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Introduction

Simplicial volume. The simplicial volume is an invariant of manifolds intro-
duced by Gromov in [Gro82]. LetM be an oriented compact connected topological
manifold with (possibly empty) boundary, and let n = dim(M). The simplicial vol-
ume of M is defined as the infimum of `1-norms of real fundamental cycles of M .
More precisely, we endow the vector space of real singular n-chains Cn(M) with the
`1-norm defined by ∥∥∥∑ aσ · σ

∥∥∥
1

=
∑
|aσ|.

This norm descends to a seminorm on the homology Hn(M,∂M) with real co-
efficients. The simplicial volume ‖M,∂M‖ of M is the `1-seminorm of the real
fundamental class [M,∂M ] ∈ Hn(M,∂M) of M .

Simplicial volume in geometry and topology. Despite being purely homo-
topic in nature, the simplicial volume carries a lot of information on the geometric
structures a manifold can carry. For example, it vanishes for Riemannian manifolds
with non-negative Ricci curvature [CG72], and it is known to be positive for nega-
tively curved manifolds [Gro82, IY82]. On the other hand, the simplicial volume
of a closed manifold M relates to other geometrically defined invariants, such as its
minimal volume – the infimum of the volumes of complete Riemannian metrics on
M with sectional curvature bounded by 1 in absolute value. A major consequence
of Gromov’s Main Inequality is that the simplicial volume provides a lower bound
of the minimal volume, up to a constant depending only on the dimension [Gro82].
Similar estimates hold for minimal volume entropy, which measures the growth rate
of volumes of balls in the universal covering ofM [Gro82]. Since then, the simplicial
volume has found several applications in understanding the growth of balls and sys-
tolic inequalities on Riemannian manifolds [Gut11, BK19, BS21, Alp24, BS24].

The relationship between simplicial volume and geometry becomes especially
strong for manifolds with constant sectional curvature. For closed hyperbolic mani-
folds, a foundational result by Gromov and Thurston shows that ‖M‖ = vol(M)/vn,
where vn is a universal constant depending only on the dimension [Thu79, Gro82].
This characterization of hyperbolic volume as a topological invariant plays a central
role in Gromov’s proof of Mostow rigidity. More generally, Gromov’s Proportion-
ality Principle states that the ratio ‖M‖/vol(M) remains constant along closed
Riemannian manifolds whose universal coverings are isometric.

The relationship between simplicial volume and other topological invariants is
both rich and significant, and it gives rise to several long-standing open problems.
For example, it was asked by Gromov whether the vanishing of the simplicial volume
of a closed aspherical manifold implies the vanishing of its L2-Betti numbers – or, in
particular, of its Euler characteristic [Gro93, p. 232]. See [LMR22] for further de-
velopments and related questions. The vanishing of the Euler characteristic for non-
positively curved manifolds has also been investigated in [CRW23] in connection
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2 INTRODUCTION

with another long-standing conjecture of Gromov, which asserts that Riemannian
manifolds with non-positive sectional curvature and negative Ricci curvature have
positive simplicial volume [Gro82]. On the other hand, the simplicial volume has
also been studied in relation to the Chern conjecture, which predicts that the Euler
characteristic of closed affine manifolds vanishes [Fri17, BCL18, CM25].

It is known that the simplicial volume of products of closed manifolds satisfies
the bounds ‖B‖·‖F‖ ≤ ‖B×F‖ ≤ cm,n‖B‖·‖F‖, where cn,m is a constant depending
only on the dimensions n = dim(B) and m = dim(F ). Since products are special
cases of fiber bundles, it is natural to ask whether similar inequalities hold for the
total spaces E of fiber bundles with fiber F and base B. The inequality ‖E‖ ≤
cm,n‖B‖ · ‖F‖ cannot hold in general, due to the existence of hyperbolic manifolds
that fiber over the circle. On the other hand, it is known that the inequality
‖E‖ ≥ ‖F‖ · ‖B‖ holds when F is a surface [HK01, Buc09]. Moreover, the
simplicial volume of E vanishes when B is a simply-connected sphere [KR23]. See
also [Kas24] for more recent developments in the case where B is simply-connected.

Simplicial volume of manifolds with boundary. Although the definition
of simplicial volume applies to both closed manifolds and manifolds with boundary,
its behavior in the presence of a non-empty boundary is far less understood. Since
every relative fundamental cycle of the manifold induces a fundamental cycle on
the boundary, one obtains the elementary inequality

‖M,∂M‖ ≥ ‖∂M‖(n+ 1) .

This bound can be improved in the case of 3-manifolds, as shown in [BFP15]. As
in the closed case, exact computations of the simplicial volume for manifolds with
boundary are very rare. To facilitate computations in certain cases, a variation
called the ideal simplicial volume has been introduced in [FM21].

It is well known that the simplicial volume of closed manifolds is largely governed
by their fundamental group. In particular, simply-connected closed manifolds have
vanishing simplicial volume. However, this property fails to hold in the presence
of boundary: by the Lickorish–Wallace theorem, every closed 3-manifold bounds
a simply connected 4-manifold [Lic62, Wal60]. Consequently, there exist simply
connected 4-manifolds whose boundaries are hyperbolic 3-manifolds, and thus have
positive simplicial volume. More generally, the simplicial volume of a manifold with
boundary depends in a more subtle way on its topology.

Also the interplay between simplicial volume and the geometry of a manifold
becomes more delicate when the boundary is non-empty. For example, it is known
that, if the interior of M is the compactification of a cusped hyperbolic manifold,
then ‖M,∂M‖ is proportional to the hyperbolic volume of its interior [Gro82,
FM11]. On the other hand, we know that the same equality cannot hold in the
case of hyperbolic manifolds with geodesic boundary [Jun97, FP10, BFP17].
Moreover, extending upper bounds for simplicial volume in terms of minimal volume
or minimal volume entropy to manifolds with non-empty boundary remains highly
non-trivial [Gro82, Section 4.3][Gut11, Section 6].

The simplicial volume of M can be studied via the locally-finite simplicial vol-
ume of its interior int(M). In general, there is an obvious inequality ‖M,∂M‖ ≤
‖int(M)‖lf , which is known to be strict, for example, when ‖int(M)‖lf is infinite.
However, it remains open whether equality holds when the right-hand side is finite.
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The simplicial volume of manifolds with boundary has also been studied from
the perspective of Topological Quantum Field Theory on cobordism categories in
[LMR22]. In particular, within the context of aspherical null-cobordisms, it was
asked in [LMR22, Question 3.28] whether every closed aspherical manifold with
amenable fundamental group can arise as the π1-injective boundary of an aspherical
manifold whose simplicial volume vanishes.

Bounded cohomology. In order to study the simplicial volume, Gromov in-
troduced in [Gro82] its dual theory of bounded cohomology. Given a real singular
cochain ϕ ∈ Cn(X) on a topological space X, its `∞-norm is defined by

‖ϕ‖∞ = sup{|ϕ(σ)|, σ ∈ Sn(X)} ∈ R≥0 ∪ {∞},
where Sn(X) denotes the set of singular n-simplices of X. A cochain is called
bounded if its `∞-norm is finite. Bounded cochains form a subcomplex of C•b (X) of
C•(X), and the cohomology of this complex is the bounded cohomology H•b (X) of
X. The inclusion of complexes C•b (X) ⊆ C•(X) defines the comparison map

comp• : H•b (X)→ H•(X),
which is, in general, neither injective nor surjective. Any topological construction
involving only uniformly finitely many simplices preserves bounded cochains. As a
result, one can show that bounded cohomology satisfies all the Eilenberg–Steenrod
axioms, except for excision. This lack of excision makes bounded cohomology par-
ticularly difficult to compute. Nonetheless, the `1-seminorm in homology (which
underlies the definition of simplicial volume) and the `∞-seminorm in cohomology
are dual to each other. As a consequence, the vanishing of H•b (X) forces the van-
ishing of the `1-seminorm in homology, and hence the vanishing of the simplicial
volume when X is a manifold.

A very peculiar aspect of the bounded cohomology of X is that it only de-
pends on the fundamental group of X. In particular, simply-connected spaces have
vanishing bounded cohomology. This result holds more generally when the funda-
mental group of X is amenable, by a result of Johnson [Joh72]. The proof of this
fundamental result given by Gromov in [Gro82] is based on the theory of multi-
complexes, whose foundations have been established more recently by the work of
Frigerio and Moraschini [FM23]. Beside this, multicomplexes have been used in
[Kue15, KK15, Str17, Fri22]. Although very transparent from a geometric point
of view, the theory of multicomplexes can become quite technical. For this reason,
much progress in the theory of bounded cohomology has been achieved through
tools from homological algebra. This alternative approach was initiated by Ivanov
in [Iva85], and further developed by Burger and Monod in [Mon01, BM02].

Relative bounded cohomology. As in the absolute case, understanding the
simplicial volume of manifolds with boundary naturally leads to the study of the
relative bounded cohomology of pairs of spaces. The first natural question in this
direction is whether the relative bounded cohomology of a pair of spaces (X,A)
coincides with the bounded cohomology of their fundamental groups. For instance,
when both X and A are path-connected and the inclusion A ↪→ X induces an
injective map on fundamental groups, one can associate to (X,A) the group pair
(π1(X), π1(A)). A straighforward application of the Five Lemma then shows that
the Hn

b (X,A) is isomorphic to Hn
b (π1(X), π1(A)). However, controlling the natural



4 INTRODUCTION

semi-norms in bounded cohomology is highly non-trivial. Several efforts have been
made to strengthen this isomorphism to an isometric one, using both Gromov’s
theory of multicomplexes and Ivanov’s techniques.

The first such attempt is due to Park in [Par03], who described the relative
bounded cohomology of (X,A) via the group homomorphism π1(A) → π1(X), us-
ing the framework of mapping cones. However, the norm studied by Park on rel-
ative bounded cohomology is only bi-Lipschitz equivalent to Gromov’s norm and
not isometric [FP12, Section 6]. The first evidence of an isometric isomorphism
was provided by Frigerio and Pagliantini in [FP12], under additional assump-
tions on the pair (X,A). Using a relative version of Thurston’s measure homol-
ogy [Thu79, Löh06], they proved that Hn

b (X,A) is isometrically isomorphic to
Hn
b (π1(X), π1(A)) when both X and A are path-connected, the inclusion A ↪→ X is

π1-injective, and it induces an isomorphism on higher homotopy groups. Building
on the theory of fundamental groupoids, Blank extended this result to the case in
which A is not necessarily path-connected, under the same assumptions on funda-
mental groups and higher homotopy groups.

The situation is better understood when every connected component of A has
amenable fundamental group. In this case, it was shown in [BBF+14] thatHn

b (X,A)
is isometrically isomorphic to Hn

b (X) for every n ∈ N, without requiring any further
assumptions on the homotopy type of the pair. An alternative proof of this fact,
based on the theory of multicomplexes, has been provided in [KK15].

Finally, the theory of multicomplexes has also been employed by Kuessner in
[Kue15] to study relative bounded cohomology. However, Kuessner’s approach
appears to rely implicitly on further assumptions concerning the higher homotopy
groups of the pair (X,A). The first goal of this thesis is to adopt the framework
of multicomplexes developed by Frigerio and Moraschini in [FM23] in order to
study the relative bounded cohomology of topological spaces. We refer the reader
to Section 5.4 for a discussion that clarifies the limitations of Kuessner’s approach
and explains how it relates to the framework developed in this work.

Multicomplexes. Multicomplexes are simplicial structures introduced by Gro-
mov in [Gro82]. According to [Gro82], a multicomplex is “a set K divided into
the union of closed affine simplices ∆i, i ∈ I, such that the intersection of any two
simplices ∆i ∩∆j is a (simplicial) subcomplex in ∆i as well as in ∆j”. Informally, a
multicomplex can be seen as a generalization of a simplicial complex in which dis-
tinct simplices may share arbitrary collections of faces and, in particular, may have
the same set of vertices. More formally, multicomplexes are unordered ∆-complexes
in which every simplex has distinct vertices, or, equivalently, a symmetric simpli-
cial set in which every non-degenerate simplex has distinct vertices. We refer the
reader to Section 1.1 for a precise definition and for a discussion of the relationship
between multicomplexes and other classical simplicial structures. As motivated by
Gromov’s deep intuition and explained in [FM23, Remark 4.16], multicomplexes
provide the preferred simplicial framework for the study of bounded cohomology.

Singular multicomplexes. Let X be a topological space. The singular mul-
ticomplex K(X) of X is the multicomplex whose n-simplices are the singular n-
simplices with distinct vertices in X, up to affine reparametrization of the stan-
dard simplex ∆n. The geometric realization |K(X)| is a CW-complex whose 0-
skeleton corresponds to the set X itself. Moreover, there is a natural projection
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SX : |K(X)| → X, which is a homotopy equivalence when X is a CW-complex
[FM23, Theorem 1]. In the theory of multicomplexes, the singular multicomplex
plays the same role as the singular complex does in the theory of simplicial sets
[Mil57, May92]. One of its key features is the property of completeness, which
is the analogue of the Kan condition for simplicial sets (see Definition 2.1). This
property allows for a purely combinatorial description of the homotopy groups of
K(X), and hence of X [FM23, Theorem 3.9].

As in the theory of simplicial sets, we can reduce the size of the singular mul-
ticomplex without changing its homotopy type. To this end, we define a submulti-
complex L(X) of K(X), called the minimal multicomplex, as follows: the 0-skeleton
of L(X) is the same as the one of K(X) (hence it corresponds to the set X); having
already defined the n-skeleton L(X)n of L(X), we define the (n + 1)-skeleton by
adding to L(X)n one (n + 1)-simplex for each homotopy class of (n + 1)-simplices
of K(X) whose facets are all contained in L(X)n. The inclusion |L(X)| ↪→ |K(X)|
is a homotopy equivalence, and although the construction of L(X) depends on sev-
eral choices, the resulting submulticomplex is unique up to simplicial isomorphism
[FM23, Theorem 3.23].

Finally, we can associate toX an aspherical multicomplex A(X), which is defined
as the first Postnikov quotient of L(X), obtained by identifying simplices that share
the same 1-skeleton. There is an obvious simplicial projection π : L(X) → A(X),
which restricts to the identity on the 1-skeleton. This quotient map induces an
isomorphism on fundamental groups and kills higher homotopy [FM23, Theorem
3.33]. Therefore the topological realization |A(X)| of A(X) is a model for the
classifying space of the fundamental group of X.

The construction and properties of the singular multicomplexes are, up to this
point, entirely analogous to those of the singular simplicial set. However, this
analogy breaks down when considering functorial properties. In fact, the singular
multicomplex does not define a functor from the category of topological spaces to
the category of multicomplexes. If f : X → Y is a continuous map and σ is a
singular simplex of X, then f ◦σ is a singular simplex of Y . However, the property
of being injective on vertices may be lost under this push-forward. This issue can
be avoided by requiring f to be injective, and this is the most important case of
interest for our purposes.

The situation for pairs. Let (X,A) be a pair of topological spaces. Since
the inclusion A ↪→ X is injective, it induces a simplicial embedding jK : K(A) ↪→
K(X) on singular multicomplexes. Let L(A) and L(X) denote the corresponding
minimal multicomplexes, and let iA : L(A) ↪→ K(A) and iX : L(X) ↪→ K(X) be
their simplicial inclusions. As already noticed in [Kue15, Section 1.3], there is an
obvious simplicial map jL : L(A)→ L(X) that sends each simplex ∆ of L(A) to the
unique simplex of K(X) which is homotopic to ∆ in X relative to the 0-skeleton
(Proposition 5.1). The map jL is injective if and only if every connected component
of A is πn-injective for every n ∈ N≥1 (Proposition 5.4).

Let π : L(X) → A(X) denote the simplicial projection identifying simplices
sharing the same 1-skeleton. Then jL factors through π, and thus induces a well-
defined simplicial map jA : A(A) → A(X). We denote by AX(A) the image of
A(A) in A(X) under jA, so that the pair of multicomplexes (A(X),AX(A)) is well-
defined. We denote by q : A(A)→ AX(A) the surjective map induced by jA. Since
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simplices of A(X) are uniquely determined by their 1-skeleton, it follows that jA
is a simplicial embedding if and only if A is π1-injective in X (Proposition 5.5). In
this case, AX(A) is simplicially isomorphic to A(A). In short, we have the following
diagram of simplicial maps

K(A) L(A) A(A) AX(A)

K(X) L(X) A(X) A(X).

jK

iA

jL

π

jA

q

iX

π

Isometric isomorphisms. Gromov’s fundamental insight is that the n-skeleton
of A(X) is the quotient of the n-skeleton of L(X) by the action of an amenable
group Γn. This is a non-trivial consequence of the fact that A(X) is constructed
from L(X) by killing higher homotopy groups, which are abelian – and therefore
amenable. The situation becomes more delicate in the relative setting. In fact, when
L(A) is a submulticomplex of L(X) – which occurs precisely when A is πn-injective
in X for every n ∈ N≥1 – the action of Γn on L(X) preserves the submulticomplex
L(A) only if A is also πn-surjective in X for every n ∈ N≥2 (Proposition 3.10).

A pair (X,A) of topological spaces is called good if it is a CW-pair such that
the inclusion A ↪→ X induces an injective map on fundamental groups and an
isomorphism on higher homotopy, i.e. π1(A ↪→ X, x) is injective and πn(A ↪→ X, x)
is an isomorphism for every x ∈ A and every n ∈ N≥2. We refer the reader to
Remark 1.14 for an explanation of why we prefer to work within the framework of
CW-pairs. We emphasize that our interest lies primarily in the homotopy-theoretic
properties of these pairs, rather than in any explicit cell decomposition of the space.
Note that we do not assume X or A to be path-connected.

For good pairs, the multicomplex A(A) naturally embeds as a submulticomplex
of A(X). In this setting, the techniques developed by Frigerio and Moraschini in
[FM23] extend to the relative case as well.

Theorem 1. Let (X,A) be a good pair. Then, for every n ∈ N, there is a
canonical isometric isomorphism

Φn : Hn
b (A(X),A(A))→ Hn

b (X,A).

Of course, the pair (X, ∅) is good for every CW-complex X. Therefore, Theorem
1 naturally generalizes Gromov’s result stating that the bounded cohomology ofX is
isometrically isomorphic to the bounded cohomology of its aspherical multicomplex
A(X) [Gro82][FM23, Theorem 4.23]. This reflects Gromov’s original approach
to prove that bounded cohomology depends only on the fundamental group and
is thus insensitive to higher homotopy. However, all attempts to extend Gromov’s
results to the relative setting must confront the fact that higher homotopy cannot
be entirely ignored if one wishes to maintain control over the norms. In fact the
notion of good pairs was already present in the work of Frigerio and Pagliantini
[FP12], as well as in Blank’s work [Bla16]. It is quite striking that such different
approaches seem to require the same additional assumptions on pairs of spaces in
order to treat the relative setting.

Thanks to Theorem 1, we can conclude that, within the class of good pairs,
relative bounded cohomology depends only on the fundamental groups.
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Theorem 2. Let f : (X,A) → (Y,B) be a continuous map between good pairs
which is bijective on the sets of path-connected components. Assume that f induces
isomorphisms on fundamental groups on every component of X and every compo-
nent of A. Then the induced map

Hn
b (f) : Hn

b (Y,B)→ Hn
b (X,A)

is an isometric isomorphism for every n ∈ N.

Theorem 2 is stated in [Gro82, pag. 57] without any assumptions on higher
homotopy, but it is not clear to us how such assumptions could be removed. In fact,
Gromov’s statement is more general, since it allows f to induce an epimorphism
with amenable kernel on fundamental groups. An analogous statement is proved
in Section 5.6 for good pairs. However, in this case, we only obtain a bi-Lipschitz
equivalence between the norms, rather than an isometry (Theorem 5.22).

We expect that alternative proofs of Theorem 2 can be obtained within the
frameworks developed by Frigerio and Pagliantini [FP12] and by Blank [Bla16].

We know that, when every connected component of A has amenable fundamental
group, then Hn

b (X,A) is isometrically isomorphic to Hn
b (X) for every n ∈ N, with-

out requiring any further assumptions on the homotopy type of the pair [BBF+14,
Theorem 2] [KK15, Theorem 2.3]. However, the requirement that every boundary
component of A is amenable – rather than only those one intends to discard – ap-
pears somewhat artificial. Thanks to Theorem 1, we can show that, at least within
the class of good pairs, it suffices to assume amenability only for the connected
components one wishes to disregard.

Theorem 3. Let (X, Y ) be a good pair and let A ⊆ Y be the union of some
connected components of Y . Let B = Y \A be the union of the remaining connected
components and let j : (X,B) → (X, Y ) denote the inclusion. If every connected
component of A has an amenable fundamental group, then the map

Hn
b (j) : Hn

b (X, Y )→ Hn
b (X,B)

is an isometric isomorphism for every n ∈ N.

The group Π(X,X0). Our proof of Theorem 3 relies on the action on A(X) of
the group Π(X,X0), which was introduced by Gromov in [Gro82]. Let X0 ⊆ X be
a subset of basepoints of X. The elements of Π(X,X0) consist of finite collections
of (homotopy classes of) paths in X that induce a permutation of X0 with finite
support.

There is a natural morphism of groupoids from the the fundamental groupoid
Π1(X,X0) of X based at X0 to the groupoid Π(X,X0)oX0 associated to the action
of Π(X,X0) on X0 by permutations. This map is universal among groups acting
on X0 by permutations with finite support (Remark 4.3).

The group Π(X,X0) plays a central role in our applications, where geometric
information on X is used to detect amenable subgroups of Π(X,X0). For example,
if X has amenable fundamental group, then also the group Π(X,X0) is amenable
– and, in particular, it has vanishing bounded cohomology (Proposition 4.2). A
group with vanishing bounded cohomology with trivial real coefficients is called
boundedly acyclic. We show that the group Π(X,X0) is boundedly acyclic in much
more generality.
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Theorem 4. Let X be a path-connected topological space with countable fun-
damental group and let X0 be an infinite countable subset of X. Then the group
Π(X,X0) is boundedly acyclic.

In Section 4.4 we show that the group Π(X,X0) admits the structure of a permu-
tational wreath product. Theorem 4 then follows from a result of Monod [Mon22].
The class of boundedly acyclic groups has attracted considerable attention in re-
cent years, due to its relevance in new computations of the bounded cohomology of
discrete groups [Mon22, MR23, FFLM24, CFFLM24].

Bi-Lipschitz isomorphisms. By removing the assumptions on the higher ho-
motopy of (X,A), we can only retain a bi-Lipschitz control over the norms. Recall
that there is a well-defined simplicial map jA : A(A) → A(X). The image of jA
inside A(X) is denoted by AX(A), so that there is a well-defined pair of multicom-
plexes (A(X),AX(A)). Of course, in the case in which A is π1-injective in X, then
AX(A) is simplicially isomorphic to A(A).

Let N be the kernel of the map π1(A) → π1(X) induced by the inclusion. As
every normal subgroup of π1(A), the subgroup N determines a normal subgroup
N̂ of Π(A,A), which then acts on A(A). In Section 5.1 we show that AX(A) is
obtained from A(A) as the quotient by the action of N̂ . This fact implies that
(the geometric realization of) AX(A) is a model for the classifying space for the
group π1(A)/N (Lemma 5.6). Thus, the pair (A(X),AX(A)) consists of aspherical
multicomplexes.

We prove that, when N is amenable, then the bounded cohomology of (X,A) is
bi-Lipschitz isomorphic to the simplicial bounded cohomology of (A(X),AX(A)).

Theorem 5. Let (X,A) be a CW-pair such that the kernel of the morphism
π1(A ↪→ X, x) is amenable for every x ∈ A. Then, for every n ∈ N≥1, there is a
constant Cn ∈ R≥1 (depending only on the degree) and a bi-Lipschitz isomorphism
of vector spaces

Ψn : Hn
b (A(X),AX(A))→ Hn

b (X,A),
such that, for every α ∈ Hn

b (A(X),AX(A)),

(n+ 2)−1(2Cn)−2 · ‖α‖∞ ≤ ‖Ψn(α)‖∞ ≤ 2Cn(n+ 2) · ‖α‖∞.

The constants Cn denote the number of n-simplices in a suitable triangulation
of an n-dimensional prism ∆n−1 × [0, 1] (Definition 2.8). We refer the reader to
Section 2.2 for an explicit formula for Cn.

We underline the fact that, unlike the map Φn in Theorem 1, the map Ψn is a
priori not canonical, since some choices are required in our construction (see Remark
5.17). The isomorphism Ψn is constructed by using the machinery of mapping
cones developed by Park in [Par03]. We know that mapping cones do not give in
general control over the norms [FP12], therefore we are not able to show that Ψn

is isometric. Moreover, the bi-Lipschitz constants in Theorem 5 are far from being
optimal (see Remark 5.18).

Relative Vanishing Theorems. Let X be a topological space. A subset U
of X is called amenable if the image of the homomorphism

π1(U, x)→ π1(X, x)
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induced by the inclusion is an amenable subgroup of π1(X, x) for every x ∈ U .
An open cover U of X is called amenable if it consists of amenable open subsets.
Gromov’s Vanishing Theorem is a powerful vanishing result for the comparison
map in presence of amenable open covers of small multiplicity. More precisely, if X
admits an amenable open cover U of multiplicity mult(U) ≤ k, then the comparison
map Hn

b (X)→ Hn(X) vanishes in every degree n ≥ k [Gro82, Section 3.1].
Several proofs of this result are available in the literature, whose techniques

range between Gromov’s theory of multicomplexes [Gro82, Fri22, FM23], sheaf
theory [Iva85], equivariant nerves and classifying spaces for families [LS20] and
homotopy theory [Rap24]. A generalization of Gromov’s result to the relative
setting has been provided by Li, Löh and Moraschini in [LLM22] and by Raptis in
[Rap24].

In [Cap25] we extended the results of Li, Löh and Moraschini, building on the
framework for relative bounded cohomology via multicomplexes. We refer the reader
to Remark 6.4 for a detailed discussion on the relationship between our results and
the ones in [LLM22]. A pair of topological spaces (X,A) is called triangulable if
there exists a pair of simplicial complexes (T, S) such that (X,A) = (|T |, |S|).

Theorem 6 (Relative Vanishing Theorem). Let (X,A) be a triangulable pair
and assume that the kernel of the morphism π1(A ↪→ X, x) is amenable for every
x ∈ A. Let U be an amenable cover of X by path-connected open subsets such that:

(RC1) For every U ∈ U such that U ∩ A 6= ∅, U ∩ A is path-connected;
(RC2) For every U ∈ U such that U ∩ A 6= ∅, the inclusion

im(π1(U ∩ A, x)→ π1(X, x)) ↪→ im(π1(U, x)→ π1(X, x))
is an isomorphism for every x ∈ U ∩ A.

Then the comparison map compn : Hn
b (X,A;R) → Hn(X,A;R) vanishes for every

n ≥ mult(U).
Our strategy for proving Theorem 6 follows the same geometric intuition pro-

posed by Gromov [Gro82], and further developed by Frigerio and Moraschini in
[FM23]. The amenable open cover U of X allows us to identify an amenable sub-
group G of Π(X,X), which thus acts on the aspherical multicomplex A(X). The
regularity conditions (RC1) and (RC2) ensure that the action G y A(X) has a
controlled behavior on the subcomplex AX(A) (Lemma 6.14).

Stronger assumptions on the open cover lead to stronger vanishing results for
the comparison map. We refer the reader to Section 6.1 for the definitions of weak
convexity, convexity, relative multiplicity and nerve pairs. We just mention that the
relative multiplicity multA(U) provides a lower bound for the standard multiplicity
mult(U). Furthermore, under our assumptions on the open cover, the nerve N(UA)
of the cover induced on A is naturally a subcomplex of the nerve N(U) of U . In
this context, the relative dimension dim(N(U), N(UA)) of the nerve pair is a lower
bound for multA(U).

Theorem 7. Let (X,A) be a triangulable pair and assume that the kernel of
the morphism π1(A ↪→ X, x) is amenable for every x ∈ A. Let U be a locally-finite
amenable cover of X by path-connected open subsets satisfying (RC1) and (RC2).

(1) If U is weakly-convex on A, then the comparison map compn vanishes for
every n ≥ multA(U).
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(2) If U is convex, then for every n ∈ N there exists a map Θn such that the
following diagram commutes

Hn
b (X,A) Hn(X,A)

Hn(N(U), N(UA)) Hn(|N(U)|, |N(UA)|),

compn

Θn

∼=

Hn(ν)

where ν : (X,A)→ (|N(U)|, |N(UA)|) is a nerve map.
By duality, Theorem 6 and Theorem 7 yield vanishing results for relative simpli-

cial volume (see Corollary 6.7). As already underlined in [LMR22], these results are
however strictly weaker than the main known criterion for the vanishing of relative
simplicial volume in presence of amenable open covers [LMR22, Theorem 3.13],
which relies on Gromov’s Vanishing Theorem for non-compact manifolds [FM23,
Corollary 11]. We refer the reader to Section 6.2 for a more detailed discussion on
this topic.

Additivity of simplicial volume. Gromov’s Additivity Theorem provides a
powerful tool for computing the simplicial volume of manifolds obtained by gluings.
The case of connected sums and gluings along π1-injective boundary components
with amenable fundamental group was first discussed in [Gro82, Section 3.5]. A
complete proof in the case of 3-manifolds was later given by Soma in [Som81], and
the general case was established in [BBF+14]. Gluings along amenable portions of
the boundary are also treated in [Kue15].

Applications of the Additivity Theorem abound in low-dimensional and geomet-
ric topology. In [Som81], Soma introduces a knot and link invariant derived from
the simplicial volume of their exteriors. In this context, the additivity of simplicial
volume under connected sums and gluings along annuli implies that this invariant
is additive under disjoint unions and connected sums of knots. On the other hand,
additivity along boundary tori is used by Soma to show that every graph manifold
has vanishing simplicial volume. Combined with the Geometrization Theorem, this
yields that connected sums of graph manifolds are precisely the closed 3-manifolds
with vanishing simplicial volume.

We refer the reader to the references in [BBF+14] and [Kue15] for further
applications of Gromov’s Additivity Theorem in various areas of geometric and
low-dimensional topology. Without aiming to be exhaustive, let us point out that
recently it has been exploited to study rigidity properties of generalized graph man-
ifolds [FLS15, CSS19], to compute the spectrum of simplicial volumes of compact
manifolds [HL21] and the simplicial volume of mapping tori of 3-manifolds [BN20].
The additivity of simplicial volume for gluings along amenable boundaries has also
been adapted in [LLM22] to the case of boundedly acyclic boundaries.

Gromov’s Additivity Theorem, first stated in [Gro82], has been addressed in-
dependently in [BBF+14] and in [Kue15] with two different approaches. In the
former, the authors deduce the additivity of simplicial volume by using techniques
from homological algebra developed by Ivanov in [Iva85]. In the latter, the proof
relies on the theory of multicomplexes.

However, as already mentioned, Kuessner’s approach to bounded cohomology
via multicomplexes underestimates some difficulties that may arise in the relative
setting. In particular, issues emerge when the manifolds involved are not aspherical
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or when gluings are performed along proper submanifolds of boundary components.
We refer the reader to Remark 5.21 and Remark 7.9 for a more detailed discussion
of these limitations. It is also worth noting that the approach in [BBF+14] does
not address gluings along proper submanifolds of boundary components.

Building on the framework developed for relative bounded cohomology via multi-
complexes, in [Cap24] we provided a complete and self-contained proof of Gromov’s
Additivity Theorems (see Theorems 8 and 10 below).

Theorem 8. Let M1, . . . ,Mk be oriented compact triangulable n-manifolds with
π1-injective boundary, n ∈ N≥2. Let

(S+
1 , S

−
1 ), . . . , (S+

h , S
−
h )

be a pairing of some oriented compact connected pairwise-disjoint submanifolds of
tkj=1∂Mj of codimension 0. Let M be a manifold obtained by gluing M1, . . . ,Mk

along the pairing. Assume that the following conditions hold for every i ∈ {1, . . . , h}
and every j ∈ {1, . . . , k}:

• S±i has an amenable fundamental group;
• ∂S±i is path-connected, π1-injective in the corresponding ∂Mj and the map
π1(∂S±i ↪→ S±i ) is an isomorphism.

Then there exists a constant Cn ∈ N≥1 (depending only on the dimension) such that
(2Cn)3(n+ 2)3 · ‖M,∂M‖ ≥ ‖M1, ∂M1‖+ · · ·+ ‖Mk, ∂Mk‖.

The constants Cn appearing in Theorem 8 are the same as those appearing in
Theorem 5. The hypotheses of Theorem 8 are satisfied, for instance, by boundary
connected sums.

Corollary 9. Let M1 and M2 be oriented compact triangulable n-manifolds
with π1-injective boundaries, n ∈ N≥4. Let M = M1\M2 denote the boundary
connected sum of M1 and M2. Then

(2Cn)3(n+ 2)3 · ‖M,∂M‖ ≥ ‖M1, ∂M1‖+ ‖M2, ∂M2‖.

When gluings are performed along entire boundary components and the mani-
folds involved are aspherical, we have the following additivity result.

Theorem 10. Let M1, . . . ,Mk be oriented compact triangulable aspherical n-
manifolds with π1-injective aspherical boundary, n ∈ N≥2. Let M be a manifold
obtained by gluing M1, . . . ,Mk along (some of) their boundary components. If the
glued boundary components have amenable fundamental group, then

‖M,∂M‖ = ‖M1, ∂M1‖+ · · ·+ ‖Mk, ∂Mk‖.

The version of Gromov’s Additivity Theorem provided in [BBF+14] does not
cover the case in which there are non-amenable boundary components which re-
main unglued. Therefore, in the context of aspherical manifolds, Theorem 10 is a
stronger result.

Our subadditivity estimates follow from a version of Gromov Equivalence The-
orem for good pairs (Theorem 7.21), which in turn relies on the isometric isomor-
phism provided by Theorem 3. Conversely, superadditivity estimates are derived
from extension properties of bounded coclasses with controlled norm (Proposition
7.12). This extension is carried out at the level of the aspherical multicomplexes



12 INTRODUCTION

associated to the pairs (M,∂M). The passage from the pair (M,∂M) to the cor-
responding pair of aspherical multicomplexes is achieved via the maps Φn and Ψn,
appearing in Theorem 1 and Theorem 5, respectively. The choice between these
maps depends on whether the pair (M,∂M) is good. Different control over the
norms for good and non-good pairs translates in different estimates for the simpli-
cial volume in Theorems 10 and 8.

The notion of good pair is very well suited when gluing aspherical spaces. In fact,
if a finite CW-complex Z is expressed as a union of two aspherical subcomplexes X
and Y , then Z is aspherical provided that the pairs (X,X ∩ Y ) and (Y,X ∩ Y ) are
good [Whi78][Edm20, Theorem 3.1]. Building on this fact, we deduce Theorem
10 from a more general result regarding good pairs (Proposition 7.26).

The amenability of boundary components ensures also the subadditivity of sim-
plicial volume in presence of gluings of portions of the boundary. The following
criterion has been obtained by the author in collaboration with Kevin Li and Clara
Löh in [CLL25] in the context of branched coverings.

Theorem 11. Let M1, . . . ,Mk be oriented compact n-manifolds, n ∈ N≥2. Let
(S+

1 , S
−
1 ), . . . , (S+

h , S
−
h ) be a pairing of some oriented compact connected pairwise-

disjoint submanifolds of tkj=1∂Mj of codimension 0. Let M be a manifold obtained
by gluing M1, . . . ,Mk along the pairing. We denote by Bj the compact submanifold
of ∂Mj of codimension 0 whose interior is the complement in ∂Mj of the gluing loci
S±i . Assume that the following conditions hold for every i ∈ {1, . . . , h} and every
j ∈ {1, . . . , k}:

• Every connected component of ∂Mj and ∂S±i has amenable fundamental
group;
• ‖S±i , ∂S±i ‖ = 0 and ‖Bj, ∂Bj‖ = 0.

Then ‖M,∂M‖ ≤ ‖M1, ∂M1‖+ · · ·+ ‖Mk, ∂Mk‖.

In the proof of Theorem 11 we explicitly construct an efficient cycle which
approximates the simplicial volume of M . This construction relies on the Uniform
Boundary Condition of Matsumoto and Morita [MM85], combined with Gromov’s
Equivalence Theorem [BBF+14, Corollary 6]. Our argument does not make use of
the theory of multicomplexes and is independent from the rest of this work.

Theorem 11 applies to boundary connected sums of n-manifolds with amenable
boundary, provided that n ∈ N≥4.

Corollary 12. Let M1 and M2 be oriented compact n-manifolds with non-
empty boundaries, n ∈ N≥4. Assume that every connected component of ∂M1 and
∂M2 have amenable fundamental group. Let M = M1\M2 denote the boundary
connected sum of M1 and M2. Then

‖M,∂M‖ ≤ ‖M1, ∂M1‖+ ‖M2, ∂M2‖.

