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We derive an exact master equation that captures the dynamics of a quadratic quantum system
linearly coupled to a Gaussian environment of the same statistics: the Gaussian Master Equa-
tion (GME). Unlike previous approaches, our formulation applies universally to both bosonic and
fermionic setups, and remains valid even in the presence of initial system-environment correlations,
allowing for the exact computation of the system’s reduced density matrix across all parameter
regimes. Remarkably, the GME shares the same operatorial structure as the Redfield equation and
depends on a single kernel—a dressed environment correlation function accounting for all virtual
interactions between the system and the environment. This simple structure grants a clear physical
interpretation and makes the GME easy to simulate numerically, as we show by applying it to an
open system based on two fermions coupled via superconductive pairing.

Introduction.—Finding convenient ways to unveil the
dynamics of open quantum systems [1] starting from
an effective microscopic description is arguably one of
the most important problems in contemporary quantum
physics. In the Markovian regime, where a continuous
flow of information from the system to the environment
is assumed, the well-known LGKS theorem [2, 3] pro-
vides the general structure of the master equation and
the question of linking it to microscopic parameters has
been thoroughly studied [4–6]. However, such charac-
terization is missing in the non-Markovian regime and a
heterogeneous variety of approaches has been proposed
over the years to still find useful predictions in practi-
cal scenarios [7–9]. Such approaches are mostly designed
with numerics in mind and they smartly bypass the prob-
lem of writing down explicitly the master equation for the
system.

The situation is different if one assumes that the sys-
tem has a quadratic free Hamiltonian while being lin-
early coupled to a Gaussian environment, which is com-
pletely characterized by one- and two-point correlation
functions only [10, 11]. In this case, exact master equa-
tions can be found in the literature [12–16], but they
are typically restricted to excitation-preserving interac-
tions (with notable specific exceptions, such as the Hu-
Paz-Zhang equation [12]). When this is the result of a
rotating-wave approximation, it is however known that
inaccuracies can be found when trying to capture en-
ergy shifts and non-Markovian effects [17–19]. A mas-
ter equation that is free of this assumption has been de-
rived in Ref. [16] (generalizing Ref. [12]), but with few
caveats. First, it is only valid for bosonic particles; an
extension to fermionic systems is needed to study, e.g.,
systems with superconducting pairing [20–22] or spin-
fermion Hamiltonians [19]. Second, it requires system
and environment to be uncorrelated at the initial time,
which may not be experimentally feasible in the strong-
coupling regime [8, 23–25].

In this Letter, we derive a master equation—the Gaus-

sian Master Equation (GME)—that is uniformly valid for
all Gaussian systems, with no need of further assump-
tions beyond Gaussianity. Our approach applies to both
the bosonic and fermionic cases [26], accommodates ar-
bitrary forms of the system-environment coupling, and
remains valid in presence of initial correlations between
the system and the environment. The GME exhibits a
remarkably simple and compact structure, being formally
identical to the Redfield equation [1]. However, its kernel
is not the bare environmental correlation function, but
a dressed one that incorporates additional virtual inter-
actions between the system and the environment. This
formal correspondence has a great impact when trying to
solve the GME in practice. This marks a difference from
other important approaches in which the dependence of
the proposed equation on microscopic parameters is ar-
guably more involved [27–29].

The manuscript is organized as follows. In the first two
sections we discuss two key steps in the derivation of the
GME. The first is the shift of the problem’s complex-
ity from the operator structure to the time-integration
domain, achieved through the Schwinger–Keldysh con-
tour technique [30, 31]. This method, widely used
in many-body physics for nonequilibrium Green’s func-
tions [32, 33] and more recently in stochastic unravel-
ings and master equations [34–37], allows us to include
initial system–environment correlations without signifi-
cantly increasing the complexity of the derivation. The
second step is a recursive application of Wick’s theorem
to the environment and system operators, yielding a se-
ries whose terms share the same superoperatorial struc-
ture and can be resummed into a Redfield-like equation.
We conclude the Letter by putting the GME to the test
and by applying it to a fermionic system with supercon-
ducting pairing, a case that is not addressable by previous
exact master equations. This example aims to show how
the numerical approach to this equation is simple and
accessible to a broad audience. Further clues on possible
strategies to simplify the numerics (e.g., third quantiza-
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tion) are contained in the Supplemental Material [38].
Contour dynamics.—Let us consider a quantum sys-

tem and an environment, both made of noninteracting
particles of the same statistical type (i.e., both bosonic
or both fermionic). The total Hamiltonian H is

H = H0 + V, H0 = HS +HE . (1)

Here, H0 is the free term, containing an environment
Hamiltonian HE and a system Hamiltonian HS . Instead,
V is the system-environment interaction term, which we
take to be of the general form

V =
∑
α

Aα ⊗Bα, (2)

with Aα being a system operator and Bα being an envi-
ronment operator. Contrary to common practices, we do
not take Aα and Bα necessarily Hermitian, even though
they must be defined such that V is Hermitian. The fol-
lowing calculations can also be immediately generalized
to the case where H contains some explicit time depen-
dence.

Given the initial state of the system-environment com-
pound ρSE(0), the state at subsequent time t ≥ 0 in
interaction picture writes

ϱSE(t) = UI(t, 0)ρSE(0)U
†
I (t, 0), (3)

where UI(t, 0) = Texp(−i
∫ t

0
V(τ) dτ) is the time-ordered

evolution operator and V(τ) = U†
0 (τ, 0)V U0(τ, 0), with

U0 being the free propagator defined by H0. In this pa-
per, we will work in units such that ℏ = kB = 1.
Suppose now that the exponentials are expanded. The

operators that appear are ordered so that, when going
from right to left, the time argument first moves from
t to 0 and then from 0 to t. Let us then introduce the
contour γ(t) := γ+(t)⊕ γ−(t) in Fig. 1, where γ±(t) are,
respectively, the tracks t → 0 and 0 → t (called “back-
ward” and “forward” branches [33]). We can then write
Eq. (3) using a single exponential as follows:

ϱSE(t) = T

{
exp

[
−i

∫
γ(t)

V(z) dz
]
ρSE(0)

}
, (4)

where V(z) is defined to be equal to V(τ) on both
branches, and T works as the usual ordering operator,
but defined on the contour γ(t) (i.e., operators with ar-
gument z that are “later” on γ(t), are placed to the left,
see also Refs. [33, 37]).

In case ρSE(0) is factorized, one can immediately take
the partial trace over the environment in Eq. (4), using
also the decomposition V(z) =

∑
α Aα(z) ⊗ Bα(z) that

comes from Eq. (2). Unfortunately, this cannot be done
for a general ρSE(0). However, we can make progress if
we assume that ρSE(0) is a Gaussian state:

ρSE(0) =
e−βHM

Z0
, Z0 = Tr

[
e−βHM

]
, (5)

FIG. 1. Schematic depiction of the contours considered in
this paper. On the left, γ+(t) goes from t to 0 while γ−(t) goes
from 0 to t: this is used for factorized initial states. On the
right, γ±(t) is shifted by ±iβ/2 and a vertical track is added
that runs from iβ/2 to −iβ/2: this is used for the generic
Gaussian initial state in Eq. (5).

where β > 0 and HM is a quadratic Hamiltonian in the
system-environment variables. Such initial preparation
can be formulated as an imaginary-time evolution, which
can then be incorporated into Eq. (4) with a modification
of the contour. Specifically, let us shift γ±(t) by ±iβ/2
and add a vertical track running from iβ/2 to −iβ/2, as
illustrated in Fig. 1. Moreover, divide HM = HM

0 + V M

into a free term and an interacting term, and define a
new contour interaction V (z) which is equal to V on the
horizontal tracks and to V M on the vertical one. Then,
one can show that [38]

ϱSE(t) = T

{
exp

[
−i

∫
γ(t)

V(z) dz
]
e−βHM

0

Z0

}
, (6)

where this time

V(z) =
{
W0(−iβ2 , z)V (z)W0(z,−iβ2 ) z ∈ γ−(t),

W0(i
β
2 , z)V (z)W0(z, i

β
2 ) z ∈ γ+(t),

(7)

and W0 is the contour generalization of the free propa-
gator U0 employing the free contour Hamiltonian H0(z),
which is equal to H0 on the horizontal tracks and to HM

0

on the vertical one.
Writing V(z) = ∑

α Aα(z)⊗Bα(z), it is now immediate
to take the partial trace over the environment to write
the system’s state ϱ(t) as

ϱ(t) =

∞∑
n=0

(−i)n

n!
Σ

∫
γ(t)

dnzTr[T{B1 . . . BnΩ0}]

× T{A1 . . . AnR0}, (8)

where we introduced the abbreviations Ai ≡ Aαi
(zi) and

Bi ≡ Bαi
(zi), and the sum symbol superimposed on the

integral is a reminder of the fact that we should also sum
over the α indices. We additionally defined

Ω0 :=
e−βHM

E

Tr [e−βHM
E ]

, R0 :=
e−βHM

S

Z0/Tr [e−βHM
E ]

, (9)

where HM
0 = HM

S + HM
E . Eq. (8) is true even in the

fermionic case despite the known issues in dealing with
the partial trace in composite fermionic systems, since
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exp
[
−βHM

0

]
is even in the number of fermionic ladder

operators [28]. Note also that Eq. (8) is structurally
identical to what one would obtain by taking the par-
tial trace in Eq. (4) in case of factorized initial state
ρSE(0) = R0Ω0.

