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Abstract

We consider a stochastic interacting particle system in a bounded domain
with reflecting boundary, including creation of new particles on the bound-
ary prescribed by a given source term. We show that such particle system
approximates 2D Navier—Stokes equations in vorticity form and impermeable
boundary, the creation of particles modeling vorticity creation at the boundary.
Kernel smoothing, more specifically smoothing by means of the Neumann
heat semigroup on the space domain, allows to establish uniform conver-
gence of regularized empirical measures to (weak solutions of) Navier—Stokes
equations.
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1. Introduction

Let D C R? be a smooth, bounded, open, convex 2-dimensional domain, and consider 2D
Navier—Stokes equation under no-slip boundary conditions,

1.1
u=0, in [0,7] x OD. (11

{8,u+ (u-V)u+Vp=vAu, in [0,7] XD,
Reformulating the bulk dynamics in terms of vorticity w = V- - u (the curl of u) straightfor-
wardly leads to

Ow—+u-Vw=rvAw,

an equation that can be put in closed form expressing u = K[w] in terms of w by means of
Biot-Savart law,

Klw] () = /D K@y)wO)dy, Kxy)=ViG(y), G=(-Am) ",

where the choice of Dirichlet conditions for the Green function (—Ap;,)~! makes it so that
the vorticity dynamics encodes the impermeability condition u|sp - i = O at the boundary. The
tangential part u'|sp -7 = 0 of the no-slip boundary condition, on the other hand, is harder
to express in terms of w only, giving rise to a non-local condition on vorticity (see [3, section
1.1] for an explicit expression). Physically speaking, the condition u|5p - 71 = 0 is expected to
force production of vorticity, especially in the proximity of the boundary, so that the tangential
velocity at D induced by the bulk of the fluid be compensated [5]. This fact becomes an issue
in the study of approximation methods for Navier—Stokes equations in vorticity form, which
is a natural approach in the 2-dimensional setting.

Previous approaches to approximating vorticity creation at the boundary for 2-dimensional
Navier—Stokes equations [5, 8, 11, 12, 33, 40] have considered (unphysical) Neumann bound-
ary conditions for the vorticity dynamics,

{8,w —l—AK [w] - Vw = vAw, inDx[0,7], (NNS)
Vw-n=g, in oD x (0,7),

where g € L?([0,T],L*(dD)) and v > 0. The latter system acts as a natural proxy for the (phys-
ical) no-slip condition if one seeks to mathematically describe vorticity production in the
boundary layer by means of the source term of Neumann boundary condition or with an expli-
cit addition of vorticity sheets, recovering the correct PDE dynamics (1.1) in a macroscopic
or iterative limit. The derivation of (1.1) on a generic domain D by means of an approxima-
tion method explicitly describing the effect of the boundary as a singular source of vorticity
remains a mostly open problem.

The present contribution aims to lay the groundwork for the construction of an approx-
imation method for (1.1) based on interacting particle systems uniformly converging to the
PDE system, that is, seeking to provide at the same time a good microscopic description of
vorticity creation, and a good approximation scheme. In order to do so, we generalize to the
bounded domain setting the analytic and probabilistic tools introduced in [17, 20] for the uni-
form approximation of PDEs by (stochastic) interacting particle systems in full-space.
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We consider a system of N particles evolving according to the stochastic differential
equations with reflecting boundary

N
dxi = F ijKn (xi7xj) d[+ V 2VdBi — dk,‘7 (12)
j=1

each particle starting its evolution at time #; € [0, 7] at x;(¢;), either located in the interior of
Dift; =0 oron 9D if t; > 0. The system is closely related to the one considered in [33], the
main difference being the generation mechanism. Let us briefly and informally describe the
various parts of the dynamics (precise definitions are all deferred to section 3).

Generation of particles, that is initialization of each of the SDEs (1.2), happens either in the
interior D at time 0 (so to model the initial datum of the limiting PDE) or at the boundary 0D at
later times (so to model the source term g of the Neumann b.c.). Concretely, we will consider
a grid spanning ({0} x D) U ((0,7] x OD) indexed by i, and generate the particle x; at grid
point i with an intensity £; determined by a local average of the boundary datum around x;.
The mesh of the grid (both in time and space) will be 1/, thus n € N, n — oo is a convenient
parameter to rule the macroscopic limit: for instance the global number of particles will have
order N = N(n) ~ n*. Weights (or intensities) w; of particles will correspond to local averages
of the initial datum wy or the boundary datum g around the starting point of the trajectory of x;.

Interaction of particles is given by a regularized version of the singular kernel K, obtained
by applying the Neumann heat semigroup,

Kn(x,y)=/DK(x7Z)pa(z7y)dz, e=e(n), x,yeD, (1.3)

with p. the Neumann heat kernel on D and € — 0 with a slow enough rate in terms of n.
Kernel smoothing by means of the heat semigroup P;, compared for instance to smoothing
by convolution with bump functions, has many advantages in our setting: it is well suited for
regularizing functions keeping their support in D, P; preserves the L' norm of non-negative
functions, and precise estimates on p; and its derivatives are available.

The interaction term of (1.2) also includes a cutoff,
v

F:R* = R*  F(v) (v AM), M>0, (1.4)

vl

(which is Lipschitz continuous, and its Lipschitz constant is uniformly bounded in M > 0). In

principle, the presence of the cutoff makes it so that the macroscopic behaviour of the particle

system is described by a different PDE, that is

ow —l—Adiv (F(K[w])w) =vAw, inDx][0,7], (-NNS)
Vw-n=g, in oD x (0,7T),

coinciding with (NNS) only when the velocity field in the latter is bounded. As revealed by
suitable a priori estimates, this is in fact the case, so the cutoff F is just a technical device that
will naturally disappear in the macroscopic limit taking M > 0 large enough. Regularization
of interactions is important to ease uniform convergence of empirical measures and well-
posedness of the SDE system.

Brownian noise acting independently on each particle models viscosity, and boundary terms
—dk; are defined so that D acts on particles as a reflecting boundary, in the standard setting
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of [35, 46]. In terms of boundary conditions for the macroscopic limit, this would produce
the null Neumann condition 7 - Vw = 0, so an additional effect must be included to model the
source g.

Our main result concerns the uniform convergence (in space) of kernel-smoothed empirical
measures of the particle system under consideration,

S'() = wibyu, w"(tx)=PS"(1), (1.5)

icA?

where, P. stands for the action of Neumann heat semigroup on measures, and A} collects the
indices of particles generated up to time ¢. The generation of new particles at the boundary
produces discontinuities in time at the level of w,(#,x), therefore our limit theorem is going to
be set in the space of C(D)-valued cadlag functions, D([0, 7], C(D)), endowed with the usual
Skorohod topology.

Informally, our main result (theorem 3.4) is the following: the regularized empirical meas-
ures wy(t,x) converge as n — oo, almost surely in the topology of D([0,T], C(D)), to the unique
weak solution of (NNS) with Lipschitz continuous initial datum wq and bounded Neumann
boundary datum g. As detailed below, we actually obtain a stronger convergence in Sobolev
norms. We will in fact assume that g > 0 in the exposition of our argument, and remove this
further assumption in the later section 6, see theorem 6.1.

The proof or theorem 3.4 consists in a compactness argument, therefore the technical core
of this paper resides in uniform estimates on the particle system. The main additional diffi-
culty compared to the works [17, 20] inspiring our technique is of course the presence of the
boundary, which complicates many analytic operations. For instance, the absence of transla-
tion invariance in the models under consideration prevents derivatives and heat semigroups
from commuting, so one has to resort instead to suitable gradient estimates on the heat kernel
in order to exploit the regularizing properties of heat semigroup. Uniform convergence at time
0 and at the boundary also requires a careful control due to particle generation, but we are able
to deal with rather natural assumptions on wy, g (compared to the obtained convergence), and
to avoid further technical hypothesis on initial data such as [17, assumption 1.1.3] (a restricting
requirement on the relation between the scale of kernel smoothing and sample size).

Beside the improved notion of convergence to the PDE we are able to obtain, the main
point of our work is the approach to particle approximation for (NNS): our approach is almost
completely functional analytic and based on semigroup theory, in contrast with results in the
perhaps more classical framework of propagation of chaos such as [21, 33]. The motivation for
our approach is that our technique circumvents the need for fine controls on particle dynamics.
We regard this as a step forward in attempting to build a similar particle approximation of the
physical no-slip Navier—Stokes equations (1.1), since in that case particle creation has to be
linked with the velocity at the boundary induced by the bulk of the fluid, making single particle
dynamics very hard to treat (as already commented in [33]).

The particle system under analysis can be thought of as a (regularized) stochastic version
of the well-known point vortex system. However, there are some relevant differences concern-
ing in particular the effect of the boundary on the vortex dynamics, see remark 3.3 below. Let
us only briefly discuss here some qualitative aspects for the sake of a comparison with the
related literature. Due to the regularization of interaction at the microscopic level our approx-
imants share some features with the systems of moderately interacting particles (see [16, 17]
for a comparison), but our focus is on the approximation procedure rather than on the scal-
ing of € = e(n). If we were to omit the regularization of the interaction kernel and the cutoff F
(and neglecting for a moment the complications of boundary effects), the scaling of weights w;
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would make our particle system (1.2) a mean-field rescaled version of the stochastic point vor-
tex model. While the mean field limit of deterministic point vortices system towards 2D Euler’s
equation in the well-posedness class is a recent result [43], our (stochastic) result (towards
2D Navier—Stokes) is of course closer to the ideas of [37, 39]. Concerning the relation with
propagation of chaos theory, besides the above references closely related to our arguments, we
refer for completeness to the work of Jabin—Wang [32, 51] on stochastic particle systems with
general interactions (on full space), including stochastic vortex dynamics, for which we also
mention [10] discussing more general noise. The study of propagation of chaos in stochastic
particle systems in bounded domain dates back at least to [47], we refer to [9] for a discussion
and recent results.

