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We complete the study concerning the minimization of the positive principal eigen
value associated with a weighted Neumann problem settled in a bounded regular 
domain Ω ⊂ RN , N ≥ 2, for the weight varying in a suitable class of sign-changing 
bounded functions. Denoting with u the optimal eigenfunction and with D its super
level set, corresponding to the positivity set of the optimal weight, we prove that, 
as the measure of D tends to zero, the unique maximum point of u, P ∈ ∂Ω, tends 
to a point of maximal mean curvature of ∂Ω. Furthermore, we show that D is the 
intersection with Ω of a C1,1 nearly spherical set, and we provide a quantitative es
timate of the spherical asymmetry, which decays like a power of the measure of D.
These results provide, in the small volume regime, a fully detailed answer to some 
long-standing questions in this framework.
© 2025 The Author(s). Published by Elsevier Masson SAS. This is an open access 

article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).

r é s u m é

Nous complétons l’étude concernant la minimisation de la première valeur propre 
principale positive associée à un problème de Neumann pondéré posé dans un do
maine régulier borné Ω ⊂ RN , avec N ≥ 2, pour un poids variant dans une classe 
appropriée de fonctions bornées et qui change signe. En notant u la fonction propre 
optimale et D son ensemble de super-niveau, correspondant à l’ensemble de posi
tivité du poids optimal, nous démontrons que, lorsque la mesure de D tend vers 
zéro, le seul point de maximum de u, P ∈ ∂Ω, tend vers un point de courbure 
moyenne maximale de ∂Ω. De plus, nous montrons que D est l’intersection avec Ω
d’un ensemble presque sphérique de régularité C1,1, et nous fournissons une esti
mation quantitative de l’asymétrie sphérique, qui décroît comme une puissance de 
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la mesure de D. Ces résultats apportent, dans le régime des petits volumes, une 
réponse complète et détaillée à certaines questions de longue date dans ce cadre.
© 2025 The Author(s). Published by Elsevier Masson SAS. This is an open access 

article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Let Ω ⊂ RN be a (open and connected) domain, D ⊂ Ω be a measurable subset of positive measure, 
β > 0 be a given constant, and let us consider the principal eigenvalue

λ(D) = λ(D,Ω) := inf

⎧⎪⎨⎪⎩
∫︂
Ω 

|∇u|2 dx : u ∈ H1(Ω), 
∫︂
D

u2 − β

∫︂
Ω\D

u2 dx = 1

⎫⎪⎬⎪⎭ , (1)

associated with the indefinite weighted Neumann eigenvalue problem

{︄
−Δu = λmDu in Ω,

∂νu = 0 on ∂Ω,
where mD := 1D − β1Ω\D. (2)

Throughout this paper we mainly deal with a fixed domain Ω, bounded and with regular boundary (at least 
C3,θ, for some θ > 0, although for a relevant part of our results C2,1 is enough), and we omit the dependence 
of λ on Ω in case no confusion arises. For such an Ω, λ(D,Ω) is strictly positive, and achieved by a strictly 
positive non-constant eigenfunction, if and only if mD has negative average (thus avoiding λ(D) = 0, with 
constant eigenfunction). This condition translates in terms of the Lebesgue measure of D as

0 < |D| =: δ <
β|Ω| 
β + 1 . (3)

For any such δ, let us consider the shape optimization problem

Λ(δ) = min
{︂
λ(D) : D ⊂ Ω, measurable, |D| = δ

}︂
. (4)

It has been proved in [20] that Λ(δ) is achieved for every δ enjoying (3) by an optimal shape Dδ, with 
associated positive eigenfunction uδ ∈ C1,α(Ω), normalized in L2(Ω). In particular, uδ satisfies (2) with 
λ = Λ(δ) and D = Dδ, and moreover Dδ is a superlevel set of uδ, for a suitable choice of the level.

In this paper we pursue the analysis started in [25], concerning the asymptotic location and shape of 
the optimal set Dδ, in the small volume regime δ → 0 (in which (3) is always satisfied). In particular, we 
provide a complete answer to some questions which were left open in [25].

Before recalling the results contained in [25] and outlining our contributions here, let us briefly describe 
one main motivation to investigate (4), which comes from population dynamics and is related to the optimal 
design of an habitat to enhance the chances of persistence of a species. Consider a population of density 
u = u(x, t) which disperses in an insulated region Ω according to a Cauchy-Neumann reaction-diffusion 
model of logistic type: ⎧⎪⎪⎨⎪⎪⎩

ut − dΔu = m(x)u− u2 x ∈ Ω, t > 0,
u = u0 ≥ 0 x ∈ Ω, t = 0
∂νu = 0 x ∈ ∂Ω, t > 0

http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
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(see [5,2]). In such a model, favorable and hostile zones of the heterogeneous habitat respectively correspond 
to positivity and negativity sets of the sign-changing weight m ∈ L∞(Ω), while the constant motility rate 
d > 0 encodes the intensity of diffusion. It is well known (see e.g. [2]) that persistence of the population, for 
every nontrivial initial datum u0, is equivalent to the existence of a positive steady state, which in turn is 
equivalent to the strict negativity of the (non-weighted) principal eigenvalue ˜︁λ1 = ˜︁λ1(m, d) of the eigenvalue 
problem

{︄
−dΔu−m(x)u = ˜︁λu in Ω,

∂νu = 0 on ∂Ω.
(5)

On the other hand, using the monotonicity of ˜︁λ1(m, d) with respect to d, it is not difficult to see that, for 
every fixed habitat m ∈ L∞(Ω), there exists a threshold motility d∗ = d∗(m) ∈ [0,+∞] such that

˜︁λ1(m, d) < 0 ⇐⇒ d < d∗(m).

In particular, since d∗ is defined by ˜︁λ1(m, d∗(m)) = 0, we obtain that the corresponding positive eigenfunc
tion φ∗ satisfies

⎧⎨⎩−Δφ∗ = 1 
d∗(m)mφ∗ in Ω,

∂νφ
∗ = 0 on ∂Ω,

so that λ1(m) := 1 
d∗(m) is the positive principal eigenvalue of (2) (with m instead of mD).

Since the population persists if and only if d < d∗(m), it is natural to be interested in maximizing 
such threshold, i.e. minimizing λ1(m), with respect to m or other relevant parameters of the problem. 
In this direction, there is a large variety of contributions in the literature (see e.g. [30,3,1,23,12,29,28] and 
references therein), for instance including other possible types of diffusion or addressing different but related 
optimization problems, also appearing in the context of composite membranes (see [8,9] and the review [22]). 
On the other hand, one of the most considered problem is the minimization of λ1(m) for m in a class of 
weights ℳ which fixes the total resources 

∫︁
Ω m, as well as pointwise lower and upper bounds −β ≤ m ≤ 1, 

see e.g. [5,20,19]. In such a case, it has been shown in [20] that the infimum of λ1(m) is achieved by a 
bang-bang (piecewise constant) optimal weight m = mD, as in (2), for some measurable set D ⊂ Ω, which 
represents the favorable zone of the optimal habitat. Therefore, the optimal design problem for the survival 
threshold of the population reduces to (4), where δ is prescribed by the fixed average of m. Moreover, any 
optimal set Dδ is a superlevel set of the associated positive eigenfunction uδ, so that the location of Dδ is 
somewhat related to that of maximum points of uδ.

While the picture is nowadays completely clear in dimension N = 1, not very much is known about the 
properties of Dδ, uδ, in dimension N ≥ 2; several conjectures and open questions have been formulated 
in the literature [6,2,20,23,22] about the shape and location of Dδ, also in the case of other boundary 
conditions. Up to our knowledge, the only results for general domains Ω are contained in [25], in the small 
volume regime, inspired by techniques in the framework of concentration results for semilinear problems 
[26]. More precisely, the results in [25] are obtained through a blow-up procedure, in connection with the 
limit problem

Λ0 := min
{︂
λ(A,RN

+ ) : A ⊂ RN
+ , measurable, |A| = 1

}︂
= min

{︂
λ(A,RN ) : A ⊂ RN , measurable, |A| = 2

}︂
,

(6)
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Fig. 1. The optimal set Dδ, for δ small, according to Theorem 1.1. 

where RN
+ := RN ∩ {x : xN > 0} denotes the N -dimensional upper half-space. It has been shown in [25, 

Sec. 2], by reflection and symmetrization, that Λ0 is achieved by a half ball, centered at the boundary of 
RN

+ , with an associated radial and radially decreasing eigenfunction. Precisely, we have that

Λ0 = λ(B+
r2 ,R

N
+ ) = λ(Br2 ,R

N ), (7)

where Br2 ⊂ RN denotes the ball of measure 2, centered at the origin, and r2 denotes its radius. Moreover 
such minimizer is unique up to translations along ∂RN

+ , and in turn λ(B+
r2 ,R

N
+ ) is achieved by (the restriction 

to RN
+ of) w ∈ H1

rad(RN ) ∩ C1,1(RN ), solution of

−Δw = Λ0mw in RN , where m := 1Br2
− β1RN\Br2

. (8)

Here w > 0 is radially symmetric and radially decreasing; as a matter of fact, w is explicit in terms of Bessel 
functions, and it decays exponentially at infinity:

|w(x)| + |∇w(x)| ∼ C|x|−(N−1)/2e−
√

Λ0β|x| as |x| → +∞. (9)

In the next statement we collect the part of the results obtained in [25] which is relevant for the present 
discussion. To this aim, for any P ∈ ∂Ω we denote with HP the mean curvature of ∂Ω at P .

Theorem 1.1 ([25, Thms. 1.2, 1.6]). Let ∂Ω be of class C2,1. There exists δ0 > 0 such that, for every 
δ ∈ (0, δ0):

1. uδ has a unique local maximum point Pδ ∈ ∂Ω;
2. Dδ is connected.

Moreover, as δ → 0 (see Fig. 1),

3. for a suitable choice of r±(δ) such that |Br±(δ)| = 2δ(1 ± oδ(1)),

Br−(δ)(Pδ) ∩ Ω ⊂ Dδ ⊂ Br+(δ)(Pδ) ∩ Ω;

4. for a universal constant Γ > 0, explicit in terms of w (see equation (13)),

Λ0 δ
−2/N (1 + oδ(1)) ≤ Λ(δ) ≤ Λ0 δ

−2/N
(︂
1 − ΓHP δ

1/N + o(δ1/N )
)︂
,

for any P ∈ ∂Ω.
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Ω
δ1/NBr2 (Qδ)

Qδ

Dδ

Fig. 2. The optimal set Dδ, for δ small, according to Theorems 1.2, 1.4. 

In particular, for δ small, the optimal set Dδ is connected, it intersects ∂Ω, and it roughly looks as 
the intersection of Ω with a shrinking ball centered at moving points Pδ ∈ ∂Ω. In this respect, the main 
questions left open in [25] concern the asymptotic location of Pδ as δ → 0, as well as more quantitative 
information about the asymptotic shape of Dδ.

Our aim here is twofold. First of all, we are now able to obtain an exact expansion of the optimal 
eigenvalue with respect to δ, which allows us to detect the location of Pδ at the points of highest mean 
curvature of ∂Ω, as stated in our first main result.

Theorem 1.2. With the same assumptions and notations of Theorem 1.1, we have that, as δ → 0,

1. HPδ
→ max{HP : P ∈ ∂Ω} =: ˆ︁H;

2. Λ(δ) = Λ0δ
−2/N

(︂
1 − Γ ˆ︁Hδ1/N + o(δ1/N )

)︂
.

