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0. INTRODUCTION

The study of algebraic curves has been a central part of algebraic geometry since its
beginnings. From the Riemann-Roch theorem to to the introduction of the Jacobian,
to the study of the moduli spaces of curves, algebraic curves have been a fruitful
source of inspiration and new questions throughout the last two centuries.

One of the most prominent new concepts brought about by the study of algebraic
curves is the concept of algebraic stacks. The categorical concept of stack is due
to Alexander Grothendieck. It was first presented in Grothendieck’s 1960 Seminaire
Bourbaki [Gro60], and in Grothendieck’s Séminaire de Gémoetrie Algébrique [Gro68].
It was later treated in Giraud’s “Méthode de la descente” [Gir64].

The idea of algebraic stacks was first introduced by Mumford in “Picard groups
of moduli problems” [Mum65], independently from Grothendieck and Giraud’s work
on descent theory. The concept was proven to be a successful one shortly after, when
Deligne and Mumford used it to prove the irreducibility of the moduli space of smooth
curves of a given genus in [DM69]. The concept of a Deligne-Mumford stack, which
encompasses all of the stacks of stable algebraic curves, is named after them. Later,
the more general concept of algebraic stack (also called “Artin stack”) was introduced
by Michael Artin in [Art73].

Algebraic stacks extend the idea of moduli spaces. Given a category C of objects
that we want to study (e.g. the category of smooth genus g algebraic curves), we
would like to have a space M¢ such that elements of our category (e.g. flat morphisms
E — X, with fibers algebraic curves of genus g) correspond bijectively to morphisms
to Me.

This is often impossible to realize as an ordinary space. As pointed out as early as
1959 by Grothendieck in a letter to Serre, a fundamental obstruction to the existence
of a (fine) moduli space M is given by the existence of automorphisms in C. This is
solved by the notion of algebraic stacks, where rather than a space we consider a whole
category . , on which we can do geometry thanks to the existence of a “covering”

X — ., where X is a scheme with underlying category X, and the morphism is in
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an appropriate sense smooth and surjective.

Algebraic stacks work as a framework for the study of families of geometric ob-
jects, and their geometric and arithmetic properties reflect the inner structure of the
underlying category. This makes all the more important to be able to define and
compute the basic invariants that are studied in algebraic geometry. Algebraic stacks
have coherent sheaves, cohomology, Picard groups and intersection theory all of which
have been widely studied.

In this thesis we consider a type of invariants which has, until now, been only
treated for a very restricted class of algebraic stacks, the classifying stacks for smooth
algebraic groups. In fact, the invariants we consider were more often then not treated
as an invariant of the algebraic group G rather than an invariant of the classifying
stack BG.

In the classical setting, the cohomological invariants of an algebraic group G are
meant to be an arithmetic equivalent to the theory of characteristic classes in topology,
which arose in the early second half of the twentieth century due to the work of
Stiefel and Whitney, after whom the Stiefel-Whitney classes are named. Given a
topological group G and a space X, a characteristic class is a way to associate to
any principal G-bundle an element in the cohomology of X in a functorial way. In
the same way, a cohomological invariant for an algebraic group G over a field k is a
way to associate to any G-torsor over an extension L of k£ an element in the Galois
cohomology HY, (L, F) in a functorial way. Common choices for the Galois module
F are the constant modules Z/p for a prime p and the Tate twists Z/p(j).

The aim of this thesis is to turn this concept on its head and consider the group
of cohomological invariants as an invariant of the classifying stack BG rather than

the group G, allowing us to extend the idea to general algebraic stacks.

I Cohomological invariants of algebraic groups

Some notation: we fix a base field ky and a prime number p. We will always assume
that the characteristic of kg is different from p. If X is a ko-scheme we will denote by
H'(X) the étale cohomology ring of X with coefficients in Z/pZ(i) == Z/pZ@u*, and
by H*(X) the direct sum @; H'(X). If R is a ky-algebra, we set H*(R) = H*(Spec(R)).

An early example of cohomological invariants dates back to Witt’s seminal paper
[Wit37], where the Hasse-Witt invariants of quadratic forms were defined. Many other

invariants of quadratic forms, such as the Stiefel-Whitney classes and the Arason
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invariant were studied before the general notion of étale cohomological invariant was
introduced.

This was inspired by the theory of characteristic classes in topology, and is natu-
rally stated in functorial terms as follows.

Denote by (Field/ky) the category of extensions of kgy. Its objects are field exten-
sions of kg, and the arrows are morphisms of ky-algebras. We think of H* as a functor
from (Field/kg) to the category of graded-commutative Z/p-algebras.

Assume that we are given a functor F' : (Field/ko) — (Set). A cohomological
invariant of I’ is a natural transformation F' — H*. The cohomological invariants of
F form a graded-commutative ring Inv*(F).

Given an algebraic group G, one can define the cohomological invariants of G as
Inv*(Torsg), where Torsg is the functor sending each extension K of kg to the set
of isomorphism classes of G-torsors over Spec(K). The book [GMS03] is dedicated
to the study of cohomological invariants of algebraic groups; since many algebraic
structures correspond to G-torsors for various groups G (some of the best known
examples are étale algebras of degree n corresponding to S,-torsors, nondegenerate
quadratic forms of rank n corresponding to O,-torsors, and central simple algebras
of degree n corresponding to PGL,-torsors) this gives a unified approach to the

cohomological invariants for various types of structures.

IT  Cohomological invariants of smooth algebraic stacks

Suppose that .# is an algebraic stack smooth over kg, for example the stack .# of
smooth curves of genus ¢ for g > 2. We can define a functor F', : (Field/kg) — (Set)
by sending a field K to the set of classes of isomorphism in .Z(K), and thus a ring
Inv*(.#) of cohomological invariants of .Z defined as Inv*(F 4).

The definition above recovers the definition of cohomological invariants of an alge-
braic group G when .# = BG, the stack of G-torsors. However, when the objects of
A are not étale locally isomorphic, as in the case of BG, this is not the right notion.
For example, if .# has a moduli space M every object of .#(K) determines a point
p € M, corresponding to the composite Spec(K) — .# — M. If we denote F”, the
subfunctor of F, corresponding to isomorphism classes of objects in .# with image

p it is easy to see that

v (Fz) = [] v (F9)

peEM
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This is clearly too large to be interesting. We need to impose a continuity condition
to be able to compare cohomological invariants at points of .# with different images
in M.

The following condition turns out to be the correct one when .# is smooth. Let
R be an Henselian kyp-algebra that is a discrete valuation ring, with fraction field K
and residue field k. We have induced cohomology maps H*(R) — H*(k) and H*(R) —
H*(K); the first is well-known to be an isomorphism [Stal5, 04GE]. By composing the
second map with the inverse of the first we obtain a ring homomorphism j, : H*(k) —
H*(K). Furthermore, from an object £ € .#(R) we obtain objects & € .# (k) and
{k € M (K).

Definition 1. A cohomological invariant « € Inv(.#) is continuous if for every
Henselian DVR as above, and every & € .Z(R) we have

jla(éx)) = a(k).

When . is equal to BG all cohomological invariants are continuous (this is a
result by Rost [GMS03, 11.1]).

Continuous cohomological invariants form a graded subring CInv*(.#) of Inv(.#4).

If . # = X, where X is a scheme, the continuous cohomological invariants of X
can be described as the Zariski sheafification of the presheaf U — H*(U), which is in
turn equal to the unramified cohomology of X (see [BO74, 4.2.2]).

The Zariski topology is clearly too coarse for a similar result to hold for algebraic

stacks. The appropriate class of morphisms to study turns out to be the following.

Definition 2. Let .#Z, .4 be algebraic stacks. A smooth-Nisnevich covering f : A4 —
A is a smooth representable morphism such that for ever field K and every object
¢ € N (K) we have a lifting

Spec(K)i///ih/V, fo& ~¢&.

Continuous cohomological invariants satisfy the sheaf conditions with respect to
smooth-Nisnevich morphisms. Namely, given a smooth-Nisnevich morphism f : .#Z —
A the continuous cohomological invariants CInv*(.4") are the equalizer of the fol-
lowing diagram

e Pri*

Clnv*(A) Clnv* () Clnv* (A Xy M)

Pro*
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Using this and the result for schemes we obtain the following;:

Theorem 1. Let .# be an algebraic stack smooth over ky. Denote € to be the site

of M -schemes with covers given by Nisnevich morphisms. Consider the sheafification

A of the presheaf U — H*(U) in €. Then
Clnv* () = H (M , 7).

From this we obtain the fundamental corollary
Corollary 1.

1. Let & — M be a vector bundle. Then the pullback Clnv®(.#) — Clnv*(&) is

an 1somorphism.

2. Let AN be a closed substack of codimension 2 or more. Then the pullback
Clnv*(A) — Clav®* (A ~ AN) is an isomorphism.

If ./ is a quotient stack, that is, a quotient [X/G], where G is an affine algebraic
group over ko acting over a smooth algebraic space X, then there exists a vector
bundle & — [X/G] with an open substack V' — &, where V' is an algebraic space,
such that the complement of V' in & has codimension at least 2 [EG96, 7,Appendix].
Then Clnv*([X/G]) = Clnv*(V) (in the case of .# = BG this result was obtained by
Totaro in [GMS03, Appendix C]). For many purposes, this allows to reduce the study
of cohomological invariants of general smooth algebraic stacks to the case of smooth
algebraic spaces.

The last part of the first chapter is dedicated to extending the notion of cohomo-
logical invariants to allow for coefficients in any functor that satisfies the property of
Rost’s cycle modules [Ros96]. The main example for these, besides étale cohomology,
is Milnor’s K-theory.

The price to pay for the generalization is a slightly less clear characterization of
continuous cohomological invariants. As the isomorphism between the étale cohomol-
ogy of a Henselian DVR (R, v) and that of its residue field is no longer true, we do
not have any natural map M (k(v)) — M(k(R)), and instead we use a quotient of
M (k(R)) which Rost denotes M (v). There is a canonical projection p : M (k(R)) —
M (v), and a natural inclusion i : M (k(v)) — M (v), so we can reformulate the conti-

nuity condition in the following way
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Definition 3. Let 2" be an algebraic stack, and M a cycle module. A continuous
cohomological invariant for 2~ with coefficients in M is a natural transformation from

the functor of points

Fy : (field/kg) — (set)

to M, satisfying the following property: given a Henselian DVR R and a map
Spec(R) — 2~ we have p(a(k(R)) = i(a(k(v)) in M(v).

When M = H*, the definition is equivalent to the original one. The main theorem

still holds, using Rost’s 0-codimensional Chow group with coefficients in M in place
of the sheaf 7.

Theorem 2. Let 2" be an algebraic stack smooth over kg, and let M be a cycle mod-

ule. Denote € to be the site of M -schemes with covers given by Nisnevich morphisms.
Consider the sheafification F° of the presheaf U — H*(U) in €. Then

Clnv* (2", M) = H(2", A°(—, M)).

III  Chow rings with coefficients

In his paper [Ros96], Markus Rost defined a generalization of ordinary Chow groups,
whose coefficients, rather than being integers, depend on the choice of a functor from
fields to abelian groups satisfying a certain set of conditions. The two main examples
of such functors, which he calls “cycle modules”, are Milnor’s K-theory and Galois
cohomology.

Remarkably, Rost’s Chow groups with coefficients not only retain all of the power-
ful functorial properties of ordinary Chow groups, they also convey both informations
on the ordinary Chow groups (in the case of Milnor’s K-theory, complete information)
and more cohomological information such as, in the case of Galois cohomology, the
full unramified cohomology, as the 0-codimensional group A°(X;H?*) is by definition
equal to H,,.(X). Moreover, if X is smooth Rost’s Chow groups with coefficients form
a ring A*(X;H®).

The idea of using Chow groups with coefficients to compute cohomological invari-
ants is developed in [Gui08], where they are used in conjunction with the stratification
method first developed in [Vez00] to give an alternative way of computing the coho-

mological invariants of various classical groups and to obtain new information on the
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cohomological invariants of the spin groups.

Rost’s theory creates a perfect framework for the computations of continuous co-
homological invariants, but there are two slight extensions needed. First, we want the
theory to work for algebraic spaces. As our main aim is to compute the cohomological
invariants of quotient stacks, we want to avoid altogether the technicalities needed to
ensure that the approximations we use are schemes rather than just algebraic spaces,
and in general we want to avoid having to consider glueing conditions as much as pos-
sible, as they can be very difficult to read, so having a functional theory for a larger
category of objects is needed. Last but not least, we believe that an extension of the
theory to algebraic spaces is in general desirable to match the generality available for
ordinary Chow groups.

The extension to algebraic spaces is obtained by passing from the Zariski topology
to the Nisnevich topology, and consequently from local rings to local Henselian rings.
The verifications to be made are generally simple, although many and sometimes
lengthy.

We have also tried to clarify and make more explicit parts of the original paper,
especially the last chapters, where many important properties of the intersection
pairing are only hinted.

The second extension we need is an operational theory of Chern classes. This has
been done when the coefficients are taken in Milnor’s K-theory in [EKM71, Chap 9.
We will extend the theory to all cycle modules and add a few results that are needed
for our computations in part 2.

We conclude with some remarks on the equivariant version of Chow groups with

coeflicients.

IV Cohomological invariants of hyperelliptic curves

The theory we set up in Chapters 1 and 2 can be used to compute the continuous
cohomological invariants of the stacks of Hyperelliptic curves of all even genera, and

of genus three. The main result is the following:

Theorem 3. Suppose our base field kg is algebraically closed, of characteristic differ-
ent from 2, 3.

e Suppose g is even. For p = 2, the cohomological invariants of J¢, are freely
generated as a graded Fo-module by 1 and invariants xq,..., x40, where the

degree of x; s 1.
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If p # 2, then the cohomological invariants of ¢, are nontrival if and only if
29 + 1 is divisible by p. In this case they are freely generated by 1 and a single

imvariant of degree one.

o Suppose g = 3. For p = 2 the cohomological invariants of 75 are freely gener-
ated as a Fy-module by 1 and elements x1, x9, Wy, T3, T4, x5, where the degree of
x; 15 1 and wy 15 the second Stiefel-Whitney class coming from the cohomological
invariants of PG Lo.

If p # 2, then the cohomological invariants of 76 are trivial for p # 7 and freely

generated by 1 and a single invariant of degree one for p =17.

Moreover, we obtain partial results for general fields, proving in general that the
cohomological invariants above are freely generated as a H*(kg)-module by the same
elements if p differs from 2. If p is equal to 2, we show that the cohomological
invariants of .#, and 74 are the direct sum of a freely generated H*(kg)-module,
whose generators are the same as in the algebraically closed case except for the one
of highest degree, and a module K, which is a submodule of H*(k¢)[4] or H*(ko)[5]
respectively.

Our method is based on the presentation by Vistoli and Arsie [AV04, 4.7] of the
stacks of hyperelliptic curves as the quotient of an open subset of an affine space by
a group G, which is equal to GGL, for even genera and PG Ly x G, for odd genera.
We use a technique similar to the stratification method introduced by Vezzosi in
[Vez00] and used by various authors afterwards ([Gui08],[VMO06]). The idea is, given
a quotient stack [X/G], to construct a stratification X = Xy D X;... D X, =0
of X such that the geometry of X;\ X;,; is simple enough that we can compute
inductively the invariants for X; using the result for X;,; and the open-closed exact
sequence [Ros96, p. 356].

One flaw of our method of computation is that it does not provide any real insight
on the product in the ring of cohomological invariants of J7,. The reason is that
repeatedly applying the open-closed exact sequence causes loss of information about

our elements, making it very difficult to understand what their products should be.
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V' Description of content

V.1 Chapter 1

The first chapter is dedicated to giving an explicit description of the ring of continuous
cohomological invariants. After we give the definition, the smooth-Nisnevich topology
is defined on various sites related to an algebraic stack .#, and we prove that the
topoi arising from these sites are all equivalent. In particular, on schemes the smooth-
Nisnevich topology is equivalent to the usual Nisnevich topology. We prove that the
ring of continuous cohomological invariants is a sheaf on all of these sites.

The rest of the chapter is dedicated to proving Theorem 1, which is equivalent to
saying that the cohomological invariants are the sheafification of étale cohomology in
the smooth-Nisnevich topology for smooth stacks. To do this we first prove that for
a smooth irreducible scheme a cohomological invariant is determined by its value at
the generic point, and then apply the well-know description of unramified cohomology
given by the Gersten resolution [BO74, 4.2.2]. As a corollary of our description we
obtain that continuous cohomological invariants are conserved by affine bundles and
by removing a closed substack of codimension two or more.

To provide a first application our techniques, we compute the continuous co-
homological invariants of the stack of elliptic curves .#; ;. It turns out that the
only nontrivial invariant is the one sending an elliptic curve with Weierstrass form
y?> = 2% + ar + b to the element [4a® + 27b%] € k*/k*? ~ H'(Spec(k)), when p = 2 or
p=3.

Lastly we extend our definition to allow for invariants taking values in arbitrary
cycle modules. After making a few technical points to give a new continuity condition
and show that it is equivalent to the former for étale cohomology, we prove that that

the results in the chapter hold almost verbatim in this extended setting.

V.2 Chapter 2

The first section of the chapter is dedicated to reworking the theory of Chow groups
with coefficients for algebraic spaces. The main step here is moving from the Zariski
topology to the Nisnevich topology, which is possible thanks to [Knu71, 6.3], which
assures us that a quasi-separated algebraic space has a Nisnevich cover by a scheme.
The rest of the work consists in carefully reducing our proofs to the case of schemes.
We tried to give a systematic treatment of the subject, which could provide an intro-

duction to the subject for those readers that are not familiar with the original paper
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[Ros96].

The second section is dedicated to constructing a theory of Chern classes and giv-
ing a quick overview of the equivariant theory, which was first introduced in [Gui08].
The first Chern class of a line bundle £ — X is constructed explicitly as the composi-
tion of the zero section and the retraction r : C,(E) — C,(X) constructed in [Ros96,
sec.9]. General Chern classes are constructed in the same way as in [Ful84, Ch.3],
using Segre classes. All the basic formulas for Chern classes hold with coefficients,
and we use them to compute the Chow rings with coefficients of Grassmann bundles.

The last part of the section is dedicated to the equivariant version of the theory.
To see that the whole theory translates to the equivariant setting we can just repeat
the proofs used for the ordinary Chow groups in [EG96]. We use the results on
Grassmanian bundles to compute the Chow rings with coefficients of GL, and SL,,
and we extend the result in [Ros96, 6.5] stating that Chow groups with coefficients
are equal to the Zariski cohomology of the sheafification of (U — A°(U)) by proving
that for a smooth algebraic space X with an action of a smooth algebraic group G
we have

AL(X) ~ H:

sm—Nis

((X/Gl, )

where &7 is the smooth-Nisnevich sheafification of (U — A%(U)).

V.3 Chapter 3

The third chapter is dedicated to computing the cohomological invariants with mod
p coefficients for the stacks of hyperellptic curves of various genera.

In the first section we describe the presentation of the stacks 7 as quotients
[U,/G]. If we see A?9"3 as the space of binary forms of degree 2g + 2, the scheme
U, C A?93 is the open subscheme of nonzero forms with distinct roots. We show that
cohomological invariant can be computed on the projectivized space Z, = X,/G,,
where G,, acts by multiplication, and we introduce a stratification P?9+2 > A 9910 D
... D Agii2g+2 which will be the base of our computation. We can see A; 5442 as the
closed subscheme of homogeneous binary forms divisible by the square of a form of
degree i, and we have Z, = P29\ A 5, 10.

The second section is dedicated to computing the continuous cohomological in-
variants of .#5 over an algebraically closed field. The proof is kept as elementary as
possible to give the reader a gradual introduction to the techniques used, and using

the fact that we are working over an algebraically closed field everything is worked
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out with considerations on the equivariant Chow groups mod p. The argument is
based on the fact that the equivariant Chow groups with coefficients of A;,, A1,
are isomorphic to those of P""#\ A ,,_9; x P’, giving rise to an inductive reasoning.

In the third section we compute the invariants for ., for all even g. The tech-
niques used for .#, are improved and generalized as more specific arguments involving
the functoriality of the open-closed exact sequence and the projection formula are in-
troduced.

The fourth section is dedicated to extending the previous results to fields that are
not algebraically closed. The extension turns out to be immediate when the prime
p is different from 2, and rather troublesome for p = 2. The main difficulty lies in
understanding if the pushforward through the closed immersion A; g — P% induces
the zero map on A%, .- 1o do so, we construct an element in degree 0 which belongs
to the annihilator of the image of A%, (A1) but does not belong to the annihilator
of any nonzero element of A, (P°). This has to be done at cycle level, and the
construction relies heavily on the explicit description of the first Chern class of a line
bundle given in chapter 2.

In the fifth section we compute the equivariant Chow groups with coefficients of
the classifying spaces of ji,, Oz, O3 and SO3. This is needed as 73 is described as a
quotient by an action of PGLy X Gy, and the equivariant Chow ring A%, (Spec(ko))
is isomorphic to A%q;, (Spec(kp)). We follow step by step the stratification method
used in [VMO6], with some minor changes. The computations are done both with co-
efficients in étale cohomology and in Milnor’s K-theory, as the proofs can be adapted
easily.

In the sixth section we compute the continuous cohomological invariants of .773.
The fact that PGLs is not special creates some additional complications, as the
equivariant ring Ap;, (Spec(ko)) has several nonzero elements in positive degree even
for an algebraically closed ky. The main difficulty is again proving that the map
Abar, (A1n) = A, (P") is zero. Luckily the richer structure of Ap;, (Spec(ko))
comes to our aid, and we are able to inductively construct an element f, in the
annihilator of the image of A%, (A1,) which for n < 8 does not belong to the

annihilator of any nonzero element in Apg; (P"), allowing us to conclude.



1. COHOMOLOGICAL INVARIANTS

In this chapter we give the definition of continuous cohomological invariants and prove
their main properties.

The first section is where the actual definition is given, along with some initial
remarks. In the second section we explore the smooth-Nisnevich site of an algebraic
stack, which is the natural context where cohomological invariants are studied.

The third section is dedicated to showing that cohomological invariants are the
sheafification of unramified cohomology on the smooth-Nisnevich site, which has the
immediate corollaries of them being invariant by passing to affine bundles and by
modifications in codimension greater than one.

