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the three dimensional Navier-Stokes equations is proved in 
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by Tao [20]. The result is based on the convex integration 
techniques of Buckmaster and Vicol [3], and extends Luo 
and Titi [16] in the slightly supercritical setting. To reach 
the threshold identified by Tao, we introduce the impulsed 
Beltrami flows, a variant of the intermittent Beltrami flows of 
Buckmaster and Vicol.
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{
∂tu + div(u⊗ u) + ν(−Δ)θ,βu + ∇p = 0,
div(u) = 0,

(1.1)

with periodic boundary conditions and zero spatial mean, where β and θ are non-negative 
parameters, and the dissipative term is defined via Fourier transform F by

F [(−Δ)θ,βu](k) = 1{k �=0}(k) |k|2θ

logβ(10 + |k|)
F(u)(k), for all k ∈ Z3.

Well-posedness of a similar system has been widely studied in the last century. In 
particular, it is well known that global existence and uniqueness of sufficiently smooth 
solutions holds when β = 0 and θ ≥ 5

4 [15,10].
On the critical threshold θ = 5

4 , the same result has been proved by Tao [20] and 
Barbato et al. [2] when the dissipative term is slightly weakened by a Fourier multiplier 
that mimics a logarithmic behavior raised to a power β ≤ 1.

When θ < 5
4 it is well known that there are various open problems, such as uniqueness 

of Leray-Hopf solutions for classical NSE, i.e. θ = 1 and β = 0. It is relevant to indicate 
that a first answer to this problem has been obtained by Albritton et al. [1]. They show 
the non-uniqueness of Leray-Hopf solutions if the 3-dimensional NSE is perturbed by a 
certain forcing term.

Even in the unforced setting, various negative results appeared during the last decade. 
In particular, Luo et al. [16] and Buckmaster et al. [5] proved non-uniqueness of global 
distributional solutions, less regular than Leray weak solutions [13], by means of the 
convex integration theory [3,4,6,9,17]. The convex integration machinery has been used 
by Li et al. [14] in order to prove non-uniqueness in suitable functional spaces also above 
the Lions exponent, i.e. θ ≥ 5

4 and β = 0, but non-uniqueness is proved in the space 
CtL

p for all 1 ≤ p < 2, thus in larger spaces than the energy space (and in general below 
the Ladyzenskaja-Prodi-Serrin threshold).

In this paper, we work at the critical threshold θ = 5
4 , whose relevance can be also 

highlighted by making some scaling considerations, see for instance [11] for a more com
plete discussion on the topic. Under the assumption β = 0, we recall that a functional 
space X is said to be a critical space if ‖u‖X is invariant under the following scaling 
transformation:

u(t, x) → λ2θ−1u(λ2θt, λx), p(t, x) → λ4θ−2p(λ2θt, λx).

Since its norm represents the kinetic energy, one important functional space is X = CtL
2
x, 

which is a critical space only if θ = 5
4 .

In this work we show that when θ = 5
4 the constraint on β identified by Tao is sharp. 

In particular, the condition β > 1, i.e. the dissipation is weakened by a sufficiently strong 
logarithmic corrector, allows to prove a non-uniqueness result for distributional solutions 
to Eq. (1.1) that are in the relevant functional space CtL

2
x. This non-uniqueness result in 

a logarithmic supercritical case is obtained by stretching as much as possible the convex 



M. Romito, F. Triggiano / Journal of Functional Analysis 289 (2025) 110989 3

integration scheme proposed in [3,16]. In particular from a technical point of view, the 
result is achieved by proposing a new modification of the classical Beltrami flows, which 
allows reaching the sharp assumption on β, and by exploiting estimates for smoothly 
projected Fourier multipliers, which allows to exploit the logarithmic corrector.

The paper is organized as follows. In Section 2 we state and prove the main result 
by means of the iteration lemma. In Section 3 we introduce and study various Fourier 
multipliers. Section 4 is devoted to the proof of the iteration lemma, namely the inductive 
step that solves Eq. (1.1) in the limit.

1.1. Notations

To ease the notations, for any α ≥ 0 and p ∈ [1,∞] we denote

CtL
p
x = C([0,∞), Lp(T3,R3)), L∞

t Lp
x = L∞([0,∞), Lp(T3,R3)),

where T3 denotes the 3-dimensional torus. We denote by Cw(R, L2(T3,R3)) the space 
of weakly continuous functions with values in the Banach space L2(T3,R3), while 
C∞

c (R, C∞(T3,R3)) is the space of smooth compactly supported and spatially peri
odic functions. In addition, if v ∈ C∞

c (R, C∞(T3,R3)) we denote its time support by 
Suppt(v). For any sub-interval I ⊂ R+, let PI be the operator defined by

PIg(x) =
∑
|k|∈I

F(g)(k)eik·x.

We denote by PH the Leray-Helmholtz projector, namely the projector onto the 
space of divergence-free vector fields. For any A ⊂ R and δ > 0, let Nδ(A) be the 
δ-neighborhood of A, namely

Nδ(A) = {z ∈ R : there is y ∈ A s.t. |z − y| < δ}.

If x, y ∈ R3, then x× y will denote the standard vector cross-product between x and 
y. Given a, b ∈ R, we use the notations a ≲ b and a ≈ b if there exist C,C1, C2 > 0 such 
that a ≤ Cb and C1a ≤ b ≤ C2a, respectively. Moreover, if C depends on an additional 
parameter k, then we use a ≲k b.

2. Main result

We first recall the definition of weak solution to Eq. (1.1).

Definition 2.1. A vector field v ∈ Cw(R, L2(T3,R3)) is a weak solution to Eq. (1.1) if it 
is satisfied in a distributional sense, namely,

ˆ

R 

ˆ

T3

(∂tφ) · v dx dt =
ˆ

R 

ˆ

T3

v · (v · ∇)φ−
(
ν(−Δ)θ,βφ

)
· v dx dt,
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for all φ ∈ C∞
c (R, C∞(T3,R3)) such that div(φ(t, ·)) = 0 for all t ∈ R.

Theorem 2.2. For θ = 5
4 and β > 1, consider a smooth divergence-free vector field 

u : [0,∞) × T3 → R3, with compact support in time and zero spatial-mean,
ˆ

T3

u(t, x)dx = 0.

Then, for all ε > 0, there exists a weak solution v ∈ C(R, L2(T3,R3)) of Eq. (1.1) with 
compact support in time and such that

‖|∇| 32TM (v − u)‖L∞
t L1

x
≤ ε,

where TM and |∇| 32 are the operators corresponding to the Fourier multipliers M(k) =
1{k �=0}(k) log−β(|k|+ 10) and m′(k) = |k| 32 (see Definition 3.1). In particular, there are 
infinitely many weak solutions with zero initial condition.

