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Abstract

A stochastic version of the two-layer quasi-geostrophic model (2LQG) with multiplicative transport noise
is analysed. This popular intermediate complexity model describes large scale atmosphere and ocean dynamics
at the mid-latitudes. The transport noise, which acts on both layers, accounts for the unresolved small scales.
After establishing the well-posedness of the perturbed equations, we show that, under a suitable scaling of the
noise, the solutions converge to the deterministic 2LQG model with enhanced dissipation. Moreover, these
solutions converge to the deterministic stationary ones on the long time horizon.
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1 Introduction

The quasi—geostrophic model, first mathematically described by Charney [6] in the first half of the XX century,
is an approximation of the three dimensional Navier—Stokes equation in vorticity formulation which captures the
large—scale phenomena of atmosphere and ocean dynamics. Quasi—geostrophic models with several layers, like
the one considered in this article, are particularly suitable to describe baroclinic instabilities, a crucial mechanism
behind most common weather patterns at the mid—latitudes. In fact the quasi—geostrophic equations is a popular
model in theoretical meteorology given the richness of phenomena it can describe (see e.g. [29, [26]). From a
mathematical perspective, it can be seen as a model of intermediate complexity between two and three dimensional
Navier—Stokes equation. The model has been shown to be well-posed and to exhibit a global attractor in its
deterministic version (see [1]) and in a stochastic version with additive noise |7, |4]. In this paper a stochastically
perturbed version of the two-layer quasi-geostrophic (2LQG) model with multiplicative noise of transport type
on both layers is studied and shown to be well-posed.

The nature of this perturbation is crucial both from a physical interpretation of the results and for the
novelty of mathematical tools it requires. Recent developments on the physical justification for transport noise
in fluid dynamics models include [20]. There the transport noise is systematically introduced in models relevant
for geophysical applications, including the quasi—geostrophic model, in such a way to retain conservation laws
crucial for the description of fluids, in particular circulation. Recently [17] proposed a rigorous interpretation and
justification of transport noise as additive noise on smaller scales. For more on the interpretation of transport
noise in stochastic partial differential equation refer to |17] and references therein.
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From a mathematical perspective the literature on transport noise for fluid dynamics models is vast, especially
for Euler and Navier—Stokes equation. Most relevant for this work are |13, 12]. In these works the authors make
use a suitable scaling, first introduced in [1§], to show that weak solutions of a stochastic Euler model converge
to weak solutions of the deterministic Navier—Stokes equation, and provide a quantitative estimate of the rate
of convergence. Similarly, for the 2LQG model we will see that the transport noise provides an enhancement of
eddy dissipation effects. These results highlight the regularization action of the transport noise, which, despite
being energy-preserving in general, acts as a dissipative force. On the relevance of transport noise for dissipation
and mixing properties we refer as well to |14, [11].

Thanks to dissipation properties of the transport noise we will also show that the solution of the 2LQG model
approaches the deterministic stationary solution for large times. The well-posedness of the stationary system
associated to the 2LQG equations would require in general a large model viscosity, hard to justify from a physical
perspective. However, we will show that an appropriate choice of the transport noise ensures stability on the long
run of the solutions. This results extends those obtained for the heat equations in [15] to a nonlinear system like
the quasi—geostrophic model here under analysis. We expect this approach to generalise to the two—dimensional
Navier—Stokes equations and other models with similar structure.

1.1 The Model and the Main Results

The two-layer quasi-geostrophic model (2LQG) is one of the most used model to describe the motion of atmo-
sphere as well as of the ocean at the mid-latitudes. In particular it captures the large scale dynamics of two layers
of fluid of fixed height hy, ho respectively and with density p; and ps with p; < pa. We consider the S-plane
approximation to the Coriolis effect for which the Coriolis parameter f. can be expressed as f.(y) = fo + By,
with fy and g assigned positive constants. In the model we include the effect of eddy viscosity on both layers,
of the bottom friction on the second layer, to account for the interaction with the Eckmann layer, and a de-
terministic additive forcing on the first layer, for example to account for the wind forcing on the upper ocean.
In order to give a mathematical formulation of the model let us introduce a spatial domain D, squared domain
D =1[0,L] x [0, L] C R? (where L will be e.g. 105> m for the ocean).

Consider the following equations for the variables (¢, x) = (11 (¢, %), %2(t,x))?, streamfunction of the fluid,
and q(t,x) = (q1(t,%), q2(t,x))*, the so-called quasi-geostrophic (QG) potential vorticity

dqy + (V1 - V) dt = (vA%Yy — BOyby + F(t)) dt )
dgs + (Vo - Vo) dt = (VA% — BO,1bs — rAts) dt.

Here v > 0 is the eddy viscosity parameter, r > 0 accounts for the bottom friction and F(t) is a deterministic
forcing with zero spatial averages, namely

/F(t,x)dx:() for all ¢ > 0. (2)
D

The QG potential vorticities q and the streamfunction v are linked by the equations

@ = Ay + S1(2 — Y1)
g2 = Athy + So (Y1 — 12),

where Sy, Sy are positive constants such that

(3)

h151 = h252 =: 5. (4)

As stated in the introduction, the goal of the present work is to study the eddy dissipation properties of
transport noise for this model. There are several motivations to consider transport noise, as the effect of small
scales on large scales in fluid dynamical problems, see [16], [20] for several discussion on this topic. Loosely
speaking, small scale transport noise produces in the limit an extra dissipative term, which can be called eddy
dissipation. There is an extended literature devoted to these kind of topics both in the endogenous and the
exogenous case. See for example [12], [13], |15], [11].

Let us now introduce the stochastic perturbation we will consider. Let (2, F, F;,P) be a filtered probability
space. Let K be a finite set of indexes, {W7"*}rex, j € {1, 2} be two sequences of real independent Brownian



motions adapted to F; and consider two corresponding sequences of divergence free vector fields {ajyk}le C
C>(D;R?), j € {1, 2}. In general, less can be required on the regularity of the coefficients o, 1 and the cardinality
of K, but it is not our goal to stretch the boundaries of regularity of the noise as it is not critical to obtain the
desired final result. Now we can consider the following stochastically perturbed two-layer quasi—geostrophic

model

dgy + (V1 - Vi) dt = (A% — BOy1 + F)dt+ Y (o1 0 dWHF) - Ve
keK

dQQ + (VLT,ZJQ . VQQ) dt = (VAQ"LZJQ - 55}#)2 - TA’LZ)Q) dt + Z (02,k @) dW2’k) . VQQ
keK

which in Ité formulation reads

dqy + (V41 - Var) dt = (vA®)y — BOpy + F) dt + Z o1 Vg dwhF 4+ 1 Z o1k V(oir-Vai)dt

keK keK
dgs + (V42 - Vo) dt = (VA% Yy — BO,1ps — rAts) dt + Z o2 Vg dW? + 1 Z o2k V(oo - Vo) dt.
keK keK

(6)

We assume periodic boundary conditions for the streamfunction v in both directions and that
/ Wb (t,x) dx = 0.
D

Let us set some notation before stating the main contributions of this work. Let (H*¥(D), ||| gx),k € R
be the standard Sobolev spaces of L-periodic functions satisfying condition . We will denote by (-, ) gr the
corresponding scalar products. With a slight abuse of notation, for k£ > 0 we denote the dual pairing with

(T, @) v =T(p) forall Te H* e HE

In case of k = 0 we will write L?(D) instead of H°(D) and we will neglect the subscript in the notation for the
norm. Similarly, we introduce the Sobolev spaces of zero mean vector fields

H: = {(ur,u)" : uy,ug € Hk(D)}, (u, vygr = (u1,v1)gr + (ua,v2) gr, for k € R.

Again, in case of k = 0 we will write L? instead of H® and we will neglect the subscript in the notation for the
norm and the scalar product. Sometimes, on the space H* we will consider the norms

2
-llas = hall-v e + holl-2l 7 (7)

which are straightforwardly equivalent to the standard ones that we denote by ||-||gg». Furthermore we define the
following functional spaces

H=L%* V=H' D(A)=H?
where A : D (A) C H — H is defined by

A(g1,92)" = (Aqi, Ago)".