Wick’s theorem.—SinceHE is assumed to be quadratic
and since the Bi operators are linear in the environment’s
ladder operators [the transformation in (7) does not alter
this fact], we can invoke Wick’s theorem [10, 11, 33, 39,
40] to decompose the trace in Eq. (8).

Let ζ ∈ {−1, 1} be a parameter indicating whether we
are dealing with bosons (ζ = 1) or fermions (ζ = −1).
We introduce the symbol Tζ : in case ζ = 1 it is equal to
T, but in case ζ = −1 it stands for a “fermionic” ordering
operation, which introduces a (−1) factor every time a
transposition is made to order its arguments. The idea
is that the same number of transpositions is required to
order B1 . . . BnΩ0 and A1 . . . AnR0, hence we can harm-
lessly make the substitution T 7→ Tζ in Eq. (8). We can
then write

Tr[Tζ{B1 . . . B2mΩ0}]

=
1

m!2m

∑
σ∈S2m

ζN(σ)Cσ(1),σ(2) . . . Cσ(2m−1),σ(2m), (10)

where S2m is the set of permutations of {1, . . . , 2m},
N(σ) is the number of inversions in σ, and

Ci,j := Tr[Tζ{BiBjΩ0}] (11)

is the environment’s correlation function on the con-
tour [38]. Note that Eq. (10) is a straightforward gen-
eralization of Wick’s theorem on the contour, and no
special care is needed, as happens in superoperator for-
mulations [28]. Wick’s theorem also guarantees that
Tr[Tζ{B1 . . . B2m+1Ω0}] = 0 if we assume as usual that
Tr[BiΩ0] = 0, hence we can restrict to the even case.

When substituting Eq. (10) into Eq. (8) we observe
with a change of variables that every term of the sum
over σ contributes in the same way, and that the factor
ζN(σ) is canceled by a reordering on the system side [38].
Therefore, we end up with

ϱ(t) =

∞∑
m=0

(−1)m

m!2m
Mm(t), (12)

Mm(t) := Σ

∫
γ(t)

d2mz C1,2 . . . C2m−1,2mTζ{A1 . . . A2mR0}.

(13)

Exact master equation.—In order to derive an exact
master equation for ϱ(t) we need two tools. The first
arises because of the need to take the time derivative
of ϱ(t), and is a “fundamental theorem of calculus” for
multidimensional integrals on γ(t). Applying repeatedly

the Leibniz integral rule, one finds [38]

d

dt

∫
γ(t)

dnz f(z) = n

∫
γ(t)

dn−1z
[
f(t−, z)− f(t+, z)

]
,

(14)
where τ± is the contour point on the horizontal part of
γ±(t) corresponding to the real time τ , and f is a general
contour function, assuming the relative position of the
arguments of f to be irrelevant upon integration.

Using appropriate changes of variables and the prop-
erties of Tζ , it is possible to show that the integrand in
Eq. (13) satisfies this requirement [38]. We can thus ap-
ply Eq. (14) to perform the time derivative of Mm(t),
resulting in

d

dt
Mm(t) = 2m Σ

∫
γ(t)

d2m−1z C1,2C3,4 . . . C2m−1,2m

×
[
A1,Tζ{A2 . . . A2mR0}

]
, (15)

where an underlined index i indicates that the corre-
sponding quantity is evaluated in t+ instead of zi.

The second tool we require arises from the need of
expressing Eq. (15) in terms of Mk(t) with k < m, in
order to “close” the differential equation. Let us de-
fine the notation [X,Y ]ζ := XY − ζY X. Since HS is
quadratic and Ai is linear in the system’s ladder op-
erators, [Ai, Aj ]ζ is a c-number for any i and j. This
allows us to employ a Wick-like argument to reduce or-
dered products of system operators to a sum of smaller
ordered products [40]. Specifically, consider a product of
the form Tζ{A0A1 . . . A2mR0}. In case z0 ∈ γ−(t), A0

appears on the left of R0 after the ordering; we can then
(anti)commute it with the Ai operators on its left un-
til A0 is placed at the beginning, leaving behind at each
step an ordered product where A0 and Ai are replaced
by a scalar contraction proportional to [A0, Ai]ζ . The
same can be done in case z0 ∈ γ+(t), but this time we
(anti)commute A0 with other Ai operators on its right,
since it is positioned on the right of R0 by the ordering.
The result is [38]

Tζ{A0A1 . . . A2mR0} = Â0Tζ{A1 . . . A2mR0}

−
2m∑
j=1

ζj−1Σ0,jTζ{A1 . . . Aj−1Aj+1 . . . A2mR0}, (16)

where Â0 is a superoperator defined as Â0X = A0X on
γ−(t) and as Â0X = ζXA0 on γ+(t), while

Σi,j :=

{
θzi≺zj [Ai, Aj ]ζ , zi ∈ γ−(t),

−θzi≻zj [Ai, Aj ]ζ , zi ∈ γ+(t),
(17)

with θzi≺zj being a contour Heaviside step function, that
is equal to 1 if zi precedes zj on the contour and 0 oth-
erwise. Eq. (16) can be applied repeatedly in Eq. (15)
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until we exhaust all the Ai operators. After a long but
straightforward calculation, one concludes that [38]

d

dt
Mm(t) =

m∑
k=1

(−1)k+1(2m)!!

(2m− 2k)!!
Ŝk(t)Mm−k(t), (18)

where Ŝk(t) is a superoperator with action

Ŝk(t)X := Σ

∫
γ(t)

d2k−1z C1,2Σ2,3C3,4 . . .

. . .Σ2k−2,2k−1C2k−1,2k[A1, Â2kX]. (19)

When used to calculate the time derivative of ϱ(t) [see
Eq. (12)], we recognize the Cauchy product of two series,
so that [38]

d

dt
ϱ(t) = −

∞∑
k=1

Ŝk(t)ϱ(t). (20)

Eq. (20) can be written in a more illuminating form
if we isolate the operator dependence in Eq. (19), which
only involves two indices. Specifically, after restoring the
full notation for clarity,

d

dt
ϱ(t) =

∑
α,β

∫
γ(t)

dz Gαβ(t
+, z)[Âβ(z)ϱ(t), Aα(t)], (21)

where Gp,q =
∑∞

k=1 G
(k)
p,q and

G(1)
p,q = Cp,q, (22a)

G(k)
p,q = Σ

∫
γ(t)

d2w G(k−1)
p,1 Σ1,2C2,q. (22b)

If we decompose γ(t) in its branches [38], we finally ob-
tain the GME

dϱ(t)

dt
=

∑
α,β

∫
γ−(t)

dz Gαβ(t
+, z)[Aβ(z)ϱ(t), Aα(t)] + H.c.

