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{&u—i—div(u@u) +v(=A)Pu+Vp =0, (11)

div(u) =0,

with periodic boundary conditions and zero spatial mean, where 5 and 6 are non-negative
parameters, and the dissipative term is defined via Fourier transform F by

|k|29

—_F(u)(k), for all k € Z3.
log? (10 + |k|) W)

FI(=2)"Pu] (k) = 101 (k)

Well-posedness of a similar system has been widely studied in the last century. In
particular, it is well known that global existence and uniqueness of sufficiently smooth
solutions holds when 8 =0 and 6 > 2 [15,10].

On the critical threshold § = 2, the same result has been proved by Tao [20] and
Barbato et al. [2] when the dissipative term is slightly weakened by a Fourier multiplier
that mimics a logarithmic behavior raised to a power § < 1.

When 0 < % it is well known that there are various open problems, such as uniqueness
of Leray-Hopf solutions for classical NSE, i.e. 8 =1 and 8 = 0. It is relevant to indicate
that a first answer to this problem has been obtained by Albritton et al. [1]. They show
the non-uniqueness of Leray-Hopf solutions if the 3-dimensional NSE is perturbed by a
certain forcing term.

Even in the unforced setting, various negative results appeared during the last decade.
In particular, Luo et al. [16] and Buckmaster et al. [5] proved non-uniqueness of global
distributional solutions, less regular than Leray weak solutions [13], by means of the
convex integration theory [3,4,6,9,17]. The convex integration machinery has been used

by Li et al. [14] in order to prove non-uniqueness in suitable functional spaces also above
5
4

CiLP for all 1 < p < 2, thus in larger spaces than the energy space (and in general below
the Ladyzenskaja-Prodi-Serrin threshold).
In this paper, we work at the critical threshold 6 =

the Lions exponent, i.e. 8 > 2 and 8 = 0, but non-uniqueness is proved in the space

5
Rl
highlighted by making some scaling considerations, see for instance [11] for a more com-

whose relevance can be also

plete discussion on the topic. Under the assumption 5 = 0, we recall that a functional
space X is said to be a critical space if ||ul/x is invariant under the following scaling
transformation:

u(t, z) — A2\, \x), p(t,z) = X072\, \x).

Since its norm represents the kinetic energy, one important functional space is X = C; L2,
which is a critical space only if § = %.

In this work we show that when 6 = % the constraint on g identified by Tao is sharp.
In particular, the condition 8 > 1, i.e. the dissipation is weakened by a sufficiently strong
logarithmic corrector, allows to prove a non-uniqueness result for distributional solutions
to Eq. (1.1) that are in the relevant functional space C;L2. This non-uniqueness result in
a logarithmic supercritical case is obtained by stretching as much as possible the convex
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integration scheme proposed in [3,16]. In particular from a technical point of view, the
result is achieved by proposing a new modification of the classical Beltrami flows, which
allows reaching the sharp assumption on 3, and by exploiting estimates for smoothly
projected Fourier multipliers, which allows to exploit the logarithmic corrector.

The paper is organized as follows. In Section 2 we state and prove the main result
by means of the iteration lemma. In Section 3 we introduce and study various Fourier
multipliers. Section 4 is devoted to the proof of the iteration lemma, namely the inductive
step that solves Eq. (1.1) in the limit.

1.1. Notations

To ease the notations, for any o > 0 and p € [1, oo] we denote
CiLE = C([0,00), LP(T?,R?)),  L°LE = L>([0, 00), LP(T?,R?)),

where T? denotes the 3-dimensional torus. We denote by C,, (R, L?(T3,R3)) the space
of weakly continuous functions with values in the Banach space L?(T3,R?), while
C®(R,C>®(T3,R?)) is the space of smooth compactly supported and spatially peri-
odic functions. In addition, if v € C2°(R,C>(T3,R3)) we denote its time support by
Supp, (v). For any sub-interval I C R, let P be the operator defined by

Prg(a) = Y Flg)(k)e™ ™.

|klel

We denote by Ppy the Leray-Helmholtz projector, namely the projector onto the
space of divergence-free vector fields. For any A C R and § > 0, let Ns(A) be the
d-neighborhood of A, namely

Ns(A)={z€R: thereisy € As.t. |z —y| < d}.

If 2,y € R3, then z x y will denote the standard vector cross-product between z and
y. Given a,b € R, we use the notations a < b and a ~ b if there exist C,Cy, Cs > 0 such
that a < Cb and Cia < b < Csa, respectively. Moreover, if C' depends on an additional
parameter k, then we use a <, b.

2. Main result

We first recall the definition of weak solution to Eq. (1.1).

Definition 2.1. A vector field v € C,, (R, L?(T3,R3)) is a weak solution to Eq. (1.1) if it
is satisfied in a distributional sense, namely,

//(8t¢)‘”dxdt://v‘(v‘v)¢—(V(—A)a’%)-vdxdt,

R T3 R T3
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for all ¢ € C2°(R,C>°(T3,R3)) such that div(¢(t,-)) =0 for all t € R.