It is well known that A is the infinitesimal generator of analytic semigroup of negative type and moreover VV can
be identified with D((—A)'/?), see e.g. [25].

A first issue related to the analysis of the dissipation properties of the transport noise is the well-posedness
of such system. In fact the existence of strong probabilistic solution is outside the framework treated in earlier
works, see for example [4, 8,9, 20]. Thus, first, we need to define our notion of solution for system @ and state
our well-posedness result.



Let Z be a separable Hilbert space, with associated norm ||-||z. For p > 1 denote by L?(Fy,, Z) the space of p-
integrable random variables with values in Z, measurable with respect to F3,. Moreover, denote by Cx ([0,T]; Z)
the space of continuous adapted processes (Xt)te[O,T] with values in Z such that

E| sup [X7| < oo
T

t€[0,T]

and by L% (0,T; Z) the space of progressively measurable processes (Xt)te[o 71 With values in Z such that

. -
E / | Xe||%, dt| < oo.
0
Define for j € {1,2} the operators
1
Fi(q) =5 Y ojx-V(ojx- Va), (8)
keK
Gf(q) =0, Vg, for ke{l,... K} (9)

which can be easily shown to be bounded linear operators
Fj € L(H*(D),L*(D)), G e L(H' (D);L*(D)).
We then consider the following concept of weak solution (see e.g. [10, Chapter 7]) for (6):
Definition 1.1. A stochastic process
q € Cr([0,T];H)N L% (0,T;V)
is a weak solution of equation @ if, for every ¢ = (é1,¢2)" € D(A), we have

t

<q1<t>7¢1>:<q1,07¢1>+/0 (At (s), vAGy) ds + / (a1(s), Fugn) ds + / (@1(5), V' o0n (s) - V1 )ds

+ / (B0n (5) . ) ds + / <F<s>,¢1>ds—k§ / (1(s), Gy ) AW L

(g2(8), 62) = (2.0, bo) + /0 (Dipa(s), Do) ds + /0 (g2(s), Fads) ds + /O (g2(5), V- 0ha(s) - Vo) ds

t t t
b [ (0 () 0abds 1 [ (Bva(s).on)ds = T [ (anls), Gon) a2
0 0 kek 0
for every t € [0,T], P-a.s., where q and 1 are linked by relation .
The well posedness of this system is guaranteed by the following result which we will prove in

Theorem 1.2. For every qp € L4fo (Q,H) and F € L4f (O, T; LQ(D)), there exists one and only one weak solution
of equation @

Remark 1.3. We stated in full generality in order to provide a complete framework for the well
posedness of such stochastic system, that, to the best of these authors knowledge, is unavailable in the literature.
This result is redundant for the scope of this work though. In fact, in order to exploit the eddy dissipation
properties of the transport noise we will consider deterministic initial conditions and a deterministic and time—
independent forcing.

Remark 1.4. It is well known that, in absence of external forcing or dissipation, the quasi—geostrophic model
has an infinite number of preserved quantities. As a consequence, in that setting and the one-layer case, [19]
showed existence of Gaussian invariant measure induced by the quadratic first integrals. The noise introduced
in will preserve the L2-norm of the quasi-geostrophic potential vorticity q, namely the potential enstrophy
of the system. For more on the role of enstrophy in the two-layer quasi-geostrophic dynamics see e.g. [22], [29,
Section 5.6.3, Section 9.2.2].



After showing the well posedness of system (@, our goal is to provide sufficient conditions in order to model
the dissipation properties of the transport noise. Let us explain briefly the adopted strategy before going into
the details. First, following the approach introduced in [12], we will show that under an appropriate scaling of
the noise, first introduced by Galeati in [18], the solution of the stochastic system converges, in a suitable
sense which we will clarify later, to the solution of the associated deterministic system with an extra diffusion.

Second, for time-independent forcings F' and same properties of the noise, solutions of the stochastic system
will converge to those of the associated stationary deterministic 2LQG model.

In order to precisely formulate these statements, let us introduce some notation and the precise formulation
of the noise. Let a,b be two positive numbers, then we write a < b if there exists a positive constant C' such
that a < Cb and a <, b when we want to highlight the dependence of the constant C' on a parameter «. Let
ex(x) = L~ exp{ &k - x}, k € Z3 = Z* \ {(0,0)}, orthonormal basis of L?(D) made by eigenfunctions of —A.

Following the approach first introduced in [18] consider the following explicit representations of the coefficients
o keZ je{1,2}

V260, per(x) i if k€ 72
o k(xX) = V2ka; pep(x) = ’ IK] + 10
J;k< ) J.k k( ) {mej,kek(x) ,“]:‘l ka c ZQ_, ( )
where Zi, 72 is a partition of Z3 with Z2 = —Z? | and the parameters 0; 1 satisfy the following conditions:

L. Zkezg 932',k =1
2. 0, = 0 if |k is large enough. We will denote by K the finite set of k& where 6; ; # 0;
3. 05 =05, if [E| =l

Furthermore take an infinite sequence of complex standard Brownian motions such that Wik = W7 —* and Wk
is independent from W7l if |k| # |I| or i # j. Thus the noise we consider is parameterized by the coefficients
Kk, 01 and the set K. Under this setting, as described for example in [18, |11}, equation @ can be reformulated
as

dqr + (V1 - V) dt = (kAq + vA%Y — Boypy + F) dt +V2k Z ay ey - Vo dWF
keK

dgy + (V"2 - Vo) dt = (kAgy + VAP — B0stby — 1 AYs) dt + V26 Y ag ke, - Vo dWF.

keK

(11)

The corresponding deterministic system is

dqy + (V51 - V) dt = (kAGL + vA*)y — B0y + F) dt

_ _ _ _ 12
dgs + (Vo - Vo) dt = (kAG + vA® s — BOyths — rAps) dt, ()

where, as before, q and 4 are linked by relation .

Thanks to Theorem and classical results on two dimensional deterministic quasi—geostrophic equations,
see for example [1], under the assumptions qo € H, F € L*(0,T; L?(D)) there exists a unique weak solutions q
(resp. Q) of the problem (resp. (12)). Now we can state one of the main results of our work which allows to
quantify the difference between the behavior of the stochastic and the deterministic system.

Theorem 1.5. Let q and q be weak solutions to and respectively. Then for any «a € (0,1), there exists
C' depending from o and all the parameters of the model except for the noise such that for any € € (0,a] one has

(i
2 2 2
_ € 2(a—e v +ﬂ +7r
B [l = o ryae-oy] Soanacrn OISR exp (700 )
2

ex 7CTRT K+v 70 ’ s)|1? ds
p<(ﬁ+y)2<1+ Ry Ml d>,



(i)
2 +52 + 72
K+Uv

T
exp (f; (TR% +/O |1F(s)|)? ds)) ,

where R2. is a constant independent of the noise defined in Section .

_ € 2(a—e
E (o= al o] Sonern 1610 R o (7

Next, given the model now with a time—independent forcing F', consider the associated stationary system.
On the one hand, similarly to the Navier—Stokes system, existence and uniqueness of the solution of the stationary
system associated to quasi—geostrophic equations is guaranteed under, generally unfeasible, assumptions on the
viscosity. On the other hand, as we will show in[Section 4.2] in our framework these assumptions will be satisfied
thanks to the dissipation properties of the transport noise. More precisely, consider q solution of the following

system
Vi - Vi = kAG + vAM)) — By + F 13
Vs - Vs = KAGs + VA% — B0,100 — 1Aty

where F' € L?(D) and, as always, q and 1,Z~J are linked by relation . Then, thanks to a particular parametrization
of the noise, we will show in the following:
0,1), it evists T = T(d) and a sequence

Theorem 1.6. For x large enough, for each § > 0 and a € (0,
{01 ver jeqr,2y depending from 0, T, a such that for each t € [T',2T]

E [supeqromla(t) — ] <0

2 Preliminaries

In this section we recall several technical tools crucial for the next sections, see for example [2],[5],[12],(25] for
more details.