(23)

Note that the integral over γ−(t) reduces to an integral
over [0, t] in case of factorized initial state. Thus, this
is formally a Redfield equation [1, 8], with an additional
contribution from initial correlations and with the func-
tion G replacing the “bare” correlation C. The physical
meaning of this replacement becomes evident if we realize
that Eqs. (22) can be written as follows after summing
over the index k:

Gp,q = Cp,q + Σ

∫
γ(t)

d2w Gp,1Σ1,2C2,q. (24)

This has the shape of a Dyson equation [33], where C
assumes the role of a “noninteracting” Green’s function
and Σ assumes the role of a self-energy. The solution
of the Dyson equation G represents a “dressed” corre-
lation function that acts as a memory kernel: G(k) can

be thought of as carrying the effect on the dynamics of
ϱ(t) coming from k past interactions between the system
and the environment, and is of order 2k in the coupling.
With this picture in mind, the fact that a truncation
at k = 1 yields the “memoryless” Redfield equation ac-
quires a neat physical interpretation. Note that Eq. (24)
can be solved using well-studied tools from many-body
and condensed matter physics: see, e.g., the recent works
in Refs. [41, 42].
Once G is found, the GME (23) can be solved using

techniques borrowed from the literature on third quanti-
zation [43–45]. Specifically, one can always turn Eq. (23)
into a continuous differential Lyapunov equation for the
covariance matrix associated with the system’s Gaussian
state [10, 11, 45–47]. In the Supplemental Material [38]
we report how the Lyapunov equation looks like specifi-
cally for Eq. (23).
Example.—We conclude by discussing a simple exam-

ple application. Consider as a system the two-mode
fermionic Hamiltonian

HS = ϵ1a
†
1a1 + ϵ2a

†
2a2 + δ

(
a†1a

†
2 − a1a2

)
. (25)

We also couple both modes to a reservoir through stan-
dard tunneling:

HE =
∑
r

εrc
†
rcr, V =

∑
r

grcr

(
a†1 + a†2

)
+H.c. (26)

To keep things simple, we assume Lorentzian spectral
density, zero temperature, large negative chemical po-
tential, and initial decoupling from the system, so that
the “bare” correlation function can be taken as

c(t) =
γλ

2
e−λ|t|, γ, λ > 0 (27)

[see [38] for the explicit link between c(t) and C].
Because of the fermionic character and the pairing δ,

this setup cannot be treated using the existing exact mas-
ter equations mentioned at the beginning of the paper:
however, it is well within the scope of our proposal. From
a physical standpoint, note that HS can be used as a
toy model for two quantum dots coupled to a p-wave su-
perconductor, which induces the pairing δ by proximity
effect [20]. With appropriate extensions, this example
could serve as a starting point for studying, e.g., the ex-
act dynamics of a p-wave Cooper pair splitter [48, 49].
We approach the problem numerically using the follow-

ing steps [38]. First, we expand the Dyson equation (24)
in its real-time components and we solve it iteratively
on a discrete time grid to find G up to a certain order.
As shown in Fig. 2, we find that the convergence rate
depends on γ: the stronger the coupling the higher the
order one should stop at to achieve a target accuracy.
After this, we are able to solve the GME with a stan-

dard Runge-Kutta integrator. In Fig. 2 we report the ob-
tained evolution of the dots’ populations ⟨a†iai⟩(t), after
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FIG. 2. (Top) Correction to the solution of the Dyson equa-

tion at kth order ∆(k) = max ∥G(k+1)∥ , maximized over the
time grid, for several values of the coupling γ. (Bottom) Evo-
lution of the dots’ populations, with ε1 = 0.5, ϵ2 = 1, δ = 0.7,
and λ = 1.5. The Dyson equation is solved up to the higher
order shown in the top plot.

having initialized the system in the state (|00⟩+|11⟩)/
√
2,

for two different values of γ. The competition between
dissipation and pairing causes damped oscillations that
eventually settle on a steady-state value. We also plot the
results predicted by the Redfield equation: as expected,
relevant deviations from the GME are found at strong
coupling.

Conclusions.—We derived the GME, an exact master
equation valid for all Gaussian systems which is remark-
ably compact and numerically efficient. The GME is a
promising tool to study the dynamics of a variety of set-
tings that were precluded to other non-Markovian mas-
ter equations, such as Kitaev chains and superconductive
networks [20]. The application to such models is instru-
mental to understand the role of non-Markovianity in the
noise affecting quantum computing architectures. From a
theoretical point of view, the natural next step is to gen-
eralize the approach to system-environment pairs obey-
ing different statistics, as this would allow to solve the
longstanding problem of finding an exact master equa-
tion for the general spin-boson model [50]. It could
also be possible to extend the analysis to interacting
systems and/or non-Gaussian environments using recur-
sive techniques [51, 52] or self-consistent mean-field ap-
proaches [33, 53].
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Supplemental Material of “Exact non-Markovian master equations:
a generalized derivation for Gaussian systems”

This Supplemental Material provides a more thorough discussion of some of the statements made in the Letter.
The material presented here is not essential in order to grasp the concepts presented there; however, it is included to
aid the interested reader in dwelling into the details.

We start in Sec. A with a discussion of the shifted contour, showing how the system state can be conveniently written
even in the presence of initial system-environment correlations. Then, in Sec. B we use the quadratic environment
hypothesis and we apply Wick’s theorem to the previously obtained expression. In order to take the time derivative,
in Sec. C we proceed by proving a “fundamental theorem of calculus” for multidimensional contour integrals. Then,
in Sec. D we use the quadratic system hypothesis to show how ordered products of system operators can be reduced
in terms of smaller products. This result is used in Sec. E to close the differential equation for the state, resulting
in the exact master equation presented in the Letter. We also show in Sec. F how to write it using physical time
instead of the abstract contour time, and in Sec. G we formulate it as a continuous differential Lyapunov equation for
the covariance matrix. Finally, in Sec. H we provide additional details on the procedure used to simulate the paired
double-dot example presented in the Letter.

Appendix A: System state on the contour with initial correlations

FIG. 3. Schematic depiction of the
shifted contour γ(t).

The first task is to write the system state using the shifted contour γ(t) de-
picted in Fig. 3 when the initial system-environment state is written as

ρSE(0) =
e−βHM

Z0
, Z0 = Tr e−βHM

, (A1)

with β > 0 and HM = HM
0 + V M a generic quadratic Hamiltonian. To do that,

we adapt the derivation provided in Ref. [37].
Let us define the following propagator with arguments on γ(t):

W (z2, z1) :=

T exp
(
−i

∫ z2
z1

H(z) dz
)

z1 ⪯ z2,

T̃ exp
(
i
∫ z1
z2

H(z) dz
)

z1 ≻ z2,
(A2)

where ⪯ is the natural ordering relation on γ(t) with corresponding ordering and anti-ordering operations T and T̃,
and

∫ z2
z1

dz is a line integral over γ(t) starting at z1 and ending at z2. Here H(z) is defined to be equal to the physical

Hamiltonian H on both the horizontal tracks, while it coincides with HM on the vertical one. Unlike the standard
real-time propagator, W (z2, z1) is not unitary (unless z1 and z2 both lie on the same horizontal track). However, one
can easily show that the following properties still hold [33]:

W (z, z) = 1, (A3a)

W (z3, z1) = W (z3, z2)W (z2, z1), (A3b)

dW (z2, z1)

dz2
=

{
−iH(z2)W (z2, z1) z1 ⪯ z2,

iW (z2, z1)H(z1) z1 ≻ z2
(A3c)

We can use W (z2, z1) to write the initial system-environment state (A1) as

ρSE(0) =
e−2bHM

Z0
=

W (−ib, ib)

Z0
=

W (−ib, 0)W (0, ib)

Z0
, (A4)

where b := β/2 for brevity. Note also that line integrals on the horizontal sections do not change after a ±ib shifting,
hence the propagator U defined using H on the physical time satisfies the property U(t2, t1) = W (t2 ± ib, t1 ± ib).
This allows us to write

ρSE(t) = U(t, 0)ρSE(0)U(0, t) =
1

Z0
W (t− ib,−ib)W (−ib, 0)W (0, ib)W (ib, t+ ib) =

1

Z0
W (t− ib, 0)W (0, t+ ib). (A5)
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We can now move to the interaction picture, after introducing a contour propagator W0(z2, z1) defined as in Eq. (A2)
but with H0(z) instead of H(z). Obviously, H0(z) is defined to be equal to H0 on the horizontal tracks and to HM

0

on the vertical one.

ϱSE(t) = U0(0, t)ρSE(t)U0(t, 0) =
1

Z0
W0(−ib, t− ib)W (t− ib, 0)W (0, t+ ib)W0(t+ ib, ib). (A6)

Here, U0 is the standard propagator defined using H0 on the physical time. The following lemma is needed to proceed.

Lemma A.1. If z2 ⪰ z1 and z2 ⪰ z, then

W (z2, z1) = W0(z2, z)WI(z2, z1; z)W0(z, z1), (A7)

where WI(z2, z1; z) is defined as in Eq. (A2) but with W0(z, z)V (z)W0(z, z) instead of H(z). Here V (z) is equal to V
on the horizontal tracks and to V M on the vertical one.

