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·DEVELOPPEMENTS EN FRACTIONS CONTINUES, FONCTIONS DE BRJUNO ET 
ESPACES BMO• 

Sommaire - Le problème des petits diviseurs se rencontre dans l'étude de la 
stabilité des trajectoires en mécanique classique. Dans les systèmes 
dynamiques holomorphes, on a une question analogue avec l'existence 
des disques de Siegel, la taille desquels est bien représentée par une 
fonction de Brjuno. On étudie la relation entre ces fonctions et les divers 
types de développement en fraction continues, et on donne l'équation 
fonctionnelle satisfaite par ces fonctions très singulières. L'analyse de cette 
équation fonctionnelle montre que la fonction de Brjuno appartient à 
l'espace BMO, et qu'une perturbation régulière de cette équation conduit 
à une modification de la fonction singulière par une contribution 1 /2-Hôlder 
continue. Ceci nous conduit à penser que la partie la plus singulière des 
domaines de stabilité pourrait être une fonction du nombre de rotation, qui 
est ·universelle·, à une fonction 1 /2-Hôlder continue près. 
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•coNTINUED FRACTION TRANSFORMATIONS, BRJUNO FUNCTIONS AND BMO 
SPACES• 

Summary - The small divlsors problem which ls raised by stability questions ln 
clossicol mechonics has on anolog ln holomorphie dynamlcol systems, 
namely the existence of Siegel disks. The size of these disks ls well 
represented by the Brjuno functions. We analyse the relation between these 
functions and the various continued fraction transformations, and display 
the functlonal equation which 1s fulfilled by these highly slngular functions. 
The analysls of thls functional equation shows that the Brjuno functions 
belong to the BMO space, and that a regular perturbation of thls equation 
leads to a modification of the slngular functlon whlch ls 1 /2-Hôlder 
contlnuous. This leads us to belleve that the most slngular part of the slze of 
the stablllty domalns as function of the rotation number, 1s ·unlverso1· up to a 
1 /2-Hôlder continuo us functlon 
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O. Introduction 

The Brjuno condition tells which invariant disks ( called Siegel disks) persist when 
an irrational rotation is analytically perturbed. The Brjuno fonction tells more : it 
gives an estimate of minus the logarithm of the size of the Siegel disks as a fonction 
of the rotation number [Yo]. In this work, we first analyse the relation between 
the Brjuno fonction and the various kind of continued fractions. We establish the 
fonctional equation folfilled by the Brjuno fonction, and show that its solution 
requires the inversion of an operator T. We show that Tisa contracting operator 
for all LP norms, and also for the BMO (Bounded Mean Oscillation) space. The 
Brjuno fonction is obtained as the action of (1 - T)-1 on a logarithmic fonction 
which belongs to the BMO space. Therefore the Brjuno fonction is also in this 
space. Noticing that the adjoint of T is nothing else than the Ruelle-Frobenius­
Perron operator associated to the dynamical system which generate the continued 
fraction, the identification of the space adapted to T, seems to us promising for the 
dynamical properties. Finally, the action of Ton continuous fonction is decribed 
according to Holder's properties. We show that regular perturbations ( at least 
C 112 ) of the logarithmic term do modify the solution only by a C112 contribution, 
so that the most singular part remain unchanged. We anticipate that this result 
might be much more general : the geometric renormalisation for holomorphie 
dynamical systems will likely produce only C 1 perturbations to the renormalisation 
equation, and the most singular part of minus the logarithm of the size of the 
stability domains as fonction of the rotation number could be universally ( that is 
modulo C 112 ) described by the Brjuno fonction. 
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1. On a family of continued fraction transformations and the related 
Brjuno functions 

Let a E (1/2, 1] and let x ER. We define 

[ x] 0 = min {p E Z I x < a + p} (1.1) 

that is 

[x] 0 = p iff a - 1 + p ~ x < a+ p. 

Note that 

[x] 0 = [x - a+ l] 

where [] = [ h denotes the usual integer part of a real number. We will consider 
the iteration of 

A 0 : (0, a) 1--? [O, a] (1.2) 

defined by 

(1.3) 

Theorem 1.1. The dyna.mical system defined by the iteration of (1.3) preserves 
an absolutely continuous (w.r.t. Lebesgue) probability measure m 0 with density 
C0 Po(x) : m 0 (dx) = c0 p0 (x)dx. The density is given by: 

(i) if '1-l ~ Q'. < 1 

1 
Co= ' log(l + a) 

1 1 
Po(x) = -1 -X(l=.2. o)(x) + -2 -x(l-o l=.2.](x) (1.4) +x "' ' +x ' "' 

+ (x!2 + 2~x) X(o,1-o](x), 

(ii) if 2 - -./2 ~a< ~-l 

1 
Co= logG 

1 1 
Po(x) = G X(~ o)(x) + -2 -x(l-o 2a-1l(x) + X 1-a , + X , 1-a 

+ (x:2+ G+~-x)X(2"'.,,-1,1-o](x) 

+ (x:2 + 2~x) X(o,2"'.,,-1](x)' 

(1.5) 
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(iii) if½ ~ a < 2 - v'2 

1 
Ca =logG ' 

1 ( 1 1 ) Pa(x) =c+xX(1-a,a)(x)+ G+x + G+l-x X(2t_-,,1,1-a](x) 

+ (-1- + G 1 ) X(2a-1 ~](x) + (-1-+ _1_) X(o ~](x)' 
X + 2 + 1 - X O ' 1-a X + 2 2 - X ' 0 

(1.6) 

wbere G = v;+1 and X(a,b)(x) denotes tbe cbaracteristic fonction of tbe interval 
(a, b). 

Remark 1.2. Note that if a= l one finds Gauss' result: c1p1(x) = (Hx)log 2 . 

Proof. By Theorem 4.1.1 of [LM] ma will be an invariant probability measure for 
A 0 if and only if its density p0 is a fixed point of the Perron-Frobenius operator 
P0 associated to Aa : if B denotes any measurable subset of (O,a), and f any 
summable fonction on (O,a), Pais defined by 

f (Paf)(x)dx = f f(x)dx. 
jB }A-;_ 1 (B) 

The Perron-Frobenius operator for all these maps has the following form : 

+= 1 ( 1 ) += 1 ( 1 ) 
(Paf)(x)= L (m+x)2 f m+x + L (m-x)2 f m-x ' 

m~m+ m~m-

where m+ and m_ depend both on a and on x. 

If a = l one has m+ = 1 and m_ = +oo and it is immediate to check that 
l~x is a fixed point of P1. 

If f\-1 < a < l one has three possible cases : 

(a) x E (0, 1 - a] then m+ = 2, m_ = 2 and Po(x) = xi2 + 2 .:.x ; 
(b) x E (1 - a, 1~ 0 ] then m+ = 2, m_ = +oo and Po(x) = xi2 ; 

(c) x E (1~0 ,a) then m+ = 1, m_ = +oo and Po(x) = i!x· 
Let us consider case ( c). By (1.4) it follows that the two sums in the definition 

of PO must be splitted into three parts according to which interval con tains 
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1/(m±x): 

m1 1 1 m2 1 1 

(PaPa)(x) = L (m + x)2 1 + L (m _ x)2 l 1 
m=2 1 + m=2 + --

m + x m-x 
1 1 1 1 

+----- 3+---- 3 m1 + x + l m1 + x + 2 m2 - x + l m2 - x + 2 

( 2 + 1 1 + 2 - 1 1 ) 
m+x m+x 

00 1 
+ L (m+x)2 

m=m1+2 

( 2+ \ + 2- \ ) 
m-x m-x 

Using 

1 1 1 1 

(m ± x)2 1 + 1 m±x m+l±x 
m±x 

1 
( 1 1 ) 

1 1 
(m + x)2 1 + 1 - 1 m+x+½ 2+ 2- m+x- 2 

m+x m+x 

1 
( 1 1 ) 

1 1 
(m - x)2 + -

m-x- 1 1 2 1 2 1 m-x+-
+m-x -m-x 

2 2 

it is easy to show that all terms cancel except for x!z + 2 .:_x. 
The remaining cases (a) and (b) are simpler, and the proof of (ii) and (iii) 

follows the same kinds of ideas ( note that G2 = G + 1, G - 1 = 1 / G and 
2 - G = 1/ G2). D 

Remark 1.3. It is well known that the Kolmogorov-Sinaï entropy of these maps 
is given by 

h(a) = -21° c0 p0 (x)logxdx. 

If a= l one obtains 
7r2 

h(l) = 6log2 ' 

for a= 1/2 one obtains, 
7r2 

h(l/2) = 6 log G ' 
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a result already given by Rieger [Ri]. For general o:, we find that c0 h(o:) does not 
depend on o:, thus 

{ 

71"2 

h(o:) = 61:~(I+o) 

6logG 

"f vs-1 < < 1 1 2 _o:_ ' 
"f 1 < < vs-1 1 2- 0 - 2' 

as already shown by N akada [Na]. These results show the existence of a phase 

transition at o: = Y\-1 . 

To each x E Ill\ Q we associate a continued fraction expansion by iterating 
A0 as follows. Let 

then one obviously has 

where 

Xo = lx - [x]al 
ao = [x]o 

xo = ao + Eoxo 

"' _ { +1 iff X 2:: [x] 0 
c;.O -

-1 otherwise 

We now define inductively for all n 2:: 0 

thus 

where 
_ { +1 iff ...L 2:: an+I ên+l - Xn 

-1 otherwise 

Therefore we have 

êo êo 
x = ao + Eoxo = ao + ---- = ... = ao + -------,,.61----

a1 +t:1x1 a 1 + _______ _ 

and we will write 

en-1 
a2+ ·.+---­

an + enXn 

x = [(ao,eo),(a1,ê1), ... ,(an,ên), ... ]. 

(1.7) 

(1.8) 

(1.9) 

(1.10) 

(1.11) 

(1.12) 

(1.13) 

(1.14) 

Note that for o: = 1 we recover the standard continued fraction expansion defined 
through the iteration of Gauss' map x 1-+ x-1 mod 1, and all en = +l. When 
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a = 1/2 one has the so-called nearest integer continued fraction, and an ~ 2 for 
alln~l. 

The nth-convergent is defined by 

p êo 
~ = ((ao,êo), (a1,ê1), ... , (an,ên)] = ao + -----e-1---
qn a1 + ------

. én-1 
a2+ ·.+-­

an 

(1.15) 

and it is immediate to check that the numerators Pn and denominators qn are 
recursively determined by 

and for all n ~ 0 

Moreover 

Let 

Then 

P-1 = q_z = 1 , P-2 = q-1 = 0 , 

Pn = anPn-1 + én-lPn-2 , 

qn = anqn-1 + én-lqn-2 · 

Pn + Pn-lênXn x=------
qn + qn-lênXn 

qnx - Pn 
Xn = -ên----­

qn-lX - Pn-1 

qnPn-1 - Pnqn-1 = (-lrêo ... ên-1 

f3n 
Xn=--

f3n-1 

f3n-2 = anf3n-1 + ênf3n 

(1.16) 

(1.17) 

(1.18) 

(1.19) 

(1.20) 

(1.21) 

(1.22) 

From the definitions given one easily proves by induction the following proposition 

Proposition 1.4. Given a E (1/2, 1], for all x E IR\ Q and for all n ~ 1 one bas 
(i) qn+l > qn > 0; 

(ii) Pn > 0 when x > 0 and Pn < 0 when x < 0 ; 

(iii) /qnX - Pnl = q + ê l q X , 80 that l +l,,, < f3nqn+l < !, ; n+l n+l n n+l \.L \.L 

(iv) ifa> ~, f3n ~Q ( ~)n 

(v) if Q > v'5-1 q > 1 (v'5 + l)(n-1). 
2 ' n - a(l +a) 2 ' 

(vi) if a ~ ~ , f3n ~ a ( v'2 - 1) r ; 
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( ··) "f J5 - 1 1 ( 1o2 l))(n-1) 
v11 1 a :S ~ , qn ? a(l + a) V~+ · 

Remark 1.5. We only quote here some aspects of the proof of the above theorem : 
one gets parts (i) and (ii) by recursion using (1.17). Part (iii) is easily obtained 
from (1.18), and is used to deduce part (v) from (iv) and part (vii) from (vi). 
Part iv) and vi) are easy to prove when ais close to one or one half, respectively. 
However the proof is much more intricate around a= ( v'5 - 1)/2 (see [MMY]). 