2. Functional analytic setup

In what follows, dx denotes the Lebesgue measure restricted to the domain D, and do(x) the
(1-dimensional) volume measure on the smooth boundary 9D. In order to lighten notation, we
will simply write L = L?(D,dx), avoiding ambiguity by explicitly indicating the underlying
space for any different L” (X).

We denote by B(X), B,(X) respectivly the spaces real-valued Borel and bounded Borel
functions on a topological space X.

Landau O’s and o’s have their usual meaning, subscripts indicating eventual dependence
on parameters. The symbol C will denote a positive constant, possibly differing in any of its
occurrence even in the same formula, depending only on eventual subscripts. The expression
A ~, 1, Bindicates that B is both an upper and lower bound for A up to multiplicative constants
depending only on possible subscripts a,b. Expressions A <, , B or A 2, , B indicate respect-
ively an upper and lower bound in the same sense. If p € [1,00] we denote by p’ its conjugate
exponent, 1/p+1/p’ =1.

2.1. Sobolev spaces and Neumann heat semigroup

For any a € R, p > 1 the Bessel potential space is defined by
d I (Tod ap (md 1 2\ /2
Hor (RY) = Jue .o (RY) : a3 (R) = H; ((1+|. ) fu(.)) <ol
L (R9)

If D C R? is a smooth bounded domain we set

HO? (D) = {ulp : € H*P (RY)}, ] ) = inf {

mr(re) WD = M}

The following statement summarizes standard results, we refer to monographs [31, 48, 49]
for a complete discussion.

Proposition 2.1. It holds:

o (Sobolev embeddings) if 1 <p < q < oo, and a2 >0,

H*? (D) — H"*(D), a—fl>ﬁ—51;
p q

embeddings are compact if the latter inequality is strict;
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e (Morrey’s inequality) if o — ’5 >I+\N1eNand A€ [0,1),
HY? (D) < C" (D).

Ifa>1+1/p,pec(1,00) and u € H*?(D) then the trace of Vu on OD (defined as usual
as the extension of the restriction to 9D for smooth functions) is of class L?(0D). Therefore,
if i : OD — R? is the inward pointing unit normal vector field of D, the following definition
of Sobolev space with Neumann boundary conditions is meaningful:

HyP :={ue H*? (D), Vulgp-n=0}.
We refer to [49, section 4.3.3] for a more general discussion of boundary conditions for Sobolev
spaces, and to [49, section 2.9.3] for further regularity of the mentioned trace operator in terms
of Besov spaces on 0D.

Consider the heat equation with Neumann boundary conditions

Oty (x) = vAu, (x), x€D,t>0,
i-Vu, (x) =0, x€0dD,t>0, 2.1)
up (x) =f(x), x €D,

with f a bounded measurable function on D. It is well-known that the PDE problem is well-
posed, we denote its solution by P,f(x) = u,(x), t > 0, x € D; moreover P,f € C>°(D) for all
t> 0. Operators P;, t >0 form a Markov semigroup (in the sense of [2]), associated to the
reflected Brownian motion in D (see section 3.2 below).

We now recall classical facts concerning the action of the semigroup P, on L”(D) and
Sobolev spaces: we refer to [42, section 7.3] for a detailed discussion. For all p € [1,00),
P, extends to an analytic semigroup of contractions P; = e~ : [ — [ with infinitesimal
generator

—A,: D(A,) = Hyh, C 1P (D) = L7 (D),

coinciding with the Laplace operator #A on C°(D). The spectrum of A, is included in
[0,+00). A first consequence of the fact that P; is an analytic semigroup is ultracontractivity
on L? spaces: we refer to [1, section 7.3.2] for the following result.

Proposition 2.2. If 1 < p < g < oo, then it holds

“ (jTJGP1q
=L ™ 41 /p—1/q°

[P 1€ 0,7]. (2.2)

Another consequence of analiticity of P, is that we can introduce fractional powers of / 4- A,
as operators on L7 by means of

_ 1 *°
(I4+A4,) "= )/O *le7'Pdt, a>0,

I'(@)

where the integral converges in the uniform operator topology and defines injective operators
(see [42, section 2.6]). We set

(I+A,)° =1, (I+A,)" = ((I+A,)") 'fora >0,
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and denote by
Hor =D ((1+4,)°"7)

the domain of fractional powers for all o € R.

Proposition 2.3. Let p € (1,00). It holds:
e (group property) for a,3 € R and u € H*7P, y=aV BV (a+f),

(I+4,) " Pu=(1+4,)" (I +A,) u

o (adjoint) Ay = Ay with § + -5 = 1;
e (identifications of the domain®) H>**P can be identified with the interpolation space
(L7, D(Ap)]a for all o € [0,1]; moreover it holds

H*P (D) for 0<a<li+1;
{u€ H*? (D) : 2 Vulop =0} for 143 <a<3+15;
{ue H*? (D) :7-VALulop =0 VIEN, <k}

for 1+42k+ 5 <a<3+2k+.

>

Hor —

=

e (contractivity) for o € R, P,(LP) C H>**P for all t >0 and operators P, and (I+A,)™ com-
mute on H>*P; moreover

[e] Ca,u,
I(I+A) P, ., < —2L re]0,1]. (2.3)

t()t

The action of P, on f€ L' is given by

wwzémmwmw (>0,

where the heat kernel p,(x,y) > 0,¢t > 0,x,y € D, is a smooth function, p, € C*°(D?), t >0,
satisfying (2.1) with the initial condition replaced by u,(x) — J, as r — 0. The Neumann heat
kernel can be controlled with the free heat kernel (on the whole plane) up to a multiplicative
constant at the exponent, that is:

Pr ()C,y) < e—|x—y\2/(cl)7 X,y € Da (24)

t\|D|

with C,c > 0 depending only on the domain D, see [50, equation (3.2)]. The following state-
ment recalls the gradient estimates on heat semigroup and kernel, we refer to [50, theorem
1.2, corollary 1.3, lemma 3.1] for a proof.

3 These identifications and Sobolev embeddings on D are closely related to the ultracontractivity of P;, we refer again
to [1] for a discussion.

7155



Nonlinearity 36 (2023) 7149 F Grotto et al

Proposition 2.4. There exist a constant C > 0 depending only on D such that,
IVPf(x)| <e“P,(|Vf|(x)), t>0,xeD,feCy(D). (2.5)

Moreover; there exist constants C,c,c’ > 0 depending only on D such that
Vpi(x,y) < C (lo<z<1t*3/ 24 1,>1e*”) e/, 2.6)

As a consequence, for all t >0 and p € (1,00),

G

RV @7

VPl em) <

As reported in [50, theorem 3.2], the latter implies the following:

V{I+A) |, <€

Corollary 2.5. Forallp>1, o S Cp

We will also employ a gradient estimate for the heat semigroup acting on distribution spaces.

Lemma2.6. Forallt>0, >0, p € (1,0),

Ca,l/,p
IVPl3-cr sy < FeEn Yy (2.8)

Proof. Observe first that, by definition of H~%” and density of H*?” in L?, it holds for
all s >0

P, (1+Ap)“/2ﬁ‘y

HP‘YHHW,,,_,U = sup

e A1,
‘ P, (1+Ap)°“/2ﬁ c
L o2 o
= su < H I1+A P, <
o T R

the last step using (2.3). For 0 < s < ¢ we can combine (2.7) and the estimate of above in order
to obtain

vatllﬂfa,pac(f)) = vatﬂpan-ra,pﬁc(b)

CQ v
< o (2.9)

»—C(D) HPSHH—WP—JP

from which the thesis follows minimizing the right-hand side with respect to the
parameter s. O

The following statement collects technical passages involving heat semigroups that will
appear often in our computations, since they concern (duality) relations between operator
norms of semigroups and uniform estimates of their kernels over the space domain D.
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Lemma 2.7 Lera € R, pe (1,00), 1> 0, e>0. Forall y € D and f€ H*? (D)NL" (D) it
holds:

/D<I+A )2 Ppe (+,3) (O f () dx = Prae (I+ A )P £(3) = I+ Ap) 2 Py of(3),

(2.10)
/ (I+A)) 2PV, () (0 (0) de = VP (14 Ap) ™2 f () = V (14 Ay ) Praef ().
P @2.11)
Asa consequence
s [P ()ensioy = [Proe (1440, @12
i:guptvy e C)lpgon () = HVP’+E (14, 1’ (D)C(D) @1

Proof. The first two claims follow from (2.4). For y € D consider a sequence y, € D such that
yn — ¥; as for (2.10), the following chain of equalities holds due to the regularity of f and p.:

/(1+A,,)‘*/2P,pg(, x)dx = /pg ) (X) (T+ A, )2 Pif (x) dx
D

= /D m pe (-, vn) (x) (I+A, ) Pf(x) dx

n—-+oo

- / lim . (va,) () (14 Ay )™/ P (x) d

= lim | pe(u-) () (I +A,)** Pif(x) dx

n—-+oo D

— lim P.(I+A,)**Pf(y).

n——+oo
This implies (2.10) thanks to the fact that (I + A, )@/2 and the heat semigroup commute. The

exchange between limit and integral is allowed thanks to (2.4). The proof of (2.11) follows
from a similar argument. Indeed,

[ 447 PF 2 ) 05
= [ V) @+ a) P Ro 0
=9, [ P () (01 4,)° )
~-V, /nl}grnoopg V) (X) (T+A,)*? Pif (x) dx

=V, [ lim e (50) () (1+4,) P

ph—too

=V, lim_P.(I+A,) "2 Pf(y).

