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ABSTRACT

We consider a random dynamical system on Rd, whose dynamics is defined by a stochastic differential equation. The annealed transfer
operator associated with such systems is a kernel operator. Given a set of feasible infinitesimal perturbations P to this kernel, with support in
a certain compact set, and a specified observable function φ : Rd → R, we study which infinitesimal perturbation in P produces the greatest
change in expectation of φ. We establish conditions under which the optimal perturbation uniquely exists and present a numerical method
to approximate the optimal infinitesimal kernel perturbation. Finally, we numerically illustrate our findings with concrete examples.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0265433

Linear response theory provides a powerful framework for under-
standing the impact of perturbations on a given dynamical sys-
tem. It investigates whether the resulting changes in the system’s
statistical properties are differentiable with respect to the per-
turbations. This theory is widely applied in physics, engineering,
climate science, and statistical mechanics to analyze how systems
evolve under external influences. This article studies an inverse
problem related to the linear response, called optimal response,
in which one searches for the optimal perturbation in order to
change the statistical properties of the system in a wanted direc-
tion. We study this problem in a class of random dynamical
system defined by a stochastic differential equation on a non-
compact space, using a functional analytic tool known as the
transfer operator. In particular, we consider the problem of find-
ing the optimal response in order to change as much as possible
the average of a given observable, showing the existence and
uniqueness results for the solutions of this problem. We also
show algorithms to approximate the optimal solution. Optimal
response finds many applications, including climate sciences, for

example, in finding out which initial climatic actions can produce
the greatest change in average temperature.

I. INTRODUCTION

The predictive understanding and the control of the statisti-
cal properties of a dynamical system is an important topic of study,
with applications to many different fields, so is understanding the
change in these statistical properties after small changes in the initial
dynamical system. The concept of statistical stability of a dynam-
ical system relates to the statistical properties of typical orbits of
a dynamical system, which are, in turn, encoded into its invariant
or stationary measures, and to how these properties change when
the system is perturbed. We say that the system exhibits a linear
response to the perturbation when such a change is differentiable
(see Theorem 25 for a formalization of this concept). In this case, the
long-time average of a given observable changes smoothly during
the perturbation.
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The linear response for dynamical systems was first studied
by Ruelle1 and then was studied extensively for different classes of
systems having some form of hyperbolicity (see Ref. 2 for a gen-
eral survey). The linear response for stochastic differential equations
(SDEs) was studied in Refs. 3–5, where general response results were
established. In the context of discrete-time random systems, linear
response results have been shown in Refs. 6–8. The study of linear
response has great importance in the applications, in particular, to
climate sciences (see Refs. 4 and 9).

In the present article, we address a natural inverse problem
related to linear response: The optimal response of a given observ-
able. We consider a certain observable, defined on the phase space
associated with our system and search for the optimal infinitesi-
mal perturbation to apply to the system in order to maximize the
observable’s expectation. The understanding of this problem also
has evident importance in the applications, as it is a formalization
of the natural question of “how to manage the system in such a
way that its statistical properties change in a wanted direction,”
hence an optimal control problem for the statistical properties of the
system.4,6,9–11

The optimal response problem for a fixed observable as
described above was studied for the first time in Ref. 12 for finite-
state Markov chains. Then, the case of dynamical systems whose
transfer operators are kernel operators (including random dynami-
cal systems that have additive noise) was considered in Ref. 6. The
case of one-dimensional deterministic expanding circle maps with
deterministic perturbations was studied in Ref. 13. The above arti-
cles also consider the problem of optimizing the spectral gap and,
hence, the speed of mixing. In Ref. 14, an optimal response prob-
lem is considered where optimal coupling is studied in the context
of mean-field coupled systems. A problem strictly related to the
optimal response is the “linear request problem,” which focuses
on the search for a perturbation achieving a prescribed response
direction.8,10,11,15,16 All of these studies are in terms of understanding
how a system can be modified to control the behavior of its statistical
properties.

Stochastic differential equations and random dynamical sys-
tems are widely used as models of climate and fluid dynamics
related phenomena. This strongly motivates the study of the opti-
mal response for such systems. As mentioned above, the optimal
response and the control of the statistical properties for discrete time
random dynamical systems whose associated transfer operator is a
kernel operator are studied in Refs. 6 and 8. In these papers, the
phase space considered was compact. Since the transfer operator
associated with a stochastic differential equation is a kernel oper-
ator (see Theorem 1 for a precise statement and estimates on the
regularity of the kernel). The results of these papers, hence, apply
to the case of time discretizations of stochastic differential equations
over compact spaces. The extension of these results to non-compact
phase space is a non-trivial task, which requires the use of suitable
functional spaces, in order to recover the “compact immersion”-like
functional analytic properties, which are well known to be important
to establish spectral gap for the associated transfer operator. Impor-
tant stochastic differential models are formulated on noncompact
spaces, such as Rd. Thus, such an extension is strongly motivated.
An approach to the definition of suitable spaces for the transfer
operators associated with stochastic differential equations on Rd

was implemented in Ref. 17 by using a sort of weighted Bounded
Variation spaces with the scope of studying extreme events.

In the present paper, motivated by these considerations, we
approach the study of optimal linear response for random dynami-
cal systems over Rd that have a kernel transfer operator. This setting
is, in our opinion, a first step in approaching the study of the optimal
response for stochastic differential equations.

II. SETTINGS AND RESULTS

Let T > 0 and consider the SDE on Rd given by
{

dXx
s = b

(

Xx
s

)

dt + dWs, s ∈ (0, T),

Xx
0 = x.

(1)

Here, (Ws)s is a Brownian motion defined on a probability space
(�,F , P), and x ∈ Rd is the initial condition. We impose the follow-
ing assumptions on the drift b:

A: (Locally Lipschitz continuity) For each x0 ∈ Rd, there exist con-
stants K > 0 and δ0 > 0 such that for all x ∈ Rd with |x0 − x|
< δ0,

|b(x0)− b(x)| ≤ K|x0 − x|. (2)

B: (Dissipativity) There exist constants c1 ∈ R and c2 > 0 such that
for all x ∈ Rd,

〈b(x), x〉 ≤ c1 − c2 ‖x‖2 . (3)

Under assumptions A and B, SDE (1) admits a unique station-
ary measure µ (see Ref. 17, Section 4.1 for details).

Now, let θs, for s ≥ 0, be the flow associated with the determin-
istic part of the above SDE, that is,

{

θ̇s(x) = b(θs(x)),
θ0(x) = x.

For λ ∈ (0, 1], s > 0, define the Gaussian density

gλ(s, x) := s−
d
2 e

−λ|x|2
s .

The following result, due to Ref. 18, provides two-sided estimates
and gradient bounds for the density associated with the (unique)
solution (Xx

s )s of SDE (1).
Theorem 1 (Ref. 18, Theorem 1.2 and Remark 1.3). Fix

T> 0. For each t ∈ (0, T) and x ∈ Rd, the law of Xx
t has a density

κt(x, y) that is continuous in both variables x, y ∈ Rd. Moreover, κt

satisfies the following:

1: (Two-sided density bounds) There exist constants λ0 ∈ (0, 1],
C0 ≥ 1, depending on T, K, d, such that for all x, y ∈ Rd and t < T,

C−1
0 g

λ
−1
0
(t, θt(x)− y) ≤ κt(x, y) ≤ C0gλ0(t, θt(x)− y).

2: (Gradient estimates) There exist constants λ1 ∈ (0, 1], C1 ≥ 1,
depending on T, K, d, such that for all x, y ∈ Rd, and t < T,

|∇xκt(x, y)| ≤ C1t
− 1

2 gλ1(t, θt(x)− y),

|∇yκt(x, y)| ≤ C1t
− 1

2 gλ1(t, θt(x)− y).
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Remark 2. As stated above, SDE (1) that we consider in this
article admits a unique stationary measure µ. In the following, we
fix the time t = 1 and consider a time discretization of this system.
For notational convenience, we drop the subscript t and denote the
kernel κ1(x, y) simply by κ(x, y).

As discussed in Sec. I, a dynamical system exhibits linear
response if its invariant measure changes differentiably with respect
to the changes in the initial system. One of our main results gives
the explicit characterization for linear response for system (1), which
is suitable for the numerical approximation.

To be able to state the precise result (Theorem 25), we intro-
duce the transfer operator L : L1 → L1 (Definition 4), defined by

Lf(y) =
∫

κ(x, y)f(x) dx,

where κ is the kernel from Theorem 1 (see Remark 2).
To get a spectral gap and other desirable properties, we con-

sider L as acting on a suitable Banach space B of weighted densities
[see (16)]. We then consider a class of perturbed systems by apply-
ing perturbations directly to the associated transfer operators. We
consider a compact domain D ⊂ Rd and we introduce a family of
perturbed kernels κδ of the form

κδ = κ + δ · κ̇ + rδ ,

where κ̇ , rδ ∈ L2(D × D) and rδ = o(δ) is an higher-order pertur-
bation in L2(D × D). This yields a family of perturbed transfer
operators,

Lδ f(y) =
∫

κδ(x, y)f(x) dx, (4)

with the convention L0 = L (see Sec. IV for more details).
Result A. Consider the family Lδ : B → B of transfer opera-

tors, with δ ∈ [0, δ̄). Then,

(1) The operators have invariant densities in B: for each δ ∈ [0, δ̄)
there is fδ 6= 0 such that Lδ fδ = fδ (Propositions 15 and 23).