Proof. It is sufficient to show that the two sides of Eq. (A7) satisfy the same differential equation. Of course, they
are both equal to the identity in case z1 = z2. Moreover,

d

dz2
[W0(z2, z)WI(z2, z1; z)W0(z, z1)]

= −iH0(z2)W0(z2, z)WI(z2, z1; z)W0(z, z1)− iW0(z2, z)W0(z, z2)V (z)W0(z2, z)WI(z2, z1; z)W0(z, z1)

= −iH(z2)[W0(z2, z)WI(z2, z1; z)W0(z, z1)],

(A8)

which should be compared with Eq. (A3c).

This lemma allows us to write

W0(−ib, t− ib)W (t− ib, 0) = WI(t− ib, 0;−ib)W0(−ib, 0), (A9a)

W (0, t+ ib)W0(t+ ib, ib) = W0(0, ib)WI(0, t+ ib; ib), (A9b)

which can be used in Eq. (A6) to arrive at

ϱSE(t) =
1

Z0
WI(t− ib, 0;−ib)W0(−ib, 0)W0(0, ib)WI(0, t+ ib; ib) = WI(t− ib, 0;−ib)

e−2bHM
0

Z0
WI(0, t+ ib; ib). (A10)

Since WI(t − ib, 0;−ib) involves a line integral over γ−(t) and WI(0, t + ib; ib) involves a line integral over γ+(t), we

can arrange the entire expression as a single line integral over γ(t) if we include e−2bHM
0 /Z0 in the ordered products:

ϱSE(t) = T

{
exp

[
−i

∫
γ(t)

V(z) dz
]
e−2bHM

0

Z0

}
, (A11)

where V(z) := W0(z, z)VW0(z, z), with z being ±ib when z ∈ γ±(t). This is exactly the content of Eqs. (6)-(7) of

the Letter. Since e−2bHM
0 = e−2bHM

S e−2bHM
E is factorized, we can immediately perform the partial trace over the

environment once the exponential is expanded, obtaining

ϱ(t) =

∞∑
n=0

(−i)n

n!
Σ

∫
γ(t)

dnzTr[T{B1 . . . BnΩ0}]T{A1 . . . AnR0}, (A12)

with the notations explained in the Letter. The same formula holds in case the initial system-environment state
is factorized as ρSE(0) = R0Ω0, provided the contour γ(t) is not vertically shifted. Since the same number of
transpositions is involved in ordering the strings B1 . . . BnΩ0 and A1 . . . AnR0, we can make the substitution T 7→ Tζ ,
where the latter symbol is introduced above Eq. (10) of the Letter. This will be useful in the next section.

In the following we will use the common notation τ± to indicate a point on the horizontal part of γ±(t) with value
τ , independently on the presence or not of the shift ±ib required to keep correlations into account.
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Appendix B: Applying Wick’s theorem on the contour

Now we make the assumption of quadratic environment linearly coupled to the system, so that we can invoke Wick’s
theorem. Assuming Tr[BiΩ0] = 0 for every i, it assumes the form

Tr[Tζ{B1 . . . B2m+1Ω0}] = 0, (B1a)

Tr[Tζ{B1 . . . B2mΩ0}] =
1

m!2m

∑
σ∈S2m

ζN(σ)Cσ(1),σ(2) . . . Cσ(2m−1),σ(2m), (B1b)

where S2m is the set of permutations of {1, . . . , 2m}, N(σ) is the number of inversions in σ, and

Ci,j := Tr[Tζ{BiBjΩ0}] = ζCj,i (B2)

is the environment’s “bare” correlation function on the contour. Here by “inversion” we mean the number of pairs
(i, j) such that i < j but σ(i) > σ(j): in this way, ζN(σ) is equal to the sign of σ in the fermionic scenario. Using
Eqs. (B1) in Eq. (A12),

ϱ(t) =

∞∑
m=0

(−i)2m

(2m)!m!2m

∑
σ∈S2m

ζN(σ)
Σ

∫
γ(t)

dnz Cσ(1),σ(2) . . . Cσ(2m−1),σ(2m)Tζ{A1 . . . A2mR0}. (B3)

At this point we make the change of variables wi = zσ(i) and βi = ασ(i), so that

ϱ(t) =

∞∑
m=0

(−i)2m

(2m)!m!2m

∑
σ∈S2m

ζN(σ)
Σ

∫
γ(t)

dnw C1,2 . . . C2m−1,2mTζ

{
Aσ−1(1) . . . Aσ−1(2m)R0

}
. (B4)

However, one can also easily show the relation

Tζ

{
Aσ−1(1) . . . Aσ−1(2m)R0

}
= ζN(σ−1)T{A1 . . . A2mR0}. (B5)

The factor ζN(σ−1) cancels out the factor ζN(σ), and nothing depends on σ anymore. Hence, the sum over σ can be
replaced with (2m)! and

ϱ(t) =

∞∑
m=0

(−i)2m

m!2m
Σ

∫
γ(t)

dnw C1,2 . . . C2m−1,2mTζ{A1 . . . A2mR0}, (B6)

which is the content of Eqs. (12)-(13) of the Letter. We rewrite them here for future convenience:

ϱ(t) =

∞∑
m=0

(−1)m

m!2m
Mm(t), Mm(t) := Σ

∫
γ(t)

dnz C1,2 . . . C2m−1,2mTζ{A1 . . . A2mR0}. (B7)

Note that this can also be written in a more suggestive exponential form:

ϱ(t) = Tζ

{
exp

[
−1

2
Σ

∫
γ(t)

d2z C1,2A1A2

]
R0

}
. (B8)

Appendix C: Fundamental theorem of calculus on the contour

In order to find an exact master equation for ϱ(t) we first need to take the time derivative of Eq. (B7). The following
theorem can be used for such purpose.

Theorem C.1. Let f(z) be an operator-valued function defined on [γ(t)]n, with n ∈ N+. Moreover, given a vector
z = (z1, . . . , zn) and i, j ∈ {1, . . . , n} with i ≤ j, define the notation zji := (zi, . . . , zj). Then,

d

dt

∫
γ(t)

dnz f(z) =

n∑
k=1

∫
γ(t)

dn−1w
[
f(wk−1

1 , t−,wn−1
k )− f(wk−1

1 , t+,wn−1
k )

]
. (C1)
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Proof. We proceed by induction on n. In case n = 1,

d

dt

∫
γ(t)

dz f(z) =
d

dt

∫ t

0

dτ
[
f(τ−)− f(τ+)

]
= f(t−)− f(t+), (C2)

where we used the fact that the vertical track, if present, does not depend on t and can be omitted. Now assume the
statement to be true for n− 1. We can apply the Leibniz integral rule to write

d

dt

∫
γ(t)

dnz f(z) =
d

dt

∫
γ(t)

dzn

∫
γ(t)

dn−1w f(w, zn)

=

∫
γ(t)

dn−1w
[
f(w, t−)− f(w, t+)

]
+

∫
γ(t)

dzn
d

dt

∫
γ(t)

dn−1w f(w, zn).

(C3)

By the induction hypothesis, we have

d

dt

∫
γ(t)

dn−1w f(w, zn) =

n−1∑
k=1

∫
γ(t)

dn−2y
[
f(yk−1

1 , t−,yn−2
k , zn)− f(yk−1

1 , t+,yn−2
k , zn)

]
, (C4)

and therefore, if we redefine (y, zn) 7→ w,∫
γ(t)

dzn
d

dt

∫
γ(t)

dn−1w f(w, zn) =

n−1∑
k=1

∫
γ(t)

dn−1w
[
f(wk−1

1 , t−,wn−1
k )− f(wk−1

1 , t+,wn−1
k )

]
. (C5)

The result follows by substituting into Eq. (C3).

