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Octopus is a simulation software specifically developed to calculate the response of a given mechanical
system. The initial purpose of its development was to support the design and the commissioning of the
superattenuator (SA), i.e., the vibration isolator designed to inhibit the transmission of the seismic noise at
the level of the test mass of the Virgo gravitational waves detector. Octopus analytically computes the
transfer functions of a complex mechanical system using the impedance matrix formalism in the frequency
domain and provides an advanced and versatile mechanical simulation tool. This methodology allows to
analyze a large set of user-defined mechanical layouts. Within the context of advanced seismic isolation
system design, the present software allows to accurately estimate the behavior of specific mechanical
components in terms of performance and general requirements achievement, both in open loop and also
when feedback control loops are implemented. In the present work, several topics will be addressed. First,
the mathematical principles behind the impedance formalism will be introduced, focusing on the modeling
of basic elements, which constitute the principal blocks used to develop and build complex mechanical
models. Then, as case studies, two examples of mechanical systems models will be presented: the
computation of the thermal noise of a body suspended by an elastic beam and the complete model of a
superattenuator. To validate the accuracy of the simulation tool, comparisons with experimental
measurements will be given in both cases.

DOI: 10.1103/PhysRevD.112.022002

I. INTRODUCTION

Using an interferometer to detect gravitational waves
(GW) requires measuring the variation of the distance
between two suspended mirrors (the test masses) [1].
Modern GW detectors, such as Advanced Virgo (AdV) [2],
use a Michelson-based interferometer (ITF) with a laser
source and two 3 km long Fabry-Perot optical cavities
(Fig. 1) to amplify the signal by increasing the optical path

traversed by the laser beam. The detector is operated in the
so-called dark fringe condition, where destructive interfer-
ence is achieved between the two beams reflected by the
interferometer arms.
Since present interferometers are ground-based, the

mirrors must be suspended to a seismic attenuation system.
This system must be capable of isolating optical elements
from ground seismic motion, so that they can be considered
as free-falling bodies above 10 Hz [1,2]. Moreover, the
system is designed to steer the optical elements in positions
which allow us to reach and stably maintain the working
point of the interferometer. The solution adopted in Virgo
is a chain of heavy and long pendulums, called super-
attenuator (SA) [3], see Sec. IV B. The simple working
principle based on the properties of the pendulum is
combined with a very complex control system, distributed
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over many actuation points, in order to achieve a relative
root mean square positioning of the test masses at the level
of about 10−14 m in translation and 10−9 rad in angle.
Given the complexity of the GW detectors, the possibil-

ity to simulate them accurately, both to predict and under-
stand their behavior, is crucial to guarantee further
progress. While a significant effort has been put into
optical simulations [4–7], the same cannot be said for
vibration isolators and their controls. On the other hand,
this aspect is very relevant to get a full understanding of the
low frequency noise of the detector, to design optimal
control strategies and even to design the hardware of the
isolator and to set the requirements. In this paper we present
a simulation tool, named Octopus, which has the ambition to
fill such a gap and provides an integrated and compre-
hensive approach to study the problem of isolating a mirror
from seismic noise and controlling its position with the
required accuracy. This tool has been developed over the
last 15 years, helping to analyze the behavior of the SA,
design and optimize control strategies, and understand the
Virgo noise [8,9]. It is a mechanical simulation software,
developed in the Matlab environment, and working in
the frequency domain. The tool allows computing the
mechanical response, in terms of transfer functions, of a
user-defined mechanical system, translating the system
description into a set of impedance matrices, which are
then combined and solved analytically using the impedance
matrix algebra. The main objectives of developing a
simulation tool like this are to study the stability and
behavior of a mechanical system and its ability to suppress
seismic noise, even in the presence of servo-control loops
acting on it. These kinds of simulation are challenging from
several points of view: they should be able to capture
essential features of the system and allow to add details, if
needed, in an iterative way. Furthermore, they are intrinsi-
cally problematic from a numerical point of view, for the

large relative dynamic of their parts. We believe it will mark
a significant step forward, also in the perspective of
designing the vibration isolation system and its controls
for the Einstein Telescope [10]. The code is publicly
available in the Zenodo repository [11].

II. TRANSMISSION OF MECHANICAL
DISTURBANCES IN FREQUENCY DOMAIN

Under operational conditions, a seismic isolator works
in a regime of time invariance and small oscillations. It is
therefore legitimate to represent the system using a linear
approximation: the variables of motion are outputs of linear
operators whose inputs are the forces acting on the system
from outside. More in general, the relationship between
sets of dynamic variables placed in different points of
the chain is always described by a proper linear operator
called transfer function (TF). In frequency domain, the TF
becomes an algebraic operator in the complex plane of the
pulse ω, connecting the Fourier transform of the dynamic
variables. In principle, if the Lagrangian of the system is
available, the TF is obtained by solving the equations of
motion. However, this procedure can be extremely incon-
venient to be applied to systems constituted by a lot of
bodies with multiple interconnections on different degrees
of freedom. An equivalent method has been developed,
which requires breaking down the complex system into
simple elements. Each element is inserted in the chain by
two connection points: input and output. The transmission
properties of the element between the two points are
assigned by a frequency dependent linear operator, called
Impedance, in analogy with the terminology used for the
electrical networks. The mechanical impedance of an
element, described in Sec. II A, is defined in such a way
to be independent on the connection network in which the
element is inserted. The connection topology is associated
to a set of algebraic formulas (see Appendix A), which
allows combining elements and deriving the equivalent
impedance of the entire system, for any pair of assigned
points in and out. From the impedance, TFs from in to out
can be derived as described in Appendix B.

A. Impedance matrix: Definition

In frequency domain, the relationship between a pair
of points, in and out, connected by a linear operator, is
represented by the square matrix Z:

�
XoðωÞ
FoðωÞ

�
¼ ZðωÞ

�
XiðωÞ
FiðωÞ

�
ð1Þ

where X is the collection of the variables of motion
(displacement and rotation in space) and F is the collection
of conjugate generalized forces (force and momenta
coupled from outside). In three dimensions we have
three independent displacements x ¼ ðx; y; zÞ and three

FIG. 1. Optical layout of the AdVþ GWs detector.
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independent rotations θ ¼ ðθx; θy; θzÞ and the conjugate
variables are the forces ψ ¼ ðψx;ψy;ψ zÞ and the torques
μ ¼ ðμx; μy; μzÞ, so X ¼ ðx; θÞ, F ¼ ðψ; μÞ and Z is a
12 × 12 matrix.
In the following subsections, some examples of elemen-

tary impedance matrices will be presented. [9,12,13] From
the examples a detail about the adopted convention will be
more clear: FiðωÞ is applied to the system described by the
impedance matrix, FoðωÞ is applied by the system (so it is
minus the applied force).