The result is shown by using the classical iterative procedure of the convex integration 
theory, i.e. following the groundbreaking work of Buckmaster and Vicol [3]. Therefore, 
the proof is strongly based on the following lemma.

Lemma 2.3 (Iteration Lemma). Fix θ = 5
4 and β > 1. Let (vq, pq, Rq) be a smooth solution 

to the approximate system⎧⎪⎪⎨
⎪⎪⎩
∂tu + div(u⊗ u) + ν(−Δ) 5

4 ,βu + ∇p = div(R),
div(u) = 0,
Tr(R(t, x)) = 0, R(t, x) = R(t, x)T for all t, x,

(2.1)

such that

‖Rq‖L∞
t L1

x
≤ δq+1.

Then for every δq+2 > 0, there exists a smooth solution (vq+1, pq+1, Rq+1) of Eq. (2.1) 
such that

‖Rq+1‖L∞
t L1

x
≤ δq+2,

Suppt(vq+1) ∪ Suppt(Rq+1) ⊂ Nδq+1(Suppt(vq) ∪ Suppt(Rq)).
(2.2)

Moreover, the following estimates hold

‖vq+1 − vq‖L∞
t L2

x
≤ Cδ

1
2
q+1,

‖|∇| 32TM (vq+1 − vq)‖L∞
t L1

x
≤ δq+2.

(2.3)
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Remark 2.4 (On the parameter β). As already mentioned in the introduction, Tao [20] 
and Barbato et al. [2] proved the existence and uniqueness of smooth solutions to an 
equation similar to Eq. (1.1), where the dissipative term D(u) is defined via Fourier 
transform as

F [D(u)](k) = 1{k �=0}(k) |k|2θ
g(|k|)F(u)(k), for all k ∈ Z3,

for any positive, non-decreasing function g such that 
´∞
1

1 
sg(s) ds = ∞. Even if their 

result covers a larger family of dissipative terms, the most interesting one is clearly given 
by g(s) = logβ(10 + |k|) with β ≤ 1.

Therefore, apart from this structural difference, our result shows the sharpness of the 
condition β ≤ 1. Namely, that weakening the dissipative term by any stronger logarithmic 
correction produces the existence of infinitely many distributional solutions.

Assuming the previous Lemma, the proof of Theorem 2.2 basically follows the lines 
of Luo and Titi [16]. We report it for completeness.

Proof of Theorem 2.2. Consider the triple

v0 = u, p0 = −1
3 |v0|2,

R0 = R(∂tv0 + ν(−Δ) 5
4 ,βv0) + v0 ⊗ v0 + p0I,

where R is the anti-divergence operator, defined below in Definition 4.11.
Given δ1 = ‖R0‖L∞

t L1
x

and δq = 2−qε, consider the sequence (vq, pq, Rq)q∈N coming 
from Lemma 2.3. Then,

∑
q

‖vq+1 − vq‖L∞
t L2

x
≲

∑
q

δ
1
2
q+1 < ∞,

‖Rq‖L∞
t L1

x
→ 0 as q → ∞.

Therefore, (vq)q converges strongly to a weak solution v ∈ CTL
2
x. Moreover,

‖|∇| 32TM (v − u)‖L∞
t L1

x
≤

∑
‖|∇| 32TM (vq+1 − vq)‖L∞

t L1
x
≤

∑
q

δq+1 ≤ ε,

Suppt(v) ⊂ ∪q Suppt(vq) ⊂ N∑
q δq+1(Suppt(u)) ⊂ Nδ1+ε Suppt(u).

Finally, infinitely many weak solutions with zero initial condition can be obtained 
by considering u(t, x) = φ(t)

∑
|k|≤N ake

ik·x with a0 = 0, a∗k = a−k, ak · k = 0 and 
φ ∈ C∞(R+), with φ(0) = 0. �
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3. Preliminaries on Fourier multipliers

In this section we mainly prove that the operators associated with various Fourier 
multipliers are bounded from L1(Td) to itself. We first recall the definition of the operator 
corresponding to a Fourier multiplier.

Definition 3.1. Given a family m = (m(k))k∈Zd , its corresponding operator Tm is defined 
by

Tm(f)(x) =
∑
k∈Zd

m(k)F(f)(k)eik·x, for f ∈ C∞(Td),

where F(f)(k) is the kth Fourier coefficient of f .

Before stating the main results of this section, we introduce the averaged Fourier 
projection.

Definition 3.2. Consider L > 0 and θ ∈ C∞
c (B2(0)) such that θ(x) ≡ 1 on B1(0). If 

f ∈ C∞(Td), then its averaged Fourier projection is defined by

PA
≤L(f)(x) =

∑
k∈Zd

θ (k/L)F(f)(k)eik·x. (3.1)

The following lemma is a straightforward adaptation of [7, Lemma 2.1] to our frame
work.

Lemma 3.3. Let m = (m(k))k∈Zd be a bounded multiplier and M ∈ C(Rd \ {0}) such 
that

1. M(k) = m(k) for all k ∈ Zd \ {0},
2. M is locally continuous at any k ∈ Zd \ {0},
3. For all N ∈ N \ {0} there exists C(2N ) > 0 s.t.

sup 
2N−3≤|ξ|≤2N+3,

|α|≤d+1

2N |α||∂αM(ξ)| ≲d C(2N ).

Then for all f ∈ L1(Td),

‖Tm(PA
≤2N − PA

≤2N−1)f‖L1 ≲d C(2N )‖f‖L1 . (3.2)

Proof. If there exists a Fourier multiplier on Rd that coincides with m(k)[θ(k/2N ) −
θ(k/2N−1)] on Zd and that satisfies the required inequality from L1(Rd) to itself, then 
the result holds (Theorem 3.8, Chapter 7 in [19]). The existence of such a multiplier is 
due to the assumptions on M and Lemma 2.1 in [7]. �
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Proposition 3.4. Assume that m = (m(k))k∈Zd satisfies the assumptions of the previous 
lemma. Moreover, suppose that

∞ ∑
N=1

C(2N ) < ∞.