Finally in the fourth section we extend the notion of cohomological invariants by

allowing their values to take place in more general functors.

1 Preliminaries

In this chapter we fix a base field kg and a prime number p. We will always assume
that the characteristic of ko is different from p. If X is a ko-scheme we will denote by
H'(X) the étale cohomology ring of X with coefficients in Z/pZ(i) := Z/pL®@ 3", and
by H*(X) the direct sum ®; H'(X). If R is a ko-algebra, we set H*(R) = H*(Spec(R)).

We begin by defining the notion of a continuous cohomological invariant and

exploring some of its consequences.

Lemma 1.1. Let R be an Henselian ring, k its residue field. The closed immersion

Spec(k) — Spec(R) induces an isomorphism of graded rings H*(R) — H*(k).
Proof. This is Gabber’s theorem, [Stalb, 09ZI]. O

Given a Henselian ring R, with residue field £ and field of fractions K, we can

construct a map

j : H*(Spec(k)) — H*(Spec(K))
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by composing the inverse for the isomorphism H*(Spec(R)) — H*(Spec(k)) and the
pullback H*(Spec(R)) — H*(Spec(K)). The same map j is obtained by different
methods in [GMS03, 7.6,7.7].

Definition 1.2. Let .# be a algebraic stack. A continuous cohomological invariant

of # is a natural transformation

o Hom(= )/, _, 5+ (—)

seen as functors from (ﬁeld/ko) to (set), satisfying the following property:

Let X be the spectrum of a Henselian DVR, p, P its closed and generic points. Then
given a map f: X — .4, we have

a(f o P) = j(a(fop)). (1.1)

The grading and operations on cohomology endow the set of continuous cohomological

invariants of .# with the structure of a graded ring, which we will denote Clnv*(.Z).

As stated in the introduction, if .#Z is the stack of G torsors for an algebraic
group G condition 1.1 is automatic. This is proven in [GMS03, 11.1]. The continuity
condition has the very important consequence of tying cohomological invariants to

another well-known invariant, unramified cohomology.

Definition 1.3. Let K be a field. Given a discrete valuation v on K there is a stan-
dard residue map 9, : H*(K) — H*(k(v)) of degree —1 (for example it is constructed
in [GMS03, sec.6-7]).

Consider a field extension K/k. The unramified cohomology H;, (K/k) is the

kernel of the map

0:H(K) — P H (k(v))

defined as the direct sum of §, over all discrete valuations on K that are trivial on k.
Given a normal scheme X over k we define the unramified cohomology H? (X)) to be

the kernel of the map

Ox : H'(K) — €5 H*(k(v,))

pEX(l)
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here the sum is over all valuations induced by a point of codimension one. For
an irreducible scheme X we define H? (X) to be the unramified cohomology of its
normalization. If R is a kg-algebra we denote H (R) = H;, .(Spec(R)).

When X is an irreducible and normal scheme, proper over Spec(k), we have the
equality H? (X) = H;, (k(X)/k), making unramified cohomology a birational invari-
ant. It was first introduced to study rationality problems in the guise of the unramified

Brauer group [Sal84], and then generalized to all degrees [CTO89].

Remark 1.4. Let X be the spectrum of a DVR R, with residue field £ and fraction
field K. The residue map 0, : H*(K) — H*(k) has the property that if we consider
the map X" 2 X induced by the Henselization of R, and the residue map 0,y on X"
we have (see [Ros96, sec 1, R3al)

Oy 0 hx = 0, : H*(P) — H*(p).

As we have 0, 0 j = 0 [GMS03, 7.7], we conclude that given a normal scheme
X and a continuous invariant o € CInv*(X) the value of o at the generic point £x
belongs to H? .(X).

In fact we can say much more. There is an obvious pullback on cohomological

invariants:

Definition 1.5. Given a morphism f : .#Z — .4, we define the pullback morphism
f*:Inv*(A) — Inv* () by setting f(a)(p) = a(po f).

Given any map f : X — .# from an irreducible scheme X, with generic point
&x, consider the pullback of a continuous invariant o € Clnv(.#). We can apply the
remark above to f*(«), obtaining a(éx) = f*(a)((x) € H;,(X). In the case of a
closed immersion V' — X with V irreducible, this says that the value a/(§y) belongs
to the unramified cohomology H; (V).

It is immediate to check that the continuous cohomological invariants of the spec-
trum of a field are canonically isomorphic to its étale cohomology. Moreover, there is
a natural map from étale cohomology to cohomological invariants sending an element
x € H*( ) to the invariant & defined by Z(p) = p*(x).

Any cohomological invariant obtained from étale cohomology this way is contin-
uous. If R, k, K are as in the definition the elements Z(p),Z(P) are both pullbacks
of f*(x) € H*(R), and the functoriality of pullback allows us to conclude that the
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continuity condition (1.1) is fulfilled. This map is clearly not injective, as the next

example shows.

Example 1.6. An easy example of the map H*(.#) — Inv*(.#) not being injective
comes from computing the cohomology ring of B(Z/2) with coefficients in Fy over
an algebraically closed field of characteristic different from 2. By the Hochschild-
Serre spectral sequence and group cohomology we obtain H*(B(Z/2)) = Fy[t], where
deg(t) = 1, while CTnv(B(Z/2), p) = F2[1l2> when p = 2 [GMS03, 16.2].

2 The smooth-Nisnevich sites

We want to make Clnv*® into a sheaf for an appropriate Grothendieck topology. It
cannot be a sheaf in the étale topology as the pullback through a finite separable
extension is not in general injective for étale cohomology. The Zariski topology is not
satisfactory as algebraic stacks do not have Zariski covers by schemes. The Nisnevich
topology, consisting of étale morphisms X — Y having the property that any map
from the spectrum of a field to Y lifts to X looks like a promising way between, at
least for Deligne-Mumford stacks. Unfortunately it still does not fit our needs, as the

following example shows:

Example 2.1. There are Deligne-Mumford stacks that do not admit a Nisnevich
covering by a scheme, and in this is a very common occurrence.

Consider .# = B(uz). The ps-torsor P = Spec(k(t)) — Spec(k(t?)) is not ob-
tainable as the pullback of any torsor 7" — Spec(k) with k finite over kg. This shows
that given an étale map X — .# there cannot be a lifting of P to X, as any point of
X will map to a torsor T" as above.

This is a general problem tied to the essential dimension ([BR97],[BF03]): when-
ever we have a strict inequality dim(.#) < ed(.#) there can be no Nisnevich cover
of .4 by a scheme. For an irreducible Deligne-Mumford stack this happens whenever

the generic stabiliser is not trivial.
To solve this problem, we admit all smooth maps satisfying the lifting property:

Definition 2.2. Let f : .# — 4 be a representable morphism of algebraic stacks,
p € A (K). Then f is a Smooth-Nisnevich neighbourhood of p if it is smooth and
there is a representative Spec(K) — 4~ of the isomorphism class of p such that we

have a lifting
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M
T
Spec(k) N

f is a Smooth-Nisnevich cover if for every field K and every p € A (K) it is a
Smooth-Nisnevich neighbourhood of p.
Note that if f is a Smooth-Nisnevich neighbourhood of p, then given any represen-

tative of p such lifting exists.

This topology looks awfully large. Luckily, as we will prove shortly, when restricted
to schemes it coincides with the usual Nisnevich topology. Recall that given a quasi-
separated algebraic space we always have an étale Nisnevich cover by a scheme [Knu71,
6.3], so we can trivially extend the Nisnevich topology to the category of quasi-

separated algebraic spaces.

Proposition 2.3. Name Alg/ko the category of quasi-separated algebraic spaces over
the spectrum of ko. Let F be a presheaf on Alg/k;o' The sheafification of F with
respect to the Ninsnevich topology is the same as its sheafification with respect to the

Smooth-Nisnevich topology.

Proof. We need to show that any smooth-Nisnevich cover has a section Nisnevich
locally. As we can take a Nisnevich cover of an algebraic space that is a scheme, we
can restrict to schemes. Recall (see [Liu02, ch.6,2.13-2.14]) that if f : X — Spec(R) is
a smooth morphism from a scheme to the spectrum of an Henselian ring with residue
field k, given a k-rational point p of X there is always a section of f sending the closed

point of Spec(R) to p. Let now X — Y be a smooth-Nisnevich cover. Consider the

diagram:
X xy Spec(O%,) 2 X
lprz f
Spec(0y.,) ! Y

As ¢ lifts to a point of X, the left arrow has a section. The scheme Spec(&y: )
is the direct limit of all the Nisnevich neighbourhoods of ¢, so there is a Nisnevich
neighbourhood U, of ¢ with a lifting to X. By taking the disjoint union over the

points of X we obtain the desired Nisnevich local section. O
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In particular, the local ring at a point of a scheme in the smooth-Nisnevich topol-
ogy is still the Henselization of the local ring in the Zariski topology, and in general if
we consider a category of algebraic spaces containing all étale maps the topoi induced
by the Nisnevich and smooth-Nisnevich topology will be equivalent.

We can now proceed to show that the smooth-Nisnevich topology behaves well for

algebraic stacks:

Proposition 2.4. Let .4 be an algebraic stack. There exists a countable family of
algebraic spaces X,, with maps p,, : X, — A of finite type such that the union of these
maps is a smooth-Nisnevich cover. Moreover if # has affine stabilizers group at all
of its geometric points, and the base field is infinite, we only need a finite number of

maps pn : X, — M .

Proof. The first statement is proven in [LMB99, 6.5]. Note that by dropping the
geometrically connectedness request on the fibres we can extend the covering family
to the whole stack.

Let now . be an algebraic stack with affine stabilizers groups. We want to prove
that there is an object P : Spec(K) — .# of .4 that is versal, meaning that for any
smooth morphism f : X — .# from an algebraic space to . with a lifting of P to
f there is an open substack % of .# with the property that every valued point of %
lifts to f.

In [Kre99, 3.5.9] Kresch proves that under the hypothesis of affine stabilizer groups
an algebraic stack admits a stratification by quotient stacks [X/G], where X is an
algebraic space and G a linear algebraic group. We may thus suppose that we are
working in these hypotheses. Moreover we may suppose our stack is irreducible.

For a quotient stack we have a standard approximation by an algebraic space. Let
V' be a representation of G such that there is an open subset U of V' on which G acts
freely, and V' \ U has codimension two or more in V. Then [(X x V)/G] & [X/G] is
a vector bundle, and [(X x U)/G] is an algebraic space. Note that given any open
subset ¥ of [(X x V)/G], the restriction of 7 is a smooth-Nisnevich cover of some
open substack % of [X/G]. First we reduce to an open subset % of [X/G] such that
the fiber of all points of % is nonempty. We can do that as 7 is universally open.
Then the fiber of a point Spec(k) & % must be a nonempty open subset of A? for
some n, and thus it admits a lifting of p.

Let us now call P, the element of [X/G](K) obtained by the generic point of
(X x U)/G]. Suppose we have a smooth map f : A — [X/G] with a lifting of P,.
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The lifting of P, can be extended to a map i from an open subset ¥ of [(X x U)/G]|

to A, making the following diagram commute:

V4
[
A 1X/G]

Then all points that can be lifted to ¥ can be lifted to A, and f is a smooth-
Nisnevich cover of a nonempty open substack of [ X/G].

We can now use the finite type hypothesis to construct our finite cover inductively.
We start by taking a versal object Py for .# and a map p; : X,, = .# such that P,
lifts to p;. Then p; must be a smooth-Nisnevich cover of an open subset %/. We then
take versal objects for the finitely many irreducible components components of the
complement of %, and add to our collection enough maps to lift them all. Then we
have obtained a smooth-Nisnevich cover for an open subset whose complement has
codimension at least 2. As our stack is Noetherian, this process will eventually end,
giving us a smooth-Nisnevich cover of finite type of .Z .

m

Given an algebraic stack .# we denote AlStk/.# the 2-category consisting of rep-
resentable maps of algebraic stacks .4~ — .# with morphisms given by 2-commutative
squares over the identity of .#Z. As we are requiring all maps to be representable, it
is equivalent to a 1-category.

We define the (very big) smooth-Nisnevich site (AIStk/ A )smnis by allowing all

smooth-Nisnevich maps as cover.
Theorem 2.5. CInv*® is a sheaf in the smooth-Nisnevich topology.

Proof. First, notice that as the cohomological invariants of Spec(k) are equal to its
cohomology, if « is a cohomological invariant of .#Z and p :€ .# (k) a point the
pullback p*(«) is the value of « at p.

Now, let f : .# — A be a Nisnevich cover, and o a cohomological invariant of
A satisfying the gluing condition. Let g be a point of 4" and p,p’ : Spec(k) — A
two different liftings of ¢. By the gluing conditions,

a(p) = Pri"(a)(p x4 p') = Pra"(a)(p x4 p') = a(p').
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We may thus define a candidate invariant S by 8(q) = a(p), where p is any lifting of
q.

It is clear that § is a natural transformation between the functor of points of A"
and H*(—). We need to prove it has property (1.1).

Let R be a Henselian DVR, ¢ : Spec(R) — .4 a morphism. The morphism
Pry : 4 x_y Spec(R) — Spec(R) is a Nisnevich cover of the spectrum of an Henselian
ring, so it has a section. This section provides a map Spec(R) — .#. By evaluating
« at the image of the generic and closed point of Spec(R), we obtain the desired
result. O

We used such a big category to get the strongest statement and also to have a
category with the final object Id : .# — .# as a term of comparison. With the next

proposition we see that we can reduce our scope to tamer sites.

Definition 2.6. Denote Spc/.# the category of .# -algebraic spaces, with morphisms
cartesian squares over the identity of .#Z. Denote Sm/.# the full subcategory of
Spc/ A consisting of algebraic spaces smooth over kg. On these two categories we
consider the Nisnevich sites (Spc/ 4 )nis and (Sm/ 4 )nis where the coverings are étale
Nisnevich maps, and the smooth-Nisnevich sites (Spc/ A )smnis and (Spe/ A )sm-Nis

where the covers are smooth-Nisnevich maps.

The site (Sm/.# )xis could be called “Lisse-Nisnevich” site in analogy with the
usual Lisse-étale site on algebraic stacks, and in fact it is a subsite of A#1s4. We
have also defined the big sites in analogy with the approach used in [Stal5, 06TI] as
these are the one we are working with in most of the proofs. the next corollary shows

that we can work indifferently in each of these sites.

Corollary 2.7. The (AlStk] # ) sm nis site and the sites defined in (2.6) all induce the

same topos.

Proof. This is a consequence of propositions (2.4,2.3) and the chains of inclusions

(Sm/%)Nis g (Sm/%)sm—Nis g (AlgSt/%)sm—Nis

(SPC///)Nis g (Spc/%)sm—Nis g (AlgSt/%)sm—Nis
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This gives us the tautologic equality CInv*(.#) = H°((Sm/ 4 )nis, Cinv*). In the
next section we will use this equality and the fact that (Sm/.# )x;s is a site of smooth

algebraic spaces to obtain a satisfactory description of the sheaf Clnv*.

3 Clnv* as a derived functor

In this section we give an explicit description of the sheaf of cohomological invariants
as the sheafification of the étale cohomology with respect to the smooth-Nisnevich
site. This will immediately give us a clear idea on how our invariants should be

computed and their properties.

Definition 3.1. Let .# be an algebraic stack, and let i : (Sm/ 4 )nis — (Sm/ M ) s
the inclusion of (Sm/.# )xis in the Lisse-étale site of .. It induces a left-exact functor
i, from the Lisse-étale topos of .Z to the topos of (Sm/. A )xis.

We will call RInv® := @, R i,(Z/pZ(j)) the sheaf of regular invariants.

We can see the sheaf of regular invariants as the sheafification of the presheaf

U — H*(U) in any of the sites defined in the previous section.

Remark 3.2. If R is an Henselian ring then RInv*(Spec(R)) is naturally isomorphic
to H*(Spec(R)).

The map from étale cohomology to continuous invariants naturally extends to a
map of sheaves between regular invariants and continuous cohomological invariants.
The previous remark shows that this map can be again interpreted as sending an
element a € RInv*(.#) to the cohomological invariant & € Clnv®(.#) defined by
sending a point p € #(K) to a(p) = p*(«).

Proposition 3.3. The map * : RInv® — CInv® is injective.

Proof. Suppose a given regular invariant « is zero as a cohomological invariant. By
lemma (1.1), the pullback of a regular invariant to the spectrum of an Henselian local
ring is the same as the pullback to its closed point. The fact that « is zero as a
cohomological invariant then implies that the pullback of alpha to the spectrum of
any local Henselian ring is zero, as it is zero at its closed point. Then o must be zero,

as regular invariants form a sheaf in the Nisnevich topology. O

This shows that we can think of RInv® as a subsheaf of Clnv*. We want to prove

the following:



1. Cohomological invariants 10

Theorem 3.4. Let .# be an algebraic stack smooth over kg. Then RInv®(.#) =
Clnv(A).

We will use a few lemmas. First we prove that for a smooth connected space a

cohomological invariant is determined by its value at the generic point.

Lemma 3.5. Let R be a reqular Henselian local ko-algebra of finite dimension, with

residue field k and quotient field K. Let a be a continuous cohomological invariant

of Spec(R). Then if a(Spec(K)) = 0 we have a(Spec(k)) = 0.

Proof. We will proceed by induction on the dimension d of R. The case d = 0 is
trivial, and the case d = 1 is proven in [GMS03, 7.7]. Suppose now d > 1.

Let x be a non invertible, nonzero element of R, and Ry = R/( z)" R, is Henselian,
and by the inductive hypothesis we know that if the value of a at Spec(k(R;)) is zero
then the value of « at Spec(k) must be zero too.

Let now x,...,z4_1 be a regular sequence for R. Consider Ry := (le,.,xdfl)h.
The residue field of R, is k(R;), and its quotient field is k(R).

Let R} be the Henselization of Ry, and consider the pullback o of a through
the map Spec(R}) — Spec(R). We have o/(Spec(k(R;)) = a(Spec(k(R;))), and
a(Spec(K) = 0 implies the same for the generic point of Spec(R%). Then a(Spec(k(R))
0 implies a(Spec(k(R;))) = 0 which in turn implies a(Spec(k)) = 0. O

Example 3.6. This fails as soon as X is no longer normal. Let R = {¢ € C[[t]] |
¢(0) € R}. R is an Henselian ring of dimension one, with residue field R and quotient

field C [[#]], but H'(Spec(R), F2) # 0, while H'(Spec(C [[t]]), Fs) = 0.

Corollary 3.7. Let X be an irreducible scheme smooth over ky. A cohomological

wmwvartant o« of X s zero if and only if its value at the generic point of X is zero.

Proof. Let a be a cohomological invariant of X such that its restriction at the generic
point p is zero. Le p be another point, and let R be the local ring of p in the smooth-
Nisnevich topology, u; the its generic point. As pq is obtained by base change from

i, o(p1) must be zero. Then, by the previous lemma, «(p) is zero. ]
The same happens for regular invariants.

Lemma 3.8. Let X be a scheme smooth over ky. Let 7° be the sheafification of the
¢tale cohomology in the Zariski topology. There is a natural isomorphism of Zariski

sheaves € ~ H; = given by restriction to the generic point.
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Proof. This is proven by the Gersten resolution [BO74, 4.2.2]. O

By remark 1.4 we know that the value of a cohomological invariant « at the generic
point of a smooth space X belongs to the unramified cohomology H,,.(X). We only

have to put together the lemmas previous lemmas to conclude.

Proposition 3.9. Let X be a scheme smooth over ky. There is a natural isomorphism

CInv*(X) ~ H; (X). In particular, all invariant of X are regular.

Proof. We will prove the proposition for an irreducible smooth scheme. The general

statement follows. Consider these three morphisms:
e The map * : (X) — Clnv*(X) given by restricting to points.
e The map res; : #(X) — H;, (X) given by restricting to the generic point.
e The map res, : Clnv(X) — H;, (X) given by evaluating at the generic point.

The second map is an isomorphism by the previous lemma, and the third map is
injective by Corollary 3.7. As clearly resy o* = res;, the three maps must all be
isomorphisms.

As RInv* is the Nisnevich sheafification of U — 2 (U) the result follows. O

Remark 3.10. Proposition 3.9 implies that given a regular Henselian ring R, with
closed and generic points respectively p, P the equation a(P) = j(a(P)), as in (1.1),
holds for any cohomological invariant a of Spec(R). This shows that in the definition
of cohomological invariant we could equivalently choose to require the (apparently)
stronger property that equation (1.1) held for all regular Henselian rings, rather than
just for DVRs.

Proof of Theorem 3.4. We can just plug the previous results in the tautological equal-
ity CInv*(.#) = H°((Sm/.# )xis, Cinv*®) obtaining
Clnv* () = H°((Sm/ .M )xis, Rinv®) = HO((Sm/ M )nis, (H*)NS)

Where (H®)N'® denotes that we are taking the sheafification in the Nisnevich topol-
ogy. Then by the standard description of derived functors we get

CInv/ () = R? i, (F,(5))(A)
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We can use the description of the cohomological on schemes to deduce two impor-

tant properties of cohomological invariants.
Lemma 3.11.

o Let U — X be an open immersion of schemes, such that the codimension of the
complement of N is at least 2. Then H;, (X) =H? (U)

e An affine bundle E — X induces an isomorphism on unramified cohomology.

Proof. The first statement is true by definition and the second is proven in [Ros96,
8.6]. ]

Proposition 3.12. Let A — 4 be an open immersion of algebraic stacks, such that
the codimension of the complement of A is at least 2. Then Inv*(A) = Inv*(A).

Proof. Let w: X — .4 be an element of smooth-Nisnevich cover of .# by a scheme.
As all the elements we will consider belong to AlStk/.# we write A x B for A x 4 B.

Name U the open subscheme X x .4 of X. Consider the commutative diagram:

Prl*

Clnv* (A4 ) —— Clnv*(X) CInv*(X x X)

. -k Pra* - %
R LA W
Clnv* (A) —— CInv*(U) Clnv*(U x 4 U)

Pro*

As i1*,i9" are isomorphisms (a smooth map fixes codimension), the elements of
Clnv*(X) satisfying the glueing conditions are the same as those of Clnv*(U).
]

Proposition 3.13. Let .# be an algebraic stack smooth over ky. An affine bundle

p:V — M induces an isomorphism on cohomological invariants.