Remark 1.3. At this level, we can only guarantee that any accumulation point of Pδ belongs to {P ∈ ∂Ω :
HP = ˆ︁H}. In case such set contains more than one point, Pδ may converge only to some of them, depending 
on quantities appearing in higher order expansions of Λ(δ).

Theorem 1.2 completes the information concerning the location of the resources in order to endorse the 
survival of the population. In the small volume regime the best strategy is to put the resources nearby the 
points of maximal mean curvature of the boundary.

In view of Theorem 1.1, the second part of Theorem 1.2 follows once the same lower bound for Λ(δ)
is proved. In the semilinear elliptic setting, this is obtained in [27] via a linearization argument, which is 
here prevented by the presence of the discontinuous weight m. We will show the desired lower bound in 
Theorem 3.1, where we provide the exact asymptotic expansion of a suitable Rayleigh quotient related to 
Λ(δ). In doing this, a crucial tool relies on a refined exponential decay of uδ which we obtain inspired by 
the arguments of [10,11] in the context of singularly perturbed semilinear elliptic equations.

Next, we focus on the asymptotic shape of the optimal set Dδ and we show that it is nearly spherical in 
a quantitative way, as in the following result and as illustrated in Fig. 2.

Theorem 1.4. Let ∂Ω be of class C3,θ, for some θ > 0. There exists δ > 0 such that, for every δ ∈ (0, δ), 
there exists Qδ ∈ ∂Ω, ρδ ∈ C1,1(SN−1), such that

Dδ =
{︃
x ∈ Ω : |x−Qδ| < δ1/N

(︃
r2 + ρδ

(︃
x−Qδ

|x−Qδ|

)︃)︃}︃
(10)

where r2 is the radius of the ball of measure 2.
Moreover, as δ → 0, δ−1/N |Pδ −Qδ| → 0 and
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1. ∥ρδ∥C1,1 → 0;
2. ∥ρδ∥L2 = o(δ1/2N ).

The proof of this theorem is based on the expansion of Λ(δ) obtained in Theorem 1.2 and on sharp 
quantitative estimates about problem (6), adapted from [16], where the analogous problem is considered in 
the case of Dirichlet boundary conditions. Such adaptation is highly nontrivial and technically demanding: in 
the Neumann case concentration happens at the boundary, and quantitative estimates are strongly affected 
by the local regularity and geometry of ∂Ω. In particular, the point Qδ can be seen as a sort of projection on 
∂Ω of the barycenter of Dδ. Its precise definition is provided in Lemma 4.2 ahead, and its role is to prevent 
translations of optimizers associated with (6). Moreover, we remark that in principle the eigenfunctions uδ, 
for which Dδ is a superlevel set, are naturally uniformly bounded only in C1,α, α < 1; the C1,1 control 
in the above theorem is more delicate to be obtained, and it requires the use of recent results about the 
regularity of transmission problems, see [4,13]. Actually, this is the only part of the argument which requires 
the further regularity assumptions on ∂Ω; on the other hand, such further regularity should reflect also on 
that of the free boundary, see Remark 4.9. Furthermore, by Gagliardo-Nirenberg inequality, it is possible to 
combine the estimates in Theorem 1.4 to obtain quantitative information concerning the rate of decay of 
the C1,α norm of ρδ, for α < 1 (see Remark 5.4):

∥ρδ∥C1,α = o
(︂
δ

(1−α) 
N(4+N)

)︂
∀ α ∈ (0, 1).

Remark 1.5. As we already noticed, the full statement of Theorem 1.4 requires a C3,θ regularity of ∂Ω. On 
the other hand, under the basic assumptions of Theorem 1.2 (i.e. ∂Ω of class C2,1), we can prove that the 
nearly spherical representation (10) still holds true, with ρδ ∈ C1,α(SN−1) for every 0 < α < 1, together 
with the non-quantitative information

∥ρδ∥C1,α → 0 as δ → 0, ∀ α ∈ (0, 1),

see Remark 5.5 at the end of the paper.

In view of Theorems 1.2, 1.4, we have a fairly complete picture about the shape and location of the 
optimal favorable shape Dδ, in the small volume regime, in the case of Neumann boundary conditions. As 
we mentioned, the same issues as ours, in the case of Dirichlet boundary conditions, have been recently 
faced in [16]: also in this case the optimal shape is C1,1 nearly spherical, but asymptotically located at a 
point inside Ω with maximal distance from the boundary. As far as the asymptotic location and shape is 
concerned, these results completely agree with those in dimension N = 1: it is well known that, for any δ, 
the optimal shape Dδ is an interval positioned at the boundary of the interval Ω (for Neumann boundary 
conditions) or at its center (for Dirichlet ones). From this perspective, these results also provide positive 
answers to questions raised in the literature [6,20,22], which in turn were partially motivated by the above 
mentioned one-dimensional description.

On the other hand, the quantitative estimates of the spherical asymmetry show the emergence of a 
phenomenon which is peculiar to the case of dimension N ≥ 2. Indeed, in dimension N = 1, both Ω and 
Dδ are intervals, i.e. balls, with no spherical asymmetry. In dimension N ≥ 2, this is possible only if Ω is 
a ball and Dirichlet boundary conditions are assumed, see [19]. For general Ω, or for Neumann conditions, 
the spherical asymmetry is non-trivial, and it exhibits very different decay rates. Indeed, in the Dirichlet 
case, the decay fully inherits that of the solution of the limit problem, namely of exponential rate; in the 
case of Neumann boundary conditions, it is triggered by the geometry and the regularity of the boundary 
∂Ω. This phenomenon enlightens once again analogies with the semilinear case.
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Remark 1.6. Our results deal with general, sufficiently regular domains, so that simple geometries such that 
polygons cannot be managed with this approach. Nevertheless, at least the case of Ω being an orthotope 
(even N -dimensional) was analyzed in [25, Remark 1.7], as it can be treated using the reflection properties 
of Ω. In such case, we have that the favorable set concentrates at a vertex. This is somehow in accordance 
with our result on smooth domains, as the (distributional) mean curvature is maximized at those points. 
Accordingly, in the case of (planar) polygons with non-right angles, one expects that concentration should 
happen at a vertex with smallest angle α. Actually, this can be proved by means of reflections, as in the case 
of the orthotope, when α = 2π/k, k ∈ N. A proof for every α, in the singularly perturbed regime β → +∞, 
is contained in [24].

Remark 1.7. Since the problem is intrinsically nonlocal, the shape of Dδ is influenced by that of the box 
Ω, and exact spherical shape can appear only in very specific cases [19]. On the other hand, we show that, 
for δ → 0, Dδ is asymptotically spherical. From the model viewpoint, this can be read as follows: for small 
favorable zones, it is convenient to concentrate resources in order to minimize the perimeter of the free 
boundary ∂Dδ ∩ Ω, as in Dido’s problem. Since such free boundary is the interface between the favorable 
and unfavorable zones, lowering its perimeter somehow decreases the flow of individuals from the favorable 
to the unfavorable zone, due to diffusion. Under this perspective, it should be clear why the best location 
for Dδ is at points with maximal mean curvature: indeed, it is well known [14] that such points exhibit the 
lowest possible relative isoperimetric profile, for small volumes, thus contributing to further decrease the 
perimeter of ∂Dδ ∩ Ω (see also [23, Section 4]). This analysis is also in agreement with Remark 1.6.

Let us conclude this introduction by mentioning some interesting, at least in our opinion, open problems 
and possible developments. First of all, taking into considerations the results proved here and in [15,16], 
natural questions arise concerning the case of Robin boundary conditions, which has been addressed in the 
non-perturbative setting in [19].

With respect to other possible diffusions, one might wonder whether the possible concentration and its 
location can be influenced by the presence of anisotropic or non-local operators. In the former case this 
could be in accordance with the results obtained in the one dimensional setting in [28]. On the other hand, 
in the latter one the problem is completely open and may be influenced by the possible different notion of 
boundary conditions imposed [29,12].

Structure of the paper. Section 2 is devoted to the proof of the exponential decay of the eigenfunction 
uδ and of wδ, its counterpart in the blow-up configuration. Thanks to this information, in Section 3 we 
can prove Theorem 1.2, in particular the bound from below in the expansion of Λ(δ). Section 4 is devoted 
to prove that Dδ is nearly spherical and to show that its parametrization is actually C1,1, exploiting the 
regularity results for transmission problems. Finally, in Section 5 we use the quantitative estimates from [16] 
to conclude the proof of Theorem 1.4.

Notation. 

• |·| denotes the Lebesgue N dimensional measure and ℋN−1(·) the Hausdorff N−1 dimensional measure.
• For a function f , its positive/negative parts are denoted as f±(x) = max{±f(x), 0}.
• The characteristic function of a set E is denoted by 1E .
• Br(x) denotes the ball of radius r > 0 centered at x ∈ RN . If x = 0, we often write Br = Br(0). We 

call ωN = |B1| the measure of a ball of radius 1.
• We denote with r2 > 0 the radius of the ball Br2 , such that |Br2 | = 2.
• RN

+ = RN−1 ×R+, B+
r = Br ∩ (RN

+ ).
• HP denotes the mean curvature of ∂Ω at P ∈ ∂Ω, and ˆ︁H = maxP∈∂Ω HP .
• Given a set A ⊂ RN , we denote bar(A) its barycenter.
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• C,C1, C
′, . . . denote any (non-negative) universal constant, which may also change from line to line.

2. Uniform exponential decay of the eigenfunctions

Let us recall that, for δ > 0 small, uδ denotes the positive, L2-normalized eigenfunction associated with 
Λ(δ) = λ(Dδ,Ω), with unique maximum point Pδ ∈ ∂Dδ ∩ ∂Ω.

The aim of this section is to obtain some exponential decays of uδ and its gradient which will be crucial 
when proving the strong convergence of the blow-up sequence as stated in Proposition 3.4.

We will first prove a pointwise exponential decay of uδ in terms of the distance to the point Pδ (see 
Theorem 2.2). As a direct consequence, we will obtain a bound on the L2 norms of uδ and of its gradient 
outside a ball centered at Pδ (see Corollary 2.3). Such information will allow us to control the L2 norms of 
the blow-up sequence wδ and of its gradient, uniformly (w.r.t. δ), as stated in Lemma 3.5.

The starting point of this section is the following version of a result which was obtained in [25].

Theorem 2.1 ([25, Proposition   4.11]). With the notation above, for all η > 0 there exist δ0 > 0, ˆ︁C > 0 such 
that, for all δ ∈ (0, δ0), there is a subdomain Ω(i)

δ ⊂ Ω satisfying:

(i) Pδ ∈ ∂Ω(i)
δ and diam(Ω(i)

δ ) ≤ ˆ︁Cδ1/N ,
(ii) ∥uδ∥L∞(Ω) ≤ C∗δ−1/2,
(iii) |uδ(x)| ≤ C∗δ−1/2ηe

−μd(x)
δ1/N , for all x ∈ Ω \ Ω(i)

δ ,

where d(x) := min{dist(x, ∂Ω(i)
δ ), η0} and C∗, μ, η0 are positive constants depending only on Ω.

With a careful look at the proof of [26, Theorem 2.3] and using the same approach of [11, Lemma 2.3], 
we can prove the following decay result for uδ.