Then,

1. For all f ∈ L1(Td)

‖Tm(I − PA
≤2N−1)f‖L1 ≲d ‖f‖L1

∞ ∑
j=N

C(2j). (3.3)

2. Tm is bounded from L1(Td) to itself.

Proof. 1. We can assume f ∈ L2(Td), up to using a density argument. Denote the 
operator (I − PA

≤2N−1) by PA
>2N−1 . Notice that

(TmPA
>2N−1f)(x) =

∑
k∈Zd

[1 − θ(k/2N−1)]m(k)F(f)(k)eikx

=
∑
k∈Zd

M∑
j=N

[θ(k/2j) − θ(k/2j−1)]m(k)F(f)(k)eikx

+
∑
k∈Zd

[1 − θ(k/2M )]m(k)F(f)(k)eikx =: I1 + I2.

Let us estimate the two terms separately. The previous lemma implies that

‖I1‖L1 ≲d ‖f‖L1

M∑
j=N

C(2j) ≲d ‖f‖L1

∞ ∑
j=N

C(2j).

While,

‖I2‖L1 ≲d ‖I2‖L2 ≲ ‖f‖L2 sup 
|k|≥2M−1

|m(k)|,

which goes to 0 as long as M diverges.
2. Let h ∈ N, then it follows directly from the result already proved and the following 

equality

(Tmf)(x) =
∑
k∈Zd

[1 − θ(k/2h)]m(k)F(f)(k)eikx +
∑
k∈Zd

θ(k/2h)m(k)F(f)(k)eikx. �

Corollary 3.5. Consider γ1, γ2, . . . , γd ∈ N and β > 1.
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1. The multiplier m(k) = 1{k �=0}(k)
∏d

i=1 k
γi
i

|k|
∑d

i=1 γi
log−β(|k|+ 10) is bounded from L1(Td) to 

itself. Moreover,

‖Tm(I − PA
≤2N−1)f‖L1 ≲d ‖f‖L1 log1−β(2N ). (3.4)

2. The multiplier m(k) = 1{k �=0}(k)
∏d

i=1 k
γi
i

|k|1+
∑d

i=1 γi
is bounded from L1(Td) to itself. More

over,

‖Tm(I − PA
≤2N−1)f‖L1 ≲d ‖f‖L12−N . (3.5)

Remark 3.6. The projectors PA
≤L defined above are the counterpart, on the torus, of 

Littlewood-Paley projections used when working on Fourier multipliers in Rd (see for 
instance [8]). We wish to remark that the seemingly similar projectors defined by

P≤Lf(x) =
∑
|k|≤L

F(f)(k)eikx,

produce dramatically different results as multipliers from L1 to itself. Indeed, P≤L pro
duce estimates which are ‘morally’ worse than those in Proposition 3.4, see a comparison 
of these projectors in Proposition A.1. We believe that this comparison, apart from be
ing interesting in itself, provides a complete understanding on why our non-uniqueness 
result and our new building blocks require just β > 1 with M(k) = log−β(|k| + 10).

Remark 3.7. In an earlier version of this paper the term M(k) was replaced by 
log−β(|k|1 + 10). Again, a seemingly similar term produces a dramatically different re
sult in our borderline setting. Indeed, Proposition 3.4 does not apply (because of lack 
of differentiability) and (worse) a stronger assumption on β is required, as shown in 
Proposition A.2, see also Remark A.3.

4. Proof of the iteration lemma

This section is devoted to the proof of Lemma 2.3, namely we modify a solution 
(vq, pq, Rq) to Eq. (2.1) in order to obtain a new solution (vq+1, pq+1, Rq+1) with 
‖Rq+1‖L∞

t L1
x

sufficiently small.

4.1. Impulsed Beltrami flows

In this section we build the impulsed Beltrami flows, a modification of the intermittent 
Beltrami flows used by Buckmaster and Vicol [3], which will have a crucial role in the 
construction of vq+1.

Consider Λ = Λ+ ∪ Λ− ⊂ Q3, where

Λ+ =
{1

5(3e1 ± 4e2),
1
5(3e2 ± 4e3),

1
5(3e3 ± 4e1)

}
,
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and Λ− := −Λ+. Here e1, e2, e3 is the canonical basis of R3. Then, by construction, Λ
is a finite symmetric subset of Q3, with vectors of unit length and such that

5Λ ⊂ Z3, min 
ξ,ξ′∈Λ,ξ+ξ′ �=0

|ξ + ξ′| ≥ 1
5 .

Moreover, the following geometric lemma holds:

Proposition 4.1. ([3,4]) Let B1(I3) be the ball of symmetric 3× 3 matrices centered at I3
with radius 1. Then, there exist εΛ > 0 and a family (γξ)ξ∈Λ ⊂ C∞(BεΛ(I3)) such that

1. γξ = γ−ξ;
2. for each R ∈ BεΛ(I3),

R =
∑
ξ

1
2γξ(R)2(I3 − ξ ⊗ ξ). (4.1)

Now, for any ξ ∈ Λ, consider Aξ ∈ Q3 such that

Aξ · ξ = 0, A−ξ = Aξ, |Aξ| = 1,

and define Bξ = 1 √
2 (Aξ + iξ ×Aξ).

Therefore for any (aξ)ξ∈Λ ⊂ C such that a−ξ = aξ, we can define Wξ = Bξe
iλx·ξ

and consider the classical Beltrami flows W =
∑

ξ aξWξ introduced in [3,4], which have 
various interesting properties such as

 

T3

W ⊗Wdx =
∑
ξ

|aξ|2
2 

(I3 − ξ ⊗ ξ).

The impulsed Beltrami flows are obtained by modifying the classical Beltrami flows 
with suitable spatial and temporal intermittency. In particular, given r ∈ N, consider 
the Fejer kernel

F (y) = 1 
r + 1

(
sin((r + 1)y2 )

sin y
2 

)2

=
r∑

j=−r

(
1 − |j| 

r + 1

)
eijy,

for all y ∈ T, and define the 3D-Fejer kernel as

Fr(x) = (2π) 3
2

3 ∏
i=1

F (xi). (4.2)

Let us summarise some properties of the 1D-Fejer kernels, which can be easily extended 
to 3D-Fejer kernels using Fubini-Tonelli theorem. We point out the crucial fact that, 
unlike the Dirichlet kernels, the L1 estimate does not contain logarithmic corrections.
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Proposition 4.2. Let r ∈ 2N∗ and n ∈ N, then

‖F‖L1 = 1, ‖F‖L2 ≈ r1/2, ‖F‖L∞ ≲ r,

‖ dn

dynF‖L1 ≲ rn, ‖ dn

dynF‖L2 ≲ rn+ 1
2 , ‖ dn

dynF‖L∞ ≲ rn+1.

