Journal of Functional Analysis 290 (2026) 111234

journal homepage: www.elsevier.com/locate/jfa

Contents lists available at ScienceDirect =

Journal of Functional Analysis

JOURNAL OF

Regular Article

On the Kolmogorov equation associated
with Volterra equations and fractional Brownian

motion ™

()

Check for
updates

Alessandro Bondi**, Franco Flandoli"”

& Department of AI, Data and Decision Sciences, Luiss University, Italy
b Classe di Scienze, Scuola Normale Superiore di Pisa, Italy

ARTICLE INFO

ABSTRACT

Article history:

Received 1 October 2023
Accepted 18 September 2025
Available online 10 October 2025
Communicated by Pietro Caputo

MSC:
35R15
45D05
60G22
60H15

Keywords:

Path—dependent Kolmogorov
equations

Stochastic Volterra equations
Infinite-dimensional stochastic
differential equations
Fractional Brownian motion

We consider a Volterra convolution equation in R? perturbed
with an additive fractional Brownian motion of Riemann—
Liouville type with Hurst parameter H € (0, 1). We show that
its solution solves an infinite-dimensional stochastic differen-
tial equation (SDE) in the Hilbert space of square—integrable
functions. Such an equation motivates our study of an un-
conventional class of SDEs requiring an original extension of
the drift operator and its Fréchet differentials. We prove that
these infinite-dimensional SDEs generate a Markov stochas-
tic flow which is twice Fréchet differentiable with respect to
the initial data. This stochastic flow is then employed to
solve, in the classical sense of infinite-dimensional calculus,
the path—dependent Kolmogorov equation corresponding to
the SDEs. In particular, we associate a time-dependent in-
finitesimal generator with the fractional Brownian motion. In
the final section, we show some obstructions in the analysis
of the mild formulation of the Kolmogorov equation for SDEs
driven by the same infinite—-dimensional noise. This problem,
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which is relevant to the theory of regularization by noise, re-
mains open for future research.
© 2025 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

Consider the stochastic integral equation in R? with additive noise

t t

1 -
Xp= a0+ [kt =9)b(s. X ds s [ (=977 aw, 1)
a
0 0
where 2o € RY, a € (3,1), W = (Wt);>¢ is a standard Brownian motion in RY,

b:[0,7T) x R® — R? is a measurable vector field and k; is a locally square-integrable, R-
valued kernel that is continuous in (0, 00). This equation belongs to the class of stochastic
Volterra equations (SVE), which is characterized by a wide and continuously expanding
body of literature, see for instance [1,2,8,30,33,38]. The additive noise driving the SVE
(1) is a fractional Brownian motion (henceforth, fBM) of Riemann-Liouville type, with
Hurst parameter H = oo — % € (0, %) Our motivation for studying this random perturba-
tion stems from its relevance in mathematical finance, particularly in the field of rough
volatility models, see [9,21,27].

Inspired by [24], where the authors introduce a Banach space framework for path—
dependent stochastic differential equations (SDEs), we reformulate the SVE (1) as an
infinite-dimensional SDE in a separable Hilbert space (H, (-, ) ) of the form

t t

wt:¢+/B(s,ws)ds+/o(s) dW,, ¢ € H, (2)

0 0

where o: [0,7] — L(R%; H) and the operator B has an unconventional structure. More
precisely, since the kernel k; in (1) is only square—integrable and may have a singularity
at 0, lifting (1) to the infinite-dimensional SDE (2) in H requires an H-valued drift
B defined in [0,T] x A, where A is a dense subspace of H. Thus, B maps between two
different spaces in its domain and codomain, unlike standard frameworks in the literature
(see, for instance, the aforementioned [24]).

This motivates our study of a novel class of infinite—dimensional SDEs of the form

¢ t
wy=¢+ | B(s,w)ds+ [ o(s)dW,, ¢€H, (3)
[roee]
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and of the associated stochastic flow’s regularity. Notably, these SDEs require an exten-
sion of the drift operator and its Fréchet differentials, which explains the notation B in
(3).

Given ®: H — R, we then study the following backward Kolmogorov equation asso-
ciated with (3):

{&u(t,qﬁ)—i—Atu(t,zé) =0, te[0,7T],¢€H,
u(T,¢) =2 (¢),

which will be interpreted in integral form, see (78). Here A;, the time-dependent in-
finitesimal generator, is given by

A (t, ¢) = %Tr (D*u(t, @) o(t)o(t)*) + (B (t,¢), Vu(t, @), -

As in [19, Chapter 9], the approach that we adopt for the existence of classical solutions
of the Kolmogorov equation is based on a careful analysis of (3) and on the formula

u(t;0) = E @ (wf?)], (4)
where w!®? | t € [to, T], is the solution of an analogue of (3) starting at time ¢y instead
of 0.

It is worth noting that we use classical tools of infinite-dimensional calculus, such as
the Fréchet derivative, when analyzing the Kolmogorov equation. This is a novelty com-
pared to other studies addressing path—dependent PDEs related to SVEs, particularly
[43] (see also [4] for a similar subject). In a sense, then, we unify the study of SVEs
and fBM of Riemann—Liouville type to other infinite-dimensional systems. However, the
assumptions imposed on the drift coefficient are not entirely classical, resulting in an
innovative abstract formulation of the problem. Consequently, the analysis developed
here is only analogous to the classical one, not included into it.

A recent paper that conducts an extensive study of the relation between path-
dependent PDEs and forward-backward systems of stochastic Volterra equations (FB-
SVEs) is [44]. In particular, Theorems 3.2 and 3.4 in that work establish solutions to
path-dependent PDEs via Feynman—Kac formulas like (4), based on associated FBSVEs.
There are two major differences between the current paper and [44]. First, [44] employs
the functional It6 formula from [43] as a fundamental tool. As a result, solutions to
path—dependent PDEs are not intended in the classical sense of infinite—dimensional
calculus. Second, the assumptions imposed in [44] on the coefficients of the SVEs (see
[44, Assumption 2.1]) do not allow for singular kernels in the drift or diffusion compo-

nents. In particular, the framework in [44] does not cover the case of an additive {BM

1
)2
points serve as the primary motivations for the present paper and justify the original

of Riemann-Liouville type with a Hurst index in (0, ). As mentioned above, these two
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theoretical analysis and abstract formulation we develop. On the other hand, the coeffi-
cients of the SVEs considered in [44] have a more general structure than those in (1). In
particular, the diffusion coefficient in the stochastic integral can depend on the solution
process X. We believe that the approach proposed in this work can be extended to study
such equations with multiplicative noise, and we leave this research direction for a future
project.

Regarding forward—backward stochastic systems in the Volterra framework, we also
refer the reader to the paper [45]. In this work, the authors consider a decoupled sys-
tem where the forward component is an SDE and the backward component a BSVE.
They provide PDE representation formulas for the backward component in terms of the
forward SDE. We note that in [45], the generator of the BSVE is assumed to be contin-
uous and therefore cannot exhibit explosions to infinity. Such singular behavior for the
generator is not allowed in [44], either.

A more direct approach to the Kolmogorov equation would be also of great interest for
two reasons. Firstly, it would contribute to complete the comparison with the classical
theory developed for other classes of problems, see [19]. Secondly, it could be used to
study regularization by noise phenomena for SDEs driven by fractional Brownian motion,
which are investigated in literature using different techniques, see, e.g., [25,26,30,33-35].
In fact, studying the Kolmogorov equation in mild form might allow to prove weak
uniqueness of solutions of the underlying SDE when the drift is not smooth, see [5,
22,31,37,40,48]; and in case of additional regularity and bounds on the solution of the
Kolmogorov equation, it may even lead to strong uniqueness results, for all or only
almost all initial conditions with respect to a measure, depending on the regularity, see
[3,14,15,22,42] and [16,17], respectively. In an attempt to develop such a direct approach,
we have identified obstructions that we report in Section 5, so this problem remains
open.

The paper is structured as follows. In Section 2 we investigate the connection between
the SVE (1) and the infinite-dimensional SDE (2), see Proposition 1. Here we specify
the Hilbert space H considered in our study, as well as an H-valued drift B (see (9)),
which is defined in a dense subspace A of H. Due to the particular structure of B, we
also introduce another infinite-dimensional reformulation for the SVE (1) (see (17) in
Proposition 2), which is at the core of our analysis. In Section 3, we study the reformu-
lation given by (17) in an abstract setting with a general drift B (not necessarily defined
as in (9)), focusing on the regularity of its solution with respect to the initial data, see
Subsections 3.1-3.2. This step requires to extend the drift B to a functional B defined on
the entire space H, a peculiar feature of this paper. The abstract reformulation of (17) is
given in (20) and coincides with (3). The related backward Kolmogorov equation in inte-
gral form is then investigated in Section 4. In Section 5 we discuss the mild formulation
of the Kolmogorov equation and its importance for the theory of regularization by noise,
see Subsection 5.2. The challenges that we previously mentioned regarding the analysis
of such a mild formulation are explained in Subsection 5.1. Finally, in Appendix A we
study the regularity of the solution of the Kolmogorov equation constructed as in (4).
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2. Infinite-dimensional reformulations for the stochastic Volterra equation

Let (2, F,P,F) be a complete filtered probability space, with expectation denoted
by E, where the filtration F= (F}),¢(o 7 satisfies the usual conditions. Fix d € N and
consider an R%valued standard Brownian motion W = (W), defined on (2, 7, P, F).
In what follows, we denote by ko: (0,00) — (0,00) the fractional kernel which controls
the noise in the SVE (1), namely

1 . 1
= —_— @ f S - 1 .
ko (t) F(a)t , t>0, for some « € (2, ) (5)

We note that the arguments and results of this paper continue to hold even when a €
1.3
trajectories and longer memory (see also Remark 6).

Fix T > 0. Suppose that the measurable vector field b : [0,7] x R? — R? in (1)
satisfies, for some L > 0,

), i.e., when the fBM governing (1) has Hurst parameter in [3, 1), exhibiting smoother

b, 2)| <LA+zl),  |p@tz)=b(ty)| < Liz—yl,
for every t € [0,7] and x,y € R%.

Definition 1. An R%valued stochastic process X = (X)tepo,1) defined on (92, F, P, ) is
a (strong) solution of the SVE (1) if it is F-adapted, has continuous trajectories and
satisfies the integral equation (1) for every t € [0,T], P-a.s.

Existence and pathwise uniqueness of strong solutions of (1) have been studied in
literature under additional requirements on k;. For instance, thanks to the uniform-in-
time linear growth and Lipschitz continuity of b, by [2, Theorem 3.3], (1) is well-posed
when

h T
/ k1 (t)[?dt = O(hY) and /|k1(t+h) —ky(t)2dt = O(hY), for some v € (0, 2].
0 0

We refer the reader to [46,49] for existence and uniqueness results for non-convolution
stochastic Volterra equations.

Let H be the Hilbert space L? (0,7;R?) and denote by (-,-) i the usual inner product.
Denoting by £(R¢; H) the space of linear and bounded operators from R to H, define
o:[0,T] — L(RY H) by

[0' (t) .13] (f) = ks (§ - t) 1{t<£}x7 HAS Rd? t’§ € [O7T] . (6)

For every ¢ > 2, we denote by H? the space L? (Q; H ), endowed with the usual norm
|/l 240, and by H{ C HY the subspace of Fy-measurable functions, ¢ € [0,77]. Notice that
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2 2
lo@®llas < dllkally, t€[0,T],

where |||z Tepresents the Hilbert—Schmidt norm and |||, the norm in L?(0,T;R). As
. T 2 -
a consequence, since [ [|o(s) ;g ds < oo, we can construct the stochastic integral

¢
Es7t:/0(7‘)dW,.6Hg, 0<s<t<T. (7)

S

By [19, Theorem 4.36], there exists a constant Cy, > 0 such that

[1Bs.tllaga < Cagllkaly vE—5, 0<s<t<T. (8)

Let A be the space C ([0,T];R?), and define B : [0,T] x A — H by

[B (t’ w)] (§> =k (f - t) 1{t<§}b (t’ w (t)) ) taf € [OvT] ) (9)

where we recall that &k is a locally square-integrable, R-valued kernel that is continuous
in (0, 00), see Introduction 1. In the sequel, a stochastic process taking values in A or H
will be denoted by, e.g., (wt)te[o’T], namely with the time variable as a subscript. Then,
for a fixed ¢y € [0,T], wy, is a random function, denoted by wy, (£), £ € [0, T).

We now establish a connection between the SVE (1) and (2). More precisely, consider
the infinite—dimensional SDE

t

t
wt:xo—l—/B(&ws)ds—i—/U(s) dW, in H,
0 0

where o and B are given in (6) and (9), respectively. (10)

Note that the equality in (10) is understood in H, i.e., it holds for a.e. £ € [0,7]. A
solution to (10) is defined as follows.

Definition 2. A stochastic process w = (w),e[o,r] defined on (2, F,P,[F) is a solution of
(10) if it is F-adapted, takes values in the space A and satisfies the identity (10) P-a.s.,
for every t € [0,T].

