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fields coupled through any derivative interactions. As on Minkowski, we find that the 3-
particle and exchange part of the 4-particle S-matrices are unique (up to crossing). The
remaining contact part of the 4-particle S-matrix is an analytic function of just two differential
operators, which become the usual Mandelstam variables in the Minkowski limit. Finally, we
introduce a spectral decomposition for the tree-level exchange of a heavy field responsible for
a cosmological collider signal. Once projected onto physical mass eigenstates, these S-matrix
elements encode the statistical properties of the early inflationary perturbations.
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1 Introduction

The S-matrix has played a central role in the development of quantum field theory [1-3]. It
is how we connect theories, such as the Standard Model Lagrangian, to phenomenological
predictions for observables, such as cross-sections. Since S-matrix elements are free from the
gauge and other redundancies that affect the Lagrangian or Hamiltonian, they are the natural
objects to compare with data or to compare when discriminating between different models.
Most effective field theories are built on the idea that their effective parameters can be fixed by
matching their low-energy S-matrix elements onto the S-matrix of the underlying high-energy
theory. Fundamental physical principles, such as causality and unitarity, are encoded in
the S-matrix as concrete mathematical properties, such as analyticity and positivity. These
properties underpin many modern amplitude techniques (see e.g. [4-6] and [7-9] for modern
reviews) and can be used to bound the space of consistent quantum field theories (see
e.g. [10-13] and [14, 15] for modern reviews).



Historically, it was data from colliders that drove much of the early progress in establishing
S-matrix theory. Today, the cosmological collider programme aims to use the inflationary
expansion of the early Universe to probe the new degrees of freedom that become important
at very high energy / high spacetime curvature [16, 17]. Due to the strong gravitational
fields, quanta of these new fields can be excited from an initial vacuum state and this
particle production leaves a characteristic correlation in fluctuations of the Cosmic Microwave
Background and the large scale structure of galaxies — signals that could be within the reach
of upcoming sky surveys; for reviews see [18, 19], and for a recent analysis see [20]. By now
there are numerous studies of the cosmological correlators produced by inflation (see [21, 22]
for modern reviews). The earliest focus was on computing in-in correlation functions, which
are the field-theoretic objects most directly connected to what we observe in the CMB. More
recently, the wavefunction of the Universe has emerged as an economical way to capture
these observables, as it has many nice properties that are less manifest at the correlator level.
However, despite many interesting connections to flat-space scattering amplitudes [23-25],
the wavefunction leaves much to be desired. For instance, the cutting rules which encode
perturbative unitarity are more involved than on Minkowski [26-33], the spectral density
is not guaranteed to be positive [34], and there is no manifest double copy structure (but
see [35-37] for progress in this direction). In most formulations, the wavefunction coefficients
themselves are not invariant under field redefinitions and are sensitive to total derivative
(boundary) terms in the action.

Recently, in an effort to describe cosmological collider phenomenology in a language that
more closely parallels flat space amplitudes, we introduced an S-matrix for the inflationary
patch of de Sitter spacetime [38]. This object describes the time evolution from the past
cosmological horizon to future null infinity' and is naturally insensitive to field redefinitions
and total derivatives, since it is defined using particle eigenstates rather than field eigenstates.
Once a particular field basis is specified, the wavefunction and cosmological correlators can
be constructed from this S-matrix, so it encodes all of the physically relevant information
about the dynamics.

One challenge, however, is to explicitly compute these S-matrix elements. Like its
wavefunction counterpart, the naive construction in terms of (7,k) co-ordinates (conformal
time and spatial momentum) leads to nested integrals over products of Hankel functions:
frightening special functions whose analytic structure is often far from clear. Rather than
an inevitable feature of de Sitter, we would describe this as an inevitable feature of the co-
ordinates. A similar situation would be encountered on Minkowski spacetime if one attempted
to compute amplitudes in position space by performing time-integrals over products of
Feynman propagators (which are also Hankel functions). Of course, on Minkowski we
know the resolution — rather than work in position space, the propagator and corresponding
scattering amplitudes become remarkably simple once expressed in terms of covariant momenta
pu- Crucially, the original position space correlator corresponds to an integral over all values

Tn contrast, the S-matrix elements for global de Sitter that were constructed in [39] describe time evolution
from past null infinity to future null infinity. One advantage of working in the expanding Poincaré patch is that
the Bunch-Davies vacuum condition can be imposed directly on the asymptotic in-states, rather than on an
intermediate horizon, which connects our S-matrix elements more directly to the primordial non-Gaussianities
that characterise the early Universe.



of the energy po, despite the fact that on-shell particles propagate with pg = /[p|? + m2.
The extension to off-shell values of the energy is central to how we simplify and analyse
Minkowski amplitudes.

In this work, we extend the de Sitter S-matrix to off-shell kinematics and identify a
particularly convenient set of “energy” variables which mirror the 4-momenta of Minkowski
spacetime. This allows us to explicitly compute a much larger class of Feynman diagrams,
some of which enjoy a surprisingly simple analytic structure. Since all equal-time correlation
functions can be extracted from the de Sitter S-matrix, these technical advances provide
another tool with which to analyse inflationary correlation functions.

For example, suppose we have a simple interaction like (V¢)20, where o is a heavy scalar
2 _

. 2 .
field with mass m2 = p2 + %, and we want to answer a question such as:

Find the S-matriz for 2 — 2 scattering mediated by o, and show that its connected
part is sign-definite in the forward limit.

On Minkowski, the answer is straightforward: focussing on the s-channel contribution,?

’i512_>34 = w (MinkOWSki) (1.1)
mz — s —ie
we see indeed that the discontinuity
S12-534 + S34_s19 = (P12 P3-pa) 276 (mz. - 3) (Minkowski) (1.2)

implies a positive real part in the forward limit (ps = p2 and p3 = p1), as required by
unitarity.® The goal of this paper is to develop the technology needed to write down the
analogous answers in de Sitter just as simply. In the above example, our results lead to

51 o Fi | [ - pa Fs
812%34:/ P p2(M2]2]_ [53),]94 ]2]» (de Sitter) (1.3)

where p,-pj is a known differential operator and F}, is the two-particle mode function analogous
to €'P1+P2)% (hoth of which are uniquely fixed by the de Sitter isometries). |

12
an integral over all mass values in the principal series and the (u2 — v2); is a particular

represents

combination of (u2 — v? 4 ie) that accounts for particle production. The discontinuity is then

* * *
S12534 + S3412 = S129p0 34, T S1240-0 S34p1, 50 5 (1.4)

where Sia-5,, = [p1- P2 Fj,], and we find it is also positive in the forward limit. Since
derivative interactions like this one are expected to dominate the cosmological collider signal
from inflation, and since the S-matrix and its positivity have played such an important role
in how we analyse signals from terrestrial colliders, we see this machinery as an important
theoretical step towards understanding the early Universe.

2We omit the energy and momentum conserving § functions and also split the S-matrix into discon-

nected/connected pieces using S™*! = gdiscon _ geon g4 that with our conventions the real part of S
is positive.

30n Minkowski we often define the scattering amplitude A via —S°" = 34 (27)? 1§+ (

Dtotal ), in which
case unitarity implies that the imaginary part of A is positive.



We end this introduction with a short summary of our main results and conventions.
In the following section 2, we review the S-matrix proposal in [38] and provide an LSZ
reduction formula from time-ordered correlators in both the time and the energy domains.
Then through sections 3 and 4 we systematically describe all tree-level contact and exchange
diagram contributions to this S-matrix. We conclude in section 5 with some discussion of
future directions and provide an appendix containing useful identities for our mode functions.

1.1 Executive summary

For perturbative interactions between quantum fields on a fixed Minkowski background, there
is a clear and well-established path: we compute in-out S-matrix elements (i.e. scattering
amplitudes) as a function of the energy and momenta of each particle (i.e. the covariant p,).
These objects are phenomenologically useful because they are closely related to the observable
cross section, and yet mathematically tractable since the principles of causality /analyticity
and unitarity ensure that they are “simple” functions of the Mandelstam variables.

When describing interacting quantum fields on a curved spacetime background, the best
way forward is far less clear. Asymptotic scattering states are more difficult to define (as the
vacuum is no longer unique) and Mandelstam variables are no longer sufficient to capture the
complete kinematics (as energy is no longer conserved). One must therefore decide

(i) which object to consider?
(ii) which kinematic variables to use?

In the context of cosmological collider physics, possible answers to (i) include correlations
functions, wavefunction coefficients or other notions of scattering amplitudes on de Sitter.
Possible answers to (ii) include labelling each field by its bulk position (7,x), or by its
conformal time and spatial momentum (7, k), or by angular momentum quantum numbers
adapted to the de Sitter isometry group. Each option has advantages and disadvantages:
some properties which are manifest in one object with certain variables may appear very
non-trivial in another object or variables.*

In this work, we have chosen to

(i) focus on amputated time-ordered correlators, which become S-matrix elements once
we put the external particles on-shell. These are analogous to off-shell scattering
amplitudes on Minkowski, where the p, are no longer constrained by the condition

2 _ 2
P = —m-.

(ii) label each field by a conformal energy w and spatial momentum k, which are the Fourier

conjugates to 7 and x. In the flat-space limit, (w,k) reduces to p,,.

This choice seems to occupy the same sweet spot between being observationally useful and
being mathematically tractable. The on-shell limit of these correlators, in which w is fixed

4We see this already to some extent on Minkowski, where causality corresponds to branch cuts in position
space with a clear physical meaning (reflecting the ordering ambiguity of time-like separated operators), but
this translated into an analytic structure in momentum space which can be very subtle, particularly beyond
4-particle scattering.



in a mass-dependent way, determines the in-in correlators that we ultimately measure in
primordial non-Gaussianity. And yet, they have a simple analytic structure, crossing and
perturbative Feynman rules that allow them to be computed and studied with relatively
few special functions.

Main results. We derive a number of interesting features enjoyed by the amputated
correlator (off-shell S-matrix) when written in terms of the energy and momenta (w,k) of
each field, including:

o Contact seed solutions. A quartic \¢* interaction gives a simple contact-diagram
contribution to the 4-point amputated correlator,

w1 w3 .
— ZAF(d) — A gCOH (1 5)
2 (iwy + fwg + iws + iwg)® 4 '
w2 § wq

This basic structure, G{°" is the analogue of the energy conserving d-function in flat

space. Since time translations have been replaced by dilation invariance, the isometries
now require that the total energy appears with a fixed power (to ensure the correlator
has the correct scaling dimension) instead of requiring energy conservation.

o Covariant momenta. Using the de Sitter isometry generators, we construct a differential
operator p, which corresponds to the Fourier transform of the covariant derivative
V. The Feynman rules for derivative interactions are then simple: for instance the
interaction ¢1¢2V,03V# ¢4 produces an amputated correlator of —ps - ps G{°". These
momenta obey the useful relations that p? is fixed in terms of the particle’s mass when
on-shell, and the total momentum operator Zglzl Dy annihilates G§°".

e All contact diagrams. From this seed solution and covariant momenta, we can express
any contact-diagram (i.e. the contribution of any quartic interaction with arbitrarily

w1 w3
>< = > ca "3 G5, (1.6)
a,b=0
w9 w4

up to terms that vanish on-shell and do not contribute to any S-matrix element.

many derivatives) as

5= —(p1 +p2)? and t = —(p1 + p3)? are differential operators that are given explicitly
in (3.31) and which reduce to the usual Mandelstam s and ¢ in the flat-space limit. For
example, the interaction ¢poV2p304 gives

iT(d +2)

accon [ 1.2
504 —( w12w34 k‘s) (i) 72

(1.7)
where w;; = w;+w; and ks = |k +ko| = |kg+ky|. The total energy wr = wig+wss — 0
in the flat-space limit, which produces the usual s = w? — k2 multiplying a divergence
that plays the role of the 276 (wr) in the Minkowski S-matrix.



o Multi-particle mode functions. § and t do not commute, so it is not possible to diagonalise
both simultaneously. However, interactions that depend only on § can be expressed
very simply using the eigenfunctions of this operator,

Al o con 1 2 a2\ ¢ w12 W34
w0 = [ (20 8) B () B () (1.8

where [, = % Jo° dvvsinh(7v) is an integral over all mass values in the principal series
(weighted by the appropriate de Sitter density of states). Fj, has the interpretation of a
two-particle mode function and is the analogue of e!®P1P2)u=* on Minkowski. It is given
explicitly in (A.2) in terms of Legendre functions. (1.8) also makes manifest the fact

con

that (p1 + p2)* = (P3 + pa)* when acting on G§°", since it is symmetric in 12 < 34.

o Exchange seed solutions. A cubic g¢? interaction gives the following exchange-diagram
contribution to the 4-point amputated correlator,

w1

w7 (g / F (52.0) Fn () =20 (L9)

3 3  (iks)d u? —v?

w2 Wq

where 11 is related to the mass of the exchange field by m? = u? + % and the relevant e
prescription for the pole is given in (4.16). This exchange structure obeys the equation

(m2 - s) Gh = —goon (1.10)
and is therefore the analogue of 1/(m? — s) on Minkowski.

o Any exchange diagram. (1.9) is the unique kinematic structure allowed by local inter-
actions compatible with de Sitter isometries, such that any exchange diagram can be
written as

w1

w3
>L< = -G+ > cap 8% G5, (1.11)
a,b=0
w9 w4

where again g and the ¢y, correspond to constant model-dependent couplings. The ¢ and
u channels are related to this s-channel diagram by a simple relabelling of the energies.

e Going on-shell. We derive the LSZ projection of these amputated correlators onto
the on-shell S-matrix. On Minkowski this is a simple algebraic replacement of +w =
V]k[Z + m? for outgoing/ingoing particles, but on de Sitter going on-shell requires
integrating over all +w > |k| for outgoing/ingoing particles in the following way:

out<k3k4’k1k2>inoc/d4pew.p G4 (112)
with wy = —|k;|coshp;, we=—|ka|coshpa, ws=+|ks|coshps, wy=+|ky|coshp,.

Note that p-p = p1p1+ pep2+psps+paps, where each iy, is related to the mass of particle
b by m% = u% + %. Remarkably, while going from the time-domain n-point correlator



to the m-particle S-matrix requires doing n integrals over Hankel mode functions,
this operation can be replaced by doing a pair of Fourier transforms (first n Fourier
transforms from 7 to w = £|k| cosh p, and then a further n Fourier transforms from p to
). The first of these is straightforward, producing simple expressions like (1.5) for Gy.
The second transform, for generic mass parameter u, converts these simple expressions
into complicated multi-variate hypergeometric functions (for (1.5) specifically, the result
of (1.12) is a Lauricella function). All of the dynamical information is encoded in the
simpler G4 — the projection onto an S-matrix element is purely kinematics (since (1.12)
is the universal integral transform that would be applied to any model, regardless of its
detailed field content or interactions). This demonstrates that much of the complexity
of cosmological correlators stems from how we treat the asymptotic (free) propagation
of the fields!

e Conformally coupled scalars. For conformally coupled external masses, going on-
shell via (1.12) is simple and amounts to setting w = +|k| for outgoing/ingoing and
lowering the spacetime dimension by 2. An off-shell correlator in d dimensions therefore
corresponds to a conformally coupled S-matrix element in d + 2 dimensions, at least for
4-particle scattering at tree-level. This immediately implies that all previous literature
that has computed such wavefunction coefficients or S-matrices for conformally coupled
scalars can be applied to the study of the underlying off-shell correlator. The slogan
would be: an off-shell S-matrix element (for fields of any mass) is as simple as an
on-shell object with conformally coupled masses®—typically simple rational functions
at tree level [40].

o FEzchange bootstrap. One example of conformally coupled technology that can be readily
applied to amputated correlators is the bootstrap approach of [41-43], which solves an
exchange equation analogous to (1.10) by demanding only physical singularities. The
same approach can be applied to the off-shell correlators with two adjustments. First,
the two s-channel variables v and v are now functions of the off-shell energy

ko ks
_1¥12] v = 34l

= , = . (1.13)
w1 + wo w3 + wy

Solving (1.10) will produce functions of u and v with undetermined constants of integra-
tion: fixing these corresponds to deciding which object one is considering (wavefunction,
S-matrix or correlator). The relevant boundary conditions for the S-matrix (with all
particles outgoing) are that it is regular at u,v — +1 and that any singularity at
u,v — —1 must be regular as the other variable v,u — —1 (i.e. no singularities in
overlapping channels, a consequence of factorisation). For instance, for the exchange of
a conformally coupled scalar in d = 3, this procedure gives

wo(u + v 4 2uw)

3 or=i/2 _
50 = i Wt o)t )

(1.14)

5The shift in the dimension typically also reduces complexity, for instance the exchange diagram with
all fields conformally coupled gives the dilogarithmic expression (2.15) for the on-shell S-matirx in d = 3
dimensions, but the underlying off-shell correlator is a simple rational function (see (1.14)) that coincides with
the S-matrix in d = 5 with each momentum magnitude ky, — wp.



which agrees with the explicit bulk time integral. The on-shell S-matrix can then be
found by performing the LSZ integrals (2.11) to project from w, = ky, cosh p, onto any
desired mass state. The same bootstrap approach can also be used to find the on-shell
S-matrix elements directly, in which case we set w, = kp in v and v so they reduce
to the variables of [41], but retain the adjusted boundary conditions relevant for the
S-matrix. For four conformally coupled scalars exchanging a generic massive field,
solving the exchange equation with this factorisation condition gives (4.55).

o Unitarity cuts. The “discontinuity” of our exchange solution (4.55) is

So—-1234 + ST93450 = So—12u Sp—3a + Sp—12 So—344 - (1.15)

This reflects the simplicity of perturbative cutting rules for the S-matrix, which require
fewer terms than their wavefunction counterparts. In fact, the integral representa-
tion (1.9) is particularly well-suited for proving that (1.15) holds for any tree-level
diagram. Going beyond individual tree-level diagrams, we derive a simple optical
theorem for the on-shell S-matrix elements which closely parallels the usual Minkowski
result: the only conceptual difference is that terms which were forbidden in flat space
due to energy conservation (such as Sp_,12,) can contribute to the de Sitter discontinuity.
In spite of these additional terms, we find that unitarity connects the discontinuity
S12-512 + 89,12 to a sum of positive terms (S12-7S7,_, ;) in the forward limit. Posi-
tivity of the forward discontinuity is a crucial ingredient of the Minkowski S-matrix,
underpinning the S-matrix bootstrap and positivity bounds for effective field theories,
and we will explore its consequences further in future work.

e Higher-point interactions. Finally, all of the above generalises straightforwardly to
more than 4 particles, and we describe how to use n-point seed solutions and general
multi-particle mode functions to express any tree-level Feynman diagram for scalar fields
in terms of a small number of unique exchange structures (the analogues of 1/(m? — p?)
on Minkowski) plus a derivative expansion in powers of Mandelstam operators.

