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Abstract

The aim of this thesis is to extend the applications of the Quantile Regression

Forest (QRF) algorithm to handle mixed-frequency and longitudinal data. To

this end, standard statistical approaches have been exploited to build two novel

algorithms: the Mixed- Frequency Quantile Regression Forest (MIDAS-QRF) and

the Finite Mixture Quantile Regression Forest (FM-QRF).

The MIDAS-QRF combines the flexibility of QRF with the Mixed Data Sampling

(MIDAS) approach, enabling non-parametric quantile estimation with variables

observed at different frequencies. FM-QRF, on the other hand, extends random

effects machine learning algorithms to a QR framework, allowing for conditional

quantile estimation in a longitudinal data setting. The contributions of this

dissertation lie both methodologically and empirically.

Methodologically, the MIDAS-QRF and the FM-QRF represent two novel ap-

proaches for handling mixed-frequency and longitudinal data in QR machine

learning framework. Empirically, the application of the proposed models in fi-

nancial risk management and climate-change impact evaluation demonstrates

their validity as accurate and flexible models to be applied in complex empirical

settings.



Contents

1 Introduction and Overview 2

2 Mixed-Frequency Quantile Regression Forests 6

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.2 Quantile Regression Forest: Notation and Preliminary Results . . 11

2.3 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3.1 The MIDAS-QRF Model . . . . . . . . . . . . . . . . . . . 13

2.3.2 Variable Importance computation . . . . . . . . . . . . . . 16

2.3.3 Dynamic MIDAS-QRF . . . . . . . . . . . . . . . . . . . . 17

2.4 Empirical Application . . . . . . . . . . . . . . . . . . . . . . . . 17

2.4.1 Backtesting Procedures . . . . . . . . . . . . . . . . . . . . 21

2.4.2 MIDAS-QRF Results . . . . . . . . . . . . . . . . . . . . . 21

2.4.3 Dynamic MIDAS-QRF Results . . . . . . . . . . . . . . . 26

2.4.4 Variable Importance . . . . . . . . . . . . . . . . . . . . . 32

2.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3 Finite mixtures of Quantile Regression Forests and their applica-

tion to GDP growth-at-risk from climate change 37

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.2 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.2.1 Finite Mixtures of Quantile Regression Forest . . . . . . . 41

3.2.2 Parameters Estimation with the EM Algorithm . . . . . . 43

3.2.3 Closed Form Solutions to the EM Algorithm . . . . . . . . 46

3.3 Simulation Study . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

II



Contents III

3.4 Empirical Application . . . . . . . . . . . . . . . . . . . . . . . . 51

3.4.1 Preliminary Analysis . . . . . . . . . . . . . . . . . . . . . 55

3.4.2 Projection Results . . . . . . . . . . . . . . . . . . . . . . 59

3.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4 The Impact of the COVID-19 Pandemic on Risk Factors for

Children's Mental Health: Evidence from the UK Household

Longitudinal Study 68

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

4.2 The Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.3 Analysis of the UK Household Longitudinal Study Data . . . . . . 75

4.3.1 Risk Factors Analysis . . . . . . . . . . . . . . . . . . . . . 76

4.3.2 Comparison with the LQMM Results . . . . . . . . . . . . 79

4.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

A Mixed-Frequency Quantile Regression Forests 103

B Finite mixtures of Quantile Regression Forests and their applica-

tion to GDP growth-at-risk from climate change 108

C The Impact of the COVID-19 Pandemic on Risk Factors for

Children's Mental Health: Evidence from the UK Household

Longitudinal Study 129



List of Figures

2.1 Heating Oil index out-of-sample predictions at quantile levels

� = 0:01; 0:025; 0:05. The top panel and the bottom panel show

the predictions obtained with the dynamic MIDAS-QRF model,

respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

2.2 Variable importance for the static MIDAS-QRF at � = 0:01 for the

Heating Oil index . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.3 Variable importance for the static MIDAS-QRF at � = 0:025 for

the Heating Oil index . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.4 Variable importance for the static MIDAS-QRF at � = 0:05 for the

Heating Oil index . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.1 Average variable importance across quantilesI j for each covariate. 57

3.2 Permutation-based variable importanceI j;� for each covariate in-

cluded in the training set. . . . . . . . . . . . . . . . . . . . . . . 58

3.3 Map showing � Q�
it in years t = 2030; 2050; 2100for quantile at

probability level � = 0:01. . . . . . . . . . . . . . . . . . . . . . . 62

3.4 Map showing � Q�
it in years t = 2030; 2050; 2100for quantile at

probability level � = 0:05. . . . . . . . . . . . . . . . . . . . . . . 63

3.5 Map showing � Q�
it in years t = 2030; 2050; 2100for quantile at

probability level � = 0:50. . . . . . . . . . . . . . . . . . . . . . . 64

3.6 Map showing � Q�
it in years t = 2030; 2050; 2100for quantile at

probability level � = 0:95. . . . . . . . . . . . . . . . . . . . . . . 65

IV



List of Figures V

3.7 Map showing � Q�
it in years t = 2030; 2050; 2100for quantile at

probability level � = 0:99. . . . . . . . . . . . . . . . . . . . . . . 66

4.1 Normal probability plot of the linear mixed model residuals for

SDQ total score with with random-e�ects speci�ed at child level . 74

4.2 Bar plot showing the Variable Importance extracted from the FM-

QRF for each covariate at quantile level� = 0:1. The blue bars

represent the Variable Importance in the Pre-pandemic period and

the red bars are related to the pandemic period. Numbers at the

top of the bars indicate the ranking position of each variable in

terms of Variable Importance. . . . . . . . . . . . . . . . . . . . . 77

4.3 Bar plot showing the Variable Importance extracted from the FM-

QRF for each covariate at quantile level� = 0:5. The blue bars

represent the Variable Importance in the Pre-pandemic period and

the red bars are related to the pandemic period. Numbers at the

top of the bars indicate the ranking position of each variable in

terms of Variable Importance. . . . . . . . . . . . . . . . . . . . . 77

4.4 Bar plot showing the Variable Importance extracted from the FM-

QRF for each covariate at quantile level� = 0:9. The blue bars

represent the Variable Importance in the pre-pandemic period and

the red bars are related to the pandemic period. Numbers at the

top of the bars indicate the ranking position of each variable in

terms of Variable Importance. . . . . . . . . . . . . . . . . . . . . 78

A.1 WTI index time series. the black line represents the training set

and the red line the out-of-sample period. . . . . . . . . . . . . . 104

A.2 Brent index time series. the black line represents the training set

and the red line the out-of-sample period. . . . . . . . . . . . . . 104

A.3 Heating oil index time series. the black line represents the training

set and the red line the out-of-sample period. . . . . . . . . . . . 105



List of Figures VI

A.4 Brent index out-of-sample predictions at quantile levels� = 0:01; 0:025; 0:05.

The top panel and the bottom panel show the predictions obtained

with the dynamic MIDAS-QRF model, respectively. . . . . . . . . 106

A.5 WTI index out-of-sample predictions at quantile levels� = 0:01; 0:025; 0:05.

The top panel and the bottom panel show the predictions obtained

with the dynamic MIDAS-QRF model, respectively. . . . . . . . . 107

C.1 Bar plot showing the Variable Importance extracted from the FM-

QRF for each covariate at quantile level� = 0:25. . . . . . . . . 130

C.2 Bar plot showing the Variable Importance extracted from the FM-

QRF for each covariate at quantile level� = 0:75. . . . . . . . . . 130



List of Tables

2.1 Models speci�cations . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.2 Loss and Backtesting results of the MIDAS-QRF for the Brent

Index. The shade of grey indicate models for which the p-value of

the test in greater than the1% signi�cance level. . . . . . . . . . 23

2.3 Loss and Backtesting results of the MIDAS-QRF for the WTI Index.

The shade of grey indicate models for which the p-value of the test

in greater than the 1% signi�cance level. . . . . . . . . . . . . . . 24

2.4 Loss and Backtesting results of the MIDAS-QRF for the Heating

Oil Index. The shade of grey indicate models for which the p-value

of the test in greater than the1% signi�cance level. . . . . . . . . 25

2.5 Loss and Backtesting results of the Dynamic MIDAS-QRF for the

Brent Index. The shade of grey indicate models for which the

p-value of the test in greater than the1% signi�cance level. . . . . 27

2.6 Loss and Backtesting results of the Dynamic MIDAS-QRF for the

WTI Index. The shade of grey indicate models for which the p-value

of the test in greater than the1% signi�cance level. . . . . . . . . 28

2.7 Loss and Backtesting results of the Dynamic MIDAS-QRF for the

Heating Oil Index. The shade of grey indicate models for which

the p-value of the test in greater than the1% signi�cance level. . 29

3.1 Loss values for each scenario computed on the test set of the four

�tted models. Bold values indicate the smallest loss. . . . . . . . . 50

VII



List of Tables VIII

3.2 Summary statistics of the variables included in the sample. The

table reports the number of observations (Obs), the minimum

(Min), maximum (Max) along with the median, mean and standard

deviation (SD). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.3 ANOVA test results for di�erent values of � . The 'Tn' column

reports the test statistic and the 'P-Value' column reports the level

of signi�cance of the test at 5% signi�cance level. . . . . . . . . . 56

3.4 Average mean and bootstrap standard error across countries ob-

tained with N=500 iterations. . . . . . . . . . . . . . . . . . . . . 59

4.1 Summary statistics related to the pre-COVID period of the variables

included in the sample after the data cleansing. The Null column

reports the number of null values (not applicable or missing items)

before the data cleansing procedure. . . . . . . . . . . . . . . . . . 73

4.2 Summary statistics related to the COVID period of the variables

included in the sample after the data cleansing. The Null column

reports the number of null values (not applicable or missing items)

before the data cleansing procedure. . . . . . . . . . . . . . . . . . 74

4.3 ANOVA test results for di�erent values of � . The 'Tn' column

reports the test statistic and the 'P-Value' column reports the level

of signi�cance of the test at 5% signi�cance level. . . . . . . . . . 75

4.4 Pseudo-R2 values related to the pre-pandemic period for the LQMM

and the FM-QRF models. Values are expressed in percentages. . . 81

4.5 Pseudo-R2 values related to the pandemic period for the LQMM

and the FM-QRF models. Values are expressed in percentages. . . 81

4.6 LQMM results coe�cients for the pre-pandemic and the pandemic

period at �ve quantile levels � = 0:1; 0:5; 0:9. The symbol '***'

denotes signi�cance at 1% level and '**' signi�cance at 5%. . . . . 83



List of Tables 1

A.1 Summary statistics of the variables included in the sample. The

table reports the number of observations (Obs), the minimum (Min),

maximum (Max) along with the mean, standard deviation (SD),

skewness and excess kurtosis. . . . . . . . . . . . . . . . . . . . . 103

B.1 Mean (in bold) and bootstrap standard error of the quantile esti-

mates at level� = 0:01; 0:5; 0:99 for the SSP1 scenario. . . . . . . 118

B.2 Mean (in bold) and bootstrap standard error of the quantile esti-

mates at level� = 0:01; 0:5; 0:99 for the SSP5 scenario. . . . . . . 128



Chapter 1

Introduction and Overview

Quantile Regression (QR) has been introduced in Koenker and Bassett Jr (1978)

as a powerful technique to model the entire conditional distribution of a response

variable given a set of covariates. This approach is particularly useful when the

standard regression models fail at correctly modeling the relationship between the

response and the covariates, or when the gaussianity assumption on the outcome's

distribution is untanable. In such scenarios, QR allows to obtain more robust and

reliable results by modeling location parameters beyond the conditional mean,

and a variety of �elds, such as economics, �nance, healthcare, and environmental

science (Koenker, 2005, Koenker et al., 2017), have reaped the bene�ts of this

approach.

The recent development of non-parametric QR models have further extended

the applications of QR, including the machine learning realm. In this context,

QR machine learning algorithms represent one of the main advancements in

overcoming the limits of the parametric formulation of standard QR models. As a

matter of fact, machine learning algorithms do not require any a-priori assumption

on the functional form of the relationship between the outcome and the covariates,

resulting more �exible and reliable than standard QR in empirical applications

involving unknown and highly complex relationships among variables.

Few examples of QR machine learning algorithms are the QR neural network

2



Chapter 1. Introduction and Overview 3

model of White (1992), QR Support Vector Machines (Hwang and Shim, 2005, Xu

et al., 2015) and QR Random Forests (Meinshausen, 2006, Athey et al., 2019).

Despite the bene�ts of these algorithms, their application is constrained to standard

experimental designs, as they often falter in non-standard empirical settings, such

as those involving mixed-frequency or longitudinal data.

The former case is particularly relevant in time series analysis, in which information

is often available at di�erent temporal resolutions. Standard statistical and

econometrics models, including QR, usually require the use of variables observed

at the same frequency, causing potentially useful predictors to be excluded due to

the temporal mismatch. One of the main contributions to address this issue is

the Mixed Data Sampling (MIDAS) approach proposed in Ghysels et al. (2007).

This model allows to include variables observed at di�erent frequencies, allowing

to expand the research methodology beyond the standard statistical setting.

Given its innovativity, the MIDAS approach has been extended to QR and applied

in a variety of �elds, such as �nance and economics (Kuzin et al., 2011, Andreani

et al., 2021, Candila et al., 2023), environmental sciences (Oloko et al., 2022, Jiang

and Yu, 2023) and tourism (Bangwayo-Skeete and Skeete, 2015, Wen et al., 2021).

In the longitudinal data setting instead, previous contributions to the QR literature

have exploited mixed-e�ects or random e�ects models to account for the potential

association between dependent observations (Farcomeni, 2012a, Smith et al., 2015,

Alfò et al., 2017, Marino et al., 2018, Merlo et al., 2021b, 2022c,b). Although these

models incorporate an individual-speci�c random intercept to model unobserved

heterogeneity, their parametric formulation may not be suitable in various empirical

applications, leading to potentially inaccurate inferences.