Proof. Consider a smooth-Nisnevich cover f: X — .#. We have a cartesian square

VX g X —2 X
jpl lf
V4 & M

The horizontal arrows are affine bundles, and the vertical arrows are smooth-
Nisnevich covers. More over, we can choose f to trivialize ¥". The rings of cohomo-
logical invariants of X and ¥ X _, X are isomorphic, and we can easily see that the
glueing conditions hold for an invariant of ¥" x_, X if and only if they hold for the

corresponding invariant of X. O
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By putting together these results we get an alternative proof of Totaro’s theorem

from [GMSO03, appendix C]:

Theorem 3.14 (Totaro). Let G be an affine algebraic group smooth over ky. Suppose
that we have a representation V' of G and a closed subset Z C V such that the
codimension of Z in 'V is 2 or more, and the complement U =V \ Z is a G-torsor.

Then the group of cohomological invariants of G is isomorphic to A°(U/G).

Proof. The map [V/G] — B G is a vector bundle, so by proposition 3.13 it induces an
isomorphism on cohomological invariants by pullback. As U/G — [V/G] is an open
immersion satisfying the requirements of proposition 3.12, it induces an isomorphism

on cohomological invariants too. O

4 The invariants of #\ ;

As a first application of the results in this section, we compute the continuous coho-
mological invariants of the stack .#;; of elliptic curves. The computation will use
Rost’s Chow groups with coefficients, but it will not require any of the additional
techniques we will develop in the following sections.

Recall that by [R0s96, 6.5] for a smooth scheme X we have Clnv*(X) = J°(X) =
A%(X; H), where A°(X;H*) is the 0-codimensional Chow group with coefficients, and
the coefficients functor is étale cohomology. In the proof we will shorten A*(X;H*)

to A*(X).

Theorem 4.1. Suppose the characteristic of kg is different from two or three. Then
the cohomological invariants of #1 1 are trivial if (p,6) = 1.

Otherwise,

Inv* (A1) ~ H* (ko) [t]/(tQ —{-1}¢)

where the degree of t is 1.
The generator t sends an elliptic curve over a field k with Weierstrass form y* =
2% + ax + b to the element [4a® + 27b%] € k*/k*P ~ H'(Spec(k)).

Proof. Recall that if the characteristic of k is different from 2 and 3 we have .# ; ~
[X/G,,], with the action of G,, given by (z,y,t) — (zt*, yt%).

We will first determine the invariants of X := A?\ {42® = 27Y?}. As the multi-
plicative group is special, X — .# ; is a smooth-Nisnevich cover, so after we compute

Inv*(X) all we have to do is check the glueing conditions.
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Consider now the closed immersion G,, — A%\ (0,0) induced by the obvious map
Gy — {42® = 27Y?}\ (0,0) given by the normalization A! — {42® = 27Y?}. We

have an exact sequence [Ros96, sec.5]
0 — A%(A%\ (0,0)) = A%X) % A%G,,) — A(A2\ (0,0)) — AL(X) & ALG,,)
To compute A*(A?\ (0,0)), we use a second exact sequence:
A (A?) — AY(A?\ (0,0)) — A°(Spec(k)) — A*(A?)

As A? is a vector bundle over a point, the first and last term are zero, implying that
A'(A2%\ (0,0)) is generated as a A*(Spec(ko))-module by a single element in degree
one. By the results in the previous section, we have A°(A%\ (0,0)) = A°(A?) =
A*(Spec(kg)). As A*(A?) is zero, the continuation to the left of the sequence above
implies that also A%(A?\ (0,0)) is zero.

Using the same technique we find that A%(G,,, H*) is a free H*(Spec(kq)-module
generated by the identity in degree zero and an element ¢ in degree one.

We can now go back to the first exact sequence. Using all the data we obtained,
we find that A°(X) is generated as a free A*(Spec(kq)) module by the identity and
an element « in degree one.

Finding out what « is turns out to be easy, as H'(X) is generated by [42% + 27y?],
seen as al element of 0% /07, and this is clearly nonzero as a cohomological invariant.

The last thing we need to do is to check the glueing conditions; let m : X X 4 , X =
X x G,, — X be the multiplication map, and let 7 : X x G,, — X be the first
projection. Consider the points ¢,¢" : Spec(k(z,y,t)) — X defined respectively by
x — x,y — yand x — t*z,y — t%. The values of « at ¢ and ¢’ are respectively equal
to m*(«)(p) and 7*(«)(u), where p is the generic point of X x G,,. It is necessary
and sufficient for « to verify the glueing conditions that a(q) = a(q).

We have a(q) = [42° + 27y?], a(q') = [t*?(42® + 27y*)]. These two elements of
H'(Spec(k(z,y,t)) are clearly equal if and only if p divides 12.

Finally, the relation a? = {—1}a is due to the fact that when we identify H'(k)
with &*/(k*)? we have {a}? = {—1}{a} for any a € k*. One can see this as a
consequence of the relations in Milnor’s K-theory, as the morphism from Milnor’s K-
theory of k to H*(k) is surjective in degree 1, see [R0s96, pag.327 and rmk. 1.11]. O
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5 Generalized cohomological invariants

Our aim in this section is to construct a smooth-Nisnevich sheaf of continuous co-
homological invariants with values in a given cycle module M, satisfying the same
description we have when M is equal to Galois cohomology with torsion coefficients.

There are two main problems to be fixed here: first, we must find a new continuity
condition, and secondly, we need to find a different way to identify the cohomological
invariants of a smooth scheme X with A°(X, M), as we do not have étale cohomology
to act as a medium between the two.

In the following we will often restrict to only considering geometric discrete valu-
ation rings. This means that the ring R is a ky algebra and the transcendence degree
over kg of its residue field is equal to that of its quotient field minus one. This is the
same as asking that our DVR is the local ring of an irreducible variety at a regular

point of codimension one.

Lemma 5.1. Let R be a DVR with valuation v, and let M be a cycle module. We
denote by K (v) the ring K(F)/(14+m,) and by M(v) the K(v)-module M (F)® K (v).

There are maps i : M (k(v)) — M(v) and p : M(k(R)) — M(v), and a split exact
sequence:

0— M(k(v)) 5 M) S Mk(v)) = 0

Proof. This is [Ros96, rmk. 1.6]. O

one easily sees that when M is equal to Galois cohomology and R is Henselian then
M (F) = M(v) and the continuity condition for a cohomological invariant is equivalent
to asking that p(a(k(R)) = i(a(k(v)). This motivates the following definition:

Definition 5.2. Let 2" be an algebraic stack, and M a cycle module. A continuous
cohomological invariant for 2  with coefficients in M is a natural transformation

between the functor of points

Fy : (field/kqg) — (set)

And M, satisfying the following property: given a Henselian DVR R and a map
Spec(R) — 2~ we have p(a(k(R)) = i(a(k(v)) in M(v). We denote the functor of

continuous cohomological invariants with coefficients in M by Clnv®(—, M).
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Remark 5.3. The condition above is equivalent to asking that for any irreducible
normal scheme X — 2  the value of a at k(X) belongs to A°(X), and that for a
Henselian DVR R we have a(k(v)) = s,(a(k(R))), where s, is the map defined in
[Ros96, sec.1, D4].

Theorem 5.4. Cohomological invariants with coefficients in M form a sheaf in the

smooth-Nisnevich topology.
Proof. We can just repeat word by word the reasoning in (5.4). H

Lemma 5.5. When X is a scheme smooth over ky we have an injective map A°(X, M) —
Inv(X, M) assigning to an element o € A°(X, M) the invariant & defined by a(p) =

p¥(a).

Proof. The only thing to check here is that the continuity condition is satisfied.
First one should note that by using blow-ups we can restrict to geometric DVRs.
Given a geometric DVR (R, v), we can see it as the local ring of a regular variety at
a point of codimension one. Then by [Ros96, 11.2] we know that the specialization
map 7o J (i) induced by the inclusion i of the closed point is the same as the map s,.
It is immediate to verify that the pullback A°(X, M) L5 A°(Spec(R), M) is com-
patible with the specialization A°(Spec(R), M) — A°(Spec(k(v)), M), so that we

have r o J(i) o f* = (f 04)* and we can conclude. O

Theorem 5.6. Let 2" be an algebraic stack smooth over ky. Then the sheaf of
cohomological invariants of 2 with coefficients in a cycle module M s isomorphic
to the functor X — A%(X, M) in the smooth-Nisnevich site of Z .

Proof. We can reason as in theorem (3.4). The map A°(X, M) — Inv(X, M) has an

evident inverse given by taking the value at the generic point. O



2. REVISITING CHOW GROUPS WITH COEFFICIENTS

In this chapter we completely rework the theory of Chow groups with coefficients in
the setting of algebraic spaces.

The first four sections correspond respectively to sections 1-2, 3 to 5, 7 to 9 and
10 to 14 of Rost’s original paper [Ros96]. The reworking of Section 6 of the paper
has been moved to the fourth section.

The last section defines a theory of projective bundle and Chern classes, and then
treats the equivariant version of the theory, using the result at the beginning of the
section to compute the equivariant Chow groups with coefficients of a point for some

special groups.

1 Basic definitions

In this chapter all algebraic spaces are intended to be of finite type and quasi-separated
over a fized base field kg

A cycle premodule M over kg, as defined in [Ros96, sec 1], is a functor from the
category of field extensions of kg to the category of (graded) abelian groups satisfying
a long list of properties.

Before briefly reviewing what these properties state, we begin with a change in
notation: rather then considering a covariant functor from a category of rings, we will
think of a cycle module as a contravariant functor from the opposite category, that
is, the category of extensions Spec(E) — Spec(kg). While this choice is not the most
natural, we will avoid having to switch upper and lower stars when passing from fields
to schemes, which in the author’s opinion can be a cause for considerable confusion.

That said, the properties and rules in [Ros96, sec 1] basically state that:

e For any field k, the group M (k) is a left graded K*(k)-module, where K*(k) is

Milnor’s K-theory ring of k, and this association has good functorial properties.

e There is a corestriction map M (F) o M (E) for an extension of finite type



2. Revisiting Chow groups with coefficients 18

Spec(F) 2 Spec(E), and it follows the usual properties of corestrictions, e.g.
¢* o ¢, = [F : E]1d (), where ¢* = M(¢).

e There is a graded-commutative pairing - : M x M — M of left graded K*-

modules which is functorial and satisfies the projection formula ¢.(¢*(x) - y) =
- du(y)-
e For a discrete valuation v on a field £ we have a map of graded K*-modules

dy © M(Spec(E)) — M(Spec(k(v))) of degree —1 which is compatible with

restriction, corestriction and the pairing.

For a normal scheme X, with generic point £x, and a point z € X! we can define
amap 0, : M({x) — M(z) given by &), where v(x) is the valuation induced by
ﬁx,m — ko(fx)-

For a general scheme X, and points z,y we can now define a map 0¥ : M(z) —
M (y) by considering Z = {y}. If # ¢ Z' then §Y = 0. Otherwise, let Z 5 Z be a
normalization of Z, and put
0= mbu.

m(w)=x

We can finally state what a cycle module is.

Definition 1.1. A cycle module is a cycle premodule satisfying the following two

conditions:

1. (Finite support of divisors) Let X be a normal scheme and p € M(£x). Then

d.(p) is nonzero only for finitely many x € X!

2. (Closedness) Let X be integral and local of dimension 2. Let x be its unique

> 8od, =0

yeX

closed point. Then

These properties are sufficient for a cycle module to work well for schemes, but
it’s not clear a priori if they suffice for a theory of Chow groups with coefficients for
(quasi-separated) algebraic spaces. It’s not even clear what one one should make of
the maps 0Y, as for = € @(1) we do not necessarily have a meaningful valuation to

consider.
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Recall first that for a quasi separated algebraic space with X given a point = there
is always a (unique) map Spec(K) %2, X such that any other map Spec(E) — X
factors through ¢ [Stalb, 06HN].

It makes sense then to define a Nisnevich neighbourhood of x to be an étale map
Y — X with a lifting of ¢,. It is proven in [Knu71, Ch.2,6.4] that given a point
x € X there is always a Nisnevich neighbourhood of x such that Y is a scheme.

To extend the theory of Chow groups with coefficients to algebraic spaces, we want
to compute the the “differential” maps 6¥, rather than in a Zariski neighbourhood of
x, in a Nisnevich neighbourhood of x. The first thing to check is that the definition

works for schemes:

Lemma 1.2. Let X be a normal scheme, x € XU a point and U, %= X a Nisnevich
neighbourhood of x, with a lifting p of x. For a cycle module M , we identify the group
M (z) with M(p) via the isomorphism p — x. Let Then the map 6, is equal to the
composition of M(£x) N M (&y,) and 6,.

Proof. This is an immediate consequence of rule 3.a in [Ros96, Sec 1], which states
that for a cycle module M, an extension Spec(F') LA Spec(E) and a valuation v on
F which restricts on E to a nontrivial valuation v" with ramification index e we have
an equality d,¢* = e(¢*d,/) as maps from M(E) to M(k(v)). In this case e = 1 and
¢* = Tdyu). O

This shows that for schemes we can equivalently take the differentials 6¥ on any

Nisnevich neighbourhood of z, leading to the following more general definition:

Definition 1.3. Let X be a normal algebraic space with quasi compact diagonal,
r € X'. We define the map 6, : M(Ex) — M(x) by 6, = 0,¢*, where U is a scheme
and U 5 X is any Nisnevich neighbourhood of x, the point p is any lifting of x and
¢* is the restriction map induced by p 2 .

For a general algebraic space X, and points z,y we define the map 0¥ : M(x) —
M (y) by considering Z = {y}. If # ¢ Z' then §Y = 0. Otherwise, let Z 5 Z be a
normalization of Z, and put

U= mbu

m(w)=x

We now check that the two conditions of definition (1.1) transpose directly to the

setting of algebraic spaces:
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Proposition 1.4. Let X be a normal algebraic space. Then:
1. The map 6, is nonzero only for finitely many points x € XM,

2. Given a point y € X@, we have

> 8od, =0

yeX

Proof. 1. This is an immediate consequence of the fact that an algebraic space

with quasi compact diagonal is generically a scheme and Noetherianity.

2. Let U be a scheme, U ? X a Nisnevich neighbourhood of x, with a lifting p.
Consider an element o € M(€x). For all y € X such that = € {y} there is a
unique point 3 € UM with p € m mapping to y. By the same reasoning as
in the previous lemma, we see that ¢* o §,(a) = §¥ o ¢*(a) in M(y'). Now we
can compare 0¥ o 0, (a) with 5%’ 0 0¥ o ¢*(a) = 5;;’/ o ¢* 0 §Y(«); if we choose U

as the Nisnevich neighbourhood for computing 0¥ these two are clearly equal.

This shows that
S od, = Y 8o,
yeX! yeUl
And the right-hand term is clearly zero due to the second point of the definition

for schemes.
O

With this settled, the definition of the cycle groups C, is immediate:

Definition 1.5. Let X be an algebraic space with. The Cycle complex of X with

coefficients in M is defined as the pair

e
p=>0
Where C) = ,ex, M(z) and dx is the operator of degree —1 defined by dx (o) =
> wyex 02(c). Points (1) and (2) of proposition (1.4) ensure respectively that dx is
well defined and that dy odx = 0.

We will freely switch to the codimension notation C'7 = Cpjim(x)—q-

We define the Chow groups with coefficients of X as A;(X) = H;(C,), or equiva-

lently, if we are using the codimension notation as A (X) = H'(CP).
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The Chow groups have two natural gradings induced by the grading of the cycle
module M and by codimension. To avoid confusion, the term degree will always
refer to the degree induced by this grading, and we will use the term codimension
when referring to the grading in A*(X) induced by codimension. The codimension is
considered as an even grading, so that the total degree of an element a € A?(X, M (d))
will be 2p+d. As we will see, the ring A*(X) will be graded-commutative with respect
to this first grading, and also operators between Chow groups with coefficients will
satisfy the Koszul sign rule with respect to it.

We will occasionally write A"(X,d) to denote the subgroup of A™(X) given by

elements of degree d.

2 Maps and compatibilities

In this subsection we will define the usual maps that one would expect in a theory of
Chow groups, and show that they satisfy all the reasonable requests of compatibility.
We will try to make it clear when equalities hold at cycle level rather than just at

homology level, as this may turn out to be useful when a finer analysis is needed.
Definition 2.1. For a morphism X Loy of algebraic spaces we define:

1. A pushforward f. : C,(X) — C,(Y). For a cycle a with support on a point

f
p € X, put w = f(p). we define f.aw = 0 if the extension p s w is not finite,
and f,o = (fjp)«a € M(w) otherwise. The map is then extended by linearity.

2. If f is of constant relative dimension d a pullback f* : Cp(Y) — Cpia(X) is
defined this way: for a cycle a with support on a point p put Z = X xy p. We
define f*(a) as 3,4, Uw) fi,,a € Ca(Z), where l(w) is the length of €7,,. The

map is then extended by linearity.

If we can use the codimension notation, we get f*: CP(Y) — CP(X).

While we defined pullback and pushforward in general, these will not of course
in general commute with the differential or compose in a reasonable way. The next
proposition shows that this happens in the cases we’re interested in, that is, flat
pullback and proper pushforward.

We would like to underline that we are not asking any representability condition
on our maps, as defined in general in [Stal5, 05V'T,03ZL].

Proposition 2.2. o [f f s flat, then f* ody = dxof*.
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If f is proper, then f, odx = dy of,.
Iff: X =Y, g:Y — Z are flat, then f*og* = (go f)*
If f: X =Y, g:Y — Z are proper, then g.o f. = (go f).

Suppose we have a cartesian diagram:

X ! Y
) g
x—L oy

Where f, f' are flat maps and g, g are proper. Then g, o f* = f"o¢/,.

Proof. 1. Let y be a point of Y. We can restrict to the case y € Y. As the

statement is local, we can suppose that the fiber of y is irreducible, with generic
point z € f~(y)®. Consider now a Nisnevich neighbourhood U of y, with U
a scheme. The fiber product U xy X is a Nisnevich neighbourhood of x, and
the second projection is a representable map. Let now W — X be a Nisnevich
Neighbourhood of x with W' a scheme, the fiber product U" := W x x (U xy X)
is a scheme, the projection to X is a Nisnevich neighbourhood of x, and the
map U’ I U s flat. By applying the result for schemes [Ros96, 4.6] we see
that f* ody = dyr o f'" which implies that 05% o f* = f* 0 65". This proves our

statement.

. Observe that the normalization is a proper map and it satisfies the pushforward

rule by the very definition of our differentials, so we can take X, Y to be
normal. Let x be a point of X4 and y = f(z). There are two cases that
need to be examined: y € Y{4—1) and y € Y;. In both cases we can restrict to
X ={a},Y = {y}.

In the first case the formula states that map f,ody must be zero when restricted
to Cq(X) = M(x). Consider a point 2’ € X4_1): if f(2') is not y then the map
cannot be not finite and we can ignore it. So we can take Y =y, X = f~!(y),
but then X is one-dimensional and proper, so it must be a scheme [Stalb,

0ADD] and we can use the result for schemes.

Suppose now that y = f(x) belongs to Y(4). Consider a point 3 € Y;_;. We want
to show that f, Zf(l,,):y, 0r = 5Z’Of*' Let U be a Nisnevich neighbourhood of 3/,
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and form the fiber product Z = X Xy Y. Then Z is a Nisnevich neighbourhood
of any point in the fiber of ¥, and the map Z — U is finite. But an algebraic
space that is finite over a scheme must be a scheme (a consequence of the Stein

factorization [Stalb, 03XX]), so we can use the result for schemes to conclude.

3. Let z € Z be a point. To verify the formula we can reduce to Z = {z}, X and
Y the fibers of z. Additionally, as the formula only pertains the value of the
maps at the generic points of X and Y we only need to verify it on any Zariski

open subset, so we can choose X and Y to be schemes and the result follows.

4. This statement only depends on the properties of Cycle modules, as it can be

verified only by looking at maps of spectrum of rings.

5. Let y € Y be a point, and let ¥/ € Y’ be its image. Again we can reduce to
Y ={y} and Y’ = {¢/}. Then by the same reasoning as above we can substitute
X, X’ with Zariski open subsets that are schemes, and the result follows.

O

There are two more maps to introduce. The first map is an obvious, but rather
useful, multiplication by &%. The second map is a “boundary map” for a closed

immersion ¥ — X.

Definition 2.3. Let X be an algebraic space. We define the following two additional

maps:

1. For an element a € 0%, we define the multiplication {a} : C,(X) — C,(X) by
a- ZpEX a, = ZpGX a, - o, where a,, is the residue of a at p, seen as an element

of degree 1 in Milnor’s K-theory ring of k(p). This is a degree 1 map.

2. For a closed immersion Y - X , with complement X \Y 7y X we define the
boundary map dy > : C,(X \Y) — C,(Y) as i* o dy oj,. The degree of this
map is —1, and its total degree is equal to 2(dim(X) — dim(Y")) — 3.

Again we verify that all reasonable compatibilities hold. Note that when we

consider operators of odd degree sign appears, as predicted by the Koszul sign rule:

Proposition 2.4. Let X,Y be algebraic spaces, V' 2 a closed subset of X, U :=
XV L X its complement. Then:

1. The differential and the boundary map anti-commute: dy 009 = —0Y o dy.
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2. The multiplication by 0% and the differential anti-commute: {a} dx = —dx{a}.

Let nowY 5 X be a map, and f* the induced map on structure sheaves.

3. If [ is flat (resp. proper), the pullback (resp. pushforward) and boundary map

commute: 83?‘/] of*=f*o 33 and (f|V)* S 81155 = 8\(5 ° (fIU)*'

4. If f is flat (resp. proper), the pullback (resp. pushforward) and multiplication
by O% commute: {f*a} o f* = f*o{a} and f.o {f*a} = {a} o f..

