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Abstract

We consider critical points of a class of functionals on compact
four-dimensional manifolds arising from Regularized Determinants
for conformally covariant operators, whose explicit form was de-
rived in [10], extending Polyakov’s formula. These correspond to
solutions of elliptic equations of Liouville type that are quasilin-
ear, of mixed orders and of critical type. After studying existence,
asymptotic behaviour and uniqueness of fundamental solutions,
we prove a quantization property under blow-up, and then derive
existence results via critical point theory.

1. Introduction

Consider a compact Riemannian manifold (M, g) without boundary
of dimension n, with Laplace-Beltrami operator A,. By Weyl’s as-
ymptotic formula it is known that the eigenvalues A\; of —A, obey the
limiting law A; ~ §2/™ as j — co. The determinant of —A, is formally
the product of all its eigenvalues, with a rigorous definition that can be

obtained via holomorphic extension of the zeta function

C(s) =D A"
j=1

The behaviour of the A;’s implies that ((s) is analytic for Re(s) > n/2:
it is possible anyway to meromorphically extend ¢ so that it becomes
regular near s = 0 (see [48]). From the formal calculation ¢'(0) =

- Z log A\j = —logdet(—A,) one then defines
j=1

det(—A,) = =<',
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Recall that in two dimensions the Laplace-Beltrami operator is con-
formally covariant in the sense that

(1.1) Ay =e WA, g =e*g.

This property, as well as the transformation law for the Gaussian cur-
vature

(1.2) ~Agw + Ky = Kze**,

allowed Polyakov in [47] to determine the logarithm of the ratio of
regularized determinants of two conformally-equivalent metrics with the
same area on a compact surface:

det(—Ag) _ 1

(13) 08 Qet(—A,) — 127 Jy

(IVwl? + 2K4w) dv,.
The Gaussian curvature K, appears in the above formula since it is
possible to rewrite the zeta function as an integral of a trace

((s) = F(ls) /OOO Tr <6A9t - Arealg(Z)> dt,

where T'(s) is Euler’s Gamma function and e®s? is the heat kernel on
(X,9). The latter kernel, for ¢ small, has the asymptotic profile of
the Euclidean one, with next-order corrections involving the Gaussian
curvature and its covariant derivatives, as shown in [41].

Using (1.2) and Polyakov’s formula it is easy to show that criti-
cal points of the regularized determinant in a given conformal class
give rise to constant Gaussian curvature metrics. In [46, 45] Osgood,
Phillips and Sarnak proved existence of extremals for all given topolo-
gies: uniqueness holds for non-positive Euler characteristic, while in the
positive case there are as many solutions as Mobius maps. The Mobius
action is indeed employed to fix a center of mass gauge, in the spirit
of [5], to exploit an improved Moser-Trudinger type inequality. Still in
[46, 45] the authors used formula (1.3) in order to derive compactness
of isospectral metrics on closed surfaces with a given topology. This re-
sult was then extended to the three-dimensional case in [13], for metrics
within a fixed conformal class.

In four dimension formulas similar to (1.3) were obtained for regular-
ized determinants of operators enjoying covariance properties analogous
to (1.1). More precisely, a differential operator A, (depending on the
metric) is said to be conformally covariant of bi-degree (a,b) if

(1.4) Agp = e M A (™), §= ey,

for each smooth function v (or even for a smooth section of a vector
bundle). One such example is the conformal Laplacian in dimension
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(n —2)

Y R,

4n—1)""

where R, is the scalar curvature: this operator satisfies (1.4) with a =
”7_2 and b = ”TH Other examples include the Dirac operator]Dy, which

Ly=—Ag+

satisfies (1.4) with a = 252, b = FL and the Paneitz operator in four
dimensions

2
(1.5) Py = A2y — div <3Rgvzp — 2Ricy(-, v¢)) ,

that satisfies (1.4) with a =0 and b = 4.

Branson and Orsted generalized in [10] Polyakov’s formula to four-
dimensional manifolds (M, g), proving the following result: the logarith-
mic ratio of two regularized determinants is the linear combination of
three universal functionals, with coefficients depending on the specific
operator. More precisely, if A = A, is conformally covariant and has no
kernel (otherwise, see Remark 1.4), then one has for § = e?%g

det Ag
det A,

where (71,72,73) € R3 and I, 11,111 are defined as
I[w] :4/ w|Wyl2 dvg — (/ (Wyl2 dug) log][ e du,
M M M
IT[w] :/ wPyw dvg + 4/ Qqw dvg — (/ Qg dvg) log][ e du,
M M M M

[1Tw] = 12/ (Ayw + [Vwf2)? du, - 4/ (wAy Ry + Ry|Vwol2) du,.
M M

(1.6) Faw] =log

= Y1 (A [w] 4+ v2(A) I T]w] + v3(A) T Tw],

Here W, is the Weyl curvature tensor, and Q4 the @Q-curvature of (M, g)
1 2 2
Qg = ﬁ(‘AgRg + R, — 3|Ricgly).
The latter quantity is a natural higher-order counterpart of the Gaussian
curvature, and transforms conformally via the Paneitz operator by the

law
Pyw+2Q4 = 2Qge4w, g= ezwg,

totally analogous to (1.2). The above three functionals are geometrically
natural as their critical points can be characterized by the conditions

G = €*Yg is a critical point of I <= ]Wg\?] = const.
§ = €2Yg is a critical point of I <= Q5 = const.
g =e™g is a critical point of IIT <= AzRz = 0.

Notice that, since M is compact, the last condition yields a Yamabe
metric, with constant scalar curvature.
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The Euler-Lagrange equation for F'4 implies constancy of a scalar
quantity Uy, which we call U-curvature, defined as

(1.7) Ug = ’YI‘WgE +72Qg — 13AgRy.
In terms of the conformal factor the Euler-Lagrange equation is
(1.8) Ny(w) + Uy = pet®;
(1.9) N(w) = %Pgw + 6730 (Agw + [Vul?)
—1273div[(Agw + \Vw]Z)Vw] + 2y3div(RyVw),
where
KA 2
1% [y €Xvdv,’ kA " /M Wolg dvg =2 /M Qg dvg

We note that k4 is a conformal invariant, since [ v Qg dvg is, and that
the above equation (1.8) corresponds to solving Uz = p.
For example, one has

1(Lg) =1, Yo(Lg) = —4, v3(Lg) = —2/3

for the conformal Laplacian and
14

NP =-7.  p@)=-88,  w0)=-7

for the square of the Dirac operator JD,. For the Paneitz operator,
instead, one has

71(Pg):_*a 72(Pg) = —14, 73(Pg):8/3'

Concerning extremality of functionals that are linear combinations
of I,IT and II1, as in (1.6), Chang and Yang [14] proved an existence
result (with a sign-reverse notation) under the conditions ~,, 3 > 0 and
KA < 8m2y.

The latter inequality (showed in [30] to hold in positive Yamabe class,
except for manifolds conformal to the round sphere) was used with a
geometric version of a Moser-Trudinger type inequality: in [1] an esti-
mate on the (logarithmic) integral of the exponential of the conformal
factor was derived in terms of the squared norm of the Laplacian, while
in [14] in terms of the quadratic form induced by the Paneitz opera-
tor, which is conformally covariant. Uniqueness was also proved for the
case k4 < 0, using the convexity of the functional F4; see also [9] for
the case of the round sphere, where extremals were classified as Mobius
maps (and as unique critical points in [28]). Extremal properties of
the round metric on S™ in general even dimension were studied in [42].
Regularity of arbitrary extremals was proved in [12], and extended in
[55] to other critical points. The existence result in [14] was used in
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[29] to derive optimal bounds on the Weyl functional and to prove some
rigidity results for Kéhler-Einstein metrics.

Due to the above results, one has a satisfactory existence theory on
manifolds of positive Yamabe class. It is the aim of this paper to de-
rive it also for manifolds of more general type. One fact that distin-
guishes two and four dimensions from the conformal point of view is
that in the latter case Gauss-Bonnet integrals can be larger than those
on the round sphere of equal dimension. For example, the total in-
tegral of (Q-curvature on four-manifolds of negative Yamabe class can
be arbitrarily large. This fact causes the lack of one-side control on
the functional I in terms of the Moser-Trudinger inequality, which
was available in [14]. Nevertheless, in [20] conformal metrics with con-
stant Q-curvature were found as saddle-type critical points of 1. The
main tool to produce these was a variational min-max scheme that used
suitable improvements of the Moser-Trudinger inequality for conformal
factors whose volume is macroscopically spread over the underlying man-
ifold M. Such kind of improvement was derived in two dimensions in
[5] for the case of the round sphere (see also [43]) and in [16] for general
surfaces. With improved inequalities at hand, it was then possible in
[20] to characterize low-sublevels of the functional I7, showing that if
[y Qodvg < 8(k + 1)m? for some k € N, and if I1(w) is sufficiently low,
then the conformal volume e** approaches distributionally a measure
supported on at most k points of M. This geometric characterization
of the Euler-Lagrange functional I1 allowed to produce Palais-Smale
sequences, namely approximate solutions to the prescribed Q-curvature
equation. Using also a monotonicity argument from [53] one can replace
Palais-Smale sequences by sequences of solutions to approximate equa-
tions, which might carry more information than general Palais-Smale
sequences.

Here comes the other main aspect of the prescribed Q-curvature equa-
tion: compactness. One would like to show that the latter solutions con-
verge to a solution of the original problem. This is actually the result of
the two independent papers [23] and [40]: there it is proved that non-
compact sequences of solutions develop after rescaling a finite number
of bubbles, the conformal factors of the stereographic projection from S*
to R*. Each of them carries 872 in Q-curvature, and in the latter work
it is shown that no other residual volume can occur. A contradiction
to loss of compactness is then reached assuming that the initial total
Q-curvature f v @gdvg is not a integer multiple of 82

The first among our results is an analogous compactness property for
log-determinant functionals. Notice that both signs of the coefficients v
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and 73 are allowed, provided that the two coincide (and satisfy further
assumptions).

Theorem 1.1. Suppose M is a compact four-manifold and that 2,3
satisfy v2,v3 # 0, with jy% > 6. Suppose also that (wy), is a sequence
of smooth solutions of

Noy(un) + O = ™ in M,

where Ny is given by (1.9). Assume that [, etndv, =1, py, = I Undvg
and U, — Uy C'—uniformly in M as n — +oo. Up to a subsequence,
we have one of the following two alternatives:

i) (wy — 3, wn dvg)n is uniformly bounded in CH*(M)-norm;

i) (wp)n blows up, i.e. maxy; wy, — +00, and fM wy, dvg — —00 and

!
,U’ne4wn N Z 871.2,)/251%
i=1
in the weak sense of distributions for distinct points p1,...,p; €
M.

As a consequence, solutions stay compact if fM Ugdvg ¢ 8727, N.,

~ Remark 1.2. In Theorem 1.1, it is possible to replace the limit of
U, by any smooth function U.

Well-known results of the above type were proved for second-order
Liouville equations in [11, 15, 37], in presence of singular sources in [6]
and in the fourth-order case [2, 38, 39, 49, 50, 56]. The counterpart
of Theorem 1.1 for Q-curvature in [23, 40| relied extensively on the
Green’s representation formula for the Paneitz operator, which is linear.
A related quantization result was proved in [25] for a Liouville-type n-
Laplace equation in n—dimensional euclidean domains, the equation
there of second order allowing truncation techniques towards a-priori
estimates (see also [24] for a classification result of entire solutions).
Here, being our operator quasi-linear and of mixed type, none of these
arguments can be applied and we need to devise new arguments.

In Section 2 we derive some uniform control of subcritical type on
blowing-up solutions, followed by a Caccioppoli-type inequality and a
uniform BMO estimate, which is a natural one since blow-up is expected
to occur with a logarithmic profile. In Section 3 we develop a general
linear theory for the operator N in (1.9), solving for arbitrary mea-
sures in the R.H.S.. Solutions will be found by a limiting procedure
with smooth approximations (SOLA: see the terminology there), and
the solvability theory will exploit in a crucial way a nonlinear Hodge
decomposition technique. For a R.H.S. given as a linear combination
of Dirac masses, a corresponding SOLA is referred to as a fundamental
solution and uniqueness in general fails unless vo = 6+3.
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In Section 4 we show however that any fundamental solution satisfies
weighted W22 —estimates, allowing via techniques developed in [55] to
prove its logarithmic behaviour near the singularities.

There is a vast literature concerning existence and uniqueness issues
for problems involving the p—Laplace operator, let us just quote [7,
8, 22, 27] and references therein. While for the latter both maximum
principles and truncation arguments are available, it is not the case for
our problem, and we had therefore to rely on different arguments.

With the asymptotics of fundamental solutions at hand, we can fi-
nally pass to the blow-up analysis of (1.8). First, via a Pohozaev type
identity, scaling arguments and an epsilon-regularity result we prove a
quantization for the volume accumulation at blow-up points. After this,
we can then determine that there is no absolutely continuous part in
the limit volume measure, after blow-up, leading to Theorem 1.1. We
collect in an appendix some useful auxiliary results.

As an application of Theorem 1.1 we have the following existence theo-
rem.

Theorem 1.3. Assume 2,73 # 0 and % > 6. Suppose M is a

compact four-manifold such that fM Ugdvg ¢ 872y9N. Then there exists
a conformal metric § with constant U -curvature.

Examples to which the latter theorem applies include (suitable) prod-
ucts of negatively-curved surfaces, hyperbolic manifolds or their pertur-
bations.

Remark 1.4. In case of trivial kernel, both log-determinants of Lg
and JDS fit in the assumptions of Theorems 1.1 and 1.3.

In general, if a conformally-covariant operator A has a non-trivial
kernel, some additional quantities appear in (1.6), see Remark 2.2 in

[10]. If A has order 2¢, on the R.H.S. of (1.6) one should add the term

! 1 [y e dv
1.10 20 Ot it ) dv, — =0 q[A]llog 2L 9
(1.10) / (“’/o 2 ) - gtalAllos Y

Here q[A] stands for the dimension of the kernel of A, while ®?(x) =
qlA]

Z(pjt ., with (@j¢); an orthonormal basis of elements of the kernel
wzth respect to the metric e"g.

For example if A = L, the conformal Laplacian, and if the kernel is
one-dimensional, denote by p1 an element of the kernel normalized in
L? with respect to dvy. Then, recalling that (1.4) holds with a = 1, we
find that

—2tw(ac)90 ( )

2
CI)t( ) f e2tw y)(pl(y)dvg( )
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Therefore, the extra-term in (1.10) becomes

N G CILIC)) Ly ety
2/M </0 (fM e2tw(y)s0%(y)dvg(y)> dt) deale) =5 los Volg(M)

Noticing that

2w (z)w(x) d
2 = 1 2tw(z), 2
Js (J’M F A e, ) ) 0 T @ o8 [ et @),

the expression in (1.10) finally becomes
1 fM e4wdvg

1 2w(zx), 2 d | JM = Mg
og /Me ¢1(x)dvgy() 5 l0g Vol, ()

We will not analyze this term in the present paper.

The proof of Theorem 1.3, given in Section 6 is variational and mainly
inspired from [14, 20], where the @Q-curvature problem was treated.
First, using the results in Section 2, one can obtain a sharp Moser-
Trudinger inequality involving combinations of the functionals I, I1
and III. The latter is then improved under suitable conditions on
the distribution of conformal volume. This allows to apply a general
min-max scheme, relying also on the construction of test functions with
low energy and a prescribed (multiple) concentration behaviour of the
conformal volume.

An interesting perspective would be to analyze situations where the
total U-curvature is an integer multiple of 872v,. A possible approach
could be to apply the above results to the equation with perturbed co-
efficients and perform a detailed blow-up analysis, possibly employing
the fundamental solutions constructed in Section 4 to produce asymp-
totically and U-flat metrics and use some more geometric insight. It
would be also worth considering on general manifolds cases with ~’s
of opposite signs, like for the determinant of the Paneitz operator (see
[17], IV.4.y). This issue is quite hard, as the two main terms in the
nonlinear operator have competing effects. It is indeed studied so far
only in particular cases with ODE techniques, see for example [31].

Notation. We will work on a compact four-dimensional Riemannian
manifold M without boundary endowed with a background metric g.
When considering this metric, the index g relative to it will be omitted
in symbols like Ay, P, dvy, etc. Spaces of LP functions with respect to
dvg will be simply denoted by LP, p > 1, with norm || - ||, and similarly
for Sobolev spaces. When the domain of integration is omitted, we mean
that it coincides with the whole M. The injectivity radius of (M, g) will
be denoted by ig and B, will denote a generic geodesic ball in M. The
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symbols w, WA and @w" will stand for fM w dvg, JCA w dvg and fBr w dvg,
respectively.