First, similarly to [5], we define the linear operator A:H?2 5 HF keR connecting the streamfunction
with the quasi—geostrophic potential vorticity

Avp = (—A — M) ), where M = 51 S .
Sy =53

It is well known that it has a bounded inverse (—A — M)f1 : H* — HF*2, Thanks to this fact, for each q € H*,
there exists a unique ¥ € H**2 such that q = (A + M) 1 and moreover for each k € R there exists two constants
c1,; < cg ) such that

crillllaee < llaflae < copllellmere.

In this work we will also use extensively the relation
1 =P = (~A+ 51+ 52) g2 — 1) (14)

which follows directly from .
We recall three technical lemmata which can be proved by classical arguments and we refer to [12| Section 2.1].

Lemma 2.1 ([12, Lemma 2.1]). Given a divergence free vector field V- € L*(D;R?) the following bounds hold
true.

1. If Ve L™ (’D;RQ), f € L*(D), then we have
V-V flla-2 S VL=l f]-



2. Leta € (1,2], B€(0,a—1), Ve H*(D;R?), f € HA(D), we have
IV -V fllg-1-5 Sap IVIlaellflmz—s-
3. Let B € (0,1), then for any f € H?(D), g € H'=#(D) it holds
191l < 1l mollgllm-s-
4. Let € (0,1), V€ H'78(D;R?), f € L?(D), then one has
IV -Vila--s S IVIIg-s 1 £1-
Remark 2.2. With some abuse of notation, if 9 and q are two vector fields, we will denote
V- Va = (VE - Vo, Vi, - Vo)

and the results of previous lemma continue to hold in this framework. Then this first lemma generalises funda-
mental estimates for the nonlinearity of the quasi-geostrophic model presented for example in [5, [7].

The second lemma provides classical estimates on the semigroup generated by A:
Lemma 2.3 (|12, Lemma 2.2]). Let q € H*, o € R. Then:

1. for any p >0, it holds ||e"Aq||gatr < Cpt=?/?||q||lme for some constant increasing in p;

2. for any p € [0,2], it holds || (I — e*®) qllga—r Sp t7/?] a1

The semigroup e’*=*)A has also regularising effects as stated in the following:

Lemma 2.4 ([12, Lemma 2.3]). For any § >0, a € R, q € L*(0,T; H®), it holds

Finally consider the following classical result.

t 2 t
1
/ e&(t—s)Aq(s) ds < g/ ||q(s)H%_Ia ds Vt e [0,T].
Ho+1 0

0

Lemma 2.5 (|2, Proposition B.3]). If {Qn}n>1 € L*(Q,F,P; L?(0,T;R)) are continuous stochastic processes,
{om}rm>1 are Fy-stopping times such that

fm Ploa < 1) =0, (15)
supy>; E [|QN(T)|2] < +00, (16)
Jim E[JQx(ow)l] =0 VAL > 1 (17)

then E[|Qn(T)|] — 0.

3 Well-posedness

In this section we will show holds following a classical approach by means of the Galerkin approxi-

mation.



3.1 Galerkin Approximation and Limit Equations

As described in Section let {e;}ien be the orthonormal basis of L?(D) made by eigenvectors of —A and );
the corresponding eigenvalues, \; are positive and non decreasing. Given HY = span{ey,..., ex} C L?(D) let
PN : L2(D) — L%*(D) be the orthogonal projector of L?(D) on HY. As we are looking for a finite dimensional
approximation of the solution of equation @, define

N - - L .
q; (t) := ch’j,N(t)el(a?).

The coefficients ¢; ; v are chosen in such a way to satisfy for all eigenfunctions e;, 1 <i < N and all t € [0,T]
the system

(@ (t),es) = (alores) + / (MY (s), ve;) ds + / (@ (), Fes) ds + / (@ (), V24N (s) - Vesyds
0 0 0
N i) ds s),e;)ds — N(s), GFe, L.k
+/0 (PO (s) e:) d +/0 (F(s),e:)d 2;{/ (@Y (s), Gle;) W]

t (18)

t t
(g (t),e;) = <qé\fo, €;) +/ (AYY (s),vAe;) ds +/ (Y (s), FNe;) ds +/ (g (5), V*tiba(s) - Vei)ds
0 0 0
t t t
+ / <56wwév (s) ,ei> ds — 7“/ <Awév(s), ei> ds — Z / <qév(s), G’gei> dWSZ’k.

0 0 ker 0

Here q)Y = PNqq and the variables 1" and g’V are linked by relation , and the operators FjN , j €{1,2}, are
defined similarly to , namely

1 .
FN¢ = 3 > PN(ojk VPN (0, V), je{1,2} forall peH".
keK

The local well-posedness of follows from classical results about stochastic differential equations with locally

Lipshitz coefficients, see for example [21],]28]. The global well-posedness follows from the following a priori
estimates:

Lemma 3.1. Given the system the following energy estimate holds:

dllla |I?
AN L o [Pt = (8 @, a) — Bt by + ha(Foal) — rhallad |2 + Sriw — Y, aby) de

+ (Svllal — g |2 + Sv(Sy + Sa) (N — ol ¢ —¢d)) dt. (19)

Furthermore for any qo € Ly (2, H) and F € L%(0,T; L*(D)) the following a priori and integral bounds are
satisfied uniformly in N € N

T
E[sup |||qN(t)|||2] =k |||qo|||2+2/O 1E(s)|[?ds | e, (20)

t€[0,T)

T T T
vE / va™s)||” ds| <E / 1F(s)|? ds| + CTE |||aol|® + 2 / IF|[ds| e, (21)
T
E [supicio [la¥ @) | [l @) Iva”@)]|" as| < @, (22)
T 2
| ([ ea o ) | < )

where C' is a constant possibly changing its value line by line, but independent of N.



Proof. Let us start by showing . We first apply the finite dimensional It6’s formula to the system to get

qu{v”Z _ N Ny N

9 = (V<A1/)1 JAgqy ) — B( x¢1 »d1 > (F,q >) dt
dHQéVHQ _ N Ny N N
T 9 (V<A¢2 Agy > B(0 z¢2 yda > <A¢2 ‘p) >) dt,

then multiply each equation by h; and ho respectively and sum them up to obtain

dfl ™[I

9 = (h1V<A¢{V7AQ{V> +h2V<A¢éV7AQ§V>) dt + (_5}11( ﬂ/h 1 > Bha( w% P >)

(+h1 (Fiqy >_ Th2<A¢2 P >) dt. (24)
Now, thanks to relations , and we have
ha (A1, Agi') + hav (A3, AgY) = halal + S1(¥1 — 12), AqY) + ha(a3 + Sa(2 — ¥1), Agg')
= —[IVa™|I” + stavy — avd g — )
= —[I9a¥ | + SlaY — a3+ S(S1 + S2) i — il — o).
Using (3) to treat similarly the term rho (A ¢¥), from we get the desired result

dlla™]|* N2
> +v|[|[VaV ||| dt = (—Bh1 (0291, 1) — Bha(0:05 143 ) + ha(F, a1’ ) — rhallgy' |1?) dt

+ (S’“<¢1 — 90,y + Svlat — a3 |IP + vS(S1 + Sa) (Y — v qp — ‘Zév>) dt. (25)

All the terms in the right hand side of except for hi(F,q}’) can be estimate by C|ltp"|g2]||q” ||| via
Cauchy—Schwarz inequality. Therefore, exploiting the continuity of (—A — M )71 : H — H? we have

2
9™l [l | < Cllla™ I (26)
For what concerns hy(F, ¢Y), it can be bounded easily by Young’s inequality in the following way
2
hi(F.aqt’) < [IF|* + Cfl|la™]]|". (27)
Combining equations and it follows that there exists a constant C' independent of N such that

]I

o+ rlIva | < (Clla]|” + 1£1?) . (28)

Thus, via Gronwall’s inequality and exploiting the fact that P are projections on L?(D), we have that

N 2 2 ! $)12ds | eCt
lla¥ @ < (|qo||| +2 [1Fe) d) ,

hence holds taking the supremum over [0,7] and the expectation on both sides. Next, integrating in time
and using the estimate just obtained we have

