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Abstract

We consider a Vlasov equation for a plasma with a given constant magnetic field, and introduce a
white noise perturbation of the electric field in the electrostatic approximation, with a discussion
of the motivations of such random perturbation. We prove that diffusion in velocity emerges in a
suitable scaling limit of the noise, and also discuss the physical relevance of this result.

1. Introduction

Consider the Vlasov-type equation
Of +v-Vif+ (E, +Bvxes) - V,f=0,

where f = f(x,v,t) is the density of plasma particles in the phase space T° x R?, p(x,1) = [o, flx,v, 1) dv;
B e R is a constant, e; = (0,0,1)* and v X e3 = (v, —v1,0)*; moreover,

B () = [ V6= .

G being the Green function on T°, G(x) &~ —C|x| ™! for x near the origin. E, stands for the electric field
associated to the particle density, while Bes represents some fixed external magnetic field.

Here we briefly discuss how to introduce noise in the above equation, see section 5 for a more
detailed physical explanation. Assume that f = f+ f, where f (resp. f) represents the large (resp. small)
scale part of the density; accordingly, we have p = [fdv+ [ fdv=: p+ p, and the equation for f becomes

Of +v-Vif+ (Ep+Bv x e3) - Vif +E;- V,f = 0.

Motivated by stochastic model reduction, we approximate the electric field E; corresponding to small
scale density by some Gaussian random field

W=Wx ) =3 o) Wh,
k

where {0} }; are some smooth gradient vector fields on T® and {W¥}, are independent standard
Brownian motions. We stress a major difference from recent works mentioned below, where the noise is
often assumed to be divergence-free in the space variable, while here it is of gradient type since it arises
from small scale fluctuations of electric field; a key point is that the noise is divergence-free in the veloc-
ity variable.

© 2026 The Author(s). Published by IOP Publishing Ltd and the London Mathematical Society.


https://doi.org/10.1088/1361-6544/ae7ebf
https://crossmark.crossref.org/dialog/?doi=10.1088/1361-6544/ae7ebf&domain=pdf&date_stamp=2026-7-6
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0002-6944-3200
mailto:franco.flandoli@sns.it
mailto:luodj@amss.ac.cn

10P Publishing

Nonlinearity 39 (2026) 075011 F Flandoli and D Luo

We can write the above equation as a stochastic partial differential equation with transport noise:

df +v-V.fdt+ (E; + Bv x e;) - Vfdt—&-Zak V,fodWr=0.

Here, od means the Stratonovich stochastic differential, a choice which is motivated by the Wong—
Zakai principle (see [4]). This is the equation treated below and we shall omit the bar in f to simplify
notation.

Technically speaking, we have been motivated, to introduce the above noise and investigate the scal-
ing limit, on one side by a series of recent works on a new scaling limit based on the It6—Stratonovich
duality (see e.g. [10, 16, 25] and more references at the beginning of section 1.2), and on the other
side by the work [2] which contains two very interesting scaling limit results related to turbulent per-
turbations. Our approach and assumptions are technically very different and therefore complement the
study of [2] by a different viewpoint. From the physical side, moreover, we have been strongly motivated
by the increasing knowledge and understanding of turbulence in plasma. As an example of works dis-
cussing topics and ideas which may connect with our noise model and limit result, let us mention [21,
22] which insist on coherent dynamical structures; our noise is composed of random structures mim-
icking that intuition. We also mention [9, 27] which discuss in particular the role that turbulence may
have in restoring a form of chaoticity typical of molecular collisions, in a framework like non-collisional
plasma that a priori could then miss any statistical mechanics approach. In section 5.4 we shortly discuss
this issue in more detail.

1.1. Weak existence of stochastic Vlasov equations
We will write the time variable ¢ as a subscript to save space. As discussed in the last part, we consider
the stochastic Vlasov equation

df +v- V. fdt+ (E, + Bv x e3) - Vfdt—&—Zak V,fodWr =0, (1.1)

where p(x) = [ fi(x,v)dv and

Eo(x) = (VG # ) (x /VGx Vo) dy.

For simplicity, we assume the noise W(x,t) =", ox(x)WF in (1.1) is translation-invariant and
smooth in the space variable, namely, the covariance function

ZO’k ®O’k

satisfies Q € C>°(T°). Moreover, we can assume that

Zak ® ok(x) = 2kI5 (1.2)

for some x > 0, I3 being the 3 X 3 unit matrix; see example 2.4 below for mathematical construction of
such noises. Under these assumptions, equation (1.1) can be written in It6 form as

df +v- Vifdt+ (E,+ Bvx e3) - Vofdt+ > oy Vo fdWf = kA fdt, (1.3)
k

where kA, is the [t6-Stratonovich corrector; we remark that this operator is a ‘fake’ dissipation term
since it is exactly cancelled by the martingale part in energy estimates. We endow the above equation
with an initial condition fy € L'(T® x R* R, ), together with further regularity to be specified later. The
meaning of weak solution to (1.3) is defined as usual against test functions ¢ € C>°(T° x R?). The main
result of this part is the existence of weak solutions to (1.3) which will be proved in section 3.

Theorem 1.1 (Existence). Assume that the initial condition fy € (L' N L*)(T? x R* R ) has finite kinetic
energy

K(f,) ::/\v|2f0(x,v)dxdv< +00.

Then the stochastic Vlasov equation (1.3) admits a weak solution f € L (0, T; (L' N L*)(T? x R*,R..)) such
that
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(a) forany p € 1,3, P-as. [|fill 2, < [[follyz, forallt € [0,T];
(b) forall g > 1, it holds EX(f,)*1 < Cg .1 < 0o forall t € [0, T).

The L*-integrability of f, looks a little strange; it implies the existence of a sequence of approximate
solutions bounded in L*(T° x R?), which will be used in (3.11) in the proof of lemma 3.6 below.

1.2. Scaling limit for stochastic Vlasov equations
In recent years, there have been intensive studies on the It6—Stratonovich diffusion limit, starting from
the work [16] which shows that, under a suitable rescaling of the space covariance of noises, a sequence
of stochastic linear transport equations on the torus converge to the deterministic heat equation. This
result was soon extended in [10] to the vorticity form of stochastic 2D Euler equation with transport
noise, where the limit equation becomes the deterministic 2D Navier—Stokes equation; see also [25] for
similar result on the stochastic 2D inviscid Boussinesq system. The paper [11] extends the results of [16]
to stochastic transport-diffusion equations on bounded domains with Dirichlet boundary condition,
while [20] and [26] deal with the cases of compact manifold and full space RY, respectively. We refer
to [1, 7, 24, 28] for works treating various models in different setting, and to [12, 31] for quantitative
estimates on convergence rates in the scaling limits. We also mention the recent papers [5, 6, 14] dealing
with some 3D fluid models where a stretching part of noise is involved. See the lecture notes [15] for
more comprehensive introductions to this field.

