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stabilité des trajectoires en mécanique classique. Dans les systémes
dynamiques holomorphes, on a une question analogue avec I'existence
des disques de Siegel, la taille desquels est bien représentée par une
fonction de Brjuno. On étudie la relation entre ces fonctions et les divers
types de développement en fraction continues, et on donne I'équation
fonctionnelle satisfaite par ces fonctions trés singuliéres. L'analyse de cette
équation fonctionnelle montre que la fonction de Brjuno appartient &
I'espace BMO, et qu’une perturbation réguliére de cette équation conduit
& une modification de la fonction singuliére par une contribution 1/2-Hdlder
continue. Ceci nous conduit & penser que la partie la plus singuliére des
domaines de stabilité pourrait étre une fonction du nombre de rotation, qui
est “universelle”, & une fonction 1/2-Hodlder continue prés.
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Summary - The small divisors problem which is raised by stability questions in
classical mechanics has an analog In holomorphic dynamical systems,
namely the existence of Siegel disks. The size of these disks is well
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functions and the various continued fraction transformations, and display
the functional equation which is fulfiled by these highly singular functions.
The analysis of this functional equation shows that the Brjuno functions
belong to the BMO space, and that a regular perturbation of this equation
leads to a modification of the singular function which is 1/2-Hélder
continuous. This leads us to believe that the most singular part of the size of
the stability domains as function of the rotation number, is “universal” up to a
1/2-Holder continuous function
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0. Introduction

The Brjuno condition tells which invariant disks (called Siegel disks) persist when
an irrational rotation is analytically perturbed. The Brjuno function tells more : it
gives an estimate of minus the logarithm of the size of the Siegel disks as a function
of the rotation number [Yo]. In this work, we first analyse the relation between
the Brjuno function and the various kind of continued fractions. We establish the
functional equation fulfilled by the Brjuno function, and show that its solution
requires the inversion of an operator T'. We show that T is a contracting operator
for all L? norms, and also for the BMO (Bounded Mean Oscillation) space. The
Brjuno function is obtained as the action of (1 — T')~! on a logarithmic function
which belongs to the BMO space. Therefore the Brjuno function is also in this
space. Noticing that the adjoint of T is nothing else than the Ruelle-Frobenius-
Perron operator associated to the dynamical system which generate the continued
fraction, the identification of the space adapted to T', seems to us promising for the
dynamical properties. Finally, the action of T on continuous function is decribed
according to Holder’s properties. We show that regular perturbations (at least
C/?) of the logarithmic term do modify the solution only by a C1/? contribution,
so that the most singular part remain unchanged. We anticipate that this result
might be much more general : the geometric renormalisation for holomorphic
dynamical systems will likely produce only C* perturbations to the renormalisation
equation, and the most singular part of minus the logarithm of the size of the
stability domains as function of the rotation number could be universally (that is
modulo C*/?) described by the Brjuno function.
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1. On a family of continued fraction transformations and the related
Brjuno functions

Let a € [1/2,1] and let € R. We define

[z]a =min{p € Z |z < a + p} (1.1)

that is
[z]a =piff a—-14p<z<a+p.

Note that
[Zla = [z —a+1]

where [ ] = [ ]; denotes the usual integer part of a real number. We will consider
the iteration of

Aq: (0,0) — [0,a] (1.2)

1 1

z r ],
Theorem 1.1. The dynamical system defined by the iteration of (1.3) preserves
an absolutely continuous (w.r.t. Lebesgue) probability measure m, with density

caPal(T) : mo(dz) = capol(z)dz. The density is given by :
() ifBLl<a<

defined by

Ao(z) = (1.3)

1
Co = log(l+a)’
1 1 -
palz) = 1+ xX(l_;ﬁ,a)(m) + 2_|_—$X(1_a,1-Ta]($) (1.4)

Y (R (@)
$+2 2_x X(O,l—a] T Y

(i) if2— V2 <a < ¥51

e
Ca = log G
_ 1 1
pal2) = Gz Xzt (2) + 5 Xaa,32511(7)

) . (1.5)
(st ) xeaa®

(2 2 (@)
z+2 2-x X(0,22=221\%) 5




4 Marmi, Moussa, Yoccoz

(iii) if 1 <o <2-V2

1
‘@ =1ogG ’
1 1 1
Pa(®) =7 X0-a0)(@) + (G Tz T aT1o x) X35t 1-)(2)

(A () + [ — + — (2)
z+2 | G+1-g)XEEER z+2 ' 2—g) @A
(1.6)

where G = ‘/5;'*'1 and X(q,b)(z) denotes the characteristic function of the interval

(a,b).

Remark 1.2. Note that if o = 1 one finds Gauss’ result : ¢1p1(z) = Wllmi‘

Proof. By Theorem 4.1.1 of [LM] m, will be an invariant probability measure for
Aq if and only if its density pq is a fixed point of the Perron-Frobenius operator
P, associated to Ay : if B denotes any measurable subset of (0,a), and f any
summable function on (0, @), Py is defined by

@z = [ ey

a

The Perron-Frobenius operator for all these maps has the following form :

PpE) = 3 (mﬂ)z (m+) Z (ml_w)’

m>my m>m_

where m4 and m_ depend both on a and on z.

If «a =1 one has my = 1 and m_ = 400 and it is immediate to check that
T—1+_1 is a fixed point of Py.
If 3@ < a < 1 one has three possible cases :
(a) z € (0,1 — a] then my =2, m_ =2 and pu(z) = z—ll—Z + 21:1: :

(b) = € (1 —a,=%] then my =2, m_ = 400 and ps(z) =

1 .
PR R
(c) z € (122,a) then my =1, m_ = 400 and pa(z) = 141—_z

Let us consider case (c). By (1.4) it follows that the two sums in the definition
of P, must be splitted into three parts according to which interval contains
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1/(mtz):
— 1 1 - 1 1
(Papa)(z) = +
Gt Son maP MCEr v
m-+z m-—=zx
1 1 + 1 B 1
mi+z+1 m1+x+% me—z+1 mg—:z:+%
- 1 ( 1 1 )
+ Y > — + :
m=mi+2 (m + :D) \2 + - }
m+z m-+z
= 1 ( 1 1 )
+ > - +
m=m2+2(m_x) \2-{- L 2 - ! )
m-—z m—z
Using
1 1 1 1
(m*z)?, 1 " mt+z m4lte
+
mtz
1 ( 1 + 1 \__ 1 _ 1
(m + z)? 94 1 o1 T mtz—1 mtz+l
\ m+x m+:z:/
1 / 1 + 1 \_ 1 1
(m — )2 2+ 1 g 1 ) m—z—% m-z+1
m-—z m-—z

it is easy to show that all terms cancel except for _ _}_2 + -2-1—z

The remaining cases (a) and (b) are simpler, and the proof of (ii) and (iii)
follows the same kinds of ideas (note that G = G+ 1, G -1 = 1/G and
2-G=1/G?. a

Remark 1.3. It is well known that the Kolmogorov-Sinai entropy of these maps
is given by

h(a) = —2/ capa(z)logzdz .
0

If o = 1 one obtains

7r2

A(1) = 6log2’

for a = 1/2 one obtains,

7T2

6logG "’

h(1/2) =
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a result already given by Rieger [Ri]. For general «, we find that coh(a) does not
depend on «, thus

%

2 .
h(a) = { ogFey o Tz Sa<l,
- w2 e 1 \/' 1
6log G if 2 Sas ’

as already shown by Nakada [Na]. These results show the existence of a phase

5—-1

transition at o = 5

To each z € R\ Q we associate a continued fraction expansion by iterating
A, as follows. Let
zo = |z — [z]a]

(1.7)
= [2]a
then one obviously has
Zo = ag + E0Tg (18)
where
+1iff z > [z]a
= = 1.
€0 { —1 otherwise (19)
We now define inductively for all n > 0
Tntl = Aa(xn)
1 1.10
Gpn41 = [_] >1 ( )
Tn],
thus
23;1 = Qn+1 + En+1Tn+1 (111)
where
+1 iff L > An+1
= n 1.12
Entl { -1 oth:erwise (1.12)
Therefore we have
I £
m=a0+50$0=a0+——0—=...=a0+ 061 (1.13)
a1 +é171 a; +
. €n—1
a+ 4+ —
an + EnTn
and we will write
z = [(ao,€0),(a1,€1),---,(An,€n),-..] . (1.14)

Note that for « = 1 we recover the standard continued fraction expansion defined
through the iteration of Gauss’ map z + 7! mod 1, and all ¢, = +1. When
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a = 1/2 one has the so-called nearest integer continued fraction, and a, > 2 for
alln > 1.
The nth-convergent is defined by

1>
& = [(a07€0)a(a1a51)" . 'a(a’n, en)] =ap + 9 1 . (115)

dn a +

. En—
a2+_.+n1

an

and it is immediate to check that the numerators p, and denominators g, are
recursively determined by

p-1=qg2=1, pa=qga1=0, (1.16)

and foralln >0
Pn = GpPp—-1 + En—-1Pn-2 ,»

(1.17)
dn = Qnqn-1+ €n-19n—2 .
Moreover
I = Pn+ Pn-1€nTn (118)
dn + Gn—-1€nTn
I S (1.19)
dn—1T — Pn-1
gnPn—1 — Pngn—-1 = (—1)"€g...€n—1 (1.20)
Let
Bn=Moz; =(=1)"€0...en(qnzT — pn) (1.21)
Then
Ty = Bn
"7 Baa (1.22)

ﬂn—Z = anﬂn-—l + Enﬂn
From the definitions given one easily proves by induction the following proposition

Proposition 1.4. Given a € [1/2,1], for all z € R\ Q and for all n > 1 one has
(i) gnt1>¢a>0;
(i) Pn >0 whenz >0 and p, <0 when z < 0;

(iii) [gnT — pnl| = 1

1 1.
Tnt1 F Ent1qnZni1’ 2 that T+a < Brtnt1 < 5 ;

(iv)  ifa> ﬁz——l , ﬂnga(@?—_l)";

(n—1)
(v) ifa>\/5_1 > 1 (\/52'%1) ;

n

(vi) fa<¥8=l g . <a(v2-1)";
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(vii) o<Vl g > s (V2 )"

Remark 1.5. We only quote here some aspects of the proof of the above theorem :
one gets parts (i) and (ii) by recursion using (1.17). Part (iii) is easily obtained
from (1.18), and is used to deduce part (v) from (iv) and part (vii) from (vi).
Part iv) and vi) are easy to prove when a is close to one or one half, respectively.
However the proof is much more intricate around & = (v/5 — 1)/2 (see [MMY)).

Remark 1.6. From (iii) one gets

1 1 1
< < < Ix A (1.23)
2¢ngn+1  qu(@n +qn+1) = gnlogn + gnt1) gn|  gndnt1
if €n+1 = 41, whereas
DPn 1 1
<lz——|< < (1.24)
dndn+1 qdn Qn(9n+1 - (1 - a)qn) aq;zz

if Ent1 = -1.