Proof. e The first property formally descends from the fact that dx odx = 0. We
have 89 o dy = i* o dy oj, o dy = i* o dy o(dy 0j, — i, 0i* o dx 0j,) by direct
verification. The first summand is 0 as it contains two consecutive differentials.
We can manipulate the second summand obtaining —i*od x 0j,0i.0(i*odx 0j,) =

—i*odx ois 0 0‘({. As clearly i* o dx o7, = dy, we can conclude.

e Let x be a point in X!. We want to show that {a} o d, = 6, o {a}. Consider
a Nisnevich neighbourhood U & X of z, with a lifting p. Then by definition
0y 0 {a} = m, 08, 0m* o{a}. We can conclude using the property for schemes

and property (4) of this proposition.

e Note that for flat (resp. proper) maps we have the following obvious equalities
(3r)e 0 fivy = F* 0 usiiy o f* = fi, 00" (resp. G © (fivy)o = £ 0 (r)usi® 0 fu =
fiv o4y Using these equalities and proposition (2.2) we can conclude.

e For the statement about flat maps we can reduce to X = Spec(k) and Y a
scheme in the same way as we did in proposition (2.2) and the result follows.
The statement for proper maps only needs to be checked on morphisms of
spectra of fields and follows directly from the properties of cycle modules.

O

All of these equalities hold at cycle level. We conclude the section by defining the
long exact sequence for a pair U % X, V = X, where V is a closed subset of X and
U=X\V.

Proposition 2.5. Let X be an algebraic space, and U,V be as above. Then the

sequence:
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Which reads

i * oy i
if we write the degree explicitly, is exact.

Proof. It is obvious by definition that the composition of two consecutive maps is
zero. Consider an element o € Ker(j*). There is an element g € C;(U) such that
d(8) = j* (o). Then o = (a — d(B)) + d(B), and a — d(B) belongs to C;(V). The
same reasoning can be applied with very slight changes to prove exactness at 0¥ and
" O

It is noteworthy that if we take Milnor’s K-theory as our Cycle module this exact
sequence extends the ordinary sequence for Chow groups, answering the same natural
question as Higher Chow groups [Blo86].

The argument of the connection between the two is partially explored in Suslin
and Nesterenko’s paper [NS89] and in Totaro’s phd thesis [Tot92], where they inde-
pendently prove that for a field F' we have K, (F) = CH"(F,n). This shows that
the Chow groups with coefficients in Milnor’s K-theory of a field are contained in its
higher Chow groups. The two are not equal, as this would mean that C H*(F, j) must
be zero for i # j, and for example C H?(F,3) can be nonzero. This is shown in the
MathOverflow thread [Mat13].

3 General cycle modules and spectral sequences

In his paper, Rost gives a very general definition of cycle module, concerning the
points of a given finite type scheme rather than just field extensions of a base field.
In our treatment of the subject we decided to restrict to “constant cycle modules
over the spectrum of a field” to maintain the analogy with ordinary chow groups,
especially in view of the fact that the later chapters of Rost’s paper only treat this
case. The notion of a general “relative” cycle module will only be needed in this

section.

Definition 3.1. Let Y be an algebraic space, and let Pt(Y') be the category of maps
Spec(k) — Y. A cycle premodule (resp. module) over Y is a contravariant functor
from Pt(Y) to abelian groups satisfying the same properties as an ordinary cycle

premodule (resp. module).
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We immediately define the object of our interest:

Definition 3.2. Let Q % B be a map of finite type of algebraic spaces. For ¢ € N
We define a cycle (pre)module A, [p] over Y by putting

Aglpl(p = Y) = Ay(Qp)

e The pullback map for an extension P’ Ly is the flat pullback f* : A,(X,) —
A,(Xps). If the f is finite we have a pushforward given by the proper pushfor-

ward f* : Aq(Qp/) — Aq<Qp)
e The structure of K,-module of A, [p] is induced by the same structure on A,,.

e Let R be a DVR, with a discrete valuation v, and generic and closed point P, p.
Consider a map Spec(R) — Y. To obtain a differential map 6, : 4, [p] (P) —
A, [p] (p) we consider Z = @ x g Spec(R).

The fiber U of P is open in Z and the fiber V' of p is its complement, thus we

have a boundary map

(0V)q : Aglp] (P) = Aq(U) — Aq(V) = Ay [p] (p)

which we take as our §,,.
Proposition 3.3. The functor A, [p] we defined is a cycle premodule.

Proof. All the properties required from cycle premodules descend from the properties

we proved in the previous sections for non-relative cycle modules. O

For an algebraic space X — B over B, and points x, 2’ we can thus define the
local differentials 67, in the same way as we did in section 1. It remains to check that

this collection of data actually defines a cycle module.
Proposition 3.4. The functor A, [p] we defined is a cycle module.

Proof. e (Finite support for divisors) The finite support requirement can be im-
mediately verified for an algebraic space X % B by first switching B for the
closure of ¢(X), which obviously does not change the cycle groups on X, and
then considering an open subset U of B such that B is a scheme, and an open
subset X’ of Xy that is a scheme. Then the result is true for X', and by

Noetherianity it must be true for X.
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o (Closedness) We first verify closedness for schemes over B. To do so, we only
need to consider local schemes of dimension 2. Let S be such a scheme and s its
closed point. Consider a Nisnevich neighbourhood U of the image of s. Then
by the same reasoning as (1.4) we can say that the “base changed” result for
the cycle module A, [py] obtained (on schemes) by the map Q x U %% U and
the map S xg U — U must imply the result for S. Then we can again use the
same reasoning as in (1.4) to say that the cycle module on schemes A, [p] must

extend to a cycle module on algebraic spaces.
O

There is an obvious notion of morphism of cycle modules, defined in ([Ros96,
1.3]). While we were not really interested in these morphisms in the case of a cycle
module over kg, here we want to explicitly state the functoriality properties of the

construction A, [p], which are what really makes it a powerful tool.

Proposition 3.5. Consider a commutative triangle:

X
O P B

The following maps are morphisms of cycle modules over B:

1. If f is proper, we have [f.] : Ay [¢] = Ay [p] obtained by taking for a point p € B
the pushforward (f,).« : Ay(Xp) — A4(0,).

2. If f is flat, of relative dimension n, we have [f*] : Ay [p] = Agtn [p] obtained by
taking for a point p € B the pullback f; = Ay(Op) = Agin(Xy).

3. For a global unit a € Of, we have [{a}] : A, [p] = A, [p] obtained by taking for
a point p € B the multiplication {a,} : Aq(Op) = Ag(Op).

4. For a closed immersion V X O with complement U = O NV 2 O We have
[0U] + Ag[poj] = Ag_1[p o] obtained by taking for a point p € B the boundary
map 83: c Ag(Uy) = Aga(Vy).

Proof. The proof for this statement is only a matter of mechanically applying the

compatibilities stated in the previous section. O
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For a map X & Y, we want to construct a spectral sequence relating AL (X)
and A, (Y, A, [f]), in the style of the Leray-Serre spectral sequence. First we define a
filtration on C,(X):

Definition 3.6. Let X % Y be a morphism. Put X(,; = {z € X | dim(p(z),Y) <
n}. We define

Cum(p) = @ M(z) C Cy(X)

2€X(1,n)

Then ... C C_1,49 C Ciyy C ... C C,(X) is a finite filtration of C,(X). The p-th

subquotient of this filtration is @uey(p) Co(Xu).

A filtered differential object has associated a standard spectral sequence (see
[HS97, ch.VIILsec.2]). If we take C,(X) with the filtration above, the first page

1S

E;,q - @ CQ(XU>

u€Y(p)

. . 1 .
The differential d, , is the map

0: P (X))~ P Ci(X)

u€Y(y) u€Y(p_1)

given by

ey = Y .

zep(y)
'ep~(y)

Proposition 3.7. There is a convergent spectral sequence:
Ei,q - AP(Y7 A p]) = Aq+p(Xa M)

Proof. 1t suffices to prove that the differential for the first page of the spectral se-
quence above is just the differential dy for the cycle module A, [p].

First for all 2 we may remove for the formula for (©)), all 2’ not belonging to
m(l), as the differential 0%, is trivial. By the dimension inequality ([Mat80, p.85])
we may further assume that ¢’ € @(1). Then let Z = Spec(ﬁ@y,) — Y, where the
local ring is taken in the Nisnevich topology. Then

5 = ()l = (dxxy 2) = (9%")3
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x
l'/

and the last term is just the component (dZ,) of the differential for the cycle module

A, [p], so by summing over all points we see that © = dy-.
O

Let now X % Y, X’ % Y’ be morphisms. A map of abelian groups a : C,(X) —
C,(X') is called filtration-preserving of degree r,t if a(Cp (V) C Cpirise(p). If such
a map is also compatible with the differential, it induces a map on spectral sequences
a: E2 (v) = EJ,.,.(p). The usual maps are all filtration preserving of some

appropriate degree, as we will see in the following lemma:
Lemma 3.8. Consider a commutative diagram:

X / X/

|

f/ Y/

1. We have f.(Cpi(v)) C Cpi(p)

2. Suppose [ has constant relative dimension s and f' has constant relative dimen-
sion t. Then f*(Cp;) C Cpisitt(V).

3. ifa € 0*(X') then {a}(Cpi(v)) C (Cpi(p))-

4. For a couple V AN Q,U=0Q~\V 2o X with i a closed immersion we have
N (Cpa(poj) € Cpii(poi).

5. For a couple V AN Y. U 1Y as above let v; be the projection Xy — V' and v;
the projection Xy — U. We have 8?5(01971(%)) C Cpo11(1y).

Proof. All the statements of the lemma checks are obvious. ]

We will use the diagram below to summarize the needed compatibilities in a single

proposition.

X fl Q XBX/ f2 Q

; ]

X/ Id X/ f3 B

Let f = fao fi.
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Proposition 3.9. 1. If f1, fo are proper the map f, : Eg’q(u) — E;q(p) equals

the composite

[f1], / (f2)«
— AP(X , Ay lp]) — Ap(Ba Ay [])

Ap(X', Ag [V])
2. Suppose the diagram above is flat and put r = dim(fs), s = dim(f;). Then the
map f*: E2 (p) — E2

oirqrs(V) 18 equals the composite:

f3

A(B A, ) B Ay (X, A, o) 2

B AP—H" (X,> Aq-i-s [V])

3. For a € 0*(0) the map {a} : E2 (p) — E2 (p) corresponds to [{a}].

4. for a couple V AN Q,U=Q\V L X with i a closed immersion the map

oy - E2 (poj)— E2

p’q_l(p o) corresponds to [85]

5. for a couple V 2 B, U 2. B as above let v; be the projection Qv — V and v,
the projection Qu — U. Then the map @85 : Equ(pj) — B2

> 1.4(pi) is equal to
037+ Ap(Qu Ay [p]) = Apa(Qv, Aq [p])

Proof. As for much of this section, the original proof in Rost’s paper can be applied

without any further comments. m

Recall now that for any cycle module M, and field F' there is an exact sequence
[Ros96, 2.22,sec.2]

. dy1
0 — M(Spec(F)) = M(Spec(F(t)) —> @ M(x) =0
xGA};u)
Here AL = Spec(F [t]), and 7 is the extension Spec(F'(t)) — Spec(F). This shows
that A(AL) = 0 for i # 0, and by induction we see that the same is true for A7,
for any field F'. We can now combine this statement with the spectral sequence we

described before to obtain the homotopy property:

Proposition 3.10. Let X, E be algebraic spaces, and let E = X be an affine bundle,
that is, there exists an étale covering U of X such that E X x U s isomorphic as a

scheme over U to A™ x U and the transition maps are affine.
Then 7* : A(X) = A™"™(E) is an isomorphism.
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Proof. Note first that an affine bundle is necessarily Nisnevich-locally trivial, by the
speciality of the group Aff,. This shows that the fiber of a point Spec(k) — X is
always isomorphic to A?. By the remark above the cycle modules A, [r] are zero
whenever ¢ # n. This shows that the spectral sequence A,(X, A4, [r]) collapses, as
only the nth column is non-zero.

We now apply proposition 3.9 using the following diagram:
E u X 4. X

lﬂ lld lId

X 1d X 1d X

The statement is that the map 7* : E2 (Id) — E7 . () is equal to the composite
of Id* : A,(X, A, [Id]) — A,(X, A, [Id]) and [7]" :— A, (X, A, [Id]) = A,(X, Agin [7]).
As both the spectral sequences for m and the identity collapse, the map 7* :
E? (Id) — E?

p,q+n

(m) is none other than the usual map 7* : A,(X) — Apin(E)
and using the statement above proving the proposition reduces to proving that the
morphism of cycle modules [r]" is an isomorphism. Then the question concerns points

Spec(k) — X and the homotopy property gives an immediate positive answer. ]

4  Gysin map, pullback, intersection

In keeping faithful to our cycle-driven treatment of the subject, we will define an ex-
plicit inverse of the pullback map along an affine bundle, depending on a trivialization
of our bundle with some additional information.

Given an n-dimensional affine bundle 7 : £ — X, and some additional information
o, we will define a map r, : Cp(E) — C,_,(X) such that r, o dp = dxor, and
r, om*, and a map H, : C,(E) — Cpi1(F) of degree 1 such that H, o 7* = 0 and
dgoH + Hodg =1Idg —7* or,. In the language of Homology, we are constructing a

homotopy between the identity and 7* o r,.

Definition 4.1. Let £ = X be an affine bundle. A coordination ¢ for 7 is a sequence
Xo=XDX;D...DX; =0 of closed subsets of X such that £ xx (X;\X;11) —

X;N X1 is a trivial bundle.

Coordinations clearly always exist because an algebraic space with quasi compact
diagonal is generically a scheme.
We would like to underline that up to refining a given coordination we can equip

it with a stronger set of data, that is, we can take a couple (o,UU; — X) where
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UU; — X is a Nisnevich cover of X trivialization 7 and the inclusion of X;\ X,y in
X has a lifting to U;. The construction of r, will be in a way local with respect to
the covering U;, and r, can be completely computed on the trivialization by keeping
track of the transition maps, which may help to clarify the process.

We begin by describing the maps r,, H, for a trivial line bundle with the trivial
coordination. We will refer to this particular case by calling our map 7y, Hyrin- We

define them as the following compositions:

*

ram = Co(X x AT 25 €L (X x (AL {0})) =5 (X x (AL~ {0})) %
Cy(X x (P {o0})) 22 Cpor(X)

Here j is the open immersion, we write A! = Spec(kq [t]), the map 5’ is the inclusion
of X x (A'\{0}) in X x (P'\{oc0}) and O, is the boundary map for the inclusion
of X x {o0}.

Huio = Co(X x A1) 225 0,1 (X x (Al x AINA)) 25
Cort(X x (Al x AINA)) 225 01 (X x AL

Here A is the diagonal of A? = Spec(kq[s,t]), and Pry, Pry are the projections
X x (A x ATNA) — X x AL

These two maps satisfy the requirements listed above, and the proof in [Ros96,
9.1] can be used without any change. Now we can define by induction the maps for
the general trivial affine bundle, which we will again call 7., Hy4, when it leads to
no confusion. Suppose we have defined maps iy, Hypini for Al x X — X, with
1<i<n. WedecomposeXxAnﬁXasXxAngXxAlﬁX, and we define:

Ttrivon = Ttriv,l © Tirivn—1

_ *
Htriv,n - Htm’v,n—l + p © Htm’v,l o Ttrivn—1

These again verify the required properties by [Ros96, 9.2].

We consider now an affine bundle £ = X of dimension n, with a coordination p
of length [. We will proceed inductively on [. If [ = 1, we are in the case above of a
trivial bundle with a trivial coordination. Suppose that we can construct r, for any

coordination ¢ of length at most [ — 1. We can formally write

Cp(X) = Gp(X N X1) @ Cp(Xy)
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Where X, is the first nontrivial closed subset in 0. Write £} = E X x X; With the

above decomposition in mind we write:

Ttriv 0
Te =
ENEq
TO"Xl © aE1 o Htriv TU\Xl
and
Htriv 0
H, =
ENEq
HU\Xl o aEl © Htriv HO|X1

It is again straightforward to verify that these maps fit our needs. Recapping,
we construct the map r, by starting from the bottom of our coordination, where we
can use the formulas for a trivial bundle, and work our way up using the “glueing
formulas” above.

With the next proposition we explicitly state some compatibilities that are only

hinted in the original paper.

Proposition 4.2. Consider a cartesian diagram

E F E
X’ f X

With 7 an affine bundle. Given a coordination o for E, let o' = f~1(0) the coordi-

nation for E' consisting of the inverse images of the elements of o. Then:
1. If f is flat, then ros 0 F* = f*or,.
2. If f is proper, then f,or, =r,oF,.
3. For a unit a € 0%(X), we have {a} or, =1, 0 {n*(a)}.

The equalities above hold at cycle level. Moreover, for a closed immersion V — X,
with complement U — X, we have 0% ory, = r, o 853 This last equality holds at

homology level.
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Proof. We only need to check that f*, f.,{a} commute with each of the pieces of the
maps we defined. It suffices to apply propositions 2.2 and 2.4 to see that each of these
maps commutes in the appropriate sense with both r.,, H4 and the glueing maps
defined above.

To prove the last statement, it suffices to see that at homology level r, = (7*)~!

and use the formula 05V o 7 = 7% 0 OY. O

Finally, we add a last proposition to verify that r, and H, are filtration preserving

map:

Proposition 4.3. o Let E 5 X be an affine bundle of dimension n, with a
coordination o, and let f : X — Y be a map. Then

ro(Cpa(f o)) C Cpin(f)

Hy(Cpi(fom)) CCprya(fom)

o Let
E' r E

be a cartesian diagram, with E as above, and let ' = f~1(o). Then

ror(Cpa(F)) C Cpn(f)

Ho(Cpa(F)) C Cppria(F)
Proof. This can be verified by following the construction for r,, H,,. m

We will use this retraction to construct a pullback for any map to a smooth
algebraic space. To do this, we first need to introduce the normal cone, deformation
space and double deformation space for a closed imbedding Y — X. Following the
original paper we will give the constructions for affine schemes, and the construction

for algebraic spaces will follow by standard étale descent arguments.
Definition 4.4. Let X = Spec(A) be an affine scheme, and let Spec(A/I) =y 5 X
be a closed imbedding.
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e The normal cone to Y in X, denoted Ny X is the spectrum of the ring Oy =
@nzo 1 / n+1.

It is an A/ 7-algebra and the projection to the zero degree summand gives an

homomorphism Oy — A/ T

e The deformation space D(X,Y) is defined as the spectrum of the subring Op =
(I"t™") >0 of At t71].

The subring Op is finitely generated over A[t], and Op [t7'] = A[t,t7}], im-
plying that Op is flat over ko [t]. The quotient OD/tOD = D0 In/j-n+1 is

isomorphic to Oy.

e Consider a composition of closed embeddings Spec(A/ ) =Z " Y & X. The
double deformation space D(X,Y, Z) is defined as the spectrum of the subring
Op = (I"J"™t ™ "s™ ™), mso of Aft,s, 71 s7.

We will not describe the properties of the double deformation space as it is only
used as tool to check the associativity of some operations, and we are only interested
in explicitly stating that the construction behaves well for algebraic spaces.

We can restate the properties described in the definition by saying that the normal
cone Ny X has projection to Y and an embedding Y % Ny X. Moreover, if i is a
regular imbedding of codimension d the normal cone is a vector of dimension d bundle
over Y with zero section the embedding o.

Similarly, the deformation space D(X,Y) is a scheme over X x Al  flat over Al.
The fiber of A'\{0} is equal to X x (A'\{0}), and the fiber of {0} is equal to Ny X.

Proposition 4.5. The three constructions defined above extend to local immersions

of algebraic spaces, as well as all the properties described. Moreover, the properties
(10.0.1),...,(10.0.5) in [Ros96, sec.10] hold for the double deformation space.

Proof. Given an étale covering U — X by an affine scheme all the constructions
above define étale descent data in an obvious way as they are defined naturally from
the sheaves of ideals Iy and Iz associated to the closed imbeddings Y — X, Z — X.
These data are always effective as algebraic spaces form a fppf stack [LMB99, 10.7].
Lastly, all the properties we stated for our constructions are base-and-target étale
local [Stalb, 02YJ, 036J, 036M]. [

For a locally closed immersion Y - X we define a map J(i) 1 Cp(X) = Cp(Ny X):
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Definition 4.6. Let Y 5 X be a locally closed immersion. We see X x (AT {0}) as
the inverse image of AN{0} in D(X,Y’), and we name 7 the projection D(X,Y) — X.
We define j(7) : Cp(X) — Cp(NyX) as the composition:

30) = Cp(X) 5 Cpaa (X x (A1N{01) D Cpa (X x (AN {01)) & Cy(Ny X)
Where 0 is the boundary map for the couple
NyX — D(X,Y), X x (A'\{0}) = D(X,Y).

We will skip all the technical lemmata present in [Ros96, Sec.11-13], and conse-
quently omit most of the proofs. The arguments are highly technical but translate
directly and completely to the setting of algebraic spaces. the next proposition shows

that the construction of .J is compatible with the basic maps

Proposition 4.7. Consider a locally reqular immersion of codimension d V LX

and let f : Z — X be a morphism. Form a cartesian square:

Zy h v

L,

Z X
Let N(f): Nz, Z = Ny X xx Z — Ny X be the first projection. Then:

f

o If [ is flat and iy is locally a regular immersion of codimension d, then N(f)* o
J(i) = J(11) o f*.
o If f 1us proper and iy s locally a reqular immersion of codimension d, then

N(f)«o (i) = J(i) o fe.

Proof. We can check the compatibilities using the functoriality of the deformation

space and propositions (2.2,2.4). H

In what follows all algebraic spaces are equidimensional, and we will switch to the

codimension notation, which is more natural in this setting.

Definition 4.8. Let X be an algebraic space smooth over ky. Then the tangent space

TX is a vector bundle over X. For a morphism Y Iy X consider the factorization:

f=Y 5y xX 22 x
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With ¢ = (Id, f). Then i is locally a regular imbedding and the normal cone Ny (X x
Y') is equal to the pullback f*(7'X). We choose a coordination o for X and define:

I,(f) =rp-1,0J(i) o Pry : CP(X) — CP(Y)

The map I,(f) commutes with the differential, and we will denote the induced map
on A* by f*.

We are creating a possible notational problem here, as if f is flat there is also

another map we call f*. The following proposition will show that this is not the case.
Proposition 4.9. Let X,Y be smooth over kg, and consider maps Z Ly 4 x.
1. We have (go f)* = f*og*.
2. If f is flat then 1,(f) and the flat pullback f* induce the same maps in homology.
3. If f:Y — X is dominant then f\EO(X) = fiey M(&Ex) — M(&y).