(2) There exists an operator L̇ : L1 → L1, defined by L̇f(y)
=

∫

κ̇(x, y)f(x) dx, such that, restricted to the strong space B, the
following limit holds:

lim
δ→0

∥

∥

∥

∥

Lδ − L0

δ
f0 − L̇f0

∥

∥

∥

∥

s

= 0,

where ‖·‖s is the norm on the strong space B (Lemma 20).
(3) For δ small enough, we have linear response: that is,

lim
δ→0

∥

∥

∥

∥

fδ − f0

δ
− (Id − L0)

−1
L̇f0

∥

∥

∥

∥

1

= 0, (5)

where ‖·‖1 is the L1 norm (Theorem 25).

While results on the existence of linear response for SDEs on
Rd can be found in the literature (see Refs. 3 and 4), formula (5) is
particularly suitable for numerical approximation, within an appro-
priate numerical scheme that we describe in Sec. V. We exploit this
formulation to pursue the main objective of the paper: identifying
the optimal perturbation that induces a prescribed response, as out-
lined in the introduction. Thanks to the explicit characterization that

we derive, we are also able to demonstrate how to approximate such
perturbations in concrete examples (see Sec. VI).

This leads to our next main result, which addresses the exis-
tence and uniqueness of such an optimal perturbation. To state it,
consider a compact neighborhood D ⊂ Rd of 0. Formalizing the
idea that we mean to perturb the kernel of the transfer operator
in a certain direction κ̇ ∈ L2(D × D), we introduce an operator (see
Definition 31),

R : L2(D × D) → L1, R(κ̇) = lim
δ→0

fκ̇ ,δ − f0

δ
,

where fκ̇ ,δ and f0 are the invariant densities of the perturbed and
unperturbed transfer operators Lδ and L0, respectively, acting on
the Banach space B.

Result B. Let φ ∈ L∞ be an observable, and let P ⊂ L2

(D × D) be a closed, bounded, and strictly convex set whose relative
interior contains the zero function. Then, the optimization problem
(Proposition 28)

max {J (κ̇) : κ̇ ∈ P} (6)

admits a unique solution.
The above results are stated more precisely and proved in

Sec. IV and V (see the references provided in each statement), where
all the necessary definitions and technical details are also introduced.

Finally, in Sec. V B, we present a numerical scheme for approx-
imating the optimal perturbation. This scheme is built upon the
constructive nature of our proofs and the explicit formulas derived
therein, which are directly implemented in the numerical procedure.
A constructive algorithm for computing the optimal perturbation is
given. The corresponding numerical experiments are carried out on
a concrete example of an SDE in Sec. VI.

We remark that because of the type of perturbations to the sys-
tem considered in this work [see (4)], the transfer operator obtained
after perturbation may no longer be associated with an SDE. Such
a perturbation can be interpreted as a “local” change to the initial
system (the one arising from an SDE), whose nature is independent
of the phenomenon whose model is the SDE. This can be seen as a
first step in the study of the optimal response for SDEs, where we
apply the simplest possible meaningful perturbations. However, one
would like to consider other “non-compact” perturbations as well,
such as those arising from perturbations to the drift term b of the
SDE [see (1)].

A natural direction for future work is indeed to consider per-
turbations of the system, to be applied directly on the SDE defining
it and, in particular, to the drift term b. We think that this case
also would fit our general framework. However, in order to achieve
this, the differentiability and the differential of the transfer opera-
tor with respect to this perturbation should be obtained, like it is
done in Sec. IV for the kind of perturbation we consider. Similar
estimates have been achieved in Ref. 5. Unfortunately, the conver-
gence of these estimates in Ref. 5 is in the L2 topology, which is not
sufficient for our purposes (see Remark 18 for an explanation on
why L2 is not a good space in order to consider getting spectral gap
for the transfer operator, and, hence, apply our strategy for the opti-
mal response when the phase space is Rd and, hence, not compact).
However, such a result indicates that with some further work, the
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goal of fitting this kind of perturbations in our framework for the
optimal response is achievable.

A. Overview of the paper

The remainder of this paper is organized as follows. In Sec. III,
we introduce the transfer operator associated with the SDE (1)
[see (9)]. In particular, it is a kernel operator on the non-compact
phase space Rd. Then, we define suitable spaces for this operator.
Specifically, we let the transfer operator act on L1(Rd) and on a
“stronger” space, constructed using a space we denote by B, which
consists of L1(Rd) densities that decay at infinity with a prescribed
speed and are also in L2 on the domain D where the perturbations
are applied. The choice of the L2 topology in this domain is moti-
vated by optimization purposes, which are simplified when working
on a Hilbert space. The prescribed decay at infinity will be use-
ful in obtaining suitable compactness properties, which will imply
that the transfer operator, when considered on the strong space, has
a spectral gap (see Lemma 14) and strong mixing properties (see
Proposition 17).

In Sec. IV, we define and study the perturbations we intend to
apply to our system. We show that the perturbed operators also have
a spectral gap, and we prove a linear response statement for these
systems and perturbations (see Theorem 25).

In Sec. V, we consider an observable in L∞(Rd, R) and explore
the problem of finding the optimal perturbation that maximizes the
rate of change of the expectation of the observable. We formalize the
optimization problem in Problem 27 and prove that it has a unique
solution (see Proposition 28). Moreover, we describe a numerical
approach to approximate the unique solution in the case where the
set of feasible perturbations is a ball in a suitable Hilbert space.

In Sec. VI, we apply the algorithm to illustrate the optimal per-
turbation on some examples. In particular, we consider a gradient
system SDE with a symmetric double-well potential. Then, via a
finite difference method, we numerically approximate the solution
of the optimization problem for a smooth observable given by the
probability density function (PDF) of a Gaussian random variable.

Finally, there is an Appendix stating some well-known results
of convex optimization that we have extensively used in Sec. V.

III. TRANSFER OPERATOR AND BANACH SPACES

A. The Kolmogorov operator and the transfer operator

In this section, we define the transfer operator associated with
the evolution of the SDE considered at time t = 1 and state/prove
some basic properties of these operators. We will extensively use the
density κ(x, y) (as Remark 2 says, we drop the subscript t) and its
properties given by Theorem 1.

Definition 3. The Kolmogorov operator P : L∞(Rd)

→ C0(Rd) associated with the system (1) at time t = 1 is defined
as follows. Let φ ∈ L∞(Rd), then for all x ∈ Rd, we set

(Pφ)(x) := E[φ(Xx
1)],

where Xx
1 is the solution at time t = 1 of SDE (1) with initial

condition x.

The solution Xx
1, thanks to Theorem 1, has a density κ(x, y),

and, thus, we have

(Pφ)(x) =
∫

Rd
φ(y)κ(x, y)dy.

By this, we see that

‖Pφ‖∞ ≤ ‖φ‖∞. (7)

If ν is a Borel signed measure on Rd,
∫

Rd
(Pφ)(x)dν(x) =

∫

Rd

∫

Rd
φ(y)κ(x, y)dydν(x),

supposing that ν has a density with respect to the Lebesgue measure
f ∈ L1(Rd), i.e., dν = f(x)dx. We can, thus, write

∫

Rd
(Pφ)(x)dν(x) =

∫

Rd
φ(y)

(∫

Rd
κ(x, y)f(x)dx

)

dy. (8)

Now we define the transfer operator L : L1(Rd) → L1(Rd) associ-
ated with the evolution of the system at time t = 1.

Definition 4 (Transfer operator). Given f ∈ L1(Rd), we
define the measurable function Lf : Rd → Rd as follows. For almost
each y ∈ Rd, let

[Lf](y) :=
∫

κ(x, y)f(x)dx. (9)

Remark 5. We will show that this operator has a unique
invariant density fµ, satisfying fµ = Lfµ. This function fµ is the
density of the stationary measure µ associated with SDE (1) (see
Proposition 15).

By (8), we now get the duality relation between the Kolmogorov
and the transfer operator,

∫

(Pφ)(x)dν(x) =
∫

φ(y)[Lf](y)dy. (10)

The following are some well-known and basic facts about integral
operators with kernels κ in Lp, which will be useful:

• If κ ∈ L2, the operator L : L2 → L2 is bounded and
∥

∥Lf
∥

∥

2
≤ ‖κ‖2

∥

∥f
∥

∥

2
(11)

(see Proposition 4.7 in II.§ 419).
• If κ ∈ L∞, then

∥

∥Lf
∥

∥

∞ ≤ ‖κ‖∞
∥

∥f
∥

∥

1
, (12)

and the operator L : L1 → L∞ is bounded.

Now, we discuss the properties of the transfer operator on the
space L1.

Lemma 6. The operator L preserves the integral and is a weak
contraction with respect to the L1 norm.

