supergravity [51-54] coupled to five vector multiplets. Our task
here is to investigate the nature of the corresponding bosonic modes, taking a close look
at the available choices of self-adjoint boundary conditions [44], while also analyzing their
implications for vacuum stability.

These backgrounds are characterized by a constant dilaton profile ¢g, which we set to
zero for simplicity, and by metric and five-form profiles that depend on a single coordinate
r, and read
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The x* are coordinates of a four-dimensional Minkowski space, and positive values of the
coordinate r parametrize the interior of an internal interval. The five y* coordinates have a
finite range,

0<y <27R, (1.2)

and parametrize an internal torus, which for simplicity we take to be the direct product
of five circles of radius R. These vacua thus depend on the two constants H and p, and
supersymmetry is fully broken for finite values of p. We shall often use the conformal

coordinate . -
1 10¢
2(r) = zo/ d¢ sinh £2 e” "1, (1.3)
0
where
1
20 = (2Hp")* . (1.4)

The upper bound for z, which will play a role in the ensuing discussion, is
Zm =~ 2.24 2. (1.5)

Half of the supersymmetries originally present in ten dimensions are recovered in the
p — oo limit [50], albeit within a curved spacetime that still includes the singularity at
r = 0. After the coordinate transformation

§H:§(2HT)§ , (1.6)

!As in the original vacua of [45], the strong curvatures present in these types of vacua can be also confined
to small portions of the internal space with suitable choices of their free parameters [48, 49].



the limiting behavior of the solution reads
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and describes indeed a non-homogeneous curved background including an internal torus
with an effective £&-dependent size. As & — 0, the volume of the internal torus shrinks to
zero and the scale factor of the spacetime coordinates blows up, while conversely as & — oo
the volume of the internal torus blows up while the scale factor of the spacetime coordinates
shrinks to zero. Both limits are thus delicate within supergravity [51-54] although, as we saw
in detail in [50], this limiting form of the vacuum does preserve half of the supersymmetries
of ten-dimensional Minkowski space. One can also absorb the constant H, while rescaling
the radius R of the internal torus by a factor H 5.
Alternatively, the backgrounds of egs. (1.1) can be presented in the form
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[ sinh (7)]?

© 1 da® A Ada® AdF

H = +Odgt AL NdG 1.8
5 T 2h [sinh (7 Y 4 (1.8)

where 7 > 0 is a dimensionless variable, £ is the length scale of the interval, h is a
dimensionless parameter and @ is the five-form flux in the internal torus. Here
. T —; Y
F=, - 7 1.9
; v=55 (1.9)
so that the ¢’ are dimensionless coordinates of unit range, and the new parameters are
related to those in egs. (1.1) according to

e
Rlot

h=2Hp, (=2H) —hip, ®=H@2rR)’, z=Chi. (1.10)

The volume of the six-dimensional internal space, which comprises the torus and the
r-interval, scales as
3 5
Vo~ ®0 ~Hz2p2 R, (1.11)

Ve

and similarly the volume of the internal torus, which can be defined as 7, scales as

Vs~ &0~ Hipi RO, (1.12)

Both quantities diverge in the supersymmetric limit p — oo, which thus occurs in a

ten-dimensional curved space with one singularity at the origin, as we had anticipated.
The fermionic zero modes present in these backgrounds were determined in [50]: for

finite values of p or £ they are four Majorana gravitini and 20 Majorana spinors, the massless



fermions of N = 4 supergravity coupled to five N = 4 vector multiplets, despite the breaking
of supersymmetry.? In the following sections we shall analyze in detail the corresponding
bosonic zero modes and their excitations, with the aim of addressing the perturbative
stability of these vacua at the classical level. As in [44], other parameters beyond those
appearing in the background are generally encoded in the boundary conditions. Moreover,
as we shall see, additional modes can be confined to boundaries. Only a subset of the
possible self-adjoint boundary conditions grant stability, but in all cases we find an ample
range of these choices.

The four-dimensional bosonic modes that we shall exhibit originate from the ten-
dimensional fields of type-IIB supergravity [46, 47, 51-54], and have r-profiles and discrete
momenta k in the internal torus. Linearized perturbations of the backgrounds can be
characterized by their four-dimensional spin and their internal quantum numbers, and
different representations of the residual symmetry groups can be studied independently. For
example, starting from the ten-dimensional metric and the four-form gauge field, which can
be decomposed as

GMN = G+ han s Banoan = B a4 6Ban (1.13)
after a suitable gauge fixing the perturbations hysn and 0By, . s, give rise to tensor, vector
and scalar modes of different types. The metric and the selfdual four-form are the only two
fields with non-trivial vacuum profiles, and for this reason they generally mix, are more
difficult to analyze and can affect other modes. In addition, the selfdual five-form is by
itself somewhat unfamiliar. All modes afford Fourier decompositions in the internal space,
so that for example the perturbations of the ten-dimensional metric can be decomposed
according to

hyn(x,ryy) = hyn(z,r) + Z hg\l;)N(:E,T) ey (1.14)

k#£0

The modes with vanishing internal momentum k, and in particular hy/n(z,7) in this
example, fill effectively multiplets of a continuous SO(5) symmetry. The SO(5) tangent-
space symmetry endows them with the internal quantum numbers that we alluded to
above, although only a discrete subgroup of SO(5) is actually an isometry of the torus. On
the other hand, the remaining modes carry lattice momenta k, and fill effectively SO(4)
multiplets corresponding to their stability groups. In practice, these will emerge as SO(5)
multiplets subject to orthogonality constraints. These properties will play an important
role in our analysis, and the internal quantum numbers of the modes that we shall identify
will correspond indeed to SO(5) representations for k = 0, and to SO(4) representations for
k # 0. For brevity, however, we shall usually drop the superscript (k) present in eq. (1.14)
when discussing modes with non-vanishing internal momenta. It would be interesting to
address generalizations of this type of setup where the internal torus is replaced by a more
general Ricci-flat internal manifold.

*More precisely, as explained in [50], this is the case if Fermi fields are subject to identical “A projections”

at the two ends of the r interval. Here we focus on this interesting option, but opposite “A projections”
would eliminate the massless Fermi modes.



Since the resulting spacetime is flat for the backgrounds of interest, the vacua of
eq. (1.1) are perturbatively unstable if m? < 0 for some four-dimensional modes, and we
shall perform a detailed scrutiny to this end. As in [43, 44, 50|, the four-dimensional masses
can be related to the eigenvalues of one-dimensional Schrodinger-like operators acting on
one or two wavefunctions, whose potentials are determined by the background.

The field equations lead, in general, to operators that are not manifestly Hermitian, so
that the replacement of the independent variable r with the “conformal” variable of eq. (1.3),
whose range 0 < z < z,, is finite and proportional to zg, together with redefinitions of the
different fields, will be instrumental to cast them into standard forms. Remarkably, as in
the nine-dimensional vacua discussed in [44], in all cases the resulting potentials develop
double poles at the two ends, where they behave as

2_ 1 n2 _ 1
vt 1 (Lt (1.15)
z (z — zm)

The constants p and i depend on the mode sector, while the scale dependence is only encoded
in z,,. Moreover, fi is zero for hy,, h;;, dilaton and axion perturbations, which share the
same Schrodinger operator, while it is a real number between zero and about 2.3 in all other
sectors. On the other hand, the parameter y associated to the z = 0 end is curiously either %
of % in all cases. The squared masses are eigenvalues of Hermitian operators and, as we saw
in [50] for Fermi fields, these steps also determine the normalization conditions, a necessary
ingredient to identify the actual physical modes. In most cases, these normalizations can
be simply recovered from the four-dimensional kinetic terms determined by ten-dimensional
action, but the self-dual tensor field does introduce some complications. However, despite
its reduced manifest symmetry, the non-standard Henneaux-Teitelboim action of [55], when
properly adapted, suffices to grant covariant descriptions in the backgrounds of eq. (1.1).

The completeness of the modes thus identified is essential to make statements on
perturbative stability. It is granted if the Schrédinger-like operators are not only Hermitian
but also self-adjoint, and this property demands judicious choices of boundary conditions.
These are determined by the asymptotics of the wavefunctions at the ends of the interval [44],
which reflects, in its turn, the singular behavior (1.15) of the potentials. Additional sets of
parameters thus emerge, which impinge on the positivity of the Hermitian Schrédinger-like
operators, and the stability of the resulting mass spectra generally places some constraints
on them [44].

The massless modes are exactly calculable in most cases, with suitable boundary
conditions, while in a few instances the allowed squared masses emerge as eigenvalues of
operators that are manifestly positive, again with suitable boundary conditions. Two sectors
with k # 0, the non-singlet vector modes of section 10.2 and the non-singlet scalar modes
of section 11.2, did not allow exact statements, and approximation methods were necessary
to address their stability. We thus relied on the variational principle of non-relativistic
Quantum Mechanics, which can be adapted to the present setting and allows reliable
numerical estimates of the lowest eigenvalues and of their dependence on k and on the
boundary conditions. In this fashion, we could identify background-dependent constraints
on the boundary conditions that grant stability in both cases.



In general, different boundary conditions lead to different spectra, and the residual
global symmetries required for the backgrounds of interest are instrumental to discriminate
among them. These symmetries include infinitesimal translations and Lorentz rotations
in spacetime, together with infinitesimal translations along the internal torus. The corre-
sponding currents are already present in the background, and do not flow across the ends
of the interval provided [50, 56]

\/ngT‘u|aM:0, \/_g ST/‘“/|8M:07 \/_g TT‘Z|8M:O7 (1.16)

where 1", and T"; are components of the energy-momentum tensor and S”,,, are components
of the spin portion of the angular momentum current. Enforcing eq. (1.16) selects special
boundary conditions for the fields. The solutions of the linearized equations that we shall
examine in detail, with special emphasis on the low-lying modes, determine the leading
contributions to these no-flow conditions. One can thus use them independently for the
different sectors of the spectrum to identify the boundary conditions compatible with
them. While in a quantum theory of gravity global symmetries are expected not to be
conserved [57-60], and therefore these requirements do not appear mandatory, they will
prove nonetheless useful to characterize the choices of boundary conditions.

The contents of this paper are as follows. In section 2 we briefly review the self-adjoint
boundary conditions for Bose fields at the ends of the interval in the presence of singular
potentials as in eq. (1.15). We also describe a class of exactly solvable trigonometric
potentials related to hypergeometric functions that can closely approximate the Schrédinger
potentials of all sectors in our background. In section 3 we begin our detailed analysis of
bosonic modes, starting from the dilaton-axion system. We examine the possible self-adjoint
boundary conditions and the stability regions for the corresponding Schrodinger equation,
and present an analytic solution for its zero mode. The same analysis applies to the axion,
and to the spin-2 h,, and spin-0 h;; modes of gravity. In section 4 we discuss the modes
of the type-IIB three-forms. All these fields lack vacuum profiles, but their equations are
affected by the five-form background via Chern-Simons couplings. As a result, their massless
modes require a special treatment, which finally leads to third-order equations and to some
unfamiliar features for their spectra. We also determine the corresponding stability regions
for the boundary conditions. In section 5 we first discuss a convenient parametrization for
the components of the self-dual tensor field, and then present the perturbed self-duality
equations, after making a convenient gauge choice. To the best of our knowledge, this is the
first time that this type of detailed analysis is carried out, to this extent, for a self-dual tensor
field. We then discuss the perturbed Einstein equations, including tensor contributions. To
this end, we rely extensively on appendices A, B and C, which contain a number of useful
technical details on the background and on the perturbed equations for the various fields.
In sections 6, 7 and 8 we examine the modes arising from the self-dual tensor or from the
ten-dimensional metric, with no mixings among them. The tensor modes of section 6 arising
from the five-form alone have some unfamiliar features, including the possible presence of
zero modes within all possible Kaluza-Klein excitations. This would clearly seem unphysical,
but actually the different occurrences correspond to different choices of boundary conditions,
and thus to different vacua. These choices would also lead to tachyons for k = 0, and



are thus excluded a priori by the requirement of vacuum stability. In sections 7 and 8 we
discuss the spin-2 hy,,, and spin-0 h;; modes, and show that the corresponding Schréodinger
equations are identical to that of the dilaton-axion sector. In section 9 we analyze the
vector modes that are singlets under the internal symmetries and show that there are only
massive excitations among them, since the zero mode is not normalizable. In section 10
we consider non-singlet vector modes. The modes of this type with k = 0, which are
valued in the fundamental representation of SO(5), lead to a one-dimensional Schrodinger
system. We show that they are stable with suitable self-adjoint boundary conditions, and
determine the corresponding zero mode. The sector with k # 0 is more difficult to analyze,
since it leads to a two-component Schrédinger system. After reducing it to a manifestly
Hermitian form, we estimate the lowest allowed values for m? and their dependence on the
lattice momentum k and on the choice of self-adjoint boundary conditions, resorting to the
variational principle. We show the existence of self-adjoint boundary conditions that grant
stability also in this case. Their parameter space is background dependent, and widens as
the ratio %, or equivalently as the ratio %, decreases. In section 11 we discuss non-singlet
scalar perturbations. For k = 0 these are valued in the fundamental representation of
SO(5), and with appropriate self-adjoint boundary conditions they are again stable, as in
the preceding sectors. We also determine the corresponding massless mode. For k # 0,
the modes belonging to this sector are valued in the fundamental representation of SO(4)
and lead again to a two-component Schrodinger system. After some redefinitions their
squared mass can be related to the eigenvalues of an operator that, with proper self-adjoint
boundary conditions, does not contain any unstable modes, but their parameter space is
again background dependent, and widens as the ratio % decreases. In section 12 we discuss
singlet scalar modes. For k = 0, after suitable redefinitions, their squared masses emerge
from an operator that is strictly positive with proper self-adjoint boundary conditions.
We show that stability persists within finite range of boundary conditions. We defer to a
different publication the analysis of scalar singlets with k # 0, which is more involved and
requires different techniques, for reasons that we explain in section 13, where we collect our
conclusions and some perspectives for future work. Appendix D contains some details on
small-k limit for the modes discussed in section 10.2, and finally appendix E contains some
details on our variational tests for sections 10.2 and 11.2.

2 Self-adjoint extensions and solvable (u, fi) potentials

In the Introduction we stated that, as in the nine-dimensional cases analyzed in [44], the
potentials for the various mode sectors in this class of vacua can be characterized by a pair
of parameters (u, i) that determine their leading singularities at the ends of the internal
interval. Let us first consider the sectors where the analysis of the fluctuations leads
to a single second-order equation. This case was widely studied, over the years, in the
Mathematical literature [61-66], and in [44] we formulated the whole setup in a way that
seems particularly transparent to us, while also adapting it to the stability issue that is
central to this work.



Case Sector [
1 ¥, a, h,ulla h’L] % 0
2 By 2 172
2 b (g1) 3 1.09
2 Vi 3 218
2 i 2 118
2 b 2 227
2 ¢ 2 1
3 By 3 054
3 By 2 0.63
3 b@,5(g) 2 0.09

Table 1. Values of p and fi for the different sectors of Bose modes with k = 0. The notation
b (g1) and b3 7 (go) is meant to stress that the values of u and /i refer to the Schrédinger-like
equations for g; or g in section 6.

2.1 One-dimensional sectors

We shall determine the values of p and i in the following sections, but for convenience we
collect the results in table 1. Note that the values of p are either é or %, while the values of
i range from 0 to about 2.3.

As explained in [44], the possible self-adjoint extensions of Schrodinger-like operators
in an interval terminating at a pair of singular points can be characterized via the limiting
behavior of the wavefunctions at the two ends. This is determined by p and ji, and the
condition that H 1 be in L? constrains in general the choice of the wavefunctions [61-66].
Referring to table 1, two independent choices of limiting behaviors are thus allowed, in
all cases of interest, at z = 0, while two choices are allowed at z,, when 0 < i < 1 and a
single one is allowed when i > 1. In general, the asymptotic behavior at the left can be
characterized by a pair of coefficients C; and C5, according to

iy 1,
p~ <z>2 + & <Z>2 it 0<pu<l,

\/ﬁ Zm \/ﬁ Zm
1 1
b~ C (2)2 log (Z> +Ch (Z>2 it u=0 (2.1)
Zm Zm Zm
while at the other there are different options, depending of the value of ji:
1, ~ 1~
Cs z \2TH Cy z \2 H N
~ 1-—— — (11— — if 1;
v \/ﬁ ( Zm) - m ( Zm) ' O<p=l:

1 1
i/)NCg<1—;)210g(1—;)+04(1—;>2 it p=0;

b ~ \/02% <1 - :;) o if . (2.2)
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When fi > 1, the possible self-adjoint boundary conditions depend on a single parameter,

gf — tan (‘;) . (2.3)

When 0 < < 1 and 0 < ji < 1, defining the two vectors

C(0) = (g;) . C(zm) = <g§> , (2.4)

the self-adjointness condition becomes
C(zm) =U C(0) , (2.5)
where U is a generic U(1, 1) matrix, so that

ZJ{TO'QUZO-Q. (26)

U is parametrized according to
U=e*u, (2.7)

where (3 is a phase and U is a generic SL(2, R) matrix, and in the global SL(2, R) parametriza-
tion

U (p,01,02) = coshp(cosf1 1 —iog sinfy) + sinh p (o3 cos by + o1 sinbs) , (2.8)

where 0 < p < oo, —m <01 <.

The Schrodinger equation determines in general the relation

where V is an SL(2, R) matrix, consistently with our definitions and the constancy of the
Wronskian, and the eigenvalue equation is in general [44]

Tr [U_l V} =2cosf3. (2.10)

The large-p limit of eq. (2.5) yields independent boundary conditions at the ends
depending on the two parameters 61 and 6o, which can be cast in the form

cos (91 ;92) C1 —sin <91 g 02) Cy =0,

sin (91;62>C4—cos<91;02>0320 (2.11)

when 0 <p<land 0< <1,




2.2 Matrix generalization of the setup

In some of the following sections we shall need a generalization of these results involving
n-component states ¥ and n x n matrix potentials, so that near the z = 0 boundary the
Hamiltonian will have the limiting form

1
H=-0+=5W, (2.12)
z
with Vp a Hermitian matrix with eigenvalues [,u% — i, e 2 — ﬂ In a similar fashion,
near the other end of the interval the Hamiltonian will have the limiting form

H= -0+ Vi, (2.13)

%, o 2 — ﬂ In general, the two

matrices Vj and V,, are diagonalized into Dy and D,, by different unitary matrices Uy and
U, so that

with V,, a Hermitian matrix with eigenvalues [ﬂ% —

Vo=UyDoUl,  Vi=UnDnU] . (2.14)

Consequently, if 0 < p; < 1 the limiting behavior of the wavefunction close to the left end
of the interval has the general form

C11 1 +u1 Ch2 1 — U1
—LL_ ~3 —12_ ~3
+

2 V2p
P ~ Uy ... . (2.15)
At gt

In complete analogy with the one-dimensional case, if some p; is larger than one the
L? condition demands that the corresponding Cjo vanish. Finally, if some p; = 0 the
corresponding line becomes

Cyy 22 log z + Cio 27 (2.16)

The limiting behavior at the other end is similar, up to the replacement of p; with f;, 2z
with 2, — 2z and C;1 2 with new coefficients C;3 4.
The Hamiltonian H is self-adjoint if

0- vt x—vla.x] " =0, (217)
and therefore, if 0 < u; < 1,

Z [CH Di2 — Ci5 Din + Cj5 Dis — C7y Dis] = 0, (2.18)

%

where we have denoted by Cj; and D;; the coefficients of ¢» and x. One can now define
the 2n-component vector C(0);4, with C(0);1 = Cj1 and C(0);2 = Cy2 and C(zp,)iq, With
C(zm)i1 = Ciy and C(2z)i2 = Ci3 and ¢ = 1,...,n, and the preceding condition becomes

CT(0) 1, ® 02 D(0) = CT(2) 1n ® 02 D(2n) - (2.19)

~10 -



Consequently the self-adjoint boundary conditions are parametrized by elements U of
U(n,n) such that

Clzm) = UC(0) (2.20)

together with a similar relation for the D coefficients. The independent boundary conditions
are then obtained when both sides of eq. (2.19) vanish, which is the case if the linear

conditions,

C(0) = A C(0), (2.21)

hold, where A Hermitian, A? = 1, and
(A 1®oy}=0. (2.22)

One can thus write
A=M® o1 + M3® o3, (2.23)

with M 3 Hermitian matrices such that
MPZEM2=1,  [My,M3]=0. (2.24)

The two matrices M; and M3 can be simultaneously diagonalized, and can be cast in
the form

M, =Qf diag(sinal,..., sinan) Q, Mz =Qf diag(cosal,..., cosan) Q, (2.25)

with © a unitary n x n matrix of unit determinant. In detail, the boundary conditions (2.21)
read

Cia = {Muj o1a” + M3 U3ab] Cip (2.26)

or regrouping the coefficients into a rectangular matrix
QC:(D101+D303)QC, (227)

where
D, = diag(sin ai,...,sin an) D3 = diag(cos Qai,..., CoS ozn) . (2.28)

For an n x n second-order system, the general boundary conditions of this type thus
involve n(n+1) — 1 parameters. Similar considerations apply at the other end, with n angles
&; and another unitary n x n matrix Q of unit determinant. All in all, the independent
boundary conditions are thus parametrized by 2n angles and a pair of special unitary n x n
matrices. For n = 1, these considerations recover the choices of self-adjoint boundary
conditions discussed in the preceding pages. However, only n of the 2n components of C
are arbitrary, due to the condition (2.21), so that effectively one ends up with n parameters
at each end. If some of the p; > 1 (say, m of them), the number n is simply replaced by
n —m in the preceding considerations, and similarly for the ;.
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2.3 Exactly solvable hypergeometric potentials

Before exhibiting the actual potentials for the various sectors of our problem, is it convenient
to introduce a family of exactly solvable Schrédinger systems that generalize those considered
in [44], for which p = f1, and share the same type of limiting behavior. These systems are
characterized by the trigonometric potentials [65, 66]

2 2 1 ~2 1
- . m we =z w =z
Vi) = 5 | =7y a7 | (2.29)
m Sin (m) COS (m)

where 0 < z < z,,, which can be obtained starting from the hypergeometric equation [67]
and performing a change of independent variable followed by a redefinition of the function,
in order to cast the result into the Schrédinger form

72 m?
V) + V(i 2) W(z) = —— P(2). (2.30)
m
For ;= fi the potential reduces to
2 -1
V(,U,,Z) = 2 74? (231)
Zp sin? (%)

and the resulting spectra were discussed in detail in [44].
For 1 # 0, which is always the case in table 1, the general solution of eq. (2.30) reads [67]

A wy(2) + B wa(z)
U(z) = T 1 (2.32)
u(z)*72 v(z)7H 2
where
wy(z) = 2F] {a,b;c;uQ(z)} ,
wy(z) = u(2)2079 , Ry [a —c+1l,b—c+1;2- c;uQ(z)] , (2.33)
and the 9 F; are hypergeometric functions [67]. Moreover
u(z) = sin (;;) , v(z) = cos <27r;n) ,
— 1 - 1
a=" Z+ +m, b=~ g+ —-m, c=1—pu, (2.34)

where, without loss of generality, one can assume that pu and j be positive. The two
functions

ws(z) = 271 [a,b;a—i—b—c—i—l;vz(Z)} ;
wy(z) = v(2)2e00 Ly {c —a,c—bjc—a—b+1; 212(2)] (2.35)
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provide an alternative basis of solutions, and are related to previous pair according to [67]

IF'(c)T(c—a—10) I'(c)T'(a+b—c)

nl) = Fesa ey @Ot T TwTe o )
T'2-¢)T(c—a—0b) r2—c¢)I'(a+b—c)
wl) = Ta-grazn Ot Tacrnroocry ) 239

Even in this more general setting, one can introduce first-order operators A, ., and

AILEQ, where
T Tz T Tz
=0, +— (2 1 t | — — 2ep—1)t — 2.37
Aees Z+4Zm( €1 pp+1) co (22m>+42’m( €2 ) an(22m>7 ( )
which depend on the signs €; and €. One can then show that
-A617€2 All,eg = _83 + V€1752 (Z) ) (238)
where
2 2
Vepeo(2) = V(2) — @(1 tep—ef) . (2.39)
The different Hamiltonians
He e, = —33 + Ve (Z) (2'40)
have the same eigenvectors as H but have shifted eigenvalues, so that
1 2
2 2 .
My =M = 7 (1 +ep— e M) . (2.41)
The solutions of
All,eg \IJ€1,€2 = 07 (242)
are 1 1
. Tz tep TZ 3 €2 f
Ve eo(2)=0C {Sm (mﬂ |:COS (Mﬂ . (2.43)

When they are normalizable, they are zero modes of H, ,.
In order to discuss the possible self-adjoint boundary conditions for V(z) in the different
sectors of the spectrum, one must distinguish different ranges for fi.

e Thecase > 1 and i > 1 does not occur in table 1, but it is simple and instructive. The
L? condition at the origin implies that A = 0 in eq. (2.32), and the limiting behavior
at the other end of the interval is determined by egs. (2.36). The corresponding L?
condition demands that the coefficient of w4(z) vanish, so that a —c+1lorb—c+1
must be negative integers, which determine altogether the stable spectrum

~ 1 2
mz_(ll‘f‘l;‘f‘+n) ) n=0,1,.... (2.44)
Consequently

Mg e :%[(1+61)#+(1—62)ﬂ+2(n+1)] [(1—e)p+ (1 +e)ia+2n]. (2.45)

In this case, among the zero mode wavefunctions (2.43), only W, _ is normalizable,
and the corresponding zero-mass eigenvalue is recovered for n = 0.
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Figure 1. The left panel illustrates the first stable eigenvalues of the potential (2.29) for u = %,

IEL:

1.72, tan (%) = 1 (blue dashed line) and for tan (%) = —0.21 (orange dotted line). The

right panel illustrates the presence of a tachyonic mode for the same values of p and f and
—0.21 < tan (%) < 0.