Motivated by the above works, in this part we show that, under a similar scaling of the noise
in (1.3), the stochastic Vlasov equations converge weakly to the deterministic Vlasov equation with an
extra dissipation term:

Of +v-Vof+ (E;+Bvxes) - Vif = kA, flimo = fo, (1.4)

where p;(x) = [fi(x,v)dv.
To this end assume we are given a sequence of smooth noise

WN—WNXt ZO’k

with covariance functions

Qx=y)=> of(x)®a(y), xyeT’ (1.5)
k

satisfying

Qn(0) =2k (VN>=1) and lim ||Qn
N—oo

L =0 (16)

for all r € [1,00). We will provide in example 2.4 an explicit choice of noises with the above properties,
see also section 5 for more physical discussions. Note that we can regard Qy as an operator acting on
vector fields A : T> — R? defined by

(QuA)(x) = (Qu *A)(x /QNx DAG)dy, xe T

Here is the second main result of this paper.

Theorem 1.2 (Scaling limit). Assume that the initial condition f belongs to (L' N L*)(T? x R*) with finite
kinetic energy

K(f,) = /1?3 N [v|*fo (x,v) dxdv < +o0.

Let Wy be a sequence of smooth noises whose covariance functions Qy verify the condition (1.6). For any N > 1,
let fN be a weak solution to the stochastic Vlasov equation

dfN +v- VfNdt+ (B + By x e3) - VfNdt+ ) o - Vo fNdWS = A, fNdt (1.7)
k

with initial condition f) = fy. Then any convergent subsequence of {f™ } converge weakly, in the topology of
c([o, 1], H, to weak solutions of (1.4).

X,V, loc)
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We remark that, by theorem 1.1, the approximate solutions {fN}y satisfy the properties (a) and (b)
therein; hence, the weak limits of {f"}y belong to the same regularity class. However, we are unable to
prove uniqueness of solutions to (1.4) under such regularity conditions. Therefore, we cannot claim that
the whole sequence {f"}y is weakly convergent.

This paper is organized as follows. After some preparations in section 2, we provide in section 3
the proof of theorem 1.1 which shows the existence of weak solutions to the stochastic Vlasov
equation (1.3). Then we prove the above scaling limit result (theorem 1.2) in section 4. Since the idea is
very close to the existence proof, we omit the details and only show why the martingale part vanishes in
the limit. We provide in section 5 detailed discussions on the choice of physically well motivated noises
satisfying the condition (1.6).

2. Useful lemmas and example of noises

In the proof below we will use some classical lemmas which can be found in [18, 19], where the results
are proved on the phase space RN x RN with N > 2. In the sequel, wy is the surface area of N — 1
dimensional sphere, and AM is the Lebesgue measure on RY.

The first result is taken from [19, lemma 3.2], see also [18, lemma 5.5].

Lemma 2.1. Assume 1 <p < oo, fe LP(R™N), f> 0, K(f) := [gn [V[*f(x,v) dxdv < c0. Let p(x) = [ fix,v)dv
and

r=r(p) = {(ZP+N(P— 1))/(2+N(p—1)), if p<oo,
(2+N)/N, if p = oc.

Then p € L'(RN) and

’ N ’ ’
v CIfIE TR

llp

with C= 1+ (wy/N)/?".
The next estimate can be proved by Holder’s inequality.

Lemma 2.2. Letp € [1,00], fe LP(R*N), K C RN compact, px(x) := [, fx,v)dv, x € RN. Then px € LP(RN)
and || p|pr < (AWNK)YP||f |-

The following estimates can be found in [19, lemma 3.5].

Lemma 2.3. Letp € (1,00], fi,f» € IP(R*™), a € [0,N).

(i) Ifp< oo,%—l—%—&—ﬁ =2and K(|f2|) < +o0, then

1 ! ’ ! 7
// ey el B wl dedvdydw < COSRD P I W 37 KUY/ 20

for all compact sets K C R*.

(ii) If@ + 5 =2and K(|fi]) VK(|f2]) < +oo0, then

L L el i < A1)~ a7,

We finish this section by giving an example of noises verifying the properties (1.6).

Example 2.4. Let Zj := 7\ {0} be the set of nonzero lattice points, with the partition Z3 = Z, UZ?_ satis-
fying Z3, = —7° . Set ay = ﬁ fork € Z_ and a; = —l—il for k € Z’ . Now we define the gradient vector fields

on T by o (x) = ae>™ %, x € T3, k € Z3; the family {o}} kez; constitutes a complete orthonormal system
of the space of square integrable and gradient fields on T° with zero mean. Let

Wi(x,1) = V3K > TYow(x) Wi,
k

4
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where the coefficients TN = (IY)x € £7(Z3) are radial symmetric in k € Zj and satisfy |||z = 1, {W*} ez
is a family of complex Brownian motions with quadratic variation

[Wk, ‘/V]] .= 251(7_11’.
Then, for any x,y € T3, the covariance function verifies

ko k
QN(’C—J’):GEZ(FQI)ZW(’C)QQU k(v —6HZ 2 ﬁz 27 ik-(x=y)
k

Asin [13, 16], we can take {I'N}x C ¢2(Z3) such that
HFNsz =1 forall N> 1,but ||FN||400 —0 asN— oco.
Now it is not difficult to show that Qn(0) = 2k1I3, see [13, (2.3)]; moreover,

|Qn(x)] < 6%2 (1—‘2’)2 =6k forallxe T,
k

and

k®k 2 1/2
ol =i | )| 5[] <ol

k

Fix any r € [1,00); if r € [1,2], then

r < ||Qnll: < 6“HFNH1ZO<>’

2/r —2/r

oo

while if r € (2,00), then by interpolation with parameters

< lQulP llQulli=2" < 6k || TN 21

which vanishes as N — oo due to the choice of I'Y.

3. Proof of theorem 1.1

We devote this section to the proof of theorem 1.1. In the first subsection we introduce smooth approx-
imations of the stochastic Vlasov equation (1.3) and prove some basic estimates, then in the second part
we show the weak convergence of approximate solutions by using the compactness method.

