Mathematische Zeitschrift (2026) 312:118

https://doi.org/10.1007/500209-026-04010-x Mathematische Zeitschrift
()

Check for
updates

Exponential mixing of all orders on Kahler manifolds:
(quasi-)plurisubharmonic observables

Marco Vergamini' - Hao Wu?

Received: 27 May 2025 / Accepted: 20 February 2026
© The Author(s) 2026

Abstract

Let f be a holomorphic automorphism of a compact Kéhler manifold with simple action on
cohomology and p its unique measure of maximal entropy. We prove that u is exponentially
mixing of all orders for all d.s.h. observables, i.e., functions that are locally differences of
plurisubharmonic functions. As a consequence, every d.s.h. observable satisfies the central
limit theorem with respect to .
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1 Introduction

Let (X, w) be a compact Kéhler manifold of dimension £ and f a holomorphic automorphism
of X. Werefer to [8, 10, 16, 19] for the general properties of such maps. In particular, f admits
aunique invariant probability measure ¢ of maximal entropy, called the equilibrium measure
of f. A natural question is then to study the statistical properties of ;. From [16, 19] we know
that u is mixing. In general, the control of the speed of mixing is a challenging problem. The
major difficulties in this setting are the presence of both attractive and repelling directions
and the non uniform hyperbolicity of the system. The main goal of this work is to prove
that the measure p, under suitable assumptions on the automorphism f, is exponentially
mixing of all orders with respect to a large class of observables which are naturally adapted
to holomorphic dynamics. As a consequence, we obtain that the central limit theorem, another
largely studied statistical property of dynamical systems, is satisfied for this large class of
observables.

The simplest holomorphic dynamical systems displaying both the difficulties above are
given by complex Hénon maps, see, e.g., [1, 2, 23]. In this case, the exponential mixing
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for two Holder-continuous observables was first established by Dinh in [14]. It was recently
extended by Bianchi and Dinh in [5] to any number of observables, and by the authors in
[26, 30] to all plurisubharmonic (p.s.h.) observables. We also refer to [9, 31] for the case of
generic birational maps of P¥ and to [4, 20] for the case of holomorphic endomorphisms of
Pk,

On a compact Kihler manifold, p.s.h. functions are constant. So we consider in this
paper quasi-p.s.h. observables, i.e., functions which are locally differences of a p.s.h. and a
smooth function, and d.s.h. observables, i.e., functions which are differences of two quasi-
p.s.h. functions, see also [17] and Sect. 2.1. In order to prove the mixing, we will need the
following quantitative approximation for bounded quasi-p.s.h. functions, which is our first
main result. See Definition 2.3 for the definition of the norm || - [|gpsh-

Theorem 1.1 Let (X, w) be a compact Kihler manifold and ¢ a bounded quasi-p.s.h. func-
tion. There exist constants ¢ depending only on (X, w) and c,, depending on (X, w) and
m > 1 such that, for every 0 < & < 1/2, there exists a smooth function ¢, with 9. > ¢ and
such that:

(@) lleellgpsh < cll@llgpsh;
(1) llge — @llip1why < —cll@llgpsn/ loge;
(i) [l@ellgm < cmll@llgpsne ™" (—log &)™ for every integer m > 1.

This result is a quantified version of a particular case of the results obtained in [7]. See also
[21, Theorem 2.1], of which we will follow the proof, for the case of more regular functions.
Observe that in Theorem 1.1 ¢ may even not be continuous, and so a uniform approximation
is not possible. We have instead an estimate in L' (%), see also Lemma 2.2, and Proposition
3.3 for the application to the dynamic.

We now move to the dynamical results. We denote by f” the n-th iterate of f. For
0 < g < k, the dynamical degree of order q of f is the spectral radius of the pull-back
operator f* acting on the Hodge cohomology group H?-9(X, R). It is denoted by d,, (), or
simply by d, if there is no confusion. By Poincaré duality, the dynamical degree d; of f is
equal to the dynamical degree dy—g (f~Y of f~'. We have dy = dy = 1 and d,(f") = d(’]
for all g.

A theorem by Khovanskii [27], Teissier [28], and Gromov [24] implies that the sequence
g — logd, is concave. So, there are integers 0 < p < p’ < k such that

l=dy<-<dp=-=dy>->d=1.

We assume that f has simple action on cohomology, i.e., that we have p = p’ and f*,
acting on H?'?(X, R), admits only one eigenvalue of maximal modulus d,,. We call d, the
main dynamical degree of f.

The following is our second main result, which settles the problem of mixing for d.s.h.
observables on compact Kihler manifolds. See Sect. 3.1 for the precise choice of §'.

Theorem 1.2 Let f be a holomorphic automorphism of a compact Kéiihler manifold (X, w)
of dimension k. Assume that f has simple action on cohomology, let u be its equilibrium
measure and d, be its main dynamical degree. Then, i is exponentially mixing of all orders
for all observables in DSH(X). More precisely, there exists 0 < §8' < d,, such that for every
§ <6 < dy, every integers k € N*, 0 = nog < ny < --- < n, and every ¢o, ¢1, ..., ¢c €
DSH(X), we have

§ \Mino<j<c—1(jp1—n;)/2 K
<G (d—) [1lejlpsu,
p P

j=0

/‘Po((mOf"”)-“(t/JKOf'””)dM— H/sojdu
j=0
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where Cs > 0 is a constant independent of ny, ..., R, 90, - - . , Pk

We refer to [3, 13] for the more regular case of ¢?-continuous observables and to [25] for
the case k = 1. Observe that all d.s.h. functions are in L*(u) for every s > 1 [20], hence all
the integrals above are well defined.

Our proof in [30] for the case of Hénon maps relies on precise estimates for p.s.h. functions
and on the homogeneous structure of P2. As non-trivial p.s.h. functions do not exist on
compact Kihler manifolds, both these ingredients are not available now. Instead, we will
make a crucial use of the theory of super-potentials by Dinh and Sibony [18, 19], which
permits to quantify the regularity of currents of arbitrary bidegree when seen as operators on
appropriate spaces of forms.