Non-parametric approaches have been proposed, but in the machine learning

realm, the algorithms that have been extended to handle mixed-frequency data

(Xu et al., 2019) and longitudinal data (Xiong et al., 2019, Luts et al., 2012,

Hajjem et al., 2014, 2011, Sela and Simono�, 2012) lack the capability to estimate
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conditional quantiles, as they have been developed only in a standard regression

setting.

Thus, the aim of this dissertation is to bridge this gap in the literature by intro-

ducing two novel machine learning algorithms that allow to estimate conditional

quantiles in the mixed-frequency and longitudinal data frameworks.

Both proposed models build upon the Quantile Regression Forest (QRF) algorithm,

ensuring a high level of accuracy and computational e�ciency. The choice of the

QRF algorithm stems from its inherent �exibility, allowing for easy comparison

with standard econometric models in terms of statistical adequacy, accuracy,

interpretability, and computational e�ort. Empirical results presented in this

thesis demonstrate that the proposed extensions outperform commonly used

econometric and statistical models in the QR literature.

The main contributions of this dissertation are twofold. Methodologically, it

introduces two algorithms: the Mixed-Frequency Quantile Regression Forest

(MIDAS-QRF, detailed in Chapter 2) and the Finite Mixture Quantile Regression

Forest (FM-QRF, presented in Chapter 3). The MIDAS-QRF is based on a

novel methodology that merges the MIDAS approach and the QRF algorithm,

enabling non-parametric estimation of quantiles using data observed at di�erent

frequencies. The FM-QRF, on the other hand, builds upon random e�ects machine

learning algorithms and it is based on leaving the random e�ects distribution

unspeci�ed and on estimating the �xed part of the model with QRF. Quantile

estimates are obtained using an iterative procedure based on the Expectation

Maximization-type algorithm with the Asymmetric Laplace distribution as the

working likelihood. This methodology extends the work of Geraci and Bottai

(2007, 2014), Alfò et al. (2017) to a non-linear and non-parametric framework and

adapts the mixed-modeling approach presented in Hajjem et al. (2014) to a QR

framework.

The validity of the proposed models has been tested empirically in the �nancial

and economics settings. As a matter of fact, the recent emerging risks concerning
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�nancial crises and climate change have required �nancial institutions, policy-

makers, and researchers to develop novel methodological approaches to capture

complex relationships and manage such risks.

The two innovative methodological approaches result particularly useful in this

settings, where non-Gaussian characteristics and mixed-frequency or longitudinal

data are common. The MIDAS-QRF is empirically applied in a �nancial risk

management setting for computing the well-known �nancial risk measure Value-at-

Risk. Empirical �ndings demonstrate that the MIDAS-QRF delivers statistically

adequate forecasts that outperform popular models in terms of accuracy (refer to

Section 2.4).

The FM-QRF is applied in a climate-change impact evaluation setting to predict

the Growth-at-Risk (GaR) of GDP growth for 210 countries. Climate-related

variables are used as covariates, revealing heterogeneous e�ects of unsustainable

climate practices among countries.

In order to test the �exibility of the proposed FM-QRF, the model is applied on an

additional longitudinal dataset concerning the e�ects of the COVID-19 pandemic

on children's mental health to extend previous �ndings based on standard linear

models (refer to Section 3.4).



Chapter 2

Mixed-Frequency Quantile

Regression Forests

2.1 Introduction

Standard regression models infer the e�ects of a set of covariates on the conditional

expected value of the response variable. However, in real-world scenarios the

e�ects of the covariates may vary across di�erent parts of the outcome variable's

conditional distribution. In this case, standard regression models may provide

misleading results, and a more complete picture of the response variable's distri-

bution would allow to obtain more robust results, especially if the distribution of

the outcome exhibits non-Gaussian characteristics.

To this end, a variety of models has been developed to estimate location parameters

beyond the expected value, with Quantile Regression (QR) being one of the most

important ones. Introduced in Koenker and Bassett Jr (1978) as a generalization

of median regression, QR represents a �exible methodology to model data that

violate the gaussianity assumptions of standard regression models. As a result, QR

has become widely popular among scholars and practitioners in several �elds, such

as environmental science (Reich, 2012, Vasseur and Aznarte, 2021, Coronese et al.,

2019), healthcare and medicine (Wei et al., 2006, Merlo et al., 2022a, Borgoni

et al., 2018), �nance and economics (Taylor, 1999, Merlo et al., 2022c, Bernardi

6
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et al., 2018, Petrella and Raponi, 2019, Daouia et al., 2018, 2021).

Although being widely applied in several empirical studies, the standard QR

model may be a�ected by two main limitations. The �rst one arises when dealing

with data collected at mixed-frequencies, as in time series modelling. In this

domain, it is often necessary to incorporate information with di�erent temporal

resolution to uncover meaningful relations among the phenomena of interest. The

application of standard statistical and econometrics models, including QR, usually

requires the use of variables observed at the same frequency, causing potentially

useful predictors to be excluded due to the temporal mismatch. One of the

most relevant approaches developed to overcome this issue is the Mixed Data

Sampling (MIDAS) model proposed by Ghysels et al. (2007). This approach

includes mixed-frequency variables as covariates in linear models, allowing to

obtain more accurate predictions. For this reason, it has been applied to a variety

of �elds, such as �nance and economics (Kuzin et al., 2011, Andreani et al., 2021,

Candila et al., 2023), environmental sciences (Oloko et al., 2022, Jiang and Yu,

2023) and tourism (Bangwayo-Skeete and Skeete, 2015, Wen et al., 2021).

Another possible limitation of the standard QR model is its reliance on the a-priori

speci�cation of the functional form of the relation between the outcome and the

covariates. In many empirical applications, this relationship is often unknown

and highly complex, and more robust results could be otbtained employing a

non-parametric approach. To address this issue, the standard QR approach has

been extended to the machine learning realm: starting from White (1992), which

applies neural networks to QR, other contributions have incorporated QR in the

most common machine learning algorithms, such as Support Vector Machines

(Hwang and Shim, 2005, Xu et al., 2015) and Random Forests (Meinshausen,

2006, Athey et al., 2019). However, the majority of these models cannot handle

mixed-frequency data. For this reason, recently Xu et al. (2019, 2021a) extended

QR neural networks to the MIDAS framework, although they showed the presence

of some drawbacks related to the low interpretability, high computational e�ort

and high number of observations needed to train the model.
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Thus, the aim of this chapter is to propose a comprehensive methodology to

estimate quantiles that addresses the limitations of both standard QR and complex

machine learning models. To this end, the MIDAS-QRF is introduced as a novel

machine learning algorithm able to embed the MIDAS component into the Quantile

Regression Forest algorithm (QRF) proposed by Meinshausen (2006).

Being based on the QRF algorithm, the proposed model o�ers several advantages

with respect to deep learning algorithms. The MIDAS-QRF is easier to train and

it also allows to extract the so called "variable importance" of each covariate,

giving insight into the relative importance of di�erent covatiates in forecasting

the response variable. These features make MIDAS-QRF particularly �exible

and useful in a variety of domains and applications. Moreover, the MIDAS

components introduced in the QRF allow to model non-linear relationships among

variables sampled at di�erent frequencies without specifying a-priori any particular

functional form and without making any assumption on the dependent variable's

distribution. The proposed model also expands the applicability of the well

known QRF, since it handles mixed-frequency data often involved in real empirical

applications. Last but not least, the proposed MIDAS-QRF model is particularly

suitable for empirical applications involving variables with skewed and fat-tailed

distributions.

Moreover, the MIDAS-QRF o�er advantages also over standard statistical methods,

such as multivariate splines on the covariate space. This is due to the MIDAS-QRF

(and Random Forest algorithms in general) nature as an ensemble method. By

combining the predictions of multiple decision trees, the MIDAS-QRF allows

to reduce over�tting and improve accuracy with respect to individual models.

Moreover, Contributions to the literature (Genuer, 2012, Breiman, 1996, 2001,

Hastie et al., 2009) show that this approach based on aggregation also helps in

reducing the variance of the model, leading to increased stability in forecasts.

Moreover, algorithms based on Random Forests are particularly e�ective in

handling high-dimensional data, thanks to the random selection of features at

each split, which mitigates the curse of dimensionality and provides insights into
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feature importance. Additionally, they are �exible, scalable, and can naturally

handle missing values (Breiman, 2001).

It is quite common to encounter dependent variables in the �nancial domain that

are not normally distributed, and are further in�uenced by additional covariates

observed at lower frequencies, often exhibiting non-linear relationships.

For this reason, the MIDAS-QRF is employed to estimate the well-known �nancial

risk measure Value-at-Risk (VaR), which is one of key risk metrics employed

for capital calculation, decision-making, and risk management within the Basel

III banking framework. (Jorion, 1997). From a statistical point of view, VaR

represents the conditional quantile of a �nancial variable's distribution, and a

variety of models have been applied to its estimation, such as QR, linear ARCH

models (Koenker and Zhao, 1996, Taylor, 1999), GARCH models (Xiao and

Koenker, 2009, Lee and Noh, 2013, Zheng et al., 2018), penalized QR (Bayer,

2018), models based on the Asymmetric Laplace distribution (Merlo et al., 2021b,

Taylor, 2019), as well as extensions to multivariate settings (Petrella and Raponi,

2019, Bernardi et al., 2017, Merlo et al., 2022c). Some of these models have been

also extended to account for mixed-frequency data, see for example Engle et al.

(2013), Candila et al. (2023) and Mo et al. (2018).

In empirical applications involving time series, it may be useful to estimate

quantiles in a dynamic framework to model the time-varying distribution of the

variable of interest. In the �nancial literature, the Conditional Autoregressive

Value-at-Risk (CAViaR) model of Engle and Manganelli (2004) has been proposed

to accurately model he time-changing distribution of portfolio returns. This

approach is based on directly estimating the conditional quantile via a linear

autoregressive model, and it has been recently extended to the mixed-frequency

framework by Xu et al. (2021b).

In the spirit of the CaViaR, this chapter proposes also an extension of the MIDAS-

QRF to a dynamic framework. The resulting Dynamic MIDAS-QRF allows to

estimate quantiles in an autoregressive framework by introducing the lagged
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quantile predictions as additional covariate similarly to the CaViaR model.

Given that �nancial data are usually observed at di�erent frequencies and are

often characterized by the well-known stylized facts (Cont, 2001), they are rarely

well-�tted by linear models. In this context, the proposed MIDAS-QRF may be

more appropriate than others to obtain accurate quantile estimates.

For this reason, the proposed model is applied in an empirical setting related

to the �nancial �eld. In particular, this chapter focuses on the emerging topic

of the �nancialization of energy commodities. This products have been widely

employed over the two past decades as hedging and speculative assets, especially

during periods of �nancial and economic downturns. This phenomenon, along

with the deregulation of over-the- counter markets, led to a signi�cant increase of

the volatility of energy commodities returns. Thus, the study of the risks linked

to such commodities is particularly relevant under a risk management framework.

The empirical application is focused on three daily energy commodities indexes,

the West Texas Intermediate (WTI) Crude Oil, the Brent Crude Oil and the

Heating Oil. The aim of the empirical application is to employ the proposed

MIDAS-QRF and its dynamic version to predict VaR, de�ned as the maximum

loss that a �nancial operator can incur over a de�ned time horizon for a given

con�dence level. The time series spans from July 2014 to March 2022, including

observations collected during the COVID-19 pandemic and at the beginning of

Russian-Ukrainian con�ict. In order to measure the risks associated with energy

commodities, three di�erent low-frequency covariates are considered: the monthly

Real Broad Dollar Index, whose e�ects on oil prices have been investigated in Lin

et al. (2016), Akram (2009), the quarterly Natural Gas returns and the quarterly

Saudi Arabia Crude Oil Production, whose link to oil prices has been extensively

studied by the U.S. Energy Information Administration (EIA) 1.

The statistical validity of the out-of-sample VaR forecasts is tested by means of

backtesting procedures (Christo�ersen, 1998, Christo�ersen and Pelletier, 2004,

1https://www.eia.gov/�nance/markets/crudeoil/spot_prices.php
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Engle and Manganelli, 2004). The empirical results show that the proposed

models outperform several well-known statistical and machine learning models

often considered in the literature. A variable importance analysis is also reported

to show which variables may be considered the most relevant in predicting the

VaR. The rest of the chapter is organized as follows: Section 2.2 gives preliminary

information on QRF, Section 2.3 describes the proposed methodology, Section 2.4

presents the empirical application of MIDAS-QRF and Section 2.5 concludes.

2.2 Quantile Regression Forest: Notation and Pre-

liminary Results

This section reports the notation and some preliminars on QRF useful for the rest

of the chapter.

Let S = f (Yi ; X i )gN
i =1 be a random sample of dimensionN of random variables

drawn from the unknown joint distribution of the random variables(Y;X ) 2 R� Rp

with realisation s = f (yi ; x i )gN
i =1 , where Y is the response variable andX the

vector of p covariates.

The QRF algorithm (Meinshausen, 2006) has been developed as an extension to

the Random Forests (RF) algorithm introduced by Breiman (2001). Both models

rely on the Classi�cation and Regression Trees (CART) (Breiman et al., 1984)

algorithm. Di�erently from the the Random Forest approach, which estimates

the conditional expected value, the QRF estimates the quantile of the conditional

distribution of Y.

Speci�cally, each decision tree in the QRF is trained with the CART algorithm,

that consists in recursively partitioning the training sampleS into M disjoint

sub-samples denoted withRm ; m = 1; : : : ; M according to a splitting rule. In this

setting, the splitting rule is based on minimizing the the Sum of Squared Errors

(SSE) in each sub-sample ofRm :
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SSERm =
X

yi 2 Rm

(�ym � yi )2; (2.1)

where �ym is the mean of the observations inRm
2.

At the end of the tree training, each sub-sample that is no further splitted is

denoted as "terminal node" and indicated withR�
m .