Overall, we see these results as forming the basis of future investigations into the mathematical
structure of amputated correlators and their use as a well-defined QFT observable that can
be computed and constrained in inflationary field theories.

1.2 Notation and conventions

Throughout we consider the expanding Poincare patch of a fixed de Sitter spacetime with an
odd d spatial dimensions, ds? = (—7)72 (—dr? + dx?), where —oo < 7 < 0 and we work in
units where the Hubble rate H = 1. For a real scalar field ¢(7,x) of mass m? = (d/2)? + p?,
we split the action S = Sgee + Sint, where the free quadratic action is

Steel) = —3 [ drdix =g (§70a0050 + m*6?) (1.16)

and Sj,¢ contains all the non-linear interactions. Fields in the so-called “principal series”
have sufficiently large masses that the parameter u = +,/m? — d?/4 is real — our discussion



will begin with these fields and treat light fields as an analytic continuation® from real to
imaginary u. The canonically normalised” field is

(7, %) = (=7)""o(7,x), (1.17)

so that solutions to the free equations of motion for ¢ can be written as f*(k7) with Wronskian
fTitO-ft — fTir0.f~ = 1. Its spatial Fourier transform is ¢(7,k) = [ d%x e~**p(7,x)
where k-x = 3°2_, k;z? is 7-independent.® Since both our background and interactions will be
invariant under spatial translations, we will often factor out the overall momentum-conserving
0 function which is guaranteed by this symmetry. This is denoted by a prime like so:

(O(k)) = (2m)%5 (k) (O(K))". (1.18)

In [38], we showed how the time-ordered correlator of n canonically normalised scalar
fields could be projected onto a set of “S-matrix elements” by amputating the external
legs and going on-shell — analogous to the familiar LSZ procedure on Minkowski. This
work is an extension of those ideas, and we will use the following taxonomy to describe
the different kinds of correlator:

Correlator: ot (0| T D1 .. &n|0)in
Amputated correlator: [T7=1 & ) out (O] T P1 ... @n]0)in
On-shell amputated correlator: (H?:l ij fj) H?:l i) out (O] T @1 ... Pnl0)in

where [0)in (|0)out) is the state that coincides with the free Bunch-Davies vacuum in the far
past (future), &; is the free equation of motion for ¢; given in (2.3) and f; is the corresponding
mode function (f* for outgoing particles and f~ for ingoing particles). Each field will always
be labelled by a spatial momentum k, together with a single additional variable which can
be either 7 or w, and we collect these kinematic variables into a column argument like so:

T T A R
Gn <k11’ s k ) :out<0|T<P(7'1,k1)--~90(7'n,kn) ’O>in (119)
1 Tn - . R . ,
Gn K, S Kk = Hzgﬂj[ijj] Out<O’T(p(7’1,k1)...(p(Tn,kn)|O>in
n j=1

where the subscript on Gy, or G, is implicitly a list of all other quantum numbers (e.g. the
masses of the fields) and T is time-ordering in 7. We use the same notation for (amputated)

5The S-matrix elements, like the wavefunction coefficients, can develop late-time divergences for particular
imaginary values of the mass parameter p. We restrict our attention to IR finite interactions, for instance
between only heavy fields or between light fields with derivative interactions.

"This normalisation will ensure that the canonical commutation relation for creation operators of ¢ quanta
is time-independent. Another advantage of this rescaling is that — since the quadratic Casimir for ¢ contains
A(d — A), where A is the generator of dilations — the Casimir for ¢ becomes a complete square, (% - A) .
This plays an important role in section 3, where we interpret this as the on-shell condition m? = —p=.

8We use the same symbol to denote functions in different representations: for instance o(7,x) and ¢(7, k)

are of course different functions (one is the field in position space, the other is the field in momentum space).



correlators written in terms of w, which are related to those in the time-domain by a Fourier

transform in conformal time,

n 0 .
w1 W, dr; ... T Tn
g yr = I | / 7‘76’“‘]-77-3 g gttty . 1.20
" (kl kn) Lzl —oo —Tj " kq k, ( )

We will adopt a condensed notation when the same integral/differential operator @)
(which can depend on the mass, momentum, time, etc.) acts on every field of a correlation
function, writing such expressions as

[ﬁ@(#b,kb,ﬁ),...)] G <1:11 121) =[0(uk7,.. )| Ga (;{) . (12

b=1

For instance the Fourier transform (1.20) is then

o (:) = [/_OOO f:em} G (;) . (1.22)

We use the following notation for sums of energies and momenta,
Wab..s = Wag Fwp + ... +w,, Ko . =ks+kyp+...+k,. (1.23)

k (and kg, ) denotes the magnitude of k (and kgp.. ). When discussing 4-particle kinematics,
we will use k;, k+ and k, for the total spatial momentum in each channel:

ks = k12 = kaa, ke = ki3 = kaa, ky = k14 = ka3 (1.24)

It will also be useful to introduce the following shorthand:

jn:g(n—l), Jn:g(n—2) (1.25)
such that j, + j. = Jpin and where d is the number of spatial dimensions.

Finally, we would like to make a comment regarding our choice of sign/phase conventions.
The reader may wonder why some later expressions seem to contain inconvenient factors
of —1, i and /m. We suspect that a sufficiently prescient normalisation for the states and
mode functions could remove these. We have chosen to work with the conventions detailed

in appendix A, which are fixed by having;:
(a) out (K'|k)in = (27)%6(k — k'), which fixes the normalisation of the state (up to a phase),

(b) the simple LSZ formula (2.7), which together with f* = (f~)* fixes the normalisation
of the mode function in the time-domain,

(c) the simple integral transform (3.61), which fixes the normalisation of the mode function

in the energy-domain.

2 Observables from amputated correlators

In this section, we describe how amputated correlators, in both (7,k) and (w, k) variables,
can be projected onto S-matrix elements, and how these in turn can be used to construct
any desired cosmological correlator (which encode the primordial non-Gaussianity produced
by inflation).

,10,



2.1 S-matrix from time-dependent correlators

We begin with a brief description of the de Sitter S-matrix recently introduced in [38]. These
S-matrix elements are defined through the usual adiabatic hypothesis that interactions turn
off sufficiently quickly in the far past/future that asymptotic states can be defined by matching
onto states of the free theory (which can be quantised exactly). In particular, we define |n)i,
(|n)out) to be the states which coincide in the far past (future) with the free theory state that
has n particles in the far past (i.e. definite energy excitations on top of the Bunch-Davies
vacuum). The overlap between these different asymptotic states,

Sp/n = out <n’n/>in ) (21)
was dubbed the “Bunch-Davies” S-matrix in [38].
States in the free theory. To extract (2.1) from the field theory S[¢], we first define

the instantaneous vacua and n-particle states of the free theory defined by the quadratic
action (1.16). In the Heisenberg picture, the time evolution of the ¢ operator can be written as

@(rk) =~ (kr, waic+ £ (kr, w)ag,, (22)
where the mode functions f*(k7, ) satisfy the free equation of motion,
Eulkr)f* (kr. 1) = ((70,)° + K27 4+ i*) £ (k) = 0, (2:3)

with the boundary condition f* ~ eti*7

imposed at 7 — —oo, which ensures that ay
diagonalises the instantaneous Hamiltonian in the far past. Consequently, a|0) = 0 defines
the Bunch-Davies vacuum state: the state with the lowest energy at time 7 — —oo. A

complete basis of states for the Hilbert space is then provided by
In) =al ...all0) (2.4)

where here the general label on &Z denotes the momenta k; of each particle together with its
other quantum numbers (e.g. mass ) and |n) denotes the complete list of n-particle data.

States in the interacting theory. For the interacting theory, we use the adiabatic
hypothesis, assuming that interactions turn off sufficiently quickly in the far past/future.
This allows us to construct a corresponding basis of states in the interacting theory. Although
the operator ¢ is no longer a linear function of a and a', the hypothesis is that the states
|0Yout and |K)out, defined by

<>
0= liH(l) if T (k7, 1)(707) (7, k)| 0)out
T—

<
K)out = llg%) if (kT 1) (707)@(7, K)[0)out » (2.5)
coincide’ with the free theory state |0) and |k) in the 7 — 0 limit. Similarly, the states
|0)in and |k)in, defined by
<~
0=_lim if " (k7. p)(r0;)@(7,k)|0)in

T——00

K = lim if~ (k7 1)(70,) (7, K)[0)in | (2.6)

T——00

9When two states “coincide” at a particular time in the Heisenberg picture, it means that they produce
the same physical expectation values at that time: e.g. out(8|O(7)|@)out matches the free theory (8|O(7)|a)
as T — 0.
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coincide with the free theory state |0) and |k) in the 7 — —oo limit. This can be demonstrated
explicitly in perturbation theory for all fields with masses m? > d?/4 (and for lighter fields
with IR finite interactions).

LSZ reduction. With this definition of asymptotic states, the in-out overlap (2.1) can
be obtained from the time-ordered correlators of the interacting theory via the following
LSZ reduction formula [38],

Soomt)=[ [ 2 G ) ialhr] G (f{) =[] 6. <;> 2.1

where we have used the condensed notation (1.21). This corresponds to amputating each
external propagator (acting with ¢£) and putting each external particle “on-shell” (integrating
against the free mode function). The S-matrix elements with ingoing particles are given by
the analogous expression with an f~ mode function used for each ingoing particle.

Crossing. As on Minkowski, the CPT properties of the field can be used to “cross” particles
from ingoing to outgoing. In particular, thanks to the reality of ¢ in position space (which
implies ¢(7, —k) = ¢f(7,k)) and the CPT relation (A.7), we see that crossing a particle
corresponds to sending its k — k, where k denotes a suitable analytic continuation which gives
—k when appearing as vector and |l_<] = ¢~k when appearing as a magnitude. This procedure
first appeared in [26, 27] and has recently been discussed in various works [26-30, 32, 33].
In practice, this means that once one n-particle S-matrix is known as a function of the n
individual momenta, all other channels can be derived using this analytic continuation, e.g.

Soi)n(kl, ey kn)|knﬁlicn = Slﬁnfl (kn, kl, . ,knfl) . (28)

Going off-shell. To make crossing manifest, [38] defined an “off-shell” S-matrix,

S, (i) = {/_Oooi—_ fﬂiﬂ,u)} Gn (;) (2.9)

which is a function of d+ 1 variables per particle. This coincides with the all-outgoing channel

So_sn when every l%b — +|kp|, and coincides with the other channels when l%b — e*”|kb| for
each ingoing particle. At the level of this off-shell S-matrix, crossing corresponds to the simple
operation (k,k) — (—k,—k), and therefore the function S, efficiently encodes all Sy, .,
matrix elements with n1 +n2 = n. Another advantage of the off-shell extension (2.9) is that it
is precisely analogous to the off-shell wavefunction defined in [34]—it is an analytic function of
each Ky, in the lower-half of the complex plane, satisfies interesting UV /IR dispersion relations
and has a discontinuity in complex k2 that is fixed by the cutting rules of [28, 29]. However,
in practice the bulk time integrals in (2.9) are difficult to perform explicitly and can lead to
complicated special functions. In this work, we will therefore explore a different way of making
crossing manifest: by studying the amputated correlator G, itself. We will occasionally refer
to G, as an “off-shell” S-matrix, since it is the integration over the mode function that sets
the particles on-shell (sets w = +vk? + m?) on Minkowski. In either case, S, or G, are
effectively introducing one additional variable for each field in order to conveniently unify all
n-particle channels into a single object with a simpler mathematical structure.
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2.2 S-matrix from energy-dependent correlators

We will find below that the Fourier transform (1.20) from conformal time 7 to a conformal
energy w will simplify many perturbative computations. Before proceeding, it is worthwhile
to check how these energy-dependent correlators are related to the S-matrix.

LSZ reduction. The key observation is that the Hankel mode functions f*(k7,p) can

be written as'®

iichoshp (210)

otbr = [ [

and therefore a Fourier transform from conformal time to w = £k cosh p will replace the
f* mode functions with simple factors of ¢?*?. Substituting (2.10) into the LSZ reduction
formula (1.12) immediately gives,

Soam(k { \f/; ;li Zup} n(:) w+kCOShszsz [gn <:>] . (2.11)

On Minkowski, going on-shell is a simple algebraic procedure (i.e. set w equal to +v'k? + m?
for each outgoing particle). On de Sitter, this is replaced by the above integral over all

w > k. This reflects the fact that w is not related to any conserved quantity on de Sitter. In
fact, p appears naturally as a Schwinger proper time for each particle, and integrating over
w = k cosh p accounts for the redshifting of the particle energy as it propagates through this
expanding de Sitter spacetime. The w variables are computationally useful but since e™7 is
not a solution of the free equations of motion (not an eigenfunction of the de Sitter Casimir)
it does not represent a propagating particle. We will therefore refer to (2.11) as “projecting
onto mass eigenstates”, since this p integral effectively projects €™ onto f*(kT, i), which
does represent a freely propagating particle (is an eigenfunction of the de Sitter Casimir).