3.1. Smooth approximations and estimates

Note that the Green function satisfies VG(—x) = —VG(x) for all x € T? = [ — 1 1] > moreover,

VG(x) ~ Cﬁ as |x| — 0. Due to the singularity of VG near the origin, the existence of weak solu-

tions to (1.3) is not straightforward, thus we introduce a regularization of G. For ¢ € (0,1/2), let G° €
C>(T?) be a symmetric function such that G°(x) = G(x) for |x| > 6, and |G’ (x)| < 6. Now for fixed
0 > 0, we consider the approximating stochastic Vlasov equations

df° +v-Vfo dt+ (Eps +Bvx €3) - Vof dt+ > o+ Vof° 0 dWf =0, (3.1)
k
where
By (x) = (VG % p)(x /V@xymm@ (3.2)

We supplement (3.1) with an initial condition f§ € C>®(T? x R3 R, ).

5
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Proposition 3.1. Assume that f; € C>°(T> x R*,R,.). Then for any & > 0, the approximate equation (3.1)
admits a unique probabilistically strong solution f°, represented as

Fo () =5 (20 7 (x,v)),

where {@f’_l }t> , s the inverse flow associated to the stochastic equations

{dxf = Vidt, 53

dVP = [E,s (X?) 4+ BV} x es] dr+ Y, 0% (X7) o AWy
with initial condition (X{, V) = (x,v) € T? x R*. Moreover, ||f?||;» = [f3]lz foranyp > 1.

Proof. This result can be proved by following the method in [8, theorem 13]. Note that, since VG’ €
C3°(T?,R?), the electric field in (3.2) is smooth on T° for any p? € L!(T?). Combined with our assump-
tions on the noise, we see that the stochastic equations (3.3) generate a stochastic flow of diffecomorphisms,
see [23]. The preservation of I} ,-norm is due to the measure-preserving property of the stochastic flow

{® }t> »» @ fact following from the stochastic version of Liouville theorem. O

Remark 3.2. Since d(oy (X‘f)) = V.V (Xf) dt, one has d[oy (X‘S), WH] . =0, thus the second equation
in (3.3) has the equivalent It6 form

AV = [E, (XP) +BV? x es] de+ Y o (X7) dWS.

k

As a result, the quadratic variation is
d
TV V], =Y lonx) [ = Tr(Q(0) =6
k

where the last step is due to (1.2).

Introduce the potential energy
Vs() == [ | 6= nmmt)axdy
—— [ [ Gl ety dadyd
T3 xR3J T3 xR3
= —/ / GO (x — y)fo (x,v)fo (y, w) dxdvdydw.
’H‘(J Rﬁ

Note that —G? is uniformly bounded from below; thus for any probability density fy : T> x R* — R,
Vs(fy) = C for some constant independent of ¢ > 0.

In view of the assumptions on f; in theorem 1.1, we make the following assumptions on the initial
data {f3}s>0 of equation (3.1):

sup [l e, V()] < Co < 0. (3.4)
>0 : :

Recall that |G’ (x)| < |x|~! uniformly in § > 0; applying lemma 2.3-(ii) with a =1, N=3 and p=9/7
(hence r(p) = 6/5), we obtain the estimate

3/2
VSO S IR I k().
Therefore, condition (3.4) implies

sup |Vs(f3)| < C§ < 0.
6>0

In order to derive a relation between K(f?) and Vs(f?), we first prove the following estimate which
is not uniform in 6 > 0.

Lemma 3.3. For any § > 0, there is a constant Cs ,. > 0 such that for any t > 0, it holds

EK(f}) < e [K(f3) +f3 s, )-

6
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Proof. We have, by proposition 3.1,
K= [ PR w)ddv= [ V)R e (35)
T3 xIR3 T3 xR3

where in the last step we have used the measure-preserving property of the stochastic flow ®¢ = (X‘5 V(S)
t > 0. In the sequel, we omit sometimes the initial condition (x,v) in @ (x,v) = (X (x,v), V‘S (x,v)).
By It6’s formula and remark 3.2,

Ve =2v? - av? +d[V°, V],
=2V?-E,s (X7 dt+2ZV‘5 o (X0) dWF + 6 dt, (3.6)

where we have used V? - (V? x e3) = 0. Note that [VG? (x)| < C5 < +00, thus

|Epp (0] < /lVG‘S(X*y)\Pf(y) dy < Gsllp?lly = CslifYllus, = Csllfslly, < G

Let Ny = Ny(x,v) =2, fot V? - ok (X?) dWF be the martingale part, with quadratic variation

t
’*42/ O’kX6 ds:Sn/ |Vf|2ds7
0

where the last step follows from (1.2). Introduce a sequence of stopping times 7, = 7,,(x,v) = inf {t >0:
|V‘tS (x, v)‘ > n} which are increasing in # > 1; then N;A ., are square integrable martingales. Thus, by (3.6),

tATy
IE|VfAT’ v|2+2]E/ (C5|V2| +3k) ds

< \v|2 + Cg,ﬁ/o E(|Vf,w |2 + 1) ds
Gronwall’s inequality implies
E|Viy,, " < (v +1)eS"
Letting n — oo and by Fatou’s lemma, we obtain
B[V} (x,v)]” < (Jv2 +1)eCor.

The desired result follows by combining it with (3.5). O
Now we can derive the relation between IC(f?) and Vs(f?).

Proposition 3.4 (Energy evolution). Fixd > 0. For any t > 0, it holds

K(2) +Vs(f]) = K(F3) + Vs (£) + 6rtllfy 1y, + M, (3.7)

where M, is a square integrable martingale with quadratic variation
t
) < sl e, [ K
Proof. By (3.5) and (3.6),
t
KD =K+ 6ntlfly, +2 [ [ VB (X)) e
' 0 JT3xR?
t
+2Z// V2 o (X0)£5 (x, v) dxdvd WE. (3.8)
L Yo T3 xR3
It remains to analyse the last two terms in (3.8). Recalling (3.2),

/ Vf “Eps (Xf)fg (x,v) dxdv
T3 xR3

7
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— [ Vi), [ [ 9E - dydw}fé (x.v) dxdy
T3 xR3

T3 xR3

[ Vi, [ [ 960 - X)) dydw}fg (x,v) dd,
T3 xR3

T3 xR3

where the last step is due to proposition 3.1. Exchanging variables (x,v) <> (y,w), we have
2/ Vf “Eys (Xf)fg (x,v) dxdv
T3 xR3

= Vf (x,v) - [/ VGe (X;s (x,v) — Xf (y,w) )fg (y,w) dydw} fg (x,v) dxdv
T3 xR3

T3 xXR3

[ Vi | [ 96 8 - X)) s )

