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Abstract
Let f be a holomorphic automorphism of a compact Kähler manifold with simple action on
cohomology and μ its unique measure of maximal entropy. We prove that μ is exponentially
mixing of all orders for all d.s.h. observables, i.e., functions that are locally differences of
plurisubharmonic functions. As a consequence, every d.s.h. observable satisfies the central
limit theorem with respect to μ.

Keywords Kähler manifolds · Equilibrium measure · Exponential mixing · Central limit
theorem · Super-potentials
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1 Introduction

Let (X , ω) be a compact Kählermanifold of dimension k and f a holomorphic automorphism
of X .We refer to [8, 10, 16, 19] for the general properties of suchmaps. In particular, f admits
a unique invariant probability measureμ of maximal entropy, called the equilibrium measure
of f . A natural question is then to study the statistical properties ofμ. From [16, 19] we know
that μ is mixing. In general, the control of the speed of mixing is a challenging problem. The
major difficulties in this setting are the presence of both attractive and repelling directions
and the non uniform hyperbolicity of the system. The main goal of this work is to prove
that the measure μ, under suitable assumptions on the automorphism f , is exponentially
mixing of all orders with respect to a large class of observables which are naturally adapted
to holomorphic dynamics. As a consequence, we obtain that the central limit theorem, another
largely studied statistical property of dynamical systems, is satisfied for this large class of
observables.

The simplest holomorphic dynamical systems displaying both the difficulties above are
given by complex Hénon maps, see, e.g., [1, 2, 23]. In this case, the exponential mixing
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for two Hölder-continuous observables was first established by Dinh in [14]. It was recently
extended by Bianchi and Dinh in [5] to any number of observables, and by the authors in
[26, 30] to all plurisubharmonic (p.s.h.) observables. We also refer to [9, 31] for the case of
generic birational maps of P

k and to [4, 20] for the case of holomorphic endomorphisms of
P

k .

On a compact Kähler manifold, p.s.h. functions are constant. So we consider in this
paper quasi-p.s.h. observables, i.e., functions which are locally differences of a p.s.h. and a
smooth function, and d.s.h. observables, i.e., functions which are differences of two quasi-
p.s.h. functions, see also [17] and Sect. 2.1. In order to prove the mixing, we will need the
following quantitative approximation for bounded quasi-p.s.h. functions, which is our first
main result. See Definition 2.3 for the definition of the norm ‖ · ‖qpsh.
Theorem 1.1 Let (X , ω) be a compact Kähler manifold and ϕ a bounded quasi-p.s.h. func-
tion. There exist constants c depending only on (X , ω) and cm depending on (X , ω) and
m ≥ 1 such that, for every 0 < ε ≤ 1/2, there exists a smooth function ϕε with ϕε ≥ ϕ and
such that:

(i) ‖ϕε‖qpsh ≤ c‖ϕ‖qpsh;
(ii) ‖ϕε − ϕ‖L1(ωk ) ≤ −c‖ϕ‖qpsh/ log ε;
(iii) ‖ϕε‖C m ≤ cm‖ϕ‖qpshε−m(− log ε)m−1 for every integer m ≥ 1.

This result is a quantified version of a particular case of the results obtained in [7]. See also
[21, Theorem 2.1], of which we will follow the proof, for the case of more regular functions.
Observe that in Theorem 1.1 ϕ may even not be continuous, and so a uniform approximation
is not possible. We have instead an estimate in L1(ωk), see also Lemma 2.2, and Proposition
3.3 for the application to the dynamic.

We now move to the dynamical results. We denote by f n the n-th iterate of f . For
0 ≤ q ≤ k, the dynamical degree of order q of f is the spectral radius of the pull-back
operator f ∗ acting on the Hodge cohomology group Hq,q(X , R). It is denoted by dq( f ), or
simply by dq if there is no confusion. By Poincaré duality, the dynamical degree dq of f is
equal to the dynamical degree dk−q( f −1) of f −1. We have d0 = dk = 1 and dq( f n) = dn

q
for all q .

A theorem by Khovanskii [27], Teissier [28], and Gromov [24] implies that the sequence
q �→ log dq is concave. So, there are integers 0 ≤ p ≤ p′ ≤ k such that

1 = d0 < · · · < dp = · · · = dp′ > · · · > dk = 1.

We assume that f has simple action on cohomology, i.e., that we have p = p′ and f ∗,
acting on H p,p(X , R), admits only one eigenvalue of maximal modulus dp . We call dp the
main dynamical degree of f .

The following is our second main result, which settles the problem of mixing for d.s.h.
observables on compact Kähler manifolds. See Sect. 3.1 for the precise choice of δ′.
Theorem 1.2 Let f be a holomorphic automorphism of a compact Kähler manifold (X , ω)
of dimension k. Assume that f has simple action on cohomology, let μ be its equilibrium
measure and dp be its main dynamical degree. Then, μ is exponentially mixing of all orders
for all observables in DSH(X). More precisely, there exists 0 < δ′ < dp such that for every
δ′ < δ < dp, every integers κ ∈ N

∗, 0 = n0 ≤ n1 ≤ · · · ≤ nκ and every ϕ0, ϕ1, . . . , ϕκ ∈
DSH(X), we have
∣
∣
∣
∣
∣
∣

∫

ϕ0(ϕ1 ◦ f n1 ) · · · (ϕκ ◦ f nκ ) dμ −
κ

∏

j=0

∫

ϕ j dμ

∣
∣
∣
∣
∣
∣

≤ Cδ,κ

(
δ

dp

)min0≤ j≤κ−1(n j+1−n j )/2 κ
∏

j=0

‖ϕ j ‖DSH,
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where Cδ,κ > 0 is a constant independent of n1, . . . , nκ , ϕ0, . . . , ϕκ .

We refer to [3, 13] for the more regular case of C 2-continuous observables and to [25] for
the case κ = 1. Observe that all d.s.h. functions are in Ls(μ) for every s ≥ 1 [20], hence all
the integrals above are well defined.

Our proof in [30] for the case of Hénonmaps relies on precise estimates for p.s.h. functions
and on the homogeneous structure of P

2. As non-trivial p.s.h. functions do not exist on
compact Kähler manifolds, both these ingredients are not available now. Instead, we will
make a crucial use of the theory of super-potentials by Dinh and Sibony [18, 19], which
permits to quantify the regularity of currents of arbitrary bidegree when seen as operators on
appropriate spaces of forms.

Moreover, as in [30] we will have to regularize d.s.h. functions. On a Kähler manifold,
this yields an additional factor that needs to be carefully estimated, see Proposition 3.6 and
Lemma 3.7. This difficulty is new both with respect to [3] and [30].

A consequence of mixing is that all d.s.h. observables satisfy the central limit theorem.
More precisely, fix an observable ϕ ∈ DSH(X) and set Sn(ϕ) := ϕ +ϕ ◦ f +· · ·+ϕ ◦ f n−1.
By Birkhoff’s ergodic theorem, we have n−1Sn(ϕ)(x) → 〈μ, ϕ〉 for μ-almost every x ∈ X .
As in [30], the following control of the rate of the convergence is a consequence of Theorem
1.2 and [30, Theorem 4.1], which is an adapted version of the criterion in [6].We letN(0, σ 2)

denote the Gaussian distribution with mean 0 and variance σ 2 (when σ = 0, we mean that
N(0, σ 2) is the trivial point distribution at 0).