7157



Nonlinearity 36 (2023) 7149 F Grotto et al

Equation (2.11) follows from the regularity of P, (H—Ap/)a/th and the fact that (/+ A, )2
and the heat semigroup commute. After these preliminaries, (2.12) and (2.13) are easy to prove
by duality. Indeed, for each y € D,

T | F—— / (I4A,)° Pip. () (¥)f(x) d
feHer’ |ifll,, =11/D
— sup ‘(I—I—A,,/)O‘/ZP,JrEf(y)’

ferer’ Il =1

= sup ’(1+Ap')“/2Pz+af(y)"
1717 =1

Considering the supremum of both sides for y € D (2.12) follows immediately due to the fact
that (I+A,)*/?P,,. € C(D). Equation (2.13) is similar. Indeed

1P:Vype (53 3y = sup
ferer Il =1

= sup ‘V(1+Ap/)“/2Pt+af(y)’
feHer JIfl, =1

[ a4 29,0, ) <x>f<x>dx]

= sup ’V (I+Ap«)°‘/2Pt+gf(y)‘ .
£l =1

Equation (2.13) then follows considering the supremum of both sides for y € D. O

We conclude the paragraph recalling the regularizing property of Biot-Savart kernel, fol-
lowing from the one of Green’s function for Dirichlet boundaries, for which we refer to [31,
section 3].

Lemma 2.8. The linear operator K|w] = —V+(—Ap;,)"'w, defined first for w € C=(D),
extends to continuous linear maps (still denoted by K)
K:L*(D) » L'(D;R?), g€ [1,00),
K:LI7(D) — C(D;R?), p e (2,00),
K:H?(D) — H**'"’(D;R?), pe€ (1,00),a>0.

Moreover, for all the above extensions K|w) is divergence-less (in the sense of distributions),
and its normal trace on OD (when defined) vanishes.

2.2. Cadlag functions and Aldous’ criterion

For T > 0, we denote by D([0,7],S) the space of cddldg functions on [0, 7] taking values in a
complete metric space (S, d). We will always endow ([0, 7], S) with the Skorohod metric: we
refer to [41, section 2.1] for a definition of the latter, which we will not be using directly since
we can rely on the following tightness criterion, [41, theorem 3.2].

Proposition 2.9 (Aldous’ criterion). Consider a sequence of filtered probability spaces
(0, Fu, Pu)nen on each of which it is defined a cddldg adapted process (X}).co,1) taking
values in a complete separable metric space (S, d). The laws of processes (X )ic|o,7) are tight
on D([0,7],S) if the following two conditions are satisfied:

7158



Nonlinearity 36 (2023) 7149 F Grotto et al

(1) for every t in a dense subset of [0,T] the laws of X! are tight on S;
(2) for all £,6 > 0 there exists ro > 0 and nog € N such that, for any sequence (7, )nen With T,
a F,-stopping time, it holds

sup sup P, (d (XE’T _H)AT,X%AT) > 5) <e. (2.14)
nz=ng ref0,ro) "
2.3. Well-posedness of Navier-Stokes equations with Neumann boundary

In order to identify the limit dynamics of our interacting particle system with solutions
of (NNS), we will need a uniqueness result and a priori estimates. We set the discussion of
the limit PDE in the space of cddldg functions since convergence of the particle system will
take place in that space.

Definition 2.10. Let 7> 0; w € D([0,7];L%*(D)), is a weak solution of (NNS) if for all ¢ €
H>%(D), for t € [0,T],

/Dczﬁwtdx/D(bwodxI//Ot/DAng~wsdxds+/ot/DV¢'K[wS]wsdxds

t
+ 1// ¢ gsdo (x)ds.
0 JoD

Remark 2.11. The latter is a good definition: thanks to lemma 2.8, integrability in space of the
nonlinear term V¢ - K[w]w follows from Holder’s inequality, since both V¢ and K[w] are LY
for all g > 2.

Proposition 2.12. Given wy € L? and g € L*([0,T],L?), there exists a unique weak solution
of (NNS) in the sense of definition 2.10 with w(0) = wy. Moreover, the unique solution belongs
to C([0,7]:L(D)) N L*([0, T; H'*(D)).

The same statement holds for the cutoff PDE (c-NNS) for which in fact, thanks to the
bounded nonlinearity, much stronger well-posendenss results can be obtained.

Proof. Consider two weak solutions w,@ € D([0,7];L*(D)), let w; = w, — &,. With standard
passages (we refer for instance to [18, section 3]) one can extend the weak formulation of the
PDE to time-dependent tests

¢ e C ([0,7];L%) N C([0,T];H*?)

(this makes use of the right continuity hypothesis on w), then, taking ¢;(s,x) = P,_(x), ¥ €
H?? transforms the PDE into the variation-of-constants form

w; = Py — /0 P (div (K [wy] wy)) ds —|—/O (I—vA)P,_;N|[gs]ds.

A similar formula holds for &;. Therefore w; satisfies

! t
M:_/Eﬂ@meMMM—/Eﬂ@wm%wm®_
0 0
By Sobolev embedding, for all g > 2,
Kl K] €D ((0.1):27 (D)),
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hence, by Holder inequality, again for all ¢ > 2,
K[wy) @5, K[ws]ws € D ([O,T} L (D;R2)) .

We can thus control nonlinear terms by means of ultracontractivity (2.2), Holder inequality
and lemma 2.8:

t
(Wil 2 NuT,q/O « s)%_% Py (div (K [ws] @y)) L2 ds
t
+ P (div (K |ws] wy ’ ds

! 1
So [ (IKDl 2, + KLl 2, ) ds
(l La+2

S) 27 at2
[lwsllzz + llos |
/ o q+zs £ [[wsl[ 2 ds.
(t—s) 2

The uniqueness statement now follows from Gronwall’s lemma.

The last statement of the proposition follows from existence of a weak solution belonging
to C([0,7]; L*(D)) N L2(]0,T); H"*(D)). This can be proved with a standard Galerkin approx-
imation together with the usual energy estimate (see the beginning of the proof of proposition
2.13 below), we refer to [33, theorem 2.6] for details. O

Proposition 2.13. Any weak solution of (NNS) in the sense of definition 2.10 in D([0, T]; L?)
with wg € LP, p > 2, satisfies

2 2
HK[W]HLOO([O,T];LOC) St llwolly + llwollz> + ||8||L2([O,T];U) + ||gHL2([0,T];L2) SN CA R

As a consequence, there exists My = My(wo,g) such that for all M > M, the unique weak
solution of (NNS) coincides with the one of the cutoff PDE (c-NNS) with the same initial and
boundary data.

In order to establish this a priori estimate we first recall a convenient representation for
boundary terms appearing in the weak formulation of (NNS).

Lemma 2.14. Let g € [7(0D), p > 2 and € >0. There exists a unique weak solution u €
Hl+[%—s,p(D) Of

(I—vA)u(x)=0, xeD,
in-Vu(x)=g(x), x€0D,

that is, for all ¢ € H'P' (D),

/(qﬁu—!—quf)-Vu)dx:V ¢gdo (x).
D

oD

Moreover, the solution map N|g| = u defines a continuous linear operator N : L' (0OD) —
HITVP=OP for any § > 0.
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We refer to [48, chapter 4] for the (standard) proof. It follows that

pgdo (x) = / (I+A,)oN[gldv, ¢ cHY  gc P (aD).
oD D

Proof of proposition 2.13. For the sake of completeness we sketch the classical argument
for the a priori estimate in the L? setting. By proposition 2.12 we know that the weak solution
actually belongs to C([0,T]; L*(D)) N L*([0,T]; H'*(D)), so we can evaluate

1d

>3 el = v IVl + [ Ve Klaalde v | wigdo).
d D a

D

The second term on the right-hand side vanishes, and the third one can be controlled thanks to
the properties of the trace of functions in H'(D):

/a wigdo (9 < Clls + 1Vetl) ez
1 2 1 2 2
< 5 [|wllz2 + 5 [Vewrllz2 + Cligidlzzopy -

Therefore, we obtain

1d

2 v 2 v 2
5 g el + 5 1Verlz < 5 lleallz + v / wigdo (x),

oD

from which by Grénwall’s lemma we conclude that

2 2 2 2
[wlzee (j0,79,22) + V@l r2(0,29,02) St llwollze + 11812 0,79,22¢0m)) - (2.16)

Arguing as in the proof of proposition 2.12, extending the weak formulation of the PDE to
time-dependent tests

peC! ([O,T] ;LP’) nc ([o, ] ;H2=P')

and taking ¢, (s,x) = P,_s(x), ¢ € H>P', standard passages allow to rewrite the PDE into
the variation-of-constants form

t t
w; = Pwy —/ P (Kwy] - Vwy) ds—!—/ (I—vA)P,_sN|g]ds, 2.17)
0 0
from which
t t
il < llwoll + / e (K ] Vi) s + / |- vA) P Ng]ll ds.

We control the nonlinear term by means of ultracontractivity (2.2), Holder inequality and
lemma 2.8: for 1% < g <2< pitholds
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t t
/0 |Pr—s (K [ws] - Vews) |, ds < /0 (t_s)l/p_l/q (K [ws] - V) ||4 ds

t
1/p—1
< / (1= )79 K [ s [V

t
1/p—1
S Il o102 / (1=5)"7717 Vo |2 ds
Sa ||WHL<><>([0,T},L2) ”w”LZ([O,T],H‘«Z(D))’

the last step following from Holder inequality and the fact that fot (t—s)?/472/Pds < 00. As for
the boundary term, by proposition 2.3, lemma 2.14 and (2.3), for § > 0,

ds

L

/0 |(I—vA) P, N[g]

t
1 _ 1 1_ 1
:/o I(T+A,) 7% P (T4 A,) % Ng | wds

t
sp,a/ (t—s)"V270FV @ (14 A,) 05 Ngy) | ds
0

1/2

t
< ( / (ts)l”“/"ds) el oz,

where the integral in parentheses is finite if we choose ﬁ > 0.
By lemma 2.8, and combining the estimates above, we deduce that

1K (W]l jo,77,20) Sp sup_lwilly
1€[0,7]

2 2
St llwollyy + llwollz2 + 18122 j0,71.00) + 18ll72¢(0,13:22) -

from which the first statement of the Proposition follows.
As for the second statement, it suffices to take

M> CT,p,l/ (HWO

v+ [lwol 22 + Hg”LZ([o,T};U) + ||g||i2([0,r];L2) + 1) )

where Cr, ,, is the constant implied in the previous inequality, making it so that the nonlinear
term of solutions of (NNS) and (c-NNS) coincide by definition of the cutoff F. ]

2.4. Stochastic integrals and Burkholder-Davis—Gundy inequalities

Let V be a separable Hilbert space, and consider a cylindrical Wiener process W on V with
identity covariance operator; for our purposes V will in fact always be finite-dimensional. Let
(Q, F,P) be the standard filtered probability space on which W is defined (and adapted), and
consider a progressively measurable stochastic process (1)) c[o,7] taking values into HS(V, L?),
the space of Hilbert-Schmidt operators between V and L? = L*(D). Let us also assume that for
all 7 € [0, 7], P-almost surely,

t
2
/o s[5y, 2y ds < o0
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We refer to the classical monograph [13] for the definition of the stochastic integral fot P dWy
(a continuous L?-valued local martingale) and its basic properties.

