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1 Introduction

The magnetic Skyrmion is gaining recognition as a prominent soliton in 2-dimensional
magnetic physics, particularly in the context of chiral magnets and thin films [1–5], as
well as spintronics and quantum technologies [6–9]. The name Skyrmion comes from the
3-dimensional soliton in the Skyrme model, proposed by T. Skyrme in the 1960s as a model
of the nucleus [10, 11], further validated as a low-energy effective field theory of QCD at
large Nc (number of colors) by E. Witten [12, 13] and later used as a validation of the
Sakai-Sugimoto model as evidence that the model really describes QCD at low energies [14].
The Skyrmion in 2 or 3 dimensions is a texture soliton, which differs from a defect-type soliton
by mapping the entire 2- or 3-dimensional space to the target space. In particular, a magnetic
Skyrmion in two dimensions is mapping the entire plane to an S2 target space, with the
latter being the normalized magnetization vector n = (n1, n2, n3) such that n ·n = 1 [15–28].
It differs drastically from the 3-dimensional Skyrmion by the fact that: 1) it is stabilized by
a lower-dimensional operator (i.e. less derivatives than number of spatial dimensions) and 2)
it is chiral. The latter implies that either (isolated) magnetic Skyrmions stably exist or the
corresponding anti-Skyrmions, but not both of them.1 This is different from 3-dimensional
Skyrmions, where a higher-dimensional operator (i.e. more derivatives than number of spatial
dimensions) is used to stabilize the soliton — called a Skyrmion — against collapse. Indeed
the higher-derivative (or smaller-derivative) terms are a way to avoid Derrick’s theorem [30].

1For isolated axially symmetric Skyrmions, this is the case and the stable (anti-)Skyrmions are those
corresponding to a negative DMI energy (with its coefficient). However, both Skyrmions and anti-Skyrmion
may exist for certain potentials and on domain lines, see e.g. [23, 29].

– 1 –



J
H
E
P
0
3
(
2
0
2
5
)
0
1
6

In this paper, we consider the generalization of the 2-dimensional magnetic Skyrmion
with target space S2 to a 3-dimensional magnetic Skyrmion2 with target space S3.3 Since the
unit magnetization vector in three dimensions gives rise to S2, we need a unit magnetization
vector in four dimensions.4 We will henceforth denote the construct as a higher-dimensional
magnetic Skyrmion.

The physical realization of a 3-dimensional magnetic Skyrmion could be made by the
incorporation of a synthetic (extra) dimension, as has been demonstrated in a number of
physical systems — e.g. see refs. [34–43]. Until now, the 3-dimensional counterpart of 2D
magnetic Skyrmions were magnetic Hopfions, 3-dimensional solitons living in a magnetization
vector that also lives in three dimensions. Recent numerical computations [44–48] suggest that
similar objects may exist at the nanoscale in frustrated and chiral magnets. Micrometer-sized
Hopfions have recently been created and observed experimentally in chiral ferromagnetic
fluids [49, 50]. The 3D magnetic Skyrmions which we propose, instead, have S3 as a target
space, the same as used in the standard Skyrme model in three dimensions.

In this paper, we concentrate on the spherically symmetric case which enjoys SO(3)s

invariance, with the subscript s denoting space. We take the generalized Dzyaloshinskii-
Moriya interaction (DMI) [51–53] to have only one derivative of the magnetization vector
and a single component of the same vector. In four dimensions, this means that such a
term must be contracted with a tensor that possesses two SO(4)-indices and a single spatial
index: we denote such a tensor by Θ. SO(4) invariance dictates that Θ is antisymmetric
in SO(4)-indices and we use this fact, as well as global rotations to rotate the tensor to its
standard form. We further impose SO(3)diag invariance, where we are locking spatial rotations
with an SO(3)t ⊂ SO(4) rotation, in order to obtain a spherically symmetric soliton (the
subscript t denotes the target space and ‘diag’ denotes the locked combined symmetry). This
procedure leads to two different invariant structures in the Θ tensor. However, only one of
these two structures remains nonvanishing when a spherically symmetric Ansatz is imposed.
We furthermore show that both the Bloch-type and the Néel-type DMI generalizations lead
to the same term when SO(3)diag invariance is imposed.

A special feature of this higher-dimensional magnetic Skyrme model, is that it has multiple
solutions. Indeed in its simplest incarnation, it has a Skyrmion and a sphaleron [54], with the
latter being unstable and much smaller than the Skyrmion. Finally, we further extend the
model by including the standard S3 Skyrme term, which further enriches the phase diagram
of the model, by engendering the model with a small metastable Skyrmion, an unstable
sphaleron and a stable Skyrmion — at least in a finite region of the model’s parameter space.

The paper is organized as follows. In section 2, we consider the minimal generalization
of 2D magnetic Skyrmions to 3D magnetic Skyrmions with a 4-dimensional magnetization
vector. In particular, in section 2.1 we consider the generalizations of the DM term and

2A preliminary investigation started in ref. [31].
3Solitons in 3He-B phase also have a 3-sphere for a target space as well as a spin-orbit interaction, but to

the best of our knowledge does not give rise to a DMI term [32, 33].
4We use the notation “magnetization vector” for the 4-dimensional generalization of the 3-dimension

magnetization vector, although it is physically different. For example, it is not possible to write B · n, since
the 3-dimensional magnetic field has 3 components and a would-be 4-dimensional magnetic field cannot be
dualized to a vector (the 4-dimensional Hodge dual of a 2-form is also a 2-form).
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its reductions due to symmetry considerations. In section 2.2, we then study spherically
symmetric Skyrmions numerically and consider the limit of the kinetic term being absent,
leading to the so-called restricted model (analogous to other Skyrme-type models). In
section 2.3, we then turn to unstable solitons — the sphalerons of the theory — which are
the smaller ones and harder to find. In section 2.4, we describe a limit with an additional
potential, in which the model eventually reduces to a chiral magnetic Hopfion model. In
section 3, we then consider including the Skyrme term which enriches the theory with an
extra and tiny Skyrmion that is only metastable. In section 4, we discuss the possibility of
using a synthetic dimension to realize our theory in the real world. We conclude in section 5
with a discussion and conclusion.

2 Higher-dimensional magnetic Skyrmions

A possible extension of planar magnetic Skyrmions can be realized by increasing the dimension
of the base space and target space from two to three dimensions [31]. This amounts to
a magnetization unit vector that would live in a 4-dimensional Cartesian space. For a
physical realization, advanced concepts such as synthetic dimensions must be considered,
we will deal with this argument in section 4. In symbols, the magnetization field is now
a map n : R3 → S3 where n = (n1, n2, n3, n4) and n · n = 1. Let us consider the energy
functional of the following form:

E[n] =
∑

ℓ=0,1,2
Eℓ[n] , Eℓ[n] =

∫
d3x Eℓ(n) . (2.1)

The Heisenberg exchange term is

E2(n) = 1
2∂in · ∂in . (2.2)

As potential term E0, we consider the generalized Zeeman potential:

E0(n) = m2(1− n · N)p , (2.3)

that is symmetric around the physical vacuum which is defined by

lim
r→∞

n = N , (2.4)

and p is a positive real number defining the power of the potential. The latter condition (2.4)
allows for the topological compactification of the base space R3 into S3, such that the vector
field becomes a map n : S3 → S3. This leads to a nontrivial associated homotopy group
π3(S3) = Z ∋ B, with B being the topological degree or so-called “baryon number”. The
topological degree can be computed as

B =
∫

B d3x = 1
2π2

∫
ϵabcdna∂1nb∂2nc∂3nd d3x, (2.5)

which is the pullback of the normalized volume form on the target S3 by the field n.
Without loss of generality, as we will see in the next section, the vacuum can be chosen as
N = (0, 0, 0, 1)T and in any case the potential breaks the symmetry from O(4) to O(3). Finally,
E1 is the new energy term, which we include for the first time here, i.e. the 3-dimensional
generalization of the planar DMI, which we shall discuss in the next section.
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2.1 Generalized DM interaction

2.1.1 Bloch-type DMI

Since we want to write down a generalization of the 2-dimensional DM term of Bloch-type,

κϵiab∂in
anb, i = 1, 2, a, b = 1, 2, 3, (2.6)

for an SO(4) vector, we choose the SO(4) invariant tensor ϵabcd, which is totally antisymmetric
and hence picks up a sign flip under cyclic permutations: ϵabcd = −ϵdabc. Now, in order to
contract the ϵ tensor with the magnetization vector, we notice that the antisymmetric nature
of the tensor allows us to contract only with one n. As for derivatives of n, we can contract
also only with one ∂n, since we wish to avoid Derrick’s theorem by having less derivatives
in the DM term than in the kinetic term (i.e. (∂n)2). Since the DM term breaks rotational
invariance already in the standard 2D formulation, there is no problem with contracting
with a constant tensor, Θ. We thus arrive at

EBloch
1 := κϵabcdΘabi∂in

cnd, (2.7)

where we raise and lower indices with Euclidean metrics. Clearly, Θ is a mixed tensor having
two SO(4)-indices (a and b) and one spatial index i; this may break rotational invariance.