Moreover, as in [30] we will have to regularize d.s.h. functions. On a Kéhler manifold,
this yields an additional factor that needs to be carefully estimated, see Proposition 3.6 and
Lemma 3.7. This difficulty is new both with respect to [3] and [30].

A consequence of mixing is that all d.s.h. observables satisfy the central limit theorem.
More precisely, fix an observable ¢ € DSH(X) and set S, (¢) := ¢ +@o f+---+@o f" L.
By Birkhoff’s ergodic theorem, we have n~!' S, (¢)(x) — (i, @) for pu-almost every x € X.
As in [30], the following control of the rate of the convergence is a consequence of Theorem
1.2 and [30, Theorem 4.1], which is an adapted version of the criterion in [6]. We let A0, 0%)
denote the Gaussian distribution with mean 0 and variance o2 (when o = 0, we mean that
N, o2) is the trivial point distribution at 0).

Corollary 1.3 Let X, f and w be as in Theorem 1.2. Then, every ¢ € DSH(X) satisfies the
central limit theorem with respect to (.. Namely, we have

Sp(@) — n{i, @)

Jn

—> N(0,02) as n— oo inlaw,

where

1
o2 := lim ;/(Sn(cp)— (. ) du.

Notations. The symbols < and 2 stand for inequalities up to a positive multiplicative con-
stant, and a subscript means that said constant can depend on some variables, e.g., <; means
that the implicit constant can depend on the variable ¢. The pairing (-, -) is used for the inte-
gral of a function with respect to a measure or, more generally, the value of a current at a
test form. The mass of a positive closed current S of bidegree (¢, ¢) on a compact Kihler
manifold (X, ) of dimension k is defined as ||S|| := (S, @*~9). If U is an open set in C*,
we denote by hU the topological boundary of U, i.e., bU := U\U.

2 Preliminaries

2.1 Quasi-plurisubharmonic and d.s.h. functions

We fix in this section a compact Kéhler manifold (X, w). A function ¢ : X — R U {—o00}
is called quasi-plurisubharmonic (quasi-p.s.h. for short) if, locally, it is the difference of a

p-s.h. function and a smooth one. A function ¢ : X — R U {do00} is d.s.h. [12, 17] if it is
the difference of two quasi-p.s.h. functions outside of a pluripolar set. Denote by DSH(X)
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the space of d.s.h. functions on X. If ¢ is d.s.h., there are two positive closed (1, 1)-currents
R on X such that dd°¢ = R* — R~. As these two currents are cohomologous, they have
the same mass. We define a norm on DSH(X) by

k
lollpsH = VWO

where the infimum is taken over all RE as above. We obtain an equivalent norm if, instead
of ¥, we take any measure v that is PB, i.e., such that all d.s.h. functions are integrable with
respect to v. We will need the following decomposition result for d.s.h. functions, see for
instance [17] and [30, Lemma 2.1].

+ inf || RE,

Lemma 2.1 Let ¢ be a d.s.h. function on X with ||¢||psu < 1. There exist two functions ¢
and ¢_ which are quasi-p.s.h. and such that

dd°¢y+ > —Cw, llo+llpsu <C, @+ <0, and ¢=¢i—¢_,

where C is a positive constant that depends on (X, w) but is independent of ¢.

Let p(z) := p(|z|) be a radial function on C* such that
>0, p@@)=0fortr>1, and / pdLeb =1.
Ck

For ¢ > 0, we set p.(z) := .9_2k,o(z/e). For every function u on an open set U C C* and
every subset U’ € U, define the convolution

Us(z) = (u * pg)(z) = / u(z —sw)p(w)dLeb(w) for z e U’ 2.1)

lw|<1

provided that 0 < ¢ < dist(U’, bU). If u is bounded, it follows from the definition that
luellgmwy S lullLew)e™ (2.2)

for every positive integer m. If u is p.s.h., then u, is also p.s.h. and u, is decreasing to u as
& \{ 0. We also have the following estimate.

Lemma2.2 Let U' € U be open subsets of C* and u a bounded p.s.h. function on U. For
every 0 < ¢ < dist(U’, bU), we have

lue —ull L1 Leby Suv lullL=w)e.

Proof The proof uses standard arguments, but we give it for the reader’s convenience. We
will proceed in three steps.

Step 1. For every compact set K C C and every finite positive measure v on C whose support
is compactly contained in a ball B of radius R containing K, we have that

/ |u,,(z —w) — u,,(z)| dLeb(z) <k.r v(B)e forevery |w|<e, (2.3)
K

where u, (2) := [ log|z — ¢ dv(¢).

Proof of Step 1. We have the following estimate:

/|10g|z—w|—log|z|}dLeb(z) <k e forevery |w|<e.
K
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Combining it with the definition of u,, we get (2.3).

Step 2. For every open set V C C, every compact set K € V, and every function u which
is subharmonic and bounded in V, we have that

/K lu(z — w) — u(2)| dLeb(2) gy lullzeqvre. 2.4)

Proof of Step 2. Assume without loss of generality that ||u|  ~y) = 1. Let K, be the -

neighborhood of K. Choose n sufficiently small to have K3, € V, and take x, a positive

smooth cut-off function with x| Ky = 1 and suppyx, € K3,. Define v to be equal to
n

Xn - dd°u on V and to O outside of V. We have v(B) Sk v llullLo(v), where B is a large
ball containing K3,. Consider u,, defined as in Step 1. Since v satisfies the hypothesis of Step
1, u, satisfies inequality (2.3). An integration by parts gives

uu(Z)=[ClOg|Z*C|Xn(§)ddcu(§)=/(CSZXn@)u(()

+[; (10g |z — ¢1dd€ x,(¢)+dlog |z — ¢| A dxp () +d x5 (§) AdClog |z — cl)u(é“),

from which it follows that, for every z € K»;, u,,(z) — u(z) is equal to

/ (toglz = £1dd° s (6) + dlog |z = £1 A4y (6) +d g () A 0 log |2 = ¢ )u().
§€K§WQK3W
2.5)

Differentiating (2.5) under the integral sign, we get [|u — uy |41 Ky Sk, 1. It follows that

/K | — uy)(z = w) — (u — uy)(z)|dLeb(z) Sk,y & forevery |w|<e.