Proof. The first statement directly follows from (10) setting
φ = 1. For the second, we can work similarly using (7) and (10) with

φ = [Lf]

|[Lf]| . �

Remark 7. Since L is a positive operator, we also get that L is
a Markov operator having kernel κ .

Finally, in Sec. III B, we define/construct the strong space that
we want to study the operator L on.
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B. Functional spaces

In this section, we construct spaces which are suitable to obtain
spectral gap on non-compact domains for the action of the transfer
operator associated with the system.

The spaces we consider consist of densities whose behavior far
away from the origin is controlled using certain weight functions
going to ∞ at infinity, following the approach of Ref. 17.

Let α > 0 and define the weight function

ρα (|x|) =
(

1 + |x|2
)α/2

. (13)

Let L1
α

(

Rd
)

be the space of Lebesgue measurable f : Rd → R such
that

∥

∥f
∥

∥

L1
α(Rd)

:=
∫

Rd
ρα (|x|)

∣

∣f (x)
∣

∣ dx < ∞.

Note that, L1
α ⊂ L1 and for f ∈ L1

α ,
∥

∥f
∥

∥

1
≤

∥

∥f
∥

∥

L1
α
. Moreover, for

α = 0, L1
0 = L1.

Remark 8. Throughout the article, we denote the L1, L2, and
L∞ norms by ‖·‖1 , ‖·‖2, and ‖·‖∞, respectively.

For a Borel subset S ⊆ Rd, let us define

osc(f, S) = ess supx∈Sf − ess infx∈Sf.

Let ψ be a Radon probability measure on Rd and assume that:

(Aψ1) ψ is absolutely continuous with respect to the Lebesgue mea-
sure, having a continuous bounded density ψ ′ such that
ψ ′ > 0 everywhere.

With such a probability measure satisfying (Aψ1), define a
norm ‖·‖BVα for f ∈ L1

α(R
d) by setting

∥

∥f
∥

∥

BVα
:=

∥

∥f
∥

∥

L1
α(Rd)

+ sup
ε∈(0,1]

ε−1

∫

Rd
osc

(

f, Bε (x)
)

dψ(x), (14)

where Bε(x) denotes the ball in Rd with center x and radius ε. Being
the sum of a norm and a seminorm, ‖·‖BVα indeed defines a norm
and the following space is a Banach space see Ref. 21, Proposition
3.3 (In Refs. 20 and 21, these spaces have been studied extensively
and in more general form as well.):

BVα(R
d) =

{

f ∈ L1
α :

∥

∥f
∥

∥

BVα
< ∞

}

.

The presence of the measure ψ in the definition of the oscillatory
seminorm is necessary to treat the case when we have a non-compact
domain, which in this case is Rd. Instead, if the domain was compact,
one could simply take ψ = 1.

Finally, to define the strong space, let D be a compact set in
Rd. In what follows, D is the set where we allow perturbations in
our system. Accordingly, we define a suitable norm, adapted to such
perturbations, as follows:

∥

∥f
∥

∥

s
:=

∥

∥f
∥

∥

L1
2
+

∥

∥1Df
∥

∥

2
. (15)

We define the strong space of densities as follows, equipped
with the norm ‖·‖s:

B :=
{

f ∈ L1
2

(

Rd
)

,
∥

∥f
∥

∥

s
< ∞

}

. (16)

The following results from Ref. 17 will be useful to prove the
compact inclusion of the strong space B in L1 and, ultimately, the
spectral gap.

Proposition 9. BVα

(

Rd
)

↪→ L1
(

Rd
)

is a compact
embedding.

Lemma 10. There exist constants A, B > 0 and λ ∈ (0, 1) such
that

∥

∥Lnf
∥

∥

L1
2

≤ Aλn
∥

∥f
∥

∥

L1
2
+ B

∥

∥f
∥

∥

1
(17)

for every f ∈ L1
2 and every n ∈ N.

Lemma 11. For every t > 0, L is bounded linear from L1 to
C1; in particular, there exists C > 0 such that

∥

∥Lf
∥

∥

C1 ≤ C
∥

∥f
∥

∥

1
. (18)

Moreover, if f ∈ L1
2, then

∥

∥Lf
∥

∥

BV2
≤ C

∥

∥f
∥

∥

L1
2

. (19)

The proofs of Proposition 9, Lemma 10, and Lemma 11 can
be found in Theorem 16, Lemma 19, and Lemma 20 of Ref. 17,
respectively.

Now, we proceed to prove that the transfer operatorL has spec-
tral gap when acting on B, for which we need some preliminary
results like compact inclusion (Proposition 12) and Lasota–Yorke
inequality (Lemma 13) etc.

By Proposition 9 and Lemma 11, we have the following:
Proposition 12. Let B be the closed unit ball in B. Then, L(B)

is a compact set in L1.
Proof. Using Proposition 9, which states that BV2 is com-

pactly embedded in L1, it suffices to prove that L(B) is a closed
and bounded set in the space BV2. By Lemma 11, for every f ∈ B,
there exists C > 0 such that

∥

∥Lf
∥

∥

BV2
≤ C

∥

∥f
∥

∥

L1
2

≤ C
∥

∥f
∥

∥

s
≤ C, which

implies L(B) is a bounded set in BV2.
To prove that L(B) is closed, let (xn)n∈N be a Cauchy sequence

in L(B). Since L(B) ⊂ BV2 and BV2 is a Banach space, there exists
x ∈ BV2 ⊂ L1 such that ‖xn − x‖BV2

→ 0. We want to show that
x ∈ L(B). Since xn ∈ L(B), there exists a sequence (yn)n∈N

∈ B such
that, for all n ∈ N,

∥

∥yn

∥

∥

s
≤ 1 and L(yn) = xn. As the unit ball B is

closed, there exists y ∈ B such that
∥

∥yn − y
∥

∥

s
→ 0. By continuity, we

have L(y) = x, which implies x ∈ L(B), completing the proof. �

Lemma 13. There exist constants A, B > 0 and λ ∈ (0, 1) such
that

∥

∥Lnf
∥

∥

s
≤ Aλn

∥

∥f
∥

∥

s
+ B

∥

∥f
∥

∥

L1 (20)

for every f ∈ B and every n ∈ N.
Proof. By Lemma 10, ∃ A1, B1 ≥ 0, λ ∈ (0, 1) such that

∥

∥Lnf
∥

∥

s
=

∥

∥Lnf
∥

∥

L1
2
+

∥

∥1DL
nf

∥

∥

2
≤A1λ

n
∥

∥f
∥

∥

L1
2
+B1

∥

∥f
∥

∥

1
+

∥

∥1DL
nf

∥

∥

2
.

Furthermore, by (12) and Lemma 6,

∥

∥1DL
nf

∥

∥

2
≤

√

m(D)
∥

∥Lnf
∥

∥

∞

≤
√

m(D) ‖κ‖∞
∥

∥Ln−1f
∥

∥

1

≤
√

m(D) ‖κ‖∞
∥

∥f
∥

∥

1
,

which leads to (20) [m(D) denotes the d-dimensional Lebesgue
measure of D]. �
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Let us define the spaces of zero-average functions in B and L1,
respectively, as

VB =
{

f ∈ B :

∫

fdm = 0

}

(21)

and

VL1 =
{

f ∈ L1 :

∫

fdm = 0

}

. (22)

In the rest of this section, we prove results on the functional
analytic properties of the operator L, namely, the existence of eigen-
values on the unit circle, the spectral gap, and the boundedness of
the resolvent. These results, along with other inferences, give us the
uniqueness of the invariant measure of the system in the strong
space and its convergence to equilibrium. To prove these results,
we extensively use the positivity of the kernel k associated with the
operator L.

Lemma 14. The transfer operatorL has spectral gap on B and
it has 1 as its simple and only eigenvalue on the unit circle.

Proof. By Lemma 6, the operator L is integral preserving,
which implies that 1 lies in the spectrum of L.

Recall that, by Lemmas 6 and 13, the operator L satisfies the
hypothesis of Hennion theorem (see Ref. 22, Theorem B.14), which
implies that the operator is quasi-compact, which, in turn, implies
that it has spectral gap on B. Consequently, 1 is an eigenvalue of L.

Now, we want to prove that 1 is the unique eigenvalue of L
on the unit circle. Let us suppose, to the contrary, that there exists
an eigenvalue θ 6= 1 such that |θ | = 1. Accordingly, there exists a
corresponding eigenvector fθ ∈ B, that is,

Lfθ = θ fθ .

Then, for any n ∈ N,
∥

∥Ln+1fθ − Lnfθ
∥

∥

1
=

∥

∥θnLfθ − θnfθ
∥

∥

1

=
∥

∥Lfθ − fθ
∥

∥

1
.

Since L preserves the integral (Lemma 6), we have
∫

(Lfθ − fθ ) =
∫

Lfθ −
∫

fθ =
∫

fθ −
∫

fθ = 0.

This implies Lfθ − fθ ( 6= 0) ∈ VB . Then, since the kernel k is posi-
tive (by Theorem 1), we get

∥

∥Ln(Lfθ − fθ )
∥

∥

1
<

∥

∥Ln−1(Lfθ − fθ )
∥

∥

1
<

∥

∥Lfθ − fθ
∥

∥

1
.