In order to put the higher-dimensional DM term on the most general standard form, we
use SO(4) and SO(3)s transformations to simplify the tensor Θ as much as possible. Since
Θ is contracted with the SO(4)-invariant tensor ϵabcd, we can from here on assume that it
is antisymmetric in the SO(4)-indices a and b:

Θabi = −Θbai. (2.8)

Performing simultaneously both orthogonal transformations, R ∈ SO(4) and r ∈ SO(3)s,
we get

EBloch
1 → κϵabc′d′Θabi′

r i
i′ ∂i(Rc′

cn
c)Rd′

dnd

= κϵa′b′c′d′Ra′

eR e
a Rb′

f R f
b Θabi′

r i
i′ ∂i(Rc′

cn
c)Rd′

dnd

= κ det(R)ϵabcdR a
e R b

f Θefi′
r i

i′ ∂in
cnd, (2.9)

from which we can read off the transformation on the tensor, Θ, as

Θabi → R a
e R b

f Θefi′
r i

i′ . (2.10)

Writing this in matrix notation for the SO(4)-indices, we thus have a simple orthogonal
transformation:

Θi → RTΘi′
R r i

i′ . (2.11)

Now since Θi is an antisymmetric real 4×4 matrix for each i, it has two conjugate pairs of pure
imaginary eigenvalues. There is, however, no reason for the matrices to be aligned a priori.
This means that we can only diagonalize one of the three matrices, say the i = 3 matrix:

Θ3 ∼ diag(iA3,−iA3, iF 3,−iF 3), (2.12)

– 4 –
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with ∼ denoting under an orthogonal transformation. Clearly, the determinant of Θ3 is
positive as it must be.

Now we should recall that the kinetic term E2 is invariant under the full R ∈ SO(4)
transformation, but the vacuum, and consequently the potential E0 is not. Notice that
N will naturally transform under the rotation R. We may utilize the SO(4) rotation to
set the vacuum to be

N = (0, 0, 0, 1)T, (2.13)

which is invariant only under the SO(3)t subgroup represented by ρ ∈ SO(3)t ⊂ SO(4)
such that

R =
(

ρ 0
0 1

)
. (2.14)

Parametrizing the tensor Θabi as 3 matrices that transform under SO(4), we have

Θi = 1
2


0 Ai Bi Di

−Ai 0 Ci Ei

−Bi −Ci 0 F i

−Di −Ei −F i 0

 , (2.15)

the rotation ρ of eq. (2.14) can only be used to diagonalize the submatrix consisting of
Ai, Bi and Ci. Since the submatrix is 3 × 3, it only possesses 1 purely imaginary pair
of nonvanishing eigenvalues, as well as a zero eigenvalue. There is still no reason for the
SO(3)s vectors to be aligned, so we can only diagonalize one of the Θi submatrices, say
the i = 3 again. We thus arrive at

Θµ = 1
2


0 Aµ Bµ Dµ

−Aµ 0 Cµ Eµ

−Bµ −Cµ 0 F µ

−Dµ −Eµ −F µ 0

 , Θ3 = 1
2


0 A3 0 D3

−A3 0 0 E3

0 0 0 F 3

−D3 −E3 −F 3 0

 , (2.16)

with µ = 1, 2. Using the r ∈ SO(3)s degrees of freedom, we can eliminate one symbol in Θµ,
by rotating it into the i = 3 direction; we may choose this to be F µ = 0. We will denote
this the standard form of the Θ tensor. One result of this computation is that the minimal
degrees of freedom of the Θ tensor are 14.

At this point, it will be useful to identify a subset of the Θ tensor in standard form, that
is invariant under a combined SO(3)t ⊂ SO(4) and SO(3)s symmetry. The transformation is
again that of eq. (2.10) with R of eq. (2.14), it takes the form

Θi → 1
2


ρT

 0 Aj Bj

−Aj 0 Cj

−Bj −Cj 0

 ρ ρT

Dj

Ej

F j


(
−Dj −Ej −F j

)
ρ 0

 r i
j , (2.17)

where ρ ∈ SO(3)t and r ∈ SO(3)s. From the above equation, it is clear that invariance
requires the triplet A, B, C to transform under the adjoint representation of SO(3) and

– 5 –
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the triplet D, E, F to transform under the fundamental representation. This means that
invariance under the combined rotation with the locking of the two SO(3)’s according to
eq. (2.14) with ρ = r, is attained by the tensor

Θi = 1
2


0 αδi3 −αδi2 βδi1

−αδi3 0 αδi1 βδi2

αδi2 −αδi1 0 βδi3

−βδi1 −βδi2 −βδi3 0

 , (2.18)

with α, β ∈ R. We see that the invariant tensor only has two degrees of freedom. This
invariant tensor can also be written in the basis of ’t Hooft tensors as

Θi = α + β

4 ηi + α − β

4 η̄i, (2.19)

where the ’t Hooft tensors are given by

η1 =
(

0 τ1

−τ1 0

)
, η2 =

(
0 −τ3

τ3 0

)
, η3 =

(
iτ2 0
0 iτ2

)
,

η̄1 =
(

0 −iτ2

−iτ2 0

)
, η̄2 =

(
0 −12
12 0

)
, η̄3 =

(
iτ2 0
0 −iτ2

)
. (2.20)

One may also consider the simplified tensor

Θabi = Γaδbi, (2.21)

which clearly is not antisymmetric in the SO(4)-indices a and b. Anti-symmetrizing them gives

Θabi = 1
2
(
Γaδbi − Γbδai

)
, (2.22)

which written out in matrix form reads

Θi = 1
2


0 Γ1δ2i − Γ2δ1i Γ1δ3i − Γ3δ1i −Γ4δ1i

Γ2δ1i − Γ1δ2i 0 Γ2δ3i − Γ3δ2i −Γ4δ2i

Γ3δ1i − Γ1δ3i Γ3δ2i − Γ2δ3i 0 −Γ3δ3i

Γ4δ1i Γ4δ2i Γ4δ3i 0

 . (2.23)

This tensor is contained within the standard form of Θ by identifying

Ai =
(
−Γ2,Γ1,

√
(Γ1)2 + (Γ2)2

)
,

Bµ = (−Γ3, 0),
Cµ = (0,−Γ3),
Dµ = (−Γ4, 0),
Eµ = (0,−Γ4),
F 3 = −Γ4, (2.24)
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and F µ = 0 with µ = 1, 2. Considering an invariant subset of this tensor under the combined
SO(4) and SO(3)s rotation (2.10) yields

Θabi → 1
2(R

TΓ)aδbi − 1
2(R

TΓ)bδai. (2.25)

Using now the rotation R of eq. (2.14), it is clear that invariance is only preserved if

Γa
inv = −βδa4, (2.26)

in agreement with the invariant tensor on the standard form (2.18).
Another simplified tensor may be constructed by taking the “Hodge dual” of the Θ

tensor. In order to dualize in 4 dimensions, we extend the index i to i = 1, 2, 3, 4, but with
the derivative ∂4 = 0. In this case, we have

Θabi = 1
2ϵabicΨc, (2.27)

where the factor of 1/2 is introduced for convenience. This tensor is also contained within
the standard form of Θ by identifying

A3 = Ψ4,

Bµ = (0,−Ψ4),
Cµ = (Ψ4, 0),
Dµ = (0,Ψ3),
Eµ = (−Ψ3, 0),
F µ = (Ψ2,−Ψ1), (2.28)

where this time we have chosen Aµ = 0. It is again clear that only a subset of this tensor
is an invariant under the transformation (2.10) and it is given by

Ψa = αδa4. (2.29)

Interestingly, the invariant of this tensor corresponds to the α-part of the invariant tensor on
standard form (2.18), whereas the invariant tensor (2.26) corresponds to the β-part.