The QRF prediction of the conditional quantileQ� (Y jX = x) is obtained from

the estimated conditional distribution F (yjX = x), de�ned as follows:

F (yjX = x) := P(Y � yjX = x)

:= E[1f Y � ygjX = x]
(2.2)

In particular, given a new set of observations,F̂ (yjX = x) is estimated by

individuating one terminal nodeR�
m in each tree and by averaging the estimations

of the B trees:

F̂ (yjX = x) =
1
B

BX

b=1

X

Yi 2 R �
m;b

1f Yi � yg

jR�
m;bj

; (2.3)

Subsequently, the quantile at probability level� 2 (0; 1) is estimated as follows:

Q̂� (Y jX = x) := inf f y : bF (yjX = x) � � g (2.4)

The QRF also computes the Variable Importance of each covariate, i.e. the

in�uence of each covariate on the model's performance. The bigger the importance,

the greater the positive e�ect of the variable on the model's accuracy. This feature

improves the interpretability of the phenomena of interest and it can be considered

as a nice property held by Random Forests with respect, for instance, to Neural

Networks.

2Other splitting rules can be considered. For instance, Athey et al. (2019) proposes to use a
quantile loss-base splitting rule. The choice of the splitting rule depends mainly on the empirical
application of interest and the �nal forecast accuracy, as no contribution in the literature o�ers
clear and robust evidence for choosing one approach over another in quantile regression settings.
In this thesis, the standard QRF approach of Meinshausen (2006) has been choosen since it is
more established in the machine learning literature. However, the proposed model can be easily
adapted to consider other QRF models with di�erent splitting rules.
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As mentioned in the introduction, the standard QRF algorithm cannot handle

directly mixed-frequency data as many other models, and the aim of this chapter

is to �ll this gap by introducing mixed frequency variables in a QRF framework

exploiting the MIDAS approach.

The methodology of the resulting MIDAS-QRF is presented in the next section.

2.3 Methodology

This section describes the MIDAS-QRF methodological approach, developed

to extend the QRF algorithm of Meinshausen (2006) via the MIDAS approach

of Ghysels et al. (2007) in order to handle mixed-frequency data in quantiles

estimation via Random Forests.

2.3.1 The MIDAS-QRF Model

Let Yi;t and X i;t , i = 1; : : : ; Nt ; t = 1; : : : ; T be the high-frequency response

variable and the set of high-frequency covariates observed at timei of the t � th

period of the year. Moreover,Z t = f Z h
t gH

h=1 is the vector of H low-frequency

covariates observed in thet � th period of the year. In this sense,T represents

the overall number of low-frequency periods.

For instance, if Z t is observed monthly,T = 12 and the valueN t represents the

total number of days in thet � th month. In a �nancial setting, the variable Yi;t

may represent the daily �nancial returns sampled at dayi while the low-frequency

variables might be monthly economic variables measuring the general state of the

economy, sampled at thet � th month of the year.

The MIDAS approach proposed by Ghysels et al. (2007) allows to include mixed-

frequency variables in the QRF model, where the dependent variable is observed

at a higher-frequency than the covariates.

The simplest MIDAS linear regression is:
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Yi;t = � 0 + � 1MC 1
i � 1;t + � � � + � H MC H

i � 1;t + " i;t (2.5)

where the covariateMC h
i;t = (

P K
j =1 � k(! )Z h

t � j ) i;t is the MIDAS component, a

�lter of the last K observations ofZ h up to time i � 1 of the t-th period. The

number of lagsk can be chosen arbitrarily or via grid search. For interpretability

purposes, in this chapter the numberk is chosen so that to consider meaningful

fraction of the year (for instance, for monthly variables it would makes sense to

consider three months, that isk = 3).

The function � k(! ) is the Beta weighting function (see Candila et al. (2023)

and references therein) in which! = ( ! 1; ! 2):

� k(! 1; ! 2) =
(k=K )! 1 � 1(1 � k=K )! 2 � 1

P K
j =1 (j=K )! 1 � 1(1 � j=K )! 2 � 1

: (2.6)

This function allows to impute a greater weight to more recent observations

by setting ! 1 = 1 and optimising ! 2 with respect to the model's likelihood or a

proper loss function. Other weighting functions are discussed in Ghysels and Qian

(2019).

In this chapter, the linear speci�cation of (2.5) is relaxed by considering:

Yi;t = f (X i � 1;t ; MC i � 1;t ) + " i;t (2.7)

wheref (�) is a non-parametric function andMC i � 1;t = f MC h
i � 1;t g

H
h=1 is the matrix

of MIDAS components related to the set of covariatesZ t .

Being interested in the VaR ofYi;t , the MIDAS-QRF estimates the conditional

quantile:

Q̂� (Yi;t jX i � 1;t ; MC i � 1;t ) = f � (X i � 1;t ; MC i � 1;t ) (2.8)

by including the MIDAS covariates in the QRF model. This is achieved by training

the QRF with the training set s� = f (yi;t ; x i � 1;t ; MC i � 1;t )g
N t ;T
i =1 ;t=1 , which includes

the observations of the MIDAS component of each low-frequency covariate.
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In this non-parametric context, the likelihood of the MIDAS-QRF model cannot

be computed, and consequently! 2 cannot be optimized via maximum likelihood

as in the standard MIDAS model. To overcome this issue, the optimal! 2 could be

found via grid search as the one delivering the higher forecast accuracy. A similar

approach is also discussed in Candila et al. (2023). However, this procedure can

be particularly burdersome if the vectorZ t is large.

Thus, proposed methodology reduces the computational e�ort of the MIDAS-

QRF training as follows. For each covariateZh, a set ofMC h
i � 1;t is computed by

using di�erent values of ! 2, obtaining a matrix of MIDAS components. Then,

the Principal Component Analysis (PCA) is applied on the resulting matrix to

reduce its dimensionality, and the �rst component of the PCA is used ins� as

MIDAS component related toZh. This procedure is performed separately for each

low-frequency covariate in the training set.

The main bene�t of this approach is that it retains the most important information

in Zh while reducing computational e�ort and training time for the MIDAS-QRF.

Additionally, like the standard QRF, the MIDAS-QRF assesses the relevance of

each covariate in predicting the response variable through the Variable Importance

measure. Although this measure cannot be interpreted as the coe�cients in

parametric models, it allows to enhance the interpretability of Random Forests-

based models compared to other machine learning algorithms.

A potential limitation of the MIDAS-QRF is that the estimation procedure to

obtain MC values can increase variability in MIDAS-QRF estimates, a common

issue in MIDAS models. However, being based on Random Forests, the MIDAS-

QRF algorithm allows to reduce estimates variability due to its ensemble nature.

Additionally, the MIDAS-QRF retains all statistical properties of the standard

QRF algorithm by treating the MIDAS component as an additional covariate. For

more details on the statistical properties, refer to Meinshausen (2006), in which

the model's consistency is shown alomng with numerical examples.
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2.3.2 Variable Importance computation

Variable Importance is usually computed permuting the observations of the generic

p-th covariate and measuring the e�ect on the model's forecast accuracy. The

idea behind this procedure is that if a covariate signi�cantly a�ects the model's

performance, permuting its values would result in a decrease in forecast accuracy.

On the contrary, if the covariate is less important, permuting its values should

have minimal in�uence on the model's performance.

More in detail, the Variable Importance is computed in two steps. In the �rst

step, Out-Of-Bag (OOB) observations of the training set are used to compute the

Sum of Squared Residuals (SSR) of the QRF, denoted withm:

m =
SX

i =1

(yOOB
i � ŷi )2 (2.9)

whereS denotes the total number of OOB observations selected in the proce-

dure (in empirical setting, this number is usually pre-determined by the function

used to implement the algorithm) andyOOB
i is the i � th OOB observation of the

outcome variable.

Subsequently, the observations of thep-th covariate are permuted, and the

SSR is re-calculated. The resulting SSR is denoted withm� . The importance of

the p-th variable at each quantile level� , denoted with I p;� , is measured as:

I p;� = m � m� (2.10)

The bigger the decrease of the SSR after permutation, the greater the variable

importance. The ability to extract the Variable Importance measure allows

the MIDAS-QRF to retain the grade of interpretability of standard Random

Forest-based algorithms.

In this chapter, the Variable Importance of the covariates included in the training

set is extracted to gain a deeper insight into the results obtained in Section 2.4.
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2.3.3 Dynamic MIDAS-QRF

In order to model the quantile in a dynamic framework, the MIDAS-QRF ap-

proach is extended to an autoregressive framework. A dynamic approach to

quantile estimation has already been introduced in a parametric setting with

the CaViaR model of Engle and Manganelli (2004). The aim of this study is to

apply this well-established autoregressive approach to the MIDAS-QRF. Thus,

the resulting Dynamic MIDAS-QRF relies on considering lagged values of the

quantile predictions as additional covariate used to train the model.

The iterative algorithm of the Dynamic MIDAS-QRF consists in an initialisation

phase and a two-step procedure. Denoting withR =
P T

t=1 N t the total number of

observations ins� , in the initialization consists in computing a vector of quantile

forecastsQ̂ �
0 = f Q̂�

r gV � 1
r =1 with V < R using any suitable autoregressive model,

such as CaViaR.

Then, the two-step procedure consists in:

1. First step : a MIDAS-QRF is trained considering the training set

s� = f yr ; x r � 1; MC r � 1; Q̂�
r � 1gV

r =1 and used to compute the quantile predic-

tion Q̂�
V .

2. Second step: the training set is updated with the additional quantile

prediction Q̂�
V and the MIDAS-QRF is trained again.

The algorithm iterates between these two steps until the entire dataset

s� = f yr ; x r � 1; MC r � 1; Q̂�
r � 1gR

r =1 is included in the training set with their respec-

tive quantile predictions. Finally, a vector of quantile predictionsQ̂ � = f Q̂�
r gR

r =1

is obtained and can be used also to evaluate the forecast accuracy of the model.

2.4 Empirical Application

Over the past two decades, there has been a growing interest among investors in

using energy commodities as hedging and speculative assets, especially during



2.4. Empirical Application 18

periods of �nancial and economic downturns. This phenomenon, known as the

�nancialization of energy commodities, along with the deregulation of over-the-

counter markets, led to a signi�cant increase of the volatility of energy commodities

returns.

Thus, the study of the risks linked to such commodities is particularly relevant

under a risk management framework. For this reason, this section shows the

empirical application of the static and dynamic versions of the MIDAS-QRF to

forecast the well-known �nancial risk measure VaR of three energy commodities:

WTI Crude Oil, Brent Crude Oil and Heating Oil. The performance of the proposed

models is measured in terms of statistical adequacy by means of backtesting

procedures, and in terms of forecast accuracy, measured using the quantile loss

function, i.e. the check function, of Koenker and Bassett Jr (1978)� � (u) =

u(� � 1f u< 0g). The data summary statistics of the log-returns of each index are

reported in Table A.1 along with their graphs in Figures A.1-A.2-A.3.

The MIDAS-QRF and its dynamic speci�cation are employed to estimate one-

step-ahead VaR forecasts at three di�erent probability levels (� = 0:01; 0:025; 0:05)

with an expanding-window approach by re�tting the models every ten days. The

training set considers time series spanning from September 2014 to October 2019.

The forecasts are made on an out-of-sample test set composed of 700 observations

from November 2019 to April 2022, covering the pre-pandemic, pandemic and

post-pandemic period, including the beginning of the Russian-Ukrainian con�ict.

The richness of information contained in this speci�c time span allows to train

the model in "standard" settings and testing it in setting in which low volatility

periods are alternated by periods of high volatility. This approach allows to test

the ability of the model to obtain reliable forecast both in standard settings and

in unseen and unexpected situations.

The covariates set includes both low-frequency and daily variables. The low-

frequency variables are the monthly Real Broad Dollar Index (DOLL), the quarterly

Natural Gas returns (NATGAS) and the quarterly Saudi Arabia Crude Oil
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Production (SAUDI-PROD). Daily variables are the daily lag 1 and lag 2 of the

indexes of interest along with the daily Standard and Poor's 500 Index (SP500).

The number of lags has been chosen in order to create a dataset of modest

dimensions that could have been used to compare the proposed MIDAS-QRF with

simpler models that allow to consider only one covariate. All the daily, monthly

and quarterly time series have been by computing their log-returns. The dynamic

MIDAS-QRF is trained with the same dataset used for the static version, but the

lagged vector of quantile forecasts is introduced as additional covariate, denoted

with lag_ quant.

Thus, the MIDAS-QRF equation in this empirical application is:

Q̂� (Yi;t jX i;t ; MC i � 1;t )MIDAS � QRF = f � (SP500i;t ; MC DOLL
i � 1;t ; MC NAT GAS

i � 1;t ; MC SAUDI
i � 1;t )

(2.11)

And the dynamic MIDAS-QRF model equation is:

Q̂� (Yi;t jX i;t ; MC i � 1;t )DY N = f � (lag_ quanti � 1;t ; SP500i;t ; MC DOLL
i � 1;t ; MC NAT GAS

i � 1;t ; MC SAUDI
i � 1;t )

(2.12)

The benchmark models set includes the parametric models GARCH and GARCH-

MIDAS (Engle et al., 2013) with Gaussian and Student's-t distributions of the

errors, semi-parametric models, that are the four di�erent speci�cations of the

CaViaR model, namely Asymmetric Slope (AS), Symmetric Absolute Value

(SAV), Indirect GARCH (IG) and Adaptive (AD), and the standard Quantile

Regression Forest of Meinshausen (2006). The functional form of the parametric

and semi-parametric models is reported in Table 2.1.



2.4.
E

m
piricalA

pplication
20

Model Functional Form Err. Distr.