Acknowledgments. A.M. has been supported by the project Geo-
metric problems with loss of compactness and Finanziamento a sup-
porto della ricerca di base from Scuola Normale Superiore and by MIUR
Bando PRIN 2015 2015 KB9WPTg;. P.E. has been supported by MIUR
Bando PRIN 2015 2015 KBOWPTygs. As members, they are both par-
tially supported by GNAMPA as part of INAAM.

2. Some basic estimates

In this section we will derive some uniform estimates for smooth So-

lutions of (1.8) with a general R.H.S. by just assuming W % To

this aim, recall the definition of the quasilinear dlﬁerentlal operator
N in (1.9). Integrating by parts, notice that the main order term in
(N (w),w) has the form

(22 +673)/(Aw) dv+1873/AwVw] dv+1273/\Vw] dv,

which can be easily seen to have a sign by a squares completion provided

2~ % In the next section, we will further strengthen the a-priori

V3
estimates when % > 6 and deduce uniqueness properties when % = 6.

In order to include also local estimates, test (1.9) against ¢ = x*9(w —
c), where ¢ € R, ¢ € C?(R) (bounded, and with bounded first- and
second-order derivatives) and y € C*°(M), to get

Ww)o) = (2 -+ 63) [0/ (Buwpdo+ 63 [ 20 + ") Vultdo
(2.1) " / K8y + (2 + 6750 Al Vol
/ 122~ 29s) RV ]2 — 4o Ric(Vaw, Vo)l dv + R,
with
R = [1(2 + 6r)aw + 63l Vol Jwdx' + 26/ (V3 Vu)ldo
+1273 /(Aw + Vw2 (Vw, Vx 1) dv
+ [ 012 = 20 BT, T3~ raRic( Ve, T3 do,

where the argument of ¢ has been omitted for simplicity.

Remark 2.1. When OM # 0, (2.1) still holds for x € C§°(M): this
will be useful in Section 5.
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The first use of (2.1) concerns global bounds for weighted W22 —norms
in M:

Theorem 2.2. Let % > 3. Assume f =0 and || f|l1 < Co for some
Co > 0. Then there exists C > 0 so that

(Aw)? + |Vw[*
(2.2) / Tt (o= E)Qﬁ dv < C

for every smooth solution w of N(w) = f in M. Moreover, given 1 <
q < 2 there exists C > 0 so that

(2.3) lw = @lly2qe < C

for any such solution w.

PrOOF. Let x =1, ¢ = w and ¢ € C?(R) be so that 2¢' + 9" > 0.
Then R = 0 and by a squares completion the (re-normalized) main

order term in (2.1) satisfies, thanks to § = % > %, the inequality

(2.4) (B+12) /z,z/(Aw)?dv + /[361,!)’ + (B + 12)¢"| Aw|Vw|*dv

+12 / (20" + ") | V| dv

- / 4828 — 3 — 26(B + 12)](¢")? — 24(1 + 26)(B + 12)9'y"
a 43(1 = 0) (29" +v")
2(,111\2
-/ 48((1ﬁ -+ ;)2()212@ o (Aufdu 129 [+ univuta
for any 0 < § < 1, in view of the positivity of
/[ 36" + (B4 12)y"
VAS(L =) (2Y +¢)

Set w(t) = fioo m’ MO > 1. Since

W4 2
i .

(Aw)%dv

Aw + /12(1 = 6)(2¢' + ¢")|[Vw|?]? dv.

(2.5) |

N gMo +12 3\/M0’
for any 0 < § < % we can find My > 1 large so that
48[28—3-26(8+12)](¢")? —24(1+20) (B+12)9'¢" —(B+12)*(¥")? 524/
(2.6) BA=0) (20" +4) =0 Y
125(2¢ + ") > 6%,

Thanks to (2.6) we have that
(B+12) /¢’(Aw)2dv + /[36¢’ + (B + 12)¢" )| Aw|Vw|*dv

119 / (20 + ") |Vl do > & / W [(Aw)? + [Vew|4)do,
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and then

(27) /ﬁf@*fﬁﬂz<a<wm+/wwwﬁ

for some Cy > 0 in view of M, ( —i—tz)*% <y <land 0 <o <
Iz . From (2.7) and Holder’s inequality we obtain

(1+

2
/\va%zv < /[1+|w—wy§] Vol 4,
[+ (0 — )2

A
=
+
g
|
&
IcH
VRS
—

e
+
Tl
| | &
g»&
N———

1
2 2
< o (it po-wif) (170 + [ 1vupao)
< C2(1+/|V’w|2dv)6

for some C3 > 0 in view of Poincaré-Wirtinger inequality on w —w. By
Young’s inequality we then have [ |Vw|*dv < C for some C > 0, and
in turn by (2.7) we deduce the validity of (2.2).

4
Similarly, since W249(M) embeds continuously into fkie=n (M) by
Sobolev’s Theorem, for any 1 < g < 2 there holds

q q
/|Aw|qdv < /[1—|—|w—w23} awlt
1+ (w w2}
9 b
< +to-wl ¥z | f B g
=i \J 0+ (w02}
<

2q
%(wa—M@u>

for some C3 > 0 in view of (2.2). Since ([ \Aw]qdv)% is equivalent to the
W24 —norm on the functions in W249(M) with zero average, by Young’s
inequality we then have the validity of (2.3) for some uniform C' > 0. m

Once global bounds on W?29—norms have been derived for 1 < g < 2, we
will make use once more of (2.1) to establish Caccioppoli-type estimates:

Theorem 2.3. Let % > % There exist C > 0 and kg > 0 so that

’ ! L w—c 4 v
/{w—c<k}me[(Aw) +[VulTldv < (r —p)4 /&\Bp(l + ( )*) d

(2.8) +Ck /B If] dv
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Jor any 0 < p <r <, c € R, k > kg and any smooth solution w of
N(w) = f in M with f =0. Here B, and B, are centered at the same
point.

PrOOF. Let x € C§°(B,) be so that 0 < x <1, x =11in B, and

(2.9) (r = p)|Vx| + (r = p)*|Ax| < C.
Letting ¥ be the odd extension to R of
s fo<s<1
U(s) = 1 .
8 —9s73 4+ 2s if s > 1,

we have that ¥ € C?(R) satisfies |[U"]| < 40/, 0 < ¥/ < 1, U2 < 82520/
and U* < 8%s*(¥)® in R. Hence, ¢(s) = k¥() is a C?—function so
that 0 < ¢’ <1,

" (s)] _ 4
(210 W) SR
and
7/)2(3) 2 7114(5) 4
(2.11) o e LR ST

By Young’s inequality we have that

IA

C
/[IAWI + [Vl Ax" dv 5 /B [Aw] +[Vwl)x*¢]

(r—p) \B,

/ ¥x T Veldu

+ / w—c|*dv
(r— P)4 B;\B, | |

in view of (2.9) and (2.11), where v stands for ¢)(w—c¢). Similarly, there
holds

IN

/ 8w + [Vl + [¢])[ Vx| Veoldo
C

[!A’wl + V(@' + [$)x° [ Vwldo

/w [(Aw)? + |Vwl* dv—i—e/w’x |Vaw|*dv

c! W+
" >/BT\BP W)

(r—
Ce —)Hdv
/1/1 )2 + |Vl ]dv—i-( — /BT\BP(l—i-(w V) do,
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and

C
Jwivetiae < [ uiveiia < e [l

+ Ce 4/ (w — ¢)dv + C.
(r—p) B:\B,

in view of (2.9) and (2 11). In conclusion, for all € > 0 there exists
Ce > 0 so that R in (2.1) satisfies

(2.12) < Ce/¢ 2 4 |Vw|t)dv
+ / 1+ (w—c)Hdv
(r— P)4 B,«\Bp( ( /)
for some C' > 0. Since |ﬁ/,/((j))| can be made as small as we need for &

large thanks to (2.10), we are in the same situation as with (2.5) and,
arguing as in the proof of Theorem 2.2, there exists kg > 0 large so that

(24 6m) [0/ (Buwpdo+ 60 [ 20+ ") Vultdo
(2.13) +/ 418y3¢’ +( 2 4 673)0"| Aw|Vw|? dv‘

>52/¢ )2 4 |[Vw|Y]dv

for some § > 0 and all k > ko. Since [¢/x*|Vw|?dv < € [ /x| Vw| dv+
Ce and | [ fx* dv| <8k [, |f] dv, by inserting (2.12)-(2.14) into (2.1)
for € > 0 small we deduce the validity of (2.8) for all k > ko in view of
X4¢”(w - C) > X{jw—c|<k}nB,- W

The aim is now to control the mean oscillation

1
1
[w]Bpmo = < sup ][ (w—wr)4dv>
0<r<io -

of a solution w. Our approach in this step heavily relies on the ideas
developed in [22], where Caccioppoli-type estimates like in Theorem 2.3
were crucial to establish BMO-bounds. We believe that L** —estimates
on Vw are still true as in [22] but it is not clear which are the optimal
bounds for Aw. We will not pursue more this line since the following
BMO-estimates are enough for our purposes.

Theorem 2.4. Let % > 3. Assume f =0 and || f|ly < Co for some

Co > 0. There exists C > 0 such that for any smooth solution w of
N(w) = f in M one has

(2.14) [wlppmo < C.
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Proof. If (2.14) does not hold, we can find smooth solutions wy, of
N(wy) = fn so that [wy]pypo — +00 as n — +oo, with f,, = 0 and
|| fnlli < Co. By definition we can find 0 < r,, < ig, x,, € M so that

1
(2.15) ][ (wn — w5 )* do > =[wn]Baro-
Brn(l’n) 2

Since [wy]Brpro — +00 as n — 400, up to a subsequence we can assume
that r, — 0 as n — +o00 in view of

sup sup ][ (wy, — ") dv < 400
neN §<r<ip -

for all 0 < & < g, as it follows by the Poincaré-Sobolev’s embedding

i 2
</ |wn, —w2\4dv> <C </ |an]2dv>
B, B,

and Theorem 2.2. Letting exps, : B;,(0) — Bj,(zy,) be the exponen-
tial map at z,, for |y| < 7+ introduce the rescaled metric gn(y) =
g(expy, (rny)) and the rescaled functions

un(y) = Wy (€xpg,, (ray)) — Wy

[wn]BMO

We have that

vol(B,,, (zn
(216) fBl(O) tn dvg" =0, fBl(O) u% dvgn > 1(27%())’
S0y (tm = T)* dvg, < YA Brglen))

for all r < 2—2 in view of (2.15), where u], = fBT(O) Uy, dvg, is the average
of u, on B;(0) w.r.t. g,. Neglecting the term involving the Laplacian,
we can rewrite the estimate (2.8) in terms of u,, as

CEk| fnll1
[wn]3BMO

C 1 4
+—7 g T (un —¢)%| dug,
(r—p) B, (0)\B,(0) [wn]BMO

forany 0 < p<r < ﬁ—g, ceRand k> —5 — Since vol(Byy, (z5)) <

[wn]BMO

C(rry)* for all 0 <7 < 2 there holds

(2.17) V! duy, <

/{un—c|<k}me<o>

(2.18) / (Up — )  dvg, <Ot VO<r<2
r(0)

Tn
thanks to (2.16), and we can apply (2.17) with p = § and ¢ = uj, to get

1 CE| fnll

(2.19) / Vup|} dvg, < C(—7— + 1)+
{n-mpl<knBy© [wnlnro [wnlnro
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in view of (2.18). Since

| / dvg, = +, / dv,, = F / fun — @] dug,
B1(0) B1(0) B1(0)

B1(0)
/ dvy,
B1(0)

< o[ (-t du,
B, (0)
< Cor/ dvg,
B1(0)
forall 1 <r < ’—0 in view of (2.16) and (2.18), we have that {|u,| <
E} C {lun —al] < 2k} and then

(2.20) / V| dvg, < C <1 + Fllall >
{lunl<k}nBy (0) [wnl a0

forall 1 <r < 7% and k > Cor in view of (2.19). From (2.20) and
f By (0) Un dvg, = 0 it is rather classical to derive that u, is uniformly

IA

N
N[

bounded in Wllo’g(]R4) for all 1 < g < 4, see for example Lemma 2.3 in
[22] and the proof of Lemma 10 in [21]. Up to a subsequence, we
can assume that w, — u in VVli’g(R‘l) for all 1 < ¢ < 4. Letting
or € C(—h,k) so that wi(s) = s for 5 € [—5, 5], by g} <
and (2.17) we deduce that

(2.21) / |Vor(un — c)[*da
B,(0)

1
SC’4/ |:4+(un_c)4:| dﬂj‘—i—%
(r—p) Br(0)\B,(0) [wnlBrro [wnlB a0

forany 0 < p<r< IO,CGRandk> W' Since Vi (u, —¢) —
Vor(u—c) in L}

loc(R4) in view of u, — u in L?OC(R‘l) for all ¢ > 1 as
n — 400, by weak lower semi-continuity of the L*—norm we can let
n — 400 in (2.21) to get

/ |Vu|dz < C4/ (u—c)t da
{lu—cl<£3nB,(0) (r = )" JB,.0)\B,(0)

and then by the Monotone Convergence Theorem as k — 400

(2.22) / \Vau|tde < ¢ 7 / (u—c)* do
B,(0) (r = )" JB.(0)\B,(0)
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for any 0 < p < r, ¢ € R and k > 0. Similarly, by letting n — 400 into
(2.20) we deduce that

/ |Vu|tde < C

{lul<5}nB5 (0)

for all » > 1 and k > Cpr, and then by the Monotone Convergence

Theorem we get [ps |Vul*dz < +o0o as k,r — +oo. Taking p = §

and ¢ = fB (0)\ By (0) udz in (2.22), by Poincaré’s inequality one finally
4 b

deduces

/ |Vu|'dz < 04/ (u — )t dz
By (0) " J B (0)\Bg (0)

< C’/ |Vu|tdz — 0
B,(0)\By (0)

as r — 4oo in view of [p, [Vu|!'dz < 400, leading to Vu = 0 a.e.
in R*. By (2.16) and g, — Seuq locally uniformly as n — +oo we
have that v = 0 a.e. in view fBl(O)udm = 0, in contradiction with

fBl(O) ulde > 4. q.e.d.

3. General “linear” theory

We aim to develop a comprehensive theory for the operator N in (1.9)
when jy—; > 6. In this section we are interested in existence issues for a
general Radon measure p and Solutions will be Obtained as Limits of
smooth Approximations, from now on referred to as SOLA (see [7, 8]).
On the other hand since, as we will see, blow-up sequences give rise in
the limit to a solution with a linear combination ug of Dirac masses as
R.H.S., it will be crucial to establish in the next section the logarithmic
behaviour of any of such singular solutions, referred to as a fundamental
solution of N corresponding to us. We will guarantee that SOLA’s will
be unique just when o = 63.

The assumption % > 6 is crucial to have some monotonicity property
on N, expressed by a sign for the main order term in expressions of the
form (N(wy) — N(ws), w1 —wz). When 5 = 63 the lower-order terms
cancel out and uniqueness is in order, as already noticed in [14]. The
operator N'(w) in (1.9) is considered here in the following distributional
sense:

(N (w), @) = fY;/AwAgo dv — yg/Ric(Vw,Vgp)dv

+673 /(Aw + |[Vw|?) Ay dv

+1273/(Aw+ |Vw|?)(Vw, V)dv + (? —273)/R<Vw,Vgo>dv
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for all ¢ € C*°(M), provided Vw € L? and V?w € L3. We have the
following result.

Proposition 3.1. There holds

(3.1) (N (w1) = N (wa), ¢)
=373 / Agp Ay dog + 63 / (V2p, Vi) dvg

+373/|Vp§<Vp, V) sdvg + (? —373)/ApAs0dv

+(2v3 — %) /[3Ric(Vp, Vo) — R{(Vp,V)|dv

for all p € C*°(M) provided N(w1) and N (w2) ezist in a distributional
sense, where p = w1 — wsy, ¢ = w1 + we and g = elg.

PRrROOF. Notice that when wy = ws, ¢ = 2w; and hence our notation
for the conformal metric § = e?g is consistent with out previous one.
Since § = e?g has derivatives in a weak sense up to order two, the
Riemann tensor of § and all the geometric quantities which involve at
most second-order derivatives make sense. One can easily check that

(3.2) dvy = e*dv, elAyw = Aw + (Vq, V), ezqu’g = |Vuw|?,

1 1 1
(3.3) ng = Viw — Edw ®dqg — §dq ® dw + §<Vq, Vuw)g.