Remark 1.6. From (iii) one gets 

1 < 1 < 1 < 1 X _ Pn 1 < 1 
2qnqn+l qn(qn + qn+1) - qn(aqn + qn+1) qn qnqn+l 

(1.23) 

if ën+l = +1, whereas 

1 
Pn 1 1 1 ---< x-- <--------<-
qn qn(qn+I - (1 - a)qn) aq~ 

1 
(1.24) 

if ên+l = -1. 

Remark 1.7. By (v) and (vii), Proposition 1.4, there exists two positive constants 
c1 and c2 such that 

f logqk :S C1 ' 

k=O qk 

f log2 :S C2' 

k=O qk 

for alla E [1/2, 1] and for all x E (0, a). 

Following Yoccoz [Yo] we define a (generalized) Brjuno fonction : 

Definition 1.8. Tbe a-Brjuno function Ba : IR\ Q-+ lR is defi.ned by tbe formula 

00 

Ba(x) = - L ,Bi-ilog Xi (1.25) 
i=O 

wbere we bave posed ,8-1 = 1. 

Remark 1.9. The Brjuno fonction defined in [Yo] corresponds to B1; 2 , the one 
defined by the nearest integer continued fraction map A1; 2 , 

Proposition 1.10. Given a E [1/2, 1] one bas 
(i) Ba(x) = B 01 (x + 1) for all x E IR\ (Q; 

(ii) For all x E (0, a) n IR\ Q 

B 01 (x) = -logx +xB01 (~) 
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(iii) if x E [o:-1,0) n lR \ Q then B 0 (-x) = B 0 (x). 
(iv) There exists a constant C0 > 0 such that for all x E lR \ Q one has 

where { q;} ;~o denotes the sequence of the denominators of the convergents to x 
of the o:-continued fraction expansion. 

Proof. Given x E lR \ Q, the sequences (xi)i~o and (/3i)i~O associated to x and x+ l 
are the same, which proves (i). The same is true for x and -x if x E ( o: - l, 0), 
which proves (iii). 

If x E (O,o:), let y= l/x and denote by Yi, ai(Y), /3i(Y), and Xi, ai(x), /3ï(x) 
the sequences (1.10) and (1.21) associated to y and to x respectively. From (1. 7) 
and (1.8) it follows that xo = x, ao(Y) = a1(x), y0 = x1 and by induction for all 
n ~ 0 Yn = Xn+l and /3n(Y) = f3n+/x). Thus 

00 00 1 
Ba(Y) = - Lf3ï-1(y)logyi = -logyo - I::-/3i(x)logxi+I 

i=0 i=l X 

1 00 1 = -- Lf3i-1(x)logxi = -[Ba(x) +logx], 
X . X 

i=l 

which proves (ii). 
To prove (iv) we first remark that 

qi/3i-I + êiqi-If3i = l 
for all i ~ O. Then 

00 00 00 

= L /3i-1 log /3iqi+1 - L /3ï-1 log /3i-I + L êi qi~l /3i log qi+I , 
i=0 i=0 i=0 q, 

but by (1.21), (1.23) and (1.24) one has 

00 

I: /3i-11og /3iqi+l 
i=O 

00 

I: /3i-1 10g /3i-1 
i=O 

$ 2 f log 2 $ 2c2 ' 
i=O qi 

< 2 ~ log2 + logqi < 2( ) _ L.- ----- _ C1 + C2 , 
i=0 qi 
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from which it follows that 

D 

Let Pn/Qn denote the n-th convergent to x according to the standard 
continued fraction expansions (i.e. obtained by the iteration of the Gauss map 
A1). Using the results of [Bo] one relates the n-th convergents of the a-continued 
fractions to Pn/Qn : 

Lemma 1.11. Let k 0 : N-+ N be the arithmetic fonction inductively defi.ned 
by k(-1)=-1 and 

k( ) {k(n)+l ifEn+I =+1, 
n+l = k(n)+2 ifEn+1=-l, 

where Ek is defi.ned as in (1.10) and (1.11). Then k is strictly increasing and for 
ailnEN 

Pn pk(n) 

qn - Qk(n) · 

Moreover, when k(n+l) = k(n)+2, wehavefor the denominatorsofthe convergent 
of Gauss'continued fraction Qk(n+I) = Qk(n)+2 = Qk(n)+I + Qk(n) 

By means of Lemma 1.11 one can prove the following 

Theorem 1.12. There exists a positive constant C > 0 such that for ail 
a E [1/2, 1] and for ail x E IR\ Q one bas 

(1.26) 

Proof. Thanks to (iv), Proposition 1.10, it suffi.ces to compare :E;:0 log:}±1 with 

E~o log ~i;+i. By Lemma 1.11, one has q; = Qk(j) for ail j thus 

~ log q;+1 ~ log Qk(j+1) 
~ --- = ~ ----'-'---'-- + 
j=O qj k(j+l)=k(j)+l Qk(j) 

L 
k(j+ 1 )=k(j)+2 

logQk(j+I) 

Qk(j) 

Using the fact that Qk(j+I) = Qk(j)+2 = Qk(j)+I + Qk(j) we have 
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but 
log (1 + ~Q k ) log 2 

O < k+l < --
- Qk - Qk ' 

By applying the estimates of Remark 1. 7 one gets the result : 

~ logq1_+1 _ ~ logQ1_+1 
~ ~ ~2c2+c1. 
j=O qJ j=O QJ 

D 

Remark 1.13. The Brjuno numbers [Br] are usually defined by the condition 

~ logQi+1 
~ Q· <+oo. 
i=O i 

Theorem 1.12 shows that the a-Brjuno fonctions Ba are finite at x if and only if x 
is a Brjuno number and that all the generalized Brjuno fonctions differ one from 
the other for a L00 fonction. 

On the other hand, the advantage of the fonctions Ba with respect to the 
Brjuno condition is that they verify a nice fonctional equation under the action of 
the modular group SL (2, Z ). 

Another important characterization of the generalizeç. Brjuno fonctions cornes 
from their "uniqueness", as it is stated by Corollary 1.15 below. 

Let us consider the operator 

(Tf)(x)=xf(~), (1.27) 

if x E (0, a), defined for the moment on measurable fonctions of IR which verify 

f(x) = J(x + 1) for almost every x E IR, J(-x) = f(x) for a.e. x E (0, 1 - a). 
(1.28) 

It is understood that the fonction T f is completed outside (0, a) by imposing on 
T f the same parity and periodicity conditions which are expressed for fin (1.28). 

The functional equation for the a-Brjuno fonction can be written in the form 

[(l -T)Ba](x) = -logx, (1.29) 

for all x E (0, a), complemented with the periodicity and symmetry conditions 
(1.28). This suggest to study the operator Ton the Banach spaces 

Xa,p = {f : IR --+ IR I f verifies (1.28) , f E LP(O, a),} (1.30) 
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endowed with the norm of LP(O, o:), as o: varies in (1/2, 1) and p E [1, oo]. Note 
that if p < p' one has the obvious inclusion Xa,p' C Xa,p and let 

(1.31) 

Clearly 
Xa,oo ~ Xa, 

since, for example, log lx - [x]al E Xa \ Xa,oo· 

Theorem 1.14. T is a linear bounded operator from Xa,p into itself for al] 
o: E [½, 1] and for al] p E [1, oo]. Indeed we bave 

I ITI l.c(Xa,oo) = 0: , (1.32) 

moreover, if ½ S: o: S: 4-1 
, tben 

IITll.c(Xa,p) S: [((2 + P) - 1 + ((2 + P, 0:) - a-(p+2)]} , (1.33) 

and if 4-1 < o: S: 1 , tben 

IITll.c(Xa,p) S: [((2 + p) -1 + ((2 + p,o:) - O:-(p+2
) + o:P+2]¼ , (1.34) 

wbere((s) = L~l k-s and((s,o:) = L~0(k+a)-s areRiemann'sandHurwitz's 
zeta functions. 

Proof. (1.32) is immediately established by remarking that the constant fonction 
1 on (0, o:), extended to lR by means of (1.28), belongs to Xa,oo, has norm equal 
to 1 whereas (Tl)(x) = x - [x] 0 , the norm of which is evidently equal to o:. 

If f E X and 1 < o: < ~ since l. > o: + 1 a,p 2 -; - 2 ' a -

ra l(Tf)(x)IPdx = /00 lf(y)jP dy 
lo }1. yP+2 

a 

oo [la lf(y)jP 11-a 
5: I:: 0 ( k + y )P+2 dy + 0 

k=2 

lf(y )IP d l 
(k _ y)P+2 y 

s; 11!1 li,co,a) (~ k-(p+2) + t, ( k+ a )-(p+2)) ' (1.35) 

which proves (1.33). 
If ~-l < o: S: 1, ¼ < o: + 1 and by the same argument of above one gets 

[ l(Tf)(x)l'dx S: llfllf,co,a) (t, k-<•+') + t,(k+ a)-(p+2)) 

la+l lf(y)IP 
+ p+2 dy 

l. y 
a 

S: IIJll';,,(O,a) (t, k-(p+l) + t,(k + a)-(P+2) +a•+') . (1.36) 

D 
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Corollary 1.15. For all a E [½, 1), the a-Brjuno fonction B 0 is the unique 
solution of (1.29) which belongs to X 0 • 

Proof. The idea of the proof is to show that T is a contraction on Xa,p for p 
sufficiently large. Then B 0 is uniquely defined by B 0 (x) = I:~o Tn(logx). If 

a :::; ~-l one can show that T is a contraction on Xa,p for all p ~ l : it suffi.ces 
to remark that 

((p + 2) - 1 + ((p + 2, a) - a-(p+2) ~ ((3) - 1 + ((3, 1/2) - 8, 

but 
((s, 1/2) = (28 - l)((s), 

thus for the norm of the linear operator T we have 

IITI l.ccxcc,p) :::; 8((3) - 9 ~ .6164553 , 

where we have used the inequality (see [AS]) ((3) ~ 1.2020569032. 
If ~-l < o: < 1 one needs a slighlty more refined argument to prove that T 

is a contraction on Xa,p if pis large enough. First of all we remark that 

n -s+l 100 [ ] 
( ( s) = ~ k-s + n - s x - x dx , 

L..t s - l xs+l 
k=l n 

~ -s (n + v)-s+l loo x - [x] 
((s,v)=~(k+v) + s-l -sJn (x+v)s+ldx, 

(1.37) 

as it is immediate to show integrating by parts. Since 

loo x - [x] loo x - [x] 
-s ln xs+l dx < 0, -s Jn (x + v)s+l dx < 0, 

by applying (1.37) with v = a and n = 2 one gets 

thus the condition for T being a contraction reads 

2-p-l (2 + )-p-1 --+ 2-p-2 + a + (2 + o:)-p-2 + (1 + o:)-p-2 + aP+2 < 1 
p+l p+l ' 

which is evidently satisfied for any fixed o: < 1 by choosing p large enough. D 
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Remark 1.16. By slightly refining the proof one can very easily show that Tisa 
contraction on XOl,P if: 

1) p ~ l and a: < . 726 ; 
2) p ~ 2 and a: < .909; 
3) p ~ 3 and a: < .960; 

and so on, and our bounds are still far from being optimal. On the other 
hand it is easy to convince oneself by considering some examples that T cannot 
be a contraction on X 1,p. 