GARCH�norm
Yi;t jF i � 1;t =

p
hi;t � i;t � i;t

i:i:d� N (0; 1)
hi;t = ! + �Y 2

i � 1;t + �h i � 1;t

GARCH�t
Yi;t jF i � 1;t =

p
hi;t � i;t � i;t

i:i:d� t �

hi;t = ! + �Y 2
i � 1;t + �h i � 1;t

GM � i;t = (1 � � � � � 
= 2) +
�
� + 
 � 1(Yi � 1;t < 0)

� Y 2
i � 1;t

� t
+ �� i � 1;t

� t = exp
n

m + �
P K

k=1 � k(! )Z t � k

o

CAVIAR-SAV Q�
i;t = � 0 + � 1Q�

i � 1;t + � 2jYi � 1;t j

CAVIAR-AD Q�
i;t (� ) = Q�

i � 1;t (� 1) + � 1f [1 + exp(G[Yi � 1;t � Q�
i � 1;t (� 1)])] � 1 � � g

CAVIAR-AS Q�
i;t = � 0 + � 1Q�

i � 1;t + ( � 21(Yi � 1;t > 0) + � 31(Yi � 1;t < 0))jYi � 1;t j

CAVIAR-IG Q�
i;t = �

q
� 0 + � 1(Q�

i � 1;t )2 + � 2Y 2
i � 1;t

Functional forms of the parametric models, that is GARCH, with Gaussian and Student's t distributions for the errors
(GARCH-norm, GARCH-std, respectively) and GARCH-MIDAS (GM) models with the four di�erent low-frequency
variables. The semi-parametric models are the Aymmetric Absolute Value (SAV), Adaptive (AD), Asymmetric Slope
(AS)and Indirect GARCH (IG) speci�cations of the CaViaR model. We denote with F i � 1;t the information available up
to time i � 1; t.

Table 2.1: Models speci�cations
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The computational time to �t the MIDAS-QRF and its dynamic speci�cation

is equal, on average, to 471 seconds.

2.4.1 Backtesting Procedures

Backtesting procedures represent statistical tests employed in VaR analysis to

assess the accuracy and reliability of the the models used to forecast VaR.

The main backtesting procedures commonly used in the VaR literature and

used in this thesis are:

ˆ Unconditional Coverage Test (Kupiec, 1995): tests whether the actual

frequency of VaR violations (instances where actual losses exceed the pre-

dicted VaR) matches the expected violation frequency. For accurate models,

the proportion of VaR violations should align with the VaR con�dence level

(e.g., for a 5% VaR, breaches should occur about 5% of the time).

ˆ Conditional Coverage Test (Christo�ersen, 1998): combines the Uncondi-

tional Coverage Test with an independence test to evaluate whether the VaR

violations are randomly distributed over time and are, thus, independent.

As a matter of fact, the presence of clustered violations might indicate a not

reliable and robust model.

ˆ Dynamic Quantile Test (Manganelli, 2004): tests whether the VaR

violations are serially uncorrelated conditional on previous quantile estimates.

2.4.2 MIDAS-QRF Results

The results in terms of quantile loss and backtesting procedures for the MIDAS-

QRF model are presented in Tables 2.2-2.3-2.4. The columns UC_pval, CC_pval

and DQ_pval indicate the p-value results of the Unconditional Coverage, Con-

ditional Coverage and Dynamic Quantile tests, respectively. The AE column

reports the Actual over Expected exceedance ratio. The column%Loss indicates

the ratio between the loss of the static version of the MIDAS-QRF model with

respect to the other benchmark models:
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% Loss=
LossMIDAS � QRF

LossBenchmark

The results of the backtesting procedures show that, di�erently from the benchmark

models, the MIDAS-QRF consistently delivers adequate forecasts at all quantile

levels for each index. For instance, for the Brent index the MIDAS-QRF is the

only model passing all the backtesting procedures at quantile level0:01. In terms

of forecast accuracy, the MIDAS-QRF outperforms every benchmark model for

all index, with a consistent increase in accuracy at the lower quantile levels of the

Brent and WTI index.
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BRENT � = 0:01
Loss UC_pval CC_pval DQ_pval AE %Loss

MIDAS-QRF 16.927 0.013 0.025 0.302 2.167
GARCH-norm 32.498 0.000 0.000 0.001 6.000 52%
GARCH-std 21.138 0.000 0.000 0.000 3.333 80%

CAViAR-SAV 22.302 0.005 0.012 0.863 2.333 76%
CAViAR-AD 30.301 0.001 0.001 0.495 2.667 56%
CAViAR-AS 17.763 0.000 0.000 0.476 3.000 95%
CAViAR-IG 17.672 0.005 0.012 0.743 2.333 96%

STD-RF 26.989 0.000 0.000 0.000 4.333 53%
GM-DOLL 21.986 0.000 0.000 0.063 3.500 77%

GM-NATGAS 23.698 0.000 0.000 0.000 5.500 72%
GM-SAUDIPROD 23.040 0.000 0.000 0.001 4.167 74%

� = 0:025
Loss UC_pval CC_pval DQ_pval AE %Loss

MIDAS-QRF 27.956 0.052 0.150 0.661 1.533
GARCH-norm 43.322 0.000 0.000 0.448 2.867 65%

GARCH-t 35.528 0.000 0.001 0.004 2.067 79%
CAViAR-SAV 31.118 0.213 0.426 0.999 1.333 90%
CAViAR-AD 41.668 0.087 0.028 0.621 1.467 67%
CAViAR-AS 30.157 0.001 0.002 0.981 1.933 93%
CAViAR-IG 29.786 0.213 0.426 1.000 1.333 94%

QRF 36.670 0.000 0.000 0.000 2.333 76%
GM-DOLL 33.193 0.001 0.001 0.567 2.000 84%

GM-NATGAS 33.926 0.000 0.000 0.007 3.133 82%
GM-SAUDIPROD 33.301 0.000 0.000 0.251 2.333 84%

� = 0:05
Loss UC_pval CC_pval DQ_pval AE %Loss

MIDAS-QRF 41.602 1.000 0.517 0.990 1.000
GARCH-norm 56.708 0.000 0.000 1.000 1.733 73%

GARCH-t 50.389 0.022 0.061 0.543 1.433 82%
CAViAR-SAV 44.244 1.000 0.920 1.000 1.000 94%
CAViAR-AD 54.762 0.361 0.006 0.331 1.167 76%
CAViAR-AS 42.719 0.074 0.186 0.930 1.333 97%
CAViAR-IG 44.391 0.580 0.850 1.000 1.100 94%

QRF 49.901 0.005 0.020 0.224 1.533 83%
GM-DOLL 47.451 0.074 0.196 0.999 1.333 88%

GM-NATGAS 47.105 0.000 0.000 0.212 2.167 88%
GM-SAUDIPROD 46.437 0.001 0.003 0.914 1.633 89%

Table 2.2: Loss and Backtesting results of the MIDAS-QRF for the Brent
Index. The shade of grey indicate models for which the p-value of the test in
greater than the 1% signi�cance level.
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WTI � = 0:01
Loss UC_pval CC_pval DQ_pval AE %Loss

MIDAS-QRF 16.539 0.066 0.078 0.908 1.83
GARCH-norm 34.805 0.000 0.000 0.682 3.00 47%

GARCH-t 24.362 0.001 0.002 0.035 2.67 68%
CAViaR-SAV 24.996 0.013 0.025 0.403 2.17 66%
CAViaR-AD 33.682 0.005 0.000 0.177 2.33 49%
CAViaR-AS 24.817 0.000 0.000 0.347 3.00 67%
CAViaR-IG 25.017 0.066 0.078 0.921 1.83 66%

QRF 31.076 0.000 0.000 0.003 3.83 53%
GM-DOLL 17.640 0.005 0.002 0.056 2.33 93%

GM-NATGAS 17.773 0.013 0.025 0.034 2.17 93%
GM-SAUDIPROD 18.845 0.000 0.000 0.000 3.33 88%

� = 0:025
Loss UC_pval CC_pval DQ_pval AE %Loss

MIDAS-QRF 28.277 0.609 0.201 1.000 1.13
GARCH-norm 48.663 0.030 0.095 0.874 1.60 58%

GARCH-t 37.256 0.002 0.010 0.068 1.87 76%
CAViaR-SAV 31.218 0.087 0.032 0.680 1.47 90%
CAViaR-AD 45.144 0.139 0.000 0.673 1.40 62%
CAViaR-AS 29.696 0.052 0.026 0.987 1.53 95%
CAViaR-IG 30.968 0.087 0.032 1.000 1.47 91%

QRF 41.786 0.005 0.002 0.807 1.80 67%
GM-DOLL 29.507 0.087 0.032 0.859 1.47 95%

GM-NATGAS 29.092 0.017 0.039 0.286 1.67 97%
GM-SAUDIPROD 30.501 0.000 0.000 0.047 2.27 92%

� = 0:05
Loss UC_pval CC_pval DQ_pval AE %Loss

MIDAS-QRF 43.150 0.050 0.113 0.997 1.37
GARCH-norm 66.613 0.149 0.202 0.703 1.27 62%

GARCH-t 53.153 0.002 0.004 0.132 1.60 81%
CAViaR-SAV 46.644 0.361 0.510 0.997 1.17 92%
CAViaR-AD 62.262 0.205 0.000 0.564 1.23 69%
CAViaR-AS 49.768 0.022 0.040 0.985 1.43 87%
CAViaR-IG 46.762 0.149 0.212 1.000 1.27 92%

QRF 56.984 0.149 0.202 0.996 1.27 76%
GM-DOLL 45.487 0.580 0.093 0.996 1.10 95%

GM-NATGAS 44.453 0.022 0.020 0.520 1.43 97%
GM-SAUDIPROD 45.606 0.005 0.015 0.459 1.53 95%

Table 2.3: Loss and Backtesting results of the MIDAS-QRF for the WTI
Index. The shade of grey indicate models for which the p-value of the test in
greater than the 1% signi�cance level.
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HEATING OIL � = 0:01
Loss UC_pval CC_pval DQ_pval AE %Loss

MIDAS-QRF 12.120 0.134 0.116 0.11 1.67
GARCH-norm 12.948 0.030 0.047 0.266 2.00 93%

GARCH-t 12.519 0.252 0.152 0.298 1.50 97%
CAViaR-SAV 12.646 0.134 0.010 0.302 1.67 96%
CAViaR-AD 20.670 0.001 0.000 0.000 2.67 59%
CAViaR-AS 13.217 0.134 0.116 0.294 1.67 92%
CAViaR-IG 51.123 0.252 0.452 0.356 1.50 24%

QRF 14.545 0.001 0.002 0.009 2.67 83%
GM-DOLL 12.946 0.005 0.002 0.063 2.33 94%

GM-NATGAS 12.992 0.134 0.010 0.292 1.67 93%
GM-SAUDIPROD 14.354 0.000 0.000 0.000 3.83 84%

� = 0:025
Loss UC_pval CC_pval DQ_pval AE %Loss

MIDAS-QRF 22.461 0.052 0.085 0.247 1.53
GARCH-norm 22.756 0.213 0.039 0.974 1.33 99%

GARCH-t 22.808 0.213 0.039 0.974 1.33 98%
CAViaR-SAV 22.638 0.796 0.180 0.967 1.07 99%
CAViaR-AD 31.125 0.001 0.000 0.000 1.93 73%
CAViaR-AS 23.138 0.213 0.426 0.978 1.33 97%
CAViaR-IG 23.137 0.009 0.010 0.966 1.73 97%

QRF 26.242 0.000 0.000 0.000 2.20 86%
GM-DOLL 22.730 0.05 0.09 0.65 1.53 99%

GM-NATGAS 22.610 0.14 0.15 0.78 1.40 99%
GM-SAUDIPROD 24.230 0.000 0.000 0.14 2.20 93%

� = 0:05
Loss UC_pval CC_pval DQ_pval AE %Loss

MIDAS-QRF 35.515 0.034 0.024 0.014 1.40
GARCH-norm 35.763 0.852 0.566 0.995 1.03 99%

GARCH-t 35.893 0.580 0.276 0.997 1.10 98%
CAViaR-SAV 35.399 0.275 0.467 0.997 1.20 100%
CAViaR-AD 42.767 0.034 0.000 0.000 1.40 83%
CAViaR-AS 35.540 0.205 0.108 0.998 1.23 99%
CAViaR-IG 37.269 0.009 0.031 0.985 1.50 95%

QRF 39.255 0.005 0.015 0.022 1.53 90%
GM-DOLL 35.315 0.463 0.763 0.999 1.13 99%

GM-NATGAS 35.095 0.361 0.281 0.999 1.17 100%
GM-SAUDIPROD 36.531 0.022 0.040 0.980 1.43 97%

Table 2.4: Loss and Backtesting results of the MIDAS-QRF for the Heating
Oil Index. The shade of grey indicate models for which the p-value of the
test in greater than the 1% signi�cance level.
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2.4.3 Dynamic MIDAS-QRF Results

The forecast accuracy and the results of the backtesting procedures of the dynamic

MIDAS-QRF model are presented in Tables 2.5-2.6-2.7.

These results highlight that, similarly to the MIDAS-QRF, the Dynamic MIDAS-

QRF passess all of the backtesting procedures at all quantile levels for each index.