Corollary C.2. Let f(z) be an operator-valued function defined on [γ(t)]n, with n ∈ N+. In case∫
γ(t)

dn−1w f(wk−1
1 , t±,wn−1

k ) =

∫
γ(t)

dn−1w f(t±,w) (C6)

holds for every k ∈ {1, . . . , n}, then

d

dt

∫
γ(t)

dnz f(z) = n

∫
γ(t)

dn−1w
[
f(t−,w)− f(t+,w)

]
. (C7)

Eq. (C7) is what was stated in Eq. (14) of the Letter. Looking at Eq. (B7), in our case the function to be considered
is

f(z) ≡ f(z1, . . . , z2m) =
∑
α

C1,2 . . . C2m−1,2mTζ{A1 . . . A2mR0}, (C8)

where
∑

α is a sum over the interaction indices. We now prove that this function satisfies the condition in Eq. (C6).
To do that, it is useful to introduce the “underline” notation mentioned in the Letter. Specifically, let us write

A±
i ≡ Aαi(t

±), (C9)

so that an underlined index indicates an evaluation in t±. Even though the two cases with t± lead to the same
real-time operator, it is necessary to distinguish them for ordering purposes. Similarly, we define

Ci,j ≡ Cαi,αj
(t±, zj), Ci,j ≡ Cαi,αj

(zi, t
±). (C10)

In this case, we do not need to distinguish the two cases t± since the the correlation function assumes the same value
in the two scenarios, as one can easily verify from its definition (B2).

Now, fix k ∈ {1, . . . , 2m} and let w = (w1, . . . , wk−1, wk+1, . . . , w2m). In case k is odd, the left-hand side of Eq. (C6)
writes

Σ

∫
γ(t)

d2m−1w C1,2 . . . Ck−2,k−1Ck,k+1Ck+2,k+3 . . . C2m−1,2mTζ

{
A1 . . . Ak−1A

±
k Ak+1Ak+2 . . . A2mR0

}
. (C11)
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With k − 1 transpositions we can bring A±
k at the beginning of the string of ordered operators, and with subsequent

k − 1 transpositions we can bring Ak+1 immediately to the right of A±
k . Since 2(k − 1) is even, no additional sign

factor appears, and we have

Σ

∫
γ(t)

d2m−1w Ck,k+1C1,2 . . . Ck−2,k−1Ck+2,k+3 . . . C2m−1,2mTζ

{
A±

k Ak+1A1 . . . Ak−1Ak+2 . . . A2mR0

}
, (C12)

which is equivalent to the right-hand side of Eq. (C6) after an appropriate change of variables. A similar argument
can be carried out in case k is even. This time, the left-hand side of Eq. (C6) writes

Σ

∫
γ(t)

d2m−1w C1,2 . . . Ck−3,k−2Ck−1,kCk+1,k+2 . . . C2m−1,2mTζ

{
A1 . . . Ak−2Ak−1A

±
k Ak+1 . . . A2mR0

}
. (C13)

With k−1 transpositions we can again bring A±
k at the beginning of the string, and then with k−2 transpositions we

can bring Ak−1 immediately to the right of A±
k . Since in total we performed 2k − 3 transpositions, which is odd, an

additional factor ζ appears. However, we can also write Ck−1,k = ζCk,k−1, which absorbs the previous ζ. The result is

Σ

∫
γ(t)

d2m−1w Ck,k−1C1,2 . . . Ck−3,k−2Ck+1,k+2 . . . C2m−1,2mTζ

{
A±

k Ak−1A1 . . . Ak−2Ak+1 . . . A2mR0

}
, (C14)

which is equivalent to the right-hand side of Eq. (C6) after an appropriate change of variables.
We conclude that Eq. (C7) can be used to evaluate the time derivative of Mm(t) in Eq. (B7). Note that

Tζ

{
A−

1 A2 . . . A2mR0

}
= A1Tζ{A2 . . . A2mR0}, Tζ

{
A+

1 A2 . . . A2mR0

}
= Tζ{A2 . . . A2mR0}A1, (C15)

where we dropped the ± notation once we are outside the ordering operation. Therefore,

dMm(t)

dt
= 2m Σ

∫
γ(t)

d2m−1z C1,2C3,4 . . . C2m−1,2m

[
A1,Tζ{A2 . . . A2mR0}

]
, (C16)

which is Eq. (15) of the Letter.

Appendix D: Reduction of ordered products of system operators

At this point we introduce the quadratic system assumption: this will allow us to expand the right-hand side of
Eq. (C16) and make Mk(t), k < m appear, which is what we require to close the differential equation. The main
ingredient is contained in Eq. (16) of the Letter, which is a modified version of a statement that can be found in
Ref. [40]. In this section we provide a detailed proof.

As a preliminary step, we introduce a ζ-graded derivative symbol ∂j , which acts as follows on a product of system
operators:

∂µj

(
Xµ1 . . . Xµj . . . Xµn

)
:= ζj−1Xµ1 . . . Xµj−1Xµj+1 . . . Xµn . (D1)

This can be interpreted as follows: we imagine to bring Xµj
to the beginning of the string of operators introducing

a ζ factor for each transposition; then we eliminate Xµj
by acting with the derivative on it. The following lemma

clarifies that this derivative commutes with the ordering operation.

Lemma D.1. For any string of system operators X1, . . . , Xn and any j ∈ {1, . . . , n}, one has

∂jTζ{X1 . . . Xn} = ζj−1Tζ{X1 . . . Xj−1Xj+1 . . . Xn}. (D2)

Proof. Let φ ∈ Sn be the permutation that orders the string X1 . . . Xn. Such ordering can also be achieved in the
following equivalent way: first, moveXj at the beginning with j−1 transpositions; then, order the remaining operators
X1 . . . Xj−1Xj+1 . . . Xn, calling ϕ the permutation that does that; finally, bring Xj back into position with φ−1(j)−1
transpositions. This remark allows us to say that

ζN(φ) = ζj−1ζN(ϕ)ζp−1, p := φ−1(j). (D3)
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Since Tζ{X1 . . . Xn} = ζN(φ)Xφ(1) . . . Xφ(n), by applying ∂j we remove Xj , appearing at position p, and we introduce
an additional factor ζp−1. Using the previous relation, and the fact that the remaining operators are already ordered,

∂jTζ{X1 . . . Xn} = ζN(φ)ζp−1Xφ(1) . . . Xφ(p−1)Xφ(p+1) . . . Xφ(n)

= ζN(ϕ)ζj−1Xϕ(1) . . . Xϕ(n) = ζj−1Tζ{X1 . . . Xj−1Xj+1 . . . Xn},
(D4)

where in the second equality it is understood that Xj does not appear in the string Xϕ(1) . . . Xϕ(n).

Now we are ready to prove the main result of this section.

Lemma D.2. Suppose [Ai, Aj ]ζ is a c-number for every choice of i and j. Then,

Tζ{A0A1 . . . A2mR0} = Â0Tζ{A1 . . . A2mR0} −
2m∑
j=1

ζj−1Σ0,jTζ{A1 . . . Aj−1Aj+1 . . . A2mR0}, (D5)

where

Â0X :=

{
A0X z0 ∈ γ−(t),

ζXA0 z0 ∈ γ+(t),
Σi,j :=

{
θzi≺zj [Ai, Aj ]ζ zi ∈ γ−(t),

−θzi≻zj [Ai, Aj ]ζ zi ∈ γ+(t).
(D6)

Proof. By definition of contour ordering, we can always find a permutation φ ∈ S2m and an index k ∈ {0, . . . , 2m}
such that zφ(1) ≻ . . . ≻ zφ(2m) and Tζ{A1 . . . A2mR0} = ζN(φ)ζ2m−kAφ(1) . . . Aφ(k)R0Aφ(k+1) . . . Aφ(2m). Let us
distinguish the two cases z0 ∈ γ±(t).

In case z0 ∈ γ−(t), we can find an index q ∈ {0, . . . , k} such that

Tζ{A0A1 . . . A2mR0} = ζN(φ)ζ2m−k+qAφ(1) . . . Aφ(q)A0Aφ(q+1) . . . Aφ(k)R0Aφ(k+1) . . . Aφ(2m). (D7)

Now we use the (anti)commutation relation AiA0 = [Ai, A0]ζ + ζA0Ai to bring A0 at the beginning of the string of
operators, using the fact that [Ai, A0]ζ is a c-number. Specifically,

Aφ(1) . . . Aφ(q)A0 = [Aφ(q), A0]ζAφ(1) . . . Aφ(q−1) + ζAφ(1) . . . Aφ(q−1)A0Aφ(q)

=

q−1∑
i=0

ζi[Aφ(q−i), A0]ζAφ(1) . . . Aφ(q−i−1)Aφ(q−i+1) . . . Aφ(q) + ζqA0Aφ(1) . . . Aφ(q),
(D8)

and therefore

Tζ{A0A1 . . . A2mR0} = ζN(φ)ζ2m−kA0Aφ(1) . . . Aφ(k)R0Aφ(k+1) . . . Aφ(2m)

− ζN(φ)ζ2m−k

q−1∑
i=0

ζq−i−1[A0, Aφ(q−i)]ζAφ(1) . . . Aφ(q−i−1)Aφ(q−i+1) . . . Aφ(k)R0Aφ(k+1) . . . Aφ(2m)

= A0Tζ{A1 . . . A2mR0} − ζN(φ)ζ2m−k

q−1∑
i=0

[A0, Aφ(q−i)]ζ∂φ(q−i)

[
Aφ(1) . . . Aφ(k)R0Aφ(k+1) . . . Aφ(2m)

]
= A0Tζ{A1 . . . A2mR0} −

q−1∑
i=0

[A0, Aφ(q−i)]ζ∂φ(q−i)Tζ{A1 . . . A2mR0}.