If 0 < p < 1and i > 1, which corresponds to case 2 in table 1, both solutions in
eq. (2.32) are normalizable, but one must again demand that the resulting contribution
proportional to w4(z) vanish near the other end of the interval. In this case, the
allowed self-adjoint boundary conditions are related to the ratio of the two coefficients
A and B and, according to eq. (2.3), they can be parametrized via an angle «, so that

4t () (%) " (2.46)

The resulting eigenvalue equation reads

(3) -G (g) " M)

26 (1= p) T (B 4 m) (B4 — )|

2

2

and can be solved graphically, as in figure 1 for both real values of m, which correspond
to stable modes, and for imaginary ones, which correspond to tachyonic modes.

Some special cases are exactly solvable.
— For a = 0 the denominator should have poles, so that the spectrum is given by

~ 1 2
m? = (n + 'LH_';L—’—> , (2.48)

which is stable, with no tachyons and no massless modes.

— For a = £7 the numerator must have a pole, so that

m? = <n + ~>2 , (2.49)

which is again stable, with no tachyons and no massless modes.
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— For general values of «, one can solve the eigenvalue equation graphically, as
illustrated in figure 1, and there is an infinite spectrum of real m eigenvalues that
correspond to stable modes with, in addition, at most one imaginary eigenvalue
for m, which corresponds to a tachyonic mode. No tachyons are present if

2 [ p—ptl
Co o' ™\ T +p) T ( 2 ) Cy
a = tan <2> < — <2> F(l _ ILL) I“Q (ﬂ+#+1> or a > 0. (250)

Two typical examples are displayed in figure 1

e If0< pu<1and0< fi <1, which corresponds to case 3 in table 1, one is free to use
arbitrary combinations of the independent solutions at the two ends of the interval,
and the self-adjoint boundary conditions relate them by a U(1, 1) matrix, according
to eq. (2.5). Taking egs. (2.1), (2.2) and (2.32) into account, one can first conclude

that
1

C1=B2u (;T);w . Cy=AV2n (g) , (2.51)

and then eqs. (2.36) determine Cy and Cj3 as

@VEG L re—o@r ro
T(a+b—c) '‘Tla—c+)T(b—c+1) *T(a) T (b)°
5)7"VEG re—og @ r (3"

T(e—a—b) 'T—a)T(1-b) (2.52)

One can verify that the two pairs (C1,C3) and (Cy, C3) are related by an SL(2, R)
transformation V', as in eq. (2.9). The boundary conditions can now be parametrized
via eq. (2.8) and an additional phase (3, and the eigenvalue equation (2.10) reads

& (—p, fr, m) (cos 61 cosh p — cos 0 sinh p)

+ & (1, —f1, m) (cos By cosh p + cos 6 sinh p)

— & (u, f1,m) (sin 01 cosh p 4 sin O sinh p)

+ & (—p, —f1,m) (sin 61 cosh p — sin Oy sinh p) = 2cos 3, (2.53)

where
(5)" /|2 v - w) T (@)

[ [3(-n+ i+ 1) —m|T[m+f(-p+a+1)]

&, fi,m) = (2.54)

In the p — oo limit, which translates into independent boundary conditions at the
ends of the interval, this expression reduces to

& (—p, 1, m) (cos 01 — cosba) + & (p, —fi, m) (cos by + cos 0a)
—&(p, f1,m) (sin @y + sinfby) + & (—p, —fi,m) (sinf; —sinfhy) = 0. (2.55)
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Some special cases are exactly solvable.

— If 0 = 63 = 0, eq. (2.55) reduces to & (u, —fi, m) = 0, which is solved by

~_1 2
mz—(n—u—i_'[;) , n=20,1,.... (2.56)

There is a zero mode when u + fi = 1, which is in principle possible within the
ranges that concern this case, but never occurs in table 1;

— In a similar fashion, if ;1 = 62 = 7, eq. (2.55) reduces to £ (u, fi, m) = 0, which
is solved by

——=1\2
mQ—(n—M'g) ) n=0,1,.... (2.57)

— If 61 = =02 = 7, eq. (2.55) reduces to & (—p, —fi,m) = 0, which is solved by

— 4 1\2
m2:<n+'ug+ . on=01,.... (2.58)
— Finally, if ; = 0 and 0 = 7, eq. (2.55) reduces to & (—u, fi, m) = 0, which is
solved by
~ 1 2
mz—(n—i—u—l_'g—l_) , n=0,1,.... (2.59)

e If 0 < u < 1 and i = 0, both solutions in eq. (2.32) are normalizable, and the
asymptotic behavior at the left end defines again the two coefficients C7 and Cy
according to eq. (2.51), while C3 and C}y are defined according to

b ~ 1—Zi {C4+C3 log (1—Z>} . (2.60)

m Zm

One can obtain the connection formulas as the i — 0 limit of the preceding expressions
in egs. (2.35) and (2.36). Consequently, the behavior in the vicinity of the right end
of the interval is now

wi(2) ~ € m) + o) log (1= =)

wa(2) ~ & (—p,m) + La(—p,m) log (1 — 'jn) , (2.61)
where
10y (ot 2) v (n- 1) 20020 5]
§1(p,m) = —

§a(p,m) = — , (2.62)
2 \/mf<—m—%+%)f‘<m—%+%)
with o
Ve =T ==, (2.63
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and v ~ 0.577 the Euler-Mascheroni constant. The linear relations among the
coefficients are now

Cy = Cy &1(,m) + C1 §1(—p,m),
C3 = Ca &a(p,m) + C1 Eo(—p,m), (2.64)

and consistently with [44] they define an SL(2, R) transformation V. The resulting
eigenvalue equation is
(cosh p cos @y — sinh p cosB2) &1 (—u, m) + (cosh p sin @) — sinh p sin Oz) o (—p, m)
+ (cosh p cos 6y + sinh p cos 62) &2 (u, m) — (cosh p sin 61 + sinh p sin 03) &1 (p, m)
—2cosf=0. (2.65)

In the p — oo limit, which translates into independent boundary conditions at the
ends of the interval, this expression reduces to

(cos By — cosb) &1 (—p,m) + (sin €y — sinba) Eo(—p, m)
+ (cos by + cosb2) Eo(p,m) — (sin by + sin ) & (u,m) = 0. (2.66)

Some special cases are exactly solvable:

— if 61 =602 =0, eq. (2.66) is solved by

—1\2
m2:<n—'[12) , n=0,1,...; (2.67)

— if #; = 0 and 6y = 7, the solution is

1 2
m2:(n+u_2|_> . n=01,.... (2.68)
Before turning to the different sectors of the actual spectrum, let us describe some

features of the multi-dimensional case.

2.4 A simple matrix generalization of the hypergeometric model

One can generalize the preceding setup to cases when the wavefunction has n components,
replacing p and fi in eq. (2.29) by real diagonal matrices, so that

[T diag(ul yeens un) , (2.69)

and similarly for fi. In this case there are n decoupled hypergeometric equations, whose
solutions, however, can be mixed by the boundary conditions.

For simplicity, we can confine our attention to boundary conditions given independently
at the two ends, and to the special cases of interest in this paper in sections 10.2 and 11.2,
where n = 2,0 < 12 < 1, while 0 < fiy < 1 and fip > 1. In these cases, the choice of
self-adjoint boundary conditions involves five angles at the left end and one additional
parameter at the right end.
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Let us begin from the first end. Making use of eq. (2.27) and denoting the product Q2 C
by C, the independent boundary conditions at the left end can be cast in the form

6’11 = cosaq 6’11 + sin oy 5’12 ,
Co1 = cos ap Co1 + sin g Coa (2.70)

or equivalently
~ ~ ~ a ~
Ch1 = cot % Cio, Cy1 = cot 72 Cos . (2.71)

Now the actual C coefficients are related to the C' by an SU(2) matrix Qf, and one can
parametrize () as

i : i3
Q- ( C(?S’ye_iﬁ smfye_m) 7 (2.72)
—sinye % cosvye
so that finally
Ci = Eij Cja, (2.73)
with
- ar
P-aipq, E=(%% 0 ). (2.74)
0 cot?

For 2 = 1 one recovers the boundary conditions for independent equations that encompass
all cases with k = 0. When a1 = a9, €2 commutes with £ and disappears altogether, and a
similar simplification occurs, for a generic E, when € is diagonal.
If fis > 1, as will be the case in section 10.2, one must demand that at the right end

Cys = 0, in order get L? solutions, and moreover the ratio

Ci3 aq

— =cot — 2.75

i 5 (2.75)
can be taken to parameterize the independent choices of self-adjoint boundary conditions
there. The continuation to the right end of the interval of the hypergeometric solutions
then yields the relations

(2)" /i Cua T (1+ ) (5)7"
= — i1 pu ~
r (,uz) ! T (,“i"’/;i"‘l + m) T ( H—gﬁ-l _ m)
I'(1—pm) (5)"
+ C'Q o - )
¢ 1" (N1_51+1 + m) F (#1_514‘1 m)

(3) "5 G (L4 pm) (5)7"

T (_ﬂz) [ r (,uL i+l + m) T (Mz—gﬁ-l . m)

(2.76)

and taking eq. (2.73) into account, the r.h.s. only involves the Cj3. These ingredients
determine the eigenvalue equation as follows. One first expresses the Cj; in terms of the
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Ci2 using eq. (2.73), so that the preceding relations become

% Cis = Puij Cja, % Ciz = P34 Cj2 (2.77)
where
Pyis — EU r (1 + ;) T (ﬂi}(%)ﬁmﬁﬁi 5@] F.(l — ;) T (ﬁi)(%)“ﬁﬂi ,
F(%’“H—I—m)f‘(%’““—m) F(“Z%’“H—i—m)F(’“%’“H—m)
Pas = EyT(1+ ) T (=) (5) " 0i T (1= ) T (=) ()" (2.78)

T (ﬂi*gi+1 4 m) T (urgﬂrl _ m) T (1*%*;@ + m) r (Pﬂé‘*m _ m) ’

One must now demand that Cyy = 0, while also relating C13 and C14 according to
eq. (2.75), and the resulting eigenvalue equation
a1 Pyoo P311 — Pyo1 Paro

cot — = 2.79
2 Pyoo Py11 — Pyo1 P2 (2.79)

depends on six parameter, the five parameters contained in E and &.
The other case of interest, fiy = 0 and ps > 1, will present itself in section 11.2. Now
the preceding equations (2.76) for i = 1 are replaced by

Cra = C12 & (p1,m) + Cr1 &1(—p1,m),
Ci3 = Cyg &(p1, m) + Cry Ea(—p1,m), (2.80)

where £ and & are defined in eqs. (2.62), while they still hold for ¢ = 2. The final form of
the eigenvalue equation is then

~ P ,m) — &a(—p1,m) E11) — Ea(—pa, m) Ero P
o B _ 422 (fz(/ﬂ m) — &(—p1,m) ~11) &o(—p1,m) Ero 421, 2.81)

2 Py (fl (1, m) + & (—p1,m) E11) — &1 (—p1,m) Era Pan

and the number of free parameters remains the same.

3 The perturbed dilaton-axion system
In a generic metric of the form
ds? = 240 qg? + e2B0) gp? 4 £2C0) gyy? (3.1)

and in the harmonic gauge
B=4A+5C, (3.2)

the perturbed dilaton equation follows from the quadratic terms in the type-IIB effective
action, which for manifolds without boundaries contains the terms

1 ’
S= -1 /dlov’ﬂ (B0 9,00, + P51 0,000+ (0,9}, (3.3)
10
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and can be cast in the form
O+ A" g2 4 248192 = 0. (3.4)

Here 0 and V? denote the d’Alembertian operator for four-dimensional Minkowski space
and the Laplace operator for the internal torus. In the analysis of the different sectors we
shall rely implicitly on the self-adjoint action discussed in [68], which differs from eq. (3.3) by
the addition of boundary terms, in order to explore general self-adjoint boundary conditions.
In this sector this action reduces to

1

Ssa =
4k,

/dwx{eQ(B’A) eOp+ 2B V24 00,2 go} , (3.5)
and one can now separate variables letting

@(x7 Ty y) = (p(x) f(T) eik-y ) (3'6)

while also defining the four-dimensional squared mass via
Dp(x) =m? p(z), (3.7)
so that the perturbed dilaton equation becomes
F1(r) = k2B f(r) +m? 2BV f(r) = 0. (3.8)

This equation determines the allowed values of m?, and in fact one can recast it in a
form where these become eigenvalues of a Hermitian second-order operator. We can now
describe the procedure in detail, since it will recur in the following sections. The first step
consists in trading r for the conformal variable z, defined via

dz = eP~Adr, (3.9)

with z(0) = 0. Note that z has a finite range for the background of egs. (1.1), 0 < z < zy,,
with z,, given by

Zm = / B dr ~2.24 2, (3.10)

and

N

z0 = ph% = (2Hp3>

Here and in the rest of the paper z-derivatives will be often denoted by a subscript, so that,

(3.11)

for instance

%
dz

where A’(r) denotes the derivative with respect to r. Performing this change of variable,

Az

=eA B A(r), (3.12)

the original equation (3.8) becomes

a2 f df 2 12 2(A—
dz2 + (B: 2) dz + {m e f=0 (3.13)
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Figure 2. The left panel shows the normalized zero-mode wavefunction (3.25). The right panel
compares the actual dilaton potential (black, solid) with its approximation (2.29) with (p, 1) = (,0)
(red, dashed), which is almost superposed to it. They are in units of - 2, with z,, and zg defined in
egs. (3.10) and (3.11).

The second step entails, in this case, the field redefinition

f=e2B-4) (3.14)
which finally leads to the manifestly Hermitian Schrodinger-like equation
a2 g
d2+Vg—mg (3.15)
The potential is
V= (B APt (Bes— Au) 4RO (3.16)

and its detailed expression as a function of r, which can be obtained using results in
appendix A, reads

r 5 2
1
(R — 1+ <cosh <T> - \/5 sinh (’">> +K22A-O . (317)
4 2% sinh (%) 4 P 2 P
Note that
o L (E) e n(2)] 819
Zg 1 % P 2 20 ) .
where
n|
k= "+ 3.19
R Y ( )

with |n| an integer-valued vector independent of R, and consequently for k = 0 all squared
masses are proportional to 2, while in general they also depend on the ratio 4 &

The k-independent portlon of the potential is displayed in figure 2 as a function of
it has the form of an inverted well, with singularities at the two ends z = 0 and z = zm,

where s 1 o
/@ S VU Mt S (3.20)
z (z — zm)

with p = % and i = 0, so that it belongs to case 1 in section 2. The supersymmetric limit is
recovered as p — oo, where the interval becomes of infinite length, and then V approaches

5) n? 1 3
Viwsy = —oo—5 + =5 [ =— ] . 3.21
e 3622 T R? <3 |H| z) (3:21)
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Figure 3. The distribution function ILy (%) for the dilaton zero mode, in units of %. The average
value of r is about 2.1 p.

One can actually recast eq. (3.15) in the form

{A Al + k2 eQ(A_C)} g=m2g, (3.22)
where the operators A and A are
1 1
A=0.45(34:+5C), AT:—8Z+§(3AZ+5CZ). (3.23)
One can thus find a massless mode for the dilaton, solving the first-order equation
Alg=0. (3.24)
The solution reads
3A+45C
g=goe 2z , (3.25)
where gg a constant, and this wavefunction is normalizable, since
Zm [e'e]
/ dz g% = / dr 2(B=4) g (3.26)
0 0

is clearly finite. The corresponding normalized r-distribution

r

3 . r\ _z./5
H¢(r):%smh p e »rVz, (3.27)

which is localized in the vicinity of the effective BPS orientifold, is displayed in figure 3.
Note that the actual dilaton zero-mode wavefunction

(p(l’, Ty y) - (p(&?) fo (328)

has a constant r profile.
The behavior of the zero-mode wavefunction (3.27) near the right end of the interval is

1
z 2
~[1—--2= 2
g~ (1-2)" (3.29)

without a log term, so that, in the notation of the previous section, C'3 = 0. In a similar
fashion, the dominant behavior of the actual zero mode near the left end of the interval is

1 5
g:<z>6—0.71 <Z>6 . (3.30)
Zm Zm
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Figure 4. The left panel shows how shifting slightly eq. (2.29) can optimize the correspondence with

the dilaton potential in the middle region. The potentials are multiplied by the ratio fri’g in order to
enhance their differences. The dashed curve corresponds to a shift a ~ 0.26, which is also suggested
by perturbation theory, while the dotted curve corresponds to a ~ 0.255. The right panel compares
the normalized ground-state wavefunction (3.25) (black, solid) with its approximation obtained
combining the two zero modes in eq. (2.43), in such a way that the leading behavior corresponds to
eq. (3.30).

The two limiting behaviors define the self-adjoint boundary conditions characterizing the
zero mode. The argument presented in [44] shows that, with this choice of boundary
conditions, no instabilities are present in this sector.

More general boundary conditions can be explored relying on the model potential (2.29)

with (i, i) = (%,0)

2 _5 1 2
Ve "1 + - a, (3.31)
4z |sin2 (Z= cos? [ == Zh,
22Zm 22zm

where we have allowed for an overall shift determined by a. The preferred values are
a = 0.255 (dashed curve) and a = 0.26 (dotted curve), as shown in figure 4, and the latter
is also suggested by perturbation theory. The resulting spectrum is now determined by
eq. (2.66), but the actual masses mgj are related to m according to

mgy = m* +a?, (3.32)
so that the massless mode corresponds to m = ia. The large-p boundary conditions leading
to a massless mode are displayed in the left panel of figure 5. Those corresponding to
C3 = 0 lie on the diagonal 6; = —65, on account of the second of eqs. (2.11), while the
second of egs. (2.64), with m ~ 0.26¢ gives

1 -
C & (3.1a
Fl = tanf; = <31) ~ —0.74, (3.33)
2 52 (_ 35 (I)

to be compared with the coefficient 0.71 that enters eq. (3.30), which is thus captured up
to an error of about 3%. The resulting stability region is displayed in the right panel of
figure 5. A large portion of the moduli space is excluded, but there is nonetheless a wide
range of boundary conditions that can make the dilaton massive. An alternative procedure
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Figure 5. The curves in the left panel identify the boundary conditions leading to a massless
mode. The zero mode (3.25) lies at the intersection of the vertical and horizontal dashed lines for
(61,02) ~ (—0.2,0.2)m, on the line 6; + 6 = 0 that characterizes boundary conditions leading to
C3 = 0. The shaded regions in the right panel identify the boundary conditions leading to instabilities.

to determine the shift a, which we shall favor in the following, is to determine it so that
the ratio of C; and Csy coincides with the result that can be deduced from the exact zero
mode, which would be —0.71 in this case. This would lead to a ~ 0.3, and to a very similar
stability region.

Summarizing, the requirement of stability removes a large portion of the moduli space
of self-adjoint boundary conditions for the dilaton, and massless modes are only present on
the curve in the left panel of figure 5. There are two equivalent special points on this curve,
which correspond to the solution of eq. (3.24). Using the same boundary conditions for the
axion, which solves an identical equation, can thus lead to a pair of massless scalars. With
this choice, no additional instabilities can emerge from the modes with k # 0, since the
corresponding spectrum is lifted in mass, as is manifest in eq. (3.17).

4 The perturbed type-IIB three-forms

We can now turn to the modes of the two type-1IB three-forms. This is a more intricate
sector, with some unfamiliar features, as we are about to see. In the following, it will be
convenient to work with the complex combination

H=dB=dB)+idB; (4.1)

of the type-IIB three-form field strengths, so that B will now denote the corresponding
complex two-form gauge field. In this notation the self-adjoint action describing the
quadratic fluctuations in this sector [46, 47] becomes

1

S:m%o

/[_EBAd*%_lBAd*ﬁ—z‘(EAfH—BAﬁ)/\Héo)], (4.2)
ML 2 2
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and the corresponding field equations read?
dxH =—2iHAHY (4.3)
or, in components
21
DM Hyunp = 3 HéO)NPQRS HORS (4.4)

These equations are clearly invariant under
0B =dA, (4.5)

while the boundary contributions to the variation of the action,

68242%0/BM[—;AA(d*H—i—%H/\HéO))—l—C.C], (4.6)
only vanish on shell. Note that, even if one started from the conventional first-order action,
the Chern-Simons term would still yield a non-vanishing contribution. There are two
options to deal with this kind of problem: one can constrain the gauge parameter to vanish
on the boundary, or alternatively one can introduce Stueckelberg fields living there that
compensate the variation in eq. (4.6). In this case the second option would rest on a complex
nine-dimensional one-form A living on the boundary such that

dA=—AN|gy s (4.7)
and on the modified action
o 1 1 : (0) ]
St =S YN /aM[QA/\(d*%—i—QzH/\HS JEXTAE (4.8)

Varying A and its complex conjugate A one simply obtains egs. (4.3) reduced to the
boundary. Removing A via eq. (4.7) is possible, but at the cost of limiting the residual
gauge transformations to those vanishing on the boundary, as we have said. When A is
retained, one does not modify the bulk equations provided the boundary term is stationary
under variations of B. The complete variation of the action (4.8) reads

1 | - . (0)
5 Sior = pyen /M {_2 5B(d*7{+2@7{/\’H5 )+c.c} + 6 Stotlg,, - (4.9)

and includes a boundary term, whose form we can now spell out after introducing the 9 + 1
dimensional decomposition

B=C+Ddr, d=dy+drd,, (4.10)

3The factor 2 in this equation and the previous ones is consistent with the original work in [46, 47],
and the differences with respect to the excellent work in [69] reflect our different definition of Hs and our
identical normalization for the three-forms.
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where C is a nine-dimensional two-form and D is nine-dimensional one-form. In terms of A
and of these two quantities, one can see the total boundary term in eq. (4.9) is

_ 1 1 » T A (0)
5St0t|8M_4k‘%0/6M{5c {26 *9 <d9D+8TC)+z(C+d9A)/\H5 :|

+% e B 9,6C %o (€+d92) +%e*352> do %o (@+dgz)

_ 1
A [z doC A HY + 5 ¢ Pdoxo (D + aTC)} + c.c} : (4.11)
where %9 denotes the nine-dimensional curved (r-dependent) Hodge dual.
The contribution involving § D vanishes provided
dgx9 (C+dgA)=0. (4.12)

This is an equation of motion for A that describes a complex vector, massless in four dimen-
sions, for which the divergence of C' is a source. Moreover, the contribution proportional to
0 A is the induced equation of motion on the boundary for the original bulk fields, which is
tantamount to eq. (4.3) if considered together with its r-component

eP dyxodyC+0, (7P %9 8,C) +2i (dyD+0,C) AHT = 0. (4.13)
Finally, the vanishing of the remaining terms,
1 — = - — 1 _ _
5C [— ¢ P s (dyD+0,C) +i (C+dy A) AH@O)} +50,0C x (CH+dgA),  (414)
2 2
is a gauge-invariant counterpart of the self-adjoint condition
(azqzaqf—qfazw)’ =0, (4.15)
oM

discussed at length in [68] for a scalar field, together with the corresponding expression for
gravity.

