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Abstract

We introduce a stochastic model for a passive magnetic field in a three dimensional
thin domain. The velocity field, white in time and modelling phenomenologically a
turbulent fluid, acts on the magnetic field as a transport-stretching noise. We prove,
in a quantitative way, that, in the simultaneous scaling limit of the thickness of the
thin layer and the separation of scales, the mean in the thin direction of the magnetic
field is close to the solution of the equation for the magnetic field with additional
dissipation. For certain choices of noises with correlations between their components,
without mirror symmetry and with a non zero mean helicity, we identify, in the limit, a
first-order term, in addition to the extra dissipation term. However, in the limit system
this term does not produce growth of the L? norm, which is commonly referred to in
the literature as the dynamo effect. Consequently, we extend a no-dynamo theorem to
thin layers.
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1 Introduction

We consider a linear vector-valued SPDE in the unknown Bf = Bf (x) € R3, x €
Tg’ = T? x R/(2e7Z) (a model of thin domain), ¢ € [0, 7], of advection type, loosely
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written as (see the rigorous formulation in Subsection 2.4 below)

WBf  =nABf+V x (v x Bf)
divBf =0 (1.1)
Btg|t:0 = BS

where v¥ = v¢ (x) € R? is a white noise in time, with suitable space covariance
structure, described in detail in subsection 2.3. The multiplications v - VB; and
Bf - Vvf appearing in the development of the term V x (v x Bf) are understood in
Stratonovich sense.

Our main contribution is proving that the vertical average of the magnetic field,
Bf = 5 02” Bf (x1, x2, x3)dx3, converges in a suitable distributional topology to
the solution B, of the system

%B; =m+nr) AB; +V x (AEI)
divB, =0 (1.2)
Bili—o = By

where By is the limit of ﬁ 02”8 B (x1, x2, x3)dx3. Here n is an “eddy magnetic
diffusivity”, linked to the space-covariance of v{ (x); the additional term 57 AB; is
often called the beta-term in the literature devoted to equations for the magnetic field
driven by a turbulent velocity field (see subsection 1.1 below). A is a matrix linked to
the mean helicity of the noise; the term V x (AE,) is usually called the alpha-term.
The convergence result is stated in detail in Section 2.4, see in particular Theorem 2.15,
and the formulation given above is reconstructed in Appendix B.

We classify such a theorem as an It6-Stratonovich stochastic diffusion limit, in
analogy with the deterministic and stochastic theory of diffusion limits based on
homogenization techniques (see for instance [16, 19]). The approach however is dif-
ferent and is strongly based on the Itd-Stratonovich corrector, initiated by [14] (see
also [12] and references therein), from which we derive this terminology. We give a
rough idea of how this technique works. The It6 formulation of equation (1.1) involves
alinear, second-order corrector term that is roughly obtained by squaring the operators
Lye+ := V x (v¥ x -). We refer to Section 2.4 for the detailed computations and simply
denote by D¢ the additional differential operator arising from the Itd-Stratonovich cor-
rector. We interpret this operator as a mean field term (as opposed to the fluctuations
represented by the It6 integrals), see also subsection 1.1 below. It can be shaped in
various ways, through appropriate choices of the noise covariance, so that it admits a
non-trivial limit as ¢ — 0. In particular, it can be chosen so that

Df — nrA-+V(Ax-) ase — 0,
cf. (1.2). Owing to the linearity of the equation, this easily yields
E[B_f] — B, ase — 0.
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However, the convergence B_f — B, requires, additionally, a careful control of the
fluctuations induced by the stochastic integrals. Ultimately, this issue is linked to
the derivation of bounds, uniform in &, in sufficiently strong norms of B_f In the
case of transport noise, cf. [14], this is trivial due to its energy-preserving nature. In
our setting, however, energy preservation is broken by the random stretching term
B? - Vv;, which has increasingly strong effects as ¢ — 0. This behaviour is caused
by the assumptions on v® required to retain a non-trivial limiting mean-field operator;
see, e.g., [6, Appendix 2]. We refer to Section 2.5 for a more in-depth discussion of the
difficulties in obtaining uniform controls in the presence of transport—stretching noise,
as well as for a presentation of our strategy to address this problem in the framework
of magnetic fields in a thin domain.

In this context, our main result, Theorem 2.15, represents an important technical
advancement in the study of these kinds of diffusion limits for three dimensional fluids.
Our model lies between the full three-dimensional regime and previously considered
toy models, while retaining physical relevance, as explained in subsection 1.1. The
closest previous result in this direction is [9], a 2D-3C (two-dimensional, three com-
ponent) model, where a number of ideas used also here have been already introduced.
However, the thin domain treated here is a truly 3D-3C model, which reduces to 2D-3C
only in the limit. The control of the limit is demanding, as already mentioned, due to
the random stretching term. Without it, as in [8], the control of the limit is easier, while
the 2D-3C version of this system of [9], being 2D from the beginning, eliminates part
of the difficulty.

1.1 Comments on the physical motivation

The model introduced above for B is a classical model for a magnetic field driven by
a velocity field v?, with some degree of resistivity (namely closeness to ideal) given
by 1. We refer to the classical monographs [21, 22] for a detailed discussion on the
topics highlighted in this section. This model is used in Plasma Physics to describe
several phenomena, the one of most interest for us being the dynamo effect, that
is the capability of a magnetohydrodynamic system to self-sustain, against resistive
dissipation. Let us comment about the model and result under the usual view of dynamo
research.

The step from the equation for B} to a “mean field" equation like the one above
for B; is a classical step in the Physics literature on this topic. The usual procedure
consists in taking averages of B/, getting a Reynolds type tensor which mixes bilin-
early the randomness of B; and v}, and close the equation for the average, large scales
components, of B; by suitable closure assumptions on the average of the bilinear term.
Compared to these derivations, we do not aim to get new final mean field equations,
since those indicated in Plasma Physics literature are already deep and compared
with reality; our aim is to justify them. Indeed, their validity is far from trivial, pre-
sumably false in full generality, for substantial reasons and not just for a question of
mathematical rigour. Let us explain why.

As already mentioned, in our approach, the Itd-Stratonovich corrector appearing
when we rewrite the term V x (v x Bf) from the Stratonovich form to the It one,
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corresponds precisely to the mean field term (or sum of terms) discovered in the
literature under the most natural closure formulae. But in our rigorous derivation there
is still the Itd term, which should disappear in the limit when ¢ — 0. There is no
obvious reason why it should disappear, and in general it contains fluctuations which
may be very important and alter the limit result. In scalar and 2D models, where
stretching of vector quantities does not appear, it is possible to prove that the Ito term
is negligible in the limit (see for instance [3, 6, 7, 10, 12—14] ). In 3D, the problem is
extremely difficult. We start to throw some light with this work in a truly 3D model,
thanks to the asymptotic simplifications of the thin domain; previously some basic
ingredients have been understood for the 2D-3C model of [9].

Therefore, to summarize the previous discussion, our main contribution is to provide
a framework in which to make rigorous the mean field theory of a magnetic field By
advected by a turbulent velocity field v} .

A comment about the physical meaning of our mean field equation is now in order.

The final mean field system for B, contains two new terms, the alpha and beta terms.
Letus start from the beta term 1y AB,.Letusrecall the following sentence from Krause
e Ridler [17, Page 12]: “homogeneous isotropic mirror symmetric turbulence only
influences the decay rate of the mean magnetic fields, which is enhanced in almost all
cases of physical interest”. When the field vy is mirror symmetric, the average helicity
of vy (defined in Appendix B below in the case of our white noise field v;) is zero,
which then implies that .4 = 0, namely the alpha-term V x (AEI) is absent. In this
case, the only mean-field effect of the turbulent field vy is to produce the beta-term
nr AB;, which enhances the decay rate, as stated by [17, Page 12]. Therefore our
result rigorously confirms that prediction, in the particular case of thin domains.

Concerning the other additional term, namely the alpha-term V x (Aﬁ,), the story
is more complicated. In fully 3D cases such a term may be responsible for the growth of
the magnetic field by stretching and it is advocated as one of the sources of dynamo, a
very important observed phenomenon which is related to the growth or maintenance of
the magnetic field in certain planets and stars. However, in our case the term V x (AE),
although present, cannot produce an increase of the magnetic field. This is due to the
specific algebraic structure, described in Section 2.4. The matrix A is degenerate and
propagates only certain information of B; (those coming from the vertical part of the
vector potential) which do not create a loop suitable for increase (the vertical part of
the vector potential may only dissipate). We refer to Remark 2.18 below for a better
understanding of the last sentence.

To understand this discrepancy, let us point out that in our model there are two
sources of high frequency perturbations that affect the mean field large scales magnetic
field B;. One is given by the turbulent velocity field v, the noise part, while the other
is given by the geometry of the layer, which provokes high frequency oscillations
in the vertical (thin) direction. The averaging of the noise part is taken care by the
probabilistic part of our argument, which is the core of our proof, while the vertical
small scales are filtered out by taking averages in the vertical direction. This step
allows us to deal with an effective 2D-3C quantity. However, it does not make the
problem simply 2D-3C as in previous models, due to additional Reynolds-type tensors,
stemming from the bilinear terms, which couple the fast oscillating quantities with
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the large scale averaged quantities which we have to handle carefully. We refer to
Section 2.5 for details.

As it is well known, Cowling’s theorem states that a 2D-3C conducting plasma
cannot give rise to a dynamo, due to geometric constraints, see for instance [15, Sec-
tion 3.5]. However, in almost all examples of astrophysical plasmas (such as rotating
galaxies), whose motion is confined to an almost two-dimensional plane, large scale
magnetic fields are in fact observed. Their very existence, as well as their persistence,
is believed to be connected to dynamo effects (see [1]). This means that small tridimen-
sional effects cannot be neglected when modelling such systems. It follows that 2D-3C
models necessarily fail to capture the right physics. As a consequence of our results,
we rigorously extend this constraint by showing that not only 2D-3C models lack
such important features, but also a fully 3D stochastic model of a thin domain, whose
dimension is reduced only by averaging out the vertical oscillations (thus retaining
the effects of the coupling terms mentioned above, which are completely neglected
in 2D-3C models), fails to capture the relevant physical phenomena, thus corrobo-
rating with a rigorous result the principle for which such systems must be treated in
their full 3D complexity. We also mention that the case of an isotropic 3D domain
has been studied by the first and third named authors in [2], which appeared after the
first version of the present manuscript. That work provides an example in which a
turbulent stochastic fluid v®, similar to the one considered here (cf. Hypothesis 2.6
and [2, Hypothesis 2.5]), and the induced alpha term are capable of sustaining the
magnetic field. From a modelling perspective, the results presented there can be seen
as complementary to those discussed here. Both support the conclusion that averaging
out vertical oscillations may lead to a loss of crucial physical mechanisms, and that
magnetohydrodynamic systems must be addressed in their full 3D complexity. Specif-
ically, by the result of the present work we can conclude that if a dynamo is active in
our model, then it must necessarily act on the high frequency modes (B®) = B® — Bf
(the one neglected by the averaging procedure), a conclusion which is compatible and
corroborated by the results in [2].

1.2 Comparison with the literature

The dynamo problem for the linear equation (1.1), also called kinematic dynamo, has
been recently addressed in various forms in the mathematical literature. In this section
we briefly mention those we believe are the most relevant. The classical formalization
of the dynamo problem in mathematical terms is extensively discussed in the seminal
reference [4], where it is stated in terms of Lyapunov exponents, and where also the
concepts of slow and fast dynamos are introduced. Loosely speaking, the problem asks
to construct a flow u, deterministic or random, for which the solution of the induction
equation grows exponentially in the > norm, on any time interval. Then, the dynamo
is called fast if the exponential growth rate stays positive in the limit of zero resistivity.
On this topic, see also the classical work [26]. The problem stated in this way does
not require directly the derivation of any mean field model, and indeed it was recently
approached, in the ideal n = 0 case, in [33], by means of the positivity of the top
Lyapunov exponent of the Lagrangian trajectories of the (randomized) underlying
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flow u; and later solved, in the much more difficult resistive case (n > 0), in [34]
using tools from perturbation theory, providing also the first rigorous example of a
fast dynamo on R3, induced by an autonomous flow. We also mention the work [27],
where the author proves existence of almost fast dynamos in T? using a controllability
argument to construct an ad hoc time-dependent flow. Finally, in the stochastic setting
(i.e. when the flow is given by a white in time stochastic process), the first and third
named author, subsequently to the appearance of the first version of this paper, showed
in [2] that, in the full 3D setting, a helical stochastic flow can induce a dynamo, in a
looser sense than that in [4], by proving a mean field-type result akin to the one proved
here, but crucially, with enough richness so to sustain a dynamo. Beyond the dynamo
problem, the derivation of mean field models has an independent interest, for which we
refer to the monograph [35], where the authors derive several mean-field models using
homogenization-type tools. In the present work, the spirit is more akin to this second
line of research, however going in the opposite direction of the dynamo problem, by
providing, as explained in the previous section, a novel result of no-dynamo type.
Finally, in comparison with our subsequent work [2], it is worth noticing that here,
thanks to the possibility of exploiting a regularizing effect of the special thin geometry,
we are able to relax the assumptions on the noise, allowing a slower decay rate for the
noise coefficients (i.e. stronger fluctuations) (¢f. Hypothesis 2.6 and [2, Hypothesis
2.5]). Moreover, from the technical point of view, in the present work several new
ideas are needed to deal with the scaling of the equation and of the domain at the same
time, and to extract a regularizing effect of the thin domain (cf. Section 2.5).

1.3 Overview

The content of the paper is the following one. In Section 2 we introduce rigorously our
framework. In particular, we define the structure of the noise, vy, in subsection 2.3,
while we state our main result in Section 2.4 and describe the main ideas behind
its proof in Section 2.5. The remainder of the paper is dedicated to proving our main
result. In Section 3 we prove estimates for B uniformly in the thickness of the domain,
then we show the convergence of B_f to B, in Section 4 . We conclude the paper with
two appendices. In Appendix A we provide an explicit representation of the Itd-
Stratonovich corrector in (1.1). In Appendix B we compute an average of the helicity
of v, highlighting its connection to the alpha-term in (1.2).

2 Functional setting and main results

In subsection 2.1 we introduce the notation we follow along the paper. In Subsection 2.2
we introduce some functional analysis tools we employ in order to carry on rigorously
our analysis described in Section 1. We describe the noise we employ in subsection 2.3
providing some insights in the meaning of the assumptions and comparisons with the
existing literature. We state our main result in Section 2.4 and describe the main ideas
behind its proof in Section 2.5 for the convenience of the reader.
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2.1 Notation

In the following we denote by T2 = R?/(2n7)? (resp. T3 = R?/(2n7)3) the two
(resp. three) dimensional torus. Moreover, for each ¢ > 0 let us denote by

T3 = T2 x R/Q2enZ)

the thin layer three dimensional torus. In Subsection 2.2 we focus on function spaces
on periodic domains which we in general denote by D varying between T?, T3, Tg.

Similarly we denote by 73 =173~ {0} (resp. 72 =72 {0}) the three (resp. two)
dimensional lattice made by points with integer coordinates. Moreover, for each ¢ > 0
let us denote by

73 =72 x e Z {0}

-1
the thin layer three dimensional lattice. We introduce a partition of ZS’E =Iriure
such that

M = (ke Zy* k3 >0V (s =0Aky>0)V (ks =k =0nks > 0)},
re =-ri.
If v = (v1,v2,v3)" : D — R we will sometimes denote by Dv = (Vv)!, vy =

(v1, v2)" in the following.
For each j > 0, [ > 1 we denote by

: 1
N _ arj—2
é-HJ =N Z |kH|j’

kHEZ%
N=lkg|<2N
dxidx) log2 if j =2, 1 1
§H,‘=/ T E2T 2y s =3 = < too.
e W TES wjer 0TE W

In particular, by the approximation properties of Riemann sums, for each j > 0 it
holds

e =t N>+ O(N'"T).

For two vector fields X and Y , we write Lx Y for the Lie derivative of ¥ with respect
to X, i.e.

LxY=X-VY—-Y -VX. 2.1
We denote by {eq, e, e3} the canonical basis of R3.
We denote by [M, N]the quadratic covariation process, which is defined for any couple

M, N of square integrable real semimartingales and we extend it by bilinearity to the
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analogue complex valued processes.