4. IfY L X isa reqular imbedding, then i* is homotopic to r, o J(i), where T is
any coordination of the vector bundle Ny X — Y.

5. Consider a cartesian diagram:

Y f v
L
X f X’

With h smooth and proper and X' smooth over kg. Then h,o f'™* = f*oI/,.

Proof. See [Ros96, 12.1-12.5]. Point (3) is a corollary of (2) after restricting to an

open subset. O

We can describe very explicitly the pullback to a point for an algebraic space X
smooth over ky. Given a DVR R with a parameter ¢ and valuation v we can define a

new map:

st M(Spec(k(R))) — M(Spec(k(v))), s (a)=0d,(t- )
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Proposition 4.10. Let X be an algebraic space smooth over ko, and p € XU, Then
the pullback C°(X) — C°%(p) = M(p) is equal to st where v is the valuation induced
by the local Nisnevich ring at p and t is any parameter.

Let X be as above, let p € X be a point with a Nisnevich neighbourhood
US X, and tq,...,t, be any reqular sequence at p for U. Consider the induced
sequence of valuation fields k(vy), ..., k(v,.) with parameters ty, ..., t.. Then the pull-
back C°(X) — C°(p) = M(p) is equal to s'7 o ... o sl ox*.

Proof. See [Ros96, 12.4]. O

We finally define cross products and an intersection pairing. First note that given
an algebraic space X over a field k there is a natural action of M (Spec(k)) on C,(X)
given by o - pu = ZpEX(p) o, - i1, where «, is the pullback of o € M (Spec(k)) through
the map p — Spec(k).

Definition 4.11. Let Y, Z be algebraic spaces. For a point y € Y, let m, be the
projection Z Xy y = Z, — Z and let i, : Z, — Y x Z be the inclusion. Given an
element p € C,(Y) we write p, for the y-component of p. We define a cross product:

X Cp(Y) X Cy(Z) = CpygY X Z), pxp= Z (iy)*(py ) ﬂ';(ﬂ))

YEY(p)

Equivalently we can take the specular definition:

pxp= Y (i.).(7:(p) - p=)

ZGZ(q)

Proposition 4.12. The cross product has the following properties:
1. Associativity: (px p) xn=px (Lxn) in Cprer(X XY X Z).

2. Graded-commutativity: if p is of pure degree m and p is of pure degree n then
pxp=(=1)""puxp.

3. Chain rule: for p,u as above dywz(p X p) = dy(p) X p+ (=1)"p x dz(u).

4. Compatibility with pullback, pushforward: for a map X Iy v we have respec-

tively (f x1dz)*(px p) = f*(p) x p if f is flat and (f x1dz).(n x ) = fi(n) x p
of fis proper.
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5. Compatibility with multiplication by O* and boundary maps: for an element
a € O:(Y) we have {Pr% a}p x u = ({a}p) x p. For an open immersion U — Y

with complement V. — Y we have 05 Z2(p x ) = (0Yp) x p in A*(V x Z).

6. Compatibility with pullback for a smooth target: let Y be an algebraic space
smooth over ko, and X ENR morphism.  Given unramified cycles €
A(Y),p € A (Z) we have (f x Idz)* (1 x o) = f*(u) x p in A*(Y x Z).

Proof. Everything is proven in [Ros96, 14.2-14.5]. We will spend a few words on the
compatibilities (4), (5), (6), which are only hinted in the original paper.

Compatibility with pushforward and pullback can be verified pointwise on cycle
level, and the same holds for multiplication by &*. Compatibility with boundary
maps is only true at homotopy level: to check it we can write 85§§ =14* odyxz 0Jx,
with 7 and ¢ the usual immersions. The maps j, and * are both compatible with
the cross product, this can be checked pointwise. So we have 0V Z(u x p = i* o
dywz0js(p X p) = i* odyxz(J«(1) X p). By the chain rule we get dy«z(J.(1) X p) =
dy (g« (1)) X pEjs () x dz(p) = dy (3« (1)) X p and we can conclude by the compatibility
with 7*.

To prove point (6), we begin with the case where f is locally a regular imbedding
of codimension d. Note that in this case D(X x Z,Y x Z) = D(X,Y) x Z and the

map Y X Z — X x Z factorizes as:

* _1
AdX X Z) T AJ(X x ALNO0) x Z 2y A (X % ATN0) D AL(Ny X x Z =

NywzX x Z) = A, (Y x Z)

We have reduced the map to a sequence of manipulations on the first component,
allowing us to conclude. The only thing to note is that the compatibility with the re-
traction r is an immediate consequence of the compatibility with its inverse. Consider

now a general map f. Then f* factorizes as:

AXx2) 2 A (X x ZxY x 2) L A(Y x 2)

Where f is the regular imbedding ¥ x 7 - X X Z XY x Z.

We can view the map X x Z xY x Z P X x Z as the product of the first
projections X x Y & X, Z x Z 4 Z, so that the pullback Pri(u x p) is equal to
p*(p) X ¢*(p) by applying twice the compatibility with flat pullback. Then we can
factorize the map f as the composition of the diagonal imbedding 7 — Z x Z times

the identity Idx«y and the regular imbedding ¥ x Z — X x Y x Z. Using the
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functoriality of the pullback map and the result for a regular imbedding we can then

conclude. O

We can now define an intersection pairing for a map X g Y, where Y is a smooth
algebraic space. In the case X =Y, f = Idy we get the usual ring structure on A*(Y"),
and in general the pairing makes A*(X) into a A*(Y')-module.

Definition 4.13. Let Y be an algebraic space smooth over ky, and X Iy ¥ a mor-
phism. Then the map (f,Idy) : X — Y x X is locally a regular embedding. We
define the intersection pairing —~: A*(Y) x A*(X) — A*(X) by the formula:

p—~p=rs0J(fIdx)(p x p)
Here o is the pullback of a coordination of TX to f*(TX) = NxY, as in definition
(4.9).
Proposition 4.14. Let X,Y be as in the definition above. Then:
1. The pairing ~ for X =Y turns A*(X) into a graded-commutative ring.

2. The ring structure of A*(Y') turns A*(X) into a left A*(Y) graded module.

3. If Y, X are smooth over ko then f* is a morphism of rings, and the structure of
A*(Y)-algebra of A*(X) is compatible with the structure of A*(Y)-module.

4. If f is proper, and a € A*(Y) then f.(a —~ B) = a —~ f.(B), that is, the map
f« is a morphism of A*(X)-modules.

Proof. e This is a direct consequence of the corresponding properties for the cross
product.

. . Idx,f,
e We can use the two different factorizations for the closed immersion X M

Y x X x X and the compatibility with pullback to obtain the equality u —
(p—~n)=(u~—~p) ~nforpeAX,p,ne A(Y).

e We use the compatibility with pullback and the factorization X x X — X xY —
Y xY.

e This point is a consequence of the following lemma applied to the square:
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(fldx)

X Y x X
jf lldyxf
Y A2 Y xY

]

Lemma 4.15. Consider a locally reqular embedding X — Y, with Y smooth over ky,

and a proper map Z Iy, Form the cartesian diagram:

Zx 7

b

X . Y

Then if i1 is also a locally regular embedding of the same codimension as i we have

(ot =io f.
Proof. This is a consequence of the compatibilities (4.7[2]) and (4.2[2]). O

Having defined the product structure we introduce here the content of section 6
of Rost’s original paper.

For a smooth algebraic space the Chow groups with coefficients have a natural
interpretation as the Nisnevich cohomology of an appropriate sheaf, and this inter-

pretation is compatible with both the pullback map and the intersection product.

Proposition 4.16. Let X be an algebraic space smooth over ky. The Chow groups
with coefficients AP(X) are locally trivial in the Nisnevich topology.

Proof. This an immediate consequence of theorem [Ros96, 6.1]. ]

Definition 4.17. Given a cycle module M, and an equidimensional algebraic space

X smooth over ky we define the sheaf .#x on small Nisnevich site of X as the
0

sheafification of the functor U 2 A°(U).

The definition makes sense as every algebraic space U with an étale map to X

must be equidimensional itself.
Lemma 4.18. The sheaf .#x is equal to the original functor U — A°(U).

Proof. The pullback to a Nisnevich cover LU; — X is clearly injective as the cover
always contains an open immersion U; — X. Given an element @®;o; € A°(UU;)

which satisfies the glueing conditions we construct an inverse image o € A%(X) by
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taking a = o;. To check that the element is unramified it is sufficient to apply the
glueing conditions and use the fact that for a point p € XV the element ®;q; must

be unramified at any lifting of p. O]

Theorem 4.19. Let X be an algebraic space smooth over ko. There are isomor-
phisms AP(X) — Hy. (X, #x) sending elements of degree d to elements belonging
to Hy, (X, #x [p+d]). The resulting isomorphism A*(X, M) — Hy, (X, #x) is
functorial with respect to morphisms of smooth algebraic spaces and the intersection
product on A*(X, M) is equal to the cup product on Hy, (X, #x).

Proof. Let C* be the functor sending an algebraic space U to C*(U). These func-
tors are clearly sheaves on the small Nisnevich site of X. Consider the sequence of

Nisnevich sheaves on X:

0= My 5L ot 4ozl

The sequence is exact at .#x by definition and everywhere else by 4.16. Moreover,
by the Leray-Cartan spectral sequence [Nis89, 1.22.1] the sheaves C? are acyclic, so
we can use the resolution above to compute the cohomology of .#x, leading to the
result.

The compatibility with pullback and product is a direct consequence of the locality

of these constructions. O

5 Chern classes and equivariant theory

5.1 Chern classes

The original paper notably lacks the definition of a theory of Chern classes “with
coefficients”. This has been done when M is equal to Milnor’s K-theory in chapter
9 of Elman, Karpenko and Merkujev’s book [EKM71]. We will extend their idea to
all cycle modules and to algebraic spaces. Our approach is slightly more cycle-based
than the approach in [EKMT71].

Definition 5.1. Let L = X be a line bundle. Let ¢ be a coordination for L and let
i be the zero-section imbedding. We define the first Chern class ¢; (L) : Cp(X) —
Cp—1(X) of the couple (L,0) as

c10(L)(a) =1, 0i.(a)
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Clearly the choice of a coordination is irrelevant in homology and we will just refer
to ¢1(L) when we are interested in the induced map in homology. The additional data
of the coordinations allows for slightly more precise statements on cycle level when

we pull back the coordination together with the line bundle, as we will see:

Proposition 5.2. Consider a morphism 'Y I X and form the cartesian square:

Let o’ be the induced coordination on'Y . Then:
1. If f is proper then fi(c1(L)(a)) = c1,(L)(fe()).
2. If [ s flat then c1.o/(L)(f*(B)) = [*(c1,0(L)(B)).

3. If a € O%(X) then c1,({a}(a)) = {a}(c1,(a)).

The following properties are true at homotopy level:
4. If (U, V) is a boundary couple then dY (c1(Liy)()) = c1(Ly) (09 ().
5. If L, E are two line bundles over X then c¢i(L)(c1(E)(a)) = c1(E)(e1(L)(a)).
6. The first Chern class of L ® E satisfies ¢1(L ® E)(a) = c1(L) () + c1(E) ().

Proof. Properties (1), (2), (3) can be immediately obtained by the compatibilities (4.2,
2.2, 2.4). Property (4) is obtained by (2.4) by writing r, = 7! as homology maps.
The last two will need a little more work.

Consider a cartesian square:

LxyE—" E
lﬂl lw
L l X

And name 4,7 the zero sections respectively of ' and L, and 41,4y the zero sections
of respectively m and =7’

Then ¢;(L)(c1(E)(a)) = (7*)toi’,o(7*) L oi,. By the compatibility with proper
pushforward we have (7/*) "' od/, o (7*) Lo, = (7)1 o (7/]) " 04, 0 (7).

By the functoriality of pullback and pushforward we get the equality (7*)~!o

(')t oo (i) = (7' om)*) "t o (i} 04), which is equal to ((7] o m)*) o (iy 0 7).
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as the two maps are the same, and doing the reasoning above backwards we obtain
the desired equality.

For the last equality, recall that there is a flat product map L xx E & L ® E
such that the composition of p and the projection 7" : L ® F — X is the projection
T Lxx B — X.

It is easy to see that if i is the zero section of 7" then p* 0’ («a) = 7j o’ () +7'] 0
i+(a). As the projections from E x y L and F ® L to X both induce an isomorphism

we know that p* must be an isomorphism too. But then

a(E® L)(a) = (") oila) = (™) o (p) o p) 0" = (m3) o p* 0"
Which is in turn equal to
(m3) 7 (w0 dl(@) + 7'} 0in(a)) = (L) (@) + e1(E) ()

]

As the maps we defined commute on homology level, we will treat the composition
c1(Ly1) o ¢1(Lg) as a commutative product ¢;(Lq) o ¢1(La) = ¢1(L1) - ¢1(L2).
We will first use these properties to give a complete description of the Chow groups

with coefficients of the projectivization of a vector bundle:

Proposition 5.3. Let P(E) 2 X be the projectivization of a line bundle E of rank
r over X. The following formula holds for all p:

Ap(E) = @ ci(@pm(1) (0" (Au(X) = P Au(X)
n;gijp p+r<n<p

Proof. The pullback C,(X) r, Cp(P(FE)) is injective as the map P(E)\D(0p (1)
is a vector bundle and factors through p. We begin with a trivial vector bundle
E = A" x X. Note that the blowup E along the zero section Op is equal to Opr)(1),
with Op as the zero section P(E) — Opgy(1). This construction is compatible with
the maps to X.

We first note that the pushforward along the zero section X — E is zero. To see
this it is sufficient to note that in the one-dimensional case it is equal to dg o{t} o 7*
where A' = Spec(kq [t]) and then factorise X — X x A' — FE. Using this, by a
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trivial exact sequence argument the chow groups with coefficients of '\ 0p satisfy

the following:

Af(EN05) = Ay (X) @ Ayt (X)[1]

Where the [1] means the groups are shifted up by one in degree. Consider now
the exact sequence induced by P(F) — E. If we identify A,(E) with A, ,(P(F)) by
any retraction r, we get the exact sequence:

c(0(1))

A (P(E)) = A(E~0g) % A, (P(E)) Ay 1(P(E)) — ...

The map E — E is proper, so by the compatibility (2.4) of the pushforward and

a)E(\OE =p,o0 85(\23‘? . This shows in particular that any element

boundary map we have
belonging to C,(E~0p) that is ramified in £ must be ramified in £ too. Using this
and the compatibility with projections to X we have a complete understanding of
the maps having E \ 0g either as source or target, which allows us to conclude by
computing the groups starting from the top dimension and going down.

We consider now a general vector bundle £ — X. Note that there always is
an open subset U of X such that the bundle is trivial over U, and such that its
complement V' is of strictly lower dimension than X. We will compare the exact
sequences for U,V and the exact sequence for P(E)y, P(E)y.

Suppose by induction that the formula for a projective bundle is true for V. For
T =P(E),P(E)y, P(E)y

name

A1) = P (@ (1) (pir(Au(X))).

By the compatibilities stated in the previous proposition, we have an exact se-

quence:

A P(E)) = A,(P(E)y) 9, A, (P(E)y) = A, 1(P(E))...

The inclusions A,(T) — A,(T") are clearly compatible with the exact sequence.
As the inclusion is an isomorphism for both T'= P(E)y and T'= P(E)y by the five

lemma it must be an isomorphism also for P(F). O
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Proposition 5.4. Let E be a vector bundle of rank r over X, with a filtration by
subbundles E = E, D E._1 D ... D Ey = 0 such that the quotients L; = EVEz‘H are
line bundles. Let s be a section of E and let Z be the subset where s vanishes. Then

for any o € A,(X) the element [],_, c1(L;)(c) is equivalent to a cycle in Z.

Proof. We proceed by induction on r. If » = 1 we can see this explicitly as the
section gives us a trivialization of the bundle over X \ Z, and as the retraction 7.,
composed with the zero section is zero we see that taking Z as the first closed subset
in a coordination o the result follows.

Now take a general F with a filtration by subbundles as above. The section s
induces a section s, of L,, with zero locus Y % X. Given a cycle o we first apply
c1(L,) obtaining a cycle .3, with g € C,(Y). Then we can pull E,._; back to Y. It
has a section § whose zero locus is exactly Z, and we can conclude by the projection

formula. O

This statement can be made precise on cycle level by choosing appropriate coor-
dinations for the line bundles L;, if needed.

We proceed to define Segre classes and Chern classes:

Definition 5.5. Let £ — X be a vector bundle of rank e + 1, and let P(E) & be
its projectivization. The i-th Segre class s;(F) : A.(X) — A,_;(X) is defined as the

composition:

* (c1(Op gy (1))eT?
—

A(X) = A o(P(E)) P,_i(P(E)) = A(X)

Proposition 5.6. The Segre classes satisfy the following properties:
1. si(E) =0 fori<0 and so(E) = Id.

2. Given two vector bundles E, F over X, the maps s;(E) and s;(F') commute for
all v, 7.

3. Given a map Y ERN X, if [ is proper then f.(s;(f*E)a) = s;(E)(f«(a)) for
all o € AY) and if f is flat then f*(s;(E)(B)) = si(f*E)(f*(B)) for all
pe A(X).

4. Given a boundary couple U,V we have s;(Ejy) (07 () = 0¥ (s;(Ejy) ().

5. If E is a line bundle then s1(E) = ¢;(E™') = —¢1(E).
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Proof. Point (3) can be directly proven on cycle level after choosing a coordination
for Op(g(1), with a little diagram chase involving the compatibilities in propositions
(5.2,2.2). The same goes for point (4), except it is on homology level.

Point (2) can be again proven using the compatibilities in (5.2,2.2), exactly as in
[Fuls4, 3.1].

To prove point (1), we use point (3) to restrict to the case of A,(X), with p =
dim(X). Then the maps s;(E),7 < 0 must be zero as they maps to A, ;(X) = 0.
To prove the case ¢ = 0 by (3) we may restrict to an open subset of X, so that E is
trivial, and compute it directly using the standard trivialization for pgy(1).

Point (5) results from point (1) and the fact that for a line bundle P*E =
Op(g)(—1). o

We will again denote the composition of Segre classes as a commutative multipli-

cation. We are ready to define the General Chern classes:

Definition 5.7. Let E be a vector bundle over X. Consider the formal power series
si(E) = > 50y si(E)t". We define the Chern polynomial

a(E) € Zso(E),...,s(E),...]

as the inverse of s;(F). The i-th Chern class ¢;(E) : A.(X) — A._;(X) is the i-th
coefficient of ¢,(E). Explicitly:
Co(E)=1d, a(E)=-s1(E), c(E)= 31<E)2 — 52(E), . ..

Proposition 5.8. Let E — X be a vector bundle of rank r. The Chern classes ¢;(E)

have the following properties:
1. For alli > 0 we have ¢;(E) = 0.
2. If F is another vector bundle on X then ¢;(E) and c¢;(F) commute for all i, j.

9. LetY L X be a morphism. If f is proper then f.(c;(f*E)a) = ¢;(E)(f«(@))
for all € A(Y) and if f is flat then f*(c;(E)(B)) = ci(f*E)(f*(B)) for all
g€ A(X).

4. Given a boundary couple U,V we have ¢;(E\) (07 () = 0Y (¢;(Ejw)(a)).
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5. Given an exact sequence of vector bundle over X:
0—-FE —-FE—E"—=0

We have cx(E) = Zi—f—j:k‘ ci(E")c;(E").

6. Suppose X is normal. If E = O(D) for an irreducible subvariety D of codimen-
sion 1, defined by a valuation v on k(X), then the restriction of ¢,(E) to A°(X)
is equal to the map st as in proposition (4.10). In particular, c;(E)(1) = 1p.

7. The Chern class ¢ = ¢1(Opg)(1)) satisfies the equation

A+ ap E) + .+ e(B) =0

Proof. Properties (2), (3), (4) come directly from the corresponding properties of Segre
classes.

Properties (1), (5) can be proven using the splitting construction exactly as done
in [Fuls4, 3.2].

Finally we prove property (6) by explicit computation. Consider a coordination
o for L = 0(D) with X; = D. Given an element o € A°(X) we can explicitly write
down ¢ ,(L)(a). It is equal to 7, , o 85;“3 o Hypiy 0 (ig) s ().

By explicit verification we see that Hy., o (ig)«(a) = {t}(7*(«)), where t is the
parameter for the trivial bundle over X ~\.D. The expression makes sense as the cycle
7 () is not supported in any point where ¢ is zero.

Now we consider the boundary map 65;“’. As pp = {t}(m*(«)) lives in the generic
point of L, the only point where the value of 85;“3 (1) can be nonzero is the generic
point of Lp. To compute the map 52]3 we first base change p to a Nisnevich neigh-
bourhood Up Ly X of ¢p such that the bundle is trivial.

In base changing p to Up we need to keep track of what happens to {¢}, which
is no longer the parameter for our trivial bundle: if ¢’ is the new parameter, we see
that t = 7t/, where 7 € 0% (Up Xx (X~ D)) vanishes in D with order 1. Then the
pullback of i to Up is equal to {#'}(p*(7*a)) + {7} (p*(7*a)) = p1 + po.

Now it’s easy to see that 8]{:;“3 (1) = 0 and 85;“3 (p2) = 87, (7"(cv)), where vy, is
the valuation defining Lp. By the compatibility of the maps s with the retractions

r, we obtain the result. ]

Corollary 5.9. If X is smooth over kg, and D is an irreducible divisor then c1(O(D)) =~
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D and the classes ¢;(E) are all equal to ~ [ for some cycle  of degree zero.

Proof. Let i : D — X be the inclusion, let 7 : &(D) — X be the projection and o

the zero section of m. We need to prove the equation
a(0D)=7"loo,=i,01"

For an element belonging to the image of i, we do the following: first we compose

each side with 7*, obtaining
0, =7 04,08 = (ign)p ) 0 Tp 01" = (ig(D)p)s © J (i)

We can now apply lemma [Ros96, 11.1], which says that J(i) o i, = (0N, x)«, Where
onpx is the zero section of NpX to obtain the result.

Let now a be an element not belonging to the image of i,. By linearity we
only have to prove the result for an irreducible «, so we may see a« € M(p) as the
pushforward of an element o € A°(p). We can use the projection formula to compare
the two sides of the equation on A*(p), and point (6) of the previous proposition,
together with the compatibilities (4.7) allow us to conclude.

