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1. Introduction

Let Q ¢ RY denote a bounded domain (open and connected) with regular boundary,
for instance of class C!' (even though such assumption can be relaxed, see below). Let
m € L>®(Q) denote a (sign-changing) indefinite weight. A principal eigenvalue of the
weighted Dirichlet problem

—Au=Amu in Q

1.1
u=20 on 0f) (L.1)

is a real number \ admitting a positive eigenfunction u € H}(Q). If both the positive and
the negative parts m* of the weight are nontrivial, (1.1) admits two principal eigenvalues,
and we denote with A!(m, Q) > 0 the unique positive one:

V 2
A(m, Q) = inf JolVul® HY(Q), [ mu?>0 (1.2)
Jomu? "
Q

(in particular, m < 0 a.e. in Q implies A!(m, Q) = +o0).

Among other applications, such eigenvalue is of interest in population dynamics: when
modeling the spatial dispersal of a population in a heterogeneous environment through a
reaction-diffusion equation of logistic type [36,6,2,7], one is lead to consider the following
evolutive problem for the population density u = u(x,t):
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u —dAu =mu—u?® x€Q, t>0,
u=1ug >0 z e, t=0, (1.3)
u=20 e, t>0.

Here m describes the heterogeneous habitat, whose favorable and hostile zones for the
species correspond to positivity and negativity sets of m, respectively, and Dirichlet
conditions encode a lethal boundary. It is well known that solutions to (1.3) persist (i.e.
they do not extinguish) if and only if d\!(m,2) < 1; accordingly, the smaller \!(m, Q)
is, the more chances of survival the population has. For this reason, the minimization of
AL(m, Q) with respect to the weight, or to other relevant parameters of the model, has
been widely investigated. The literature is quite extensive, and we refer to the recent
papers [24,1,35,27,16] and references therein, both for a more detailed description of the
problem, also with different boundary conditions, and for various interesting phenomena,
ranging from fragmentation to different nonlocal effects. We also mention [8,9], where
related problems arising from the study of composite membranes are investigated.

In this paper we deal with the so-called optimal design problem for the survival thresh-
old, i.e. the minimization of A\!(m, ) with respect to the weight m. For fixed positive
constants m, m, and 0 < ¢ < L£(2) (where £ denotes the Lebesgue measure) let us
consider the class of indefinite weights:

M, = TnELOO(Q):—mgmgm,/m:ME , (1.4)
Q

where M, = me — (L(2) — €)m (see below), and the class of bang-bang weights:
BB, = {m € L>™(Q) :m =mxp —mxo\g, £CQ, L(E) = 5} ,

where x 4 denotes the indicatrix function of the set A. By definition of M., it is a direct
check that BB, C M.. Moreover, in the seminal paper [6], Cantrell and Cosner proved
that the minimization of A!(m, ) in the wider class is achieved by an element of the
more narrow one:

A(Q) = inf A(m, Q)= inf M(m,Q)= inf M(E,Q 1.
Q) ,nf (m, ) nf (m, Q) pea M. (E,9Q), (1.5)

where, with some abuse of notation, for weights in BB, we write
)‘1 (Ea Q) = Al(mXE - mXQ\Ea Q)

In particular, the optimal design problem for the survival threshold is turned into a shape
optimization problem involving the favorable zone E. In the following, when no confusion
arises, referring to the set 2, we will simply write
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M(E) = \(E,Q), e = A (Q).

According to [6], it follows that A. is achieved by a set E, and the first order optimality
condition translates in the following crucial fact: any optimal set E. is the super-level
set of the associated positive eigenfunction u. € H}(Q2). In particular, E. contains the
maximum points of wu..

Both for modeling reasons, and from the mathematical point of view, natural questions
arise about the location and the shape of the optimal shape E.. This issue is mostly
open, and it is completely understood only when the domain €2 is a ball: in such case,
by symmetrization arguments it is proved in [6] that E. is a concentric ball of measure
g, for every 0 < e < £L(2). On the converse, by [24] if E. is a ball then 2 itself must be
a concentric (larger) ball.

In this paper we address the above questions, in the singularly perturbed, small volume
regime ¢ — 0. Our aim is to show that, for £ small, the optimal favorable region F.
shrinks to a connected, asymptotically spherical shape, which locates at maximal distance
from the boundary. Moreover, we are going to provide sharp estimates on the optimal
eigenvalue )., which will reflect on quantitative properties of the shape of the optimal
set F.. On the one hand, the investigation of concentration phenomena to detect the
limit position and the qualitative asymptotic sphericity of the optimal shape is a classical
theme in the analysis of variational problems, see e.g. the book [20] and references therein.
On the other hand, the use of quantitative estimates to provide explicit bounds to the
spherical asymmetry of the optimal shape is more recent: we refer for instance to [19],
where this kind of results were obtained for the shape of liquid drops and crystals, in the
small mass regime, also in the anisotropic setting (where a suitable Wulff shape replaces
the sphere). It is worth mentioning that, in our case, no perimeter term is present: the
main feature of the model consists in the interplay between the location and the geometry
of the optimal favorable set, as the quantitative estimates about the optimal shape are
triggered by a repulsion effect of the lethal boundary of the box. Incidentally, we also
mention that a first investigation of an anisotropic version of our problem is contained
in the recent paper [34].

A crucial role in our description is played by the rescaled limit problem on R¥, which
has already been studied in [29, Section 2] (see also [18, Proposition 2.1]): consistently
with the previous notation, for A C RY (measurable and) bounded let us define the
principal eigenvalue

Vo|?
M(ARN) == inf { — IQRN‘ | s tu€ HY(RY), m/qﬂ >m / v?
mfAv _mfRN\A”
A RN\ A
Then, using symmetrization techniques, one can show that the minimization of such
eigenvalue, among sets A having prescribed measure, is achieved by a ball, with an
associated radial and radially decreasing eigenfunction. Precisely, we have that
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. : 1 Ny _ 1 N
Noi= inf N(ARY) =2(B,RY), (1.6)

where B C R¥ denotes the ball of unitary Lebesgue measure, centered at the origin,
and ry denotes its radius:

B=B,, L(B,) =1 (1.7)

Moreover such minimizer is unique up to translations, and in turn A (B, R) is achieved
by w € HY(RY), solution of

—Aw = Agiow  in RY, where o == Mxp — MXRN\B; (1.8)

here w > 0, radially symmetric, radially decreasing and normalized in L?(RY), is
uniquely determined. As a matter of fact, w is explicit in terms of Bessel functions,
and it decays exponentially at infinity:

w(x) ~ Clx|~NV=1/2¢gv Aomx] as |x| — +oo. (1.9)

Our main results can be divided in two parts. In the first part of the paper we analyze
the qualitative properties of the optimal favorable set E., as well as the asymptotics of
the optimal eigenvalue )., leaning on a blow-up procedure. In this respect, our main
results can be summarized as follows.

Theorem 1.1. There exists € such that, for every 0 < e < &, for every optimal eigenfunc-
tion us > 0 and favorable set E., with L(E.) = ¢, associated to . = \.(Q) = A\ (E.,Q):

1. ue has a unique local maximum point x., and in particular E. > X, is connected;
2. E. is radially diffemorphic to a ball centered at x, i.e. there exists a function p. €
CYY(SN=1) such that (L(B,,) =1)

{x: |x — x| < /N (ro+<p5 (L—Xe ))}
|x — x|

E.

Moreover, as e — 0T,

3. dist(x., 9Q) — maxpeq dist(p, 00Q) =: d*;
4o Ae=e"2UN (xo i e—z@mo(l))d*.fw»

5. HQDSHCI,I(SN—I) — 0.

Finally, properties 2, 3 and 5 remain true if the mazimum point X. is replaced with
the barycenter bar(E.) of the optimal set E., and p. with the corresponding polar
parametrization of OE. centered at bar(E.).
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In particular, we obtain an answer to the natural questions raised above: when the
volume of the favorable zone is small, then such zone is connected, asymptotically spher-
ical, and it concentrates at a point whose location tends to maximize its distance to the
lethal boundary.

Notice that, in general, the uniqueness of the pair u., E. is not guaranteed: to disprove
it, in view of the theorem, it is sufficient to consider a domain 2, symmetric with respect
to a hyperplane, such that points achieving the inradius do not belong to such hyperplane.
In other words, the properties in Theorem 1.1 hold true for every choice of u., E.. On
the other hand, in case the set of points realizing maxpcq dist(p, 0Q2) is not reduced to a
single point, we do not know how to further select the possible accumulation limit: this
would probably require to provide an expansion of the optimal eigenvalue to an higher
order.

Moreover, it will be clear from the proof that the regularity assumptions on 9¢2 can
be substantially weakened, e.g. requiring it to be Lipschitz: indeed, in such case, one
can approximate €2 both from inside and from outside, with smooth domains having
arbitrarily close inradii; in this way one obtains the expansion of A\., which is the key to
obtain the other properties.

As we mentioned, the proof of Theorem 1.1 is based on a blow-up procedure, and it ex-
ploits some analogies with the study of singularly perturbed semilinear elliptic equations.
Indeed, it is well known in the literature (see [30-32,15,3]) that least action solutions of
equations like

—2Au+u = f(u) in £,

complemented with suitable boundary conditions, exhibit concentration phenomena as
¢ — 0; moreover, a sharp asymptotic expansion of the least action level c. allows to
locate the points where concentration may happen. Now, with respect to such problem,
the optimal design problem for the survival threshold in population dynamics exhibits
several different aspects: first of all, the driving parameter is not explicit inside the
equation, but it is the prescribed volume of the optimal favorable set; moreover, the
underlying equation is linear, with a discontinuous and non-homogeneous weight, and
degenerate on the relevant solutions (the eigenfunctions). On the other hand, the two
problems present also relevant analogies, triggered by the fact that the unknown shape
of the optimal favorable set is a superlevel set of the associated eigenfunction, and thus
the vanishing-volume regime suggests that some concentration for the eigenfunction may
happen. Such analogies have already been pointed out and exploited in [28,29], for the
corresponding problems with Neumann boundary conditions.

More specifically, properties 1, 3 and 4 in Theorem 1.1 follow by a repeated application
of a blow-up argument. In particular, we obtain the uniqueness of the maximum points,
which reflects on the connectedness of E,, by a nontrivial adaptation of the arguments in
[32]; on the other hand, we infer the location of such maxima and the sharp expansion of
the eigenvalue exploiting a simplified argument inspired by [15]. Incidentally, the blow-
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up procedure provides information not only on the asymptotic behavior of E. and A.,
but also on that of the optimal eigenfunction u.. In particular, we show that a suitable
rescaling of u. converges, strongly in H*(RY) and in C\.%, a < 1, to the eigenfunction
w of the limit problem (1.8) (see Lemmas 2.2, 2.3, 3.2 and Corollary 3.11 ahead for more
details).

Concerning the properties of the polar parameterization ¢. of OE,, it is worth noticing
that, the weight m. being merely L°°, the blow-up procedure naturally provides just a
Che_regularity, for o strictly smaller than 1. To recover the C'! regularity obtained
in Theorem 1.1, which is optimal at the level of the eigenfunction u., we observe that
the partial derivatives of the optimal eigenfunction wu. satisfy, after a suitable change
of variable, a system which can be seen as a transmission problem; this crucial remark
allows to apply recent regularity results for such kind of problems, by Caffarelli, Soria-
Carro and Stinga [5] and Dong [17], thus concluding the proof of Theorem 1.1. We remark
that such further regularity is not only interesting by itself, but it also allows to simplify
some arguments that we use in the second part of the paper.

Properties 2, 5 in Theorem 1.1 assert that, from a qualitative point of view, the shape
of the optimal favorable set E. is asymptotically a shrinking sphere, in a C''! sense.
Then a natural question, that we address in the second part of the paper, is to which
extent such assertion can be made quantitative. The answer is contained in the following
result.

