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Abstract

We present and investigate the collision-coalescence process of particles in the presence
of a euid velocity €eld, examining the relationship between sow properties and enhanced
coagulation. Our research focuses on two main aspects. Firstly, we propose a novel mod-
eling approach for turbulent «uid at small scales, employing a Gaussian random €eld with
non-trivial spatial covariance. Secondly, we derive rigorous partial differential equations
(PDEs) and stochastic partial differential equations (SPDESs) from this model, capturing
the physical characteristics of particles suspended in the euid.

From an Eulerian perspective, we analyze a kinetic particle system subjected to envi-
ronmental transport noise. Speci€cally, we rigorously study a modi€ed version of Smolu-
chowski's coagulation equation, which incorporates velocity dependence akin to the Boltz-
mann equation. By utilizing technigues rooted in unbounded elliptic semigroup theory and
weighted Sobolev space inequalities, we establish the existence and uniqueness of clas-
sical solutions for the case of a spatially homogeneous initial distribution.

Moreover, from a Lagrangian viewpoint, we employ this particle system to gain in-
sights into the collision rate at a steady state for particles uniformly distributed within a
medium. Considering a particle-euid model, we perform two scaling limits. The €rst limit,
involving the number of particles, yields a stochastic Smoluchowski-type system, with the
turbulent velocity €eld still governed by a noise stochastic process. The second scaling
limit pertains to the parameters of the noise, speci€cally targeting the direction associated
with small-scale turbulence. This limit leads to a deterministic equation with eddy dissi-
pation in the velocity variable. We conduct numerical simulations of this equation system
and demonstrate the ineuence of turbulence on rain formation. Our qualitative €ndings
reveal a steady increase in coagulation ef€ciency with escalating turbulent kinetic energy
of the uid. Additionally, we observe a power-law decay over time and in relation to the
turbulence parameter. Furthermore, we recover fundamental laws governing the collision
rate and relative velocity of moving particles in the high Stokes number regime.
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Introduction

Coagulation processes permeate the natural world, spanning from cellular motion to atmo-
spheric phenomena. Yet, comprehending them experimentally and mathematically poses
a substantial challenge. Motivated by the key problem of clouds formation and rain pre-
cipitation, this thesis embarks on a quest to address and describe fundamental inquiries:
Does aturbulent velocity €eld within the atmosphere amplify the coagulation of minuscule
rain droplets, thereby promoting rainfall? Furthermore, if such enhancement occurs, how
can we precisely quantify it, accounting for both Eulerian and Lagrangian dynamics of the
euid and particles?

Cloud formation and precipitation development are intricately intertwined processes
ineuenced by both macro-scale and micro-scale phenomena. On the macro-scale, the «uid
motion of air in relation to clouds plays a signi€cant role, while on the micro-scale, pro-
cesses such as condensation, stochastic coalescence, and evaporation of water droplets
come into play. Hence, it can be inferred that cloud formation and precipitation develop-
ment represent quintessential examples of multiscale-multiphysics phenomena.

Extensive literature in the €eld of physics has addressed this topic, with notable con-
tributions dating back as early as the work of Saffman-Turner in the 1950s [78]. Additional
studies by researchers such as [29, 75, 80], to name a few, have also provided substan-
tial evidence supporting both the notion of coagulation enhancement and the selection of
crucial quantities to measure the phenomena.

As shown in [88] and from seminal works of [52] and [80], we can boil down to three
main contributions of a turbulent <ow in the collision-coalescence process of droplets in
acloud. First, in localized regions of the sow where air streamlines experience signi€cant
curvature and change (e.g. areas with high vorticity), the distribution of droplets becomes
nonuniform due to their €nite inertia [25, 75]. Second, the unstable velocity €eld ineuences
the relative velocity between colliding droplets, typically exceeding the terminal velocity
due to gravitation observed in still air [1, 78]. Consequently, this nonuniform density and
enhanced velocity difference may result in notably higher collision rates on average [64,
75, 90]. Lastly, turbulence also alters the hydrodynamic interactions and thus the collision
ef€ciencies between droplets at a local level. This follows from the changes in both the
relative distance between droplets and their distribution, ineuenced by the turbulent sow
characteristics across different ranges of length and time scales, more so exceeding the
one represented by the droplets themselves, see [88] and references therein.
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4 Introduction

Outline of the dissertation

The thesis will mostly concern the collision rate of coagulating particles and related statis-
tics, as we investigate the impact of these *ow €elds on the relative velocity of inertial par-
ticles within an aireow. The study will rigorously examine their effect in the limiting regime
of motion, while also providing heuristic insights for future advancements towards an ex-
tended uni€ed theory. Additionally, we will explore the phenomenon of mass dislocation
during the time evolution of the Eulerian system. Furthermore, we will assess the theoret-
ical well-posedness of the derived equation governing the particles’ density.

Chapter 1 serves as a preliminary to the dissertation, where we delve into the funda-
mental concept of collision rate and explore various modeling approaches known in the
literature from both Lagrangian and Eulerian perspectives. We examine the behavior of
particles in a *ow, distinguishing between tracers and inertial particles. A novel modeling
of euid velocity is proposed, leading to a mean €eld equation for tracer particles akin to
the classical Smoluchowski equation. One possible construction is explained in detail in
Appendix A. However, we discover numerically that while this construction exhibits the
anticipated enhancement diffusion and coagulation at the Lagrangian level with a hard
sphere collision kernel, such effects are absent when transitioning to the density function
of droplets. Consequently, without the use of averaged reasoning on the collision rate
completely detached from the density equations, we realize the need for a change in per-
spective and employ a rigorous approach to derive the equation for particle density. To
achieve this, as shown in Chapters 2 and 4, we shift our focus to inertial particles, which
naturally capture these phenomena, and employ a heuristic construction of a scaling limit
that yields a new Smoluchowski equation with velocity components featuring eddy diffu-
sivity.

Building upon this reasoning, Chapter 2 details the development of a set of equa-
tions for particle density based on the aforementioned scaling limit. Within this system,
we successfully recover the relative velocity of inertial particles in a turbulent «uid and
the collision rate, assuming a uniform distribution of particles. Additionally, we conduct
numerical investigations into the mass displacement during the temporal evolution, pro-
viding derivations for the steady state density, total system mass, and their dependence
on the turbulent kinetic energy of the suid.

In Chapter 3, we explore the potential for modifying our model to overcome limitations
associated with the Stokes number regime of our particles, focusing on two-point motion
statistics. This chapter presents preliminary results and conjectures regarding an effec-
tive formulation for the relative velocity and collision rate of inertial particles. Our aim is
to develop an approach that not only satis€es the known limiting regime but also allows
for the expression of dependence on the selected «uid model. Further exploration of this
topic is expected in future works.

Lastly, in Chapter 4, we rigorously study the one-point motion system derived in Chap-
ters 2 and 3, which speci€cally involves a homogeneous in space Smoluchowski equa-
tion with velocity components. However, it is important to note that while this equation
bears resemblance to a multi-species Boltzmann equation, it lacks the same symmetry,
boundedness, and conserved quantities. Consequently, the problem of establishing the
existence and uniqueness of classical solutions becomes more complex. To address this
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challenge, we employ a range of techniques from unbounded elliptic semigroup theory,
ad hoc molli€cation and cancellation techniques in the uniqueness theorem and weighted
Sobolev space inequality. These tools enable us to recover classical solutions for the
equation and resolve the aforementioned issues.

Key quantities: two kind of particles

Rainfall is a vital component of the Earth's hydrological cycle, and understanding the pro-
cesses that lead to the formation and growth of raindrops is of great importance in me-
teorology and atmospheric science. In the atmosphere, raindrops originate from tiny sus-
pended particles called cloud droplets, which undergo a complex series of interactions
and transformations to become precipitation. One key process involved in this transforma-
tion is coagulation, which refers to the collision and subsequent merging of cloud droplets
to form larger raindrops. Coagulation plays a crucial role in the growth of raindrops within
clouds. Understanding the coagulation rate, or the rate at which cloud droplets coalesce,
is essential for predicting the growth and intensity of rainfall events, as well as forimprov-
ing weather forecasting models.

Understanding the mechanisms by which turbulence enhances collision rates has made
signi€cant progress in recent years [25, 26, 64, 75, 90], yet a foundational construction of
the quantities at play remains an open question.

Inthis chapter, we discuss mathematical concepts related to the formation and growth
of raindrops, speci€cally focusing on the coagulation rate and the time of raindrop forma-
tion.

We start introducing two points of view that will be intertwined: a Lagrangian and a
Eulerian modeling. Starting from a particle system approach we derive the construction of
fundamental quantities and, from a new model for the continuum density a way to compute
them and compare them, in a later Chapter, with classical results in the literature.

We start with de€ning an equation of motion for suspended particles in a *ow, ideal-
ized as a spherical object with a density satisfyipg>> ¢, where , and ¢ are the
densities of the particles and euid respectively. In this regime, The Stokes Law describes
the motion and we have

X(t)= V(1); \(t)= t(u(t;xa» V() 0.0.1)

where
2
\= 2r< o,
9 ¢

is the particle relaxation time axdandV represent position and velocity of the particles.
From this system, we derive the dimensionless parameter

Sti= p=u;

called Stokes number, wheggis the Kolmogorov response of the suid, that completely
characterizes the inertia of particles. We note that 0.0.1 reduces to a passive scalar model
whenSt! 0.



6 Introduction

In principle, de€ning the concept of collision rate appears as a straightforward exer-
cise in gas-kinetic theory, but in reality, it is a complex problem concerning the number of
active variables and the complex dynamic of the system.

Imagining the particle as sphere-like objects, we describe the rate of collection for
droplets moving in a *ow, as in [25], by its fundamental unit; the collection kernel of two
colliding particles

=4 RV, Vi, JE(rira);

whereR is the sum of the droplets radii of the colliding pairandr,, v,, andv;, are
the velocity of each droplet, aidis the collection ef€ciency, which is the product of the
collision ef€ciencies and the two-point correlation function. This general formulation is
deduced considering the rate at which the separation line between the center of mass of
the two particles crosses a disk of radiRs making the kernel proportional to the area
of the spherical surface swept in a unit of time, hence the proportionality on the relative
velocity of the particles.

In the classical theory, [87], reducing the active variable only to thermakthe
particles, we expect the collision r&eto be a function of jusi, with a dimension of
[R] = T 1, to be dependent on the collision kernel of two single droplets, where the
relative velocity of the pajv;,  v,,j is approximated as a function of the radii, and
proportional to the number dendity of particles in the suspension.

In the discrete setting of masses being indexel pye then obtain the classical rate
of collision

Rm = ( m;n)fy (0.0.2)
n=1

wheref , is obtained as the mean €eld solution from the particle system 1.1.1, and is the
classical solution of the Smoluchowski equation [83] with kernel

@ X 1 p3
@{mz (nm  n)fpfm o 2 (m;n)fmfn; mMmM2N

n=1 n=1

In this setting, usually, is obtained a priori with direct numerical simulation on particles
moving into euid, or with physical reasoning of dimensional analysis, in order to reduce
the kernel to be a function of mass only. See [2, 81] and references therein for further
details.

However, the classical Smoluchowski approach, [83], has limitations, especially when
particles undergo runaway growth, such as in raindrop formation. To address this issue,
alternative approaches have been developed, including direct numerical simulation (DNS)
[81, 61] and the analysis of the Lyapunov exponent of the particle system's dynamics [89,
90]. From these results, the collision rate is expected to be composed of two indepen-
dent components: collisions that occur when particles follow similar trajectories due to
shearing motion in the *ow, and collisions between particles that deviate from the euid
path lines and are ineuenced by small-scale turbulence. These mechanisms contribute
differently and can be combined additively.

The focus of this work is on the latter, and the construction of an effective and rigor-
ous theory for the collision rate in the presence of turbulence, where the folding of <ow
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lines and particle inertia play signi€cant roles. Thus, under the hypothesis of a turbulent
velocity €eld, in Section 1.4 and .1 we construct a time evolution for the density of particles
fm( ) where represents the active variables of the system, maintaining both position
and velocity, instead of mass alone as in 0.0.2. Hence, de€ning our key quantity

b3
Rurb = (3 )Mm()d;

m=1

explained in detail in Section 1.4, for which we prove in Chapters 2 and 3 the derivation
of the typical coagulation rate as in [1, 64]. More so, we study in Section 1.2 the time of
formation of a raindrop, which declined as a loss of total mass in the truncated density
evolution of particles with masses=1;::;; M, representing the typical raindrop mass.

X
(f)=infft O] fi(tt )d M qg;
i=1

whereM g is a reference threshold andare the set of active variables for the particles'
density proposing a prime example of dependence between the turbulence parameter of
the euid and the rain shower initialization. Under the assumption of a turbulent velocity
€eld, a time evolution for the particle density is constructed, and the coagulation rate is
expressed as an integral involving the collection kernel and the particle density.

To derive this construction, we €rst consider a systei tfacer particles in a tur-
bulenteuid,i.e. p .

X(t) = U(t) (0.0.3)

Where, at the particles level, motivated by works of Boussinesq [15] and Majda [63], the
large-scale turbulent «oW is modelled through its small scales as a common environ-
mental transport noise:

X
u(t;x) = k(W (0.0.4)

k2K

i.e. a white noise in time with non trivial spatial covariance wheJx)gk2k countable
divergence-free smooth vector €eldA/,I'§,gk2K independent 1-d Brownian motions. We
de€ne the covariance mat@(x;X) := ok k(X) k (x) derived by easy compu-
tation on the transport-type noise.

Under suitable and natural chofce gkok , i.€ Kraichnan type covariance [33, 58], we
haveQ(x;x) | 4, for enhanced diffusion coef€ciernt 0 (see Chapter 2, and [35]
with reference therein). These particles may coalesce in an instantaneous way as soon
as they get in contact with each other and We investigate numerically the behavior of the
discrete equivalent of €rst formation time of a raindrop in cloud, i.e.

¢t =infft  0j9i 2Ny¢; Rl >= Rygg; (0.0.5)

whereR| is the radius of thé  th particle at time andR,q :=4 10 “is the radius of
the typical raindrop in our simulation. WiNleare the surviving particles at tinhewith
N: N.
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In Section 1.2.4, callingthe parameters of the turbulent sow, we derive an explicit
dependence for; := ;( ) and we are able to argue a decay of the form

E[¢()] p()*

wherep is a polynomial of degree at mdatThe limiting case aleqp) = 2 is obtained
in the case of pure Brownian particles as shown in Section 1.2.2.

This toy numerical example has a natural downside: the setting of instantaneous co-
alescence presents a unique challenge in studying the probability density function (PDF)
of the particles. Since the objective of the thesis is to produce a theoretical framework
for the coagulating process of particles in a suid, we had to approximate our process and
pass to a probabilistic rate in the coagulating dynamics.

A such, following the work of [37] and given the dif€culty associated with analyzing
the PDF in such cases, we directed our focus towards a scaling limit approach. In this
direction, one of the main results was provided by Hammond and his collaborator [46, 48,
47], extending rigorously the Smoluchowski equation to a PDE with space variable, as a
scaling limit of a particle system undergoing pairwise coagulation (with an apriori rate,
dependent only on the masses).

In particular, they provided a model of time evolution probability distribtiigh x ) g2, -
of diffusing particles of different sizas 2 N. Particles undergo pairwise coagulation
with coagulation rate (m; n), and their resulting equation could be read as follows

r)(l
@ mtx)=  fm(tx)+ (mm  n)fa(tx)fm n(t;x)
n=1

R
2 (M;n)fm(EX)fn(t;x); t> 0;x2 T9 m2N:

n=1

In this setting, particles are moved independently and subjected to Brownian motions. In-
deed, this is not enough to understand the behavior of particles moving into a suid velocity
*OW.

This approach allows us to gain a deeper insight into the behavior of particles and their
interactions, shedding light on the underlying mechanisms that govern coagulation pro-
cesses, more so, €nding what does not work in the standard modelling of tracer particles
and how to pass to the kinetic system.

For this reason, as an analogous of the discrete formation tin®0.5), de€ned in
Section 1.2 equation 1.2.1, we de€nghich represent the €rst time the total density has
put enough mass on effective raindrops:

b4
(f):=infft O] fi(t;x)dx M qog; (0.0.6)
i=1

withM ¢ a positive constant.

We knowthaE s ! Oas 2,when !1 inthe discrete system with instanta-
neous collision. So the question we ask is: dog$ ) has a behavior akin to the one
displayed by the tracer particles system?
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Unfortunately, the numerical results produced for the quantity 0.0.6 in Section 1.3
show an increase for (f ). Speci€cally:

(F)% T; while ()& 0

as !1 inthetime fram¢Q; T], completely going against intuition, the toy model, and
physical results from experiments.

The thesis aims to verify whether enhancing diffusion leads to coagulation enhance-
ment, speci€cally the increase in probability densities for large masses and a rigorous
construction of the key factor explaining the dynamics underneath the coagulating pro-
cess. However, the €rst enrichment of the model used in the program results inadequate
and unable to con€rm coagulation enhancement through numerical simulations.

To overcome this challenge, itis necessary to consider all relevant factors from the be-
ginning, even if it complicates the computational process. The coagulation kernel, which
describes the probabilistic interaction of moving particles, should theoretically depend
on the difference in velocity between particles. However, the current approximation of the
kernel, based only on masses, neglects the complexities of kinetic evolution due to turbu-
lence, hence making dif€cult to use the density evolution equation to derive meaningful
result [65, 75]. This omission hinders the construction of a rigorous theory, particularly
regarding the €nal density.

There are two mathematical models for the rate of coalescence between particles:
deterministic and probability rates. In the deterministic model, two particles meeting re-
sult in the creation of a new particle with a mass equal to the sum of their masses and
momentum conserved. In the probability rates model, particles within a certain distance
from each other have a probability per unit of time to merge.

Deterministic models demonstrate that coalescence consistently occurs at a speci€c
distance, regardless of the time spentin close proximity. However, when considering mod-
els based on probability rates, there is a limitation in connecting them to turbulence. Coa-
lescence happens probabilistically over time, and as the duration of interaction decreases,
the probability of coalescence diminishes.

This poses a contradiction: models based on probability rates in the space-mass
framework favors coalescence with slow-moving particles, contradicting the practical un-
derstanding of turbulence. To resolve this issue, it is crucial to avoid bias toward slow
motion in the modeling process.

As we have already pointed out, in the €eld of atmospheric physics [25], the coagu-
lation of cloud particles is commonly analyzed using a rate proportional to the relative
velocity between particles. However, this factor is usually studied separately and then
applied to a Spatial Smoluchowski equation, making it impossible to derive accurate co-
agulation dynamics directly from the density. Additionally, this factor, when multiplied
by the time spent in close proximity, remains relatively constant on average, ensuring a
consistent probability of coalescence.

To address these limitations and incorporate both position and velocity variables, a
new system of inertial particles is introduced in Sections 1.4 and .1.

From 0.0.1, we construct a particle system, indexed by the number of partiZIss
ForeactN 2 N, T 2 (0;1 )andm 2 f 1;::; M g, we denote the process of empirical
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measure on position and velocity of masgarticles in the system by
1 X

N
i2N (t)

MM (dx; dv) := w8 (@) g (0 (@)L 9= mg 2 M 1+ (T RY)

whereM 1+ := M 1+ (T¢ RY) denotes the space of sub probability measure$bn
RY equipped with weak topology whileandv; denote position and velocity respectively
of the ith particle.

Heuristically we show that the laws of the collectioBe{M 1. )M -valued random

variablesf {\“m ©t 2 [0;TIgM_,, N 2 N, is tight hence weakly relatively compact.
Consider any weak subsequential limit

fm 2Ol T f Tt 2 [0 TIgh (0.0.7)

Where{" solvers in the weak formulation thebesystem
8
dn(txv)= V I+ c(m)diw (v)+ c(m)?  fm(tx;v)dt
P
cm) ok k() T vFm(tx;v)dWE

n=1 fnwo(m n)w=mvgs(n’m njw"  wj

fr(tx;WwOf m o (t;x; w)dwdwidt

+
(0.0.8)

P
2 ,'Y'zl s(n;m)jv  wijf o (t; x; v r(t; x; w)dwdt
“fm(XVj=o = 2 m=1;:M:

From this, in Chapter 2, we derive the deterministic Smoluchowski coagulation equation
with both velocity and position as active variable. Now the enhanced diffusion due to
the small scale turbulence of the uid act on the coagulation process, giving a rigours
construction, at least in the mono-disperse case, for the coagulation rate. In fact, limiting
for clarity on mass of typ&, we get at the level of particles

to+ tX S S
t XGXE VGV Limi=1gltmi=14 (X{;X{)ds (0.0.9)
0 i6

this is the number of collision of particle of mass= 1, in the volume) (i.e. taking
= 1g)inthe unittime t.
That reads out, for the density function as

tot+ t

Ruwb N 1(to) (X y;viw) (X y)fi(x;v;y; w) dxdv dydw dt;
to
(0.0.10)

where the quantity ;1 (to) is the number density of tyfde

This framework is the baseline to construct a rigorous theory that, from simple math-
ematical equation can naturally give rise to all the fundamental quantity of rain coales-
cence. As such, this will be the main system analyzed throughout the following Chapters.
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Turbulence enhancement of coagulation

Following the discussion of Chapter 1, we have substantial clue to conclude that turbu-
lence increases the relative velocity of particles suspended into a suid, favours their col-
lision and thus increases the collision rate. Motivated by the last result of the previous
chapter, we investigate inertial particles and their density evolution under the action of an
environmental noise capturing the turbulent kinetic energy of the suid.

To this end, an identi€ed key factor of the collision rate, precluded in the tracer mod-
elling, is the average relative velocity between particles of massdms:

This quantity is of major importance since it relates the properties of particles and suid
to the intensity of the aggregation and thus it has been extensively investigated in several
works, based on various arguments and models of turbulence, see for instance [1, 7, 19,
20, 25, 26, 45, 64, 73, 75, 76, 78, 81, 84, 88, 90, 93].

We propose a new modeling approach here. Many ingredients are classical, like the
fact that we use amertial modefor particle motion (instead of a model when particles
are transported). In particular, droplets in clouds or dust particles in gasses near young
star have densities,,, which are larger than the density of the ujd

As such, in this thesis we analyze setting in whigh ¢ >> 1. This way, the inertia
of the particles is usually large enough to help them from not following exactly the sow'
lines. In this regime [24], the dominant force acting on small particles is due to viscous
drag, which causes the particle velocity to slow the motion in the same direction of the
euid velocity. Thus, the equations of motion for each of the small particles follow the

Stokes' law
dax dv

qt " i (Ut x) v) (0.0.12)
(here is the damping coef€cient atdl (t; x) is the euid velocity).

We note here that in setting in which concentration of particle is too close to the suid
density,i.e. p= ¢ 1, weneedtoconsiderthe history of the particles' motion, modifying
the acting forces on the system and we postpone this analysis to future studies.

At the level of the density for different masses, following the reasoning on the scaling
limit of the particle system showed in Chapter 1, we ob@&imnauchowski equatiaith a
kernel depending on the relative velogity vY to describe macroscopically the system.

The novelty is that we introduce a Boussinesq hypothesis, hamely the fact that a small-
scale turbulence acts on particles as a dissipation. And the key feature is that it acts as
adissipation in the velocity componerdmely it spreads the distribution of particles in
velocity (not or not only in space). This spread increases in a quanti€able way the value
of Rm;:m, and thus the collision rate.

In order to describe the equations we use and the results, let us recall a few quanti-
ties associated to the particles and to the suid. The damping coef€ciappearing in
equation (0.0.12) is given by Stokes' E#\,L wherer; m are the particle radius and mass
and isthe dynamic viscosity of the suid. If we denote pyand  the relaxation times
of the particle and of the suid respectively, we have ! and we de€ne the Stokes
numberasSt = p=y = 1=( y). When we want to stress the dependence of the
damping coef€cient from the massn, we write ,; and similarly foBt,,. Two relevant
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guantities of the euid for our study are the turbulence kinetic erlergy % U ? and

the turbulent viscosityr = y kt. Our model, inspired by Kraichnan fundamental work
[58], is based on the idealization that the turbulent small-scale euid is white noise in time,
space-homogeneous, with intensityprecisely, as a vector €eld, its space-covariance
matrixC (x) is assumed to have the auto-covaria@egd) equal to 21 4, withd dimen-

sion of the spatial domain and the identity matrix). As explained in all details in the
Appendix .2, the link between these suid quantities is

2
2 kr = % T (0013)

2 dv

Indeed, in [1] the energy dissipation rate is expresséd a&r= y, clear from the en-
ergy balance of Navier-Stokes equation, and since all three quantities correspond to the
turbulent euid:

@ 1., .

—. =jU = "+ lower order terms
from which is possible to derive the link with our spatial covariance matrix.

The €rst main result of our work is that we derive the following Smoluchowski-type
system for the particle densities of massas=1; 2; :::

@ (t; x; V) N
@t
2 2
m2 Vm (G x;v)= Qn Q o (F)(Ex;v)

V r xfm(t;x;V) m divy (Vfm (t; X; V) (0.0.14)

wheref := (f1;f2;::),x 2 T9 (the d-dimensional torusy, 2 RY and the collision
kernels are given by

¢ 1
Qi H) (L x;v) = Snm n (0.0.15)

n=1 fnvo(m n)v0&Emvg

ivO VO Lt x;vOfm n(t; x;vOdv v

s
Qm ()t x;v) =2 (tx;Vv) Sn;m

n=1

jiv. vif, tx;vO0 dv© (0.0.16)

withs,.,m de€ned in (2.2.1) below.

This equation proposes a change of viewpoint. In previous works, the central problem
was determining the correct collision kernel which takes into account the fact that the suid
is turbulent. Here we use the original collision kernel depending on the relative velocity
jv. vY, without modifying its coefEcients, but incorporate the presence of a small-scale
turbulent background by adding the dissipative operator in the velocity variable. Collision
and aggregation is not due to a stronger collision kernel, in this model, but to the spread-
inv of densities, produced by the additional diffusion term.

The derivation of this Smoluchowski-type system is explained in Sections 2.4 and 2.5
of this chapter, as well as in Chapter 1. This derivation is heuristic but reasonable in anal-
ogy with rigorous results proved recently for other models [35, 33, 42]. From the viewpoint
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of the Physical validity of the result, let us stress that the rigorous proof would require
very small y, with , having a €nite limit. Therefo8 must be large.

We analyze this new model both using approximate analytical computations and nu-
merically. In Section 2.6 we prove, up to some approximation, the formula

S

2p — 4 kKt Kt
Rm..m, = P— + = p— + ; 0.0.17
mime = P= mit m, F? Stm: St ( )

in the physical dimensiah= 3. In the largeSt regime, which is the regime of validity
of our results, this formula con€rms known results (see the discussion in [90]) and it is
known as the gas-kinetic model, after [1]. Let us notice that it is obtained without any
use of dimensional analysis; it is derived from basic equations, except for the stochastic
model of the turbulent euid.