(D9)

The sum can be extended to all indices, provided we remember to keep a nonzero contribution only from those indices
that are located later than z0 on the contour:

Tζ{A0A1 . . . A2mR0} = A0Tζ{A1 . . . A2mR0} −
2m∑
j=1

θz0≺zj [A0, Aj ]ζ∂jTζ{A1 . . . A2mR0}

= A0Tζ{A1 . . . A2mR0} −
2m∑
j=1

ζj−1θz0≺zj [A0, Aj ]ζTζ{A1 . . . Aj−1Aj+1 . . . A2mR0},
(D10)

where in the second equality we employed Lemma D.1.
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A similar calculation can be performed in case z0 ∈ γ+(t). This time, we can find q ∈ {k, . . . , 2m} such that

Tζ{A0A1 . . . A2mR0} = ζN(φ)ζ2m−k+q+1Aφ(1) . . . Aφ(k)R0Aφ(k+1) . . . Aφ(q)A0Aφ(q+1) . . . Aφ(2m). (D11)

Now we use the relation A0Ai = [A0, Ai]ζ + ζAiA0 to bring A0 at the end of the string of operators:

A0Aφ(q+1) . . . Aφ(2m) =

2m−q∑
i=1

ζi+1[A0, Aφ(q+i)]ζAφ(q+1) . . . Aφ(q+i−1)Aφ(q+i+1) . . . Aφ(2m)

+ ζ2m−qAφ(q+1) . . . Aφ(2m)A0,

(D12)

so that

Tζ{A0A1 . . . A2mR0} = ζN(φ)ζ2m−kζ2m+1Aφ(1) . . . Aφ(k)R0Aφ(k+1) . . . Aφ(2m)A0

+ ζN(φ)ζ2m−k

2m−q∑
i=1

ζq+i[A0, Aφ(q+i)]ζAφ(1) . . . Aφ(k)R0Aφ(k+1) . . . Aφ(q+i−1)Aφ(q+i+1) . . . Aφ(2m)

= ζTζ{A1 . . . A2mR0}A0 + ζN(φ)ζ2m−k

2m−q∑
i=1

[A0, Aφ(q+i)]ζ∂φ(q+i)

[
Aφ(1) . . . Aφ(k)R0Aφ(k+1) . . . Aφ(2m)

]
= ζTζ{A1 . . . A2mR0}A0 +

2m−q∑
i=1

[A0, Aφ(q+i)]ζ∂φ(q+i)Tζ{A1 . . . A2mR0}.

(D13)

Again, we can extend the sum to all indices (provided we keep nonzero contribution only from indices that are earlier
than z0 on the contour) and apply Lemma D.1:

Tζ{A0A1 . . . A2mR0} = ζTζ{A1 . . . A2mR0}A0 +

2m∑
j=1

θz0≻zj [A0, Aj ]ζ∂jTζ{A1 . . . A2mR0}

= ζTζ{A1 . . . A2mR0}A0 +

2m∑
j=1

ζj−1θz0≻zj [A0, Aj ]ζTζ{A1 . . . Aj−1Aj+1 . . . A2mR0}.
(D14)

Appendix E: Closing the differential equation

In this section we show that if we apply the reduction lemma D.2 to Eq. (C16) we close the differential equation
and we obtain the exact master equation in Eq. (20) of the Letter.

With a direct substitution, we first write

dMm(t)

dt
= 2m Σ

∫
γ(t)

d2m−1z C1,2C3,4 . . . C2m−1,2m

[
A1, Â2Tζ{A3 . . . A2mR0}

]
− 2m

2m∑
j=3

ζj−1
Σ

∫
γ(t)

d2m−1z C1,2C3,4 . . . C2m−1,2mΣ2,j

[
A1,Tζ{A3 . . . Aj−1Aj+1 . . . A2mR0}

]
.

(E1)

In the first term, we recognize the appearance of Mm−1(t) if we isolate the variables z3, . . . , z2m [cfr. (B7)]. For what
concerns the second term, we can actually show that the sum over j is trivial to perform. Specifically, we now prove
that all terms of such sum are equal to each other. When j is even, the term is

ζj−1
Σ

∫
γ(t)

d2m−1z C1,2C3,4 . . . Cj−1,j . . . C2m−1,2mΣ2,j

[
A1,Tζ{A3A4 . . . Aj−1Aj+1 . . . A2mR0}

]
= ζ Σ

∫
γ(t)

d2m−1z C1,2Cj,j−1 . . . C4,3 . . . C2m−1,2mΣ2,3

[
A1,Tζ{AjAj−1A5 . . . Aj−2A4Aj+1 . . . A2mR0}

]
,

(E2)
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where we performed the change of variables j ↔ 3 and (j−1) ↔ 4. Inside the contour ordering, we can now exchange
A4 with Aj−1, and then we can move Aj to the immediate right of Aj−1 using j − 4 transpositions. In total, these
are j − 5 transpositions, which is odd. Therefore, using also the fact that Cj,j−1C4,3 = Cj−1,jC3,4, we end up with

Σ

∫
γ(t)

d2m−1z C1,2C3,4 . . . Cj−1,j . . . C2m−1,2mΣ2,3

[
A1,Tζ{A4A5 . . . Aj−1AjAj+1 . . . A2mR0}

]
, (E3)

which can be expressed without explicit mention to j. A similar manipulation can be performed in case j is odd,
where the term to consider is

ζj−1
Σ

∫
γ(t)

d2m−1z C1,2C3,4 . . . Cj,j+1 . . . C2m−1,2mΣ2,j

[
A1,Tζ{A3A4 . . . Aj−1Aj+1 . . . A2mR0}

]
= Σ

∫
γ(t)

d2m−1z C1,2Cj,j+1 . . . C3,4 . . . C2m−1,2mΣ2,3

[
A1,Tζ{AjAj+1A5 . . . Aj−1A4Aj+2 . . . A2mR0}

]
,

(E4)

where we made the change of variables j ↔ 3 and (j + 1) ↔ 4. As before, with j − 5 transpositions we can put the
system operators back in place (a transposition to exchange A4 and Aj+1, and j− 4 transpositions to move Aj to the
immediate left of Aj+1), but this time j − 5 is even and no additional ζ factor is generated in the process.

As a consequence of these arguments,

dMm(t)

dt
= 2m Σ

∫
γ(t)

dz2 C1,2
[
A1, Â2Mm−1(t)

]
− 2m(2m− 2) Σ

∫
γ(t)

d2m−1z C1,2Σ2,3C3,4 . . . C2m−1,2m

[
A1,Tζ{A4 . . . A2mR0}

]
,

(E5)

Lemma D.2 can now be applied again to reduce Tζ{A4 . . . A2mR0}, generating a term containing Mm−2(t) and a term
containing Tζ{A6 . . . A2mR0}. The pattern repeats until we exhaust all operators inside the contour ordering. The
result is the one reported in Eqs. (18)-(19) of the Letter, repeated here for convenience:

dMm(t)

dt
=

m∑
k=1

(−1)k+1(2m)!!