Theorem 1.2. Under the assumptions and notation of Theorem 1.1, let 0 < & < € and let
e denote the polar parametrization of OE., as in property 2 of such theorem, centered
at bar(E,).

Then, for a possibly smaller value of € and for every 0 < a < 1 there exist positive
constants M, C such that

ag.—1/N
[ @elloragn-1y < Ce Mo

for every 0 <e < e.

Remark 1.3. In the previous theorem it is not possible to use the maximum point x.
instead of bar(F.): this would require further information on |x. — bar(E.)|, which is
not available at the moment.

The proof of Theorem 1.2 is based on a sharp quantitative form of the inequality
provided by the limit problem (1.6), (1.8), which is of independent interest. Such result
is expressed in terms of a quantification of the spherical asymmetry of the favorable set,
based on the following definition.

Definition 1.4. A (bounded) set A C RY is nearly spherical of class C1® if there exists
p € OL(SN=1) with |||z~ < 70/2, such that 0.A is represented as
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OA={xeRN :x = (ro+ ¢(0))0 for 6 € S"~1}

(recall that rq is the radius of the ball of unit measure in R™: B = B, (0)), and we
denote @ 4 such .

Under the above definition, and denoting with bar(.4) the barycenter of any bounded
measurable set in RY, we obtain the following sharp quantitative version of (1.6).

Theorem 1.5. There exist constants C > 0, § > 0 such that, for any C** nearly spherical
set A C RV satisfying

(i) bar(A) =0,
(ii) L(A) =1,
(iii) |lpallcrasn-1) <6,

it holds
A (ARY) = A(B,RY) > Cllpall72gn-1)-

In the above theorem, the constant C' > 0 is obtained by a constructive method and
in principle it is computable. As we mentioned, the above estimate is sharp, in the sense
that we prove also the existence of a larger constant C’ > C such that, under the same
assumptions, also the reverse inequality holds:

M(ARY) = A(B,RY) < Cl”@AH%z(stl) (1.10)

(see Lemma 6.1 ahead). We also remark that the constraint on the barycenter of the
nearly spherical set is necessary to obtain that B is locally a strict minimum shape, or
equivalently that C' > 0 strictly. Indeed, since problem (1.6) is settled in the whole R¥,
translations of B are still global minimizers.

Theorem 1.5 can be easily improved, at the regularity level, using the Gagliardo-
Nirenberg inequality on the sphere S¥~! (and in turn, such improvement is crucial to
deduce Theorem 1.2 from property 4 of Theorem 1.1).

Corollary 1.6. Under the assumptions of Theorem 1.5, for every 0 < a < 1 there exists
a constant C > 0, depending also on §, such that

M (ARY) = AY(B,RY) > CllpallGrr iy

The proof of Theorem 1.5 is carried out expanding the map

A AHARY)
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in Taylor series, centered at B, up to the second order. After the seminal paper [21], this
is a by now classical argument in shape optimization problems, see for instance [13,10,
23,11], also to deduce sharp quantitative estimates for volumetric geometric-functional
inequalities as in [4,14]. In particular, we advise the paper [26], where Mazari considers
the optimization of the first eigenvalue of a Schrédinger operator in the ball, with respect
to a bang-bang potential, obtaining results related with ours. In particular, as remarked
in [26, Sec. 2.5.2], in shape optimization problems where the shape is a subdomain
of a fixed domain, the natural norm to prove quantitative asymmetry estimates for
nearly spherical sets seems to be the L?(SV~1) norm of the deformation, rather than
the H'/2(SV=1) norm as it is more usual in the literature (see e.g. [12,4,14,10]). In this
respect, our results corroborate this observation. On the other hand, with respect to [26],
in our proof we can take advantage of the C'*! regularity of the shape to simplify part
of the argument. In particular, on the lines of [26], we think that Theorem 1.5 may be
proved also starting from a weaker C'1® regularity assumption, even though we do not
pursue this issue here.

The paper is structured as follows: after a description of the blow-up procedure con-
tained in Section 2, Section 3 includes the proof of property 1 of Theorem 1.1, as well as
a version in O™, a < 1, of properties 2 and 5; in Section 4 we prove properties 3 and
4 of Theorem 1.1; in Section 5 we complete the proof of Theorem 1.1; finally, Section 6
contains the proof of Theorems 1.5 and 1.2.

Notation

o L(A) denotes the N-dimensional Lebesgue measure of the set A C RV,
e B C R¥ denotes the ball centered at the origin, with £(B) = 1; consequently, for
every t > 0, L(tB) = t"V. Moreover, r( is defined in such a way that

B = B,,(0).

e C, C' and so on denote positive constants, whose values may change from line to
line.

2. Blow-up procedure

In this section we begin to study the qualitative asympotics for A, the first generalized
eigenvalue with indefinite weight. We proceed by means of a blow-up argument, similarly
to [29, Section 4] and [18, Section 3], to which we refer for further details.

As recalled in the introduction, we denote with u. a family of positive eigenfunctions
associated to \., normalized in L?(f2), having associated optimal weight m. € L>(Q)
and optimal favorable E. C Q, with L(E.) = . Moreover, we extend the eigenfunctions
ue to be 0 outside 2. Although at first the blow-up procedure will be centered at x. € €,
a global maximum point of u., later we will need to choose different centers. For this
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reason it is convenient to illustrate the procedure for an arbitrary choice of the blow-up
centers pe.
Let

p.€Q,  ko=e/N, (2.1)

We define the blow-up functions

e (x) = kN ug(pe + kex), e (X) = me(pe + k:x), (2.2)
and (superlevel) sets

QE::{XERN:p5—|—kEXEQ}:{XERN:TLE(X)>O},

’ 2.3
EE::{XGRN:ps-i-keXGEs}:{XERN:ﬁE(X)>a5}’ =

where a, = kév /2 Uely g. > 0. The normalizations are chosen in such a way that, for every
e >0,

Moreover, the functions . solve, in H&(QE),

{—Aﬂa = A\t in QE: 2.0
e =0 on 0f),,
where

Ao = Ae(2) = K2A.(Q) (2.5)
satisfies

A= inf (A, Q) = M(E, Q).
ACQ.:L(A)=1

Since € is bounded, from any sequence &, — 0 we can extract a subsequence, still
denoted by e, such that p., — po € Q for n — +o0. For easier notation we write
Ap = 5\5", Up = e, , Mn = Mg, , and so on. In the following we are going to prove
convergence of such sequences, possibly up to further subsequences. The blow-up limits
will be related to the corresponding counterpart of the limit problem (1.6), (1.8), namely
o, w, mg. We remark that, in case the limit of the subsequence is independent of the
starting sequence, then convergence of the whole family follows, as ¢ — 0.
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We start identifying the limit of the blow-up sequences. To this aim, we notice that, by
trivial extension, we can assume that @, € H!(RY). On the other hand, it is convenient
to extend rm, outside Q,, as —m. In this way we obtain that 7, +m = (m+m)xg, so
that

My €M :={me L®RY): —m <m <7, (m+m) < (m+m) ;. (2.6)
RN

Lemma 2.1. For any choice of the blow-up centers (pn)n we have, as n — 400,

1. S\n — 5\0,‘
2. up to subsequences,

Q. 0. — RN if d(pp, ) /ky, — 400
an open half-space H if d(pn,00Q)/k, < C,

in the sense that, for every K CC Qo (resp. RN \ Qo ), we have K CC Q,, (resp.
RN\ Q) for n sufficiently large.

3. There exists mo € M’ such that, up to subsequences, M, — Mo weakly-* in
L (RY).

4. There exists uso € HY(RN) N HY Qo) such that, up to subsequences, i, — oo both
weakly in H'(RN) and C:%(Qog), for every 0 < o < 1, and

loc

/ Vi - VU = Ao / Moo Uoo¥ Yo € Hg(Qoo)- (2.7)
RN RN

Moreover, u > 0 in RV,

Proof. The proof of 1 is analogous to that of [18, Lemma 3.1] (notice, in particular, that
An > Ao is bounded above by the corresponding generalized eigenvalue with spherical
weight).

Claim 2 follows by regularity of 0€2: in particular, H depends in an elementary way
on Poo, ON the tangent plane to 02 at po, and on the asymptotic direction lim,, |§Z:5§\ .

To show 3 it is sufficient to notice that (1,,), is bounded in L>(RY), and that M’,
defined in (2.6), is closed with respect to the weak-x topology (see [29, Lemma 4.1, Step
3] for further details).

To prove 4 one can proceed similarly as in [18, Proposition 3.3]: first, using the equa-

tion and point 1, we show the boundedness of (@y,),, obtaining weak H'(RY), strong
L% (RY) and a.e. convergence to o € HY(RY), us > 0 (recall that i, is positive and
L?-normalized in ,,). Next, by point 2 and definition of i, we have that us = 0 a.e. in
any K CC RV \ Q., implying that (the restriction to 4 of) us belongs to Ha(Qu)-
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On the other hand, choose an arbitrary K CC Qo and take any v € C§°(K). Then,
thanks to 2, for n large enough supp(v) C .. Thus i, satisfies:

/van-vu:ﬂn/mnanv.
RN RN

Using 1, 3, and as C§°(Qs) is dense in H} (o) we infer (2.7). Finally, compactness in
Cl2(K), 0 < a < 1, follows by the weak equation above, using elliptic regularity and a
standard bootstrap argument (see e.g. [29, Lemma 4.1, Step 1]). O

In the following we focus on a subsequence, still denoted with ¢,,, such that all the
claims in Lemma 2.1 hold true.

Lemma 2.2. For any choice of the blow-up centers (pn)n we have that one of the following
two alternatives hold:

1. either use =0 in RY,

2. or Qoo = RY and, up to (the same) translation,
Moo = Mo, Uso = Aw,
for some positive constant A. In particular, dist(p,,Q)/k"N — 400 as n — +oo.

Proof. Assume that ue, is not the null function. Then, taking v = us in (2.7) we obtain

0< / | Voo |* = o / Mool ie. Ao =
RN RN

Since u € H*(RY), m € M’ and [pn mocuZ, > 0, the lemma follows by the variational
characterization of g, see [29, Thm. 2.2]. O

To conclude we recall that, in view of [18], one can obtain strong H! convergence of
the blow-up sequence under the further assumption that the optimal favorable sets E,,
are uniformly bounded.

Lemma 2.3. Under the above notations, assume that i, (0) > C' > 0 and that E, C K,
for a suitable constant C and a suitable compact set K. Then

Uy —> W strongly in H*(RYN) and in C-*

loc

up to a translation.

Proof. By Lemmas 2.1 and 2.2 we only need to prove the strong H' convergence, which
follows proceeding exactly as in [18, Section 4]. O



L. Ferreri, G. Verzini / Journal of Functional Analysis 287 (2024) 110543 13

3. Qualitative properties of the favorable region

In this section we prove some qualitative geometric properties of the favorable region
E., and of its counterpart in the blow-up scale F., in the asymptotic limit ¢ — 0. In
particular, we will show that it is connected and that it converges in a suitable sense
to a ball. The former property will come from the uniqueness of local maximum points
for u.. Moreover, we will show property 1 of Theorem 1.1, as well as a version in O,
a < 1, of properties 2 and 5.

The main arguments are based on the refinement of the blow-up analysis introduced in
the previous section, when centered at maximum points for u.. In particular, throughout
this section we take €,, — 0,

Pn = X, = X, a global maximum point of u.,,

and we denote with @, the corresponding blow-up sequence as in (2.2). We are going to
show that, for n large enough, any relative maximum x/, coincides with x,.

Remark 3.1. In principle, since E,, is a (positive) superlevel set, and homogeneous Dirich-
let boundary conditions are required, in general, the number of connected components
of E, is less or equal than the number of local maximum points. Moreover, since i, is
subharmonic in €, \ E,,, no local maxima can be achieved outside E,,.