Remark 1.7. By (v) and (vii), Proposition 1.4, there exists two positive constants

c; and ¢y such that
d log gx
Z S ¢,

k=0 qk

ilogZ <er,

k=0 el

for all o € [1/2,1] and for all z € (0, a).

Following Yoccoz [Yo] we define a (generalized) Brjuno function :

Definition 1.8. The a-Brjuno function B, : R\Q — R is defined by the formula

Ba(z) = — Z Bi-1log z; (1.25)
1=0

where we have posed f_; = 1.

Remark 1.9. The Brjuno function defined in {Yo] corresponds to By,y, the one
defined by the nearest integer continued fraction map A, /.

Proposition 1.10. Given a € [1/2,1] one has
(i) Bo(z) = Bo(z + 1) forallz € R\ Q;
(ii) For all z € (0,a) "R\ Q

B,(z) = —logz + zB, <%>
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(iii) if ¢ € [@a — 1,0) N R\ Q then By(—2z) = Ba(z).
(iv) There exists a constant C, > 0 such that for all z € R\ Q one has

Ba(z) _Zloiliii <C,

—~ gj

where {g;};>0 denotes the sequence of the denominators of the convergents to z
of the a-continued fraction expansion.

Proof. Given z € R\ Q, the sequences (z;)i>¢ and (;)i>o associated to z and z+1
are the same, which proves (i). The same is true for z and —z if z € (a — 1,0),
which proves (iii).

If z € (0,), let y = 1/z and denote by y;, ai(y), Bi(y), and z;, ai(z), Bi(z)
the sequences (1.10) and (1.21) associated to y and to z respectively. From (1.7)
and (1.8) it follows that o = z, ao(y) = a1(z), yo = z; and by induction for all

n Z 0 Yn = Tp+1 and ,Bn(y) ﬂ"+l(z . Thus

Ba(y) = Eﬂz 1(y)log y; = —logyo — Z —Bi(z)log zit

=0

== Z Bi-1(z)log z; = ;[Ba(w) +loga] ,

z-l

which proves (ii).
To prove (iv) we first remark that

gifi—1 +€igi-1Pi =1
for all ¢ > 0. Then

log g
o 5 Erd v

=0 =0
= Zﬂz 1log Bigiy1 — Zﬁz 1log Bi—1 +261 —Bilog gi+1,
=0 i=0
but by (1.21), (1.23) and (1.24) one has
> log?2
S 2 o8 < 262 9
i—o &
> . log2 + log g;
Z Bi-1log Bi_1| < 22 BT 0BG < 2(e1 + ¢2),
i=0 =0 i
3 e 51 B log g <2Z10ng+1 < 2¢,
; q: im0 qi+1
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from which it follows that

)~ 3 58t

=0 '

<4(c; +ec2).

a

Let P,/Q, denote the n-th convergent to z according to the standard
continued fraction expansions (i.e. obtained by the iteration of the Gauss map
A;). Using the results of [Bo] one relates the n-th convergents of the a—continued
fractions to P, /@y, :

Lemma 1.11. Let k* : N — N be the arithmetic function inductively defined
by k(-1)=-1 and

_ k(n) + 1 if€n+1 = +1,
k(n + 1) . { k(n) + 2 ff€n+1 = —1,

where € is defined as in (1.10) and (1.11). Then k is strictly increasing and for

alneN
Pn _ P

gn  Qr(n)

Moreover, when k(n+1) = k(n)+2, we have for the denominators of the convergent
of Gauss’continued fraction Qg(n+1) = Qk(n)+2 = Qk(n)+1 + Qk(n)

By means of Lemma 1.11 one can prove the following

Theorem 1.12. There exists a positive constant C > 0 such that for all
a € [1/2,1] and for all z € R\ Q one has

Ba(z) - ZlogQJ+1 <cC (1.26)

Proof. Thanks to (iv), Proposition 1.10, it suffices to compare Y757, 198941 with

4
Z;’io @%ﬂ— By Lemma 1.11, one has g; = Qg(;) for all j thus

= log g; log Qi log Qi (;
E 41 _ Z (j+1) + Z k(j41) .
Qi) Qx()

=0 U k(i+1)=k(j)+1 k(i+1)=k(j)+2

Using the fact that Qi(j+1) = Qr(j)+2 = Qk(j)+1 + Qk(j) We have

log Qr+2 _ log(Qk+1 + Qr) _ log Qrts + log (1 + 5%:7)
Qxk Qx Qk Qx
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but
log (1 + Qk-’;—l) < log 2
Qk - Qr
By applying the estimates of Remark 1.7 one gets the result :

0<

i loggj+1 i log@ivi| 9, 4 ¢
g Q |~

O

Remark 1.13. The Brjuno numbers [Br| are usually defined by the condition

o0

1 i
Z og Qi+1 < 400
=

Theorem 1.12 shows that the a-Brjuno functions B, are finite at z if and only if =
is a Brjuno number and that all the generalized Brjuno functions differ one from
the other for a L*° function.

On the other hand, the advantage of the functions B, with respect to the
Brjuno condition is that they verify a nice functional equation under the action of
the modular group SL (2,Z).

Another important characterization of the generalized Brjuno functions comes
from their “uniqueness”, as it is stated by Corollary 1.15 below.

Let us consider the operator

@n@ =2f (1) (127)

if z € (0, «), defined for the moment on measurable functions of R which verify

f(z) = f(z + 1) for almost everyz € R, f(—z)= f(z) for ae.z € (0,1 —a).
(1.28)
It is understood that the function T'f is completed outside (0, a) by imposing on
T f the same parity and periodicity conditions which are expressed for f in (1.28).
The functional equation for the a-Brjuno function can be written in the form

[(1—-T)B)(z) = —logz, (1.29)

for all z € (0,a), complemented with the periodicity and symmetry conditions
(1.28). This suggest to study the operator T on the Banach spaces

Xap ={f:R— R| fverifies (1.28), f € L?(0,a),} (1.30)
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endowed with the norm of L?(0, ), as « varies in (1/2,1) and p € [1,00]. Note
that if p < p’ one has the obvious inclusion X p» C Xo p and let

Xo =Np>1Xap - (1.31)
Clearly
Xao0 & Xa s
since, for example, log |z — [z]a]| € Xo \ Xa,c0-

Theorem 1.14. T is a linear bounded operator from X, , into itself for all
a € (3,1)] and for all p € [1,0c]. Indeed we have

Tl e(Xa0o) = @ (1.32)
moreover, if % <aX< 3@ , then _
1Tl e(xam S L@+ —14(2+pa)=a @], (133)
and if 3[52_—1<a§1,then
Tl e(xap S 6@ +P) ~ 1+ (2 +p,0) —a™ @+ 4 a?+2)r (1.34)

where ((s) = > re; k7% and {(s,a) = 3_rey(k+a)™* are Riemann’s and Hurwitz’s
zeta functions.

Proof. (1.32) is immediately established by remarking that the constant function
1 on (0, @), extended to R by means of (1.28), belongs to X4, o0, has norm equal
to 1 whereas (T'1)(z) = z — [z]a, the norm of which is evidently equal to a.

IffGXa,pa,nd%Sas%—l,since%Za+l

[ ian@ras = [~ L84

= (" _Ifw)P o ()P
Sk:z[o gt [ gl

< Ale(0,0) (Z k=D 1y (k + a)_(”+2)> , (1.35)
k=2 k=1

which proves (1.33).
If @ <a<1,l<a+1 and by the same argument of above one gets

| Kxn@rds < s, (Z I a)—w))
k=2 k=1
a1
L[,

yPt?

< 112 (0,0 (Z E=HD N (k +a)"F) 4 a”"’"’) .(1.36)
k=2

k=1

a
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Corollary 1.15. For all o € [%,1), the a-Brjuno function B, is the unique
solution of (1.29) which belongs to X,.

Proof. The idea of the proof is to show that T is a contraction on X, , for p
sufficiently large. Then B, is uniquely defined by Ba(z) = Y ooy T"(logz). If
a< [%'—1 one can show that T is a contraction on X4, for all p > 1 : it suffices
to remark that

C(p+2)_1+C(p+2,a)_a_(p+2) S C(3)_1+C(371/2)_8a

but
((s,1/2) = (2° = 1)((s) ,

thus for the norm of the linear operator T' we have
Tl ecx.. ) < 8¢(3) — 9 < .6164553 ,

where we have used the inequality (see [AS]) ¢((3) < 1.2020569032.

If @ < a < 1 one needs a slighlty more refined argument to prove that T
is a contraction on Xq p if p is large enough. First of all we remark that

n—ot! ® -z
(S) Zk + — s —1 S/n *xT[l]dx,

(n+v) [ z—]q]

((s,v) = Z(k+v)‘ ~7  GropT

(1.37)
dz ,

as it is immediate to show integrating by parts. Since

* z —[q] ® z—|qa]
s/n g, dr <0, —s g ($+v)s+ldw<0,

by applying (1.37) with v = @ and n = 2 one gets

9~p-1
2 —-1<
¢(2+p) ]

(2+a)*
p+1

+27P72

(24 p,a)—a P2 +(24+a) P24 (14a)y??,

thus the condition for T being a contraction reads

9—p-—-1 L2y (2+a) P!

+2+a) PP+ (14+a) P 2 4+aPt? <1,
ol o1l (2+a) (1+a) «

which is evidently satisfied for any fixed @ < 1 by choosing p large enough. O
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Remark 1.16. By slightly refining the proof one can very easily show that T is a
contraction on X, p if :
1) p>1and a <.726;
2) p>2and a < .909;
3) p>3and a < .960;
and so on, and our bounds are still far from being optimal. On the other
hand it is easy to convince oneself by considering some examples that T' cannot
be a contraction on X ,.

Remark 1.17. Ore can easily compute the adjoint T* € L(X4,4) of T € L(Xqp),
where p~1+¢7 1 =1:let f € Xa,p, 9 € Xay,g

/0 "(TH)(@)o(z)de = /0 Y (—31;) g(z)dz = / f(y)g ( ) ;ly
-/ T )T 9wy

where

w0 = ¥ (5)* 2wt (7).

m>my

and m4, m_ depend both on a and on y, as explained above in the proof of
Theorem 1.1. Note that the adjoint of T belongs to the class of the so-called
Perron-Frobenius-Ruelle operators [Mel,Me2] associated to A,

o= £ o(a)o(os) 3 (e ()

m>my m>m_

If ¢(y) = |AG(y)|™" then Po,g = P if ¢(y) = |44 (y)|™>/? then Pog = T*.

