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ARTICLE INFO ABSTRACT

Editor: Y Lozano We construct a large portion of the massive spectrum of the open bosonic string using light-cone
quantization, providing explicit oscillator realizations for individual single-particle states as well
as for full Regge trajectories. We show how combinations of transverse oscillators organize into
irreducible SO(25) representations, and provide an algorithm for constructing them level by level.
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Massive higher spins We then develop a general method to “climb” the spectrum-adding oscillators in a controlled
Single-particle states way that generates entire Regge trajectories from a finite set of seed states. Remarkably, the
Scattering amplitudes coefficients determining each state’s oscillator composition depend on the level in a simple way,

allowing closed-form expressions for infinitely many states. Beyond individual trajectories, we
explore internal regularities of the spectrum and establish relations among families of trajectories,
extending the concept of a Regge trajectory to more general constructions. Our results expose
a highly ordered and recursive structure underlying the open-string spectrum, suggesting that
its massive excitations form an algorithmically constructible network. The framework presented
here lays the groundwork for computing three-point amplitudes of arbitrary massive states, the
essential building blocks of string interactions, which we tackle in upcoming work.

1. Introduction

The scattering amplitudes of higher-spin particles diverge at large energies [1]. Yet, string amplitudes manage to soften the
amplitudes of high-energy scattering in a way that cannot be mimicked by quantum field theory [2-4]. This remarkable property is
key to the ability of string theory to provide an ultraviolet (UV) completion of theories of long-range forces, notably gravity [5-7].
How the plethora of string resonances manages to do this job in a fully consistent manner is still unclear from the target space point-
of-view, and a subject of much exploration. We will revisit string perturbation theory and describe in detail its simplest building
block: the tree-level, three-point scattering amplitude of single-particle states.! In this first paper we show how to explicitly construct
a large portion of the spectrum of the bosonic open string, while we will study the interactions among these states in an upcoming
paper.

We focus on this problem, as the three-point scattering amplitude is the simplest building block of theories of long-range forces.
It is very reasonable to expect, in the spirit of the “on-shell” approach to perturbation theory, that with a full grasp of the three-point
amplitudes, we can learn much about the whole theory, by seeing how these building blocks stitch together, etc [16]. Moreover,
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! There are other ways of preparing a scattering state, notably by bombarding the tachyon with a sequence of photons, first proposed by Di Vecchia,
Di Giudice and Fubini (DDF) [8]. For these states—which are a complicated superposition of single-particle states, the three-point amplitude has
long been known [9]. For recent papers in this direction, see [10-15].
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$\alpha _{-3}^{[i}\alpha _{-1}^{j]}$


\begin {equation}\alpha _{-3}^{[i}\alpha _{-1}^{j]}\ket {0}. \label {Xeqn45-39}\end {equation}


$\alpha _{-3}^{[i}\alpha _{-1}^{j]} \alpha _{-1}^k$


$\alpha _{-2}^{[i}\alpha _{-1}^{j]}\alpha _{-2}^k$


$N$


\begin {equation}\underbrace {\alpha _{-3}^{[i}\alpha _{-1}^{j]}\alpha _{-1}^l\dots }_{N-2},\quad \underbrace {\alpha _{-2}^{[i}\alpha _{-1}^{j]}(\alpha _{-2}^l\alpha _{-1}^m\dots }_{N-2}+\alpha _{-1}^l\alpha _{-2}^m\dots +\dots ) \label {Xeqn46-40}\end {equation}


$J^{-k}$


\begin {equation}\label {eq:J_example_startingbasis} \frac {6i}{\sqrt {2\alpha '}p^+}\alpha _{-2}^{[i}\alpha _{-1}^{j]}\alpha _{-1}^k\alpha _{-1}^\ell \dots ,\quad \frac {4(N-4)i}{\sqrt {2\alpha '}p^+}\alpha _{-2}^{[i}\alpha _{-1}^{j]}\alpha _{-1}^k\alpha _{-1}^\ell \dots ,\end {equation}


$J^{-k}$


$J^{-k}$


\begin {equation}\begin {imageonly} \includegraphics {fx26} \end {imageonly}\end {equation}


\begin {equation}\begin {pmatrix} 2N-8\\ -3 \end {pmatrix}, \label {Xeqn49-42}\end {equation}


\begin {equation}\left ((2N-8)(\alpha _{-3}^{[i_1}\alpha _{-1}^{i_2]}\alpha _{-1}^{i_3}\dots \alpha _{-1}^{i_{N-2}})-3(\alpha _{-2}^{[i_1}\alpha _{-1}^{i_2]}(\alpha _{-2}^{i_3}\alpha _{-1}^{i_4}\dots +\alpha _{-1}^{i_3}\alpha _{-2}^{i_4}\dots ) \right )\ket {0}, \quad N \geq 5. \label {Xeqn50-43}\end {equation}


$J^{-k}$


$SO(24)$


$N$


$S$


$d = N-S$


$d$


$n_j$


$\alpha _j$


\begin {equation}\label {eq:finite_structures_eqsystem} N = \sum _{j=1}^\infty j\, n_j,\quad S+2k = \sum _{j=1}^\infty n_j,\quad d=N-S\end {equation}


$k\ge 0$


$n_1$


\begin {equation}\label {eq:finite_structures_finalequation} N = S+2k + \sum _{j=2}^\infty (j-1)\, n_j\Rightarrow \sum _{j=2}^\infty (j-1)\, n_j = d-2k\end {equation}


$k=0,\dots ,\lfloor \frac {d}{2}\rfloor $


$(j-1)$


$n_1$


$\alpha _1$


$n$


$n$


$n_j$


\begin {equation}\begin {imageonly} \includegraphics {fx27} \end {imageonly}\end {equation}


$n_1=4,\,n_2=2,\,n_3=3$


$SO(24)$


$\alpha _p\cdot \alpha _q$


$p$


$q$


$j\ge 2$


$n_j$


$n_1$


$\alpha _1$


$\alpha _1$


$J^{-i}$


$\pm 1$


$J^{-i}$


$SO(24)$


$k$


$k+1$


$SO(24)$


$J^{-i}$


\begin {equation}\label {eq:JbasisImage} \sum _{k=1}^{N} \alpha ^i_{-k} T_{(k)}^{i_1\dots },\end {equation}


$T_{(k)}$


$T$


$J^{-i}$


$\{\alpha _{-k} t_{(k)}\}$


$k$


$t_{(k)}$


$SO(24)$


$k$


$J^{-i}$


$\alpha _{-1}$


$\alpha _{-3}^i\alpha _{-2}^j\alpha _{-1}^k$


$j,k$


$i,j$


\begin {equation}\alpha _{-3}^i\alpha _{-2}^j\alpha _{-1}^k\to \alpha _{-3}^i\alpha _{-2}^{(j}\alpha _{-1}^{k)}\to \alpha _{-3}^i\alpha _{-2}^{(j}\alpha _{-1}^{k)}-\alpha _{-3}^j\alpha _{-2}^{(i}\alpha _{-1}^{k)} \label {Xeqn55-47}\end {equation}


$\alpha _{-2}^{(j}\alpha _{-1}^{k)},\,\alpha _{-2}^{(i}\alpha _{-1}^{k)}$


$\alpha _{-1}$


$J^{-i}$


$N$


$J^{-i}$


$J^{-i}$


$N$


$J^{-i}$


$\alpha _{-2}$


$n$


$\alpha _{-1}$


$n+1$


$\alpha _{-1}$


$4(n+1)$


\begin {equation}\label {eq:linear_scaling_example} \begin {split} J^{-i}\alpha _{-2}^j\ket {0} = 4\frac {i}{\sqrt {2\alpha '}p^+}\alpha _{-1}^i\alpha _{-1}^j\ket {0}\,,\\ J^{-i}\alpha _{-2}^{(j}\alpha _{-1}^{k)}\ket {0} = 8\frac {i}{\sqrt {2\alpha '}p^+}\alpha _{-1}^i\alpha _{-1}^j\alpha _{-1}^k\ket {0}\,,\\ J^{-i}\alpha _{-2}^{(j}\alpha _{-1}^{k}\alpha _{-1}^{l)}\ket {0} = 12\frac {i}{\sqrt {2\alpha '}p^+}\alpha _{-1}^i\alpha _{-1}^j\alpha _{-1}^k\alpha _{-1}^l\ket {0}\,. \end {split}\end {equation}


$\mathcal {O}$


$t$


$n_j$


$\alpha _{-j}$


$j$


$\sum _\lambda \mathcal {O}_\lambda t_\lambda $


$N$


$n_j$


$n_1$


$N$


$\mathcal {O}_\lambda t_\lambda $


$t$


\begin {equation}\label {eq:J_theorem_Ni} N_i = \frac {(\sum _j n_j)!}{\prod _j n_j!}\end {equation}


$J^{-i}$


\begin {equation}\label {eq:linear_scaling_decomposition_of_J_on_O_and_t} J^{-i}(\mathcal {O} \cdot t)\ket {0} = [J^{-i},\mathcal {O}]t\ket {0} + \mathcal {O} [J^{-i},t]\ket {0}.\end {equation}


$\alpha ^j_{-m}$


$t$


\begin {equation}\label {eq:J_theorem_schematicJ} [J^{-i}, \alpha _{-m}^j] \sim \sum _k \alpha ^i_{-k} \alpha ^j_{-m+k}\end {equation}


$i\neq j$


$[J^{-i},t]\ket {0}$


$\alpha ^i_{-k}$


$k>0$


$\alpha ^j_{-m}$


$\alpha ^j_{-m+k}$


$m$


$n'_m = n_m-1$


$n'_{m-k}=n_{m-k}+1$


$n_j'=n_j$


$j\neq m,m-k$


\begin {equation}\label {eq:J_theorem_Nf} N_f = \frac {(\sum _j n'_j)!}{\prod _j n'_j!}\end {equation}


$[J^{-i},t]\ket {0}$


$\frac {N_i}{N_f}$


\begin {equation}\frac {N_i}{N_f} = \frac {n_{m-k}+1}{n_m}. \label {Xeqn61-53}\end {equation}


$m-k=1$


$m=1$


$m=1$


$m-k=1$


$n_1$


$N$


$[J^{-i},\mathcal {O}]t\ket {0}$


$\alpha _{>0}$


$t$


$J^{-i}$


$\mathcal {O}$


$t$


$\mathcal {O}$


$\alpha _{-n}\cdot \alpha _{-m}$


\begin {equation}[J^{-i},\alpha _{-n}\cdot \alpha _{-m}] \supset \alpha ^i_{-k}(\alpha _{k-n}\cdot \alpha _{-m}),\,\alpha ^i_{-k}(\alpha _{k-m}\cdot \alpha _{-n}) \label {Xeqn62-54}\end {equation}


$\alpha _{k-n},\,\alpha _{k-m}$


$t$


$t$


$\alpha ^j_{n-k},\,\alpha ^j_{m-k}$


$\alpha ^j_{-m},\,\alpha ^j_{-n}$


$s_1$


$s_2$


$s_1$


$s_2$


$L-$


$SO(24)$


$SO(25)$


$N$


$SO(24)$


$N$


$SO(24)$


$SO(25)$


$SO(25)\to SO(24)$


$SO(24)$


$d$


$d-1$


$d$


$4$


$SO(24)$


$SO(25)$


$SO(24)$


$SO(25)$


$d$


$5$


$J^{-i}$


\begin {equation}\label {eq:grouptheory_fixedlevel_monomials} (\alpha _{-1})^5,\;\; (\alpha _{-1})^3\alpha _{-2},\;\; \alpha _{-1}(\alpha _{-2})^2,\;\; (\alpha _{-1})^2\alpha _{-3},\;\; \alpha _{-2}\alpha _{-3},\;\; \alpha _{-1}\alpha _{-4},\;\; \alpha _{-5},\end {equation}


$SO(24)$


$(\alpha _k)^n$


$n$


$(\alpha _k)^n$


$SO(24)$


$(\alpha _k)^n$


\begin {equation}\begin {imageonly} \includegraphics {fx29} \end {imageonly}\end {equation}


$k$


$(\alpha _{-1})^5$


$SO(24)$


\begin {equation}(\alpha _{-1})^5 \longrightarrow \alpha _{-1}^{i_1}\alpha _{-1}^{i_2}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\alpha _{-1}^{i_5}, \quad \left (\alpha _{-1}\cdot \alpha _{-1}\right )\alpha _{-1}^{i_1}\alpha _{-1}^{i_2}\alpha _{-1}^{i_3}, \quad \left (\alpha _{-1}\cdot \alpha _{-1}\right )^2\alpha _{-1}^{i_1}. \label {Xeqn65-56}\end {equation}


$SO(24)$


$(\alpha _{-1})^3\alpha _{-2}$


$(\alpha _{-1})^3$


$SO(24)$


$\alpha _{-2}$


\begin {equation}\begin {imageonly} \includegraphics {fx30} \end {imageonly}\end {equation}


$SO(N)$


$GL(N)$


$SO(24)$


\begin {equation}\begin {imageonly} \includegraphics {fx31} \end {imageonly}\end {equation}


\begin {equation}\begin {imageonly} \includegraphics {fx31b} \end {imageonly}\end {equation}


$SO(24)$


$SO(25)$


$SO(24)$


$SO(25)$


$SO(24)$


$SO(25)$


$SO(25)$


$SO(24)$


\begin {equation}\begin {imageonly} \includegraphics {fx34} \end {imageonly}\end {equation}


\begin {equation}\begin {imageonly} \includegraphics {fx34b} \end {imageonly}\end {equation}


$SO(24)$


$SO(24)$


\begin {equation}\begin {imageonly} \includegraphics {fx35} \end {imageonly}\end {equation}


$SO(25)$


$SO(24)$


$SO(24)$


$SO(25)$


$SO(24)$


$SO(25)$


$SO(24)$


\begin {equation}\begin {imageonly} \includegraphics {fx42} \end {imageonly}\end {equation}


$SO(24)$


$SO(24)$


$SO(24)$


$SO(24)$


$SO(25)$


$SO(25) \to SO(24)$


$SO(24)$


$d$


$N$


$N-s_1=d$


$d=3$


$N$


$d=3$


\begin {equation}\begin {split} \left (\alpha _{-4}^{i_1} \right )&\alpha _{-1}^{i_2}\dots \alpha _{-1}^{i_{N-3}},\;\; \left (\alpha _{-3}^{i_1}\alpha _{-2}^{i_2} \right )\alpha _{-1}^{i_3}\dots \alpha _{-1}^{i_{N-3}},\;\; \left (\alpha _{-2}^{i_1}\alpha _{-2}^{i_2}\alpha _{-2}^{i_3}\right )\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-3}},\\ &\left (\alpha _{-2} \cdot \alpha _{-1}\right ) \alpha _{-1}^{i_1}\dots \alpha _{-1}^{i_{N-3}},\;\; \left ((\alpha _{-1}\cdot \alpha _{-1})\alpha _{-2}^{i_1}\right )\alpha _{-1}^{i_2}\dots \alpha _{-1}^{i_{N-3}}, \end {split} \label {Xeqn69-57}\end {equation}


$\alpha _{-1}$


$N$


$N=6$


$SO(24)$


\begin {equation}\begin {imageonly} \includegraphics {fx43} \end {imageonly}\end {equation}


\begin {equation}\begin {imageonly} \includegraphics {fx43b} \end {imageonly}\end {equation}


$N$


$SO(24)$


$SO(24)$


\begin {equation}\begin {split} &\left (\alpha _{-4}^{i_1} \right )\alpha _{-1}^{i_2}\dots \alpha _{-1}^{i_{N-3}} \longrightarrow \left \{A,B \right \},\\ &\left (\alpha _{-3}^{i_1}\alpha _{-2}^{i_2} \right )\alpha _{-1}^{i_3}\dots \alpha _{-1}^{i_{N-3}}\longrightarrow \left \{A,B\times 2,C,E \right \},\\ &\left (\alpha _{-2}^{i_1}\alpha _{-2}^{i_2}\alpha _{-2}^{i_3}\right )\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-3}} \longrightarrow \left \{A,B,C,D \right \},\\ &\left (\alpha _{-2} \cdot \alpha _{-1}\right ) \alpha _{-1}^{i_1}\dots \alpha _{-1}^{i_{N-3}}\longrightarrow \left \{A \right \},\\ &\left ((\alpha _{-1}\cdot \alpha _{-1})\alpha _{-2}^{i_1}\right )\alpha _{-1}^{i_2}\dots \alpha _{-1}^{i_{N-3}}\longrightarrow \left \{A,B \right \}. \end {split} \label {Xeqn70-58}\end {equation}


$d$


$d-1$


$N$


$SO(25)$


$d=0,1,2$


$d=2$


\begin {equation}\begin {imageonly} \includegraphics {fx44} \end {imageonly}\end {equation}


$d-2$


$SO(25)$


$(a,b,c,d)$


$(A)$


$(A)$


$SO(25)$


$(b,d,e)$


$(B)$


$(B)$


$d=3$


$N$


$d=0,\dots ,4$


$SO(24)$


$d-1$


$d$


$SO(24)$


$SO(25)$


$SO(24)$


$k$


$\alpha _k$


$G=0$


$G=N-\sum \limits _{j} j\, s_j$


$N$


$s_j$


$j-$


$G$


$G$


$N$


$\{s_j\}$


$SO(24)$


$SO(25)$


$L-$


$d=2$


$d=2+k$


$d=2$


$2k$


$k$


$N$


$SO(24)$


$SO(25)$


$G=N-(s_1+2s_2)\equiv 1$


$G=0$


$\alpha _{-1}$


$\alpha _{-2}$


$d\ge G$


$d$


$G$


$SO(24)$


$d$


$G$


$N+G-2d$


$d-G$


$\fi G$


$\fi d$


$SO(24)$


$SO(25)$


$d$


$G$


$N+G-2d$


$d-G$


$\fi G$


$\fi d$


$SO(25)$


$G$


$SO(24)$


$SO(24)$


$J^{-i}$


$1$


$d$


\begin {equation}\begin {imageonly} \includegraphics {fx50} \end {imageonly}\end {equation}


$N$


$d$


\begin {equation}\label {eq:trajectorystructures} \begin {split} (&\alpha _{-3}^{(i_1} \alpha _{-2}^{i_2}\dots \alpha _{-2}^{i_{d-1})}\alpha _{-1}^{i_d} \dots \alpha _{-1}^{i_{2d-2}}-\text {antisym.})\alpha _{-1}^{i_{2d-1}}\dots \alpha _{-1}^{i_{N-d}},\\ & (\alpha _{-2}^{(i_1} \alpha _{-2}^{i_2}\dots \alpha _{-2}^{i_{d-1})}\alpha _{-1}^{i_d} \dots \alpha _{-1}^{i_{2d-2}}-\text {antisym.})\alpha _{-2}^{(i_{2d-1}}\dots \alpha _{-1}^{i_{N-4})}, \end {split}\end {equation}


$\text {antisym.}$


$i_1\leftrightarrow i_d,\,i_2\leftrightarrow i_{d+1},\dots ,i_{d-1}\leftrightarrow i_{2d-2}$


$2\times 1$


$J^{-i}$


$d=2$


$5$


$d$


\begin {equation}\label {eq:J_two_rows} J_{N,\,d} \equiv \begin {pmatrix} 6-6d, & -8+12d-4N \end {pmatrix}\end {equation}


$\begin {pmatrix} -4+6d-2N \\ -3+3d \end {pmatrix}$


\begin {equation}\begin {imageonly} \includegraphics {fx51} \end {imageonly}\end {equation}


$6\times 3$


\begin {equation}J_{N,\,d} \equiv \begin {pmatrix} 8 & -18+6d & -4 & 20-12d+4N & 0 & -8\\ 8-4d & 0 & -6+6d-3N & -6+3d & 0 & -24+4d-2N\\ 0 & 0 & -6 & 12-6d & -12+12d-4N & 4 \end {pmatrix} \label {Xeqn76-61}\end {equation}


\begin {equation}\begin {pmatrix} \frac {2 d-N-7}{d-2} \\ \frac {4 (-2 d+3 N+13)}{9 \left (d^2-5 d+6\right )} \\ \frac {2}{3} \\ 0 \\ 0 \\ 1 \end {pmatrix} ,\; \begin {pmatrix} \frac {(2 d-N-2) (3 d-N-3)}{2 (d-2)} \\ -\frac {2 (4 d-3 N-2) (3 d-N-3)}{9 \left (d^2-5 d+6\right )} \\ \frac {2}{3} (3 d-N-3) \\ 0 \\ 1 \\ 0 \\ \end {pmatrix} ,\; \begin {pmatrix} -\frac {3}{4}(2 d-N-3) \\ \frac {5 (2 d-N-3)}{3 (d-3)} \\ 2-d \\ 1 \\ 0 \\ 0 \end {pmatrix} \label {Xeqn77-62}\end {equation}


$1$


$3$


$G=1,\,2$


$s_3$


$s_3$


$SO(24)$


\begin {equation}\begin {imageonly} \includegraphics {fx52} \end {imageonly}\end {equation}


$SO(24)$


$s_3=0$


$s_3>0$


$SO(24)$


$s_3=1$


$SO(24)$


$d$


$G$


$N+G-2d+1$


$d-G-2$


$\fi G$


$\fi d$


$s_3=0$


$G=1$


$s_3=0\to \, s_3=1$


$SO(24)$


$2$


$3$


$SO(24)$


$s_3=1$


$s_3>1$


$SO(24)$


$\times $


$s_3>1$


$SO(24)$


$SO(25)$


$s_3$


$G$


$s_1=N+G-2d+s_3$


$s_2=d-G-2s_3$


$s_3=0$


$SO(24)$


$s_3=1$


$\fi G$


$\fi s_3$


$SO(24)$


$G$


$s_3$


$s_3$


$G=1$


$SO(24)$


$SO(25)$


$s_3=0$


$s_3=1$


$s_3\ge 1$


$G=2$


$s_3$


$SO(24)$


$SO(25)$


$M_{SO(24)}(G,s_3)$


$M_{SO(25)}(G,s_3)$


$G$


$s_3$


\begin {equation}\label {eq:multiplicities_relation} M(G,s_3) = M(G,s_3-1) + M(G-s_3,s_3)\end {equation}


$M\equiv 0$


$s_3=0$


$G$


$G=0$


$(1,1)$


$SO(24)$


$SO(25)$


$\fi G$


$\fi s_3$


$s_3$


$s_3\ge G$


$M(G-s_3,s_3)$


$s_3$


$SO(25)$


$s_3$


$SO(24)$


$s_3=0$


$SO(24)$


$k$


$k-$


$k-1$


$G=0$


$G=1$


$r$


\begin {equation}\begin {imageonly} \includegraphics {fx54} \end {imageonly}\end {equation}


$(SO(24),\,SO(25))$


$(1,\,0)$


$r=1$


$(2,\,1)$


$r\ge 2$


\begin {equation}\begin {split} &\left ( \alpha _{-(r+1)}^{[i_1} \alpha _{-(r-1)}^{i_2}\alpha _{-(r-2)}^{i_3}\dots \alpha _{-1}^{i_r]}\right ) \alpha _{-1}^{i_{r+1}}\dots \alpha _{-1}^{i_{N-d}},\\ & \hspace {.3cm}\left ( \alpha _{-r}^{[i_1} \alpha _{-(r-1)}^{i_2}\alpha _{-(r-2)}^{i_3}\dots \alpha _{-1}^{i_r]}\right ) \alpha _{-2}^{(i_{r+1}}\dots \alpha _{-1}^{i_{N-d})}. \end {split} \label {Xeqn81-64}\end {equation}


$r \geq 2$


$r=1$


$r$


$SO(24)$


\begin {equation}\label {eq:J_L_shaped} J \equiv \begin {pmatrix} -2r-2, & -4s_1+4 \end {pmatrix}.\end {equation}


$r$


$r$


$s_1=N-r(r+1)/2$


$r$


$s_1$


$s_i$


\begin {equation}\begin {pmatrix} 2-2s_1\\ 1+r \end {pmatrix} \label {Xeqn83-66}\end {equation}


$r=2$


$d=2$


$r=2$


$SO(24)$


$X^{\mu }, \, \mu = 0, \dots , d-1$


$\tau $


$\sigma $


\begin {equation}S_{\text {NG}} = -T \int d\tau d\sigma \, \sqrt {-{\rm det}(\gamma _{ab})}, \label {Xeqn84-A.1}\end {equation}


\begin {equation}\gamma _{\alpha \beta } = \frac {\partial X^\mu }{\partial \sigma ^\alpha }\frac {\partial X^\nu }{\partial \sigma ^\beta }\eta _{\mu \nu } , \label {Xeqn85-A.2}\end {equation}


$\sigma ^{\alpha } =(\tau , \sigma )$


$\alpha =0,1$


$T$


$\alpha '$


$T=\frac {1}{2\pi \alpha '}$


$d$


$2$


$X^\mu (\sigma , \tau )$


$h_{\alpha \beta }$


\begin {equation}S_P = -\frac {1}{4\pi \alpha '} \int d^2 \sigma \, \sqrt {-h} \, h^{\alpha \beta } \partial _\alpha X^\mu \partial _\beta X^\nu \eta _{\mu \nu }, \label {Xeqn86-A.3}\end {equation}


$h = {\rm det} h_{\alpha \beta }$


$h_{\alpha \beta }$


$d$


\begin {equation}\frac {1}{\sqrt {-h}}\frac {\delta S}{\delta h^{\alpha \beta }}=0 \, \iff T_{\alpha \beta }=0. \label {Xeqn87-A.4}\end {equation}


$h_{\alpha \beta }$


$X^\mu $


$\partial ^\alpha \partial _\alpha X^\mu =0$


\begin {equation}X^\mu (\sigma ,\tau ) = X^\mu _L (\sigma ^+)+X^\mu _R (\sigma ^-), \quad \text {with }\sigma ^{\pm }=\tau \pm \sigma , \label {Xeqn88-A.5}\end {equation}


$\partial _{-} \partial _{+ }X^\mu =0$


\begin {equation}\partial _\sigma X^\mu =0 \quad \text {at }\sigma =0, \pi , \label {Xeqn89-A.6}\end {equation}


\begin {align}\label {eq:OSmodeexp} X^\mu _L (\sigma ^+)&=\frac {1}{2}x^\mu +\alpha 'p^\mu \sigma ^+ + i \sqrt {\frac {\alpha '}{2}}\sum _{n\neq 0}\frac {1}{n}\tilde {\alpha }^\mu _n \, e^{-i n \sigma ^+},\\ X^\mu _R (\sigma ^-)&=\frac {1}{2}x^\mu +\alpha 'p^\mu \sigma ^- + i \sqrt {\frac {\alpha '}{2}}\sum _{n\neq 0}\frac {1}{n}\alpha ^\mu _n \, e^{-i n \sigma ^-},\end {align}


$x^\mu $


$p^\mu $


\begin {equation}\alpha _n^\mu = \tilde {\alpha }_n^\mu , \label {Xeqn90-A.9}\end {equation}


$X^\mu $


\begin {equation}\alpha ^\mu _n = (\alpha _{-n}^\mu )^*, \quad \tilde {\alpha }^\mu _n = (\tilde {\alpha }_{-n}^\mu )^*. \label {Xeqn91-A.10}\end {equation}


\begin {equation}\label {eq:openstringmodeexp} X^\mu (\sigma ,\tau )=x^\mu +2\alpha 'p^\mu \tau + i \sqrt {2\alpha '}\sum _{n\neq 0}\frac {1}{n}\alpha ^\mu _n \, \cos n\sigma \, e^{-i n \tau }.\end {equation}


$\sigma ^{\pm }=\tau \pm \sigma $


\begin {equation}\label {eq:VirasoroConstraints} (\partial _+X)^2=(\partial _- X)^2=0,\end {equation}


$\alpha _n^\mu $


\begin {equation}(\partial _- X)^2=\alpha ' \sum _{n=-\infty }^\infty L_n \,e^{-i n \sigma ^-},\quad L_n=\frac {1}{2}\sum _{m=\infty }^\infty \alpha _{n-m}\cdot \alpha _m, \label {Xeqn94-A.13}\end {equation}


