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Abstract

We present a new relation between the short time behavior of the heat flow, the geometry of optimal
transport and the Ricci flow. We also show how this relation can be used to define an evolution of metrics
on non-smooth metric measure spaces with Ricci curvature bounded from below.
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1. Introduction

The Ricci flow is possibly the most important and largely studied geometric flow in literature,
its relevance is well deserved by the key role it played in solving some long standing open
conjectures, in particular, the Poincaré conjecture finally proved by Perelman.

In [11] McCann and Topping noticed an interesting relation between such flow, the heat flow
and optimal transport: they proved that a family of metrics g; on a smooth and compact differ-
ential manifold M is a backward super Ricci flow, i.e. it satisfies

d
— 2B | 2Ric(gr) 20,
dr

if and only if the time dependent quadratic transportation distance WZ(M’g’)

along two solutions of the time dependent heat equation

is not increasing

d
Eﬂr:Angr' (L.1)

In particular, a backward Ricci flow can be characterized as the minimal evolution among all the
flows for which such non-expansion property holds.
Keeping in mind that on a fixed Riemannian manifold (M, g) one always has

Wa(pr, v) < e KT Wa (o, vo),

for each couple of solutions u; and v; of the heat flow, where K is a lower bound on the Ricci
tensor of (M, g), McCann—Topping result can be thought as: the Ricci flow is the evolution that
precisely compensate the lack/excess of contraction w.r.t. the distance W.

In this paper we propose a different point of view on the same subject. Let (M, g) be a compact
Riemannian manifold and & (M) the space of Borel probability measures on M. We denote by
H; : (M) — (M) the heat semigroup, so that given u € (M), the curve t — H; () is
the solution of the heat equation with initial condition w. Then, for every ¢+ > 0 we have an
embedding of M in (M) given by

M>x +— u(x):=H/@8y) € Z(M). (1.2)

Endow & (M) with the distance W, and the image ¢, (M) with the “intrinsic” distance induced
by W> (i.e. not the “chord” distance W, in &?(M) but the “arc” one, where the distance is defined
as the minimal length of the paths lying in ¢;(M)). By the backward uniqueness of the heat flow,
we know that the map ¢; is injective and thus the distance on ¢;(M) can be pulled back to a
distance d; on M, which clearly coincides with the Riemannian distance at time ¢t = 0. It is
not hard to see that d; is still a Riemannian distance, namely that there exists a smooth metric
tensor g; on M inducing d;: shortly said, this comes from the fact that, according to Otto, the
space (Z (M), W) is an infinite dimensional Riemannian manifold and ¢, (M) a “smooth” finite
dimensional submanifold.

Our main result (Theorem 4.6) is that g; is an evolution of metrics which is “tangent” at time
t = 0 to the Ricci flow, the rigorous statement being the following.

Theorem 1.1. Let [0, 1] 2 s — Y5 € M be a geodesic in (M, g). Then, there holds

1
/gr(%&ad)ds
0

&le

=0

1
Zlecg )/Y)/Y
0
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and

d
d—gt(ys/, ¥s) = —2Ricg(y;. 7)), ae sel0,1].
t t=0

Notice that we get an integrated/a.e. version of the result rather than the cleaner formula
% 8tli=0 = —2Ric, due to some potential lack of smoothness of the evolution that we are not
able to fully manage at the moment, see Remark 4.3.

Due to McCann—Topping result, our theorem is in some sense not so surprising, since it states
that the infinitesimal behavior of the W;-distance along the heat flow is driven by the Ricci tensor,
which is in the same spirit of their work. Yet, at the technical level there is a difference worth to
be underlined: the flow g; that we define is not the Ricci flow: to see this, notice that since H; is
injective for any ¢ > 0, the metric tensor g; is never 0, hence our flow never shrinks distances to
0 in finite time, as opposed to the Ricci flow which shrinks spheres to points. In particular, the
evolution we define is not driven by a semigroup, otherwise, due to Theorem 1.1, it should be the
Ricci flow. Again, this was expected, as the semigroup H; that we use to define the distance d; is
the heat flow on the initial manifold (M, g), while if one wants to get the Ricci flow, he should
use at each time the corresponding Laplacian, as in formula (1.1). This characteristic, which can
be seen as a negative point, actually turns out to be useful if one is interested in defining a flow
in a non-smooth setting, as we now explain.

In [11], McCann and Topping noticed that they provided a purely metric characterization of
Ricci flow, which therefore can be theoretically used to define what a Ricci flow should be if the
initial space is non-smooth: the minimal flow (in the sense that it expands distances no faster than
any other flow) among all super Ricci flows, where a super Ricci flow is any flow contracting the
time dependent W,-distance along any two solutions of the heat equation.

Unfortunately, although this approach is very intriguing, it is not clear whether such a flow
exists or it is unique for a non-smooth initial datum (it is not even clear if at least one super Ricci
flow exists). Instead, the embedding in formula (1.2) is well defined as soon as one has the heat
kernel at his disposal.

The natural abstract class of spaces where a heat kernel exists and well behaves w.r.t. the
distance W, is the one of RCD(K, oo) spaces, introduced in [6]. This is a subclass of the class
of CD(K, 0o) spaces introduced by Lott, Sturm and Villani (see [10,15]) of spaces with Ricci
curvature bounded from below: shortly said, RCD(K, oo) spaces are CD(K, 0co) spaces where
the heat flow is linear. This choice rules out Finsler-type geometries and ensures, on one hand,
the existence of a heat kernel, on the other hand, the W,-contraction along two heat flows (in [12]
Sturm and Ohta proved that on a normed space (R, || - II, £4) the heat flow never contracts the
W;-distance unless the norm comes from a scalar product, therefore, due to the spirit of the
discussion here, it is natural to avoid considering this sort of spaces).

Proceeding as in the smooth case, given an RCD(K, oo) space (X, d, m) we can define an
evolution of metrics d; for any ¢ > 0, our results being then the following.

(i) The distances d; are well defined for any ¢ > 0, so that the flow exists and is unique (Theo-
rem 5.15).

(i) Under very general assumptions — which cover all the finite dimensional situations — the
topology induced by d; is the same as the one induced by d (Theorem 5.15 and Re-
mark 5.17).

(iii) The flow has some very general weak continuity properties both in time (Theorem 5.18)
and w.r.t. measured Gromov—Hausdorff convergence of the initial datum (Theorem 5.19).
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Concerning point (ii), notice that although this is a different behavior from the one of Ricci
flow, it can turn out to be a useful property in a non-smooth setting. Indeed, given that the Ricci
flow can create singularities even with a smooth initial datum, it is unnatural to expect that a
Ricci flow for non-smooth initial data does not create singularities in some short time interval.
Thus, a Ricci flow with non-smooth initial data could disrupt the topology even instantaneously,
which certainly complicates the analysis. Still, we point out that anyway we do not expect the
distances d; to be bi-Lipschitz equivalent to the original one.

About point (iii), we remark that such a property is strictly related to point (i), as “being
well-defined” is very close to “having some weak continuity properties under perturbations”.
Actually, the problem of defining a true Ricci flow for non-smooth initial data is very much
related to the lack of a stability result for the Ricci flow on smooth manifolds under measured
Gromov—Hausdorff convergence (as pointed out to us by Sturm).

We conclude observing that the definition of the flow of distances d; with a non-smooth initial
datum opens several non-trivial questions about its behavior, which are not addressed in this
paper, in particular:

e Given an RCD(K, co) space (X,d, m) as initial datum, is it true that (X, d;,m) is an
RCD(K;, 00) space for some K;, possibly under some finite dimensionality assumption?
e Is the space (X, d;, m), in any sense, “smoother” that the original one?

2. Setting and preliminaries
2.1. Metric spaces and quadratic transportation distance

We recall here the basic facts about analysis in metric spaces and about the Kantorovich
quadratic transportation distance W5.

Given a metric space (X, d) and a non-trivial interval I C R, a curve I 5t + x; € X is said
to be absolutely continuous provided that there exists a function f € L'(I) such that

s
d(xs, xg) < / f(rydr, Vt,sel, t<s. (2.1)
t
It can be proved that if # — x; is absolutely continuous, the limit
d ’
(Xt Xt) ’ 2.2)
h—0 |h]

exists for a.e. r € I. It is called the metric speed of the curve, denoted by |%,|, belongs to L' (I)
and is the minimal — in the a.e. sense — L! function f that can be put in the right-hand side of
inequality (2.1) (see Theorem 1.1.2 in [4] for the proof). The length of the absolutely continuous

curve [0, 1] >t — x; € X is, by definition, fol |x;| dt and it is easy to check that it holds

! N-1
/ |xl | dt = Sup Z d(xti ’ xl,‘+1)y (23)
0 i=0

the sup being taken among all N € N and all partitions 0 =1y <t} <--- <ty =1 of [0, 1]. We
will often denote a curve ¢ — x; with (x;).
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Given a complete and separable metric space (X, d), we denote by Z(X) its set of Borel
probability measures and by &2, (X) C £ (X) the subset of measures with finite second moment,
i.e. probability measures p such that

/d2(~, xp)du < 400, for some (hence, for every) xp € X.
X

The space 7, (X) will be endowed with the quadratic transportation distance W5, defined by

W2 (. v) = inf / @ (x, y) dy (x, ),
XxX

the infimum being taken among all transport plans y € &(X x X) such that

Y =W,
2
Ty =v,

7!, 7% X x X — X being the projections onto the first and second factor respectively.