2.1.2 Néel-type DMI

In two dimensions the DM term can equivalently take a different form, known as the DMI
of Néel type:

κ(n · ∇n3 − n3∇ · n), (2.30)

with ∇ = (∂1, ∂2, 0) and n = (n1, n2, n3), which is due to the Rashba spin-orbit coupling
(SOC), whereas the Bloch-type DMI (2.6) corresponds to the Dresselhaus SOC. Although,
this DM term looks quite different from the Bloch type (2.6), the Néel-type DMI is simply
obtained from the Bloch-type DMI by performing an SO(2)t ⊂ SO(3)t rotation of the
magnetization vector (n1, n2, n3) 7→ (n2,−n1, n3) and keeping the derivative vector fixed.

– 7 –
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The generalization of the above 2-dimensional DM term to a higher-dimensional DM term,
however, is straightforward and somewhat different:5

ENéel
1 = κ(n4∇ · n − n · ∇n4), (2.31)

where now ∇ = (∂1, ∂2, ∂3, 0) and n = (n1, n2, n3, n4). The symmetry properties are also
quite clear and simple in this case, since the inner product is preserved by a combined
rotation in ρ ∈ SO(3)t ⊂ SO(4) (see eq. (2.14)) and r ∈ SO(3)s, with the symmetry-locking
mechanism again given by ρ = r.

In fact, by a closer inspection it is clearly SO(3)diag invariant, as it is simply equal to the
tensor (2.27) with Ψa of eq. (2.29), corresponding to the α-part of the SO(3)diag invariant
tensor (2.18). Indeed, a simple calculation shows that

1
2κϵabcdϵabi4∂in

cnd = κ(δi
cδ

4
d − δ4

c δi
d)∂in

cnd = κ(n4∇ · n − n · ∇n4), (2.32)

which is exactly eq. (2.31).

2.1.3 Axially symmetric DMI

The Néel-type DM term (2.31) already possesses SO(3)diag symmetry, whereas the general
Bloch-type generalization (2.7) does not. Considering the Θ tensor (2.15), we can relax
the spherical (i.e. SO(3)) symmetry restriction to only an axial symmetry. Using the
transformation (2.10), but with the SO(4) transformation, i.e.,

R =
(

ρ′ 0
0 12

)
, (2.33)

with ρ′ ∈ SO(2)t, 12 being the 2×2 unit matrix, and with the SO(2)s ⊂ SO(3)s spatial rotation

r =
(

ρ′ 0
0 1

)
, (2.34)

we can find an axially invariant Θ tensor of the form

Θi = 1
2


0 0 γδi1 ηδi1

0 0 γδi2 ηδi2

−γδi1 −γδi2 0 F 3δi3

−ηδi1 −ηδi2 −F 3δi3 0

 . (2.35)

The two vectors proportional to γ and η are invariants under the combined SO(2) rotation in
the x-y plane, but (F 1, F 2) still transform, so we must set them to zero.

5Often the opposite sign of the Néel-type DMI is used, which can be reached from the Bloch-type DMI
simply by rotating the opposite way in the 1-2 plane: (n1, n2, n3) 7→ (−n2, n1, n3), or alternatively by flipping
the sign of κ.
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2.2 Spherically symmetric magnetic Skyrmions

In order to construct a spherically symmetric magnetic Skyrmion, we necessarily need
to consider only the SO(3)diag invariant subtensors, which for the Bloch-type DM term
corresponds to the α and β parts of eq. (2.18). Considering the model that closest resembles
the 2D magnetic Skyrmion, we take the energy density to be

E = E2 + E1 + E0. (2.36)

The kinetic term, E2, is invariant under O(4)t ×O(3)s ⋉ T3 symmetry, which is broken down
to O(3)t × O(3)s ⋉ T3 by the potential, E0, where T3 are spatial translations and ⋉ is the
semi-direct product. The DM term, E1, further breaks the symmetry which is clear from the
derivation in section 2.1.1, viz. the internal symmetry is locked with the spatial rotations,
yielding the symmetry of the theory

G = O(3)diag ⋉ T3. (2.37)

The hedgehog Ansatz with an azimuthal rotation by δ is given by the map

n =


sinχ sin θ cos(ϕ + δ)
sinχ sin θ sin(ϕ + δ)

sinχ cos θ

cosχ

 , χ, θ ∈ [0, π], φ ∈ [0, 2π), (2.38)

with (r, θ, ϕ) being the normal spherical coordinates and χ(r) the radial profile function. The
energy densities for the kinetic and potential terms are independent of δ and read

E2 = 1
2(χ

′)2 + sin2 χ

r2 , (2.39)

E0 = m2(1− cosχ)p, p > 0, (2.40)

with χ′ := ∂rχ(r). We typically take p = 1 or alternatively p = 3
2 or p = 2.

More interesting is the SO(3)diag-invariant DM term (2.18), which under the hedgehog
Ansatz reduces to

EBloch
1 = κα cos δ

(
sin2 θχ′ + (1 + cos2 θ) sin 2χ

2r

)
+ κα

(
cos2 θχ′ + sin2 θ sin 2χ

2r

)

+ 2κβ sin δ
cos θ sin2 χ

r
. (2.41)

The β-part of the term vanishes upon integration of dθ (i.e.
∫ π

0 sin 2θ dθ = 0). We notice
that the term becomes spherically symmetric when δ = 0:

EBloch
1 = κα

(
χ′ + sin 2χ

r

)
. (2.42)

Integrating instead (2.41) over θ, we obtain∫
EBloch

1 sin θ dθ = 2κα

3 (1 + 2 cos δ)
(

χ′ + sin 2χ

r

)
. (2.43)
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α-part β-part sph. sym.
Bloch-type (2.29) (2.26) (2.44) (β = 0)
Néel-type (2.29) 0 (2.45)

Table 1. Bloch-type and Néel-type DMIs. Note that the β-part of the Bloch-type DM vanishes in
the spherically symmetric case.

Since the DM term contributes as negative energy, maximizing its prefactor corresponds to
minimizing the energy, which is quickly seen to occur at δ = 0, the symmetric point. We
also absorb α into κ and thus arrive at

EBloch
1 = κ

(
χ′ + sin 2χ

r

)
. (2.44)

If we instead consider the generalized Néel-type DM term (2.31), we obtain under the
hedgehog Ansatz exactly the α-part of the Bloch-type DM (see eq. (2.41)), as expected. The
symmetry is enhanced when δ = 0 and in that case the above density reduces to

ENéel
1 = κ

(
χ′ + sin 2χ

r

)
. (2.45)

We thus conclude that both the Bloch-type and Néel-type DMIs give under the hedgehog
Ansatz (2.38) rise to the same DM term, i.e. EBloch

1 = ENéel
1 ≡ E1, which is schematically

very similar to the polar symmetric one in two dimensions. A summary is presented in
table 1 for the reader’s convenience.