T3 xR3

= / / (V2 (x,v) = V2 (y,w)) - VG (X2 (x,v) — X2 (3, w)) f5 (y, w)f} (e, v) dxdvdydw,

where we have used the property VG’ (—z) = —VG(z).
Next, letting M; be the martingale part in (3.8), then

2
z—4z (/TW k(Xf)fg(x,v)dxdv) dt
<43l Z/ a1 (X2)[*£3 (x, v) dxdvds

<8rllf3l, / (V3£ (x,v) dedvd,
T3 xR3

where the last step is due to (1.2). By (3.5) and the assertion of lemma 3.3, we see that {M, },> is a square
integrable martingale whose quadratic variation has the desired estimate.
Finally, we consider the potential energy:

- / / G (x— )7 (6, 7)f? (3, w) daxdvelycw
Tf\ RG
- / / GP (X2 (x,) — X (3,w))f3 (3, w)f (x, v) vy,
6 J RS
By the first equation in (3.3), we have
G6 (Xits (X, V) - Xf (yv W))
G+ [V (XK) - X)) - (Vi) — Vi) b
0

as a result,

st = st - [ [ [ 968 (k)= X ) - (V8 5) = VE ) s

Combining this identity with the computations below (3.8), we arrive at the desired result. O
The next estimate will play an important role in the proof of tightness of laws of {f°}so.

Corollary 3.5. Under (3.4), for any q > 1, we have

sup sup EX(f2)* < Cpr < +00.
6>0t€[0,T]

Proof. We know that Vs(f?) > —C; > —oo, thus by (3.4) and proposition 3.4, we have
K(f°) < Ci + Co(2 + 3kt) + M,.
As aresult, forany g > 1,
U < 29 [CH(1 4 0+ M),

8
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Introducing stopping times 7, := inf {¢ > 0 : K(f?) > n} which almost surely tend to infinity by lemma 3.3;
then,

K(for, )1 <227 [CA(1+ 1) + M, ] (3.9)

By Burkholder-Davis-Gundy inequality and Cauchy’s inequality,

ATy 2 q
AT, q
< Cq|fg||z;’vE[/0 Z/w . [V -ak(Xf)}zfg(xw)dxdvds}
kTR

AT, q
<cplly B [ ] vy e
’ 0 T3 xR3

E|Mt/\7‘,,

where the last step follows from (1.2). The definition of the kinetic energy implies

ATy

q
E[Minr, K(f°) ds}

2 < CéanngZL,VE[ 0
5 K q
< Cq//{quO“Iq‘}(,vE[/o IC(fs/\Tn)dS:|

t
’C( 56/\7',,)‘1 dS
0

Cpntt™! f
<& (t+/EK(ff/\ﬂ,)2qu>'
0

< Cut™'E /

2

Combining this estimate with (3.9), and using Gronwall’s inequality, we obtain
EK(fon,, )" < Cigre?e” forallte [0,7].
By Fatou’s lemma, letting #n — 0o leads to the desired result. O

3.2. Tightness argument and weak convergence of approximate solutions
Next we turn to proving the tightness of laws of the family {f°}s~o in C([0,T],H_¢,..). By proposition

x,v,loc

3.1 and the assumption (3.4), we already know that P-a.s. f° € L>°(0, T; L2 ,); thus by Simon’s compact-

ness embedding result [30], it suffices to show that {f°}s~ is bounded in,probability in C*([0,T],Hy;)
for some o € (0,1/2).

First, we recall the definition of Sobolev space Hf , = H*(T®> x R’) for a € R. Let fe L'(T*> x R’,R)
with Fourier transform

f.E) =F(HLE) = / fle,v)e TV dxdy, 1€ Z7,¢ € R
T3 xR3
We say that f€ Hy , if
W, =3 [ 1+ P+ €L OR & <+
I
Lemma 3.6. Forall 0 < s < t< T, it holds that
Eff —fllj—s < Cle—s|*.
Proof. By the equation for f?, we have
t t
- = f/ v~fofdr—/ (Ejs +Bvxes) V,fidr
t t
+/<;/ Avffdr—Z/ ok - Vof dWE,
S k S
We denote the four terms on the right-hand side by I;, i = 1,2, 3,4. First,

t
Il < le=s [ uf? .

9
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By definition,

Flo-Vf)(LE) =i / (v D (x,v)e 516 dud;

T3 xR3

Cauchy’s inequality implies

[Flv- Vo < ( /T I G) dxdv)z SUnTH TR
As aresult,
Iy Vel s <32 / (U + ) R Ny K (7Y A < Cllfglly KA,
1
where C is a dimensional constant. Therefore, by (3.4), we have
Bl Sl [ ERGDdr el o (.10

where the last step is due to corollary 3.5.
Concerning the term I, we first consider the part I, ; involving E 03

t
ol < o= [ e 72
We have
Fley V)0 =i [ (B e

T3 xR3

thus
| F (B - Vuf)) (1LE)| <[] / |Eps (%)|f7 (x,v) dxdv
T3 xR3
= |§|/T3 N ’VG‘s *pf(x)‘ff(x,v)dxdv

< ¢l 12 (y,w)f? (x,v) dxdvdydw,

(TxR)S |x — J"Z
where C is independent of § > 0. Applying lemma 2.3(ii) with p = 3, we obtain

| (Bpg - Vo) B O] S ENF Ml (A7) = €L ez, JCCS7)- (3.11)
By (3.4), we have

[y f2 e S 3 [ IR + 6 IePR( a6 (D)

1

Asa consequence,

Ellallls Sl E/fcf, dr Srlt— s,

where the last step is again due to corollary 3.5. The estimate of the part involving v X e; in I, is similar,
indeed, we have

[F((vx es)- V) L] <€A IR ()2

and thus H vxes) V[ H 1o < K(f?), which immediately gives us the desired estimate.

Next, the treatment of I is very easy; in fact, one can easily show that ||Avf‘,S
bined with (3.4), implies P-a.s.

HH;E <IIf? ”L}w which, com-

sl <1l

10
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Finally, we deal with the stochastic term I:

t 2
EAWJ§E</§ Wwvﬁwgﬂa-
, ;& ,

One has | F (0% - V,f2) (1,€)| < [€] [ |ox(x)[f2 (x,v) dxdv, and thus by Cauchy’s inequality,

F(ow- V) LOF < / ok ()P (x, ) dxd.