We recall that the distance W, can be defined also in terms of the dual problem of optimal
transport:

1 .
EWgULV)ZSW{/¢dM41[¢Lmh
X X
where the supremum is taken among all Borel maps ¢ : X — R and the c-transform is defined as

d*(x, )
‘(y):= inf —————— — @(x).
¢ (y):= inf — @(x)
It turns out that for u, v € &% (X) the above supremum is always achieved, and that the maximal
@ can always be taken to be a c-concave function, i.e. a function ¢ such that p“ = ¢.
The convergence in (%2, (X), W») is characterized by the following well-known result, see for
instance Section 2.1 of [1] for a proof.

Theorem 2.1. Let n — p, € P>(X) be a sequence and p € P»(X). Then, the following are
equivalent.

1) Wa(uu, mu) = 0asn — oc.
(i) fX fdu, — fX fdu forany f: X — R continuous and bounded and fX d2(-, x0) dpn —
[y d*(-, x0) dp as n — oo for some xg € X.
(iii) fX fdu, — fX fdu for any continuous function f : X — R with quadratic growth, i.e.
such that for some xo € X and c > 0 there holds

|F0)| <l +d*(x,x0)), VxeX.
2.2. Optimal transport and heat flow on Riemannian manifolds
Throughout all the paper (M, g) will be a given compact, C* Riemannian manifold. We shall

denote by C*° (M) the space of real valued C* functions on M. The canonical volume measure
induced by g will be denoted by Vol. We will sometimes indicate g(v, w) by v - w and g(v, v)
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by |v|?. The set of Borel probability measures on M is denoted by Z2(M). All the differential
operators that will appear will be relative to the Levi-Civita covariant derivative V associated to
the metric g, that is, in particular div =divy and A = A,.

We will denote by (0, +00) x M x M > (t,x,y) — p(t,x,y) € RT the heat kernel on M and
forevery x € M, t > 0 by i, » the probability measure defined by p; x := p (¢, x, -)Vol, for t > 0
and o :=8x. For t > 0 we also denote by H, : #(M) — & (M) the heat semigroup acting on
probability measures, i.e. for any u € (M) and ¢ > 0 the measure H, () € & (M) is given by

/f(x)dHt(M)(x) = / / Sp @, x,y)dVol(y)du(x), Vr=0.
M M M
In particular, there holds H;(8) = 1 .

Theorem 2.2. Let 1, p : M — R be two C*° functions such that fM ndVol =0 and p > 0. Then,
there exists a unique smooth function ¢ : M — R with | @ dVol = 0 which is a solution of the
PDE

n=V-(Vep) =div(Vep) = pAgp +g(Ve, Vp).

Moreover, such a function ¢ smoothly depends on the functions n and p.

Proof. By the uniform strict positivity of p € C*°, as M is compact, the above PDE is equivalent
to the linear problem

Ap=—g(Vo,Viogp) +1n/p,

then, the existence/uniqueness of a solution in WL2(M) follows as in the Euclidean case. Ex-
pressing the Laplacian and the metric g in local coordinates, the regularity of the solution
is then obtained by a standard bootstrap argument, see for instance the book of Gilbarg and
Trudinger [9]. O

Theorem 2.3 (Backward uniqueness of the heat flow). Let (0, 400) x M > (¢t,x) — fi(x) be a
solution of the heat equation

d
— =A s
g f1=Ah

such that for some to > 0 there holds fi, =0. Then, f; =0 for any t > 0.

Proof. This is a consequence of the fact that the heat semigroup is analytic in L2(M, Vol), see
the details in the proof of Proposition 5.16. O

Later on, we will find useful the following lemma concerning c-concave functions on M (for
a proof, see for instance Lemma 1.34 in [1]).

Lemma 2.4. Let (M, g) be a smooth, compact Riemannian manifold and ¢ € C°°(M). Then,
there exists some € > 0 such that for |¢| < € the following facts are true:

(i) The function ¢, = €g is c-concave, and ¢ € C*°(M).
(ii) The maps x — T (x) :=exp,(—=V@s(x)) and y — S(y) := expy(—ng(y)) are smooth and
each one inverse of the other.
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(iii) For every x € M the curve s — exp, (—sV g (x)) is the unique minimizing geodesic from x
to T (x). Similarly, for any y € M the curve s — exp, (—sVgg(y)) is the unique minimizing
geodesic from y to S(y).

@iv) The following two duality formulas hold

1
¢ (T) =51Vl () = gex),  VxeM, 24)

1 . :
0 () = 5[V [0 — @i, YyeM. 25)

Such & > 0 depends only on the supremum of |¢|, |Vol,, |V2(p|g, on the modulus of the Riemann
tensor Riem of M and on the infimum of the injectivity radius in the compact set supp ¢.

We remark that although in this paper we will let the metric g vary in time, when speaking
about absolute continuity of a curve of measures # — u; and about its metric speed |, |, we will
always refer to the quadratic transportation distance W> built on top of the Riemannian distance
induced by the initial metric tensor g.

Absolutely continuous curves of measures are related to the continuity equation via the fol-
lowing result.

Theorem 2.5. Let s > g € &2 (M) be a continuous curve w.r.t. weak convergence of measures.
Then, the following facts are equivalent:

(i) The curve s — g is absolutely continuous w.r.t. W».
(ii) For a.e. s there exists v; € {Vp: ¢ € CW(M)}LZ(“S) such that the continuity equation

d
d_ﬂs + V- (vsus) =0
\)

holds in the sense of distributions.

In this case, the vector fields vy are uniquely defined for a.e. s and there holds |fs|* =

fM lvg|?dps for a.e. s.

Proof. See Theorem 8.3.1 in [4] for the case M = R?. The case of general Riemannian man-
ifolds then follows easily from Nash embedding theorem, see e.g. Theorem 2.29 in [I] or
Theorem 13.8in [17]. O

We also recall that the distance W5 is “contracting” under a lower Ricci bound (see [16]).

Theorem 2.6. Let i, v € P (M). Then, for every t > O there holds

Wa (H; (1), H (1) < e X' Wa(u, v),

where K is a global bound from below on the eigenvalues of the Ricci tensor Ric of M.
In particular, if s — y; € M is a Lipschitz curve, the curve s «— [i; ,, € (M) is Lipschitz
w.r.t. Wy and there holds

e,y | < e Xyl (2.6)

for a.e. s, where |[i; | denotes the metric speed of the curve.
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Proof. The above K-contraction property of the distance W5 is a well-known consequence of
the lower bound on the Ricci tensor. It immediately implies the estimate (2.6) for Lipschitz
curves. [

We conclude recalling the definition of the Sasaki metric tensor g on the tangent bundle 7'M of
(M, g).Given (x,v) € TM and Vi, V5 € T,y T M, we find two smooth curves ¢ — (x; 1, vi ;) €
T M such that %(x,-,,, Vi.)li=0 = Vi, i =1,2. Then, g(V1, V2) is defined as

gV, V) = g(xiyo, Xé,o) + g(Vx{,o”l»t’ Vi 02,0

where by Vx_/ov,-,t we intend the covariant derivative (w.r.t. g) of the vector field ¢ — v; ; along

the curve t — Xi, at time t =0, i = 1, 2. It is readily checked that this is a good definition and
that, denoting by d the distance on 7'M induced by g, there holds

52((y, w), (x,0)) <d*(y,x) +gw, w), VYx,yeM, weTyM. (2.7)
3. Definition of the flow
We start collecting some basic consequences of Theorems 2.2, 2.3.

Proposition 3.1. Let t > 0, x € M and v € Ty M. Then, there exists a unique C* function ¢; x  :
M — R such that [, ¢; x,, dVol = 0 and

Vep(t,x,9) - v==Vy (Vo xn(M)p(t, X, ). (3.1)

Such ¢ x.», smoothly depends on the data t, x, v.
Moreover, if v # 0, then Vo, x , is not identically zero.

Proof. Existence, uniqueness, smoothness and smooth dependence on the data follows directly
from Theorem 2.2. For the second part of the statement, assume that Vg, , , = 0, hence, from the
uniqueness property of Eq. (3.1) we get that ¢;  , =0 and V,p(¢, x, -) - v = 0. Now observe that
(t,y) = n(t,y) :=Vyp(t, x,y) - v is still a solution of the heat equation, hence, by Theorem 2.3
and the fact that n (¢, -) = 0 we get n(-,-) =0, which easily implies, taking # small, thatv =0. O

For t > 0 we define a new metric tensor g; in the following way.