Theorem 2.2. For 6 = % and B8 > 1, consider a smooth divergence-free vector field

w: [0,00) x T3 — R3, with compact support in time and zero spatial-mean,
/u(t,x)dx =0.
T3

Then, for all € > 0, there exists a weak solution v € C(R, L?(T?,R?)) of Eq. (1.1) with
compact support in time and such that

IV Tar(o = w)llzzens <6
where Ty and |V|% are the operators corresponding to the Fourier multipliers M (k) =
120y (K) log P (|k| + 10) and m’ (k) = |k|2 (see Definition 3.1). In particular, there are

infinitely many weak solutions with zero initial condition.

The result is shown by using the classical iterative procedure of the convex integration
theory, i.e. following the groundbreaking work of Buckmaster and Vicol [3]. Therefore,
the proof is strongly based on the following lemma.

Lemma 2.3 (Iteration Lemma). Fiz 0 = % and 8 > 1. Let (vq, pg, Ry) be a smooth solution
to the approximate system

Ayu+ div(u @ u) + v(—A)TPu + Vp = div(R),
div(u) =0, (2.1)
Tr(R(t,z)) =0, R(t,r) = R(t,z)T for all t,z,

such that
[RgllLsery < dgt1-

Then for every d,42 > 0, there exists a smooth solution (Vgt+1,Pq+1, Rgt1) of Eq. (2.1)
such that

[Rg+1llLsers < g2,

(2.2)
Supp; (vg+1) U Supp (Rg+1) C Ns, ., (Supp,(vg) U Supp,(Ry)).
Moreover, the following estimates hold
[vg+1 = vgllpserz < C62 4y, 23)

3
V2 Tar(vg1 — vg)llLgorr < dgya-
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Remark 2.4 (On the parameter 3). As already mentioned in the introduction, Tao [20]
and Barbato et al. [2] proved the existence and uniqueness of smooth solutions to an
equation similar to Eq. (1.1), where the dissipative term D(u) is defined via Fourier
transform as

20
FID@)](k) = 1{k¢0}<k>%m><k>, for all k € Z°,

for any positive, non-decreasing function g such that floo Sglw ds = oo. Even if their

result covers a larger family of dissipative terms, the most interesting one is clearly given
by g(s) = log” (10 + |k|) with 8 < 1.

Therefore, apart from this structural difference, our result shows the sharpness of the
condition # < 1. Namely, that weakening the dissipative term by any stronger logarithmic
correction produces the existence of infinitely many distributional solutions.

Assuming the previous Lemma, the proof of Theorem 2.2 basically follows the lines
of Luo and Titi [16]. We report it for completeness.

Proof of Theorem 2.2. Consider the triple

1 2
Vo = U, P0=—§|Uo\ )

Ry = R(at’l)() + I/(*A)%’ﬁvo) + vg ® vg + pol,
where R is the anti-divergence operator, defined below in Definition 4.11.

Given 6, = ||Rol[zor1 and 0, = 27 %, consider the sequence (vg,pq; Ry)qen coming
from Lemma 2.3. Then,

1
D lvgrr —vgllzerz S 62, < o,
q q

||Rq||Lt°°L;, -0 as q¢ — oo.

Therefore, (vq), converges strongly to a weak solution v € CrL2. Moreover,

3 3
V12 Tar (v = w)l|zzers < >NV Tar (vgsr — vg)logers < Y 641 <6,
q

Supp; (v) C Ug Supp,(vg) C Ny 5,4, (Supp; (1)) C Ns, 1 Supp, (u).

Finally, infinitely many weak solutions with zero initial condition can be obtained

by considering u(t,z) = ¢(t) 3 5 <n are
¢ € C®(R4), with ¢(0) =0. O

kT with ag = 0, ay = a—_g, ap -k = 0 and
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3. Preliminaries on Fourier multipliers

In this section we mainly prove that the operators associated with various Fourier
multipliers are bounded from L!(T%) to itself. We first recall the definition of the operator
corresponding to a Fourier multiplier.

Definition 3.1. Given a family m = (m(k))ecza, its corresponding operator Ty, is defined
by

Tn(f)(z) = Y m(k)F(f)(k)e* ™, for f e C(TY),

kezZ?

where F(f)(k) is the k' Fourier coefficient of f.

Before stating the main results of this section, we introduce the averaged Fourier
projection.

Definition 3.2. Consider L > 0 and § € C°(B3(0)) such that #(x) = 1 on By(0). If
f € C*(T9), then its averaged Fourier projection is defined by

PLL(f)@)= Y 6(k/L)F(f)(k)e™™. 3.1

kezZ?

The following lemma is a straightforward adaptation of [7, Lemma 2.1] to our frame-
work.