Lemma 3.2. Choosing p, = X, we obtain that the second alternative in Lemma 2.2
occurs, and no translation is needed.

Proof. Taking into account Lemmas 2.1 and 2.2 we have to show that
,(0) > C > 0. (3.1)

Indeed, this will imply convergence of @, to Aw, A > 0, up to a translation. However,
by uniform convergence (point 4 of Lemma 2.1) and since by construction @,(0) is a
maximum, necessarily the translation must be 0 (recall that w is radially symmetric and
decreasing).

On the other hand, (3.1) easily follows by the L? normalization, as in [18, Proposition
3.3 (iv)]. Indeed, since

0<m/ﬂi—m / ﬂi:(m-f—m)/ﬂi—m,
En RN\En En
0 is a global maximum point and £(E,) = 1, we infer

m
ai(o)z/aiz —— >0. O
E,

+

3|
I3
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Remark 3.3. We notice that the above lemma (and all its consequences throughout this
section) hold true by choosing different centers for the blow-up procedure, say p, = yax,
as long as |x, — yn|/kn — 0 as n — +oo. Indeed, let us denote with @,, the blow-up
sequence of eigenfunctions, centered at y,,; then,

Un(x) = krjy/Q Un(Yn + knX) = Un(x = (Xn — ¥n)/kn),
so that the limits of (9y,), and (@), coincides.

The main properties of E,, will descend by the fact that it is a superlevel set. Recall
that, as defined in (2.3), «, is the value of @, at the boundary of the favorable set.
Accordingly, let us denote with ag the positive real value such that

L ({use > ap}) =1,
where us = Aw is as in Lemma 2.2. We have the following key fact.
Lemma 3.4. We have o,, — ag as n — +oo.

Proof. First notice that 0 < a;, < @,(0) = ux(0). As a consequence, we can extract
a subsequence, still denoted with «,,, such that «,, — & for n — +o00. To conclude, we
show by contradiction that both a > oy and a < ag.

Suppose & < ap. Then, since as already remarked uo, is radially strictly decreasing,
we have that £({ucs > @}) > 1. Thus, by local uniform convergence on compact sets,
for n large enough it also holds that £({@, > a,}) > 1, which is a contradiction with
the normalization £({@, > a,}) = 1. Thus & > ay.

Now suppose that & > ag. Consider the function x4 >a0} € LY(RY). By Lemma 2.1
we have that

/ mnX{uoo>a0} — / mOX{uw>o¢O} =m for n = +o0.
RN RN

On the other hand, by uniform convergence on compact sets we have, for n — +o0,

/ M X oo >a0} = ML{Un > an} N {te > ag}) — mL({dn < an} N {us > ao})
RN

<Ly, > an} N{uc > ap}) < ML{uc > a}) + o(1) < m,

which leads to a contradiction.
Thus «a,, = @ = ag for n — +oo and the proof is concluded. O

To prove the uniqueness of the local maximum point, whence the connectedness of
the favorable region, for € small we proceed by contradiction, assuming that 4, admits
a second (possibly relative) maximum point, that we denote with x. = x;,, such that
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X # Xp.

The first step to obtain a contradiction consists in performing the blow-up analysis,
centered at x/,.

Lemma 3.5. Let us choose p, = x), and denote with i, /! the corresponding blow up
sequences. Then, up to subsequences,

— A'w weakly in H'(RN) and in C.%

~ / ~ . N ~/
m,, — o weakly-+ in L°(RY), Uy, oo >

A’ >0, as n — +oo.
Proof. Again, the proof will follow from Lemmas 2.1 and 2.2 once we know that
a,(0)>C >0.

This follows by Lemma 3.4, since x], € E,, and thus

~/

U, (0) > oy » 9 >0. O

Now, only three mutually exclusive scenarios can happen for n — +oc:

dist(x/,, x,)

1. (repulsion) A

— +00,
n
dist(x),, %)

2. (coexistence) ¢ <
kr,

< C, for some positive constants ¢, C' independent
of n,
dist(x!,,x,)

3. (collapsing) -

Our aim is to prove that none of the cases above is possible, thus leading to a contradic-
tion.

Lemma 3.6. In the limit n — +oo repulsion cannot happen.

Proof. We proceed by contradiction. So, suppose repulsion.

By Lemma 3.5 we have that the blow-up sequence @), with respect to the points
x,, converges uniformly on compact sets to u’, = A’w, while as usual @, converges to
Uoo = Aw. We now prove that actually u., = ul.

Let us denote with af the positive real value such that £ ({u’, > af}) = 1. Then
one can repeat the proof of Lemma 3.4 to obtain that o, — o for n — +o0. Thus
ap = «f and thanks to their definitions, and to the strict monotonicity of w, this implies
ULy = Uso-

Now the proof follows easily. Indeed, using the uniform convergence on compact sets,
for any n > 0, for n large enough there exists an R > 0 independent of n such that
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L ({ty, >an}NBr(0)>1—n and  L({a, > a,} N Bgr(0)) >1—1.

However, due to the repulsion assumption, this implies that £({@, > a,}) > 2(1 — ),
which is a contradiction. O

Lemma 3.7. In the limit n — +o0o coexistence cannot happen.

Proof. We proceed again by contradiction. Notice that, by assumption,

/ p—
zn::¥GKCCRN, Zp — Zoo 7 0,
n
up to subsequences, as n — +oo.
Moreover, by definition, Vi, (0) = Vi,(z,) = 0. Since @, converges in C1(K) to
Aw, A > 0 (see Lemma 2.2), we infer that Vw(0) = Vw(z) = 0 with zo, # 0,
contradiction. O

Lemma 3.8. In the limit n — 400 collapsing cannot happen.

Proof. We are in a similar situation as in the previous lemma, but now

!/
X, — Xp,

L # 0, Zn — 0,

Z, =
up to subsequences, as n — +00. Then we obtain a contradiction using [30, Lemma 4.2]
with ¢ = u., and ¢ = 4, once one notices that, in Lemma 2.1 due to standard elliptic
regularity theory, the convergence in Bg(0) for a > 0 small enough is actually in C* for
any k> 0. O

Corollary 3.9. Any relative mazimum point x,, satisfies, for n large enough, X,, = X, so
that property 1 of Theorem 1.1 holds true.

Once we know that, for n sufficiently large, @, has a unique local maximum point and

FE,, is connected, we can deduce that the optimal set is asymptotically spherical, in the
following sense.

Lemma 3.10. For every n > 0 sufficiently small there exists n such that, for everyn > n,
(1-n)BcCE,c(1+n)B.

Proof. It follows readily from Lemmas 2.3 and 3.4, since they imply that dF, is even-
tually contained in any neighborhood of 0B (i.e. of the ag level set of us). O

Once E, is uniformly bounded, Lemma 2.3 applies straightforwardly.
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Corollary 3.11. Under the above notation, us, = w and the convergence is strong in
HY(RY).

Moreover, exploiting the C*® regularity of the family @,, we can prove that dE, is
nearly spherical, in the sense of Definition 1.4.

Proposition 3.12. For n sufficiently large OE,, is nearly spherical of class C%, for all
0 < a <1, represented by pg . Moreover

les, llcre@sy =0,  forn — 4oo. (3.2)

Proof. We use polar coordinates x = pf, with p > 0, § € SV~1. Recalling that dE, is
the a,-level of the function @,, we obtain that ¢z = p —r¢ is implicitly defined as

115((7“0 + SOEH)Q) = Op.

Now, consider n large enough so that dE, C Br \ B, and

1
max 0,l, < = max J,w <0, (3.3)
BR\Br BR\BT

where r < rg < R are fixed. This is possible thanks to Lemmas 2.3 and 3.10. Since

OE, C Bp \ B, the existence of p follows; moreover, the Implicit Function Theorem
applies and ¢ is at least of class C'. A direct computation gives

(ro+5,00) o - (ro+5,0) . i

Vo = — = n = — * n n-0)0), 3.4

WET,, 8pﬁn (X) VTu 8pan (X) (VU (VU‘ ) ) ( )

where V7 denotes the tangential component of the gradient. Since @,, converges in C1®

to the radial function w, we deduce that ¢z is of class C''* and that (3.2) holds true,
concluding the proof. O

Remark 3.13. Denote with bar(E,) the barycenter of E,. Thanks to Lemma 3.10 we
obtain that

bar(E,) — 0 as n — +o0o.

As a consequence, by Remark 3.3 we have that all the results in this section, and in
particular the last proposition, hold true if we center the blow-up procedure at the
barycenters of the favorable regions E. (and not at the unique maximum points of ).

To conclude this section, we use the maximum principle to show the exponential decay
of 1, uniformly in n. This will be crucial for the asymptotic location of the favorable
zone, discussed in the next section.
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Lemma 3.14. For every n > 0, if n is sufficiently large then

0 < dn(x) < (14 n)w(x) forx € RN\ (14 n)B.
Proof. Since @, = 0 outside (2,, the proof is an easy application of the maximum
principle in A = Q,, \ (1 + 1)B: indeed, for every n > 0 and n sufficiently large we have
that

_A(an - (1 + U)w) + 5‘Om(an - (1 + Tl)w) = _()‘n - )\O)man <0 in A

by Lemma 3.10, and @, — (1 + n)w < 0 on OA by uniform convergence on compact
sets. 0O

4. Asymptotic location of the favorable zone

In this section we address the asymptotic position of the favorable zone, i.e. the limit
location of the global maximum point x,, = X, of the optimal eigenfunction u,, = u.,,.
As a byproduct of our analysis we will provide also an expansion of the associated
eigenvalue. To proceed, we introduce the following notation:

= is 0 = dis Q =1
d rrr)lez%( dist(p, 09), dy, = dist(xy, 09Q), doo dm dy,
(up to subsequences). Notice that, in the blow-up scale, all the above distances are
divided by k,, = s}/N. In particular, d,, /k, — 400, as n — +00, by Lemma 3.2. We will
prove the following.

Proposition 4.1. Under the previous notation, we have:

0o = d*;

1. d
2. Ay = Ao + e~ 2VAdom(to)d ke ggp s 4o,
Corollary 4.2. Properties 3 and 4 of Theorem 1.1 hold true.

To prove the proposition, we follow the strategy proposed in [15] to deal with the
analogous problem, in the framework of least energy solutions to semilinear elliptic equa-
tions. As in [15], we base our analysis on the sharp asymptotics for the problem settled
in radially symmetric domains, i.e. in a ball, instead of 2. We recall that in such case,
by Schwarz symmetrization, the optimal favorable domain is a concentric ball of the
appropriate measure (as proved in [6, Remark 3.10]).

Lemma 4.3. Let Br denote the ball of radius R, R large, and B C Bgr denote the con-
centric ball of unitary volume. Then
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— ! — : 1
A(R) =A (BvBR> - ACBé?Cf(A)zl)\ (AvBR)

satisfies
A(R) = Ng + e 2V Aom(1+o(1)R as r — +00. (4.1)

Proof. This result can be proved in several different ways: an overcomplicated (although
direct) strategy consists in deducing it as a byproduct of [18, Theorem 1.3]; alternatively,
one can use sub/supersolutions, in the spirit of Lemma 3.14 above, as done in [15] for the
semilinear case; finally, since our problem is linear, one can evaluate A(R) as an implicit
function defined in terms of Bessel functions. O

Proposition 4.1 will follow by estimating \,, both from above and below, in terms of
A(R) evaluated at values of R suitably depending on d*, d.