This contradicts the earlier calculation. Hence, 1 is the only eigen-
value of L on the unit circle.

Now, to show that 1 is a simple eigenvalue, let u, v ∈ B be two
distinct eigenvectors corresponding to the eigenvalue 1. Then,

Lu = u, Lv = v.

Since u and v are fixed points of L, u − v is also a fixed point
of L and, hence, an invariant measure. Notice that

∫

u − v =
∫

u
−

∫

v = 0, which implies u − v ∈ VB . Again, since k is positive,
we have ‖L(u − v)‖s < ‖u − v‖s, which contradicts the fact that
u − v is a fixed point. Consequently, 1 is a simple eigenvalue of L
on B. �

A first direct consequence of Lemma 14 is the uniqueness of the
invariant probability measure of L.

Proposition 15. The operator has a unique invariant proba-
bility density f ∈ B, hence satisfying

∫

f = 1 and Lf = f.
Remark 16. We remark that the unique stationary measureµ

of SDE (1) must be also invariant for L, and this must be the unique
invariant probability measure found above. This also implies that µ
has a density in the strong space B (see Remark 2). We conclude
that the unique stationary measure of the SDE is indeed equal to the
invariant measure of the transfer operator.

The spectral gap and the uniqueness of the invariant probability
measure forL imply the following two classical consequences, which
will be used later.

Proposition 17. For each f ∈ VB ,

lim
n→+∞

∥

∥Ln(f)
∥

∥

s
= 0,

and the resolvent operator (Id − L)
−1 : VB → VB is a bounded

operator.
Proof. By Lemma 14 and the fact that the operator is positive

and integral preserving, we get that L : B → B has spectral gap,
which implies it can be decomposed as

L = 5+ Q,

where 5 is the projection operator onto the one-dimensional
eigenspace corresponding to the eigenvalue 1, and the spectral
radius of Q is strictly less than 1, that is ‖Q‖s < 1.

Furthermore, for f ∈ VB we have Lnf = Qnf, and
∥

∥Qnf
∥

∥

s
≤ ‖Qn‖s

∥

∥f
∥

∥

s
≤ Ce−λn

∥

∥f
∥

∥

s

for some C ≥ 0 and λ ∈ (0, 1). The first claim follows directly by
this estimate. The second claim also follows from the estimate, since
the resolvent operator (Id − L)

−1 : VB → VB can be written as
(Id − L)

−1 = ∑∞
n=0 L|nVB

. �

Remark 18. We have seen that the transfer operator is quasi-
compact when acting on L1

2. In this remark, we discuss the optimality
of the result and the importance of L1

2 to obtain such a result, show-
ing that the transfer operator neither always have a spectral gap on
L2, nor is always a compact operator on L1

2 and hence we cannot rely
on a simple spectral perturbation theory for such operators.

For simplicity let us illustrate this in the particularly simple, but
meaningful case where d = 1 and b(x) = −x.

We, hence, have the following SDE on the real line:

dXt = −Xt dt + dWt.

We will exploit the fact that for such an SDE there are explicit formu-
las for the evolution of densities through the transfer operator (see,
e.g., Ref. 23) when the initial condition is distributed as a Gaussian.

It is well known, in fact, that if for such an SDE, the initial
condition is

X0 ∼ N (µ0, σ
2
0 ),

then Xt has Gaussian distribution for all t ≥ 0, i.e.,

Xt ∼ N
(

µ(t), σ 2(t)
)

,

where the average is

µ(t) = E[Xt] = µ0e
−t,
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and the variance is

σ 2(t) = Var(Xt) = σ 2
0 e−2t + 1

2

(

1 − e−2t
)

.

Let VL2 = {f ∈ L2 :
∫

fdm = 0}. By a reasoning similar to the
one done in the proof of Lemma 14 and Proposition 17, if the trans-
fer operator L had a spectral gap on L2, there was an iterate Ln0 with
n0 big enough such that ||Ln0 |V

L2 ||2 ≤ 1
2
. Let xn ∈ R be a sequence

of points of the type xn = 2en, and let us consider a sequence of
L2 distributions in the unit sphere fn = N (xn ,1)−N (−xn ,1)

||N (xn ,1)−N (−xn ,1)||2 . Now, n0

big enough corresponds to t large enough in the Fokker–Planck
equation, leading to the fact that Ln0(fn) is the difference of
two Gaussian distributions with variance which is smaller than
1 while the two averages diverge as n → ∞. We have then that

limn→∞
||Ln0 (fn)||2

||fn||2 ≥ 1, contradicting spectral gap.

Similarly, we can remark that L is not, in general, a com-
pact operator when acting on L1

2 by noting that the sequence gn =
N (xn ,1)

||N (xn ,1)||
L1
2

is a bounded sequence such that Lgn has no converging

subsequences.

IV. PERTURBATIONS AND LINEAR RESPONSE

From now on, we denote the original transfer operator L

defined above by L0.
As mentioned in Sec. I, to perturb the initial stochastic differ-

ential equation (1) that we began with, we perturb the associated
transfer operator L0 (defined in Sec. III). Since the transfer operator
L0 associated with a time discretization t of the system is a kernel
operator [see Theorem 1 and Eq. (9)], we perturb the operator by
perturbing the associated kernel. We would like to emphasize the
fact that this method of perturbation has the limitation that the per-
turbed system may not correspond to a SDE. Rather, it signifies a
“local” change in the initial SDE, whose nature is independent of the
SDE model.

The local kernel perturbations are conducted in the following
way:

Let D ⊂ Rd be a compact set, and let δ̄ > 0 be given, then for
every δ ∈ [0, δ̄), define the family κδ ∈ L2(D × D) of kernels as

κδ = κ0 + δ · κ̇ + rδ , (23)

where κ̇ , rδ ∈ L2(D × D) with ‖rδ‖2 = o(δ).
Finally, define the linear operators (Hilbert–Schmidt integral

operators) L̇, Lδ : L1 → L1 by

L̇f(y) :=
∫

κ̇(x, y)f(x)dx, (24)

Lδ f(y) :=
∫

κδ(x, y)f(x)dx. (25)

Let us assume that the operators Lδ are integral preserving for every
δ ∈ [0, δ̄), that is, for each g ∈ L1,

∫

Lδg dm =
∫

g dm,

where m is the Lebesgue measure.

Lemma 19. For δ ∈ [0, δ̄), the operator Lδ is integral preserv-
ing if and only if both κ̇ and rδ are zero average in y direction, that is,
for almost each x,

∫

κ̇(x, y)dy =
∫

rδ(x, y)dy = 0.
Proof. The converse part is straightforward; therefore, we

prove the forward implication. Lδ is integral preserving if and only
if, for every g ∈ L1,

∫

g dm =
∫

Lδg dm

=
∫ ∫

κδ(x, y)g(x) dxdy

=
∫ ∫

(κ0 + δκ̇ + rδ)(x, y)g(x) dxdy

=
∫ ∫

κ0(x, y)g(x) dxdy +
∫ ∫

(δκ̇ + rδ)(x, y)g(x) dxdy

=
∫ ∫

g(x) dxdy +
∫ ∫

(δκ̇ + rδ)(x, y)g(x) dxdy.

Thus, the above equality reduces to, for every g ∈ L1,

∫ ∫

(δκ̇ + rδ)(x, y)g(x) dxdy = 0 =
∫ ∫

(δκ̇ + rδ)(x, y)g(x) dydx.

Hence, for almost every x ∈ Rd,

0 =
∫

(δκ̇ + rδ)(x, y)g(x) dy =
∫

δκ̇(x, y)g(x) dy +
∫

rδ(x, y)g(x) dy.

That is,

∫

κ̇(x, y)g(x) dy = −
∫

rδ

δ
(x, y)g(x) dy.

Taking limit δ → 0 both sides, we get

lim
δ→0

∫

κ̇(x, y)g(x) dy = − lim
δ→0

∫

rδ

δ
(x, y)g(x). dy = 0.

Since so is true for all g ∈ L1, we get that for almost all x ∈ Rd,
∫

κ̇(x, y)dy = 0, which implies
∫

rδ(x, y) dy = 0. �

Now recall that by Proposition 15, there exists an invariant den-
sity f0 ∈ B (the eigenvector corresponding to the eigenvalue 1) of
the operator L0. Consequently, we have the following lemma.

Lemma 20. The operators L̇ and Lδ restricted to the strong
space B satisfy the following limit:

lim
δ→0

∥

∥

∥

∥

Lδ − L0

δ
f0 − L̇f0

∥

∥

∥

∥

s

= 0,

where f0 is the invariant density for the operator L0.
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Proof. By definition,
∥

∥

∥

∥

Lδ − L0

δ
f0 − L̇f0

∥

∥

∥

∥

s

=
∥

∥

∥

∥

∫

κδ(x, y)− κ0(x, y)

δ
f0(x) dx −

∫

κ̇(x, y)f0(x) dx

∥

∥

∥

∥

s

=
∥

∥

∥

∥

∫

rδ(x, y)

δ
f0(x) dx

∥

∥

∥

∥

s

=
∥

∥

∥

∥

∫

rδ(x, y)

δ
f0(x) dx

∥

∥

∥

∥

L1
2

+
∥

∥

∥

∥

1D

∫

rδ(x, y)

δ
f0(x) dx

∥

∥

∥

∥

2

.