In combination with Theorem 8, Theorem 11 implies that, for every n ∈ N≥4,
the boundary connected sums M1\M2 of n-manifolds with amenable boundary has
vanishing simplicial volume if and only if bothM1 andM2 have vanishing simplicial
volume. The situation is different when n = 3, where one cannot expect more than
superadditivity (see Section 7.4).
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The additivity results discussed so far rely on the amenability of the gluing loci.
We conclude this introduction by presenting a vanishing criterion for the simplicial
volume of manifolds glued along boundary components that are not necessarily
amenable. To this end, the key notion is a variant of the Lusternik-Schnirelmann
category – the amenable category catAm(X) – which is defined in terms of minimal
cardinality of amenable open covers of X. A direct consequence of the Gromov’s
Vanishing Theorem is that manifolds with catAm(M) ≤ dim(M)− 1 have vanishing
simplicial volume. Recent work has shown that techniques inspired by the classical
Lusternik–Schnirelmann category can be fruitfully applied to the study of simplicial
volume of fiber bundles [LM22], and affine manifolds [CM25].

In Section 7.6, we present a combination theorem for the amenable category of
fundamental groups of graph of groups, developed by the author in collaboration
with Kevin Li and Clara Löh [CLL25]. This result leads to the following vanishing
criterion for simplicial volume. Recall that the geometric dimension of a group is
the minimal dimension of a CW-model for its classifying space.

Theorem 13. Let M1, . . . ,Mk be oriented compact connected n-manifolds, and
let M be a manifold obtained by gluing M1, . . . ,Mk along their boundary compo-
nents. Assume that M is closed and that, for every j ∈ {1, . . . , k}, the following
conditions hold:

• Every boundary component of Mj is π1-injective in Mj;
• Every boundary component of Mj has fundamental group of geometric di-
mension ≤ n− 2.
• catAm(π1(Mj)) ≤ n− 1.

Then catAm(M) ≤ n− 1. In particular, the simplicial volume of M vanishes.

While the dimension of the boundaries is n− 1, Theorem 13 is useful in situa-
tions where the boundaries have fundamental groups of small geometric dimension
(Example 7.38). This condition is far from implying amenability — for instance,
non-abelian free groups have geometric dimension one but are not amenable (Ex-
ample 7.38).

Plan of the thesis. Theorem 1 and Theorem 2 are proven in Section 3.4,
while Theorem 3 is proven in Section 4.3. Our proof of Theorem 4 is contained
in Section 4.4. Section 5.3 contains the proof of Theorem 5. The proof of the
Relative Vanishing Theorems (Theorem 6 and Theorem 7) are presented in Section
6.4. Theorem 8 is proven in Section 7.2, while Theorem 10 is proven in Section 7.4.
Finally, Theorem 11 and Theorem 13 are proven respectively in Section 7.5 and
Section 7.6.





CHAPTER 1

Multicomplexes

The goal of this chapter is to introduce the notion ofmulticomplexes, first defined
by Gromov in [Gro82]. Multicomplexes are simplicial structures in which simplices
are embedded and may share multiple faces. When organizing various types of sim-
plicial structures according to the degeneracies they allow, multicomplexes occupy
a position between simplicial complexes and ∆-complexes. This intermediate na-
ture is already evident in dimension one: a graph that permits both loops and
parallel edges can be described as a ∆-complex; a graph without loops or paral-
lel edges is a simplicial graph, and a graph allowing parallel edges but no loops is
usually referred to as a multigraph. This intuition generalizes to higher dimensions:
while each simplex in a multicomplex must have distinct vertices, simplices are not
uniquely determined by their vertex sets.

Figure 1. A multigraph admits parallel edges, but not loops.

The foundations of the theory of multicomplexes have been developed by Frige-
rio and Moraschini in [FM23], and in this chapter we closely follow their frame-
work. After introducing the basic definitions and the (relative bounded) coho-
mology of pairs of multicomplexes, we turn to the central object of the theory:
the singular multicomplex K(X) associated to a topological space X (Section 1.3).
This construction plays in the theory of multicomplexes the same foundational
role that the singular complex plays in the theories of ∆-complexes and simplicial
sets [EZ50, Mil57, May92, GJ09]. In particular, it shows that every (nice)
topological space is weakly homotopy equivalent to the geometric realization of a
multicomplex (Proposition 1.11).

1.1. Basic Definitions

Amulticomplex can be viewed as a simplicial complex in which distinct simplices
are allowed to share any number of common faces and, in particular, may have the
same set of vertices. This property is captured in Gromov’s definition: according to

15
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[Gro82], a multicomplex is “a set K divided into the union of closed affine simplices
∆i, i ∈ I, such that the intersection of any two simplices ∆i ∩∆j is a (simplicial)
subcomplex in ∆i as well as in ∆j”. In what follows, we adopt the combinatorial
definition proposed by Frigerio and Moraschini in [FM23].

Definition 1.1. A multicomplex K is a triple (V, I,Ω) where:
(1) V is any set;
(2) I = (IA)A∈Pfin(V ) is a family of sets indexed by the set Pfin(V ) of finite

subsets of V , i.e. for every A ∈ Pfin(V ), IA is a (possibly empty) set;
(3) if A = {v} is a singleton, then IA is also a singleton;
(4) Ω is a set of maps {∂A,B : IA → IB, A,B ∈ Pfin(V ), A ⊇ B} such that

∂A,A = idA for every A ∈ Pfin(V ), and

∂B,C ◦ ∂A,B = ∂A,C whenever A ⊇ B ⊇ C.

The set V is called the set of vertices of K. The set IA is called the set of simplices
with vertex set A. The maps ∂A,B are called boundary maps of the multicomplex.

In other words, a multicomplex is a contravariant functor from the category
Pfin(V ) (with morphisms defined by inclusion) to the category of sets, sending
singletons to singletons. For every A ∈ Pfin(V ), each element ∆ ∈ IA represents a
simplex with vertices in A. In this way, the element ∂A,B(∆) ∈ IB represents the
face of ∆ with vertices in B. We say that ∆ ∈ IA is an n-simplex if the cardinality
of A is n+ 1. Therefore every n-simplex has n+ 1 distinct vertices. Moreover, the
set of vertices in not assumed to be ordered. It follows that multicomplexes are
not simplicial sets or ∆-complexes: there are no degenerate simplices and the i-th
face of a simplex is in general not defined. From this perspective, multicomplexes
more closely resemble (abstract) simplicial complexes, of which they form a natural
generalization. In this work a simplicial complex is understood as a multicomplex
(V, I,Ω) in which every simplex is uniquely determined by its vertices; that is,
for every A ∈ Pfin(V ), IA is either empty or consists of a single element. This is
equivalent to the classical definition (see e.g. [Hat02]).

Definition 1.2. Let K = (V, I,Ω) and K ′ = (V ′, I ′,Ω′) be multicomplexes.
A simplicial map from K to K ′ is given by a function f : V → V ′, and functions
fA : IA → I ′f(A), A ∈ Pfin(V ), such that

∂f(A),f(B)(fA(∆)) = fB(∂A,B(∆))

for every A ⊇ B, A,B ∈ Pfin(V ) and ∆ ∈ IA. We say that a simplicial map is
injective (resp. surjective) if f and each fA are injective (resp. surjective). An
injective simplicial map is also called a simplicial embedding.

Simplicial maps are usually denoted by the corresponding map on vertices. In
this case, the image fA(∆) is simply denoted by f(∆) when ∆ ∈ IA. Simplicial
maps are allowed to decrease the dimension of simplices and, in general, do not
preserve their dimension. This behavior is ruled out by the following important
notion.

Definition 1.3. Let K = (V, I,Ω) be a multicomplex. A simplicial map
f : K → K ′ is called non-degenerate if f |A is injective whenever IA 6= ∅, i.e. every
n-simplex of K is mapped to an n-simplex of K ′.
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A submulticomplex of a multicomplex K = (V, I,Ω) is a triple L = (W,J,Θ)
such that W ⊆ V , JA ⊆ IA, for every A ∈ Pfin(W ) ⊆ Pfin(V ), and

∂LA,B = (∂KA,B)|JA

for every A ⊇ B. A submulticomplex L of K is itself a multicomplex, and there
is an obvious simplicial embedding L → K. Since a submulticomplex is uniquely
determined by the simplices it contains, we usually describe submulticomplexes by
describing their sets of simplices. If L is a submulticomplex of K, we write L ⊆ K.
The intersection of two submulticomplexes of K is again submulticomplex. Every
simplicial map f : K → K ′ defines a submulticomplex f(K) of K ′ – which is called
the image of f – by taking the images of the corresponding maps on simplices.

For every n ∈ N, the n-skeleton Kn = (V n, In,Ωn) ofK = (V, I,Ω) is the unique
submulticomplex of K such that V n = V and InA = IA if A has cardinality at most
n + 1, while InA = ∅ otherwise. Every simplicial map induces a unique simplicial
map on the n-skeleta.

A pair of multicomplexes is a pair (K,L) where L is a submulticomplex of K.
A simplicial map between pairs of multicomplexes f : (K,L)→ (K ′, L′) is given by
a simplicial map f : K → K ′ such that f(L) is a submulticomplex of L′. We denote
by Aut(K,L) the group of simplicial automorphisms of the pair (K,L).

Remark 1.4. Let K∅ be the unique multicomplex whose vertex set is the empty
set. Of course the pair (K,K∅) is well defined for every multicomplex K. In this
work, when we refer to the pair (K,K∅), we always omit K∅ from the notation.
For example, we write Aut(K) = Aut(K,K∅) to denote the group of simplicial
automorphisms of K. On the other hand, every statement which is stated for pairs
of multicomplexes (K,L) admits an absolute version by taking L to be the empty
multicomplex K∅.

The geometric realization |K| of a multicomplex K = (V, I,Ω) is defined by
taking one copy of the standard n-simplex ∆n for every n-simplex of K, and by
gluing them according to the boundary maps. Let e0, . . . , en denote the vertices of
∆n ⊆ Rn+1. Let In denote the set of n-simplices of K. We set

Xn = In ×∆n, X = tn∈NXn.

For every A ∈ Pfin(V ) of cardinality n + 1 we fix a bijection between A and the
set {e0, . . . , en} of vertices of ∆n, which is equivalent to fixing an ordering of the
elements of A. For every (σA, x) ∈ IA ×∆n and (σB, y) ∈ IB ×∆m, where A,B ∈
Pfin(V ) have cardinalities n− 1 and m− 1 respectively, we set (σA, x) ∼ (σB, y) if
and only if A ⊇ B and x = ϕ(y), where ϕ : ∆m → ∆n is the only affine inclusion
preserving the labeling of the vertices. Finally, we set

|K| = X/≈,
where ≈ denotes the smallest equivalence relation containing ∼. This construction
is independent of the choice of the labeling of the vertices. Since every n-simplex
has n+ 1 distinct vertices, for every σ ∈ In, the map

∆n → |K|, x 7→ [(σ, x)],
is injective. This map is called the characteristic map of σ. Let |σ| ⊆ |K| denote its
image, which may be endowed with the Euclidean topology inherited from ∆n. We
equip |K| with the weak topology induced from its decomposition into simplices:
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a subset of |K| is open if and only if its intersection with every |σ| is open. In
this way |K| is a CW-complex whose closed n-cells are given by the subsets |σ|,
σ ∈ In. Intuitively speaking, the points of |σ| correspond to convex combinations
of its vertices. Therefore, if σ ∈ IA is a simplex with vertices A = {a0, . . . , an} and
t0, . . . , tn ∈ [0, 1] are such that t0 + · · ·+ tn = 1, the point [(σ, t0e0 + · · ·+ tnen)] of
|K| is usually denoted by

(σ, t0a0 + · · ·+ tnan) ∈ |K|.

This description of points is essentially unique [FM23, Remark 1.6]. Every simpli-
cial map f : K → K ′ induces a continuous map |f | : |K| → |K ′| such that

|f |(σ, t0a0 + · · ·+ tnan) = (f(σ), t0f(a0) + · · ·+ tnf(an)).

We underline the fact that this formula makes sense even if f is not injective on
vertices, since the symbol t0f(a0)+· · ·+tnf(an) still represents a convex combination
of vertices. We usually say that a continuous map |K| → |K ′| is simplicial if it is
induced by a simplicial map K → K ′.

Remark 1.5. We give a brief overview of the relationship between multicom-
plexes and other well-known simplicial structures. As already noted, multicom-
plexes are not simplicial sets or ∆-complexes in general. However, to every mul-
ticomplex one can associate a canonical simplicial set or ∆-complex. In fact, the
following categories are equivalent: the category of multicomplexes, the category
of symmetric simplicial sets in which every non-degenerate simplex has distinct
vertices, and the category of unordered ∆-complexes in which every simplex has
distinct vertices [FM23, Proposition 1.7]. We refer the reader to [EZ50, Hat02,
GJ09] for an introduction to these simplicial structures. It is well-known that the
second barycentric subdivision of a ∆-complex is a simplicial complex. From this
perspective, multicomplexes lie in between ∆-complexes and simplicial complexes,
since the first barycentric subdivision of a ∆-complex is a multicomplex (Figure
2). Moreover, the topological realization of a small category without loops [BH99,
Chapter III.C] has the cell structure of a multicomplex.

Figure 2. The minimal number of vertices required to represent a
circle using a simplicial complex, a multicomplex, and a ∆-complex
is 3, 2, and 1, respectively.

Let (K,L) be a pair of multicomplexes. Given a group G, a simplicial group
action G y (K,L) is a group homomorphism G → Aut(K,L). The quotient
of a multicomplex by a simplicial action is not a multicomplex in general [FM23,
Remark 1.15]. However, the following class of actions allow us to define well-behaved
quotients.
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Definition 1.6. A simplicial action Gy K is called 0-trivial if G acts trivially
on the 0-skeleton of K.

Let K = (V, I,Ω) be a multicomplex. If an action G y K is 0-trivial, we can
define the quotient multicomplex K/G = (V ′, I ′,Ω′) as follows: V ′ = V , (I ′)n =
In/G and ∂A,B[σ] = [∂A,B(σ)], where [σ] denotes the equivalence class of σ ∈ IA
with respect to the action of G.

Proposition 1.7 ([FM23, Proposition 1.14]). Let Gy K be a 0-trivial action.
Then the map π : K → K/G, such that π(σ) = [σ], is a non-degenerate simplicial
map. Moreover, for every g ∈ G, the following diagram

|K| |K|

|K/G|

|g|

|π| |π|

is commutative. In particular, |K/G| is homeomorphic to |K|/G.

If an action G y (K,L) is 0-trivial on K (hence on L), then the quotient L/G
is naturally a submulticomplex of K/G. Moreover, the projection map induces a
well-defined map of pairs (K,L)→ (K/G,L/G).

1.2. Simplicial (Bounded) Cohomology

Let K = (V, I,Ω) be a multicomplex. Let n ∈ N. An algebraic n-simplex of K
is a pair

(∆, (v0, . . . , vn)),
where ∆ is a k-simplex ofK, and {v0, . . . , vn} is the set of vertices of ∆. Since ∆ has
exactly k+1 vertices, we have that k ≤ n. Note that there is no requirement for the
elements of the tuple (v0, . . . , vn) to be pairwise distinct. For every i ∈ {0, . . . , n},
the i-th face of σ is the algebraic (n− 1)-simplex defined by

∂inσ = (∆′, (v0, . . . , v̂i, . . . , vn)),
where ∆′ = ∆, if {v0, . . . , vn} = {v0, . . . , v̂i, . . . , vn}, and ∆′ is the unique face of ∆
with vertices {v0, . . . , v̂i, . . . , vn}, otherwise. Let R be a ring with unity. We denote
by Cn(K;R) the free module generated by the set of algebraic n-simplices. The
following boundary operator

∂n : Cn(K;R)→ Cn−1(K;R), ∂n =
n∑
i=0

(−1)i∂in

endows (C•(K;R), ∂•) with the structure of a chain complex. The complex (C•(K;R), δ•)
of simplicial cochains is defined by taking the dual of (C•(K;R), ∂•). The simplicial
cohomology H•(K;R) of K is the cohomology of the complex (C•(K;R), δ•).

If the ring R is normed, it induces a natural norm on the space of chains. We
are particularly interested in the case in which R ∈ {Z,R} with the absolute value
norm. If c = ∑

i∈I aisi is a chain written in reduced form, where ai ∈ R and si are
algebraic simplices, we define the `1-norm of c by

‖c‖1 =
∑
i∈I
|ai| .
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This in turns induces a seminorm in homology, still denoted by ‖ · ‖1, by taking
the quotient seminorm from the space of cycles. On the other hand, we endow the
module of cochains with the `∞-norm: for every f ∈ Cn(K;R), we set

‖f‖∞ = sup{|f(s)|, s algebraic n-simplex} ∈ R≥0 ∪ {+∞}.
A simplicial cochain f is called bounded if ‖f‖∞ < ∞. Let Cn

b (K;R) ⊆ Cn(K;R)
be the submodule of bounded cochains. This space can be naturally identified with
the topological dual of the space Cn(K;R) endowed with the `1-norm. Moreover,
since the coboundary operator δ• restricts to bounded cochains, (C•b (K;R), δ•) is
a subcomplex of simplicial cochains, whose cohomology H•b (K;R) is called (simpli-
cial) bounded cohomology of K. The `∞-norm on the space of bounded cochains
induces a quotient seminorm, still denoted by ‖ · ‖∞, on H•b (K;R).

The definition of simplicial (bounded) cohomology is functorial: simplicial maps
between multicomplexes induce chain maps on cochain complexes, hence linear
maps in cohomology. Moreover, there maps are norm non-increasing with respect
to the `∞-norm.

1.2.1. The relative case. Let (K,L) be a pair of multicomplexes. The inclu-
sion L ⊆ K induces a restriction map C•(b)(K;R)→ C•(b)(L;R), which is surjective,
and whose kernel is denoted by C•(b)(K,L;R). In other words, we have a short exact
sequence of cochain complexes

0→ C•(b)(K,L;R)→ C•(b)(K;R)→ C•(b)(L;R)→ 0.
We denote by H•(b)(K,L;R) the cohomology of (C•(b)(K,L;R), δ•). The complex

C•b (K,L;R), whose elements are called relative bounded cochains, is endowed with
the subspace norm from C•b (K;R), which in turns induces the quotient seminorm
on H•b (K,L;R). The short exact sequence above induces a long exact sequence in
cohomology:

· · · → Hn
(b)(K,L;R)→ Hn

(b)(K;R)→ Hn
(b)(L;R)→ Hn+1

(b) (K,L;R)→ . . .

A classical result in the theory of simplicial complexes and simplicial sets states
that their simplicial cohomology coincides with the singular cohomology of their
topological realization. The same holds true for multicomplexes. The natural chain
inclusion

ϕ• : C•(K;R)→ C•(|K|;R)
sending every algebraic n-simplex (σ, (v0, . . . , vn)) ∈ Cn(K;R) to the singular sim-
plex

∆n → |K|, (t0, . . . , tn) 7→ (σ, t0v0 + · · ·+ tnvn),
is a chain map which maps algebraic n-simplices of L to singular simplices of |L|.
Therefore, it induces a well-defined map on relative cochains ϕ• : C•(|K|, |L|;R)→
C•(K,L;R).

Proposition 1.8 ([FM23, Theorem 1.12]). For every pair of multicomplexes
(K,L), the homomorphism H•(|K|, |L|;R) → H•(K,L;R), induced by ϕ•, is an
isomorphism in every degree.

Proposition 1.8 does not extend to bounded cohomology without additional as-
sumptions on the pair (K,L). For instance, if K is finite, then every simplicial
chain on K is automatically bounded, while |K| may contain singular cohomology
classes that do not admit any bounded representative. The key concept of complete
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multicomplexes, introduced in Chapter 2, allows us to formulate an appropriate
version of Proposition 1.8 in the context of bounded cohomology (see Proposition
3.5).

1.2.2. Alternating cochains. Every n-simplex of a multicomplex K defines
infinitely many algebraic m-simplices, for m ≥ n. It is therefore convenient to
reduce the number of generators in the simplicial cochain complex. Let (K,L) be a
pair of multicomplexes. A cochain f ∈ Cn(K;R) is called alternating if, for every
algebraic simplex (∆, (v0, . . . , vn)) of K and every permutation τ of {0, . . . , n}, it
satisfies

f(∆, (v0, . . . , vn)) = sign(τ) · f(∆, (vτ(0), . . . , vτ(n))).
Let Cn(K;R)alt ⊆ Cn(K;R) be the subspace of alternating cochains, and let

Cn
(b)(K,L;R)alt = Cn

(b)(K,L;R) ∩ Cn(K;R)alt

be the subspace of alternating relative (bounded) cochains. Since the cobound-
ary operator preserves alternating cochains, they define subcomplexes of relative
(bounded) cochains. Moreover, Cn

b (K,L;R)alt inherits the `∞-norm from Cn
b (K,L;R).

Proposition 1.9. Let (K,L) be a pair of multicomplexes. The inclusion of
complexes Cn

(b)(K,L;R)alt ↪→ Cn
(b)(K,L;R) induces an isometric isomorphism in

cohomology.

Proof. It is well known that these inclusions induce isomorphisms in coho-
mology for simplicial complexes, and it is not hard to believe that the same ar-
gument works for multicomplexes. However, since we want to show that these
isomorphisms are isometric, we outline the argument for bounded cochains. Let
ι : C•b (K,L;R)alt ↪→ C•b (K,L;R) denote the inclusion. Let Σn+1 be the symmetric
group of the set {0, . . . , n}. The alternating map alt : C•b (K,L;R)→ C•b (K,L;R)alt,
which is defined by the formula

alt(f)(∆, (v0, . . . , vn)) = 1
(n+ 1)!

∑
τ∈Σn+1

f(∆, (vτ(0), . . . , vτ(n))),

is well defined and provides a left inverse of ι, i.e. alt ◦ ι = id. Since both alt and
ι are norm non-increasing, it readily follows that ι induces an isometric embedding
in cohomology. On the other hand, since the composition ι◦alt is homotopic to the
identity, ι actually induces an isometric isomorphism in cohomology. �

The key aspect of the above argument is that any cochain can be made alter-
nating by averaging over a finite group of permutations. This same idea underlies
the reduction to G-invariant chains when G y (K,L) is a simplicial action by an
amenable group (see Theorem 3.15).

1.3. The Singular Multicomplex

In the theory of multicomplexes, the singular multicomplex plays the same role
of the singular simplicial set in the theory of simplicial sets [Mil57, May92]. Both
provide convenient frameworks to encode the homotopy type of a space by con-
sidering its set of singular simplices. However, since the simplicial structure of a
multicomplex is more rigid than that of a simplicial set, additional conditions are
required to ensure that this construction yields a valid multicomplex. The singular
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multicomplex of a topological space X is the multicomplex whose simplices are sin-
gular simplices of X with distinct vertices, considered up to affine parametrization.
A more precise definition is the following.

Let X be a topological space and let n ∈ N. Let Sn(X) denote the set of singular
simplices of X. We say that two simplices σ, σ′ ∈ Sn(X) are equivalent if and only if
there exists an affine self-homeomorphism ϑ of ∆n such that σ ◦ ϑ = σ′. Let Sn(X)
be the set of equivalence classes of singular simplices which are injective on the
vertices of ∆n. The set of vertices of an element [σ] ∈ Sn(X) is the image of the set
of vertices of ∆n via any of its representatives. By construction, it has cardinality
n+1. We now define the singular multicomplex of X as the triple K(X) = (V, I,Ω)
such that

• V = X;
• for every A ∈ Pfin(X) of cardinality n+1, the set IA consists of the elements
of Sn(X) whose set of vertices is A;
• for every [σ] ∈ IA and every B ⊆ A, the element ∂A,B([σ]) ∈ IB is the
equivalence class of the unique face of σ whose set of vertices is B. This is
independent of the choice of representative.

The geometric realization of |K(X)| is a CW-complex whose 0-skeleton is in bijection
with the set of points of X. Moreover, there is a natural projection

SX : |K(X)| → X

which is defined by the following formula:
SX([σ], (t0x0 + · · ·+ tnxn)) = σ(t0e0 + . . . tnen),

where {x0, . . . , xn} are the vertices of [σ] and σ is a representative of [σ] which sends
the i-th vertex ei of ∆n to xi, for every i ∈ {0, . . . , n}. This map is well defined
and continuous. Moreover, it is a weak-homotopy equivalence for a suitable class
of topological spaces.

Definition 1.10. A topological space X is nice if the following conditions hold:
(1) X is semilocally simply connected; in other words, any path connected

component of X admits a universal covering.
(2) Every non-empty path-connected finite subset of X is a singleton.

Proposition 1.11 ([FM23, Theorem 1]). Let X be a nice topological space.
Then the natural projection SX : |K(X)| → X is a weak homotopy equivalence.

Nice topological spaces are called good in the work of Frigerio and Moraschini
[FM23, Definition 2.1]. However, since in our setting we use the term good to
describe pairs of topological spaces with specific control over homotopy (Defini-
tion 2.29), we have chosen to adopt different terminology to avoid confusion.

If X = ∅ is the empty topological space, then it is nice for trivial reasons. In this
case, the singular multicomplex K(∅) is just the empty multicomplex K∅ (Remark
1.4). More interestingly, CW-complexes are nice topological spaces. In particular,
the Whitehead Theorem immediately implies the following.

Proposition 1.12 ([FM23, Corollary 2.2]). Let X be a CW-complex. Then
the natural projection SX : |K(X)| → X is a homotopy equivalence.

Let (X,A) be a pair of topological spaces. Every singular simplex of A which is
injective on vertices is, in particular, a singular simplex ofX with the same property.
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It follows that the singular multicomplex K(A) of A naturally sits in K(X) as a
submulticomplex. Moreover, the natural projection SX induces a well-defined map
of pairs

SX : (|K(X)|, |K(A)|)→ (X,A).
The following is a straightforward generalization of Proposition 1.12 for CW-pairs.
Two continuous maps of pairs of topological spaces f, g : (X,A) → (Y,B) are ho-
motopic as maps of pairs if there exists a continuous homotopy F : X × [0, 1]→ Y
between f and g such that F (A × [0, 1]) ⊆ B. A map of pairs is a homotopy
equivalence of pairs if it has a homotopy inverse as a map of pairs.

Proposition 1.13. Let (X,A) be a CW-pair. Then the natural projection

SX : (|K(X)|, |K(A)|)→ (X,A)

is a homotopy equivalence of pairs.

Proof. By Proposition 1.12, the horizontal arrows of the following commuta-
tive diagram

|K(A)| A

|K(X)| X

SA

SX

are homotopy equivalences. Since (|K(X)|, |K(A)|) and (X,A) are CW-pairs, then
the vertical arrows are cofibrations, hence the homotopy equivalences can be pro-
moted to a homotopy equivalence of pairs [May99, Chapter 6, Section 5]. �

Remark 1.14. In this work we mostly restrict our attention to CW-pairs (X,A)
for two main reasons. The first is that we want the natural projections SX and SA
to induce homotopy equivalences. The second is that, being the inclusion A ↪→
X a cofibration, these homotopy equivalences can be promoted to a homotopy
equivalence of pairs, which is crucial to retain some control over the natural norms
in bounded cohomology (see Remark 3.3).

Although continuous maps between topological spaces do not, in general, induce
simplicial maps between their singular multicomplexes, they nevertheless determine
well-defined homotopy classes of maps between the corresponding topological real-
izations.

Lemma 1.15. Let f : (X,A) → (Y,B) be a continuous map between CW-pairs.
Then there exists a continuous map of pairs

K(f) : (|K(X)|, |K(A)|)→ (|K(Y )|, |K(B)|)

such that the following diagram

(|K(X)|, |K(A)|) (|K(Y )|, |K(B)|)

(X,A) (Y,B)

SX

K(f)

SY

f

is commutative up to homotopy (of maps of pairs).
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Proof. The argument relies on the functorial properties of the singular multi-
complex and is a straightforward adaptation of the one presented in [FM23] for the
case A = ∅, which we include here for the sake of completeness. Let S(X) denote
the singular simplicial set associated to X (whose n-simplices are singular simplices
of X). If we endow the singular multicomplex K(X) with its natural structure of
simplicial set (which depends, for example, on an arbitrary ordering on the set X),
there is a natural simplicial embedding K(X)→ S(X) (see [FM23, Section 2.1] for
the details). In particular, there is well-defined cellular map ιX : |K(X)| → |S(X)|.
Just as the singular multicomplex, also the singular simplicial set is equipped with
a natural projection jX : |S(X)| → X, which is a homotopy equivalence for CW-
complexes [Mil57, Theorem 4]. Given a CW-pair (X,A), there is a commutative
diagram of maps of pairs

(|K(X)|, |K(A)|) (|S(X)|, |S(A)|)

(X,A)

ιX

SX jX

such that both SX and jX are homotopy equivalences as maps of pairs (Proposition
1.13). It follows that the inclusion ιX : (|K(X)|, |K(A)|)→ (|S(X)|, |S(A)|) is also a
homotopy equivalence (as map of pairs). Any continuous map f : (X,A)→ (Y,B)
induces a simplicial map S(f) : (|S(X)|, |S(A)|)→ (|S(Y )|, |S(B)|). Therefore, we
can define K(f) = ρY ◦ S ◦ ιX , where ρY is any homotopy inverse (as map of pairs)
of ιY . �



CHAPTER 2

Homotopy Theory of Complete Multicomplexes

In this chapter we study the homotopy theory of (topological realizations of)
multicomplexes, following the framework established in [FM23]. The key objects
for this purpose are complete multicomplexes, whose defining feature is that their
homotopy groups admit a combinatorial description via special spheres (Proposi-
tion 2.6). This property serves as the analogue of the Kan condition for simplicial
sets [May92, GJ09]. A central result in this context is that the singular multi-
complex K(X) associated with a topological space X is complete (Proposition 2.2).
Combined with the fact that the topological realization of K(X) is weakly homo-
topy equivalent to X (at least when X is nice), completeness yields a combinatorial
model for the homotopy groups of X.

In Section 2.2 we establish straighforward generalizations to pairs of multicom-
plexes of results from [FM23] about simplicial approximation. We introduce in
this way the constants Cn, n ∈ N≥1, which describe the number of n-simplices in
the standard multicomplex structure of the prism ∆n−1 × [0, 1]. These constants
play a crucial role in the bi-Lipschitz estimates appearing in Theorem 5.

The homotopy information encoded in a complete multicomplex if often highly
redundant, as illustrated by the case of the singular multicomplex. In Section
2.3, we describe a classical procedure to reduce the size of a complete multicomplex
without changing its homotopy type. This yields a submulticomplex, which is called
minimal. In order to minimize simultaneously a pair of complete multicomplexes,
one must impose some compatibility condition on the homotopy of the pair. This
leads to the notion of full pairs of multicomplexes (Definition 2.15). Given a pair
(X,A) of topological spaces, the pair (K(X),K(A)) is full when A is πn-injective in
X for every n ∈ N≥1 (Proposition 2.19).

To any complete and minimal multicomplex K we can associate an aspherical
multicomplex having the same fundamental group. This is achieved by taking the
first Postnikov quotient of K, which identifies simplices sharing the same 1-skeleton.
This construction becomes particularly meaningful when applied to the singular
multicomplex K(X), because it provides an explicit model for the classifying space
of the fundamental group of X. Finally, we introduce the notion of good pair of
topological spaces (Definition 2.29), which plays a central role in this work.

2.1. Complete Multicomplexes

In this section we introduce complete multicomplexes and we describe their
homotopy groups by means of special spheres (Proposition 2.6). Let ∆n denote the
full simplicial complex (hence multicomplex) on a set of n + 1 vertices, so that its
topological realization |∆n| is homeomorphic to the standard affine n-simplex in
Rn+1.

25
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Definition 2.1. A multicomplex K is complete if, for every n ∈ N and every
continuous map f : |∆n| → |K| whose restriction to the boundary f |∂|∆n| : ∂|∆n| →
|K| is a simplicial embedding, the map f is homotopic relative to ∂|∆n| to a sim-
plicial embedding f ′ : |∆n| → |K|.

Completeness is a very strong property for a multicomplex. For example, if a
complete connected multicomplex is a simplicial complex, then it should be the full
simplicial complex on its set of vertices [FM23, Example 3.3]. To our purposes,
the most important examples of complete multicomplexes are the singular ones. In
fact, every continuous map f : |∆n| → |K(X)| which is a simplicial embedding on
the boundary, after the composition with the natural projection SX : |K(X)| → X,
identifies a singular simplex of X which is injective on vertices, hence an n-simplex
∆ of K(X). The fact that SX is a weak homotopy equivalence (when X is a nice
topological space) implies that f and the characteristic map of ∆ are homotopic.

Proposition 2.2 ([FM23, Theorem 3.7]). Let X be a nice topological space.
Then the singular multicomplex K(X) is complete.

The notion of complete multicomplexes is useful in identifying a class of mul-
ticomplexes whose homotopy groups can be described combinatorially in terms of
parallel faces.

Definition 2.3. Let n ∈ N. The n-dimensional special sphere is an n-dimensional
multicomplex K = (V, I,Ω) defined as follows. The vertex set V is any set of car-
dinality n + 1; if A = V , then IA = {∆n,∆s} consists of two elements, called the
northern simplex ∆n and the southern simplex ∆s. For every proper subset A ( V ,
the set IA consists of a single element. There is a unique choice of boundary maps
that makes K into a multicomplex. We denote by Ṡn any multicomplex which is
simplicially isomorphic to a n-dimensional special sphere.

The topological realization of a n-dimensional special sphere is homeomorphic
to the sphere Sn. Moreover, the CW-structure of Sn induced by the multicomplex
structure of the special sphere consists of two n-cells glued along their boundary.

Definition 2.4. Let K = (V, I,Ω) be a multicomplex. Two n-dimensional
simplices ∆1, ∆2 of K are compatible if their vertex set coincides (i.e. there exists
A ∈ Pfin(V ) such that ∆1,∆2 ∈ IA) and for every proper subset B ⊆ A we have
∂A,B(∆1) = ∂A,B(∆2). Being compatible is an equivalence relation among simplices
of K. We denote by πK(∆1) the equivalence class of ∆1. Equivalently, two simplices
∆1 and ∆2 ofK are compatible if and only if |∆1| and |∆2| share the same boundary
in |K|.

Definition 2.5. Let K = (V, I,Ω) be a multicomplex. Two n-dimensional sim-
plices ∆1 and ∆2 of K are homotopic if they are compatible and their characteristic
maps |∆n| → |K| are homotopic in |K| relative to the boundary. Being homotopic
is an equivalence relation among simplices of K.

Let ∆1, ∆2 be two compatible simplices of K. We define a (pointed) special
sphere inside K in the following way. We consider a special sphere Ṡn. We fix an
ordering of the vertices (x0, . . . , xn) of ∆1 and ∆2. We fix an ordering of the vertices
of Ṡn and we denote by s0 its minimal vertex. Then

Ṡn(∆1,∆2) : (Ṡn, s0)→ (K, x0)
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is the unique simplicial map sending ∆n to ∆1, ∆s to ∆2 and preserving the order
of the vertices. With an abuse of notation, we denote by Ṡn(∆1,∆2) the induced
map on the topological realization, which defines an element in the n-th homotopy
group πn(|K|, x0) of |K| based at x0. It is easy to see that two compatible simplices
are homotopic if and only if the special sphere Ṡn(∆1,∆2) represents the trivial
element in πn(|K|, x0). The following result is the key feature of completeness.

Proposition 2.6 ([FM23, Theorem 3.9]). Let K be a complete multicomplex,
and let ∆0 be an n-simplex of K. Fix an ordering of the vertices of ∆0, and let x0
denote the minimal vertex of ∆0. The map

Θ: πK(∆0)→ πn(|K|, x0), Θ(∆) = [Ṡn(∆0,∆)],
is surjective, and Θ(∆) = Θ(∆′) if and only if ∆ is homotopic to ∆′.

2.2. Simplicial Approximation

It is well known that continuous maps between simplicial complexes can be
assumed to be simplicial, up to suitably subdividing the domain. Provided that the
target is complete, there is a stronger result that provides a controlled simplicial
approximation for maps between multicomplexes. The following is the natural
generalization of [FM23, Proposition 3.11] to pairs of multicomplexes.

Proposition 2.7 (Simplicial Approximation for Pairs). Let (K,K0) and (L,L0)
be pairs of multicomplexes and assume that both K and K0 are complete. Let

f : (|L|, |L0|)→ (|K|, |K0|)
be a continuous map of pairs that is simplicial on the 0-skeleton of L. Assume that,
for every simplex ∆ of L, f is injective on the vertices of ∆, and that f is simplicial
on a submulticomplex L1 of L. Then, there exists a non-degenerate simplicial map

f ′ : (L,L0)→ (K,K0)
such that |f ′| is homotopic to f (as maps of pairs) relative to V (L) ∪ L1.

Proof. We construct f ′ by induction on the skeleta of L. To this end, it is
sufficient to define, for every n ∈ N, continuous maps f ′n : (|L|, |L0|) → (|K|, |K0|)
such that

(1) f ′n is simplicial on |L|n;
(2) f ′n is homotopic to f ′n−1 relative to Ln−1 ∪ L1 (as maps of pairs).

