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STAIRCASING EFFECT FOR MINIMIZERS OF THE
ONE-DIMENSIONAL DISCRETE PERONA-MALIK FUNCTIONAL

NicoLA PICENNT

Abstract. We consider the one-dimensional Perona—Malik functional, that is the energy associated
to the celebrated forward-backward equation introduced by P. Perona and J. Malik in the context of
image processing, with the addition of a forcing term. We discretize the functional by restricting its
domain to a finite dimensional space of piecewise constant functions, and by replacing the derivative
with a difference quotient. We investigate the asymptotic behavior of minima and minimizers as the
discretization scale vanishes. In particular, if the forcing term has bounded variation, we show that
any sequence of minimizers converges in the sense of varifolds to the graph of the forcing term, but
with tangent component which is a combination of the horizontal and vertical directions. If the forcing
term is more regular, we also prove that minimizers actually develop a microstructure that looks like
a piecewise constant function at a suitable scale, which is intermediate between the macroscopic scale
and the scale of the discretization.
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1. INTRODUCTION

We consider the one-dimensional Perona—Malik functional with fidelity term, that is the following

PMF (1) ::/O log (1 + u/(2)?) dx—i—ﬂ/o (u(z) — f(x))? da, (1.1)

where 3 > 0 is a positive constant and f € L?((0,1)) is a fixed function. We call forcing term the function f,
and fidelity term the second integral in (1.1), because it penalizes the distance between the function u and the
forcing term.

The principal part of (1.1) is the functional

1
PM(u) := /0 log (1 +v/(z)?) dz, (1.2)
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whose lagrangian ¢(p) = log(1 + p?) is not convex, and has a convex envelope which is identically 0 on R. This
implies that the functional (1.2) is not lower-semicontinuous, and its relaxation vanishes identically on every
reasonable functional space. As a consequence, it is well-known that

inf{PMF (u) : w € C*((0,1))} =0  Vf e L*((0,1)).

The formal gradient flow of (1.2) turns out to be the forward-backward parabolic equation

2uy 2 —2u?
Uy = = Uz
¢ 1442/, (14wu2)?

that is the one-dimensional version of the celebrated equation introduced by P. Perona and J. Malik in [1].

Many different approximations and regularizations of both the functional and the equation have been pro-
posed in the literature in order to try to explain the so-called Perona—Malik paradox, namely the fact that such
an ill-posed problem turns out to behave nicely in numerical applications (see, for example, [2-8]).

The regularization of (1.1) by singular perturbation was considered in [9], where several properties concerning
the asymptotic behavior of minimizers were proved.

Here we focus instead on the approximation obtained by discretization, namely for every positive integer
number n > 2 we consider the functional

DPMF,, (u) := /011/n log <1 + <“(I + 11/;2 - U(m)> ) dz + 8 Ol(u(z) ~ f(x))?da, (1.3)

where the function w is assumed to be constant in each interval of the form [k/n, (k+1)/n), for k € {0,...,n—1}.
Since the space of admissible functions u is finite dimensional and the functional is continuous and coercive,
we know that for every n there exists at least a minimizer. The aim of this paper is to investigate the asymptotic
behavior of these minimizers as n tends to infinity, in the same way as it was done in [9] with minimizers of the
singularly perturbed functional.
Our results are the following.

e For every f € BV((0,1)) we prove that any sequence {u,} of minimizers of (1.3) converges strictly in
BV((0,1)) to the function f. We deduce that a suitable sequence of varifolds associated to {u,} converges
to a varifold supported on the graph of f, but with tangent component consisting of a combination of
horizontal and vertical lines (see Thm. 2.5).

e For every f € H'((0,1)) we compute the asymptotic behavior of the minimum values of the functionals
(1.3) (see Thm. 2.7).

e For every f € C''([0,1]), every sequence of points z,, — T € (0, 1) and every sequence {uy,} of minimizers
of (1.3) we consider the sequences of blow-ups

Un (T, +wW(N)Y) — Un ()
w(n) '

y s U (Tp, + w(n)z)/) — f(xn)

and Y —
w(n

(1.4)

We prove that if w(n) = (logn/n)'/3, then these sequences converge (up to subsequences) to suitable
staircase-like functions, which we can characterize and depend on f’(z) (see Thm. 2.8). This means that
minimizers develop a microstructure at the scale w(n), which is different from the discretization scale 1/n.

These results correspond more or less to those obtained in [9] for the second order approximation of the
Perona—Malik functional. However, we point out that here the first result holds for a more general class of
functions f, since the proof does not rely on the blow-up theorem. A detailed comparison between the results
of the present paper and the results of [9] is provided in Remark 2.10.



STAIRCASING EFFECT FOR MINIMIZERS OF THE ONE-DIMENSIONAL DISCRETE PERONA-MALIK FUNCTIONAL 3

Overview of the technique In the first result the strict convergence of the minimizers to the forcing term is
obtained combining a truncation argument with the usual one-dimensional characterization of the total variation.
In order to prove the varifold convergence, we divide the interval (0,1) into six different zones, depending on
the values of the (discrete) derivative and the distance from (a finite set of) the jump points. Then we consider
the restriction of minimizers to these zones and we show that the limit of each restriction produces a different
component of the limit varifold (or vanishes).

The proof of the other two results, instead, follows the same strategy used in [9]. Indeed we observe that the
blow-ups defined in (1.4) minimize suitably rescaled versions of the functionals (1.3), which have a non-trivial
I-limit. This limit turns out to be finite only on piecewise constant functions, in which case it coincides with
the number of jump points. At this point our second and third results follow from a compactness result, some
estimates on minimum values and the characterization of local minimizers for the limit functional, that we can
obtain thanks to the simple form of this functional.

Structure of the paper The paper is organized as follows. In Section 2 we introduce some notation and we state
the main results. In Section 3 we consider the required reascaling of the discrete Perona—Malik funcitonal, we
compute its I'-limit and we prove a compactness result and some additional properties of recovery sequences.
In Section 4 we consider the limit functional, we provide some estimates for minimum values with and without
boundary conditions, and we characterize the local minimizers. In Section 5 we prove our main results exploiting
the results proved in Section 3 and Section 4.

2. NOTATION AND STATEMENTS

Discrete functions and the discrete Perona—Malik functional For every positive real number § > 0 and every
integer number z € Z we set

Is . :==[29, (2 + 1)9),
and for every real number x € R we consider its upper and lower J-approximations, namely the numbers
T5 = 0|x/0], xy = d[z/d], (2.1)

where for every real number a € R we denote by |a] the largest integer smaller than or equal to «, and with
[a] the smallest integer larger than or equal to a. Let us set also

Zs(a,b) :={z€Z:Is, Clasx b3} ={la/d],...,[b/é] —1}.
Now we consider the following space of discrete functions
PCs(a,b) :={u: [as. b5] = R :uis constant in I5 , Vz € Z5(a,b)},

with the understanding that w(b}) := u (b5 — 9).
We define the discrete derivative D%u as

Diu(z) == M Va € [as., bs — d].

For every positive real number 3 > 0, every open interval (a,b) C R, every function f € L?((a,b)) and every
positive integer number n > 2 we consider the one-dimensional discrete Perona-Malik functional with fidelity



4 N. PICENNI

term

by, —1/n

DPMF,, (8, f, (a,b),u) := / log (1 + Dl/"u(x)Q) de + B/:(“(x) — f(z))?da, (2.2)

A1/n,

defined for every u € PC/y,(a,b).
We now consider the minimum problem for the functional (2.2) on the interval (0, 1), namely

m(n, 3, f) := min {DPMF, (3, f, (0,1),u) : u € PCy,,(0,1)}. (2.3)

We observe that a minimizer exists because the space PC1/,, (0, 1) has finite dimension and the functional is
continuous and coercive with respect to u.
Moreover, for every 3 > 0 and every f € L%((0,1)) it holds that

lim m(n, B, f) =0, (2.4)

n—-+o0o

because of the sublinearity of the logarithm, and therefore, if {u,} is a sequence of minimizers for m(n, 8, f),
we have that

up, — f  in L*((0,1)). (2.5)

BYV functions and strict convergence Here we introduce some notation for bounded variation functions of one
real variable, and we recall the definition and some basic properties of the strict convergence.

We denote by BV ((a,b)) the space of functions of bounded variation on an interval (a, b). For a function u in
BV ((a,b)) we denote by Du its derivative, which is a signed measure, that can be decomposed into the sum of
its diffuse part Du and its atomic part D”u (see [10], Sect. 3.9). Using the Hahn decomposition, we can further
decompose these measures into their positive and negative parts, so we can write

Du=Diu— D_u, Du = 5+u — D_u, D7y = Diu — D7,
and, consequently,
Diu= 5+u + Diu, D_u=D_u+ D’u.

As usual, we set |Du| := Dyu+ D_u. We also denote by S, := {z € (a,b) : Du({z}) # 0} the jump set of
u, that we divide into the two sets

St :={z € (a,b): Du({z}) >0} and S, :={z € (a,b) : Du({z}) < 0}.

Finally, for every bounded variation function of one real variable v we always consider representatives that
are continuous outside the jump set, while for x € S, we set

u(z™) = lim u(y), uw(z™) == lim u(y),

y—x— y—axt

and

Ju(x) := |liminf u(y), limsupu(y)| = [min{u(z™), u(z")}, max{u(z~),u(=z")}] .

y—z y—x
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We recall the definition of strict convergence of bounded variation functions (see [10], Def. 3.14).
Definition 2.1 (Strict convergence). Let (a,b) C R be an interval. A sequence of functions {u,} C BV ((a,b))

converges strictly to some us, € BV ((a,b)), and we write

Up X3 Uso  in BV ((a,D)),

Up — Uso i L'((a,b)) and |Duy|((a,b)) = |Dus|((a,d)).
A sequence of functions {un} C BVjoe(R) converges locally strictly to some uo € BVjoe(R), and we write
Up 22 Uoo 11 BVjoe(R),

if up 32 Uso in BV ((a,b)) for every interval (a,b) C R whose endpoints are not jump points of the limit uqo.

Remark 2.2 (Consequences of strict convergence). Let us assume that w, 33 us in BV ((a,b)). Then the
following facts hold true.

(1) Tt turns out that {u,} is bounded in L*°((a,b)), and u,, — us in LP((a,bd)) for every p > 1 (but not
necessarily for p = +00).
(2) For every z € [a,b], and every sequence x, — z, it turns out that

lim inf ueo (y) < liminf w, (z,) < limsup u, (z,) < limsup e (y),
y—x n—-+00 n—-+o00 Yy—x

and in particular w,(2,) = uso(z) whenever u, is continuous in z, and the convergence is uniform in
(a, b) if the limit u is continuous in (a, b).

(3) It turns out that w, 3% us in BV((c,d)) for every interval (c,d) C (a,b) whose endpoints are not jump
points of the limit ..

(4) The positive and negative part of the distributional derivatives converge separately in the closed interval
(see [10], Prop. 3.15). More precisely, for every continuous test function ¢ : [a,b] — R it turns out that

lim () dDjup(z) = (2) dDjuso (),

n=+00 Jg,b] [a,b]

and similarly with D_u, and D_ux.

Staircase-like functions Before stating our results we also need to introduce some notation and to recall some
terminology that was used in [9] to describe staircase-like functions.

Definition 2.3 (Canonical staircases). Let S : R — R be the function defined by

Vo € R.

() =2 {x—&- 1J

For every pair (H,V') of real numbers, with H > 0, we call canonical (H,V)-staircase the function Sy v :
R — R defined by

Suyv(x):=V-S(z/H) vz € R. (2.6)
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Roughly speaking, the graph of Sy is a staircase with steps of horizontal length 2/ and vertical height
2V. The origin is the midpoint of the horizontal part of one of the steps. The staircase degenerates to the null
function when V' = 0, independently of the value of H.

Definition 2.4 (Translations of the canonical staircase). Let (H,V) be a pair of real numbers, with H > 0,
and let Sy be the function defined in (2.6). Let v:R — R be a function.

e We say that v is an oblique translation of Sg v, and we write v € Obl(H, V), if there exists a real number
70 € [—1,1] such that

v(z) =Spv(x—Hm)+ V1o Vz € R.

e We say that v is a graph translation of horizontal type of Sy, and we write v € Hor(H, V), if there
exists a real number To € [—1,1] such that

v(z) = Su,v(z— Hrp) Vr € R.

e We say that v is a graph translation of vertical type of Su,v if there exists a real number 79 € [—1,1]
such that

v(z) =Spyv(e—H)+V(1-—m) Vo € R.

Main results We can now state our main results. The first one improves the convergence (2.5) of minimizers
to the forcing term in the case in which f has bounded variation.

Theorem 2.5. Let > 0 be a positive real number and let f € BV ((0,1)) be a function. For every integer
n > 2 let u, € PCy/,(0,1) be a minimizer for the problem (2.3). Then the sequence {un,} converges to f in the
following senses.

(1) (Strict convergence). It turns out that u, 23 f strictly in BV ((0,1)).

