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Abstract—The precise one-shot characterisation of operational
tasks in classical and quantum information theory relies on differ-
ent forms of smooth entropic quantities. A particularly important
connection is between the hypothesis testing relative entropy and
the smoothed max-relative entropy, which together govern many
operational settings. We first strengthen this connection into a
type of equivalence: we show that the hypothesis testing relative
entropy is equivalent to a variant of the smooth max-relative
entropy based on the information spectrum divergence, which
can be alternatively understood as a measured smooth max-
relative entropy. Furthermore, we improve a fundamental lemma
due to Datta and Renner that connects the different variants
of the smoothed max-relative entropy, introducing a modified
proof technique based on matrix geometric means. We use the
unveiled connections and tools to strictly improve on previously
known one-shot bounds and duality relations between the smooth
max-relative entropy and the hypothesis testing relative entropy,
sharpening also bounds that connect the max-relative entropy
with Rényi divergences.

I. INTRODUCTION

Smooth relative entropies [1] were defined to address the
need for a precise understanding of the performance of var-
ious operational protocols in information theory in settings
beyond the asymptotic i.i.d. one. In one-shot information
theory, several different, inequivalent types of smooth en-
tropies are required to fully characterise the performance of
different tasks. Similarly to the broad division of tasks in
classical information theory into two types, packing-type and
covering-type problems, the more general setting of quantum
information can also be categorised in a similar way. On
one side, there are problems that can be connected with
hypothesis testing, including quantum channel coding [2]–
[6], quantum data compression [6], [7], and quantum resource
distillation [8]–[10]. Due to the underlying hypothesis testing
structure, the one-shot performance of these protocols can
be related with a quantity known as the hypothesis testing
relative entropy Dε

H [2], [3]. On the other side, covering-
type problems include quantum channel simulation [11], [12],
privacy amplification [1], [13], [14], decoupling [15], convex
split [16], and quantum resource dilution [8], [9]. The one-shot
characterisation of such protocols typically relies on a quantity
known as the smooth max-relative entropy Dε

max [1], [17].
Understanding the precise relations between the two smooth
relative entropies has thus been an important problem in one-
shot quantum information theory [13], [18]–[21].

Despite their many differences, the hypothesis testing rel-
ative entropy and the max-relative entropy are known to
be quantitatively related, albeit in a complementary fashion.
Informally, the value of Dε

max closely matches that of D1−ε
H ,

up to asymptotically negligible factors [13], [18]. This means
that the two smooth quantities satisfy a ‘weak/strong converse
duality’: understanding the behaviour of Dε

H in the small ε
regime (weak converse) is equivalent to understanding the
large ε (strong converse) behaviour of Dε

max, and vice versa.
This fact was crucial in obtaining results such as asymptotic
equipartition theorems for smooth entropic quantities [18],
[22]–[27] or in characterising the higher-order corrections
of optimal rates in quantum information tasks [13], [28].
However, the precise one-shot bounds that connected Dε

max

and D1−ε
H in the literature are often not tight, motivating us

to look for alternative approaches and stronger links.

A. Summary of main results

Here we introduce new techniques for the study of the
relations between the two quantities, strengthening both the
conceptual and the quantitative connections. Our approach
employs an intermediary quantity D̃ε

max, closely related to the
smooth max-relative entropy and originally introduced in [28]
as a type of an information spectrum divergence [13]. This
relaxed variant of max-relative entropy was previously used as
a technical tool in many proofs, but our closer investigation
reveals that it is intrinsically connected to D1−ε