We set f ′0 = f and, assuming that f ′n as above is given, we construct f ′n+1. First
of all, we set f ′n+1 = f ′n on |L|n. We extend f ′n+1 to the (n + 1)-skeleton in the
following way. Let σ be a (n + 1)-simplex of L. If σ is a simplex of L1, we
define f ′n+1(σ) = f(σ). If σ is a simplex of L0, we denote by χ : |∆n+1| → |L0|
its characteristic map. Since the restriction of f ′n ◦ χ to ∂|∆n+1| is a simplicial
embedding into |K0|, by the completeness of K0, there exists a simplex σ′ of K0
such that f ′n ◦ χ is homotopic in |K0| to the characteristic map of σ′. Therefore,
we define f ′n+1(σ) = σ′. After repeating this operation for every (n + 1)-simplex
of L0, we proceed in the same way with every simplex of L, by making use of
the completeness of K when needed. We obtain in this way a simplicial map
f ′n+1 : (|L|n+1, |L0|n+1) → (|K|, |K0|) which is homotopic (as a map of pairs) to
f ′n||L|n+1 relative to |L|n ∪ |L1|. Then, using the homotopy extension property for
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CW-pairs, we then extend f ′n+1 to the whole |L| in such a way that conditions (1)
and (2) above hold. �

One consequence of simplicial approximation is that it allows continuous homo-
topies to be replaced by simplicial ones. This operation requires a sufficient number
of intermediate vertices in the triangulation of a prism [Mun84, Section 19]. Let

Figure 3. The standard multicomplex structure of the prism in low
dimensions.

I = [0, 1] and let σn denote the standard simplex ∆n, endowed with its natural
structure of simplicial complex (hence multicomplex). We define a structure of
multicomplex on σn × I such that σn × {0} and σn × {1} appear as faces of the
triangulation of σ × I. We proceed by induction. For n = 0 we just take σ0 × I as
the first barycentric subdivision of I (see Figure 3). Assume that σn−1× I has been
triangulated in such a way that σn−1 × {0} and σn−1 × {1} appear as simplices in
the multicomplex structure of σn−1× I. In order to triangulate σn× I, we consider
the following triangulation of the geometric boundary of σn × I. We triangulate
∂(σn× I) by merging σn×{0}, σn×{1} and the triangulations of τ × I ∼= σn−1× I,
where τ varies among all the facets of σn. In conclusion, the triangulation of σn× I
is obtained by coning the triangulation of ∂(σn × I) over an internal point. The
number of simplices needed to triangulate σn−1 × I plays an important role in this
work.

Definition 2.8. Let n ∈ N≥1 and I = [0, 1]. Let σn denote the standard
simplex ∆n. The constant Cn denotes the number of n-simplices in σn−1 × I.

From the construction above it is easy to deduce the following recursive formula:
C1 = 2 and Cn = 2 + n · Cn−1, from which we obtain the closed formula:

Cn = 2 ·
n∑
k=1

n!
k! .

Definition 2.9. Let K be a multicomplex. The product multicomplex K × I
is the multicomplex obtained by gluing a copy of the multicomplex σ × I for every
simplex σ of K, according to the boundary maps. The geometric realization |K×I|
of K × I is homeomorphic to |K| × [0, 1], and there are simplicial embeddings

i0, i1 : K → K × I,
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whose images are denoted by K×{0} and K×{1}. This construction is functorial.
In particular, the inclusion of every submulticomplex L of K induces a natural
inclusion of L× I into K × I.

Let f, g : (K,L)→ (K ′, L′) be simplicial maps between pairs of multicomplexes.
We say that f is simplicially homotopic to g (as a map of pairs) if there exists a
simplicial map F : K × I → K ′ such that F ◦ i0 = f , F ◦ i1 = g and F (L× I) ⊆ L′.

Remark 2.10. Simplicially homotopic maps induce the same maps in (bounded)
cohomology [FM23, Lemma 3.14]. More specifically, for every pair f0, f1 : K →
K ′ of simplicially homotopic maps between multicomplexes, the induced maps
f •i : C•b (K ′) → C•b (K), i ∈ {0, 1}, on bounded cochains are chain homotopic via
a homotopy

T • : C•b (K ′)→ C•−1
b (K)

such that ‖T n‖ ≤ Cn for every n ∈ N≥1 [FM23, Remark 3.15].

The following is the relative version of the Homotopy Lemma [FM23, Lemma
3.17]. A multicomplex K is called large if every connected component of K contains
infinitely many vertices. Of course, the singular multicomplex K(X) associated to
a CW-complex X of positive dimension is large.

Lemma 2.11 (Homotopy Lemma for Pairs). Let (K,K0) and (L,L0) be pairs
of multicomplexes and assume that both K and K0 are large and complete. Let
f, g : (L,L0) → (K,K0) be non-degenerate simplicial maps such that |f | is homo-
topic to |g| (as maps of pairs). Then f is simplicially homotopic to g (as maps of
pairs) via a non-degenerate simplicial homotopy.

Proof. Let F : |L| × I → |K| be a continuous homotopy (as map of pairs) be-
tween |f | and |g|. By the homotopy extension property for CW-pairs, the largeness
of K and the fact that f and g are non-degenerate, we can modify F so that it is
injective on the vertex set of every simplex of L× I. Since the multicomplex struc-
ture on L× I is such that no simplex has vertices both on L×{0} and on L×{1},
this operation can be performed without altering the behavior of F on L× {0, 1}.
By Proposition 2.7 (with f = F and L1 = L × {0, 1}), we get a non-degenerate
simplicial map F ′ : L× I → K which provides a simplicial homotopy (as a map of
pairs) between f and g. �

Remark 2.12. The constants Cn appear as part of the Lipschitz constants in
Theorem 5. However, given that these bounds are far from being optimal (Remark
5.18), we are not particularly concerned with minimizing Cn as much as possible.
To our purposes, the constants Cn could describe the number of n-simplices in every
triangulation (as a multicomplex) of the prism ∆n−1× [0, 1] such that the following
conditions hold: its restriction to ∆n−1×{0, 1} is the standard triangulation of the
simplex ∆n−1; it is uniform on vertical faces ∆k × [0, 1], k ∈ {0, . . . , n − 2}; no
n-simplex of ∆n−1 × [0, 1] has vertices both on ∆n−1 × {0} and on ∆n−1 × {1}.

2.3. Minimal Multicomplexes

The size of a complete multicomplex can be reduced without changing its homo-
topy type. In a complete multicomplex, we know that every simplicial embedding
of ∂|∆n| which extends continuously to |∆n| can be deformed into the characteristic
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map of some simplex. When this deformation is unique, we say that the multicom-
plex is minimal. It turns out that every complete multicomplex contains a minimal
one that captures all its homotopy information (Proposition 2.16). This operation
is helpful to avoid the redundancies which are present in the singular multicomplex
K(X), and therefore reduces the number of simplices which are needed to obtain a
multicomplex which has the same homotopy type of X.

Definition 2.13. A multicomplex K is minimal if, for every n ∈ N and every
continuous map f : |∆n| → |K| whose restriction to the boundary f |∂|∆n| : ∂|∆n| →
|K| is a simplicial embedding, the map f is homotopic in |K| relative to ∂|∆n|
to at most one simplicial embedding f ′ : |∆n| → |K|. In particular, K is minimal
and complete if f is homotopic in |K| relative to ∂|∆n| to exactly one simplicial
embedding f ′ : |∆n| → |K|.

Of course, a multicomplex is minimal if and only if it does not contain any pair
of distinct homotopic simplices. The following result is an immediate consequence
of Proposition 2.6.

Proposition 2.14 ([FM23, Theorem 3.22]). Let K be a complete minimal
multicomplex, and let ∆0 be an n-simplex of K. Fix an ordering of the vertices of
∆0, and let x0 denote the minimal vertex of ∆0. The map

Θ: πK(∆0)→ πn(|K|, x0), Θ(∆) = [Ṡn(∆0,∆)],
is bijective.

According to Proposition 2.14, the homotopy type of a complete minimal multi-
complex is completely determined by the combinatorics of its compatible simplices.
It is therefore desirable to replace a complete multicomplex with a minimal one,
without altering its homotopy type. At this stage, the first difficulties arise when
working with pairs of multicomplexes rather than a single one. Given a pair of com-
plete multicomplexes (K,L), in order to minimize them simultaneously we need to
ensure that the homotopy of L injects into that of K in the following way.

Definition 2.15. A pair of multicomplexes (K,L) is full if, for every pair of
simplices ∆ , ∆′ of L, if ∆ and ∆′ are homotopic in K, then they are homotopic in
L.

Of course, the pair (K,K∅) is full for every multicomplex K, where K∅ denotes
the empty multicomplex (Remark 1.4). The following result generalizes [FM23,
Theorem 3.23] to full pairs of multicomplexes.

Proposition 2.16. Let (K,L) be a full pair of multicomplexes such that both
K and L are complete. Then there exists a submulticomplex M of K such that:

(1) M and M ∩ L are complete and minimal;
(2) M has the same vertices of K;
(3) There exists a simplicial retraction r : (K,L)→ (M,M ∩ L);
(4) The geometric realization of r realizes the pair (|M |, |M ∩ L|) as a strong

deformation retract of the pair (|K|, |L|). In particular the inclusion

(|M |, |M ∩ L|) ↪→ (|K|, |L|)
is a homotopy equivalence of pairs.
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Moreover, such a pair of multicomplexes (M,M ∩ L) is unique up to simplicial
isomorphisms of pairs.

Proof. We define M inductively on the dimension of simplices. First, we set
M0 = K0. Once Mn has been constructed, we define Mn+1 by adding to Mn one
(n+ 1)-simplex for every homotopy class of (n+ 1)-simplices of K whose facets are
all contained in Mn. Moreover, if the facets are all contained in Mn ∩ L and if
there is a simplex of L in the corresponding homotopy class, then we chose this as
a representative. In the previous paragraph, when we refer to homotopic simplices,
we mean homotopic in K, but this is equivalent to require them to be homotopic
in L because we are assuming (K,L) to be full.

We prove now that the pair (|M |, |M ∩ L|) is a strong deformation retract
of (|K|, |L|). To this end, it is sufficient to construct, for every n ∈ N, a map
rn : (|K|, |L|)→ (|K|, |L|) and a homotopy (of pairs) hn : |K|×I → |K| between rn
and rn+1 such that the following properties hold: r0 is the identity of |K|; rn||Kn| is
a simplicial retraction of (|Kn|, |Ln|) onto (|Mn|, |Mn ∩ Ln|); rn+1 and rn coincide
when restricted to |Kn|; hn+1(x, t) = rn(x) for every x ∈ |Kn| and t ∈ I.

We first set r0 = id|K|. Assume now we have defined rn and hn−1. We then set
rn+1||Kn| = rn||Kn| and we define rn+1 on (n + 1)-simplices as follows. Let σ be an
(n + 1)-simplex of L. Since rn|∂|σ| is a simplicial embedding, by the completeness
of L, there exists a homotopy hσ : |σ| × I → |L| between the characteristic map
of σ and the characteristic map of some (n + 1)-simplex σ′ of M . Therefore, we
define rn+1(σ) = σ′. After repeating this operation for every (n+1)-simplex of L, we
proceed in the same way with every (n+1)-simplex of K, invoking the completeness
of K instead. We obtain in this way the desired maps (see [FM23] for the details),
and this concludes the construction of the deformation retraction r. Notice that
the map r is simplicial.

The minimality ofM∩L is obvious: if two simplices are homotopic inM∩L, then
they are homotopic inK, hence they must coincide by definition ofM . To show that
M∩L is complete, we need to use that the pair (K,L) is full: if f : |∆n| → |M∩L| is
a continuous map with f |∂|∆n| simplicial, then, by the completeness of L, there exists
a simplicial map f ′ : |∆n| → |L| such that f and f ′ are homotopic in |L| relative
to ∂|∆n|. By construction of M , there exists a simplicial map f ′′ : |∆n| → |M ∩ L|
such that f ′ and f ′′ are homotopic in |K| relative to ∂|∆n|. Since the pair is full, f
and f ′′ are also homotopic in |L|, via a homotopy h : |∆n|× I → |L|. By composing
h with the retraction r||L| : |L| → |M ∩ L|, we get that f is homotopic in |M ∩ L|
to a simplicial embedding. In the same way one shows that M is complete and
minimal.

Finally, the uniqueness of the pair (M,M ∩L) up to simplicial isomorphisms of
pairs is a consequence of Proposition 2.17 below. If M1 and M2 are both complete
and minimal as in the statement, then composing the inclusion (M1,M1 ∩ L) →
(K,L) with the retraction (K,L)→ (M2,M2 ∩ L), we get a homotopy equivalence
(as map of pairs) which is bijective on the 0-skeleton. �

Proposition 2.17. Let (K,K0) and (L,L0) be pairs of multicomplexes and
assume that K,K0, L, L0 are all minimal and complete. Let g : (K,K0) → (L,L0)
be a simplicial map of pairs which is bijective on the 0-skeletons. If the geometric
realization |g| : (|K|, |K0|) → (|L|, |L0|) is a homotopy equivalence of pairs, then g
is a simplicial isomorphism of pairs.
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Proof. The case in which both K0 and L0 are empty multicomplexes is es-
tablished in [FM23, Proposition 3.24]. The relative case directly follows from the
absolute one. �

Our construction of a minimal multicomplex M from a full pair (K,L) of com-
plete multicomplexes requires some choices. However, Proposition 2.16 shows that
M is unique up to simplicial isomorphism. We would like to apply Proposition 2.16
to the pair of singular multicomplexes (K(X),K(A)) associated to a pair (X,A).
However, this pair is in general not full.

Setup 2.18. Let (X,A) be a pair of nice topological spaces. Assume that, for
every x ∈ A and for every n ∈ N≥1, the map πn(A ↪→ X, x) is injective.

Proposition 2.19. Let (X,A) be as in Setup 2.18. Then the pair of multicom-
plexes (K(X),K(A)) is full.

Proof. Let ∆ and ∆′ be n-simplices of K(A) that are homotopic in K(X).
Let x be a vertex of ∆ (hence a point of A). In order to show that ∆ and ∆′ are
homotopic in K(A), we consider the following commutative diagram

πK(A)(∆) πn(|K(A)|, x) πn(A, x)

πK(X)(∆) πn(|K(X)|, x) πn(X, x)

j∆

ΘA

jK

∼=

πn(j,x)

ΘX ∼=

where the vertical arrows are induced by inclusions, the horizontal arrows of the left
square are surjective (Proposition 2.6) and the horizontal arrows of the right square,
which are induced by the natural projections SX and SA, are isomorphisms (Propo-
sition 1.11). Since ∆ and ∆′ are compatible, we have ∆′ ∈ πK(A)(∆). By Proposition
2.6, since ∆ and ∆′ are homotopic in K(X), then ΘX(j∆(∆)) = ΘX(j∆(∆′)), hence,
by the commutativity of the diagram, also jK(ΘA(∆)) = jK(ΘA(∆′)). Since πn(j, x)
(hence jK) is injective, we have that ΘA(∆) = ΘA(∆′). We conclude that ∆ and
∆′ are homotopic in K(A). �

Let (X,A) be a pair as in Setup 2.18. By Proposition 2.16, there is a unique
(up to simplicial isomorphism) minimal complete submulticomplex L(X) of K(X)
such that L(A) = L(X) ∩ K(A) is a minimal complete submulticomplex of K(A).
Therefore, in the context of Setup 2.18, it makes sense to speak about the pair of
complete and minimal multicomplexes (L(X),L(A)). Since this pair is unique up
to simplicial isomorphisms of pairs, we usually refer to (L(X),L(A)) as the pair of
minimal multicomplexes associated to (X,A).

Corollary 2.20. Let (X,A) be a CW-pair as in Setup 2.18 and let
iX : (|L(X)|, |L(A)|)→ (|K(X)|, |K(A)|)

denote the inclusion. Then the composition with the natural projection
SX ◦ iX : (|L(X)|, |L(A)|)→ (X,A)

is a homotopy equivalence of pairs.
Proof. This is a direct consequence of Propositions 1.13 and 2.16. �

Minimal multicomplexes, as well as singular ones, satisfy some functorial prop-
erties with respect to continuous maps of pairs.
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Lemma 2.21. Let f : (X,A) → (Y,B) be a continuous map between CW-pairs
as in Setup 2.18. Then there exists a continuous map of pairs

L(f) : (|L(X)|, |L(A)|)→ (|L(Y )|, |L(B)|)
such that the following diagram

(|L(X)|, |L(A)|) (|L(Y )|, |L(B)|)

(X,A) (Y,B)

SX◦iX

L(f)

SY ◦iY
f

is commutative up to homotopy (of maps of pairs).

Proof. We just set L(f) = rY ◦ K(f) ◦ iX , where iX denotes the inclusion
of pairs iX : (|L(X)|, |L(A)|) → (|K(X)|, |K(A)|), K(f) is the continuous map of
pairs from Lemma 1.15 and rY : (|K(Y )|, |K(B)|) → (|L(Y )|, |L(B)|) is the strong
deformation retraction from Proposition 2.16. �

Remark 2.22. Of course, for every nice topological space X, the pair (X, ∅) fits
into Setup 2.18. Hence the minimal multicomplex L(X) of X is always defined. In
this case, simplices of L(X) correspond to homotopy classes of singular simplices
of X, up to homotopy in X, relative to the vertices.

By Remark 2.22, for every pair (X,A) of nice topological spaces the minimal
multicomplexes L(X) and L(A) are well-defined. Moreover, there is an obvious sim-
plicial map jL : L(A)→ L(X), which sends (homotopy classes of) singular simplices
of A to (homotopy classes of) the corresponding singular simplex of X. We refer
the reader to Section 5.1 for the precise definition of jL. This map, even though is
injective on vertices, might not be a simplicial embedding. In fact, it is a simplicial
embedding if and only if the pair (X,A) fits into Setup 2.18 (Proposition 5.4).

2.4. Aspherical Multicomplexes

A classical construction of the Postnikov tower of a topological space X involves
taking quotients of its singular simplicial set by identifying simplices that share the
same k-skeleton [GJ09, Chapter VI, Definition 2.4]. The resulting spaces have the
same homotopy groups as X up to degree k, and trivial homotopy groups in higher
degrees. This construction can also be carried out at the level of multicomplexes.
Such an operation plays a central role in Gromov’s proof that bounded cohomology
depends only on the fundamental group – showing that higher homotopy groups
are invisible to bounded cohomology. For this reason, we are particularly interested
in the quotient for k = 1, where the quotient yields an aspherical multicomplex.

Definition 2.23. Let A be a multicomplex. We say that A is aspherical if its
geometric realization |A| is an aspherical topological space.

Complete minimal and aspherical multicomplexes can be characterized in the
following way.

Proposition 2.24 ([FM23, Proposition 3.30]). Let A be a large and connected
multicomplex. The A is complete, minimal and aspherical if and only if the following
conditions hold:
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(1) For every pair of distinct vertices v0 and v1 of A and every continuous path
γ : [0, 1] → |A| from v0 to v1, there exists a unique simplicial embedding
γ′ : ∆1 → A which is homotopic to γ relative to the endpoints.

(2) For every n ∈ N≥2 and every simplicial embedding f : (∆n)1 → A such that
the restriction of f to each triangular loop is null-homotopic, there exists
a unique simplicial embedding ∆n → A extending f .

Thanks to the previous proposition, one can explicitly describe the simplicial
structure of the universal covering of a complete, minimal, and aspherical multicom-
plex. The following observation is contained in the proof of [FM23, Proposition
3.30] and plays an important role in Chapter 7. The universal covering of (the geo-
metric realization) of a multicomplex K admits a unique multicomplex structure
which makes the covering map simplicial and non-degenerate. We denote by K̃ the
corresponding multicomplex and by p : K̃ → K the simplicial projection.

Lemma 2.25. Let A be a complete, minimal, aspherical and connected multi-
complex. Then Ã is a simplicial complex such that n + 1 pairwise distinct vertices
x0, . . . , xn of Ã span an n-simplex if and only if the vertices p(x0), . . . , p(xn) of A
are pairwise distinct.

Proof. We first show that Ã is a simplicial complex. Let ∆̃1, ∆̃2 be two n-
simplices of Ã having the same set of vertices, and assume by contradiction that
∆̃1 6= ∆̃2. Let ∆1 = p(∆̃1) and ∆2 = p(∆̃2) be the corresponding projections
onto A. Since p is locally injective, then ∆1 6= ∆2. If n = 1, then the simplices
∆1 and ∆2 would be homotopic in A (being |Ã| simply connected) and distinct,
thus contradicting Proposition 2.24(1). If n ≥ 2, we can deduce by the same
argument above that the 1-skeleton of ∆1 coincides with the 1-skeleton of ∆2, thus
contradicting Proposition 2.24(2). It follows that Ã is a simplicial complex.

If x0, . . . , xn are pairwise-distinct vertices of Ã spanning a simplex, then their
images p(x0), . . . , p(xn) are of course pairwise-distinct, being p a non-degenerate
simplicial map. In order to show the converse implication, we consider pairwise-
distinct vertices x0, . . . , xn of Ã whose images p(x0), . . . , p(xn) are pairwise-distinct
vertices ofA. We begin with the case n = 1. Since |A| (hence |Ã|) is connected, there
is a continuous path γ : [0, 1]→ |Ã| from x0 to x1. By Proposition 2.24(1), the path
|p|◦γ is homotopic relative to the vertices to a unique simplex e with endpoints p(x0),
p(x1). The lift ẽ of e with vertices x0 and x1 provides the desired 1-simplex of Ã.
In general for n ≥ 2, we know that for every i 6= j ∈ {0, . . . , n} there is a 1-simplex
in Ã with endpoints xi and xj. In other words, there exists a simplicial embedding
f̃ : (∆n)1 → Ã which maps the vertices of (∆n)1 to {x0, . . . , xn}. Since |Ã| is simply
connected, the restriction of f̃ to every triangular face is null-homotopic, and the
same holds for the composition p ◦ f̃ : (∆n)1 → A. It follows from Proposition 2.24
that there exists a simplicial embedding g : ∆n → A extending p ◦ f̃ . The lift of g
whose set of vertices is {x0, . . . , xn} provides the desired simplex of Ã. �

We can now describe how to construct the aspherical quotient A of a complete
and minimal multicomplex L. The 1-skeleton of A coincides with the 1-skeleton
of L. In particular, A and L have the same set of vertices. Then, if G ⊆ A1 is a
subgraph which is isomorphic to the 1-skeleton of the standard simplex ∆n, then
A contains one (and exactly one) n-simplex with 1-skeleton G if and only if there



2.4. ASPHERICAL MULTICOMPLEXES 35

is some (possibly more) n-simplex of L whose 1-skeleton is G. Equivalently, for
every n ∈ N≥2, the set of n-simplices of A is given by the equivalence classes of
n-simplices of L, where two n-simplices of L are equivalent if and only if they share
the same 1-skeleton. There is an obvious non-degenerate simplicial map π : L→ A
which restricts to the identity on L1 = A1.

Proposition 2.26 ([FM23, Theorem 3.31]). Let L be a complete, minimal and
large multicomplex, and let A be the aspherical quotient of L. Then A is complete,
minimal and aspherical, and the projection |π| : |L| → |A| induces an isomorphism
on fundamental groups.

Let (X,A) be a pair of nice topological spaces. We have a well-defined pair
of singular multicomplexes (K(X),K(A)). Moreover, when the inclusion A ↪→ X
induces an injective map on homotopy groups (Setup 2.18), there is a complete and
minimal submulticomplex L(X) of K(X) such that L(A) = L(X) ∩ K(A) is also
complete and minimal (Proposition 2.16). Let A(X) be the aspherical quotient of
L(X) and let π : L(X) → A(X) be the simplicial projection which identifies sim-
plices sharing the same 1-skeleton. The image of L(A) under π is also an aspherical
quotient A(A) of L(A). Therefore, we have that π induces a well-defined map of
pairs

π : (L(X),L(A))→ (A(X),A(A)).

The pair (A(X),A(A)) is called the pair of aspherical multicomplexes associated to
(X,A). The following lemma follows directly from the construction.

Lemma 2.27. Let (X,A) be as in Setup 2.18. Then the simplicial projection

π : (L(X),L(A))→ (A(X),A(A))

induces the following commutative diagram

π1(|L(A)|, x) π1(|A(A)|, x)

π1(|L(X)|, x) π1(|A(X)|, x)

for every x ∈ A, where vertical arrows are injective and horizontal arrows are
isomorphisms.

The following property is crucial in the sequel, when we show that the pair
(A(X),A(A)) can be obtained as a quotient of (L(X),L(A)) by the action of a
group of simplicial automorphisms (Corollary 3.13).

Lemma 2.28. Let (X,A) be as in Setup 2.18. We have that

π−1(A(A)) = L(A)

if and only if the map πn(A ↪→ X, x) is surjective for every x ∈ A and for every
n ∈ N≥2.
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Proof. For every n-simplex ∆ of L(A) and every vertex x of ∆, we have the
following commutative diagram

(2.1)
πL(A)(∆) πn(|L(A)|, x) πn(A, x)

πL(X)(∆) πn(|L(X)|, x) πn(X, x)

j∆

∼= ∼=

πn(j,x)

∼= ∼=

where vertical arrows are induced by the inclusion and horizontal arrows are bijec-
tive (Proposition 1.11 and Proposition 2.14). It follows that πn(j, x) is surjective if
and only if j∆ is surjective. Moreover, since j∆ denotes just the inclusion of sim-
plices, we have that j∆ is surjective if and only if every simplex of L(X) which is
compatible with ∆ is contained in L(A).

Assume that π−1(A(A)) = L(A). Let n ∈ N≥2, x ∈ A and ∆ be an n-simplex
of L(A) having x as a vertex (if ∆ does not exists, the result is trivially true). We
want to show that j∆ (hence πn(j, x)) is surjective. Let ∆′ be an n-simplex of L(X)
that is compatible with ∆. Since ∆ and ∆′ share the same 1-skeleton, we have that
π(∆′) = π(∆) ∈ A(A). By assumption, this implies that ∆′ ∈ π−1(A(A)) = L(A).

Viceversa, assume that the map πn(j, x) is surjective for every x ∈ A and every
n ∈ N≥2. Since A(A) = π(L(A)), the inclusion L(A) ⊆ π−1(A(A)) trivially holds.
We prove the opposite inclusion by induction on the n-skeleton of L(X). For n ∈
{0, 1}, the inclusion is clear, since π induces the identity on the 1-skeleton of L(X).
When it comes to the 2-skeleton, let ∆′ be a 2-simplex L(X) such that π(∆′) ∈
A(A). We want to show that ∆′ ∈ L(A). Let ∆ ∈ L(A) be such that π(∆) =
π(∆′) ∈ A(A). By definition of the aspherical quotient, we have that ∆ and ∆′
share the same 1-skeleton, hence they are compatible. Consider now diagram (2.1).
By assumption πn(j, x) (hence j∆) is surjective, and therefore, since ∆′ is compatible
with ∆ in L(X), it follows that ∆′ ∈ L(A). In general, let ∆′ be an n-simplex of
L(X) such that π(∆′) ∈ A(A), n ∈ N≥3. Let F0, . . . , Fn be the facets of ∆′. By
induction we have that Fi ∈ L(A). Moreover, π(Fi) are the facets of π(∆′) ∈ A(A),
and therefore there exists an n-simplex ∆ of L(A) with facets F0, . . . , Fn. Since ∆
and ∆′ are compatible, we can repeat the same argument above on diagram (2.1)
to deduce that ∆′ ∈ L(A). �

The following notion plays a fundamental role in this work.

Definition 2.29. A CW-pair (X,A) is called good if the following conditions
hold: for every x ∈ A

(1) π1(A ↪→ X, x) is injective;
(2) πn(A ↪→ X, x) is an isomorphism, for every n ∈ N≥2.

Equivalently, (X,A) is good if and only if the relative homotopy groups πi(X,A)
vanish for every i ∈ N≥2.

Of course, every good pair fits into Setup 2.18, therefore it makes sense to speak
about the pair (A(X),A(A)) of aspherical multicomplexes associated to a good pair
(X,A). We require (X,A) to be a CW-pair so that the natural projection

S : (|K(X)|, |K(A)|)→ (X,A)

induces a homotopy equivalence as map of pairs (Proposition 1.13).
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In the next chapter, we show that the bounded cohomology of a good pair (X,A)
is canonically isometrically isomorphic to the simplicial bounded cohomology of
the pair (A(X),A(A)). However, a bi-Lipschitz control over the norms in bounded
cohomology can be still obtained under milder assumptions on the homotopy of
the pair (X,A). In fact, the pair (X, ∅) is good for every CW-complex X. It
follows that the minimal multicomplex L(X) is always defined, hence its aspherical
quotient A(X) also is. As we will see in Section 5.1, there exists a well-defined
simplicial map jA : A(A)→ A(X), which is injective if and only if A is π1-injective
in X (Proposition 5.5). This construction is used in Chapter 5 to show that the
bounded cohomology of any π1-injective CW-pair (X,A) is bi-Lipschitz isomorphic
to the simplicial bounded cohomology of (A(X),A(A)).





CHAPTER 3

Bounded Cohomology of Good Pairs

It is well-known that the bounded cohomology of a topological space X only
depends on its fundamental group. Gromov’s original approach to this fact is to
prove that the singular bounded cohomology of X is isometrically isomorphic to the
simplicial bounded cohomology of the aspherical multicomplex A(X) associated to
X. This approach was rigorously developed by Frigerio and Moraschini in [FM23].
In this chapter, we adapt their framework in the relative setting. To retain isometric
control over the norms, we restrict our attention to good pairs (X,A) of topological
spaces.

The main goal of this chapter is to show that for every good pair (X,A) there is
an isometric isomorphism between the singular bounded cohomology of (X,A) and
the simplicial bounded cohomology of the pair (A(X),A(A)) of aspherical multi-
complexes (Theorem 1). The first step in this direction is the Relative Isometry
Lemma, which establishes an isometric isomorphism between the singular and the
simplicial bounded cohomology of a pair of complete multicomplexes (Proposition
3.5). We then show that the pair (A(X),A(A)) can be obtained from the pair
(L(X),L(A)) by taking the quotient with respect to a group Γ1 of simplicial au-
tomorphisms (Corollary 3.13). Using that Γ1 admits a representation on higher
homotopy groups (which are abelian, hence amenable), we show that the restric-
tion of this action to every finite dimensional skeleton of L(X) is equivalent to
the action by an amenable group (Lemma 3.14). Because actions by amenable
groups are invisible to bounded cohomology (Proposition 3.15), this will be the key
ingredient in order to construct the isometric isomorphism of Theorem 1.

We underline the fact that, under milder assumptions on homotopy groups of
the pair (X,A), one still obtains an isomorphism between the singular cohomology
of (X,A) and the simplicial bounded cohomology of a pair of aspherical multicom-
plexes (Theorem 5). However, in this more general case, only a bi-Lipschitz control
over the norms is retained.

We have tried to keep this chapter as self-contained as possible. However,
some constructions heavily rely on those introduced by Frigerio and Moraschini
in [FM23]. We therefore recommend keeping [FM23] at hand while reading this
chapter. In addition, arguments that are straightforward adaptations of the abso-
lute case developed in [FM23] are left to the reader.

3.1. Bounded Cohomology of Topological Spaces

Let (X,A) be a pair of topological spaces, and let R be a normed ring. We are
particularly interested in the case in whichR ∈ {Z,R} with the absolute value norm.
We denote by (C•(X,A;R), ∂•) and (C•(X,A;R), δ•) the singular chain complex
and singular cochain complex respectively. We endow the space of cochains with

39
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the `∞-norm. More precisely, for every f ∈ Cn(X,A;R), we set

‖f‖∞ = sup
{
|f(s)|, s singular n-simplex

}
∈ R≥0 ∪ {∞}.

A singular cochain is called bounded if ‖f‖∞ < ∞. Since the differential takes
bounded cochains to bounded cochains, we can consider the subcomplex of bounded
cochains C•b (X,A;R) ⊆ C•(X,A;R). The bounded cohomology H•b (X,A;R) of X
is the cohomology of the complex (C•b (X,A;R), δ•). Moreover, the `∞-norm on
C•b (X,A;R) descends to a quotient seminorm on H•b (X,A;R). The inclusion of
complexes C•b (X,A;R) ⊆ C•(X,A;R) induces the so-called comparison map

comp• : H•b (X,A;R)→ H•(X,A;R).

The well known long exact sequence for pairs in ordinary cohomology also holds
for bounded cohomology: the short exact sequence of complexes

0→ C•b (X,A;R)→ C•b (X;R)→ C•b (A;R)→ 0

induces the long exact sequence

· · · → Hn−1
b (A;R)→ Hn

b (X,A;R)→ Hn
b (X;R)→ Hn

b (A;R)→ . . .

The `∞-norm arises as the dual norm of the `1-norm on the space of chains. For
every n ∈ N≥0 we endow the space Cn(X,A;R) with the `1-norm: for every relative
singular n-chain ∑i∈I aisi written in reduced form, where ai ∈ R and si : ∆n → X
are singular n-simplices of X, we set∥∥∥∑

i∈I
aisi

∥∥∥
1

=
∑
i∈I
|ai|,

This norm induces a seminorm, still denoted by ‖ · ‖1, on the singular homology
Hn(X,A;R).

From now on, unless otherwise specified, all modules will be taken with
real coefficients, and coefficients will be omitted from the notation.

The duality pairing between chains and cochains induces a well-defined bilinear
map

〈·, ·〉 : Hn
b (X,A)×Hn(X,A)→ R,

which is called the Kronecker product. The `∞-norm in cohomology and the `1-norm
in homology are the appropriate choices to obtain a Cauchy-Schwarz inequality for
the Kronecker pairing. The following result relies on the Hahn-Banach theorem and
thus crucially depends on the use of real coefficients.

Lemma 3.1 ([Fri17, Lemma 6.1]). Let (X,A) be a pair of topological spaces.
For every n ∈ N and every α ∈ Hn(X,A) we have

‖α‖1 = max{〈β, α〉 | β ∈ Hn
b (X,A), ‖β‖∞ ≤ 1}.

Every continuous map f : (X,A) → (Y,B) induces norm non-increasing linear
maps

Hn
b (f) : Hn

b (Y,B)→ Hn
b (X,A), Hn(f) : Hn(X,A)→ Hn(Y,B).

Moreover, homotopy equivalences as maps of pairs induce isometric isomorphisms
in singular homology and in bounded cohomology. The following result follows
directly from Proposition 1.13.
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Proposition 3.2. Let (X,A) be a CW-pair and let
S : (|K(X)|, |K(A)|)→ (X,A)

be the natural projection. Then the induced map
Hn
b (S) : Hn

b (X,A)→ Hn
b (|K(X)|, |K(A)|)

is an isometric isomorphism for every n ∈ N.

Remark 3.3. We would like to emphasize the role of homotopy equivalences of
pairs in our context. Let f : (X,A)→ (Y,B) be a map of pairs. Requiring f to be a
homotopy equivalence of pairs is of course more restrictive than requiring both f and
f |A to be homotopy equivalences. However, if f is a homotopy equivalence of pairs,
it is clear that f induces an isometric isomorphism Hn

b (f) : Hn
b (Y,B)→ Hn

b (X,A)
for every n ∈ N. On the contrary, if both f and f |A are homotopy equivalences,
then the Five Lemma implies that Hn

b (f) is an isomorphism, but it is not clear how
to show that this isomorphism is isometric.

Remark 3.4. Milder assumption on the pair (X,A) still allow us to deduce
that SX induces an isomorphism in relative bounded cohomology. We know that,
if X is a nice topological space, then the natural projection S : |K(X)| → X is a
weak homotopy equivalence (Proposition 1.11). Let now (X,A) be a pair of nice
topological spaces. Since weak homotopy equivalences induce isometric isomor-
phisms in bounded cohomology [Iva17, Corollary 6.4], the Five Lemma implies
that S : (|K(X)|, |K(A)|) → (X,A) induces an isomorphism in relative bounded
cohomology. However, it remains unclear whether this isomorphism is isometric.

3.2. The Relative Isometry Lemma

Let K be a multicomplex. Recall that we have a natural chain inclusion
ϕ• : C•(K)→ C•(|K|),

sending each algebraic n-simplex (σ, (v0, . . . , vn)) of K to the singular simplex
∆n → |K|, (t0, . . . , tn) 7→ (σ, t0v0 + · · ·+ tnvn).

Although ϕ• induces an isomorphism in cohomology (Proposition 1.8), we have
already observed that the same cannot hold in bounded cohomology. The situation
is better for complete multicomplexes: according to Gromov’s Isometry Lemma,
the bounded cohomology of a large and complete multicomplex is isometrically
isomorphic to the bounded cohomology of its geometric realization [Gro82, pag. 43]
[FM23, Theorem 2]. This isomorphism has been established for pairs of complete
multicomplexes by Kuessner in [Kue15]. Given a pair of multicomplexes (K,L),
since ϕ• is natural with respect to the inclusion L ⊆ K, we consider the following
commutative diagram

(3.1)
0 C•b (|K|, |L|) C•b (|K|) C•b (|L|) 0

0 C•b (K,L) C•b (K) C•b (L) 0,

ϕ•K,L ϕ•K ϕ•L

where the vertical arrows are induced by the chain inclusion above (hence, they are
norm non-increasing).
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Proposition 3.5 (Relative Isometry Lemma). Let (K,L) be a pair of multi-
complexes and assume that both K and L are large and complete. Then the map

Hn
b (ϕ•K,L) : Hn

b (|K|, |L|)→ Hn
b (K,L)

is an isometric isomorphism for every n ∈ N.