T T T
v [V @) ds < [ 1po)? dS+OT<|||QO||2+2 / ||F<s>||2ds> T
0 0 0

from which follows .
Moving on to (). since d]|a | = 2| |d]la

2, exploiting the energy estimate we obtain

dllla™ " + 4wl "™ |* dt = alf|a™ |||* (=Bh1(@av o) — Bha(0u0d a3 + ha(Fral)) di+

4|HqNH|2 (—ThQHQéV||2 +S7“<Q/’1 7/’2 7‘]2 ) dt—|—4|HqN|H (SVHQ1 - Qév||2 + Sv(S +52)<1/}1 wz a‘h N>) d(t~ )
29



As argued for , by appropriate use of Cauchy-Schwartz inequality and of the continuity of the operator
(—A — M)~ we can estimate the right hand side of as follows

4 2 2 4 3
alla™ || + vl Pl wa(|[* @t < (Clla™ " + cleilla™]*) d
< (cla™|l* +1#1) at (30)

Thus, via Gronwall’s inequality and the properties of the projection PV, we get

N 4 4 K $)I14 ds ) Ct
lla " < <OI0||| ALC] d)

From this relation it follows immediately that

|l @R va® o)) dS] =

where C'= C(T) is a constant dependent on the time 7" but crucially independent of N.
Finally, to prove we integrate over [0,7] to get

T T T
/0 |}|VqN<s>m2dsg%u|qo|||2+0/0 \||qN<s>\||2ds+/0 1 (s)]? ds.

Squaring and simply bounding the right hand side we have

T ) 2 ) 2 T 2
v? (/ Iva™ ()] ds) sg|||qo|||4+3<cT sup !HqN<s>!H> +3< / 17 ()| ds> .
0 t€[0,T] 0

By (20) we have
T 2 T 2 T 2
2
4 (/ lIva” @Il ds) < Yllaoll* +3 |oTeCT <|||QO|||2+2 / F<s>|2ds> +3</0 I1FGs)IF ds>

Then taking the expectation on both side, holds with constant C depending on T', E [|qu Il ] and E [||F||L2 0.T; H)}
O

E [SuptE[OvT] |HqN(t)|||4} +E

From the energy estimates for q”V shown in it follows that there exists a subsequence, which we
will denote again for simplicity by q'V, converging to a stochastic process q *-weakly in L*(2; L°°(0,T;%H)), and
weakly in L*(Q; L?(0,7T;V)). Furthermore there exist two unknown processes, B}, Bj such that

1N N _ p* i 72(0). 72 =1 .
V=t - Vg —=B; in L*(Q; L7(0,T; H (D)), je€{l,2}. (31)
Moreover, thanks to the converging properties of the projector PN for N — +oo, the processes q and Bi, je

{1, 2} satisfies P-a.s. for each i € N and ¢ € [0, T

t

(A¢1(s),VAei>ds—|—/ (q1(s), Fre;) ds

0

(@ (t),es) + / (Bi(s), e n1.mmds = (quo,es) + /

0 0

+/0t (B0 (s)7ei>ds+/ (F(s),e;)ds — Z/ a1(s), GYe;) dWF

keK

(qg(t),ei>+/0 <B§(S);ei>H—1,H1d5:<q2,076i>+/0 <Aw2(s),uAei>ds+/o (q2(s), Fae;) ds
/ (B0ats2 (5) , e2) s—r/ (Ao (s), ei) ds — Z/ 4s(s), Ge;) d2*.

keK (32)
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Let us expand on the convergence of the term

/ (qjv(s)7 FjNel) ds.
0

We know that for each o > 0 and « € D((—=A)%), |[PY 2 — 2|/ p((—a)e) vanishes on the limit N — oo. Thus, since
for each k € K, 8 > 1/2, the operator o, - (V-) is in L(D((=A)?), D((=A)#~1/2)), then for ¢ € D((—A)?),
1PN (ojk - ¢) — o) - ¢l p((—a)e-1/2) converges to zero for increasing N. Starting from these observations it is
easy to show that for each i, ||F]-N e; — Fje;|| = 0. Then, thanks to the weak convergence of qjv to gj, we have
the required convergence of fot <q§v (s), FJN e;)ds.

For what concerns the continuity in H of the process q we can argue in the following way via It6’s formula and
Kolmogorov continuity theorem. From the weak formulation above we get the weak continuity in ‘H of q applying
the Kolmogorov continuity theorem for (32)). Then, applying the It6’s formula to lla®)|* we get, arguing as in
the proof of Lemma [3.1]

dllall* _

5 —v||Val|*dt (=Bh1 (001, q1) — Bha(Butha, q2) + hi(F,q1) — rhallga|® + Sr{t1 — o, q2)) dt

+ (Svllgr — @2l|* + Sv(S1 + S2) (W1 — 2, q1 — q2)) dt — (hi (B, q1) + ha(B3, q2)) dt.

From this, we get the continuity of ||q(#)||?> thanks to the integrability properties of q. Weak continuity and

continuity of the norm implies strong continuity, thus we have the strong continuity of q as a process taking
values in H. Alternatively the strong continuity in #H of q follows from the results in [24].

3.2 Existence, Uniqueness and Further Results

First, it is easy to show that the solution of @, when it exists, it is unique.

Theorem 3.2. There is at most one weak solution of problem @ in the sense of [Definition 1.1|

Proof. Let q, q be two solutions and let v be their difference. Let 1), 'zﬁ be the corresponding streamfunctions
and x be their difference. Let us consider the difference between two weak solutions and applying It&’s formula,

which can be justified arguing as in the proof of below, we get

d||v])? - -
| 21” = (1/<AX17AU1> — (V1 - Vi, v) + (Vs - Vi, v) -1 g — ﬂ(athUﬁ) dt
d||v2||2 _ 1 1.7 ~
— = (V<AX27AU2> — (Vb - Vo, v0) g1 g1 + (V12 - Vo, v2) — B{0xx2,v2) — T<AX2702>) dt.

Let us rewrite better —(V441 - Vi, v1)g—1, g1 + (Vi - Vi, v1) -1 g1, the other one is analogous.
— (V1 - Var,v1) g1 + (V4 Vi, v)g-1,m + (Ve - Vai,vi)g-1,m
= —(Vixa g, ) g — (V5 Vo, o) g = (Vixa - Vo, a) g

Multiplying the equations by h; and hs respectively and summing up, if we call Bj = h;p, for j € {1,2}, and
7 = rhy we get

d|[v||? ~
M = (Vh1<AX17 Avy) + b (Vg v, ) g g — 51(395)(17’01)) dt

+ (Vh2<AX2, Ava) + ha (VX2 - 9, qo) -1 g — B2 (O X2, va) — f<AX2,u2>> dt = RHSdt.
Let R(t) = exp<f fOT nlIVa(s)||® ds), where 7 is a positive constant fixed below. Therefore we have

drR(®)|IvII* _

n
5 R()RHS dt — 5 VI all* R(t) dt.

11



Exploiting relation we obtain

dR@)|Iv|I?
RO o rvviPar = - DIvIPIValP R - BEwSA( - 1), 01 - va) d

2
(LR Ot ) — B0 Boa, o) — PR )
+ (FR(t) (X1 — X2,v2) + hi R(E) (VT x1 - v1, q1) -1
+haR(E)(V X2 - v2,q2) -1 g ) dt.

The terms which comes from the linear part of the equations can be estimated easily, up to some constant C, by
R@®)[[v(®)]|?, thus we need only to analyze the nonlinear ones. Again we treat only one of the two in order to
avoid repetitions.

(Vixa - vna)pm < [Valllodls IV xallis < CIVallllvillv v
v 2 2 2
< —|IV Cc||\vV .
_4h1IH v[IF+ ClIVallZ(Ivll

Therefore, taking n large enough we get

dR||v]|?
ARIVIE 4 2 RyviiPar <cRIv) P
and the thesis follows immediately by Gronwall’s Lemma. O

Harder task is to ensure the existence of the solutions of equations @ To show it we need the following
crucial lemma which, for an appropriate stopping time 75, ensures convergence of the associated stopped Galerkin
process qV to the stopped process q. This procedure, introduced in [3], is standard in stochastic analysis, see
for example [27], [23].