(2) (Convergence as varifolds). Let @, : [0,1] — R denote the piecewise affine function such that u,(z/n) =
un(2/n) for every z € {0,...,n}, so @, (x) = DY™u(x) for every x € (0,1)\ {1/n,2/n,...,(n—1)/n}.
Then for every continuous test function

1t turns out that

1

lim ¢ (2, Uy (2), arctan(u), (z))) /1 + u, (z)? dx

n——4oo

1

= [ ot s 0+ [0 (ns@.5)abus@) + [0 (e, F) ab s

+ [ e(ee3) w2 [ olesg)a o

T
zESf

Remark 2.6 (Varifold interpretation). Let us limit ourselves for a while to test functions such that
o(z,8,7/2) = ¢p(x,s,—m/2) for all admissible values of z and s. Let us observe that the function p — arctan(p)
is a homeomorphism between the projective line and the interval [—m/2,7/2] with the endpoints identified.
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Under these assumptions we can interpret the two sides of (2.7) as the action of two suitable varifolds on the
test function ¢.

In the left-hand side we have the varifold associated to the graph of @, in the canonical way, namely with
“weight” (projection into R?) equal to the restriction of the one-dimensional Hausdorff measure to the graph
of u,, and “tangent component” in the direction of the derivative @/,. In the right-hand side we have a varifold
with

e “weight” equal to the one-dimensional Hausdorfl measure restricted to the complete graph of f (namely
the graph with the addition of the vertical segments {z} x J¢(z) that join the extremities of the graph
at jump points x € Sy), multiplied by the density

1| f ()] if S duy=
Iz,y) = VHT@E T # Sp andy = (@),
1 if z € Sy and y € J¢(x),

with the understanding that

L+ (@) _

L+ [fi@)P
if f'(x) = foo. In this way, we can give a meaning to the this expression for every x € (0,1) outside a
set that is negligible with respect to both the Lebesgue measure and |Df|. In particular, 9(x,y) is well
defined for H! almost every (z,y) in the complete graph of f.
e “tangent component” in the point (x,y) equal to

T(o,y) = A@) 01,0y + (1= A(@)) b(0,1), if z ¢ Sf and y = f(x),
9 d(0,1) ifzeSfandye Jr(x).

where (1,9 and 0(g,1) are the Dirac measures concentrated in the horizontal direction (1,0) and in the
vertical direction (0, 1), respectively, and

1
M) = TR

with the understanding that A(z) = 0 if f/'(z) = £oo. As above, it turns out that T'(z,y) is well defined

for H! almost every (z,y) in the complete graph of f.

It follows that statement (2) of Theorem 2.5 above is a reinforced version of varifold convergence. The
reinforcement consists in considering the vertical tangent line in the direction (0, 1) as different from the vertical
tangent line in the direction (0, —1).

In order to state the next results, for every integer n > 2 let us set

logn 1/3 1 1
w(n) = < - ) and d(n) = neo(n) = (logm)1/3° (2.8)

The next theorem concerns the asymptotic behavior of minimum values and applies to more regular forcing
terms f € H((0,1)).
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Theorem 2.7. Let 3> 0 be a positive real number and let f € H'((0,1)). Then the minimum value defined in
(2.3) satisfies

1
lim m(n7,37 f) _ 51/3/ |f/($)|2/3 dx.
0

n—too  w(n)?

Finally, in the last main result we consider the case in which f is of class C', and we prove that the blow-
ups of minimizers (namely the functions defined in (1.4)) converge to translations of a suitable staircase, with
parameters depending on the derivative of f in the center of the blow-ups.

Theorem 2.8. Let 3 > 0 be a positive real number and let f € C1([0,1]) be a function. For every integer n > 2
let u, € PCy,,(0,1) be a minimizer for the functional (2.2). Let also {x,} C [0,1] be a family of points such
that ©,, = ky,/n for some k, € {0,...,n—1} and z, = 2o € (0,1).

Let us consider the functions v,, wy, € PCs(y)(—n/w(n), (1 —x,)/w(n)) defined by

un (@ +w(n)y) — f(zn)

wy(y) == () , (2.9)
on(y) = &t wg”zly; — un(@n). (2.10)

and let us consider the canonical (H,V')-staircase with parameters

1 1/3 /
H = (W) . V= fl(we)H, (2.11)

with the understanding that this staircase is identically equal to 0 when f'(z) = 0.
Then the following statements hold true.

(1) The sequence {w,} is relatively compact with respect to locally strict convergence, and every limit point is
an oblique translation of the canonical (H,V')-staircase.
More precisely, for every sequence {ny} of integer numbers such that ny — +00, there exist a subsequence
{nk, } and a function we, € ObI(H, V) such that

w”kh 2 Woo m B‘/lOC(R)~

(2) The sequence {v,} is relatively compact with respect to locally strict convergence, and every limit point is
a graph translation of horizontal type of the canonical (H,V')-staircase.
More precisely, for every sequence {ny} of integer numbers such that ny — +o00, there exist a subsequence
{nk, } and a function ve, € Hor(H,V) such that

Vn, 33 Voo in BV,.(R).

(8) For every w € Obl(H, V) there exists a sequence {z,} C (0,1) such that

x, —x
limsup ~*—" < H, (2.12)
n—+too  w(MN)

and

Un (7, + w(n)g);) — f(ay) ww(y)  in BVie(R). (2.13)

w(n
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(4) For every v € Hor(H,V) there exists a sequence {z,} C (0,1) such that (2.12) holds and

w(n)

) wo(y) in BVe(R). (2.14)

Remark 2.9 (Interpretation of Theorem 2.8 in the framework of [11]). As it was pointed out in [9], Remark 2.12,
from this statement one can easily deduce some properties of the sequence of maps U, : (0,1) = BVj,.(R) that
associate to any point x € (0, 1) the functions

Un()(y) ==

9

un(z + w(n)y) - f([l))
)

w(n

where u,, is extended to R by setting w,(x) = u,(0) for z < 0 and u,(x) = u,(1) for > 1.

In particular, if we endow BVj,.(R) with any distance that induces the locally strict convergence, then
Theorem 2.8 implies that for every interval [a,b] C (0,1) the graphs of the restrictions of U, to [a,b] converge
in the HausdorfT sense to the set {(z,S) € [a,b] x BVj,(R) : S € Obl(H(z),V(z))}, where H(x) and V (z) are
defined as in (2.11) with o = x, and the understanding that Obl(H (z), V(z)) contains only the null function
if f/(z) =0.

As it was also observed in [9], Remark 2.12, from this we deduce also that the Young measures associated to the
sequence {U, } converge to the map which associates to every x the probability supported on Obl(H (z),V (z))
that is invariant by oblique translations. This is the notion of convergence introduced in [11] to deal with multi-
scale problems, with the difference that here we consider Young measures on BV,.(R) endowed with the locally
strict convergence, which is much stronger than the weak* convergence in L.

Remark 2.10 (Differences and analogies with the second order approximation). Let us compare the above
results to the results obtained in [9] for the second order approximation of the Perona—Malik functional.

e Theorem 2.5 corresponds to [9], Theorem 2.14. Here, however, we only assume that f € BV((0,1)), while
in [9], Theorem 2.14 it is assumed that f € C*(]0,1]).

This is an important difference, because in [9] the proof of the strict convergence was based on the blow-up
result, which holds only for C* forcing terms, while here the proof of the strict convergence relies on a
truncation argument, which does not require regularity of the forcing term, but cannot work when second
derivatives are involved.

In both cases, the varifold convergence is then deduced from the strict convergence, but here it requires
more work, because the forcing term can have jumps.

e Theorem 2.7 corresponds to [9], Theorem 2.2. Again, here we assume only that f € H'((0,1)), while in
[9], Theorem 2.2 it is assumed that f € C1([0,1]).

However, in this case the proofs are similar, and actually it would be possible to extend [9], Theorem 2.2
to forcing terms of class H', basically with the same modifications that we have introduced here, as it
was already claimed in [9], Section 8.

e Theorem 2.8 corresponds to [9], Theorem 2.9. Here the only difference is that vertical translations of the
canonical staircase cannot arise as limits of blow-ups with the discrete approximation, because discrete
functions are not continuous, but have actual jumps near the jump points of the staircase.

As for the proof, the ideas are basically the same, with the notable difference that in the case of the
discrete approximation it is easier to obtain a uniform bound on the rescaled energy, so here we do not
need the iterative argument of [9], Proposition 6.5.

Remark 2.11 (Possible extensions and open problems). In view of our results, some questions arise naturally.

e (Less regular forcing terms) While the statement of Theorem 2.5 does not make sense if f ¢ BV ((0,1)),
it is natural to ask whether the regularity assumptions on f in Theorem 2.7 and Theorem 2.8 could be
weakened.
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Concerning Theorem 2.7, the H! regularity is required for the estimate (5.24), that is needed to replace
the forcing term with a piecewise affine interpolation. While this might seem just a technical step, an
heuristic argument described in [9], Open Problem 3 suggests that the vanishing order of the minimum
values could be larger than w(n)? if f just belong to some Sobolev space W1P((0,1)) with p € [1,2).
As for Theorem 2.8, the C' regularity is required to ensure the convergence of the rescaled forcing term
(5.32) to a linear function, which corresponds to the second assumption in Proposition 4.6. If f is less
regular one could probably obtain the compactness of the blow-ups when the sequence {x,} is chosen in
such a way that the resulting functions in (5.32) converge at least in L? (R) to some function go.. Then,
when g is linear, one also obtains the characterization of all possible limits of blow-ups. In particular, if
f € H((0,1)) one could find such sequences around the Lebesgue points of f’, but of course there could
be points z, for which there are no such sequences converging to .

¢ (Higher dimensional case) Since the original Perona—Malik equation was originally formulated in the two-
dimensional setting, it is natural to ask whether the results of the present paper can be extended to the
higher-dimensional case. This is a difficult problem, since many additional difficulties arise. For example,
in order to extend Theorem 2.5, one needs to estimate the total variation of minimizers, for which we lack
the simple one-dimensional formula. We also suspect that (5.1) might fail for fixed n € N, because of the
example in [12], Theorem 2.17.
As for Theorem 3.1, which is the main ingredient for the other main results, it is probably possible
to extend the I'-convergence and compactness statements, but in general it is not possible to construct
recovery sequences with prescribed boundary data, even if they are assumed to converge uniformly.
Moreover, the characterization of all entire local minimizers for the two-dimensional version of the
functional (3.18) seems to be a challenging problem, that we plan to investigate in some future research.

3. THE RESCALED FUNCTIONALS

3.1. Gamma-convergence and compactness

This section deals with a rescaled version of the discrete Perona-Malik functionals that arises naturally
in the study of the minimum problem (2.3). The convergence of different rescalings of the discrete Perona—
Malik functional (and of the corresponding gradient-flows) has been widely investigated in the last decades (see
[5, 12-19]). The particular rescaling that we need here is the following

L[l DY Mu(@)?) de it u € PCyny(asb
]_ n i S n 9 9
RDPM,, ((a, b), u) := w(n)? /as(n)’* og( + u(w) > T 1u 3( )(CL ) (3.1)
400 otherwise,

where w(n) and §(n) are defined by (2.8) and as(,),« and b, are defined according to (2.1).

The T'-limit of functionals analogous to (3.1) has been computed in [15], relying on the characterization of
the local minimizers with Dirichlet boundary conditions. Actually, these functionals also fit, at least partially,
into the framework of [20], where a general theory for discrete functionals with convex-concave lagrangians was
developed. More precisely, the functionals (3.1) satisfy the assumptions of the liminf inequality [20], Theorem 3.1,
but not the assumptions for the pointwise convergence and the limsup inequality [20], Theorem 3.2, whose proof
anyway is quite elementary.

However, here we also need a compactness statement, and some additional properties of recovery sequences
that are not provided in those papers, nor can be easily deduced from the proofs contained therein.

Hence we include here a different proof of the I'-convergence, a compactness result and some additional
properties of recovery sequences for (3.1) which are inspired by the ideas used in [9, 21, 22] with the second
order approximation.

In order to give precise statements, we need to define the space S((a, b)) of step functions with finitely many
jumps on an interval (a,b), that is the space of all functions u : (a,b) — R for which there exists a finite (or
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empty) set S, = {s1,...,8m} C (a,b), a constant ¢ € R and a function J, : S;,, — R\ {0} such that

u@) =c+ »_ Ju(@)ly(z) Vo€ (ab).

sESy

Equivalently, the space S((a,b)) may be defined as the space of functions in u € BV ((a, b)) such that Du = 0
and S, is finite.

Consistently with the notation that we introduced for BV functions, we call jump points of u the points in
S, and for every jump point z € S, we denote by u(z™) and u(xz™) the two values of u near x.

Similarly, we write u(a) and u(b) to the denote the values of a function v € S((a, b)) near the endpoints of
the interval, even if the function is defined only in the interior.

We also define the set Sj,.(R) of all functions u : R — R whose restriction to every bounded open interval
(a,b) belongs to S((a,b)).