Proof. The case with L = ∅ is addressed in [FM23], where the authors con-
struct a norm non-increasing (partial) chain map

ψ•K : C•b (K)→ C•b (|K|)

that induces the inverse of Hn
b (ϕ•K) in bounded cohomology. Using the Five Lemma

on the long exact sequence in cohomology associated with (3.1), one then deduces
that Hn

b (ϕ•K,L) is also an isomorphism in bounded cohomology. To show that this
isomorphism is isometric, it suffices to prove that the inverse of Hn

b (ϕ•K,L) is likewise
induced by ψ•K . This, in turn, follows from the naturality of ψ•K with respect to the
inclusion of submulticomplexes, i.e. ψ•K(C•b (L)) ⊆ C•b (|L|). The original construc-
tion of ψ•K in [FM23] does not automatically satisfy this naturality condition, but
it can be easily adjusted by carefully applying the homotopy extension property for
CW-pairs. �

A major consequence of the Relative Isometry Lemma is the fact that the
bounded cohomology of a CW-complex can be isometrically computed via bounded
simplicial cochains on the singular multicomplex.

Proposition 3.6. Let (X,A) be a CW-pair. Then the composition

Hn
b (X,A)

Hn
b (S)
−−−→ Hn

b (|K(X)|, |K(A)|)
Hn

b (ϕ•)
−−−−→ Hn

b (K(X),K(A))

is an isometric isomorphism for every n ∈ N.

Proof. The result follows from Propositions 3.2 and 3.5. �

Proposition 3.6 holds also for the minimal multicomplexes in presence of fur-
ther control over the homotopy of the pair (X,A). We know that, if the inclusion
A ↪→ X induces injective maps on homotopy groups (Setup 2.18), then the pair
(K(X),K(A)) retracts onto a well-defined pair (L(X),L(A)) of complete and min-
imal multicomplexes. With an abuse of notation, we still denote by

S : (|L(X)|, |L(A)|)→ (X,A)

the restriction of the natural projection.

Proposition 3.7. Let (X,A) be a CW-pair as in Setup 2.18. Then the compo-
sition

Hn
b (X,A)

Hn
b (S)
−−−→ Hn

b (|L(X)|, |L(A)|)
Hn

b (ϕ•)
−−−−→ Hn

b (L(X),L(A))

is an isometric isomorphism for every n ∈ N.

Proof. The result follows from Corollary 2.20 and Proposition 3.5. �
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3.3. Amenable Groups of Simplicial Automorphisms

We begin with the following definition.

Definition 3.8. Let (K,L) be a pair of multicomplexes. We define Γ(K,L)
to be the group of all simplicial automorphisms in Aut(K,L) that are (topologi-
cally) homotopic to the identity (as maps of pairs) relative to the 0-skeleton of K.
Moreover, for every i ∈ N≥1, we define

Γi(K,L) =
{
g ∈ Γ(K,L) | g|Ki = id

}
.

We want to show that the groups Γi(K,L) act as transitively as possible on the
set of (i + 1)-simplices of both K and L. To this end, we introduce the following
notion.

Definition 3.9. Let i ∈ N≥1. A pair of multicomplexes (K,L) is i-coherent if,
for every pair of simplices ∆, ∆′ of K sharing the same i-skeleton, one has ∆ ∈ L
if and only if ∆′ ∈ L.

Recall that, for every simplex ∆ of K, πK(∆) denotes the set of simplices of
K that are compatible with ∆. If (K,L) is a pair of multicomplexes, the inclusion
πL(∆) ⊆ πK(∆) holds for every simplex ∆ of L. However, if we assume the pair
(K,L) to be i-coherent, we have that

πK(∆) = πL(∆)
for every (i + 1)-simplex ∆ of L. Moreover, if (K,L) is i-coherent, then it is n-
coherent for every n ∈ N≥i.

Let (X,A) be a CW-pair. We know that, if the inclusion A ↪→ X induces an
injective map on homotopy groups (Setup 2.18), then there is a well defined pair of
complete minimal multicomplexes (L(X),L(A)). Moreover, the aspherical quotient
induces a map of pairs

π : (L(X),L(A))→ (A(X),A(A))
which identifies simplices sharing the same 1-skeleton. Therefore, the pair

(A(X), π−1(A(A)))
is clearly 1-coherent. The same holds for the pair of minimal multicomplexes under
further control over the homotopy of (X,A).

Lemma 3.10. Let (X,A) be a good pair, then the pair (L(X),L(A)) is 1-coherent.

Proof. The result follows from the fact that L(A) = π−1(A(A)) for good pairs
(Lemma 2.28). �

It is shown in [FM23, Lemma 4.12] that the groups Γi(K) act as transitively
as possible on (i + 1)-simplices of K. This property may fail to hold when the
action is required to preserve a submulticomplex L of K. However, if the pair
(K,L) is i-coherent, then the groups Γi(K,L) still act transitively on compatible
(i+ 1)-simplices both of K and L.

Lemma 3.11. Let i ∈ N≥1. Let (K,L) be an i-coherent pair of multicomplexes.
Assume that both K and L are complete and minimal. Let ∆0 be an (i+ 1)-simplex
of K, and let ∆ ∈ πK(∆0). Let F be a facet of ∆0. Then there exists an element
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g ∈ Γi(K,L) such that the following statements hold: g(∆0) = ∆, and g(∆′) = ∆′
for every m-simplex ∆′, m ≥ i, which does not contain F .

Proof. The case with L = ∅ is addressed in [FM23, Lemma 4.12], where
an element g ∈ Γi(K) with the desired properties is constructed. In our setting,
we only need to make sure that g preserves L. To this end, consider the map
f̃ : Ki ∪∆0 → K, which is defined to be the identity on Ki and extends to ∆0 via
a linear isomorphism onto ∆. Since the pair (K,L) is i-coherent, then f̃ preserves
the subcomplex L and induces a well-defined map of pairs

f̃ : (Ki ∪∆0, (Ki ∪∆0) ∩ L)→ (K,L).
Let now F be a facet of ∆0, and let K ′ ⊆ Ki be the submulticomplex of Ki

obtained by removing from Ki the interior of F . In [FM23] the authors construct
a homotopy

h : |Ki ∪∆0| × [0, 1]→ |K|
between f̃ and the inclusion map, relative to K ′. It is straightforward to check that
h defines a homotopy of maps of pairs. Then, by the homotopy extension property
of the CW-pair (|K|, |Ki ∪∆0|), the homotopy h extends to a homotopy

H : |K| × [0, 1]→ |K|.
Define f̃1 = H1 : |K| → |K|, and let K ′′ ⊆ K be the subcomplex of K obtained by
removing from K the interior of F and all the simplices containing F . By looking
at the explicit construction of H in [Hat02, Proposition 0.16], we see that H may
be taken to be constant on K ′′ and such that H(|L| × I) ⊆ |L|. Hence f̃1 defines
a map of pairs f̃1 : (|K|, |L|) → (|K|, |L|) which restricts to identity on K ′′, and is
simplicial when restricted on K ′′ ∪ ∆0. Since K and L are complete, Proposition
2.7 implies that there exists a non-degenerate simplicial map

g : (K,L)→ (K,L)
such that f̃1 is homotopic to |g| relative to V (K)∪K ′′ ∪∆0 (as maps of pairs). By
construction, g is homotopic to the identity relative to the 0-skeleton, fixesKi, sends
∆0 to ∆, and restricts to the identity on K ′′. Finally, Proposition 2.17 ensures that
g is indeed an isomorphism of pairs of multicomplexes, and thus defines an element
of Γi(K,L). �

If (K,L) is i-coherent, then it follows from Lemma 3.11 that two (i+1)-simplices
of K are compatible if and only if they are in the same Γi(K,L) orbit. In other
words, for every (i + 1)-simplex ∆ of K, the group Γi(K,L) acts transitively on
πK(∆) = πL(∆). This observation can be strengthened in the following way.

Proposition 3.12. Let i, n ∈ N≥1 be such that n ≥ i + 1. Let (K,L) be an
i-coherent pair of multicomplexes and assume that both K and L are complete and
minimal. Let ∆,∆′ be n-simplices of K. Then ∆ and ∆′ are in the same Γi(K,L)-
orbit if and only if they share the same i-skeleton.

Proof. The argument is verbatim the one given in [FM23, Proposition 4.14].
�

Let (X,A) be a good pair and let Γ1 = Γ1(L(X),L(A)). Since the action
Γ1 y (L(X),L(A)) is 0-trivial, the quotient

(L(X),L(A))/Γ1 = (L(X)/Γ1,L(A)/Γ1)
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is a well-defined pair of multicomplexes (Proposition 1.7). Moreover, since the
pair (L(X),L(A)) is 1-coherent (Lemma 3.10), Proposition 3.12 shows that we can
characterize the aspherical quotient (A(X),A(A)) as the quotient of the simplicial
action Γ1 y (L(X),L(A)).

Corollary 3.13. Let (X,A) be a good pair and let Γ1 = Γ1(L(X),L(A)). Then
the pair (L(X),L(A))/Γ1 is canonically isomorphic to the pair (A(X),A(A)).

Since amenable groups are invisible to bounded cohomology, if Γ1 were amenable,
Corollary 3.13 would imply that the bounded cohomology of (L(X),L(A)) – and
thus of (X,A), by Proposition 3.7 – is isometrically isomorphic to the bounded coho-
mology of its aspherical quotient. However, the group Γ1 is not amenable in general.
On the other hand, the natural action of the groups Γi−1 on the set of compatible
simplices induces a representation of Γi−1 into higher homotopy groups. Using the
fact that higher homotopy groups are abelian, it turns out that the quotients Γ1/Γi
are solvable (hence amenable) for every i ∈ N≥1 [Gro82, Section 3.3][FM23, Corol-
lary 4.20]. For the sake of completeness, we present the straightforward adaptation
of the argument from [FM23] to the relative setting.

Let K be a complete and minimal multicomplex and let i ∈ N≥2. Let {∆α}α∈Ai

be a set of representatives for the action of Γi−1(K) on the set of i-simplices of K.
We fix an ordering of the vertices of ∆α for every α ∈ Ai, and we denote by xα the
minimal vertex of ∆α. For every α ∈ Ai and every γ ∈ Γi−1(K) the simplices ∆α

and γ(∆α) are compatible. Therefore, there is a special sphere

Ṡiα : (Ṡi, s0)→ (K, xα), Ṡiα(γ) = Ṡi(∆α, γ(∆α)),
which identifies an element in the i-th homotopy group of |K| (Proposition 2.6).
For every i ∈ N≥2 and every α ∈ Ai, the map

ϕ(i)
α : Γi−1(K)→ πi(|K|, xα), γ 7→ [Ṡiα(γ)]

is a group homomorphism [FM23, Lemma 4.17]. An element γ ∈ Γi−1(K) lies in
the kernel of ϕ(i)

α if and only if γ(∆α) is homotopic to ∆α. Since K is minimal, this
happens exactly when γ(∆α) = ∆α (Proposition 2.14). It follows that the kernel of
ϕ(i)
α coincides with the stabilizer of ∆α (hence of any simplex on the orbit of ∆α).

By taking the direct product we obtain a homomorphism

ϕ
(i)
K : Γi−1(K)→

∏
α∈Ai

πi(|K|, xα).

Moreover, the union of the Γi−1(K)-orbits of ∆α coincides with the i-skeleton of K.
It follows that the kernel of ϕ(i)

K coincides with Γi(K) [FM23, Lemma 4.18].
Let now L be any submulticomplex of K. By composing ϕ(i)

K with the inclusion
Γi−1(K,L) ≤ Γi−1(K), we get a homomorphism

ϕ
(i)
(K,L) : Γi−1(K,L)→

∏
α∈A

πi(|K|, xα),

such that
kerϕ(i)

(K,L) = kerϕ(i)
K ∩ Γi−1(K,L) = Γi(K) ∩ Γi−1(K,L) = Γi(K,L).

Since i ∈ N≥2, the target group of ϕ(i)
(K,L) is abelian. Let now Γi denote the group

Γi(K,L). It follows that the quotient Γi−1/Γi is abelian and the following chain of
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normal subgroups
Γ1/Γi D Γ2/Γi D · · · D Γi/Γi = {1}

is a subnormal series with abelian factors. It follows that the quotient Γ1/Γi is
solvable. We summarize the discussion above in the following lemma.

Lemma 3.14. Let (K,L) be a pair of multicomplexes and assume that K is
complete and minimal. Then, for every i ∈ N≥2, the group Γ1(K,L)/Γi(K,L) is
solvable, hence amenable.

3.4. Isometric Isomorphisms

The goal of this section is to show that the quotient map

(L(X),L(A))→ (A(X),A(A))

of the aspherical quotient induces an isometric isomorphism in bounded cohomology
for every good pair (X,A). This fact, together with Proposition 3.7, is the last step
to show that the simplicial bounded cohomology of (A(X),A(A)) is isometrically
isomorphic to the bounded cohomology of (X,A) (Theorem 1).

We begin with the following result regarding amenable groups of simplicial au-
tomorphisms, which is a straighforward generalization of [FM23, Theorem 4.21] to
pairs of multicomplexes. If a group G acts simplicially on a pair of multicomplexes
(K,L), then it induces a linear action on the space of algebraic simplices, which
in turns induces a linear action G y C•b (K,L) on bounded cochains. We denote
by C•b (K,L)G ⊆ C•b (K,L) the subcomplex of G-invariant bounded cochains. We
consider the following commutative diagram

0 C•b (K,L)G C•b (K)G C•b (L)G 0

0 C•b (K,L) C•b (K) C•b (L) 0,

ι• ι•K ι•L

where the vertical arrows are inclusions of complexes. The constants Cn, n ∈
N≥1, appearing in the following statement denote the number of n-simplices in the
triangulation of ∆n−1× [0, 1] with its natural structure of multicomplex (Definition
2.8). Recall that every pair of simplicially homotopic maps induce algebraically
homotopic maps on cochains via a homotopy whose norm is bounded from above
by Cn (Remark 2.10).

Proposition 3.15. Let G y (K,L) be a group action on a pair of multicom-
plexes. For every i ∈ N, let Gi denote the subgroup of G acting trivially on Ki.
Assume that G/Gi is amenable for every i ∈ N and that, for every g ∈ G, the
simplicial automorphism g : (K,L)→ (K,L) is simplicially homotopic to the iden-
tity as a map of pairs. Then, for every k ∈ N, there exists a norm non-increasing
(partial) chain map

Ai : Ci
b(K,L)→ Ci

b(K,L)G, i ∈ {0, . . . , k},

such that Ai ◦ ιi is the identity of Ci
b(K,L)G and ιi ◦ Ai is chain homotopic to the

identity via a (partial) chain homotopy

T i : Ci
b(K,L)→ Ci−1

b (K,L)
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such that ‖T i‖ ≤ Ci for every i ∈ {0, . . . , k}. In particular, the inclusion of invari-
ant cochains

ι• : C•b (K,L)G ↪→ C•b (K,L)
induces, for every n ∈ N, an isometric isomorphism

Hn
b (ι•) : Hn(C•b (K,L)G)→ Hn

b (K,L).

Proof. Let k ∈ N and let Gi = G/Gi, for every i ∈ {0, . . . , k}. Let
mk : `∞(Gk)→ R

be a left-invariant mean on Gk. Since the group

Gi = G/Gi
∼=

G/Gk

Gi/Gk

is a quotient of Gk, we endow Gi with the left-invariant mean mi induced by mk for
every i ∈ {0, . . . , k} (see [Fri17, Proposition 3.4]). Since the action of Gi is trivial
on the i-skeleton, then Gi acts on Ci(K,L). If s is an algebraic simplex of K and
f ∈ Cn

b (K) is a bounded cochain, then the function
Gi → R, γ 7→ f(γ−1s)

lies in `∞(Gi). We may therefore define
Ai : Ci

b(K,L)→ Ci
b(K,L)G,

by the formula Ai(f)(s) = mi(γ 7→ f(γ−1s)). One can check that our choices for the
left-invariant means mi ensure that Ai is a (partial) chain map. The G-invariance
of Ai(g) is a consequence of the invariance of the mean. The fact that Ai(f) is a
relative cochain follows from the fact that L is preserved under the action of G on
K. Since

|Ai(f)(s)| ≤ sup
γ∈Gi

|f(γ−1s)| ≤ ‖f‖∞,

we have that Ai is norm non-increasing. Moreover, it is straighforward to check
that Ai ◦ ιi = id. This fact is already sufficient to show that ι• induces an isometric
embedding in bounded cohomology. In order to construct a chain homotopy between
ιi ◦ Ai and the identity we proceed as follows. For every g ∈ G, we denote by

tig : Ci
b(K,L)→ Ci

b(K,L)
the chain map induced by g. Since g : (K,L)→ (K,L) is simplicially homotopic to
the identity as a map of pairs, then there is a chain homotopy

T ig : Ci
b(K,L)→ Ci−1

b (K,L)

between tig and the identity such that

(3.2) δi−1T ig + T i+1
g δi = tig − id

holds for every g ∈ G. By Remark 2.10, we know that ‖T ig‖∞ ≤ Ci. Let now
f ∈ Ci

b(K,L) and let s be an algebraic (i− 1)-simplex. Then the function
Gi−1 → R, γ 7→ T iγ−1(f)(s)

lies in `∞(Gi−1). We have therefore a linear map
T i : Ci

b(K,L)→ Ci−1
b (K,L)
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which is defined by the formula T i(f)(s) = mi−1(γ 7→ T iγ−1(f)(s)). By the properties
of the means, we have that |T i(f)(s)| ≤ Ci‖f‖∞, so that T i is a bounded map with
norm

‖T i‖ ≤ Ci.

If we evaluate (3.2) on some bounded cochain f ∈ Ci
b(K,L) and some algebraic

(i− 1)-simplex s, we obtain that
δi−1(T iγ−1(f))(s) + T i+1

γ−1 (δi(f))(s) = tiγ−1(f)(s)− f(s) = f(γ−1s)− f(s).

We consider both sides of the previous equation as functions over Gi. By averaging
both sides with respect to mi we get

δi−1(T i(f))(s) + T i+1(δi(f))(s) = Ai(f)(s)− f(s),
which shows that T i provides a (partial) chain homotopy between ιi ◦ Ai and the
identity. �

Remark 3.16. The fact that the action Gy K preserves the submulticomplex
L is crucial in Proposition 3.15. However, in our applications, we also deal with
actions which do not preserve a particular submulticomplex. In order to consider
invariant cochains also in this case, some regularity of the action G y K on L
is required (see Definition 5.19). We refer the reader to Section 5.5 for a detailed
discussion on this topic.

We are now ready to prove that the simplicial bounded cohomology of (A(X),A(A))
isometrically computes the bounded cohomology of every good pair (X,A). The
isomorphism below for pairs (X, ∅) (which are always good) has been established
in [FM23, Theorem 4.23].

Theorem 1. Let (X,A) be a good pair. Then, for every n ∈ N, there is a
canonical isometric isomorphism

Φn : Hn
b (A(X),A(A))→ Hn

b (X,A).

Proof. Let (X,A) be a good pair and let n ∈ N. We know that the pair
(L(X),L(A)) of complete and minimal multicomplexes is well-defined. Moreover,
the composition

Hn
b (X,A)

Hn
b (S)
−−−→ Hn

b (|L(X)|, |L(A)|)
Hn

b (ϕ•)
−−−−→ Hn

b (L(X),L(A)),
is an isometric isomorphism (Proposition 3.7), where Hn

b (S) is induced by the
natural projection, and Hn

b (ϕ•) is the map induced by the inclusion of simplicial
chains into singular ones. We denote by Γi the group of simplicial automorphisms
Γi(L(X),L(A)) for every i ∈ N≥1 (Definition 3.8). Recall from Corollary 3.13 that
the pair (A(X),A(A)) is canonically isomorphic to the quotient of (L(X),L(A))
by the action of Γ1. Therefore there is an obvious chain isomorphism between
C•b (A(X),A(A)) and C•b (L(X),L(A))Γ1 . Under this identification, the projection

π : (L(X),L(A))→ (A(X),A(A))
induces the inclusion C•b (L(X),L(A))Γ1 ↪→ C•b (L(X),L(A)) of invariant cochains.
Moreover, the elements of Γ1 are topologically homotopic to the identity (as maps
of pairs), and therefore they are simplicially homotopic to the identity (as maps
of pairs) by Lemma 2.11. Since the groups Γ1/Γi are amenable for every i ∈ N≥1
(Lemma 3.14), we deduce from Proposition 3.15 that the projection π induces an
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isometric isomorphism in bounded cohomology. The composition of these isomor-
phisms defines the isometric isomorphism Φn. �

Theorem 1 implies that bounded cohomology only depends on the fundamen-
tal group. Let X be a CW-complex. Theorem 1 (with A = ∅) implies that the
bounded cohomology of X is isometrically isomorphic to the simplicial bounded
cohomology of A(X). By Proposition 3.5 this is isometrically isomorphic to the
bounded cohomology of its topological realization |A(X)|. Since |A(X)| is a model
of the classifying space of the fundamental group of X, it follows that the bounded
cohomology of X is uniquely determined by its fundamental group. We will see in
Section 6.3 how to construct an explicit classifying map X → |A(X)| in the case
where X is a simplicial complex (see Remark 6.11).

The situation for relative bounded cohomology is more delicate, because of the
role of higher homotopy in the definition of Φn. The following result is suggested in
[FM23, Section 4.5] without assumptions on the higher homotopy of the pair. A
continuous map of pairs f : (X,A)→ (Y,B) is bijective on the sets of path-connected
components if it induces bijective maps

π0(f) : π0(X)→ π0(Y ), π0(f |A) : π0(A)→ π0(B).

Theorem 2. Let f : (X,A) → (Y,B) be a continuous map between good pairs
which is bijective on the sets of path-connected components. Assume that f induces
isomorphisms on fundamental groups on every component of X and every compo-
nent of A, i.e. for every x ∈ X and every a ∈ A, the maps

π1(f, x) : π1(X, x)→ π1(Y, f(x)), π1(f |A, a) : π1(A, a)→ π1(B, f(a)),

are isomorphisms. Then the induced map

Hn
b (f) : Hn

b (Y,B)→ Hn
b (X,A)

is an isometric isomorphism for every n ∈ N.

Proof. We assume without loss of generality X and Y to be path-connected.
We know by Lemma 2.21 that there exists a continuous map of pairs

L(f) : (|L(X)|, |L(A)|)→ (|L(Y )|, |L(B)|)

such that the following diagram

(|L(X)|, |L(A)|) (|L(Y )|, |L(B)|)

(X,A) (Y,B)

SX◦iX

L(f)

SY ◦iY
f

is commutative up to homotopy (of maps of pairs). Since the natural projec-
tions SX ◦ iX and SY ◦ iY are homotopy equivalences (of maps of pairs), it fol-
lows that also L(f) induces isomorphisms on fundamental groups and is bijective
on the sets of path connected components. In order to conclude, it is enough to
show that L(f) induces isometric isomorphisms in relative bounded cohomology.
We consider now the aspherical quotients πX : (L(X),L(A)) → (A(X),A(A)) and
πY : (L(Y ),L(B))→ (A(Y ),A(B)). We know that aspherical quotients induce iso-
morphisms on fundamental groups, i.e. for every x ∈ A the horizontal arrows of
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the following commutative diagram

π1(|L(A)|, x) π1(|A(A)|, x)

π1(|L(X)|, x) π1(|A(X)|, x)

are isomorphisms (Lemma 2.27), and the same holds for the pair (Y,B). If follows
that L(f) induces the following commutative diagram on fundamental groups

(3.3)
π1(|A(A)|, x) π1(|A(B)|, y)

π1(|A(X)|, x) π1(|A(Y )|, y)

where x ∈ A and y = πY ◦ L(f)(x). Without loss of generality we can assume
L(f) to be cellular on the 1-skeleton. Since aspherical quotients share the same
1-skeleton of the corresponding minimal multicomplexes, diagram (3.3) is induced
by the restriction of L(f) to the 1-skeleton. Since |A(Y )| and |A(B)| are aspherical,
we can invoke Proposition 3.17 below to obtain a map A(f) : (|A(X)|, |A(A)|) →
(|A(Y )|, |A(B)|) such that the following diagram

(|L(X)|, |L(A)|) (|L(Y )|, |L(B)|)

(|A(X)|, |A(A)|) (|A(Y )|, |A(B)|)

πX

L(f)

πY

A(f)

commutes up to homotopy (of maps of pairs). Since L(f) induces isomorphisms
on fundamental groups, A(f) does as well. Moreover, as |A(X)| and |A(A)| are
aspherical, the restriction of A(f) to |A(X)| and |A(A)| is a homotopy equivalence
[Hat02, Proposition 1B.9]. Since the inclusion |A(A)| ↪→ |A(X)| is a cofibration, it
follows that A(f) is a homotopy equivalence as a map of pairs [May99, Chapter 6,
Section 5], and thus induces an isometric isomorphism in bounded cohomology. In
addition, the quotient maps πX and πY induce isometric isomorphisms in bounded
cohomology (Proposition 3.13). We conclude that L(f) (hence f) induces an iso-
metric isomorphism in bounded cohomology. �

Proposition 3.17. Let (X,A) and (Y,B) be π1-injective CW-pairs such that
X, Y are path-connected and Y ,B are aspherical. Assume there is a bijection
ξ : π0(A) → π0(B) such that for every connected component C of A there exists
a commutative diagram of groups

(3.4)
π1(A, x) π1(B, y)

π1(X, x) π1(Y, y)

for some x ∈ C and y ∈ ξ(C). Assume moreover that there exists a continuous map

g : (X1, A1)→ (Y 1, B1)
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defined on the 1-skeleton which induces the diagrams (3.4) Then there exists a con-
tinuous map f : (X,A)→ (Y,B) extending g and inducing the diagram (3.4). More-
over, f is unique up to homotopy (as maps of pairs).

Proof. The same argument of [Hat02, Proposition 1B.9] applies: by using the
asphericity of Y and B, it is possible to extend g to higher dimensional cells and to
prove uniqueness. �

In fact, a stronger result than Theorem 2 holds in absolute bounded cohomol-
ogy: if a continuous map f : X → Y induces epimorphisms with amenable kernel
on fundamental groups, then it induces an isometric isomorphisms in bounded co-
homology [FM23, Theorem 5] [Fri17, Corollary 5.11]. In Section 5.6 we show that
a similar result holds for the relative bounded cohomology of good pairs, although
in this case only a bi-Lipschitz control over the norms is obtained (Theorem 5.22).





CHAPTER 4

The Group Π(X,X0)

In this chapter, we introduce the group Π(X,X0), defined by Gromov in [Gro82],
and its action on the aspherical multicomplex A(X). The elements of Π(X,X0)
consists of finite collections of (homotopy classes of) paths in X that induce a per-
mutation with finite support of a subset X0 ⊆ X of basepoints. There is a natural
morphism of groupoids from the the fundamental groupoid Π1(X,X0) of X based
at X0 to the groupoid Π(X,X0)oX0 associated to the action of Π(X,X0) on X0 by
permutations. This map is universal among groups acting on X0 by permutations
with finite support (Remark 4.3). The group Π(X,X0) admits a natural action on
the 1-skeleton of A(X) by conjugating its edges with elements of Π(X,X0). Since
A(X) is aspherical, the action extends canonically to the whole A(X). This action
is a key tool in Section 4.3, where it is used to show that amenable subsets are
invisible to bounded cohomology (Theorem 3). More generally, it plays a central
role in our applications to open covers and gluings of manifolds, where geometric
information on X is used to detect amenable subgroups of Π(X,X0).

In Section 4.4 we show that the group Π(X,X0) admits the structure of a per-
mutational wreath product. As a consequence of a result of Monod [Mon22], we
deduce that Π(X,X0) is boundedly acyclic (Theorem 4).

4.1. The Group Π(X,X0)

Let X be a topological space. Given two paths γ, γ′ : [0, 1] → X such that
γ(1) = γ′(0), we denote by γ ∗ γ′ their concatenation (where, as usual, the path γ
comes before the path γ′). We denote by γ : [0, 1]→ X the path γ(t) = γ(1− t).

Definition 4.1. Let X be a topological space and let X0 be a subset of X. Let
Ω(X,X0) be the set whose elements are families of paths (γx)x∈X0 satisfying the
following conditions:

(1) for every x ∈ X0, γx : [0, 1]→ X is a continuous path such that γx(0) = x
and γx(1) ∈ X0;

(2) the path γx is constant for all but finitely many x ∈ X0;
(3) the map

X0 → X0, x 7→ γx(1),
is a bijection (hence a permutation of X0 with finite support).

The following concatenation of paths endows Ω(X,X0) with the structure of a semi-
group: given two elements (γx)x∈X0 and (γ′x)x∈X0 of Ω(X,X0), their concatenation
is (γx ∗ γ′γx(1))x∈X0 . Two elements (γx)x∈X0 and (γ′x)x∈X0 of Ω(X,X0) are said to be
homotopic if γx is homotopic to γ′x in X relative to the endpoints for every x ∈ X0.
The set of homotopy classes of elements of Ω(X,X0) is denoted by Π(X,X0), which
is a group under the operation induced by the concatenation above.

53
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Only a finite number of paths in a fixed element of Ω(X,X0) is non-constant.
Therefore, we usually denote elements of Π(X,X0) just by specifying the list of
homotopically non-trivial paths {γ1, . . . , γn} in one of its representatives.

If X0 = {x0} consists of a single point, then Π(X,X0) = π1(X, x0) is the fun-
damental group of X at the basepoint x0. In general, there is an injective group
homomorphism ⊕

x∈X0

π1(X, x) ↪→ Π(X,X0),

whose image is the kernel of the obvious map from Π(X,X0) to the group Σfin(X0)
of permutations of X0 with finite support. In fact, every class [(γx)x∈X0 ] ∈ Π(X,X0)
defines a permutation x 7→ γx(1) in Σfin(X0). In this way, we obtain a map
Π(X,X0)→ Σfin(X0), which is an antihomomorphism, i.e. it becomes an homomor-
phism after composing with the inversion in Σfin(X0). We denote by q : Π(X,X0)→
Σfin(X0) the induced homomorphism.

Proposition 4.2 ([FM23, Proposition 6.5]). Let X be a topological space and
let X0 ⊆ X be any subset. Then the following sequence of groups

1 −→
⊕
x∈X0

π1(X, x) −→ Π(X,X0) q−→ Σfin(X0)

is exact. Moreover, if X0 is contained in a path-connected component of X, then q
is surjective.

Since every finitely generated subgroup of Σfin(X0) is finite, then Σfin(X0) is
locally amenable, hence amenable [Fri17, Proposition 3.4]. On the other hand,
direct sums of amenable groups is also amenable. It follows from Proposition 4.2
that, if every connected component of X has amenable fundamental group, then
also Π(X,X0) is amenable. This result holds more generally for subspaces of X
whose contribution at the level of the fundamental groups is amenable. Let (X,A)
be a pair of topological spaces. The inclusion of pairs (A,A) ↪→ (X,X) induces a
group homomorphism

Π(A,A) ↪→ Π(X,X),
and we denote by ΠX(A) its image. If A is π1-injective in X, then this map is
injective and ΠX(A) is isomorphic to Π(A,A). It follows that, if A is π1-injective in
X and A has amenable fundamental group, then ΠX(A) is an amenable subgroup
of Π(X,X).

In Chapter 6, we consider the case in which subsets are not necessarily π1-
injective. In that context, a subset is called amenable if its contribution to the
fundamental group of X is amenable (see Definition 6.1). Such amenable subsets
identify amenable subgroups of Π(X,X) (Lemma 6.10).

Remark 4.3. There is a natural groupoid homomorphism from the fundamental
groupoid Π1(X,X0) of X based at X0 to the groupoid Π(X,X0) o X0 associated
to the action of Π(X,X0) on X0 by permutations. A groupoid is understood to
be a small category where each morphism is invertible. The fundamental groupoid
Π1(X,X0) of X based at X0 is the category whose objects are points of X0 and
whose morphisms are homotopy classes of paths in X between points of X0. The
groupoid Π(X,X0) oX0 is the category whose objects are points of X0 and whose
morphisms are defined by

Hom(x, y) = {g ∈ Π(X,X0) | g · x = y},
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where x, y ∈ X0 and the action of Π(X,X0) on X0 is by permutations. There is an
obvious groupoid homomorphism

Ξ: Π1(X,X0)→ Π(X,X0) oX0,

which is the identity on objects and is defined on arrows in the following way: the
(homotopy class of a) path γ is sent to g = {γ} ∈ Π(X,X0), if γ is a loop, and to
the element g = {γ, γ} of Π(X,X0), otherwise. Moreover, it is easy to check that Ξ
is universal in the following way: if G is a group acting on X0 by permutations with
finite support, then every groupoid homomorphism Π1(X,X0) → G o X0 factors
through Ξ.

4.2. The Action of Π(X,X) on A(X)

Let X be a nice topological space. Our goal is to define a simplicial action of
Π(X,X) on the aspherical multicomplex A(X) of X. Recall that the 1-skeleton of
A(X) coincides with the 1-skeleton of L(X). Therefore edges of A(X) correspond
to homotopy classes of paths relative to the endpoints. In particular, the 0-skeleton
of A(X) coincides with the set X itself. The action of Π(X,X) on the 1-skeleton
on A(X) is defined by conjugating edges of A(X) with elements of Π(X,X). More
precisely, let g ∈ Π(X,X0), and let (γx)x∈X0 be a representative of g. On the 0-
skeleton, we simply define the action of g as the permutation (with finite support)
induced by g on X = A(X)0. Let now e be a 1-simplex of A(X) with vertices v0
and v1. We fix a representative γe : [0, 1] → X of e from v0 to v1. We define the
edge g · e of A(X) as the homotopy class (relative to the endpoints) of the following
concatenation of paths

γv0 ∗ γe ∗ γv1 .

Observe that the endpoints of g · e correspond to the image of the endpoints
of e under the permutation induced by g, hence the action on edges extends
the action on vertices. Of course, this definition does not depend on the cho-
sen representatives, neither on the numbering of the vertices of e. Since simplices
of A(X) are uniquely determined by their 1-skeleton, this action extends to the
whole A(X) in the following way. Every n-simplex σ of A(X) defines a simpli-
cial embedding f : (∆n)1 → A(X) of the 1-skeleton of ∆n, which is null-homotopic
when restricted to each triangular loop. It is easy to check that the composition
g ◦f : (∆n)1 → A(X) is also null-homotopic when restricted to each triangular loop
(see [FM23, Section 5.2] for the details). It follows from Proposition 2.24 that there
exists a unique simplex g · σ whose characteristic map ∆n → A(X) extends g ◦ f .
Thus the action of g on A(X)1 extends uniquely to a non-degenerate simplicial map
ψ(g) : A(X)→ A(X).

Proposition 4.4 ([FM23, Theorem 5.3]). Let X be a nice topological space,
and let

ψ : Π(X,X)→ Aut(A(X))
be the action described above. Then ψ(g) is simplicially homotopic to the identity
for every g ∈ Π(X,X).

Proof. Let g ∈ Π(X,X) and let (γx)x∈X be one of its representatives. We
may assume that X is path-connected and contains at least two distinct points,
so that the multicomplex A(X) is large. In particular, there are two points x0
and x1 of X such that γx0 and γx1 are homotopic to the constant path. It follows
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that g acts trivially on every edge having x0 and x1 as endpoints. Since every
element of π1(|A(X)|, x0) can be represented by a pair of edges with x0 and x1
as endpoints (Proposition 2.14), it follows that g acts trivially on π1(|A(X)|, x0).
Since the topological realization of A(X) is a model for the classifying space of
the fundamental group of X, it follows that ψ(g) is topologically homotopic to the
identity [Hat02, Proposition 1B.9]. In conclusion, Lemma 2.11 implies that ψ(g)
is also simplicially homotopic to the identity. �

Let (X,A) be a pair of nice topological spaces. We know that, if the inclusion
A ↪→ X induces an injective map on homotopy groups (Setup 2.18), then the pair
(A(X),A(A)) of aspherical multicomplexes is well-defined. The action of Π(X,X)
on A(X) does not preserve the submulticomplex A(A). However, the subgroup
ΠX(A) of Π(X,X), whose elements are represented by families of paths supported
on A (up to homotopy in X), induces a well-defined simplicial action on the pair
(A(X),A(A)).

Proposition 4.5. Let (X,A) be a pair of topological spaces as in Setup 2.18,
and let

ψ : ΠX(A)→ Aut(A(X),A(A))
be the simplicial action described above. Then ψ(g) is simplicially homotopic (as a
map of pairs) to the identity for every g ∈ ΠX(A).

Proof. Proposition 4.4 implies that the maps
|A(X)| → |A(X)|, |A(A)| → |A(A)|,

induced by ψ(g) are both homotopic to the identity. Since the inclusion |A(A)| ↪→
|A(X)| is a cofibration, this is indeed enough to conclude that |ψ(g)| is homotopic to
the identity as a map of pairs [May99, Chapter 6, Section 5]. Finally, Lemma 2.11
implies that ψ(g) is simplicially homotopic to the identity as a map of pairs. �

We consider now 0-trivial actions on A(X) induced by the group Π(X,X). Let
X be a topological space. By Proposition 4.2, we know that there is an injective
homomorphism ⊕

x∈X
π1(X, x) ↪→ Π(X,X),

hence we can view ⊕
x∈X π1(X, x) as a subgroup of Π(X,X). We fix now some

notation. For every x ∈ X we set Gx = π1(X, x). We fix a basepoint x̄ ∈ X and
we set G = Gx̄. Let N be a normal subgroup of G. We know that there exists an
isomorphism Gx

∼= G for every x ∈ X, which is canonical up to conjugation. Since
N is normal, there exists a well-defined isomorphic image Nx of N inside Gx, which
is a normal subgroup of Gx. We set

N̂ =
⊕
x∈X

Nx.