In order to approximate analytically the average Valye v,ji ofthe relative veloc-
ity (0.0.11), we adopt the mean €eld viewpoint of Smoluchowski equations, where particles
are independent. Thereforepif (v) is the normalized density, (v) = fn (w) dw of
velocity of massn, solution of Smoluchowski equation, we have

Rm1§rTI2 = jV1 V2j Pm, (Vl) Pm, (VZ) dVldVZ: (0018)
However, to avoid a dependence on the initial conditions, we consider, in the Smoluchowski

system, the linear terms

2 2
m divy (Vfm (v)) + -

Vf m (V)

associated with the transient phase that moves the initial distribution towards a certain
limit shape. In this regime, the nonlinear terms (0.0.15) shift mass from lower to higher
levels, but their impact on the modi€cation of shape is minor.

Therefore we také, (v) = fn (w)dw as the invariant distribution of the linear part,
which is a centered Gaussian with covariance m?tr,ix 21 4 (14 is the identity matrix),
which lead us to the fundamental formula (0.0.17). This founding are also supported with
numerical result on the steady state solution of the Smoluchowski system, as shown in
2.7.

We stress here that it is not immediately clear if we may modify our approach to incor-
porate the concentration effects related to singularities described in [25, 64, 90] directly
in the relative velocity (0.0.11), or if this effect must be study in relation to the particle
density and, as such, the full collection kernel.

In Section 2.7, €nally, we investigate numerically the Smoluchowski equations, quan-
tifying in various ways the ef€ciency of aggregation of the turbulence model.

To this end, we de€ne

X
M (1) = m fn(tv)dv; (0.0.19)

m=1

which we also call \total mass" for simplicity.
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Figure 1: Decay & 4 (t) fort 2 [0; 1], withM = 3, initial densityf 1(0;v) form =1
concentrated on the set 2 [ 1=2;1=2]. Parameter 2 ranges in the se®:05to 10
(around30 points). A visible increase in coagulation is present at the increase of

This function represents the total mass present in the system, at a givenrasgect
to athresholdM > Orepresenting the mass level in which particles leave the system, i.e.
fall out of the cloud as rain. Indeed, analyzing the non linearity of our PDE, we notice that

pd
m@Q: Q ,)dv 0 8t (0.0.20)

m=1

implying thatlM , (t)=dt 0 and so (0.0.19) is non-increasing in time. Notice that for
the in€nite systeM = 1 , equality is achieved in (0.0.20), hence the mass de€ciency
in the €nite system is not lost at all and it is simply sent to higher order of mass-type
densities that are not analyzed in the closed system and thus can be interpreted as rain
precipitation.

With a semi implicit method we solve numerically equation (0.0.14). Thanks to re-
sults on fast decay at in€nity, showed in Chapter 4, we compute the total mass showing
enhancement coagulation in Figure 1.

The second quantity we consider is closely linked to the enhanced coagulation due to
turbulence that we will establish with the \total mass" and gives more quantitative infor-
mation. Speci€cally, let

md = inf M9t
07 20T (1)
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and de€ne a sequence of \barrier exit times) ¢
=inf t O;M(t) m{ ~T: (0.0.21)

Sincet 7!' M {(t) is decreasing, we have that= T. This exit time represents the €rst
moment in which the total mas4 , (t) drops below a certain level respect the turbulence
parameter . SinceM 4 (t) is expected to decay faster agncreases, 7!  should be
decreasing, as shown in Figure 2.

Figure 22M = 1; A plot of the barrier exit time with respect to the turbulence pa-
rameter , and the corresponding log-log regression in the time wif@j@Jytaking into
consideration only those exit times in the intef{g2], yields / L

We conjecture that the function (0.0.19) can be expressed dss(fitably large, say
t > 1in our simulations)

1
Ag( )t+ M 4(0)
for some functiorA 4 that depends on dimensiah and thatA.( ) / , the turbulent
kinetic energy of the euid.
A rough explanation of the numerical €ndings exploring diffisteard initial condi-

tions, is the following one. Whéh = 1, the density (t; v) of the unique leveh = 1

satis€es the identity
:jjt f (tv)dv = v vOf(tv)f tvO dvav®

because the differential terms cancel by integration by parts. Up to a small approximation,
near the steady state of the linear operator,

fv)  (Ofo(v)

namely the decay 6f(t; v) is self-similar [23]. Then®= o 2 where

M () (0.0.22)

0= w wlfow)fe w® dwdw®
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is an average variation of velocity untigrnamely

1
ot+ C

(¥

after an initial transient period. Moreover, under this hypothesis the standard deviation
of f o near the steady state is (since the dispersion produced by the linear differential
operator is proportional to), we expect thaty increases linearly with, the turbulent
kinetic energy. As for the behavior in time, since this computation can be carried out for
everyd > 1, we believe that the decay in time is dimension-independent.

Future directions: a uni€ed theory

In Chapter 2 a Smoluchowski-type equation is derived to study the collision rate of inertial
particles in a high Stokes number regime under the effect of a turbulent suid.

While this regime is of interest in the astrophysical context, it has less impact on
atmospheric physics, in which particles have, usually, low to mo&tratembers. In
particular, the regime we have recovered is the same as Abrahamson [1], which is a limiting
behavior of coagulating particles akin to gas-kinetic theory.

Motivated by this, we are trying to study heavy (with respect to suid density) inertial
particles in a turbulent environment with a two-point statistic approach. This way, depen-
dence on radius and relative distance of particles are still present in the computation of
the PDF and, hopefully, all rangeSbtould be investigated.

This problem will be formalized in the following chapter, leaving different comments,
heuristics and proofs, more so open questions to be answered.

Main achievement of the chapter is the complete formulation for the average relative
velocity of two particles advected by a turbulent «uid, i.e.

r S
. p o kT vat
hvi hv 2i St 1 g pZ—TT

whereSt is the Stokes numbet;r the turbulent kinetic energy agds a function that
helps modelling the euctuating structure of the suid.

We discuss the consequences of this formula depending on the choice of the mod-
elling ofU (x;t) euid velocity and its link with others given in the literature.

In a similar fashion to Chapters 1 and 2 and stochastic modelling via transport noise,
we are considering the noise to be turbulent and suctuating, i.e.

X
U(x)= e (X) W (1)
k

As shown in .2, we can still give meaning to the quantity the product of the turbulent
kinetic energ¥T, and relaxation time of the suid,.

With the same reasoning, we obtain at the level of the SPDE for the joint density of the
two-point motiont ((X1;X2;V1;V2), i.e.

@ +div e, (vaf) 40V, (Vof ) = dive, (vaf ) dlivw, (vaf ) =
p p
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X X
= — e (x1) ryf dWe(t)+ — e (x2) ry,f dWk(t) (0.0.23)
Py Py

Writing the Ito-Stratonovich corrector in (0.0.23) we obtain a second order elliptic op-
erator that depends on the covariance matrix of the noiseQGalth matrix we have:

X
Qxisx)= 2 e (xi) e (x):
K

and computing the Ito formula and the corrector, we get mixed derivativesg in the; ; v2)
variables, giving the following second order operator (we assume for sinqicityk») =

Q(x2;X1)):

2 2

Df =ﬁdivvl(Q(x1;x1)r vif)+ ﬁdiva(Q(xz;xz)r vof)
P P
2

+ 7diVV1 (Q(Xl;XZ)r sz ) :
p

Under suitable conditions, we show the proximity of such an equation with the tran-
sient PDE or Galeati limit. In particular, we estimate the difference between the two solu-
tions: h i

E f © %  CkQke L2Kfoki2;
re€ning this estimate as much as possible, and as such supporting the fact that we tran-
sition from the SPDE to the PDE, due to their proximity. Werobtain the PDE for the
density of the two-point statistics.

@ +divy, wif +divy, vof idiv\,1 vif idiv\,2 vof = Df
p p
(0.0.24)

Note that under the same assumption of Chapter 2, we recover the equation for the single-
particle density, hence showing that this is indeed a consistent extension of the developed
theory. Indeed, this can be done by integrating in the desired variable and using the diver-
gence theorem and the symmetry of the covariance matrixQlebasically indepen-
dent on the position and the only contribution is given?y kr.
Here, instead, the position is essential and changes the behavior of the relative velocity.
To compute the mean velocity we need to investigate the density function of the two-
point motion. Since we are interested in obtaining an average value that is independent
from the initial condition, we focus on the steady-state solution of the PDE (0.0.24). Fol-
lowing similar ideas from [10, 75, 90, 89] and others, we note that is the distance of the
two particles the meaningful quantity. We search solution of the form:

f (X1;X2;v1;v2) = B(x1  X2;vi;vp)

Callr := x1 X, the functiorf® = f€(r;v;Vv,) satisfy the PDE:

idiv\,1 v, fe idiv\,2 vof€ = Dfe
p p
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2 2
Dfe= 52 v+ L+ —divy, Q(r)r v, € (0.0.25)
p P
this equation is the adiabatic formulation, i.e. constant in space, of the steady state equa-
tion of (0.0.24), where we impose:

divx, viff(x1 Xz;vi;ve) +divy, Vof(x1  Xz;vi;ve) =0: (0.0.26)

We show, in Section 3.7, through numerical simulations that solution of such equations are
close, respect to the problem of €nding the relative velocity of particles, to steady-state
solutions of Equation (0.0.24).

This makes the task of €nding a solution for (0.0.25) feasible: given amycan €nd
solution pdf ; (v1;V2) which satis€es equation (0.0.25). We have, for eachrxed

« (Vi;vo)dvidvo = 1;  f (r;vai;va) = (V1;V2) (0.0.27)

up to constant depending on the space domain we are working on.
The important consequence is that, following from classical theory of both stochastic
processes and elliptic equation, we have

r() N(@O;C)

with a knowrC; which will depend on our choice@f{r) covariance of our noisy euid
modelling.

The structure function that we want to compute is the average relative velocity be-
tween two particles considering all the inertial range of the particles in the »uid, i.e.

E[jV1 V2j]

this is the average difference of velocities between particles in the portion of space that
has a length scale of the order of the Kolmogorov length

Using the equilibrium probability density (0.0.25) of pairs of particles and calling
krk  "p the typical length scale of colliding particles, in the unitary torus, we have:

jvi  vojf (Cp;vy;vo)dvidva

E[jV Vojl =
bV 2l f (Cp;vi;v2)dvidvs

= jvi  vzj -+, (Vi;v2)dvidvp

Yciti e o
p p p

Hence, the main objective of the following section is to give fair assumptidp& dto
computeC, from which we'll derivéllpl; C?pz; C‘lp2 and as such the relative velocity.

For this reason, consider a scalar functifin) dependent on the magnitude of the
relative distance.

(
Q(y) =Q(x y)= q ** Id
@ =1
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(Note that we can always assuméd) = 1 since we can always modifywith a dimen-
sionless constant dependent only on the domain).

Thus the matri; is linked tog rT . From the elliptic equation we obtain with usual
computation on invariant measure the covariance matrix
0 1
2 Id id
C = — @ d f A

pq%ld Id

Using the results of previous section and the computatio@;omve can obtain for the
structure function the following closed form:

S

E[[V1 V2j] = 1 q &£
Different covariance models from Gaussian decay to Kraichnan and Kolmogorov scaling
are proposed and studied. Hence, recovering the known limiting regime for the relative
velocity asin[1, 14, 72].

Concerning the collision raie, we propose in the chapter some explanation on how
to connect our result with the literature and what is still missing to complete the puzzle
and have a closed formulation and a uni€ed theory for particle colliding in euid sow. In the
physics community, there is now a general consensus [90, 89, 75, 10, 11, 26, 25] that the
coagulation rate, introduced in Chapter 1, has a natural splitting in two main components

R = Radv + Rur:

These two uncorrelated main components Brgjy, the coagulation due to advection,
andR , due to the turbulent sow.

The advecting paR ,qy is estimated for low Stokes regime with a uniform density of
almost tracer particles in [78], that read as

r ___
. 8 2 1.

whereng is the density and the radius of the particles. This last teRy is obtained
independently from two different computations both from Falkovich [26, 25] and Mehlig
[90, 89], while it is being considered in the works of Bec [11, 10] and Pumir [75]. This is
calledthe sling effecor caustic effectwhich proposes a correction due to the euid turbu-
lence that creates singularity on the gradient of the particles' velocity and then modi€es
their density.

Both of these effects are obtained considering the usual collision kernel when turbu-
lent sow is involved,

Rkin hj vy vaji;

is mostly dependent on the relative velocity of the particles. They propose a correction
due to the suid turbulence that creates singularity on the gradient of the particles' velocity
and then modify their density.
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For this reason, if we have a statistically uniform spatial distribution of particles, call
such densityg, then we have the relation between the turbulent collisiorRate,and
the relative velocity, i.e.

Ruwr  nohvi  voji:

Unfortunately, under this hypothesis, we fail to capture in fullness the turbulent part of
the turbulent coagulation rate described by the Sling Effect. It can be argued, considering
the derivation of the relative velocity and the heuristics proposed in Chapter 1, Section 1.4,
and seminal paper such as[12, 41, 25], that the assumption of statistically uniform spatial
distribution in the limit foBt ! 0 is not what we are really working with. In particular,
all of our assumption in the computation of the structure function needs to work in the
steady state regime, as such, also the density must be taken at is steady limit after the
turbulence of the euid has taken effect on the trajectories of the particles. More so, since
in our equation velocity is an active variable, this must be carried on, as a Maxwellian-like
average for the particle and to be computed in a domain as big as two colliding particles.
The €rstreasonable guess, e.g. [59], is to consider the collision rate in the following form:

R nog(r;v) hva(r)  va(r)ji
wheregg(r;v) is somewhat analogous to a radial density function of the particles, but now
depending on the relative distance, radius and velocities of the particles.

In analogy with Maxwell-Boltzmann-Arrhenius density, we expect to multiply the rela-
tive velocityhjvji with the number density of particles able to collide at a certain length
distance with their related averaged velouityobtained from the Maxwellian, derived
from the single point statistics in Section 2.5, representing the activation kinetic energy
due to the particles respect to the kg . I'f we callh this new fac;[or, then:

. , !
V) 1 Vpop
ex —Mp———
Ky P2

1
h:=exp >Mp

This is closely related to Maxwell distribution in which we have

E
h exp T
wherek is the energy andl is the temperature and, in our case, the turbulent intensity of
the euid, given by 2= p- In particular, we can argue that thigs not an arti€cial factor,
but nothing more than the steady state solution of the modi€ed Smoluchowski, which is
a type of Vlasov-Fokker-Plank equation.
Under this assumption and our Gaussian covariance hypothesis we get:

2 T 2
m T \
R m Np e b L el —t 1 e LSt
tur ( p) 0 eXp 2 ‘fZSt St Xp p2kT

This leaves us with a €nal formulation that agrees with Falkovich's [26, 25] and Mehlig's
[64] analytic formula. This factor well represents the activation aspect of the turbulent
energy with respect to the euid trajectories and the fast deca$tas 0, but, albeit
essential, it is formulated with a reasoning due to kinetic theory and energy balance. For
this reason, itis still fundamental to understand how can we capture this from the particle
system at play, as shown in Sections 1.4 and 1.5, and, in a rigorous way, from the limiting
equation 3.2.2. This would be the primary work for future development of this theory.
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Smoluchowski equation with velocity

In previous chapters we took a kinetic viewpoint to obtain our equations for the density of
particles in a turbulent euid, obtaining numerical and rigorous theoretical results on the
effect of such €eld on the coagulation process both for tracer and inertial particles.

In Chapter 4 we undertake the complex task of study rigorously such variant of Smolu-
chowski's coagulation equation with velocity dependence that is akin to Boltzmann equa-
tion. As explained, it arises as the scaling limit of a system of second-order (microscopic)
coagulating particles, modelling the interactions of rain droplets in the clouds, which are
subjected to a common noise of transport type. Such a noise, constructed in recent math-
ematical works [42, 35], possesses several characteristics of real turbulence, such as it
enhances diffusion of passive scalars. We focus on the existence, uniqueness and regu-
larity of this newpDEg after brieey introducing its origin.

Smoluchowski's classical equation [83] provides a €rst model for the time evolution
of the probability distributioff  (t; x)gt,-, of diffusing particles of different sizes (or
masses)m 2 N, say inT9 := (R=Z)9, when they undergo pairwise coagulation with
certain coagulation rate(m; n):

)
@ mtx)= fmtx)+ (mm  nfa(tx)fm n(tx)

n=1

2 (m;N)fm(tx)fa(t;x); t>0;x2 Td; m 2 N:

n=1

The non linearity has two parts, a gain term and a loss term. Such a system of equa-
tions has been derived from scaling limits of Brownian particle systems by Hammond-
Rezakhanlou [48, 46]. To model the ineuence of a large-scale turbulent «ow, it is natural
to introduce a common noise. If we adopt a transport noise of the type in [35]

X
W(t;x) = K (X)W

k2K

wheref ((X)gk2k is a countable collection of divergence-free smooth vector €elds and
f WXg2k independent one-dimensional Brownian motions, then we get a stochastic ver-
sion of Smoluchowski's equation (swpi

) ¢ 1
dm(tx)= fu(tx)dt+ (n;m n)fp(tx)fm n(tx)dt
n=1
x X . (0.0.28)
2 (m;n)fm (6 X)Fn (L x)dt rfm(tx)  k(x)dW,
n=1 k2K

+ div(Q(x; x)r fm(t;x)); m2N

whereQ(x; x) = P ok k(X) k(x) coming from the transport-type noise. Under
speci€c choice of gk2k , we can have th&@(x;x) | g, for an enhanced diffusion
coef€cient > 0, the so-called \eddy diffusion” [15]. This picture, in its special case of
€nitely many mass levets = 1;2;:::;M and unit coagulation rate(m; n) 1, has
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been derived from particle systems in [30]. Another version abthmvith continuous
mass variablem 2 R has also been derived from particle systems with mean-€eld inter-
actions in [73].

However, conceptually and mathematically, the most dif€cult step in this program is
to verify that diffusion enhancement leads to coagulation enhancement, namely, the fast
increase of probability densitiég, form 1 (large masses) for large diffusion coef€-
cient case. In fact, the model (0.0.28) turns out to be too crude, and even numerically we
cannot verify a coagulation enhancement.

The problem lies in the fact that quick diffusion of masses may not lead to enhanced
collision unless the coagulation rate depends on the velocity variable. Otherwise, the
masses merely move around. We introduce a new system with both position and velocity
variables. In the atmospheric physics literature, e.g. [25, 75, 80, 45], itis also common to
consider cloud particles coagulate with a rate that is proportional to (@vhed)

(M1;mp) i= jvi  Voj(ry+ rp)?
wherevi,i = 1;2 are the velocities of two colliding rain droplets and= milz3
1; 2 their respective radius. Under certain simpli€cations, it leads to the following kinetic
version of Smoluchowski's equation (cf. Chapter 1, Section 1.5)

8

S@mtxv)= v yfp+e(m)div (vVim)+ c(m)? fm+ Qm(fif)

“fmjtzo = FA(XV); m=1;:u5M;

(0.0.29)
where(t;x;v) 2 [0;T] T¢ RY and

Qm(f;f)(txv) =
w1
= s(n;m Nt x;wOFm n(x;w)jw  wYdwdw?

n=1 fnwO(m n)w=mvg

2 s(n;m)f (X, v)Fn(tx;w)jv - wjdw;

(0.0.30)
where

c(m):= m & D7 gn:m):= (n¥9+ m¥d)d 1. (0.0.31)

In Chapter 1, Section 1.5, we sketched the proof of the scaling limit from a coagulating mi-
croscopic particle system subjected to a common noise, srarhat eventually gives
rise to thisppe Although it is not fully rigorous, it should justify the interest of this equa-
tion. Here again, turbulence contributes to largersus small when no turbulence.
The eddy diffusion occurs now in the velocity variable.

The aim of our research is two-fold. Theoretically, we are interested in proving the
well-posedness of thebeand associategrpecf. (0.0.8), as well as the passage from
the one to the other. Then, both theoretically and numerically we aim to demonstrate that
the larger the , i.e. the more intense is the turbulence, the faster masses coagulate. See
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[31] and Chapter 2 and 3 for a €rst theoretical and numerical study in this direction. In the
present article, we focus on tleesystem (0.0.29) in the spatially-homogeneous case,
i.e. by considering the initial conditioh§' constant inx for everym, we can reduce
(0.0.29) to

8

< @ m(t;v) = c(m)diw (Vim(tv)+ c(m)? fm(tv)+ Qm(f;f )(tv)

“fmijt=o = FA(V); m=1;:5M;
(0.0.32)

where(t;v) 2 [0; T] RYandQn(f;f ) is as in (0.0.30) but without the-dependence,
and we prove existence, uniqueness and regularity of the solutions of (0.0.32), for every
€xed > 0.

Denote a weighteldP space

n (0]
LPRY:= f Rl Rstfhi2LP(RY ; p2[L1];k2N; (0.0.33)

where D
hvi == 1+ jvj?

and a weighted Sobolev space

n (0]
HY(RY:= f2L2str f2L3RY; 81 ° n : (0.0.34)

The main result of this article is as follows.

Theorem 0.0.1.Fix any €nitd and > 0. Suppose that initial conditioh§ (v) 2
(L2\ L%)(Rd) and nonnegative, for eveny= 1;:::; M, then there exists at least one
nonnegative solution in the cldss [0; T]; L3(RY) M

If the initial conditions2 (v) 2 (H#\ L3)(RY and nonnegative, then there exists a
unique nonnegative solution, and in this €age) 2 C} (RY) for anyt > 0.

The most dif€cult part in our opinion is uniqueness, due mainly to the presence of
jw wY inthe nonlinear term, and the fact that the velocity variaBI& is unbounded,
hence in the presence of Laplaciq(t; v) is never compactly supported even if starting
with so. These together with the fact that we have a system rather than just one equation,
cause a severe dif€culty in closing a Gronwall inequality for uniqueness. As far as we are
able, the weighted® space is the only one in which a Gronwall argument can work, even
if one is willing to assume that solutions are Schwartz functions. (The problem is related
to integrability rather than smoothness.) Indeed, with weidhtesle can €nd certain
cancellations that remove those terms with higher weights brought by the kernel, and this
seems not achievable with other spaces such as weightedEqually essential to this
cancellation is considering the sum over the norms of all the denfsifiga = 1;::;; M,
rather than treating them individually. Indeed, this is already essential to derive various
apriori estimates.

Considerforthis the set of equation solvedhpyt; v) := fm(t;v) gm(t;v); 8m =
1M and callH i (t; v) == fm(t;v) + gm(t; V), wherd 1, ; gm are two solution with
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the sa8me initial condition. Then:

S @m(t;v) = hp+ divivhy) + %(Qm(h; H)+ Qm(H;h))

_ _ (0.0.35)
* hmjt=o =0
where we denote
KL mo2 . .
Qm(h;H) = o hn(" (V;W))Hm n(W)jv  wjdw
n=1
2 hm(v) Hp(wW)jv  wjdw;
m=1
KL mo2 . .
Qm(H;h) = o Hn(" (v;W)hm n(W)jv  wjdw
n=1
hd
2 Hm(v) hp(w)jv  wjdw:
m=1

We consider now the function(x) an approximation of the function ggn such that

8
2 1 x "
n(X) = S X=" "ax<"
L x "
We consider the weighti 2 := 1+ jvj2 and thus the function - (hm; V) i= = (hm) hvi?,

multiplying it to the equations (4.2.2) solvedizy, 8m and integrating by part. De€ning
also

1 ifjxj <"

(9 = "

0; otherwise

we obtain:

@ hm ~(m)WiZdv= (@) ~(hm)Wildv+ = (@hm) - (hm)hm hviZdv
(0.0.36)

This two term can now be computed independently using both the regularity of the solution
and the cancellation property of tegn function that make possible to discharge the
weight of the non linearit®, to the functiorH ,, sum of the two solutions, leaviing,,
the difference, untouched, hence, closing the Gronwall lemma and proving unigueness.
Onthe other hand, existence is proved by constructing a family of approximating equa-
tions each corresponding to a truncation of the kgmel w4 in the nonlinearity. These
approximating problems are more amenable to study since the dif€culty related to the
kernel is no longer severe, for each €xed truncation parameter.
Wherf 8 0; 8m = 1;::;;M, the solution 0f4:3:1) is nonnegative and regular
enough and has a fast decay at in€nity, then we have for the nonlinear term:

R(V) fn t" (viw) fm n(tbw)jv  wj r(w)dw
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fn " (viw) fm n(tw)jv  wjdw

And thus we can recover the same a priori estimate in both the full and approximated
system. Luckily, we can de€ne a mafpom X+ ! X, given by

(f):=Pfo+ P & QR(f:f))ds; f2 Xy
0

whereX 1 = C([0; T]; L?) is a suitable functional space in which a semigroup associated
to the following unbounded operator on function de€ne®fon

Lf = f+vrf;

guarantees adequate gain in regularity for the truncated solution, [66]. This, joint with
suitably weighted embedding in Sobolev space, gives us the desired solutions.

There is an unexpected connection to the vast area of Boltzmann equations [86]. Our
(0.0.29) may be viewed as a Boltzmann-type equation with perfectly inelastic collision,
rather than the classical elastic collision. Indeed, it is derived from particles undergoing
pairwise coagulation, hence two particles merge into one based on the principle of con-
servation of momentum (and not energy). It is also local in nature in that the nonlinearity
acts on the velocity variable, pgrx). The closest works in the Boltzmann literature
seem to be the ones on excited granular media, see [43] and references therein, and on
multi-species Boltzmann equations, see [17] and references therein. In a sense our equa-
tion combines the features of both of them. From a technical point of view, the afore-
mentioned dif€culties with uniqueness are also present in [67, 43] and some references
therein, and we have learned from these sources. On the other hand, there are various
differences that set our model apart from these references. $inee 1 , we do not
have the conservation of mass and momentum, and we do not expect nontrivial stationary
solutions { indeed alf , (t) should decay to zerods! 1  (i.e. eventually all masses
are transferred out of the system). In general, our nonliné€a(y; f ) does not enjoy
any particular kind of symmetry. Our derivation of the apriori estimates is also quite dif-
ferent, in particular, we need not invoke entropy estimates and Povzner-type inequalities,
as are standard in the Boltzmann literature.
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Chapter 1

Key guantities: two kind of particles

Although clouds play a crucial role in atmospheric phenomena, the effect of turbulence in
cloud formation is not well established up to the present.

Two processes mutually affecting each other characterize the cloud formation and
precipitation development: macro-scale processes such as the suid motion of air asso-
ciated with clouds and the micro-scale processes such as condensation, stochastic coa-
lescence, and evaporation of water droplets. Thus we can say that cloud formation and
precipitation development are typical multiscale-multiphysics phenomena.

Motivated by the numerical studies for Lagrangian particles, [81], in which the au-
thors propose a novel algorithm to compute the stochastic coalescence of large number
of droplet; and [61], in which the problem of the role of turbulence in the cloud droplet
growth is treated with simulation of density equations in the spirit of Fokker-Planck and
Smoluchowski; we investigate the time of €rst formation of a raindrop, the rate of colli-
sion and the displacement of mass through time, for the space, time and velocity density
of particles with different masses in a cloud during rain formation, under different turbu-
lent settings and inertial regime, to explore the role of turbulent «ow in the aggregation of
small droplets in clouds.

1.1 Introduction

Objective and main interest of this thesis is in the study of transported patrticles in suid
*ow and the property of collision and mixing of such particles when the «ow itself is in a
turbulent regime.

