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SO(1,4) flux-balance laws of de Sitter spacetime at quadrupolar order
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The linear solution for quadrupolar perturbations around de Sitter spacetime was recently constructed. In
this paper, we provide the flux-balance laws for each background symmetry (dilatations, rotations, spatial
translations and cosmological boosts) in terms of source moments at quadrupolar order. We write the
dilatation flux-balance law in two distinct ways, which allows to contrast two distinct proposals for the
negative definite energy flux. The standard Poincaré flux-balance laws at future null infinity are recovered

in the flat limit of the SO(1,4) flux-balance laws.
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I. INTRODUCTION

According to the standard model of cosmology, our
Universe admits a positive cosmological constant A ~ 3 x
107122 in Planck units [1,2]. Though tiny, the effect of the
cosmological constant dominates in the infrared and leads
to an asymptotically de Sitter spacetime structure at late
times, which overarch in particular the definition of
asymptotically conserved quantities. Besides, gravitational
wave observations have provided within the last decade
new insights into astrophysics and cosmology [3]. These
observations have led to a large theoretical effort to define
gravitational waves emitted from localized sources in a
cosmological background, see e.g. [4—60].

Many simple theoretical questions remain unanswered.
In this article, we will concentrate our focus on two
questions: What is the role of the SO(1,4) de Sitter
symmetry regarding gravitational radiation? What is the
definition of energy in asymptotically de Sitter spacetime?

It was demonstrated in [36,39] that even though gravi-
tational waves change the leading components of the metric
at future infinity, a boundary gauge exists such that the
asymptotic symmetry algebra of asymptotically de Sitter
spacetime is the infinite-dimensional A-BMS algebra,
which reduces to the BMS algebra [61,62] in the flat limit.
The structure constants of the A-BMS algebra generically
depend upon the radiation field. However, at quadratic order
in perturbation theory around de Sitter, one can isolate a
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universal SO(1, 4) algebra of background symmetries, as we
will review in Sec. II, simply because the fluxes are already
quadratic in the fields once the symmetry generators are
taken to be the background Killing vectors of de Sitter. Our
first objective is to derive the set of flux-balance laws
associated with the background SO(1,4) symmetry and
evaluate them in the physical phase space. We will perform
this computation at the level of the quadrupolar truncation of
the linear spectrum [57], which has been demonstrated to
match [58] with the spectrum of perturbations obtained from
independent derivations [55,58].

Several formulas for the energy flux in asymptotically de
Sitter spacetime have been proposed [9,12,13,21-23,29—
31,34,38,41,50,54,60,63-66]. Our second objective is to
identify from the dilatation flux-balance law how one can
identify a charge and a flux such that (i) the flux reduces to the
standard energy flux in the flat limit, (ii) the flux is manifestly
non-negative at quadratic order. We will contrast our expres-
sions for the energy loss and angular momentum flux with
part of the literature. The linear momentum and boost charge
loss formulas that we will derive have not yet appeared in that
form in the literature to the best of our knowledge.

The rest of the paper is organized as follows. We first
define the SO(1, 4) flux-balance laws in perturbation theory
around de Sitter spacetime from first principles in Sec. II. We
then evaluate them on the solution space of even and odd
quadratic perturbations of de Sitter in Sec. III and we prove
that the standard flat spacetime limit is obtained. We
compare our expressions of the energy loss and angular
momentum loss with the literature in Sec. IV. We finally
conclude in Sec. V.

© 2025 American Physical Society
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II. CHARGES AND FLUXES ON DE SITTER
SPACETIME

The future region Z* of asymptotically de Sitter space-
times with cosmological constant A = 3H? admits a
Starobinsky expansion [67] of the form

dr> 1
T () P T+ O dxd,

ds? =
(2.1)

where 7 < 0 denotes time and x“ are the other coordinates.
In terms of the conformal completion, 7 = 0 is the future
boundary Z" of asymptotically de Sitter spacetimes and x“
are the coordinates on Z*. Latin letters a, b, ... will always
refer to three-dimensional indices of fields defined on Z+.
The Starobinsky expansion is related to the Fefferman-
Graham expansion of asymptotically anti-de Sitter

spacetimes by an analytical continuation. We call gggj

the three-dimensional metric on the future boundary of

asymptotically de Sitter Z™, E"’) its inverse and we will

(0)

denote as D, its metric-compatible covariant derivative.

The holographic stress-energy tensor defined as 7', =
2 gi h) is trace-free and divergence-free with respect to the
boundary metric gi b> outside of sources:

0
DT =0, gib T, =0, (2.2)
where T% is defined as T, with indices raised with the
inverse metric gé’g).

In the presence of gravitational radiation, the boundary
metric g(a%) generically admits no symmetry. In perturbation
theory where g,, =g, + g, (where u, v denote
4-dimensional indices), we can however write
( ) (0)

b |+ 6Gap »

o (2.3)
where the background boundary metric gﬁgj, which
describes the future boundary of de Sitter Zq, admits
symmetries. Motivated by the Bondi framework and by the
description of spatially compact binary systems that reach
future infinity Z™ at a single point u = +o0, we choose QES))
to be the metric on R x S?