Corollary 1.3 Let X , f and μ be as in Theorem 1.2. Then, every ϕ ∈ DSH(X) satisfies the
central limit theorem with respect to μ. Namely, we have

Sn(ϕ) − n〈μ, ϕ〉√
n

−→ N(0, σ 2) as n → ∞ in law,

where

σ 2 := lim
n→∞

1

n

∫
(

Sn(ϕ) − 〈μ, ϕ〉)2 dμ.

Notations. The symbols � and � stand for inequalities up to a positive multiplicative con-
stant, and a subscript means that said constant can depend on some variables, e.g., �t means
that the implicit constant can depend on the variable t . The pairing 〈·, ·〉 is used for the inte-
gral of a function with respect to a measure or, more generally, the value of a current at a
test form. The mass of a positive closed current S of bidegree (q, q) on a compact Kähler
manifold (X , ω) of dimension k is defined as ‖S‖ := 〈S, ωk−q〉. If U is an open set in C

k ,
we denote by bU the topological boundary of U , i.e., bU := U\U .

2 Preliminaries

2.1 Quasi-plurisubharmonic and d.s.h. functions

We fix in this section a compact Kähler manifold (X , ω). A function ϕ : X → R ∪ {−∞}
is called quasi-plurisubharmonic (quasi-p.s.h. for short) if, locally, it is the difference of a
p.s.h. function and a smooth one. A function ϕ : X → R ∪ {±∞} is d.s.h. [12, 17] if it is
the difference of two quasi-p.s.h. functions outside of a pluripolar set. Denote by DSH(X)
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the space of d.s.h. functions on X . If ϕ is d.s.h., there are two positive closed (1, 1)-currents
R± on X such that ddcϕ = R+ − R−. As these two currents are cohomologous, they have
the same mass. We define a norm on DSH(X) by

‖ϕ‖DSH :=
∣
∣
∣
∣

∫

ϕ ωk
∣
∣
∣
∣
+ inf‖R±‖,

where the infimum is taken over all R± as above. We obtain an equivalent norm if, instead
of ωk , we take any measure ν that is PB, i.e., such that all d.s.h. functions are integrable with
respect to ν. We will need the following decomposition result for d.s.h. functions, see for
instance [17] and [30, Lemma 2.1].

Lemma 2.1 Let ϕ be a d.s.h. function on X with ‖ϕ‖DSH ≤ 1. There exist two functions ϕ+
and ϕ− which are quasi-p.s.h. and such that

ddcϕ± ≥ −Cω, ‖ϕ±‖DSH ≤ C, ϕ± ≤ 0, and ϕ = ϕ+ − ϕ−,

where C is a positive constant that depends on (X , ω) but is independent of ϕ.

Let ρ(z) := ρ̃(|z|) be a radial function on C
k such that

ρ̃ ≥ 0, ρ̃(t) = 0 for t ≥ 1, and
∫

Ck
ρ dLeb = 1.

For ε > 0, we set ρε(z) := ε−2kρ(z/ε). For every function u on an open set U ⊂ C
k and

every subset U ′ � U , define the convolution

uε(z) := (u ∗ ρε)(z) =
∫

|w|≤1
u(z − εw)ρ(w) dLeb(w) for z ∈ U ′ (2.1)

provided that 0 < ε < dist(U ′, bU ). If u is bounded, it follows from the definition that

‖uε‖C m (U ′) � ‖u‖L∞(U )ε
−m (2.2)

for every positive integer m. If u is p.s.h., then uε is also p.s.h. and uε is decreasing to u as
ε ↘ 0. We also have the following estimate.

Lemma 2.2 Let U ′ � U be open subsets of C
k and u a bounded p.s.h. function on U. For

every 0 < ε < dist(U ′, bU ), we have

‖uε − u‖L1(U ′,Leb) �U ,U ′ ‖u‖L∞(U )ε.

Proof The proof uses standard arguments, but we give it for the reader’s convenience. We
will proceed in three steps.

Step 1. For every compact set K ⊆ C and every finite positive measure ν onCwhose support
is compactly contained in a ball B of radius R containing K , we have that

∫

K

∣
∣uν(z − w) − uν(z)

∣
∣ dLeb(z) �K ,R ν(B)ε for every |w| ≤ ε, (2.3)

where uν(z) := ∫

C
log |z − ζ | dν(ζ ).

Proof of Step 1. We have the following estimate:
∫

K

∣
∣ log |z − w| − log |z|∣∣ dLeb(z) �K ε for every |w| ≤ ε.
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Combining it with the definition of uν , we get (2.3).

Step 2. For every open set V ⊆ C, every compact set K � V , and every function u which
is subharmonic and bounded in V , we have that

∫

K

∣
∣u(z − w) − u(z)

∣
∣ dLeb(z) �K ,V ‖u‖L∞(V )ε. (2.4)

Proof of Step 2. Assume without loss of generality that ‖u‖L∞(V ) = 1. Let Kη be the η-
neighborhood of K . Choose η sufficiently small to have K3η � V , and take χη a positive
smooth cut-off function with χη|K2η

≡ 1 and suppχη � K3η. Define ν to be equal to

χη · ddcu on V and to 0 outside of V . We have ν(B) �K ,η,V ‖u‖L∞(V ), where B is a large
ball containing K3η. Consider uν defined as in Step 1. Since ν satisfies the hypothesis of Step
1, uν satisfies inequality (2.3). An integration by parts gives

uν(z) =
∫

C

log |z − ζ |χη(ζ ) ddcu(ζ ) =
∫

C

δzχη(ζ )u(ζ )

+
∫

C

(

log |z − ζ |ddcχη(ζ )+d log |z − ζ | ∧ dcχη(ζ )+d χη(ζ ) ∧ dc log |z − ζ |
)

u(ζ ),

from which it follows that, for every z ∈ K2η, uν(z) − u(z) is equal to

∫

ζ∈K c
2η∩K3η

(

log |z − ζ |ddcχη(ζ ) + d log |z − ζ | ∧ dcχη(ζ ) + d χη(ζ ) ∧ dc log |z − ζ |
)

u(ζ ).

(2.5)

Differentiating (2.5) under the integral sign, we get ‖u − uν‖C 1(Kη) �K ,η 1. It follows that
∫

K

∣
∣(u − uν)(z − w) − (u − uν)(z)

∣
∣ dLeb(z) �K ,η ε for every |w| ≤ ε.

Writing u = uν + (uν − u), we then obtain (2.4).

Conclusion. Let u be as in the statement. Assumewithout loss of generality that ‖u‖L∞(U ) =
1.Denote byπ : C

k → C
k−1 the projection on the first k−1 coordinates and byπk : C

k → C

the projection on the last one. Take w ∈ C
k with |w| ≤ ε. Setting z = (ẑ, zk) with ẑ ∈ C

k−1

and zk ∈ C, taking R sufficiently large (depending on U and U ′), and assuming without loss
of generality that w has the form w = (0, wk), we have

∫

U ′

∣
∣u(z − w) − u(z)

∣
∣ dLeb(z)

≤
∫

D
k−1
R ∩π(U ′)

(
∫

πk

(

({ẑ}×C)∩U ′
)

∣
∣u(ẑ, zk − wk) − u(ẑ, zk)

∣
∣ dLeb(zk)

)

dLeb(ẑ)

�U ,U ′
∫

D
k−1
R ∩π(U ′)

ε dLeb(ẑ) ≤
∫

D
k−1
R

ε dLeb(ẑ) �U ,U ′ ε, (2.6)

where in the second inequality we used (2.4). The assertion follows from (2.6) and the
definition of uε. ��

We will use the following norm for bounded quasi-p.s.h. functions.