Since wy = p—;rq and wy = 5P we have that
(3.4) /[(Awl + ]Vw1\2) — (AwQ + \Vw2|2)]A<p dv

= /(Ap +(Vp, Vq))Apdv,

and
/((Awl + Vw1 |?)Vw;, — (Aws + |Vws|?) Vs, V) dv
1
(35) — 5 [ @0+ (V5.Va)(Va. Ve)ds

1
+5 [ @8a+ V5 + 94T, Vo
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By (3.4)-(3.5) we deduce that
(3.6) 2/<(Aw1 + |V )V, — (Awsy + |Vws|?)Vws, V)do
+/[(Aw1 V) = (Aws + Vs |2) Ap du
1 1
=3 / ApAp dv — / (V2p, V2p)dv + 3 / AgpAgp dug
1
+ [V, V3)advy + 5 [ 199590, Vo),
in view of (3.2)-(3.3) and the formula
2 2 2 2
(3.7 [ . Vaohadn; — [ (V. Vo
= / (Vip, Vip)dv — / (V?p, Vp)dv
1 1
= / [Aqu, Vo) + 5Ap(Va, V) + 5(Vp, V) (Va, Vi)

1 1
+5IVal*(Vp, Vi) + 5 (Vp, V@MJ] dv.
To establish (3.7) we simply use (3.3) and an integration by parts to get

(3.8) / [V2p(Va, V) + V2p(Vg, Vp)] dv
- / (Y4, V(Vp, Vi) )dv = — / Aq(Vp, Vi)

for all ¢ € C*°(M), in view of Vp, Vq € L3 and V?p, V3q € L3. Thanks
to Bochner’s identity

. 1
Ric(Vp, Vp) = —(Vp, VAp) — |V?p|* + §A(|Vpl2)7 p € C3(M),

an integration by parts gives [ Ric(Vp, Vp)dv = [(Ap)2dv— [ |V?p|?dv
and by differentiation

(3.9) /Ric(Vp, V)dv = /ApAgodv—/<V2p, V2p)dv

for all ¢ € C*°(M), where by density it is enough to assume Vp, V?p €
L'. By inserting (3.9) into (3.6), we then deduce the validity of (3.1).
|

Remark 3.2. When OM # () notice that the integrations by parts
in (3.8)-(3.9) and then (3.1) are still valid for ¢ € C§°(M) as long as
N(u), N(v) exist in a distributional sense.
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The usefulness of assumption jy% > 6 becomes apparent from the choice
¢ = pin (3.1) since it guarantees that the first four terms in the R.H.S.
of (3.1) have all the same sign. When ~9 = 673 there are no lower-
order terms and uniqueness is expected. Since in general p is not an
admissible function in (3.1), we will follow the strategy in [27, 34, 32]
via a Hodge decomposition to build up admissible approximations of p
to be used in (3.1).

Letting w; and wy be smooth functions, consider the pointwise Hodge
decomposition

Vp
(0% + [Vp|* + [Vg[?)*

where € > 0, 0 < 6 <1 and ¢, h satisfy Adiv h =0 and % = 0. Notice
that

(3.10)

=Vop+h,

Ap 4 YP(Vp, Vp) + V?4(Vp, V)
(02 + [Vp|* + [Vq[?)* (02 + [Vp|? + [Vg[?)?tt
(3.11) —div h.

Ap =

Even if div h = ¢ when OM = (), we prefer to keep this term in order to
include later the case 9M # (). The function ¢ is uniquely determined
as the smooth solution with @ = 0 of

Ap L VPp(Vp, Vp) + V3¢(Vp, Vg)

A2 :A 9
4 2+ [VpP + Va2~ (22 + [V + Vg2t

in view of (3.11), and then & is simply defined as h = (
V.

Vp —
0% +|Vp[2+[Va[?)%

Let us now consider the case that one between the functions w;, say
ws, is a singular function. Given distinct points p1,...,p; € M and
al,...,0q € R, assume that wy € C*°(M \ {p1,...,p}) and

(3.12) lim 2| V) (wy — oy log |z])] =0, k=1,2,3,
T—>

holds in geodesic coordinates near each p;. Let us justify (3.10) more in
general (i.e. for wq smooth and ws singular) by introducing the Green’s
function G(z,y) of A% in M, i.e. the solution of

{ A%G(x,) = 0y — ﬁ in M

[ G(z,y)dv(y) = 0.

For all F € C*°(M,TM) the solution of A%2p = Adiv F in M, p = 0,
takes the form

o) = / Gz, y) Adiv F(y)dv(y) = - / (V, A, Gl y), F()) dv(y).
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Hence V¢ can be expressed as the singular integral (to be understood
as a principal value)

Vip(a) = / VoA, G, ) [F(y)]du(y)) = K(F),

where ff stands for the sharp musical isomorphism. Since M is a smooth
manifold, by the theory of singular integrals the operator K extends
from C*(M,TM) to L*(M,TM) and Vo = K(F), h = F — K(F)
provide for the vector field F the Hodge decomposition F = Vo + h
with

(3.13) IVells + [[hlls < C(s)[|F s
for all s > 1. Notice that by construction
Adiv h = Adiv[F — K(F)] = AdivF — A%p = 0.

The interested reader can be found more details about the Hodge de-
composition for example in the second section of [34]. The key point
is that C(s) is locally uniformly bounded in (1,+400), see for example
[33].

Since w; is smooth and wy satisfies (3.12), in geodesic coordinates near
each p; there holds

1
|22(6% 4+ |Vp|? + |Vq|?) = 2aF +o(1), |Ap|+|V?p|+ V| = O(W)

as x — 0, and then F = (52+|Vp|zf-|Vq|2)25 satisfies div F = O(W%Qe))
as ¢ — 0. Since ws is smooth away from p1, ..., p;, we have that div F €
L2429 (M) and then by elliptic regularity theory the solution ¢ of
A%2p = Adiv Fin M, % =0, is in W2’2(1+2€)(M). The Hodge decompo-
o . \% €
sition (3.10) does hold with h = (52+|Vp|2§-|Vq|2)25 — Vo € Wh20+29) (pr)
and by (3.13) ¢ satisfies

Vp
(62 4+ |Vp[* + |Vq|?)*

To show the smallness of h in (3.10) for e small, we follow the ap-
proach introduced in [34] based on a general estimate for commutators
in Lebesgue spaces. For the sake of completeness we include it in the
Appendix and we just make use here of the following estimate:

(314) [Vellsa-o < K] laua < K98l

4(1—€)"

(3.15) Ihllsaa < Ke (874 + |Vpl55", + IValliG™,)

forall 0 < e < ¢ and 0 < 6§ < 1, for some K > 0 and ¢y > 0 small.
Thanks to the Hodge decomposition (3.10) we are now ready to show
the following result.
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Proposition 3.3. Let % > 6 and set
(3.16) n=|v2 — 67| S}\lJp(\Rl + || Ricl])-

There exist eg > 0 and C > 0 so that

‘V p’2+|vp‘ 4(1—¢) .
| ol e < CUR = Rl +al Vol

4(1—¢) 4(1—¢)

2
(3.17) 6?’”FlH4(1 o) 63”FQH4(1 o) + €3)

for all 0 < e < €9 and all distributional solutions w; of /\/’(wz) = div Fj,
1= 1,2, provided that wy is smooth and either ws is smooth or satisfies
(3.12). Here p = w1 — wa, ¢ = w1 + w2 and § = elg.

PROOF. In the proof below, when relevant, we keep track of the de-

pendence for the estimates in € and ¢ in order to get in the end the

validity of (3.17), by taking the limit as § — 0". As already observed,
4(1—¢)

we have that o € Wh =1 (M) N W220+429) (M), Letting ¢ € C°(M)

4(1—e¢)
so that g — ¢ in Whi=ae (M) N W22(+29 (M) as k — +o00, we can

use (3.1) with ¢g: thanks to (3.2)-(3.3) and

VP> + [Val* +Apl + [V?pl € () LYM),
1<¢g<2
let k — 400 to get the validity of

(3.18) 31 [ Agp Bgpdvg + 63 [ (V0 V3¢)advy
439 [ V039, Vilgdvg + (2 = 31) [ Appds
+(273 — %) / [BRic(Vp, V) — R(Vp, Vp)]dv

—/<F1 —FQ,VQO> dv.

Notice that such a Sobolev regularity of ¢ might fail for a general so-
lution wy € W22 (M), see the definition in (3.36), and this explains
why, even tough SOLA lie in W?%22) (M), in Theorem 3.6 we will not
prove uniqueness in such a grand Sobolev space.

Setting p = (62 + |Vp|? + |Vq|?)~¢, by (3.10)-(3.11) we deduce that
(3.19) |Azp — (p*Agp — e Udivh)| + [Vip — (p*Vip — VI)|5 =
= ep?0 (IVplg|Valg + IVal3 + [Vipls + [VEals) + O (IVqlglhly)
and
(3.20) |Ap — (p*Ap — div h)|
= ep?O (|Vpl[Val + [Val* + [Vip| +V3al)
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in view of (3.2)-(3.3), where b stands for the flat musical isomorphism.
By (3.10) and (3.19)-(3.20) let us re-write (3.18) as

(3.21) 310 [ 2 (p)duy + 63 [ *VEplEdey
+373/p2|Vp!3dvg+ (% —3'73)//)2(Ap)2dv
—373/e_qupdivhdvg — 673/<V§p, Vhb)gdvg
—(% —373) /Apdivhdv = —/(F1 — F5,Vp)dv + R,
where by (3.2)-(3.3) and Hélder’s inequality R satisfies
2R = c(103plas+ ([ AITplidog ([ AValians) )
<0 |([ vles) ([ 19l
H[ P19t + 1953plg + 10 3alg)
+0( [IV3l19] + Vo hlav)

+0 (u 1734+ Vpliav).

Notice that by (3.2) and Holder’s inequality
(3.23) 192194l + (9o
1 3
= O(IV3plat | #IValidug)* + ([ Al
><HP_1|| 0= e>||h||4<1 =)

1 3
<0(IpV3pllal | o1 9al}du)t + ([ #1Vplidug) )
< (04 IVBILGE + IValie).

thanks to (3.15) and

(3.24) o™ 1”2(1 o <16+ Vol + Va1 -
= 0(52E + ||VPH4(1 ot HVQ||4 1—¢))-



CRITICAL METRICS FOR LOG-DETERMINANT FUNCTIONALS

The difficult term to handle is

(3.25) 373/€_qupdthdUg+6’73/<V§p, Vhb>gd’Ug
—|—(% - 373)/Apdivhdv = 373/<Vq,Vp)dthdv

+6’Y3/<v§pa Vhb>dv + ?/Apdivhdv

23

in view of (3.2)-(3.3). For smooth functions w; and wy, integrating by

parts we have that

(3.26) 373 / (Vq, Vp)div hdv + % / Apdiv h dv

- —373/<V(Vq, Vp), b dv + f/Apdivhdv,
and

(3.27) / (V2p, VI )do = - / GIRR(T2p) s dv
_ / [(h, VAp) + Ric (h, Vp)ldv + % / [AP(Va, h) + Aq(Vp, h)]dv

1 1
_ / [Apdivh — Ric (h, Vp) + yAp(Vq, h) + 5 Aq{Vp, h)}do

in view of (3.3) and

gijhkp;jki = gijhkp;jik + Rskhk(Vp)S = <ha VAp> + Ric (h7 Vp)
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Since Adiv h = 0, recalling (3.25), by Hoélder’s inequality and (3.26)-
(3.27) we then have

(3.28) 3’73/6_‘1A§pdivhdv§+673/<V§p, Vhb>§dv§
+(% — 3v3) /Apdivhdv
= o( [ 11slde+ [(1V3117a] + 934l Vol + VT o)
=0|( ||V —o ||P]| 2=
(19Pl a0 1]l 001 )
1
+0(103aleal | 2195130 o I [hl10-0)
1 1
+0(19V3pllg + ([ 2 19l3deg) ([ #IValidog)¥)
1 3
([ valians) 1 g Mhllaoco
= €O + | VplEgt, + IVl

1
£l 1T+ IVl )0 [ 10V3als( [ #1Tpliay)’

1 1 1
HIVplest [ #19al3des)* + ([ P10l ([ AV alaen)?
in view of (3.2)-(3.3), (3.15) and (3.24). When wy satisfies (3.12), notice

that p,g € () W29(M) and h € L5 (M) 0 WE20429()f). By an
1<g<2

approximation argument we see that (3.26)-(3.27) and [ Ap divh dv =0

still hold for p, ¢ and h also in this case, and then (3.28) again follows.

As
4£1 46) 4(1—¢)
Vel it = 0 ( [wvmn dv)

—4e
Vp|? _6c_
= () 2 4 ‘ 1746(1 = () d/p 2 ‘7 4(i ~
(/ PN G v > ] IV Plgdea)
in view of (3.14), notice that

(3.29) /<F1 - FQ, Vg0>d’l)

2 4 1—de_
=0 HFl —F2H%( p \Vp\gdvg)‘l(l—e) )

4(1—e¢)

. / IVl [hldo = O~ Vpl 2% + €3 + S [Ihll, %)),

€3 1—4e

Since
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inserting (3.22)-(3.23) and (3.28)-(3.29) into (3.21), by Young’s inequal-
ity and (3.15) one finally gets that

4(1—¢)
[ #1930 + 1Vpl8) sy = O(1Fs — Fallui +nIVpI3E0)
2
(3.30) +e30([pV2al3 4 + [VPIITY, + HVqH;‘ (g +e3)

for all 0 < e < ¢y and 0 < § < 1, for some ¢y > 0 small.

Since (3.30) holds for any smooth functions w; and ws, if we choose
= F5 = 0 then wy = p = ¢ satisfies

/ V2w |2 + [V |}

31 G
(3:31) (62 + |V [2)2e 9

4(1—¢)
4 4—4
= O(IFi e + Vw3l + [Vl + )

forall 0 < e < ¢ and 0 < § < 1, where g = e¥lg. Letting § — 07 in
(3.31), by Fatou’s Lemma we deduce that

4(1—¢)

9 dog = <||F1H4(1 e>+||Vw1||§ 3§+63HV“’1”41 g€ >

/ \V2w1|2 + \Vw1|
|Vw1|46

[Vwi |}

for all 0 < € < €. Since [ SwrTe Ldvg = [ |Vwi|*1=9dv, by Young’s

inequality we obtain that

|v2wl|2 A(1—e 4(1—¢)
|viul|4fd”§+‘|vw1\|4§1_e§ = (||F1H4(1 S +1).

(3.32)

If wo is either smooth or satisfies (3.12), we can still apply (3.30) with
wy = F; =0 and get

|V2#w2|2# A(1—e 4(—e)
333 [ L v+ [Vwal = (IR T + 1

for all 0 < € < €, where g# = e*2g. Since p < |[Vuw| =%, [Vwy| € and
| V3pl5 + [Vaals) = 26 V3w 5 + 222 |V 2 w2,

]dwl ® dws + dwe @ dwy — <Vw1, Vw2>g|2
—2<V§w1 + V?]#wg, dwi ® dws + dwy ® dwy — (Vwy, Vws)g)

in view of (3.2)-(3.3), by (3.32)-(3.33) we deduce that

4(1—e 4(1—e¢) 4(1—e 4(1—e
IVpll36—8) + 1Vall3h = = <||Vw1u4<1 5 + (Va3 -9)
4(1—e¢)

(3’34) - O(”F1H4(1 ) + HF2||4(1 B) + 1)
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and
(3.35) 1oVapli3.4 + 10Vall3 4
2 2 2 2
_of [Nawlg,, " Vs w2l dv 4
’Vw1‘46 9 \Vw2\45 g

+/\Vw1|2_2E]Vw2\2_2€dv>

4(1—¢) 4(1—¢)

= O(||F1H4(1?Le) + HF2||4(137 ) + 1)

3 3

for all 0 < € < €. Inserting (3.34)-(3.35) into (3.30) and letting § — 0,
estimate (3.17) follows by Fatou’s Lemma for some ¢y > 0 small. m

Remark 3.4. When OM # 0, re-consider G(x,y) as the Green func-
tion of A% in M with boundary conditions G(x,-) = 0,G(x,-) = 0 on
OM. The Hodge decomposition (3.10) does hold with ¢ € W02’2(1+26) (M)
and h € WOI’Q(H%)(M). Letting ¢, € C°(M) so that ¢, — ¢ in

4(1—e¢
W, =3 (M) N W§’2(1+26)(M) as k — 400, thanks to Remark 3.2 we
can use (3.1) with @i and let k — 400 to get the validity of (3.18)
for ¢. The integrations by parts (3.26)-(3.27) are still valid since h €
W(}’Q(H%) (M), while [ Apdivhdv = 0 does hold provided wy — wy €
W02’1(M). Hence, Proposition 3.3 does hold when OM # 0 provided that
we assume wy — wy € W02’1(M).