Crossing. To project a field onto an ingoing mass eigenstate, we must use f~ in place of
fT in the LSZ formula. Since they are related by complex conjugation, we see from (2.10)
that this amounts to setting w = —kcosh p in (2.11). The same LSZ reduction applied to
G, with (wp, kp) replaced by (—wp, —kp) would therefore produce the S-matrix with particle
b incoming. At the level of G,, crossing is therefore very simple and does not require any
analytic continuation of |k|. For instance, the 3-particle S-matrix elements are given by
the following LSZ reductions,

G ‘w1 +wy +ws
3 +ki +ky’ +ks

—w1 —wy +ws
—k;’ —ky +ks

(k1koks|0) = LSZ

(koks|k;) = LSZ [g?,(_”l e +°"3>

—k; +ky’ +ks
—W1 —Ww2 —W3
kikoks) =LSZ .
, (0]kikoks) =LS [g?’(—kl’—kg’—kg)]
(2.12)

(ks|k1ko) = LSZ [gg (

10The —/7 is an unfortunate consequence of how we have normalised the mode functions, see appendix A.
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Conformally coupled fields. When the external particles have the “conformally coupled”
mass j = i/2 (e.g. m? = 2H? in d = 3 dimensions), then the LSZ integrals are very simple.
In fact, comparing the time-domain LSZ formula (1.12) with the definition of G,, in (1.20), we
see that the replacement f*(k7,u) — e™*7 for the external mode functions would transform
an S-matrix element into an amputated correlator with w = k. Since fjE = etikT / VF2ikT
for conformally coupled scalars, we see that the S-matrix for scattering such fields is very
nearly the amputated correlator with w = 4k, but with some additional factors of 7. One
way to account for these factors is to shift the spacetime dimension. At a vertex with ny
legs, of which ng are external conformally coupled legs, the replacement
ng

d—d—
- nv—Q

(2.13)

would account for the extra 7 factors. For the 4-particle S-matrix, there are only two possible
diagram topologies at tree-level — the contact diagram (with ny = ny = 4) and the exchange
diagram (with ng = 2 and ny = 3 at each vertex)—and in both cases (2.13) yields d — d — 2.
We therefore have the neat relation

“(74)

For instance, the S-matrix for four conformally coupled scalars exchanging a conformally

4
= [H \/2ikb] So—4| J (conformally coupled at tree-level)  (2.14)
d—2 b=1

coupled scalar is [38]:

4 2
. =1 (.. (k1 +ke—ks . (k3 + kg — ks T
1] s g (s () sy (B} ) o
b=1

ka kT kT

ﬁ V2iky| Sosal . = — br + 2k (2.16)
i) d=5 2kskr (k1 + ko + ks) (ks + ka + ks)

while the underlying off-shell correlator is

G (i)
d=3

We immediately see that (2.17) and (2.16) indeed satisfy (2.14), and it can be shown that
the Fourier transform of (2.17) from p to p = /2 indeed produces (2.15).

wr + 2ks
— 2.17
2kswr(wio + ks)(wsg + ks) (2.17)

Mass as an angular momentum. The simplicity of (2.11) comes about because the Fourier
transform from 7 to w transforms the equation-of-motion operator (2.3) into a simpler operator

{/_000 ieiuﬂ} &, [kr] = (ﬁ2 —i—mQ) [/000 i:ew] (2.18)

where!!

P = (wd,)? — K*9% — % = 82 - % when w = +kcoshp. (2.19)

"There is a choice to be made here about whether £ — > + m? or p? + p?. With the former choice, p
corresponds to the momentum of ¢, and we will see below that this gives very simple Feynman rules for
interactions like (V¢)4. With the latter choice, p corresponds to the momentum of ¢. This leads to some
simplifications, such as p*> = 9, ~ —u® when on-shell, however these come at the cost of more complicated
Feynman rules.
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Since the f* mode functions are eigenfunctions of £, in the energy domain they are eigen-
functions of $?, with eigenvalue —m?. The mass parameter u?> = m? — d?/4 corresponds to
an “angular momentum” of the de Sitter isometry group SO(d + 1, 1). Physically, the change
of variables from 7 to w makes this manifest since now p is an angle (rapidity) conjugate to
this angular momentum. While (7,k) is a conceptually convenient set of variables — since
we measure correlators imprinted in the CMB after the end of inflation (fixed time) as a
function of their wavenumber (fixed k)—they obscure much of the mathematical structure
because 7 and k are on very different footing. Just as the simplicity of Minkowski correlators
only becomes manifest in terms of (w, k), here too we find that transforming both 7 and
x to conjugate variables can lead to simpler results.

Going on-shell. One important simplification is that, in terms of (w, k), it is straightforward
to see whether a given correlator G, will contribute to the S-matrix or whether it will vanish
when going on-shell. On Minkowski, this is simply the observation that p?> = —m? when
on-shell, and so terms proportional to p? +m? in the amputated correlator will not contribute
to the S-matrix. On de Sitter, the analogous observation is that

+oo .
/ 2£ €Wp:| (ﬁ2 + m2> F (w, k) ’w:ikcoshp = 07 (2'20>
Lo 2T

upon integration by parts in p. In anticipation of this integral, which is required to project
G, onto an S-matrix element, we will make use of the relation

A

P2~ —m? (2.21)

where =~ should be understood as “equal up to terms which do not contribute to the on-shell
S-matrix”. In particular, a term in G,, that is proportional to (p?4+m?) acting on any function
F will vanish when going on-shell.

Field redefinitions. A useful feature of the de Sitter S-matrix elements is that they are
invariant under perturbative field redefinitions, unlike the correlators G,, which are sensitive
to our choice of field basis. However, while the amputated correlators G, are generally not
invariant under a field redefinition, they are guaranteed to shift by terms proportional to
% + m? which vanish once we set 5> ~ —m?. This lets us enjoy the best of both worlds:
an amputated correlator which is computationally simpler than the S-matrix, and which
retains the independence under field redefinitions. To see how this happens, note that the
free action for ¢ can be written as
d 0
Siwe = 5 [ Gyt | T em R Elir] (10 (222)
up to a boundary term that affects only the power spectrum. A perturbative redefinition
¢ — ¢ + F[p] will therefore shift the action by
. d 0
S—>S+6§;“F+;/(gﬂl;1/ dTF&,,(p—i—(’)(FQ). (2.23)

Now, suppose F[p] contains a term with n fields and Siy; contains a term with n’ fields.

—oo T

Since the contact contribution of FE€p to the (n + 1)-point correlator G, 41 is proportional to
(;52 + m2), this is trivial once we go on-shell using (2.11) because (8% + ,LLQ) becomes a total
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derivative. The %F term first contributes to the (n + n’ — 1)-point correlator, but so does

an exchange diagram in which one vertex is the original Sy, and the other is the F'€p term. In
this exchange diagram, the £ will either act on an external line to give a trivial total derivative
as before, or it will act on the internal line: this collapses the propagator and produces a
contact contribution that exactly cancels with the %Sth term. This argument can be
generalised to any desired order in F', and shows that under perturbative field redefinitions
G, is invariant up to terms oc (p? + m?) that vanish on-shell.

Uniqueness. Another result presented in [38] is that invariance under field redefinitions
and total derivatives implies a unique 3-particle S-matrix (up to crossing). The perturbative
argument'? is that any cubic interaction can be integrated by parts into the form ¢?[(1"¢
(summed over different n), which contributes to Sp_3 in the same way as m2"¢3. This is
the analogue of the Minkowski result that the 3-point amplitude is uniquely fixed to be a
(possibly mass-dependent) constant. Since the amputated 3-point correlator is an off-shell
object, additional structures are possible (we describe them explicitly below), however these
all must vanish when p? ~ —m? and we go on-shell. Gs is therefore unique up to terms
proportional to p? + m?.

Furthermore, for the on-shell S-matrix there is a unique 4-point exchange structure
which describes the interaction of two ¢’s via the exchange of a field o (again up to crossing).
The argument is essentially the same: since the most general cubic vertex is equivalent to
¢?0 after integration by parts and a field redefinition, there can be only one independent
exchange contribution (from ¢?0 x ¢20) in each channel for the 4-particle S-matrix. For
the amputated correlator, we again find that any additional terms it may contain must
vanish when p? ~ —m?2.

The conclusion is that invariance under field redefinitions (and the uniqueness of the
3-point and 4-point exchange structures) is a consequence of the on-shell relation (2.21),
which can be imposed without having to perform the LSZ integral (2.11) that projects onto
mass eigenstates. We shall therefore focus on amputated correlators Gs and G4 with the

2

condition that p? ~ —m?2, as these are what determine the 3- and 4-particle S-matrix.

2.3 Cosmological correlators from the S-matrix

Our goal is to develop some machinery for computing the amputated correlators G, (w, k),
since these can then be taken on-shell using (2.21) and projected onto mass eigenstates
using (2.11). Before doing this, let us briefly recap how the resulting S-matrix elements are
related to the inflationary correlators that ultimately seed primordial non-Gaussianities in
the Cosmic Microwave Background and large-scale structure of galaxies.

Cosmological correlators. The late-time in-in correlation functions, often referred to as

simply “cosmological correlators”, are'?:14

lim (0] Gk - @7 k) O = [ dip i) oplhon) [BIP (2:24)

'2The non-perturbative argument is that there are four possible solutions to the de Sitter Ward identities at
three points [44, 45], corresponding to the four scattering channels (2.12).

131f one used the original field ¢ in place of the canonical normalised field ¢, then the correlator would
decay like 774/2 at late times and require renormalisation to extract a meaningful prediction as 7 — 0.

“Notice that we have assumed [ di |¥[¢]|* = 1, otherwise this denominator should be explicitly included:

its role is to cancel vacuum bubble contributions.

,16,



where VU is the late-time Bunch-Davies wavefunction and this integral is over all field
configurations on the 7 = 0 spatial slice.!® The correlations between these small perturbations
produced during inflation can be related to those of the curvature perturbation (: these are
conserved on large-scales until they re-enter the horizon and imprint density perturbations
on the primordial plasma of the hot Big Bang cosmology (see e.g. [46]).

Wavefunction coefficients. The wavefunction is often parameterised in terms of “wave-
function coefficients” )y,

¥l = lim eXpl [H/ d? kb 2 kb) ] Vi, ke, (T) (2m)467 (k)| | (2.25)

) n!

where our normalisation for 1, ensures they remain finite as 7 — 0 (this is the “interaction

picture” of [27]). In [38], we showed that the coefficients of the late-time wavefunction are
related to the S-matrix elements by

lim ¢ (7) = lim 32, B5(7) Sosj (2.26)

where the BJ are known model-independent coefficients. For instance, the first two terms
that contribute to 4 are

. I~
71_1_)11’6 wk1k2k3k4 (T) = SO*)k1k2k3k4 - /(; FS[)*)klekgkzquq (227)

where f~/f7 is the late-time limit of f~(q7)/f*(q7) and captures the oscillatory behaviour
of 14 at late-times. The six-particle S-matrix contains both connected and disconnected
components: in perturbation theory its leading contribution is

80~>k1k2k3k4qq’ D SO*)k1k2q80~)k3k4q’ + perm' (228)
At a fixed order in perturbation theory, it is straightforward to invert this relation to express
the S-matrix elements in terms of wavefunction coefficients. For instance, at leading order

80—>k1k2k3k4 = 71-% [¢k1k2k3k4 (T) +/ ! (QT) "/}klk2q(7)wk3k4—q(7—) + 2 perm. (2'29>

a [T(q7)
where the 13 X 13 term arises from replacing (2.28) with wavefunction coefficients. This
means that previous results in the literature for the wavefunction coefficients can be translated
into properties of the S-matrix (at least in perturbation theory).

Born rule for correlators. On Minkowski, the magnitude-squared of the scattering ampli-
tude corresponds to an interaction probability, and the observable cross-section corresponds
to a phase space integral over this probability. On de Sitter, we have an analogous relation
between the in-in observable correlator and the square of the in-out scattering matrix,

lim in (05(7, k1) - P(7, k) [0)5, = limn 32550 S5 7 (7) Somsge (2.30)

5While inflation is not eternal and in reality this de Sitter expansion should terminate at some time before
the conformal boundary at 7 = 0, since the correlator is dominated by the much earlier time at which the
modes cross the horizon using 7 = 0 as our final time is a good approximation.
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where the C%j, are known model-independent coefficients. For instance, separating each
S-matrix element into connected and disconnected parts, the primordial bispectrum is given
simply by,

lim <¢3(7—7 kl)(,??(’l', k2)¢(7_7 k3)
3 N X
=0 =1 (@(7, kp)B(7, —ks))

So once the amputated correlators G, have been projected onto S-matrix elements, these

/
>/ = 2Re [Soﬁklekg} . (2.31)

objects can be related to the cosmological correlators we would ultimately observe from
inflation. It is worth highlighting again the underlying philosophy behind this approach. We
know from explicit calculation that the observable in-in correlators are very complicated
functions of the spatial momenta. Motivated by the fact that observable cross-sections on
Minkowski become much more tractable when phrased in terms of the underlying scattering
amplitude as a function of p,, here we are searching for an alternative to the in-in correlator
which could enjoy a simpler mathematical structure and be easier to compute, while still being
connected in a relatively straightforward way to observations. The amputated correlators
that we study here and their corresponding S-matrix elements are one promising candidate
for such an alternative.

3 Mandelstam operators for de Sitter

In this section, we define a “scattering amplitude” from the amputated correlator and show
that it can be written in terms of a basis of differential operators that are direct analogues of
the Mandelstam variables. For 4-particle scattering, these differential operators are similar in
spirit to the ones appearing in cosmological scattering equations [35, 47, 48], though they
act on the {w,k} of the off-shell G, rather than the {k} of the on-shell wavefunction or
S-matrix. In the on-shell limit, the Mandelstam § and ¢ defined below should coincide with
those of the cosmological scattering equations.

3.1 Scattering amplitudes

On Minkowski, the scattering amplitude is extracted from the amputated correlator via'®
Gn (;:1 e :n> = A(p1,...,pn) 2 d (wr) (Minkowski) (3.1)
1 n

where p;’ = (w,k) is the energy and momentum of each particle, and § functions impose
conservation of the total wp =) wp and kp = >"p_; k. On de Sitter, we can analogously
extract an amplitude from the amputated correlator,

G <§ e ‘{i) = A1) G (wr) - (de Sitter) 32
1 n

where p, = (wp, kp) denotes the conformal energy and spatial momenta of each field, and
GO is the simplest invariant allowed by the de Sitter symmetries.

When w? = k? + m? for each particle, the amputated correlator becomes the Minkowski S-matrix and A
becomes the usual on-shell scattering amplitude. Here we are considering the off-shell amplitude for which p?
is independent of m?.
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A first example. Let us first consider the simplest polynomial interaction, A¢™. In terms
of the canonically normalised ¢, the action is explicitly

0 d A
S = [dix [ (ry Sen, (3.3)
oo —T n!
where J,, = g(n—Q) depends on the number of fields and will correspond to the dilation weight.

At first order in small A, the time-ordered correlation function (T@(71,ky) ... o(7n, ky)) is

0 n
T1 Tn . dr 7 "
n g e ey = — ( — n k 7k , 4
G <k1 kn> M/m — (=7) b|:|1G2( bTh, kpT) (3.4)

where G (kt, k") = (T'o(1,k)p(7',—k))’ is the Feynman propagator for a field of mass

m? = p? + %. Since this propagator is a Green function for the equation of motion,'”

i&ukT)GY (kT kT') = =76 (T —7) , (3.5)

amputating the external legs and transforming to the energy-domain gives

0 n
o) o [0 e = L(J,)
n e =3\ —(=7)" e - , 3.6
G <k1 kn> ! /_OO—T( 7) bzle ! (zw1—|—...+zwn+e)Jn (3.6)

where the +ie is a small imaginary deformation that arises from making the 7 — —o0

limit convergent.'® Comparing this with the Minkowski answer, iA278(wy + ... + wy), we
see that the energy-conserving J-function has been replaced by a total-energy singularity
(which may be a pole or branch cut since J,, can be either integer or half-integer). Just as
6% (ki + ...+ k) is required by translation invariance, the power of 1/(wy + ...+ wy,)’" is

fixed by dilation invariance, and so overall (3.6) is uniquely fixed by the de Sitter isometries.'?

Seed solution. Regardless of whether a theory contains a particular ¢™ interaction, it
will be useful to make reference to this de Sitter invariant combination, and so we shall
denote it by G&°" (to distinguish it from G,, which is the actual correlator in whatever
theory is under consideration). Since it depends only on the total energy, we shall write

it with a single argument
iT ()

FED G gm

(3.7)

It is by factoring out this simple invariant that we can extract a scale-invariant amplitude
from G, (see (3.2)). In the example of A¢", this gives simply A = A (which coincides with
the Minkowski result). These “seed correlators” will be the main building blocks of our
more general results for arbitrary derivative interactions in this section and for exchange
diagrams in the next section.

"The overall normalisation can be found by setting out(0]0)in = 1 and writing the free action as iSgee =
—% f f—:ddx p&Eup in a Gaussian path integral.

18A nice way to keep track of the ie’s is to notice that since the time integral runs over negative values of 7
only, the result must be an analytic function of w in the lower-half of the complex plane.