The following collects (two versions of) the Burkholder—Davis—Gundy inequality, on which
we will rely to bound uniformly in time terms due to the Brownian noise in the particle
dynamics.

Proposition 2.15. Under the assumptions of above, for any p > 0 it holds

T p/2
/ 1/)5 SP E l(/{; ||wsHi1s(V’L2) ds) ] . (2.18)

Moreover if (S,);>0 is an analytic semigroup on L?, for any p > 2 it holds

' P T 5 p/?
/ St—s¢des ] ,Sp E (/ H’(/)SHHS(V,LZ) dS) ‘| . (219)
0 L2 0

The proof can be found in [45], to which we refer for a detailed and more general discussion
on this kind of inequalities.

E | sup
| 1€10,7]

E| sup
| 1€10,7]

3. Definition of the model and main results

Since we are considering a finite, fixed time horizon T > 0, for the sake of lightening notation
we assume from now, without loss of generality, T = 1.

3.1 Generation of particles

Let us introduce a grid of mesh 1/n spanning ({0} x D) U ((0,1] x dD). Lety: S' ~ (0,1] —
0D be a diffeomorphism parametrizing the boundary of D; for n > 1 we set

1 3 2n—1
no__ n = n
L _{O}XLmU{Zn’ZnW o }x s
=(Z/n)*ND, Liy={y(h/n)|h=1,...n}.
We will write
i (¢ el”, i=1,...N(n), 3.1

to enumerate the points of the grid L", N(n) being the cardinality of L". From now on we simply
write N = N(n) implying the dependence on n. We now introduce a partition* of ({0} x D) U
((0,1] x OD) whose elements are centred at points (;:

o {(c [ %]%) nD, =0 (3:2)
[’f’l_ﬂ?f:l—f' n] ( H(G) + [ 2n’21n])7 i > 0.

Notice that N(n) ~ n? and the area of Q7 (both if #! = 0 or not) is of order n~2. We denote by

At(n={i:0<# <}, Aj()={i:0< <1}, (3.3)

4 To be precise, a measurable partition, since boundaries of the Qs overlap.
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the set of indices relative to particles created before time 7. Given wy € B,(D), g € B,([0, 1] x
OD) with g,wp > 0, we set

9 34
0 34

W = {fQ;“”O (|de =
l leﬂ 8s (.X) dsdo (x) >

From our assumptions on the mesh of the grid, w, and g it follows that

1
WS VneNi=1,...N.
n

3.2. Diffusion processes and reflecting boundaries

Let (Q,F,P) a complete, filtered probability space satisfying the standard hypothesis, on
which it is defined a sequence (B');cy of independent F-Brownian motions. We have the fol-
lowing (probabilistically strong) well-posedness result:

Proposition 3.1. Foralln > 1, on (Q,F,P), there exists a unique continuous DN-valued adap-
ted process x"(t) = (X} (t),...,xy(t))cjo,) and a continuous R**N-valued adapted process
K'(t) = (kK{(1),...,ky(1))cpo,n) with bounded variation trajectories such that: fori =1,...,N,
refi 1),

x;l(t)_cl(l:/tnF Z w}‘Kn ()df(s),xj”(s)) dS“r\/ﬁ p dBi_k:?(t)a

i JEA™(s)

W(t):Aﬁ(X?(S))dIW\(S)> |kzr'l|(t):/t"lx}’(s)EBDd|k;‘1|(s)a

while for t < 1} we impose k(1) = 0 and x} (1) = (]".

The proof can be straightforwardly adapted from the one given in [35, 47] for systems of
SDEs with regular coefficients and reflecting boundaries: the only difference is generation of
new particles at the boundary, which is taken care of applying the well-posedness result on
each time interval of length 1/n during which particles are not generated. We also refer to [33,
section 4] for details on a SDE system (closely related to ours) including boundary generation
at random times. It6’s formula for the process x"(¢) takes the following form (for which we
refer again to [35]):

Corollary 3.2. [f ¢ € C*(D) with V-t =00n 9D, fori =1,...,N, t € [t!,T],

dp(f () =F | > w'Ka (5 (1), (1) | - Vo (x} (1)) dt

JEA (1)
+vAG (¥ (t)dt + V2V (¥ (1)) dB..
Notice that the hypothesis V¢ -2 =0 on 0D makes it so that reflection terms —k' do not
appear in the Ito formula. In our applications, this assumption will be verified thanks to our

choice of regularizing the empirical measure with the heat kernel under Neumann bouondary
conditions.
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Remark 3.3. The classical vortex dynamics in a bounded domain is a system of singular ODEs
of the form

).C,‘ :Zng(xivxj)+§ivl7(xi7xi)) xieDa giER*, l7J:17N7
J#i
G=(=2pi)"", Y6y =Glxy)+ % log|x—yl,
including self-interaction terms induced from the boundary effects; this is necessary for the
system to satisfy in a weak form (as in [44]) the 2-dimensional Euler equations. We refer to [38,
chapter 4] for a general introduction to the topic, to [15, 22, 25, 26, 30] on the issue of well-
posedness of the dynamics and vortex collisions, and to [23, 24, 27-29, 36] on the statistical
mechanics point of view.

Self-interactions diverge logarithmically at 0D, and this prevents us to include them in our
model because the Brownian part of the dynamics (which we must include to model viscos-
ity) might drive particles onto the boundary causing blow-up of the dynamics at finite time.
Nevertheless, under the Mean-Field scaling of particle intensities we are considering, self-
interactions should be negligible in macroscopic limit. Indeed (heuristically) a self-interaction
term w; Vlfy(xi,x,-) in our model would scale as n~2, while the nonlinear and noise terms are
of order 1 as n — oco. Hence, self-interactions due to the boundary appear to be irrelevant for
the purpose of our discussion.

3.3. Convergence to Navier-Stokes equations
The following is the main result of the paper.

Theorem 3.4. Letp > 2, 1% <a<1,ande =¢e(n) 2 n~"/2 Assume that wy € Lip(D) and g €
B, ([0, 1] x OD), wo,g = 0, and let the related notation introduced above prevail. There exists
M > 0 (only depending on wy, g) such that for everyn € (1%, a), as n — oo, the kernel-smoothed
empirical measure wi' =3 u(y WiPe (-, X} () converges in probability on D([0, 1], H™") to

the unique weak solution (given by proposition 2.12) of (NNS) with initial datum w, and
boundary source g.

By Morrey’s inequality, the stated convergence implies that on D(]0, 1], C(D)).

4. Uniform bounds

The proof of theorem 3.4 essentially relies on uniformly bounding (in n) the approximating
process w"(f,x) in terms of strong norms, allowing the application of Aldous’ tightness cri-
terion, proposition 2.9, and to pass to the limit the dynamics obtaining (NNS). The way we
exploit the regularizing effect of the Brownian noise driving particles, that is the parabolic
nature of the corresponding PDE dynamics, consists in formulating the evolution problem in
Duhamel form (that is the variation-of-constants form, or mild formulation), in complete ana-
logy with the a priori estimates for the limiting PDE in the previous section.

4.1. Duhamel formulation of empirical measure dynamics

We adopt, for the remainder of the section, the notation of section 3.2. Let thus (x,...,x})
be the DV-valued stochastic process on [0, 1] defined by proposition 3.1 as the unique strong
solution of the approximating particle system, and
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S;L: Z wl"&f,x(,)

i€A (1)

A direct application of the It6 formula in corollary 3.2 shows that, if ¢ € C*>(D) with V¢ - i =
on dD, for all ¢ € [0, 1] it holds

/¢dS" /¢ds"— wi¢(C,~)+y/0t/DAq§dS’}ds

// </ n () S”()>V¢()dS§'(x)ds
+VZ/ 3 WiV (s)) dBL. @
icAn(s)

Let us now considered the kernel-smoothed empirical measure

W' (x) =PS8! = prgxx" ), x€D,
i€A" (1)

which, in sight of (4.1), must satisfy for all 7 € [0,1] and x € D

Wi (x) prExC —l—V/Aw

/ / ( / z)dsy ()) V,pe (x,y)dS" (v)ds
JH@/ D wiVype (5, (5)) dB,. 4.2)
icAn(s)

As in the proof of proposition 2.13, we can derive from the latter formulation of the dynamics
the variation-of-constants form with standard passages. For all z € [0, 1] and x € D it holds:

Wi (x) = Pug (x ZwP, npe (X,¢)

i€An(r)
- [ / ([ 5 021051(0)) Top- st 0)as
+x@/ Z WP Vype (%, (5)) dB. (4.3)
i€A" (s

4.2. Preliminary estimates on particle creation and diffusion

We begin by estimating separately the terms due to particle generation at t=0 and at the
boundary at later ¢ > 0.

Lemma 4.1. Lete = e(n) > n=2/Ct) > =12 forall p > 2, z% < a < 1it holds

w;,ps(,g’) gcﬂy["
.‘z FHoep
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The idea of the proof is that, for n large and ¢ small,

> wtpe(e) ~ [ pey)an )y,

i) =

and the right-hand side is bounded if, say, wy is Lipschitz continuous.