The group N̂ naturally sits into Π(X,X) as a subgroup. Moreover, since it is
contained in ⊕

x∈X π1(X, x), its action on A(X) is 0-trivial (Definition 1.6). It
follows that the quotient A(X)/N̂ is a well-defined multicomplex whose set of
vertices is canonically identified with the set of vertices of A(X). We denote by
q : A(X) → A(X)/N̂ the quotient map. We will use the following property of the
quotient map. For the sake of completeness, we include the argument from [FM23].
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Lemma 4.6 ([FM23, Lemma 5.5]). Let e, e′ be edges of A(X) sharing the same
endpoints and let e∗e′ be the loop in X obtained as one of the possible concatenations
of e and e′. Then q(e) = q(e′) is and only if e ∗ e′ lies in N .

Proof. Let x0 and x1 be the endpoints of e and e′. Let γe (resp. γe′) be a path
in X representing the edge e (resp. e′) such that γe(0) = x0 and γe(1) = x1 (resp.
γe′(0) = x0 and γe′(1) = x1). We want to show that q(e) = q(e′) if and only if the
composition γe ∗ γ̄e′ is Nx0 . By definition, q(e) = q(e′) if and only if there exists an
element (εx)x∈X of N̂ such that ε̄x0 ∗ γe ∗ εx1 is homotopic relative to the endpoints
to γe′ , or, in other words, if and only if the path ε̄x0 ∗ γe ∗ εx1 ∗ γ̄e′ is null-homotopic
relative to x0. This is in fact equivalent to require the composition γe ∗ γ̄e′ to be in
Nx0 . �

It is shown in [FM23] that the (topological realization of the) multicomplex
A(X)/N̂ is a model of the classifying space for the group G/N .

Proposition 4.7 ([FM23, Theorem 5.9]). The multicomplex A(X)/N̂ is com-
plete, minimal and aspherical. Let x0 be a vertex of A(X). Then the projection
q : A(X)→ A(X)/N̂ induces an epimorphism

q∗ : π1(|A(X)|, x0)→ π1(|A(X)/N̂ |, x0)

with kernel ker(q∗) = Nx0. In particular, the CW-complex |A(X)/N̂ | is a model of
the classifying space of G/N .

Proposition 4.7 is the key step of the proof presented in [FM23] of Gromov’s
Mapping Theorem, according to which continuous maps inducing surjective mor-
phisms with amenable kernel at the level of the fundamental group induce isometric
isomorphisms in bounded cohomology [FM23, Theorem 5]. We refer the reader to
Section 5.6 for a discussion on the extension of the Mapping Theorem in the relative
setting (Theorem 5.22).

4.3. A Crucial Observation

As already suggested by Gromov [Gro82, pag. 57], the following simple obser-
vation is crucial.

Lemma 4.8 ([Kue15, Observation 1]). Let (X,A) be a pair of topological spaces
as in Setup 2.18, and let G = ΠX(A). Let n ∈ N and let z ∈ Cn

b (A(X))Galt be a
G-invariant alternating cochain. Let (∆, (x0, . . . , xn)) be an algebraic n-simplex of
A(X) and assume that ∆ has at least one edge in A(A). Then z(∆, (x0, . . . , xn)) =
0.

Proof. If xh = xk for some h 6= k, then z(∆, (x0, . . . , xn)) = 0, since z is
alternating. Therefore, we can assume that xh 6= xk for every h 6= k. Let e be an
edge of ∆ which is contained in A(A). Without loss of generality, let x0 and x1 be
its endpoints. We know that e represents a homotopy class (relative to endpoints)
of paths in A joining x0 and x1. Let γ : [0, 1] → A be a representative of e and let
g = {γ, γ̄} ∈ ΠX(A). We have that g ·∆ = ∆, g · x0 = x1, g · x1 = x0 and g · xl = xl
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for every l ∈ {2, . . . , n}. Since z is alternating and G-invariant, it follows that

z(∆, (x0, x1, . . . , xn)) = z(g · (∆, (x0, x1, . . . , xn)))
= z(∆, (x1, x0, . . . , xn))
= −z(∆, (x0, x1, . . . , xn)),

hence z(∆, (x0, . . . , xn)) = 0. �

The first important consequence of Lemma 4.8 is the following result, which
motivates a version of Gromov Equivalence Theorem (Theorem 7.21) that plays a
fundamental role in our proof of the additivity of simplicial volume for aspherical
manifolds (Theorem 10).

Theorem 3. Let (X, Y ) be a good pair and let A ⊆ Y be the union of some
connected components of Y . Let B = Y \A be the union of the remaining connected
components and let j : (X,B) → (X, Y ) denote the inclusion. If every connected
component of A has an amenable fundamental group, then the map

Hn
b (j) : Hn

b (X, Y )→ Hn
b (X,B)

is an isometric isomorphism for every n ∈ N.

Proof. We consider the following commutative diagram

Hn
b (X, Y ) Hn

b (X,B)

Hn
b (A(X),A(Y )) Hn

b (A(X),A(B))

Hn(C•b (A(X),A(Y ))Galt) Hn(C•b (A(X),A(B))Galt),

Hn
b (j)

Φn Φn

where:
• The horizontal arrows are induced by inclusions.
• Since the pair (X, Y ) is good, also the pairs (X,A) and (X,B) are good.
The upper vertical arrows denote the isometric isomorphisms of Theorem
1.
• We know that G = ΠX(A) is an amenable group. Since A is a collection
of path connected components of Y , the action G y A(X) induces well
defined actions Gy (A(X),A(Y )) and Gy (A(X),A(B)). These actions
consist of elements that are simplicially homotopic to the identity as maps
of pairs (Proposition 4.5). It follows from Proposition 3.15 that the lower
vertical arrows are isometric isomorphisms.

In order to conclude, it is sufficient to show that the map

αn : Cn
b (A(X),A(Y ))Galt → Cn

b (A(X),A(B))Galt

induces an isometric isomorphism in cohomology. But since every bounded alternat-
ing G-invariant cochain vanishes on simplices supported in A(A) ⊆ A(Y ) (Lemma
4.8), it follows that αn is bijective. Thus αn itself is an isometric isomorphism and
the statement follows. �
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4.4. The Group Π(X,X0) is Boundedly Acyclic

The goal of this section is to show that the group Π(X,X0) is boundedly acyclic,
i.e. it has vanishing bounded cohomology with trivial real coefficients. This section
is independent from the rest of the work.

Let X be a path-connected topological space and let X0 be any subset of X.
By Proposition 4.2, there is a short exact sequence

1 −→
⊕
x∈X0

π1(X, x) −→ Π(X,X0) q−→ Σfin(X0) −→ 1,

where Σfin(X0) is the group of permutations ofX0 with finite support. Since Σfin(X0)
is locally finite, then it is locally amenable, hence amenable [Fri17, Proposition 3.4].
Since the class of amenable group is closed under extensions, if X has amenable
fundamental group, then also the group Π(X,X0) is amenable. Amenable groups
are known to be boundedly acyclic. We show that the group Π(X,X0) is boundedly
acyclic in much more generality, even without the assumption that X has amenable
fundamental group.

Theorem 4. Let X be a path-connected topological space with countable fun-
damental group and let X0 be an infinite countable subset of X. Then the group
Π(X,X0) is boundedly acyclic.

In order to prove Theorem 4, we show that the projection q : Π(X,X0) →
Σfin(X0) admits a section, endowing the group Π(X,X0) with a semidirect-product
structure. We already underline that this semidirect-product structure in not canon-
ical, but depends on the choice of some system of paths from any point of X0 to
a fixed basepoint x̄ ∈ X. From this, we deduce that Π(X,X0) is isomorphic to a
permutational wreath product G oX0 A, where A = Σfin(X0) and G = π1(X, x̄). The
conclusion that Π(X,X0) is boundedly acyclic follows then from a general result
by Monod about permutational wreath products [Mon22, Section 4.2] (see also
[CFFLM24, Section 3]).

The proof of Theorem 4 proceeds as follows. Let X be a path-connected topo-
logical space and let X0 be an infinite countable subset of X. We choose a basepoint
x̄ ∈ X and a system of paths Θ = {ϑx |x ∈ X0}, where every ϑx : [0, 1] → X is a
continuous path from x to x̄. The notion of system of paths has also been studied
in [BM22, BM25] in the context of transformation groups.

In the following, in order to ease the notation, we usually denote homotopy
classes (relative to the endpoints) by writing one of their representatives. Moreover,
we denote by ∗ both the usual concatenation of paths and the induced operation
on Π(X,X0).

Lemma 4.9. The map

ψΘ : Σfin(X0)→ Π(X,X0), σ 7→ (ϑx ∗ ϑσ(x))x∈X0

is an antihomomorphism such that q ◦ ψΘ = id.
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Proof. It is easy to check that ψΘ is well-defined and is a set-theoretic section
of q. Moreover, since

ψΘ(σ ◦ τ) = (ϑx ∗ ϑσ◦τ(x))x∈X0

= (ϑx ∗ ϑτ(x) ∗ ϑτ(x) ∗ ϑσ◦τ(x))x∈X0

= (ϑx ∗ ϑτ(x))x∈X0 ∗ (ϑx ∗ ϑσ(x))x∈X0

= ψΘ(τ) ∗ ψΘ(σ),

it follows that ψΘ is an antihomomorphism. �

It follows from Lemma 4.9 that the group Π(X,X0) can be described as a semidi-
rect product. More specifically, the map

ϕΘ : Σfin(X0)→ Aut(
⊕
x∈X0

π1(X, x)),

defined by ϕΘ(σ)((εx)x∈X0) = (ϑx ∗ ϑσ−1(x) ∗ εσ−1(x) ∗ ϑσ−1(x) ∗ ϑx)x∈X0 , is a group
homomorphism such that the group⊕

x∈X0

π1(X, x) oϕΘ Σfin(X0)

and Π(X,X0) are isomorphic via the maps

ξΘ :
⊕
x∈X0

π1(X, x) oϕΘ Σfin(X0)→ Π(X,X0),

defined by ξΘ((εx)x∈X0 , σ) = (ϑx ∗ ϑσ(x) ∗ εσ(x))x∈X0 , and

χΘ : Π(X,X0)→
⊕
x∈X0

π1(X, x) oϕΘ Σfin(X0),

such that χΘ((γx)x∈X0) = ((ϑx∗ϑσ−1(x)∗γσ−1(x))x∈X0 , σ), where σ is the permutation
associated to (γx)x∈X0 . It follows that any choice of basepoint x̄ ∈ X and system
of paths Θ induces a semidirect product structure on Π(X,X0). This structure is
not canonical a priori. From this description of Π(X,X0) we want to recover the
structure of a permutational wreath product.

Definition 4.10. Let Γ and A be groups and let Y be an A-set (i.e. a set
endowed with an action by A). The permutational wreath product Γ oY A is defined
as the semidirect product

(
⊕
y∈Y

Γ) o A,

where A acts on the subgroup ⊕y∈Y Γ by permuting the factors. The case in which
Y = A with the left-multiplication action recovers the usual regular wreath product,
denoted by Γ o A.

We denote by G = π1(X, x̄) the fundamental group of X based at x̄. Similarly,
we set Gx = π1(X, x) for every x ∈ X0. The system of paths Θ can be used to get
isomorphisms ζx : Gx → G sending each path ε based at x to the composition ϑx∗ε∗
ϑx. Summing up these isomorphisms we obtain an isomorphism ζΘ : ⊕x∈X0 Gx →
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x∈X0 G. It is easy to check that the following diagram⊕

x∈X0 Gx
⊕
x∈X0 G

⊕
x∈X0 Gx

⊕
x∈X0 G

ϕΘ(σ)

ζΘ

π(σ)

ζΘ

is commutative for every σ ∈ Σfin(X0), where π(σ) denotes the permutation of the
factors: π(σ)(εx)x∈X0 = (εσ−1(x))x∈X0 . As a consequence, the map

αΘ :
⊕
x∈X0

Gx oϕΘ Σfin(X0)→
⊕
x∈X0

Goπ Σfin(X0)

defined by α(ε, σ) = (ζΘ(ε), σ) is an isomorphism of groups. We conclude that the
group Π(X,X0) is isomorphic to the permutational wreath product G oX0 Σfin(X0).

Proposition 4.11 ([Mon22, Section 4.2], [CFFLM24, Corollary 3.4]). Let Γ
and A be countable groups and let Y be a countable A-set such that all A-orbits are
infinite. Assume that A is amenable. Then the permutation wreath product Γ oY A
is boundedly acyclic.

In order to conclude that Π(X,X0) is boundedly acyclic, we just need to observe
that Σfin(X0) is a countable amenable group acting transitively on X0. Therefore, if
the set X0 is countable infinite, all the assumptions of Proposition 4.11 are satisfied
by G oX0 Σfin(X0), which is in turn isomorphic to Π(X,X0). This concludes the
proof of Theorem 4.





CHAPTER 5

Mapping Cones

We know that every nice topological space X admits a complete and minimal
multicomplex L(X), whose simplices correspond to homotopy classes of singular
simplices of X relative to the vertices. Given a pair (X,A) of nice topological
spaces, there is therefore a natural non-degenerate simplicial map jL : L(A)→ L(X)
which sends (homotopy classes of) singular simplices in A to (homotopy classes
of) the corresponding singular simplex of X. This map factors through aspherical
quotients, thus inducing a non-degenerate simplicial map jA : A(A)→ A(X), which
is not injective in general (Proposition 5.5). Let AX(A) denote the image of jA
inside A(X). Using the action of Π(A,A) on A(A), we can show that AX(A) is
also complete, minimal and aspherical (Lemma 5.6). This provides a well-defined
pair (A(X),AX(A)) of complete minimal and aspherical multicomplexes. However,
since neither jL nor jA is injective in general, this situation falls outside the standard
framework of pairs of multicomplexes. To address this, we employ the machinery
of mapping cones, which has already proven effective in the theory of bounded
cohomology (see for instance [Par03, Löh08, BBF+14]).

In Section 5.3, we show that there exists an isomorphism Ψ between the sin-
gular bounded cohomology of (X,A) and the simplicial bounded cohomology of
(A(X),AX(A)), provided that the inclusion A ↪→ X induces a homomorphism
with amenable kernel at the level of fundamental groups. As already mentioned
in the introduction, mapping cones do not allow for isometric control of the norm
in bounded cohomology. Consequently, we are only able to conclude that Ψ is
bi-Lipschitz (Theorem 5).

In Section 5.5, we introduce a regularity condition for simplicial actions. This
condition plays a crucial role in passing to invariant chains in the relative setting
when the group action does not preserve a submulticomplex (Definition 5.19). This
framework is then applied in Section 5.6 to establish a bi-Lipschitz version of the
Relative Mapping Theorem for good pairs (Theorem 5.22).

5.1. Beyond Goodness

We have seen in Chapter 2 how to construct a pair of aspherical multicom-
plexes (A(X),A(A)) from every pair (X,A) of nice topological spaces such that
the inclusion A ↪→ X induces injective maps on homotopy groups (Setup 2.18). In
this section we want to construct a well-defined pair of aspherical multicomplexes
(A(X),AX(A)) in a much greater generality.

Let (X,A) be a pair of nice topological spaces. In general, we do not assume X
or A to be path-connected. Being injective, the inclusion map j : A ↪→ X naturally
induces a simplicial embedding jK : K(A) ↪→ K(X) of singular multicomplexes. If
(X,A) is a CW-pair, we know that the natural projection

S : (|K(X)|, |K(A)|)→ (X,A)
63
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is a homotopy equivalence of pairs (Proposition 1.13). In general, the vertical arrows
of following commutative diagram

|K(A)| |K(X)|

A X

|jK|

SA SX

j

are weak homotopy equivalences (Proposition 1.11).
We know that the minimal multicomplexes L(A) and L(X) are well-defined

(Remark 2.22). We underline the fact that the minimization procedure is per-
formed separately on K(X) and K(A), hence we do not need to require the pair
(K(X),K(A)) to be full (see Proposition 2.19). We denote by

iA : L(A) ↪→ K(A), iX : L(X) ↪→ K(X),
the simplicial inclusions. In Proposition 5.1 we describe how to construct a simpli-
cial map jL from L(A) to L(X) which sends each simplex ∆ of L(A) to the unique
simplex of L(X) which is homotopic to ∆ relative to the 0-skeleton. Recall that
every simplex of K(X) (hence of L(X)) is the equivalence class of singular simplices
of X which are injective on vertices, up to affine parametrization. A simplex ∆ of
K(X) (hence of L(X)) is therefore represented by a singular simplex |∆| → X. The
same holds for simplices of L(A).

Proposition 5.1 ([Kue15, Section 1.3]). There is a non-degenerate simplicial
map jL : L(A)→ L(X) such that, for every simplex ∆ of L(A), there is a homotopy
H∆ : |∆| × [0, 1] → X relative to the vertices between a representative σ : |∆| → A
of ∆ and a representative of jL(∆). Moreover, for every submulticomplex ∆′ of ∆,
the restriction of H∆ to |∆′| × [0, 1] coincides with H∆′.

Proof. We define jL inductively on the skeleta. On the 0-skeleton, jL is simply
defined as the map induced by the inclusion j : A ↪→ X. In this case, for every vertex
v of L(A), we set Hv to be the constant map on v. Assume we have defined jL on
the n-skeleton of L(A) and that, for every k-simplex ∆′ of L(A), k ∈ {0, . . . , n},
we have a homotopy H∆′ as in the statement. We define jL on the (n+ 1)-skeleton
as follows. Let ∆ be an (n + 1)-simplex of L(A) and let σ : |∆| → X denote a
parametrization of ∆. We want to extend σ to a continuous map σ̄ : |∆| → X
whose facets are all contained in L(X)n. To this end, we exploit the homotopies
H∆′ , where ∆′ ⊂ ∆ is a proper face of ∆, as follows. We consider the diagram

|∆| t
 ⊔

∆′⊂∆
|∆′| × [0, 1]

 X

|∆| X,

f

σ̄

where f is induced by σ and the homotopies H∆′ , respectively, while the vertical
map is the quotient map induced by the obvious identification of faces. By the
compatibility condition of the homotopies with respect to the inclusion of faces, it
follows that f factors through the quotient map. Therefore, it defines a singular
simplex σ̄ of X, whose facets, by construction, represent simplices in L(X). By
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completeness and minimality of L(X), there exists a unique (n+1)-simplex jL(∆) of
L(X) which is homotopic to σ̄ inX relative to the boundary. Then, by construction,
we have a homotopy

H∆ : |∆| × [0, 1]→ X

between ∆ and jL(∆) which satisfies the compatibility conditions in the statement.
�

It is desirable that the map jL constructed in Lemma 5.1 commutes with the
inclusion jK. However, this is not true a priori. In fact, even if the multicomplexes
L(A) and L(X) are unique up to simplicial isomorphism [FM23, Theorem 3.23],
we need to make some choices in order to make the following diagram commutative.

K(A) K(X)

L(A) L(X)

jK

iA

jL

iX

Setup 5.2. Let (X,A) be a pair of nice topological spaces. Assume that L(A)
has been constructed. We construct L(X) so that, if the facets of a simplex are all
contained in A and if there is a simplex of L(A) in the same homotopy class, then
we choose this simplex as a representative.

In this work, whenever we construct a pair of multicomplexes from a pair of nice
topological spaces (X,A), we always adhere to Setup 5.2.

Lemma 5.3. In the situation of Setup 5.2, we have that jK ◦ iA = iX ◦ jL.
The map jL is not injective in general: to this end one needs to have more

control on the homotopy of the pair (X,A). This happens when the inclusion
A ↪→ X induces injective maps on homotopy groups (Setup 2.18), hence when the
pair (K(X),K(A)) is full (Proposition 2.19) and the minimization procedure can be
performed simultaneously on both K(X) and K(A) (Proposition 2.16).

Proposition 5.4. Let n ∈ N≥1. The simplicial map jL is injective on the n-
skeleton if and only if the map πk(A ↪→ X, x) is injective for every x ∈ A and every
k ∈ {1, . . . , n}.

Proof. For every x ∈ A and every k-simplex ∆ of K(A) having x as a vertex,
we can consider the following commutative diagram

(5.1)
πL(A)(∆) πk(|L(A)|, x) πk(A, x)

πL(X)(∆) πk(|L(X)|, x) πk(X, x),

j∆

ΘA

πk(|jL|,x)|

∼=

πk(j,x)

ΘX ∼=

where vertical arrows are induced either by jL or by the inclusion j, horizontal
arrows of the left squares are bijective (Proposition 2.14) and horizontal arrows
of the right square, induced by SX and SA, are isomorphisms (Proposition 1.11).
By using the homotopies H∆′ in Proposition 5.1, one can show that the diagram
commutes. Therefore, we have that πk(j, x) is injective if and only if j∆ is injective.

Assume now that jL is injective on the n-skeleton. Let k ∈ N≤n, x ∈ A and let
∆0 be a k-simplex of K(A) having x as a vertex. It follows from our assumptions
that j∆ is injective, hence also πk(j, x) is so.
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On the other hand, assume that πk(A ↪→ X, x) is injective for every x ∈ A and
every k ∈ {1, . . . , n}. We show that jL is injective by induction of the skeleta. This
is always true on the 0-skeleton. In general, let ∆ and ∆′ be (k + 1)-simplices of
L(A) such that jL(∆) = jL(∆′). By the inductive hypothesis, we deduce that ∆
and ∆′ are compatible. By considering diagram (5.1), we have that j∆ is injective.
Since j∆(∆′) = j∆(∆), it follows that ∆ = ∆′. �

Let π : L(X)→ A(X) denote the simplicial projection which identifies simplices
sharing the same 1-skeleton. The map jL factors to a well-defined simplicial map
jA : A(A) → A(X). We denote by AX(A) the image of A(A) in A(X) via jA, so
that the pair of multicomplexes (A(X),AX(A)) is well-defined, and we still denote
by jA : A(A) → AX(A) the surjective map induced by jA. In short, we have the
following commutative diagram of simplicial maps

K(A) L(A) A(A) AX(A)

K(X) L(X) A(X) A(X).

jK

iA

jL

π

jA

jA

iX π id

Since simplices of A(X) are uniquely determined by their 1-skeleton, the following
observation can be easily deduced from Proposition 5.4.

Proposition 5.5 ([Kue15, Section 1.3]). Let (X,A) be a pair of nice topological
spaces such that A is π1-injective in X. Then

jA : A(A)→ A(X)
is a simplicial embedding and the submulticomplex AX(A) of A(X) is canonically
isomorphic to A(A).

The multicomplex AX(A) admits the following equivalent characterization. We
consider the action on A(A) of⊕x∈A π1(A, x), understood as a subgroup of Π(A,A)
(see Section 4.2). For every x ∈ A, we set Γx = π1(A, x). Let {Ai | i ∈ I} be the
set of path-connected components of A. For every i ∈ I, we fix a basepoint x̄i ∈ Ai
and we set Γi = Γx̄i

. Let Ni be the kernel of the morphism π1(A ↪→ X, x̄i). Being
Ni normal in Γi, we can find a well-defined isomorphic image Nx of Ni inside Γx,
so that Nx̄i

= Ni. We set
N̂ =

⊕
i∈I

⊕
x∈Ai

Nx.

We know that the quotient A(A)/N̂ is a complete, minimal and aspherical mul-
ticomplex (Proposition 4.7). We denote by q : A(A) → A(A)/N̂ the (simplicial)
quotient map.

Lemma 5.6. The multicomplex AX(A) is simplicially isomorphic to the mul-
ticomplex A(A)/N̂ . In particular, it is complete, minimal and aspherical and its
topological realization |AX(A)| is π1-injective in |A(X)|.

Proof. We first show that AX(A) is simplicially isomorphic to A(A)/N̂ . Let
e, e′ be edges of A(A) sharing the same endpoints. We denote by e ∗ e′ the loop
obtained as one of the possible concatenations of e and e′. By construction, jA(e) =
jA(e′) if and only if e ∗ e′ is in N . By Lemma 4.6, this is equivalent to have
q(e) = q(e′). It follows that jA factorizes through q on the 1-skeleton. Since A(X)
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and A(A)/N̂ are complete, minimal and aspherical, then the factorization can be
uniquely extended to a simplicial isomorphism

ĵA : A(A)/N̂ → AX(A)
such that ĵA ◦ q = jA. The second statement is a direct consequence of Proposition
4.7. �

5.2. Mapping Cones

A normed cochain complex (M•, δ•M) is a cochain complex consisting of normed
real vector spaces where coboundary operators are bounded linear operators. To
our purposes, the main examples are the complex of singular bounded cochains
(C•b (X,A), δ•) of a pair of topological spaces (X,A) and the complex of simplicial
bounded cochains (C•b (K,L), δ•) of a pair of multicomplexes (K,L), both endowed
with the `∞-norm.

Definition 5.7. Let (M•, δ•M) and (N•, δ•N) be normed cochain complexes and
let ε• : M• → N• be a chain map between them. The mapping cone complex
(Cone(ε)•, δ•C) of ε• is the normed cochain complex defined in the following way.
For every n ∈ N, we set

Cone(ε)n = Mn ⊕Nn−1

and we define a boundary operator δnC : Cone(ε)n → Cone(ε)n+1 by
δnC(u, v) = (δnM(u),−εn(u)− δn−1

N (v)).
We equip Conen(ε) with the norm ‖(u, v)‖ = max {‖u‖, ‖v‖}, which induces a
seminorm in cohomology.

Every commutative diagram of cochain maps

(5.2)
M
•

N
•

M• N•

ε̄•

η•M η•N

ε•

induces a cochain map
ηn : Cone(ε̄)n → Cone(ε)n, (u, v) 7→ (ηnM(u), ηn−1

N (v)).
Let ΣN• denote the suspension ofN•, i.e. the complex obtained by setting (ΣN)n =
Nn−1. Consider the short exact sequence of complexes

0 −→ ΣN• ι−→ Cone(ε)• ξ−→M• −→ 0,
where ι(v) = (0, v) and ξ(u, v) = u. Since Hn(ΣN•) = Hn−1(N•), the correspond-
ing long exact sequence in cohomology is given by

· · · → Hn(Cone(ε)•)→ Hn(M•)→ Hn(N•)→ Hn+1(Cone(ε)•)→ . . .

By the naturality of the long exact sequence, the following diagram

Hn−1(M•) Hn−1(N•) Hn(Cone(ε̄)•) Hn(M•) Hn(N•)

Hn−1(M•) Hn−1(N•) Hn(Cone(ε)•) Hn(M•) Hn(N•)

Hn−1(η•M ) Hn−1(η•N ) Hn(η•) Hn(η•M ) Hn(η•N )
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is commutative and has exact rows. A straighforward application of the Five Lemma
implies the following.

Lemma 5.8. If η•M and η•N induce isomorphisms in cohomology, then also η•

does.
In order to retain further control over the norms we need to make the maps

at the level of cochains as explicit as possible. For this reason we introduce the
following property.

Definition 5.9. Let (Kn), n ∈ N≥1, be a sequence of positive real numbers
and let η•M : M• → M• be a norm non-increasing chain map. We say that η•M has
a (Kn)-chain homotopy inverse if there exists a norm non-increasing chain map
A•M : M• →M

• such that the following conditions hold:
(i) A•M ◦ η•M = id;
(ii) The composition η•M ◦ A•M is chain homotopic to the identity via a chain

homotopy T • : M• → M•−1 such that ‖T n‖ ≤ Kn for every n ∈ N≥1. In
particular, for every u ∈ Mn such that δnM(u) = 0, there exists u′ ∈ Mn−1

such that
ηnM ◦ AnM(u)− u = δn−1

M (u′), ‖u′‖ ≤ Kn · ‖u‖.
Let G be an amenable group acting on a multicomplex K by automorphisms

which are simplicially homotopic to the identity. It follows from Proposition 3.15
that the inclusion C•b (K)G ↪→ C•b (K) of invariant cochains admits a (Cn)-chain
homotopy inverse, where the sequence (Cn) is introduced in Definition 2.8. Another
important example of a chain map admitting a (Cn)-chain homotopy inverse is given
by the map C•b (K(X)) → C•b (L(X)) induced by the inclusion L(X) ↪→ K(X) for
every CW-complex X (see Lemma 5.14 below). These examples play a fundamental
role in our proof of Theorem 5.

Lemma 5.10. Consider the following commutative diagram of cochain maps and
assume that η•M , η•N , ε• and ε̄• are norm non-increasing.

M
•

N
•

M• N•

ε̄•

η•M η•N

ε•

If there exists a sequence (Kn), n ∈ N≥1, of positive real numbers such that the
following conditions hold:

(1) η•M has a (Kn)-chain homotopy inverse A•M ;
(2) η•N has a (Kn)-chain homotopy inverse A•N ;

then η• induces a bi-Lipschitz isomorphism in cohomology such that
(2Kn)−1 · ‖α‖ ≤ ‖Hn(η•)(α)‖ ≤ ‖α‖,

for every n ∈ N and every α ∈ Hn(Cone(ε̄)•).
Proof. Conditions (1) and (2) clearly imply that η•M and η•N induce isometric

isomorphisms in cohomology. Moreover, if η•M and η•N are norm non-increasing, then
also η• is norm non-increasing, hence also the induced isomorphism in cohomology is
so. In order to retain further control over the norms, we proceed as follows. We take
a class in Hn(Cone(ε)•) and we consider a cocycle (u, v) ∈ Cone(ε)n representing
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it. Since (u, v) is a cocycle, by the definition of the differential of Cone(ε)•, we have
that

δnM(u) = 0, εn(u) + δn−1
N (v) = 0.

Since η•M has a (Kn)-chain homotopy inverse, there exists u′ ∈Mn−1 such that
ηnM ◦ AnM(u)− u− δn−1

M (u′) = 0, ‖u′‖ ≤ Kn · ‖u‖.
By applying εn and AnN on both sides of the equality, we get

0 = εn ◦ ηnM ◦ AnM(u)− εn(u)− εn ◦ δn−1
M (u′),

0 = ηnN ◦ ε̄n ◦ AnM(u) + δn−1
N (v)− δn−1

N ◦ εn−1(u′),
0 = AnN ◦ ηnN ◦ ε̄n ◦ AnM(u) + AnN ◦ δn−1

N (v)− AnN ◦ δn−1
N ◦ εn−1(u′),

0 = ε̄n ◦ AnM(u) + δn−1
N
◦ An−1

N (v)− δn−1
N
◦ An−1

N ◦ εn−1(u′),
0 = ε̄n ◦ AnM(u) + δn−1

N
◦ An−1

N (v − εn−1(u′)),

where δn−1
N

denotes the differential of the cochain complex N•. It readily follows
that

(z, w) = (AnM(u), An−1
N (v − εn−1(u′))) ∈ Cone(ε̄)n

is a cocycle. Moreover, we have that
ηn(z, w)− (u, v)
= (ηnM ◦ AnM(u), ηn−1

N ◦ An−1
N (v − εn−1(u′)))− (u, v)

= (δn−1
M (u′), ηn−1

N ◦ An−1
N (v − εn−1(u′))− (v − εn−1(u′))− εn−1(u′))

= (0, x) + δn−1
C (u′, 0),

where x = ηn−1
N ◦An−1

N (v− εn−1(u′))− (v− εn−1(u′)). Since both ηn(z, w) and (u, v)
are cocycles, it follows that also (0, x) is a cocycle, hence δn−1

N (x) = 0. Since η•N has
a (Kn)-chain homotopy inverse, there exists x′ ∈ Nn−1 such that

ηn−1
N ◦ An−1

N (x)− x = δn−2
N (x′).

It is easy to check that ηn−1
N ◦ An−1

N (x) = 0, hence x = −δn−2
N (x′). It follows that

ηn(z, w)− (u, v) = (0, x) + δn−1
C (u′, 0)

= δn−1
C (0, x′) + δn−1

C (u′, 0) = δn−1
C (u′, x′),

which implies that ηn(z, w) and (u, v) represent the same class in cohomology. The
conclusion follows from the following chains of inequalities:

‖(z, w)‖ = max {‖z‖, ‖w‖}

= max
{
‖AnM(u)‖, ‖An−1

N (εn−1(u′)− v)‖
}

≤ max
{
‖u‖, ‖αn−1(u′)− v‖

}
≤ max {‖u‖, ‖u′‖+ ‖v‖}
≤ max {‖u‖, Kn · ‖u‖+ ‖v‖}
= Kn · ‖u‖+ ‖v‖
≤ Kn · (‖u‖+ ‖v‖)
≤ 2Kn ·max {‖u‖, ‖v‖} = 2Kn · ‖(u, v)‖.

�
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Remark 5.11. In the assumptions of Lemma 5.10 we are not requiring that A•M
and A•N commute with the chain maps ε• and ε̄•, i.e. A•N ◦ ε• = ε̄• ◦ A•M . If this
were the case, it would be easy to exhibit a norm non-increasing chain map which
is a left inverse of η•, thus obtaining that η• induces an isometric isomorphism in
cohomology.

Mapping cones are a useful tool for moving beyond the realm of pairs of multi-
complexes. This construction is essential for handling the map jL : L(A) → L(X)
between minimal multicomplexes, which is not injective in general (Proposition 5.4).
Let f : L→ K be a simplicial map between multicomplexes. We denote by

C•b (f : L→ K)

the mapping cone complex associated to the cochain map C•b (K)→ C•b (L) induced
by f , and we denote by H•b (f : L → K) its cohomology. The fact that mapping
cones provide bi-Lipschitz estimates on relative bounded cohomology is already
present in the work of Park [Par03, Theorem 3.19].

Lemma 5.12. Let (K,L) be a pair of multicomplexes, and let L ↪→ K be the
inclusion map. The chain map

βn : Cn
b (K,L)→ Cn

b (L ↪→ K), βn(u) = (u, 0),
induces, for every n ∈ N, a bi-Lipschitz isomorphism of vector spaces

Hn(β•) : Hn
b (K,L)→ Hn

b (L ↪→ K),
such that, for every α ∈ Hn

b (K,L),

(n+ 2)−1 · ‖α‖∞ ≤ ‖Hn
b (β•)(α)‖∞ ≤ ‖α‖∞.

Proof. For sake of completeness, we adapt the argument in [Par03] to our
context (see also [Fri17, Proposition 6.15]). We denote by δ• and δ̄• the differentials
of C•b (K,L) and C•b (L ↪→ K) respectively. For every v ∈ C•b (L), we denote by
v′ ∈ C•b (K) the extension of v which vanishes on algebraic simplices which are not
in L. We first show that βn induces an isomorphism in cohomology. Let (u, v) ∈
Cn
b (L ↪→ K) be a cocycle. Since δ̄n(u, v) = 0, we have that u + δn−1v′ ∈ Cn

b (K,L)
is a relative cocycle. Moreover, the fact that

βn(u+ δn−1v′)− (u, v) = −δ̄n−1(v′, 0)
shows that βn induces a surjective map in cohomology. On the other hand, let
u ∈ Cn

b (K,L) such that βn(u) = δ̄n−1(α, β). Then α + δn−1β′ ∈ Cn−1
b (K,L) is

a relative cocycle such that δn−1(α + δn−1β′) = u, showing that βn induces an
injective map in cohomology. Since β• is norm non-increasing, it follows that also
Hn
b (β•) is norm non-increasing. The other inequality in the statement follows from

the following estimate: for every cocycle (u, v) ∈ Cn
b (L ↪→ K),

‖u+ δn−1v′‖ ≤ ‖u‖+ ‖δn−1‖ · ‖v′‖
= ‖u‖+ (n+ 1) · ‖v‖
≤ (n+ 2) ·max {‖u‖, ‖v‖}
= (n+ 2) · ‖(u, v)‖.

�
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5.3. Bi-Lipschitz Isomorphisms

The goal of this section is to prove the following result.
Theorem 5. Let (X,A) be a CW-pair such that the kernel of the morphism

π1(A ↪→ X, x) is amenable for every x ∈ A. Then, for every n ∈ N≥1, there is a
constant Cn ∈ R≥1 (depending only on the degree) and a bi-Lipschitz isomorphism
of vector spaces

Ψn : Hn
b (A(X),AX(A))→ Hn

b (X,A),
such that, for every α ∈ Hn

b (A(X),AX(A)),
(n+ 2)−1(2Cn)−2 · ‖α‖∞ ≤ ‖Ψn(α)‖∞ ≤ 2Cn(n+ 2) · ‖α‖∞.

The constants Cn in the statement of Theorem 5 denote the number of n-
simplices in the natural structure of multicomplex of the n-dimensional prism
∆n−1 × [0, 1] (see Definition 2.8).

Remark 5.13. Of course, Theorem 5 holds also for n = 0, since the path-
connected components of A(X) (resp. AX(A)) bijectively correspond to the path-
connected components of X (resp. A).

Let (X,A) be a CW-pair such that the kernel of the morphism π1(A ↪→ X, x)
is amenable for every x ∈ A. Unlike in Theorem 1, we are not requiring the
pair (X,A) to be good. In Section 5.1 we have constructed a well-defined pair
of aspherical multicomplexes (A(X),AX(A)). Moreover, we have the following
commutative diagram of simplicial maps

(5.3)
K(A) L(A) A(A) AX(A)

K(X) L(X) A(X) A(X),

jK

iA

jL

π

jA

q

iX π id

where the left square is commutative under the choices described in Setup 5.2, which
we assume throughout the whole work (see Remark 5.17).