(2m− 2k)!!
Ŝk(t)Mm−k(t), (E6)

where

Ŝk(t)X := Σ

∫
γ(t)

d2k−1z C1,2Σ2,3C3,4Σ4,5 . . .Σ2k−2,2k−1C2k−1,2k

[
A1, Â2kX

]
. (E7)

If we remember the formula (2x)!! = x!2x and Eq. (B7),

dϱ(t)

dt
=

∞∑
m=1

(−1)m

m!2m
dMm(t)

dt
=

∞∑
m=1

m∑
k=1

(−1)m+k+1

(m− k)!2m−k
Ŝk(t)Mm−k(t). (E8)

We recognize here the Cauchy product of two series, in the form

∞∑
m=1

m∑
k=1

F (m, k) =

∞∑
k=1

∞∑
m=k

F (m, k) =

∞∑
k=1

∞∑
m=0

F (m+ k, k), (E9)

therefore

dϱ(t)

dt
=

∞∑
k=1

∞∑
m=0

(−1)m+1

m!2m
Ŝk(t)Mm(t) = −

∞∑
k=1

Ŝk(t)ϱ(t), (E10)

which is the exact master equation reported in Eq. (20) of the Letter.
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Appendix F: From contour time to physical time

If we isolate the operator dependence in Eq. (E7), the exact master equation (E10) can be written as

dϱ(t)

dt
= −

∑
α,β

∫
γ(t)

dz Gαβ(t
+, z)[Aα(t), Âβ(z)ϱ(t)], (F1)

where we reintroduced the full notation for the sake of clarity and we defined the “dressed” environment correlation

function Gαβ(z, w) =
∑∞

k=1 G
(k)
αβ (z, w) by the recursion

G(1)
αβ (z, w) = Cαβ(z, w), G(k)

αβ (z, w) =
∑
µ1,µ2

∫
γ(t)

d2y G(k−1)
αµ1

(z, y1)Σµ1µ2(y1, y2)Cµ2β(y2, w), (F2)

which directly follows from the definition of Ŝk(t) in Eq. (E7).
We now want to show how to recover Eq. (23) of the Letter by moving back to physical time. If we decompose γ(t)

in its branches γ±(t),

dϱ(t)

dt
= −

∑
α,β

∫
γ−(t)

dz Gαβ(t
+, z)[Aα(t), Aβ(z)ϱ(t)]− ζ

∑
α,β

∫
γ+(t)

dz Gαβ(t
+, z)[Aα(t), ϱ(t)Aβ(z)]. (F3)

which is almost the same as Eq. (23) in the Letter. To conclude we only need to show that the second term in Eq. (F3)
is equal to the Hermitian conjugate of the first one. To do that, we need some preliminary work.

Since the system-environment interaction V =
∑

α Aα ⊗Bα is a Hermitian operator, for every index α we can find
a unique index α such that A†

α = Aα and B†
α = Bα. Using the definition of interaction picture, one then sees that

A†
α(z) = Aα(z

∗), B†
α(z) = Bα(z

∗), (F4)

where z∗ stands for z but flipped on the opposite branch of the contour. This observation allows us to formulate the
following symmetry property of the dressed correlation function.

Lemma F.1. For every indices α, β and for every z, w ∈ γ(t),

G∗
α,β(z, w) = ζGαβ(z

∗, w∗). (F5)

Proof. It is sufficient to prove that the property (F5) is satisfied by all terms G(k)
αβ (z, w) of the series, and we can do

that by induction on k. In case k = 1, we can write

C∗
αβ(z, w) = Tr[Tζ{Bα(z)Bβ(w)Ω0}]∗ = Tr

[
Tζ

{
Bβ(w

∗)Bα(z
∗)Ω0

}]
= Cβα(w∗, z∗) = ζCαβ(z∗, w∗).

(F6)

A similar property can be proved for the self-energy. In fact, assuming z ∈ γ−(t), we have

Σ∗
αβ(z, w) = θz≺w[Aα(z), Aβ(w)]

∗
ζ = θz≺w[A

†
β(w), A

†
α(z)]ζ = θz≺w[Aβ(w

∗), Aα(z
∗)]ζ

= −ζθz≺w[Aα(z
∗), Aβ(w

∗)]ζ = −ζθz∗≻w∗ [Aα(z
∗), Aβ(w

∗)]ζ = ζΣαβ(z
∗, w∗),

(F7)

and a similar calculation can be performed in case z ∈ γ+(t). Therefore, if we assume to property to hold for k − 1
we have [

G(k)
αβ (z, w)

]∗
= ζ

∑
µ1,µ2

∫
γ(t)

d2y G(k−1)
αµ1

(z∗, y∗1)Σµ1µ2
(y∗1 , y

∗
2)Cµ2β

(y∗2 , w
∗)

= ζ
∑
µ1,µ2

∫
γ(t)

d2y G(k−1)
αµ1

(z∗, y1)Σµ1µ2(y1, y2)Cµ2β
(y2, w

∗) = ζG(k)

αβ
(z∗, w∗),

(F8)

where in the second equality we performed a change of variables (y1, y2) 7→ (y∗1 , y
∗
2) and (µ1, µ2) 7→ (µ1, µ2), which

is harmless since the contour γ(t) contains y∗ if and only if it contains y, and we are summing over all interaction
indices for µ1 and µ2.
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We also need the following immediate fact.

Lemma F.2. For every α, β and every z ∈ γ(t), we have Gαβ(t
−, z) = Gαβ(t

+, z).

Proof. This follows immediately by induction from Eq. (F2) with the base case Cαβ(t−, z) = Cαβ(t+, z), which can be
easily verified from the definition (B2).

Using the two previous lemmas, we can now prove the initial claim:−
∑
α,β

∫
γ−(t)

dz Gα,β(t
+, z)[Aα(t), Aβ(z)ϱ(t)]


†

= −
∑
α,β

∫
γ−(t)

dz G∗
α,β(t

+, z)[ϱ(t)A†
β(z), A

†
α(t)]

= −ζ
∑
α,β

∫
γ−(t)

dz Gα,β(t
−, z∗)[ϱ(t)Aβ(z

∗), Aα(t)] = ζ
∑
α,β

∫
γ+(t)

dz Gα,β(t
+, z)[ϱ(t)Aβ(z), Aα(t)].

(F9)

Note that when γ−(t) is expanded in its horizontal and vertical components,

dϱ(t)

dt
= −

∑
α,β

∫ t

0

dτ Gα,β(t
+, τ−)[Aα(t), Aβ(τ)ϱ(t)] + i

∑
α,β

∫ b

0

dλGα,β(t
+,−iλ)[Aα(t), Aβ(−iλ)ϱ(t)] + H.c. (F10)

which reveals that the master equation has the Redfield shape, plus a contribution originated by initial system-
environment correlations.

It is also convenient to express the Dyson equation,

G(t+, z) = C(t+, z) +
∫
γ(t)

d2w G(t+, w1)Σ(w1, w2)C(w2, z) (F11)

in terms of physical times only. Let us focus for simplicity on the case with factorized initial state, so that the vertical
track in the contour can be ignored: similar manipulations are certainly possible in the more general case. For a
general contour function f(z, w) we introduce the notations

f>(τ, s) := f(τ+, s−), f<(τ, s) := f(τ−, s+), fT (τ, s) := f(τ−, s−), f T̃ (τ, s) := f(τ+, s+), (F12)

which are reminiscent of the standard notations used in many-body theory for the greater, lesser, time-ordered, and
anti-time-ordered Keldysh components [33]. If we expand the contour in its branches, Eq. (F11) decomposes into the
following pair of physical-time equations:

G> = C> + G> · ΣT · CT − G> · Σ< · C> − GT̃ · Σ> · CT + GT̃ · ΣT̃ · C>, (F13a)

GT̃ = CT̃ + G> · ΣT · C< − G> · Σ< · CT̃ − GT̃ · Σ> · C< + GT̃ · ΣT̃ · CT̃ , (F13b)

where the argument (t, τ) is understood throughout and

(X · Y · Z)(t, τ) :=

∫ t

0

d2sX(t, s1)Y (s1, s2)Z(s2, τ). (F14)

We can make some simplifications. First of all, remembering the definition of Σ, we actually realize that Σ> =

Σ< = 0 and that ΣT̃ = −ΣT . Moreover, thanks to Lemmas F.1 and F.2,

GT̃
α,β(t, τ) = Gα,β(t

+, τ+) = Gα,β(t
−, τ+) = ζ

[
Gα,β(t

+, τ−)
]∗

= ζ
[
G>
α,β

(t, τ)
]∗
. (F15)

If we define an “effective conjugate” operation as

[F ]cα,β := ζF ∗
α,β

, (F16)

we can then write Eqs. (F13) as a single equation:

G> = C> + G> · ΣT · CT − [G>]c · ΣT · C>. (F17)
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Using a series representation G> =
∑∞

k=1 G>
k , this can readily be transformed in the recursion

G>
1 = C>, G>

k = G>
k−1 · ΣT · CT − [G>

k−1]
c · ΣT · C>, (F18)

Note that in terms of the known standard functions

σαβ(τ, s) := [Aα(τ), Aβ(s)]ζ , cαβ(τ, s) := Tr[Bα(τ)Bβ(s)Ω0] (F19)

we simply have

ΣT
αβ(τ, s) = θ(s− τ)σαβ(τ, s), (F20a)

C>
αβ(τ, s) = cαβ(τ, s), C<

αβ(τ, s) = ζcβα(s, τ), (F20b)

CT
αβ(τ, s) = θ(τ − s)C>

αβ(τ, s) + θ(s− τ)C<
αβ(τ, s). (F20c)

Appendix G: Master equation for the covariance matrix

Since the setting we are considering is quadratic in the system variables, we expect to be able to turn the master
equation into an evolution equation for the covariance matrix associated with the system’s state. It is indeed possible
to do so. As a first step, let us revert the interaction picture:

dρ(t)

dt
+ i[HS , ρ(t)] = −

∑
α,β

∫
γ−(t)

dz Gαβ(t
+, z)U0(t, 0)[Aα(t), Aβ(z)ϱ(t)]U0(0, t) + H.c.