Consequently,
S llow Vil S 305 [P 1) [ lon) )
k k 1

<on > [P +Ig?) [ £ dndvee
1
Shllfolln, < Cx
by assumption (3.4). Therefore, E|| I, H4 s < K?|t — s|*. Summarizing the above estimates, we complete the

proof. O

Thanks to lemma 3.6 and the discussions at the beginning of section 3.2, we deduce from Simon’s
compactness theorem [30] that the family of laws of {f?}s-, is tight in

X :=C([0,T],H_

X,V loc)

for any € > 0. By Prohorov’s theorem, we can find a subsequence §,, — 0 as n — oo, such that the laws
Ny of fO converges weakly, in the topology of X, to some probability measure 7 € P(X). By Skorohod’s
representation theorem, there exist a new probability space (Q F, IP’) a sequence of stochastic processes

{f" }n>1 and a limit process f, such that

(i) foranyn>1, f“ has the same law 7, as f°';
(i) P-a.s. f" converges in the topology of X' to f

By item (i), we know that for all # > 1 and p € [1, 3],

P-a.s., )= Hﬂs

for all ¢ € [0, T],

and for all ¢ > 1,
EK(f1)*! = EK(f2)* < Cpr for all £ € [0,T].

Thanks to (3.7), passing to a further subsequence if necessary, we can deduce related bounds for the
limit process {f; }c[o,77; namely, for all p € [1,3],

P-ass., ||ﬁ||Lp <Cy<oo forall te0,T]
and for all g > 1,
( t)zq < Cyr forall te0,7].

Therefore, the properties (a) and (b) in theorem 1.1 are satisfied.
With slightly more effort, we can also find a sequence of Brownian motions {B”’k}n t>; and limit

Brownian motions {B};>, on €, such that

(7", (B )z1) = (2, (WH)isy)  forall n>1, (3.12)

and P-a.s. for any k > 1, B"* converges in C([0, T],R) to B*. We omit the details here, cf [10, section 2].

11
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Now we start proving that ()}, {B*}=1) is a weak solution to (1.3). Let (-,-) be the inner product in
L*(T® x R?). First, for any ¢ € C2°(T* x R?), by (3.12) and the It6 formulation of (3.1), we know that
P-a.s. for all £ > 0, it holds

G1.9) = o)+ [ G- Su)ist [ 4 o) - V10)
b nn,k P i s
+Zk:/0 (fi,0%- V¢ )dB"* + /OvaV¢>d

where p”(x) = [ F7(x,v) dv. Thanks to the above discussions, as 7 — oo, all the terms converge to the
correspondmg ones involving the limit process f, except the nonlinear part

t
Jn =/ (fi,Ez -V, ) ds.
0

Thus we focus on showing the convergence of J,, which can be further expressed as

t
Jni= / / VG (x — y) - Vo ()7 (6, 7 (v, w) dadvdydwds,
TxR

where (T x R)® = (T° x R?) x (T* x R?). Let

t
Jim / / VG(x—y) - Vud (W), (x, (7, w) dxdveydwds,
TxR)®

then
t
—J= / / (VG(S" (x—y) — VG(x —y)) -V, (x,v)f2 (x,v)f7 (y, w) dxdvdydwds
TxR)®
t
[ VG ) Vi) () ~ )T ) s
0 J(TxR)®
t
+// VG(x—y) - Vo (x,v)fi(x,v) (f(y,w) — (v, w) ) dxdvdydwds
0 J(TxR)s
=L+ 4T
First, letting "% (x) =[5, V,o(x (x,v) f*(x,v) dv where the integral is in fact on a compact subset in
R?, then

/ / 59 (x) (VGO — VG) * p*(x) dxds;
R3
by Cauchy’s inequality and Young’s inequality,

i< [ 11,196 - 96 ],

< [ 1320w 6" = Vel

where the parameters satisfy 1+ 1 = é—i— ﬁ and, by lemma 2.1, r(2) = ; therefore, g = 1] < 3. Using
lemmas 2.2 and 2.1, we have

L d57

120 < CollFillr 17 < IR RG.

hence,

< VG = V6l [ T K2 as

2 [y e

= Cy[VG™ = VG| 15" 2

12
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By the properties of G, we know that ||VG5" — VGHLW” — 0 as n — oo; combining with (3.4) and
corollary 3.5, we conclude that

lim E|J}| =o.

n— 00

Next, /% can be rewritten as
/ /m (FoGom) = Fe)) Vo) [ / VG(x— ). (y)dy | dxdvds
//TW (%, v) = £:(x,7)) Vyb(x,v) - Egy () dxdvds.

Note that V,¢ has compact support, thus we can regard ;‘7; —ﬁ as a compactly supported distribution,
and

t
I 172 =l 196 oy, 613

We have

IV - Egy

. Z/(l + 1P+ [EP)[F (Vo - E) (L8] dé
!
-y / (UL 11P + 1€ | Fu(Epn - Fo (Vo )(©)) (D de,
1

where F,(V,¢(x,-))(€) means the Fourier transform of V,¢(x,-) with respect to the velocity variable v,
similarly for F,. Therefore,

9.0 Bl < [ 160 S+ P B P70 )€) (O de
1
= [0+ igpr | AT o)) H ¢
Se [+ | 7T ) )

where in the last step we have used the product rule of Sobolev functions. As a result,

e [ (LIPS I AUV 0) (©) () de

1

e S [P I Fu (D) O e
1

1Vu6 - Bz 5,

< ||Ea

<|[|Ez

= 1B [ 1901

Substituting this estimate into (3.13) leads to

t
IS 1=l NEs
Since [ Ep:(x)dx = 0, we have

1B [ S D1V gD S DI FEM] S 177
1#0 1#0

H?f Vvqb ||H)3({V2 dS.

9/14

By Sobolev embedding, Ly/° ¢ Hy */™* ¢ H2*~! for € € (0,5/28], thus

e SN S IR

where the last step follows from lemma 2.1. Summarizing these discussions, we obtain

7 =R, R G

|| Ez

] < HVV¢||H3(V2—6

13



10P Publishing

Nonlinearity 39 (2026) 075011 F Flandoli and D Luo

By assumption (3.4), corollary 3.5 and item (ii) above, we deduce that
lim E|| = 0.
n— 00

Finally, the convergence of J> follows from the weak convergence of f" to f, up to a further subse-
quence, thus we complete the proof of weak existence of solutions to (1.3).

4. Proof of theorem 1.2
By theorem 1.1, the solutions {fN}y to (1.7) verify the following bounds, uniformly in N:

(a') for any N> 1 and p € [1,3], P-as. |||l ;2 < [lfollz, for all £ € [0, T);

(b') for any N> 1 and g > 1, EX(fN)% < qTforalltE[O 7.
Note that the solutions {f"}y might be defined on different probability spaces (N, FN,PN), but we
do not distinguish the notations PV or EN for simplicity of notation.