Leta, b be two positive numbers, then we write a < b if there exists a positive constant
C such that a < Cb and a ¢ b when we want to hlghhght the dependence of the
constant C on a parameter §. If x € C we denote by x* its complex conjugate. If X is
a tensor we denote by || X'|| 7 its Hilbert-Schmidt norm. Lastly, if x € R? we denote
by xt = (—x2, x)".

2.2 Preliminaries

2.2.1 Function spaces in the periodic setting

Let us start setting some classical notation before describing the main contributions
of this work. We refer to monographs [12, 20, 23, 29-32] for a complete discussion
on the topics shortly recalled in this section.

Let (H*?(D), Il gs.r(py) » s € R, p € (1, 4+00) be the Bessel spaces of periodic
functions. In case of p = 2, we simply write H*(D) in place of H $:2(D) and we
denote by (-, -) gs(p) the corresponding scalar products. When dealing with functions
having T? as a domain we neglect the domain in the definition of norm and inner
product, i.e. we write ||-|| gs.» in place of ||- IIHs.p(Tz). In case of s = 0, we write LZ(D)
instead of H%(D) and we neglect the subscript in the notation for the norm and the
inner product when considering functions having T? as a domain. Instead, in case
of functions having Tg as a domain we write ||-||, (resp. (-, -)¢) in place of ||'||L2(1rg)
(resp. (-, -) LZ(Tg))- For s > 0, we denote the duality between H —*(D) and H*(D) by
(5 ) 2 (Dy- _

We denote by H5P(D) (resp. HS (D), L2(D)) the closed subspace of H*'? (D) (resp.
H*(D), L*(D)) made by zero mean functions with norm induced by H*:? (D) (resp.
H*(D), L*(D)). Where it creates no ambiguity, we denote the Laplacian with the
same symbol, A, either when considering functions with domain T2, T3 or 'IF;Z’, i.e. we
denote by

A :D(A) C L2(D) — LY(D),

where D(A) = H%(D). We follow the same notation when considering the orthogo-
nal projection of L?(D) on L2(D), which we denote by Q : L*(D) — L2(D). The
restriction (resp. extension) of Q to H*(D) (resp. H * (D)) for s > 0 1is the orthogonal
projection on H*(D) (resp. H~*(D)). Itis well known that A is the infinitesimal gen-
erator of analytic semigroup of negative type that we denote by e’ : L2(D) — L%(D)
and moreover for each « e R, D((—A)%) can be 1dent1ﬁed with H2 (D). It is well

known that the family { o m etk x} e -1 (resp. {5— 271 } keZz) is a complete orthog-
onal system of H ‘('JI‘3) (resp. HS (Tz)) made by eigenfunctions of —A. Moreover it

is orthonormal in LQ(T3 ) (resp. L2(T2)) We recall for the convenience of the reader
some properties of the Heat Semigroup we will exploit in the following:

Lemma 2.1 Letq € HY(D), a € R. Then:
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i) forany ¢ > 0, it holds ||e’Aq||Ha+¢ < Cfpt""/2||q||Ha for some constant increas-
ing in @;
ii) for any ¢ € 10,21, it holds ||(I — €"®) qll ga—v So 1**114|l o

Similarly, for d € {2, 3} we introduce the Bessel spaces of zero mean vector fields

HP(D; R ={u= (u1,...,uq) : ui,...,uq € H>?(D)},
d
(u, V) s (p;ray = Z(u./, vj)ps, forseR.
j=1

Again, in case of s = 0 we write L%(D: RY) instead of HO(D:; RY) and we neglect the
subscript in the notation for the norm and the scalar product. Similarly we denote by
HS(D; RY) (resp. L2(D; R?)) the closed subspace of H*(D; R%) (resp. L3(D; RY))
made by zero mean functions. Incase of D = T3, d = 3 we denote by H? (resp. L2) the
closed subspace of H® (']I‘g : R3) (resp. LZ(TE : R3)) made by zero mean, divergence free
vector fields with norm induced by H* (Tg’; R3) (resp. LZ(T;Z’; R3)). With some abuse
of notation we usually employ the same notation for norms and inner products that
we introduced for scalar functions also for the corresponding vector fields, forgetting
their range and we denote by

(A f = ((=A)f1, ..., (=A)* ) for f € H*(D;RY).

Having this notation in mind we recall the definition and the regularizing property
of the Leray Projection and the Biot-Savart operator. We denote by

P I;z(']I‘g; R3) — Lg
the Leray projection which, in the periodic setting, is an orthogonal projection even
when acting between H*(T?; R%) and H:.

If v € H} there exists a unique vector field K¢[v] such that curl K [v] =
v, div K;[v] = 0. Moreover the operator

K. H — H™!
is linear and continuous for each s € R and is given by K [v] = (—A)"'curlv. In
particular, if v : ']I‘g — ]R3, v = (v1, v2, v3), is independent of the third component,
we have
Ke[v] = (=Vg(=a)""v, (=a)7 vy - o), (2.2)
where we denoted by Vi = (=02, 01).

We conclude this subsection introducing some classical notation when dealing with
stochastic processes taking values in separable Hilbert spaces. Let Z be a separable
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Hilbert space, with associated norm || - || z. We denote by C = ([0, T]; Z) the space of
weakly continuous adapted processes (X;);¢jo, 7] With values in Z such that

E[ sup ||Xt||zz] <00
t€l0,T]

and by Lg_- 0,T;Z), pell,o0), the space of progressively measurable processes
(X1)tefo, 71 With values in Z such that

T
IE[/ ||X,||’Z’dt] < 0.
0

2.2.2 Preliminaries on the thin layer

For our purposes, it is convenient to introduce the mean operator, M,, and the fluc-
tuations operator, N, in order to exploit the properties of working with a thin layer.
Therefore, let us recall their definitions and some properties which we will use in
the following. We refer to [24, 25, 28] for the proof of these results and some more
discussions on the topic.

Definition 2.2 We denote by M, : L2(’]I‘g) — L2(']I‘2) the mean operator in the third
variable, i.e.

2e

1
M:gp(x1,x2) = Ime o (x1, x2, x3)dx3.
e Jo

Similarly N, = I — Mg, therefore [ Ne¢p(x1, x2, x3)dx3 = 0.

The operator M, and N, are projections either in Lz('ﬂ‘g) and in H'! (']I‘g’). More gen-
erally the following holds.

Lemma 2.3

i) The operators M, N, are orthogonal projections in H® (Tg)for eachs € R. In
particular:

McNof = NMof =0 Vf e H (T?). (2.3)

i) Mg, N, commute with derivative and fractional powers of the Laplacian. In par-
ticular, My, No commute with K.

iii) Foreachu, v, w : Tg’ — R3 such thatdivu = divv = divw = 0and (u-Vv, w),
is well defined, then we have

(u-Vo, Mew)e = (Meu - VMov, Mgw)e + (Neu - VNgv, Mow),. 2.4)

(u - Vv, New)e = (Meu - VNgv, New)e + (Neu - VMo, Now)e
4+ (Negu - VNev, Now),. 2.5)
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iv) Foreach f € H! (']I‘g) the following Poincaré inequality holds
[Nevlle < elld3Nev], - (2.6)

Remark 2.4 In our periodic setting, the mean operator M, preserves Fourier modes
which are independent of the third variable. Instead, the fluctuations operator N,
preserves Fourier modes which depend on the third variable, i.e. if f € H* (']I‘g) then

" eik-x " eik-x
M. f = E (fr e ) . Nef = E (f e )e .
8mre 8me
k 3.571 3,8’1
€Zy keZy
k3=0 k3#0

Exploiting Fourier decomposition, one can easily prove that, more generally, if
u, v, w : ’]Tg — R are rqgular enough such that uv € HS('I[‘3), s € R is well
defined (e.g. s =0, u,v € L4(’]I‘g)), then we have

M (Qluv]) = O[MuM:v] + M (Q[NeuNev]), Ne(Qluv])
= M;uN:.v 4+ NeuMgv + N (Q[N uNgv)).

2.3 Description of the stochastic system

We now move to the description of the random velocity field appearing in equa-
tion (1.1). We shall define it in a sort of expansion in the Fourier basis. For each
ke ng’l, J € {1,2} we denote by of ;(x) = e,f’jak,je"k-& where {l,’g—l,ak,l,ak,z}
is an orthonormal system of R3 for k3 > 0 and ax,j = a—,j if k3 < 0, while
the (complex) coefficients 9,‘(9’ j will be fixed later. It is well known that the fam-

ily {ax, ; 27“}%6””“}, k € Zg’sil, J € {1, 2} is a complete orthogonal system of H

made by eigenfunctions of —A. Moreover it is orthonormal in Lg. Without loss of gen-
erality, we make a choice that will simplify some of the computations: when k3 = 0
we choose ax,1 = (—ka/lk|, k1/1k],0), ar2 = (0,0,1) if k € Fi, ak,j = a—k,j
otherwise. Now we define the Brownian motions. Our construction aims at obtaining
a non trivial space covariance structure, while retaining the description in the Fourier
basis, since this choice will simplify many computations thanks to Remark 2.4. We
begin with a correlation factor p € [—1, 1]. Then assume (2, F, F;, P) is a filtered
probability space such that (2, F, P) is a complete probability space, (F;):e[0,7] 1S
a right continuous filtration and Fy contains every [P null subset of ©2. Now, for each
N € N, {W,k’]}, k e ZS’N, j € {1, 2} is a sequence of complex-valued Brownian

motions adapted to F; such that W,_k’j = (W,k ] )* and

IE[Wlk’j,Wll’m*]z 2 l:fk:l,m:j '
20 ifk=1, k3 =0, m # j;
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[Wk,j Wl,m] _ 2 k=—lm=]j
S 20t ifk=—1, k3=0, m #j.

With the notation above in mind, we introduce the random field

e k.j
> oW
|
keZy*
jel{l.2}

with o = =6 Ok, je’k *. We will formally consider v® = 9; W in (1.1) and postpone
to Section 2. 4 for the rigorous definition of (1.1) for this choice of v®. The physical
intuition behind our construction is discussed in Remark 2.11 below. The role of the
factor p in the definition above is to introduce some correlation between the vertical
and horizontal components of the ‘2D’ modes (those who have k3 = 0) of the random
field. With our choices, to ensure that W¢ takes values in a space of real valued
functions, the coefficients must satisfy the condition

O F =05 . .7

Remark 2.5 The complex Brownian motions W requlred can be constructed in the
following way: let {B 1} kezdV be a sequence of real, Brownian motions adapted to

]e{l 2}
JF; such that

C
E [B, ]Bﬁ’m] = (t A$) (8, mSk.1 + PO j—m|=18k,18k3,0)

and then set

k,j +lB ki ifkeFi
B,k]—th” ifk eT®.

Finally, we make an explicit choice of the coefficients Qk appearing in the definition
of our random velocity field W/:
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ifk3=0kel?, j=1

i
Cr.H k|

A . o
ranai ifk3=0,kel?, j=1

0f ;= Unzpgizany 4 1 , 2.8)
G itk3 =0, j=2
W if k3 # 0.

The parameterse, N, Cy, g, C2, 1, Cy, B, y cannot be arbitrary. Indeed we will always
assume in the following even if not specified:

Hypothesis 2.6

e The width of the thin layer is 27e = ZW”, ie. e = % for N e N.
e Thecoefficientsin (2.8) satisfy 8 > 4, y > 4andCy g > 1/g”T'O, Com, Cy > 0.
More general choices for the phase and the sign of our coefficients are allowed,

although the computations and the notation get heavier, while the decay rate (8, y > 4)
is optimal in our setting. For this reason we decide to avoid this level of generality.

Remark 2.7 Due to our choice of the coefficients 6 ; and the vectors ay, ; it follows
that for each k such that k3 =0, N < |k| < 2N

ikt 1 e

O jaxk1 = ———, Of a0 = —— ——.
k, 1 Cip k)2 8275 Co. i |k|7/?

Therefore the 2D modes of our noise naturally split in horizontal and vertical compo-
nents

& H . 3 k,j 3 . 3 k,j
weH .— Z of ;W we3 = Z of jWhI.

kezdN kezd™
k3=0,j=1 k3=0,j=2

Moreover the components satisfy the relations

weH(—x) = —WeH(x), We3(—x) = W&3(x).
As shown in [9], this anisotropy of the noise is the main responsible for the appearance
of the alpha-term in this kind of models.

In the next few pages, we introduce several reformulations and properties of the spatial
covariance of our noise. While all of them will be used later on, eager readers may
wish to skip directly to Section 2.4 and return here if any notation or statements are
unclear.

The space covariance function associated to our noise is

0°(x,y) =E [W](x) ® W (»)"] = Q(x, y) + Q5 (x, y)
= 0°(x.y) + (0°) (x.y) + 05 (x. y) (2.9)
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where we denoted by

o 2 (e ,
Own=2 3 [ e @aet (@) @
kezi™N
k=0, jef{1,2}
2 .
=2 ) Pé;‘ah/@H%Jék“_”a
kezd™

ks #0, jefl,2}
050,y =20 > (05, (00,) ar1 @ ax2 + 65 (65 1)" ax2 @ ax.1) €07

keZS’N
k3=0

Due to our choice, we have that Q¢ (x, v), (Q%) (x, y) and Q_f)(x, y) are all translation
invariant, therefore we simply write Q° (x —y) (resp. Q(x —y), 0% (x—y), (0% (x—
y), Q5(x — y)) in place of Q°(x,y) (resp. Qf(x.y), Q°(x,y), (Q9) (x.y),
Q_f)(x, ¥)). In particular Qg(x), 0¢(x), (0% (x) are mirror symmetric, namely it
holds

05(x) = 0§(—x), 0F(x) = 0%(—x), (%) (x) = (©°) (—x). (2.10)

On the contrary Q_‘Z(x) is an odd function, in particular Q_f,(O) = 0. As a consequence,
our noise satisfies the mirror symmetry property if and only if p = 0. Let us understand
better the behaviour of Q¢(0). Indeed, as discussed in [12, Chapter 3], it plays a
crucial role in order to provide the dissipation properties of our limit object. Let us
start considering (Q¢)’ (0), we have:

o 1 _k®k
(@y®=2 2 c%|k|ﬂ<1 |k|2)'

EZS'N
N<lky|<2N

Arguing as in [14, Section 2.3], it follows easily that (Q®)" (0) is a diagonal matrix,
moreover it holds

(0°) (0) = 2(e1 ® €1 + €2 ® €)1y 1+ 2(e3 ® e3)1 4.
where we denoted by
1 |kH|2)
& — 1 _ , &
Ny, Z C‘2,|k|ﬂ ( 20k2 Nv.Rr

keZF"N | k3#0
N<lkp|<2N

1

-y (1 B |k3|2>
Cy k| |k

keZaN, ks #0
N<|ky|<2N
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In particular both 1y, 7, 77, p goto 0 as & — 0. Indeed it holds

1
ni/,T—i_n%/,R 5 Z X 2 k ) B/2
keZIN ka0 (Ikgr|? + 1k3?)
N<lkn|<2N

1
kpez} ki€Z, k3;é0( + |k3] )
N<|ky|<2N

1
= fg,ofﬂw =O0N*7P). (2.11)

In order to treat Q¢ (0) we introduce a further splitting of the sum. We write
0°(x) = 07.(x) + 0% (),
denoting by
ot e |? ikx e
0T =2 Y |05 s @t O

keZé‘N
k=0, j=1

=2 >

keZS‘N
k3=0, j=2

2 ik-x
ak,j ® ag je" .

Of course, Q_‘;(x), Q_‘;e(x) satisfy mirror symmetry property too. By definition it holds

J— 1
0%(0)=2(e3®@e) Ny g Nyg= D 2 kal
kyezd 2HUH

N<lkgy|<2N
Therefore also %,  goes to 0 as & — 0. Indeed, we have

NH.R = .y = O(N*™). (2.12)

C2,H

Lastly we need to study the asymptotic behaviour of Q_‘QT(O) which is the one we will
keep track in the scaling limit. Arguing as in [14, Section 2.3], it follows easily that
also QgT (0) is a diagonal matrix, moreover it holds

N

05(0) = C e @er+er®e) =
LH

(e1®e1+er®er)+ON.