The general case is a direct consequence of the line bundle case by using the

splitting principle and the Whitney sum formula. O

Lastly, we add a consideration on the top Chern class of vector bundle. The way
we defined the first Chern class of a line bundle can be used to define the top Chern
class of a vector bundle in general. The following statement shows that our choice of

definitions is not contradictory:

Proposition 5.10. Let E = X be a r-dimensional vector bundle, and let s be the

zero section of 7. Then c.(E) = 1! os,.

Proof. We can just follow step by step the proof in Fulton’s book [Ful84, 3.3,3.3.2]. O

As a corollary of the previous result we can describe a class of morphisms X — Y
having a nice property: the Chow groups with coefficients of X can be obtained from
those of Y just by looking at the zero degree component, which in a way means that

we only have to know what happens for ordinary Chow groups.

Proposition 5.11. Let X ERRT " algebraic spaces smooth over ky. Consider a

morphism Y 2 Z which induces a pullback map, i.e. g is flat or Z is smooth over
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ko. Suppose that f can be factorized as a composition of projective bundles and affine
bundles. Then the following holds:

A*(Y) is generated as a ring by the image of A*(Z) and elements of degree zero if
and only if the same is true for A*(X).

Proof. This is an easy consequence of proposition (5.3) and (3.10). O

We say that A*(X) is geometrically generated over A*(Z) if the property above
holds. The next corollary shows that this is enough to understand, for example, the

Chow groups with coefficients of Grassmanian bundles.

Corollary 5.12. Let E = X be a vector bundle, and let Gr,,(E) — X be the grass-
mann bundle of n-dimensional subbundles of E. Then A*(Gr,(E)) is geometrically

generated over A*(X).

Proof. We can obtain the bundle of flags complete flags F1,,,(F) from X by a sequence
of projective bundles. We begin by considering P(FE). Then we consider the vector
bundle E; on P(FE) obtain by quotienting the pullback of E by &(—1), and take
the projectivization P(FE;). This second scheme is clearly isomorphic to Fly(E) as
an X-scheme. By repeating this m — 2 more times we obtain a scheme isomorphic
to Fl,(F). By the previous proposition, this implies that the Chow groups with
coefficients of Fl,,(E) are geometrically generated over those of X.

Now consider the Grassmann bundle Gr,, (E) We can take the projectivised P(V)
of the tautologic bundle V' of Gr(m, E'). When we pull back V' to a vector bundle V}
over this space, there is a natural splitting V; = 0(—1) & V,. We can do this again for
Vi, obtaining another splitting. It is clear that repeating this process yields a space
with the same universal property as Fl,,(F), so that the two must be isomorphic
as spaces over X. This implies that the Chow groups with coefficients of Fl,,(E)
are geometrically generated over those of Gr,,(F) and as the first are geometrically
generated over those of X the same holds true for A*(Gr,,(E)). O

If we use Milnor’s K-theory or Galois cohomology as coefficients we can compute
the Chow groups with coefficients of Gr,, (F) just knowing those of X and the ordinary
Chow groups of Gr,,,(E), as the zero degree components computed using these Cycle

modules are respectively the Chow groups and the Chow groups modulo p.
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5.2 Equivariant theory

A cycle-based approach as presented in the previous sections is clearly only reasonable
when points have a well defined underlying field. Defining a theory of Chow groups
with coefficients for more general algebraic spaces, and most of all for a suitably large
class of algebraic stacks will require a different approach. For a quotient stack [X /G|
we can use the same type of equivariant approach defined in [Tot99] and [EG96]. This
has already been described in [Gui08].

The basic idea is that any extension of our theory should be homotopy invariant,
and that the i-th codimensional Chow groups with coefficients should not change if
we remove or modify somehow a subset of codimension at least ¢ + 2. Using this,
up to readjusting the codimension index, we can replace our object of study X with
another object E — X that, up to some high codimension subset, is a vector bundle

over X.

Definition 5.13. Let ¢ be a positive integer, and let X be an algebraic space with
an action by an algebraic group G. Let V be a r-dimensional representation of G
such that G acts freely outside of a closed subset W = V\U of codimension equal or
greater than ¢ + 2, and set U = V~\W.

Consider the quotient X x“U = (X x U)/G, where the action of G is the diagonal
action. By [Stalb, 02Z2] we know that X x“ U is an algebraic space, and if X is quasi
separated so is X x¢ U. In this case we define the i-th codimensional equivariant
Chow group with coefficients AY(X) to be A;yr—aim(a) (X x¢ U).

If X is equidimensional can also switch to the dimensional notation by writing
AG(X) = A9+dim(X)fdim(G)fi(X) = AY(X x“U)

This is well defined by the double fibration argument, as in [EG96, 2.2]. Putting
it briefly, if we have two representations V, V"’ of dimension r, r’ satisfying the require-
ments for the definition we can construct a third representation V' x V' and then
Airir (X X% (U x U")) is isomorphic to both A; (X x% U) and A; (X x¢ U).

Note that there is no reason why the equivariant groups should be zero for codi-

mension > 0, and in fact this is not the case even for the most basic examples.

Proposition 5.14. Let X,Y be algebraic spaces equipped with an action of an alge-
braic group G. Let f : X — Y be an equivariant morphism. For a representation V
of G, with U as above, let fy : X xGU =Y x% U be the induced map. Then if f is
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flat, proper, an open or closed immersion, smooth, a vector bundle of dimension r,

or a reqular imbedding of codimension d, so is fy.
Proof. See [EGY96, 2.2, prop.2]. ]

Consequently one can see that all of the theory developed in sections 1 — 5 imme-
diately translates to the equivariant case. We just have to consider equivariant maps
f and consider the induced maps fy to obtain the desired morphisms on equivariant

Chow groups with coefficients.

Corollary 5.15. Let us fix an algebraic group G. Fvery result in sections 1 — 5 can

be restated for G-equivariant maps.

Proof. Everything follows immediately from the proposition above, and the maps are
well defined by the double fibration argument, as in [EG96, 2.2, prop.3]. ]

Corollary 5.16. The equivariant Chow groups with coefficients AL(X) only depend
on the quotient stack [X/G].

Proof. This is proven in [EG96, 5.2, prop.16]. We sketch the proof. Consider two
different realizations [X/G],[Y/H] of the same stack, with an isomorphism ¢. Let
V, V' representation respectively of G, H with open subsets U,U’ as in definition
(5.13). Then (X xC U) xpy/m (Y x7 U’) is a scheme, and the second projection is,
up to a subset of sufficiently high codimension, a vector bundle. This gives us the

desired isomorphism. O

We will now compute some equivariant Chow groups with coefficients, taking G
a classical group acting trivially on the spectrum of a field. The computations for
G =GL,, SL, are an immediate consequence of our description of the Chow ring with
coefficients for Grassmanian bundles. In part 2 we will compute the G-equivariant
Chow ring with coefficients of a point with G = p,,, O2, O3, SO3, obtaining some less

trivial examples.

Proposition 5.17. Let our cycle module M be either equal to Milnor’s K-theory or
Galois cohomology, and let G be the general linear group GL, or the special linear
group SL,. Then the Equivariant Chow ring with coefficients A (Spec(k)) is equal
to the tensor product of the corresponding ordinary equivariant Chow groups and
M (Spec(k)).
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Proof. As in [EG96, 3.1], by choosing an appropriate representation of GL, we can
compute its equivariant Chow groups with coefficients on Grassmann schemes. Then
the description given in (5.11) and (5.12) of the Chow groups of Grassamann bundles
allows us to conclude immediately. Note that the product structure is the same as
that induced on the tensor product by the two products on ordinary Chow groups
and on M (Spec(k)); this can be seen as a consequence of proposition (4.10).

Now, following [VMO06, sec.3] if we consider the representation of SL,, induced by
our original representation of GL,, we see that the natural map Spec(k) x5 U —
Spec(k) xIn U is a G,,-torsor with associated line bundle the determinant bundle.
Using the injectivity of ¢, a simple long exact sequence argument shows that the ring
Ay (Spec(k)) must be isomorphic to A.GLn(SpeC(k))/cl O

Lastly, we extend the result of corollary (4.19) to the equivariant setting.

Proposition 5.18. Let X be an algebraic space equipped with an action of an al-
gebraic group G. Suppose [X/G| is an algebraic stack smooth over ky. Then the
equivariant Chow ring with coefficients A% (X, M) is isomorphic to the cohomology
ring Hg,, _nis([X/G], A%(—, M)).

The isomorphism sends HE, v ([X/G],CInv’ (—, M)) to AL(X,j — ).

Proof. We want to show that given an approximation X x U of [X/G] the pullback
through X x¢ U — [X/G] induces an isomorphism

Hgm—st([X/G] 7A0(_7 M)) = Hgm—Nis(X XG Uv (AO(_a M))) = AZ(X, M)

for n < d, where d is as usual the codimension of the complement of U in our chosen
representation V' minus 1.

Counsider the factorization
X xCU S [(X xV)/G] 5 [X/G]

As the second map is a vector bundle we have R'm,((CInv*(—, M))|xxv)/q)) = 0 for
1 > 0 and the pullback 7* is an isomorphism due to the Leray spectral sequence.
Using again the Leray spectral sequence we see that the pullback i* must be an

isomorphism for n < d: we have

Rt ((AY(—, M) xxer) = (U — AU, M))*™=Nis = 0 for 0 < i < d.



3. INVARIANTS OF HYPERELLIPTIC CURVES

This chapter is dedicated to computing the continuous cohomological invariants (with
coeflicients in étale cohomology) for the stacks .7, of hyperelliptic curves of genus g.

In the first section we set up the main instruments for our calculations, namely
the presentation of the stacks J7 as a quotient by G L, if g is even and by PG L if
g is odd, and the spaces A, ; of degree j forms divisible by the square of a degree i
form.

In the second and third section we compute the cohomological invariants of .7 for
all even genera over an algebraically closed field. We give a different approach for the
case of 77 where we are able to compute the invariants just doing some computations
with Chow groups mod p. In the fourth section we partially extend the results for
general fields.

The last two sections are dedicated to computing the cohomological invariants
of 7. First we compute a few equivariant Chow groups with coefficients necessary
to understand the PG Lo-equivariant Chow groups with coefficients of the projective
spaces. We then conclude the computation by techniques similar to those used for

the case of g even.

1 Preliminaries

In this chapter we fix a base field ky and a prime number p. We will always assume
that the characteristic of kg is different from p. If X is a ko-scheme we will denote by
H'(X) the étale cohomology ring of X with coefficients in Z/pZ(i) := Z/pZ@,uf?i, and
by H*(X) the direct sum @; H'(X). If R is a ko-algebra, we set H*(R) = H*(Spec(R)).
In this section we state some general considerations that will be needed for all the
computations in the chapter.
We begin by recalling the presentations of the stacks we will work with, all due

to Vistoli and Arsie [AV04].
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Theorem 1.1. Let g be an even positive integer. Consider the affine space A2973,
seen as the space of all binary forms ¢(x) = ¢(xo, x1) of degree 2g + 2. Denote by X
the open subset consisting of nonzero forms with distinct roots. Consider the action
of GLy on X, defined by A(¢(x)) = det(A)9p(A 'z).

Denote by ¢, the stack of smooth hyperelliptic curves of genus g. In particular,

as any smooth curve of genus 2 is hyperelliptic, 7¢5 = M5. Then we have
Ay~ [Xg/G L]

And the canonical representation of G Lo yields the Hodge bundle of J2.

Let g be an odd positive integer. Consider A% as the space of all binary forms of
degree 2g+2. Denote by X, the open subset consisting of nonzero forms with distinct
roots, and let PGLy X G, act on it by ([A],a)(f)(x) = Det(A)9 a2 f(A(x)).

Then for the stack J€, of smooth hyperelliptic curves of genus g we have

Iy = [Xy/(PGLy X Gy,

Proof. This is corollary 4.7 of [AV04]. When g = 2, the presentation of .#, was
originally shown by Vistoli in [Vis96, 3.1]. O

In both cases, the quotient of X, by the usual action of G,,, defined by (z1,...,z7,t) =
(tzi,...,txr), which we will name Z, is naturally an open subset of the GL, (resp.
PGLy x G,,)-scheme P(A?973) namely the complement of the discriminant locus.

Let G be either GLy or PGLy x G,,,. We will first construct the invariants of the
quotient stack [Z/G], then use the principal G,,-bundle [X/G] — [Z/G] to compute

the invariants of ¢ for g even and g = 3.

Lemma 1.2. let G be either GLy or PGLy X G,,. If p differs from 2, the principal
G -bundle [X/G]| ERN [Z/G] induces an isomorphism on continuous cohomological

mwvariants. If p is equal to 2, it induces an injective map.

Proof. The statement for p = 2 can be immediately deduced by the fact that a
G,,,-torsor is a smooth-Nisnevich cover.

For p # 2 we first reduce to the case where G is special, so that X — [X/G] is a
smooth-Nisnevich cover. We already have that G L, is special, and for PGLy x G,
we do the following. Consider a representation V of PGLy x G, satisfying the

usual condition that the action is free on an open subset U whose complement has
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codimension at least 2. Then the quotient X’ = (X x U/PGL,) is an algebraic space
and its cohomological invariants are equal to these of [X/PG Ls]. It has two different
actions by G,, given by the two actions on X, the first one defined by (z,t) — xt=2
and the second one defined by multiplication. We need to compare the cohomological
invariants of [X'/Gy,] and those of [X'/G,, x G,,] when p # 2.

The cohomological invariants of [X'/G,,| are equal to the invariants of X’ satisfy-
ing the sheaf condition for the map X’ — [X’/G,,], and the invariants of [X'/G,, x G,,,]
are in the same way equal to the invariants of X’ satisfying the glueing conditions for
X' = [X'/G,, x Gy). We want to show that there are no elements in Clnv®(X") that
satisfies the glueing conditions for X’ — [X'/G,,] and does not satisfy the conditions
for X' — [X'/G,, x Gpl.

Denote by m; : X’ x G, — X' the multiplication relative to the first action,
by ms : X’ X GG, — X' the multiplication relative to the second action and by
M : X'x G, x G,, — X' the combined multiplication map. Note that the first

multiplication factors through the second as

X' x @G —>(*_2’Id)

X'x G 22 X!
Where *~2 is the map G,, — G : m defined by A — \72.

Consider now a cohomological invariant o € Clnv(X’) satisfying the glueing con-
ditions for my, that is, Pr;"(a) = mj(a). This happens if and only if we have
((m7 — Pry")(«))(§) = 0, where ¢ is the generic point of X x G,,. The extension
& — & of generic points induced by (*72,1d) is a map of degree 2, which implies that
it is injective on étale cohomology for p # 2. As m} — Pr;* = (x72,1d)* o (m3 — Pry¥)
we conclude that (mj — Pr;*)(a) must be zero itself, so «a also satisfies the glueing
conditions for my. It is immediate to verify that an element o € Clnv(X’) satisfying
the glueing conditions for both m; and my must satisfy the glueing conditions for M.

We can repeat the same reasoning almost word by word for the case of GLs by

using the inclusion G,,, — G L, to compare the different glueing conditions.
O

We generalize the family of equivariant schemes in Theorem (1.1) this way: let
F" be the dual of the standard representation of GLy. We can see F' as the space of
all binary forms ¢ = ¢(xo, 1) of degree 1. It has the natural action of GLy defined
by A(¢)(z) = (A~ (x)). We denote by E; the i-th symmetric power Sym‘(F). We

can see F; as the space of all binary forms of degree ¢, and the action of G'Ly induced
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by the action on F is again A(¢)(x) = ¢(A~1(x)). If i is even we can consider the
additional action of G'Ly given by A(¢)(z) = det(A)/?> 1¢(A~1(x)), and the action of
PGL, given by [A] (¢)(x) = Det(A)9T f(A™(x)).

We denote Am the closed subspace of E; composed of forms ¢ such that there
exists a form f of degree r whose square divides ¢. With this notation the scheme
X, in theorem (1.1) is equal to Egngg\ALQngg.

We denote A, ; the closed locus of the projectivized P(E;) composed of forms ¢
such that there exists a form f of degree » whose square divides ¢. With this notation
we have Z; = P(Eyg12) A1 2410.

Thanks to the open-closed exact sequence on Chow groups with coefficients, un-
derstanding the cohomological invariants of [P'\A;;/G] can be reduced to under-
standing the invariants of [P’/G], which are understood thanks to the projective
bundle formula, the top Chow group with coefficients A%(A;;) (which is not equal
to the cohomological invariants of [A;,/G], as Ay; is not smooth) and the pushfor-
ward map A%(A;;) — AL(PY). The computation of A%(A;;) will be based on the

following two propositions.

Proposition 1.3. Let m,; : P(E;_s.) X P(E,) = A,.; be the map induced by (f, g) —
fg*. The equivariant morphism 7, ; restricts to a universal homeomorphism on A,
Ayt1,:. Moreover, if char(kg) > 2r or char(k) = 0 then any k-valued point of A, ;~
A, i1 can be lifted to a k-valued point of P(E;—o.) X P(E,).

Proof. See [Vis96, 3.2]. The reasoning holds in general as long as we can say that
a polynomial with r double roots must be divisible by the square of a polynomial
of degree r. This is clearly true for char(k) = 0, but in positive characteristic it
holds only as long as 2r < char(k), as we can find irreducible polynomials of degree
char(k) with only one distinct root. It is however always true that the map 7, ; is a
bijection when restricted to A, ;\A,;,. Being proper and bijective, it is a universal

homeomorphism. O

Proposition 1.4. The pushforward of a (equivariant) universal homeomorphism in-

duces an isomorphism on (equivariant) Chow groups with coefficients in H®.

Proof. Note first that the non-equivariant statement implies the equivariant one, as
if X,Y are G-schemes on which G acts freely then an equivariant universal homeo-
morphism between them induces a universal homeomorphism on quotients.

Let f : X — Y be a universal homeomorphism. Given a point y € Y, its fibre

x is a point of X and the map f, : * — y is a purely inseparable field extension.
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The pullback (f,)* : H*(y) — H*(z) is an isomorphism, and the projection formula
yields (f2)«((fz)*a) = [k(z) : k(y)] a. As the characteristic of k(z) is different from
p, the degree [k(z) : k(y)] is invertible modulo p and the corestriction map is an
isomorphism. This implies that f, induces an isomorphism on cycle level.

]

In the next sections we will exploit the stratification
A= ApiNDg LA NAg UL U Ap g
and the isomorphism
AL(ALNAL ) = AL((PTH N A g,) X PT)

to inductively compute A%(A;;) and AL(P'\Ay,).

2 The invariants of .5

In this section we will compute the cohomological invariants of .#5, assuming we are
working over an algebraically closed field. Thanks to GL, being a special group, we
will be able to do our computation by just looking at the chow groups mod p. The

result is as follows:

Theorem 2.1. Suppose the base field kg is algebraically closed, of characteristic dif-
ferent from 2,3. Then the cohomological invariants of Mo are trivial if p ¢ {2,5},

and:

o Ifp=2, Inv(M) is freely generated as a graded Fy-module by 1 and elements

X1, g, T3, Ty respectively of degree 1,2,3,4.

o [fp=0>5, Inv(.y) is freely generated as a graded Fs-module by 1 and an element
x1 of degree 1.

A few last considerations on equivariant Chow rings are needed.

Lemma 2.2. Let F' be a vector bundle of rank 2 on a variety S smooth over kg, let
P = P(F) be the projective bundle of lines in F', and A the image of the diagonal
embedding 0 : P — P xg P. Let x1,x9 in A*(P Xg P) be the two pullbacks of the
first Chern class of Op(1), ¢y € A*(P xg P) the pullback of the first Chern class of
F. Then the class of A is x1 + 19 + ¢1.
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Proof. This is [Vis96, 3.8]. O

Using the previous lemma we are able to compute the classes of A ; in CHIGL2 (PY).
Recall that the GL,-equivariant Chow ring of P is generated by the Chern classes
A1, A2 of the Hodge bundle and the first Chern class of &pi(1), which we will call ¢;,
and the only relation is a polynomial f;(¢;, A1, A2) of degree i + 1 ([EG96, 3.2, prop.6]

and the formula for projective bundles).

Proposition 2.3. The class of Ay in CHIGLQ(PZ) is 2ty — 2)\y, The class of Ay 4 in
CHgy, (P*) is 6ty — 12X\, and the class of A1 in CHy, (P°) is 10t — 30A;.

Proof. Consider the following commutative diagram:

(Pl)(i—Q) wx Pl i (Pl)i
jpl lpz
pPi—2 « pl T, pi

The map p; is defined by (f1,..., fi_2,9) = (f1... fi_2,9), the map py is de-
fined by (f1,...,fi) = (fi...f;), and the map i is defined by (f1,..., fi_2,9) —
(fi,--., fi—2,9,9). All the maps in the diagram are GLs-equivariant, i is a closed
immersion, py, pe are finite of degree respectively (i — 2)! and 1!.

Now, the class of A;; is the image of 1 through (m;).. Following the left side

of the diagram we obtain [A;;] = _;2)!(7?171- o p1)*(1). Consider now the right side

of the diagram. The equivariant Ch(()W ring of (P1)" is generated by all the different
pullbacks of t;, which we will call xy,...,z;, plus A\; and A\s. It is easy to check that
the pullback of t; is 1 + ... 4+ x;, which by the projection formula, and by symmetry,
implies that p.(z;) = (i — 1)!t,.

Using lemma 2.2, we see that i,(1) = z; + 2,1 + A\1. Its image is 2(i — 1)!t; +3lA;.

By comparing the two formulas we obtain the statement of the proposition. O
We are ready to prove theorem 2.1. The proof will require a few steps.

Proof of Theorem 2.1. During this proof, we will often use the fact that by (5.3,5.17),
if our base field is algebraically closed then the rings Ay, (P(£;)) consist only of

geometric elements, i.e. the map

CHEr, (P(E2))/(p) = Aby, (P(E:))

is an isomorphism.
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L If p = 2 then A, (A14) = (1,21), where the degree of z is 1, otherwise
A, (D) = (1).

We begin by considering the exact sequence
0— A%, (P2) = A%(P2\Ap,) 5 A%(A,) &5 AL(P2)

As i, (1) = 2ty — 2\, i, is zero for p = 2 and injective otherwise. In the first
case, we have an element z; € AO(PQ\ALQ) of degree one, corresponding to an
equation for A; 5, seen as an element of k(P?)*/k(P?)*2. In the second case, it
is trivial.