Thanks to the above bounds, using the equation (1.7) and following the computations in the proof
of lemma 3.6, we can show that the laws of the family {fV}y are tight on

X :=C([0,T],H_

X,V, loc)

Therefore, we can repeat the arguments at the end of the last section to show that, along a subsequence,
{fN}n converges weakly, in the topology of X, to some limit f. To show that f solves (1.4) in the weak
sense, we use the weak formulation of (1.7): for any test function ¢ € C2°(T° x R?),

<f?’,¢>=<fo,¢>+/ f’,v~Vx¢>ds+/ (Eyy +B(vx e5)) - V) ds
0
v 3 [ o v)ant e [ a0
k 0 0

where pN(x) = [ fN(x,v)dv. Since all the terms, except the martingale part, can be treated similarly as in
section 3.2, here we only show that the martingale part

M= Z/ Yol Vig)d Wk
vanishes in a suitable sense. By the It6 isometry,
EM? = ZE/ (0N -V, ds
N Zk:E/O /(TXR)G (AV0) (x,v)* 0} (x) @ o} () (£ V1) (7, w) dxdvdydwds
N ]E/ t/ TxR)S (fV10) (x,v)" Qulx =) (£V10) (7, w) dxdvdydwds,

where * means transposition of vectors and the last step is due to (1.5). Letting
AN(x):= /]1%3 (fSNVVqS) (x,v)dv, (s,x) €[0,T] x T°,
then by Hoélder’s inequality and Young’s inequality,
EM? = //T3AN (Qn * AY) (x) dxds
<E [

t
< llQullE / 1A% ds.
0

14
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Note that

4)7

45 e Zo N k().

pY

s <Vl

where we have used lemma 2.1 in the last step. As a result,

8/7

t
B3 S5 Qg [ I K ()

6/7d5

t
8/7 6/7
<@l Il [ BE() e
SrllQullze —0

as N — oo, thanks to (1.6).

Remark 4.1. As mentioned before, we cannot prove that the limit equation (1.4) admits a unique weak
solution in the class of functions satisfying (a’) and (b’), therefore, we do not know whether the whole
sequence {f™}y converges to the same limit.

5. A particular noise in Vlasov equations

In this section we describe the origin and motivation for introducing a noise 9;W(x, t), with certain
properties, in the Vlasov equation

Of + divy(vf) + div, ((E+ v X B)f) + div, (9, W(x,t) of) = 0. (5.1)

A noise in that particular transport form may come either from fluctuations of the magnetic field, or
fluctuations of the electric field (or both). We concentrate our attention on the electric field only. In the
case of the magnetic field, it could be reasonable to assume that the noise is divergence free (similarly
to many recent investigations of transport noise in fluid mechanic models, see e.g. [10, 16]). But being
related to the electric field, it is a gradient in the space variable, hence we cannot assume it to be diver-
gence free.

Before we enter into some detail, let us explain a few elements of the idea. The noise comes from the
electric field

Bt = | VGx=yrb0dy,
where G is the Green kernel on T°. We may think that p(y,t) is composed of a slowly varying part
7 (y,1) plus a rapidly fluctuating one p’ (y,t), so that the same holds for the electric field:

Ewn= | VGx=nplrdy+ | VGlx=y)p' (1) dy.
Thus it would be natural to assume that p’ (y,t) is a noise. However, a noise is typically a zero-mean
(the mean of the signal being incorporated into 5 (y,t)). In the particular case of the space density
p(y,t), it is not so clear that its natural fluctuations are zero mean. A superficial reason is that p(y,t) >
0, thus decomposing it into p(y,t) = 0 and p’ (y,t) would impose a complicated constraint on p’ (y,f).
More deeply, the model of p’ (y,t) should correspond to the information we have on the coherent struc-
tures of electrons and ions, information that is accumulating in the physical literature, see for instance
[21, 22], and may lead us to consider non-zero-mean perturbations p’ (y,t). Therefore, we develop a
scheme which does not require p’ (y,t) to be zero mean. The key remark is that, assuming p’ (y,t) space-
homogeneous, the term

Fn = [ Vo) 0

is zero mean and thus may have the properties of a noise.

We divide the section into four subsections. The first one 5.1 illustrates how a single perturbation of
non-zero-average blob generates a zero-mean electric field E’(x,t), and we compute its covariance oper-
ator, giving also an example of a Gaussian random field with the same covariance operator. Section 5.2
shows how such objects may be used as building blocks of a white-noise-in-time Gaussian process, that

15
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will be our noise W(x,t) in equation (5.1). Next, we construct in section 5.3 a sequence of noises satis-
fying the conditions needed in the scaling limit argument. We finish the paper with a brief discussion on
the physical relevance of our results.

5.1. Preliminaries on random fields
Assume we are on the torus T?. The Coulomb Green kernel, up to constants, is G (x) = —ﬁ + h(x) for
a smooth function h, and the associated electric field kernel is VG (x) = ’“‘3 + Vh(x). One has the fol-

[EN
lowing properties, beside integrable:

VG(—x) =—-VG(x) and VG periodic.
The Fourier transforms are
1

G(k) = VG(k) =

ik
) — ke7Z?,
k[ k|’ ’

where 73 are the non-zero elements of Z°.
Consider a perturbation p’ (x) (at some time t) of the space-density p(x,t) of the form
p' (%) =1 (x = xp),

where r> 0, xy € T?, and 6 (x) = £736 ({~'x) for some square integrable periodic function 6. It is a
paradigmatic (idealized) choice for modelling a blob, a concentration of density, possibly surrounded by
an annulus of negative values (a Mexican hat form of #); a blob localized around x,, with size (space-
scale) ¢ and intensity r. We may randomize all parameters, r,¢,x,, and consider a random blob of the
form

p'(x) =ROL (x—X),

where R, L and X are independent random variables, X is uniform in T?, L is positive with density f, R is

real valued with square average E [R?] = o2,

Assume, in addition to € being square integrable and f a density, that

Oy OICIFCEEES

kezg |k
where 0] (x) = 0, (—x) for all x € T. This condition will be trivially satisfied by our special choice of f

(compact support disjoined from zero) in the scaling limit, which is our main concern in the paper.
Define the random vector field

E(x) = RV (G ,) (x— X)..
As it is clear from the computations below, under the assumption just made we have
E[(E,$)*] < 00

for every ¢ € L? (T3,]R3 ), hence it is well defined at least as a generalized random field.