The presence of suspended particles, such as dust, droplets, or ice crystals in natural
euids like the atmosphere and the sea, affects their behavior. For example, the interaction
of water droplets in clouds, through the absorption of solar and terrestrial radiation, play a
role in the planet's energy forecast and atmospheric dynamics. Understanding the distri-
bution of particle sizes in suspensions is essential for comprehending these processes.

More so, the stability of suspended patrticles in large euid bodies is also signi€cant.
Raindrop formation from the coalescence of microscopic water droplets in clouds is a
central question in cloud microphysics. The formation of planets is similarly dependent
on the collision and coalescence of dust grains in the atmosphere around young stars.
Explaining weather phenomena and the habitability of our planet relies on understanding

27
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the behavior of aerosol suspensions and their susceptibility to collisions.

However, developing a quantitative theory for rain initiation and planet formation en-
counters dif€culties. The collision rates of atmospheric aerosol particles, caused by dif-
ferential settling rates or Brownian motion, mostly relies on direct numerical simulations
and appear inadequate to explain the rapid onset of rain or planet formation. Turbulence
offers a possible solution to these problems.

Turbulent motion is a prevalent phenomenon in euid dynamics, and it is known that
small particles disperse much faster in turbulent environments compared to molecular
diffusion. This suggests that turbulence could signi€cantly enhance collision rates and
play a crucial role in particle coagulation.

Understanding the mechanisms by which turbulence enhances collision rates has made
signi€cant progress in recent years [25, 26, 64, 75, 90], yet a foundational construction of
the quantities at play remains an open question.

1.1.1 Two points of view

To do so we'll consider two, interconnected, points of view: a Lagrangian and Eulerian
vision of such systems. The €rst one deal with the understanding of trajedtiesf
particles given the velocity €allt; X (t)) of the ow in which they are embedded. While

the second tries to understand the property of the €eld, or density, of such particles, as a
continuous functioh; (x), given the same velocity €eit; x).

This two theory can answer different questions: one, in a sense, is more local in nature,
while the other one is more akin to a mean €eld description and as such are the property
that can be retrieved. Even so, the two methods of study are linked together and one
usually can be derived from the other. A standard example, in this direction, is the motion
of passive scalar in a velocity €eld subjected to a random noise, i.e.

(;jtx (t) = u(t; X (1)) + P 2D oW.(t)

whereDg 2 R andW.(t) is a white noise. This equation for particles has a natural
counterpart, when considering the mean €eld limit of such particle system, as an evolution
equation for the continuous €€ldt; x), i.e.

@ +urf=Dg f

More so we have that the law of the particle is indeed a solution of such a system. While
this link is classical and detail can be found in [54], we have presented it here to show how
studying particle trajectories is thus relevant also to understand the transport of €elds.

While this example is fundamental in understanding our idea of moving back and forth
between a mean €eld and a particles description to understand our problem of mixing and
collision, we €rst need to add some richness in our particles and describe two main regime
of motion, one of which will be the center of this dissertation.

Call pthe density of the particles and the density of the «uid, then we can distin-
guish to behavior:

~

p = f:the particles can be approximated as point-like object and move with the
same velocity of the suid. In this case they are essentially like «uid elements and
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we call thentracer particlesTheir equation of motion usually looks like

X(t) = ut X (1) (= V(1)

" p 6 ¢:the particles are now €nite size object and are subjected to inertia and
other external forces that can change the velocity of the particles drastically and
making it no more adherent to the euid streamline. In this case, kinetic equation
are more suited to describe thigertial particlesnotion and we have;

X(t)= V(t); VL= FVE);ut X (t); p; ;i)

Note that in either case we'll focus on passive particles, i.e. the velocity €eld is not modi-
€ed by their presence. Since we are interested in coagulating processes, we attach to each
one of them a quantity that represent the masswvhich we link to the radiusunder the
assumption of each particles to be spherical.

Even with this settled framework, describing the motion of particles in simple sow
con€gurations is a dif€cult task. For this reason, the equation of motion are determined
by the simple Stokes' formula

X(t)=V(); \vL= i(u(t;X (ty) v@)+ g: (2.1.2)
p
where

_2r? p,
p 9 f’

is the particle relaxation time. This constant is usually determined from the Stokes' formal
for the drag on a moving sphereis the kinematic viscosity, is the gravity.
More so, compering the Kolmogorov timeof the suid and the typical time of the
particle p, we obtain a way to quantify the effect of inertia. As such, we de€ne
St:i=
p

the Stokes number for a particle of masg, where ¢ is the typical suid relaxation time,
dependent on its kinetic viscosity an density.

ForSt << 1the uid advect the particles and most of the phenomena are the results
of shear of relative motion. While 8t >> 1 the particles are allowed to move freely
relatively to the suid motion, but still be affected by its velocity, leading to entirely different
phenomena.

Thus, the Stokes number could be regarded as the unique dimensionless parameter
necessary to understand the different physical regime of collision and growth. For this
reason, this quantity would be central in measuring both the inertia and understanding the
collision behavior of suspended patrticles.

Note that this equations are valid only in the limit when the suspended particles are
smallanddense, i.ep= ¢ >> 1. Whenthe opposite happens the history forces became
important and the model must be changed. For this reason we focus on framework in
which the reduce model of Stokes' formula holds.
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1.1.2 Effect of turbulence: key quantities

Now that we have the ideas on how to model particles motion and densities evolution, to
understand the processes that lead to the formation and growth of raindrops, we need to
discuss few mathematical objects that can characterize such dynamics: the coagulation
rate and the time of raindrop formation.

In the atmosphere, raindrops originate from tiny suspended particles called cloud
droplets, which undergo a complex series of interactions and transformations to become
precipitation. One key process involved in this transformation is coagulation, which refers
to the collision and subsequent merging of cloud droplets to form larger raindrops. As
cloud droplets collide and coalesce, they combine their volumes and increase in size, even-
tually reaching a critical threshold at which they become large enough to overcome the air
resistance and fall as rain.

Understanding the coagulation rate, or the rate at which cloud droplets coalesce and
the time of formation of particles, is essential for predicting the growth and intensity of
rainfall events, as well as for improving weather forecasting models.

Coagulation rate

In principle, de€ning the concept of collision rate appears as a straightforward exercise
in gas-kinetic theory, but in reality it is a complex problem concerning the number active
variables and the complex dynamic of the system.

Imagining the particle as sphere-like objects, we can describe the rate of collection
for droplets moving in a *ow, as in [25], by the collection kernel of two colliding particles

=4 R?vy,  V,JE(ri;r);

whereR is the sum of the droplets radii of the colliding paitandr , v;, andv,, are
the velocity of each droplet, afidis the collection ef€ciency, which is the product of
the collision ef€ciencies and two-point correlation function. This general formulation is
deduced considering the rate at which the separation line between the center of mass of
the two particles cross a disk of radiRs making the kernel proportional to the area of the
spherical surface swept in a unit of time, hence the proportionality on the relative velocity
of the particles.

In the classical theory, [87], reducing the active variable only to thermatthe
particles, we expect the collision rdReto be a function of justn, with a dimension
of [R] = T 1, to be dependent on the collision kernel of two single droplet, where the
relative velocity of the pajv,,  v,,j is approximated as a function of the radii, and
proportional to the number dendity of particles in the suspension.

In the discrete setting of masses being indexel jye then obtain the classical rate
of collision

Rm = ( m;n)fy (1.1.2)

n=1

wheref , is obtain again as the mean €eld solution from the particle system 1.1.1, and is
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the classical solution of the Smoluchowski equation [83] with kernel

@ _X*
@{mz (nm  n)fpfm n 2 (m;n)fmfn; M2 N

n=1 n=1

In this setting, usually, is obtained a priori with direct numerical simulation on particles
moving into euid, or with physical reasoning of dimensional analysis, in order to reduce
the kernel to be a function of mass only. See [2, 81] and references therein for further
details. In analogy to the passive scalar example, this equation is obtained with different
degree of idealization, for this reason the Smoluchowski ODE framework, which employs
a mean-€eld approximation, has several limitations.

When particles grow in size, such as droplets in a cloud, the collision rate escalates
rapidly, leading to runaway growth observed in raindrop formation, known as gelation in
polymer physics. Surprisingly, modeling gelation with the Smoluchowski equation sug-
gests an instantaneous transition with zero time required, which is physically unrealis-
tic. Consequently, this mean-€eld descriptions based on the classical Smoluchowski ap-
proach is not enough to obtain a rigorous construction of the collision rate [75].

To solve this issue, extensive physical literature has been produced [90, 89, 75, 10,
11, 26, 25], in which derivations of coagulation rate, analogous to 1.1.2, are obtained via
direct numerical simulation (DNS) or thorough the analysis of Lyapunov exponent of the
dynamical system of particles [65].

From Saffman and Turner [78], to Falkovich [26], the main concept is that the colli-
sion rate can be divided into two independent components in €rst approximation. Some
collisions occur when particles follow similar trajectories for an extended period and even-
tually come into contact due to shearing motion in the sow. This mechanism is dominant
at low Stokes numbers, or more generally for tracer trajectories, when particles precisely
follow the *ow. The collision rate resulting from this mechanism depends on the local
shear rate and the local particle concentration. On the other hand, collisions between par-
ticles that deviate from the suid path lines and the turbulence at small scale, contribute
differently, contributing not only as a "rate of strain". A signi€cant difference between the
two contributions lies in their dependence on the typical time of a the paptatel the
relation with the Kolmogorov responge These mechanisms operate independently, and
their contributions can be combined additively.

For this reason, we focus our work on the construction of an effective and rigorous
theory foR b , When the folding of the sow line and the inertia of the particles became
meaningful in the interplay of the collision process. In doing so, under the hypothesis of
a turbulent velocity €eld, we construct a time evolution for the density of paftidles
where representthe active variables of the system, containing both position and velocity.
Hence, de€ning our key quantity

b3
Rurb = (3 Mm()d;

m=1

explained in detail in Section 1.4, for which we prove in Chapter 2 and 3 the derivation of
the typical coagulation rate as in [1, 64].
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Time to rainfall

Rainfall often starts suddenly from cumulus clouds, which form when the atmosphere is
convecting. In contrast, rainfall from stratiform clouds in a stable atmosphere has a much
slower onset. Interestingly, this can occur even when none of the cloud's parts are below
freezing point. The disparity between convecting and stable clouds is believed to stem
from the fact that convection generates small-scale turbulent motion. This turbulence
facilitates the merging of microscopic water droplets (referred to as "visible moisture™)
into raindrops.

The concept of convective clouds aiding in raindrop formation has a long history, with
[78] being a signi€cant contribution that includes references to earlier works. However, a
comprehensive theory explaining this phenomenon has proven elusive, making it a subject
of extensive ongoing research as recently reviewed in [80].

In this direction we study in Section 1.2 and Chapter 2 the time of formation of rain
drop, declined as a loss of total mass in the truncated density evolution of particles with
massesm = 1;:::; M, representing the typical raindrop mass.

pd
(f):=infft O] fit, )d M og;
i=1

whereM g is a reference threshold andare the set of active variables for the particles'
density. The relation to the small scale turbulence, derived in Chapter 2, propose a prime
example of dependence between the turbulence parameter of the «uid and the rain shower
initialization.

1.2 Tracer particles: a simple numerical study

Even though our goal is to understand the theoretical formulation of collision rate for iner-
tial particles in a turbulent suid, from particle system to a PDE formulation of the problem,
we start our journey a little far back.

We €rst consider a system of tracer particles in a turbulent suid,j.e. ¢ . For this
system theoretical results on the limiting equation of the density and the structure of the
collision rate due to the advection of the «uid, in the case of probabilistic rate of collision,
are derived in [37] and Appendix A.

In this section we propose, as a motivating example, a small numerical study on the
time of coagulation of tracer particles subjected to two different velocity €eld modelling
a euid in which they are embedded.

In the €rst case we suppose that the €eld act independently on each particle akinto a
Brownian motion, while in the second case we propose a modelling of the «uid in which the
particles are embedded motivated by works of Majda [63], Flandoli and his collaborator
[32, 34, 33].

The reason for such experiments is to understand the effect of turbulence on the co-
agulation of particles in the simpli€ed context of tracer particles with a hard sphere col-
lision, i.e. collision happens as soon as there is a contact between particles, motivating
the study of a rigours theoretical de€nition, via density function, of the coagulation rate,
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other meaningful quantities or, alternatively, the direction in which a suitable system can
be constructed to investigate the aformationed properties.

1.2.1 Numerical Simulation: First Time Rain Generation
We focus our study on the behavior of the €rst formation time of a raindrop in cloud, i.e.
¢ :=infft  0j9i 2Ny¢; Rl >= Rygg; (1.2.1)

WhereR‘t is the radius of thé th particle at time andR,q := 4 10 “is the radius of
the typical raindrop in our simulation. WiNlgare the surviving particles at timgwith
N: N.

Main result of this computation is the production of decay estimates, numerical and
theoretical, in the formation time of droplet respect to the different turbulence parameter
identi€ed in the modelling of the euid.

The complete setting we are going to consider for our tracer particles is the following

. X . 4
dX! = "y k(X)) Kdt+ "pm dB 1 (1.2.2)
k2K

fori =1;:::;N¢; No= N 2 N; 2 R, simulated with an Euler-Maruyama scheme.

The parametelyn; "¢ 2 f 0; 1g select the setting in which we investigate the for-
mation time ¢ : a pure Brownian case or a random €eld driving the particles.

The domain in which we have done our simulation is the due dimensiondlterus
[ 2;2P= , adimensional, with periodic condition on the border. The intuition is to rep-
resent a zoom in inside the cloud and we assume that as the particles move they are
replaced with probability one with particles of almost the same size.

Concerning the random velocity €eld in which the particles moves, it is de€ned as the
stochastic proces$ (t; x) with the following form

X

U(tx) = () § (1.2.3)
k2K
x %)’

_ 1 A R? — (e
k(X)= ?m (a;B° =(b; a)

where pointx are €xed and selected with a uniform distribution over the considered
domain. This choice represent small vortex patch akin to the vorticity of the turbulent
*ow in which the droplet are submerged, [33]. We regularize the €eld with the following:
k(xk) = 0.
The real-valued stochastic process{ésare Ornstein-Uhlenbech that satisfy:

df=  Kdt+ dB Y, §=0;k=1;:3K:

which we have also simulated with an Eulero-Murayama scheme and used the result to
compute 1.2.2.

To every particlX ' we associate a volume and, assuming as usual the raindrops to
be spherical, we represent the radius and the volume in a bijection, i.e.

8i =1;::;N; V! g (RH3:
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The initial condition of the particlé,), are sampled from a uniform distribution over the

domain, while the initial volum&‘é > 0 are selected uniformly in the range of large
droplet [10 ®;10 4].

On the rule of collision

Two real-droplets may collide and coalesce completely into one big real-droplet and this
process is responsible for precipitation development.

Even though the coalescence process can be described in a probabilistic way, here we
simplify our model and we put ourself in a setting of deterministic hard sphere: what we
expect is that ou\r/t"N ,of thei  th particle, changes not in a continuous way, but with
jumps proportional to the particle thahteract with.

Meaning that, when two particle interact with each other, they merge into one single
particle. So thatthe volume of a particle increase only when collide with other rain droplets
in a linear way. To state it clearly this is how our coalescence works:

1. Let;j; i =1;:::; N the particles of the system, and den&gtheir radius;

2. Forevery couplg j ) suchthatx; Xjj R;+ R; the coalescence happensin
the following way:
~ VN VN then
{ th;N = 0 and the particl¢ is removed from the system.
" Vice versa it/ >v /"N
At last, concerning the number of particles, we performed our simulatioN with
10%. Finding the right time step was challenging, since the position of the particle is dis-
crete and as such we could lose interaction between particle in the motion of the rain
droplets, causing numerical error and inconsistency in the behaviour of the formation

time. After few trials we set our parametet = 10 “ to have a second order error
and a control on the collision.

1.2.2 Pure Brownian Movement
In this small section we analyze the particle system under the action of independent Brow-

nian motion attached to the droplets. We'set=0;"py, = 1 in 1.2.2 and we reduce
the model to the motion equation given by:

dX! = dB|;

whereX } are drawn from a uniform distribution o¥érand 2 R.

The radius of the particles are selected in such a way that a raindrop is created as
soon as the value it the threshold

Rl 4 10 %4
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and the radiu:R‘O of the starting volume of the rain droplets are drawn from a uniform
distribution between valud® ° and10 4 smaller than a real raindrop.

We wan to analyze the formation timedependent on the intensityof the indepen-
dent Brownian motions. To do so, for each parameter, we have sin2f@tiahes the
particle system, collecting the time formation in a time series from which we extract the
mean time. In detail we have, callig the number of repetitioff, the formation time
ofthei  th simulation, the following:

1 R
Ny =200; Tmean = E[T¢] N. T¢:8 2
=1

Where = f0:1;0:2;0:3;0:4; 0:5; 0:6; 0:7; 0:8; 0:9; 1g, is a partition of the reasonable
interval]0; 1], for the intensity of a realistic Brownian motion.
We selectedt 10 “through the simulations.

A simpli€ed theoretical reasoning

Before showing the numerical result, we show a theoretical reasoning on a simpli€ed
model that can explain the expected result in such a model.

Let us consider two particles moving subjected to independent Brownian motion with dif-
ferent initial conditionW & + x1, W 2 + x; on the unitary Torus.

Callxg = x1 X and de€ne the random time

o =infft 0 jWe W2+ xo g

which is linked to our formation time, since coalescence happens when two raindrops are
near depending on a set threshold.

Then we ask the question: hovimpact the collision time of particles?

This quantity cannot be independent fronindeed calB; = W!  W/{, this is a new
Brownian motion, with intensity dependent from the dimension (but €xed), so without loss
of generality we €xed it at 1.

Thus we consider the quantity; ,:

o =infft 0:jB ¢+ X0 "g
=infft 0:jB 22+ Xoj "9
=infft O:jW 2.+ Xoj "g

1:xg—

Here we have used the auto-similarity of the Brownian motion.

What we recover is that there is an inverse quadratic dependence of the formation time
with the intensity of the Brownian motion moving the particles. That we can express in a
compact form as

E[ xol 2
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Results on Regression

Let's start showing the result table 1.1 of the mean formation time and the standard de-
viation, in dependence of Brownian intensi® , of the simulated system. Note that
we express the result in iteration, to obtain the simulation's time we need to multiply the
epoch with the time stept.

Following the theoretical background, not only we expect that at the increase of the
suctuation our formation time decrease, but we also expect to €nd a quadratic inverse
dependence with the intensity of the diffusion, i.e.

EL+()] 2

where we have highlighted the dependencefaom ¢ .
As we can see from the table, there is a signi€cance decay in the mean time as the
intensity grows, and, as expected, the standard deviation became smaller.

Brownian intensity Mean time ( t) | Standard Deviation ( t)
1 636 114.9043
0.9 641.4 119.8025
0.8 691.5 93.29014
0.7 734.9 170.0514
0.6 808 165.7607
0.5 917.6 234.5115
0.4 1086.9 312.3816
0.3 1569.8 260.9294
0.2 2896.5 387.9338;
0.1 4567 434.2

Table 1.1: Brownian diffusion coef€cient and the respective mean time of formation

Infact, as grows the initial condition of the system became less and less important
for the mean formation time, as we can see as the standard deviation decrease as
increases.

To understand the decay we proceed our analysis with a quadratic and logarithmic
regression on the model. In Figure 1.1 we can see pl@jethe decay of mean formation
time that shows the time decay in dependence with the increaseititensity of the
Brownian motions. We can appreciate the stabilization of the randomness in the standard
deviation, plotted as black bar in €gure.

First, we performed a quadratic regression, for which we show the results in Figure
1.1(b) as a Lin-Log plot respect 1. We can already notice how the behavior of the
numerical data, interpolated in red, €t the regression line in blue and the most signi€cant
error are in the very small regime of 0:1, since the particle are almost still in their
motion and the dependence from the randomly generated data is stronger. The regression
show a residual plot without any particular structure, with a residual standard error equal
to 0:5232 the explained variance, or R-square, equal to 0.992 and a summary that agrees
with our conjecture on the quadratic decreasing of time respect to the intensity of the
noise with a p-value 10 8.
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Figure 1.1: On tixeaxis the Brownian intensity, on theyaxis ; 1. From top to bottom:

(a) Plot of Brownian Intensity/Formation time that shows the time decay in dependence
with increase in , intensity; (b) Linear-log plot: quadratic regression, in red the interpo-
lated numerical data and in blue the regression curve;(c) log-log plot: logarithmic regres-
sion, in red the interpolated numerical data and in blue the regression curve with slope
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To validate our results, we concluded the analysis with a logarithmic regression to
capture lower order power and euctuation in the intensity dependence of the exit time.
The results in Figure 1(d) con€rm how the behavior of the numerical data, interpolated
in red, €t the regression line, in blue, in accordance to the quadratic regression. Small
euctuations around the regression line can be appreciated, showing lower order depen-
dencies on the intensity, but the residual plot showing no structures with a standard error
of 0:1, an R-squared equal@®79and a p-valug 10 8, agrees with the hypothesis

E[¢] 2

Thus, at the level of tracer particles with an hard collision rule of coagulation, we observe
a decrease in the time needed to obtain formation of larger particles quadratically propor-
tional to the parameter of the noise driving the particles.

Even though this €rst simple example is not in itself fundamental, is a primer example
of the phenomenon we are trying to understand in this work: an increase in turbulence or
temperature can, in principle, increase the coagulation of particles moving in a €eld.

1.2.3 Random Field Movement

Motivated by the reasonable result of the previous section, and expecting that the mod-
elling of the velocity €eld(t; x) de€nedin 1.2.3, as shown in [35, 33], is close to a Brow-
nian motion with a precise variance acting on the particles.

A such, in this section we are going to analyze the particle system under the action of
this velocity random €eld to see if a scaling on the parameters of this noisy euid velocity
can be found. We considered the system 1.2.2,"wjth= O; " = 1, for the position
of the particles

X .
dX{ = K(X{) fat
k2K

whereX } are drawn from a uniform distribution o¥érandK 2 R.
We recall that the velocity random €eld in which the particles moves, it is de€ned as
the stochastic process (t; x)

X
U(tx) = K(x)

k2 K
()= 22X ey = (b a)
2 jx X

where pointxy are €xed and selected with a uniform distribution over the considered
domain. The real-valued stochastic procesgeare Ornstein-Uhlenbeck that satisfy:

di=  fdt+ dBf; §=0;k=1;:;K:

with 2 Rthatrepresents, witk , the two investigated parameters for the turbulent euid
velocity.
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A theoretical conjecture

Before moving to the numerical results, we brieey illustrate a theoretical conjecture on
what we expect to €nd in the next section when we are assuming a hard collision regime
on the particles. Following the idea from [35, 34, 33] in which a euid dynamical equations
with a transport noise of the form 1.2.3 converges to deterministic viscous equations such
that the viscosity is enhanced by the turbulent random €eld.

For this reason, since the instantaneous hard collision does not have a direct interpre-
tation as a rate in the Smoluchowski, we approximate the density of our particle system
withe the associated Fokker-Planck equation (see Appendix A)

X
@+ (k(v) rxy) ¢=0
k2K

Under suitable assumption we apply the Galeati limit and the solution of such coagulation
PDE is close to the solution of the linear Fokker-Plank associated to the Brownian system,
ie.
2
+ — =0
@t 2 t

where = (K; ) depends onthe parameters of the system in study.

We expectthat, albeit less impactful than independent Brownian motion attach to each
particles, the €rst exit time depends on the random €eld parameters again as an inverse
power

E[¢()] p()*

wherep( ) is a polynomial at most of degr@e

Figure 1.2: Snapshot of particle system dynamics: we can observe the cluster formation
obtained from the presence of the vortex. We expect that such cluster, and the random-
ness of the Ornstein{Uhlenbeck process, are the reason for the decrease in time of rain
formation.
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1.2.4 Random Field Analysis: Non-Linear Regression

We divide the analysis in two main parts. We start €xing the intensity of the Ornstein-
Uhlembeck processes and varying the number of vortex in the cloud; later we €x the vortex
number and move the intensity of the environmental stochastic processes.

Following the previous reasoning we expect that our formation time depend with at
most a square inverse power with the number of vortex and intensity of the random pro-
cesses

E[+(Kj; )] pGKj; ) 5
where we have highlighted the dependence on the parameter, wiiéreferintend the
cardinality oK .
From the theoretical conjecture in the previous subsection, we expect that as vortex
increase, so does linearly the covariance matrix of the noise, resulting in a square decay

for the exit time f. While model the temporal structure of the phenomenajthus we
expect that the effect is smaller on the vector €eldsvith a inverse decay trend

Fixed intensity

We analyze here the case in which the intensity of the noise is €xed, to a high value, and
the number of vortex in the €eld changes. We'll see, as claimed at the start of the section
that the decay is visible when we increase the number of vortex patcheeracting

with the particles. We show here regression that support the conjecture of a polynomial
decay of orde® respect the variablg j.

Figure 1.3Left: table of time decay as vortex number increase and as such the number of
vortex in the system grows. Mean time and Standard deviation decays accordingly to the
growth ofjK j, number of vortex patcheRight: The black line represent the mean time
varying the number of vortex, while the red strip are the upper bound and lower bound of
the standard deviation.

We note that the initial condition produce a very euctuating system when the vortex
number is small and the particles moves very slowly. This is expected, since the collision
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are reduced and the random initial condition became dominant in the system. This is
shown in the high variance that decreases as soon as the vortex number increase.

In the simulations we €xed= 1500, the reason is twofold: €rst, using the formula-
tion of the Ornstein-Uhlembeck processat the increase of the intensity we converge
closely to a Wong-Zakai type of result, hence recovering a suctuating white noise with
correlation in space due to the vortex patchgs k 2 K. Second, this guaranties us
that the particles moves with suf€cient high enough speed, making sure that collisions
of droplet can be observed outside of the €rst time iteration in which the initial condition
dominates.

In Figure 1.3 we see the decay in the exit tiymat the increase of the vortex patches
jKj, suggesting as expected from theory. We performed a quadratic regression from
which the residual plot showed no sign of structure. The analysis show a great adher-
ence of the data to the regression, with an explained variancedd8, a residual error
of 0:1and a global p-value 10 7 that suggest that our hypothesis on the decay is valid.

To conclude and validate further our conjecture, in Figuld&ight), we perform
a logarithmic regression. The analysis is consistent with the quadratic regression per-
formed and showed a good R-squared val@9& No signi€cant structures were found
in the residual plot and the value of the regression supported our hypothesis of a quadratic
decay in the time, with small suctuation due to the randomness of the initial condition that
stabilize at higher vortex number.

Figure 1.4: On theaxis the number of vortex at intensity= 1500, on they-axis ; 1

and ; respectively.Left: Lin-Log plot of quadratic regression with €xed intensity and
varying vortex numbdRjght:Log-Log plot for Logarithmic regression with €xed intensity
and varying vortex number with slope 1.

Fixed Vortex patchgk |

We analyze, now, the case in which the number of vortex patches is €xed, while the inten-
sity of the Ornstein-Uhlembeck, de€ning the temporal structure of the random €eld, can
change freely. Performing statistical analysis, even with few sample, We'll see as expected
due to the less effect of the time structure, that tend to delay the coagulation, a decay in
the exit time ; respectto , but with a degree less th&n
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Figure 1.5: On theaxis at €xed vortex numb@00, on they-axis ¢ and ! respec-
tively. Left: numerical plot of mean time with standard deviation. It is shown a decay in
time when the intensity increase, with also a decrease in the standard deRégiun;
Lin-Log plot quadratic regression of mean time with varyifiged vortex number, show-
ing a different behavior.