H , and in fact
equivalent to it in a precise sense (Section III). This finding
allows us to establish new tight bounds between the hypothesis
testing relative entropy and D̃ε

max. To relate the latter with
the operationally important quantity Dε

max, previous works
relied on an important lemma originally shown by Datta and
Renner [29], which we, however, notice is not tight for several
types of distance measures employed in the smoothing. We
introduce an improved proof technique based on the operator
geometric mean that leads to a statement that tightens the
previous formulations of this lemma, in particular when the
smoothing is over normalised quantum states (Section IV).
Our proof method is also easier to generalise, which we
exemplify with a multi-partite extension of the lemma to
a setting of simultaneous state smoothing [30]. We apply
our results to obtain a set of improved bounds that tighten
the duality relation between Dε

max and D1−ε
H , strengthening



both the precise one-shot relations between the two quantities
(Section V-A) as well as the bounds connecting the smoothed
max-relative entropy with Rényi divergences (Section V-B).
Additional extensions of our results, further relations and
equivalences, and complete technical details of all proofs can
be found in our technical paper [31].

II. SMOOTH DIVERGENCES

A. Hypothesis testing entropy and max-relative entropy

We use Greek letters (ρ, σ) to denote quantum states acting
on a finite-dimensional Hilbert space. We will sometimes
specialise our results to classical probability distributions,
which are denoted by Latin letters (p, q).

Smooth divergences are broadly understood as divergences
(relative entropies) between quantum states that incorporate
the allowance for some form of error or uncertainty about
the states under consideration, quantified by a smoothing
parameter ε.

A fundamental divergence that finds use in one-shot quan-
tum information theory is the hypothesis testing relative
entropy, defined for two quantum states ρ and σ as [2], [3]

Dε
H(ρ∥σ)

:= − log inf
{
TrMσ

∣∣∣ 0 ≤M ≤ 1, Tr(1−M)ρ ≤ ε
}
,

where ε ∈ [0, 1]. This can be noticed to be simply the optimal
exponent of the type II error of hypothesis testing between ρ
and σ when the type I error probability is constrained to be
at most ε.

Another fundamental quantity that we focus on here is the
max-relative entropy [17]

Dmax(ρ∥σ) := log inf
{
λ ≥ 0

∣∣∣ ρ ≤ λσ
}
. (1)

This can be understood as the sandwiched Rényi divergence
D̃α of order ∞ [32]. The smooth variant of this quantity
is defined not by evaluating Dmax(ρ∥σ) exactly, but instead
by optimising over all states ρ′ ≈ε ρ in an ε-ball around ρ
in order to find the minimal value of Dmax(ρ

′∥σ) [1], [17].
This definition crucially depends on how exactly we define
the smoothing neighbourhood, and in particular on how we
quantify the distance between quantum states.

Two of the most fundamental measures of distance are the
trace (total variation) distance 1

2 ∥ρ− ρ′∥ 1 and the purified
distance P (ρ, ρ′) :=

√
1− F (ρ, ρ′), where F (ρ, ρ′) denotes

the fidelity (Bhattacharyya coefficient)

F (ρ, ρ′) :=
∥∥∥√ρ

√
ρ′
∥∥∥ 2

1
=

(
Tr

√√
ρρ′

√
ρ

)2

. (2)

We then define the smooth max-relative entropy as

Dε,∆
max(ρ∥σ) := inf

ρ′∈Bε
∆(ρ)

Dmax(ρ
′∥σ), (3)

where ∆ denotes one of the following choices of smooth-
ing: T for trace distance smoothing with Bε

T (ρ) :={
ρ′

∣∣∣ 1
2 ∥ρ− ρ′∥ 1 ≤ ε, ρ′ ≥ 0, Tr ρ′ = 1

}
, and P for puri-

fied distance smoothing.

B. Modified max-relative entropy D̃max

An important quantity in our approach will be a variant
of the smooth max-relative entropy, formalised by Datta and
Leditzky [28] as

D̃ε
max(ρ∥σ) := log inf

{
λ ≥ 0

∣∣∣ Tr(ρ− λσ)+ ≤ ε
}
, (4)

where Tr(·)+ denotes the trace of the positive part of a
Hermitian operator. In fact, D̃ε

max was first introduced as an
alternative to the information spectrum divergence Dε

s [13] and
denoted D

ε

s in [28]. Here we prefer to relate it to the max-
relative entropy, the connection with which becomes clearer
once we use the variational form of Tr(·)+ to write

D̃ε
max(ρ∥σ) = log inf

{
λ
∣∣∣ ρ ≤ λσ +Q, Q ≥ 0, TrQ ≤ ε

}
,

which more closely resembles the optimisation problem that
defines Dmax. For classical systems, the connection of this
quantity with Dε

max is much stronger: we have a complete
equivalence between the modified and the standard smooth
max-relative entropy. This was first noticed in [33], [34], where
a classical equivalent of D̃ε

max was introduced in the context
of characterising differential privacy.