Theorem 2.2. There exist universal constants C1, C2 > 0 and δ0 > 0 such that, for all 0 < δ < δ0,

uδ(x) ≤ C1δ
−1/2e−C2|x−Pδ|δ−1/N

, for all x ∈ Ω. (11)

Proof. Step 1. For all ε > 0 there is R = R(ε) > 0 such that, for δ sufficiently small we have δ1/2|uδ(x)| ≤ ε

for |x− Pδ| > Rδ1/N .
This follows thanks to Theorem 2.1, choosing η = ε 

C∗ . In fact, thanks to (i), we deduce that if |x−Pδ| >
Rδ1/N for R > 2 ˆ︁C (independent of δ), then x ∈ Ω \Ω(i)

δ . Eventually, thanks to (iii), we conclude the claim, 
since the exponential is for sure less than or equal to 1.

Step 2. There exist R0 > 0 and ν0 > 0 such that for all R > R0 and δ sufficiently small we have

sup 
|x−Pδ|>Rδ1/N

δ1/2uδ(x) ≥ 2 sup 
|x−Pδ|>(R+ν0)δ1/N

δ1/2uδ(x).

Let us assume, for the sake of contradiction, that there are sequences Rn → +∞, νn → +∞, δn → 0 and 
xn ∈ Ω such that |xn − Pn| ≥ (Rn + νn)δ1/N , being Pn ∈ ∂Ω the maximum point for uδn and

δ1/2
n uδn(xn) =: μn >

Mn

2 
, Mn = sup 

|x−Pn|>Rnδ
1/N
n

δ1/2
n uδn(x).

For the uniform decay proved in Step 1, we deduce that μn,Mn → 0 as n → +∞. We define the auxiliary 
function
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vn(y) = δ1/2
n

uδn(δ1/N
n y + xn)
μn

,

then vn(0) = 1, 0 < vn < 2 if |y| < νn (thus |δ1/N
n y + xn − Pn| > Rnδ

1/N
n ) and vn solves the equation⎧⎨⎩−Δvn(y) = δ

2/N
n Λ(δn)mδn(δ1/N

n y + xn)vn(y), for y ∈ Ω−xn

δ
1/N
n

,

∂νvn = 0, on ∂ Ω−xn

δ
1/N
n

.

For every compact set K ⊂ RN , mδn = −β for n sufficiently big in K ∩ (δ−1/N
n (Ω − xn)). Then we can use 

Theorem 1.1 to pass to the limit as n → +∞; we obtain that vn → v locally uniformly (and locally W 2,p) 
to a positive solution to either

{︄
−Δv = −Λ0βv, in RN

+ ,

∂νv = 0, on RN−1,
or − Δv = −Λ0βv, in RN .

This gives a contradiction, because the only bounded nonnegative solution of both the above problems is 
the trivial one, while v(0) = 1.

Conclusion. Iterating Step 2 one obtains that, for all k ∈ N (taking ν0 > R0, which is always possible),

sup 
|x−Pδ|>kν0δ1/N

uδ(x) ≤ 2−k sup 
|x−Pδ|>ν0δ1/N

uδ(x) ≤ 2−k∥uδ∥L∞(Ω).

For all x ∈ Ω, we can find k ∈ N such that

k ≤ |x− Pδ|
ν0δ1/N ≤ k + 1;

recalling also conclusion (ii) of Theorem 2.1, we obtain

uδ(x) ≤ 2−kC∗δ−1/2 ≤ Cδ−1/2e
− |x−Pδ| 

ν0δ1/N ,

which in turn yields (11). □
As a consequence, we have the following estimates.

Corollary 2.3. There exist δ0, R0 > 0 and universal constants C1, C2 such that, for all R > R0 and δ ≤ δ0
we have ∫︂

{x∈Ω: |x−Pδ|>Rδ1/N}

|uδ|2 ≤ C1δ
−1e−2C2R,

∫︂
{x∈Ω: |x−Pδ|>Rδ1/N}

|∇uδ|2 ≤ C1δ
−1e−2C2R.

(12)

Proof. The first estimate is immediate. Indeed, in view of Theorem 2.2∫︂
{x∈Ω: |x−Pδ|>Rδ1/N}

|uδ|2 ≤ |Ω|C1δ
−1e−2C2R.
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We aim now to provide a decay information on the L2 norm of the gradient of uδ. Thanks to Theorem 1.1, 

point 3, it is clear that for all R >
(︂

3 
ωN

)︂1/N
, it holds {x ∈ Ω : |x− Pδ| > Rδ1/N} ⊂ Dc

δ, so that the equation 
satisfied by uδ becomes

−Δuδ = −β Λ(δ)uδ.

We take a smooth cutoff function so that⎧⎪⎪⎨⎪⎪⎩
η = 1, in Ω \B2Rδ1/N ,

|∇η| ≤ 1, in Ω ∩ (B2Rδ1/N \BRδ1/N ),
η = 0, in BRδ1/N ,

which is possible up to take R0 sufficiently big (here all the balls are centered at Pδ). Then, testing the 
equation with η2uδ ∈ H1(Ω), we obtain∫︂

Ω\B
Rδ1/N

∇uδ · ∇(uδη
2) = −β Λ(δ)

∫︂
Ω\B

Rδ1/N

η2u2
δ ≤ 0,

thus ∫︂
Ω\B

Rδ1/N

|∇(uδη)|2 −
∫︂

Ω\B
Rδ1/N

|∇η|2u2
δ =

∫︂
Ω\B

Rδ1/N

|∇uδ|2η2 + 2
∫︂

Ω\B
Rδ1/N

uδη∇η · ∇uδ ≤ 0.

As a consequence, using (11), we have∫︂
Ω\B2Rδ1/N

|∇uδ|2 ≤
∫︂

Ω\B
Rδ1/N

|∇(uδη)|2 ≤
∫︂

B2Rδ1/N \B
Rδ1/N

|∇η|2u2
δ ≤ C1δ

−1e−2C2R,

so that also the second part of the claim is proved. □
3. Sharp bound from below with the curvature

This section is devoted to the proof of Theorem 1.2.
As observed in the introduction, taking into account Theorem 1.1, Theorem 1.2 is proved once one shows 

that the same estimate on Λ(δ) also holds from below. This will be done in Theorem 3.1, whose proof’s 
strategy can be summarized as follows.

We flatten the boundary of ∂Ω and rescale the spatial variable to build the blow-up sequence of weights ˜︁mδ and associated solutions wδ.
By means of a careful application of the exponential decays obtained in Section 2 (see Corollary 2.3), we 

obtain the exact expansion of the Rayleigh quotient of uδ in terms of a corresponding weighted Rayleigh 
quotient involving wδ and ˜︁mδ on the expanding balls Bkδ−1/N (see Lemma 3.9 and 3.10 and (41)).

Then, exploiting again the exponential decay given in Lemma 3.5, we suitably extend wδ and ˜︁mδ to make 
them good competitors for a limit problem (see Lemma 3.7). The corresponding limit level turns out to be 
a multiple of the optimal level Λ0 via a scaling factor depending on the measure of the rescaled optimal set ˜︁Dδ. Then the conclusion will follow by providing the exact expansion of this measure in Lemma 3.8.

We first recall that the constant Γ in the expansion has been calculated in [25], in terms of the eigen
function w of the limit problem (6), see (8). With the present notation, it reads
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Γ = 2(N − 1)γ ∫︁
RN

+
|∇w|2 dz , where γ = 1 

N + 1

∫︂
RN

+

|∇w|2zN dz (13)

(here, for z ∈ RN
+ , we write z = (z′, zN ), with z′ ∈ RN−1 and zN > 0).

We are going to prove the following result.

Theorem 3.1. Let Pδ ∈ ∂Ω be the unique maximum point of the function uδ attaining Λ(δ), and let us define

αδ = (N − 1)HPδ
, (14)

where HPδ
denotes the mean curvature of ∂Ω at Pδ.

We have, as δ → 0,

Λ(δ) ≥ Λ0 δ
−2/N

(︄
1 − 2γ αδ∫︁

RN
+
|∇w|2 δ1/N + o(δ1/N )

)︄
.

As a matter of fact, Theorem 1.2 follows at once from the result above.

Proof of Theorem 1.2. Recalling Theorem 1.1, point 4, and since

ΓHPδ
= 2γ αδ∫︁

RN
+
|∇w|2 , (15)

we infer that Theorem 3.1 implies

HPδ
+ oδ(1) ≥ HP , for every P ∈ ∂Ω,

as δ → 0, and both claims in Theorem 1.2 follow. □
The remaining part of this section is devoted the proof of Theorem 3.1, which is rather long and needs 

many intermediate steps. Such proof is based on an improved analysis of the blow-up procedure used in 
[25, Section 4], which in turn was inspired by [26]. We summarize the key points of such procedure in the 
following.

Recall that the domain Ω ⊂ RN is at least C2,1, and let P ∈ ∂Ω to be chosen below. We call x =
(x1, . . . , xN ) a set of coordinates centered at P , translated so that P is the origin and rotated so that the 
outer unit normal to the boundary of Ω at P is −eN . Using the notation

x′ = (x1, . . . , xN−1),

there exist d0 > 0, a C2,1 function

ψ :
{︂
x′ ∈ RN−1 : |x′| < d0

}︂
→ R, (16)

and a neighborhood of the origin 𝒩 such that

i) ψ(0) = 0, ∇ψ(0) = 0, Δψ(0) = (N − 1)H0 =: α,
ii) ∂Ω ∩𝒩 =

{︂
(x′, xN ) : xN = ψ(x′)

}︂
, Ω ∩𝒩 =

{︂
(x′, xN ) : xN > ψ(x′)

}︂
.
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For a certain d1 > 0, we define a diffeomorphism

Φ :
{︂
y ∈ RN : |y| ≤ d1

}︂
→ RN , x = Φ(y) = (Φ1(y), . . . ,ΦN (y)),

as

Φj(y) =

⎧⎨⎩yj − yN
∂ψ 
∂yj

(y′), for j = 1, . . . , N − 1,

yN + ψ(y′), for j = N.

Remark 3.2. It is worth noticing that, in case ∂Ω is of class Ck,α, then Φ is only Ck−1,α. In particular, 
under our assumptions, Φ is always at least C1,1.

We note that DΦ(0) = Id, due to the properties of ψ, and therefore Φ is locally invertible in, say, B3ℓ for 
some ℓ > 0. Then we can assume

Φ(B+
2ℓ) ⊂ Ω, and Ψ : Φ(B+

3ℓ) → B+
3ℓ, Ψ(x) := Φ−1(x). (17)

The map Ψ can be seen as a local diffeomorphism straightening the boundary around 0 ∈ ∂Ω. For future 
reference, we remark that

detDΦ(y) = 1 − αyN + O(|y|2),⃓⃓⃓⃓
y

|y|DΨ(Φ(y))
⃓⃓⃓⃓2

= 1 + 2yN
N−1 ∑︂
i,j=1

ψij(0)yiyj|y|2 + O(|y|2),
as y → 0, (18)

where ψij = ∂ψ 
∂yj∂yi

and we refer to [26, Lemma A.1] for further details.
In our case, we choose P = Pδ, the maximum point of the optimal eigenfunction uδ. As a consequence, 

the rotation and translation to set Pδ at the origin become δ-dependent, and the Taylor expansions in (18)
hold with α = αδ, ψij = ψδ

ij . Let us also observe that all the decay estimates of the previous section will be 
applied in this one taking Pδ = 0.

The transformed eigenfunction is defined by

vδ(y) := uδ(Φδ(y)), y ∈ B
+
2κ. (19)

It is then easy to extend by symmetry in the whole B2κ the function vk also where yN < 0:

˜︁vδ(y) :=
{︄
vδ(y), if yN ≥ 0,
vδ(y′,−yN ), if yN < 0.