$L_n$


$T_{--}$


$\alpha _0^\mu $


$\alpha _0^\mu \equiv \sqrt {2\alpha '}p^\mu $


$T_{++}$


\begin {equation}(\partial _+ X)^2=\alpha ' \sum _{n=-\infty }^\infty \tilde {L}_n \,e^{-i n \sigma ^-},\quad \tilde {L}_n=\frac {1}{2}\sum _{m=\infty }^\infty \tilde {\alpha }_{n-m}\cdot \tilde {\alpha }_m, \label {Xeqn95-A.14}\end {equation}


$\tilde {\alpha }_0^\mu \equiv \sqrt {2\alpha '}p^\mu $


$L_n = \tilde {L}_n$


\begin {equation}L_n = \tilde {L}_n=0, \quad \forall \, n \in \mathbb {Z}. \label {Xeqn96-A.15}\end {equation}


$d$


$X^\mu $


$\pi ^\mu =\partial L / \partial \dot {X}_\mu $


\begin {equation}\label {eq:osc_commutationrels_cov} [x^\mu ,p_\nu ]=i \delta ^{\mu }_{\nu }, \quad [\alpha _n^\mu ,\alpha _m^\nu ]=[\tilde {\alpha }_n^\mu ,\tilde {\alpha }_m^\nu ]=n \eta ^{\mu \nu }\delta _{n+m,0},\end {equation}


$\alpha _n^\mu $


$\tilde {\alpha }_n^\mu $


$\alpha _{n>0}$


$\alpha _{n<0}$


$\alpha _n^\mu $


$p^\mu $


\begin {equation}\alpha _n^\mu \,|0;p \rangle =0 \quad \text {for }n>0, \quad \hat {p}^\mu \,|0;p \rangle =p^\mu \,|0;p \rangle , \label {Xeqn98-A.17}\end {equation}


$n<0$


\begin {equation}\alpha _{n_1}^{\mu _1} \alpha _{n_2}^{\mu _2}\dots |0;p \rangle , \quad n_1, \, n_2, \dots <0. \label {Xeqn99-A.18}\end {equation}


$\alpha _{-1}^0$


\begin {equation}| \alpha _{-1}^0|0;p\rangle |^2=\langle 0;p| \alpha _1^0 \, \alpha _{-1}^0|0;p\rangle =\langle 0;p|[ \alpha _1^0 , \alpha _{-1}^0]|0;p\rangle = -1, \label {Xeqn100-A.19}\end {equation}


$L^\dagger = L_n$


\begin {equation}L_n | \psi \rangle = 0, \quad \text {for }n>0\, \text { and }| \psi \rangle \in \mathcal {H}_{\text {phys}}. \label {Xeqn101-A.20}\end {equation}


$L_0$


$L_0$


$a$


\begin {equation}L_0=\sum _{m=1}^\infty \alpha _{-m}\cdot \alpha _m +\frac {1}{2}\alpha _0^2, \quad (L_0 -a)| \psi \rangle =0, \quad \text {for } | \psi \rangle \in \mathcal {H}_{\text {phys}}. \label {Xeqn102-A.21}\end {equation}


$a = (d-2)/24$


$\alpha _0^\mu $


$0^\text {th}$


$\alpha _0^\mu =\sqrt {2 \alpha '}p^\mu $


\begin {equation}M^2=\frac {1}{\alpha '}\left (\sum _{m=1}^\infty \alpha _{-m}\cdot \alpha _m-\frac {d-2}{24} \right ), \label {Xeqn103-A.22}\end {equation}


$N$


$L_0$


$n>0$


\begin {equation}\mathcal {E} \cdot \alpha _{-1}| 0;p \rangle , \label {Xeqn104-A.23}\end {equation}


$\mathcal {E}$


$d$


$L_0$


$L_1$


$L_0$


$M^2=1-(d-2)/24$


$d=26$


$1$


$L_1$


\begin {equation}L_1 \left ( \mathcal {E} \cdot \alpha _{-1}| 0;p \rangle \right ) = \sqrt {2\alpha '}\mathcal {E} \cdot p \, | 0;p \rangle \equiv 0, \label {Xeqn105-A.24}\end {equation}


$N$


\begin {equation}\sum _{i}\mathcal {E}^{(i)}_{\mu _1^{(i)} \dots \mu _k^{(i)}} \, \alpha _{n_1^{(i)}}^{\mu _1^{(i)}} \dots \alpha _{n_k^{(i)}}^{\mu _k^{(i)}}| 0;p \rangle , \quad n_1^{(i)}+\dots + n_k^{(i)}=N, \label {Xeqn106-A.25}\end {equation}


$i$


$\mathcal {E}^{(i)}$


$L_0, \dots , L_N$


$\mathcal {E}^{(i)}$


$\eta _{\alpha \beta }$


\begin {equation}h_{\alpha \beta }(\sigma ) \to \Omega ^2 (\sigma ) h_{\alpha \beta }(\sigma ), \label {Xeqn107-A.26}\end {equation}


$\Omega (\sigma )$


$X^\mu (\sigma )$


\begin {equation}S_P = -\frac {1}{4\pi \alpha '} \int d^2 \sigma \, \partial _\alpha X \cdot \partial ^{\alpha } X. \label {Xeqn108-A.27}\end {equation}


$\sigma \to \tilde {\sigma }$


\begin {equation}\eta _{\alpha \beta } \to \Omega ^2(\sigma )\eta _{\alpha \beta }, \label {Xeqn109-A.28}\end {equation}


$\sigma ^{\pm }$


\begin {equation}ds^2=-d\sigma ^+ d\sigma ^-, \label {Xeqn110-A.29}\end {equation}


$\sigma ^+ \to \tilde {\sigma }^+(\sigma ^+)$


$\sigma ^- \to \tilde {\sigma }^-(\sigma ^-)$


\begin {equation}\label {eq:lightcone-coords} X^{\pm }=\frac {X^0 \pm X^{d-1}}{\sqrt {2}},\end {equation}


\begin {equation}ds^2=-2dX^-dX^+ + \sum _{i=1}^{d-2}dX^i dX^i. \label {Xeqn112-A.31}\end {equation}


\begin {equation}\label {eq:light-cone_gauge} X^+ = x^+ + 2 \alpha ' p^+ \tau ,\end {equation}


$X^-$


\begin {equation}X^-=X_L^-(\sigma ^+)+X_R^-(\sigma ^-). \label {Xeqn114-A.33}\end {equation}


$X^-$


$(\partial _+ X)^2=0$


\begin {equation}2 \partial _+ X^- \partial _+ X^+ = \sum _{i=1}^{d-2}\partial _+ X^i \partial _+ X^i. \label {Xeqn115-A.34}\end {equation}


$\partial _+ X^+ =\alpha ' p^+$


\begin {equation}\partial _+ X^-=\frac {1}{2 \alpha ' p^+}\sum _{i=1}^{d-2}\partial _+ X^i \partial _+ X^i, \label {Xeqn116-A.35}\end {equation}


$(\partial _- X)^2=0$


\begin {equation}\partial _- X^-=\frac {1}{2 \alpha ' p^+}\sum _{i=1}^{d-2}\partial _- X^i \partial _- X^i, \label {Xeqn117-A.36}\end {equation}


$X^-(\sigma ^+,\sigma ^-)$


$X^i$


$X^+$


$X^-$


\begin {equation}X^-=x^-+2 \alpha ' p^- \tau + i \sqrt {2 \alpha '}\sum _{n \neq 0}\frac {1}{n}\alpha _n^- \cos n \sigma \, e^{- i n \tau }, \label {Xeqn118-A.37}\end {equation}


$x^-$


$p^-$


$\alpha _n^-$


\begin {equation}\label {eq:alphaminus} \alpha _n^-=\frac {1}{2\sqrt {2 \alpha '}p^+}\sum _{m=-\infty }^\infty \sum _{i=1}^{d-2}\alpha _{n-m}^i \alpha _m^i, \quad p^- = \frac {1}{\sqrt {2\alpha '}}\alpha _0^-.\end {equation}


$p^-$


$i=1,\dots ,d-2,$


$0$


$d$


\begin {equation}\label {eq:alphaminus} [\alpha _n^i,\alpha _m^j]=[\tilde {\alpha }_n^i,\tilde {\alpha }_m^j]=n \delta ^{ij}\delta _{n+m,0},\end {equation}


\begin {equation}[x^i,p_j]=i \delta ^{ij}, \quad [x^-,p^+]=-i, \quad [x^+, p^-]=-i, \label {Xeqn121-A.40}\end {equation}


\begin {equation}\label {eq:lightcone_state} \alpha _{n_1}^{i_1} \alpha _{n_2}^{i}\dots |0;p \rangle , \quad n_1, \, n_2, \dots <0, \quad i_1,i_2,\dots =1, \dots , d-2,\end {equation}


$SO(25)$


\begin {equation}X^\mu P^{\nu ,\alpha } - X^\nu P^{\mu ,\alpha }, \label {Xeqn123-A.42}\end {equation}


\begin {equation}P^{\mu }_\alpha =\frac {1}{2 \pi \alpha '}\partial _\alpha X^\mu , \label {Xeqn124-A.43}\end {equation}


$\tau $


\begin {equation}\label {eq:Jmunu} J^{\mu \nu } = \int _0^\pi d \sigma \,X^\mu P^{\nu ,\tau } - X^\nu P^{\mu ,\tau },\end {equation}


$\tau $


$SO(24)$


$\alpha ^-_n$


$p^-$


$a$


\begin {equation}M^2=\frac {1}{\alpha '}\left (\sum _{i=1}^{d-2}\sum _{n>0} \alpha ^i_n \alpha ^i_n -a \right ), \label {Xeqn127-A.46}\end {equation}


$p^2$


$a=1$


$d=26$


$SO(N)$


$k$


$T^{i_1\dots i_k}$


$SO(N)$


\begin {equation}T^{i_1\dots i_k} \rightarrow T'{}^{i_1 \dots i_k}=R^{i_1}{}_{j_1}\dots R^{i_k}{}_{j_k} T^{j_1 \dots j_k}, \label {Xeqn128-B.1}\end {equation}


$R^i{}_j$


$R R^T = {\mathds {1}}$


${\rm det} R=1$


$T^{i_1\dots i_k}$


$SO(N)$


$T^{i j k \ell }$


$i,j$


$k \ell $


$T'{}^{i j k \ell }=R^i{}_{i'}\dots R^\ell {}_{\ell '} T^{i'j'k'\ell '}$


$T$


$SO(N)$


$R$


$SO(N)$


$SO(N)$


$SO(N)$


\begin {equation}\begin {imageonly} \includegraphics {fx55} \end {imageonly}\end {equation}


$s_1=5$


$s_2=3$


$s_3=2$


$k$


$\mathbf {Y}(s_1,s_2,\dots ,s_k)$


$s_i$


$i^{\text {th}}$


$\mathbf {Y}(5,3,2)$


$i^{\text {th}}$


$h_i$


$n$


$\mathbf {Y}[h_1,\dots ,k_n]$


$h_1\geq h_2 \geq \dots \geq h_n$


$\mathbf {Y}[3,3,2,1,1]$


$\mathbf {Y}$


$k$


$k$


$T$


$T$


$T$


$\mathbf {Y}$


$\mathbf {Y}$


$a$


$b$


$a<b$


$T$


$\mathbf {Y}$


$a$


$b$


$a<b$


$T^{ijk}$


\begin {equation}\begin {imageonly} \includegraphics {fx56} \end {imageonly}\end {equation}


$Y^{ijk}$


\begin {equation}T^{ijk} \to T^{ijk}+T^{jik} \to \underbrace { T^{ijk}+T^{jik}-T^{kji}-T^{jki} }_{:=Y^{ijk}}. \label {Xeqn131-B.2}\end {equation}


$N$


$SO(N)$


$SO(N)$


$\delta _{ij}$


$SO(N)$


$SO(N)$


$SO(N)$


$SO(N)$


$SO(N)$


$N$


$\epsilon ^{i_1 \dots i_N}$


$k$


$\epsilon ^{i_1 \dots i_N}$


$N-k$


$N/2$


$\epsilon ^{i_1 \dots i_N}$


$Y_1\otimes Y_2$


$T_1^{i_1\dots i_n},\,T_2^{j_1\dots j_m}$


$Y_1,\,Y_2$


$Y_1\otimes Y_2$


$\mathbf {Y}_1$


$\mathbf {Y}_2$


$SO(24)$


$SO(25)$


$SO(25)$


$SO(24)$


$SO(25)$


$SO(24)$


$SO(25)$


$T^{\mu _1\dots \mu _n}$


$24$


$25$


$SO(24)$


$T$


$SO(25) \to SO(24)$


$SO(25)$


$SO(25)\to SO(24)$


$SO(24)$


$\alpha _{-1}^i$


$\bullet :\;\alpha _{-1}\cdot \alpha _{-1}$


\begin {equation}\begin {imageonly} \includegraphics {fx59} \end {imageonly}\end {equation}


\begin {equation}\begin {imageonly} \includegraphics {fx60} \end {imageonly}\end {equation}


\begin {equation}\alpha _{-2}^{(i}\alpha _{-1}^{j)},\quad 26\alpha _{-3}^i+3\alpha _{-1}^i (\alpha _{-1}\cdot \alpha _{-1}),\quad \alpha _{-2}\cdot \alpha _{-1}. \label {Xeqn134-C.1}\end {equation}


\begin {equation}\begin {imageonly} \includegraphics {fx61} \end {imageonly}\end {equation}


$2\alpha _{-3}^i-\alpha _{-1}^i (\alpha _{-1}\cdot \alpha _{-1})$


\begin {equation}\begin {imageonly} \includegraphics {fx64} \end {imageonly}\end {equation}


\begin {equation}\begin {imageonly} \includegraphics {fx65} \end {imageonly}\end {equation}


\begin {equation}\begin {split} & \hspace {3cm}\alpha _{-2}^{(i}\alpha _{-1}^j\alpha _{-1}^{k)},\quad 21\alpha _{-3}^{(i}\alpha _{-1}^{j)}+14\alpha _{-2}^i\alpha _{-2}^j+2\alpha _{-1}^i\alpha _{-1}^j(\alpha _{-1}\cdot \alpha _{-1}),\\ &416\alpha _{-4}^i + 21 \alpha _{-2}^i (\alpha _{-1}\cdot \alpha _{-1}) + 68 \alpha _{-1}^i (\alpha _{-2}\cdot \alpha _{-1}),\quad 104 \alpha _{-1}\cdot \alpha _{-3} +52 \alpha _{-2}\cdot \alpha _{-2} + (\alpha _{-1}\cdot \alpha _{-1})^2. \end {split} \label {Xeqn138-C.2}\end {equation}


\begin {equation}\begin {imageonly} \includegraphics {fx66} \end {imageonly}\end {equation}


\begin {equation}\begin {split} 2 \alpha _{-2}^i\alpha _{-2}^j - \alpha _{-1}^i\alpha _{-1}^j(\alpha _{-1}\cdot \alpha _{-1}),\quad \alpha _{-3}^{[i}\alpha _{-1}^{j]},\quad 46\alpha _{-4}^i - 3 \alpha _{-2}^i (\alpha _{-1}\cdot \alpha _{-1}) - 20 \alpha _{-1}^i (\alpha _{-2}\cdot \alpha _{-1}). \end {split} \label {Xeqn140-C.3}\end {equation}


\begin {equation}4\alpha _{-4}^i - 9 \alpha _{-2}^i (\alpha _{-1}\cdot \alpha _{-1}) + 4 \alpha _{-1}^i (\alpha _{-2}\cdot \alpha _{-1}),\quad 20 \alpha _{-1}\cdot \alpha _{-3} -19 \alpha _{-2}\cdot \alpha _{-2} +8(\alpha _{-1}\cdot \alpha _{-1})^2. \label {Xeqn141-C.4}\end {equation}


\begin {equation}\begin {imageonly} \includegraphics {fx69} \end {imageonly}\end {equation}


\begin {equation}\begin {imageonly} \includegraphics {fx70} \end {imageonly}\end {equation}


\begin {equation}\begin {split} \alpha _{-2}^{(i}\alpha _{-1}^j\alpha _{-1}^k\alpha _{-1}^{l)},\quad 90\alpha _{-3}^{(i}\alpha _{-1}^j\alpha _{-1}^{k)} + 70 \alpha _{-2}^{(i}\alpha _{-2}^j\alpha _{-1}^{k)} + 7 \alpha _{-1}^i\alpha _{-1}^j\alpha _{-1}^k(\alpha _{-1}\cdot \alpha _{-1}),\\ 224\alpha _{-4}^{(i}\alpha _{-1}^{j)}+126\alpha _{-3}^{(i}\alpha _{-2}^{j)}+9(\alpha _{-1}\cdot \alpha _{-1})\alpha _{-2}^{(i}\alpha _{-1}^{j)}+32(\alpha _{-2}\cdot \alpha _{-1})\alpha _{-1}^i\alpha _{-1}^j,\\ 45500\alpha _{-5}^i+1260\alpha _{-3}^i(\alpha _{-1}\cdot \alpha _{-1})+5796\alpha _{-1}^i(\alpha _{-3}\cdot \alpha _{-1})+3136\alpha _{-2}^i(\alpha _{-2}\cdot \alpha _{-1})+\\ +3024\alpha _{-1}^i(\alpha _{-2}\cdot \alpha _{-2})+33\alpha _{-1}^i(\alpha _{-1}\cdot \alpha _{-1})^2,\\ 2912 \alpha _{-4}\cdot \alpha _{-1} +3042 \alpha _{-3}\cdot \alpha _{-2} +55 (\alpha _{-2}\cdot \alpha _{-1})(\alpha _{-1}\cdot \alpha _{-1}). \end {split} \label {Xeqn144-C.5}\end {equation}


\begin {equation}\begin {imageonly} \includegraphics {fx71} \end {imageonly}\end {equation}


\begin {equation}\begin {split} 2 \alpha _{-3}^{[i}\alpha _{-1}^{j]}\alpha _{-1}^k + \alpha _{-2}^{[i}\alpha _{-1}^{j]}\alpha _{-1}^k,\quad 206 \alpha _{-4}^{[i}\alpha _{-1}^{j]} +26 \alpha _{-3}^{[i}\alpha _{-2}^{j]} +5 \alpha _{-2}^{[i}\alpha _{-1}^{j]}(\alpha _{-1}\cdot \alpha _{-1}),\\ 2\alpha _{-3}^{(i}\alpha _{-1}^j\alpha _{-1}^{k)} - 4 \alpha _{-2}^{(i}\alpha _{-2}^j\alpha _{-1}^{k)} + 3 \alpha _{-1}^i\alpha _{-1}^j\alpha _{-1}^k(\alpha _{-1}\cdot \alpha _{-1}),\\ 6\alpha _{-3}^{(i}\alpha _{-2}^{j)}-(\alpha _{-1}\cdot \alpha _{-1})\alpha _{-2}^{(i}\alpha _{-1}^{j)}-4(\alpha _{-2}\cdot \alpha _{-1})\alpha _{-1}^i\alpha _{-1}^j,\\ 5980\alpha _{-5}^i-180\alpha _{-3}^i(\alpha _{-1}\cdot \alpha _{-1})-1660\alpha _{-1}^i(\alpha _{-3}\cdot \alpha _{-1})-320\alpha _{-2}^i(\alpha _{-2}\cdot \alpha _{-1})+\\ -784\alpha _{-1}^i(\alpha _{-2}\cdot \alpha _{-2})-23\alpha _{-1}^i(\alpha _{-1}\cdot \alpha _{-1})^2. \end {split} \label {Xeqn146-C.6}\end {equation}


\begin {equation}\begin {split} 56\alpha _{-4}^{(i}\alpha _{-1}^{j)}-46\alpha _{-3}^{(i}\alpha _{-2}^{j)}-21(\alpha _{-1}\cdot \alpha _{-1})\alpha _{-2}^{(i}\alpha _{-1}^{j)}+8(\alpha _{-2}\cdot \alpha _{-1})\alpha _{-1}^i\alpha _{-1}^j,\\ 1300\alpha _{-5}^i-2444\alpha _{-3}^i(\alpha _{-1}\cdot \alpha _{-1})+364\alpha _{-1}^i(\alpha _{-3}\cdot \alpha _{-1})-1696\alpha _{-2}^i(\alpha _{-2}\cdot \alpha _{-1})+\\ +1128\alpha _{-1}^i(\alpha _{-2}\cdot \alpha _{-2})-201\alpha _{-1}^i(\alpha _{-1}\cdot \alpha _{-1})^2,\\ 152 \alpha _{-4}\cdot \alpha _{-1} -118 \alpha _{-3}\cdot \alpha _{-2} +67 (\alpha _{-2}\cdot \alpha _{-1})(\alpha _{-1}\cdot \alpha _{-1}). \end {split} \label {Xeqn147-C.7}\end {equation}


\begin {equation}848 \alpha _{-4}\cdot \alpha _{-1} -502 \alpha _{-3}\cdot \alpha _{-2} -125 (\alpha _{-2}\cdot \alpha _{-1})(\alpha _{-1}\cdot \alpha _{-1}). \label {Xeqn148-C.8}\end {equation}


\begin {equation}\begin {split} 16\alpha _{-4}^{(i}\alpha _{-1}^{j)}-14\alpha _{-3}^{(i}\alpha _{-2}^{j)}+3(\alpha _{-1}\cdot \alpha _{-1})\alpha _{-2}^{(i}\alpha _{-1}^{j)}-8(\alpha _{-2}\cdot \alpha _{-1})\alpha _{-1}^i\alpha _{-1}^j,\\ 10 \alpha _{-3}^{[i}\alpha _{-2}^{j]} -3 \alpha _{-2}^{[i}\alpha _{-1}^{j]}(\alpha _{-1}\cdot \alpha _{-1}),\\ 460\alpha _{-5}^i+28\alpha _{-3}^i(\alpha _{-1}\cdot \alpha _{-1})+340\alpha _{-1}^i(\alpha _{-3}\cdot \alpha _{-1})-640\alpha _{-2}^i(\alpha _{-2}\cdot \alpha _{-1})+\\ -96\alpha _{-1}^i(\alpha _{-2}\cdot \alpha _{-2})+69\alpha _{-1}^i(\alpha _{-1}\cdot \alpha _{-1})^2. \end {split} \label {Xeqn149-C.9}\end {equation}


\begin {equation}4\alpha _{-5}^i+36\alpha _{-3}^i(\alpha _{-1}\cdot \alpha _{-1})-4\alpha _{-1}^i(\alpha _{-3}\cdot \alpha _{-1})-32\alpha _{-2}^i(\alpha _{-2}\cdot \alpha _{-1})+8\alpha _{-1}^i(\alpha _{-2}\cdot \alpha _{-2})-5\alpha _{-1}^i(\alpha _{-1}\cdot \alpha _{-1})^2. \label {Xeqn150-C.10}\end {equation}


$SO(24)$


\begin {equation}\begin {imageonly} \includegraphics {fx75} \end {imageonly}\end {equation}


\begin {equation}\begin {imageonly} \includegraphics {fx76} \end {imageonly}\end {equation}


$\bullet $


$\times 2$


\begin {equation}\begin {imageonly} \includegraphics {fx83} \end {imageonly}\end {equation}


\begin {equation}\begin {imageonly} \includegraphics {fx84} \end {imageonly}\end {equation}


\begin {equation}\begin {imageonly} \includegraphics {fx85} \end {imageonly}\end {equation}


\begin {equation}d=\text {level}-(\text {number of boxes in the Young tableau})\,, \label {Xeqn156-D.1}\end {equation}


$N$


$-1$


\begin {equation}\begin {imageonly} \includegraphics {fx87} \end {imageonly}\end {equation}


\begin {equation}\alpha _{-1}^{i_1}\dots \alpha _{-1}^{i_N}. \label {Xeqn158-D.2}\end {equation}


$L-$


\begin {equation}\begin {imageonly} \includegraphics {fx89} \end {imageonly}\end {equation}


\begin {equation}\alpha _{-2}^{[i_1}\alpha _{-1}^{i_{2}]}\dots \alpha _{-1}^{i_{N-2}}. \label {Xeqn160-D.3}\end {equation}


$L-$


$L-$


\begin {equation}\begin {split} (2 N^2+10 N-48)\alpha _{-3}^{(i_1}\dots \alpha _{-1}^{i_{N-2})} -(6 N+18)\alpha _{-2}^{(i_1}\alpha _{-2}^{i_2}\dots \alpha _{-1}^{i_{N-2})}+\\ -(3 N^2-15 N+18)\alpha _{-1}^{i_1}\dots \alpha _{-1}^{i_{N-2}}(\alpha _{-1}\cdot \alpha _{-1}). \end {split} \label {Xeqn161-D.4}\end {equation}


$L-$


\begin {equation}(2N-8)\alpha _{-3}^{[i_1}\alpha _{-1}^{i_2]}\dots \alpha _{-1}^{i_{N-2}} -3\alpha _{-2}^{[i_1}\alpha _{-1}^{i_2]}\alpha _{-2}^{(i_3}\dots \alpha _{-1}^{i_{N-2})}. \label {Xeqn162-D.5}\end {equation}


$L-$


\begin {equation}\alpha _{-2}^{[i_1}\alpha _{-1}^{i_2]}\alpha _{-2}^{[i_3}\alpha _{-1}^{i_4]}\dots \alpha _{-1}^{i_{N-4}}. \label {Xeqn163-D.6}\end {equation}


\begin {equation}\alpha _{-3}^{[{i_1}}\alpha _{-2}^{i_2}\alpha _{-1}^{i_3]}\dots \alpha _{-1}^{i_{N-3}}, \label {Xeqn164-D.7}\end {equation}


\begin {equation}\alpha _{-2}^{[i_1}\alpha _{-1}^{i_2]}\alpha _{-2}^{[i_3}\alpha _{-1}^{i_4]}\alpha _{-2}^{[i_5}\alpha _{-1}^{i_6]}\dots \alpha _{-1}^{i_{N-3}}. \label {Xeqn165-D.8}\end {equation}


\begin {equation}(N-7)\alpha _{-3}^{[i_1}\alpha _{-1}^{i_2]}\alpha _{-2}^{[i_3}\alpha _{-1}^{i_4]}\alpha _{-1}^{i_5}\dots \alpha _{-1}^{i_{N-2}}-3\alpha _{-2}^{[i_1}\alpha _{-1}^{i_2]}\alpha _{-2}^{[i_3}\alpha _{-1}^{i_4]}\alpha _{-2}^{i_5}\dots \alpha _{-1}^{i_{N-2}}. \label {Xeqn166-D.9}\end {equation}


\begin {equation}\begin {split} (2N^3-36N^2+198N-324)\alpha _{-4}^{[{i_1}}\alpha _{-1}^{{i_2}]}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-3}}+\\ -(2 N^3-2 N^2-108 N+288)(\alpha _{-3}^{({i_2}}\alpha _{-1}^{i_3}\alpha _{-1}^{{i_4}}\dots \alpha _{-1}^{i_{N-3})}\alpha _{-2}^{i_1}-\alpha _{-3}^{({i_1}}\alpha _{-1}^{i_3}\alpha _{-1}^{{i_4}}\dots \alpha _{-1}^{i_{N-3})}\alpha _{-2}^{i_2})+\\ +(6 N^2-4 N-42)\alpha _{-2}^{[{i_1}}\alpha _{-1}^{{i_2}]}\alpha _{-2}^{(i_3}\alpha _{-2}^{i_4}\dots \alpha _{-1}^{i_{N-3})}+\\ +(3 N^3-37 N^2+144 N-180)\alpha _{-2}^{[{i_1}}\alpha _{-1}^{{i_2}]}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-3}}(\alpha _{-1}\cdot \alpha _{-1}), \end {split} \label {Xeqn167-D.10}\end {equation}