Lemma 3.3. Let 7oy = inf{t € [0,7] : [a(t)[|*> > M} Ainf{t € [0,7]: [ [la(s)|[5 ds > M} AT, then
Ljo,ryy (@ —a) = 0 in L*(Q,L*(0,T; H)).
Proof. We have to show that .
B[ onn@lla¥(s) = ats) ds (33)
converges to zero in N. Let us call z/?jv = PNy, qj\’ = PNgq;, j €{1,2} and PN, gV satisfy relation . Then,

by the triangular inequality

T T
B3) < 2E / Lo ra)(5)][|@Y (5) — a(s)||” ds + 2E / Lo r)(5)][[@N (5) — @™ (s)]||” ds.

Thanks to the properties of the projector PV and dominated convergence theorem, it can be shown that gV — q
in L?(Q, L%(0,T;V)) N L3(,C(0,T;H)), and also in weaker topologies. Therefore, we are left to show the
convergence of

E [ "8 s) - ¥ o) as. (34)

Let us start by taking the difference of and , pair the two components respectively with hq (cj{v —qV )
and hy (¢Y —¢3'), and add them together to get an equation for |||g™ —q™|||. With It6 formula and some

12



elementary manipulation using , we have

1 . 2 - 2 " - " -

§d|||qN —q"||" +v||V@" —aM)|||” dt = — hi(Bf — BY,d — a1 )u-1,m dt — ha(Bs — BY GY — g3 Y- g dt
—wﬁwr%%meA+Sy+&>”%@1f@5fmlf%»w
= B(0s (1 — 1), @1 — ') dt — Bo(0a (b2 — 3 ), G5 — g5’ ) dt

+uSI(@ — @) — (@ —a)IIP =5 ) (o —af ,G'f(fl'{v —a))dw;
keK

-5 Z< — @, G5(@ — @) ))aw "

kEK
+81{qn Fu@ — ) dt = S (@ —ar)) dt

+S2<QQ’F2(5§ _qév» dt — 52<Q2 7F2 ( — s )> dt

+ % Z Z(q -4 7G161 dt+ e Z Z qu,Glzceﬁz dt,

keK 1=1 keK 1=1
(35)

where we denoted 7 := har, Bj = h;B and BN Vle Vq for j € {1,2}. Now we can estimate the RHS in
(135). In the following C will denote a generlc constant 1ndependent of N.

(A =), @ — el < IA@Y — v)Ilg — a3 Il < Cflla™ -
1@ — @) — (a —a)I> <Clla” —a

(36)
(37)

(@1

1810 (1 — 1), @ — al¥) + Ba(0x(tb2 — ), @5 —a') || < Clla—a™|||lla™ — a"]]
<clla” - a"|* + ¢lfla—a"||fla™ - o]

<clla —aV|[* +C|la—a"||*. (38)
Next, to better understand the behavior of the terms
2(q1, Fu(@) —a1)) — 2(at, F{Y( DY Z —q,Gre)’ (39)
keK i=1

we will first write them in an equivalent form. By definition of F} and Green’s theorem we have

2(q1, F1 (@ —ai")) = 20al’, FY (@ —ai') = = Y (014 V(@ —ai'), o1k Va)
keK

+ 3 (P (14 - V(@ —al)) o Val)

keK

== ok V(@ —a), 016 Var — PN (o1 - Va')).
ke K

Similarly, recalling the definition @D of G’f7 k=1,...,K, we have

N N
S o —a . Ghe)> =D o1k - Var — o1k Val e;)?

keK i=1 keK i=1

=Y o1k Var— PY(ork - Va'), PN (o - Var) = PN (o1 - Var)).
keK

13



Therefore, by some additional manipulations, it can be shown that

== (o16:Va1—P (014 ), [-PV)(016-Va1))+ Y (016 V=PV (014Va), 015V —a1 )
keK ek

+ 3 (ork Vo — PY(ows - Val). (I~ PY) (o1 Val)).
keK

We can now estimate all terms by Cauchy-Schwartz inequality to get

<Y ok -Var = P (o1 - V)|l = PN)(ovk - Var)|
keK

+ Z Cloix - Vg — PN(ULk : VQ{V)””V(Ql - Q{V)H + Z - PN)(O'Lk : v611)||||V(1{V||- (40)
keK keK

The same estimate holds for the terms in relative to the second component.
We now move on to treating the nonlinear term

—hi(Bi = B, @0 — a1 )2, dt — hao(B3 — By, @' — @3 ) -2 o dlt

in and again we only treat (B} —Bi¥, ¢ —q{') g1 s as for the second component the argument is identical.
By definition BY¥ = V141V - Vgl¥, hence

—hi(By — B{VaQN{V - Q{V>H—1,H1 = h1<vL(1/~1{v - 7/’{\]) : V(QN{V - CI{V)»@{V>H—1,H1
+hi (VY - VEY - B @Y — g ) g (41)
We can estimate the first term on the right hand side of the last display as follows

(VAT =) V@ —a ) @ - m ] < IVE lla — e sl V@Y — )|l zs
<C|Vallla — a3

and, by Ladyzhenskaya’s and Young’s inequalities we have
<O|vVallla —a' V@ —a)ll < ColiVall®lla — o [I” + %HV(&{V —a)lI* (42)
The second term in can be rewritten as
(VY Ve — Bi, G — @Y1 = (Vi -V — B, @ — @ Y-
(V- Var = VY- VEL @Y — )i

Since @V — q¥ — 0in L2(9; L?(0,T;V)), the expected value of first term will go to 0 easily. For what concerns
the second one, adding and subtracting (V4 - V@¥, g — q{V>H_17H1 we have

(Vi -V = VY -V, @ — a ) g—m = (Vi (Vo = V@Y ), @) — b Y- m
(VL = V) VR @ — 0 -
so that, again by Ladyzhenskaya’s inequality,
< [IVEeillpallan = @ 1M1V (@ = @) IM2IV @ = @)+ V590 = V0N e lad 112 IVa 121V (@Y = af)ll-
In summary, we showed
(VAL - VE = Bl @ —a') =(V 1 Var - B, @ —at')
IV pallar = @ 121V (@ = @) M2V (@ - a)ll (43)
Ve = VST [allad 12V 121V (@ = )]l

14



Consider now the auxiliary function

R(t) := 5 exp (—mt — 2 /Ot IVa(s)|* d8>, (44)

with n; and 7y two positive constants to be defined later, and let us then compute via the Itd’s formula

Hllla™ @) - qN(t)’H2. We exploit previous estimates (36)),([37),(38),([0) and and take the expected value
for t = 7p; obtaining

E[%R(TM”HQN(TM)—(I Tar |]| VEU R(s)||v(@" N(s))|”2ds]<

2ol [ Rolla e - a @ 6] - 2E | [T R >|||Vqs>|||2}||qN<s>qN<s>H|2ds}

o le [ [ rBi ) - ) Va6 - a9 ds]

+ ho

B| [ RO - V) Vi (9.8 6) - o o) ds

+CE [ / T ROIVAEIa () - 0¥ o) ds] +VE [ /OTM R)[[Vas) - a¥ ()| ds]

coa| [T rella o -G o] e | [T Rl e - a@)l’ o

+> E [ / low - Var(s) — PN (o1 - Vel (I~ P¥) (o1 - Var(s))] ds] (15)

keK

+CYE [ / lows - Var(s) — PN (ore - Ve (DI V(@ (s) — 7 ()] ds]

keK

ro Y[ [ - P e Tae)Iva @l )

keK

# B [Moas Vanls) - PY(ows T I - PV Tanle))] s

keK

+O B[ [Mlos Vals) - PYons T DIl - 6] ds

keK

2o Y B[ [0 - P ons Va9 0 ds]

keK

Taking 7y, 12 large enough and exploiting the convergence of @V to q we can neglect several terms in the right
hand side. Let us consider the remaining terms. Recalling that from the weak convergence of q” it follows that

E [ fOT H|VqN (5)|H2 ds} < C, applying Cauchy—Schwarz inequality where it is needed, we get

SB[ lows Tae) - PN e DI - P V] ds

kEK
+C Y E [/ o - Var(s) = PY(o1k - Vai (s))IIV(a1(s) = at (s))l] dS]
kEK
rOLE [ = P Ta )19 ) ds
1/2 1/2
<C) E / I(Z = PY)(ors - Var(s)]* ds| -+ CE / 19 (qr(s) — @ ()] ds] 0
kEK
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and similarly for the second component. Lastly, let us consider

B[ [ R - T Va6 6 - o) s

By we have that
[/ R(s) (V-0 (s) - Vg (s) — Bi(s), @{V(s>—q{V<s>>ds}
B[ [ ROE 06 Varle) = Bi(6) o) - o (o)
o (46)
{E [ [ REIT @ laslans) - @ OV @) - @ G 2ITEEE) - @ (o)) ds]
{E [ [ RO 6 = T @l IV O 219 @ ) — o ) ds} .