9Since both this interaction and diagram topology are invariant under the exchange of any two fields, the
resulting G,, must be a symmetric function of its arguments. Note that while in principal other symmetric
polynomials, e.g. wiws2 + perm. may have appeared in G,, once the k dependence is fixed then the only

symmetric function of the wy compatible with de Sitter boosts is (3.6).
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de Sitter symmetries. Since the underlying scalar field ¢ must transform in a particular way
under the de Sitter isometries, the correlators G, satisfy various Ward identities (assuming
de Sitter invariant interactions). The most familiar of these follows from spatial translations,
which requires that the total spatial momentum is conserved — we have already factored out
the resulting 6¢(kz). Another follows from dilations, which fixes the overall scaling dimension
of each G, to be J,, = %(n — 2), which is one factor of d/2 for each canonically normalised
field plus the dimension of the 6%(ky). Since the equation-of-motion operator £ represents
the quadratic Casimir of the de Sitter algebra, it commutes with dilations and therefore the
amputated G, has the same scaling dimension. The amplitude A is therefore constrained to
have scaling weight zero: it must be a dimensionless function of the (w,k). The final Ward
identity is from de Sitter boosts — these place an additional constraint on G, and hence
on the amplitude. Both the dilation and boost constraint take a simple form when written
in terms of k and p (which determine the energy via w = k cosh p),

0= (an D[kb]> Ay, 0= an (K[kb] + ‘;;agb> Ay, (3.8)
b=1 b

b=1
where D[k] and K[k] are the symmetry generators of the d-dimensional conformal symmetries,
Dk =k -0, Kk] =2k - 0 —k I - Oy . (3.9)

These Ward identities provide a useful consistency check of the examples we provide below,
and it would be interesting to explore whether our results for the Mandelstam operators
could be bootstrapped directly from (3.8).

3.2 Covariant momenta

Now we turn to interactions that contain derivatives. In this case, it will be useful to
write the amplitude in terms of a time-dependent object, AT, that acts directly?® on the
T within Ggeom:

con d 0 dr Jn A wrT sd
Alpr,- .. ) G (wr) § (kT):/ D) Aylpr,. . pa] €778 (kp) . (3.10)

—oc0 —T

A second example. To build some intuition for how derivative interactions are expressed
in this way, consider the simple covariant interaction, [ dixdr \/—g ¢""2(V¢)2. Writing
¢ = (—7)%%p and using the same identity (3.5) for amputating the external propagators,
this interaction gives the following contribution to the amputated n-point correlator?!

N,
n k1 yeeey kn
_; 0 di(_T)Jnei(wer...ern)T 7_2 dear Td/26iw17' o, Td/Qeiwzr k- kzeiwmr
oo —T
(3.11)

20We also include the §¢ (kr) since below we express A, in terms of derivatives with respect to k, and since the
total momentum is conserved one must be wary of mistakenly replacing Ok, f (k1) with Ok, f(—ka—...—k,) = 0.

21 Note that here we treat the fields as distinguishable for the sake of shorter expressions: for indistinguishable
fields one should sum over all permutations of the momenta.
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which can be written in the form (3.10) with

R , d?
Allpr, .. pn] = (Wiws — ki - ko) 7% — SwieT = -,
Wi — k1 . k2 Jnd w12 d2
A o) = +l)——— — — = — —, 3.12
(1o o) = Tl + )2 S (312

Note that this amplitude contains the Minkowski result as the leading term in the limit
of large 7 / small wyp, i.e.

N 1
Vet Vate = Adpropal = —pem (140 () @y

where p1 - po = —wiwa + Ky - ko. This turns out to be the general structure of all contact
amplitudes: an arbitrary contraction of covariant derivatives in the action will produce the
corresponding contraction of p’s in A;, plus corrections which have fewer powers of the
momenta/conformal time and which account for the background curvature.

Momentum operators. We now describe a systematic way to determine the curvature
corrections to A, and A directly in the energy-domain, without explicitly expanding out the
V. derivatives as in the example above. The central idea is to find a differential operator p,,(7)
in terms of w and k that produces the same correlator as V, in the time-domain. For instance

[—Tv“] (_T)d/2eiw7—ik-x _ (_T)d/Qe—ikx [Zﬁu('r)] ein 7 (3.14>

d/2

where the factor of (—7)%* is from our normalisation of . Concretely, we seek a p,(7) that

produces p, = (—wT + i%, k7) when acting directly on ¢®7, and which also respects the same

commutation relation as the covariant derivatives, which is
Hv,uv Vl/}v va] = GuaVv — GuaVy (315)

since R, va8 = Juavs — GusYva ON a maximally symmetric spacetime.
One convenient solution with these properties is

iD[p]
- iKi[pJ : (3.16)

=3
=
—~
\]
S~—
Il
VR
oS

where the operators??

A d
D[p] = w&u + kzakZ + 5

Kilp] = ki(—02 + 9k, 0hs) — 2D [p] Oy (3.17)

are related to the generators of the dilation/boost isometries of the de Sitter spacetime, which
makes it straightforward to verify that they satisfy the commutation relation (3.15).

%2Note that all spatial indices are raised/lowered using d;;.
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The amplitude in the preceding example can then be written very succinctly as??

9V = Arlpr,. .. pa] = =0t (T)D5(7) (3.18)

where it is the commutation relations between D and K that fully account for the subleading
terms in (3.13).

A third example. These p,(7) operators lead to even greater simplifications as the number
of derivatives grows. For example, consider the covariant [ d%xdr/—g ¢”_2(VQV5¢)2.
Following the above discussion, we can immediately write down the energy-domain amplitude

Arlpr, - .pn] = (st (NP5 (7))” - (3.19)
Expanding out the D and K operators leads to the explicit expression®*
e T A [py, . palet T = (p1 - po)?Tt + [(d + 2)wigpy - P2 — wiks — wok] + w12w1w2} i
+ [51812 4 LAy gy, A 24 w1w2} 72
dQ(d;?’)wmr + %d:”(d +4), (3.20)
where p1-ps = —wiws+ki ks, s19 = w%z—kg and wio = w1 +wo. Again we see that the leading

term in the large 7 limit is the expected Minkowski result, and this is corrected by terms which
are generated by the non-zero commutator between p°(7) and p(7). The final amplitude
A(pi,...,pn) is found by performing the time integral in (3.10): this is straightforward since
its only effect is to replace each (—7)" with T'(.J,, + n)/(iwr)’»*" in (3.20).

3.3 A basis of kinematic invariants

Armed with the covariant p,(7) operators, we can now build a complete basis for the time-
dependent A, (and therefore also for the final amplitude A). To ensure that the basis is
not overcomplete, we must account for two redundancies:

(i) total 7 derivatives in A, that do not affect A,

(ii) total p derivatives in G, = AGS™ that do not affect the on-shell S-matrix.

Total spacetime derivatives. In addition to simplifying perturbative calculations, the
representation (3.16) of covariant derivatives makes the vanishing of total derivatives trans-
parent, namely that any interaction [ d?*'z,/—¢gV,O® in the action does not contribute
to the amputated Green function. This is because the spacetime isometries effectively set

2To be explicit, P! is the operator (3.16) acting on the arguments p* = (w1, k1), i.e.
—iD[p1]

”_<£i+;K%ﬂ>'

?*One can verify that (3.19) is the same result as expanding V,V,¢ = (8,0, + I'%,0a)(—7)%?p and then
transforming to the energy-domain like in (3.11).

2
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the total 3-"_, pu(7) = 0 within A,. In more detail, total time derivatives give a vanishing
contribution to the amputated correlator thanks to the dilation Ward identity,

0= Zn: ﬁ[pa] gn(pla e 7pn)5d (kT)

a=1
0 dr J, - - A0 1 iwrT sd
= _—T(—T) n Zzpa(T) Arlp1y ..y pn)e“TT6¢ (k) . (3.21)
- a=1

Total spatial derivatives, 37 ; % (7) vanish thanks to the translation Ward identity (i.e.
kr = 0) and also the fact that contact invariants satisfy,

(Z Kz‘[}%]) Arlpr,. ., pale®T78 (kr) = 0 (3.22)
a=1
for any 7, which implies the boost Ward identity.

Total p derivatives. In the previous section, we showed that p?> ~ —m? under the integral
transform which puts the external particles on-shell. However, note that the time-dependent
operator p(7) - p(1) = 1% Pa(7)Pg(7) does not commute with P, (7), which reflects the fact
that a contact interaction containing [0V ,¢V#¢ is not equivalent to mQVMd)V“gb (since
[0, V,] # 0). Accounting for this non-zero commutator, the general on-shell condition for
covariant derivatives can be written as

5 D) = 2 = FA0) - = T, (3.25)
where?”
. . 2
) = 5 (3ol)” + (3 = 5-Kilo)) (3.21)

obeys J%(1)e™” = 0 and [jQ(T),ﬁM(T)} reproduces [,7V,]. We stress that although
J2(7) cannot be written in terms of Pu(T), its commutator with any momentum can be,
and so when (3.23) is substituted into A,;e™7 it always produces terms that are functions
of the p,(7) only.

A fourth example. For example, consider the covariant interaction [ dHlg /=g ¢" 20202,
where [ = ¢""V,V,. The corresponding amplitude is

AT[ph s 7pn] = (ﬁl(T) +ﬁ2(7))4 ) (3'25>

where the four indices are contracted using 7,3. On Minkowski, it would be straightforward
to argue that the on-shell amplitude from this operator is not independent of the two previous
examples ¢"2(V¢)? and ¢"2(VV¢)?, since (p; + p2)* can be written purely in terms of

% Note that Ji;[p] = kidy; — k;Oy: is the generator of spatial rotations, while Tk — if(l[p] generates a
rotation in embedding space.
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p1 - p2 and (p1 - p2)? once p3 = —m? and p3 = —m3 are fixed to their on-shell values. On

de Sitter, we can make this same argument by writing

(h1(7) + p2(r))t = () + 53(1)” + 4 (Bu(r) - pa(r))?
+ 2{p1(7) - P1(7) + P2(7) - Pa(7), P1(7) - Pa(7)} (3.26)

and then use (3.23) to go on-shell, which gives
. . 4 iwior 2 2\2 A . 2 2 . . 2
(Pr(7) + Do(0))! €127 % 3 (md +m3)" = 4p1(7) - po(7) (md +m3) + 4 (B1(7) - (7))

- [jlz(T) + T3 (7),2p1(7) '132(7)} }eiwlw- (3.27)

The first line is the Minkowski result, and the commutator on the second line captures the
effect of the de Sitter spacetime curvature. It is straightforwardly evaluated using

[j12<7'), 2p1(7) '132(7')} 2T — _2d py (1) - Po(T)e™12T (3.28)

which establishes that the contribution of [0?¢? is not independent from (VV¢)? and (V¢)?
once we go on-shell.

Kinematic basis. Thanks to the above results, we can now enumerate the independent
kinematic operators on which A, can depend in essentially the same way that we count
kinematic invariants on Minkowski. In particular, a local interaction of ¢ and its covariant
derivatives in the action will produce a A, built from the Pa(T) operators subject to the
conditions:

o The p®(7) must come in pairs with spacetime indices contracted using 743,
o The total p*(7) of all external lines gives a vanishing contribution to the correlator,

o All contractions of the form py(7) - pp(7) are redundant, since they can be replaced by
—m3 plus lower order invariants using (3.23).

We will explicitly describe the resulting kinematics for both 3- and 4-point correlators in
sections 3.4 and 3.5 below.

Mandelstam operators. Before focussing on a particular n, let us give a general charac-
terisation of the allowed kinematic invariants on which any de Sitter amplitude can depend.
By analogy with Minkowski scattering, we define the differential operators 12 ,(7) as the
invariant associated with particles {1,2,...,n},

§12...n(7—) = —TNap (Zﬁ?(7)> (Zﬁg(7)> . (329)
b=1 c=1

We can again separate this operator into a time-independent part, which we denote as 512, ,,
with no 7 argument, and a remainder

812.0(7) = 812,00 — Tt 1 (T) (3.30)
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which is given in terms of the isometry generators by

o= (200 ) + (S0 ) (SR (SRl (320 ) 5 (3 At
a=1 a=1 a=1 a=1 a=1

a=1

and represents the Casimir associated with transforming the points 1,...,n. The remain-
der is then

n 2 n n 2
Fhpolr) = 2 (Z i, [m) ; (; SEEDS Kw) (332)

and by analogy with (3.24) accounts for the non-commutativity of the different Mandelstam
operators.

In the large 7 (or small wr) limit, these Mandelstam operators reduce to the usual
Mandelstam variables on Minkowski. At finite 7 (or finite wy), the main effect of the
background curvature is to introduce non-commutativity between the different Mandelstam

operators. In general, the commutator
[54(7),58(7)] = Rap(T) (3.33)

is non-zero whenever the lists A and B have a particle in common, and is equal to a d-
dependent operator which contains strictly fewer powers of the p, than §455. Finally, since
the total p, vanishes, we also have identities such as

(3126 = Sbt1..m) AP15- -, Pn) G (wr) =0 (3.34)

which are familiar from Minkowksi.

3.4 The unique 3-point correlator

It was previously argued in [38] that the 3-particle S-matrix is unique (up to crossing) because
it is completely fixed by the de Sitter Ward identities. The off-shell picture of momenta
operators developed above makes this uniqueness manifest, and also clarifies which further
structures may appear in the off-shell correlator (and how they vanish when going on-shell).

Uniqueness. The argument for uniqueness is straightforward: any bilinear combination of
P1, P2, P3 subject to the constraint that 33_, p, = 0 (total derivatives vanish) can be written
in terms of the p2 only. Once these are fixed by the on-shell relation (3.23), the resulting
three-point amplitude A will always reduce to a constant (function of the masses). Therefore
an arbitrary cubic interaction will give rise to a correlator of the form

w1 W2 w3\ con
g3 <k1 'y k3> ~ f(u1, p2, p3) G5 (wr) (3.35)

for some function f of the masses and with G§" given in (3.7).
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Three-particle S-matrix. Given (3.35), the 3-particle S-matrix is therefore unique, up to

crossing and a dependence on the fixed masses (and other quantum numbers) of the three

particles. In particular, the LSZ reduction of G5°" produces an S-matrix element

5 (kl + ko + kg)
(S3_y iky cosh py) 2

and its crossing images (2.12). This integral can be written as a combination of Appell

. +o00 dp ;
out(k1koks|0)in = ig —ﬁ/ 2. € He (3.36)

F, functions, given explicitly in [38]. This particular Fy function can also be derived from
the Ward identities as the unique structure compatible with all of the de Sitter isome-
tries [44, 45]. However, the preceding kinematic argument for uniqueness makes it clear
what role is being played by the on-shell condition. If we relax this condition, we find that
6% (k1 4 ko + k3) /(w1 +wy +ws3)¥? is not the only function of the w and k which is invariant
under the de Sitter Ward identities. A general amputated correlator may additionally depend
on an arbitrary function of p?, p3, p3. A local interaction Lagrangian may therefore produce
contributions of the form

8%” 3[2,22 8[2,:?3 G5 (wr) (3.37)

in the amputated correlator, which would indeed reduce to (3.35) once all three external
particles are put on-shell. For instance, the following combination

2wiwr 9 4w% I (% + 2)
d+2  Mdd+2)) (g i

(82 +m?) g5 = (—w% + k2 4 (3.38)
is consistent with the de Sitter isometries and will generically appear in G3 when the action
contains derivative interactions, however since it does not contribute to the on-shell S-matrix
it may be discarded without affecting any physical observable.

Two-particle mode function. The 3-particle case highlights how taking each particle
on-shell increases the complexity of special functions required. Starting from the off-shell

correlator G§°" (wr), which is simply a power of wr, we take just one of the particles on-shell:

Fy, (92, 1) |

—f 00 @ ipp gcon( )’ _ (3 39)
@ - 27[_6 3 \wr ws=kscoshp — (Z]ﬁ )% )
S
Such integrals can be performed by considering the differential equations they must satisfy.
For instance, since p3 = (P1 + P2)? = —812 when acting on G5, the function Fj, must solve
(m* = 812) B, (52,1) = 0. (3.40)

F}, is therefore an eigenfunction of 312 with eigenvalue m? = p? + %. Together with the
Bunch-Davies vacuum condition (A.12) inherited from f7, this uniquely fixes Fj, — we give
this function explicitly in (A.2) in terms of a Legendre function. These eigenfunctions of the

Mandelstam operators will play a central role when we construct spectral representations?®

26There is a nice parallel between the Fj, — an off-correlator in which one leg is put on-shell — and the
Berends-Giele current [49]—an on-shell amplitude with one leg taken off-shell. Both can be used to recursively
construct higher-point exchange diagrams.
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in section 4 and we will explore this differential equation approach to determining correlators
further in section 4.4.