We €x the number of vortex patcli€g = 200, the choice is made arbitrary after few
trial, to obtain a fast coagulating system for the required simulation to be made even with
very slow random €eld intensity. More so, the selected number of vortex patches already
showed a nice decay in time, as seen in previous section.

In Figure 1.8ight , we performed a quadratic regression, showed in lin-log plot. The
residual error was higher, of orde¥ and the explained variance was overall less than
0:83, even with high intensity parameter that should make coagulation faster. Even though,
as showed in Figure 1&ft , that the decay in time is present at the increase,dhe
regression suggested as expected from the intuition, that the ineuence of the intensity in
the time structure is less strong than the number of vortex-like structures in the random
€eld in producing coagulation.

The analysis show a less degree of understanding of the data, and while R-squared
is still relatively high, we expect that power of lower order describe the decay curves in
a more robust way. To see if a regression with lower power of the parameters can ex-
plains better the decay of time formation we performed a logarithmic regression, plotted
in Figure 1.6. From the analysis we see that more structure is captured when this type of
dependence is conjectured. In fact no bound on the decay exponentis present and as such
the analysis is more sexible. In particular the explained variance is ad@havhile the
error is reasonable of ord@rl and intercept 1, suggesting that a non linear regression
oftheform a=1+ b ) isthe right expected decay for the time as a function of the
intensity parameter.

Lastly, to pursue this idea and get a more precise estimation on the behaviour of the
€rstformationtimes ( ), with €xed number of vortex patches, we performed a non linear
regression on a more re€ned sample of intensity. We iterate the system for intehsity
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Figure 1.6: On the-axis at €xed vortex numbe&00, on they-axis ¢. Logarithmic
Regression: Log-Log plot regression mean time with vary@ixgd vortex number.

[100 1100]with a step of ordetO.

After the logarithmic regression, we expect a dependence on the parameter of the
form ﬁ For this reason we se, = 0:08, b, = 0:048starting parameter,
selected from the value ap = 100 and the logarithmic regression, and we perform a
hyperbolic non linear regression shown in Figureft.7

We arrive at convergence with vadue 0:06; b = 0:001 with residual error equal
to 0:0029and a correlation with the numerical data equ#l.7®. More so the achieved
tolerance of convergence is of orddr . As we see in Figure Irigiht , no structure is
present in the residual plot and the decay is captured by the regression curve.

In conclusion, all this analysis suggest that when the intensity of the pracéss
crease we have a decay in the exit timebut since the noise interact only in the time
structure the decay has lower degree, slowing the global behavioregpect to the
classical brownian case.

1.2.5 Conclusion and expected results

In conclusion, our numerical toy experiments, performed on a particle system subjected
to two random €eld approximating a «uid «ow, have provided us valuable insights into the
relationship between coagulation dynamic and turbulence of the velocity €eld. Through
our investigation, we have discovered that turbulence plays a signi€cant role in ineuencing
the coagulation process, ultimately accelerating the collision time necessary to obtain
larger particles.

The downside of this approach, other then not being perfectly comparable with phys-
ical data, is that the setting of instantaneous coalescence present a unigue challenge in
studying the probability density function (PDF) of the particles. Since objective of the the-
sis is to produce a theoretical framework for the coagulating process of particle in euid,
we had to approximate our process and pass to a probabilistic rate in the coagulating
dynamics.

A such, in the next section, given the dif€culty associated with analyzing the PDF in
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Figure 1.7: Left:Non-linear Regression for movargl €xed vortex. Expected decay as
1. Right: Residual plot. There is no presence of structure in the residual.

such cases, we directed our focus towards a scaling limit approach. By recovering the
standard Smoluchowski diffusion equation, we could test, numerically, on the solution of
our continuous density a more comprehensive understanding of coagulation dynamics.
This approach allows us to gain a deeper insight into the behavior of particles and their
interactions, shedding light on the underlying mechanisms that govern coagulation pro-
cesses, more so, €nding what does not work in the standard modelling of tracer particles
and how to pass to kinetic system.

1.3 A negative result and a new paradigm

In this section, we present a signi€cant €nding that challenges the applicability of the PDF
framework for tracer particles in turbulent «uid.

Speci€cally, we demonstrate numerically that the turbulent «uid does not contribute to
an improved coagulation process at the level of the spatial-volumetric density, even when
the numeric in the hard collision framework show otherwise. The reason must be traced
back to the derivation of the coagulation rate in the classical Smoluchowski equation: in
fact, without prior modi€cations based on physical reasoning, it remains unaltered in the
limiting Fokker Plank equation, thus going against intuition and experiments that turbulent
«uid helps in the realization of an enhanced coagulation.

1.3.1 Smoluchowski equation with diffusion

Starting from the seminal work of Smoluchowski [83] and Aldous [2] a lot of interest has
been posed to the description of density function in coagulating processes.

In this direction, one of the main results was provided by Hammond and his collab-
orator [46, 48, 47], extending rigorously the Smoluchowski equation to a PDE with space
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variable, as a scaling limit of a particle system undergoing pairwise coagulation (with an
apriori rate, dependent only on the masses).

In particular, they provided a model of time evolution probability distribfiigh x ) gt -,
of diffusing particles of different sizam 2 N. Particles undergo pairwise coagulation
with coagulation rate (m; n), and their resulting equation could be read as follows

rxl
@mtx)=  fn(tx)+ (mm  nfa(tx)fm n(t;x)
n=1

S
2 (M;n)fm(EX)fn(t;x); t> 0;x2 T9 m2N:

n=1

In this setting, particle are moved independently subjected to Brownian motions. Indeed,
this is not enough to understand the behavior of particle moving into a suid velocity sow.

In [30], Flandoli and Huang, proposed a new model in which particles advected by
suids may coagulate upon spending time near each other. At particle level, motivated
from works of Boussinesq [15] and Majda [63], the ineuence of a large-scale turbulent
*0w is modelled as a common transport noise:

X
W(t; X) =  ()WK (1.3.1)
k2K

a white noise in time with non trivial spatial covariance whegéx)gkok countable
divergence-free smooth vector €eld$/,égk2K independent 1-d Brownian motions. We
de€ne the covariance mat@(x;X) := ok k(X) k (x) derived by easy compu-
tation on the transport-type noise.

Under suitable and natural chofcegk2k , i.e Kraichanan type covariance [33, 58],
we haveQ(x; x) | 4, for enhanced diffusion coef€cient 0 (see Chapter 2, and
[35] with reference therein).

Remarki.3.1 As a remark, we note that this noise is akin to the one studied in Section
1.2. Infact, considér2 K and £ Ornstein Ulhembeck satisfying the SDE

de& =  ECdt+ Bt 0 > 0

withB K one dimensional Brownian motion de€ned on a probability space in the usual way.
We de€ne a correlated in time and space environmental noise

X
L (x;m) Kdt
k

Then in the limit for high, the two environmental noise, the one de€ned in 1.3.1 and in
Section 1.2, are close thanks to Wang-Zakai' theorem, implying that
tk; o W

withW/ one dimensional Brownian motion.
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Using technique from [48], Ito-Stratonovich corrector and the Tanaka trick, from parti-
cle system interacting as in Appendix A, a limiting SPDE form of Smoluchowski equation
is obtained

w1
dn(tx)= fm(tx)dt+ (n;m  nN)fa(tx)fm n(t;x)dt (1.3.2)
n=1

R X

2 (m; n)f m (L x)fn(t; x)dt rfm(t;x)  k(X) thk
n=1 k2K

+ div(Q(X; X)r fm(t;x)); m2N

Considering a suitable formulation of the environmental noise and performing a Galeati
limit, a Smoluchowski diffusion equation, akin to the one proposed in [48, 46] is obtained,
but the effect of the turbulent «uid has produced a turbulent enhancement represented by
the second order elliptic operator preserved in the limit, i.e.

w1
dn(t;x)= fn(tx)dt+ (n;m  nN)fa(tx)fm n(tx)dt (1.3.3)
n=1
h3
2 (m; n)f o (6 X)fn(tx)dt + div(Q(X; x)r fm(t;x)); m2N
n=1

This is the main object of study of this section. We use this equation, with a con-
stant rate of coagulation, to see if improvement in the mass displacement is obtained in
dependence of the turbulence operator

div(Q(x; x)r fm(t;x))

that we reduce to the form f,(t;x), whenQ is of Kraichnan type.

A digression on the theoretical selection of the noise

As aremark, before stating the results, in the same spirit as [31, 32, 39], we explore more
in detail some property of the environmental noise that we use to rpoduce the limiting
equation.

Following the works on modeling of passive scalars [58], when considering the scaling
limit of 1.3.2 to the Smoluchowski equation with diffusion 1.3.3, we consider a model of
noise in the «uid which is delta-correlated in time, namely a white noise with a precise
space dependence.

X
W (t; x) dt = K (x) dBf (1.3.4)
k2K

where( ¢ (X)) is a family of smooth divergence free vector €elds on the domain of the
equation, ancIBtk are independent one-dimensional Brownian motions; usually, a

€nite index set, but with suitable assumption we could consider also the case of countable
family of smooth €elds.
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In this case, the tert (t; x) r f, (t; X) obtained in the convergence result of the
particle system empirical measure, must be interpreted as a Stratonovich integral

k(X)) 1 (Gx) dwk: (1.3.5)
k2K

Assume that the solution is suf€ciently smooth so that the Stratonovich integral makes
sense, then this is given by a@-Btratonovich corrector plus af ibtegral; precisely, is

given by: X
1 k(X) 1 (kX)) r fm(t;x))dt+ dM (t; x)
k2K

whereM (t; x) is a (local) martingale. Follows that thé-Btratonovich corrector takes
the form of an elliptic operator:

%div(Q(x;x)r fm (t; x)) dt
whereQ (X;Yy) is the space-covariance function of the noise

X
Q(x;y) = k() k(y):

k2K

As an example, we take the noise [58], which is relevant to numerical investigation, e.g. in
the choice of the divergence-free €eld in the point vortex model for suid [40]. For simplicity,
assume the domain to H®?, but modi€cations om? are possible, see for example [35,
33].

Its covariance function is space-homogeneous@.ex;y) = Q (x vy), with the
form
1 s | k k

— dk:
koj ki<k1 jKj%* ikj?

Q@)= ky

The famous Kolmogorov 41 case follows if we take 4=3. Takingk; = + 1 , then
Q (0) = K 2 where the constarK is given by

K = __i | k_ _2k dk
1j ki<1 jKj JKj

We consider small-scale turbulent velocity €elds depending on a scaling parameter and
taking the scaling limitin 1.3.2, as in [33, 42]. In the case of [58] we have

ko= k) 11

The resulQ (0) = K isindependent oN, so that the b-Stratonovich corrector be-
comes equal to

fmt (X);

and simultaneously, we may have that thedtm goes to zero, hence recovering 1.3.3.
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Let us sketch the argument which explains why the&ehm may go to zero, in spite
of the convergence to a €nite non-zero limit of theStratonovich corrector. Letbe a
smooth test function. One has
? X T 20 X T #
E4 h rfme; i20B¢ S=E hi rfme; i0,dt

kok O kok O

by the isometry formula oflintegrals,

" #
X T
= E Hme; k Ficodt
kok O
sincediv ¢ =0,
" #
T X
=E k(X) 1 (X) k() r (V)Fm(tXx)fm (ty)dxdydt
0 k2K
T
=E roy)" Q) r (X)fm (tx)fm (ty) dxdydt

0
T
E th; tidet
0

where isthe linear operator on vector €elds with k&rfgly) and ¢ (x) = r (X)) fm (t; X),

:
kQk 2 2E k(K& dt:
0

Now, one can prove uniform boundsl:‘orbT k tkEz dt with respect to the scaling of
the noise and one can choose a noise such K@k, ., | . goes to zero. Notice that
in the 1B-Stratonovich corrector only the diagaDdk; x) counts, while the smallness of
KCk, 2, |2 isrelated to the smallness @f (x;y) whenx 6 .

1.3.2 A one dimensional counterexample

In the previous section we have derived a partial differential equation 1.3.3, akin to both
Fokker-Plank and Smoluchowski, representing a coagulating system of tracer particles
under the effect of a turbulent eow.

In this section we show, with few numerical counterexamples, how this system results
to be too crude to investigate both the coagulation rate and mass displacement of the
density trough time, and how to overcome this rigidity.

In the framework of tracer particles, the selection of the ker@mf n) in 1.3.3 is
crucial and must be made beforehand, taking into account the euid's characteristics to
effectively incorporate its impact on the coagulation dynamics. The eddy diffusion's insu-
ence, obtained through Galeati's limit, represented by the operatpmanifests as a
diffusion of masses, hastening their movement and reducing the time they spend in close
proximity. Consequently, the likelihood of coagulation within a given time unit diminishes.
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To show this, we €rst identi€es few objects and quantities, that in Chapter 2 will be
studied in great details for a system of inertial particles, to understand the behavior of the
space-mass system 1.3.3.

We recall that objective of this research is to €nd a link between turbulence parame-
ters and decay of (random) mixing time, mass displacement and the computation of the
coagulation rate between particles.

For the convenience of numerical simulations, we consider from now on only €nitely
many mass levels. That is, we close the set of equations into a €nite systerasof
whose solution i¢f 1;f2; :::; fm ), for some intege > 0.

K 1
dn(tx)= fu(tx)dt+ fal(t;x)fm n(t;x)dt (1.3.6)

n=1

W
2 fax)fa(tx)dt+ div(Q(x;x)r fm(t;x)); m2N;
n=1

This amounts to replacing trllbeﬁzl in the loss term b)lj) an1 , with everything else
unchanged. This correspond, in the particle system (Appendix A), to the fact that each
particle’s massis restricted to; 2 1;2;::;;Mg.

The interpretation is that when the mass of a rain droplet exceeds the thr&shold
it falls down (as rain) and hence exits the system. More so, it is natural to assume

(n;m) landusingthe Kraichnan covariancg@x; x)r f,(t; X)) xFm(t;X).

Evolution of densities

Let us consider the system of equation in a slightly simple setting, yet amenable. Fix
dimensiord = 1 and the spatial doamin be the one-dimensional tBfusVe €M = 2
and de€ne the system as follow. Galk u; f, = v, then:

(@uz u u?

@ = v+ u?
uo= h(x); vo= g(x); x2 Tt O

(1.3.7)

whereh; g are two positive probability functions. Mass of typend type2 can coag-

ulate and does not interact in other way and this system represent a prototype in which
tracer particles with enhanced spatial diffusion interact, without prior modi€cation to the
collision rate and the kernel of the Smoluchowski equation.

We simulate this system of equations with a €nite difference method on the time inter-
valt 2 [0; 1]with a partition of equally distributed points in tifrnpgj’\‘:0 . The space vari-
ableisidenti€ed as 2 [0; 1] with the boundary identi€ed and partition of pbm(tgfzo .

We do the simulation withthat satis€ed the FCL stability, i.e.

< 1=2:

t
( x)?

First, we consider an initial condition constant in space of thetfigrm 1;vo 0. We
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see that in this case the solution is in fact the one of the system od ODE:
(
U2
2

|C
1

(1.3.8)

<

=u

with same initial condition and periodic boundary.

In Figure 1.8, we simulate two solutions with constant initial condition and 2 different
diffusion rate. This choice of the initial conditions show that there is no real dependence
on the turbulence parameter. Without considering a coagulation rate directly dependent
on the »uid velocity, which cannot be recovered from 1.3.3 in the tracer setting, no growth
in dependence of the parameteis visible. The density of tyfEmassv(t; x) increase
independently in space.

As a second example, we consider an initial condition in which a space dependence
is present, i.eug = f (x); vo 0, withf (x) sinusoidal function, with periodic boundary

Figure 1.8: Side by side comparison of growth in tinve miass type solution for the
system with different diffusion, respectively from left to right,0:45; 0:05and same
constantinitial solutiong 1; vo 0.
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Figure 1.9: Side by side comparison of growth in tinve wfass type solution for the
system with different diffusion, respectively from left to right; 0:45; 0:05and non
constant initial conditiong  f (x); vo 0.

condition. As before, we simulate the system ®@idlifferent diffusion.

In Figure 1.9, we show two solution at different diffusion rate, with the initial condition
Uo that depends on the space domain. As a difference from system 1.3.8, we see a clear
dependence on the diffusion rate, but there is no clear sign of a coagulation enhancement.
In particular, considering the average over the space domain, no sign of improved coag-
ulation or mass displacement is shown in the system. Suggesting that the the diffusion
parameter in the crude space-mass Smoluchowski system works against the coagula-
tion process.

Formation time

For this reason, as an analogous of the discrete formation tigrge€ned in Section 1.2
equation 1.2.1, we de€newhich represent the €rst time the total density has put enough
mass on effective rain drops:

X
(f)=infft O] fi(t;x)dx M gg; (2.3.9)
i=1

withM ¢ a positive constant.
WeknowthaE s | Oas 2,when !1 inthe discrete system with instanta-
neous collision. So the question we ask is: dod$ ) has a behavior akin to the one
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Figure 1.10: Plot of the decayMf;(t) showing no enhancement in decay of the total
mass with initial conditiohy (0; x) = 1[ %;%](x).

displayed by the tracer particles system?

To understand the effect of the turbulent velocity €eld on coagulation and drown con-
clusion on 1.3.9, we reverse the idea of the formation time and identify and build on a key
quantity,M , (t) below, which is essentially the total mass left in the system atttime
SinceM < 1 this quantity measure the ef€ciency of coagulation by looking at how fast
the mass decays in time, with respect to different values of

To this end, we give a name to the Total Mass appearing in 1.3.9:

X
M 4 (t) := m  fm(tx)dx: (1.3.10)

m=1

We simulate the system of equation 1.3.6 on the one dimensional torus, limiting ourself
to the study oM ; withM =1.

We set our initial condition dg(0; x) = 1, %;%](x), producing solution with a €nite
difference scheme and a trapezoidal rule for the computation of the inkégreVe se-
lected a range of parameter for D 2 [0; 4], satisfying the FCL condition. The result
is shown in Figure 1.10: as expected from the analysis of the density realization, we don't
see an enhanced coagulation, more so a decrease in such phenomena. In red the curve
for = 0:005and blue the curve for = 4:5, showing the decrease in effectiveness of
mass movement trough level, hence increasing the time needed to form fully seshed rain
drop.
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1.3.3 How to overcome: probabilistic coagulation rate

Drawing conclusion from the previous simulations, we notice how conceptually and math-
ematically, the most dif€cult step in the program partaken in this thesis is to verify that
diffusion enhancement leads to coagulation enhancement, namely, the fast increase of
probability densitieg,, form >> 1 (large masses) for large diffusion coef€cient. In
fact, the model 1.3.6 turns out to be too crude, and numerically we cannot verify a coagu-
lation enhancement.

we notice how to overcome this obstacle we already have all the ingredients, but we
need to consider them at the beginning of the conceptualization of the model, even if this
make computation more cumbersome. Here we propose this change of point of view that
will be analyzed throughout the thesis.

We already know from Section 1.1 that the coagulation kernel, describing the proba-
bilistic interaction of moving particles must depend theoretically from the difference of
velocity of particles. This assumption, in the context of tracer particles was bypassed
with an already approximated kernel, dependent only on the masses, that does not take
into account all the nuances of the kinetic evolution due to turbulence at the level of the
particle system, more so on the €nal density, making impossible to construct a rigours
theory.

To be more precise, considering the rate of Coalescence of particles, we can think of
two two typical mathematical models:

" Deterministic: two particles meet, they become a new particle with mass given by
the sum of the masses and momentum given by conservation of momentum;

" Probability rates: two particles below a certain distance one from the other have a
probability per unit of time to merge in one.

The Kernels in the Smoluchowski equations are the macroscopic footprint of such proba-
bilistic rates.

In the realm of deterministic models, it is evident that coalescence invariably occurs
at a speci€c distance, irrespective of the duration spent in close proximity.

However, when considering models based on rates in the space-mass system, there
arises a limitation concerning their connection to turbulence. Coalescence transpires due
to a probability per unit of time, which diminishes as the time spent by neighboring parti-
cles decreases.

This presents a stark contrast: models based on rates in the space-mass framework
facilitate coalescence through slow moving particles. Regrettably, this contradicts the
practical understanding of turbulence. To resolve this predicament, it is imperative to
avoid favoring slow motion in the modeling process.

In the €eld of atmospheric physics [25, 26], it is commonplace to analyze the coagu-
lation of cloud particles by employing a rate that is directly proportional to their relative
velocity j vi  Vvpj wherev; i = 1; 2 are the velocities of two particles.

This factor is usually studied apriori with conceptual reasoning and then applied to
a Spatial Smoluchowski equation, hence making impossible to derive the right coagula-
tion dynamics directly from the density. More so, this factor, when multiplied by the time
spent in close proximity, remains relatively constant on average, thereby ensuring a con-
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sistent probability of coalescence. To solve this problem and incorporate both position
and velocity variables, a new system of inertial particles is introduced.

1.4 Fundamental aggregation model: Inertial particles

Motivated by the negative results of Section 1.3.8 and the reasoning on how to overcome
such obstacles, we go back to the foundation and propose an approach for particles that
take into account their velocity, hence their inertia.

Here we'll describe the ideas both for the particle system and for the de€nition of
coagulation rate, leaving the rigours computation to Section .1 and Chapter 2.

The model is composed bf moving particles, with position-velocibyti X Vti =
1;::;; N, embedded into a euid with velocity(t;x). To each particle, we associate a
massmi;(t) and radiug;(t), and we let these particles the possibility of coalesce. The
motion of the particles before coalescence follows the Stokes' law and is given by

dx| -
= VI
dt t
\/i 1 ) )
ddttz =V U tX{
p

Note that this regime is valid when droplets have a dengjityvhich is larger than the
density of the suid ¢ . As such, in this thesis we analyze setting in whigh ¢ >> 1.
The euid is idealized as the solution of

du (t;x) = i(U(t;x)dt dw (t; x))
f

X
W (t;x) = K (X) W
k

When two particles, with positid ; th and massesn!; mjt , are at distance
Xt XU+

they may aggregate, forming a new particle with mass m} + mjt, while velocity
agrees with the conservation of momentum.
To do so, they have a rate of coalescence, a probability to aggregate by unit of time,

given by a function V;'; th that, following the logic explained in the remarks below,
Section 1.1 and atmospheric literature [25, 26, 90],with some idealizations, we take as

VARV v,V =2a

Remark.4.1 Atthe beginning of our studies, illustrated in Section 1.3.8, it seemed natural
to us, for simplicity, to assume this rate to be constant, that is, independefit \gf .

Later, we understood that this assumption distorted reality because, during a "collision"
between particles (collision = an event where they are in proximity for a short interval of

time under the conditioiX | th 2a), since the rate was constant, the probability
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of coalescence was t, where t was the duration of the collision. This was intuitively
absurd: we wanted each collision to result in coalescence, or in a more realistic physics,
coalescence with a certain €xed probabililater, = 1 for simplicity).

Hence, Following the literature as in [25] and taking
ViVl o= v V] =2a;

since we have ‘ _
t=2a=V V/

from this we get
t=1

making the probability rate of collision meaningful as the speed of particle changes, re-
garding the time spent together, losing the erroneous bias toward slow motion.
Then, given, theaverage aggregation ratél be

D E
V{ VW =2a

where the term "average" means the following: we consider all the collisions that occur
and take the average of the valud§ V.

So, we need to take two generic particles at a distgncej 2a and evaluate
j Vj. LetscallthemX{; Vit ; X2 V2 without loss of generality, and consider the
two-point motion:

dx -
= V!
da
I . .
d(;{[t = 1 V! U X i=1;2
p

We consider the steady-state regime because if we impose €xed initial conditions,
they would ineuence the result. In the steady-state regime, whedgver X ? 2a,
we calculateV,! V2 and then take the average. In other words, in an ergodic sense,
we compute

;
o Vi W Yix2 x7j 2agdt
dt '

lim
T

T
0 :LfJ X{ X¢j 2ag
Assuming the validity of an ergodic theorem, by multiplying and dividingugyobtain

E VI V2 Lixt xof 2ag
PGXT X2 2a)

where the random variableX *; X 2;V1; V2 are distributed according to the invariant
measure of the system that de€nes the 2-point motion.

Let us focus on a system consisting of only one mass type that can coagulate, let us
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call thism' = 1 forthei th particle at time before having a collission. We are inter-
ested to de€ne the number of aggregation of particle of this type, i.e. understanding the
density of particlesn = 2, in a unitary time t and a unitary volum®.
Consider the non normalized empirical measu'ré associated to particles of mass

of typem = 2, which are the one generated when two particle of unitary mass collide, i.e.

N2 . _ X Lo i

t T fmi=2g

i2N (1)

Applying Dynkin formula with an observabba the particle empirical measure, we get

;
h; Y% =h; %+  (velocity €eld operator and Brownian semigyoisp
0

T X S
+ XG XV
0 ijan ()
i6] |
nvN(@t)+(m  n)vN(@)
XiN (t); I m : mp (t)=1;mN (t)=1 gdt
+M$‘;J
So, the quantity we are looking for is
to+ tX S .
t XGXEVEVE Lmiziglimizg (X5 X{)ds (1.4.0)
0 i6]

this is the number of collision of particle of mass = 1, in the volume&) (i.e. take
= 1g)inthe unittime t.

Remarld.4.2 Note that in principle there is a martingale term and this is already an ap-
proximation. If we take to be not in€nitesimal concentrated, then the martingale term is
of order smaller than N, does vanishing in the limit.

So, the quantity we are looking for is (1.4.1), and we can exploit two possible way to
compute it. First, if we suppose a mean €eld convergence, as we'll propose in Section .1
and Chapter 2 for particles with high inertia @e>> 1), we obtain from 1.4.1 the €nal
coagulation rate

to+ t
N2 Gy viw)f1(xv)F1(y; w) (X y) dxdv dydw (1.4.2)
to
This, multiplied by the uniform density of particles, give use a description of the collision
rate in the asymptotic of lard#t.

The second approach, explored in Chapter 3, is to consider a €rs approximation of
(1.4.1) when t is in€nitesimal, since we want an instantaneous rate. In this regime, we
can approximate the integral as

X to+ t
1fmi10=1 glf m{ozlg
i6]; i 2N (to) to

XEXEVEVE (xdxtds

(1.4.3)
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Computing this quantity is too complex; since the time step is in€nitesimal, we can argue
that an approximated computation of (1.4.3) could be done with an averaged reasoning,
i.e.

* +

X to+ 't L o
(1:4:3) hN (o) XEXEVEV! (X xd)ds
i8] 2N (to) '
| - {z }
(A)

To computgdA) we have to use again a mean €eld reasoning, even though this time we
need to consider the two-point motion of moving particles. As such we have

to+ t
(A) xy;v;w) (X y)fe(x;v;y;w) dxdv dydw dt; (1.4.4)

to

wheref; is the joint density of the two-point motion of particles of mislss= 1. Note
that, as of nowf; as no restriction on the position, but this is the role due(tqy). In
fact we'll see that, selecting an in€nitesimal volume of length Sgale Chapter 3 we
can recover a close form fQA).
Since we don't want a dependence on the initial condition, we again pass to the invari-
ant density of the two-point motibn (Xx;y;Vv;w) and we obtain the following:
In an in€nitesimal time interval, in a volume of Kolmogorv lenght s€a{é; ), the aver-
age number of collision of particle of mass approximated by

tN1(1) 5 y;viw)1o(x;y)fa (X viy; w) dxdv dydw;

whereN 1(1 ) is the stationary fraction of particles of masable to collide.