In terms of forecast accuracy, the dynamic speci�cation of the MIDAS-QRF

outperforms all benchmark models at all quantile level of every index, and the

most relevant increase in forecast accuracy is achieved for the WTI and Brent

index. Moreover, the comparison in terms of forecast accuracy with the static

MIDAS-QRF highlights that the autoregressive structure of the dynamic MIDAS-

QRF allows to gain a higher degree of accuracy especially at the lower quantile

level 0:01 of each index. This result suggests that introducing a dynamic element

into the MIDAS-QRF allows to model tail risk more accurately, especially when

the distribution of the variable changes over time.
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BRENT � = 0:01
Loss UC_pval CC_pval DQ_pval AE %Loss

DYN MIDAS-QRF 15.922 0.013 0.025 0.231 2.167
MIDAS-QRF 16.927 0.013 0.025 0.302 2.167 94%
GARCH-norm 32.498 0.000 0.000 0.001 6.000 49%
GARCH-std 21.138 0.000 0.000 0.000 3.333 75%

CAViAR-SAV 22.302 0.005 0.012 0.863 2.333 71%
CAViAR-AD 30.301 0.001 0.001 0.495 2.667 53%
CAViAR-AS 17.763 0.000 0.000 0.476 3.000 90%
CAViAR-IG 17.672 0.005 0.012 0.743 2.333 90%

STD-RF 26.989 0.000 0.000 0.000 4.333 59%
GM-DOLL 21.986 0.000 0.000 0.063 3.500 72%

GM-NATGAS 23.698 0.000 0.000 0.000 5.500 67%
GM-SAUDIPROD 23.040 0.000 0.000 0.001 4.167 69%

� = 0:025
Loss UC_pval CC_pval DQ_pval AE %Loss

DYN MIDAS-QRF 27.288 1.000 0.682 0.997 1.000
MIDAS-QRF 27.956 0.052 0.150 0.661 1.533 98%
GARCH-norm 43.322 0.000 0.000 0.448 2.867 63%

GARCH-t 35.528 0.000 0.001 0.004 2.067 77%
CAViAR-SAV 31.118 0.213 0.426 0.999 1.333 88%
CAViAR-AD 41.668 0.087 0.028 0.621 1.467 65%
CAViAR-AS 30.157 0.001 0.002 0.981 1.933 90%
CAViAR-IG 29.786 0.213 0.426 1.000 1.333 92%

QRF 36.670 0.000 0.000 0.000 2.333 74%
GM-DOLL 33.193 0.001 0.001 0.567 2.000 82%

GM-NATGAS 33.926 0.000 0.000 0.007 3.133 80%
GM-SAUDIPROD 33.301 0.000 0.000 0.251 2.333 82%

� = 0:05
Loss UC_pval CC_pval DQ_pval AE %Loss

DYN MIDAS-QRF 41.967 0.711 0.593 0.999 1.067
QRF 41.602 1.000 0.517 0.990 1.000 101%

GARCH-norm 56.708 0.000 0.000 1.000 1.733 74%
GARCH-t 50.389 0.022 0.061 0.543 1.433 83%

CAViAR-SAV 44.244 1.000 0.920 1.000 1.000 95%
CAViAR-AD 54.762 0.361 0.006 0.331 1.167 77%
CAViAR-AS 42.719 0.074 0.186 0.930 1.333 98%
CAViAR-IG 44.391 0.580 0.850 1.000 1.100 95%

QRF 49.901 0.005 0.020 0.224 1.533 84%
GM-DOLL 47.451 0.074 0.196 0.999 1.333 88%

GM-NATGAS 47.105 0.000 0.000 0.212 2.167 89%
GM-SAUDIPROD 46.437 0.001 0.003 0.914 1.633 90%

Table 2.5: Loss and Backtesting results of the Dynamic MIDAS-QRF for
the Brent Index. The shade of grey indicate models for which the p-value of
the test in greater than the 1% signi�cance level.



2.4. Empirical Application 28

WTI � = 0:01
Loss UC_pval CC_pval DQ_pval AE %Loss

DYN MIDAS-QRF 14.848 0.689 0.166 1.000 1.17
MIDAS-QRF 16.539 0.066 0.078 0.908 1.83 90%
GARCH-norm 34.805 0.000 0.000 0.682 3.00 43%

GARCH-t 24.362 0.001 0.002 0.035 2.67 61%
CAViaR-SAV 24.996 0.013 0.025 0.403 2.17 59%
CAViaR-AD 33.682 0.005 0.000 0.177 2.33 44%
CAViaR-AS 24.817 0.000 0.000 0.347 3.00 60%
CAViaR-IG 25.017 0.066 0.078 0.921 1.83 59%

QRF 31.076 0.000 0.000 0.003 3.83 48%
GM-DOLL 17.640 0.005 0.002 0.056 2.33 84%

GM-NATGAS 17.773 0.013 0.025 0.034 2.17 84%
GM-SAUDIPROD 18.845 0.000 0.000 0.000 3.33 79%

� = 0:025
Loss UC_pval CC_pval DQ_pval AE %Loss

DYN MIDAS-QRF 28.160 0.609 0.201 1.000 1.13
MIDAS-QRF 28.277 0.609 0.201 1.000 1.13 100%
GARCH-norm 48.663 0.030 0.095 0.874 1.60 58%

GARCH-t 37.256 0.002 0.010 0.068 1.87 76%
CAViaR-SAV 31.218 0.087 0.032 0.680 1.47 90%
CAViaR-AD 45.144 0.139 0.000 0.673 1.40 62%
CAViaR-AS 29.696 0.052 0.026 0.987 1.53 95%
CAViaR-IG 30.968 0.087 0.032 1.000 1.47 91%

QRF 41.786 0.005 0.002 0.807 1.80 67%
GM-DOLL 29.507 0.087 0.032 0.859 1.47 95%

GM-NATGAS 29.092 0.017 0.039 0.286 1.67 97%
GM-SAUDIPROD 30.501 0.000 0.000 0.047 2.27 92%

� = 0:05
Loss UC_pval CC_pval DQ_pval AE %Loss

DYN MIDAS-QRF 43.800 0.568 0.672 0.991 0.90
MIDAS-QRF 43.150 0.050 0.113 0.997 1.37 102%
GARCH-norm 66.613 0.149 0.202 0.703 1.27 66%

GARCH-t 53.153 0.002 0.004 0.132 1.60 82%
CAViaR-SAV 46.644 0.361 0.510 0.997 1.17 94%
CAViaR-AD 62.262 0.205 0.000 0.564 1.23 70%
CAViaR-AS 49.768 0.022 0.040 0.985 1.43 88%
CAViaR-IG 46.762 0.149 0.212 1.000 1.27 94%

QRF 56.984 0.149 0.202 0.996 1.27 77%
GM-DOLL 45.487 0.580 0.093 0.996 1.10 96%

GM-NATGAS 44.453 0.022 0.020 0.520 1.43 99%
GM-SAUDIPROD 45.606 0.005 0.015 0.459 1.53 96%

Table 2.6: Loss and Backtesting results of the Dynamic MIDAS-QRF for
the WTI Index. The shade of grey indicate models for which the p-value of
the test in greater than the 1% signi�cance level.
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HEATING OIL � = 0:01
Loss UC_pval CC_pval DQ_pval AE %Loss

DYN MIDAS-QRF 11.827 0.252 0.153 0.178 1.50
MIDAS-QRF 12.120 0.134 0.116 0.11 1.67 98%
GARCH-norm 12.948 0.030 0.047 0.266 2.00 91%

GARCH-t 12.519 0.252 0.152 0.298 1.50 94%
CAViaR-SAV 12.646 0.134 0.010 0.302 1.67 94%
CAViaR-AD 20.670 0.001 0.000 0.000 2.67 57%
CAViaR-AS 13.217 0.134 0.116 0.294 1.67 89%
CAViaR-IG 51.123 0.252 0.452 0.356 1.50 23%

QRF 14.545 0.001 0.002 0.009 2.67 81%
GM-DOLL 12.946 0.005 0.002 0.063 2.33 91%

GM-NATGAS 12.992 0.134 0.010 0.292 1.67 91%
GM-SAUDIPROD 14.354 0.000 0.000 0.000 3.83 82%

� = 0:025
Loss UC_pval CC_pval DQ_pval AE %Loss

DYN MIDAS-QRF 20.975 0.213 0.177 0.777 1.33
MIDAS-QRF 22.461 0.052 0.085 0.247 1.53 93%
GARCH-norm 22.756 0.213 0.039 0.974 1.33 92%

GARCH-t 22.808 0.213 0.039 0.974 1.33 92%
CAViaR-SAV 22.638 0.796 0.180 0.967 1.07 93%
CAViaR-AD 31.125 0.001 0.000 0.000 1.93 67%
CAViaR-AS 23.138 0.213 0.426 0.978 1.33 91%
CAViaR-IG 23.137 0.009 0.010 0.966 1.73 91%

QRF 26.242 0.000 0.000 0.000 2.20 80%
GM-DOLL 22.73 0.05 0.09 0.65 1.53 92%

GM-NATGAS 22.61 0.14 0.15 0.78 1.40 93%
GM-SAUDIPROD 24.230 0.000 0.000 0.14 2.20 87%

� = 0:05
Loss UC_pval CC_pval DQ_pval AE %Loss

DYN MIDAS-QRF 34.416 0.106 0.090 0.046 1.30
MIDAS-QRF 35.515 0.034 0.024 0.014 1.40 97%
GARCH-norm 35.763 0.852 0.566 0.995 1.03 96%

GARCH-t 35.893 0.580 0.276 0.997 1.10 96%
CAViaR-SAV 35.399 0.275 0.467 0.997 1.20 97%
CAViaR-AD 42.767 0.034 0.000 0.000 1.40 80%
CAViaR-AS 35.540 0.205 0.108 0.998 1.23 97%
CAViaR-IG 37.269 0.009 0.031 0.985 1.50 92%

QRF 39.255 0.005 0.015 0.022 1.53 88%
GM-DOLL 35.315 0.463 0.763 0.999 1.13 97%

GM-NATGAS 35.095 0.361 0.281 0.999 1.17 98%
GM-SAUDIPROD 36.531 0.022 0.040 0.980 1.43 94%

Table 2.7: Loss and Backtesting results of the Dynamic MIDAS-QRF for
the Heating Oil Index. The shade of grey indicate models for which the
p-value of the test in greater than the1% signi�cance level.
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Figure 2.1 displays the predictions at the three quantile levels of the Heating

Oil indexes obtained with both versions of the MIDAS-QRF model. Predictions of

the remaining two indexes are represented in Figures A.4-A.5. It is worth noticing

that, for all three indexes, both the MIDAS-QRF and its dynamic speci�cation

e�ectively manage to obtain accurate forecasts both in situations similar to the

one in the training set, as well as during the unexpected high volatility periods

related to the pandemic and the Russian-Ukrainian con�ict.
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Figure 2.1: Heating Oil index out-of-sample predictions at quantile levels
� = 0 :01; 0:025; 0:05. The top panel and the bottom panel show the predic-
tions obtained with the dynamic MIDAS-QRF model, respectively.
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2.4.4 Variable Importance

The variable importance of the static and dynamic MIDAS-QRF is computed to

evaluate the relevance of macroeconomic variables and thelag_ quant variable

in training the MIDAS-QRF and the dynamic MIDAS-QRF. Figures 2.2-2.3-2.4

depict the bar graphs showing the variable importance of the proposed models at

all three quantile levels for the Heating Oil index.

The variable importance analysis reveals the signi�cant role of macroeconomic

variables in both the static and dynamic MIDAS-QRF models. For instance, in the

MIDAS-QRF the variable DOLL is among the top three important variables across

all quantile levels. The importance of the other two low-frequency variables changes

across quantile levels, but it is always positive. Concerning the dynamic MIDAS-

QRF instead, the most important variable at all quantile level islag_ quant,

highlighting the relevant role of the dynamic component in training the proposed

model. Similarly to the static MIDAS-QRF, the most important low-frequency

variable is DOLL, whereas the importance of the other two low-frequency variables

remains positive at all quantile levels.

As well as for the Heating Oil index, also for the other two indexes, all the

macroeconomic variables and thelag_ quant variable play a signi�cant role in

training the two versions of the proposed model. In particular, for the Brent index

all three macroeconomic variables are among the most important variables both

in the static and dynamic MIDAS-QRF, especially the DOLL one.

In conclusion, these results highlight the relevant role of macroeconomic variables

in capturing market risk at low quantile levels and in delivering accurate forecasts.

The results also show that the forecast accuracy of the MIDAS-QRF can be further

improved by adding a dynamic component. In this case, empirical results show

that also the dynamic MIDAS-QRF outperforms benchmark models and passes

all the backtesting procedures.
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Figure 2.2: Variable importance for the static MIDAS-QRF at � =
0:01 for the Heating Oil index
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Figure 2.3: Variable importance for the static MIDAS-QRF at � = 0 :025
for the Heating Oil index
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Figure 2.4: Variable importance for the static MIDAS-QRF at � = 0 :05 for
the Heating Oil index



2.5. Conclusions 36

2.5 Conclusions

This chapter introduces a new model called MIDAS-QRF to compute conditional

quantiles in a machine learning framework to jointly account for complexity,

non-linearity and mixed-frequencies in data. The proposed model relies on the

MIDAS methodology of Ghysels et al. (2007) to exploit information coming from

low-frequency variables in order to compute quantiles through the QRF algorithm

of Meinshausen (2006), which allows to infer the entire conditional distribution of

the response variable through the Random Forest algorithm (Breiman, 2001).

The bene�ts of this approach are twofold: �rst, it allows to model non-linear

relations among variables without making any parametric assumption and to

study the behaviour of the phenomena on the tails. In this sense, the MIDAS-

QRF results particularly useful in settings characterised by complex relationships

among variables, such as the �nancial and economics one. Second, it extends the

QRF algorithm by considering mixed-frequency data by introducing a feature

that has never been considered in in Random Forests algorithms. Moreover, the

employment of the PCA on the low-frequency variables to compute the MIDAS

components o�ers a novel perspective on estimating the! 2 parameter of the

MIDAS model while shrinking the computational burden of the MIDAS-QRF

training.

The proposed model is applied to a real �nancial dataset to forecast the VaR of

three commodities index. The empirical �ndings highlight the relevant role of

macroeconomic variables in capturing market risk at low quantile levels to deliver

accurate forecasts. The results also show that the forecast accuracy of a MIDAS-

QRF model can be further improved by adding a dynamic component to model

the dynamic distribution of �nancial variables. In this case, also the dynamic

MIDAS-QRF outperforms benchmark models and passes all the backtesting

procedures.



Chapter 3

Finite mixtures of Quantile

Regression Forests and their

application to GDP growth-at-risk

from climate change

3.1 Introduction

Regression models target the expected value of the conditional distribution of the

outcome given a set of covariates. When the distribution of the outcome is asym-

metric, modelling other location parameters, e.g. percentiles of the conditional

distribution, may o�er a more complete picture of the outcome of the distribution

compared with models describing only its centre.