Proof. The proof of the first three inequalities can be found in [8]. Consider then the 
case n > 0. The L2 and L∞ norms can be easily estimated, respectively, by Fourier 
coefficients and by the formula

sup 
[−π,π]

∣∣∣ dn
dyn

F (y)
∣∣∣ ≲ r∑

j=1 
(1 − j

r + 1)jn.

Instead, the estimate of the L1 norm follows from the equalities:

d 
dy

F (y) = 2 
r + 1

sin((r + 1)y2 )
sin y

2 

d 
dy

[sin((r + 1)y2 )
sin y

2 

]
= 2 

r + 1Dk(y)
d 
dy

Dk(y),

dn

dyn
F (y) = 1 

r + 1

n−1∑
j=0 

C(n, j)
( dj

dyj
Dk(y)

)( dn−j

dyn−j
Dk(y)

)
,

where C(n, j) are constants depending on n and j, k = r
2 and Dk is the Dirichlet kernel, 

i.e.

Dk(y) =
sin((k + 1

2 )y)
sin(y2 ) 

=
k∑

j=−k

eijy.

Indeed, the L1 norm of the derivatives can be estimated by means of the previous equal
ities, Hölder inequality and since ‖ dn

dynDk(y)‖L2 ≈ knk1/2. �
For any ξ ∈ Λ, its corresponding impulsed Beltrami flow is defined by

Wξ = ηξWξ, (4.3)

where for every x ∈ T3, t ≥ 0 and ξ ∈ Λ+,

ηξ(x, t) = 1 
‖F‖3

L2
Fr(λσ(x · ξ + μt, x ·Aξ, x · ξ ×Aξ)),

ηξ = η−ξ, for every ξ ∈ Λ−.

(4.4)

The parameters λ, σ, μ and r will be chosen later. In particular, they must satisfy the 
following conditions,
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λσr > 1, σr <
1
2 , σλ ∈ 5N∗,

r
3
2 < μ < λ2, λ ∈ 40N∗, r ∈ 2N∗,

(4.5)

in order to control the L∞
t L1

x norm of the stress tensor Rq+1 by means of spatial and 
temporal intermittency, see Section 4.3.

Remark 4.3. The time intermittency has been introduced in order to estimate a specific 
term in div(Rq+1), which is related to

div(Wξ ⊗ W−ξ + W−ξ ⊗ Wξ) = ∇η2
ξ − ((ξ · ∇)η2

ξ )ξ = ∇η2
ξ −

ξ

μ
∂tη

2
ξ .

Proposition 4.4. Assume that the conditions in Eq. (4.5) on the parameters hold, then:

P≤2ληξ = ηξ, P[λ4 ,3λ)Wξ = Wξ, (4.6)

1 
μ
∂tηξ = (ξ · ∇)ηξ, for all ξ ∈ Λ+, (4.7)

P[ λ 
10 ,4λ)Wξ ⊗ Wξ′ = Wξ ⊗ Wξ′ , for ξ �= −ξ′. (4.8)

Moreover, for all N,M ∈ N and p ∈ [1,∞],

‖∇N∂M
t ηξ‖L∞

t Lp
x
≲ (λσr)N (λσrμ)Mr

3
2− 3 

p , (4.9)

‖∇N∂M
t Wξ‖L∞

t Lp
x
≲ λN (λσrμ)Mr

3
2− 3 

p . (4.10)

Proof. The equalities in Eq. (4.6), Eq. (4.7), Eq. (4.8) are true by construction. The 
inequalities in Eq. (4.9), Eq. (4.10) follow from Fubini-Tonelli theorem, Proposition 4.2
and the fact that the map

x �→ (λσ(x · ξ + μt,Aξ · x, ξ ×Aξ · x))

is the composition of three volume preserving maps of T3. �
Proposition 4.5. Consider the family of vector fields (Wξ)ξ∈Λ and a family of complex 
values (aξ)ξ∈Λ such that a−ξ = aξ. Then, 

∑
ξ∈Λ aξWξ is a real-valued vector field and 

for all R ∈ BεΛ(Id),

∑
ξ∈Λ

γξ(R)2
 

T3

Wξ ⊗ W−ξdx = R,

where ε and the functions γξ(R) are given in Proposition 4.1.
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Proof. We have that

∑
ξ∈Λ

γξ(R)2
 

T3

Wξ ⊗ W−ξdx =
∑
ξ∈Λ

γξ(R)2Bξ ⊗B−ξ

 

T3

ηξ(x, t)2dx =

=
∑
ξ∈Λ

γξ(R)2Bξ ⊗B−ξ =
∑
ξ∈Λ+

γξ(R)2(I3 − ξ ⊗ ξ) =

= 1
2
∑
ξ∈Λ

γξ(R)2(I3 − ξ ⊗ ξ) = R, 

where the second equality follows from the normalization introduced in Eq. (4.2) and 
Eq. (4.4), the fifth one follows from the symmetry of Λ and Proposition 4.1, and the last 
one follows from Eq. (4.1). �
Remark 4.6. The main difference between our building block and the intermittent Bel
trami waves presented in [3] is that we introduce spatial intermittency by means of Fejer 
kernels instead of Dirichlet kernels.

This modification does not affect the most important properties of the building blocks, 
such as the representation formula or the active Fourier coefficients. At the same time, it 
allows to prove the non-uniqueness result assuming a weaker condition on the parameter 
β, namely the sharp requirement β > 1. Indeed, if ηξ and Wξ are replaced by ηDξ and 
WD

ξ , defined using Dirichlet kernels instead of Fejer ones, then the following estimates

‖∇N∂M
t ηDξ ‖L∞

t L1
x
≲ (λσr)N (λσrμ)Mr−

3
2 log3(r),

‖∇N∂M
t WD

ξ ‖L∞
t L1

x
≲ λN (λσrμ)Mr−

3
2 log3(r),

will allow to prove the non-uniqueness result only if β > 17
2 .

Remark 4.7. Mikado flows offer another building block in the convex integration liter
ature, see [4,5] for their most common construction. They cannot be deployed in our 
setting because controlling their active Fourier coefficients is less trivial. In particular, 
the dissipative term can be estimated as follows

‖R(−Δ) 5
4 ,βw‖L∞

t L1
x
≲ log1−β(λr⊥)λ 3

2 r⊥r
1
2
‖ ,

where r⊥ and r‖ should satisfy certain constraints, see [4] for a full description. Then, 
these constraints imply that

r⊥ = logx(λ)
λ 

, r⊥ = logy(λ)
λ 

in order to cancel out λ 3
2 . But the logarithmic terms, logx(λ) and logy(λ), cannot be 

kept small.
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4.2. The perturbation

Following the idea proposed by Luo et al. [16], consider a cut-off function ψ that 
controls the time support of the perturbation, i.e. a function that has the following 
properties

ψ(t) = 1 on Suppt(Rq), Suppt(ψ) ⊂ Nδq+1(Suppt(Rq)), and |ψ′(t)| ≤ 2δ−1
q+1.

