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EXISTENCE RESULTS FOR A SUPER-LIOUVILLE EQUATION
ON COMPACT SURFACES

ALEKS JEVNIKAR, ANDREA MALCHIODI, AND RUIJUN WU

ABSTRACT. We are concerned with a super-Liouville equation on compact sur-
faces with genus larger than one, obtaining the first non-trivial existence result
for this class of problems via min-max methods. In particular we make use of a
Nehari manifold and, after showing the validity of the Palais-Smale condition,
we exhibit either a mountain pass or linking geometry.

1. INTRODUCTION
The Liouville equation in two dimensions, which has the form
(1.1) —Au=Ke* - K,

for some given functions K, K on a surface M , has been extensively studied and
has wide applications in geometry and physics. A typical example is the prescrip-
tion of curvature. Let g be a Riemannian metric on a surface M with Gaussian
curvature K = K, and let K be a given function on M. The question is whether
there exists a function u € C°°(M) such that the conformal metric § = €?“g has
Gaussian curvature K; see, e.g., [10,28].

Since the Gaussian curvature for g is given by e~ ?“(K, — A u), the problem is
equivalent to the solvability of equation ([IIl). Observe that the conformal factor u
within the conformal class of [g] can be found as a critical point of the following
functional:

I(u) ::/ (\Vu|2—|—2Kgu—I~(62") dvy.
M

When M is a closed Riemann surface, which is the case we are interested in for
this paper, the function K has to satisfy the Gauss—Bonnet formula with respect to
the new metric g. When K is constant with the sign compatible with the Gauss—
Bonnet formula, the equation is always solvable, according to the uniformization
theorem. For non-constant K , though not being totally solved, we have a good
understanding of the problem in most cases; see, e.g., [38] Chapter 5] and [4, Chap-
ter 6.
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More recently, equation (II]) has been studied in the context of hyperelliptic
curves and of the Painlevé equations; see [9] and [I1], respectively.

Equation (1)) also plays an important role in mathematical physics. On one
hand, it arises in Electroweak and Chern-Simons self-dual vortices; see [40,[441[45].
On the other hand, it appears in the Liouville field theory with applications to
string theory; see [3335,36]. See also [39] for a recent connection between (LI])
and the Hawking mass.

Motivated by the supersymmetric extension of the Liouville theory, the following
so-called super-Liouville functional:

I(u,1p) := /M <|Vu2 + 2K u — e + 2((I) + )1, 1/)>>dvg,

was studied in [22], where u is a function on M, 1 is a spinor field on M, and D is the
Dirac operator acting on spinors 1; see Subsection [2.1] for precise definitions. In a
series of works they performed blow-up analysis and studied the compactness of the
solution spaces under weak assumptions and in various settings; see, e.g., [22H25)]
and the references therein. For the role of the super-Liouville equations in physics
we refer to [IL[12/[37]. One should note that the sign conventions adopted above are
adapted to the sphere case.

In this paper we consider the problem posed on a closed Riemann surface of
genus v > 1. In this case the coefficients in the action functional need to be
adapted to the Gauss—Bonnet formula. Let g be a Riemannian metric compatible
with the given complex structure. We are going to consider the following functional:

(12)  Jp(u9) = /M (qu|2 +2Kgu+ e + 2(( —pe“>w,w>)dvg,

where the parameter p is a positive constant. We are adopting a different notation
from that in [22], making our choice compatible with equation (ILI]). The Euler—
Lagrange equation for J, is

(EL) Agu=e* + Ky — pe"[y[?,
D= pey,

which takes the name of super-Liouville equations. The system (EL) clearly admits
the trivial solution (us,0), where u, satisfies

—Au, = —2% — K,

and whose existence is given by the uniformization theorem. This is also a ground
state solution in the sense that it has minimal critical level: this follows from the fact
that the spinorial part does not affect the critical levels, while the scalar component
of the functional is coercive and convex. The latter properties also yield uniqueness
of such a trivial solution. The aim of the present paper is to find a solution with
non-zero spinor part, a so-called non-trivial solution.

Notice that if (u,t) solves (EL), then the pair (u,m(w)i), where m(w) =
m(eg)m(ez) denotes the multiplication by the real volume element w = ey - e2 (see,
e.g., [29]), satisfies

m(w)e|* = v, D(m(w)) = —whip.
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Therefore the solutions of (EL) corresponds bijectively to solutions of

Agu = e®+ K, — peu|¢‘2,
mggb = _p6u¢

The choice of the sign in the Dirac equation may be physically relevant. This also
shows some generality of our treatment.

Conformal symmetry and reduction to uniformized case. System (EL) ad-
mits a conformal symmetry in the following sense. Suppose that (u, ) is a solution
of (EL), let v € C°°(M), and consider the metric § := e2Vg. There exists an iso-
metric isomorphism £: §; — §§ of the spinor bundles corresponding to different
metrics such that

(1.3) Dy (e 38(1)) = e 2°B(I,0),

see, e.g., [I3L[16], where we are using the notation from [27]. Thus the pair

u=1u—u,
{J = 1),
solves the system
Agli = "' Ag(u—v) = ™" (e + Ky — pe"[$* — Agv)
= 2V L oK, — Agv) — petVle” 2 B(1))[?
=% Ky — pe i),
B ety e (00) 55

analogous to (EL). Therefore, we can work with a convenient background metric
inside the given conformal class. W.l.0.g., recalling that the genus is larger than one,
we assume that the background metric go is uniformized, meaning that K, = —1:
notice that such a metric is unique. In this case the trivial solution is given by (0, 0):
the main result of the paper is the existence of a non-trivial min-max solution
obtained via a variational approach.