Definition 2.3 For every bounded quasi-p.s.h. functions ϕ, define the norm

‖ϕ‖qpsh := ‖ϕ‖∞ + min
{

c ≥ 0 | ddcϕ ≥ −cω
}

.
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We are now ready to prove Theorem 1.1. The second item corrects an inaccuracy in [25,
first inequality in (3.1)], which affects the estimate in [25, Lemma 3.2]. Those estimates
should be ‖φε − φ‖L1(ωk ) � −1/ log ε and |g(ε) − g(0)| � (−1/ log ε)α respectively.

Proof of Theorem 1.1. We follow the proof of [21, Theorem 2.1]. Fix a function ϑ ∈
C∞(R, R

+) with support in [−1, 1] such that
∫

R
ϑ(x)dx = 1 and

∫

R
xϑ(x)dx = 0. For

each 0 < ε ≤ 1 and each integer l ≥ 1, consider the function maxε : R
l → R defined by

maxε(t1, . . . , tl) :=
∫

Rl
max(t1 + x1, . . . , tl + xl)ε

−l
l

∏

i=1

ϑ(xi/ε)dx1 . . . dxl .

We will need the following properties of maxε, see [11, Lemma I.5.18] and [21, Lemma
2.2]. The notation (t1, . . . , t̂i , . . . , tl) below means that the component ti is omitted in the
expression.

Lemma 2.4 We have the following properties:

(a) maxε(t1, . . . , tl) is non-decreasing in all variables, smooth and convex on R
l ;

(b) max(t1, . . . , tl) ≤ maxε(t1, . . . , tl) ≤ ε + max(t1, . . . , tl);
(c) maxε(t1, . . . , tl) = maxε(t1, . . . , t̂i , . . . , tl) if ti + 2ε ≤ max(t1, . . . , t̂i , . . . , tl);
(d) maxε(t1 + a, . . . , tl + a) = maxε(t1, . . . , tl) + a for every a ∈ R;
(e) if u1, . . . , ul are p.s.h. functions defined on some domain D in C

n, then so is
maxε(u1, . . . , ul);

(f) if u1, . . . , ul are real-valued functions in Cm(D), where m ≥ 1 is an integer and D is a
domain in C

n, then there is a constant cl,m > 0 depending only on l, m and ϑ such that

‖maxε(u1, . . . , ul)‖C m ≤ ε + sup
1≤i≤l

‖ui‖∞ + cl,m

∑

ri j

ε1−
∑

ri j
∏

i, j

‖ui‖ri j

C j ,

the sum being taken over all ri j > 0 with 1 ≤ i ≤ l and j ≥ 1 such that
∑

jri j ≤ m.

We will also need the following lemma. Recall that uδ is the regularization given by
convolution, see (2.1).

Lemma 2.5 Let F : W → W ′ be a biholomorphic map between two open subsets W and
W ′ of C

n. Let u be a bounded p.s.h. function on W . Then, for every open set U � W we can
find a constant δU > 0 such that for every 0 < δ < δU , the function uF

δ := (u ◦ F−1)δ ◦ F
is well-defined on a neighborhood of U. Moreover, there are constants cW ,W ′,U > 0 and
cW ,W ′,U ,m > 0 (for integers m ≥ 1) such that, when 0 < δ < δU , we have

‖uF
δ −uδ‖L∞(U )≤cW ,W ′,U ‖u‖L∞(W )

1

| log δ| and ‖uF
δ ‖C m (U )≤cW ,W ′,U ,m‖u‖L∞(W )δ

−m .

Proof Since u is bounded, the first inequality follows from explicit estimates of the expres-
sions in the proof of [7, Lemma 4]. The second one is a direct consequence of the estimate
on the Cm-norm of the convolution and the fact that F is a diffeomorphism. ��

By linearity, up to rescaling we can assume ‖ϕ‖qpsh = 1. This implies ‖ϕ‖∞ ≤ 1
and ddcϕ ≥ −ω. Observe that it suffices to construct a smooth function ϕε with ddcϕε ≥
−(1 − c′/ log ε)ω and such that

ϕε ≥ ϕ + C

log ε
, ‖ϕε‖∞ ≤ c̃
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and

‖ϕε − ϕ‖L1(ωk ) ≤ −c/ log ε, ‖ϕε‖C m ≤ cmε−m(− log ε)m−1, (2.7)

where C, c, c̃ and c′ are constants that depend only on X and ω, while cm depends on X , ω

and m. Indeed, the function ϕε − C/ log ε will satisfy all the conditions in the statement of
Theorem 1.1.

Fix finite covers (Vj ) j∈J , (U j ) j∈J and (W j ) j∈J of X by local charts such that Vj � U j �
W j for every j ∈ J , for some finite index set J = {1, . . . , l}.

We can choose the W j ’s small enough, so that for each j ∈ J we can fix a smooth function
g j , defined on a small neighbourhood of W j , such that

ddcg j = ω on W j . (2.8)

Since the W j ’s depend only on X , we have ‖g j‖C 2(W j )
� 1, where the implicit constant

depends only on X and ω. Then the function

u j := ϕ + g j (2.9)

satisfies ‖u j‖L∞(W j ) � 1 and ddcu j = ddcϕ + ddcg j = ddcϕ + ω ≥ 0. So, u j is p.s.h. on
W j .

Let j, k ∈ J be such that U j ∩ Uk �= ∅. One can regularize the restriction u j |U j ∩Uk by
convolution in two ways.

The first one is to use the local chart of W j , i.e., W j will play the role of U in Lemma 2.2,
and we get a function u j,ε. The second way is to use the local chart of Wk .

Let F be the change of coordinates on W j ∩ Wk from the local chart of W j to the local
chart of Wk . Denote by uF

j,δ the function given by Lemma 2.5, which corresponds to the
regularization of u j using the local chart of Wk . We have

u j,ε − uk,ε = u j,ε − uF
j,ε + (u j − uk)ε on U j ∩ Uk,

where the term (u j − uk)ε is the regularization of u j − uk by convolution using the local
chart of Wk . Recall from (2.9) that u j − uk = g j − gk . This, together with the previous
equality and Lemma 2.5, implies

‖(u j,ε − uk,ε) − (g j − gk)‖L∞(U j ∩Uk ) � −1/ log ε. (2.10)

Fix a constant c > 0 large enough. For each j ∈ J , let η j be a smooth function defined
in U j such that η j = 0 on Vj and that η j = −c away from a compact subset of U j . We
have that ddcη j ≥ −c′ω for some constant c′ > 0. For each ε > 0 and j ∈ J , consider the
function

v j,ε := u j,ε − g j − η j/ log ε on U j . (2.11)

We set

ϕε := − 1

ε log ε
maxε

( − (ε log ε)v1,ε, . . . ,−(ε log ε)vl,ε
)

. (2.12)

Note that to define ϕε(x), x ∈ X , we remove −v j,εε log ε from the last formula if x /∈ U j .
From the definition of ϕε and Lemma 2.4 (b), we have ‖ϕε‖∞ � 1, where the implicit
constant depends only on X and ω. Observe also that, since u j,ε ≥ u j on U j , we have

v j,ε ≥ u j − g j − η j/ log ε ≥ ϕ + C/ log ε on U j

for some constant C > 0. By Lemma 2.4 (b), we get ϕε ≥ ϕ + C/ log ε.