Remark 1.18. When a = 1/2, we have 1/a = 2. Therefore in (1.35), the second
sum in the right hand side needs only to run over k = 2 to co. As a consequence,
we have

1

Tl e(x,)e,) < (Z (k'(p+2) + (k + 1/2)-(p+2))) (1.38)

k=2
p+2\ r
- <C(2+p)— 1+((2+p,1/2) — 272 — (%) ) - (1.39)

This can be rewritten as

p+2\ ?
Tl cxy,,) < (2p+2(<(p+2) —-1)—-1- (%) ) . (1.40)
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The bound in the above equation is sharper than the bound in (1.33). The explicit
values for p = 2 are

8r* 1393

1
2
1Tl ecx, )00 < (—4? — —81—) ~ 0.34589 . (1.41)

By comparison, the numerical value obtained from Equation (1.33) would be
0.56318.

Remark 1.19. The results obtained for the norm of T' can easily be extended to
the operators T{,) defined as follows for v > 0

(T f)(=) = 2" f (%) : | (1.42)

if z € (0, ), and completed as in (1.28) outside (0, @). The adjoint operators Tf,
also belong to the class of the Perron-Frobenius-Ruelle operators associated to Aq
(see remark 1.17 above).
Similarly as equations (1.33), (1.34), and (1.40), we get the following results :
if %<a_<_3§2:1,then

T llecxa ) < 6@ +pv) =1+ (2 +pr,a) —a~®+I]5 | (1.43)
if 3@<a51,then

1T lle(xap S €@ +pr) =1+ (2 +prya) —a~ @D 4 ap+2]5 | (1.44)

. 1
and finally if o = 3
o\ Pr+2\ 7
Tllex,)s,) < (2PV+2(C(pV +2)-1)—-1-— (§) ) , (1.45)
For p = 2, this last estimate can be rewritten as
9\ 2v+2 3
Tl < (22"+2<4(2v +2-1-1- (%) ) e

Proceeding as in the proof of corollary 1.15, one easily checks that Tj,) is a
contraction on X, , for p sufficiently large.
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2. BMO and the Brjuno function

In this section we want to prove that the Brjuno functions B, belong to
the space BMO (see [Ga], and also Appendix A for a short account on some
fundamental results concerning BMO). Since they all differ by a L* function, and
L* Cc BMO, it will be enough to prove that B, is BMO for a fixed value of a.

In this section we fix a = 1/2 and denote B, /2 simply by B.
Let I C [0,1/2] be any interval, and f € L!([0,1/2]). We denote by

1
fi=n /I f(z)dz (2.1)

the mean of f over I. Using Lemma A.10, we also define the quadratic oscillation

O1(f) as follows

1 3
o1 = (7 [, 10 - sopasae)” (22)
2112 Jr J1
As in the previous Section, we define for 1 < p < oo the space X, = X5, :

X, ={f e L?((0,1/2])) | f(z +1) = f(z) Vz € R, f(—z) = f(2) Vz €[0,1/2]},
(2.3)
with the usual LP-norm on [0,1/2]. In the above definition, f is extended from
[0,1/2] to R, in such a way that it is even and periodic with period 1.
We now consider the space

X.={f €BMOR) | f(z +1) = f(z) Ve € R, f(—z) = f(z) Yz € [0,1/2]} ,

(2.4)
with the norm
1 fllx = Alfls + Bl fll2,0,1/2 » (2.5)
where A > 0 and B > 0 are fixed, ||f|l2,0,1/2) = ||f]|£2(0,1/2), and
Ifle = sup Oi(f). (2.6)
Iclo,1/2)

Therefore we have

Il =4 s (2—% / /I (f(s) — F)? dsdt) B ( / P dx>
(2.7)

Remark 2.1. Using John-Nirenberg’s theorem and its corollary, the norm we use
is equivalent to the usual BMO norm (see Appendix A, Propositions A.4, A.6,
A.8, and A.10).

1
2
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Remark 2.2. One has the obvious inclusions X, g X g X,. By elementary (but
tedious) calculations, one checks that the even and periodic function wich coincides
with log z on (0,1/2] is in X, which can be written as log |z — [z]; /2] € X..

We now recall the definition of the operator T. For z € R, let [z],/; be the
distance from z to the nearest integer. For f € L([0,1/2]), we define Tf as in

(1.27 and 28)
1_ H
z |zl

We continue f , and T'f, to the full real axis so that they are even and periodic,
and (2.8) can be rewritten as (T'f)(z) = zf(1/z), for 0 < & < 1/2. As already
mentioned in Theorem 1.14, T'f is a linear operator from X, to X, forall p > 1
including co. More precisely, the norm of the operator T' in the various X, can be
estimated. We have

(TF)(z) =<f (

) for z€]0,1/2]. (2.8)

ITllcoen = 5 - (29)

For finite p > 1, we use the bound described in Remark 1.18 above when a = 1/2,
namely

ITlleex,) < Cp (2.10)
with

n=2

/[ 1 1 v
Cp = (Z (nm + (n+1/2)P+2)) : (2.11)

By comparing the sums in (2.11) to an integral over the interval (3/2,00), which
we cut at every integer and half-integer points, we get an easy estimate

i 1 1
* dz \’ 2 ¥ 2\t 9
<|2 - — — < — > . .
Cr ( /3/2 xP+2) (P+ 1) (3) — 3 forp21 (2.12)

Therefore, as already stated in Theorem 2.14, the operator T is a contraction on
all X,, for 1 < p < co. We shall now consider the action of T' on X,. We have the
following theorem.

Theorem 2.3. T is a bounded linear operator T : X, — X,. Moreover it is a
contraction for the norm (2.7) with A = 1 and B > 7.405 (as in (2.41) below),

that is /3
» ] 40v/3
ITHexy See <1, with ¢ = —57 "~ 0855, (2.13)

In fact, if we allow to increase B to a sufficiently large value, one can reduce c, to
be as close as one wants to (2/5)v/3 ~ 0.6928.

Proof.
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a) Let f € X,, we shall show that for the seminorm (2.6) we have |T'f|, < oo,
which will prove that T is a linear operator T : X, — X,. For I = [a,b] C [0,1/2],
with b > a, we have from (2.6)

OUTNP =5 [ (X)) = (T1)(0)? dodt

>ds — s)ds ’ 1 s))2 ds

=2|I|2 [zm /I((Tf)(s)) ds 2</I(Tf)( )d) } <1 /1((Tf)( )" d
1 2 ds

< [eers, (214

where J = [1/b,1/a] C [2,00]. Let now [m/2,n/2] be the smallest interval with
half integer edges, which contains J. We have

1/b=8+m/2 , lla=n/2—a , 0<a<l/2 , 0<B<1/2. (2.15)

Since b — a > 0, we have for the integers m and n, 4 <m <m+1 < n. We get

m n — 2« n/2 s
©OxTY < gt EXE [ el (216)
m+26)(n - 2a) "
< 1B g0 ol 22, > (e

Comparing the last sum with the corresponding integral gives

(m+28)(n—-2a) [" 2% s
(n—m-28-2a) J, (s—1)
8(m + 28)(n — 2a 1 1
= ”f”g’[o’l/zl 3((n - m[-?—)(Zﬂ - 2a)) ((m —13 (n-— 1)3) (2.18)

(OKTH? <Nfllz 0,172 5

However, since n > m,

11 (n=m)(n= 1+ (= 1)m = 1)+ (m— 1))
- 1F  (n-1F (n 1% — 17
3(n —m)
T (n-D(m-1)*°

moreover, m + 2 < m + 1, and n — 2a < n, which gives

(01T 1)) <8lIfll3 0172 (n = mn:QTZ Z 25) (n i 1) ((r:znjll)g') '
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We have m > 4, and n > 5, therefore

m+1 ) n )
—— ) < — an <-.
((m——l)3) - 27 7 4, (n—l) ~ 4

In addition, we have 2|J| =n —m — 2a — 283, and 0 < a + 3 < 1, therefore

O < 2 (1+ 75 1 Bjoara-

For intervals I such that the inverse interval J is not too small, that is |J| > 8, we
have a uniform bound for Or(Tf) in terms of the L?-norm of f. For I = [a, b,

if (—1— - %) >6, wehave Of(Tf)< g\/g<1 + %) i 1 £ll2,00,1/2] - (2.19)

a

b) Now we must bound Or(Tf) when |J| < é. For convenience, we will
assume § < 1/2. From (2.6), we have

=

OTF) = (‘2117 [ s —ass) + 50/ - s dsdt)

Now, using the triangular inequality for the norm L?(I x I), one gets

OTf) <T1+T2, (2.20)
where
(L e PR dedt)
= (g [ (o= 0P L) asit) (2:21)
1 2 _ 2 g :
r2=(m /I PIs) = fa/) ddt) . (2.22)

c¢) We first find an upper bound for I'y. In the integral in formula (2.21), we
have |s — t| < |I|, and |I| < 1/2, therefore one gets

I? s;}/(f (%))2 ds = J(fizzf
[ asS i [ sora

”f“z,[o,1/2] ”f”2,[0,1/2] _
s 4 n2=0(2+n/2)2 < 2 /_1 (2+8/2)2 @
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where we have used the comparison of the sum with an integral. Finally, one gets

2
Ih < \/;Hf||2,[o,1/2] : (2.23)

The contribution I’y to O7(Tf) is estimated in terms of The L2-norm of f.
d) Now we will estimate I';. From (2.22), one gets

1
2

1

where, once more, J = [1/b,1/a] is the image of I under inversion. We assume
|J| < 6 < 1/2, and we still define m, n, a, §, as in (2.15). Then we have
n—m—2a—-208< 26 <1. We then have either n=m+1,orn =m+ 2.

If n = m 4 1, there is no points with half-integer coordinates in J x J, and
therefore J x J is contained in the interior of one cell of the lattice of half integer
points. We bound from below s2t* by (m/2 + 8)® in (2.24), and using the parity
and periodicity of f, in order to shift the integration over [0,1/2] x [0,1/2], we get

from (2.6)
1 17| _m/2+1/2—a
[y < m/Z 1P (m) |l = (m/2+ B | fle s (2.25)
and
1 26 1 6 5
I, < (m+2ﬂ + (m+2ﬂ)2) 2|fl« < (5 + Z) Ifl« < <|fls - (2.26)

If n = m + 2, there is one, and only one point with half-integer coordinates
(s,t), which is interior to J x J. This point has cordinates (g, q), with ¢ = p/2 and
p=m+1=n—1 Wehaveq>5/2 and weset o' =1/2—a and f'=1/2- 3.

The square J x J has non empty intersection with four cells of the lattice of
half integer points. The lower left edge of these four cells are (g—1/2,¢—1/2) and
(g,9) for the ‘diagonal’ ones, and (¢ —1/2,¢) and (g,q — 1/2) for the ‘off diagonal’
ones. The integral representation for I' deduced by squaring (2.24) can be split
into four contributions corresponding to each cell.