Given a smooth non-decreasing function such that

χ(s) =
{

1, 0 ≤ s ≤ 1,
s, s ≥ 2,

define a function that smoothly recovers the magnitude of the tensor stress Rq,

ρ(t, x) := 2 
εΛ

χ(δ−1
q+1|Rq(t, x)|)δq+1ψ

2(t), (4.11)

where εΛ is the value from Proposition 4.1.
Now, given ξ ∈ Λ, we define the magnitude of its impulsed Beltrami flow, in order to 

recover Rq through Proposition 4.5, as

aξ(x, t) = ρ(x, t) 1
2 γξ

(
I3 −

Rq(x, t)
ρ(x, t) 

)
. (4.12)

Indeed, since

|Rq|
ρ 

≤ εΛ
2 

on Suppt(Rq),

then ∑
ξ∈Λ

a2
ξ

 
Wξ ⊗ W−ξdx = ρI3 −Rq. (4.13)

We can finally define the new velocity field as vq+1 = vq + w, where

w = w(p) + w(c) + w(t),

w(p) =
∑
ξ∈Λ

aξWξ,

w(c) = 1 
λ

∑
ξ∈Λ

∇(aξηξ) ×Wξ,

w(t) = 1 
μ

∑
ξ∈Λ+

PHP �=0(a2
ξη

2
ξξ).

(4.14)



14 M. Romito, F. Triggiano / Journal of Functional Analysis 289 (2025) 110989 

Notice that the function ψ allows to identify the temporal support of the perturbation 
w. Indeed,

Suppt(w) ⊂ Suppt(ρ) ⊂ Suppt(ψ) ⊂ Nδq+1(Suppt Rq). (4.15)

Now, let us recall various estimates regarding the perturbation w.

Lemma 4.8 (Lemma 2, [16]). Let ρ, aξ be defined as in Eq. (4.11), Eq. (4.12), then

‖ρ‖L∞
t L1

x
≤ Cδq+1, ‖ρ−1‖C0(Suppt(Rq)) ≲ δ−1

q+1, ‖ρ‖CN
t,x

≲ C(δq+1, |Rq|CN
t,x

),

‖aξ‖L∞
t L2

x
≲ δ

1
2
q+1, ‖aξ‖CN

t,x
≲ C(δq+1, |Rq|CN

t,x
).

Lemma 4.9 (Lemma 2.1, [17]). Given 1 ≤ p ≤ ∞, if f, g ∈ C∞(T3), with g ( T 
N )3-periodic 

and N ∈ N, then,

‖fg‖Lp ≲ ‖f‖Lp‖g‖Lp + N− 1 
p ‖f‖C1‖g‖Lp .

In the rest of the section we will denote by Ca(N) any value that depends polynomially 
on supn≤N ‖aξ‖Cn

t,x
.

Lemma 4.10. If w, w(p), w(c), w(t) are defined as in Eq. (4.14), then

‖w(p)‖L∞
t L2

x
≲ δ

1
2
q+1 + Ca(1)(λσ)− 1

2 ,

‖w(c)‖L∞
t L2

x
≲ Ca(1)

( 1 
λ

+ σr
)
,

‖w(t)‖L∞
t L2

x
≲ Ca(0)r

3
2

μ 
,

‖w‖L∞
t Ls

x
≲ Ca(0)r 3

2− 3
s , for s ∈ (1, 2].

Proof. Since Wξ is ( T 
λσ )3-periodic (this follows from Eq. (4.6)), Lemma 4.9 can be 

applied to any term aξWξ. Then, the first inequality follows from the estimates shown 
in Lemma 4.8, and from Eq. (4.10).

The other inequalities from Proposition 4.4 and the fact that the Leray-Helmholtz 
projector PH is bounded from Lq to itself for 1 < q < ∞. �
4.3. Estimating the stress

In the previous section we have defined the perturbation w and the new velocity field 
vq+1. Now, we complete the proof of Lemma 2.3 showing how to properly build the 
pressure pq+1 and the tensor stress Rq+1.

Let us first introduce an anti-divergence operator, namely a right-inverse of the di
vergence operator, which maps vector fields into trace-free matrix-valued functions.
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Definition 4.11. Let u ∈ C∞(T3,R3) be a smooth vector field. A anti-divergence is the 
linear operator defined by

R(u) = 1
4
(
∇PHv + (∇PHv)T ) + 3

4(∇v + (∇v)T
)
− 1

2 div(v)Id,

where v ∈ C∞(T3,R3) is the unique solution to the problem

{
Δv = u−

ffl
u dx,ffl

v dx = 0,

with periodic boundary conditions.

The next proposition fully justifies the name given to the operator R.

Proposition 4.12. Consider u ∈ C∞(T3,R3), then,

div(R(u)) = u−
 

T3

u, Tr(R(u)) = 0. (4.16)

Moreover, for all k ∈ Z3, with k �= 0,

[F(R(u))(k)hj ]3j,h=1 = i 
2|k|2 (F(u)(k) · k)1j=h + i khkj

2|k|4 (F(u)(k) · k) +

− ikh
|k|2F(u)(k)j −

ikj
|k|2F(u)(k)h,

(4.17)

where F(v)(k)j is the jth component of the kth Fourier coefficient of v.

Proof. This result follows from straightforward computations. �
Remark 4.13. Eq. (4.17) shows that R(u) is obtained by applying the Fourier multipliers 
introduced in Corollary 3.5 to the components of the vector field u.

Since (vq, pq, Rq) solves Eq. (2.1), then

∂tvq+1 + div(vq+1 ⊗ vq+1) + (−Δ) 5
4 ,βvq+1 =

= div(Rq) −∇pq + div(w(p) ⊗ w(p)) + ∂tw
(t)︸ ︷︷ ︸

oscillation error 

+

+ div(vq ⊗ w + w ⊗ vq) + (−Δ) 5
4 ,βw + ∂t(w(c) + w(p))︸ ︷︷ ︸

linear error 

+

+ div(w(p) ⊗ (w(c) + w(t)) + (w(c) + w(t)) ⊗ w)︸ ︷︷ ︸
corrector error 

.
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Now, we show that the terms on the RHS can be expressed as the gradient of a scalar 
function pq+1 and as the divergence of a matrix-valued function Rq+1. In addition, we 
shall prove that ‖Rq+1‖L∞

t L1
x
≤ δq+2.