Physically, F};, has the interpretation of a two-particle mode function, since it describes
the projection of two fields (with energy w; and wg) onto the mass eigenstate p,

w
1 FJQ (uli}f ) H)
[ =— - (3.41)

(iks)2

w

w2

This is analogous to e!P1+p2)* o Minkowski, which describes two particles with an effective
total mass of s = —(py + p2)2. Just as G§°" has a branch cut at wp = 0, this mode function
has a branch cut at wis + ks — 0. The physical interpretation is that ks > 0 corresponds
to the “energy” of the outgoing on-shell third particle, while wy + wo < 0 would correspond
to particles 1 and 2 incoming: there is therefore a singularity whenever wis < —ks since the
total ingoing energy is enough to create the on-shell outgoing particle.

3.5 All contact 4-point correlators

Next we focus on the 4-point function. Our main observation here is that the on-shell 4-point
correlator can be written in terms of § = 815 and £ = ;3 only, and in the flat-space limit
these become the usual Mandelstam s and ¢ variables. The argument goes as follows:

o The spacetime symmetries require that interactions are built from covariant contractions
of V., and hence A, is a function of 8,(7) and p2(7) only.

o The Ward identities (3.21) and (3.22) (namely Y7_; pf(7) = 0) further require that

834(T) = 812(7), 824(7) = 813(7), 814(7) = Sa3(7), (3.42)

once commuted to the outermost operation, and also that,?”

4
$12(7) + 813(7) + Sa3(7) = = > _ P2, (3.43)
a=1

which ensures that only {312(7), §13(7), p3(7), p3(7), p3(7), p3(7)} are independent.

e The on-shell relation (3.23) can then be used to replace the four $2(7) with the particle
masses and (after commuting the J2(7) until they annihilate the mode functions)
powers of §12(7) and §13(7).

The most general contact contribution to the 4-point S-matrix can therefore be written as

Ga(p1,--,pa) = Y, capt8* G (wr), (3.44)
a,b=0

since any §%5(7)8%(7) term in A, becomes §2,3%, in A, plus lower-order invariants (generated
by the commutations of J7 and J3) which can be absorbed into a shift of the other cqy
coefficients.

27(3.43) is the usual relation s 4+t +u = 4m?* on Minkowski.
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Evaluating the Mandelstams. To explicitly evaluate the terms in (3.44), recall that the
operator p? for a single particle takes a particularly simple form when expressed in terms of
the angular variable w = k cosh p. There is an analogous simplification that occurs for the
n-particle Mandelstam operators. Choosing a subset of n energies and parametrising their

total as Y i we = | Y01 ko] cosh p, we can write a simple expression for (3.31),
a —twrT 1 s 27 +2 d2 —iwrT
—812..ne T = | —=—0, sinhV"p J, + j — — | e 7T, (3.45)
sinh*np 4

where j, = %(n — 1) and 0, acts on everything to its right.
Using (3.45) to represent §12 as an angular derivative makes the evaluation of all 8,
invariants particularly straightforward. In fact, starting from the expression,

81205 = (—02 — dcoth p1a 8/)12) gy (3.46)

P12

it is possible to derive a simple closed-form expression for these invariants in terms of the angles,

cosh p1o = 0212 and cosh psq = 0234 ) (3.47)

To do this, we first note that (as is often the case when dealing with rotational Casimirs)

it is more convenient to replace 57, with the shifted product,

n—1

Sty=1] (12— j(j +d)) . (3.48)
j=0
These invariants are particularly simple when written in terms of 2p; = p12 + p34 and
2p_ = pia — p34, and take the form of an (d + n)™ order polynomial in 1/cosh? p, and
1/ cosh? p_. In fact, this polynomial can be written for general n in terms of a hypergeometric
function,

on o~con
Sl2g4 -

il (d+2n) 1 d d cosh?p,
5 mob1 | —n, 51— ;
(2kscosh py coshp_) (—4 cosh? p+)

) (3.49)

n——; —s—
2 2" cosh? p_

Since §12G{°" = §34G{°" (thanks to momentum conservation), we expect that §75G{°"

should be a symmetric function of wiy and wsy4. This symmetry is not manifest in (3.49). To
make it manifest, note that any symmetric polynomial of 1/cosh? p; and 1/cosh? p_ can
be written as a polynomial in the two symmetric variables,

1 1 1
AX =———+———, AVP=— — . (3.50)
cosh”py  cosh” p_ cosh® p cosh® p_
Using these, we can re-write (3.49) as,
A il (d+2n)_, nl-n d Y?
S12G5™" = TR YOX" o Fy 5 g il 55 (3.51)

which is now manifestly invariant under wis <+ wss. Analogous expressions for the §75G{"

terms follow immediately from relabelling ps < ps.

The change of variables (3.47) requires w12 > ks and wsy4 > ks. In this kinematic region,
we have found a simple expression for any 57,G{°". This would be enough to find the Sp_4
matrix element, since if wy > k1 and we > ko then wis > k1o by the triangle inequality. Other
kinematic regions can be reached by crossing, i.e. replacing pi+ with wio and ws4 and then
analytically continuing past the branch points at wio = ks and wszy = k.
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Mandelstam eigenbasis. Constructing closed form expressions for the mixed terms involv-
ing both $12 and 313 is more involved. The reason is essentially that, since §12 and §13 do not
commute, it is not possible to find simultaneous eigenfunctions of both operators. Focussing
on the §1,G{°" terms, (3.49) can be reproduced very efficiently using the $19 eigenfunction
found in (3.39). The trick is to recognise that these eigenfunctions form a complete basis

for the wiy dependence of G§°", which can therefore be written as?®
n _ b > w12 w34
gio (WT) = (’Lks)d/o dVNV F]2 <ks, 7/> F] <I{;s’ I/> (352)

for some density N,. Physically, this decomposition corresponds to inserting a complete
set of mass eigenstates like so:

w1 w3 w1 w3

ot o |y (3.53)

0] [0X [¢ ):
w9 W4 w2 W4y
The model-independent N, is given explicitly by N, = 2v sinh(7v) and is notionally a density
of states for the de Sitter group. In this basis of two-particle mode functions, the action of
519 then becomes multiplication by the effective mass parameter v + %,

A { > W12 W34 2 2\"

8,65 (wy) = (Z'ks)d/o dv N, Fj, (ks,u) F} <ks,y) (1/ + Z) . (3.54)
Evaluating this integral produces (3.49). The symmetry §2G{°" = §34G{°" is also now
manifest.

Separating kinematics and dynamics. Finally, this two-particle basis has the advantage
that, when we perform the LSZ integral to project this G4 onto mass eigenstates, there
is a clear split between the dynamical information (the interaction) and the kinematical
propagation of the asymptotic states. In particular, one may write:

~ con _ i > H1 K2V M3 U4 V 2, &2
LSZ[x (512) G5°"(wr)] = (iks)d/o dv N, <k1 K k34> <k3 K k12> x(u + 4> (3.55)

where we have defined a bracket analogous to the 3j symbol from angular momentum
addition, which captures how two one-particle mass eigenstates combine to form a single
two-particle mass eigenstate,

M1 p2 v oo dp ip1p1 Lipap2 <w12 >
<k1 5 k34) [”/oo i | 1, (42,

Crucially, this is a model-independent structure constant, uniquely fixed by the de Sit-

(3.56)

wi12=Fk1 cosh p1+k2 cosh pa

ter symmetries. Once these factors are stripped from the S-matrix element, the residual

28The overall 7 is included so that A, is positive, given our normalisation of F;, — see appendix A. This
can also be viewed as f dA over the principal series A = g + iv with v > 0.
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density x (V2 + %) captures the derivative interaction vertex that mediates the scattering.

1 13 M1 M3
2
>< — / oy (yz + %) U{ (3.57)
14 3 3
112 m 12 0} 0} I

where now the labels denote the mass of each leg. For example, from the effective Lagrangian

In pictures:

O D2
mt ¢2 <)\0 + )\1A A4 ) ¢2 (358)
we can immediately read off:
m2 o
X( )—)\0+>\1A2 +)\2F+"' (3.59)

The on-shell S-matrix and corresponding cosmological correlators in this theory will be
complicated functions of {kj,...ks}, but (3.57) makes it clear that these complications
stem entirely from how we treat the kinematical combination and propagation of free fields
on de Sitter.

Beyond 4-particle scattering. The above generalises straightforwardly to contact diagrams
with any number of particles. In particular, we can find the “n-particle mode function” by
considering G,,1 with a single leg put on-shell,

f/ plup

where wr = > wy, and kr = ") k. This is the eigenfunction of §12_,, since when

B, (fit1-1)
- n ‘kT|’
;:z(fl(wT +w)‘w:|kT\coshp - (i|kT|)jn (360)

acting on G%% we have 512, = —ﬁ% = u? + % when on-shell. A useful corollary is that,
Fj (%7N) 0 dr wWT Jng £+

EELRLAEA — —7)In k 3.61

it = | [ S| (g (k) (3.61)

which illustrates how the n-particle mode function is related to the time-domain mode
function. These n-particle mode functions can be used to decompose any correlator and are
particularly useful for correlators that depend on only a single Mandelstam operator. Suppose
we split the n particles into a subset of size n; and its complement (of size ng = n —ny),
with partial energies wy, and wg respectively (so wr, + wr = wr) and a partial momentum
k (i.e. |kz| = |kr| = k). Then,

Geo(wr) = / dv N, F,, ( )an2 (“;{%) (3.62)

This representation makes it straightforward to treat any interaction that contains only a
single Mandelstam operator, for instance:

Aa con w w a
S G (wr) = ¢ Jn/ v Ny B, (zf”)Fa <zf’”> W+ (3.63)
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To sum up, we have defined a differential operator p, that captures the insertion of V,
into any contact interaction vertex, and found a complete basis of invariant Mandelstam
operators in which to expand G,. These operators do not commute (because V, do not
commute), but for interactions that depend on only a single Mandelstam invariant we can
expand the resulting correlator in a basis of the corresponding eigenfunction and this leads to
very simple integral expressions and a natural way to separate the dynamical and kinematical
information contained within the S-matrix elements.

4 New representations of exchange diagrams

Now we turn our addition to exchange diagram contributions to the amputated correlator /
off-shell S-matrix. We will start by considering the simplest diagram from two cubic vertices
with no derivatives, which is given in time-ordered perturbation theory by

0 dTL eiwlzTL 0 dTR eiw34TR . .
[/_ (—TLM] [/_ (—TR)le] GY (ksTr, ksTR) = G (w12, w34, ks) (4.1)

where Gy is the propagator of the internal field which has mass m?2 = u2 + d?/4. As argued
above, the tree-level exchange contribution to G4 from any pair of cubic interactions can
be written in terms of this exchange structure, plus a remainder that is indistinguishable
from a contact interaction. It can already be anticipated, from the results of the previous
section, that this exchange structure ought to correspond to

1

- 4.2
v (42)

in (3.55). We will now derive this result, show how it relates to previous results in the literature
for the exchange diagram, and for the first time determine a consistent +ie prescription
which encodes the causal time-ordering of the S-matrix.

4.1 Exchange differential equation

Equation (4.1) can be viewed as a Fourier transform of the propagator, replacing the
conformal time of each vertex with the total conformal energy flowing into that vertex from
the boundary. Since the propagator obeys the simple differential equation (3.5), one might
ask what differential equation is satisfied by this Fourier transform? Using the relation

0 dTL 1W12T, s 0 dTL W12T
[ e = () [ o] o

we see that the action of (m?2 — 313) is to replace the internal G with a § function, effectively
collapsing the internal line. The 4-particle exchange structure, G}, therefore satisfies the
defining relation:

(m - 812) Gl = ~G5™ (wr) (4.4)

which we refer to as “the exchange equation”.
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Conformally coupled example. As usual, the simplest example is the exchange of a
scalar with conformally coupled mass, m2 = 2 in d = 3 (so p, = i/2). In that case the
propagator is simple,

GgU:i/2<kT, k?’i'/) _ e—ik\7—7/| (45>
2kV/TT!
and the time integrals in (4.1) can be performed explicitly, giving the correlator:
— 2k
g4o—l/2 — wr + S (46)

B QkSWT(W12 + ks)(w34 + k:s) '

)

This indeed satisfies the exchange equation (4.4). Notice that it has so-called “partial energy’
singularities at wio = —ks and w3y = —kg, as well as a total energy singularity at wp = 0.
The residue of the total energy pole is the Minkowski 4-point amplitude,
lim wr G = L with s = w2, — &2 (4.7)
w0 T Y4 s 12 s .
and the correlator factorises on the partial energy poles into a product of Minkowski and
de Sitter 3-point amplitudes

_; 1
lim (w2 +k = - 4.8

wia——ks ( 12 8) g4 2ks<ks - O.)34) ( )

This turns out to be a general feature: as w2 + ks — 0, the corresponding vertex becomes
long-lived and persists to very early times where the spacetime curvature is unimportant and
thus it produces the Minkowski 3-point amplitude (which in this case is just a constant). See

the cartoon in figure 1. Notice that in terms of the 2-partlce mode function (3.39)

Fu (e =3) = mfw) (49)

the limiting behaviour (4.8) can be written as

i 68 = s () B () (410
This factorisation provides the required boundary condition for solving the exchange equa-
tion (4.4), leading to the exchange bootstrap we develop in section 4.4 along the lines of [41].
Ultimately, this boundary condition is equivalent to choosing a particular ie prescription
when inverting the (m2 — 312) operator, much like Feynman’s 1/(m? — s — ie) from the
causal propagator on Minkowski.

Large mass expansion. One approach to solving the exchange equation (4.4) for general
masses is to expand in large m,, giving a power series solution,

o0 §n
glr ==Y %gim(wﬂ (4.11)
n=0 Mo

which is analogous to the usual Minkowski expansion. This has the advantage that no +ie
prescription is required, i.e. any choice of propagator will produce the same expansion since
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the large m, limit is dominated by space-like momenta (so there is no operator-ordering
ambiguity to resolve). The propagator +ie only becomes necessary when one resums the
series (4.11) (i.e. analytically continues beyond the radius of convergence at |312| ~ m2).
As discussed above, the invariant 57, is can be simplified by introducing the shifted
products 5’?2 defined in (3.48). In terms of these, the exchange invariant can be expanded as,

. )
S0y
Gio=-3 5

momg (L4 4 +ins) (149 —ins)

(4.12)

Using (3.49) or (3.51), this is an infinite sum over hypergeometric 2F3’s, which can be
written in terms of a generalised hypergeometric function of two variables (a Kampé de
Fériet function) if so desired.

4.2 Propagator and the ie prescription

To determine the correct +ie prescription and prove that the factorisation observed above for
conformally coupled fields is indeed a general phenomenon, we now turn our attention to the
propagator Gy appearing in (4.1). Inspired by our previous integral representation of the
contact correlators (3.55), notice that the defining differential equation for the propagator (3.5)
is formally solved by

(kt1,v) fT(kTo,v)
V2 — 2

00 +
iGY (kr1, krp) = / N, ! (de Sitter) (4.13)
0

where N, = %usinh(m/) is the de Sitter density of states and the f* mode functions are
given in (A.1). This is the straightforward analogue of the familiar Minkowski result

+o0 iw(t1—t2)
dw _c (Minkowski) . (4.14)

iGy(t1, 1) :/

oo 2T w2 — k2 —m?2

Boundary conditions. However, (4.13) and (4.14) are not well-defined as written because
we must specify how to integrate past the poles on the real axis. On Minkowski, whether we
deform the integration contour above or below these poles corresponds to specifying Feynman,
retarded or advanced boundary conditions for the propagator. For the Bunch-Davies S-matrix
on de Sitter, we need a prescription that selects the time-ordered boundary condition:

GY (kT1, kT2) = out (0T (11, k) p(72, —k)|0)i,, (4.15)
= [T (kri, w) [ (kT2, 11)O (11 — 72) + f7 (k71, 1) f~ (k7o, 1) O (72 — 71)

in the free theory. The ie prescription that implements this Bunch-Davies boundary con-

“+pm — T
CEN P ( c c ) . (4.16)

(12 — )i ot 2sinh(pm) \ 02 — p2 +ie 12— p2 —ie

dition is
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Derivation. Let’s consider 71 to be to the future of 72, so that the desired G4 (k71, k7o) =
f=(km1, p) fT(k72, 1). To show that (4.13) indeed produces this, we first use the identity (A.10)
to write the integral as

1 [+ wdi (—kn)HE (—kmo)

GY (kT1,kTe) = lim = d
¢ 2( 1, k7o) ei%L 2] o v (VQ _Mz)ie

(4.17)

The numerator I/Jz‘y(—le)Hi(f)(—k’Tz) is analytic in the complex v plane. It was shown
in [50, 51] that such integrals can be closed in the lower half of the complex v plane when
—kmy > —k7y, since
ietw log(z1/22)
v (21) HE (2) ~ —_— (4.18)
By Cauchy’s residue theorem, the closed contour integral of the 2v/(v? — u? + i€) term then
contributes a pole residue at v = +u. This gives

, _ 2mi +um ) —pr 2)
G (kry, ko) = Ssmb(ar) (e M7 Jiu(— kT ) HYY (—kTs) — e 7F J_m(—kﬁ)H_m(—kTg))
=if " (kri, p) f 1 (kT2 ) (4.19)

(2)

Siu(z) = e*“”Hfi)M(z). The other case, 71 < T2, can be tackled in the same
way (by replacing f*(k7e,v) with a Bessel J;, and then closing the contour).

as desired, since H

Particle production. At first sight, (4.16) may seem surprising. Since the Bunch-Davies
S-matrix reduces to the usual Minkowski S-matrix in the flat space limit, one may have
expected simply the usual Feynman prescription 1/(v? — u? + ie). However, note that since
u~m/H — oo in the Minkowski limit H — 0, (4.16) does reduce to the usual prescription.
The appearance of the additional term at finite H is physically related to particle production.
In fact, we show in appendix A that using the naive prescription 1/(v? — u? + ie) produces
the propagator of the Unruh-de Witt S-matrix: this is the basis of asymptotic states in
which particle production appears explicitly as off-diagonal S-matrix elements in the free
theory [38]. By contrast, the Bunch-Davies S-matrix is simply the identity in the free theory,
in which case particle production is accounted for in the definition of the asymptotic states.
We see in (4.16) that this choice of asymptotic states introduces an additional —ie term into
the propagator, which is accounting for particle production effects.