Lemma 5.1. For every ¢ € L* (T?,R?),
E[(E.6)] = 0.
Proof. By definition,
sleol= [ [ 60 V6B |R( [ 6.0-2d) | oo
=101, B [ [ 069 VG dyas
=101, [ 609 | VG(-y)dpax=o.

16
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Lemma 5.2. Forevery ¢,v € L* (T°,R?),

ENE 6) (Ep)] = 02 3 X0 <"®’“<k>,$<k>> (52)

with

Namely, the covariance function is

XZ (k) k@ keZ‘rrik'(x—y).

L) 2
WL

kezj

Proof. We have
E0) =R [ [ o) VG(r=)61(r-X) dyds
T3 ’]1‘3
=R(0] % (VG) % ¢) (X),

where (VG)" (x) = VG (—x). Hence

E[(E,$) (E, )] = 0°E / (6] (VG) %) (x) (0] * (VG)" # ) (x) dx

T3

g el {fon 75)

keZ]

Using the density function for L, we obtain the desired result. O

Consider the space L§ (T*,R*) (mean zero periodic L*-fields), defined on the complex field. A com-

plete orthonormal system is (ez’rik"‘) kez3"
0

Corollary 5.3. The centred random vector field E (random element of L (T°,R*)) has the same covariance
function as the Gaussian centred random vector field

X(k) k 27ik-x

F(x)=0 —e ks
R

kez}

where {Zy }x are i.i.d. standard normal random variables.

Proof. One has

1 .
E(<F = 0’2 X Zﬂlk'x’¢><ke27r1kx w)
‘ez \kl \k
2(k) 1, ~ =
—a S XL Sk D)
keZ} ‘kl k
L X <k® kA 0.7 )>
2 W\ WP
which is the same as the right-hand side of (5.2). L]

Let us go back to L} (T°,R*) considered on the field of real numbers. Split Zj in two parts, called
Zi,Z , as in example 2.4. Define

Freal (x) = V202 Z X|I((I|{)|];|cos (2mk-x)Z;

17
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+V2 Z Wmsm(%rk»c)Zk
kez?.

where, again, {Z;}, are i.i.d. standard normal random variables. We have

X (k) k@ k
kI* [k

E[F(x)F(y)] = os(2mk-x)cos(2mk-y)

k€Z3

o X k®k

in(2rk-x)sin(2wk-y)
kez?.

2 x* (k) k®2k

IkI* [

cos(2mk-(x—y)),
kez?,

hence

2(k) ko k <e27fik'(x—y) + e—27rik-(x_y)>
K Ikl 2

:0_2 X (k)k®k 27rlk(x ¥)
kI* kP

kez]

which gives the same result as the complex case.

5.2. The noise and Donsker type argument
Based on the previous subsection and the Donsker type argument described below, we shall choose in
equation (5.1) the following space-dependent Brownian motion

e N X(K) K
( ) 2710 k€Z3 WWCOS (27Tkx)VV1t‘

+\/ Z Wmsm(Zﬂ'k-X)VVi{,
kez?

where 7 is described below and {Wf} reze s @ family of independent standard Brownian motions. Its
0
covariance function is

X2 (k) k@ k
Ik* [k

Q(x—y) = 270"
keZ?,

os(2mk- (x—y)).

Let us motivate this choice of noise. We start from a space density p (x,t), and we assume that there
is a slowly varying background density p(x,t), a sequence of increasing times (t,),_,,  and perturba-
tions (p, (x)),_o, _ such that p(x,t) in the time interval [f,,#,41) is equal to p(x,1) + p, (x); namely

p(x,t (x,1) +an l[t,,,t,,+1 (1)

Suppose for simplicity that there is 7 > 0 such that t,; —t, = 7 (but the conclusion is similar if, for
instance, we assume that the intertimes t,,; — f, are independent and exponentially distributed random
variables with mean 7). We assume that p, (x) are independent random fields of the form

on(x) =R,0r, (x—X,,),

where all the random variables (R, Ly, X),_, ; . are independent, X, are uniformly distributed in T3,
R, and L, are positive with probability density functions g(r) and f(¢) respectively, 6 is an integrable
function (not necessarily positive), 0 (x) = =20 (Z’lx). The intuition is that the perturbations have the
form RO, (x — xp), where the size R, the space-scale ¢ and the centre xy are randomly distributed.

The corresponding electric potential ¢ (x,t) is given by

b (x,t) = (x,t) + ¢’ (x,t) with
18



10P Publishing

Nonlinearity 39 (2026) 075011 F Flandoli and D Luo

5('#‘) = (_A)_lp("t)v
¢ () =D (=A) " pulig ()

n

Namely, ¢ (x, 1) is the sum of a background slowly varying electric potential (—A) ™" p(-,) plus a fast

varying perturbation. For the link with experiments and physical arguments, it may be possible that the
measured fluctuations are for the electric potential, instead of the space density.
The corresponding electric field E (x,¢) is composed of a background slowly varying electric field

E(,0) =V (=A)" p(,1)

plus a fast varying perturbation
E ('a t) - Z \% (7A)71 pﬂl[fn,tn+1) (t) :

In our preliminary modelling phase (still only heuristic), we replace E’ (-,t) by the time derivative of a
space-dependent Brownian motion:

E' (1) — VTOW(-,1)

multiplied by a factor /7 which gives us the correct unit of measure and keeps a trace of the correlation
time of the original random fluctuations. The heuristic procedure for this replacement is that, given T >
0 of the form T = N, dropping x for notational simplicity,

T
\% / E’<f>df:\% ) VFA)‘lpn(wftn>+%V&A)—lpnﬂw—w

t,,+]<T
/T _
= N E V(—A) lpn
n<N—1

which converges (by the Central Limit theorem) to a Gaussian random variable for given T; and (by
Donsker theorem) to a Brownian motion Wy when T varies, with covariance operator Q in L? (T?,R?)
given by

<QV, W>L2(’JI‘3,R3) =K {<v (_A)_l p/aV>L2(T3,R3)<V (_A)_l plaW>L2(T37R3)} )

where p’ is distributed as p,. Essential for the result is the property

otherwise we would get, in the scaling limit, an infinite contribution from the mean.

5.3. Choice for the scaling limit

We construct now an example of a sequence of Brownian motions which will be used in the diffusive
scaling limit. We prescribe a sequence of random variables Ry with E [Rﬁ,] = 0%, and a sequence of
functions fy (densities of a sequence Ly) of the form

() =05 gy 20 (0),

with /; — 0 as N — oco. The intuition behind this choice is that we have blob-like fluctuations at space-
scale £y, uniformly and densely distributed on T?, with small intensity o%. The noise has the form

— o2 xw (k) k .
Wy (x,t) = y/2T0% KK cos (2mk - x) WK

keZ?’,
+1/270% XN(k)ﬁsin(Zwkw)Wf,
2 W

with

2

d¢

~

07 (k)

20N
(k) =[5 /
5%
19
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and covariance function

x5 (k) k@ k
k[ |k

Qn(x—y) =2710% cos(2mk-(x—y)).