Remark 1.17. One can easily compute the adjoint T* E .C(XOl,q) of TE .C(XOl,p), 
where p-1 + q-1 = 1 : let f E XOl,p, g E XOl,q 

10/(Tf)(x)g(x)dx = 10/ xf (~) g(x)dx = 1i= f(y)g (t) :; 
a 

= 10/ f(y )(T* g )(y )dy , 

where 

* 1 (1) 1 (1) (T g)(y) = L (m+y)3g m+y + L (m-y)3g m-y ' 
m~m+ m~m-

and m+, m_ depend both on a: and on y, as explained above in the proof of 
Theorem 1.1. Note that the adjoint of T belongs to the class of the so-called 
Perron-Frobenius-Ruelle opera.tors [Mel,Me2] associated to AOI 

If </>(y)= IA~(y)l-1 then POl,<P = POi; if </>(y)= IA~(Y)l-3/ 2 then POl,</J = T*. 

Remark 1.18. When a: = 1/2, we have 1/a: = 2. Therefore in (1.35), the second 
sum in the right hand sicle needs only to run over k = 2 to oo. As a consequence, 
we have 

1 

I ITI I C(X ,,,,,) :', (t, ( k-(p+2) + ( k + 1/2 i-(p+2))) ;; (1.38) 

= (,c2 + p)-1 + ,c2 + p, 1/2) _ 2P+, _ G) p+2); . (1.39) 

This can be rewritten as 

( (2)P+2)} 
IITllccx112,p) ~ 2p+2(((p + 2) -1) - 1 - 3 (1.40) 
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The bound in the above equation is sharper than the bound in (1.33). The explicit 
values for p = 2 are 

1 

( 81r4 1393) 2 
IITll.c(X1/2,2) $ 45 - 81 ,.._, 0.34589 . (1.41) 

By comparison, the numerical value obtained from Equation (1.33) would be 
0.56318. 

Remark 1.19. The results obtained for the norm of T can easily be extended to 
the operators T(v) defined as follows for v > 0 

(1.42) 

if x E (O,a), and completed as in (1.28) outside (O,a). The adjoint operators Ttv) 

also belong to the class of the Perron-Frobenius-Ruelle operators associated to A0 

(see remark 1.17 above). 
Similarly as equations (1.33), (1.34), and (1.40), we get the following results: 
if ! < a < 0:-i then 

2 - 2 ' 

IIT(v)l/.c(Xa,p) $ [((2 + pv) -1 + ((2 + pv,a) - a-(pv+2)]¼ , 

if 0:-1 < a < 1 then 
2 - ' 

(1.43) 

IIT(v)ll.c(Xa,p) $ [((2 + pv) - 1 + ((2 + pv,a) - a-(pv+2) + aPv+2 ]¼ , (1.44) 

and finally if a = ½ 

(1.45) 

For p = 2, this last estimate can be rewritten as 

(1.46) 

Proceeding as in the proof of corollary 1.15, one easily checks that T(v) 1s a 
contraction on Xcr,p for p sufliciently large. 
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2. BMO and the Brjuno function 

ln this section we want to prove that the Brjuno fonctions Ba belong to 
the space BMO (see [Ga), and also Appendix A for a short account on some 
fondamental results concerning BMO). Since they all differ by a L 00 fonction, and 
L00 C BMO, it will be enough to prove that Bais BMO for a fixed value of a. 

In this section we fix a= 1/2 and denote B 1; 2 simply by B. 

Let I C [O, 1/2] be any interval, and I E L1([0, 1/2]). We denote by 

JI= l~I 1 f(x)dx (2.1) 

the mean off over I. Using Lemma A.10, we also define the quadratic oscillation 
0 1(f) as follows 

(2.2) 

As in the previous Section, we define for 1 :s; p :s; oo the space Xp = X 1; 2 ,P : 

Xp = {f E LP([O, 1/2]) 1 l(x + 1) = f(x) Vx E lR, f(-x) = f(x) Vx E [O, 1/2]}, 
(2.3) 

with the usual LP-norm on [O, 1/2]. ln the above definition, f is extended from 
[O, 1/2) to IR, in such a way that it is even and periodic with period 1. 

We now consider the space 

X.= {I E BMO(IR) 1 l(x + 1) = l(x) Vx E lR, 1(-x) = l(x) Vx E [O, 1/2]}, 
(2.4) 

with the norm 

11111. = AIII. + Blllll2,(0,1/2] ' (2.5) 

where A> 0 and B > 0 are fixed, llfll2,(o,1/2] = IIJIIL2(0,1/2), and 

Ill* = sup 01(!) . (2.6) 
lC[0,1/2] 

Therefore we have 

11111* = A sup (
211

1
12 / f (f(s) - f(t)) 2 dsdt) ½ + B ( f

112 

(f(x)) 2 dx) ½ 
lC[0,1/2] 1111 lo 

(2.7) 

Remark 2.1. Using John-Nirenberg's theorem and its corollary, the norm we use 
is equivalent to the usual BMO norm (see Appendix A, Propositions A.4, A.6, 
A.8, and A.10). 
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Remark 2.2. One has the obvious inclusions X 00 ~ X* ~ X1. By elementary (but 
tedious) calculations, one checks that the even and periodic fonction wich coïncides 
with logx on (0, 1/2] is in X*, which can be written as log lx - [xh;2I EX*. 

We now recall the definition of the operator T. For x E Iî, let [xh;2 be the 
distance from x to the nearest integer. For f E L1([0, 1/2]), we define Tf as in 
(1.27 and 28) 

(Tf)(x) = xf ( ~ - [~] ) for x E [0, 1/2] . 
X X 1/2 

(2.8) 

We continue f , and T f, to the full real axis so that they are even and periodic, 
and (2.8) can be rewritten as (Tf)(x) = xf(l/x), for O ~ x ~ 1/2. As already 
mentioned in Theorem 1.14, T f is a linear operator from Xp to Xp for all p ~ 1 
including oo. More precisely, the norm of the operator Tin the various Xp can be 
estimated. We have 

1 
IITllc(Xoo) = 2 • (2.9) 

For finite p ~ 1, we use the bound described in Remark 1.18 above when a= 1/2, 
namely 

(2.10) 

with 
1 

C, = (~ (n:+2 + (n + 1~2)P+2)) > (2.11) 

By comparing the sums in (2.11) to an integral over the interval (3/2,oo), which 
we eut at every integer and half-integer points, we get an easy estimate 

( 

/

00 

dx ) t ( 2 ) } ( 2) H} 2 
Cp ~ 2 }3/2 xP+2 = p + 1 3 ~ 3 for p ~ 1 . (2.12) 

Therefore, as already stated in Theorem 2.14, the operator T is a contraction on 
all Xp, for 1 ~ p ~ oo. We shall now consider the action of Ton X*. We have the 
following theorem. 

Theorem 2.3. T is a bounded linear operator T : X* 1--7 X*. Moreover it is a 
contraction for the norm (2.7) with A= 1 and B ~ 7.405 (as in (2.41) below), 
that is 

. . 40\/'3 
1 ITI I.C(x.) ~ c* < 1 , w1th c* = 81 "' 0.855. (2.13) 

In fact, if we allow to increase B to a sufficiently large value, one can reduce c* to 
be as close as one wants to (2/5)\/'3"' 0.6928. 

Proof. 
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a) Let f EX., we shall show that for the seminorm (2.6) we have ITJI. < oo, 
which will prove that Tisa linear operator T: X. 1--+ X •. For I = [a, b] C (0, 1/2], 
with b > a, we have from (2.6) 

(01(Tf))2 = 21~12 ixJ ((Tf)(s) - (Tf)(t)) 2 dsdt 

= 2l~I' [ 2III le (T f)( s ))2 ds - 2 (hT f)( s) ds )'] :S l~I i ((T f)( s) )2 ds 

s l~I h (f(s))2 :: , (2.14) 

where J = [1/b, 1/a] C [2, oo]. Let now [m/2, n/2] be the smallest interval with 
half integer edges, which contains J. We have 

1/b = /3 + m/2 , 1/a = n/2 - a , 0 Sa< 1/2 , 0 S /3 < 1/2 . (2.15) 

Since b- a> 0, we have for the integers m and n, 4 s m < m + 1 s n. We get 

(01(Tf))2 S (m+2/3)(n-2a) 1n/2(f(s))2ds (2.16) 
2( n - m - 2(3 - 2o) m/2 s4 

2 (m+2/3)(n-2o) n-m-l 24 
S llflb,[0,1/2] 2(n - m - 2/3- 2o) ~ (m + k)4 . (2.17) 

Comparing the last sum with the corresponding integral gives 

2 2 (m + 2/3)(n - 2o) ln 24 ds 
(01(Tf)) S llflb,[0,1/2] 2(n _ m _ 2/3- 2a) m (s _ 1)4 

2 8( m + 2/3)( n - 2a) ( 1 1 ) 
S llfll2,[o,1/2] 3(n-m- 2/3-2a) (m-1)3 - (n-1)3 (2.18) 

However, since n > m, 

1 1 (n - m)((n - 1)2 + (n - l)(m - 1) + (m - 1)2 ) 

(m - 1)3 
-(n - 1)3 (n - 1)3 (m - 1)3 

< 3(n -m) 
- (n - l)(m - 1)3 ' 

moreover, m + 2/3 Sm+ 1, and n - 2a Sn, which gives 
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We have m ~ 4, and n ~ 5, therefore 

( 
m+l ) 5 

( m - 1 )3 :S 27 ' 
and, -- <-. ( 

n ) 5 
n-1 - 4 

In addition, we have 2IJI = n - m - 2a - 2(3, and O $a+ (3 < 1, therefore 

(01(Tf))
2 

$ ~~ (1 + l~I) llfll~,[o,1/2J · 

19 

For intervals J such that the inverse interval J is not too small, that is I J 1 ~ 8, we 
have a uniform bound for O 1( T J) in terms of the L2-norm of f. For I = [ a, b], 

if (.!. - !) > 8 we have 
a b - ' 

(2.19) 

b) Now we must bound 01(Tf) when IJI < 8. For convenience, we will 
assume 8 $ 1/2. From (2.6), we have 

1 

01(Tf) = (
21

~12 lxJ [(s - t)f(l/s) + t(f(l/s) - f(l/t))]
2 

dsdt) 
2 

Now, using the triangular inequality for the norm L2(I x I), one gets 

(2.20) 

where 

1 

r1 = (
21

~12 ix}s - t)
2 

[J(l/s)]
2 

dsdt) 
2 

, (2.21) 

( 
1 / 2 )½ 

r2 = 21112 l1x1 t
2 

[J(l/ s) - f(l/t)] dsdt (2.22) 

c) We first find an upper bound for r 1. In the integral in formula (2.21), we 
have 1s - tl < III, and III$ 1/2, therefore one gets 

ri :::;! 1 (1 (!)) 2 

ds = f (f(s))
2 

ds 
4 I S lJ 4s2 

/oo(f(s))2 00 1 [3f2+n/2 
$ 12 4s2 ds '.S L 4(2 + n/2)2 12 , (f(s ))2 ds 

2 n=O 2+n/2 

< llfllt[o,1/2] ~ 1 < llfllt[o,1/2] f 00 1 d 
- 4 ~ (2 + n/2)2 - 2 _1 (2 + s/2)2 8 

' 
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where we have used the comparison of the sum with an integral. Finally, one gets 

r1 ~ JI1111b,[o,1/2] . 

The contribution r 1 to 01(Tf) is estimated in terms of The L2-norm off. 

d) Now we will estimate r2. From (2.22), one gets 

( 
1 { 2 dsdt) ½ 

r2 = 21112 lJx}U(s) - f(t))] s2t4 , 

(2.23) 

(2.24) 

where, once more, J = [1/b, 1/a] is the image of I under inversion. We assume 
IJI < ô ~ 1/2, and we still define m, n, a, (3, as in (2.15). Then we have 
n - m - 2a - 2(3 < 2b ~ 1. We then have either n = m + 1, or n = m + 2. 