Now using Holder’s inequality and the fact that rδ has compact
support, there exists C > 0 such that

∥

∥

∥

∥

Lδ − L0

δ
f0 − L̇f0

∥

∥

∥

∥

s

≤ ‖1Dρ2‖2

∥

∥

∥

∥

∫

rδ(x, y)

δ
f0(x) dx

∥

∥

∥

∥

2

+
∥

∥

∥

∥

∫

rδ(x, y)

δ
f0(x) dx

∥

∥

∥

∥

2

≤ (‖1Dρ2‖2 + 1)

∥

∥

∥

∥

∫

rδ(x, y)

δ
f0(x) dx

∥

∥

∥

∥

2

≤ (‖1Dρ2‖2 + 1)
∥

∥1Df0
∥

∥

2

∥

∥

∥

rδ

δ

∥

∥

∥

2

≤ C

δ

∥

∥1Df0
∥

∥

2
→ 0,

where ρ2 is as described in (13), C > 0 is some constant, and the
second last inequality comes from (11). �

The above lemma implies that the operator L̇ can be thought of
as the derivative, with respect to δ, of the operator Lδ . Now, we are
interested to consider the linear response of our systems to such per-
turbations. However, first, let us understand how close the perturbed
operators Lδ are to the initial operator L0.

Lemma 21. Let Lδ be a family of transfer operators associated
with the kernels κδ as before. Then, there exist constants δ, C ≥ 0 such
that for each δ ∈ [0, δ),

‖L0 − Lδ‖B→L1 ≤ Cδ. (26)

Proof. Let f ∈ B be such that
∥

∥f
∥

∥

s
≤ 1. Since δκ̇ + rδ is com-

pactly supported on D × D, it implies that (δκ̇ + rδ)f is also
compactly supported in D. Using the fact that inside set D, by
Cauchy–Schwartz inequality, the norms satisfy ‖·‖1 ≤ C1 ‖·‖2, for
some C1 > 0, we have

∥

∥(Lδ − L0)f
∥

∥

1
=

∥

∥

∥

∥

∫

(δκ̇ + rδ)(x, y)f(x)dx

∥

∥

∥

∥

1

≤ C1

∥

∥

∥

∥

∫

(δκ̇ + rδ)(x, y)f(x)dx

∥

∥

∥

∥

2

= C1

∥

∥

∥

∥

δL̇f +
∫

rδ(x, y)f(x)dx

∥

∥

∥

∥

2

≤ δC1 ‖κ̇‖2

∥

∥f|D
∥

∥

2
+ C1 ‖rδ‖2

∥

∥f|D
∥

∥

2
,

where we have used that κ̇ , rδ ∈ L2(D × D) and in the last inequal-
ity, we used (11). Since ||rδ||2 = o(δ), there exists C > 0 such that

‖δC1κ̇ + C1rδ‖2 ≤ Cδ. Finally, using
∥

∥f|D
∥

∥

2
≤

∥

∥f
∥

∥

s
≤ 1, we have the

result. �

To obtain a result on linear response, we need the perturbed
operators to possess certain properties, such as the Lasota–Yorke
inequality, the existence of an invariant density, and a bounded
resolvent. We prove these properties in the following lemmas.

Lemma 22. Let Lδ be the family of transfer operators associ-
ated with the kernels κδ as above. Then, there exist constants A, B, δ >
0, λ < 1 such that for each δ ∈ [0, δ), n ≥ 0,

∥

∥Ln
δ f

∥

∥

s
≤ Aλn

∥

∥f
∥

∥

s
+ B

∥

∥f
∥

∥

1
. (27)

Proof. We have that
∥

∥Lδ f − L0f
∥

∥

s

=
∥

∥

∥

∥

L0f + δ

∫

κ̇(x, y)f(x)dx +
∫

rδ(x, y)f(x) dx − L0f

∥

∥

∥

∥

s

=
∥

∥

∥

∥

∫

(δκ̇(x, y)+ rδ(x, y))f(x)dx

∥

∥

∥

∥

s

≤
∥

∥

∥

∥

∫

(δκ̇ + rδ) f(x)dx

∥

∥

∥

∥

L1
2

+
∥

∥

∥

∥

1D

∫

(δκ̇ + rδ)f(x)dx

∥

∥

∥

∥

2

≤ (‖1Dρ2‖2 + 1)

∥

∥

∥

∥

∫

(δκ̇ + rδ)f(x)dx

∥

∥

∥

∥

2

,

where in the last inequality, we have used Holder’s inequality and
the fact that κ̇(x, y) and rδ(x, y) are supported only in D. Now, using
(11) and the fact that ‖rδ‖2 = o(δ), there exists C1 > 0 such that

∥

∥Lδ f − L0f
∥

∥

s
≤ δC1

∥

∥1Df
∥

∥

2
≤ δC1

∥

∥f
∥

∥

s
. (28)

Hence, there exists C(n) ≥ 0 (depending on n) such that
∥

∥Ln
δ f − Ln

0 f
∥

∥

s
≤ δC(n)

∥

∥f
∥

∥

s
.

By Theorem 13,
∥

∥Ln
δ f

∥

∥

s
≤

∥

∥Ln
δ f − Ln

0 f
∥

∥

s
+

∥

∥Ln
0 f

∥

∥

s

≤
∥

∥Ln
0 f

∥

∥

s
+ δC(n)

∥

∥f
∥

∥

s

≤ Aλn
∥

∥f
∥

∥

s
+ B

∥

∥f
∥

∥

1
+ δC(n)

∥

∥f
∥

∥

s

≤ (Aλn + δC(n))
∥

∥f
∥

∥

s
+ B

∥

∥f
∥

∥

1
.

Taking n1 large enough, so that Aλn1 ≤ 1
3

and δ ∈ [0, δ̄) so

small such that δC(n1) ≤ 1
3
, we get

∥

∥L
n1
δ f

∥

∥

s
≤ 2

3

∥

∥f
∥

∥

s
+ B

∥

∥f
∥

∥

1
.

Then, for every m ∈ N, we get

∥

∥L
mn1
δ f

∥

∥

s
≤

(

2

3

)m
∥

∥f
∥

∥

s
+ (B + 2)

∥

∥f
∥

∥

1
.

Similarly, for any n < n1,
∥

∥L
n1+n
δ f

∥

∥

s
≤ 2

3
(3δC1 + Aλ)n

∥

∥f
∥

∥

s
+ C2

∥

∥f
∥

∥

1
, proving a uniform Lasota–Yorke inequality for Lδ . �

Proposition 23. For operators Lδ , and for δ small enough,
there exists a unique invariant density fδ ∈ B with

∫

fδ = 1, that is,
Lδ fδ = fδ .
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Proof. First, recall that for all δ ∈ [0, δ), the operators Lδ are
integral preserving, which implies that 1 lies in the spectrum of Lδ .
Indeed, consider the dual operators L∗

δ ; the fact that the operators
are integral preserving implies that the Lebesgue measure is invari-
ant for the dual operator L∗

δ . Accordingly, L∗
δ1 = 1, that is, 1 is in

the spectrum of the dual operators and, hence, in the spectrum of
operators Lδ for all δ ≥ 0.

Now, recall that by Lemma 14, 1 is the only eigenvalue of L0

on the unit circle. Observe that for every δ ∈ [0, δ̄), the operator Lδ
is a weak contraction on L1 and satisfies Lasota–Yorke inequality
(by Lemma 22). Further, using Lemma 21, and the fact that B is
compactly immersed inside L1 (Lemma 12), we get, using Ref. 24,
Theorem 1 that the isolated eigenvalues of Lδ are arbitrarily close to
that of L0, that is, the leading eigenvalue λδ of Lδ is also simple and
satisfies that

lim
δ→0

λδ = 1,

which, in turn, implies that λδ = 1 for small enough δ ∈ [0, δ̄).
Accordingly, there exists fδ ∈ B such thatLδ fδ = fδ satisfying

∫

fδ =
1 being a probability density. Note that such an invariant density is
unique. Indeed, if there exists another invariant density gδ ∈ B, then
note that

∫

(fδ − gδ) =
∫

fδ −
∫

gδ = 1 − 1 = 0, which implies
∫

|fδ − gδ| = 0 =
∥

∥fδ − gδ
∥

∥

1
.

Accordingly, using (12),
∥

∥fδ − gδ
∥

∥

∞ =
∥

∥Lδ fδ − Lδgδ
∥

∥

∞ =
∥

∥Lδ(fδ − gδ)
∥

∥

∞

≤ ‖κδ‖∞
∥

∥fδ − gδ
∥

∥

1

≤ ‖κδ‖∞
∥

∥fδ − gδ
∥

∥

1

= 0,

hence the uniqueness. �

To be able to state the linear response result, the last ingredi-
ent we need is the bounds on the resolvent of perturbed operators
and, hence, the following lemma. Recall the definition of VB and
VL1 given by (21) and (22), respectively.