B. Rigid body

The dynamic of a rigid body, with a mass m and tensor
of inertia J, is described by the following system of
equations:

xo ¼ xi

θo ¼ θi

−mω2xi ¼ ψ i − ψo

−ω2Jθi ¼ μi − μo ð2Þ

where the two points in and out are coincident with the
center of mass. From Eq. (2), the corresponding impedance
matrix can be written

Z ¼

0
BBB@

I 0 0 0

0 I 0 0

mω2I 0 I 0

0 ω2J 0 I

1
CCCA ð3Þ

where I is the 3 × 3 identity matrix. In the simple case of a
point mass moving in one dimension, where X ¼ ðxÞ and
F ¼ ðψÞ, Eq. (1) becomes

�
xo
ψo

�
¼
�

1 0

mω2 1

��
xi
ψ i

�
ð4Þ

C. Elastic element and harmonic oscillator

In an ideal case, an harmonic oscillation of a mass in one
dimension is realized when the mass is connected to the
ground by a simple elastic mass-less element, only
characterized by its stiffness k. The impedance of the
elastic element can be derived from the equation connect-
ing the displacement of the two linked points to the
applied forces

�−kðxo − xiÞ ¼ ψ i

ψo ¼ ψ i
ð5Þ

which, written in matrix form, gives

�
xo
ψo

�
¼
�
1 −1=k
0 1

��
xi
ψ i

�
ð6Þ

In case of an elastic link involving all the 6 degrees
of freedom of a rigid body, the scalar stiffness parameter
k needs to be replaced by a generalized 6 × 6 stiffness
matrix and the overall impedance matrix will have dimen-
sions 12 × 12.
The impedance of the harmonic oscillator can be

computed by multiplying the Eqs. (4) and (6) using
Eq. (A4), as described in Appendix A, obtaining

Z ¼
�

1 −1=k
mω2 1 −mω2=k

�
ð7Þ

The 6D oscillation of a rigid body in the space, linked to the
ground in its center of mass, can be described by a 12 × 12
impedance obtained in the same way, using the general
version of the respective elementary impedances.

D. Dynamic of a body in gravitational field

The dynamics of a constrained body in a gravitational
field, such as a pendulum, cannot be described using the
impedance formalism until an additional element is intro-
duced. This element takes into account the effect of a static
force T ¼ ðTx; Ty; TzÞ associated to the load on a con-
strained point, when it is separated from the body’s center
of mass by the vector S ¼ ðsx; sy; szÞ. The six dynamic
variable in the center of mass, considered as the input point,
are converted in the equivalent variables at the constrained
point (output), by the impedance

Z ¼

0
BBB@

I −S ∧ 0 0

0 I 0 0

0 0 I 0

0 ðS · TÞI − S ⊗ T S ∧ I

1
CCCA ð8Þ

where ∧ is the cross product and all the elements are 3 × 3
blocks. The inverse path, from a constrained point to the
center of mass, is represented by a similar impedance, with
opposite sign both for the displacement and tension.

III. OSCILLATORS IN A GRAVITATIONAL FIELD

The goal of a seismic isolation system is not only to filter
ground vibrations but also to keep a test mass in a stable
position in all the degrees of freedom very accurately.
The pendulum is the key element of a such system. In its
simplest representation, it is a point mass suspended from
an ideal wire whose horizontal reaction is proportional to its
tension. A chain of pendulums is a composite oscillator,
and its transfer function can be easily calculated in a simple
one-dimensional model. However, in reality, the rotational
degrees of freedom of the suspended bodies have a strong
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impact on the dynamic of the chain. Indeed, the dynamics
of a pendulum are affected by rotations due to the torques
applied by gravity and the complex elasticity of a physical
link (a massive wire) when acting off-axis. This is typically
the case when the pendulum is swinging horizontally.
Considering these factors, it is evident that an accurate
representation of a multipendulum dynamics can only be
achieved by including angular degrees of freedom in the
model. The following section will present the impedance
matrix of an elastic massive beam, which also includes
rotational DOFs.

A. Impedance matrix of an elastic massive beam
under tension: Classical solution

The dynamic of an elastic beam, under tension, of length
L, is described by the differential equation [12,14]

EIx0000ðlÞ − Tx00ðlÞ ¼ ω2ρSxðlÞ ð9Þ

where xðlÞ describes a small transverse displacement of the
beam, which is supposed to be aligned on the z axis. Here E
is the Young’s modulus, T is the tension, S is the beam

cross section, ρ is the material density, I is the momentum
of the section, all assumed to be constant along the beam.
There are two independent adimensional parameters

which defines the behavior of the beam, a possible choice

for them is τ ¼ TL2

EI and ϖ2 ¼ ω2SL4ρ
EI . These can be used to

define a tension dominated regime (τ ≫ 1) and an high
frequency regime ϖ ≫ 1. Note that τ can be negative for a
compressed beam.
The boundary conditions on the force and momentum

are given by

EIx000ð0Þ − Tx0ð0Þ ¼ ψxð0Þ
EIx000ðLÞ − Tx0ðLÞ ¼ ψxðLÞ

EIx00ð0Þ ¼ −μyð0Þ
EIx00ðLÞ ¼ −μyðLÞ ð10Þ

and by choosing Xi ¼ ðxð0Þ; θyð0ÞÞ, Fi ¼ ðψxð0Þ; μyð0ÞÞ
and Xo ¼ ðxðLÞ; θyðLÞÞ, Fo ¼ ðψxðLÞ; μyðLÞÞ, where
θy ¼ x0, we can use the general solution of Eq. (9) to
connect input and output variables.
We obtain the analytic expression of the beam imped-

ance Zbeam

Zbeam ¼

0
BBBBBBBB@

λ2þc−þλ2−cþ
β

Lðλ−s−þλþsþÞ
β

L3ð−λþs−þλ−sþÞ
EIγ2β

L2ðc−−cþÞ
EIβ

ϖð−λþs−þλ−sþÞ
Lβ

λ2−c−þλ2þcþ
β

L2ðcþ−c−Þ
EIβ − Lðλ−s−þλþsþ1Þ

EIβ

EIϖðλ3þs−þλ3−sþÞ
L3β

EIϖ2ðcþ−c−Þ
L2β

λ2þc−þλ2−cþ
β

ϖðλþs−−λ−sþÞ
Lβ

EIϖ2ðc−−cþÞ
L2β

EIðλ3−s−−λ3þsþÞ
Lβ − Lðλ−s−þλþsþÞ

β
λ2−c−þλ2þcþ

β

1
CCCCCCCCA

ð11Þ

where β ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ϖ2 þ τ2

p
, λ� ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðβ � τÞ=2p

, and c− ¼
cos λ−, s− ¼ sin λ−, cþ ¼ cosh λþ, sþ ¼ sinh λþ. This
matrix contains all the information describing the dynamics
of a real pendulum.
However, it cannot be used in most cases due to the

presence of hyperbolic functions. These functions become
very large when the beam is a thin and long wire under
tension, as is the case with the pendulums used in seismic
isolation systems. Their argument λþ scales like τ, which is
the ratio between the total length L and the bending length
EI=TL. This is typically ≈100, making the typical value of
the impedance element ≈e100.