Proof. We have

i e\H ? X e\ d
S udpeat)| <] [0 yHH

i:/=0 Hep

Hoop

We bound the term 1,,,,:

o[y -

. (1+Ap)“/2w0HU) < lwoll3¢er- (4.4)

Concerning R, recall that, for i such that 7} =0, W} = f o wo(y)dy. Hence,

/D Pe(-3) (w0 (1) dy— 3 wipe () (x)

i:f!=0

i

= 3 [ P e el

i =

—Z/”y &) / Vo (G4 € (v ) (¥)d€ o () dy

i =

(note that ¢ + &(y — ¢") belongs to D since D is convex). Recall that, forevery i, [y — £'| < 1/n
on QF. We then have, by (2.13),

DI NENS R o

i:f!=0

1

<! / wo () dy $up [ Vpz ()0
nJp yeD

S Y

- Dwo y)ay

Thanks to the gradient bound lemma 2.6, we get

‘VPE (1+Ap’)a/2‘

' —cD)

~V,

1 i rair i i 1 4y
R S e 2702 | < 22 g (4.5)
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Putting together the bounds (4.4) and (4.5), we conclude that

. I 5/
ST wlpe (|| S bl + 2 .

=0 o

By the assumption € = £(n) > n~2/G3+) we get the desired bound. O

Lemma4.2. Lete =e(n) > n= 2+t > n=2/3; forall p > 2, % < a < 1itholds

sup Z wa,_,?pE (7<1n) < Ca,p~

0,1] [|. - 4n
€01 lican(s) e

As for the previous lemma, the idea of the proof is that, for n large and € small,

Zth wpe (') // Pi_spe (x,y) g5 (v) dyds,

I€AY (1

and the right-hand side is bounded if, say, g is bounded.

Proof. We have

Z w; P t”ps 56

i€AG(1) Hep

‘// Pi_spe(-,y) & (y)dsdo (y )‘
oD Heap

//Pt sps Y gs deU ZWP! #1Pe 7i)
oD

I€AY(1) 2o
=:I,+R.
We bound the term I, first: by (2.10), we get
P (9) . 0)dsd )
oD Hep
= s [ A P () e ) s )
i1, =1Jo Jan
! ne/2
= sup / (I+A,)" " Pi_sicf (y) g5 (v)dsdo (y)
I, =1Jo
t
< llell o= ror: I1+A4,)*P,_,
Il ([o,1],m(aD))/0 H( +Ap )" TP b (oD)

Using the trace theorem and the contractivity bound (2.3), we get, for some fixed ¢ > 0 such
that /2 4+ 1/(2p") +6/2 < 1,
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(I+A4,)** Py,

t
Iy < |g||L°°([O,l];U’(3D))/0

' —H\/r'+8p" (D)

t
< gl (0.1 I+A, )2 (@) 82 d
< lglle ([0,1],117(313))/0 H( +A4,) S
t ’
,ga,p ||gHL°°([0,1];U’(8D))/ ([—s+€)7(a/2+1/(217 )+5/2) ds
0
Sap ”gHLOO([O,l];U’(BD))- (4.6)

Concerning R, recall that A%(7) = {i : 0 < ## <t} and, fori € A}(t), w! = fQ,_, gs(y)dsdo(y). In
particular, we can split ’

S WP ()= S /P,_f;pg<-,<f>gs<y>dsda<y>

€A () po 1/ @ny<t” &
+ Y W Pepe ()

i << +1/(2n)

(the last sum possibly being over an empty set) and similarly

/0 t /8 N Pi_spe (1) gs (v) dsdo ()

= Z / Pi_spe (+,y) & (v)dsdo (y)
w1/ ny<t” &

D S Proape (-3) 8 () dsdor ().
Q!N[0,1]xdD

i1 —1/(2n) <1< +1/(2n)

Hence we can split R as

RE| [ (P ) = Prgpe (1G) 3. 0)dsdor )

ll:‘+1/(2n)<f Q:l Heep

+ > / Pi_spe (,y) 85 (v) dsdo (y)
0'N[0,]xdD

izt —1/(2n) <<t +1/(2n) e

+HDD WP ()
i <1< 41/ (2n)

=R+ Ry + Ry.

Heor

To bound the term R;, we start with an observation: setting

[f5] (&) =6 +&(s =), (G :=¢+E0—=¢), £€[0,1]

(notice that [¢,y](€) € D for all £ since D is convex), since by definition of heat semigroup it
holds 0,P, = —A,P,, we can write
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Prospe (-3) (9) = Pr_gpe () ( / 0,1y e ([0 (€) ()
06 [ VP e I @) )0
=) [ APy e (G €) (0
FO-6) [ VP b (LG €)W

Applying the latter to R; we obtain:

R

N

Z /l/ AP (s ()P= (5 (¢ Y]1(£)) dE (s — 1) g5 (v) dsdo (y)

g <t Her

+ Z // V)P, —[as (5)]75(7[@ V](€)dE (v — ') gs (v) dsdo (v)

zt”+ <t

=:Ry1 +Rp.

Hep

Concerning R, recall that |s — #}| < 1/(2n) for every s in Q. Hence by (2.12) we have

s Y [P g i@, de b ks ) asao

tt”+2n <t
T
<5 op- (0| e asdo () de,

21 Jo it <t O V€D s Horzr

)i+a/2p
/ Z / |+ A [ €t | oy oy 8 ) 4347 () -
i g <t
Since 2" is embedded into C(D) for p’ > 1, we have
2+a 2
Rll ~r / Z /n H I+A / [f ’5](£)+€ U’/—>U/gs (y)deU (y)dg

it 5, <t

Note that, if # +1/(2n) <1, then t — [¢!,s](§) > (t —5)/2 for every s in QF. Thanks to the
contractivity bound (2.3), we get

RS [ X [ - 100© 0 g (st ()¢

lt"+7”<t i
// (1= s5+26) 2", () dor (v)ds
oD
5; - C¥/2||g||L°o(o1} .L1(8D))- 4.7
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Concerning Ry, recall that |y — (/| < 1/n for every y in Q. Hence by (2.13) we have

Ro< Y / / [9:Pfrgerpe (61 €] 46 by = G lgs () dsdr ()

5 <t

/ 2 /J‘;{;HV” (1125 ](5)”6("X)H}La,pgs(Y)dsdff(y)df

lt"+2n<t
2
/ Z / VP,_ S©)te (T+A,)* HU'%C(D)gJ (y)dsdo (y)de.
lt”+2"<t i
Thanks to the gradient bound lemma 2.6, we get
2—a/2-1/p’
Resont [ X [ 0@ g Oasao )0
ll”+2n<t 9
/ / (t—s+2¢) /7 g (y)do (y)ds
aD
San 7€ P gl o220 (4.8)
We turn now to the bound on R;;. By (2.13) we have
Rar < Z / 1P spe (3l pgen 85 () dsdor (3)
L <y L "N[0,1] x OD
< / Sup [Py stpe (1) 300 g () didor ()
i l_%<t PES "N[0,1] x D x€D
- |+, 2P|, go()dsdo (v).
[:ﬁz,<t<ﬁ+21/Q;'m[o,z]an ' =C(D)

Notice that

U @n(0,490D) C[t—1/n,1] x OD.

it — 5 <1+ 5
Therefore, by the embedding H>” " C (D), p’ > 1, and contractivity bound (2.3),

Ry, Na’p/ /gx )do (y)ds - sup
t—1/nJ 0D s<t

—1—a/2

(1 + Ap ! ) l+a/2Ptfs+s

U/ ’

—LP

<

~

€ lgllzo (0, 1);2 (D) - 4.9)

S| =

Finally, we turn to the bound on Rj;. Similarly to the case of R,;, we notice that for each
i€Ao(2),

n 1
Ui:t;‘gtgt;‘-ﬁ-iQi - [t— 1/n,t+ Zn] x OD.

7171



Nonlinearity 36 (2023) 7149 F Grotto et al

Hence, proceeding as for the term R;;, we get

Ry < Z /gs(y)dsda |Pi—epe(-,C HHW
i <ISE+ 5 o
+1/(2n)
<[ ] souoassi| aan e
t—1/n oD <t =L
S %e*““/zllgllmqo,q;y(am). (4.10)

Putting together the bounds (4.6)—(4.10), we conclude that

n | .
D W Pgpe (|| Sap lgllee ooy + gl o @0
ieAn(r) spon
By the assumption £ = £(n) > n~2/(?+®) we get the desired bound. O

We also estimate in a dedicated Lemma the martingale terms appearing in the mild formu-
lation of particle dynamics.

Lemma 4.3. Letp>2, 1% < a < 1 and assume that € = £(n) > n~"/%. Then,

q

sup / > WP Vype (x,x] () dB} <Cypra- (4.11)

1€[0,1] i€A"(s) How

Proof. By Sobolev embedding H'~2/72 < [’ and Burkholder-Davis-Gundy inequal-
ity (2.19) it holds

q
sup / 7wl (I +4,) P Vype (-, x:(s)) dB!
t€[0,1] icA(s) o
t q
<,E| sup / Z W (I+Az)(lﬂ)‘*z/m/zP,_XVyp‘s (-,xi(s))dB!
refo.1]||Jo ) B
[ /2

1 2
SQE / Z (w;’)z“(1+A2)(1+a_2/p)/2v)vp6 (.7xi (S))HLZ ds
0 jean(s)

The inner integrand in the right-hand side can be controlled uniformly with respect to the
particles’ positions: by lemma 2.6
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2
1 -2 2 2 —3—
sup | (14+42) 422V, ()| = VP sy S €77
yeDb

Notice that the denominator is integrable in ds for all § > 0. We now take into account the
fact that w! < n™2([|wol|ze<(p) + 18]l ([0,1)xop) uniformly in i, and that N(n) ~ n*. Hence,
the left-hand side of (4.11) is bounded from above by

LHS. Spguan e OO0 (Jlwo|l o () + 1@l (0.1)x00) )
Taking €(n) as in the hypothesis, the last quantity is uniformly bounded in n. O
4.3. Estimates for approximating solutions

The following is the core estimate of our argument, providing uniform boundedness in strong
norms for the approximating processes.