The modified max-relative entropy D̃ε
max made implicit

appearances in many early works on quantum hypothesis
testing already [23], [35], [36] through its connection with the
information spectrum method [29], [36]. It was first formalised
as a divergence in [28], where it was used to derive second-
order expansions for i.i.d. quantum information tasks. Some of
its basic properties, including the data processing inequality,
were established there. More recently, it also found use in char-
acterising quantum differential privacy [37]–[39], generalising
the earlier classical results [33], [34]. Although it was studied
mostly as a technical tool, we will show that the quantity
has many precise connections with both the hypothesis testing
relative entropy Dε

H and with the standard smoothed max-
relative entropy Dε, T

max that were not previously known.

III. AN EQUIVALENCE

Although the connection between Dε
max and D1−ε

H is now
a well-known duality in one-shot quantum information theory,
the precise bounds between the two are often rather loose
— they match in the asymptotic regime, but large gaps
are expected between them at the single-copy level [13].
Surprisingly, here we show that, as long as one considers the
modified max-relative entropy variant D̃ε

max, the hypothesis
testing relative entropy and the smooth max-relative entropy
are in a precise sense equivalent to each other — either of
them can be obtained from the other. This will allow us to
obtain much tighter bounds between the two quantities than
were previously known.

Theorem 1. For all quantum states ρ and σ and for all ε ∈
(0, 1) it holds that

D1−ε
H (ρ∥σ) = inf

δ∈[0,ε)

[
D̃δ

max(ρ∥σ)− log(ε− δ)
]
, (5)

D̃ε
max(ρ∥σ) = sup

δ∈(ε,1]

[
D1−δ

H (ρ∥σ) + log(δ − ε)
]
. (6)



Proof. We first compute the Lagrange dual of Dε
H as

(see [31])

log inf
h,y,P

{
h
∣∣∣ yρ ≤ hσ + P, P ≥ 0, h, y ≥ 0, 1+TrP ≤ yε

}
,

where equality follows by strong duality: z = 1, M ′ = ε1
is a strictly feasible solution, so Slater’s criterion applies [40,
Sec. 5.9]. Substituting µ = 1

y , Q = µP , and λ = hµ we get

D1−ε
H (ρ∥σ)

= log inf
h,µ,P

{
h

∣∣∣∣ ρ ≤ hµσ + µP, P ≥ 0, h,
1

µ
≥ 0,

1 + TrP ≤ 1

µ
ε

}
= log inf

h,µ,Q

{
h
∣∣∣ ρ ≤ hµσ +Q, Q ≥ 0, h ≥ 0, µ > 0,

TrQ ≤ ε− µ

}
= log inf

µ∈(0,ε]

1

µ
inf
λ,Q

{
λ | ρ ≤ λσ +Q, Q ≥ 0, TrQ ≤ ε−µ

}
= inf

µ∈(0,ε]

[
D̃ε−µ

max(ρ∥σ)− log µ
]
,

(7)
where in the last line we recalled the definition of D̃max

in (II-B). This is precisely the expression claimed in (5).
Take now ε ∈ [0, 1). Evaluating the Lagrange dual of the

optimisation problem that defines D̃ε
max (see also [39]), we

have

D̃ε
max(ρ∥σ)