Definition 3.2. Let r > 0, x € M and v, w € T, M. Then, g;(v, w) is defined as

gr(v,w):= / Vorx v - Vorxw(e(t, x, y)dVol(y).
M

Remark 3.3. We remind that in the above definition as well as in the rest of the paper, by v - w
we intend g(v, w), i.e. their scalar product w.r.t. the original metric tensor. Similarly, |v|2 will
always denote g(v, v).

Proposition 3.4. g, is a C® metric tensor for the manifold M which varies smoothly in t €
(0, +00).
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Proof. Uniqueness in Eq. (3.1) gives that ¢; , , linearly depends on v, so g; is a bilinear form,
which, by definition, is also symmetric and non-negative. Its smoothness is a direct consequence
of the smoothness of the heat kernel and of the smooth dependence of ¢; x , on the data.

Finally, assume that g;(v, v) = 0 and notice that by definition and the fact that p(z, x, y) > 0,
for any t > 0 and x, y € M, we deduce Vg, , , = 0. Hence, by the last part of the statement of
Proposition 3.1 we conclude that v must be O and we are done. O

We try now to give a more concrete description of the distance d; induced by the metric tensor
gr on M. We have

1

d?(x, y) := i{/lf/ g (v, vy) ds,
0

the infimum being taken among all smooth curves y : [0, 1] — M such that yp =x, y1 = y.

Proposition 3.5. Let s — vy € M be an absolutely continuous curve. For fixed t > 0, we define
the curve in the space of probability measures s — g € & (M) by g := [s,y,, that is, at every s
we consider the measure whose density (w.r.t. to the fixed measure Vol) is the heat kernel centered
at ys, at time t.

Then, the curve s — g is absolutely continuous w.r.t. Wy and there holds
2

gt()/x/, ys/) =|usl", aes,

where |[is| denotes the metric speed of the curve s — gy computed w.r.t. the distance W,.

Proof. As the curve s — y; is absolutely continuous, it is easy to see that also the curve of delta
measures s — (o, is absolutely continuous in ((M), W>). Then, as us = sy, = Hi (100,4,),
by Theorem 2.6 and the fact that Ricci tensor of M is uniformly bounded from below, we get
that s — pg is absolutely continuous in (# (M), W).

By Theorem 2.5 it follows that for a.e. s there exists vy € {Vg: ¢ € COO(M)}LZ(’“) such that
the continuity equation

d
d_,us + V- (vsus) =0,
S

holds in the sense of distributions and |is|* = fM lvg|2 dus for a.e. s.
Since we know that us = p(, s, -) Vol, the continuity equation reads (distributionally)

d
0= —p(t. 75 )+ Vy- (vsp(t, V5. 3)) = Vep(t, X, V)lx=y, - Vs + Vy - (050, ¥5. ),

which implies, by the uniqueness part of Theorem 2.5 and Proposition 3.1, that for a.e. s we have
Vs = V@1, 4, Hence, for a.e. s we conclude

. 2
|Ms|2=/|V¢t,y;,yx/|2dljvs:/|V(ﬂl,ys,ys’()’)| p(t, v, ) dVol(y) = g (v/, 7))
M M

recalling the very definition of the metric tensor g;. O
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A straightforward consequence of this proposition is that
1
Bx. ) =inf [ las
0
with s = p(t, v, -)Vol. That is, the distance d? is the infimum of the metric lengths of the curves

of probability measures p(t, ys, -) Vol in (Z (M), W3).

Remark 3.6. Fix ¢ > 0 and notice that since M is compact and g, g; are two smooth metric
tensors, it certainly holds cg; < g < Cg; for some ¢, C > 0. Therefore a curve t — y; € M is
absolutely continuous w.r.t. the distance induced by g if and only if it is absolutely continuous
w.r.t. the distance induced by g;. Hence in Proposition 3.5 it is not important to mention the
distance w.r.t. which we are requiring absolute continuity.

We see now the convergence of g; to the original metric tensor g as t — 0.

Proposition 3.7. Let x € M and v € T, M. Then, there holds
limg; (v, v) = g(v, v). (3.2)
110

Proof. Let s — y; be a C! curve such that yp = x and ¥y = v. By Proposition 3.5 and Theo-
rem 2.6 we get that

s S N
/81(7/5/73/;) ds =/|/;Lt,y5|2ds <€72Kt/g(ys/*ys/)ds’ vt, S > 0.
0 0 0
Dividing by S and letting S | 0 we deduce
g (v, v) <e Kig, v).

Thus, to conclude it is sufficient to show that for any x € M and v € T, M there holds

lim g, (v, v) 2 g(v, v).
110

It is easy to see that we have

g (v,v) = f IVgrr ol dpx = sup 2 / VY - Vr o disx — f IV % dpty s
i YeC>®(M) I I

and that for any ¢ € C°°(M) there holds
/ VY -V xvdi x = / VY (y) - Vorx v (0)p(t, x, y) dVol(y)
M M
=- [ Y (MVy - (Vorxo(p, x,y)) dVol(y)
M

= / Y (y)Vip(t,x,y) - vdVol(y)
M

=Vx</w(y)p(t,x,y)dVol(y))~v- (3.3)
M
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Thus, we can choose any ¥ € C*°(M) so that Vi/ (x) = v and conclude that

t0

lim g (v, v) > lim (2 / VY -V wdix — / |vw|2duf,x>
M M

= lim 2Vx</w(y)p(t,x,y)dVol(y)> ‘v — lim/IVIﬂlszz,x
t—0 t—0
M M

=P,
by the standard properties of the heat kernel p (¢, x, y). O

For the discussion thereafter we introduce the transport plans y, , , € Z(T M) defined as
follows.

Definition 3.8 (The transport plans y, . ). Lett > 0,x € M andv € T, M. Then, y , ,, := 8(x,v)
and y, , := (X¢ xv)gle,x, Where Xy o (¥) == (¥, Vor x v (1)).

The natural projection mapping from T M to M will be denoted by 7.

Corollary 3.9. Let x € M and v € TxM. Then, there holds Wa(y; , ,» Yo.xn) — 0 as t — 0,
where the quadratic Kantorovich distance considered is the one built on (T M, d), d being the
Sasaki metric on T M constructed from the metric tensor g on M.

Proof. By Theorem 2.1 we know that the W,-convergence is characterized by convergence of
second moments plus weak convergence.
We compute the second moments w.r.t. the point (x, 0) € T, M and we start proving that

— [ =2 -2
111&)1/d (o w), (x,0))dy; (v, w) < / d*((y, w), (x,0))dyg ., (v, w). 3.4
™ ™
Integrating the bound (2.7) w.r.t. y, . ., we get

/ 52((% w), (x,0))dy, ., (v, w)

™
</d2(ysx)dﬂﬁ}wyt,x,v(y)+/g(wvw)dyt,x,v(va)
M ™
=/d2(y,x)dm,x(y)+ / 8(Vorx (), Vorxv(3) dir 2 ()
M ™M
- / (e, 1) diar 5 + 81 (0. v).
M

Thus, noticing that lim; ¢ f M d%(x, X) dus z = 0, using the limit (3.2) and the trivial inequality

82(()1, w), (x,0)) > g(w, w) we get formula (3.4).
Taking into account the lower semicontinuity of the second moments, the conclusion will
follow if we show that y, weakly converges to y as ¢ | 0. The bound on the second moments
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gives in particular that the family {y,};¢(,1) is tight. Let #, | 0 be any sequence such that n -
Y1, x.o Weakly converges to some y € & (T M). Clearly, there holds né” y = 8y, hence, we can
write ¥ = 8, x o for some measure 0 € & (T M). To conclude, it is then sufficient to show that
o =290y.

Let ¥ € C*°(M) and consider the function i/ : TM — R given by ¥ (y, w) :=w - Vi (y). As
the function v is continuous with linear growth, taking into account the uniform bound on the
second moments of the y,, it is easy to see that we get lim,,_, fM v Ay, sv = fM Y dy,ie.

n—o0

lim V%,,x,u(y)-Vlﬂ(y)duzn,x(y)=nli)r20/17(y,w)d)’t,,,x,v(y,w)
M M

=/memwym
M

= / w - Vir(x)do (w).
M
On the other hand, from Eq. (3.3), letting ¢ |, 0, we deduce

lim | Vo, «o(y) - VY () dug, x(y) = Vi (x) - v.

n— 00
M

Being these last two identities valid for any ¢ € C*°(M), we conclude that

fwdo(w) =.

M

Finally, from the lower semicontinuity of y > [ & (w, w)dy (y, w) w.r.t. weak convergence of
measures and the limit (3.2) we have

g(vvv)z h_m g(waw)d)’tn,x,u(va)

n—oo

>/ﬂmwNW%M
M

=/g(w, w) do (w)

M

>g</wda(w),/wda(w)>
M M

=g(v,v),

which forces the inequality

/g(w,w)da(w)>g</wda(w),/wda(w)>
M

M M

to be an equality. This can be true only if ¢ =4§,. O
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4. The main result

We start bounding from above the derivative %g,. Notice that the computations done in the
next lemma are precisely those made by Otto and Westdickenberg in [13], which we report for
completeness.