Let us now address the gauge fixing of this formulation, taking into account that the
gauge parameter A can be decomposed according to

A=Ay + Ay dr, (416)

where we have distinguished in it a nine-dimensional two-form As and a nine-dimensional
one-form Aj. Then, taking eq. (4.10) into account, one can conclude that

0C =dg Ay, 0D =dgA1+ 0 As, 5A:—A2|6M. (4.17)
There are two options at this point.

e A first option is removing D altogether, which leaves a residual gauge symmetry
associated to Ag gauge parameters satisfying the condition

Ordy Ay =0. (4.18)
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The bulk equations of motion then become
eP dy xg dy C + 0, (e‘B *g 8TC) +2i0,C /\Héo) =0,

1
do [iCAﬂg‘” +5 e P x 0.C) =0. (4.19)

A complex massless vector field A lives on the boundary, and the solution for C is a
source for it. Strictly speaking, it might seem that two different A fields are left at
the two ends of the interval, but the residual gauge symmetry with an r-independent
A5 can be used to remove one of them.

e There is a second option, which is less convenient. It consists in enforcing the Lorentz
gauge condition d x B = 0, which becomes

dg*g DZO, *98TD—d9*9(3:0 (420)
in the 941 decomposition. This turns eq. (4.3) into
o B —2i + (dBAHY) =0, (4.21)

so that the kinetic contribution becomes simpler, but the equations still involve both
C and D.

In order to make progress, it is now important to take into account the detailed form of
the background. To this end, it is useful to distinguish the spacetime and toroidal coordinates
among the nine residual ones. In this fashion, one can identify in B a four-dimensional
two-form, two types of one-forms and scalars, according to

1
b= 5 B/w dz* dx” s a = B,w» dl’u, a; = B,”‘ dxt s Bm' s Bij s (4.22)

and one can similarly decompose A into a four-dimensional one-form A and scalars A, and
A;, so that

(Sb:d4/\, 5a:d4AT—6,«)\, (SBij:i(kiAj—iji),
5&1:d4AZ—2k’1>\, 5BMZBTAZ—ZI<31AT (423)

For k # 0, in the spirit of what we said in the Introduction, one can eliminate the
longitudinal parts of B;;, B,; and a;. Both for k # 0 and for k = 0, in view of the preceding
discussion, a and B,; could be eliminated using the gauge parameters A and A;. However,
in all cases one should retain on the boundary the A field, within which one can distinguish
a complex four-dimensional one-form A4 and five complex scalars A;. There is however a
further simplification: the Chern-Simons term plays a role only in the equations for B, and
B,., on account of the special form of the five-form field strength present in the background
of egs. (1.1).

We can now examine the available modes, treating separately those corresponding to
different SO(5) representations since, as we have stressed in the Introduction, this is an
internal symmetry for the k = 0 sector, on which our analysis is largely focused.
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4.1 The modes originating from B,, and B,

The modes originating from B, and By, entail some complications, due to the role played
by the Chern-Simons term that, as we have seen, contributes to the small fluctuations due
to the five-form background profile (1.1). Let us now focus on the modes of this type with
k = 0. In this case there are only two types of curvature components, H,,,, and H,,, so
that the decomposition

B=b+adr, (4.24)

where b is a four-dimensional complex two-form and a is a four-dimensional complex
one-form, translates into

H:d4b+(a7«b+d4a)d7“, (4.25)

with dy4 the four-dimensional exterior derivative. The gauge transformations act on a and b
as

Sa=diAr — 0N,  Sb=dA, (4.26)

and allow one to remove a altogether, but at the expense of introducing an A field on the
boundary, as we have stressed. One is thus left with the system

i h
dy le ™ x4 0,b— Zb] =0,
p
i h
A0 4y wey dyb+ 0, | %4 Db — % b] =0 (4.27)
in the bulk, and on the boundary
€™ [da %4 dy A+ dy 4 b] = 0. (4.28)

Here x4 denotes the four-dimensional flat Hodge dual, and we have used the harmonic
gauge condition (3.2) for the background. As we have seen, a residual r-independent gauge
transformation can remove A from one of the two boundaries, where the last equation still
sets to zero the divergence of b.

It is now convenient to define
w=e"* 5, 0,0, (4.29)
so that egs. (4.27) become
d4u—iphd4b:0, (4.30)
2AHI0C 4 sy dyb+ O, u + Z: xq e u =0,

and combining them leads to an equation for u that is of first order in r:

Oru— % A0 4 sy dyu+ L eM g u=0. (4.31)
p
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Note that, using eqs. (4.25), (4.29) and the first of egs. (4.30), one can link H to u according
to

H = lhp dyu—e* xqu dr, (4.32)

or

2
H= _Z (8 wdr+dyu) — (Z) A0 g0 sy dyu dr . (4.33)

One can now exhibit different modes within u, making use of the key identity

*ydy *q dgy + dy *q dgxqg = —0 = —m? , (4.34)

which defines the four-dimensional mass-shell condition. To this end, one can apply d4 and
then dy*4 to eq. (4.31), and combining the result with the dy4 of eq. (4.34) leads to the
system

&Mu+ﬁ%Md4mu:m
p

ih
O da %4 U+ h ,0 2A+100d U — P 64A dyu=20. (4.35)

The first equation can now be solved for d4 x4 u, and substituting the result into the second
gives a second-order equation in r involving only d4 v and not d4 %4 u:

h 2
Or (67414 Or dy u) + m?2 2AH10C gy — (p) eMdyju=0. (4.36)

One can now separate variables in eq. (4.36), letting
dyu(z,r) =dyaU(x) f(r), (4.37)
which is equivalent to
u(z,r) =U(x) f(r) + dg Az, r), (4.38)

with A(z,r) a four-dimensional one-form also depending on r, which is not necessarily
separable. This decomposition should be consistent with the initial equation (4.31), and
substituting in it eq. (4.38) leads to

O, ds Alw,r) + /f M sy dy A7) = —iph My Ul) f(r) - U) £/(r)

+%%“HwﬂmuM@U@y (4.39)

The parameter A of eq. (4.38) is defined up to an exact form, and consequently it can be
chosen to be transverse. The exterior derivative of this equation then gives

@mUmﬂmﬂﬁmA@m:%aﬂmﬁx (4.40)

which determines A algebraically for the modes with m? # 0. One can verify that eq. (4.39)
is identically satisfied if one makes use of this solution for A(x,r). Therefore, the massive
spectrum can be analyzed referring solely to a Schrodinger system, as in section 3, starting
from eq. (4.36).
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4.2 The massive sector

As we have seen, all the preceding equations are consistent with the separation of vari-
ables (4.38) in the massive case, where A is determined algebraically by eq. (4.40). One
can then focus on eq. (4.36), assuming that dyu # 0. In fact, if dyu = 0, egs. (4.35) imply
that dg *4 u =0, and taking these results into account eq. (4.34) implies that m = 0. We
shall return to this case later.

For the time being, let us thus concentrate on modes with dqu # 0, which are complex
massive two-forms and are dual to complex massive vectors in the resulting four-dimensional
spacetime. In view of eq. (4.36) f satisfies

h 2
oy (e*“‘ O, f) + m? 2ATI0C ¢ () Mr=0. (4.41)
P
In terms of the conformal variable z defined in eq. (3.9), this equation takes the form
h 2
—(@:+B. —5A,)0. f + <> AP0 f = m? f | (4.42)
p
and the further redefinition
A—B
Fr)=e 7 W(2) (4.43)
finally yields the Schrédinger-like equation
AANG =m? v, (4.44)
The two operators
~ 7 5 ~ 7 5
A=0. 4 A+ Cs, AT:—82+§AZ+§CZ, (4.45)

can be identified after making use of the identities for the background in egs. (A.19), and
the resulting Schrédinger potential,

1 6\/%%
'- 64 23 sinh (%)3

is displayed in figure 6.
Eq. (4.44) now implies that

[2\@ sinh (2;) + cosh (7) + 27} , (4.46)

T=Ce 5 (4.47)
is an exact normalizable zero mode of the Schrodinger system. Note that this result

translates into

firy=cet = —<

_hsinh( )

- (4.48)
-

in view of eq. (4.43), consistently with eq. (4.105). Taking the measure into account, the
zero mode (4.48) corresponds to the normalized r-distribution

1 _r /5
) = - ge SV3 (4.49)
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Figure 6. The left panel shows the normalized zero-mode wavefunction (4.47). The right panel
compares the actual By, potential (black, solid), its approximation (2.29) with (u, i) = (%, 1.72)
(red, dotted) and the improvement of the latter obtained with a slight negative shift, all in units of
L. 2 and 2o are defined in egs. (3.10) and (3.11).

Z0

The arguments presented in [44] show that the self-adjoint boundary conditions satisfied
by this zero mode would identify a complete spectrum of excitations for the Schrédinger
operator (4.44) that is free from tachyonic instabilities. However, we originally assumed
that m # 0, and in fact this expression for f(r) does not satisfy eq. (4.40) if m = 0, unless
the two conditions

dy x4 U(z) =0, dyU(z) =0 (4.50)

hold. Moreover, even if these conditions hold, one should make sure that the original
equation (4.31) be satisfied. This condition will be spelled out in detail in the next two
sections, where the actual nature of the zero modes will emerge. In contrast, when m # 0
the Schrédinger problem is equivalent to the original equation.

Summarizing, from the Schrodinger system one can retain, without further ado, the
whole spectrum aside from the zero mode that can possibly be present. When a zero mode
is present, it must be handled with care, as we shall see. Nonetheless, the zero mode
profile (4.48) will now prove useful in characterizing the optimal shift of the hypergeometric
approximation of the actual potential (4.46).

At the two ends the potential is dominated once more by the behavior in eq. (1.15),
with u = % and i = 1.72. Consequently, we are now in case 2 of table 1, so that the limiting
behavior near the left end is given by the first of eqs. (2.1), while near z,, it is given by the
last of egs. (2.2), and is actually fixed to be

Y~ (1 - ;)222 : (4.51)

Self-adjoint boundary conditions thus depend on a single parameter characterizing, close to
the origin, the relative weight of the two independent contributions

W~ (j)g o (z)_ , (4.52)

m ZTI’L

D=

which can be identified with the ratio between Cy and C;. For the zero mode (4.47) the
self-adjoint boundary conditions are determined by

Co
— ~ —2.85. 4.
C 85 (4.53)
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This result can determine an optimal shift of the hypergeometric approximation (2.29) of
the potential. One can see from figure 1 that, in the hypergeometric model, the ground
state should correspond to m ~ 0.99, so that the optimal potential for this sector is

VeV <§, 1.72,z) —

Taking the shift into account, the hypergeometric eigenvalue equation becomes in general

222 (0.99)2. (4.54)

Co <2>§ r (%) r (1-03 + \/m2BW + (0.99)2) r (1.03 - \/mQBW + (0,99)2)

22~ z . (4.55)
C, m) (3T (169 + Jm#,, +(0.992) T (169 - \Jm#,, +(0.99)2)
This approximation reveals the presence of an instability region corresponding to
C
—2.85 < =2 < 0. (4.56)
Ch

On the other hand, outside this region, if % differs from the “critical” value —2.85, the
spectrum consists of purely massive complex two-forms, which are dual to complex massive
vectors, as we have stressed.

For k # 0, one can gauge away all excitations that are longitudinal in k, and then these

perturbations continue not to mix with others. The resulting masses increase, as dictated

by the additional positive potential k2e2(A-0),

We can now turn to a detailed analysis of the zero modes that can be contained in w.

4.3 The massless sector

When the boundary conditions allow a massless sector, the resulting setup is rather peculiar.
In analyzing it, we shall explore two solutions of the massless equations of increasing
complexity.

4.3.1 The case d4U(x) =0
If dyU(z) =0, eq. (4.40) implies that dy x4 U(x) = 0, and then f(r) is arbitrary. Letting

dy A = =U(z) f(r) + dag(x,r), (4.57)

so that
dyg(z,r) =u(z,7), (4.58)

eq. (4.39), or equivalently (4.31), leads to
ih 44
Ordy g(z,7) + " e xq dyg(z,r)=0. (4.59)

Decomposing now the complex two-form dy4 g into selfdual and anti-selfdual parts according
to

dyg=(dsg)" + (dag)™, (4.60)
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with

1 .
(dag)* = 5 (L Fixa)dag, (4.61)
leads to
+ + r A\
(dyg)™ = (dag)™ (x) [tanh <2p) , (4.62)
and finally to
u=(dyg)" () tanh (22)) + (dgg)~ (x) coth (2Tp> (4.63)
or i
u=dsg=dgg(x) coth <T> + i x4 dag(z) . (4.64)
p sinh (*)
p
The condition d4 v = 0, which was our starting point, demands that
d4 *4 d4 g(:c) =0. (465)
Making use of eq. (4.64) gives
b= —% u, (4.66)
up to an r-independent two-form that is pure gauge, and using eqs. (4.32), (4.64) and (4.65)
gives
i . r da g()
H=———~|i*4 dgg(z) coth |- |+ ———=|dr. (4.67)
h sinh (f> p sinh (f)
p p

The norm is determined by the sum of the two contributions

/,H/\*szs/dr@g/\mdz;g’
hsinh()

5
/2Im(5AH) AHéO):%/drd% dag N xadag (4.68)
h sinh (5)

These terms cancel, and actually they are both total derivatives if eq. (4.65), which is a

constraint in this case, is used. Therefore, the modes obtained in this fashion have vanishing
norm, and must be rejected. In the next section we shall recover eq. (4.65), but as an
equation of motion, not as a consistency condition.

4.3.2 The case d4U(x) #0
If dyU(z) # 0, eq. (4.40) with m = 0 implies that
100 — A AA _ipy
P = (). diws U) = 27 dU(a), (1.69)

where 7 is a constant. Substituting in eq. (4.36) now leads to

dyU [72 — (Zﬂ eMf=0, (4.70)

— 33 —



so that

y=+—. 4.71
P (4.71)

There are thus two solutions of this type,

fT(r) = tanh (2Tp> , di(1+ix) UM (2) =0,
f7(r) = coth (22) , di(1—ix) U (2) =0, (4.72)

where the overall constants are included in U*(x), which are both consistent with the
separation of variables (4.38). Consequently one can conclude that

Ut(z)=U""(x) + AT (2), U (z)=U () + A " (2), (4.73)

where U+ and A~T are selfdual two-forms, U=~ and AT~ are anti-selfdual two-forms,
and furthermore
dy AT =0, dyA~t =0. (4.74)

In general, a complex (anti-)selfdual two-form G5, such that
1 G = +iGF (4.75)
can be expressed in terms of a real two-form G» according to
Gy = (1Fix4)Ga. (4.76)
Consequently one can write

Utt =0 —ixg)u™, AT =1 +ixg)a",

U " =0+ixg)u, A T=(10—ixg)a , (4.77)
where T and a® are real two-forms, with
dyat =0,  dy x4 at=0. (4.78)

Collecting all these contributions, the general massless u profile of this type, obtained
combining the two separable solutions that we started from, reads

u(x,r) = {aJ’ +ut 4 *y (a+ - u+)] tanh (;p)

+[a” +u” —ixg (@™ —u")] coth <2Tp> + dyA(z,7), (4.79)

where dy A is determined by eq. (4.31). One can thus conclude that

dyu(z,7) = ds (1 —i%s)u’ tanh (;) +ds (14 i%g)u~ coth <2r) . (4.80)
P P
In particular, for a divergence-free u with ™ = —u™ this expression recovers the zero mode

of the Schrodinger system.
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In order to determine A, taking eqs. (4.78) into account, one can let

r

dy A(x,r) = — (1 +i%4)a’ tanh (2 ) — (1 —ix4)a” coth <2Tp> +dy ANz, r), (4.81)
p

thus eliminating all terms involving a* from u(z, ), which becomes

u(w,r) = (1 —ixg) u" tanh (ZT/)> + (1 +i%4)u” coth (;p) + dyA(z,7), (4.82)

and now dy4 A can be determined by eq. (4.31). Decomposing it into selfdual and anti-selfdual
portions according to

dy Mz, r) = (dyg Mz, r)T + (dyg Mz, 7))~ (4.83)

and using the identity
(1 —i*4) Cl4 *4 Cl4 (1 —i*4) =0 (484)

for massless modes, one can see that (ds \)* (z, ) satisfy the decoupled first-order equations

Oy (dy Mz, 7)) F Ze4A (dy Mz, 7)) = % A0 ¢ F (1Y dy w4 dgUTT(z).  (4.85)

These are solved by

+1 y h T __bs s _s\4
(da N = {tanh (T) CH@)+ 22 [ ds e o0 (% ke %) €F(2) |, (4.86)
2p 4 Jry
where the C*(z) are proportional to (dy A)* at r = rg, and
g:’:(ﬂ?) = d4 *4 d4U:F:F(l‘) = d4 *4 d4 (1 + i*4) U:F(LE) . (4.87)

In fact, given the different r dependence of (dy4 )\)i, the decomposition (4.83) is only
consistent if

d,Ct =0, (4.88)

and consequently
d4 *4 d4)\ = 0, (489)

so that dg A is also co-closed. One finally obtains

w(z, ) = (1 — i%4) u* tanh (27;;) + (14 i%4)u" coth <r> (4.90)

2p
+ [tanh (;p) { (z) }

r _ igh [T __Bs s —aN4 L
+ |:C0th <2p>:| |:C (ﬂf)—l—T " dS@ pV10 (eQP—e 2p) é’ (.’E)

gh [T _5s /s _s\4
CT(x) + % ds e »VI0 (629 +e 20)

To

)

which is consistent with the decomposition (4.80).
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We can now compute the gauge-invariant field strength H, whose expression in terms
of u(x,r) is given in eq. (4.32). One thus finds

H = —%d4 (1 —ixyg) ut tanh (2Tp> — %d4 (1 4+i%4)u~ coth (;p)

—e*idr (1 —ixg)ut tanh (T> +e*idr (1+i%4)u” coth (T>
2p 2p
— et dr xy dy X, (4.91)

and

b= —% (1 —i%4)u" tanh (;p) - % (1+i%4)u" coth (;p)

— x4 dy /64A Az, 7). (4.92)
Let us begin by analyzing the asymptotic behavior of these quantities as r — oco. To

this end, it is important to note that in this limit the second contribution on the left-hand
side of egs. (4.85) can be neglected, and consequently

y 2h r{o_./3
dg X\ ~ L{) ep( \E> dy *4 dy [(1 —{—i*4) U+ (1 - i*4) uﬂ s (4.93)
4(2-/3)
while )
i
H ~ 7%’ [d4 (1—ixg) ut +dy (14 %) u—] , (4.94)
or .
Ho~ =L dip, (4.95)
where
p=utduT =i %y (u+ — u_) , (4.96)

since the other contributions are sub-dominant in the limit.
Near the right end of the interval the leading behavior of b is
ip
b~ —— u, 4.97
2y (197)

and the only two-derivative contribution to the kinetic action integral thus originates from
the first term in eq. (4.2), and is proportional to

/ e<2_\/§)% dyi Ay dyp. (4.98)
Consequently, a finite result only obtains if the two conditions
dy (zﬁ T u*) —0, dy % (u+ - u*) =0, (4.99)
hold for normalizable massless modes. These conditions are solved letting

ut =dyy £ *4dyd, (4.100)

— 36 —



where « and § are two real one-forms, which could be taken to be divergence-free. Conse-
quently, the overall content of u* corresponds at most to a pair of real vectors, and

T (x) = £dy x4 dy*a dy (6 — i7y) . (4.101)

Making use of eq. (4.100), one can conclude that

B Q dy x4 dg (v +16) B 2dr [cosh (%) *4 —i]
~h sinh (%) h sinh? (%)

*H =2ph drdVs x4 dg *4 dy (y+10) sinh (;) e_%\/g

H dy(y+1i0) —e*dr x4 dg X,

2d Vs {cosh (%) *4 —i}

sinh (%)

—_— [1 +1 *4 cosh (’I“)] (d4’y—|—*4 d4 5) — %4 d4 /€4A )\(SU,T),
h sinh () p

x4 dy (v +10) +dy X, (4.102)

b— 2ip

but taking eq. (4.89) into account one can see all terms involving A do not contribute to
the action (4.2). Consequently

/ﬁ/\ *7‘[:4p2 /drdvrg,d4 *4 d4(’y—i5) A xqdg *4 d4(’y—i—i6) €,££
Adrd
_/7% (d47 A K*gdgy+dgd A *4d4(5>,
hsmh(g)
- ddrd
—2/Im(bAH)AH§°):/TV"’dmAmdm. (4.103)
hsinh(%)

The terms involving § that are singular at the origin cancel among the two contributions
above, so that finiteness only demands that v = 0. One is thus left with a real vector 9,
whose contribution to the action, in the first term, is finite but contains higher derivatives.

The corresponding measure is precisely the one captured by the Schrédinger system for
the massive modes. Keeping only d one finds indeed

_2ip dixa ) 2dr [1+i *4 cosh(%)]

" h  sinh (%) N h sinh? (%) 10,
u:2l cosh (%) — %y das,
sinh (%)
2p . T
b= P (%) {*4 — 4 cosh (p)} dyé, (4.104)
so that D xr dod
504 *q dy
dau = —2 7sinh (%) . (4.105)
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We have thus recovered for ds u the r profile of the massless mode of the Schrdinger system
in eq. (4.48). However, the z dependence of u is determined by a real vector §. The results
of the preceding section are recovered if

d4 *4 d4 0= 0, (4.106)

so that 0 reduces to the field g introduced there. The novelty here is the absence of this
constraint.
The equation for § in four dimensions,

d4 *4 d4 *q d4 0= O, (4.107)

follows if one substitutes eqs. (4.104) in the ten-dimensional equations (4.27). It has a
peculiar form, and contains an odd number of derivatives. However, it is consistent with
the four-derivative equation that follows from the effective action

Sy = /Cl4 *g da O N *ady %4 dad. (4.108)

Note also that only d4 u has a separable form in z and r.
Denoting d4 0 by F', eq. (4.107) can be cast in the form

8[N o° Fy} » =0, (4.109)

which is equivalent to
0°F,,=0,0, Oo =0, (4.110)

where o is a massless scalar field. All in all, one is thus left with a real massless vector
and a real massless scalar in this sector. To these massless modes one must add a complex
massless vector that lives generically in the boundary.