Remarki.4.3 Note that also in this second proposed computation, in the gas kinetic
regime of decoupled particles, ife. = f (x;v)f (y;w), we retrieve the result of Chapter
2 and Abrhamson [1].

We'll show, in following Chapters, how this formulation is the right framework to re-
trieve a complete description of the relative velocity, main factor contributing to the coag-
ulation rate of particles.

Since we are working with normalizing densities, we have to multiply the averaged
velocity with

Concerning now the quantity (to), we consider the Dynkin formula fQF*. Op-
posite to [\';2 we obtain the same result but with a menus in the coagulation operator,
representing the particle coagulating to form the one of mass2.

We can argue, consideriNg (to) = hi; }N''i and using 1.4.1, the following estima-
tion:

E[Ni(to+ 1)]=
to+ t X

= E[Na(to)] XEXLVEVE XN O O+ VO Ly e s (-1 g0

to i 2N (1);
i6]

E[N1(to)] + tE[Na(to+ t)IHA)i:
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Hence, we can argue that the behavior of the density of particles is
E[Ni(to+ )] E[Na(to)]e ™

wherehAi is the averaged velocity difference.

So, as we'll see in Chapter 3, under the hypothesis of a steady state distribution, i.e.
particle marge but are replaced with new particles since we are looking at in€nitesimal
volume, we expect a gas-kinetic boltzmann like distribution for the portion of particle col-
liding, i.eN1(1) N 1(0)eh Al

This framework is the baseline to construct a rigorous theory that, from simple math-
ematical equation can naturally give rise to all the fundamental quantity of rain coales-
cence.

1.5 Inertial particles: scaling limit

In this section, summarizing the results of previous sections, we provide our original moti-
vation that gives rise naturally to thessystem we study in this thesis and for which we'll
derive in Chapter 2 and 3 rigorous estimate for the coagulation rate. The Smoluchowski
typespbpesystem we study is conjectured to be the scaling limit of the empirical measure
of a system of diffusion particles (idealized rain droplets in the atmosphere) undergoing
locally in space coagulation, while subject to an idealized form of turbulence, cf. [31] for
a discussion. More precisely, for ahy 1andN 2 N, consider a second-order parti-

cle system with space variabté (t) in T9, velocity variableN (t) in RY, mass variable

miN (t) in a €nite sef 1, ::;; M g, and initial cardinalitid (0) = N . Between coagulation
events, the motion of an active particle obeys

dxN (t) = v (t)dt; i 2 N (t) 4
X

MY AN ()= ()= " 2dB 1)+ KON ) dwf vyt
e (1.5.1)

(whereas after each coagulation, the velocity will be reset according to the conservation
of momentum, to be precised below), where

" N (t) denotes the set of indices of active particles in the system attjméose
cardinalityN (t)] N,

" fBi(t)gk, is a given, countable collection of independent standard Brownian mo-
tions inRY

molecular diffusivity> 0

~ w(x): T RY Kk 2 K is agiven, €nite (or more generally countable, subject to
additional assumptions) collection of divergence free vector €elds

~ fW[gkak is agiven, €nite (or countable) collection of standard Brownian motions
inR

denotes Stratonovich integration.
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The velocity component of the dynamics obeys Stokes' law with random force (that de-
pends linearly on the radio¥ = (mN )1=9) given by an intrinsic noise for each particle,
plus a common noise of transport type

X
W(t;x) = k(X)W

k2K

that acts simultaneously on all particles, and as such is seen as an idealized form of
turbulent sow in the atmosphere. We denotethel spatial covariance matrix @f (t; x)

by
X
Q(xyy) = k(X)  k(y):

k2K

Moreover, for any €xed2 TY we denote the uniformly elliptic second-order divergence
form operator, acting on suitable functionsish

LYW= 1+ 2Q06x)  of (V)

Note thatQ(x; X) is nonnegative de€nite for ary For simplicity, in the sequel we con-
sider the case that

L\?;X V) (1.5.2)

for some constant and allx 2 T9. In view of diffusion enhancement, we have in
mind that

Each particlé 2 N (t) has a massmiN (t) 2 1;2;::; M gwhich changes over time
according a stochastic coagulation rule to be described below. The initialnmé®s
i =1;::; N, are chosen i.i.d. frorfg; 2; ::; M g according to a probability distribution
so thatP(m1(0) = m) = r(m) with m:1 r(m) = 1. We are also given deterministic
probability density functiomg, (x;v) : T9 R R,,m =1:2;::: M, satisfying addi-
tional assumptions,such that ifm; (0) = m then the initial distribution @k; (0); v; (0))
is chosen with probability densgy, (x; v), independently acrossWe denote

fO06v) = rman(x;v); (xv)2Te R, m=1;:M;

which satisfy the same assumptions as those imposefcherix; v)gM._, .

The rule of coagulation between pairs of particles is as follows. (x8t: RY !
R. be a givenC! -smooth, symmetric probability density functioR4rwith compact
support inB(0; 1) (the unit ball around the origin Rf) and (0) = 0. Then, for any
"2 (0;1),denote "(x): T9! R, by

x):=" 9 ) x2 T
Suppose the current con€guration of the particle system is

= (X1;Vai M1 Xai Vi M X i mn) 2 (TO0 )N (RAG N f 1M g™

%those we impose on the initial condition of #esystem
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where(x;; vi; m;j) denotes the position, velocity and mass of pariicley convention if
particleig is no longer active in the system, we 3gt= vi, = m;, = ;. Independently
for each pair(i;j ) of particles, wheré 6 | each running over the index set of active
particles in , with a rate

Vi Vo

s(mi';mN) X Xj) (1.5.3)

we removeXx;; vi; M;; X ; vj; m;j) from the con€guration, and then add
mjv; + mj Vj
Xis ————F————— M+ mMj;;;:;;
m; + m;

with probabilitymi”j—imj, and instead add

m;iVvi + m; Vv
X T M + M
m; + m;

with probabilitymiT—"mj. We call the new con€guration obtained this Waf;}l,jlbyandsij2

respectively. In words, (if;j ) coagulate, we decide randomly whickpéndx; is the
new position of the mass-combined particle. If the position chosgntieen we consider
j as being eliminated (no longer active) and the new particle hasiingdrreas if the
position chosen ig;, then we considdras being eliminated and the new particle has
indexj . On the other hand, the velocity of the mass-combined particle is obtained by the
conservation of momentum as in perfectly inelastic collisions.
Note that the form of the coagulation rate (1.5.3) is such(thia} can coagulate only
ifjxi xjj ", thatis, their spatial positions have to'belose. We are interested in
the case wheti = "(N) ! OasN !'1l , sothatthe interaction is not of mean-€eld
type, but rather local, see the statement of our conjectured result below. In particular, if
"= O(N %9 then each particle typically interacts with a bounded number of others at
any given time. The essential feature of our coagulation rate, that of the appearance of
jvi vjj,isinspired by the coagulation kernels used in the physics literature for describing
cloud particles (which in general can depend alsmgm; and other physically relevant
guantities), and we believe it is key to demonstrating coagulation enhancement.
ForeaciN 2 N,T 2 (0;1 )andm 2 f 1;::; M g, we denote the process of empirical
measure on position and velocity of masgarticles in the system by

. 1 X
£ (dx; dv) = N 2 (0 (0X) 3 ) (V)L )= mg 2 M 1+ (T RY)
i2N (t)
whereM 1.+ = M 14 (T9 RY) denotes the space of subprobability measures on

T¢  RY equipped with weak topology. The choice of the initial conditions for our sys-
tem implies thaP-a.s.

N(dx;dv) ! fOox;v)dxdv; asN !1

where the limit is absolutely continuous. We conjecture that, under the assumption of
local interaction, i.e.

(URSPS

Nll!gn (N)=0; Ilmlsup
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for every €nitd, the collection of empirical measures) (dx;dv) : t 2 [0; T]gM_,
converges in probability, & ! 1, inD([0; T];M 1.+ )M the space of adlag paths
taking values i 1., , equipped with the Skorohod topology, towards an absolutely con-
tinuous limit, which is the pathwise unique weak soldtigq(t; x;v) : t 2 [0; T]gM_,
of a Smoluchowski-typpesystem, see (1.5.6). The latspaiegenerates to thepe
system we study in this thesis, Chapter 4 equation (4.1.2), whet temitis switched
off. While we do not provide a rigorous proof here, we sketch below a heuristic argument
and postpone the rigorous derivation of shegrom the particle system to a future work.
We think that this heuristic argument is suf€cient to justify our interest in studyirpgour
system. In fact, in the literature there exists speci€c limiting procedures cf. [42, 35] that
allow, in principle, to obtain tl@efrom thesppeby carefully choosing the vector €elds
k(X).

Let (x;v) be any function of clasg§? (T4 RY), for anym we apply ib's formula

to the process

hy Nmi= 27 N (1) v (1)1
vt ~ N i Vi fmN (t)=mg
i2N (1)
and we get
Nm: _ . Nim T1 X PR
hy s7i=h o7+ Vil () 1 (670 Vi (D) g (ry= mgdt
0 i2N (t)
T 1 X
c(m) N v () ry (M) v (D)Lt my ()= mgdt
0 i2N (t)
.
1
+ ¢(m) N rv (x ;v (D)Lt mn 1y=mg dBi(t)
0 i2N (1)
, T1 X N N
+ ¢ (m) N v (X (0 (D)1 ()= mgdt
0 i2N (t)
 Lgmz L N (1): xN N (t): vN (1)1 d
C(m) Q(X| (t),Xl (t)) \% (X| (t),Vl (t)) fmN ()= mg t
2 o N i2N (1) '
. N N (1):vN (1)1 dwk
+ ¢(m) N k(X (0) Ty OGOV (D) Ly 1= mgdWh
0 i2N (1) k2K
1
e IR i Wi o KM )
N2 ’ J | ] J | ]
0 n=1 i;j 2N (t);
i6] |
nvN()+(m nvN(t) n
Xil\I (t); : m J Elfmi”(t):n;mj“(t):m ngdt
1
, TAxe X - N N )i " (xN N
N2 s(nim - n)jvi (1) v (D] (X (1) X;7 (1))
0 n=1 ij 2N (1);

i6]
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|
wh O +(m v () m n

N .
;™ (1); m m ]-fmiN(t)=n;ij(t)=m ngdt
T 2 XA X . N N " roN N
N2 s(nym)jvit (1) v (D)) (7 (1) xj (1)
0 n=1 ij 2N (); i6]
(XiN (t);ViN (t))lf m ()= m;m N (t)= ngdt
+ M#';J

wheref M tN;J 0: ois amartingale associated with coagulation (or jumps) that we do not
write explicitly. We can rewrite, using the simpli€cation (1.5.2), the previous identity more
compactly as

_ _ TD _E
h; Y¥Mi=h; §Mi+ Vry o omyvory+cem)? o MM odt
0
T1X N (1. N
+ ¢(m) N Fyv OOV (D) 1emn )= mg dBi(1)
0 i2N (1)
TXx D _E .
+ ¢(m) k) Ty oM odwf+ M
0 k2K
Tk 1 D ) _ _ E
+ n sinnm njvowj (X y) X v+ (m n)w; N dx; dv) ™ "(dy;dw) dt
0 g M m
T 1 D ) + _ _ E
+ ) mmn sinnm njvowj (X y) y; nv (r:] n)w; NN dx;dv) ™ "(dy;dw) dt
n=1
T WD ) _ _ E
2 smm)iv wj “(x y) (6v)i PM(dxdv) £ (dyidw) d:
0 n=1

(1.5.4)

We expect that }W and the stochastic integrals @B;(t) vanish in limitasN ! 1

inL?(P), whereas the martingale associated with the common noise persists in the limit.
Further, suppose that we have proved that the laws of the collect@n(dd 1. )M -
valued random variablés "™ : t 2 [0; T]g¥_, ,N 2 N, istight hence weakly relatively
compact. Consider any weak subsequential limit

P2 0TI T T2 [0 TIgh-s (15:9)

For the sake of arguments, apply Skorohod's representation theorem and there exists
some auxiliary probability space and on which a sequence of random variables having
the same laws as the ones in (1.5.5) so that the above convergence holds almost surely.
By an abuse of notation, below we use the same letters for the variables on the auxil-
iary space. Assume that we can prove ththas a density m (t; X; v) with respect to
Lebesgue measure for evenyandt. Then, with minor work the linear part of the identity
(1.5.4) convergesas! 1 ,i.e.

h; .'}";mi!h (T X V)i;
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h, 5 ™ith ;f 2(xv)i;
D

T _E
VI, comyvry+cm? o M odt
0
.
[ VIiy cmvry+c(m? v fmtxv) dt
0
TX D E T X
KX) ry; M odwk h(X) v fm(txv)i dWk:
0 ok 0 ok

The proof that the nonlinear terms also converge to the corresponding limits is more dif€-
cult, hence here we content ourselves with a very heuristic \two-step argument". Consider
each summand of the last term of (1.5.4) :

TD E
s(m)iv wj "(x y) (¢v); NMedxdv) Y "(dy;dw) dt; 1 min M
0

Assume we take! 1  €rst, keeping €xed, we get

TD E
s(mm)iv. wj “(x y) (xv); NM(dx;dv) N "(dy;dw) dt
0
.

it s(n;m)jv. wj (X y) (V) Fm(tx;v)En(ty; v)dxdydvdwdt ;
0

then we tak¢ ! 0, and since " () approximates the delta-Dirag; we get

.
s(n;m)jv. wj (X y) (V) (tx;v)En(ty; v)dxdydvdwdt
0

II 0

T
s(n;m)jv wj (X v)Fm(t;x;v)fn(t; x; w)dxdvdwdt:

0

Similarly, each summand of the second and third terms from the bottom in (1.5.4) also

converge under the two-step argument (usingradso+ (m n)=m=1)

T
D ostem njvowiTxy) x vr(m nw o N M dx;dv) ™ "(dy;dw)  dt
o Mm m
Tm n . nv+(m n)w N-:n N-m n
+ e s(nym  n)jv wj (X y) y;T yop o (dxdv) (dy;dw) dt
0
-
! s(nym  n)jv wj X nv+(r:1 nw fn(t;x; v)fm(t; x; w)dvdwdt:
0

Hence, we have (at least under Skorohod's representation) the limit identity satis€ed by
ffm(t;x;v)g:

T
h;f m(T)i =h;f Qi+ VIiy cmvry+c(m? v fm(txv) dt
0
X1l T
+ s(n;m n)jv wj X anr(r:} nw fa(t;x;v)fm n(t;x; w)dxdvdwdt
n=t O
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T
2 s(n;m)jv wj (X V)Fm(tx;v)Tn(t; x; w)dxdvdwdt
n=1 O
T X
+ ¢(m) h(X) ry; fm(txv)i thk; m=1;:;M,
0 k2K

which is the weak formulation of teepssystem

p
c(m) ok k(X) rvfm(t;X;V)thk

P

+ m1 s(n;m  n)jw®  wif o (X, WO m 1 (t; x; w)dwdwt

Pn=1 fawo+(m n)w=mvg

2 = s(nym)jv o wif m(tx;v)fn(t x; w)dwdt

8
%d‘m(t;x;v)z V I+ c(m)diw (v)+ c(m)?  fm(t;x;v)dt

tm(GXV)j=o = O m=1;55M:
(1.5.6)

Rewriting the &tintegral as a Stratonovich integral plus a corrector, we equivalently have
that

dmt;x;v)= v r &+ c(m)diw (v)+ c(m)? v fm(t;x;v)dt
c(m) k(X) T ufm(txv)  dw

k2K
) 1
+ s(n;m n)jw®  wif o (Ex;wOFm o (t;x; w)dwdwit
n=1 fnwo(m n)w=mvg
b
2 s(n;m)jv - wijf i (t; x; V) n(t; X; w)dwdt:
n=1

Thus, we see that the same Stratonovich transport-type noise that acts on the particle
system (1.5.1) also acts on thepe

Lastly, at the rigorous level, we need to prove that the solution cfrbisystem
(1.5.6) is pathwise unique, which allows to conclude (via nontrivial arguments) that the
full sequence of empirical measure converges. More so, Under certain simpli€cations,
it leads to the following kinetic version of Smoluchowski's equation (see [35, 33, 39] for
similar studies)

8
S@mtxv)= v r xfm + c(m)diw (viy) + C(m)2 vim + Qm(f;f)
“fmitzo = FA(XV); m=1;:u5M;

(1.5.7)
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where(t;x;v) 2 [0;T] T9 RY and

Qm(f;:f )t x;v)
K 1
= s(nm  nN)faEx;wOfm n(tx;w)jw  wldwdw?

n=1 fnw%(m n)w=mvg

2 s(n; m)f (6, v)F (G x;w)jv - wjdw;

(1.5.8)
where

c(m):= m @ D% gn:m):= (n¥9+ m¥d)d 1. (1.5.9)

We have sketched here the proof of the scaling limit from inertial coagulating microscopic
particle system subjected to a common noise, tsrytthat eventually gives rise to this

PDE Although it is not fully rigorous, it is enough to justify the interest of this equation.
Here again, turbulence contributes to largeersus small when no turbulence.

The eddy diffusion occurs now in the velocity variable and this will be the key to under-
stand rigorously the coagulating property of colliding particles directly from the limiting
equation for their density. As such, this will be the main system analyzed throughout the
thesis.
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Chapter 2

Turbulence enhancement of
coagulation: inertial particles

2.1 Introduction

Turbulence increases the relative velocity of particles suspended into a euid, favours their
collision and thus increases the collision rate. A key factor of the collision rate is the
average relative velocity between particles of nmgandm,:

Rmym, = v vaji: (2.1.1)

This quantity is of major importance since it relates the properties of particles and suid
to the intensity of the aggregation and thus it has been extensively investigated in several
works, based on various arguments and models of turbulence, see for instance [1, 7, 19,
20, 25, 26, 45, 64, 73,75, 76, 78, 81, 84, 88, 90, 93]. We shall add more speci€c comments
below on some of these results in connection with our own.

We propose a new modeling approach here. Many ingredients are classical, like the
fact that we use ammertial modefor particle motion (instead of a model when particles
are transported) where each particle moves following Stokes' law

dx dv
i v, i (U x) v) (2.1.2)
(here isthe the damping coef€cient abid(t; x) is the euid velocity), an8moluchowski
equationsvith a kernel depending on the relative velgeity vY to describe macroscop-
ically the system. The novelty is that we introduce a Boussinesq hypothesis, namely the
fact that a small-scale turbulence acts on particles as a dissipation. And the key feature is
that it acts as alissipation in the velocity componeramely it spreads the distribution of
particles in velocity (not or not only in space). This spread increases the v&me.@f,
and thus the collision rate.

In order to describe the equations we use and the results, let us recall a few quanti-
ties associated to the particles and to the suid. The damping coef€ciappearing in
equation (2.1.2) is given by Stokes' %54\# wherer; m are the particle radius and mass
and isthe dynamic viscosity of the suid. If we denote pyand  the relaxation times
of the particle and of the suid respectively, we have 1 and we de€ne the Stokes

67
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numberasSt = p=y = 1=( y). When we want to stress the dependence of the
damping coef€cient from the massm, we write n,; and similarly fo6t,. Two rele-
vant quantities of the suid for our study are the turbulence kinetic ekergy % U’
and the turbulent viscosityy = ¢ ky. Our model is based on the idealization that the
turbulent small-scale uid is white noise in time, space-homogeneous, with intensity
(precisely, as a vector €eld, its space-covariance matfx) is assumed to have the
auto-covarianc€ (0) equal to 2l 4). As explained in the Appendix .2, the link between
these euid quantities is
2 2 2
?_HUkT_HT' (2.1.3)
The €rst main result of our work is that we derive the following Smoluchowski-type

system for the particle densities of massas=1;2; ::

@h (t; X;V)
@t
2 2
m2 m(Ex;v)= Qn Q o (F)(tx;v)

+ Vv or g (tx;v) m divy (Vi (t; X;V)) (2.1.4)

wheref := (fq1;f2;:),x 2 T9 (the d-dimensional torusy, 2 RY and the collision
kernels are given by

x 1
Qm(fif)(t x;v) = Smm n (2.1.5)
n=1 fnvo(m n)v0&Emvg
ivO VOt x;vOFm n(t x;vOdv v
X
Qun(f;f)(t x;v) :=2Fm (t; X; V) Sn:m
n=1
jiv. vif, tx;vO0 dv© (2.1.6)

withs,.,m de€ned in (2.2.1) below.

This equation proposes a change of viewpoint. In previous works, the central problem
was determining the correct collision kernel which takes into account the fact that the suid
is turbulent. Here we use the original collision kernel depending on the relative velocity
jv vY, without modifying its coefEcients, but incorporate the presence of a small-scale
turbulent background by adding the dissipative operator in the velocity variable. Collision
and aggregation is not due to a stronger collision kernel, in this model, but to the spread-
inv of densities, produced by the additional diffusion term.

We explain the derivation of this Smoluchowski-type system in Sections 2.4 and 2.5
and in the Appendix .1. This derivation is heuristic but reasonable in analogy with rigorous
results proved recently for other models [35, 33, 42]. From the viewpoint of the Physical
validity of the result, let us stress that the rigorous proof would require very gmaith

m having a €nite limit. Therefo8 must be large.

We analyze this new model both using approximate analytical computations and nu-

merically. In Section 2.6 we prove, up to some approximation, the formula

S

2p —— 4 kT kT
Ry .m. = P— + = p— + ; 2.1.7
mim, = P= my m2 ng Stm; © Stm,’ ( )




2.2. THE MICROSCOPIC MODEL 69

in the physical dimensiah= 3. In the largeSt regime, which is the regime of validity
of our results, this formula con€rms known results (see the discussion in [90]) and it is
known as the gas-kinetic model, after [1]. Let us notice thatitis obtained without any use of
dimensional analysis; it is derived from basic equations, except for the stochastic model
of the turbulent uid. It is not immediately clear, however, if we may modify our approach
to incorporate the concentration effects related to singularities described in [25, 64, 90].
In Section 2.7, €nally, we investigate numerically the Smoluchowski equations, quan-
tifying in various ways the ef€ciency of aggregation of the turbulence model.

2.2 The microscopic model

The model used below will be of Smoluchowski type with random transport. However, the
description of its microscopic origin may help. Call RY,d = 1;2;3, the space do-
main of the system, occupied by the «uid and by small rain droplets. The nhinitjer
of droplets changes in time due to coalescence. Droplet motion is described in a Newto-
nian way by position and velocity (t) ;v' (t) ,i = 1;:::;N (t). Droplets have masses
m' (t) taking values in the positive integdr 2;:::g. During the intertime between a
collision and the next one, the motion is given by
dax' avi
dt o d
whereU (t; x) is the suid velocity; we adopt a Stokes law for the particle-suid interaction
and denote by

m U tx v

m = (mhE 9=

the damping rate, a positive constant (including the dynamic viscosity coef€cient of the

«uid), and the termm!’ 1=d playing the role of the radius of the particle.

The rule of coalescence is crucial, see [20, 25, 45, 75, 78]. There are two typical mathe-
matical models: one is based on deterministic coalescence, the other on probability rates.
The €rstone is easier to describe: when two particles meet, they become a new single par-
ticle with mass given by the sum of the masses and momentum given by conservation of
momentum. For mathematical investigation of the macroscopic limit, this scheme is usu-
ally more dif€cult. Easier is thinking in termsaie of coalescencavhen two particles
are below a certain small distance one from the other, they have a certain probability per
unit of time to become a new single particle, with the mass and momentum law as above.
The kernels in Smoluchowski equations are the macroscopic footprint of rates.

The model based on rates has a saw precisely in connection with the turbulence back-
ground we want to investigate here. Since coalescence happens due to a probability per
unit of time, if the time spent by two particles, at the prescribed distance of potential co-
alescence, is small, the probability that their encounter leads to coalescence is smaller.
This is in sharp contrast with the deterministic model where coalescence always happens,
at a certain distance, independently of the time spent nearby. In other words, in the model
based on rates, without employing an approximating strategy to compute terminal veloc-
ity, coalescence is facilitated by slow motion, which is false in practice and goes in the
opposite direction of understanding whether turbulence enhances coalescence.
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To avoid this bias towards slow motion, of say particksdj , and leave velocity as
a studied attribute of the system, we maintain in their coalescence rate thejfector
vlj. This factor multiplied by the time spent nearby is constant, on average, hence the
probability of coalescence is roughly constant.

Finally, since the probability of coalescence should depend on the particle surface,
main factor involved in the collision, we multiple the rate by the surface factor

1= . o1=q d 1
B (2.2.1)

S mi = m
Hence, summarising, in our work the adopted point of view is consistent with the case of
hydrodynamic motion, as in e.g. [25, 64], where the coagulation kernel is

EGi)Ssmomiivt Vi (2.2.2)

and the scalak (i;j ) can be regarded as collision ef€ciency between real dra@ets
j - For simplicity, we sé (i;j ) = 1 in our phenomenological study.

2.3 The Smoluchowski-type model

A rigorous study of the link between the microscopic model and the macroscopic one
is under investigation, following [37, 36, 48, 73] where similar models have been already
treated. However, following the mean €eld paradigm we may safely choose the following
macroscopic model as a good one for the density evolution.

Denote by , (t; x;v), m = 1;2;:::, the density of droplets of mass at position
x 2 D having velocity 2RY . Then (dropping the time variable) the density satis€es

@fngt?")mwx(vfm (x;V))
+omdivy (U (EX) Wm(GY)= Qh Q @39

where , = m @ 9= andQ} andQ,, are the two collision terms as given in (2.1.5).
Crucial is the kerngl® v°, as described above. The €rst collision term describes
the amount of new particles of mass created by collision of smaller ones, with the
momentum conservation rule

nvo+(m  n)v%= mv: (2.3.2)

The second collision term gives us the percentage of the déps(ty; v) of particles of
massm which disappears by coalescence into larger particles.