Proposition 4.1. Let x € M and v € T, M. Then, there holds

dl1 .
d_Egl(v v) < / Ric(w, w)dy, , ,(y,w), Vi>0.
™

Proof. We know by Proposition 3.4 that (0, 400) > t + g;(v, v) is smooth. Differentiating in
time equation (3.1) we obtain
—Vy - (Vorgrx0(0)p(t, x, )
=Vi(Ayp @, x,9)) v+ Vy - (Vo oA, x, )
=Ay(Vep(t,x,y) - v) + Vy - (Vore o (D) A0t x, )
=—Ay(Vy - (Vo xw0t, %, 0)) + Vy - (Vo o)Ay o (@, x, ).

Therefore, by explicit computation and writing ¢ in place of ¢; , , and p in place of p(¢, x, -),
we get

R d1/|V|2dV1
——g(v,v)=—= o
dr 2% a2 ) VP

IVol?
Vo - Vorpp + 2 Ap dVol

—V - (Vo;pp) + Ap dVol

M
:/ Vol*
2
M

|Vol|?
—9A(V - (Vop)) + ¢V - (VoAp) +

M

— [(vag-ve _ Vel

= > pdVol
M
M

Ap dVol

(—1V?¢I* = Ric(Vg, Vg)) pdVol

— / Ric(Vg, Vg)p dVol
M

— / Ric(w, w)dy, , ,(y, w),
™™

which is the thesis. In the last passage we expressed the result using the transport plans of Defi-
nition 3.8. O
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Corollary 4.2. For any x € M and v € Ty M there holds

1.—gz(v,v) —g(,v)
m—-——-

i ; < —2Ric(v, v).
13

Proof. From the smoothness of (0, +00) >t — g;(v, v) and its continuity at time O we have

t

g, v)—g,v) 1 (d

f—t/dsgg(v,v)dé,
0

therefore, taking Proposition 4.1 into account, to conclude it is sufficient to show that

ling) Ric(w, w)dy, , ,(y, w) =Ric(v, v).
t— o
™

This is a direct consequence of the W>-convergence of the transport plans y, , , to the delta mea-
sures dy ,, given by Corollary 3.9, the fact that the map TM > (x, v) — Ric(v, v) is continuous
with quadratic growth and Theorem 2.1. O

Remark 4.3. As the computations just done show, in order to conclude that % % gr(v,v)|;=0 =

— Ric(v, v), it would be enough to prove that — in the notation of the proof of Proposition 4.1 —
there holds lim, | [}, IV2¢|*p dVol = 0.
As we are unable to get this convergence directly, we proceed differently.

Lemma 4.4. Let x € M, v € TxM and define s — y; := exp,(sv). Then, for every function
@ € C®(M) such that Vo(x) = —v and ¢ € (0, &) there holds

&

lim i( /gz(ys’, ve) — go(vs. v:) ds) > Aep)(x) + A((e9)) (7e),

1—02t
0
where & = &(p) is given by Lemma 2.4.

Proof. By the definition of d; and Proposition 3.5 we know that
&
s/&WQQM>£qu>W&mwm%x Ve,t >0,
0

with both equalities when ¢ = 0 and every ¢ € (0, ). By the dual formulation of the optimal
transport problem we have

1

Esz(m,x,m%) P fw dus x +/(8¢)Cdﬂt,ygv Ve > 0.
M M

For ¢ € (0, &), the identity (2.4) gives

Lwa( )= S(x )—fwﬂ—ﬂvw>ﬁm
5 2 (10,x» MO, ye =5 0\X, Ye) = ) =3 (2

=e(x) + (@) (ye) = / epdupox + / (e@)“ dpo,y, -
M M
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Thus, we get

&

€ _

Efgt (yg‘/’ y&‘/) ds 2 f EQ dl’l’l‘,x + \/(8()0)6 dl’l/l‘,)/g’ V‘S € (07 8)7 14 2 Oa
0 M M

with equality for + = 0 and any ¢ € (0, ). It follows that

&

£ [he,x — ko, Ity — 10,y
Z(fgz(ys’,ys')—go(ys’,ys’)ds) >/swd%+/(sw)“d%.
0 M M

Now notice that

t
- 1 d
/wdw = —</w(y)/—p(s,x,y)dstol(y))
t t ds
0

M M

t
1
= ;//w(y)Ayp(s,x,y)dstol(y)
0 M

t
1
== f / Aep)(M)p(s. x, y) ds dVol(y),
oM

and this last term converges to A(e@)(x) as t — 0.
Similarly, we have fM (ep)© d“’”:ﬂ — A((e@)°)(ye) as t — 0 and the thesis follows. O

Proposition 4.5. Let ¥ € M, ¢ € C®(M) be such that V>¢(x) = 0. Put ¢, := g¢. Then, there
holds

(AgS) (exps(— Vo)) = —g? Ric(Vp(X), V(X)) + REM,
where the reminder term REM; is bounded by
IREM,| < ¢°C,
the constant C depending only on a bound on the norms of Vg, V*@, the Riemann tensor Riem

and its first covariant derivative.

Proof. Use Lemma 2.4 to find & > 0 such that points (i), (ii), (iii), (iv) of the statement are true
for any ¢ € (0, &). Fix such an ¢ and use the same notation used there.

Put y := T(x), let y; be a unit speed geodesic such that yp = y and define the map
H, :[0,1]> > M by

He(t, ) = exp,, (—s VL ()

(notice that for ¢ fixed, the map s — H,(¢, s) is a geodesic, so that H, is a geodesic variation).
By point (i) of Lemma 2.4 we know that H, is C*° and from point (iii) of the same lemma there
holds

He(1,5) = exp,, (—s Vi (y1)) = expg(y,) (—(1 = ) Ve (S()))- (4.1)
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Differentiating this expression in s we get, as Hg (¢, 1) = S(yr), that

Os He|s=1 = Vg, (Hs(t, 1))7 vr €0, 1]. 4.2)
We claim that there holds

|atHs|t=0|g <(y, |ast|t=O|g <eCy, |VtasHs|t=0|g <eCy, 4.3)

for any s € [0, 1] and some constant C; depending only on a bound on Vg, Vzgo and the Riemann
tensor Riem of M. Indeed, the first one is obvious, the second comes from the identity

O He(1,5) =Ty *(eVo(S())), (4.4)
which follows from relation (4.1), where ’7'01_S is the parallel transport map along the curve
r exps(yl)(—(l —r)Ve:(S(yr))) from r =0 to r = 1 — 5. The last bound in (4.3) follows
from formula (4.4) taking into account the smoothness of Jacobi fields.

By points (ii) and (iv) of Lemma 2.4 and the identity H,(z, 1) = S(y;) we have that

. 1
g () = EIV%IZ(H:;(L D) — e (He (2, 1)

@2 (1
= (§|8sHa|2 — Qe O Ha)

Differentiating once and using identity (4.2) again we get

, Vtel0,1].

s=1

d
5‘05()&) = (05H, - Vi0yHe — Ve 0 He - 0 He)|5=1

= (0sHe - V105 He — 05 He - 0y He)|5=1.
Differentiating a second time we obtain
d? 2
@fﬂg(%) = (|VtasHe|g + 0sHe - Vi V05 He — V05 He - 0, He — 05 H - VtatHs)|

s=1"

Evaluating this expression at ¢ = 0, recalling that V¢, (X) = 0 and identity (4.2) we get
V05 He| =0 = 0 and thus

s=1
a2 .
— ¢ ()| = OsHe - ViV05He — 05 He - Vi He)l =0 -
dt =0 s=1

To compute this expression let f, g : [0, 1] — R be defined as
f(s):=05H; - V;V;0sHel1—0, g(s):=05H, - V,0, H |;—0,
so that

d2
@‘PE ()

t=0

1 1 &
— )+ / (&) de — g(0) — '(0) — / / ¢ (n)dn. 4.5)
0 00

Since t +— H.(t,0) = y; is a geodesic, we have V;0;H.(t,0) = 0, recalling that also
V05 He(t,s) =0 for every t, s € [0, 1] we get
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f(O)ZBSHE"leIaSHE|Z=8s g0)=0,

5=

f/(s) = 0syH, - V4V, V05 He |1—0, g’(O) =0y H, - VsV, 0; He| t=8,
5=

g"(s) = dsHe - Vs VsV, 0, He |1=0.
Hence, using repeatedly the fact that
R, H,, dH:)X = V,;Vy(X o Hy) — VsV, (X o Hy)
for any smooth vector field X we get
f'(s) = (R(3sHe, 8 He)(V; 95 He) - 95 He + Vi (R (35 He, 9 Hy )3, H ) - 35 Hs )|
g"(s) = (Vs (R(0sHy, 0, Hy)d Hy) - 0y He 4+ R(05 He, 0, H)(V; 05 H) - 9y H,
+ Vi(R(3s H,, 8, H, )05 Hy) - 9 He ) |,_,
= ((VsR) (33 Hg, 8 He )0 Hy - 9y Hy + R(35 H, V03 He )9y Hy - 9 H,
+ R(33He, 3, H:) (V03 Hy) - 33 He + R(ds Hy, 8, Hy)(V; 95 Hy) - 95 H
+ Vi (R(3s H,, 0, H )05 Hy ) - 9 H )| ,_,.-
Therefore the bounds (4.3) imply
[7/®)]s|g"@)] < Cae?,

for some constant C, depending only on a bound on the norms of V¢, V2¢, the Riemann tensor
Riem and its first covariant derivative.
By Eq. (4.5) and the fact that

f(0) —g(0) — g'(0) = R(3; He, 8 He)d He - 05 He |«

t=0"

b

=0,
=0
we obtain
d . 1
—@: )| =R He, 05He)0 He - 05 He| =0 + REM,
dt =0 s=0
= R(¥, V£ (0)) ¥ - Vot (o) + REM], (4.6)

with |REM§| < C3&3, for some constant C3 depending only on a bound on the norms of
V¢, V2@, the Riemann tensor Riem and its first covariant derivative.