= −
∑
α,β

∫
γ−(t)

dz Gαβ(t
+, z)[Aα, Aβ(z; t)ρ(t)] + H.c.

(G1)

where Aβ(z; t) := W0(t
−, z)AβW0(z, t

−). In case z = τ− lies on the horizontal track, Aβ(τ
−; t) = Aβ(τ − t). Now,

if we impose Tr[ϱ̇O] = Tr [ϱȮ], a simple computation reveals that the adjoint master equation for an observable O is
given by

dO(t)

dt
− i[HS , O(t)] = −

∑
α,β

∫
γ−(t)

dz Gαβ(t
+, z)[O(t), Aα]Aβ(z; t) + H.c. (G2)

It is now convenient to introduce self-adjoint operators {wi} constructed using linear combinations of system ladder
operators, such that

[wi, wj ]ζ = Ωij1, ΩT = Ω∗ = −ζΩ, (G3)

with Ω being a matrix of scalar coefficients. In the bosonic case, we could take position and momentum operators
and Ω would be proportional the standard symplectic matrix [10]. In the fermionic case, we could take Majorana
operators and Ω would be the identity [11]. We want to write the adjoint master equation corresponding to the
covariance matrix [45]

Γij := Tr[(wiwj + ζwjwi)ϱ] = 2Tr[wiwjϱ]− Ωij , ΓT = Γ∗ = ζΓ. (G4)

Recall that the operators Aα were assumed to be linear in the system ladder operators. This means that

Aα =
∑
i

Aαiwi, Aβ(z; t) =
∑
j

Aβj(z; t)wj (G5)

for appropriate coefficients A and A(z; t). Moreover, since HS is quadratic in ladder operators, we can always write

HS =
∑
i,j

hijwiwj , h† = h = ζhT . (G6)

Therefore, Eq. (G2) writes

dO(t)

dt
− i

∑
i,j

hij [wiwj , O(t)] =
∑
i,j

Mij(t)[O(t), wi]wj +H.c., (G7)



18

where

M(t) := −
∫
γ−(t)

dzATG(t+, z)A(z; t). (G8)

Let us now write Eq. (G7) using the observable Γ̂kq := 2wkwq−Ωkq1, so that Γkq = Tr [Γ̂kqϱ]. With a straightforward
calculation that employs the (anti)commutation relations (G3), one arrives at the following continuous differential
Lyapunov equation:

dΓ

dt
= XΓ + ΓXT + Y, (G9)

where

X := 2Re[ΩM ]− 2iΩh, Y := −Ω(M + ζMT +M† + ζM∗)Ω. (G10)

Appendix H: Details on the example

In this final section we provide additional details on how the numerical computation for the example presented in
the Letter has been carried out. Let us start by considering a generic fermionic quadratic system Hamiltonian:

HS =
∑
n,m

[
Jnma†nam +

1

2
∆nma†na

†
m − 1

2
∆∗

nmanam

]
, J† = J, ∆T = −∆. (H1)

If we define Majorana operators through

w2n−1 =
1√
2

(
a†n + an

)
, w2n =

i√
2

(
a†n − an

)
, (H2)

we can also write HS =
∑

i,j hijwiwj , where h is a pure imaginary skew-symmetric matrix such that the block
corresponding to the indices (2n− 1, 2m− 1), (2n− 1, 2m), (2n, 2m− 1), (2n, 2m) is found to be

2i

[
Im Jnm + Im∆nm Re Jnm − Re∆nm

−ReJnm − Re∆nm Im Jnm − Im∆nm

]
. (H3)

For the environment, we take a single bath of fermionic oscillators HE =
∑

r εrc
†
rcr initially kept in its ground state

with negative large chemical potential, so that ⟨crc†r⟩ = 1. For the interaction, V =
∑

n∈I
∑

r

[
grcra

†
n + g∗ranc

†
r

]
,

where I is the set of system indices establishing which part of the system is coupled to the bath. Using known results
in multi-linear fermionic algebra [28], this interaction can be put in the following tensor form:

V = B ⊗A† +B† ⊗A, A =
∑
n∈I

an, B =
∑
r

grcrPE , (H4)

where PE = (−1)
∑

r c†rcr is the parity operator of the environment.
With the ordering B1 = B, B2 = B†, we immediately obtain

c(τ, s) =

[
0 1
0 0

]∑
r

|gr|2e−iεr(τ−s) ≃
[
0 1
0 0

]
γλ

2
e−λ|τ−s| (H5)

in case we assume the environment to have a Lorentzian spectral density. For the system part, we first need to evolve
A1 = A† and A2 = A in interaction picture. To do that, we use the Bogoliubov transformation that diagonalizes HS :

an =
∑
k

[
Ankbk + Bnkb

†
k

]
, HS =

∑
k

ωkb
†
kbk + E0. (H6)

The quantities A, B, and ωk can be found with a straightforward matrix diagonalization in Nambu space. One can
in fact prove that [54] [

J ∆
∆† −JT

]
= U

[
Ω 0
0 −Ω

]
U†, U =

[
A B
B∗ A∗

]
, Ω = diag({ωk}). (H7)
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Now, we simply have

A(t) =
∑
k

[
φke

−iωktbk + χke
iωktb†k

]
, φk :=

∑
n∈I

Ank, χk :=
∑
n∈I

Bnk. (H8)

Therefore, we find with some calculation that

σ(τ, s) =
∑
k

{[
φ∗
kχ

∗
k |χk|2

|φk|2 φkχk

]
e−iωk(τ−s) +

[
φ∗
kχ

∗
k |φk|2

|χk|2 φkχk

]
eiωk(τ−s)

}
. (H9)

With this information, the Dyson equation can be solved (assuming the initial state to be factorized, for simplicity).
From a practical standpoint, we fixed a discrete time grid and we approximated the integrals using a double composite
trapezoidal rule.

Once G is found, the Lyapunov equation for the covariance matrix can be approached. First we need to find
the coefficient matrices A and A(z; t). Since in the present case the vertical track is missing, we can just focus on
a coefficient A(τ) calculated from the standard interaction-picture operator Aα(τ). Then, we would simply have
A = A(0) and A(τ−; t) = A(τ − t). One uses the following basis transformation between Bogoliubov and Majorana
operators: [

bk
b†k

]
=

1√
2

∑
n

[
Φ∗

nk iΨ∗
nk

Φnk −iΨnk

] [
w2n−1

w2n

]
, (H10)

where Φ := A+ B∗ and Ψ := A− B∗ [22]. Substituting above, one concludes that

A1,2n−1(t) =
1√
2

∑
k

[
Φ∗

nkχ
∗
ke

−iωkt +Φnkφ
∗
ke

iωkt
]
, A2,2n−1(t) = A∗

1,2n−1(t), (H11)

A1,2n(t) =
i√
2

∑
k

[
Ψ∗

nkχ
∗
ke

−iωkt −Ψnkφ
∗
ke

iωkt
]
, A2,2n(t) = A∗

1,2n(t). (H12)

With this knowledge, we can approximate M(t) in Eq. (G8) on the time grid using a composite trapezoidal rule.
Finally, we vectorize the Lyapunov equation (G9) and we solve it using a standard Runge-Kutta integration routine.

Once Γ has been obtained, real-space quantities can be calculated by inverting the transformation to Majorana
operators. For example, the population of the nth mode (which is what we used in the Letter) is found to be
(remember that Γ is pure imaginary):

⟨a†nan⟩ =
1

2
(1 + iΓ2n−1,2n). (H13)
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