7 dxedxt = H*du? + §,5(xC)dxdxB.  (2.4)
Here § 45 is the unit metric on $? and u ranges over the real
line. These coordinates do not cover the entire Zjq of de
Sitter, which has topology S$°, but Z s minus two points.
The topology of Z depends upon the number of massive
bodies. Here, we consider at least two such points removed

at u = +oo. We also gauge fix the perturbation to so-called
A-BMS gauge [36] such that

g(a(;)dx“dxb = H?du® + qap(u,x)dx dxB,

and /g = /§. The inverse of g, is denoted ¢"#. The
shear is defined as Cyz = H720,q,5.

The background boundary metric admits 10 conformal
Killing vectors &(u,x*) which are in one-to-one corre-
spondence with the Killing symmetries of the de Sitter
background and define the SO(1,4) group. By definition
they obey

(2.5)

(2.6)

where D(O)a is the covariant derivative compatible with the
background boundary metric g, and (-) denote the
symmetric trace-free part. The 10 conformal Killing vectors
consist of the dilatations and rotations (which are Killing
vectors of the background boundary metric) and the spatial
translations and cosmological boosts (which are proper
conformal Killing vectors of the background boundary
metric). They are given by the following table:

Charge Name Generator
E Dilatation g =1,=0
Pi Spatial translation Sz‘[ = n;exp (Hu),

E() = —HD"n; exp (Hu)
le Rotation ff’i)_— 0, gé) = ABDBni
K Cosmological boost &y = niexp (—Hu),

_?i) = HD"n;exp (—Hu)

Here n; is the unit normal to the round sphere embedded
in R3, and D 4 1s the covariant derivative compatible with
the unit sphere metric.

For an arbitrary vector &4, one has the identity

[ gD
_/ dudzg\/E]Tabg<0)c<
M

for any region M of ZT outside of sources thanks
to Eq. (2.2). In perturbation theory, T, admits linear
and quadratic contributions in the perturbation dg,,,
Ty = 6T 4 + 8Ty, + O((89)3). Let us now set &4 = &
a background conformal Killing vector. Then, for any
choice of spheres S; and S, such that oM = §; U S, (with
opposite relative orientation), one has the equalities at
linear and quadratic order, respectively,

aDoyp)&° (2.7)

JZQ\/gnaﬁTabEb —/ dzﬂ\/gna(STabEb =0, (2.8)
N

S,
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/ Q0 qn 8T & —

Q\/qn T ;&
S S5
- Al dud®Q\/48T* L84,

(2.9)

where n“ is the unit normal to S; and S, defined as
n“o, = H™'0,. The right-hand side of Eq. (2.8) is zero
thanks to the conformal Killing equation (2.6).

Finally, we derived that on a given section of Z* the
charge defined from the holographic stress-energy tensor as

ol == [ VT (210)
SZ
is a constant in linear theory, i.e. Qz(u;) = Qg(u,) for any

up, u,. At quadratic order, the presence of radiation will
induce a change in Q¢ (u) given by the flux-balance formula

QT(ug) Qé(ul) /u2 duQ;tT(u), (2.11)

010)= | POV it 505+ 0((39))
(2.12)

Instead of considering the background symmetry gen-
erator &% we could consider an arbitrary perturbation of the
vector £ = £% + &% Assuming that the A-BMS gauge is
obeyed in the full theory, the generic infinitesimal diffeo-
morphism of the (4-dimensional) metric is parametrized by a
vector £ of the boundary metric which obeys the equations

04(V/4&Y),

0,8"

(2.13a)

\/

0,84 = —H*q"Boger. (2.13b)
Let us denote as £ the 4-dimensional vector associated with
&% in A-BMS gauge. A linearized diffeomorphism of the
4-dimensional metric is simply the Lie derivative of the
background metric with respect to &, i.e. linearized gravi-
tational fields are defined up to a gauge transformation
09y = 09y + LG, We have L:g,, = Lsg,, where the
equality follows from the Killing equation Lzg,, = 0.
Therefore, at linear order in perturbation theory and in
A-BMS gauge, a perturbed vector 6£¢ obeys the lineariza-
tion of Eq. (2.13) where ¢,p is replaced by the background

qAB:

1
0,08 = ——=0,4(/ 458", (2.142)
2V4
0,688 = —H?§*BogsE". (2.14b)

For dilatations and rotations, we have d,&" = 0 and we
can fix & = & in the nonlinear theory because the right-
hand side of Eq. (2.13b) is zero. We can therefore define
universal (i.e. field independent) time translation and
rotations that form a R x SO(3) subalgebra of the A-
BMS algebra in the nonlinear theory. This subalgebra is
part of the larger R x ADIff(S?) universal subalgebra of the
A-BMS algebra which consists of time translations and
area-preserving diffeomorphism [with generators & = 0,
& = e'BogW(0, ¢)]. The universal R x SO(3) subalgebra
of asymptotic symmetries was also identified in [55] in a
different boundary gauge. The background spatial trans-
lations and cosmological boosts are generically deformed
in the nonlinear theory. Yet, in the linear theory, the
deformation vector is a background A-BMS generator [that
obeys by definition (2.14)], which we can conventionally
fix to be vanishing. With this convention, all background
symmetries are undeformed in the linear theory.