Theorem 1.1. Let M be a closed Riemann surface of genus v > 1 with Riemannian
metric g. Let go € [g] be a conformal uniformized metric, i.e., K,y = —1, and
suppose that the spin structure is chosen so that 0 ¢ Spec(ID,,). Then for any p ¢
Spec(,, ), there exists a non-trivial solution to (EL).

We stress that this is the first non-trivial existence result for this class of prob-
lems. Moreover, observe that by (L3) dimker(,) is a conformal invariant, and the
condition 0 ¢ Spec(lD[g]) is valid for many spin structures and conformal structures,
as explained in Section This condition is used to get equivalent norms on the
suitable Sobolev spaces of spinors in terms of Dirac operators.

Remark 1.1. Note that the spinor bundle S — M admits global automorphisms,
e.g., the quaternionic structures, which form a group. These are parallel with
respect to V¢ and commute with the Clifford multiplications by tangent vectors;
see |26, Sect. 2]. The functional J, is thus invariant under the actions of such
isometries. It follows that any non-trivial solution lies in a smooth family (of
dimension no less than three) of non-trivial solutions. Given a solution (U, ¥), an
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intuitive example is the antipodal solution (U, —W¥), which is in the orbit of the
quaternionic structure group actions.

Concerning the case of genus one, i.e., when the base surface is a torus, the
problem might not be well-defined. Indeed, if we take K and K to be zero, then
the system ([EL) has only trivial solutions of the form (a,0) where a € R. In this
situation it might be interesting to consider the case of sign-changing K , as in
[28] for the prescribed Gaussian curvature problem. Meanwhile in the sphere case,
where both K and K should be 1, the functional turns out to be even more strongly
indefinite, and admits neither the classical mountain pass nor the linking geometry;
see for example [21] for a recent result in this direction.

The main difficulty in studying (EL) is that the Dirac operator is strongly in-
definite: the spectrum of I) is real and symmetric with respect to the origin. The
classical theory for variational problems involving Laplacians or Schrédinger opera-
tors, where the positive parts usually dominate the behavior of the functional, fails
to work for Dirac-type actions. There were methods developed for general strongly
indefinite variational problems, see, e.g., [BL[7,[I7], but they are not directly applica-
ble to Dirac operators. Dirac operators usually relate more closely to the geometry
and topology of the spin manifolds. Recently several attempts have been made to
attack such problems. With suitable non-linearities as perturbation adding to the
geometric equations, T. Isobe made remarkable progress in adapting the classical
theory of calculus of variations to the Dirac setting [I8H20]. Combined with the
methods of Rabinowitz-Floer homology, A. Maalaoui and V. Martino also obtained
existence results of some non-linear Dirac-type equations; see [30H32] and the ref-
erences therein. In the case of super-Liouville equations we have to deal with an
exponential non-linearity, which does not fit in the above settings. Moreover, we
are directly facing a geometric problem without auxiliary non-linear perturbations,
which is usually harder to deal with.

The article is organized in the following way. In the second section we intro-
duce some preliminaries in spin geometry and discuss existence of harmonic spinors
depending on the genus and on the conformal class. We also introduce suitable
Sobolev spaces to work with and the Moser-Trudinger inequality. In the third
section we tackle the strong-indefiniteness of the functional by building a natu-
ral constraint which defines a generalized Nehari manifold N. We then verify the
Palais—Smale condition for J,|n by showing first some a priori bounds and then
proving strong subsequential convergence. For suitable p we finally show either
mountain pass or linking geometry on the Nehari manifold which yield the exis-
tence of a min-max critical point for J,: the details of this construction are given
in the last section.

2. PRELIMINARIES

We will assume some background in spin geometry and Sobolev spaces. For
detailed material one can refer to [3L[13}[14,29].

2.1. Spinor bundles and Dirac operator. Here we introduce our setting and
fix the notation. Let M be a closed Riemann surface with a fixed conformal
structure and of genus . Let g be a Riemannian metric in the given confor-
mal class and denote the Gaussian curvature by K,. The orthonormal frame bun-
dle Pso(M, g) — M is then a principal SO(2) bundle. Let Spin(2) = U(1) — SO(2)
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be the two-fold covering of the circle. A spin structure is given by a principal Spin(2)
bundle Pgpin(M, g) — M together with an equivariant two-fold covering

PSpin(M>g) — PSO(Mu g)

In dimension two such double coverings always exist; moreover, they are in one-
to-one correspondence with the elements in H'(M;Zs,); see, e.g., [29, Chapter 2].
This cohomology group has cardinality 227.

Let S = S; — M be the associated spinor bundle with a real Riemannian
structure ¢g® and induced spin connection V*: sections of S are called spinors.
Recall that the Dirac operator I acting on spinors is defined as the composition of
the following chain:

I'(S) L T(T"M® S) = I(TM ® S) = T(S),

where the second isometric isomorphism is given by the identification via the met-
ric g, the third arrow m denotes the Clifford multiplication, and the End(.S)-valued
map m: TM — End(S) satisfies the following Clifford relation:

m(X)m((Y) + m(Y)m(X) = —2¢(X,Y), VX.,Y e I(TM).

Later, for simplicity, we will write X - ¢ for m(X)w, where X € T'(TM) and ¢ €
I'(S). In terms of a local orthonormal frame (e;);=1,2 we then have the Dirac
operator

Dy = Zm(ei)vziw Vip € I(S).

This is a self-adjoint elliptic operator of first order, and is a generalization of the
Cauchy—Riemann operator in complex analysis. For a local expression of the Dirac
operator in a local flat chart, see 25, Page 251]. The Dirac operator I} has a
finite-dimensional kernel consisting of harmonic spinors. The dimension of the
space of harmonic spinors is a conformal invariant, but it depends on the choice of
spin structures and the conformal structures in general. The Bochner-Lichnerowicz

formula
P = (v)yv s 2

where (V*®)* denotes the metric adjoint of the spin connection and Scal is the
scalar curvature of (M,g), implies that there is no non-trivial harmonic spinor
if Scal > 0 and Scal # 0. In particular, there is no harmonic spinor on the 2-sphere
with arbitrary metric (since there is only one conformal structure on the 2-sphere).
However, when the genus v is greater than or equal to 1, there might exist non-
trivial harmonic spinors for some choice of spin structures. The dimensions of the
spaces of harmonic spinors have been computed in literature, e.g., [BL8,[16]. We
summarize some facts here to have a picture of the different cases.