The intersection of J x J with each diagonal cell is a square, and in the
corresponding integral, we first bound from below s and ¢ by the coordinates of its
lower left edge. The remaining integrals are nothing else than (|K|/|I|)2(Ok(f))?,
with K = [¢ — B',q) or K = [q,q + '] respectively. Then, due to the parity
and periodicity property of f, these integrals are bounded by (|K|/|I|)?|f|2, with
|K| = ' or a' respectively.

The intersection of J x J with the off diagonal cells are rectangular but we
still can bound from below s and ¢ in the integrals by the coordinates of the lower
left edge. Then, we enlarge each rectangle up to the smallest square in which it
is contained, and having with the rectangle the common edge (g,q). Due to the
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parity and periodicity property of f, the two remaining integrals are both equal
to (K|/|T)A(Ox(f))?, with K = (g, +7'] and 7' = sup(a/, §'). They can be
bounded by (|K|/|I|)?|f|?, with |K| = 4'. Putting everything together, one gets

Ty < Golfls (2.27)

With 9 9 /8’2 al2 7’2 7/2
IfFC; S —Fs + =+ + :
"G (@—8% " ¢ " ¢g-P) " ¢ g—-pP)

From (2.15), we have

(2.28)

_ 1 B 1 _ o + 5
CB+m/2 n/2—a  (¢—PB)g+o)’

lIl=b—-a

Therefore
o2 - (et o')? (ﬂ” +a?(1-5'/9)° +9"%(1 = B'/g)* ++47(1 - ﬂ'/(_I)z)
2 (q — [3/)4 (a’ + ﬂ:)z ’
which implies, since ¢ > 5/2, and 8’ < 1/2,
CZ _ (q+al)2 (,3’2 +al2 +2,},I2)
SN CENDT (o + B')?

However, "2 + a'? +2+'? = 38" + a'? or 32 +3a'?, depending on whether §' > o/,
or #' < o'. In both cases, it is easy to check that 82 + a2 + 292 < 3(a' + 8')?,
since o/, ' (and v') are non negative. Then

(2.29)

s _of(gt+a')
ao(izg).
so that,
T, < V3 (((q +;))2) fle s (2.31)

which is valid for ¢ > 5/2, 0 < a’' <1/2,0 < 8' <1/2, and, since n — m = 2, for
a' + B < 6. Now (2.31) implies

F2<\[((q—1ﬂ’)+(jl—+ﬂ€)l2)|f|<\f( 5 ) Uk

that 1s

T < V3 ((q—_q5)~) 1fle < V3 ((—5———1—25> 1Fl - (2.32)

e) Putting together (2.20), (2.23), (2.26) and (2.32), we get the following
statement.
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For I ={a, b}, if (% — %) < 6 we have

)
On(Tf) < \/7||f||2 [0,1/2] T sup (1 7 (510\;;)2) |fl« -

A bit of analysis shows that the supremum is always reached by the second
argument when 0 < § < 1/2. Therefore

01Tf) <[ 2 flls + ( (510‘;;)2) . (2:33)

The Equations (2.19) and (2.33) show that |T'f|. is finite, when | f|. and ||f||2,j0,1/2)
are finite, which completes the proof that f € X, implies Tf € X,.

f) We will now show that T is a bounded linear operator X, — X, for a
suitable choice of the coefficients A and B in the norm (2.7).
First we note that (2.10) and (2.12) imply

NT fll2,0,1/2) < eallfllz,j0,1/2) (2.34)

with ¢; = 4/9. Then, collecting results of (2.19) and (2.33) we get for some choice
of the parameter 6,

ITfle < calfls + c2llTfll2,[0,1/2) - (2.35)

Therefore,

Ac Be
AITf|*+BIITfIIz,[o,1/2]Sc*(A|f|*+( 2 l)nfnzw])

However can choose A > 0 and B > 0 such that
Be, > Acy; + Bey (2.36)

because c. > ¢; = 4/9. In fact the latter inequality results from (2.33) which
shows that ¢, > 1/2. With such a choice for A and B, we would get

AT fl« + Bl|Tfll2,j0,1/2) < cx (Alfl« + B||f”2,[0,1/2]) ,

that is, in view of (2.7),
T flls < eullfllx - (2.37)

The latter equation shows that T' is a bounded operator in X, for the norms || f|}.
with

A=1 , and B> (2.38)

Cx — Cq

With this norm on X, the norm of the operator T fulfils ||T'||.(x,) < c«.
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g) We now show that by a suitable choice of §, we will get c. < 1, which will
show that T is a contraction on X,. we have from (2.33)

Ce = ((gl%) : (2.39)

Comparing (2.19) and (2.33) shows that

5 2 1) ?
62—5 §<1+‘5) . (2.40)

However, as seen from (2.39), ¢« is a monotone function of §, which increases from
0.6928 to 1.0825 when ¢ increases from 0 to 1/2. It reaches one for é§ around
0.4. Taking é smaller than 0.4, proves that T is a contraction. In order to give
numbers, we take § = 1/4, wich gives

1
cz=-5— 10 , c*=4(;—1\/§~0.855

3V 3
The corresponding values of B are

1 -1
5 [2 1\ 2 10/3 4 45\[5 1
> Z4/2 Z —_— = =g/ e— ~
B—<3\/;(1+5) )((5—25)2 9) sV 2i0-305 ~ 0%

(2.41)
If now one takes 6 very small, one can reduce c, as close as one wants to its value
for § = 0, which is (2/5)+/3 = 0.6928, but meanwhile, B must become very large,
and increase proportionnaly with §~(1/2), This completes the proof of Theorem
2.3. O

An immediate consequence of Theorem 2.3 is the following theorem

Theorem 2.4 The Brjuno function B(z) = By /5(z) belongs to X., and therefore
to BMO(R). The Brjuno functions By(z) belong to BMO(R) for 1/2 < o < 1.

Proof. B(x) is the unique solution of (1.29) for & = 1/2, that is
(1-T)B)z)=—logz , when 0<z<1/2.

However T is a contraction in X,, and log z is in BMO([0,1/2]). Therefore, 1 —~T
is invertible in BMO([0,1/2]), and B € BMO([0,1/2]). From Corollary A.9, we
deduce B € BMO(R).- Now, from Theorem 1.12, for 1/2 < a < 1 we have
By — By € L®(R), which implies B, € BMO(R), since L*(R) C BMO(R). 0O

Let us now go back to Theorem 2.3. The contraction property of T' depends
on the norm we have taken on X,. Indeed it is not valid in all possible equivalent
norms. However, the spectral radius of T in X, does not depend on the choice of
the norm in the equivalence class. This makes the following Theorem 2.5 relevant.
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Theorem 2.5. The spectral radius of T in X, is at most equal to V2 -1.

Proof.
a) We already know from Theorem 2.3 that the spectral radius of T, which is
defined as p(T) = lim sup ||T™||*/*, fulfils

o(T) < %ﬁ ~ 0.6928 . (2.42)

b) We first show that IIT||¢(x,) < V2—1. But that is just where we need the
estimate of Equation (1.40). Indeed we have for f € X,

T fll2,0,1/2) < callfllz,fo,1/2) » sothat ||[T|leex,) Ser s (2.43)
with .
4 3

€ = (%— - %9—3> ~ 0.34589... < V2 — 1~ 0.4142 . (2.44)

Obviously we have
HT™ fll2,10,1/2) < et lIfll2,0,1/2] - (2.45)

c¢) Assume now f € X., and let § be a positive number such that § < 1/2.
We consider intervals I = [a,b] C [0,1/2]. Let J = [1/b,1/a] be the image of I
under the change z — 1/z. There are two possibilities :
cl) J has length greater or equal to §.
c2) J has length smaller than 6.

We will now estimate in case c1) the quadratic oscillation O;(T f) as defined in
(2.6). For this purpose, the argument in part a) of the proof of Theorem 2.3 which
leads to (2.19) may be used without changes. Therefore we have for I = [a, b] and
§<1/2,

. 1 1 ‘ 5 [2 1\*
if 73 > 6, we have OI(Tf)S-B- 3 1+3 Hf||2,[0,1/2]- (2.46)

Obviously from (2.43), we have (still in case cl) above) for n > 1,

5 [2 1\? ,_
o N <53 (143) 4 Wlasoara - (247)

We must now deal with case ¢2), that is we assume (1/a — 1/b) < § < 1/2. The
argument of part b) of the proof of Theorem 2.3 applies without changes and we
get as in (2.20)

Or(Tf) <T1+T2, (2.48)
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where I'; and I'; are given by (2.21) and (2.22) respectively. We get a bound for
I’y as in part ¢) of the proof of Theorem 2.3, namely

2
NS \/;Hfllz,[o,uz] : (2.49)

which is nothing else than Equation (2.23).

Now we use (2.24) to estimate I';, and we will introduce the transformation
7 : I — 71, defined on intervals I which are subintervals of [0,1/2], and such that
the inverse interval J has length less than § < 1/2. When these conditions are
not fulfilled (that is in case c1) above), we shall say that 71 is undefined. Let now
[r/2,s/2] be the smallest interval with integer or half integer edges, which contains
J=[1/b,1/a] C [2,00]. We have

1/b=r/24+8 , 1l/a=s/2—-a , 0<a<1l/2 , 0KB<1/2. (2.50)

Since b — a > 0, we have for the integers r and 5, 4 < r < r + 1 < s. Since we
assume |J| < § < 1/2, we have s —r — 2a — 203 < 26 < 1. We then have either
s=r+1l,ors=r+2.