Lemma 24. For δ > 0 small enough, the resolvent operators
of the perturbed operators Lδ , given by (Id − Lδ)

−1, are well-defined
and satisfy

∥

∥(Id − Lδ)
−1
)
∥

∥

VB→V
L1
< +∞

and

lim
δ→0

∥

∥(Id − Lδ)
−1 − (Id − Lδ)

−1
∥

∥

VB→V
L1

= 0.

Proof. Note that operators Lδ are weak contractions on L1, sat-
isfy Lasota–Yorke inequality (by Lemma 22), and, by the fact that
‖L0 − Lδ‖B→L1 ≤ Cδ (by Lemma21), we can use Ref. 24, Theorem
1 to get the result. �

Finally, we can state a response result adapted to our kind of
systems and perturbations.

Theorem 25. For the operators Lδ , for δ > 0 small enough, we
have linear response, that is,

lim
δ→0

∥

∥

∥

∥

fδ − f0

δ
− (Id − L0)

−1
L̇f0

∥

∥

∥

∥

1

= 0.

Though, in this work, we consider operators that are not nec-
essarily positive, the proof of the above statement is similar to
many other linear response results (see, e.g., Ref. 13, Theorem 12,
Appendix A). We include it for completeness.

Proof. By Proposition 23, we know that for each δ ∈ [0, δ̄), the
operator Lδ has a fixed point fδ . Accordingly, we get

(Id − Lδ)
fδ − f0

δ
= fδ − f0

δ
− Lδ fδ − Lδ f0

δ

= −f0 + Lδ f0

δ

= 1

δ
(Lδ − L0)f0.

By the preservation of integral, for each δ, Lδ preserves VB . Since
for all δ > 0, Lδ−L0

δ
f0 ∈ VB and by Lemma 24, for δ small enough,

(Id − Lδ)
−1 : VB → VL1 is a uniformly bounded operator. Accord-

ingly, we can apply the resolvent to both sides of the expression
above to get

(Id − Lδ)
−1
(Id − Lδ)

fδ − f0

δ

= (Id − Lδ)
−1 Lδ − L0

δ
f0 (29)

=
[

(

Id − Lδ
)−1 − (Id − L0)

−1 + (Id − L0)
−1

] Lδ − L0

δ
f0.

(30)

Since, by Lemma 24,
∥

∥(Id − Lδ)
−1 − (Id − L0)

−1
∥

∥

VB→V
L1

→ 0, we

have
∥

∥

∥

∥

[(Id − Lδ)
−1 − (Id − L0)

−1]
Lδ − L0

δ
f0

∥

∥

∥

∥

L1

≤
∥

∥(Id − Lδ)
−1 − (Id − L0)

−1
∥

∥

VB→V
L1

∥

∥

∥

∥

Lδ − L0

δ
f0

∥

∥

∥

∥

s

→ 0.

Further, Lemma 20 implies that limδ→0
Lδ−L0

δ
f0 converges in VB ;

then, (29) implies that

0 = lim
δ→0

∥

∥

∥

∥

fδ − f0

δ
− (Id − L0)

−1 Lδ − L0

δ
f0

∥

∥

∥

∥

L1

= lim
δ→0

∥

∥

∥

∥

fδ − f0

δ
− (Id − L0)

−1
(L̇f0)

∥

∥

∥

∥

L1

.

�

V. OPTIMIZATION OF RESPONSE

A. Optimization of the expectation of an observable

Consider the set P ⊂ L2(D × D) of allowed infinitesimal per-
turbations κ̇ (as described in Sec. IV) to the kernel κ0. Fix an
observable φ ∈ L∞; we are interested in finding, from the set of
allowed perturbations, an optimal perturbation κ̇opt that maximizes
the rate of change of the expectation of φ. To perform the optimiza-
tion, we assume that P is a bounded, closed, and convex subset of the
Hilbert space L2(D × D).
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We believe that the above hypotheses on P are natural; convex-
ity is so because if two different perturbations of a system are possi-
ble, then their convex combination—applying the two perturbations
with different intensities—should also be possible.

Let φ ∈ L∞(Rd, R) be an observable. If φ were the indicator
function of a certain set, for example, one could control the invariant
density toward the support of φ.

Given a family of kernels κδ = κ0 + δκ̇ + rδ (as in Lemma 20)
with associated transfer operators Lδ and invariant densities fκ̇ ,δ , we
denote the response of the system to κ̇ by

R(κ̇) = lim
δ→0

fκ̇ ,δ − f0

δ
. (31)

This limit converges in L1 as proved in Theorem 25.
Lemma 26. The operator R : L2(D × D) → L1 defined in (31)

is continuous.
Proof. Using Theorem 25, we have

R(κ̇) = lim
δ→0

fκ̇ ,δ − f0

δ
= (Id − L0)

−1
L̇f0,

which implies that

‖R(κ̇)‖1 ≤ ‖R(κ̇)‖s ≤
∥

∥(Id − L0)
−1

∥

∥

s

∥

∥L̇f0
∥

∥

s
.

Thanks to Proposition 17, operator (Id − L0)
−1 is bounded, and,

thus,
∥

∥(Id − L0)
−1

∥

∥

s
is finite. Consider the following:

∥

∥L̇f0
∥

∥

s
=

∥

∥

∥

∥

∫

κ̇(x, y)f0(x)dx

∥

∥

∥

∥

s

=
∥

∥

∥

∥

∫

κ̇(x, y)f0(x)dx

∥

∥

∥

∥

L1
2

+
∥

∥

∥

∥

1D

∫

κ̇(x, y)f0(x)dx

∥

∥

∥

∥

2

.

Using Holder’s inequality and the fact that κ̇ has compact support,
we get

∥

∥

∥

∥

∫

κ̇(x, y)f0(x)dx

∥

∥

∥

∥

L1
2

≤ ‖1Dρ2‖2

∥

∥

∥

∥

∫

κ̇(x, y)f0(x)dx

∥

∥

∥

∥

2

,

where ρ2 is the same as given in (13). Finally, using (12) and again
the fact that κ̇ has compact support, there exists C ≥ 0 such that

∥

∥L̇f0
∥

∥

s
≤ (‖1Dρ2‖2 + 1)

∥

∥

∥

∥

∫

κ̇(x, y)f0(x)dx

∥

∥

∥

∥

2

≤ (‖1Dρ2‖2 + 1)
∥

∥1Df0
∥

∥

2
‖κ̇‖2

≤ C
∥

∥1Df0
∥

∥

2

≤ C
∥

∥f0
∥

∥

s
.

The above calculation implies the operator R is bounded and, hence,
continuous. �

Under our assumptions, since φ ∈ L∞, we easily get

lim
δ→0

∫

φ(x)fδ(x) dx −
∫

φ(x)f0(x) dx

δ
=

∫

φ(x)R(κ̇)(x) dx. (32)

Hence, the rate of change of the expectation of φ with respect to
δ is given by the linear response of the system under the given per-
turbation. To take advantage of the general results of the Appendix,

we perform the optimization of κ̇ over the closed, bounded, and con-
vex subset P of the Hilbert space H = L2(D × D) containing the zero
perturbation. To maximize the RHS of (32), we set

J (κ̇) := −
∫

φ(x) · R(κ̇)(x) dx

and consider the following problem:
Problem 27. Find the solution κ̇opt to

max
{

J (κ̇) : κ̇ ∈ L2(D × D), ‖κ̇‖2 ≤ 1
}

. (33)

To answer the above problem, we state a rather general follow-
ing result:

Proposition 28. Let P ⊂ L2 be a closed, bounded, and strictly
convex set such that its relative interior contains the zero vector. If J
is not uniformly vanishing on P, then the problem

max {J (κ̇) : κ̇ ∈ P}
has a unique solution.

Proof. The linearity of R from Lemma 26 implies that the
function κ̇ 7→

∫

φ(x)R(κ̇)(x)dx is continuous. Since P satisfies
the hypothesis, we can apply Propositions 30 and 31 to get the
result. �

Finally, to address Problem 27, note that the perturbations κ̇ lie
in the closed unit ball of L2(D × D), which is a closed, bounded, and
a strictly convex set having the zero vector in its interior. Thus, we
get the unique kernel perturbation κ̇opt using Proposition 28.

B. Numerical scheme for the approximation of the

optimal perturbation

In this section, we present a simple numerical recipe to obtain
a Fourier approximation of the optimal perturbation κ̇opt in Prob-
lem 27. Similar methods based on Fourier approximation on suitable
Hilbert spaces were used in Refs. 13 and 25.

By Lemma 26, and the fact that φ ∈ L∞, we obtained in the
proof of Proposition 28 that J : L2(D × D) → R is continuous.
Thus, L2(D × D) being a Hilbert space, by using Riesz’s represen-
tation theorem, there exists g ∈ L2 such that

J (κ̇) = 〈g, κ̇〉,
which implies that

κ̇opt = g
∥

∥g
∥

∥

2

.

Now we state how to approximate g by computing its Fourier
coefficients. Consider an orthonormal basis {hi}i∈N of L2(D × D)
(One can consider the basis consisting of indicator functions, or that
of Hermite polynomials, etc.) and define

Gi = 〈g, hi〉 = J (hi) =
∫

φ dR(hi).