For a function u € S((a,b)) and an open interval Q C (a,b) we define the functional

J(Q,u) :=H°(S. NQ), (3.2)

that simply counts the number of jump points of u in €.
The result is the following.

Theorem 3.1. Let (a,b) C R be an interval and p € [1,+00) be a real number. Then the following statements
hold true.

(1) Let {ny} be a sequence of integers such that n — +oo, and let {uy} C LP((a,b)) be a family of functions
such that

sup {RDPM.,, ((a,b), ux) + ||uk|lcoc} < +00.
kEN

Then there exist a sequence of positive integers kj, — +oo and a function u € S((a,b)) such that ug, — u
in L?((a,b)).

(2) Let us extend the functional J((a,b),u) to LP((a,b)) by setting it equal to 400 outside its original domain.
Then for every function u € LP((a,b)) and every sequence {un} of functions such that u, € PCs)(a,b)
for every n > 2 and u,, — u in LP((a,b)) it turns out that

lim inf RDPM,, ((a, b), uy,) > %J((a, b),u). (3.3)

n—-+oo

(3) For every function u € S((a,b)) there exists a sequence {uy} of functions such that u, € PCjs,)(a,b) for
every n > 2, u, — u in L?((a,b)) and

lim sup RDPM,, ((a, b), ) < %J((a, b), u). (3.4)

n—-+o0o

(4) Let u € S((a,b)) be a nonconstant function and let {A,} C R and {B,} C R be two sequences of real
numbers such that A, — u(a) and B, — u(b). Then there exists a sequence of functions {u,} such that
un € PCs(ny(a,b) for every n > 2 and the following hold

un(a) = Ap, un(b) = By, u, = u in LP((a,b)),

lim RDPM,((a,b), un) = é,JI((a,b),u). (3.5)

n——4oo 3
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If u € S((a,b)) is constant, the same holds if we replace (3.5) with

lim sup RDPM,, ((a, b), uy,) <

n—-+o0o

[SUNRTN

(5) Let u € S((a,b)) be a function, {ny} be a sequence of integers such that ny — +oo and {ux} be a sequence
of functions such that uy, € PCsy,)(a,b) for every k € N, up, — u in LP((a,b)) and

lim RDPM,, ((a,b),ur)) = ;l,]]((a,b),u). (3.6)

k—+oco

Then actually uy, 3 u strictly in BV ((a,b)).
Moreover, for every compact set K C R such that u=*(K) = ) it turns out that also uy ' (K) = () when k
is sufficiently large.

(6) Let u € S((a,b)) be a constant function, {ni} be a sequence of integers such that n — +oo and {uy} be
a sequence of functions such that up € PCy,,(a,b) for every k € N, up — u in LP((a,b)) and

lim sup RDPM,,, ((a,b), ug)) <

k——+oo

C.O\'-lk

(3.7)

Then actually uy, 23 u strictly in BV ((¢,d)) for every interval (c,d) with a < ¢ < d < b. In particular,
since u is continuous, the convergence is also locally uniform.

Proof. We start with the compactness statement (1), whose proof contains the main ideas also for the proof of
the subsequent statements.

Statement (1) For every k € N let us set

Ak: = {Z S Z(;(nk)(a,b) . ’Dé(nk)uk(Z(s(nk))‘ > W}, (38)

We observe that

lim sup RDPM,,, ((a,b), uy) > limsup Z

log (1 + DY)y, (28(np))? ) 8(ny)
k—4o00 k—+oc0 2€AL k)

1 nA/3
> limsup log | 1+ M
k—+o00 Z;;k log ny ( (log nk)22/3

= lim sup %HO(Ak). (3.9)

n—-+o0o

Since the left-hand side is finite, we deduce that the cardinality of Aj is uniformly bounded and hence
there exists a subsequence (not relabelled) such that H°(Ay) is constant, namely Ay consists of m integers
Zh < ee <2

So let us set zi := (2 + 1)d(ng) and Ji = ug((z} + 1)6(ng)) — uk(25.6(nk)) for every k € N and every
ie{l,...,m}.

Since |Jug | s is bounded, up to a further subsequence, we can assume that = — z* € [a,b] and J{ — J* € R
as k — 4oo for every i and also ui(a) — ¢ € R.
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Now we consider the function u € S((a,b)) defined by

m

u(@) = c+ Y T Uy (@), (3.10)

i=1

and we claim that uy — w in LP((a,b)). We point out that some of the values J* could vanish, some of the
points x* could coincide, while others could be located at the boundary {a,b}, so the jump set S, might consist
of less than m points. In any case, (3.10) is a well-defined function that belongs to S((a,b)).

To prove our claim, let us introduce the functions

vi(x) == ug(a) + J,gn[wgw](x) V2 € [5(ny) 0 Ui (ng) -
i=1

We observe that vy, € PCjp,)(a,b) and that vy, — win LP((a,b)) because each addendum in the sum converges
to the corresponding addendum in (3.10).

Therefore it is enough to prove that |[ux — vi|lLr((a,p)) — O-

To this end, we introduce the sets

1
< ’D‘;("’*‘)uk(zé(nk))‘ < s }

Bk = {Z S Z(;(nk)(a,b) : (nk)(lognk)4

log ny,

, 1
Cp = {Z € Zsny)(a,b) : ’Dé(nk)uk(Z(s(nk;))‘ < 1ognk}'

We can estimate the cardinality of By in the following way

RDPM,,, ((a,b), u) > Z e log (1 + Dé(nk)uk(zé(nk))2) d(nk)
zEB

As a consequence we obtain that

Z [ur((z + 1) (nx)) — ur(26(ni))| = Z ‘Dé(nk)uk(za(nk)) 6(ny)

zEBy, z€By
1
—(n
d(ng)(logng)* ()
RDPM,,, ((a,b), ux)
= (logng)? - log(1 + (logny)=2)’

< H(By) -

(3.11)

and we observe that the right-hand side goes to zero as k — +oo.
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Moreover, we have that

> (= + 1)30m)) = we(z0(0))] = > | DT g (20(n4)| 8(s)
z€Ck z€Cy
6(nx)

< H(C) - Tog s

bz(nk) = A§(ny),* ) 5(“}6)
- 5(ny) log ny,’

(3.12)

and again the right-hand side goes to zero as k — +oo.
Now we observe that

ur(@) —wn(@) = Y (un((z + 1)8(m)) = ur(28(nk))) Lt 1)50m).0) (@)

ZEZ{;(nk)(a,b)

= > (= + 1)d(me)) = wn(28(n1)) Liiz1)5m0),0) (): vz € (a,b)
z€EAg

Therefore we deduce that for every = € (a,b) we have that

jur(@) —or(@)] < D7 Jun((z + 1)3(n)) — ur(z6(ny))],

z€BRUCK

and the right-hand side goes to zero as k — +oo thanks to (3.11) and (3.12). This implies that actually
ug — vk — 0 uniformly, and this concludes the proof of the statement (1).
We point out that the argument used in (3.9) yields

4
lim inf RDPM,,, ((a,b), ug) > lkim inf RDPM.,, ((a, b), vx) > 3m > = J((a,b),u), (3.13)

k—+o0 —+o00 -

Q| >~

for every sequence {uy} such that eventually H%(Ay) = m.

Statement (2) We now focus on the liminf inequality (3.3). Without loss of generality we can assume that the
liminf is finite, so we can find a sequence {ny} of integers such that ny — 400 and

lim inf RDPM., ((a, b), u,) = kligl RDPM,,, ((a,b), ty, ) < +o0.
—+o0

n—-+oo
Now let us set T := ||ul|co + 1, and let us consider the functions
w(x) := min{T, max{—T, up, (x)}}.
Then ||wg||oo is uniformly bounded by T', and we have that

RDPM,,, ((a,b), ty, ) > RDPM,, ((a,b), wy),

and that wy — u in LP((a, b)), because |wg(z) — u(x)| < |up, () — u(x)| for every x € (a,b).
Therefore from statement (1) and (3.13) we deduce that, up to the extraction of a subsequence, it holds

lim RDPML,, ((a,b), un,) > lgminfRDPMnk((a,b),wk) > J((a,b),u),

k— 400 — 400

which implies (3.3).
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Statement (3) In order to prove the limsup inequality (3.4), we first observe that if u € S((a,b)) is constant,
a recovery sequence without boundary conditions is just given by u, = u. If u € S((a,b)) is not constant, the
limsup inequality is an immediate consequence of the stronger statement (4), that we prove below.

Statement (4) Let a <x' < --- < 2™ < b be the jump points of u and u®,u', ..., u™ be the values of u in the
m + 1 intervals (a,z'), (z,2?),...,(2™,b). Since u € S((a,b)) is not constant, it has at least one jump point,
namely m > 1.

Fori € {1,...,m} and n > 2 let us set z¢, := 6(n)|x?/5(n)]. Now we consider the functions

A, ifzxe [atg(n)y*,x;),
up(x) = ut ifx € 2!, i) for some i € {1,...,m — 1},

n? n

By, ifw € [a7, b5,

We observe that u, € PCs,(a,b) and

b m
/ Jun(@) = u(@)P dz < |4y — u(@)[P(z;, — a) + Y 2fullEe (@’ — 23,) + | B — u(®)[P(b— a7,

i=1

hence u, — u in LP((a,b)).
Moreover, we have that

lim RDPM,((a,b),u,) = lim

n—-+oo n——+oo w(n)2

+ %ng <1 + Lﬂn_ “i)2> +log (1 I s 5_(3;1)2)]

If u is constant and the boundary conditions {4, } and {B,} are different, we can not approximate u with
constant functions. The best we can do is to fix z, € Zs5(n(a,b) \ {[a/d(n)]} and consider the functions

( ) An if v € [aé(n),*azné(n))a
Uy () 1=
By if w € [206(n), b3, |-

What we get is that

, _ 5(n) (B, — A,)? 4

Statement (5) Let us set T = ||ul|oo + 1 and

wi(x) := min{T, max{-T, ux(x)}}.
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We observe that ||wg|| is bounded by T', that wy — w in LP((a,b)) and that

%y((a,b),u) — lim RDPM,, ((a,b), ux)

k—+o00

> lim sup RDPM,,, ((a, b), wy,)

k—+4o00

> lim inf RDPM,,, ((a, b), wy)

k—>+oo

2 gJ((CL, b)vu)v

where the last inequality follows from statement (2)
Now {wy} fits into the framework of statement (1), so we can repeat the arguments used in the proof of
statement (1), with wy in place of uj and the additional information that

lim RDPM,, ((a,b),wy) = ;lJ((a, b),u).

k—-+4oco

In particular, since (3.13) becomes a chain of equalities, we deduce that for any subsequence {kj} such that
HO(Ag, ) = m, we actually have J((a,b),u) = m, hence H°(Ay) = J((a,b),u) eventually for large k (here Ay is
defined as in (3.8), with wy in place of uy).

Moreover, from the expression for the limit (3.10) and J((a, b),u) = m, we deduce that a < ! < --- < 2™ < b,
and that the total variation of w is given by

|Dul((a, b)) Z |T).
On the other hand the total variation of wy, is

|Dwil((a,0) = Y |wel((z + 1)d(nk)) — wi(20(n))]

ZEZ&(nk) (a,b)

Z\JkH > Jwil(z + 1)8(nk)) — wi(26(ni))l,

z€BRUCK

where the numbers J; and the sets By and Cy are defined as in the proof of statement (1), but with wy, in place
of uy.
The last sum tends to zero as k — +o0o thanks to (3.11) and (3.12), hence we have

m

lim |Dwg|((a,b)) Z|JZ| = |Du|((a, b)),

k——4o00

which means that wy, 23 u strictly in BV ((a,b)).
Now from the strict convergence of {wy} and Remark 2.2 we deduce that for every sequence {z} C (a,b)
such that x — = € [a, b] we have that

lim inf u(y) < liminf wy(zx) < limsup wg(zg) < limsup u(y). (3.14)
y—z k— 400 k— 400 y—x
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This implies that |wg(x)| < T for every = € [a(;(nk),*,bg(nk)] if k is sufficiently large, and hence wy = uy
eventually. Therefore it holds also that uj 22 u.

Now we prove the second part of statement (5). To this end, let us assume by contradiction that there exists
a subsequence (not relabelled) and a sequence of points {1} C (a,b) such that ug(zx) — 7 for some v € R that
does not belong to the image of wu.