If s = r + 1, there is no integer or half-integer point in the interior of
J, and we can define 7] as the interval contained in [0,1/2] deduced from J
by translation or by translation followed by a symmetry around zero. We get
7I =[8,1/2 — o] when r is even, and 7] = [@,1/2 — (] when r is odd. We have
[7TI| =|J|=1/2 —a— 8 < 6 <1/2. It is easy to check that, in the present case,
71 is nothing else than the image of I under the map A;/, defined in Section 1,
Equation (1.3). Then, following the argument which leaded us to (2.25) we get

T r —a 2
L /21 AL (lIII, I) O-1(f) = /(i/“; lfﬂ 7 Oer(f) = %0,1( £ . (251

If s=r+2, we have J = [(r +1)/2 - (1/2 - B),(r + 1)/2 + (1/2 — a)],
so that the point (r + 1)/2 is in J. When r is odd, by translation, we can
shift J to J' = [ — 1/2,1/2 — a] which contains 0. In this case, we define
I = [0,sup(1/2 — a,1/2 — B)]. When r is even, by translation, we can shift
JtoJ =[1/2-(1/2 - B),1/2 + (1/2 — a)] which contains 1/2. In this case
we define 7] = [1/2 — sup(1/2 — a,1/2 — 3),1/2]. In both cases, we have
|7I| = sup(1/2 — a,1/2 — B), and

[J1/2<(1—a-B)/2<lrll<1-a-B=|]|<5. (2.52)

In the present case 71 is contained in the image of I through the map 4,/,. Once
more, following the argument which leaded us to (2.25) we get, since |J| = |J'|

1 |7 r/241—«
Iy < (7/‘2—+—ﬂ)‘§ <|—”) On(f)= W@Ji(f) . (2.53)
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By Lemma A.11, we have Oy (f) < 20,(f), and

r - 2
2 < g (1) 00 = XL2EDo.) = Zow) . 20

Note than when s = r+ 2, one of the edges of 71 is either 0 or 1/2. We summarize
these results :

5 z
if 71 is undefined Op(Tf) < -2— 3 (1 + %) 1 fll2,0,1/2) (2.55)

) . 2 b2
if 71 is defined O[(Tf) < \/;||f||2,[0,1/2] + TOTI(f) , (2.56)

where A = 1 or 2, depending on whether s = r + 1, in which case (2.51) holds, or
s = r + 2, in which case (2.54) holds. When 71 is defined, a is strictly positive,
and conversely when a = 0, 7] is undefined, because |J| is then infinite. When
A = 2, either 0 or 1/2 belongs to 71. Setting

5 [2 1\? 2

we rewrite (2.55) and (2.56) in one single equation

2
OHTF) < Cllflla o721+ o Orr() (2:58)

with the convention that A = 0 if 7] is undefined, so that the second term in the
above equation is absent (this happens in particular when a = 0).
Note that 1/a — 1/b < § implies b/a < 1 + bé, and since b < 1/2,

2b? h)

"'a—<’)/—1+§. (2.59)
We have |7I| = |J| when A = 1, and from (2.52), |J|/2 < |7I| < |J| when )\ = 2.
Also |I|/|J| = ab < 1/4, therefore we have

when A =1 Ji[=124
|~ a

is] (2.60)

when \ =2 m > %5 > 2
d) We are now ready to iterate the procedure. We start from
w
a
n—1 /\b2 n—1
<Ceq “f||2,[0,1/2] + TO,-[(T f) ,

OnT"f) < CUT™ *fllao,1/2) + —Orr(T™ f)
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and use once more the equation when 77 is defined, shifting n to n — 1, and so
one. We get after k steps (for £ <n —1)

k

.2
OI(Tnf) < Ck”f”z,[o’l/;)] + (H ‘/\;—bl—) Ork+1I(T"“k'—1f) ) (2.61)

=0

The definition of 7*I in the above equation, is recursive. Obviously, if 7%I
is undefined, 7**+1J is also undefined. We sart from 7°7 = I, then we set
rktly — ‘T(TkI ) if it is defined, and the value of A¢ is 1 or 2 as explained above
after (2.56). If 7(7*I) is undefined, we set A\x = 0. We also have set 751 = [ax, bx],
and I = [ag, bg]. The recursion starts with

n—1

and proceeds as
k

n—k—2 Alb?
Ck+1=Ck+cl C H"a_ )

=0

so that

a;

k J k
i ;b2 n—ig i
C’k+1=Co+CZc;‘ J Z(H—.’) SCo+C§ :01 J 27J+1,

j=0 1=0 j=0
that is k2 K42
Ck+1 — CC?—k_27 — G
T—a
Setting k = n — 2, we get
: n_ on
Cn—l = Cl 21’7—:_671- 5 (262)

where v is given by (2.59) and ¢; by (2.44). From (2.61) we get

n—1 B2
OHT™ ) < Crcallflla o /21 + (H 5—”—) Orn1(f) - (2.63)

i=0 !

The important feature of the above equation is that the coefficient of ||f|l2,j0,1/2]
does not depend on I.  We will now bound the coefficient of O,nr(f). For this
purpose, we observe that in the sequence Ag, Aj,...An—1, there is at most one
element equal to 2. Indeed, assume that A, = 2 for some r. We have already
noticed after (2.56) that if A\, = 2, then 7"*!] contains either 0 or 1/2. If it
contains zero, its inverse is infinite, then A;4+; = 0 since then 77711 is undefined
and all following \'s vanish. If 77%1] contains 1/2, then its inverse contains 2, and
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either 771 is undefined in which case A,4+; = 0, or it has 0 as lower edge, and
then A\,4; = 1. By the same argument 77121 is then undefined, \,; 2 = 0 and all
following A's vanish. If all A\; # 0 for 0 < ¢ < n—1, then all A\; = 1 except may be
An—2 or Ap—_1. Therefore we have

n—1 ;9o

O1(T"f) < Ca-illfllajoi/ar + (z 11 ”—) Omi(f). (264)

=0

Taking as in (2.6) the supremum over all possible intervals I, we get

IT" fl« < Cr-1llfll2j0,1/2) + Cu,nlflx (2.65)

where C, ,, is given by
n-—1 b2
e = 21121, 2.
Cs, sgp( .Ha,) (2.66)

where the supremum is taken over intervals I such that the intervals 75T = [ay, b)]
are defined for 1 < k < n.

e) We shall now prove there exists a constant K > 1 independant on n such
that
Cun <2K(V2-1)". (2.67)

From the definition of 7 given in part c) above, it is easy to see that one can
find for 0 < < n — 1 a sequence of numbers z;, such that z; € 7*I = [a;, b;], and
Tiy1 = Aj2(zi), for 0 < < n — 2, where

H
T )1/

as in (1.3). For that purpose, take z,—; arbitrarily in the interior of 7”11, and
compute backward zi from zit1, adding at each step the suitable integer part.
We choose z,—; irrational to avoid the discontinuity points of the integer part
[z]1/2 defined in (1.1). We obviously have

Aypo(z) = : (2.68)

b —ai| < |7, |zi—ai| < |7, o — b < |7 (2.69)
From (2.60), we get for 0 <k <n—1,
|7kI| < 2= (=B |pnp) < 27 (n=h) g < 9 (n—ktl) (2.70)
since § < 1/2. In fact we also get a better bound

|78 1) < 2axbi |7 ) < apby 27 ("EDE < g b2~ (PR (2.71)
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Then we get

2 . . e\ 2
b (1+b a,) (1+b, m,)swi<1+b, a,) ,
a, a; T a;

so that using (2.69) and (2.71), we have

b2 b\’ 1\?
a_isxi (1+2n 1~ z) - (1+2n 1) :
Therefore

n—1 n—1 n—1 n—1
H Z? < exp (2 Z log(1 +2~ (""’))) H z; < exp (2 Z 2_("_i)) H z;

=0 =0 =0 = =0
n—1 n—1 o n-—1 n—1
< exp (Z 2_') H z; < exp (Z 2_’) H z; < e H zi.
i=0 =0 i=0 =0 =0

Finally,

Cin < 2e*sup (H z,) = 2¢? sup (H Allz(xo)) (2.72)

o \i=0 0

where now the supremum is taken over z¢, that is over all possible trajectories of
the map z — A;/2(x). The estimate (2.72) deserves some comments. Although
the map 7 which transforms the interval [a;, b;] into [@it+1,bi+1] give the same
result as the action of A;/, when J; is equal to 1, the sequences ao, a1,...,a,, and
bo,b1,...,bn are not in general trajectories for A;/;, because at each step a;;; is
defined as the lower edge of 7[ai,b;]. Moreover, when A = 2, there is a further
restriction of the interval. Nevertheless these sequences can be approximated
in a suitable way by a true trajectory of A;/;, because this map is expansive.
In particular, this approximation prevents the a;’s to become too small. The
determination of the trajectory of A/, is in fact an appliction of the so-called
Shadowing Lemma, which is a classical trick in expansive dynamical systems.

The estimate (2.67) then resuts from Proposition 1.4. which is an almost

classical result in the theory of continued fractions described in Section 1.
f) From (2.45) we have

7™ fll2,10,1/21 < et llfll2,0,1/2) » (2.73)
and from (2.64) and (2.67) we get
IT™ fla < Caallfllz o172 + 2K (V2 — 1)"|fl (2.74)

By an argument similar to part f) of the proof of Theorem 2.3, we use a norm of
the family (2.7) with A =1 and

Cn 1
2K(\/_—1)"-—c1 ’
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which is positive in view of (2.44). With this norm,

IT"f1l+ < 2K (V2 = 1)"(|£]]s - (2.75)

Since limsup (2K)!/™ = 1, the spectral radius of T in X, fulfils

ITllexy S V2-1. (2.76)
which completes the proof of Theorem 2.5. a

Remark 2.6. The same argument can be applied to the operator T, introduced in
Remark 1.18. The main change in the argument is the replacement of (42 /a) in the
equations (2.51) and (2.56) by (611 /a), so that (after recomputing all constants!)
one finally gets instead of (2.74) and estimate of the kind.

TGy fle < Cactllfllzfo,n /2 + Ko (V2 = D)™ |fle (2.77)

A careful examination of (1.35) for & = 1/2 shows that one can reduce the Lz-norm
estimate up to

fo'e) 2
1
“T(V)||£(X1/2,z) < <2§ : (m + 1/2)2+2u)
n=2

< (2(22“" 10 +20) - 25 — 2 (§)+> ) (@278)

Therefore, the spectral radius of Tj,) is less or equal to the largest of the two
following numbers : the BMO-norm estimate (\/§ — 1)” and the above L;-norm
estimate (2.78), which is better than (1.46). We already know that the BMO-norm
estimate is smaller when v = 1, we also see that the Ly-norm will be smaller for
large v since it behaves as (2/5)".

A more concise way toward the spectral radius of T' can be obtained using
the invariant measure described in Section 1 above. This can be found in [MMY].
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3. Regularity properties for the functional equation of the Brjuno function

The functional equation (1.29) for the Brjuno function for @ = 1/2 is
[(1 - T)Bl/2]($) =—logz, (3.1)

for all # € (0,1/2), complemented with the condition that B = By, is even and
periodic. In this Section we will suppose that the right hand side of this equation
is pertubed, by an additional term f, which is less singular than the logarithmic
function. We want to study the singular properties of the perturbed solution. Since
the equation is linear, we only need to consider the action on f of T and (1-T)7?,
which will be conveniently called the Brjuno operator B. We will consider even
and periodic functions f which are continuous. It is sufficient to know the value of
fon[0,1/2], so we assume f € C[%,l /2] One can check that Tf is also continuous
provided we set T f(0) = 0. We need now the usual Holder’s type semi-norms for
continuous functions.

Definition 3.1. Let f € C[%,l /2] Then we define the Holder’s y-norm as

Ifl‘Y — sup ,f(x) - f(y)l

(3.2)
0<z<y<1/2 lz —y|7 ’

with 0 < v < 1. This is a seminorm since it vanishes on constant functions, so
that we introduce the norm :

If1ly = Alfly + Blfleo (3.3)

with A and B positive constants. We say that f € C7, if f € CE)O,I/Z] and |f| is
finite.