CH2
~2
1,H

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations

We set
e e ;11_1\/2 CH2 -1 e e e —4
nT:nV,T+_2 =5 + O(N"), 77R:'7V,R+’7H,R:O(N ),
CH,H' CH,H
0 CH2
T=—5""
CH,H

We state now some results on the covariance functions Q°(x), Q((x), Q_f,(x),

0% (x), (0%) (x), Q_’ET(x), Q_‘j}(x). The first ones are closely related to the invariance
by translation of the covariance functions, therefore they hold for all of them. We give
the detailed statement and proof only for Q((x), the others being analogous.

Lemma 2.8 Foreachl,m € {1, 2, 3} it holds

2 .
(8105) (x = ) =0, 05 =) =20 Y [6f | ki @ gy 7,

keZg’N
jell.2)
(2.13)
(alam Q(S)) x—y) = _axlaym Qg(x -y
2 .
=2 3 o[ Kknar s @ ag e, 2.14)
keZé‘N
jell.2)
In particular
2
(005) O =20 Y |6f | kiaws @ . (2.15)
keZé‘N
jell.2)
2
(0 05) 0 = =2 > |6 ;| kikmar.j ® ax. .- (2.16)
kezd™N
jell2)

Proof (3;QF) (x — y) = 9y Qf(x — ) and (39 Of) (x — ¥) = —ydy, Of(x — ¥)
by the chain rule. Then (2.13) and (2.14) follow from the definition of Qg(x - ).
Setting y = x in the right hand side of (2.13) (resp. (2.14)) we get immediately

2
@0p) =2 Y ’9,5,].‘ ki ® ax.;

kezyN
Jjell.2}

2
(resp. (89 05) O = =2 Y |05 ;| kikwar.; ® ax ).

kezgN
jell1,2) O

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations

The other results we need on the covariance functions are strongly related to the mirror
symmetry property, therefore they hold true only for Qf (x), Q¢ (x), (Q%) (x), 0% (x),
Q‘“;e (x). We give the detailed statement and proof only for QS (x), the others being anal-
0gous.

Lemma 2.9 It holds

2
(@05 © =2 Y |6f )| ko @y =0. 2.17)

keZS‘N
Je(1,2}

As a consequence, for eachl,m,n € {1,2,3} and f € LZ(TE), g€ Hl(Tg) it holds

Z <alg(7]£:j's famaﬁ}ij)s =0. (2.18)

keZS‘N
Jef1,2}

Proof Since by the mirror symmetry property of the covariance function (2.10), the
function Q((x) is even and smooth, then (81 Qg) (0) = 0 and (2.17) follows. In order
to complete the proof, let us expand the left hand side of (2.18), obtaining by definition
of the o,f’ j above

2
> Gugol fno" e = (f g Y. |600| Kna i pn =0

kezgN kezgN
Je(l1,2} Jefl1,2}
due to (2.17). O

On the contrary, as discussed in [9], the asymptotic behaviour of VQ_f)(O) plays a
crucial role in order to understand the alpha-term of our model. Therefore, the last
result we provide in this section is a convergence property of the matrix

(Rey ™ bmnei12) = 0,057 (0) (2.19)

and a uniform bound on VQ_f)(O).

Lemma 2.10 It holds

2\/§|p|§1¥’},/2N2_y/2

VO, 0] =

Ci.uCon
In particular
- - _
(Rey™ nettz) = o0 Q5" (0) = 22w 2 |01 yomya g (y1-v/2)
’ e Ci,uCou |1 O
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Proof Thanks to (2.15) and Remark 2.7 it holds

_ 2p 1 ky; ky k; ku
VOE0) = —— — oL eo——-Loeae——]. (220
0O =crcn X apn (63 k] © el k] © 3 a1 |- 320
N<lkn | 2N
Therefore we have
_ 2lpl 1 ko kg kg ky
YV 0%, (0 L — J— s Sy~ S & 1
[vorol .= eem X s <e3®|km®|kH ka1 &2 Tkl )|
kHGZO
N<lkp|<2N
2300lcN N2V
_ ‘pl{H,y/Z . 2.21)
Cr.uCoH
Due to (2.20), it holds
YT R N I
r Ci.uCon . kg Y/ \ky| |kl
H
N<lki| 2N
2p 1 NY? ki kg
= -2 | nv2 Z 2 T - (22)
Ci,aCo,uNY N , kalV/= |kul — lkn|
kHEZO
15%52

The function f, (x) = W()& ® x) is smooth for 1 < |x| < 2, hence the Riemann
sums satisfy

1 3 NY2 ki ky

— —_H g 7 dx + O(N~Y. 2.23
k77 kel e /lfxfzfy(x)”( @2

N2

kHGZO
1<l <o

Since we have

2o —sin(0) cos(@) —sin%(0)
/lfxszf,,(x)dxz'/l/(; rV/Z—l[ cos2(0) sin(@)cos(@)}drde

_CHyp [0 -1
== 1ol (2.24)
combining (2.22), (2.23) and (2.24) the claim follows. O

Remark 2.11 We highlight that our noise is an adaptation of the one constructed in
[9] for a 2D-3C model, where a certain helicity of the noise is imposed to achieve

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations

an alpha-term in the limit. In that work the authors constructed a random field based
on the notion of a ‘cylinder of vorticity’. A cylinder of vorticity is for them a special
3D vector field V(x) on T? that is decomposed as Vg, an horizontal component
corresponding ideally to a point vortex, and V3es a vertical component, with the
property that Vg is an odd function of x, while V3 is even. By randomizing the
position of this cylinder, they were able to use the covariance matrix of the field to
define a Brownian motion. While we could not give the same description here, since
we needed to express the noise in the Fourier basis to exploit crucial simplifications
(cf- Remark 2.4), our noise retains all the properties of the one introduced in [9]. In
particular, by splitting our noise as Wé(¢, x) = WE(t, x)+ (WE(t, x)), where the first
part comprises all the wavenumbers with k3 = 0, and recalling the further orthogonal
decomposition We (¢, x) = We-H (¢, x)+We3(¢, x)es, we see that this part of the noise
corresponds exactly to theirs. Indeed, in order to have a nonzero ‘off diagonal’ term
Q_f)(O) in the covariance, we had to introduce a correlation between the horizontal and
the vertical component, which was inherent in the structure of the cylinder, and breaks
mirror symmetry for the horizontal component. In particular, due to the special choice
of the coefficients we made, W¢-H is an odd function of x, while W3 is even, exactly
like in the cylinder case of [9]. Finally, it is easy to check that our main assumption
on the decay of the noise coefficients (8, y > 4, c¢f. Hypothesis 2.6) is equivalent to
the main assumption of [9], that is, a uniform control on the second derivatives of
the covariance matrix, see [9, Hypothesis 3.3]. In Appendix B we compute the mean
helicity of our noise and stress its relation with the strength of the alpha-term in the
limit PDE.

2.4 Main results

Fix T € (0, +00). Following the ideas introduced in Section 1, due to our choice of
v® as detailed in subsection 2.3, we are interested in studying the properties of the
following stochastic model on T3:

"
dBf  =nABfdt — Zkezgw Lo Bf odW, 7,

jel1,2)
divBf =0, (2.25)
Bfli=0 = Bj.

We recall that the term E B8 above is the Lie derivative of B; with respect to Uk j
introduced in (2.1). In order to study (2.25), we start rewriting it in It6 form. First, let
us observe that for each k € Zg N, J € {1, 2} we have due to the linearity of Egksj

. . 1 .
Lop Bf odW = .c(,;jdeWt"’-’ +53 [L(,,fva?, W.k"’]t

kj 1 k.j
:Ealf,jdeWt T+ Eﬁolf.j [B'S’ W ]]t

k.j
= L‘Tkg,jdeWt - Z:“If,_j Eﬂik’j Bidt — plyj,=o, [#j}ﬁglij ﬁnik‘[Btgdt.
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Therefore the equation for B; can be rewritten as

dB; =|nA+ Zker‘)'N E“/i/ L”ik,/ +p Zkezg‘N L”f.lﬁ"ik.z + L”kg,z £”fk.1 Brdi
jell.2) k=0
i
_Zkezg”" Lot BrdW, g
Jje(1.2}
divBf =0,
B;‘elt:() = BS~
We are left to study ZkeZS,N ng,jﬁgjk’j +p Zkezg’N Lot Lot , + Lot Lo, i

jell,2) k3=0
analysis exploits strongly the properties of the covariance function of our noise, i.e.

translation invariance and (almost) mirror symmetry and it is contained in the following
Lemma. Even if its proof is quite standard, see [12, Section 3.4.1] we prefer to include
it in Appendix A for the convenience of the reader.

Lemma2.12 IfF : ’]I‘g — R3 is a smooth, zero mean divergence free vector field, then
it holds

Z Eglf.j[,gik’jF +p Z (ﬁglf’lﬁgfkyz + ng,z'c‘ffk.l) F=A°F+ A;F,

where in the formula above we denoted by A°* the differential operator
ATF =070, + 05) F + 195 F

and by A; the differential operator

ASF == )" 9050)-VE == > 805 (0)3;F.
le{1,2} Jje{l,2,3}
1e{1,2}

Thanks to Lemma 2.12, equation (2.25) can be interpreted in 1t6 form as:

i
dB; = (nA+ A"+ AL) Bidt =3, pan Log BidW,,
je{l,2}
divBf =0 : (2-26)
t - ’
Bfli=0o = B§,

We give now the definition of weak solution for the Stochastic equation of the magnetic
field (2.26).

Definition 2.13 A stochastic process

Bf € Cx(10, TT; L2) N L%([0, T1; HY)
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is a weak solution of equation (2.26) if, for every ¢ € Hg, we have

t t
(BE. §)e = (BE. d)e +1 fo (B, A)e ds + /0 (BE, A®$), ds
t t .
+ f (ASBE $)eds — Y / (Lor B @edWET . @27)
0 kezgV 0 !

Jje(l.2}

foreveryt € [0, T], P —a.s.

Due to the fact that equation (2.26) is linear, the existence and uniqueness of solu-
tions in the sense of Definition 2.13 is a standard fact which follows by the abstract
theory of [5, Chapters 3-5], see also [11, Section 3.1]. Indeed the following holds.

Theorem 2.14 For each B € Lg there exists a unique weak solution of system (2.26)
in the sense of Definition 2.13.

We are now ready to introduce the mean and the fluctuation in the third component
of the process B? which are the main objects of our analysis. Therefore, let

Bf := M.Bf, Bf := N.Bf.

More generally, in order to simplify the notation, in the following we will denote the
projection operator M, (resp. N¢) by - (resp. -) forgetting the dependence on ¢. Thanks
to Theorem 2.14 and the fact that M, and N, are projection operator and commute
with the operator div, see Lemma 2.3, we have in particular that

Bf e L%(0, T;HHNCr (0, T;L2), BY € L%(0, T; H) N Cr (0, T; LY.

For each ¢ € Hg, considering ¢ and ¢’ as test function in (2.27) we obtain that B_f
and Bf' are weak solutions of the following SPDEs:

R — — k.j
d B¢ = (nA + A%+ AZ) Bfdt — > keZS‘N EU}f,.thdef 4
kk3':0, jel1.2)
/ sJ
=2 ke Lo BrdWi, (2.28)
o k30, je(1.2)
divBf =0,
Bts|l:0 = 381
dBf' = (nA+ATHAL)BYdr =Y v Log B'dW/
k3=0, je{l,2} ,
- ki k,j
— Z keZg’N Ealf,j deW[ J_ Z keZg’N (L(ff/ Btg/) dWZ J ,
k30, je(l.2) ks#0, je(l,2)
div B’ =0,
Bzg/|t:0 = BS/

(2.29)
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in a sense completely analogous to Definition 2.13, namely testing the equations with
vector fields ¢ € H2. As discussed in Section 1, we study the convergence of B in the
simultaneous scaling limit of both separation of scales, i.e. considering a noise which
concentrates on smaller and smaller scales as described in subsection 2.3, and of the
width of our thin layer, namely considering ¢ = L 5 0 as discussed in [24, 25, 28].

N
In order to do so, we need to introduce some few objects: we denote by

A? = K:[Bf], AY =K.[B{'].

Thanks to the regularity properties of the Biot-Savart operator, see Subsubsection 2.2.1,
we have that

AT e L0, T;H) NCr (0, T; HY), A € L2%(0,T; H2) N Cx(0, T; HY),
moreover
AF = (AHe Ae) = (=V(=A)"'B3e, (—A)7VE . BH e
Lastly we introduce our limit objects. Following the idea first introduced in [14], we

expect that our limit objects satisfy a PDE with an additional second order operator
with intensity related to

lim, Z ‘

keZg‘N
Jjefl1,2}

. |2
o il -
kgl

Besides to the fact that the limit above is 0, in the simultaneous separation of scale,
thin layer limit, according to the discussion in subsection 2.3, the final deterministic
objects keep memory of the operators A®, A} defined above. Indeed, denoting by

A3, B3 the unique weak solutions of the following linear 2D PDEs

QAT = +nr)AAYY xeT te(0,T) 230)
3, - .

A['y|l‘=0 = A(S)a

B =(+nr)ABYY +div (R),VLA?’V> xeT2, te(,T) o

3y 3
Bt =0 :BO*

where n7 = éfz’—z and
1.H
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our main result reads as follows:

Theorem 2.15 Assuming Hypothesis 2.6 and

By B in [A(T?), AY —A3 in [A(T), 232)
2
B3,£’
50| 14517 _
sup ’ o0, (2.33)
£€(0,1) € 86(01) €

there exists No large enough such that for each N > Ny, for each 01 € (0, 1], 6, €
0, 61), 6§ € (0,05) we have

- J—)
3, 3,
SUP;e[0,T] E |: ‘Bt £ - B; Y . :|
H%
— ——2 1
3 36 3 A3
|55 5 gea T 43— 43 i T (@ = 8)(0 — )
N (1+0)
<Hiv=4+_ |
R3 _ ple 3 3¢ 1
8- 5 go t 43— 43 DD
v (+5)
ify >4
(2.34)
3¢ 3,y 2 < 3.e 43 2 1 1
SUPrepo, ) HAf AL | 457 = a3+ Ne T 26, -0
N 1496
(2.35)

The hidden constants in (2.34), (2.35) depend on n, B, vy, Cv, Ci1,u, C2.u. |pl, T,

2 2 HBs,g/ 2 ‘As,g/ 2
B¢ A 0l L
SUPec(0,1) | Po || » SUPee(0,1) |0 || » SUPec0,1) & » SUPec(0,1) T - UL, 02
8. In particular
3 =5 3 7|
sup; o, 71 E B + sup;cqo, 7 E HA,'s -A7 -0
H_el H—()z

as N — +o0.

Remark 2.16 The explicit dependence of the hidden constants in (2.34), (2.35) in terms
of 01, 6> and § can be found in Section 4, see Subsection 4.5 and Subsection 4.6.

Remark 2.17 Our assumption (2.32) is for example satisfied if B can be decomposed
as

& - / X3
By (x1, x2, x3) = Bo(x1, x2) + B <X1, x2, ?> ,
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where, calling B§' = B (-, -, ), we have

Bo € L*(T%; R®), Bj e L¥(T%; RY), / B)(x1, x2, x3)dx3 = O a.e. (x1,x2) € T?
T

divByp=0, divBf'=0 VN eN.

Remark 2.18 Assuming A_g € H(}, simple energy estimates applied to equation (2.30)
imply

3 _
HA’ Y <e (n+n7)t

al
1.'11('[2) 0 Hl(Tz)

Consequently energy estimates applied to equation (2.31) imply by Young’s inequality

2 — t

0 +HA0HH1('JI2)_/0
2 e

<o ([@7] Al

t
+(n+nr)/
0

B B2 || e~ (rtnm)s g

JE—) t) ——2
3
B} +xmwwA VB | ds <

3,y
B

- 2
vB; || ds,

for some constant C depending on the parameters of the model. Therefore Gronwall’s
inequality implies

— 1 _
H 57| < etorenn 53],

In conclusion, calling BH-¥ = —VLA3Y, the full magnetic field associated to the
limit mean field model, BY = (BH:7, B3.7) decays exponentially, i.e.

|57] s et ]

In this sense our main result, Theorem 2.15, corresponds to a result of no-dynamo.