In the following proposition, we construct a solution of (10) starting from a solution
to (1) (see Definition 1). We also demonstrate the opposite direction, namely how to
obtain a solution to (1) from a solution of (10) which is jointly measurable in [0, 7] x 2.

Proposition 1. Consider the operators o and B defined in (6) and (9), respectively. Let
X = (Xt)te[o,T] be a solution of (1) according to Definition 1. For every t € [0,T], define

the R%-valued stochastic process 6(*) = (Gét))ge[t’T] by
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t t
ag):xo+/kl(g—s)b(s,Xs)ds+/kQ(g—s)dWs, ¢elt,T).
0 0

Define the A-valued stochastic process (wt)te[o,T] by setting, for each t € [0,T],

XE; ES tv
Wy (f) = {Qét), £ 1. (11)

Then (wi),ep0,7) s @ solution of (10) in the sense of Definition 2.

Viceversa, if (wi),epo ) is a measurable solution of (10), namely the map (t,w)
[wi(w)](+) € A is measurable, then X = (X;)icjor) defined by X; = wr(t), t € [0,T], is
a solution of (1).

Proof. Fix ¢ € [0,T]. Note that, by the Kolmogorov—Chentsov continuity criterion, there
exists a continuous version of the stochastic process ( fot ko(& — 8) dWs)eepr, ) Hence,
also employing the dominated convergence theorem, we deduce that the process (Y has
continuous trajectories 0 in [t, T]. It follows that w; defined in (11) takes values in A.

In addition, by [19, Proposition 3.18], we observe that w; is an F;-measurable A-valued
random variable, because X is continuous and F-adapted, 0" is continuous and Hét) is
Fi-measurable for every § € [t,T]. Thus, the A-valued stochastic process (w¢)ic(o,r] is
F-adapted.

We now want to prove that w; satisfies (10). By (1) and the definition of 8, we have,
P-a.s.,

tNE tAE
Xelieen + 001w =v0+ [ (€= 9)b(sX)ds+ [ o (- 9)dv,

we (§)

t t
= Zo +/k1 (€ —5) 1{e>s3b (s, X,) ds +/k2 (€ —5) lgesydW,, £€(0,T7).
0 0
(12)

We focus on the integral in dW, with the aim of understanding its relation with 3¢ ; =
fot a(s)dWs, see (7). By (6) and [19, Proposition 4.30],

t t , T T
</U(s) dWS,h> :/</k2(§—8)1{5>5}h(§) d§> dW,, P—a.s., for every h € H.

0 H 9 0

Moreover, an application of the stochastic Fubini’s theorem yields

t t T
ko (- — 8) 1.5 dW,, h> = ( ka(€ = 8)1(ess) dW) h(€) d¢
Y J([n
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t T T
=/</k2(§—5)1{§>s}h(§)df> dWs,

0 0

which holds P-a.s., for every h € H. Considering that H is separable, combining the two
previous equations we deduce that

t

</a(s) dWS,h>

0 H

t
= </]€2( — 8)1{.>S}dWS, h> , heH, P—a.s.,
0

H

which in turn implies that

(/O’(S) dVVs> &) = /kg({ —8)1{esydWs, forae. £€[0,7], P —aus. (13)

0 0

Recalling the definition of B in (9) and (11), standard properties of Bochner’s integral
yield

(/B(Sws)dS) €)= /kl (€ = 5) Lessyb (s, ws(s)) ds
0

0

¢
/k1 (€ —5) Lqensyb(s,X,)ds, forae &€ [0,T]. (14)
0

Going back to (12), we conclude that (w¢)e[o,7) is a solution of (10) according to Defi-
nition 2.

Viceversa, consider a A-valued F-adapted measurable solution w = (w)sefo,77 of (10),
and define the continuous R%-valued process X = (X;)e0,r) by X¢ = wr(t), t € [0,T].
From (13) and (14) we infer that, for every t € [0, T],

we(§) = wr(§), £€0,t], P —as,
whence
w(t) =wr(t) =Xy, P—as.,tel0,7T] (15)

Given that the filtration F is complete and w is F-adapted, this equality shows that X is
F-adapted, as well. Furthermore, since w: [0,T] x © — A is measurable, (15) also yields

we(t) = Xy, forae. te[0,T], P —as. (16)

We now notice that, by the first equality in (14) and (16),



A. Bondi, F. Flandoli / Journal of Functional Analysis 290 (2026) 11123/ 9

T 9
(/B(s,ws)ds> &= /k1 (E—5)b(s,Xs)ds, forae. £€[0,T], P —as.,
0 0

where the right-hand side is a continuous function in & € [0, 7] by the linear growth of
b, the continuity of the trajectories of X and [29, Theorem 2.2, Chapter 2]. Therefore,
also recalling (13), by (10),

& £
Xe = o +/k1 (€ - s)b(s,Xs)ds+/k2(§— s)dWs, for a.e. £ €[0,T], P —a.s.
0 0

In fact, since this equation involves continuous processes, the equality holds for every
¢ € [0, T], which proves that X is a solution of (1) in the sense of Definition 1. The proof
is then complete. O

The previous proposition gives us the classical infinite-dimensional reformulation of
the SVE (1), quoted by Equation (2) in Introduction 1. Notice, however, that the drift
B in (10) has an unconventional structure. More precisely, as already mentioned in
Introduction 1, the issue with the expression of B in (9) is that it is meaningful only for
continuous functions, as it involves a punctual evaluation, but takes values in H, due to
the possible singularity of k; at 0. As a result, for the procedure carried out in Section 3
(see also Remark 2), it turns out that a second reformulation is more convenient.

Proposition 2. Consider the operators o and B defined in (6) and (9), respectively. Let
(Xt)ejo,) be a solution of (1) according to Definition 1 and 9;), wy (§) be defined as in
Proposition 1. Then, for everyt € [0,T], the following identity holds in H:

t

t
wtzxo—I—/Bswt ds+/ (s)dWs, P —a.s. (17)
0 0

Viceversa, if (wt)te[o,T] is a A-valued F-adapted process satisfying (17) for every t €
[0,T], then X = (X¢t)sepo,1) defined by X; = wr(t), t € [0,T], is a solution of (1).

Notice that, unlike in (10), the time index of w in the Bochner integral in (17) is fixed
at t. This is important for the abstract study carried out in Section 3, which requires an
extension of the drift operator, see also Remark 2.

Proof. Take a solution X = (X¢);co,7) of (1) and define (w;)¢cjo, 7] as in (11). Observing
that, for a.e. £ € [0,T],

t t
k1 (€= s) Liessyb (s, Xs) /B S, W) (/B S, Wt) >(§)7 (18)
0 0

o
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the fact that (w;).epo, ) solves (17) is proved in the same way as in Proposition 1.

Viceversa, if w = (w¢)e[o,) is @ A-valued F-adapted process which solves (17), then,
for every ¢ € [0,T], P-a.s., by (9), (13), (18) and the Lipschitz continuity of b, we have

9

wr (€) —wi(§)] < L/ [F1(§ = s)[[wr(s) —wi(s)|ds, forae. [0,
0

Since this equality involves continuous functions, we infer that, P-a.s.,

t
<1 — L/ |k1(s)|d5> sup |wr (&) —w(€)] <0, for every t € (0,1].
5 £elo.]

Thus, choosing t sufficiently small, the previous inequality yields wr(£) = wy(£), € €

[0,t], P-a.s. A standard argument by steps then enables us to conclude that

wr(§) = wi(€), €€]0,t], P —as.

If we define the continuous R?-valued process X = (X;)¢eo,r) by X¢ = wr(t), t € [0,7],
then, recalling that w is F-adapted and F is complete, the previous equality shows that
X is F-adapted, too. The fact that X solves (1) is an immediate consequence of (9),
(13), (17) and (18), completing the proof. O

Motivated by the infinite—dimensional reformulation of Proposition 2, in Section 3
we focus on studying Equation (17) in an abstract setting, where B: [0,T] x A — H
is not necessarily given by (9). Our aim is to investigate the property of its solutions
and the associated Kolmogorov equation, which is the subject of Section 4. However, the
implementation of this plan is challenging, due to the particular structure of the drift
B: [0,T]x A — H which, unlike the classical case, maps between two different functional
spaces in its domain and codomain (A and H, respectively). This requires an abstract
formulation of the problem that, to the best of our knowledge, is not covered by the
existing literature.

3. Abstract formulation and differentiability of the stochastic flow

In this section, we introduce and study an abstract formulation for Equation (17),
quoted by (3) in Introduction 1, with a particular attention devoted to the differentia-
bility of its solution with respect to the initial data, see Subsections 3.1-3.2. Here, we
consider a more general drift operator B than in Section 2, meaning that B is not nec-
essarily defined as in (9). In our reasoning, we introduce an extension of B, denoted by
B, which is a characterizing and original feature of the approach that we propose.
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For every k,p € N, we denote by ||Hp the usual norm on the Banach space
Lr (O,T;Rk). We denote by

Hpy the Hilbert space L?((0,T) x (0,T);R%) endowed with the norm [[2,0-

Recall H = L*(0,T;R%) and A = C ([0,T];R?). For every w € A, we consider a map
B (w): [0,T] x [0,T] — R? subject to the next requirement.

Assumption 1. The function B: A — Hp satisfies
1B (wi)llgn < Co(1+ flwilly), 1B (wi) = B(w2)llpn < Collwr —wally,  (19)

for every wy, ws € A, for some constant Cy = Cy (d,T) > 0.

Moreover, given w € A and 0 < t < T, for a.e. r € (0,t) the function B (w) (r,-) € H
is of Volterra—type, namely B (w) (r,€) = 0 for a.e. £ € (0,r), and depends on w only
via its restriction w|( 4 to (0,1).

In the sequel, we are going to progressively introduce stricter hypotheses on the drift
map B (see, in particular, Assumptions 2-3), which will allow us to prove the main
result on the Kolmogorov equation, see Theorem 9 in Section 4. In Example 1, we show
a function B, obtained by choosing b in (9) with an affine structure, that satisfies these
requirements.

Under Assumption 1, we can invoke the theorem of extension of uniformly continuous
functions (see, e.g., [39, Exercise 13, Chapter 7]) to uniquely define a continuous map
B: H — Hg such that §|A = B. Note that B satisfies (19) for every wy, we € H. Given
w € H and r € (0,T), we are going to write B (r,w) = B (w) (r,-) € H: these maps are
well defined for a.e. 7 € (0,T).

For a fixed 0 < t < T, we remark that also B (r,w) is of Volterra-type in the sense
of Assumption 1 for a.e. » € (0,¢), and that it depends on w only via w| ). For these
reasons, in the sequel we will refer to Assumption 1 while talking about B.

Recall the spaces H? = L4 (Q; H), q > 2, and the subspaces H{ C H? of F;-measurable
functions introduced in Section 2, as well as the random variables ¥, ; € H{ in (7). For
every 0 < s <t <T and ¢ € H?, we are interested in the equation

t

t
wqu—l—/g(r,w)dr—l—/a(r)dwr, P —a.s., (20)

S

where o: [0,7] — L(R%; H) is defined in (6). Note that (20) is an equality between H-
valued random variables, satisfied up to a P-null set. The well-posedness of (20) in H?
is given by the next result.

Theorem 3. Under Assumption 1, for every q > 2, ¢ € H? and s,t € [0,T], with s < t,
there exists a unique solution w® € HY of (20). In particular, if ¢ € HI then w® € H.
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Furthermore, the following cocycle property holds in H:

w,w??
wi? =w 0<s<u<t<T, ¢eH. (21)
Proof. Fix ¢ > 2,0 < s <t < T and ¢ € HZ Consider N = N (d,T) € N so big
that Co/T/N < 1, where Cy = Cy (d,T) is the constant in (19). Let us introduce an
equispaced partition {t;}2_ of [s,t] where ty = s and ¢ty = ¢: its mesh A < T//N. Define
the mapping Iy : Hf, — H{ by

tl tl
F’zéw:¢+/§(r,w)dr+/a(r)dWr, w e H . (22)
to to

Under Assumption 1, Fi; is well defined. Indeed, for every w € Hfl,

It = E [Irwll]

ty1

_ ti , T 1 q q

<37 'E <z>||g+< ( |E<w><r,§>|2d€> dr) +| [ or)dW, ]
ez (/(/ Joom]
_ ty q

< 3R | [p)|2 + CIAE (1 + [Jw],) + / o (r)dW, ]<oo,
L 2

to

where we use Bochner’s theorem (see, e.g., [47, Corollary 1, Section 5, Chapter V]) in
the first inequality, and the first bound in (19), coupled with Jensen’s inequality, in the
second one. Analogously, using the second inequality in (19), we write

t1

(/ (/T@(wl)_B(W)}QM)%);M)W;

to

ITsgwn = Tigwally,, <E

< 00\/Z le — ’I,UQHHQ , Wi, Wo € Hgl (23)

Hence, for our choice of N € N, the map Fié is a contraction in ’Hgl, whose unique fixed
point is @;. Noting that @; is the unique solution of (20) with ¢; instead of ¢, we denote
it by wf{¢.