If n = m + 1, there is no points with half-integer coordinates in J x J, and 
therefore J x J is contained in the interior of one cell of the lattice of half integer 
points. We bound from below s2t4 by (m/2 + (3) 6 in (2.24), and using the parity 
and periodicity of l, in order to shift the integration over [O, 1/2] x [O, 1/2], we get 
from (2.6) 

< 1 (0) _ m/2 + 1/2 - a 
r2 - (m/2 + (3)3 III Ill. - (m/2 + (3) 2 Ill. , (2.25) 

and 

(2.26) 

If n = m + 2, there is one, and only one point with half-integer coordinates 
(s, t), which is interior to J x J. This point has cordinates (q,q), with q = p/2 and 
p = m + 1 = n - 1. We have q ~ 5/2, and we set a'= 1/2 - a and (3' = 1/2 - (3. 

The square J x J has non empty intersection with four cells of the lattice of 
half integer points. The lower left edge of these four cells are (q-1/2, q-1/2) and 
(q, q) for the 'diagonal' ones, and (q -1/2, q) and (q, q-1/2) for the 'off diagonal' 
ones. The integral representation for r~ deduced by squaring (2.24) can be split 
into four contributions corresponding to each cell. 

The intersection of J x J with each diagonal cell is a square, and in the 
corresponding integral, we first bound from below s and t by the coordinates of its 
lower left edge. The remaining integrals are nothing else than (IKI/IIl)2(0K(f)) 2 , 

with K = [q - JJ', q] or K == [q, q + a'] respectively. Then, due to the parity 
and periodicity property of l, these integrals are bounded by (IKI/IIl)21ll;, with 
IKI = JJ' or a' respectively. 

The intersection of J x J with the off diagonal cells are rectangular but we 
still can bound from below s and t in the integrals by the coordinates of the lower 
left edge. Then, we enlarge each rectangle up to the smallest square in which it 
is contained, and having with the rectangle the common edge (q, q). Due to the 
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parity and periodicity property of l, the two rernaining integrals are both equal 
to (IKI/IIl)2(0K(f))2, with K = [q,q + 1 1] and 1 1 = sup(a1,,81). They can be 
bounded by (IKI/IIl)21ll;, with IKI = 1 1• Putting everything together, one gets 

with 
2 2 ,012 0 12 1 12 1 12 

III C2 :5 (q _ ,01)6 + q_6 + q2(q _ ,8')4 + q4(q _ ,01)2 

Frorn (2.15), we have 

Therefore 

1 
III = b - a = ,8 + 

1 _ a 1 + ,81 

n/2 - a - (q - ,81)(q + a 1) • 

(2.27) 

(2.28) 

2 _ (q + a')2 (,012 + 0 12(1 _ ,8' /q)6 + ,'2(1 _ ,01 /q)4 + 112(1 _ ,01 /q)2) 
C2 - (q _ ,01)4 (a1 + ,8')2 ' 

which irnplies, since q ~ 5/2, and ,81 < 1/2, 

2 _ (q + 0 1)2 (,012 + 0 12 + 2112) 
C2 - (q _ ,01)4 (a1 + ,01)2 (2.29) 

However, ,812 + a'2 + 21 12 = 3,812 + a'2 or ,812 + 3a'2, depending on whether ,8' ~ a 1 , 

or ,81 :5 a 1• In both cases, it is easy to check that ,812 + a 12 + 21 12 :5 3( a 1 + ,81)2, 
since a 1, ,81 ( and , 1) are non negative. Then 

2 _ ((q+a1)2) 
C2 - 3 (q - ,01)4 ' (2.30) 

so that, 
. rn ( (q + a 1

)) 
r2:::; vJ (q _ ,01)2 Ill* , (2.31) 

which is valid for q ~ 5/2, 0 :5 a' < 1/2, 0 :5 ,8' < 1/2, and, since n - m = 2, for 
a'+ ,8' < 8. Now (2.31) irnplies 

( 1 a 1 + ,81 
) ( 1 8 ) 

r2 :5 v'3 (q _ ,01) + (q _ ,8')2 Ill* :5 v'3 (q _ 8) + (q _ 8)2 III* , 

that is 

r2 ~ va (cq ! 6)2) 111*:::; va (c5 ~~6)2) 111.. c2.a2) 

e) Putting together (2.20), (2.23), (2.26) and (2.32), we get the following 
staternent. 
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For I = [a,b], if(¼-½)< ô we have 

(2 (1 b 10y'3 ) Ch(Tf) :S y 311Jlb,[o,1/2] + sup 2 + 4, (5 _ 26)2 lfl* · 

A bit of analysis shows that the supremum is always reached by the second 
argument when O :S ô :S 1/2. Therefore 

{2 ( 10V3 ) 01(Tf) :S y 311flb,[o,1/2J + (S _ 2<5)2 Ill* · (2.33) 

The Equations (2.19) and (2.33) show that IT JI* is finite, when lfl* and llfll2,[o,1/2] 
are finite, which completes the proof that f EX* implies Tf EX*. 

f) We will now show that T is a bounded linear operator X* --+ X* for a 
sui table choice of the coefficients A and B in the norm (2. 7). 

First we note that (2.10) and (2.12) imply 

IIT flb,(0,1/2] :S C1 llflb,[0,1/2] , (2.34) 

with c1 = 4/9. Then, collecting results of (2.19) and (2.33) we get for some choice 
of the parameter ô, 

(2.35) 

Therefore, 

( ( Ac2 Bc1) ) AIT f I* + BI IT f 112,(0,1/2] :S c* Alfl* + -z- + -z- I If l 12,(0,1/2] 

However can choose A > 0 and B > 0 such that 

(2.36) 

because c* > c1 = 4/9. ln fact the latter inequality results from (2.33) which 
shows that c* > 1/2. With such a choice for A and B, we would get 

AITJI* + BIITJlb,[0,1/2] :Sc. (AIJI. + Bllflb,[0,1/2]) , 

that is, in view of (2. 7), 

I IT Ill• :S c.11111• · (2.37) 

The latter equation shows that Tisa bounded operator in X., for the norms 11111. 
with 

A= 1 , and (2.38) 

With this norm on X., the norm of the operator T fulfils IITII.C(x.) :Sc •. 
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g) We now show that by a suitable choice of ô, we will get c* < 1, which will 
show that Tisa contraction on X*. we have from (2.33) 

( 10v3 ) 
c* = (5 - 26)2 

(2.39) 

Comparing (2.19) and (2.33) shows that 

(2.40) 

However, as seen from (2.39), c* is a monotone fonction of ô, which increases from 
0.6928 to 1.0825 when ô increases from 0 to 1/2. It reaches one for ô around 
0.4. Taking ô smaller than 0.4, proves that T is a contraction. In order to give 
numbers, we take ô = 1/4, wich gives 

The corresponding values of B are 

40v3 
c* = -- "' 0.855 

81 

B ~ ( h/I (i+ ~ /) ( (/~~)' - ~ r = ~ JL _\va~ 7.405. 

(2.41) 
If now one takes ô very small, one can reduce c* as close as one wants to its value 
for ô = 0, which is (2/5)v3 = 0.6928, but meanwhile, B must become very large, 
and increase proportionnaly with b-(1 / 2). This completes the proof of Theorem 
2.3. 0 

An immediate consequence of Theorem 2.3 is the following theorem 

Theorem 2.4 The Brjuno fonction B(x) = B1; 2 (x) belongs to X*, and therefore 
to BMO(IR). The Brjuno functions Bex(x) belong to BMO(IR) for 1/2 ~a~ 1. 

Proof. B(x) is the unique solution of (1.29) for a= 1/2, that is 

((1-T)B)(x) = -logx , when 0::; x::; 1/2. 

However Tisa contraction in X*, and log xis in BMO([0, 1/2]). Therefore, 1-T 
is invertible in BMO([0, 1/2]), and B E BMO([0, 1/2]). From Corollary A.9, we 
deduce B E BMO(IR) .. Now, from Theorem 1.12, for 1/2 ~ a ~ 1 we have 
Bex - B 1;2 E L00(IR), which implies Bex E BMO(IR), since L00(IR) C BMO(IR). 0 

Let us now go back to Theorem 2.3. The contraction property of T depends 
on the norm we have taken on X*. Indeed it is not valid in all possible equivalent 
norms. However, the spectral radius of Tin X* does not depend on the choice of 
the norm in the equivalence class. This makes the following Theorem 2.5 relevant. 
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Theorem 2.5. The spectral radius of T in X. is at most equal to v12 - 1 . 

Proof. 
a) We already know from Theorem 2.3 that the spectral radius of T, which is 

defined as p(T) = lim sup 11Tnll1/n, fulfils 

2y'3 
p(T) ~ -

5
- '""0.6928. (2.42) 

b) We first show that I ITI l.c(x2) < v12 - 1. But that is just where we need the 
estimate of Equation (1.40). Indeed we have for f E X2 

IITflb.ro,1/2] ~ c1llflb,[o,1/2] , so that IITll.c(X2) ~ C1 , (2.43) 

with 
1 

(
81r

4 
1393) 2 

Ct = 
45 

- 8l "-' 0.34589 ... ~ y2 - 1 rv 0.4142 . (2.44) 

Obviously we have 
(2.45) 

c) Assume now f E X., and let 8 be a positive number such that ô ~ 1/2. 
We consider intervals I = [a, b] C [O, 1/2]. Let J = [l/b, l/a] be the image of I 
under the change x -t 1 / x. There are two possibilities : 
cl) J has length greater or equal to ô. 
c2) J has length smaller than 8. 

We will now estimate in case cl) the quadratic oscillation O 1(T f) as defined in 
(2.6). For this purpose, the argument in part a) of the proof of Theorem 2.3 which 
leads to (2.19) may be used without changes. Therefore we have for I = [a, b] and 
8 ~ 1/2, 

if (! - !) > 8 we have 
a b - ' 

(2.46) 

Obviously from (2.43), we have (still in case cl) above) for n ~ l, 

(2.4 7) 

We must now deal with case c2), that is we assume (1/a - 1/b) < 8 ~ 1/2. The 
argument of part b) of the proof of Theorem 2.3 applies without changes and we 
get as in (2.20) 

(2.48) 
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where r 1 and r 2 are given by (2.21) and (2.22) respectively. We get a bound for 
r1 as in part c) of the proof of Theorem 2.3, namely 

r1 $ ~llfl'2,[o,1/2J · (2.49) 

which is nothing else than Equation (2.23). 
Now we use (2.24) to estimate r2 , and we will introduce the transformation 

r : J-+ r I, defined on intervals I which are subintervals of [0, 1/2], and such that 
the inverse interval J has length less than 8 $ 1/2. When these conditions are 
not fulfilled ( that is in case cl) above ), we shall say that r I is undefined. Let now 
[r/2, s/2] be the smallest interval with integer or half integer edges, which contains 
J = [l/b, l/a] C [2, oo]. We have 

l/b = r/2 + /3 , l/a = s/2 - a , 0 :5 a< 1/2 , 0 :5 /3 < 1/2 . (2.50) 

Since b - a > 0, we have for the integers r and s, 4 :5 r < r + l :5 s. Since we 
assume IJI < 8 $ 1/2, we haves - r - 2a - 2/3 < 28 :5 1. We then have either 
s = r + l, or s = r + 2. 