Writing u = u, + (u,, — u), we then obtain (2.4).

Conclusion. Let u be as in the statement. Assume without loss of generality that |||l L) =
1. Denote by 7 : C¥ — C*¥~! the projection on the first k— 1 coordinates and by 7 : Ck — C
the projection on the last one. Take w € C* with |w| < &. Setting z = (2, z) with Z € Ck~!
and z; € C, taking R sufficiently large (depending on U and U’), and assuming without loss
of generality that w has the form w = (0, wy), we have

/ |u(z — w) — u(z)| dLeb(z)
U!

< / / (2, 2% — wp) — u(z, z)| dLeb(zp) | dLeb(?)
Dty \Jm(d2<onu)
Svw /k 1 edLeb(2) < /k 1‘9dLeb(2) Svur €, (2.6)
Dk Nz (U) D~

where in the second inequality we used (2.4). The assertion follows from (2.6) and the
definition of u,. ]

We will use the following norm for bounded quasi-p.s.h. functions.

Definition 2.3 For every bounded quasi-p.s.h. functions ¢, define the norm

1@ llgpsh = lIglloo + min {c > 0 | dd°¢ > —cw}.
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We are now ready to prove Theorem 1.1. The second item corrects an inaccuracy in [25,
first inequality in (3.1)], which affects the estimate in [25, Lemma 3.2]. Those estimates
should be [[¢pe — @l 1 (k) S —1/loge and |g(e) — g(0)] < (—1/loge)® respectively.

Proof of Theorem 1.1. We follow the proof of [21, Theorem 2.1]. Fix a function ¥ €
¢ (R, R™) with support in [—1, 1] such that [ ¥ (x)dx = 1 and [ x®¥(x)dx = 0. For
each 0 < ¢ < 1 and each integer [ > 1, consider the function max; : R! — R defined by

l

maxg(ty,...,4) ;= / max(fy + x1,...,1 + xl)a_l l_[ 9 (x;/e)dxy ... dx;.
R/ ’
i=1
We will need the following properties of max,, see [11, Lemma 1.5.18] and [21, Lemma

2.2]. The notation (¢4, ..., %, ..., #;) below means that the component #; is omitted in the
expression.

Lemma 2.4 We have the following properties:

(a) maxg(t1, ..., t;) is non-decreasing in all variables, smooth and convex on R,

(b) max(ty,...,t) < maxg(t],..., 1) <&+ max(t,...,n);

(c) maxe(t1, ..., 1) =maxe(ty, ..., 5, ..., 4) ift; +2& <max(ty, ..., G, ..., 14);

(d) max.(t; +a,...,f; +a) = max.(t1,...,14;) + a foreverya € R,

(e) if ui,...,u; are p.s.h. functions defined on some domain D in C", then so is
maxg (Ui, ..., u);

(f) ifuy, ..., u; are real-valued functions in €™ (D), where m > 1 is an integer and D is a

domain in C", then there is a constant | ;, > 0 depending only on l, m and ¥ such that

1= Tij
Imaxe (1, ..., un)llgn <&+ sup lwilloo +com y_ &' "= [Tl

1<i<l ri; ij
the sum being taken over all rijj > Owith 1 <i <land j > 1 such that > Jrij <m.

We will also need the following lemma. Recall that us is the regularization given by
convolution, see (2.1).

Lemma2.5 Let F : W — W’ be a biholomorphic map between two open subsets W and
W’ of C". Let u be a bounded p.s.h. function on W. Then, for every open set U @ W we can
find a constant 8y > 0 such that for every 0 < § < 8y, the function ug =woF HsoF
is well-defined on a neighborhood of U. Moreover, there are constants cw.w.u > 0and
cw.w'.u.m > 0 (for integers m > 1) such that, when 0 < § < 8§y, we have

1 —
||u§—M5||Lw(U)§CW,W',U ||“||L°°(W)|107g5| and ||“§||<€m(U)§CW,W’,U,m leell poowyd™™.
Proof Since u is bounded, the first inequality follows from explicit estimates of the expres-
sions in the proof of [7, Lemma 4]. The second one is a direct consequence of the estimate
on the " -norm of the convolution and the fact that F is a diffeomorphism. O

By linearity, up to rescaling we can assume [@|lqpsh = 1. This implies [[@[lcc < 1
and dd°¢ > —w. Observe that it suffices to construct a smooth function ¢, with ddp, >
—(1 — ¢’/ log &)w and such that
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and
lge — @llp1(ky < —c/loge,  llgellem < cme™™(—loge)™ !, (2.7)

where C, c, ¢ and ¢’ are constants that depend only on X and w, while ¢, depends on X, @
and m. Indeed, the function ¢, — C/log ¢ will satisfy all the conditions in the statement of
Theorem 1.1.

Fix finite covers (V) jes, (Uj) jes and (W) jes of X by local charts such that V; € U; €
W; for every j € J, for some finite index set J = {1, ...,1}.

We can choose the W;’s small enough, so that for each j € J we can fix a smooth function
gj» defined on a small neighbourhood of W}, such that

ddcgj:a) on Wj. (28)

Since the W;’s depend only on X, we have ||g; ||%2(w ) S < 1, where the implicit constant
depends only on X and w. Then the function

uj =@ +gj (2.9)

satisfies ||uj|lL~w;) < 1 and ddu; = dd°¢ +dd°g; = dd°¢ + @ > 0. So, u; is p.s.h. on
W;.