123
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We will show that the function ϕε is smooth on X . For this purpose, we only need to
prove the property in a neighborhood of an arbitrary fixed point of X . Since each v j,ε is
well-defined and smooth on U j , using (2.12) and Lemma 2.4 (a), it is enough to prove the
following claim.

Claim 1. For all x ∈ U j close enough to bU j , we have

maxε

( − (ε log ε)v1,ε, . . . ,−(ε log ε)vl,ε
)

(x)

= maxε

( − (ε log ε)v1,ε, . . . , ¤−(ε log ε)v j,ε, . . . ,−(ε log ε)vl,ε
)

(x).

Proof of Claim 1 Let k ∈ J be such that x ∈ Vk . We deduce from (2.11) and the equality
ηk(x) = 0 that

vk,ε(x) = uk,ε(x) − gk(x).

The same argument using the equality η j (x) = −c gives

v j,ε(x) = u j,ε(x) − g j (x) + c/ log ε.

Putting the two last equalities together with (2.10), and using that c > 0 is large enough, we
get

vk,ε(x) ≥ v j,ε(x) − 2/ log ε.

This, combined with Lemma 2.4 (c), implies Claim 1. ��
The next claim gives the estimate of ddcϕε from below.

Claim 2.We have ddcϕε ≥ −(1 − c′/ log ε)ω.

Proof of Claim 2 It is enough to work in a small open set W in X . By Claim 1, we can remove
from the definition (2.12) of ϕε all functions −(ε log ε)v j,ε such that W �⊂ U j . So we have
W ⊂ U j for the indexes j considered below. Since u j is p.s.h., so is u j,ε. Therefore, we
deduce from (2.8) and (2.11) that

ddcv j,ε = ddcu j,ε − ω − ddcη j/ log ε ≥ −(1 − c′/ log ε)ω.

Choose a function g on W such that ddcg = −(ε log ε)(1 − c′/ log ε)ω. We deduce from
(2.12) and Lemma 2.4 (d) that

ϕε = − 1

ε log ε
maxε

( − (ε log ε)v1,ε + g, . . . ,−(ε log ε)vl,ε + g
) + 1

ε log ε
g.

Since −(ε log ε)v j,ε + g is p.s.h. on W , applying Lemma 2.4 (e) we obtain that ddcϕε ≥
−(1 − c′/ log ε)ω thus proving Claim 2. ��

We now conclude the proof of Theorem 1.1. By (2.9), (2.11) and Lemma 2.2, we get

‖ϕ − v j,ε‖L1(U j )
= ‖(u j − g j ) − (u j,ε − g j − η j/ log ε)‖L1(U j )

(2.13)

≤ ‖u j − u j,ε‖L1(U j )
− ‖η j‖∞/ log ε � −1/ log ε.
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Consider the partition of X given by the sets SJ ′ = ( ⋂

j∈J ′ U j
) ∩ ( ⋂

j /∈J ′ U c
j

)

, where J ′
varies among all subsets of J . We have

‖ϕ − max{v1,ε, . . . , vl,ε}‖L1(ωk ) =
∫

X
|ϕ − max{v1,ε, . . . , vl,ε}|dωk =

∑

J ′⊆J

∫

SJ ′
|ϕ − max

j∈J ′{v j,ε}|dωk

≤
∑

J ′⊆J

∫

SJ ′

⎛

⎝
∑

j∈J ′
|ϕ − v j ,ε |

⎞

⎠ dωk =
∑

J ′⊆J

∑

j∈J ′
‖ϕ − v j,ε‖L1(SJ ′ )

≤
∑

J ′⊆J

∑

j∈J ′
‖ϕ − v j ,ε‖L1(U j )

� −1/ log ε,

where at every point x ∈ X we take the maximum only over the functions v j,ε such that
x ∈ U j , and we used inequality (2.13) in the last step. This and Lemma 2.4 (b) prove the
first estimate in (2.7). For the second estimate, we deduce from Lemma 2.4 (f) that

‖ϕε‖C m = − 1

ε log ε

∥
∥maxε

( − (ε log ε)v1,ε, . . . ,−(ε log ε)vl,ε
)∥
∥
C m

� −1/ log ε + sup
1≤i≤l

‖vi‖∞ − 1

ε log ε

∑

ri j

ε1−
∑

ri j
∏

i, j

( − (ε log ε)‖vi‖C j

)ri j ,

(2.14)

the sum being taken over all ri j > 0 with 1 ≤ i ≤ l and j ≥ 1 such that
∑

jri j ≤ m. On
the other hand, by (2.2) and (2.11), we have

‖vi‖C j = ‖ui,ε − gi − ηi/ log ε‖C j � ε− j .

Inserting these estimates into (2.14), we obtain that ϕε satisfies the second inequality in (2.7).
The theorem follows. ��

A positive measure ν on X is said to be moderate if, for every bounded familyF of d.s.h.
functions on X , there exist constants α > 0 and c > 0 such that

ν
{

z ∈ X : |ψ(z)| > M
} ≤ ce−αM for every M ≥ 0 and ψ ∈ F ,

see [12, 20]. Moderate measures are PB. We have the following result, which is proven in
the case of P

k in [30, Lemma 2.3]. The same proof applies in the general case of compact
Kähler manifolds.

Lemma 2.6 Let ν be a moderate measure on X. There exists a constant α > 0 such that
for every q ≥ 1 there exists a constant Cq > 0 such that for every non-positive quasi-p.s.h.
function ϕ on X satisfying ‖ϕ‖DSH ≤ 1 and ddcϕ ≥ −ω, and for every N ≥ 0, we can write
ϕ = ϕ

(N )
1 + ϕ

(N )
2 , where ϕ

(N )
1 is quasi-p.s.h., with:

ddcϕ(N )
1 ≥ −ω, ‖ϕ(N )

1 ‖∞ ≤ N , and ‖ϕ(N )
2 ‖Lq (ν) ≤ Cqe−αN/q .

2.2 Super-potentials of currents on compact Kähler manifolds

Denote by Dq the real space generated by all positive closed (q, q)-currents on X . Define a
norm ‖ · ‖∗ on Dq by

‖�‖∗ := min
{‖�+‖ + ‖�−‖},

where the minimum is taken over all positive closed currents �± such that � = �+ −
�−. Observe that ‖�±‖ only depend on the cohomology classes of �± in Hq,q(X , R). In
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particular, if ϕ is such that ddcϕ ≥ −cω, by writing ddcϕ = (ddcϕ + cω) − cω we find
‖ddcϕ‖∗ ≤ 2c. It follows that for every bounded quasi-p.s.h. function ϕ we have

‖ddcϕ‖∗ ≤ 2‖ϕ‖qpsh.
We will consider the following topology onDq : given a sequence of currents (Sn)n≥0 and

a current S, we say that the Sn’s converge to S if they converge in the sense of currents and
‖Sn‖∗ is uniformly bounded. We call this topology the ∗-topology. By [15], smooth forms
are dense in Dq with respect to the ∗-topology. They are also dense in the space D0

q given by
those currents S ∈ Dq which are exact, i.e., whose cohomology class {S} in Hq,q(X , R) is
0.