Proposition 4.4. Letp > 2, % <a<l,ande=¢(n) 2 n=1/2, For all q =2 it holds

supEE | sup [|w)'|%,« p] < Cugpua- (4.12)
n t€[0,1]
Proof. In order to lighten notation we denote by v/ (x) := F ([, Ku(x,y)dS?(y)) the vector

field acting on a single, smoothened particle. The mild formulatlon (4 3) allows to bound, by
Minkowski inequality,

q

E [”wzn”t?]{ap] qu]E Z Wi P t"pa e i)

i€AM(t

Heor
+E ’

_/P, / )V,p- (x,9)dS" (¥) ds

+E ﬁ/ S WPV (5, (5)) dB]

i€A"(s)

q
Ha,p]

q

Hop
=:1; +]2 + 1.

The initial and boundary creation terms /; and the martingale term /5 are uniformly bounded
(bothinn andinz € [0, 1]) respectively thanks to lemmas 4.1-4.3. We thus focus on the nonlin-
ear interaction term I, where the regularizing effect of the heat semigroup is essential. Using
the gradient estimate (2.5) we thus bound, for f € Lf’/,
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5wl (5(9) [ 7090 +4,)" P i 5)

i€A" (s)

- Z wi Vi (xi (s ))/(I"‘Ap’)a/zptfsf(x)vyps (x,xi (s)) dx

icAn(s) D

= Z wivg’ (x,' (S))VPE {(1+Ap’)a/2Pt75f:| ()C,' (S)>

i€A" (s)
<MY | VP (44,0 Prf] (3 (5)|
i€A(s)
<M D we (I+Ap )PP f| (xi(s))
icAn (s)
Me©® Zw,/psxx, ‘VI+A /th of | (x)dx
i€A ()
= Me [ Po(S)(0)|[V 4, ) 2P| (1)
D
<M 2l ||+ Ay 2R
By duality, this implies that
D wind ((8)) (T4 Ap) " Py Vype (i (5)
icAn(s) I
Sy T oy W
X T (1L ws X T 1L/ WS a,p s
(t_s)(1+a)/2 L (t_s)(l+ll)/2 Hxr
so that
. q 1/q
Be< [E]| X a6 )PV () as
0 icA(s) 2o

t
M 1/q
< CE/O W EfJlwf |30, ds

with the constant C. decreasing as € — 0, in particular uniformly bounded in n. Altogether,
we arrive to the integral inequality

t
n l/q M n 1/q
E (16 o] " < Craminin +C [ Bl 6

which, by Gronwall’s lemma (as o < 1), implies

sup sup B [[|wf'[[50.] < Ctgpvia- (4.13)
n tel0,1]
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In order to complete the proof, we apply again the mild formulation of the dynamics (4.3) to
estimate

q

E | sup HthHaﬁ Nq sup Z Wi PP t“pa ¢ ,')
t€0,1] t€[0,1] icA" (1) e
q
| swp [ [ 2 [0 90 (a5t )
t€[0,1] 11J0 D Her
q
+E | sup VZV/ Z WP,V ype (x,x (s)) dB:
t€[0,1] icAn(s) ow

=Ji+h+J5

Once again, the initial and boundary creation terms J; and the martingale term J3 are uniformly
bounded in 7 respectively thanks to lemmas 4.1-4.3. As for J,, since

+ q
<sup [lpe [ o9 <x7y>ds:?<y>H ds> ]
ref0,11J0 D Hour

we can repeat the computations performed to control /, obtaining

! MeCe q
J2 Spgv,a E | sup / M ds ) ]
e €[0,1] 0 (t_s)(l-‘ra)/z s 1l3Lap

where we now apply Holder inequality,

t 1/r
/||wv||w - )1+a>/2<</0 s 1+a>/2> ([ etlrinsss)

in which we can choose a small enough r > 0 (depending on «) so that the first factor on the
right-hand side is finite and ¢/r’ < 1, hence

H<E

1
h S E [ JAE{ ds] < sup B [lef ]
0

t€]0,1

which is uniformly bounded in n by (4.13). O

It is worth noticing that the gradient estimates for P, are crucial in controlling the nonlinear
term of the dynamics, but the regularizing effect of P, was neglected in estimating the initial
empirical measure in lemma 4.1 and the martingale terms in lemma 4.3 (due to the application
of BDG inequality). The singularity of Vp. appearing in the initial empirical measure and in
the stochastic integrals is not improved by the heat semigroup and produces a restriction on
the asymptotic behaviour of € = ¢(n).

Thanks to the good control provided by proposition 4.4, we can estimate time increments—
which we need for the equicontinuity part of our compactness argument—in a much weaker
norm, thus allowing to exploit the weak formulation of the dynamics, easier to deal with com-
pared to the variation-of-constants form but producing bounds in weaker norms.
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Proposition 4.5. Ler p > 2, 1% <a<l,e=e(n)2n""? q>2, and (1,)nen, be a sequence
of F-stopping times in [0,1]. It holds, for all r € (0,1),

dl

Proof. Substituting the weak formulation of particle dynamics (4.2), we estimate by
Minkowski inequality:

n n
w(‘l’,f‘rr)/\l —Wr,

a 1
/2
H—Zw} S (ﬂ * nq) CMgna: (4.14)

q
E |:Hw?7—,,+r)/\l —uwy, H*Zvl’]
q
SE > wipe (G
IEAY((Tar) N)NAY (T0) M2

[ (Tutr)NL
+E / vAwids

| ]
H2w

X(‘l'n-&-r)/\l
/ /D F(K[w"](y)) Vype (-,y) dS¢ (v) ds

Tutr ;
+E / V2 37 WV (30 (5)) dB]

+E

| ]
H2p

L i€A"(s) -2
=L+L+1+14.
We now proceed estimating each term separately.
Estimates on generation term 1.
r q
-1
B<E|[ D wilcuciminnt |T+4) P (26|
icAn(1)
r q
1 q
<E Z W?l‘rn<ti<(‘rn+r)A1 sup H(I"‘Ap) Pe (=Y)H .
ican(1) yEOD 12

The first factor on the right-hand side of the latter is controlled by

q

n
E E Wi lrn<t,-<(m+r)A1
icAn(1)

Tat b HrAl 4 2\ 4
dyds | | < (r+2) Jlelia ,
/r—,ll\/O /8Dg(s’y) yds (r+ }’l) ||gHL ([0,1];L! (D))

n

<E
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so we are left to control the second factor. For f' € r, y € 9D and a sequence y; € D conver-
ging to y, it holds

[ a0 s = [ poten) 1+ a,) 7 ) ds

k— 00

= lim [ p(x,y0) (I+A,) 7 f(x)dx,
D

the exchange between the limit and the integral being allowed thanks to the fact that, by pro-
position 2.4, p. (x,y) < ge_‘x_y‘z/(“f) Vx,y € D. We can thus estimate:

—1
wp [(1+4) o] = s
yedD o yea,||fll,, =1

/D (I+Ap) ™" pe (1.3 f(x) dx

< sup lim
e, £, =150

/D pe (5,36) (I+ Ay )™ () dix

< sup (AT PO < | A P
YD, [|f],,r =1

' —c(D)

<7 !

s 1P
Lr'—C(D)

' =’ SP,V

where H(I+AP')_1||U’—>C(D) SplT+4,) 7l g0 Sp 1 follows by Morrey’s
inequality.
Estimates on the diffusion term I, follow from a straightforward application of Holder

inequality,
(Ta4r)AL q
[ sl

(Tutr)A1
SoE| [ e

n

L<E

7 ds] <HE

sup |w;’|z’p] .

t€[0,1]

Estimates on the nonlinear term I;. We have:

(/(T,,-i-r)/\l
/(‘r,,+r)/\1

n

L <E

/D F(K[w"](y)) Vype (+y)dSE () HH—?F dS> q]

q
ds|,
H-2p

<rH'E

/D F(K[W" () Vype (-y)dS; (v)
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in which we control, somewhat analogously to proposition 4.4,

[ F @100 V(1050

= sup /F(K[W”](y))<(1+Ap)_1Vype(-,y%f)dS?(y)
e’ ifll, =17/

< sup / VP, (14 A,) " F()|ds" (v)
fer’ il =1/D

<0l sup / as” (y) / pe (32) |V (I+ Ap) ™ F(0)]dx
D D

fer’ ifl, =1

H—2p

/DF(K[w”} ) (I+Ap) " Vype (-,y)dS" (v)

)72

= sp (VAT ) Sl

e’ il =1

Therefore I3 is bounded, up to some constant independent of n, by

HE | sup |lw}]f, ] -
t€[0,1]

Estimates on the martingale term 14. By Sobolev embedding and Burkholder-Davis—Gundy
inequality, proposition 2.15,

q

Tatr
IS E / S W (4+42) 7 Vo (4 (5)) B
Tn i€An(s) H1-2/p2

N
ZW?/ Lo <o (nannt (T+A2) 2779 . (2 (5)) dB)
i=1
N 5 (Tutr)A1
SqE (W?)/ Loss
— .

q
L2‘|

1
0
q
2
n

2
(1+42) " p (2 )| ds)

1

Since N = N(n) ~ n* and w! < n=2||g|1=([0,1]xop) uniformly in i, and replacing the expecta-
tion involving particles’s positions with a supremum over D, we obtain

q

Iy Sﬂw,q

ri/? Ry
supH(IJrAz) VP ()| s
€D L

nd y
which we combine with a consequence of lemma 2.6,

—1/2—1 —
sup [(1-+42) 27T ()| < suplVpe ()ax = 9Py S 27
yeD L* yeb

and the assumption £(n) > n~'/2, concluding that Iy <, , , r4/%. N
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5. Proof of the main result

The proof of theorem 3.4 proceeds as follows. We combine the estimates of the previous section
with Aldous’ Lemma in order to obtain tightness on the space of cddldg functions taking values
in Sobolev spaces. In order to verify that the limiting dynamics coincides with the Navier—
Stokes Equations (NNS) we need almost sure convergence in such a space, which we obtain by
changing the underlying probability space by Skorohod theorem. Convergence in the original
probability space is recovered by uniqueness of the deterministic limit.