The total energy (E =
∫
E d3x) of the higher-dimensional magnetic Skyrme model under

the hedgehog Ansatz (2.38) is thus given by

E = 4π

∫ [1
2r2(χ′)2 + sin2 χ + κ(r2χ′ + r sin 2χ) + m2r2(1− cosχ)p

]
dr, (2.46)

which gives rise to the following Euler-Lagrange equation

eomχ = χ′′ + 2
r

χ′ − sin 2χ

r2 + 4κ sin2 χ

r
− pm2(1− cosχ)p−1 sinχ = 0. (2.47)

It is well known that using a scaling argument, we can without loss of generality reduce
the parameters of the theory from 2 to 1, by rescaling lengths and choosing a suitable energy
unit. Rescaling r → λr, we thus arrive at

Eλ = λE2 + λ2E1 + λ3E0. (2.48)

Derrick’s theorem [30] prevents stable solitonic solutions to this theory if all E2,1,0 were
positive definite. However, since E1 can be negative, stability can be attained. From this
argument, it is clear that we could remove the potential term E0 and, in principle, still have
stable solutions. We therefore scale away κ with λ = κ−1 and energies are measured in units
of λ = κ−1. Absorbing λ into the mass parameter, we arrive at

E = 4π

κ

∫ [1
2r2(χ′)2 + sin2 χ + (r2χ′ + r sin 2χ) + m2r2(1− cosχ)p

]
dr. (2.49)
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Since κ = 0 cannot give rise to stable solitons, it is no problem to divide the energy functional
by κ. The equation of motion is just eq. (2.47) with κ set to unity.

Finally, the topological charge is given by eq. (2.5), which under the Ansatz (2.38)
simplifies to

B =
∫

B d3x = − 2
π

∫
sin2(χ)χ′ dr = 2

π

∫ π

0
sin2 χ dχ = 1, (2.50)

where we have used the boundary conditions χ(0) = π and χ(∞) = 0.

2.2.1 Full equations of motion

Using the principle of symmetric criticality, the equation of motion (2.47) solves the full
equations of motion, if and only if the Ansatz is compatible with the symmetries of the full
theory. Nevertheless, the full equations of motion serve as a consistency check of the Ansatz
and in the 2D case, they furthermore determine the phase parameter δ.

The full equations of motion read

∂2
i na + 2κϵabcdΘbci∂in

d + pm2(1− n · N)p−1Na − λna = 0, (2.51)

where λ is a Lagrange multiplier that can be determined as

λ = n · ∂2
i n − 2κϵabcdΘabi∂in

cnd + pm2(1− n · N)p−1n · N . (2.52)

Inserting the spherical Ansatz (2.38), eq. (2.51) reduces to

∂n

∂χ
× eomχ +sin

(
δ

2

)
V + sin2

(
δ

2

)
W = 0, (2.53)

with eomχ of eq. (2.47) and where we have defined

V = 2κ


−1

2 sinχ sin θ
[
3 sin

(
δ
2 + ϕ

)
+ sin

(
3δ
2 + ϕ

)]
χ′

1
2 sinχ sin θ

[
3 cos

(
δ
2 + ϕ

)
+ cos

(
3δ
2 + ϕ

)]
χ′

0
0

 , (2.54)

W = 2κ



n1
[
−(1 + cos2 θ) sin 2χ

r + cos(2θ)χ′
]

n2
[
−(1 + cos2 θ) sin 2χ

r + cos(2θ)χ′
]

−n3
[
(1 + cos2 θ) sin 2χ

r + 2 sin2(θ)χ′
]

2(1 + cos2 θ) sin3 χ
r


, (2.55)

which demonstrates that eq. (2.47) is consistently solving the full equations of motion if and
only if δ = 0. Unlike the situation in 2D, here the solution to the full equations of motion
uniquely determine the rotation phase of the Ansatz to be δ = 0. On the other hand, in the
standard 2D magnetic Skyrmion case, there are two solutions corresponding to a rotation in
the plane by δ = π

2 and δ = −π
2 , with the former being the minimum of the energy and the

latter the maximum. In this case, the generalized DMI is only spherically symmetric when
δ = 0 and therefore eomχ = 0 only solves the full equations of motion for that value of δ.
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p mcrit
1 0.85
3
2 0.97
2 1.02

Table 2. The critical mass parameter mcrit for the potential with p = 1, 3
2 , 2. No solutions exist for

m > mcrit, but solutions exist in the interval m ∈ (0, mcrit].

2.2.2 Numerical Skyrmion solutions

We will now compute a spectrum of numerical solutions for the 3D generalization of the
Skyrmion with a higher-dimensional DM term that is SO(3)diag-invariant: namely the α-
invariant part of eq. (2.18). We utilize the rescaling of lengths, so that the coefficient of the
higher-dimensional DMI is unity, but the energy is measured in units of inverse κ, see eq. (2.49).
We solve the equation of motion (2.47) with κ set to unity (under the rescaled scheme) using
gradient flow. The gradient flow method is suitable for the stable 3D Skyrmions and is easier
to use than a shooting method due to the large sizes of the Skyrmions, when m is small. We
have cross-checked the solutions using the shooting algorithm and confirmed their accuracy.

Figure 1 shows the profile functions of the solutions for the full range of parameters,
i.e. m ∈ (0, mcrit] in the rescaled lengths where κ only enters as the (inverse) unit of energy.
There exist no solution for m > mcrit and for the 3 potential power parameters, p = 1, 3

2 , 2,
we give the approximate critical masses in table 2. Notice also that no 3D magnetic Skyrmion
solution exists for m = 0, see below though. We can understand the critical mass as follows.
For fixed DM-term coefficient (in the effective rescaling of parameters in the theory), the
only theory parameter is m. For small m, the DM term can stabilize the soliton, whereas
for large m, the pressure to collapse the soliton eventually becomes too large, and hence
no soliton exists.

As can be inferred from Derrick scaling, the largest 3D magnetic Skyrmion solution
is the one with the smallest mass and the smallest ones are the m = mcrit ones, see the
approximate sizes in figure 5(a).

Figure 2 shows the energy densities (left panels) and topological charge densities (right
panels). The left panels show the total energy densities for the full range of the mass
parameter, m, using black lines and the DM contribution to the energy density using red lines.
The densities are weighted by r2 to make the features of the densities better visible. The 3
rows of the figure correspond to different values of the potential power parameter, p = 1, 3

2 , 2.

2.2.3 Restricted model

If we consider a rescaling of lengths r → λr with λ = κ
m2 , we obtain a theory where the

coefficients in front of the DM term and the potential term both equal κ2

m2 , whereas the
coefficient of the kinetic term remains unity (the energy unit is now κ

m2 ). Now, taking
κ ≫ m > 0, the kinetic term becomes negligible and we arrive at the restricted version
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Figure 1. Profile functions for 3D magnetic Skyrmions with higher-dimensional SO(3)diag-invariant
DM term. Left panels (a,c,e) show the profile on a regular scale and the right panels (b,d,f) on a log
scale. The mcrit solution is shown with a dashed line. The rows of panels correspond to the potential
power parameter p = 1, 3

2 , 2. No solutions exist for m > mcrit nor for m = 0.

of the model,

Erestricted = κ2

m4 E1 +
κ3

m6 E0

= 4πκ3

m4

∫ [
r2χ′ + r sin 2χ + r2(1− cosχ)p

]
dr, (2.56)

which has the algebraic and explicit equation of motion

r = 4 sinχ

2p−1p sin2(p−1) (χ
2
) . (2.57)
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Figure 2. Energy density and topological charge density for 3D magnetic Skyrmions with higher-
dimensional SO(3)diag-invariant DM term. Left panels (a,c,e) show the total energy densities weighted
with r (for visualization purposes) as black lines and the DM contribution as red lines. Right panels
(b,d,f) show the topological charge density, weighted with r2. The mcrit solution is shown with a
dashed line. The rows of panels correspond to the potential power parameter p = 1, 3

2 , 2. No solutions
exist for m > mcrit nor for m = 0.