]Let J»k € J be such that U; N Uy # 2. One can regularize the restriction u j|y;nu, by
convolution in two ways.

The first one is to use the local chart of W}, i.e., W; will play the role of U in Lemma 2.2,
and we get a function u ; .. The second way is to use the local chart of Wy.

Let F be the change of coordinates on W; N Wy from the local chart of W; to the local
chart of Wy. Denote by uf s the function given by Lemma 2.5, which corresponds to the
regularization of u ; using the local chart of Wy. We have

uj,g—uk,s=uj,£—uj,g+(uj—uk)£ on U; NUy,

where the term (u; — ug), is the regularization of u; — uy by convolution using the local
chart of Wy. Recall from (2.9) that u; — uy = g; — gk. This, together with the previous
equality and Lemma 2.5, implies

[(uje —ure) — (g — g)llLow;nu,) S —1/loge. (2.10)
Fix a constant ¢ > 0 large enough. For each j € J, let n; be a smooth function defined
in U; such that n; J = 0 on V; and that n; = —c away from a compact subset of U;. We
have that dd°n; > —c’w for some constant ¢’ > 0. For each ¢ > O and j € J, Cons1der the

function
Vje:i=uje—gj—n;/loge on Uj. (2.1

We set
1
@ 1= — max, (— (elog&)vi, ..., —(eloge)ve). (2.12)
eloge

Note that to define @¢(x), x € X, we remove —v; ¢ log ¢ from the last formula if x ¢ U;.
From the definition of ¢, and Lemma 2.4 (b), we have |¢:|lcc < 1, where the implicit

~

constant depends only on X and w. Observe also that, since u; o > u; on U}, we have
Vie>uj—gj—mnj/loge >+ C/loge on U,
for some constant C > 0. By Lemma 2.4 (b), we get ¢, > ¢ + C/loge.
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We will show that the function ¢, is smooth on X. For this purpose, we only need to
prove the property in a neighborhood of an arbitrary fixed point of X. Since each v; . is
well-defined and smooth on U}, using (2.12) and Lemma 2.4 (a), it is enough to prove the
following claim.

Claim 1. For all x € U; close enough to bU;, we have

max, (— (eloge)vye, ..., —(eloge)ve)(x)

= max, (— (eloge)vie, ..., —(eloge)vje, ..., —(eloge)ve)(x).

Proofof Claim 1 Let k € J be such that x € V. We deduce from (2.11) and the equality
Nk (x) = 0 that
Ve (X) = ke (x) — gk (x).

The same argument using the equality n;(x) = —c gives
Vie(x) =uj (x) —gj(x)+c/loge.

Putting the two last equalities together with (2.10), and using that ¢ > 0 is large enough, we
get
Vk,e(X) > vj ¢ (x) —2/loge.

This, combined with Lemma 2.4 (c), implies Claim 1. ]

The next claim gives the estimate of dd°¢, from below.

Claim 2. We have dd°p, > —(1 — ¢’/ log &)w.

Proof of Claim 2 1t is enough to work in a small open set W in X. By Claim 1, we can remove
from the definition (2.12) of ¢, all functions — (¢ loge)v;  such that W ¢ U;. So we have
W C Uj for the indexes j considered below. Since u is p.s.h., so is u .. Therefore, we
deduce from (2.8) and (2.11) that

ddv; , =dduj . —w —dd’n;/loge > —(1 — ¢’/ log &)w.

Choose a function g on W such that dd°g = —(cloge)(1 — ¢’/ log &)w. We deduce from
(2.12) and Lemma 2.4 (d) that

s = max, (— (eloge)vie + g, ..., —(eloge)v s + g) + g.

_sloge eloge

Since —(gloge)v;  + g is p.s.h. on W, applying Lemma 2.4 (e) we obtain that dd®¢p, >
—(1 — ¢’/ log &)w thus proving Claim 2. O

We now conclude the proof of Theorem 1.1. By (2.9), (2.11) and Lemma 2.2, we get

llo — Uj.,a”Ll(Uj) =(u; —gj)— (uje—gj— nj/10g8)||L|(Uj) (2.13)

<luj—ujellpiw, — Injlleo/loge S —1/loge.
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Consider the partition of X given by the sets Sy = ([N, Uj) N (Mgy US), where J'
varies among all subsets of J. We have

||<pfmax{v1,s,...,vz,g}uLl(wk)=/X|w7max{v1,g, v e )ldot = Z/ o — max (v ¢}ldo®

Jcy Sj/
oy k _ .
=¥ [ ; (Zw |) dk = 3 Y o= vl
JcJ jeJ' J'c jel!
<2 D le—vjelpy, S —1/loge,
J'cJ jel’

where at every point x € X we take the maximum only over the functions v; . such that
x € Uj, and we used inequality (2.13) in the last step. This and Lemma 2.4 (b) prove the
first estimate in (2.7). For the second estimate, we deduce from Lemma 2.4 (f) that

1
l@ellgm = — |max; (— (eloge)vie, ..., —(eloge)vie)|m
eloge
S —1/loge + sup [villco — Zelfzr’f [T(- cloge)lvillyi)™,
1<i<l eloge . i

(2.14)

the sum being taken over all r;; > O with 1 <i </ and j > 1 such that M Jjrij <m.On
the other hand, by (2.2) and (2.11), we have

lillgi = luie — gi —ni/logellg; S e’

Inserting these estimates into (2.14), we obtain that ¢, satisfies the second inequality in (2.7).
The theorem follows. O

A positive measure v on X is said to be moderate if, for every bounded family .# of d.s.h.
functions on X, there exist constants « > 0 and ¢ > 0 such that

v{zeX: |1//(z)|>M}§ce*°‘M forevery M > O and ¢ € .F

see [12, 20]. Moderate measures are PB. We have the following result, which is proven in
the case of P¥ in [30, Lemma 2.3]. The same proof applies in the general case of compact
Kihler manifolds.