B. Impedance matrix of an elastic massive beam
under tension: Octopus’s solution

A solution of the numerical problem affecting the beam
impedance has been proposed in [9] and used for a long
time. It consists in connecting a virtual spring in parallel

to the beam. The spring has a longitudinal stiffness ϵ and
an angular stiffness kθ. It is represented by the following
4 × 4 matrix Zϵ;kθ .

Zϵ;kθ ¼

0
BBB@

1 0 − 1
ϵ 0

0 1 0 − 1
kθ

0 0 1 0

0 0 0 1

1
CCCA ð12Þ

The parallel connection between the matrices expressed
by Eqs. (11) and (12) is calculated using Eq. (A5). The new
impedance matrix Z0

beam depends on the parameters of the
virtual spring ϵ, kθ, and on the only hyperbolic function
tanh λþ, which is equal to 1 when the value of the argument
is large ðλþ > 10Þ. Making the limit around the point
λþ → ∞ ofZ0

beamðϵ; kθ; tanh λþÞ and then sending ϵ → 0, it
is possible to derive the analytic expression of the imped-
ance Zbeam;kθ

PAOLO RUGGI et al. PHYS. REV. D 112, 022002 (2025)
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Zbeam;kθ ¼

0
BBBBBBBBB@

ϖ
λ2þs−

þ c− þ EIϖ2

Lkθλ3þ
Lðβþ2ϖs−þτc−Þ

βλþ
þ EI

kθ

L3ð2c−−τs−
ϖ Þ

EIβλþþ L2

λ2þkθ

− L
λþkθ

ϖ2EI
λ2þL

2kθ

EIλþ
Lkθ

þ 1 L
λþkθ

1
kθ

EIϖβs−
L3λþ

þ EI2ϖ4

L4λ4þkθ
EIϖ
L2

�
s− þ ð1−c−Þϖ

λ2þ

�
þ EI2ϖ2

L3λþkθ
ϖ

λ2þs−
þ c− þ EIϖ2

Lkθλ3þ
− ϖ2EI

λ2þL
2kθ

− EIϖ
L2

�
s− þ ð1−c−Þϖ

λ2þ

�
− EI2ϖ2

L3λþkθ
EIð−2βλ2þþ2ϖ2c−−ϖτs−Þ

Lβλþ
þ EI2λ2þ

L2kθ
− Lðβþ2ϖs−þτc−Þ

βλþ
− EI

kθ
EIλþ
Lkθ

þ 1

1
CCCCCCCCCA

ð13Þ

The new impedance describes a mechanical system
equivalent to the bare beam, with the exception of a small
additional coupling, due to the added angular spring that
can be set small enough to affect just the low frequencies.
The distortion affects a smaller frequency band as the

value decreases. Normally the distortion can be limited
below 1 mHz, out of the interesting range for the common
studies involving mechanical simulations. The amplitude of
the elements in the new impedance is not as large as in the
Eq. (11). Its use does not induce any numerical instability
and gives exactly the same results.

C. Frequency response of the simple pendulum

The impedance of a simple pendulum, from the suspen-
sion point to the center of mass (c.m.) of the suspended
body, is given by

Z ¼ MSZbeam ð14Þ

Eq. (14) is the result of the series connection [Eq. (A4)] of
these three elements:

(i) the suspension wire Zbeam, Eq. (13);
(ii) the element S, Eq. (8), containing the information

about the connection point between the wire and the
rigid body;

(iii) the rigid body M, Eq. (3)
The impedance (14) is calculated for one horizontal
displacement and the rotation around the orthogonal
direction: M and S are reduced to 4X4 submatrices
associated to the corresponding coordinates. The tensor
of inertia is reduced to the scalar value associated to the
rotational axis. The explicit expression of S is

S ¼

0
BBB@

1 sy 0 0

0 1 0 0

0 0 1 0

0 −syTy sy 1

1
CCCA ð15Þ

Given that the wire is vertically oriented and the connection
point must stay on the vertical axis passing through the
c.m., both T and s are defined by the vertical coordinate
only.
The 2X2 frequency response to a force or a torque

applied to the body is given by Eq. (A22) and contains also

the information of the cross-coupling between translation
and rotation. The result is shown in Fig. 2 for two cases: the
link is in the c.m. (sy ¼ 0); the link is below the c.m. In the
second case, the elastic reaction of the wire to a rotation is
partially compensated by the effect of the gravity, because
the c.m. tends to fall. The resonant frequency of the rotation
decreases as sy increases and the same happens for the
cross-coupling terms, until the system becomes unstable
and the resonance disappears for too large values of sy.
Figure 3 shows the longitudinal TF of a pendulum from the
suspension point to the suspended mass, over a large range
of frequency. The transmission of vibration is amplified
at high frequency by the internal resonances of the wires.
The effect is determined by the mass, the elasticity and the
tension of the wires.
It is interesting to note that if we evaluate analytically the

transfer functions from (14) we find a well defined results
in the limit EI → 0, also by using the impendence Zbeam
and there is no need to introduce the regularized one
Zbeam;kθ . For example the transfer functions between a

FIG. 2. Transfer function between displacement/rotation and
force/torque for a simple pendulum—a rigid body weighing
100 kg, hanging from a steel wire 0.9 m long and 1.5 mm thick.
The blue trace refers to the case of a body linked to the wire in its
c.m. The red trace refers to the case of a body linked to the wire
6 mm below its c.m.
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displacement of the suspension point and the displacement
of the mass are given by

lim
EI→0

TFðXi; XoÞ ¼
 ω2

p

ω2
p cos ðγ ω

ωp
Þ−ωp

γ ω sin ð γ
ωp
ωÞ 0

0 0

!
ð16Þ

where γ2 ¼ ρSL=m is the ratio between the wire’s mass and
the rigid body’s one, ω2

p ¼ g=L, we approximated T ¼ mg
neglecting the mass of the wire and we set sy ¼ 0 for
simplicity. In this limit the flexural stiffness of the wire is
zero and angular variables are completely decoupled. When
γ → 0 we obtain a simple pendulum, while in the general
case we observe all the peaks related to the internal
resonances of the wire.
This results clarify that the problem cured by the

regularized Zbeam;kθ is entirely computational. It is not
practically possible to manipulate symbolically the impe-
dence arrays of a complex system to get the transfer
functions and we need to evaluate them numerically first.