Remark 2.19 Due to Hypothesis 2.6, n cannot be arbitrarily large in our model. Indeed
the following holds

nr = —Q;’z < —gH’zn ~ (0.4627.
CI,H é‘H,O

Remark 2.20 Contrary to other results related to ours, see [7, 9, 10, 14, 28], we do not
argue by compactness but we provide a quantitative result in the original probability
space. Besides the fact that this makes the result stronger, we are forced to argue in
this way. Indeed, we can obtain uniform estimates in a common topology only for
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B>, Ad¢ exploiting the fact that they are independent of the third variable and we
can see them as functions from T? to R3. This seems not possible for quantities related
to B?’. Due to the lack of compactness for quantities related to B®’, we cannot find
by Skorokhod’s representation theorem an auxiliary probability space where either

(2.28), (2.29) hold and (B.3 €, A.3’8) converge a.s. to some limit objects. Therefore we
cannot pass to the limit in equation (2.28) showing that the limit objects satisfy (2.30),
(2.31).

2.5 Strategy of the proof

The proof of Theorem 2.15 relies on rewriting in mild form B;’ ’8, A?’S, M}, A}, see
Lemma 4.1, showing, in a quantitative way, that the stochastic convolutions approach
0 when considering negative Sobolev norms in T? and having a good control on the
pieces associated to the alpha-term in (2.28), (2.31). This is the object of Corollary 4.4,
Subsection 4.5 and Subsection 4.6. These results (and actually also stronger ones)

would be easily true if the following holds: If H B§ Hi = O(¢g), then also

2 2
| B¢ ”cf(o,T;Lg) + || B¢ HLZF(O,T;H;) = 0(). (2.36)

Unfortunately, due to the stochastic stretching terms, equation (2.36) seems completely
out of reach if one is interested in having a non-trivial operator in the limit lim,_, g A%,
see [8, Appendix 2]. Even if the operator A, and the correlation between the compo-
nents of the noise W, makes system (2.26) more complicated, they do not increase the
difficulties in order to obtain (2.36). We rely on the following idea, which we inherited
by [25, 28]: since the equation for Bf is a perturbation of a 2D-3C system, we can
work, as in [9], considering differently the horizontal and the vertical component of

the magnetic field B_f Since the third component B,3 ' corresponds, in a vague sense,
to the unique non null component associated to the curl of a 2D divergence free vector
field, according to [7],[6],[10], we expect that, if we were able to control the perturba-
tion with respect to the 2D-3C model, it behaves well in terms of (2.36), see [9]. This

is not true when considering BtH ¢ Indeed, having a good control on the stochastic

stretching terms appearing in the equation of B,H ® is as difficult as proving (2.36) and
keeping a non-trivial operator in the limit due to the fact that, without exploiting some
geometric features of the model, the term

T, 2
3 / ”Bg-%{’f ds. (2.37)
’ £
kezZy™ 0
k=0, je(l,2)

appearing in the energy estimates, seems to blow-up. The idea is, therefore, of con-

sidering the potential field A? associated to Bf. Thanks to (2.2), B/"* = —V5A>*
and, formally, due to Proposition 3.2 below, it solves
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dAY = (A + A% AYSdr— > of VAP AW
keZS‘N
k3=0, je{l,2}
— S ofet, A e, A awt
keZ?)‘N

k3#0,  je{l.2}

Notice that, due to Remark A.1, Af)B_f is a vector having the first two components null,

therefore it does not affect the equation for BtH ¢ Now, the bad stretching term (2.37)

has disappeared at this level of regularity, and to show that A?’g behaves well in term
of (2.36) we are left to analyse this perturbation of the 2D-3C model. In order to show

that the equations for A?’g, B3 ¢ are just aregular perturbatlon of the 2D-3C model we
need either some smallness assumptions on the coefficient o} i k3 # 0in term of the
derivative of the covariance function associated to the noise, see subsection 2.3, and

. . . / . .
some bounds on Bf’. Also in this case, the analysis of B,3 " is relatively easy thanks
to our assumptions on the noise which allow us to control the stochastic stretching

. / .
terms, see subsection 2.3. Lastly we need a good control on BZH ¢, This term seems
again critical for what concerns the stochastic stretching, indeed a term of the form

Z / ‘BE’ Vokj

k3=l 0, je{12}

(2.38)

appears when computing energy estimates. Besides its form analogous to (2.37), the
term (2.38) needs a different treatment than the others. For this term, we are able to
exploit the special geometry of the thin layer, namely the Poincaré inequality (2.6)
(with constant €) holds when considering Bf’, counterbalancing the gradients of the
coefficients. Indeed, applying Holder’s inequality to relation (2.38), the explosive

behaviour of H VokH & i is absorbed thanks to (2.6) and we obtain
T
“ds < (ﬂ + (1)> / |vB'| ds.
& Cl, 0

We refer to the analysis of /; % in Lemma 3.3 below for details. Since we already have

good estimates on fo H VB3 ¢ H ds and Hypothesis 2.6 holds, (2.38) can be absorbed
thanks to the dissipation properties of (2.29) obtaining a good control on the stochastlc

Z f ’Bs/_ He

k3 o, ]6{1 2}

stretching term. Unfortunately this is not enough: energy estimates for B, “ involves

——2
also terms related to fOT H VB ds which are out of reach as discussed before. For

H,'

this reason, we replace the analy51s of B,”’* with that of a different term, involving
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2
ds, when computing its energy estimates.
&

2
ds andfT

at most fOT HVB,?”S 0
&

v

, —
This term, combined with B;** , must be strong enough to ensure that B} and A
are close to satisfying the 2D-3C model. The appropriate choice for our purposes is
AY” = K.[B?']. The stochastic stretching term appearing in this case is not identically

zero as for Af"s, but can be treated as for (2.38).

Compared to [9], the equations appearing in our system are more complicated since,
even if linear, none of them is closed and they are interconnected in a not trivial way
when computing a priori estimates. This is only partially due to the presence of the
operator Af, and the correlation between the components of the noise W;. We hope
that this subsection could help the reader in order to understand the reasons behind
the long computations of Section 3 and the heuristics for Theorem 2.15.

3 A priori estimates
Recalling that
B € L2(0, T; HH) N Cx(0,T; L) (resp. BY € L2%(0, T; H) N Cx(0, T; L)),
since B' is independent of the third variable we have
B® € L2(0, T; H'(T% R*) N C£(0, T; L*(T?; RY)).

The goal of Corollary 3.6 is to prove some bounds uniform in ¢ > 0 for quantities
related to B® in a common topology independent of ¢. In order to do so, we start
obtaining in Lemma 3.3 and Lemma 3.4 some pathwise estimates for quantities related
to B® and B¢'. Thanks to these we are able to gain in Proposition 3.5 some intermediate
a priori bounds in topologies depending on ¢. These results will imply Corollary 3.6.

As discussed in Section 2.5 we will work with the potential fields associated to
B_f and Bf’ at a certain point. In order to do so we employ the following classical
relations:

Proposition 3.1 Let X € L2, Y € H!. Then

2
X2 = H (—A)"2 curl XH . VY2 = fleurl Y2 3.1)
&
In particular if either X and Y are independent of the third variable, it holds

2 2
H 3| = H(_A)—l/zvi,ﬁ , Hvy3 (3.2)
£ &

2 2
Ly3
= HVHY
e e

Proposition3.2 Ler X : ']I‘g — R3 a smooth, zero mean, divergence free vector field,
Y € H.. Then

X-VY-Y VX elLZ (3.3)

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations

Moreover it holds

X-VY —Y VX =curl (X - VK.[Y] + (DX)K.[Y])
=curl (Q[X - VK [Y]+ (DX)K[Y]])
=curl (P [Q[X - VK Y]+ (DX)K Y]] . (3.4)

In particular if both X and Y are independent of the third variable, it holds
X vyt —y.vxH = v} (X : VKg[Y]) , (3.5)

where we denoted by K S[Y ] the third component of K:[Y].

Now we have all the elements to provide the necessary a priori estimates.

Lemma 3.3 Assuming Hypothesis 2.6, for each &1, & > 0 we have

d| A2+ 2n | VAT |Zdr < =2 37 (Dof A7 AT ed WS

J
kezgV
Jjel1.2)
—2 > (of; VAT + Dof jAT. A )ed W)
keZ%N

k3#0, je{l.2}

Y U M(g”’OQLCH’Z) +ONY) | vas'|ar
Cin & Cin ’

9190 1-B ) —en2
+ {62222 + O(N'P) ) IVAT | 2dr
( NF=2C5, ‘

2
dt, (3.6)
&

{p—28H,0 3_,3> —=
+(622L) o ) | &
( NF-4C3

2
dt

&

2
d ‘ B>+ 21 HVB,W
&€

<2 Y (B Vot B )eaw!
kezgV
jell2)
~2 Y of; VB —Bf -V}t B} )aw

ot
kezgV
k3#0, je{l.2}

+olel (g'“ +2 gH'é/z + O(N‘1)> |vs

2
dt
£ \Cly Ci.uCaon

&
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CHy2

V2 L0 4 B
+ |p§2Ny_4CLHCLH

CHy—2 Cp—2tm0 | |pl&28H y—2
2| s 2l
NY=4CE, T TNPACL T NvACT,

O 4 N*P)) [vay|2dr

2 —2
3¢ §p—28H.0 3-B
+2 > ”a,f’fVB, di+ (4W+O(N )) HBf _dt
3N Vv
keZy
k3#0, je{1,2}
2
-2 3 o, VB — B Vot ar. 3.7)
kezdN ¢
k3#0, je(l,2)
Proof Since by Proposition 3.1 it holds
2
2 _ | aN=1/2per 2 | pel 2
[422 = |2 | var|z =18 (3:8)

we apply Itd formula to || (—A)_1/2Bf’ ||§ obtaining

2 /
d||AY | = —dW, +2(—1' + P+ P + I' + I7 + I8)dt,
where we denote by

aw/=2 )" (Laksijf’,(—A)_le’)gdW,k’j

kezd™
k3=0, je{l.2)

_ B .
+2 ) (Lop Bf.(=8)7'B)edW,

keZS‘N
k3#0, je{l1.2}

, .
2 2 (Lo, BY) )T B W,
kezy™
k3#0, je{l,2}

I'=n(VB (=A)'VB )+ Y (B, (=A) " diviof ; ® 0fy VB,

kezd™
jell2)
2=y ([/gkg,jBtg/,(—A)_lﬁgfk‘jBf”ea
keZS‘N
k3=0, je{l.2)
P= Y g B8 L B
kezd™

k3#0, jefl,2}
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Fo e ) o (e )i

kezd™
k3#0, je{l,2}

I = Z (Ea,fva_f, (=) (ﬁ"f/«._i B’S/)/)S’

kezZy™
k3#0,  je{l.2}

IP = (NGB (D) B )40 Y (Lo B (=D Lor B )
keZZ‘N
k3=0

BY (—A) 'Lye BE).

O k1

+(L

&
%%k.2

Inorder to study the terms involved in previous relation we recall that by Proposition 3.2
curl(oy. ; - VA + Do,f’jAf’) =o; ;- VB — B Voy ;

and analogously for the others. First we start rewriting the martingale term. By previous
relation, exploiting the fact that curlcurl f = —A f if f is a divergence free vector
field and derivatives and the operator (—A)~! commute in the periodic framework we
get

AW, =2 3" (Lop B (=)' B )ed W/

kezy™
Je{1.2}

_ - y
+2 ) (Lo B (=)' B .d W,
keZé'N
k3#£0, je{l,2}
=2 )" feurl (alf’j VA 4 Do,f’jAf/> (=) eurl AY ), d W
kezd™
jell2)
+2 Z (curl (o,f’j -VA? + Do,f’jA_f> (=A)"eurl Af/)ethk’j

keZS'N
k3#0, je{l1,2}

=2| 3 (of; VAL + Dof ;AT ALY ed WS

kezd™
je{l.2}

+ > (of, VA + Do AT AY)ed W)

kezy™
k3#0,  je{l.2}
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=2| Y (Dof ;AL ALY ed W)

kezd™
Jje{l.2}

+ > (of; VA + Dof AT A )ed W[ | (3.9)

kezZd™
k3#0,  je{l.2}

Now we can analyse the terms Itl, Itz, It3, It4 , It5, If’. First we observe that due to
the fact that derivatives and the operator (—A)~! commute in the periodic framework
we easily obtain

2
(3.10)

1= |vayli+ Y |or, vay
kezy™
je{l,2}

Exploiting the fact that curlcurl f = —A f if f is a divergence free vector field we
get

=Y ewl(of,; VAL + Dof jAS), (—A)!

keZS’N
k3=0, je{l,2}

(curl(af,w- VA + Ddfk,jAf/)>>a
= > feul (Pg [Q [a,f!j VA + Do,f,jAf’)]]) ,

kezZd™
k3=0, je{l.2)

(—=A) " curl (Ps [Q [Ulf,j VA + DO/iJ'Af/)]])>8

2
—_ & el & el
- ¥ Pg[Q[a,w»VAt + Dof A ]]HS
kezdN
k3=0, je{l,2}
2
£ el & e/
= > et VA +Dof A 6
kezZy™
k=0, je{l,2}
& el 2 & el 2
= Z Uk’j~VAt g+ Z HDUk,jAt .
kezy™ kezd™
k3=0, je{l,2) k=0, je{l,2}
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where in the last step we exploited (2.18). By Holder’s inequality and Poincaré inequal-
ity (2.6) the last term in the relation above can be estimated by

2
O Yl R DU el P &

keZé'N keZé’N
k3=0, je{l,2} k3=0, je{l,2}
2
< oAl |2 D> @)+ DD @) kP
kezdN kezV
k3=0, j=1 k3=0, j=2
< 2 VAg/ 2 1 1
=¢ || l”s Z C2 + Z C2 |kH|y_2
kyezg  LH kyezy  2H
N<|kn|<2N N<|kuy|<2N
¢ 5
= | va;'|? (HO | = VAl é°”—°+0<N )
N C2,1—1
Therefore
2 P er|? CH0
1} < > of - VAT +|vAy || —+0(N 1. @iy
kezd™ ‘
k=0, je(1.2}

Analogously we can show that

2 )
3 & g & £
r< ¥ ‘o ;YA Y HDok’jA, E
kezd™ kezd™
k3#0, je{l,2} k3#0, je{l,2}
2 2 2 2
_ -
= X V&l + X e 7],
kezd™ keZy
k3#0, je{l,2} k3#0, je{l,2}

@ on? + o 7]

(CH0N2+0(N))||VA8||2 3 1

2 B 2
Cy k3eNZ~{0} k3] Cy
> =
|k3|B=2
ke NZ~{0}
gﬂgH,O 1-8 =2 ;ﬁ 28H.0 3-8
= <2N/3_—2C‘2,+0(N ) | IVAZ I + N/S—4C2+O(N ) HAS

(3.12)
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The analysis of I,4 is similar recalling that by Lemma 2.3 the operator N, and the curl
commute. Therefore we have, arguing as above,

2

/
P [Q |:<c7,f)j VA + Da,f’jAf/) H

=3

keZS’N
k3#0,  je{1,2}

&€ e/ & el !
< Y (Uk,j VA + Doy ;A )
keZS’N
k3#0, jef{l,2}
_ £ el £ e/
- ¥ (o,w. . VAY + Dof Al
keZS’N
k3#0,  je{1,2}

&

2

&

2
3

2
& el & el
- X e VAT og a7

kezd™
k3#0, je{l,2}

2
= Y evar|+ X |poiar

kezZd™ kezd™
ks#0,  je(1.2} ks#0, je(1.2)

2
3

In the last step we simply neglected the negative term and exploited (2.18). Arguing
as when treating 112, we can show by Holder’s and Poincaré inequality in the thin layer
(2.6) that

Y oAz Y s val|?
kez>N ’ ‘ kez>N Cy k=2
k30, Je(1.2) k30, Je(1.2)
N <lksi|<2N
_ o+ o) [vay|; v
o heNZ\HH|kﬂﬂ_2
$p—28H 0 _ 2
= <2m +ow! ’3>> [vail-

In particular, it holds

4 3 e/
A Hak’fVA,
kezd™
k3#0, je{l,2)

2 _
. (2% + 0<NH‘>) [vay|Z. Ga3)
\4
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For what concerns 115, applying Cauchy-Schwarz and Young’s inequalities we get

I = Z (Ps [Q [sz,j ‘VA_f“‘DGIf,jA_f]],
keZg’N
la#0, je(l,2)

/
P, |:Q [(oi,w. VA + Dafk,jAf/) H)g

_ R+
- 2
é‘ﬂé'H,O 1-8 — 2 gﬂ—2§H,O 3-B ”_e 2
< _— L -
£p—28H.0 1-8 w2 1 12
+ (—Nﬁ—2C‘2, oW ) [var i+ Y ot va; 8

keZé’N
k3#0, je{l,2}

Let us analyse the last term. It holds

2

1 42 1vAY 1
i 2 vl X
kezgV v kezgV
k3#£0, je{l,2} kﬁﬁik ’\i{leZ}
=IKH =
(¢noN? + O) [ VAL v L
B 2C5 k3eNZ~{0) ksl
- (_;ﬁa;,oz + O(N"’)) [va|?.
NF-2C2

In conclusion it holds

5 $pSH.0 1-8 -2, [ $—28H.0 3-p \ == 2
I < (Nﬂ—zc‘z/-i-O(N )) ”VA;’?HE-’_(AU‘}—AlC‘Z/-’_O(N ) ”A? .