N, <A & .
e

Proof. By the definitions of d* and ,, we have that there exists x* such that
Bg- /1, (x},) C Q. The lemma follows by the characterization of A. O

Lemma 4.4. We have

Lemma 4.5. For every § > 0 sufficiently small,

< doo + 0 3
A > A (/€+> + o0 (672 Aom(d“’Jré)/k") as n — +oo.

n

Proof. Let § > 0 be fixed, and n sufficiently large, in such a way that do, + 9 > d,,. By
definition, this means that B(g_4s)/k,(0) is not completely contained in Q,, (and the
same is true for any larger radius). On the other hand, since By, /i, (0) € Q,, (if Q, is
a ball there is nothing to prove, by Lemma 4.3), if ¢ is sufficiently small we have that
L(Bd. +5)/k,(0)) < L£(€2,,). Thanks to these facts, we can choose 8/, > ¢ in such a way
that the set

An = Bla+5,) /1, (0) Ny
satisfies
L(An) = L(B(du+6)/k, (0))-

Notice that, as n — 400, up to subsequences x,, — X, and

8 — ' >0, where L(Ba+5(X00) N Q) = L(Ba,+5(Xc0))-
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Since (doo + 96.,)/kn — 400, as n — +oo, Lemma 3.10 implies that, for n sufficiently
large, E,, CC Ay,; by [6, Remark 3.10] we infer that

deo +0 . . L=
< < . .
A ( kn ) B DCA::nﬁf(D):l)\ (D, An) < A (B, An) (4.2)

We now construct an admissible function to estimate \'(E,, A,,), by suitably cutting-
off @, on A,. More precisely, let  be a smooth cut-off function, such that

1 Ba.+6,)/k,—1(0)
0 RY\ B ys,)/k,(0)

M =

and |Vn,| < 2; again, by Lemma 3.10, E,, CC Bi.+5,)/k,—1(0) for n large and

M (x) # 1 = My (x) = —m < 0. (4.3)

Let us consider the function

Using (4.3) we obtain
/mnvi = /mnnﬁai = /mnui - /mn(l —n2)a > /mnai > 0.
An Qn Qn Qn Qn

Then v is admissible for \'(E,, A,,) and (4.2) yields

NP Ja \Voul? [y, V@) P [y, =Abn - midin + [y, @GVl
kn B fAn Mnvy, fAn Mty Uy, fAn a7 Uy,
fAn [ Vin|?

5 |
T e

Now, by strong H' convergence of @,, and weak-x L> convergence of m,,, we have that
/mnniai > /mnai — /m0w2 > 0.
Anp RN RN

On the other hand, recalling Lemma 3.14 and the decay of w (see equation (1.9)), we
have that, for |x| large, 42 (x) < C|x|~(V-De=2vromx| Tntegrating, we conclude that,
for n sufficiently large,

A <d°° + 6) < 5\77, + 06—2@(dw+5;)/kn — S\n + 06—2@(1+0(1))(dw+5/)/kn7

n
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and the lemma follows since ¢’ > 6. O

Proof of Proposition 4.1. Taking into account Lemmas 4.3, 4.5 and 4.4 we can write, for
every ¢ > 0 sufficiently small,

5\0 + e 2V Xom(140(1))(doo+6) /kn < S\n < 5\0 + 6—2\/5\0m(1+o(1))d*/kn’

as n — 4o0o. In particular, we have d* < do, + 0, for every § > 0. Since by definition
doo < d*, we deduce that actually d,, = d*. Substituting in the inequality above, since
0 is arbitrary we obtain the asymptotics of \,,. O

5. C11 regularity

In this section we provide some sharper results on the regularity of the eigenfunctions
and of the boundary of the favourable regions. Such results are of interest by themselves,
but they will also guarantee enough regularity to justify all the steps in the differentiation
of the eigenvalue with respect to the shape, carried out in Section 6.2.

We begin with a sharper analysis of the regularity of the blow-up family of eigenfunc-
tions. To this aim, we exploit some recent results on regularity theory for transmission
problems with C*® interfaces, proved by Caffarelli, Soria-Carro, and Stinga in [5] for
the case of harmonic functions, and generalized by Dong in [17] to the case of elliptic
equations in divergence form.

Proposition 5.1. For any R sufficiently large there exists eg > 0 such that, if ¢ < eg, the
functions . belong to C*® (E~5) N C%« (BR \ E~€).

Proof. The idea is to derive a transmission problem for each component of Vi, and
then apply the regularity result [17, Theorem 1.2].
Consider any partial derivative 0;u. along the vectors of the orthonormal basis

eq,...,ey. Applying the Gauss-Green formula and exploiting the C'1® (QE) NnH? (QE)

regularity of 4. that holds by standard elliptic regularity, for any ¢ € CEO(QE) we can
write

Al(EE,QE)/mschiﬂa = )\I(EE,QE) m/g@aﬂle —m / 0Ot | =
Qa Es QE\EE
(5.1)

= \Y(E., Q) (M + m) / Ger; — NY(E., Q) m/ﬁgaigo -m / U0 |
dE. E. Q:\E.
where v; denotes the i-th component of the outer unit normal to E.. Using the equation
of @, we obtain
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Al(EmQE) m/ﬂeaﬁo_m / Uge z@ /Aue P — / A0 P =

E. Q\E. Qe \Ee (5.2)

Let us denote v = 9;i.. Combining (5.1) with (5.2), we get that v solves

—Av = A (B, Q) in E. (Q \E_E) :
W] =0, [8,0] =—-A(E., Q)M +m)i.r; on IE., (5.3)
v = 0;l, on 99,

where the symbol [-] denotes the jump operator:

710 = i F5)— Jim S) (5.4)
yeE. yEQN\E:

and the boundary condition is understood in the sense of traces. Now, for ¢ sufficiently
small we have that Br cC .. To get rid of the boundary conditions, we notice that,
since 0;tie € C*™°(Bgys) for some ¢ sufficiently small, depending on R but independent
of €, by smooth cutoff there exists an extension v of d;@. in Bg of class C*°(Bg). Hence,
we can rewrite problem (5.3) with respect to the function v — v in Bg, and apply [17,
Theorem 1.2]: since OE. is C%“, by Proposition 3.12, we infer that v is C*® on both
sides and up to dE., and the proposition follows. O

From Proposition 5.1, we can deduce the following result.

Corollary 5.2. For any R sufficiently large there exists egr > 0 such that, if € < e, the
functions 1. belong to O+ (B—R)

Proof. Since i, € C*© (E—E) N %« (BR \ EE), e € Che (B_R) and OF. is of class CH,
we deduce that @i. € W2°°(Bg). In particular, each partial derivative is in W1°°(Bg)
and thus it is Lipschitz continuous (see e.g. [25, Section 11.4]). O

The next result concerns the convergence, in a certain sense, of %, to w in C1!, as €
approaches 0.

We remark that, in general, we cannot expect a C™! convergence in Bp, since the
second derivatives of both @, and w have jumps, and the jump points coincide only in
the limit ¢ — 0% but never coincide for € # 0. Indeed, recall that E. is never exactly a
ball, unless € is a ball [24], while w is radially symmetric by [18, Proposition 2.1].

Notice however that, at least for w, the jump occurs only for the derivative along
the normal to the optimal region 0B, while the tangential derivatives vanish. Hence,
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we expect that, also for the blow-up solutions #,., the tangential second derivatives to
spheres vanish uniformly, where they are defined.

To make our ideas rigorous, we exploit once again the aforementioned regularity theory
for interface problems. Moreover, for € small, we consider the nearly spherical represen-
tation ¢z of OE., which is of class C1*, o < 1, by Proposition 3.12. We consider the
following family of diffeomorphisms ®. : RV — R written in polar coordinates x = p 6
as

®.(p0) = [p" +h(p) ((ro+ 5. O)Y —13)]"" 0 foroes™1, p>0,

where the smooth cut-off function 0 < h(p) < 1 is such that h =1 for 3r¢/4 < p < 5ry/4
and h = 0 outside (r¢/2,3r9/2). Then one can directly check that ®. satisfies the
following properties:

|®. —T|[c1.aryy = o(1) for some 0 < o < 1, (5.5)
®. =Tin RV \ By, ®.(B)=FE., ®.(9B)=0E., '

where we are assuming R > 3rg, and the quantities o(1) are to be intended for ¢ — 0.
For more details on the properties of ®. we refer to Section 6.1, where a more general
class of such maps is treated.

Given a family of orthonormal coordinate axes ey, ..., ey, we define the transported
functions

Ve = (Oiic) 0 P, 1=1,...,N
then we can prove the following.
Proposition 5.3. For any R sufficiently large, in the limit ¢ — 0T it holds that
Ve, s — Ojw in b (E) nobhe (W)

foranyi=1,...,N and any 0 < o < 1.

Proof. Fix ani € {1,..., N}. Since d;@. solves (5.3), the function v, ; solves in H'(Bpg)
—div(A. Vo ;) = A (E., Qo )mgve i e in B (Br\ B),
[U€,i] =0, [anve,i] = _/\I(Eav QE)(m + m)(ﬂaVi) o (I)EJE,T on 637 (5~6)
Ve, = (827:55) od, on 0BR,

where n and v are the unitary outer normal vectors to dB and dE. respectively, while

J. = |det (D®.)|, A.=J.D®'D®;T inRY

(5.7)
Jor =|D®Tn|J.  ondB.



24 L. Ferreri, G. Verzini / Journal of Functional Analysis 287 (2024) 110543

Taking into account the fact that the function vy ; := 0;w solves in H Y(Bgr)

_A’UOJ; = Al(B,RN)m()’UO,i in BU (BR \ F) 9
[vo.i] =0, [Onvo.i] = —A'(B,RY) (@ + m)wn; on JOF., (5.8)
vo,i = Ojw on 0Bg,

combining (5.6) and (5.8) we can write the following problem, in H'(Bg), for the differ-

€NCe Zg j = Veg,i — Vo,i-

— div(A‘szw-) = diV(Fsﬂ') + fs,i in B U (BR \ E) s
[26:) =0, [OnZes] = gei on 9B, (5.9)
Rei = hai on 8BR,

where we have defined
F..=(A: = D)Vug,, fei = A(E, Qo)ingve i Je — M(B, RN yingu 4,
e, = (M +m) [N (B, RN ywn; — \(E., Q) () o oo 7] (5.10)
hs,i = 6ZI~L5 - azw on 8BR
(recall that @ is the identity near Bg). Now we wish to reduce problem (5.9) to the case
of homogeneous Dirichlet boundary conditions. To this aim, we recall that, by standard
(interior) elliptic regularity, it holds that h.; = 0;ti. — Q;w — 0, in a neighborhood of

OBpR, in C* for every k > 0. Using a smooth cutoff, we can easily construct functions
Ze,; € C1* (Bp) satisfying

Zei = hejon O0Br, Z.; =0in By_y)g, H257¢||01,Q(B—R) —0fore —0". (5.11)
Exploiting z. ; and introducing the quantity
Fri=Fei+ AVze, (5.12)

we can rewrite (5.9) as

—div(A-V(ze; — 224)) = div(FL;) + f-; in BU(Br\ B),
[2c:] =0, [Onzei] = ge on 9B, (5.13)

Zei — 2517; =0 on 8BR

Now we are in the position to use again [17, Theorem 1.2] to deduce that

l2e,i — EE,iHCLG(E) + llze,i — 257i||cl,a (W) <
) ) (5.14)
<C <||ge,i||coaa(aB) + 1 Feillcowm) + ||Fs,i||co,a(m) + ||f57i||L°°(BR)) ;
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for some positive constant C' independent of ¢, thanks to (5.5). Thus, thanks to (5.11),
to conclude the proof of Proposition 5.3 it is sufficient to establish that the right hand
side of (5.14) is infinitesimal for ¢ — 0F.

For the reader’s convenience, we split this estimate in Lemmas 5.5, 5.6, 5.7 below,
which are preceded by the preliminary Lemma 5.4 dealing with the properties of geo-
metrical quantities. O

Lemma 5.4. Given the definitions in (5.7), it holds that

(Z) ||J€—1||C0,a(RN) —>0f01”€—>0+,

(i) ||Ae — I”CO,&(]RN) — 0 fore — 0T,
(m) ||J5,T — 1||Co,a(33) — 0 fO?“ g — 0+,
(w) ||vo®. —nlcoapp) — 0 fore— 07T,

where v and n are the unitary outer normal vectors to OE. and 8B, respectively.