\begin {equation}\begin {split} (N^4-7 N^3-27 N^2+279 N-486)\alpha _{-4}^{[{i_1}}\alpha _{-1}^{{i_2}]}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-3}}+\\ -(2 N^3-2 N^2-108 N+288)(\alpha _{-2}^{({i_2}}\alpha _{-1}^{i_3}\alpha _{-1}^{{i_4}}\dots \alpha _{-1}^{i_{N-3})}\alpha _{-3}^{i_1}-\alpha _{-2}^{({i_1}}\alpha _{-1}^{i_3}\alpha _{-1}^{{i_4}}\dots \alpha _{-1}^{i_{N-3})}\alpha _{-3}^{i_2})+\\ +(N^2+26 N-87)\alpha _{-2}^{[{i_1}}\alpha _{-1}^{{i_2}]}\alpha _{-2}^{(i_3}\alpha _{-2}^{i_4}\dots \alpha _{-1}^{i_{N-3})}+\\ -(2 N^3-23 N^2+81 N-90)\alpha _{-2}^{[{i_1}}\alpha _{-1}^{{i_2}]}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-3}}(\alpha _{-1}\cdot \alpha _{-1}). \end {split} \label {Xeqn168-D.11}\end {equation}


\begin {equation}\begin {split} (2 N^3+12 N^2-230 N+600)\alpha _{-4}^{({i_1}}\alpha _{-1}^{i_2}\alpha _{-1}^{{i_3}}\dots \alpha _{-1}^{i_{N-3})}-(6 N^2+18 N-240)\alpha _{-3}^{({i_1}}\alpha _{-2}^{i_2}\alpha _{-1}^{{i_3}}\dots \alpha _{-1}^{i_{N-3})}+\\ +(24 N+120)\alpha _{-2}^{(i_1}\alpha _{-2}^{i_2}\alpha _{-2}^{i_3}\dots \alpha _{-1}^{i_{N-3})}+(3 N^2-27 N+60)\alpha _{-2}^{({i_1}}\alpha _{-1}^{i_2}\alpha _{-1}^{{i_3}}\dots \alpha _{-1}^{i_{N-3})}(\alpha _{-1}\cdot \alpha _{-1})+\\ -(4 N^3-48 N^2+188 N-240)\alpha _{-1}^{i_1}\alpha _{-1}^{i_2}\alpha _{-1}^{i_3}\dots \alpha _{-1}^{i_{N-3}}(\alpha _{-2}\cdot \alpha _{-1}) \end {split} \label {Xeqn169-D.12}\end {equation}


\begin {equation}\alpha _{-3}^{[{i_1}}\alpha _{-2}^{i_2}\alpha _{-1}^{i_3]}\alpha _{-2}^{[{i_4}}\alpha _{-1}^{i_5]}\dots \alpha _{-1}^{i_{N-4}} \label {Xeqn170-D.13}\end {equation}


\begin {equation}\alpha _{-2}^{[i_1}\alpha _{-1}^{i_2]}\alpha _{-2}^{[i_3}\alpha _{-1}^{i_4]}\alpha _{-2}^{[i_5}\alpha _{-1}^{i_6]}\alpha _{-2}^{[i_7}\alpha _{-1}^{i_8]}\dots \alpha _{-1}^{i_{N-4}}. \label {Xeqn171-D.14}\end {equation}


\begin {equation}(2N-20)(\alpha _{-3}^{(i_1}\alpha _{-2}^{i_2}\alpha _{-2}^{i_3)}\alpha _{-1}^{i_4}\alpha _{-1}^{i_5}\alpha _{-1}^{i_6}-\text {antisym.})\alpha _{-1}^{i_7}\dots \alpha _{-1}^{i_{N-4}}-9 \alpha _{-2}^{[i_1}\alpha _{-1}^{i_4]}\alpha _{-2}^{[i_2}\alpha _{-1}^{i_5]}\alpha _{-2}^{[i_3}\alpha _{-1}^{i_6]}\alpha _{-2}^{(i_{7}}\dots \alpha _{-1}^{i_{N-4})}, \label {Xeqn172-D.15}\end {equation}


$\text {antisym.}$


$i_1\leftrightarrow i_4,\,i_2\leftrightarrow i_5,\,i_3\leftrightarrow i_6$


\begin {equation}(N-7)\alpha _{-4}^{[{i_1}}\alpha _{-2}^{i_2}\alpha _{-1}^{i_3]}\dots \alpha _{-1}^{i_{N-4}}-2\alpha _{-3}^{[{i_1}}\alpha _{-2}^{i_2}\alpha _{-1}^{i_3]}\alpha _{-2}^{(i_{4}}\dots \alpha _{-1}^{i_{N-4})}. \label {Xeqn173-D.16}\end {equation}


\begin {equation}\begin {split} (9N-45)\bigg [\alpha _{-4}^{(i_1}\alpha _{-2}^{i_2)}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}-\{i_1\leftrightarrow i_3\}-\{i_2\leftrightarrow i_4\}+\{i_1\leftrightarrow i_3,\,i_2\leftrightarrow i_4\}\bigg ]\alpha _{-1}^{i_{5}}\alpha _{-1}^{i_{6}}\dots \alpha _{-1}^{i_{N-4}}+\\ -(20N-100)\alpha _{-3}^{[i_1}\alpha _{-1}^{i_3]}\alpha _{-3}^{[i_2}\alpha _{-1}^{i_4]}\alpha _{-1}^{i_{5}}\alpha _{-1}^{i_{6}}\dots \alpha _{-1}^{i_{N-4}}+\\ -24\bigg [\alpha _{-3}^{(i_5}\alpha _{-1}^{i_6}\dots \alpha _{-1}^{i_{N-4})}\alpha _{-2}^{[i_1}\alpha _{-1}^{i_3]}\alpha _{-2}^{[i_2}\alpha _{-1}^{i_4]}+\alpha _{-1}^{i_5}\alpha _{-1}^{i_6}\dots \alpha _{-1}^{i_{N-4}}(\alpha _{-2}^{[i_2}\alpha _{-3}^{i_4]}\alpha _{-2}^{[i_1}\alpha _{-1}^{i_3]}+\alpha _{-2}^{[i_1}\alpha _{-3}^{i_3]}\alpha _{-2}^{[i_2}\alpha _{-1}^{i_4]})\bigg ]+\\ +12\bigg [ \alpha _{-3}^{i_1}\alpha _{-2}^{[i_2}\alpha _{-1}^{i_4]}\alpha _{-2}^{(i_3}\alpha _{-1}^{i_5}\alpha _{-1}^{i_6}\dots \alpha _{-1}^{i_{N-4})} + \{ i_1\leftrightarrow i_2,\,i_3\leftrightarrow i_4 \} +\\ + \{ i_1\leftrightarrow i_4,\,i_2\leftrightarrow i_3 \} + \{ i_1\leftrightarrow i_3,\,i_2\leftrightarrow i_4 \} \bigg ], \end {split} \label {Xeqn174-D.17}\end {equation}


\begin {equation}\begin {split} (9N^2-135N+486)\bigg [\alpha _{-4}^{(i_1}\alpha _{-2}^{i_2)}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}-\{i_1\leftrightarrow i_3\}-\{i_2\leftrightarrow i_4\}+\\ +\{i_1\leftrightarrow i_3,\,i_2\leftrightarrow i_4\}\bigg ]\alpha _{-1}^{i_{5}}\alpha _{-1}^{i_{6}}\dots \alpha _{-1}^{i_{N-4}}+\\ -(12N^2-164N+504)\alpha _{-3}^{[i_1}\alpha _{-1}^{i_3]}\alpha _{-3}^{[i_2}\alpha _{-1}^{i_4]}\alpha _{-1}^{i_{5}}\alpha _{-1}^{i_{6}}\dots \alpha _{-1}^{i_{N-4}}+\\ -(24N-216)\bigg [\alpha _{-3}^{(i_5}\alpha _{-1}^{i_6}\dots \alpha _{-1}^{i_{N-4})}\alpha _{-2}^{[i_1}\alpha _{-1}^{i_3]}\alpha _{-2}^{[i_2}\alpha _{-1}^{i_4]}+\\ +\alpha _{-1}^{i_5}\alpha _{-1}^{i_6}\dots \alpha _{-1}^{i_{N-4}}(\alpha _{-2}^{[i_2}\alpha _{-3}^{i_4]}\alpha _{-2}^{[i_1}\alpha _{-1}^{i_3]}+\alpha _{-2}^{[i_1}\alpha _{-3}^{i_3]}\alpha _{-2}^{[i_2}\alpha _{-1}^{i_4]})\bigg ]+\\ +36 \alpha _{-2}^{[i_1}\alpha _{-1}^{i_3]}\alpha _{-2}^{[i_2}\alpha _{-1}^{i_4]}\alpha _{-2}^{(i_5}\alpha _{-2}^{i_6}\dots \alpha _{-1}^{i_{N-4})}, \end {split} \label {Xeqn175-D.18}\end {equation}


\begin {equation}\begin {split} (9N-9)\bigg [\alpha _{-4}^{(i_1}\alpha _{-2}^{i_2)}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}-\{i_1\leftrightarrow i_3\}-\{i_2\leftrightarrow i_4\}+\\ +\{i_1\leftrightarrow i_3,\,i_2\leftrightarrow i_4\}\bigg ]\alpha _{-1}^{i_{5}}\alpha _{-1}^{i_{6}}\dots \alpha _{-1}^{i_{N-4}}+\\ -(12N+20)\alpha _{-3}^{[i_1}\alpha _{-1}^{i_3]}\alpha _{-3}^{[i_2}\alpha _{-1}^{i_4]}\alpha _{-1}^{i_{5}}\alpha _{-1}^{i_{6}}\dots \alpha _{-1}^{i_{N-4}}+\\ -12\bigg [\alpha _{-3}^{(i_5}\alpha _{-1}^{i_6}\dots \alpha _{-1}^{i_{N-4})}\alpha _{-2}^{[i_1}\alpha _{-1}^{i_3]}\alpha _{-2}^{[i_2}\alpha _{-1}^{i_4]}+\\ +\alpha _{-1}^{i_5}\alpha _{-1}^{i_6}\dots \alpha _{-1}^{i_{N-4}}(\alpha _{-2}^{[i_2}\alpha _{-3}^{i_4]}\alpha _{-2}^{[i_1}\alpha _{-1}^{i_3]}+\alpha _{-2}^{[i_1}\alpha _{-3}^{i_3]}\alpha _{-2}^{[i_2}\alpha _{-1}^{i_4]})\bigg ]+\\ -18 \alpha _{-2}^{[i_1}\alpha _{-1}^{i_3]}\alpha _{-2}^{[i_2}\alpha _{-1}^{i_4]}(\alpha _{-1}\cdot \alpha _{-1})\alpha _{-1}^{i_5}\alpha _{-1}^{i_6}\dots \alpha _{-1}^{i_{N-4}}, \end {split} \label {Xeqn176-D.19}\end {equation}


$\{i_a\leftrightarrow i_b,\dots \}$


$t$


$t$


\begin {equation}\begin {split} (12 N^4-300 N^3+2760 N^2-11040 N+16128)\alpha _{-5}^{[i_1}\alpha _{-1}^{i_2]}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\alpha _{-1}^{i_5}\dots \alpha _{-1}^{i_{N-4}}+\\ -(15 N^3-270 N^2+1515 N-2520)(\alpha _{-2}^{[i_1}\alpha _{-4}^{i_2]}\alpha _{-1}^{i_{3}}\alpha _{-1}^{i_{4}}\alpha _{-1}^{i_{5}}\dots \alpha _{-1}^{i_{N-4}} + \alpha _{-2}^{[i_1}\alpha _{-1}^{i_2]}\alpha _{-4}^{(i_{3}}\alpha _{-1}^{i_{4}}\alpha _{-1}^{i_{5}}\dots \alpha _{-1}^{i_{N-4})})+\\ -(30 N^3-585 N^2+3705 N-7560)(\alpha _{-4}^{i_1}\alpha _{-2}^{(i_2}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\alpha _{-1}^{i_5}\dots \alpha _{-1}^{i_{N-4})} - \{ i_1 \leftrightarrow i_2 \})+\\ -(20 N^3-380 N^2+2320 N-4480)\alpha _{-3}^{[i_1}\alpha _{-1}^{i_2]}\alpha _{-3}^{(i_3}\alpha _{-1}^{i_4}\alpha _{-1}^{i_5}\dots \alpha _{-1}^{i_{N-4})}+\\ +(60 N^2-690 N+1680)(\alpha _{-2}^{[i_1}\alpha _{-3}^{i_2]}\alpha _{-2}^{(i_3}\alpha _{-1}^{i_4}\alpha _{-1}^{i_5}\dots \alpha _{-1}^{i_{N-4})} + \alpha _{-2}^{[i_1}\alpha _{-1}^{i_2]}\alpha _{-3}^{(i_3}\alpha _{-2}^{i_4}\alpha _{-1}^{i_5}\dots \alpha _{-1}^{i_{N-4})} )+\\ +(90 N^2-1140 N+3360)(\alpha _{-3}^{i_1}\alpha _{-2}^{(i_2}\alpha _{-2}^{i_3}\alpha _{-1}^{i_4}\alpha _{-1}^{i_5}\dots \alpha _{-1}^{i_{N-4})} - \{ i_1\leftrightarrow i_2 \})+\\ -(315 N-1260)\alpha _{-2}^{[i_1}\alpha _{-1}^{i_2]}\alpha _{-2}^{(i_3}\alpha _{-2}^{i_4}\alpha _{-2}^{i_5}\dots \alpha _{-1}^{i_{N-4})}, \end {split} \label {Xeqn177-D.20}\end {equation}


\begin {equation}\begin {split} (72 N^3-1044 N^2+4968 N-7776)\alpha _{-5}^{[i_1}\alpha _{-1}^{i_2]}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\alpha _{-1}^{i_5}\dots \alpha _{-1}^{i_{N-4}}+\\ -(90 N^2-360 N+270)(\alpha _{-2}^{[i_1}\alpha _{-4}^{i_2]}\alpha _{-1}^{i_{3}}\alpha _{-1}^{i_{4}}\alpha _{-1}^{i_{5}}\dots \alpha _{-1}^{i_{N-4}} + \alpha _{-2}^{[i_1}\alpha _{-1}^{i_2]}\alpha _{-4}^{(i_{3}}\alpha _{-1}^{i_{4}}\alpha _{-1}^{i_{5}}\dots \alpha _{-1}^{i_{N-4})})+\\ -(180 N^2-990 N+810)(\alpha _{-4}^{i_1}\alpha _{-2}^{(i_2}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\alpha _{-1}^{i_5}\dots \alpha _{-1}^{i_{N-4})} - \{ i_1 \leftrightarrow i_2 \})+\\ +(20 N^2+1160 N-4960)\alpha _{-3}^{[i_1}\alpha _{-1}^{i_2]}\alpha _{-3}^{(i_3}\alpha _{-1}^{i_4}\alpha _{-1}^{i_5}\dots \alpha _{-1}^{i_{N-4})}+\\ +(150 N-780)(\alpha _{-2}^{[i_1}\alpha _{-3}^{i_2]}\alpha _{-2}^{(i_3}\alpha _{-1}^{i_4}\alpha _{-1}^{i_5}\dots \alpha _{-1}^{i_{N-4})} + \alpha _{-2}^{[i_1}\alpha _{-1}^{i_2]}\alpha _{-3}^{(i_3}\alpha _{-2}^{i_4}\alpha _{-1}^{i_5}\dots \alpha _{-1}^{i_{N-4})} )+\\ +(120 N-120)(\alpha _{-3}^{i_1}\alpha _{-2}^{(i_2}\alpha _{-2}^{i_3}\alpha _{-1}^{i_4}\alpha _{-1}^{i_5}\dots \alpha _{-1}^{i_{N-4})} - \{ i_1\leftrightarrow i_2 \})+\\ -(210 N^2-2100 N+5040)\alpha _{-3}^{[i_1}\alpha _{-1}^{i_2]}(\alpha _{-1}\cdot \alpha _{-1})\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\alpha _{-1}^{i_5}\dots \alpha _{-1}^{i_{N-4}}+\\ +(315 N-1260)\alpha _{-2}^{[i_1}\alpha _{-1}^{i_2]}(\alpha _{-1}\cdot \alpha _{-1})\alpha _{-2}^{(i_3}\alpha _{-1}^{i_4}\alpha _{-1}^{i_5}\dots \alpha _{-1}^{i_{N-4})}, \end {split} \label {Xeqn178-D.21}\end {equation}


\begin {equation}\begin {split} (4 N^3+26 N^2-564 N+1584)\alpha _{-5}^{[i_1}\alpha _{-1}^{i_2]}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\alpha _{-1}^{i_5}\dots \alpha _{-1}^{i_{N-4}}+\\ +(30 N^2+300 N-2430)(\alpha _{-2}^{[i_1}\alpha _{-4}^{i_2]}\alpha _{-1}^{i_{3}}\alpha _{-1}^{i_{4}}\alpha _{-1}^{i_{5}}\dots \alpha _{-1}^{i_{N-4}} + \alpha _{-2}^{[i_1}\alpha _{-1}^{i_2]}\alpha _{-4}^{(i_{3}}\alpha _{-1}^{i_{4}}\alpha _{-1}^{i_{5}}\dots \alpha _{-1}^{i_{N-4})})+\\ -(10 N^2+50 N-1110)(\alpha _{-4}^{i_1}\alpha _{-2}^{(i_2}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\alpha _{-1}^{i_5}\dots \alpha _{-1}^{i_{N-4})} - \{ i_1 \leftrightarrow i_2 \})+\\ -(30 N^2+200 N-1280)\alpha _{-3}^{[i_1}\alpha _{-1}^{i_2]}\alpha _{-3}^{(i_3}\alpha _{-1}^{i_4}\alpha _{-1}^{i_5}\dots \alpha _{-1}^{i_{N-4})}+\\ -(50 N+300)(\alpha _{-2}^{[i_1}\alpha _{-3}^{i_2]}\alpha _{-2}^{(i_3}\alpha _{-1}^{i_4}\alpha _{-1}^{i_5}\dots \alpha _{-1}^{i_{N-4})} + \alpha _{-2}^{[i_1}\alpha _{-1}^{i_2]}\alpha _{-3}^{(i_3}\alpha _{-2}^{i_4}\alpha _{-1}^{i_5}\dots \alpha _{-1}^{i_{N-4})} )+\\ +(100 N+600)(\alpha _{-3}^{i_1}\alpha _{-2}^{(i_2}\alpha _{-2}^{i_3}\alpha _{-1}^{i_4}\alpha _{-1}^{i_5}\dots \alpha _{-1}^{i_{N-4})} - \{ i_1\leftrightarrow i_2 \})+\\ +(35 N^2-350 N+840)\alpha _{-3}^{[i_1}\alpha _{-1}^{i_2]}(\alpha _{-1}\cdot \alpha _{-1})\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\alpha _{-1}^{i_5}\dots \alpha _{-1}^{i_{N-4}}+\\ -(70 N^2-700 N+1680)\alpha _{-2}^{[i_1}\alpha _{-1}^{i_2]}(\alpha _{-2}\cdot \alpha _{-1})\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\alpha _{-1}^{i_5}\dots \alpha _{-1}^{i_{N-4}}. \end {split} \label {Xeqn179-D.22}\end {equation}


\begin {equation}\begin {split} (36 N^4-240 N^3-3492 N^2+36096 N-85680)\alpha _{-5}^{(i_1}\alpha _{-1}^{i_2}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-4})}+\\ -(120 N^3-900 N^2-3540 N+27720)\alpha _{-4}^{(i_1}\alpha _{-2}^{i_2}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-4})}+\\ -(80 N^3-160 N^2-8080 N+36960)\alpha _{-3}^{(i_1}\alpha _{-3}^{i_2}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-4})}+\\ +(450 N^2-1230 N-13440)\alpha _{-3}^{(i_1}\alpha _{-2}^{i_2}\alpha _{-2}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-4})}+\\ +(60 N^3-1080 N^2+6420 N-12600)\alpha _{-3}^{(i_1}\alpha _{-1}^{i_2}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-4})}(\alpha _{-1}\cdot \alpha _{-1})+\\ -(60 N^4-1320 N^3+10740 N^2-38280 N+50400)\alpha _{-1}^{i_1}\alpha _{-1}^{i_2}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-4}}(\alpha _{-3}\cdot \alpha _{-1})+\\ -(2430 N+6210)\alpha _{-2}^{(i_1}\alpha _{-2}^{i_2}\alpha _{-2}^{i_3}\alpha _{-2}^{i_4}\dots \alpha _{-1}^{i_{N-4})}+\\ -(135 N^2-1755 N+5670)\alpha _{-2}^{(i_1}\alpha _{-2}^{i_2}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-4})}(\alpha _{-1}\cdot \alpha _{-1})+\\ +(60 N^3-1080 N^2+6420 N-12600)\alpha _{-2}^{(i_1}\alpha _{-1}^{i_2}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-4})}(\alpha _{-2}\cdot \alpha _{-1}), \end {split} \label {Xeqn180-D.23}\end {equation}


\begin {equation}\begin {split} (54 N^4-1044 N^3+7074 N^2-19044 N+15120)\alpha _{-5}^{(i_1}\alpha _{-1}^{i_2}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-4})}+\\ -(180 N^3-3060 N^2+16920 N-30240)\alpha _{-4}^{(i_1}\alpha _{-2}^{i_2}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-4})}+\\ -(80 N^3-400 N^2-4960 N+26880)\alpha _{-3}^{(i_1}\alpha _{-3}^{i_2}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-4})}+\\ +(600 N^2-5640 N+10080)\alpha _{-3}^{(i_1}\alpha _{-2}^{i_2}\alpha _{-2}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-4})}+\\ +(120 N^3-2160 N^2+12840 N-25200)\alpha _{-3}^{(i_1}\alpha _{-1}^{i_2}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-4})}(\alpha _{-1}\cdot \alpha _{-1})+\\ -(90 N^4-1980 N^3+16110 N^2-57420 N+75600)\alpha _{-1}^{i_1}\alpha _{-1}^{i_2}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-4}}(\alpha _{-3}\cdot \alpha _{-1})+\\ -(3240 N-9720)\alpha _{-2}^{(i_1}\alpha _{-2}^{i_2}\alpha _{-2}^{i_3}\alpha _{-2}^{i_4}\dots \alpha _{-1}^{i_{N-4})}+\\ -(180 N^2-2340 N+7560)\alpha _{-2}^{(i_1}\alpha _{-2}^{i_2}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-4})}(\alpha _{-1}\cdot \alpha _{-1})+\\ +(45 N^4-990 N^3+8055 N^2-28710 N+37800)\alpha _{-1}^{i_1}\alpha _{-1}^{i_2}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-4}}(\alpha _{-2}\cdot \alpha _{-2}), \end {split} \label {Xeqn181-D.24}\end {equation}


\begin {equation}\begin {split} (36 N^4+216 N^3-11700 N^2+84888 N-181440)\alpha _{-5}^{(i_1}\alpha _{-1}^{i_2}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-4})}+\\ -(40 N^4+80 N^3-2440 N^2-22640 N+154560)\alpha _{-3}^{(i_1}\alpha _{-3}^{i_2}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-4})}+\\ +(120 N^3-4440 N-10080)\alpha _{-3}^{(i_1}\alpha _{-2}^{i_2}\alpha _{-2}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-4})}+\\ +(60 N^4-480 N^3-4380 N^2+51600 N-126000)\alpha _{-3}^{(i_1}\alpha _{-1}^{i_2}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-4})}(\alpha _{-1}\cdot \alpha _{-1})+\\ -(180 N^4-3960 N^3+32220 N^2-114840 N+151200)\alpha _{-1}^{i_1}\alpha _{-1}^{i_2}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-4}}(\alpha _{-3}\cdot \alpha _{-1})+\\ -(1080 N^2+2160 N-3240)\alpha _{-2}^{(i_1}\alpha _{-2}^{i_2}\alpha _{-2}^{i_3}\alpha _{-2}^{i_4}\dots \alpha _{-1}^{i_{N-4})}+\\ -(180 N^3-1800 N^2+540 N+22680)\alpha _{-2}^{(i_1}\alpha _{-2}^{i_2}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-4})}(\alpha _{-1}\cdot \alpha _{-1})+\\ -(45 N^4-990 N^3+8055 N^2-28710 N+37800)\alpha _{-1}^{i_1}\alpha _{-1}^{i_2}\alpha _{-1}^{i_3}\alpha _{-1}^{i_4}\dots \alpha _{-1}^{i_{N-4}}(\alpha _{-1}\cdot \alpha _{-1})^2. \end {split} \label {Xeqn182-D.25}\end {equation}
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being such a tightly constrained object from kinematics, three-point amplitudes are ultimately a collection of numbers — how triplets
of single-particle states couple to each other according to a finite menu of options [17]. 2

At finite string coupling, the spectrum of the string should reorganize itself in an interesting, currently unknown way. However we
do expect many of these states to “look like” black holes from far away. Therefore it’s interesting to speculate that this property persists
even at zero coupling for the very massive states of the string. A potential diagnosis of this is to look at the three-point amplitude of
a highly massive and spinning particle to a massless probe. In the case of the graviton there is a “minimal coupling” that a black hole
has, providing a diagnosis of whether a massive spinning particle behaves similarly to a black hole from far away [17-24]. There is
a “single copy” version of this phenomenon, which can also be investigated within the open string, by looking at couplings of the
massless gauge boson in the spectrum to massive higher-spin states [25]. These analyses also raised the question of whether chaos
can be detected in string amplitudes [26-30].

Why is such a basic problem not already solved, despite the enormous body of work in string perturbation theory? It becomes
quickly clear that, though in principle what needs to be done is obvious, doing it in practice is a different matter. In order to build
the spectrum, we need two ingredients: first, a single-particle state is fully specified from its 26-momentum but also from the spin
representation of its little group, SO(25) (for massive particles). While in four dimensions the bosonic representations of the little
group SO(3) are labelled by their integer spin, a single number is insufficient for representations of SO(25). These representations
are instead neatly encoded by Young tableaux. The challenge then lies in writing all possible realizations of a single-particle state
using the oscillators of the string. As we explain in Section 2, where we introduce the general setup and provide a short review of
the quantization of the open string, in covariant form physical states must solve the Virasoro constraints as well as ensuring that
the collection of oscillators realizes the spacetime symmetries of the Young tableau. It is the increasing complexity of the Virasoro
constraints as one climbs up the spectrum what has mostly hindered progress in exploring the massive spectrum, limiting most
approaches to level-by-level probes of the low-lying states [31-38], or to the analysis of the leading Regge trajectory [7,39-41].
A remarkable exception is the recent set of articles [42,43], where the authors develop a powerful method to solve the Virasoro
constraints and access the deep string spectrum in an efficient way, finding structures and patterns reminiscent of the ones we
observe.

Nonetheless, our strategy is to bypass the Virasoro constraint by working in light-cone gauge. This sacrifices covariance, but as our
main interest is in three-particle amplitudes, which are fixed by kinematics, it is straightforward to identify the covariant amplitude.
Moreover, we gain simplicity in working with physical oscillators and states with manifestly positive norm. The price to pay is that
only a SO(24) subgroup of the little group is manifest. We then need to apply Lorentz transformations to see how various SO(24)
representations with the same mass correspond to branches of a single .SO(25) irreducible representation (irrep). A collection of
oscillator representations with fixed mass and rotated into each other then furnishes a single-particle state of the open bosonic string.
Implementing this in practice requires some work, which we explain in Section 3.

The string has a very orderly spectrum, so it is natural to try and exploit its regularities. For example, symmetrized products of
light-cone gauge oscillators naturally organize in trajectories, where climbing a step corresponds to the insertion of an additional
oscillator raising the mass level by one unit and contributing a free index. Level by level, these structures can be used to obtain
single-particle SO(25) irreps, which can be grouped into “Regge trajectories”. Intuitively, to climb up a Regge trajectory we should
look at the particle that simultaneously has one more box in the top row of the Young tableau and has mass level increased by one.
The catch is that such a Regge trajectory can bifurcate at some level, giving rise to degeneracies and making the notion seemingly
ambiguous. We will show that bifurcations can only occur at finitely many levels as we climb up, so there are always finitely many
Regge trajectories whose particles share the same Young tableau symmetry at the same mass level. We will call these trajectories
“degenerate,” but we will nevertheless be able to unambiguously label them by their oscillator content.