This solution is formally identical with the restricted 2D magnetic Skyrmion solution of
ref. [55]. In particular, we have

p = 1 : χ(r) = π − arcsin
(

r

4

)
, (2.58)

p = 3
2 : χ(r) = 2 arccos

(
3
√
2r

16

)
, (2.59)

p = 2 : χ(r) = 2 arctan
(

r

2

)
. (2.60)

– 14 –



J
H
E
P
0
3
(
2
0
2
5
)
0
1
6

2.2.4 The anti-Skyrmion

In the 2-dimensional magnetic Skyrme model, the anti-Skyrmion is unstable. It is worthwhile
to discuss the anti-Skyrmion in this higher-dimensional model, since it is somewhat different
from the 2-dimensional case. The simplest way to obtain the anti-Skyrmion is to flip the polar
angle ϕ → −ϕ in eq. (2.38). The β-part of the DMI still vanishes, but the α-part changes to∫

ESk
1 sin θ dθ = 2κ

3

[
(1− cos δ)sin 2χ

r
+ (1 + 2 cos δ)χ′

]
. (2.61)

Integrating by parts and assuming m > 0 such that the boundary term vanishes, we can
show that ∫

ESk
1 sin θ dθ = 2κ

3
[
cos δ(3− sin2 χ) + 2 sin2 χ

]
χ′, (2.62)

which should be compared to∫
ESk

1 sin θ dθ = 2κ

3
[
(1 + 2 cos δ)2 sin2(χ)

]
χ′, (2.63)

for the Skyrmion. For the Skyrmion the prefactor is clearly maximized by δ = 0. This is also
the case for the anti-Skyrmion, which can be seen by comparing the case with κ > 0 and
δ = 0 to the case of κ < 0 and δ = π, which are the most positive and the most negative
values of the square brackets. So although the anti-Skyrmion exists, it will have a smaller
coefficient of the DM term and hence a larger energy than the Skyrmion for δ := 0. This can
be seen by comparing the DMI for the anti-Skyrmion to the Skyrmion in the following form:∫

ESk
1 sin θ dθ = 2κ

(sin 2χ

r
+ χ′

)
, (2.64)∫

ESk
1 sin θ dθ =

∫
ESk

1 sin θ dθ − 2κ
sin 2χ

r
. (2.65)

Since the term − sin 2χ
r is positive for small r where χ > π/2, it will increase the energy of the

anti-Skyrmion with respect to the Skyrmion (more than it will decrease the energy for χ > π/2,
since the term will be small for large r), leaving the Skyrmion the stable soliton in the theory.

2.3 Magnetic sphalerons

Considering again the rescaling of lengths as r → λr, we get eq. (2.48). By identifying
the characteristic radius of the soliton as R and approximating the integrals of the energy
functional by constants as

λE2 = c2R, λ2E1 = −c1κR2, λ3E0 = c0m2R3, (2.66)

we can write the approximate energy functional as a function of the soliton size, R:

E(R) = c2R − c1κR2 + c0m2R3, (2.67)

Choosing energy and length units more convenient for the problem at hand, we can write
the above function as

E(R̃) = c
3
2
2√

c0m

[
R̃ − κ̃R̃2 + R̃3

]
, R̃ = R

R0
=
√

c0
c2

mR, (2.68)
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where we have defined

κ̃ = κc1√
c0c2m

. (2.69)

The virial law is now given by

E′(R̃) = c
3
2
2√

c0m

[
1− 2κ̃R̃ + 3R̃2

]
= 0. (2.70)

In contradistinction to the 2-dimensional magnetic Skyrmion case, in 3 dimensions there
are two solutions to the virial equation:

R± = κ̃ ±
√

κ̃2 − 3
3 R0. (2.71)

Clearly, there are no solutions if κ̃ <
√
3, in which case the DM term is not strong enough

to stabilize a soliton solution. However, as soon as κ̃ is big enough, two solutions exist: the
large one is the 3D magnetic Skyrmion and we call the small one a magnetic sphaleron.
Although we cannot expect c2,1,0 to be truly constants for all values of the parameters of the
energy functional, we assume their dependence to be mild. Nevertheless, it is illuminating
to expand in small m:

R− = c2
2c1κ

+ 3c0c2
2m2

8c3
1κ3 +O(m4), (2.72)

R+ = 2c1κ

3c0m2 − c2
2c1κ

− 3c0c2
2m2

8c3
1κ

+O(m4). (2.73)

The solution corresponding to R−, which is the magnetic sphaleron, tends to a finite size as
m tends to zero, whereas the solution corresponding to R+ diverges as m → 0. The finite
size of R− for m = 0 shows that the massless magnetic sphaleron is stabilized exclusively by
the balance of the kinetic and the DM term. The latter solution, R+, is the 3D magnetic
Skyrmion. Since R+ diverges in the limit of m → 0, the Skyrmion disappears in that limit.

2.3.1 Numerical sphaleron solutions

We solve the equation of motion (2.47) with κ set to unity (under the rescaled scheme)
using the shooting method. The reason for changing the algorithm from gradient flow to the
shooting method, is that the magnetic sphaleron solutions are unstable, which makes the
gradient flow method easily flow to the stable 3D magnetic Skyrmions instead. Linearizing
the equation of motion (2.47), we find that at small distances r ≪ 1, the profile function
behaves like χ = π− cr+O(r2). We use c as the shooting parameter and require χ(rmax) = 0,
with a suitably large rmax. The typical values of the shooting parameter for the magnetic
sphalerons are in the range c ≈ [2, 6].

Figure 3 shows the profile functions of the solutions for the full range of parameters,
i.e. m ∈ [0, mcrit] in the rescaled lengths where κ only enters as the (inverse) unit of energy.
As in the 3D magnetic Skyrmion case, there exist no solution for m > mcrit, as can also be
seen from eq. (2.71). The upper bound on m corresponds to the lower bound on κ̃ ≥

√
3 and

when satisfied, both the 3D magnetic Skyrmion and the magnetic sphaleron exist.
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Figure 3. Profile functions for magnetic sphalerons with higher-dimensional SO(3)diag-invariant DM
term, for (a) p = 1, (b) p = 3

2 and (c) p = 2. The m = 0 solution is shown with a green line and the
mcrit solution with a dashed line. No solutions exist for m > mcrit.

Interestingly, we can see that increasing the potential (mass) parameter, m, inflates the
bulk of the soliton but suppresses the tail for p = 1. For p > 1, the tail is not suppressed
in the same way, since the potential is not simply giving rise to an exponential behavior,
but is nonlinearly suppressing the tail.

Figure 4 shows the energy densities and topological charge densities. The left panels show
the total energy densities with black lines and the DM contribution with red lines. The 3
rows of the figure correspond to different values of the potential power parameter, p = 1, 3

2 , 2.
The sizes of the Skyrmions given in figure 5(a) are found simply by determining the

radius where the profile function χ is half-way between the anti-vacuum and the vacuum,
i.e. χ(r) = π

2 . The energies are shown in figure 5(b) with positive sign for the sphaleron
and −E is shown for the magnetic Skyrmion (since it is a logarithmic plot). Clearly, the
sphaleron has a larger energy than the magnetic Skyrmion, since it always has the opposite
sign than the latter.

Finally, in figure 6 we show the energy functional E(R) of eq. (2.67) for the two cases
of m = 0.3 and m = 0.7 with the potential p = 1. It is observed from the figure that the
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Figure 4. Energy density and topological charge density for magnetic sphalerons with higher-
dimensional SO(3)diag-invariant DM term. Left panels (a,c,e) show the total energy densities weighted
with r2 as black lines and the DM contribution as red lines. Right panels (b,d,f) show the topological
charge density, weighted with r2. The m = 0 solution is shown with a green line (light-green for the
DM term) and the mcrit solution is shown with a dashed line. The rows of panels correspond to the
potential power parameter p = 1, 3

2 , 2.

magnetic sphaleron has a positive energy, whereas the magnetic Skyrmion always has a
negative energy. Moreover, the scaling of the radii is consistent with figure 5; that is, the
magnetic sphaleron grows while the magnetic Skyrmion shrinks with increasing m, consistent
with eqs. (2.72) and (2.73).
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Figure 5. (a) Sizes and (b) energies of magnetic sphalerons (bottom series) versus 3D magnetic
Skyrmions (top series) with higher-dimensional SO(3)diag-invariant DM term. (a) The size is measured
simply by the radius where χ = π

2 . (b) −E is shown for the magnetic Skyrmions, as they have negative
energy (i.e. they are stable solitons). Black pluses correspond to p = 1, red crosses to p = 3

2 and blue
plus-crosses to p = 2. The critical masses, mcrit, correspond to the largest sphalerons and the smallest
Skyrmions.
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Figure 6. The energy functional E(R) as function of the radius R, illustrating the unstable magnetic
sphaleron fixed point at a small radius and the stable magnetic Skyrmion fixed point at a larger radius,
for (a) m = 0.3 and (b) m = 0.7 both with the p = 1 potential. It is also observed that the magnetic
sphaleron grows with m whereas the magnetic Skyrmion shrinks with m.