Since the relation between constants in (23), which is necessary to make I"zé a con-
traction, does not depend on the initial condition, under Assumption 1 the previous
argument can be iterated to construct the solution w; @ of (20). More precisely, define
the map I'{?: H{ — HI by

t2 t2
Fﬁfw:@1+/§(7‘,w)dr+/a(r)dWr, w e HY,.

t1 t1
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Computations similar to those above show that Fif is well defined. Moreover,

[T32wn = Tiws ||, < CoVAlwy —wsllgye s wi, ws € HE,.

tw?
to - . . . . . 1
Thus, T'? is a contraction in ’HfQ, whose unique fixed point is @y = w;,’ 1 Now, by the

Volterra-type property of B and o, together with the standard features of the Bochner’s
and stochastic integrals (see (13)), we infer that

(/E(n Eg)dT) &) = (/0(7‘) dWT> (&) =0, forae &€ (0,t1), P —as, (24)

tl tl
whence
w2’(0,t1) :wl‘(o,tl)’ P — a.s.
Furthermore, P-a.s., for a.e. r € (s,t;), B (r, @;) depends on w; only via wl\(o ) which
yields
B (r,w,) = B(r,w,), fora.e. r¢e(st), P —as. (25)
Therefore, recalling (22),
t1 23 t2
Wy = qb—l—/g(r,wl)dr—i-/E(r,wg)dr—i—/a(r)dWT
s t1 s
t2 t2
:¢+/E(r,w2)dr+/a(r) dW,.. (26)

This shows that @5 is a solution of (20) with ¢2 instead of t.

To prove that ws is in fact the unique solution of this equation, we consider another
random variable w € 7—[?2 satisfying (26). Then, relying on the same properties of B and
o as those used above, we deduce that

tl tl
1(07t1){17 = 1(07t1) ((25 + /E (’I"7 1(0)751)’[[)) dr + /J (7’) dWr> . (27)

S S

Moreover, we observe that also 1¢ 4, @1 € HY satisfies (27). Therefore, using Bochner’s
theorem and Jensen’s inequality, by Assumption 1 we can compute
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]

r 11 q
<E (/HE(T’I(O:h)wl) —E(ﬂl(o,n)ﬁ)\\sz) ]

ty

/ (B (r, 10y @1) — B (. 1i0.0,y)) dr

S

0.0y (@1 — @), <E

< AYE[|IB (100)@1) - B (10.0)8) |3
<A | 10,60) (W1 — iUV)H;I{q )

which allow us to conclude, recalling that vACy < 1,
l(O,tl)ﬂ; = 1(0,,51)1?17 P — a.s.

Going back to (26), by (22) and the previous equality we have, P-a.s.,

t1 t1 to
iuV:gb—l—/E(r,wl)dr—k/a(r)dwr—|—/§(T,iﬁ)dr—|—2tht2
s s t1
to

= 0 +/§(r,1ﬂ)dr+2t1,t2.

ty

It follows that w is a fixed point of the map I‘if in ’ng: by uniqueness, we obtain w = ws.
Hence w5 is the unique solution of (20) with ¢» instead of ¢, which we denote by wts;b.

This argument by steps can be repeated to cover the whole interval [s, t]. In this way,
we obtain the unique solution w; @ of (20) in H{. The same procedure also works when
the initial condition ¢ € H9, i.e., when ¢ is not necessarily Fs-measurable. In such a
case, it provides a unique solution wy @ e .

The cocycle property in (21) follows by a similar reasoning. Indeed, if we fix u € (s, t),
then by the Volterra-type property of B and o (cf. (24)) we have

@

Wy — oS _
¢ 0 wy, |(O,u)7 P —as. (28)
Invoking again Assumption 1 as in (25),
u t t
w,ws® = = w,ws?
w, :¢+/B(r,wi’¢)dr+/B<r,wt’ v )dr—i—/a(r)dWr

t

= ¢+ / B (r,uwp" ) dr + / o (r)dW,,

S
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hence the equality in (21) is inferred by the uniqueness of the solution of (20). The proof
is now complete. O

Remark 1. The cocycle property in (21) (see also (28)) yields wi*? (&) = w5? (€) for a.e.
&€ (0,u), P-as., forevery 0 <s<u<t<Tand ¢ € H?, g > 2.

Remark 2. The extended drift B: H — Hp enables us to introduce the abstract re-
formulation (20) of (17), see also (3) in Introduction 1. It cannot be used, however, to
formulate (10) in an abstract setting, because an equation of the form

t t
wt:¢+/]§(5,ws)ds+/a(s) dWs, 0<t<T, ¢ € HI,
0 0

is not well-posed. Indeed, given an H-valued process w = (w¢)¢e[o,7], one cannot deduce
that B(s,w,) belongs to H for a.e. s € (0,T). Hence the Bochner integral term in
the equation above is not well-defined. This explains the advantage, for the abstract
study conducted in Sections 3 and 4, of considering (17) instead of (10) as the infinite—
dimensional reformulation of (1).

Remark 3. For every p € (2,(1 — «)™1), the fractional kernel ks in (5) belongs to the
space L?(0,T;R).

As a consequence, according to [36, Lemma 8.27, Theorem 8.29], the stochastic integral
Y5t in (7) belongs to the space

LY = (LY (L), | llgn) s where  LP = LP(0,T;R?).

As before, the subscript ¢ in the previous expression indicates a space of F;-measurable
random variables. Moreover, the following inequality holds (cf. (8)):

%561

cr < Capllkall, Vt—s, for some Cy, > 0. (29)
We denote by
LY, the Banach space L?((0,T) x (0,T);R%), endowed with the norm 11, 0
In addition to Assumption 1, suppose that B: A — LP, and that it satisfies
1B @)l < Cop (14 unl,) . 1B () Bws)l, o < Cop oy sl (30)
for every w1, wy € A, for some constant C, = Cy ,(d,T) > 0. Note that B: H — Hp
satisfies (30) for every wy, wy € LP.

In this framework, one can argue as in the proof of Theorem 3 to infer that, for every
¢ € LP, there exists a unique solution wf’d) of (20) belonging to the space L.
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The following corollary to Theorem 3 gives a Lipschitz—type dependence of the solution
w® of (20) on the initial condition ¢, which combined with (21) allows to prove the
F-Markov property of the process (w; ’¢)t€[SVT].

Corollary 4. Let g > 2. Under Assumption 1, there exists a constant C1y = C1 (d,q,T) > 0
such that, for every 0 < s <t <T),

Jwi? —wp¥||, < Cilo =, 6w ene. (31)
In addition, for all s € [0,T] and ¢ € H1, the process (wf’qs)te[s);p] is F-Markov, and

E [0 (ws?) |7 =E[@ (wh)] P—as,s<t<u<T,®cBy(H), (32)

|1/)=wf’¢’
where By(H) denotes the space of bounded Borel measurable functions from H to R.
Proof. Fixq > 2,0 < s < ¢ < T and consider N = N (d,T) € N so big that 2Cy/T/N <

2174 where Cy = Cy (d, T) is the constant in (19). Moreover, take an equispaced partition
{tx }_, of [s,t] where to = s and ty = t. By (19)-(20), for every ¢, 1 € HY,

s s q — _ T % = s. — s, q
o - il <210 vz et () [B () - B )
-1 -1 T : s s,9
<o o+ 2oy (1) ot - ui] P,

hence

g\ —1
S S q — — T 2
Hw;;«ﬁ _ wt{wHQ < 9a-1 (1 e (N) ) 6 —L, P —as.

Thus, by the cocycle property in (21), for every ¢, ¢ € HY,

s, s, q
so o swl|? || tvenwid vl
wy wy = || Wiy Wy

2 2
2 _1

T 2 tn_2 ws,qb tN_2 ws,«/) q

q—1 _o9q—1maq [ = PUEN-—2 PUEN -2
<2 1-297°C; (N Wy, Wyy_,
2

q

-N
T\ 2
< 9oN(a-1) (1—2q—1cg (N) ) lo—vylla, P-as.,

which shows (31) upon taking expectations and g¢-th root, as desired.
The Markov property of the process (w; ’¢)
In turn, the equality in (32) can be readily obtained by similar steps as in the monotone

tels,T] @ € HI, is a consequence of (32).
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class argument of [19, Theorem 9.14], which essentially relies on the cocycle property in
(21) and the Lipschitz—continuous dependence in (31). Thus, the proof is complete. O

We conclude this part with a lemma which analyzes some properties of the
solution w*® € LP of (20) in the framework of Remark 3. Recall that £F =
LY (Q; LP), where LP = L”(O,T;Rd)7 and that LP) = Lp( (0,7) x (0,T) ;]Rd).

Lemma 5. Suppose that B: A — LP satisfies Assumption 1 and (30), for some p €
[2,(1— )t ). Then there exists a constant Cy p, = C1 (a,d, T) > 0 such that

|wi?||, <Cip(1410l,), 0<s<t<T ser (33)

Furthermore, for every ¢ € LP, there is a constant Cy, = Cy p(a,d, T) > 0 such that

|wi? =0, <Copvi=s, 0<s<i<T. (34)
When p = 2, the hypotheses of Lemma 5 reduce to Assumption 1 and ||-||;, = ||[|52-

Proof. Fix 0 < s <t < T and ¢ € LP. Recall that, under the hypotheses of the lemma,
the unique solution w; ? e H of (20) belongs to the space L}, see Remark 3.

Consider N = N(d,p,T) € N so big that CO,,,(QT/N)P% < 1, where Cy,, is the
constant appearing in (30). Take an equispaced partition {¢;}2_ of [s,t] with o = s
and ty = ¢: its mesh A < T/N. By (20)-(30) we have, using Bochner’s theorem and
Jensen’s inequality,

t1

/O'(T) dw, .

S

)

‘ﬁp <[¢ll, + Co7p(2A)1—% (1 n wa{¢

L)
Lp

which in turn implies, by (29), for some constant ¢ = ¢(d,p,T) > 0,

5,9

Jeie], < (1= ConT/M'5) " (Il +llal, + Cop (2T/N)3)

-

At this point, invoking N-times the cocycle property in (21) we obtain (33).
As for (34), using (29)-(30) we compute, for some constant C' = C(d, p) > 0, recalling
the notation X, ; introduced in (7),

(1)l )
j dr /T B (w)[ () g

1
P

+ 1|25,

Lr

oo

<E
rr

-

P

+CH/€2||p\/t—S
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< V=3 (Cllkall, + 25 T5 5 Cop (14 ||l )) -
P
Thus, by (33) the proof is complete. O
3.1. First-order differentiability in the initial data

In this subsection we focus on deterministic initial conditions for (20), i.e., ¢ € H.
From now on, we denote the Hilbert space H? = L?(; H) simply by H.

In order to study the first—order Fréchet differentiability of wy’ % in H , wWe require
hypotheses on B which are stronger than Assumption 1. In fact, we need some conditions
on the Fréchet differentiability of B in the normed space (A, ||-||5). In the sequel, we write
Ay for (A, |[|-||5) to have a compact notation.

Assumption 2. The map B: A — Hp satisfies Assumption 1. Moreover, B is Ao-Fréchet
differentiable, and there exists a constant Co = Cy (d,T") > 0 such that

DB (w1) (w2)llo 5 < Collwally,  wi,wa2 €A, (35)
and

DB (w1) = DB (w2)l £(pg:115) < Co llwr — w23,

wi,ws € A, for some v € (0,1]. (36)

Without loss of generality, we assume the constant Cj in (35)-(36) to be the same as
the one in (19).

Under Assumption 2, precisely by (35) and the theorem of extension of uniformly
continuous functions (see, e.g., [39, Exercise 13, Chapter 7]), for every w; € A it is
possible to extend DB (w;) € £ (A; Hy) to an operator DB (wy) € L (H; Hy) satisfying
(35) for all wy € H. Moreover, by (36),

Hﬁ(wﬁ DB (w2 HL(HH = ||DB (w,) — DB (w2)||£ (Ao;HO)

< Collwy —wally, w1, wa €A, (37)
hence we can extend (without changing the notation)
DB: H — L (H; Hp), with DB satisfying (35)-(37) for every wy,wq € H. (38)

We want to show that B is H-Fréchet differentiable, with DB = DB. By Taylor’s formula
applied on B, recalling that B|A = B and DB(w; ’A = DB(w1), w1 € A, we write

B (w3) — B(wy) — DB (wy) (wy —wy) =7 (wy,ws), wi,ws €A, where (39)
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1
/DB (x+h(y—2z))—DB(z) (y—=x)dh, =z yeH.
0

Note that r: H x H — Hp is continuous. Indeed, for every x,y € H and every sequence
H x H > (zp,yn) — (x,y) as n — oo, by Bochner’s theorem and (38), after some
algebraic computations we deduce that

HT ('rn’yn) -r (1‘7?/)”2’5

Co

1
+CO< +1Hy” y+x$”’2¥+2x$n|g>”yw”2%0, as n — o0.

It then follows from the continuity of B in H and (38) that (39) holds for every w;, ws €
H. Moreover, since by (38) || (z,y)|l, 5 < Co(y + 1)~ ||y — x|l for every z, y € H,
we conclude that

B (w3) — B (w1) — DB (wy) (we — w1) = o (|lwe —w1|y), w1, wz € H.