(228550 o ni-fy |vas|? (3.14)
Nﬂ*ZC‘Z/ tlle” )

Lastly we consider If’: (AZBf’, (—A)_le’)8 can be estimated easily due to
Lemma 2.10 and (3.1), obtaining by Cauchy-Schwarz inequality

2\/§|P|§11-1V,y/2N2_y
Ci.uCon

2
(5B (—A)7 B < [ 12By

Nz .
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B 2ﬁ|P|§11-1V,y/2N2_y/2

e/ y
Ci.HCoH lat'l, [vay],

The other terms can be treated easily by Cauchy-Schwartz inequality and Proposi-
tion 3.2. Indeed for each §; > O and k € ZS’N such that k3 = 0 we have

(Log Bf' (=0 Loe,  By')e
= (curl (of | - VAY' + Do | AY)  (=A) ' eurl (0%, - VA + Do’y 5 A))e
= (curl (P.[Qlof | - VA!" + Dof | A1), (—A)™

curl (P[Qlo®y 5 - VA; + Do’y 5 A7'T))e
= ((Pe[Qlog,y - VA + Doy (A7) (Pe[Qloty 5 - VAT + Doty , ATN))e
j |of - va;" + Do a7 j

= 26 2

05k

2
1 [of 5 VAT + Dof 47
_"_ &

So far, arguing when treating 1,2, we proved that for each &1 > 0

N
6 _ 2«/§|,0|CH’),/2
" T ONYIP2C, yCo

lp] 2
471 v+ oty va;
! keZé’N

k3=0, j=1

+ [ vas)? ('pm’o +O(N~ )). (3.15)

2
+lole Y ok, vay|

1C?
kezZN 510
k3=0, j=2
/ 2 / 2
Letusanalyse ), , 5.~ ”o,fj-VAf and). | ;5N Ho,fj.VAf .We have
0 ’ 0 ’
k=0, j=1 ¢ k3=0,  j=2 ¢
VA¢ || 1
e oaer?_ |
Z Hak,j VA, e S CZ Z k|2
keZS‘N LH kHEZ(Z)
k3=0, j=1 N<lkg|<2N
CH 2 1 2
(&2 oo e
LH

and analogously

2 CH 2
€ el Y 1—y e/
Z ’ak’/ ' VA’ e = (Ny2C12H +O0W )> ”VAt ||£
keZ%N ’
k3=0, j=2
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In conclusion, applying Poincaré inequality (2.6) to (3.15), it holds

/6 < lol <§H,0 +SHp2

= e, +0(N—1)> |vas|?. (3.16)

Combining (3.9), (3.10), (3.11), (3.12), (3.13), (3.14), (3.16) we get relation (3.6).

2
. / . . . . .
Now we move on to the analysis of H Bt3 ¢ which is similar, actually easier, than the
£

previous one. Indeed, by 1t6 formula it holds:

= —dW +2(=J + I2+ I+ J* + > + 10t

2
o5
&

where we denote by

AW =2 Y (of VB B Vo B W)

keZS‘N
k3=0, je{l,2}
3.6  he 3¢ p3.e k,j
+2 Y (of;- VB —Bf-Vo., B )dW,
keZé’N
k3#0, je{l,2}

/ .
2 3 (o, VB =B Vo) B eaw),

kezd™
k320, je{l,2)

2 e 3¢/ 2
+ o, vB;

&

)

3 =n|vs}

kezgV
jell.2)
2 _ & 3¢/ e/ 3, _¢ 3¢/ e/ 3¢
JE = Z (of ;- VB" — B} - Vol 6% - VB — B -Vo’{ ),
3.N
keZO'
k3=0, je{l,2}
3 3¢ Y3 3,¢ 3,¢ Y 3,¢
J3 = Z (of ;- VB —Bf Vo %,0% ;- VB — Bf -Vay ).,
3,N
keZO
k3#0, je{l,2}
4 _ e 3¢/ Y 3¢\
=3 (o, VB - B Ve
keZg’N

k3#0, je{l,2}

£ . VB3,8/ _ Bs/ . V 3,8 />
O k,j t 1 O_k,j) le

5 _ & 3,6 e 3¢ & 3,¢’ gl 3¢ ¢
F= Y (of; VB —B,«Vak’j,<afk’j~VB, — B 'Va_k!j) e,

keZg‘N
k3#0,  je{l1,2}

. / /
J6 = —(divy (RS,VB,H*@ ) B>y,
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/ /
+p Y (of VB 0t , VB

keZS‘N
k3=0

/ 3. 3¢/ / 3¢ 3¢/
— Bts . Vafk,2>€ + (o’]f’z VB — Bf . VUk,Z’ Uik,l - VB )e.

Since the o} j are divergence free, the martingale term is equal to

AW, =2 " (B -V}t B ) aw

sJ
kezd™
jell.2)
+2 > (of; VB —Bf Vo B} edw! . (3a7)
kezd™

k3#0, je{l,2}

The analysis of J2, J,3, Jt4, st is similar to the corresponding terms when estimating
|| AY ||§ and is based on the fact that the mixed products in each inner product are equal
to 0 thanks to (2.18). In order to treat Jt2 let us preliminarily observe that if k3 = 0,

then 0,(37’; # 0if and only if j = 2. Therefore we get

2
2 _ I3 3,8/ F-24 378
=) of ;- VB =B Vo5 |
kezd"
k3=0, je{l,2)
2 2
_ € 3¢/ el 3¢
= > et vE |+ X [Eve|
kezgV kezd™
k=0, je{l,2) k3=0, j=2
2 1
e 3,8/ 712
= Z o, VB + Z 2 ) HBt ”e
& C2 H|kH|y
kezdN ki €7} ’
k3=0, je{l,2} N=<lkpy|<2N
2
3,6/ CH.y-2 _ 2
< Y o VB | o T ) B
] o Ny—4C2 &
3,N 2,H
keZO
k3=0, je{l,2)
2 CH,y—2 _ 2
= of VB | + | =2 o T ) | vaY|z,
k t 2 t
5 P NV74C2H &
kezgN '
k3=0, je{l1,2)

(3.18)
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exploiting relation (3.1) in the last equality. The analysis of 1,3 is analogous to that of
J?2 and lead us to

3 & 3.e
DY Hok)j VB
keZé‘N
k3#0, je{l,2}

2
€

2 R
+ (2—93‘2“”0 + O(NH)) I IGEE)

& Nﬁ_4C\2,

For what concerns 1,4, exploiting the fact that N, is a projection on Lz(’]I‘g) we get
easily

=y ‘a,f.j VB B Vot j
keZ3'N
k3#0, je(l,2}
& 3,¢’ Py 3,8 2
- > of ;- VB = Bf' Vo]
kez>N €

k3#0, jefl.2}

- =
keZO’
k3740, je{l.2)

e 3¢/ &/ 3.
oK VB — B/ - VUkJ

&

)

Let us analyse the second term in the last sum. We have by Holder’s inequality and
exploiting our definition of the o} j

2 1
3, 2
> ”Bf’ Vo = > CIkP—2 15[,
kezd™ kezN v
k3#£0, je(l,2) k3#£0, jefl,2)
N<lky|<2N
$p—28H,0 3-8 )
< <2Nﬁ_—4C‘2, + ON""") JIVAL ;-
In conclusion we get
4 3.6/ ||? 3¢/ ’ 3,e ?
REEEDY ‘o,f’j-VBt’ e O
kez3 N ¢
k3#£0, jell,2)
+ (2—§ﬁﬂf§”’2° + O(N”)) IVAZ)2. (3.20)
NF-AC2

Exploiting the fact that for each f, g € L2(Tg) we have (f, g’} = 0 we get ],5 =0.
Indeed, thanks to the mirror symmetry property of the covariance function (2.18) and
the definition of the o} ; we have
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5 e 3,6  pE 3 e 3¢/ Y 3,
=Y of; VB —Bf Vo 0 VB — B Vol )

keZS‘N
k3#0, je{l1,2}

3. 3¢/
= > (of; VB .0f VB,

keZS‘N
k3#0,  je{l1,2}

e 3,6 pe/ 3,6
+ > (Bf Vo, B -Voii )
kezgV
k3#0, je{l,2}
2 —
3¢ 3¢’
= > o] s B VBN,

kezd"
k3#0,  je(1.2)

LD

keZS‘N
k3#0, je{l1.2}

=0.

ot ‘2(a3 )2<?-k B k)
k,j k,j t s Dy

Lastly let us treat J°: the term —(divy (RE,VB,H ’6/) , B;’ ’8/) ¢ can be estimated easily
due to Lemma 2.10 and (3.1) getting by Cauchy-Schwarz inequality

. / 1 i ’
—tdive (Rey B B2 e = (Reyy B Vu B,

- 2\/§|P|§1]q\,’y/2
= NY272C yCon

o5

A,

The other terms can be treated easily by Cauchy-Schwartz inequality obtaining for
each & > O and k € Z™" such that k3 = 0

e 3¢/ e 3¢’ g/ 3¢
(Uk,l “VBT, O k2" VB — B/ - Vo’,kyz)s

3 3,8/
Hak,l - VB;
<

2 £ 3 8/ 24 3¢ 2

& Hak‘z -VB}® — Bf' Vo
+

= 28, 2

&

So far, arguing when treating le, we proved that for each & > 0

2ﬁ|0|§[]-1v,y/2

2
6 < [vs><| Ivay], + el g, v
T TONY22C g Con bl [Vl & k%N kg . P
>
k3=0, Oj:l
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T+l Y|

kezZy™
k=0,  j=2

& 3¢/
o VB

>, (|p|sch,y_2

3—y e/|2
P 1 o) |97

(3.21)

2 2
e 3¢ e 3¢/
Let us analyse Y kezd N Hak,j - VB; . and ) kezdN Hoksj -VB; .
k3=0, j=I k3=0, j=2
Arguing when treating It6 we have

2 2
S ot w8 5(—2‘2”2+0(N‘)> o5
’ & e
kezgN LH
k3=0, j=1
2 2
3 )a,f/.-VBf'*” < —gH’Vz +ON'") HVB,?”E/
L e = \N72¢2 .
keZy ?
k3=0, j=2

In conclusion, applying Young’s inequality to the first term in (3.21), it holds

2

6 ol [ Cuo CHy )2
JP < _<C2 +«/§C
* 1.8Co. 1

= + 0(N‘1)> HVB?’S/

&

CH,y—2 CH.y 2 3— 2
: : ON>) | |IVAY|-. (3.22
+ 1ol (NHC%H N gy T oW [varl;. 322

Combining (3.17), (3.18), (3.19), (3.20), (3.22), relation (3.7) follows. m|

Lemma 3.4 Assuming Hypothesis 2.6, for each &3 > 0 we have

2
d ‘ Al 4 og HVA?’S

&

2 -
, .
dt<=2 Y of VAP wizef - AT AT cdw)
¢ kezd N

k3#0, je(l.2}

{BEH.0 1-B 3,8/
+<4N5—2C%,+0(N )| va;

2 {p—28H.0 3— er)2
Sdl+(4Nﬁ_4C% o ﬁ>) a8 e, (3.23)

2 2

dt

&

o[

2 3
+ 21 HVB,’E

&

+2 ) Ha,f’j-VBf’s
keZy
k3#0, je{1,2}

&

<2 Y (B vyt By ) ed W

k.j°
kezgN
k3=0, je{l,2}
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-2 Y (o VB38—B8’Vk3f, ) AWk

keZS‘N
k3#0, je{1,2}

+2(—§””‘2 T loles T2yl pley +0(N3—V)>

NY=4C3 NY=4C3 NY=4Cy yCon
3,¢ 2
HVA;’ dt
&
3 3 2
8 el &
+2 Y VB — B - Vo dt
kez>N

0
k3#0, je{l.2}

2
+2@(‘:’“ +v2 5”2/2 +0(N_1)>HVB,3’€

& Ci,uCru &

dt. (3.24)

Proof First let us observe that thanks to (2.2) and Proposition 3.1

)

-2
_ H,
H(_”A) 1/2 Ble

&

— — 2
AV ==V B |4 =

H.e 2
t

&

H VA (3.25)

Thus we apply Ito6 formula to H (—A)~ 12 pH-e

obtaining due to Remark A.1
&

[ 2 _
d HA?’E = —dW, +2(—L' + L> + L3 + LY)dr,
&

where we denote by

dw, =2 Y (ak’f]zs.vHB,’”—B Vao (—A)” IBH -y awh

keZéN
k3=0, je{l,2}

+2 Y (o, VB BV

keZS‘N
k3#0, je{l1,2}

L= n<VHBH’€, (—A)*‘VHBH%

+ Z “divy (o' @ o5 Vh T

keZO
JE{1.2}

2 _ H.e H.e Hs H.e
ti= > (o VB = BV,

kezgV
k=0, je{l,2)

ol (=8 By awf
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(=) (o v B/~ B vHaf,jj)>8

3 _ e H.e' Y H.e
L;= > <ok,j«VBt - Bf' - Vo',

keZé‘N
k3#0,  je{l1,2}

_ H,' H, ‘
(=A) lofk,joVBt ¢ —Bf’.vc_kfj>

&

Lt=p Z <U](1”Z .vBt — gl Vo 1,

kezgV
k3=0

(—A)7! (aEiH -vB/" —Bl*. wi,ﬂ))g

2, H, H,
+p Y (ovh VB - B Ve,

kezd™N
k3=0

(a7 (ol VB =BT var )

Arguing analogously to the first part of Lemma 3.3 we can treat all the terms above.
Thanks to (3.4) and (3.5) it holds

a]fjs vy B _ g nglfljs _ Vﬁ(ff;ff VAT ifhs =0,
(3.26)

H
of ;- VB — B Vgl = (curl (0,f’j VA 4 Da,f’jAf’)) if k3 % 0.
(3.27)

. . . . . . /
In particular, considering the mean on the third direction of Jlf ;e VBZH g B? L. VUkHjE s
we have

& H,E/ el H.e _ 1 &
Oj” VB, — By - Vak’j =—-Vy (Uk

e VA,W + 330 ; - Af’) if k3 # 0.

(3.28)
Exploiting these relations we can obtain the required estimates. Let us start analysing
dw,.

— - _ I k"
AW, =2 Y (Vi VA, (—A) T VLAY ed W

keZéN
k3=0, jef1,2}

H —_—
+2 ) ((curl(a,f,j~VAf/+Do,f’jAf/)) (=) VEAYE) AW

kezd™
k3#0, je(1.2)
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=2 ) o VaAY AT ed W

keZ%N
k3=0, jef1,2}

+2 Y of, VA asef - AL AT d W)

keZé‘N
k3#0, je{l.2}

=2 Y (of; VA a0 AT AT d W (3.29)

keZé‘N
k3#0, je{l1,2}

Moving to L} we get easily, integrating by parts, that it holds

—2 —2
L = HVA“ H He gAY 3.30
t n t s+ Z Ok, j HAy . ( )
keZS‘N
JE{1.2}
Concerning Lz2 we obtain by (3.26)
3 - 3
Li= > (VEO - VaA), (—8) ' Ve Va AT,
kezg™
k=0, je{l,2)
—_2
- ¥ Hok”f-vHA?'g 3.31)
’ &
keZé‘N
k3=0, jell,2}

Thanks to (3.28) and computations analogous to the ones of Lemma 3.3, we can treat
Lz3 obtaining

2

e 3¢’ e e/
O VA" + 83ak’j - Aj

3 _
L=
kezg™
k3#0, je{l,2}

2
e 3¢/ & s/
3 HakthAt +a0f ;- A7 |

kezd™
k3#0, je{l.2)

{gSH.0 1-8 H 3,¢/
(Z—Nﬁ_2C%/ +OWNN ")) |VA;

&

IA

2 $p—2CH.0 _ 2
(2t oo h) 1

(3.32)
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Lastly L? = 0 thanks to Proposition 3.2. Indeed for each k € Z(S)’N such that k3 = 0
it holds

(s - VB = B Vaf | (7 (o7 VB = B Vet )

= (curl (akﬁl . VA?’e) C(—=A)"'eurl (Gfk)z VAP,

= (0f - VA, 0%, VA ), = 0.