Up to a further subsequence, we can assume that z; — = € [a, b], so from (3.14) we deduce that

liminf u(y) < v < limsup u(y), (3.15)

y—x y—x

and in particular = € (a,b) is one of the jump points of w.
Let n > 0 be such that [x —n, 2z +n] C (a,b) and z is the only jump point of  in [z —n, z + 1], so in particular

{u(x —n),u(x +n)} = {hggigfu(y), lim sup u(y)} . (3.16)

Yy—x

Then, at least for k sufficiently large, we know that Ax N Z50,,y(x —n, 2 +n) = {zi}.
Therefore we have that

ug (k) = up(z —n) + > (ur((2 + 1)0(n1)) = wk(26(nx))) Liz41)5(ns) b5, ) ()
2EZ5(ny) (x—n,2+1)

= up(x —n) + (ur((z], + 1)6(nr)) — ur(246(nr))) Li(ei1)s(mi) b3, 1 (F0)

+ > (ur((2 + 1)(nx)) = ur(20(n8))) Lz 41)50m0) 85,1 ()
2€Z5(n,,) (—nx+m)\{zL}

and the last sum goes to zero because of (3.11) and (3.12). Hence the only possible limits for uy (zx) are u(z —n)
and u(x —n) + J* = u(x + 7).
In any case, this is a contradiction with (3.15) and (3.16).

Statement (6) The argument is basically the same used to prove statement (5), but in this case from (3.13)
we deduce only that eventually H°(Ay) € {0,1}.

If we consider a subsequence such that Ay = (J, then from (3.11) and (3.12) we obtain that the convergence
is strict on (a, b).

So let us consider a subsequence such that H°(Ax) = 1. Since u is constant, from (3.10) we deduce that
either J1 =0 or 2! € {a,b}.

In the first case, we have again strict convergence on (a,b) thanks to (3.11), (3.12) and J} — 0, while in the
second case we have strict convergence on every subinterval (c, d), because eventually =% ¢ (c,d). O

Remark 3.2. We point out that the L> bound on uj in statement (1) cannot be replaced by an LP bound.
Indeed, let {u,} be a sequence of functions in PCj,)(a,b) that vanish everywhere but in one of the intervals
of length §(n), in which u,, takes the value d(n)~1/P.

Then |Juy| L» = 1 for every n, and

. . 20(n) 1 4 p+1
oJm  RDPM((a,b),un) = Tim = s log (1 + 5(n)2+2/1’> =3

but {u,} does not converge strongly in LP.
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3.2. Minimum problems with fidelity term

We can now add the fidelity term to the functionals (3.1), so we obtain the functionals

b
RDPM,, ((a,b),u) + [3/ (u(z) — f(z))*dz  if u € PCsn(a,b),

+00 otherwise.

RDPMF,, (8, f, (a,b), u) := (3.17)

Since the fidelity term is continuous with respect to the metric of L?((a,b)), we deduce that the T-limit of
(3.17) with respect to the L? convergence is the functional

b
IF(a, B, £, (a,b),u) = a J((a, b), ) +5/ (u(z) — ()2 dz, (3.18)

with oo = 4/3.
Now we restrict ourselves to the case in which (a, b) = (0, L) for some L > 0 and f(x) = Mz for some M € R,
and we consider the following minimum problems without boundary conditions

tin (B, L, M) := min {RDPMF,, (8, Mz, (0,L),u) : u € PCs(,)(0, L)}, (3.19)
w(a, B, L, M) := min {JF(e, 8, Mz, (0, L),u) : u € S((0,L))}, (3.20)

and the following minimum problems with boundary conditions

1 (B, L, M) := min {RDPMF,, (8, Mz, (0, L), u) : w € PC(n(0, L), u(0) = 0,u(L) = ML}, (3.21)
w*(a, B, L, M) := min {JF(a, 8, Mz, (0, L), u) : uw € S((0, L)), u(0) =0,u(L) = ML}. (3.22)
In the following result we list some properties of these minimum problems that we need in the sequel.
Proposition 3.3. The minimum problems in (3.19) through (3.22) have the following properties.

(1) There exist minimizers for (3.19), (3.20) and (3.22) for every choice of the parameters (o, 5, L, M) €
(0,+00) x R and for every n > 2. For (3.21) the same holds provided that L > 6(n).
(2) For every admissible choice of n,a, 3, L the functions

MHH/’L(/B7L’M)7 MH/'L(O[7/B’L’M)7
MHM;;(B7L7M)’ MHM*(OC?/B7L7M)

are even, continuous in R and nondecreasing in [0, +00).
Moreover, it turns out that

2
py (B, L, Ma) < (%ﬁ) iy (B, L, My) (3.23)

for every My > My > 0.
(3) For every admissible choice of n,«, 8, M the functions

LHMn(ﬁvLaM% L’-)/A(O[,B,L,M), LHM*(OK,Q,L,M)

are nondecreasing in (0, +00).
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As for pk (B, L, M), it turns out that

log(2M? +2)  BM?5(n)3
+
logn 3

Fn (&L}(n),M) < pn(B,L, M)+ (3.24)

for every L > &(n), where L(”g(n) is defined according to (2.1).
(4) For every admissible choice of B, L, M it turns out that

lim (8, L, M) = p(4/3,8, L, M), lim_p5(8, L, M) = pi*(4/3, 8, L, M).

n—-+oo

(5) For every admissible choice of B, L it turns out that

lim  sup (8, L, M) — p(4/3, 6,1, M) =0 ¥My >0,

lim  sup [uh(8, L, M) — i (4/3,8,L, M) =0 My > 0.

Proof. The arguments are quite standard, and similar to those used in the proof of [9], Proposition 3.4. The
main difference is that discrete functions cannot be rescaled horizontally because that would alter the length of
the steps. For this reason Statement (3) requires a bit more work.

Statement (1) The existence of minimizers for u, and p follows from the coercivity of the fidelity term,
because the space PCj,)(0, L) is finite dimensional and the functional is continuous. In the case of u;; we
also need that L > d(n), otherwise the space of functions in PCj,)(0, L) satisfying the boundary conditions is
empty.

For p, it is just a simple application of the direct method in the calculus of variations, since the functional
JF is coercive and lower semicontinuous on S((0, L)) with respect to the weak BV topology.

The problem is slightly less trivial for p*, since the boundary conditions do not pass to the limit. However, it
is enough to relax the boundary conditions by considering the following functional without boundary conditions

JF(e, B, Mz, (0, L), u) + alg (0} (u(0)) + alp\(mry (u(L)).

The existence of a minimizer v € S((0, L)) follows now from the direct method. Then we can prove that v
verifies the boundary conditions by comparing the value of the functional with a competitor v, that is equal to
vin (r,L —7), equal to 0 in (0,7) and to ML in (L — 7, L), where 7 € (0, L/2). When 7 is small enough, it may
be seen that if v does not respect the boundary conditions, then v, contradicts the minimality of v.

Statement (2) Symmetry and continuity are trivial. As for the monotonicity, let us fix My > M7 > 0 and let
ug be a minimizer for u, (8, L, Ms). Let us set u; = (M71/Ms)us. Then it turns out that

RDPML,, ((0, L), u1) < RDPM,,((0, L), us)
and

M,

/OL(M — Myz)*de = <%)2 /OL(U2 — Maz)*dr < /OL(ug — Myx)? da. (3.25)

Therefore we have that

Nn(ﬁa L7 Ml) S RDPMFH(B? Mlxv (Ov L)a Ul) S RDPMFTL(B7 Mgl‘, (0’ L),’UQ) = ILLTL(/B7L7M2)
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The same argument works also for the monotonicity of p, u), and p*.
In order to prove (3.23), we reverse the argument, namely we let u; be a minimizer for u (5, L, M;) and we
set ug = (Ma/My)uy. It follows that

1 L§(71)76(n) M 2
RDPM,, ((0, L), ug) = W/o log | 1+ (Mj) DMy (2)? ) da

Mo

(Ml) i RDPM,, ((0, L), u1),

IN

where the inequality follows from the fact that
log(1 + At) < Alog(1 +¢) YA >1Ve>0.

Since the fidelity terms scales as in (3.25) and usg is a competitor for the minimum problem p (8, L, M), we
deduce that

/’L;kl(/87 La MQ) S RDPM]FH(B) MQ.’IJ, (07 L)7 u2)

o 1

M 2
- <M> (8. LA,

M. 2
< (Mg> RDPMF, (5, My, (0, L), u1)

Statement (3) Let us fix Ly > Ly > 0. In order to prove the monotonicity of u and g, it is enough to consider
the restriction to (0, L1) and (0, (L1)j,,,) of the minimizers on (0, L) and (0, (L2)j,,)-

As for p*, since we have to take into account the boundary conditions, we consider the function u;(z) =
(L1/L2)us(Lax/L1), where up is a minimizer for p*(a, 3, Lo, M). Then it turns out that J((0,L1),u1) =
J((O, LQ), ’U,Q), while

[ ) - hayan = (ﬁ) [ o)~ waza, (3.36)

2
hence

[L*(OZ,IB,L17M) < JF(O&,&,M‘T, (O7L1)aul) < JF(Q7/87M‘T7 (07L2)5u2) = /u’*(a7/67L2aM)'

For pF none of the previous strategies work, because we have to take into account both the boundary
conditions and the length of the steps in the definition of the space PCs(,).

So we let u; € PCj(,,)(0, L) be a minimizer for (3, L, M) and we consider the function uz € PCjs,)(0, L)
that coincides with uy in [0, L}, — d(n)), and is equal to ML, in [Lj,) —d(n), Lj,]. We observe that us

is an admissible competitor for the minimum problem u (3, LE( M), so we deduce that

n)’
i, (B, L;(n)’ M) < RDPMF, (3, Mz, (0, L;(n))7 uz)
= RDPMF,, (3, Mz, (0, L), u1)

JONM (ML — A7) (ML — A)?
oy [1g<” 5(n)? o (1+ 5

L5y

L(’;(n)—é(n) La(n)—ts(n)

L
(ML — Mz)? dz, (3.27)

where A = uy (L3, — 20(n)).
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The second line in the right-hand side is equal to

1 . (5(n)2 + (ML, — A)2>

logn d(n)2+ (ML — A)?

Since Lz(n) < L+ d(n), we can estimate the previous expression in the following way

logn d(n)2+ (ML — A)? d(n)2+ (ML — A)?

1 8(n)? + (ML, — A)? 1 (2M2 +1)6(n)? + 2(M L — A)?
& ( ) logn1 ( )

log(max{2M? +1,2})

<

~ logn

log(2M? + 2)
logn

IN

Finally, we can estimate the last line of (3.27) simply neglecting the negative addendum, while computing
the positive one we obtain

L;(n) 2 3
5/ (ML§(H)—Mx)2dx:M,
L —8(n) 3

3(n)

Plugging these estimates into (3.27) we get exactly (3.24).
Statement (4) This is a consequence of Theorem 3.1.

Statement (5) The uniformity of the limit on bounded subsets follows from the pointwise convergence and the
symmetry, continuity and monotonicity properties in Statement (2). [
4. CONVERGENCE OF LOCAL MINIMIZERS

The aim of this section is to prove that local minimizers of (3.17) defined on intervals exhausting the real
line converge to entire local minimizers for the functional (3.18), and to classify the latter.
Before proceeding, we want to make clear what we mean by local minimizers.

Definition 4.1. Let (a,b) be an interval and let us fix a positive integer n > 2, a positive constant
B >0 and a function f € L*((a,b)). We say that a function v € PCys,)(a,b) is a local minimizer for
RDPMFn(ﬂva (aab)v) if

RDPME,, (8, f, (a,b),v) < RDPMF, (8, f, (a,b),w)

for every u € PCj(,)(a,b) with the same boundary values of v, namely such that u(a) = v(a) and u(b) = v(b).
Definition 4.2. Let (a,b) be an interval and let us fix two positive constants a, 8 > 0 and a function f €
L?((a,b)). We say that a function v € S((a,b)) is a local minimizer for JF(«, 3, f, (a,b), ) if

JF(a, B, f, (a,b),v) < JF(e, B, f, (a,b), u)

for every u € S((a,b)) with the same boundary values of v, namely such that u(a) = v(a) and u(b) = v(b).
We also say that v € Si.(R) is an entire local minimizer for JF(a, 8, f, -, ) if its restriction to every bounded
interval (a,b) is a local minimizer for JF(«, 3, f, (a,b),-).
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We can now state the main results of this section. The first one is an estimate on the minimum values p and
w* defined in (3.20) and (3.22), which is fundamental in the proof of Theorem 2.7.
Proposition 4.3. For every o, 8, L, M € (0,+00)® x R it holds that

1 (9042,8M2

1/3
(2 ) L2 6 < (o, B, L. M) (4.1)

< u (e, B,L,M) < = 5 L+ —, (4.2)

1/9028M2\"?  3a
=9 2

The next result is the characterization of entire local minimizers for JF(«, 8, Mz, -, -).

Proposition 4.4. Let us fir (o, 8, M) € (0,+00)% x R and let us consider the canonical (H,V)-staircase Sy v
with parameters given by

1/ 6a \'*
H::2(6M2) , V:=MH, (4.3)

and the understanding that Sy v =0 when M = 0.
Then the set of entire local minimizers for the functional JF(c, 8, Mx,-,-) coincides with the set Obl(H,V)
of oblique translations of Su,v, introduced in Definition 2.4.

Before proving Proposition 4.3 and Proposition 4.4, we state some properties of local minimizers for the
functional JF(a, 8, Mz, (a,b), ). We do not include a complete proof because the arguments are the same used
in [9], Section 6.2, and actually the computations here would be even easier because small perturbations of the
position and the height of the jumps do not affect the value of J, but only the fidelity term.