3
kez?,

In view of the next computation, where xn (k) becomes close to a constant, notice that for finite N this
expression is well defined, just because 6 is assumed to be square integrable.

In the sequel, we assume that 6 is radially symmetric and has compact support on T, and thus we

. . . . 3
can also regard 6 as a function on R* which vanishes outside (—1,1)".

Lemma 5.4. We have
Jlim xw(0) =[]

for every k € Z3.
Proof. By definition,

~

oF (k) = /w Of(x)e 2" *dx = [ £730(—0"x)e T kx dx

T3
= [ oy = [ o ay =) (53)
’]T3 T3
o—1
where T}, = [ — ﬁ, ﬁ] > and we have used tAhe fact t}iat 0 has compact support in ( — %, %)3 The desired
limit follows immediately from the fact that 6(¢k) — 6(0) = ||6]|p1 as £ — 0. O

Lemma 5.5. Assume

2
. 2 xx (k) 2
Nh_)rr;OZUN E P =k >0,
kez?,

then (I being the 3 x 3 unit matrix)

1
Qn (0) — ng%«Ig,

2
Remark 5.6. The series ) ;s X‘Nk—‘(zk) is well defined (finite numbers) and diverges to infinity as N — oo.
+
The lemma states that we have to take o3, going to zero as the reciprocal of this sequence, in order to have a

finite non zero limit of the diffusion term.

Proof of lemma 5.5. Recall that we assume 6 € L'(R?) to be radially symmetric, hence so is the function
& |6(£)]; by (5.3) and the definition of x (k), we see that the latter is also a radial function in k. As a
result,

K> k3

2 2 2
XN (zk) k®2k _ 7_012\] xx (k) ke k 1 0}2\1 XN (2k) L.
Ik [kl kezj kezj Ikl

Qn(0) = 27'0]2\,
3%

The last equality is classical; we present the proof here for completeness. For any i,j € {1,2,3} with i # j, say
i=1,j=2,

Xx (k) kiks
K* IR

Qv (0) =70y,
kez]

computing the sum over the four points (ki,kz,k3), (ki, —ka,k3), (—k1,ka2,k3) and (—ky, —ka, k3), we see that
Q}\}z (0) = 0; the same is true for other values of i # j. Next, by symmetry, one has

1 v k+B+k 1, —xy(k)

1,1 2,2 33
Qv (0)=Qy (0)=Qy (0)= 57'(712\7 B k|2 - gTUN el
keZ} k] |kl

kez]

This completes the proof. O

Lemma 5.7. Under the assumption in lemma 5.5, the covariance function Qy satisfies the conditions in (1.6).
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Proof. The first property is satisfied by taking xk = éTsz. To show the second property, let

Ff(\] = UNXTk(|k>’ ke Zg;

we only need to prove that ||I'N||s — 0. Indeed, by (5.3), one has for any k,
2@]\] R 2
) =" [ [fen o< o
N

thus ||TN||s < on]|0|z1. It remains to show that o)y — 0 as N — co. By definition,

(0 —1/2 2 (0) ~1/2
oN S XI;( 5 < > XI;( 5
kez?, | | keZ?, [kl <M | |
for any M > 1. By lemma 5.4, letting N — oo in the above inequality yields
oz L)
limsupoy < Z p L =|0]|." Z o :
N=voo ez, r<n K ez, < M
the last quantity vanishes as M — oo. O

5.4. Remarks on collisions, turbulence and statistical mechanics

A complicated open problem in the rigorous mathematical analysis of interacting charged particles is
whether a collision term should appear or not in the kinetic description by a Vlasov type equation; as
well as the consequences that this fact may have on the statistical properties of particles. Let us briefly
discuss this topic, in order to illustrate the potential interest of our result in this connection.

Charged particle interaction is long range, mediated by the electric and magnetic fields, hence a
mean field term must appear in the kinetic equation. The difficult question is whether a collision term
should also appear. Indeed, the interaction kernel is singular at the origin, hence the pairwise interac-
tion of two very close particles is similar to a collision, or at least more similar to a collision than to
the infinitesimal interaction that cumulates in a mean field way in the case of smooth long range inter-
actions. Therefore, some form of collision operator could appear, maybe depending on the degree of
sparseness of the system. In the regime considered in the outstanding work of S. Serfaty [29] (the first
rigorous work covering the true Coulomb potential), the collision operator does not arise, the final
equation is purely mean field; but this work adds the mean field factor %, in front of the interactions,
N being the particle number, factor that does not explicitly appear in a traditional physical model of
interacting ions and electrons.

When collisions exist, like in ordinary uncharged atoms or molecules of a gas, in the macroscopic
description of the particle density it is natural to find a Laplacian describing particle diffusion. Each
interaction, typically very short range, produces a quite unpredictable (in the sense of very unstable)
change of direction of the motion of the particle. The accumulation of these almost random changes
leads to a Brownian behaviour and to a diffusion property at the density level. This is rigorously formal-
ized in a number of works, see in particular [3].

For ions and electrons, we do not know whether ‘Coulomb collisions’ (namely the relatively strong
change of direction of motion occurring when particles are very close) may give rise to a true diffusive
behaviour.

Our result proves that a diffusive behaviour occurs due to small scale turbulence. We rigorously iden-
tify a set of assumptions under which one can prove that diffusion (a Laplacian) arises in the phase den-
sity. It is diffusion in velocity, namely a form of randomness in the velocity that may be a surrogate of
the result of collisions.

The diffusive behaviour, in turn, may have consequences on statistical mechanics properties.
Uncharged particles usually satisfy a Maxwellian local equilibrium, which quantifies the wide random-
ness of velocity directions of particles, due in particular to collisions. In plasmas, the validity of the
Maxwellian distribution is controversial, since collisions are less efficient; it is presumably more correct
for electrons, possibly less for ions. The work [9] and references quoted therein discuss this topic. The
main point of [9] is that turbulence acts as a substitute of collisions, producing the randomness needed
to establish a form of statistical equilibrium, which however is not Maxwellian. We hope to clarify in
future works if the diffusion in velocity proved to exist in our work may have consequences on the sta-
tistical equilibrium, like the one investigated in [9].
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