We have then that the sequence6n
i=0Gihi converges to g as n → ∞.

VI. NUMERICAL EXPERIMENTS

In this section, we present numerical experiments related to
Problem 27.
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We find the optimal infinitesimal perturbation that maximizes
the expected value of an observable, as discussed in Sec. V A. We will
consider a suitable SDE on the real line and on this simple exam-
ple, we search for the optimal perturbation in order to maximize the
increase of a certain observable.

Specifically, in Sec. VI A, we present and describe the details
of the gradient SDE that will express the dynamics of each of our
experiments. Section VI B is aimed at describing a classical finite
difference method used to solve the partial derivative equation
of the parabolic type that identifies the solution law of the SDE.
Section VI C presents how to numerically find the solution to the
problem presented in Sec. V B. Finally, Sec. VI D presents and
explains the results of our experiments. They consist of taking
observables as probability density functions of Gaussian variables:
symmetric with respect to the domain in the first case and asym-
metric in the second.

A. Gradient system and Fokker–Planck equation

We consider, for a noise intensity, ε > 0 and a final time T > 0,
the SDE given by

dYx
t = −V′ (Yx

t

)

dt + εdWt, t ∈ (0, T),

Yx
0 = x,

(34)

where V(y) = y4

4
− y2

2
is a symmetric double-well potential. (Wt)t

denotes a Brownian Motion (BM) and x ∈ R is a deterministic ini-
tial condition. The final time T > 0 will be the time in which we
investigate the optimal response in Sec. VI C. In other words, we
will numerically investigate the properties of the transfer operator
associated with the evolution of the SDE from time t = 0 to time
t = T.

This SDE, which belongs to the class of gradient systems, is
often used to describe bistability in many applications, such as phase
separation in physics or abrupt climate shifts in paleoclimate stud-
ies. If ε = 0, the dynamical system given by (34) presents three fixed
points: ±1 and 0. The former are asymptotically stable and corre-
spond to the minimum points of V; the latter is unstable, since it
corresponds to a local maximum point of V.

Considering the case ε > 0, the existence and uniqueness of a
solution is classical. Indeed, since the drift term y 7→ y − y3 is locally
Lipschitz, SDE (34) admits, locally in time, an almost everywhere
(a.e.) continuous strong solution (see Ref. 26 for more details). Fur-
ther, since the potential V is coercive, finite time explosion of the
solution can be ruled out (Ref. 27, Theorem 3.5), resulting in the
existence and uniqueness of a strong solution (Yx

t )0≤t≤T, for any
T > 0. Furthermore, since the potential V is regular and coercive,
Hormander’s theorem assures that the law LYx

t
of Yx

t has a C∞

density y 7→ px(y, t) with respect to the Lebesgue measure on R

(see Refs. 28 and 29, Section 7). It satisfies, in the weak sense, the
Fokker–Planck equation (FPE) (Refs. 30–32)







∂tp
x − ε2

2
1yp

x + ∂y

(

pb
)

= 0, x (y, t) ∈ R × (0, T),

p(0, y) = δx(y), y ∈ R,

(35)

where b(y) = −V′(y) = y − y3 is the drift term of SDE (34) and δx

denotes the Dirac delta concentrated in x. Note that, given the final
time T > 0, which is the same time at which we investigate the lin-
ear response, the kernel κ(x, y) defining the transfer operator L0 is
given by

κ(x, y) := px(y, T).

A numerical approximation of the kernel is represented in Fig. 1(a),
obtained for T = 1 and ε = 0.25. Given an initial condition x, the
probability density function (PDF) p is concentrated around either 1

FIG. 1. Numerical approximation for (a) kernel κ(x, y) = px(y, T), where p is a solution of the FPE (36), and (b) invariant density for the transfer operator L0. The final
time is T = 1, the noise intensity is ε = 0.25, and the domain is� = (−2, 2), while the mesh sizes are1x = 1x = 2 × 10−3. (a) Kernel (x, y) 7→ κ(x, y). (b) Invariant
density for L0.
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or −1, depending on the sign of the initial condition. This bistability
is clear also in Fig. 1(b), which depicts the invariant density f0 for
L0. In fact, it is symmetric, with two maximum points in ±1. In
Sec. VI B, we are going to describe our numerical approximation for
the solution of the FPE and how to use it to study the linear response
problem.

B. Finite difference method for the Fokker–Planck

equation

We apply an implicit finite difference (FD) method33,34 to
approximate the solution of the parabolic problem (35) in the finite
domain�× (0, T) = (−a, a)× (0, T), with the constraint to choose
a sufficiently large a > 0 such that p, which describes a PDF, is neg-
ligible on �c. FPE (35) is a second-order parabolic PDE, and to
consider a solution, we need to complete it with boundary condi-
tions at the end of the domain �. We choose reflecting boundary
conditions, which means that no probability mass can escape the
domain� = (−a, a).30 This leads to







































∂tp
x − ε2

2
1yp

x + ∂y

(

pb
)

= 0, (y, t) ∈ �× (0, T),

ε2

2
∂yp(−a, t)− p(−a, t)b(−y) = 0, t > 0,

ε2

2
∂yp(a, t)− p(a, t)b(y) = 0, t > 0,

p(0, y) = δx(y), y ∈ �.

(36)

First, we consider a uniform mesh of the space and time
domain, i.e., we fix

yi := −a + i1y, i = 0, . . . , m, 1y = 2a

n

and

tj := j1t, j = 0, . . . , m, 1t = T

m
,

where n, m > 0 determine the number of points in the meshes. We
denote by

pij := u(yi, tj), i = 0, . . . , n, j = 0, . . . , m,

the numerical approximation for the solution of (36). Similarly, we
set

bi = b(xi), i = 0, . . . , n.

Second, we use the centered formula to approximate the second
derivative, i.e.,

1yp|(y,t)=(yi ,tj) ≈ pi−1,j+1 − 2pi,j+1 + pi+1,j+1

1x2
,

and a centered difference for the first derivative

∂y(pb)|(y,t)=(yi ,tj)
≈ pi+1,j+1bi+1 − pi−1,j+1bi−1

21x
.

Note that in the previous equations, when we are at the boundary
of �, there appear the terms p−1,j, pn+1,j, b−1, and bn+1. The former
are just auxiliary unknowns, since the solution p of the FPE is not
defined outside�× (0, T); the latter are defined as

b−1 = b(y−1), bn+1 = b(yn+1).

In addition to this, to approximate the Dirac Delta, we consider the
same mesh for the initial condition domain, i.e., we set

xl = yl, l = 0, . . . , n.

Furthermore, for each l = 0, . . . , n we approximate the Dirac Delta δxi
with the PDF fµl ,σ

2 of a Gaussian random variable with mean µl = xl

and standard deviation σ = 102 ·1x.
In conclusion, for each l > 0, the implicit FD that we apply can be written as



















































pi,j+1 − pi,j

1t
= ε

21x2

(

pi−1,j+1 − 2pi,j+1 + pi+1,j+1

)

− pi+1,j+1bi+1 − pi−1,j+1bi−1

21x
, i = 0, . . . , n, j = 1, . . . , m,

0 = ε2

2

(

p1,j − p−1,j

21x

)

− p0b0, j = 1, . . . , m,

0 = ε2

2

(

pn+1,j − pn−1,j

21x

)

− pnbn, j = 1, . . . , m,

pi,0 = fµl ,σ
(yi), i = 0, . . . , n.

(37)

C. Numerical scheme for the optimal response problem

In this section, we describe how to numerically approximate the solution of

min
{

J (κ̇) | κ̇ ∈ L2(D), ‖κ̇‖L2(D) ≤ 1
}

, (38)

where D = [−d, d] ( �. We know that, given an observable φ ∈ L∞, the optimal perturbation is given by

g =
∑+∞

r=0 Grhr
(
∑+∞

r=0 G2
r

)1/2
,
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where (hr)r denotes an orthonormal basis of L2(D × D) and

Gr =
∫

D

φ(y)(Id − L0)
−1

∫

D

hr(x, y)f0(x)dxdy.

Further, f0 denotes the invariant density for L0. In particular,
we consider as basis of L2(D × D) the sine-cosine wavelets B

defined as

B =
⋃

i≥1,j≥0

{

1√
2d

cos
(

i
π

d
x
)

· cos
(

j
π

d
y
)

,
1√
2d

cos
(

i
π

d
x
)

· sin
(

j
π

d
y
)

,
1√
2d

sin
(

i
π

d
x
)

· cos
(

j
π

d
y
)

,
1√
2d

sin
(

i
π

d
x
)

· sin
(

j
π

d
y
)

}

.

Note that we avoid inserting the wavelets with index i = 0 in the
basis B defining the vector space of the allowed perturbation, since
we impose that any perturbation κ̇ needs to satisfy

∫

D
κ̇(x, y)dx = 0.