Lemma 4.5. Let us fiz (o, 3, M) € (0,+00)? x R and let (a,b) be an interval. Let v be a local minimizer for
the functional JF(«, 8, Mz, (a,b),-) and, if M # 0, let us set

Lo=2(-2 v 44
o=2(51m) - (4

Then v has the following properties.

(1) If M #0 and b — a > Lo then in (a,b) there exists either a jump point x € S, or an intersection of the
function v with the line Mx, namely a point y € (a,b) \ Sy such that v(y) = My.

(2) If x € S, is a jump point of v, then v(xt) — Mz = Mx —v(z~) and this value has the same sign of M if
M #0.

(8) If x1 < zo are two consecutive jump points of v, namely v has no other jump points in (x1,x2), then
v(x) = M(x1 + x2)/2 for every x € (x1,x2).

(4) If M £ 0 and y1 < ya < -+ < Y are the intersection points of the function v with the line Mx in (a,b),
then yo —y1 =Yz — Y2 =+ = Ym — Ym—1-

Proof. Statement (2) can be proved exactly as in [9], just by considering horizontal variations, namely by
comparing the energy of v with the energy of the function obtained by moving the jump from x to x + ¢ for
some small € € R. Similarly, statement (3) follows considering vertical variations, namely by optimizing the value
of v in (z1,x2). In both cases it is enough to minimize the cost of the fidelity term, since these variations do not
affect the number of jump points. Statement (4) follows immediately from statement (2) and statement (3).

Statement (1) can also be proved with the same argument used in [9], however we include the proof in order
to show the computation of the value L.
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So let us assume by contradiction that v has neither jump points nor intersections with Mz in (a,b). It
follows that v(z) = ¢, for some constant ¢ € (—oo, Ma) U (Mb, +00). Hence we have that

b
JF (e, B, M, (a,b),v) :ﬁ/ (Mz —c)*dx > BTW(b—a)?’.

Now, for 7 € (0, (b — a)/2) let us consider the function

c if x € (a,a+7),
ur(z) =< (b—a)/2 ifzxe(a+r,b—1),
c if z € (b—r,b).

Since v is a local minimizer, we know that JF(«, 8, Mz, (a,b),v) < JF(a, 8, Mz, (a,b),u,) for every 7, and
in particular

M? M?
M ) ) < IF(er, 8, Mz, (a,b),0) < lim JF(ov, B, M, (a,b),ur) = 20+ D2 (b — a)®,
3 70+ 12
It follows that b — a < Ly. O

We can now prove Proposition 4.3 and Proposition 4.4.

Proof of Proposition 4.3. First of all, we observe that both the estimates are trivial when M = 0, so we can
assume that M # 0.

We start with the estimate from below (4.1). We observe that the estimate is trivial if L < 4L, where Lg is
given by (4.4), because in this case the left-hand side of (4.1) is negative, so we can assume that L > 4Lg.

Let v be a minimizer for p(«, 8, L, M). We claim that there exists two intersections points ag € (0,2Lg] and
by € [L — 2Ly, L) of the function v with the line Mz.

Indeed, from Lemma 4.5 we know that for every positive number 1 € (0, L/4 — L) the function v has either
a jump point or an intersection with the line Mz in each of the four intervals (0, Lo + ), (Lo + n,2Lo + 27),
(L — 2L0 — 2'[7,.[/ — L() — ’f]) and (L — LO — ’17,L)

Since statement (3) in Lemma 4.5 implies that between two jump points there is necessarily an intersection
with the line Mz, we deduce that v has such an intersection in both the intervals (0,2L¢ + 2n) and (L — 2Ly —
2n, L) for every n € (0,L/4 — Ly). Since the number of intersections is finite, we deduce that our claim is true.

Now from Lemma 4.5 we know that the interval (ag, by) is divided into a finite number m > 1 of intervals of
equal length whose endpoints are intersections. Moreover, v has exactly one jump point in the midpoint between
any two consecutive intersection. As a consequence, the shape of v in (ag, bg) depends only on m, and with an
elementary computation we find that

wle, B, L, M) = JF(a, 8, Mz, (0, L),v)
> JF(O‘7B7 Ml', ((10, bo),’U)

BMz bo—ao 3
T m ‘

=m

Therefore, from the inequality

A’B

1/3
A+BZS< ) VA, B >0,



24 N. PICENNI

which is a consequence of the AM-GM inequality, we deduce that

a2gM2\"* 1 (902802 \"/?
M(aaﬂalﬁM) >3 ( 58 ) (bo — a()) > 5 (5) (L — 4L0)’

Substituting the value of Ly we obtain exactly (4.1).
Now we prove the estimate from above (4.2). To this end, let H be as in (4.3) and let us set m = [L/(2H)].
Let also v € S((0,2mH)) be the function that intersects the line Mz in 0,2H,...,2mH and has jumps in
the midpoints of the intervals between two consecutive intersections.
Since v is a competitor for p*(«, 8,2mH, M), from the monotonicity of u* with respect to L we deduce that
p (e, B, L, M) < p*(e, B,2mH, M)
< JF(a, B, Mz, (0,2mH), v)

=m (a + 2ﬁM2H3>

3
L 28M2 H?
< | =— _ . .
<2H+1> (a+ 3 > (4.5)
Substituting the value of H given by (4.3), we obtain exactly (4.2). O

Proof of Proposition 4.4. Let v € Sj.(R) be an entire local minimizer for JF(a, 8, Mz, -, ).

If M =0, from statement (2) of Lemma 4.5 we deduce that |v| must be equal to a constant ¢ € R. If ¢ # 0,
we see that v can not be a local minimizer on large intervals, because the cost of the fidelity term grows linearly
with the length of the interval, while a function which vanishes everywhere but in a small neighborhood of the
boundary, where it has two jumps in order to attain the boundary conditions of v, has a cost that is only slightly
larger than 2a. It follows that the null function is the unique entire local minimizer for JF(«a, 8, Mz, -,-) when
M =0.

If M # 0, from Lemma 4.5 we know that the set of intersection points of v with the line Mz is discrete, and
divides the real line in intervals of the same length 2h > 0, while the set of jump points of v consists of the
midpoints of these intervals. This means that v is an oblique translation of the canonical (h, Mh)-staircase. We
claim that necessarily h = H.

Up to an oblique translation, we can assume that the intersection points are of the form 2zh, with z € Z.
Let us consider the interval (0,2mh), where m is a positive integer. Since v is an entire local minimizer and we
have v(0) = 0 and v(2mh) = 2Mmh, we deduce that

JF (o, B, Mz, (0,2mh),v) = p*(«, B, 2mh, M).
Then by (4.5) with L = 2mh we get that

2M23
m(a+¢3h

3 ) :JF(Q,B,MJ},(O,th),U)

= pu*(a, 8,2mh, M)
_(2mh | 2BM2H?
=\2m “ 3 ‘

Dividing by mh and letting m — 400 we obtain that

a  2BM?h?

a  2BM?H?
<o 4=
h 3 - H 3



STATRCASING EFFECT FOR MINIMIZERS OF THE ONE-DIMENSIONAL DISCRETE PERONA-MALIK FUNCTIONAL 25
This implies that h = H, because H is the unique minimum point of the function

a  2BM3n?
h —_t —.
CRt T3

We point out that, at this point, we have only proved that if an entire local minimizer exists, then it is an
oblique translation of the canonical (H,V)-staircase Sg,y. We still have to prove that an entire local minimizer
exists or, equivalently, that these staircases are actually entire local minimizers.

To this end, it is enough to prove that Sg v is a local minimizer on intervals of the form (221 H, 225 H ), where
z1 < zg are integer numbers. In this case, the minimum problem with the boundary data given by Sy, coincides
(up to a translation) with u* (o, 8,2(22 — 21)H, M), so we know that a minimizer exists by Proposition 3.3. By
Lemma 4.5 this minimizer is necessarily a staircase with steps of equal length and height, so the only unknown
is the number of jump points m. We end up with the following minimum problem

2 _ 3 _ 3
min < m o+ 2PMT (2H(z2 — 21) = min { ma + gw ,
meN 3 2m meN 2 m2

which is solved by m = 23 — 21, that corresponds to the function Sy v . O

The last main result of this section is the convergence of minimizers of RDPMF,, to minimizers of JF, which
is the main tool in the proof of Theorem 2.8.

Proposition 4.6. Let us fixt 5 > 0 and M € R. For every k € N, let n;, > 2 be an integer and Ay < By be real
numbers, let gy, : (Ag, Br) — R be a continuous function, and let wy, € PCsp, (A, By).
Let us assume that

(i) as k — +oo it holds that ny — 400, Ay — —o0, and By — +00,

(i1) gi(x) — Mx uniformly on bounded subsets of R,
(i) the function wy is a local minimizer for the functional RDPMF,,, (8, gk, (Ak, Bk),*) for every k € N,
(iv) there exists a constant C > 0 such that

C

w(n)

RDPMF,,, (8, gk, (Ak, Br), wi) < VEk > 1. (4.6)

Then there exists an increasing sequence {kp} C N such that
Wk, 33 Woo  locally strictly in BVjye(R),
where Weo s an entire local minimizer for the functional JF(4/3,8, Mx,-,-).

Moreover, for every compact set K C R such that w }(K) = 0 and every positive number R > 0, it holds
that wk_}l(K) N (=R, R) = 0 when h is sufficiently large.

Proof. Let us fix L > 0. We claim that {wy} satisfies

limsup {RDPM.,,, ((—=L, L), wy) + ||kl o ((~1,0)) } < +o0. (4.7)

k— o0

To prove this, let k;, € N be such that (—L — 2, L + 2) C (A, By) for every k > ky, and let us set

My, == sup ||grllpe(—L—2,0+2)-
k>kp
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For every k > kr, we fix ay, € 0(ng)Zs5(n,) (=L —2,—L — 1) and by € 6(ng)Z5(n,)(L + 1, L 4 2) so that

|wi,(ax)| = min{|wy(20(nk))| : 2 € Z5(,) (=L —2,—L — 1)},
|wy, (by)| = min{|wg (26(ne))| : 2 € Z5(n,) (L + 1, L+ 2)}.

Then, by (4.6) and the elementary inequality
A2
(A—B)?> 5 - B*  VY(A,B)€R?

for every k > ki, we get that

C
> RDPMIF Ai. B
u}(’ﬂk) = nk(ﬁmgk)( ks k:)awk>
—r—1 L+2
> B/ (wy, — gk)2 dz + 3 (wy — gk)2 dz
—L-2 L+1
—L-1 /. 2 L+2 /., 92
Zﬁ/ <w’“g§>dz+ﬂ (wkgi>dl’
—L—2 2 L+1 2
> 7 (wna)? + wa(b4)?) — 283, (4.8)
namely
2C
2 bi)? < ——~  +4M?. 4.
wy(ak)” + wi(br)” < Ba(ne) +4Mj (4.9)

On the other hand, since wy, is a local minimizer, we can estimate its energy from above simply comparing it
with the energy of any other function with the same boundary values. To this end, for every k > k;, we consider
the function vy that coincides with wy, on [ak, ar + §(nk)) and [by, bx, + 0(ny)) and vanishes on [ar + §(ng), by).

From the local minimality of wy we deduce that

RDPMFnk (6) 9k, (ak?a bk + 6(”/6))7 wk) S R]D)]PMFT”C (ﬁmgk) (aka bk: + (5(7’1%))7 'Uk)

= oty o (1 555 s (4 505

ak+6(nk) b
+8[ wn-gde s gt da
ag U«k"!‘é(nk:)
be+6(nk) )
+ B (wr — gr)” dz
bk

1 wk(ak)2 wk(bk)z
< o s (14 e ) +1os (1 00 )
T B0(ni) (2wnlar)? + 2M2) + BME(L +4)
+ ,B5(nk) (2wk(bk)2 + QME) .



STAIRCASING EFFECT FOR MINIMIZERS OF THE ONE-DIMENSIONAL DISCRETE PERONA-MALIK FUNCTIONAL 27

Hence by (4.9) we obtain that

20 AM?
ng)2w(ng) + 5(nk)2)

+ BM} (126(ny) + 2L +4),

2
RDPMEF,,, (8, gx, (ax, by ), wy) < —— log [ 1
(B gk, (g, i), wi) log 11r og( =+ 35(

w(ny)

which implies that

sup RDPMF.,,, (5, gk, (ak, bi), wi) =: T’ < +o0. (4.10)
keN

Now we can repeat the argument used in (4.8) starting with cp € §(ng)Zsn,)(—L — 1,L) and dj, €
8(n1) Z5(ny) (L L + 1) in place of aj and by, and the uniform estimate (4.10) in place of (4.6). We obtain
that

or
wi(cx)? 4+ wi(dy)? < T 4M3,

hence wyg(cx) and wyg(dy) are uniformly bounded.
Now we observe that the local minimality of wj, implies that

lwi (2)] < max{|wg(ck)l, lwe(dr)l, gkl (e} =Tk Vo € [ck, di +6(nx)) VE €N (4.11)
Indeed, the function
wi* () == min{Ty, max{wy (), — Tk} },
has the same boundary values of wy, in (¢, dr + d(ng)), and
RDPMF,,, (B, gk, (ck, di, + 6(ny,)), wi*) < RDPMFE,, (B, gi, (ck, di + 6(nk)), wi),

because both the term with the logarithm and the fidelity term decrease with the truncation. Since the inequality
is strict if wkT" # wy, by the local minimality of wy we deduce that necessarily w,{’“ = wg, hence (4.11) holds
true.