We define the cosmological Bondi mass aspect M),

angular momentum aspect N;A) and higher Bondi aspect

JX}; from the decomposition of the stress-energy tensor
[see Eq. (3.15) of [36]]

T, =—— 2.15
ab 162G ( )

Here JX;) is traceless: qABJX};) = 0. The Bondi mass aspect
M and Bondi angular momentum aspect N, defined in the
flat limit H — O are related to the cosmological quantities

as [see Eqgs. (2.38) and (2.52) of [36] ]

1
9,(CepCeP),

MY =M 2.1
+— 16 % (2.16a)
NN =N, - L e Nup + — P 04(CepCEP).  (2.16b)
A 2H? 32

The charges (for the vector £%) can be rewritten as

ol = dZQ\/"{ §"+ N Neal o (2.17)

4ﬂ'G

In terms of Bondi aspects, the conservation of the holo-
graphic stress-energy tensor (2.2) is equivalent to

H? 3H*
a,MM + TDAN;A) +5 CypJ™AB =0, (2.18a)
3H?
aN — oM™ — TDBJX}; —=0. (2.18b)

Here D, is the covariant derivative compatible with g,p.
Using Egs. (2.18) and (2.13), the charge flux is then
equivalently written as
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3H?

_—
QO = 322G

/ d*Q.\/q(H*ECyp + 2D ER)JMAB,
(2.19)

3H?

_ 2 u R A)AB
= 327rG/d Q./q(£"0,qap +£§‘IAB)J( JAB,

(2.20)

where the Lie derivative is here understood to act on the S2

manifold using the pullback vector & = &40,

The flux is quadratic in the metric perturbation. Upon
expanding &% = &% + §&% + 0(8°) [as well as its 2-dimen-
sional pullback &' = & 4 564 + O(8*)], qug = Gug +

Squp + 0(82), 1) = 810 + 21 + 0(8%) we have
81048 =0, (2.21)
S G = 615044 C4PP g, (2.22)
as a consequence of the tracelessness of JWAB as well as
25(DAEBYSTY + 282 TMAB B,
= (—£§5qAB =+ bCECEIACéBDCS(ZCD)(sJEQ;)
o - o AC o A
= (525%3 - Dch5CIAB)CIACCIBD5J(CD)- (2.23)

The flux formula therefore reads at quadratic level as

. 3H? -
T _ 200 /7¢AC 8 BD (Eu
Q: = T 392G Q45" 4P (80,695 + L5645
. o 2 A
+ ﬁgquB - DE§E5QAB)5J£?D) +0(8). (2.24)
|
Ar
- <T ( 141 CABCAB)

ICABCAB |3
14— -2
216 16

o

Here 6£¢ obeys to Eq. (2.14). We choose the solution
0&* =0, i.e. we do not act with any further A-BMS
symmetries but only with the background symmetry. In
that sense, there are flux-balance laws associated with
SO(1,4) symmetry at quadratic order in perturbation
theory.

In the flat limit, using the conventions of [68], the
generators associated with time translations, spatial trans-
lations and rotations are simply the limit H + 0 of E, P"
and L', respectively. Lorenz boosts are associated with the
limit H — 0 of the generator 5% (K’ — P') with compo-
E?i) = — L n;sinh (Hu), Eﬁ.) = D*n; cosh (Hu).
Using these relationships we notice that the charges Qg
do not have the standard flat limit, see Eq. (3.2) of [69]. In
order to recover the standard flat limit, we will define
instead the charges as

nents

Q:(u) = QL (u) + AQ:(u), (2.25)

where the shifting term AQ; = O((69)*) will be defined in
the next section. There is an ambiguity in defining this shift.
We will partially fix this ambiguity by requiring that the
energy is positive definite.

III. THE SO(1,4) FLUX-BALANCE LAWS

In this section we will analyze the flux formulas at
quadratic order in the quadrupolar approximation. We will
use the quadrupolar solution derived in [57]. In Bondi
coordinates and A-BMS gauge, the metric reads as

2M

—+ O(r—2)> du?