We now have :

Proposition 3.2.
i) T is a bounded operator in C7, for the norm ||f||, provided 0 < v < 1/2, for
B/A large enough : if B/A > (27 — 277)™1, the norm of T corresponding to
the norm (3.3) satisfies ||T|, < 2371 < 1.
ii) For 0 < v < 1/2, T is a contraction.

We need the following Lemma

Lemma 3.3 Let 0 < y < z < 1/2, and define =, and y; by the following

conditions . .
= , T = 3.4
Y n+yn m+z (34)

withn > 2 and m > 2, and —1/2 < 2y < 1/2 and —1/2 < y; < 1/2, then we have

|z — y]
|z||y]

llza] = Joall < (3.5)
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Proof of Lemma $.9. Since y < z, we have n — m > z; —y; > —1. therefore
n>m. Let n —m =p>0. We have z — y = zy(p + y1 — ¢1). So that we need
to prove |lz1] — |y1]] € |p+ y1 — z1|- This is obvious when p = 0. We always
have ||z1] — |y1]| £ 1/2, so the required inequality also holds when p > 2. In the
remaining case p = 1, we set n = sign(y; ) and e = sign(z; ), and we need to check
that ||z1] — |v1]] £ |1 + n]y1| — €|z1||- Still because the left hand side is smaller or
equal to 1/2, this last inequality is not obvious only when n = —1 and € = +1. It
therefore remains to show that ||z1]|—|y1|| < |1 —|y1|—|z1]]. Setting u = 1/2—|z|
and v = 1/2 — |y1 ]|, the last inequality is equivalent to |1 —v/u| < |14+ v/u|, which
is readily checked since u /v is real and non-negative. O
Proof of Proposition 3.2 Let 0 < y < 2 < 1/2, and z; and y; as in the preceding
lemma. We have

ITf(z) = Tf(y)| = lzf(1/z) = yf(1/y)l = |z f(|z1]) — y f(lws D]
< le = yllf (e DI + 1l £(lza 1) = f(lwa D
< |z = yllfloo + Iyl flyllza] = lpall”

z —y|”
< lz = yllfloo + lfle ;

where we have used f € C7, and Lemma 3.3. Therefore

ITf(z) = Tf(y)|
|z —y|¥

)
<z — g fleo + ("y—'l) w2,

< (1/2)' 7 fleo + (1/2)' 7 fly

since 0 < y < z <£1/2, and ¥ £ 1/2. For y = 0, the right hand side can be

replaced by its first term (1/2)'~7|f|co, and the above inequality extends to the
case where y vanishes, so that

ITfly < Ky(f) =277 floo + 22771 £l - (3.6)

For the norm, we get

ITflly =A|T fly + BIT floo
< 2277 [Alfly + (27 B +2774)|floo]
< 207 VfL,

provided 2727B + 2774 < B, that is
A/B<L27-277

which completes the proof. O
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The above proposition has two obvious consequences
i) Since C7 C C7 whenever 7' < v, we have

feEC” and v2>1/2 = TfeC/?
feCY and y27 , %N<1/2 = TfeC™.

ii) When v < 1/2, T is a contraction on C7. Therefore 1 — T is invertible and
B =Y "T"=(1—T)! preserves C7, and we have.

felC” and 0<y<1/2 = Bfe(C”
fect? = BfeC” , Vy suchthat 0<y<1/2.

The Brjuno function which we have studied in the previous section is nothing
else than BY, where £ is equal to minus the logarithmic fonction restricted to
[0,1/2]. When made even and periodic, this function is not continuous. Suppose
that we perturb £ by a function with enough regularity properties (for example C*
or C1/2 the change in BZ will be continuous and even C'/2~¢ for any small e. In
this sense, the ‘most singular ’ part of the Brjuno function is stable or ‘universal’,
roughly speaking modulo Holder one-half continuous contributions.

In fact we have a slightly better result for B than for T, as shown in the next
proposition, which shows that the C'/2 property is effectively reached.

Proposition 3.4. If f € C7, and v > 1/2, then Bf € C1/2,
Proof. We use Bf(z) = Y oo o (T™ f)(z) = Y Br—1(2) f(zr ), which is analogous

to (1.25), using convention f_;(z) = 1. Therefore we have

IBf(z) = Bf(®)| = |Y_ Ba-1(2)f(2n) = Ba1(¥)f(yn)| » (3.7)

n=0

where z; and y; are the respective trajectories of z and y under A, ;.

Now, for each pair of numbers (z,y), such that z # y, we define the
number N which tells how far the continued fraction expansions of z and y
do coincide, more precisely : we have z;' = ary1(z) + €x+1(2)Tr41, and
Y ' = art1(y) + ex4+1(¥)yr41. We assume that ax(z) = ar(y), ex(z) = er(y)
as long as k < N. At least one of these equalities fail for £ > N. In order to
avoid ambiguities in the rational case, where we have z, = 0 for some n, we take
en(z) = +1 and 2 = 0 whenever k > n, and let for k > n, a; and ¢4 be undefined
(one could let ai be infinite). Therefore, if z, or y, vanish for some n, we get
N < n. We then have

1 1
-_—— = €k+1($k+1 ke yk+1) When k + 1 S N . (38)
Tk Yk
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Therefore we get, still for k+1 < N,

|$k+1 - yk+1| = ka - ykl = Ix — yI
lzellyel  Br(z)Br(y)

(3.9)

We also see that the numerators px, and the denominators ¢gx of the truncated
continued fraction expansion of z and y coincide as long as £k < N, therefore, we
first have

for k<N , |Bk(z)— Br(y)l = qklz — 9], (3.10)

and also, due to Proposition (1.4, iii),

for k< N-1 , < 3. (3.11)

We separate (3.7) into four contributions and divide by |z — y|!/2, that is,

|Bf(z) — B (y)|

|x—y|1/2 <E,+E,+E3;+E, (3.12)
with
N
Ey =le —y|™? > |Ba-1(z) = Bas Wl f(zn )l , (3.13)
N
By =le — 417 3" 1Baca @)1 £(2n) — Fun)] (3.14)
N4z
By =lz —y|™* Y |Ba-1(e)f(zn) = Ba-1(y)f(ya)l - (3.15)
n=N+41
Ey=lz —y|™? Y |Ba-1(2)f(@n) = Bu-1(¥)f(yn)l - (3.16)
n=N+3

Our proof will be completed if we can bound E; to E; in terms of |f|o and [f]|,
for f € CY and v > 1/2.

1) Bound for E;. From (3.10) we get E; < |z — y|'?|f|oo Zle gn-1, which
using (3.8), gives E1 < |zn — yn|'?| floo(Bn-1(2)BN-1())"/2 01 gu, but from
Proposition 1.4., we have for n < N, ¢, < 2(Bn-1(2))™! and ¢, < 2(Bn-1(y))™?
from which we get ¢n < 2(Bn_1(2)Bn—1(y)) /2. Therefore,

N-1 1/2 1/2
T 1/2 Bn-1(z) Bn-1(y)
msav-ntie 3 (355) (B50) - e

n=0
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However, using Proposition 1.4.,

ﬂN—l(w)) N-n-1
= N ] —n-1(Zn) < \/5— 1 "
(Be22) — pypsan) < (VE- 1)
and the sum in (3.14) is bounded by the converging series Y oo (V2 — 1)* =
(2 —+/2)~'. Furthermore, |ty — yn| < 1/2 and E; is bounded by a constant time
| floo-

2) Bound for E,. We have E; < |z — y|=1/2|fly 04 [Bac1(®)l|zn — yal7, s0
that, using (3.9),

N 1/2
Bl y. (§28) fon a2 (318)

n=0 ﬂn—l(m)

Using (3.11), we get By < 3/2|f], N |2 — ya|7™2/2 . However for n < N, we
see from (3.9) that

_ = lzn — Bn-1(z)BN-1(y) _ —2n=2|, o __
o = ol = lon = | (G ) < (V5 apvinoy

Then

V2 —1)2N-2n-2
Imn - ynl < ( 32

v

since zxy — yy < 1/2, and the sum from 0 to N is bounded since the geometric
series ) oo o(v2 — 1)2"(7=1/2) converges. As a consequence, E, is bounded by
a constant times |f|,. Note that we have explicitely used here the hypothesis
y>1/2.

3) Bound for E3. We observe that since vy >1/2, f € C, = f € Cy/;, and in
fact, we have | f|;/, < 2(1/2=7|f|,. We first bound the term of order N + 1.

1Bn(2)f(zn41) = BN(Y)f(yn+1)| = [BN-1(z)(Tf)(2n) — Bn-1y)(Tf)(yn)]
< |(Bn-1(z) = BN-1(WNTF)(zn)l + 1Bn-1)(TF)(zN) — (TF)(yn))|
< (1/2)gn-1floolz — y] + K1p2(Flen — ynI"?Bn-1(y)

where we have used (3.10) and (3.6) for the exponent 1/2. Therefore, using (3.9),
one gets

|Bn(2)f(xn+1) — BN (Y)f(yn+1)]
[z — y[1/2

Ky /5(f)Bn-1(y)
|BN-1(2)BN-1(y)]'/?
However, from (3.9), one gets |z —y| = |zny —yn|eN_1yN-18N—2(2)BNn—-2(y), and
from Proposition (1.4), gn—18n-2 < 2. Then (3.11) shows that both terms of the
right hand side in the above inequality are bounded (in terms of |f|eo and |f];/2)-

< (1/2)|floogn—1lz — y|*/% +
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We now bound the term of order N + 2 in E3. We have

|BN+1(z) f(an+2) = Bv+1(y) fyn+2)l =B (@) (T F)@n+1) — (TF)yn+1))l
+H(Bn-1(z) — BN-1(¥))yn (T H)yn+)|+BN -1 ()T f)(yn+1)(zNn — yN)|
<Bn(z)K12(Flen+1 — yn4a]'?
+yNYN+1lfloogn-1]2z — y[+yNyN+1|flooBN-1(2)|lzN — yN] -

We now use Lemma 3.3 to get cnyyn|zN+1 — yn+1] < |zn — yn|, and we get

|Bn+1(2) f(zn+2) — BN+1(y)f(yn+2)]
|z — y|*/2

<K,2(f) (%)1/2 Bn-1(x)

1/2
IN — YN /

-y

HA/ Sl (e Ui + s XY

In the above expression, we have got three terms to bound. In the first we have
the factor (yn/zn)!/? which is bounded when yy < zn. In the other case it is
sufficient to permute = and y. It then remains the factor fx_1(z)(|zn —yn|/|z —
y)1/2, which is easily bounded using (3.8) and (3.10). The same combination
occurs in the third term, with an additional bounded factor |zx — yn|*/2. The
middle term gy_1|z — y|'/? has been already treated for the previous term (of
order N +1).
4) Bound for E4. We have

oo

Eq = lon —yn [T 2(Br-1(@)Bn 1) Y 1Baca(@)f(@n) —Bues(u)F(un)] -
n=N+43

(3.19)
From the above definition of N, we know that 2z and 2y5' do not both belong
to the same interval in the family of intervals including for all M > 2, [2M,2M +1)
and [2M + 1,2M + 2). Therefore the interval [2zx',2yy'] contains at least
one integer point (we assume zny > ypn, the other possibility being treated by
permuting z and y). Let now r and R, be the rationals between z and y having,
up to order N included, the same continued fraction expansion coefficient as z
and y, and such that 2ry' and 2Ry are respectively the smallest and the largest
integer such that 2.7:;,1 < 27';1 < 2R;,1 < yK,l. We now have

|Bf(z) — Bf(y)| < |Bf(z) — Bf(r)| + [Bf(r) — Bf(R)| + [Bf(R) — Bf(y)|

and since we have either s <r < R<yory < R <r <z, we see that we need
only to get a bound for E, in the two following cases : either z = r and y = R are
both rational and 2:01_\,1 and 23/]:,1 are different integers, or one of these (say y = r)
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has these properties, and |zy' — yn'| < 1/2. Indeed the bound already obtained
for Ey, E>, and E3, apply to the present situations.