Before estimating ‖Rq+1‖L∞
t L1

x
, let us prove a useful lemma.

Lemma 4.14. Consider a, b ∈ C∞(T3) such that P≥Nb = b.

1. Let β > 1 and N ≥ 4. Then,

‖R|∇|TM (ab)‖L1 ≲ log1−β(N)‖a‖H3‖b‖L1 , (4.18)

where |∇| is the operator associated with the multiplier m(k) = |k|.
2. Moreover,

‖RP �=0(ab)‖L1 ≲ 1 
N

‖a‖H4‖b‖L1 . (4.19)

Proof. Define a1 = P<N
2 (a) and a2 = P≥N

2 (a). The assumption on b implies that

ab = P≥N
2 (a1b) + (a2b).

Notice that Eq. (4.17) implies that the operator R|∇|TM corresponds to the multiplier

m1(k)
|k| M(k)|k|,

where m1 is a suitable linear combination of iterated Riesz multipliers, i.e. multipliers 
of the form 

∏d
i=1 k

γi
i

|k|
∑d

i=1 γi
. Moreover, it holds that 

(
I − PA

≤2M

)
P≥N/2 = P≥N/2 for M =

�log2 N� − 2, therefore

‖R|∇|TM (ab)‖L1 ≲ log1−β(N)‖a1b‖L1 + ‖a2b‖L1 ≤

≤ log1−β(N)‖a1‖L∞‖b‖L1 + ‖a2‖L∞‖b‖L1 ≤

≤
(
log1−β(N)‖a‖H2 + 1 

N ‖a‖H3
)
‖b‖L1 , 

where the first inequality is due to Eq. (3.4) and Corollary 3.5 and the third one can be 
justified by Sobolev embeddings.

The second inequality, Eq. (4.19), follows from a slight modification of the previ
ous proof. In particular, recall that RP �=0 can be seen as corresponding to the Fourier 
multiplier given by Eq. (4.17), which is equal to a linear combination of Fourier multi
pliers treated in Corollary 3.5. Then, the result is easily achieved by using Eq. (3.5) and 
Corollary 3.5. �
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4.3.1. Corrector error
Given its formulation, it produces two addends of Rq+1 whom L∞

t L1
x norm can be 

estimated thanks to Lemma 4.10. Indeed,

‖w(p) ⊗ (w(c) + w(t)) + (w(c) + w(t)) ⊗ w‖L∞
t L1

x
≤

≤ ‖w + w(p)‖L∞
t L2

x
· ‖w(c) + w(t)‖L∞

t L2
x

≤ Ca(1)
( 1 
λ

+ σr + r
3
2

μ 

)( 1 
λ

+ σr + r
3
2

μ 
+ δ

1
2
q+1 + (λσ)− 1

2

)
.

4.3.2. Linear error
Since R is the right inverse to the divergence operator (Eq. (4.16)), the terms vq⊗w+

w ⊗ vq and R((−Δ) 5
4 ,βw + ∂t(w(c) + w(p))) are part of Rq+1. In addition, Lemma 4.10

implies that

‖vq ⊗ w‖L∞
t L1

x
≤ ‖vq‖L∞

t L∞
x
‖w‖L∞

t Ls
x
≲ Ca(0)‖vq‖L∞

t L∞
x
r

3
2− 3

s ,

for s ∈ (1, 2).
The remaining terms are estimated through Lemma 4.14.

Proposition 4.15. The following estimates hold:

1. ‖R(∂t(w(c) + w(p)))‖L∞
t L1

x
≲ Ca(6)σμr− 1

2 ,

2. ‖R(−Δ) 5
4 ,β(w(p) + w(c))‖L∞

t L1
x
≲ Ca(6)

(λ
r

) 3
2 log1−β(λ);

3. ‖R(−Δ) 5
4 ,β(w(t))‖L∞

t L1
x
≲ Ca(2)(λσr) 3

2

μ 
.

Proof. First of all, we have that

∂z(∇× (aξWξ)) = (∂zaξ)(∇× Wξ) + aξ∂z(∇× Wξ)

+ ∂z∇aξ × Wξ + ∇aξ × ∂zWξ,
(4.20)

where ∂z denotes both ∂t or ∂x. Notice that Eq. (4.6) implies that all the terms are 
composed by a suitable derivative of aξ and a ( T 

λ/5 )3-periodic function.
Now, to prove the first inequality, notice that

w(p) + w(c) = 1 
λ
∇× w(p) = 1 

λ
P �=0(∇× w(p)),

so

‖R(∂t(w(c) + w(p)))‖L∞
t L1

x
= 1 

λ
‖RP �=0∂t(∇× (w(p)))‖L∞

t L1
x
≲

≲ 1 
λ
‖RP �=0∂t(∇× (aξWξ))‖L∞

t L1
x
≲ 1 

λ2Ca(6)‖∂t∇Wξ‖L∞
t L1

x
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where the second inequality is due to Eq. (4.19) applied to all the terms in Eq. (4.20). 
Now, Eq. (4.10) implies the required inequality.

We turn to the proof of the second inequality. Recall that TM is the operator associated 
with the multiplier

M(k) = 1{k �=0}(k) log−β(|k| + 10).

Then by a classical interpolation argument, we have

‖R(−Δ) 5
4 ,β(w(p) + w(c))‖L∞

t L1
x

= 1 
λ
‖|∇| 32 (R|∇|TM (∇× w(p)))‖L∞

t L1
x
≤

≤ 1 
λ
‖R|∇|TM∇(∇× w(p)))‖

1
2
L∞

t L1
x
‖R|∇|TM∇2(∇× w(p)))‖

1
2
L∞

t L1
x
. 

Now we estimate the first factor ‖R|∇|TM∇(∇ × w(p)))‖L∞
t L1

x
, the second one can be 

estimated by a similar procedure.
Because of Eq. (4.20) we can apply Lemma 4.14

‖R|∇|TM∇(∇× w(p)))‖L∞
t L1

x
≲ log1−β(λ)Ca(5)‖∇2Wξ‖L∞

t L1
x

≲ Ca(5)λ2r−
3
2 log1−β(λ),

where the first inequality is due to Eq. (4.18), while Eq. (4.10) implies the second one.
Finally, we prove the third inequality. Following the same strategy used above, we 

have that

‖R(−Δ) 5
4 ,β(w(t))‖L∞

t L1
x

= ‖|∇| 32 (R|∇|TM (w(t)))‖L∞
t L1

x

≤ ‖R|∇|TM∇(w(t)))‖
1
2
L∞

t L1
x
‖R|∇|TM∇2(w(t)))‖

1
2
L∞

t L1
x
.