Our strategy to prove Theorem 5 is to pass through mapping cones and invoke
Lemma 5.10 for every square of diagram (5.3). To this end, we first show that the
maps iX , iA, π and q have (Cn)-chain homotopy inverses (see Definition 5.9).

Lemma 5.14. Let X be a CW-complex. Then the map induced by iX : L(X) ↪→
K(X) on bounded cochains has a (Cn)-chain homotopy inverse.

Proof. We know that there exists a simplicial retraction
rX : K(X)→ L(X)

such that rX ◦iX is the identity of L(X) (Proposition 2.16). We claim that the chain
map r•X : C•b (L(X)) → C•b (K(X)) induced by rX provides a (Cn)-chain homotopy
inverse of i•X . In fact, the geometric realization of rX realizes |L(X)| as a strong de-
formation retract of |K(X)|. Since K(X) is large and complete, it follows from the
Homotopy Lemma 2.11 that iX ◦rX is simplicially homotopic to the identity. There-
fore, by Remark 2.10, there exists a chain homotopy T • : C•b (K(X))→ C•−1

b (K(X))
between r•X ◦ i•X and the identity such that ‖T n‖ ≤ Cn, for every n ∈ N. �

Lemma 5.15. Let X be a CW-complex. Then the map induced by π : L(X) →
A(X) on bounded cochains has a (Cn)-chain homotopy inverse.
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Proof. By Corollary 3.13, we know that A(X) = L(X)/Γ1, where Γ1 denotes
the group Γ1(L(X)) (see Definition 3.8). It follows that the projection π : L(X)→
A(X) induces the inclusion

ι• : C•b (L(X))Γ1 ↪→ C•b (L(X))
of invariant cochains. We know that the groups Γ1/Γm, m ∈ N, are amenable
(Lemma 3.14). Moreover Γ1 acts by definition on L(X) by automorphisms which
are simplicially homotopic to the identity. Therefore, we obtain by Proposition 3.15
that ι• admits a (Cn)-chain homotopy inverse. �

Lemma 5.16. Let (X,A) be a CW-pair such that the kernel of the morphism
π1(A ↪→ X, x) is amenable for every x ∈ A. Then the map induced by q : A(A) →
AX(A) on bounded cochains has a (Cn)-chain homotopy inverse.

Proof. By Lemma 5.6, we know that the projection map q can be described
as the quotient of A(A) by the action of the group

N̂ =
⊕
i∈I

⊕
x∈Ai

Nx ≤ Π(A,A),

where {Ai | i ∈ I} denotes the set of connected components of A. Here Nx denotes
the kernel of the morphism π1(A ↪→ X, x), which is amenable by assumption. Since
direct products of amenable groups is amenable, we have that N̂ is amenable.
Moreover, we know that the action N̂ y A(A) is by automorphisms which are
simplicially homotopic to the identity (Proposition 4.4). Hence we conclude by
Proposition 3.15. �

We are now ready to prove Theorem 5. We say that a linear map f : V → W
between normed spaces is bi-Lipschitz of type (K,L) (for short, (K,L)-bi-Lipschitz)
if

K · ‖v‖ ≤ ‖f(v)‖ ≤ L · ‖v‖
for every v ∈ V . For example, isometric isomorphisms are (1, 1)-bi-Lipschitz maps.
If f : V → W is (K,L)-bi-Lipschitz and f ′ : U → W is (K ′, L′)-bi-Lipschitz, then
their composition f ◦ f ′ is (KK ′, LL′)-bi-Lipschitz.

Proof of Theorem 5. Let (X,A) be a CW-pair such that the kernel of the
morphism π1(A ↪→ X, x) is amenable for every x ∈ A. We know that the natural
projection

S : (|K(X)|, |K(A)|)→ (X,A)
induces a homotopy equivalence of pairs (Proposition 1.13), hence the chain map

S• : C•b (X,A)→ C•b (|K(X)|, |K(A)|)
induces an isometric isomorphism in bounded cohomology. Moreover, by the Rela-
tive Isometry Lemma (Proposition 3.5), we know that the natural chain inclusion
ϕ• : C•(K(X),K(A)) → C•(|K(X)|, |K(A)|) induces an isometric isomorphism in
bounded cohomology. By Lemma 5.12, the chain map

β• : C•b (K(X),K(A))→ C•b (jK : K(A) ↪→ K(X))
induces a ((n + 2)−1, 1)-bi-Lipschitz isomorphism in degree n. By Lemma 5.14,
Lemma 5.15 and Lemma 5.16 above, we can invoke Lemma 5.10 for every square
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of diagram (5.3). Therefore, the following chain maps
i• : C•b (jK : K(A) ↪→ K(X))→ C•b (jL : L(A)→ L(X)),
π• : C•b (jA : A(A)→ A(X))→ C•b (jL : L(A)→ L(X)),
q• : C•b (AX(A) ↪→ A(X))→ C•b (jA : A(A)→ A(X))

induce ((2Cn)−1, 1)-bi-Lipschitz isomorphisms in bounded cohomology in degree n.
Since AX(A) is a subcomplex of A(X), we can apply Lemma 5.12 to get a chain
map

β• : C•b (A(X),AX(A))→ C•b (AX(A) ↪→ A(X)),
which induces a ((n+ 2)−1, 1)-bi-Lipschitz isomorphism in cohomology in degree n.

In conclusion, both the maps ζ• = i• ◦ β• ◦ ϕ• ◦ S• and ϑ• = π• ◦ q• ◦ β• induce
bi-Lipschitz isomorphisms in cohomology, where Hn

b (ζ•) is bi-Lipschitz of type
((n+ 2)−1(2Cn)−1, 1),

and Hn
b (ϑ•) is bi-Lipschitz of type

((n+ 2)−1(2Cn)−2, 1).
For every n ∈ N, the map Ψn is then defined as the composition Hn(ζ•)−1 ◦Hn(ϑ•).
It follows that Ψn is bi-Lipschitz of type

((n+ 2)−1(2Cn)−2, 2Cn(n+ 2)),
which is the estimate in the statement of Theorem 5. �

Remark 5.17. The isomorphism Ψn of Theorem 5 is a priori not canonical,
since the choices described in Setup 5.2 are relevant in our construction.

Remark 5.18. The bi-Lipschitz constants appearing in Theorem 5 are far from
being optimal. For example, if A is π1-injective in X, then we know that AX(A) is
simplicially isomorphic to A(A), hence it embeds into A(X) (Proposition 5.5). In
this case the passage through mapping cones in the rightmost square of diagram
(5.3) is unnecessary. It follows that Ψn actually satisfies the following inequalities:
for every α ∈ Hn

b (A(X),A(A)),
(2Cn)−1(n+ 2)−1 · ‖α‖∞ ≤ ‖Ψn(α)‖∞ ≤ 2Cn(n+ 2) · ‖α‖∞.

5.4. The Role of Higher Homotopy

The goal of this section is to discuss the role of higher homotopy in our set-
ting. This discussion aims to clarify the connection between our framework and
Kuessner’s work [Kue15] on relative bounded cohomology via multicomplexes.

In fact, [Kue15, Proposition 3] states that, for every pair of topological spaces
(X,A) and every n ∈ N, we have that Hn

b (X,A) is isometrically isomorphic to
Hn
b (A(X),A(A)), provided that the map π1(A ↪→ X, x) is injective for every x ∈ A.

This statement is clearly stronger than both Theorem 1 and Theorem 5, and was
used by Kuessner to deduce similar conclusions of our Theorem 10 without assuming
the manifolds to be aspherical. However, in the proof of [Kue15, Proposition
3], Kuessner seems to implicitly exploit some further assumptions, concerning the
higher homotopy of the pair (X,A). In order to address these issues, which were
initially highlighted by Moraschini in his Ph.D. thesis [Mor18, Section 4.4], we
first recall Kuessner’s setting. Unfortunately, our notation differs from Kuessner’s
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one: our multicomplex L(X) is denoted by K̂(X) in [Kue15] and the aspherical
multicomplex A(X) is denoted by K(X).

We fix a CW-pair (X,A) such that A is π1-injective in X. Since A is π1-injective
in X, we can write A(A) ⊆ A(X) (Proposition 5.5). However, without any further
assumptions on the higher homotopy of the pair (X,A), we do not have in general
an inclusion of L(A) inside L(X) (Proposition 5.4). Let π : L(X) → A(X) be the
quotient map which identifies simplices having the same 1-skeleton. We consider
the submulticomplex π−1(A(A)) of L(X) and we denote by

ι : π−1(A(A)) ↪→ L(X)
the inclusion map. In the proof of [Kue15, Proposition 3] the following statements
appear:

(a) The multicomplex π−1(A(A)) is complete. This is in fact required to in-
voke the Relative Isometry Lemma [Kue15, Proposition 1] (see also our
Proposition 3.5).

(b) The map SX : |L(X)| → X maps |π−1(A(A))| to A.
We want to show that, if we assume (a) and (b), then πn(A ↪→ X, x) is an isomor-
phism for every x ∈ A and every n ∈ N≥2, which is indeed the assumption we are
making in Theorem 1.

πL(A)(∆) πn(|L(A)|, x) πn(A, x)

πp−1(A(A))(jL(∆)) πn(|π−1(A(A))|, x) πn(A, x)

πL(X)(jL(∆)) πn(|L(X)|, x) πn(X, x),

α

ΘA πn(SA,x)

πn(|jL|,x) id

β

Θ

πn(|ι|,x) πn(j,x)

ΘX πn(SX ,x)

Figure 4. The surjectivity of the map Θ follows from (a), while the
commutativity of the bottom-right square follows from (b).

Let n ∈ N≥2 and let x ∈ A. Let ∆ be an n-simplex of L(A) having x as a
vertex. We consider the commutative diagram in Figure 4, where we need to make
the following clarifications:

• The maps Θ, ΘA and ΘX are defined in Proposition 2.6. Moreover, since
L(A) and L(X) are minimal, then ΘA and ΘX are bijective (Proposition
2.14).
• Since SA and SX are homotopy equivalences (Proposition 1.12), then both
πn(SA, x) and πn(SX , x) are isomorphisms.
• The map α is induced by jL, whose image is contained in π−1(A(A)), while
β denotes just the inclusion of simplices.

Of course, the pair (L(X), π−1(A(A))) is 1-coherent, hence n-coherent (see Defini-
tion 3.9). It follows that β is a bijective map. Therefore, since ΘX ◦β = πn(|ι|, x)◦Θ
is bijective, we can deduce that Θ is injective (hence bijective). Similarly, being
πn(SA, x) an isomorphism, we can deduce that πn(|jL|, x) is injective, and hence
also α is injective. It follows from these observations that πn(j, x) is an isomor-
phism.
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5.5. Regularity of Actions on Pairs of Multicomplexes

Let (K,L) be a pair of multicomplexes and let G be an amenable group acting
simplicially on K. If the action G y K preserves L, we know by Proposition 3.15
that every relative bounded coclass in H•b (K,L) can be represented by a G-invariant
cocycle. The goal of this section is obtain a similar result in the case in which the
action Gy K does not preserve L. To this end, we introduce a regularity condition
of the action G y K on L (Definition 5.19). Unlike in Proposition 3.15, in this
setting we are only able to retain a bi-Lipschitz control over the norms.

Given an actionGy K, we consider the induced actionGy C•b (K) on bounded
cochains. If H is a subgroup of G whose action on K preserves a submulticomplex
L of K, there is an obvious restriction map

r•G,H : C•b (K)G → C•b (L)H ,

whose kernel is C•b (K,L)G = C•b (K)G ∩ C•b (K,L). Unlike the case described in
Proposition 3.15, H could be a proper subgroup of G.

Definition 5.19. Let (K,L) be a pair of multicomplexes. Let G y K be a
simplicial action and let H be a subgroup of G which induces an action H y (K,L).
We say that the action Gy K has orbits in L induced by H if, for every algebraic
simplex s of L and every g ∈ G such that g · s is an algebraic simplex of L, there
exists h ∈ H such that h · s = g · s.

Simplicial actions as defined in Definition 5.19 arise in various geometric contexts
— for instance, in applications to the Relative Mapping Theorem (Lemma 5.25), to
amenable open covers (Lemma 6.14), and to simplicial volume of gluings (Lemma 7.10).
The following result shows that, under the regularity condition above, the restric-
tion map r•G,H is surjective, and will allow us, under suitable circumstances, to
take G-invariant cocycles in every relative coclass of H•b (K,L). The constant Cn
appearing in the following is described in Definition 2.8.

Lemma 5.20. Let (K,L) be a pair of multicomplexes. Let G y K be a sim-
plicial action and let H be a subgroup of G which induces an action H y (K,L).
Assume that the orbits of G in L are induced by H. Then the rows of the following
commutative diagram are both exact

0 C•b (K,L)G C•b (K)G C•b (L)H 0

0 C•b (K,L) C•b (K) C•b (L) 0

ι•

r•G,H

ι•G ι•H

r•

where the vertical arrows are inclusions of cochains. Moreover, if G is amenable
and the actions G y K and H y L are by automorphisms which are simplicially
homotopic to the identity, then ι• : C•b (K,L)G → C•b (K,L) induces a bi-Lipschitz
isomorphism in cohomology such that

(n+ 2)−1(2Cn)−1 · ‖α‖∞ ≤ ‖Hn
b (ι•)(α)‖∞ ≤ ‖α‖∞,

for every n ∈ N and every α ∈ Hn(C•b (K,L)G).

Proof. First of all, we show that we can extend H-invariant chains on L to
G-invariant chains on K, i.e. r•G,H is surjective. To this end our conditions on the
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action G y K are crucial. Let n ∈ N and let z ∈ Cn
b (L)H . We define a cochain

z′ ∈ Cn
b (K)G in the following way: for every algebraic n-simplex s of K, we set

z′(s) = z(ŝ), if s = g · ŝ for some g ∈ G and ŝ ∈ Cn(L), and z′(s) = 0, otherwise.
Since the action Gy K has orbits in L induced by H and z is H-invariant, it is easy
to check that z′ is indeed well-defined. Moreover it is clear from the construction
that z′ is G-invariant and satisfies rnG,H(z′) = z, thus the rows of the diagram are
both exact.

Assume now that G (hence H) is amenable and the actions Gy K and H y L
are by automorphisms which are simplicially homotopic to the identity. It follows
that ι•G and ι•H induce isometric isomorphisms in cohomology (Proposition 3.15).
Therefore, as an application of the Five Lemma, we can already deduce that ι•
induces an isomorphism in relative cohomology. Moreover, Hn

b (ι•) is of course
norm non-increasing. In order to retain further control over the norms, we need to
pass through mapping cones in the following way. We consider the mapping cone
complex Cone(rG,H)• associated to the restriction map r•G,H , and we denote by δ̄•
its differential. Similarly, we consider the mapping cone complex

Cone(r)• = C•b (L ↪→ K)
associated to the restriction map r• : C•b (K) → C•b (L). There is a natural chain
map induced by the inclusion of invariant cochains:

ϕn : Cone(rG,H)n → Cone(r)n, (u, v)→ (ιnG(u), ιn−1
H (v)).

We consider the following commutative diagram

Cn
b (K,L)G Cn

b (K,L)

Cone(rG,H)n Cone(r)n,

ιn

βn
G,H βn

ϕn

where βn was defined in Lemma 5.12 and βnG,H is defined by the formula
βnG,H(u) = (u, 0).

Of course, if β•, β•G,H and ϕ• induce bi-Lipschitz isomorphisms in cohomology, then
also ι• does. By Lemma 5.12, we know that β• induces in cohomology a bi-Lipschitz
isomorphism of type ((n + 2)−1, 1). The same argument of Lemma 5.12 applies
verbatim to the map β•G,H . It follows that β•G,H induces a bi-Lipschitz isomorphism
in cohomology such that

(n+ 2)−1 · ‖α‖∞ ≤ ‖Hn
b (β•G,H)(α)‖∞ ≤ ‖α‖∞,

for every α ∈ Hn(C•b (K,L)G). On the other hand, since G is amenable and the
action G y K is by automorphisms which are simplicially homotopic to the iden-
tity, we know that ι•G admits a (Cn)-chain homotopy inverse (Proposition 3.15).
The same holds for the action H y L, so that ι•H admits a (Cn)-chain homotopy
inverse. It follows from Lemma 5.10 that ϕ• induces a bi-Lipschitz isomorphism in
cohomology such that

(2Cn)−1 · ‖α‖ ≤ ‖Hn(ϕ•)(α)‖ ≤ ‖α‖,
for every α ∈ Hn(Cone(rG,H)•). In conclusion, since β•, β•G,H and ϕ• induce bi-
Lipschitz isomorphisms in cohomology, then also ι• does and the estimate over the
norms in the statement easily follows. �
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Remark 5.21. Let (K,L) be a pair of multicomplexes and let G be a group
acting onK. Assume that the actionGy K does not preserve the submulticomplex
L. The set GL of G-translates of L, is a submulticomplex of K and there is a
well-defined action G y (K,GL). In Kuessner’s work on multicomplexes (see, for
example, [Kue15, Corollary 2]) the following statement is claimed to be true. If G
is amenable and it acts on K by automorphisms which are simplicially homotopic to
the identity, then the relative bounded cohomology Hn

b (K,L) can be isometrically
computed via the resolution C•b (K,GL)G of G-invariant cochains on K relative to
GL. We believe that this approach underestimates some difficulties, which could
arise in geometric contexts, if we do not require some regularity of the actionGy K
on L. See Remark 6.15 and Remark 7.9 for more details.

5.6. The Relative Mapping Theorem

Gromov’s Mapping Theorem states that continuous maps between topological
spaces induces an isometric isomorphisms in bounded cohomology, provided that
the induced map on the fundamental groups is surjective with amenable kernel. The
situation for relative bounded cohomology is more delicate. The aim of this section
is to apply the regularity condition for simplicial actions introduced in Section 5.5
to establish the following version of the Relative Mapping Theorem.

Theorem 5.22 (Relative Mapping Theorem). Let f : (X,A) → (Y,B) be a
continuous map between good pairs which is bijective on the sets of path-connected
components. Assume that f induces epimorphisms with amenable kernel on funda-
mental groups of every component of X and every component of A, i.e. for every
x ∈ X and every a ∈ A, the maps

π1(f, x) : π1(X, x)→ π1(Y, f(x)), π1(f |A, a) : π1(A, a)→ π1(B, f(a)),

are surjective with amenable kernel. Then the induced map in bounded cohomology

Hn
b (f) : Hn

b (Y,B)→ Hn
b (X,A)

is a bi-Lipschitz isomorphism such that

(n+ 2)−1(2Cn)−1 · ‖α‖∞ ≤ ‖Hn
b (f)(α)‖∞ ≤ ‖α‖∞,

for every n ∈ N and every α ∈ Hn
b (Y,B).

Remark 5.23. Theorem 5.22 differs from the version of the Relative Mapping
Theorem suggested by Gromov in [Gro82, Section 4.1], where no assumptions on
higher homotopy are made and an isometric control over the norms is claimed. It
is unclear to us how to remove the higher homotopy assumptions or how to achieve
a stronger control over the norms. Moreover, we expect that alternative proofs
of Theorem 5.22 may be formulated within the framework developed by Park in
[Par03].

Our proof of Theorem 5.22 follows the proof of the Mapping Theorem presented
in [FM23]. We can assume without loss of generality that X and Y are path-
connected. Let {Ai | i ∈ I} be the set of path connected components of A, and take
a basepoint xi ∈ Ai for every i ∈ I. From the assumptions of Theorem 5.22, we
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have a commutative diagram of groups

(5.4)
1 Ni π1(A, xi) π1(B, f(xi)) 1

1 Mi π1(X, xi) π1(Y, f(xi)) 1

where the rows are exact, the vertical maps are injective and the groups Mi, Ni

are amenable. The group π1(X, xi) (resp. π1(A, xi)) is canonically isomorphic to
π1(X, x) (resp. π1(A, a)) for every x ∈ X (resp. a ∈ Ai), up to conjugation. Since
Mi is normal in π1(X, xi), there exist well-defined isomorphic images (Mi)x of Mi

inside π1(X, x) for every x ∈ X. Similarly, there exist well-defined isomorphic
images (Ni)a of Ni inside π1(A, a) for every a ∈ Ai. We set

Hi =
⊕
a∈Ai

(Ni)a, Gi =
⊕
x∈X

(Mi)x.

Since X is assumed to be connected, we have that, for every i 6= j ∈ I, Gi and
Gj identify the same subgroup of Π(X,X), which is denoted by G. On the other
hand, the groups Hi and Hj, understood as subgroups of Π(A,A), commute with
each other, as they act on disjoint sets of vertices of A(A). Since A is π1-injective
in X, then Π(A,A) embeds into Π(X,X). It follows that the group

H =
⊕
i∈I

Hi

is naturally a subgroup of G ≤ Π(X,X). Since the class of amenable groups is
closed under direct sums, both G and H are amenable. Since the pair (X,A) is
good, there is a well-defined pair of aspherical multicomplexes (A(X),A(A)). The
group G acts on the multicomplex A(X) as described in Section 4.2. Moreover,
the subgroup H ≤ G induces a well-defined action H y (A(X),A(A)). The first
part of the following lemma is [FM23, Lemma 5.4]. The second part, which follows
directly from the construction, is the key step in showing that the action Gy A(X)
has orbits in A(A) induced by H (Lemma 5.25).

Lemma 5.24. Let e, e′ be edges of A(X) such that there exists g ∈ G such that
g · e = e′. In particular, e and e′ have the same endpoints x0 and x1. Then, for
every g0 ∈ Mx0 there exists a unique element g1 ∈ Mx1 such that (g0, g1) · e = e′.
Moreover, if e and e′ are both edges of A(A), and g0 ∈ Nx0, then g1 ∈ Nx1. In
particular, (g0, g1) ∈ H.

Proof. Let γe (resp. γe′) be a path in X representing the edge e (resp. e′)
such that γe(0) = x0 and γe(1) = x1 (resp. γe′(0) = x0 and γe′(1) = x1). The fact
that g · e = e′ implies that the concatenation γ̄e ∗ γe′ is in Mx1 (Lemma 4.6). Let α0
be a loop based at x0 representing g0. We consider the loop α1 based at x1 given
by the concatenation

α1 = γ̄e ∗ α0 ∗ γe′ ,
and we denote by g1 the element of π1(X, x1) represented by α1. It follows directly
from the construction that g1 ∈Mx1 is the unique element such that (g0, g1) ·e = e′.
On the other hand, if e, e′ are edges of A(A) and g0 ∈ Nx0 , then γe, γe′ and α0 can
be all assumed to have values in A, hence also α1 does. Since π1(A, x1)∩Mx1 = Nx1 ,
we have that g1 ∈ Nx1 . �
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Lemma 5.25. The action Gy A(X) has orbits in A(A) induced by H.

Proof. Let s = (∆, (x0, . . . , xn)) be an algebraic n-simplex of A(A) and let
g ∈ G be such that g · s is an algebraic n-simplex of A(A). We need to show
that there exists an element h ∈ H such that h · s = g · s. Let {v0, . . . , vk} be
the vertices of ∆, where k ≤ n. We denote by ei,j the edge of ∆ between the
vertices vi and vj, for i < j, and we set e′i,j = g · ei,j. Let γi,j : [0, 1] → A (resp.
γ′i,j : [0, 1] → A) be a path from vi to vj representing ei,j (resp. e′i,j). Of course,
we have that γi,j ∗ γj,k ' γi,k and γ′i,j ∗ γ′j,k ' γ′i,k for every i < j < k (where '
means that the paths are homotopic in A relative to the endpoints). By repeatedly
using Lemma 5.24 (with h0 = 1), for every i ∈ {0, . . . k} there is hi ∈ Nvi

such that
(hi−1, hi) ·ei−1,i = e′i−1,i. This means that, for every loop αi representing hi, we have
that

ᾱi−1 ∗ γi−1,i ∗ αi ' γ′i−1,i.

Let h = ⊕kj=0hj. We want to show that h · ei,k = e′i,k for every i < k. We know
that this holds if |i − k| = 1. If |i − k| > 1, we can take j ∈ {0, . . . , k} such that
i < j < k. Therefore, by induction on |i− k|, we deduce that

ᾱi ∗ γi,k ∗ αk ' ᾱi ∗ γi,j ∗ γj,k ∗ αk
' ᾱi ∗ γi,j ∗ αj ∗ ᾱj ∗ γj,k ∗ αk
' γ′i,j ∗ γ′j,k ' γ′i,k,

hence h · ei,k = e′i,k. It follows that h · e = g · e, for every edge e of ∆, hence
g ·∆1 = h ·∆1, where ∆1 denotes the 1-skeleton of ∆. Since A(X) is an aspherical
multicomplex, this is indeed sufficient to conclude (Proposition 2.24). �

Since the actions Gy A(X) and H y A(A) are 0-trivial, there are well-defined
quotient multicomplexes A(X)/G and A(A)/H (Proposition 1.7). Moreover, being
H a subgroup of G, the inclusion A(A) ↪→ A(X) descends to the quotient, i.e. there
exists a simplicial map

ĵ : A(A)/H → A(X)/G

such that the following diagram

A(A) A(X)

A(A)/H A(A)/G

qN qM

ĵ

is commutative, where the vertical arrows are quotient maps. Using the same
argument of Lemma 5.25, it is easy to see that, for every pair of edges e, e′ of A(A)
such that g ·e = e′ for some g ∈ G, there exists h ∈ H such that h ·e = e′. It follows
that the simplicial map ĵ is, in fact, a simplicial embedding. Therefore there exists
a well-defined map of pairs

q : (A(X),A(A))→ (A(X)/G,A(A)/H).
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Proof of Theorem 5.22. As in our proof of Theorem 2, we have the follow-
ing diagram

(X,A) (Y,B)

(|L(X)|, |L(A)|) (|L(Y )|, |L(B)|)

(|A(X)|, |A(A)|) (|A(Y )|, |A(B)|)

f

SX◦iX

πX

L(f)

SY ◦iY

πY

A(f)

which is commutative up to homotopy (of maps of pairs) and whose vertical arrows
induce isometric isomorphisms in bounded cohomology. The map induced by the
quotient map q on bounded cochains coincides with the inclusion

C•b (A(X),A(A))G ↪→ C•b (A(X),A(A))
of invariant cochains. Since the action G y A(X) has orbits in A(A) induced
by H, it follows that the map induced by q in relative bounded cohomology is a
bi-Lipschitz isomorphism (Proposition 5.20). We want to construct a homotopy
equivalence of pairs h such that the following diagram

(|A(X)|, |A(A)|) (|A(Y )|, |A(B)|)

(|A(X)/G|, |A(A)/H|)

A(f)

|q| h

is commutative up to homotopy. To this end, we want to invoke Proposition 3.17.
We know that (every connected component of) |A(X)/G| and |A(A)/H| are classi-
fying spaces for the groups π1(X, x)/Mx and π1(A, a)/Na for every x ∈ X and every
a ∈ A (Proposition 4.7). Diagram (5.4) induces a commutative diagram

(5.5)
π1(|A(A)/H|, x) π1(|A(B)|, y)

π1(|A(X)/G|, x) π1(|A(Y )|, y)

whose vertical arrows are injective and whose horizontal arrows are isomorphisms,
for some x ∈ X and some y ∈ Y . In order to invoke Proposition 3.17 we need to
show that (5.5) is induced by a map on the 1-skeleton. Without loss of generality,
we can assume A(f) to be cellular on the 1-skeleton. Let now e, e′ be edges of
A(X) such that q(e) = q(e′) (in particular they have the same endpoints). Let
χe : [0, 1] → |e| ⊆ |A(X)| and χe′ : [0, 1] → |e′| ⊆ |A(X)| be the characteristic
maps of e and e′. Then A(f) ◦ χe and A(f) ◦ χe′ identify two continuous paths
in |A(Y )| with the same endpoints whose concatenation is homotopically trivial
(being e ∗ e′ in M by Lemma 4.6). Completeness and minimality of A(Y ) imply
that A(f) ◦ χe and A(f) ◦ χe′ are homotopic (relative to the vertices) to the same
simplicial embedding. This fact, together with the fact that the quotient map q
has a section on the 1-skeleton, guarantees that (5.5) is induced by a continuous
map on the 1-skeleton. We can therefore invoke Proposition 3.17 to obtain a map
h : (|A(X)/G|, |A(A)/H|) → (|A(Y )|, |A(B)|) such that h ◦ |q| is homotopic (as a
map of pairs) to A(f). Moreover, as |A(X)/G| and |A(A)/H| are aspherical, the
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maps induced by h on |A(X)/G| and |A(A)/H| are homotopy equivalences [Hat02,
Proposition 1B.9]. Since the inclusion |A(A)/H| ↪→ |A(X)/G| is a cofibration, it
follows that h is a homotopy equivalence of pairs [May99, Chapter 6, Section 5],
and thus induces an isometric isomorphism in bounded cohomology. This concludes
the proof of Theorem 5.22. The bi-Lipschitz constants in the statement are the same
appearing in Lemma 5.20. �





CHAPTER 6

The Relative Vanishing Theorem

Gromov’s Vanishing Theorem is a powerful vanishing criterion for the compari-
son map in presence of amenable open covers of small multiplicity. A generalization
of Gromov’s result to the relative setting has been provided by Li, Löh and Moras-
chini in [LLM22] and by Raptis in [Rap24]. In this chapter, we present the results
of [Cap25], which extend those of Li, Löh, and Moraschini in two directions, fol-
lowing Gromov’s approach via multicomplexes. Our arguments build on the same
geometric construction developed in the absolute case in [FM23, Chapter 6].

6.1. Amenable Covers and Relative Vanishing Theorems

We begin with the fundamental notion of amenable subset of a topological space.

Definition 6.1. Let X be a topological space. A subset U of X is amenable
if, for every x ∈ U , the image of the map

π1(U, x)→ π1(X, x),

induced by the inclusion U ↪→ X, is an amenable subgroup of π1(X, x). Amenable
subsets are not required to be path-connected.

Let X be a topological space. An open cover U of X is a set of open subsets
of X such that ⋃U∈U U = X. An open cover U of X is called amenable if every
element of U is an amenable subset of X. The multiplicity mult(U) of U is the
supremum of the set of natural numbers k ∈ N≥1 such that

U1 ∩ · · · ∩ Uk 6= ∅

for some pairwise distinct U1, . . . , Uk ∈ U . If such a number does not exists, we set
mult(U) =∞. We say that U is locally finite if it has finite multiplicity.

Theorem 6.2 (Vanishing Theorem). Let X be a topological space and let U be
an amenable open cover of X. Then the comparison map compn : Hn

b (X)→ Hn(X)
vanishes for every n ≥ mult(U).

As already mentioned in the introduction, several proofs of the Vanishing The-
orem are available in the literature. In this chapter we adapt the proof given by
Frigerio and Moraschini in [FM23] to the relative setting. A pair of topological
spaces (X,A) is called triangulable if there exists a pair of simplicial complexes
(T, S) such that (X,A) = (|T |, |S|).

Theorem 6 (Relative Vanishing Theorem). Let (X,A) be a triangulable pair
and assume that the kernel of the morphism π1(A ↪→ X, x) is amenable for every
x ∈ A. Let U be an amenable cover of X by path-connected open subsets such that:

(RC1) For every U ∈ U such that U ∩ A 6= ∅, U ∩ A is path-connected;
83
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(RC2) For every U ∈ U such that U ∩ A 6= ∅, the inclusion
im(π1(U ∩ A, x)→ π1(X, x)) ↪→ im(π1(U, x)→ π1(X, x))

is an isomorphism for every x ∈ U ∩ A.
Then the comparison map compn : Hn

b (X,A;R) → Hn(X,A;R) vanishes for every
n ≥ mult(U).

Our proof of Theorem 6 is presented in Section 6.4. The regularity condition
(RC1) and (RC2) were introduced by Li, Löh and Moraschini in [LLM22]. Of
course, (RC1) and (RC2) are empty if A = ∅. Moreover, (RC2) is empty when U
consists of π1-contractible subsets, i.e. when the map π1(U, x)→ π1(X, x) is trivial
for every U ∈ U and every x ∈ U .

Remark 6.3. Let S be an oriented compact connected surface of genus one
with one boundary component. It is well known that the relative simplicial volume
‖S, ∂S‖ of S is positive [Gro82], hence the comparison map comp2 : H2

b (S, ∂S)→
H2(S, ∂S) is non-zero by duality (Lemma 3.1). Moreover, the boundary ∂S is π1-
injective in S. Therefore, the open covers of S in Figure 5 show that the regularity
assumptions (RC1) and (RC2) of Theorem 6 are optimal.

Figure 5. These open covers of S are amenable and have multiplic-
ity 2. The one on the left satisfies (RC1), but not (RC2), the one on
the right satisfies (RC2), but not (RC1).

To every open cover U of X, one can associate a simplicial complex in the
following way. The nerve N(U) of U is the simplicial complex whose set of vertices
is the set U itself and pairwise-different sets U0, . . . , Uk ∈ U span an k-simplex in
N(U) if and only if

U0 ∩ · · · ∩ Uk 6= ∅.
Of course, dim(N(U)) = mult(U)−1. If X is paracompact (hence admits partitions
of unity subordinated to any open cover), there is a well defined nerve map ν : X →
|N(U)|. Given a partition of unity Θ = (ϑU)U∈U subordinated to the cover U , the
map

νΘ : X → |N(U)|, νΘ(x) =
∑
U∈U

ϑU(x) · U

is well-defined and continuous. Such a map is unique up to homotopy: if Θ′ is
another partition of unity subordinated to U , then the convex combination

tνΘ + (1− t)νΘ′ : X → |N(U)|
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is well-defined for every t ∈ [0, 1] and defines a homotopy between νΘ and νΘ′ . We
say that U is convex if, for every k ∈ N and every U1, . . . , Uk ∈ U , the intersection
U1 ∩ · · · ∩ Uk is path-connected.

Let (X,A) be a pair of topological spaces and let U be an open cover of X. We
denote by

UA = {U ∩ A |U ∈ U}
the open cover of A induced by U . If U consists of path-connected sets and satisfies
(RC1), then there is an obvious simplicial inclusion N(UA)→ N(U), which is given
on vertices by U ∩ A 7→ U . Therefore, in this case the pair of simplicial complexes
(N(U), N(UA)) is well-defined and every nerve map ν : X → |N(U)| induces a map
of pairs

ν : (X,A)→ (|N(U)|, |N(UA)|).
The following notions were introduced in [LLM22]. An open cover U of X is called
weakly-convex on A if, for every k ∈ N and every U1, . . . , Uk ∈ U with

U1 ∩ · · · ∩ Uk ∩ A 6= ∅,

then each path-connected component of U1 ∩ · · · ∩ Uk intersects A. Convex open
covers are also weakly convex. The relative multiplicity multA(U) of U (with respect
to A) is defined as the supremum of the set of natural numbers k ∈ N≥1 such that

U1 ∩ · · · ∩ Uk 6= ∅, U1 ∩ · · · ∩ Uk ∩ A = ∅,

for some pairwise distinct U1, . . . , Uk ∈ U . Of course, multA(U) is a lower bound of
mult(U). The following result, proven in Section 6.4, shows that imposing stronger
assumptions on the open cover yields stronger vanishing conclusions for the com-
parison map.

Theorem 7. Let (X,A) be a triangulable pair and assume that the kernel of
the morphism π1(A ↪→ X, x) is amenable for every x ∈ A. Let U be a locally-finite
amenable cover of X by path-connected open subsets satisfying (RC1) and (RC2).

(1) If U is weakly-convex on A, then the comparison map compn vanishes for
every n ≥ multA(U).

(2) If U is convex, then for every n ∈ N there exists a map Θn such that the
following diagram commutes

Hn
b (X,A) Hn(X,A)

Hn(N(U), N(UA)) Hn(|N(U)|, |N(UA)|),

compn

Θn

∼=

Hn(ν)

where ν : (X,A)→ (|N(U)|, |N(UA)|) is a nerve map.

Let dim(N(U), N(UA)) denote the dimension of the relative simplicial complex
(N(U), N(UA)), i.e. the maximum dimension of simplices of N(U) which are not
contained inN(UA). By definition, we have that dim(N(U), N(UA)) = multA(U)−1.
Since dim(N(U), N(UA)) ≤ multA(U) ≤ mult(U), the conclusion of Theorem 7(2)
is stronger than that of Theorem 7(1), which in turn is stronger than the conclusion
of Theorem 6. The price to pay for this increased generality is the need for stronger
assumptions on the open cover.
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Remark 6.4. Theorem 7 is a natural extensions of the Relative Vanishing The-
orem by Li, Löh and Moraschini [LLM22, Theorem 1.1]. Their result in fact
deduces the same conclusions (1) and (2) of our Theorem 7, under the assump-
tions that (X,A) is a CW-pair such that A is π1-injective in X and U is a (not
necessarily locally-finite) boundedly acyclic open cover by path-connected subsets
satisfying (RC1) and (RC2). Of course, triangulable pairs are in particular CW-
pairs. However, not every CW-pair can be triangulated [FP90, Corollary 4.6.12].
Moreover, amenable open covers are in particular boundedly acyclic, and it is not
clear whether our results can be extended to this case. On the other hand, our as-
sumption which requires the kernel of the map π1(A ↪→ X) to be amenable is clearly
more flexible than π1-injectivity. We also underline the fact that, with respect to
[LLM22], we need to assume U to be locally finite.