The idea of modelling location parameters has a long history in statistics. The

seminal paper of Koenker and Bassett Jr (1978) is regarded as the �rst detailed

development of Quantile Regression (QR), which represents a generalization

of median regression. QR approach is particularly useful when modeling data

characterised by skewness, heavy tails, outliers, truncation, censoring and het-

eroschedasticity. The �exibility of this model allows for a wide range of applications

in �elds such as economics, �nance, healthcare, environmental science, and mar-

37
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keting; for a detailed review of the most used QR techniques, see Koenker (2005)

and Koenker et al. (2017).

Recently, extensions of QR modelling have been proposed in high dimensional

framework and in a non-parametric context including the QR Neural Networks

(White, 1992), the QR Support Vector Machines (Hwang and Shim, 2005, Xu

et al., 2015) the QR kernel based algorithms (Christmann and Steinwart, 2008)

the QR Forests (QRF) (Meinshausen, 2006) and the Generalized QR Forests

(Athey et al., 2019).

Empirical applications often entail dependent observations in the form of hierarchi-

cally structured data: this is the case of spatial, multilevel or longitudinal sample

designs. In these contexts, when regression models are considered, the potential

association between dependent observations should be taken into account in order

to provide valid and e�cient inferences. This is often achieved by using random

of mixed e�ects model where subject-speci�c random e�ects are considered in the

linear predictors.

Throughout the statistical and econometrics literature only recently random

e�ects models have been used to capture the dependence from a QR perspective

for clustered, multilevel, spatial and repeated measurements. Applications in

�elds such as medicine, environmental science, �nance and economics have been

particularly studied: for a detailed review of these techniques see for example

Farcomeni (2012a), Smith et al. (2015), Alfò et al. (2017), Marino et al. (2018),

Merlo et al. (2021b), Hendricks and Koenker (1992), Pandey and Nguyen (1999),

Reich et al. (2011), Bassett and Chen (2002), Kozumi and Kobayashi (2011),

Bernardi et al. (2015, 2018), Merlo et al. (2022c,b).

In these models, individual-speci�c random e�ects (coe�cients) result useful to

describe the in�uence of omitted covariates on parameter estimates of the observed

ones. In this context, the random e�ects (coe�cients) are often thought of as rep-

resenting (individual-speci�c) unobserved heterogeneity, while observed covariates

describe the observed counterpart (the �xed part of the models). However, in
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some applications a parametric assumption on the �xed part of the model may

not be appropriate, leading to inaccurate conclusions regarding the phenomenon

of interest. For this reason, QR machine learning models, incorporating random

e�ects, may be more suitable to model complex and non-linear relationships among

the response variable and the covariates in case of hierarchically structured data.

Only recently random e�ects machine learning algorithms have been introduced

to model dependence in a standard regression framework; see, for example, Mixed-

E�ects Neural Networks (Xiong et al., 2019), Mixed-E�ects Support Vector

Machines (Luts et al., 2012) and Mixed-E�ects Random Forests (Hajjem et al.,

2014, 2011, Sela and Simono�, 2012)). These models are inadequate when the

main interest of the research is the conditional quantiles of the distribution of the

outcome.

This chapter aims at �lling this gap by introducing a new model called Finite

Mixtures of Quantile Regression Forests (FM-QRF). The aim of the proposed

methodology is to build a data-driven model to estimate quantiles of longitudinal

data in a non-parametric framework. To this end, the QR �nite mixtures approach

of (Merlo et al., 2021a, Tian et al., 2014, 2016, Alfò et al., 2017) is extended

to the machine learning realm. The FM-QRF is based on well known random

e�ects machine learning algorithms, but leaves the random e�ects distribution

unspeci�ed and estimates the �xed part of the model with a QRF.

The quantile estimates are obtained with an iterative procedure based on the

Expectation Maximization-type algorithm (EM) using the Asymmetric Laplace

distribution (AL) as working likelihood. The suggested methodology may be

considered as an extension to a non-linear and non-parametric framework the

work of Geraci and Bottai (2007, 2014), Alfò et al. (2017) as well as an extension

to a QR framework of the mixed-modeling approach presented in Hajjem et al.

(2014).

The FM-QRF performance is tested with a large scale simulation study and

its behaviour is compared with a set of competitor models. The FM-QRF is
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empirically applied to a longitudinal dataset to assess the e�ects of climate-change

on the distribution of future growth of GDP of 210 worldwide countries. One of the

�rst contributions in investigating the e�ects of climate change on GDP growth is

by Kiley (2021), based on the concept of Growth-at-risk (GaR) introduced in Yao

and Wang (2001). GaR is represented by the lower quantiles of the GDP growth

and measures the expected maximum economic downturn given a probability level

over a certain time-period.

The aim of this chapter is to extend the �ndings of Kiley (2021) by employing

the FM-QRF to unveil non-linear complex relationship among GDP growth and

climate-related variables in a mixed-e�ects framework. In particular, the long-

term estimate of the future GaR is obtained by considering covariates related

to temperature and precipitations. Consistent with prior literature, the �ndings

shown in this chapter indicate that unsustainable climate practices will have

adverse impacts on most of the countries, with signi�cant heterogeneous e�ects

among them. It is also found that temperature and precipitations di�erently a�ect

upper and lower quantiles of the GDP growth conditional distribution, and that,

in contrast to previous �ndings based on linear approaches, precipitations also

play a relevant role in a�ecting its tails, especially in the upper quantiles.

The rest of the chapter is organized as follows. Section 3.2 describes the methodol-

ogy of the FM-QRF. Section 3.3 shows the results of the simulation study. Section

3.4 shows the results of the case study on climate-change related data and Section

3.5 contains concluding remarks and outlines possible future research agenda.

3.2 Methodology

This chapter introduces the FM-QRF and provides a detailed explanation of the

EM algorithm used to train the proposed model.



3.2. Methodology 41

3.2.1 Finite Mixtures of Quantile Regression Forest

Let Yit ; i = 1; : : : ; N , t = 1; : : : ; Ti be the response variable for thei -th statistical

unit observed at time t. Let yit be the realisation of the outcome variable

and denote with x it 2 Rp the vector of observed explanatory variables with

componentsx it;j ; j = 1; : : : ; p and x it; 1 � 1. For a given quantile level� 2 (0; 1), in

a longitudinal and clustered data setting, denoteb � = f b1;� ; : : : ; bN;� g the vector

of unit- and quantile-speci�c random coe�cients. The responseYit is assumed to

follow an Asymmetric Laplace density (ALD - Yu and Moyeed, 2001):

f yjb(yit jbi;� ; � ) =
� (1 � � )

� �
exp

(

� � �

�
yit � � it;�

� �

� )

; (3.1)

where� , � � > 0 and � it;� represent, respectively, the skewness, the scale, and the

location parameter of the distribution while the latter one is also the quantile of

the conditional distribution. The function � � (u) = u(� � 1f u< 0g) represents the

quantile loss function of Koenker and Bassett Jr (1978). As it is well known in

the literature the ALD is used as a working model able to recast estimation of

parameters for the linear QR model in a Maximum Likelihood framework.

In the QR framework, the location parameter� it;� is often modeled as:

� it;� = x0
it � � + bi;� � 2 (0; 1); (3.2)

where the random e�ectbi;� is time-constant and varies across statistical units

according to a distribution f b(�) with support B where E[bi;� ] = 0 is used for

parameter identi�ability. Rather than specifying such a distribution parametrically

as in, e.g.,Geraci and Bottai (2007), here it is left unspeci�ed and estimated directly

from the observed data via a Non-Parametric Maximum Likelihood approach

(NPML - Laird, 1978). Moreover, the model(3.2) is extended to a machine

learning framework using a non-parametric unknown functiong� (x it ) instead of

the traditional linear one x0
it � � .

More in detail, the distribution f b(�) is approximated by a discrete distribution on
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K < N locations � k;� so that:

� k;� �
KX

k=1

� k;� � � k;� ; (3.3)

where the probability � k;� is de�ned as � k;� = P(bi;� = � k;� ) with i = 1; : : : ; N

and k = 1; : : : ; K and � � k;� is a one-point distribution putting a unit mass at

� k;� . Under this approach, forbi;� = � k;� , the location parameter of the ALD in

equation (3.2) becomes

� itk;� = g� (x it ) + � k;� � 2 (0; 1); (3.4)

whereg� : Rp ! R.

The model likelihood becomes:

L(� � ) =
NY

i =1

KX

k=1

(
TiY

t=1

f yjb(yit jbi;� = � k;� ; � )

)

� k;� ; (3.5)

where � � = f � � ; g� (x it ); � 1;� ; : : : ; � K;� ; � 1;� ; : : : ; � K;� g is the vector of unknown

parameters.

It is worth highlighting that the proposed FM-QRF can be also considered as an

extension of: (i) the QRF (Meinshausen, 2006) because a random part is added to

the non-parametric unknown function of QRF; (ii) the QR for longitudinal data

based on latent Markov subject-speci�c parameters (Farcomeni, 2012b) because

the linear �xed-part is replaced by the functiong� (x it ).

Di�erently from previous contributions (see Geraci and Bottai, 2007, 2014, Far-

comeni, 2012a), the FM-QRF relies on the NPML, which is based on a �nite-

mixture representation of the random part of model(3.2). This approach does not

require to make any a-priori assumption on the distribution of the random e�ects,

making the FM-QRF a valid data-driven approach resistant to misspeci�cation

(Alfò et al., 2017, Farcomeni, 2012a).
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The simultaneous estimation ofg� (x it ) and bk;� in a QR setting poses several

challenges, and the next section reports the EM algorithm developed to estimate

both g� (x it ) and the � k;� of the proposed FM-QRF.

3.2.2 Parameters Estimation with the EM Algorithm

Following previous contributions (Tian et al., 2014, Merlo et al., 2021a, Alfò et al.,

2017), the estimatesbg� (x it ) and bbk;� of (3.4) are computed iteratively: in the

�rst step the g� (x it ) function is estimated using the algorithm developed for the

QRF approach (Meinshausen, 2006), then, in the second step, givenbg� (x it ), the

random-e�ects bk;� s are obtained by maximising (3.6) with the EM algorithm.

The complete data log-likelihood function employed in the EM algorithm is

obtained starting from the �nite mixture representation in (3.5), in which each

observationi can be considered as drawn from one of theK locations. Let wik be

the indicator variable equal to1 if the i -th unit belongs to the k-th component of

the �nite mixture, and 0 otherwise. The EM algorithm treats as missing data the

component membershipwik . Thus the log-likelihood for the complete data is:

`c(� � ) =
NX

i =1

KX

k=1

wik;�

(
TiX

t=1

log
�
f yjb(yit jbi;� = � k;� ; � )

�
+ log( � k;� )

)

: (3.6)

The algorithm for the estimation of the parameters in model(3.4) is as it

follows. Firstly, the values ofb� (0)
k;� ; �̂ (0)

� ; �̂ (0)
k;� ; bg� (x it )(0) are initialised. The value of

bg� (x it )(0) at level � is estimated by means of the algorithm used for QRF, �tted

with the training set T (0) = f (yit ; x it )gi =1 ;:::;N
j =1 ;:::;T i

ignoring the clustered structure of

the data.

Subsequently, givenbg� (x it )(0) , in the E-step the estimatesŵ(r +1)
ik;� , �̂ (r +1)

k;� , bg� (x it )(r +1)

are computed. The estimate valueŝw(r +1)
ik;� and �̂ k;� are obtained with the following

expressions:

ŵ(r +1)
ik;� = E[wik;� j� itk ; �̂ (r )

� ] =

Q Ti
t=1 f yjb(yit jbi;� = � k;� ; � )(r ) �̂ (r )

k;�
P K

l=1

Q Ti
i =1 f yjb(yit jbi;� = � l;� ; � )(r ) �̂ (r )

l;�

; (3.7)
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�̂ (r +1)
k;� =

1
N

NX

i =1

ŵ(r +1)
ik;� ; (3.8)

wheref yjb(yit jbi;� = � k;� ; � )(r ) is the value of the ALD(3.1) at step r related to the

t-th measurement of thei -th statistical unit when considering thek -th component

of the �nite mixture.

Then, givenŵ(r +1)
ik;� and �̂ k;� , bg� (x it )(r +1) is updated as it follows. First, the quantity

y� (r +1)
it = yit � b� (r )

k;� is computed, which represents the unknown function of the

model at stepr + 1. The resulting training set T (r +1) =
n�

y� (r +1)
it ; x it

�o

i =1 ;:::;N
j =1 ;:::;T i

is used to �t a QRF to estimate bg� (x it )(r +1) at level � accounting for the weight

ŵ(r +1)
ik;� of each observation.

Then, in the M-step the estimation of �̂ � and b� k;� are obtained by maximising

the expectation E[`c(� � )j� itk ; �̂ (r )
� ] with respect to �̂ � and b� k;� by numerical

optimisation techniques. In particular, in this chapter the Nelder-Mead algorithm

(Nelder and Mead, 1965) has been implemented. Subsequently,b� (r )
i;� are estimated

by means of (3.3).

The E- and M-steps are alternated iteratively until convergence, that is reached

when di�erence between the likelihood of two consecutive steps is smaller than a

certain threshold. A schematic description of the algorithm is presented below.
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Algorithm 1: Mixed-E�ects Quantile Regression Forest
Data: For a �xed quantile level � , T = f (yit ; x it )gi =1 ;:::;N

j =1 ;:::;T i

,

� k;� =
P K

k=1 � k;� � bk;� .

Result: Quantile estimateQ̂s
� (yit jx it ) = ĝ� (x it ) + �̂ k;�

1 r  0 ;

2 b� (r )
k;�  0;

3 �̂ (r )
�  

P S
s=1

1
N

P N
i =1

1
Ti

P Ti
t=1 � (uit ) where

ui;t = yi;t � Q̂s
� (yit jx it ); �̂ (r )

k;�  K weights of a Gaussian

quadrature;

4 bg� (x it )(r )  estimate of the unknown function at level�

obtained by �tting the QRF with T ;

5 E-step : Update estimatesŵ(r +1)
ik;� and bg� (x it )(r +1) :

ˆ Update wik;�
(r +1) with equation (3.7)

ˆ Update bg� (x it )(r +1) using a QRF �tted with

T (r +1) =
n�

y� (r +1)
it ; x it

�o

i =1 ;:::;N
j =1 ;:::;T i

wherey� (r +1)
it = yit � b� (r )

k;� and

accounting for the weightŵ(r +1)
ik;� of each observation.