D. Modeling links in Octopus

The impedance of an elastic beam is extensively used
in Octopus: in addition to describing the simple pendulum,
it is also the basic element of complex links, like inverted
pendulum, cantilever blades and centering systems. The
code provides functions returning the impedance of those
links, based on their technical drawings, along with some
free parameters that the user must define. Complex con-
figurations can be built (see Appendix B), including any
number of links among the objects available in the library.
An example is shown in Fig. 4: a mass suspended to 4 equal
wires in a symmetrical configuration, as it happens for the

test masses used in GW detectors. Each wire is linked to the
upper and lower body in a point specified by the vector s,
which stores the coordinates of the point with respect to
the c.m.

IV. MODELS VALIDATION

To validate the accuracy of the simulation tool, the
comparison between the simulated transfer functions
and those measured experimentally for a given mechanical
system will be shown. In this section, two cases are
presented. In Sec. IVA we evaluate the thermal noise of
a body suspended by an elastic beam. In Sec. IV B we will
model a complete AdVþ Super Attenuator.
Concerning the SA, mechanical data will be exploited to

build the model, including also the implementation of an
accelerometer sensor as a material object. The simulation
results will be compared to different experimental mea-
surements carried out in 2018.

A. The thermal noise of a body suspended
by an elastic beam

In statistical physics, thermal noise refers to all fluctua-
tions present in a physical observable of a macroscopic
system that is in thermal equilibrium with the external
environment [1].
In the case of a mechanical system the spectral density

x2ðωÞ of the thermal fluctuations of the observable XpðωÞ

FIG. 4. Schematic representation of a link composed by
multiple wires.

FIG. 3. Pendulum transfer function from ground displacement
to suspended mass displacement. The internal resonances of the
suspension wires produce the characteristic peaks at high
frequency, known as violin modes. This effect is perfectly
described by the model because the impedance includes the
mass ad elasticity distribution along the wire.
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is related through the fluctuation-dissipation theorem [15]
to the transfer function HðωÞ≡ XpðωÞ=ðFpðωÞ between
Xp and a force Fp coupled to it

x2ðωÞ ¼ 4kBTs

ω
ImHðωÞ ð17Þ

Here kB is the Boltzmann constant, and Ts is the absolute
temperature of the system.
To assess the accuracy of Octopus in reproducing results,

the thermal noise of a mechanical system, having the same
properties of the system described in [16], is calculated
using Eq. (17). This equation requires the HðωÞ transfer
function, which is calculated with our tool.
The system under consideration consists of a rigid body

with a mass of m that is connected to the ground by an
elastic wire. Within the Octopus environment, it can be
represented by a node of impedance Z, which is a
combination of the impedance of the rigid body [Eq. (3)]
and the impedance of the wire [Eq. (13)]. Once the Z of the
system is known, Eq. (A22) can be used to calculate HðωÞ
and subsequently determine the thermal noise of the
system. Figure 5 shows the amplitude spectral densities
for the thermal noise derived from Gonzàlez and Saulson in
their paper [16] (black curve) and that estimated using the
Octopus transfer function (red dashed curve). It can be seen
that the two calculation methods give the same result with a
relative discrepancy of about 10−3 (blue dashed curve).

B. The Virgo superattenuator

The Virgo SA is a cascade of seven pendulums plus a
soft preisolation stage (inverted pendulum). Length of the
suspension wires between the stages is chosen in order to
have the principal modes of the chain confined below 2 Hz
(neglecting the internal modes of elastic elements such as
wires). The system acts as a passive mechanical filter [17].
At larger frequencies, a steep transfer function from the
ground to the suspended element provides a large passive
attenuation already at 4 Hz.

The support for the suspension point of the pendulums
chain is a three-leg mechanical structure operating on
the inverted pendulum (IP) principle [18]. A fine tuning
of mass and stiffness allows a setting of the IP resonance
at 30 mHz.
In the final stage, known as the payload, the optical

element is suspended by four fused silica wires from a
steering element called marionette. At this stage, a high
mechanical precision and a very low level of dissipation
are required in order to guarantee perfect positioning and
minimal vibration. The double pendulum is surrounded by
an heavy upper stage, supporting actuators and additional
optical devices. Figure 6, left side, shows the CAD drawing
of the SAwith the details of the main elements composing
the structure; on the right side, the correspondent scheme,
representing the physical layout of the system, is shown.
In order to actively control the SA and the payload

elements in their correct working points, the whole struc-
ture is provided of specific sensing and driving elements.
Feedback controls are applied at the top stage (IP and F0),
the Filter7 (F7)-marionette stage, and the test mass (mirror)
(refer to Fig. 7).
The main requirement of the control strategy of the

superattenuator is to keep the IP and the whole suspended
optical elements within a fixed range around the working
point, in order to damp the main resonances of the
suspension chain, filter the seismic disturbances trans-
mitted from the ground to the test masses, and so to reduce
the needed dynamic range of the actuators for the locking
control of the test masses. On these bases, the control of
the superattenuator is based on the so-called hierarchical
control strategy, which divides the frequency band of

FIG. 5. Comparison between the amplitude spectral densities
for the thermal noise estimated by Saulson-Gonzàlez [16] (black
curve) and that estimated using Eq. (17) (red curve). Blue dashed
curve represents the relative discrepancy between the two results.

FIG. 6. SA CAD drawing (left) and the correspondent
schematic representation (right). The system is composed by
a test mass (MI) suspended from a marionette (MA) via four
silica wires. The marionette is suspended from Filter7 (F7) by a
maraging steel wire. A chain of five standard filters starts from
F7 and ends with Filter1 (F1). Each filter is suspended to the
others also through a maraging steel wire. F1 is connected to
the preisolator (F0þ IP), connected to ground via the bottom
ring (BR).
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correction force along the different level of actuation
points: IP, test mass and marionette. At the level of the
top stage, actuators which allows higher dynamics are used.
The consequent higher noise is filtered down to the
test mass through the mechanical filters along the chain.
Thus, at the level of the mirror, the achieved attenuation
allows to use for the locking low-noise actuators with less
dynamics and consequently to increase the frequency band
of actuation.
At the top stage level (F0), the inertial damping (ID)