The statement of Theorem 6 differs from that of [LLM22, Theorem 1.1] in
that it is formulated using the absolute multiplicity rather than the relative one.
However, following the announcement of the results in [Cap25], we learned through
private communication with the authors of [LLM22] that the statement of Theorem
6 can also be derived within their framework.

We conclude this section with another formulation of the Relative Vanishing
Theorem, as presented in the work of Raptis [Rap24]. Recall that a k-simplex σ
of N(U) is a set {U0, . . . , Uk} of pairwise distinct elements of U whose intersection
is non-empty. For every simplex σ of N(U), we denote by Uσ = U0 ∩ · · · ∩ Uk the
common intersection of its vertices, and we consider the map

jσ : π0(Uσ ∩ A)→ π0(Uσ)

induced by inclusion. Observe that requiring U to be weakly convex on A is equiv-
alent to requiring that jσ is surjective for every simplex σ of N(U). Curiously,
the injectivity of jσ also implies the vanishing of the comparison map in bounded
cohomology.

Theorem 6.5 ([Rap24, Application 5.3]). Let (X,A) be a pair of topological
spaces and let U an amenable open cover of X. Assume that UA is an amenable
open cover of A. If jσ is injective for every simplex σ of N(U), then the comparison
map

compn : Hn
b (X,A)→ Hn(X,A)

vanishes for every n ≥ mult(U).

Even though condition (RC1) is implicitly included in the assumptions of The-
orem 6.5 via the injectivity of jv for every vertex v of N(U), there is no trace of
condition (RC2).

Remark 6.6. Requiring UA to be amenable is strictly weaker than requiring A
to be π1-injective in X, or the kernel of the morphism π1(A ↪→ X) to be amenable,
which is the assumption we do in Theorems 6 and 7. For example, if A is π1-
injective in X, then the open cover UA remains amenable, because amenability is
preserved under passing to subgroups. The same holds if the kernel of the morphism
π1(A ↪→ X) is amenable. This follows from a more general fact about pull-back
covers [CLM22, Remark 2.9]. In fact, for every continuous map f : X → Y with
amenable kernel and every amenable subset U of Y , then the pull-back f−1(U) is
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an amenable subset of X. In fact, for every x ∈ f−1(U), we have a commutative
diagram of groups

π1(f−1(U), x) π1(U, f(x))

π1(X, x) π1(Y, f(x))π1(f,x)

whose vertical arrows are induced by inclusions. It follows that
im(π1(f−1(U) ↪→ X, x))

is an extension of im(π1(U ↪→ Y, f(x))) by a subgroup of ker(π1(f, x)). Since
extensions of amenable groups is amenable, we conclude that f−1(U) is amenable
in X.

6.2. Applications to Simplicial Volume

Via duality (Lemma 3.1), Theorem 6 implies the following vanishing result for
the simplicial volume of manifolds with boundary.

Corollary 6.7. Let M be an oriented compact connected triangulable manifold
with non-empty boundary. Assume that the kernel of the morphism π1(∂M ↪→M,x)
is amenable for every x ∈ ∂M . Assume moreover that M admits an amenable open
cover U by path-connected open subsets satisfying conditions (RC1) and (RC2) (with
X = M and A = ∂M). If mult(U) ≤ dim(M), then ‖M,∂M‖ = 0.

We want to compare Corollary 6.7 with the main relative vanishing result avail-
able for simplicial volume, which is based on Gromov’s vanishing theorem for non-
compact manifolds [Gro82] [FM23, Corollary 11].

Theorem 6.8 ([LMR22, Theorem 3.13]). Let M be an oriented compact con-
nected manifold with non-empty boundary that admits an amenable open cover U
with the following properties:

(1) The multiplicity of U is at most dim(M);
(2) The multiplicity of U∂M is at most dim(∂M);
(3) The open cover U∂M of ∂M is amenable.

Then ‖M,∂M‖ = 0.

Since the previous result has no assumptions on the pair (M,∂M), it is of course
more general than Corollary 6.7. However, by making further assumptions on the
pair (M,∂M), one can give simplified proofs of Theorem 6.8 based on relative ver-
sions of Gromov’s Vanishing Theorem. One such argument is presented in [LLM22,
Section 6.4]. In the particular case where M is triangulable and the kernel of the
morphism π1(∂M ↪→M) is amenable, Theorem 6.8 also follows from Corollary 6.7.
For the sake of completeness, we include the proof of this fact, which follows a clas-
sical strategy for modifying open covers while controlling the multiplicity [FM23,
Theorem 11.8] [LS09, Theorem 5.3].

Proof of Theorem 6.8. (for triangulable manifolds with ker(π1(∂M ↪→
M)) amenable). Let M be an oriented compact connected triangulable manifold
with non-empty boundary such that the kernel of the morphism π1(∂M ↪→ M,x)
is amenable for every x ∈ ∂M . Let U be an amenable open cover of M such that
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mult(U) ≤ dim(M) and mult(U∂M) ≤ dim(∂M). Observe that under our assump-
tion U∂M is automatically an amenable open cover of ∂M . We want to construct
an amenable open cover U ′ of M by path-connected subsets satisfying (RC1) and
(RC2) on ∂M such that mult(U ′) ≤ dim(M). This implies that ‖M,∂M‖ = 0 by
Corollary 6.7.

By compactness and after possibly splitting connected components, we may as-
sume that U is finite and consists of path-connected subsets, say U = {U1, . . . , Uk}.
Since ∂M admits a collar neighborhood in M , we may write

M ∼= M ′ = M ∪ (∂M × [0, 1])
so that ∂M ′ = ∂M × {1}. Let a0 = 0 and ak+1 = 1. We take ε ∈ R>0 and
a1, . . . , ak ∈ [0, 1] such that ai−1, ai+1 /∈ (ai − ε, ai + ε) for every i ∈ {1, . . . , k}. Let
U(i) be the set of path-connected components of Ui ∩ ∂M . For every i ∈ {1, . . . , k}
such that Ui ∩ ∂M 6= ∅, we set

U ′i = Ui ∪ ((Ui ∩ ∂M)× [0, ai + ε)) ⊆M ′

and
U ′(i) = {U × (ai − ε, 1] |U ∈ U(i)} .

If Ui ∩ ∂M = ∅, we just set U ′i = Ui and U ′(i) = ∅. We obtain in this way a new
open cover

U ′ = {U ′1, . . . U ′k} ∪ U ′(1) ∪ · · · ∪ U ′(k)
of M ′. One can check that U ′ is an amenable open cover such that

mult(U ′) ≤ max{mult(U),mult(U∂M) + 1},
hence mult(U ′) ≤ dim(M). Since only sets of the form U × (ai − ε, 1] touch the
boundary ∂M ′, it is easy to check that both (RC1) and (RC2) are satisfied. It is
shown in [LLM22, Section 6.4] that U ′ is also weakly-convex on M ′, therefore also
Theorem 7(1) applies. �

Another application of Theorem 6 is the following. Let p : E → B be a locally-
trivial fiber bundle, where E and B are manifolds, and let F denote the fiber.
As already mentioned in the introduction, it is still an open question whether the
inequality ‖E‖ ≥ ‖B‖ · ‖F‖ holds in full generality [HK01, Buc09]. We want
to investigate under which conditions the vanishing of ‖E‖ implies the vanishing
of ‖B‖. By the long exact sequence of homotopy groups of fibrations, we know
that pair (E,F ) satisfies the assumptions of Theorem 6, i.e. for every x ∈ F the
morphism π1(F ↪→ E, x) has amenable kernel. Assume that p has a section s.
If E admits an amenable open cover U of multiplicity mult(U) ≤ dim(B) (which
of course implies that ‖E‖ = 0 by Gromov’s Vanishing Theorem), then the pull-
back cover {s−1(U) |U ∈ U} is an amenable open cover of B (Remark 6.6) and its
multiplicity is at most mult(U) ≤ dim(B), hence ‖B‖ = 0. The following corollary
shows that, under a cohomological condition which is weaker than having a section,
one can get the same conclusion by requiring some regularity of U over the fibers.

Corollary 6.9. Let p : E → B be a smooth locally trivial fiber bundle with
fiber F , where E, B and F are oriented closed connected smooth manifolds. Let
n = dim(B) ≥ 2 and assume that

Hn(p) : Hn(B)→ Hn(E)
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is injective (which occurs, for example, when p admits a section). Assume moreover
that E admits an amenable open cover U by path-connected open subsets satisfying
(RC1) and (RC2) on F . If mult(U) ≤ dim(B), then ‖B‖ = 0.

Proof. Let b0 ∈ B be a basepoint such that F = p−1(b0). We consider the
following commutative diagram

Hn
b (B) Hn

b (B, {b0}) Hn
b (E,F )

Hn(B) Hn(B, {b0}) Hn(E,F )

∼=

compn
B

Hn
b (p)

compn

∼= Hn(p)

where the vertical arrows are comparison maps. Under our assumptions, we know
by Theorem 6 that compn = 0. Moreover, the long exact sequence of the pairs
(E,F ) and (B, {b0}) implies that

Hn(p) : Hn(B, {b0})→ Hn(E,F )
is injective if and only if Hn(p) : Hn(B) → Hn(E) is injective. It follows that
compnB = 0, hence ‖B‖ = 0 by duality (Lemma 3.1). �

6.3. Amenable subgroups of Π(X,X)

Before entering into the proofs of Theorem 6 and Theorem 7 we need some
preliminary results. We refer the reader to Section 4.2 for the definition of the
group Π(X,X) and its action on the aspherical multicomplex A(X).

Amenable subsets identify amenable subgroups of Π(X,X), which in turn act
on the aspherical multicomplex A(X). If V ⊆ U ⊆ X, then the inclusion (U, V ) ↪→
(X,X) induces a group homomorphism

Π(U, V )→ Π(X,X),
whose image is denoted by ΠX(U, V ).

Lemma 6.10 ([FM23, Lemma 6.6]). Let U be an amenable subset of X and let
V ⊆ U be any subset. Then the subgroup ΠX(U, V ) ≤ Π(X,X) is amenable.

Proof. The exact sequence from Proposition 4.2 induces the exact sequence
1→

⊕
x∈V

im(π1(U ↪→ X, x))→ ΠX(U, V )→ Σfin(V )

where Σfin(V ) denotes the group of permutations of V with finite support (which
is locally amenable, hence amenable). It follows that the group ΠX(U, V ) is an
extension of an amenable group by an amenable group, hence it is amenable. �

Let (X,A) be a triangulable pair, and let (T, S) be any pair of simplicial com-
plexes such that (X,A) = (|T |, |S|). Recall from Section 5.1 that we have a com-
mutative diagram of simplicial maps

K(A) L(A) A(A) AX(A)

K(X) L(X) A(X) A(X)

jK

iA

jL

π

jA

q

iX π id

where jK is the inclusion of singular multicomplexes, iX and iA are the inclusions
of minimal multicomplexes, jL is the map described in Proposition 5.1, π is the
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quotient map which identifies simplices sharing the same 1-skeleton and jA is the
map induced by jL on the quotient. We know that jL and jA are not injective
in general (Proposition 5.4 and Proposition 5.5). The multicomplex AX(A) is the
image of jA inside A(X).

There is a natural way to construct a copy of T insideA(X) [FM23, Section 6.2].
Inside the singular multicomplex K(X) we can find a submulticomplex KT (X) ∼=
T whose simplices correspond to equivalence classes of affine parametrizations of
simplices of T . Moreover, we can assume thatKT (X) ⊆ L(X), by choosing simplices
ofKT (X) as representatives in their homotopy class. Since T is a simplicial complex,
every simplex in KT (X) is uniquely determined by its 0-skeleton, hence the quotient
map π : L(X) → A(X) is injective on KT (X). Therefore we can construct a copy
of T inside A(X). The same construction applies to S, so that KS(A) ⊆ L(A).
As before, both π : L(A) → A(A) and q : A(A) → AX(A) are injective on KS(A).
It follows that S sits inside AX(A) ∩ T . Moreover, the choices which ensure that
KT (X) ⊆ L(X) and KS(A) ⊆ L(A) are clearly compatible with the ones described
in Setup 5.2, so that both the squares of the following diagram are commutative

(6.1)
KS(A) L(A) K(A)

KT (X) L(X) K(X).

jL

iA

jK

iA

Remark 6.11. Since A(X) is a model for the classifying space of the funda-
mental group of X, the inclusion T ∼= KT (X) ↪→ A(X) gives an explicit classifying
map when X is triangulable.

We want to invoke Theorem 5 to get an isomorphism of vector spaces
Ψn : Hn

b (A(X),AX(A))→ Hn
b (X,A).

To this end, it is crucial that the kernel of the map π1(A ↪→ X) is amenable. This
is the only step in our proof in which we use this assumption.

Lemma 6.12. Let (X,A) be a triangulable pair, and let (T, S) be any pair of
simplicial complexes such that (X,A) = (|T |, |S|). Assume that the kernel of the
morphism π1(A ↪→ X, x) is amenable for every x ∈ A. Let z ∈ Cn

b (A(X),AX(A)) be
a bounded cocycle which vanishes on Cn(T ) ⊆ Cn(A(X)). Then compn ◦Ψn([z]) = 0
in Hn(X,A).

Proof. The inclusion of pairs (T, S) ⊆ (A(X),AX(A)) induces a restriction
map rnA : Cn

b (A(X),AX(A))→ Cn
b (T, S). Similarly, the leftmost square of diagram

(6.1) induces a restriction map rnL : Cn
b (L(A)→ L(X))→ Cn

b (S ↪→ T ) on mapping
cones. We consider the following diagram

Cn
b (A(X),AX(A)) Cn

b (T, S) Cn(T, S) Cn(T, S)

Cn
b (L(A)→ L(X)) Cn

b (S ↪→ T ) Cn(S ↪→ T )

Cn
b (X,A) Cn(X,A).

rn
A

ζn βn βn

rn
L

ϑn

ϕn
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Here hooked arrows denote inclusion of chains, which induce comparison maps
in cohomology. The maps ζn and ϑn, introduced in the proof of Theorem 5,
induce isomorphisms in cohomology whose composition defines Ψn. The maps
βn, defined in Lemma 5.12, and the map ϕn, induced by the chain inclusion
Cn(T ) → Cn(|T |) = Cn(X), also induce isomorphisms in cohomology, by Lemma
5.12 and Proposition 1.8 respectively. Since z vanishes on Cn(T ), we have that
rnA(z) = 0. Since the diagram is commutative and every vertical arrow induces an
isomorphism in cohomology, the statement easily follows. �

Let U = {Ui | i ∈ I} be a locally finite amenable open cover of X by path-
connected subsets. We denote by V the set of vertices of T . For every vertex
v ∈ V , the closed star of v in T is the subcomplex of T containing all the simplices
having v as a vertex. By suitably subdividing T , we can assume that, for every
v ∈ V , there exists i(v) ∈ I such that the closed star of v in T is contained in Ui(v)
[Mun84, Theorem 16.4]. Of course the choice of i(v) may not be unique. For every
i ∈ I, we set Vi = {v ∈ V (T ) | i(v) = i}. We consider the group

G =
⊕
i∈I

ΠX(Ui, Vi).

Since Ui is amenable in X, then ΠX(Ui, Vi) is an amenable group by Lemma 6.10.
The direct sum of amenable groups is amenable, hence also G is amenable. More-
over, since Vi∩Vj = ∅ for every i 6= j, elements of ΠX(Ui, Vi) commute with elements
of ΠX(Uj, Vj). It follows that there is a well-defined map from G to Π(X,X). This
map is injective because the intersection ΠX(Ui, Vi) ∩ 〈ΠX(Uj, Vj) : j 6= i〉 is trivial
for every i ∈ I. In fact, non-trivial elements of the former group are represented by
paths with endpoints in Vi, while non-trivial elements of the latter by paths with
endpoints in ⋃j 6=i Vi, which is disjoint from Vi. Therefore G can be identified with
a subgroup of Π(X,X) and acts on A(X) accordingly. Notice that this action does
not preserve the submulticomplex AX(A). The group

H =
⊕
i∈I

ΠX(Ui ∩ A, Vi ∩ A)

identifies a subgroup of G inducing an action on the pair (A(X),AX(A)). Being a
subgroup of an amenable group, H is amenable. The regularity conditions (RC1)
and (RC2) are used in our proof via the following lemma.

Lemma 6.13. Let (X,A) be a pair of topological spaces and let U be an cover of
X by path-connected open subsets. Then U satisfies the following conditions:

(RC1) For every U ∈ U such that U ∩ A 6= ∅, U ∩ A is path-connected;
(RC2) For every U ∈ U such that U ∩ A 6= ∅, the inclusion

im(π1(U ∩ A, x)→ π1(X, x)) ↪→ im(π1(U, x)→ π1(X, x))
is an isomorphism for every x ∈ U ∩ A;

if and only if, for every U ∈ U and for every path γ : [0, 1] → U with endpoints in
U ∩ A, there exists a path λ : [0, 1] → U ∩ A such that λ is homotopic in X to γ
relative to the endpoints.

Proof. Assume that U satisfies (RC1) and (RC2). Given U ∈ U and γ as
above, by (RC1) there exists a path ε : [0, 1] → U ∩ A from γ(0) to γ(1). The
homotopy class of the loop γ ∗ ε̄ identifies an element of im(π1(U ↪→ X, γ(0))),



92 6. THE RELATIVE VANISHING THEOREM

hence, by (RC2), there exists a loop δ : [0, 1] → U ∩ A which is homotopic in X
to γ ∗ ε̄ relative to the endpoints. Therefore, we can set λ = δ ∗ ε. The converse
implication is straightforward. �

The regularity conditions (RC1) and (RC2) satisfied by the open cover are cru-
cial to show that the action Gy A(X) has orbits in AX(A) induced by H.

Lemma 6.14. Assume that U satisfies (RC1) and (RC2). Then the action Gy
A(X) has orbits in AX(A) induced by H.

Proof. Let σ = (∆, (x0, . . . , xn)) be an algebraic n-simplex of AX(A) and let
g ∈ G be such that g · σ is an algebraic n-simplex of AX(A). We need to show
that there exists an element h ∈ H such that h · σ = g · σ. Let {v0, . . . , vk} be
the vertices of ∆, where k ≤ n, and let (γx)x∈X be any representative of g. Since
vj and g · vj are both vertices of AX(A) (hence points of A), by the definition of
the action G y A(X), we have that γvj

has both endpoints in A. Moreover, by
the definition of G, we have that γvj

is supported in some element of U . Hence
there are i0, . . . , ik ∈ I such that γvj

: [0, 1] → Uij has both endpoints in Uij ∩ A.
Since the open cover U satisfies (RC1) and (RC2), by Lemma 6.13 there exist paths
λvj

: [0, 1]→ Uij ∩A, j ∈ {0, . . . , k}, such that λvj
is homotopic to γvj

in X relative
to the endpoints. Therefore, if we set hj = {λj} if λj is a loop, and hj = {λj, λ̄j}
otherwise, then h = ⊕kj=0hj defines an element of H. It is easy to check that
h · e = g · e, for every edge e of ∆, hence g · ∆1 = h · ∆1, where ∆1 denotes the
1-skeleton of ∆. Since A(X) is an aspherical multicomplex, this is indeed sufficient
to conclude (Proposition 2.24). �

6.4. Proof of Relative Vanishing Theorems

We proceed now with the proof of Theorem 6 and Theorem 7. Let (X,A) be a
triangulable pair such that the kernel of the morphism π1(A ↪→ X, x) is amenable
for every x ∈ A. Let U be an amenable open cover of X by path-connected subsets
satisfying (RC1) and (RC2). We may assume without loss of generality that U
is locally-finite: this is explicitly required in Theorem 7, while the conclusion of
Theorem 6 is empty if U is not locally-finite (since in that case mult(U) is infinite).
We keep the notation from the previous sections.

Proof of Theorem 6. Let n ≥ mult(U) and let α ∈ Hn
b (X,A). We want to

show that compn(α) = 0. Since Ψn is an isomorphism, we can take a bounded co-
class β ∈ Hn

b (A(X),AX(A)) such that Ψn(β) = α. Let now z ∈ Cn
b (A(X),AX(A))

be a cocycle representing β. By Proposition 1.9, we can assume that z is alternat-
ing. The actions Gy A(X) and H y AX(A) are both by amenable groups and by
automorphisms which are simplicially homotopic to the identity (Proposition 4.4).
It follows from these two facts that the inclusion maps C•b (A(X))G ↪→ C•b (A(X))
and C•b (AX(A))H ↪→ C•b (AX(A)) induce isomorphisms in cohomology (Proposition
3.15). Moreover, since the action G y A(X) has orbits in AX(A) induced by H,
by Lemma 5.20 we can assume that z is alternating and G-invariant. By Lemma
6.12, in order to show that compn(α) = 0, it is enough to show that z vanishes on
every algebraic n-simplex of Cn(T ) ⊆ Cn(A(X)).

Let (∆, (x0, . . . , xn)) be an algebraic n-simplex in Cn(T ) ⊆ Cn(A(X)). If xh =
xk, for some h 6= k, then z(∆, (x0, . . . , xn)) = 0, since z is alternating. We assume
therefore that the points x0, . . . , xn are pairwise distinct. By construction, the cover
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of X by the closed stars of vertices of T is a refinement of U . Since ∆ is an n-simplex
of T and since n ≥ mult(U), there are at least two vertices of ∆ belonging to the
same Vi. In other words, there exist h 6= k ∈ {0, . . . , n} such that i(xh) = i(xk).
Let e denote the edge of ∆ joining xh with xk. By assumption, the closed stars of
xk and xh are both contained in Ui, therefore the edge e of A(X) (which is also
an edge of L(X)1 = A(X)1, hence of K(X)) projects via SX : |K(X)| → X to a
path γ : [0, 1] → Ui with endpoints xh and xk. As a consequence, if we consider
g = {γ, γ̄} ∈ ΠX(Ui, Vi) < G, it is easy to check that g · ∆ = ∆, g · xh = xk,
g · xk = xh and g · xj = xj, for every j 6= h, k. Since z is G-invariant, we obtain

z(∆, (x0, . . . , xn)) = z(g · (∆, (x0, . . . , xn))),

while, since z is alternating, we have

z(∆, (x0, . . . , xn)) = −z(g · (∆, (x0, . . . , xn))).

Therefore z(s, (x0, . . . , xn)) = 0 and this concludes the proof of Theorem 6. �

Remark 6.15. We discuss the role of conditions (RC1) and (RC2) in our con-
text. In fact, in light of Lemma 6.14, the only reason to introduce these hypothesis is
that, under these regularity assumptions, one can show that the action ofG onA(X)
has orbits in AX(A) induced by H. This in turns allows to consider G-invariant
cochains in the relative setting (Lemma 5.20). In fact, since the action of G onA(X)
does not preserve AX(A), some care is needed when passing to invariant cochains.
Assume, on the contrary, that one could work with G-invariant chains regardless of
any regularity condition of the action of G on AX(A). This assumptions seem im-
plicit in Kuessner’s work on relative bounded cohomology via multicomplexes (see
for example [Kue15, Corollary 2]). In this case, using the same argument above,
one could prove that the comparison map compn : Hn

b (X,A)→ Hn(X,A) vanishes
for every n ≥ mult(U), where U is any amenable open cover of X. This is obvi-
ously false: if (X,A) = (M,∂M) for some smooth m-manifold M with non-empty
boundary, then we know thatM is homotopy equivalent a subcomplex of dimension
at most m − 1, therefore it admits a contractible (hence amenable) open cover of
cardinality at most m [CLM22, Remark 2.8]; by duality (Lemma 3.1), it would
follow that ‖M,∂M‖ = 0. This gives a contradiction, for example, if the interior of
M admits a complete finite-volume hyperbolic metric [Gro82].

Proof of Theorem 7(1). We assume that U is weakly-convex on A. Using
the fact that U is locally finite, up to subdividing T , we may suppose that Vi∩A 6= ∅
for every i ∈ I such that Ui ∩A 6= ∅. Let n ≥ multA(U). We need to show that the
comparison map compn : Hn

b (X,A) → Hn(X,A) vanishes. Let α ∈ Hn
b (X,A). As

above, we can take a bounded coclass β ∈ Hn
b (A(X),AX(A)) such that Ψn(β) = α.

Let z ∈ Cn
b (A(X),AX(A)) be a cocycle representing β. As in the proof of Theorem

6, we can assume that z is alternating and G-invariant. By Lemma 6.12, we need
to show that z vanishes on every algebraic n-simplex of Cn(T ) ⊆ Cn(A(X)).

Let (∆, (x0, . . . , xn)) be an algebraic n-simplex in Cn(T ). Since z is alternating,
we can assume that the points x0, . . . , xn are pairwise-distinct. We set ij = i(xj)
for every j ∈ {0, . . . , n}. If there exist h 6= k ∈ {0, . . . , n} such that ih = ik, then
we can argue as in the previous section to show that z(∆, (x0, . . . , xn)) = 0. We
assume therefore that i0, . . . in are pairwise-distinct.
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Since n ≥ multA(U) and since by construction ⋂n
j=0 Uij 6= ∅, we deduce that

Ui0 ∩ · · · ∩ Uin ∩ A is nonempty. Hence, since U is weakly-convex on A, the path-
connected component of Ui0 ∩ · · · ∩ Uin containing ∆ intersects A. Therefore, if x
denotes the barycenter of ∆, there exists x′ ∈ Ui0 ∩ · · · ∩ Uin ∩ A and a path

λ : [0, 1]→ Ui0 ∩ · · · ∩ Uin

from x′ to x. Let ehk denote the oriented 1-simplex of ∆ from xh to xk. We denote
by

δj : [0, 1]→ Ui0 ∩ · · · ∩ Uin
a path from xj to x supported in ∆ such that δh ∗ δ̄k is homotopic in X relative to
the endpoints to a parametrization of ehk. Since Vij∩A 6= ∅, for every j ∈ {0, . . . , n}
there exists x′j ∈ Vij ∩A. Moreover, by (RC1), Uij ∩A is path-connected, hence we
can find continuous paths

ξj : [0, 1]→ Uij ∩ A

from x′j to x′. For 0 ≤ h < k ≤ n, we then set ξhk = ξh ∗ ξ̄k : [0, 1] → A.
Since x′0, . . . , x′n are pairwise-distinct, by definition of AX(A), there exists a unique
oriented 1-simplex e′hk of AX(A) whose projection is a path in A which is homotopic
to ξhk in X relative to the endpoints.

Lemma 6.16. There exists a simplex ∆′ of AX(A) whose 1-skeleton is given by
the union of the e′hk.

Proof. Notice that the e′hk can be considered to be 1-simplices of A(A). Of
course, the loop ξjh ∗ ξhk ∗ ξ̄jk is null-homotopic in A (hence in X). By Proposition
2.26 the concatenation of oriented simplices e′jh ∗ e′hk ∗ ē′jk is null-homotopic in
|A(A)|. By Proposition 2.24, it follows that there exists a unique n-simplex ∆′′ of
A(A) whose 1-skeleton is the union of the e′hk. In conclusion, ∆′ denotes just the
image of ∆′′ in AX(A). �

For every j ∈ {0, . . . , n} we set γj = ξj∗λ∗δ̄j. By construction γj joins x′j with xj
and is supported on Uij . Therefore, if we set gj = {γj} if xj = x′j, and gj = {γj, γ̄j}
if xj 6= x′j, then g = ⊕nj=0gj defines an element of G. It is clear that g · e′hk = ehk.
Since simplices of A(X) are determined by their 1-skeleton (Proposition 2.24), we
obtain g · ∆′ = ∆. Hence we have that z(∆, (x0, . . . , xn)) = z(∆′, (x′0, . . . , x′n)),
since z is G-invariant, and z(∆′, (x′0, . . . , x′n)) = 0, since z vanishes on simplices of
AX(A). This concludes the proof of 7(1). �

Proof of Theorem 7(2). Assume that U is convex. We denote by N(U) the
nerve of U and by N(UA) the nerve of the open cover of A induced by U . This is
a well-defined subcomplex of N(U) under our assumptions. Given a partition of
unity subordinated to U , one can construct a nerve map ν : X → |N(U)|, which is
unique up to homotopy and which induces a well-defined map of pairs ν : (X,A)→
(|N(U)|, |N(UA)|). By assumption, we know that U is locally-finite. Therefore, up
to taking further subdivisions of T , we may suppose that Vi 6= ∅, for every i ∈ I,
and Vi ∩ A 6= ∅ for every i ∈ I such that Ui ∩ A 6= ∅. We need to show that there
exists a map Θn : Hn

b (X,A) → Hn(N(U), N(UA)) such that the following diagram
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is commutative:

(6.2)
Hn
b (X,A) Hn(X,A)

Hn(N(U), N(UA)) Hn(|N(U)|, |N(UA)|).

compn

Θn

∼=

Hn(ν)

Recall from the previous sections that the relative bounded cohomology of (A(X),AX(A))
may be computed by the complex C•b (A(X),AX(A))Galt of G-invariant alternating
cochains which vanish on simplices supported on AX(A) (see Lemma 5.20 and
Lemma 6.14). Therefore, in order to define Θn, we first construct chain maps Ω•X
and Ω•A such that the following diagram is commutative

(6.3)
C•b (A(X))Galt C•b (AX(A))Halt

C•b (N(U)) C•b (N(UA)),

Ω•X Ω•A

where the horizontal arrows are restriction maps. The map Ωn
X can be constructed

as follows.
Let z ∈ Cn

b (A(X))Galt and let (i0, . . . , in) ∈ N(U). If there exists h 6= k ∈
{0, . . . , n} such that ih = ik, we set Ωn

X(z)(i0, . . . , in) = 0. Otherwise, by definition
of the nerve N(U), we have that Ui0 ∩ · · · ∩ Uin 6= ∅, hence we may choose a point
q ∈ Ui0 ∩ · · · ∩ Uin . Moreover, since Vi 6= ∅ for every i ∈ I, we can pick a point
vij ∈ Vij . Since Uij is path-connected, there exists a path αj : [0, 1] → Uij from vij
to q. For 0 ≤ h < k ≤ n, we set αhk = αh ∗ ᾱk. Since vi0 , . . . , vin are pairwise
distinct, there exists a unique oriented 1-simplex ehk of A(X) whose projection on
X is a path which is homotopic to αhk in X relative to the endpoints. Therefore,
by Proposition 2.24 there exists a unique n-simplex ∆ of A(X) whose 1-skeleton is
given by the union of the ehk. We then set Ωn

A(z)(i0, . . . , in) = z(∆, (vi0 , . . . , vin)).
One can check that Ωn

X is well-defined verbatim as in [FM23, Section 6.4], using
the fact that z is G-invariant. A similar argument can be found in the following to
show that Ωn

A is well-defined.
The construction of Ωn

A goes as follows. We identify the set of vertices of N(UA)
with those indices i ∈ I such that Ui ∩ A 6= ∅. Let z ∈ Cn

b (AX(A))Halt and let
(i0, . . . , in) ∈ N(UA). If there exists h 6= k ∈ {0, . . . , n} such that ih = ik, we set
Ωn
A(z)(i0, . . . , in) = 0. Otherwise, by definition of the nerve N(UA), we have that

Ui0∩· · ·∩Uin∩A 6= ∅, hence we may choose a point q ∈ Ui0∩· · ·∩Uin∩A. Moreover,
since Vij ∩ A 6= ∅ for every j ∈ {0, . . . , n}, we can pick a point vij ∈ Vij ∩ A.
We know by (RC1) that Uij ∩ A is path-connected. Hence there exists a path
αj : [0, 1] → Uij ∩ A from vij to q. For 0 ≤ h < k ≤ n, we set αhk = αh ∗ ᾱk.
Since vi0 , . . . , vin are pairwise distinct, by definition of AX(A), there exists a unique
oriented 1-simplex ehk of AX(A) whose projection on A is a path which is homotopic
to αhk in X relative to the endpoints. Using the same argument of Lemma 6.16,
there exists a unique n-simplex ∆ of AX(A) whose 1-skeleton is given by the union
of the ehk. We then set Ωn

A(z)(i0, . . . , in) = z(∆, (vi0 , . . . , vin)).
We need to show that Ωn

A(z) is well-defined, i.e. different choices in the con-
struction lead to the same value for z(∆, (vi0 , . . . , vin)). Let q′ ∈ Ui0 ∩ · · · ∩Uin ∩A,
let v′ij ∈ Vij ∩ A, j ∈ {0, . . . , n}, and let α′j : [0, 1] → Uij ∩ A be a path from v′ij to
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q′. We set α′hk = α′h ∗ ᾱ′k and we take e′hk to be the unique edge of AX(A) whose
projection is a path in A which is homotopic to α′hk in X relative to the endpoints.
Finally, we take ∆′ to be the n-simplex of AX(A) whose 1-skeleton is given by the
e′hk. Since Ui0 ∩ · · · ∩Uin is path-connected (by convexity of U), there exists a path
β : [0, 1]→ ⋂n

j=0 Uij from q to q′. By construction, the path γj, defined by
γj = αj ∗ β ∗ ᾱj,

is supported on Uij and joins vij with v′ij , which are both points of A. By the
regularity conditions (RC1) and (RC2), we deduce from Lemma 6.13 that, for every
j ∈ {0, . . . , n}, there exists a path λj : [0, 1]→ Uij ∩ A which is homotopic to γj in
X relative to the endpoints. Therefore, if we set hj = {λj} if λj is a loop, and hj =
{λj, λ̄j} otherwise, then h = ⊕nj=0hj defines an element of H. It is straightforward
to check that h · e′hk = ehk for every h 6= k, which implies that h · ∆′ = ∆. Since
z is H-invariant, it follows that z(∆, (vi0 , . . . , vin)) = z(∆′, (v′i0 , . . . , v

′
in)), i.e. that

Ωn
A is indeed well-defined.
It is easy to check that (6.3) is commutative and that Ω•A defines a chain map.

From (6.3), we get a chain map
Ω• : C•b (A(X),AX(A))Galt → C•(N(U), N(UA)),

whose induced map in cohomology, precomposed with the inverse of Ψn, defines
Θn. The commutativity of (6.2) can be checked verbatim as in the absolute case
(see [FM23, Section 6.4]). This concludes the proof of Theorem 7(2). �



CHAPTER 7

Additivity of Simplicial Volume

Gromov Additivity Theorem can be used to compute the simplicial volume
of manifolds that are obtained by gluing smaller manifolds along (parts of) their
boundaries. Originally stated in [Gro82], this result has been addressed inde-
pendently in [BBF+14] and [Kue15], following two fundamentally different ap-
proaches. In [BBF+14], the authors derive the additivity of simplicial volume using
homological algebra techniques developed by Ivanov in [Iva85], while in [Kue15],
the proof is based on the theory of multicomplexes. In the approach developed by
Kuessner in [Kue15], however, some problems arise especially in the case when the
manifolds involved are not aspherical (Section 5.4) and the gluings are performed
along proper submanifolds of the boundary (Remark 5.21).

In this chapter, we build on the framework developed in the previous chapters
to provide a complete and self-contained proof of Gromov Additivity Theorems (see
Theorems 8 and 10), as announced by the author in [Cap24]. Finally, in Section
7.6, we present a result obtained in collaboration with Kevin Li and Clara Löh
[CLL25], which establishes vanishing criteria for the simplicial volume of manifolds
glued along boundary components that are not necessarily amenable.

7.1. Statement of the Main Results

Let M1, . . . ,Mk be oriented compact n-dimensional manifolds, and let

(S+
1 , S

−
1 ), . . . , (S+

h , S
−
h )

be a pairing of some oriented compact connected pairwise disjoint submanifolds of
tkj=1∂Mj of codimension 0. In particular, S±i are compact manifolds of dimension
n − 1 (with possibly empty boundary) for every i ∈ {1, . . . , h}. We say that M is
obtained by gluing M1, . . . ,Mk along the pairing if there exist orientation-reversing
homeomorphisms fi : S+

i → S−i such that M is obtained by taking the quotient of
the disjoint union M1t · · · tMk by the equivalence relation generated by x ∼ fi(x)
for every x ∈ S±i . The constants Cn appearing in the following statement are
described in Definition 2.8.

Theorem 8. Let M1, . . . ,Mk be oriented compact triangulable n-manifolds with
π1-injective boundary, n ∈ N≥2. Let

(S+
1 , S

−
1 ), . . . , (S+

h , S
−
h )

be a pairing of some oriented compact connected pairwise-disjoint submanifolds of
tkj=1∂Mj of codimension 0. Let M be a manifold obtained by gluing M1, . . . ,Mk

along the pairing. Assume that the following conditions hold for every i ∈ {1, . . . , h}
and every j ∈ {1, . . . , k}:

(i) S±i has an amenable fundamental group;
97
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(ii) ∂S±i is path-connected, π1-injective in the corresponding ∂Mj and the map
π1(∂S±i ↪→ S±i ) is an isomorphism.

Then there exists a constant Cn ∈ N≥1 (depending only on the dimension) such that

(2Cn)3(n+ 2)3 · ‖M,∂M‖ ≥ ‖M1, ∂M1‖+ · · ·+ ‖Mk, ∂Mk‖.

The proof of Theorem 8 is presented in Section 7.2. The various hypotheses of
Theorem 8 are verified for example by boundary connected sums.

Corollary 9. Let M1 and M2 be oriented compact triangulable n-manifolds
with π1-injective boundaries, n ∈ N≥4. Let M = M1\M2 denote the boundary
connected sum of M1 and M2. Then

(2Cn)3(n+ 2)3 · ‖M,∂M‖ ≥ ‖M1, ∂M1‖+ ‖M2, ∂M2‖.