According to the terminology in [27], let L%9 (M, TM) be the grand

Lebesgue space of all vector fields F' € U LY(M, TM) with
1<g<q

0
[ F]lg,q) = sup €9[[Flg1—e) < +00
0<e<eg

and W%22) be the grand Sobolev space
WO = fw e W (M) : W =0, ||[w|yos = |Aw]pa
(3.36) +[|Vwl|g,gy < 400}
Let M = {u Radon measure in M : u(M) = 0}. For p € M we

say that a distributional solution w of N'(w) = p in M is a SOLA if

w= lim w, a.e., where w, are smooth solutions of N'(w,) = f,, with
n—+oo

fn € C®(M), W, = f, =0 and f,dv — pu as n — +oo. We argue as
in section 4 in [27]: letting G2 be the Green’s function of A in M, for
w € M the function

H(p) = /VxGQ(x,y)du(y)
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makes sense in L¢(M) for all 1 < g < 3 and satisfies

3 3 4(1—e) 4(1—¢)
ENHW w0 < €fldul sup / V2o (e, )5 dv(a)
3 yeM

(3.37) < Cldyl

for all 0 < € < ¢, in view of

</ [/ V. Gal,y)ldu(y)) 5 dv(fl:)>4(13_€)
< tiul ([ 20) [ 19,63t dm))@

by Jensen’s inequality. Therefore, we have that H : M — Llé)(M ,TM)
is a linear bounded operator satisfying the property p = div H(u), and
we can now re-phrase Proposition 3.3 as the following main a-priori
estimate.

Proposition 3.5. Let 72 > 6, § <0<g3 2 and n be given as in (3.16).
There exists C > 0 such that

39 2]
lwr — wallyyons < C|IF — qu 5 (IR lg,3) + [ Pollg ) +1)2

4436

(3.38) +C||F1 — | (HF1||9 ay £ (| Fallg gy +1) 722

1 1
(1 E1llg, )+ [[F2llg 1) + 1)5 O(HV(UJl — wa)ll2 + [|V (w1 —wa)ll)

for all SOLA’s wy, wa of N(w1) = p1 € M, N(wa) = po € M, where
Fy = H(uy) and F» = H(ug). FEstimate (3.38) holds even if ws is a
distributional solution which satisfies (3.12).

PROOF. Since wy is a SOLA, by definition let f; , be the corresponding
approximating sequence of p1 = div Fy. Letting uq, be the smooth
solution of Aui, = fi, in M, Uy, = 0, we have that u;, is pre-
compact in WH4(M) for all 1 < ¢ < %, see for example Lemma 1 in [8]
in the Euclidean context, and then the following property does hold:

(3.39) sup|finli <4+o0 = H(findv) pre-compact in LY(M)
n

forall 1 < g < % in view of H(f1n,dv) = Vui,. Up to a subsequence,
we have that u, — u; in Wha(M) for all 1 < ¢ < %, where wuq is
a distributional solution of Au; = pq in M, w; = 0. By uniqueness

Vu; = H(u1) and therefore w1 = lim wi, a.e., where N(wy,) =
n—-+o00

div F,, with Fy, = Vuy, — Fy in LY(M) for all 1 < ¢ < 3.

Assume that ws is either a SOLA or a distributional solution satisfying
(3.12) of N(w2) = pg = div Fy. In the first case, let fa, and F», be
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the corresponding sequences for wo so that we = lim ws , a.e., where
n—-+oo ’

N(wsy) = div Fo,, with Foy, — Fy in LY(M) for all 1 < ¢ < 4. In the
second case, consider wg ,, = wy for all n € N. Apply (3.17) to w; , and
wa ., to get by (3.34)

2 2 4
Vaunli Vo,
(IVpnl? + [Vga[?)2 4" =

in terms of p, = w1, — W2 n, ¢ = W1,y + W2, and g, = e g. Notice
that for 1 < ¢ < 2 by Hélder’s estimate there holds

q

(AQ pn)2+’v%1% ’vpn% 2
Apaldv < C / : 0o 000 gy,
1o ( (VpaP+ VPP 0

2—q

€ 2
y (/(\Vpn|2 + |an\2)22qqdv>

in view of (3.2), and then p,, is uniformly bounded in W29(M) for all
1 < ¢ < 2 thanks to (3.34). By Rellich’s Theorem we deduce that
Pn — w1 —wy in WHI(M) for all 1 < g < 4. Letting n — +oo into
(3.17) applied to wy,, and wa,, by Fatou’s Lemma we get the validity
of

IVapls + [Vpl; o)
(3.40) / ap s gy s < CUIF = Boll gt
9 de 4 4(1{—6) 4 4(1{—6) 2
+nlIVpll3Zie + €3 | Fill st + €3[| F2ll sty +€3)
3 3

for all 0 < € < ¢ and for all distributional solutions w; of N (w;) =
div F;, i = 1,2, provided w; is a SOLA and ws is either a SOLA or
satisfies (3.12), where p = w1 — wy, ¢ = w1 + wy and § = e%g. Re-
written (3.40) as

dv

/(Ap+ (Vq,Vp))? + |Vp|!
(IVp|? +|Vq|?)2
4(1—¢)

<O IR~ Ball, 5+l Vpl35)

4_g 4(1=¢) 4(1=¢) g—2
+Ces (1R, &y +F2ll, &) +€73)
973) 973)
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in view of (3.2), by Young’s inequality we deduce that

(3.41) /|Ap+<VQ7VP>|2(1_6)CZU+/|Vp|4(1_6)dv

e / (Ap+ (Vg Vp))? + [Vp|]dv

_ (Ap + (Vq, Vp))? + |Vp|? .
‘O</ (Vo2 + Va2 d)

4(1—e 1 € —4e
+€0 (vau&l D+ IValli=)) < Cnllvpl

1() 41 4(1—¢) €)

4( 41 2
Ce |l 1 — Follg 4 +Ces™ (||F1H +lElly 4 +69*§)

for 0 < € < ¢y in view of (3.34). If F} # F3, let €5 > 0 be defined as

[y — Follg 4y

)
[Ellg, 3y + [ F2llg 2y +1

€5 =

for 0 < 6 < €. Since 0 < €5 < < ¢g and H . ||q(1—6) = O(H : ”q(l—e,;)) by
Holder’s inequality, inserting €5 into (3.41) we deduce that

0
(3.42) |Ap+ (Vq,Vp)llo2) = sup 82[|Ap + (Vq, VD)laa—s)

0<d6<ep

= O( sup 62(|Ap+ (Vg Vp)l|2(1—c;))

0<6<eg

[ SIS

4-36
= ||F1 — leleg) O(1F1llg, ) + [ F2llg 2y + 1)

1
+nO([Vpll2 + [[Vpll3)

and
0 o
[Vpllgsy = sup 61[|Vpllya—s) = O( sup 04||Vplls—cy))
0<6<eg 0<6<eg
0
(3.43) = B = B, N O(HF1||9,§)+”F2H9,g)+1)4

1 1
+770(HVPH§ +1Vpllz)-

Considering as above the two cases w; = F; = 0 and wo = F» = 0 by
(3.43) and Young’s inequality we obtain that

ol

IVallg.ay = OUIVwrllg.ay + [[Vwalloa) = O F1llg, 1) + [ F2llg 1) +1)5,
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which inserted into (3.42) by Hoélder’s inequality gives

1Apllg,2) = OUIAP + (Va, VD) llo.2) + [ VDllo,0) I Vallo.a))
4-30 0
= 151 = B2l &) O Fllg,3) + [1F2l ) +1)2

4430

130
+F1 = F2He%2) O(1F1llg, 1) + [[F2llg sy + 1)

1 1
+1(|Fillg 3 + 1 Fally 1) + 1)3 O(IVpll2 + [Vol3).

Therefore (3.38) has been established. m

We have the following general result of independent interest.

Theorem 3.6. Let % > 6. For any p € M there exists a SOLA w
of N(w) = p in M so that w € WH22) . When ~vo = 63 such a SOLA

1S unIque.

PROOF. Since n = 0 when -5 = 673, uniqueness directly follows from
estimate (3.38) and we are just concerned with the existence issue.
Letting p,, be a sequence of mollifiers in [0, 4+00), define the approxi-

mate measures i, = (fn, — f,)dv, where f, () = [ pp(d(z,y))du(y) are
smooth functions. Since p, — wu, by (3.37) and (3.39) we have that

F,, = H(uy) is uniformly bounded in Ll’%)(M ,TM) and is pre-compact
in LY(M) for all 1 < g < %. Up to a subsequence, it is easily seen that

F, is a Cauchy sequence in Le’g)(M, TM) for all & > 1. In order to

solve N (wy,) = f, in M, notice that N (w) = %, where

J(w) = /(Aw)2dv — 2’)/2/R1C(V’UJ, Vw)dv
+12y3/(Aw + |[Vw|*)2dv

2
+(§’}/2 — 4~3) /R[Vw[de, w e W2(M).

Since by squares completion
B/(Aw)de + 12/(Aw + |[Vw|*)2dv
_ 2
> 24+ 8 \2/576 + /[(Aw)Q + [Vl d

with 8 = % > 0, the functional J(w)—4 [ fw dv is easily seen to attain
a minimizer in W22(M) N {w = 0} as long as f € LY(M) for some
q > 1. So we can construct w,, € W22(M) solutions of N (w,) = f, in
M, w,, = 0, which are smooth thanks to [55]. Estimate (3.43) provides
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by Young’s inequality

= 1
IV wallyg = O(I1Full 2y (1Flly 3+ DE +1).
'3 '3

Therefore, by (3.38) w,, is a bounded sequence in W22 In particular,
wy, is uniformly bounded in W?24(M) for all 1 < g < 2 and by Rellich’s
Theorem we deduce that, up to a subsequence, w, — w in W14(M)
for all 1 < ¢ < 4. Since ||V(w, — wp)|2 — 0 as n,m — +o0, we can
use again (3.38) to show that w, is a Cauchy sequence in W?%%2) for
1 <9< 3. Then wis a SOLA of N(w) = p in M with w € WH%2 by
the boundedness of w,, in W12 m

Remark 3.7. Let OM # () and ® € C*°(M). For a Radon measure
w on M we say that a distributional solution w of N(w) = p in M,
w = ® and Qyw = 0,P on OM, is a SOLA if w = lim w, a.e.,

n—-+4o00o
where wy, are smooth solutions of N(wy) = fn in M, w, = ® and

Oywyp = 0,® on OM, for f, € C®°(M) so that f,dv — pu as n — +oo.
The map H is defined by using as Ga(x,y) the Green function of A in
M with zero Dirichlet boundary condition on OM. By Remark 3.4 we
have that Proposition 3.5 still holds in this context provided wi — we €
WOQ’I(M) and Theorem 3.6 does hold providing a SOLA w € W22 (M)
of N(w) = p in M, w = ® and dyw = 0,® on IM for any Radon
measure i.

4. Fundamental solutions

l
Let pus = Zﬂiépi be the purely singular measure given as a linear
i=1
combination of Dirac masses centered at distinct points p1,...,p; € M.
Given U as in (1.7), the parameters 31, ..., 8; # 0 are chosen to satisfy

l
(4.1) ,31 = Udv.
-

Since (4.1) guarantees that us — U € M, for % > 6 we can apply
Theorem 3.6 to find a SOLA w, € W1H22) (M) (recall (3.36)) of N (w;) =

!
Z Bidp; —U in M, referred to as a fundamental solution corresponding
=1

to ts. Unless 79 = 673, fundamental solutions w, corresponding to ps
are not unique and the aim now is to establish a logarithmic behaviour
of each wg, no matter whether uniqueness holds or not.

Since

d
%[(72 + 127y3)z + 187322 + 673363] = (72 + 127v3) + 3632 + 18~322
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has a given sign in view of A = —727%(% —6) <0, let a; = a(Bi) #0
be the unique solution of

(4.2) —47?[(y2 + 1273) + 18y302 + 6y30°] = S;.

The function

l
(4.3) wo(z) =Y a;logd(z, p;)
=1

is an approximate solution of N (w Z Bidp; —U in M, where J(:U Di)

stands for the distance function smoothed away from p;. Since wqg sat-
isfies (3.12) and N (ws) — N(wp) is sufficiently integrable, we can let
€ — 0 in estimate (3.40) to obtain W22 —estimates w.r.t. g = e®sTwog.
Once re-written as W22 —estimates w.r.t. go = €>“0g, the argument in
[55] can be adapted to annular regions around the singularities to show
that such weighted W22-estimates imply the validity of (3.12) for w;
too.

Concerning the role of wy we have the following result.
Lemma 4.1. The function wy in (4.3) is a distributional solution of
l
(4.4) N(wo) = Biby, + fo
i=1
with  fo — yediv[Ric(-, Vwo)] — (2793 — %) div(RVwy) € L (M).

PROOF. wy is a radial function in a neighbourhood of p;, so in geodesic
coordinates it satisfies

20 2 O 2 2 T
AUJO = W, |VU}0| = |x|2’ (Aw() + ’Vwo‘ )VU}O = (2 + az)al W
for all z # 0. Since
Nwo) = (F +673)A%w + 633A(|Vu|)
—1273div[(Awg + |Vwe|*) Vo)
Fyodiv[Ric(-, V)] + (243 — ?)div(RVwo)
= madiv[Ric(, Vu)] + (275 = 2)div(RVuy)

near p; and N (wp) is a bounded function away from p1, ..., p;, we have

that wg solves N (wg) = fo in M\ {p1,...,p;}, with the right-hand side
satisfying fo — ~yediv[Ric(-, Vuwp)] — (2v3 — & )div(RVwg) € L>(M).



CRITICAL METRICS FOR LOG-DETERMINANT FUNCTIONALS 33

Given € > 0 small and ¢ € C*°(M), we have that

/ Jopdv = / N (wo)pdv
M\U._, Be(p:) M\U!_, Be(p:)

l
- Z% [(% + 6'73)81/AU70 + 6’738V|Vw0|2
i—1 7 0Be(pi)
—12y3(Awo + |Vwo]2)3yw0] odo
+/ [(B + 6y3) Awo Ay + 673 Vwo|* Ay
M\U§:1BE (pi) 2
+1273(Awo + [Vwo[*){(Vwo, V)] dv

— / [72Ric(Vw0, V) + (275 — 2YR(Vuy, w)] dv
M\Ué—lBe(pi)

3
+oc(1),
where o.(1) — 0 as € — 0T. Since
20[,'
Oy [(% + 673)Awy + 673|Vw0]2} =3 [v2 + 1273 + 60;73],
202 3
(Ao + [V )0, = =" 7%

on OBc(p;), as € — 07 we get that

/[(722 + 6793) Awo Ay + 63| Vwo|* A

+12y3(Awg + |Vwo|?)(Vwg, V) |dv

_ / aRie(Vuo, Vi) + (215 — 2)R(Vup, Vi) d

I
= Bie(p:) +/f090dv
i=1

for all p € C*°(M) in view of (4.2), i.e. wy is a distributional solution
of (44). m

Remark 4.2. Let & € C*(B,(pi)), it =1,...,l, so that ® =0 near

pi and assume that {p1,...,p} N By(p;) = {pi}. Letting —472[(v2 +
1273)a; + 187305? +673a23] = B, choose wy(x) = a; log J(az,pi) i such a
way that wy = 0 near 0B, (p;). We have that wy + ® is a distributional
solution of (4.4) in By(p;) such that fo — vyadiv[Ric(-, Vwo)] — (273 —
2)div(RVwo) € L>(B,(p;)). Moreover, thanks to Remark 3.7 there
exists a fundamental solution ws corresponding to us and ®, namely a
SOLA ws € WH22(B,(pi)) of N(ws) = Bidy, — U in B(p;), ws = ®
and O,ws = 0, P on OB, (p;).
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The aim now is to show that any fundamental solution w, has a logarith-
mic behaviour near pi1,...,p;. For problems involving the p—Laplace
operator an extensive study on isolated singularities is available, see
[35, 51, 52] (see also [36] for some fully nonlinear equations in confor-
mal geometry). We adapt the argument in [55] to our situation and in
presence of singularities to show the following result.

Theorem 4.3. Let % > 6. Any fundamental solution ws correspond-
ing to us satisfies ws € C°(M \ {p1,...,p}) and (3.12) with «; given
by (4.2).