Now we observe that when 2ry' is even, we have ry4+; = 0, and when 27']}1
is odd, we have ry4; = 1/2 and ry4+2 = 0, so that the sum in (3.19) contains
no terms coming from r or R. More precisely, there is no E4 type contribution
in |r — R|7Y/2|Bf(r) — Bf(R)|, which was the motivation to split the sum for
n > N in (3.7) between E3 and E;. For the same reason, in the other relevant
case—where y = r, and —1/2 < ' —r§' < 1/2—Equation (3.19) reduces to

Ey=lzy —rn?(By-1(2)Br-1(r) % ) Baca()|f(zn)|

n=N+43
3| floo z >
<\/_|J;| $1_V~':NF1/2N+2 Z Brn-nN+3(TN43)
TN =TN n=N+3
< (Y3l (mN xN““l”’f) : (3.20)
2~v2 ) \ |lzny —rnft/

where we have used (3.11), proposition (1.4), and the sum of the converging series

Y22 o(v/2 —1)". We now define 6 such that

1
_1_= —4+6 , -1/2<6<1/2, (3.21)
N N

so that |ty — rn| = rnyzN]|6|, and we have now to get a bound for the remaining
factor

1/2
TNITN+1TN+2  TNTN4+1TN42 _ TN+1TN42 (wN) /
-1 - 1/2

lzn — r|1/? mAfzrll\,/zlell/z o]/ TN

Notice that since 2z and 2ry' belong to the same interval [M, M + 1], with
M > 2, their ratio remain bounded, that is 2/3 < zx/ry < 3/2, so we need
therefore only to get a bound for x4 12N+2]0]"1/2.

In the case where 2ry! is even, we have 241 = |6], so that zy112N42071/2 <
273/2, In the case where 2ry' = 2P + 1 is odd, we have n 41 = 1/2 — |4]. Either
|9| > 1/10 which implies TN+1 < 2/5 and :IJN+1$N+2]9[—1/2 < (2/5)1/2 or |9| <
1/10and 2/5 < zn+1 < 1/2, in which case zn42 = 2—a:}§;1+1 = 2|0|/(1/2—6]),and
TN+1ZN+2|0]71/% = 2v/6 < (2/5)1/2. This concludes the proof of the proposition.
O

The regularity results of the present section might provide an explanation for
the numerical results [Ma], which suggested a relation between the Brjuno function
and the size of the stability domain as function of the rotation number in some
holomorphic area preserving maps. Note that some rigorous results have been
obtained in the case of the semistandard map [Ma,Da|. We anticipate that this
result might be much more general : the geometric renormalisation for holomorphic
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dynamical systems will likely produce only C?! perturbations to the renormalisation
equation, and the most singular part of minus the logarithm of the size of the
stability domains as function of the rotation number could be universally (that is
modulo C*/?) described by the Brjuno function.

Appendix A. Norms on B.M.O. spaces

1. B. M. O. Norms
Let f € Li _(R). We define the mean value fr of f on the interval I as :

1
fr = m/ffdz, (A1)

where |I| is the length of the interval I. Then we define for any interval U
1
il = sup - [ 1~ filde- (A2
rcu | Jr

We then say f belongs to the space BMO(U) if || f||«,u < o0, i.e. is finite. BMO is
an abbreviation for ‘bounded mean oscillation’. ||f||«,v is a seminorm on BMO(U),
since for any constant ¢, we have ||f + ¢||s,u = ||f||x,u. In particular ||f||«,v =0
if f is constant on U. This applies to U = R and leads to the space BMO(R),
abbreviated as BM O and the seminorm || f||«,g on BMO(R) will simply be written
[|£]]«,- In fact this seminorm is a norm on the quotient space of function in L. .(R)
modulo the constant functions. With this norm, the quotient space is complete.

We list now some classical results and lemmas [Ga,GRCF].
Proposition A.1. If there exists a positive number M such that for any interval

I C U, we can find a number ay with |17|f1 |f —aj|lde <M, then |fr—afl < M
and |||l < 2M .

Proof. We have (fr—ay) = ]%[fI(f—aI)dz, thus |fr—ajy| < ﬁ[f] |f—arldz < M,
and 7 [y |f = frlde = g7 [y |f—ertar—fildz < 1 f; |f—arldet|ar—fi] < 2M.
Therefore || f||+,v < 2M. O
Proposition A.2. The space L>(U) is a subspace of BMO(U), and ||f||«,u <
inf. ||f — ¢lloo,u-

Proof. From Hélder’s inequality, we get for any interval I C U, ]%[ Ji1f = frldz <

/
(fr Jolf = fil2de) ™. But By [i(f—fuf2da = i J, 2 da(fo)? < iy Jy f2de <

(Iflloo,v)?. As atesult, ||fl}x.v < [Ifllco,v, the L® norm of f on U. Since || f||xv
is equal for any c to ||f + ¢||+,u, we immediately deduce that || f||.,v < ||f = ¢|loo,U
on U, for any c. O
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Proposition A.3. Assume f € BMO(U), with seminorm ||f||«,v. Let I and J
be two intervals in U . Let m be an arbitrary integer such that m > 1, we have

2)FICJand1< % <m, then |fi— f1l<mlflhy.

b)IfIcJa.ndm<|L‘1,L then

1= 1< (14 o (51 ) il < 2 tos (1] ) 1710

c) If |I| = |J|, let K be the smallest interval containing both I and
J. Assume first |K| < 2|I| = 2|J|, which means that I and J overlap
or are consecutive intervals, then |fy — fs| < 4||f|l«,y. On the contrary, if
|K| > 2|I| = 2|J|, which means that I and J are disjoint intervals, then

1= 521 = Zpllloorton (Y1) = el rtos (2+ 25D where 512,

is the length of the interval between I a.nd J.
Proof. a) |f1—fil < 7 [y 1f —fsldz = Wl fo1f = falde < i J7|f=fslda <

Al < mllflloy -
b) Let t = ll%ll’ and for n > 1, let A = #/7. It then easy to find

intervals Iy, I3, ..., I, chosen in an arbitrary way, but subjected to the conditions
I=5LchLhcCclh...Ccl, CIn+1 =J, |Ik+1|/IIkI =Aforl< kSn, and
I _ ntsl | |22

Wl =A"=t,
TV A T A T

USing |fI - le = IfII - fle + lffz - fIal +...+ IfIn - fIn+1|’ we get

k|

For t > m, let now n > 1 be the integer such that m"~! < ¢ < m™", so that
t1/m < m, and

n I » )
|fr — f1] < (Z -I—ILII) |1 fll«,uv = nt%||f||*,u as in the proof of a).
=k

n<l+ logt < logt .

1
logm logm
Therefore, from |fr — f7| < nt*/™||f||+,u, We get

1= 1= (14 fo=tos (1) )l < 22 t0g (1) st

In fact we have got much better than statements a) and b) : for I C J C U, we
have |ff — f7| < S (h) [|fll«,u, where the function S(¢) is defined for ¢t > 1 as

S(t) = infn,>q nt!/™. After some calculations, we find S(t) = ¢ for 1 <t < 4, and
S(t) < (2/log2)logt for t > 4. For t large, we get S(t) ~ elogt.

¢) We have |fr — f5| < |fx — fr| + |fx — fs| and the statement follows from
parts a) or b) with m = 2. ad
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The preceding proposition shows that when |I| goes to zero, the mean fr
cannot grow faster than |log(|I|)| times some constant.

Proposition A.4. We have the following ‘magic reverse Héolder’s inequality’ : let
f € LL_(R) and suppose that for some interval U C R, the seminorm ||f||«,u is

loc

finite, then for any bounded real p > 1, there exists a constant A, such that

1
sup (I%I [is- sl dm) P < Allfllew

IcU

Proof. In fact it is a corollary of the John-Nirenberg theorem, see Garnett [Ga].
The proof there is for U = R, but a careful reading show that it works for any
U. The constant A, does not depend on U, and may be shown to be smaller than
pC with an explicit constant C (our evaluation gives C < 10). Note that the
inequality does not work in the limit p — oo. a

The preceding proposition shows that replacing the L! norm in the definition
of the BMO norm ||f||+,u, by the analogous L? norm (with p finite), leads to the
same BMO space. More precisely using the usual L? norm

1
11l = ( [ e dx)” ,

we define

1
1 r 1
[T [T—— (— / If—le”dw) —sup Bl = il . (A3)
cu \|I| Jr IcU

We then have

Proposition A.5. The space BMO(U), is a subspace of LP(U) when U is a
bounded interval.

Proof. Let f € BMO(U), then Proposition A.4 shows that ||f — full,,u <
U172 A, || fllu- But ||fllp,u < If = fullp,u + Ifulls,u < (UIP(Ap|If]lu +
|ful), and since f € LYU), |ful < U™ x ||flh,u.- Therefore, ||fllp,v <
[T A, || flls,u + [TICD7Y | fll1,v, and || f]]p,u is bounded. O

Therefore, BMO(U) is a subspace of N52.; LP(U), but not a subspace of L=(U).
In fact, on BMO(U), we have a family of equivalent norms, as shown in the

following proposition.

Proposition A.6. On BMO(U), where U a bounded interval, define for any real
a >0, and f > 0, and for any integer p > 1 (finite), the following family of norms

N(faavﬂap) :a”f“*,PyU_*':B”f”P,U 3 (A4)
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then
a) these norms are all equivalent for various o and § and p fixed.
b) these norms are all equivalent for any p.