How do we then “climb up” the spectrum, building such a Regge trajectory in terms of oscillators? In Section 4 we show a
constructive algorithm to spin up a single-particle state by “adding a box” to its SO(25) Young tableau, while increasing its mass one
unit of string tension at a time. This shows that we do not have to work level by level, but we can rather access an entire Regge
trajectory at once. Since every state in the spectrum is either the seed of a new trajectory or belongs to an existing one, this gives a
systematic way of determining the full spectrum by focusing on all the infinitely many seeds.

Our method also shows that the spectrum can be sliced according to “generation”.® In Section 5 we uncover patterns linking
different particles within the same generation, providing access to infinite families of Regge trajectories in closed form. A complete
treatment, potentially encompassing all trajectories at fixed generation, is left for future work. While our method can be carried out
for any generation in principle, relating particles at different generations remains an important challenge. For an interesting recent
development in this direction, we mention the construction in Markou and Skvortsov [42], Basile and Markou [43] which allows to
connect states of different generation. It would be interesting to translate it to our light-cone language and try to exploit it.

We state our conclusions and an outlook in 6, and provide appendices with some details on string theory and light-cone quantiza-
tion, the required background on Young tableaux, as well as additional results on the spectrum of single-particle states at high levels
and on Regge trajectories.

2 Strictly speaking, many three-point amplitudes (notably of massless particles) are zero in Lorentzian kinematics. As usual, we can complexify
the momenta to assign a nonzero value to the amplitude.

3 We will define generation more carefully later in the text, but it amounts to the number of times the same Young tableau appeared before in the
spectrum, when ordered by mass level. It is also referred to as “depth” in Markou and Skvortsov [42], Basile and Markou [43].
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Conventions:

Round brackets denote symmetrization between a set of indices, without any overall factor. For example, 1//) = 1/ + #//, Square
brackets denote antisymmetrization, ¢/ = £/ — ¢/7,

The dot product of two light-cone gauge oscillators is to be understood as

24

a, - ay, afl‘ ~a,’; 1.1
k=1

When discussing symmetric irreducible tensors, we will often not explicitly subtract the trace part, but this operation is completely
non-ambiguous so it is left implicit.

When ambiguities might arise, we specify the symmetry group associated to a given Young tableau as a subscript, for example

S

2. Setup and review

In this section we setup the problem, explain the various necessary steps, and also discuss how we organize the spectrum, also
showing how much of it we manage to construct. Most of the review consists of textbook material, and is developed in more detail
in any standard string theory textbook, such as Polchinski [44], Green et al. [45], Blumenhagen et al. [46].

2.1. Single-particle states and regge trajectories

We consider the open bosonic string. Consistency of the theory requires the string to be in 26-dimensional Minkowski space, and
therefore the single-particle states are classified using the isometries of this spacetime. They carry a 26—momentum which satisfies a
constraint, fixing the mass of the particle, and they carry spin labels showing how they transform under Wigner’s little group.* For
the bosonic string, the little group is .SO(25) for massive particles and .SO(24) for massless particles, and their unitary representations
are organized using Young tableaux, which in a sense provide a higher dimensional generalization of the spin label typical in 4-
dimensional kinematics. A given Young tableau is a collection of ordered boxes specified by the lengths of its rows and columns, each
row being of arbitrary length, provided it does not exceed the length of the one above it. The length of the columns is constrained to
be smaller than half the number of spatial dimensions, and thus for our case of interest we are limited to Young tableaux with up to
12 rows. We provide further details on the Young tableaux in Appendix B.

In string theory, furnishing a single-particle state requires building it from string excitations. These are constructed with oscillators
corresponding to the string’s quantized vibrational modes. The oscillators at the same time determine the mass of the state, forcing
it to be integer multiples of the string tension, and carry Lorentz indices. Therefore, the mass and spin labels are not independent: at
a given mass level, only some Young tableau symmetries will be possible, those that can be realized with the available oscillators.

On the other hand, one might expect extra labels to be necessary in order to fully determine a string state. In fact, we find evidence
of degeneracies in the spectrum -i.e. independent single-particle states at the same level with identical Young tableau symmetry, but
realized with different oscillator structures- which suggests the possibility of extra quantum numbers required to distinguish them.
These additional quantum numbers might correspond to the eigenvalue of the string states under the action of some hypothetical
conserved charges. Yet, the nature of these charges is not a priori known, nor is it clear whether they generate a hitherto unidentified
symmetry of the theory at zero string coupling. An interesting possibility would be that these charges are related to the infinite set
of higher spin conserved charges that come from the free theory on the worldsheet®

In summary, to fully specify the string spectrum, one must determine, at every mass level, the list of Young tableaux that describe
the spin labels of the single-particle states of that mass, as well as the multiplicity of each Young tableau, namely the number of
particles in the spectrum with the same mass and transforming in the same representation of the Lorentz group. Furthermore, in
order to distinguish among them, one should provide a labeling for the states sharing the same mass and spin quantum numbers.
Assuming one needs N, additional quantum numbers to label a state, and given that a Young tableau is fully specified by giving
the length s, ..., s, of each of its rows, one would need N, + 12 + 1 numbers to fully characterize a single-particle state, where
the last term corresponds to the mass of the particle. This can be represented in a plot as the one in Fig. 1, which corresponds to a
2-dimensional projection of the full Ny, + 13-dimensional space describing the spectrum.

There are different ways of quantizing the string; each way makes some of its properties manifest, typically at a price. In covariant
quantization, one introduces oscillators exciting the string along all 26 space-time directions. This approach, while keeping Lorentz
symmetry manifest after quantization, introduces negative-norm states that must be projected out by requiring that physical states
satisfy a set of infinitely many conditions known as the Virasoro constraints. Imposing these constraints systematically at high levels
can be a daunting task, and this is the main reason why the excited string spectrum remained largely unexplored.

Our strategy to avoid the introduction of operators that create states of negative norm is to work in light-cone gauge. In that
case, the time direction and one of the spatial directions define a light-front, with the other 24 spatial directions being treated

4 The little group is defined by fixing a reference momentum satisfying the mass constraint, and looking at the subgroup of Lorentz transformations
that do not change the reference momentum. See [47-50] for more details.
5 We thank the referee for suggesting this possibility.
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8_

number of boxes in first row

level

Fig. 1. The whole spectrum, divided into Regge trajectories. The top blue one is the leading Regge trajectory. The one right below is the empty
trajectory which does not contain any particles. Except for the leading Regge trajectory, we only draw the seed of each trajectory, and we leave it
implicit that, climbing the trajectory, new particles are found with greater mass and number of boxes in the first row of the Young tableau. For

example, at level 4 thereisal | (implicit) originating from the (explicit) at level 3. Lastly, notice that at level 6 there is not only

the (red) coming from the scalar at level 4, but also a new (gray) .. This is an example of a degeneracy, which we will see is
ubiquitous in the string spectrum. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of
this article.)

democratically. The advantage of such a method is that all states created by the action of string creation operators in the vacuum
are physical. The disadvantage is that the oscillators transform covariantly only under an .SO(24) subgroup of the little group, and
therefore various structures of .SO(24) oscillators must be combined in order to build a complete SO(25) representation, causing the
single-particle states built in this formalism to be made of many parts. We will find it nonetheless useful to work in this quantiza-
tion, as the number of unknown coefficients to fix is much smaller. The main problem to solve is to identify, among the various
structures that are SO(24) covariant and carry the same 26—momentum, which ones are different polarizations of the same particle,
or—mathematically—branchings of the same SO(25) irrep. To give a concrete example where the reader can contrast covariant and
light-cone gauge expressions, Sasaki and Yamanaka [51] works out a representative of the scalar particle at level 4 in covariant gauge,
finding

{('lm + ?kukv)afzaiz + (%k“kvk‘, + %k”nw + ?kpnm)aflailafz
2.1
+ (g—ikﬂkvkpk{y + %kﬂkvnmy + %rlwrlm)aflailaflafl } [0) .
The same particle in light-cone gauge quantization can be written more economically as
{(a_y - a ) +7(a_y - a_y) — 10(a_; - a_3)}|0). (2.2)

We provide a systematic method to find all single-particle states at a given level in terms of SO(24) oscillators, which corresponds
to filling the spectrum by moving vertically in Fig. 1, finding all single-particles at constant mass at each given step. This not only
gives the particle content at a given level, but also provides an explicit realization in terms of oscillators that can be used to compute
their scattering amplitudes. However, while this level-by-level procedure allows us to go pretty far and excavate all single-particle
states and their oscillator representations—we went explicitly up to level 15—, the exponential increase in the density of states with
the energy calls for other ways of exploring the spectrum, as at large enough levels the problem becomes intractable even with a
computer.

In this direction, we also find a way to obtain families of infinitely many states in the spectrum belonging to the same “Regge
trajectory,” or rather a generalization of this concept. A natural extension of the idea of a Regge trajectory when one deals with the
spectrum is to group states by starting from a seed state (characterized by a given mass, Young tableau and potentially other quantum
numbers) that corresponds to the bottom of the trajectory, and then to climb up the trajectory by adding one unit of mass and one

4
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unit of spin at each step. Implementing this idea, we define “Regge trajectories” to be given by states belonging to contiguous levels
corresponding to Young tableaux that differ by one box in the first row. For instance, we could consider a trajectory generated by an
antisymmetric rank 2 state at the bottom:

5 S s

~— —_— ——
level N level N+1 level N+2

In terms of oscillators, the operation of adding a box to the top row of a diagram when going up one level corresponds to adding
an ail oscillator and symmetrizing i with the Lorentz indices corresponding to the top row of the original Young tableau. Note that
the operation of adding a box to a given Young tableau makes sense both when considering SO(24) and SO(25) indices, so apart
from defining Regge trajectories this way for physical SO(25) particles, we can think of the trajectory generated by a given SO(24)
oscillator structure, even if it does not correspond to a single-particle state. However, it was mentioned that a single-particle state is
built by a linear combination of many SO(24) oscillator structures, and simply adding an «a_, to all of them will generically not yield
a single-particle state one level higher. An important result presented here is that we find a way to, for a given seed state, obtain the
level dependence of the coefficients determining all single-particle states on its Regge trajectory, thus providing at once the oscillator
representation of infinitely many states in the spectrum. In terms of the plot in Fig. 1, this allows to explore the spectrum along
infinite lines of constant d = N — s, where we define d as the depth of the trajectory.

In fact, we can do more than this. When analyzing the string spectrum in terms of light-cone gauge oscillators, we found numerous
patterns relating states connected by the addition of oscillators not only on the first row, but also when adding oscillators in various
rows simultaneously. Possibly the simplest example of this phenomenon is when one considers the family of states generated by
starting from a seed single-particle state and adding simultaneously an a_; oscillator to the first row and an a_, to the second. This
would correspond to a “tilted Regge trajectory,”® and the particular example in which the seed state is a scalar would look like

°— =

We show that the techniques that allowed us to obtain all the single-particle states in a Regge trajectory as a function of the level
can be generalized to deal with these types of families of states forming tilted trajectories, and therefore allow us to work out the
spectrum along lines of constant N — Zj;l Jjs;» with the previous case corresponding to the line N —s; — 25, = 0.

One last relevant concept to chart the spectrum is what we call the generation of a given state at level N, and it refers to the
number of levels lower than N that contain a state with the same Young tableau as the state in consideration. This concept gives
a measure of the complexity of the state. States at generation zero’ correspond to Young tableaux filled with oscillators in a way
that the k-th row contains a_, oscillators only, and therefore correspond to the lightest state with that given Young tableau in the
spectrum. These states are the easiest to deal with: In covariant language they satisfy the Virasoro constraint almost for free, and in
light-cone language the matching between SO(24) structures and the single-particle state is automatic, without the need of considering
linear combinations of various structures with the same SO(24) Young tableau symmetry. As generation rises, one goes deeper in the
spectrum and the oscillator content of single-particle states becomes increasingly complicated. In terms of light-cone technology, the
amount of different SO(24) structures building a single state becomes bigger and bigger, and their analysis becomes hard, even if in
principle doable at any finite generation.

At present we do not have a systematic way of moving in generation while keeping the shape of the Young tableau defining the
states fixed. What we can do is work out the expression of a given state at non-zero generation in terms of SO(24) oscillators, and
then use it as a seed to move along generalized Regge trajectories with finite generation.®

With the setup in mind, in the rest of this section we will recall some basics of quantization of the open string, to establish notation
and also highlight some important formulas, and to make the paper self-contained. A more detailed discussion is done in Appendix A.

6 This specific family of states was studied in Alessio et al. [52] in connection to black hole scattering.

7 These states are sometimes called Weinberg states, as Weinberg studied them in Weinberg [53], or principally embedded states in Markou and
Skvortsov [42].

8 In Markou and Skvortsov [42], Basile and Markou [43] the authors work in covariant quantization and propose a way of climbing up the
generation for fixed Young tableau by the action of suitably defined raising operators and the posterior projection into the physical Hilbert space.
While in this approach one needs to solve a system of equations that becomes increasingly complex as the generation grows, it provides a systematic
way of exploring an independent direction in the spectrum and it would be very interesting to investigate if these ideas can be exploited in our
language.
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2.2. Review of light-cone quantization

At the classical level, dynamics in string theory are dictated by the Polyakov action

1
Sp=-1— d*c V-hho,X"0sX,, (2.3)

with h,; being the worldsheet metric, and subject to the additional constraint of having a vanishing stress tensor:

T, = \/L__h 22 =0, @24

The quantization of constrained systems is a delicate issue, as one must deal with the unphysical degrees of freedom corresponding
to configurations that do not satisfy the constraints.

One possibility to do so is to quantize the system ignoring the constraints, and then imposing them at the quantum level as
conditions that states in the Hilbert space must satisfy in order to be physical. This is the approach taken in covariant quantization
mentioned in the previous subsection, in which the classical requirement (2.4) becomes the Virasoro constraints that project negative
norm states out of the spectrum.

Another approach is to solve for the constraints at the classical level to find the physical phase space from the start, and then
proceed to quantize these degrees of freedom only. This is what is achieved in light-cone quantization, which has the advantage of
allowing to deal directly with the physical Hilbert space, without the need of imposing any supplementary constraints. This comes
however with the drawback of spoiling the manifest Lorentz invariance of the theory, as the method requires the choice of a specific
reference frame.

The basic idea of light-cone quantization is to use the gauge freedom in (2.3) to choose a gauge in which the constraints T,; = 0
are easily solved®. Introducing the spacetime light-cone coordinates as

0 25
yro XX . (2.5)
V2
and the open string mode expansion
XH*(o,7) = x" +2a' 't + iV2a! 2 laz‘ cosno e, (2.6)
per L
the convenient gauge choice consists of setting the worldsheet metric h,, to be flat and fixing X* (o, 7) to be
Xt =xT+2dpte, 2.7)
which defines the light-cone gauge, trivializing the string excitations along the + direction.
To see the value of this gauge choice, note that in 6* = 7 + ¢ worldsheet coordinates, the constraints (2.4) become
0,X"9,X, =0_X"d_X, =0, (2.8)
which in light-cone coordinates implies
24 24
20, X0, X+ =Y 0, X0, X", 20_X70_X*=) 0 X9 X (2.9)
i=1 i=1
Since from the gauge choice (2.7) we have 9, X* = d_X* = a/p™, these become
24 24
0, X = —— Y o,xi0,x aX‘:;zaX"aX" (2.10)
’ 2apt G0 T 2aipt & T .
showing that X~(¢*,0™) is completely fixed by the other fields X?, X+, up to an integration constant.
In terms of the mode expansion for X~
X~ =x_+2(x'p—r+i\/2a’z la; cosno e, (2.11)
n

n#0
x~ corresponds to the integration constant, and p~ and « are fixed by the constraints to be
co 24

S Yd . p=——a. (2.12)

_ 1
" 24/2a' pt m=—c i=1 V2!

and are thus expressed in terms of oscillators made up of indices pointing along the i = 1,...,24, directions only. These transverse
directions determine the physical excitations of the string and the oscillators along them correspond to the degrees of freedom that
must be quantized in order to build the physical Hilbert space.

a

9 The Polyakov action is invariant under reparametrizations of the worldsheet ¢* — 5%(¢) and Weyl transformations hyy(o) — Qz(a)hnﬁ(o’).
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As standard, canonically quantizing the system amounts to promoting the Poisson brackets between the Fourier modes of the
classical mode expansion by commutators between the quantum oscillators. For the transverse oscillators this gives

lay. a1 = [&,,8),] = n8" 8,0, (2.13)
and for the zero-modes
(x',p)=is", [x",p*l=—i, [x*.pl1=—i, (2.14)
The Fock space is built by acting on the string vacuum with transverse oscillators'?, with generic states being of the form
aill aj,zz 0 pY,  ng, ng, e <0, i, =100, 24 (2.15)

Any such state is physical by construction, but transforms naturally only under an SO(24) subgroup of the full little group: those
rotations pointing along the transverse directions. This is the main drawback of working in light-cone quantization: as will be explained
in detail in the next section, in order to build single-particle states corresponding to irreducible representations of the full little group
S0(25) we will need to combine various states of the form (2.15).

To finish this review we provide a table of relevant commutation relations in light-cone gauge which shall be useful along the
text. The commutators are written in the form [r, c] with r being the row entry, ¢ being the column entry:

[r,el pt p P xt X~ x/ a, a,
p 0 0 0 0 i 0 0 0
_ - 1 j -
P 0 0 0 i —12—+ —1/1;/—+ —Wma{,, ~ e,
P 0 0 0 0 0 —id;; 0 0
xt 0 —i 0 0 0 0 0 0
x~ ~i ik 0 0 o0 0 0 i
xi 0 ,57 i5; 0 0 0 iV2d5,;8,, 1:—';"
) 1 ) | :
a, o Yy 0 0 —i ‘2a’5,»/- 8y nb;;0yip G ne,
_ 1 - La; Lo 1 i -
a, 0 Wnan 0 0 —1p—+ —1p—+ —Wma;m [an ,otm]

with
[a;,a;] = L(m -ma, , + ;m(mz = Dé,pp-
RV 25{’[)+ a,(er)z
Note that the modes along the - direction do not commute with the modes along the other directions nor with the center of mass
degrees of freedom. This is another price to pay for working in a non-covariant framework.

3. Building a single-particle state

In the previous section we reviewed the method of light-cone quantization and showed how it can be used to remove all the
unphysical degrees of freedom from the Hilbert space. However, even if every state created by the resulting transverse oscillators is
physical by construction, they generically do not correspond to the single-particle states that we are interested in, but rather different
states created by light-cone oscillators must be combined to build a single-particle state. In this section we present a systematic way
of obtaining single-particle states from light-cone oscillators at a given level.

Single-particle states are irreducible, unitary representations of the 26 — D Poincaré group, and are labeled by their mass and spin.
The spin labels are organized as irreps of the little group, which for the massive spectrum is SO(25)!! However, the states obtained by
exciting the vacuum with light-cone gauge transverse oscillators as in (2.15) are labeled by indices i that run from i = 1 to i = 24, and
therefore furnish representations of the group SO(24). This means that a string of light-cone oscillators on their own, such as (2.15),
does not furnish a complete single-particle state. Instead, various combinations of states created by transverse oscillators must be
grouped together to create a given single-particle state!?

10 Oscillators o with n < 0 correspond to creation operators, while those with n > 0 to annihilation operators.

11 In arbitrary dimensions, the corresponding little groups are SO(d — 2, 1) for tachyons, I.SO(d — 2) for massless particles and SO(d — 1) for massive
particles, where SO(d — 2, 1) is the homogeneous Lorentz group with one spatial dimension less, 7.50(d — 2) corresponds to the isometry group of
(d — 2)-dimensional Euclidean space, and SO(d — 1) is simply the rotation group in (d — 1) spatial dimensions. In the massless case, the group
150(d - 2) allows representations labeled by a continuous parameter, sometimes referred to as continuous spin representations. If one demands that
the action of the little group generators that correspond to this continuous parameter is trivial, the little group becomes SO(d — 2).

12 The only exceptions to this are the tachyon and the massless vector at level 1. Since for massless particles the little group is SO(24), the state
created by o’ | acting on the vacuum has the right number of degrees of freedom to furnish a single-particle on its own.
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3.1. Warm-up examples

Let us illustrate the problem with simple examples, which will then pave the way for a general method to build a single-particle
state.

The first example is of a massive spin-2 particle at level 2. It should be described by a rank 2, traceless, symmetric tensor &, that
satisfies the transversality condition £, p* = 0. Choosing the particle to be at rest in the frame that we used to define the light-cone
gauge in Eq. (2.5), transversality is satisfied by setting to zero all components involving the time direction in this frame. Denoting X
the spatial coordinate used to define X*'3, we see that the non-trivial components of the tensor are &, £, &, wherei,j =1,...,24
correspond to transverse directions.

Now let us consider the states created from light-cone oscillators at level two. In terms of their transformation properties with

respect to SO(24), they are a symmetric-traceless rank 2 tensor, a vector and a scalar, given by
A Py ;
(0",1“/,1 - a(a—l ‘“_1)>|0>» al,10), (a_;-a_y)|0). G.1)

Throughout the remainder of the paper, traces will not be subtracted explicitly from tensors; this operation is unambiguous and
understood implicitly. As anticipated, these different structures combine to furnish the degrees of freedom of a single massive spin-2
S50(25) irreducible representation, respectively &;;, £, and £,,. The three structures provide the 324 polarization degrees of freedom
of a massive spin-2 particle as 324 =299 + 24 + 1. Therefore, we see that the single-particle state is made up of a combination of
different light-cone states.

This branching rule is efficiently expressed diagrammatically, using Young tableaux. Each representation is encoded by an ar-
rangement of boxes encoding the symmetries of the representation. Each box corresponds to an index of the tensor characterizing the
representation, and each (row/column) of boxes corresponds to (symmetrization/antisymmetrization) of the corresponding indices.
We review this in detail in Appendix B. For the case at hand, the decomposition of the spin-2 particle at level 2 into light-cone states
reads

— L] L s
L L Lo

In mathematical terms, this corresponds to the restriction of a representation of the larger group SO(25) into representations of
its subgroup SO(24), with the spin-2 representation of SO(25) being decomposed into the direct sum of the spin-2, spin-1 and spin-0
S0O(24) representations. In general, the decomposition of the irreducible representations of a group G into irreducible representations
of one of its subgroups H are described by the branching rules from G to H. See Appendix B and references therein of more details.

Let us now work out the spectrum at level 3. From the light-cone oscillator point of view we have three possible structures acting
on the vacuum which can be decomposed into the following SO(24) irreducible representations:

oty — [ ] [ ] [, 02
—2%-1 » 247
24

(3.3)

oty —[ |
-3 oa (3.9)
ak -

where in the first row the product of three a_; SO(24) oscillators is decomposed into a symmetric and traceless part (oc"_1 af Nl
Trace) and a vector (a_; - a_;)a’_ |» and in the second row the different combinations are obtained by symmetrizing, antisymmetrizing
and tracing over the indices respectively.

To find out the SO(25) irreducible representations at this level we need the simple but crucial observation that the SO(24)
representations with the largest number of indices and a given symmetry pattern must trivially translate to the corresponding SO(25)
representation, as there is no larger representation of which they could be a part of. In this case, the rank 3 tensor a’ . o . ak | Decessarily
implies the existence of a rank 3 symmetric single-particle state of which this oscillator combination gives the fully transverse part.
Similarly, the antisymmetric rank 2 tensor a[_izaf ]] implies the existence of the corresponding .SO(25) representation, and we see that
the single-particle states

NS E_}a
25 (3.5)

13 In Eq. (2.5) we had # = 25, but here we keep 7 generic, as any spatial direction is equally good for our purposes.
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are part of the spectrum at level 3. However, we must still determine whether all three remaining .SO(24) structures also belong
to these two SO(25) representations, or if some of them create a new single-particle state of its own. For this it is enough to look at
the branching rules of SO(25) — SO(24) for the two particles we already found:

N e P N

D ’
24
25 24

This exhausts all the SO(24) structures, and therefore the single-particle states at level 3 are just the rank 3 fully symmetric and
the rank 2 antisymmetric tensors.

This characterizes the spectrum at level 3, but raises another question. If we want to find the combinations of oscillators that give
the polarizations of the single-particle states along non-transverse directions as we did in the level 2 example, we need to understand
which SO(24) vector is inside each SO(25) irreducible representation.

The way to proceed, which will be at the basis of our general method to obtain the spectrum at any given level, is to use the fact
that SO(24) states belonging to the same .SO(25) irreducible representation must mix exclusively among themselves under little group
transformations'“. Therefore, we can start with the SO(24) structures that can be trivially located inside an SO(25) irrep and rotate
them by acting with the combinations of Lorentz generators spanning the little group to obtain the remaining SO(24) structures.
We will refer to these special SO(24) states that map directly to single-particle states as highest spinning states or highest spinning
structures, and they will play an essential role in what follows. 1516

Using the mode expansion (2.6) we can express the Lorentz generators in terms of oscillators as

a¥ Il
JH = xHp¥ — p'xH + = z n _”, (3.6)
n#O

In this expression the relevant part is the sum over oscillators, as this is the one that will mix the different SO(24) structures, while
the contribution from the center of mass variables must vanish by definition if the transformation belongs to the little group. This
point is subtle in light-cone gauge, as the center-of-mass degrees of freedom do not commute with «; nonetheless, one can check
that the contribution from the center-of-mass terms drops.

Let us show that the center-of-mass part of the angular momentum operators does not contribute. We will focus on the example
of the light-cone state “is |0), but the computation is analogous in every case.

In the rest frame, p* = p~, which together with the mass shell condition fixes both of them to be

===l Nos 3.7)
2a!
Since p* commutes with the oscillators, the value of p* of the excited state is the same as for the tachyonic vacuum:
ﬁ+ai_3 |0) = p+ai_3 |0) = 6{ |0> = a_3p,aL |0) = p::wai_j, |0), (3.8)

where we exceptionally use the hat notation to distinguish the operators from the eigenvalues.

Naively one would expect a decoupling between the momentum and the internal degrees of freedom; this is not the case for p~,
as exciting internal degrees of freedom must turn the spacelike momentum of the tachyon into a timelike momentum. Indeed, with
essentially the same logic,

) . o,
A_a'_3|0)=11_f1'_3|0)=< Tarp +a,p >|0) (3.9)

thus

— |0y = L(l _ §)|0> = _;|0>. (3.10)

2’* Va2 2o

P10y =p~

14 This observation is also at the basis of Pesando’s approach in Pesando [37].

15 The name highest spinning structures makes reference to the fact that they are the SO(24) structures that have the same number of indices as
the SO(25) irreducible representation where they are embedded, while all the other components have fewer. It does not necessarily mean that these
are the objects with the highest number of indices at a specific level.

16 An alternative approach that we explored consisted in considering a generic state obtained by linearly combining all oscillator structures that
share the same SO(24) symmetry, and to compute its SO(25) symmetry by evaluating all 12 Casimir operators of the SO(25) group on the state.
States belonging to irreducible representations must be eigenstates of these Casimirs, and the set of eigenvalues completely determines the SO(25)
representation. The question is then turned into an eigenvalue problem. While attempting to develop this approach, we noticed that combining the
quadratic Casimir with arguments on the size of representations would often be enough to completely classify oscillator structures at each level, but
computations are nevertheless more complex than in the previous approach because the operator employed is quadratic in the Lorentz generators,
instead of being linear.
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Since the particle is at rest, the little group is simply the SO(25) corresponding to spatial rotations generated by the J” and J/,
where the J¥/ are rotations involving purely transverse directions, and J** includes the light-cone spatial direction, denoted X*. As the
light-cone states are by construction representations of SO(24) already, acting with the rotation generators J/ along the transverse
directions will not yield new information, and we must instead rotate them using the remaining little group element J*'. To express
this operator in terms of transverse oscillators, note that the light-cone coordinates are defined by

0 ¢
xt o X0xX0 (3.11)
V2
therefore
= Loy, o Lgwogny, (3.12)
V2 V2
and therefore we can express J* as
. +i_ g-i
ji=t=I (3.13)

V2

Now we write these generators in light-cone gauge, where we have effectively set to zero all the oscillators along the + direction,
as can be seen from Eq. (2.7). A subtlety is that since p~ does not commute with x/, to promote the classical expression for the rotation
generators (see Eq. (A.45) in the appendix) to a hermitian operator we must symmetrize the term x'p~ — (x'p~ + p~x')/2. This yields
x'p~+px! i

2 + Jin;
where J;,, is the part of (A.45) involving the oscillator internal degrees of freedom.
We are now ready act with J%/ on a’ ;10). In the rest frame, the action of the center-of-mass part Jg[’; 1S

JH = xtp —xip*, Jh=xp - (3.14)

i
JC:;M 2

: , X\

aj_3|0)= L(_xrp++u>a/_3|0>, (3.15)
V2

xXp+px X(N-1 . _ _— . .