Now let ¢ — y{ ,i=1,...,dim(M), be a family of unit speed geodesics starting from y whose
derivatives in 0 form an orthonormal basis of 75 M. Writing Eq. (4.6) for y, := y! and summing
over the index i, it is easy to see that we get

AgE(F) = — Ric(VeE(3), Vi () + REMZ, 4.7)

with [REM2| < dim(M)Cse3.
To conclude, let r = x,, := expz(—reVe(x)) and observe that by definition and for-
mula (4.1) there hold x|, , = — V¢, (¥) and x;‘g = Vg, (y), hence,

1

Ric(Ve (). V£ (7)) = Ric(Ve, (%), Vo, () + / (Vr Ric) (x; ., x; ) dr
0

1
=g? Ric(Vp(X), V(X)) + /(V, Ric)(x]. .. x;. ) dr. (4.8)
0
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Then, given that |x/ .|, = &|Vp(X)l,, we get [(V, Ric)(x; ., x; . )|g < C4e> for some constant Cy
depending only on |V¢(X)| and a bound on the covariant derivative of the Riemann tensor Riem.

The thesis then follows from relations (4.7) and (4.8). O
We are finally ready to prove our main result.

Theorem 4.6. Let s — y; be a geodesic on M (w.r.t. gg). Then, there holds

1 1
d
a/g,(ys’, y;) ds = —2/Ric(ys', y;’) ds, (4.9)
0 1=0 0
and
d .
o (vi»v)| =-—2Ric(y),y;). ae.s. (4.10)
t=0

Proof. Thanks to Corollary 4.2, Eq. (4.10) follows directly from formula (4.9), thus, we concen-
trate on this latter.
Let K be a bound from below on the eigenvalues of the Ricci tensor. Then, for x € M, v €
Tz M, Proposition 4.1 yields
d1l _ _ 5 _
aigt(v, V) < —K/ |w|gdy,’f’,j =—Kg,v), Vt>0.
M

Thus, Eq. (3.2) and the Gronwall lemma give
g(9,9) <e *Kg(@,9). (4.11)

Therefore, from Corollary 4.2 we deduce

lim lim ds
t—0 t t—0 t
0

1 1
— [ & v) —eW.v) ds</—gt(ys’,ys’)—g(y{,ys’)

0
1
<2 / Ric(v/, ) ds, (4.12)
0

where the use of Fatou lemma in the first inequality is justified by the estimate (4.11).

Using the compactness of the image of y and a partition of the unity argument, it is not
difficult to construct (we omit the details) a family {¢;};e0,1] € C*°(M) such that Vg, (y;) =/
and V2¢;(y;) =0 for any ¢ € [0, 1], and denoting by &, the value of & corresponding to ¢ := ¢;
in Lemma 2.4 and by C; the value of C corresponding to ¢ := ¢; in Proposition 4.5, there holds

&= irtlfét >0, C:=supC; < +o00.
t

Let now 0 =59 < 51 < --- <sy = 1 be a partition of [0, 1] such that max; |s;+1 — s;| < &. For
i=0,...,N—1, we apply Lemma 4.4 and Proposition 4.5 to x := y;;, v 1= Vs/,-» &1=Si41 — Si
and ¢ := g, to get
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ds

lim (si+1 — s
t—0

Si+1
2t
Si

= A((si+1 = 5)95) s) + A((Gie1 — 5)05,)) Vsiar)
> —(sit1 — s Ric(yy . v),) — Clsie1 — 5i)°.

Dividing by (s;4+1 — s;) and summing overi =0,..., N — 1, we get
1 8 (s vs) — 8(vss vy) =
11_111/ ALLLE 5 S5 ds > = Y (i1 — s Ric(yy vy) = Clsipn — s)™.
t—0 .
0 i=0

Refining the partition in such a way that lim max; |s;+; — s;| — 0, we conclude that
1
ds > —Z/Ric(ys’, yv’) ds,
0
which, together with inequality (4.12), gives the thesis. O

1
i & v) — 8w v
=0 2t
0

5. The construction in a non-smooth setting

By means of Proposition 3.5 we defined a flow using only the heat kernel and an original
distance, independently of the presence of a smooth metric tensor. It is therefore natural to try to
apply this construction in a non-smooth setting: the natural one being that of RCD(K, co) spaces
introduced in [6], i.e. those spaces with a lower Ricci curvature bound, in the sense of Lott, Sturm
and Villani (see [10,15]), and where the heat flow is linear. Indeed, a lower Ricci curvature bound
seems necessary due to the fact that the heat flow is well defined and nicely behaves in relation
with the W,-geometry only in presence of the CD(K, oo) condition (see [5]). On the other hand,
one does not only need a heat flow, but also a heat kernel, and this latter exists only if the heat
flow is linear (see [6] and [3]).

5.1. Setting and preliminaries

5.1.1. The Cheeger energy and the Sobolev space W'-2(X,d, m)

Let (X,d,m) be a complete and separable metric space endowed with a reference non-
negative Radon measure m. The Cheeger energy functional Ch : L%(X,m) — [0, +00] is defined
as

1
Ch(f) :=inf lim = [ |Df,|*dm,
n—>002X

where the infimum is taken among all sequences of Lipschitz functions f, € L2(X, m), converg-
ing to f in L?(X, m).
The local Lipschitz constant | Dg| : X — [0, +00] of a function g : X — R is defined as
— —g(x
\Dgl|(x) := Tim lg(y) — g(x)|
y=xodx,y)
It is immediate to check that Ch is convex, lower semicontinuous and with dense domain, there-
fore, the classical theory of gradient flows in Hilbert spaces ensures that for any f € L%(X, m)
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there exists a unique gradient flow for Ch starting from f. In general, however, Ch is not a
quadratic form (consider for instance the case of finite dimensional Banach spaces), therefore,
its gradient flow could be non-linearly dependent on the initial datum.

The Sobolev space W!-2(X, d, m) is then defined as

Wwh2(X,d, m) :={f € L*(X, m): Ch(f) < +0o0},
endowed with the norm
£ 1512 = IL£ 172 + 2Ch(f).

Notice that since in general Ch is not a quadratic form, the space W2 can fail to be a Hilbert
space (while it is always a Banach space).

If Ch is a quadratic form, it is immediate to check that it is actually Dirichlet form. In this
case, we denote by A its infinitesimal generator, then standard Dirichlet form theory grants that

dl1 2

g 5 Wil = —=Ch(f). vt >0,

d 2

& Ch(D =1L, Vi >0,

t = ||Aftll;2 is not increasing, 5.1

whenever f; is a gradient flow for Ch.

5.1.2. CD(K, 00) spaces and gradient flow of the relative entropy
Let (X, d, m) be such that for some constant C > O there holds

/ e CHC20) g < 400, (5.2)
X
Then, the relative entropy functional Enty, : &(X) — R U {+00} is defined as

[y plogpdm, if u=pm,

Enty, (1) := {
" 00, if u is not absolutely continuous w.r.t. m.

. ~ 2 . 2 . .
Putting i := 7~ le=C4 C:*0)m_ being z := [ =9 -¥0) dm the normalization constant, where C
is the constant in condition (5.2), we see that there holds

Enty(n) =Entz () — C / d*(-, x0) du — logz,
X
which grants, thanks to the fact that the entropy w.r.t. the probability measure m is non-negative
and lower semicontinuous in duality with C,(X), that Ent,, is indeed well defined on &, (X)
and lower semicontinuous w.r.t. Wp-convergence. The domain D (Enty,) of the entropy is the set
of u € #(X) such that Enty, (1) < 400.