Lemma 2.6 Let v be a moderate measure on X. There exists a constant « > 0 such that
for every q > 1 there exists a constant Cy > 0 such that for every non-positive quasi-p.s.h.

Sunction ¢ on X satisfying ||¢llpsuy < 1 and dd°¢p > —w, and for every N > 0, we can write
(N) (N)

=9+, , where go}N) is quasi-p.s.h., with:

ddp™ > ~aN/q.

N N
—o, 16\l <N, and 105" 100y < Cqe

2.2 Super-potentials of currents on compact Kahler manifolds

Denote by 2, the real space generated by all positive closed (g, g)-currents on X. Define a
norm || - ||« on Z, by
1921, == min {17 + 1271},

where the minimum is taken over all positive closed currents Q% such that Q@ = Q1 —
Q. Observe that ||QF|| only depend on the cohomology classes of Q% in H97(X,R). In
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particular, if ¢ is such that dd°¢ > —cw, by writing dd°¢ = (dd¢ + cw) — cw we find
[lddCp]|« < 2c. It follows that for every bounded quasi-p.s.h. function ¢ we have

Idd°@ll« < 2ll¢llgpsh-

We will consider the following topology on %, given a sequence of currents (S,),>0 and
a current S, we say that the S,,’s converge to S if they converge in the sense of currents and
ISy || is uniformly bounded. We call this topology the x-topology. By [15], smooth forms
are dense in Z,; with respect to the *-topology. They are also dense in the space @g given by
those currents S € 2, which are exact, i.e., whose cohomology class {S} in H?9(X, R) is
0.

Forevery 0 <[ < 400, denote by || - || the standard %" norm on the space of differential
forms. We consider a norm || - [|o— defined by

ISllg— == sup [(S, D},
I, <1

where the supremum is on smooth (k —q, k —¢q)-forms ® on X. Observe that, by interpolation
[29], forevery 0 <! <1’ < +oo and m > O there exists a positive constant ¢; 7, such that

ISl —r < ISl < c,,,/,m||S||ﬂ;’L,/ for all S such that || S|, < m. (2.15)
Remark 2.7 Observe that point (ii) in Theorem 1.1 implies
llge — ¢llg-2 < —ll@ligpsh/loge and [ldd°ge — dd°pll—2 < —ll@llgpsn/ loge.

Following [18, 19], we now recall the definition of the super-potential of a current S € ;.
Fix a basis {a} := {{a1}, ..., {o/}} of H?9(X,R). We can take all the a;’s to be smooth.
For any R € @/9—44—1’ there exists a real (k — g, k — g)-current Ug such that dd°Ur = R.
We call Ug a potential of R. After adding some smooth real closed form to Ug, we can
assume that Ug, is a-normalized, i.e., that (Ug, oj) = 0of all 1 < j < ¢. We can choose Ug
smooth if R is smooth. The «-normalized super-potential %s of S is the linear functional on
the smooth forms in @,9_ g+ which is defined by

Us(R) := (S, UR).

Note that %s(R) does not depend on the choice of Ug.

We say that S has a continuous super-potential if %s can be extended continuously to a
linear functional on all of @,?7 g+l with respect to the s-topology. If S € 20, then %s does
not depend on the choice of «. If S is smooth, then it has a continuous super-potential and
forevery R € .@,?_ g+1 Ve have Zs(R) = % (S), where % is the super-potential of R. The
equality still holds if we only assume that S has a continuous super-potential, see [19].

Definition 2.8 Take S € Z,.Forl > 0,0 < A < 1,and M > 0, we say that a super-potential
Us of Sis (I, A, M)-Holder-continuous if it is continuous and we have

|%s(R)| < M||R||f;,,, for every R € _@,?_q_H with || R, < 1.

If S is such that %5 is (I, ., M)-Holder-continuous, (2.15) implies that % is also (I’, A/, M')-
Hélder-continuous forevery !’ > 0 and some constants A" and M’ whichdependon A, M, [, [,
but are independent of S. Definition 2.8 does not depend on the normalization of the super-
potential.
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3 Mixing for d.s.h. functions

In this section, we are going to prove Theorem 1.2. We follow the general strategy of [30],
but we cannot use results about p.s.h. functions in the Kidhler setting. We use instead the
techniques from Sect. 2.

3.1 Mixing for bounded quasi-p.s.h. functions

Recall that f is a holomorphic automorphism of X with simple action on cohomology and d),
is its main dynamical degree. We fix a constant max{d,—1, dp+1} < 8o < d) such that all the
eigenvalues of f* acting on H”-? (X, R), except for d),, have modulus smaller than &y. We
call &g the auxiliary dynamical degree of f. We denote by p the equilibrium measure of f.
From [16, 19] we know that u is the intersection of a positive closed (p, p)-current T and
a positive closed (k — p, k — p)-current T_ (the Green currents of f and f~!, respectively).
We have f*(Ty) = d,Ty and f,(T-) = d,T_. Moreover, for every positive closed (p, p)-
current (respectively, (k— p, k— p)-current) S of mass 1, we have that d;" (f™)*(S) converges
to T4 (respectively, dk_fp f(S) converges to T_). We also have that T (respectively, 7_) is
the unique positive closed current in the class {7} (respectively, {T_}).

By [19, Theorem 4.4.2], we have that i« has a (2, M, r)-Holder-continuous super-potential
forsome M > 0and 0 < r < 1. We fix

1 _r

8 =d;T s
Observe that 8o < 8’ < d),. For 8’ < § < d, we have
8/d, > (0/dp)7T.

We will prove the mixing with rate (§/dp) T for every 8o < & < dj,. From the above
inequality, this implies Theorem 1.2 with our choice of §’.