T“iﬂo) = Waj’ ,10), and since p* = o’ 1/2 the contribution from J,,, vanishes as claimed.

We see that the relevant part of the generator J¢' that corresponds to the excitations of the string is proportional to the corre-

sponding part of J~. Splitting the center-of-mass and the oscillator contributions as J = J¢,s + J;,r, We have

Now

i 1 _:
T === (3.16)
V2
and therefore we can equivalently act with J -/ on the SO(24) structures to group them into SO(25) representations. Explicitly, J ! is
given by
L0 %, -l
Ji= 3 Z % (3.17)
n#0

whose commutator with a transverse oscillator is
! VR,
—— Y (L —wal,). (3.18)
V2a/ pt a0 "
as can be worked out using the commutators in table (2.2).
Armed with these commutators, we can simply act with J_/ on the states o’ o’ a* 0)!” and (¢ ,a’ | -’ ,a’ )|0) to find the
S0(24) vector belonging to each single-particle state. It turns out that it is a linear combinations of both structures that go into each
representation, namely

Wolall=—isa —i

(=20! 54 a (a1 -a_1))|0) € :

25 (3.19)

(260’ 53 + 30’ (a1 - a_1))|0) € D:I:L5' (3.20)

Note that the states are not normalized, as the relevant information is simply the relative weight of the two structures.

17 Strictly speaking we should also account for the term that makes this state traceless. However, one can just choose all the indices to be different
and use ' o’ a* to determine uniquely the composition of the single-particle states. The terms proportional to Kronecker deltas that ensure we
have traceless states can be reconstructed a posteriori if desired, but in practice this is never needed.

10
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Fig. 2. Action of the Lorentz generator J~' on fully symmetric SO(24) structures at level 4. When acting on lower-spinning components of a
single-particle state it increases the number of free indices by one, while it annihilates maximally spinning components.

Instead of acting on the highest-spinning states a’ lai laf ,10) and a[_izaill |0y with J !, we could have used a little group element

J.' pointing along a direction m # {i, j,k}. In this case we would have got a vanishing result, as otherwise the resulting SO(24)
structure would have had an extra index with respect to the highest-spinning ones, which is impossible by construction.

The previous example at level 3 is especially simple, because for each SO(25) particle the highest-spinning states can be accessed
by symmetrizing some strings of SO(24) oscillators, and non-trivial linear combinations of SO(24) oscillators are only required to
describe the remaining polarizations. More generally, even highest-spinning states could be given by linear combinations of such
symmetrized products. However, it remains true that combinations of SO(24) oscillators that yield the highest-spinning component
of an SO(25) single-particle are annihilated by little group elements that involve a new transverse m direction.

For example, at level 4 there is a rank 2, fully symmetric particle in the spectrum, while there are three rank 2 fully symmetric
SO(24) structures. As is displayed in Fig. 2, acting with J~* on the rank 2 structure sitting inside the rank 4 particle simply moves
one polarization direction from the light-cone direction to the transverse direction k, producing a rank 3 structure. In contrast, the
combination of SO(24) structures that describes the rank 2 particle at rest with polarizations j, k fully in the transverse directions is
annihilated when acted upon by J .

The diagram in Fig. 2 shows that the oscillator structures that form a given single-particle state behave in a way reminiscent of
a highest weight representation, with J~/ acting like a raising operator and the highest spinning states being the highest weights
annihilated by it. Following this analogy, at a given level we can find the highest spinning .SO(24) states that map directly to single-
particle states by looking at the kernel of Ji. Since these completely characterize the spectrum at any given level, this information
would be enough if we were only interested in knowing the single-particle content. If in addition we want to understand how the
remaining SO(24) structures accommodate themselves inside the different particles, we proceed as in the example and act on the
highest spinning states with J;/, with i coinciding with one of the indices already appearing in the state, which in this analogy plays
the role of the lowering operator!®

3.2. General method

Having seen how the SO(24) states organize into single-particle states from a few examples, we proceed to generalize the approach
to find the single-particle content at an arbitrary level N:

o The first step is to find all the possible light-cone oscillator structures that contribute at level N. Since the sum of all the Virasoro
indices of the oscillators at level N must be N, this is simply given by all the partitions of N, namely all the different combi-
nations of integers that give N when summed. For example, at level 4 we would have {4,3+1,2+2,2+1+1,1+1+1+1},
corresponding to structures with oscillator content a_y, a_3 a_j, (a_,)%, a_, (@_)?, (a_)*.

e For each structure, consider all possible non-equivalent pairings of oscillators, where two pairings are equivalent if they group
oscillators with the same Virasoro index. These pairings will correspond to SO(24) traces in the light-cone structures. For example,

the a_, (a_;)? structure at level 4 can be paired as ', a_; - a_;, in which corresponds to tracing over the —1 oscillators, as a_, -

18 Actually the result is a combination of the SO(24) structure without the i index, and a structure where the index i appears twice. As the latter
is already known, it can be disentangled from the former.

11
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a_j o’ |, where the trace is taken between a —1 and the -2 oscillators, and aiza’; Iaf ,» where no traces are taken. Note that the
second trace is counted only once, even if there are two possible —1 oscillators. The transverse indices are just dummy variables
at this stage, so either option corresponds to the same state.

e For each pairing, write all possible symmetry structures that can be built up with the remaining free transverse indices, charac-
terized by Young tableaux. Each group of oscillators with the same Virasoro index will form a fully symmetric substructure, and

therefore we can obtain all the possible Young tableaux by taking tensor products of fully symmetric, one-row Young tableaux as

CL o Lel ] Ll Je [ [ ][]

In the previous example, the trivial pairing without traces will produce the Young tableaux given by the tensor product

[ ]e[2]=[x]1]2] [1]1]

2
where the numbers inside the Young tableaux show the Virasoro index of the corresponding oscillator.'® The set of all Young
tableaux obtained this way yields all the SO(24) irreducible representations at level N

» After obtaining all possible Young tableaux with Virasoro indices placed, we must turn these blueprints to actual symmetrized
structures of oscillators with transverse Lorentz indices. The algorithm to go from a Young tableau to oscillator structures with
the corresponding symmetry consists first in placing Lorentz indices in each box of the given Young tableau. Then, the indices
in all rows are symmetrized, and the result is antisymmetrized over the indices in all columns. In the previous example, the

111
tableau corresponds to the oscillator structure a

afz, while i corresponds to
(aizail - ailaiz)afl.
¢ To find the single-particle content at the required level, we must obtain the highest spinning SO(24) structures that map to single-
particle states. This is done by writing an arbitrary linear combination of all the SO(24) structures corresponding to a given Young
tableau, and demanding that it is annihilated by the action of J~/, where i is different from all the indices of the SO(24) structures.
This yields a linear system where the coefficients of the linear combination are the unknowns, and non-trivial solutions correspond
to single-particle states furnishing SO(25) representations with the same Young tableau as the SO(24) structures. If no solutions
are found, then this specific Young tableau is not present in the spectrum, and all the SO(24) structures with this symmetry must
be embedded in a larger SO(25) representation. Performing this procedure for all the SO(24) Young tableaux determined in the
previous step, we completely characterize the single-particle content at the required level.

)

J ok i o ok i)
S ol ta_jajal, tal o

If apart from the spectrum one is interested in understanding how the different SO(24) structures that do not correspond to highest
spinning structures fill the remaining polarizations in the rest frame, one can proceed to act on the highest spinning structures with
J~!, with i repeated in the structures, to climb down the ladder and find the different components of the representation.

The procedure above can be automated; we implemented this algorithm in both Mathematica and Python to obtain the single-
particle content and its oscillator representations. The method is very efficient and allows to excavate the single-particle states from
the spectrum up to levels that were not accessible before.

As an example we present the data at level 4, and we include higher levels in Appendix C.

The single-particle content at level 4 in terms of Young tableaux together with its decomposition into .SO(24) states is the following:

I e e O N e
P N P
| — L, e

®5s r 8y
It is given by a spin 4 state, namely a fully symmetric, traceless rank 4 tensor, a rank 3 tensor with mixed symmetry, a spin 2
state and a scalar. While the highest spinning SO(24) structures that yield the spin 4 and the mixed symmetry tensor are trivially

19 Note that while the relevant group for us is SO(24), we can use the simpler tensor product rules of SU(24), as the (anti)symmetrization patterns
are the same. The difference is that in orthogonal groups we need to remove the traces from the irreducible representations, but his can be dealt
with after the oscillator structures with their given symmetry are obtained.

12
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i ok £ TR A R
a’ o o a’ and (a_za_]A al o)
and the scalar are not obvious.

It turns out that the linear combination of light-cone oscillators that gives the scalar is

k

*, respectively, as they are the only structures having this SO(24) Young tableaux, the spin 2

= (g a) + Ty - ay) = 10(a - a_3))[0), (3.21)

while the SO(24) structures associated to the spin 2 state are

L]

(ozi_lozj a1 -a 1) +T7a" 5al 5 — 4(0/_1&{3 + ozj;lozi_g))) |0},

24 - (3.22)
D24 = (4’ 4 + 40’ (a—1 - a_g) — 9o’ y(a_1 - a_1))|0), 3.9
;4 = (8((a_1 . 04_1))2 — 19(a_2 . 04_2) + 20(a_1 . a_3)) |0> , (3.24)

with Djm corresponding to the massive spin 2 state at rest and polarized along the i, directions, D24 to the state
polarized along the i, # directions, with # still corresponding to the spatial light-cone component, and o, to the state with both indices
polarized along 7.

3.3. Validity of the results in arbitrary frames

All our computations were carried in the reference frame in which the massive particles are at rest. Yet, one may wonder if the
results therefore are only valid in this specific frame. The spectrum cannot depend on the reference frame, and therefore the set of
Young tableaux characterizing the SO(25) irreducible representations at a given level that we found in the previous section is on solid
ground. However, it could be that the specific oscillator structures furnishing the states are frame-dependent, since we computed
them in the rest frame. In this section we bridge this gap and show that the same oscillator structures that define single-particle states
in the rest frame also define single-particle states in boosted reference frames.

To generalize the analysis performed in the rest frame of the massive particle to arbitrary reference frames, we must determine
single-particle states by rotating the oscillator structures using the elements of the little group of the massive particle in this frame.
Since the particle is not at rest, its little group will not be given by pure spatial rotations anymore, but it will still correspond to an

S0O(25) subgroup of the full Lorentz group. Thus, a basis for its algebra can be written as linear combinations of the Lorentz generators

J#v, and must have the required dimension N = BX 24.

We can determine the coefficients in this linear combination by requiring that the algebra elements annihilate the momentum k*
of the massive particle, and a convenient choice is the following:

. .. J o i
JY(k)y=J" — :—+J’+ + :—+J“, i,j transverse,
) (3.25)
Fry=gi- = — N gir K s
- 20! (k+)2 k+ ’

where N is the level of the state, N = o’k? + 1.

This set of generators has the right dimensionality to span the little group and maps to {J¥, J'~} in the rest frame?°. It has the
advantage that when used to classify particles, the terms containing + directions do not contribute (as all «} oscillators are required
to vanish and the zero modes encoding the center of mass degrees of freedom act trivially, as necessary to annihilate k#). Thus, these
operators act on the oscillators in exactly the same way as in the rest frame. In particular, the only little group element that has a
non-trivial action is J/~. Therefore the single-particle states are still classified by it, showing that the oscillator structures that we
identified with SO(25) representations in the rest frame also constitute single-particle states when acting on a vacuum state with
non-trivial spatial momentum.

It is important to note that the same oscillator structure, when viewed in the rest frame and in a generic frame, generally cor-
responds to different physical polarizations of a given single-particle state. In other words, identical oscillator configurations can
acquire distinct physical interpretations depending on the frame. This subtlety does not arise for maximally spinning representations
for a broad class of center-of-mass momenta-specifically, for momenta aligned along the # direction or lying in the transverse plane
orthogonal to all SO(24) indices of the oscillator structure. In these cases, one can reach the desired frame by boosting with generators
J, J o Jt=, gt J=i all of which leave the oscillator structure acting on the vacuum invariant. (For J,_ and J; this is immediate,
and for J_; the action would add an extra index-but this vanishes for maximal spin.) Hence, whenever J;,, acts trivially, the oscillator
structure remains unchanged.

20 Strictly speaking, it maps to {J*/, J’}, but since J = ”%

and J™ acts trivially on the oscillators, J" o J'=.
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4. Building a Regge trajectory

In this section we provide a method to obtain the oscillator representation of infinite families of states at arbitrary level, all of
them belonging to a suitable “Regge trajectory,” which we define below. While this approach still does not suffice to provide the full
spectrum, it allows to probe interesting infinite subsectors of the particle content at any mass. Therefore, it is a useful complement
of the method outlined in the previous section, which exhausts all single-particle states at fixed level, but becomes inefficient as the
level grows.

In Section 2 we presented our working definition of a Regge trajectory: it is specified by a seed state. The seed is generated by
acting on the vacuum with a set of oscillators carrying a given symmetry that determines the bottom of the trajectory. From the seed,
one climbs up the trajectory by adding «_, oscillators corresponding to boxes in the first row of its Young tableau. This adds a unit
of mass and a free index per level, which naturally connects with the standard notion of Regge trajectory.

Naively adding a string of a_,’s to a seed state is not enough to determine a Regge trajectory. As in the previous section, we
must ensure that we obtain single-particle states at every rung of the ladder. Technically, a single-particle state is associated to a
linear combination of SO(24) structures, and the coefficients in the linear combination determining different particles on the same
trajectory will depend on the level.

Since the number of possible oscillator combinations grows with the level, it is plausible that the number of terms in the linear
combination of a given particle grows as one climbs up its Regge trajectory, hindering the possibility of accessing the high energy
states.

We show that this is not the case: the number of terms making up a single-particle is constant along a given trajectory, and most
importantly we provide a mechanism to obtain the level dependence of the coefficients in the linear combination, allowing us to
write in a single formula all the infinitely many single-particle states in the trajectory.

Each trajectory, comprising infinitely many particles, can then be determined by a finite amount of work. The existence of infinitely
many trajectories prevents us from solving for the entire spectrum. In Section 5 we will show how infinite families of Regge trajectories,
though not spanning the whole spectrum, can similarly be uncovered all at once.

To solve for full Regge trajectories we adapt the method of the previous section. The requirement of an oscillator string being a
single-particle state can be expressed as finding the null space of the matrix representing the action of J/~ on a suitable basis. The null
vectors correspond to the coefficients in the linear combination of SO(24) structures yielding single-particle states. It turns out that
the level dependence of the entries in this matrix are very simple: they depend linearly on the level. This linearity fixes the matrix
completely by computing it at two different levels, and in this way the full Regge trajectory can be obtained without much effort.

As in the previous section, we illustrate our approach in examples, before outlining the general strategy.

4.1. Some examples of trajectories

In this section we show a couple of examples of construction of Regge trajectories. Several additional examples are shown in
Appendix D.

Fully symmetric subleading trajectory: to begin, let us revisit the method presented in Section 3 and reformulate it to obtain the
oscillator content of full Regge trajectories.

Consider the fully symmetric rank 2 single-particle state at level N = 4, whose expression in terms of .SO(24) oscillators was given
in Eq. (3.22) In particular, its highest-spinning component is

(76 s, — eyl + ol 0+l o (e a)0). (4.1)

Recall that we obtained the coefficients in (4.1) by writing the most general linear combination of SO(24) oscillators at level 4,
symmetric in 2 indices, and demanding that it was annihilated by the action of the Lorentz generator J .

We will now rederive this result in a slightly more abstract way by representing the action of the Lorentz generator J ¥ as a matrix
in a suitable basis, and we will solve for the coefficients by finding the null space of this matrix. While at this stage this might sound
as a trivial reformulation of the problem, its power will become clear soon.

Since acting with J=* on any of the terms in Eq. (4.1) will produce an oscillator structure with an extra index without changing
the level, we can think of J=* as a map between the set of oscillator structures with 2 indices at level 4 to the set of structures with
3 indices at the same level. Focusing on the structures in Eq. (4.1), the action of J =¥ is

)« it

k(i D) 2i SN
J (“83“1,1) =—=L 34" o o (4.2)
k G j k)
a”, + 120{_20(_10(_1),
and thus is a map between the sets
{aizaiz, a(_iBai)l, (a_, -a_l)ailail} - {a(_izai)lafl, a(_izailaf)l } (4.3)
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which can be represented by the matrix

29 20-14
Jk <N =4, ) = ——
Dj V2a/pt \03 12

The null space of this matrix will thus encode all the single-particle spin 2 states at level 4. It is easy to check that it is one
dimensional and spanned by (7 —4 1)7, the already known coefficients in Eq. (4.1).%!

The reason why this reformulation is useful is the crucial observation that the coefficients of the matrix representing the action
of J=* on the oscillator structures associated to the single-particle states on a given trajectory depend linearly on the level. Thus,
it suffices to compute this matrix at two different levels to determine it for the full trajectory, allowing to find its null space—and
therefore the linear combination of oscillators building single-particle states—for the whole trajectory at once.

While we postpone the proof of this fact to Sections 4.2 and 4.3, we finish this example by performing the previous analysis at
level 5, fixing the matrix as a function of the level and determining the oscillator representation of the full Regge trajectory.

The next state in the Regge trajectory having as a seed the rank 2 fully symmetric state at level 4 is a fully symmetric rank 3 state
at level 5. In this case, the action of J= provides a map between the sets

(4.49)

(i ‘) a@ j £ . i J (i ?) k a@ j ¢ k)
{a T N A N CR R A AT AN B G TN & (4.5)

which can be represented by the matrix

_ 2 [4-3/2-15
Jk<N:5’Dj:D:\/Tij+ 0 9/2 13

Admitting that these matrices depend linearly on N, we can use the values at N =4 and N = 5 to solve for the action of J~*
an arbitrary level. The solution is

(4.6)

29 2N -6 6—-3N/2 —-10— N
o AR I S / ,
< . 2a/pt 0 —-3+3N/2 8+N
N-2 4.7)
and its null space as a function of N is spanned by
6N + 18
U N2z 10N +48]. (4.8)

3N2 - 15N +18

This yields the oscillator structure associated to any state in the Regge trajectory originated by the spin 2 particle at level 4. At
level N it corresponds to a fully symmetric rank N — 2 state whose highest spinning component is given by
<(6N +18)a"la”, ... a'N 2 + (-2N? — 10N +48)a"La” ..oV
(4.9
+BN2 = 15N +18)a" a” . aN P (a_, - a_1)> 0).

We see now that reformulating the problem of finding the spectrum at a fixed level paid off: Eq. (4.9) condenses the information
of infinitely many particles in the spectrum of arbitrarily high mass, something that a priori was unthinkable in a level-by-level
approach.

An important remark about this particular example is that all types of oscillator structures appearing in the linear combination
forming the single-particle states were already present in the seed state generating the trajectory. This will generically not be the
case, and for a given seed state we might need to go higher in the trajectory before the number of oscillator structures stabilizes.
Since the number of oscillator structures determines the size of the matrix associated to J~*, we can only carry out this strategy for
the full trajectory when we reach the final number of oscillator structures.

The fact that the number of oscillator structures always reaches a value independent of the level at high enough levels in any
Regge trajectory is the other key ingredient—together with the matrix’s linear dependence in the level—to apply this technique.
Before demonstrating this claim, let us look at the simplest example where the seed state does not possess all the relevant oscillator
structures for determining its trajectory.

21 The reader might be surprised that we chose as a basis for the image of J’* structures that do not correspond to irreducible SO(24) representations.
The reason for this is that the null space of the map J~* is independent of the choice of basis, and in practice it is easier to use the set of structures
that appears directly in the image of J~*, rather than decomposing them into irreducible parts.
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Mixed symmetry subleading trajectory: the simplest example of the phenomenon mentioned above is the Regge trajectory having
the antisymmetric rank 2 state at level N =4 as a seed. At this level, the only possible oscillator structure with this symmetry is
"Es“j—]l’ and therefore the highest spinning component of the associated state is simply

a[_i3 ai]l |0). (4.10)

However, at level 5 there exist two possible oscillator structures with the Young symmetry required for the next state in the Regge

Jl k
-17-2?

Jjl

trajectory, namely , these being a[j3a , and aEza and therefore the single-particle state at level 5 will in principle
be composed of a linear combination of both structures.
In this example, these two type of structures are the only ones that will contribute to the rest of the Regge trajectory at any level.

Applying the same logic as before, we have that at generic level N the relevant structures are

k
1%

i 1ol i gl oM I m
a_jalial g, asal (el talal e ) (4.11)

17-2

N-2 N-2
which upon the action of J =% get respectively mapped to

T AN-di
La['zaj_]laflafl s uagzaj_]laflafl s (4.12)
Vo pt

V2a'pt
which shows that in this case the image of the structures forming the single-particle state under J~* is one-dimensional, and thus J %
can be represented as the row vector

N-3
— .
_ 29
IR N, ... 57(3,2(N—4)),
V2ao'pt
(4.13)
whose null space is spanned by
<2N N 8), “.14)
-3
and therefore the single-particle states in the full Regge trajectory are given by

((2N —8)@"aa’ . a2~ 3@l a2 (@ a4 a o ))|0>, N>5. (4.15)

The previous example shows that while the method introduced in this section allows to solve for the coefficients of any Regge
trajectory, care must be taken when considering the first levels of the trajectory, as the structure allowing to apply this construction
might not have emerged fully yet.??

Having presented these examples, we now demonstrate the two results that we mentioned without proof: the number of structures
contributing to the single-particle states in a given trajectory becomes constant at high enough levels; and the matrix associated to
J~* on a given trajectory depends only linearly on the level.

4.2. Finite number of structures

We want to argue that the number of oscillator structures in any .SO(24) Regge trajectory can increase at first, but eventually
saturates to a finite value. The construction of tensor structures is done in two steps: first we list the oscillator monomials with the
appropriate mass and number of free Lorentz indices, and then we symmetrize them. The outline of the argument is that, to stick to
a given Regge trajectory, the number of monomials saturates to a constant, and the number of ways of symmetrizing also saturates.

The first step has a simple proof. We look for all monomials at level N and with number of free Lorentz indices S. In a given
Regge trajectory, these are linearly related as d = N — S where d is a constant we call ‘depth’, characterizing the trajectory. Let n; be
the number of oscillators «; that appear in the monomial. Then

N =

M

0
jn, S+2%=Yn, d=N-S (4.16)
Jj=1

~.
Il

22 Note that while for this example we only needed to climb up one step in the trajectory to uncover all types of structures, for more complicated
Young tableaux the number of structures in a trajectory can take various levels to stabilize.
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where k > 0 is the number of contractions of the oscillators. Solving for n; from the second equation we get

oo o
N=S+2%k+YG=-n=YG-ln=d-2k (4.17)

j=2 j=2
Thus for each k =0, ..., [%J we get an integer partition problem with weights (j — 1). These equations admit finitely many solutions.

n; remains unconstrained, in agreement with the idea of a Regge trajectory being obtained by allowing the number of «, oscillators
to vary.

Now we select one of these monomials and symmetrize it. As we did when constructing the spectrum level-by-level, neglecting
traces we can view the product of n oscillators with the same Virasoro index as a single row Young tableau with » boxes. The full
monomial then translates to the tensor product of single row Young tableaux, each with n; boxes. For example,

e =TT T e[ TJe[T 1]

having n; =4, n, = 2, n; = 3 etc. as solutions to the system of equations in (4.16). We then have to decompose this product and find
the irreducible representations with the correct symmetry for our SO(24) trajectory. To account for traces, for each pair of dotted
oscillators, say a, - a,, we must erase one box from the p-th and ¢-th single line Young tableaux before taking the tensor product.

It is convenient to first take the tensor product of all Young tableaux corresponding to Virasoro indices j > 2, because their n; are
level-independent. This step clearly gives finitely many Young tableaux. Considering one of them, the final step is to take the tensor
product with the remaining single line Young tableau with », indices, whose length depends on the level. This step also generates
finitely many tableaux, actually a fixed number for large enough level, because boxes from the «; tableau can eventually only be
added to the top row, else they end up on the same column giving zero because of antisymmetry.

This concludes the proof, which also provides a constructive method for obtaining the desired oscillator structures. As a final
remark, let us mention that the reasons why this regularity is not manifest at low levels is that oscillators with large Virasoro index
might not be allowed, or that more «; oscillators might be needed to properly symmetrize the structure.

(4.18)

4.3. Level dependence of the matrices

We now prove that the coefficients in the matrix associated to the action J =/ on the oscillator structures in a given Regge trajectory
are either constant in the level or scale linearly with it. Throughout, we assume that the oscillator structures are normalized so that
the coefficient of each monomial is +1.

The first step is to generalize the choice of bases in which we represent the action of J~/ viewed as a linear transformation between
the sets of SO(24) oscillator structures with k Lorentz indices to the set of oscillator structures with k + 1 indices, at fixed level.

As in the examples from the previous sections, the natural choice for a basis of the domain is the set of oscillator structures carrying
the symmetry of the Young tableau defining the trajectory. For the image, however, we saw that it was more convenient to use the
sets of structures that do not correspond to SO(24) irreps.

For any tensor resulting from the application of J~ the following decomposition is always possible:

N .
ol T 4.19)
k=1

where T, are oscillator structures that depend on the original structure we transform and carry its indices. The T’s can then be
further decomposed into irreducible representations. Thus, our choice of basis for the image if J~* is the set {a_xt)}, with k generic
and t, any SO(24) trajectory sharing the symmetry of the original one, but at depth decreased by k.23

To proceed, we need to characterize the states relevant for climbing along a Regge trajectory, keeping the level as a free parameter.
They are built from a fixed product of oscillators defining the trajectory’s seed, multiplied by a variable number of «_, oscillators that
extend the first row of the Young tableau, with their number scaling proportionally to the level. This product is then to be symmetrized
and then antisymmetrized according to the Young tableau under consideration. In particular, symmetrizing the first row of the Young
tableau gives rise to a symmetric tail, a sum of terms whose number can depend on the level, multiplying the oscillators sitting in
the other rows. After antisymmetrizing, one is left with a sum of such terms, each possessing a symmetric tail. As an example, the

i o gk
product ' o’ a*

i, j, resulting in

, can be given the symmetry of the Young tableaul | by first symmetrizing j, k, and then antisymmetrizing

i ok i G k) i Uk g k)
aljal ot = aljaa” >l 0 —al el 0l (4.20)
23 This basis spans a bigger space than what we obtain by applying J~, but this is not a problem.
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where the symmetric tails “Ejz“f)]’ afzaf)] are clearly displayed, each being the sum of two terms. By increasing the level and the
number of boxes in the first row of the Young tableau, we increase the number of a_; oscillators and the length of the symmetric
tails.

We will show that the image of J~/ acting on this class of states can be decomposed in the basis introduced in Eq. (4.19), and that
the coefficients in the resulting state are either independent of the level N or scale linearly with it. Choosing the bases of oscillator
structures for the domain and image of J~/ as explained, this implies that the matrix associated to J~/ in a given Regge trajectory
depends only linearly in N.