M-step : Update estimatesb� (r +1)
k;� and �̂ (r +1)

� by maximising

(3.6)

Keep iterating betweenE-step and M-step until convergence.

One of the main drawbacks of the traditional EM algorithm is that the M-step

may be particularly burdensome in empirical applications involving a large set

of covariates, in particular in terms of computational e�ort. Hence, in order to

overcome this issue, the closed-form solutions approach used in Merlo et al. (2021a)

and Tian et al. (2014) and reported in the next section is applied.
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3.2.3 Closed Form Solutions to the EM Algorithm

As shown in Merlo et al. (2021a) and Tian et al. (2014), closed form solutions to the

EM algorithm are obtained considering the location-scale mixture representation

of Yit presented in Kozumi and Kobayashi (2011):

Yit = �V it + �
p

Vit Z it (3.9)

whereVit is an exponential random variable with realizationvit and Z it a standard

Normal random variable.

In this setting, f (vit;� jyit ; � itk;� ; � � ) is a Generalized Inverse Gaussian (GIG) dis-

tribution (Tian et al., 2014, 2016):

f (vit;� jyit ; � itk;� ; � � ) � GIG

 
1
2

;
(yit � � itk;� )2

� 2� �
;
2� 2 + � 2

� 2� �

!

: (3.10)

where � = 1� 2�
� (1� � ) and � 2 = 2

� (1� � ) . Starting from (3.9) and (3.10), the complete

data log-likelihood function of the EM algorithm is based on:

f (yit ; vit;� j� itk ; � � ) =
1

� � �
p

2�� � vit;�
exp

�
�

(yit � � itk;� � �v it;� )2

2� 2� � vit;�
�

vit;�

� �

�
:

(3.11)

From (3.11), the complete data log-likelihood function is proportional to:

`c(� 1;� ; :::; � K;� ) /
1
2

NX

i =1

KX

k=1

TiX

t=1

wik;� v� 1
it;� (yit � g� (x it ) � � k;� )2

� �
NX

i =1

KX

k=1

TiX

t=1

wik;� (yit � g� (x it ) � � k;� ):

(3.12)

Estimates b� k;� are obtained by alternating between the E-step and the M-step.

In the E-step the expectation of (3.12) conditional to the observed data is

computed and it is proportional to:
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E[`c(� 1;� ; :::; � K;� ) j � it ;�̂ (r )
� ] /

1
2

NX

i =1

KX

k=1

TiX

t=1

ŵ(r +1)
ik v̂(r +1)

it;� (yit � ĝ� (x it ) � � k;� )2

� �
NX

i =1

KX

k=1

TiX

t=1

ŵ(r +1)
ik;� (yit � ĝ� (x it ) � � k;� );

(3.13)

whereŵ(r +1)
ik;� is obtained as in (3.7) and the unknown function partg� (x it ) is

estimated using the QRF algorithm.

The estimates of the latent variablev̂(r +1)
it;� = E[V � 1

it;� j � itk ; �̂ (r )
� ] are obtained by

exploiting the moment properties of the GIG distribution in (3.10):

v̂(r +1)
it;� = E[V � 1

it;� j � itk ; �̂ (r )
� ] =

p
� 2 + 2� 2

j yit � bg� (x it )(r ) � �̂ (r )
k;� j

: (3.14)

In the M-step , (3.2.3) is maximised with respect to� 1;� ; : : : ; � K;� and the

following update expression forb� (r +1)
k;� is obtained:

b� (r +1)
k;� =

NX

i =1

TiX

t=1

ŵ(r +1)
ik;� v̂(r +1)

it;�

ŵ(r +1)
ik;�

�
v̂(r +1)

it;� (yit � bg� (x it )(r )) � �
� : (3.15)

3.3 Simulation Study

This section reports the results of a simulation study carried out to assess the

performance of the FM-QRF. The proposed model is tested in a non-linear setting

characterised by non-neglegible clustering-e�ects. The FM-QRF is used to predict

quantiles at levels� 2 f 0:1; 0:5; 0:9g.

The data are simulated under the following non-linear data generating process

(DGP) (Hajjem et al., 2014):

yit = g(x it ) + bi + " it
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g(x it ) = 2 x it; 1 + x2
it; 2 + 4 � 1f x it; 3> 0g + 2x it; 3 logjx it; 1j

The covariates are generated asx it; 1; x it; 2; x it; 3 � N (0; 1). The random-e�ects

parameters and the error terms are generated independently according to four

DGPs with small and large proportion of random-e�ects variance (PREV, com-

puted as in Hajjem et al. (2014)). DGPs with a large PREV are characterised

by the presence of a larger proportion of total variance explained by the random

e�ects, implying that the clustered structure of the data is more pronounced:

1. (NN-S) bi � N (0; 1); " it � N (0; 1) with small PREV

2. (NN-L) bi � N (0; 1); " it � N (0; 1) with large PREV

3. (TT-S) bi � t(3); " it � t(3) with small PREV

4. (TT-L) bi � t(3); " it � t(3) with large PREV

Under scenarios NN-S and NN-L the assumptions of the linear quantile mixed

model (LQMM) of Gaussian random parameters hold, whereas for scenarios TT-S

and TT-L these hypotheses are violated. In particular, a DGP with heavier tails

represented by a Student'st distribution with three degrees of freedom is assumed.

As in Hajjem et al. (2011), for each scenario are considered a training set of 500

observation forN = 100 statistical units and Ti = 5 measurements each, and an

unbalanced test set withTi 2 f 9; 27; 45; 63; 81g for a total of 4500 observations.

Each scenario has been replicatedS = 100 times.

The average performance of the ME-QRF across the 100 replications is assessed

on the test set in terms of three loss functions:

ˆ Average Mean Absolute Error (MAE) and average Mean Squared Error

(MSE) with respect to the theoretical quantile of the DGP, computed as in

Min and Kim (2004):

MAE � =
1
S

SX

s=1

1
N

NX

i =1

1
Ti

TiX

t=1

jQs
� (yit jx it ) � Q̂s

� (yit jx it )j (3.16)
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MSE � =
1
S

SX

s=1

1
N

NX

i =1

1
Ti

TiX

t=1

(Qs
� (yit jx it ) � Q̂s

� (yit jx it ))2 (3.17)

whereQs
� (yit jx it ) and Q̂s

� (yit jx it ) == � it;� are the the theoretical and esti-

mated conditional quantiles at level� of the s-th simulated dataset, respec-

tively.

ˆ Average Ramp loss (RAMP) as proposed in Takeuchi et al. (2006). This loss

is used to measure the quantile property of estimator̂Qs
� (yit jx it ) in dividing

the data so that � percent of observations fall beloŵQs
� (yit jx it ) and 1 � �

are above:

RAMP � =
1
S

SX

s=1

1
N

NX

i =1

1
Ti

TiX

t=1

1f u it < 0g (3.18)

whereuit = yit � Q̂s
� (yit jx it ). The model satis�es the quantile property for

ramp loss values close to� .

The performance in term of losses of the FM-QRF is compared with three

benchmark models: LQMM, Quantile Regression Forest (QRF) and the Quantile

Mixed Model (QMM) of Merlo et al. (2022a) adapted to a no two-part model.

The latter model exploits the same methodological approach of the FM-QRF in

a linear setting. The number of mixture components has been set toK = 11

with a grid search approach for all models, and the hyper-parameters of the

FM-QRF (that is, number of trees, minimum number of observations in terminal

nodes, number of features to consider for splitting nodes) have been optimized by

Bayesian Optimization using theParallelBayesOptQRF package implemented in

R 1. The QRF has been trained by using the same hyper-parameters settings of

the FM-QRF.

Results are reported in Table 3.1.

1https://github.com/mila-andreani/ParallelBayesOptQRF
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NN-S NN-L

MAE MSE RAMP MAE MSE RAMP

� = 0 :1
FM-QRF 1.54 4.93 0.1 1.83 5.87 0.1
LQMM 2.45 10.20 0.1 1.86 5.89 0.1
QRF 1.50 4.49 0.1 2.64 10.98 0.1
QMM 4.38 35.34 0.2 4.67 40.62 0.2
� = 0 :5
FM-QRF 1.56 4.41 0.5 1.65 4.62 0.5
LQMM 2.09 8.11 0.5 1.72 5.27 0.5
QRF 1.46 3.72 0.5 2.11 7.15 0.5
QMM 2.33 10.36 0.5 2.80 14.61 0.5
� = 0 :9
FM-QRF 1.49 4.46 0.9 1.67 4.86 0.9
LQMM 2.15 7.90 0.9 1.57 4.34 0.9
QRF 1.32 3.57 0.9 2.20 7.93 0.9
QMM 6.39 79.14 0.7 5.16 61.12 0.8

TT-S TT-L

MAE MSE RAMP MAE MSE RAMP

� = 0 :1
FM-QRF 2.11 9.03 0.1 1.80 6.66 0.1
LQMM 2.57 11.09 0.1 1.94 6.42 0.1
QRF 2.22 11.09 0.1 2.02 7.88 0.1
QMM 4.94 49.44 0.2 4.11 33.16 0.2
� = 0 :5
FM-QRF 1.62 5.31 0.5 1.43 4.32 0.5
LQMM 2.02 7.45 0.5 1.57 4.48 0.5
QRF 1.55 4.93 0.5 1.44 4.51 0.5
QMM 2.51 12.16 0.5 2.01 7.82 0.5
� = 0 :9
FM-QRF 2.11 8.64 0.9 1.87 7.10 0.9
LQMM 2.71 11.53 0.9 2.06 6.81 0.9
QRF 2.22 9.23 0.9 2.06 8.02 0.9
QMM 7.91 218.196 0.8 5.13 50.79 0.8

Table 3.1: Loss values for each scenario computed on the test set of the
four �tted models. Bold values indicate the smallest loss.
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In the �rst scenario, in which data meet the Gaussianity assumptions of the

LQMM model, the FM-QRF performance mainly depends on the relevance of the

clustering e�ect in the simulated data.

When the clustering e�ect is small, the best performing model is the QRF algorithm.

This is due to the fact that, in this setting, the QRF is more well speci�ed than the

LQMM, which is a linear model, and the FM-QRF model, which is designed for

non-linear setting in which the clustering e�ect is large. As a matter of fact, when

the clustering e�ect is more relevant, the best performing model is the FM-QRF

for almost all quantile levels.

In the second scenario, the simulated data violate the gaussianity assumptions of

the LQMM. In this case, the FM-QRF outperforms the benchmark models both

when the clustering e�ect is small and large for almost all quantile levels.

The only exception is represented by the performance of the FM-QRF in terms of

MSE in the large clustering e�ect setting when� = 0:01; 0:9. In this case, a larger

training set could lead to an improved performance of the FM-QRF in terms of

MSE in predicting extreme quantile values.

In conclusion, the main �nding in this simulation study is that the performance

of the FM-QRF improves as the clustering e�ect increases, and when data violate

the gaussianity assumptions of the LQMM model.

3.4 Empirical Application

The study of the e�ects of climate change is a widely discussed topic in several

�elds, and a variety of studies have highlighted the relevant and multifaceted

role of the growing frequency and intensity of natural disasters in determining

economic output of countries (Mele et al., 2021, Tol, 2018, Palagi et al., 2022, Peng

et al., 2011, Deschênes and Greenstone, 2007, Dell et al., 2014, 2012, Weitzman,

2014, Barro, 2015, Fankhauser and Tol, 2005).
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Extreme weather events, including �oods, droughts, and escalating temperatures,

exert direct in�uence on the economic output of countries, especially those heavily

relying on the agricultural sector. This impact primarily stems from infrastructural

damages and �uctuations in crop yields and livestock productivity, resulting in

signi�cant economic losses (Nelson et al., 2014, Aydinalp and Cresser, 2008, Orlov

et al., 2021). Other studies have shown that climate change a�ects economic output

of countries also indirectly, by altering migratory �ows (Cattaneo and Peri, 2016,

Marotzke et al., 2020), demography (Barreca et al., 2015), criminality (Burke et al.,

2018b) productivity and labor supply (Somanathan et al., 2021, Heal and Park,

2016, Gra� Zivin and Neidell, 2014), energy production and consumption (Burke

et al., 2015, 2018a). These results highlight the relevance of considering climate

change related risks in macroeconomic policy analyses, although evaluating the

economic impact of climate change is a quite di�cult task. A variety of statistical

and econometric models has been proposed in literature (Kolstad and Moore, 2020,

Carleton and Hsiang, 2016, Mendelsohn et al., 2006, Coronese et al., 2018, 2019,

Hsiang, 2016); in particular, several studies have exploited standard regression

approaches to analyse the relation between climate-related variables and economic

aggregates, such as GDP and GDP growth; see for example Hsiang (2016), Dell

et al. (2012), Kahn et al. (2021), Burke et al. (2015, 2018a).

Nevertheless, the e�ects of climate change may extend beyond the typical GDP

distribution, potentially heightening the vulnerability to economic downturns, as

evidenced by the lower tails of GDP growth distribution, and amplifying systemic

risks through the intersection of climate change impacts and human systems

(e.g. international food markets, international security and countries' economic

arrangements King et al., 2017).

In order to uncover vulnerabilities and potential systemic risks overlooked by

standard regression approaches, the focus of more recent analyses shifted from

measures of central tendency of the GDP growth distribution (Kahn et al., 2021,

Dell et al., 2012, Burke et al., 2015, 2018a, Kalkuhl and Wenz, 2020), towards its

upper and lower tails (Kiley, 2021, Yao and Wang, 2001, Coronese et al., 2018,
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2019). Indeed, analysing the relation between climate change and the tails of GDP

growth provides useful information to enhance policy e�ectiveness, especially when

the policy maker aims at preventing and mitigating the impact of extreme events,

such as economic downturns or recessions, caused by climate change. Moreover,

information on the tails of GDP growth can be used as a measure of economic

resilience, o�ering insights into how well an economy can endure and recover from

extreme events.