As already observed the first term converges to zero as ¢ — ¢ — 0 in L?(Q; L?(0,T;V)). For what concerns
the two remaining terms, thanks to Holder inequality, we have

1/2
/||q1 Y )szs /wa q1<>||2ds] /||Vq1 qﬁs))nws]

/Oanl(s)—qu(s)n?dsTME[/OTMqu{V( |2ds]1/4 / 190 (s —qﬁs))n?ds]m.

In the last inequality we exploit the fact that [[q(¢)[|> < M, for all t < 757, and G — ¢V — 0in L2(Q; L2(0,T; V).
In conclusion, in all the terms on the right hand side converge to zero as N — oo, namely we have the
following relation

< CE

+CE

e [Reulla" (o) -« )| + 52| [ R@IV@E 6 - enlfas] so.

From relation , R(t) > Cp > 0, for all t < 737, and the properties of PV, via triangular inequality the thesis
follows. -

The lemma just shown allows to treat the nonlinearity VJ"l/);V . Vqév , more precisely, to show that for both
i=12
VN - Vg — Vi - V.

Lemma 3.4. Let By, B; be the limit processes as in . Then Bf = V41 -Vqu and By = Vi, - Vg in
L*(Q, L*(0,T; H~1(D))).

Proof. Thanks to estimate and we know that Vlz/)l,g . Vq{\fz and VJ%/){YQ - V1,2 converge to VLwLQ .
V1,2 weakly in L*(Q; L?(0,T; H=1(D))). We do the explicit computations just for one of them, the others are
analogous.

T
E / IV 0(s) - Vaa(s) s ds
0

T
< CE / ||Aw<s>2||VqN<s>2ds]

T
< CE |supicola)I? | 1Va" ()2 ds]

2
- T
< CE [supyepo,rilla(®)]|*] + CE ( / ||VqN<s>2ds> <C
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Let now ¢ € L>(€; L>(0,T; H'(D))), then V¢ - V-, o € L*(€Q; L2(0,T; L*(D))). Thus, from the convergence
properties of g%V, we have

E

T T
/0 (V5 o(s) - Vq{\,lz(s)a ¢>H1,H1ds‘| =-E l/ (V41 2(s) - Vo, q{\fg(s»ds]

0

— —EK

=E

T
/ Vi a(s) - VQI,2(3)a¢>H1,H1d51 :
0

From the density of L>(; L°°(0,T; H'(D))) in L2(Q; L?(0, T; H'(D))) and the uniform boundedness of V+); o-
Var'y in L(Q; L?(0,T; H'(D))) we have the required claim. For what concerns the convergence of the nonlinear
term, first note that, arguing as above, the sequence {V+4{",- V', } is uniformly bounded in L2(€; L*(0, T; H~*(D))).
Moreover we have

Vi Vo — Vs - Valy = V1o - Vg — a1'9) + V12 - Vs
+ VLT/J{YQ ) v((11,2 - Q{Yz) - VLI/)1,2 : VQ{\,[2 =L +L+ 13+

Thanks to the previous observations I; + I + Iy converges weakly to 0 in L2(Q; L?(0,T; H~1(D))). For what
concerns I3, let us take ¢ € L>°(Q; L>°(0,T; H*(D))) and 75 defined as in Lemma then we have

™

™ gt . s) — ¢V (s s Ns s) — g™ (s)| ds
E[/ (VE025(s) - Vlarals) — alal >>,¢>d}<0E[/o ¥ (s)la(s) — o (s)]| ds| =0

thanks to Hoélder’s inequality and Lemma Since it holds 7py ' T a.s., then the thesis follows, thanks to
Lemma Then the thesis follows by the density of L (; L>°(0,T; H?(D))) in L?(Q; L?(0,T; H*(D))) and
the uniform boundedness of V=41, - Vgi'y in 2(€; L*(0,T; H~(D))). O

This series of lemmas identify the nonlinear term and conclude the proof of Theorem [I.2} Actually, thanks
to some abstract results on stochastic processes it can be shown something more, namely that the full sequence
q’¥ converges to q in L2(£%; L*(0,7;V)) and, for each t € [0,71], q” (t) converges to q(t) in L?(€2;H). This is an
easy corollary of previous result and Lemma [2.5

Theorem 3.5. The entire Galerkin’s sequence q¥ satisfies

Glim E[lla™(0) —a@)]?] =0;

T

Jim [ BV (®) —a®)?] d =0

Proof. From the uniqueness of the solution of problem @, we have that each subsequence q"* has a converging
sub-subsequence q"*-* which satisfies [Lemma 3.1] [Lemma 3.3|and [Lemma 3.4] In order to apply Lemma we
consider the stochastic processes

Qn = [ llal) —a @l ds or Qu = la—a ) ()]

and we take oy to be 7/, the stopping time introduced in[Lemma 3.3} This choice for o satisfies the conditions

of by the following argument. Condition follows directly from Lemma Condition is
satisfied thanks to relation by exploiting the properties of PY and the fact that R(t) > Cy; > 0 for all

t < 7. It remains to show that

lim IP(TM < T) =0.
M — 400
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By the definition of 73;, Markov’s inequality, and it follows:

T
P(rar < T) < P (supepo z) lla@lI> > M) + P ( | aiipas > M)

/0 |||q<s>|||ids]

1 1
— limsup E [su NN (¢ } + — limsupE
17 I supE [supicgo ™ (O] + 57 timsup

N—+o0

IN

1 9 1
—E |sup,cpor lla(®)I°] + B

IN

/ |||qu,N<S>||3}d81
0

C
gﬂ—m for M — oo

as desired. Then [Lemma 2.5 ensures the result of the theorem. O

Lastly, we show that the energy estimate in [Lemma 3.1] continues to holds for q, solution of problem
@. For what concerns the a priori and integral estimates in |Lemma 3.1} they straightforwardly continue to hold
by the weak convergence of qV to q, but they can proved independently starting from the energy estimate and
repeating the same steps of Lemma |3.1

Proposition 3.6. Given q solution of @, then the following energy estimate holds

2
dflall

5 T V||Val|*dt = (—Bh1(8uth1, 1) — Bha{Bsth2, g2) + hi(F,q1) — rhallga||* + Sr{vy — 2, q2)) dt

+ (Svllgr — g2l|® + Sv(S1 + S2) (Y1 — Y2, 1 — 2)) dt.
Proof. Let @~ be defined as in Lemma[3.3] We already know by the properties of the projector PV that gV — q
in L2(0,T;V) N C(0,T;H) P-a.s. As q satisfies the weak formulation of () with test functions e; we have
¢

(a1(s), Fre:) ds + / (a1(), V-0 (s) - Ve)ds

0

(@1 (t).ei) = {qro,es) + / (Aby (), vAes) ds + /

0 0

+ [ (o @).eds+ [ Fee)ds= Y [ (o). Ghe) aw*

t
0 keK
t t t
(@2(0).e) = (g2, + [ (Bunlo)vieiyds+ [ (aals) Faei) ds+ [ (aa(s), T oals) - Teshds
0 0 0
t t t
+ / (B0 (8),ei) ds — r/ (Atpa(s), e;) ds — Z / <q2(s)7 G’ge,»> AW?2k,
0 0 kek *0
Multiplying each equation by e; and summing up, we get