2.2. Examples of Riemann surfaces with no non-trivial harmonic spinors.
Here we give some examples of Riemann surfaces having negative Euler character-
istic 2mx (M) = 47(1 — ) < 0 but admitting no non-trivial harmonic spinors.

Any element o € H'(M,Zs) determines a spin structure £(a), as well as a
holomorphic line bundle %, such that %, ®c¢ £, = #u, where ), denotes
the canonical line bundle of M; see, e.g., [16,29]. Denote by &(.%,) the sheaf of
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germs of holomorphic sections of the holomorphic line bundle .%,,, and set hgg =
dim H°(M, 0(%£,)). If the associated spinor bundle S = S(a, g) admits a space of
harmonic spinors of dimension h¢ (4,4, then

hé‘(a)’g = 2hg7g~

It is known that, for a Riemann surface M of genus v, there are precisely 2771 (27+1)
spin structures « on M for which hgv , 1s an even number (such spin structures are
called even spin structures on M), and for the other 2771(2Y — 1) spin structures
the number hY, , is odd (odd spin structures).

For v = 1 M is topologically a torus, and for any conformal structure [g] we
have four spin structures: three even spin structures with no non-trivial harmonic
spinors and one odd spin structure (the trivial one a = 0) with one-dimensional
space of positive harmonic spinors (hence h¢(g),4 = 2).

For v = 2 the description is similar, namely for any conformal structure [g]
there are ten even spin structures with no non-trivial harmonic spinors and six odd
spin structures with one-dimensional space of positive harmonic spinors (hence
he(a).g = 2)-

These are the known cases where the dimension of ker(D) is independent of the
choice of metric g (i.e., the choice of the Riemann surface structure on M). When
the genera become larger, the dimension of the kernels generally depends on the
conformal class. Even in this case we still have many examples where there are no
non-trivial harmonic spinors.

Recall that a hyperelliptic Riemann surface is a complex projective curve ad-
mitting a rational surjective map onto CP' which is 2-to-1 up to a finite set of
branching points. All Riemann surfaces of genera v < 2 are hyperelliptic, while
there exist non-hyperelliptic surfaces of all genera v > 3.

For the hyperelliptic case, C. Bér [5] showed that the spin structures correspond
one-to-one to the pairwise inequivalent square roots of the canonical divisor, and in
terms of a suitably defined weight of the divisors, he also clarified the dimensions h°
of the kernels:

(1) if M is hyperelliptic with v = 2k + 1,
e there is exactly one spin structure of weight v —1 and in this case h® =

e Rk

2 )
e for w =1,3,5,---,v — 2, there are exactly (

w1,
2 )

spin structures of weight —1 and in this

2vy+2

wa) spin structures of

weight w and in this case h° =
e there are exactly (QW;FI)
case hY = 0;
(2) if M is hyperelliptic with v = 2k,
e there is exactly a 2 4 2 spin structure of weight v — 1 and in this
case h® = ["TH] =k;
o for w =1,3,5,---,v — 1, there are exactly (

weight w and in this case h? = “IL;
e there are exactly (27;-1) spin structures of weight —1 and in this

case h® = 0.

For non-hyperelliptic surfaces, there are also known examples where the dimensions
of kernels are computed.

2v42

v—w) spin structures of



SUPER-LIOUVILLE EQUATION 8843

For a genus v = 3 non-hyperelliptic surface, among the 227 = 64 spin structures
there are 28 odd ones with h° = 1 and 36 even ones with h% = 0.

The case for v = 4 non-hyperelliptic surfaces is different: there are in total 227 =
256 spin structures, 120 of them are odd with h° = 1, and for the other 136 even
spin structures, one of the followings may happen:

(I) there exists a unique even spin structure with A% = 2, while the other 135
even spin structures have h? = 0;
(IT) all the 136 spin structures have hY = 0.
A non-hyperelliptic Riemann surface is called of type (I) or (II) if it satisfies the
corresponding above conditions. Both classes are non-empty.

2.3. Sobolev spaces for spinors. The spinor bundle S = S, has a Riemann-
ian structure ¢* and a spin connection V* induced from the Levi-Civita connec-
tion. Then we can define the usual Sobolev spaces with integer differentiability,
namely W¥P(S) consists of the spinors whose kth covariant derivatives are in LP
for k € N and p € [1,+o0o] and W—*4(S) := (WFP(S))* where ¢ is the Holder
conjugate of p. Here we will also consider fractional Sobolev exponents in what
follows.

Recall that ) = E)g is a first order elliptic operator which is essentially self-
adjoint. The spectrum Spec(p) is discrete and consists of real eigenvalues, Spec, (1))
U { Ak }rez\ {0}, where Spec, (1) stands for the zero element in the spectrum (or the
empty set) while the lambda’s are the non-zero eigenvalues, indexed by Z, = Z\{0}
in an increasing order (in absolute value) and counted with multiplicities:

004 <A1 SA < <A S0S A < KA S A S0 > Fo0.
Moreover, the spectrum is symmetric with respect to the origin when dim M = 2.
Let @ be the eigenspinor corresponding to g, k € Z, with [¢|lz2an = 1, and
let 9,., 1 <j < h%, be an orthonormal basis of ker(I)). These together form a

complete orthonormal basis of L?(S): any spinor 1 € I'(S) can be expressed in
terms of this basis as