Therefore B is H-Fréchet differentiable, with DB = DB.
We also notice that, for every wy, wo € H and 0 <t < T,

DB(wy) (r,wz) = [DB(w)(ws)] (r,-) € H is of Volterra-type, for a.e. r € (0,t), (40)
and that

DB(w;) (r, wz) depends on w; only via w; =1,2, for a.e. r € (0,1); (41)

|(0t)’

these two properties are inherited from B, see Assumption 1.
The next result shows that, under Assumption 2, the solution wy @ of (20), considered
as a map from H to H, is H-Fréchet differentiable.

Theorem 6. Under Assumption 2, for every 0 < s < t < T, the mapping w;" €

CY™ (H;H). In particular, for every ¢, € H, Dw) P is the unique solution in H
of the following equation:

Dw % =4 + /tDE (wf¢) <7“ Duwy @ZJ) (42)

Furthermore, there exists a constant Cy = Co(d,T) > 0 such that, for every ¢, 1, n € H,
P-a.s.,

,
|Dwptn||, < Calimlly, | Dui®n - Dupvn)| < Cofwp —wi?| il (43)
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Proof. Fix 0 < s <t < T and ¢ € H. Firstly, we prove the well-posedness in H of the
equation

w=1/)+/tD£_3<wf’¢) (ryw)dr, ¢ € H. (44)

Consider N = N (d,T) € N so big that Co/T/N < 1, where Cy = Cy(d,T) is the
constant in Assumptions 1-2. In addition, take an equispaced partition {t;}i_, of [s, ]
where to = s and ty = t: its mesh A < T/N. By (38) (see also (35)) and Bochner’s
theorem, the following estimate holds:

H

ty T

//’DE (wtw) (wr WZ)‘Q(T,ﬁ)dsdr]
to 0O

< VAE [HDE (wts,qb) (wy — wg)H;r < CoVA |Jwy —wally,, wi,wy € H. (45)

/IDE (wf¢) (wy —wy) (r,)dr

2

<VAE

Thus, employing a fixed point argument as in the proof of Theorem 3, we deduce the
existence of a unique solution wlf € H of (44) with ¢; instead of ¢, for every ¢ € H.

We claim that the operator Dwfl’d): H — H defined by Dwtsl’qﬁl/} = w}”, Y e H, is
the Fréchet differential of wfl’(b. Indeed, the linearity of Dwfl’¢ is straightforward, while
the continuity is ensured by the following computation, which can be argued from (44)
similarly to (45):

~1
HDw;%H? < (1-GoVT/N) " Ilvl,, P-as,veH. (46)
Moreover, recalling (20)-(42),

wa7¢+h N wts,tﬁ _ Dwf’¢hH
1 1 1 En
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2(147) %
‘ } _ heHd,
2

(47)

< VTG, ([ -t o] et i

where we apply Taylor’s formula on B for the second inequality and (38) together with
Bochner’s theorem for the third. Notice that H C HY for every g > 2. Therefore, by
Corollary 4 with ¢ = 2(1 + «), from (47) we infer that

st~ wi? ~ Dui?n]| < VIO (1= VIING) bl
—o(hll,), heH, (43)

for some constant C; = Cy(v,d,T) > 0. This shows that Dw; 1’¢ is the Fréchet differential
of wf£¢, as desired.
Next, consider

w = Dwfl’qbdj + /DE (wff) (r,w)dr, Y€ H: (49)

the well-posedness of this equation in H can be obtained via a fixed—point argument as
in the above step. We denote by @) € H, ¢ € H, the unique solution of (49).

We argue that @;ﬁ is the unique solution of (44) with ¢ instead of ¢, for every ¢ € H.
By the Volterra-type property of DB in (40) and (49) we have, P-a.s.,

—
Ws .
(, tl) w (0,t1)
w® .
Furthermore, thanks to the relation w;) ¢ = wt;’ U in (21) and the properties of B

under Assumption 1 we can write, ]P’—a.s.,

(50)

see Remark 1. Consequently, by the property of DB in (41) and recalling that Dwt 7,/1
satisfies (44) with ¢; instead of ¢, from (49) we conclude that, P-a.s.,

@l =+ /DB wy! ) (r, Dwf{¢w) dr + ]ZDE (wfzd)) (r, w;”) dr
t1

“oe [0 () () e o
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Hence w;" solves (44) with ¢ replaced by t2; to prove that it is in fact the unique solution,
we consider another random variable w € H satisfying (51). Then, by (40)-(41),

1(0 tl)w =1 (0,t1) <w + /DB wtl ) (7“, l(O,tl)w) d’l“). (52)

We observe that also l(oytl)wzf € H satisfies (52). Therefore, using Bochner’s theorem
and Jensen’s inequality, by (38) we can compute

/ 2
(J1080) s 5t -)) |
< AE [HDE (wf{¢) (l(o,tl) (Wf — ﬂj))’ :D]

< ACE |10,y (@1 — )3, (53)

2
o (st <), <2

which allow us to conclude, recalling that VAC, < 1,
1 w=1 @, P—as.
(0,t1) (0,¢1)%1>

Going back to (51), by (44) and the previous equality we have, P-a.s.,
ty 2}
w=1+ /DE (wtsl"ﬁ) (r, wﬁ’) dr + /DE (wfzd’) (r, @) dr
s t1
ta
=V + /DE (wff) (r,w)dr.
t1

It follows that w satisfies (49): by uniqueness, we obtain w = w;". Hence zﬂg’ is the unique
solution of (44) in #H with t, instead of .

We define the operator Dw;;”: H — H by Dw}:%¢ = @y, ¢ € H, and claim that
it is the Fréchet differential of wy}; £ To see this, note that the linearity of Dwt is a
consequence of the well-posedness of (51). As for the continuity, it is ensured by the
following computations, where we use (38)-(46)-(49):

|t < [owie], / |5 (wi) 0 it ar

P—as., v eH,

2

< (1= VTIN) Il + VA | Du;
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whence

|||, < (1~ CoVTTR) Ioly, P -as, v ek (54)

Moreover, by the cocycle property in (21) and reasoning as in (47), by (20)-(49) we
obtain, for some constant ¢ > 0,

Hw:,¢+h - Dwi@hH
2 2 2 H

< Hw:,¢+h _ wts,zb _ Dwf’¢hH
1 1 1 e

¢+h

to
t1,w ty,w® —
wt; i - wt; - Dwfl"i)h — /DB (wff) (7“, Dwffh) dr
t1

H

+ ] (B (wi?™") = B (wi?) = DB (wiy) Dwis?h) (r,-) dr
h H
<clhl™ =o(lbly), hed, (55)

where we also employ (48) in the last inequality. This shows that Dw; ;d) is the Fréchet
differential of w};?, as desired.

Repeating this argument N-times, we deduce that the operator Dw; Y H — H de-
fined by Dw; Do = w%, where w% is the unique solution of (44) in H, for every ¢ € H,
is the Fréchet differential of wy **_ In particular, the first bound in (43) is true, because
(cf. (46)-(54))

|pwiew], < (1= CovTIN) " ol = Cllvly, P-as, 6cH  (56)

As regards the second inequality in (43), by (38), (42) and (56) we have, for every
¢, ¥, ne H, P-as.,

t1

/ (DE (wfd’) Dwfl’d’n — DB (wfw> Dwfl’wn> (r,-) dr

S

<V ([0 (u57) (- i),

][ (p (wi) - 0B (i) pwi], )

< Co\/T/N (HDwfI’d’n - Dwf{¢n“2 + Gwa’d’ —wi?

o=, -

2

, lz)
lnlz)

where in the first equality we also use (41) and (50) with ¢ instead of ¢5. It follows that
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|Duttn - Duin| < (1 - VTN GOVITR [Jui® —wi| il

By (49), we sequentially iterate this computation to obtain the second bound in (43)
with

Cy = max{C, NCoC"/T/N}.

At this point, taking expectations and using Corollary 4 with ¢ = 27 (recall that
H C H?), by Jensen’s inequality we infer that, for some constant C' > 0,

1

212

HDw — Dw; wH = sup E [HDwf’d’n—Dw?wnH ]
LHTH) nll<1 2

1
2] 2
2

§C||¢_1/1||’277 ¢7¢€H~

This shows that Dw;” € C7 (H; L(H;H)), completing the proof. O
3.2. Second-order differentiability in the initial data

Recalling the normed space Ax = (A, |||l ), in the sequel we identify £(As; £(Ag; Hg))
with the space L£(Ag, Ag; Hp) of bilinear forms from As x Ay to Hp in the usual way.

For the purpose of investigating the second-order Fréchet differential in H of w; ’¢7
we need to require another condition on B.

Assumption 3. The map B: A — Hp satisfies Assumption 2. Moreover, B is twice Ag-
Fréchet differentiable, and there exists a constant Cy = Cy (d,T) > 0 such that

DB (w) (w2, w3)||, o < Co lwally wslly,  wi,we,ws € A, (57)
and

|D?B (wn) — D*B (wn)|| 5, < Co flwn — wal§

Ao;HO) —

wy,we € A, for some 8 € (0,1]. (58)

Once again, we can assume that the constant Cy in (57)-(58) is the same as the one
n (19) and (35)-(36).

y (57), we invoke the theorem of extension of uniformly continuous functions
(see, e.g., [39, Exercise 13, Chapter 7]) to extend, for every wi,ws € A, the map
D?B (wy) (we,-) € L(Ag; Hy) to an operator D2B (wq) (we,-) € L (H; Hp) satisfying
(57) for all ws € H. It follows that, by linearity,
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|D7B (w1) (w2) ~ DB (w) () — | P7B (wn) (ws — wy)|

L(H;HQ) L(H;HQO)

SCO ||w2_w3H27 ’LU1,’LU2,U}3€A,

hence we can extend (without changing notation) D2B(w,) € L(H, H; Hp), for all w; €
A. At this point, by (58) we infer that, for every wi,ws € A,

| 7B (1) ~ D7B (w2) = [P ) — 7B )|

Hﬁ(H7H§HD L(A2,A2;Hp)

< Co ||lwy — w2||§, (59)
whence, via another extension, from now on we consider
D2B: H — L(H, H; Hy) satisfying (57)-(59) for every w; € H, i =1,2,3. (60)

We want to show that B is twice H-Fréchet differentiable, with D?B = D2 B. By Taylor’s
formula applied to DB,

(DE(wg) — DB (wy) — D2B (w1) (wg — wl)) w3 = 7 (w1, w2, ws),
w1, wy, w3 € A, where (61)
1
r(z,y,z) = (/ (DTB(x—i—h(y—aj)) —D2—B(ZL‘)) (y—ac)dh)z, z,y,z € H.
0

We note that r: H x H x H — Hp is continuous. Indeed, for every z,y, 2 € H and every
sequence ((Zn,Yn, 2n))n C H x H x H such that (2, yn, zn) — (2,9, 2) as n — oo, with
some algebraic computations we obtain, by (60),

7 (5, Yns 2n) — 1 (2,9, Z)||2,D < 2Co lyn — znlly 120 — 2ll,
+ Colal (2lm — 20+ vl
1 8 B
+ (5 oo = w0 =l + 2l = 2l ) Iy = el ) =2 0
It then follows from the continuity of DB in H and (60) that (61) holds for ev-

ery wy,ws,ws € H. Moreover, observing that, by (60), Hr(x,y7.)||£(H;HD) < Co(B +
D~y — $||;+57 x,y € H, we conclude that

DB (’wg) - DB (wl) —D?2B (wl) (w2 — wl) = O(||7.U2 — ’LU1||2) , wi,ws € H.

Therefore B is twice H-Fréchet differentiable, with D>B = D2B.
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We also note that, for every wy, we, w3 € H and 0 <t < T,
D?B(w1) (wa,ws) (r,-) € H is of Volterra-type, for a.e. r € (0,1), (62)
and that

D?B(w1) (wy, ws) (r,-) depends on w; only via w; i=1,2,3, for a.e. 7 € (0,1);

|(0,t)’

(63)
these properties are inherited from DB (cf. (40)-(41) in the discussion following Assump-
tion 2).

In conclusion, we notice that, by (60) (see also (57)),
25 25
|D BHoo = igg |D B(w)HL(H,H;HD) < Co. (64)

As a consequence, by the mean value theorem we deduce that (37) (see also (38))
holds with 4 = 1, i.e., under Assumption 3 the map DB: H — L(H;Hp) is glob-
ally Lipschitz—continuous. Since DB is also bounded (see (35)-(38)), in what follows we
suppose, without loss of generality, that

under Assumption 3, DB: H — L(H; Hp) satisfies (38) with v = 3. (65)

The next result shows that, in the framework of this subsection, the solution wy @ of
(20), considered as a map from H to H, is twice H-Fréchet differentiable.