= log sup

{
TrW ′ρ− ε

TrW ′σ

∣∣∣∣ 0 ≤W ′ ≤ 1

}
(i)
= log sup

{
TrW ′ρ− ε

TrW ′σ

∣∣∣∣ 0 ≤W ′ ≤ 1, TrW ′ρ > ε

}
= log sup

δ∈(ε,1]

sup

{
TrW ′ρ− ε

TrW ′σ

∣∣∣∣ 0 ≤W ′ ≤ 1, TrW ′ρ = δ

}
= log sup

δ∈(ε,1]

sup

{
δ − ε

TrW ′σ

∣∣∣∣ 0 ≤W ′ ≤ 1, TrW ′ρ = δ

}
(ii)
= log sup

δ∈(ε,1]

sup

{
δ − ε

TrW ′σ

∣∣∣∣ 0 ≤W ′ ≤ 1, TrW ′ρ ≥ δ

}
(iii)
= sup

δ∈(ε,1]

[
D1−δ

H (ρ∥σ) + log(δ − ε)
]

(8)
where in (i) we observed that, since the optimal value must be
positive (consider that W ′ = 1 is feasible), we can restrict to
operators W ′ such that TrW ′ρ > ε without loss of generality;
in (ii), we used the fact that the condition TrW ′ρ = δ can be
relaxed to TrW ′ρ ≥ δ without loss of generality: for any W ′′

with TrW ′′ρ > δ we can scale it down to a solution W ′ ≤
W ′′ which has TrW ′ρ = δ and for which the optimal value
cannot be smaller; finally, (iii) is by definition of D1−δ

H .

The equivalence derived in Theorem 1 can be made even
stronger in the case of classical distributions (or commuting
quantum states), where instead of the quantity D̃ε

max, the

smoothed max-relative entropy itself features in the rela-
tion [31], providing a close connection between the two types
of smoothed entropies.

IV. IMPROVING A USEFUL LEMMA

Although we have already shown a very close relation
between Dε

H and the modified quantity D̃ε
max, this is so far

insufficient to tightly connect the hypothesis testing relative
entropy with the smooth max-relative entropy Dε

max itself. The
issue is that, although one can straightforwardly upper bound
D̃ε

max with Dε, T
max, the other direction is much less obvious:

D̃ε
max involves an optimisation over values of λ such that

ρ ≤ λσ + Q, where Q is a positive semidefinite operator of
sufficiently small trace, but how can this operator inequality
yield a state ρ′ ≈ε ρ that can be used as a feasible solution
for the smooth max-relative entropy?

A solution to this conundrum was first given in a fundamen-
tal lemma by Datta and Renner [29, Lemma 3]. It found use in
many results that studied the asymptotics of the max-relative
entropy, e.g. [18], [22]–[27]. Here we introduce a modified
proof approach, allowing us to give better estimates.

Theorem 2 (Tightened Datta–Renner lemma). Let ρ be a
state, A,Q ≥ 0 positive semi-definite with TrQ ≤ ε < 1,
and assume that ρ ≤ A + Q holds. Then there exists a
subnormalised state ρ′ with Tr ρ′ ≤ 1 such that

ρ′ ≤ A,
ρ′

Tr ρ′
≤ A

1− ε
; (9)

moreover, ρ′ is close to ρ in the following senses:

F
(
ρ, ρ′

)
≥ (1− ε)2 , (10)

F
(
ρ,

ρ′

Tr ρ′

)
≥ 1− ε , (11)

1

2

∥∥∥∥ρ− ρ′

Tr ρ′

∥∥∥∥
1

≤
√
ε . (12)

Here, the fidelity bound with unnormalised states in (10) is
the same as the one found in [25], [29], but the other bounds
improve on known estimates (e.g. [23], [29]), and in particular
on the statement of the lemma with normalised smoothing
found in [23, Lemma C.5].

The previous works [23], [25], [29] proved variants of this
result by using the operator T := A1/2(A+Q)−1/2 to define
the ansatz ρ′ := TρT †, which is easily verified to satisfy ρ′ ≤
A. The non-positivity of the operator T , however, prevents
us from using well-known tools such as the celebrated gentle
measurement lemma [41] that would allow us to bound the
distance between ρ′ and ρ, leading to suboptimal estimates.
Is there, then, a way to instead pick a positive semidefinite
operator in this approach?