Relation (3.23) then follows combining (3.29), (3.30), (3.31) and (3.32).

which is similar and easier to the previous

Now we move to the analysis of H B}
&€

one. First by 1t6 formula we have

3¢ 2 T 1 2 3 4
d|BYF| = —dW, +2(-H'+ H} + H} + H)d1,
&€
where we denote by
AW, =2 Y (o VB = B Vot B ed WS
kezd™
k3=0, je{l,2}
3¢/ 3, 3, k,j
+2 > (of;- VB =B Vo, B ) dW,
kezZd™

k3#0, je{l,2}

2 ——12
1 3¢ H.e 3,
H =n|vaB>| + Y |oli vt .
kezgV
Je{1.2}
2 _ H.e 3¢ H.e 3, H.e
H = Y (ol VuB — B Vol o hE

kezZd™
k3=0, je{l.2)

3¢ H,¢e 3¢
VHBt _Bt 'VHO—_k’j>g,

3¢

VB — By Vo ).

3 _ & 3,8/ e/ 3¢ &
H = Z (of ;- VB — Bf' - Vo, 0%,

keZé’N
k3#0, je{l1,2}

HY = —(divy (RE,thH’S) B —p Y (of, - VBY BVl

kezgV
k3=0

2J

+(Bf - Vo5 0%y 1 - VB)..
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Analogously to the second part of Lemma 3.3 we can treat all the terms above. Let us
start with dW;. Since the o j are divergence free we get immediately

A I . —a . k’ -
AW, =-2 Y (B[ Vuolt B)E)d W,

kezd™
k3=0, je{l,2}
+2 > (of; VB =B Vot BY )W (333)

kezgV
k3#0, je{1,2)

Thanks to (2.18) we get easily by Holder’s inequality

2 —_ 2
2 H.e 3¢ H.e 3¢
H = Z Gk,j - VH B; e+ Z HB[ 'VHO'k‘j .
kezd" kezd™
k3=0, je{l1,2) k3=0, je{l,2}
—2
H.e 3¢ & 2 H.e
<= ) "’k,j "VuB |+ > ek/‘ Ik| HBt
kezgN kezgV
k3=0, je{l1,2) k3=0, j=2
H,e 3,e 2 1 3,e 2
DI LA DY WHW% .
keZé‘N kHGZ(Z) 2.0
k3=0, je{1,2} N<|ku|<2N
2 ¢ —_2
H,y—2 _
< Y ot vyB| + | =y oW ) || vare
k. e \Nv—4c? e
k 3,N 2,H
€Zy
k3=0, je{l.2}
(3.34)
We rewrite H as
3,6/ 3 g
3 € 1 €
H= Y of ;- VB — Bf'- Vo (3.35)
I3

kezd™
k3#0, je(l1,2)

Lastly let us treat H*: the term —(divy (RS,VBIH ), B,3 **)¢ can be estimated easily

due to Lemma 2.10 and (3.2) obtaining by Cauchy-Schwarz inequality

. / / 3. 3.
—(divy (RS,VB,H’S ) B ) = —(Rey - VEAYE Vi BYF),

2«/§|P|§£1V,y/2
NY272Cy yCo

HVB,“ VA»e

IA

& &
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The other terms can be treated easily by Cauchy-Schwartz inequality. Indeed, for each
£ > 0and k € Z3" such that k3 = 0 it holds

_|

2 —_— 2
e 3,¢ H.e 3,6
of - VB & B Vol
& + &

2&3 2

3, pe 3,e
<Gk8,l -VB;", Bf - Vo_k,z)g

In conclusion arguing as when treating th, so far, we have proved that for each &3 > 0

2V2lplehy | 2
4 H,y/2 3¢ 3¢ ﬂ ) e 3,e
e =T |vs, 5 e > ot vB
kezi™N
k3=0, j=1
$H.y—2 3—y 362
+ples [ 2= 4 o3 HVA, 5 (3.36)

42
NY C2,H

Argumg as in the second part of

e 3 &
Let us analyse ) kezdN Hak,j - VB
k3=0, j=1
Lemma 3.3 we have

£ 3,e
) Hc’k,j - VB

keZS‘N
k3=0, j=lI

1H €

2 —2
< (—“’2 + O(N™ 1)) HVB}E
£ Cc?

In conclusion, applying Young’s inequality to the first term of (3.36), it holds

|/0| CH2 CHy 2 _1 32
HY < L[ 2H2  p SHYE 4 oN HVB’
"o 5 Ciy Ci.uCon ) tolle

{H,y—2 N LT 3- e
, 2 : ON=Y HVA '
+ |pl&3 (NV4C§’H + NV*4C1,HC2’H +0( ) tolle

(3.37)

Combining (3.33), (3.34), (3.35) and (3.37) we get relation (3.24). O

Lemma 3.3 and Lemma 3.4 imply the following version of (2.36):

Proposition 3.5 Assuming Hypothesis 2.6, for N > 0 large enough

}—I—IE[/OT HVA?’S

+ 45’

)

| 47 AHE
&

te[0,T]
(3.38)
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3 T 3212, ] 3.2 3
I i A R A L e o e e e
(3.39)
el r er)|2 i 3.¢? 3,¢
B| s 47 [/0 [vas'Pas| < | 83|+ |47 + s
(3.40)
3,6/ r 3¢’ 2 < 3¢ 2 3¢
E tesgp” ”B +E /0 HVBX’ st S | Bo g"' Ay +||A H
(3.41)

The hidden constants above all depend only on n, 8,y, Cv,Ci1.u, Ca.u,|pl. T.

Proof In order to simplify the notation, we will denote by C),, several constants
depending on n, |pl, v, B, C1,u, C2,u, Cv, T, possibly changing their values line by
line but independent of N in this proof. Let us introduce a new parameter 7,,, such
that

Recalling the discussion at the beginning of Section 3, it is easy to show that for
each ¢ > 0 the stochastic integrals appearing in (3.6), (3.7), (3.23), (3.24) are true
martingales. Let us start considering the expected value of (3.6). We get for each
tel0,T]

t
e (17 12] + 20 [ 94712 as]
0
t
< |4y + (—5;?52’6?2 +o<zvl—ﬂ>)u«:[ [ 1vAias]
Vv
£p—28H.0 3 L
+<6Nﬁ——4cé+0w ﬁ))EUO HASHSdS:|

+ t
v (S0 lolmoting) | gy B| [ 1vayiias).
CI,H &1 Cl,H 0

Therefore, if we choose &) large enough, there exists Ny € N such that for each
N > Ny it holds

¢uo | lpl (CH,0+ CH,2)
Ciy & Ciuy

+ OWN™Y < Naux (3.42)
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and we get
E|45[2] + (0 = naw) B [ / |vay|? ds]

é-ﬁé-H,O 1-8 ! =2
< [A§12+ <—Nﬂ_zcé +OWN ))EUO ||VAS||€ds}

$p—28H.0 — L2
. (6W - o ﬂ>) o[ [ 17 as] 6.4

Now we take the expected value of (3.23) at time ¢ € [0, T'] obtaining by Poincaré
inequality (2.6)
2
ds]
&€

1] ]

_2 t
3¢ ¢plu.0 | p—28lH.0 1-8 "2
< |43 +4(Nﬁ—2C%, +racs TONO)E| | |vas|ds|.

3,e
K

0

Plugging (3.43) in the relation above we get

3¢ 2 ! 3,e 2
E HA; +29E HVAX’ ds
0 e

<[]+ (2 + o0n )

(HA 2+ ( £+ ON'~ 5>)EUOZ||VA_§||§ds}

C ar _ —_— 2
+ <N§_4 + O(N? ﬁ))E UO ||A§||sdsD. (3.44)

In order to simplify the expression above, let us observe that since A_f is independent
of the third component, Poincaré inequality with constant equal to 1 holds. Therefore

we have
) gp—
IE[/ ||A§||Eds]§E[/ ||VA§||8ds]. (3.45)
0 0

Secondly, thanks to Proposition 3.1 it holds

—=1% _ |=zl? 36| ael? 3¢ | 3.5 ||
”VAf - HBf - HB,’ + ”B £ = HB ) s HVA; . (3.46)
& &€
2 2
HAf _ H(_A)fl/ng H( A)” 1/2B3s H( A ]/ZBHE
& &
3¢ 2 3¢
< |B>| + | A (3.47)
& &€
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Combining (3.45) and (3.46) in relation (3.44) we get

|:HA3€ }%—ZnE[ jds:|

C _ t [
HA“ + Nﬁ“; |4y +<N§“’2 +OWN! ﬂ))JEUO ||VA§’€||§ds]

¢ - vpe
+ (Ng‘”z + O(N! ﬁ)) E UO ||VBS’8||§ds] .

Therefore, choosing Ny € N large enough such that for each N > Ny it holds

0

Chpar 1-8 n
N/372 + O(N ) S 59

we get
3z 2 2
E HAt’ + ds
3 0 3
2 ¢
3, S par 2 par 1—
< [A3] + S g ||g( Low ﬂ))
+E [ / ||VBS3’S||gdsi|. (3.48)
0

Now we consider the expected value of (3.7):

3¢/ 2 &
E| |5 | +2om| [ |vee| as

t
+2 > E[/ of VB — B Vo
) ||k :

32

&

]ds
&

kezd"
k30, jefl,2)
3,6 lol [ Cu.2 CHy2 1
< ||B ol +2 +O(NhH
H U & ( Ci.uCoH
2
E[ ds]
O £

CHy—2 tp—28m0  1pl&2 [CH,y—2 CHy 2
+2 +2 >+ ++2
(NV—“C%,H Nf-4cy N\ C3 Ci.uCon

+O(N*77 + N3~ ﬁ) [/ VA d}

+2 ) E [ ds] + <4—§“§”’° + O(N”))

NB—4C2
kezd™ v

k3#0, jefl,2}

VB3£

0
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t
E [ / ||B—g||§ds] . (3.49)
0

Considering & > 0 large enough, we can find Ny € N such that for each N > Ny it
holds

+ 0(N“)> <

[\

lol <§H,2 v CHy)2

& \Ci, Ci,uCoH

Therefore (3.49) reduces to

[l (]

+2 > ]E[/Ot

keZS‘N
k3#0,  je{l1,2}

2 t
2 E £
w2 X e[
keZ%N
k3#£0, je(l,2)
Crar o\ e| [ 152 a
+ Nﬂ—4 + ( ) 0 ” s”s §

1 1 3— 3_ ! 712
+<cpa,<W+Nﬂ 4>+0(N Y+ N 5)) UO [VAL| ds|.

Combining (3.43) and the relation above we get

2 ¢ 2
el (e[| lon L]
& 0 e

t
+2 ) E[/ of VB — B Vo
) || % :

2
3]6 ds
3.N &
keZy

k3#0, jef{l,2}
3,672 ! e 36|
< HBO’ +2 Z E Hakj VB3| ds
3 0 ! €
ke

k370, /e (1,2}

v (v ooen) e[ [ o)

+(Cpar(W+Nﬂ 4>+0(N vV 4+ N°T ))

Cprar _ L
(14571 + (i + 0w ) e | [ wwzizas

3¢/

2
/

ds
&€

¢ VB> — B¢ . Vo)
Ok, j s s Ok, j

3 2
£
; ds:|
&
2
ds]
&

3¢’

3¢
< ” B, ;" VB;
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+ (G v o) s [ 1 0)). (.50
Nﬂ 4 0 slle

Combining (3.50), (3.45), (3.46) and (3.47) we obtain

3, ! )12
ol o [ 1o
0 &
! 3,6/ |
+2 > E/ of ;- VB — B - Vot | ds
kezV 0 ¢

k3#0, 3’e{1,2}
1
+Cpar <N— + NB- 4) ”A ”

wox el

0, e
1 1 .
R B 3—
Jr(cpar(Ny_thrMS 4>+0(N +N V))

t 2 t
x(]E|:/ ds]+]E|: ds:|+E[/
0 € & 0

Therefore, thanks to (3.48) we get

e (5] + e[ [ vme
€ 0
+2 > E [/Ot

keZg‘N
k3#0, je{l1,2}

2 1 I T
_+Coar (W + m) (HA 12+ HA

+2 > ]E|:/0[ jds}

keZS’N
k3#0,  je{l,2}

VB¢

2
l
=[5

VB3€

3¢ 3,¢ 3,6
B; s Aj

o))

(3.51)

0

2
ds
£
3¢/ 3,
a,f’j -VB;"* — B¢ - Vo

%2

&

jdsj|
&

/!
= [

3 3¢
Ok - VB;

1 1 t 2
+<C,,a, <W+Nﬂ 4)+0(N3 Y+ N f‘)) UO }BS’S eds}
C t _
+ <N§“; + ON'~ f‘)) E UO ||VB§”£||§ds} . (3.52)
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Lastly we take the expected value of (3.24) obtaining

3,e 2 ! 2
E ”B,’ +2nE/ ds
3 0 £
t _
+2 > EU of ;- VBY*
0

kezdN
k3£0, je{l,2)

vB>¢

2
ds]
&

CH.y—2

3¢
< |8 e
0 NY=4C3

2 CH.y—2
) Y
LT <—NV—4C§’H + 1pl&3

CHy 2

ol Hr2
[01&3 NV *Cy 1Con

+ 0(N3—V)) E [H val®

2
dsi|
&

o
+zm<m2+ﬁ Al +0(N_l)>E[/ v
0

2
ds]
&

2
of ;- VB — B Vot ds:| . (353

& \Ciy Ci.uCon

+2 > E[/Ot

keZS’N
k3#0,  je{1,2}

&

Considering & > 0 large enough we can find No € N such that for each N > N it
holds

M(Q/,z IV ARL.E2E: 4

- Ui
2H2 +oNNhH) =2,
& \Cly CiuCon

Therefore (3.53) reduces to

35| !
JICRNE)

3,e 3¢
VB; of ;- VB;

2
ds]
£

2 t
d 2 E
v x|
keZy

0
k3#0, je{l1,2}

2 C 2
3 par 3—y H 3
< HBO + (Ny_4 L ON ))E[ VA Sds]
t 7 2
+2 > E / of VB — Bt Vot | ds |
N 0 ' e
keZy
k3£0, je{l,2}

Combining relations (3.48) and (3.52) in the formula above we obtain

Je [ 1o

1 1 3.
< |85 + Cpar (W+m) (||Aa/||§+ 43¢

E [H B VB

2 2
+ H B>
£

&

)
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+<C”“’<W+Nﬂ 4)+0(N ¥+ N ))E[O

Cpar v g
+ <N§“2 + 0N~ ﬁ))E UO ||VBS’5||§ds]

Choosing Ny € N large enough such that for each N > Ny it holds

2
dsi|

Cpar

NB=2

+ON'P) < g

Analogously, the term which multiplies [E [ fot ||VB‘§ € ||§ds] and the initial conditions

can be bounded uniformly in N depending only on n, 8, v, Cy, C1,u, Cao.u, |p|, T.
Therefore previous expression simplifies and becomes, due to Lemma 2.3,

(G TAC K

< 3¢ |2 3612 1 1
Sn.B.7.Cy.Cr Conlol.T HBo' H; + HBo T\ vEr T

(HK 2 ]) . (3.54)

Applying Grownall Lemma to (3.54) we obtain that for each ¢ € [0, T'] it holds

3¢ 3,e

o —
+|\Ag’||§+E[ NES

3¢ 2 3¢ 2
E HB; +E 3| as
3 0 3
< 3, B
SnB.y.Cy.Cru.Con.lpl.T HBo
3¢
+ A+ g 359

Exploiting the estimates implied by (3.55) in (3.48) and (3.52), we get

=12 2
E[HA;S :|~|—IE|: ds]
€ 0 2
< 3,8 2 2 el 2
~1.8,7,.Cv,C1,1,Co. 1,01, T HBO . 0 8+HAO e’ (3.56)
2 t 2
e[[s ] = [ [ |vse | as]
£ 0 £