Then, for each r, we approximate the coefficient Gr as follows.
Let I1 = {xi | xi ∈ D} =

{

x′
i

}

i=0,...,n1
and |I1| = n1 + 1. We

adopt the same notation for I2 =
{

yj | yj ∈ D
}

=
{

y′
j

}

j=0,...,n1

. First,

the definite integral defining Gr is approximated by using the com-
posite Simpson’s 1/3 rule,35 which leads to

∫ d

−d

η1(x)dx ≈ S1/3(Eη1) =:
1x

3

(

η1(y
′
0)+ 4η1(y

′
1)+ 2η1(y

′
2)

+ 4η1(y
′
3)+ 2η1(y

′
4)+ · · ·

+ 2η1(y
′
n−2)+ 4η1(y

′
n−1)+ η1(y

′
n1
)
)

,

(39)

FIG. 2. Symmetric experiment, 1x = 1t = 2 × 10−3, T = 1, D = [−1.2, 1.2], I = 35, and J = 35. (a) Symmetric observable y 7→ φ(y). (b) Optimal perturbation

gI,J =
∑

r :hr∈BI,J
Gr hr

(

∑

r :hr∈BI,J
G2r

)1/2 . (c) Perturbed kernel k1/2 = κ + 1
2
gI,J . (d) Invariant densities f0 and f1/2 for L0 and L1/2, respectively. (a) Observable. (b) Optimal perturbation

gI,J . (c) Perturbed kernel κ1/2 = κ + 1
2
gI,J . (d) Invariant densities f0 and f1/2.

Chaos 35, 073121 (2025); doi: 10.1063/5.0265433 35, 073121-13

© Author(s) 2025

 16 July 2025 08:11:31

https://pubs.aip.org/aip/cha


Chaos ARTICLE pubs.aip.org/aip/cha

with

η1(y
′
j) = φ(y′

j) · (Id − L0)
−1

∫

D

hr(x, y′
j)f0(x)dx := φ(y′

j) · η2(y
′
j).

Second, the vector Eη2 = (η2(y
′
j))j

∈ Rn1+1 is the solution of the

linear system

(

Idn1+1 − LT
0

)

Eη2 = Ed.

The matrix L0 = (lij)ij ∈ R(n1+1)×(n1+1) represents the numerical

approximation, via the same Simpson rule recalled before, of the
operator L0. Its elements are given by

lij =



























1x

3
κ(x′

i, y
′
j) if i = 0, j ≥ 0,

4
1x

3
κ(x′

i, y
′
j) if i is odd, j ≥ 0,

2
1x

3
κ(x′

i, y
′
j) if i is even, j ≥ 0.

Further, the constant term vector Ed = (dj)j ∈ Rn1+1 is obtained by

approximating the innermost integral of Gr as follows:

dj =
∫

D

hr(x, yj)f0(x)dx ≈ S1/3(Eη3),

with Eη (j)3 = (η
(j)
3 (xi))i ∈ Rn1+1 and η

(j)
3 (xi) = hr(x

′
i, y

′
j) · f0(x

′
i).

Third, the invariant density f0 is obtained by computing the

left eigenvectorEf0 = (f0,i)i=0,...,n corresponding to eigenvalue 1 of the
matrix

K · dx,

where the entries of the matrix K = (κij)ij ∈ R(n+1)×(n+1) are given by

κij = κ(xi, yj).

Indeed, this is equivalent to find a vector Ef0 ∈ Rn+1 such that

Ef0 · K · dx = Ef.
Note that the left-hand side is an approximation of the trans-
fer operator L0 evaluated on f0. In fact, the previous equation,

FIG. 3. Asymmetric experiment, 1x = 1t = 2 × 10−3, T = 1, D = [−1.2, 1.2], I = 35, and J = 35. (a) Asymmetric observable y 7→ φ(y). (b) Optimal perturbation

gI,J =
∑

r :hr∈BI,J
Gr hr

(

∑

r :hr∈BI,J
G2r

)1/2 . (c) Perturbed kernel k1/2 = κ + 1
2
gI,J . (d) Invariant densities f0 and f1/2 forL0 andL1/2, respectively. (a) Observable. (b) Optimal perturbation gI,J .

(c) Perturbed kernel κ1/2 = κ + 1
2
gI,J . (d) Invariant densities f0 and f1/2.

Chaos 35, 073121 (2025); doi: 10.1063/5.0265433 35, 073121-14

© Author(s) 2025

 16 July 2025 08:11:31

https://pubs.aip.org/aip/cha


Chaos ARTICLE pubs.aip.org/aip/cha

component-wise, reads as

dx ·
∑

i

κ(x′
i, y

′
j)f0,i = fj, ∀j = 0, . . . , n,

with the left side being an approximation of L0f. The existence
of a such eigenvector for eigenvalue 1 is a consequence of the
Perron–Frobenius theorem for row stochastic matrices (see Ref. 36).

Last, the sum defining g is truncated, and we consider the
approximation of g given by the elements in the truncated basis BI,J

defined as

BI,J =
⋃

i=1,...,I

⋃

j=0,...,J

{

1√
2d

cos
(

i
π

d
x
)

· cos
(

j
π

d
y
)

,
1√
2d

cos
(

i
π

d
x
)

· sin
(

j
π

d
y
)

,
1√
2d

sin
(

i
π

d
x
)

· cos
(

j
π

d
y
)

,
1√
2d

sin
(

i
π

d
x
)

· sin
(

j
π

d
y
)}

.

Thus, our approximation of the solution g is given by

gI,J =
∑

r :hr∈BI,J
Grhr

(

∑

r :hr∈BI,J
G2

r

)1/2
.

D. Results

In this section, we present our numerical experiments to
approximate the solution of the optimal control problem (38) using
two different observables, φ. Both observables are selected from the
class of PDFs fµ,σ 2 of Gaussian random variables with mean µ and
variance σ 2.

In the first experiment, we use a symmetric observable with
µ = 0 and σ = 0.1. In the second experiment, we use an asymmet-
ric observable with µ = −0.5 and σ = 0.1. Similar results can be
achieved by varying µ, σ , and the class of the observable (such as
continuous bump functions or polynomials). However, using non-
continuous observables (like indicator functions) may introduce
minor numerical errors due to the finite selection of basis elements.
We will discuss the results of the symmetric experiment, shown in
Fig. 2, in detail. The results for the asymmetric case, shown in Fig. 3,
follow the same explanation and are not repeated here.

First, Fig. 2(a) depicts the symmetric observable used in the
first experiment. Figure 2(b) represents the approximation gI,J of the
optimal perturbation g that solves the problem (38). This optimal
perturbation, gI,J, provides the infinitesimal adjustment to the ker-
nel needed to maximize

∫

D
φ(y)fδ(y) dy. It is worth pointing out that

the perturbation gI,J is significant (i.e., far from zero) only where the
observable is significant. Furthermore, for any given value y where
gI,J is significant, for example, y = 0, the restriction of the perturba-
tion x 7→ gI,J(x, y) redistributes mass from areas where the invariant
density f0 is small (away from x = ±1) to areas where the invariant
density is large (around x = ±1). Additionally, due to the choice of
basis BI,J, it can be numerically verified that

∫

D
gI,J(x, y) dx = 0 for

any y > 0.
Figure 2(c) visually represents the perturbed kernel κδ = κ

+ δ · gI,J + rδ with δ = 1
2

and rδ = 0.

Last, Fig. 2(d) compares the invariant densities f0 and f1/2 for
the transfer operators L0 and L1/2, respectively. These two sym-
metric densities, both normalized to satisfy

∥

∥f0
∥

∥

L1(D)
=

∥

∥f1/2
∥

∥

L1(D)
,

weight the points in D differently. Specifically, f0 is concentrated
around ±1, whereas f1/2, while preserving the same maximum
points as f0, also shows a third local maximum at x = 0, where the
observable is concentrated.
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The code for the numerical simulations performed in Sec. VI
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APPENDIX: RECAP OF CONVEX OPTIMIZATION

In this section, we recall some general results on the optimiza-
tion of linear functions in convex sets adapted for our needs (see
Ref. 6 for the proofs and other details). Let P be a bounded and
convex subset of a Hilbert space H.

Definition 29. We say that a convex closed set P ⊆ H is
strictly convex if for each pair x, y ∈ P and for all γ ∈ (0, 1), the
points γ x + (1 − γ )y ∈ int(P), where int(P) is the relative interior
(The relative interior of a closed convex set C is the interior of C
relative to the closed affine hull of C.) of P.

Let us briefly recall some relevant results from convex opti-
mization.

Suppose H is a separable Hilbert space and P ⊂ H. Let
J : H → R be a continuous linear function. Consider the abstract
problem to find p∗ ∈ P such that

J (p∗) = max
p∈P

J (p). (A1)

The existence and uniqueness of an optimal perturbation fol-
lows from the properties of P as stated in the following two proposi-
tions.

Proposition 30 (Existence of the optimal solution). Let P be
bounded, convex, and closed in H. Then, problem (A1) has at least
one solution.

Upgrading the convexity of the feasible set P to strict convexity
provides the uniqueness of the optimal solution.

Proposition 31 (Uniqueness of the optimal solution). Sup-
pose P is closed, bounded, and strictly convex subset of H and that P
contains the zero vector in its relative interior. If J is not uniformly
vanishing on P, then the optimal solution to (A1) is unique.

Note that in the case when J is uniformly vanishing, all the
elements of P are solutions of the problem (A1).
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