Lemma 3.3. Let m = (m(k))peze be a bounded multiplier and M € C(R%\ {0}) such
that

1. M(k) = m(k) for all k € Z\ {0},
2. M is locally continuous at any k € Z%\ {0},
3. For all N € N\ {0} there exists C(2V) > 0 s.t.

sup  2Nll9, M (¢)] Sa C(2Y).
2N =3¢ <2V FB,
|a|<d+1

Then for all f € L*(T),
T P2y —PLon-a) fllzr Sa C2Y)| - (3-2)

Proof. If there exists a Fourier multiplier on R? that coincides with m(k)[0(k/2V) —
0(k/2N—1)] on Z% and that satisfies the required inequality from L'(R?) to itself, then
the result holds (Theorem 3.8, Chapter 7 in [19]). The existence of such a multiplier is
due to the assumptions on M and Lemma 2.1 in [7]. O
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Proposition 3.4. Assume that m = (m(k))pcza satisfies the assumptions of the previous
lemma. Moreover, suppose that

d c@V) <o
N=1
Then,
1. For all f € L*(T%)
T (I = PLyn-1)fller Sa llf Nl Z C(27). (3.3)

j=N

2. T, is bounded from L'(T?) to itself.

Proof. 1. We can assume f € L?(T%), up to using a density argument. Denote the
operator (I — P<2N 1) by P>2N .. Notice that

(TP ona f)(x) = Y [1—0(k/2V " )m(k)F(f)(k)e™

keZd

M
= D D [6k/2) = 6(k/2N)m(k)F(f) (k)e™

keZd j=N

+ > [ =0(k/2)m(k)F(f) (k)e'™™ = I + I.
kez?

Let us estimate the two terms separately. The previous lemma implies that

M 0o
Il Sallflle D C@27) Sa llfller Y C@27).

j=N j=N

While,

If2llr Sa [Hallez S 1fllze sup [m(k)],
‘k|221\4—1

which goes to 0 as long as M diverges.
2. Let h € N, then it follows directly from the result already proved and the following
equality

(T f)(x) = > [1 = 0k/2M)m(k)F(£) (k)™ + > 0(k/2")ym(k)F(f)(k)e*. O

kezd keZd

Corollary 3.5. Consider v1,72,...,74 € N and 8 > 1.
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1. The multiplier m(k) = l{k;,éo},(k)lll;[;diW log 7 (|k| + 10) is bounded from L'(T%) to

itself. Moreover,

T (I = Pon-a) fllor Sa [l flleslog = (2%). (3.4)

d

2. The multiplier m(k) = 1{197&0}(]‘1)‘;‘_[11:2% is bounded from L'(T9) to itself. More-

over,
T (I = PLon-) fller Sa I f 2™, (3.5)

Remark 3.6. The projectors Pé ;, defined above are the counterpart, on the torus, of
Littlewood-Paley projections used when working on Fourier multipliers in R? (see for
instance [8]). We wish to remark that the seemingly similar projectors defined by

P<Lf Z JT_- zk:r

|k|<L

produce dramatically different results as multipliers from L' to itself. Indeed, P« pro-
duce estimates which are ‘morally’ worse than those in Proposition 3.4, see a comparison
of these projectors in Proposition A.1. We believe that this comparison, apart from be-
ing interesting in itself, provides a complete understanding on why our non-uniqueness
result and our new building blocks require just 8 > 1 with M (k) = log™?(|k| + 10).

Remark 3.7.In an earlier version of this paper the term M (k) was replaced by
log™" (Jk]1 + 10). Again, a seemingly similar term produces a dramatically different re-
sult in our borderline setting. Indeed, Proposition 3.4 does not apply (because of lack
of differentiability) and (worse) a stronger assumption on S is required, as shown in
Proposition A.2, see also Remark A.3.

4. Proof of the iteration lemma

This section is devoted to the proof of Lemma 2.3, namely we modify a solution
(vg,Pq, Rq) to Eq. (2.1) in order to obtain a new solution (vyi1,pg+1,Re+1) with
[ Rgt1llzsor1 sufficiently small.
4.1. Impulsed Beltrami flows

In this section we build the impulsed Beltrami flows, a modification of the intermittent
Beltrami flows used by Buckmaster and Vicol [3], which will have a crucial role in the
construction of vg .

Consider A = AT UA~ C Q3, where

1 1 1
At = {5(361 £ des), = (3es £ deg), £ (3es + 4e1)},
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and A~ := —AT. Here e, €9, e is the canonical basis of R3. Then, by construction, A
is a finite symmetric subset of Q3, with vectors of unit length and such that

5A C 73, €+ ¢ >

| =

min
§,8'eNE+E#0
Moreover, the following geometric lemma holds:

Proposition 4.1. (/3,/]) Let B1(I3) be the ball of symmetric 3 x 3 matrices centered at I3
with radius 1. Then, there exist ex > 0 and a family (ve)een C C°(Be, (I3)) such that

Loy =7-¢;
2. for each R € B, (I3),

Ye(R)* (I3 — £ ® €). (4.1)