Summarizing, as we have seen in section 4.2, the massive modes of this sector are
complex two-forms, which in four dimensions are dual to complex massive vectors. Naively,
when massless modes are present, what happens in circle compactification would suggest
the presence of a complex scalar from B, and a complex vector from B,,. The surprise is
that the peculiar system (4.31) actually leads to a third-order equation, which results in
the halving of the massless modes, in a way that resonates with chiral projections of Fermi
systems. In addition, in an interval, as we have seen, another vector mode lives on the
boundary, in a way reminiscent of what is familiar for twisted sectors in orbifolds [70, 71]
or orientifolds [16-24] in String Theory, or from the Horava-Witten construction [72, 73].

4.4 The modes originating from B,; and B,;

For this mode sector, one can start from
B = a;(x)f(r)dy", (4.111)

where the a; are five 4D complex one-forms since, as we already stressed after eq. (4.23), A;
can be used to remove the B,;, but as in the previous section this is at the cost of introducing
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a set of complex scalars A; living in the boundary. The field strength corresponding to B is
in this case
H=fdya; dy* + f a;dy’ dr, (4.112)

and the equations of motion give

flda*g a; =0, m? feB3C 4 (flem20724)Y = 0., (4.113)
Letting
A+3C
f=ge T, (4.114)

one obtains a manifestly Hermitian Schrodinger-like equation

(o, + Le0) (L, (e33CY s

of the familiar A A" form, with the potential

V=-"(A+3C.)(5A, +T7C.) —4W5>. (4.116)

1

4
This is displayed in figure 8 as a function of z, together with the corresponding hypergeo-
metric approximation. In terms of r its detailed form is

V3 2 1 2
/g e — [\/10 sinh (T) _ 3L osh (T> - 69] . (4.117)
3223 sinh (f) P 10 P 10
P

At the two ends of the interval, this potential has the singular limiting behavior of
eq. (1.15), with pu = % and i = 0.54, and thus belongs to case 3 of section 2. As for the
dilaton-axion pair, there are boundary conditions given independently at the two ends that
are parametrized by a pair on angles (61,02).

Before examining the possible choices of boundary conditions, let us remark that the

A AT form of the Schrédinger system implies the presence of the zero mode

A+3C

g=goe 2 , (4.118)
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Figure 8. The left panel shows the normalized zero-mode wavefunction (4.118). The right panel
compares the actual By,; potential (black, solid) with its approximation (2.29) with (u, i) = (3,0.54)
(red, dashed), both in units of —5. z,, and z¢ are defined in egs. (3.10) and (3.11).

1
202

which corresponds to

=90, (4.119)
where gg is a constant. This zero mode is normalizable, since
Zm (0.9}
/ dz 30 = / dr A+20) < o0 (4.120)
0 0
and the corresponding normalizable r-distribution is
I 5 [ h(rﬂ v (4.121)
= — |sinh [ — )| e . .
Bui = 5p p

Note that the zero-mode wavefunction has the dominant behaviors

1 5
g~ (2)6 —0.35 (2)6 (4.122)
Zm, Zm,

—0.04 1.04
g~ (1 - Z) —0.14 <1 - z) (4.123)

Zm Zm

close to z =0, and

close to z = z,,.

The arguments of [44] lead one to conclude that this whole sector is stable with the
boundary conditions of this zero mode, which correspond to (61,602) = 7 (—0.15,0.06), in
the notation of section 2, in view of egs. (2.11). The comparison with the hypergeometric
potentials of eq. (2.29) requires a slight shift of the latter, as can be seen from figure 8. The
precise shift can be determined demanding that the exact zero mode lie on the resulting

massless curve, and amounts to adding to the hypergeometric potential the constant

5
5 -

m

AV ~(0.22) (4.124)

z

Once this is done, one can rely on the hypergeometric approximation, and in particular on
the corresponding exact eigenvalue equation (2.55), to identify the boundary conditions
resulting in stable modes, which correspond to the unshaded region displayed in figure 9
In conclusion, this sector can yield altogether, ten massless real Abelian vectors in the
bulk, with suitable boundary conditions, which are accompanied by ten real massless scalars
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Figure 9. The point (61, 62) = (—0.15,0.06) 7 identifies the special boundary conditions for B,;
corresponding to the zero mode (4.118). The shaded regions identify the boundary conditions leading
to instabilities.

living in the boundary. When allowing for nonzero values of k, it is convenient not to
eliminate B,; but rather to impose the transversality of all fields to k. In this fashion, one
can see that B,; is set to zero by the equations of motion while m?, as usual, is replaced by
A-C) k2

m?2 — e , and the whole spectrum is lifted in this sector, which thus contains no

unstable modes for suitable boundary conditions.

4.5 The modes originating from B;;

Turning now to the modes that are scalar fields valued in the antisymmetric of SO(5), let
us first note that the two-form is in this case

1 o
while the corresponding field strength is
1 o
H = §<d4B@] + 0, Bijdr)dy’dy] (4.126)
for k = 0. The non-trivial equation is in this case
m2e8A+6C Bij + 0, (6—4C’ar Bij) =0, (4.127)
and in terms of the z variable it becomes
m? Bij + (Oz +3A4,+ Cz) OZBZ-j =0. (4.128)
The redefinition
Bij = 6_%(3A+C) g(z) bij (.’E) (4.129)
leads once more to a manifestly Hermitian Schrodinger-like equation of the A A form,
3A,+C 3A,+C
<8z+( z;‘ z)) (_62+( z2+ z)>g:ng, (4'130)
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Figure 10. The left panel shows the normalized zero-mode wavefunction (4.133). The right panel
compares the actual B;; potential (black, solid) with its approximation (2.29) with (p, i) = (%, 0.63)
(red, dashed), both in units of %2 zm and zg are defined in eqs. (3.10) and (3.11).

with the potential
1 1
V=2 (A +C)" +50:(34: +C2) (4.131)

which is displayed in figure 10 as a function of z. In terms of r its detailed form is
\/5 T
evze

"0 28 sinh (%)

2 2
{6 V10 sinh (r) +21 cosh <T) + 119} . (4.132)
p p

Close to z = 0 the potential has the singular limiting behaviors of eq. (1.15), with
W= % and i = 0.63, so that it corresponds to case 3 in table 1, as for the previous sector.
There is a normalizable ground state, which corresponds to

3A+C

g=goe * , (4.133)

with a constant gg, and thus to B;; independent of r:
BZ‘J‘ = 4q0 bij (l’) . (4.134)

Note that the zero-mode wavefunction has the dominant behaviors

g~ (;)_ —0.35 (;)Z’ (4.135)

—0.13 1.13
g~ (1 - Z) +0.18 (1 - Z) (4.136)

Zm Zm

[N

close to z = 0, and

close to z = z,. The arguments of [44] lead one to conclude that this whole sector is
stable with the boundary conditions of this zero mode, which correspond to (61,62) =
7 (—0.16,0.05), in the notation of section 2. The comparison with the hypergeometric
potentials of eq. (2.29) requires a slight shift of the latter. The shift can be determined
demanding that the exact zero mode lie on the resulting massless curve, and amounts to
adding to the hypergeometric potential the constant

2

AV ~ —(0.08)% = (4.137)

Zm
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Figure 11. The point (01,02) = 7 (—0.05,0.16) identifies the special boundary conditions corre-
sponding to the zero mode (4.118). The shaded regions identify the boundary conditions leading
to instabilities.

Once this is done, one can rely on the hypergeometric approximation, and in particular on
the corresponding exact eigenvalue equation (2.55), to identify the boundary conditions
for B;; resulting in stable modes, which correspond to the unshaded region displayed in
figure 11

The Schodinger system also indicates that the norm of the zero mode (4.133) would be
proportional to

o0
/ dz 34+C = / dr 5A+0) (4.138)
0
which is finite, as we have anticipated. This expression identifies the r-distribution
13 _
=—-—=c¢
p V10

Only H,; is present for these zero modes, and therefore the no-flow conditions of [56] are

§|W
o

r
P

Mg, (r) (4.139)

identically satisfied.
With non-vanishing internal momenta k, the Chern-Simons term still does not contribute

2

while, once more, m? is replaced by m? — e2(4=C) k2. All the preceding choices of boundary

conditions remain possible, once the wavefunctions are modified by the addition of suitable
k-dependent corrections. Once this restriction is taken into account, the k? term lifts the
mass spectrum further, and no instabilities emerge with suitable boundary conditions.

5 The perturbed Einstein-five-form system

A peculiar feature of type-IIB supergravity [46, 47] is the presence of a four-form gauge
field whose field strength satisfies the self-duality condition

7‘[5 = *H5 . (5.1)
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We have already seen its crucial role in the class of backgrounds at stake, and now we
want to explore its perturbations. Eq. (5.1) is indeed the complete four-form equation
of motion, together with the Bianchi identity for Hs, once the field strength is properly
dressed with fermionic terms and Chern-Simons forms, which are however irrelevant for the
linearized analysis.

Linear perturbations of the four-form gauge field in eq. (5.1) mix with metric perturba-
tions, and eq. (5.1) is to be combined with the linearized Einstein equations, which can be
deduced starting from

Run = 2%1 (n2), - (5.2)

The type of system one is confronted with is rather unfamiliar and, as we shall see, is
somewhat complicated. In organizing the analysis, it is always useful to distinguish various
sectors of modes relying on an internal symmetry, whenever this is present. The internal
toroidal directions are helpful in this respect, and it will be important, as in the preceding
sections, to distinguish matters according to whether or not the toroidal momentum
k vanishes.

As we have already seen, the modes with k = 0 have an SO(5) internal symmetry
inherited from the internal space. In flat space, after a IIB compactification on S x T,
the original 35 modes of the 10D self-dual five-form field strength would translate, within
this sector, into 35 massless modes independent of the r coordinate. They would build a
multiplet of Abelian vectors in the 10 of SO(5), together with two scalar multiplets in the 10
and 5 representations of SO(5). This can be seen in the four-dimensional light-cone gauge,
leaving aside the components along 7, which are linked to the others by the self-duality
relations (5.1). In this fashion, one must deal with three types of four-dimensional modes,
Bijki, Bijka and Bjjqp. Here (i,j,k) = 1,..,5 correspond to the internal directions and
(a,b) = 1,2 correspond the two four-dimensional directions transverse to the light cone. If
massless in four dimensions, these three sets of fields, up to internal and spacetime dualities,
would indeed describe a 5 of scalars, a 10 of vectors and an additional 10 of two-tensors,
which are dual to scalars. These modes would add to 35 other modes originating from the
metric field. These are the two graviton polarizations from h,,, a multiplet of vectors h,;
in the 5 of SO(5), an additional singlet vector hy,, a 5 of scalars hy;, a singlet, h,,, and
finally a 14 and a singlet scalar from h;;. In the present context, one expects to find, in
general, a subset of these massless modes emerging in the bulk.

Although some of these massless modes will disappear in our background, the comparison
with this benchmark will often prove a convenient tool in the following. When modes
become massive due to the behavior along r but still correspond to k = 0, the SO(5)
remains manifest, but the ten scalars from the five form can be eaten by the corresponding
10 vectors, or equivalently the vectors can be eaten by the ten two-forms. On the gravity
side, the pattern is more familiar from Kaluza-Klein theory.

For any given choice of k # 0, the relevant symmetry is the SO(4) associated to the
four internal directions orthogonal to it, as we have already stated. While so far we have
largely confined our attention to k = 0 modes, reserving only brief comments to sectors with
non-vanishing internal momenta, here it will be important to also scrutinize perturbations
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with k # 0, since they will entail special subtleties and, as we saw in detail in [43], can host
instabilities as a result of mixings.

5.1 Perturbing the tensor equations

Perturbing egs. (5.1) around the background leads to

0 1 0
OHp..p = h[PlMl Hé])Jg...Ps]Ml 9 hMM Hgl)D1---P5

g(o) N g(o)
4 IPuMy IPMs My MNuNs g (5-3)

5! \/—g©®

where the antisymmetrizations have unit coefficients, quantities bearing the superscript
(0) refer to the background, § H denotes perturbations of the tensor field strength and h
denotes perturbations of the metric, defined in eq. (1.13). Moreover, ’Héo) is defined in
eq. (1.1), and here the Levi-Civita tensor, such that ¢*9 = —1, will be lowered with the
Minkowski metric.

The perturbation 0H is to be expressed in terms of the four-form gauge field, whose
independent components can be conveniently parametrized as follows:

5B,uup0 = €uvpo b, 5B,qu7’ = euupa bo, 5B,uupi = f,ul/pg boi
5Buuri = buui ) 5B;u/ij = bw/ij ) 5Bm“ij = bl(lllg )
1 1
0B iji = 5 Gijkim bff)lm, 0Byijk = 5 Gijkim b OBijki = €ijkim O™ . (5.4)

Using egs. (5.3) and the results collected in appendix B, and in particular eqs. (B.4), one
can see that the independent self-duality conditions reduce to

o b2 lm+1 parlm g — _ﬂ
[ V] 9 € 'p Ouvgr = 9 €uvpo

< (9l p02lim gy oot _ plt ool

1 1
8# blm 0, b(Q)Hlm + 5 quslm ap b(l),uqs _ _62A+GC (8[1 blum} + 5 Eaﬁ'\/‘u Oy, bﬂ'ylm> ’

m mn - [ h m
Db — 9, b2 — ~2C b h
1
+ 6_6A (8771 bu — 87‘ bum — 5 eaﬁ,yu aa bﬁ’ym)] 9
[ h
0, pm O pmn — 6720 27 hrm . elOC (am h— au bum):| ,
L= p
_[h 241 « —2B —2C 1 i
prp—[llp<—e hot —e hr +e€ hz>
+ e84 (@b - 0:b7)] (5.5)

where we expressed the background metric in terms of the three functions A(r), B(r) and
C(r), as in eq. (3.1).
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5.2 Tensor gauge fixing of the Einstein-five form system

In order to analyze the modes arising from the Einstein-five-form sector, one must perform
a gauge fixing of the resulting equations.
Diffeomorphisms act on metric fluctuations hp;ny as

5§hMN = VM{N + VN{M?
and consequently the Ricci curvature perturbations transform according to
5 O Rng) = VN EP RO pp + VP RO yp (5.6)

where R(©) 3, is the background Ricci curvature. They are thus covariant under diffeomor-
phisms, albeit not invariant as would be the case when working around flat space.

The four-form gauge potential is also affected by tensor gauge transformations, and a
convenient presentation of their combined action with diffeomorphisms is

S¢e.n (0 Bunpg) = & Héol)%MNPQ + O Anpq)
S¢ (6H = (vse®) 1) 568v 5 HC) 5.7
¢ ((HsmnPQ) s€ 5 MNPQIR T EVrRHssunpg - (5.7)

Here A is a three-form gauge parameter and, as in other portions of this paper, square
brackets denote antisymmetrizations without overall factors. The independent components
of Apsnp can be conveniently parametrized as

-
Aupa = €vpor A ) Aupr = Al/pa Aupi ) Auri = Aui )

1 m
Apij = A(l)ij ) Aij Aiji = 5 Cigkim AR (5.8)

Diffeomorphisms and tensor gauge transformation thus act on the independent fields
according to

d h,m/ = 8;1 &+ 0, 6# +2 Nuv A eZ(A—B) &rs

5hMT:3M§r+(8T—2A/)§M, dhui = 0,6+ 0: &,
§he =2 (0, — B) &, Shyi = (0, —2C") & + 06, |
Shiyj=0;& +0;& +26;,;C" D
_h e, p _h o 5@
5b= 50—, 0, 3= 5o eGP AL
h 6A 1 v A po
by = =5 G = 5 O A7~ O (5.9)

while the remaining tensor components are invariant under diffeomorphisms and have the
tensor gauge transformations

1 4
) bui = -5 €po o AP7 g AM’ ) buvi = 8['u A,/]Z- + Oy A;wi — 0; A,W,

1
8 by = O Aujis + 0 M)+ 800 =8, AV — 0, Mg + 9 Ay (5.10)

1 1
0 6P ij = 0 A5 — o eijuam O N 8 by = 0, APy — o e 0F ADT
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Using the tensor gauge transformations one can now set

Brynp =0, (5.11)

for all choices of M, N and P, thus removing all fields whose gauge transformations involve
the radial derivative of a parameter with the same Lorentz structure. In analogy with what
we said for the two-forms, this gauge fixing brings along other modes living in the boundary,
which can be associated to a nine-dimensional three form.

The gauge condition (5.11) translates into

by=0, buwi=0, bW,;=0,  b;=0, (5.12)

and reduces the system of tensor equations to

674A74C

1
b(2) J Im 4= 6lm’rlpq Oy, b,ul/pq - _ 5 € po o, bpalm ’

o, b(Q)Mlm _ 2AF6C

Iy

1
8[[ b#m] + 5 604/37” aoz bﬁ’ylm] ,

h
au b™ — 9, b(Z)an _ 6720 |: hom_ 676A o, bum] ’

2p *
h
Db = e~ [2/) h™ — e (9™ b -9, bﬂm)} , (5.13)
h .
8pbp _ @ [ _ 24 he® — o 2B By + o 2C hiz] 4 e84 b,

This simpler system is still invariant under some residual gauge transformations, with
arbitrary parameters A,,, A,; and A(l)ij, while the radial dependence of the others is
determined by

1 h
Or AN = —5 €uvpo ¥ AP — % €6A 5# ) Or A;uxi = 0 A,LLV - 8[,u Ay]z )

1
O My = 0 AV 5 + 0 Ay O APy = S €ijam 0" AV (5.14)

These residual symmetries will be instrumental to exhibit the modes actually emerging
from this unfamiliar sector. Indeed, even in the flat-space limit, where the metric functions
A, B, C and the parameter h are all vanishing, the recovery of the expected modes that we
have listed at the beginning of this section is not evident. There is actually a subtlety here,
when comparing with the case of circle compactification, whose internal zero modes, which
would be independent of r in the present notation, cannot be gauged away. That would
require gauge parameters linear in r, which are not allowed in order to maintain periodicity,
consistently with the global translational symmetry on the circle. In our case the internal
r-space is an interval, and the requirement of periodicity is replaced by proper boundary
conditions. Therefore, the parameters on the right-hand side of eqs. (5.14) are arbitrary,
which justifies our choice. We shall see this explicitly in the following sections, where we
shall also fix diffeomorphism invariance on a case-by-case basis. As we have already stressed,
however, other modes appear generically at the ends of the interval.
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5.3 Perturbing the Einstein equations

When the complete Einstein equations (5.2) are linearized around the background, their
left-hand side becomes

Ry :RE\(;)N'i_éRMN? (5.15)
where
~28 Rvg = Oiohngr + Vv Vrhs® — VP (Vyhpr + Vehen) , (5.16)

where the derivatives and the d’Alembertian are covariant with respect to the background.
The components of the first-order correction to the energy-momentum tensor can be obtained
in a similar fashion, and these steps lead to the linearized Einstein equations

Chohwr + Vi Vrhs® = VP (Vy hpr 4+ Vi hpn)

1 0 0 0
= 75 (s Hig) — MG - Hipy W) (5.17)
The spacetime components of egs. (5.17) are

af: (€704 e 2 A) hag — 728 (9, — 24') O h),
+ Nap A AP 724 (9, — 24" #, — 2B (9, — 2B') hyp + ¢72€ (0, — 2C") BY}]
— 21,5 A’ e2(A=B) [e24 o1 hyr + e 209" hyy)
+e 2B (0 —44") Or + 4 (A) ] hag
+ 00 05 (¢ AWy + e 2B, 4 T2 — eTPA0M 0 gy, — €720 0 O g

h h
- {4 2A-B) g by — = e (s - haﬁ)} , (5.18)

while the ar components are

or: (6_2A O+e2¢ A) hoyr — e 24 (0, —2A") 0 hqyp
+ (A= B) e B 9y hyp — €72 (9, — 2A") 0 hyg
+e 2 (9, —2AN) Oy Wy 4+ €72 (9, — A — C") Dy by
— e 29,0 hyr — e 20 0,0 hyy =0, (5.19)

and the o components are

ai: € A 0hgi+ €72 Ahgi + e 28 (9, — A = C")° = (A = C')?] o
—e 280, —2A4") 0y hiy — e 2B (0, — 2C") 0; hay
+ 04 0; (e’ZA ¥, + e 2BRp, 4 e 2C hkk)
— 7249 (Do hpi + Bi hpo) — €72C & (D hij + 05 hay)
he 8¢ h

_ g @ n\_ N ey
T [4(3@1 O b m) e hm]. (5.20)

48 —



Moreover, the rr component is

T [6_2A O—e2Bp (0, —2B") + e 2¢ A} J-.
—2e724 (8, — B") 0" hyy — 272 (9, — B') 8" hyi
+e 240, — B (9, —2A W', + 729 (8, — B) (9, —2C") h¥;

_ ;‘p {4 B,b— Z Al (5.21)
while the r¢ components are
ri: (6_2A O+ e %¢ A) hi — e 2¢ (0, —2C") OF hy;
+0{e [0, — A = C") B = 0% hay] + €725 (C" = B') hyy
+ 72 (0, = 20") Wy — 0 by | | — €724 (9, = 2C7) 0% ha
_ 2 b= 0,0t (5.22)

Finally, the internal ij components are

ij (€404 e A) hiy — e (9, = 2C) Qi by, — 26, C" X

+ 6, C" OB 720 (5, — 2C") hEY, — €728 (9, — 2B') hyy + €724 (9, — 24") hH ]

—28;;C" OB 7200k hyy 4 20 ] + e 2B (9, — 4C7) B, + 4(C)* by

+ 8Z (93' (6_20 hkk + 6_23 hrr + 6_2A huu) - 6_20 8k 8(2 hj)k: - 6_2A o 8@ hj)#

h _ h _
=5, {4 5ije 8 9,1 — e 10C (6 hi* — hij)] . (5.23)
Summarizing, the equations of motion for the coupled Einstein-five form system are

egs. (5.13), together with egs. (5.18)—(5.23). We can now analyze their modes, starting
from some sectors where the contributions from gravity and the five-form are decoupled,
whose dynamics is thus simpler. These are fields in the antisymmetric of SO(5), which
originate solely from the four-form gauge field, spin-two modes and scalar modes in the
symmetric traceless SO(5) representation, which originate solely from the gravity sector.
All other modes are mixed, which makes their analysis more involved and will treated in
sections 9-12.