Let us show how we can estimate the first factor. Recall that the Leray-Helmholtz pro
jector PH corresponds to the multiplier I − k⊗k

|k|2 , therefore R|∇|PH is associated with 

a linear combination of iterated Riesz transforms, i.e. multipliers like 
∏d

i=1 k
γi
i

|k|
∑d

i=1 γi
. So, by 

Corollary 3.5, we have that R|∇|PHTM maps L1 into itself. Hence,

‖R|∇|TM∇(w(t)))‖L∞
t L1

x
≲ 1 

μ
‖R|∇|PHTM (∇(a2

ξ)η2
ξ + a2

ξ∇(η2
ξ ))‖L∞

t L1
x

≲ 1 
μ
‖∇(a2

ξ)η2
ξ + a2

ξ∇(η2
ξ )‖L∞

t L1
x

≲ 1 
μ
Ca(1)

(
‖η2

ξ‖L∞
t L1

x
+ ‖∇η2

ξ‖L∞
t L1

x

)
≲ 1 

μ
Ca(1)λσr,

where the third inequality follows from Eq. (4.9). �
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4.3.3. Oscillation error
Finally, the oscillation error is treated as in [3]. So,

div(Rq − w(p) ⊗ w(p)) =

= div
(
Rq −

∑
ξ,ξ′

aξaξ′

 

T3

Wξ ⊗ Wξ′dx +
∑
ξ,ξ′

aξaξ′P �=0Wξ ⊗ Wξ′
)

= div
(
Rq −

∑
ξ

a2
ξ

 

T3

Wξ ⊗ W−ξdx +
∑
ξ,ξ′

aξaξ′P �=0Wξ ⊗ Wξ′
)

= div
(
ρI3 +

∑
ξ,ξ′

aξaξ′P �=0Wξ ⊗ Wξ′
)
,

where the second equality follows from Eq. (4.8) and the third one from Eq. (4.13). Since 
div(ρI3) = ∇ρ, then ρ goes into pq+1 as well as pq.

Now, we can treat div(
∑

ξ,ξ′ aξaξ′P �=0Wξ⊗Wξ′) =:
∑

ξ,ξ′ Eξ,ξ′ by taking into account 
each term Eξ,ξ′ + Eξ′,ξ. In particular, since Eξ,ξ′ + Eξ′,ξ has zero mean, then

Eξ,ξ′ + Eξ′,ξ = P �=0
(
∇(aξaξ′) ·P≥λσ/2(Wξ ⊗ Wξ′ + Wξ′ ⊗ Wξ)

)
+ P �=0

(
aξaξ′ div(Wξ ⊗ Wξ′ + Wξ′ ⊗ Wξ)

)
=: Eξ,ξ′,1 + Eξ,ξ′,2,

The term REξ,ξ′,1 goes into Rq+1, Eq. (4.19) and Eq. (4.9) imply that

‖REξ,ξ′,1‖L∞
t L1

x
≲ 1 

λσ
Ca(6)‖Wξ ⊗ Wξ′‖L∞

t L1
x
≲

≲ 1 
λσ

Ca(6)‖ηξηξ′‖L∞
t L1

x
≲ Ca(6)

λσ 
. 

Instead, we need to distinguish two cases in order to deal with Eξ,ξ′,2.
First case: ξ �= −ξ′. If ξ �= −ξ′, then P>λ/10(Wξ ⊗ Wξ′) = Wξ ⊗ Wξ′ . Therefore,

aξaξ′ div((Wξ ⊗ Wξ′ + Wξ′ ⊗ Wξ) =

= aξaξ′ div(P≥λ/10
(
ηξηξ′(Wξ ⊗Wξ′ + Wξ′ ⊗Wξ)

)
= aξaξ′P≥λ/10

(
∇(ηξηξ′) · (Wξ ⊗Wξ′ + Wξ′ ⊗Wξ)

)
+

+ aξaξ′P≥λ/10
(
ηξηξ′∇(Wξ ·Wξ′)

)
= aξaξ′P≥λ/10

(
∇(ηξηξ′) · (Wξ ⊗Wξ′ + Wξ′ ⊗Wξ)

)
+ ∇(aξaξ′Wξ · Wξ′) +

−∇(aξaξ′)P≥λ/10(Wξ ·Wξ′) − aξaξ′P≥λ/10
(
Wξ ·Wξ′∇(ηξηξ′)

)
,

where the second term produces a pressure, the third one can be estimated as Eξ,ξ′,1, 
the first and the fourth produce two new terms of Rq+1 whose L∞

t L1
x norms can be 

estimated in the same way. Namely,
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‖RP �=0

(
aξaξ′P≥λ/10

(
Wξ ·Wξ′∇(ηξηξ′)

))
‖L∞

t L1
x
≲

≲ Ca(6)
λ 

‖∇(ηξηξ′)‖L∞
t L1

x
≲ Ca(6)

λ 
‖∇(ηξ)ηξ′‖L∞

t L1
x
≲ Ca(6)

λ 
λσr, 

where we have used Eq. (4.19).
Second case: ξ = −ξ′. If ξ′ = −ξ, then Eξ,−ξ,2 = P �=0

(
a2
ξ(∇P≥λσ/2(η2

ξ ) − ξ
μ∂tη

2
ξ )
)
. 

Now, let us recall that ∂tw(t) is part of the oscillation term, i.e. we need to deal with ∑
ξ∈Λ+ [P �=0

(
a2
ξ(∇P≥λσ/2(η2

ξ ) − ξ
μ∂tη

2
ξ )
)

+ 1 
μ∂tPHP �=0(a2

ξη
2
ξξ)]. Now,

P �=0
(
a2
ξ(∇P≥λσ/2(η2

ξ ))
)

= ∇(a2
ξP≥λσ/2(η2

ξ )) − P �=0(∇a2
ξP≥λσ/2(η2

ξ )),

where the first term goes into the pressure pq+1, while the second produces a term of 
Rq+1 with L∞

t L1
x estimated using Eq. (4.19). Indeed,

‖RP �=0(∇a2
ξP≥λσ/2(η2

ξ ))‖L∞
t L1

x
≲ Ca(6)

λσ 
.