N N
AN = vA?PYdt+ Y (Vi - Ve, i) edt + Y (F — B0y, e5)eidt
i=1 i=1

N N
— Z Z<Glf€1, q1> dWl’k + Z(ql, F1€i>€i dt
=1

keK i=1

N N
dgp™N = vAMpY dt — rAYY dt + Z (Vs - Ve, qo) eidt — B Z@ﬂ/% ej)e;dt

=1 i=1

N N
- Z Z<G§ei7 q2) AWk 1 Z<Q27 Fye;)e; dt.
i=1

keK i=1
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- 2
a™ll™ _ nalgN® +h2||q2 &

Now we can apply the Ito’s formula to the process *— = obtaining, thanks to the relations
and (1),

dH’quQ ~N|||2 N ~N ~ 2 TN =N
S vV [Pt = (—Bh10uvd @) — Bho (0008 @) + ha(FLGY) = rhall |2 + (oY — @) ) at

+ (Sv1aY —ab1? +vS(Si+So) @ — 08 al — &) dt

hi
+ ha{qr, LGy )dt + ho(qa, Fags )dt + — Z Z Glei q) dt+ Z Z Ghei, q2)°d
keK i=1 keK i=1

— Z ¢, GL @t ) AW * — hy Z G2, GT @3 )y AW ™",

keK keK

Then, thanks to the properties of the projector PV we get easily the desired formula. The only thing we need to
prove is that

N N
- h h
hiqr, F1@y ) + ha (g2, Fads') ?1 > (Ghei ) + 32 D> (Gheiqa)* 0

kEK i=1 keK i=1
The last relation is true, in fact for each k € {1,..., K}, j € {1,2} we have

N
> a5(s), 050 - Ve)® + (aj(s), 05 - V (o - V)

_ —(g;(s), 05k - V (PN (0 - V;(9)))) + (q5(5), 0k - V (05 - V)
= (ojk - Va;(s), PV (051 - V;(5))) = (05 - Vi (s), 058 - V' ) — 0.

4 Enhanced dissipation by transport

In this section we will focus first on the proof of and then, in we will study the long
time behaviour of the solutions of showing that [Theorem 1.6/ holds.

4.1 Convergence to the Deterministic Evolution Model

The first step in order to prove Theorem is to rewrite equations l) in an alternative way, in order to
introduce explicitly the term Aq. For this reason, using once more the relation , we express A2 as

A% = A(q— M) =Aq+ AM(-A — M)™!

Thus if we call F =

" 1 , equation can be rewritten as
N

dq = ((k+v)Aq+vAM(-A - M)"'q— V- Vq— o, + F) dt + V2 Y agey - VadW*
keK (48)
Yp=—(-A-M)"!

with initial condition q(0) = qg, where we denoted by

apey - VadW" ay kex - VardWh*
K€k =
as pey, - VgodW?k
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Similarly, if we call F =

F
A ] , the deterministic equation can be rewritten as
—r Ay

dg= ((k+v)Aq+vAM(-A - M)'q— V' - Vq— po. ¢ +F)dt (19)
= (A M) g
with initial condition q(0) = qo.

First, we want to show that the weak solution q of satisfies a mild formulation. Denote the stochastic
integral and stochastic convolution as

M(t) = V2K Y /t aper - Vq(s)dWk (50)
kek 70

Z(t) == V2x Z /t eFFIE=A ()01 - Vq(s)) dWE. (51)
kek 70

Thanks to the results of Section [3] for the stochastic system the following relations can be shown to hold

T
supye(o,rplla(t)|* < € <||<10||2 +/0 ||F(8)||2ds> et =R}, Poas. (52)
sup;e(o,rilla(t)|* < R7 (53)
T C T
/ Va(s)||* ds < ~ TR +/ | E(s)||* ds P-a.s. (54)
0 0
g 2 c 2 ’ 2
Vq ds< —— (TR +/ F ds | . 55
/0 IVa(s)l* ds < —— rt I1E(s)]” ds (55)

The constants C, Rt here above depend from all the parameters of the model (i.e. T,v,r, F,qo, M,f), except
for the parameters of the noise. Thanks to these estimates, Assumption 2.4 of [12] holds. Thus, thanks to
Corollary 2.6 in [12], the stochastic integral and the stochastic convolution are well defined and have
the regularity prescribed by the following Lemma.

Lemma 4.1. Given the processes and the following statements hold true:

(i) M(t) is a continuous martingale with values in H=t. Moreover it holds
E [supyefo rIM(0) -2 | S #RET.
(i) For each e € (0,1/2), p>1
» 1/p < —
E |supseon|Z0)%-.]  Sepr Vel R Ry, (56)
1/p

E [supreo | ZOW 1] Sepr VAW F R0 R (57)

(iii) For 8 € (0,1] and € € (0,8], p > 1 it holds

» 1/p — e

E [supyeion 12130 Sewr i+ R)=T0)7< e (58)
It is then easy to show that the weak solution q of the problem satisfies also a mild formulation. In fact

the following lemma holds.
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Lemma 4.2. If we denote by G(t) :== vAM(—A — M)~ 1q(t) — Vtab(t) - Va(t) — B.1(t) + F(t), then
¢
q(t) = eFttA g, +/ eFHE=IAG(s)ds + Z(t), P —a.s. YVt e [0,T).
0

Proof. By definition, if q is a weak solution of problem , then it satisfies
(a(t), &) — (a0, @) = / {5+ ) AG(s) + Gls), 6 Derr preds — VIR S / fager - Vo, als)divE
keK
P-a.s. for each t € [0,T] and ¢ € D(—A). If take e; := (e;, ;)" as a test function, we have
(a(t), e:) — (qo, €i) = /OtO\i(ﬂ +v)a(s) + G(s), e)u-—2 m2ds — V2r Z /0t<ak6k -Vei,q(s))dWy.
keK

If we apply It6 formula to the process e *(*t¥)Xi(q(t), e;) and integrate in time we have

t

(a(t), i) = e+ (g e)) + / e =ITIN(G(s), ;) ds
0

t
—V2k Z / e~ (t=s)(rtr)A; (agey - Vei,q(s)>dWSk.
0

keK

We can then find I' C Q of full probability such that the above equality holds for all ¢ € [0, T]and all i € ZZ. But
this is exactly the mild formulation written in Fourier modes. O

Remark 4.3. Similarly to Lemma also the solution q of the associated determinsitic equation satisfies
for all ¢ € [0, T] the integral relation

q(t) = e 2 qq + /Ot =B (VAM(=A — M)7'q(s) = V4p(s) - Va(s) — B0x4p(s) + F(s)) ds.

Before proving Theorem [I.5] we need a preliminary result on the nonlinearity of our problem.

Lemma 4.4. Let q € L2, q € H', then, given
R(q) = -V*(-A - M)™'q- Vq,
for each o € (0,1) the following relation holds true
IR(q) — R(@)[[-1- Sa.m la —alla-- (all + [lalla) -
Proof. With a simple manipulation and the triangular inequality we have

IR(q) = R(@)lla-1-« < [VH(~A =~ M)'a- V(g — @)u-1-= + [V (~A = M) '(q - @) - Vallu-1-«
=: Il +I2

Then the thesis follows by Lemma, In fact by point 2, we have

I Sau IVH(=A = M)7'alle: @ - alla-- < @l ld - alla-«,

and by point 4 it follows

I Sav [all[VE(=A = M) (a — @)llur-o Sa llallla — alla-o

We are now ready to show the main result of this section,
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Proof of Theorem[I1.5. We have seen in Lemmal[4.2]and Remark[4.3|that both q and @ satisfies a mild formulation.
Thus calling € = q — q and x = ¥ — 1 we have

€(t) = / - HIB (, AM(— A — M)™€(s) — Pdax(s) + F(s) — F(s)) ds
- / (9D (R(q(s)) — R(q(s))) ds + Z(t).
By we have

€0 e Sonr 1Z00xe + = [ 1R(a(s) = RG@(s) o s

t
— / PIAM(=A = M) € %-ams + 81008 [3r-s + 72 Axa(s)[%—ams ds

and by the relation it follows

1 ¢ B2 41242 [t
2 —a <(x Z 2 —a - - q 2 —a— - 2 —a— .
€0 e Sonr 1200w + = [ 17(a(s) = R@()as ds+ T [ e ds
Last, thanks to
1 ¢ _
1€ 1o Sanr 1Z()||F-o + m/{) 1€(s)1F-o (la®)I1* + la(s)[F + 82 + v +17) ds.