3

CAPE,p — — (Cy5CAPY?) + o(r—6)> dudr

32

1 1/2 1
+ 2(§DBCBA + ; <_NA +—C£DECEF> + 0(r‘2)>dxAdu

3 6

1
+ (”2QAB +rCyp + Z(IABCCDCCD

At linear order, we can expand the boundary metric g,p, the shear C,p and the higher Bondi moment E 5 as

qag =4+ 6945

For convenience we introduce the notations

O0qap = eéﬁﬁ;)&hja

5CAB = €< €B>5C

E
+ 2B 4 O(r—2)>dxAde. (3.1)
CAB :5CA37 EAB :5EAB' (32)
ijs 5EAB = €Z<A62>5E” (33)
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Here r is the radial coordinate and 64 = (0, 45)
are the angular coordinates. The unit normal vector is
denoted as n' = x'/ r We employ the natural basis on the
unit 2-sphere e, = -2; embedded in R3 with components
el = on'/o0". sphere
Gap = diag(l sin? @), we have n'e!, =0, G5 =

aeA
Given the unit metrlc
8;j¢) eB’
and §*Bel e, = L, where 1 = 81/ — nin is the projector
operator. Usmg the covariant derivative BA compatible
with the unit sphere metric, D,dgc =0, we have
transverse-
traceless projector is denoted L/ = k(i) )l — LUK,
The tt projected part of any symmetric tensor 7';; will be

defined as T = LT, We also use the notation

Dyeély = Dgely = DyDgn' = —g,gn'. The

ez Aeg> = eé Ae{?) —1GapLY for the trace-free product of
the basis vectors.

At quadrupolar order in the perturbation we can express
the Bondi fields in tenns of the even and odd source

quadrupolar moments O/ (07) and J, ; as [57]
G™'6q,;=0,(;;+2H?9, QP“’
+2H ey (Km vH / udu’Kjﬂ(u’)), (3.4)
G™15C,; =3¢+ 20— H) QY + 2mery (9, + H)K .
(3.5)

G_15Eij = 2QI(JP+P) + 2nk€kl(iJj),. (36)

Here K;; = —(d, —H)J;; and {;; obeys the differential
equation
03¢, — 3HC;; = —2GH* Q™" (3.7)

We further have
G™'6M = QW) — HP;; = 3n,(P; — HQY — H2P, 1)

+ (Bnn; — U)(az /)+p) HZQ(”J”’)), (3.8)
G8N; = O + HPyy + i (el +20,0 ")

- 2€ijk”j”l(Kk1 - HJkl)a (3-9)

where the linear Bondi mass aspect has been simplified as
Eq. (5.35) of [58].

A. Energy loss

From Eq. (2.24), the flux of the charge associated with
dilatation reads at quadratic order in the perturbations as

. 3H*
0h =%

c (3.10)

A) o AM o
g 5CMN5J513)‘1AMCIBN-

Here we defined §; =

JX}; reads to linear order as [36]

ﬁ [ d*Q+/§. The expression for

3H*SI\Y = —0,6N 5 — H2< uDCSCy)c

1 oo
- EéABDCDDéc(jD - 5CAB> - 3H45EAB'
(3.11)

Using the substitution (2.16), we can rewrite the flux-
balance law of the dilatation (3.10) as

1
0,47{52M — __f[éNABéNCD
s 8 /s

+ H25C 5 (8Ccpp — DeDF5Cpy)

—3H*6C 4gSEcp) g CgBP. (3.12)
This formula also matches with the quadratic part of
Eq. (2.52) of [36] after integrating over 2-sphere. Here
we used that the linear energy §;6M is separately con-
served, 9, §6M = 0. From Eq. (3.8), the terms propor-
tional to n; and 3n;n; — §;; integrate to zero over the sphere
while the term 1ndependent of n; is conserved as a
consequence of the conservation of the stress-energy
tensor, 0,0") = -HQWP) = —HS;; = Ho,Py; [see also
Eq. (5.37) of [58]]. Therefore, the energy loss only
involves the quadratic perturbation 5°M.

1. Even parity energy loss

We are now ready to evaluate the flux-balance law of
dilatations for quadratic modes. Let us first consider the
even parity modes. The shear C;; is then independent of the
angles. We can derive

CapC® = LM C 0y = ClCy), (3.13)
IO)AIO)CCBC = —2(€EA€';3) —ninj&AB)Cij, (314)
CABD,DCCpe = —2C1.Cy;. (3.15)
Equation (3.11) simplifies to
51N — L SNy 6C s — SEns.  (3.16)
AR 3H H?

Using the identities (3.13), (3.14), (3.15), the energy loss
formula (3.12) becomes

064039-5
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1
d, ﬁ M =~ ﬁ (0,8C%0,6C;; + 3H?6CSC,; — 3H*SCYSE;;).

(3.17)

Using the even-parity moments from (3.5), (3.6), the integrand of (3.17) can be expanded as

G‘2(0L,5C‘~‘~6 oCij + 3H25C1~‘~5Cl~ - 3H45G‘~5E»»)

= 0,(904,; + 1207t — 12H2 QU

—8H? Q(/’*l’) Q(ﬂ*l’)

ij

12H* Q(ﬂﬂ)) Q(_/{er)tt)

1

+ 4(Q(ﬂ+p Q (p+p)tt + 5H2Q ﬂ+p)Q(ﬂ+ﬂ)tt + 4H4Q(p+n)Q(p+p)tt)

tj

We can finally rewrite the flux-balance law of dilatations as

0,05 () =

where the dilatation charge in the even sector is identified as

1 1
Q%_Gf<G5M+ 52M+ C c,,+ Q”*”
S

G 2

}{(Q(pﬂ? Q (ptp)tt SHQQ(/JHJ)Q(/)H) + 4H4Q(”+”>Q<.f.’+”)“),

3H2 Q(ﬂ+p)