Proof. Let us prove point (i). The fact that ||J. — 1]|co®~y — 0 for € — 0T follows
directly from (5.5). Moreover, since the map det : MN¥*N — R is of class C>, by
composition and exploiting again (5.5), it follows that |||det (D®.)| — 1[|co.o@mn) =
| det (D®.) — 1||co.aryy — 0 for e — 0.

For point (ii) we notice that, thanks to (5.5), it holds that [|[D®.! —I||co.a @y — 0
for ¢ — 0%. An analogous property holds for D®_-T. Hence, exploiting point (i) the
conclusion follows.

To deal with point (iii), we first notice that, thanks to (5.5), we have |D®-Tn —
n|lcoa@p — 0 for e — 07. In a similar fashion, it also holds that |||[D®;"n| —
l|coa@ry = [||D®-"n| — |n|||co.@p)y — 0 for e — 0F. The conclusion follows ex-
ploiting point (7).

Now we study point (iv). We recall that

D& Tn

voP, = ————,
° | D®:"n|

so that the proof immediately follows from the properties introduced in the analysis of
point (iii). O

Lemma 5.5. Let F.; be defined as in (5.12). Then
||F£7i||00~a(BR) — 0 fore — 0%,
Proof. Since by definition F‘E,i = F.; + AcVZ.;, where F; is defined in (5.10), thanks

to (5.11) and Lemma 5.4 (ii) it is sufficient to prove that ||F. ;||co.a(py = 0 for e = 0.
This follows immediately from Lemma 5.4 (ii). O
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Lemma 5.6. Let f.; be defined as in (5.10). Then

/el

(Br) — 0 fore — 0",

Proof. Let us decompose f.; = f1 + f2 + f3, where

fl = [Al(an Qa) - )\I(BJRN)} mOUE7iJEa f2 = Al(B’RN)ﬁlovg)i [JE o 1] ’
fs =B, RN g [ve,i = vo.i] -

Now, for e = 0%, || f1[| > (B,) — 0 by Lemma 2.1, while || f2|| .~ (p,) — 0 by Lemma 5.4
(i). For fs3 we proceed as follows. We write

Ue,l — ’UOJ' = (8ZI~L5) (¢] ‘I’E — 8,-10 = (81125 — &w) (e} ’*I)g + ((&w) [¢] @5 — &w) s
and notice that || (0jtic — Ojw) 0 V.|| oo,y — 0 for ¢ — 07 thanks to Lemma 2.3, while
[(Oiw) 0 ®c — Dyw|| Lo (By) — 0 for € — 0T thanks to the C** (Bpg) regularity of w and
(5.5). O
Lemma 5.7. Let g.; be defined as in (5.10). Then

llge,ill ooy — 0 fore—0t.

Proof. We can decompose g.; = g1 + g2 + g3 + g1, where

g1 = [NY(B,RY) = \(E., Q)] (M + m)(v;) o ®.Je 7,
g2 = \(B,RY)(m +m)( vi)o®c [l — Jor],

g3 = AN (B,RY) (M + m)ie o ®. [n; — vi o @],

g3 = A(B,RY) (1 + m)n; [w — . o @]

The facts that ||g1]|co.« (OB) — 0, |lg2/lco.« (0B) — 0 and ||gs||co.« (OB) — 0 for e — 07
follow readily from Lemma 2.1, Lemma 5.4 (iii) and (iv), respectively. For what concerns
g4, We notice that

e © B — W] o, (Br) < e © Pe — w o e[ o py) + W0 Be — Wl go.n By
and the right hand side vanishes for € — 400, thanks to Lemma 2.3 and (5.5). O
Once Proposition 5.3 is established, we draw the following direct consequence.

Corollary 5.8. For any r < R, with B, CC B CC Bg, in the limit ¢ — 07 it holds that

||Vﬂ8 - (Va!:‘ : n)nHCl a(E \B,. ) + ||VU’E - (vas : n)anl,a(m) — Oa
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X , .
where n = ﬂ denotes the unitary outer normal vector to B, extended by radial prolon-
b'q

gation over RN \ {0}.
Proof. First, we claim that

| (Vi — (Vi -n)n) o @] + || (Ve — (Vi -n)n) o @ || — 0.

cte (B\B,) cte(B\B)

Indeed, it is sufficient to notice that, by Proposition 5.3 it holds that
| (Vie — (Vie -n)n) o ®. — (Vw — (Vw - n)n)

||Cl,a(m)+

+ || (Vaie — (Viie -n)n) o . — (Vw — (Vw - n)n) ”cm (W) —0
for e — 07, and that, since w is radially symmetric, it also holds that
Vw— (Vw-n)n=0 in B\ B,.
Once the claim is proved, to conclude just notice that
Vi — (Vi -n)n = [(Viie — (Viie -n)n) o @] o &1,
that ||®- — I||cra — 0 for € — 01 and that ®.(0B) = dE. (see (5.5)). O

Once the C'M! regularity of the eigenfunctions is established, we turn to the regularity
of the free boundary, i.e. of its nearly spherical representation ¢ .
Given any 6, f3 € SV~ let us give the following definitions:

x; = (ro + ¢p_(0:))0:, fori=1,2,

Yo, .05 ¢ [0, L(70,.0,)] = S™~! denotes a geodesic on SN~ connecting §; with 6, with
velocity 1, and T, 4, : [0, L(7s,.6,)] — OF. is defined as

Lo, 0, = (TO + PE. ° 791792)791792

(here L denotes the length of C'-parametric curves).
As a consequence of Proposition 3.12, we can prove the following

Lemma 5.9. There exists £ > 0 such that, for any 0 < & < & and any 6,,0, € SN,

(Z) L(F91792) = (1 + 0(1))[‘(791,02);
(it) |x1 —x2| = (1 +0(1))|01 — 02],

where all o(1) terms are intended for ¢ — 07 and uniformly in 01, 605.
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Proof. We begin with point (i). First of all, it holds that

F91,92 = (TU + PE. © 791792);7/91792 + (VTQOEE ';791792)’79179%

so that

|’I’0 + PE. 0’791,92| - ‘VTSDEE ".}/91792| < |]-L‘91792| < |’I’0 + PE, 0’791,92| + ‘VTSDEE ".791792|

and thanks to Proposition 3.12 we can write |Tg, 9,| = 1 4 o(1). Point (i) follows imme-
diately.
Now we turn to point (ii). We have

|01 — O] — |05 (01)61 — g (02)02] < |x1 —%2| < |01 — O2] + |@g_(61)01 — 5 (02)02]
and the result follows again from Proposition 3.12. O

Now, exploiting the regularity results previously obtained for ., we can extend Propo-
sition 3.12 to the case a = 1.

Proposition 5.10. There exists € > 0 such that, for any 0 < & < &, it holds that OE. is
nearly spherical of class C' and

H(pEencl,l — 0, fO’)" e—0".

Proof. Given the C'! regularity of @, stated in Corollary 5.2, exactly as in Proposi-
tion 3.12 we can prove that OE. is nearly spherical of class C™! and ¢z, llore — 0 for
e — 0%, for any 0 < a < 1. Hence, the only thing left to prove is that

IVreg [lcor =0 fore — 0T, (5.15)

To prove (5.15), the fundamental tool will be Corollary 5.8. Fix r < ro < R. To begin
with, we remark that since 0,4 = Vi, - n, thanks to Proposition 5.1 and Corollary 5.8,
for e — 07 it holds that, for a < 1,

o1 (B\B,)

(Vae — (Vi -n)n) — 0. (5.16)

Cle (BR\EE)

Let x; = (ro + ¢p_(0:))0i, i = 1,2. Then, using Lemma 5.9, we have

IVreg (02) = Vreg (61)] <9 IVrog (02) — Vreg (61)]
|62 — 61] o |x2 — x1] .
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Recalling equation (3.4) and using (5.16) one can easily conclude. O

Remark 5.11. The nearly spherical representation ¢z depends of course on the choice
of the centers of the blow-up procedure. In view of Remark 3.13 we have that Proposi-
tion 5.10 holds true both in case such centers are taken at the unique maximum point of
ue, and when they are identified with the barycenter of the optimal favorable region E..

End of the proof of Theorem 1.1. In view of Corollaries 3.9 and 4.2 we are left to prove
that properties 2 and 5 in the theorem hold true, regardless of the blow-up procedure
being centered at the maximum points of u. or at the barycenters of F.. In turn, taking
into account the definition of E. (2.3) and the blow-up scaling (2.1), (2.3), such properties
are direct consequences of Proposition 5.10 and Remark 5.11 above, by simply writing

Pe =g - O
6. Quantitative asymmetry estimates for the problem in RN

This section is mainly devoted to the proof of Theorem 1.5. Before dealing with it,
we first notice that such result readily implies both Corollary 1.6 and Theorem 1.2.

Proof of Corollary 1.6. Using Theorem 1.5 and the Gagliardo-Nirenberg inequality we
obtain, for every 0 < o < 1,

(24+N+2a)/(4+N) (2—20)/(4+N)

||<PAHC1$O((SN*1) < Cillpa sz oo (SN-1) llea ||L2 SN-1) + C2||SDA||L2(SN*1)
< 035(2+N+2a)/(4+N)|| ||L2 (;% /l(;l+N)’

where C, Cy, C5 only depend on N and «, see e.g. [33, Thm. 1] (actually, such result is
stated on bounded domains of RV, but it can be extended to SV~! in a standard way,
by reasoning as in e.g. [22, Sec. 2.6]). O

Proof of Theorem 1.2. Using the same notation of the previous sections, let E. denote
the optimal favorable set in the blow-up scale, centered at bar(E.). In particular, if ¢,
is defined as in Theorem 1.1 (with bar(E.) instead of x.), we have that

Pe = PR, -

Since Q. C RN, we infer

M(E., Q) — AYB,RY) > AY(E.,RY) — AY(B,RY).

Now, by assumption bar(E,) = 0, while l¢g. lcri(sy-1) can be made arbitrarily small
using Proposition 5.10 (recall Remark 5.11). Then we can apply Corollary 1.6 and Propo-
sition 4.1, obtaining
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lop, lora@n-1) < C A (Bx, Qo) = AL(B,RY)) U7/ — 0[5, = 5] 7/

. 1_
< Cexp (—2 Xom - 2d* - e~ YN . 4—|——]O\éf) ,

for every 0 < € < &, and the conclusion follows. O

The proof of Theorem 1.5 proceeds in several steps, that for the reader’s convenience
are briefly and conceptually listed as follows, each corresponding to a section below:

Step 0: we set the main notation and the basic properties of deformation paths (Sec-
tion 6.1);

Step 1: we prove differentiability of eigenfunction and eigenvalue via the implicit function
theorem (Section 6.2);

Step 2: for C'!-nearly spherical domains, we carry out the expansion of the eigenvalue
up to the second order (Section 6.3);

Step 3: for C''!'-nearly spherical domains, we prove coercivity of the second order shape
derivative of the eigenvalue, computed at the origin, with respect to the L2(SN~1)
norm of the deformation (Section 6.4); this is the point where the constraint on the
barycenter plays a crucial role;

Step 4: for C™'-nearly spherical domains, we prove continuity of the remainder with
respect to the L2(SV~1) norm of the deformation and a modulus of continuity de-
pending on the C11(SY~1) error of the deformation (Section 6.5).

Once the above steps are performed, the proof of Theorem 1.5 is straightforward and
it is concluded at the end of Section 6.5.
As a final remark, we notice that Theorem 1.5 is sharp, in the sense of equation (1.10).