N | =

n=y

Now, for any £ € A, consider A¢ € Q3 such that
Ac-€=0, A=Ae,  |Ad=1,

1 .
and define By = ﬁ(AS +1€ x Ag). A
Therefore for any (a¢)¢en C C such that a_¢ = @, we can define Wy = Bge*¢
and consider the classical Beltrami flows W =3, agW¢ introduced in [3,4], which have
various interesting properties such as

2
fW@dezzg:%(g—g@g).
T3

The impulsed Beltrami flows are obtained by modifying the classical Beltrami flows
with suitable spatial and temporal intermittency. In particular, given r € N, consider
the Fejer kernel

- (B0 £ (1 )
2

j=—r

for all y € T, and define the 3D-Fejer kernel as

3
3
Fo(x) = (2m)2 [[ F(=:). (4.2)
i=1
Let us summarise some properties of the 1D-Fejer kernels, which can be easily extended
to 3D-Fejer kernels using Fubini-Tonelli theorem. We point out the crucial fact that,
unlike the Dirichlet kernels, the L! estimate does not contain logarithmic corrections.
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Proposition 4.2. Let r € 2N* and n € N, then

[Fllzr =1, I1F|| 2 = /2, [Fl[Le~ S 7,

g Fllzr < v, I Fll e S 772, = Flle St

Proof. The proof of the first three inequalities can be found in [8]. Consider then the
case n > 0. The L? and L™ norms can be easily estimated, respectively, by Fourier
coefficients and by the formula

n T

7.
Y F ‘< 1— n
ryadC) N;( =)

sup
[771-17‘—]

Instead, the estimate of the L' norm follows from the equalities:

d 2 sin((r+1)%) d [sin((r+1)%)] 2 d
d—yF(y>_ r+1 sin & d_y sin & o r+1Dk( )dka( v),
ar 1 = A dn—i
A ; O ) (3,7 060)) (s Do)

where C(n, j) are constants depending on n and j, k = § and Dj, is the Dirichlet kernel,

i.e.

Dk(w:% Z el

Sln
j=—k

Indeed, the L' norm of the derivatives can be estimated by means of the previous equal-
ities, Holder inequality and since ||%;Dk(y)||p ~k"kY2. O

For any £ € A, its corresponding impulsed Beltrami flow is defined by
We = neWe, (4.3)

where for every z € T3, ¢t >0 and £ € AT,

ne@,t) =~ F(Ao(@ €+ b,z Aey - € x Ag)),
B (4.4)

Ne = N—¢, for every £ € A™.

The parameters A, o, 4 and 7 will be chosen later. In particular, they must satisfy the
following conditions,
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1
Xor >1, or< =, o\ € 5N*,
2 (4.5)

r? < p <A, A€4ON*, re2N*

in order to control the L{°L! norm of the stress tensor R,.1 by means of spatial and
temporal intermittency, see Section 4.3.

Remark 4.3. The time intermittency has been introduced in order to estimate a specific
term in div(Rg41), which is related to

Aiv(We & W+ W_e @ We) = Vi = (€ V)n2)§ = Vi = Sount

Proposition 4.4. Assume that the conditions in Eq. (4.5) on the parameters hold, then:

P<oxne = e, P sy We = We, (4.6)
1

;8,5175 = (&-V)ne, for all € € AT, (4.7)
P[l_/\074>\)W§ ® Wf/ = Wg & WE" for & #£ 75/. (48)

Moreover, for all N,M € N and p € [1, 00|,
VN0 e e e S Aor)N o) Mr2 5, (4.9)
IVNOM Wel| e 1z S AN (Aorp) M2 5. (4.10)
Proof. The equalities in Eq. (4.6), Eq. (4.7), Eq. (4.8) are true by construction. The

inequalities in Eq. (4.9), Eq. (4.10) follow from Fubini-Tonelli theorem, Proposition 4.2
and the fact that the map

= (Ao(z- &+ ut,Ae - x,§ X Ag - x))
is the composition of three volume preserving maps of T2. O
Proposition 4.5. Consider the family of vector fields (We)eep and a family of complex

values (ag)¢en such that a—¢ = ag. Then, Y .\ agWe is a real-valued vector field and
for all R € B, (1a),

> ve(R)? ][W5 ® W_gdz = R,
éeA T3

where € and the functions v¢(R) are given in Proposition 4.1.
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Proof. We have that

> ve(R)? ][W5 ®W_edz =Y (R)’B¢® B_¢ ][ng(:ﬂ, t)2da =
e T3 e T3

=D %(RPBe@Bg= ) (R —£0¢) =

EEA EeAT

= L (R -0 =R

£eEA

where the second equality follows from the normalization introduced in Eq. (4.2) and
Eq. (4.4), the fifth one follows from the symmetry of A and Proposition 4.1, and the last
one follows from Eq. (4.1). O

Remark 4.6. The main difference between our building block and the intermittent Bel-
trami waves presented in [3] is that we introduce spatial intermittency by means of Fejer
kernels instead of Dirichlet kernels.