Individual oscillators carry no information about the level of the full structure, hence the only level dependence comes from the
length of the symmetric tail corresponding to the top row of the Young tableau, specifically those boxes extending beyond the second
row that are never antisymmetrized. More precisely, level dependence arises because the symmetric tail is in general a sum of many
terms, whose number increases with the level, many of which can collapse to identical expressions when J~ is applied. As a simple
example, symmetrizing a_, with n oscillators a_; gives a sum of n + 1 terms, each of which rotates to a product of a_,. These terms
sum to give an overall coefficient proportional to 4(n+1)

J 12|0) —a aj 110,
2a’
T U k) |O>—8 zap a 10’ a |0> (4.21)
J_’a(’ a® a 1|0> =12——d lailaflal_1|0>.
2a'pt

To derive this level dependence in full generality, we write the original oscillator structure as some level-independent structure
O times the fully symmetric tail 7 (whose length will depend on the level) which we assume is obtained from the full symmetrization
of a set of oscillators containing n; oscillators a_;, for each value of the Virasoro index ;. Because Young tableaux involve antisym-
metrization, the most general case is actually a linear combination of such products Y, O,¢,, but our argument straightforwardly
generalizes to this case as the number of terms in this linear combination is determined by the number of antisymmetric indices,
which is finite and fixed by the seed state, and in particular cannot scale with N. Out of all the n;, only n, scales linearly with N,
while the rest are constant and define the type of structure appearing in the Regge trajectory.

Restricting our attention to a single ©,7,, we see that t upon symmetrization is the sum of

)N
N, = &)t (4.22)
i

different terms.

The action of J~/ can be decomposed as

J7HO - 0]0) = [T, 001t[0) + O[T, 1]|0). (4.23)
Let us start analyzing second term. Assuming o, appears in 1, recall that

el 1~ Zaikaim+k (4.24)
k

for i # j and up to numerical coefficients that will be irrelevant for our purposes. We assume as before that we can choose all Lorentz
indices to be different, so only creators are allowed in the sum. From [J~, ]|0) we can extract the tensor structure multiplying o’ . for
any fixed k > 0. We see from (4.24) that we are trading one o . for a ai
and actually described by n/, =n,, — 1, n/ _
The number of terms in this new sum is
(3, !
N, = /' (4.25)
i

i (m generic), but the overall sum is still fully symmetric,

« = "m—x + 1, while the number of the other oscillators is unchanged n;. =n;, j#mm—k.

so that the coefficient in front of the sum representing [J~/,¢]|0) is, up to a level-independent constant coming from the precise
expression for (4.24), given by the ratio %, given by (4.22) and (4.25). This ratio represents the number of terms that collapsed onto
v

the same expression, as in (4.21), and evaluates to

Ni e+l (4.26)
N, n,

The only cases in which this ratio can depend on the level are m — k = 1 or m = 1, else it will be level-independent. Actually our
argument does not quite apply to m = 1 because we see from (4.24) that the sum only contains annihilators (or terms proportional to
the transverse momentum, here zero), so no terms are actually produced. The other case m — k = 1 gives a ratio that scales with n;
and therefore with the level N, as we wanted to show.

A similar argument applies to the first term [J ™/, ©]¢|0) in (4.23). The only way this term can contribute something that scales
with the level is if it produces annihilators a.,, that collapse many terms in 7 into a single one, as J~* was doing in the second term
of (4.23). Actually, if O does not contain any dotted Lorentz indices then the annihilators will have no Lorentz indices in common
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with ¢, and therefore will commute with it giving no contribution. The only important case is if © contains a dot product a_, - a_
in which case schematically

ms

[J’i,a_,, ca_,] D ai_k(ak_n S0_,), aik(ak_m ca_,) (4.27)

where o _,, a;_,, can be annihilators and not commute with 7. Their action on ¢ is then trading an oscillator ai _
a’,,, a’,. The counting arguments provided before can then be repeated, showing once more linear scaling.

o @, for an oscillator

5. Exploring the spectrum

In this section we present additional results which allow for further exploration of the string spectrum in an efficient and systematic
way.

First we describe a method to count the single-particle states at an arbitrary level and fixed depth based solely on group-theoretical
considerations. We demonstrate the procedure with the single-particle content at depth 3. This method does not provide the oscillator
realizations of the single-particle states and therefore is not suitable for amplitude computations. Nonetheless, it provides the most
direct way of obtaining the single-particle content of the theory depth by depth. While carrying out this analysis, we observe surprising
relations that would be interesting to prove.

Next, we generalize the framework of the previous section to obtain the oscillator representation of other types of Regge trajectory.
They are parametrized not just by the length of the first row of the corresponding Young tableau, but rather by the length of arbitrarily
many rows. This method hints at a connection among families of states beyond the notion of Regge trajectories; it is very reminiscent
of the observations in Markou and Skvortsov [42], Basile and Markou [43] when solving for the Virasoro constraints in the covariant
formalism.

We have not studied these generalized Regge trajectories in full generality, as in section (4). However we observed that the con-
struction works in various examples. We show in detail the case where the lengths s, and s, of the first and second rows in the
Young tableau associated to the states are variable, obtaining a closed form formula for all the states in the generalized trajectory as
functions of s, and s,. Similarly, we study L—shaped trajectories with first column of variable length.

5.1. Listing single-particle states depth by depth

Group theory can take us a long way toward understanding the physical spectrum, at least at the level of counting particles, if we
do not require explicit expressions in terms of oscillators for the single-particle states. In this subsection we present a method based
on simple Young tableau manipulations to recursively compute the single-particle content at a given level in the first place, and then
to the single-particle content of entire SO(24) and SO(25) (physical) Regge trajectories.?*

For the version of the method at fixed level N, our strategy will be to first list all oscillator structures at that level. This step
does involve oscillators, but only to determine the SO(24) group theoretic properties of the level N states: Every other step will
never involve oscillators explicitly. We will be able to immediately identify the SO(24) structures that correspond to highest spinning
representatives of SO(25) representations, thus discovering part of the physical spectrum. We will then use branching rules SO(25) —
S0(24) to recursively understand how many SO(24) representations are particular polarizations of the known physical particles,
declaring that the remaining ones must be highest spinning representatives of new particles.?”

This strategy extends in a straightforward way to all the states at arbitrary level and fixed depth, allowing to find the single-particle
states at depth d assuming that the ones at depth d — 1 are already known. Notice that this allows us to recursively obtain all the
states in full Regge trajectories at once, as all states in a given trajectory have the same depth.

Both procedures are best illustrated through explicit examples, which we provide below. We summarize our results in Table 1,
where we list all SO(24) and SO(25) Regge trajectories with their multiplicities for various values of d.

5.1.1. The spectrum at fixed level

In this subsection we present the method to determine the single-particle content at a fixed level by working out explicitly the
spectrum of physical particles at level 5 as an example, only using group theory and without ever applying J .

The basic building block for any state at a given level is the list of all possible monomials of oscillators with the right mass, which
at level 5 can be written schematically as

(a_)’ (a_pPay, a_j(ay)? (a)as, asas, a_ja_y, as, (5.1)

where we omitted Lorentz indices in the oscillators, as they can be either free or contracted among pairs of oscillators depending on
the Young symmetry of the required state.
As before, the first step is to classify all possible SO(24) irreps that can be built from each of these monomials. To do so in a
systematic way note that each monomial is given by products of factors of the type ()", built of n copies of the same oscillator.
From a group theory perspective (a;)" is necessarily a fully symmetric SO(24) tensor, so we can decompose it into irreducible
components by removing the various possible traces among its indices, which is equivalent to specifying the number of contractions
among pairs of oscillators in («;)". In Young tableau notation this is represented by

24 For an alternative approach based on partition functions, see [54-56].
25 To recall the notion of highest spinning representative, see the beginning of Section (3).
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n n—2

r— [ [ [ TLLT] - 62

where the process goes all the way down to either a vector or a scalar depending on the parity of the initial number of oscillators
of type k. In our current example the structure (a_,)’ is of this kind, and it decomposes into the following SO(24) irreps:

i iy i3 iy i iy 2
(a_)® — ol a? 0’ ata, (a_y-a)ea?a®, (a_y-a_y)al. (5.3)

To decompose generic structures into irreducible SO(24) components we simply need to consider the tensor product of the fully
symmetric objects coming from the factors corresponding to a single oscillator. For example, to decompose the structure (a_;)>a_,
we must consider the tensor product between the decomposition of (¢_,)’ into irreducible SO(24) components and a single vector
corresponding to a_,:

o — (LT e[ o[-
- | s e ) o [Ce g

(5.4

Note that in the second line we used the fact that the tensor product of SO(N) tensors differs from the usual one for GL(N) in
that one must consider possibly index contractions.
Repeating this procedure for all products in (5.1), we obtain the list of all SO(24) irreps at level 5:

N V2 N A € 9

| |x6) e(x3) || (x2) (x3).

L L | (5.6)

As was explained in Section (3), at each level there exist SO(24) tensors which immediately imply the existence of their SO(25)
analog in the spectrum, being these the simplest examples of highest spinning structures. In the current example, the SO(24) tensors

‘ | | | | ‘ and determine the presence of identical SO(25) representations in the physical spectrum.
To determine which of the remaining S O(24) structures furnish new single-particle states we must subtract the ones that correspond
to components of these SO(25) irreps from the list (5.5). The branching rules from SO(25) to SO(24) for these representations are

=P e P

(5.7)

[ ]— HpEEEEENEE E_} it

and therefore we can account for the presence of many SO(24) representations in (5.5).
The remaining SO(24) irreps

I I I € N GO C) [ o,

L | (5.9)
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[

Analogously to the ’ | | | | ‘ andL__| irreps, we can deduce the presence of the SO(25) representations

|
LT

Indeed, once the SO(24) structures associated with components of the former representations are
removed, no higher-rank objects remain to which the latter could belong as subcomponents.
We can now iterate the procedure, removing from the list of SO(24) irreps the ones corresponding to the branching of

|

l_I_IJ and | from SO(25) to SO(24). As before, the highest spinning objects that remain necessarily correspond
to their analogous SO(25) irreps, whose SO(24) components can then be subtracted. Repeating this process systematically exhausts
the list, yielding the single-particle content at level 5:

HEEEEEEEIEEE \HD-

To summarize, the procedure to obtain the spectrum at a given level consists of the following steps:

1. List all possible SO(24) oscillator structures with the right mass, without any symmetry.

2. Obtain all SO(24) irreps by considering the tensor product of the fully symmetric SO(24) irreps corresponding to each kind of
oscillator.

3. From the list of SO(24) irreps not yet identified with a given particle, identify the highest spinning ones that can be lifted directly
to their SO(25) analog. Add these states to the list of single-particle states, and use their SO(25) - S0O(24) branching rules to
remove all their components from the list.

4. Iterate the last step until there are no more unclassified SO(24) irreps. Once the process is finished, the obtained single-particle
states yield the full spectrum at this given level.

5.1.2. Working out the spectrum at fixed depth

We now show how the method from the previous subsection can be generalized to go beyond working at fixed levels, and use it
to obtain the single-particle spectrum at fixed depth d, namely all the particles at arbitrary level N satisfying N — s, = d. To better
illustrate the procedure, we obtain as an example the contribution of depth d = 3 single-particle states to the spectrum.

In Section (4.2) we showed that the possible oscillator structures at fixed depth can be found by solving (4.17) for arbitrary N. In
the case of depth d = 3, the resulting structures are

it i IN-3 iv i\ i3 IN-3 v iy 03 g IN-3
(a74>a71 a7 (a73a72>a71 ceals (‘1,2‘1,2",2)“,1 cealT
i IN-3 i iy iIN-3
(a_2 ~a_1)a71 S ((a_l ~a_1)a72>a71 N S

where we used parentheses to separate the seed structures from the additional a_, oscillators with free Lorentz indices that must
dress them so that they have the required mass to belong to the level N. Note also that the first level for which all possible structures
at depth 3 are present is N = 6.

Using the techniques from the previous subsection we can decompose these products into irreducible SO(24) tensor structures.
The resulting tableaux with their total multiplicity are:

(5.11)

N-3 N—4 N—5
@W: [ [ -] Jxs. B [ s, (©): [ <2,
o (5.12)
N-6 N-5
(D) : ], (B | ] <,
: (5.13)
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where the overbrace indicates the number of boxes in the top row as a function of the level N. In particular, each SO(24) structure
produces the following SO(24) irreps:

(aL)aZ ...ai_’\{'3 — {A, B},

i i\ i3 iN-3
(a_3a_2)a_1 ealyT — {A,Bx2,C,E},
iy iy 03 ig iN-3
(a_za_za_2>a_1 ..a\7 — {A,B,C, D}, (5.14)
(a_y- a_l)ai_'] N (A,
((a_] -a_l)a1_12>a'_21 a'_"i’3 — {A, B}.

As before we determine the spectrum iteratively, obtaining the spectrum at depth d from the spectrum at depth d — 1. For the
example at hand, we require the spectrum of depth 2 states at level N. While we could have worked it out as the chosen example for
the method, starting all the way from the depth 0 states consisting of the leading Regge trajectory, we choose to give it as an input
and determine the spectrum at depth 3 instead, as the examples for physical SO(25) irreps at d = 0, 1,2 are somewhat trivial.

The spectrum of physical single-particle states at depth d = 2 is given by

N-2

(a);DjN...D ®) : [ ]

@: [ ][ ]w@: B ECE [ ]

L | (5.15)

Starting from the knowledge of the d — 2 single-particle states, we proceed with the same logic as in the fixed level case from the
previous subsection. For example, the first four SO(25) tableaux (a, b, c,d) in (5.12) all give the (A) tableau in (5.12), leaving only
one of the (A) tableaux as a new SO(25) representation. Similarly, (b, d, e) all branch into (B), leaving only two physical (B). Applying
the same logic repeatedly, we discover all d = 3 single-particle states, with their given multiplicity. This procedure can be iterated to
increase the depth and uncover deeper single-particle states in the spectrum. In Table 1 we provide the full spectrum at arbitrary N
for depths d =0, ... , 4.

Notice that, when determining if a given SO(24) trajectory is physical, we only need to check the part of the physical spectrum
where tableaux have more boxes, with equal level. These, by definition, are particles at lower depth, meaning we only need to know
the physical spectrum up to depth d — 1 in order to determine it at depth d. This is one of the reasons why exploring the spectrum at
a fixed depth is useful: It provides a systematic way of accessing states deeper in the spectrum.

5.2. Relating different trajectories

Looking at Table 1, where we list SO(24) and physical SO(25) trajectories for small values of depth, we notice some patterns. The
most obvious one is that if a SO(24) Young tableau appears for the first time at some depth, it does so with multiplicity one, and since
it has never appeared at lower depth that structure also corresponds to a physical particle. This corresponds to the fact that given a
Young tableau we can construct an oscillator structure by replacing each box at row k with an oscillator «y, all free Lorentz indices,
and then antisymmetrizing the columns as prescribed by the Young tableau. This oscillator structure obviously respects the symmetry
of the given Young tableau, but it also realizes the symmetry at the lowest possible level allowed in the string spectrum, implying that
the trajectory cannot appear at lower depth. These states are sometimes called ‘Weinberg states’, because Weinberg investigated them
in Weinberg [53]. In our language, these trajectories belong to generation G = 0, and are the simplest possible states to construct in
our formalism.?® The generation of a particle is in general defined as G = N — ¥ js;, where N is the level of the particle and s; is

J
the length of the j—th row of the Young tableau. Intuitively, G measures the number of times the same Young tableau has already
appeared in the spectrum at lower levels, because G scales linearly with N once we fix all the {s;} and is zero for Weinberg states.

5.2.1. Adding boxes to the second row

One more easily noticeable pattern is that we can observe families of states at different depth that have the same number of
S0(24) structures and correspond to a single SO(25) trajectory. For example, the L—shaped representation at depth d =2 and the
representations at depth d = 2 + k obtained from the one at depth d = 2 by removing 2k boxes from the top row of the Young tableau,

26 These states are referred to as principally embedded states in Markou and Skvortsov [42], and are also the simplest ones to deal with in their
construction.
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Table 1
For each depth d up to 4, we list all SO(24) and SO(25) trajectories indicating how many copies of each trajectory appear in brackets.
d Multiplicity of trajectories (SO(24), SO(25))
N
——
0 [ [ Joy
N-1 N-1
—
1 | [ o), | @y
N-2 N-3 N-4
— — ——
2 HEEEE! | e, |
N-3 N—4 N-5 N—6 N-5

w
—
ot
=
S~—
—
N
—_
S~—
—
[N}
[
—
—
—
—_
N
—
—
—_
~—

N—4 N-5 N—6 N-7
—— — — —
1 HEEEE! | ] (0, 3), | ], 3), | (2, 1),
JE N—6 N-7
— —
(1, 1), |2, 1), (1, 1)

and adding instead k boxes to the second row (at fixed level N) all share the same .SO(24) multiplicities and correspond to a single

S0(25) trajectory, albeit different ones. We will now make some statements about this family of Regge trajectories.
N+1-2d

Trajectories are labelled by representations with Young tableaux d—1 . The depth parametrizes which trajec-
tory of the family we are discussing, but crucially all of them sit at generation G = N — (s; + 2s,) = 1. This possibility of trading two
boxes in the top row for one in the second is simple to understand at generation G = 0 in the string spectrum, where we can easily
see the relation as coming from trading two a_, oscillators for one a_,, an operation that takes Weinberg states to Weinberg states at
higher depth. However, at non-zero generation the explicit relation among the oscillators realizing these trajectories might be more
involved than this simple replacement.

Even more strikingly, similar relations hold for more complicated trajectories. In order to test this idea of trading two boxes in the

top row of the representation for a single box in the second row, we restrict our attention to representations consisting of only two
N+G—-2d

7d2G7

rows, which can be generically parametrized as d—G ,d > G, where d is the depth and G the generation.
Looking at Table 2 for the SO(24) trajectories and at Table 3 for the physical SO(25) trajectories, we see that for all generations G
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Table 2
Number of SO(24) trajectories at depth ¢ and generation G whose Young tableaux have only two lines. These

[

tableaux are all of the form with N + G — 2d boxes in the first row and d — G boxes in
the second row in general.

No 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

0 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 o 1 2 2 2 2 2 2 2 2 2 2 2 2 2 2
2 0 0 3 5 6 6 6 6 6 6 6 6 6 6 6 6
3 0 0 0 5 10 12 13 13 13 13 13 13 13 13 13 13
4 0 0 0 0 11 21 27 29 30 30 30 30 30 30 30 30
5 0 0 0O O 0 18 39 51 57 59 60 60 60 60 60 60
6 0 0 0 0 0 0 35 74 101 114 120 122 123 123 123 123
7 0 0 0 0 0 0 0 57 131 182 211 224 230 232 233 233
Table 3

Number of SO(25) physical trajectories at depth d and generation G whose Young tableaux have

[ |

only two lines. These tableaux are all of the form with N + G — 2d boxes in
the first row and d — G boxes in the second row in general.

10 11 12 13 14 15

Q
S
(=]
—
N
w
EN
v
(=)}
~N
@
O

0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1
2 0 0 1 2 3 3 3 3 3 3 3 3 3 3 3 3
3 0 0 0 1 3 4 5 5 5 5 5 5 5 5 5 5
4 0 0 0 0 3 6 9 10 11 11 11 11 11 11 11 11
5 0 0 0 0 0 3 9 13 16 17 18 18 18 18 18 18
6 0 0 0 0 0 0 7 16 25 30 33 34 35 35 35 35
7 0 0 0 0 0 0 0 8 24 37 47 52 55 56 57 57

these families of trajectories have a multiplicity that, although initially increasing with depth, quickly saturates to some finite value
for large enough depth. Once more, hidden structure is revealed when we look at states deep in the string spectrum. The fact that
the number of SO(24) structures saturates to a constant for large depth is reminiscent of what we observed while climbing a given
Regge trajectory at large level. There, we were able to exploit this feature to compare the matrices determining the highest spinning
representatives at different levels, and we observed and proved a linear scaling for the coefficients. In the next subsection, we will
again exploit the finite and constant number of structures, this time at high depth, to compare matrices determining entire Regge
trajectories. Once more, we will observe a linear scaling of the coefficients of the matrices, this time in depth, will will allow us to
extract the maximally spinning states for generic depth.

5.2.2. Oscillator content

The strategy to look for the highest spinning SO(24) oscillator structures at fixed level was to write down a matrix representing
J~' on the relevant structures, as we did in (4.7), and look for its null space. This strategy was extended to entire Regge trajectories
in (4.13) where the matrix was made level-dependent, leveraging that the number of structures is constant (at high level) and the
level-dependence is very simple.

In this subsection, we will further extend the strategy to two infinite families of Regge trajectories, leveraging the constant number
of structures that was shown in the previous sections using group-theoretic means.

The first example we look at is the family of trajectories discussed at the beginning of Section (5.2.1), specifically the generation
1 trajectories parametrized by their depth d

N+1-2d

d—1 (5.16)
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These trajectories contain two types of oscillator structures for each N and d, given by

@ i gl gl — antisym.)a 2" . a'N,
3% %2 % -1 -1 -1 (5.17)
@iy iy ig-1) g -2 _ : (i2g-1 iN-4) :
(e ya”, ...a’y a’ ...a’] antisym.)a 5 ...a\7Y,
where antisym. means that one should antisymmetrize i, < iy, iy < igyq,....iq_1 < irg_p. We compute the matrix, which turns out

to be 2 x 1, representing J~' precisely as we did in (4.13) for d =2 to 5, and we notice a linear dependence on d which can be
summarized as

Ina=(6-6d, —8+12d —4N) (5.18)

—4+6d —-2N
—-34+3d
order to get a single-particle state, for generic level and depth, aside from very small values of either.

The null space is then < > These coefficients describe how to linearly combine the two oscillator structures in (5.17) in

Similarly, we also explore the second generation of the same Young tableaux, meaning

N+2-2d
—_—
d—2 (5.19)
In this case we find a 6 x 3 matrix
8 —18 + 6d —4 20— 12d +4N 0 -8
In.a=|8—4d 0 —6+6d -3N -6+ 3d 0 —24+4d -2N (5.20)
0 0 -6 12 —6d —12+12d —4N 4

The null space is then spanned by three vectors. They are

2d—N-7 (2d—N-2)(3d—N-3) 3
=2 2(d—2) —-=(2d - N -3)
4=2d+3N+13) | | _ 24d-3N-2)3d-N-3) 5Q2d—N-3)
9(d2—25d+6) 9(d2-5d+6) 3(d-3)
2
3 | 3Gd-N=-3 | 2-d (5.21)
0 0 1
0 1 0
1 0 0

The number of physical particles in these two examples turned out to be 1 and 3 respectively, in agreement with the group theoretic
prediction seen for G = 1, 2 in (3).

5.3. Some further explorations

In this section we further explore the string spectrum, focusing on counting the number of structures generalizing what we did in
Section (5.2.1) to tableaux with more than two rows.

5.3.1. Exploring Young tableaux with three rows

We increase the number of rows of the Young tableaux to three, letting s; be the length of the third row. Fixing s;, we can
parametrize the number of particles and SO(24) tensors again using the generation and the depth. In particular, we will look at
Young tableaux of the form

N+G—2d+s3

—_
d—G—2s3 (5.22)

Our first motivation is to test if the idea, suggested in Section (5.2.1), of trading boxes in the top row for boxes in the lower rows
of a Young tableau can be applied in this case. In this case, we would expect to be able to exchange three boxes in the top row for
one box in the third row, since this transformation would preserve the generation and clearly works for Weinberg states. Our second
motivation is that we already established in Section (5.2.1) that the most interesting features of the string spectrum are revealed for

25



B. Bucciotti, F. Figueroa and G.L. Pimentel Nuclear Physics, Section B 1025 (2026) 117397

Table 4
Number of SO(24) trajectories at depth d and generation G whose Young tableaux have three lines, and the third has strictly one

[

box. These tableaux are all of the form L | with N + G — 2d + 1 boxes in the first row and d — G — 2 boxes in
the second row in general.

No 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 0 0 0 0 2 3 3 3 3 3 3 3 3 3 3 3 3 3 3
2 0 0 0 0 0 6 8 9 9 9 9 9 9 9 9 9 9 9 9
3 0 0 0 0 0 0 12 19 21 22 22 22 22 22 22 22 22 22 22
4 0 0 0 0 0 0 0 27 42 49 51 52 52 52 52 52 52 52 52
5 0 0 0 0 0 0 0 0 51 86 102 109 111 112 112 112 112 112 112
6 0 0 0 0 0 0 0 0 0 101 171 209 225 232 234 235 235 235 235
7 0 0 0 0 0 0 0 0 0 0 182 325 403 442 458 465 467 468 468
Table 5

Each entry lists, separated by a comma, the number of
S0(24) and SO(25) trajectories whose Young tableau
has three rows, with the third row of length s;. We
present results for each generation G but only in the
large depth limit. These tableaux have row lengths s, =
N+ G —2d +s;, s, =d — G —2s;. The values for 5; =0
coincide with the large depth limit reported in Tables 2
and 3, while the SO(24) large-depth results for s; = 1
can also be found in Table 4.

53

G 0 1 2 3
1,1 1,1 1,1 1,1

2,1 3,2 3,2 3,2

6,3 9,5 10,6 10,6

13,5 22,10 25,12 26,13

30,11 52,21 62,27 65,29

60,18 112,39 137,51 147,57
123,35 235,74 297,101 323,114
233,57 468,131 605,182 670,211

NO s WNH=O

large depth, where the number of SO(24) structures and the number of particles both saturated to constant values for s; = 0, as seen
from Tables 2 and 3. We want to confirm that this is still the case even for s; > 0.

The number of SO(24) structures when s; = 1 is reported in Table 4, as a function of the generation and depth. This table mirrors
Table 2, which instead focused on s; = 0. In all examples, for every generation there is a value of depth above which these numbers
remain constant. Our first observation when comparing Tables 2 and 4 is that our naive idea of trading three boxes in the top row for
a single box in the third row fails already at G = 1 for s; = 0 — s3 = 1. The reason is that the number of SO(24) structures increases
from 2 to 3, even for large depth, so they cannot be matched.

Regarding our second question, we do see saturation in the number of SO(24) structures at large depth even for s; = 1. We
checked that this remains true in all examples with s; > 1 as well, for both SO(24) structures and for the number of particles. We will
not report the whole table (generationxdepth) for more complicated representations with s; > 1, but we will rather limit ourselves
to summarizing the asymptotic large-depth limits in Table 5, where we counted the number of SO(24) structures and particles for
tableaux of the form (5.22), letting G and s; vary. In our next section, we will reveal very non-trivial properties one can notice in
Table 5.

5.3.2. Regularities for large s

The first observation we can draw from Table 5 is that, while at G = 1 the number of SO(24) and SO(25) structures increases when
going from s; = 0 to s; = 1, constant values are reached for s; > 1. This appears to remain true even at generation G = 2, although
we could not explore s; large enough to perform the same check at higher generations.

Another less apparent feature can also be noticed in Table 5. For both SO(24) and SO(25) multiplicities M go4)(G, s3) and
M 50025)(G, 53) as functions of G and s; in the large depth limit, the following relation holds

M(G,s3) = M(G,s; — 1)+ M(G — s3,53) (5.23)
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Precisely the same as Table 5, but values extrapolated using (5.23). Each entry lists the number of SO(24) and SO(25)
trajectories, separated by a comma, whose Young tableau has three rows in the large depth limit.

53

G 0 1 2 3 4 5 6 7 8

0 1,1 1,1 1,1 1,1 1,1 1,1 1,1 1,1 1,1

1 2,1 3,2 3,2 3,2 3,2 3,2 3, 3,2 3,2

2 6,3 9,5 10, 6 10,6 10,6 10, 6 10, 6 10, 6 10,6
3 13,5 22,10 25,12 26,13 26,13 26,13 26,13 26,13 26,13
4 30,11 52,21 62, 27 65, 29 66, 30 66, 30 66, 30 66, 30 66, 30
5 60, 18 112, 39 137, 51 147, 57 150, 59 151, 60 151, 60 151, 60 151, 60
6 123, 35 235,74 297,101 323,114 333,120 336, 122 337,123 337,123 337,123
7 233,57 468, 131 605, 182 670, 211 696, 224 706, 230 709, 232 710, 233 710, 233

where it is convenient to define M = 0 when either argument is negative. This relation, while empirically found, can be postulated to
reconstruct the whole Table 5 only from the first column s; = 0. Actually, if the first column is known only up to a given generation
G, then the whole table can be recovered up to that generation. To show this, it is important to observe that the first row G =0
is known to be identically (1, 1), because Weinberg states are unique. The result of the extrapolation is in Table 6. The new table
makes it apparent that saturation is indeed achieved for large s;, and it can be readily shown from (5.23) that this should happen for
s3 = G because the M (G - s3, s3) term becomes zero. This is significant because it means that there could be a closed formula for the
coefficients of all particles described by Young tableaux with three rows at given generation, at least for s; large enough. We leave
this important check for future work. In a very surprising twist, the number of SO(25) particles in the large s; limit precisely matches
the number of SO(24) structures at s; = 0, for every generation.