6 Tensor modes decoupled from gravity perturbations
According to egs. (5.13), this sector involves the two fields b2 Mlm and bwlm, which are

both valued, for k = 0, in the antisymmetric of SO(5), and no gravity contributions. We
begin our analysis from the modes with k = 0, which are somewhat simpler.
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6.1 k = O tensor modes

For the modes with k = 0, egs. (5.13) reduce to

—4A-4C
Iy b<2)u]lm = _eT €uvpo Or bt
O b(2)ulm = 24+6C % eo‘ﬁm Oa bmlm , (6.1)
and it is now clearly convenient to let
= L, o)
so that the equations simplify, and become
. b(2)y]lm — Ay ﬁwjlm’ a, b(2)ulm _ (2446C Ho ﬁa#lm. (6.3)

These equations link quantities that are invariant under residual gauge transformations,
with parameters independent of r:

8 Buvij = €uupo 0° A%j 5 0@ i =0,A?;;. (6.4)

One can now separate the radial dependence introducing a factor f(r) for £, and a
factor f)(r) for b ,;;, according to

Buwig(x,7) = f(r) Buij (@), 0P ui(ar) = [P (r)0®) (). (6.5)
This leads to the system
Fl = ay MAHC §(2) FO — gy (2AH6C f (6.6)
where a; and ag are two real constants, and the resulting space-time modes satisfy
9, b )™ = —a1 Bu™,
azb® ™ = 8% By, (6.7)
From these equations, if ajas # 0 one obtains a second-order Proca equation
0p@,m — 9,00 b3 M 4 gy agb?,m =0, (6.8)
with a squared mass
m? = —ajay, (6.9)

and f is completely determined in terms of (2.
On the other hand, if a; = ap = 0, f and f® are independent of r, and then all
non-trivial curvature components arising from the two potentials ,,,;; and b2 pig

Ao
Hp,ypij = —€uvpo o\ p ij prrij =0 b/ﬂ/ij ’

2)Ilm H

1
H purijk = _5 €ijkim Or bff) fm ) (610)

1
pvijh = 3 €ijkim by,

vanish, on account of egs. (6.1), so that this type of solution is pure gauge.
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The actual values of m? are determined by egs. (6.6), and as in other sectors it is
convenient to recast the system into a manifestly Hermitian form and then attain self-
adjointness by a proper choice of boundary conditions. To this end, let us define the two
functions gt and ¢~ via

fry=g (e, [Pr)=g"(r)e 7, (6.11)
while also introducing the variable z of eq. (3.9). These steps lead to
Ag =agt, AlgT=-ayg™, (6.12)

where 4 o 4 o
A:52+%7 AT:—OZ%—%.

Combining the two first-order equations and making use of eq. (6.9) leads to either of the

(6.13)

two manifestly Hermitian Schrédinger-like equations
At Ag= =m?g¢™, AA gt =m? gt (6.14)
which include the potentials
VE= (A - O F L0 (A - ) (6.15)

or, in detail,

2 2
Vo(r) = {10\/10 sinh (T> —19cosh (T> - 81} :
320 28 sinh? (%) p p
Vis 2 2
Vi) = —° 7 {—14\/10 sinh <T) + 41 cosh (T) + 99] . (6.16)
320 28 sinh? (%) p p

T
P

Their limiting behaviors at the two ends are once more of the form (1.15), with
(1 1) = (%,1.09) for ¢~ and (u,f1) = (%,0.09) for g*. However, only a subset of the
solutions of the two Schrodinger-like equations solves the original first-order system (6.12),
as we now explain.

Let us first note that the solution of A g~ = 0 is not normalizable. Consequently, a;
cannot vanish, and it is thus convenient to absorb it in ¢g*, turning the system (6.12) into

Ag =g, Algt =m?g¢. (6.17)
The second equation yields, for m = 0, a zero mode for g*, which solves
Algt =0 (6.18)

and reads

gt =go 3479, (6.19)
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Figure 12. The left panel shows the normalized zero-mode wavefunctions of egs. (6.20) (black,
dashed) and (6.19) (red, dotted). The right panel compares the corresponding potentials V—
and V't of eq. (6.16) (black, long-dashed and black, solid) with their approximations (2.29) with
(1, /1) = (2,1.09) and (u, i) = (2,0.09) (red,dash-dotted and red, dashed), both in units of ZD% Zm
and zg are defined in egs. (3.10) and (3.11).

This corresponds to a constant f(2) and behaves as 275 close to the origin. However, one
must also solve the first equation in (6.17), and a normalizable solution reads

g = T 90 /Zm dz' ACN=CE)  (B-25E _ JFA52E (6.20)
z

Identifying the upper end of the integral with z,, is crucial in order to obtain a normalizable
mode. In fact, the integral in eq. (6.20) can be simply computed, and the result is

1
Vi P
g = _% 7 {h sinh (;)] tewm s (6.21)

ﬁ
[=}
o3

which behaves as 71 ~ 2 at the origin. These zero modes describe ten massless vectors, as
dictated by eqs. (6.7), and have a constant internal profile f(2).
Consequently

/m dz (g_)2 N/ dr e3B-24-C (6.22)
0 0

_r 10=7V10
is clearly convergent, since the integrand vanishes as r at the origin and as e » 10 at

the other end. All in all, one can work with the Schrédinger equation
At Ag= =m?g™, (6.23)
determining g™ via g7 = Ag~. The proper normalization integral is also determined by

/dz {(g+)2 + (g_)Q} = (1 +m2) /dz (g_)2 : (6.24)

The main subtlety, in this case, is that the proper zero mode is not the solution of Ag~ = 0,

g~ , according to

but the other independent massless solution of the second-order equation (6.23), which is
given in eq. (6.21).

We can now identify the stable self-adjoint boundary conditions for this sector referring
to g~ , which corresponds to case 2 in section 2. The self-adjoint boundary conditions are
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Figure 13. The left panel illustrates the stable eigenvalues of the potential V'~ of (6.16) for u = %7

i = 1.09, while the red dashed line corresponds to the value % = —0.7 that leads to a massless
mode. The right panel illustrates the presence of a tachyonic mode, with m? = —z2, for the same

values of 11 and ji and —0.7 < £ < 0.
thus determined by the behavior at the origin,

g ~Ci <Z>g + Cy <Z>é , (6.25)

Zm Zm

and can be parametrized by the ratio %, and for the zero mode (6.21)
Cs
— ~ —0.7. 6.26
= (6:26)

As in previous cases, we now approximate V'~ of eq. (6.16) with a hypergeometric
potential (2.29) with (u, 1) = (%,1.09) and a suitable shift AV, which we determine
demanding that the boundary condition (6.26) correspond to a massless solution for the
shifted potential. In this fashion one finds

o T
AV >~ —(0.15)" —-, (6.27)

“m

and the resulting hypergeometric eigenvalue equation becomes

Cy  (my3 T(3)T (088 +vm2+0152) T (088 — Vim? +0.157)
Ci () I (1214 Vm? +0.152) T (1.21 - vim? £ 0.152)

5 (6.28)

The solutions are illustrated in figure 13, and comprise and infinite number of massive
modes and at most a single tachyonic mode. These results are qualitatively similar to what
we displayed in figure 1, and the instability region corresponds in this case to the range

—-0.7< =~ <0. (6.29)

Note that the tachyon mass grows indefinitely, in absolute value, as the ratio % approaches

zero from negative values.
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We can now examine how the choice of self-adjoint boundary conditions affects the flow
of the energy-momentum tensor across the boundary. In this sector, the relevant component
of the energy-momentum tensor behaves as

V=g Ty~ g g, (6.30)

so that the no-flow conditions (1.16) are violated, at the origin, whenever Cy # 0, since
g7 g~ ~ (3% at z = 0, and in particular by the boundary condition (6.26) allowing the
zero mode.

Summarizing, within the stable region g—“l’ >0 or % < —0.7 there are three classes
of boundary conditions: there is a unique choice leading to a massless spectrum for ten
vectors in the antisymmetric of SO(5) corresponding to eq. (6.26), while all other choices
lead to purely massive spectra. Among them, a special choice, obtained as % approaches

zero from above, respects the no-flow condition.

6.2 k # 0 tensor modes

We can now discuss the modes with a non-vanishing internal momentum k. The starting
point is now the system in eqgs. (5.13), and including (complex) Fourier modes %Y in the
internal torus leads to the first-order equations

(2) im 1 pqrim _ 767414740 polm
8[ub vt 5 € kp buvgr = — €uvpo Or b ,
_ar b(2)“lm _ —€2A+6C % Eaﬂvu aa b,@’ylm ,
kn b, =0 (6.31)

where we omit the k suffix for brevity. Taking the divergence with respect to the internal
coordinates gives

alm Im
b 0, 0P =0, k90 by ™ = 0. (6.32)

Using the residual gauge symmetries of eqs. (5.14), one can demand that k,, b*'™ = 0,
because the first equation grants that is independent of r, while all preceding gauge choices
only involved the r-dependent portions of the gauge parameters. As a result, one can work
with fields that are transverse in the internal space.

Now the momentum k picks a direction in the internal space, so that for k # 0 the
two fields in egs. (6.31) are in the antisymmetric 6 of the residual internal SO(4) that is
transverse to it. One can thus decompose them further into portions that are self-dual
and antiself-dual with respect to this SO(4) group, which we denote by b(©) and b9 with
€ = *1, such that

pepotm _ € Impgs ks ple) po p2e) plm _ € impgs ks

p (2,6)p
5 K] P 5 k] b pg - (6.33)
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As a result, for example, b(9)r7 ig SO(4)-valued along directions transverse to k, and the
system becomes

Im 674A74C

O b i | €l = s e 0, 0P
—8, b(29) Im — _24+6C0 % B, 9, b9 g™ (6.34)
One can now separate variables, letting
B2O 1M (1 1) = f5(r) b () | b M (e, r) = fFOr) b9, (1), (6.35)

and the first of egs. (6.34) implies that this is only possible if b Wlm is also self-dual or
antiself-dual in spacetime, so that

b(€7<)'uylm =1

N[y

Cuvpo b(e,()pa fm ) (636)
with ( = £1. As a result, f and f5 satisfy

()
iC 674(A+C) df? — 3 ‘k| 6f(e,() —ay f2(67<) :

df;v(:)
dr

where a1 and a9 are two constants, not necessarily real anymore since we are dealing with

— iCag 2ATOC f(e0) (6.37)

Fourier modes, while the spacetime equations become

m

8[u b(Z,e)V}lm =a b(s,{)wj ’
lm

ay b9 Im — _ga b(e’C)ay . (6.38)

If a; # 0, the first implies that the field strength of bu(%)lm must also satisfy eq. (6.36),
and combining them yields, as before, a second-order Proca equation for b(2) Mlm,

O b(276)ulm _ 8# 8” b(275)ylm _ m2 b(276)ulm =0 , (639)

with
m? = —ajy as, (6.40)
where a; and ag are the constants entering egs. (6.37).
In order to recast the system in a manifestly Hermitian form, we turn once more to the
z variable of eq. (3.9) and redefine the two functions f and f according to

C—A

FOO =g ef 54 60 o gt (S (6.41)

where K
DX = ’2| eCer™C, (6.42)

and for brevity we leave the two signs € and ¢ implicit in g*. The end result is

Ag-=—iCargt, Algt=—iCasg™ (6.43)
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where now

AZ—CZ AZ_CZ
Azﬁz—l—T— 2 X AT:—@—FT— 2 X (6.44)

which modify the combinations in eqs. (6.13). The solution to Ag~ =0 is
g =ce T X, (6.45)

and, as for k = 0, is not normalizable. As a result, a; must be different from zero and can
again absorbed in g*. The system (6.43) can thus be replaced with

Ag-=g", AlAg =m?g", (6.46)

where the Schrodinger-like equation is now

k 2
o2 v D o)) g e g (6.47)

with V'~ the first potential in eq. (6.16), and the additional |k|? term is subdominant, at
both ends, with respect to V~. Therefore the leading singularities remain the same as for
k = 0, and the allowed self-adjoint boundary conditions are still determined by the ratio
%. Since one is adding to the potential of the preceding section a positive contribution, all
modes corresponding to stable boundary conditions for k = 0 are simply lifted in mass by
the internal momentum. Moreover, the tachyonic modes, which have a continuous spectrum
of masses determined by the boundary conditions, can be lifted to zero mass. In fact, for
all values of k there are massless modes, which are obtained solving

Atgt =0, Ag =g, (6.48)
whose internal wavefunctions are
g =c eA_TC—X7 g~ eC%A-*-X /Z dz AF)—C(=)=2x(2") (6.49)
Zm
Here x can determined exactly as a function of r solving eq. (6.42), and reads

x=—-V10e(p |K| ¢ 2oV (6.50)

It approaches a constant at both ends of the interval, but nonetheless it changes the value of
the ratio g—f by k-dependent terms. Note that the emergence of additional massless modes
occurs in all sectors, when starting from tachyonic boundary conditions. The peculiar
feature of this sector is that, even for k # 0, the r-profile of these modes can be still deduced
from the first-order equation (6.46).

Summarizing, for all values of % in the range (6.29) there is a boundary condition
lifting a k = 0 tachyon to a massless mode carrying an internal momentum. However, for
all boundary conditions that yield only stable modes for k = 0 the complete spectrum for
k # 0 is also stable.
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7 Spin-2 modes from h,,

We can now turn to modes involving perturbations of the metric field. The simplest case is
obtained considering a traceless and divergence-free h,,,, whose massless modes can describe
long-range gravity in lower dimensions. This spin-2 portion cannot mix with anything else,
and therefore one can set to zero all other perturbations when addressing it. The dynamical
af Einstein equation (5.18) then reduces to

h2

(70— e 2K?) hag + € 2P[(9, — 44) O, + 4 (A) s — T

e 19 hoyp =0, (7.1)
while the other equations are identically satisfied. As usual, the d’Alembertian operator
defines m?, so that the preceding result is equivalent to

{(87« -2 A')2 + (m2 e 2 K2 6_20) eQB] hag =0, (7.2)

where we used some properties of the background, and in particular egs. (A.15). It is
now convenient to introduce once more the variable z of eq. (3.9), and redefining the field
according to

hap =€ 28134 J 0 (7.3)

leads finally to the Schrodinger-like equation

02 4 m? — K2 2(A-0) _ i (B, — A,)? — % (B.. — Ao)| hug = 0. (7.4)

This equation is identical to the one obtained for the dilaton-axion system in (3.22),

and leads to the same spectra for the self-adjoint boundary conditions discussed there. The

same considerations apply, and in particular there are boundary conditions granting spectra

with m? > 0, as in figure 5. For k = 0 there is the zero mode (3.25), which translates in
this case into the graviton wavefunction

hap(r) = 40O 5, (7.5)
which satisfies the boundary condition
0y (r® hyw) ~0. (7.6)
The finite normalization integral for this ground-state wavefunction,

/ dr *B=64 b5 hP ~ / dr 2B=4) (7.7)
0 0

also determines a finite value of the four-dimensional Planck mass, as discussed in [50].
This zero mode is crucial, since it grants the existence of a long-range four-dimensional
effective gravity. It corresponds to the same self-adjoint boundary conditions identified in
section 3. As for the dilaton, for any given boundary condition the spectrum for k # 0 is
lifted upwards in mass, and therefore all stable choices remain stable also in the presence of
an internal momentum.
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8 Scalar modes from h;;

Metric perturbations arising from h;; are also simple to analyze. These are symmetric
traceless SO(5) two-tensors for k = 0, which are also transverse in the internal space if k # 0
and cannot mix with other modes. All Einstein equations are then identically satisfied,
aside from the ij equation (5.23), which reduces to

(i) : (7240 + 72 A) hyj + e 2P (9, — 4C") O, +4(C")

= TPQ 1] (8‘1)
In terms of Fourier modes and of the z variable, this becomes
(m? = A=) iy + (0. + 3 (A + C2) ) (0. — 2C. )by = 0, (8.2)

after using some identities for the background collected in appendix A. One can now turn
this equation into a manifestly Hermitian form, letting

_3A+C

hz‘j = iLZ‘j e 2, (8'3)

and the result is identical to eq. (7.4) or eq. (3.22). Therefore, the arguments of the
preceding section apply almost verbatim, the only difference being that the spacetime profile
of the massless mode, which is now valued in the 14 of SO(5), is in this case

hij ~ eB_A . (84)

1 . 1 . .
As a result hi; ~ 72 asr — 0, or equivalently as 2z as z — 0, s. Moreover, this wavefunction

2
behaves as (2, —2) V10 as z — zp,.

9 Singlet vector modes

We can now turn to the four-dimensional vector modes that are invariant under the effective
internal symmetry group (SO(5) or SO(4), as we have seen, depending on the values of k).
These vector modes originate partly from the tensor, with

1
bui = Eaivl,ua (9.1)

and partly from gravity, with the relevant fluctuations parametrized as

1 1
h/u/ = E a(,u ‘/211) ) h#r = ‘/3#’ h/ﬂ = EBZ V4M7 (92)

where Y is a scale that grants the different fields the standard dimension. Moreover, the
four vector fields Vi, Vs, V3 and Vj are all assumed to be divergence-free,

"V =0 (a=1,...,4), (9.3)
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in order not to include scalar components in them. As a result, the tensor equations (5.13)
become

h
o, ™ =0, 3 h,™ —e 549, 0,m =0,

9, b =0, i, =0, (9.4)

and the only non-trivial one is the second, which leads to

h
o [2p Vip—e 540, vm} _o, 9.5)

while the others are identically satisfied. Now V3, can be gauged away, and the Einstein
equations (5.18)—(5.20) reduce to

k2
(af) : a(a [e_ZB (& - 2A') V3gy + > 6_2CV4ﬂ)1 =0,

k2
(ar) - (6_2A m? — e72¢ kQ) Via+ — €29 (0, —24') Vo =0,

by
6_2A
(i) : 81-{ S m2Vy, —e 2B (0, —2C") V34 (9.6)
1 —2B / "2 / "2 e 10¢ 2 _
+se @ -4 -0 —(A—C)}VM—QPQEh Viaf =0,

while the rest, the (rr), (ri) and (ij) equations, are all identically satisfied. One can also
remove the overall 9, from the first group of equations, while the («i) equation, together
with the Vi, and Vj, fields, is only present for nonzero momenta.

9.1 k = 0 modes

For k = 0 only the first two of eqgs. (9.6) are left, with only V3, and give

(@B): (8, —2A) Va5 =0,
(ar) :m? Vi =0. (9.7)

Therefore, there is in principle a massless vector with a wavefunction in the radial direction
Vap =l =2V 05 ,(2). (9.8)

This, however, is not a normalizable mode, since the norm inherited from the Einstein-Hilbert

action,
/ dr /—g 0p hyy Oshur nM 0P e 224+8) — _ / dr V(O)gu O V(O>3l, nt, (9.9)
0 0

diverges. In conclusion, this sector describes no modes altogether.
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Figure 14. The k = 0 portion of the Schrodinger potential for f in eq. (9.17) (black, solid) and its
approximation (2.29) (red, dashed) with (u, i) = (3,2.18), in units of ZO% zm and 2z are defined in
egs. (3.10) and (3.11).

9.2 k # 0 modes
For k # 0, the system becomes
k2
(aB):e 2B (9, —2A) V3p + 51 e 2V, 5 =0,

2
(ar) : (e724m? = e 20 K?) Vi + K20 (9, — 24') Vi =0,

by

€—2A
(ai) : S m? Via — e 2B (9, —2C") V34
1 —2B / N2 / N2 67100 2 o
+5e [ el —(A—C)]Vm—mh Via=0.  (9.10)

The first of these equations determines Vj in terms of V3, and this relation can be used in
the second, which becomes

62(A7B) (87‘ _ 2A/ o 2B/ + 20/) (87‘ . 2A/) ‘/301 + (m2 _ k2 @2(14*0)) ‘/.3a = O7 <911)

while the third equation follows from the first two. Notice that the scale ¥ does not enter
this eigenvalue equation, which determines the mass spectrum.
In terms of z-derivatives, making use of eq. (3.9), eq. (9.11) becomes

(0: =34, = B. +2C.) (9: — 24.) Vo + (m? — K2e249) V3, =0, (9.12)

and letting
WZML;’CZ, Vo = e 2520 (2) £(2), (9.13)

leads to the manifestly Hermitian equation
(9: = w) (9: +w) f + (m? = K2 2A) f = 0. (9.14)
We have thus reached once more a familiar form

(AT A+ 12 A f=m? (9.15)

where now
A=0,+w, A'=-0,+w, (9.16)
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so that the Schrédinger potential is

Vet -
V= c [10\/ 0 sinh ( ) + 29 cosh ( ) — 129} . (9.17)
320 23 sinh® (%) p

The limiting behavior of the potential at the two ends is as in eq. (1.15), with pu = %

and f = 1—15 (4\/ 10 + 20) ~ 2.18. Since i > 1, the only limiting behavior allowed at the

right end is
55+8v/10

R o1

Zm

while there are different options at the left end, with

fr G <2)2+02 (Z>é, (9.19)

Zm Zm

and the self-adjoint boundary conditions are determined by the ratio % Note that the
solution of Af = 0 that we found in the previous section is not normalizable, due to its
behavior as 7 — oo, but there is another independent massless solution of the Schrédinger
equation (9.15) with k = 0. It can be determined by the Wronskian method, and is given by

11A+413C

f=e = . (9.20)
It is normalizable and is characterized by

Csy

— ~ —0.47. 9.21

- (921)

Note that this zero mode is not a solution of egs. (9.10) for k = 0, but nonetheless it can
be used to determine the shift for the hypergeometric approximation to the k-independent

portion of the potential,
2

AV ~ ——2(0 39)2. (9.22)

m

The resulting eigenvalue equation reads

Cy (W)—gr() (142—1—\/77127) (142 - /m? + (0.39)%)

—=—|= , (9.23)
Cy 2 T (2)1 (176 + /m? + (0.39)%) T (1.76 — /m? + (0.39)?)
so that the corresponding instability region for the k = 0 portion of the potential is
C
047 < =2 <0. (9.24)
1

In conclusion, if g—f lies outside this range, only massive modes emerge from this sector,
when one takes into account the complete k-dependent potential in eq. (9.15). However,
fine-tuning the ratio as a function of the toroidal radius it is possible to lift a tachyonic
mode of the k-independent potential to zero mass, whenever it is present.
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10 Non-singlet vector modes

These modes also originate partly from the self-dual tensor and partly from gravity, and
can be exhibited letting

ij 1 i j 1 afuv ij 1 inla j 1 afuv i117J
b 4 = S Al wy 7, 3¢ vy, 10 = w2 oligloyy,Alil 553 ¢ B 3[#3[ Wgﬂy],

b =Ws,", hy' =W, (10.1)
where ¥ is again a scale that grants the different fields standard dimensions. All other
perturbations are set to zero. Moreover, in order to leave aside scalar and singlet vector
modes, the W fields thus defined are chosen to be divergence-free both in spacetime and in

the internal space, where the second condition is only relevant for k # 0. In this fashion,
the tensor equations reduce to
€—4A—4C

i 1,1 . T
L g (W + e 0,

aliay, w7 =
Lo i ] 24460 (alivr )2 T Al o ]
iﬁra Wl,u =€ 0 W3,u +§8 WZ,u )

4 h . )
- Wllul — 6720 |:2p W4uz . 67614 87" W3M’L:| . (102)

Moreover, only the «i Einstein equation (5.20) is left, and reads
ai e A m? Wi — e 2012 Wagi + 728 (8, — A/ = ') = (A = C')?] Wias

e |2K2 R h?
=8¢ [pz Wlai+27p2€ 20W4O¢i]7 (10'3)

after taking into account that the fields are divergence-free, and after using, as in previous
cases, the conditions 0 = m? and A = —k2.

10.1 k = 0 modes

We can now solve these equations, starting from the toroidal zero modes. In this case Wi,
Wy and Wy are absent, while W3 is linked to Wy according to

. h 4
O W3 ,' = P eSAWy 1 (10.4)

This leaves in principle an 7-independent contribution to Wi y» Which does not affect the
tensor field strength of appendix B and therefore can be gauged away. Only Wy is thus left
as an independent field in this sector. It is divergence-free, as we have stated, and satisfies

2
e Wyai,  (10.5)

—24 2 A —2B A N2 Al An2 v
e Wias + €727 (0, — A/ = C')* — (4 (J)]W4m—2p2

or, using the results for the background metric in appendix A,

m? Wyai + 2478 (8, — 20") (8, — 24" ) Wyai = 0. (10.6)
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Figure 15. The potential V of eq. (10.10) (black, solid) with its approximation (2.29) (red, dashed)
with (p, 1) = (%, 1.18)7 in units of ZO% zm and zq are defined in egs. (3.10) and (3.11).