This modification does not affect the most important properties of the building blocks,
such as the representation formula or the active Fourier coefficients. At the same time, it
allows to prove the non-uniqueness result assuming a weaker condition on the parameter
B3, namely the sharp requirement 8 > 1. Indeed, if ne and W are replaced by ngD and
W§D , defined using Dirichlet kernels instead of Fejer ones, then the following estimates

IV¥OM P e r1 S Nor)N (Aarp) M2 log® (1),

IV¥OM WL ry £ AN (Aorp) M2 log? (r),
will allow to prove the non-uniqueness result only if 8 > 177

Remark 4.7. Mikado flows offer another building block in the convex integration liter-
ature, see [4,5] for their most common construction. They cannot be deployed in our
setting because controlling their active Fourier coefficients is less trivial. In particular,
the dissipative term can be estimated as follows

5 1
IR(=A)3Pw] ey S log" P (Ar)A3rir?,

where r; and 7| should satisfy certain constraints, see [4] for a full description. Then,
these constraints imply that

log™ (A log¥ (A
) ey

in order to cancel out A?. But the logarithmic terms, log®(A) and log?()), cannot be
kept small.
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4.2. The perturbation
Following the idea proposed by Luo et al. [16], consider a cut-off function v that
controls the time support of the perturbation, i.e. a function that has the following

properties

¥(t) = 1 on Supp;(Ry), Supp,(v) C Ns,,,(Supp;(R,)), and [ (t)| < 2(5,1111.

Given a smooth non-decreasing function such that

define a function that smoothly recovers the magnitude of the tensor stress R,

plt.2) 1= X h Ry (t,2) )5, 10°(0) (4.11)

where €, is the value from Proposition 4.1.
Now, given £ € A, we define the magnitude of its impulsed Beltrami flow, in order to
recover R, through Proposition 4.5, as

1 Ry(x,t)
ae(x,t) = p(x,t)27, (I — 1 ) 4.12
5()()53[)(%” (4.12)
Indeed, since
|Rq| _ €a
7‘1 < 5] on Supp,(R,),
then
> ag ][ We @ W_gdx = pl3 — R,. (4.13)

EeEA

We can finally define the new velocity field as vq+1 = vq + w, where

w = w® + w(® + w(t)7

w® = Z agWe,
EeN

. 1
w© — 3 ZV(%TZ&) x We,
e

1
w® = = Z PHP;eo(agngf)'
feat

(4.14)
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Notice that the function v allows to identify the temporal support of the perturbation
w. Indeed,

Supp, (w) C Supp,(p) C Supp, () C Ns,,, (Supp; Ry). (4.15)

Now, let us recall various estimates regarding the perturbation w.

Lemma 4.8 (Lemma 2, [16]). Let p, a¢ be defined as in Eq. (4.11), Eq. (4.12), then

Ipllzers < Cogrrs o™ Hieoupp,(re)) S 0t lollen, S Cl0q41, | Rylen, ),
1
lagllieers S 0501, llaclioy, S Clog1,|Rylep,)-

Lemma 4.9 (Lemma 2.1, [17]). Given 1 < p < oo, if f,g € C>(T3), with g (% )*-periodic
and N € N, then,

_1
1fgllce SN leeliglize + N72 [ fllcrllgllze-

In the rest of the section we will denote by C,,(IN) any value that depends polynomially

on sup,,<y [lacl

Cle-

Lemma 4.10. If w, w®, w(®), w® are defined as in Eq. (4.14), then
1

0|z € 631 + Ca(1)(A0) 2,

1
lwllzzrz S CaW) (5 +ov),

3
2

<

)

[0 e L2 S Ca(0)

=|

i

3
s

lwl|Leers S Ca(0)r2"5, for s € (1,2].

Proof. Since W¢ is (5% )3-periodic (this follows from Eq. (4.6)), Lemma 4.9 can be
applied to any term a¢W¢. Then, the first inequality follows from the estimates shown
in Lemma 4.8, and from Eq. (4.10).

The other inequalities from Proposition 4.4 and the fact that the Leray-Helmholtz

projector Py is bounded from L7 to itself for 1 < ¢ < co. O
4.3. Estimating the stress

In the previous section we have defined the perturbation w and the new velocity field
Vg+1. Now, we complete the proof of Lemma 2.3 showing how to properly build the
pressure py4+1 and the tensor stress Rq41.

Let us first introduce an anti-divergence operator, namely a right-inverse of the di-
vergence operator, which maps vector fields into trace-free matrix-valued functions.
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Definition 4.11. Let u € C°°(T3,R?) be a smooth vector field. A anti-divergence is the

linear operator defined by
1 3 ™ 1.
R(u) = Z(VPHU + (VPyv)') + Z(VU + (Vo)') — B div(v) 1y,
where v € C°°(T3,R3) is the unique solution to the problem

{szu—fudx,

fudr =0,
with periodic boundary conditions.
The next proposition fully justifies the name given to the operator R.

Proposition 4.12. Consider u € C°° (T3 ,R3), then,

div(R(w)) = u — ][ w, T(R(u) = 0.