In what follows, according to the hypothesis of theorem 3.4, we tacitly assume that p > 2
and 2 < o < 1 are fixed, as well as wy € Lip(D) and g € B,([0, 1] x dD). We denote by w
the unique solution of (NNS) given by proposition 2.12 with initial datum w( and Neumann
source g.

5.1. Compactness argument

Let (92, F,P) be a complete, filtered probability space satisfying the standard hypothesis, on
which it is defined a sequence (Bi),»eN of independent F-Brownian motions. For all n > 1,
on this same probability space we can consider the well-posed dynamics of proposition 3.1,
since the latter is a probabilistically strong existence and uniqueness result. In other words,
we can consider for all n the dynamics of particles (¥} (¢),...,x}(t))c[o,1) and the one of the
regularized empirical measure wy' = 4.y Wi Pe (-, X} (£)) as stochastic processed defined on
(Q,F,P) and F-adapted.

We denote by .Z), the law of w, on D([0, 1], H*"); we can actually consider any parameters
a, p since samples of the process w” are smooth in the space variable, but time dependence is
at best cddldg due to the creation of new particles.

We need first to show tightness of the laws (%)) ,en:

Lemma 5.1. For all % < 1 < «, the sequence of laws (£, )nen is tight on D([0, T]; H"P).
We then need to show that the limiting dynamics is actually a solution of (NNS).

Lemma5.2. Forall 1% < n < a, any weak limit point of the sequence (.£,)nen of measures on
D([0,T]; H™P) is concentrated on the unique solution w of (NNS) given by proposition 2.12;
in other words there exists a unique limit point, d.,.

These two lemmas imply theorem 3.4.

Proof of theorem 3.4. By lemmas 5.1 and 5.2, every subsequence .7, ) admits a sub-
subsequence which converges to the unique limit point d,,, where w is the deterministic solu-
tion of (NNS). Then, for example by [7, theorem 2.6], the whole sequence %, converges
weakly to ¢, and then also in probability as the limit point is a Dirac delta (see e.g. the argu-
ment in [7, page 27]). The proof is complete. O

5.2. Proof of lemma 5.1

Thanks to the uniform estimates of section 4, we can straightforwardly apply Aldous’ criterion,
proposition 2.9, to the processes w on D([0,T]; H™P).

Condition (1), that is tightness of laws at fixed time in """, actually holds for all 1 € 10, 1].
This is a trivial consequence of proposition 4.4, Markov’s inequality and the fact that H" 7 —
H™P with p’ > 7 is a compact embedding.
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Condition (2) of proposition 2.9 is the harder one. Let us show that (2.14) holds: given a
sequence (7;,), of F-stopping times we estimate, for ¢ > 2,

o> 5)

n n
P (Hw(‘rnJrr)/\l — W,

q
—q n _ n
<90 E[Hw(n-&-r)/\l Wr, HW’}
'1(;;_") 9(24+n)
q n o« 2o
Saq 0 E ('r +r)A -2 2 up et ”H"v”
“"(ﬁ:m u’q(2+n)
—q _n « n 2ta
Sea 0 | |wlrnnr =i [, 50 [E | sup t 5 |,
H=2P 1€[0,1]

where the second step is the interpolation inequality between H 2" and H”, and the third
is Holder inequality with exponents 1 < u,u’ < oo. A simple computation reveals that, since
q > 2, one can choose u so that the exponents of the norms in the expected values are strictly
larger than 2, therefore we can now apply the uniform estimates of propositions 4.4 and 4.5,

obtaining
2

It is now possible, given § > 0, to choose ry > 0 small enough and 7 large enough (taking
then r < ry and n > ny) so that the right-hand side of the latter inequality is arbitrarily small,
thus satisfying Aldous’ condition and implying tightness of (.%,),en-

_ ug(a—m) _ug(a—m)
>5) SvMapq 0 q(” ete) p e )

" H{np

5.3. Proof of lemma 5.2

We consider a weak limit point . in D([0, T]; H™"); for simplicity, we still denote by .%, the
convergent subsequence.

Consider the joint law of w" and the sequence of Brownian motions (B');cy, on the product
space (R>)N x ([0, T]; H"*) (which we regard as a product metric space, considering a dis-
tance on (R?)N that makes it separable). In particular, the relation between Brownian motions
and w" is encoded in the weak formulation of the dynamics:

Wb = 680 = 2 e ()0 +v [ (ah, A0)ds

i€A} (1)

+ / / FKI) () - (Vype () )dS" (3) ds
Vaw / S Ve (). 0)-dBL D)

i€A"(s)

P-a.s. for each 7 € [0,1] and ¢ € H*t2P" with sp’ > 2 (and 1 < p’ < 2 since p > 2).

7180



Nonlinearity 36 (2023) 7149 F Grotto et al

By Skorohod coupling theorem on (R*)™N x ([0, 7]; H"7), [34, theorem 3.30], there exists
a complete probability space (Q A,P) with random elements (&, )uen, (B")ien having the
same joint laws of (w,)uen, (B');en, and @ with law % = &, such that @, converges P-almost
surely to &. Moreover we can take the filtration F"0 = (]—' %), generated by ( ,(B"");) and
the P-null sets on (£2,.4) and we define the filtration F” by .7-" = ﬁs>,.7-" ; by a standard
argument, see e.g. the proof of [4, proposition 2.5, part 1], we get that (©" and (B’ "); are
progressively measurable with respect to /" and) (B’ "); is still a cylindrical Brownian motion
with respect to F Arguing for example as in [6, section 4.3.4] (see also [14, proposition 4.1]
or [19, section 2.4.4]), we can show that (5.1) is satisfied by @, (B"'f”),-zh__.’N on the filtered
probability space (Q,]—N'”,IP’).

If we now show that . = §,,, so that also .¥ = ¢,,, we obtain the first statement of the
lemma. In proving such claim, we drop tilde signs from @&", (B""); to lighten notation’. The
aim is to pass to the limit (5.1), we do so term by term.

5.3.1. Linear terms. Itis clear that, P-almost surely,

(W 6) = (@0 6), u/0<wf,A¢>ds—>u/o<d;s,Aqb)ds

We then need to prove that (w(, ) — (wo, ), that is, Wy = wp; we do so by showing that as
n — oo, the following quantities vanish:

)

= ]<w3,¢> - [ [ @t )60

122—’0007 /dx/dyps x,y)wo (¥) ¢ (x)] -

We treat I exploiting the fact that ¢ is Lipschitz continuous,

= S et )= [ [ pe x99

i:t; =0

Z WHP5¢ <w07P6¢>

i:t; =0

<3 [ )= GlIPb o < 6l 10,

i:t; =0 o

<X [ wt) P - Py

i:t; =0 o

As for I, using the regularity of wy we assumed by hypothesis,

b = [(wo,®) = (Pewo, &)| < (|9l [| (1 = Pe) wol[ 2 1. O

3 The tilde on our limit point & is retained since a priori it can differ from the solution w of (NNS).
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5.3.2. Boundary generation terms.  They converge to the PDE Neumann source, conveni-
ently represented by fot (g5, P)opds. The argument is analogous to parts of the proofs of lemma
4.2 and proposition 4.5, therefore we omit some details. We split:

S W (pe (), 6) — / (85, 8)onds

icAn(r)

S e ()6 // 2 () (p= () , 6)dyds

€Ay (t)

/gs, aDdS—// 8s () (pe (-,y), p)dyds| = J; + Ja.
oD

Letus define I" (1) = (#f — 1/(2n),# + 1/2n] with £/ such that r € I"(¢). We control J; exploit-
ing again the fact that ¢ is Lipschitz,

| S o / | stpaot)as

i€A} (1)

<y / 8. 0)Po(c) - Powldsty+ [ [ g 0)IPo0) s
ican(n” & I(r) J oD

<y / 801G —311P-6llc sty + 1 gl o0y 1Pl
teA”(t)

Szw? 7||¢H7—L"+2,[1/ 1 0.
n
Once again, the second term J, is the easier one:

J2 < I8l o,13;25 (o0)) [T = Pe) Ol ¢y
< llgllzr (o, 125 om0y 1= Pe) U+ Ap:) Dl 1 (1) L O.

5.3.3. Martingale term. By It0 isometry,

2

E /OZ H(pe (5 (5)),6) - dBL”

i€A" (s)
= / |VP.p (2} (5))[*ds
zeA“
1
S ;SETIZIVPM(X)I Ssp n7\|¢||;qx+z,p' 10.
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5.3.4. Nonlinear term.  Observe first that, since we are assuming that w” — w, P-almost
surely in D([0, 1]; H"?) for all 1% < n, by lemma 2.8 we also have that K[w"] — K[w], P-almost

surely in D([0, 1]; C'(D;R?)). We now proceed to show that

) VP:¢ (y)dSg (y)ds

// Vo ()@ (v) dvds

To do so, we add and subtract the same quantity three times, apply the triangular inequality
and estimate differences. For the sake of shorter formulas and clearer passages we will write

Fras, ), (5.2)

K () = (K] (), K (x) = F(K[G](x)), xeD;
7 = / / K! () VP () dS! (y)ds, T = / / K? (3) VP.oh () (7) dyds,
Ty = /0 /D K’ (y) VP.o ()@ (y) dyds, T4 = /0 /D K, () VP-4 () G, (y) dyds,

- /0 ’ /D K, () Vo () & (3) dyds.