Theorem 7. Under Assumption 3, for every 0 < s < t < T, the mapping w;" €
C*tB (H;H). In particular, for every ¢, ¥, n € H, D2wf’¢ (1,m) is the unique solution
in H of the following equation:

t

D () = [ (DB (w®) (Dui v, Duy )

S

+ DB <w§¢) D2wf’¢ (o, m) ) (r,-)dr. (66)

Furthermore, there exists a constant C3 = C3(d,T) > 0 such that, for every ¢,v,n,0 €
H, P-a.s.,

|D2wr? (m0)| < Calmls N0l
¢ " vl|? (67
|(p2wi® = D2 n,0)]|, < G Jwi® = wi |l el

Proof. Fix 0 < s <t < T and ¢ € H. We first want to prove the well-posedness in H of
the equation
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t

w= / (D2§ (wf¢> (Dwf’¢z/},Dwf’¢n> + DB (wf’¢) w) (r,-)dr, 1, ne H. (68)

S

Consider N = N (d,T) € N so big that Cop\/T/N < 1, where Cy = Cy(d,T) is the
constant in Assumptions 1-2-3. In addition, take an equispaced partition {¢;}2_, of [s,]
where tg = s and ¢t = ¢: its mesh A < T/N. Under Assumption 3, the bound in (45)
holds and allows to employ a fixed point argument as in the proof of Theorem 3 (see
also Theorem 6) to deduce the existence of a unique solution @!"" € H of (68) with #;
instead of ¢, for every ¥,n € H.
We claim that the operator D?w ¢ :H x H — H defined by Dgwt1 (W,n) =

" 4p,m € H, is the second—order Frechet differential of wt e . Indeed, considering that
Dwfj’ € L(H;H), DB(w;:*) € L(H; Hp) and D?B(w;:?) € L(H, H; Hp), the fact that
Dwal’d’ is bilinear directly follows from (68). As for the boundedness, by (38)-(60) (see
also (35)-(57)) and (43) we can compute, applying Bochner’s theorem to (66), for some
constant Cy = Ca(d, T) > 0,

[Pt @l < cova (il |puital, + [P @]

< CoV/T/N (Ca [0l Inlly + | D (wm)| ) P —as. vine B
(69)

Hence

|2t wom)|, < (1= CoVTTR) ™ oo/ TTN Il il P s, wem € .
(70)
We now observe that, by Taylor’s formula applied to DB (cf. (61)), from (42)-(66) we
have, for every h € H,

HD SOHh _ Dyt Dwaf’hH <1, + 10, + I, + 1V, (71)
L(H;H)

where we set

I, = sup E /DE (wff’) (Dwf{¢+h77 - Dwtsl’(bn - D2wfl’¢ (h,n)) (r,-) dr
lInll, <1

T = I SHuIilE / (ng (wtsf¢> (wfl¢+h t5{¢ - Dwf{‘bh, Dwtsl”i’n)) (r,-) dr
Nl >

IIT, = sup E
llnll,<1
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t1 1

s/ /(D2 ¢+U( s.dth wff’))

IV, = sup El
0

lInll, <1

-D?B <wf1¢)) (w; Sth wfld)) dv) Dwfl"bn (r,-)dr

2~|§
2

By (38) (see, in particular, (35))

1

272

|I,| < Con/T/N | s”u}ilIE {HDwS ¢+h77 — Dwfl’d’n — D2wf1’¢ (h, 77)”2}
n

Cov/T/N || Dui;**" — Dup? — D .
L(H;H)

Moreover, considering (37)-(43) (see also (65)) and Corollary 4, which we can apply with

q = 2(1 + B) because ¢p,h € H C H? (see also), for some C; = C1(5,d,T) > 0 we can

write
2 1%
IIL| < VA sup E M (DB (wi?™) = DB (w;?)) (Dwi? ™ - Dwfﬁn)’ ]
2,0

lInll,<1

< |D?B||_ Cov/T/N suwp E {Hw A wff‘z(w)
Inll, <1

< CoCtHPCo/T/N |13*7

%
2
||n||2}

where we also use the mean value theorem on DB and (64). As for Iy, by (43)-(60) we

1
2 2
2,[1:|

compute

1L, | < VA | S”uglE |:HDQB (wfl‘ﬁ) (wt s,¢+h 51#15 - Dwfl"f’h7 Dwflf¢77> ‘
Ma>

2 3
< CoCrVA sup E [st - :ﬁ—Dwf;%HQnmé}
lImll,<1

< CyCa\/T/N Hw Sth Dwfl‘z’hH o(|IAll,) -

Finally, again by (43)-(60) (see also (59)) and Corollary 4, employed with ¢ = 2(1 + ),
we have

IV,| < VAE

1

</HD2 s¢+v( sbth f{¢>) _ D2B (w:£¢)”£(H,H;HD)dv>2
0

olowill]

s ¢+h s

i
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1
. o sl2048) 2
< VTN sup 8 [z = w1 ]

lInll,<1
< CoCHPCy/TIN ||B) 517

Going back to (71), we conclude that

-1
HD SOt _ Dt — D2 %h H (1 - CON/T/N) (IL, + 111, +IV))
—0(||h||2)» h e H. (72)

This shows that D?w; 1’¢ is the second—order Fréchet differential of wfl’(z’, as desired.
Next, consider

to

w = Dzwf{¢ (¥,m) + / (DQE (wff) (Dwts;¢1/’,Dwt ) +DB (wt2 ) w) (r,-)dr,
t1

Y,ne H. (73)

Arguing as in the previous step, we infer the well-posedness of this equation in H: we
denote by @4"" € H its unique solution, for every v, n € H.

Given 9, n € H, we now show that @ _w " is the unique solution of (68) with ¢y instead
of t. By the Volterra—type property of DZB [resp., DB] in (62) [resp., (40)] and (73) we
have, P-a.s.,

@3’"’ = D%’ (v, 77)(

(0,t1) 0,t1)

Moreover, since Dwffi/) satisfies (49), we infer that, P-a.s.,

5,0 ‘
¢‘(o, t) by 0.t1)

with an analogous result holding for 7. Consequently, recalling also (50) and Remark 1,
by the property of D?B [resp., DB] in (63) [resp., (41)], from (73) we obtain, P-a.s.,

t1

Ty = / (D2J§ (wfl‘d)) (Dwf;%,Dwfﬁn) +DB (wtl ) 203 (4, 77)) (r, ) dr

ta

+/ <D2§ (wff) (Dwf;%ngffn) + DB (wff) w;”’”) (r,-)dr
ty
ta

(D2§ (wff) (Dwf;ﬁw,Dw; ) + DB (wt2 ) w;/”’) (r,-)dr, (74)
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where we also use the fact that Dwal’d’(zb, n) solves (68) with ¢, instead of ¢. Hence @"
solves (68) with ¢ replaced by to. In order to prove that it is in fact the unique solution
of this equation, we consider another random variable w € H satisfying (74). Then, by

(62)-(63),

ty

| (08 ) (o D) -0 () 10:9) ).

S

Lot)w = 1<o,t1)<

(75)
We observe that also 1(0,t1)w%”’ € H satisfies (75). Therefore we can perform the same
computations as in (53) to deduce that

Lo,iyw = 1(0,t1)@1f’", P —as.

Going back to (74), by the previous equality we have, P-a.s.,

t1

W= / <D2E (wfld’) (Dwfl’d’w,Dwfl(b ) + DB (wtl ) @) (r,-)dr

+ ]2 (02§ (wf;¢> (Dwf;¢¢7 Dngn> + DB (wf;¢) w) (r, ) dr
t1

ta

=" —|—/ (D2§ (wff) (Dwffw, Dwj? ) + DB (wt2 ) @) (r,-)dr.

t1

It follows that w satisfies (73): by uniqueness, we obtain w = w2 1. Hence wg’ " is the
unique solution of (68) in H with ¢, instead of ¢.

We define the operator Dwa21¢: Hx H— Hby D2wf2’¢(¢,n) = w4 ¢,ne H, and
claim that it is the second-order Fréchet differential of wfz’d). Indeed, as we have argued
for D2wt’¢ the map D?w ’¢ is bilinear thanks to the well-posedness of (74). As for the
boundedness, arguing as in (69), by (70)-(73) we can write, for every ¢, n € H, P-a.s.,

T -
t
+ /2 H (D2§ (wts;b) (Dwtsfw, Dwffn) +DB (wff) Dwff(z/),n)) (r, )HQ dr
i

<o ((1-Go/T7N) " VITN +VB) [l Il
+ VAC, | DR wm)|
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whence

|Duiz? .|, <202 (1= CVTIN) VIR [l Il B~ s, m € B

(76)
Moreover, combining (49) with (73), we can argue as in (71) to infer that
HDwS O D — D2 %h H =o(|hll,), heH,
which shows that D?w S is the second—order Fréchet differential of wt’¢ as desired.

This reasoning can be repeated N-times to deduce that the operator D?w ’¢ : HxH —
H defined by D?w; (w, n) = wN , where ww " is the unique solution of (68) in H, for
every ¢, n € H, is the second-order Fréchet differential of wy % In particular, the first
bound in (67) is true, because (cf. (70)-(76))

—N ~
|D2up? (o) < NCoCa (1= Cov/T/N)  VIIN [l Inlly = C 6] Il
P —as., ¢,9,n € H. (77)

As for the second inequality in (67), by (38), (43), (60), (65), (66) and (77) we compute,
for every ¢, ¥, n,0 € H, P-a.s.,
|D2ws? (n,6) = D2 (n,6)|

ty

[ (02 (wi) (Duin, Dui*a) - DB (i) (Duin, Dui o)

S

+ DB (w}?) D*wi? (n.60) = DB (wi ) D*wi¥ (1,0) ) (r,-) dr
< V(| (07 01) - 07 (05)) (i 0.0 )
+|p2B (wf"”)((pwf>¢’ Du ﬂ”) 1, Dw? ¢9)
+[[p2B (wi) (Puir?n, (D~ Dui*) 8) |,

(0B (%) - 0B (ui)) D%z o]

+ ||DB (w§w> (Dzwf{(ﬁ (n,0) - Dwal’w (. 9)> ‘ 2,D)

Con/TTN( (G +3Cs) [w® ~ wi ||l el

+||p2w? (n.0) = D2 (.0) ).

2

2,0

)

2,0
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whence
| .0) — D2 (.0)
< (1 CoVTIR) " 0o (€ +35) VTN |uwi® — i Il 1ol

By (73), we sequentially iterate this computation to obtain the second inequality in (67)
with

O3 = max{C, N (1 - CO\/T/N) N Co(C + 3Co)TINY.

Thus, taking expectations and using Corollary 4 with ¢ = 2, by Jensen’s inequality we
deduce that, for some constant ¢ > 0,

1
271 2
HDzwtsmﬁ _ D%f”H = sup {HDzwf’cb (n,0) = D?w;™ (”’Q)H ]

LZ(H,H;H) lInll,,1101,<1 ’

< G [~ w]} | C<clo-vl, uen
This shows that D?w;" € CP (H; L(H, H;H)), completing the proof. O
4. The Kolmogorov equation
Recall the map o: [0,T] — L(R%; H) defined in (6), given by
[0 (t) 2] (&) =k (§ —t) Ljpcgyw, x€RY £, E€[0,T],

where ko is the fractional kernel in (5).
Given u: [0,T] x H — R and a terminal condition ®: H — R, in this section we
investigate the following Kolmogorov backward equation in integral form:

T T
u (t, @) +/ Vu (r,¢),B(r ¢)>Hdr+%/Tr (D2u(r,¢)a(r)a(r)*) dr,
€[0,7], ¢ € H. (78)

Our aim is to find a solution of (78) via the random variables wT¢ € H satisfying (20) for
every t € [0,T] and ¢ € H. This is done in Theorem 9, for which we need the following
preparatory result.
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Lemma 8. There exists a constant Cq q > 0 such that

t

/ww—ammw

S

<Cualt—s|", 0<s<t<T. (79)
H

Proof. Fix 0 < s <t < T and denote by (ex)r=1,....a the canonical basis of R4, Using
straightforward substitutions, by (6) we compute, for every k = 1,...,d,

T
o () = o (r) exlls = / |2 (€ = ) Lgesay — k2 (€ = 7) Lesy | e
0

t—r T—t
:/Mﬂm%6+/mﬂﬂ%fﬂfb@Fﬁ,rehﬂ (80)
0 0

Recalling that (see (5)) ko (u) = ﬁuo‘_l, a € (1/2,1), u > 0, for every r € [s,t] we
have
t—r 1
k 2 q¢ — ¢ 20l
0

and, thanks to the change of variables z = £/(t — r),

oo

T—t
/ o (€ + 1 — 1) — ko (6)2 de < m (/ ((z F)et za1)2d2> It — 721
0 0

Therefore, combining [19, Propositions 4.20-4.22] as explained in the final paragraph of
[19, Page 98] ensures that

1
2

d
A= (Z/H(U(t)—a(r))ekgdr) < Coalt — s,
H S

Nl

Co,a= % <%)% (204—1_1 + 070 ((z +1)*7 ! = za_1>2 dz)

This gives (79), completing the proof. O

Recall that £} = L¥(Q;L?), where LP = LP(0,T;R%), and L, = LP((0,T) x
(0,7) ;]Rd), see Remark 3 and Lemma 5. We are now ready to prove the main result of
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the paper, which shows the connection between the solution w%d’? te€[0,T], ¢ € H, of
(20) and the backward Kolmogorov equation in integral form (78).