J
Moreover, for all k € Z3, with k # 0,
FR@) Ry = ﬁ(f(u)(k) )Ly + %(me )+
ikn, ik;

- — k), — —= k
|k‘2f(u)( )J |k|2f(’l.l/)( )hv
where F(v)(k); is the jt component of the k" Fourier coefficient of v.

Proof. This result follows from straightforward computations. 0O

(4.16)

(4.17)

Remark 4.13. Eq. (4.17) shows that R(u) is obtained by applying the Fourier multipliers

introduced in Corollary 3.5 to the components of the vector field w.
Since (vq, pq, Rq) solves Eq. (2.1), then

Opvg i1 + div(vgr1 @ vgir) + (=A) gy =
= div(R,) — Vp, + div(w® @ w®) + 9,w® +

oscillation error

+div(v, @ w +w ®vy) + (_A)%»ﬁw + 0y (w® + w®) +

linear error

+div(w® @ (0 + w®) + (W) +w) @ w).

corrector error
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Now, we show that the terms on the RHS can be expressed as the gradient of a scalar
function py41 and as the divergence of a matrix-valued function R441. In addition, we
shall prove that |Rqt1rer: < dgta-

Before estimating || Ry 41|z r1, let us prove a useful lemma.

Lemma 4.14. Consider a,b € C*°(T3) such that P>nb=b.
1. Let $>1 and N > 4. Then,
IRIV[Tas(ab)[ 2 < log" =7 (N)llal s |b 1, (4.18)

where |V| is the operator associated with the multiplier m(k) = |k|.
2. Moreover,

IRP so(ab)lz < llalls bl (4.19)
Proof. Define a; = P<% (a) and ag = PZ% (a). The assumption on b implies that
ab=P.x (a1b) + (agb).
Notice that Eq. (4.17) implies that the operator R|V|T);s corresponds to the multiplier

ml(k)
||

M(k)|K],

where m; is a suitable linear combination of iterated Riesz multipliers, i.e. multipliers

of the form Ill;[\%% Moreover, it holds that (I — Pé2M) P>njo = Pspyyy for M =

[logy N| — 2, therefore

IRIV|Tas(ab) |1 S log! ™" (N)l|ard] 1 + llazd] 1 <
<log" ™ (N)laal| =l 2 + azl| = lb] 21 <
< (log" " (N)llallzz= + R llallz=) 0] 21,

where the first inequality is due to Eq. (3.4) and Corollary 3.5 and the third one can be
justified by Sobolev embeddings.

The second inequality, Eq. (4.19), follows from a slight modification of the previ-
ous proof. In particular, recall that RP (o can be seen as corresponding to the Fourier
multiplier given by Eq. (4.17), which is equal to a linear combination of Fourier multi-
pliers treated in Corollary 3.5. Then, the result is easily achieved by using Eq. (3.5) and
Corollary 3.5. O
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4.3.1. Corrector error

Given its formulation, it produces two addends of R,41 whom L{°L! norm can be
estimated thanks to Lemma 4.10. Indeed

||w(1’) ® (w(C) + w(t)) +

( ( )er(t)) @ wl[per <
< ||w + w(p)HLfoLg . HU}(C) + w(t)”LooLQ

1 ri
< - S
7Ca(1)(/\+ar+u></\+ar+ +(5q+1
4.3.2. Linear error

(Aa)-%).

Since R is the right inverse to the divergence operator (Eq. (4.16)), the terms v, @ w+
implies that

w® vy and R((—A) 15w + 9y (w® + w®)) are part of R,y ;. In addition, Lemma 4.10

[vg © wl|Lgery <lvglliprellwlliery S Ca(0)llvgllLeereer
for s € (1,2).

3_3
27 s

The remaining terms are estimated through Lemma 4.14

Proposition 4.15. The following estimates hold
IR (w' +w®))[Lpers S Ca(B)opr2,
2. |R(=2) 1P (w? + wl?)| s < Cal6

)(5) tog' ()
3. [IR(—A)FP () 1y < Ca(2) 272

1

= >
N

1
Proof. First of all, we have that

9:(V x (agW¢))

(8 ag)(V X WE) + agé)z(v X Wf) (4 20)
+0.Vae X We 4+ Vag x 0, We, .
where 0, denotes both 0; or 0,. Notice that Eq. (4.6) implies that all the terms are

composed by a suitable derivative of a¢ and a ()\1/5) periodic function
Now, to prove the first inequality, notice that

w® 4 w© — %v @ —

XP;éo(v x wP)),

SO

IR (w'

) 4w ))HLWLl X||RP¢oat(V x (

PNy

z

[RP £00:(V x (agWe))llLgerr S

<2 Cu(6)][0:VWe| L1



18 M. Romito, F. Triggiano / Journal of Functional Analysis 289 (2025) 110989

where the second inequality is due to Eq. (4.19) applied to all the terms in Eq. (4.20).
Now, Eq. (4.10) implies the required inequality.

We turn to the proof of the second inequality. Recall that T}, is the operator associated
with the multiplier

M (k) = 1gsopo (k) log ™ (k] + 10).