(3.18)

tj

3
HZQ(P‘*‘P)Q%"*‘P) 2H4Q<p+p)Q,(f+p)>- (3.19)

The flux of energy is negative definite as it should be. Using the identity

ijkl
% J‘tt -

the flux-balance law in (3.18) becomes

0,05 (1) = ((Q(p”’

2. Odd-parity energy loss
Let us now consider the odd-parity modes. Denoting
we now have

Cup = e< eB>C with C;; = €;umi T i,
CapC® = LM C 0y = CECy; (3.22)
DADCCye = (anlie)yely = 2mel el Jew Ty (3.23)
DuDCCpye = —2Cap. (3.24)
CABD,DCCpe = —2CLCy;. (3.25)

Equation (3.11) again simplifies to Eq. (3.16) and the
energy loss formula (3.12) becomes again (3.17). Using the
odd-parity moments from (3.5), (3.6), the integrand of
(3.17) becomes

2 L
—(3sKig!
5 (

— §iighl), (3.20)

, 1. . ) 1. . 2
5ijQ(P+P ) + SH? (Q(/ﬂ’) §5ijQ(p+p>> + AH* <Q(/+P) g(<5l_jQ(p-&-p)> ) (3'21)

I
G2(0,6C0,6C;; + 3H*6C6C;; — 3H*6CSE )
= —8H?0,(J1J ;) — 12H*0,(J\.J ;)

We can finally rewrite the flux-balance law of dilatations in
the odd sector as

0,09 (u) = — (2; f (Jipdij + SHATT; + 4HA ST ).
(3.26)

where the dilatation charge is identified as

3GH*
2

1 s .
QOD = fg <552M— GHZJ?}JU — J?/Ju> (327)

Finally, the total dilation charge Qp is the sum of the even
and odd sectors:

064039-6
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1 1 3
0p = G% — M + — 52M+ C gl] 4= Q(/""‘P _ H2Q(/’+P) H2Q(P+P)Q§R+P)n
S G G 2 J
3 o 3GH* .
~SHQYT QN — GHA )y~ T T j) : (3.28)
|
It obeys the dilatation flux balance law 1 °AM ° BN
au( 5 - 8GH2£ (EE 3qun)0.6Casq  q )
0
: 1
Op = 0,0p + 9,0, (3.29) B Te [(C 8Cyn)0,6Cp

where the even and odd energy fluxes are given in
Eqgs. (3.18), (3.26).

B. Angular momentum loss

From (2.24), the quadratic part of the angular momentum
loss formula becomes

. 3H2 i
{[ = %QAMQBNC 5QMN5],<43)

= (3.30)

Using Eq. (3.16), the angular momentum loss formula
can be written as

G
T G

2G ..
— e mn( gnﬂ?) 3 (p+p) +5H2Q(P+P) (p+p) +4H4Q(p+p)Q,(51+p>).

5 1

HZCka (o+7) + 6é’an (o)

S

5 ° AM ° BN
3(52 5QMN)5CAB 3H ([, 5QMN)5EABM q
(0 S

(3.31)

Let us first discuss the even-parity modes. We note the
identities eAB =etelmey,  §g3mn;=6;  and
$gninngn; = 1= (5,15k, —|— 881 + 8,8 1). After performing
the integral over the sphere, the right-hand side of
Eq. (3.31) becomes

- —€l (5kaauéckn + 35qu5Ckn - 3H25ka5Ekn)'
(3.32)
After some algebra we can rewrite the latter expression as

00"

—4H*Q,

(3.33)

Let us now consider the odd-parity modes. After performing the integral over the sphere and reorganizing the terms, the

right-hand side of Eq. (3.31) becomes

G . u . U L .
_Eeimn |:au (_4H2ka‘]kn - 12H4 / Jmk"kn) + 4<kaJkn + 5H2kaJkn + 4H4kaJkn) . (334)
Combining both even- and odd-parity sectors, the flux-balance law of angular momentum finally reads as
2G .. )
au QLi — _?eimn( 1(52‘17) 3(p+p) +5H2 (P+P) (P+P> +4H4 (IH'P) (P+P> +ka‘,kn +5H2kajkn +4H ka']kn) (335)

where the final angular momentum charge (in both parity sectors) is

°AM°BN G
%(ﬁi 8qun)0.0Cagq g +10 imn
0

1
= T _
01, =0y, SGH |,

. u .
—4H?*J 0 — 12H* / kaJ,m> .