Crossing. Another feature of our split representation (4.13) which is perhaps unexpected
(and seems to differ from the Minkowski result) is that we use ff* rather than say f*f~.
This is surprising because the S-matrix for 2-particle scattering in the free theory is

(0]k1k) = (kiks|0) = 0 (kolk1) = (27)% (k1 — ko) |, (4.20)

and so we might expect that G should contain an f* for one outgoing particle and an f~
for one ingoing particle. The resolution of this confusion is the following identity:

o0 frkr,v)
/O ANy e = if (k) (4.21)
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which shows that the ie prescription in (4.16) secretly implements a crossing transformation
from outgoing to ingoing — we derive this in appendix A. As a result, once one of the two
fields is projected onto an outgoing mass eigenstate via LSZ?"

i~ (ker, 1) (70,) Gl (kr ') = — (k7' 1) (4.22)

we see that projecting the remaining field (which now corresponds to an ingoing particle)
onto a mass eigenstate indeed gives (4.20). In fact, this means that the continuation k¥ — —k
in (2.8) may be implemented by instead integrating over all mass values:

o —i
Soﬁn’kb—)l_(b = [/0 dv Nz/ m SO—}TL’kb% kyp (423)

b Uy —> V

We note in passing the similarity with the so-called shadow transformation that interchanges
g + 4 irreps in the principal series. This can also be expressed as an integral over the
propagator (see e.g. [52] for a pedagogical introduction). Here we are effectively describing a
shadow transform for the Hankel mode functions, which interchanges ingoing and outgoing
particles.

Energy-domain. Upon Fourier transforming each 7 to w, we arrive at an analogous split
representation for the propagator:

e (wl w2> / dv N, (% v) I (52.v) (4.24)

2)16

Notice that in the factorisation limit,

w111_r>nsz“ (wl w2> / dv ./\/ i3 V)) F1*< u;j,,u) (4.25)

which is the analogue of the LSZ reduction (4.22), since F is the mode function for an
ingoing mass eigenstate. Furthermore, the only branch point of Fj (—%, w) is at we = +k
— this is in contrast to other propagators (e.g. the bulk-to-bulk propagator or Schwinger-
Keldysh propagators for wavefunction or in-in correlator) which also have branch points at
wo = —k. We will see below that this is in fact a general property: the S-matrix (amputated
correlator) may not have any wr — —k singularity in the w; — —k limit for any pair of
partial energies wy and wg.

Position-domain. It turns out that (4.16) is the unique®® way of shifting the poles at
v = 4+ infinitesimally into the complex v-plane which satisfies the following two conditions:

(i) in the flat space limit (which sends p — 00), it recovers the usual Feynman prescription,

2Notice that the derivation of (2.7) neglects contributions proportional to §(kj — ks ) from collinear particles:
these correspond to disconnected diagrams except in the case of the two-point function, where they give rise
to the non-zero contribution responsible for (4.20).

30More precisely, (4.16) is the unique replacement of 1/(v*> — p?) which involves only u. Other prescriptions
involving v are possible, but these can change the analytic structure of Ga.
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(ii) when continued from the expanding Poincaré patch to the whole of global de Sitter,
it leads to a singularity only at coincident spacetime points (and those connected by
null geodesics). In contrast, the naive prescription 1/(u? — v + ie) is also singular at
antipodal points (and any point connected to its antipode by a null geodesic).

These are analogous to the two conditions used to select the Bunch-Davies vacuum from
the general a-vacuum of de Sitter [53]. To see this, transform the propagator for ¢ to
(1,x) variables,

Ga(cosho) = [/ (;ljrl){deik'(mxﬂ} (=712 (—12) 2 G (k1 ko) (4.26)

Thanks to the de Sitter symmetries, the result is a function of the invariant chordal distance,

(11— 12)% — |x1 — xo|?

cosho =1+ (4.27)
27179
The desired Bunch-Davies propagator is,
d_1
1 Pii_i (—cosho)
G2 (cosho) = —5—5— : (4.28)

NI

2z w2 cosh(mp) (Vsinho) 5=

The only singularity in G5 is at coincident points z{ = x4 or at null separations, and the
corresponding branch cut from cosh o = 1 to oo encodes the ordering ambiguity when z; and
T9 are time-like separated. The Feynman prescription for a time-ordered product corresponds
to approaching this cut from below. Using the crossing identity (4.25) for the Legendre
functions, we find that,

Go(— cosh o)

=), (4.29)

o]
iGy (cosho) = / dv N (v)
0
where cosh o — — cosh o sends zo to its antipode, 79 — —7o. If we now invert the spatial
Fourier transform and return to (7,k),

[ (krv) f~ (kT ,v)O (=7 =1 )+ fr(kr,v) fH (kT ,v)O(T+T)
(V2_:u2)ie .

iGo (k,k7') = /OOO dv N (v)
(4.30)

When restricted to the expanding Poincaré patch, this coincides with (4.13). This calculation
highlights how our split representation (4.13) is related to the usual propagator in position
space, and could be used as a starting point for future work that studies the extension to the
whole of de Sitter, e.g. to connect with the earlier proposal of [39] in global co-ordinates.

4.3 Spectral representation

Inserting the split representation for the propagator (4.13) into the exchange integral (4.1)
allows us to immediately perform the time integrals,

g7 = i [T v i (2o0) B (f27) (4.31)
T (iks) o Y (V2 — p13)ie ' '
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It is clear that this satisfies the exchange equation (4.4), since F}, is an eigenstate of 512
and therefore the effect of ( - 312) is to remove the pole and collapse the internal line
(producing the integral representation (3.52) of G{°"). Physically, we can recognise this as
inserting two complete sets of states in the s-channel diagram:

w1 w3 w1 w3
PG A= (DI e
vy YVR
W Wy wa w4

(4.32)
which makes it clear that the internal line is off-shell and may take any mass value. Here
we use [, = [y~ dvpN,, for the integral over de Sitter principal series states, and the

following diagram for the free propagator

[ L io(v—1")
y = RO (4.33)

Rather pleasingly, we see that free propagation preserves the angular momentum v. One way
to think of the spectral representation (4.31) is that two integrals in the time domain have
been reduced to one integral in the v-domain since v is conserved between the vertices. On
Minkowski, there is also a conservation law at each vertex (which reduces the number of inte-
grals to —1, i.e. an energy-conserving d(wr) function)—on de Sitter, even once we project the
external particles onto v eigenstates as in (3.55) there is no strict conservation at the vertices
since angular momentum addition allows for multiple possibilities (i.e. the symbols (3.56) are
effectively the Clebsch-Gordan coefficients for this angular momentum addition).

Factorisation. One of the most important features of the representation (4.31) is that
it makes factorisation manifest. In the limit wyo — —ks, the exchange integral becomes
proportional to

lim z'g4ff<°“2 ”34) / dv N, i <7S ) = F, <—”34,ug). (4.34)

wi2——ks ks 7 - ,LLU) ks

This confirms the factorisation observed in the conformally coupled example above (4.10).
Physically, taking the partial energy wis + ks — 0 corresponds to this interaction taking
place at early times (since there is no longer any el(wizths)r suppression), which produces the
Minkowski 3-point amplitude (a constant). The remaining vertex is now a 3-point interaction
between one incoming particle, of mass u, and two outgoing fields with energies ws and wy.
This is depicted in figure 1, and can be written as the condition

. W1 W2 W3 w4 w1 w2 Ws —Ws W3 W4
1 LSZ LSZ .
wlgl—l;llk’sg4 (kl 3 k2 ) k3 ) k4> O(Ws—>,uo [QS <k1 ) k2 ) kg)] st—ﬂig [QB <—k3 ) k3 ) k4>‘|
(4.35)

In the next section, we will use this factorisation as a boundary condition for solving the
exchange equation (4.4), allowing us to efficiently bootstrap exchange diagrams.

— 37 —



Large mass expansion. As a consistency check of our results so far, we can evaluate the
spectral representation as an expansion in large u,. Focussing on d = 1, we can massage
the integral into,
By, _1(=2)
2 cosh (um) \/ (z + cosh(2p_ ))(z + cosh(2p4)
2F1 —ip, 5+ ip, 1; y)

— 9 cosh () / \/ (y + Sth )N (y + sinh?(p,))

g4a =

(4.36)

where 2p4+ = p12 & p34, and w;; = ks cosh p;;. Note that expanding in powers of 1/ cosh2(pi),
gives the series expression,

Gh°
1 1
& T(a+b+ 1) Ma+3)T(b+1) 1
- 27k 2 (3 4, 3 _ alb! h!+2e h!*+2(p_
S b0 M2 (2 + w)a+b (2 1p>a+b cos (p4) cos (p-)
(4.37)

Doing the summation over b at fixed a + b gives,

= 1

e (), (),

(142 1 11 h?
X (1+2n) 5 o Fy —n,f;f—n;icos 2'0+ (4.38)
2kgcoshpy coshp_ (—4cosh” pi )™ 272 cosh” p_

which precisely reproduces the large-u expansion given in (4.12).

Derivative interactions We have thus far considered polynomial interactions with no
derivatives. Including derivatives is straightforward, thanks to the p, operators of section 3.
For instance, suppose we had (V¢)20 in the interaction Lagrangian. Since the 3-point
correlator is

w1 w2 W3 PN
=p1- 5o 4.39
g3 <k1 ’ kg ) kg) P1-D2 g3 (WT) ( )
the 4-point exchange diagram from (V¢)%0 x ¢?0 is,
o0 P1-D2 F. ) Fj, (2 y V
Gy [ 0,2, B :z‘/ dyNy{ n ()] [P (% )} (4.40)
ki ko k3 ky 0 (V2 — u2)ic

This obeys the exchange equation (4.4) with an updated source that contains the derivatives.
It has the right factorisation behaviour as wis — —ks or w3y — —ks. And finally, since we
can write 2p; - po = ]3% — p? — P2, we have
m% + m%
2

and therefore this exchange diagram is equivalent, when on-shell, to the exchange structure

G4~ i Gy + gcon (4.41)

above plus contact correlators from the previous section.

— 38 —



lim G = ~ A XG
Wiz-—ks 0-1234 . 0-12s s34
s

w1y +ks =0

Figure 1. In the factorisation limit wio — ks, the left-vertex is pushed to early times and decouples
from the right-vertex.

4.4 Exchange bootstrap

We will now show how exchange correlators can be efficiently “bootstrapped”, following the
approach of [41]. As shown above, the unique exchange contribution is given by solving
the differential equation:

(m2 = 12) G = —G5°™ (wr) (4.42)

subject to an appropriate boundary condition. Our explicit integral solution contains an ie
prescription which implements the Bunch-Davies boundary conditions relevant for S, .,/ At
general kinematics this integral is difficult to evaluate analytically, but it is clear that the
only singularities in this function are at wio = —ks and w3y = —ks.

In this subsection, we show that the ie prescription for the exchange integral can be
replaced by the conditions,

e The correlator (for all outgoing energies) contains singularities only when the total
energy at any vertex vanishes, and not in other “folded” configurations,

o at these singular points, the residue may only contain non-overlapping singularities,
since when any vertex is pulled to early times (partial energy — 0) the correlator must
factorises as in (4.46),

which are sufficient to uniquely fix the solution to the exchange equation.

This is in the same spirit as the “cosmological bootstrap” of [41], in which a particular
analytic structure was used to bootstrap solutions to the exchange equation for in-in correlators
of conformally coupled fields. To parallel the notation in that paper, for the remainder of

this section we will introduce the ratios,3!

. 4.43
w12 W34 ( )

Somewhat remarkably, in terms of these variables the §;2 operator (3.46) in d dimensions
coincides with the A, operator of [41] in d + 2 dimensions,

—S12]q = v*(1 — u?)0? — 2u (u2 + d;l) O = Aylasa - (4.44)

31Note that our u and v are not the same variables as in [41]: although they do coincide upon setting
wp = |ks| (i.e. cosh p, = 1) for each particle.
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Many of the earlier cosmological bootstrap results can therefore be carried over to the de
Sitter S-matrix — the only differences are (i) the relevant boundary condition is now given by
the factorisation property (4.46), and (ii) when computing correlators in which the external
legs no longer have a definite mass value, the dimension is effectively two lower than for
conformally coupled external scalars.

To be explicit, we can write the exchange structure (4.1) in terms of a scale-invariant
function F,

F(u,v)

lgff = W, (4.45)

which is forbidden from having singularities as © — 1 or v — 1, and in the factorisation limit

Jim Fluv) = i, B (3:10) B, (=3 1) (446)
In the limit w1y — —ks, the correlator Fj,(%2,ps) reduces to a Minkowski scattering
amplitude (multiplied by a singular factor of (w12 — ks)?, where j is fixed by dilation
invariance). This factorisation of the dS correlator GY into a product of a Minkowski
amplitude and a dS correlator is shown pictorially in figure 1. Notice that the residue of
the wio = —k; singularity may only have singularities at wsq = ks (but not at wsgy = —ks).
That certain overlapping singularities are forbidden in the S-matrix is analogous to the
Steinman relations on Minkowski.

Exchange of a conformally coupled field. For example, consider the exchange of a
conformally coupled scalar in d = 3. The source for the exchange equation is

2(uv)?

R (4.47)

(m?, - §12’d:3) F(u,v) =

which is nothing but the I'(3)/(iwr)? from above. Solving both (4.47) and the analogous 834
equation and imposing the absence of folded singularities at « = 1 and v = 1 determines
G')° up to a single constant of integration,

wo((u +v)C — uv)

F(u,v) = . 4.48
(u,0) (u+1)(v+1)(u+v) ( )
In the factorisation limit wio — —ks,
1 1+2C
lim F =———|2+4+2C — . 4.49
Jm Fluv) = —on 3y 220 o~ o (449)
To implement the in-out boundary conditions of the S-matrix, we must set C = —1/2 to
remove the overlapping singularity at v = —1. This uniquely determines G4, and indeed

this value matches a brute-force computation using bulk time integrals. In contrast, the
wavefunction coefficient? corresponds to setting C' = 0. Since the coefficient C' captures the

32Recall that w4 o< 1/ [wr(wiz + k)(wss + k)] for the exchange of a conformally coupled scalar in d =
3 dimensions.
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freedom to add any disconnected product Gs x Gz to the exchange solution, (4.48) can be
read as the exchange Feynman diagram in which the internal line represents the propagator,

O(ri — ) fi fof +O(r —m)fi f3 — (1+20) fi" f (4.50)

where fji = f*(ks7j, o). The choices above (C' = —1/2 and C = 0) correspond to the
Feynman and bulk-to-bulk propagators respectively.