PROOF. Recall that ws is a SOLA of N (ws) = ps — U := div F and
wp is a distributional solution of N (wg) = ps + f = div Fy. Since
—(fo

F,Fy € Ll’%)(M TM) with div (F — Fpy) = ) € LI(M) for all
1 < ¢ < 2in view of

(4.5)  fo — yediv[Ric(, Vawg)] — (273 — %)div(RVwo) e L™(M)

by Lemma 4.1, we can let ¢ — 0" in (3.40) and by Fatou’s lemma end
up with

(4. )/HV pl? +[Vp[fdv < C(|F — F0||3 + 7| Vpll3 +1) < +o0

in view of (3.2), where p = ws—wg and § = eWs+%0g. Setting go = e*“g,
by 2wy = ws + wg — p we deduce that V;Op = Vgp + O(|Vp|?) in view
of (3.3) and then (4.6) re-writes as

(@.7) / V2 % + [Vp|1dv < +oo.

Notice that ws and wq satisfy

(48)  (N(ws) — N(wo), 0) = - / (o+ U)pdv, e C®(M),

and it is crucial to properly re-write the L.H.S. in terms of gy and not
g as in (3.1). We can argue exactly as in Proposition 3.1 to get

(4.9) N (ws) = N(wo), ¢)
=373 /(Agop + 2|Vp’_¢2;0)Ago‘PdUgo + 673 /<V52]0p7 V?)o@godvgo
+12v3 /(Agop + |Vp|§0)<Vp, V) godvg, + (% — 373) / ApAp dv

+(2v3 — %) /[3R1(:(Vp, V)dv — R(Vp, V)|dv
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for all p € C*°(M). Setting Aop = Ap + 2(Vwy, Vp), by (3.2) we can
re-write (4.8)-(4.9) as

(4.10) 373 / [Aop + 2|Vp|?| Ao dv + 673 / (V2 0, Vo p)dv

+1273/[A0p+ IVp|*)(Vp, V)dv + (% - 3W3)/APASDdU

+(2v3 — %) /[BRic(Vp, Vy)dv — R(Vp,V)ldv = — /(fo +U)pdv

for all p € C>*(M).

Given p=p;, i =1,...,l,set a = oy, A={x € M : d(x,p) € [},8r]},
r > 0 small, and fix 2 < ¢ < 4. Through geodesic coordinates at p and
the change of variable z = ry, notice that

2
(4.11) / |Agp|?dv —/ |Ap + — 02121/ |gldx
A By, \Bs |z]
—_ r 2a T
=t [ A oy [Ty
Bg\leI |y

< Oy / Ay 119 dy = C / Apltd
Bs\By A

for all p € WOZ’q(A), where ©"(y) = p(exp,(ry)) € Wg’q(Bg \ Bi) and
9" (y) = g(exp,(ry)) = deuct C*—uniformly in Bg '\ Bi asrT — 0T, We
have used that

/ V|9 Jg7ldy < C / INNT Y
Bg\le; BS\B?lI

in view of Poincaré’s inequality. Arguing in the same way, one can also
show that

(4.12) / |Vgo<p|qdv < C'/ |V2p|%dv < C’/ |Ap|?dv
A A A
for all ¢ € W2%(A), and
_4q_ 4—q 1
(413) (fA |¢|4*qu’l)) 4ziq§ C(fA ’vw‘qdv)q
(JalVeltadv) T < C([, |Ap|%dv)
for all i € W14(A) such that either 1|94 = 0 or @A = 0 and for all
€ Wy (A).
Given ¥ € C§°(4,8) so that 0 < ¥ <1 and ¥ = 1 on [3,4], set x(z) =

40
)Z(M) and let

T

(4.14) 2 = /A(Aop)de—i-/AWf]Op]de—l— (/A IVp|*dv)z.

S



36 PIERPAOLO ESPOSITO & ANDREA MALCHIODI

We can assume that 0 < ¢, < 1 for r > 0 small since

lime. =0
r—0

in view of (4.7). By (4.12), (4.13) and Holder’s estimate we have that
| [[180p -+ 2195l Box + 2(Vx, Tl

+| /[2<V><, Vp)(1+p —5) + Aox(p — 7)Ao do|
C'e,

2(q 2)

<[ tel#an) 5 + ([ (961550 + ([ 81T

Ce
= 2(qrz) /’A90’q Tdv) s

27L . .
for all ¢ € W, """ (A), taking into account that

<

1" h

<% [(/ lp— P Fid) +</ !p—pAlqdv)}f}

r A A
_a_ g—1
<([ 180glP1a0)'

A
¢ 1 Ag_ q+4 _a_ q=1
< ﬁ |:’I”€7»(/ ’vl)|qdv)q + (/ ’Vp|q+4dv) iq :| (/ ‘Asqu,ldv) p

A A
Ce,

— 2(q 2) / ’A“P‘q 1dU q .

Since

(Aop + 2|Vp[*) Ao (xy)
= (Aoh + 2(Vh, Vp))Aop + (Aop + 2| Vp[*) (9Aox + 2(Vx, V)
—12(Vx, Vp)(1 +p — ) + Aox(p — )] Aoy,

where h = x(p — p?), we have that for some £; € W~29(A):
[ Bop+ 295 Mol = [ (Boh-+ 209, V) Agpdv + 21,

Ce,
(4.15) L1 <

T 2(g=2)
r o a
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Analogously, there holds

(1.16) 63 [ (V2,9 V2, (oo + (2 = 330) [ ApA(xeldo

= 673 / (V2 h, V2 @)dv
Cer

T 2(g-2)
r o a

+(%—3'ys /AhA@varﬁ% 122 =

thanks to

| / (O(VRIVX]) + V2 x(p — 7). V2, )]

1 / (V2 p, o V2 x + O(|IV|[ Vo) )do]
C’er

and

(V2 p, Vo, (xe))
= (V2 h—dx®dp—dp®dx — Vi x(p—D"), Vi)
+(V2,0, Voo X + dx © de + dip @ dx),

in view of (3.3) and (4.12)-(4.13). Since in a similar way

[ 1911800l + 199 + 1) (IVeellp ~ 5]+ |Vpr|sor)dv|

Ce
< Z(qTQ) /’A(P|q Tdv) T
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_q9
for all p € VVOZ‘“1 (A), there holds
(4.17) 1293 | (Bop + Vo)V, V() do
23— 2) [13RIe(Vp. Vxo))de — R(Tp, T xp)ldo

— 1275 /A Dop + Vo) (Vh, Vig)do

(275 — %) / 3Ric(Vh, V)dv — R(Vh, V)]dv + L3,
A
Ce,
1£3]l < —7-
r g

Since by density and (4.7) we can use xp, ¢ € W02’2(A), into (4.10), by
collecting (4.15)-(4.17) one has that

(4.18) 373 /A [Agh + 2(Vh, V)| Agp dv + 673 /A (V2 h, Vo o)dv

1275 / (Bop +VpPY(Th, Vo + (22 — 3y9) / AhApdy
A A

Haw - ) / 3Ric(Vh, Ve)dv — R(Vh, Ve)]dv = £(0)
A
for some £ € W~22(A), which can also be regarded as £ € W~24(A)

satisfying

Ce, 2¢ g+2
(4.19) L] < 0 ( /A [fo + U7 dv) 57

r aq

in view of

’/(fO_FU)X(‘OdU‘ < (/ | fo +U]‘12+(12dv)(g«f(/ ’M%dv)‘%ﬁ'
A A

Since
| /A (Y, Vp) Ao do] + | /A [Aop + [Vp2)(VE, Vi)dol
<er( [ VA0 ([ 1agl#1d0)'?
A A
- 4g 4 _4q  3g-4
—i—Cer(/ |Vh|i=adv) 4a (/ |Vp|3a-1dv) 4a
A A
and

| / [3Ric(Vh, V)dv — R(Vh, V)]do|
A

s0r2</ \vmf%dvﬂf(/ V|72 du) %
A A
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2,-L- -
for all o € W, 77! (A), equation (4.18) written in & is equivalent to
373 / AohAgp dv + 63 /A (V2,h, V2 @)dv

HE =3 [ ARagdv+ TlH(0) = L(6),
A

where T' : WOQ’q(A) — W~29(A) is a linear operator which satisfies

IT|| < C(e + r?). The crucial point is that the linear operator A3 :

W29(A) — W~24(A) is an isomorphism with uniformly bounded in-

verse, where

AZh( / AohAgg dv+2 / <V§OB,V20¢)>dU+(——1 / AhApdy.

Since € + 72 — 0 as 7 — 0 we have that 3y3A2% + T : WOQ’q(A) —
W=24(A) is still an isomorphism with uniformly bounded inverse. Then
3v3A2h+T[h] = L is uniquely solvable in WO2 “(A) for all 2 < g < 4 and
such a solution & coincides with h € I/VO2 2(A) by uniqueness in I/VO2 2(A).
So for all 2 < g < 4 we have shown that

IN

(420)  [hllyzagy < C'lLlw-2oa

IN

C

€ 2¢  gt2
2(;"_2)+(/ |fo+ Ulat2dv) 24 ]
r g A
for some C' > 0 thanks to (4.19).

In order to show that A2 : Wg’q(A) — W~29(A) is an isomorphism
with uniformly bounded inverse, notice first that

(4.21) 64 ;zinf{/A(th)?dv: he Wg*(M), /

(Ah)%dv = 1} > 0.
A

Indeed, letting h,, be a minimizing sequence in (4.21), we can assume
that h, — h in W02’2(A) and h, — h in Wol’Z(A) as n — +oo thanks to
Sobolev’s embedding Theorem. When h = 0 we have that [,(Aohy)?dv —
1 asn — +o0o and then 64 = 1. If h # 0, we need to show that Agh # 0
since by weak lower semi-continuity 64 > [,(Agh)? dv. Observe that
Aoh = Ah + 2(Vwp, Vh) = 0 has only the trivial solution in W02’2(A)
as it follows by testing Agh against e?“0h and integrating by parts:

0:/(Ah+2(Vwo,Vh))e2w0hdv: —/ e?0|Vh|2dv.
A A
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Since every £ € W~24(A) can be viewed as an element in W~22(4) in
view of — <2 and by (4.21) there holds

A2h(h) = /(th)de+2/ V2 hlPdv + ( ——1 /Ah
A A
> 5A/(Ah)2dv
A

due to 772 > 6, we can minimize $A3h(h) — L(h) in W02’2(A) and find a
solution h € WZ2(A) of A2h = £ in W~22(A). Thanks to (3.2)-(3.3)
and (3.9) let us now rewrite A3h(y) as

Alh(p) = (2+— /AhAgpdv—l—E( ),

where L satisfies | £()| < %HhHWOQ’Q(A)H(p”wg»%(A)' Since £ € W=24(A)

and £ € W~=24(A), we can use elliptic estimates for the bi-Laplacian
operator in [3] to show that h € VVO2 1(A). Moreover, by the inverse
mapping theorem we know that [|AZh|lyy-2.a(a) > (5HhHW 4 for some

d = d(r) > 0. To see that § > 0 can be chosen 1ndependent of r > 0,
through geodesic coordinates at p and the change of variable x = ry as
in (4.12) we simply observe that

4-2¢ - 2,4
| Ahllw—2a(ay = o sup{Ag"h" () : v € Wy (Bs \ By),

/ |Ag”/"q%ldvgr <1}
Bg\B%

and HhHWOQ,q(A) =r

Ay b [dug )i, where Vaf(y) = %
and 1
AGTH ()
= /BS\B1 (Agrh” + 2(Vwy, VR") gr ) (Agrtp + 2(Vw(, Vip) gr )dvgr
+2 /38\31 (Vagh"s Vggi)grdvgr + (6% - 1)/}38\191 Ay Ay dugr.

Since gr(y) = g(ry) — oye] C*—uniformly in Bg \ B1 as r — 07, we
4
have that

~ 9
sup{A27R(¢) : € Wo' i (Bs \ B), / 1Agr| 7T dvgr < 1}

Bs\B1
4

(4.22) > 5(/ Ay h|%dvgr) s
Bs\B1
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uniformly in A for some § > 0, and then ||A%h”w—2,q(A) > 5HhHW02,q(A).
We have used that the desired inequality [AZ eucl}NZHW*Qaq(Bs\Bl) >
’ s

5||h”W§"’(Bs\B%)

the following convergences:

does hold in the euclidean case with some § > 0 and

~ 9
LHS. in (422) — sup{A3 ., h(0): € Wy (Bs\ By),
/ |Ap|aTdr < 1}
Bs\B1
4
= ”A%,eucthW*qu(Bs\B%)

and

R.H.S. in (4.22) — (/ |AR|%dz) e
Bs\B1

as 1 — 07 uniformly in h.

Set A= {zx € M: d(x,p) € [5,4r]}. Notice that by (3.3) and (4.13) it
follows that

1
(4.23) / Agp|dv)t + / V2 pladu)
o /A Vol o) T 4 T - Pl s

< CHhHWO?’Q(A)

for some C' > 0, in view of ([, |[Vwol?|Vh|%dv) % <C([, \Vh|4 qdv) o
and through geodesic coordinates

1
@201ls = 19 onan, <O IApurnygln)s
2

B4\B1

2(¢g—2)

= o ([ |aupa):

for all ¢ € Wl’q(fl) with @A and for ¢ > 2. To get stronger estimates,
let ¥ € C5°(3, )Wlth0<x<1andx—10n [1,2], and define now

x(x) = x( d(z ’p)) and h = x(p — p*). Thanks to (4.20) and (4.23) we
can repeat the above argument and, integrating by parts all the terms
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involving second-order derivatives of ¢, get that:
| 1800+ 295l Box + 2(Vx, Tl
+| [ (9 VA +p -5 + Box(e - Pl Bnp ol
+| / dx ® dp+dp ® dx + Vgox(p D ) me«p)dv|
+| /(Vzop, @Vﬁox +dx ® dp + dp ® dx)dv|
+| /Ap[waJr 2(Vx, Vep)ldo|
+ [ 209V + St - )Ag o

+/ IVxXI(1 Q0| + [Vp* + 1) (IVellp — 5 + [Vallel)dv]

C. e 2¢  at2 q¢_ . . a=1
< Tl + ([ 1o+ U180 %) [ Velan) T,
T T A A
and

| /A (Vh, Vo) Ao dv| + | /A Aop + [V (VR Vi) dol

+| /[3Ric(Vﬁ,Vgp)dv — R(Vh,Vy)]dv|
A
~ 9 g=1
< C(gr + TQ)’hHWS’q(A)(/A ’Vg0|q71 dv) q

9
forall p € VVOQ"’_1 (A), where ¢, is given by (4.14) on A. Notice that qua-
dratic or cubic terms in p have been estimated in the above expression
by using (4.23) on p and (4.14) for the remaining powers of p. Hence,
equation (4.18) in A is equivalent to

31308h(¢) + TIR)(¢) = L(p),
where T : Wg’q(fi) — W~14(A) is a linear operator so that |7 <
C(& +1?) and £ € W14(A) satisfies
C g+
II1£]] < r[ 2(q 5 / \fo+U]q+2dv 2q / |f0+U|q+4dv) iq
in view of

_4q_ at4 _a_ g—1
| /A(fo L U)xpdo] < ( /A fo+ U5 d0) 57 ( /A Vel dv) T

Arguing as before, since the operator A% : Wog’q([l) — WL(A) is
an isomorphism with uniformly bounded inverse, 3y3A2h + T[h] = L is
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uniquely solvable in VV3 (A), 2 < q < 4, and such a solution h coincides

with h € WOQ’ (A) by uniqueness in W22(A). Then, for all 2 < ¢ < 4
there holds

(4.25) 1Bl

<C

/|fo+U9+2dv k3 /|fo+U|Q+4dv) 4'1]

.-
for some C' > 0. Since arguing as in (4.24) there holds

_4q 4-q

AIVAla = IV lopan, <CU[ 18,15y

B4\B1
3¢—4 4q_ 4-q
= o' (/|Ah|4—qdv) =
A

in view of 74 > 4, by (4.13) and (4.26) for all 2 < ¢ < 4 we finally
deduce that

2(4-2) 20 _gt2
(426) r“vP”oo,Bzr\BT < C |:6,r +r qq (/ ’fO + U‘quZ d'l}) q2q
A

—4 4q q+4
+roT ( / |fo + Ul#¥1dv) 5 }
A

for some C' > 0. Estimate (4.26) establishes the validity of (3.12) when
k =1 in view of (4.5). Iterating the argument one shows that (3.12)
does hold for k = 2,3 too.

When p € M \ {p1,...,p}, there is no need to work on annuli as in
the previous argument, and it is therefore possible to show that w €
Wg’q(Br(p)), 2 < qg<4. Thenw € C*®°(M\{pi,...,p}) by an iteration.
|

Remark 4.4. According to the terminology in Remark 4.2, any fun-
damental solution corresponding to ps = B;0,, and ® € C®(B,(p;))

satisfies the conclusions of Theorem 4.3 in By (p;).