If s = r + l, there is no integer or half-integer point in the interior of 
J, and we can define r I as the interval contained in [0, 1/2] deduced from J 
by translation or by translation followed by a symmetry around zero. We get 
r I = [/3, 1/2 - a] when r is even, and r I = [a, 1/2 - /3] when r is odd. We have 
Ir Il = /JI = 1/2 - a - /3 < 8 $ 1/2. It is easy to check that, in the present case, 
r I is nothing else than the image of I under the map A 112 defined in Section 1, 
Equation (1.3). Then, following the argument which leaded us to (2.25) we get 

1 (lrll) r/2+1/2-a b2 

r2 :5 (r/2 + (3)3 III Or1U) = (r/2 + (3)2 Or1U) = -;;Or1U) . (2.51) 

Ifs = r + 2, we have J = [(r + 1)/2 - (1/2 - /3), (r + 1)/2 + (1/2 - a)], 
so that the point (r + 1)/2 is in J. When r is odd, by translation, we can 
shift J to J' = [/3 - 1/2, 1/2 - a] which contains O. In this case, we define rl = [0,sup(l/2-a,1/2-/3)]. When ris even, by translation, we can shift 
J to J' = [1/2 - (1/2 - /3), 1/2 + (1/2 - a)] which contains 1/2. In this case 
we define r I = (1/2 - sup(l/2 - a, 1/2 - /3), 1/2]. In both cases, we have 
Ir Il= sup(l/2 - a, 1/2 - /3), and 

IJl/2 :5 (1 - a - /3)/2 :5 Ir Il :5 1 - a - /3 = IJI < 8 . (2.52) 

In the present case r I is contained in the image of I through the map A112 . Once 
more, following the argument which leaded us to (2.25) we get, since IJI = IJ'I 

(2.53) 
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By Lemma A.11, we have OJ'(f) ~ 20T1(f), and 

< 2 (El) _ 2(r/2+1-a) _ 2b2 

f2 - (r/2 + /3)3 III OT1(f) - (r/2 + /3)2 OT1(f) - a OT1(f) . (2.54) 

Note than when s = r + 2, one of the edges of TI is either 0 or 1/2. We summarize 
these results : 

if rlis undefined O,(Tf) :S ~JI (1 + ~ r llfll,,10,1/2] (2.55) 

if rl is defined 01(Tf) ~ /Illflb,[0,1/2] + >.!
2 

OT1(f) , (2.56) 

where >. = l or 2, depending on whether s = r + 1, in which case (2.51) holds, or 
s = r + 2, in which case (2.54) holds. When TI is defined, a is strictly positive, 
and conversely when a = 0, r I is undefined, because IJI is then infinite. When 
>. = 2, either 0 or 1/2 belongs to TI. Setting 

we rewrite (2.55) and (2.56) in one single equation 

>.b2 
01(Tf) ~ Cllflb,[0,1/2) + -OT1(f) , 

a 

(2.57) 

(2.58) 

with the convention that >. = 0 if r I is undefined, so that the second term in the 
above equation is absent (this happens in particular when a= 0). 

Note that 1/a - 1/b < ô implies b/a < l + M, and since b ~ 1/2, 

2b2 ô 
-<,=1+-. 
a 2 

(2.59) 

We have Ir Il = IJI when >. = l, and from (2.52), IJl/2 ~ Ir Il ~ IJI when >. = 2. 
Also III/IJI =ab~ 1/4, therefore we have 

when >. = l 

when >. = 2 

lrlj 1 
III = aJj:::: 4 

Ir Il > 1 > 2 m-2ao- } 
d) We are now ready to iterate the procedure. We start from 

01(Tn f) ~ Cl!Tn-l /llz,[o,I/2] + >.b
2 

OT1(Tn-l f) 
a 

~ ccr-1llflb,[o,1/2] + >.b
2 

OT1(Tn-l f) , 
a 

(2.60) 
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and use once more the equation when TI is defined, shifting n to n - 1, and so 
one. We get after k steps ( for k ~ n - 1) 

01(T" f) S C•ll/1/2,10,1/2] + (û. >-:~/) 0,-.,1(Tn-•-1 f) . (2.61) 

The defi.nition of rk I in the above equation, is recursive. Obviously, if Tk I 
is undefi.ned, rk+l I is also undefined. We sart from r 0 I = I, then we set 
rk+l I = r( Tk I) if it is defi.ned, and the value of Àk is 1 or 2 as explained above 
after (2.56). If r(rkJ) is undefined, we set Àk = O. We also have set Tk I = [ak, bk], 
and I = [ao, b0 ]. The recursion starts with 

C, n-Ic 
0 = Cl ' 

and proceeds as 

so that 

C C, CLk n-j-2 (rrj Àïb1) < C + CLk n-j-2 j+l k+I = 0 + Cl -- _ 0 Cl T , 
a· 

j=O i=O I j=O 

that is 
k+2 k+2 

C C n-k-2T - Cl 
k+I = Cl 

,- c1 

Setting k = n - 2, we get 

,vn _ en 
C C -2 1 1 

n-1 = Cl 
,- C1 

(2.62) 

where, is given by (2.59) and c1 by (2.44). From (2.61) we get 

(2.63) 

The important feature of the above equation is that the coefficient of I IJI 12,[o,I/2) 

does not depend on I. We will now bound the coefficient of Orn1(f). For this 
purpose, we observe that in the sequence >.o, >.1 , ... Àn-I, there is at most one 
element equal to 2. lndeed, assume that Àr = 2 for some r. We have already 
noticed after (2.56) that if Àr = 2, then rr+I I contains either O or 1/2. If it 
contains zero, its inverse is infinite, then Àr+I = 0 since then rr+I I is undefined 
and all following >.' s vanish. If rr+I I contains 1/2, then its inverse contains 2, and 
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either rr+I I is undefined in which case .Àr+I = 0, or it has O as lower edge, and 
then .Àr+l = 1. By the same argument rr+2 I is then undefined, .Àr+2 = 0 and all 
following .À1 s vanish. If all .Ài -:J. 0 for O $ i $ n - l, then all .Ài = 1 except may be 
.Àn-2 or .Àn-1 · Therefore we have 

(2.64) 

Taking as in (2.6) the supremum over all possible intervals I, we get 

(2.65) 

where c.,n is given by 

( 
n-1 b~) 

c.,n = sup 2 II a'· , 
I i=O ' 

(2.66) 

where the supremum is taken over intervals I such that the intervals rk I = [ak, bk] 
are defined for 1 $ k $ n. 

e) We shall now prove there exists a constant K > l independant on n such 
that 

C.,n $ 2K(v2- lt ·. (2.67) 

From the definition of r given in part c) above, it is easy to see that one can 
find for O $ i $ n - l a sequence of numbers Xi, such that Xi E ri I = [ai, bi], and 
Xi+l = A1; 2 (xi), for O $ i $ n - 2, where 

A1;2(x) = ~ - [~] , 
X X 1/2 

(2.68) 

as in (1.3). For that purpose, take Xn-I arbitrarily in the interior of rn-l I, and 
compute backward Xk from Xk+I, adding at each step the suitable integer part. 
We choose Xn-I irrational to avoid the discontinuity points of the integer part 
[x]i;2 defined in (1.1). We obviously have 

(2.69) 

From (2.60), we get for O $ k $ n - 1, 

JrkJJ $ 2-(n-k)JrnJJ $ 2-(n-k)ô $ 2-(n-k+l), (2.70) 

since ô ~ 1/2. ln fact we also get a better bound 

(2.71) 
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Then we get 

b~ ( b·-a·) ( b·-x·) ( b·-a·)
2 

~ = Xi 1 + z i 1 + i t :5 Xi 1 + z z ' 
ai ai xi ai 

so that using (2.69) and (2.71), we have 

br ( bi ) 
2 

( 1 ) 
2 

- '.5 Xi 1 + l . '.5 Xi 1 + --. ai 2n- -z 2n-1 

Therefore 
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TI~: $ exp ( 2 ~ log(l + 2-(n-i))) TI x; $ exp (2 ~ i-<•-•)) TI x; 

$exp(~ i-•) D. x; $ exp (t.i-•) D. x; $ e
2 D. x;. 

Finally, 

(
n-1 ) (n-1 ) 

c*,n :5 2e
2 

sup Il Xi = 2e
2 

sup Il A}12(xo) ' 
xo i=O xo i=O 

(2.72) 

where now the supremum is taken over xo, that is over all possible trajectories of 
the map x--+ A112 (x). The estimate (2.72) deserves some comments. Although 
the map r which transforms the interval [ai, bi] into [ai+l, bi+i] give the same 
result as the action of A112 when Àï is equal to 1, the sequences ao, a1, ... , an, and 
bo, b1, ... , bn are not in general trajectories for A 112 , because at each step ai+ 1 is 
defined as the lower edge of r[ai, bi]- Moreover, when ,\ = 2, there is a further 
restriction of the interval. Nevertheless these sequences can be approximated 
in a suitable way by a true trajectory of A112 , because this map is expansive. 
In particular, this approximation prevents the aï's to become too small. The 
determination of the trajectory of A112 is in fact an appliction of the so-called 
Shadowing Lemma, which is a classical trick in expansive dynamical systems. 

The estimate (2.67) then resuts from Proposition 1.4. which is an almost 
classical result in the theory of continued fractions described in Section 1. 

f) From (2.45) we have 

1 ITn fi b,[0,1/2] :5 cf 11/1 b,[0,1/2] , 

and from (2.64) and (2.67) we get 

ITn fi* :5 Cn-1 I If I b,[0,1/2] + 2K( v'2 - 1 r III* ' 

(2.73) 

(2.74) 

By an argument similar to part f) of the proof of Theorem 2.3, we use a norm of 
the family (2. 7) with A = 1 and 

B > Cn-1 
2K(v2- l)n - cj ' 
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which is positive in view of (2.44). With this norm, 

(2.75) 

Since lim sup (2K)1 /n = 1, the spectral radius of Tin X* fulfils 

IITllccx.) :s; h-1 . 

which completes the proof of Theorem 2.5. 

(2.76) 

D 

Remark 2.6. The same argument can be applied to the operator T(v) introduced in 
Remark 1.18. The main change in the argument is the replacement of (b2 /a) in the 
equations (2.51) and (2.56) by (bl+ 11 /a), so that (after recomputing all constants!) 
one finally gets instead of (2.74) and estimate of the kind. 

(2.77) 

A careful examination of (1.35) for a= 1/2 shows that one can reduce the L2-norm 
estimate up to 

Therefore, the spectral radius of T(v) is less or equal to the largest of the two 
following numbers : the BMO-norm estimate ( y2 - 1)11 and the above L2-norm 
estimate (2. 78), which is better than (1.46). We already know that the BMO-norm 
estimate is smaller when v = l, we also see that the L2-norm will be smaller for 
large v since it behaves as (2/5t. 

A more concise way toward the spectral radius of T can be obtained using 
the invariant measure described in Section 1 above. This can be found in [MMY]. 
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3. Regularity properties for the functional equation of the Brjuno fonction 

The fonctional equation (1.29) for the Brjuno fonction for a= 1/2 is 

((1 -T)B1 ; 2 ](x) = -logx, (3.1) 

for all x E (0, 1/2), complemented with the condition that B = B1; 2 is even and 
periodic. In this Section we will suppose that the right hand side of this equation 
is pertubed, by an additional term f, which is less singular than the logarithmic 
fonction. We want to study the singular properties of the perturbed solution. Since 
the equation is linear, we only need to consider the action on f of T and (1-T)-I, 
which will be conveniently called the Brjuno operator B. We will consider even 
and periodic fonctions f which are continuous. It is sufficient to know the value of 
f on [O, 1/2], so we assume f E C[~,I/2]. One can check that Tf is also continuous 
provided we set Tf(O) = O. We need now the usual Holder's type semi-norms for 
continuous fonctions. 

Defi.nition 3.1. Let f E C~,I/2], Then we denne the Holder's ,-norm as 

lfl-y = sup 
05_x<y9/2 

lf(x) - f(y)j 
lx - YI-Y 

(3.2) 

with O < , ~ 1. This is a seminorm since it vanishes on constant functions, so 
that we introduce the norm : 

i If l 1-Y = Alfl-y + Blf loo , (3.3) 

with A and B positive constants. We say that f E C-Y, if f E C[o,I/2] and lfl-y is 
Enite. 