For every 0 < l < +∞, denote by ‖·‖C l the standardC l norm on the space of differential
forms. We consider a norm ‖ · ‖C −l defined by

‖S‖C −l := sup
‖�‖C l ≤1

|〈S,�〉|,

where the supremum is on smooth (k−q, k−q)-forms� on X . Observe that, by interpolation
[29], for every 0 < l < l ′ < +∞ and m > 0 there exists a positive constant cl,l ′,m such that

‖S‖C −l′ ≤ ‖S‖C −l ≤ cl,l ′,m‖S‖l/l ′
C −l′ for all S such that ‖S‖∗ ≤ m. (2.15)

Remark 2.7 Observe that point (ii) in Theorem 1.1 implies

‖ϕε − ϕ‖C −2 � −‖ϕ‖qpsh/ log ε and ‖ddcϕε − ddcϕ‖C −2 � −‖ϕ‖qpsh/ log ε.

Following [18, 19], we now recall the definition of the super-potential of a current S ∈ Dq .
Fix a basis {α} := {{α1}, . . . , {αt }

}

of Hq,q(X , R). We can take all the α j ’s to be smooth.
For any R ∈ D0

k−q+1, there exists a real (k − q, k − q)-current UR such that ddcUR = R.
We call UR a potential of R. After adding some smooth real closed form to UR , we can
assume that UR is α-normalized, i.e., that 〈UR, α j 〉 = 0 of all 1 ≤ j ≤ t . We can choose UR

smooth if R is smooth. The α-normalized super-potential US of S is the linear functional on
the smooth forms in D0

k−q+1 which is defined by

US(R) := 〈S, UR〉.
Note that US(R) does not depend on the choice of UR .

We say that S has a continuous super-potential if US can be extended continuously to a
linear functional on all of D0

k−q+1 with respect to the ∗-topology. If S ∈ D0
q , then US does

not depend on the choice of α. If S is smooth, then it has a continuous super-potential and
for every R ∈ D0

k−q+1 we have US(R) = UR(S), whereUR is the super-potential of R. The
equality still holds if we only assume that S has a continuous super-potential, see [19].

Definition 2.8 Take S ∈ Dq . For l > 0, 0 < λ ≤ 1, and M > 0, we say that a super-potential
US of S is (l, λ, M)-Hölder-continuous if it is continuous and we have

|US(R)| ≤ M‖R‖λ
C −l for every R ∈ D0

k−q+1 with ‖R‖∗ ≤ 1.

If S is such thatUS is (l, λ, M)-Hölder-continuous, (2.15) implies thatUS is also (l ′, λ′, M ′)-
Hölder-continuous for every l ′ > 0 and some constantsλ′ and M ′ which depend onλ, M, l ′, l,
but are independent of S. Definition 2.8 does not depend on the normalization of the super-
potential.
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3 Mixing for d.s.h. functions

In this section, we are going to prove Theorem 1.2. We follow the general strategy of [30],
but we cannot use results about p.s.h. functions in the Kähler setting. We use instead the
techniques from Sect. 2.

3.1 Mixing for bounded quasi-p.s.h. functions

Recall that f is a holomorphic automorphism of X with simple action on cohomology and dp

is its main dynamical degree. We fix a constant max{dp−1, dp+1} < δ0 < dp such that all the
eigenvalues of f ∗ acting on H p,p(X , R), except for dp , have modulus smaller than δ0. We
call δ0 the auxiliary dynamical degree of f . We denote by μ the equilibrium measure of f .
From [16, 19] we know that μ is the intersection of a positive closed (p, p)-current T+ and
a positive closed (k − p, k − p)-current T− (the Green currents of f and f −1, respectively).
We have f ∗(T+) = dpT+ and f∗(T−) = dpT−. Moreover, for every positive closed (p, p)-
current (respectively, (k−p, k−p)-current) S ofmass 1,we have that d−n

p ( f n)∗(S) converges

to T+ (respectively, d−n
k−p f n∗ (S) converges to T−). We also have that T+ (respectively, T−) is

the unique positive closed current in the class {T+} (respectively, {T−}).
By [19, Theorem 4.4.2], we have thatμ has a (2, M, r)-Hölder-continuous super-potential

for some M > 0 and 0 < r ≤ 1. We fix

δ′ := d
1

r+1
p δ

r
r+1
0 .

Observe that δ0 < δ′ < dp . For δ′ < δ̃ < dp we have

δ̃/dp > (δ0/dp)
r

r+1 .

We will prove the mixing with rate (δ/dp)
r

2(r+1) for every δ0 < δ < dp . From the above
inequality, this implies Theorem 1.2 with our choice of δ′.

Remark 3.1 One can actually prove that r ≥ 1

8

(
log(dp/δ

′′)
log(dp/δ′′) + log A

)2

,where A = ‖ f ∗‖C 1

and δ′′ is any real number between δ0 and dp , see for instance [19, Proposition 3.4.2 and
Lemma 4.2.5]. Hence, r depends only on the dynamical degrees and the Lipschitz constant
of f . In particular, it can be taken to depend continuously on f .

We start with establishing a weaker version of Theorem 1.2 for bounded quasi-p.s.h.
functions.

Proposition 3.2 For every δ0 < δ < dp and every κ ∈ N
∗ there exists a constant Cκ,δ > 0

such that, for every κ +1 bounded quasi-p.s.h. functions g0, g1, . . . , gκ , and every 0 = n0 ≤
n1 ≤ · · · ≤ nκ , we have

∣
∣
∣
∣
∣
∣

∫

g0(g1 ◦ f n1 ) · · · (gκ ◦ f nκ ) dμ −
κ

∏

j=0

∫

g j dμ

∣
∣
∣
∣
∣
∣

≤ Cκ,δ

(
δ

dp

) r
2(r+1) min0≤ j≤κ−1(n j+1−n j ) κ

∏

j=0

‖g j ‖qpsh .

Observe that, by linearity, Proposition 3.2 also holds if we assume that either g j or −g j

is quasi-p.s.h. for every j . Observe also that, since for every C 2-continuous function g we
have ‖g‖qpsh � ‖g‖C 2 , Proposition 3.2 is already stronger than [3, Theorem 1.2].

We will need the following version of Theorem 1.1 (ii), where ωk is replaced with μ.
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Proposition 3.3 Let ϕ a bounded quasi-p.s.h. function on X and ϕε the functions given by
Theorem 1.1 for 0 < ε ≤ 1/2. We have

‖ϕε − ϕ‖L1(μ) � ‖ϕ‖qpsh(−1/ log ε)r ,

where the implicit constant depends only on (X , ω).

Proof By linearity, up to rescaling we can assume ‖ϕ‖qpsh = 1 without loss of generality.
We have

‖ddcϕ‖∗ � 1 and ‖ddcϕε‖∗ ≤ 2‖ϕε‖qpsh � 1.