(20)

At this point, we can introduce the blow-up sequence, for δ = δk → 0+,

wδ(z) = δ1/2 ˜︁vδ (︂δ1/Nz
)︂
, z ∈ Bκδ−1/N . (21)

We obtain that wδ satisfies the following equation in divergence form:{︄
− div

(︁
Aδ∇wδ

)︁
= δ2/N Λ(δ)Jδ · ˜︁mδwδ in Bκδ−1/N ,

∂Nwδ = 0 = Aδ∇wδ · eN on {zN = 0} ∩Bκδ−1/N ,
(22)

where the rescaled weight is, for z ∈ Bκδ−1/N ,
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˜︁mδ(z) =

⎧⎨⎩mδ

(︂
Φδ(δ1/Nz)

)︂
, if zN ≥ 0,

mδ

(︂
Φδ(δ1/Nz′,−δ1/NzN

)︂
, if zN < 0.

and the scalar Jδ and the matrix Aδ are defined as

Jδ(z) = |detDΦδ(δ1/Nz)|, Aδ(z) = Jδ(z)[DΨδ(Φδ(δ1/Nz))]TDΨδ(Φδ(δ1/Nz))

for zN ≥ 0, and extended in the natural way for zN < 0.

Remark 3.3. Notice that the coefficients matrix Aδ is Lipschitz continuous. Moreover, in case ∂Ω ∈ C3,θ, 
we have that Aδ is C1,θ with respect to z′, as the even reflection involves only zN (recall Remark 3.2). In 
any case, it is standard to see that (22) can be written also in non-divergence form, with a drift term with 
L∞ coefficients, see e.g. [18, Theorem 8.8]. In particular, since ∂wδ

∂zN
= 0 on {zN = 0}, we have that wδ is a 

W 2,p(Bκδ−1/N ) solution of such non-divergence form equation. We refer to [25, Section 4] for further details.

Under the above construction, by the results in [25], Section 4 (in particular, Remark 4.4 therein), we 
obtain the following convergence properties for the blow-up sequences.

Proposition 3.4. Under the above notation, and denoting with w, m the optimizers of the limit problem, as 
in (8), we have

• wδ → w strongly in H1
loc(RN ) and in C1,α

loc ;
• ˜︁mδ

∗ 
⇀ m weakly∗ in L∞

loc.

as δ → 0.

The exponential decay of uδ, obtained in Corollary 2.3, entails an (uniform in δ) exponential decay for 
wδ and its gradient.

Lemma 3.5. There exist universal positive constants C3, C4 > 0 and there exist R0, δ0 > 0 such that, for all 
R > R0 and δ ≤ δ0 we have that

wδ(z) ≤ C3e
−C4|z|, for all z ∈ Bκδ−1/N ,∫︂

B
κδ−1/N \BR

|wδ|2 ≤ C3e
−2C4R, (23)

Moreover, for R > R1 > R0,

|∇wδ(z)| ≤ C3e
−C4|z|, for all z ∈ Bκδ−1/N ,∫︂

B
κδ−1/N \BR

|∇wδ|2 ≤ C3e
−2C4R, (24)

where the balls are centered at the origin, maximum point for wδ.

Proof. The pointwise exponential decay of wδ (and of its L2 norm) follows directly from Theorem 2.2 and 
the fact that the diffeomorphism is close to the identity and centered at Pδ (which is translated at 0), so 
that
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0 < wδ(z) = δ1/2uδ(Φδ(δ1/Nz)) ≤ C1e
−C2δ

−1/N |Φδ(δ1/Nz)| ≤ C3e
−C4|z|.

Then the decay of its L2 norm outside BR is immediate.
Concerning the exponential decay of the gradient, we use elliptic regularity, see e.g. [18, Theorem 9.11] 

(recall Remark 3.3) together with the Morrey-Sobolev embedding of W 2,p ⊂ C1,α for p sufficiently large. 
More precisely, let z be such that B4(z) ⊂ Bκδ−1/N . Then, using (23), we have that,

∥wδ∥C1,α(B3(z)\B2(z)) ≤ C∥wδ∥W 2,p(B3(z)\B2(z)) ≤ C∥wδ∥Lp(B4(z)\B1(z)) ≤ Ce−C4|z|

for a universal constant C > 0, and where we have taken into account that the balls are centered at a 
generic point z. □
Remark 3.6. In view of Lemma 3.5, one can use a concentration-compactness kind of argument to obtain 
strong H1(RN ) convergence of wδ to w. We refer to [16, Lemma 2.3], [15, Section 4], where the argument 
was fully detailed in the case of Dirichlet boundary conditions.

Going back to the blow-up procedure, we now introduce the optimal sets (non-rescaled and rescaled)

Dδ ={x ∈ Ω : mδ(x) = 1}, |Dδ| = δ,

˜︁Dδ :=
{︃
z ∈ Bκδ−1/N : z ∈ Ψδ(Dδ)

δ1/N or (z′,−zN ) ∈ Ψδ(Dδ)
δ1/N

}︃
,

(25)

and we recall that

˜︁Dδ = {z ∈ Bκδ−1/N : ˜︁mδ(z) = 1} = {z ∈ Bκδ−1/N : wδ(z) > tδ} . (26)

The core of the proof of Theorem 3.1 consists in bounding the optimal level Λ0 of the limit problem (8)
in terms of a weighted Rayleigh quotient of wδ. An issue in this direction is that

| ˜︁Dδ| = 2 + oδ(1) as δ → 0,

but the error term cannot be discarded. This can be easily overcome using the reflection and scaling prop
erties of the limit problem, namely

min
{︂
λ(A,RN ) : A ⊂ RN , measurable, |A| = ℓ

}︂
= Λ0 ·

(︃
ℓ 
2

)︃−2/N

, for all ℓ > 0.

Lemma 3.7. We have, as δ → 0,

Λ0 ·
(︄
| ˜︁Dδ|
2 

)︄−2/N

≤ λ( ˜︁Dδ,R
N ) ≤

∫︁
B

κδ−1/N
|∇wδ(z)|2 dz∫︁

B
κδ−1/N

˜︁mδw2
δ(z) dz 

+ o(δ1/N ). (27)

Proof. We need to extend wδ to the whole RN to make it an admissible competitor for the limit problem. 
We extend ˜︁mδ = −β in RN \Bκδ−1/N , as it is natural. We define the new function

˜︁wδ(z) =

⎧⎪⎪⎨⎪⎪⎩
wδ(z), in Bκδ−1/N ,

h(z), in B(κ+1)δ−1/N \Bκδ−1/N ,

0, in RN \B(κ+1)δ−1/N ,
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where h is the unique harmonic extension:⎧⎪⎪⎨⎪⎪⎩
−Δh = 0, in B(κ+1)δ−1/N \Bκδ−1/N ,

h = wδ, on ∂Bκδ−1/N ,

h = 0, on ∂B(κ+1)δ−1/N .

Thanks to Lemma 3.5, we have that

wδ(z) ≤ C3e
−C4κδ

−1/N
, on ∂Bκδ−1/N ,

and the same also holds for the normal derivative, in view of (24). As a consequence, calling for the sake of 
simplicity A = B(κ+1)δ−1/N \Bκδ−1/N , we deduce⃓⃓⃓⃓

⃓⃓∫︂
A 

−β ˜︁w2
δ(z) dz

⃓⃓⃓⃓
⃓⃓ ≤ C|A|e−2C4κδ

−1/N ≤ o(δ1/N ).

Moreover, using the Divergence Theorem, we obtain∫︂
A 

|∇ ˜︁wδ(z)|2 dz =
∫︂

∂B
κδ−1/N

˜︁wδ∂ν ˜︁wδ dℋN−1 ≤ o(δ1/N ).

All in all, we have proved (27). □
In the next three lemmas, we proceed with the estimates of all the unknown terms in (27), in terms of 

αδ and uδ. We start from the measure of ˜︁Dδ.

Lemma 3.8. We have, as δ → 0,

(︄
| ˜︁Dδ|
2 

)︄−2/N

= 1 − 2 
N

αδδ
1/N ωN−1

N + 1r
N+1
2 + o(δ1/N ). (28)

Proof. We recall that, thanks to Theorem 1.1 (or to [25, Lemma 4.5 and Proposition 4.7]), we have, as 
δ → 0

(1 − oδ(1))Br2 ⊂ ˜︁Dδ ⊂ (1 + oδ(1))Br2 , (29)

recalling that |Br2 | = 2. Then, we can compute

δ = |Dδ| =
∫︂
Ω 

1Dδ
(x) dx =

∫︂
RN

+

δ1Dδ

(︂
Φδ(δ1/Nz)

)︂
det
(︂
DΦδ(δ1/Nz)

)︂
dz,

and using also [26, Lemma A.1] (see (18)), we obtain

2 =
∫︂
RN

1 ˜︁Dδ
(z)
(︂
1 − αδδ

1/NzN + O(δ2/N |z|2)
)︂
dz

= | ˜︁Dδ| − αδδ
1/N

∫︂
RN

1 ˜︁Dδ
(z)
(︂
zN + O(δ1/N |z|2)

)︂
dz.
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Using (29), it is easy to prove, as δ → 0,

2 + αδδ
1/N

∫︂
(1−oδ(1))Br2

zN dz + O(δ2/N ) ≤ | ˜︁Dδ| ≤ 2 + αδδ
1/N

∫︂
(1+oδ(1))Br2

zN dz + O(δ2/N ).

We can now compute, by scaling, that∫︂
(1+oδ(1))Br2

zN dz = (1 + oδ(1))
N+1
N

∫︂
Br2

yN dy = (1 + oδ(1))2ωN−1

N + 1 
rN+1
2 ,

where we made the change of variable z = (1 + oδ(1))1/Ny and we used∫︂
(Br2 )+

zN dz = ωN−1

N + 1r
N+1
2 ,

denoting as usual r2 the radius of the ball of measure 2. As a consequence, we have, for δ → 0,

| ˜︁Dδ| = 2 + 2αδδ
1/N ωN−1

N + 1r
N+1
2 + o(δ1/N ). (30)

Thanks to these estimates, we obtain, as δ → 0,

| ˜︁Dδ|
2 

= 1 + αδδ
1/N ωN−1

N + 1r
N+1
2 + o(δ1/N )

yielding the conclusion. □
Next we proceed with the expansion of the numerator of the Rayleigh quotients of uδ and wδ.

Lemma 3.9. Recalling that αδ = (N − 1)HPδ
and that γ is defined in (13), we have, as δ → 0,

∫︂
Ω 

|∇uδ(x)|2dx = δ−2/N
∫︂

B+
κδ−1/N

|∇wδ(z)|2 dz
(︄

1 − δ1/N (N − 1)γ αδ∫︁
RN

+
|∇w|2 + o(δ1/N )

)︄
(31)

Proof. Let r > 0 such that B+
r ⊂ Φ(B+

κ ). From Corollary 2.3, we infer⃓⃓⃓⃓
⃓⃓⃓∫︂
Ω 

|∇uδ|2 −
∫︂

Φ(B+
κ )

|∇uδ|2

⃓⃓⃓⃓
⃓⃓⃓ ≤ ∫︂

Ω\B+
r

|∇uδ|2 ≤ C1δ
−1e−C2rδ

−1/N ≤ o(δ1/N ).

On the other hand, exploiting the usual change of variables y = Ψ(x) and z = yδ−1/N , recalling (21) and 
applying [26, Lemma A.1].