Definition 5.1 (CD(K, c0) spaces). A complete separable metric measure space (X, d, m) satis-
fying condition (5.2) for some C > 0 is said CD(K, 00), for K € R, provided that the following
is true. For any couple of measures w, v € D(Enty,), there exists a geodesic u; C &, (X) such
that o =, 41 = v and

K
Entm (1) < (1 — 1) Entyy () + 1 Entin (v) — 3W22(M, V).
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Notice that in a CD(K, co) space one always has that (supp(m), d) is a length space, i.e. the
distance can be always realized as the infimum of the lengths of the curves.
The following result is proved in [5] (see also [8]).

Theorem 5.2. Let (X,d,m) be a CD(K, 0c0) space and i € D(Enty,) a measure with finite
entropy. Then, there exists a unique locally absolutely continuous curve [0, 400) 3t — u; €
P, (X) such that

T T
1 . 1 _
Enten (1) = Entm (17) + > / | dt + 5 f!D Entw " () dt, VT >0,
0 0
where the slope of the entropy |D™ Enty, | is defined as

— (Entm(0) — Entm(v))™
|D™ Enty|(v):=  Tim (Entm (0) = Bntw (v))™
Wa(o,v)—0 Wa(o, v)

The curves defined by this theorem are called gradient flows of the entropy Enty,.

5.1.3. RCD(K, 00) spaces
A crucial result obtained in [5] is the identification of the gradient flow of Ch and the one of
Enty, (see also [7] for a survey in the compact case).

Theorem 5.3. Let (X, d, m) be a CD(K, o0) space and u = fm € D(Enty,) with f € L?(X,m).
Let [0,00) 5t + f; C L2(X, m) be the gradient flow of Ch and [0, 00) > t > wu; C P (X) the
gradient flow of the entropy, respectively, with fo = f and o = . Then,

He = frm, Vt>0.

Due to this result, the heat flow on a CD(K, 00) space can be unambiguously defined as the
gradient flow of Ch or as the gradient flow of Enty,.

There are CD(K, 00) spaces such that W'-? is not a Hilbert space (e.g. finite dimensional
Banach but non-Hilbert spaces, see the last theorem in [17]), hence, having a nonlinear heat flow.
The class of spaces with linear heat flow has been investigated in [6] and [3], the definition being
the following.

Definition 5.4 (RCD(K, co) spaces). We say that (X, d, m) is an RCD(K, oo) space provided
that it is a CD(K, 0o) space and wh2(X,d, m) is a Hilbert space.

A non-trivial property of RCD(K, 0o) spaces is that the heat flow contracts the W5-distance
(this is false in non-Hilbert, finite dimensional Banach spaces as shown in [12]).

Proposition 5.5. Let (X, d, m) be an RCD(K, 00) space and [0, 00) > t > iy, v; two gradient
flows of the relative entropy. Then

Wa(per, vr) < eX"Wa(uo, vo), ¥t >0.

A priori, on a CD(K, oo) space the gradient flow of the entropy is well defined only when
the initial measure has finite entropy (Theorem 5.2), but thanks to this contraction result, there
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is a natural extension of the flow to initial measures in the Wj-closure of the domain of the
entropy. Such closure consists in measures p in &2 (X) with supp(u) C supp(m), we will denote
the space of these measures u by 9% (supp(m)). More precisely, we have the following simple
corollary.

Corollary 5.6. Let (X, d, m) be an RCD(K, 00) space. Then, there exists a unique one parameter
Sfamily of maps H; : £, (supp(m)) — P, (supp(m)) such that:

(i) forany p,v € Z;(supp(m)) there holds
Wa(Hi (), Hi (0) e X Wa(u,v), V>0, (5.3)

(ii) for any u € P, (supp(m)) the curve t — H;(w) is Wy continuous,
(iii) for any u € D(Enty), the curve t — H;(w) is the gradient flow of the entropy starting
from u, according to Theorem 5.2.

It can be shown that H; () < m for any u € £ (supp(m)) and any ¢ > 0. Thus, the maps
H; : 22 (supp(m)) — P, (supp(m)) induce maps h, : L' (X, m) — L'(X, m) via the formula

he(f)m:=H,(fm), VfeL'(X,m): fme 2 (X),

and the requirement that h; is linear and continuous in L'.
We recall that H; (i) € D(Entyy,) implies the L'> L log L regularization property

h,(f) € LlogL(X,m), Vt>0, feL'(X, m).

We say that the flow h; is ultracontractive provided that the following stronger regularization
holds

Ap > Lsuchthat |h(f)|,, <COIflp. Vi>0,

or equivalently (by the Young inequality for convolutions) if
[0 (] e SCON g1, ¥e>0. (5.4)

5.1.4. Convergence of metric measure structures

We recall here some basic concepts regarding convergence of metric measure structures. The
approach that we chose is that of D-convergence introduced by Sturm in [15] and of pointed
D-convergence analyzed in [2]. There are strong relations between these notions and those of
measured Gromov—Hausdorff convergence and pointed measured Gromov—-Hausdorff conver-
gence, we refer to [2] for a discussion.

We say that a metric measure space (X, d, m) is normalized provided that m is a probabil-
ity measure and that it has finite variance if m € 2,(X). In the following definition and the
discussion thereafter we write LI for the disjoint union of two sets.

Definition 5.7 (D-convergence). Let (X,,,d,, m,), n € N, and (X, d, m) be normalized metric
measure spaces with finite variance. We say that (X,,, d,, m;,) converges to (X, d, m) in D-sense
provided that there exists a metric Don Y := ]_[n X, U X which coincides with d,, (resp. d) when
restricted to X, (resp. X) and such that

lim W"® (m,, m) =0.

n—oo
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Notice that Sturm in [15] defined a distance D on the space of normalized metric measure
spaces with finite variance, and that convergence w.r.t. this distance means precisely what we
just defined: we preferred this point of view because in our discussion the presence of a distance
behind a converging sequence is not really important.

While D-convergence is suitable to deal with non-compact spaces (as opposed to measured
Gromov—Hausdorff convergence), it requires the measure m to be in & (X), which is a quite
restrictive assumption in general. To overcome this problem, in [2] a variant of D-convergence
has been proposed, called pointed D-convergence.

Definition 5.8 (Pointed D-convergence). Let (X,,, d,,, my,, X,), n € N, and (X, d, m, x) be pointed
metric measure spaces with X, € supp(m,), n € N, X € supp(m) and m(X) > 0. We say that
(Xp,d,, my, x,) converges to (X, d, m, x) in the pointed D-sense provided that there exists a
constant C > 0 such that the following are true.

.
@) sup f d?(-, Xp)e S ) dm, < 400.
neNx
2 = 2. =
(i) lim [ e "¢ dm, = / e 0D dm.
n—>oo
X X

(iii) There exists a metric D on ¥ :=[][, X, U X which coincides with d, (resp. d) when re-
stricted to X, (resp. X) and such that

lim D(x,,x) =0,

n—oo
. Y.D) ~ o~
lim W (#,, &) =0,
n—0o0
- Ty ~ Ty )
where M, = z,;'e7 " Cm, n € N, and @ := z7'e ¥ CHm, being z, =

2. % 2 & .
fe_Cd C:Xn) dm,, and 7 := fe_Cd (%) dm the normalization constants.

It is not difficult to see that under pointed D-convergence there holds
Vx € supp(m) there exists n — x, € supp(m,,) such that lim D(x,,x) =0,
n—o00

which shows, in particular, that D-convergence is a particular case of pointed D-convergence
(just pick C = 0 and use this property to obtain a suitable converging sequence of reference
points).

Remark 5.9. The definitions of D-convergence and pointed ID-convergence can directly be
adapted to pseudo-metric spaces, i.e. spaces where the “distance” is not required to be positive
at couples of different points. In this case, one just requires D to be a pseudo-distance on Y.

Lower Ricci curvature bounds and heat flows are stable w.r.t. D-convergence, as stated in the
next propositions (for the proof, see [2]).

Proposition 5.10 (Stability of RCD(K, 00) spaces). Let (X, d,, my, X,), n € N, be a sequence
of pointed metric measure spaces converging to some (X,d,m, X) in the pointed D-sense, as
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in Definition 5.8. Assume that (X,,d,, my,) is an RCD(K, 0o) space for every n € N. Then,
(X,d, m) is an RCD(K, 00) space as well.

In the next statement, we will denote with H,, ; the heat flow on X, and by H;, the one on X.

Proposition 5.11 (Stability of the heat flow). Let (X,,d,, m,, X,), n € N, be a sequence of
pointed metric measure spaces converging to some (X, d, m, x) in the pointed D-sense, as in
Definition 5.8. Assume that (X, d,, my,) is an RCD(K, 00) space for every n € N, so that also
(X,d, m) is an RCD(K, 00) space, according to Proposition 5.10.
Let (Y, D) be as in Definition 5.8. Then, for every sequence n — x, € supp(m,) and point
x € supp(m) such that D(x,, x) — O, there holds
Tim W3 (Hy0 (85,), Hi(82)) = 0

foreveryt > 0.
5.2. Definition of the flow and properties

We are going to define two families of pseudo-distances d; and d;: the former corresponds to
the ‘chord’ distance in the embedding (1.2), the latter to the ‘arc’ one.