Now, if p # 2, then A°((P?\A;5) x P') =~ A°(A; 4\ Ay,) is trivial, implying

the same for A 4.

If p = 2, we first consider the following commutative diagram with exact rows:

CH2GL2 (ALQ X Pl) L CH2GL2 (AQ 4)

Tk (i2)«
CHS™2(P? x Py —= CHS™2 (A 4)

: :

CHS™2((P?\ A ) X Pl)(% CH5"2 (A1, As,4)

The first horizontal map is multiplication by two, and the third one is an iso-
morphism. i, and (is). are injective because an irreducible effective divisor of a
projective scheme cannot be numerically zero. We need to understand whether

the class of Ag 4 is divisible by two or not in the Picard group of A 4.

By the diagram we obtain the relation 2 [Ag 4] = 27, (t2) + 2m.A;. Suppose now
that [Ay4] = 2a for some o € CHS™2 (A, 4). Then 2a must belong to the kernel
of j*, but the only elements in the image of m, whose double belongs to the
kernel are the multiples of m,(¢2) + 2m.A;. This implies that 2« is equal to
2k [Ag 4] for some k, and thus (2k — 1) [Ag4] = 0, contradicting the injectivity
of (i2).

Consider now the exact sequence:

0— A%, (Arg) = A%, (A1aNDay) t AL, (Do) Iy A, (Arg)
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By proposition 1.3, Ay 4 is universally homeomorphic to P2, so that A%(A,4) is
concentrated in degree zero. Then the map i, must be injective, and 0 must be

Zero.

. We have Ay, (Asg) = (1).
As A\ Asg is universally homeomorphic to (P?~\A;3) X P? for p # 2 the

result is immediate. If p = 2 we consider the exact sequence:
B i
0= A, (Aop) = Ay, (Do Asg) = ATp, (As6) = Ay, (Do)

We know that A%, (A26\Ase) = (1,z) and x has degree one. In order to prove
that z does not come from an element of A%, (A ), we just have to prove that
i, is not injective (recall that O lowers degree by one.) As before, we consider

the commutative diagram:

CHS™2 (A5 x Py~ CHE™(P? x P?)
o -
CHEP2 (A 6)— 2 CHS™ (Ayg)

The map (7 ) is multiplication by three, and the image of 1 through i, is 2(to+
A1), where ¢, is the pullback of t, € CHy,, (P?) through the first projection.
Then we have 3 [Agﬁ] = 2(t2 + )\1), 1mply1ng [Agﬁ} = 2(t2 + )\1 — [Agﬁ]).

A% (Avg) ids equal to (1,y1,y0), with deg(z1) = 1,deg(x2) = 2 if p = 2. Oth-
erwise, A%y, (A1g) is trivial.

Recall that Ajg~\ Agg is universally homeomorphic to (P*~\A;,) x P!, and
AL (P*NAL) x PY) =AY, (P'NAy4). We can compute the latter by using

the usual exact sequence:
o i
0— AOGL2(P4) - A%*LQ(P4\AL4) - A%LQ(AM) - AIGLQ(P4)

The image of 1 through i, is 6t, — 12)\;. For p = 2, i, = 0 as A'(P?) is
concentrated in degree zero and the class of A;, is 2-divisible. This implies
that A%, (P*\A;4) contains both an inverse image of z; through 9, which we
will name y, as well, and a new element of degree 1, y;, corresponding to an

equation for Aq 4.
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For p = 3 again i, is zero, so that the element [ in degree one appears. For
p # 2,3 the map i, is injective, implying that 9 = 0, so A%L2(P4\A1,4) is
trivial. This proves the statement for p # 2,3, as an open immersion induces

an injective map on A¢; (—).

We now consider one more exact sequence:
0— A%, (A AL (ArgnDAag) S AL (Ang) 25 AL, (A
— Agr, (A1) = Agp, (A1eNAo6) = Ay, (Dog) = Agy, (D)

We want to prove that i, is injective for p = 2 and zero for p = 3. It suffices
to prove that the class of Ay is divisible by three and not divisible by two in
CHS™2 (A, ¢). We proceed as before:

L CHfL2 (Asg)

CHS™2 (A4 x PY)
Qs (i2)+

CHS2(p* x Py —= CHS™2 (A 6)
|+ |

CHY% (PN Av) x PH™ 5 CHIH (A 6n As)

the map (7). is just multiplication by two. This implies that 2 [Ag¢] = 67, (t4—
2)1) by the same reasoning as above, the only elements in the image of 7, whose
double belongs to the kernel of j* are multiples of 37, (t4 — 2);), and we easily
get to the same contradiction as before. The class of Ay is divisible by three

as 3(—271'* (t4 — 2)\1) + [AQ’G]) = [Agﬁ].

. Ifp =2, then A%LQ(PG\AM) is equal to (1,x1,x9,x3), where the degrees of
X1, Lo, T3 are respectively 1,2,3. If p =5 then AOGLQ(PG\ALG) = (1,z1) where

1 is the class of an equation for A g. Otherwise, A%, (PS\Ayg) is trivial.

This is instantly obtained by looking at the exact sequence:
0= Al (P%) = Ay, (PPN Avg) % ALy, (Arg) = Ay, (P)

And observing that the class of Ay in Ay, (P%) is 10t — 30A;, so that i, is

zero for p = 2,5 and injective otherwise.

This concludes the proof for p # 2 by proposition 1.2. For p = 2 we will have
to look at the exact sequence induced by P\ A % E, where E is the total
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space of the GLy-equivariant line bundle (—1) ® 2?. We will do this in two

steps. For the rest of the proof we assume p = 2.

. In Ay, (PY\ A1) we have tyy, = 0, tyy, # 0.
We first take a look at the products in Ay, (P*\ A ). The second part of the

open-close exact sequence for A; 5 — P? reads:
o
0— AIGL2 (P2) — AIGL2 (P2\A1,2) — AIGLQ (Alyg)

We need to understand what t5z1 is. By the compatibility of Chern classes and
boundary maps (5.2, chapter 2), we know that 0(ty21) = 9(c1(Op2(—1))(z1)) =
c1(i*Op2(—1))(0(z1)) = c1(i*Op2(—1))(1). As the pullback of &p2(—1) through
pt 2 A1s — P? is equal to Opi(—1)?, we see that d(t221) = 0. Then ta2
must be the image of some v € A};LQ(P2)7 but there are no element of positive

degree in Ay, (P?), so tez = 0.

Consider now the elements tya, t403 in AlGLQ(P‘l\AM). We will use the exact

sequence
0= AL, (PINAg4) = ALy (PINAL) S AL (Ari~Dgy)

Again by (5.2, chapter 2) we see that J(t4y1) is equal to ¢;(i*0(—1))(dy1) =
c1(i*0(—1))(1). We can now apply the projection formula to the map 74 :
(P*\Ajp3) x PY = Ay 4. As the pullback of &(—1) to (P*\ A1) x P! is equal
to pri O0(—1) ® pry 0(—1)%, we have ¢;(i*0(—1))(1) = (m14)«t2 # 0, implying

that t43; must be nonzero.

On the other hand, applying the same reasoning to t,yo we obtain J(tyy2) =
(m1,4)t2z1 = 0. Then tya must belong to the image of AIGLQ(P4\A274), but
looking at the exact sequence for Ay 4 — P* we see that A, (P*\A,4) contains

elements of degree at most one, so t425 must be zero.

. Let X be the open subscheme of A7 consisting of nondegenerate forms of degree
sixz. The graded Fo-module AOGL2 (X) is generated by 1 and nonzero elements
X1, To, X3, T4 Of Tespective degrees 1,2,3,4.

Let E % PS\A/ ¢ be the total space of the G'Ly-equivariant line bundle 0~'® 22
on PO\ Ajg. Let s: P°\\A; 5 — E be the zero section. We consider the exact

sequence:
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0— A% (E) L A% (X) 5 A%, (PO Ayg) 25 AL, (E)

If we identify the equivariant Chow groups with coefficients of E with those of
PS5\ A, using the isomorphism r defined in (page 33, chapter 2) we obtain the

following exact sequence:
j*op*or 15) TOSx
0— AOGL2(P6\A1’6) L A%L2(X) — AOGLZ(PG\ALﬁ) — AlGLQ(PG\ALG)

The second map is equal to the pullback from AY;, (P°\A;g) to A% (X), and
the fourth map is equal to ¢;(0(—1) ® 2?) which is in turn equal to multi-
plication by t¢ as we are working modulo two. So the question boils down to

whether tgx1, texo and tgrs are zero or not in AIGLQ(PG\ALG).

In analogy with the case of P*\ A4, we consider the exact sequence
B
0— AIGLZ(PG\Agﬁ) — A1GL2 (Pﬁ\ALG) — AIGLQ(AI,G\AQ,G)

Following the same reasoning as before we see that the boundaries of tgz; and
tero cannot be zero as they are respectively equal to (m16).ts and (m16).tsy1.
The differential of tgar on the other hand is equal to (m¢)«tay2 = 0, and
Ag, (PN Aq) contains elements of degree at most one because AY; (Agg) =

(1), implying that it must be zero.
O

Remark 2.4. In this case we can understand almost completely the multiplicative
structure of CInv*(.#5). We have ¢* = ¢pa = ¢ = ¢y = 0 as there are no elements
of degree higher than ¢, and similarly o® = aff = ay = 0 as these elements are
pullbacks from CInv*([P®\A;/GLy]) and we can apply the same reasoning. The
squares 2, 3% are both zero, as the second is of degree 4 and there are no elements
of degree 4 in CInv*([P°\A;/GLs]), and the first is represented by an element
5 € H*(k(P%) = k(P%) % /(k(P%)*)? and squaring it we get the element {—1}7 €
H2(k;(P6)) which is zero as k contains a square root of —1. The product v3 may be
either equal to zero or to a.

In general we have no instruments to understand the multiplicative structure of
Clnv*(74,). The reason is that it is difficult to keep track of what our elements are
when using the open-closed exact sequence, and in fact in most computations (that
the author knows of ) on classical cohomological invariants the multiplicative structure

stems from an explicit a priori description of the invariants.
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3 The invariants of J,, g even

In this section we will extend the result we obtained for .#5 to all the stacks of hyper-
elliptic curves of even genus. Again we suppose that our base field kq is algebraically

closed.

Proposition 3.1. Let p # 2. If the class of A1 is divisible by p in CHy, (P*)
then AY, (P¥\A1 ;) is generated by (1, a), where a # 0 is the invariant in degree 1

corresponding to an equation for A ;. Otherwise AOGL2 (PN Ay ;) is trivial.

Proof. We will proceed by induction on ¢, the base step being the groups we computed
in the proof of theorem (2.1). Due to the open-close exact sequence and proposition
(1.2), the statement is equivalent to proving that for all i the group A%, (A;) is
concentrated in degree 0.

Consider the exact sequence:
a i
0= A, (Do) = AL, (AraiN Do) = Ay, (Do) = Agy, (A1)

Due to the universal homeomorphism A%L2(P2i*2\A172i_2) X Pt — Aj 2N\ Ag o,
the group Al (A1 2:\As ;) is isomorphic to A, (P 72\Aj 5;_»), so by the inductive
hypothesis AOGLQ(AL%\AQ,%) has at most a single nontrivial element « in degree one.
If the group is trivial, we are done. Otherwise, we must show that the map ¢, vanishes
in degree zero. We know that the class of Aj;_ is divisible by p in Ag, (P*72%).

Consider the diagram:

(m1)+
CHngQ(Al’Qi,Q X Pl) ! CHQGl’EQQ(AQ’Ql)
T (i2)«

CHS" (P*-2 x PY) i CHS (A )

. g

CHQC,?'E"’Q((P”‘Q\AL%_Q) X Pl)(ﬂz)*—> CHQ?E%(AL?i\AZQi)

As before, 7y is multiplication by two, and we obtain that two times the class of
Ay 9; is equal to the image of the class of Ay g9 X P!, As the latter is by hypothesis
divisible by p, there is an element ¢ of CHS"% (A, ;) such that py = 2[Agg]. as p
is odd, p%lpw =p— 1[Aq9] so that p([Ag] — ’%1 ) = [Ag2]. As [Ag] is divisible
by p, the map 2, must vanish in degree zero. O



3. Invariants of hyperelliptic curves 66

Remark 3.2. The result for p # 2 does not really require ky to be algebraically
closed; it works in the same way by considering instead of a single element the H*(k)-
module it generates, and using the fact that all the maps we are considering are maps
of H*(ko)-modules. This shows that the cohomological invariants of [P#\ A 5;/G L]

are generated at most by a single element of degree 1 for p # 2.

Proposition 3.3. Let p = 2. If r is odd, the inclusion map Ao~ Ay 9 ER AP

induces an isomorphism on A%, . If r is even, AY, (A,0:) is trivial.

Proof. As A%LQ(AT&) is isomorphic to AOGL2<AT72’L‘\A7‘+272Z‘) (because A, ;2 9; has codi-

mension two in A, »;) we can compute it using the following exact sequence:
0 0 9. A0
0— AGLQ(AT,21'\AT+2,21') — AGL2 (Ar,Zi\ArJrl,Qi) — AGLQ(AT+1,22'\AT+2,22'>

We want to prove that the kernel of 0 is contained in degree zero when r is even,
and that 9 is zero when r is odd. The map (P? 2"\ Aga,) X P" 5 Ao NAy o

yields the following commutative diagram with exact rows:

AL (PP 0i9,) X PT) —— AL (Ar2iNArio)
AL (PN A gimay) X PI)Y T ——m AL (A2 NAyy12i)

! ja

A%LQ((ALQFQT\AQ,QiJT) X Pr) ik A%LQ(ATH,zi\sz,%)

The second horizontal map is an isomorphism because 7, is a universal homeo-
morphism when restricted to A, 2; A, 412;. The kernel of 0; is contained in degree
one because AY; (PP~ \ Aggi o) X P is trivial. We claim that when r is even
the third horizontal map is an isomorphism, implying that the kernel of 0 must be
contained in degree zero too, and when r is odd the third horizontal map is zero, so
that 0 must be zero too.

Let ¢ be the map from (P*~2 "2\ A1 3;_9,_2) X P" X P! to (P* 72" "2\ A1 9;_2,_2) X
P sending (f,g,h) to (f, gh). We have a commutative diagram:

2i—2r—2 1 m
(P e \A1,2i—2r—2) X Pt x Pr (Al,Qi—Qr\AQ,Qi—QT) x Pr

| )

2i—2r—2 1 2
(P e \A1,2i72r72) x Pt Ar+1,2i\Ar+2,2i
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Where m; and 7, are defined respectively by (f,g,h) — (fg* h) and (f,g9) —
(fg?). As m; and 7y are universal homeomorphisms, if we prove that v, is an isomor-
phism then 7, will be an isomorphism too, and if v, is zero then 7, will be zero too.

Consider this last diagram:

(P2i72T72\A1,2i—27"—2) % P" x Pl

o

2i—2r—2 1 P2 2i—2r—2
(P \A1,2i72r72)xpr+ PP N A pimor—2

The pullbacks of p; and py are both isomorphism, implying that the pullback of v is
an isomorphism. By the projection formula, ¥, (1)*«) = deg(1))a. Then as the degree
of ¥ is r 4+ 1, 1, is an isomorphism if r is even and zero if r is odd.

[

Remark 3.4. Again this result does not require any hypothesis on ky. The result
can be also proven by direct computation on the Chow groups mod 2, with the slight
additional complication that the map CHEE2 (P22 Pr) T CHOE2 (A, 0Ayp1.9:) 18

no longer surjective, as some points will only lift up to a purely inseparable extension.

Interestingly, the proposition above also gives us information on the Chow groups
of A, ;, as it implies that for the class of A, 9; is 2-divisible in CH.GL2(A,,721-) if and
only if r is even.

From the next corollary on we will rely heavily on the algebraic closure of ko,
which is necessary to prove that the image of 4, : A%, (Ay2) = A%y, (P*) is zero.

In the next sections we will explore some ideas to get around this obstacle.

Corollary 3.5. If p =2, then Ay, (P*\Ais;) = (1,21,...,2;), where the degree of

x; 1s 1, and all the x; are nonzero.

Proof. We obtain the corollary immediately by induction using the last proposition

and the open-close exact sequence. O]

Theorem 3.6. Suppose our base field ko is algebraically closed, of characteristic
different from 2,3, and let g be even. For p = 2, the cohomological invariants of J¢,
are generated as a graded Fo-module by nonzero invariants x1,...,T412, where the
degree of z; is 1. If p # 2, then the cohomological invariants of ¢, are nontrivial if
and only if 29+ 1 s divisible by p. In this case they are generated by a single nonzero

inmvariant in degree one.
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Proof. In the case p # 2 this is a direct consequence of lemma 1.2 and proposition
3.1. The explicit result for p # 2 can be obtained by looking at whether the class of
A1 2442 is divisible by p in the equivariant Picard group of P?9™2  which can be easily
done using proposition 2.3.

If p = 2 we start from corollary 3.5. As we did at the end of the proof of theorem

2.1, we have to consider the exact sequence

0 4g+2 groptor 0 4g+3 0. A0 4g+2 TOSx
0— Ag, (P I\ Arygra) — A, (A ITINA) = A, (P I\ A agr) —

A, (PPN A 5g40)

So the question again boils down to understanding whether the products t4g4o7;
are zero or not. Suppose by induction that for 2 < 4g + 2 we know that tyz; €
A% (PPN Aqy) is equal to zero if and only if j = i. We already know that for
1 < 3, giving us the base for the induction. Again, we can use the properties of Chern

classes to see that, if we consider the exact sequence
0 — AL, (P2 A AL, (P2 A % AL (A A
— Agp,( NAsugia) = Agy,( NArugra) = Agr, (Aragra Do ygis)

Then the image of t4,.02; through 0 is equal to (71 4g+2)+t4g%j—1, Where we consider
xo = 1. This immediately implies the thesis for j < 2¢g + 1. As 0(t4g42724+1) = 0, it
must come from an element of Ag; (P¥*2\ Ay 4442). The elements of Ay, (P2
Ag 4442) can have degrees only up to one plus the maximum degree of an element of
AOGL2(A2’49+2). Then by proposition 3.3 their degree is equal or lesser than one, and

tag12Tag4+1 must be zero, concluding the proof. ]

4 The non algebraically closed case

In this section we obtain a partial result on the cohomological invariants of .#5 for a
general base field. This should give an idea of the inherent problems that arise when
we have nontrivial elements of positive degree in our base rings. Note that this will
happen even for an algebraically closed field if we are considering quotients by groups
that are not special, making the development of techniques and ideas to treat these

type of problems crucial for the future development of the theory.

Theorem 4.1. Suppose that the characteristic of ko is different from 2, 3.
Let p be a prime different from 2. Then the cohomological invariants of ¢, are
nontrivial if and only if 49+ 1 is divisible by p. In this case they are freely generated

by 1 and a single nonzero invariant in degree one.
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Let p be equal to 2. Then the cohomological invariants of #5 are isomorphic as
a H*(Spec(k))-module to a direct sum M @& K where M is freely generated by 1 and
elements 1, T, x3 of respective degrees 1,2,3 and K is a submodule of H*(Spec(k)) [4].

The first statement is a direct consequence of remark (3.2) and proposition (1.2).
The case p = 2 will require some work, and in the rest of the section we always work

in this case. We begin by simplifying the last step:

Lemma 4.2. The map A%, (A1) — Afyp,(P°) is zero if and only if the map
A%Aq ) = AY(Ay) is zero.

Proof. One arrow is trivial: the equivariant groups for P® map surjectively on the
non-equivariant groups and the assignment is functorial, so if the equivariant map is
trivial the same must be true for the non-equivariant map.

We now remove Ay from both sides, so that we are reduced to considering the
map (P'\Aj4) X P! = P\Ayg. All elements in A% ((P*\Ay4) x P') are pullbacks
through the first projection. An element o € Ag; (P*\A;4) satisfies the equation
(t° +t°A¥)a = 0, where ¢ is the first Chern class of Ops(—1) and )\ is the first Chern
class of the determinant line bundle. The pullback o € A°((P*~\A;4) x P') must
then satisfy the same equation.

Note now that modulo two the pullback of &ps(—1) is equal to Opa(—1). As )\ is
also the pullback of the corresponding equivariant line bundle on P®, by the projection
formula we see that the image of o must satisfy the same equation. As i.(«) is an
element of A, (P°) we can write i,(a) = Ay -a+t- b with a,b € H*(spec(k)). Then
we have (t° +£°A3)(A\1 - a+¢-b) =0 in AL (PO\Agp).

Suppose that we know the result in the non-equivariant case, that is, we know that
b= 0. We want to show that (> + A7)\, - a belongs to the image of Ay, (Agg) if
and only if a = 0. Recall that Ay can be seen as the disjoint union of (P*\A 5) x P?
and Azg. We can divide the elements in A, (Agg) in three categories: those that
come from P? x P? those that come from Ajg (which is universally homeomorphic
to P?) and the elements of A&, ((P*\A;,) x P?) that are ramified on Ay x P, but
unramified on Agg.

Using the computations in [Vis96] we see that the first two images form the ideal
(6 + 521 + t*X\2 + #3)3). For the latter, the computation reduces to finding out
the kernel of the pushforward Ay, (P' x P?) — A*(P?). Using the fact that the
map is finite of degree 3 one sees that if we write ¢t = ¢1(Op1(—1)),s = ¢1(Op2(—1))
the kernel is generated as a Ag; (Spec(k))-module by 1,s,st. Then any element in
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codimension 4 belonging to the kernel of our pushforward can be written down as a
sum Afa; + Axaz, and the same must hold for any element in Af; (Agg) belonging
to the third category. By the projection formula we can conclude that the image of
A¢p,(Agg) must be contained in the ideal (£ + 15X +¢*A7 +¢3A3, Af, A2), which does

not contain (¢ + t*A?)\; - a unless a = 0. O

Of course the same trick will not work on the non-equivariant case, as the relation
would be t-a = 0 and A, ¢ contains rational points. We will have to dirty our hands
and work at cycle level. Recall that the first Chern class of a line bundle L can be

defined on cycles up to choosing a coordination for L.