In the next section, we explain how this model can be studied using techniques from
passive scalars, thus obtaining in (2.1.4) a simpli€ed coagulation equation in which the
velocity of the particles is still a driving component of the coalescence process. We
postpone to the Appendix .1 (see also [31]) for a more rigourous heuristic of the scal-
ing limit from a coagulating microscopic particle system subjected to a common noise, to
a stochastic partial differential equatia®eOk, that eventually gives rise to theg2.1.4).
Although it is not yet fully rigorous, we believe that it justi€es the interest of this equation.
The eddy diffusion now occurs in the velocity variable.
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2.4 Stochastic model of turbulent velocity €eld

Similarly to a large body of simpli€ed modeling of passive scalars, we consider a model
of velocity «uid which is delta-correlated in time, namely a white noise with suitable space
dependence. We may write
X
U (t; x) dt = K (X) AWK (2.4.1)
k2K

where | (x) are smooth divergence free deterministic vector €eld® and W/} are
independent one-dimensional Brownian motkonsa €nite index set (or countable, with
some care on summability assumptions). In this case the tgich (t; xX) r vfm (X;V)
must be interpreted as a Stratonovich integral (still written here in differential form for
sake of clarity) X
m k(X)) 1 ufm OGV)  dWE:
k2K

By the rules of stochastic calculus, it is given by ésSliratonovich corrector plus aé It
integral; precisely, the previous term is given by

X
5‘ k(X) T v k(X)) rvfm(xv))dt+dL (8 x;v)
k2K

wherel (t; x; V) is a (local) martingale, thedlterm. The ti-Stratonovich corrector takes

also the form )

?’“div\, (Cx;x)r ofm (x;Vv)) dt

whereC (x;y) is the matrix-valued function given by the space-covariance function of
the noise

X
C(x;y)= k(X)) k(y): (2.4.2)
k2K

Summarizing, the stochastic model, inférm, is

dm (V) + (Vv 1 xfm (X5v)  mdivy (vVEm (X;Vv))) dt
2

— divy (C (6 X) T vfm (x;v)) dt

= Qm Q m dt dL(tx;v): (2.4.3)

Also for later reference, let us mention an example of noise, introduced by R. Kraichnan
[56, 57], relevant to our analysis. For the sake of simplicity of exposition, assume we are in
full spaceRY, but modi€cations in other geometries are possible. Its covariance function
is space-homogeneolB,(x;y) = C(x Yy), with the form

C (Z) — 2k0 %eik z k _2k
koj ki<k1 jK] JK]

dk: (2.4.4)
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The case > 0includes Kolmogorov 41 case= 4=3. In this case, také&; = + 1 .
Then

C@)=A 2
where the constar is given by
% ' q dk:
1j kj<1 JK] ikj

2.5 The deterministic scaling limit

Following [35, 33, 42], we may consider small-scale turbulent velocity €elds depending on
a scaling parameter and take their scaling limit. In the case of Kraichnan model above,
choose

ko= kb 11

The resuliC (0) = A 2l4is independent ol , so that the B-Stratonovich corrector
becomes equal to (without loss of generality wefset 1)

2

;%1 vim (X5v);

NI =

and simultaneously we may have that tiéetérm goes to zero. The €nal equation is
deterministic, and precisely given by

@DEé;;V)+-V Fxfm (V) mdivy (VEm (X5 V)
2 2
5 m (V)= Qf Q e

Now, for sake of numerical simplicity, we assume that all densities are uniform in
Then we have

@h (v) : 52
@t m divy (Vfm (V)

=(Qm Q m)(fif)(v)

vim (V) (2.5.1)

where now the collision ter@;, Q ,, includes only functions of. This is our €nal
equation for the density of droplets. It is parametrized®yhe intensity of noise covari-
ance which, in the approximation of this white noise model, corresponds to the concept of
turbulence kinetic enetgy. [22]. Even though (2.5.1) is of variabtmly, it is fundamen-

tally different from a Smoluchowski equation with ankariable, due to the presence of
velocity differencgy v in the nonlinearity. This term is the source that turns diffusion
enhancement into coagulation enhancement.
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2.6 Formula for the average relative velocity

In order to approximate analytically the average Malue v»ji we adopt the mean
€eld viewpoint of Smoluchowski equations, where particles are independent. Therefore,
if pm (V) is the probability density of velocity of masswe have

Rmyma, = V1 V2jPmy (V1) Pm, (V2) dvidvo: (2.6.1)

The natural choice @, (v) isthe normalized density, (v) = fn (W) dw wherd 1, (v)

is a solution of Smoluchowski equation. However, we have to avoid a dependence on the
initial conditions. We make the following heuristic argument. In the Smoluchowski sys-
tem, the linear terms

2 2
m divy (Vi (V) + m2 vim (V)

are associated with the transient phase which moves the initial distribution towards a
certain limit shape. Simultaneously and afterwards, the nonlinear terms shift mass from
lower to higher levels, but theirimpact on the modi€cation of shape is minor. Therefore we
take, agom (v) the invariant distribution of the linear part, which is a centered Gaussian
with covariance matrii( m 2lg (4 is the identity matrix):

pm N O ?|

m d

NI =

The difference of two independent centered Gaussians, with covarfanges’l g and
% mo 2| 4 is a centered Gaussian with covariar%de mit ms) 2| 4. Therefore the
random quantity; v has this law. By properties of Gaussians,

r

1
Vi Vo = é( I’T‘I1+ mz) Z

whereZ is distributed asN (0; 1 4), and

O )
hizji = 2—-2
(9
sincejZj has a Chi distribition with parameterThus we have
d+1
, N )P —
Rmym, = hva  vaji = ( Z ) miFomy
(2)

p—
By (2.1.3),2= 4 ykr andtakingl=3, (2)=1 , ( 3)= —, we arrive at

r
4 2P
Rm1§rTI2 = épi ( mi U + my U)kT
S

_ o4 ki kr
P35 Stm,  Stm,’
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as announced in (2.1.7).

Up to the multiplicative constant, this also agrees with the formula obtained by Abra-
hamson [1]. Indeed, in [1] the energy dissipatior rat&kr = , clear from the energy
balance of Navier-Stokes equation since all three quantities correspond to the turbulent

euid:
@ 1
@t 2

juj> = "+ otherterms

2.7 Numerical results

For the convenience of numerical simulations, we consider from now on only €nitely many
mass levels. That is, we truncate (2.5.1) into a €nite syst whose solution is

(fr; oy fm )Pforsome intege¥l . Thisamountsto replacingtheﬁ:1 inthelossterm

Qn (2.1.5) by r'\]"ﬂ, with everything else unchanged. Correspondingly, in the particle
system (2.1.2), each particle’s massis restrictedit@ f 1; 2; :::; M g. The interpretation

is that when the mass of a rain droplet exceeds the thred¥glid falls down and hence

exits the system.

To understand the effect of the turbulent velocity €eld on coagulation, we identify and
build on a key quantity] , (t) below, which is essentially the €rst moment of the mass in
the system at timé. SinceM < 1 inthe truncated model, eventually all masses leave
the system, hence we measure the ef€ciency of coagulation by looking at how fast this
€rst moment decays in time, with respect to different values &f the last part of this
section, using results on the total mass, we will build a procedure to estimate the mean
Collision Rate (see section 2.6), validating our theoretical results in simple settings.

Total mass

To this end, we de€ne

X
M (1) = m fn(tv)dv; (2.7.1)

m=1

which we also call \total mass" for simplicity. Analyzing the nonlinearity of our PDE, we
notice that

m(Q;, Q ,)dv 0, 8t (2.7.2)

m=1

implying thatM , (t)=dt 0, thatis, the function (2.7.1) is non-increasing in time. More-
over, for the in€nite systelt = 1 , equality is achieved in (2.7.2), hence we see that the
mass de€ciency in the €nite system is not lost at all and it is simply sent to higher order
(> M ) of mass-type densities.

Indeed, in view of the form of the negative part of coagulation op&patoevery
coagulation at the level df,;f,, withm + n > M , represents a decrease in mass
that, ideally, increases the densiy. ,, that is outside of our system. In particular, €xing
M < 1 ,inthe framework of rain formations, is equivalent to saying that such a threshold
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represents the largest droplets that are falling outside of the cloud and do not interact any

more with the system. As suth = 1 is just the precise abstract setting in which
no rainfall is present and serves as a limiting behavior for the single mas2eN,

and as a right derivation of the conserved mass in the system as all: both for the falling
particles and the ones remaining in the cloud. Hence, the more and faster the quantity
M , (t) decreases over time, the faster and richer the coagulation to higher mass-type is

achieved.

Faster barrier exit time

The second quantity we consider is closely linked to the enhanced coagulation due to
turbulence that we will establish with the \total mass" and gives more quantitative infor-
mation. We will consider the same numerical setting as we will do above, and estimate a

decay law that links the €rst time that the total mds (t) drops below a certain level
to the turbulence parameter Speci€cally, let

T._ 0
my ;= inf M 5(t
0 mM]lﬂ

and de€ne a sequence of \barrier exit timgs) ¢
=inf t ;M (t) m{ ~AT: (2.7.3)

Sincet 7! M 9(t) is decreasing, we have that= T. SinceM , (t) is expected to decay
faster as increases, 7!  should be decreasing.

Figure 2.1M = 1; Decay oM ,(t) fort 2 [0; 1], with maximal mass leved = 1,

initial densityf 1(0; v) of massm = 1 concentrated on the set 2 [ 1=2;1=2]. The
parameter 2 ranges from a sample in the s&05 to 10 (around30 points). A visible
increase in coagulation is present at the increase?of
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2.7.1 Onalimiting behaviok =1

Figure 2.2M = 1, On the left, a plot dbg (M ,(t)) versuslog(t) in the time window
[0;2] at €xed 2 = 6, and on the right a close-up in the time windibM2], suggest that

t 71 M ,(t) is of inverse powet. However, for small time, the dependence is different
and could represent a transient behavior.

Figure 2.3:M = 1; A plot of the barrier exit time with respect to the turbulence

parameter , and the corresponding log-log regression in the time wif@dwyields
/ 2=3,

We perform a numerical simulation of the system (2.5.1) for dimeshsiah, max-
imal mass leveM = 1 and time windoJ0; 2], with a semi-implicit method to compute
its solutions, with time stegt 10 4 and spatial steglv 10 2. Thanks to the fast
decay to zero agvj ! 1  of the solution [31], we truncate the velocity variable in the
rangev 2 [ 20;20]both for the numerical integration of the nonlinearity and for the
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Figure 2.4M = 1; A plot of the barrier exit time with respect to the turbulence pa-
rameter , and the corresponding log-log regression in the time wif@j@lytaking into
consideration only those exit times in the inte[¥g2], yields / L

total mass (2.7.1).

In Figure 2.1, we plot the function (2.7.1) for different values of the turbulence pa-
rameter 2 that range fron®:05, that we refer to as the non-turbulent casel,@owhich
represents an intense eddy diffusivity. It shows a faster decay correlated to the increase
of turbulence, and a speedup coagulation process.

For €xed ? = 6 we performed a log-log plot in time wind®\2] as shown in Figure
2.2 that shows 7! M 4 (t) is of inverse powet, after a transient time period.

We see from Figures 2.3 and 2.4 that the expected behavior on the barrier time is
obtained, and the curve exhibits a power like decay, with an asymptotic limit to zero. In
Figure 2.3, we performed a log-log plot and regression takind. and it yields /

273 (here and in the sequél denotes proportional to), whereas the same analysis in
Figure 2.4 taking = 2 and considering only those exit times that are in the intgtyv2]
yields / L

We conjecture that the function (2.7.1) can be expressed dssfidably large, say

t > 1in our simulations)

1

M (1) Al )t+M1(O) 1

(2.7.4)

for some functio\ 4 that depends on dimensiahand thaiA1( )/ . Here andin the
sequel, denotes asymptotically for large

A rough explanation of the numerical €ndings may be the following one, that will be
explored more closely in a future work, since - as shown below - our understanding is still
incomplete. WhelM = 1, the density (t; v) of the unique levah = 1 satis€es the
identity

% f (tv)dv = v vOf(tv)f tvO dvav®
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because the differential terms cancel by integration by parts. Assume that, at least after
a transient time (con€rmed by Figure 2.2), up to a small approximation,

FEv)  (Ofo(v)

namely the decay ®f(t; v) is self-similar [23]. Then (up to approximatiof¥ ¢
where
0= w wofow)fo w® dwdw?®

is an average variation of velocity unfigrnamely

1
(t) GrC
after an initial transient period. Moreover, speculating that the standard devidtipn of
should be of order (since the dispersion produced by the linear differential operator is
proportional to ), we expect thatg increases linearly with. The numerical results of
Figures 2.3 and 2.4 show that this looks the trend for suf€ciently large time but for a short
time another power,2=3, emerges, that should be understood. As for the behavior in time,
since this computation can be carried out for exery 1, wherM = 1, we believe that
the decay in time is dimension-independent.

Figure 2.5M = 3; Decay oM , (t) fort 2 [0; 2], with maximal mass lev®l = 3, initial
densityf 1(0; v) of massm = 1 concentrated on the set 2 [ 1=2;1=2],f; (O;v) =
0;j 6 1. The parameter? ranges from a sample in the 205to 10 (around30points).
A visible increase in coagulation is present at the increasé.of

2.7.2 Localized mass concentratidd: > 1

When considerinyl > 1, we can expect two natural settings to investigate: the one
where initially all the mass is concentrated on the €rst levelm.es 1, and the one
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Figure 2.6M = 3; On the left, a plot dbg (M , (t)) versuslog(t) in the time window

[0; 2]at €xed 2 = 10, and on the right a close-up in the time windttng], suggests that

t 71 M (t) is of inverse powed:8. However, for small time, the dependence is different
and could represent a transient behavior.

that follows the theoretical assumptions of [48, 31, 36]. Concerning the €rst setting, we
perform a numerical simulation of the system (2.5.1) for dimedsioh, maximal mass
levelM = 3 and time windoyo; 2].

In Figure 2.5, we plot the function (2.7.1) for different values of the turbulence param-
eter 2 that ranges fron®:05, that we refer to as the non-turbulent casel@which
represents an intense eddy diffusivity. As in the cadd of 1, it shows a faster decay
correlated to the increase of turbulence, and a speedup coagulation process.

For €xed 2 = 10, we perform a log-log plot in time windi@®2] as shown in Figure
2.6thatshows 7! M  (t) is of inverse power approximatelyod8, after a transient time
period. Thus, we see a difference in the behavior of the \total mass"Mheareases:
this is not unexpected when all the initial mass is concentrated in the €rstriayet .

In fact, analyzing the coagulation operator (2.1.5), we se®thas responsable for the
generation of bigger particles in higher mass-levels and it is dominant when all the mass
of the system is selected as a single type. Therefore, for a transient period, we see an
increase in mass fan 6 1 and as such a slower decayMf, (t), the total mass.

For this reason, as shown in Figure 2.7, we study the decay of the singlenn2ass
f 1, 2; 3g, where analogous to (2.7.1), the single mass attevelk is de€ned as

M1 (Djm=k = k fi(t;v)dv: (2.7.5)

The €gure shows the regression curves plotted with dashed lines. As in Figure 2.2, for

m = 1 we maintain a relation of inverse power in time, approximatelgfiér a transient

time period. As a further exploration, we see from Figure 2.8 that the same behavior is

present, and the curve exhibits a power like decay, with an asymptotic limit to zero.
Concerning the behavior of the barrier time, we see from Figures 2.9 and 2.10 that the

curve exhibits a power like decay, with an asymptotic limit to zero.
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Figure 2.7:M = 3; Decay ofM ,(t) for the total mass, and the single behavior
M ; (t)jm=k of each levek 2 f 1;2;3gin the case 2 = 10. With the dashed lines,
one can see the expected limiting behaviors of each curve and their relative power. This

suggest a log-logistic behavior of the full system WMtk 1 .

In Figure 2.9, we perform a log-log plot and regression tdkirgl and it yields
/ 23 whereas the same analysis in Figure 2.10 takiag® and considering only

those exit times that are in the intery&l2] yields / L

Figure 2.8M = 3, m = 1, On the left, a plot dbg (M ; (t)jm=1) versuslog(t) in the
time window0; 2] at €xed 2 = 10, and on the right a close-up in the time winding],
suggest that 7! M 4 (t)jm=1 is of inverse powet. This is consistent with the case

M=1.
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Figure 2.9:M = 3; A plot of the barrier exit time with respect to the turbulence

parameter , and the corresponding log-log regression in the time wif@dyyields
/ 2=3,

Figure 2.10M = 3; A plot of the barrier exit time with respect to the turbulence
parameter , and the corresponding log-log regression in the time wif@@y taking
into consideration only those exit times in the intefi/d], yields / L

Thus, wheM > 1, and the initial mass is located on a single level, we lose the
conjectured behavior of Subsection 2.7.1, and we can only expect that the function (2.7.1)
has the same asymptotic limit as

1 .
Ag( )t+ M 4(0)

M () &

for some functiom\ 4 that depends on dimensiaihand thatA1( )/ . Arough expla-
nation of this numerical €nding may be the following one: When 1 and the density
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f (0;v) is in the unique leveh = 1, from (2.1.5) we see that the poisitive paf, is

greater than the negative p&t, for a transient period of time in which, far> 1 mass

should increase before decay, suggesting a delay, and as such a reported slower decay,
of the \total mass". Also supporting this idea are the numerical simulations performed on
the rapidity of decay for level = 1. HereQ] = 0, and we see the same behavior as the
limiting case in which only one type of mass is considered.

Figure 2.1IM = 3; Decay oM 4 (t); t 2 [0;2]. Initial densityf; (O;v),j = 1;2;3
concentrated ow 2 [ 1=2; 1=2], following [48]. The parametef ranges in the set
0:05t0 10. A visible increase in coagulation is present. Dashed lines are the single mass
form=1,M 4 (t)jm=1.

2.7.3 Diffused mass concentratiokt > 1

Here we propose a €rst analysis of the aformentioned second setting: the one that follows
the theoretical assumptions as in [48, 31, 36]. In detail, the initial mass is not concen-
trated only in one layer, but iﬁ,generated according to two probability distributions so that
P(m1(0) = m) = r(m) with mzl r(m) = 1, and deterministic probability densities
functionsgm (v), m = 1; 2;:::; M, satisfying suitable regularity and decay assumptions,
such that

fo(v) = r(mygm(v); 8m: (2.7.6)

As such, we select initial conditions compactly supported in a small range of velocity, i.e.
[ 1=2; 1=2], to better look at the behavior of the mass decay through time. We note here
that this is the natural setting that generalizes the cadé of 1. We perform a numerical
simulation of the system (2.5.1) for dimensibr 1, maximal mass levéll = 3 and

time window0; 2].
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In Figure 2.11, we plot the function (2.7.1) for different values of the turbulence pa-
rameter 2 that ranges fron®:05, that we refer to as the non-turbulent casel,apwhich
represents an intense eddy diffusivity. As in the cadd cf 1, it shows a faster decay
correlated with the increase of turbulence, and a speedup coagulation process. Plotted
with dotted lines we show the decay of mass= 1. This behavior is analogous for
m=1;2;3.

For €xed 2 = 10 we perform a log-log plot in time wind§@y2] as presented in
Figure 2.13. It shows thia7! M , (t) is of inverse power approximatlyafter a transient
time period dependent on the €niteness of the initial condition. As conjectured in the case
M =1, we see a consistency in the behavior of the \total mass" Whemcrease: the
initial condition is active everywhere, maintaining the structure of a probability density,
thus making the results not unexpected. Infact, analyzing the coagulation operator (2.1.5),
we see thaQ* is not dominant when all the masses of the system are spread over all
the analyzed layers. Therefore, we see an immediate decrease in ntas8 foand as
such a maintained global decayMf; (t), the total mass.

Figure 2.12M = 3; M (t) for the total mass and the single levéls (t)jm=«k, kK 2
f1;2;3gfor 2 = 10. In dashed lines we see the expected limiting behaviors and the
relative power of order 1, suggesting consistent log-logistic behaviors as conjectured
for system witiM < 1 .

For this reason, as shown in Figure 2.12, we study the decay of the singlma rBass
f1;2; 3g. The €gure shows the regression curves plotted with dashed lines. As in Figure
2.2, we maintain a relation of inverse power in time, approximatklgibér a transient
time period. As a further exploration, we see that the same behavior is present, and the
curve exhibits a power like decay, with an asymptotic limit to zero.

Concerning the behavior of the barrier exit time, we see from Figures 2.14 and 2.15 that
the curve exhibits a power like decay, with an asymptotic limit to zero. In Figure 2.14, we
perform alog-log plot and regression taking 1 and ityields / 23 whereas the
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Figure 2.13V = 3; On the left, a plot dbg (M , (t)) versuslog(t) in the time window
[0; 2] at €xed 2 = 10, and on the right a close-up in the time windib\2], suggest that

t 7! M 4(t) is of inverse power 1. A transient behavior is present due to the €nite
initial condition.

Figure 2.14M = 3; A plot of the barrier exit time with respect to the turbulence

parameter , and the corresponding log-log regression in the time wif@dwyields
/ 23,

same analysis in Figure 2.15 taKihg 2 and considering only those exit times that are

in the intervall; 2] yields / 1. Thus, wheM > 1, and the initial mass is spread

over all the mass levels, we are close to the conjectured behavior of previous section, and
we can expect that the function (2.7.1) has the same asymptotic limit as

1 .
Ag( )t+ M (0 ¥

M 4(t) 2.7.7)
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Figure 2.15M = 3; A plot of the barrier exit time with respect to the turbulence
parameter , and the corresponding log-log regression in the time wif@@) taking
into consideration only those exit times in the intefi/d], yields / L

1

: 2.7.8
AS(It+ M 1 (0)imzy (&19)

M 1 (t)jm=1

for some functiom\ 4 that depends on dimensiahand thatA;( )/ . Arough expla-

nation of this numerical €nding may be the following one: When 1 and the density

f (t;v) is spread over all leveta = 1;:::;; M, from (2.1.5) we see that the positive part

Q;, is already negligible with respect to that®f,, for allm. In particular, the masses

are drawn immediately to massesM , that we interpret as falling rain outside of our
system. Supporting this we see in Figure 2.12 no transient period of time in which, for
m > 1, mass increases before decaying, suggesting no delay, and as such the decay of
the \total mass" is maintained. Note t@{ = 0 and, as expected, we see the same
behavior as the limiting case in which only one type of mass is condidered.

We summarize in Table 2.1 the precise €tting obtained through non-linear regression
for all the analyzed quantities. The table shows accordance with our proposed decay
behavior and suggests a future analysis for different initial conditions and higher dimen-
sions.

] \ M=1 \ M =3 Iocalized\ M =3 diﬁused\

[0;1] -0.66 -0.69 -0.68
[1;2] -0.94 -0.92 -0.91
M,( 2=10) | -0.96 -0.81 -0.94

Table 2.1: Table showing precise €tting parameters, on a log-log scale, for the decay in
time ofM ; (t) and for the exit barrier .
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2.7.4 Mean Collision Rate

Finally, in this segment we propose numerical simulations that validate the theoretical
behavior proposed in Section 2.6.

In particular, we have analyzed the same setting as in 2.7.1, whichveithelr or
M = 3. Computed with the procedure that we will explain below, all the case agree with
equation 2.6.1 and the theory proposed in 2.6. As such, for visual clarity, here we illustrate
results in the simpler cagd = 1, withm = 1, and compute the behaviorR{.; and its
law respect to the suctuation parameter of the velocity,

The same simulations, with = 3, focusing on different mass leval 2 f 1; 2; 3g
and different initial conditions are briesy discussed in Appendix .3, Figure 19. There, com-
puted limiting valu&m,:m, show accordance with the simulations with= 1.

From here on, we €x= 1 since objective of the paper is the understanding of the
dependence on the turbulent kinetic energy of collisiorRiatg . However, we note that
this parameter is important to the complete understanding of the behavior of this kind of
systems, thanks to is relation with Stokes Number, and as such would be subject of future
studies.

We know from 2.6.1 that a candidate estimatiofRiQ[.m, is obtain throughout the
steady state density of the system. For this reason, concerning the simulation, indepen-
dently onM , we selected a concentrated initial condition with moderate velocity and we
let the system evolve in the time fram2 [0; 4], producing solutio(f , (t; V)) m.

Since no mass conservation is present for the €nite syMesh 1 , and density is
moved to higher levels not preserving the starting probability, we normalize at each time
step the density (t; v), solution of our Smoluchowski equation, i.e. we consider

1
(V)= Tf(tv) fi(tv)dv

and, with this, the product probabilitgv)dv  ;(w)dw. We are able to compute a time
dependent, mean in velocity, collision rate:

Rg(t; )= jv wj(tv) ((tw)dvdw

In Figure 2.16, is shown the resultlfbr= 1; m = 1 and this re-normalize colli-
sion rate. Each of the curv&( ) as an inverse behavior of a log-logistic function with
exponent 1 in, suggesting a plateau in time. A such, this time dependent probability
distribution on the product space of the velocity domains as a limiting density and we can
argue that

Rg(t; )= Emmlv wjl! w1 RYy:

In fact, as shown in Appendix .3, Figure 20, the computed qudftity) approxi-
mate the theoretical limiting densjty(v) N (0; 2), for this reason we initialize the
evolving system with the proposed steady state condiff¢tav) := (T;v), for differ-
ent .

This means that we expediT;Vv; ) to be closer to the steady state distribution af-
ter a small time and the comput& (t; ) willbe/ Rm;:m,. As such, we restart the
system with this new initial condition. To take into account that the velocity is spread,
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Figure 2.16: M=1; concentrated initial cconditj¢wn). There-normalized time depen-
dent collision rateR 4 (t; )jj0:2) Obtained with the new probability density ;.

with value greater than one, and the total density near this high value is not negligible in
comparison with the concentrated initial condition that we used throughout our experi-
ment, we enlarged the velocity domain and the time domain to produce stable results on
the decay of the masses and also on the meanRalg; ).

In Figure 2.17 we show result on the re-started system, conferming the asymptotic limit
of the collision rate and an increase irthe turbulent parameter of the system. We see a
small sactuating period in which the rate is not increasing and than a fast stabilization that
is linked to the velocity displacement of the steady state solution. In fact the new initial
density condition produce, as expected, the same decay in the mass (since this depends
only on and integral of the initial condition), but for a transient period the interaction
kernelQn, (f ) is much stronger that the speed in which diffusion of the Laplacian act,
since the new initial condition is not negligible for high value of velocity. As such the
plateau, which agrees with Figure 2.16, is reached after a small period of activation of the
diffusion parameter.

Concluding, in Figure 2.18 we see that a linear relation vugthresent with angular
coef€cinet neat, validating the expected behavioRaf; with theoretical equation 2.6.1.
This is expected and in line with the previuos reasoning and also with the small transient
initialization.

2.8 Conclusion

In this article, we presented a new kinetic model of a modi€ed Smoluclroessigtem

with discrete and €nite mass levels, that takes advantage of small scale turbulence and
eddy diffusion in the velocity variable to enhance coagulation. We presented the derivation
of theppesystem from a particle-suid model subjected to a transport-type noise, and we
analyzed numerically the behavior of its solutions. We showed that coagulation ef€ciency
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Figure 2.17: M=1; Initial conditigyfv) = (T;v) approximation of stationary den-
sity. There-normalized time dependent collision r&@g(t; ) show stationary behavior.
Darker line corresponds to higher sigma in thg¢&es; 10].

Figure 2.18: M=1; Initial conditig{v) = (T;Vv) re-normalized ending point of the sim-
ulation. Plotted limit in tim&g(t; ) show increase with. A linear regression inis
performed with mean err6r001

increases steadily with the increase of turbulence and, moreover, a power-law decay in
time and in the turbulence parameter is present.

Conluding, we have presented analytic and numerical presentation to understand the
key factor of the collision rate as the average relative velocity between particles.
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.1 Derivation of2.1.4)rom particle-suid interaction

We present the sketch of the scaling limit tacsangrom particle-suid interaction for the
truncated model (at threshaddi).