Shifting the spacetime dimension. In other spacetime dimensions, we could bootstrap
solutions in the same way. But given a solution in d = 3, an efficient method of generating
solutions in d = 3 + 2n is to repeatedly use the identity

§12|d+2u28u = u28u(d + 1 + .§12|d) . (451)

This means that if there is a Green’s function in d dimensions that solves 512|¢G = §34]|aG
then (uv)29,0,G will be a kinematically allowed Green’s function in d + 2 dimensions.?* For
instance, the contact invariants gi”) = (d+1—3512)"G{°" in d = 3 dimensions can be written as

G s = (u0)20uDy (=312)"6 0 luct = ()20, By AT (va) , (4.52)

where A7 (ny) are precisely the contact invariants previously computed in [41]. However,
notice that now u and v correspond to functions of the energy variables w which label the
off-shell external lines, so these are qualitatively different physical objects. Applying this
same trick to the exchange equation, we have that any solution G} to (4.42) in d dimensions

will also be a solution of:

d )M (4.53)

(M2 +d+1—812a2) (w)?0,0,G47 = (iks) 2G5 a2 =T (d+2) <u+v

(uv)?9,0,G4° therefore corresponds to the exchange of a particle with mass (m2 + d + 1)

in d + 2 dimensions.?*

Exchange of a general massive field. To connect with previous literature on the cosmolog-
ical collider signal from the exchange of heavy scalar, let us now consider solving the exchange
equation (4.42) in d = 1 dimensions for a general mass. This can be written in u, v variables as,

uv
u+tv’

I
(;ﬂ +1- 312|d:1) F(u,v) = (4.54)

Demanding no folded singularities (regularity at u,v — +1) produces a general solution for
F(u,v) that depends on a single undetermined constant, which we denote by (. Noting
that —812|4=1 = Ay|d=3, an explicit series representation for this function when |u| < |v]
was found in [41]

Flu) = 3 enn(mut™ (2) 4 5 gu0) (4.55)

0 v 2 cosh(mpuy)

33 (uv)20,0, is the “spin-raising” operator of [41].
34Note that the spin-raising operator does not affect the singularity structure and therefore preserves the
required boundary conditions of G} .
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where the coefficients ¢,,, are

(=D)"(n+1)(n+2)...(n+2m)

Cmn(/"t) = 2 2 2 (456)
((n+§) +u2> ((n+§) +u2> ((n+§+2m) +u2>
and g(u,v) is a solution to the homogeneous equation,®
T
g(u,v) = MP+(U)P, (v) = BP(u) Py (v) (4.57)

where Pi(u) = F,,_

symmetry F(u,v) = F(v,u).

(i%) The complementary region |v| > |u| then follows from the

D=

The coefficient 3 again captures which propagator should be used for the internal line.?¢

Different choices correspond to different physical objects: correlator, wavefunction, S-matrix,
etc. We can fix the value of § by matching to the so-called “factorisation limit” in which
u — —1 and v — —1, for instance:

1 T
4 — = —
(0™ 5 x log (1 + u)log (1 4 v) = 8 cosh(mp)’
fu m "
~ ——_x1 1 1 1 R ——— 4.58
¢4 2f;j_ X log ( + u) 0og ( + ’U) = COSh(W/L) ;j_ ) ( )
So—a ~ 0x log (14 u)log (1 +v) = B =0,

where fj[ = f*(ks7o, 1) with 79 — 0 a regulator for the late-time behaviour oscillatory
behaviour of the mode function. This is the same method described in [41], where our
simpler factorisation condition for the S-matrix means that S can be fixed straightforwardly
without any bulk calculation.

Particle production. The effects of particle production are most clearly visible in the
collapsed limit ks — 0, which can be implemented by taking v — 0 with £ = u/v held fixed.
The general solution to the exchange equation F'(u,v) in this limit takes the form,

F(u, U) = (FEFT(f) + Fcollider(g) + 2Re [UzquOPE(g)}) + 0(02) (459>

35The first term is fixed by the requirement that it cancels the singularity at « — 1 from the infinite sum,

2

}Ll_,ml [Z em ™" (5) ] - 2 cosh(mp) P (v) log(1 —u) = il—>ml |:2COS_hQ(7FM) P_(U)P+(U):| .

m,n

36Note that the Legendre function in the second term of (4.57) has a branch cut for the physical region
0 < u < 1. We evaluate this function by summing its value just above and just below this cut, which preserves
the identity P; (z) = Pn=(2z") on the real axis. Since the branch cut discontinuity of P,(—z) is proportional
to Pn(+2%), a different convention would correspond to a shift in S. For instance, [29] defines the Legendre
functions on the real axis as being approached from one side only, and as a result their 54 has an additional
contribution. Explicitly, our S = S+ — i in the notation of [29], and 8 = —Bowsinh(7u)/ cosh(mwp) in the
notation of [41].
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where Fionider are the first non-analyticities in £, and Fopg are the first non-analytic terms
in ks. Explicitly, expanding the Legendre functions gives,

Ferr(€) = Y con(p)€"

Fcollider(g) = ZW4: focs(;t(hﬂ_(;r)u)féJri“U + c.c. (460)
; S+ip
Fopp(€) = Sm};:;“") (i) (i + B eoth(mu) T (§ + i) T (—ipn)?

The Fionider signal dominates in the squeezed limit and produces characteristic oscillations
with a periodicity set by the mass of the heavy field. Beyond the EFT series, both Fionider
and Fopg depend on 8 and will differ for different physical observables (e.g. wavefunction,
correlator, S-matrix). However, in the large mass limit this changes the overall amplitude of
the signal by a simple numerical factor and does not affect the Boltzmann ~ e~ suppression.

Beyond 4-particle scattering. One of the virtues of our off-shell formalism is that it can
accommodate any number of external particles. To illustrate this, let us now consider the
tree-level exchange diagram for ny; — no scattering in d dimensions. If we denote the total
energy and momentum of the n; ingoing particles as —w; and —k, and the total energy
and momentum of the ns outgoing particles as wo and k, then we can express this diagram
in terms of the two dimensionless ratios

u=—, v=—, (4.61)

w1 w2

which are the straightforward generalisation of (4.43) to multiple particles. The relevant
exchange equation to be solved is:

& . , v \Im Tino
(NQ + Z - 312...n1> F(u, 1)) =T (]n1 +]n2) (u + U) (4'62)
where the n-particle Mandelstam operator (3.31) can be written as
2 — 201 _ 2 2\92 _ 2 _ - 2 d?
S12.n = U (1 u )8u u(2u 1+ 2.7n au + In 4" (463)

Proceeding as before, we can express the general solution to the exchange equation in the
region |u| < |v| as

Flu,0) = 3 copudritinat2m () + Y Bore FSHu)FR(v) (4.64)
m,n=0 v 01,09=%

where the 3 coefficients reflect the freedom to add any homogeneous solution of both (4.62)

and the complementary equation in v, which we have written in terms of the mode func-

tions (A.2) as?’

Ff(u) = Fj, <1) , Fr(u)=F}, <—1> . (4.65)

u U

3TNote that Fi¥ (%) corresponds to the overlap of n particles with total energy w with an on-shell particle of

mass 4 which is either outgoing (F,) or ingoing (F); ). In particular, if the w energies are then also projected
onto outgoing mass eigenstates using (2.11), we would have LSZ [Frf] = So—n+1 and LSZ [F,j] =Si1.n.
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The ¢y are fixed by matching to the analogous expansion of the source

T(J) ( ik )J - i (_nll)nF(J—i—n)uJ (Z)n (4.66)

u—+v "0

which gives

_ (_1)711'\(” + Jn1+n2) (n + Jn1+n2)(n + Jn1+n2 + 1) s (n + Jn1+n2 +2m — 1)
" I(n+1) (12 + (04 Jing )2 12 + (0 A+ Jng +2)7] - (02 + (04 iy +2m)?)

where Jp, 4ny = Jng + Jne = g(m + n2 — 2). To fix the f coefficients, we must specify which
object we would like to compute (wavefunction, in-in correlator, S-matrix, etc)—this is
equivalent to providing the ie prescription for the bulk propagator in (4.1). Thhe relevant
conditions for the S-matrix or amputated correlator is

(i) No singularity as v — 1. Since the ¢, series is regular as v — 1 for generic values of

u, this condition requires 3y = f__ = 0 in order to remove the singularity in F,,_(v).

(ii) No singularity as u — 1. The ¢y, series diverges as u — 1

o) n T ] _1
lim S eI (“) P ,2) _F () (4.67)
u—1 v @\/5(1 — u)3"1_§

m,n=0
and so comparing with the singularity in F, (u) — see (A.37)—we see that f_, =1 is
needed to remove this singularity.

(iii) No overlapping singularity as w — —1 and v — —1. The preceeding conditions leave
B++ as the only undetermined coefficient, just as in the simpler example of n; = ny = 2
and d = 1 we considered above. However, the corresponding F;; (u)F,f (v) contains an
overlapping singularity that ~ (1 + u)%_j"l (14 1))%_7'"2 as both v and v approach —1.
Such singularities are forbidden by the factorisation condition that

lim F(u,v) = F,} (u) F,, (v) (4.68)

u——1 2
and therefore we must set 514 = 0.

Altogether, the amputated correlator for this n; — ngy scattering via the s-channel exchange
of a heavy scalar is given by (4.64) with

Bi+ =p-— =B+ =0, f—4 =1. (4.69)

For the complementary region |v| > |ul, one can proceed in the same fashion and would arrive
at the analogous series solution with both u <> v and n; <> na. The spectral representation
that unifies both regions is

o0 Ej., (%) Ej,, (%)
F(u,v) = /0 dv N, 07— ), (4.70)

where NV, = 2vsinh(nv) and Fj, is given in (A.2). This manifestly satisfies both the exchange
equation (thanks to (3.62)) and the required factorisation (thanks to (4.25)).
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4.5 Unitarity and positivity

Another way to fix the coefficient C' in (4.48) and 3 in (4.57), first described in [29], is to use
the cutting rules which follow from perturbative unitarity. In that approach, one considers
the so-called “discontinuity”, which for the exchange of a conformally coupled scalar is

F(u,v) + F*(—u*, —v")
= g3(u)g3(—v) + ga(—u)g3(v) + (1 + 2C) (g3(u)g3(v) + g3(—u)g3(—v)) (4.71)

where g3(u) = %u /(u+ 1), and for the exchange of a general massive scalar,

F(u,v)+F*(—u*,—v")

o [fP@P) 7PAP )
e | BP (WP (0)-FP-()P-()]  (472)

= Fy (u) By (0)+F5 () Fy (v)+ L cosh(mp) (BFy (u) Fy (v)+8"Fy (u) Fy (v))

cosh(mpy) cosh(mp)

where we have given the result in both our FQjE mode function (4.65) and in the notation
Pi(u) =P, 1 (i%) of [29] for easy comparison. The different C' and 3 for wavefunction
versus S-matrix reflects their different unitarity cutting rules: the usual Cutkosky rules for
the S-matrix imply that C' = —% and 8 = 0, while the Cosmological Cutting Rules of [28, 29]
imply that C' = 0 and § is given by (4.58). In this subsection, we describe unitarity and

the associated cutting rules in more detail.

Optical theorem. As on Minkowski, the de Sitter S-matrix can be written as
Snysnz = (na2|U[m1) (4.73)

where |n) are the free theory particle eigenstates and Uisa unitary operator related to
time translations.?® Splitting the S-matrix elements into a free disconnected part and an
interacting part corresponds at the operator level to writing U=1+il. Unitarity of U
then implies the usual relation T -1 =TT Inserting a complete set of states (e.g. the
free particle eigenstates (2.4)) between the TTT then implies the usual optical theorem for
the connected part of the de Sitter S-matrix,

Snl_VnZ + S:Lz%nl = ZSW«IA)IS:LQHI . (474)
1

This result is non-perturbative and immediately implies many important properties. The
two we will highlight here are:

(i) the discontinuity in the forward limit is positive, namely 2Re S, sn = >/ [Sn1]? > 0,

(ii) in perturbation theory, individual diagrams for both & and G can be cut into simpler
diagrams by taking a suitable discontinuity.

381f U(r1,72) and Utree(71, 72) implement time evolution in the interacting and free theories respectively,
then U = UJ__(—00,0)U(—00,0).

free
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Cutting rules. Let us start with the perturbative cutting rules (ii). These can be derived
from the fact that the propagator obeys

Go(kT, k1) + Gy(k7, k7)) = fT(kT)f~ (k7)) + £~ (k7)fT (kT) (4.75)

i.e. that the real part does not contain any © functions, and therefore each term factorises
into a product of two mode functions. Since the spectral representation for the exchange
diagram has the same form as the propagator, we immediately have that

w w w w

gie (— 2+ 34) +gi (+ 2 34) = Ff (WF5 (v) + Fy (u)Fy (v).  (4.76)
ks ks ks ks

This extends (4.73) to any odd spatial dimension and can also be applied to the n; — na

example above, for which:

F(u,v) + F*(—u*, —v*) = F (u)F,, (v) + Fy,, (u)F; (v) (4.77)
In fact, performing the LSZ integral (2.11) to project onto mass eigenstates, we have that

S12531 + 834519 = 12500 S34sp, T S1205 053471, —50 (4.78)

Diagrammatically, this cutting rule is

w1 w3 w3 w1 " w1 ' w3 w1 |
w2 W4y w4 w9 w2 : W4 : w4
(4.79)

Notice that, on Minkowski, the final term would vanish due to energy conservation — it
is present on de Sitter because there is no longer any requirement for the total energy at
a vertex to vanish. A systematic description of these cutting rules and their uses will be
developed elsewhere.

Positivity and beyond. Notice that since the mode functions FF are real, the disc in (4.76)
is positive in the forward limit. This is the perturbative avatar of the optical theorem (4.74).
This positivity follows from the unitarity time evolution of quantum mechanics: it is therefore
potentially distinct from [54] (positivity of Fisher information) and [55-57] (positivity of
inner product on Hilbert space). Interestingly, this disc is also bounded from above: to
proceed as on Minkowski would require a partial wave expansion. We leave this interesting
direction for future work.

5 Discussion

In this work, we have put forward an extension of the de Sitter S-matrix of [38] which
allows for the scattering of off-shell states in which the particles are not confined to physical
mass eigenstates. Going off-shell has allowed us to connect with amputated correlators
in the energy-domain, which share many useful properties of the off-shell amplitudes in
Minkowski. In particular, the unique 3-particle S-matrix takes the particularly simple form
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of a total-energy pole, and the most general 4-particle S-matrix at tree-level can be written
as a power series expansion in § and £ (which exactly captures the EFT derivative expansion)
plus exchange contributions which have a simple spectral representation. Altogether, these
results determine the off-shell correlators for a wide range of different theories. The on-shell
S-matrix that determines cosmological observables can then be obtained by projecting onto
particular mass eigenstates.

To sum up in a single equation: from the tree-level exchange of a scalar field, the most
general amputated correlator (up to terms that vanish on-shell) is given by:

w1 wq | b ~a ~con . A20A340 [,<w12 @) AM3oA240 U(E @)
g4<k1"”’k4>_zc“bts G (wr) Z( i 9 o )t 9

a,b o

AMdoA230 Hpy (W14 W23
g (.52) &
where {cqp, Adape} are constant model-dependent couplings, {G§", G§'} are model-independent
kinematic structures fixed by the de Sitter symmetries, and the kinematic variables are
Wap = Wa + Wy, ks = ‘kl + kz’, ki = ‘kl —|—k3| and k, = |k1 + k4‘.

There are a number of interesting directions to be pursued further:

e Loops. While our examples have been at tree-level, many of our results are true at
any loop order — for instance the optical theorem and consequent positivity, the
Mandelstam operators (built from de Sitter generators) and the integral representations
for correlators in terms of Mandelstam eigenstates. It would therefore be interesting
to explicitly compute loop diagrams using this technology, to compare with the recent
computations in the wavefunction and in-in formalisms [34, 58-61].

e IR divergences. For fields with particular mass values, the time integrals may diverge
as 7 — 0. The divergences can be renormalised [45, 62] using the framework of
holographic renormalisation [63]. They are known to give anomalous contributions
to the Ward identities [27, 45, 64] and their resummation leads to the semiclassical
stochastic description of inflation [65-69]. Here we have focussed on scalar fields with
masses and interactions for which there are no such divergences (this includes all
principal series fields and also light fields with derivative interactions, such as those in
the EFT of inflation [70]).

e Including spin. We have focussed on scalar fields largely for simplicity. In subsequent
work, we hope to include also spinning fields for the external and internal lines. There
is no conceptual obstacle to doing this, since the analogous problem has been solved for
the wavefunction: for instance the non-Gaussianity for gravitons is well-defined and
has been recently bootstrapped [71-73].

o Going on-shell. We have focussed on the amputated correlator because it cleanly
separates the dynamical part of the problem from the kinematic complications of the
external asymptotic states. Ultimately, we would also like a way to take these amputated
objects on-shell in order to construct S-matrices and observable in-in correlators. This
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produces various generalisations of the hypergeometric function, and there has been a
lot of recent progress in understanding their structure [74-79] particularly in momentum
space [44, 80-82].