Theorem 9. Suppose that B: A — LE satisfies Assumption 3 and (30), for some p €
(2,(1— a)_l). In addition, let the function r — B(r,¢) belong to C([0,T];H), for
every ¢ € A. Fiz ® € C§+6 (H) and define the map u: [0,T] x H = R by

u(t,¢):E[<I> (w;‘b)}, te(0,T], ¢ € H, (81)

where w%qb € H is the unique solution of (20). Then u € L>(0,T; C§+B (H))NC([0,T] x
H;R) and solves the Kolmogorov backward equation in integral form (78).

Proof. The fact that the function u defined in (81) belongs to L>(0,T7;C; ™ (H)) N
C([0,T] x H;R) is one of the results contained in Lemma 11 (see Appendix A). Conse-
quently, here we only focus on proving that u solves (78).

Fix 0<s<t<Tand ¢ € A. Since A C H?, ¢ > 2, we can use (32) in Corollary 4 to
write

oo =5 [efo (i) ] =2 oo (o8] ] < o (o0s9)] . o

Taylor’s formula applied to the mapping u (t,-) € C’g+ﬂ (H) yields, denoting by h =
- ¢ € Ha

u (1) —u(t,6) = (Vu(t,6) h) g + & (D (1,6 b k) + gy (6,05, where

(1—r){((D*u(t,z+r(y—z)) — D*u(t,z)) (y—x),y—x),dr

O\H

x,y € H. (83)
To keep the notation simple, in this proof we denote by B, ¢( +( f B(r,w; d?" €
H. Using the expression in (20) for h = w'® — ¢ and notlcmg that E[X.:] = O € H

by [19, Proposition 4.28], we take expectations in the previous equation to obtain, from
t
/ B (r wy’ ¢) dr

(82),
7)),

+ B [(D%u(t,0) (Bus (wi®) 4 500)  Bos (wi®) +5.0) ]

—I—]E[ru (¢, )} (84)

u (sad)) —u (ta ¢) _<V’U, (ta¢) ’E
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For all N € N, consider an equispaced partition {tch)},]yzo of [s,T] with mesh Ay,
where t( ) = s and t( ) =T. By (84), we have

(u(8502) - u (87:9))
_ (N)
<Vu t(N ,E |:Bt(1v) L) (wt(N)l’¢):|>
k1t -
N
N = ),
Z:lE [<D2u (t;c ),qf)) (Btimvt;czv) (wtiN)l ) 4 ZtLN)l’tl(cN)> ,

5 B
B,y ;o | w e Xy o0
k—1°"k k—1>° "

(N) b
+D E [ru( ) <¢, )| =Y e (85)

k=1

u (s, ¢) —

M= 1=

+

l\DIH

In the sequel, we omit the superscript N from the points of the partition to ease notation,

i.e., we write ¢, for tECN). Firstly, we analyze IV, which we decompose using the properties
of the Bochner’s integral as follows:

N
Z (Vu(tr, 0), (tk7¢)>H (tk — tr—1)

N tr
+Y E / (Vu(te, @), B (rwp?) - B(r,¢)>Hdr]
k=1 tho 1
Ntk
+y / (Vu(ty, d), B (r,¢) — B (tg, ¢))y dr = IV + 1Y + 13
k:ltk_1

Note that I — ff(Vu(r, ®), B(r,¢))gdr as N — oo by Lemma 11 in Appendix A.
Next, Jensen’s inequality, (30), (34) and the continuous immersion L”( (tk—1,tr) % (0,T);
RY) < L?((tp—1,tr) x (0,T);R?) yield, for some constant Cy, = Cy ,(a,d, T) > 0,

] < 1Vull J_ZEK/ r/\E(wI::1’¢)—B<¢>\2<r,s>de>]

th—1

<74 (an)'F | ul, ZE[H (vt ) - B (@)
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N[

IN

754 oy (An)'F [Vul ZE T

<T 57pCO,pC¢>,p||VU|| (An)2 > j)

Here, we set || Vul| , = sup,ejo,r) SuPsen [|Vult, ¢)l,. Regarding 1Y, we define the mod-
ulus of continuity of the map B(-,¢): [0,T7] — H by

w(B(,¢),6) = sup .[B(u,¢)=B(v,¢)l,, 6>0.

lu—v|<5

Since, by hypothesis, B(-,¢) is continuous on the compact [0,7], it is also uniformly
continuous, hence we infer that |IY| < T'[|Vul| , w (B (-,¢),Ay) e 0. Therefore, we
—00

have just shown that

T

lim IV = / (Vu(r, ¢), B(r,¢)) dr. (86)

N —o0
s

Now we investigate ITV, which we split as follows:

N
o =3 E (D% (t4,0) B,y (w7 ) B (w9)), ]

k=1

M=

+ E [<D2u (tkad)) Etk—l;tk (w?,: v d)) 7Ztk—latk>H:|

=~
Il

1

n
WE

B (P15 B (0

>
Il
-

_|_

WE

E [(D?u (tk, @) Sty tns Stasitn ) ) = I+ TIY 4+ TI3 + II)

b
Il
—_

Let us set || Dul| = sup,c(o, 7] supgep || D?ult ||£(H - BY (30)-(33), arguing simi-

larly to I3 we have, for some ¢ > 0,
N _ 2
| < ol 305 B (o) [
k=1
2 1-2 N
<T' Ay ||D%]| S E U(B (i)
k=1

17% 2 2
< ey [D%]|, (1+19l7)

pﬂ] (tk —tr-1)
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Moreover, by Holder’s inequality and (8), for some é > 0,

N
] < 02 o 3| B (i) 2wl
k=1
— 3 _ 1 1_1
< |2l 2Tt H Il Ak (14 10l,).

Since the second bound holds for IIéV, too, we see that IIfV —0as N —-o00,i=1,2,3.
As for ITIY | we write it as the following sum:

IIiVZEK u (tg, §) / o (tg) AW, / g(tk)dWT> ]
H

te—1 te—1
N r tr tr 9
SR <D2u(tk,q§) / (0 (r) — o (tx)) AWy, / a(tk)dWT>
k=1L tr_1 th_1 H-
N T tx 7
+) E <D2u(tk,¢>) / (ty) dW,., / )—o tk))dWT>
k=1 L e H
N ~ tr ty
+) E <DQUJ(tk,¢) / (o0 (r) — o (k) AW, / (o(r) — O(tk))dWr> ]
k=1L (7" (7" H
=10, + I, + I, + 113,
By [19, Proposition 4.30], we have, for every k =1,..., N,
tk tk
D2u (t4, 6) / o (1) AW, = / D2u (ty, 6) o (t) AWy, P —as.,
te—1 th_1

whence, by [19, Corollary 4.29] and Lemma 11,

N
Iy, = Z Tr (D?u (te, d) o (tr) o (tr)") (te — te—1)

k=1
T

| T (D)o (r)o(r))dr

Furthermore, Holder’s inequality, (79) in Lemma 8 and [19, Proposition 4.20] yield, for
i = 2,3, for some constants ¢y, co > 0,
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ty

Y, — o (t4)) AW,

< C1 ||k‘2||2 ||D2UH

H

< Tey ko], | D?ul| A% 2 0

Analogous estimates show that IIZ 4 — 0as N — oo, as well. Thus,

T

lim IV = % /Tr (D*u(r,¢)o (r)o(r)")dr. (87)

N—oc0
s

At last we study the remainder term Iy in (85). To do this, we employ the fact
that D?u(t,-): H — L(H; H) is f-Hélder continuous uniformly in time, see (102) in
Lemma 11. We choose 3 € (0, 3) such that 2+ 3 < p; by the expression of Tu(ty,) i (83)
we deduce that

1
‘IIIN‘ < XN:/]E[HD% (tk,¢+r (w’;: 1¢ ¢) —DQu(tk,aﬁ))H
0

=1 L(H;H)
e o
N 243 11 . 2443
<CcYE [Hwﬁ:-”” -9 ] <orli3)e s [H@:*"ﬁ 9|, ]
_ k=1
N _
<CY (t—th1)' T — 0, (88)

where in the last passage we use Lemma 5 and Jensen’s inequality. Here C' > 0 is a
constant allowed to change from line to line. Combining (86), (87), (88) in (85), we
obtain

T

T
u (s, ) — @ (o) :/(Vu(r,qb),B(r,d)»Herr%/Tr (D2u(r,¢)0(7‘)0(7n)*) dr,

S

i.e., (78) holds when ¢ € A.

We now consider the general case ¢ € H, which can be recovered by an approxi-
mation procedure. Indeed, given ¢ € H, there exists a sequence (¢,), C A such that
limy, 00 |[|¢n — @||, = 0. Using the extension B: H — Hp of B (see Section 3), the above
argument proves that, for every s € [0,7) and n € N,
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T T
(5. 60) = © (00) = / (Vu(:6.), B (r.60))y dr + 5 [ T2 (D, 0n) 0 (1) (1)) dr

T T
/(/1{3<T} V'LL 7‘ ¢n) (¢n) (Ta))(g)d£>d7ﬂ
0 0

T

+ % /Tr (D2u (r,¢p) 0 (r)o(r))dr. (89)

S

Since u(s, ) and ® are continuous in H,

By the continuity of B in H, we know that B(¢,) — B(¢) in Hg as n — co. Moreover,
considering that v € L™ (O,T; C’I?JFB (H) ), the dominated convergence theorem yields
Vu(-, ¢n) = Vu(-,¢) in Ho as n — oco. Hence, denoting by (-, )2 0 the inner product in
Hl:la

T , T
lim (/%«}(W (r,¢)" B(dn) (rw))(é)d&) dr
0

n—oo
0
= nlLII;O<1{S<.}VU(', d)n): §(¢n)>2,|:|
T

= <1{s<-}vu('7¢)7§(¢)>2,ﬂ = /<vu (Ta ¢) 7§<T7 ¢)>Hdr

S

As for the last term in the right—hand side of (89), the aforementioned regularity prop-
erties of w, along with [19, Corollary C.2 and Proposition C.4] and the dominated
convergence theorem, yield

T

lim —/Tr D2 (rypn)o(r)o (r)*) dr = %/Tr (D2u(r,¢)a(r)o(r)*) dr.

S

The three previous equations enable us to take the limit as n — oo in (89), whence we
deduce that (78) holds for a general ¢ € H. The proof is now complete. O

Remark 4. Under the hypotheses of Theorem 9, for every ¢ € H the function
w (-, @) :[0,T] = R defined in (81) is absolutely continuous on [0, 7], because the inte-
grands on the right—hand side of (78) belong to L!(0, T'). Thus, the fundamental theorem
of calculus shows that u: [0,7] x H — R satisfies the following Kolmogorov backward
equation in differential form:
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+§T&« (D2u (t, <;s) o (t) o (t) ) =0, forae. te(0,T),¢c€ H, (90)
u(T,¢)=2(¢), ¢€H.

In fact, when ¢ € A, u(-,¢) satisfies the Kolmogorov differential equation in (90) for

every t € [0,7]. Indeed, denoting by (ex)g=1,..a4 [resp., | the canonical basis [resp.,

.....

scalar product] of R, for every t € [0,7] and complete orthonormal system (f;)jen of
H, which possibly depends on ¢, we can write

<D2u (t7¢) O’(t)J (t)* fjvfj>H

NE

Tr (D*u(t,¢) o (t) o (1)) =

<.
Il
—

(a(t)* f; - er)(D*u(t,d) o (t) ex, fi)u

1M
M- 1M

(o(t)er, fj) u(D*u(t,¢) o (t) ex, fj)u

o

<
Il
—_
o
Il
—_

Choosing an Hilbert basis (f;),en such that f; = % for j =1,...,d (these vectors
J 112

are orthogonal in H, see (6)), from the previous equation we deduce that

T
M~

d
Tr (D*u(t, ¢)o (t)o Z(Sﬂc llo(t)ek |l <D2u (t, ) o (t) ey — 2D (e >H

2 lo (0 el

<.
Il
—_

|
.M&

(D*u(t,¢)o (t)ej,0 () e;)n,

<
I
—

where &5, is the Kronecker delta. Since o: [0,T] — L£(R%; H) is continuous (even as a
map taking values in the space of Hilbert—Schmidt operators, see the proof of Lemma 8),
this expression combined with Lemma 11 implies that ¢ — Tr (D?u(t,¢) o (t) o (t)7) is
continuous on [0,7]. Moreover, again by Lemma 11 and the continuity of ¢t — B(t, ¢),
the function t — (Vu(t, ¢), B(t,$))n is also continuous on [0,T]. Thus, from (78) and
the fundamental theorem of calculus we conclude that u(-,¢) € C*([0,T]). Differenti-
ating (78) with respect to t, we arrive at the desired Kolmogorov backward differential
equation, namely

0 (1,0) + (Vu (1,6), B (1,0)y + 5T (DPu(t,0)o (00 (1)) =0, 1€ [0,T) 6 € A.

Remark 5. The time evolution of the solution w: [0,7] x H — R to the Kolmogorov
backward equation (78), defined in (81), depends on the initial time ¢ of the solution
w;@ to (20). As a result, it is not clear how to apply the classical It6’s lemma (in the
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spirit, for instance, of [19, Theorem 9.23]) to the dynamics (20), see also Remark 1, to
prove Theorem 9.