control loop of the inverted pendulum is implemented. The
strategy of the IP inertial control is based on the idea of
taking the best information out of the available sensors,
which are position sensors, the LVDT (linear variable
displacement transducer) and the accelerometer, respec-
tively. In AdVþ SA, three accelerometers for the horizon-
tal degrees of freedom and two for the vertical are
distributed along the top stage of the inverted pendulum.
The top stage is provided of three position sensors for the
horizontal degrees of freedom and one for the vertical.
LVDT and accelerometer sensors are connected to the IP,
measuring its relative motion with respect to the ground
and the suspended mass of the accelerometer, respectively,
producing a force to be applied to the IP in order to damp
the principal resonance modes of the system [19–21].
Experimentally we find that, typically, below 100 mHz
we are limited by the sensing noise of the accelerometer,
while above such frequency range we are limited by the
LVDT sensing noise. Thus, in the development of the IP
inertial control, a control loop is built with the aim of
reducing the coupling with seismic motion through the
use of the in-loop position sensors connected to ground,
using an error signal which is not affected by such
disturbances in the whole band of control. This is done

through the so-called blending strategy, which is a tech-
nique that takes the sum of the two signals coming from
the LVDTs and the accelerometers, conveniently prefiltered
through the use of dedicated filters, i.e., a low-pass and a
high-pass, respectively. The shaping of the blending filters
and the crossing frequency, are conveniently designed
based on a trade-off in order to filter the reinjection of
seismic noise through the position sensor above 100 mHz
and the reinjection of tilt noise below 100 mHz through
the use of the accelerometer, respectively. An additional
actuation point is located at the level of filter 7.
Displacement sensors and magnetic coil actuators are
installed at this level, with a purpose to both monitor the
displacement of filter 7 and to dampen the torsional mode
of the chain. A set of optical levers and voice coil actuators
is installed at the marionette and the test mass. These are
used to monitor and dampen the test mass’s angular degrees
of freedom (pitch, yaw, and roll) and to steer the test mass
to the optimal position to reach the detector operating point.

C. SA transfer functions:
Simulations vs experimental data

Octopus models of SA have been built as described
in Appendix B 1, using technical data from AdVþ
suspensions. The results of the simulation have shown
good agreement with a detailed experimental characteri-
zation. Experimental data provide transfer functions (see
Appendix A 2) of the motion between points where
displacement sensors are located, or the response to forces
applied in the points where actuators are located. In an
Octopus model, sensing and actuation points are identified as
NODES (see Appendix B 1), having well defined spatial
coordinates. In case of internal actuation (from one to
another body of the suspension), a specific node is added
on the actuation cage. In this way, the simulation can take
into account at the same time the force applied to the
controlled body and the recoil of the actuation cage.
In the following, simulation results for several open-loop

transfer functions of the modeled SA are reported. The
simulations that will be shown, have been computed in the
frequency range from 10−2 Hz up to few tens of Hz.
In order to calibrate in the same measurement units both

the simulations and experimental measurements, real
actuator gains values have been taken into account to
switch to the m, N, rad units system. The chosen coordinate
system is the one reported in the right scheme of Fig. 6.
This is analogous to the real reference system used in
AdVþ, where the z direction is the longitudinal one that
coincides with the direction of the arm and optical axis. In
Fig. 8, mechanical plants of the IP are shown. In details, the
case of the displacement of the top stage F0 for a given
force or torque applied to the same point is investigated;
three horizontal degrees of freedom have been simulated:
transversal, longitudinal and rotational along the vertical
axis, i.e., X, Z and TY respectively.

FIG. 7. Schematic view of a SA where the actuation points
(Top-stage, F7-marionette, and F7-mirror), are put in evidence.
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In the blue traces, experimental measurements are
reported, while in the red traces the comparison with
Octopus simulations are given.
As shown, simulation results are in good agreement

with the performed measurements. In the X and Z cases,
one can notice how the system behaves symmetrically. All
the mechanical resonances of the filter stages composing
the pendulum chain are visible, together with the corre-
spondent phase sign flip; in the rotational DOF (Yaw), only
the principal angular resonance frequency is visible.
Another interesting scenario which has been investigated

is the mechanical transmission of the seismic motion
through the IP, in which one can appreciate the role of
the IP as a passive mechanical attenuator.
Comparison between model and measurement is

reported in Fig. 9: the longitudinal Z DOF has been
considered. Simulation has been done by setting as output

the IP longitudinal displacement imposing an input dis-
placement of the reference ground. The simulation result is
well in agreement with the measurements, in the region
where the pendulum resonances make the transmission
larger. Above 2 Hz the transmitted motion is quite small
because the shaking in input is just the ground motion and
the transfer function is small: the measurement is less
reliable. Starting from about 10 Hz the flexural modes of
the IP legs and other internal modes of the complex top
stage structure become dominant in the transmission. The
model can only reproduce the legs resonance because
the top stage is considered as a rigid body. The visible
discrepancies are therefore somehow expected.
Figure 10 shows the force to displacement transfer

function between the IP and F7 when a longitudinal force
is applied to the IP. The experimental measurements are
represented by the blue trace, while the result of the Octopus

simulation is shown by the red trace. Both simulated
and measured transfer functions clearly show the modes
of the system. Starting from the lower frequencies, the two
fundamental longitudinal modes of the system can be
identified. The first mode, at about 30 mHz, is the IP
mode, and the second, at about 250 mHz, is the main
pendulum chain mode. In Fig. 11, the recoil effect of the F7
due to a longitudinal actuation on the marionette is shown.
In details, the angular response of F7 around the Z axis, due
to an actuation on the marionette along the horizontal X
axis is reported on the left subplot. In the right subplot, the
analogous scenario, with the angular response of the F7
around the x axis, for a longitudinal actuation on marionette
along the Z direction is reported. As shown, within the
frequency region in which the measurement is good, the
agreement between measurement and model is good, as an
indication that the simulation is able to accurately repro-
duce dynamics in which complex couplings, such as

FIG. 9. Comparison between measurement (blue trace) and
model (red trace) of the seismic motion transfer through the IP.
The first resonance around 30 mHz and partially the one above
10 Hz can be ascribed to the own modes of the IP, while the peaks
between are related to the filter chain below.

FIG. 10. Comparison between measurement (blue trace) and
model (red trace) of the F7 response for a given force applied on
the IP along the Z DOF.