Deﬁgition 5.12. Let (X, d, m) be an RCD(K, 00) space with supp(m) = X and ¢ > 0. The func-
tion d; : X x X — [0, +0o0] is defined as

di (x, ) 1= Wa(H, (8x), Hi (8,)).

It is immediate to check that d; is a pseudo-distance on X (i.e. it shares all the properties of a
distance except the fact that it can be 0 at couples of different points), see Theorem 5.15 below
for the simple details. For a at-Lipschitz curve s — y;, we will denote by |ys|; its metric speed
defined as in (2.2) computed in the pseudo-metric space (X, dy) (it is easily verified that to pass
from metric to pseudo-metric spaces creates no problems in the definition).

Observe that Corollary 5.6 ensures that if # — 34 € X is a d-Lipschitz curve, then it is also
d; -Lipschitz. Hence the following definition makes sense:

Definition 5.13. Let (X, d, m) be an RCD(K, 0o) space with supp(m) = X and ¢ > 0. The func-
tion d; : X x X — [0, +00] is defined as

1
d(x. y) :=n;ff|ys|,ds,
0

where the infimum is taken among all d-Lipschitz curves y on [0, 1] joining x to y.

Remark 5.14. In connection with Remark 3.6 notice that in the non-smooth situation we do
not expect the pseudo-distances d; to be bi-Lipschitz w.r.t. the original distance d, therefore
in defining the pseudo-distance d; as infimum of length of curves, the length being measured
w.r.t. d;, we need to make a choice: either we directly consider d; -Lipschitz curves or we consider
only those which are also d-Lipschitz.

Both choices seem reasonable, we preferred the second one because it makes simpler to prove
the desired weak continuity properties in Theorem 5.18.
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Theorem 5.15 (Basic propertles of the flow). Let (X,d, m) be an RCD(K o0) space such that
supp(m) = X. Then, do =do=d and for every t > 0 the functions d;, d; are pseudo-distances
on X (i.e. they share all the properties of a distance except the fact that they can be O at couples
of different points).

Also, if for some t > 0 the map H; : P5(X) — P(X) is injective, then a, and d; are dis-
tances.

Moreover, if (X, d) is compact, the distances E,, d; induce the same topology of d on X.

Proof. The fact that do = dgp =d is obvious.
By construction, d; and d; are both symmetric, satisfy the triangular inequality and d;(x,x) =
d;(x,x) =0forany x € X and ¢ > 0. Also, it clearly holds

dr(x,y) <d(x,y), Vx,yeX, r=0. (5.5)

Thus, it remains to prove that a}, d; are both real valued. By estimate (5.3) we immediately get

di(x,y) <e Kd(x,y), Vx,yeX, >0, (5.6)

which directly implies |y;|; < e Kt |¥slo for a.e. s for any d-Lipschitz curve s — y;. Hence from
the definition we obtain that

d(x,y) <e ®d(x,y), Vx,yeX, 1>0. (5.7)

Assume now that H; : Z(X) — £7,(X) is injective for some ¢ > 0. Then, since W, is a
distance on #7,(X), we have H;(6y) # H;(8,) for any x # y, t > 0. Hence a, (x,y) > 0 and, by
relation (5.5), also d; (x, y) > 0.

Assume that (X, d) is compact. Given the chain of inequalities

d; <d; <e Kiq,

to conclude it is sufficient to prove that d; induces the same topology of d. Let ¢, : (X,d) —
(P (X), Wr) ~ (X,a,) be given by ¢ (x) := H;(8y). Our aim is to show that ¢; is a homeomor-
phism of X with its image Y; := ¢;(X) C Z%(X).

Inequality (5.6) grants that ¢, is continuous. It is clearly surjective and, by what we proved,
also injective. To conclude, we thus need to prove that Lfl : Yy — X is continuous. Let y, C ¥;
be a sequence converging to some y € ¥; and put x,, := L,_l(yn), neN,x:= L,_I(y). Since X is
compact, up to a subsequence, not relabeled, we can assume that x, converges to some x’ € X.
Since ; is continuous we have ¢ (x’) = lim,, ¢;(x,) = lim,, y,, = y, which forces x’ = x. Being
this result independent of the converging subsequence chosen, the thesis follows. 0O

Now, to prove that 5,, d; are distances, we need to know that the heat flow is injective on
RCD(K, 00) spaces. Quite surprisingly, this does not seem to be so obvious: we only know a
proof in the case of ultracontractive flow, where we can bring the problem to a question in L?
and then use the analyticity of the flow.

Proposition 5.16 (Injectivity of the heat flow). Let (X, d, m) be an RCD(K, 00) space. Assume
that the flow h; is ultracontractive in the sense of inequality (5.4). Then, for x #y and t > 0
there holds H;(8x) # H; (8y).

Proof. By point (ii) of Corollary 5.6 we have that for x # y and fy > O sufficiently close to 0
there holds Hy, (8x) # H;(8y). Now we use the ultracontractivity property of the flow to write
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Hy, (6x) = fmand Hy (6y) = fm for some f, fe L?(X,m), f# f~ The conclusion then follows
from the fact that the flow is analytic in L2(X, m), as we now explain in detail.

By Theorem 5.3, the (restriction of the) flow h; in LZ(X , m) is linear, strongly continuous and
the gradient flow of Ch. Denote by A its infinitesimal generator. We claim that

tah @) ,2 < lgllg2. Ve e L*(X,m), t>0. (5.8)

Indeed, using formula (5.1) we get

~

t

2 d
Slan@l} < / s|an@)f2ds == [ 55 Chinio)ds
0
t

f Ch(hs(g)) — Ch(h,(g)) ds < / Ch(hy(g)) ds

0
; d1 1
2 2
/d_i (@32 ds < 3l
0

and inequality (5.8) follows. Hence, we also get |[AAh,(g)|| = [|Ah; 2 Ah2(9)| < Hel
denoting by A™ the application of 7 times the operator A, by induction we deduce

n
[APh@)] 2 < lgllia e g € L2(X.m), 1>0.

It is readily checked that this bound implies that for any 79 > O the series

Z(t 0 oo, 0 (&),
n!

n>0

converges for any ¢ in a sufficiently small neighborhood of #y and that its sum is precisely
h;(g). Hence, the curve t — h;(g) is analytic, as claimed, and the injectivity of the heat flow
follows. O

Remark 5.17 (The finite dimensional case). There is a natural way to define RCD(K, N) spaces
for finite N: just require that the space is CD(K, N) and that W2 is Hilbert. The fact that
CD(K, N) spaces are doubling (in particular, bounded closed sets are compact) and support a
weak local 1-1 Poincaré inequality, together with the results of [ 14] yield the following Gaussian
estimates for the heat kernel:

- - £ d? n/2
< pxy) < Ot (1+ ”’”) .69
Jm(B (0 B M(B () t

where o (2, x, -) is the density of H;(8,), n is the doubling constant and the constants C, C’ depend
only on the doubling constant and the constant appearing in the Poincaré inequality.

In particular, the upper bound implies that heat flow in RCD(K, N) spaces is always ultracon-
tractive and therefore injective. The lower bound and the fact that m is doubling easily yield that
if x, C X is such that H,(8,,) is a bounded sequence in (£7,(X), W>), then x,, is also bounded.
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This latter fact then ensures that the proof of the last part of Theorem 5.15 can be repeated
without assuming (X, d) to be compact, thus obtaining the following result.

Let (X,d,m) be an RCD(K, N) space, N < 400, with supp(m) = X. Then, all the conclu-
sions of Theorem 5.15 are true. We omit the details.

We now analyze the continuity properties of the flow under D-convergence.

Theorem 5.18 (Continuity in time). Let (X, d, m) be a compact normalized RCD(K , 00) space
with supp(m) = X and such that the heat flow H; : 22(X) — (X)) is injective for any t > 0.
Then,

e the curve t — (X, E,, m) is continuous w.r.t. D-convergence,
e the curve t — (X, d¢, m) is right continuous w.r.t. D-convergence.

Proof. By Theorem 5.15 we know that both d;, d; induce the same topology of d, hence the
Borel structures are the same. In particular, m is a Borel measure in both (X, E,) and (X, d;) and
the statement makes sense.

Fix 1 >0, let n — 1, > 0 be any sequence converging to 7, let the space X, be a copy of
X endowed with the distance d;,, the map ¢, : X — X, the corresponding “identity” map and
m,, := (1,)pm. We define the distance D on Y :=[ [, X,, U X by putting, for any x, y € X,
Wa(Hy, (8x), Hy, (8y)),  ifx € Xy, y € X,
WaH,, (8. Hi(3y),  ifx € X,, yeX,
Wa(Hi(8x), Hy, (8y)),  ifx € X, y€ Xy,
Wa(H: (8x), H:(8y)), ifx,yeX.