2.4 A connection to the Hopfion

At present, the 3-dimensional chiral magnetic Skyrmion we proposed stands as a purely
theoretical model with no experimental realization, since we require a 4-dimensional mag-
netization vector. However, our higher-dimensional model can be connected to the model
of Hopfions in chiral magnets which have been studied theoretically in refs. [45, 47, 48]
and found experimentally [49, 50]. Magnetic Hopfions have also been studied in frustrated
magnets in refs. [44, 46]. In order to interpolate to the Hopfion model, we need to turn
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on an additional deformation potential

Edef
0 [n] =

∫
d3x m′2(n3)2, (2.74)

so that the theory is E[n] + Edef
0 [n], with E[n] of eq. (2.1). This potential is compatible

with the vacuum N = (0, 0, 0, 1)T, but squeezes the unbroken 2-sphere. In the limit m′ → 0
we return to our higher-dimensional model, whereas in the limit m′ → ∞, the target space is
effectively reduced from the 3-dimensional S3 to the 2-dimensional S2. Being too energetically
expensive to deviate from n3 = 0, the theory with the SO(3)diag-invariant higher-dimensional
DM term (2.18) reduces in the m′ → ∞ limit to

Ered[u] =
∫

d3x

[1
2∂iu · ∂iu + καu · ∇ × u − κ(β − α)ϵijui∂3uj + m2(1− u3)

]
, (2.75)

where u = (−n2, n1, n4) ∈ S2 is the reduced magnetization vector (u · u = 1). Notice the
rotation of the first two magnetization coordinates. Note also that the ∂3 derivative part of
the DM term is proportional to β only. Setting β = α = 1 simplifies the energy to

Ered[u] =
∫

d3x

[1
2∂iu · ∂iu + κu · ∇ × u + m2(1− u3)

]
, (2.76)

which is exactly the energy of the Hopfion studied in refs. [45, 47, 48].
Given that the Derrick’s scaling of this theory is identical to our higher-dimensional

model with n ∈ S3 instead of u ∈ S2, we expect that also the magnetic Hopfion model in
chiral magnets could have a sphaleron, see section 2.3.

A problem with the deformation (2.74) is that the hybrid Skyrmion sector (with S3

target space) and the Hopfion sector (with S2 target space) are not connected continuously.
Sending m′ → ∞ the Skyrmion mass in the nontrivial sector π3(S3) goes to infinity. The
Hopfion sector, π3(S2), instead appears at a certain m′ as a metastable sector and becomes
absolutely stable as m′ → ∞.

3 A magnetic-QCD hybrid Skyrme model

We will now briefly consider the hybrid model consisting of the higher-dimensional magnetic
Skyrmion model of section 2 and the standard Skyrme model that is often used in a high-
energy context [10, 11]. We do this by amending the energy (2.1) with the so-called Skyrme
term, E4 =

∫
d3xE4, whose density is [10, 11]

E4(n) = 1
4e2

[
(∂in · ∂in)(∂jn · ∂jn)− (∂in · ∂jn)(∂in · ∂jn)

]
. (3.1)

This introduces an extra coupling constant or theory parameter, viz. e — not to be confused
with the electron charge.

Inserting the hedgehog Ansatz (2.38), the total energy for the magnetic-QCD hybrid
Skyrme model reads

E = 4π

∫ [1
2r2(χ′)2 + sin2 χ + κ(r2χ′ + r sin 2χ) + m2r2(1− cosχ)p

+ sin2 χ

e2

(
(χ′)2 + sin2 χ

2r2

)]
dr, (3.2)
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which leads to the equation of motion

χ′′ + 2
r

χ′ − sin 2χ

r2 + 4κ sin2 χ

r
− pm2(1− cosχ)p−1 sinχ

+ 2 sin2(χ)χ′′

e2r2 + sin(2χ)(χ′)2

e2r2 − sin2 χ sin 2χ

e2r4 = 0. (3.3)

The DM term must be negative to stabilize the soliton according to Derrick’s theorem. If
we add a boundary term 2πκ∂r(r2 sin 2χ) to the energy functional, the DM term becomes
negative definite for a monotonically decreasing profile function:

E = 4π

∫ [1
2r2(χ′)2 + sin2 χ + κr2 sin2(χ)χ′ + m2r2(1− cosχ)p

+ sin2 χ

e2

(
(χ′)2 + sin2 χ

2r2

)]
dr, (3.4)

that is, for χ(r) going monotonically from χ(0) = π to χ(∞) = 0. We should note that
the boundary term only vanishes for exponentially localized solitons (m ̸= 0), otherwise
for massless Skyrmions this boundary term will give a finite, but constant contribution
to the energy.

We are now ready to perform a Derrick’s scaling analysis next.

3.1 Derrick phase diagram

In this section, we investigate the phase diagram of the theory through Derrick’s theorem.
Rescaling the lengths as r → λr, we obtain similarly to the case of the model without the
Skyrme term, a scaled energy

Eλ = λE2 + λ2E1 + λ3E0 +
1
λ

E4. (3.5)

Each energy contribution is here approximated to be a constant cn times the coupling constant
times the soliton size R to the power given by the Derrick scaling:

λE2 = c2R, λ2E1 = −c1κR2, λ3E0 = c0m2R3,
1
λ

E4 = c4
e2R

. (3.6)

This approximate energy functional as a function of the soliton size, R, thus reads

E(R) = c2R − κc1R2 + m2c0R3 + c4
e2R

. (3.7)

At this point, it will prove useful to choose a particular unit of energy and of length, so as
to reduce the variables of the theory. In particular, we have

E(R̃) = c
3
2
2√

c0m

[
R̃ − κ̃R̃2 + R̃3 + 1

ẽ2R̃

]
, (3.8)

where we have defined

κ̃ = κc1√
c0c2m

, ẽ = ec2√
c0c4m

, (3.9)

and R̃ is given in eq. (2.68).
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Derrick stability is given by imposing the derivative of the above energy with respect
to R equal to zero:

E′(R̃) = c
3
2
2√

c0m

[
1− 2κ̃R̃ + 3R̃2 − 1

ẽ2R̃2

]
= 0 . (3.10)

This is a polynomial equation in R̃ of fourth order,

y(R̃) = R̃4 − 2κ̃

3 R̃3 + 1
3R̃2 − 1

3ẽ2 = 0 , (3.11)

which thus has in principle four roots. Physically, only real and positive roots are relevant
though. Deriving this polynomial function with respect to R̃ gives the saddle points:

4R̃2 − 2κ̃R̃ + 2
3 = 0, ⇒ R̃saddle

± = 1
4

(
κ̃ ±

√
κ̃2 − 8

3

)
, (3.12)

as well as R̃ = 0. There are now four possibilities, if the argument of the square root is
positive, there are two saddle points, R̃saddle

± in addition to that at R̃ = 0. We assume
that 1/ẽ > 0, i.e. that the Skyrme term is turned on (if not, the analysis of section 2.3
applies). If y(R̃saddle

− ) and y(R̃saddle
+ ) have the same sign, then there is only a single solution. If

y(R̃saddle
− ) > 0 and y(R̃saddle

+ ) < 0, there will be three different solutions. The third possibility
is that y(R̃saddle

− ) = 0 in which case there will be exactly two solutions. The fourth possibility
that y(R̃saddle

+ ) = 0 also yields two solutions. Finally, for κ̃ <
√
8/3 the saddle points are not

real and there is again only a single solution. There is also only one solution for κ =
√
8/3,

since R̃saddle
− coalesces with R̃ = 0 and the polynomial will only cross y = 0 once, even if

that happens at the saddle point R̃saddle
+ .