(2.1) Y= Z akpr + Z @0,5%0,;>

k€L 1<5<h0
and the Dirac operator acts as
D =" earps.
keZ,
For any s > 0, the operator |IP|*: I'(S) — I'(S) is defined as
D" = Z | Akl®akon,
keZ,
provided that the right-hand side belongs to L?(.S). The domain of |P|* is

H?(S) = {1/) € L*(9) | / (| DI+, |lﬁ|51/)> dvg < oo} ,
M
which is a Hilbert space with inner product

(¥, ) s = (W, d) g2 + (|PI", |1 DI°) -

For s = k € N, H*(S) = W"2(S) and the above norm is equivalent to the
Sobolev W*:2 norm. For s < 0, H*(S) is by definition the dual space of H~*(S).
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Since S has finite rank, the general theory for Sobolev’s embeddings on a closed
manifold continues to hold here. In particular, for 0 < s <1 and ¢ < %, we have
the continuous embeddings

H¥(S) = L(S).

Furthermore, for g < % the embedding is compact; see, e.g., [3] for more details.

We will mainly be interested in the case s = %, for which % = 4. This is the

largest space on which the Dirac action of the form

Y /M (Do, ) dv,

is well-defined. Note that for 1 € Hz(S) we have )y € H~2(S), which is defined
in the distributional sense. Thus we can define the duality pairing

(Py, w>H’% «nd ER
On the other hand, by the expression (2]) we see that the function

is in L'(M), whose integral is exactly given by >, ., Araj < oco. By this we
validate the Dirac action in the equivalent form

(Pow), 4 ) = /M (D), 02}, ) g (0):

Suppose h® = 0, i.e., there are no non-trivial harmonic spinors. Then the Dirac
operator ID is invertible. Splitting into the positive and negative parts of the spec-
trum Spec(Ip), we have the decomposition

(2.2) H:(S)=H**(S)® HZ ™ (S).
Let ¢ = ™ + v~ be decomposed accordingly: then,
[ @oristyan, = [ (DR IDE ) duy 2 MBI e,
M M
where \; is the first positive eigenvalue of I = Eg. Hence
12,5 =llv* 172 + B2yt )13
<SP T + DIBIEYT 7 < a(By) ! + D2 5.

That is, for a given g, the integral [,, (P¢*,¢") dv, defines a norm on H2+(9)

equivalent to the Hilbert’s. Similarly, on H 3 (S) there is an equivalent norm given
by

- [ (om0 dvy = 111
Consequently,

/N (et ) = (B 7)) vy = PRI + 11D,

defines a norm equivalent to the H %—norm, which is quite convenient in our analysis.
Note that this would fail if h° # 0.
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2.4. Moser—Trudinger embedding. Another space we use frequently is H' (M)
= Wh2(M,R). Consider the subspace in H*(M) of the functions with zero average

H}(M) = {u € HY (M) | / udv, = o}

Then H'(M) = R @ H}(M), and any u € H'(M) can be written as u = @ + 4
where @ = §,, udv, denotes the average of u. By Poincaré’s inequality, ||V 12
defines a norm equivalent to ||@|z: on HE (M), and

|af + [Vl L2

a norm equivalent to ||u||gi. The Sobolev embedding theorems imply that for
any p < oo, H*(M) embeds into LP(M) continuously and compactly. Furthermore,
the Moser—Trudinger inequality states that there exists C' > 0 such that

~12
/exp ﬂ dvgy < C.
v P\ IVl o

—~ 1 R
87rlog/ e"dvg < —/ |Va|*dv, + C.
M 2 Jm
This implies that e* is LP integrable for any p > 0. Moreover, the map
HY(M) 3 uws e* € LY (M)

As a consequence

is compact (see, e.g., [4, Theorem 2.46]). It follows that the maps H'(M) 2 u
e € LP(M) are compact for all p > 0.

3. A NATURAL CONSTRAINT AND THE PALAIS-SMALE CONDITION
It is standard to prove that the functional
J,: HY(M) x H?(5) - R

defined in formula (L2) is of class C'. The critical points of J,, which are weak so-
lutions of (EL), are actually smooth. To see this we can use the argument from [22].
Note that, although the authors there are using different Banach spaces, the proof
goes quite similarly and is omitted here. Alternatively, note that v € H'(M) im-
plies e* € LP(M) for any p < o0, i.e., the equation is actually subcritical and we
can appeal to a bootstrap argument to obtain the full regularity.

To obtain a non-trivial solution to the system (EL) we employ a min-max ap-
proach. As observed, thanks to the conformal covariance of the system, it is suf-
ficient to consider the uniformized metric. From now on we assume that g has
constant Gaussian curvature K = —1. For this choice we then look for non-trivial
critical points of the functional

Jo(u, ) = / (|Vu|2 —2u 4 e* 42 (D, v) — pe“w2)>dvg,
M
which are non-trivial solutions of the system

{Agu—e%—l—peuw

(o) Dyp = pey.
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The argument in what follows is simplified by this assumption, but it can be modi-
fied and adapted to a general metric. Note that in the uniformized case the Gauss-
Bonnet formula yields

vol(M,g) = —2nx (M) = 4n(y — 1).

Observe that in the functional J, the first part is coercive and convex. The main
difficulty is due to the spinorial part which is strongly indefinite. To overcome this
issue we are inspired by an idea from [32] and we consider a natural constraint: in
the next section we will find critical points of the restricted functional.

3.1. A Nehari-type manifold. Roughly speaking, the space H %7’(8) defined in
(Z2)) contains infinitely-many directions decreasing the functional J, to negative
infinity and the usual variational approaches cannot be applied. Hence we intro-
duce a natural constraint in order to exclude most of these directions, obtaining a
submanifold in H'(M) x Hz(S), which we still call a Nehari manifold, though it
may not fit into the classical definition as in [2]. This may be considered to be a
Nehari manifold in the generalized sense, as in [34,421[43].