Therefore, by Gronwall’s lemma, there exists C' = C'(«, M) such that

C T 2 2 2
60 s« Zanr (spscio | Z0) ) oo <+ | I + a) i ds> e (170 o)

Now we take the expectation of and use relation in to estimate the stochastic convolution

to get
2 2 2 T
o= p2 vi+ 5 +r C / 2 =2
s 01 R exp (T )Eexp<y+K [lats) 1P + fa)l ds ).
(60)

EllE®)f-o Saprer
Now to prove statement (i) we use . ) and (| . to derive

2 2 2
& eig)2(a—e vei+ e+
E [”qi q||%([O,T “)} Some k0] (e )R% exp (TI€-|-1/>

ex 7CTR% K+v 70 ’ s)|1? ds
p<(my)z<1+ ) o [ d>.

We move on to proving statement (ii). Given let us now estimate fOT la(s)||* using the estimate ([54)

instead of , namely
T T C T
| ) iPas < / la(s)pds < 5 (TRE + [ PG as

where we have also used that % + - < % Then the desired bound follows from the same arguments used for
the estimate (i). O

Remark 4.5. Similarly to [12], we can consider also the p moment of the random variables treated in the previous
theorem. We neglect this fact, which is not needed in order to prove Theorem
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4.2 Long Time Behavior

Let us recall our framework, q is the weak solution of the system

dq1 + (VL’l/)l : Vql) dt = (I{Aql + UAle — B0,y + F) dt + V2K Z aiier - Vaqi dwtk
keK

dgs + (VJ%/)Q . ng) dt = (nAqg + vy — BOgths — rAi/JQ) dt + V2K Z as ke - Vo dW 2k
keK

with 9 = —(—=A—M)~!q, and initial condition q(0) = qo, and q is a weak solution of the stationary deterministic
system

Vi - Vi = kAG + vA%p, — 0,0, + F

R (o1
Vs - Vo = 6AGs + VA% )y — BOy1by — 1A,
with 1/; = —(—A — M)~'q. Thanks to this relation between ¢ and ’IZJ, the system can be rewritten as
0=(k+v)AG+VvAM(—A — M)"'q— Ve -V — o) + F (62)
where
- F
F= -
7T'A1/12

Then we consider the following concept of solution for :

Definition 4.6. A weak solution of the problem is a function @ € V such that for all ¢ = (¢1, p2)t € V the
following relation holds true

(k+v)(Va, V) = v(AM(—A — M)7'q,¢) — (V™9 - Va, ¢) — (0%, ¢) + (F, ¢).

Proposition 4.7. For k large enough there exists a unique q weak solution of problem , moreover ||q(t) —
a(t)|| — 0 exponentially fast as t — +oo.

Proof. As usual we start by establishing a priori estimates. Assuming there exist a solution q. Taking q as a
test function in the weak formulation, we obtain, thanks to the fact that (V+4) - V@, q) = 0 and to Poincaré
inequality,

(s +v)IVal* < CvlIVall® + ClIF|IVall + Clval®

where the constant C' depends from (3,57, So,r, D but it is independent of k and v. Thus, if k is large enough
we have

CllF]

S ClIEL
IvVall = k+v—Cv—-C

= M,. (63)

For k large enough such that the a priori estimate holds, let us consider the complete metric space
By ={q€eV:|qllv < Ms.}.

Let us show that the map T which takes q € B,; and associate to it @ which is the unique weak solution of the
linear problem

(5 +v)(VQ Vo) = v(AM(-A - M) 'q,¢) — (V*¢ - V&, @) — 5(0:9. d) + (F, ¢). (64)
is a contraction in B, if we take x large enough. Here, of course v is obtained by q via relation and

F
7T‘A1/12

F =
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Existence and uniqueness of the solution of follows immediately by Lax-Milgram Lemma thanks to the fact
that the bilinear form a : ¥V x V — R defined by

a(qi,qz) = (k +v)(Vai, Vaz) — (V1 - Vai, qa)

is continuous and coercive. Moreover, arguing as in the a priori estimate, T'(q) satisfies

(k +V)[VT(q)| < CvM,; + CM, + C||F||

where C' is the same costant as above. From this it follows immediately that

IVT(q)[| < M.

Thus T is a map between B, and itself for x large enough such that M, > 0. Lastly we need to show that T is
a contraction. Let q1,qs € By and T(q1), T(qz2) the corresponding solutions. Then V¢ € V we have

(k +v)(V(T(a1) — T(a2)), V) = v{AM(-A — M)}

- q2)7 ¢> - <VJ_1/)1 : VT(ql)a ¢>
+ (VEahy - VT(q2), @) — B0: (41 — 42), 9) + (Fi — Fa, ¢).
Here, of course 1, is obtained by qj, for j € {1,2}, via relation and

Taking ¢ = T'(q1) — T(gz2) we have

(k +V)IV(T(ar) — T(a2)|* < CV||V(T(an) —

T(a)[[IV(ar = a2)|| + ClIV(T(a1) = T(a)ll[| V(a1 — q2)|

)

(a1) — T(az)) + (V epo - VT(a2), T(a1) — T(q2))
T(a1) — T(a2))
T(a)V(ar — q2)|| + CIV(T(a1) —
T(a2))[[[V(ar — q2)]]-

If we take x large enough, thus T is a contraction and the thesis follows.

<Vl¢1 VT((h

+(Voepr - VT(qz
< Cv|IV(T(a) -
+ CM, V(T (aqr) -

), T
)
T(a2))l[IV(a1 — q2)|

We conclude by showing the desired exponential convergence. Let 1 and 1/) be the stream functions associated

to q and q respectively and define w = q — q and x = 1 — v. The following differential relation holds
d|w]*

s+ (4 V)Vl = (PAM(=A = M)~ hw

w) — Bdox w) + (F — F, w)
Using the definition of F and F, and Young’s inequality we have
d||'lD||2 v 2 < vC 2 C 2 C \v4 \Vie
5~ T VIVw]” < vClw|” + Cllwl” + Cllwl[Vw|[| V4l

—(Vix - Va, w).

v C -
<vC|w|? + Cllw|* + §||Vw||2 + 5||w||2HVQ||2=

where C' is a constant possibly depending from D, 8, r, M but it is independent of k, v and T. By Poincaré
inequality, we have ||[Vw||? > Z-||w||?, therefore
P

dlwl , (5t v)2 all) ) wl?
_ <0.
e wC+C+Cval?) ) w|* <0
. K+v/2
Calling a = T/ -

(vC + C + C|IVq|]?). If k is large enough, @ > 0 thus by Gronwall’s Lemma we have the
exponential rate of convergence. O
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Remark 4.8. 1. By the proof of previous theorem, x must be large enough that the following inequalities are
satisfied, here C' is a constant possibly depending from £, S1, 5o, 7, D but independent of £ and v.

k+v—Cv—C>0
1 F
GM+C+C””><L

K+ v k+v—-Cv-C
2
v (oiog i L — )
Cp (k+v—-Crv-0C)

2. By elliptic regularity, it follows immediately that, actually, @ € D(A).

Now we are able to prove our final result.

Proof of Theorem [1.6, Let g be the weak solution of the deterministic problem (12)). First we fix § > 0, o € (0,1).
If k is large enough, by we can find T' = T'(§) such that

la(t) —al®> <é/4, forall t>T.

Now we use the results of Theorem for € = /2, thus we have

2 2 2
— € 2(a—e =14 +,6 +7r
E Hq_q”é([o,QT];H*a)} Sa,M,e,T” ||9He£o )RSTGXP <2TW)
CTRZ_ C 2T
ex 72T1+/<;+1/+7/ F(s)||? ds | .
p(mwﬂ o ), IFOI

Since the constants appearing in previous equation are independent of the parameters of the noise, if we take
0 to be such that the right hand side of the previous inequality can be bounded by §/4 then the thesis follows
immediately. For example some possible choices of § can be found in |12, Example 1.3]. O
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