(6@ka”“’ —6H2(1, Q7 +6£1,0017) —4H2Q,, OV

(3.36)
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C. Linear momentum and boost charge losses

From Eq. (2.24) with 6£* = 0, the quadratic part of the linear momentum loss and cosmological boost formula becomes

) 3H2
Q;ETU) ="3G j{(Hzfu 6Cyy + L36quy — Dcf 5QMN)5J23)‘IAMQBN (3.37)
where EE‘D = n;exp(eHu); E’<“i> = —eH exp(eHu)D 4n;. For linear momenta ¢ = 1 while for cosmological boosts & = —1.
We simplify the expression as
AT 3H2 (A) o GAM GBN
QE(,- =~%G exp(eHu)(H n;8Cyy — eH(Dn,)(Dcdqun))6J sy MG (3.38)

In order to perform the angular integrals, we note that for any symmetric trace-free tensors V,pz, W,p that can be
decomposed into even and odd parts as

Vap = e<A B)(V + €mmVi), (3.39)
WAB = €< €B>(W + e,klnij’j), (340)

we have the integrals

. 4
%; anABWAB = 1 tmt(leth + Wml ) (341)
cr AB 4 e 0
g e;DcVapW? = 15 €im (VWi + Wi V). (3.42)
Therefore,
0 H? ; Mo | (250 oy 5 (e
QE 0 = 10G exp(eHu) tmt[(H 5C - gH(s('ImZ)(S‘]tl + (H 5Ctl - 8H5Qtl)5‘]ml ] (343)

()

We now substitute 6/;;" using Eq. (3.16) and integrate by parts to obtain

26N¢,6NY + 6H5C¢,,6CY — 3H*5C, SEY — 3HSES,,5CY)

. exp(eHu) 1
Qg‘t) =T 1n~ 1mt|:

10G 3(

— g5, (36C;, — 3H2SEG) - 2 55 (35C,

1
3 3 ml 3H25E;enz) 3 (8¢, 0NG + 5N5115‘17;)] ) (3.44)

where the charge (defined as an intermediate quantity for now, hence the superscript) is

1 €
Qmt QET(,_) G 2 EXp(eHU)€ [5(7 ONG + 0N, 0CT — 5 (64,,,6N7, + 6N 21561?’;)] : (3.45)

30
Substituting all Bondi fields in terms of multipolar moments, we rewrite the flux-balance law as

. 4GeeHu . .. N
QE(!) == Teimt(3£H3lejlt + 2H6le']lt + 6H4le]lt + 6H2le']lt + le‘llt)7 (346)

where the final charge is defined as

eHu u
Qé’ - le 5 €imt 6H*0 (le‘]lt) + 8H*9 (lejll) 4£Hsau <le/ Jlt>
=58 d 1 4 3H* (i 1y — Coid 1) + 8eHE 1 d ) — (2H*Q, — 6H® Q) — 3¢H3C ) / Jzz} . (3.47)
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D. Flat spacetime limit

Let us now prove that we recover the standard Poincaré
flux-balance laws in the quadrupolar approximation upon
taking the flat spacetime limit. In the quadrupolar trunca-
tion, these laws read as [70]1 (original derivations can be
found in [71-75])

G -pmpm 16G -pvpm

0.8 == I I =TT (3.48)

0,P;i = —12—56 Y (3.49)

0,7 = 2?Geijki}?}\4"f‘;}‘4 355(; e ™ML, (3.50)
o0.N; =P;, (3.51)

where the flat tensors I'M, I'M are symmetric and trace-

free. The charges are expressed as the flat limit of the
SO(1,4) generators as £ = Qp, P; = Qpi, J; = Qi and
,Ci = limH,_)()#(QKr - QPi) Wlth Ni = lCi + u'P,».

The flat limit of Egs. (3.21), (3.26), (3.35) reproduce the
flat flux-balance laws of energy and angular momentum
with the dictionary

=047 — 25,07, (3.52)
JM — é]. (3.53)
i 4 L] N

The flat limit of Eq. (3.46) reproduces the flat flux-
balance law for the momentum. For Lorentz boosts we have
to extract the O(H) term in Eq. (3.44). Note that
5qa = O(H?), therefore, only the exp(eHu)SN¢ 0N,
term in Eq. (3.44) will contribute to the boost charge.
From Eq. (3.46) we obtain

1 . . 4Gu
’C limy, o =— H (QK‘ - QP") = l—seileijjl- (3-54)
We can finally shift the charge as
4Gu [
N;=K;- F/ €imt(Qmjd j1) (3.55)

to obtain the correct flux-balance law (3.51).

IV. COMPARISON WITH THE LITERATURE

The first proposed quadrupolar formula for the energy flux
for even-parity modes was derived in [7], see also [17]. In our
earlier work [57], we pointed out that there is an inconsistent
quadrupolar truncation in [7,17], which leads to incorrect

"Note that G, in [70] is A/, in our conventions, see Sec. 9
of [68].

terms proportional to QSJP ) even in the even-parity sector.
Performing the quadrupolar truncation using the methods of
[57], let us now upgrade the flux formula of [7] to include the

Qf]p ) terms. We first note the algebraic identity

Qg&p) Q?j(ﬁp) +5H? ngﬂ)Qtt(pﬂi) + 4H* Q(p+p) Q;t]_<p+p)
= R;?J-Rfj“ —0,0E® ,

where we defined

Re _ Qlﬂ‘H’ 3HQ (p+p) _‘_2H2Q(/J+P)’ (41)
3HQ (p+p) Qtt (p+p) + 4H2Q(/7+P Q“(/’*I’)