Let P¥: Hz(S) — Hz%(S) be the orthonormal projection according to the
splitting in ([Z2]). Consider the map

G: H' (M) x H3(S) —» H>~(S),
(u ) = P~ [(1L+ D))" (D — pe'yp)] .

Some explanations are in order. Recall that H 2~ is a Hilbert space, with inner
product

W9, = (0 0) 2 + (D120, DI p)

=((L+ BN 2) -4, 4 -
Now, let G(u, 1) be the element in Hz (S) such that, for any ¢ € Hz(S),
(G(u,v), ), = (P¥ = pe"y), P~ (p))

It follows that G(u,v) € H%’_(S), and it is given by the Riesz representation
theorem as

L2

1 1.
H 2xH?2

G(u,¢) = P~ [(1+ D))" (DY — pe'y)] .
Define the Nehari manifold N = G~1(0), which is non-empty since (u,0) € N
for any uw € H'(M). Note that, for each u fixed, the subset

Noi={w € HE(S) | (u,9) € N} =ker [P~ o (1+[B) ™ o (1D - pe*)]

is a linear subspace (of infinite dimension). Hence we have a fibration N — H'(M)
with fiber N, over u € H(M). The total space N is contractible.

Lemma 3.1. The Nehari manifold N is a natural constraint for J,, namely every
critical point of J,|n is an unconstrained critical point of J,.

Proof. To see that N is a manifold, we show for any (u,) the surjectivity of the
differential dG(u, ), which is given by

dG(u, ) [v, ¢] = P~ [(1+ D)~ (D — peté — pevip)] .
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Restricting to those vectors with v = 0 and ¢ € Hz'~(S), we have
<dG(’LL, ¢)[07 ¢], QZS>H1/2 = <(1 + |D|)7l(w¢ - peu(b)a ¢>H1/2
— [ (Do~ peo.0)au,
M

—— P12l —p [ o,
M

Thus (dG(u, ¥)[0, @], §) g1,z yields a negative-definite quadratic form on Hz(S).
In particular, dG(u, ¥) is surjective onto Hz~ (S) for any (u, ). It follows from the
regular value theorem (for an infinite-dimensional version, see, e.g., [15]) that N =
G~1(0) is a submanifold of H'(M) x Hz(S).

Next, we need to show that if (ug, o) is a critical point of J,|, then it is also
a critical point of .J, on the full space H'(M) x H3(S).

Recall that the orthonormal basis () for H= (S) consists of eigenspinors. Note
that

(u,) € N & G(u,¢) = O@/ (I — pe'p,hydvy =0 Vhe H2 ™
M
& Gi(u,y) = /M (DY — peip, ;) dvg =0 V5 <0,

that is,
N=G"0)=()G;"0).
7<0

Now let (ug, o) be a critical point of J,|n: VY J(ug, o) = 0. Then there exist u; €
R such that!

(3.1) dJ, (o, th0) = Y 1;dG;(uo, o).

7<0

Testing both sides with tangent vectors of the form (0, k), we have

/M <1?1/10 — pe*io, h> d'Ug - Zﬂj /M <1Dh — pe"°h, (,0j> dvg,

3<0

In particular, take h =@ = >, pjp; € H?~ to obtain

0:/ <m¢o—ﬂeu°¢oa<ﬁ>:/ <l?)¢—pe“°<p,s0>dvg§—clls0||2—/ pe®|p*du,.
M M M

Thus ¢ =0, i.e., pr; = 0 for all j < 0. Hence in BI) we have dJ,(ug,¢o) =0. O

1To see that such an infinite-dimensional version of the Lagrange multiplier theory works,
we note thatV.J(ug, o) = VJ(uo,vo) — (VJ(u0,%0))> where VJ(uo, o) denotes the un-
constrained gradient and (V.J(uo,0))> denotes its normal component. Since the gradi-
ents {VG;(uo,%0) : j < 0} span the normal space, we can express (V.J(uo,0))" in terms of

them: (VJ(ug,0))t = 2 <o M VGj(uo, o) € H%(S) for some p; € R, j < 0.
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3.2. Verification of the Palais-Smale condition. This subsection is devoted to
verifying the (PS) condition for the constrained functional J,|n. Note that

dJp (u, P)[v, ¢] = / 2(=Au— 1+ = pe"[*)v + 4 (P — pe b, ¢) dug

M
and for each j < 0, with G; defined as in the above proof:

dG;(u, Y)[v, ¢] = /M (Do — pe, p;) dug — /M petv (1, ;) dvg.
For each (u,1) € N, there exist constants j;(u, ) such that

AN T, ) = A, (u, ) = > i (u,40)dG, (u, ),
j<0

that is, such that for any (v, ¢) € H(M) x Hz(S)
dNJP(u> V)[v, 9] = dJ (u, ¥)[v, ¢] — Z My (u, w)de (w, ¥)[v, 9.

j<0

Formally writing o (u,¥) = Zj<0 Kipj, then

AV J (u, ) v, ¢] = /M 2(—Au — 1+ € — pe"[[* + pe (1, p(u,y)))vdvg

+ / 4 (Do) — peap, @) — (Do — pe“p, ¢)) dug.
M

Note that this holds for arbitrary (v, ¢), not only those tangent vectors to N.
Now let (un, ) € N be a (PS). sequence for J,|n: this will satisfy
(3.2)

Jp(unvwn) = / [|vun‘2 —2up + 62u" +2 (<Ewnvwn> - peunW}nF)] dvg — ¢

M

(3.3) P~ o (1+|P) ™" o (Pt — pe" ihn) = 0;
moreover, since the differential of J, is tending to zero only when applied to vectors
tangent to N, there exists some ¢, € H2'~(S) such that

(34) 2(-Au, -1+ e2un — pe“"|¢n|2) — pe"" (Y, o) = @, — 0 in H_l(M)7

. _1
(35) 4(@1% - peunwn) - (m@n - peu"@n) =B, = 0in H™ 2 (S)
Lemma 3.2. With the same notation as above, we have

(1) The auziliary spinors @, satisfy Hapn”H% —0 as n — oo.