Combining (4.10) and (4.11) we obtain (4.7), because the sequence {T}} C (0,400) is bounded.

Therefore, we can apply statement (1) in Theorem 3.1 and we deduce that there exists a function we, €
S((=L, L)) and a subsequence (not relabeled) such that wy — we, in L2((—L, L)).

Since L > 0 is arbitrary, with a diagonal argument we can extract a further subsequence in such a way that
Wy, — Weo in L7 (R) and almost everywhere, where now wa € Sioc(R).

Now we claim that we is an entire local minimizer for JF(4/3, 8, M, -, -) and that the convergence is actually
locally strict in BV,.(R).

To prove this, let (a,b) C R be an interval whose endpoints are not jump points of we and such that
wg(a) = weo(a) and wy(b) = weo(b) as k — +oo. We recall that jump points are at most countably many, and
the pointwise convergence holds almost everywhere.

Let v € S((a,b)) be any nonconstant step function with v(a) = wee(a) and v(b) = we(b).

By statement (4) of Theorem 3.1 for every £ € N we can find a function vy € PCs(,,)(a,b) with the same
boundary values of wy, namely vy (a) = wy(a) and vy (b) = wy(b), and such that vy — v in L?((a,b)) and

lim RDPM,, ((a,b),vx) =

k—4o00

J((a,b),v).

[SCRIE
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From Theorem 3.1, the local minimality of wy and assumption (ii) we deduce that

JF(4/3,8, Mz, (a,b), ws) < lkiminfRID)IP’MFnk (8, gk, (a,b),wy)

—+o0

S lim sup RDPM]FTLk (/Ba 9k, (CL, b)7 U}k)

k—+o00

< lim RDPMF,, (B, gk, (a,b),vi)

k—-+o0

= JF(4/3, 8, Mz, (a,b), v). (4.12)

If M # 0, by Lemma 4.5 we know that constant functions can not be local minimizers in any interval (a, )
with b — a > 2Lg. Hence the fact that (4.12) holds for every nonconstant v is enough to deduce that we is a
local minimizer for JF(4/3, 8, Mz, (a,b), ws) in (a,b), as soon as b — a is large enough. Since the intervals (a, b)
for which this argument works exhaust the real line, we have that ws is also an entire local minimizer.

At this point, thanks to Proposition 4.4 we know that w., is a staircase, and in particular it is not constant
on large intervals. So we can apply (4.12) with v = ws and we obtain that wy is a recovery sequence for weo
in (a,b). By statement (5) in Theorem 3.1 this implies that wy 3% ws in BV ((a,b)). As before, since this holds
for a family of intervals exhausting the real line, the convergence is actually locally strict in BV,.(R).

Now we consider the case M = 0, so we have to prove that we = 0.

Let us consider again an interval (a,b) whose endpoints are not jump points of w, and such that wg(a) —
Woo(a) and wy(b) = weo(b) as k — +oo.

If weo(a) = weo(b) = 0, by statement (4) of Theorem 3.1 for every k € N we can find a function vy €
PCjs(n,)(a,b) with the same boundary values of wy, namely vi(a) = wg(a) and vi(b) = wy(b), and such that
v — 0in L?((a, b)) and

lim sup RDPM,,, ((a,b), v) <

k——+o00

W W~

Hence we have that

J]F(4/37 ﬁa Oa (av b)a woo) S lklm inf RDPMFnk (ﬂa 9k ((1, b)a ’Ujk)

— 400

< lim sup RDPMF,,, (8, gk, (a,b), wg)

k— 400
S lim sup RDPMF’U;@ (Ba 9k, ((1, b)7 Uk)

k—4o00

<

Lo~

This implies that ws, has at most one jump point in (a,b), but since we assumed that we(a) = ws (b) = 0,
the only possibility is that ws = 0 in (a,b). Moreover, from statement (6) of Theorem 3.1 we also get strict
convergence on every subinterval (¢, d).

Let us assume now that either weo(a) # 0 or wee(b) # 0. Then we can apply (4.12) with the nonconstant
function v, € S((a,b)) defined as

Weo(a) if z € (a,a+71),
v(z) =<0 ifxe€lat+1,b—1),
Woo(b) if z €[b—71,b),

where 7 € (0, (b — a)/2). We obtain that

TF(4/3, 8,0, (a,b), we) < JF(4/3, 5,0, (a,b),v) < 2 + Buwas (0)27 + B (b)2T-
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Letting 7 — 0, we get that

w| oo

b
gJ((a,b),woo) + 6/ Woo (2)? dz = JF(4/3, 8,0, (a,b), we) <
a

Since we assumed that we, is not identically zero, this implies that either wy, is a constant function, different
from zero, or it has exactly one jump point in (a, b).

In the end, we have proved that whichever the boundary values of w., are, ws, is either constant or has
exactly one jump. Moreover, the value JF(4/3, 3,0, (a,b), ws) is bounded by 8/3 independently of the interval
(a,b), provided the endpoints are chosen outside a negligible set. But this is impossible if we is different from
zero on a half-line, hence the only possibility is that w,, =0 on R.

At this point we recall that we have proved that if w. = 0 on an interval (a, b) then we have strict convergence
of wy, t0 weo on every interval (¢, d) with a < ¢ < d < b. Since we now know that wy, vanishes on R, we actually
have that wy 33 weo locally strictly in BVj,.(R).

The last part of the statement follows from statement (5) of Theorem 3.1 when M # 0 and directly from the
strict convergence when M = 0. O

5. PROOFS OF THE MAIN RESULTS
5.1. Proof of Theorem 2.5
5.1.1. Proof of statement (1)

Since we know that u, — f in L?(0,1), it is enough to show that

limsup | Du,|((0,1)) < [DFI((0,1)).

n—-+oo

We prove that actually
[Dun|((0,1)) < |DFI((0,1))  VrneN. (5.1)

The idea is rather simple, but a complete formalization would be quite involved, so we try to explain it in
words as much as possible. First of all, we observe that (5.1) is trivial if w,, is constant. Otherwise, since u, is a
discrete function, we can compute its total variation as a finite sum of increments with alternating sign, namely
we can find finitely many integer numbers 0 < k; < -+ < k,, < n — 1 such that

EINCORNE)

and that the points k;/n are alternatively local maxima or local minima of w, in the discrete sense, namely
un(ki/n) is larger (o smaller) than or equal to the two values u, ((k; £1)/n).

Now, we observe that if k/n is a strict local maximum point (in the discrete sense) for w,, we can find
a point x € Iy = [k/n,(k +1)/n) such that f(z) > u,(k/n), otherwise we could reduce the value of
DPMF,, (8, f,(0,1),u,) by lowering the value of w,(k/n), thus contradicting the minimality of u,. A sym-
metric statement holds for strict local minima, so we end up with finitely many points 0 < x; < -+ < x,,, <1
that we can use to estimate the total variation of f from below, so we obtain (5.1).

Unfortunately, there are some complications, because the points k;/n might not be strict local maxima or
minima, so we need to work with the “maximal intervals of local maximality” or minimality of w, in order to
find the points x;.

[ Dun[((0,1)) =

b
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To be more precise, for every i € {1,...,m} let [a;, ;) be the maximal interval containing k;/n on which u,
is constant. Of course we have that a; < b; for every i € {1,...,m} and b; < a;41 for every i € {1,...,m —1}.
Now, if [a;,b;) is an interval of local maximality of w,,, namely if

Un (ki /m) > up(a; — 1/n) and Un, (ki /m) > un(b;)
(or only one of the two if [a;, b;) touches the boundary of (0,1)), then

sup{f(x) : © € (ai, b;)} > un(ki/n), (5.2)
namely for every € > 0 there exists a point z; € (a;, b;) such that

€

i) 2 up(ki/n) — 5——

F@) > i) = 5=

Indeed, if we assume by contradiction that (5.2) does not hold, we can consider the function v, , € PC,(0,1)
that coincides with u,, outside [a;, b;) and is equal to w,(k;/n) — 7 in [a;,b;), and we deduce that

DPM]FTL(ﬁ? f’ (O) 1)7 UTL,T) < DPMFTL(/Ba fa (07 1)7 un)v

at least when 7 > 0 is sufficiently small, because both the terms in the functional decrease when passing from
Uy, to vy . This contradicts the minimality of w,,.

Analogously, if [a;, b;) is an interval of local minimality, then for every e > 0 there exists a point z; € (a;, b;)
such that

3

f(@i) < un(ki/n) + 2m—1)

Since the intervals [a;, b;) are alternatively intervals of local maximality and minimality we obtain that

it <[ [(kr)—mﬂ
ni: f@ivr) = f(z)]| +¢
< |Df|((071))

Letting € — 0 we obtain (5.1).

5.1.2. Proof of statement (2)

First of all, we observe that the strict convergence of {u,} to f implies that also {@,} converges strictly to
f, hence by Remark 2.2 we deduce that

D, =u, 'LV, “D,f and D_u,=u,|L'LV, >D_f, (5.3)
where .Z! denotes the Lebesgue measure,

+={ze(0,1): @) >0} and V. :={ze(0,1): () <0l
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Moreover, the strict convergence implies that {,} is uniformly bounded in C°([0,1]), so we can set

T := sup ||tn||co < +00,
neN

and we observe that |||l < T.
Since ¢ is continuous, there exists a constant My > 0 such that
|p(z, s, arctan p)| < My V(z,s,p) €[0,1] x [-T,T] xR (5.4)

Now for every a € (0,1) we define the three sets

((z,9), (5,t),p) € [0, 1> x [T, T* xR: |y — x| <a, |s—t| <a, |p| < a},

Q. ::{
OF = {((x,y)7(s7t),p) €012 x [-T\TP? xR:|ly—z|<a, |[s—t|<a, p> 1/a},
O = {(@9), (5,8),0) € [0,12 x [-T, T2 x Ri |y — o] <a, |s —t < a, p< —1/a},

and the corresponding three constants

T, := max {|¢(y, t, arctan p) — ¢(z, 5,0)| : ((z,v), (s,t),p) € Qa},
rt.= max{|¢>(y,t,arctanp) — ¢z, s,7/2)| : ((x,y), (s,t),p) € Qj} ,

F; = max{|¢(y7ta arctanp) - QZS(I, S, 77T/2)| : ((xvy)a (S7t)7p) € Q;} .
We observe that, due to the uniform continuity of ¢ in bounded sets, these constants satisfy

lim ', = lim T'J = lim ', =0.
a—0t a—0t a—0t
Now for every a € (0,1) we consider the set S, := { € Sf : |[Df|({z}) > a/2}, and we fix an open
neighborhood ¥, of S, with the following properties:

o if S, consists of m, points, then ¥, is the union of m, disjoint open intervals Iy, ..., I, such that NS,

is a single point and |Df|(01;) = 0 for every i € {1,...,m4},
e the following estimates hold

L' (Za) <a,  [DfI(Za) < IDfI(Sa) + a.
From the definition of S, we also deduce that

cai= Y IDfI({z}) = DfI(Sy\ Sa)

(L‘ESf\Sa

tends to 0 as a — 0.
Now we observe that the strict convergence implies that for every a € (0,1) there exists a positive integer

nqe € N such that

tn — fllze oz, <@ V> ng, (5.5)

and of course we can choose n, so that n, — +oo as a — 0.
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Indeed, if this were false, we could find a sequence {zx} C [0,1] \ £, and a diverging sequence of positive
integers {ny} such that

[in, (z) — f(zk)] >a  VEEN. (5.6)

Up to the extraction of a subsequence, we can assume that x, — o € [0, 1]\ X4, hence the strict convergence
yields

liminf f(z) < liminf @,, (zx) < limsupuy,, (z;) < limsup f(z).
T—=T oo k—4o00 k—+o00 T—T oo

Since oo ¢ Sq, the left-hand side and the right-hand side differ at most by a/2, and this contradicts (5.6).
Finally, for every n € N and every a € (0, 1), we write the interval [0, 1] as the disjoint union of the six sets

Hop = {2 €[0,1] : [u,(2)| < a}, (5.7)

Vot ={x € [0,1]\ 8 : 1), () > 1/a}, Vo ={z €[0,1]\ 5 : @), (x) < —1/a}, (5.8)
Ji o ={z €St (x) >1/a},  J,,={x€N,: U, (z)<-1/a}, (5.9)

My, :={z €0,1]:a < [0, ()| < 1/a}, (5.10)

and accordingly we write

1
/ ¢ (2,0 (), arctan (@, () V1 + @y (2)2 de = I, + TV, + 1V, + I, + T, + IV,
0

where the six terms in the right-hand side are the integrals over the six sets defined above.
We observe that

1-1/n
DPMF,, (8, f, (0,1), un) > / log (1 + Dl/"un(x)2) dz
0

1
_ / log (1 + @, (2)?) dz
0
> log (1+a7%) (L1 (Vah) + £ (Va) + £ (d) + £ (o))
+log (1+a®) L' (M,,),
and, since (2.4) implies that the left-hand side tends to 0, we deduce that

lim 2V, )+ L (Vo) + LU+ LM U) + L (M) =0 Vae(0,1),

n—-+oo

and as a consequence

lim Z'(H,n)=1 Vae(0,1).

n—-+o00

We claim that for every fixed a € (0,1) it turns out that

< M, <\/1 T2 —1+ Qa) T, (5.11)

lim 1M =o, (5.12)

n—too “"

lim sup
n——+00

TH / o (@),0) da
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limsup |7, / 6w, f(x),7/2) dDs f(x)| < 3T - [DFI((0,1)) + Mo (2a + ),
n—+o0o
limsup |Z,, ¢(x f(x),—m/2)dD_f(x)| < 3T - [Df|((0,1)) + Mo(2a + &4),
n—+o0o
lim sup |Z, Z / d(z,s,m/2)ds| < 2T - |Df]((0,1)) + Mo(3a + €4),
n—r+oo :L’ES+ f(w
li 77, —7/2)d I, -|D M, a)-
et 3 [, ¢ w2 <20 DA, + My(3a <)

If we prove these claims, then we let a — 0% and we obtain (2.7).