Lemma 6.1. Under the assumptions of Theorem 1.5 there exists a constant C' > 0 such
that

A(ARY) = A(B,RY) < C'loallFzgn)

Proof. The proof is a direct computation, bounding A*(A, RY) from above with the
associated Rayleigh quotient of w.
First, since L(A) = L£(B) = 1, we have

T
Oz/dx—/dX: / / rNldr do
B A

SV -1 ro+p.(0)

:% / [~ (0 + pa(6)™] do (6.1)

SN—]

which yields
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N -1

oa®) = =X fouluonsy (1 + Rpa) . where R <Cs  (62)
SN—I 0
(indeed, R(pa) = S0, M?\;ivin_)'zr)é“? Jon—1 @7 ?do and, for instance, Cs =

N 2N(N-2)16""2
2"23 n!(an)!r6172 )
Using the properties of w and writing m4 = mx4 — mxgr~\ 4 (and the same with B

instead of A) we have

AARN) = M(B,RY) < Jrw \Vw|22 _ Jrn |Vw|22
IRN maw f]RN mpw

M (B, RN
= fTAwl /(mB —my)w?.
RN BN

Now, fRN maw? > fRN mBmﬂSwz, which is a positive constant independent of A; on
the other hand, since w?(r) < As — Bsr for ro — & < r < ro + 6, with As, Bs positive,

/(mB - mA)w2 = (m+m) / / erle(r)dr do

RN SN1 ro4pa(6)

To

—B;s(Mm + m) / / rNdr do

IN

SN=1ro+p4(0)

where the term with As cancels because of (6.1). Finally, we can evaluate the last integral
and use (6.2) to write

0
rNdr do

SV -1 ro+p.(0)

N
0 = [ oa®) = 5 llealiaen—r (1 + B (o)

SN-1

(N +1)ry
= *%H@AH%Z(SN*U (14 R"(pa)) > =Cllpallzgv-1y;

with C > 0 independent on 4, and the lemma follows. O

6.1. Deformation paths and their properties

Before proceeding with the proof, we need to specify in which sense we intend the
differentiation with respect to the shape, for instance of the eigenvalue. Analogous consid-
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erations hold for the associated eigenfunction, and for all the other quantities depending
on a shape.

A standard procedure is to reduce to a one-dimensional problem, in a way we briefly
recall. Consider a reference shape Ay € RY | and a (small) perturbation A € RY. Suppose
the existence of a one-parameter family of smooth displacement fields ®(¢,x) : [0, 1] x
RY — R¥ which are diffeomorphisms for any fixed ¢, satisfying

®(0,x) =1 and @(1,A4p) = A. (6.3)
At this point, one can introduce the parametric family
)‘(t) = )‘1 ((D(t’ AO)a RN)

Such quantity, once the reference shape has been fixed, depends only on the parameter
t. Hence, one defines all the desired quantities exactly as in the case of functions of one
variable. For instance, by first derivative of the eigenvalue, we mean the quantity

At) = %)\(t).

Of course, one needs to check in advance that the desired quantities are well defined. In
our case, this will be the subject of Section 6.2.

The existence of a family of diffeomorphisms satisfying (6.3) together with additional
properties, for a general class of problems, has been the object of many works in the liter-
ature. An example is [10], where the vector fields 9, (¢, x) are required to be divergence
free in a neighborhood of 0.Ag.

As remarked in [4, Appendix A], when the reference configuration Ay coincides with
a ball and when nearly spherical perturbations are considered, as for our problem, the
construction of a family ®(¢,x) can be made explicit. In radial coordinates, it is sufficient
to consider

Du(t,p0) = [p" +t((ro+ 0a(0)" — Tév)]l/N 0

for € SN, 3%0 <p< 5%0. (6.4)

Then, one can extend (6.4) to the whole RY, so that it also satisfies some additional

)

properties. More precisely, similarly as in [4, Appendix A], we have the following.

Lemma 6.2. There exists 6 > 0 sufficiently small and a modulus of continuity n such
that, for any set A C RN nearly spherical of class C*' with

HSD_AHCI,I(SN—I) <Jd and E(.A) = E(B) =1, (65)

there exists a family ® 4(t, p0) extending (6.4) to the whole RN, such that
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(i) The map t € [0,1] — ®4(t,x) — I € W22(RYN) is of class C™.
(it) For 3rg/4 < |x| < 5ro/4,

XPa(t,x) =Xa(®a(t,x)),  div(Xa) =0,
where

(ro + 040D =1,
N pN-1 :

X(p,0) = (6.6)
(iii) L(PA(t,B)) =1 for allt € [0,1].

(iv) ||(P_A — I||Cl.1(]RN) <n (HSOAHCl,l(gN—l)) uniformly for t € [O, 1]

(v) Xao0®4—X4=0 (|pallcrisn-1y) Xa on 0B, uniformly for t € [0,1].

(vi) |[Xalro, ) 2 = ¢l <1 (lpallz=sv—) lall 2.

L2(SN-1)

Remark 6.3. In Lemma 6.2 (i) the derivatives as ¢ = 0 and ¢ = 1 are understood from
the right and from the left, respectively. Moreover, in Lemma 6.2 (iv) and (v) analogous
estimates continue to hold if the C*!(9B) norm is substituted by the C1*(9B) norm,
for any 0 < o < 1.

Proof. Cousider a smooth cutoff function h, such that h =1 for 3r¢/4 < p < 5ry/4 and
h =0 for r9/2 < p < 3rg/2. We define

Bty p0) = [PV +th(p) ((ro + @)™ — )] 0 (6.7)

in the whole R . Clearly, (6.7) is an extension of (6.4).

Let us prove point (7). Thanks to the restriction on ||p.|lc1.1(sv-1y required in (6.5),
for § > 0 sufficiently small it holds that the quantities ® 4(¢,x) — I, Dx® 4(t,x) — I and
D2® 4(t,x) are C* in time in the classical sense, for almost every x = (p,6) € RY fixed.
By a simple computation, all time derivatives are bounded in L>(R™), uniformly for
t € [0,1]. This is sufficient to prove point ().

Point (i7) follows immediately by direct computation.

Point (i) follows from the fact that, by [23, Corollaire 5.2.8], it holds that

d d

—L(Py(t,B)) = — 1= X 4 - )

Geeaws) =% [ | Xam, (6.8)
P a(t,B) 00 (t,B)

where in the last passage we have used points (i) and (i7). Now, using (6.6), the last
integral in (6.8) vanishes thanks to the condition £(A) = £(B) in (6.5). Hence, point
(7i7) follows.

Point (iv) follows easily by direct computation.

Point (v) also follows by direct computation, using point (iv).
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Point (vi) follows expanding the expression (6.6) for X 4 in terms of ¢ 4. Notice that,
since [[pallz2sv-1) < 2[Xa(ro,-) - ﬁ”LZ(SN—l) for § sufficiently small, up to redefining
7 it also holds that

X
HXA(TO» ) T ©A

L2(SN-1)

O (6.9)

<n (H‘)OAHL‘”(SN_l)) H>§A(TO7 ) ' m 2(SN-1) -
I _

Remark 6.4 (on notation). In the following, we will denote with ® 4(¢, pf) or equivalently
® 4(t,x) the family of diffeomorphic deformations of the form (6.4) already extended to
the whole R, in order to satisfy the conditions of Lemma 6.2.

6.2. Differentiability

Consider © € Wh>(RN,RYN), with [|©]|yy1.c (g~ gy small enough so that I+ 0 is a
diffeomorphism of R¥ in itself. We introduce the domain De defined as the image of B
via I + O, the correspondent weight

me = Mxp, — 1M RN\ De

and the eigenfunction ug, solution in H'(R™) of
—Aue = M (Do, RM)meue in RY, (6.10)

with the normalization condition

5 2
/m@u@ =1.
RN

A common practice to study the differentiability of ug with respect to ©, is to bring
back the problems for different vector fields © on the same domain B and study first the
properties of such problem, which are usually easier to tackle. Then, one tries to transfer
the obtained information to the function ug. This can be done introducing the functions

vo =ug o (I+ 0).
We remark that, thanks to the regularity required to ©, it holds that ve € H'(RY).
Moreover, performing a change of variables in the weak formulation of (6.10), it is easy

to see that the functions ve solve, in H!(RY)

—div(A(®)we) = M(De,RM)J(O)imguve in RY, (6.11)
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where J(©) denotes the jacobian of the diffeomorphism I+ O, i.e.
J(©) = det(I+ DO)
while A(©) is defined as
A(©) == J(O)(I +De) Y I+ De)™ T,

The main result of this section concerns a local differentiability of the function vg,
and of the corresponding eigenvalue, with respect to ©. To prove such result we need a
preliminary lemma.

Lemma 6.5. For every h € L*(RY) such that [px wh = O there exists a unique y €
H?(RY), [an mowy =0, such that

—Az— Az =h < z=y+cw, ceR.
On the other hand, if f]RN wh # 0 the above equation has no solution.

Proof. The necessary condition on h for the existence of solutions follows by testing the
equation with w and using the corresponding equation.
To show existence, let us introduce the bilinear form on H!(RY):

a(y,v) = / Vy - Vo — Agigyo.
RN

By the variational characterization of Mo > 0 and w we have that
a(v,v) <0 <= wv=cw, ceR (6.12)
(and hence a(v,v) = 0). Moreover, considering the Hilbert space

Vi=(veH'RY): /fnowv =0, vl = IVol @y + Aom|v]|72@m),
RN

we have that
a(v,v) = o[} — Ao + m)||v]|72(p); (6.13)

Then we can apply the Lax-Milgram theorem to the variational problem:

find y € V such that a(y,v) = / hv for every v € V. (6.14)

RN
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Indeed, (bi)linearity and continuity are straightforward, while the coercivity of a follows
by contradiction: assume the existence of a sequence (v, ), C V such that

S|

lonllv =1, a(vp,v,) <

Then, up to subsequences, v,, converges to some v, weakly in V' and strongly in LIQOC(IRN ),

asn — —+oo. In particular, exploiting the lower weak semicontinuity of the norm in (6.13)
we infer a(v,v) < 0, and, since v € V, (6.12) yields v = 0; on the other hand, again by
(6.13),

Mo(m +m)[18]132(5) = Ao + m)||vn |72 + 0(1)
1
= HUHH%/ —a(vn,v,) +o0(1) > 1~ n +o(1)

for n large, contradiction.

Then Lax-Milgram theorem applies, yielding the existence and uniqueness of y € V
satisfying (6.14). Taking v € H'(RY) we have that v — t,w € V, where t, =
Jr~ Mowv/ [pn mow?. Substituting in (6.14) we have

a(y,v):/hvftv a(y,w)f/hw :/hv for every v € H*(RY),

RN RN RN

where we used the equation of w and the fact that fR ~ wh = 0 by assumption. Then by
elliptic regularity y € H2(RY), and 2z = y + cw, c € R, satisfies the equation

—Az — :\o’fhoz = h.

Finally, consider 21,20 € H'(RY) solutions of the above equation. Then subtracting
we have a(z; — 22,21 — 22) = 0 and we can conclude the proof using again (6.12). O

Proposition 6.6. The function
© € WH*(RY,RY) (A (De,R"),ve) € R x H*(RY)
is C'*° in a neighborhood of ©® = 0.

Proof. The proof follows from the implicit function theorem, similarly as in [11].
Let us define the map F : W2 (RY RY) x R x H2(RY) — L2(RY) x R as follows:

F(O,\0) = | —div(A(©)Vv) — MnguJ(O), / g v2 J(O) — 1

RN
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Then there exists a neighborhood U € W2 (RY R¥) of the origin such that
F(©,\v) € C®°U xR x H*(RY)). (6.15)

Indeed, it is a standard result (reasoning for instance as in [23, Théoréme 5.3.2] and its
proof) that the maps

(0,v) €U x H*(RN)  div(A(©)Vv) € L*(RY),
0 e W2 RN, RY) — J(O©) eR

are of class C™, in an appropriate Y. Thanks to the regularity of J(©), it is immediate
to deduce the C'*° regularity property also for

(©,\,v) €U x R x H*(RN) = MngvJ(0) € L*(RY),

(©,v) €U x H*(RY) / mov? J(0) € R.