One of the most used risk measures concerning the tails of the GDP growth

distribution is the GDP Growth-at-Risk (GaR) (Yao and Wang, 2001, Adrian

et al., 2022, 2019), representing the expected maximum economic downturn given

a probability level over a certain time-period. GaR may be estimated in a QR

framework as the conditional quantile of the GDP growth distribution at 1% or

5% quantile level.

In the recent work of Kahn et al. (2021), a linear QR parametric approach is used

to predict the e�ects of di�erent climate-change scenarios on future GaR of a

basket of countries. The results highlight that unsustainable climate practices will

have a negative e�ect on the GaR on the majority of countries included in the

sample, increasing their risk of experiencing an extreme economic downturn.

Given the relevance of the approach of Kahn et al. (2021), the aim of this chapter

is to extend their �ndings to a non-linear QR setting by applying the proposed

FM-QRF to an unbalanced panel of 3045 country-year observations from 1995

to 2015 for 210 countries. The outcome variable is the �rst di�erence of the

natural logarithm of the yearly GDP per capita. The yearly covariates set includes

the current value of: Temperature (TMP ), Precipitation ( PRE), Magnitude of

precipitations greater than 20mm (r20mm), maximum number of Consecutive

Wet Days (cwd), maximum number of Consecutive Dry Days (cdd) and Maximum

temperature of the year (txx). All variables have been di�erentiated. Also four

lags of each covariate have been included in the covariates set for a total of 30

predictors.
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Obs Min Max Median Mean SD

GDP 2782 -0.70 0.63 0.04 0.04 0.05
TMP 2782 -0.64 0.81 0.02 0.03 0.12
PRE 2782 -496.06 484.47 -0.08 -0.23 64.17

r20mm 2782 -10.00 7.01 0.00 0.01 1.16
cwd 2782 -22.94 18.00 0.00 0.00 2.88
cdd 2782 -40.21 51.47 0.01 0.04 5.51
txx 2782 -2.64 2.13 0.03 0.04 0.35

Table 3.2: Summary statistics of the variables included in the sample.
The table reports the number of observations (Obs), the minimum (Min),
maximum (Max) along with the median, mean and standard deviation (SD).

The GDP data have been retrieved from the World Bank2, and the covariates

observations represent the historical values of the projected variables considered in

the CMIP6 dataset3. The �nal dataset and the Rcode used to create the dataset

is available on Github 4. The summary statistics of the variables included in the

sample are reported in Table 3.2.

The empirical analysis presented here is developed in two parts. In the �rst

subsection (3.4.1), the validity of a non-linear QR approach over a standard linear

one is evaluated by means of an analysis of variance (ANOVA) test (St et al.,

1989), and the Variable Importance of each covariate is analysed to measure its

relevance in predicting GDP growth quantiles.

The second subsection (3.4.2) focuses on the application of the FM-QRF model

to forecast quantiles of the GDP growth at �ve di�erent probability levels � =

0:01; 0:05; 0:5; 0:95; 0:99 at three horizonst = 2030; 2050; 2100. The conditional

lower quantile levels0:01 and 0:05 measure the downside risk of GDP growth

(GaR). This risk measure represents the maximum probable loss in GDP growth

caused by climate change. The upper two conditional quantiles levels0:95 and

0:99 represent the upside risk of GDP growth, measuring the maximum probable

growth of GDP conditional on the covariates set.

2https://data.worldbank.org
3https://climateknowledgeportal.worldbank.org
4https://github.com/mila-andreani/climate-change-dataset
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The conditional quantiles forecasts at di�erent� are computed using the projected

values of the covariates from the CMIP6 dataset (O'Neill et al., 2016, Li et al.,

2021). In particular, the e�ects of climate change are measured by comparing two

alternative climate scenarios formulated in the CMIP6 experiments. Such scenarios

are denoted as Shared Socio-economic Pathways (SSPs) (Riahi et al., 2017), and

each SSP outlines the progression of climate variables conditional on the future

trajectory of socio-economic factors and climate policies implemented by individual

countries up to the year 2100. Five di�erent SSP are available, and in this chapter

two di�erent SSPs are considered: SSP1 (Van Vuuren et al., 2017) and SSP5

(Kriegler et al., 2017), which are two opposite scenarios of climate change. In SSP5

a future energy-intensive economy based on fossil fuels is hypothesised, whereas

in SSP1 climate sustainable practices will prevail. Thus, the SSP5 represents the

worst-case scenario in terms of climate change, and SSP1 represents the best-case

one.

The aim of this analysis is to evaluate whether the fossil fuel-based economy of

the SSP5 scenario will negatively a�ect the future GDP growth distribution at

di�erent quantile levels. The results provide evidence that unsustainable climate

policies (SSP5 scenario) will increase the GaR of the majority of the countries

included in the considered sample. Moreover, di�erently from results obtained in

the related literature Dell et al. (2012), and as recently demonstrated in Damania

et al. (2020), this analysis shows that changes in precipitations-related variables

due to climate change also represent a relevant risk factor undermining future

economic growth.

3.4.1 Preliminary Analysis

This section reports the results of the preliminary analysis on the dataset of

interest. Within the machine learning framework of this chapter, �rst the validity

of a non-linear QR approach over a standard linear one is evaluated with an

analysis of variance (ANOVA) test to compare a spline QR model (Marsh and

Cormier, 2001, Koenker et al., 1994, Wang, 1998) and standard QR at �ve quantile
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levels� = 0:01; 0:05; 0:5; 0:95; 0:99.

The spline QR model is an extension of the standard QR model based on piecewise-

de�ned polynomial functions. Di�erently from the linear QR modeling framework,

the splines model adapts to non-linear relationships with a series of knot points,

where each di�erent polynomial segment originates. This feature makes this model

particularly suitable to model complex and non-linear relationships among the

variables of interest.

In this section, both the QR spline model and the linear one consider the same

covariates of the FM-QRF. In particular, the QR spline model is represented by

a piecewise cubic polynomial with 2 knots for each covariate. The results of the

ANOVA test, in Table 4.3, reveal that a non-linear approach, such as the one in

FM-QRF, results more valid than the linear one.

� 0.1 0.25 0.5 0.75 0.9
Tn 1.513 3.585 10.686 27.329 2.2

P-Value 0.001** 0*** 0*** 0*** 0***

Table 3.3: ANOVA test results for di�erent values of � . The 'Tn' column
reports the test statistic and the 'P-Value' column reports the level of
signi�cance of the test at 5% signi�cance level.

In the second part of the preliminary analysis the relevance of each covariate in

predicting the quantiles of the GDP growth distribution is assessed by extracting

the Variable Importance measure from the FM-QRF.

The analysis is performed by �tting a FM-QRF for each� and by computing the

Variable Importance measure (Breiman et al., 1984) for eachp-th covariate as

follows. First, the sum of squared residuals (SSR), denoted withmp;� , is computed

by using Out-Of-Bag observations of the covariate. Then, the observations are

permuted and the SSR is re-calculated. The SSR after the permutation is denoted

with m�
p;� . The Variable Importance of thep-th covariate for the � quantile,

denoted with I p;� , is �nally computed as:
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I p;� = mp;� � m�
p;� : (3.19)

The higher the reduction in the SSR following the permutation, the higher the

importance of the variable. The results of variable importance are shown in �gures

3.1- 3.2. Figure 3.1 shows the averageI p across quantiles, whereas �gures 3.2 show

the I p;� at each quantile level for each variable.

Figure 3.1 shows that, at an aggregate level, the most important set of variables

used to predict quantiles are the lags of the Temperature variable. The second set

of variables is represented by the consecutive number of Dry Spells. This pattern

is similar to the one observed at a disaggregate level, represented in Figure 3.2 at

di�erent quantile probability levels.

Figure 3.1: Average variable importance across quantilesI j for each covari-
ate.
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Figure 3.2: Permutation-based variable importanceI j;� for each covariate
included in the training set.

These results highlight that both temperature and precipitations a�ect the GDP

growth distribution of each country to a di�erent extent. Although being in
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0.01 0.5 0.99

year 2030 2030 2050 2050 2100 2100 2030 2030 2050 2050 2100 2100 2030 2030 2050 2050 2100 2100
SSP1 -7.68 0.51 -7.76 0.55 -7.87 0.61 3.67 0.25 3.74 0.25 3.65 0.24 12.1 0.37 12.09 0.38 12.1 0.37
SSP5 -7.55 0.48 -7.7 0.52 -7.61 0.54 3.75 0.24 3.75 0.25 3.75 0.24 12.09 0.37 12.13 0.37 12.12 0.37

Table 3.4: Average mean and bootstrap standard error across countries
obtained with N=500 iterations.

contrast with previous contributions (Dell et al., 2012), the obtained results

are con�rmed by more recent �ndings (Damania et al., 2020), which show that

precipitations-related variables play a more relevant role with respect to tem-

perature at the upper quantiles of the GDP growth distribution, representing a

relevant factor in�uencing upside risk of economic productivity growth.

3.4.2 Projection Results

This section reports the quantile estimates along with their standard errors

projected in 2030; 2050; 2100 under the SSP1 and SSP5 scenarios. The FM-

QRF has been �tted usingK = 9 locations, identi�ed via grid search and the

computational time to �t the model is equal, on average, to 620.45 seconds.

The mean and the standard error of each estimate are obtained via bootstrapping

with N = 500 replications. Table 3.4 report the average mean and standard error

across countries for the SSP1 and SSP5 scenarios, respectively. Country speci�c

bootstrap estimates are reported in Tables B.1 and B.2.

The results obtained under the two scenarios are compared by considering the

di�erence between the values of quantiles estimated in the worst-case scenario in

terms of climate policies (SSP5) and the values of quantiles estimated according

to the best-case one (SSP1):

� Q�
it = Q�;SSP 5

it � Q�;SSP 1
it ; (3.20)

whereQ�
it represents the estimated values of the quantile of thei -th country

at probability level � projected in yeart. Given that the main di�erence between

the SSP1 and SSP5 is related to two opposite climate change mitigation policies
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scenarios, the magnitude of� Q�
it can be attributed only to climate change and

its e�ect on climate variables.

Negative values of� Q�
it indicate that Q�;SSP 5

it < Q �;SSP 1
it . This means that under

the SSP5 scenario, the GDP growth at both low and high quantile levels will be

smaller due to inadequate climate-related policies.

The country-speci�c results of this analysis are mapped in �gures 3.3-3.7 at three

di�erent time horizons (t = 2030; 2050; 2100). The main �nding obtained by

interpreting the values of� Q�
it is that the e�ects of the unsustainable climate

practices hypothesised in the SSP5 scenario are negative at an aggregate level,

but their magnitude substantially vary across time and among countries.

For each quantile level, in2030� 2050 the value of � Q�
it is estimated to be

negative for almost two thirds of the countries. This points out that the climate

change hypothesised in the worst case scenario will increase the downside risk of

the majority of the countries in the considered sample, while also representing a

limiting factor to the potential country-speci�c GDP growth.

For instance, �gure 3.6 shows the maps at 2030, 2050 and 2100 for quantile at

level � = 0:05. In this case, in 2030 the� Qi; 2030 assumes values ranging from a

minimum of -16% to a maximum of 7%. This indicates that for some countries

Q0:05;SSP5
i; 2030 < Q 0:05;SSP1

i; 2030 , that is, some countries will see their 5% quantile (that

represents a negative value of the GDP growth) decreasing more in the �worst-case�

climate change scenario with respect to the �best-case� one. Another �nding is

that the e�ects of unsustainable climate practices change over time whether the

country is considered to be 'high-income' with a moderate climate, o 'low-income'

with more extreme climate conditions.

By comparing the panels reported in Figures 3.3- 3.7, the following results can be

deducted. The impact of temperatures and precipitations from 2030 to 2050 on

the United States, considered as a high-income and climate-temperate country,

are modestly positive at all quantile levels. These �ndings indicate that high-
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income countries with economies reliant on energy-intensive sectors could see

advantages in scenarios with limited climate policies, indicating a higher capability

of high-income countries to adapt more e�ectively to adverse climate-change

scenarios.

For low-income and hot countries instead, such as countries in the African continent

and India, the e�ects of climate-change from 2030 to 2050 are negative at all

quantile levels, especially at the medium term (2050). The same holds for Russia,

which is a high-income but cold country. In this case, Russia will su�er from

adverse climate-change scenarios both in terms of upside and downside risk. The

results on the heterogeneity of climate change e�ects over time on rich/poor and

hot/cold countries are con�rmed by previous �ndings (Kiley, 2021).

In general, even though between 2030 and 2050 the majority of the countries will

su�er from climate change in terms of GDP growth, in 2100 this heterogeneity

will be slightly less pronounced, bringing the number of countries su�ering from

climate change to two thirds of the sample to 50%. This might result from the

optimistic socio-demographic growth scenario hypothesised in SSP5, based on

the hypothesis of large public interventions in favor of the communities against

climate change. The e�ects of these interventions could have a positive e�ect in

the long run on the poorest countries which, as shown in the literature, are those

which will su�er most from the e�ects of climate change, precisely due to their

socio-economic conditions.

The socio-economic development of these countries would thus ensure that the

e�ects of climate change, even though still existing, will be mitigated by the

presence of a growing number of mitigation policies and public intervention.
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Figure 3.3: Map showing � Q�
it in years t = 2030; 2050; 2100for quantile at

probability level � = 0 :01.
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Figure 3.4: Map showing � Q�
it in years t = 2030; 2050; 2100for quantile at

probability level � = 0 :05.
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Figure 3.5: Map showing � Q�
it in years t = 2030; 2050; 2100for quantile at

probability level � = 0 :50.
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