Evaluating the polynomial y at the saddle points gives

y(R̃saddle
± ) = − 1

36 − 1
3ẽ2 + 1

864
(
36κ̃2 − 9κ̃4 ± 8κ̃

√
9κ̃2 − 24∓ 3κ̃3

√
9κ̃2 − 24

)
. (3.13)

We notice, that if 1
ẽ2 is too large, both saddle points are negative and only one solution

exists. Setting κ =
√
8/3, the two saddle points coalesce. In this case, the condition

y(R̃saddle
− ) > 0 becomes

1
ẽ2 ≤ 1

36 , (3.14)

with equality at the triple point of the phase diagram. On the other hand, the largest power
of κ̃ in y(R̃saddle

+ ) has a negative coefficient, so y(R̃saddle
+ ) < 0 is always satisfied for large κ̃.

The condition y(R̃saddle
− ) ≥ 0 for large κ̃ can be simplified by Taylor expansion to

1
ẽ2 ≤ 1

27κ̃2 +O(κ̃−4). (3.15)

The possibility for 3 solutions, corresponding to a small Skyrmion, a big Skyrmion and a
sphaleron, only exists in a narrow green shaded band shown in figure 7. The black line in the
figure corresponds to y(R̃saddle

− ) = 0, for which there are two solutions: the small Skyrmion
and the sphaleron merge. The red line corresponds to y(R̃saddle

+ ) = 0, for which there are
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Figure 7. The green shaded area of the phase diagram contains 3 solutions (a small Skyrmion, a
sphaleron and a large Skyrmion), the black line corresponds to y(R̃saddle

− ) = 0 for which the small
Skyrmion and the sphaleron coalesce, and the red line corresponds to y(R̃saddle

+ ) = 0 for which the
sphaleron and the large Skyrmion coalesce. In addition there is only 1 solution in the entire white
area of the phase diagram. ‘Sk’ in the legend is an abbreviation for Skyrmion.

also two solutions: the sphaleron and the large Skyrmion merge. It is difficult to see with
the naked eye, but the red line is not vertical, but slightly tilted, i.e. it has a large negative
derivative with respect to κ̃. The triple point of the phase diagram where the black line and
the red line meet is at (κ̃, ẽ−2) = (

√
8/3, 1/36), for which there is only one solution. In the

remaining white area of the phase diagram there is only a single solution.

3.2 Numerical magnetic-QCD hybrid Skyrmion solutions

We will now turn to numerical solutions of the equation of motion (3.3) for the magnetic-QCD
hybrid Skyrme model. Considering mainly the aspect of the different points in the phase
diagram having a different number of solutions, we select 5 characteristic points in the phase
diagram labeled as A through E, see figure 7.

For the stable and metastable solutions, we use the gradient flow method for finding
the numerical solutions. This method is, however, not very effective at finding the unstable
solutions, for which we use the shooting method. Knowing the size from the fixed points
of the energy (3.7) makes it relatively easy to guess the shooting parameter c, where χ =
π − cr + O(r2).

As we can see from the phase diagram in figure 7, there are generally 5 different situations:
in the green area there are 3 different solutions, on the black and red line there are two
different solutions, whereas at the triple point and in the white region, there is only a single
solution. For simplicity, we show only one example of each of the 5 different cases.

Starting with the point A of the phase diagram 7, we illustrate the 3 different solutions
in figure 8 which correspond to the (metastable) small Skyrmion, the (unstable) sphaleron
and the (stable) large Skyrmion. At point B of the phase diagram 7, we show two different
solutions in figure 9 which correspond to the sphaleron and the large Skyrmion; the small
Skyrmion and the sphaleron have merged into a single solution, as is shown with a black line
in the phase diagram 7. At point C of figure 7, we show two different solutions in figure 10
corresponding to the small Skyrmion and the sphaleron; in this case the sphaleron and the
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Figure 8. (a) Three different solutions in the magnetic-QCD hybrid Skyrme model at the point in
parameter space corresponding to A in the phase diagram 7: the small Skyrmion, the sphaleron and
the large Skyrmion; which are metastable, unstable and stable, respectively, as can be seen in panel
(b). (b) The energy as function of R, see eq. (3.7). In this figure κ = 2 and 1/e2 = 0.001 corresponding
to κ̃ = 3.34854 and 1/ẽ2 = 0.000163315.
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Figure 9. (a) Two different solutions in the magnetic-QCD hybrid Skyrme model at the point in
parameter space corresponding to B in the phase diagram 7: the sphaleron and the large Skyrmion;
which are unstable and stable, respectively, as can be seen in panel (b). The small Skyrmion and the
sphaleron have merged, as this point of the parameter space is on the black line of figure 7. (b) The
energy as function of R, see eq. (3.7). In this figure κ = 2 and 1/e2 = 0.0222714 corresponding to
κ̃ = 3.34885 and 1/ẽ2 = 0.00363763.

large Skyrmion have merged, leaving the small Skyrmion as the stable solution. At point
D of the phase diagram 7, we show the only existing solution in figure 11; this solution is
at the triple point of the phase diagram, indicating that all three solutions have merged
into a single stable Skyrmion. At point E of figure 7, we show the only existing solution
in figure 12, which is a large Skyrmion and is stable.
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Figure 10. (a) Two different solutions in the magnetic-QCD hybrid Skyrme model at the point in
parameter space corresponding to C in the phase diagram 7: the small Skyrmion and the sphaleron;
which are stable and unstable, respectively, as can be seen in panel (b). The sphaleron and the large
Skyrmion have merged, as this point of the parameter space is on the red line of figure 7. (b) The
energy as function of R, see eq. (3.7). In this figure κ = 0.974622 and 1/e2 = 0.001 corresponding to
κ̃ = 1.73108 and 1/ẽ2 = 0.000375625.
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Figure 11. (a) The solution in the magnetic-QCD hybrid Skyrme model at the triple point in
parameter space corresponding to D in the phase diagram 7. The small Skyrmion, the sphaleron and
the large Skyrmion all have merged at this triple point. (b) The energy as function of R, see eq. (3.7).
In this figure κ = 0.948102 and 1/e2 = 0.0654157 corresponding to κ̃ =

√
8/3 and 1/ẽ2 = 1/36.

3.3 Connecting to the Hopfion

Analogously to the case without the Skyrme term (section 2.4), the hybrid magnetic-QCD
Skyrme model can also be connected to Hopfions, which due to the Skyrme term will be
DMI-deformed Faddeev-Skyrme Hopfions. When κ := 0 it is exactly the Faddeev-Skyrme
model [56]. The Derrick scaling of this theory (DMI-deformed Faddeev-Skyrme model) is
exactly the same as our hybrid magnetic-QCD Skyrme model. We hence expect that the
Hopfion model also contains both a sphaleron as well as a small Hopfion, in some parts of
the parameter space, similarly to what happened for the Skyrmions in section 3.1.
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Figure 12. (a) The solution in the magnetic-QCD hybrid Skyrme model at the point in parameter
space corresponding to E in the phase diagram 7: the large Skyrmion, which is stable. (b) The energy
as function of R, see eq. (3.7). In this figure κ = 5 and 1/e2 = 1/25 corresponding to κ̃ = 6.37029 and
1/ẽ2 = 0.00343907.

4 Physical realization of higher-dimensional magnetic solitons

In the realm of quantum simulations for condensed matter phenomena, the idea of “synthetic
dimensions” [34, 42] has recently become a valuable tool for replicating effects like topological
phases of matter [39, 43], which arise in higher-dimensional physical systems. This concept
revolves around connecting certain degrees of freedom, such as various internal states of
atoms [36, 37, 41] or photons [38], to emulate the movement of a particle along an additional
spatial dimension. Lattice Hamiltonians allow for the simulation of higher-dimensional
topological models in lower-dimensional systems, though they require reinterpretation of
internal degrees of freedom to emulate an extra spatial dimension. Traditional methods,
like embedding higher-dimensional lattices or using topological pumps, are challenging or
limited in capturing full dynamics.