5.3.3. Adding boxes to the first column

Motivated by the study of Weinberg states, we first conjectured that two boxes in the top row of a Young tableau could be traded
for a single box in the second row. We checked that the number of structures would match in Tables 2 and 2, and in Section (5.2.2)
we substantiated our claim by showing that a single closed formula could describe the coefficients of the SO(24) structures for any
length of the second row. In the previous section, we extended the counting of structures and particles to Young tableaux with three
rows, showing that three boxes in the top row could be traded for a single box in the third row, at least for Young tableaux whose third
row has enough boxes. In this section we want to test this idea further, by trading & boxes in the first row for a box in the k—th row.
We will do this by recursively adding boxes to the first column of a given tableau. These transformations preserve the generation, as
for all previous examples, but they increase the depth by k — 1. We could start checking the leading Regge trajectory, but this would
be trivially true, as all these checks are at generation G = 0. We thus start from the generation G = 1 clone of the Regge trajectory.
Adding boxes to the first column we obtain representations with » many rows shaped as follows

N—r(r+1)/2

|||,d:7"2_27"+2,c

I
=

T TOWS,

(5.24)

Running our counting algorithms, we see that the number of (SO(24), SO(25)) trajectories begins as (1, 0) for the fully symmetric
r = 1 representation, and equals (2, 1) for all r > 2. In this case, the two structures are given by

[y iy i3 il el IN-d
(“7(r+1)“7(r71)a7(r72) RS )“71 R T
liy i> i3 i1 rl
(a—r“,(r,l)a,(,,z) sl >a72
This shows that saturation is reached even in this very peculiar way of slicing the spectrum, and that we can attempt to find a closed
formula for all the states in the family defined by (5.24) for r > 2, as for r = 1 the number of structures in the family is not yet
stabilized. The reader should notice that there is no large depth limit here, the depth is finite and a function of r.
When writing the matrices describing the action of the Lorentz generator on the two aforementioned .SO(24) structures, we notice
that this family of matrices can be expressed in closed form as

J=(-2r-2, —4s +4).

. (5.25)
ai’\;’d).

(5.26)

so that the scaling is found to be linear in r for the first structure, but actually quadratic in r for the second (because s; = N — r(r +
1)/2). However this quadratic dependence in r can actually be rephrased as a linear dependence in s;, hinting at the fact that in more
general settings we might expect linear scalings in the length of each row s; of the Young tableau. The null space of this matrix is

2 —2s;
I+r

(5.27)
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When r = 2 the L-shaped structures under consideration overlap with the structures with two rows scrutinized in Section (5.2.1). In
particular, at generation 1 the d = 2 tableau there is the r = 2 tableau here. Indeed, the matrix (5.18) can be shown to coincide with
the matrix (5.26) in this case, providing a good consistency check.

6. Outlook

Building the whole spectrum of the open string is in principle understood, but in practice still an outstanding problem. We made
some progress in constructing it explicitly. Many outstanding questions remain, as well as future work that will utilize these explicit
constructions. We list some interesting directions for future work below:

¢ Other string theories: One obvious direction is to study the spectrum of other string theories, close, with and without supersym-
metry. In particular, the simplest example would be closed bosonic string theory, which contains gravitons at tree level and could
be used to study possible relations between black holes and string microstates. It would also be interesting to understand how the
spectrum gets reorganized if the target space has four large directions, with the others being compactified.

¢ The spectrum level by level: The method we propose can be implemented numerically in a simple and efficient way, allowing us
to obtain oscillator representations of single-particle states to, as far as we know, higher-than-ever levels. These can be used to study
different properties of the spectrum (couplings, symmetries, degeneracies, etc). If we forget about the oscillator representations
and we only care about the particle content, we can go even further on a level-by-level basis using simple counting arguments,
and we are able to obtain the full spectrum of single-particle states generation by generation.

e Towards the full spectrum: Building the full spectrum is a herculean task: the number of states grows exponentially with the
level, and simply working out all states level by level is an impossible task. Moreover there exist degeneracies among states (many
states with the same mass and spin quantum numbers) that should be understood, as they also obscure the choice of a “good basis”
for the spectrum, as any linear combination of these states would also be a good single-particle state. While we do not manage to
solve the problem fully, we are able to go beyond the level-by-level paradigm by exploiting the observation that we can relate the
action of Lorentz transformations on states belonging to infinite families that generalize the notion of Regge trajectories, allowing
to obtain the oscillator representations for the single-particle states of a given family all at once. This permits to slice the spectrum
depth by depth—or generation by generation—and while we still need infinitely many steps to count the full spectrum, at each
step we have access to an infinite number of states. We show that this can be done rigorously for families of states differing by
adding boxes on the first row -i.e. adding one unit of spin per mass, as in a typical Regge trajectory- but observe that we can
generalize this to more complicated examples in which we add boxes to various rows/columns simultaneously. We conjecture
that all states at fixed generation can be expressed in closed form using the techniques we developed, with the exception of those
states lying at the bottom of generalized Regge trajectories for which the number of oscillator structures has not stabilized, and
therefore do not fit the general formula for their corresponding family.

e Amplitudes: Our main goal in building the spectrum is to determine the basic building block of perturbation theory: the three-
point amplitudes. As these amplitudes have a kinematic structure that is quite rigid, a computation of amplitudes essentially fixes
the sizes of each such structure. With such amplitudes in hand we hope to uncover much of the dynamical structure of string
theory, its relation to black holes at weak coupling, and potentially further applications. The use of the machinery developed here
to the exploration of the interaction among three single-particle states will be the focus of an upcoming paper.

¢ Further questions about the spectrum: Our results confirm the expectation that degeneracies in the string spectrum are generic.
It would be interesting to find a way of understanding the multiplicities of particles with given mass and Young symmetry without
explicitly going through the counting. Even more interesting would be to understand what distinguishes these particles. It is
natural to imagine that that the degeneracies might be resolved by computing loop corrections, or that degenerate particles could
be distinguished by their couplings or their charge under some yet-unknown symmetry of the theory, which resonates with our
findings revealing non-trivial relations among infinite families of states, as well as the mysterious relation between single-particle
states and SO(24) irreps at higher generation described in the last section. While these questions are intriguing, we leave their
further investigation to future work.

String theory has advanced tremendously in the past decades. We believe that its intricate spectrum of excitations and interactions
still hides much valuable information, which should explain its remarkable properties at low and high energies.
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Appendix A. String theory and light-cone quantization

In this appendix we provide a review on string theory basics and light-cone gauge quantization, to make the treatment self-
contained. This is standard material, and the interested reader is referred to any introductory book on the topic, such as Polchinski [44],
Green et al. [45], Blumenhagen et al. [46].

A.1. The classical string

String Theory describes the quantum dynamics of fundamental one-dimensional objects, i.e. strings, rather than the zero-
dimensional particles from Quantum Field Theory. When a classical particle propagates through spacetime, we can describe its
dynamics by considering an action that extremizes the proper time along the worldline swept by the particle. Analogously, a string
propagating through spacetime will swipe a two-dimensional worldsheet, and its dynamics are dictated by an action that extremizes
the area swept by it. The action that performs this task is called the Nambu-Goto action. Denoting the string’s spacetime coordinates
as X#, u=0,...,d — 1, and parametrizing the worldsheet with variables r and o, it reads

Sng = — /drdo v —=det(y,), 4D

where

oXH 90XV

740 = 0 908 " 2

is the induced metric on the worldsheet, 6* = (r,0), « =0, 1, and T is the string tension related to o’ by T = ﬁ

While the Nambu-Goto action already allows to describe the dynamics of the string moving in d dimensional spacetime as a
2-dimensional field theory living on the worldsheet, with string coordinates X#(c, 7) seen as scalar fields, its non-linear nature makes
it hard to work with at the quantum level. The standard trick is to introduce an auxiliary dynamical metric h,; on the worldsheet to
obtain an action that eliminates the square-root and has the same equations of motion as the Nambu-Goto action. This is the Polyakov
action, given by

1

4ra’

Sp= d*c V=hh9,X"3,X"n,,, (A.3)
with h = deth,;, and simply solving the equations of motion for 4,; and plugging the solution back into the Polyakov action yields
the Nambu-Goto action. What is more, this action enjoys Weyl invariance which can be used to fix the worldsheet metric to be flat,
in which case the Polyakov action becomes simply a 2-dimensional free theory of d scalar fields.

However, this simplification does not comes for free, as now we need to impose that the equations of motion for the auxiliary
metric are satisfied. Since there is no kinetic term for the worldsheet metric, its equation of motion simply reads

1 55 _
\/—p 6hP
Thus, we see that the equations of motion for 4, imply that the worldsheet theory is constrained to have a vanishing stress tensor.

The best way to appreciate the consequences of the vanishing of the stress tensor is to look at the mode expansions for the X*.
Recall that the most general solution to the free wave equation 0%9, X# = 0 is given by a superposition of left and right-moving waves:

0 <= T, =0. (A.4)

XH*(o,71) = Xl‘j(o’") + Xﬁ(o‘), with c* =7 + 0, (A.5)

as in these coordinates the free wave equation becomes 9_d, X* = 0.
The most general solution can be expanded in Fourier modes. In this work we focus on open strings, which require the choice of
boundary conditions to specify a solution. We will use Neumann boundary conditions,

0,X!=0 ato=0,x, (A.6)
which correspond to a string moving freely through spacetime. The open string mode expansion reads

1 C|a 1y —inet
Xt = Ex”+a'p“a++twizza:fe o™ (A7)

n#0
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_ 1 _ o 1 —ino—
" _ ’ .
XploT) = Ex”+ap“a +i ) E ;a:l‘e me (A.8)

n#0

where x# and p# correspond to the position and momentum of the string’s center of mass.
From the mode expansion we see that Neumann boundary conditions relate the left and right-moving modes of the open string by

o =@, (A.9)

and therefore the open string depends on a single set of oscillators. Moreover, the reality of X# requires that the positive and negative
frequency modes are related by

all = (ak)", @ =(a")". (A.10)
Combining the left and right-moving waves in the case of the open string gives
XH*(o,7) = x" +2a' pHr + iV2a! 2 la;‘ cosno e ", (A.11)
n
n#0

Using the 6% = 7 + ¢ worldsheet coordinates, the constraints from requiring a vanishing stress tensor become

(0,.X)* = (0_X)* =0, (A.12)
which can be expressed in terms of the oscillators ! as
[oe 1 oo
@ XY =d n;w L, L,=3 m;o @ * Ui (A13)

where we have defined the Virasoro generators L, corresponding to the Fourier modes of the 7__ component of the stress tensor, and

we identified the zero mode a(’)’ with the center of mass momentum as a(‘; = v/2a/pH.

The analogous formula for the T, , component gives the corresponding relation for the left-moving modes:

(S (S
@X?=d Y Lo, L= % Y G e (A.14)
n=—o0 m=oo

and & = v/2a’p* for the open string.*”
The vanishing stress tensor constraint expressed in terms of its Fourier modes says that any classical solution of the string must
obey the infinitely many constraints

L,=L,=0, Vnez (A.15)

Expressed this way these are called the Virasoro constraints, and are the ones that we will enforce upon quantization.
A.2. The quantum string

To quantize the string we will use the method of canonical quantization, in which we promote the Fourier modes of the string
to creation and annihilation operators. There exist basically two approaches to canonically quantize a constrained theory as the one
we are facing: either one quantizes the systen first, and then imposes the constraints as operator equations to define the physical
states of the system, or one solves the constraints at the classical level to determine the space of physical solutions and then quantizes
these. An example of the second approach is the method of light-cone quantization that we use in this work. However, for illustrative
purposes let us describe briefly what happens when using the first approach, usually called covariant quantization.

As standard, to canonically quantize a theory of d free scalar fields X# we promote them and their conjugate momenta z* =
daL/oX , to field operators satisfying canonical equal-time commutation relations. Translating these into commutation relations for
the Fourier modes using the mode expansion we obtain

[x*,p,1=idl, [ak,ay]=1[al, & ]1=nn""5,,,,, (A.16)

with all other commutators being zero.

For Eq. (A.16) we see that the Fourier modes « and @ are nothing but harmonic oscillators up to a rescaling, and therefore the
scalar fields give rise to infinite towers of creation and annihilation operators, with «,,., corresponding to creation operators and a,,
to annihilation operators. Naturally, the left-moving modes satisfy identical properties.

Armed with these relations we can easily build the Fock space of the theory by acting on the vacuum with creation operators.
From now on we will focus for simplicity on the case of the open string, so we will only deal with the o/ oscillators.

The vacuum state of the theory corresponds to a string without excited modes and center of mass momentum p*, and is defined
to obey

al|0;p)=0 forn>0, p*|0;p)=p"|0;p), (A17)

27 Note that since left and right-moving oscillators are identified in the case of the open string, we have that L, = L,. This is would not be the case
for the closed string.
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and a generic state corresponding to an excited state of the string is obtained by the action of oscillators with n < 0 on the vacuum as
aplay? ... 10;p),  ny, np, e <O (A.18)

We immediately see that there is a problem with our Fock space. The fact that the commutation relations for the oscillators shown
in Eq. (A.16) depend on the metric gives rise to negative norm states when we excite the timelike oscillators. For instance, the norm
of the state created by acting with agl on the vacuum is

a® 10 p)I* = (0: pla? a°,10: p) = (0; pl[a?, & 1]0: p) = —1, (A.19)

explicitly showing the presence of ghosts in the Fock space generated by the string modes.

In covariant quantization, the way to get rid of the ghosts is to impose the Virasoro constraints, as demanding that the physical
Hilbert space is the one annihilated by the Virasoro generators projects out the ghost excitations. More concretely, we demand that
the matrix element of the Virasoro generators between physical states yield zero in the quantum theory. In fact, since LT =L,
demanding that the constraints are satisfied inside matrix elements only requires that physical states are annihilated by half of the
Virasoro generators, namely

L,lw)=0, forn>0 and |y)eH

oy (A.20)

The constraint associated to L, is more delicate, as in this case each term in the sum is made of a pair of non-commuting oscillators,
and therefore when going from the classical definition in terms of Fourier modes to the quantum mechanical one we face an ambiguity
in the ordering of the oscillators. To deal with this ambiguity we simply define L, to be normal-ordered, and add an arbitrary constant
a to the Virasoro constraint, namely

o0
1
Ly= z Oy - Oy + Eaé, (Lo —a)lw) =0, for |y) € Hypy. (A.21)
It turns out that the decoupling of the ghosts from the spectrum requires that the constant arising from the ordering ambiguity
must be related to the spacetime dimension by a = (d — 2)/24. While we refer the reader to the references mentioned earlier for details,
let us say that this Virasoro constraint has a very important interpretation. Since a(’)‘ is proportional to the momentum of the string,
we find that the O™ Virasoro constraint corresponds to the on-shell condition determining the mass of the physical string states. For

the open string a(’; = 1/2a’'p*, and therefore

0
M? = %(Zam-am—%) (A.22)
m=1

where the sum over oscillators sums the number of excited modes of the string weighted by their Virasoro index, defining the mass
level N. In particular, by enforcing the L, constraint on the (level 0) vacuum we recover the known fact that the string’s ground state
is a tachyon, and since the vacuum is annihilated by all the Virasoro generators with »n > 0 by construction we find that as expected
it belongs to the physical Hilbert space.

To work with states at higher levels as was our original goal one needs to enforce an increasingly large number of Virasoro
constraints. To see how this would work, let us consider the first non-trivial example of a state at the first level, given by

E-a_110;p), (A.23)

where € is a d-dimensional polarization tensor.

The non-trivial Virasoro generators in this case are L, and L,. Acting on it with L, we find that the mass of the state is M? =
1 — (d — 2)/24, which already points to the fact that d = 26 is relevant, as in this case we have a massless spin 1 state in the spectrum.
In fact, as is well known this is precisely the critical dimension of bosonic String Theory, which is the required one for the theory to
be consistent when quantized in Minkowski space.

Acting on the level 1 state with L; we obtain

Ly(€-a_i|0;p)) = V2a'E - p|0; p) =0, (A.24)

which implies that the polarization vector must be transverse to the momentum for the state to be physical.

In principle, we could proceed the same way for states at higher levels. Consider an arbitrary state at level N of the form

. 40 4 ) )
Z ‘g(l()i) o % <1i> - (k') 105 p), n(11> ot ng) =N, (A.25)
[ R M
where i sums over all possible combinations of oscillators consistent with the level and £0) are arbitrary tensors of the required rank
to contract all the indices at each given term. In this case we would need to act with the relevant Virasoro generators, L, ..., Ly,
to obtain the constraints that the polarization tensors £ need to satisfy for the state to be physical. Thus, finding the spectrum of
physical states in covariant quantization amounts to solving the Virasoro constraints at each level. As mentioned in the main text,
while this is in principle doable, in practice can be a very hard task, this being the main reason why the massive string spectrum
remained largely unexplored for so long.
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A.3. Light-cone quantization

In light-cone quantization rather than imposing the Virasoro consraints as operator equations on the states, we solve the constraints
at the classical level to find the physical phase space of the theory, and then we quantize it, keeping only the physical degrees of
freedom by construction. As explained in Section 2, the idea is to use the residual gauge freedom remaining after fixing the gauge to
set the worldsheet metric to be 7,, to chose a gauge in which the constraints are simple to solve.

As mentioned previously, apart from Poincaré and reparametrization invariance, the Polyakov action is Weyl invariant, which
means that the action is invariant under local rescalings of the form

hay(0) = Q¥ (0)hyy(0), (A.26)

for an arbitrary function Q(c) and where the X# (o) are left unchanged.
Both reparametrization and Weyl invariance are gauge symmetries of the worldsheet that can be used to fix the worldsheet metric
to be flat, bring the Polyakov action to that of a set of free scalar fields in 2 dimensions:
-
dra’
However, after gauge fixing there remains a residual gauge freedom given by any transformation ¢ — & that changes the flat
metric by

Nap = Q2O Mgps (A.28)

Sp = d’60,X - 0°X. (A.27)

as this can be compensated by a Weyl transformation. In terms of the ¢* worlsheet coordinates, the gauge fixed metric on the
worldsheet reads

ds* = —do*do™, (A.29)
and therefore any transformation of the form ¢+ — 6*(¢%), 6~ — 67 (¢7) is a remaining gauge freedom, as this would simply multiply
the metric by a factor removable by a Weyl rescaling.

The way to best exploit this remaining freedom is to go to the light-cone gauge. For this, let us define the spacetime light-cone
coordinates as
X0+ xd-!

X* = , (A.30)
V2
in which the spacetime metric reads
d-2
ds’ =-2dX~dX* + Y dX'dX". (A.31)

i=1
As in the last section we focus on the open string, but the story is completely analogous in the case of the closed string. The
light-cone gauge is defined by using our remaining gauge freedom to impose

Xt =x*+2dptr, (A.32)

which fixes the residual reparametrization invariance.
The virtue of this gauge choice is that it makes solving the Virasoro constraints trivial. To see this, remember that the equations
of motion are solved by a sum of right and left-moving waves. For X~ we have

X~ =X;(0") + Xg(07). (A.33)
We will see that X~ is completely fixed by the Virasoro constraints in this gauge. To see this, note that the constraint (9, X)> = 0
in light-cone coordinates reads
d-2
20, X0, X+ =) 0,X'9, X", (A.34)
i=1
Since from our gauge choice (A.32) we have d, X* = o’p*, this constraint becomes
d-2

0, X" = —=— Y 0, X0, X", (A35)
i=1

=2 pt =
while the constraint (9_X)? = 0 implies

d-2
0X" = —=— Y o_x'o_X', (A.36)
i=1

- = 2q/ pt 4

which shows that X~ (c%,67) is completely fixed by the other fields X’, X*, up to an integration constant. In terms of the mode
expansion for X~

X" =x"+2dp +iV2a E la; cosno e, (A.37)
n
n#0
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x~ corresponds to the integration constant, and p~ and «, are fixed by the constraints to

1 S

i 2@p+ m;m;an_mam, p \/ﬁao. (A.38)

While as before p~ will suffer from an ordering ambiguity when we quantize, the important point is that now all the excitations of
the string are expressed in terms of oscillators made up of indices pointing along the i = 1, ..., d — 2, directions only, in contrast to the
previous case where the indices run from 0 to d and excited negative norm states in the quantum theory. The remaining oscillators are
the transverse modes of the string, which correspond to the physical excitations solving the Virasoro constraints. This accomplishes
our first objective of restricting to the physical phase space at the classical level. Now, the next step is quantizing.

As before, the way to canonically quantize is to take the mode expansions from the classical theory and replace the Poisson
brackets by commutators. For the transverse oscillators this gives

a

la), /1= [&,&)]=ns"5,,,,. (A.39)
and for the zero-modes
b pl=is", [x7,ptl=—i, [x*,p1=-i, (A.40)

The Fock space is built in the same way as in covariant quantization except that now we only act on the vacuum with the
transverse oscillators carrying spatial indices only, and therefore the Hilbert space is free of negative norm states by construction
and the Virasoro constraints are automatically satisfied. This permits to bypass the cumbersome problem of determining the allowed
polarization tensors for physical states that we described in the previous section, as any state of the form

alal . 10;p), ny, ny, e <0, ipip,e=1,...,d =2, (A.41)

n ny
is physical in this setup, no matter the polarization tensor that comes with it.

As explained in the main text, to organize states created by light-cone oscillators into .SO(25) irreducible representations need an
expression for the Lorentz generators in terms of string oscillators, which we now derive. The Lorentz generators correspond to the
conserved charges associated to Lorentz Transformations, and we can express them in terms of the oscillators by integrating the time
component of the corresponding conserved current along the spatial direction of the worldsheet.

The conserved current associated to Lorentz transformations is

XHPpYa _ xVpHa (A42)

where
pr=—1 g xn (A.43)

“ 2xa

is the conserved current associated to translations. Integrating its  component along the space direction of the worldsheet we get
n
T = / do X! P"T — XVPIT, (A.44)
0

which can be evaluated using the mode expansion (A.11) to give
THY = xHpY — pVxH + i Z M, (A.45)
2 = n

which is independent of 7 as expected, and where the relevant part is the sum over oscillators, as this is the one that will mix the
different SO(24) structures, while the contribution from the center of mass variables must vanish if the transformation belongs to the
little group. This point is more subtle than one would think in the light-cone gauge, as here the center of mass degrees of freedom
do not commute with the «,, but it can be checked with an explicit computation that the contribution from the center of mass terms
drops.

To conclude this review of the light-cone gauge formalism, let us mention some subtleties that arise in quantization. As in the
case of covariant quantization, the mass-shell constraint suffers also from an ordering ambiguity in the quantization of the operator
p~ from its classical definition (A.39) that can be represented by an a priori unkwown constant a.

d—2
M? = %(Z ZaLaZ—a), (A.46)
i=1 n>0

as can be seen from inserting Eq. (A.39) in p?. Even more worrisome is the fact that by choosing the light-cone gauge we broke the
manifest Lorentz invariance of the classical theory, and while at the classical level this is only a cosmetic change and the theory
remains Lorentz invariant, upon quantization there is no guarantee that Lorentz symmetry does not become anomalous. It turns out
that these two issues are related, and it can be seen that requiring that Lorentz invariance is mantained at the quantum level requires
simultaneously that the normal ordering constant is a = 1 and that the spacetime dimension is d = 26, the critical dimension of the
bosonic string 28

28 We point the reader to the original reference [57] for details.
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Appendix B. Young tableaux

In this appendix we review how Young tableaux can be used to characterize the irreducible representations of SO(N) groups. A
more detailed treatment can be found in most standard group theory books, see for example [58-60].

B.1. Basics

A rank k tensor T'1- transforms under an SO(N) transformation as
Thed o Tlieic = R LRI T, (B.1)

where R'; is such that RR” =1 and detR = 1.

It is not hard to convince oneself that if 771k possesses some symmetry under permutations of some of its indices, then this
symmetry is preserved under the action of SO(N). For example, if a rank 4 tensor T'/¥’ is symmetric under the exchange of i, j and
antisymmetric under the exchange of k7, then the tensor T7/i/* = Ri, ... R* , T"/'¥'¢" obtained upon acting on T with the SO(N)
transformation R has the same symmetries under permutations of its indices.

Therefore, if we decompose a tensor into different components carrying distinct properties under the permutations of some subset
of indices, then these are not mixed under the action of SO(N). This teaches us that a generic tensor is reducible under SO(N), and
that in order to decompose it into irreducible representations we must split it into components carrying all possible inequivalent
permutation symmetries among the indices. This provides a link between the tensor representations of SO(N) and the irreducible
representations of the permutation group, which are encoded by objects called Young diagrams.

A Young diagram is a collection of boxes arranged into rows of non-decreasing length. For example, the diagram

[

(B.2)

consists of three rows of lengths s; =5, s, =3 and s; = 2. A standard way of denoting a generic Young diagram with k rows is
Y(s, 85, ...,5;), where s, is the length of the i row, and thus the diagram in the previous example is Y(5,3,2). It is also usual to
denote a Young diagram by the length of its columns. If the length of the i column is h;, a diagram with » columns can be denoted
by Y[hy,...,k,], where h; > hy > -+ > h,. Note that when referring to the length of the columns, the notation uses square brackets.
Continuing with the same example, the Young diagram (B.2) can be denoted as Y([3,3,2, 1, 1].

Young diagrams can be used to encode the symmetries of a tensor using different conventions: the antisymmetric convention and
the symmetric convention.

In both conventions, the first step to give the symmetry of a Young diagram Y with k boxes to a rank k tensor T is to associate
each index in T to a box in the diagram, yielding a Young tableau. Then, in the antisymmetric convention one defines T to have
the symmetry of the Young tableau Y if it is antisymmetric under permutations of indices associated to the same column of Y, and
if the antisymmetrization of all the indices in column « with any single index in column b, with a < b, vanishes. Similarly, in the
symmetric convention we require that 7 be symmetric under the exchange of indices belonging to the same row of Y, and that the
symmetrization of all the indices in row a with any single index in row b, with a < b, yields zero identically. We choose to work in the
antisymmetric convention.

There is an algorithmic way to create a tensor with the symmetry of a Young tableau starting from a tensor without any per-
mutation symmetry: First one symmetrizes over all groups of indices corresponding to the rows of the Young tableau, and then
antisymmetrizes over the groups of indices corresponding to columns. This yields a tensor with the desired symmetry in the antisym-
metric convention.?’

For example, let us consider a rank 3 tensor T/ without any symmetry and the Young tableau

i J
k
(B.3)
Carrying out this procedure we obtain a tensor Y'/* with the right symmetry in the following way:
Tik _, ik 4 itk _ itk 4 ik _pkii _ ki (B.4)

=Yk

2% Antisymmetrizing over the columns first, and then symmetrizing over the rows yields a tensor with the symmetry of the Young tableau in the
symmetric convention.
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The same algorithm can be performed to construct tensors with any desired Young symmetry. Moreover, this procedure should make
it clear that the length of the columns in a Young tableau is bounded by N, since antisymmetrizing over a number of indices larger
than the dimension of the space in which the tensors live yields identically zero.

The above construction in terms of Young tableaux allows to characterize all possible permutation symmetries carried by SO(N)
tensors, but is not enough to decompose an arbitrary tensor into irreducible SO(N) components. The reason for this is that the Eu-
clidean metric §;; is invariant under SO(N) by definition, and therefore index contraction is preserved under SO(N) transformations.
This implies that we can further decompose a tensor with a given symmetry by extracting its traces with respect to all possible pairs
of indices. This exhausts the SO(N) invariant operations we can perform on a tensor, and thus irreducible tensors under SO(N) are
traceless in all pairs of indices and carry a specific Young symmetry under permutations of their indices.