FIG. 8. Comparison between measurement (blue trace) and
model (red trace) of the mechanical plant of the IP. Horizontal
degrees of freedom have been considered: transversal (X),
longitudinal (Z), torsional (TY).
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longitudinal to angular, are involved. One last set of transfer
functions are here presented, which are the angular
mechanical plants of the F7 and the marionette, and the
longitudinal mechanical plant of the test mass. In details,
the chosen degrees of freedom for this set of transfer
functions are yaw (TY) for the F7, pitch (TX) for the
marionette and Z for the test mass. Figure 12 shows the
mechanical plant of F7 in which the Yaw DOF (TY) is
considered. Both simulated and measured transfer func-
tions show the torsional mode of the chain at about 12 mHz.
In the left plot of Fig. 13 is reported the mechanical plant

of the marionette, in which the pitch DOF (TX) is
considered. Such plants are the ones used to build the so
called angular local controls to control the mirror orienta-
tion, in the local reference system, using the error signal
coming from the marionette’s optical lever sensing.
As shown in the plots, also in the present case the model

reproduces perfectly the experimental measurement.
As last example in the right subplot of Fig. 13, the

longitudinal (Z) test mass mechanical plant is reported. In
the specific case, this mechanical plant is the one used to
control the most important longitudinal degree of freedom,

which is related to the longitudinal Fabry-Perot cavity
length, i.e., differential arm length (DARM).
In the simulation results reported in the red trace, the

principal resonance frequencies of the pendulum (at around
0.4 and 0.8 Hz respectively) are visible. These values are
confirmed by the measurements, although noisy, reported
in the blue trace.
The previously shown mechanical plants (IP, F7, MAR,

and MIR) introduce the possibility of implementing feed-
back control loops. The working principle of the control
implementation in Octopus is based on the creation of a
connection between two nodes among which the sensing
and the actuation is performed. This connection allows to
compute a specific impedance matrix which assumes the
role of an equivalent frequency-domain stiffness. Values of
this matrix depend on the shape of the controller: the
outcome is a resulting force to be applied to the system for a
given displacement of the controlled subsystem. Details of
the implementation of a feedback control loop are pre-
sented in Appendix C.
We conclude this section showing an example of the

effect of the implementation of a real feedback control loop,
i.e., the inertial damping (ID) of the inverted pendulum.
The control architecture of the ID is based on the blending
strategy briefly introduced in Sec. IV B. In Fig. 14 is shown
the response of the IP to the transmission of the seismic
motion when the inertial damping control is active. In
details, in the green trace is reported the simulated transfer
function in open-loop representing the passive transmission
of the seismic motion to the IP (already presented in Fig. 9);
in the red trace the simulated IP residual motion in closed-
loop is shown, while in the blue trace, the comparison of the
closed-loop response with the experimental data is given.
One can appreciate the attenuation effect of the controller

toward the principal resonance modes of the chain. Just
above the IP resonance frequency (30 mHz), the trans-
mission of seismic motion is increased by the loop because
a ground-based sensor needs to be used in place of the
inertial sensor at low frequency. The shape of the transfer
function follows the shape of the low-pass filter applied
to the position sensor and depends on the strategy of
blending between position and inertial sensing. The com-
plex effect of sensor properties and filtering strategy is well

FIG. 13. Comparison between measurement (blue trace) and
model (red trace) of the mechanical plant of the marionette TX
DOF (left) and Z DOF of the MI (right).

FIG. 12. Comparison between measurement (blue trace) and
model (red trace) of the mechanical plant of the F7 torsional
DOF (TY).

FIG. 11. Comparison between measurement (blue trace) and
model (red trace) of the F7 recoil for a applied force on X DOF of
the MA (left) and Z DOF of the MA (right).
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reproduced by the simulation. The discrepancy above a few
Hz can be ascribed to the difficulty of having a reliable
measurement of the residual seismic motion downstream
the suspension.
Given the latter examples, both in open-loop and closed-

loop, we can highlight the powerful properties of Octopus

also as a control designing tool, as it is done in the real
applications. Indeed, starting from the mechanical plants of
a given system, it is possible to design and test proper
feedback controllers, which allows to evaluate the perfor-
mance of a mechanical system in closed-loop in terms of
stability, residual motion of the main elements, hardware
noise projection, and general requirements achievement.

V. CONCLUSIONS

Impedance matrices are a powerful representation of
multidimensional mechanical systems in the frequency
domain, allowing the point-to-point transmission of dis-
turbances to be derived from the algebra of connections.
However, the implementation of an efficient simulation tool
based on this method is not feasible if the standard
impedance of the elastic beam is used. In fact, this
impedance contains elements that are too large, reducing
the accuracy of any calculation derived from it. To address
this issue, within this work a solution has been presented to
convert this impedance into another that is almost equiv-
alent, but avoids computational problems and makes any
simulation tool accurate.
The impedance method has been used to develop

and test a Matlab code called Octopus over several years.
The mechanical simulations developed in Octopus include
control loops. To prove its efficiency, results which are

supported by both theoretical and experimental data have
been presented.
Given the good match between experimental data and

Octopus results, it is possible to assert that the transfer
functions computed with this tool can be used to evaluate
the transmission properties of a seismic isolation system,
mechanical plants of controlled systems, control system
performance, and in-loop residual motion of suspended
mass for given external disturbances and control noises.
This information is crucial for deriving requirements and
driving the development of seismic isolation systems for
advanced GW detectors.
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APPENDIX A: ALGEBRAIC RULES OF THE
IMPEDANCE MATRICES

This section presents algebraic rules for linking imped-
ance matrices and additional rules for deriving transfer
functions from impedances.
The impedance matrix framework requires the decom-

position of a complex mechanical system into simpler
subsystems, each one associated with its own impedance.
Within this framework, any connection scheme between
subsystems can be expressed in terms of algebraic rules
between corresponding matrices. Once two points of the
system are selected as input and output, the net of
impedances and connections can be reduced to a single
impedance matrix (Z). This matrix will contain all the
information about the transmission of mechanical pertur-
bations from in to out.
In order to define a set of useful algebraic formulas, the

12 × 12 matrix Z needs to be expressed in terms of four
6X6 submatrices, A, B, C, D

FIG. 14. Inverted pendulum residual motion: transmission of
the seismic motion to the IP with inertial damping control active.
Green trace: simulated passive seismic transmission (open-loop);
Red trace: simulated residual motion of the IP (closed-loop); Blue
trace: measured residual motion of the IP (closed-loop).
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Z ¼
�
A B

C D

�
: ðA1Þ

In the real systems, the four submatrices are not totally
independent: they are normally compliant with the follow-
ing identities

ADT − BCT ¼ I ABT ¼ BAT CDT ¼ DCT ðA2Þ

As (A2) are true for all the representations of elementary
systems used in Octopus, and as all the connections used in
Octopus maintain the identities, we can conclude that the
representation of complex systems derived in Octopus are
compliant with the identities. A notable exception is the
case of a charge in an external magnetic field where

Z ¼
�

I 0

iωqB ∧ I

�
ðA3Þ

which violates CDT ¼ DCT .
Representations of some active control systems are also

an exception. For the derivation of the closed loop transfer
function, normally the aforementioned identities cannot
be used.