5. Blow-up analysis

In this section we are concerned with the asymptotic analysis of se-
quences of solutions wy, to (1.8). The first issue is to determine a min-
imal volume quantization in the blow-up scenario, as it will follow by
Adams’ inequality and (2.1). The blow-up threshold is not optimal but
it can be sharpened by using a Pohozaev identity along with the loga-
rithmic behaviour of the singular limit for w,, — w,. However, it is not
clear whether w,, tends to minus infinity or not, determining whether
the limiting measure of p,e*”" is purely concentrated or presents some
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residual L'—part. The latter is usually excluded by comparison with
the purely concentrated case.

In our setting mazimum principles are not available for the fourth-
order operator N and a new approach has to be devised, based only
on the scaling invariance of the PDE: we apply asymptotic analysis and
Pohozaev’s identity to a slightly rescaled sequence wu, for which the
limiting measure is purely concentrated, getting the optimal blow-up
threshold; since the concentrated part is sufficiently strong, the funda-
mental solution in the purely-concentrated case has a low exponential
integrability and, by using W22 -bounds to make a comparison, the

same remains true for lim (w, —w,) when inf, W, > —oo, in contrast
n—-+4o00

to [e*ndv =1 (which is assumed in Theorem 1.1). In order to have
an asymptotic description of wu,,, observe that scaling-invariant uniform
estimates on w,, are needed, which is precisely the content of Theorem
2.4.

Let g, be a metric on B, with volume element dv,,, U, € C®(B,)
and N, be the operator associated to g, through (1.9). We consider a
sequence of solutions u,, to

(5.1) No(un) + Uy = prpet in B,.

For a sequence ¢, € R we assume that u, — uo,

n n

(5.2) Sup/ e4u"dvgn < 400, sup/ (up, — cn)4dvgn < 400,

T

and

(5.3) Un = Uso in CY(Br), g = goo in C*(B)

for some Uy, € C*°(B,) and a metric goo. Notice that (5.2) implies

(5.4) sup/ (un — @l dv,, < +oo

n T

in terms of the average u, = fBr updvg, of u, on B, w.r.t. g,, since by
Holder’s inequality

C
=l <l = culdug, < ([ (= )y, )1

PN

We have the following local result on minimal volume quantization.

Proposition 5.1. Let % > % There exists eg > 0 so that

(5.5) stllp/B [(Agnun)2 + |Vun|§n] dvg, < +0o0
2
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provided |jiy| fBr 64“"dvgn < €9. Moreover, assuming Uy, — c, — uUg in
Wgz(f(B%) and 22 > 6, there exists 0 <ro < } so that

(5.6) sup [[un — cnllcie(p,,) < +00
n

for any a € (0,1).

PrROOF. By (5.4), it is enough to establish the proposition with ¢, =

u, . For simplicity we omit the dependence on n and the dependence

of geometric quantities on g,. Let x € C§°(B,) be so that 0 < x <1,
x =1in Bz and [Ax|+ [Vx| = O(1). In view of Remark 2.1, re-write
(2.1) with ¥(s) = s:

/ X4[ue4u —Ul(u—c) dv

T

= / xﬂ(% + 673) (Au)? + 18y3Au[Vul* 4 1293 Vul*] dv
B,

+0 (/B Dt = e + PVl (14 fu— e))][1+ [Aul + [Vul?] dv) :
By Young’s inequality and (5.2) we have that
0(/3 D!+ X — e+ Val(L+ fu = e)][1 + |Au| + |Vul?] dv)
< e/B Y (Au)? 4 |Vul] dv + C.

for all € > 0, with some C, > 0. Setting 5 = 1—;, arguing as in (2.4)
when ¥(s) = s we have that

(5.7) /x4 (B + 12)(Au)? + 36Au|Vul* + 24|Vu[*] dv
> (B+12 - 27 )/X4(Au)2dv + 24(5/X4\Vu]4dv
2(1 - 6)
250 4 2 4
> Tl ] X [(Aw)” + [Vu["]dv

for some &g > 0, thanks to 5 > % and for a suitable choice of § € (0,1).
Since Alx%(u — )] = x?Au+ O(|VX?||Vu| + |u—¢|) and V[x(u —c)] =
xVu+ O(|u — ¢|), by Young’s inequality we obtain

/ AGC — )] + [V (x(u — )] dv

T

<(1+ 6)/B X(Auw)? + |Vul?] dv + C.
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for all ¢ > 0 with some C¢ > 0, thanks to (5.2). Re-collecting all the
above estimates we proved that

(5.8) | 1863 = )P + [9(du - eI do

ol

et u — ¢| dv
dp — €

< Ce+

r

for all 0 < € < §p and some C, > 0. To estimate the R.H.S. we use the
inequality

2
x'sle® < Xes + 'S
. Y _ 72 - .
with s = 4(u—c) and A [CET=e— to get by Jensen’s inequality
that
fBr efdy

| et dao < AGC(u— )2 dv
By

2
2 B,

167T2X4 (u—c)2

4
+fBreudU/ eHAOcQ(qu))IIQ
r

L3(Br) du.
4

Setting €g = 728y, we can find € > 0 small so that % fBr efdy < %
and then (5.8) produces

/ AGEw — ) + [V (x(u — )] dv

T

167'r2X4 (ufc)2
2

A2 (e
<C+C e4udv/ P X I
B, r

for some C' > 0. Thanks to (5.3) and 1672 < 3272 we can apply Adams’
inequality in [1, 26] to x?(u — ¢) and finally get the validity of (5.5).

We are now in the case u — ¢ — up in WQQO’?(B%) and % > 6. By
contradiction, assume that for all 0 < r9 < 7 there holds, up to a
subsequence,

||lu — C”C4,a(BTO) — 400
for some v € (0, 1) and ¢ — ¢p, where ¢y € [—00, +00) thanks to Jensen’s
inequality and (5.2). By Adams’ inequality it is straightforward to show
that

(5.9) pett — pgetiotico in L (Br),q¢>1.

%
Since the limiting function ug € Wo:> (Br) solves Ny (ug) = poe* 00—
Uss in Bz in view of (5.9), by the regularity result in [55] we have that
up € C*(B;) and then N(ug) — pgettot4e — U, holds locally uni-

formly in By in view of (5.3). We can make use of (3.1) with w1 = u—c,
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wz = ug and ¢ € C5°(By) thanks to Remark 3.2. Setting p = u—c—uo
and ¢ = u — ¢+ ug, (3.1) re-writes as

373 / (Ap +(Vq, Vp)(Ap + (Vg, Vi) )dv + 673 / (Vp, Vip)dv

(510) 439 [ Vb9, Vido-+ (% = 33) [ Apigas

+(2v3 — ?) /[3Ric(Vp, V) — R{(Vp,Vp)ldv

— [luet ~ U = M)l o

for all ¢ € C§°(Bz) in view of (3.2), where § = eg. Take ¢ = x*p and
X € C§°(Bz) in (5.10) to get

(5.11) /X4 [373(Ap + (Vg, Vp))? + 673 V|
393/ Vpl* + (5 = 335) (Ap)?| dv

:még%WW—U—NWMw%)

2
+o( [ Iplvela)
Br
2
+0( [ (ol + 951+ 0l Val)( Vol + 971V + [V2pl)av)
3

Since p — 0 in WQQO’?(B ), by (5.3) we have that

5
T IVel* + [Val* + [V2p|?] dv = O(1),

(5.12) i [|p|4 + |Vp\%} dv — 0.

Inserting (5.9) and (5.12) into (5.11) we deduce that
/X4(Agoop)2dvgoo — 0,

and by taking x = 1 on Bz we end up with v — ¢ — ug in Wzo’f(Bi).
Since ug € C*°(Bz), for all § > 0 we can find 0 < rg < 7 so that

/ (Aw)? + [Vul*)dv < 5

Bry

this is the crucial assumption in [55] to derive upper bounds in strong
norms on u which do not depend on g. Then u — ¢ is uniformly bounded
in C*%(B,,) for any a € (0,1), which is a contradiction, and the proof
is thereby complete. m
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Hereafter we assume '% > 6. Let w, be as in Theorem 1.1 and let us

restrict our attention to the case ||wy, —Wn | c4.0(p) — +00 as n — +o0
for some « € (0,1). Thanks to Theorem 2.4 we have that [wy,]|pypo < C,
which implies the validity of (5.2)-(5.3) for w,, with ¢, = W, U, and
gn = g. Up to a subsequence, assume that e*» — [i as n — 400 in the
weak sense of distributions on M, where [i is a probability measure on
M. Consider the finite set

S={peM: |uli(B(p)) = e V0 <r <ip},

where ¢ > 0 is given by Proposition 5.1. For any compact set K C
M\ S, by (5.5) we deduce

n

(5.13) sup/ [(Aw,)? + |Vw,|!] dv < +o0.
K

By (2.3) and (5.13) we have that w, — w, is uniformly bounded in
W22(K) and then, up to a subsequence and a diagonal process, w, —
wy, — wo weakly in I/VZZOCQ(M\S) For any p € M\ S by (5.6) we can find

r(p) > 0 small so that [jw, — @n||c4,a(BT(p>) < C(p). By compactness

Wy, — Wy, is uniformly bounded in C;LO’S(M \ S) and then, up to a further
subsequence, wy, — W, — wo in Cit (M \ S). In particular S # 0, o # 0
and maxys w, — 400 as n — +o0.

Since e < vollM by Jensen’s inequality, up to a subsequence assume

that w,, — ¢ € [~00,+00) as n — +00. Since ef¥r — etwotdc Jocally
uniformly in M \ S, we have that

!
€4wn N e4wo+4cdv + Zglépz as n — 400
i=1
weakly in the sense of measures, where S = {p1,...,p;} and B; > “i—%‘.

The function wy is a SOLA of

l
(5.14) N (wp) = poeot4e 4 Z Bidp, —U  in M

i1
for B; = p105i-

We aim to compute the values of the (;’s, and we will prove below a
quantization result in a suitable general form. In particular, it will apply
to the following scaling of wy,, U, and g:

Un(y) = wnlexp, (rny)] +logrn,  Un(y) = raUnlexp, (ray)],
(5.15) 9 () = glexpy (ray)]
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for |y| < i—i, where p € M and 7, — 07. The function u, is a solution
of (5.1) for |y| < ﬁ—i which satisfies
1
J A AN
Bl (0) Tn Brn (p)
< C/][ lw, — @' |*dv < C
Br,, (p)

in view of [wyp]pmo < C. Therefore u, satisfies (5.2)-(5.3) on any
B, C Bi1(0) with ¢, = @}, U, — 0 in C'(B1(0)) and g, — Seyq in

C*(B1(0)). The result we have is the following.

Lemma 5.2. Let u,, be a solution of (5.1) which satisfies (5.2)-(5.3)
in B1(0). Suppose that

(5.16) pinetindu,, — B8

weakly in the sense of measures in B1(0) as n — 400, for some 8 # 0.
Then 3 = 8m%ys.

PROOF. Arguing as we did for w,, we can apply Proposition 5.1 to
u, to get that u, — u) is uniformly bounded in V[/lif (B1\ {0}) in view
of (5.4). Up to a subsequence and a diagonal process, we have that
Up — UL, — up weakly in VVi’f(Bl (0) \ {0}) and in turn

(5.17) Uy — T — ug  in O (B1(0)\ {0}), @, — —oo,

as n — +oo in view of (5.16). According to Remark 3.7 ug is a SOLA
of Ny ug+ Usx = B0 in B1(0), ug = ® and dyug = 9,® on dB1(0),
2 2

where @ is a smooth extension in B1(0) of ug o5, () We continue the
P B (0

=

proof dividing it into the following steps.

Step 1. Up to a subsequence, there exist pl, ... ,p,{, J € N, such that
pL,....p) — 0asn— +oo and

(5.18) do(y)tet < Cy in By(0)

where dy,(y) = min{dy, (y,py), - - -, dg, (. P}) }-

To prove (5.18), we first take p. — 0 as the maximum point of
up in By(0). Let z} be the scaling of u, around pl. with scale u. =
exp[—un(pL)] — 0 in view of u,(p}) — +o0. Since z} < z1(0) = 0, by
Proposition 5.1 we deduce that
(5.19) b =2t in CLL(RY).

Given rl >> pl we have that the scaling Z of u,, around p. with scale
7} still blows up and by Proposition 5.1 || [ B1(0) 4o dvg, > €o, where
Gn = gn(ray +py), or equivalently |un| [z 1) e**ndvg, > eo.

We now proceed as follows. If (5.18) were not valid with d,(y) =
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dg,, (y,pL), by (5.17) we would find a sequence p? — 0 of maximum
points for dg, (y, pl)e*r in By(0) so that

(5.20) dy, (ph, p2)e™ ) — foo.

Let 22 be the scaling of u,, around p2 with scale 2 = exp[—u,(p2)] — 0
in view of (5.20). Thanks to (5.19)-(5.20) we have that

dgn (p;l:wp?l)
I3

I3
By the maximality property of p2, z
by Proposition 5.1

— +00, — +00.

2 is bounded from above and then

22 = 22 in C_(R?).

Arguing as above, for r2 >> 12 we have that |u,| [ ) (2) etindy,, > €.

Iterating as long as (5.18) is not valid, we can find points p.,...,p; — 0
so that
i J
(5.21) B N S
dgn (p;l7pzl>
and |pn| [5 . (pi)e‘l“"dvgn > ¢ for alli = 1,...,J, for a choice 7%, >>

1. Now we define radii r{, by ri, = 3 min{d,, (pl,ph) : j # i}, in such
a way that B,: (p}) N B,;(pn) for all i # j and rj, >> pi, thanks to
(5.21). Since

it / My, > Jeo,
B1(0)

by |pal [ B1(0) e*ndy, — |B| we have that such an iterative procedure
must stop after J times, and then (5.18) does hold with p?, ..., pJ.

Step 2. Assume that d, (y, p,)*e*"» < Cy does hold in B;(0) for some
pn — 0. Then 8 = 8m2s,.

To show this, first notice that by Proposition 5.1 and dy, (y, p,,)*e**» <
C} in Bi(py) there exists C; > 0 such that for all s € (0,1/4) one has

(5.22) [(Ag,un)? + [ Vunlg,] dvg, < Cy

/BQS (pn)\Bs (pn)

for all n. Since by (5.22) the remainder volume integrals in the Pohozaev
identity (7.14) converge to zero as r — 0 uniformly in n, we can apply
Proposition 7.2 in B,(p,) and letting n — +oo get that

—B= Bgo(ov BT(0)7 uo) + 07’(1)7

in view of (5.3) and (5.16)-(5.17). By Remark 4.4 ug satisfies (3.12)
at 0, and a straightforward computation for the boundary integrals in
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(7.16) leads as 7 — 07 to the identity

—[9vsa’ + (72 + 1293)0” + 24430°]2n
=-f3= 47r2[(72 + 1293)a + 1873@2 + 673043]

in view of (4.2), which has a unique solution in R\ {0} given by o = —2.
Hence we have shown that 8 = 872, as claimed.

Since (5.18) does not allow the direct use of Step 2 when J > 2, the
idea is to properly group the points pl,...,pJ in clusters and substi-
tute the corresponding points by a representative in the cluster. Up
to re-ordering, assume that dg, (pL,p2) = inf{d,, (pl,ph) : i # j} and
dgn(pfl,pzl) < Cdgn(p}”p%) forall 3,7 =1,...,1, 1 # j, for some C > 0,

where 2 < I < J. Setting s, = M, as in the previous step by
(5.18) the remainder volume integrals in (7.14)-(7.15) are well controlled
on the disjoint balls By, (p7), j = 1,...,1, leading to

(5.23) By (¢ Bay (7). tn) = —jin /B etn duy,

sn (p’Jn)

Ll dun, iy, .
1 yngn(pi}) (@, 1) vidog, +o(1);

(5:20) By 0 B, ) anewn) =5 etalvida,
4 Job., i
+o(1)
as n — —+oo, for any infinitesimal vector field (a’,); with constant com-

ponents in a g, —geodesic coordinate system (JU:1 . )i centred at p7,. The

key point is to replace pl, ..., p! by the representative pl in such a way
that (5.23)-(5.24) continue to hold for p} with 7, >> d,, (p},p2), as it
follows by Step 3 below.