As a further remark let us mention that another SO(N) invariant is the N-dimensional Levi-Civita tensor ¢'t--~ . This means that
an antisymmetric tensor of rank k can be fully contracted with €'t~ to yield an equivalent representation of rank N — k. In turn,
this allows us to work with Young tableaux with columns of length up to N /2, since indices corresponding to longer columns can be
contracted with e/t~ to yield a smaller, equivalent representation.

B.2. Tensor product of irreducible representations and branching rules

We briefly discuss the tensor product of two Young tableaux and the branching rules from the representations of a group to the
ones of one of its subgroups. While both can be discussed within abstract group theory as a set of rules for manipulating Young
tableaux, we will find it more convenient to think of Young tableaux as a language to describe concrete operations on tensors.

The tensor product of two Young tableaux ¥; ® Y, encodes the decomposition of two tensors T, 1' 1t sz 1Jm with symmetries Y;, Y,
into irreducible representations. The set of Young tableaux associated to this decomposition (with their multiplicities) are the result
of Y; ® Y,, and can be computed in an algorithmic way by means of operations over the boxes building up Y, and Y,.%°

Lastly, in this paper we often go back and forth between SO(24) and SO(25) representations. The two can be connected via
branching rules, that prescribe how a SO(25) irreducible representation decomposes into irreducible representations of SO(24).
Intuitively, because the group becomes smaller, some states are not connected by a group transformation anymore. A simple concrete
example is a SO(25) vector, which branches into a SO(24) vector and a scalar. More generally, given a SO(25) tensor T#1---#», each
index can either be put in the preserved 24-dimensional hyperplane, or in the broken 25-th direction. This produces the full set of
S0O(24) tensors that can be obtained from branching 7', and the Young tableaux branching rules describe this decomposition. For a
review on branching rules as well as an extensive list of the branching rules between several groups, including the SO(25) — S0O(24)
case relevant for us, see [62].

Appendix C. List of single-particle states

In this appendix we provide the one-particle states in the first seven levels for the open bosonic string. For each particle we
provide the SO(25) Young tableau and the oscillator structure exciting the maximally spinning states. For the particles of the first
five levels, we also provide the branching rule SO(25) — SO(24), listing all SO(24) Young tableaux one can obtain by considering
different polarizations; we also explicitly write the tensor structure exciting each one. More complete results can be found in the

Mathematica notebooks.

C.1. Levelup to 2

The string spectrum begins with a scalar tachyon, a massless vector ail, and a massive spin two D:‘ at level 2 that has the
additional polarizations D ande: a_;-a_;.
C.2. Level 3

There is a spin three and an antisymmetric rank two
R J k

: oz[_iQaj_]l.
(C.1)

The other polarizations of the spin three are

30 See for instance [61].
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(C.2)
and, aside from the maximally spinning one, they are excited by
a(_izai)l, 26ai3 +3a (- aly), ap-a. (C.3)
For the antisymmetric combination, we have instead
(C.4)
and the extra vector is given by 2a’ , — &’ (a_; - a_;).
C.3. Level 4
There are four particles. The spin four belongs to the leading Regge trajectory, thel | belongs to the trajectory that started
with at the previous level, and then there are two seeds of new trajectories.
SN AN RN I |
‘ N Y I -
alyaljal .
D:‘ : 4a(_3a_)1 —Ta' oo 5 — " ((ag - aq).
o 1001 a3 —Ta_o-a_o— (a_1-a_1)?
: —-1-0-3 —2°Q_2 —1-0—1)". (C.5)
The spin four has polarizations
L =P B L]
25 24 24 24 24 (C.6)
excited by (omitting the maximally spinning structure, listed above)
agzaj_'l f)l, 21(1?3(1{)1 + 14aiza£2 + 2ai_|a£l(a,l ca_y), <7
416(114 + 2laiz(a_1 ca_y)+ 6Sail(a_2 ca_y), 104a_y-a_3+52a_5-a_p+(a_y - a_l)z.
The mixed symmetry has
N L]
24 24
L1 25 L1 24 24 (C.8)
and additional oscillator structures
Zaizaiz - ai_lail(a_l ca_y), agaﬂ, 46(114 - 3(112(05_1 ca_y) - 200411(04_2 ca_y). (C.9)
The spin two has oscillators
da’, =90’ J(a_; - a ) +4a (ay-a ), 200 a3 — 192, a_y+8(a_; - a_ ;). (C.10)
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C.4. Level 5
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U

We have two seeds of new trajectories, L | and , plus four particles that extend previously existing trajectories.

BN}
[ ]

N

The spin five has polarizations

Ll
N hapNe!

1 2«

i1 do i3 _ia _is
QO 0 O Ty,

Jl

kol
19210,

: 26a(i3aj lak)l - 24a(i2ozj 20@1 - 9ai_1aj 10/11(0471 ca_q),

: 188a’ 5 — 8200’ 5(a—1 - a—y) + 45800 | (a3 - a—1)+

+6400’ 5(a_g - a—1) — 3360a’ {(a_g - a_2) — 375t {(a_1 - a_1)?,

i J &k ik
_3jaly = 3a_jalafy,

] [i 7]

: 8a[i4ozj]1 - 26oz[i304j_2 - 5ozi2a_1(oz,1 ca_q).

(C1D)

excited by

@ Jj kD
a ol ol o),

@ Jj k) @ J
90a o’ o) +70a

b4 W% 024 €.12)

k) ik
Lol +Tal o ol (ay - a_y),

(GN)] (GN)) G Jj) i)
224(1_'4(1’_1 + 126(1_'3(11_2 +9a_y - a,l)a_'zaj_l +32(a_, - a,l)a'_]a’_l,

455000’ 5 + 12600’ 4(a_; - a_

2912a_, -

1) +5796d" (a3 - a_y) +3136a ,(a_y - a_))+ (C.13)
+3024a’ (a_y - a_y) +33a’ (@) -a_ )%,
a_y +3042a_5 - a_p +55(a_y - a_p)(a_; - a_y).

The long L-shaped has polarizations

L]

L (T T [T [

24 L 24 24 (C.14)
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excited by

2(1%0/7]1 afl + aEza’Jl 51’ 206(184(1/)1 + 26(1%0/}2 + 511220/7]1 (a_y-a_y),
. . o
2a83a’_|a_)| - 4a82aj_2a_)] + 3a’_1aj_]afl(a_1 ca_y),

6(123(1{)2 —(a_; - a_])agzai)l —4a_y - a_l)ai_lail,
5980a’_ 5 — 180a’ (a_; - a_y) — 1660a’ (a_3 - a_;) — 3200’ ,(a_, - a_;)+
—784ail(a_2 S0_y) — 23ail(a_l ca_))?.

The symmetric spin three is excited by

56(12(1?1 - 46(1830/;)2 —21(ar_; - a_l)agzai)l +8(a_,y - a_l)ailail,
1300’ ; — 2444a’ j(a_; - a_y) +364a’ (a_3 - a_y) — 16960’ ,(a_y - a_;)+
+1128¢" (@, - a_p) = 2010’ (a_; - @),

1520_4 - a_; = 118a_3 - a_r + 67(a_y - a_)(a_y - a_y).

The vector has a scalar excitation
848a_y - a_; —5020_5 - a_p — 125(a_5 - a_j)(a_; - a_y).
The short L-shaped is excited by

J

G ) (UN)) G Jj)
16a” & —14a’ 0", +3(a_; - a_ e’ a” o0

| —8(a_y - a_l)ai]a
10a[_i3a£]2 - 3a[_[2a£]] (a_; - a_y),

460a’ 5 +28a’ ,(a_; - a_y) +340a’ | (a_3 - a_;) — 6400’ ,(a_y - a_ )+
—96(111(0:_2 ca_p)+ 69(111((1_1 . a_l)z.

Lastly, the antisymmetric spin two has a vector polarization

40:"_5 + 36ai3(a_] ca_y) — 4(111((1_3 ca_y) — 32(112((1_2 ca_y)+ 8ail(a_2 co_p) — Sail(a_l

C.5. Level 6

Nuclear Physics, Section B 1025 (2026) 117397

(C.15)

(C.16)

(C17)

(C.18)

cap)’. (C.19)

From this level onward, we only list the particles and the maximally spinning SO(24) representative oscillator structure. The

L

seeds of new trajectories are

Notice that one D:‘ comes from extending

the Regge trajectory of the scalar at level four up two levels, but now this trajectory splits into two degenerate ones: there are two

particles at level 6, indistinguishable in mass and symmetry. Because any linear combination of them has the same mass
and symmetry, the distinction of which combination is the new seed and which is the extension of the existing trajectory is quite

arbitrary.
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o0 12 13 i4 15 16
L LT ] etaiaiataliat,

| | ‘ C i ds] o dg g
alyalia? alat,

. iJ koot N N N i o ok ol
D:I:I:‘ : 1404(_30/_1047104_)1 — 9a(_2aj_2afloz_)l —6a" o’ jaf ol (g - ay),

D:‘ : 6a(i5aj)1 — 6004(i4cuj)2 + 104a93aj_)3 — 12049307_)1@_1 com)+

—18a21a{1(a_1 ca_3) + 240&2@12((1_1 cao1)+

+15a 10 ((a—g - a—g) +3a’ o (a1 - a_1)?,

L0 (G k)
Q1 ok 1y,

1]

| ‘ : 4a[i3a71ailo/il — 3«

‘ : 18a[i4ak]1aj_1 - 20(04(itf3(3/')2 k- agcgozj)gai,l) -

—9a[j2alﬂlozj_1(a_1 ca_).

(C.20)

The new seeds are
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D:I:‘ : 14()49404];104]1)1 — 14a§3aj_2a’i)1 + 4404’;2aj_2a62 + agzaj_lo/i)l(a_l ca_q)+

_4ai71aj—10/i1(04—2 o),

D:‘ : 200&50&)1 - 4880(940/;)2 + 872ag3aj7)3 - 80&3&{)1 (1 -a—q)+
—6840/710/;1((1_1 ca_3) + 1880/;20/;2(05_1 co_) — 72ag2a{)1(a_2 ca_1)+

+536o/,1aj_1(a_2 ca_g) + 610421043;1(05_1 ca1)?,

D t 120t 4 — 650t 4(a—1 - 1) — 2680’ | (a1 - a—yg) + 400’ 5(a—1 - a_9)+
+3700° o(a—1 - a_3) + 1520 | (a_2 - a_3) — 2550’ o(a_2 - a_9)+

—300a’ 5(a_1 - a—1)? +40a’ {(a_1 - a_1)(a_1 - a_s),

° 2405 -1 — 3364 - oo + 280cv_3 - v_g — 84(a_3 . a_l)(a_l . Oé_l)+
+54(a_9-a o)(a1-a_1)+24(a_g-a_1)?> +5(a_1-a_q)3.
(C.21)
C.6. Level 7
| \, ‘(x%D(xm,D |
We have six new seeds, | L | As a result of L__| and . appearing at the

previous level, the degeneracy of | and D is two. Lastly, D:I:‘ inherits the degeneracy (x2) of D:‘ at

level 6.
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L[] : 2000’ ) _ Uy i gis i)

i1 iy 13 14 15
Saat? a la 104 | —alsaa e a’ —ata? a0 e (aog - o),

D:I:‘ : 138049504];10/1)1 — 450@20/72&]?1 + 640049304];3&]?1 + 100a93a{2a’j)2+
—140a(_i3ozj_1ali)1(a_1 caly) — 2700["_1&]-_104’11(0[_3 caq)+
+150a(_i2ozj_2ali)1(a_1 caoq)+ 225ozi_1a];1a’il(a_2 ca_g)+

+450¢ 0’ ok (g - a_q)?,

[T 1] : 346007 ;0" — 1390007 L0 + 20400 ;07 40", + 3000507 Lo+
—2400493(1];1@]3)1(04_1 calq) — 2070a_la_10/11(a_3 ca_1)+
+450a92aj_2a1i)1(a_1 caoy) — 160@920/_10/1)1 (a—g-a_1)+

+1695ai_1a];1a’il(a_2 ca_g) + 210ai_1aj_1alil(a_1 ca_1)?,

is] 72 7 3 [il i5} (i2 i3 7;4)

| | ‘ . [il 3 4
D 2a 300102 a0t — oo el aly,

| ‘ : 4ol 4ozl]1o/ ok + 30((1( aklal)la 9 — aggailaﬁ)lal_2)+

75604[1-20[&0&2&’32 - 110&20&1@{10&1(@_1 cay),

D:I:I:‘ :44a(_i4oz];1a’ilozl) —30a( oﬂ g0 104) +48oz( o Loal 2a)1+

) j l
+3a£2a{1aﬁlazl(a,1 cay) — 1604 o oF ol (g o),

‘ Ll da]fi2ids]
s athataltal 1a 5

RN TN |
o gat oo g,

(C.22)
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[ ] ] 2120%07, — 176007 — 1040”07 (0 - ay) = 217608 107 (0 g aa)+
—228048304]_)2(&_1 ca_y) + 20804(_130/_)1 (g -a_q)+ 1404ag2aj_)1(a_3 caoq)+
+12960 ;0 (a3 - a_s) + 3520’ ya! H(ag- 1) — 110404(_220&)1(04_2 ca_g)+

—105@920/_)1(@,1 ca_1)? 42800 @ [(ag-a1)(a_1-a_y),

|| 6000l + 753207 (a1 @) — 1484007 (a5 - aq) — 1792008 4(s - a 1)+
+425600° 5(a_yg - a—1) + 38080’ ;(a_y - a_g) — 232400 5(_3 - 1)+
—260400 ;(c—3 - a—3) + 266000’ 5(a—_2 - v—2) — 280000 o(cv—3 - v_2)+
+4900a’ 5(c—1 - a—1) + 127400 (a3 - a—1)(a—1 - a—1)+
—39200" (a9 - a_1)(a_1 - a_1) — 88200 | (a_3-a_9)(a_1-a_1)+
—~7350" (a1 -a_1)3.

(C.23)
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The new seeds are

| ‘ - 1200 4al]1a] ok —10(a (2a 1al)1oz 3= 049204];1@’1)1(11_3)—&—

—|—12a[i2all1aj720/22 - 3a[i2all1aj;1a’il(a_1 Soq),

- 320" ock]loz —88((1( oz])lockQ a(ﬁa{)la 9) — 11200 e ]1(1 +190al 04]20( 9t

+4a[i3ali]1a];1(a,1 coq) + 90&20&]10/;2(&,1 colq) — QOa[anli]lafl(a,g cay),

£ 1680 ozk]la - 1320((1( a )2ak1 — a(]4ak) a )+ 23600.!" 30 M ol — 3500l 3Q ]204] o+

732()0[[72-30[5]104{1(0[,1 caoq) + 435aE2ali]1aj72(a,1 ca1) + 600&20@10&1(@,2 ca-),

— : 3204[ a]] + 100a[ a ] — 40004[ a } — 560l 404]] (—g 1) — 2804%0/}2(04,1 caq)+

—|—420a[_iQaj_]1(a,3 Saq) — 2800&20/_]1(0[,2 ca_g) — 35a[_iQaj_]1(a,1 ca1)?,

H : 2400l 07| + 540l 07, — 234200 ;07 — 5250 ;0 (a1 - a 1) + 560l 507 (0 g - )+

+3276a[ﬁ2aj_]1(a,3 Saq) — 2184a[_i20¢j_]1(a,2 ca_g) — 252a[i2aj_]1(a,1 ca1)?,

[ ] £ 23600 , + 391960 5(or_1 - 1) — 721200 | (a5 - av_1) — 880000 4 (a5 - 1)+
+2252800° 5(a—g - @—1) + 1504000 ; (a—4 - av—3) — 1339600 4(a—3 - 1)+
—963600 | (a—g - a_3) + 1432000° 5(a_2 - a_3) — 1467200 o(a—3 - a_9)+
+4310a’ 5(a—1 - a—1) + 562600 | (a3 - a—1)(—1 - a_1)+
—220000% o(a—g - a—1)(a—1 - a_1) — 396000 ; (a—9 - a—9)(a—1 - 1)+
+32000’ (_g - a—1)? — 33450% ;(_1 - a_1)3.
(C.249)

C.7. Level 8

At level 8, these are the particles. Their oscillator structures can be recovered from the ancillary Mathematica notebooks.
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[ | | (x2)

Appendix D. List of full Regge trajectories
In this appendix we provide the maximally spinning representative for each particle in the open bosonic string spectrum at depth
up to 4, where the depth of a trajectory is defined as
d = level — (number of boxes in the Young tableau), (D.1)

constant for all particles belonging to the same trajectory. Expressions are written as functions of the level N, and they hold only at
a level sufficiently large so that all the tensor structures involved exist. This sufficiently high level is specified for each trajectory.
Trajectories could start at a lower level, but our formulas will in general involve oscillator structures that do not exist yet, so they will
not apply. Dots indicate that oscillators with free Lorentz index and Virasoro index —1 have been omitted. This allows us to specify
the tensor structure keeping the level on the Regge trajectory arbitrary.

D.1. Depth 0

We only have the leading Regge trajectory, that starts from level O with the tachyon

N o2

and the expression for the oscillator structure is
ai‘l ai"i. (D.3)

D.2. Depth 1

We have a single L—shaped trajectory, that starts from level 3 with the spin 2 antisymmetric

L | (D.4)
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and the expression for the oscillator structure is

liy ip] iN—2
alya? ...afi (D.5)

D.3. Depth 2

We have three trajectories, one fully symmetric D:‘ starting from level 4 (generation 2), one thin L—shaped L |

starting at level 5 (generation 1), and one thick L—shaped that starts at level 6 (generation 0).
The fully symmetric trajectory is given by

@N?+ 10N —48)a"t ... a'N2 — (6N +18)a"}a”, ... a/N 24

I ‘ (D.6)
—BN?— 15N +18)a"! ... a'N2(a_; - a_y).
The thin L—shaped is given by
(2N — 8)0{“l a2l aN2 gl gl G pin-) (D.7)
3% % 2% %2 %0 :
The thick L—shaped is given by
liy Jial iz 4l iN—4
ajaia et oal (D.8)
D.4. Depth 3
We have two trajectories of Weinberg states (generation 0), one starting from level 6, and one starting at level
9. In addition, there are four higher generation trajectories: one that starts at level 8 (generation 1), twol |
(generation 2) starting at level 7, and one (generation 3) starting at level 6.
The is given by
liy jir i3l iIN-3
asjaa’ ..all7, (D.9)
while the is given by
liy ol liz igl lis el iN-3
ajaiajata ol a7 (D.10)
is given by
(N - 7)a[i] ai2]a[i3 af4]ai5 a'N-2 _ 3a[i' aiZ]a[i3 ai4]ai5 oa'N-2 (D.11)
3% 9% % 0 2% 9% %Y :
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The twol__| are given by
(2N? = 36N? + 198N — 324)a" o]0 o ..oV +
~(2N? —2N? — 108N +288)(@2a” o ... a'N oL — f;a St aN e )+
D.12
+HON? = 4N —42)a oo Balt oVt ®12
Balt al
+(3N? —37N? + 144N — 180)a“'a’21a‘*la ead N a - ay),
and
(N*—7N3 —27N? + 279N — 486)a"t 0o o™ ...a"" =+
—2N3-2N? - 108N + 288)(0((’201" ai4l ai’\;‘3)ail3 - ot(ilzat'.‘*lati4 N ’2 )+
- B D.13
+(N2 426N —87)a"LalaBa™ .. aN- 3> 19
-27-2" -1
~(2N? ~23N? + 81N —90)a"la"la o™ ... aN P (a - ay).
The D:I:‘ is given by
@N? +12N% 230N +600)a" 0 a” ... a'N — (6N? + 18N — 240)a"1a2a” ... a/N P+
+24N +120)a" a0, . N + BN? - 27N +60)ala” o .. a'N Py o)+ (D.14)

D.5. Depth 4

We have two trajectories of Weinberg states (generation 0), one

starting at level 12. In addition, there are eleven higher generation trajectories: one

eration 1), one

—(4N?

|

that starts at level 8 (generation 1), three

|

The is given by
liy i i3] lig sl iN-4
AU UG A E e O
while the is given by
ol o2 i3 14l o lis 6] iz s iN-4
209 2% 9% %% 0
The is given by

(2N - 20)(a(1'a2a13)a a’ a'f

_ . iz I N_4 [l 1
halal antisym.)a’, .. - %

46

—48N2 4+ 188N — 240)a_1a_1ai3

. a_’\{‘3 (a_p - a_y)

starting from level 9, and one

that starts at level 11 (gen-

[

that start at level 10 (generation 2), three

that start at level 9 (generation 3), and three D:I:I:‘ that start at level 8 (generation 4).

(D.15)

(D.16)

iN—4)
-1 ’

lip is] liz gl (i7

B (D.17)
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where antisym. means that one should antisymmetrize i, < iy, i, © is, i3 < ig.

L is given by
(N - 7)aEia122(xi31] aifi 2a S 20”31]“(1; .aifi"‘). (D.18)
The three are given by

(iy ip) i . . . . . . . . i i iN_
(ON - 45)[0: 1(122043105 L= i e iz} =i & iy} + iy <—>t3,12<—>14}]aflafl...a”’ ‘4

—(20N — 100)(1['10( a[lgal“l]alsla ey ai";’4+

(is g in_a) li1 i3] [in 14] iN74 lia ig] liy i3] liy i3] lip i4l
24[“ ER A T AL L +a A S G T Vi T )

(D.19)
liy ig] (i3 is _ig iN—4) . L .
+12|a”! Jasuja o al 1"'0’—1 +{i] & iy, i3 o ig}+

Hiy © iy, Iy © iz} + {i] © i3, iy o g},

and

(ON? - 135N +486)[a“'a’22>a"1a L=l o i) = (i o i)+

+{i| © iz, i2<—>i4}]aflaij’l 'j‘{ Y+
~(12N% — 164N + 504)a" o) a2a]a5 a’6 . a/N~+
(D.20)

_ _ (s g in—a) liy i3] [iy 4]
(24N 216)[0[73(171...(171 a_jaa ol +

+al—51(ll—ﬁl N 4((1 lza"‘;a[';a”] +a[llal3]a 'za'4])]

liy i3] lip ial (s ie iN-4)
+36a a0 a jatabal, el TY,

and

ON - 9)[a“'a’2)a’*la —{iy o i3} — {iy o ig)+

. PR . is g AN 4
+Hi| i3, i, & 14}]01_1(1_1 a7+

—(12N + 20)(1“101 a[%a"‘l]alilaiél ...ai’\{_4+
(D.21)

_ (s f6 in-g) iy i3] liz i4]
12[ al ..a Ve jaa el i+

+(xf1(xf’1 o e lza'43]a[léa”] + a a”]a ’Za'4 )]

1801[’1 o [’2 '4]

i i
i asy -apal @ alN

1 —l

where the appearance of {i, < iy, ... } after some explicit tensor structure ¢ indicates that 7 should be added again, up to a relabeling
of the indices as prescribed inside the curly brackets.
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[ 1]

are given by

The three |

300N> +2760N? — 11040N + 16128)a’"La?la o™ o, .

1 1 I 1,
[1azla(3a4as

(12N* =

~(15N3 = 270N? + 1515N - 2520)(a"}a”]a” a o ...a'N~ + o'

3
—(30N —15—1%1 %

380N2 +2320N — 4480)a" a a0 o .

1 1 I 1,
[1a2] (30(4

—(20N3 -

— 690N +1680)(a"}a”la3a" % . aN " +a

2
+(60N T S el

+(90N? — 1140N+3360)(a" a(’za 2a 1“ L aif{’“ -
~(15N — 1260)a" a2la 3 a™ oS
and

1044N2 +4968N —7776)a"La”]a" o la"‘l

liy ix] (i3 ig iN—4)
Yatjaya’ 1...0{_1 )+

990N + 810)(a’" a<'2a'3la @ LN i s D

+20N? + 1160N — 4960)a" a2l aBa™ o5, ... a/N '+

+(150N —780)(a’) h 0:'2 a('%a"‘la e a'N -y a[” a'zl]a(lgal“za SR

(i —4) . .
120)(a! a'zauza la |- a’_’\{ Vi o i D+

~(210N2 — 2100N + 5040)a" ] (a_, -

(72N - aN

—(90N? = 360N + 270)(a"’ "a’2 o o' s ’N-‘* +a

—-17=-1"-1"
—(180N? —

a'_"{'4))+
+(120N —

_1)a3 6{'416{151 ceaN g
in-
l)a o't oS aN“),

+BI5N — 126002 0"} (@_; -« 4 L alN

and

(4N’ +26N2 - 564N + 1584)a" oo ™ o ... a4
+(30N2 + 300N - 2430)(a"1a”2}a” o o, . [’la’zfa(’;a’4lafl

~(10N? + 50N — 1110)(a” ,a2a" o™ o .. a8 — (i) & iy )+

1280)0111(112 a(l;a”la - ai”{’4>+

_ liy 2l (i3 4 in-4) | liv 2l (i3 iy is
(50N +300)(a_ya a5 la—l ey +a_2a_1a_3a_2a_l

+(100N +6OO)(0:'1 a('za'32a la . aifi"‘) -

+(35N% = 350N +840)a"la"/(a_, -

a’N “ta ”\{’4))+

—(30N? + 200N —
a'_’\{‘4))+
{ij o b+

iy iy in-
a_pa’ a o aN

~(70N? 700N + 1680)a"}a (a_, - a_)a” ™ o ... 2"V,

1%
Lastly, the three D:I:I:‘ are given by

(36N* - 240N> — 3492N? + 36096 N — 85680)a'la’” o

1“ 1o %

—3540N + 27720)a<'la/2 ot a N

2
900N Bt e

—(120N3 —

160N — 8080N +36960)a" . a” o™ ...a"N "+

3
—(80N" - —1%-1 %

+(4SON? — 1230N — 13440)a"1a 0 a ... a"N '+
’N 4)(0 L 71)_,’_

inN—
a_’: laz-a )+

12600)a" 0 o o™ ...

38280N +50400)a”! @ a” o™ ...

+(60N3 — 1080N2 + 6420N —

—(60N* — 1320N3 + 10740N? —

—(2430N +6210)a" a2 % a) ... a/N V4

~(135N% — 1755N +5670)a" o oﬁla"41 e d P ay o+

1080N2 + 6420N — 12600)a}a”? o ot ’N—“

+(60N3 — Balt (a_y - a_y),
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iN-4)

iN-4)
Sl a7+
iy = D+
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iN—4
3 +

a'_"{'4))+

—585N? +3705N — 7560)((1” a“za‘*a T S U NP 2 DR

(D.22)

iN_4)
—1 ’

(D.23)

(D.24)

(D.25)
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and
(54N* — 1044N? + 7074N2 — 19044N + 15120)a"La” " o ... a"N "+
~(180N> —3060N? + 16920N — 30240)a" 0" o o ... aN =+
~(80N> — 400N — 4960N +26880)a"}a”,a” o' ... a'N ¥+
+600N2 — 5640N + 10080)a " a0 " .. aN =+
+(120N3 — 2160N? + 12840N — 2520002 0 o ™, ... aN*(a_; - a_ )+ (D.26)
—(90N* — 1980N> + 16110N? — 57420N + 756000’ @ o a, ... a"N*(a_3 - a_ )+
~(3240N - 9720)a" 0, o ... @™V
~(180N2 - 2340N +7560)a"}a a” o ... a'N ¥, - a_ )+
+@A5N* — 990N + 8055N2 — 28710N +37800)a” | a” a” | ... a"N (e, - a_y).
and
(B6N* +216N° — 11700N? + 84888 N — 181440)a"La” o o ... a"N+
~(40N* + 80N? — 2440N? — 22640N + 154560)a"} 2 o o ... a/N '+
+(120N? — 4440N — 10080)a" a0, a .. aN =+
+60N* — 480N? — 4380N2 + 51600N — 126000)a"la” o ", ..aN (@, - a_)+ ©.27)
~(180N* = 3960N" +32220N? — 114840N + 151200)a”’ 0, a” &, ... N (a_5 - a_)+
~(1080N? + 2160N —3240)a" 0" o ™ ... aN =+
~(180N? — 1800N? + 540N +22680)a" 0" a” ™ ...aN*(a_; - a_ )+
~(@5N* — 990N? + 8055N? — 28710N +37800)a”" o @ o, .. a N (a_; - o).
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