1 log(d,/8")
Remark 3.1 One can actually prove thatr > —
log(d,/8") +log A

2
3 ) ,where A = || f*|l41

and 8" is any real number between §y and d), see for instance [19, Proposition 3.4.2 and
Lemma 4.2.5]. Hence, r depends only on the dynamical degrees and the Lipschitz constant
of f. In particular, it can be taken to depend continuously on f.

We start with establishing a weaker version of Theorem 1.2 for bounded quasi-p.s.h.
functions.

Proposition 3.2 For every 8o < § < d,, and every k € N* there exists a constant C s > 0
such that, for every k + 1 bounded quasi-p.s.h. functions go, g1, - - ., 8, and every 0 = ng <
ny < --- < n, we have

8\ 20D Min0< jie—101j1 1) K
= Cxs 4
4

© TTe;lgpsh-
j=0

K
‘/5’0(81 o fMy (g o fMydu— [ fg_,-du
j=0

Observe that, by linearity, Proposition 3.2 also holds if we assume that either g; or —g;
is quasi-p.s.h. for every j. Observe also that, since for every ¢>-continuous function g we
have ||g|lgpsh S llgll%2, Proposition 3.2 is already stronger than [3, Theorem 1.2].

k

We will need the following version of Theorem 1.1 (ii), where " is replaced with p.
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Proposition 3.3 Let ¢ a bounded quasi-p.s.h. function on X and @, the functions given by
Theorem 1.1 for 0 < ¢ < 1/2. We have

e — @liLt S lleligpsh(—1/loge)”,

where the implicit constant depends only on (X, w).

Proof By linearity, up to rescaling we can assume ||¢|lqpsh = 1 without loss of generality.
We have
[dd°pllx S 1 and [[dd°@ell« < 2[l@ellgpsh S 1-

~

Since ¢, > @, we have
lpe — @llLiu = (1. @e — @) = (S, 0e — 9) + (&, 0 — @), 3.1)

where S 1= — of € @,? . We just have to bound the two terms of the sum in the right hand
side of (3.1). Theorem 1.1 gives

Ho*, ge — @) = llge — @llp1(h) S —1/loge < (—1/loge)’,

where the last inequality is true because ¢ < 1/2 implies —1/loge < 1.

For the other term, since w has a (2, M, r)-Holder-continuous super-potential, then S has a
(2, M', r)-Holder-continuous super-potential for some M’ > 0. Using {S} = 0 and Remark
2.7, we deduce that

(S, @e — @)| = |%s(dd®ps — dd)| < [1dd°pe — dd g5, » S (—1/loge)".
This concludes the proof. O

Consider now the Kihler manifold X x X equipped with the Kihler form & = n{w +
7r2*a), where 71, 7, are the canonical projections of X x X onto its factors. Define a new
automorphism of X x X by

F(z,w) = (f@), f ).

Using Kiinneth formula, one can show that the dynamical degree of order k of F is equal to
d,z7 (see also [13, Section 4]), which is an eigenvalue of multiplicity 1 of F*, and that all the
others dynamical degrees and the eigenvalues of F* on H**(X x X, R), except for d2, are
strictly smaller than d, 8. Hence F and d, 4 satisfy the same conditions as f and &o.

One can see that the Green (k, k)-currents of F and F~! are T, := T, ® T_ and
T_ := T_ ® T respectively (see [22, Section 4.1.8] for the tensor product of currents) and
that they satisfy

F*(Ty) =d,Ty and Fo(T_)=d,T_.

In particular, they have (1, A, M)-Holder-continuous super-potentials for some M > 0 and
0 < X < 1,see[19, Lemma 4.2.5]. Let A denote the diagonal of X x X. Then [A] is a
positive closed (k, k)-current on X x X.

When proving Proposition 3.2, we can assume without loss of generality that || g [lqpsh < 1
for every j, which implies ||g;lloc < 1 and dd°g; > —w. Applying Theorem 1.1 and

Proposition 3.3 with ¢ sufficiently small, we can assume that the g;’s are smooth with

lgillge < —g2 loge < e 3. (3.2)
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One can check that ¢ can be chosen to satisfy

80 ﬁmaxogjsx—l(”j+l—”j) 1
= min (—) s T A (- (3.3)

B loge dp log?2
Let jjo be such thatnjy 11 — nj, = maxo<j<c—1{nj+1 —n;}. On X x X, we define
Gj(z,w):=gj(w) for j < jo and G;(z,w) = g;(z) for j > jo+ 1.

Notice that the G;’s are smooth for every j, they satisfy |Gjllc = llgjllcoc < 1 and
1Gille2 S ||gj||(52 < e73. Since dd°g; > —w for every j, we also have that dd°G; > —a.

Setlj :=nj,—njforj < joandl; :=n; —n o for j > jo+1,andset G; := G o Fli
for every j. Define the auxiliary quasi-p.s.h. function ® on X x X by

P Z ((K + DG+ = G2) ]_[ G,. (3.4)

As in [30], this function will play a very important role in the proof of Proposition 3.2. We
have the following estimate for dd®®.

Lemma 3.4 We have

K
dd‘® >, — Z(F[j)*‘b’

where the implicit constant is independent of ny, ..., Ny, 80, - - - » k-

Proof Remember that the inequality id(g &= h) A d(g £ k) > 0, which is valid for all smooth
functions g and &, implies

+ (idg Adh +idh Adg) > —(idg Adg +idh A Dh). (3.5)
From (3.5), it follows that we have

K K
900 = i99G, (K+1+K5,-+ Héy) +r Y i0G;ADG + Y (iaéjAaés I1 5,)

Jj=0 s#J Jj=0 J#s 1#].8
K K

> i99G; (K+1+K5j +11 (N;X) + ) i0G; A 3G, (K— > ( I1 |6,|)). (3.6)
j=0 ey j=0 s#j \t#j.s

Using the fact that |G jloc = lIgjllcc < 1 and dd°G; > —& for every j, we get

K

0096, (41448, 4[]8 | + Y006, 296, (- 3 TT 16

Jj=0 s#j j=0 s#j \1#).5
K K
>3 i00G; |k + 146G+ [[Gs | 2c =Y _(Fl)*a. (3.7)
Jj=0 s#EJ j=
The assertion follows from (3.6) and (3.7). ]

We have the following estimate for the function ®.