Step 3. Assume that
dy, (Pns 1) < dg, (Do 1}) < Cdg, (P, p7)  Visj=1,.... 01 i#]

for some C' > 1 and (5.23)-(5.24) are valid in Bsn(p%), j=1,...,1,
for s, = %p}“pi). Then (5.23)-(5.24) are valid in B, (p.) for any
Tn >> dg, (pL,p?) provided (5.18) does hold in A, = B, (pl) \ By
with d,,(y) = min{d,, (v,p}), dg, (y, pL™), ..., dy, (y,p])}, where B,, :=
I

j=1
To see this, by (5.18) in A,, with

dn(y) = min{dy, (y,ph), dg, (v, PH™), .. .. dg, (y,p)}
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we deduce that the remainder volume integrals in (7.14)-(7.15) tend to
zero in A,

(5.25) By, (P Ansttn) = — i / etn dy,,
Apn

yHn 55 ¢ (2, 1V vidog, + o(1)
4 Jaa, "

(5.26) By, (py, An, an,un) = ,un§£ et al vido,, + o(1)
4 Joa

for any infinitesimal vector field (a!,); which is constant in a g, — geodesic

. 'L
coordinate system (z, oL )i centred at pl. Letting a, ; = Ty p1 (pn) ,
we have that a,; — 0 as n — 400 and by the validity of (5.23)-(5.24)
in By, (ph), j=1,...,I, we can deduce that

J
5 27 Z 9n p’Zl?BSn p])vun) + Bgn(piuBSn(pZz)van,j?un)]
7=1

J
M E 4u i ;
4 j=1 féBsn (pn) [anuj + (xnypng) ]V’L Ugn + 0( )7

and
J .
ZB n n ) an7un = Mn Z¢ 4una21yid0gn
Sn (pn
(5.28) +0(1).

It is possible to orient the geodesic coordinates both at pl and at p?
so that the coordinates of y € 0B, in these systems satisfy (with exact
equality for the Euclidean metric)

() (9) = a4 (2,,2) () + 0lsn).

n

By Proposition 5.1 and a scaling argument, there exists C' > 0 such that

V| < &5 (9%, <

n

:mw‘ ™

|V3u,| <

S|

on 9B,.

The last two formulas then imply that there is approximate compensa-
tion for the boundary integrals on 9B, and on the inner boundaries of
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0A,,. More precisely, one has

Bgn (p717,7 A’na un)

[Bgn (p'lm Bs,, (p%),un) + B n(pr Bs,, (p7]1)7 Qn,j, un)]

J
=1

+
J
= Bgn (p’}ﬂ Brn (p’}l,)7 un) + 0(1)7

and

J
55 Ve () Vo, + 3 55
9An el

= 55 eln (xnvp;b)iuidagn +o(1).
0By, (pr)

etin [aiw- + (xn,pn,j)i]yidagn

BSn (pil)

The latter formulas, together with (5.25) and (5.27), imply the validity
of (5.23) for r,, and p.. Summing up (5.26) and (5.28), we also deduce
the validity of (5.24) for r,, and p}..

Conclusion. We arrange the remaining points p,lfl, e p;{ , if any, in

clusters in a similar way and substitute them by a representative. We
continue to arrange the representative points in clusters and to perform
a substitution thanks to Step 3. At the end, we find a unique cluster
which we collapse again to a single point p,, obtaining the validity of
(5.23) for p, and r > 0 with 0,,(1)40,(1) as in Step 2. Letting n — +o0
and then r — 07 we get that

—B = —[930* + (72 + 1273)a? + 247307272,

Comparing with (4.2) we deduce that o = —2 and 3 = 8273, complet-
ing the proof of Lemma 5.2. m

Remark 5.3. By studying the point-wise limiting behaviour of the
rescaled blowing-up solutions, it should be possible to obtain the spherical
profiles classified in [28]. Even without this information, in Lemma 5.2
we proved that such profiles would exhaust the volume accumulating near
each blow-up point.

We next have the following result.
Lemma 5.4. In the above notation, there holds ¢ = —o0.

PROOF. By contradiction assume ¢ > —o0, and fix some p = p; € 5,
B = Bp,. Given 0 < R < min{iy, %dist(pz-,pj) : j # 1}, we have that

e4wn N €4w0+4CdU + Bép
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weakly in the sense of measures on the ball B = Br(p) as n — +o0.
Since

/ edn dy — etvoticqy + 5> 3
[d B,

as n — oo for all 0 < r < R, we can find a sequence r,, — 0 so that
(5.29) / eMndy = B.
B>

Since [5 etwotdedy 5 0 as r — 0 and
0< / etndy < / en dy — B — etwotdeq,
Brn\BTQ T Br
for all » > 0, notice that

(5.30) / e*ndy — 0
By, \BT%

as n — +00. We consider now the scaling u,, of w,, as given by (5.15),
which satisfies, as already observed there, the assumptions (5.2)-(5.3)
in B1(0) with ¢, = U}, Us, = 0 and goo = Jeuer- By (5.29)-(5.30) we

have
/ €4un dv = / €4wn dv — ,é
9n )
B B

™

and

= ng(O)/B et dy,, +/B

™ ™

= ¢(0)/B 2 e*ndy +0(/B

Tn 7‘%
for all ¢ € C'(B1) as n — 4o00. Hence we deduce that
etnduy,, — By
weakly in the sense of measures on By as n — +o0o. We now apply
Lemma 5.2 to deduce that 8 = ug3 = 872, or equivalently a = —2 in
view of (4.2).
Let wop = lim w,—cbeaSOLA of (5.14). Given 0 < r < ig, thanks to

n—-+00
Remark 4.2 let ws be a fundamental solution in B, (p) corresponding to

ps = B9, and the boundary values as wp, namely w; solves N (ws) +U =
Bop in By.(p), ws = wo and d,ws = d,wp on OB, (p). In order to compare
wp and wg, consider the following scaling of wyp, ws and g:

/ et ¢ du,,
By

et [ — ¢(0)]dv,, + / et g du,,

Bi\B,,

e*ndv) 4+ O( / e*n dv) — B (0)

Br,\B,2

wo - (y) = wolexp,(ry)] +logr, ws,(y) = wslexp,(ry)] + logr,
9r(y) = glexp,(ry)]
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for |y| < 1. Letting U, the U—curvature and N, be the operator asso-
ciated to g,, we have that

N (wo ) + Uy = poet™0r ¢ 4 35, and N, (ws,) + U, = 86, in By(0)

with wo, = ws, and d,wo, = yws, on 0B1(0). According to Remark
3.7 we have the validity of (3.38) on wg , —ws , with constants which are

uniform in 7 in view of g, — ey in C4(B1(0)) as r — 0. The constant
7, corresponding to g, through (3.16) satisfies 7, — 0 as r — 07, and
then (3.38) simply reduces to

bl 4
lwo,r — wsrllwr22 < Collloe™ ™ ™1 +02) — (wrt. gr)

for some Cy > 0 in view of (3.37) and

/ eMordy, = / etvody < C,
B1(0) Br(p)

/ U, | dv,, _/ U] dv < C.
Bi(0) B,(0)

In particular, there holds

N

(5.31) € (/ |V (wo, — ws,r)|4(1_e)dvgr)ﬁ
By (0)

gl 4
< Co(llmoe™r (|12 +n?)
for some Cy > 0 and for all 0 < € < €.

In order to derive exponential estimates from (5.31), let us recall the
optimal Euclidean inequality

5.32 UlFdx % < C(k VU ﬁfkd:(} 41? UecCg® R*
> 0
R4 R4

for all £ > 1, where

O(k) = ha—tit R4y [F( NI )]

o s

see [4, 54]. One has the following behaviour

C(k) 3 1115
k% —>C'1=§7r 2T 4(Z

(5.33) ) as k — +oo.

Since wg, — ws, € Wol’q(Bl(O)) for all 1 < g < 4, we can extend it as
zero outside B1(0) into a function U € DV4(R*) for all 1 < ¢ < 4. Since
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by density (5.32) does hold for U, by (5.31) we have that

oo k
- q k
edlwor=wsrl gy < 9 E / Ul*dx
/B Tk e i

0k
<2ch / (VUM 5 d)
4+k

2k 2T
<4Z24q & (/ [V w0, = ws,r) [0 ’d) 4

k=0

> kC 4—|—k‘ k 4
<4Zq LR S b (upetor e 7 4 gy

in view of % < dv,, < 2dz for r > 0 small. Thanks to (5.33) we have
that
C(k)k( CFEE  ekOy
k! 21k k21
in view of Stirling’s formula. Then e/“or=s+| € L4(B;(0)) w.r.t. g, for
all ¢ < g, where

)1~

4+k
2

1
21
L 4
CoC (et o+ % + 1)

Since ¢, — 0 as 7 — 07, we deduce that

(5.34) 7“_4/ edlwo—ws| gy, :/ eq‘wovr_ws*”dvgr < 400
r(p) B

qr =

for all ¢ > 1 provided r > 0 is sufficiently small. Since ws satisfies
(3.12) in B,(p) with o = —2 in view of Remark 4.4, we have that
ws = —2(1 + 0(1))log || as x — 0 in geodesic coordinates near p and
then | Br(p) e"sdv = +oo for v > 2. This is in contradiction for v < 4

to
/ esdy = / e (Ws—wo) gy g,
Br(p) r(p)
r( ) Br(p)

in view of [e?0dv < +oo and (5.34). This concludes the proof that
c=—0o0. 1

Once we established that ¢ = —oo, we have that

l
Lettn Zﬁiépi as n — 400
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weakly in the sense of measures. We apply Lemma 5.2 near each p;,
ending up with 8; = 872y, for all i = 1,...,l. The proof of Theorem
1.1 is now complete.

6. Moser-Trudinger inequalities and existence results

In this section we show first a sharp Moser-Trudinger inequality of
independent interest. We also derive an improved version of Adams’
inequality involving also the functional 11, a crucial ingredient for the
existence of critical metrics in Theorem 1.3 via a variational and topo-
logical argument.

6.1. Sharp and improved Moser-Trudinger inequalities. In [14)]
(see also [1]), the following inequality was proved

1
(6.1) log/e4wdv < 32 /(Au)de—i—llw—i—Cg for all w € W2(M).

If the Paneitz operator is positive-definite (see (1.5)), the integral of
(Au)? in the R.H.S. of the above formula can be replaced by the qua-
dratic form induced by P. We have the following sharp inequality de-
spite of the sign of the Paneitz operator, see also [18, 44] for related
results.

Theorem 6.1. Suppose [Udv < 87%vy. Then, if Fy = y11 + oIl +
v3 I 1T with v2,v3 > 0 and % > %, then for all functions w € W22(M)
one has the lower bound

F,(w) > -C

for some constant C'.

PRrROOF. For € > 0, consider the following functional

F.(w) := Fy(w) +¢log (/ 64(w_“’)dv> .

Supposing by contradiction that F, is unbounded from below, we then
have that

me := inf F, — —o0 as € \,0.
W22

By (6.1) (and some easy reasoning, exploiting the quartic gradient
terms, if the Paneitz operator has negative eigenvalues) we know that
F. admits a global minimum, which we call w.. Hence we have that
F.(w:) =m. — —o0 as € \ 0.

Looking at the Euler-Lagrange equation satisfied by w,, by Theorem
2.2 it follows that [ |Vw|?dv < C. W.lo.g., assume also that w. = 0.
Therefore, from the explicit form of F. and Poincaré’s inequality, we
have that

me = F.(we) > 72 /(Awg)Qdfu — (87%y9 — ) log (/ 64(ww)d'l)> - C.



58 PIERPAOLO ESPOSITO & ANDREA MALCHIODI

Inequality (6.1) and the last formula imply that F.(w.) > —2C, which
contradicts F.(w:) - —oo as € (0.

Next, we show that if e** has integral bounded from below into (£ + 1)
distinct regions of M, the Moser-Trudinger constant can be basically
divided by (¢ + 1). When dealing with the functional I only, such an
inequality was proved in [20], relying on some previous argument in
[16].

Lemma 6.2. Suppose v2,v3 > 0. For a fived integer €, let 2y, ..., Qi1
be subsets of M satisfying dist(§;,€2;) > 6o fori # j, where 0 is a pos-

1
Y 4+1 )

exists a constant C = C({,&,00,70) such that

itive real number, and let vy € (O Then, for any € > 0 there

8(¢ 4 1) log/e4(w_w)dv < (149 <<w,Pw) + %III(w)> +C
Y2
for all the functions w € W2(M) satisfying
fQi e dy
[ e*vdv
PROOF. Assume without loss of generality that w = 0. With the same
argument as in the proof of Lemma 2.2 in [20], it is possible to show
under the above conditions that

8(¢ + 1)n? 10g/e4(w_w)dv < (149) /(Au)2dv +C.

> Y0, Vie{l,...,0+1}.

Relabelling C, it is then enough to prove the inequality
6.2)  (1+%) /(Au)de < (148 <<w, Pw) + 73In(w)> +C.
72

However, using Poincaré’s inequality and the expressions of P and 11
we can write that

(w, Pw)+ 2 TTT(w) > /(Au)deﬂz73 /(Au+yvu|2)2duc/ IVw|2—C.
Y2 Y2
For ¢ > 0 sufficiently small, one has that
/(Au)zdv+12% (Au+|Vul?)2dv > (1-25) /(Au)2dv+§/ V| dv
V2

Choosing ¢ small compared to € and using Young’s inequality, from the
last two formulas we obtain (6.2), yielding the conclusion. m
For j € N, we define the family of probability measures
M; ={peP(M) : card(supp(p)) < j}.
We define the distance of an L'— function f in M from M;, 5 <k, as

atf o) = inf swp{ | [ fods~ o,

Nl < 1},
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where (o, 1) stands for the duality product between P (M) and the space
of C! functions. From Lemma 6.2 and Poincaré’s inequality (to treat
linear terms in w) we deduce immediately the following result.

Proposition 6.3. Suppose that v2,v3 > 0 and that [Udv < 8(k +
1)yem? with k > 1. Then for any € > 0 there exists a large positive
E = Z(¢) such that for every w € W22(M) with Fy(w) < —Z and
[e**dv =1, we have d(%,Mk) <e.

From the result in Section 3 of [20], one can deduce a further continuity
property from W2%2(M) into P(M), endowed with the above distance
d.

Proposition 6.4. Forv,73 > 0 and [Udv < 8(k+1)vy2n? there ex-
ist a large positive number = and a continuous map ¥y : {F, < —Z} —
M, such that, if e2*r — o € My, then Vi (w,) — o.

6.2. The topological argument. The proof essentially follows the
lines of Section 4 in [20], so we will mainly recall the principal steps.
We first map M;j, into some low sub-levels of F, and finally, once we
map back onto My, using Proposition 6.4, we obtain a map homotopic
to the identity. The main difference with respect to the above reference
is the energy estimate in Lemma 6.6, where we need to estimate the
functional 111 on suitable test functions. We first recall a topological
characterization of M.

Lemma 6.5. ([20]) For any k > 1, the set My, is a stratified set,
namely union of open manifolds of different dimensions, whose mazximal
one is 3k — 1. Furthermore M} is non-contractible.

For & > 0 small, consider a smooth non-decreasing cut-off function
xs : Ry — R such that

xs(t) =t for t € [0, 4]
Xs(t) =20 for t > 24§
xs(t) € [6,20] for t € [6,20].
k
Then, given o € M <i.e. o= Zti5$i> and A > 0, we define the

i=1
function ¢y, : M — R as

Lk 22 !
6.3 o =1 ti ’ <A
(6.3) Oxro(y) 1 og; (1 + A2y 2 (d(yylfz'))) /

We prove next an energy estimate on the above test functions.
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Lemma 6.6. Suppose that 72,73 > 0 and that ¢y, is as in (6.3).
Then as A\ — 400 one has
Fy(ore) < (32kmy2 + 05(1)) log A + Cs

uniformly in o € My, where os(1) — 0 as 6 — 0 and Cs is a constant
independent of A and x1,...,Tk.

PROOF. In [20] it was proven that
<P90/\,Ja 80)\,0> < (32k772 + 05(1)) log A + Cj

does hold uniformly in ¢ € M}, and moreover, as for formula (40) in
[20], one has that

/U(w,a —Pro)dv| < o5(1)log A+ Cs.
Therefore it is sufficient to show that the following estimate

(6.4) [I11(pr0)] = 0x(1)log A

does hold uniformly in ¢ € Mj. In order to do this, we can focus on
the term (Agy » + |Vro|?)?, since the others are shown in [20] to be
of lower order. Setting

2
Fiy) == ;
) 1+ A2x3 (d(y, %))

we compute explicitly Ay, , + ]VgpAJ]Q:

2 SatFPAF | 3 tiFEVF _B‘Zitiﬁsv}—if

AQO)\ ot |v90/\ o
’ ' St Fd St FA 2
Jj I Jj I (thj}“j)
This can be rewritten as
Z~ ti]:-?’A./—"i
Apro + [Voro|? = =t
2.tF;
g ik tity FEFE (FEIVF? = FiFiVF - Vi)

(7))

At this point, symmetrizing in 4, k and playing with elementary inequal-
ities, it is enough to uniformly estimate in terms of 0y (1) log A the square
L?-norm of the following quantities

AF; G FEFNF = FERNF
; ik = .
Z Frr 7
For the first term, working in normal coordinates y at x; one finds

AFi(y) = Ds,,. Fi(y) + O(y)IVFil(y) + O(|y|*) V> Fil ().