Since ϕε ≥ ϕ, we have

‖ϕε − ϕ‖L1(μ) = 〈μ, ϕε − ϕ〉 = 〈S, ϕε − ϕ〉 + 〈ωk, ϕε − ϕ〉, (3.1)

where S := μ − ωk ∈ D0
k . We just have to bound the two terms of the sum in the right hand

side of (3.1). Theorem 1.1 gives

|〈ωk, ϕε − ϕ〉| = ‖ϕε − ϕ‖L1(ωk ) � −1/ log ε � (−1/ log ε)r ,

where the last inequality is true because ε ≤ 1/2 implies −1/ log ε � 1.
For the other term, sinceμ has a (2, M, r)-Hölder-continuous super-potential, then S has a

(2, M ′, r)-Hölder-continuous super-potential for some M ′ > 0. Using {S} = 0 and Remark
2.7, we deduce that

|〈S, ϕε − ϕ〉| = |US(ddcϕε − ddcϕ)| � ‖ddcϕε − ddcϕ‖r
C −2 � (−1/ log ε)r .

This concludes the proof. ��

Consider now the Kähler manifold X × X equipped with the Kähler form ω̃ = π∗
1ω +

π∗
2ω, where π1, π2 are the canonical projections of X × X onto its factors. Define a new

automorphism of X × X by

F(z, w) := (

f (z), f −1(w)
)

.

Using Künneth formula, one can show that the dynamical degree of order k of F is equal to
d2

p (see also [13, Section 4]), which is an eigenvalue of multiplicity 1 of F∗, and that all the
others dynamical degrees and the eigenvalues of F∗ on Hk,k(X × X , R), except for d2

p , are
strictly smaller than dpδ0. Hence F and dpδ0 satisfy the same conditions as f and δ0.

One can see that the Green (k, k)-currents of F and F−1 are T+ := T+ ⊗ T− and
T− := T− ⊗ T+ respectively (see [22, Section 4.1.8] for the tensor product of currents) and
that they satisfy

F∗(T+) = d2
pT+ and F∗(T−) = d2

pT−.

In particular, they have (1, λ, M)-Hölder-continuous super-potentials for some M > 0 and
0 < λ ≤ 1, see [19, Lemma 4.2.5]. Let � denote the diagonal of X × X . Then [�] is a
positive closed (k, k)-current on X × X .

When proving Proposition 3.2, we can assumewithout loss of generality that ‖g j‖qpsh ≤ 1
for every j , which implies ‖g j‖∞ ≤ 1 and ddcg j ≥ −ω. Applying Theorem 1.1 and
Proposition 3.3 with ε sufficiently small, we can assume that the g j ’s are smooth with

‖g j‖C 2 ≤ −ε−2 log ε � ε−3. (3.2)
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One can check that ε can be chosen to satisfy

− 1

log ε
= min

{(
δ0

dp

) 1
2(r+1) max0≤ j≤κ−1(n j+1−n j )

,
1

log 2

}

. (3.3)

Let j0 be such that n j0+1 − n j0 = max0≤ j≤κ−1{n j+1 − n j }. On X × X , we define

G j (z, w) := g j (w) for j ≤ j0 and G j (z, w) = g j (z) for j ≥ j0 + 1.

Notice that the G j ’s are smooth for every j , they satisfy ‖G j‖∞ = ‖g j‖∞ ≤ 1 and
‖G j‖C 2 � ‖g j‖C 2 � ε−3. Since ddcg j ≥ −ω for every j , we also have that ddcG j ≥ −ω̃.

Set l j := n j0 −n j for j ≤ j0 and l j := n j −n j0+1 for j ≥ j0+1, and set G̃ j := G j ◦ Fl j

for every j . Define the auxiliary quasi-p.s.h. function � on X × X by

� := �n0,...,nκ =
κ

∑

j=0

(

(κ + 1)G̃ j + κ

2
G̃2

j

)

+
κ

∏

j=0

G̃ j . (3.4)

As in [30], this function will play a very important role in the proof of Proposition 3.2. We
have the following estimate for ddc�.

Lemma 3.4 We have

ddc� �κ −
κ

∑

j=0

(Fl j )∗ω̃,

where the implicit constant is independent of n1, . . . , nκ , g0, . . . , gκ .

Proof Remember that the inequality i∂(g ± h)∧ ∂(g ± h) ≥ 0, which is valid for all smooth
functions g and h, implies

± (i∂g ∧ ∂h + i∂h ∧ ∂g) ≥ −(i∂g ∧ ∂g + i∂h ∧ ∂h). (3.5)

From (3.5), it follows that we have

i∂∂� =
κ

∑

j=0

i∂∂G̃ j

⎛

⎝κ + 1 + κG̃ j +
∏

s �= j

G̃s

⎞

⎠ + κ

κ
∑

j=0

i∂G̃ j ∧ ∂G̃ j +
∑

j �=s

⎛

⎝i∂G̃ j ∧ ∂G̃s
∏

t �= j,s

G̃t

⎞

⎠

≥
κ

∑

j=0

i∂∂G̃ j

⎛

⎝κ + 1 + κG̃ j +
∏

s �= j

G̃s

⎞

⎠ +
κ

∑

j=0

i∂G̃ j ∧ ∂G̃ j

⎛

⎝κ −
∑

s �= j

⎛

⎝
∏

t �= j,s

|G̃t |
⎞

⎠

⎞

⎠ . (3.6)

Using the fact that ‖G j‖∞ = ‖g j‖∞ ≤ 1 and ddcG j ≥ −ω̃ for every j , we get

κ
∑

j=0

i∂∂G̃ j

⎛

⎝κ + 1 + κG̃ j +
∏

s �= j

G̃s

⎞

⎠ +
κ

∑

j=0

i∂G̃ j ∧ ∂G̃ j

⎛

⎝κ −
∑

s �= j

⎛

⎝
∏

t �= j,s

|G̃t |
⎞

⎠

⎞

⎠

≥
κ

∑

j=0

i∂∂G̃ j

⎛

⎝κ + 1 + κG̃ j +
∏

s �= j

G̃s

⎞

⎠ �κ −
κ

∑

j=0

(Fl j )∗ω̃. (3.7)

The assertion follows from (3.6) and (3.7). ��
We have the following estimate for the function �.

Lemma 3.5 We have ‖ddc� ∧ T+‖∗ ≤ cκ for some constant cκ > 0 which is independent
of n1, . . . , nκ , g0, . . . , gκ .
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As in [30, Lemma 3.4], a delicate point in Lemma 3.5 is the independence of cκ from
the n j ’s. Here, we will see explicitly the crucial role of the assumption of simple action on
cohomology, which was implicitly used in [30] as every Hénon-Sibony map satisfies this
condition.