RN

Hence, (6.15) is proved.
Next, recalling that J(0) = 1 and A(0) = I, we easily infer that, for any x4 € R and
z € H*(RMN),

Dio(0, 20, w) [, 2] = | —Az — prigw — Aoz, / 20g 2w

RN

In order to apply the implicit function theorem, we are left to prove that Dy , (0, o, w)
is a diffeomorphism. Actually, proving its invertibility is sufficient since it is continuous
and linear, hence the continuity of its inverse would follow from the inverse mapping
theorem in Banach spaces.

To prove invertibility, consider a couple (k,p) € L2(RY) x R. We have to show exis-
tence and uniqueness of the pair (1, 2) € R x H(RY) solving

—Az = Aoz = k + Himow,
Jr~ 20 zw = p.

The first equation is solvable if and only if the condition on the right hand side appearing
in Lemma 6.5 is satisfied, i.e.

B Jr~ kw

on = fRN mowzv

with infinitely many solutions given by
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z =Y+ cw, ceR,

where y is uniquely determined in such a way that fR ~ Mowy = 0. Substituting in the
second equation we have that ¢ is uniquely determined by

S
2fRN ’fflo’w27

concluding the proof. O

Our aim now is to exploit the differentiability of vg to prove a corresponding result for
ue. Actually, since as recalled in Section 6.1 we will exploit differentiation along paths,
we derive the result directly for ug restricted on such paths.

Let A be a nearly spherical set of class C!, with [|¢4|c1.1(gx-1y sufficiently small.
Consider the path ®4(¢,x) associated to A (see also Remark 6.4) and introduce the
parametric family A; := ® 4(¢, B), the weights m; := mx 4, — mxR~N\ 4, and the functions
u; € HY(RN) for any fixed t € [0, 1], solutions of

—Aup = M (AL, RYYmuu,  in RY (6.16)

As usual, the principal eigenvalue A\'(A;, RY) in (6.16) has a unique eigenfunction uy,
up to normalization, see e.g. [29, Lemma 2.6].
Then, from Proposition 6.6 we can deduce the following.

Lemma 6.7. There exists § > 0 sufficiently small such that, for any nearly spherical set
A of class CtY with ||o.allcrasn-1) < 8, the map t € [0,1] — u, € H'(RN) is of class
Cct.

Proof. Let us denote vy the map vy = vg,(y)—1- Thanks to Lemma 6.2 and Proposi-
tion 6.6, by composition it holds that ¢ € [0,1] = v, € H?(RY) is of class C°.

Now, the function u; can be written as u; = vy o ®4(¢,x)~!. Since the map © €
W22 s (I+0)~t € Wh™ is of class C! in a neighborhood of ©® = 0, by composition
the map ¢t — ®4(t,x)~t € Wh> is C! in [0,1] (see e.g. [23, Sec. 5.2.2]). Summing up,
we deduce that

ts (v, Pa(t,x)"t = 1) € HX(RY) x Wh> is of class C*. (6.17)

On the other hand, by [23, Lemme 5.3.9], in a sufficiently small neighborhood ¢ C W1
of the origin, the map

(9,0) € HXRN) x U = go (I+0) € H'(RY) is of class C*. (6.18)

Hence, using Lemma 6.2 (iv), for ¢ sufficiently small we can conclude the proof by
composition of the maps in (6.17) and (6.18). O
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6.3. The expansion

In this section we perform the expansion of the eigenvalue up to the second order. We
will use extensively the Hadamard formula, see e.g. [23, Corollaire 5.2.8]. In particular,
let

fla,t) € C([0,T); LRY)) n € ([0,7); WH(RT))

then, recalling the definition and properties of X 4 (see Lemma 6.2),

/fa:t /@fxt /dlv(f(a:,t)XA(a:)),

dt / fa) = / Of (. t) + / div (f (2, t)Xa(z)) .

RN\ A, RN\ A, RN\A;

In the following we denote with \; := A'(As, RY), which is of class C* in time by
Proposition 6.6, and with u; the corresponding eigenfunction as in (6.16) which is C*
in time, with values in H', by Lemma 6.7. Moreover, we denote with M, 1 the time
derivatives of A\; and of uy, respectively.

We start with the first order expansion.

Lemma 6.8. There exists § > 0 sufficiently small such that, for any nearly spherical set
A of class CY1 with [|o.al|cragv-1) <0

).\t = 7)\t(m+ m) / U% X.A g, (619)
OA;

where n; denotes the unitary outer normal to OA;.

Proof. Choosing the normalization fRN mtuf =1 we have that
. d 9 .

Our aim is to rewrite the previous formula only in terms of w;. Exploiting the chosen
normalization and using the Hadamard formula, we have that

A AY (6.21)
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Testing (6.16) with @y, we get

/ VUt . Vut = )‘t / mtutut.

RN RN

Substituting (6.22) in (6.20) and the using (6.21), we can conclude. O

Now we differentiate the eigenvalue once again, to obtain the following.

(6.22)

Lemma 6.9. There exists § > 0 sufficiently small such that, for any nearly spherical set

A of class CY1 with ||oallcrigy-1) <0

2

A=\ (m+m)/div(u§XA) +
Ay

—2)\t(m+m) /Ut(VUt'XA)(XA'nt)+/’l:l,tutXA'nt y
Ay A,

where n; denotes the unitary outer normal to OA;. In particular,

/\XAF - /wa ‘1o
OB
OB

OB

Atli=o = 220 (T + m)w|op 2—1:

Proof. We rewrite (6.19) as

A = —)\t(m+m)/div (u? XA) ,
Ay

and differentiating with respect to ¢ using the Hadamard formula, we get

.).\t = *)\t(m‘i’m)/le (Uf XA) +
At

—2/\t(m+m)/div(ututXA)—)\t(m+m) / div (uf X4) X4 -1y =
Ay 0A,

= —}\t(m+m)/div (uf X A) —2)\t(m+m)/div (tgue X 4) +
At At

fQAt(erm)/ut(Vut-XA)(XA~nt)f)\t(m+m)/uf le(X_A)XA

B.At 6-At

(6.23)

(6.24)
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Substituting A; with (6.19) and noticing that the last term vanishes thanks to Lemma 6.2
(i), gives (6.23).

To obtain (6.24) it is sufficient to notice that ug = w, ng = x/|x| and that the first
term vanishes since OB is a level set for w and thanks to Lemma 6.2 (ii). O

To conclude this section we derive an equation for ;.

Lemma 6.10. For any t € [0,1], the function u; solves, in H*(RY), the following problem.:

—Aut = }\tmtut + )\tmtut mn RN \8./415,
[Ut] = O, [Vut . nt] = )\t(m + m)ut XA Ny on aAt (625)
2f]RN mytuy = —(M +m) faAt u% X4 ny,

and the jump is defined as in (5.4).
In particular, for t = 0 it holds that ug = w, ng = x/|x| and

— Ay = Agrigii in RN\ 0B,
[b] =0, [Dp1] = Ao(m + m)w X4 - mg on OB (6.26)
QIRN mow = — (M + m) fanQXA -ng =0,

with [0,W](ro0) = dp1i(ry 0) — dprir(rg 0).

Proof. The proof is straightforward, writing the weak formulation of (6.16) for any test
function ¢ € C§°(RY), and differentiating the formulation using the Hadamard for-
mula. O

6.4. Coercivity
In this section we prove the following result.

Proposition 6.11. There exist § > 0 sufficiently small and a positive constant C' > 0
depending only on M, m and the dimension N such that, for any nearly spherical set A
of class CY' with |[pallcrigv-1) < 8, L(A) =1 and bar(A) = 0, it holds

;\t|t=0 >C HX.A(T(% ) : nOHiZ(SNfl) ) (627)
where ng = x/|x|.

To prove coercivity, i.e. equation (6.27), it is a standard technique (see e.g. [11,10,26])
to expand

Xa(ro,0) -ng = (ro + (0D — 1§l = <(1 + wA(e))N - 1) (6.28)

N pN-1 N
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in spherical harmonics: let us denote with (Sy); the orthonormal basis of L2(SV~1)
constituted by the eigenfunctions of the Laplace-Beltrami operator —Agw~ -1, with eigen-
values (ok):

7ASN—IS]€ = (TkSk. (629)
Then it is well known that oy = 0, with constant eigenfunction, while
01:(7'2:~-~:O'N:N—1,

and the associated eigenspace is spanned by the orthogonal family of homogeneous har-
monic polynomials of degree 1 composed by the N cartesian coordinates zi,...,zyN;
finally, o, > ony41 > N —1for k> N + 1.

A first crucial comment is that, since £(A) = 1 and bar(A) = 0, in the expansion of
X 4(r0, ) - ng the terms corresponding to Si, k < N, are negligible.

Lemma 6.12. Under the assumptions of Proposition 6.11, let us write

—+oo
Xa(ro,0) -ng = chSk(H), where ¢y = (X a(ro,-) Mo, Sk)r2(sv-1).  (6.30)
k=0

Then cog = 0 and
+oo
Z Ci = [| X n0||2L2(aB) (1 +7 (H‘PAHLOC(SN—l))) ) (6.31)

k=N+1

for some modulus of continuity 1.

Proof. First of all, ¢g = 0 by Lemma 6.2 (iii). Next, recalling (6.28), let us consider the
coefficients

o — / 0 X a(ro.0) - = 12 / O [(1+ pa(0)/r0)™ — 1],

SN-1 SN-1

k=1,...,N. (6.32)

Since the barycenter of A coincides with 0 by assumption, we can write

?"N+1
0= /xk —/xk = ]\fﬂ / Or [(1+a(0)/ro)N T —1]. (6.33)
A B

SN-1

Now, a direct computation gives
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%O / O [(1+0a(0)/ro) —1] - NT—?—l / O [(1+0a(0)/ro)" ! —1]| <

SN-1 §N-1

<n(leallr=sv-1)) leallrzgv-1y <0 ([leallpesy-1)) X4 - nollp2@sy-1y,
(6.34)

where in the last passage we have used (6.9). Hence, combining (6.32), (6.33) and (6.34)
we can deduce (6.31). O

To prove Proposition 6.11 we will plug the expansion (6.30) into (6.24). To clarify
the role of w in the latter, it is convenient to expand in spherical harmonics also the
associated differential problem (6.26).

Lemma 6.13. For every integer k > 1 the problem

7AZ]€ = Xoﬁlozk mn RN \83,
2] =0, [Opzi)(x) = jSk(x/|x]) on OB (6.35)

Jrx Mozw =0,

where
[0p21)(rob) = 02k (1 ) — 3pzk(r8'6) and j= Xo(m + m)w(rg) > 0,

has a unique solution z, € HY(RY). Moreover:

1. zx(r8) = gr(r)Sk(0), where

(rN=1gl Y +m(r)gr = N 3orgs forr >0, r+#mrg,
9:(0) = gi(+00) = gi(ry) — gr(rg) =0,
9 (rg) — g (rg) = J,

oy, is defined in (6.29), and m(r) = M1ng(re), for every |e| = 1;
2. ifk=1,...,N then z; = Oy, w and gi(r) = —w'(r);
3. for every k> 1, g >0 on (0,+00);
4. gr(ro) s strictly monotone decreasing with respect to oy; in particular,

9k(r0) < gn+1(r0) < gn(ro) = —w'(rg) = —Opwlyp for every k > N + 1.

Actually, gr can be written explicitly in terms of Bessel’s functions, yielding their
further properties. Nonetheless, for the reader’s convenience we provide a self-contained
proof.