D(x,y) =

Clearly, the embeddings of (X, E,) and (X, En) in (Y, 5) are isometries.
The transport plan (Id, t,)pm € P2 (X x X,,) C P (Y?) is admissible from m to m,,, being Id
the identity map, thus, we have

Wy P (m, my) < f D2(x, y) d(1d, Id);m(x, y) = / W3 (H: (x), Hy, (x)) dm(x).
YxY X
The compactness of (X, d) ensures that W»(H;(x), H;, (x)) is uniformly bounded by the diameter
of X, while from the continuity of the curve s — H;(u), for any u € £, (X) (Corollary 5.6),

we have that W22(H, (x), Hy, (x)) goes to 0 as n — oo. Hence, the dominate convergence theorem
implies

lim W' (m, m,) =0,
n—od

which is the first claim.
Concerning the second claim, we start noticing that from the semigroup properties of H;, for
any t, h > 0 we get

drn(x, ¥) = Wa (Hen (82), Hitn (8)))
= Wa(Hx(H: (82)). Hi (H; (8y)))
<e XMWy (H,(80), Hi (8y))

= e_Kha,(x, y),
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by means of inequality (5.3). Therefore for any d-Lipschitz curve s > y; it holds |ys|i+n <
e~ K|y, for a.e. s, hence directly from the definition we get

drn(x, y) <e Kld,(x, y). (5.10)

Now, fix ¢ > 0, a sequence t, | ¢t and ¢ > 0. We use the definition of d;, to find a,—Lipschitz
curves [0, 1] > s = y, ¢, joining x to y, such that

1
/|)}s|td5<dtu(xay)+€~ (5.11)
0

From the compactness of (X, d) and the inequality (5.7) we can assume, with a reparametrization
argument, that the curves s — y,, s are L-Lipschitz w.r.t. d for some constant L independent of n.
This equi-Lipschitz continuity and the compactness of X imply that there exists a subsequence,
not relabeled, and a limit curve y;, which is L-Lipschitz w.r.t. d and such that lim, d(y, s, y5) =0
for any s € [0, 1].

Use identity (2.3) to find NeNanda partition 0 =59 < --- <5y =1 of [0, 1] such that

N-1

1
/|y's|,ds< D s Vi) +e-
0

i=0
By the definition of d; we get
N-1

1
) < [l ds < ¥ B0 v+ (5.12)
0 i=0

Since y,.s — ys as n — oo for any s € [0, L], taking inio account the continuity of # — H;(u),
for arbitrary u € &%,(X), we have that lim, d;, (x, y) = d;(x, y) for any x, y € X and thus

N-1 N-1
Z dt (VS‘,‘ P yf,‘_H) = nli)ngo Z dtn (V&; » Vsin )
i=0 i=0
Therefore, by inequalities (5.11) and (5.12), we deduce
di(x,y) < lim dy, (x, y) + 2e. (5.13)
n—oo

Hence, letting € |, 0, by inequality (5.10), we conclude
d;(x,y) = lim d;,(x,y), Vx,yeX.
n—od

The proof of ID-convergence of (X, d;,, m) to (X, d;, m) follows along the same lines, using the
dominate convergence theorem and the fact that the spaces (X, d;,, m) are — by estimate (5.7) —
uniformly bounded. We omit the details. O

We now discuss the stability properties of this flow of (pseudo) distances w.r.t. pointed
D-convergence. Shortly said, d; is continuous and d; is lower semicontinuous under this conver-
gence. We will denote be En, ¢, dn ¢ such pseudo-distances for the space (X,, d,, m,), according
to Definitions 5.12, 5.13.
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Theorem 5.19 (Stability). Let (X, d, My, Xp,), for n € N, be a sequence of pointed RCD(K , o0)
metric measure spaces, converging to some (X,d, m, X) in the pointed D-sense, as in Defini-
tion 5.8. Assume that supp(m,) = X, for every n € N and that supp(m) = X.

Let (Y, D) as in Definition 5.8 and let n +— x,, y, € supp(my,) for x,y € supp(m) such that
D(x;,x) — 0 and D(y,, y) — 0 as n — oo.

Then, for any t > 0 there holds

(v, y) = lim dy s (¥, ). (5.14)
n—oo
Furthermore, if the bounded closed sets in (Y, D) are compact, then it also holds

d[(-x’ )’) < ll_m dn,t(xn: yn)s (515)

n—oo

forany t >0, with x,,, yn, x, y as in formula (5.14).
Finally, if (Y, D) is compact, the measures m,, are normalized and for some t > O the heat
fows H, 1+ P2(Xy) = P2(Xp), n € Nand H; : P2(X) — P»(X) are all injective, then n +—

~

(Xn,dy r, my) converges to (X, a}, m) in the D-sense.

Proof. We have
[Gs s ya) — G e, )| = [WEK 9 (Hy 1 (85, Hot (85,)) — WP (H, (80), Hi (6))) |
= WP (Hy (85, Hut By,)) — WATD (H, (8,), Hi 8,))]
<SWI P (Hy 1 (8,), Hi(80)) + WP (Ho 1 (8,), Hi (3y)).

Thus, limit (5.14) follows from Proposition 5.11.

Inequality (5.15) then follows by the general lower semicontinuity of the length w.r.t. con-
vergence of metric spaces, along the same line of the proof of Theorem 5.18: we just use the
stability result (5.14) in place of the continuity of ¢ — H, () when passing to the limit at the
level of Hn, ‘.

About the last statement, we define the function D, : ¥> — [0, +-00) by putting

W3 (180, Hn 1 8,)), i x € Xa, 3 € Xon,
W32 Ha 80, HBy), i€ Xy, yEX,
Wy P (H 0. Hii 8y), ifxe X, ye X,
W, P H G0, HGy), ifxyeX.

Dt(xv Y) =

Notice that Dy is a distance because D is a distance and by the injectivity of the flows. Moreover,
by Theorem 5.15 and Proposition 5.11 we have that D, induces the same topology of D.
For every n e N, let y,, € Z2(Y?) be a transport plan realizing the minimum in

/ d2(x, y)dy,

YxY

among all y such that nﬁl y=m, nﬁzy = m,,. Then, for every n € N we use a gluing argument to
find a, € 2(Y"t1) such that,

(no,ni)nan:yn, Vi=1,...,n
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and finally, we use Kolmogorov theorem to find & € 2(Y") such that
(no, e n")ta =a, VneN.

Let f, : YN — [0, +00) be given by
f((en)) = D(x0, xn),

by construction there holds

/f,fdoc: / D2(x, y) dy,,(x, y) > 0,
YN YxY

by our assumption of pointed D-convergence. Therefore, up to a subsequence, not relabeled, we
have that

o-a.e. (x,) there holds lim D(x,, xg) =0. (5.16)
n—0o0o

Define now g, : YN — [0, +-00) by

gn((xn)) := Dy (x0, x5),

and notice that thanks to inequality (5.5) and the fact that (Y, D) is compact, the g, are uniformly
bounded. Using Proposition 5.11 and (5.16) we deduce that for «-a.e. x,, there holds g, ((x,,)) —
0 as n — oo. Hence the dominate convergence theorem yields

WZ(Y’D’)(ITln, m) < /g,% da — 0.
YN

Being this result independent of the subsequence chosen, it holds for the full original sequence
and the proof is completed. O

We conclude with some comments about the statement and proof of this theorem. A sufficient
condition in order to have that the bounded closed sets in (Y, D) are compact, is that the spaces
(Xn, dy, my) are uniformly doubling, in the sense that for some constant C > 0 there holds

m,l(B2R(x)) < Cm,l(BR(x)), VneN, xeX,, R>0.

Indeed, this assumption passes to the limit, on doubling spaces the support of the measure is the
whole space and uniformly doubling spaces are uniformly totally bounded.

In the last part of the statement (as well as in Theorem 5.18), there are some hidden non-
trivial technical problems. First of all we notice that the only way to get D-convergence is
to use the dominate convergence theorem — as we did: this is due to the fact that Proposi-
tion 5.11 is not quantitative, hence without a uniform bound on D, it seems hard to get the
desired W>-convergence. As soon as (Y, D) is bounded, we can argue as in the proof and obtain

lim D;(x0, x) da((xn)) =0.

n—oo
YN

Yet, this is not enough to conclude that Wz(Y’D’)(fﬁ, m,) — 0 because we do not know if « is a
Borel transport plan in YN when on ¥ we consider the Borel structure given by D,. Actually,
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it is not even clear whether on general pointed RCD(K, o0) spaces (X, d, m, X), the measure m
defined as in point (iii) of Definition 5.8 is Borel w.r.t. any of the pseudo-distances d;, dy, so the
transport problem does not really make sense, at least in classical terms (of course this measure
as well as the cost function are Borel w.r.t. the original distance d, but these are not the terms
under which the W;-distance is defined). It is for this reason that we added some assumptions
granting that the topology — and a fortiori the Borel structures — of (Y, D) and (Y, D,) coincide.
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