Remark 6. All the arguments and computations leading to Theorem 9 continue to hold
when the power « of the kernel k; in (5) varies in [1, 3), i.e., ks is the continuous kernel
in R4 given by

ko(t) L o1 4> 0, for some 6[1 3)

= — r some « = ).
2 F(Ol) ) — Y ) 2

We have however decided to present the theory in the case a € (%, 1) to emphasize the
fact that our approach is able to handle rough kernels with explosions at ¢t = 0.

Example 1. Given two continuous maps A: [0,7] — R and b: [0,7] — R?, define
B: A — Hp by (cf. (9))

B(w): [0,T] x [0,T] — R* such that
B(w)(t,€) = Ligsyka(§ = 1) (A()w(t) +b(1)), t,€ € [0,T], (91)

for every w € A. We now show that B satisfies all the hypotheses of Theorem 9.

For every t € (0,T] and r € (0,t), from the definition in (91) it is immediate to see
that B(w)(r,&) =0, £ € (0,7), and that B(w)(r,-) depends on w only via w| 0.4)° Denote
by [|Allo = suptepo, 1) |A(t)] and by [|b]|, = sup,ejo 7y [b(2)|, where [A(t)[ is the operator
norm in R¥?, Computing, for every wi, wy € A,

T T
1B(wn)3 < / ( / ko€ — D)2 Tgesey (6]l + ||A|oo|w1<t>|>2dg>dt
0 0
< 2T mae {1 A2 a3 (1 + a2,
and
T T
|B(wn) — Bwn)|? < A% / ( / k(€ = D Lemey lwa(t) - w1<t>|2d5> at

0 0

2 2 2
< AN F2ll3 flws = wall;

we deduce that Assumption 1 is satisfied. Since the previous computations can be re-
peated for every p € (2,(1 — «)~1), then condition (30) in Remark 3 is verified, as
well.

As for Assumption 2, evidently the operator DB(w;) € £(A2; Hy) defined by

[DB(w1)(wa)](t; €) = Ligsnyka(§ — )A@wa(t), ¢,§ € [0,T], wy € Ay, (92)
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is the Ao-Fréchet differential of B in wy, for any w; € A. Indeed,
B(wy + h) — B(w1) — DB(w1)(h) =0, wi,h € A.
Moreover, from (92) we have, for every wq,ws € A,
IDBw) (w2l < 1Allg Wkl lually,  [DBGwr) ~ DBwa) | payimmsy = O

which in particular gives (36) with v = 1.

The requirements of Assumption 3 are trivially satisfied (with 8 = 1) because, given
the affine structure of this example, D?B(w;) = 0 € L(Aa, Ag; Hp), wy € A.

In conclusion, for every w € A, the map t — B(t,w) = B(w)(t,-) is continuous from
[0, 7] to H. Indeed, denoting by b(t) the R%valued continuous function A(t)w(t) + b(t),
by (80) and the two following equations we have, for any r,t € [0, 7],

T

I1B(tw) = Bl = [ ks (€ =) Lesnb(O) — ka (€ = ) Lo 30 [ o
0

T
<22, [ Ik (€ - O Lo — ka6~ ) Ly [ de
0

+21[ka )2 |B(2) — b(r)|*

a— = =2
<L (\t — [P [b(t) — b(r)| ) 7
for some constant L > 0.
5. The mild Kolmogorov equation

A classical approach to the study of the Kolmogorov equation is its mild formulation,
see for example [18, Section 6.5] and [19, Section 9.5]. Contrary to the strategy adopted
in the previous section, where we have constructed a solution to (78) via a stochastic
equation (cf. Theorem 9), for the mild Kolmogorov equation we look for a direct solution.
With the term direct, we mean a solution which is determined by a fixed point argument,
hence which does not rely on the underlying stochastic differential equation.

In this section, we first present a formal reasoning leading to the mild form of (78),
see (96). After that, in Subsection 5.1 we explain some difficulties in proving the well—
posedness of such a mild formulation, which are essentially due to the structure of the
noise. Since it not the purpose of this section to present a general theory with abstract
hypotheses, we limit ourselves to observe that the mild Kolmogorov equation cannot be
solved for a class of interesting drifts b using common techniques (cf. Lemma 10). Fi-
nally, in Subsection 5.2, we highlight the theoretical importance of the mild Kolmogorov
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equation. In particular, we sketch a procedure —relying on the mild form— typically used
to prove uniqueness in law for a stochastic PDE under weak regularity requirements
on the coefficients. We only mention that studying the relation between the transition
semigroup of an SDE and the corresponding mild Kolmogorov equation can also be used
for numerical applications, as recently investigated by [23] in the Brownian case and [7]
in the case of isotropic, stable Lévy processes.

Let C = Cy (H;R) and consider the backward Kolmogorov equation in differential
form, formally written as

Osv (s,x) + (b(s,x),Vv(s,2)) g
+3Tr (D?v (s,x) 0 (s) o (s)") =0, s€[0,T), x € H, (93)
v(T,z)=¢(x), ¢eC.

Here, H and o are those of the previous sections (see, in particular, (6)), whereas the
drift b: [0,7] x H — H is a bounded measurable map which could be non-smooth.

We reformulate (93) in order to study it in the space C. Let u (t,z) = v (T — t,2): u
solves the forward equation

{atu (t,x) = A%_u(t,z)+ (b(T —t,2),Vu(t,z)),, te(0,T],z¢cH, (04)

u(O,J:):(b(x), ¢€C,

where we denote by AY%_, the non-autonomous Gross Laplacian

A0 f(2) = %Tr (D2f (x) o (T —t)o (T —1)").

Fix s € [0, T]. For every t € [s,T], we define the linear evolution operator Ry (t,s) : C —
C by

t

¢<x+/a(T—r)dWr>], reH, ¢pel,

S

(Br (t,5) ¢) () = E

where W is an R%valued, standard Brownian motion as the one introduced in Section 2.
Consider the auxiliary equation

{6,52 (t,x) =AY _,z(t,z), te(s,T),z€H, (95)

Z(va):¢($)a ¢ € C;

ifgp e C’ngﬁ (H), then Theorem 9 and Remark 4 imply that the function (Rr (¢, s)¢)(x)
solves this Cauchy problem for almost every ¢ € (s,T), for every x € H. At this point,
we can introduce the mild formulation of the Kolmogorov equation (94):
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t

u(t,x) = (Rr(t,0) ¢ +/ (Rr(t,s) —s,-),Vu(s,-))y) (x)ds, ¢eC. (96)
0

Note that, heuristically speaking, (96) corresponds to (94). Indeed, if u (¢, x) solves
(96), then a formal application of Leibnitz integral rule and (95) yield

Oru(t, ) = OyRr (t,0) ¢+ Ry (t,t) (b (T —t,-),Vu(t, )y
T / OiRr (t,5) (b(T — 5,-), Vu(s,))  ds
= A7 Rr (1,0) 6+ (b (T —t,-), Vu(t,-)
+ /tA%_tRT (t,8) (b(T —s,-),Vu(s,))yds
!

= A u+ (BT —t,), Vu(t, )y

As we have already mentioned, the aim is to prove directly, i.e., by a fixed point
argument not relying on a stochastic equation, that (96) admits a solution of class, e.g.,
C ([0,7T];C). In this regard, the regularity properties of the evolution operator Rr (¢, s)
are paramount, hence we now discuss them.

According to [19, Proposition 4.28], the H-valued random variable fst o (T —r)dW,
is Gaussian, centered, with covariance operator

t

T—s
Qr (t,s):/o(T—r)a(T—r)*dr: /O’(T)O’(T)*dT. (97)
T—t

S

This covariance operator is not trivial as it would be in the case of constant o. In fact,
in such a case the Gross Laplacian operator A°f (1) = %Tr (DQfoa*) has been well
studied, see for instance [10], where it is proved that Rr (¢, s) ¢, ¢ € C, is differentiable
in the direction o (and only in this direction). In our framework with a time-varying
o, the question of the directions of differentiability of Ry (t,s) ¢, ¢ € C, is much more
complex. Nevertheless, it has to be addressed, because the directional differentiability of
Ry (t, s) ¢ is essential to solve directly (96). This may be seen in various ways, one of
which is the change of variable

Or (t,z) = (b(T —t,x),Vu(t,z))y
that leads to the study of the equation

GT (ta JJ) = <b (T - t’ l‘) 7v (RT (t’ 0) ¢) (x)>H
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t

—|—/<b(T—t,x),V(RT (t,s)0r (s,-)) (x))yds, ¢eC. (98)
0

If we can prove that, for some C,e > 0,

sup [{b (7'~ 1,2), ¥ (Rr (t,5) ) (0l € — - [0lle, 0<s<t<T,pec,
rEH |t — S‘
(99)
then we may try to set up a fixed point argument for the #r-equation (98) in a suitable
space of bounded, measurable functions. This would in turn give a solution for equation

(96) by simply setting

u(t,x) = (Rr (t,0) ) (x) + / (Br (t,5) 07 (s,-)) () ds.
0

Gradient estimates, regularity of transition semigroups and the corresponding regularity
of solutions of the mild formulation of Kolmogorov equations have been widely explored,
both in classical references [13,19] and with more advanced results in more recent lit-
erature, see for instance [6,11], also in the case of regularity only in some directions,
[20,28]. We hope that progress in this theory will also allow us to understand the open
case treated here, overcoming the hurdles shown in Subsection 5.1.

5.1. The gradient estimate

Using the Gaussian structure of the H-valued random variable

t
ZT(t,S):/O'(T—T)dWT, 0<s<t<T,

S

and denoting by Qr(t,s)”! the pseudo-inverse of Qr(t,s), one can prove —via the
Cameron Martin formula (see, e.g., [19, Theorem 2.23])— that

<b(T_t7x)’V(RT (t75) w) (m)>H
=E |[(Qr(t.s) ' 5(T—t,2),Zr (t,5)) w(e+Zr(ts))], veC,
if
b(T —t,x) € Range (Qr (t,5)) -

This is not the most general condition to obtain the existence of such directional deriva-
tive. Indeed, we could split Qr (¢, s)_1 and use the fact that Qr (¢, s)_l/2 Zr (t, s) has
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good properties, which reduces the problem to investigating b (T' — ¢, z) € Range (QT (t,
s)l/ 2). However, handling the square root is even more difficult and thus, for the time
being, we analyze the more restrictive condition.

When the previous holds, arguing as in (8), for some ¢ > 0 we have

:gg |<b (T —t,z),V (Rr(t,s) ) (x))H\

< Wl supE [|(Qr (0:5) 0 (T ~t0), 22 (1.9)) ]
< el Ikally (¢ = )% sup [@r (6,5) b7 = t,2)| .
reH

Therefore a sufficient condition for the gradient estimate (99) is

_ C
sup HQT(t,s) 1b(T—t,J;)H <——, 0<s<t<T, for some C > 0.
reH

2 Jt—s e

For a general b, standing the potentially very strong degeneracy of Qr (,s), we do
not see any hope to prove the gradient estimate (99). A particular case that, a priori,
may look promising, is when the Volterra drift is of the same kind as the noise part,
namely (cf. (6))

[b(t,2)](€) = B (x) k2 (§ — ) Ljcey = [o(1)B(2)] (£),
¢ €[0,T], for some B e By (H;Rd) )

In this case, since b(T —t,x) = o (T —t) 3 (x), we need to prove that
o (T —t)er € Range (Qr (t,8)), k=1,...,d, (100)
and that

HQT (t,s) " o (T —1) ekH < ¢

0<s<t<T k=1,...,d, for some C > 0,

where (ej)r=1...4 is the canonical basis of R?. Recalling that, by (97), Qr (t,5) =
77::: o (7)o ()" dr, apparently we could think that (100) is true. But it is not, as the

necessary condition given by the next lemma shows.

Lemma 10. Let 0 < s < t < T and suppose that f € Range (Qr(t,s)) C H, where the
operator Qr(t,s) is defined in (97). Then f admits a continuous representative that is
equal to 0 in (0, T —t). In other words, there exists a continuous function g: (0,T) — R
such that f = g almost everywhere in (0,T) and g =0 in (0,T —t).
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Proof. Fix 0 < s < ¢t < T. Consider f € Range (Qr(t,s)), so that there exists v € H
such that, by (97), f = ;:::U(T)O’(T)* vd7. In particular, for every k = 1,...,d,
denoting by - the scalar product in R¢, by the standard properties of Bochner’s integral
we obtain

T—s

T—s
feen= ( / (o (1)v) ko(-—7) 1{_>T}d7> cep = / (o () er,v) g ko (- —7) 1.5 ydr.

T—t

Furthermore, recalling (5), for a.e. £ € (0,T) we have

T—
(f - ex) / Lircgy (0 (T) er,v) gy (€ — T)O‘*1 dr.

We denote by g the function appearing on the right—hand side of the previous equation,
i.e.,

T—
Tk / Lircgy (0 (T) er,v) y (€ — T)ail dr, £€(0,7).