(5.13)

(5.14)

(5.15)

(5.16)

In words, this means that the integral in the left-hand side of (2.7) splits into the six integrals over the regions

(5.7), (5.8), (5.9), (5.10), which behave as follows.

e The integral over the “intermediate” region M, , disappears in the limit.

e The integral over the “horizontal” region H, , tends to the first integral in the right hand side of (2.7),

in which the “tangent component” is horizontal.
e The integrals over the two “vertical” regions far from the jump points Vafn and V,,

tend to the two

integrals with respect to l~)+ f and D_ f in the right hand side of (2.7). In this two integrals the “tangent

component” is vertical.
e The integrals over the two “vertical” regions around the jump points Jj’ n and J, o,
in the right hand side of (2.7). In this two sums the “tangent component” is also vertical.

Estimate in the intermediate regime From (5.4) we know that

M VI +a,(z 2<Mm/1+ Vo € My,

|¢ (z, Up(x), arctan(w
and therefore
| Zam] < Moy /1 + % - LN (Ma).
Since £ (M,.n) — 0 as n — +o0, this proves (5.12).

Estimate in the horizontal regime In order to prove (5.11), we observe that

1
T~ /0 oz, f(z)

0)da = /H & (2,700 (x), arctan (i, (z))) ( 1+ @, (2)2— 1) da

[ {6 () aretan(@ (2) — o, £().0)} d,
a,n\Za
[ {0 ) arctan(, () — (5,1 (2), 0}

‘ 1
+ /H Ol f(2),0)de - /0 o, f(x),0) dz

a,n

tend to the two sums
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The absolute value of the first integral in the right-hand side is less than or equal to M (\/ 1+4+a2— 1). The
absolute value of the second line is less than or equal to I', provided that

[in(z) — f(z)| <a  Vzel0,1]\ 3, (5.17)
and this happens whenever n > n, thanks to (5.5). The absolute value of the third line is less than 2Mja,
because £1(2,) < a. The fourth line tends to 0 because |H, | — 1 as n — +oo. This is enough to establish
(5.11).

Estimate in the vertical regime far from jump points In order to prove (5.13), we observe that

+

20~ [ 6. f(@).7/2) 4Dy 1 (@)
= / 0 (@), arctan(@, (2))) (V1+0,@)7 - () do
\%

a,n

+ [ {0 @80, arctan(@, (@) - 9(e. B, (0. 7/2)} T (o) d,
Va,n

+ /V | 000, (), 7/, ) ks / o T (), 7/2)T () da

Vir\Za

+ /V,fr\za d(x, U, (), 7/2)u,, () dz — /[071]\&1 d(x, Up, (z),7/2) dD4 f(z)
[ o @) /2 D, S - D))
[0,1\Za

- /[0)1]\& ¢(x, Up, (), 7/2)dD; f(x) — /[ o(x, f(x),7/2) dDy f(x)

0,1\Xq
~ 1 ~
[ o @)/ Dy @) - [ ol fa),m/2)dD flz)
[0,1\Zq 0
=LV +LY +LY+LY +LY + Ly + LY.
Let us consider the seven lines separately. The first line can be estimated as
Y] < Mymax {V1+97 —pip>1/a} L1 (VE) < My - 5 - LMV,

and this tends to 0 when n — +o00. The second line can be estimated as

1Ly < /+ {l¢ (z, in(x), arctan(i, (z))) — ¢z, f(2), 7/2)]
VO/.’VL
+o(x, f(2),7/2) = ¢(x, U, (2),7/2)| } T, (2) da,

1
<oy [ (o)l
0
thanks to (5.17), provided n > n,. Hence, from the strict convergence of {u,,} we deduce that

limsup |LY | < 2% - [DF]((0,1)).

n—-+0oo
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For the third line we observe that V., is a subset of V7 \ ¥, and (V;F \ X,) \ V,\,, € Hyn U Mg, and
therefore

LY ] S/H |¢(Iﬁna(z)m/2)l'|ﬂ’n(x)ldx+/M |6, T, (2), 7/2)] - [, ()| dae

a,n a,n

1
S M0a+MO t T 'ogl(Ma,n)v
a

and this tends to Mya when n — +oo.
For the fourth line, we observe that L} — 0 as n — 400 because of (5.3), the fact that |Df[(0%,) = 0 and
the continuity of u,,, .

For the fifth line, we recall that Dy f — B+f = Dif, hence we have that
L3 < Mo - [DLFI((0,1) \ Ba) < Moea
For the sixth line, similarly to the second one, we have that
ILg | T4 - Dy f((0,1)) <TF - [DFI((0, 1))
Finally, for the seventh line we observe that
ILY| < My - D4 f(24) < Mo - [Df|(Za \ Sa) < Moa.
From the previous estimates we conclude that

limsup [LY + LY + LY + LY + LY + LY + LY| < 3T - |Df|((0, 1)) + Mo(2a + <),

n—-+o00

which proves (5.13). The proof of (5.14) is analogous.

Estimate in the vertical regime around the jump points In order to prove (5.15), let us first split the set S,
into two sets S; and S, depending on the sign of the jumps, and let us label the points in S} as follows

St =8NS ={y1,- - Yt }-

Similarly, we split X, into two sets 1 and X, each consisting of the intervals I; containing points in S
or S, and we relabel the intervals I; in such a way that ¥F =L U---U I+, with I;N St = {y;} for every
ie{l,...,ml}.

Now we observe that

- % / o, 5,7/2) ds
Js ()

T
zESf

= /ﬁ ¢ (@, (2), arctan(w), (z))) ( 1+a,(x)? — E;L(ac)) dz

a,n

+ [ {0 (@ tnla) arctan@ ) = 9o, B (0),7/2)} T ) da
J

a,n

+ /J 6(x, iin(2), 7/2), (2) dz — /V 6(x, in (), 7/2) (2) dz

dn NS,
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b st/ s [ ool 208 ) da
/ d(x, Up (), 7/2)u, (z) do — Z / o(x,5,7/2)ds

zeST

+ Z / o(x,s,m/2)ds — Z / o(x,s,m/2)ds

zeST zesf

= L{+Lj+Lj+Lj+LJ+L.

Let us consider the six lines separately. The first three lines are similar to the first three lines in the previous
paragraph, and can be estimated as follows

L] < Mo 5 - 21 (),
|Ly | <F+/ [al, (z)| de,
|Ly| < Moa + My - - .xl(Ma,n),
hence

limsup |L{ + Ly + Lj| < Moa+ T - |Df[((0,1)).

n——+00

For the fourth line, we observe that

ILi] =

/ Ol a(), w2 () da / ol (), w2 (2) d
Vins Vi NEq

SMO/ |a;<x>|dx+Mo/ @, (x)| da
viinsy v Nzt

Then, from (5.3) and the properties of X, we deduce that

limsup |L{| < My - (D4 f(S5) + D_f(55))

n—-+oo
=My (Do f(S;\S;)+ D_f(=F\ SH)
< Mo - |Df|(2a\ Sa)
S Moa.

Now let us estimate the sixth line before the fifth one. To this end, it is enough to observe that

= 3 / vs,m/2)ds| < S0 Mo [DSI({a}) < Moo,

zeST\ST I (=) zeST\ST
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Finally, we have to estimate the fifth line, which requires more work than the others. We observe that

J_\ U (2), 7/2)0 (z) da — i, s,7/2)ds,
B=3 /Iiaﬁ(a:,U(ar) 7/2), () da / Oy, 5,7/2) ds

Ts(yi)

and that for every i € {1,...,m}} it holds that

’/IZ oz, 0y (2), 7/2)0, (x) de — /11 O(ys, T (), 7/2)T, () da

<1} [ @)
I;

Therefore we have that

. (5.18)

iz <rs [ el 3| [ ot i) m/2m @ e [ ofya ) ds
a i=1 i

7 (yi)

For i € {1,...,m}} we set I, = (a;, 3;) and we observe that f(y;) < f(y;"), because Df({y;}) > 0, and

hence we have that J¢(y;) = [f(y; ), f(y5)]-
Then, since u,, is Lipschitz continuous, with a change of variable we obtain that

Un (Bi)
Oy, T (), 7/2), () dar = / O(yi, 5,m/2) ds

an (057,)

-/ " s m2) ds + /

Tr(yi)

I;
Un (Bi)

¢(y¢,5,ﬂ/2)ds+/f( . o(yi, s, m/2)ds,
Y;

and therefore

lim sup / &(Yi, Up (), m/2)0, (7) dx—/ d(yi, s,m/2) ds
n—+oo |JI; Ty (yi)
;) Un (Bi)
< limsup / o(yi, s,m/2)ds| + / d(yi, s,m/2)ds
n—=+00 | Jain (a;) Fh)

+

£(Bi)
/ o(yi,8,m/2)ds
f

()

fyi)
/ o(yi,8,m/2)ds
fle)

DfI(Li\A{y:})-

< M -

As a consequence, from (5.18) and the properties of 3, we deduce that

limsup |Lg| < TF - |DfI((0,1)) + Mo - [DFI(55\ S7) < T - [DFI((0,1)) + Moa.

n—-+oo

Combining the previous estimates we conclude that

limsup [L{ + Ly + Ly + L{ + Lg + L{| < 2T - [Df((0,1))| + Mo(3a + €a),

n—-+oo

which proves (5.15). The proof of (5.16) is analogous. O
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5.2. Proof of Theorem 2.7
The proof of Theorem 2.7 consists of two main parts. In the first part (estimate from below) we consider any

sequence {u,} of functions such that u,, € PCy,,(0,1) and we show that

DPMF, (8, f, (0,1), u, o
(5.1, (0. 1), un)  guss [ e an (5.19)

lim inf
oo w(n)

In the second part (estimate from above) we construct a sequence {u,, } of functions such that u,, € PC4,,(0,1)
and

. DPMFH(B, 1 (O, 1), un)
lim sup 5
n—s+oo W(n)

1
351/3/ | (x))?/? da. (5.20)
0

5.2.1. Estimate from below

Interval subdivision and approzimation of the forcing term Let us fix two real numbers L > 0 and 7 € (0, 1).
For every integer n > 2 we set

L= m — §(n) [(sm R A {Lni(n)J . Awp = Lw(n)Nos. (5.21)

We observe that IV, 1, is an integer, and that L, — Lt and A, 1 = 17 when n — +00. We observe also that
[0, A, 1) is the disjoint union of the N,, j, intervals of length L,w(n) defined by

I, = [(k—1)Lyw(n), kL,w(n)) VEe{l,....,N,r}, (5.22)

and we consider the piecewise affine function f, 1 : [0, A4, ) — R that interpolates the values of f at the
endpoints of these intervals, namely the function defined by

fo,p(x) == My px(x — (E—1)Lyw(n)) + f((kE—1)Lyw(n)) Vo € I g, (5.23)

where

My i = f(kLnew(n)) Ln]:f((s) At - Lnoi(n) /Iw f'(y) dy.