Notice that the operator G := A1/2U(A+Q)−1/2, where U
is some unitary, still satisfies GρG† ≤ A. The question then
becomes whether one can choose U in a way that makes G
positive semidefinite. This is indeed always possible, and if
A > 0, then such a solution is unique [42, Proposition 4.1.8]:



U equals (A−1/2(A + Q)−1A−1/2)1/2A1/2(A + Q)1/2, and
G becomes the geometric mean of A and (A+Q)−1.

More generally, for A,B ≥ 0 one defines the geometric
mean A#B as

A#B := A1/2
(
A−1/2BA−1/2

)1/2

A1/2. (13)

The properties of the geometric mean that will be relevant to us
is that it is positive semidefinite, and that it is monotone non-
increasing in either argument: in particular, A ≤ C implies
that A # B ≤ C # B (see e.g. [42, Ch. 4.1]). We can now
prove Theorem 2 using the reasoning outlined above.

Proof of Theorem 2. Up to projecting down onto the support
of A+Q, we can assume without loss of generality that A+
Q > 0 is invertible. Define

G := A#
(
(A+Q)−1

)
. (14)

Due to the monotonicity of the operator geometric mean we
have that

0 ≤ G ≤ (A+Q)#
(
(A+Q)−1

)
= 1 . (15)

Conjugating by G, from ρ ≤ A+Q we deduce that

ρ′ := GρG ≤ G(A+Q)G = A , (16)

as a simple calculation using the formula on the rightmost side
of (14) reveals. We now estimate

1− Tr ρG2 = Tr ρ
(
1−G2

)
≤ Tr(A+Q)

(
1−G2

)
= Tr(A+Q)− TrG(A+Q)G = TrQ ≤ ε ,

(17)
where the first inequality holds due to the fact that 1−G2 ≥ 0.
Applying the gentle measurement lemma [41], [43] gives the
claimed bounds.

We note that, although the known formulations of the gentle
measurement lemma give tight estimates on the distance of
the normalised state GρG

TrG2ρ to ρ, it turns out that the previous
bounds for the subnormalised state GρG were not tight in
trace distance. In the full technical paper [31], we consider
variants of the max-relative smoothed over such subnormalised
states in more detail, and in particular we provide a gentler
measurement lemma that improves the distance estimates.

V. TIGHTENED BOUNDS AND RELATIONS

A. Inequalities between smooth max-relative entropy and hy-
pothesis testing relative entropy

We are now ready to tackle the question of relating the two
fundamental quantities, Dε

max and Dε
H .

The first key ingredient will be tight bounds between
Dε

H and the modified smooth max-relative entropy D̃ε
max,

obtained from the precise connection between the two that
we established in Theorem 1.

Lemma 3. For all ε ∈ (0, 1) and all µ ∈ (0, ε], it holds that

D̃ε
max(ρ∥σ) + log

1

ε(1− ε)
≤ D1−ε

H (ρ∥σ)

≤ D̃ε−µ
max(ρ∥σ) + log

1

µ
.

(18)

The first inequality improves over the previously known
bound of [28, Proposition 4.7], and indeed also over a stronger
bound that was implicit in the proof of [18, Theorem 11]. The
second inequality was known [28]. A complete proof of the
Lemma can be found in [31].

A point of note here is that the bounds can be verified to be
tight in many ways. The tightness of the error term log 1

ε(1−ε)
is particularly easy to see in the trivial case ρ = σ, where it
holds that D1−ε

H (ρ∥ρ) = log 1
ε and D̃ε

max(ρ∥ρ) = log(1− ε).
In light of Theorem 1, we also see that the upper bound is
as tight as possible, as it holds with equality by taking the
infimum over µ. The lower bound is additionally tight in an
i.i.d. asymptotic sense at the level of exponents, as we will
shortly see in Sec. V-B.