∫︂
Φ(B+

κ )

|∇uδ(x)|2dx =
∫︂
B+

κ

|∇vδ(y)|2
⃓⃓⃓⃓
y

|y|DΨ(x)
⃓⃓⃓⃓2

detDΦ(y) dy

= δ−2/N
∫︂

B+
κδ−1/N

|∇wδ(z)|2
⎡⎣1 + δ1/NzN

(︂
2

N−1 ∑︂
i,j=1

ψij
zizj
|z|2 − αδ

)︂
+ O(δ2/N |z|2)

⎤⎦ dz.

(32)
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At this point, one can check that there is a constant C0, independent of δ, such that⎛⎝1 + δ1/NzN

[︂
2

N−1 ∑︂
i,j=1

ψij
zizj
|z|2 − αδ

]︂
+ O(δ2/N |z|2)

⎞⎠ ≤ C0, for all z ∈ B+
κδ−1/N .

We now want to show that

∫︂
B+

κδ−1/N

(︂
|∇wδ|2 − |∇w|2

)︂⎡⎣δ1/NzN

(︂
2

N−1 ∑︂
i,j=1

ψij
zizj
|z|2 − αδ

)︂
+ O(δ2/N |z|2)

⎤⎦ dz = o(δ1/N ), (33)

as δ → 0. To prove this, we use the H1
loc convergence of wδ to w (Proposition 3.4) and their exponential 

decay (Lemma 3.5, equation (9)). Precisely, let us fix ε > 0 and find R = R(ε) > 0 such that, for all δ > 0
sufficiently small

∫︂
B+

κδ−1/N \B+
R

|∇wδ(z)|2
⎡⎣zN(︂2 N−1 ∑︂

i,j=1
ψij

zizj
|z|2 − αδ

)︂
+ O(δ1/N |z|2)

⎤⎦ dz ≤ C

∫︂
B+

κδ−1/N \B+
R

e−C4|z||z|dz

≤ C
(︂
δ−1e−kδ−1/N −RNe−C4R

)︂
≤ ε,

∫︂
B+

κδ−1/N \B+
R

|∇w(z)|2
⎡⎣zN(︂2 N−1 ∑︂

i,j=1
ψij

zizj
|z|2 − αδ

)︂
+ O(δ1/N |z|2)

⎤⎦ dz ≤ ε.

On the other hand, wδ converges strongly in H1(BR) to w, hence

∫︂
B+

R

(︂
|∇wδ|2 − |∇w|2

)︂⎡⎣zN(︂2 N−1 ∑︂
i,j=1

ψij
zizj
|z|2 − αδ

)︂
+ O(δ1/N |z|2)

⎤⎦ dz ≤ C(R)oδ(1) ≤ ε,

up to take δ(ε) small enough. All in all, (33) follows.
We also recall that, thanks to the exponential decay of w, it is clear that∫︂

(RN
+ )\B+

κδ−1/N

|∇w|2 dz = o(δ1/N ), as δ → 0. (34)

We can now manage the higher order terms in (32), using (33) and (34)

∫︂
B+

κδ−1/N

|∇wδ(z)|2
⎡⎣δ1/NzN

(︂
2

N−1 ∑︂
i,j=1

ψij
zizj
|z|2 − αδ

)︂
+ O(δ2/N |z|2)

⎤⎦ dz

=
∫︂

B+
κδ−1/N

(︂
|∇wδ(z)|2 − |∇w(z)|2 + |∇w(z)|2

)︂⎡⎣δ1/NzN

(︂
2

N−1 ∑︂
i,j=1

ψij
zizj
|z|2 − αδ

)︂
+ O(δ2/N |z|2)

⎤⎦ dz

=
∫︂

B+
κδ−1/N

|∇w(z)|2
⎡⎣δ1/NzN

(︂
2

N−1 ∑︂
i,j=1

ψij
zizj
|z|2 − αδ

)︂
+ O(δ2/N |z|2)

⎤⎦ dz + o(δ1/N )
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=
∫︂
RN

+

|∇w(z)|2
⎡⎣δ1/NzN

(︂
2

N−1 ∑︂
i,j=1

ψij
zizj
|z|2 − αδ

)︂
+ O(δ2/N |z|2)

⎤⎦ dz + o(δ1/N ).

Now we follow closely the approach of [25, Step 1 of the proof of Proposition 3.5]. First, using that (see [26, 
Lemma 3.3])

N−1 ∑︂
i,j=1

ψij

∫︂
RN

+

|∇w(z)|2 zizj|z|2 zN dz =
N−1∑︂
j=1 

ψjj

∫︂
RN

+

⃓⃓⃓⃓
∂w 
∂zj

⃓⃓⃓⃓2
zN dz = γ αδ,

and recalling (13) we deduce that

∫︂
RN

+

|∇w(z)|2
⎡⎣δ1/NzN

(︂
2

N−1 ∑︂
i,j=1

ψij
zizj
|z|2 − αδ

)︂⎤⎦ dz = −δ1/N (N − 1)αδγ.

Then we note that, due to exponential decay of w,

∫︂
RN

+

|∇w|2|z|2 dz < +∞ and δ3/N
∫︂
RN

+

|∇w|2|z|2 dz = o(δ1/N ).

In conclusion, we have proved that

∫︂
B+

κδ−1/N

|∇wδ(z)|2
⎡⎣δ1/NzN

(︂
2

N−1 ∑︂
i,j=1

ψij
zizj
|z|2 − αδ

)︂
+ O(δ2/N |z|2)

⎤⎦ dz

= −δ1/N (N − 1)αδγ + o(δ1/N ).

(35)

Then, plugging (35) into (32), we have

∫︂
Ω 

|∇uδ(x)|2 = δ−2/N
∫︂

B+
κδ−1/N

|∇wδ(z)|2 dz

⎛⎝1 − δ1/N (N − 1)γ αδ∫︁
B+

κδ−1/N
|∇wδ(z)|2 dz

+ o(δ1/N )

⎞⎠ . (36)

Moreover, using again the convergence and the exponential decay of wδ and w, it is clear that

∫︂
RN

+

|∇w|2 dz =
∫︂

B+
κδ−1/N

|∇wδ|2 dz + oδ(1), as δ → 0,

hence, (36) yields the conclusion. □
We use a similar strategy for the denominator of the Rayleigh quotient, with the key tools being again 

Proposition 3.4 and Lemma 3.5.
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Lemma 3.10. It results∫︂
Ω 

mδ(x)uδ(x)2 dx =
∫︂

B
κδ−1/N

˜︁mδw
2
δ dz
(︂
1 − δ1/N γ1 αδ∫︁

RN
+
mw2 + o(δ1/N )

)︂
,

where γ1 =
∫︂
RN

+

m(z)w(z)2zN dz.

(37)

Proof. First, as Φ(B+
κ ) ⊃ B+

r for some r > 0, the exponential decay of uδ (see Corollary 2.3) and the fact 
that −β ≤ mδ ≤ 1, imply⃓⃓⃓⃓

⃓⃓⃓∫︂
Ω 

mδu
2
δ −

∫︂
Φ(B+

κ )

mδu
2
δ

⃓⃓⃓⃓
⃓⃓⃓ ≤ max {β, 1}

∫︂
Ω\B+

R

u2
δ ≤ C1e

−C2Rδ−1/N ≤ o(δ1/N ), as δ → 0.

Then we have, ∫︂
Ω 

mδ(x)u2
δ(x) dx =

∫︂
B+

κ

˜︁mδ(yδ−1/N )v2
δ (y) detDΦ(y) dy

=
∫︂

B+
κδ−1/N

˜︁mδ(z)w2
δ(z) detDΦ(y) dz

=
∫︂

B+
κδ−1/N

˜︁mδ(z)w2
δ(z)

(︂
1 − αδzNδ1/N + O(δ2/N |z|2)

)︂
dz.

As above, we have that there is a constant C0, independent of δ, such that⃓⃓⃓
1 − αδδ

1/NzN + O(δ2/N |z|2)
⃓⃓⃓
≤ C0, for all z ∈ B+

κδ−1/N .

With the same strategy as the one used for the gradient, we first prove that, as δ → 0,∫︂
B+

κδ−1/N

|˜︁mδw
2
δ −mw2|

(︂
αδzNδ1/N + O(δ2/N |z|2)

)︂
dz = o(δ1/N ), (38)

which we split in two easier steps,∫︂
B+

κδ−1/N

|˜︁mδw
2
δ − ˜︁mδw

2|
(︂
αδzNδ1/N + O(δ2/N |z|2)

)︂
dz = o(δ1/N ),

∫︂
B+

κδ−1/N

|˜︁mδw
2 −mw2|

(︂
αδzNδ1/N + O(δ2/N |z|2)

)︂
dz = o(δ1/N ).

(39)

To prove the estimates in (39), we use the H1
loc convergence of wδ to w and their exponential decay. We 

start from the first. More precisely, let us fix ε > 0 and find R = R(ε) > 0 such that, for all δ > 0 sufficiently 
small
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B+

κδ−1/N \B+
R

wδ(z)2
[︂
αδzN + O(δ1/N |z|2)

]︂
dz ≤ ε,

∫︂
B+

κδ−1/N \B+
R

w(z)2
[︂
αδzN + O(δ1/N |z|2)

]︂
dz ≤ ε,

On the other hand, in BR, wδ converges strongly in H1 to w (and −β ≤ ˜︁mδ ≤ 1), hence∫︂
B+

R

˜︁mδ(w2
δ − w2)

[︂
αδzN + O(δ1/N |z|2)

]︂
dz ≤ C(R)oδ(1) ≤ ε,

so that the first estimate in (39) follows.
The second estimate in (39) can be proved in a similar way. We fix again ε > 0 and find R = R(ε) > 0

such that, for all δ > 0 sufficiently small∫︂
B+

κδ−1/N \B+
R

(˜︁mδ −m)w(z)2
[︂
αδzN + O(δ1/N |z|2)

]︂
dz ≤ ε,

which is possible thanks to the exponential decay of w and the boundedness of ˜︁mδ and m. In BR, ˜︁mδ

converges weakly ∗ in L∞ to m (and the other terms in the integral are clearly L1), hence∫︂
B+

R

(˜︁mδ −m)w2
[︂
αδzN + O(δ1/N |z|2)

]︂
dz ≤ C(R)oδ(1) ≤ ε,

up to take δ(ε) small enough. In conclusion we have proved (38).
We also recall that, thanks to the exponential decay of w (and the fact that −β ≤ m ≤ 1), it is clear that∫︂

RN
+ \B+

κδ−1/N

mw2 dz = o(δ1/N ), as δ → 0. (40)

From (38), adding and subtracting the suitable terms, we obtain∫︂
B+

κδ−1/N

˜︁mδ(z)wδ(z)2
(︂
− αδzNδ1/N + O(δ2/N |z|2)

)︂
dz

=
∫︂

B+
κδ−1/N

(˜︁mδw
2
δ −mw2) + m(z)w(z)2

(︂
− αδzNδ1/N + O(δ2/N |z|2)

)︂
dz

=
∫︂

B+
κδ−1/N

m(z)w(z)2
(︂
− αδzNδ1/N + O(δ2/N |z|2)

)︂
dz + o(δ1/N ) = −αδδ

1/Nγ1 + o(δ1/N ).