1. Reduction of a complex mechanical system
to a single impedance system

Let us consider two systems S1 and S2, connected one to
the other and represented by the impedances Z1 and Z2,
respectively. Depending on the kind of connection and on
the definition of in and out points, a specific formula can be
applied in order to combine the impedances and derive the
representation of the composed system.

The simplest connection is the series connection shown
in Fig. 15(b): the input of the composed system is the input
of S1; the output of the composed system is the output of
S2; the output of S1 and the input of S2 are coincident, with
no additional force present in the connection. The total
impedance Zs of the system is

Zs ¼ Z2Z1 ðA4Þ

The parallel connection is shown in Fig. 15(c). In this case,
S1 and S2 have the same in and out, which define also in
and out of the composed system. The total impedance Zjj of
the system is

Zjj ¼
�
Ajj Bjj
Cjj Djj

�
ðA5Þ

Where Ajj,Bjj,Cjj,Djj are calculated as follows:

Ajj ¼ A1 þ B1 · ðB1 þ B2Þ−1 · ðA2 − A1Þ ðA6Þ

Bjj ¼ B1 · ðB1 þ B2Þ−1 · B2 ðA7Þ

Cjj ¼C1þC2 ·ðD1−D2Þ ·ðB1þB2Þ−1 ·ðA2−A1Þ ðA8Þ

Djj ¼ D1 þ ðD2 −D1Þ · ðB1 þ B2Þ−1 · B1 ðA9Þ

Another typical situation to consider is when two systems
are connected similarly to a series connection, but with
different definitions for in and out. One of the two is placed
in the middle where the two systems are connected. This is
known as connection in derivation. Here two cases are
described:

FIG. 15. Graphical representation of mechanical systems de-
scribed by an impedance S (a) and their elementary connections:
series (b) and parallel (c).

FIG. 16. Graphical representation of the connection in deriva-
tion of two mechanical systems: derivation in input (a) and
derivation in output (b).
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(i) in and out are the same as for S2 [derivation in
input—Fig. 16(a)]

Zd;in ¼ Z2Zd
1 ðA10Þ

(ii) in and out are the same as for S1 [derivation in
output—Fig. 16(b)]

Zd;out ¼ Zd
2Z1 ðA11Þ

For both the connections in derivation, a constraint needs to
be imposed to the free side, in order to define uniquely Zd:

(i) derivation to ground—in the free side, X ¼ 0 [see
Fig. 17(b)]

Zd ¼
�

I 0

DdB−1
d I

�
ðA12Þ

(ii) floating derivation—in the free side, F ¼ 0 [see
Fig. 17(a)]

Zd ¼
�

I 0

D−1
d Cd I

�
ðA13Þ

2. Mechanical transfer functions

The description of a mechanical system in terms of
impedance matrix allows to compute the relationship
between an external disturbance (for instance, a force
applied to one point) and the response of the system (for
instance, the vibration obtained in another point, eventually
coincident with the first). This is a frequency-dependent
matrix 6X6, generically defined as transfer function ðTFÞ.
In order to evaluate this operator, we need to generate the
impedance connecting the application point of the force

(defined as input) to the point where the effect is evaluated
(defined as output). In the specific case, the other possible
external force, applied to the out, must be assumed to be
equal to zero.
Applying this constraint to the general equation (1),

the relationship TFðFi; XoÞjFo¼0 between Fi and Xo can be
expressed as

Xo ¼ ðB − AC−1DÞFi ðA14Þ
When the algebraic identities [Eq. (A2)] can be applied,
the expression can be reduced as

TFðFi; XoÞjFo¼0 ¼ −ðCTÞ−1 ðA15Þ

which is more precise at computational level, in case of
very large impedance.
In the same conditions, assuming that the external force

in input can generate also a vibration Xi in the application
point, the transfer function from Xi to Xo has the expression

Xo ¼ ðA − BD−1CÞXi ðA16Þ

which is reduced as

TFðXi; XoÞjFo¼0 ¼ ðDTÞ−1 ðA17Þ
Another transfer function of interest is the one used to
calculate the external force FEXT required to lock one
point (out) of the system, knowing the vibration of another
point (in). From the impedance connecting the two points,
imposing the constraint Xo ¼ 0, the following expression is
obtained:

FEXT ¼ ð−CþDB−1AÞXi FEXT ¼ −Fo ðA18Þ

which can be usually reduced as

TFðXi; FEXTÞjXo¼0 ¼ ðBTÞ−1 ðA19Þ

In the same conditions, assuming that the external force in
input can also generate a vibration Xi at the application
point, the transfer function from Xi to Xo is expressed as
follows

FEXT ¼ ð−Dþ CA−1BÞ FiFEXT ¼ −Fo ðA20Þ
which can be usually reduced as

TFðFi; FEXTÞjXo¼0 ¼ −ðATÞ−1: ðA21Þ
The equation expressed in Eq. (A19) addresses the question
of how the system reacts at a fixed point when another point
is moved. To fully characterise the elasticity of the system,
another quantity needs to be defined: the ratio between
force and displacement at the same point (out) when the
locked point (in) is different

FIG. 17. Example of connections of two mechanical system in
floating derivation (a) and derivation to ground (b).
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TFðXo; FoÞjXi¼0 ¼ DB−1 ðA22Þ

In elementary elastic systems, these two quantities are
equal and define what is commonly referred to as stiffness.
However, in complex systems, they can be different.

APPENDIX B: CONFIGURING A MODEL:
BLOCK DIAGRAM

In order to build a model of seismic isolation system
and obtain from the code a full characterization of its
mechanical properties, the distribution of massive and
elastic elements needs to be identified and described in a
proper block diagram. Each rigid body, namely its center of
mass, constitute a node of the diagram, as in Fig. 18.
Displacements, rotations, forces, and torques associated to
each node constitute the dynamical variable treated by the
model. Each node needs to be associated to one and only
one elastic element (link), responsible for supporting the
weight of the linked body and the ones suspended below
them. The system can be modeled if, for each link, the
relative impedance matrix can be computed as a function of
its physical quantities, available in the code library.
Complex links, constituted by more than one elastic

element, are widely used to build a seismic isolation
system. For the most important ones, proper functions
have been developed in order to reduce them to a single link
and have their impedance available. The code can be easily
updated in case new functions describing links need to
added to the library.
If the system can be broken down in interconnected

blocks, a simple configuration file can be built on the basis
of that layout. The code will be able to automatically
compute the total impedance seen between whatever pair of
nodes, and compute whatever transfer function.
The code accepts additional links between pairs of

nodes, to be inserted at the end of the configuration, as
the whole layout of nodes has been defined. In such a way,

important elements like electrical cables and control
systems can be added.
There is some limitation in the disposition of those links:

they cannot support weight and they cannot cross each
other. Moreover, nodes which are bypassed in a parallel
connection with an additional link become no more visible
by the code: the impedance from or to those nodes cannot
be computed automatically anymore. A customized for-
mula can be inserted by the user in order to replace the
automatic computation.