Applying now the improved Datta–Renner lemma (Theo-
rem 2) with the choice A = λσ immediately gives bounds
connecting D̃ε

max(ρ∥σ) with the smoothed max-relative en-
tropy. Putting our findings together, we obtain upper and lower
bounds that directly relate Dε

max with D1−ε
H , recovering the

known duality between the two quantities and improving on
many of the previously known quantitative bounds between
them.

Corollary 4 (Tightened weak/strong converse duality between
Dmax and DH ). For all quantum states ρ and σ, all ε ∈ (0, 1),
and all µ ∈ (0, ε], it holds that

D
√
ε, T

max (ρ∥σ) + log
1

ε
≤ D1−ε

H (ρ∥σ) ≤ Dε−µ, T
max (ρ∥σ) + log

1

µ
,

(19)

D
√
ε, P

max (ρ∥σ) + log
1

ε
≤ D1−ε

H (ρ∥σ) ≤ Dε−µ, P
max (ρ∥σ) + log

1

µ
.

(20)

For classical systems or commuting quantum states, a stronger
trace distance bound holds:

Dε, T
max(p∥q) + log

1

ε
≤ D1−ε

H (p∥q) ≤ Dε−µ, T
max (p∥q) + log

1

µ
.

(21)

Here our focus is in particular on the leftmost inequalities
in Eqs. (19) and (20), which are a significant improvement
over the state-of-the-art bound of [20, Theorem 4]: the left-
hand side of our bound is larger by an additive term of
log 1

ε(1−ε) . The result improves also on bounds stated in [19,
Proposition 4.1] and [18, Theorem 11], which had tighter error
terms but worse smoothing terms than the bound of [20].

Once again, the bounds are in many ways tight. Even in the
simplest case ρ = σ, previous results did not give tight bounds;
in contrast, our bound is, to the best of our knowledge, the
first statement of the weak/strong converse duality between
DH and Dmax that gives tight error terms in this sense. The
lower bound also gives a tight constraint on the asymptotic
error exponent of Dε, P

max [44] and on the exponent of Dε, T
max

for classical systems, as we will see in the next section.
We observe that the results have a mismatch of the order

of ε in the upper and lower bounds: the lower bounds on
D1−ε

H involve smooth max-relative entropy with smoothing of



order
√
ε (effectively due to the use of the gentle measurement

lemma in Theorem 2), while the smoothing parameter in
the upper bounds is of order ε. This scaling of the upper
bound is tight for the trace distance, as can be seen from
the classical case in (21). However, the upper bound for the
purified distance in (20) can be tightened [20, Theorem 4] so
that the order of the smoothing term matches the term

√
ε

in the lower bound in (20). This is a crucial property that
allowed e.g. for the computation of the second-order expansion
of the max-relative entropy for the purified distance [13] and
the evaluation of the error and strong converse exponents
for Dε, P

max [44], [45]. The matching scaling of order ε in the
classical case in (21) already tells us that the trace distance
smoothing behaves differently. However, one could still ask:
is it possible that we could instead improve the lower bound,
e.g. by establishing that Dε, T

max + log 1
ε ≤ D1−ε

H holds for all
quantum states? This is in fact impossible, as we now argue. To
this end, consider two pure states ψ = |ψ⟩⟨ψ| and ϕ = |ϕ⟩⟨ϕ|
with trace distance ε =

√
1− |⟨ψ|ϕ⟩|2. It is not difficult to

verify that the hypothesis testing relative entropy Dδ
H(ψ∥ϕ) is

infinite iff δ ≥ 1− ε2, while Dδ, T
max(ψ∥ϕ) is infinite iff δ < ε.