We now have: 

Proposition 3.2. 
i) Tisa bounded operator in C-Y, for the norm llfll-y, provided O <, ~ 1/2, for 

B / A large enough : if B / A > (2-Y - 2--y)-1 , the norm of T corresponding to 
the norm (3.3) satisnes IITII-Y ~ 2(2-y-I) ~ 1. 

ii) For 0 <, < 1/2, Tisa contraction. 

We need the following Lemma 

Lemma 3.3 Let 0 < y < x < 1/2, and denne XI and YI by the following 
conditions 

1 
y= x=---

n + YI m + x1 

1 
(3.4) 

with n 2:: 2 and m 2:: 2, and -1/2 :5 XI < 1/2 and -1/2 :5 YI < 1/2, then we have 

Il I Il < lx-yl 
XI - IYi - lxllYI (3.5) 
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Proof of Lemma S.S. Since y < x, we have n - m > XI - YI > -l. therefore 
n ~ m. Let n - m = p ~ O. We have x - y = xy(p + YI - X1 ). So that we need 
to prove llx11 - IY111 ~ IP + YI - x11- This is obvious when p = O. We always 
have l lx11 - IY111 ~ 1 /2, so the required inequality also holds when p ~ 2. In the 
remaining case p = l, we set T/ = sign(y1) and f = sign(x1 ), and we need to check 
that l lx11 - IY111 ~ l 1 + T/ IY11 - t:lx111- Still because the left hand side is smaller or 
equal to 1/2, this last inequality is not obvious only when T/ = -1 and E = +l. It 
therefore remains to show that l lx1 I-IY111 ~ Il- lY1 l-lx111- Setting u = 1/2- lxi 1 
and v = 1/2- lyi 1, the last inequality is equivalent to Il -v/ul ~ Il+ v/ul, which 
is readily checked since u/v is real and non-negative. D 

Proof of Proposition 3.2 Let O < y < x ~ 1/2, and x1 and Y1 as in the preceding 
lemma. We have 

ITJ(x) -Tf(y)\ = \xf(l/x) -yf(l/y)I = lxf(lx1\)-yf(IY1l)I 

~ lx - Yllf(lx11)1+IYIIJ(lx11) - f(IY11)1 

~ lx - YI lfloo + IYI lfli'l lx11 - IY1 l li' 

lx - Yli' 
~ lx - Yllfloo + lfli' lx\î'ly\î'-l , 

where we have used f E Ci', and Lemma 3.3. Therefore 

ITf(
1

; ~ J!(y)I ~ lx - Yl1-i'lfloo + (:~\) i' IYl 1
-

2i'lfli' 

~ (1/2)1-i'lfloo + (1/2)1- 2i'lfli' , 

since O < y < x ~ 1/2, and 1 ~ 1/2. For y = 0, the right hand sicle can be 
replaced by its first term (1/2)1-î'lfloo, and the above inequality extends to the 
case where y vanishes, so that 

IT f li' ~ Ki'(!) = 2i'-1 If loo + 22
1'-l jf li' · (3.6) 

For the norm, we get 

IITflli' =AITfli' +BITfloo 
~ 22i'-i [Alfli' + (2-2i' B + 2-î' A)lfloo] , 

~ 2<2
j'-

1> 11! l li' , 

provided 2-2i' B + 2-î' A ~ B, that is 

which completes the proof. D 
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The above proposition has two obvious consequences 
i) Since C"Y C C"Y1 whenever ,' :s; , , we have 

f E C"Y and , ?.. 1/2 

f E C"Y and 'Y ?.. ,o 
=> Tf E C112 

,o:51/2 => TJEC"Y0 • 
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ii) When , < 1/2, T is a contraction on C"Y .. Therefore 1 - T is invertible and 
B = I:~ Tn = (l -T)-1 preserves C"Y, and we have. 

f E C"Y and O <, < 1/2 => Bf E C"Y 

f E c1/ 2 => Bf E C"Y V, such that O <, < 1/2 . 

The Brjuno fonction which we have studied in the previous section is nothing 
else than B.e, where .e is equal to minus the logarithmic fonction restricted to 
[O, 1/2]. When made even and periodic, this fonction is not continuous. Suppose 
that we perturb .e by a fonction with enough regularity properties (for example C1 

or C112 , the change in B.e will be continuous and even c 1/ 2 -1:. for any small e. In 
this sense, the 'most singular ' part of the Brjuno fonction is stable or 'universal', 
roughly speaking modulo Holder one-half continuous contributions. 

In fact we have a slightly better result for B than for T, as shown in the next 
proposition, which shows that the C1 /Z property is effectively reached. 

Proposition 3.4. Hf E C"Y, and,> 1/2, tben Bf E C112 . 

Proof. We use Bf(x) = L~=0 (Tn f)(x) = I:::o ,8n-1(x)J(xn), which is analogous 
to ( 1.25), using convention ,8-1 ( x) = 1. Therefore we have 

00 

IBJ(x) - Bf(y)j = L ,8n-1(x)f(xn) - ,8n-1(y)f(Yn) , (3.7) 
n=O 

where Xi and Yi are the respective trajectories of x and y under A1; 2 . 

Now, for each pair of numbers (x,y), such that x f= y, we define the 
number N which tells how far the continued fraction expansions of x and y 

do coïncide, more precisely : we have x;1 = ak+i(x) + êk+i(x)xk+I, and 
Y'i:1 = ak+1(Y) + êk+1(Y)Yk+l· We assume that ak(x) = ak(Y), êk(x) = êk(Y) 
as long as k ~ N. At least one of these equalities fail for k > N. In order to 
avoid ambiguities in the rational case, where we have Xn = 0 for some n, we take 
ên(x) = +1 and Xk = 0 whenever k > n, and let for k > n, ak and êk be undefined 
( one could let ak be infinite ). Therefore, if Xn or Yn vanish for some n, we get 
N ~ n. We then have 

(3.8) 
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Therefore we get, still for k + l ~ N, 

(3.9) 

We also see that the numerators Pk, and the denominators qk of the truncated 
continued fraction expansion of x and y coïncide as long as k ~ N, therefore, we 
first have 

(3.10) 

and also, due to Proposition (1.4, iii), 

for k ~ N - l , (3.11) 

We separate (3.7) into four contributions and <livide by lx - yl112, that is, 

IBJ(x) - Bf(y)I < E + E + E + E 
lx - Yl1/2 - 1 2 3 4 

(3.12) 

with 

N 
E1 =lx -yl-112 L l,Bn-1(x)- ,Bn-1(Y)llf(xn)I, (3.13) 

n=O 
N 

E2 =lx - Yl- 112 L l,Bn-1(Y)llf(xn) - f(Yn)I , (3.14) 
n=O 

N+2 
E3 =lx - yJ-112 I: l,Bn-1(x)f(xn)- ,8n-1(y)f(Yn)I · (3.15) 

n=N+l 
00 

E4 =lx - Yl-112 I: l,8n-1(x)J(xn) - ,8n-1(y)f(Yn)I · (3.16) 
n=N+3 

Our proof will be completed if we can bound E1 to E4 in terms of lfloo and IJI, 
for f E C1 and -y> 1/2. 

1) Bound for E1, From (3.10) we get E1 ~ lx - Yl 112lfloo E:=l qn-1, which 
using (3.8), gives E1~lxN-YNl112Jfloo(,8N-1(x),8N-1(y))1l21::;01 qn, but from 
Proposition 1.4., we have for n ~ N, qn < 2(.8n-1(x))-1 and qn < 2(.8n-1(y))-1 
from which we get qn < 2(.8n-1(x).Bn-1(y))-1!2. Therefore, 

E1 ~ 2lxN - YNl 112 lfloo L .8N-l x .8N-l y , 
N-1 ( ( ))1/2 ( ( ))1/2 

n=O .8n-1(x) .8n-1(Y) 
(3.17) 
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However, using Proposition 1.4., 

( f3N-1(x)) = f3 ( ) < (. rn2 _ l)N-n-1 
f3 ( ) N-n-1 Xn _ Y L, , 

n-1 X 

and the sum in (3.14) is bounded by the converging series E~=o( v2 - lt = 
(2-v'2)-1 . Furthermore, lxN - YNI ~ 1/2 and E 1 is bounded by a constant time 
lfloo• 

2) Bound for E2. We have E2 ~ lx -yl-112 1Jlî' E:=o lf3n-1(Y)llxn -Ynlî', so 
that, using (3.9), 

E <IJI ~(f3n-l(Y))l/21 - lî'-1/2 
2 _ î' ~ /3 ( ) Xn Yn • n-1 X n=O 

(3.18) 

Using (3.11), we get E2 ~ 31/2lflî' E:=o lxn - Ynlî'-1/2 . However for n ~ N, we 
see from (3.9) that 

lxn -Ynl = lxN -YNI (f3N-i(x)f3N-i(y)) ~ (v'2-1)2N-2n-2lxN -YNI. 
f3n-1 ( X )f3n-1 (y) 

Then 
( y2 _ 1 )2N -2n-2 

lxn - Ynl ~ 2 , 

since XN - YN ~ 1/2, and the sum from O to N is bounded since the geometric 
series E:O=o( v2 - l)2n(î'-1/2) converges. As a consequence, E2 is bounded by 
a constant times lflî'· Note that we have explicitely used here the hypothesis 
1 > 1/2. 

3) Bound for E3. We observe that since 1 > 1/2, f E Ci'=> f E 0 1; 2 , and in 
fact, we have //'112 ~ 2(1/2)-î'l/lî'· We first bound the term of order N + 1. 

lf3N(x)f(xN+1) - f3N(Y)f(YN+1)I = lf3N-1(x)(Tf)(xN) - f3N-1(y)(Tf)(YN )1 
~ l(f3N-1(x) - f3N-1(Y))(Tf)(xN )1 + lf3N-1(y)((Tf)(xN) - (Tf)(yN ))1 

~ (1/2)qN-1lfloolx - YI+ K1;2U)lxN -YNl112 f3N-1(y), 

where we have used (3.10) and (3.6) for the exponent 1/2. Therefore, using (3.9), 
one gets 

lf3N(x)f(xN+1) - f3N(Y)f(YN+1)I 
lx - Yl 112 

< ( / )lfl 1 1112 K112U)f3N-1(Y) 
- 1 2 ooqN-1 x -y + lf3N-1(x)f3N-1(Y)II/2 

However, from (3.9), one gets lx -yl = lxN -YNIXN-1YN-1f3N-2(x)f3N-2(Y), and 
from Proposition (1.4), qN-1f3N-2 ~ 2. Then (3.11) shows that both terms of the 
right hand sicle in the above inequality are bounded (in terms of 1/loo and 1/11; 2 ). 
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We now bound the term of order N + 2 in E3 • We have 

l,BN+1(x)f(xN+2) - ,8N+1(y)f(YN+2)I =l,8N(x)((Tf)(xN+1) - (Tf)(YN+1))I 
+l(,8N-1(x) - ,8N-1(y))YN(Tf)(yN+i)l+l,8N-1(x)(Tf)(yN+1)(xN -yN)I, 

~,8N(x)K1;2U)lxN+1 -YN+1I 112 

+YNYN+1lflooqN-1lx - Yl+YNYN+1lfloo,8N-1(x)lxN - YNI · 

We now use Lemma 3.3 to get XNYNIXN+I -YN+1I ~ lxN -YNI, and we get 

ln the above expression, we have got three terms to bound. ln the first we have 
the factor (YN/XN) 1!2 which is bounded when YN ~ XN. ln the other case it is 
suffi.cient to permute x and y. It then remains the factor ,8N-1(x)(lxN -YNl/lx -
Yl)112 , which is easily bounded using (3.8) and (3.10). The same combination 
occurs in the third term, with an additional bounded factor lxN - YN 1112 • The 
middle term qN-ilx - yl112 has been already treated for the previous term (of 
order N + 1). 