From the H! regularity of f we deduce that the sequence {f, 1} converges to f in the sense that

An,L

im [ @) - @) =0
0
and
. 1 An.L 2
nll}rfoo ()2 /0 (fno(x)— f(z))*dz=0. (5.24)
In particular, we deduce that
Ny, 1 An L 1
lim_Luso(n) Y- 6(My i) = lim o(fp@)de = [ o(f @)z, (5.25)
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for every continuous function ¢ : R — R that grows at most quadratically, namely such that
|p(s)] < C1+ Cas® Vs €eR,

for some positive constants Cp,Cs > 0.
Finally, from the inequality

1
a+b)?>10—-na®+(1-—=)* V¥ne(0,1), VY(a,b)eR?
n
we obtain the estimate

1 An,L 1 An,L
[m=pparzaen [ - e (123) [0 - e as
0 0 n/ Jo
from which we conclude that

DPMF, (B, f,(0,1),u,) > (1 —n) DPMF, (8, fa,L, (0, An,L), un)

T (1 - }7) g @) = fase))?de (5.26)

Reduction to a common interval We prove that

Nn.L
DPMPE,, (8, fn,z, (0, An,1)stn) = w(n)* Y (B, L, My 1), (5.27)
k=1

where p, is defined by (3.19). To this end, we begin by observing that

Nn,L
DPMFn(ﬁafn,L7 (07An,L)7un> Z DPMFn(ﬁ7fn,L7In,k7un)7 (528)
k=1

because the endpoints of the intervals I, , are multiples of 1/n, so passing from the left-hand side to the right-
hand side we are just reducing the domain of integration, by neglecting the contribute of the discrete derivative
in the last step of each interval I, j.

Each term in the sum can be reduced to the common interval (0, L,) by introducing the function v, €
PCj(1)(0, Ly,) defined by

Yy € (0, Ly). (5.29)

_ un((k = 1)Lnw(n) + w(n)y) — f((k —1)Lyw(n))
Un,L,k(y) = )

w(n

Indeed, with the change of variable x = (k — 1)L w(n) + w(n)y, we obtain that

LTI,
/ (n (@) — fop.(2))? dz = w(n)? / (0n b (0) — Mo 1 9)* dy
Ink 0
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and

kL,w(n)—1/n
/ log (1 + Dl/nun(x)2> dz = w(n)B RDPM"((Ov Ln)7 vn,L,k)v
(k—1)L,w(n)

and therefore we have that

DPMF,, (Bv fn,Lv In,ka un) = w(n)3 RDPMF,, (Bv Mn,L,k z, (0, Ln); vn,L,k)
2 w(n)g,un (B, L, Mn,L,k)
2 UJ(TL)SILLn(ﬁ, L7 Mn,L,k:)a

where in the last inequality we exploited that L,, > L for every n, and that pu,, is monotone with respect to the
length of the interval. Plugging this inequality into (5.28) we obtain (5.27).

Convergence to minima of the limit problem We observe that for every positive real number My > 0 there
exists ng € N such that

pn (B, Ly My 1) > (B, L, min{|M,, 1, x|, Mo})
Z /’('(4/37 67 La min{|Mn,L,k|7 MO}) -0

for every n > ng and every k € {1,..., N, 1}, where p is defined according to (3.20). Indeed, this estimate
follows from Proposition 3.3, and in particular from the monotonicity of pu, with respect to M and the uniform
convergence in statement (5).

Then, from the estimate from below in (4.1) we obtain that

8
tin(By Ly My, k) > B3 min{|M,, 1 x|, Mo }*/3L — (3 -6%/3 ¢ 77) . (5.30)

Conclusion Summing over k, from (5.27) and (5.30) we obtain that

DPMTF,, (8, fa.z, (0, An.1), un) .z
w(fz)Q E2E0 > w(n) ;/Ln(ﬂaLan,L,k)

=1

n,L

N.
) 8
> Y3 Lw(n) Z min{| M, 1 x|, Mo}*"* — <3 -6%/% 4 77) w(n)Nn, L.
k

=1
Finally, plugging this estimate into (5.26) we deduce that

Nn,L

L .
> (1- 77)51/3]7 - Lpw(n) Y [min{|M, 1 k|, Mo}*/®
" k=1

DPMFn(B7 f7 (07 1)7 ’LLn>
w(n)?

~wlmNn (=) (50 )

f(-N s P = @) do.
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Now we let n — 400, and we exploit (5.25) in the first line, the fact that w(n)N,,  — 1/L in the second line,
and (5.24) in the third line. We conclude that

tim jnf 2o w0 1 (0, 1) wn) (g {/31/3/ min{|f(2)), Mo}*/* da — <§~62/3+n>}.

n—-+00 w(n)2

Finally, letting n — 0%, L — +o00 and My — 400, we obtain exactly (5.19).

5.2.2. Estimate from above

We show the existence of a sequence {u,} of functions such that u, € PCy,,(0,1) for which (5.20) holds
true. This amounts to proving the asymptotic optimality of all the steps in the proof of the estimate from below.

Interval subdivision and approximation of the forcing term Let us fix again two real numbers L > 0 and
€ (0,1), and for every integer n > 2 let us define L,, as in (5.21), while, instead of N,, ; and A, 1, let us
consider now

1
Nopi=|+——
o+ {anm)

~

-‘ s A\n,L = an(n)]/\}n’L.

We observe that ]\Ame is an integer, and that /Tn,L — 17 when n — +oo.
Now we extend f to [0, A, 1) just by setting f(z) = f(1) for x € [1, A, 1), and we consider the intervals I,, x
as in (5.22), but now for k € {1,..., N, .}, and the piecewise affine function f, 1, : [0, A, ) — R as in (5.23).

Of course (5.24) and (5.25) are still valid if we replace N,, , and A, ; with J/\me and A, 1.
Then we exploit the inequality

1
(a+b>2£(1+n>a2+<1+n) b*  Wne(0,1), V(ab) R,

and for every u € PCy (0, gnL) we obtain the estimate

DPMF,, (8, f,(0,1),u) < (1 + 1) DPME,(8, fo 1, (0, Ay 1), u)

+ <1 + }7) 8 / " @) = frn ()

Reduction to a common interval We claim that there exists u,, € PCy/,(0,1) such that

Nn L
DPMF,, (B, fu,z, (0, A1), u n)* > " i (B, Loy M, L.1)
k=1
where p is defined by (3.21).
To this end, we observe that the equalities
J/\in L ﬁn,L
DPM]F (ﬂ fn L (0 An L ]D)]P)MF ﬂ fnyL,Inwk,un) = w(n)3 Z RDPM]Fn(ﬁ,MmL’k Z, (O,Ln),vn’Lyk)

k=1 k=1



42 N. PICENNI
hold true for every u, € PCy/y(0, A\n’L), provided that u,(x) and v, 1, x(x) are related by (5.29) and
DY™u,(x) =0  Va € [kLyw(n) —1/n,kLyw(n)) Vke{l,...,N,—1} (5.31)

Therefore it is enough to choose u,, in such a way that v, r » coincides with a minimizer in the definition of
wh (B, Ln, My, 1 1) for every admissible choice of k.

Since vy, .k € PCs(n)(0, Ly,), it follows that the resulting function u, belongs to the space PCl/n(O,En,L)
and, due to the boundary conditions in (3.21), we deduce that in all the nodes of the form z = kL,w(n) the
function w, (x) is continuous and coincides with the forcing term f(xz). As a consequence, u,, satisfies (5.31).

Convergence to minima of the limit problem As in the case of the estimates from below we rely on
Proposition 3.3, and in particular on the monotonicity in statement (2), the uniform convergence in state-
ment (5), and the estimates (3.23) and (3.24), in order to deduce that for every My > 0 there exists ng € N
such that for every n > ng it holds

i . log(2M2 ; . +2) BM?2, ,.6(n)
Mn(ﬁanaMmL,k:) S ,U/n<5aL7Mn,L,k) + Lok + EEL

logn 3
* log(2M¢E + 2 M25(n)3
< H (4/3vﬁ7L7Mn,L,k:) + g( log(?n ) + ﬁ 03( ) N

for every k € {1,.. .,NnyL} such that |M,, 1 x| < Mo, and

M\’
6 L M) < (P2 ) (6, M)
M, 2 log(2M2 + 2 M25(n)3
< (M) (s, 1) 1 224D | BMGO)
My logn 3

M 2
s( "“) (u*(4/3,ﬁ,L,Mo)+
My

log(2M¢ + 2) N BME5(n)? N 77)
logn 3

for every k € {1,.. .,NmL} such that |M,, 1 k| > Mo.
Now we exploit the estimate from above in (4.2), and we obtain that

IJ’* (4/37 67 La Mn,L,k‘) S 61/3|M7L,L,k 2/3[/ =+ 27

and

Muox\’ " 173 (ML k)2 Mo\’
< MO ) M ( / 767 5 0)—5 Mg/g + MO )

We can unify the previous estimates in the following inequality

(Mn,LJc)Q
min{|Mn,L’k|, M()}4/3

+ max{| M, 1 x|, Mo} \? 94+ log(2Mg + 2) + BMEs(n)?
M, logn 3 ’

(B, Ly My i) < B3 L

that holds for every n > ng and every k € {1,..., J\A],ML}.
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Conclusion As in the estimate from below, we sum over k and we conclude that

DPMF,, (3, f, (0,1), u,) L o (Mp.p.1)?

<( 38 —L,
w(n)? < A+mB - Law(n) ,; min{[M,, 1 4. M}/

2)

1 log(2M2 + 2 M2 3
. +77(2+n+0g( 3+2) , AMGI(n)

n,L 2
N (max{| M. Lk|, Mo}
. Ln k) )
Ln log 3 ) w(n) 1( My

k

N (1 N 717) wﬁ) / " F@) = fune)) e

(n

Letting n — +oo0, from (5.25) and (5.24) (with ]Vn,L and gmL in place of N, and A, 1) we deduce that
this family {u,} satisfies

. ]D)]P)M]Fn(ﬂafa(oal)’un) 1/3 ! ‘f/(x)P
e Y AT e T e
A+n)@2+n) (1 (max{|f(z)], Mo}"
+ T /0 ( M, > dz.

Now we observe that the right-hand side tends to the right-hand side of (5.20) when n — 07, L — 400 and
My — +oo. Therefore, with a standard diagonal procedure we can find a family {u,} for which exactly (5.20)
holds true. O

5.3. Proof of Theorem 2.8

5.3.1. Proof of statement (1)
The proof relies on Proposition 4.6, applied with

M:f/(xoo), Ak:*

) Wg = Wn,,

and

f(-rnk + w(nk)m) - f(xnk)
w(ng)

gr(z) = (5.32)

Let us check that all the assumptions are verified. First of all, we observe that Ay — —oc and By — +o0,
while gx(2) — Mx uniformly on bounded sets because f € C'*([0,1]).

We also have that wy € PCsp,)(Ag, By), because u,, € PC}/,,(0,1) and ngx,, € Z. Moreover, with a
change of variable, we obtain that

DPMF,,, (3, f,(0,1),uy,,) = w(ng)> RDPMF,, (3, g, (Ax, Br), ws), (5.33)

hence wy, is a minimizer for RDPMF,,, (8, gk, (Ak, Bk), -)-

Finally, estimate (4.6) follows from (5.33) and Theorem 2.7.

Therefore from Proposition 4.6 we deduce that there exists a subsequence {wnkh} that converges locally
strictly in BV},.(R) to an entire local minimizer wy, for JF(4/3, 8, Mz, -,-).

By Proposition 4.4, wy, is an oblique translation of the canonical (H,V')-staircase, as required.



44 N. PICENNI

5.8.2. Proof of statement (2)

We observe that vy, (z) = wy(x) — wy(0), so the behavior of the sequence {v,} can be deduced from that of

In particular, if w,, ¥ We and we, = Sy, v (x — H7p) + V1o, for some 79 € (—1, 1), then wy is continuous at
0, so from the strict convergence we deduce that vy, () 328 Weo(Z) — Weo(0) = Su,v(x — H7p), which is a graph
translation of horizontal type of Sy v, as required.

On the other hand, if weo = S v (z — H) + V is the graph translation corresponding to 79 = %1, then from
the strict convergence we only deduce that

—|V| < liminf w,, (0) < limsup w,, (0) < |V].
k—+o00 k—+4o00

However, from the last part of Proposition 4.6 we deduce that the only possible limit points for {w.,, (0)}
are £V. Hence, up to the extraction of another subsequence, we have that either v,, x2 Sy v(z — H) or
Un, 8 Spv(x —H)+2V = Sy v(x+ H), and both these functions are graph translation of horizontal type of
SH,v, as required.

5.3.3. Proof of statement (3) and (4)

The last two statement can be proved exactly as in [9], so we just recall the main steps. First of all, one can
obtain (2.13) with w equal to the canonical staircase S, v by choosing the points z), € [z, — Hw(n), z, + Hw(n)]
that minimize the L' distance (or any other L? distance) between Sy y and the function

Un (25, + wny) = f(27,)
w(n)

Y —

i

in the interval (—H, H).

At this point one can obtain any other oblique translation of S v with a suitable translation of the points
), thus completing the proof of statement (3).

Statement (4) can be proved using the same sequences {z/,} coming from statement (3) and recalling the
equality v, (x) = wp(z) — wy,(0) that we already exploited in the proof of statement (2).
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