Foranyd l1landN;M 2 N, consider an interacting particle system with space
variablexN (t) in T9, velocity variablg]N (t) in RY, mass variablenN (t) in a €nite set
f1;::; Mg, and initial cardinalitiy (0) = N . Between coagulation events, the motion of
an individual active particle obeys (recall (2.1.2))

%dx (ty = vN(t)dt;

dvN (1) . "

X
§ V() dwE v (bt
; (mN ()t 1= d oK k t

;12N (1); (.1.1)

where

~ w(x) : T9 1 RY k 2 K is agiven (at most countably in€nite) collection of
smooth, deterministic, divergence-free vector €elds.

- thkngK is a given collection of standard Brownian motiorRR.in
denotes Stratonovich integration, according to Wong-Zakai principle [91].

is a positive constant that appears in Stokes' law, that includes the dynamic vis-
cosity coef€cient of the suid.

" N(t) f 1;2;::;Ngisthe setof indices of particles that are still active at time
withN (0) = f1;2;:;;Ng.

After each coagulation, the index $&{t) will change (decrease), and the velocity of
a still-active particle will be reset according to the conservation of momentum, to be
described a few paragraphs below.

We note again that the velocity component of the dynamics (.1.1) obeys Stokes' law
for the frictional force exerted on a spherical particle immersed in a uid, cf. [64, 90],
with the euid velocity idealized by the white noise velocity 8€kix) (2.4.1) (that acts
simultaneously on all particles). This goes in the spririt of Kraichnan's model [58, 53].

We denote thd d spatial covariance matrix &f (t; x) by

X
C(x;y) = k(x)  k(y):
k2K

Moreover, for any €xed2 TY we denote the second-order divergence form elliptic oper-
ator, acting on suitable functions &

(LT*F)(v) = *d|Vv (COGx)r vf(v)):
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With suitable choice df (gkok , See [42, 35, 32], we can have that

2
L& > v 8 (.1.2)

Each particlé 2 N (t) has a massmN(t) 2 f 1;2;:;;M g which changes over
time according a stochastic coagulation rule to be described below. The initial mass
m;(0),i = 1;::;N, are chosen i.i.d. (independent and identically distributed) from
f1, Zi:;:; M g according to a probability distribution so tl{m1(0) = m) = r(m)
with mzl r(m) = 1. We are also given deterministic probability density functions
gn(X;v):T9 RI!I R,,m=1;2 M, satisfying suitable regularity and decay as-
sumptions, such thatih; (0) = m then the initial distribution ¢k; (0); v;(0)) is chosen
with probability densityy, (X; v), independently acro$sWe denote

f,%(x;v) = r(m)gm(x;v); 8m: (.1.3)

The rule of coagulation between pairs of particles is as follows.(k¢t R ! R,
be a given smooth symmetric probability density functi®d,thatis, dx =1, with
compact support iB(0; 1) (the unit ball around the origin®{) and (0) = 0. Then, for
any" 2 (0;1), denote "(x) : T9! R, by

‘)= 9 x); x2Td:
Suppose the current con€guration of the particle system is
= (X1, V1, My;X2; Vo, Mo; i XN VNG MN)
2T (RAGON f 1;unM; gV
where(X;i; vi; m;) denotes the position, velocity and mass of pariicky convention if
particleig is no longer active in the system, we 8¢t = vi, = m;, = ; (a cemetery
state). Independently for each péilj ) of particles, where & j run over the index set

of active particles in, with a rate (derived from the collision kernel as in [25], compare
with (2.2.2))

St (X X)) (.1.4)

we removex;; vi; mi; X ; vj; m;j) from the con€guration, and then in case; + m;
M, we add
miVvi + m;V;
Xy ————————— M+ mj;;;;;
m; + m;

with probability-Zi—, and instead add

m;iv; + m;V;
i Xy Mj + M
m; + m;

with probabilitymin:"mj . We call the new con€guration obtained this waﬁi}:)y and

Sij2 respectively. On the other hand, in case+ m; > M, then after removing
(Xi;vi;mi;xj;vj;mj) from we do notadd a new element.
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Inwords, ifi; ] ) coagulate, we decide randomly whickiaindx; is the new position
of the mass-combined particle, provided that the combined mass does not exceed the
thresholdM . If the position chosen ig;, then we considgr as being eliminated (no
longer active) and the new particle has indexhereas if the position chosenis, then
we consider as being eliminated and the new particle has indén the other hand, the
velocity of the mass-combined particle is obtained by the conservation of momentum as
in perfectly inelastic collisions

Note that the form of the coagulation rate (.1.4) is such that &ipp)rcan coagulate
onlyifix; x;jj ", thatis, their spatial positions have to'b&lose. We are interested in
thecasewheh= "(N)! OasN !l ,sothattheinteractionisnotof mean-€eldtype,
but local. Correspondingly, the €nal equation we get (see (.1.7)) is locat inatiable.
In particular, choosing= O(N 9) ensures that each particle typically interacts with
a bounded number of others at any given time, which is the analogue in our continuum
context, of nearest-neighbor or bounded-range interactions common in interacting particle
systems de€ned on lattices, see [54] and references therein.

The essential feature of our coagulation rate is the presernjue o j, which results
in the same velocity difference appearing in the boi{2.1.4). Although such rates are
widely accepted in the physics literature on rain formations, our approachvvaesven
active variable; we do not approximate it by a constant that depends on other physical
parameters. Diffusion enhancement feeds back on coagulation enhancement through the
presence of this velocity difference. As such, our Smoluchowski equation is new with
respect to existing literature.

ForeactN 2 N,T 2 (0;1 )andm 2 f 1;::; M g, we denote the process of empirical
measure on position and velocity of masgarticles in the system by

1

N; : . .
; m(dX,dV) — ﬁ (X|N (t);ViN (t))(dx,dV)lfmlN (t)= mg
i2N (t)
2M 1.(TY RY (.1.5)
whereM 1.+ = M 14 (T9 RY) denotes the space of subprobability measures on

T¢ RY equipped with weak topology. The choice of the initial conditions for our sys-
tem implies thaP-a.s.

y;m(dx:dV)) fr?,(x;v)dxdv; asN 11

form =1;:::;M,wherg indicates weak convergence of probability measures, and the
limitf 9 (.1.3) is absolutely continuous. We conjecture that, under the assumption of local
interaction, i.e.

NIl!gn (N)=0; Ilmlsup

N 4
N <1; (.1.6)
for every €nitel, the collection of empirical measures)N (dx;dv) : t 2 [0; T] mzl
converges in probability, &!1 ,inD ([0; T;; M 1.+) M whereD ([0; TEM 1.4) s
the space of adlag functions taking values M 1., equipped with the Skorohod topol-
ogy, towards an absolutely continuous liinfigh (t; X;v) 1 t 2 [O;T]gmzl. which is the
pathwise unique weak solution to a Smoluchowskigypeystem (.1.7). The lattepbe
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degenerates to thepesystem we study in this paper (2.1.4) when théehm is switched

off. Through recent progresses in stochastic suid mechanics, cf. [42, 35, 32, 33, 44], there
exist speci€c limiting procedures that allow, in principle, to obtawp#fi®m thesppey
carefully choosing the vector €elds, (x)gk2k - While we do not provide a rigorous proof
here, we think that this heuristic argument is suf€cient to justify our interest in studying
ourPDESystem.

2 2
V I+ mdiw(v)+ m2 v fm(t;x;v)dt

P
moek kOO T Fm(EXxiv)AWE S (Q Q ) (Fif)(t xiv):

8
%dm(t;X;V)
3

(X V)ji=0 fr?](x;v); m=1;::;M:

(1.7)

.2 Explanation of the link2.1.3)

Recall the stochastic equation 2.3.1. In real turbulent euids, the -uid vectoU€eld
is not exactly white in time, but has a correlation length approximatelylleviating
notations, let us only analyze the transport term invol¥iftQy and introduce a time delay
of duration y :

mdivy (U(1) fm(1) = mU®r vfm(t)
= mU@®)r vfm(t u)t mU@r v(fm() fm(t u))
= pnU@®r fm  u)
mU()r v t mU(S)r vfm(s)ds + otherterms (.2.1)
t

u

where the €rst equality is duelt(t) independent of, and in the last line we applied the
equation 2.3.1 a second time (assuming the other terms are minor).
Inthe limit y ! 0,U (t) approaches white noise in time, the €rstterm of (.2.1) yields
a local-martingale, thedlterm. From the second term of (.2.1) emerges a second-order
elliptic operator
t
ATy U@t) U(S)r vfm(s)ds

t u

thatin the limit y ! Ois expected to converge to

1, 1

: — 2 2 .
2 mdiw (C(O)r fm(t)) = 5 m vim(t):

Since the turbulence kinetic enekgyis the half-trace of the velocity covariance tensor
[22], idealizing the tensor structureldft) U (s) withjt g u, we may have that

1 k . .
UM U pla it s o
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Figure 19M = 3; Plotted estimate®m,;m,( ) withm; 2 f 1;2;3g. A linear depen-
dence in is performed with mean error betwekth 2 and10 3.

and consequently,
U(t) U(S)dS deT|dZ

NI

t u

This yields, = 2UXT as claimed in (2.1.3).

In the above argument, it is crucial that we can takeery small while havingof
orderl. WithSt =1=( ), the argument thus works only wistris very large, and the
regime wher&t is of orderl requires a different analysis, consistent with the €ndings of
[1, 25, 64, 90].

.3 Mean Collision Ratél > 1 and Guassianity assumption

Using the same method proposed in Sec2@nhwe obtain analogous result figr = 3.

We analyzed two initial condition: a localized one in the mmassl1, and a theoretical

one following [48]. In both of this case we used the restarting limiting denstther av-
eraged i ;& 2; % 3gorlocalized %;0;0gobtaining analogous results. In Figure

19, the case of localized density is shown with all combination of Collision Rate, showing
agreement with the theory.

Finally, in Figure 20, we show the comparison between expected steady state probabil-
ity and computed starting stationary solutigrfv), in the caseM =1 andT =4. The
difference irL 2 norm of the two function is less thd® 1, as per the difference between
theoreticaRm,;;m; and computedRm,.m, (T) estimated in less thah0 2 showing the
same linear behavior.
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Figure 20: Solid ling(T; ) where darker colors means higherDashed lines are the
Gaussian densitieN (0; 2). The supremum norm and thé norm of the difference
differ from zero aroun8%to 10%respectively.



Chapter 3

Future directions: two-point motion
and a uni€ed theory

In Chapter 2 a Smoluchowski type equation is derived to study the collision rate of inertial
particles in high stokes number regime under the effect of a turbulent «uid.

While this regime is of interest for astrophysical context, it has less impact for atmo-
spheric physics, in which particles have, usually, low to moc&iratembers. In particu-
lar the regime we have recovered is the same of Abrhamson [1], which is a limiting behavior
of coagulating particle akin to gas-kinetic theory.

Motivated from this, we are trying to study heavy (respect to euid density) inertial
particles in a turbulent environment with a two point statistic approach. This way, depen-
dence on radius and relative distance of particle is still present in the computation of the
PDF and, hopefully, all rangestfcould be investigated.

This problem will be formalized in the following chapter, leaving different comment,
heuristics and proofs, more so open questions to be answered.

Main achievement of the chapter is the complete formulation for the average relative
velocity of two particle advected by a turbulent euid, i.e.

r s
hv hv 2 - 1 P
' ' St 4 P

whereSt is the Stokes numbeék;r the turbulent kinetic energy ands a function that

help modelling the suctuating structure of the uid. As we'll se in the following section,

different regime can be recovered and differences on the average velocity are obtained.
We discuss the consequences of this formula depending on the choice of the mod-

elling ofU (x; t) uid velocity and its link with others given in the literature.

3.1 Introduction

In the same spirit of Chapter 2, we start with the assumption that particle satisfy the ap-
proximation of the Stokes law, and we consider the kinetic equation for two same-masses

particles:
d

axi =V;

95
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Evi = i(vi UXi); X;V2R% i=1;2
where , = g5— is the relaxing time of a particle,is the dynamic viscosity of the suid
andr; m the radius and mass of the particle respectively.
In a similar fashion to passive scalars, and stochastic modelling via transport noise,
we are still considering the assumption on the noise to be turbulent and suctuating, i.e.

X
U(x)= e (X) W (1)
k

As before, Section .2, we can still give meaning to the quanégythe product of the
turbulent kinetic energlgr , and relaxation time of the suid;, . Hereex (x) are smooth
vector €eld with almost compact support.

With the same reasoning we obtain at the level of the stochastic system, neglecting for
now the coagulation, a SPDE for the joint density of the two point nfefion; X o; V1; V),
ie.

@f +div x, (vaf ) +div x, (vof ) idiv\,l (vaf) idiv\,2 (vof ) =
p p
X
=~ a(x1) Fwf dWe®+ —  e(x2) ryf dWe(t) (.11
Pk Pk

It is interesting to note that investigate well posedness (existence, uniqueness and regu-
larity) of (3.1.1) is still an open problem. Anyway, thanks to work like (J. Bedrossian 2022)
in which well posedness of Vlasov and Vlasov-Fokker-Planck system was studied, see
[13] and reference therein, we can safely expect that solution to such equation exist in the
usual space.
Writing the Ito-Stratonovich corrector in (3.1.1) we obtain a second order elliptic oper-
ator that depends on the covariance matrix of the noise Cslich matrix we have:
X
Qxi;x)= 2 &(xi) a(x):
k

and computing the Ito formula and the corrector, we get mixed derivativeg in the; ; v2)
variables, giving the following second order operator (we assume for singicityx») =

Q(x2;x1)):

2 2

Df = ﬁdinl(Q(Xl;Xl)r vif)+ ﬁdinZ(Q(XZ;XZ)r vof)
p p
2

+ —divy, (Q(X1;X2)r v,f):
p
Which reads, at the level of the SPDE, as:

@F +div x, (vif ) +div x, (vof ) idivvl (vaf ) iolivV2 (vof) D f =
X Pox P
= —  &(Xy) ryfdWi(t)+ —  ec(x2) 1 v,fdWi () (3.1.2)
Pk Pk
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Under suitable condition on a scaling paramé&ted 0asN ! 1 |, we expect that
taking a Galeati limit, we can approximate this stochastic equation with the associated
PDE for the density of the two-point statistics.

@ +divy, (vif ) +div oy, (vof ) Sdive, (vif) = divy, (vaf ) = Df  (3.1.3)
p p

Remari8.1.1 Note that under the same assumption of Chapter 2 on the covariance matrix

Q(x1;x1) = Q(x2;x2) = cl;  Q(x1;x2) = QX1 x2);c2R

We recover the same equation for the one point statistic of a single particle. This can be
done integrating in the desired variable and using divergence theorem and the symmetry
of the covariance matrix. The@eis basically independent on the position, the only con-
tribution is given by?  kr.

Here the position is essential and change the behavior of the relative velocity.

Therefore, to simplify, we can consider the differential operatoQith x») not
trivial, maintaining a footprint of the space modi€cation due to the euid in the relative
density of the two particles:

2 2
Df = ﬁ( wf+ wf)+ ﬁdivvl (Q(x1  X2)r ,f): (3.1.4)
p p
Remarld.1.2 Note that well posedness (existence/uniqueness and regularity) of (3.1.3)
can be proven inthe same fashion as seminal work of (V. Dean 1990), and following on that,
where well posedness of linear and non linear Vlasov-Fokker-Planck equation is studied,
[85], proving regularity of the associated semigroup.

3.2 Setting the computation for Collision Rate

To compute the mean velocity we need to investigate the density function of the two point
motion. Since we are interested to obtain an average value that is independent from the
initial condition, we focus on the steady state solution of the PDE 3.1.3. The stationary
equation associated to (3.1.3), whBrke as in (3.1.4), is the following

. . 1 . 1 .
divy, (vif ) +div x, (vof ) —divy, (vaf) —divy, (vof ) = Df (3.2.1)
p p

Note that, opposite to the 1-particle case, there is no way to eliminateddygendence
and, moreover, this dependence is essential to obtain meaningful result for gtneral
numbers.

Remarld.2.1 Note that this equation is not precisely suitable for the objective we seek.
If exist a solutiorf = f (;vq1;Vv2)to(3.2.1), it should satisfy

1 1 2 2
- d|VV1 (Vlf ) - leVz (V2f ) = 7( V1f + sz )+ 7d|VV1 (Q(Xl X2)I’ sz )
p

2
p 29 p

for every value of; X2, which is impossible.
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However, following similar ideas from [10, 75, 90, 89] and others, we note that is the
distance of the two particles the meaningful quantity. We search solution of the form:

f (X1;X2;v1;v2) = B(x1  X2;vi;Va)

Callr := x1 X2, the functiorf® = f€(r;v;Vv,) satisfy the equivalent PDE:

1 . 1 .
—divy, w1 —div,, v, =D
p p

2

De=

2
5w+ € + —=divy, Q(r)r ,© (3.2.2)

p P

this equation is the adiabatic formulation, i.e. constant in space, of Equation 3.2.1 where
we impose:

divx, viff(x1 Xo;vi;vp) +divy, V(X1 Xz;vi;vp) =0: (3.2.3)

This make the task of €nding a solution for 3.2.2 feasible, and we show in Section 3.7 that
solution of such equation are close respect to the problem of €nding the relative velocity
of particles to solutions of Equation 3.2.1. Therefore, €nding a solution of th&form
f€(r;v1;v2) for equation (3.2.2), we have an approximate solution of the general one,
which are homogeneous in space, namely invariant by space-translation.

Remarld.2.2 We can prove that existence and uniqueness for such an equation is pos-
sible using standard technique for elliptic equations (see reference on bounded domain
[74]). Thus becomes our main equation and, without misunderstanding, we call it its so-
lutionf .

Note that, assuming a covariance matrix similar to a Kraichan ensemble, e.g. [10], we
maintain the dependence on the relative distance of the particles. In the next sections we
are going to compute such average and then show different model for the euid turbulence,
represented by different covariance matrix.

3.2.1 Space as a parameter

Given any, we can €nd solution pdf (v1;Vv2) which satis€es equation (3.2.2). We
have, for each €xed

x (V1;V2) dvidv, =1 (3.2.4)

Remarld.2.3 Using last remark, we can obtéifrom (3.2.2) and from, :
f(r;vy;va)i= ((vy;vo) (3.2.5)

up to constant depending on the space we are working, e.g. constant being 1 if we work
on a torus of Lebesgue measure 1, otherwise it is suf€cient to change it computing the
integral. De€ned like thik,is non negative, the integral in all variables is equal to the
integral of 1 on the space domain using (3.2.4) up to constant, and it satis€es equation
(3.2.2).
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The important consequence is that, following from classical theory of both stochastic
processes and elliptic equation, we have

r() N(©OC)

with a knowrC; which will depend on our choice@{r) covariance of our noisy euid
modelling. In fact, this follow from equation 3.2.2 being the invariant distribution of an
Ornstein-Ulhembeck process.

3.2.2 Conditioning on same position

The structure function that we want to compute is the average relative velocity between
two particle considering all the inertial range of the particles in the suid, i.e.

E(V1 V2jl

this is the average difference of velocities between particles at the "same" position. In this
context "same position" is not clearly de€ned. In particular we could interpret the same
position condition as to take particle that are at a collision length scale, i.e. we look at
a portion of space where there is a myriad of transported particles, pointwise from the
macroscopic viewpoint, enormous from the microscopic viewpoint. A portion of space in
which collision happens with high probability.

Remarlk3.2.4 Following [75, 25] and reference therein, the structure function associ-
ated to the relative velocity is tied to the collision r&teof coagulating particle in a
domainD  RY. In particular, recalling the splittif®) = Raqv + Ruwr , we know that
E[jV1 V2j]is fundamental for the computation Bfy; , but also rise the following
guestion: is the uniform density still valid in such regime of turbulent suid? does the fold-
ing of the sow changes the average distribution of the particle with the computed relative
velocity? Should we consider some radial distribgffonthat multiply the collision rate

to obtain a more reasonable kernel, or change the particle distribution accordingly to the
motion and the inertial regime?

From here on we start assuming the following:
krk  p (3.2.6)

namely we consider positions which differ by the typical length scale of colliding particles.
In the computation oE[jV 1 V 2j] we use the equilibrium probability density of

pairs of particles, conditioned to have the "same position", whichfising8.2.5), where

under our assumption conditioning to the same position, under the approximation (3.2.6),

mean we use the new density

f Cpivi;va)

f(vi;vy) =
(Vaiva) f (Cp;vi;va2)dvidvs

iz} » (V1;v2):
on the unitary torus for 3.2.4

In 1D notation this is already enough replacibgkrk 5. In more dimensions it is
similar since we can suppose invariance by rotation, and that indeed the the collision of
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particles really depends on the magnitude of their distance. This will become clear when
we'll write down the covariance matgxr).
Thus, assuming to work on the unitary torus, we have:

jvi  vojf (Cpiva;vo)dvidvs
f (Cp;vi;v2)dvidvy

E[[jV1 V2j]

= jvi vz -+, (Vi;v2)dvidvp

Yciti e o
p p p

Hence, main objective of the following section is to give fair assumpti@rgrio com-
puteC, from which we'll derivé}lpl; C?pz; CJDZ and as such the relative velocity.

Remarl.2.5(Relaxation time of the «uid) . Inthe previous chapter, under the one-point
motion, we collapsed the relaxation timeof the euid to zero. The reason was that such
parameter is the one involved in the white noise limit for our model. Now we are going
to compute the covariance matrix of the noise, making it dimensionless, and introducing
again this time in the limiting computation. in fact we have:

. P—
f= = 2Kt

wherep 2kt is the typical velocity of the turbulent suid,is the typical length scale of
the euid. As such, we assume

Q(r) = Qékfk:\f)
t= ¢ 2kt:

This way we have reintroduced the time scale of the uid.
At last, we introduce again the foundamental quantities:

p
St= P =" 2(kt:

In the following sections we are going to show two reasonable model to interpret (in
different Stokes number regime) the covariance of our considered noise.
To do this, we'll start recalling:

o P o T
f= f TS g

Moreover, we want to solve the equation whempé#rameter satis€es (3.2.6). Hence

p= pVp

wherev,, is a typical velocity of the particles in the steady state regime of the particle
density.
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3.3 Mean velocity with "scalar" covariance functmpfr="+)

Here, we propose to compute the structure function (3.2.2) in a general setting without an
explicit formulation for the covariance matgixx vy).

The only apriori hypothesis we employ in the selectiéhisfthe space homogene-
ity (already expressed by the form@#&x y)) and is direct relation with the identity
matrix.

For this reason, consider a scalar functiin) dependent on the magnitude of the
relative distance.

(
Q(x;y) =Q(x y)=gq ** Id
q(0) =1

(Note that we can always assuméd) = 1 since we can always modifywith a dimen-
sionless constant dependent only on the domain).

Thus the matriC, is linked tog r7 . From the elliptic equation we obtain
1. -1 2z A _
—divy, wif —divy, vof = 52 wf+ Wi+ ———divy,r ,f
P P P P

which reads out
2

. - . = - - r : -
divy, vif divy, vof = 5 wi+ Wi +2q — divyr f
p f
From the usual computation we obtain the covariance matrix
0 1
2 Id L d
C = — @ d f A

P q < Id Id

Using the results of previous section and the computatio@,omve can obtain for the
structure function the following closed form:
S

E[V:i V2] p= 1 q —fp
p

Before delving into the suid modelling, we can expand the constant in the covariance
matrix to ease the computation. In particular, we recall from [31]:
p__
= 2 f kT

Hence S

E[V1 V2] 2—kr 1 q &
f
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this give us: . s
E[jV Vv — 1 —
V1 2l] St q >

Trying to expan% in relation toSt we have

‘i,: Vp _ VpSt |
In conclusion: (s
kr VpSt
E[V: Vol g 1 a9 Bo=
St 2kt

This is the €nal expression for the structure function of the relative velocity under different
modelling of the «uid suctuations and in the steady state regime of the particles' density.

3.4 Covariance with Gaussian decay

We assume that the covariance structure of the noisyldiid)  U;(0) is

Q(r) := exp( k rk?®="t?)Id

P—

p— 2k

P =P T
f ot St

Under this assumption, we may rewrite the differential operator (3.1.4) in the form

2

Pr=52 wit vwf +2exp(k rk’="7)divy, 1 y,f

Multiply the stationary Fokker Plank equation (3.2.2) loye write it in the form

divy, (vif ) divy, (vof ) = ,Df

where
2
pDf = 7, wf +  wf +2exp(k rk?=2)divy, r \,f
! !
k krk 2
= S—T[ wi+  ,f +2exp Lf divy, r y,f
We want to solve this equation when plagametekrk ¢ satis€es (3.2.6). Hence, we
couple’, = ,Vvp with the equation
I I
. . kT \p 2 .
divy, (vif) divy, (vof ) = — wi+ wf +2exp — divy, r y,f

St f
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Which gives the €nal equation:

! !
2

divy, (vif ) divy, (vof ) = ksit wf +  uf +2exp p\;pTTSt divy, T v, f

Recall thaC- is the covariance of the Gaussian solving this equation, i.e.

0 ) 1
A\
o - K+ % Idg exp %St dg §
p St @) Vp 2 '
Therefore, under the model, our €nal formula is:
q
E[V1 V2jl Cit+ C?pz 2(:\1p2
r kg 25
T Vp .
— 1 ex p——St : 3.4.1
St P 2Ky (34.1)

Remarlk3.4.1(Recovered limiting behaviorThe choice of the Gaussian covariance is
inspired by work like [1, 58, 64, 75]. As such, we show here that formula (3.4.1) agrees, at
least in the two extremely limit &t ! Oorl ,i.e. tracer particles or complete inertial
particles moving in a bullet-like motion.

2
WherSt is large exp p‘g’TSt is small, we get
r —
E[Vi  Va =L
[Vi V2] St

which agrees, as shown in Chapter 2, with the Abrahamson limit [1].
Conversely, whest is small we get
[

Vp 2 Vp 2
1 ex — St — St
P P P ok

which means at the level of the structure function
r

) . k V,
E[Va  Vai] S—Tt pZLTTSt
— P
k—TpSt kt St
Vp

where we have used the fact thagt P kr for small Stokes where particles are almost
in solidarity with the sow. This formula agrees with classical computation as [14, 72] for
both atmospheric particle and gas in proto-planetary disks.
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3.4.1 Covariance as Kolmogorov scaling

Suppose that our «uid has a covariance modelled to cover a Kolmogorov scaling in the
energy dissipation [10, 11], i.e. for small relative distatkabe covariance has the form
!
krk 4=,
Qr)=1d 1 =— "= & sy
f

where" is the average rate of energy injection. This give us, for &miall

r r

. . k v kr  kxk 2 _
E[V: V2] .9 pZLTTSt St — "=

Combiningthe estimate &nk v, pand’¢ f 3 kr, that are still true, we get exactly:

krk 22 Vp 23
—-— p——>St :
f 2kt

This implies that, for smait << 1 we get:

r— .
kT @ 2= nl1=3

EjVi Vo] st
r_
kt Vp 2= 1=3
o plst ¥
S

(St) 1=6 (kT ) 1=6 V§:3" 123:

which in principle means that, for small distance the rate of velocity, while still going to
zero, is stronger than the expected Gaussian assumption.itis not clear if it is the expected
limit for smallSt in [90, 89, 75, 26, 25, 11, 10]. It is worth mentioning that, for inertial
regime wher&t >> 1, we can still recover the Abrahamson limit, even if the distance
krkis small.