(2) The sequence (un,Vy) is uniformly bounded (with bounds depending on the
level ¢) in H' (M) x H3(S).

Proof. (1) Testing [B3) against ,, we find

/ (B — e, o) duy = 0,
M

while testing (B.0) against ¢,, we get

_/ <lD<,0n,30n>dUg+P/ eu”|<pn\2dvg = (Bn, on) -
M M
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Since ¢, lies in the span of the negative eigenspinors, we see that

C||gon||fq% + p/M olin

It follows that as n — oo,

Unp,
loulls =0 [ pe

(2) Testing (B.4) against v =1 € H*(M), we obtain

2/ eQu"dvg —2/ dvy —2p/ (e“"
M M M

which can be read as

enldvg = o(llenll ,3)-

on|*dv, — 0.

¢n|2 —e'n <¢n,90n>) dvg = (o, 1>H*1><H1 )
1

(3:6) [ endu, —antr=1)+p [ e o+ 3o [ e o) dvg+o(),

M M M

Now we can control the second integral on the right-hand side by

(3.7) ‘g/ " (1hn, o) dvg S6/ pe“"\wnIde_qH/ e*“rdvg +C(g, p)llnll*,
M M M

where € > 0 is some small number. Substituting this into ([B.6]) and noting that ||¢, |
=o(1), we get

/ P > (v — 1) n 1—5/ petin
M 1+¢ 14+¢e/up
Testing (B.0) against 1, we deduce

1 /M (Db, ) — pe™ [ ?) dug— /M (BPon—Pe" Gy ) Qg = B ta) 11y -

Since the second integral vanishes because of [B.3]), we thus get

/ (Db ) — pe™ []?) dvg = o([[thnl]).
M

Combining these estimates with ([8.2)) we see that

e+ ol :/ |Viin|*dvg — 87 (y — 1)an + / endu,
M M

Y |*dv, + o(1).

+2 / (Btfns ) — pet™|ihn[?) du,
M

1

> Un|?dvg — 4 (y — 1) (20y — ——
> [ [9fPdv, - 4m(y = D@ —

+1—£ / w
- c elin
1+e" M

)

Ynl*dvg + C(e, p)o(1) + o(|[vnll),

which is to say,
€

N 1—
/ |V, |*+
M 1+e

Now we estimate the averages u,,. Note that by ([B.6) and (B.7) we also obtain

4 —1 1
/ 62u" dUg S ﬂ—(’y ) + + / peun
M 1—¢ 1—¢ M

et 2y e + Ay — 12 — =) +C(e, p)ol1) + o[l

¢n|2dvg + C(g,p)o(1).
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Then by Jensen’s inequality,

~ ~ . 1

2u 2a 2u 2u

el <eUn e““rdou, = 7/ e““rdu
]{\/l 7 477(’7 - 1) M I

1 1 1+4e
< Un |4, |2d c 1
_1_€+4ﬂ(7_1)1_5/Mp6 [thn|*dvg + C(e, p,7)o(1)

1 1+¢e\> c 1
< 0. —
_1—5+<1—5) (47r(7— Py T 2n 1+5)
+ C(e, p,7)o(1) + Cle, y)o(l|vnll)-
Thus there exists C' = C(g, p,7y) > 0 such that
] < C(1+ e+ o([[tnl])).

The spinors can be controlled by the above growth estimates. Testing (3.3])
against ¥,", we find

4 / (B, 0 — pe™ () dug
M
= [ (Bew = peton vl dog =0ty 4

[N

It follows that

Clwtl? < [ (initydv = [ pe () o,
1
7 | Do peon ) doy + ol )

([ i) (o) ([ it

2
el +o ([ vy ) Toalllet |+ o(lul)

<C 1+ c+ o) 651+ ol |)-

For what concerns the other component 1, , we use B3] to get

Cllvs|? < —/M (D) dvy = —p/ un (o ) dug

gp< / d> ( / @/1d> s |
M M

<C(1+c+o([[enl)) ¥ 105 .

Consequently,
1all® = I + i 12 < C(1+ ¢ + o)) * abull + olhn])-
Thus there exists some constant C = C(¢, 7, p) > 0 such that
[¢nll < C(e, 7, p) < +o0.

This uniform bound (depending on the level ¢) in turn gives bounds on %, and thus

/M (V@ | + pe [, |?) dvg < C'(c, 7, p) < 0. O
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Now, passing to a subsequence if necessary, we may assume that there exist uq, €
H'(M) and ¢, € H2(S) such that

Up — Uge Weakly in Hl(M),
Wy — 1hoo weakly in HZ(S).
Lemma 3.3. The pair (tuso, Vo) is a smooth solution of (ELg).

Proof. According to the compactness of the Moser—Trudinger embedding ([4, the-
orem 2.46]), we see that

e — e"= strongly in LP(M), (p < c0).