Then by a classical interpolation argument, we have

1
IR(=A) 8P (@® + w1y = SIIVIF(RIVITar (V% w?)) | ey <

1 1 1
< SIRIVITM V(Y < wP)) |7 4 [RIVITa VAV X wP)) 7oy
Now we estimate the first factor |R|V|TawV(V x w(p)))||L?oL;, the second one can be
estimated by a similar procedure.

Because of Eq. (4.20) we can apply Lemma 4.14
IRIVITa V(Y x w®)l| ey S log! P (N)Ca(5)[V*Wel 3oLt
S Ca(B)Nr 2 log! P (N),

where the first inequality is due to Eq. (4.18), while Eq. (4.10) implies the second one.

Finally, we prove the third inequality. Following the same strategy used above, we
have that

IR=A)1 (@)1 = NIV (RIVITar (w ) oy
1 1
< IRIVITaV (@) e 1 [RIVITar V2 (0O 7 e -

Let us show how we can estimate the first factor. Recall that the Leray-Helmholtz pro-

jector Py corresponds to the multiplier I — %, therefore R|V|Py is associated with

d Yi
Hi:l kb ‘

a linear combination of iterated Riesz transforms, i.e. multipliers like T
=1 T2

So, by
Corollary 3.5, we have that R|V|PgTy maps L' into itself. Hence,

IRV |Ta V(w®))

1
lLperr S ;HRW\PHTM(V(C@”? + agv(”g))”L?"L%

1

< ;HV(aE)n? + a2V e
1

S ;caa)(nnguLgoL; +IViEllLerr)
1

< =Cu(1)Aor,
p (1)

where the third inequality follows from Eq. (4.9). O
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4.3.3. Oscillation error
Finally, the oscillation error is treated as in [3]. So,

div(R, — w? ® w(p)) -

= diV(Rq - Z AgQgr 7[W§ & Wg/dl’ + Z agag/P;é()Wg X Wf’)
£,¢ T3 13134

= le(Rq — Z a? fWg ® W_Edl’ + Z agag/P;ﬁ()Wf ® Wg/)
€ s £,

e diV(pIg + Z acaePoWe ® Wf/),
&¢

where the second equality follows from Eq. (4.8) and the third one from Eq. (4.13). Since
div(pl3) = Vp, then p goes into py4+1 as well as p,.
Now, we can treat div(}_; s agag ProWe@Wer) =: 37, o, E¢ ¢ by taking into account
each term Fg¢ ¢/ + E¢r ¢. In particular, since Eg¢ ¢+ + E¢/ ¢ has zero mean, then
Eger + Egr e = Pro(V(agag) - Porg2(We @ Wer + Wer @ We))
+ P (agagl diV(Wg OWe +We ® Wg))
= Begat+ Eee 2,

The term RE¢ ¢ 1 goes into Ry41, Eq. (4.19) and Eq. (4.9) imply that

1
IREe¢allpory S 5~ Cal6)[We® Werllzpory S

Ca(6)
Ao

1
< 2 Co(6)nener | oot <
S50 (6)[|neme llpers <

Instead, we need to distinguish two cases in order to deal with E¢ ¢ 5.
First case: £ # =& If £ # —¢, then Py /10(We @ Wer) = We @ W, Therefore,

agag div(We @ W + W @ W) =
= agagr div(P sy 10 (ene (We @ Wer + Wer @ We))
= acagP>y/10(V(nene) - (We @ Wer + Wer @ We)) +
+agag P>y 10 (nene V(IWe - We))
= agag' P> /10(Vnene) - (We @ Wer + Wer @ We)) + V(agag We - Wer) +
— Vl(agag )P>x/10(We - Wer) — agag P>y 10 (We - We V(nene ),
where the second term produces a pressure, the third one can be estimated as E¢ ¢/ 1,

the first and the fourth produce two new terms of R,; whose L{°L! norms can be
estimated in the same way. Namely,
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[RP 4o (a§a§’P2>\/10 (We - stv(ﬂéns’))) lreers S

Ca(6) Ca(6)

< 2aO) T (e e 1 <
S IV(ene)lLgory S 3

Ca(6)

IV(ne)nerllLeors < Aor,
where we have used Eq. (4.19).