3.4.2 Kraichnan Noise

As a last example of modelling of our euid, let's consider an approximatiditpx )
in the sense of Kraichnan, i.e. the «uid velocity difference is a Gaussian vector €eld with
correlation

Qij(x y)=2KU(x )
This is similar to what it is considered in [10, 11].' _In order to model turbulent sows, the
tensorial structure of the spatial correlatién:= K" (x vy) i is chosen to ensure
incompressibility, isotropy and scale invariance. This helds whern (. Call(x
y) = r,then:

i i =1;2

KU (ry= Coij Cikrk®™ (1+2h) 2h o
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We have tha€o= p "S—Tt is our usual constant. More so we have, from Falcovich,

<21 h)
Cencini and Bec [26, 10, 11], @t , 15 , where the €rstlg comes from the
Stokes' law. The covariance of the Gaussian process then is

_kr 1dg | K
CP‘§ K |Idg

a
E[Vi Vaj] cip1+ c?p2 2(:{)2

Therefore

q___
2C1krk2h
y—
21 h)q
1 St
t 1Sty 2krk2h
p p
r s
kl krk2h
St ‘f2h
This is more or less our €nal formula. Let us cr}gzck it.
Wherkrk << , thenkrk vy p while's kr ¢. Hence
r S r 7\6 -
kr _krk2h krB o (vp p)
st E st TP @

If v P ﬁthen:p P krstth 2): h2(0:1]

Note that, foh = 2=3 we recover the Kolmogorov scaling (3.4.1)

3.5 On Collision rate

In the physics community there is now a general consensus [90, 89, 75, 10, 11, 26, 25],
thanks to works of Mehlig, Pumir, Falcovich, Cencini, Bec and Wilkinson, that the coagu-
lation rate, introduced in Chapter 1, has a natural splitting in two main components

R = Raav + Rur:

This tow uncorrelated main components &g; the coagulation due to advection, and
Rt, due to the turbulent sow.

This last ternmRt is obtained independently from two differnt computation both from
Falkovich [26, 25] and Mehlig [90, 89], while it is being considerd in works of Bec [11, 10]
and Pumir [75]. This is callsting effector caustic effect

Both of this effect are obtained considering the usual collision kernel when turbulent
*0W is involved,

Rkin hvi;
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is mostly dependent on the relative velocity of the particles. They propose a correction
due to the euid turbulence that create singularity on the gradient of the particles velocity
and the modi€ed their density.

To be more precise, the contribution is due to the radial distribution of the particle
and, more so, the stress tensor given by

@ L
A= —U((x) : 8ij:
& i(X) J
Discussing the advecting p&tgqy, there is the famous Suffmann-Turner formula, esti-
mate for low Stokes regime with a uniform density of almostr tracer particles [78], that
read as r

8 2 1
R, = —nNg (2r :
a 15 0( ) f 1

whereng is the density and the radius of the particles.

During our computations, and under our hypothesis, we arrive at a close form for the
expression of the relative velociity ji between particles. Assigned a covariance matrix
for the noisy modellization of the euid' veloci®/(r) = q(r="¢)Id , with suitable condi-
tion ong. We obtain the following:

P gl

hjviji hv2i L1 (=)

V] St ap=)
If we still maintain the idea that we have a statistically uniform spatial distribution of
particles, call such density, then we have the relation between the tubrulent collision

rate,R 1, and the relative velocity, i.e.

Under this hypothesis, we fail to describe in fullness the turbulent part described by dif-
ferent author such as [90, 75, 26] with complex formulas. In particular, while the maxima
and the limit for high stokes regime is capture, see Figure (3.1), there is an anomaly for
small Stokes number that is not captured with just the relative velocity computed directly
by the density function. The same limit point is shown, but the abrupt increase in the rate
for lowSt is not captured.
The non uniform behavior, and the overestimation is not an unexpected occurrence. It
can be argued, considering the derivation of the relative velocity, that the assumption of
statistically uniform spatial distribution, in the limit of small Stokes number, is not what
we are really obtaining. In particular, all of our assumption in the computation of the
structure function needs to work in the steady state regime, after the tubrulent behavior
of the euid is being observed. As such, also the density of particles must be taken at is
steady limit, after the one-point statistic as evolved the system under the turbulent regime.
More so, since in our equation velocity is an active variable, this must be carried on, as a
Maxwellian-like average for the particles and to be computed in a domain as big as two
colliding particles. The €rst reasonable guess, e.g. [59],is to consider the collision rate in
the following form:

R nog(r) hv(r)i
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whereg(r) is somewhat analogous to a radial density function of the particles at such
distance and such radius/mass, which in principle is a different fractiog dfiore so,

we need to €nd a way to incorporati this fraction of colliding particles: this would be
possible considering the one point statistic and the Maxwell distribution, analogous to the
Boltzmann's one in the kinetic gas theory. In this way, the energy of the particles, modi€ed
by the turbulent behavior of the euid, can be taken into account when we consider the
spatial distribution of the colliding particle at the mean veldgity v ji .

3.5.1 A comparison &t number

We recall that in Mehlig, et all. [90, 89] they derive the following analytic formula from
DNS simulation:

R = Ragv + ﬂ{%s :'}
=Rur
where they estimat€=l  1=St, with S being the action of the trajectories of parti-

cles andl the strain-rate correlation function. They explain this factor as the caustic
formation/sling effect noted by Falkovich [26, 25]. In particular they derive the following
computation regarding the telRyin (see paget of [90]):

St<< 1; Ruin pStprl)ﬁ

St>> 1, Ry pF= St

Without the factoeS =, representing this rare events, this would be in line with our initial
assumption of a Gaussian modelled suid velocity for our difference of velocity of colliding
particles. Unfortunately, with the caustic effect taken in considerations, the decay is faster
and we can see the difference in the following €gure. From Figure (3.1), we note that for
high stokes number (roughBt & 5) we complete capture the same behavior as the
literature with decay=St. Regarding the limit f@t ! 0, we see from €gurkin [90]

that the advection ratR .4, is dominant and the decayBf,, have a little ineuence. All

of the modelling oR ¢, goes to zero, but with different velocity, this different must be
searched in the caustic effect due to the «uid. In the next section we are going to propose
our correction factor that, even though is derived from a different point of view, can be
linked back to such rare events due to the «uid behavior.

3.6 Conclusion: new factor and energy state density

As proposed in the last section of this chapter and following reasoning from Chapter 1,
Section 1.4, seems reasonable to correct the collision kernel to obtain a collision rate that
is weighted with the fraction of particle that are indeed colliding with each other with a rate
dependent on the mean relative velocity. This reasoning is motivated by the work on fractal
dispersion of passive particles into turbulent€led [12, 41], indeed particles deviates from a
uniform initial distribution when ti8t number is small and they tend to cluster, changing

the overall density number of colliding particles. Again, for simplicity we consider particle
with the same mass1, and velocity , as previously stated.
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Figure 3.1: Comparison, log-log ploR ¢fin 3 setting: (red): kolmogorov scalig(e) =
(1 x%3)e **, (blue): Guassian scalimgx) = e *°, (purple): Mehlig [90] formula
without constants. In (green) dotted the limit&ir! 0.

In analogy with Maxwell-Boltzmann-Arrhenius density, we expect to multiply the rela-
tive velocityhivy  vpji with the number density of particle at a certain length distance
with their related "mean velocity", in the Maxwellian sense, derived from the single point
statistic density equation in Section 2.5. @athis new factor, then we expect:

1
h :=exp >Mp

Kt

Note that the length scalg is contained irnjvji , hence irvp,.
This is analogous to Maxwell distribution in which we have

hexp%

whereE is the energy and is the temperature and in our case it the turbulent intensity of
the euid, given by 2= p. In particular, we van argue that thigs not an arti€cial factor,

but nothing more than the steady state solution of the modi€ed Smoluchowski, which is a
type of Vlasov-Fokker-Plank equation. In partibubeing the Maxwellian represent the
number density of particle in the in€nitesimal volume around the averaged velocity.
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Under this assumption, then, the turbulentiRate is, callingng the initial density of

particles !
2

1 v : N
Ruwr  Noexp émppizp hivi  vaji
Under our Gaussian covariance hypothesis we get:
Ly Y !
2 T 2
Mp Vp p kr ¢! Vp
nopexp — —- 1 exp p——=St
2 2 St 2kt
In the exponential:
| |
2 2 '
MpVp p P PP
ex —— =eX —
P22 P2 kg 3
2 2"
mp ppf
= ex _r
P 2 242
[
) '
mp p 1
= ex — 5=
P 225
will leave us with
I r N I
) T 2
m 1 |'(Tl[J \Y
Rir (M No ex L 1 ex P st
wr (Mp) 0 exp 2 ~25t St p PTT

(3.6.1)
Analytically speaking, formula 3.6.1 agrees with Pumir and Flakovich [26, 25] ideas and
Mehlig [64] formulations. This factor, albeit essential, is formulated with a reasoning due
to kinetic theory, and well represent the activation aspect and the fast deSayaar
0. Anyhow, it is still fundamental to understand how we can capture this from the particle
system at play, as shown in Chapter 1, Section 1.4 and, in a rigorous way, from the limiting
equation 3.2.2. This would be primary work for future development of this theory.

In a similar vein, a natural progression of the theory involves conducting DNS sim-
ulations with adjusted parameters that align with our hypothesis. By comparing these
results with established classical outcomes, we can provide a comprehensive and robust
explanation of our uni€ed theory concerning the turbulent collision rate and our analytic
formulation.

3.7 Adiabatic hypothesis and Gaussian approximation

In Equation (3.2.3), we put forward the conjecture that the model describing the combined
distribution of space and velocity, denoted &s; v), can be effectively approximated by

an adiabatic distribution in terms of space. This approximation treats the spatial variable
as a parameter within the distribution. In the following section, we delve into this simpli-
€cation, demonstrating its validity in effectively representing the model through the sim-
pli€ed equations. Furthermore, we tackle the constraint arising from the non-vanishing
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nature ofr , (f(vi Vv2)). We address this constraint by contrasting it with various
length-scale regimes relative to the ratio between the particles' relative distance, denoted
asr, and the Kolmogorov length-scale, symbolized &his analysis introduces novel
avenues for potential model enhancements in future research works.

3.7.1 Lagrangian description with euid velocity modelling

We start, as in Chapter 3, with the Lagrangian description of the relative motion of two
point into a euid:

o
1

0 = Ley ou() usoa)

<
o
1

While they don't interact directly, they are allowed to collide and coalesce. More so, they
are subject to the same euid velocity sow making their motion correlated.

The euid velocity component can be expressed as a sum of two compgneant
us. Both of them are turbulent ow, but act on large scale respect to the particles
dimension, whilas act on small scale.

We are interested in the relative motion, hence we namex; X2, V=Vy V»
for which we get a unique system of equations:

=V

w= Lyt (UL (x1) UL (x2) + 1 (Us (Xx1) Us(x2)):
p p p
Due to the large scale effect, we neglect which will be incorporated only in later dis-
cussion. The reason to maintaig is due to the transport noise type of construction we
used during the thesis and the limiting property of such a system.
In particular, taking the diffusive limitw§ we can recover a kinetic system made up
of an ODE and an SDE:

dv= Tudt+ ST 1 a(jxj)dw (3.7.1)
p p
a close equation for position and velocity difference of the particles.cHepgesent the
spatial correlation of the suid and depends on the separation of the partictegxj,
s = P — obtained as in Chapter 2. Such a system has, naturally, two temporal scale.

The velocity componentvaries quickly, due to the factépr\NhiIe the componeRrtvaries
more slowly. This system in the Eulerian framework has a corresponding Fokker Plank that
reads out as:

2
@ +div, (V) Tdivy (V)= S5 divy (@ aGxi) T uf):
p p

This equation is analogous to the one in (3.2.2). More so, we had no problem obtaining
such a system without the use of the Stratonovich interpretation:sihege is smooth.
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Then the invariant distribution is, asin (3.2.2),

dive (V) Sdivy (V)= S div, (@ aGx)) T )
p 2p

and as suchi is still a function of botl{x; v), with partial derivative in all the variables.
Thus, the solution is not a precisely a Gaussian due to the non linearity in the variables,
thanks tor x andq(jxj).

Remarld.7.1 Is it worth mentioning that this kind of steady state is very similar to the
Boltzmann equation’ steady state solution, with an elliptic kernel. It could be interesting
in future works to explore the possibility of €nding explicit solutions of such system: from
works of Villani and Gamba [43] it one possible guess is to consider a Maxwellian solution,
a Gaussian with a multiplicative correction dujj®.

Adiabatic approximation

In Section 3.2, we used the approximation of €xiognstant, adiabaticly, whievaries,
in the Lagrangian framework this is equivalent to study the one-equation system:

p__
dv=  tvdt+ SO 1 q(r)dw (3.7.2)
p p
for different value of = jxj. This system is exaclty the one associated to the FP equation
studied in the €rst half of this chapter, and have a stationary solution of the form

2
fr(v) N O;i(l q(r))

Thus, we'll show numerically, computing the steady state solution of both equations 3.7.1
and 3.7.2, that the adyabatic one well represents the model for all the scale of ratio

Numerical simulations

As a €rst analysis of the two model with Brownian diffusion, we consider numerically
Equations 3.7.1 and 3.7.2, for a €ejd=: r in the range of the separation distance
between two particles in the rangeref  [1; 10]andr= [20; 60].

We compute the invariant distribution of both the non-linear conditioxglorr and
the one of the linear system with €xedn the adiabatic regime, approximated through
the Gaussian functidn (v).

For simplicity we €x dimensidn= 1, and select initial condition as follows:

X =0:1 in computational unitVo = 0; dt =10 *
while for the constant of the system we select
s=0:1, ,=0:00% =0:001Im; q(r) = min fri=®;1g

Whergqyis selected with Kolmogorov Scaling criterion. We simulate with Euler-Maruyama
scheme fod (P iterations and then restart it for anotHePF iterations to take the invariant
distribution.
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Figure 3.2: Results on marginal distribution respect to velocity variable in different regime
of r=, showing good approximation with Gaussian hypothesis.

In Figure 3.2, we present the comprehensive outcomes of the one-dimensional simula-
tion. These results exhibit a favorable alignment with the Gaussianity assumption applied
in the preceding chapter. More so, it's worth noting that the value @:001m resides
within the Kolmogorov length scale range pertinent to atmospheric euid dynamics. This
provides a reasonable foundation for selecting two distinct value$:11, correspond-
ing tor= 10, andr  0:43, corresponding to= 45. Such choices enable us to
encompass both small and largecenarios.

The upper row of images reveals the following:

The leftmostimage portrays a frequency histogram showcasing the normalized steady-
state distribution of particle relative positions, centered around the particles' initial dis-
tances. Inthe centerimage, a comparison is drawn between the non-linear case's marginal
probability distribution f (x;v)dx and its corresponding Gaussian approximation, de-
picted in blue. The rightmost image illustrates the conditional probability distribution
f(r;v) forr= 10in the non-linear case, contrasted with the Gaussian approxima-
tion shown in blue. The green line represents the Gaussian approximation of the marginal
probability distribution f (x;v)dx.

The lower row of images displays the subsequent analyses:

The leftmost image showcases the probability distribditiorv) forr=  45inthe
non-linear case, alongside its Gaussian approximation in blue. The green line signi€es the
Gaussian approximation of the marginal probability distributiqix; v)dx.

In the middle image, the probability distribufigw) is presented for= 10inthe
adiabatic case. The blue line represents its Gaussian approximation, while the green line
denotes the Gaussian approximation of the marginal probability distribuit{anv)dx,
and the red line signi€es the Gaussian approximation of the conditioned probability distri-
butionf (r; v).

The rightmostimage concludes with the probability distrib@if{en) forr=  45in
the adiabatic case. Similar to the previous cases, its Gaussian approximation is illustrated
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in blue, with the green line symbolizing the Gaussian approximation of the marginal prob-
ability distribution f (x;v)dx, and the red line representing the Gaussian approximation
of the conditioned probability distributib(r; v).

Remarl3.7.2 In the case of= 10 error in the approximated Gaussian respect to
predicted  (via the computatiogip 1 q(r) forthe variance) i40 1, while for=

45error in the approximated Gaussian respect to predictie®l i§ More so, irsup-norm

the difference between the approximated Gaussian and the real distribution is less than
10 2forr= 45and5 10 2forr= 10, and a Kolmogorov-Smirnov test con€rms
the goodness of the Gaussian hypothesis.

Conclusions

These basic numerical experiments yield results in agreement with the approximation
method, showing a small error in the estimation. While assuming Gaussianity with an
error magnitude af0 2 may slightly underestimate the value, its effectiveness remains
reasonable.

More so, this leads us to contemplate the implications for diverse regimes of relative
distancer= at different Stokes numbers: while under this Gaussianity assumption we
derive a complete formula respec8tfor the collision rate, as in 3.6.1, does this model's
validity extend solely to cases where exceedsl?

This crucial question drives our exploration towards a more inclusive model that can
encapsulate a broader spectrum of scenarios, showing gap in the noisy modelling of the
euid velocity that we address in future works.

3.7.2 A more general approximation result

In this section we are going to consider a more general modeling of the velocity of the
suid in which particles moves and collide. In suitable limit, this system reduces to the one
studied in previous part of the chapter, making it a reasonable generalization to study.
The modelling afi(x) is obtained through the use of an Ornstein{Uhlenbeck process
Z with a suitable space covariance and a time correlation that depends on the Kolmogorov
scale of the euid.
This de€ne the following second order random system for particles advected by a
turbulent euid:

vw= Ly 1P 1 q(jxju z (3.7.3)
p p

iz= Lzdt+ p—dw:

In analogy to what we did in Section 3.7.1 we deéisahe relative position between
two particles and the difference in velocity. Here we useto indicate the suid velocity
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atthe Kolmogorov scale, with the relative length and relaxationtimeespectively. Re-
gardingg (r=), this is non other than the spatial correlation of the suid at the Kolmogorov
scale. As in Chapter 8(r) 2 [0; 1], decreasindim, oq(r) =1,limu; q(r)=0.

The difference respect to the previous modelis in that involves the explicit introduction
of temporal correlation into the Kolmogorov scale More so, this model recovers the
well-known results for hight and, naturally, makes more precise results for small to
mediunSt, concerning the relative velocity and the corrective factor of previous sections.

Then, in the same fashion, we de€ne the adiabatic approximated system, where the
position is €xed a t a given distance

v= Ly 1P3 q(r)u Z
p p
1 1
dZ= =Zdt+ p—dw (3.7.4)

We'll show that this system is close in its solutions to the full system 3.7.3, for every
range ofr= , recovering the complete description of the relative velocity for all range of
Stokes number. The reason of the following analysis lies in the highlight of a key quantity
that, as of now, was not considered in the model, i.e. the relative distance of the parti-
cles and how big or small it is respect to the Kolmogorov length-scale. In fact all of our
conclusion are true whenever & 1, while whene is close to the Kolmogorov scale,

i.e. "
-2 [1;10]

Then the complete description of the relative velocity through the simpli€ed stochastic
model fail. In the next paragraph we'll derive again the relative velocity istégpcom-

pared to and highlight the numerical results showing how the Gaussian approximation
is suitable to work with such systems. We conclude the section proposing a problem con-
cerning particles that are closer than the Kolmogorov scale and how to enhance the model
in future works.

Relative velocity forr & 1

We consider systef17:3 and normalize it respect to the suid veloaity

Starting from this normalized equations, we pass to the adiabatic modelling and thus we
have

dv = int+ ip 1 q(r)zdt

p p
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iz= Lzdt+ pdw

NamingX = (V;Z) the velocity variable and Ornstein-Uhlembeck process, and €xing
R = (B; W) two independent Brownian motion, we can rewrite the system as

p ! !
() 0 dB
dX = Op p iZ Xdt + 0 plj dw
Which read as 0
_ — dB
dX = AXdt + Q e

This system as a stationary solution given by the closed formula

0 p
X (0) = ) el VA" QdR;

For which the variance can be computed easily:
1
E[X (0) X (0)]=: Q1 = e Qe” dt:
0

For simplicity in the exposition, we €x dimengon 1, but everything said from here
onisvalid fod 1 with a little bit of effort in the notations. We are interested in the
variance of the compone¥t

1 1
11 — X A O A dt = 1 A 2 gt
Q1" = . ey Qjj ey dt = . €12 :
i

While for the variablé we have
- 1 X 1 1! 2
Q7% = e Qe dt= = ey “dt
0 0
which must be unitary since is the varianc& ofh OU process with right scaling on the
drift and diffusion.
To obtain the quantities

0 0
dh= 1 1; = er 1 2:Z:
we need to solve the following ODE system
1 1P —
vo= v+ =1 q(r)z
P P
z0= 1

V()=0; Zz()=1
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and takev andZ. We have:

1 1P —— 1
Vo= v+ =" 1 qg()e |
p p
V (0)=0
Usingtheformula% 1= —®, we can reduce the computation and obtain:
If ;6
vt ip—
A= e 2"V 1 e  °ds
p
ip— 1y U1 o1
=="1 qne »' e®  °ds
p 0
1p !
—— lie r
= — 1 Q(r)e P 1 1
p o
p— 1 1
= 1 q(r) e ' e ®
p
While, If , =
pP—-1
A="1 gqr)—e »'t
p
Putting all together we have a formula®@jt given by:
1 1
T A 2t
0
8
2 1 1, 2
<1 coe ' e dt se,8
=@ q(r)). . 11 2,
' 70 € ° tedt se p=

We focus now on the casg 6 , we'll show that the €nal formula agrees also in the
case whenp, = , being general. We have

1 1 1, 2 1 2 2 1,1
e ' e ® dt= e '+e P 2 oot
0 0
1
:7_'_7[) 2 :7+7p 2 p
2 2 "i417 2 2 o+
p
This gives
! 2
Q== e
o
1 ? p p
=(1 r)) — —+ = 2
@ ar) - gty 2
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Remembering now the de€nition of Stokes nui@ber ,= , we get

148t oSt

= 1 r
Q1 1 sp? 1 a(r))
Reducing to the €nal formulation
1
11 .
P= sarsg@ A

This formula is perfect if is large andStis arbitrary, being adherent in the limit to the
one obtained in the previous computation. More so, comparing it with the experimental
resultin [21], €gurk2, for cases wheré & 1, we found similar behavior, and the quantity

WO in that €gureis QL.

Conjecture 3.7.8What about r= . 17?). According to [21], €gutg, for cases where

L 2 [1;10], the function @ W should start close to zero for sm@tl, remaining

almost constant for a while, and then increase. This is in contrast to what was found above
using the adiabatic approximation and the simpli€ed OU model. How to enhance the model
to have a complete formulation for particles closer than Kolmogorov length scale is a com-
plex and interesting modelling problem that should be investigated using results from [75,

25, 26].

Numerical results: justi€ed adiabatic approximation

In this section we are going to propose a numerical analysis of the steady state solutions
for the non linear system (3.7.3) and the linearized one (3.7.4), showing that, in all regime
of Stand relative distance the Gaussian approximation is a suitable and simpli€ed ap-
proximation to the full solution of 3.7.3. In both cases we are going to corsidetr 2 R

for different selection of Stokes numifgrand distance ratio= , with values = 1

andr= 10.

We check invariant distribution (@ 7:3), then invariant distribution ¢3:7:3) con-
ditioned orjxj = r, the invariant distribution ¢8:7:4) with €xedr and comparison with
theoreticaf ; (v) from previous sections.

The parameters of the system are selected from [64] and are:

S ]
=3 20m; =10 %5u=—=3 10277 T o) =minfr=1g

The inital conditions for; v; Z and the numerical setting are selected as
Xo=10 :vg=0;Zp=0;dt=10 *

while we selecte8t 2 f 0:01;0:1; 1g,i.e , 2 f 10 4,10 3;10 2gs.
The theoretical variance used is obtained from previous computations:

(1 q(n) r=3 .
oA+Sh.  2a+sy

We simulate the system with Euler-Maruyama schentefdterations and then
restart it for anothe2  10P iterations and take the value as the invariant distribution.
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Figure 3.3: Comparison of the steady state distribution for diffefentinear and non
linear system. Comparison with approximated and theoretical Gaussian.

St=0:0L r= =1:10

In Figure 3.3, we present the comprehensive €ndings from the one-dimensional simulation
under €xed parameters. Despite the particle inertia being small, the model demonstrates
a reasonable €t with the Gaussianity simpli€cation discussed in the preceding chapter.

From the Upper Section (left to right):

The €rst image depicts a frequency histogram of particle relative positions within the
steady-state distribution, normalized with respect tib reveals a concentration around
the initial relative distance and a power-law decay at larger distances.

The second image illustrates the marginal probability distributid®; v); dx in the
nonlinear case, superimposed with the Gaussian approximation shown as a blue curve.
This visualization effectively demonstrates the interplay between(fv) within the
system and its coupling witi{r).

The third image presents the conditional probability distribti{ioyv) forr= 1
in the nonlinear case. The blue line represents the Gaussian approximation, and the green
line corresponds to the Gaussian approximation of the marginal probability distribution

f(x;v);dx.

From the Lower Section (left to right):

The €rstimage illustrates the probability distributiém v) forr= 10in the non-
linear scenario. The blue line signi€es the Gaussian approximation, and the green line rep-
resents the Gaussian approximation of the marginal probability distribdit{anv); dx.

The second image displays the probability distribudti¢wn) forr= linthe adia-
batic case. The blue line denotes the Gaussian approximation, the green line represents
the Gaussian approximation of the marginal probability distribufi¢x; v); dx, and the
red line corresponds to the Gaussian approximation of the conditioned probability distri-
butionf (r;v).

The third image portrays the probability distributiqiv) forr= 10in the adia-
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batic case. As in previous cases, the blue line represents the Gaussian approximation, the
green line signi€es the Gaussian approximation of the marginal probability distribution

f (x;Vv);dx, and the red line denotes the Gaussian approximation of the conditioned
probability distributioh(r;v).

In this examined case, we observe a percentage relative error in the theoretical and
linearized Gaussian cases compared to the conditional nonlinear system. This error is
less than 15% for smaland less than 2% for largewhich provides motivation for the
simpli€cation due to the Gaussian assumption.

Figure 3.4: Comparison of the steady state distribution for diffefentinear and non
linear system. Comparison with approximated and theoretical Gaussian.

St=0:1;r= =1;10

In Figure 3.4, we present the comprehensive €ndings from the one-dimensional simula-
tion with higheSt at the increase of particles inertia, the model demonstrates an even
more reasonable €t with the Gaussianity simpli€cation discussed in the preceding chap-
ter. Concerning the €gure, in analogy with Figure 3.3, we have the same object with few
difference: the €rst image on the top left depicts again the frequency histogram of parti-
cle relative positions within the steady-state distribution, normalized with respedt to
reveals a concentration around the initial relative distance and a slower power-law decay
at larger distances, with a decay dependent orStigarameter. The other image show
similar behavior as the previous picture, suggesting the goodness of the approximation
for the model.

In this examined case, we observe a percentage relative error in the theoretical and
linearized Gaussian cases compared to the conditional nonlinear system. This error is
less than 10% for smalknd less than 1% for largewhich provides motivation for the
simpli€cation due to the Gaussian assumption, More so, it shows that for®igtgime
the approximation is even tighter.
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