Meanwhile, thanks to the Rellich-Kondrachov compact embedding theorem (see,
e.g., [14])
Yn — Yoo strongly in L1(S), (g < 4).
Hence e“"[1),,|? converges weakly in LP to €% [th|? for any p < 2.
It follows that (uso,Poo) is a weak solution to (ELg). As remarked before, any
weak solution is a classical, hence smooth, solution. O

In particular, this implies that the weak limit (¢, %) is in the Nehari mani-
fold N. Consider the differences

Up, = Up, — Uso,
On = P — Poo-
Then (v, ¢n) — (0,0) weakly in H(M) x H=(S). The functions v, satisfy

u u u u 1 u
Agv, = (62 n—e? *)=p (e nlwn|2 —€ °°|1Poo|2) - 5/)6 " (Yn, on) — Eanv

where the right-hand side converges to 0 in H~'(M). Noting that v,, — 0 strongly
in L?(M), we conclude that v, — 0 strongly in H'(M), namely u, converges
strongly to us, in H'(M). A similar argument works for the spinorial components.
Indeed,

1 1
ngébn = pe" Y — pe oo + 4 (lD‘pn - peun@n) + Zﬂn

with the right-hand side converging to 0 in H —3 (M), and ¢,, = 1, — b converges
to 0 in L2(S). Thus 1, converges strongly to 1 in Hz (S). Since N is a submani-
fold of H' (M) x Hz (S), the sequence (u,,, 1) also converges inside N t0 (tso, oo );
in other words, (s, o) lies in the closure of {(uy,,)} relative to N. Thus we
verified the following

Proposition 3.4. The functional J,|n satisfies the Palais-Smale condition.

4. MOUNTAIN PASS AND LINKING GEOMETRY

In this section we will show that the functional J,|x, for suitable p’s, possesses
either a mountain pass or linking geometry around the trivial solution (0, 0), which
will yield existence of a non-trivial min-max critical point.

For later convenience let us introduce the notation

F(u) = /M (|Vu|2 —2u + 62“) dvg, Q(u, ) = 2/ (<1D¢,¢> - pe“|1p|2) duy.

M
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Then we have

(i) Jo(u,v) = F(u) + Q(u, ).
(ii) F(u) > 4mw(y — 1), and this lower bound is achieved by the unique mini-
mizer U,y = 0.
(iii) Q(u,®) is quadratic in ¢ and strongly indefinite.

4.1. Local behavior near (0,0). Let (u,v) € N be close to (0,0). The constraint
that defines N, i.e., P~(1+ |D|)~1(Dy — pettp) = 0, implies

| @6 = perv. Py v, —o.
M

Hence we get
[ Doy ==p [ e
M M
= — p/M e“|¢7|2dvg — p/M et <w+,1/)*>dvg.

Since ||e"||r < C(1+ |lul|g:) < C for ||ul| uniformly bounded, we have
(4.1) [~ 11 < Cpllv™].

Now consider the functional

(4.2) Jp(u,v) = F(u) + Q(u, ) = F(u) + 2/M (B, 1) = pe () dug
— P2 [ (D oty du +2 [ pll—e) (0,67 du,
M M
The last integral is now of cubic order in (u, 1), i.e.,
2 [ (1= ") (i duy < Clullm 0167
M

For the first term, if we take the equivalent norm |u|? 4+ ||V@||3. ~ |lul|%:, then
for t2 = |u|* + ||[Vul3, > 0

o if [a]? > & > |[V@lf2,, then
F(u) > / (62’_‘ - 211) dvg > 4m(y—1) + Cct?,
M
o if |V[|2, > £ > |a?, then

P> [ (VAP +1)doy 2 4rlr - 1) + 3
M

thus in either case we have
F(u) > 47(y = 1) + O~ Hul 3.
It remains to analyze the middle integral term in the right-hand side of ([@2]). As

before, we write ) = > ., a;¢p;; then

2 /N A= " oy = 3720 pla

3>0
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From now on we assume that p ¢ Spec(l)). Thus the above summation can be
split into two parts

2/M <(w - p)¢a¢+>dvg - - Z 2(p — )\j)a§ + Z 2()\j — p)a]

0<A;<p Aj>p

4.1.1. Mountain pass geometry. First we consider the easier case 0 < p < A1, so
the first part of the above summation vanishes. Then, locally near (0,0) in N, we
have

Tp(u, ) Z4m(y = 1) + C7|ul|Fn + C7 (1 - /%) 19117 = Cllull s Il

- _ p
>dr(y— 1)+ O Vul% 4+ C 1(1— L —OQW) 2,

where we have used Cauchy-Schwarz inequality for the last term, of cubic order.
It follows that when [lu|%,, + Hw”if =72 > 0 is small, there exists a continuous
2

function 6(r) > 0 such that
Jp(u,p) = J(0,0) +0(r).

On the other hand, we can choose a large constant @; € H'(M) such that pe® >
A1 + 1 and then take s > 0 large such that

J(ﬂl, S(pl) :1}01(]\47 g)( 2 _ 21_1,1) + 2()\1 — Eal)SQ
=4 (y — 1)(e*™ — 2uy) — 2(pe™ — \p)s?

is negative. Thus we have the mountain pass geometry locally near (0,0) in the
Nehari manifold N. Let T" be the space of paths connecting (0,0) and (@, sp1) in-
side N (notice that T # @) since N is contractible, and hence connected), parametrized
by ¢ € [0,1], and define

c1 = inf sup J,(a(?)).

€l 10,1

From the above arguments we have that ¢; > 4n(y — 1). It follows that ¢; is a
critical value for J, with a critical point at this level, which is different from the
trivial one. This concludes the proof of Theorem [I.Ilin this case.

4.1.2. Linking geometry. Next we consider the case p € (Ag, Ag41) for some k > 1.
Now there are more directions in which .J, becomes negative, but these are at most
finitely-many, and we will apply a linking method to exploit the geometry of the
functional.

Decomposing first the space H2(S) into two parts:

1
HeM =0 g1 € HA(S) [ ¢1= ajp; ¢
>k

1
Heb= =L gy € HE(S) [ o= ajips 3,
i<k

we have then the orthogonal decomposition

HE(S) = HEM @ (HES n b4 (S)) @ HE(9).
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Now consider the set
i = {0} x (H%”“* N H%’+(S)) c HY(M) x HE(S).