Turning to the z variable of eq. (3.9) and performing the redefinition

_A43C

Wyai =€ 2 Zyi(z)f(2) (10.7)

leads finally to the manifestly Hermitian Schrédinger-like equation for f,

(—0:+B)(0:+B) f=m"F, (10.8)
with 1
8= —3 (bA,+3C,) . (10.9)

The Schrédinger potential is now

Vi 2
i {2\/10 sinh ( T) +9 cosh (T> + 131} , (10.10)
p

2
" 23 sinh® (£) 3

and is displayed as a function of z in figure 15. Note that the Schrédinger-like equation is
once more of the form

AATf=m?f, (10.11)
with
A=-0.+8, Al=-0.+5. (10.12)
Close to z = 0 the potential is as in eq. (1.15), with p = %, while i = % (4\/ 10 + 5) ~
1.18.
The allowed wavefunctions thus behave as
5\ 168
Fo (1 _ ) (10.13)
Zm

near the right end of the interval, while there are different options at the left end that are
compatible with the leading behavior of the potential, with

f~Ch (Z>g + O ( z ) ; (10.14)

Zm Zm

[N

and self-adjoint boundary conditions are characterized by fixed values of the ratio between
these two coefficients.
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There is a normalizable ground-state wavefunction,

F(r) = foe™ 5, (10.15)
with fy a constant, which solves A" f = 0 and corresponds to the special choice of boundary
conditions o

2
2~ 249, 10.16
- (10.16)

This result translates into the spacetime wavefunction
Wiai(x,7) = fo Zai(z) 1. (10.17)

Comparing with the hypergeometric potential (2.29) determines the corresponding

shift,

7.(.2

22

AV ~ (0.71)2, (10.18)

so that the eigenvalue equation for this sector reads

Cy <W>g% r(4)r (076+\/77127> (0.76 — v/m +(0.71)2)

& \2 ()1 (1424 V/mZ + 0712 T (142 = /m? + (0.71)%) (10-18)

A tachyonic instability is present, in this sector, within the range
—2.42 < gj <0. (10.20)
The limiting form of Wy in eq. (10.17), which diverges proportionally to rT3 as T — 0,

violates the no-flow conditions of [56]. This can be seen relatively simply starting from the
Kaluza-Klein toroidal reduction to five dimensions, so that the gravity field components
of interest, h,;, behave as Abelian vector fields. The further reduction on the interval can
then be analyzed referring to their Maxwell energy momentum tensor, and this leads simply
to the preceding conclusion.

10.2 k # 0 modes

For nonzero internal momenta, one must consider the full system of eqs. (10.2) and (10.3),
but the transversality conditions that the fields satisfy allow one to remove the overall
0;. We can now describe how one can build from them a manifestly Hermitian system of
second-order equations for these modes.

10.2.1 The Schrodinger-like system

Taking the exterior derivative of the first equation and making use of the transversality
conditions implies that Wy vanishes identically for m? # 0. On the other hand, for m? = 0
it can be regarded as a mere redefinition of Ws, which does not enter the other equations.
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In the following we shall thus remove W altogether, and as a result one can also remove

one spacetime derivative from the first of egs. (10.2), so that the system reduces further to
€—4A—4C

by
18W i _ Q2A+6C [y, i sz i
E r Wiy = € 3p + ﬁ 2u )

W1 #i = — ar W2,ui 3

k? ' —oc [ P , _ —6A ‘
e Wi = [2[) Wi —e 640, Wg,j] . (10.21)
Note that the second-order equation (10.3) relates Wi to Wy, so that it is natural to deduce
from this system another second-order equation linking these two fields. In order to do this,
one can start from the second of eqgs. (10.21), which implies

2

. 1 ) .
Op Wy, = 5 74700 (9, —24' = 6C") 0, W, - % 0, Wa,'. (10.22)

Combining it with the first gives

. 1 . 2 )
Op Wy, = 74760 (9, =24/ = 6C') 0, Wy, + M40 % Wi, (10.23)

and substituting these results into the last of egs. (10.21) gives

k2 ) h . e 8(A+0)
_iwlul — ﬂe 2C W4MZ .

(&

(0, =24 —6C") 0, Wy ,*
2(C—A)

> m? Wy, (10.24)

This is the second equation we were after, to be considered in combination with eq. (10.3).
One can now separate variables, letting

W' (%, 2) = w,'(x) Wa(z), (a=1,2) (10.25)

which leads to the matrix form
MY =m?Y, (10.26)

where Y is a column vector containing the two fields W7 and Wy,

Y = <W1> , (10.27)

Wy
and
]CQ . 62(AfB) (ar —9A — GC/) ar h¥ e2A74C
M = 2hK2 —6C > 2(A-B) ’ N oo (10.28)
o5 € Ke—e (0, —2C") (0, —2A")
with
K=|k| eAC. (10.29)
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The mass spectrum is determined by this system, and therefore it is convenient to try
to reduce it to a manifestly Hermitian Schrédinger-like form. To this end, we turn once
more to the z variable of eq. (3.9), so that M becomes

K2 = (9. + A, — C.) 0. BE (24-40
M= 2hK2 —6C K2 (0. +3A C (D —92A (10.30)
Xp € - ( > + 2zt 3 z) ( z z)

This operator is still not manifestly Hermitian, but after redefining the fields according to

Y =AZ, (10.31)
with
A=| V2 f A 10.32
;) 2o(Z) oo
the system finally takes the desired form,
MZ=m?Z. (10.33)
Now the matrix is
— [ K2+ (=0 +az) (0. + az) Il (2(4-30)
M= ik 2(A-30) 2 , (10.34)
Te +(_az+5z) (az‘i‘ﬁz)
where
z Az Az z
Qy = CTy 5z = _#7 (1035)

and is manifestly Hermitian and independent of . The scalar product

s 2[k|\?
/dz (\Z1|2 + |ZQ|2> — 2|k|/d2 [(Q) eAC Wy |2 4 AT ]W4|21 (10.36)

can also be deduced from these results, and the contribution within square brackets is
precisely what the effective action would yield. Note that, although M is well defined in
the k — 0 limit, the scalar product is singular when expressed in terms of the original
variables. The behavior of M in this limit and its implications for the boundary conditions
are examined in detail in appendix D.

10.2.2 Boundary conditions and stability analysis

We can now address the possible emergence of instabilities for nonzero values of k. This

very problem jeopardizes [43] the non-supersymmetric AdS x S vacua of [39, 40], but here

there is an important novelty, since the toroidal radius R is a free parameter, insofar as it is

large enough with respect to the Planck scale to make the present low-energy setup reliable.
To begin with, let us note that letting

(04, K
Q—( e 8Z+Bz>’ (10.37)
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Figure 16. The bounded function u of eq. (10.39), in units of “:#.
where K was defined in eq. (10.29), M can be cast in the form
M=Q'Q—-uo, (10.38)
with o7 the familiar Pauli matrix and
h Kk Vi
10
u=—|K| (4Az eAC 4 2 e2<A—3C>> _ | |,f ¢’ , (10.39)
p 225 cosh? <2Lp)

where zj is the scale first defined in eq. (1.4).

Note that w is a positive and bounded function of r, which is displayed in figure 16, but
nonetheless the presence of the Pauli matrix o7 in eq. (10.38) yields negative contributions
to the m? eigenvalues. As a result, M is not a manifestly positive operator, but for large
values of k the contribution of u is subdominant with respect to the X? terms in Qf Q. The
internal momentum k is quantized in units of %, with R the radius of the internal torus,
and enters all these expressions via the dimensionless combination

|k 2m|

E—kp~ —iml
(3H zp,)

(10.40)

W=

Therefore, there is a minimum nonzero value for £ in this sector, corresponding to the
minimal non-vanishing internal momenta. It can be expressed in several equivalent ways, as

1
Zm? \?  p l
_ ~Pon (L 10.41
o <3HR3> R W(@i) ’ (10.41)

where the flux ® and the length ¢ of the interval were defined in the Introduction. For
& larger than a critical value &., and thus for % below a corresponding critical value,

no unstable modes can be present, since as we have stressed the terms depending on K

SIS

eventually dominate. However, special choices of boundary conditions may remove the
tachyons altogether, and in order to address this question and to obtain an estimate for &,
one needs to characterize how m? depends on the boundary conditions, while also taking
into account the contributions depending on the internal momentum k.

Our next goal is to characterize the independent self-adjoint boundary conditions at
the two ends of the interval that grant the positivity of QT Q. Let us begin by considering
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the behavior at the origin, which is more intricate. At the z = 0 end, the eigenvalue
equation (10.33) reduces to

QlQZ =0, (10.42)

where @)y, the dominant term in @ near z = 0, is given by

1
Qo =0+ L +& (zm) "o (10.43)
6z z

The contributions involving u and m? are negligible with respect to these singular terms,
which include some k-dependent contributions at this end. As a result, the analysis can be
split into a pair of steps. One first solves

Tw=o0, (10.44)

obtaining

o= (2) fon [ (2) oo s [ (2) o, a0

with Wy a constant vector, and the complete solution of er] Qo Z = 0 can then be obtained
solving the inhomogeneous equation

Qo Z=1V. (10.46)
It reads
Z = (?)é {cosh l32§ (z ) ] — o1 sinh [326 (z ) ]}
X {x0+/zz'"' dy y3 [cosh (3€y3) + o1 sinh (3€y75)] \I/O} , (10.47)

where y( ia another constant vector.* We now let

012 4 011
= Vo= = 10.48
X0 <C22> ) 0 3 <C21 ) ’ ( )

and the limiting behavior of the preceding expression close to z = 0 then yields

1 11

1
6 2
en(2)"vea (2)]

z % 6 f
Zi~Cn () + Ci2 (> >
Zm Zm 2

11

e (2) von(Z) T rifon (2) sen(2) ] o

This limiting behavior will be important in the following, since it characterizes generic

wavefunctions Z such that M Z is also in L?, insofar as the left end of the interval is

“In this section, for simplicity, we are not rescaling the Cij by the p;, as in section 10.2, since p1 = po,
and therefore this would only introduce an overall factor in the following equations.
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concerned. Note that the structure of egs. (10.49) is fully determined by the £-independent
terms, which rest on the indicial exponents for the limiting diagonal system discussed in
appendix D. Yet, the additional terms that we have identified are instrumental to guarantee
that the k-dependent terms contained in M do not give rise to divergent contributions
from the z = 0 end.

As discussed in section 2, the boundary terms that ought to vanish in order to grant
self-adjointness are of the form

2=2Zm

[ZT 0,7 — (az ZT) ZLZO : (10.50)

with Z and Z a pair of two-component vectors whose asymptotic behavior at the origin is as
in eq. (10.49), with coefficients C' and C. We shall focus on the natural choice of conditions
given independently at the two ends.At the origin the coefficients must thus satisfy

Cty Cr1 — Cfy Crg + C3y Co1 — Cy Cp = 0, (10.51)

which is independent of £, as expected.

The linear relations granting that eq. (10.51) holds were discussed in section 2 for
systems involving n-component vectors. However, in the present n = 2 case there is an
alternative, more convenient formulation that we can now describe. Let us therefore start
by considering the two-component vectors

Cni Ca2
X, = X, = 10.52
EL N <012 > ) A2 <021 > ) ( )

and their counterparts X 1.2, while also recasting eq. (10.51) as the invariance condition for
a quadratic form resting on os:

Xi o Xy = X; oo Xy (10.53)

The self-adjoint boundary conditions given independently at z = 0 rest on a U(1,1) matrix
U, such that
Uty U = o9, (10.54)

which links the two vectors X, 5 according to
X,=U X;. (10.55)

The U matrix is conveniently parametrized as
U (p, 61,02, 8) = € [cosh p (cos 81 1 — i oy sin 1) + sinh p (53 cos by 4 o1 sinby)] , (10.56)

and the self-adjoint boundary conditions at z = 0 thus depend, in general, on four real num-
bers.
Moreover, an integration by parts leads to

2=2Zm

/Ozm d=2TQ'Q 7z = /DZm d=1Q 2| - [ZT 0z } 7 (10.57)

z=0
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where the first term on the r.h.s. is manifestly positive. Consequently, the contribution
from the z = 0 end is not negative if the limiting contributions from ZT@Q Z at both ends
are positive. In particular, at z = 0 one is led to

Re[CTy C11 + C39 Co1] > 0, (10.58)

where the self-adjointness condition was taken into account. Making use of eq. (10.55), this
positivity condition at z = 0 is equivalent to demanding the positivity of the symmetric
matrix

S=01+Ulo U, (10.59)

as shown in [44]. In terms of the global parametrization (2.8), the restrictions thus enforced
on the parameters read

sin (01 + 62) > 0, tanh? p cos? By — cos? 6, < 0. (10.60)

Identical conditions emerged, in a similar context, in section 3.2.5 of [44].

Our next task is to identify the possible independent self-adjoint boundary conditions
at z = z,. These depend on the values (11, fi2) = (0.09, 1.1) that were given after eq. (D.2).
This analysis is simpler, since the k-dependent terms vanish in the limit, and consequently
the dominant terms in M are captured by the diagonal matrix

QL Qoo (10.61)
with L
g, + 21
Qoo = ( P F L | (10.62)
2
0 0.+ 2 —;
The allowed limiting behaviors are
— 3+ _ $—in _ 1+ho
Z1N013(Zm Z)2 +Cl4<zm Z>2 : ZQNC%(Z"L Z>2 . (10.63)
Zm Zm Zm

since fio > 1, and therefore only one of the two possible options for Z5 leads to normalizable
solutions. The contribution from the upper end to the boundary term in eq. (10.50) yields
the condition

CiyC13— Ci3Cu =0, (10.64)

and consequently the ratio between Ci3 and C'14 must be a real number, and we let
tl— ) =—=—. 10.65
«© ( 2 ) Cia ( )

Turning now to the positivity condition, let us note that there is a difference with respect
to the other end, since Qo annihilates the least singular contribution to Z;, while Q¢ was
suppressing the most singular one. As a result, the boundary contribution from z,, to
eq. (10.57) is now dominated by

1— 7 -2
ST o (1 - Z) , (10.66)

m

— 70 —



m
K 20F .
151 15}
10} 10¢ o
¢.’ .
. St -
St amma o’ | | | -~ 34
____________ e a5 .10 15 20 25 30 d
L L L L L \346 _57 “"lo
05 1.0 15 20 25 30

Figure 17. m? as a function of &, with (p,01,02,5) = (2,—%,%7 ) (left panel) and with

(p,01,62,8) = (0,0,0,0) (right panel). The dots are examples of possible allowed values for &,
if the quantization of k is taken into account.

which is singular and negative. Although this term can be canceled by the bulk contribution
in eq. (10.57), positivity is clearly guaranteed if C14 = 0, or & = 0, and we shall abide to
this choice in the following.

We can now explore whether, for the self-adjoint boundary conditions granting positivity
of QT @, which in this case are characterized by & = 0 and by the restrictions on the U(1,1)
parameters in eq. (10.60), instabilities can arise when the k-dependent terms in M are fully
taken into account. Finding this out exactly is difficult, but one can rely on the variational
principle, according to which the ground-state energy of the Schrédinger system is given by

mé (U,&) = Inf [ (10.67)

<‘I’U\N4I‘I’>]
TeS ’

(¥|w)

where the infimum is over the set S of all normalizable wavefunctions ¥ for which MU
is also normalizable, and which satisfy the boundary conditions (10.55) and (10.65). In
practice, working within a subset Sy C S determined by a finite number of parameters and
minimizing over them can yield results that approximate closely from above the actual
value of m3:

. 10.
025 | ey | = (1068)

| M|
mQ(S(]): Inf [( ’ ’ >] > 2
Negative values of m? (Sp) arising from these estimates thus signal the presence of tachyonic
instabilities.
Some details on our variational tests are collected in appendix E, and their indications

can be summarized as follows:

« self-adjoint boundary conditions exist for which no tachyons are present for all values
of &. An example of this type, with (p,01,602,5) = (2,—%,5,0), is presented in the
left panel of figure 17;

e other boundary conditions lead to the absence of tachyons provided &, is larger than
a critical value &. An example of this type, with (p, 61,602, 5) = (0,0,0,0) determines
&. ~ 3.4, and is presented in the right panel of figure 17.
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In conclusion, no tachyonic modes are present in this sector with proper choices of
boundary conditions. The parameter space characterizing them depends on the background
through the combination & of eq. (10.41), and its measure grows as {y ~ 4% increases.

11 Non-singlet scalar modes

We can now turn to scalar perturbations, and we begin by considering the modes that for
k = 0 are valued in the fundamental representation of SO(5). These originate from the
field profiles

. 1 .
b= ¢, b = S Dl b(2) 3 6[’¢3J]
. 1 ., . . 1 ;
W= gD h,t= 5 Oudh h,t = ¢g, (11.1)
which involve the independent scalar fields ¢,°, with a = 1,...,6. A convenient choice of

gauge fixing, using the £ of egs. (5.9), is in this case
P =0, (11.2)
and, as for the preceding sectors, we begin our analysis from the modes with k = 0.

11.1 k = 0 modes

In this case the fields ¢3 and ¢4 disappear, and in the gauge of eq. (11.2) the tensor
equations (5.13) reduce to

1 _
¢z _ Z 20— GAa ¢27
) _ h  om2 )
op ¢t = e 2¢ %%%f et | (11.3)

In addition, the i and ar Einstein equations (5.20) and (5.22) reduce to
2h

e 2P (0, —24") ¢ = — ¢ gy,
m2 ¥ e AL = —m? 2h 5 . (11.4)
p

When m # 0, making use of this last equation, one can express ¢g in terms of ¢o, and then
the first of egs. (11.4) becomes identical to the first of egs. (11.3), while the second becomes

2 ) .
6_23+8C(a 2B/ +80’)(6 o 2A/)d> —20 ;L2¢62 o m2 6100—2A¢% . (11‘5)

Note, however, that the end result also applies if m = 0, as can be seen retracing the
preceding steps.

Working in terms of the variable z of eq. (3.9) and performing the field redefinition
and the separation of variables

7TA-3C

qbé(x,z) =e 2 xé(m) f(z), (11.6)
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Figure 18. The left panel shows the normalized zero-mode wavefunctions of egs. (11.6). The right
panel compares the corresponding potential V' of eq. (11.8) (black, solid) with its approximation (2.29)
(red,dashed) with (u, 1) = (%,2.27), in units of 2. 2, and 2z are defined in eqgs. (3.10) and (3.11).

Zoz
leads to the manifestly Hermitian Schrodinger-like equation

) 2
(0 50 = 4)) (8 = (6. = 4)) £2) = =P + 54700 (). (1)

The corresponding potential

V3
- < [18\@ sinh (2T> +9 cosh (2r> + 131] (11.8)
320 22 sinh® (%) p P

Vi(r)

is displayed in figure 18.
Using eqgs. (A.19), eq. (11.7) can be surprisingly recast in the form

AT Af(z) =m? f(2), (11.9)
where
9 7 9 7
= — — — — | — = - =
A=0, QAZ 202, A 0, 2Az 2C’Z, (11.10)

using the identities involving A, and C, collected in appendix A.
Close to z = 0 the potential is as in eq. (1.15), with u = %, while g = % (2\/ 10 + 5) ~

2.27. Consequently, a single limiting behavior is allowed at z,,, with f(z) ~ (2, — 2)*7"

Y

but close to z = 0 there is more freedom, and in general

o=

f(z) ~C <Z>g + Cy <Z> (11.11)

Zm Zm
so that self-adjoint boundary conditions exist for arbitrary fixed ratios % A particular
choice solves Af(z) =0,
9A4TC
fle)=Ce T . (11.12)
This wavefunction is normalizable, as the reader can simply verify, and corresponds to the
hoi
o S (11.13)
o, ~ 62 .
and thus to the profile
P, 2) = 3420 \i(2) (11.14)

for h,t.
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As in other sectors, one can approximate the potential by the hypergeometric form
of eq. (2.29), up to a shift that can be determined demanding that the resulting massless

mode correspond to the ratio between Cy and C in eq. (11.13). In this case one finds
2
AV = —— (1.23)%, (11.15)

2’2

so that the instability region for this sector is

62< 22 <. (11.16)
Ch

11.2 k # 0 modes

Let us now turn to modes with a nonzero internal momentum k. As in previous cases, the
scalars are valued in the fundamental representation of the SO(4) transverse to k, and the
fields satisfy the conditions

kil =0, a=1,...6. (11.17)

The longitudinal excitations will contribute to the singlet scalar spectrum.

11.2.1 The Schrodinger-like system

In the gauge of eq. (11.2), the tensor equations become

o |
O ¢ = 0N gy,

0 ; b5 = 5 0,64,
Oy 1t = e2¢ Uﬂ b6 + ”;2610%31 . (11.18)
The «i Einstein equation (5.20) reduces to
e 2P (0, —2A') g — ¢ k; o= 50 20 (¢1 Z cbé) : (11.19)

while the 7i and ¢j Einstein equations (5.22) and (5.23) reduce to

;2 h
(e724m? — e K?) g + 2 e 20 (9, — 20" K20} = — " 4, (11.20)
. . , h? .
m?e 24} — e (0, —20") ¢ + 2P [ (0, —4C) 0, +4 <0’>2] bh=—530 "o,
which can also be cast in the form
_ 2m h _9A i
K220 [2 o~ (0. —20) ¢4} e AT
25 ¢
m? ¢} — £ eX47B) (9, —2C") [£ o - ( —20") 6] =0. (11.21)

This is a complicated-looking system for five different fields, which comprises one
second-order equation and five first-order ones. Note that there is still a local symmetry
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that allows one to shift ¢ and ¢4 by r-independent amounts in such a way that ((Z)’l — lsz (ﬁé)
is unaffected. Up to this gauge symmetry, the system determines uniquely ¢}, ¢4 and ¢} in
terms of ¢4 and ¢j.