Lemma 3.5 We have ||dd°® A T4 |« < ¢, for some constant ¢, > 0 which is independent
ofny, ..., Nk, 805 -, 8k-
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As in [30, Lemma 3.4], a delicate point in Lemma 3.5 is the independence of ¢, from
the n;’s. Here, we will see explicitly the crucial role of the assumption of simple action on
cohomology, which was implicitly used in [30] as every Hénon-Sibony map satisfies this
condition.

Proof of Lemma 3.5. We deduce from Lemma 3.4 and the positivity of T that we have

K
dd° O ATy 2, = Y (FI)*o ATy =: —Q. (3.8)
=0
We will show that, for every j, the mass of (Fi)*® A T, is bounded independently of
ni, ..., ne. Using that F*(T;) = dﬁ’ﬂ;, we have

(FIY*o ATy =dy ™ (FU) @ A T). (3.9)

If m > 0is the multiplicity of dy1 (F) as an eigenvalue of F* acting on H¥1A+1(X x X)),
for every current R in Z;41(X x X) we have [[(F")*(R)|lx < n™dg+1(F)"||R||«. Since
diy1(F) < dpmax{dp1(f), dp—1(f)} < dpbo, we get [(F")*(R) [+ S (dp80)" I R| . For
every j, it follows that we have

[(F'* @ AT | S (dpdo)11d A Toll S (dpdo). (3.10)

We can write dd°® A T4 as (dd°® A T4 + ¢, Q) — ¢, 2, which is the difference of two
positive currents, where ¢, is the implicit constant in (3.8). Since dd°® A T, is exact, the
mass of dd°® A T4 + ¢, is equal to ||¢, 2||. Hence, combining (3.9) and (3.10) and using
the definitions of €2 and || - || gives the statement. m]

Let now S be a fixed positive closed (k, k)-current of mass 1 on X x X. We will need the
following estimate, see also [25, Proposition 3.3].

Proposition 3.6 Ler S be a positive closed (k, k)-current such that S, := d;z” F}(S) con-
verges to T_. There exists a constant ¢, > 0, independent of the g;’s and the n s, such that
for all n we have

[(Sn ATy, @) — (T- ATy, @) < —cenge(8o/dp)" loge,
where ¢ is as in (3.3).

Proof By definition of super-potentials, we have

(Sy ATy, ®) — (T_ ATy, d) (3.11)
= Us, (Ad°D ATy) — r_(ddS® ATy) + (S, K) — (T, K)

where K is a smooth closed (k, k)-form such that ®T, — K is a normalized potential of
dd°®d ATy
By Lemma 3.5, we may assume ||[dd°® A T ||, < I. Since |Gz S 3 by (3.2), we

have
k

”q)”(b//2 SK 8_3(K+1) l_[ Clj S 8_3(K+1)C(K+l)nk,
=0

where C = max{||F |42, 1}. Then we deduce from [19, Proposition 3.4.2] that dd°® A T
has a (2, A, M, CUHDne =3k +1))—H61der—continu0us super-potential for some M, > 0 and
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0 < A < 1. Thus, applying [25, Proposition 2.4] with M, C**+Dmg=3k+D jnstead of £ 72,
yields
|%s,(ddD ATL) — Zp_(dd°® ATy)| Se —nie(8o/dp)" loge. (3.12)

Note that ||®||so <, 1. From the same proof of [25, Lemma 3.1], we get
[(Sn, K) = (T, K)| S (80/dp)"- (3.13)
Combining (3.11), (3.12) and (3.13), we conclude
[(Sn AT, @) = (T- ATy, @)| Sk —n(80/dp)" loge + (do/dp)" S —nic(o/dp)" loge.

The proof is complete. O

Using the invariance of u, the inequality of Proposition 3.2 does not change if we replace
nj by nj —1for j # joand gj, by gj, o f —1. Therefore, it is enough to assume that
njy+1 — nj, is even. We have the following lemma, which we will use to prove Proposition
3.2 by induction. To deal with the additional factor n,. in Proposition 3.6, we need an inductive
step more sophisticated than [30, Lemma 3.5]. Here we make use of our choice of jj.

Lemma 3.7 There is a constant ¢, > 0, independent of ny, ..., n, and go, . . ., g, such that

r(nj0+1 7nj0)

<o (i) 2(r+1)
dp

Proof Set Wy, :=[];_; (gjo f" ") and Wg :=[];5 ;41 (gj o f"/"0+"). By the invari-
ance of u, the statement can be rewritten as

K
f [Tesjof"dn —/ [T Of"«"f"jo)duf [T ejos"i " otyan
j=0

J=Jo jZJjo+!1

r(nj 41N -0)

J
8 2(r+1)
’/‘I/L(“I"R o friot17o0) dp —/‘I/L du/‘llk du| < ¢ (d ) (3.19)
p
for some ¢, > 0 independent of ny, ..., n, and go, ..., g. To prove inequality (3.14), we

will make use of the function @ defined in (3.4).