Proof of Lemma 3.5. We deduce from Lemma 3.4 and the positivity of T+ that we have

ddc� ∧ T+ �κ −
κ

∑

j=0

(Fl j )∗ω̃ ∧ T+ =: −�. (3.8)

We will show that, for every j , the mass of (Fl j )∗ω̃ ∧ T+ is bounded independently of
n1, . . . , nκ . Using that F∗(T+) = d2

pT+, we have

(Fl j )∗ω̃ ∧ T+ = d
−2l j
p (Fl j )∗(ω̃ ∧ T+). (3.9)

Ifm ≥ 0 is themultiplicity of dk+1(F) as an eigenvalue of F∗ acting on Hk+1,k+1(X ×X),
for every current R in Dk+1(X × X) we have ‖(Fn)∗(R)‖∗ � nmdk+1(F)n‖R‖∗. Since
dk+1(F) ≤ dp max{dp+1( f ), dp−1( f )} < dpδ0, we get ‖(Fn)∗(R)‖∗ � (dpδ0)

n‖R‖∗. For
every j , it follows that we have

∥
∥(Fl j )∗(ω̃ ∧ T+)

∥
∥ � (dpδ0)

l j ‖ω̃ ∧ T+‖∗ � (dpδ0)
l j . (3.10)

We can write ddc� ∧ T+ as (ddc� ∧ T+ + c̃κ�) − c̃κ�, which is the difference of two
positive currents, where c̃κ is the implicit constant in (3.8). Since ddc� ∧ T+ is exact, the
mass of ddc� ∧ T+ + c̃κ� is equal to ‖c̃κ�‖. Hence, combining (3.9) and (3.10) and using
the definitions of � and ‖ · ‖∗ gives the statement. ��

Let now S be a fixed positive closed (k, k)-current of mass 1 on X × X . We will need the
following estimate, see also [25, Proposition 3.3].

Proposition 3.6 Let S be a positive closed (k, k)-current such that Sn := d−2n
p Fn∗ (S) con-

verges to T−. There exists a constant cκ > 0, independent of the g j ’s and the n j ’s, such that
for all n we have

|〈Sn ∧ T+,�〉 − 〈T− ∧ T+,�〉| ≤ −cκnκ (δ0/dp)
n log ε,

where ε is as in (3.3).

Proof By definition of super-potentials, we have

〈Sn ∧ T+,�〉 − 〈T− ∧ T+,�〉 (3.11)

= USn (dd
c� ∧ T+) − UT−(ddc� ∧ T+) + 〈Sn, K 〉 − 〈T−, K 〉

where K is a smooth closed (k, k)-form such that �T+ − K is a normalized potential of
ddc� ∧ T+.

By Lemma 3.5, we may assume ‖ddc� ∧ T+‖∗ ≤ 1. Since ‖G j‖C 2 � ε−3 by (3.2), we
have

‖�‖C 2 �κ ε−3(κ+1)
k

∏

j=0

Cl j � ε−3(κ+1)C (κ+1)nκ ,

where C = max{‖F‖C 2 , 1}. Then we deduce from [19, Proposition 3.4.2] that ddc� ∧ T+
has a

(

2, λ, MκC (κ+1)nκ ε−3(κ+1)
)

-Hölder-continuous super-potential for some Mκ > 0 and
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0 < λ ≤ 1. Thus, applying [25, Proposition 2.4] with MκC (κ+1)nκ ε−3(κ+1) instead of ε−2,
yields

∣
∣USn (dd

c� ∧ T+) − UT−(ddc� ∧ T+)
∣
∣ �κ −nκ (δ0/dp)

n log ε. (3.12)

Note that ‖�‖∞ �κ 1. From the same proof of [25, Lemma 3.1], we get

∣
∣〈Sn, K 〉 − 〈T−, K 〉∣∣ � (δ0/dp)

n . (3.13)

Combining (3.11), (3.12) and (3.13), we conclude

|〈Sn ∧ T+,�〉 − 〈T− ∧ T+,�〉| �κ −nκ (δ0/dp)
n log ε + (δ0/dp)

n � −nκ (δ0/dp)
n log ε.

The proof is complete. ��

Using the invariance of μ, the inequality of Proposition 3.2 does not change if we replace
n j by n j − 1 for j �= j0 and g j0 by g j0 ◦ f −1. Therefore, it is enough to assume that
n j0+1 − n j0 is even. We have the following lemma, which we will use to prove Proposition
3.2 by induction. To deal with the additional factor nκ in Proposition 3.6, we need an inductive
step more sophisticated than [30, Lemma 3.5]. Here we make use of our choice of j0.

Lemma 3.7 There is a constant cκ > 0, independent of n1, . . . , nκ and g0, . . . , gκ , such that

∣
∣
∣
∣
∣
∣

∫ κ
∏

j=0

(g j ◦ f
n j ) dμ −

∫
∏

j≤ j0

(g j ◦ f
n j −n j0 )dμ

∫
∏

j≥ j0+1

(g j ◦ f
n j −n j0+1 ) dμ

∣
∣
∣
∣
∣
∣

≤ cκ

(
δ

dp

)
r(n j0+1−n j0

)

2(r+1)
.

Proof Set �L := ∏

j≤ j0(g j ◦ f n j −n j0 ) and �R := ∏

j≥ j0+1(g j ◦ f n j −n j0+1). By the invari-
ance of μ, the statement can be rewritten as

∣
∣
∣
∣

∫

�L(�R ◦ f n j0+1−n j0 ) dμ −
∫

�L dμ
∫

�R dμ

∣
∣
∣
∣
≤ cκ

(
δ

dp

)
r(n j0+1−n j0

)

2(r+1)

(3.14)

for some cκ > 0 independent of n1, . . . , nκ and g0, . . . , gκ . To prove inequality (3.14), we
will make use of the function � defined in (3.4).

Recall that μ = T+ ∧ T−, and that the currents T± and T± have Hölder-continuous super-
potentials. It follows that the intersections of T± and T± with positive closed currents are
well defined. Set g̃ j := g j ◦ f n j −n j0 for j ≤ j0 and g̃ j := g j ◦ f n j −n j0+1 for j ≥ j0 + 1.
Using the invariance of μ, we have

A : =
∫

�L(�R ◦ f n j0+1−n j0 ) dμ +
∫

⎛

⎝(κ + 1)
κ

∑

j=0

g j + κ

2

κ
∑

j=0

g2
j

⎞

⎠ dμ

=
〈

T+ ∧ T− ,

κ
∑

j=0

(

(κ + 1)g̃ j ◦ f (n j0+1−n j0 )/2 + k

2
g̃2

j ◦ f (n j0+1−n j0 )/2
)

+ (�L ◦ f −(n j0+1−n j0 )/2)(�R ◦ f (n j0+1−n j0 )/2)

〉
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=
〈

(T+ ⊗ T−) ∧ [�] ,
∑

j≤ j0

(

(κ + 1)g̃ j
(

f (n j0+1−n j0 )/2(w)
)+ κ

2
g̃2

j

(

f (n j0+1−n j0 )/2(w)
))

+
∑

j≥ j0+1

(

(κ + 1)g̃ j
(

f (n j0+1−n j0 )/2(z)
) + κ

2
g̃2

j

(

f (n j0+1−n j0 )/2(z)
))

+ �L
(

f −(n j0+1−n j0 )/2(w)
)

�R
(

f (n j0+1−n j0 )/2(z)
)
〉

.

From the definitions of �L , �R and � and the fact that F∗(T+) = d−2
p T+, it follows that

A = 〈

T+ ∧ [�] , � ◦ F (n j0+1−n j0 )/2〉 = 〈

T+ ∧ [�] , (F (n j0+1−n j0 )/2)∗�
〉

= 〈

d
−(n j0+1−n j0 )
p T+ ∧ (F (n j0+1−n j0 )/2)∗[�] , �

〉

.