Second case: £ = —¢'. If & = —¢€, then E¢ _¢o = P?go(ag(VPZ)\g/g(ng) - ﬁatng)).
Now, let us recall that ,w® is part of the oscillation term, i.e. we need to deal with
> cen+Pxo (a3 (VP rg/2(nf) — ﬁamg)) + ﬁatPHP#)(a?ngf)]. Now,

Po(aZ(VPsxo2(n7))) = V(afPsro/2(12)) — Po(VaiP s, 2(n7)),

where the first term goes into the pressure py11, while the second produces a term of
Ry+1 with L° Ll estimated using Eq. (4.19). Indeed,

Ca(6)
Ao

IRP0(VaiP s o 2(n2)lLserr S

Instead,

_ 29 28 228\ _ 2 01§ 3 2y, 2
P agﬁmgu + PP aEnEM =—(I—Py) P;éoat(agng)u +P Mat(ag)n5 ,

where the first term goes into the pressure thanks to I — Py = VA~!div, while the

second one can be seen as part of R,y 1, and

1
||RP¢0(%at(a§)ng) HL;”L; N C“(5);'

4.8.4. Conclusion of the proof
Summing up all the contributions to 441, we end up with

1 7‘% 1 T2 1 1
[Rg+1llLeo 1 Sca(l)(x +or+ ?) (X tort ot 52,1+ (A\o)77)

Nl

+ Co(0)r27% 4+ Co(6)opr™2 + Cu(6) (%) log' ~#(\) (4.21)
(Aor)? 1 1
+C,(2) T Cal6) 5 + Cal(6)7 + ca(s);.

Since the values of C,(N) do not depend on the parameter A (see Lemma 4.8), then we
can choose the parameters s, o, p and 7 such that Eq. (4.5) hold and [|Rgy1|lpser1 is
smaller than 6,12 as long as A is large enough. Therefore, consider

A

— )3 1pe(1-8)/4
log(/g—l)/3()\)’ H A® log (A)

1 4
s = 5) 0= X log (1Og()\))a r=
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Then, by this choice, the RHS of Eq. (4.21) tends to zero as long as A diverges to
oo. In order to conclude the proof of Lemma 2.3, we need to show that Eq. (2.2) and
Eq. (2.3) are fully satisfied by our construction and our choice of the parameters. In
particular, the control on the temporal support follows directly from Eq. (4.15), while
the estimates on [[vg+1 —vyl/Lor2 and || \V|%Tm(vq+1 —g)||Lser1 are due to Lemma 4.10
and Proposition 4.15.

This concludes the proof of the Iteration Lemma (Lemma 2.3).
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Appendix A. Fourier projectors in the torus

This appendix gives some explicit estimates about the projectors used in the paper, in
order to show how crucial is the choice of projectors, as already detailed in Remark 3.6
and Remark 3.7. Indeed, their norms differ of the order of logarithmic terms. This in
general makes no difference, but clearly becomes of paramount importance in our setting.

We first compare the projectors P<y and P2 n as bounded linear operators from
L'(T) to itself. The following proposition shows that a sharp projection onto Fourier
components produces worse estimates.

Proposition A.1. Consider a positive integer N. Then,

IP<nllerory > 1Dyl ~log(N),  [[PExllew oy ST, (A.1)
where Dy is the Dirichlet kernel, that is D (z) =3 1<n etk

Proof. We can focus on P<y because the estimate on P4, follows from Bernstein
inequality. Let g, (x) = Zler (1 — %) e’** be the Fejer kernel with parameter r and

remind that ||g.||r =1 for all » € N. Then,
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) 1 ; r—00
/|P§Ngr(z)|dx :/ E ethr 1 E |kle®*® | dz "= | DyllLr. O
T T |IEISN |k|<N

Logarithmic factors also appear when the projectors P<y are composed with Fourier
multiplier such as those in Corollary 3.5.

Proposition A.2. Let m(k) = 1{,#0}(16),% then T, is bounded from L'(T?) to itself.
Moreover, for all N € N,

HP|k|1>NTm||£(L1 LY) N N log (N) (AQ)

Proof. Consider fn(2) =, <n ,% k-2 then the following formula holds,

i) = Y D (L - ) + Do)
N - - j j ]+1 N N’

<

where Dj(z) = 2ok <) e*@ . Therefore, for N < M,

M-1 1

1 1
7 = falles < DN + 2Dl + 3 R
Jj=N J

It is known that || D} |1 < log?(5) (see [12]), so

M—-1

1 1 log®(j
| fn = fuller < Nlogd(N) + Mlogd(M) + g—(j) S
J=N

1 d
G+ D) log®(N).

N
The sequence (fn)n is a Cauchy sequence in L' and converges to f such that v(A) =
[4 f(x)dz is a finite Borel measure on the torus which has m(k) as Fourier coeffi-
c1entb. The existence of the measure v implies that m is a (1,1)-multiplier and that

| Tonllzor,ory < |v| = [|fllz1, where |v| is the total variation of the measure v (see [8]).
At last, by the same argument, the estimate on ||P |~ nTmllz(z1,11) follows from

1
If = fnllze = Jim (| far = fxllor < 5 log” (V). O

Remark A.3. By repeating the same argument above, the conclusions of Proposition A.2

also hold for the multiplier M (k) = 1k¢0(k)m’ with 8 > d, and

log”(N)

log? (10 4+ N)’ (8-3)

1Pk >NTalleer,ony S
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The appearance of a factor logd(N ) is coherent with various results obtained for L!-
convergence of double Fourier series [18]. We highlight that the multiplier of the previous
result is not covered by Corollary 3.5 and cannot be studied through Proposition 3.4.

Data availability
No data was used for the research described in the article.
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