Proof. a) is a consequence of the identities
o B« B B_a
(az + By) = J(alw +B'y) + (57 - J) By = 'ﬂ'—,(a'w +B'y) - (F - J) o'z,
(A.5)
which show that when all numbers a, o', 3, 5’ are positive, and z,y nonnegative,

then inf(a/a', B8/B')(a'z + B'y) < az + By < sup(a/d’,B/8 ) o'z + B'y) .

b) Using Proposition A.4 and the argument in the proof of Proposition A.5, we
have N(f,a, 8,p) < adyllflluy +B(UI0/P Ayl fllo + U1/ 1]|flls,0). There-
fore, N(f,,8,) < (@ + BIUI/P)Ay ||l + BITI/P = fl]1.0- On the other
hand Hoélder’s inequality shows that N(f, a, 8,p) > a||fll«,v + B8|U1P Y| fll1vu-
So that we have :

N(f, e, BUIY/P71,1) < N(f,a,8,p) < N(f, o+ BIUIY/P, UIC/P=1 1)
Using Eq. (A.5), one easily finds positive constants C— and C; such that
N(f,a+BUIP, pIU|V/P71,1) < CLN(f, @, B,1)

and

N(f,a,BU|Y/P=1 1) > C_N(f,a,8,1) .

Therefore
C_N(f,a,8,1) < N(f,a,8,p) < C+N(f,a,B,1) .

and the norms N(f,a,8,p) and N(f,a,f,1) are equivalent. O

Remark that these quantities N(f, a, 8, p) are norms and not only seminorms
when 8 # 0. With respect to all these norms N(f,a,8,p) (with @ > 0 and
B > 0), the space BMO(U) is complete, since any Cauchy sequence with respect
to N(f,a, B3, p) is also a Cauchy sequence in LP(U) and therefore in L}(U) for U
bounded. Moreover the L!-limit of a sequence of functions in BMO(U) is obviously
also in BMO(U).

We now define the oscillation Or(f) of f on the interval I as

1
0i(h) = 1 /I f = filde , (A6)

such that ||f||+,u = sup;cy Or(f). We then have

Proposition A.7. _Let I and I, be two consecutive intervals, which mean that
the closure I; and I, have one and only one common point, and let I = I, U I5.
Let ay = |11, az = |I2| so that |I| = a; + a2. Then

ay fr, + az fr,
a; + ay

fr= (A.7)
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and

2(11 a

(a1 + a2)?

O1(f) = Or,(f) t o sz(f) ———|f1, ~ fn.| . (A.8)

a+

Proof. An elementary calculation gives Eq. (A.7) as well as

(fr =) = oo (fr = fr) and, (fr=fn)= ;= (fn = fn) - (A9)
Now
_1 _ _nl 1 _ Ll 1 _

so that

14l
orts) = (- fz|+|I|/If frlde)

I
2 (= s+ o [ 17 pulae)
. a az _ as _
_al+a2011(f)+al+a20h(f) +a2|f1 f11|+a1+a2|f1 fr.l s
and the proposition follows from Eq. (A.9). a

The above Proposition shows that in order to bound the oscillation on the
union of two consecutive intervals, one needs to control the difference between the
mean values on the two intervals.



Continued fractions, Brjuno functions and BMO spaces 43

2. B. M. O. Norms for periodic functions

In BMO(R) we can consider the various seminorms [|f||« v defined in Eq. (A.2)
above, for any bounded interval U. We will also define the seminorm ||f||«,T as
follows

1
IUWJ=a2H1[H—th, (A.10)

where the supremum is taken over all intervals I C R with length less or equal to
1. The seminorm ||f]|«,r is convenient for periodic functions with period 1. For
any f € BMO(R) we obviously have :

s —ar2y,+ar2) S NEller S FHR - : (A.11)

This observation will be useful if we now consider functions f € BMO(R) which
are even and periodic with period 1. For such periodic functions, we have the
following result

Proposition A.8. There exist constant C; > 1, C; > 1, C3 > 1 such that for
any f € BMO(R), which is even and periodic with period 1, we have

a) |lfllsr £ Cijlfllr
b)  |Ifller < Collfllx 0,11
b) ”f”*,[o,l] < C3”f”*,[o,1/2]

Proof. a) We observe first that the mean value and the oscillation of f on any
interval K with length 1 does not depend on K. Let us call these quantities f and
O(f) respectively. Now consider an arbitrary interval I. It is always possible to
cut this interval into two consecutive subintervals I; and I3, such that I = I, U I,
|I1] = n > 0 is the integer part of |I|, and |I;| = a < 1. If I is not empty, it is
made of n complete periods of £, so that fr, = f and Or,(f) = O(f) < {|flls1- If
n = 0, we have O1(f) < ||f||+,7- From Proposition A.7 we get for n > 0

OI(f) = Iffz 7' .

+a012(f)+( + )2

but Or,(f) < ||f]l«,1 and also O(f) < ||f||«,r- On the other hand, I is contained in

some interval with length equal to 1, and one can bound |f1, — f| using Proposition

A.3 a) or b). We get |f1, — f| < 2||f]}s,T for a > (1/2), and for a < (1/2),

-7 < (1+ T 2l

Therefore for a > (1/2)

01(1) < (14 iy ) Wl
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and for a < (1/2)

0r() < (1+ o (14 2250 ) fles

An elementary study of the function —zlog(z) on [0,1] shows that it is bounded
by e~1,and for n > 1 we have :

4 n 1
< =< —_— < =<1
_g_l,a.ndfora<1/2, mtaf Sns

n

>
fora>1/2, 1 a)?

Therefore in both cases,

O1(f) < (3+ ———-) iz = Callfller »

and part a) holds with C; ~ 5.13. Using the improved bounds mentioned at the
end of the proof of part b) of Proposition A.3, it is possible to get C; < 3.13. Note
that part a) of the Proposition does not require the hypothesis that f is even.

b) Consider an arbitrary interval I = (a,b) with length (b —a) < 1. If
b~a =1, then O1(f) = O(f) < ||fllufo,1- I (b—a) < 1 and if the integer parts
of [a] of a and [b] of b are equal, then the interval I corresponds by periodicity
to ([a], [8]) C [0,1] and Or(f) = Oay,p(f) < [Ifllcjo,)- U (b—a) <1, and if
[6] = [a] + 1, then I = I U I, where I = (a,[a] + 1] and I; = [[a] + 1,b). Let
a =[a]+1—a=|L|, b =b-[b] =|L2]. Then Eq. (A.8), shows that

I bl 2 al bl

Ol(f) '+b’ Ix(f)+ ,+b,012(f)+( +b’)2 Ifh f12| . (A.12)

By periodicity both Or,(f) and Op,(f) are bounded by ||f]| 0,1}, then we get

2a'b 2a't!
Or(f) = |||« 1]+W|fh — fr.l = [l fll« 0, 1]+( B | fa=ar,1] = fio,o)] -

However, since f is even, f(1_a,1) = fj0,a’)- By symmetry, we can assume b’ > a'.
Let z = a' /b’ < 1, then from Proposition A.3, if z71 < 2, we get

| fio,ar) — flo,p1y | < 21 Fllx 0,1 »

4z

Or(f) = ( Zl__-l--—)i

) 1 e fo.1 < 211l o - (4.19)

log z
| flo,a) = flo.pn] < (1+ ]1 i l)2||f|| [0,1] -
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From this we get

_ 4z 4z|log z|
01N = (1+ o + o N Wl - (A9

Now 4z/((1 + z)?) < 8/9 and 1/((1 + z)?) < 1. Therefore we get the expected
result with

8 4
C; < (1 + ) + ZOEE) <4.012, (A.15)
by an argument similar to the one given in part a). Once more, improved bounds
would reduce C; up to 3.13.

c) Let I C [0,1]. If either I C [0,1/2] or I C [1/2,1], we get O;(f) <
|| f]lx,[0,1/2], using the parity property in the second case. On the other hand, if
I contains 1/2 in its interior, one divides I into two parts I; and I; contained in
[0,1/2] or [1/2,1] repectively. Using the same argument and setting again o' = |I1|
and b’ = |I3|, we still have Eq. (A.12). Now, we have

|1, = frl = fajz—a 1721 = fryz1 2400 = 1faj2—ar1/2) = fay22-001

since f is even and periodic. Using Proposition A.3, we get here the same estimates
as Egs. (A.13) and (A.14), which completes the proof with C3 = Cj. a

Note that parts b) and c) are not true if the periodic function f is not even. A
non trivial, but immediate consequence of these results is the following corollary.

Corollary A.9. Let f be a function defined in [0,1/2|, which belongs to
BMO([0,1/2]). The function g which is even and periodic with period 1, and
which coincides with f on [0,1/2] is in BMO(R).

Using the above Proposition A.8, we see that a natural choice for a norm on
the space of functions f € BMO(R) which are even and periodic with period 1 is
N(f,a,B,p) defined in (A.4), with p = 2 and U = [0,1/2], for some fixed a > 0
and 8 > 0. Changing the values of p, a, and f§ will lead to equivalent norms.
Changing U into [0,1], or T as in Eq. (A.10), will again give an equivalent norm.
Also equivalent would be a norm like a||g|}« &+ B|g]l1,[0,1) for the function g which
is even and periodic with period 1, and which coincides with f on [0,1/2]. The
L'-norm ||g|l1,j0,1 of g on [0,1], can obviously replaced by the similar norm on
[0,1/2] that is ||gl1,0,1/2)-

We will now quote two lemmas which are useful when using the L2-norm. Let
I C [0,1/2] be any interval, and f € L'([0,1/2]). We denote by

1
fi=1g /] f(2)dz (4.16))

the mean of f over I.
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Lemma A.10. If f € L*([0,1/2]) and I C [0,1/2] is any interval

S U Y P
[t = ipds =g [ [ (566 - seypaset (A.17)

Proof. 1t is a simple calculation : first one observes that

[ = opas = [ fpas- ( / f(s)d3)2 =71 /| [(#@? = frfoydsat

and then since one obviously has

& 2 - S sdt = _1_ 2 _ s A
L[ Jer — soanasie = & [ [0 - sosendsa

one immediately gets (A.17). O

The following lemma deals with the control of the oscillation in Ls-norm.

Lemma A.11. Let f be an even function in L{ (R). Let 0 < a < b. For any
finite interval I € R define

Or(f) = (ﬁ S —f(t))zdsdt)% -

Ix

Then we have

Of—a,5)(f) < 2000,5(f) -
Proof. Set I = [—a,b], I =[0,b], I~ = [—a,0]. Then we have

2a+ 5P Oan(f) = [ (f(s) = ft) dsde.

The integral over I x I can be splitted as a sum over four integrals over Iy x I,
I_ xI_, I x1I_,I_ xI; respectively. However, due to the parity property of
f, each of these four integrals is less than (or equal to) the integral over I, x I.
Therefore,

2(a + b)*(Op—a,5)(f))? < 86*(Opo,5(£))?

and

2b
a+b

Ol—apy(f) < Oro,51(f) <200 5(f) -

a

The preceding Lemma shows that the quadratic oscillation of an even function
f on an interval I containing 0 in its interior, is at most twice the quadratic
oscillation over the largest among the positive or negative subintervals of I.
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