In contrast, synthetic dimensions offer an innovative path for lower-dimensional systems
to explore higher-dimensional physics. The key idea is to take a set of unconnected internal
states within a system and re-imagine them as lattice sites along a spatial dimension. By
introducing specific external couplings, particles can effectively “hop” along this synthetic
dimension, mimicking movement across a real lattice [35] as shown pictorially in figure 13.

What remains to be specified is the nature of the internal states of the system which
will effectively act as an extra spatial dimension. For magnetic Hopfions or Skyrmions, the
spin-orbit coupling (SOC) is especially promising because it influences chirality and texture
stability, giving rise to complex configurations that could correspond to synthetic 4D behavior.
We leave the search for the exact physical system that could be a candidate for providing the
synthetic dimension for our higher-dimensional version of the DM interaction for future work.

In figure 14 we illustrate an example of a Skyrmion when the n3 element of the 4-
dimensional magnetization vector correspond to the synthetic dimension.
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state 3
<latexit sha1_base64="6Nz+K8OTFQJak+Feu4tZMM+IQ48=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9ntofVY9OKxgv2AdinZNNuGZpOQZIWy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5keLMWN//9gpb2zu7e8X90sHh0fFJ+fSsY2SqCW0TyaXuRdhQzgRtW2Y57SlNcRJx2o2mdwu/+0S1YVI82pmiYYLHgsWMYOuk7kQqxcR4WK74VX8JtEmCnFQgR2tY/hqMJEkTKizh2Jh+4CsbZlhbRjidlwapoQqTKR7TvqMCJ9SE2fLcObpyygjFUrsSFi3V3xMZToyZJZHrTLCdmHVvIf7n9VMb34QZEyq1VJDVojjlyEq0+B2NmKbE8pkjmGjmbkVkgjUm1iVUciEE6y9vkk6tGtSr9YdapXmbx1GEC7iEawigAU24hxa0gcAUnuEV3jzlvXjv3seqteDlM+fwB97nD5VLj74=</latexit>

hopping
<latexit sha1_base64="RhI8EoYqfWLVI0jdfpnDfTFfc6M=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKezmED0GvXiMYB6QLGF2MpsMmZ1Z5yGEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VpZxp4/vfXmFjc2t7p7hb2ts/ODwqH5+0tbSK0BaRXKpuhDXlTNCWYYbTbqooTiJOO9Hkdu53nqjSTIoHM01pmOCRYDEj2DipS6R1W8RoUK74VX8BtE6CnFQgR3NQ/uoPJbEJFYZwrHUv8FMTZlgZRjidlfpW0xSTCR7RnqMCJ1SH2eLeGbpwyhDFUrkSBi3U3xMZTrSeJpHrTLAZ61VvLv7n9ayJr8OMidQaKshyUWw5MhLNn0dDpigxfOoIJoq5WxEZY4WJcRGVXAjB6svrpF2rBvVq/b5WadzkcRThDM7hEgK4ggbcQRNaQIDDM7zCm/fovXjv3seyteDlM6fwB97nD2DrkDQ=</latexit>

coupling

<latexit sha1_base64="jqOtnWrMH3bRX+iTNlPbsp7mQZs=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxRoCXRxhKjfCRwIXvLHGzY27vs7pkQwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzSRBP6JDyUPOqLHSQ5le9oslt+IuQNaJl5ESZGj0i1+9QczSCKVhgmrd9dzE+FOqDGcCZ4VeqjGhbEyH2LVU0gi1P12cOiMXVhmQMFa2pCEL9ffElEZaT6LAdkbUjPSqNxf/87qpCa/9KZdJalCy5aIwFcTEZP43GXCFzIiJJZQpbm8lbEQVZcamU7AheKsvr5NWteLVKrX7aql+k8WRhzM4hzJ4cAV1uIMGNIHBEJ7hFd4c4bw4787HsjXnZDOn8AfO5w+LnY1T</latexit>

(a)
<latexit sha1_base64="CCojrv5AyQNhmx1TlOX7Rj2vIdU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxRoCXRxhKjfCRwIXvLHGzY27vs7pkQwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzSRBP6JDyUPOqLHSQzm47BdLbsVdgKwTLyMlyNDoF796g5ilEUrDBNW667mJ8adUGc4Ezgq9VGNC2ZgOsWuppBFqf7o4dUYurDIgYaxsSUMW6u+JKY20nkSB7YyoGelVby7+53VTE177Uy6T1KBky0VhKoiJyfxvMuAKmRETSyhT3N5K2IgqyoxNp2BD8FZfXietasWrVWr31VL9JosjD2dwDmXw4ArqcAcNaAKDITzDK7w5wnlx3p2PZWvOyWZO4Q+czx+NIo1U</latexit>

(b)

Figure 13. Synthetic dimensions transform internal states or intrinsic properties into an effective
spatial dimension. (a) A 2D discrete lattice model includes one real spatial dimension and one synthetic
dimension composed of spin states. Hopping along the real dimension (solid lines) represents actual
particle motion, while hopping along the synthetic dimension (dashed lines) corresponds to externally
induced transitions between spin states. (b) A 4D hypercubic lattice illustrates a combination of
real and synthetic spatial dimensions, showcasing how higher-dimensional structures can emerge in
lower-dimensional systems.

Figure 14. Illustration of the magnetization vector in an example where the physical dimensions
are mapped as n = (nx, ny, nsynth, nz), with nsynth representing the component of the would-be
magnetization vector in the synthetic dimension.
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5 Conclusion

In this paper, we have generalized the Dzyaloshinskii-Moriya interaction for a 3D magne-
tization vector to a 4D magnetization vector — hence a higher-dimensional version of the
DMI. Using the property that it is first order in derivatives and must be nonvanishing, we
deduced that it must be contracted with a tensor that is antisymmetric in O(4)-indices and
bears a 3D spatial index. Considering furthermore the simplified case of SO(3)diag invariance,
we are able to reduce the DM term to just two invariant structures, that we denote the α

and β parts. It turns out that the β-part is irrelevant for the spherically symmetric case and
only the α-part stabilizes the solitons. Due to the higher dimension of space, there are in
fact two solitons with just the DMI and a potential: the Skyrmion and a sphaleron, where
the latter is an unstable and smaller solution of the model. Upon reduction to the Hopfion
model, the β-part nevertheless plays an important role. Finally, we consider including the
Skyrme term, thus considering a magnetic-QCD hybrid Skyrme model that turns out to host
a large and a small Skyrmion as well as a sphaleron — at least in a small region of parameter
space of the model. The large Skyrmion is stable, the small Skyrmion is metastable and
the sphaleron is unstable. The phase diagram is quite rich and there exist lines where the
different types of solutions coalesce and in the remaining part of the parameter space of the
model, there exists only one solution — the Skyrmion.

We have contemplated that by using a synthetic extra dimension, it would be possible to
construct our higher-dimensional magnetic Skyrmion or perhaps the hybrid Skyrmion in a
physically realizable condensed matter system. The details of whether the exact Hamiltonian
corresponding to our model can be constructed, still needs to be worked out.

We have focused on spherically symmetric solitons in this paper. Using the spherically
symmetric hedgehog Ansatz, we found that β-part of the SO(3)diag-invariant DM term (2.18)
vanishes and so we effectively only used the α-part of the SO(3)diag-invariant DM term.
Deformed solitons, however, may feel the presence of the β-part of the DM term, which in
principle could lower the mass of the soliton. We leave the exploration of such a possibility
for future work.

We also considered a connection to the Hopfion in chiral magnets, and although there
exists a higher-dimensional DM term and a potential with a limit that connects to the Hopfion
model, the interpolation is not expected to be smooth. That is, the topology changes, sending
the masses of the nontrivial π3(S3) solitons to infinity and the nontrivial π3(S2) solitons
appear first as metastable states and then finally become stable at the end point of the limit.
A smooth interpolation is thus desirable and will be left for future work.

In summary, this work presents an initial study of a generalized model for higher-
dimensional magnetic Skyrmions, revealing rich solitonic physics.
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