Instead,

−P �=0

(
a2
ξ∂tη

2
ξ

ξ

μ

)
+PHP �=0

(
a2
ξη

2
ξ

ξ

μ

)
= −(I −PH)

(
P �=0∂t(a2

ξη
2
ξ )

ξ

μ

)
+ P �=0

( ξ

μ
∂t(a2

ξ)η2
ξ

)
,

where the first term goes into the pressure thanks to I − PH = ∇Δ−1 div, while the 
second one can be seen as part of Rq+1, and

∥∥RP �=0
(
ξ
μ∂t(a

2
ξ)η2

ξ

)∥∥
L∞

t L1
x
≲ Ca(5) 1 

μ
.

4.3.4. Conclusion of the proof
Summing up all the contributions to Rq+1, we end up with

‖Rq+1‖L∞
t L1

x
≲Ca(1)

( 1 
λ

+ σr + r
3
2

μ 

)( 1 
λ

+ σr + r
3
2

μ 
+ δ

1
2
q+1 + (λσ)− 1

2
)

+ Ca(0)r 3
2− 3

s + Ca(6)σμr− 1
2 + Ca(6)

(
λ

r

) 3
2

log1−β(λ)

+ Ca(2)(λσr) 3
2

μ 
+ Ca(6) 1 

λσ
+ Ca(6)σr + Ca(5) 1 

μ
.

(4.21)

Since the values of Ca(N) do not depend on the parameter λ (see Lemma 4.8), then we 
can choose the parameters s, σ, μ and r such that Eq. (4.5) hold and ‖Rq+1‖L∞

t L1
x

is 
smaller than δq+2 as long as λ is large enough. Therefore, consider

s = 3
2 , σ = 1 

λ
log4(log(λ)), r = λ 

log(β−1)/3(λ)
, μ = λ

3
2 log(1−β)/4(λ).
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Then, by this choice, the RHS of Eq. (4.21) tends to zero as long as λ diverges to 
∞. In order to conclude the proof of Lemma 2.3, we need to show that Eq. (2.2) and 
Eq. (2.3) are fully satisfied by our construction and our choice of the parameters. In 
particular, the control on the temporal support follows directly from Eq. (4.15), while 
the estimates on ‖vq+1−vq‖L∞

t L2
x

and ‖|∇| 32Tm(vq+1−vq)‖L∞
t L1

x
are due to Lemma 4.10

and Proposition 4.15.
This concludes the proof of the Iteration Lemma (Lemma 2.3).
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Appendix A. Fourier projectors in the torus

This appendix gives some explicit estimates about the projectors used in the paper, in 
order to show how crucial is the choice of projectors, as already detailed in Remark 3.6
and Remark 3.7. Indeed, their norms differ of the order of logarithmic terms. This in 
general makes no difference, but clearly becomes of paramount importance in our setting.

We first compare the projectors P≤N and PA
≤N as bounded linear operators from 

L1(T) to itself. The following proposition shows that a sharp projection onto Fourier 
components produces worse estimates.

Proposition A.1. Consider a positive integer N . Then,

‖P≤N‖L(L1,L1) ≥ ‖DN‖L1 ≈ log(N), ‖PA
≤N‖L(L1,L1) ≲ 1, (A.1)

where DN is the Dirichlet kernel, that is DN (x) =
∑

|k|≤N eikx.

Proof. We can focus on P≤N because the estimate on PA
≤N follows from Bernstein 

inequality. Let gr(x) =
∑

|k|≤r

(
1 − |k| 

r+1

)
eikx be the Fejer kernel with parameter r and 

remind that ‖gr‖L1 = 1 for all r ∈ N. Then,
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ˆ

T 

|P≤Ngr(x)|dx =
ˆ

T 

∣∣∣∣∣∣
∑

|k|≤N

eikx − 1 
r + 1

∑
|k|≤N

|k|eikx
∣∣∣∣∣∣ dx r→∞→ ‖DN‖L1 . �

Logarithmic factors also appear when the projectors P≤N are composed with Fourier 
multiplier such as those in Corollary 3.5.

Proposition A.2. Let m(k) = 1{k �=0}(k) 1 
|k|1 , then Tm is bounded from L1(Td) to itself. 

Moreover, for all N ∈ N,

‖P|k|1>NTm‖L(L1,L1) ≲
1 
N

logd(N). (A.2)

Proof. Consider fN (x) =
∑

|k|1≤N
1 

|k|1 e
ik·x, then the following formula holds,

fN (x) =
N−1∑
j=1 

D1
j (x)

(1
j
− 1 

j + 1

)
+ D1

N (x) 1 
N

,

where D1
j (x) =

∑
|k|1≤j e

ik·x. Therefore, for N < M ,

‖fN − fM‖L1 ≤ 1 
N

‖D1
N‖L1 + 1 

M
‖D1

M‖L1 +
M−1∑
j=N 

‖D1
j‖L1

(1
j
− 1 

j + 1
)
.

It is known that ‖D1
j‖L1 ≲ logd(j) (see [12]), so

‖fN − fM‖L1 ≤ 1 
N

logd(N) + 1 
M

logd(M) +
M−1∑
j=N 

logd(j) 
j(j + 1) ≲ 1 

N
logd(N).

The sequence (fN )N is a Cauchy sequence in L1 and converges to f such that ν(A) =´
A
f(x) dx is a finite Borel measure on the torus which has m(k) as Fourier coeffi

cients. The existence of the measure ν implies that m is a (1, 1)-multiplier and that 
‖Tm‖L(L1,L1) ≤ |ν| = ‖f‖L1 , where |ν| is the total variation of the measure ν (see [8]). 
At last, by the same argument, the estimate on ‖P|k|1>NTm‖L(L1,L1) follows from

‖f − fN‖L1 = lim 
M→∞

‖fM − fN‖L1 ≤ 1 
N

logd(N). �
Remark A.3. By repeating the same argument above, the conclusions of Proposition A.2
also hold for the multiplier M(k) = 1k �=0(k) 1 

logβ(|k|1+10) , with β > d, and

‖P|k|1>NTM‖L(L1,L1) ≲
logd(N) 

logβ(10 + N)
. (A.3)
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The appearance of a factor logd(N) is coherent with various results obtained for L1
convergence of double Fourier series [18]. We highlight that the multiplier of the previous 
result is not covered by Corollary 3.5 and cannot be studied through Proposition 3.4.

Data availability

No data was used for the research described in the article.
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