Therefore, we have

∫

�L(�R ◦ f n j0+1−n j0 ) dμ +
∫

⎛

⎝(κ + 1)
κ

∑

j=0

g j + κ

2

κ
∑

j=0

g2
j

⎞

⎠ dμ (3.15)

= 〈

d
−(n j0+1−n j0 )
p (F (n j0+1−n j0 )/2)∗[�] ∧ T+ , �

〉

.

Since μ ⊗ μ = T+ ∧ T− = T− ∧ T+, and using also the invariance of μ, we get

∫
⎛

⎝(κ + 1)
κ

∑

j=0

g j + κ

2

κ
∑

j=0

g2
j

⎞

⎠ dμ + 〈μ,�L 〉〈μ,�R〉 = 〈μ ⊗ μ,�〉 = 〈

T− ∧ T+,�
〉

.

(3.16)
Subtracting (3.16) from (3.15) and applying Proposition 3.6 with S = [�], we get

∣
∣
∣
∣

∫

�L(�R ◦ f n j0+1−n j0 ) dμ −
∫

�L dμ
∫

�R dμ

∣
∣
∣
∣
�κ −nκ (δ0/dp)

(n j0+1−n j0 )/2 log ε.

By our choice of j0 we have nκ ≤ κ(n j0+1 − n j0). Thus, substituting (3.3), we get

−nκ (δ0/dp)
(n j0+1−n j0 )/2 log ε �κ (n j0+1 − n j0)(δ0/dp)

r(n j0+1−n j0
)

2(r+1) �δ (δ/dp)
r(n j0+1−n j0

)

2(r+1) ,

where the last inequality is valid for every δ0 < δ < dp . This concludes the proof. ��
End of the proof of Proposition 3.2 We proceed by induction. The base case κ = 1 is given by
Lemma 3.7. Suppose that the statement holds for l observables for every 1 ≤ l ≤ κ − 1. We
need to prove that it holds for κ , i.e., that we have

∣
∣
∣
∣
∣
∣

∫ κ
∏

j=0

(g j ◦ f n j ) dμ −
κ

∏

j=0

∫

g j dμ

∣
∣
∣
∣
∣
∣

�
(

δ

dp

) r
2(r+1) min0≤ j≤κ−1(n j+1−n j )

.

Recall that we assume that ‖g j‖qpsh ≤ 1 for every j ≥ 1. Again by Lemma 3.7, it is enough
to show that we have
∣
∣
∣
∣

∫
∏

j≤ j0

(g j ◦ f n j −n j0 ) dμ
∫

∏

j≥ j0+1

(g j ◦ f n j −n j0+1 ) dμ −
∫

∏

j≤ j0

(g j ◦ f n j −n j0 )dμ
∏

j≥ j0+1

∫

g j dμ

∣
∣
∣
∣

�
(

δ

dp

) r
2(r+1) min j0+1≤ j≤κ−1(n j+1−n j )
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and
∣
∣
∣
∣
∣
∣

∫
∏

j≤ j0

(g j ◦ f n j −n j0 )dμ
∏

j≥ j0+1

∫

g jdμ −
κ

∏

j=0

∫

g j dμ

∣
∣
∣
∣
∣
∣

�
(

δ

dp

) r
2(r+1) min1≤ j≤ j0 (n j+1−n j )

.

These inequalities follow from the inductive assumption. The proof is complete. ��

3.2 Mixing for all d.s.h. functions

We can now deduce Theorem 1.2 from Proposition 3.1. We use the same arguments as in the
proof [30, Theorem 1.2].

Proof of Theorem 1.2 Up to rescaling, we can assume without loss of generality that
‖ϕ j‖DSH ≤ 1 for every j . Applying Lemma 2.1, and by linearity, we may also assume
that we have

ϕ j ≤ 0, ‖ϕ j‖DSH ≤ 1, and ddcϕ j ≥ −ω for every j .

Using Lemma 2.6, we can write ϕ j = ϕ
(N )
j,1 + ϕ

(N )
j,2 , where we choose N as

N := r

2α(r + 1)
min

0≤ j≤κ−1
(n j+1 − n j ) log

dp

δ
. (3.17)

Observe that if N = 0 there is nothing to prove, so we can assume without loss of generality
that N > 0, i.e., that min0≤ j≤κ−1(n j+1 − n j ) ≥ 1. Since N is fixed, we will omit its

dependence and write ϕ
(N )
j,1 = ϕ j,1 and ϕ

(N )
j,2 = ϕ j,2.

Indexing all the possible choices of the v j ’s indexes in the ϕ j,v j ’s with v :=
(v0, v1, . . . , vκ ) ∈ {1, 2}κ+1, as in [30, Section 3.2] we have

∣
∣
∣
∣

∫ ( κ
∏

j=0

ϕ j ◦ f n j

)

dμ −
κ

∏

j=0

∫

ϕ j dμ

∣
∣
∣
∣
≤

∣
∣
∣
∣

∫ ( κ
∏

j=0

ϕ j,1 ◦ f n j

)

dμ −
κ

∏

j=0

∫

ϕ j,1 dμ

∣
∣
∣
∣

+
∑

v �=(1,...,1)

(∣
∣
∣
∣

∫ ( κ
∏

j=0

ϕ j,v j ◦ f n j

)

dμ

∣
∣
∣
∣
+

∣
∣
∣
∣

κ
∏

j=0

∫

ϕ j,v j dμ

∣
∣
∣
∣

)

.

To estimate the right hand side of the last expression, we treat two terms separately.

Case v = (1, . . . , 1). Since all the ϕ j,1’s are quasi-p.s.h. and from Lemma 2.6 we have
‖ϕ j,1‖qpsh ≤ N + 1 �α,dp,δ N for every j , we can apply Proposition 3.2 to get

∣
∣
∣
∣

∫

ϕ0,1(ϕ1,1 ◦ f n1) · · · (ϕκ,1 ◦ f nκ ) dμ −
κ

∏

j=0

∫

ϕ j,1 dμ

∣
∣
∣
∣

≤ Cκ

(
δ

dp

) r
2(r+1) min0≤ j≤κ−1(n j+1−n j ) κ

∏

j=0

‖ϕ j,1‖qpsh

�α,dp,δ,κ Cκ

(
δ

dp

) r
2(r+1) min0≤ j≤κ−1(n j+1−n j )

N κ+1.

Case v �= (1, . . . , 1). Using the estimates on the ϕ j,1’s and ϕ j,2’s given by Lemma 2.6,
and by Hölder’s inequality, each of these terms is bounded by N κe−αN , up to a multiplicative
constant depending only on κ .
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Combining the estimates above, and inserting the value of N as in (3.17), we obtain a
constant C̃δ,κ > 0 independent of n1, . . . , nκ such that

∣
∣
∣
∣

∫

ϕ0(ϕ1 ◦ f n1 ) · · · (ϕκ ◦ f nκ ) dμ −
κ

∏

j=0

∫

ϕ j dμ

∣
∣
∣
∣

≤ C̃δ,κ min
0≤ j≤κ−1

(n j+1 − n j )
κ+1

(
δ

dp

) r
2(r+1) min0≤ j≤κ−1(n j+1−n j )

.

Thus, the estimate in Theorem 1.2 holds up to choosing a slightly worse δ and corresponding
constant Cδ,κ ≥ C̃δ,κ . This concludes the proof. ��
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