All in all, we have ∫︂
B+

κδ−1/N

˜︁mδw
2
δ =

∫︂
RN

+

mw2 + oδ(1) ,

showing the conclusion. □
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Proof of Theorem 3.1. Putting together (31) and (37), we have

Λ(δ) = δ−2/N

∫︁
B

κδ−1/N
|∇wδ|2∫︁

B
κδ−1/N

˜︁mδw2
δ

(︂
1 − δ1/N (N − 1)γ αδ∫︁

RN
+
|∇w|2 + o(δ1/N )

)︂(︂
1 + δ1/N γ1 αδ∫︁

RN
+
mw2 + o(δ1/N )

)︂
, (41)

which, in view of (27), implies

Λ(δ) ≥ δ−2/N
(︂
1 − δ1/N αδ

Λ0
∫︁
RN

+
mw2

[︂
(N − 1)γ − Λ0γ1

]︂
+ o(δ1/N )

)︂
· Λ0

(︄
| ˜︁Dδ|
2 

)︄−2/N

(42)

In turn, (28) yields

Λ(δ) ≥ δ−2/NΛ0

(︄
1 − δ1/N αδ

Λ0
∫︁
RN

+
mw2 [(N − 1)γ − Λ0γ1] + o(δ1/N )

)︄
×

×
(︃

1 − 2/Nδ1/N αδ
ωN−1

N + 1r
N+1
2 + o(δ1/N )

)︃
.

As

(N − 1)γ − Λ0γ1 = 2γ − 2Λ0r
N+1
2

ωN−1

N(N + 1)

∫︂
RN

+

mw2, (43)

the theorem follows. □
We conclude this section with the following remark, which highlights some details of the previous proofs 

for future reference (they will provide a shortcut in the proof of Proposition 5.3 ahead).

Remark 3.11. With a closer look at the previous proof, and in particular at the role of (27) in estimate (42), 
we notice that also the following inequality holds true:

Λ(δ) ≥ δ−2/N
(︂
1 − Γ ˆ︁H δ1/N + o(δ1/N )

)︂
·
(︄
| ˜︁Dδ|
2 

)︄2/N

λ( ˜︁Dδ,R
N ),

≥ δ−2/N
(︂
1 − Γ ˆ︁H δ1/N + o(δ1/N )

)︂
· Λ0

where we used also (15) and Theorem 1.2. As a consequence,

δ2/N Λ(δ) =
(︄
| ˜︁Dδ|
2 

)︄2/N

λ( ˜︁Dδ,R
N ) + oδ(1) = Λ0 + oδ(1)

as δ → 0, and finally

δ2/N Λ(δ) ≥
(︄
| ˜︁Dδ|
2 

)︄2/N

λ( ˜︁Dδ,R
N ) − Γ ˆ︁H Λ0 δ1/N + o(δ1/N ),

which establishes a lower bound for Λ(δ) in terms of an eigenvalue of the set ˜︁Dδ related to the limit problem.
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4. Polar parameterization of the optimal sets

In the last part of the paper we are going to exploit the blow-up analysis performed in the previous 
section, and in particular the asymptotic radial symmetry of the rescaled eigenfunctions wδ and optimal 
sets ˜︁Dδ, see (29), to obtain a polar parametrization of ∂ ˜︁Dδ and to investigate its finer regularity properties, 
also from a quantitative point of view. Of course, such information can be translated to Dδ using the 
diffeomorphisms introduced at the beginning of Section 3.

To this aim, let us first recall the concept of nearly spherical set (used in the proof of a quantitative 
isoperimetric inequality first in [17]). For our aims, although ˜︁Dδ has measure 2 only in the limit, it is 
convenient to normalize the reference radius to r2, where as usual |Br2 | = 2.

Definition 4.1. A (bounded) set A ⊂ RN is a nearly spherical set of class Ck,α, centered at Q, if there exists 
φ = φA ∈ Ck,α(SN−1) with ∥φ∥L∞ ≤ r2/2 such that

∂A =
{︁
x ∈ RN : x = Q + (r2 + φ(θ))θ, for θ ∈ SN−1}︁ .

In such case, we say that A is parametrized by φ.

As a matter of fact, it is not difficult to exploit (29) and the implicit function theorem to see that ˜︁Dδ is 
nearly spherical, centered at the maximum point 0 = Ψδ(Pδ), at least when δ is sufficiently small. On the 
other hand, in order to employ suitable quantitative estimates obtained in [16], it is necessary to adjust the 
center of the parametrization, choosing instead the barycenter bar( ˜︁Dδ) (and the corresponding preimage 
on ∂Ω). This is possible thanks to the following lemma, where we keep track of Ψδ(Pδ) = 0 for the sake of 
clarity.

Lemma 4.2. Under the notation of Section 3 we have, as δ → 0:

1. bar( ˜︁Dδ) ∈ {z : zN = 0} and 
⃓⃓⃓
bar( ˜︁Dδ) − Ψδ(Pδ)

⃓⃓⃓
= oδ(1);

2. Qδ := Φδ(bar( ˜︁Dδ)) ∈ ∂Dδ and |Qδ − Pδ| = o(δ1/N ).

Proof. First, by symmetry of ˜︁Dδ, we obtain that bar( ˜︁Dδ) ∈ {z : zN = 0} and thus Qδ ∈ ∂Dδ (recall 
equation (25)).

Next, for every ε > 0, let Br−(Ψδ(Pδ)), and Br+(Ψδ(Pδ)) be such that |Br± | = 2(1 ± ε) and, for δ
sufficiently small,

Br− ⊂ ˜︁Dδ ⊂ Br+ .

We infer

⃓⃓⃓
bar( ˜︁Dδ) − Ψδ(Pδ)

⃓⃓⃓
≤ 1 

| ˜︁Dδ|

⃓⃓⃓⃓
⃓⃓⃓∫︂
˜︁Dδ

(x− Ψδ(Pδ)) dx

⃓⃓⃓⃓
⃓⃓⃓ = 1 

| ˜︁Dδ|

⃓⃓⃓⃓
⃓⃓⃓⃓ ∫︂
˜︁Dδ\Br− (Ψδ(Pδ))

(x− Ψδ(Pδ)) dx

⃓⃓⃓⃓
⃓⃓⃓⃓

≤ 1 

| ˜︁Dδ|

∫︂
Br+ (Ψδ(Pδ))\Br− (Ψδ(Pδ))

|x− Ψδ(Pδ)|dx ≤ Cε(1 + oδ(1))

and the lemma follows. □
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Taking into account the lemma above, we change reference system in the blow-up analysis by a vanishing 
translation, and from now on we assume that

Ψδ(Qδ) = bar( ˜︁Dδ) = 0, Ψδ(Pδ) = − bar( ˜︁Dδ). (44)

Although in principle this changes the definitions of ˜︁Dδ, wδ, Ψδ and so on, Lemma 4.2 implies that all the 
results in Section 3 hold true also in the new reference system; in particular, equation (29) holds with balls 
centered at 0 = bar( ˜︁Dδ).

Proposition 4.3. For δ sufficiently small, ˜︁Dδ is nearly spherical of class C1,α, 0 < α < 1, centered at 
0 = bar( ˜︁Dδ) and parametrized by φδ. In addition

∥φδ∥C1,α(SN−1) → 0, as δ → 0.

Proof. The proof can be obtained (with obvious changes) as in [16, Proposition 3.11]. Indeed, using polar 
coordinates and recalling (26) we can write

˜︁Dδ = {z ∈ Bkδ−1/N : wδ(z) > tδ} = {wδ(ρθ) > tδ}

where ρ > 0 and θ = x 
|x| ∈ SN−1. Moreover, in view of (29) one has

∂ ˜︁Dδ ⊂ (1 + oδ(1))Br2 \ (1 − oδ(1))Br2 ⊂ Br \Br,

for some 0 < r < r2 < r. Let us consider F (φ, θ) := wδ((r2 + φ)θ) for φ = ρ − r2 and ρ ∈ [r, r]. As wδ

converges to w in C1,α(Br), so that

max 
Br\Br

∂rwδ <
1
2 max 

Br\Br

∂rw < 0, for every θ ∈ SN−1. 

Then we can apply the Implicit Function Theorem to the function F (ρ, θ), obtaining F (ρ, θ) = tδ if and 
only if ρ = ρ(θ). This argument can be implemented for every θ ∈ SN−1, so that by compactness we obtain 
a globally defined φδ(θ) = ρ(θ)−r2. Since wδ is of class C1,α, the same regularity holds for φδ. Furthermore,

∇φδ = − (r2 + φδ(θ))
∂ρF (ρ, θ) ∇Twδ = − (r2 + φδ(θ))

∂ρF (ρ, θ) (∇wδ − (∇wδ · θ)θ) .

where ∇Twδ denotes the tangential component of the gradient of wδ, and θ = x 
|x| Then the conclusion is a 

direct consequence of the C1,α convergence of wδ. □
In order to improve the asymptotic information provided in the last proposition, from now on we assume 

that, for some θ > 0,

∂Ω is of class C3,θ,

so that Φδ is of class C2,θ; we are going to prove a C1,1 global regularity result (up to the boundary) for the 
eigenfunctions wδ. From this, we will deduce the C1,1 regularity for the nearly spherical representation φδ. 
This yields a C1,1 convergence result of ˜︁Dδ to the ball with measure two, thus improving Proposition 4.3.

To this aim, we follow the strategy of [16, Section 5], where analogous results were derived for a similar 
problem with Dirichlet boundary conditions. In particular, we deduce the desired regularity as a corollary of 
the regularity for transmission problems (see [4,13]). The main difficulty in extending the regularity results 



24 L. Ferreri et al. / J. Math. Pures Appl. 205 (2026) 103815 

in [16, Section 5] to the problem we consider here is the positioning of the optimal favorable regions: in 
the case of homogeneous Dirichlet boundary conditions the favorable regions asymptotically concentrate in 
the interior of Ω ([16, Theorem 1.1]), while for Neumann boundary conditions the concentration occurs at 
∂Ω (Theorem 1.1). Hence, [16, Section 5] essentially deals with interior regularity results, and we need to 
extend all results up to the boundary of Ω.

Proposition 4.4. Assume that ∂Ω is of class C3,θ. Then, for all i = 1, . . . , N − 1, the functions ∂iwδ are 
H1 (︁B+

κδ−1/N

)︁
-solutions of the transmission problem⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

− div(Aδ∇∂iwδ) = div((∂iAδ)∇wδ)

+ δ2/N Λ(δ)˜︁mδ(Jδ∂iwδ + wδ∂iJδ)
in 
(︂ ˜︁Dδ ∩B+

κδ−1/N

)︂⋃︁(︂
B+

κδ−1/N \ ˜︁Dδ

)︂
,

[∂iwδ] = 0, on ∂ ˜︁Dδ ∩B+
κδ−1/N ,

[Aδ∇(∂iwδ) · ν] = −δ2/N Λ(δ)(1 + β)wδJδνi on ∂ ˜︁Dδ ∩B+
κδ−1/N ,

∂N∂iwδ = 0 = Aδ∇∂iwδ · eN on {zN = 0} ∩Bκδ−1/N ,

(45)

where [·] denotes the jump across ∂ ˜︁Dδ ∩ B+
κδ−1/N , νi denotes the i-th component of the outer unit normal 

to ˜︁Dδ ∩B+
κδ−1/N , and eN denotes the normal to the hyperplane {zN = 0}. Moreover, there exists a constant 

C > 0 such that

∥wδ∥C2,θ
(︂ ˜︁Dδ∩B+

κδ−1/N

)︂ + ∥wδ∥C2,θ
(︂
B+

κδ−1/N \ ˜︁Dδ

)︂ ≤ C, (46)

uniformly as δ → 0.