It is easy to see that .4} is a linear subspace inside IV, and along this subspace the
functional J, is not larger than the minimal critical value:

Jo(0,¢1) =4dm(y —=1) =2 Y (p—Xj)a] <dn(y—1).
0<j<k

For 7 > 0 let us consider the following cone around .A%:

Cr( M) = {(u,¥) € N [ue H'(M),y
= ¢t +yT € BN @ (HEM nHET(S) @ HE (5),
lullars + a2 + 6112 < 7zl .

We claim that for 7 suitably chosen this cone contains all the decreasing directions,
in the sense that outside the cone we can find a region on which the functional is
strictly above the ground state level.

Letting (u,v) € N \ C-(A%), i.e., with ¥ = ¢1 + ¢ decomposed as above, we
have

lull s+ lloall® + 197117 = 7llga]l*.
By (&1)), which can be now interpreted as
=12 < Co*(llgnll* + llg=l),

we see that

1

(43) Y

o (lullZ + @+ Cp)lenl?) -

Moreover, this also implies that

lullF + 6l = CClull® + 191%)

for some C' = C(p,7) > 0.
Then in [@2) for the scalar component we have as before the control

F(u) > 4n(y — 1) + Cllul3.

For the spinorial part, since ¥ = ¢ + ¢2 + 1~ is an orthogonal decomposition, we
have

Qlu,) =2 /N B = 0" duy + 2 /M<1 ) () g
=2 [ (D= ponon)du,+2 [ (= p)on.on) v,
2 /M<1 ") (b, b1 + ba) v

>0 (1 - L) l1P—C (ﬁ - 1) el Collullzs [0 (1621l + llg2]).

Akt1 Ak
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Assuming |Ju|%: + |[#||* = r? is small and noting E3), we get

a1+ 0a) 2dnly = 1)+ Clulfp +.€ (1= 52 = 0 P
P 2 2
o (f-1-c) el
k

2n(y = 1)+ Cllulfy + € (1= 2 - ¢ foulP

o2 ) Ml + L+ O]
Ak T — Cp? '
We can first choose r small enough and then choose 7 large enough such that
Tp(u, é1 + ¢2) 24n(y = 1) + C(||ull® + [|¢1]1*)
>dn(y — 1) + Or?
outside the cone C(.4%). Thus the claim is confirmed.
For r as above, consider the set
Ly :=(0B,(0,0)\C(/)) N N,

which is non-empty since (0,7¢k+1) € L1. Recall that N is locally modeled by
a Hilbert space, e.g., T(g0)/N. We can assume that in a local chart, .#% is some
coordinate subspace, while L; is homeomorphic to a collar neighborhood of the
sphere (of infinite dimension) which lies in a subspace complementary to 4% and
intersects C, (%) only at {(0,0)}.

Next we introduce a set Lo on which the functional attains low values and such
that it links with Lq; see Figure[[l The construction of such a set is performed in
several steps. First we take the ball

By (0) ={(0,62) € i | llgall < R} €
with R > 0 a large constant to be fixed later. Note that for any (0, ¢2), J,(0, ¢2) <
47 (v —1) and for (0, ¢2) € 83102”“(0)7

Ip0.62) <ty =1) = € (£ =1) lulP < aly - 1) = € (£ = 1) 72
)\/C /\k

For any (0, ¢2) € 8B%’k(0), we consider the following curves. First let
o1:[0,T] = N, o1(t) = (¢, p2 + Alpr41),

where A > 0 is again a constant to be fixed later. One easily sees that this is a
curve in N and

Jo(t, do+Atpri1) = vol(M, g)(e* — 2t) + 2 /M ((ID — pe')ga, 2) duy
+ 2A2t2/ <($ — pe")prit, cpk+1> dug
M
<Arm(y—1)(e* —2t) +2 /M <($ — p)da, ng2> dvg + 2A%% (A1 — pet)

<Ar(y—1)(e* —2t) = C (AL; - 1) R? 4+ 2A%t* (A1 — pe').
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Now we fix some constants:

e we choose T > 0 such that pe” — A1 > 1;
e then we choose A > 0 such that

4re(y — 1)(e*T = 2T) — 2A2T? (peT — Npy1) < dm(y — 1);
e finally, choose R > 0 such that for any ¢ € [0, 7]
4r(y —1)(e* —2t) — C (Aﬁ - 1) R? 4+ 2A%1%(\jy1 — pe') < dm(y —1).
k
Then we consider the curve
02: [_lv 1] - Nv UQ(T) = (Tv (_T)¢2 + AT(Pk+1)7

which joins (T, o + AT prt1) to (T, —p2 + AT¢i41) inside N. Thereafter we can
come back to 4}, via the curve

o3: [O,T] — N, Ug(t) I:((T - t),¢2 -‘rA(T - t)(karl).

Finally, consider the subset

D = {(t, Atrer + 62) | £ € 0,T), (0, 62) € B (0]
which is compact and homeomorphic to a finite-dimensional cylindrical segment
[0, 7] x B%¥(0).

Note that D C N and let Ly = 0D; see Figure[ll The curves o1, 02,03 constructed
above pass through every point of Lg\BOR’k(O). It follows that on Lo the functional
attains low values. One can shrink Ly (in an homotopically equivalent way) into the
coordinate chart to see that Ly and Lo actually link; see, e.g., [2lA1] for a rigorous
definition of this concept.

i

FIGURE 1
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Now we define the linking level. Let I' be the space of continuous maps

a: D — N,

such that a(v, h) = (v, h) for any (v, h) € Ly = 0D. This set I is clearly non-empty
since Idp € I'. Then we define the linking level

T e )

As Ly and Ly link, we have from the above arguments that

1 > 4An(y—1)+0(r).

It follows that c; is a critical value for J,, and again we obtain a critical point for J,
which is different from the trivial one. This concludes the proof of Theorem [I1] in
this case as well.
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