We can now obtain a system of second-order equations for ¢4 and ¢j. To this end, one
can use the second of egs. (11.18) in eq. (11.19), obtaining

) ) 2h )
e 2B% (9, —2A) ¢ — e K2 ¢l = - e~ 04100 5 g (11.22)

Next, one can combine the derivative of the second of eqs. (11.18) with the first and the
third, obtaining the first equation we were after

_Xh ; )
e~ 64720 (0, —6A"—2C") Ol = e ¢ P6 — (m2 e — K €2A+GC) b2 (11.23)
2p

In order to obtain the second, one can differentiate eq. (11.22), and adding it to the first of
egs. (11.20) gives

e 22 (9, — 2B') (0, — 24") ¢§ + (672Am2 —e ¢ k2) b
2h

=5, 70471 (9, — 64" — 10C") B, + m?] ¢} . (11.24)

One can also combine egs. (11.23) and (11.24) in order to eliminate the second derivative of
¢2 from the second equation, and the system can be presented in the more convenient form

Eh ;
|: 6Al o 20/) ar _ k2€2(A ) :| ¢’L p 7100 ¢Z _ 2¢127
/ / 2 2(A-C) h? 24-10C | i
—2B") (0, —2A") —k“e —ﬁe b
2 (80’ —44-10C5 _ k2€4A720) ngé — m2 %' (11.25)

Now, as a first step toward attaining a manifestly Hermitian form, we turn to the
independent variable z of eq. (3.9), and the system becomes

Xh

= (0. =34 +3C2) 0. — 1 D g - T2 g = m 6,

W sactoc]|
—e o8

- [(az —5(A, + C.)) (0, — 24,) — A K2 — 7

T,

(8C-0. — K224 6 = m? 6.
Separating variables letting

(ZSZ(*T?Z) :(bl(x) fa(z) (a:276)7 (11'26)

in matrix notation the system becomes

MU =m?¥,  with \If:<f2> (11.27)
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and

— (0. — 34, +3C.) 0. — K?] —5h 100
M= ( g 4 [8C,0, — K7 —[(8. = 5(A, + C.)) (9, — 24,) — K2 — 16W2] > ‘
(11.28)
The two quantities K? and Ws that enter this expression were defined in eqgs. (10.29)
and (A.20), and a number of related properties can be found in appendix A. Note that the
differential operator M is, once more, not in a manifestly Hermitian form. This form can
reached, as in section 10.2, by a convenient change of basis, which is now slightly more
involved.
In general, letting
V=AU, (11.29)

with A an invertible matrix, one obtains for ¥ the new system
MU =m? T, (11.30)

with
M=ATMA. (11.31)

In this sector the matrix A and its inverse are not diagonal, and read

egl O 1 6_51 O
A= <_e§3 es2 | A= ef3—61—& =62 | (11'32)

where

£ — o2 (A-0) b2 &2 — o3 (TA+50) 2 || o83 — 3 (TA=30) o 22 (11.33)

2 k[’ > px K[

These redefinitions lead to the manifestly Hermitian operator

~ [ (=0:+ ) (0: + az) + K2+ 16 W2 —4Ws K
M = , 11.34
( —4Ws K (=0, + B.) (0. + B.) + K2 ( )
where 3 1
Gy = 5 (Az - Cz) s /Bz = _5 (3AZ + 502) ) (11'35)

and the scalar product, after separating variables, takes the form
~ 12 |~ |2
/dzﬂ\h’ + ]\1/2] ]
2 k| k _ pE

The correspondence with the scalar product implied by the Schréodinger system (11.9) of
the previous section can be exhibited dividing this expression, which becomes singular for
vanishing k, by an overall factor proportional to |k|, and focusing on the first term.
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Actually, using the result in section 11.1, M can be recast in a form that is very similar
to eq. (10.34),

v 0.+ a.) (0, +a,) K2 —Iklh 2(a-30)
M= ( +(|);<\21(2:a0)+ p € 5 | (11.37)
— 24730 (9, 4 8.) (9. + ) + K
where
~ 9 7 1
Oéz:—gAz_icza ﬂz:—ﬁ (3Az+5cz) s (1138)

and the sign of the off-diagonal terms is not significant, since it could be flipped conjugating
by o3, or equivalently redefining one of the two wavefunctions by an overall sign.
11.2.2 Boundary conditions and stability analysis

As before, self-adjoint boundary conditions are determined by the leading behavior of the
wavefunctions at the two ends, and thus by the indices u; and fi; that first emerged in
eq. (1.15). In this case p; = % and py = %, so that close to the origin, proceeding as in
section 10.2, one can identify the limiting behavior®

~ C11 z % Cio z _% 3 z % z %
v~ (S) () e (D) e ()
5 7
2 2\ Z\§ z
4\[S [ <2m> 3C12 (Zm> log(zm)

5 1 11 1
~ G 3 1 % 3
Wy ~ Co1 <Z>6 +C2 (Z>6 +V2¢ [—Cn <Z> i +3C2 <Z> 2]
Zm Zm 5 Zm Zm

)

27 2\ z\2
+ 2 62[ 021< > — Cyy <> ] (11.39)
Zm, Zm,
where N
__kzml (11.40)
(3H zp,)3

is the dimensionless quantity that already emerged in eq. (10.40). These expressions are
more complicated than those obtained in section 10.2, but the additional terms proportional
to k? are needed to grant that MV be in L2

The behavior at the other end of the interval is simpler, since M is dominated by the
diagonal matrix

(—az+5+’~“) (8 +2+’”) 0
M = s e , : (11.41)
0 ( 9. + - )(a . )

with the two indices ji; ~ 2.27 and jis = 0. Consequently, the limiting behavior of the

ol —

wavefunctions close to z,, is captured by
_ 5\ 277 _ 2\ 3
Uy~ (1 — ) s Uy ~ (1 — ) |:CQ3 log (1 — ) -+ Cg4j| , (1142)
Zm Zm Zm

since the other possible exponent for ¥, would be incompatible with the L? condition.

®For simplicity, all these C;; coefficients were redefined by an overall factor v/3 with respect to section 2.
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As in section 10.2, the limiting behaviors at the origin that grant self-adjointness are
parametrized by a U(1,1) matrix such that

Cao Cn
—U : 11.43
(Cm) (Cm) ( )

while the allowed choices at the other end are parametrized by

a Cas
tl=) == 11.44
0 (2) Cay ( )
At the upper end positivity is guaranteed if C'y3 = 0, while at the lower end one is led
again to eq. (10.58), and thus positivity is surely guaranteed if the conditions in eq. (10.60)
hold. We shall focus on these options in the following.

Before ending the section, let us note that in this sector M admits the decomposition

M=QQ+A, (11.45)
where
~ 0, + o, 0
= 11.4
0 ( : @+&> (11.46)
and

2 2
A (/c +16 W3 4W5IC> | (11.47)

—AWs K K2

is a manifestly positive-definite matrix, since its trace and determinant are both positive,
while @T @ can be positive definite with self-adjoint boundary conditions determined by o,
and 8,. However, A contaiAI}s contributions proportional to Z%, and therefore the self-adjoint
boundary conditions for M are different in general, so that eq. (11.45) does not suffice to
imply its positivity.

With general self-adjoint boundary conditions appropriate to M , our variational tests
summarized in appendix E provide evidence that stability is generally granted, in this
sector, by values of & of eq. (10.41) beyond a few units, while special choices of boundary
conditions lead to spectra that are fully stable without any conditions on &.

12 Singlet scalar modes

We can now conclude our analysis with a discussion of the most intricate sector of the
spectrum, which concerns scalar singlets. These originate from a number of different tensor
and metric perturbations, which can be parametrized as follows:

T , 1 A
b= ¢1, bzzial@, 5L2§3H31¢3,
1 1 1
h;w = 77;w¢4 + ? apau¢5 , hur = i u¢6 s hm = ? ap,ai¢7 )
1 1
hyr = @3, hyi = 5 %9, hij = dij$10 + 2 0;0;¢011. (12.1)

— 78 —



Since the background values of the dilaton-axion pair are constant, their perturbations
decouple from these other scalar modes. For this reason we could treat them separately
in section 3, and the same happened in section 4 for the perturbations arising from the
two-forms B}'\/[ N 50 that here we can set all of them to zero. One can also fix diffeomorphism
invariance, using the three parameters ¢, & and §;, making the convenient gauge choice

¢5 =g = ¢p7 =0, (12.2)

but these steps leave nonetheless, in general, eight fields within this sector. They also
introduce boundary fields, as in other sectors. For brevity we shall not discuss them,
although they can change the massless spectrum, since they cannot give rise to instabilities.
Moreover, here we confine our attention to the k = 0 modes, where some simplifications
occur, leaving the general case, which involves a number of novel features, to a future
publication [68].

For k = 0, only the four fields ¢1, ¢4, s and ¢1g are left. The tensor equations reduce
to

h
E (—4 e 24 ¢q — e 2B ¢s + 5 e 2¢ ¢10) + e84 Orp1 =0, (12.3)

and determine ¢ in terms of the different metric perturbations, while the a8 Einstein
equation involves two different structures, associated to 9,03 and 7,43, and the corresponding
terms are to vanish separately. This gives for the modes belonging to this sector the two
additional equations

apr:2e g+ e P g+ 5672 g1 =0, (12.4)
afs e A m?o,+ A e2(A=B) 4 e 24 (0, —2A") ¢4

—e B9, —2B') ¢pg +5¢729 (8, — 2C") ¢10]

h

2
£ (0, —4A) 0, +4(4)) gy = 2 XA g g, - 2]
P

55 e 0%, . (12.5)

The remaining Einstein equations become

ar:3e” (0, = 24") pu+ (A"~ B') e P g + 572 (9, — A"~ ") 610 =0,
rr e A m? ¢s — B' 0, (6_23 qbg)
+4e 240, — B (0, —2A) ¢4 + 572 (9, — B') (8, — 2C") b10
h h? 6A
=22 0,1 — 25 Mgy,
p p
ij €_2A m? b10 + 40" eQ(C—A—B) (ar - 2A/) b4 — e2(0—23) [2 c" 4+’ (ar N 23/)] s

h2
+e P[0} +C'0, — 6(C")?] g0 =25 e "1 (12.6)
p
One can now eliminate ¢g using eq. (12.4), and then eq. (12.3) reduces to

~h /6a 8A—2C
Or p1 = 2, (6 ¢s—5e ¢10) ; (12.7)
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and determines ¢; up to an r-independent contribution that is pure gauge, so that only ¢4
and ¢19 are left. After the convenient redefinitions

e oy = x4, e P dg = xs, e 2% $10 = x10, (12.8)
the a5 Einstein equation (12.4) reduces to the simple algebraic constraint
2x4+xs+5x10=0, (12.9)

and eliminating xg now leads to a system of four equations for the two fields x4 and x1g

2

5h
afy : m?> x4 + e2(A=B) [10 Ao, + 7 e84 X10

h2
+ ¢2(A-B) D2 +6A0, + —268A x4 =0,
p

2

h
rr: —m? (2x4 + 5x10) + A5 | (48, +8A' — 2B') 9, + 7 S x4
2(A-B) / 50 g4
+e 5(&4—2(3’)&4—76 X10 =10,
h2
ij :m?x10 + AP 6 C" 0, — 2 egA] X4
2A=B) | 42 / 5h% g4
+e 8T+1008r—76 x10 =0,
ar: (30, +64"+10C") xa +5 (8, + 24" +6C") x10 =0. (12.10)

In terms of the z variable of eq. (3.9), this system takes the more compact form

10 (A2 0. +8W2) x10+ [(0: +9A. +5C.) B +m? + 16 WE| x4 =0,

2[(20.+64.4+5C.) 0. —m? +8WE| xa+5 | (9: 434, +7C2) 9. —m? + 16 W3 | x10 =0,

2 (3C. 0. —8W2) xa+[(9:+34. +15C.) 0. +m* =80 W2] x10 =0,

(0:+2A,) (3xa+5x10)+10C, (xa+3x10) =0. (12.11)
However, the rr equation is a linear combination of the a8 and ¢j ones, once the ar equation
is used. Moreover, the three second-order equations can be combined into another first-order

one. This is in fact the rr Einstein equation, which we often refer to as “Hamiltonian
constraint”,

5 h?
—m? (3xa + 5x10) + ¥4 [_QO(A' +CNo, + iz esAl X10

2
+e2(A-B) [—4(3,4’ +5C")0, + 22@“] x4 =0, (12.12)
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or, in terms of the z variable,

m? (3xa + 5x10) + 20 [(As + C2) 0 — AWE| xao + 4 [(34. +5C.) 8. — 4 W3] x4 = 0.
(12.13)
In this fashion, one ends up with two first-order equations linking x4 and x19, and all second-
order equations follow from them. Therefore, the system only contains one independent
scalar degree of freedom, from which all other wavefunctions can be deduced.

In flat space, with the internal 7° and an S along the r-direction, these equations would
allow two r-independent wavefunctions for m = 0, and actually a pair of four-dimensional
massless scalars x4(z) and x10(x). The constant parts of xg and x19 would be associated
to independent deformations of the radius of the S7 and the overall size of the internal
torus. In our case the length ¢ of the r-interval is fixed by the background, and indeed a
single independent constant part is left by the preceding conditions, since the first three of
egs. (12.10) demand that r-independent quantities satisfy

x4+9x10=0. (12.14)

Equivalently, using eq. (12.9), constant shifts of B and C, which are captured by xs and
X10, are surprisingly not independent, but

X8 = 9 X10- (12.15)

The reason behind this result is explained in detail in [50]: the equal radii R of the internal
torus can be scaled out, so that the background only depends on two parameters, the
conserved flux ® and the length £ of the r-interval, whose perturbation is described by
Xxs- As a result, the size of the internal torus is effectively determined by the combination
(@ 6)%, as can be seen in egs. (1.8). Note, however, that there is no massless field in four
dimensions associated to this deformation, which is just a constant shift.

In flat space, for m? # 0 eqgs. (12.10) or, equivalently, eq. (12.12), demand that

X =3x4+95x10=0. (12.16)

This is a familiar result in Kaluza-Klein theory: massive scalar excitations are eaten by
corresponding massive vectors. In our background, however, it is actually convenient to
obtain a second-order equation for this very field,

X = 3x4 +5X10, (12.17)

which will be singular in the flat limit. To this end, we also let

Y = x4+ 3x10, (12.18)

and then the ar Einstein equation becomes

(0 +24) x +10C"¢y =0, (12.19)
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Figure 19. The potential V' of eq. (12.28) (black, solid) with its approximation (2.29) (red,dashed)
with (u, i) = (2,1), in units of z%"‘ zm and zq are defined in egs. (3.10) and (3.11).

and determines 1 algebraically, while eq. (12.12) takes the form

2
0= —m?y — 2eA=5) (24" +5C") 0, + s 4 x
4 p?
h2
+10e*A-5) lC’ o + i eBA] V. (12.20)

In terms of the z-variable of eq. (3.9), these equations become

(0. +24.)x +10C. ) =0,
m?x +2[ (24 +5C.) . + 4WE| x =10 [C. 0. + 4WE| ¥ = 0, (12.21)

where Ws was defined in eq. (A.20). The two equations (12.21) can now be combined into
a second-order one,

AWz C.,

c.  C.
+2[(24. +5C.) 0. + 4 WE| x =0, (12.22)

0, (0, +2A,) x + ( > (3z+2Az)X+m2x

that, using the results collected in appendix A, can be cast in the form

sW2

z

m?x +02x + [3(3A, +5C,) +

A,
1@)(—1—161/\/5? <1+C>X=0, (12.23)

z

The redefinition

X =Y C, e 303450 (12.24)
leads finally to the Schrodinger-like equation
m’Y = —Ci;/ +VY, (12.25)
and letting
o= 42’3 4 g (34, +5C.) , (12.26)
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the potential takes the form

A d
V:—16W§(1+C)+a2+a

12.27
: 2, (1227)

or in detail

56\/gT

4 2
V= 5 [—84@ sinh (T) +128v/10sinh <T>
256 28 sinh® (%) {\/ﬁ — 5coth (%)} p P
2r 4r
— 928 cosh (p) + 267 cosh <p> + 1221] . (12.28)

Consequently, near the two ends V behaves as in eq. (1.15), with pu = % and i =1. As a
result, the allowed wavefunctions have the limiting behaviors

7 1 3
Y ~ Gy (Z> e (z’”> ° and Y~ (1 = Z) . (12.29)
Zm z Zm

and self-adjoint boundary conditions are determined by the ratio x = % In fact, eq. (12.25)
can be cast in the formally positive form

m’Y = ATAY 4+ VY, (12.30)
where now
A= _, A= 4, (12.31)
dz ’  dz ’ ’
and p )
16 W,
V= —16 W? (1+Z) = 3 >0. (12.32)
C: @ coth (f) -1
P
The A" A portion of the potential has a zero mode,
Y ~eled (12.33)
which is normalizable and behaves as
7
6
Y ~ <Z> (12.34)
Zm
close to the left end of the interval, where o ~ GLZ. For this zero mode the absence of the
»~% contribution indicates that o
2
—==0. 12.35
= (1235)

The Af A portion of the potential can be approximated by the shifted hypergeometric
potential of eq. (2.39) with ¢; = 1 and ea = —1, whose zero mode in eq. (2.43) has the same
boundary condition (12.35). The corresponding shift,

AV = — (4>2 . (12.36)

2
3/ 25,
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Figure 20. The left panel illustrates how the stable eigenvalues of the shifted hypergeometric
potential V4 _1 of eq. (2.39) with p = %7 i+ = 1 depend on the boundary conditions. The right panel
illustrates the corresponding tachyonic eigenvalues, with m? = —22, for the same values of p and fi.

can be read from eq. (2.39). By the general argument of [44], the AAT potential has a stable
spectrum if Cy = 0, and a closer look at the eigenvalue equation shows that every other
boundary condition gives rise to an unstable mode (see figure 20). Therefore, in this sector
there is at least one stable boundary condition for the full potential in eq. (12.30), where
the would be massless mode becomes slightly massive, due to the positive contribution V.
As a result, a small range of stable boundary conditions exists for the complete potential,
where stability holds for g—f > 0.

13 Conclusions and open issues

In this paper we have explored in detail the bosonic modes that can emerge in a family of
four-dimensional IIB Randall-Sundrum-like [74, 75] non-supersymmetric vacua, and the
resulting indications for vacuum stability. These backgrounds are supported by a flux of
the self-dual five-form field strength that is homogeneous in spacetime and in an internal
five-torus, and depend on a parameter p that determines the size of an internal interval
and the corresponding scale of supersymmetry breaking.® The vacua thus obtained have a
constant dilaton profile, and thus overcome the strong string-coupling problem that typically
plagues broken supersymmetry, but the interval introduces some complications related to
the choices of boundary conditions at its ends. The o’ corrections can be bounded, away
from the singularities [50] at the ends of the interval, within wide portions of the internal
space. All these reasons, together with the well-known stability problems of string vacua in
the absence of supersymmetry, motivated us to undertake the detailed analysis presented in
the preceding sections, combining a number of different techniques.

Our analysis relied, all along, on the most general self-adjoint boundary conditions that
are in principle available for the different fields, and thus, implicitly, on second-order actions
for the internal profiles. For example, for a free complex scalar field ¢ in D dimensions the

5The presence of an interval with singularities at its ends establishes a connection between this work and
the ongoing activity devoted to “dynamical cobordism” [76-82]. The link will be made more precise in [68],
where we shall compute tensions and charges at the ends of the interval.
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second-order action

Sy = /de ¢ 0o, (13.1)

allows the most general self-adjoint boundary conditions, while only a subset of them
eliminate the boundary terms that emerge when varying the standard first-order action

Sy = — /de Mb . (13.2)

In this fashion, we also ran across a peculiar property of gauge fields in the presence of an
internal interval: additional modes localized on the boundary can emerge, in general, unless
one confines the attention to gauge transformations that vanish there. We could thus classify
the stable boundary conditions for the different sectors of the spectrum, and we could also
tackle, in rather general terms, the possible instabilities of their Kaluza-Klein excitations.
These represent an essentially insurmountable problem [43] for the non-supersymmetric
AdS vacua of the ten-dimensional strings of [25-35], since the length scales of the internal
sphere and of the AdS spacetimes are correlated by the Einstein equations. In our setting,
which includes an internal torus, or more generally with a Ricci-flat internal manifold, there
are boundary conditions compatible with a stable spectrum, although the available choices
can depend on the background when mixings involving Kaluza-Klein modes occur. For the
Kaluza-Klein excitations, the boundary conditions that yield massless modes with k = 0 can
bring along a finite number of tachyons, as we saw in sections 10.2 and 11.2). However, this
pathology can be eluded if the parameter p in egs. (1.1) lies one or two orders of magnitude
above the radius R of the internal torus. Equivalently, this condition sets on the scale of
supersymmetry breaking

1
- 13.3
us / h% ( )
which we identified in [50], the upper bound
ns (@h)7 <0 (1072) . (13.4)

Alternatively, one can select boundary conditions granting the absence of tachyons for all
values of k, but these typically eliminate the massless modes with k = 0.

While the preceding results are clearly encouraging, our analysis is still incomplete,
since we left out the Kaluza-Klein excitations of singlet scalars. These appear resilient to
our approach, since they lead to a three-component Schrodinger system where the potential
cannot be put in a symmetric form with the techniques used in the other cases. We are
thus leaving to a future work a proper identification of the norm of these perturbations,
and of its correspondence with the convenient Henneaux-Teitelboim action [55], together
with a final statement on the stability region determined by this sector.

The first two columns in table 2 collect the maximum numbers of massless modes found
explicitly in the previous sections. In four dimensions, these correspond to a graviton, 26 real
vectors and 53 real scalars, which are a large fraction of the modes that would emerge, from
the type-IIB theory, after a toroidal compactification to four dimensions. These numbers
are purely indicative, since we are focusing on the quadratic terms, and interactions and/or
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4D hel. x SO(5) 4D m = 0 Content 10D origin Equation

(0,1) 1 dilaton ¢ (3.25)
(0,1) 1 axion a (3.25)
(£1,0) 1 real vector, 1 real scalar Bif,B}L;? (4.110)

2(£1,5) 10 real vectors B2, B, (4.118)

2(0,15) 30 real scalars B (4.134)

(£1,10) 10 real vectors Bywij (6.19)
(£2,1) 1 graviton Py (7.5)

(0,14) 14 real scalars hij (8.4)

(+1,5) 5 real vectors hoiy Buuvpi (10.17)
(0,5) 5 real scalars hriy Buvpi, Bijiu  (11.14)
(0,1) 1 real scalar* b, b, b, By Py

Table 2. The maximum numbers of four-dimensional real massless bosonic modes that can arise
from the bulk, for generic values of R, within the stability window of eq. (13.4). The scalar singlet in
the last line, accompanied by the (x) symbol, could be fine-tuned to zero mass. However, we do not
have an analytic form for its wavefunction, which originates from the second-order equation (12.25).
There are at most 26 vectors and 53 scalars, for a total of 107 massless bosonic degrees of freedom
after including the graviton.

quantum corrections could lift in mass many of these modes. In addition, their number
could be reduced by choices of boundary conditions dictated by symmetry requirements.
For example, some of these modes lead to the flow [56], across the boundary, of charges that
would be conserved in its absence. This was the case for the ten vector modes of section 6
arising from the four-form gauge field, and for the five vector modes from h,; of section 11.1
arising from the metric field, and self-adjoint boundary conditions eliminating the flow can
make all these modes massive. Table 3 collects the additional massless modes that could be
present on the boundary.

Summarizing, the bosonic spectrum of the vacua of egs. (1.1) confronted us with a
number of technical difficulties, revealing some novelties and bringing along some surprises.
The main novelty was the indication that stable vacua may be attained in non-supersymmetric
compactifications to four-dimensional Minkowski space. The main surprises were the
emergence of additional moduli related to boundary conditions and of corresponding
boundary modes, and two technical findings. In section 4.3.2 massless modes of the type-11B
three-forms led to dynamical equations with three derivatives, and in section 6.2 massless
modes emerged, for all internal momenta, from the first-order equations of tensor modes.
This last result is not pathological, since these modes were excitations of tachyonic ground
states with different k-dependent boundary conditions.