3 Aptp) AHttlp+p)
—6H3 QU Q). (4.2)

The same identity holds in the odd sector with Q;f (o)
replaced by J;;, namely,

Jidi; + SH2J 0% + 4HAT ;0% = RERY - 9,5E°,
where we defined
R, = J;; —3HIT;; + 2HJ ;. (4.3)
SE® = —=3HJ;J% + 4H>J ;JY; — 6H3J T (4.4)

The energy flux-balance law (3.29) can therefore be
equivalently defined as

(00+E faters o)

G
-5 § (ReR + RYRY)

G
3 (R§RS; + RYRY)- (4.5)
The right-hand side is negative definite. It depends upon the

combination Qg-]ﬂ’ ), consistently with the Bondi fields

(3.4), (3.5), (3.6), (3.8). The energy flux (4.5) is our
upgrade of the formula proposed in (7.2

*Note that the power radiated quadrupolar formula in [7] was
given in terms of the transverse-traceless (TT) part of R;; field.
Let us recall that any symmetric rank-2 tensor can be decomposed
as Q= 36;;6M 0y + (0,0, —=16;V*)B + 0B} + 0;B] + QI
where Q77 is the TT part of Q;;, which satisfies o'Q] =
0=4YQ]!. The two notions, tt projection and TT part of a
rank-2 symmetric tensor are therefore generically distinct. How-
ever, this distinction disappears after integrating over the two
sphere at infinity [60,76]. Note in addition that in [7], Q,~ ; denotes
the Lie derivative with respect to dilatation Killing vector field (T)
in conformal coordinates of de Sitter, i.e. Qij = L7Q;;. After
conversion to Bondi frame, it becomes L;Q;; = (9, — 2H )0, I
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We can also upgrade the angular momentum flux
proposed in [7]. Again we note the identity

Qﬂ+p ﬂ+p) —|—5H2Q(p+p>Q§f+p>
+AHYQVIPIQVIP) — e Re .51, (4.6)
where we defined
_ Q (p+p) 3HQkFr7:'P + 2H2Q (p+p) , (47)
SLE — 3HQ,£,TP p+p) +2H? (/;n+p) # 5{/;+p)
+2H2( (/)+P) /I+P) 6H3Q(/;n+17) ]({/:;FP). (4.8)

The same identity holds in the odd sector with Q” )

replaced by J;;,

jkmjkn + 5H2]kmjkn + 4H4ka]kn = ‘sznzn - 6M5L° s
(4.9)
where we defined
[’zm _jkm _3Hka +2H2ka7 (410)

SL° =—=3HJ 1, J 1y, +2HT 1 d 10+ 2H T 1y d i — O H3 T 0T 1

(4.11)

Hence the angular momentum flux-balance law (3.35) can
also be equivalently defined as

u <QL’ -

2G
= _?eimn( im + Lkm )

G
= e (5L + (SLO))
(4.12)

This is our upgrade of the angular momentum flux
proposed in [7].

In anti—de Sitter spacetime with Dirichlet boundary
conditions, the SO(3,2) conserved quantities are defined
using the holographic stress-energy tensor [77]. More
precisely, they are defined from the analytic continuation
to negative cosmological constant of the charge for-
mula (2.10). We started from this charge formula as initial
ansatz in the case of positive cosmological constant in this
paper. When rewritten in Bondi variables, the charge can be
expressed in terms of the A-corrected Bondi mass aspects

M™ and Bondi angular momentum aspects NgA) while the

flux is proportional to the field J%}) [36,39], see Eq. (2.19).
However, for leaky boundary conditions, where the boun-
dary metric is allowed to vary, as it is the case here, the
holographic stress tensor does not allow by itself to define
the quasiconserved quantities. Indeed, computing the flux

of MM (2.16) using Eq. (3.17) shows that the “would be
energy flux” associated with the Bondi mass is not
manifestly negative definite. It cannot therefore lead to a
proposal for a definition of energy in the presence of a
positive cosmological constant.

Bonga, Bunster, and Pérez (BBP) [55] studied several
aspects of gravitational waves in de Sitter for both linear
and the nonlinear theory. For the study of linearized
solutions they focused on solving the homogeneous
Einstein equations in a partial wave expansion to the
gravitational field. One of the results of their paper is
the derivation of an energy flux formula for / = 2 mode of
linearized perturbations around de Sitter. Starting from the
energy loss formula in a different boundary gauge fixing
introduced in [38,44], they obtained a quadratic energy flux
formula for linearized perturbations in de Sitter back-
ground. In [58], an energy flux formula for de Sitter
Teukolsky waves has also been obtained. With the correct
identification of the variables, the energy flux formula for
BBP quadrupolar waves exactly matches with that of de
Sitter Teukolsky waves. In this section, we wish to compare
our quadrupole formula with the energy flux formula for
BBP quadrupolar waves in de Sitter [55].