Notice that 7; and T'5 coincide with the terms of the difference in (5.2), therefore the
latter vanishes if [Ty — T3|,|T> — Ts|,|T5 — T4|,|Ts4 — Ts| do so. The first difference is the
harder one, since it involves the pointwise difference between the empirical measure and its
regularization:

T1—T2|:|/ S WK (K (5)) VP (¥ (5))ds

0 jean(s)

_/o / K! (2) VP (2) pe (2,2} () dzds

i€EA"(s
< (||wouuw> 8l o1 o)

. sup / IK? () VP (y) — K () VP26 (2) | pe (2.3) dz,
t€[0,1], /D
yeD

< sup / K" () VP.6 () — K (1) VP (3) | pe (2,3) de
i€(0,1),/p
yeD

+ sup / K (2) VP-(y) — KI'(2) VP (2)] p- (2.y)dz.
t€[0,1],/D
yeD

From there, since F is Lipschitz continuous, and applying the pointwise estimate on heat
kernel (2.4),
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; 1,

1=l S sup [ VPl by =2l KLl 2o/
t€[0,1],/D €
yeD

n 1 —vI%/(c

+ sup /IIVPsczSIIa(D) v = 2l 1K @]l py — € )z
te[O,_l], D £
yeD

n 1 — 2 ce
S o 1 ¥ P
r€l0,1],/D €

yeD

1 ,_p P—a.s.
S [[] Py sup ||wn||11)>([0,1];nnm)/|y—z‘7e‘z YWee) g, 205 .
yeD,neEN D €

The other differences now are controlled by the almost sure convergence assumption and func-
tional analytic estimates already repeatedly applied. Bounding

t
>~ Ty <M /0 / VPl e (3) — 2 () dyds
D

SJS,I%M ||¢H7—[S+2w’ |wn _"DHD([OJ];Hnw)v

t
T3~ T4 S / /D IVPll ey sl ey 1K 2] () — K [] () s

Sﬂ?,p HVP5¢||C(D) ||wH]D)([O,l];H"’F) HK| Hn"»—H1+1Lp ||wn — (:}H]D)([O,l];ﬂmﬁ) 5
Ty —Ts| < M”@HD([OJ];C(D)) ||V(I_P€)¢HC(D)
fm,p,M ”‘DHID)([O,I];HW’) |(1_P5)¢||HS+2”’/

% s+2)/2
= @llngo,1y:20m) H(I—PE)(H-A,,/)( +2)/ ci)‘

v’

it is clear that differences on the right-hand side converge P-almost surely to 0 as n — co.

5.3.5. Removing the cutoff. =~ The argument detailed so far implies that the limit @ is a
weak solution, thus the unique weak solution of the cutoff PDE (c-NNS). However, by
proposition 2.13 (second statement) it is now possible to choose M large enough so that
KON oo (j0,17,100) <M, so that F(K[@]) = K[&] and thus & = w is actually the unique weak
solution of the PDE (NNS) without cutoff. This concludes the proof of the first part of
lemma 5.2.

6. General initial and boundary data

In this section we provide a brief description of changes to the above arguments required to deal
with general boundary data wy € Lip(D) and g € B,([0,1] x OD), dropping the non-negativity
assumption. The idea is simply to divide boundary data into positive and negative parts, and
to consider particle and PDE dynamics for the two parts, properly taking into account their

interactions.
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6.1. Splitting of PDE and particle dynamics

Let us set
wi =wo V0, wy =(-wo)VO0, g'x):=g(x)V0, g (x):=(—gx))VO.
The limit dynamics (NNS) is then equivalent to a coupled system of PDEs,

wt+Kwtr —w™]-Vwt =vAw™, inDx|0,7T],
Ow™ +Kwt —w |- Vw™ =vAw™, inDx[0,T],
Vw™ - Vw™ =g, in D x (0,7T),

6.1)
=",
wr(0)=w, w (0)=w,, inD.

>

The notion of weak solution to the latter system is completely analogous to the one of definition
2.10. Moreover, a couple (w™,w™) is a weak solution of the system above if and only if the
couple (w =w™t —w™,w™) is a weak solution of

Ow+K|[w]-Vw=vAw, inDx[0,7T],

Owt +K[w]-Vwt =vAw™, inDx[0,7T],
Vw-i=g, Vwh-n=gT, in 9D x (0,7T),
w(0)=wy, wt(0)=wi, inD.

6.2)

Well-posedness of (6.2) follows easily from proposition 2.12. Therefore, also (6.1) is well
posed in D([0, T]; L*(D)?).
As for the approximating dynamics, coherently with notation of section 3.1, we define

6.3)

1

it fQ;’ wa': (x)dx =
[y gt ()dsdor () 2>

From our assumptions on the boundary data and on the mesh of the grid, it follows that w:”i <

niz uniformly ini = 1,...,N, for all n. We introduce two mutually independent sequences of

independent F-Brownian motions (B"*);cy and particles with positions x;”i (¢) satisfying the
following evolution equations: for ¢ > ¢/,

t
E@ - = / F Z WK, (xl’-"i (s) " (s))
p

i JEA™ (s)

J J

t
—wl K, (x;”i (s8),x7~ (s)) ds+ \/21// dBiF — K (1),
3

t t
650 = [ A6 AR, 16510 = [ o copdF] ),

i

where k;"i are continuous, adapted, R2-valued processes with bounded variation trajectories,
whereas for 7 < 2, x"* (1) = (" and k" (r) = 0. Well-posedness of this particle system follows
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from the same arguments proving proposition 3.1. Similarly to section 4 we introduce the
empirical measures

= Y W F e,

i€A" (1)

and the regularized empirical measures

Wit () =PSIT = > W p (P (1), xeD.
i€A" (1)

The following statement extends theorem 3.4 to the general case of wy, g not necessarily non-
negative.

Theorem 6.1. Let p>2, > <a <1, e=¢e(n) Zn '/ and wy € Lip(D), g € B,([0,1] x
OD). There exists M > 0 (only depending on wy, g) such that for everyn € (2/p, ), asn — oo,
the stochastic process (W, w™™) converges in probability on D([0,T]; H"P x HP) to the
unique weak solution of (6.1), therefore W™+ — W™ converges in the same topology to the
unique solution of (NNS).

6.2. Uniform estimates for split dynamics

The regularized empirical measures satisfy the integral equations and the mild formulations
below:

Wi E (x) —wp® Z W Epe (x, 0 )—|—1// Aw™* (x)ds

€AY (1

/ / ] () Ve (x,y) dSE () ds
+x@/ D WV pe (x0T (5)) dBIE (6.4)

i€A"(s)
,+ E =+
Wl () =Py (0 + Y M TPape (1))
€AY (1)

+ / P, / F (K [ — 7] (3)) Vipe (x,y) A (v) ds
+V2v / > WP Vype (x, 2 (5)) dBIE. (6.5)

i€A"(s)

In order to obtain the required compactness we need to show that

supE [ sup [l 3., | +supE sup Hw”’ 3400 | < Cgpvar  (6.6)
n t€[0,1]
n n— 1
|:Hw7'n+"_w7'n HZ—[*2,11:| +E |:| T,Jrr_w;,,, H;I.L—Lp] SM,q,p,u,a (rq/Z + nq) . (67)

The proof of these inequalities follows the same strategy described in section 4. Indeed, linear
terms, stochastic integrals and generation terms can be treated exactly as in the case of positive
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data. In fact, nonlinear terms present no additional difficulties and the crucial estimate for
» =1 the
U}

following chain of inequalities holds:

Z wf’iF(K [w?’Jr — wf’f] (x:”jE (s))) ~/Df(x) (I—|—Ap)0‘/2P,_sVypE (x,x?’i (s)) dx

i€An(s)
o 5 o[ )|
i€A(s)
S S WEP |V 4,0 f] (0 ()
i€A"(s)
- n:l:/pE 2 (5))’V(1+Ap,)a/2Pz—sf (x) dx
i€A"(s)

- / P ($"%) (0)|V (14 4,)* Py ()
D

n, 1
< et *ly [Va+ Ayt S =y 190 e

Then the proof of (6.6) follows exactly as in proposition 4.4. Similarly, in the proof of (6.7) the
only differences concern the nonlinear terms, and they can be handled with analogous simple
modifications.

Once uniform bounds are recovered, one can proceed to replicate the tightness argument
of section 5.1. Passing to the limit dynamics is similar to that explained in section 5.3, once
again we only outline the (slightly) different treatment required by nonlinear terms.

We consider the weak formulation satisfied by w/"*, 7 € [0, 1] and test functions (¢+,¢ ) €
HH2P 5 HH2P withsp’ >2, 1 <p’ <2,

7¢ > < nia¢i>
- Z W e () >+V/0<w§"i,Aqbi>ds
// Wi =Wl T ) (Vype (,3),0F)dSEE () ds
+\@/ > W (Ve (a0 (s)) 0%) - dBY. (6.8)
i€EAn s)

We stress once again that linear terms, stochastic integrals and generation terms present no

changes with respect to section 5.3. Since (by means of a Skorohod argument) we can assume
a

that w™* " %" w* in D([0,1];H"") for all 1% < n, and by the properties of the Biot-Savart
Kernel,

=K [w""Jr - w"’j Fas g [w+ — uf] =:u inD ([O7 1]; ! (D;Rz)) .
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A careful analysis of computations in section 5.3 reveals that only the terms |75 — 75|,
and |T3i — Tf| are affected by the generalization to the coupled positive-negative system.
However, only little changes are needed:

t
ITE -1 = / Z Wl EF (W (X (5))) VPeo™ (3 (5)) ds
0 jean(s)
1
~[X i [ P @) VP @ (e ) deds
0 jcan(s) D
< / IF (! (5) VPo* (3) — F (i (2)) VP-* (2)| p= (2.7) e
te[0,1],J D
yeD
< / |F (! (5) VPok (3) — F(u? (2) VP (3) | pe(2.y)de
€[0,1], /D
yeD
# s [ ) TP (0) @) TP (el
te(0,1],J D
yeD
. | TN
S sup [ IVPe6* g b~y 2/
€[0,1],JD €
yeD
n 1 — 2 CE
b sup [ 1920 b2l [0y 2z
1€[0,1],JD €
yeD
n 1 —v|?/(c
< sup /H(Zbi’;._[s+2,/,/|y—z| ||”z||cl([)) — el /(=) gz
t€[0,1], /D €
yeD
+ n, n,— P—a.s.
S ppsznr sup [l " —w ||D([o,1];mm) >0,
yeD,neN

1
78-S [ 9P e o e e 0) = s
< vaf@bi”c([)) HwiHD([o,l];Hv»ﬂ) (1Kl —sms10

(ot -

n.— _ P—a.s.
w+”]]])([0,1};7—[”=1’) " —w HD([O,I];HW)) — 0

The remaining passages then coincide with the non-negative case discussed above.
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