Identifying the effective four-dimensional theory resulting from this type of compact-
ifications would be clearly an interesting further step, for which the present work can
provide some indications. Local supersymmetry is a key requirement, and boundary terms
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4D hel. x SO(5) 4D m = 0 Content corresponding gauge parameters
(£1,0) 2 real vectors AL
(0,5) 10 real scalars AZ,L2
(0,5) 5 real scalars A
(£1,10) 10 real vectors Aij
(0,10) 10 real scalars Aiji
(£1,0) 1 real vector &4
(£0,5) 5 real scalars &

Table 3. The maximum numbers of four-dimensional real massless bosonic modes that can arise
from the boundary of the internal interval. There are in principle 56 degrees of freedom of this type,
if one concentrates them on one of the two boundaries. The resulting vector equations are gauge
invariant, in view of the discussion presented in [68].

will be needed to grant it, as we saw for bosonic gauge symmetries. The T° reduction
to five dimensions of the type-IIB theory, which would yield the corresponding maximal
supergravity, could provide some useful guidance [83, 84]. Finally, the widespread activity
devoted, over the years, to supersymmetric flux compactifications (for reviews, see [85, 86])
rests on different geometrical setups and has typically addressed supersymmetric vacua.
Generalizing the geometric approach to non-supersymmetric settings should elicit detailed
links with the present work, and is likely to lead to further progress.
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A Conventions and properties of the background

In this appendix we collect some useful properties of the background described in section 1.
Our main conventions are the following. Capital Latin labels like M denote curved ten-
dimensional indices, and Greek or Latin labels like (i, r,7) denote their spacetime or internal
portions. Moreover, when we need to distinguish the curved radial index r from the
remaining nine-dimensional ones, we denote them collectively by m, while primed labels
like @’ denote the flat internal indices (7, a) and others like i’ will denote the corresponding
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curved ones. We use a “mostly-plus” signature, defining the Riemann curvature tensor via’

[Var, VNIVP = Runp® Vg, (A1)

so that
Rynp? = onTp — 0 T9Np + TRy p —T9y T yp. (A.2)

We also define the Ricci tensor as
Ryp = Runp™ . (A.3)
For backgrounds of the type
ds? = 24 g2 4 ¢2B(1) gp2 4 o2C(M) dy?, (A.4)

where the z#-coordinates, with =0, ..., 3, refer to the four-dimensional spacetime, while
the y’-coordinates, with i = 1,...,5 refer to the internal torus, the Christoffel symbols are

TH,.=A's",, T4 =C'6y,
I, =B, I = =1 A 2AB) 17 = 5,07 HOB) (A.5)
The components of the Ricci tensor read
R(O)W = —77,“,6% {3 (A')2 e 2B 454 C'e™?B 4 (A’eA_B)/e_A_B]
= —nu 27 [A (44" +5C" - B') + A"]
RO —_ {4 (A'eA_B), P4 45 (C'ec_B>/ eB_C]
= —[4A"(A' = B") +5C"(C" — B') + 44" +5C"] ,
R(O)ij = —5ij€20 {4 (C')2 e 2B a4 Ce?B 4 (C"ec_B),e_B_C}
= —6;;¢2C=B) [¢" (44’ +5C" — B') + C"] , (A.6)
and in the “harmonic” gauge, where

B=4A+5C, (A.7)

they reduce to

R(O)uy = 1w 82(A_B) 14//7

R(O)T‘T — |:4 (AleAfB)/erA +5 (C/ech)/erc
— [4A/(3A 4+ 5C") +20C" (A" + C") — 4A" —5C"] |
R(O)i]’ = *61‘3‘ 62(C_B) C” . (A8)

"These conventions are as in [48] and [49)].
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Consequently the scalar curvature takes the form
RO = ¢72B[_8A" — 100" + 4A'(3A" + 5C") 4+ 20C" (A + C")] , (A.9)
and the components of the Einstein tensor read
GOy =y B [3A" 4 5C" = 2 (3(A)? +104°C" +5(C")?) ],
GO, =2[3(A)2+104'C" +5(C"7]
GO = 0,5 XOB) [4(A" 4 C") = 2 (3(A)? + 104'C" 4 5(C")?)] . (A.10)

For the vacua of interest the Einstein equations

]_ 0 1 / / / Ssl 0 0
GOy = 1 (Hé )2) MN = o7 gl PP g0QQ" GORE" 4(0) Hé ]%4PQRS ,Héjsz'Q/R/S’
(A.11)
reduce to
qO _po) h* sa10c aO  _po h* 9p_10c
v = uu—*we Nuv > rr = rr—*rl[)Qe )
2
G(O)ij = R(O)Z’j = TPQ 6_80 57;j . (A.12)
In particular, the rr equation is the “Hamiltonian constraint”
3 Al 2 10Al C, 5 C/ 2 _ h2 8A _ H2 8A A 13
(4)"+ +()——87p26——7€7 (A.13)
and making use of it turns the Einstein tensor into
V=9 G(O)MV = Guv [3 A" +50" + H? €8A} ) V=g G(O)rr = —Grr H? €8A )
V=9 GOy = gij [4 (A" + C") + H? *] . (A.14)
Note that the Einstein equations (A.12) imply the useful relations
" " h2 8A

Egs. (1.1) solve the background equations, up to the contact terms localized on the
boundaries discussed in [68].

There are some useful identities for the tensor background of egs. (1.1). The simplest
ones are

(%éo))2 _ —622 p2A-10C M » (Héo))2 _ _6h7§ €8A’

puv rr P

2 h2
HO) =6~ e85, A.16
(”),, =65 < o (A-16)

but for studying perturbations one also needs to compute the components of

(0) 2 _(0)B1S1 (g)R252 (0)R3S3 ,,(0) (0)
(H5 )MN,PQ = g O GO GO U D R rars P POS)S35 (A.17)
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which are determined by symmetry and by the comparison with the preceding expressions,

and read

o 2 3 h? _
(H( )) = —5 35 64A 10 (77/-“/ 77/)0' - 77#0’ 771/0) ’

(40, =5 e ()] =0, (A1)
2

(H(O)>jk,jl - ;ZZ e 5 (85 O — S Ojns) (Hé@)irm

Wi,vj
=0.

In terms of the z variable of eq. (3.9), the equations for the background become

3(A.)*+10A4.C. +5(C.)* = —2 W2,

A, =4W? — (3A,+5C,) A,

C..=—4W?2 — (3A, +5C.)C., (A.19)

where we have introduced the convenient combinations

K =|k| e?¢, (A.20)

h
_ M A-sC
4p

)

Ws
which are used repeatedly in the main body of the paper. Recalling also that
1 1
h=2Hp, zo:<2Hp3)2:ph§, (A.21)

the limiting behavior of several useful quantities close to z = 0 is

=50 - () w6+ [()]

ot

zo 3 \p
2 2 4
r 3z\3 1 3z\3 47 (3z\3 2\ 2
o (22 e — (22 + 2 (22 ol (2 . A.22
) (m) { *m(zz«)) T 20 (m) " KZO)H (4.22)
Consequently
1 5 1 [/3z\3 121 [/3z\3 3
A 20 z z z
== 1—-—(=—) - — ofl—
‘ hi(Sz) { 1 10( Zo) 2240< z0> " (m) H
1 2 4 7
c 1/ 3z\¢ 1 (32)3 23 (32)3 < >3
—pi (22) . (22) 22 (22 z
‘ 4( Zo) { 44/10 \ 2 29 * 240 \2 2 +o 0 ’

A =—— —
* 6z 6v10 \ 220 105 \ 2 zo
1 1 3 . 1 3 ) 2
(@ - 34— = 34+0 | = ,
6z 6 1()(220 : +15<22’0 e KZO]
2 4
1 1 3 \3 a4 1 3\3 _2 2\°
2 _4 _2
_ R s+ol(2 A.23
W= %2 T v 2ZO> * 7T 250 <2zo> T KZO)] A2
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The leading behavior of the metric, K2 and the five-form backgrounds is

dz? +d k|?
dSQNu + (3 |H]| )% 72, ICQN#Q,
(3 |H|2)3 (3 |H| 2)3
diO A AdaP Ad
7—[5~H{ A NAT A Z+dy1/\.../\dy5}. (A.24)
[3|H|z]3

The limiting behavior for large r, and thus for z close to the finite value z,, of
eq. (3.10) corresponding to the right end of the interval, for the quantities entering the
non-supersymmetric backgrounds of eqs. (1.1), are

zm_zN\f(x/ﬁm) e~ 35 (VI0-2) [1—4\@_11 6‘7] ,

20 26
VI0+2 4(v10+2)
. \/5—ﬂ<zm—2) 3 14 6= \ﬁ V5— \f(zm—2> ;
2 20 20 ’
_ V1042 4(V10+2)
egAN\F ﬁ—ﬁ(zm—z) 19— f f f( ) 3
h| o2 2 /) 2 20 ’
- V10 4(v/10+2)
L \/5—\/§<zm—z) 5 —105+11f V5 — \f( ) 3
2| 2 2 /| 2 20 ’
1 V1042 1
Az = 6 zZp—z CZN\m Zm—257 (A.25)
21/10+1 9 2v/10+16
V2 [ VB—V2 (2 —2 3 o 2(k|p)° [VB—V2 (zm—2 "
W5 s ]C ~ 3
220 2 20 2 2 20

B Intermediate results for tensor perturbations

In this appendix we collect some intermediate results that are needed to obtain the tensor
equations of section 5. As explained there, we parametrize the independent components of
the tensor gauge field perturbations 0 Bysypg according to eq. (5.4). The corresponding
field strengths then take the form

o H,uupar = €uvpo (ar b— 0 bT) s d H,ul/pm' = €uvpo (az b— 0 sz) )

1
J Huupm’ = €uvpo <az b7 — 0, b%; — 5 o Oa bB'yi) )

1
0 H iy = —€upo (8[1- b7j) + 5 €717 Oa bﬁm‘) :

8 Hyrij = 0, b))+ 0y bysis — b

v]ij uv|j] s

1 1
6H,u,uijk = 5 €ijklm <a[u b(2)y]lm 2 pquma b,uuqr) )

1 1
8 H ik = = €ijkim (au o — 9, b3 4 3 ePastm g b(l)uqs) ,

2
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5Hm'jkl = €ijkim <8u b™ — 0, b(2)umn) ) d Hrijkl = €ijklm (ar b" — 0, bmn) »

0 Hijiim = €ijkim Op b' . (B.1)
Starting from the self-duality conditions
HMI'“M5 = 5779 6M1“~M10 gMGNG T ngoNlo HNG'“NIO ’ (B2)

and expanding them to first order in the tensor and gravity perturbations gives

—g©) 1
O Hapy vty = TRl SMaMio g(OMeNe . .. g(O)M10 N0 0 HNg-.Nyo + 9 WM HJ(\BIimMs
_g(O) - o 0
T entyn 70 pMeis =8C Hi(ai)7---i10 (B.3)
—g©

wrpio Mer ,—8A r7(0)
41 €M ---Mg h e Hr,u7--~u10

v/ —qal0
g( : W7 o hMg,ue 67614723 H(O)

3' €M -+ Mg HeHT 9T 5

where the € tensors are flat, so that their indices are raised and lowered with the flat metric,
€0..9 = 1, and the indices of the metric perturbations hjsnx are raised with the background
metric.

One can now specialize the left-hand side to the independent cases, which leads to the
five groups of independent tensor equations

(2B-10C o
_ i6-+i10 o
5HM1"'N4T = Teul...u4€ 5H7«6""610
h 68A
—2A —2B —2C 1k

W <€ hM/_L +e hmn —e h k-) €y pig

2B—2A-8C o

R Ha o .J7°:J10 L
O Hyy piopuzri = m €pyoops € O H, 5510
h
2B-2A-10C pan
_ ﬁ e €puy s huu , (B.4)
A(A+0) y
J— K34 . KUY
0 Hyuypgrij = o1 31 €1 po €ij O Hyug puakm
62A+GC }
R popispa . Im
6Hu1rz]k TN €uq €ijk 5H,u2u3,u4lma
eSC h 0C
OHyijin = —— "M €™ S Hyyooopym + 5= €ijkt" hmre” ",

4! 2p

where now all indices are raised and lowered with the flat metric. Making use of egs. (B.1)
leads finally to egs. (5.5).
With the gauge choice
Brynp =0, (B.5)

which translates into the conditions

by=0,  bui=0, bV

=0,  by;=0, (B.6)

~ 92—



the field strengths finally reduce to

5Hyup0"r = €uvpo o b, 5H;wpai = €uvpo (az b—0; sz) )
o o L aByo
5/7"[;11/,07“1' = —€uvpo 0 b%;, 6Huupij = —€uvpo (a[z b 7] + 5 € A O bBﬂ/ij) >
1 m L rim
5Hul/m'j = 81" buuij ) 5Huw'jk = 5 €ijkim <a[p, b(Q)y]l + 5 e : ap b;wqr) s

(B.7)
1
5H,urijk = _5 €ijklm O b(2)ulm ) 5,H,uijkl = €ijkim (au b" —0, b(Q)Nmn) )

S Hrijkl = €ijkim Or O™, O Hijkim = €ijkim Op P .

C Intermediate results for the Einstein equations

In this appendix we collect some technical results needed to obtain the perturbed Einstein
equations discussed in section 5 starting from

1 2
Rain = 5 (s )MN . (C.1)
C.1 Intermediate results for the Ricci curvature
The perturbed Christoffel symbols read
1
(5FPMN:§<thPN+VNhPM—VPhMN) s (C2)
where the gradient V refers to the background, and from the Palatini identity
SRynp? =VNoT9p — V6T p (C.3)
one can deduce the perturbed Ricci curvature
—20 Ryr = Uiohng+ VN Ve hs® — VP (VN hpr+ Ve hpy) (C.4)

Using the results collected in appendix A, one can compute the divergences of gradients
that are needed in eq. (C.4). Their general expression is

VPV hpr =g"? <3Q Vnhpr —T%gn Vshpr —T90p Vv hsr —T¥or VN hPS) ;
(C.5)
where the metric g and the connection I refer to the background. Some simplifications occur
since the background satisfies the harmonic gauge conditions (A.7), which are equivalent to

g"T%pg =0, (C.6)
and one is left with

VI Vnher=g¢"? (9 Vv her = Tx Vs hpr = Tr Vi hps) - (C.7)
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C.2 The perturbed energy-momentum tensor

The right-hand side of the perturbed Einstein equations involves the variation of (H%) MN
about the background values, which reads

0 0 0
5[(H2) ) = 0Hscar - HiRy — AHG s - HER L W (C.8)

where hg denotes, as before, the metric perturbation, and where indices are raised and

lowered with the background metric. Taking into account the background in egs. (1.1) and
egs. (1.10), one thus finds

© _ " oa-n or

e Hspy = 5, 7 U vy

THs( - Ho) =0,

(0 h _sc k1-k h? —10C
(57‘[5('“ : IH5Z- = ; (& €iky-ky 67-[5# 1m_—6 ﬁ e h/ﬂ s

h
OHs - ,Hé?") = Tp 6H5HPUTT €upot 5
h? h
5H5(T ' /Hé(z))) =6 ﬁ e 10¢ hori + ; €831 (57‘[52'&"'&4 ,
h - mn
5H5(i ’ ,Hég)) = Tp € 8¢ 57‘[5“ (i €§)klmn > (C.g)

where indices are now raised with the flat metrics n*¥ and 6. Finally, §Hs must be
expressed in terms of the components of the four-form gauge field listed in egs. (5.4), which
lead to egs. (B.7) after gauge fixing.

The final form of the perturbed energy-momentum tensor

1
Ty = g7 (0Hsqr - Hiny — A5 - Hine W) (C.10)
is
(1) h aa-B) > 1 e o 10A—4B
T uy = _Zp € O b N + W |:€ (nuu hp - huy) +e Nuv hrr} )
T _’iesA_wh )
123 4p2 KT
h h
T 80 |2 8, b n) —20p,
yi=e p(a“b abu)4p2 hyil
h h?
T(l)rr = —— 0Op — b4 P
p@ b+ 1,2 e hy,
h? h
) _ -10C §, . A ,
T()ri—me hm_;(azb_aub#z)a
h h?
T, = 0 Y — > ™10 (31 hi* = hyy) | (C.11)
and the equations that we actually write are
—26 Ry = —2TW (C.12)
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0.2

Figure 21. The k = 0 portion of the Schrédinger potential for Wi in eq. (D.1) (black, solid) and its

approximation (2.29) (red, dashed) with (y, z) = (2,0.09), in units of 5. 2, and z are defined in

egs. (3.10) and (3.11). ’

D The non-singlet vector modes as k — 0

In this appendix we discuss the possible self-adjoint boundary conditions for the non-singlet
vector modes at the left end of the internal interval, focusing on the k-independent part of
the operator M of eq. (10.34), or if you will on its small-k limit, which is diagonal. The
potential in the (1,1) entry,

1 e\/gg

IEZERETH0

Vi(r) g
-

{14@ sinh <2r> + 41 cosh <27") + 99} (D.1)
p p

only emerges for k # 0, while the potential in the (2,2) entry is the one already discussed
in section 10.1 for k = 0.

One can rely once more on the correspondence with the hypergeometric potentials
od eq. (2.29) to identify stability regions in the small-k limit. To this end, one needs to
examine the limiting behavior of M as z appraoches the two ends of the interval. From
eq. (10.35) and from appendix A, one can see that, as z — 0,

Min (=04 250 1, (D2)
which is of the form (2.12) with u; = po = % In a similar fashion, as z — 2z, M is of the
form (2.13), with i3 = 0.09 and fi = 1.1. The resulting setting is the first case discussed in
section 2.4, and the self-adjoint boundary conditions given independently at the two ends
thus depend on six real parameters.

The dominant terms in eq. (10.34) identify a two-dimensional vector space of normaliz-
able zero modes spanned by

A-C
7 _ (6 2 ) Z<2)< 0 ) (D.3)
= ) = 5443C | - .
0 e 2

For the first zero mode

Cu _ ~0.16, Cis _ 0.2, (D.4)
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Figure 22. The point (a1,d;) = 7 (—0.9,0.87) identifies the special boundary conditions corre-
sponding to the zero mode Z("). The shaded regions identify the boundary conditions leading to
instabilities for the k-independent portion of M.

while for the second zero mode o
21
— =-041. D.5
Con (D.5)

As in the simpler one-component systems that we have analyzed, one can approach the
k = 0 portion of M by a pair of shifted hypergeometric potentials, with shifts

2 2

7T 2 ™ 2
AV, = = (012, AVy= =) (0.71)%, (D.6)

relying once more on the one-component formalism of section 2. The two potentials V; and
V5 are displayed in figures 21 and 15, together with their hypergeometric approximations.
Letting, in the notation of eq. (2.71)

C11 (o731 Ci3 aq Cao Q2

Cr2 CO<2)7 Cua CO<2>’ Co an<2>’ (B-7)
one can thus identify the stability regions in the (a1, a;) plane displayed in figure 22, and
the results of section 10.1 translate, for g, into the stability interval

~2.42 < tan (O;2> <0. (D.8)

As we have seen, the matrix M in eq. (10.34) becomes diagonal as k — 0, and we
could thus identify two zero modes. Z® is indeed the expected zero mode that we found in
section 10.2, while the presence of Z() is somewhat surprising, since it is also normalizable.
The point is that the k — 0 limit is singular for the original theory, which can be seen from
the need to perform the redefinition of eq. (10.32). Consequently, in this limit Z @) would
correspond to a field W; of vanishing norm with respect to Wy, while the original operator
in eq. (10.30) is definitely not Hermitian for k = 0.
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When the k-dependent terms in M are taken into account, their mean value computed
with the vectors in eq. (D.3) diverges. As a result, the dominant terms that we have analyzed
are suitable to identify self-adjoint boundary conditions but are not a good starting point
for perturbation theory. For this reason our variational tests relied on the k-dependent
corrections described in section 10.2.

E Self-adjoint variational tests

This appendix provides some details on the variational estimates of the lowest m? eigenvalues
described in sections 10.2 and 11.2.

For our estimates of section 10.2, we resorted to a pair of test functions Z;(z) and
Z5(z) that comply to the limiting behavior at the two ends, taking into account the &-
dependent corrections that we identified, which grant delicate compensations between
singular contributions from kinetic and potential terms:

z § z -5 & z T z 3 azt
Zy= {011 <> +Ch2 () +2 |Ca ( ) —3C () ] }GXP [—44]
Zm Zm 2 Zm Zm Zm*—2

i 4

Zm— 2\ 2 a (Zm—2

()P [ a0 ]
Zm Zmt— (zm —2)

2\ 5 2\ 7% & 2\ T 2\ 2 azt
Zy= {021 () +Ca2 () +2 |Cn ( ) —3C12 <> ] }GXP [—44]
Zm Zm 2 Zm Zm Zmt—z

_ L4i _ )4
Zm— 2\ 2 a(Zm—%
+72 ( > ) €xp [_”‘| : (El)

m m*— (zm — 2)

The exponential factors separate the contributions from the two ends, which is instrumental
to grant the needed cancellations. The self-adjoint boundary conditions that we have
explored are parametrized, in general, by an SL(2, R) matrix and a phase 3, so that

Coy = P [(cosh p cos @y + sinh p cos ) C11 + (— cosh p sin 0 + sinh p sin 02) C19] ,
Coy = e [(cosh p sin 6y + sinh p sin 6) C11 + (cosh p cos @y — sinh p cosb) Ci2] . (E.2)

The variational parameters for this case were thus a, v1, 72, C11 and Cis. For simplicity,
we have set 8 = 0 in all our tests.

At the right end of the interval the Hamiltonian M approaches a diagonal QT Q
form, which is granted to be positive for the asymptotic behaviors compatible with the L?
conditions, which are annihilated by @, so that the contributions associated to v o are not
expected to lower significantly our estimates for the minimal m? eigenvalue. Therefore, we
concentrated our efforts on test functions with v; = 0 and 2 = 0. Furthermore, different
choices for a of order one gave similar results. In this fashion, C';; and C75 were our actual
variational parameters, with resulting estimates of the form

, cNc

= E.3
m ctDe’ (E.3)
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Figure 23. Estimates for the lowest m?(¢) (in units of ZO%) for non-singlet vector modes obtained
for (01,602,p) = (=%, %,2) (left panel), and for (61, 62, p) = (0,0,0) (right panel).

T 299

where c¢ is a two-component vector collecting them and N and D two real symmetric
matrices depending on ¢ and on the SL(2, R) parameters, which we built numerically. In
this setup, the best estimate is determined by the lowest eigenvalue of D™!N.

The main indications that we collected from our numerical tests are the following:

e there are self-adjoint boundary conditions where no tachyons emerge for all values

of k. An example of this type has (p,01,602,5) = (2,—%,%,0), and a plot of the

corresponding m? as a function of ¢ is shown in the left panel of figure 23;

e there are other boundary conditions where tachyonic modes are not present only for
sufficiently small values of R, as explained in section 10.2. An example of this type
has (p, 61,602, 8) = (0,0,0,0), and a plot of the corresponding m? as a function of ¢ is
shown in the right panel of figure 23.

The variational tests for the scalar modes of section 11.2 proceeded along similar lines,
but relied on the slightly more complicated functions

~ Ci1 z % Cha z 7é 3 z % A %
=B (2N 22 (2 2¢|-2 Z Z
5 7
3 5|19 z\2 z \6 z azt
VoA [40 on () -30n () s (zmﬂ}exp [‘zmzi—zzl}
2 \ 277 a (zm —2)4
1- = _
tm ( Zm) P [ 2m? — (2m — z)4 ’
5 8 1 T 3
~ z z z z
Uy = {021 () + O () +V2¢ l— Ci1 () +3Ch2 () ]
Zm Zm, 5 Zm Zm
13 3
1 5127 Z\6 z\2 azt
3¢ [5 e ()" —on () Hp [‘m—]

+ 72 (1—;)éexp [—Z @ (om = =)' 4] . (E.A4)

m m*— (z2m — 2)
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Figure 24. Estimates for the lowest m?(¢) (in units of ZO%) for non-singlet scalar modes obtained
for (61,62, p) = (=3, %,0) (left panel), and for (61,6, p) = (1.27,0.37,2) (right panel).

T2y 9

We were forced to proceed to second order in £ to eliminate all singular contributions to
the mean value of the Hamiltonian. As before, and for similar reasons, we worked with
v1 = v = 0, exploring values of a of order one.

In this sector we found again self-adjoint boundary conditions leading to no unstable
modes for all values of &y, as in the left panel of figure 24, or for values of &y larger than a
few units, as in the right panel of figure 24. However, unstable boundary conditions were
more difficult to find in this case.

In all cases, our tests convey useful information only for low-enough values of &, since
the test functions contain higher-order corrections in £ that we left out. However, the formal
arguments in section 10.2 indicate that the large-¢ behavior leads to positive m? ~ |k\2,
due to the diagonal terms in the Hamiltonians.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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