(6.5)

eucl
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Using also the fact that

AV I ( ! ) _ 8\2 |
L X (1 +A2zf?)?
one gets the following bounds
Fily) > {0_2 dly, z:) < L
) xS dysai) <6,
1.
A= {CASC Cf% Zigygﬁ? 5
N (g A = WY, Ti) =0

These imply

\ 2
i By (a) Bs(e\B (z1) N3 (y, i)

For the latter quantity in (6.5) we distinguish between two cases.

>

Case 1: d(z;,zx) > %. When we integrate near x;, F and its gradient
are bounded by % Using also the fact that
CX\3d(y, x;)

‘V‘/—-” < PR
(L4 X2d?(y, i)

we find the upper bound

/ g2kd'U < C [d(y’xl)4(1 + )\2d2(y,$i))4
By By A8
4 4
(L Xy, )
)\16

where the latter inequality follows from a change of variable. In the
same way, one finds a similar bound on Bs (z). In the exterior of these

]dng,

two balls, it is easily seen that G; j, is uniformly bounded, and therefore
Gi k. is uniformly bounded also in L?*(M). In particular, there holds
[ G?pdv = 0x(1)log A.

Case 2: d(zj,x) < %. In this case the functions F; and Fi can be
simultaneously large at the same point. By symmetry, it is sufficient to
estimate G; ;. in the set

Mi,k = {y €M : d(y,xz) < d(yvxk’)} :

Set 1 i = max{%,d(:ri,xk)}. In (M; j, N Bs(z4)) \ B@h,k(l’i)? ¢>1, one
has the estimates

Fi :.7:@'(14—0@(1)), VFi = Vfi+0¢(1)’Vfi|
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with o¢(1) — 0 as € — 400, in view of
d(y, ) < d(zi, vy, <14 L
d(y, ;) d(y, ;) ¢
Since these estimates imply some cancellations in the numerator of G; 1,
we have that
oe(1)
Gl < ——
g — gt

1<

in (M;x N Bs(xi)) \ Bey, ,, (i),
and therefore we find

(6.6) G rdv = og(1) log A.

/(VMi,kths(xi))\BQ‘ni’k(xi)
In (M N Bs(xi) N Bey, , (1)) \ B% (x;) we next have the following in-
equalities

1 2 C

SRS VA< g
) ST S ey VS xE e

C
IVFel < -

IN

| Fr| <

2 )
An@k
in view of

d(y, zx) > {

which imply

d(y7 xl) > %U@,k if Yy e Mi,ka d(yvxz) > %ni,]ﬁ

12 . 16 B
gzk§0<d (v.7:) , d <y,xz>>’

16 20
ik ik
and therefore

(6.7) / G2 dv < C€%.
(Mi,kmBa(mi)mBgnm(mi))\B%(xi)
Finally the estimate % + % < C)\ implies
(6.8) / G pdv < C.
Mi,kmB% (4)

By first choosing € and then \ large, by (6.6)-(6.8) we have shown that
Jor LA Bs () szdv = 0)(1)log A. By the symmetry of G, ;;, exchanging 4
and k we also have that

/ Qikdv < / Q,%J- =o0x(1)log A,
Mk,imB% (i) My, sNBs(x)

which combines with

/ Glrdv < C
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to show that also in Case 2 there holds [ G2, dv = 0,(1)log\. m

The above results can be collected into the following proposition.

Proposition 6.7. Suppose that 2,73 > 0, [Udv € (8kyam?,8(k +
)y2r?), and let oy, be defined as in (6.3). Then, as X — +oo the
following properties hold true

(i) e*¥xe — o weakly in the sense of distributions;
(it) Fy (o) = —00 uniformly in o € My;

(iit) if Wy, is given by Proposition 6.4 and if ¢, is as in (6.3), then for
X sufficiently large the map o — W(py o) is homotopic to the identity
on Mjy,.

We next introduce a variational scheme for obtaining existence of solu-
tions of the Fuler-Lagrange equation. Let M, be the topological cone
over M}, which can be represented as M, = My, x [0,1] with M x {0}
identified to a single point. Let first = be so large that Proposition 6.4
applies with %, and then let ) be so large that FV(QDX,J) < —Z= uniformly
for o € M}, (see Proposition 6.7 (ii)). Fixing this value of A\, we define
the family of continuous maps

(6.9) Ty = {w My — W2(M) = w(-x {1}) = 5. on Mk} :

Lemma 6.8. II5 is non-empty and moreover, letting

[1]

Iz = inf sup E,(w(m)), one has oy > —=.

WEHX mEMk

\V)

PrOOF. To show that IIy # (), it suffices to consider the map
(6.10) (o, t) = tys (0,t) € M.

Arguing by contradiction, suppose that ﬁX < —%. Then there would

exist a map w € II; with sup Fy(w(m)) < —3Z. Since by our

mEMk
choice of = Proposition 6.4 applies with

o € My, the map

011

7, writing m = (o,t), with

t— Wow(t)
realizes a homotopy in M}, between ‘POSOX- and a constant map. However
this cannot be, as M} is non-contractible (see Lemma 6.5) and since
v o ©x. is homotopic to the identity on My, by Proposition 6.7 (ii7).
Hence we deduce ﬁX > —%. [
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By the statement of Lemma 6.8 and standard variational arguments,
one can find a Palais-Smale sequence (wy),, for F, at level 1ly, namely
a sequence for which

Fy(wp) — I5; VE,(wy) — 0.

Unfortunately it is not known whether Palais-Smale sequences converge.
To show this property, from the fact that w +— e is compact from
W?22(M) to L'(M), it would be sufficient to show that any Palais-Smale
sequence is bounded in W2,

This is in fact proven indirectly, following an argument in [53], by
making in the functional F, the substitutions [ Qdv — t [ Qdv, 71 —
ty1, p > tpand IT — IT —O(t — 1)y [ |[Vw|*dv for t close to 1,
where © is a large positive constant (O can be taken zero if P has no
negative eigenvalues). We choose a small ¢ty > 0, and allow ¢ to vary
in the interval [1 — ¢, 1+ to]. We consider then the functional F’, for
these values of ¢, denoting it by (F):. If to is sufficiently small, the
interval [(1—to) [Udv, (1 + to) [ Udv] will be compactly contained in
(8kvom?,8(k + 1)yom?). Following the previous estimates with minor
changes, one easily checks that the min-max scheme applies uniformly
for t € [1 —tg,1 + to] and for X sufficiently large. Precisely, given any
large Z > 0, there exist ¢y sufficiently small and X so large that for
t €[l —to, 1+t

sup (Fy)i(w(m)) < —2Z; II;:= inf sup (F,)(w(m)) > —
mGBMk wEHX mEMk

no | [1]

9

where II; is defined in (6.9). Moreover, using for example the test
map (6.10), one shows that for ¢y sufficiently small there exists a large

constant = such that

I, <= for every t € [1 — to, 1 + o).

If the above constant © is chosen large enough (compared to the negative
values of the Paneitz operator), it is easy to show that ¢ — % is non-
increasing in [1 — to,1 + tp]. From this we deduce that the function
t— % is differentiable almost everywhere, and we obtain the following

corollary.

Corollary 6.9. Let A and tg be as above, and let A C [1 —tg, 1+ to)

be the (dense) set of t for which the function ? is differentiable. Then

ort € A the functional F., possesses a bounded Palais-Smale sequence
¥
(wy); at level I1;, weakly converging to a solution of

4w
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PRrROOF. The existence of a Palais-Smale sequence (wy); follows from
Lemma 6.8, and the boundedness is proved exactly as in [19], Lemma
3.2. m

We can finally prove our second main result.

PrOOF OF THEOREM 1.3. We assume that 72,3 > 0: obvious changes
have to be made for opposite signs. From the above result we obtain a
sequence t, — 1 and a sequence w,, solving

4wy,

N(wn) + 270 (t, — 1) Aw, +t,U = tnﬂma

which can be chosen to satisfy [e'»dv = 1 for all n. Since the ex-
tra term 22 © t,, Aw,, does not affect the analysis in Theorem 1.1, we
can then pass to the limit using assumption [Udv ¢ 872v,N. This
concludes the proof. m

7. Appendix

In this appendix we collect a commutator estimate, useful in Section
3, and a Pohozaev-type identity that is used in Section 5.

Given Q € L"(M,TM) and § > 0, define S* as

ST L"(M,TM) — LT=(M,TM)

P L SR = (AR

srirEHgR)* F

[SIE]

We have the following result:

Theorem 7.1. Letr > 1,0 < p < min{l,r—1} and A : L*(M,TM) —

L5(M,TM), lip <s< 11,)7 be a linear operator so that

Ky = sup ”AHL(LS) < 400.
llp—s—ﬁ

There exists K > 0 so that

g —
(7.11) [[A(STF) = S*(AF)| = < Kla| (62 + |[FI7 + 1QIIF) * |71~
for all |x| < p, d >0 and Q € L"(M,TM).
ProOF. Let T'={z=ux+1iy: |z| <p}and ry = {7, ¢u = ;=7 be
conjugate exponents. Set
: IE1Z + 1QIE =
R,:Fel' (M, TM +iTM) — R,F = - L F
. Fe L' (M, +iTM) . (52+|F|2+|Q|2)2

€ L'=(M,TM + iTM)



66 PIERPAOLO ESPOSITO & ANDREA MALCHIODI

and
[y
1Glq
€ L% (M, TM + iTM)
for all z € T, where ¢ = 5. The map Q. satisfies [|Q.G||, = [|Gllq
and is invertible with inverse (Q,) 'H = (ﬂ)f%f] Given F,G €

1H [l gz
L"(M,TM + ¢TM) define the map ¢ : T — C as

o(z) = / Re (A(R.F) — R.(AF),Q.C)dv

Notice that ¢(z) is a well defined holomorphic function in 7" in view of
Ty € [T ] Since by Holder’s estimate there holds

Q.:Ge LY M,TM+iT'M) = Q.G = (

T+p> 1—p
IR-Flle, = (IFI7+ 1QINZ NG + 1F[* + Q)2 ||,
< (FE+ o x | IFIIE IR+ eI e <o
- als: if 2 > 0,

we have that
6“|M|r _z .
[Mﬁﬂbv =) ifz <0

(1+ 12e)3 | ), if 2> 0

R Fllr, <

P
. 2 2
< IFIe (1M1 + IFI2 + 1Q12)°
Hence we can deduce the following estimate for ¢ in 7"
P P _
(7.12) |6(2)] < 2Kocg (8% + |IFI17 + Q1) * IF I IGllq,
where ¢y = max{1, K ?, |M|%, |M|%KO_2} Setting
P P _
A =2Kocg (8% + |FIIF + Q1) IF Iz IGllq

and ¢(z) = %, we can apply Schwarz’s lemma to ¢ in view of ¢(0) =
0, B,(0) C T and (7.12) to get |¢| < |z| in B1(0), or equivalently

P
2Koct L _
6(2)] < === (8 + [|IF[I7 + 1QIIZ) * I F I} *lIGlql 2|
for z € B,(0), and then
IAR.F) — Ru(AF)||,. = m>vke (R.F) — R.(AF), Hdv|
gy <1

— sup | / Re (A(R.F) — R.(AF), Q.C)dv|
IGllq4<1

L
2
< 2K000 g

(62 + I1FIZ + QI 2 1F 17121
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for z € B,(0). Setting K = %max{l,K&Q, |M|%,\M|%K62}§, we
have established the validity of (7.11) for all |z| < p in view of R, = S*
.l

Notice that (3.15) follows by Theorem 7.1 applied with A = Id — K,
F =Vp, Q =Vq, x = 4e and r = 4(1 — €) thanks to (3.13). We next
prove a Pohozaev identity, useful to characterize volume quantization
in Theorem 1.1.

Proposition 7.2. Let p € M and let Q@ C M be contained in a
normal neighbourhood of p. Suppose u solves

(7.13) Ny(u) +U = pet in Q.

Let (x%); be a system of geodesic coordinates centred at p, and consider
in these coordinates a vector field a = a’ 621-
(a');. Then the following identities hold

with constant components

(7.14)  By(p,Q,u) = —u/ M (14 O(|z|?))dv + “55 eMa'ydo
Q 4 Jan
+O(/ V(2] + [Vaul)do)
Q
+0 (/ |z (|V2u] [Vu| + | Vaul®)dv —|—/ |lz2(|V2u|? + ]Vu\"‘)dv)
Q Q

and

(715) Bg(]),Q,G,’U,) =

e

515 e4uai1/ida—u/64“0(]m\]a\)dv
o0 Q
+0(/ 2([Vu|(1 + |a||Vaul)dv)
Q

e ( / lal (V%] [Vu] + [Vuf®)dv + / 2llal (IV%ul® + Vu|4>dv) ,
Q Q
where

(7.16) By(p, Q,u)

_ (2 NI CACT B SUNRL N
= (2 +6'73> éﬂ(w Ui Au 5 + 2(Au) 2v;)do

_1273515 (IVuPugvfaciu; — = |Vul*aIv;)do
o0 4

i 0 9 ou
+63 ég [w Uz (ay|Vu — 2Au81/>

+|Vul? (miViAu — gz — V%[x,u])] do
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and

(717) Bg(p,Q,a,u)

_ (72 i ,8A“_ d(a'uy) 1 2§
= ( 5 +673> éﬂ(a Ui~ Au £y + 2(Au) a'vj)do

_12735’5 (IVuPugrFalu; — 7 |Vul'alv;)do
o0 4
; 0 2 ou
‘ug | 5 —2Au—
+673§5m [a u, <8V|Vu] “ay>

+|Vul? (a'v;Au — V2ula, v))] do.

PROOF. Multiply (7.13) by z'u,; and integrate by parts: starting with
the bi-Laplacian of u we find

/:):iu;iAQUdv = /(xiu.ijj —I—in.ju.i] —&-x?jju;i)Audv
Q Q 9 b2 9 9.

+7§ (z'u 0u _ Aua(x i) )do.
o0N

ov ov

Using the fact that in normal coordinates g;; = d;; + O(|z|?) one has
that
ey =0+ 02l @ =002yl = (Au);+O(IVul).

From these we deduce that the L.H.S. in the above formula becomes

2/(Au)2dv —|—/ Auxj(Au);jdv—i-/ (Jz]*|V2ul? + ||| V?u||Vu]) dv.
Q Q Q

Integrating by parts the second term, the whole expression transforms

into
/ xiu;iAQu dv :yg (gﬂuZ 0Au _ Aua(x )
Q 90 ov ov

1 .
+§(Au)2x71/j)d0 —|—/ (|22 V2ul* + ||| V2u||Vu]) dv.
Q

Similarly, we obtain that
. 4 1 ,
/div(|Vu\2Vu)a:ju;jdv = 55 (\Vu|2u;kyka:7u;j—Z]Vu|4x]1/j)d0
Q onN
—I—/O(\x!Q\Vu]A‘)dv.
Q

On the other hand, we can also multiply the equation by a‘u.; and using
the relations

o’y = O(|z|lal); o’ = O(lal)
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we find that
/Qaiu;,-Azudv = éﬂ(aiu;iaﬁyu - Aua((gyi) + %(Au)zajvj)da
+/Q (|:zc|\a||V2u|2 + |a]|V2uHVu]) dv
and

. . 1 .
/div(|Vu|2Vu)aju;jdv = §1§ (IVulPugvFalu.; — Z]Vu|4a]yj)da
Q 0

Q
+/ O(|z||a||Vu|)dv.
Q
Analogously, we have the following two formulas

/xiu;idiv(V]Vu\z — 9AUTu)du :/(|x\|vuy3+ (2| V2|V 2u))do
Q Q

i 0 9 ou
—&—éﬂ [:L’ Uz <6V|Vu - 2Au6y>

+|Vul? <a:i1/iAu _ou Viulz, V])] do
ov

and

/ a'u,;div(V|Vul* — 2AuVu)dv
Q
= /(|a||VU||V2U| + lal|z][Vul*| V?ul)dv
Q

+¢ a‘u; 2|Vu|2 - 2Au@ + |Vul? (aiuAu — Vula V)| do
a0 o ov ov ‘ ’ ’

Finally, integrating by parts the exponential terms we find

/ ue4“x’u;idv = /1,515 ryetdo — u/ M (14 O(|z|?))dv
Q 4" Jaq Q

and

. 1 A
/ petatudv = uyﬁ alviettdo — ,u/ e O(|z||al)dv.
Q 4" Joa 0

69

Putting together all the above formulas, recalling the expression of the
Paneitz operator and taking into account the lower-order terms, we

obtain the conclusion. m
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