Hence, any relation of the form

Dδ, T
max(ψ∥ϕ) + g(δ) ≤ D

f(δ)
H (ψ∥ϕ) (22)

must be such that f(δ) ≥ 1 − ε2 for all δ < ε. The best
case scenario is therefore f(ε) = 1 − ε2, which precisely
corresponds to the bound in (19). The fact that the choice
of g(ε) = log 1

ε2 is optimal in general can be verified by
considering the trivial case ψ = ϕ, where Dε, T

max(ψ∥ψ) = 0

but D1−ε2

H (ψ∥ψ) = log 1
ε2 .

B. Inequalities with Rényi relative entropies

The Petz–Rényi relative entropies Dα [46] and the sand-
wiched Rényi relative entropies D̃α [32], [47] are defined,
respectively, as

Dα(ρ∥σ) :=
1

α− 1
log Tr

(
ρασ1−α

)
, (23)

D̃α(ρ∥σ) :=
1

α− 1
log Tr

(
σ

1−α
2α ρσ

1−α
2α

)α

. (24)

Both are additive under tensor products: Dα(ρ
⊗n∥σ⊗n) =

nDα(ρ∥σ) and D̃α(ρ
⊗n∥σ⊗n) = nD̃α(ρ∥σ).

Several bounds were given in the literature that connect
smooth entropies with Rényi α divergences. Here we discuss
how they can be improved using the relations established in
this work.

First, we obtain upper bounds.

Corollary 5. For all ε ∈ (0, 1) and all α > 1, it holds that

D̃ε
max(ρ∥σ) + log

1

1− ε
≤ D̃α(ρ∥σ) +

1

α− 1
log

1

ε
, (25)

As a result,

Dε, T
max(ρ∥σ) ≤ Dε, P

max(ρ∥σ) ≤ D̃α(ρ∥σ) +
1

α− 1
log

1

ε2
.

(26)

The bound in (26) improves over previously known bounds
in [20, Theorem 3] and [25, Proposition 6.22], losing a
superfluous additive factor of log 1

1−ε2 in the former and
tightening the smoothing term in the latter.

The result relies on our Corollary 4 and standard argument
based on the data processing of the Rényi divergences [48,
Lemma IV.7]. The proof can be found in [31].

To investigate the tightness of the bounds, we will look at
the error exponent of the quantity D̃ε

max, that is, the largest
exponent E such that D̃2−nE+o(n)

max (ρ⊗n∥σ⊗n) = nR + o(n)
for some fixed rate R > 0. Plugging ε = 2−nE+o(n) into (25)
and dividing by n, we have in the limit n→ ∞ that

E ≥ sup
α>1

(α− 1)
(
R− D̃α(ρ∥σ)

)
. (27)

This asymptotic bound is in fact known to be tight: this
was established in [48, Theorem IV.4] as a key step in
the derivation of the strong converse exponent of quantum
hypothesis testing.

For the smooth max-relative entropy, (26) gives an asymp-
totically tight bound on the error exponent of Dε, P

max [44]. We
can also show [31] that the bound of (27) gives exactly the
error exponent of Dε, T

max when ρ and σ commute.
We can also give a lower bound.

Corollary 6. For all α ∈ (0, 1), it holds that

Dε, P
max(ρ∥σ) ≥ Dε, T

max(ρ∥σ) ≥ D̃ε
max(ρ∥σ) (28)

≥ Dα(ρ∥σ)−
1

1− α
log

1

1− ε
. (29)

As a bound on the smooth max-relative entropy, this im-
proves on the bound given in [21, Proposition 4]. The proof
can be found in [31].

Once again, to study the tightness of the bound, let us look
at exponents — now the strong converse exponent of D̃ε

max,
namely the least Esc such that D̃1−2−nEsc+o(n)

max (ρ⊗n∥σ⊗n) =
nR + o(n) for some fixed R > 0. Corollary 6 gives a lower
bound on this exponent as

Esc ≥ sup
α∈(0,1)

(α− 1) (R−Dα(ρ∥σ)) . (30)

Using the known optimal error exponent of hypothesis test-
ing [49]–[51], we can show that this bound is indeed tight. It
is also tight for the strong converse exponent of Dε, T

max when
ρ and σ are commuting states [31] (see also [52]).
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