-

2
3, s
Sn.B.y.Cv.Cr.Corlpl. T HBO'8H£HA0 (3.57)

Combining (3.46), (3.47), (3.55) and (3.56) we get

B[]+ | [ varizas]
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2 )
I LT FEE

2 —_—
3,¢ 3,e
Sn.B.y.Cv.Cru . Con.lpl.T ”BO Hs + HAO

We omit the easy details in order to obtain (3.56), (3.57) and (3.58). Having already
shown (3.55), (3.56), (3.57), (3.58), in order to conclude the proof we need only to
put the supremum in time inside the expected value. Since this is a standard procedure
we do it only A?’, the other being analogous. Considering the expected value of the
supremum in time of (3.6) for £, = 1 we obtain, thanks to (3.55) and (3.56)

+
E [supreory [45'7] = 452 +2 ( o oo tina) 0<N'>)

Clu Clu
T 2
B[ [ Ivariia]
0
2pCH.0 _ Li—
+ (61\w2c‘2, +O(N! f‘)) E [/0 [ VAE | 2ds

&p—28H.0 _ T2
+ E [sup;ejo, 711 W/ 1]

S
< Cpar <H By* o+ HA&"’

2
AT 12) + 2 oo 1) 3:59)

W/ being defined in the first part of Lemma 3.3. Therefore we are left to anal-
yse £ [supt el w/ |] which can be treated by Burkholder-Davis-Gundy inequality,
Holder’s and Young’s inequalities obtaining

12
T 2
’ !
E [supreqo,r1|W/I] Sipt E > /(; (Do ;A7 A7) cdt
kezg
JEe{1.2}
12
T - _
+E > f (of - VAT + Dof A, AT\ dt
keZé‘N 0
ks #0, jell,2)
12
’ T / 2

<E | sup;epo.r) ”Af ”s Z /0 HDUI?JAf gdt

keZ?fN

Je(l.2}

12
., Ty . J—
+E | sup,epo,rq [ A7, Z 1%k VA; + Doy jAr gdt
kezd™
k3#0,  je{l.2}

1 r ,
< 3& [swpann 147 )+ Cure | X[ | Do a7
kezgV

Jell.2}

2
dt
&
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T _ 2
+ CpuE > / of ;- VA; + Dof A7 | dt
keZé‘N 0 ‘
k3#0, je{l1,2}
3.e 2 3.6 2 er|2 1 er)|2 3 60
= Cyar ([ B3] + [ 437 + 14517 ) + 3B [suprciom 145" ] (3.60)

where in the last step we combine the computations in order to obtain (3.11), (3.12),
(3.13) and the bounds (3.55), (3.56), (3.58). Combining relations (3.59) and (3.60),
the a priori bound (3.40) follows. O

As a corollary of (3.38), (3.39) we get

Corollary 3.6 Assuming Hypothesis 2.6 and there exists No € N such that for each
N > Ny it holds

—2
e o R G

then there exists N1 € N large enough such that for each N > N| we have
2 T 3 2
E| sup ( >+/ HVBs’S ds | <1,
1€[0,T] 0

(3.62)
where the hidden constants depend only onn, 8,y,Cyv,Ci1,u,Ca.u, |pl, T

B¢

2 3¢ 2 r 3¢
+ |47 ds+/ [va?
0

Proof The thesis follows immediately combining Proposition 3.5 and assumption
(3.61). O

4 Proof of Theorem 2.15

Let k¢ :=n +n7 > n > 0and let us introduce the following notation

t .
zZie= Y /0 I=KeA <a,f,j VB> —BF. vc,fj) dwk

keZg’N
k3=0, jef1,2}

t
; .
+ > / Tl VB — BE Vot AW,
0

keZéN
k3#0, je{l,2}

t S .
th"g = Z /(; e(’_s)"sAake’j . VAg’gdWsk’/

kezy™
k3=0, jef{l.2}
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t
(t—S8)ks A 3¢’ / k,j
+ Z /Oe Sk Q[a,f’fVAs +33o,f’j~Af}dWs .
keZ3’N
k3#0, (])'6{1,2}

The stochastic integrals above are well defined thanks to the regularity properties of
BZ, Bf’, A, A% and the summability properties of the coefficients in Hypothesis 2.6.

The first step in order to prove Theorem 2.15 is to rewrite B;** and A>*¢ in mild form.
Indeed, recalling the definition of R ,,, see (2.19), the following lemma holds true:

Lemma 4.1 The following mild formulas hold true

A = BN — 7, 4.1)

JE— t [
B = 0Bt — 7z 4 /O =KD gy (RWVLAE’S) ds.  (42)

Proof Let us take ¢ = (—VH(—A) "1y, 0), ¥ = e* as test function for (2.28)
obtaining, since all the functions appearing in the integrals are independent of x3, that
it holds

- t
(B, =V (=) ) = (BIE, =V (=a) Ty +xs/0 (B V) ds

t -
& H.e Y H.e
— Z /O (of ;- VB{"* — BE - Vo',

keZé’N
k3=0, je{l1.2}

— VE (=) ) d Wi

t
£ H.e' ’ H,e
— Z /ow"’j'VBS — B¢ Vo [l*,

keZS‘N
k3#0,  je{1,2}

— VEA) T Y d W 4.3)

Recalling that, by (2.2) and Proposition 3.2, it holds

BF = curl A®

> of; VBf —Bf Vo > curl(of ;- VA] + Dof jA)

kezd™ kezd™
k=0, je{l1.2) k3=0, je{l,2)
& e/ e/ e _ & el & &/
Z O, VB, — B, - Vak’j = Z curl(ak’j -VA; + DO’k’j—At ),
kezd™ kezg™
k3#£0, je(l,2} k3#0, je(1.2})

looking at the horizontal component, we have in particular

B = —vka>® (4.4)
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¢ H,e 53¢ H.e 1 3¢
Yo of VBT —Bf Vo =— 3 Vil - VA™) 4.5)
kezdN kez N
k3=0, je{l.2} k3=0, je{l.2}
H,e' ’ H.e 1 3¢’ ’
Y o VBT =B Vorif=— 3 VH@&WM,+%#JAﬂ
kezd™ kezd™
k3#0, je{l,2} k3#0, je{l.2}
1 c 3¢/ . o/
=— > wﬂ(ﬁfvm +@¢JA;)
kezdN

k3#0, jefl.2}
(4.6)

2 . /
Now both cr,f].-VA,3"E an Q (a,fj VAP + oy ;- Af’) are zero mean. Substituting

(4.4), (4.5), (4.6) in (4.3) and integrating by parts we obtain

- t
(A3 yn) = (A3 ) —Ke|h|2/0 (AZ% g ds

t _— .
- ¥ f (Of ;- VAT yn)d W,
0

kezd"
k3=0, je{l,2)

t .
— [ efor, Ao, A w)awt
0

kezd™N
k3#0, je{l,2)

Therefore, applying Itd formula to etwelhl? (A,3’8, Y,) we have

3 . _ 2
(AP ) = el (ADE )

1 —_— .
- X [ AT gawt
0

keZé‘N
k3=0, je{l,2}

t
- X f e‘“‘““@'hz<Q[a,f,j~VA3’E/+azo,f,,-~A§’]
0

kezZd™
k3#0, je{1,2)

n)dWET P —as. v e[o, Tl A.7)

We can find ' € 2 of full probability such that the above equality holds for all
tel0,T]land all h € Z%. But this is exactly (4.1) written in Fourier modes.

Let us consider for i € Z% ¢ = (0,0,vyp)", ¥y = e"* ag test function in for (2.28)
obtaining, since all the functions appearing in the integrals are independent of x3, that
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it holds

r t
(B ) = (B3, ¥n) — kel <B§"€,wh>ds+ / <div(Rs,yViA3‘g  Yn)ds

- Z / VB> _ B v(;,fj nyd Wk
’%N
ks= 0, jE{l 2}

- > / VB = B Vot ) d Wi
kZ}N
k370, j6{12

Therefore, applying Itd formula to etwelhl? (B,3 ) we obtain

(B ) = e MBI ) + /0 = lh? <dw(R VEAT)  n)ds

B Z / =)l ¢ VBg ‘Bt Vcr,f‘f, Yi)d Wy
kezdN
k3=0, je{l,2}
p— k’
-~y / (=s)ee AP ¢ VB” — B Vot yn)dwy

kezgV
k20, Jell2)

P—a.s. Vtel0,Tl. (4.8)

We can then find I' € €2 of full probability such that the above equality holds for all
te[0,T]and all h € Z%. But this is exactly (4.2) written in Fourier modes. O

Secondly we need to study some properties of the stochastic convolutions Z,1 o, th €,
Lemma 4.2 and Lemma 4.3 below are analogous to [6, Lemma 2.5] in our framework.
In particular it is important to point out that [6, Assumption 2.4] is false in our case and
we have to deal also with the stochastic stretching, which was neglected in previous
results.

Lemma4.2 Foreachd > 0and N € N large enough such that Proposition 3.5 holds,

then
2
supte[o,nE[Hz}’f H_JN (HB“ +HA3£ + A ||) 4.9)
2 -
2,e 3,e 3,6 7112
sup,e[o,T]lEUZ, Ha}SS(HBO 6+HA0 g+||A8 ||8). (4.10)

The hidden constants in the inequality above depend onlyonn, B, y, Cv, C1.q, C2.H,
lol, T.

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations

Proof By Burkholder-Davis-Gundy inequality and Lemma 2.1 we have for each ¢ €
[0, T1]

E[Hz,w

E

— A 3¢
N T
N H-

2
ds:|
H—S

0
k3=0, je{l,2}

+ E[

k#o J€{1 2)

(l S)KEA a VB _Bs/ ngj

R 2
< E of .. VB>® + HBS Vot
- [o (t,s)l =5 |k VB B Vor
k3= 0, j€{1 2)
3,6/ 2 ’ 3, 2
& ) &€ s
+ E O (z—y)l =5 (9%, - VBs H*l+‘BS Vo ds
kez“’
k370, /612}
1 ! 1 3 — 342
- - E /7 of VBt +HBF-VU <17 gs
’ k%’v [0 D B
0
k3=0, je{l,2}
4! > E /til T +‘B"‘"’ vore | 4
_ of .. .Vo;° s
© e O L e ¥yt L I
0
k3#0, je{l,2}
=V VP v Ve (4.11)

Now let us estimate V', V>¢, V¢ V*¢ First we have by Holder’s inequality
since the o}, j are divergence free

1 ! 1 —371? ' 1 2
Vl,e V3,e <_E / ‘ & AB3.S ds / B?s ds
Vit = ¢ X;N b (1 — )10 O.jBs . s+ Z:N 0 (1 — S)l—& k iTs . s
keZy keZy
k=0,  j=1 k3£0, jell,2)
1 ! 1 1 ! 1 12
< ([ —==e||s¥] |4 / — g[8 |as
~PCLuCy o (/(; (tfs)'*b |: ] st Nﬁ NE2 [y (1 —s)10 sl |
2
Sy Cv Cun ool (HB & 5)9 (4.12)

where in the last step we exploit (3. 39) and (3.41). For what concerns the other two
terms, noting that if k3 = O then ok ¢ # 0if and only if j = 2, thanks to Holder’s
inequality and (3.38), (3.40) we get

t 1 _
V,z"S + V3 ¢ SBy.Con, Cv g Ny—4E |:H BSH’S

1 t
:_/ HVA“
o NV~

2 1
]+ w=E e as

1
]+ e [IvariZ]as
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—i—HA38

+ Ay Hi). 4.13)

B3e
NnﬁVCVQHCZHI,OIT

Combining (4.11), (4.12), (4.13) relation (4.9) follows. The proof of (4.10) is similar
and we omit the details. O

Lemma 4.3 Foreach§ > 0and N € N large enough such that Proposition 3.5 holds,

then
S (190

3,e
A1 25i| <852N2 (HB

where the hidden constants depend only onn, 8,y,Cv,Ci1.u,Co.u,|pl, T.

n HAS’S

2
SUPs 0,71 [Hz + ] Ay ||§) . (414

+HA3£

SUPsc(0.7] [Hz“ + A5 ||§), (4.15)

Proof By Burkholder-Davis-Gundy inequality and Lemma 2.1 we have for each t €

[0, T]
E Zl,s 2 < (r S)ke A g VBS,s E v 3.e 2 d
t g | ~lel L Gki) f-1-28 §
k;: 5 /e {1,2}
2
E =t ge VB“ ~ B -Vos ds
kZ”V S g-1-2s
k30, je(l,2)
< E of - VB® ’ + |BE - Vot : ds
~1 0 (t—s)l =5 |7k S ol g-2-s s k|l fr—1-2s
k3=0,
|2 —
Y E / of VB 4| B Vel ds
0 o) -1 k J N g-1-28
kezgV
k3#0,  jefl,2}
! 1 n3.E 2
= Y Bl — et VB + B Vol ds
' o ([_5)1—5 k.j 28 H-1-28
kezg™
k=0, je{l.2)
"1 3, ’ 3, 2
+ Y E f; of VB + |8 vor; s
kezgV 0 a
k3#0, je{l,2}
:Yt1’€+Ytz’E+Yx3’E+Yt4’E~ (416)

The term Y, ,3’8 can be simply treated as V,3’8 in the proof of Lemma 4.2 obtaining

36 <« 1 3 3¢ 2 g2
Yo SnpyCv.CunConlolT 57 HBO o, T |Ag']7 ). @1

Let us consider now the others which are the more difficult ones. We will use in the
following, even if not specified later that all the vector fields considered are divergence

free, moreover for k3 = 0 we ok ¥ £ 0ifandonlyif j = 1 and o ;é 0 if and only
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if j = 2. Let us start considering Y,l’g
norms in the two dimensional torus

t 1 —_—2
l,e H,e p3.¢
DY E[/O m”‘fk,j Bs H_l_ads}
kezZd™
k3=0, j=1
Z / —_|ekrpde ? ds
N2 2 0 (t—s)l —§ H-1-8

obtaining, thanks to the definition of Sobolev

1 t S
ZnNZA (t — s)l =5 Z Z| |2+25 [(33 ik- ;. )2]d

keZ3 j

1 1 3%
E[ BJ*,
271’]\72,/(; (t—s)1—9 Z {Bs
keZ3

L / ———| ] ds
SN2 Jo (t —s)1—9 :
2 [
3,

< HB3€
~1.8.7.Cv,Cru,Co 1, o), T
n,8.v,Cv,C1,1,C2,H,1p| £62N2 ( 0 |,

A

where in the last step we exploited (3.39). Let us consider Y, ,2’8

(3.25)
2.& < H & 2
Yl ~ Z Gk/ dS
ke ZO

k3=0, j=2

< l T H,e 2

ser X g, B[l e
keZ?2
N<|k|<2N

1 32|
<y 72/ IE[HVAS’S i|ds
N2

BSe
f\ﬂ?ﬁ)/CVClHCzH\/)\T cNV—2

+“A3£

where in the last step we exploited (3.38). Lastly we treat Yt4’€,

(3.8) and the fact that div and M* commute

g/
B¢ ak]

~

Y, < [

!

k3,+_() ./e{l 2}

e—ik~x>2] Z e

2
./EZO

2 2
AL

obtaining, thanks to

A1) @)

obtaining thanks to
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R IN T

k;;éo jel12)

1
b X [ meis]e]
Z

k3#0, je(l,2}

< ! T
N =l | BS ||sds

Sn.B.y.Cv.Cru Cop.lol.T N/S -2 (HB

IA

n H AYF

2 o112

+ 1A§]1Z) - 4.20)
Relation (4.14) follows combining (4.16), (4.17), (4.18), (4.19), (4.20). The proof of
(4.15) is similar and we omit the details. O

Interpolating between Lemma 4.2 and Lemma 4.3 we obtain:

Corollary 4.4 For each 6 € (0, 1] and é € (0, 0] it holds

2 ] - 1 (H B3’8
v g |~ 1460 209 0
H N

n)

L,
SUP;el0,7] E |:H Z ‘

ST+ T+
2 1
2, 3, 3,
SUP;e[0,7] E ‘Zt ‘ - S 146 200-5) ”B o+ HA o+ HA “
H edT+s N 1+

The hidden constants in the inequality above depend onlyonn, B, y,Cy, Ci.u, C2.H,
lol, T.