1. Modeling the SA

In Fig. 19, the physical layout of the SA is reported in the
left side; the correspondent Octopus block scheme is shown
in the right side. Each node of the scheme represents a
mechanical element of the system (such as a test mass,
marionette, or standard filter) connected to each other by
elastic links (such as wires and inverted pendulums). In the
block scheme the actuation points at the bottom stage
(payload level) and the inertial sensor at the top stage are
also included, each one represented by their own node.
Referring to Fig. 19, Node 1 (N1) is defined as the test

mass suspended by four fused silica wires at the next stage.
The second node (N2) is made up by the marionette and a
maraging wire. Next to the marionette, there is F7. In
addition to being the link between the payload and the
filter chain of the SA, it is important to remind that F7 is also
the mechanical structure on which the actuators at the
marionette and mirror levels are bolted, and therefore this
piece of information must be included in the model to
correctly simulate the behavior of the SA. To achieve this,
three new chains can be opened below F7, each representing
an additional node in which to include information about
the positions of the actuators (ACTMI−F7, ACTMA−F7,
ACTF7−GR). Nodes N3, N4, and N5 store the coordinates
of the actuation point with respect to the upper node. Node 6
is the rigid body associated to the complex cage described

FIG. 19. Complete block scheme of the SA, including the
actuation points and the inertial sensor. A total number of 13
nodes are listed from bottom to top.FIG. 18. Example of Octopus node.
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above, together with its suspending wire. It is connected in
series to node 7, which includes filter 4 and a suspending
wire. To complete the chain of filters from filter 3 to filter 1,
three additional nodes (N8, N9, N10) need to be defined.
Each of these nodes consists of a standard filter and a
suspending wire. Node 10 is connected in series to node 12
(Inverted pendulum), which is connected to node 13 (bottom
ring) and directly connected to the ground. Node 11, the
accelerometer, starts a new chain hanged below node 12.

APPENDIX C: FEEDBACK CONTROL LOOP
IMPLEMENTATION

When referring to a control loop, the hardware of the
system, which is composed of sensing and driving devices,
needs to be considered. The sensor and the actuator can be
represented as nodes occupying a well defined position.
The third hardware element defining a linear control is the
analog or digital device computing a correction propor-
tional to the measured displacement, which is converted to
a force by the actuator. This is the same behavior of a spring
and can be implemented as the corresponding impedance
[Eq. (6)] connecting the two nodes (Fig. 20, left side). The
stiffness k of this virtual spring is a frequency dependent
function represented by the model of the controller in
frequency domain, eventually including the response of the
sensor and the actuator.
The described scheme represents a linear control in the

simple case, where the relative displacement between the two
points is converted to an internal force applied between the
same two points. Actually, other control schemes needs to be
represented to cover the complexity of a control system like
the one used in a seismic isolation system. For instance, the
relative displacement of two bodies can be used to control
just one of the two, sending no force to the second. This is
what happens when an accelerometer is used for an inertial
control. In other cases, the force is not sent to the bodywhich
needs to be sensed and controlled, but to a different body.
This is the case of the so calledhierarchical control of the test
mass: the control force is splitted among actuators placed at
different stages of the suspension in order to better exploit the
actuation dynamic and reduce the control noise. In order to
represent a control by an impedance matrix in any possible
case, the concept of spring needs to be generalized. Let us
consider the relationship

�
Fi ¼ kii · Xi − kio · Xo

Fo ¼ koi · Xi − koo · Xo
ðC1Þ

in which the forces applied to two nodes are related to the
displacement of each node through the definition of four
proportionality coefficients, according to the scheme on the
right side of Fig. 20.
In order to derive the equation of the impedance matrix to

be inserted in the block scheme, we start from the previous
equation and solve it such that to obtain a relationship in the
form where the elements A, B, C, and D can be recognized.
Thus, the final set of equations is as follows:

Xo ¼
kii
kio

· Xi −
1

kio
· Fi

Fo ¼
�
−koo · kii

kio
þ koi

�
· Xi þ

�
koo
kio

�
· Fi ðC2Þ

that, rewritten from scalar to matrix form, it becomes

�
Xo

Fo

�
¼
� ðK−1

io ·KiiÞ −K−1
io

ð−Koo ·K−1
io ·KiiþKoiÞ ðKoo ·K−1

io Þ

��
Xi

Fi

�

ðC3Þ

AðkðωÞÞ ¼ ðK−1
io · KiiÞ ðC4Þ

BðkðωÞÞ ¼ −K−1
io ðC5Þ

CðkðωÞÞ ¼ ð−Koo · K−1
io · Kii þ KoiÞ ðC6Þ

FIG. 20. Block scheme of the connection introducing a control
loop.

FIG. 21. Transfer function of displacement/rotation from
ground to suspended mass for the simple pendulum presented
in Sec. III C. The blue trace refers to the case of uncontrolled
system. The red trace refers to the system controlled on
longitudinal coordinate. The magenta trace refers to the system
controlled on both longitudinal and angular coordinates. The
implemented controls are PID with unitary gain frequency at
10 Hz for the longitudinal case and 1 Hz for the angular case.
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DðkðωÞÞ ¼ ðKoo · K−1
io Þ ðC7Þ

Depending on the architecture of the control that needs
to be implemented, the relationship of Eq. (C3) can be
conveniently adapted to derive the specific control imped-
ance matrix. For example, the impedance representing an
inertial control is obtained assuming the two output force
coefficients koi and koo are equal to zero and the two input
force coefficients kii and kio are equal to each other. Instead,
the impedance representing a hierarchical control has only
kio different from zero.

1. Modeling a controlled pendulum

A simple implementation of controls has been applied to
the configuration of the pendulum described in Sec. III C.
Two single input-single output controls have been added,
one for each degree of freedom. The feedback force and

torque are applied from ground to the suspended mass;
sensors of absolute translation and rotation are considered
as error signals, representing in such a way something
similar to the control of a cavity length and alignment,
actually used in the GW detector. The transmission of the
ground motion to the suspended body is shown in Fig. 21,
under three different conditions:

(i) no control loop activated;
(ii) only the translation is controlled;
(iii) both controls are activated.

The model is able to predict an interesting effect, such as
the impact of longitudinal control on the stability in
rotation of the controlled mass. The element (2, 1) of the
transfer matrix, which represents the transfer function
from ground translation to body rotation, increases
with the angular resonance and at lower frequency,
because the longitudinal feedback force also exerts a
torque on the body.
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