Lemma 4.3. Let X x Al be a trivial vector bundle with zero section o and let T be
any coordination. Then c; (X x A') = r. o0, : C*(X) — C*(X) has the property
that for every « there is 8 such that r; o o.(a) = d(B).

Proof. We will proceed by induction on the length n of our coordination 7 = (X, =
X, X1,...,X, = 0). Recall that if we have constructed the map r,, where 71 is the

coordination restricted to X; we obtain the map r, by the formula:

Ttriv 0
rr =
XX xAl
Tr © 8X1><A1 © Htri'u T

We first prove by induction that r,({¢}7*(«)) is zero for all a, where Al =
Spec(k [t]). This element is well defined as 7*(«) does not have any component
lying on the zero section. When the coordination is trivial r.({t}7*(«)) is zero be-
cause {t}{—1} = —{t}{—t} = 0. In general, we have Hyy,({t}7*()) = 0 by direct
computation in the same way that H,., o 7* = 0, so the formula above allows us to
conclude.

Consider now an element o,(«). If the coordination is trivial the result is trivially
true. Consider now a general coordination 7, and suppose the result holds for 7;. By
direct computation we see that Hy.(0x () = {t}7* (). We separate the boundary

XX xAL . )
map E)Xlel In two components:

X X1 xAl X X1 x(AN{o}) * X X7 xAl
O ar = Oy xangoy T 0x, ©0% 5 a
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When computing the first component on the right we can consider ¢ as an invertible

element so that {t} and 8;(?(1&(\?;;%0})

form {t}7% (B) for some 3, so that when we apply r, we get zero. The second

anti-commute and we obtain an element in the

component is contained in the zero section of X; so we can apply the inductive

hypothesis. O]

Lemma 4.4. Let E — X be a line bundle that is isomorphic to LQW®P for some line
bundles L,W . Let 11, Tg be coordinations respectively for L and W, and consider the

coordination for T, Uty for E. Then for all o there is a 8 such that ¢1 .+, um, (E) (o) =
Cl,T(a) + d(ﬁ)

Proof. Tt can be seen directly as in (5.8,chapter 2) that given a compatible choice of a
trivialization and coordination for E the Chern class ¢; - (F) is the sum of ¢; (X x Al)
and a function that is linear in the coordinate change elements «; ; € 0*(U; x x Uj).
In the above situation the elements «; ; p satisfy o; ;5 = a1 - O/Z SW allowing us to

conclude. O
Proposition 4.5. The map A°(Ay5) — A'(PY) is zero.

Proof. Given an element « in A°(A;¢) — A'(P®) we know that it must come from
A%((P*\Ay4) x PY), which in turn comes from 3 € A°(P*\A;4). Consider a cycle
z € C°(P*) mapping to a. Then if we consider L = Opi(—1), with the standard
coordination 7 given by the hyperplane at infinity, we have ¢; ,(L)?(z) = 0. Then the
pullback L’ of L to P* x P! must satisfy ¢; .(L")?(8) = 0.

Consider now E = Ops(—1) with the standard coordination v given again by the
hyperplane at infinity. The pullback E’ of E is Opi(—1)® Op1(—1)2, so we can see by
the last lemma that ¢; . (E")°(8) = d(¢) for some ¢ in C*(P' x P*). The projection
formula (on cycles) now tells us that the pushforward of 5, which is an unramified
element, must satisfy ¢;(F)®(i.(8)) = 0 which implies 4,(8) = 0. O

Proposition 4.6. The pullback A(();LQ(AL%) — A%LZ(ALQi\AQ,}L’) is an isomorphism.
Proof. This is remark (3.4). O

Proof of Theorem /.1. 1. The maps
AOGLQ(ALQ) — AIGLQ (‘Pz)’ A%LQ (A174) - AéLQ(Pél)

are both zero. The first statement is due to the projection formula. To check

the second, note that by the previous points we have that A%, (A14) = (1, @) as
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an H*(Spec(k))-module, where « is an element of degree 1. Moreover, as before
we see that if we call ¢; the pullback of first Chern class of &pi(—1) we have
J(c1-a) = 0, and consequently by the projection formula ¢y (Opa(—1)(i ) = 0,
which by the structure of the Chow groups with coefficient of a projective bundle

implies i,a = 0.

2. The points above and the preliminary results we have proven in the rest of this
section easily imply that A%, (P°\A;g) is freely generated as an H*(Spec(k))-
module by 1 and elements x1, x9, x3 of degree respectively 1,2, 3. All that is left
to understand is the kernel of ¢;(Ops(—1)) : Ay, (PO\NAyg) = AL, (PON\Aqp).
We can proceed as in the previous sections to prove by induction that the map is
injective on the submodule generated by 1,x;, x5. Unfortunately the reasoning
we used before to prove that v must belong to the kernel of ¢;(0ps(—1)) no
longer works, as it relied heavily on the algebraic closure of k, so we have to
add the unspecified module K to our final result.

O

5 Some equivariant Chow groups with coefficients

In this section we compute some equivariant Chow groups with coefficients leading
to A%, (spec(ko)), which we will use to compute the cohomological invariants of 73
using the isomorphism SO3 ~ PG Ls.

The computation has some interest by itself, and it does not require much effort
to extend it to Chow groups with coefficients in Milnor’s K-theory. We begin by

computing the p,-equivariant Chow ring with coefficients of a point.

Proposition 5.1. Let k be a field and q be a prime different from the characteristic

of k.
e If M is Milnor’s K-theory, then A; (Spec(k)) is equal to M (Spec(k)) [5]/(]5.
Here & 1s the first Chern class of the standard one-dimensional representation

of fn-
o If M =H" and q # p, then A;, (Spec(k)) is equal to H*(Spec(k)).

e If M =H" and p = q, then A;, (Spec(k)) is equal to H*(Spec(k)) [t,&] . Here
t is an element in codimension O and degree one, corresponding to a generator

for the cohomological invariants of ji,.
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Proof. We consider the action of p, on G, induced by the inclusion. This action

extends linearly to A}. Then there is a long exact sequence:
0 — A% (AL) = A% (Gu) 2 AO, (Spec(k)) Z— AL (AL) — ...

Using the retraction 7 described in [Ros96, section 9] we identify As (A;) with
As (Spec(k)) and consequently the inclusion pushforward with the first Chern class
for the equivariant vector bundle A} — Spec(k). Note now that [G,,/py] ~ Gy, s0
that A5, (Gyn) - M (Spec(k))@®t- M (Spec(k)), where t is an element in codimension
zero and degree one. The differential of this element at the origin is equal to p. The

computation immediately follows. O]

The reasoning works the same for an algebraic space being acted on trivially by

Hq-

Lemma 5.2. Let X be an algebraic space over a field k, and let j1, act trivially on
it. Then A;, (X) = A*(X) ®ur(spec(r)) A, (Spec(k)).

Proof. We consider again the exact sequence:
0— A% (X x A1) L5 A0 (X % Gp) B AD (X) B AL (X x AY) = ...

As before, the quotient [(X x G,,)/ 14| is isomorphic to X X G,,, so that for its Chow
groups with coefficients the formula A}, (X x G,,,) = A(X) @t - A(X) holds.

As the first component comes from the pullback through X x G,, — X and this
map factors through [(X x A')/u,] we see that the first component always belongs to
the image of 5%, and given an element «-¢ in the second component its image through
the boundary map 0 is equal to ¢ times «. This gives us a complete understanding

of the exact sequence, allowing us to conclude.
]

With the next proposition we compute the equivariant Chow ring A, (Spec(k))
for n = 2, 3. This should serve as an example of how the Chow groups with coefficients
can start behaving wildly even for well known objects, as elements of positive degree
with no clear geometric or cohomological description appear almost immediately.

We will follow the method in [VMO06, 4.1]. First we need a few more lemmas,

which are by themselves interesting facts about the equivariant approach.
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Lemma 5.3. Let G be a linear algebraic group, acting on an algebraic space X smooth
over ko, and let H be a normal subgroup of G. Suppose the action of H on X is free

with quotient X/H. Then there is a canonical isomorphism

AG(X) > A u(X/H)

Proof. The proof in [VMO06][2.1] works without any change. O

Lemma 5.4. Let H be a linear algebraic group with an isomorphism ¢ : H ~ A}
of varieties such that for any field extension k' O k and any element h € H(k')
the automorphism of A} corresponding through ¢ to the action of h on Hj by left
multiplication is affine. Furthermore, let G be a linear algebraic group acting on H
via group automorphisms, corresponding to linear automorphisms of A} under ¢.

If G acts on an algebraic space X smooth over kgy, form the semidirect product

G x H and let it act on X wvia the projection G x H — G. Then the homomorphism
AG(X) = Abn(X)

induced by the projection G X H — G is an isomorphism.

Proof. Again the argument used in [VMO06, 2.3] works for any equivariant theory
defined as in [EG96]. O

Proposition 5.5. Let M be equal to Milnor’s K-theory. Let R, be the tensor

product of the ordinary O, -equivariant Chow groups of the spectrum of a field k with
the field’s K-theory, that is

Ry = M (Spec(k)) [c1, - - - ,cn}/(QCi)(i »

Then
Ap, (Spec(k)) = Roj @ Ryt

where T 1 1s an element in codimension and degree one, with 211 ; = 0. For n = 3 we
have
Ab, (Spec(k)) = Rs . @ R3 71,1 @ R3 T2

where 111 and 112 are respectively of codimension and degree (1,1) and (1,2), and

both are of 2-torsion.
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Let M be equal to Galois Cohomology with coefficients inFy. Recall that A, (Spec(k))
s isomorphic the ring of cohomological invariants of O,, which is generated as a
M (Spec(k))-algebra by the Steifel Whitney classes 1 = w,, w1, ..., w,, where w; has
degree i. Let ci,...,c, be the Chern classes of the standard representation of O,.
Then forn = 2,3

Ap (Spec(k)) = Aoon(Spec(k)) [c1, ..., cn] ® M(Spec(k)) [c1, ..., cn] 10

Where again 111 is an element of codimension and degree (1,1).

Let M be equal to Galois Cohomology with coefficients in F,, with p # 2. Then
Apqr,(Spec(k)) is equal to the tensor product of M (k) with the ordinary equivariant
Chow ring.

Proof. We will just have to adjust the original argument from [VMO06, 4.1]. Consider
the standard n-dimensional representation V' of O,,. We want to compute Ag (V) =
A¢ (Spec(k)). Let g be standard quadratic form being fixed by O,,. We will stratify
V' as the union of B = {q # 0},C = {¢ = 0}~ {0} and the origin {0}.

First, the map B — G,, can be trivialized by passing to an étale covering B,
with an action of us such that B/ug = B. If we call @) the locus where ¢ = 1,
then B is isomorphic to Q x G,,, the action of us is the multiplication on the second
component and the action of O, is the action on the first component. Following
lemma (5.2) we see that Ay, (B) = Ay,
element in codimension 0 and degree 1.

Using lemmas (5.3,5.4) one sees that Ag (Q) = Ay, (Spec(k)) and Ay, (C) =
Ay, (Spec(k)). As we know the rings A¢ (Spec(k)) for n = 0,1, all that remains
is to understand the long exact sequences coming from the equivariant inclusions
C — V~{0} and {0} — V.

For N = 2 we know that the ring A92(C') is equal to M (Spec(k)) and that it must
map to zero. This forces the differential of the element ¢ to be equal to 1. As the
map A, (V~\{0}) — Ap, (B) is injective, we have A, (V~\{0}) = Ay, _ ,, (Spec(k)) &
M (Spec(k)) [c1] 71,1. We can then conclude by observing that the map Aj, (V) —

A*O9(V'~{0}) is a map of rings and it is surjective in codimension 0 and in degree 0

(B) = Ay, (Q) @ Ay, (Q)t, where ¢ is an

X2

for all codimensions; we can see that 7 ; must be in the image as the second Chern
class ¢, is injective i degree zero.

For n = 3, it suffices to do the same calculations knowing that the map A*(C) —
A*(V~{0}) must again be 0 (this is obvious in the case of K-theory, and can be seen
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for Galois cohomology as the pullback of wy to C' corresponds to wy € AP (Spec(k))).
For the second long exact sequence we reason as above, except that in the case of K-
theory the class c3 has a kernel corresponding to the ideal (2), which means that there
must be an element in codimension 2 and degree 1 mapping to 2 € A, (Spec(k)). We

conclude by seeing that the choice of such element is forced. O]

Corollary 5.6. Let M be equal to Galois cohomology with coefficients in Fy. The

equivariant Chow ring with coefficient Ay, (Spec(k)) is isomorphic to
AOS3(SpeC(k)) [c3, c3] @ M (Spec(k)) [c2, 3] T11

Let M be equal to Galois cohomology with coefficients in Fy. The equivariant Chow
ring with coefficient A%q,(Spec(k)) is isomorphic to to the tensor product of M (k)

with the ordinary equivariant Chow ring.

Proof. 1t suffices to use the fact that O3 = ps x SO3 and apply (5.2). ]

6 The invariants of 743

In this section we will compute the cohomological invariants of the stack 73 of hy-
perelliptic curves of genus three over an algebraically closed field.

Recall that the presentation of .77 is obtained by considering A**! as the space
of all binary forms of degree 4g, removing the subset A of binary forms with multiple
roots and taking the [(AT1\A)/PGLy x G,,], where the action of PGLy x G,, is
given by ([A], @)(f)(x) = Det(A)*a~2 f(A™}(x)).

There are various differences form the previous cases. First, PG L, is not special,
and its Chow groups with coefficients have multiple elements in positive degree when

p=2:

Proposition 6.1. Let p be equal to 2, and M = H*. Then Apqp, (Spec(k)) is freely
generated as a module over CHpq, (Spec(k)) @ H*(k) by the cohomological invariant

vo and an element T in degree and codimension 1, 1.
If p # 2, then Apgy,(Spec(k)) is equal to CHpqp, (Spec(k)) @ H* (k).

Proof. As PG Ly is isomorphic to SO3, we can just apply (5.6). O]

The second difference is that the action of PGLs on P' does not come from a

linear action on the space of degree one forms. This is true in general whenever
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we are having PGLy act on a projective space of odd dimension. The following

proposition describes the ring Ay, (P).

Proposition 6.2. The kernel of the map ©™ : Apqp,(Spec(k)) — Apgp,(P') is
generated by wo, c3, 7, and Apgp, (P') = Im(7) [t]/tz ¥y

Proof. This can be proven exactly as in [FV11, 5.1]. O
We begin by proving the following lemma:

Lemma 6.3. 1. Suppose that the pullback
Aoy (PP A1) = Ay (P A1) x PY)
1s surjective. Then the pullback
A°(A,) — A% AL NAL)

s an isomorphism.

2. Suppose that the pullback
Apar, (P"NALn6-21) = Apar, (P 7N A 621) X PY)
18 surjective. Then the map

A?DGLQ (Spec(k)) — A?DGLQ (Azy2in)

18 surjective.

3. Suppose that the above holds and that the pushforward
Aper,(Arn) = Apar, (P")
15 zero. Then the pullback
Apr,(P"NAvy) = Apgr, (P"NAry) x P

is surjective and its kernel is generated by ws, the second Stiefel Whitney class

coming from Inv(PGLs).
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Proof. First, note that given a PG Lo-equivariant space X, while X x P! — X is not
the projectivization of an equivariant vector bundle, X x P! x P! — X x Pl is, and
so the pullback through the second map is an isomorphism in codimension zero.
Using this we see that we can apply the reasoning (3.3) word by word to prove
the first point.
The elements of positive degree in A%, ((P"~\Ay,) x P') are completely deter-
mined by their image through the boundary map

A (P"NAL) x P S A%, (A, x PY)

Consider now the mapping Ay, X P! — Ay ,,. If we remove A,,, and its inverse

image we obtain a pullback

Apar, (PPN Arn2) X PY) = Apgr, (Arn Do) = Apr, (Arn\Agp) x P =
AOPGLQ((PH' \Al,an) X Pl X Pl)

Then by condition 1 we know that A%, (A1) surjects over A%y, (A, x P')
and the fact that the map A%y, (A1) — Apgp,(P" is zero shows that for every
element « in the first group there is an element in A}, (P"~\A;,) whose boundary
is exactly a. The compatibility of pullback and boundary maps and the surjectivity
of the map above allow us to conclude. The description of the kernel stems from the

fact that it must be generated by elements that are unramified on Ay ,,. O]

The lemma almost provides an inductive step, as its conclusions provide all of
its hypotheses except for the requirement that the pushforwards A%;; (A1,) —
Apgr,(P") are zero. The following proposition gives us some information on the
annihilator of the image of these pushforwards.

We introduce some elements of Ay, (P'):

N E ety + cp)™4,if s divisible by 4

fn =
723 4 oty + ¢5)™/4, if nis not
We have A}qp, (P') = APGLQ(Spec(kO))/(fi) by [F'V11, 6.1] and the projective bundle

formula.

Lemma 6.4. Suppose that p = 2. Then the class of cs is zero in Apgy, (P') if and
only if © is odd.
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Proof. If i is even then P’ is the projectivized of a representation of PG L, and the
projective bundle formula allows us to conclude immediately. If 7 is odd we just have

apply the projection formula to the equivariant map P! x P! — Pt O

Proposition 6.5. Let i be an even positive integer, and let o be an element of
A(I):’GLQ(ALi)‘ Then:

o Ifiis divisible by 4, the image of o in Ay, (P') is annihilated by cé/4fi,4 .. fat.

o Ifiis not divisible by 4, the image of a in Ay, (P') is annihilated by cg+2/4fi,4 .

Proof. Consider the map Ay ;N\ Asy; N P'\N Ay, As Aj ;N Ay; is universally home-
omorphic to P72\ A; 51 x P! we know by (6.2) that the pullback of ¢3 through i
must be zero. This shows that csi,a = 0. As we already know that c3i,a belongs to
Apgr,(P') it must belong to the kernel of Apq;, (P') — P'\Ay;, which is the image
of Apqr,(Ag;). Let B be a preimage of csi,a.

Consider now 8 € A?(A,;), and let 8’ be the pullback of 8 to A; »\A,; 3. We can see
3" as an element of A%, ((P™*\Aj;) x P?). we know that in this ring the equation
fi—a(ti—4, c2, ¢3) = 0 holds and as we are working mod 2 the pullback of t; € Ap,, (P')
is equal to t;_y € Apgp,(P"™*) we see that the pullback of fi_4(t;, c2,c3) is exactly
fica(ti—a,co,c3) = 0, implying that f;_4(¢;, c2,c3)i." = 0 in A}DGLQ(Pi NAg;. As
before, this proves that c3f;_si.« belongs to the image of Apg;, (As;).

We can clearly repeat this reasoning inductively to move from A,; to A,4q,,
multiplying by c3 and applying (6.4) if r is odd, and multiplying by f;_o, is 7 is even.
The last thing to note is that when r = i/2 the process end and we obtain 0, either

multiplying by fo =t if ¢ is divisible by 4 or by c3 otherwise. O

Corollary 6.6. Suppose that p = 2. Then the cohomological invariants of [P®/ PG Ly
are freely generated as a H*(ko)-module by 1 and nonzero elements xq, o, ws, T3, Ty,
where the degree of x; is i and wy is the second Stiefel-Whitney class coming from the
cohomological invariants of PG Ls.

If p # 2, then the cohomological invariants of [P'/PGLs| are trivial unless p
divides i — 1, in which case they are generated as a H*(kg)-module by 1 and a single

nonzero invariant of degree 1.

Proof. For p = 2, the proposition above shows that the maps 7, : A%GLQ(AM) —
Apgr, (P") are zero for ¢ < 8, as the polynomial killing the image of 4, is not divisible
by fi. Then we can apply (6.3) repeatedly to obtain the result in the same way as we

did for the g even case.

f4
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The case p # 2 can be proven exactly as in (3.1). O

Note that the reasoning above does not work for any ¢ > 8 when p = 2.

Theorem 6.7. Suppose that p = 2 and kg is algebraically closed. Then the coho-
mological invariants of 7 are freely generated as a H*(kg)-module by 1 and nonzero
elements w1, xa, Wy, T3, Tg, Ts, where the degree of x; is 1 and wy is the second Stiefel-
Whitney class coming from the cohomological invariants of PG L.

In general, for p = 2 the cohomological invariants of 7 are a direct sum M & K,
where K is a submodule of H* (ko) [5] and M is generated as a H*(koy)-module by 1 and
nonzero elements x1, T, Wy, T3, T4, where the degree of x; is i and wy is the second
Stiefel-Whitney class coming from the cohomological invariants of PG L.

If p # 2 for all odd g the cohomological invariants of J¢, are trivial unless p divides
29+ 1, in which case they are generated as a H*(ko)-module by 1 and a single nonzero

wnvariant of degree 1.

Proof. The case p # 2 is immediate from the previous corollary and lemma 1.2. For
the rest of the proof we will have p = 2.

First, we observe that as G, acts trivially on [P\ A g/ PG Ly) the map [P\ A5/ PGLy| —
[P\ A13/PGLy x G,,] induces an isomorphism on cohomological invariants.

We need to understand whether the G,,-torsor

% — [PS\ALs/PGLQ X Gm}

generates any new cohomological invariant.

This amounts to understanding the kernel of the first Chern class of the associated
line bundle on [P®\A;3/PGLy x G,,], and as before for p = 2 this is just the first
Chern class of ¢ [FV11, 3.2].

We can follow the same reasoning we used in proving the result for .#5. For
x1,...,xr3 we can inductively show that they can not be annihilated by tg as the
boundary d(tgx;) is not zero. This is sufficient to prove the result for a general field.

Even if kg is algebraically closed, the matter is a bit more complicated than usual
for x4 as there are elements of positive degree in A%, (As;) coming from the Chow
ring with coefficients of BPGLs. To get around this problem, we make the following
consideration. There are no elements of degree 4 in A%, (P%), so tszy is zero if
and only if its boundary O(tsx4) is zero in A;g. As there are no elements of degree

three in A%, (Ags) by (6.3), this is equivalent to asking that O(tsz4) is zero in
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Apar, (P°\Ay6) x P'). As the boundary of x4 is the unique element of degree 3 in
Apar, (P°\Ay6) x P') we can proceed with the usual induction, on (P'\A;;) x P'.
The P! factor kills all elements of positive degree by (6.2), allowing us to conclude
as in 2.1. O
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