Proof. Let us start with (45). To begin with, notice that ∂N∂iwδ = 0 = Aδ∇∂iwδ · eN a.e. on {zN =
0} ∩B+

κδ−1/N , since we are considering only derivatives of wδ tangential to {zN = 0}. Using the integration 
by parts formula, for any φ ∈ C∞

c

(︁
B+

κδ−1/N

)︁
we have

δ2/N Λ(δ)
∫︂

B+
κδ−1/N

˜︁mδφJδ∂iwδ = δ2/N Λ(δ)

⎡⎢⎢⎣ ∫︂
˜︁Dδ∩B+

κδ−1/N

φJδ∂iwδ − β

∫︂
B+

κδ−1/N \ ˜︁Dδ

φJδ∂iwδ

⎤⎥⎥⎦ =

= δ2/N Λ(δ)(1 + β)
∫︂

∂ ˜︁Dδ∩B+
κδ−1/N

wδJδφνi − δ2/N Λ(δ)
∫︂

B+
κδ−1/N

˜︁mδ (wδJδ∂iφ + wδφ∂iJδ) ,

(47)

Now, using (22) and integrating again by parts we have that

δ2/N Λ(δ)
∫︂

B+
κδ−1/N

˜︁mδwδJδ∂iφ = δ2/N Λ(δ)

⎡⎢⎢⎣ ∫︂
˜︁Dδ∩B+

κδ−1/N

wδJδ∂iφ− β

∫︂
B+

κδ−1/N \ ˜︁Dδ

wδJδ∂iφ

⎤⎥⎥⎦ =

= −

⎡⎢⎢⎣ ∫︂
˜︁Dδ∩B+

κδ−1/N

div
(︁
Aδ∇wδ

)︁
∂iφ +

∫︂
B+

κδ−1/N \ ˜︁Dδ

div
(︁
Aδ∇wδ

)︁
∂iφ

⎤⎥⎥⎦ =

=
∫︂

B+
κδ−1/N

Aδ∇wδ · ∂i∇φ = −
∫︂

B+
κδ−1/N

Aδ∇∂iwδ · ∇φ−
∫︂

B+
κδ−1/N

∂i
(︁
Aδ
)︁
∇wδ · ∇φ.

(48)
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Combining (47) and (48) we obtain (45).
Now we turn to (46). Notice that the condition ∂N∂iwδ = 0 on {zN = 0} ∩ B+

κδ−1/N and the properties 
of the diffeomorphism Φδ (see Section 3) allow to extend ∂iwδ by reflection on the whole Bκδ−1/N , together 
with its equation. Again, this reflected function solves a transmission problem, but this time on the whole 
Bκδ−1/N . More precisely,

⎧⎨⎩− div
(︁
Aδ∇∂iwδ

)︁
= δ2/N Λ(δ)˜︁mδ (Jδ∂iwδ + wδ∂iJδ) + div

(︁
Gδ

i

)︁
in ˜︁Dδ

⋃︁(︂
Bκδ−1/N \ ˜︁Dδ

)︂
,

[∂iwδ] = 0, [Aδ∇(∂iwδ) · ν] = −δ2/N Λ(δ)(1 + β)wδJδνi on ∂ ˜︁Dδ,
(49)

where Gδ
i denotes the even extension of the function 

(︁
∂iA

δ
)︁
∇wδ with respect to {zN = 0}. Since i ̸= N and 

recalling Remark 3.3, we have that this function is of class C0,θ. Hence, as a consequence of [13, Theorem 
1.2] we have, for all i = 1, . . . , N − 1

∥∂iwδ∥C1,θ
(︂ ˜︁Dδ∩B+

κδ−1/N

)︂ + ∥∂iwδ∥C1,θ
(︂
B+

κδ−1/N \ ˜︁Dδ

)︂ ≤ C. (50)

Strictly speaking, the application of [13, Theorem 1.2] to (49) requires two adjustments: indeed, such result 
applies to solutions to transmission problems having fixed interface, while here ∂ ˜︁Dδ depends on δ, and 
homogeneous Dirichlet boundary conditions. Actually, by small perturbations, we can modify (49) to meet 
both these conditions. We describe such arguments in full details in the proof of Proposition 4.6 ahead, 
where the same issues have to be faced for a related transmission problem, see (54) and (56), to obtain a 
more delicate estimate.

We are left to prove that

⃦⃦
∂2
Nwδ

⃦⃦
C0,θ

(︂ ˜︁Dδ∩B+
κδ−1/N

)︂ +
⃦⃦
∂2
Nwδ

⃦⃦
C0,θ

(︂
B+

κδ−1/N \ ˜︁Dδ

)︂ ≤ C. (51)

Condition (51) follows by writing equation (22), restricted to B+
κδ−1/N , in non-divergence form (see Re

mark 3.3). Recalling that Aδ is of class C1,θ and uniformly elliptic (actually, uniformly close to the identity 
in C1,θ), we obtain that ∂2

Nwδ can be expressed in terms of ∂2
i wδ, i = 1, . . . , N−1, and other terms involving 

DAδ, ∇wδ and wδ. Employing (50), the proof is concluded. □
A direct consequence of Proposition 4.4 is the following

Corollary 4.5. There exists a constant C > 0 such that

∥wδ∥C1,1
(︂
B

κδ−1/N

)︂ ≤ C,

uniformly as δ → 0.

Proof. It is sufficient to notice that Proposition 4.4 gives the C1,1 regularity of wδ on the closed half ball 
B+

κδ−1/N , and that, since ∂Nwδ = 0 on {zN = 0}, such regularity is preserved by reflection with respect to 
{zN = 0}. Moreover,

∥wδ∥C1,1
(︂
B

κδ−1/N

)︂ ≤ 2∥wδ∥C1,1
(︂
B+

κδ−1/N

)︂. □

Our next aim is to prove the following



26 L. Ferreri et al. / J. Math. Pures Appl. 205 (2026) 103815 

Proposition 4.6. For any r ∈ (0, r2/4),

∥∇wδ − (∇wδ · n)n∥
C1,θ

(︃ ˜︁Dδ∩
(︂
B+

κδ−1/N \Br

)︂)︃+
+ ∥∇wδ − (∇wδ · n)n∥

C1,θ
(︃
B+

κδ−1/N \
(︂ ˜︁Dδ∪Br

)︂)︃ → 0
(52)

as δ → 0, where n = z/|z|.

Proof. Let Λ0, w and m be respectively the principal positive eigenvalue, the optimal eigenfunction and the 
corresponding weight of the design problem in RN , as introduced in (8). Recall that w is radially symmetric. 
Let us define hi = ∂iw the partial derivatives of w in the directions tangent to {zN = 0}, i.e. i = 1, . . . , N−1. 
Notice that each hi is even with respect to {zN = 0}. The functions hi solve the transmission problem{︄

−Δhi = Λ0mhi in Br2

⋃︁
(Bκδ−1/N \Br2) ,

[hi] = 0, [∂nhi] = −Λ0(1 + β)wni on ∂Br2 ,
(53)

where n = z/|z|.
Now consider the optimal (reflected) eigenfunctions wδ in the blow-up scale, and denote vδ,i := ∂iwδ, for 

i = 1, . . . , N − 1. From (49), we know that they solve the transmission problem⎧⎨⎩− div
(︁
Aδ∇vδ,i

)︁
= δ2/N Λ(δ)˜︁mδ (vδ,iJδ + wδ∂iJδ) + div

(︁
Gδ

i

)︁
in ˜︁Dδ

⋃︁(︂
Bκδ−1/N \ ˜︁Dδ

)︂
,

[vδ,i] = 0, [Aδ∇vδ,i · ν] = −δ2/N Λ(δ)(1 + β)wδJδνi on ∂ ˜︁Dδ.
(54)

In order to compare the functions vδ,i and hi in Bκδ−1/N , for δ sufficiently small we introduce a one-parameter 
family of radial diffeomorphisms Θδ : RN → RN , with the following properties:

∥Θδ − Id∥C1,α(RN ) = oδ(1) for every 0 < α < 1, as δ → 0, 

Θδ = Id in RN \B 3
2 r2

, Θδ(Br2) = ˜︁Dδ, Θδ(∂Br2) = ∂ ˜︁Dδ,
(55)

where |Br2 | = 2. The existence of such family of diffeomorphisms follows from Proposition 4.3 (actually Θδ

depends on φδ there); we refer to [16, Section 6.1] for more details on such diffeomorphism. In particular, 
(55) holds true with α = θ.

Let the functions ϕδ,i be defined as

ϕδ,i := vδ,i ◦ Θδ − hi.

From (53) and (55) we deduce that the functions ϕδ,i solve, in H1 (Bκδ−1/N ), the transmission problem{︄
− div

(︁
M δ∇ϕδ,i

)︁
= fδ

i + div
(︁
F δ
i

)︁
in Br2

⋃︁
(Bκδ−1/N \Br2) ,

[ϕδ,i] = 0, [M δ∇ϕδ,i · n] = gδi on ∂Br2 ,
(56)

where we have denoted

Yδ := |det (DΘδ) |, M δ := YδDΘ−1
δ AδDΘ−T

δ in Bκδ−1/N , Yδ,T := |DΘ−T
δ n|Yδ on ∂Br2 ,

fδ
i := δ2/N Λ(δ) (˜︁mδvδ,iJδ + ˜︁mδwδ∂iJδ) ◦ Θδ − Λ0mhi, in Bκδ−1/N ,

F δ
i := YδDΘ−1

δ Gδ
i +
(︁
M δ − Id

)︁
∇hi in Bκδ−1/N ,

gδi := (1 + β)
(︂
Λ0wni − δ2/N Λ(δ) (wδJδνi) ◦ ΘδYδ,T

)︂
−
[︁(︁
M δ − Id

)︁
∇hi · n

]︁
on ∂Br2 .
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Without loss of generality, we can also assume that

ϕδ,i = 0 on ∂Bκδ−1/N .

Indeed, for δ sufficiently small, it is sufficient to subtract from ϕδ,i the function zδ,i solution to{︄
− div

(︁
M δ∇zδ,i

)︁
= 0 in Bκδ−1/N ,

zδ,i = ϕδ,i on ∂Bκδ−1/N ,

and to notice that, by elliptic regularity and [25, Remark 4.5],

∥zδ,i∥C1,θ
(︂
B

κδ−1/N

)︂ → 0, as δ → 0.

We are in the position to apply the results in [13, Theorem 1.2], and since [16, Lemma 5.4], Proposition 3.4
and (18) imply that

∥fδ
i ∥L∞

(︂
B

κδ−1/N

)︂ → 0, ∥F δ
i ∥C0,θ

(︂
B

κδ−1/N

)︂ → 0 and ∥gδi ∥C0,θ
(︁
∂Br2

)︁ → 0

as δ → 0, [13, Theorem 1.2] gives that, for all i = 1, . . . , N − 1

∥ϕδ,i∥C1,θ
(︁
Br2

)︁ + ∥ϕδ,i∥C1,θ
(︂
B

κδ−1/N \Br2

)︂ → 0, as δ → 0. (57)

Moreover, as usual isolating ∂2
Nwδ in equation (22) and composing it with the diffeomorphism Θδ, it can 

be seen using (57) that

∥∂N (vδ,N ◦ Θδ) − ∂2
Nw∥

C0,θ
(︂
Br2∩B+

κδ−1/N

)︂ + ∥∂N (vδ,N ◦ Θδ) − ∂2
Nw∥

C0,θ
(︂
B+

κδ−1/N \Br2

)︂ → 0, as δ → 0.