4) Bound for E4. We have 

00 

E4 = lxN-YNl-l/2(,8N-1(x),8N-1(y))-l/2 L l,8n-1(x)f(xn)-,8n-1(y)f(Yn)I. 

(3.19) 
From the above definition of N, we know that 2xN1 and 2yN1 do not both belong 
to the same interval in the family of intervals including for all M ~ 2, [2M, 2M + 1) 
and [2M + 1, 2M + 2). Therefore the interval [2xiv-1, 2y·i/] contains at least 
one integer point (we assume XN > YN, the other possibility being treated by 
permuting x and y). Let now r and R, be the rationals between x and y having, 
up to order N included, the same continued fraction expansion coefficient as x 

and y, and such that 2rN1 and 2RN1 are respectively the smallest and the largest 
integer such that 2xiv-1 ~ 2rjy1 ~ 2RN1 ~ yjy1 • We now have 

IBJ(x) - Bf(y)I ~ IBJ(x) - Bf(r)I + IBJ(r) - BJ(R)I + IBJ(R) - Bf(y)I 

and since we have either x ~ r ~ R ~ y or y ~ R ~ r ~ x, we see that we need 
only to get a bound for E4 in the two following cases : either x = r and y = R are 
both rational and 2x N1 and 2y N 1 are di:fferent integers, or one of these ( say y = r) 
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has these properties, and lx;;.1 - y;/ 1 < 1/2. Indeed the bound already obtained 
for E1, E 2, and E 3 , apply to the present situations. 

Now we observe that when 2r;/ is even, we have rN+I = 0, and when 2r;/ 
is odd, we have rN+I = 1/2 and rN+2 = 0, so that the sum in (3.19) contains 
no terms coming from r or R. More precisely, there is no E4 type contribution 
in Ir - Rl-112 IBJ(r) - Bf(R)I, which was the motivation to split the sum for 
n > N in (3.7) between E 3 and E4 • For the same reason, in the other relevant 
case-where y= r, and -1/2 < x"'i,/ - r;/ < 1/2-Equation (3.19) reduces to 

(3.20) 

where we have used (3.11), proposition (1.4), and the sum of the converging series 
I:~=0(-v'2 - l)n. We now define 8 such that 

1 1 - = - + 8 , -1/2 < 8 < 1/2 , 
XN rN 

(3.21) 

so that lxN - rNI = rNXNl81, and we have now to get a bound for the remaining 
factor 

XNXN+1XN+2 _ XNXN+1XN+2 _ XN+IXN+2 (XN)l/2 

lxN - rNl1/2 - x~j2r;/21811/2 - 1811/2 rN · 

Notice that since 2x_ï/ and 2r.N1 belong to the same interval [M, M + 1], with 
M ~ 2, their ratio remain bounded, that is 2/3 5 XN /rN 5 3/2, so we need 
therefore only to get a bound for XN+1XN+2l8l-1/2. 

In the case where 2r.N1 is even, we have XN+1 = 181, so that XN+1xN+28-1/2 < 
2-3/ 2. In the case where 2r;/ = 2P + 1 is odd, we have XN+1 = 1/2 -181. Either 
181 ~ 1/10 which implies XN+I 5 2/5 and XN+1XN+2l8l-1/2 5 (2/5)1/ 2 or 181 < 
1/10 and 2/5 < XN+1 5 1/2, in which case XN+2 = 2-xN~l = 2101/(1/2-101),and 
XN+1xN+2IBl- 1!2 = 2./0 5 (2/5)112 • This concludes the proof of the proposition. 
D 

The regularity results of the present section might provide an explanation for 
the numerical results [Ma), which suggested a relation between the Brjuno fonction 
and the size of the stability domain as fonction of the rotation number in some 
holomorphie area preserving maps. Note that some rigorous results have been 
obtained in the case of the semistandard map [Ma,Da). We anticipate that this 
result might be much more general : the geometric renormalisation for holomorphie 
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dynamical systems will likely produce only C1 perturbations to the renormalisation 
equation, and the most singular part of minus the logarithm of the size of the 
stability domains as fonction of the rotation number could be universally ( that is 
modulo C112 ) described by the Brjuno fonction. 

Appendix A. Norms on B.M.O. spaces 

1. B. M. O. Norms 

Let f E Lf
0
c(IR). We define the mean value h off on the interval I as: 

(A.l) 

where III is the length of the interval I. Then we de:fine for any interval U 

IIJll.,u = J~b l~I 1,1- hl dx. (A.2) 

We then say f belongs to the space BMO(U) if IIJll.,u < oo, i.e. is finite. BMO is 
an abbreviation for 'bounded mean oscillation'. llfll•,U is a seminormon BMO(U), 
since for any constant c, we have llf + cil.,u = IIJll.,u. In particular IIJll.,u = 0 
if f is constant on U. This applies to U = lll and leads to the space BMO(lll), 
abbreviated as BMO and the seminorm llfll.,IR on BMO(lll) will simply be written 
11 f 11 *,. In fact this seminorm is a norm on the quotient space of fonction in Lf0 c (lll) 
modulo the constant fonctions. With this norm, the quotient space is complete. 

We list now some classical results and lemmas [Ga,GRCF]. 

Proposition A.1. H there exists a positive number M such that for any interval 
I CU, we can find a number a1 with 

1
}

1 
J1 If - a1I dx::; M, then lh - 011 ::; M 

and IIJll*,u::; 2M . 

Proof. We have (h-a1) = Tn Jif-a1)dx, thus lh-011::; Tn J1 lf-a1I dx::; M, 

and Tn J1 If-hl dx = Tn J1 IJ-a1+a1- !Il dx::; Tn J1 lf-a1I dx+la1- hl::; 2M. 
Therefore IIJll.,u::; 2M. D 

Proposition A.2. The space L 00 (U) is a subspace of BMO(U), and llfll.,u ::; 
inf c I If - clloo,U · 

Proof. From Holder's inequality, we get for any interval I CU, Tn f1 If - !Il dx ::; 

( Tn f1 If - hl2 dx) I/2. But Tn f1U- JI )2 dx = Tn f1 J2 dx-(fI )2 ::; Tn f1 J2 dx ::; 

(llflloo,U )
2

• As a result, IIJll.,u::; llflloo,U, the L00 norm off on U. Since IIJll.,u 
is equal for any c to I If+ cl 1.,u, we immediately deduce that l lfl l.,u ::; I If - cl loo,U 
on U, for any c. D 
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Proposition A.3. Assume f E BMO(U), witb seminorm llfll*,U · Let I and J 
be two intervals in U . Let m be an arbitrary integer sucb tbat m > 1, we bave 

a) HIC J and 1 $ fH $ m, tben l!I - !JI$ mllfll*,U· 

b) HIC J and m_ < tff, tben 

lh- !JI$ (1 + lo~m log ('1;i')) mllfll*,u $ 1:;m log ('1;i') llflku · 

c) H III = IJI, let K be the smallest interval containing botb I and 
J. Assume first IKI $ 2111 = 2IJI, wbicb means tbat I and J overlap 
or are consecutive intervals, tben lh - !JI $ 4llflku- On the contrary, if 
IKI > 2111 = 2IJI, wbicb means tbat I and J are disjoint intervals, tben 

lh- !JI$ Io~2 llfll*,u log (W) = 1o~ 2 llfll*,u log (2 + o(fJ()) where 8(1, J) 

is the length of the interval between I and J. 

Proof. a) lh-!JI ::s: 1} 1 J1 lf-!JI dx = m 1} 1 J1 lf-JJI dx ::s; tn 1} 1 JJ lf-!JI dx ::s: 

tJtllfll*,u $ mllfll*,u · 

b) Let t = m, and for n > l, let .À = tI/n. It then easy to find 
intervals I2,J3, ... , In chosen in an arbitrary way, but subjected to the conditions 
l = li C 12 C [3 ... C ln C ln+I = J, ih+1i/ihi = .À for 1 $ k $ n, and 

0 = lln+1I llnl ... J!tl = _xn = t. 
Ill -Ifni lln-1 I Ili 1 

Using lh - !JI= lù1 - Ù2I + lh2 - Ùal + · · · + lhn - Ùn+1I, we get 

III-hl S (t. l~~:il) llfll.,u = nt¼IIJll.,u as in the proof of a). 

Fort > m, let nown > l be the integer such that mn-I < t $ mn, so that 
tI/n < m and 

- ' 1 2 
n < l + -1 - log t $ -1 - log t . 

ogm ogm 

Therefore, from lh - !JI$ nt1lnllfll*,u, we get 

lù-JJI :'.S: (1 + lo;m log C1;D) mllfll.,u ::s: 1:~ log c;D 11111.,u. 

In fact we have got mu_ch better than statements a) and b) : for I C J C U, we 

have lh - !JI $ S (tn) llfll•,U, where the function S(t) is defined fort 2:: 1 as 

S(t) = infn>I nt1ln. After some calculations, we find S(t) = t for 1 $ t $ 4, and 
S(t)::; (2/l~g2)logt fort 2:: 4. Fort large, we get S(t) "'elogt. 

c) We have lù - !JI$ IJK - hl+ IJK - !JI and the statement follows from 
parts a) or b) with m = 2. D 
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The preceding proposition shows that when III goes to zero, the mean JI 
cannot grow faster than l log(IIl)I times some constant. 

Proposition A.4. We have the following 'magic reverse Holder's inequality' : let 
/ E L{0 c(lR) and suppose that for some interval U C IR, the seminorm llfl'*.u is 
iinite, then for any bounded real p ~ 1, there exists a constant Ap such that 

Proof. In fact it is a corollary of the John-Nirenberg theorem, see Garnett [Ga]. 
The proof there is for U = IR, but a careful reading show that it works for any 
U. The constant Ap does not de pend on U, and may be shown to be smaller than 
pC with an explicit constant C ( our evaluation gives C < 10). Note that the 
inequality does not work in the limit p-+ oo. D 

The preceding proposition shows that replacing the L1 norm in the definition 
of the BMO norm 11/11*,u, by the analogous LP norm (with p finite), leads to the 
same BMO space. More precisely using the usual LP norm 

1 

11/1 lp,U = (L lflP dx) P , 

we define 

1 

11/11*,P,u = sup ( 11
1

1 [ If- fIIP dx) P = sup IIl-!IIJ- !Illp,I · (A.3) 
ICU 11 ICU 

We then have 

Proposition A.5. The space BMO(U), is a subspace of LP(U) when U is a 
bounded interval. 

Proof. Let f E BMO(U), then Proposition A.4 shows that \If - fullp,U S 
IUl(l/p)Apllfll*,U· But 11/llp,U S Il/ - fullp,U + llfullp,u S IUl(l/p)(Apllfll*,u + 
!fui), and since f E L1(U), lful S IUl-1 x llfll1,u- Therefore, llfllp,U S 
IUl(l/p)Apllfll.,u + IUl(l/p)-IIIJll1,u, and llfllp,U is bounded. D 

Therefore, BMO(U) is a subspace of n~1 LP(U), but nota subspace of L00(U). 
In fact, on BMO(U), we have a family of equivalent norms, as shown in the 
following proposition. 

Proposition A.6. On BMO(U), where U a bounded interval, define for any real 
a> 0, and /3 > 0, and for any integer p ~ 1 (finite), the following family ofnorms 

N(f, a, /3,p) = oilfll•,p,U + /3llfllp,U , (A.4) 
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then 
a) these norms are all equivalent for various a and /3 and p fixed. 
b) these norms are a11 equivalent for any p. 