Moreover, we recall that by classical theory of evolution equations, see for example
[18], or arguing as in Lemma 4.1, the unique weak solutions of (2.31), (2.30) can be
written in mild form as

N —_— N t —
3 DA S g3y DA RS /0 10D iy (R, VAT ds.

Now we introduce some intermediate functions between (B,3 e A?’s) and (B3, A?).

Let <B3 ¢ A,3’8> the unique weak solutions of the linear systems

BAYC =@+npAA xeT 1e(0,T) 4a1)
APflio = A",
ABY =+ n)ABY +div (Re,yviA?’g) xeT? te(0,7)
B}*lio = B;".

(4.22)
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Again, by classical theory of evolution equations, see for example [18], or arguing as
in Lemma 4.1, the unique weak solutions of (4.21), (4.22) can be written in mild form
as

= i

—

[ t —
B[3,a _ et(n+nT)ABg,s _+_/O = M+1PA Giy (Rg,yVJ‘A?ﬁ) ds.

—

Now we prove that (B**, A?’g) and (Bf’y, A?’y) are close.

Lemma 4.5 Under the same assumptions of Theorem 2.15, for each 61 € (0, 1], 6> €
(0, 61) we have

—_— — —
3¢ 3y e 672 . |53 3¢
supreory A7 = AL7|  Sor b — P4 o3 - a37| L @23)
H792 H
/é\ T
£ Y
Supsefo,r) | B — By )
H%
it Tl PN - Bl ;
61—6> + 0o~ o H-% + ON
ify =4
,Sr;,T 2. 153 3¢ (4.24)
I —nr 122+ Ag—ATE | . _ - T3
T 0 0 llg—t + B3 _ B3,5 + 1
01—062 0 0 | g-o O, NV22
ify > 4.

Proof First let us observe that by assumptions

BY* =B in LX(T?), A} —A3inL2(T?)

2
s I
e€(0,1)

we have in particular that the families {H Bg’g

bounded. Therefore

2
are
ee€(0,1)

BS,E 2
0 £ 3¢ 2 3¢ 53 - © 0 2
SUP.e(0,1) Y = SUP.e(0.1) H By ” < +oo, By® — Byin H™2(T%) V6, >0,
2
3¢
‘AO I3 382 3¢ A3 g7 —0p 2
SUPge(0,1) e = SUP¢¢(0,1) H Ay < 400, Ay® — Ajin H72(T") V6 > 0.
(4.25)
Moreover, since by Lemma 2.10 R ,, — R, we have also
SuPec(o.1) [Rey [ g < +00. (4.26)
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Lastly, by simple energy estimates on (4.21) we have for each ¢ € (0, 1)

2 T
)
0

The convergence of Af’3 to A?’V then follows by triangle inequality, Lemma 2.1 and
(4.25). Indeed for each ¢ € [0, T'] it holds

—

AXE

—

vake

2 — 2
SUP;[0.7] ds <y SUP.c (0.1 HASSH < 4o0. 4.27)

3
AZE—A)Y

H

H/\

< H (et(nJrrf})A _ et(n+nT)A) EH
0y 0l -6

t(+n5) A ( 3 _ _3> H
+ He T A0 A0 s

Sor Iy 2 |7 [~ A7

H—%2
R
< Inf — nr |/ + HAS — Ay*

0

Thanks to (4.23) we can obtain also (4.24). Indeed thanks to triangle inequality for
eacht € [0, T'] we have

—

3,e 3,y
Bt _Bt

< (” (er(nﬂz?)A _ et(n+nT)A) EH
P )

oo (w573 )
7—0
H Y

t —
+ f (e(t_s)(""'ngT)A — e(tfs)("Jr"T)A) div ('Ra,y VJ‘AE’€> ds
0

A%
t —
+ / I=OMENTIA iy <(RW - Ry) le§'5> ds
0 H %
+ /t I=HITIA giy (Ry (vlﬁ’\s - viAf’V)> ds
0 ' ’ =01
=h+Lh+L+14.
I can be treated as above obtaining:
—=
I S Ing = nrl + B3 - By - (4.28)
Thanks to Lemma 2.1, (4.26) and (4.27) it holds
t —
L <G — nT|91/2/ |t — 5(01/2 =974 diy <R8,VVLA§’~8) H ds
0
a2 [ 1 e
< £ 1 - s
S Inp — 0t /0 TSI Ay ds
1
St gt = nr|/2. (4.29)
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Due to Lemma 2.1 and (4.27) we can treat /3 obtaining:

T 1
< - -
B3 Snoy /0 (r —s)1=01/2
1

T
S [Re.y _RV”HSfO RS Y=Y

ds
-2

div ((Rs,y -Ry) le?E)

—_—
Ade

ds

1
Sr a ”R&V - Ry “HS' (4.30)
In particular, combining (4.30) and Lemma 2.10 we have that

1 .
. if y = 47
I3 Snr {9‘N

1 (4.31)
6 NV22

if y > 4.

Lastly we treat 14 combining Lemma 2.1 and (4.23):

—— ?
AbE —AdY ds

! 1
I <
4 Jn /O (t — s)1+92/2791/2 o

36 43
< At,g _At’y

~T

1
—Su
0 — 6, Prefo,7) b

Ing — 07l + HAg —AYF

~Y 7T
1 61— 6>

H% (4.32)

Combining (4.28),(4.29),(4.31),(4.32) we get the claim. O

Secondly we provide a quantitative result on the closeness of (Bt3 o A?’g) and
(B, A}%).
Lemma 4.6 Under the same assumptions of Theorem 2.15, there exists No large

enough such that for each N > Ny, for each 61 € (0, 1], 6, € (0,01), § € (0, 62) we
have

— 2
3¢ 3,¢ 1
sup; o, 77 & |:HAt — A p 02:| S 16,  2(07-9) ’ (4.33)
- ST+ N 143
/é\ —= 2 1
€ €
supsejo,ry B | | B — By . S 2010, L)1) (G5 =6y ’ (4.34)
H9 0; [ ST TR VAR (E2)

where the hidden constants depend only onn, 8,y,Cv,Ci1.u,Cao.u,|pl, T.

Proof From Lemma 4.1, we already know that B;** and A>** can be rewritten in mild
form as

JEE— _ t
B¢ = rtiapde _ zle 4 /0 I diy (R, VAT ) ds,
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— o
A}F = DA AGE  Z2E

Therefore denoting by

R
we have
t
Df = -7} +/ U= A iy (Rg,yvld‘f) ds, d®=—Z.
0

Due to Corollary 4.4 we immediately obtain (4.33). Now we move to the analysis of
Dr. Z[1 " can be treated easily by Corollary 4.4 obtaining

2 1
H9|i| Si.B.y.Cv.Cr.Con ol T 146 20,-9) ° (4.35)
ST+ N 1+

I,
SUPsef0,7] E [H Z, ‘

To treat the deterministic convolution, we first argue by interpolation obtaining thanks
to Lemma 2.1, (4.26)

2

t
/ U= 0+nA qiy <Rs,y VJ_df) ds
0

H™%
01—6>
=

1
/ L= @A iy (Rs,y vid; ) ds
0

H-2-6
2—01+6

13
x f 1IN diy (R, VEd; ) ds
0

H%

t 01—6> t 1 — - 2—61+6,
& ,€ 3,€
S (/(; Hds”ngds) (/o (t —5) 02 Ay — As ds)
1 ‘ 5 —01;92 - —> 2—61+6,
€ €
S i ([ 1 ns) T sumenn (7] + [257])
0, 0
(4.36)

Combining (4.36) and (4.33), (3.6), (4.27) we obtain an estimate of the deterministic
convolution. Indeed, by Holder’s inequality, for each ¢ € [0, T'] it holds:

| -

t
/ U=O0HIA iy (RS,yVLdf> ds
0

1 T ) @ - -5 2—-01+62
ST WE (/0 ”dss ”H*@z ds) SUP;cio,7] (’ Ar’gH + ‘ Ar* )
2
01 —6 2-61+6p
1 g e |2 B 3¢ 2 3 ’ ’
= e | ), ¢ [0, ds B | sup;eqo,r) ‘Ar + A
2
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1

<
~n.8.7.Cv.Cru.Con.lpl. T 26146, L E0) B =0E =) *
6, 287 24 N a#y)

Combining (4.35) and (4.37) the claim follows.

Now we are ready to prove Theorem 2.15.

Proof of Theorem 2.15 Recalling that, due to the properties of Riemann sums,

[ < _
In7 7IT|NN,

(4.37)

then the claim follows immediately by triangle inequality combining Subsection 4.5

and Subsection 4.6.

A Proof of Lemma 2.12

We start showing that

A€
> Lof Lot, F=A°F.

keZS’N
Jjefl,2}

First let us observe that it holds

Y Lop Lot F= Y diviof ;®@0%; ;VF)—R

kezd™ kezd™

je{1.2} je{1.2}
= div (Q5(0)VF) — R
= A°F — R,

where we denoted by

O

R=3 of;-V (F : Vcri,w.) + (aik’j : VF) Vof ; — (F Vo', ) -Vof ..

keZS‘N
Jefl1,2}

Therefore, it is enough to show that

First we observe that

of -V (F - Voiy ;) = (of ;- VF)-Vaiy  +af

(A1)
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Therefore

R=| Y f; VF) Vo, + (0%, VF) - Vof,

kezgV
jell,2)

+| Y of VP F—(F-Vo©y ) Voi

keZ%N
J€e{1,2}

=R+ R». (A.2)

R is easily O due to (2.17). In order to show that R, = 0, we observe that, recalling
the definition of a,f! j and expanding the sum, it holds for each k € ZS’N , je{l,2}

2
of V20t JF—(F Vo' ) Vof ;=2 Z ‘e,f’j‘ ax. jkikn (ax. ;)1 Fn
I,me{l,2,3}
=20f ;- V20 ;F
=2 > 0f;-Vouot, ;Fu. (AD)
me{l1,2,3}

Let us show that for each m € {1, 2, 3} it holds ZkeZ3,N cr,f,. Voo, ;= 0. Due to
. . :

jel{l.2}
the fact that o] j are divergence free, we have

Y by Vomot =div| Y of i ®uoty
kezd kezdV
jell2) jell2)

2
=idiv| Y |05,| kmarj@an; | =0. a4

Our claim (A.1) then follows combining (A.2), (A.3), (A.4).
Now let us prove that

j— &
Py (cg,g’lcggk‘z + c(,ks,zcgik.l) F=ALF.

kezdN
l3=0
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First let us observe that it holds

Z (L(’/f,lﬁafk,z + E"ke,zﬁ"fk.l) F

keZ%N
k3=0

= Z div ((Ulf,l ®Uik’2 +Uk8,2 ®O'Ek,l)VF) - R

kezZd™
k3=0

=div (Q5(0)VF) — R,
where we denoted by

R= Z of1 V(F - Voly,) + (05 VF) - Voi, = (F- Vo, ) - Voi,

kezd™
k3=0

+ Y 0f, V(F Vot )+ (05, VF) Vo | — (F Vo, ) Vof .
kez™
k3=0
Since Q% (0) = 0, we are left to show that
—pR = A%F. (A.3)

First we observe that

— 2
of 1V (F Vo) +0fy V(F-Voly )= (of - VF) - Voo +of - V20r o F

+ ("/f,z : VF) Voly i oy Viel  F.

Therefore
D & € & & € £ € €
R=| X (051 VF)-Voi,+ (0% VF) - Voi 4 (of - VF) - Vo s + (of - VF) - Vel |
keZS'N
k3=0

+| X i VP (F Vot ) Vol 0% o F +of V2ot (F = (F- Vo 5)-Vof |

3,N
kel
k3=0

=R + Ry. (A.6)

Ry =0 arguing as above when showing that Ry = 0. We have for each k such that
k3=0

(oik,l ‘VF) ) V‘Tkg,z = (Ulf,l 'VF) : VUfk,zv
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(054, VF) Vo, = (0,5,2 -VF) Vo, | (A7)

due to our choice of the o,f j Therefore

R=2 Y (0f, VF):-Vo',+(0f, VF) Vo, .

keZS'N
k3=0

Since, due to (2.15), we have foreach [ € {1, 2, 3}

0050) =2ip Y (0F 0, ar1 ® axa + 05 ,0F " a2 ® ax1) k.

kezyN
k3=0

it follows that

—pR = — Z 9 Q5(0) - VFy. (A.8)
1e{1,2}

Relation (A.5) is a consequence of (A.6), (A.7), (A.8).

Remark A.1 Due to Lemma 2.12, recalling the definition of R ,, in (2.19), it follows
that if F : T2 — R3 we have

ASF ==Y (0.0,30;""0) - VyF)
1e{1,2}
=2p Y Y (0.0.6¢ 6 ki - Vi )’
16(1.2} gez3 N
k3=0

=20 > > (0,0.6¢ 6 , div (kiax1 Fr))'
16(1.2} g3 N
k3=0

=—(0.0.div (R Frr))"-

More generally if F : T2 — R? we have

ASF == " @05 dsF, 005> (0) - Vi i)'
1€{1,2}
t

=—[ > @0y O F). dive (Re, Fu)
1e{1,2}
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B Some physical remarks

In this section we discuss some physical properties of our random vector field con-
nected with the appearance of the alpha-term, in particular we show that the helicity
of our vector field approach a constant value in the limit, despite the noise is weakly
converging to zero. Let us compute the time average of the helicity of our random
velocity field (in the following we will omit the dependence on time and space)

HOY = %E [WE(T, x) - (VW (T, x))].

As before we split our noise in mean and fluctuations along the thin direction W¢ =
Weé 4+ W¢', and split the mean part in horizontal and vertical components W¢ =
weH 4 We3es. Observe that

V XWE = (= Vvt wes, vEt.we)

where with a small abuse of notation we have indicated with W#-3 the scalar quantity
WE - e3

1 [ S .
HY ==E [-Wel . vEWeS e weS vE e LW’ (v x WO+ WE - (Vx W)+ W - (7 x W)

Notice that the mixed terms are zero by the independence of the Brownian motions,
thus we are left with the first two terms, and the last one. We start by the first two, we
have, by our choices of the noise coefficients,

—weH . ylwed = _ Z 95’19]3’2%1 . (ik/l)ei(k+k')-x wk 1wk 2

k.k €73,
N=[k| k' |<2N

1 SRR ,
— (k+k")-x yy7k, 1y /k',2
= E ——e W IWE e,
Ci,uCon — kPIK 2
k.k'€Z,

N<|k|,|K'|<2N

Taking the expected value and remembering that E [Wf’l W;/Q] = 2T pSi1r We get

S — 20T 1
E [_Ws,H vt Ws,3] = E .
Ci.uCoH |k[7/2
keZd
N=|k|=2N

Analogously, we have

— e — 1 1 . , ;
we-3 VJ- WeHy = -~ _el(k+k )-x Wk’ZWk ,1'
( ) Ci,uCrH Z |k|v/?
ki’ ez,
N<|kl|,|k'|<2N
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This implies
— — 20T 1
E[W€’3(VJ‘~W8'H):| = Pt Z .
Ci.uCon [k
€Zy
N<|k|<2N
Finally for the last term
W (Vx W) = > £ LOF pal - (k' x a] el CHOxwhkiyk',
kK €Ly,
k3,k§;ﬁ0
N<lkp 1,1k} |<2N

i,je{1,2}

Taking expectation, we see that only the terms with X = —k and i = j survive but

then, a,i - (k x a’;k) = a,i - (k x a,i) = 0. In the end H*? does not vanish in the limit
if and only if y = 4. Indeed, we have

N 4rplog2 . _
P8y oy | Oty Y =4 (B.1)

HEY —
NY2=2Cy yCom 0 ify > 4.

Due to (B.1) it follows that

HEY [0 -1 HY [0 -1
Rs,VZ_T[lo]’RVZ_T[lo]' (B.2)

Finally, due to (B.2), denoting by

100
I —_ Y
B/ = (=VitA)Y By, A = Sotol,
000
our limit equations (2.30), (2.31) read as
#B' = +nr)AB] +V x (AB’) xeT2, te(0,T)
divB! =0 (B.3)

B! li—0 = Bo.
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