Recall that © = T4 A T—, and that the currents 7+ and T+ have Holder-continuous super-
potentials. It follows that the intersections of T+ and T4 with positive closed currents are
well defined. Set g; := g; o f"/ "o for j < joand g; := gj o f "0+ for j > jo+ 1.
Using the invariance of p, we have

P K
. o K
A: :/‘-IJL(‘IJR o fMiot! n-’o)dﬂ‘f'/ (k + DZgj + 5283 dis
=0 j=0
K k
_ <T+ AT Y <<K +Dgjo fOn T2+ S o f (n""’“_nj”)/z)
j:0

+ (W o f~Mior17i0)/2) (Wp o f(”jo+1—"jo)/2)>
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= <(TJr R T-) A[A], Z ((K + g (f(njo+1—njo)/2(w))+g§?(f(njo+1—njo)/2(w)))

J=<jo

+ Z ((K+1)§j(f(njo+l—njo)/2(z))+%g‘?(f(ﬂjoﬂ—njo)/Z(Z)))

Jj=Jjo+1

+ \IJL(f*(njo+1wj0)/2(w))\IJR(f(”f'o+1*"fo)/2(z))>'

From the definitions of Wy, Wg and ® and the fact that F,,(T;) = d;2’JI‘+, it follows that

A =Ty ALA], @0 F@ot1=i0)/2) = (T, A [A], (F®t1~"i0)/2)* @)
= (d, "0, A (FOi 0P, [A], @)

Therefore, we have
K K K
/\IJL(\I,R o frirt iy du +/ w+DY g+ 3 > g3 du (3.15)
j=0 j=0

— (d;(nj()Jr]—ilj())(F(njOJr]—njo)/Q)*[A] A ']I*+ , (I))

Since u @ u = T+ AT_ = T_ A T, and using also the invariance of ©, we get

K K
K
/ (+ 1)) g+ 5> 8 | it (W), Wr) = (n® p, @) = (T ATy, @),
j=0 j=0
(3.16)
Subtracting (3.16) from (3.15) and applying Proposition 3.6 with § = [A], we get

’ / Wi (Wg o fiot! o) dp — / Wy dp / W du‘ See =1 (0/dp) "o+~ Jog e

By our choice of jo we have n, < k(nj 41 — nj,). Thus, substituting (3.3), we get
) s r(n.-0+17nj0) r(nj +170; )
—nK((So/dp)(”’O“_""’)/ loge <¢ (jp41 —njy)(So/dy) 2070~ S5 (8/dy)~ 2070

where the last inequality is valid for every 8o < § < d,. This concludes the proof. O

End of the proof of Proposition 3.2 We proceed by induction. The base case k = 1 is given by
Lemma 3.7. Suppose that the statement holds for / observables forevery 1 </ <« — 1. We
need to prove that it holds for «, i.e., that we have

K K 8
[ i rman=T] [ o au 5(;
j=0 j=0 P

Recall that we assume that || g [lgpsh < 1 for every j > 1. Again by Lemma 3.7, it is enough
to show that we have

‘/ [Teiorman [ T os™ o e [ [Tejor "o [] /gjdu‘
J=<Jo Jj=Jjo+1 Jj<Jo Jj=Jjo+1

_ ( s >7Z(rr+l) Minj 1 <j<e—1 (2411 7)
dp

~

- .
)Mm1n0<j<x—l("j+l—'lj)
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and
K st Minj<j<jo (N j4+1—n1j)
S 2(r+10) I=j=jo\tj+1—1j
i nj—nj, d du — -d < —
/H(g,of )u']'_[/g]u Hfgjuw<dp>
J<jo Jzjo+1 j=0
These inequalities follow from the inductive assumption. The proof is complete. O

3.2 Mixing for all d.s.h. functions

We can now deduce Theorem 1.2 from Proposition 3.1. We use the same arguments as in the
proof [30, Theorem 1.2].

Proof of Theorem 1.2 Up to rescaling, we can assume without loss of generality that
lojllpsu < 1 for every j. Applying Lemma 2.1, and by linearity, we may also assume
that we have

p; <0, lejllpsa < 1, and dd°@; > —w  forevery j.

Using Lemma 2.6, we can write ¢; = (pﬁ.l\? + wﬁ.l\;), where we choose N as

r d
N:=——— min iv1—n;j)log 2. 3.17
2(r + 1) Ogjflc—l(nj+l n;) log 1) ( )
Observe that if N = 0 there is nothing to prove, so we can assume without loss of generality
that N > 0, i.e,, that minp<j<,—1(nj+1 — n;) > 1. Since N is fixed, we will omit its
: (N) _ . Ny _ .
dependence and write Qi =91 and Piy =9j2

Indexing all the possible choices of the v;’s indexes in the ¢;,;’s with v :=

(vo, V1, ..., ve) € {1,2)*H asin [30, Section 3.2] we have

[ (oo )o= fore] =  Foe Y~ oo
o 2 Qe o[ 1)

VAL

To estimate the right hand side of the last expression, we treat two terms separately.

Case v = (1,...,1). Since all the ¢; 1’s are quasi-p.s.h. and from Lemma 2.6 we have
loj1llgpsh < N +1 Sa,d,,,a N for every j, we can apply Proposition 3.2 to get

K
‘/%,1(«)1,1 o f™) A1 o fM)dp — l_[/‘/’j,ldﬂ‘
j=0

s oD Mino<j<c—1(Mjp1—n;) «
< q(d—) [ Tl19).1llqpsn

14 j=0

s 26D Mino<j<c—1(nj+1—n;)
NK+]

< c <7
~a,dp,8.x “i
dP

Casev # (1,..., 1). Using the estimates on the ¢; 1’s and ¢; »’s given by Lemma 2.6,
and by Holder’s inequality, each of these terms is bounded by N¥e~*N  up to a multiplicative
constant depending only on «.
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Combining the estimates above, and inserting the value of N as in (3.17), we obtain a
constant Cs , > O independent of ny, ..., n, such that

‘/%(wl o 1) (g o f)du — H/w,-du‘
j=0

. ) § \ 20+
Cs min (14 —nj)KH(—)
| d,

e M
0<j=<x—

minOSjSK_| ("j‘H —Ilj)

IA

Thus, the estimate in Theorem 1.2 holds up to choosing a slightly worse § and corresponding
constant Cs . > Cs . This concludes the proof. ]
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