For [ =2 even-parity linearized solutions of [55], the
energy flux is given by

EE) — SﬂG / [,y |2 + SH2|a, |

+4H4|am| |du (4.13)
where a,, = a,,(u) is a function of retarded time u. The
function a,,(u) can also be understood as the coefficient of
the [ = 2 even parity solution of homogeneous linearized
Einstein’s equation. The relationship between the variables
a,, used in [55] and our even parity quadrupole moments
are obtained from [58], where a relation between the BBP
wave solutions and [/ =2 mode quadrupolar truncated
solutions [57] have been achieved via de Sitter
Teukolsky waves. Using Egs. (3.55), (5.79) of [58], we
obtain

LA
QM6

i 4.14
3 G (4.14)

a, =

where ¢,, can be written in terms of [/ =2 spherical

harmonics Y*"(6, ¢p) = Vi/'n;n;,
1 24n,
in = 2E . @13)

An explicit expression for y,?;" can be found in Eq. (3.218)

of [78]. Therefore using (4.14), and the identity (3.7),
we have
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a, = STSG (YVamy Q). (4.16)

Therefore,
mzf] |2 = 8”G ( ﬂ+p)Q§§'+p) _%Ql(_;’ﬂ?) "']((/;+P)5ij5kz),
: (4.17)
_ 87;’_2;2 (d;ﬂ?) _ % Q(ﬁp)@'j)z, (4.18)

S T (TR O p e S (A )

3

This can also be written as

/ / QO P QU 4 SR QU | 4 ) ety

Considering now the / = 2 odd-parity linearized solution,
the energy flux is given by

m=+2

E®) = — SHG / (16,2 + 5H?|b,, |2

m==2
+4H4|bm| |du (4.22)
where b,, = b,,(u) is a function of retarded time u. The
relationship between the variable b,, used in [55] and

our odd-parity / = 2 mode quadrupole moments are given
by [58]

8rG

Therefore using (4.19), we have
8 G2 ......
S =, (4.24)

m=-=2

Note that by construction J;; is symmetric and traceless.
Hence the energy flux in terms of odd-parity quadrupole
moments becomes

+oo
___/ u(Jijdi;+5HJ ;10 + 4HYT 0 55).

(4.25)

This can also be written as

where we have used the identity,

m=i2 . 15
Z Vi i) = Ton

m=-2

2
(5ik5j1 + 6ubji — 35ij5k1> .

(4.19)

Hence the energy flux in terms of even-parity quadrupole
moments becomes

(4.20)

(4.21)

i

G [re [ o 2 it 4 tt
5 ] 40U, A SHAT T+ AHA T TY).

(4.26)

We have therefore demonstrated that the energy flux
formulas (3.18), (3.26) exactly coincide with the ones
derived in [55]. This is remarkable because these formulas
have been obtained in different boundary gauges. In [55],
the angular components g,p of the boundary metric were
kept fixed, while here we kept fixed the determinant of g,p
and the mixed components g,4. This does not prove that the
energy flux formulas are gauge invariant, but they are at
least invariant under an interesting class of gauge trans-
formations.

Given that the quadratic energy loss formula derived
in [38,41] agree with the one derived in [55] as shown
in [55] we also proved the equivalence of the energy flux
formulas (3.18), (3.26) with [38,41].

V. CONCLUSION

We derived the full set of flux-balance laws for linear
(even and odd) quadrupolar perturbations associated with
background SO(1,4) symmetries. These laws reduce to the
standard Poincaré flux-balance laws in the flat limit. Even
though the flux-balance laws have been determined, their
split into the time derivative of the charge (left-hand side)
and the flux (right-hand side) is not unique. We warn the
reader that even if the symmetry generators form a SO(1,4)
algebra, we did not prove that the charges form a SO(1,4)
algebra under a suitable bracket. As proven in [39], the
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charges QgT defined from the holographic stress-energy
tensor represent the A-BMS algebra under the adjusted
bracket [69]. However, since the charges are here defined
with a shift (2.25), one would need to study the impact of
this shift on the representation theorem. This remains an
open question.

After analysis, we obtained two distinct proposals for the
energy loss. Both proposals admit the standard flat limit
and are negative definite at quadratic level. They differ by
terms proportional to the Hubble radius. The first proposal
is given in Eq. (4.5). It corresponds to an upgrade of the
formula first proposed in [7] after correcting the even-parity
sector following [57], and after including the odd-parity
contribution. The second proposal is given as Eq. (3.29).
After integrating over Z*, it matches with the total energy
loss formula derived in [55,58]. We further complemented
the previous literature [55,58] by providing the correspond-
ing definition of energy and energy flux on a fixed cut (i.e.
fixed u) of Z* in terms of multipolar moments. The
existence of two proposals for the energy loss indicates
that fundamental requirements are missing to uniquely
single out one expression. One such requirement is gauge
invariance. The Bondi framework is based upon one gauge
choice and even though it was successful in the asymp-
totically flat regime, we expect that a gauge-independent
framework is required to settle this issue. The comparison
of proposed definitions of energy loss based on Weyl

scalars and Killing spinors [9,13,23] with the current
framework is left for future work.
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