Hence, we have just shown that

∥ϕδ,i∥C1,θ
(︂
Br2∩B+

κδ−1/N

)︂ + ∥ϕδ,i∥C1,θ
(︂
B+

κδ−1/N \Br2

)︂ → 0, as δ → 0, ∀ i = 1, . . . , N. (58)

Now, in order to prove the proposition, it is sufficient to notice that, by (58) and (55) we have

∥ (∇wδ − (∇wδ · n)n) ◦ Θδ − (∇w − (∇w · n)n) ∥
C1,θ

(︃ ˜︁Dδ∩
(︂
B+

κδ−1/N \Br

)︂)︃+
+∥ (∇wδ − (∇wδ · n)n) ◦ Θδ − (∇w − (∇w · n)n) ∥

C1,θ
(︃
B+

κδ−1/N \
(︂ ˜︁Dδ∪Br

)︂)︃ → 0
(59)

as δ → 0. Since the function w is radial, in B+
κδ−1/N

∇w − (∇w · n)n = 0,

so that (59) can be rewritten as

∥ (∇wδ − (∇wδ · n)n) ◦ Θδ∥
C1,θ

(︃ ˜︁Dδ∩
(︂
B+

κδ−1/N \Br

)︂)︃+
+ ∥ (∇wδ − (∇wδ · n)n) ◦ Θδ∥

C1,θ
(︃
B+

κδ−1/N \
(︂ ˜︁Dδ∪Br

)︂)︃ → 0.
(60)
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To conclude, the claim (52) follows from (60) just rewriting

∇wδ − (∇wδ · n)n = (∇wδ − (∇wδ · n)n) ◦ Θδ ◦ Θ−1
δ

and using (55) once again. □
As a consequence of Proposition 4.6, we have the following corollary.

Corollary 4.7. For any r ∈ (0, r2/4),

∥∇wδ − (∇wδ · n)n∥
C0,1

(︂
B

κδ−1/N \Br

)︂ → 0, as δ → 0,

where n = z/|z|.

Finally, we can conclude this section with the following improvement of Proposition 4.3.

Proposition 4.8. For δ sufficiently small ˜︁Dδ is nearly spherical of class C1,1, parametrized by φδ (see Defi
nition 4.1). In addition

∥φδ∥C1,1(SN−1) → 0, as δ → 0.

Proof. In view of Proposition 4.4 and Corollary 4.7, the result can be proved by arguing as in [16, Proposition 
5.10]. □
Remark 4.9. The above C1,1 decay is sharp, on SN−1, because of the reflection of the N -th derivative. 
Actually, since ∂Ω ∈ C3,θ, one may expect further regularity of the free boundary. As a matter of fact, 
the estimates in C2,θ of wδ hold up to the free boundary, from inside and outside; therefore a continuation 
argument should allow to improve the above C1,1(SN−1) decay to a C2,θ(SN−1

+ ) one, but we do not pursue 
this argument here.

5. Quantitative estimates

In this section we take advantage of the results proved in Section 4 to improve Proposition 4.3 and 
conclude the proof of Theorem 1.4. More precisely, Proposition 4.8 allows us to apply [16, Theorem 1.4] 
(recalled below) and obtain the quantitative information on the L2 norm of the spherical parametrization of 
∂ ˜︁Dδ (see Proposition 5.3). Then, the proof of Theorem 1.4 will be concluded by coming back to the original 
configuration Dδ.

As already mentioned, the starting point relies on the application of the following quantitative estimate. 
Earlier versions of stability inequalities of this kind have already been established in [7,21].

Theorem 5.1 ([16, Theorem 1.4]). There exist positive constants C, ε such that, for all C1,1 nearly spherical 
sets A ⊂ RN , centered at the origin and parametrized by φ satisfying

1. bar(A) = 0,
2. |A| = 2,
3. ∥φ∥C1,1(SN−1) ≤ ε,

it holds

λ(A,RN ) − λ(Br2 ,R
N ) ≥ C∥φ∥2

L2(SN−1).
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To apply this result to ˜︁Dδ we notice that its first assumption is verified by centering the blow-up analysis 
at Qδ := Φδ(bar( ˜︁Dδ)), rather than Pδ (recall that we are working in this setting since (44), thanks to 
Lemma 4.2). On the other hand, | ˜︁Dδ| is equal to 2 only in the limit, thus we need to take into account an 
error term.

Lemma 5.2. There exists C > 0 such that, for δ sufficiently small,

(︄
| ˜︁Dδ|
2 

)︄2/N

λ( ˜︁Dδ,R
N ) − Λ0 ≥ C∥φδ∥2

L2(SN−1) + o(δ1/N ).

Proof. First, recall that ˜︁Dδ is C1,1 nearly spherical, with parametrization φδ satisfying Proposition 4.8. We 
infer that the set

Aδ = 21/N ˜︁Dδ

| ˜︁Dδ|1/N

is nearly spherical, too: indeed, for all η ∈ ∂Aδ there exists z ∈ ∂ ˜︁Dδ such that η = 21/Nz| ˜︁Dδ|−1/N , so that

∂Aδ = {η = (r2 + σδ(θ)) θ} , with σδ = 21/Nr2

| ˜︁Dδ|1/N
− r2 + 21/N

| ˜︁Dδ|1/N
φδ. (61)

We are in position to apply Theorem 5.1 to Aδ, obtaining

(︄
| ˜︁Dδ|
2 

)︄2/N

λ( ˜︁Dδ,R
N ) − Λ0 ≥ C∥σδ∥2

L2 .

In turn, using Lemma 3.8,

∥σδ∥2
L2 =

⃦⃦⃦⃦
⃦ 21/Nr2

| ˜︁Dδ|1/N
− r2 + 21/N

| ˜︁Dδ|1/N
φδ

⃦⃦⃦⃦
⃦

2

L2

≥ 1
2

(︄
2 

| ˜︁Dδ|

)︄2/N

∥φδ∥2
L2 −

⃦⃦⃦⃦
⃦⃦
(︄

2 

| ˜︁Dδ|

)︄1/N

− 1

⃦⃦⃦⃦
⃦⃦

2

L2

r2
2

≥ C(1 − δ1/N ) ∥φδ∥2
L2 + o(δ1/N ) = C ∥φδ∥2

L2 + o(δ1/N ),

where we used also Proposition 4.8, and the claim follows. □
Proposition 5.3. As δ → 0,

∥φδ∥2
L2(SN−1) = o(δ1/N ). (62)

Proof. We apply the second conclusion of Theorem 1.2, Remark 3.11 and Lemma 5.2 to obtain

−Λ0Γ ˆ︁Hδ1/N + o(δ1/N ) = δ2/N Λ(δ) − Λ0

= δ2/N Λ(δ) −
(︄
| ˜︁Dδ|
2 

)︄2/N

λ( ˜︁Dδ,R
N ) +

(︄
| ˜︁Dδ|
2 

)︄2/N

λ( ˜︁Dδ,R
N ) − Λ0

≥ −Λ0Γ ˆ︁Hδ1/N + C∥φδ∥2
L2 + o(δ1/N ),

(63)

implying the claim. □
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Finally, we bring back the quantitative information (62) to Dδ.

Proof of Theorem 1.4. By now we have obtained

˜︁Dδ =
{︃
z ∈ Bkδ−1/N : |z| < r2 + φδ

(︃
z

|z|

)︃}︃
,

so that

˜︁D+
δ :=

{︃
z ∈ B+

kδ−1/N : |z| < r2 + φδ

(︃
z

|z|

)︃}︃
=
{︃
z ∈ B+

2r2 : |z| < r2 + φδ

(︃
z

|z|

)︃}︃
(64)

for δ small enough.
On the other hand, recalling (25),

˜︁D+
δ =

{︂
z ∈ B+

2r2 : z = Ψδ(x)
δ1/N , for some x ∈ Dδ

}︂
.

Then x ∈ ∂Dδ if and only if z ∈ ∂ ˜︁D+
δ , and the theorem will follow by a change of variable.

Thus, in the following, we consider a generic z ∈ B+
2r2 and x = Φδ(δ1/Nz), so that |x| = O(δ1/N ) as 

δ → 0. We obtain

x = Φδ(δ1/Nz) = δ1/Nz + δ2/NRδ(z), (65)

where the reminder Rδ is uniformly bounded in C1,1: notice that this only requires Φδ ∈ C1,1 uniformly in 
δ, i.e. ∂Ω ∈ C2,1 (recall Remark 3.2). Indeed, we have

δ2/NRδ(z) = Φδ(δ1/Nz) − δ1/Nz = Φδ(δ1/Nz) − Φδ(0) −DΦδ(0)δ1/Nz,

δ1/NDRδ(z) = DΦδ(δ1/Nz) −DΦδ(0),

which yield

δ2/N |Rδ(z)| =

⃓⃓⃓⃓
⃓⃓

1 ∫︂
0 

[︃
d 
dt

Φδ(tδ1/Nz) −DΦδ(0)δ1/Nz

]︃
dt

⃓⃓⃓⃓
⃓⃓

≤ δ1/N |z|
1 ∫︂

0 

⃓⃓⃓
DΦδ(tδ1/Nz) −DΦδ(0)

⃓⃓⃓
dt

≤ δ2/N |z|2 · 1
2∥DΦδ∥C0,1 ≤ δ2/N · 2∥DΦδ∥C0,1r2

2

and

δ1/N |DRδ(z1) −DRδ(z2)| =
⃓⃓⃓
DΦδ(δ1/Nz1) −DΦδ(δ1/Nz2)

⃓⃓⃓
≤ δ1/N∥DΦδ∥C0,1 |z1 − z2|.

From (65) we infer

|x|2 = δ2/N |z|2 + δ
3 
N ˜︁Rδ(z), (66)

where ˜︁Rδ is uniformly in C1,1, too.
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Let us introduce the polar coordinates

ρ = |x|, ϑ = x 
|x| , r = |z|, ξ = z

|z| .

Taking x ∈ ∂Dδ ∩ Ω, and the corresponding z = rξ ∈ ∂ ˜︁D+
δ , then r = r2 + φδ(ξ). By the properties of Φδ, 

Ψδ, φδ we have that the map

SN−1 ∋ ξ ↦→ Φδ(δ1/N (r2 + φδ(ξ))ξ) 
|Φδ(δ1/N (r2 + φδ(ξ))ξ))|

= ϑδ(ξ) ∈ SN−1

is uniformly bounded in C1,1, with inverse ϑ ↦→ ξ = ξδ(ϑ), for δ small enough. Substituting into (66) we 
infer that (10) holds true with ρδ = ρδ(ϑ) implicitly defined by

2r2ρδ + ρ2
δ = 2r2φδ(ξδ(ϑ)) + φ2

δ(ξδ(ϑ)) + δ1/N ˜︁Rδ

(︂
(r2 + φδ(ξδ(ϑ)))ξδ(ϑ)

)︂
.

Then

ρδ(ϑ) = φδ(ξδ(ϑ)) + δ1/NZδ(ϑ),

where Zδ is uniformly bounded in C1,1. Recalling (62) and Proposition 4.8 we obtain the desired esti
mates. □
Remark 5.4. From Theorem 1.4, thanks to the Gagliardo-Nirenberg interpolation inequalities, one can de
duce as in [16, Corollary 1.5] estimates on different norms of ρδ, the most interesting one being

∥ρδ∥C1,α = o
(︂
δ

(1−α) 
N(4+N)

)︂
∀ α ∈ (0, 1).

Remark 5.5. By repeating the proof of Theorem 1.4, using Proposition 4.3 instead of Proposition 4.8, one 
can see what we already announced in Remark 1.5: in case ∂Ω is just of class C2,1, Dδ is still a nearly 
spherical set, of class C1,α for every 0 < α < 1, and

∥ρδ∥C1,α = o (1) ∀ α ∈ (0, 1).

A refined quantitative information as stated in Theorem 1.4 under this weaker regularity of ∂Ω would first 
require a generalization of [13, Theorem 1.2].
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