We want to show the continuity of g on the interval [T — ¢,T'): this ensures that g is
continuous on the whole (0,7T), since trivially g, = 0 on (0, T — t]. We first write

£
g (§) = /1{T>T—t} (0 (1) er,v)y (E—7) Hdr, €€[T—t,T— s,
0

and notice that, as o(-)e,, € C([0,T]; H) (see (80) in the proof of Lemma 8), the mapping
(o(-)ek,v) g is continuous on [0,T]. Therefore we invoke [29, Theorem 2.2 (i), Chapter
2] to conclude that gy is continuous on [T'— t,T — s]|. Secondly, since

T—
/ )er,v) g (§— T)a_l dr, €€l —s,T),

the continuity of gx on [T — s,T) can be inferred employing the dominated conver-
gence theorem. Thus, g is continuous on (0,7"). This shows that the components
f-en, k =1,...,d, of the function f: [0,7] — R? are almost everywhere equal on
(0,T) to continuous functions gi, which completes the proof. O

Remark 7. Lemma 10 prevents us from choosing another interesting drift b(¢, z), namely

[b(t,z)] (§) = B (z) L) (), €€][0,17, for some B € By(H; Rd)'



48 A. Bondi, F. Flandoli / Journal of Functional Analysis 290 (2026) 11123/

5.2. Concerning regularization by noise via the Kolmogorov equation

The previous subsections discuss the open question, for the abstract evolution equation
introduced in this paper, of the regularity of the transition semigroup, of interest to prove
existence and regularity of solutions of the mild formulation of the Kolmogorov equation.
As already mentioned, one of the main aims for such existence and regularity result is
its application to regularization by noise, since it would not require so much regularity
of the drift, being based on regularizing properties of the transition semigroup.

By “regularization by noise” we mean, in this subsection, proving uniqueness of solu-
tions, thanks to the noise, even when the drift does not have usual Lipschitz continuity
assumptions. For the following discussion it is important to distinguish between weak (or
in law) uniqueness and strong (or pathwise) uniqueness. Our discussion will be restricted
to weak uniqueness. In terms of Kolmogorov equation, weak uniqueness corresponds to
gradient estimates, hence it links directly with the previous section; on the contrary,
strong uniqueness is based on estimates on second derivatives, hence it is beyond the
analysis of this paper. Weak uniqueness is more classically proved by Girsanov, but in in-
finite dimensions the assumptions for Girsanov transform are more restrictive than those
required to apply Kolmogorov equation and precisely to estimate its first derivatives. In
the sequel we describe the method referring ourselves to the pedagogical description of
[22], but more classical and precise results on this approach can be found in [12,32,48].
In particular, the condition on (4, Q) introduced below is classical in these references.

For pedagogical reasons, we then recall in this subsection the main steps that one
should implement in case of a positive solution to the problem of existence of the mild
solution of the Kolmogorov equation. Details can be found in [22, Section 2.3.3] and in
[48], inspired by the finite-dimensional case treated in [40].

The model studied in [22] is an abstract equation in a separable Hilbert space H of
the form

dX; = AX,dt + b (t, X;) dt + \/QAW,, X, ==z € H, (101)
which “a priori” is not well posed, because b: [0,T] x H — H is subject to weak regu-
larity assumptions, not including Lipschitz continuity. In [22], where the nonlinearity b
is denoted by B, the case

be C([0,T];Cy (H,H))

is treated under a certain assumption on the pair (A, Q) (for the details, see [22, Section
2.3.3]), that we summarize here in the form

T
[laresfa <=
0
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where Q; = fot e’4” Qe*Ads; see also [48]. This is weaker than the assumptions required
to apply the Girsanov method, which also leads to uniqueness in law, and weaker than
the conditions in [14] that allow to prove strong uniqueness.

In this framework, one can prove that the mild form of the Kolmogorov equation is
well posed for a large class of initial conditions ¢, thanks to suitable gradient estimates
for the transition semigroup. The result is quantitatively stable under a suitable regular-
ization (which, in [22], is simply the Galerkin approximation), so that the next rigorous
computations can be performed for the approximating system and then sent to the limit.

The computation then is the application of It6’s formula to w(ty — ¢, X;) for every
ty € (0,7], where u is the solution of the (forward) mild Kolmogorov equation with
initial condition ¢. After proving that the Itd term is a martingale, one gets

E [¢(X:,)] =ulty,x).

Therefore, if Xt(l) and Xt(Q) are two solutions of Equation (101), they must have the
same marginal law at time ¢y (since the class of ¢ is large enough). The details can be
found in [22, Section 2.3.3]. Passing from the same marginals to the same law on path
space requires a further argument that can be found in [48] or [40,41].
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Appendix A. Regularity of the solution (81) of the Kolmogorov equation

In this appendix, we present an auxiliary lemma, namely Lemma 11, containing regu-
larity results about the solution u: [0,7] x H — R of the Kolmogorov backward equation
(78) defined in (81). Such a lemma plays a key role in the proof of Theorem 9.

Lemma 11. Suppose that & € C’EJFB (H) and that Assumption 3 holds. Then, the map
u: [0,T] x H — R defined in (31) belongs to L>(0,T; CfJFﬁ (H))NC([0,T] x H;R). In
particular, there exists a constant Cqr g,.o > 0 such that

D (t, ) = D*u (t,9)|| gy < Carpe 6=l ¢ € H te[0,7].  (102)

Furthermore, the map (t,¢,v) = (Vu(t, @), ¥)u [resp., (t,¢,9,n) = (D?u(t, d)y,
)i/ is continuous in [0,T] x H x H [resp., [0,T] x H x H x H]J.

Proof. We start off by proving that v € C([0,T] x H;R). Consider ¢t € [0,T], ¢ € H and
two sequences (t,), C [0,7] and (¢n), C H such that ¢, — ¢t and ¢, — ¢ as n — oc.
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Since V®: H — H is bounded, by the mean value theorem we compute, recalling the
definition of w in (81),

) 01 < o () - ()] o () -0 o)

N e e DR
By (31) in Corollary 4, we infer that lim, ||wt Pn wT ¢HH = 0. As for
”wT T¢||H’ we first assume that ¢, > ¢. Then, by the flow property in (21) and

Corollary 4 we have, for some constants ¢y, co > 0 which might depend on ¢,

¢
b, t,o | B ) bn,wy t,¢
HwT W HH = HwT —wp <o ||lw” — ¢ N < co/|tn — tl,

H

where the last inequality is due to Lemma 5, see (34). An analogous argument shows that
the previous bound holds even in the case t,, < t, therefore lim,, Hwt"’q5 th‘bHH =0.
Going back to (103), we conclude that lim,_, oo |tu(tn, ¢rn) — u(t, ¢)| = 0, hence u: [0, 7] x
H — R is continuous, as desired.

We now prove that u € L>(0,T;CoH (H)). Since ® € CFP (H), there exists a
constant C's > 0 such that

1D°® (8) — D*® ()| o gy < Co 6 — Wlls . b0 € M. (104)

Obviously, from the boundedness of ® we have [[ul| , = supyc(o 7 SUPge |u(t, )| < oo.
First, we want to show that, for every t € [0,7T], u(t,-) € C}(H), with

(Vu(t, ), 1)y =E [<Vc1>( ) Duw: w> } . b, e H. (105)

To see this, by Taylor’s formula applied to ® we compute, for every ¢, h € H,

5[ (1) - o) (50 15 2ui), |

< vl 3 o i o]

1
/ <V<I) (wﬁ’ +r (w?dﬂ'h — wffq&)) - Vo (wél¢) wéﬁﬁh ?¢>H dr
0

|

< IVl [t~ wi? — Dutn| -+ (0% [~ wb?] = ol
(106)
Here, for the second inequality we use the Lipschitz continuity of the map V&: H — H

—guaranteed by the mean value theorem— and for the third equality we invoke Corollary 4
and Theorem 6. This shows (105), from which we deduce the continuity of the function
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Vu(t,-): H— H. In particular, by (43), there exists a constant C; = C1(d, T) such that
Vull o < CLIIVE|

We also note that, arguing as in (106) and thanks to the estimates of ||wt b _
Dwy’hHH in the proof of Theorem 6 (see, for instance, (48)-(55)), for every M > 0 we
have

sup sup E HCP (w%‘“hw) — @(wéﬁb)—h <V<I> ( ) DwT 1/J> H =o(h),

te[0,T] |9ll: )l <M

heR. (107)

wh®
wy? —

which gives the continuity of the map (¢, ¢,v) — (Vu(t,¢),¥)g in [0,T] x H x H as
ue C([0,T] x H;R).
Secondly, we claim that w (¢, -) is twice Fréchet differentiable in H, with

sy = (5 o) s i)
+ (Ve (uvp?), D2uf () | evmeH  (108)

Indeed, recalling (105), an application of Taylor’s formula on V& yields

(Vi (t, &+ h) — Vu (t,6) — D2u(t, ) hy ) |
e[ (0 (). et ) - (58 1), put),
— (D@ (w§?) Dwih, DufPy) — (V@ (wf?), D2 (n)) ||
<E[|(D% (wf?) (i —w}? — Duf?h) , Duf?y) ||
+E ||(v (uf?) Dl - Duity - Dol (v

+E [[(ve (wf*") = v (wf?)  (Duf™" = Dui?) v) || + o (6,0.h)
= (I; + II; + III, + Rs) (¢, 9, h) (109)

for every ¢, v, h € H. Here, we denote by
1
< [ (0 (u i i) - D0 (i)
0

] |

Using (43), (104) and Corollary 4, for some constant cs > 0 we compute

R‘IZ' (d)a’l/)ah) _El

X (w;’qﬂrh — th¢> dr, Dwf_ﬁ¢z/)>

H
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1+8 148
Ry (9,,h) < CoC1E [Hw%‘“h —ui?| } lelly < CaCy ™ =i ™ ol
<esllelly IRN*7, 6,0k e H,

where we also employ Jensen’s inequality noticing that 1 4+ 8 < 2. Next,

T2 (6, 1)] < O | D] bl || — w5 — Duf?h| . o.h € B,

and

L (6,0, )| < |9 [0, | D™ = Dufp? —D2? ()| o 6he B

Finally, by Corollary 4 and (43) (recall that, under Assumption 3, we take v = S in (38),
see (65))

2

1+8
[IL, (6, 0.1)] < O [| D@ 6], E [\\w%¢*” —wi?| ] <D, 1ol Ikl
¢, ¢, h e H,

for some ¢ > 0. Going back to (109), by Theorem 7, the previous estimates let us write,
for some constant C' > 0,
[Vu(t,¢+h) = Vu(t,¢) — D*u(t,¢) hl,

= sup [(Vu(t,¢+h) = Vu(t,¢) — D*u(t,¢) h,v) |
Il <1

< c( |
H

,p+h , , 1
+ gt - Dt - Dt |+ 10

=o(|[hlly), ¢ heH, (110)

which proves (108). In particular, by (43)-(67), there is a constant Co = Cy(d,T) > 0
such that

1%l < Gz (D] + Vell.) -

In addition, arguing as in (110) (see also (107)) and thanks to the estimates of ||Dw;¢+h—

Dw?‘b —Dzw?q5 (h,") Hﬂ(H;H) in the proof of Theorem 7 (see, for instance, (72)), for every
M > 0 we have

sup sup [(Vu(t, ¢+ hp) = Vu(t,¢) — hD*u (t, ¢) ¢, n) |
te[0,T] |9l 1l lInll, <M

=o(h), heR.
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Since we have proved that (Vu(t, ¢), ) g is continuous in [0,T] x H x H, the previous
equation ensures that the map (¢, ¢,%,n) = (D?u(t, ¢),n) g is continuous in [0, 7] x
H x H x H, as desired.

In conclusion, we prove that u (¢,-) € C’Z+ﬁ (H). From (108), for every ¢1,¢2 € H,

((D*u(t,¢1) — D*u(t, $2)) 1, m)
=E K(DQ@ (w;¢l) — D% (w;;@)) Dw%¢1¢,Dw;¢ln>H]
(090 (14 (o )|

+E

<

+E [(D?@ (0} ) Duf®y, (Dl — D) n) |
(50 uf) - o (s 0t o),
<

+E (Ve (), (D2p - D) (w.m) |
= (12+IIQ+IIIQ+IV2+V2)(¢17¢27¢777)7 11/}5776H

To keep notation the short, in what follows we consider arbitrary ¥,n € H, we do not
write (@1, d2,1,n) and we denote by ¢ = ¢(d, T, ) > 0 a constant that might change
from line to line. Observe that, by (43)-(104), Corollary 4 and Jensen’s inequality,

[To] < cCa [[6]; Il |6 = ol -
Moreover, by (43) (see also (65)),

| < c|[D2@|| _ [[%]l; [0l 61 — ¢21l5 -

An analogous estimate holds for |IITy|, too. As for the remaining addends, by (67) we
have

IVa| < c[[D?@]| (1%l Inll, |61 — 2l

and

Vol < [Vl 4]l 1]l llér — dollf -

Thus, the function D?u (¢,-) : H — £ (H; H) is f-Hélder continuous uniformly in time
and the proof is complete. O
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