Proof. a) is a consequence of the identities 
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(ax + f3y) = ~(a'x + f3'y) + (!!_ - ~) f3'y = !!_(a'x + f3'y) - (!!_ - ~) a'x , 
a' /3' a' /3' /3' a' 

(A.5) 
which show that when all numbers a, a', /3, /3' are positive, and x, y nonnegative, 
then inf(a/a',/3/f3')(a'x + f3'y) $ ax + f3y $ sup(a/a',/3/f3')(a'x + f3'y). 

b) U sing Proposition A.4 and the argument in the proof of Proposition A.5, we 
have N(f, a, /3,p) $ aApllflku + /3(IUl(l/p)Apllflku + IUl(l/p)-1IIJll1,u ). There­
fore, N(f,a,/3,p) $(a+ /3IUl(l/p))Apllfll*,u + /3IUl(l/p)-lllflli,u. On the other 
hand Holder's inequality shows that N(f, a, /3,p) 2:'. allfll*,u + /3IUl(l/p)-1llfll1,u­
So that we have : 

N(f, a, f31Ul(l/p)-l, 1) $ N(f, a, /3,p) $ N(f, a+ /3IUl(I/p), /3IUl(l/p)-l, 1) . 

Using Eq. (A.5), one easily finds positive constants c_ and C+ such that 

N(f, a+ /3IUl(l/p), /3IUl(l/p)-l, 1) $ C+N(f, a, /3, 1) 

and 
N(f, a, /3IUl(l/p)-1, 1) 2:: c_N(J, a, /3, 1) . 

Therefore 
C_N(f, a, /3, 1) $ N(f, a, /3,p) $ C+N(f, a, /3, 1) . 

and the norms N(f,a,/3,p) and N(f,a,/3, 1) are equivalent. D 

Remark that these quantities N (f, a, /3, p) are norms and not only seminorms 
when f3 =f:. O. With respect to all these norms N(f,a,/3,p) (with a > 0 and 
f3 > 0), the space BMO(U) is complete, since any Cauchy sequence with respect 
to N(J,a,/3,p) is also a Cauchy sequence in LP(U) and therefore in L1(U) for U 
bounded. Moreover the L1-limit of a sequence offunctions in BMO(U) is obviously 
also in BMO(U). 

We now define the oscillation O 1(!) of f on the interval l as 

01(!) = l~I Llf-fildx, (A.6) 

such that llfll*,u = sup1cu 01(!). We then have 

Proposition A. 7. Let 11 and 12 be two consecutive intervals, which mean that 
the closure 11 and 12 have one and only one common point, and let I = 11 U h. 
Let a1 = 1111, a2 = II21 so that III= a1 + a2, Then 

JI= a1fI1 + a2fI2 , 
a1 + a2 

(A.7) 
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and 

Proof. An elementary calculation gives Eq. (A.7) as well as 

Now 

l / II11 1 / II21 1 / 
01(!) = ÏÏÎ 1

1 
lf-fildx = IJÎîLÏ l1i lf-fildx + IJÎ II

2
I 1

12 
lf-fildx, 

so that 

and the proposition follows from Eq. (A.9). 0 

The above Proposition shows that in order to bound the oscillation on the 
union of two consecutive intervals, one needs to control the difference between the 
mean values on the two intervals. 
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2. B. M. O. Norms for periodic functions 

In BMO(JR) we can consider the various seminorms llfl'*.u defined in Eq. (A.2) 
above, for any bounded interval U. We will also define the seminorm llfll*,11' as 
follows 

llfl'*.'Il' = sup l~I / If - hl dx , 
1119 11 

(A.10) 

where the supremum is taken over ail intervals I C li with length less or equal to 
1. The seminorm l lfll*,11' is convenient for periodic fonctions with period 1. For 
any f E BMO(JR) we obviously have : 

llfll*,[-(1/2),+(1/2)] ~ llfll*,11' ~ llfll*,lR · (A.11) 

This observation will be usefol if we now consider fonctions f E BMO(R) which 
are even and periodic with period 1. For such periodic fonctions, we have the 
following result 

Proposition A.8. There exist constant C1 > 1, C2 > 1, Ca > 1 such that for 
any f E BMO(R), which is even and periodic with period 1, we have 

a) llfll*,lR ~ C1llfll*,'ll' 
b) llfll*,11' ~ C2 llfll*,fo,11 
b) 11!1 kro,1] ~ Ca llfll*,[0,1/2] 

Proof. a) We observe first that the mean value and the oscillation of f on any 
interval K with length 1 does not depend on K. Let us call these quantities f and 
O(f) respectively. Now consider an arbitrary interval J. It is always possible to 
eut this interval into two consecutive subintervals 11 and 12, such that I = 11 U 12, 
II11 = n ~ 0 is the integer part of III, and II21 = a < 1. If 11 is not empty, it is 
made of n complete periods off, so that fI1 = f and 011 (f) = O(f) < 1/J/l*,'ll'· If 
n = 0, we have 01(!) ~ /lfll*,11'· From Proposition A.7 we get for n > 0 

but O 12 (f) ~ llfl '*.'li' and also O(f) ~ llfll*,11'· On the other hand, 12 is contained in 
some interval with length equal to 1, and one can bound lh2 - J/ using Proposition 
A.3 a) or b). We get lfI2 - JI~ 2IIJll*,'ll' for a~ (1/2), and for a< (1/2), 

- ( lloga/) 
lh2 - fi ~ 1 + log 2 2/lfll*,'ll' · 

Therefore for a ~ ( 1 / 2) 

( 
4na ) 

01(!) ~ 1 + (n + a)2 llfll*,11' , 
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and for a< (1/2) 

( 
4na ( llogal)) 

01(!) S 1 + (n + a)2 1 + log 2 IIJl'*.'Il' · 

An elementary study of the fonction -x log( x) on [O, 1] shows that it is bounded 
by e-1,and for n ~ l we have: 

n 4 n l 
for a~ 1/2 , (n + a)2 S 9 S 1 , and for a< 1/2 , (n + a)2 S ; S 1 . 

Therefore in both cases, 

and part a) holds with C1 "" 5.13. Using the improved bounds mentioned at the 
end of the proof of part b) of Proposition A.3, it is possible to get C1 S 3.13. Note 
that part a) of the Proposition does not require the hypothesis that fis even. 

b) Consider an arbitrary interval l = ( a, b) with length ( b - a) S 1. If 
b - a= l, then 01(!) = 0(f) S llflk[o,1]· If (b - a)< land if the integer parts 
of [a] of a and [b] of b are equal, then the interval l corresponds by periodicity 
to ([a], [b]) C [O, 1] and 01(!) = 0([a),[b])(f) S llfll.,[0,1)· If (b - a) < l, and if 
[b] = [a]+ 1, then l = 11 U 12, where 11 = (a, [a]+ 1] and 12 = [[a]+ 1, b). Let 
a'= [a]+ l-a = ll1I, b' = b-[b] = ll2I- Then Eq. (A.8), shows that 

a' b' 2a'b' 
01(!) = a'+ b' 011 (f) +a'+ b' 012U) + (a'+ b')2 lh1 - h2 I · (A.12) 

By periodicity both 01i(f) and 012(!) are bounded by IIJll.,(0,1), then we get 

UY UY 
01(!) = IIJll.,(0,1) +(a'+ b')2 lfI1 - fI2I = IIJll.,(0,1) +(a'+ b')2 lf(l-a1,1)- f[o,b1 )I · 

However, since fis even, f(l-a',l) = f[o,a')· By symmetry, we can assume b' ~ a'. 
Let x = a' /b' < 1, then from Proposition A.3, if x-1 s 2, we get 

lf[o,a') - f[o,b') 1 S 21 If I l.,[0,1) , 

and 

01(!) = ( 1 + (l :xx)2) llfll.,[0,1) S 2llfll.,[o,1J · (A.13) 

( 
jlogxl) 

lf[o,a') - f[o,b1
) 1 S 1 + log 2 21 If l l.,[0,1) · 
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From this we get 

( 4x 4x I log x I ) 
01(!) = 1 + (1 + x)2 + (1 +-x)2 log2 IIJl'*.[0,1] . 
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(A.14) 

Now 4x/((1 + x)2) < 8/9 and 1/((1 + x)2 ) < 1. Therefore we get the expected 
result with 

C2 -5: (1 + ~ + / ) -5: 4.012 , 9 e og2 
(A.15) 

by an argument similar to the one given in part a). Once more, improved bounds 
would reduce C2 up to 3.13. 

c) Let l C [0, l]. If either l C [0, 1/2] or l C [1/2, 1], we get 01(!) -5: 
IIJll.,[o,1;2], using the parity property in the second case. On the other hand, if 
l contains 1 /2 in its interior, one di vides l into two parts 11 and 12 contained in 
[0, 1/2] or [1/2, 1] repectively. Using the same argument and setting again a' = ll11 
and b' = ll2I, we still have Eq. (A.12). Now, we have 

lfI1 - fI21 = lf(l/2-a' ,1/2] - f[l/2,1/2+b') 1 = lf(l/2-a' ,1/2] - f[l/2,1/2-b') 1 , 

since fis even and periodic. Using Proposition A.3, we get here the same estimates 
as Eqs. (A.13) and (A.14), which completes the proof with C3 = C2 • D 

Note that parts b) and c) are not true if the periodic fonction f is not even. A 
non trivial, but immediate consequence of these results is the following corollary. 

Corollary A.9. Let f be a fonction defi.ned in [0, 1/2], which belongs to 
BMO([0, 1/2]). The fonction g which is even and periodic with period 1, and 
which coïncides with f on [0, 1/2] is in BMO(JR). 

U sing the above Proposition A.8, we see that a natural choice for a norm on 
the space of fonctions f E BMO(JR) which are even and periodic with period 1 is 
N(f, a, /3,p) defined in (A.4), with p = 2 and U = [0, 1/2], for some fixed a > 0 
and /3 > O. Changing the values of p, a, and /3 will lead to equivalent norms. 
Changing U into [0, 1], or 1r as in Eq. (A.10), will again give an equivalent norm. 
Also equivalent would be a norm like ollgl'*.:R + /3llglll,[o,1] for the fonction g which 
is even and periodic with period 1, and which coïncides with f on [0, 1/2]. The 
L1-norm llglli,[o,1] of g on [0, 1], can obviously replaced by the similar norm on 
[0, 1/2) that is llgll1,[o,1/2]· 

We will now quote two lemmas which are usefol when using the L2-norm. Let 
l C [0, 1/2) be any interval, and f E L1([0, 1/2]). We denote by 

(A.16)) 

the mean of f over l. 
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Lemma A.10. Hf E L2 ([0, 1/2]) and I C [O, 1/2) is any interval 

lu- JI)2ds = 2~11 1 lu(s) - J(t))2dsdt. 

Proof. It is a simple calculation : first one observes that 

(A.17) 

J,u - JI )'ds = J, J(s)'ds - l~I (J, J(s)ds )' = l~I J, J,u<sl' - f(s)f(t))dsdt , 

and then since one obviously has 

l~I 11(f(s)
2 

-f(s)J(t))dsdt = l~I 11 (f(t)2 -f(s)f(t))dsdt 

one immediately gets (A.17). D 

The following lemma deals with the control of the oscillation in Lrnorm. 

Lemma A.11. Let f be an even function in Lf
0
J!R.). Let O < a < b. For any 

fi.nite interval I E lR defi.ne 

Then we have 
O[-a,bJ(f) ~ 20[o,bJ(f) · 

Proof. Set I = [-a,b], I+ = [O,b], J_ = [-a,O). Then we have 

2(a + b)2(0[-a,bJ(/))2 = J, (f(s) - J(t))2dsdt. 
Jxl 

The integral over I x I can be splitted as a sum over four integrals over I+ x I+, 
J_ x J_, I+ x J_, J_ x I+ respectively. However, due to the parity property of 
f, each of these four integrals is less than (or equal to) the integral over I+ x I+. 
Therefore, 

and 

D 

The preceding Lemma shows that the quadratic oscillation of an even fonction 
f on an interval I containing O in its interior, is at most twice the quadratic 
oscillation over the largest among the positive or negative subintervals of I. 
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