44 L. Ferreri, G. Verzini / Journal of Functional Analysis 287 (2024) 110543

Proof. The well-posedness of the problem for z; follows by the Lax-Milgram theorem,
arguing as in Lemma 6.5: indeed, notice that the jump condition on B can be inserted
in the weak formulation as an H~! term h in the right hand side, as it was obtained in
Lemma 6.10; in particular, the condition (h,v) = 0 for every 1 € H*(R™) requires the
restriction &k # 0.

Once the solution is unique, property 1 easily follows by separation of variables, using
(6.29) and the well-posedness of the problem for g, and it can be checked by direct
computation. Uniqueness also implies property 2, since

Tk
83?kw = ’LU’(‘XD : H

=w'(r)Sk(0), k

Il
[y

N

geeey

(with the abuse of notation w(x) = w(|x|) = w(r)) and, in particular, using the equation
for w,

[w"] = [~ Xomow] = —Xo(M + m)w(rg)  on OB,

so that g = —w'(r) and z; = 0, w, 1 < k < N. Since w'(r) < 0 for r > 0, we also infer
property 3 for k < N.

In order to prove properties 3 and 4, we first need a Sturm-Picone-type comparison
result for solutions with derivative jumps: let 0 < r; < ro < +00, h,k > 1, and let us
test the equation for g with r¥~1g;, on (r1,72). Then, in case 7o & (r1,72), we have

T2 T2

/TN*1 (9h9k — m(r)gngk) dr = [TN*lghQ;c]:? o Uk/TNfg’ghgk dr,

T1 T1

while if 7y € (r1,7r2) then we must integrate separately on the two subinterval and add
To

the term [rV~lg,gi]"% to the right hand side. Exchanging the role of h and k, and
To

assuming gx(r1) = gx(r2) = 0, we finally obtain

T2

(o) —on) /TN_thgk dr + j(gr(r0) = gn(10))X(r1,r2) (T0) = [T‘N_lghgﬂ: . (6.36)

r1

Now, to show property 1 for k£ > N let us assume by contradiction that g, & > N, is
negative somewhere, and denote with (r1,72) a maximal interval of negativity: gi(r1) =
gr(r2) = 0, ge(r) < 0 for ri < r < ro. Then g;(r1) < 0 < g,.(r2) and, recalling that
gy = —w' >0 on R, we infer

T2
(ok — UN)/TN73gNgk dr <0, j(gx(ro) — gn(r0))X(ri,rs)(10) <0,

r1

[TN_lgNg;q} :? >0,
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in contradiction with (6.36) (with h = N), thus property 3 follows.
Finally, take any h < k such that o5, < 0. Thanks to property 3 we obtain

+oo
_ _ +
(ok — on) / N gngr dr > 0, [ gl =0,
0

and (6.36) (with r; = 0, ry = +00) implies

3(gk(ro) — gn(ro)) <O,
yielding property 4. O

Proof of Proposition 6.11. As a consequence of (6.30), (6.31), the proof of (6.27) can be
reduced to the following statement: there exists C = C(m, m, N) > 0 such that, for any
nearly spherical set A of class CT! with [[p.allc1igv-1) < &, we have

+o0o
M _p=C > . (6.37)

k=N+1

To prove (6.37) we insert (6.30) into (6.24). On the one hand, also recalling
Lemma 6.13; 2,

aw

/IX —QN(TO)/|XA no|? = gn (7o ch (6.38)
é)B

OB

On the other hand, Lemmas 6.10 and 6.13, together with the expansion (6.30), yield

+oo
r0) = Z kg (1) Sk (0)
k=1

whence
—+o00
/wXA ‘0o = gi(ro)ci. (6.39)
oB k=1

Plugging (6.38), (6.38) into (6.24), and using Lemma 6.13, 2, we finally obtain

—+o0

Mle=o = 220 +m)w(ro) Y (9n(ro) — gi(ro)) &
k=1

“+ o0

= 20(m + m)w(ro) D (9n(ro) — gr(ro)) ck,
k=N+1
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and (6.37) follows with

C = 2Xo(m +m)w(ro) [gn (r0) — gn+1(r0)] s

which is strictly positive (and universal) by Lemma 6.13, 4. O
6.5. Continuity of the remainder

The aim of this section is to prove the following.

Proposition 6.14. There exist § > 0 sufficiently small and a modulus of continuity n such
that, for any nearly spherical set A of class Ctt with loallcrign-1y <6 it holds that

IAe = Aol <1 (llpallorisv—) [1Xalro,-) - nfF2gv1y (6.40)
uniformly for t € [0,1].

Remark 6.15. Notice that, as it will be clear from the following proofs and as remarked
in [26], Proposition 6.14 holds even for nearly spherical sets A of class C1'*, under the
only constraint that [[p4l|c1.s~-1) is small enough, for some 0 < a < 1. Of course, in
such a case the C1'! norm in (6.40) has to be substituted by the C* norm.

Before giving the proof, it is useful to introduce two lemmas concerning the C''®
convergence of u; to w and the C*® convergence of 1 to i, respectively. Since we obtain
such results by contradiction, exploiting the convergence induced by elliptic regularity,
it is convenient to work in the case a < 1.

For any nearly spherical set A of class C'®, with 0 < a < 1, we denote with u4
the eigenfunction over the whole R associated to the eigenvalue A'(A, RY). As already
remarked, such function exists and is uniquely defined, up to a normalization that we
choose for instance to be in L2(RY). Notice that one could equivalently choose u 4 nor-
malized such that fR Nm AU,24 = 1, and the following discussion would remain unchanged.
Then, we proceed with the following

Lemma 6.16. Fiz 0 < o < 1, R > 0. There exists a modulus of continuity n such that,
for any nearly spherical set A of class CY®, it holds that

lua = wlloro@my < 0 (lpallorasy-1)) -

Proof. We proceed by contradiction. Suppose the existence of a sequence of nearly spher-
ical set Ay, of class C*(9B), satisfying ||¢.al|cr.e(sn-1) — 0 for k — 400, but such that
lwa, — w”cl’a(BiR) > 6, for any k € N and for some § > 0.

However, proceeding as in Section 2, and in particular in Lemma 2.3, one gets con-
vergence in C1® (B_R) of uy, to w, both with the same normalization. Hence we have
reached a contradiction and the proof is concluded. O
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Now we turn to ;. For any nearly spherical set A consider its flow A; := ® 4(¢, B).
Denoting with u 4, the eigenfunction associated to .A;, we can prove the following

Lemma 6.17. Fiz 0 < oo < 1, R > 0. There exists a modulus of continuity n such that,
for any nearly spherical set A of class C1%, it holds that

laa, = wllcoedm) <0 (lealorasy-1)),
where 1 is independent of t € [0, 1].

Proof. Without loss of generality we can assume B CC Bpg. First, we notice that 14,
actually belongs to C% (Bg) for any fixed R > 0 and any ¢ € [0,1]. To this aim, we
consider the function 24, =14, + Vua, - X4.

Since the function Vu 4, solves a problem analogous to (5.3), using (6.10) one can
prove that the function z 4, solves

{—AzAt = Memgug + Nemyza, — div(V(Vug, - Xa)) — MemiVug, - X4 in RV,
[24,] =0, [Onza,]=0 on 0A;

(6.41)
Since Vuy, € W1P(Bg) for any 1 < p < +oo (this follows by elliptic regularity in
LP spaces for uy,), standard elliptic regularity for (6.41) tells us that z4, € C%“ (Bg)
for any « € [0,1). Moreover, by bootstrap, the bound is uniform with respect to t €
[0,1] and A, since |lua,||z1(By) is bounded uniformly with respect to ¢ € [0,1] and A,
when |4, |lc1.o(gn-1y is sufficiently small. The last assertion follows from Lemma 6.16.
Consequently, the same regularity property holds for 4, .

Now we proceed by contradiction. Suppose the existence of a sequence A;, of
nearly spherical sets of class CV® with [pa,[cre@yv-1) = 0 for & — +o0, but
lia, — w||co,a(?R) > ¢§ for some constant § > 0. We remark that the notation A,
is to be intended in the sense that both A and ¢ can change with k. To this sequence we
associate the functions 1, and .

Notice that, since for any 0 < a < 1 the quantity || X 4, |/¢1.«(5y) is bounded uniformly
in k, up to a subsequence there exists a limit X € C(Bg).

The first thing we do is proving an H'(R”") bound for 7, uniformly in k. This can
be done supposing that |1y, || 1 (g~ diverges, and then reaching a contradiction. Since
this is a method that we have already used many times, we will be short.

Rescaling (6.25) by ||ug, || g1 (r~), up to a subsequence the functions 4y, converge
weakly in H'(RY) and in C%* (Bg) (thanks to the uniform bound found above) to a
solution s € HY(RY) of

—As = 5\017103 in ]RN,
[s] =0, [Ons]=0 ondA

QIRN mosw = 0.
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Hence s is a multiple of w, but the integral condition implies that s = 0. Hence, ;, — 0
in 0%« (B_R) However, from the rescaled version of (6.25), one can notice that for &
sufficiently large it holds that |[iy, ||z (rr) < Cllts,[|z2(BR) + 0(1) for some universal
constant C' > 0, which leads to a contradiction.

We have just proved that [y, || z1rn) is uniformly bounded with respect to k. Of
course, analogous properties also hold for .

To conclude, since }\tk — 0 for kK — 400 thanks to Lemma 6.16, and since u;, — w
strongly in H!(RY) (proceeding as in Sections 2 and 3), passing to the limit in (6.25) and
(6.26) it can be noticed that both the sequences #,, and wy, converge up to a subsequence,
weakly in H'(RY) and in C%® (Bg) to a solution in H'(RY) of the problem

—Av = Agringv in RV,
[V] =0, [Onv] =Xo(@+m)wX  -n on OB (6.42)
2f]RN movw = —(M + m) faB w?X - n.

However, as already remarked, there exist at most one solution in H*(RY) to problem
(6.42), so that 7y, and Wy converge in C%* (Bpg) to the same function, and we have
reached a contradiction. O

Now we are ready to prove Proposition 6.14.

Proof of Proposition 6.14. We write \; — Ao := A — B — C, with
2

A=) (m+m)/div(ut2XA) ,

A

B:=2(m+m) )\t/utVut-XAXA~nt—)\0/wVw~n|XA|2 ,
L OA: OB

CZZQ(W—F@) /\t/’lltutXA'nt—)\o/waA-l’l
L 0A OB

Rewriting A as a surface integral on 0.A;, transporting all the integrals on 0B and
denoting with Jr the tangential jacobian associated with J.A;, the above terms can be
rewritten as

2

A=)\ | (M +m) /(quA ny) o ®adry|
oB

B :=2(m+m) )\t/(utVut~ XAXA'nt)o@AJﬂtf)\o/wVw-n\XAF ,
oB OB
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C’:2(m+m) At/(ﬂtutXA‘nt)O@AJ’L,:*)\()/U.)U)XA'H
OB OB

Taking into account that the C® norm of ¢ 4 is controlled by the C'*! norm, the proof
can be concluded using Lemma 6.16 to treat u;, Lemma 6.17 to treat iy, Lemma 6.2 (iv),
(v) to deal with the composition by ® 4, Lemma 5.4 (iii), (iv) (notice that Lemma 5.4
can be easily rewritten in terms of a modulus of continuity) to deal with n, and Jp,
and, to conclude, the continuity of A\; stated in Proposition 6.6. O

End of the proof of Theorem 1.5. Expanding \; in Taylor series up to the second order,
we obtain

M(ARM) = AYB,RY) =

l\D\'—‘

1
>\0+/17t Y(Ae = Ao).
0

The proof can be concluded using Propositions 6.14, 6.11 and Lemma 6.2 (vi) above. O
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