Canonical forms. It was recently shown that the same differential equation technology
from Minkowski amplitudes can be applied to cosmological correlators and the wave-
function [83, 84]. Since the S-matrix elements we have discussed here belong to the
same class of integrals (we have seen they solve the same exchange equation but with
different boundary conditions), the “kinematic flow” approach could also be used to
efficiently determine their system of differential equations. This would likely come at
the cost of the de Sitter isometries, but could allow for an object similar to the S-matrix
to be defined and computed for other power law cosmologies.

Fewer symmetries. We have focussed on de Sitter invariant interactions, although the
standard S-matrix construction that we presented could equally be applied on other
time-dependent backgrounds (albeit with more complicated mode functions). Following
the same boostless bootstrap procedure developed for the wavefunction [85-92] should
lead to analogous results for the S-matrix elements (which, after all, are convenient
combinations of wavefunction coefficients).

Other variables. As highlighted in the Introduction, there is now a variety of options
for what kinematic variables to use and which object to compute when analysing
cosmological correlators. We would argue that the {w,k} variables used here have a
transparent flat-space limit and a simple spectral representation, though other properties
may be more manifest with a different set of kinematic variables. For instance, AdS
correlators correspond to remarkably simple amplitudes in Mellin space [93-96] and
much of this simplification can be directly imported to de Sitter [97-100]. Previous
spectral representations that integrate over the principal series with fields labelled by
spatial position [101, 102], spatial momentum [99], or spatial angular momentum [39]
also enjoy a simple analytic structure in v in which the poles have concrete physical
meaning. Ultimately, on Minkowski there are a number of desirable properties that
coincide in the covariant momenta p, — including a simple LSZ reduction, simple
analytic structure and simple linearisation formula — but on de Sitter we have yet to
find variables that can enjoy all of these properties simultaneously.

Subhorizon limit. Many previous applications of S-matrix techniques to cosmology have
considered subhorizon modes that do not feel the time-dependence of the background and
therefore within a WKB approximation scattering via approximately energy conserving
amplitudes. This has led to a variety of constraints on field theories of inflation [103—
108] and dark energy [109-113]. We have shown only that the S-matrix considered
here reduces to the Minkowski S-matrix when the Hubble rate H — 0, but it would
be interesting to instead perform a subhorizon expansion in w,k > H to see how
these S-matrix elements are related to the subhorizon amplitudes (and whether their
positivity can impose any further constraints in the subhorizon regime, where analyticity
is better understood).
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o Dispersion relation. Finally, perhaps the most pressing question raised by this work is:
what is the analogue of deforming the amplitude into the complex s plane at fixed ¢?
Since the Mandelstam operators no longer commute on de Sitter, it is not possible to
simultaneously fix ¢t and s. It could be that another set of variables is better suited for
exploiting analyticity, for instance complex angular momenta adapted to the full de
Sitter group. We have referred to the combination appearing in the optical theorem as
a “discontinuity”, but we have not specified what this is a discontinuity with respect to.
That remains an open question.
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Note added. During preparation of this manuscript, [114] introduced matrix elements of the
time evolution operator U(400, —00) on an extension of de Sitter spacetime to —oo < 7 < +00.
This replaces the identity (2.30) with a straightforward identification between in-out and
in-in objects (where “in-out” now refers to states at 7 — +00). Here we are studying matrix
elements of the time evolution U(0, —co) in the physical region —oco < 7 < 0. Since both
constructions use the same integrand (built from Feynman propagators), we expect them
to share some similarities — for instance the diagrammatic cutting rules from unitarity
should coincide (since it was shown in [33] that the time integration domain does not affect
the diagrammatic form of the cutting rules). Our underlying philosophy is to define a new
object which, much like the scattering amplitude of Minkowski, is linear in the physical
time evolution operator: the modulus-squared of this object is then related to observable
correlators just as the mod-square of the amplitude is related to cross sections. However it
would certainly be interesting to repeat the above discussion within the construction of [114],
using [2°dr in place of I o 7, since in that case the Fourier transform from 7 to w would
be trivially invertible (although analyticity in the w half-plane would be lost).

A Mode function details

In this appendix we collect various mathematical identities that are useful when manipulating
the mode functions for a massive scalar field on de Sitter. In particular, we use

_ T _=x 1 T 4= 2
F o) = et m D (ke) ) = LB D k), (AD)
for the Bunch-Davies mode functions in the time-domain, and
1 .
P2 (2)

Fj,(z,v) = — [T (jn + i) [

Sl =
[\)
N
[\&]
|
—_
N—
)
3
|
N
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for the n-particle mode functions in the energy domain, where j, = %(n — 1) in the main
text but for this appendix j, may take any positive real value.

Time-domain. The mode functions (A.1) satisfy the free equations of motion (2.3) with
the Bunch-Davies vacuum condition f* ~ e**7 in the far past. Notice that f* should only
be analytically continued to Im(—k7) < 0 and f~ should only be continued to Im(k7) > 0 to
ensure convergence of time integrals as 7 — —oo. They are related by complex conjugation,

G =emHD ) = ) = S k). (A.3)

ip

Since the Wronskian of two Hankel functions is

(2) gD _ 4
H, (=k7)(T0:)H;, (—kT) = — (A.4)
we have normalised f* so that
— . hp +
f(kryp)(iTor) f (k) =1 (A.5)
which ensures a canonical commutation relation [&k,d;r(,] = (2m)%63(k — K’). Upon time
reversal,
1) im _ (2) (2) —i _ (1)
HZ;,(e"2) = —Hy, (2) HZ,(e7"2) = —Hy, () (A.6)
and the chosen phase of f* corresponds to a trivial CPT phase,
f:F(Za AUJ) = f:t(e:':iﬂzv 7”) (A7)

in addition to the useful relation f*(kr, —pu) = f*(k7,+u). Note also that our normalisation
corresponds to f¥(kr,u) — eT*7 /\/F2ikT in the far past.

Energy-domain. The mode functions (A.2) satisfy the free equations of motion p? +m? = 0,
with boundary conditions such that they are related to f* by a Fourier transform. Explicitly,

our conventions for the Legendre functions are>’
2 (2)
P2 " (z
v—1 1 ; 1 1 11—
- P — (1+z)%772F1 (Q—iu,2+iy;j+2;2z> (A.8)
( 22—1) 2 F(]+§>
in(j—1) A
TR, 1) mrwa) 1 Vbl vt 1
Y +— 201 ; v+ L= ).
( 5 )3—5 2T (w+1) 2vzvti 2 2 z
z4—1
For z > 1, the Legendre P is a real function and therefore
Fj(z,p1) = Fi(z, 1) . (A.9)

39These corresponds to P} (z) = LegendreP[v, i, 3, 2] and Q%(z) = LegendreQ]v, u, 3, 2] in Mathematica.
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Connection formula. The Hankel mode functions can be expanded in terms of Bessel
functions using

e_Mﬂ—/Q (1) . €+M7r/2<]+i/j,(z) B e_uﬂ—/2‘]7i'u'(2)
2 i B etHm — g=pm ’

T )y 2 O u(2) — e i (2) (A.10)
2 H, o eTHT — e=pm . .

The inverse is simply J;, (2) = & (Hi(ul)(z) + Hi(f) (z)) The Legendre mode functions can
be similarly related:

G PR W = o (e - w) .

2 sinh(7v) \ “+iv—3 —w

These relations are useful because it is the J (P) function that has a simple scaling behaviour
at z = 0 (=~ 1), while it is the H and @ functions that have a simple behaviour at large
z.  Explicitly:

; P +iv 1 €+I/ﬂ‘/2
w9~ (3) ra 2

. jfé

—in(j—4y i3 T [ 1\T¥T(j+iv) 1o (m)

TGO (5) Tae PO~ (A2
w—3 2\ 2z F(l—i—zy) iv—3 9 2F(]—|—%)

2mz

Fourier transform. The mode functions in the two domains are related by a Fourier
transform [115, p394],

[/_Ooo ieiwﬂ (=7) e V™2 J (—kT) = (zli:)ﬂ \/; ( Z:;le)éj('z; (A.13)

where z = w/k, Re(j +iv) > 0 and w must have a small Imw < 0 for the integral to

converge in the far past. Given the above connection formula (A.11), the corresponding

Fourier transform of a Hankel function is:*°
L(j+iv) | ———. (A.14)

|:/0 dle-i-icm'
—oco0 —T m)] 3

The integrals satisfy the same differential equation, and we can fix their overall normalisation

(— )] +V7r/2H(2)

by comparing their behaviour at low and large z, namely (A.12).*! In terms of the mode

1ONotice that |I'(j + iv)|*> = I'(j 4 iv)T'(j — iv) since we assume here that v is real.
41(A.14) can also be performed by rotating the contour into the complex plane and using the identity [115,
p398]

1
P2 (cosh 0)

/ Zyyj 7y°°ShpK \/>1"]ffw (G +iv)—2——
0

for Re(j) > [Im(v)| and Re(cosh p) > —1, where K, (y) = —Ze*™/2H? (ye~™"/?) in upper-half of complex
y-plane.

sinh?~ 3 P
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functions, (A.14) implies

0 dr , 1 w
Rt WwT | (_\] 5+ _ N
[ e it = s () (A15)
Using the conjugation property (A.3), we also have
0 dT i . —1 w
_ pTWT | (N 4 fT — ol
[/_OO —e (—=7) if (kt,v) = (iky F; ( k,u) : (A.16)
We also have the inverse transformation,
+
6+Wr/2Hi(3)( k‘T) / d,O ’Ll/p —Hchoshp (A17)
o T
~+oo ) )
efuﬂ/QHi(Vl)(_kT) _ +Z/ @ewp efszcoshp (A18>
oo T

where we implicitly assume —k7 has a small positive (negative) imaginary part in f~ (f1)
to ensure converge in the far past.

Analytic continuation in z. The Legendre P function has a branch point at z = —1 and
we take the branch cut along the negative real axis. This () functions has branch points at
both z = 4+1 and —1, and we take the branch cuts along the positive and negative real axis
respectively. Approaching the cut from above or below corresponds to:

¢in(i-n/2)

o1
—I (4 . 2 Pt]_§ imn —
LG+ “’—%(6 z) sinh(v)

_/“/_ =

<WQ+W L) =TT (o )) (A.19)

since if we continue along an elliptical arc with = > 1 we get,

Qj.‘_5 (e™z) = ¢~i™/2 +"VWQJ : 1 (2) (A.20)

1
W=z w§

The analogous result for the Hankel function is

+uvm/2 ) —vm/2(1—2n) . _ tvw/2(1-2n) .
e 1(3) (eimnz) _ e J+11/(Z) i wa(z) (A.21)
9 VT — e—VT
since,
Jin(€™2) = 7™ Ji(2) . (A.22)

LSZ reduction. Using (A.19), the branch cut discontinuity of the mode function can
therefore be written as,

1
| | P (cosh )
F; (eJr”r cosh p, ,u) — F} (e_”r cosh p, p) = \/2mi '™ 2—1 . (A.23)
(sinh p)?~2
One interesting special case is when j = 1,
I (e”7r cosh p,,u) - (e*” cosh p, u) —2iy/T ———2 cos(vp) . (A.24)
sinh p
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This gives an alternative way to derive the LSZ formula (2.11), since
0 dr ,, T 0 dw w
Rt k - — d + kﬁ —iwT -
Uoo—ff (T,u)]g <k> /OO U T[Tk, p)e ]Q <k>
T dw w w
= F(-= -
/m 2mik ( k’“) g (k)

®© dw . w w
= | o Disc {Fl (—k,,u>] Gn (k) (A.25)

where we have used analyticity of G, (w, k) in the lower-half of the complex w plane to close

the integration contour around the branch cut discontinuity of F). The identity (A.24) for
this discontinuity then immediately implies (2.11) upon changing integration variables to
w = kcosh p. For an ingoing particle, repeating these steps produces a }ikFl(—i—%, u) and
we instead close the contour around the branch cut along w < —k: this produces (2.11)
with w = —kcosh p.

Analytic continuation in v. At fixed z, the Bessel, Hankel and Legendre functions are
all analytic functions of v. Integrals over v can therefore usually be done by closing the
contour in the complex plane. For this, the following asymptotic behaviours are useful.
For the Bessel/Hankel functions,
~ +iv—ivlog( 2 ) _
e E Ty (2) ~ e FEHD () ~

2my 2my

% e —iv+iv 10g(7”)

(A.26)

for |v| much greater than 1 or |z| and with a small negative imaginary part [50, 51]. Similarly,
for v — oo at fixed j and p > 0,

ji—1 1/2 o
P7;71/—2% (cosh p) ~ (Sinphp> V%*Jezf(J*%)Jj_%(Vp)

1/2
—in(j—1) "2 ~ < P > i—%.—i5G-3) (2
€ 2'Q. (Cosh p) S v >H %( p) (A.27)

which can be simplified using (A.12), namely

(eiup_i_e—iupeiwj)’ e—ig(j_%)H;z)l(yp) N 21 s
) TP

+i3(-1) I
R N NG T
(A.28)

i1
In practice, this often means that szfl (Qi“f 1) can be closed in the lower-half (upper-half)
2 2

of the complex v plane.

Crossing. An interesting way to implement crossing is to combine the analytic continuation

in 2z (A.19) and the analytic continuation in v (A.27). If we define the combination*?

1 1 e g A2
(V2 — p2)icn  2sinh(mp) \v2 —p24ie 12 —p2 —ie )’ (4.29)

42As usual, 2v/(v? — u? F ic) contains poles at v = +u %+ ie and —u F ie with residue +1, where ¢ — 07.
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this implements a rotation of n half-turns counter-clockwise in the complex z-plane when
integrated over v,

i—L
dv D@ + )| Pl-],,f; () . PR
/0 — 2vusinh(7v) 2 = e7"™2|D (5 4 iu)|2Pm_2% (e""x) (A.30)

i (V2 — i2)ien
since we can replace P with @ using (A.11) and then close the contour in complex v plane,

which picks up a single residue from each term in (A.29). Transforming a mode function
from outgoing to ingoing uses n = +1,

/ dv ./\f ( v —Fj,(e"™z,v). (A.31)
)25 +1
The inverse transformation from ingoing to outgoing would use n = —1. The same is true

in the time-domain, where 1/(v? — pi?);c , implements a rotation of n half-turns clockwise
in the complex —k7 plane:

/ " N f+(k7 V) _ if+(e_i7rk‘7', V) =if (kr,v). (A.32)
— M )ze +1

Spectral representation. The key identity on which our spectral representations are
based is:

, TG—i)[2P2 75 () DG =) P20 () i i
/ d? vsinh(7v) ]_i j/_21 1 U —/'_?—i-)j’ (A.33)
0 (m) 2 ( 2,2_1> 2 (Z+Z)

which holds for 7,5’ > 0. In terms of the mode functions (A.2),

I (j1 + j2)

o0
/o dv Ny Fj, (1) Fjy(22) = o1+ ) (A.34)
where we have introduced the shorthand
2
N, = = vsinh(nv). (A.35)
T
Useful limits. Whenever j takes an integer or half-integer value > 1/2, as we approach
the branch point at z = —1 the Legendre function diverges as
30
2 .
e r(i-4) ! (A.36)
(vr=1)y 7 PP gy |
or in terms of the mode function (A.2) and the u variable of section 4.4,
C 1
1 I'ij—35 4
lim F, < ) = <2) (1-u)z . (A.37)
u—1- u z\/§
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At the value j = 1/2, the divergence becomes logarithmic:

ulg{{ F; (—i) = \;5 log (1 —u) . (A.38)

Conversely, near the origin the Legendre function approaches a constant value

li .
P21 (2) 9-i\/2m

hr% P PR (A.39)
— -3 —iv
z ( T—l) 2 ’1“ (%)‘
and so thanks to an identity for the I' function we can write
272 j—iv\|?
F;(0)=—= |l A .40
0 == 1 (55%) (A.40)
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