Remark 7.1. The boundary connected sum M = M1\M2 of M1 and M2 can
be constructed by attaching a 1-handle to the disjoint union N = M1 tM2. More
precisely, M is obtained from N by attaching a 1-handle D1 × Dn−1 along some
homeomorphism S0×Dn−1 → ∂N , where the two boundary components of S0×Dn−1

are mapped to ∂M1 and ∂M2, respectively. Naturally, Corollary 9 extends more
generally to arbitrary 1-handle attachments.

For boundary connected sums with n = 3 we do not expect more than super-
additivity: the boundary connected sum of two solid tori is homeomorphic to a
handlebody of genus 2. In this case, the glued manifold has positive simplicial vol-
ume [BFP15], while the solid tori have vanishing simplicial volume (because they
admit maps of high degree). The situation is different for n ∈ N≥4 when the bound-
ary components of the pieces have amenable fundamental group (see Corollary 12
below).

When gluings are performed along entire boundary components, one of the most
widely applicable versions of Gromov Additivity Theorem is the one established in
[BBF+14].

Theorem 7.2 ([BBF+14, Theorem 3]). Let M1, . . . ,Mk be oriented compact
n-manifolds, n ∈ N≥2. Assume that the fundamental group of every boundary com-
ponent of Mj is amenable, and let M be a manifold obtained by gluing M1, . . . ,Mk

along (some of) their boundary components. Then

‖M,∂M‖ ≤ ‖M1, ∂M1‖+ · · ·+ ‖Mk, ∂Mk‖.

Moreover, if the gluings are performed along π1-injective boundary components, then

‖M,∂M‖ = ‖M1, ∂M1‖+ · · ·+ ‖Mk, ∂Mk‖.

An immediate consequence of Theorem 7.2 is that simplicial volume is additive
with respect to connected sums. However, Theorem 7.2 has the technical limitation
of not covering the case where non-amenable boundary components are left unglued.
In the context of triangulable aspherical manifolds, we have the following stronger
result, which was stated initially in [Kue15] without any assumption on higher
homotopy.

Theorem 10. Let M1, . . . ,Mk be oriented compact triangulable aspherical n-
manifolds with π1-injective aspherical boundary, n ∈ N≥2. Let M be a manifold
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obtained by gluing M1, . . . ,Mk along (some of) their boundary components. If the
glued boundary components have amenable fundamental group, then

‖M,∂M‖ = ‖M1, ∂M1‖+ · · ·+ ‖Mk, ∂Mk‖.
In order to obtain additivity, Theorem 7.2 assumes that every boundary com-

ponent has an amenable fundamental group, while only the glued components are
required to be π1-injective. In contrast, Theorem 10 assumes that every boundary
component is π1-injective, while only the glued ones are required to have amenable
fundamental group. Our proof of Theorem 10 is presented in Section 7.4.

Remark 7.3. Theorem 7.2 was extended in [LLM22] to the case of gluings
along boundedly acyclic boundary components, although only control over the van-
ishing behavior was obtained. Even in this broader context, one must still require
every boundary component (other than the glued ones) to be boundedly acyclic
[LLM22, Remark 8.2]. However, extending our additivity result to the setting of
boundedly acyclic boundary components does not appear to be straightforward.

The proof of Theorem 8 and Theorem 10 is based on the duality between sim-
plicial volume and bounded cohomology (Lemma 3.1). Subadditivity is established
via a version of Gromov Equivalence Theorem for good pairs (Theorem 7.21), while
superadditivity is derived from extension properties of bounded coclasses with con-
trolled norm (Proposition 7.12). This extension is carried out at the level of the
aspherical multicomplexes associated to the pairs (M,∂M). To this end, we make
use of the maps Φn and Ψn, appearing in Theorem 1 and Theorem 5, respectively,
depending on whether the pair (M,∂M) is good or not. Different control over the
norms for good and non-good pairs translates in different estimates for the simplicial
volume in Theorem 10 and Theorem 8.

Remark 7.4. The notion of good pair is very well suited when gluing aspherical
spaces. In fact, given a finite CW-complex Z, expressed as a union of two aspherical
subcomplexes X and Y , we have that Z is aspherical if the pairs (X,X ∩ Y ) and
(Y,X ∩ Y ) are good [Whi78]. Building on this fact, we deduce Theorem 10 from
a more general result regarding good pairs (Proposition 7.26).

Remark 7.5. The requirement that the manifolds (M,∂M) are triangulable
reflects the fact that the isomorphisms Φn and Ψn are defined only when (M,∂M)
is a CW-pair.

The amenability of boundary components ensures also the subadditivity of sim-
plicial volume in presence of partial gluings. The following criterion, whose proof
is contained in Section 7.5, has been obtained by the author in collaboration with
Kevin Li and Clara Löh in [CLL25] in the context of branched coverings.

Theorem 11. Let M1, . . . ,Mk be oriented compact n-manifolds, n ∈ N≥2. Let
(S+

1 , S
−
1 ), . . . , (S+

h , S
−
h ) be a pairing of some oriented compact connected pairwise-

disjoint submanifolds of tkj=1∂Mj of codimension 0. Let M be a manifold obtained
by gluing M1, . . . ,Mk along the pairing. We denote by Bj the compact submanifold
of ∂Mj of codimension 0 whose interior is the complement in ∂Mj of the gluing
loci. Assume that the following conditions hold for every i ∈ {1, . . . , h} and every
j ∈ {1, . . . , k}:

• Every connected component of ∂Mj and ∂S±i has amenable fundamental
group;
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• ‖S±i , ∂S±i ‖ = 0 and ‖Bj, ∂Bj‖ = 0.
Then ‖M,∂M‖ ≤ ‖M1, ∂M1‖+ · · ·+ ‖Mk, ∂Mk‖.

It follows from Theorem 11 that the simplicial volume is subadditive under
boundary connected sums of n-manifolds with amenable boundary, provided that
n ∈ N≥4. The same conclusion clearly holds for general 1-handle attachments (see
Remark 7.1).

Corollary 12. Let M1 and M2 be oriented compact n-manifolds with non-
empty boundaries, n ∈ N≥4. Assume that every connected component of ∂M1 and
∂M2 has amenable fundamental group. Let M = M1\M2 denote the boundary con-
nected sum of M1 and M2. Then

‖M,∂M‖ ≤ ‖M1, ∂M1‖+ ‖M2, ∂M2‖.

Proof. For boundary connected sums, the gluing pairing (S+
1 , S

−
1 ) is given

by embedded (n − 1)-balls in ∂M1 and ∂M2, respectively. It readily follows that
‖S±1 , ∂S±1 ‖ = 0 (because, for example, they admit self-maps of high degree). On
the other hand, Bj is obtained from ∂Mj by removing an open ball, hence ∂Bj is
an (n− 2)-sphere, j ∈ {1, 2}. Since ∂Mj has dimension at least 3, the fundamental
groups of ∂Mj and Bj are isomorphic. It follows that both Bj and ∂Bj have
amenable fundamental group, hence they have vanishing bounded cohomology in
positive degrees. By considering the long exact sequence of the pair (Bj, ∂Bj), it
follows that the comparison map compn : Hn

b (Bj, ∂Bj) → Hn(Bj, ∂Bj) vanishes,
hence ‖Bj, ∂Bj‖ = 0 by duality (Lemma 3.1). All the assumptions of Theorem 11
are therefore satisfied. �

The additivity results discussed so far rely on the amenability of the gluing loci.
In Section 7.6 we present a vanishing criterion for the simplicial volume of manifolds
glued along boundary components that are not necessarily amenable (Theorem
13). The central concept here is the amenable category catAm(M) of a manifold
M , which is defined as the minimal cardinality of an amenable open cover of M .
We introduce a combination theorem for the amenable category, developed by the
author in collaboration with Kevin Li and Clara Löh [CLL25], which leads to a
vanishing criterion for the simplicial volume of glued manifolds.

7.2. Superadditivity

The goal of this section is to establish Theorem 8. We begin by introducing
some notation.

Setup 7.6. Let n ∈ N≥2. Let M1, . . . ,Mk be oriented compact connected tri-
angulable n-manifolds with non-empty boundary. Let

(S+
1 , S

−
1 ), . . . , (S+

h , S
−
h )

be a pairing of some oriented compact connected pairwise-disjoint submanifolds of
tkj=1∂Mj of codimension 0. Let fi : S+

i → S−i be an orientation-reversing homeo-
morphism, i ∈ {1, . . . , h}. Let M be the manifold obtained by gluing M1, . . . ,Mk

along f1, . . . , fh and assume that M is connected. For every j ∈ {1, . . . , k}, let
qj : Mj → M denote the quotient map (which is an embedding, provided that Mj

does not admit self-gluings). We still denote byMj the image ofMj inM via qj. We
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denote by S the union of the manifolds S±i , i ∈ {1, . . . , h}, understood as a subset
of M . Let Bj = q−1

j (∂M), understood a subset of ∂Mj, so that Bj = ∂M ∩Mj.

We first deduce Theorem 8 from the following slightly more general result, which
is proved later in this section. The constants Cn in the statement are described in
Definition 2.8.

Proposition 7.7. In the situation of Setup 7.6, assume that the following con-
ditions hold for every i ∈ {1, . . . , h} and j ∈ {1, . . . , k}:

(1) The kernel of π1(∂M ↪→M,x) is amenable for every x ∈ ∂M ;
(2) The kernel of π1(Bj ↪→Mj, x) is amenable for every x ∈ Bj;
(3) Mj is π1-injective in M ;
(4) S±i is π1-injective in Mj and has an amenable fundamental group;
(5) ∂S±i is path-connected and the map π1(∂S±i ↪→ S±i , x) is an isomorphism

for one (whence every) x ∈ ∂S±i .
Then
(7.1) (2Cn)4(n+ 2)3 · ‖M,∂M‖ ≥ ‖M1, ∂M1‖+ · · ·+ ‖Mk, ∂Mk‖.
Moreover, if ∂M and Bj are π1-injective in M , then

(7.2) (2Cn)3(n+ 2)3 · ‖M,∂M‖ ≥ ‖M1, ∂M1‖+ · · ·+ ‖Mk, ∂Mk‖.

Remark 7.8. In Proposition 7.7 we can always reduce to the case when all the
maps qj : Mj →M are embeddings. Problems arise only in presence of self-gluings.
In this case, instead of considering the self-gluing fi : S+

i → S−i of Mj, we add
another piece

Ni = S+
i × [0, 1],

which is glued to Mj via the maps
S+
i × {0} → S+

i , (x, 0) 7→ x,

S+
i × {1} → S−i , (x, 1) 7→ fi(x).

The manifold N obtained in this way is homeomorphic to M . Hence, if inequalities
(7.1) or (7.2) hold for N , then they also hold for M . Notice that N is constructed
by gluing embedded pieces, which satisfy the assumptions of Proposition 7.7. As
a consequence, throughout the sequel, we always assume that M1, . . . ,Mk

are embedded in M .

Proof of Theorem 8 assuming Proposition 7.7. Assume that the man-
ifoldsM1, . . . ,Mk have π1-injective boundary. We need to check that conditions (1)
- (5) of Proposition 7.7 are satisfied under the assumptions of Theorem 8, which we
recall for the convenience of the reader:

(i) S±i has an amenable fundamental group;
(ii) ∂S±i is path-connected, π1-injective in the corresponding ∂Mj and the map

π1(∂S±i ↪→ S±i ) is an isomorphism.
We first observe that S±i and Bj are π1-injective in ∂Mj. In fact, by the Seifert-Van
Kampen theorem, π1(∂Mj) can be described as the fundamental group of a graph
of groups with vertex groups π1(S±i ), π1(Bj) and edge groups π1(∂S±i ). Under our
assumptions, the edge morphisms are injective. Consequently, we know that the
vertex groups embeds into π1(∂Mj) [Ser03].
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By assumption, we know that S±i is connected with connected boundary for
every i ∈ {1, . . . , h}. It follows that for every connected component of S ∩ Mj

there exists a unique connected component of ∂(S ∩Mj) = ∂Bj contained in it. In
other words, ∂Bj has the same number of connected components of S ∩Mj. An
easy application of the Mayer-Vietoris exact sequence shows that Bj has the same
number of connected components as ∂Mj.

In order to get (1), we prove that ∂M is π1-injective in M . To this end, we
observe that π1(M) can be described as the fundamental group of a graph of groups
with vertex groups π1(Mj) and edge groups π1(S±i ), while π1(∂M) can be described
as the fundamental group of a graph of groups with vertex groups π1(Bj) and edge
groups π1(∂S±i ). Since the underlying graphs are isomorphic (here we use that Bj

has the same number of connected components of ∂Mj) and the inclusion ∂M ↪→M
induces injective morphisms at the level of vertex and edge groups, it follows that
∂M is π1-injective in M . In order to get (2), we just recall that Bj is π1-injective
in ∂Mj, which is in turn π1-injective in Mj. In order to get (3), we observe that
π1(M) is the fundamental group of a graph of groups with injective edge morphisms,
therefore the vertex groups π1(Mj) embed into π1(M). Conditions (4) and (5)
clearly follow from (i) and (ii). We conclude that inequality (7.2) holds. �

Remark 7.9. Our general strategy to get the estimate in Proposition 7.7 can
be summarized as follows. In order to obtain a fundamental cocycle of M with
controlled norm, we average some fundamental cocycles of the manifoldsM1, . . . ,Mk

on the gluing locus S. To this end, we need to consider the action of the group
G = ΠM(S) on the multicomplex A(M), thus passing to G-invariant cochains.
This averaging procedure is possible when the group G is amenable, e.g. when
the connected components of S have amenable fundamental group. If ∂S is non-
empty, i.e. when gluings are performed along proper submanifolds of the boundary,
the action G y A(M) does not preserve the submulticomplex A(∂M). Since the
boundary ∂M is also obtained by gluing the remaining boundaries of M1, . . . ,Mk

along ∂S (unless we are gluing entire boundary components), the averaging fails to
be relative unless we assume some regularity of the action of G on ∂S. Therefore, in
order to consider invariant chains in the relative setting, our solution is to show that
the actionGy A(M) has orbits inA(∂M) induced byH = ΠM(∂S) (Lemma 7.10).
This translates in the assumption (5) of Proposition 7.7. When we are gluing along
entire boundary components, passing to invariant chains is more straightforward.
This case is presented in Section 7.4 to prove Theorem 10.

7.2.1. Proof of Proposition 7.7. We define nested pairs of multicomplexes
from the gluing data. To this end, we implicitly adhere the choices described in
Setup 5.2, according to which inclusions of topological spaces translate into inclu-
sions of the corresponding aspherical multicomplexes. For every j ∈ {1, . . . , k}, we
consider the following pairs of multicomplexes

(K,K ′) = (A(M),AM(∂M)),

(Lj, L′j) = (A(Mj),AMj
(Bj)),

where AM(∂M) (resp. AMj
(Bj)) denotes the image of A(∂M) (resp. A(Bj)) inside

A(M) (resp. A(Mj)). Since Mj is π1-injective in M , we have that A(Mj) is
naturally isomorphic to AM(Mj) and AMj

(Bj) is naturally isomorphic to AM(Bj)
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(Proposition 5.5). It follows that there is a natural inclusion of pairs
(Lj, L′j) ⊆ (K,K ′).

Let A denote the multicomplex A(S). Since S is π1-injective in M , we have that
A naturally sits in K as a submulticomplex (Proposition 5.5). We set

G = ΠM(S).
Since every connected component of S has amenable fundamental group, we know
that G is an amenable group. Moreover, G acts on K = A(M) as described in
Section 4.2. Since both Mj and S are π1-injective in M , it follows that A ∩ Lj
can be identified with the aspherical multicomplex A(Mj ∩ S) associated to the
collection of path-connected components of S contained in Mj.

Since S is the disjoint union of S ∩Mj, for every j ∈ {1, . . . , k}, the group G
splits into the direct sum

G ∼=
k⊕
j=1

ΠM(Mj ∩ S).

Moreover, being Mj π1-injective in M , the groups ΠM(Mj ∩ S) and ΠMj
(Mj ∩ S)

are isomorphic. It follows that the action of G on K preserves the submulticomplex
Lj = A(Mj), and thus defines an action of G on the pair (K,Lj), where G acts on
Lj as ΠMj

(Mj ∩ S) does.
By Proposition 4.5, the action G y (K,Lj) is by automorphisms that are

simplicially homotopic (as maps of pairs) to the identity. The actions G y K and
G y Lj do not preserve the submulticomplexes K ′ and L′j respectively. However,
by setting

H = ΠM(∂S),
which is a subgroup of G in our assumptions, we have that these actions have orbit
induced by H on those multicomplexes (see Definition 5.19). In order to show this,
the assumption (5) in Proposition 7.7 is crucial.

Lemma 7.10. The action G y K (resp. G y Lj) has orbits in K ′ (resp. L′j)
induced by H.

Proof. We prove the statement for the action G y K, since the argument is
the same for the other action. Let σ = (∆, (x0, . . . , xn)) be an algebraic n-simplex
of K ′ = A(∂M) and let g ∈ G be such that g · σ is an algebraic n-simplex of
A(∂M). We need to show that there exists an element h ∈ H such that h ·σ = g ·σ.
Let {v0, . . . , vk} be the vertices of ∆, with k ≤ n. Since vj and g · vj are both
vertices of A(∂M) (hence points of ∂M), then, for every j ∈ {0, . . . , k}, there
is a representative (γx)x∈X of g such that γvj

: [0, 1] → S has both endpoints in
∂M ∩S = ∂S. By assumption (5), we can invoke Lemma 7.11 below to deduce that
there exist some paths

λvj
: [0, 1]→ ∂S, j ∈ {0, . . . , k},

such that λvj
is homotopic to γvj

in M relative to the endpoints. Therefore h =
{λ0, . . . , λk} defines an element of H. By construction we have that h · e = g · e,
for every edge e of ∆, hence g ·∆1 = h ·∆1, where ∆1 denotes the 1-skeleton of ∆.
Since K = A(M) is an aspherical multicomplex, this is indeed sufficient to conclude
(Proposition 2.24). �
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Lemma 7.11. For every path γ : [0, 1]→ S with endpoints in ∂S, there exists a
path λ : [0, 1]→ ∂S such that λ is homotopic in M to γ relative to the endpoints.

Proof. The path-connected components of S can be identified with S±i , for
i ∈ {1, . . . , k}. Since ∂S±i is path-connected, there exists a path ε : [0, 1] → ∂S
from γ(0) to γ(1). The homotopy class of the loop γ ∗ ε̄ identifies an element of
π1(S±i , γ(0)). Since π1(∂S±i ↪→ S±i , γ(0)) is an isomorphism, there exists a loop
δ : [0, 1] → ∂S±i which is homotopic in S±i (hence in M) to γ ∗ ε̄ relative to the
endpoints. It follows that λ = δ ∗ ε satisfies the statement. �

Hn
b (M,∂M)

k⊕
j=1

Hn
b (Mj, ∂Mj)

Hn
b (M,∂M)

k⊕
j=1

Hn
b (Mj, Bj)

Hn
b (K,K ′)

k⊕
j=1

Hn
b (Lj, L′j)

Hn(C•b (K,K ′)Galt)
k⊕
j=1

Hn(C•b (Lj, L′j)Galt),

⊕Hn
b (qj)

⊕Hn
b (αj)

⊕Hn
b (qj)

Ψn

⊕lj

⊕Ψn
j

In ⊕In
j

Figure 6. Proof of Theorem 8. Horizontal maps in the diagram are
induced by inclusions. The maps αj : (Mj, Bj) → (Mj, ∂Mj) denote
the inclusions of pairs.

Let us now consider the diagram in Figure 6, and point out the following obser-
vations. By conditions (1) and (2) of Proposition 7.7, we can invoke Theorem 5 to
get bi-Lipschitz isomorphisms Ψn and Ψn

j of type
((n+ 2)−1(2Cn)−2, 2Cn(n+ 2)).

Even if these maps are a priori not canonical, the choices described in Setup 5.2 for
the pairs (M,∂M) and (Mj, Bj) guarantee that the middle square is commutative.
The maps In and Inj are induced by the inclusions of complexes

C•b (K,K ′)Galt ↪→ C•b (K,K ′), C•b (Lj, L′j)Galt ↪→ C•b (Lj, L′j).
By Proposition 1.9, the inclusion of alternating chains induces an isometric iso-
morphism in bounded cohomology. The same holds for invariant chains, because G
(hence H) is amenable, and because the actions Gy (K,Lj), H y K ′ and H y L′j
are by automorphisms that are simplicially homotopic to the identity (Proposition
4.4). It follows from Lemma 5.20 that In and Inj are bi-Lipschitz isomorphisms of
type

((n+ 2)−1(2Cn)−1, 1).
Moreover, the lower square is commutative. Our proof of Proposition 7.7 is based
on the following extension property for bounded invariant coclasses.
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Proposition 7.12. Let ε > 0 and take for every j ∈ {1, . . . , k} an element

ϕj ∈ Hn(C•b (Lj, L′j)Galt).

Then there exists a coclass ϕ ∈ Hn
b (K,K ′) such that lj(ϕ) = Inj (ϕj) for every

j ∈ {1, . . . , k} and

‖ϕ‖∞ ≤ max
{
‖ϕj‖∞ | j ∈ {1, . . . , k}

}
+ ε.

We first show how Proposition 7.12 can be used to conclude the proof of Propo-
sition 7.7. By duality (Lemma 3.1), for every j ∈ {1, . . . , k} we can take an element
γj ∈ Hn

b (Mj, ∂Mj) such that
‖Mj, ∂Mj‖ = 〈γj, [Mj, ∂Mj]〉, ‖γj‖∞ ≤ 1.

Let γ′j ∈ Hn(C•b (Lj, L′j)Galt) be such that

Ψn
j ◦ Inj (γ′j) = Hn

b (αj)(γj).

Since Hn
b (αj) is norm non-increasing and Ψn

j and Inj are bi-Lipschitz isomorphisms,
we deduce from the estimates in Lemma 5.20 and Theorem 5 that

‖γ′j‖∞ ≤ (2Cn)3(n+ 2)2 · ‖γj‖∞ ≤ (2Cn)3(n+ 2)2.

Let ε > 0. By Proposition 7.12, there exists γ′ ∈ Hn
b (K,K ′) such that

‖γ′‖∞ ≤ (2Cn)3(n+ 2)2 + ε, lj(γ′) = Inj (γ′j), j ∈ {1, . . . , k}.

Let γ = Ψn(γ′) ∈ Hn
b (M,∂M). Since Ψn is a bi-Lipschitz isomorphism, again from

the estimates in Lemma 5.20 and Theorem 5 we deduce that
‖γ‖∞ ≤ 2Cn(n+ 2) · ‖γ′‖∞ ≤ 2Cn(n+ 2) · ((2Cn)3(n+ 2)2 + ε).

We proceed with the proof of Proposition 7.7 by constructing a fundamental cycle
of M that is well behaved with respect to the gluings. We do not claim that this
cycle is efficient in computing the simplicial volume of M . In the following, with an
abuse of notation, we identify any chain in Mj and S with the corresponding chain
in M via the corresponding inclusions.

Lemma 7.13. There exists a real relative fundamental cycle z ∈ Cn(M) of M
such that z = z1 + · · · + zk, where zj ∈ Cn(Mj) ⊆ Cn(M) is a real relative funda-
mental cycle of Mj, for every j ∈ {1, . . . , k}.

Proof. Let wj ∈ Cn(Mj) be a real chain representing a real fundamental class
of Mj and let w = w1 + · · ·+wk ∈ Cn(M). We need to modify w in order to obtain
the desired fundamental cycle for M .

For every i ∈ {1, . . . , h}, let σ+
i ∈ Cn−1(S+

i ) be a real relative fundamental cycle
of S+

i . We denote by
σ−i = −(fi)∗(σ+

i )
the fundamental cycle of S−i induced by the gluing map fi. Let βj ∈ Cn−1(Bj) be
a real relative fundamental cycle of Bj, j ∈ {1, . . . , k}.

We denote by σj the sum of σ±i where i ∈ {1, . . . , h} is such that S±i ⊆ Mj.
Since ∂σj and ∂βj represent a fundamental class of ∂Bj with opposite orientation,
it follows that there exists dj ∈ Cn−1(∂Bj) ⊆ Cn−1(Bj) such that ∂dj = ∂σj + ∂βj.
Therefore bj = dj − βj is a real relative fundamental cycle of Bj. We set cj =
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σj − bj ∈ Cn−1(∂Mj). Since both cj and ∂wj represent a fundamental class of ∂Mj,
there exists uj ∈ Cn(∂Mj) such that cj − ∂wj = ∂uj. Therefore

zj = wj + uj ∈ Cn(Mj)
is a real relative fundamental cycle of (Mj, ∂Mj) such that ∂zj = σj − bj. In
conclusion, since f is orientation reversing, we have that

z = z1 + · · ·+ zk ∈ Cn(M)
is a real relative fundamental cycle of (M,∂M). �

Let c ∈ Cn(M) be any cycle representing γ. By using Lemma 7.13 and the fact
that the diagram in Figure 6 is commutative, we deduce that

〈γ, [M,∂M ]〉 = c(z) =
k∑
j=1

c(zi) =
k∑
j=1
〈γ, [zj]〉

=
k∑
j=1
〈Hn

b (qj)(γ), [zj]〉 =
k∑
j=1
〈Hn

b (αj)(γj), [zj]〉

=
k∑
j=1
〈γj, [zj]〉 =

k∑
j=1
〈γj, [Mj, ∂Mj]〉,

where, with an abuse of notation, [zj] represents the class represented by the same
chain zj ∈ Cn(Mj) ⊆ Cn(M), either in Hn(M,∂M), Hn(Mj, Bj) or Hn(Mj, ∂Mj).
In conclusion, we get

k∑
j=1
‖Mj, ∂Mj‖ =

k∑
j=1
〈γj, [Mj, ∂Mj]〉

= 〈γ, [M,∂M ]〉
≤ ‖γ‖∞ · ‖M,∂M‖
≤ 2Cn(n+ 2) · ((2Cn)3(n+ 2)2 + ε) · ‖M,∂M‖,

and, since ε is arbitrary, we obtain (7.1).

Remark 7.14. If ∂M is π1-injective in M and Bj is π1-injective in Mj, we can
improve the bi-Lipschitz constants of Ψn and Ψn

j according to Remark 5.18. It
follows that we can take

‖γ‖∞ ≤ 2Cn(n+ 2) · ‖γ′‖∞ ≤ 2Cn(n+ 2) · ((2Cn)2(n+ 2)2 + ε)
in the construction above, from which we deduce inequality (7.2).

In order to conclude the proof of Proposition 7.7 we are left to prove Proposition
7.12. To this end, we need the following preparation. Let p : K̃ → K denote the
universal covering (simplicial) map of K. By Lemma 2.25 K̃ is a simplicial complex
such that an (n + 1)-tuple (x0, . . . , xn) of pairwise distinct vertices of K̃ spans an
n-simplex if and only if the vertices p(x0), . . . , p(xn) of K are pairwise distinct.
Consider the submulticomplex

∪Lj = L1 ∪ · · · ∪ Lk
of K. Since every Lj = A(Mj) is connected and K = A(M) is connected by
assumption, it follows that also ∪Lj is connected. Let L̂j = p−1(Lj) and Â =
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p−1(A). The intersection L̂i ∩ L̂j consists of a collection of connected components
of Â, for every i 6= j. Consider the multicomplex

∪L̂j = p−1(∪Lj) = L̂1 ∪ · · · ∪ L̂k.

Let pM : M̃ → M denote the universal covering map of the manifold M . We
describe the structure of M̃ as a tree of spaces, following the construction in [Fri17,
Chapter 9]. We define a tree T ′ as follows. We pick a vertex for every connected
component of p−1

M (Mj), j ∈ {1, . . . , k}, and we join two vertices if the corresponding
connected components intersect (along a connected component of p−1

M (S)). Since
T ′ is a deformation retract of M̃ , then it is connected and simply connected, i.e. a
tree.

Similarly, we can describe the structure of ∪L̂j as a tree of multicomplexes. We
construct a tree T as follows. We pick a vertex for every connected component of L̂j,
j ∈ {1, . . . , k}, and we join two vertices if the corresponding components intersect
(along a connected component of Â). Therefore, edges of T correspond to the
connected components of Â. Since the connected components of L̂j and Â bijectively
correspond to the connected components of p−1

M (Mj) and p−1
M (S), respectively, it

follows that T and T ′ are simplicially isomorphic. Hence also T is a tree. We
denote by V (T ) the set of vertices of T and, for every v ∈ V (T ), we denote by L̃v
the connected component of L̂j corresponding to v.

Lemma 7.15. For every v ∈ V (T ) there exists j(v) ∈ {1, . . . , k} and a universal
covering (simplicial) map pv : L̃v → Lj(v) such that the following diagram commutes

L̃v Lj(v)

K.

pv

p|
L̃v

Moreover, for every path connected component C of Â, there exists a universal
covering (simplicial) map pC : C → p(C) such that the following diagram commutes

C p(C)

K.

p|C

pC

Proof. The aspherical multicomplexes K = A(M), Lj = A(Mj) and A =
A(S) are classifying spaces for the fundamental groups ofM ,Mj and S respectively.
By assumption we know thatMj and S are π1-injective inM . It follows that also Lj
and p(C) are π1-injective in K. The statement now follows from standard covering
theory. �

Let x̄ be a vertex of K, hence, a point of M . We denote by Γ the fundamental
group of M based at x̄. By Lemma 2.27, there are canonical isomorphisms

Γ = π1(M, x̄) ∼= π1(K, x̄).

Since ∪L̂j is Γ-invariant, we can consider the simplicial action Γ y ∪L̂j by deck
transformations. Let Γv denote the stabilizer of L̃v in Γ.
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Recall that K ′ = A(∂M) and L′j = A(Bj) are not necessarily connected. Let
K̂ ′ = p−1(K ′) and L̂′j = p−1(L′j). By Lemma 5.6, the morphisms π1(L′j ↪→ K) and
π1(K ′ ↪→ K) are injective for every choice of basepoint. Therefore, inside K̂ ′ (resp.
L̂′j) we can find several copies of the universal covering of K ′ (resp. of L′j). For
every v ∈ V (T ), we set

L̂′v = L̂′j(v) ∩ L̃v.

7.2.2. Proof of Proposition 7.12. Let ε > 0. For every j ∈ {1, . . . , k}, we
are given a coclass ϕj ∈ Hn(C•b (Lj, L′j)Galt). Let fj ∈ Cn

b (Lj, L′j)Galt be a cocycle
representing ϕj such that

‖fj‖∞ ≤ ‖ϕj‖∞ + ε.

For every v ∈ V (T ), we denote by fv ∈ Cn
b (L̃v) the pull-back of fj via the covering

pv : L̃v → Lj(v). Of course, also fv is a cocycle. Moreover, since fj vanishes on
simplices supported on L′j, it follows that fv vanishes on simplices supported on L̂′v,
hence

fv ∈ Cn
b (L̃v, L̂′v)Γv

alt.

In order to prove Proposition 7.12, it is sufficient to find a bounded cocycle
f ∈ Cn

b (K̃, K̂ ′)Γ
alt

which restricts to fv on each Cn(L̃v) and is such that

‖f‖∞ ≤ max
{
‖fj‖∞ | j ∈ {1, . . . , k}

}
.

Our construction is based on the following lemma, inspired by the notion of special
cochains from [Fri17, Definition 5.15]. Since K̃ is a simplicial complex, its simplices
are uniquely characterized by their vertices. By Lemma 2.25, the vertices x0, . . . , xn
span a simplex σ of K̃ if and only if p(x0), . . . , p(xn) are pairwise distinct vertices
of K = A(M).

Lemma 7.16. For every v ∈ V (T ), the cochain fv ∈ Cn
b (L̃v, L̂′v) satisfies the

following properties:
• fv is alternating and Γv-invariant;
• Let (σ, (x0, . . . , xn)) and (σ′, (x′0, . . . , x′n)) be algebraic n-simplices of L̃v
such that, for every i ∈ {0, . . . , n}, either xi = x′i or xi and x′i both lie in
the same connected component of L̃v ∩ Â. Then

fv(σ, (x0, . . . , xn)) = fv(σ′, (x′0, . . . , x′n)).
In particular, fv vanishes on every simplex having two vertices on the same con-
nected component of L̃v ∩ Â.

Proof. Let j = j(v) ∈ {1, . . . , k}, so that fv is the pullback of fj via the
universal covering map p. Since fj is alternating, then fv is alternating and Γv-
invariant. Let now (σ, (x0, . . . , xn)) and (σ′, (x′0, . . . , x′n)) be algebraic n-simplices
of L̃v as in the statement. Let ∆ = p(σ) and ∆′ = p(σ′). By definition of pullback,
we have that

fv(σ, (x0, . . . , xn)) = fj(∆, (p(x0), . . . , p(xn))),
fv(σ′, (x′0, . . . , x′n)) = fj(∆′, (p(x′0), . . . , p(x′n))).
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We now exhibit an element g ∈ G such that g · ∆ = ∆′ and g · xi = x′i, for every
i ∈ {0, . . . , n}. Since fj is G-invariant, this is enough to conclude. For every
i ∈ {0, . . . , n}, we proceed as follows. If xi = x′i, we set gi to be the identity of G.
If xi and x′i are in the same connected component C of Â ∩ L̃v, there are two cases
to consider.

If p(xi) = p(x′i), then there exists a unique element ai ∈ π1(S, p(xi)) such that
ai · xi = x′i, where π1(S, p(xi)) acts on C by deck transformations. Let τi be any
loop representing ai. We set gi = {τi} ∈ G. On the other hand, if p(xi) and p(x′i)
are two different points of A, by Lemma 2.25, there exists a unique edge e between
xi and x′i in Â ∩ L̃v. In this case, let τi be a parametrization of the edge p(e),
i.e. a path in S from p(xi) to p(x′i). We set gi = {τi, τ̄i} ∈ G. Since they act on
distinct points of K, the elements g0, . . . , gn pairwise commute in G. We then set
g = g0 ⊕ · · · ⊕ gn ∈ G. By construction, we have that g ·∆ = ∆′. �

Let s = (σ, (x0, . . . , xn)) ∈ Cn(K̃) be an algebraic n-simplex. Since we work with
alternating cochains, we can assume without loss of generality that x0, . . . , xn ∈ K̃0

are the vertices of σ, i.e. they are pairwise distinct and project onto pairwise
different points of K (Lemma 2.25). Moreover σ is uniquely determined by its
vertices. Observe that K̃ and ∪L̂j have the same 0-skeleton.

Definition 7.17. Let v0, v1 ∈ (∪L̂j)0. A simplicial path in ∪L̂j from v0 to v1
is a 1-dimensional submulticomplex of ∪L̂j whose topological realization realizes a
continuous path in

∣∣∣∪L̂j∣∣∣ from v0 to v1.

In the previous definition, it is important that we do not allow generic edges in
K̃, where every pair of vertices projecting to distinct vertices of K can be connected
by a unique edge (by Lemma 2.25). Since x0, . . . , xn are vertices of K̃, hence of
∪L̂j, we can consider simplicial paths in ∪L̂j between them.

Definition 7.18. A vertex v ∈ V (T ) is a barycenter of σ if, for every i, j ∈
{0, . . . , n}, i 6= j, every simplicial path in ∪L̂j from xi to xj has an edge e such
that e is contained in L̃v and e is not contained in Â.

The proof of the following lemma is based on the description of K̃ as a tree of
multicomplexes.

Lemma 7.19. Let σ be an n-simplex of K̃, where n ∈ N≥2. Then σ has at most
one barycenter. If σ is supported in L̃v, for some v ∈ V (T ), then v is the barycenter
of σ if and only if every component of Â contains at most one vertex of σ. If this
is not the case, then σ does not admit a barycenter.

Proof. The argument follows closely the one presented in [Fri17, Lemma 9.5].
Assume by contradiction that σ admits two distinct barycenters v1 and v2. The
multicomplex ∪L̂j \ L̃v1 has two connected components. We denote by C the con-
nected component of ∪L̂j \ L̃v1 containing L̃v2 \ Â. Since v1 is a barycenter of σ,
at most one vertex of σ is contained in C. On the other hand, the multicomplex
∪L̂j \ C is connected and disjoint from L̃v2 \ Â. Since v2 is a barycenter of σ, then
at most one vertex of σ is contained in ∪L̂j \ C. Since the set of vertices of K̃ and
∪L̂j coincides, it would follows that σ has at most two vertices, which contradicts
our assumption that n ≥ 2. �
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Let v ∈ V (T ) be fixed. We associate (quite arbitrarily) to σ a n-simplex σv with
vertices x′0, . . . , x′n in such a way that the following conditions hold:

• σv is a n-simplex of L̃v;
• if xi ∈ L̃v, then x′i = xi;
• if xi /∈ L̃v, then there exists a unique component C of L̃v ∩ Â such that
every simplicial path in ∪L̂j joining xi with L̃v intersects C; in this case,
we choose x′i to be any point of C.

In order to obtain a simplex of L̃v we need to choose the points x′i so that they
project to pairwise distinct points of Lj(v) – which is always possible. The simplex
σv is called a projection of σ on L̃v, and plays the role of the central simplex of
Kuessner’s work [Kue15]. The projection is unique once we fix its vertices, since
K̃ is a simplicial complex (Lemma 2.25). We denote by sv = (σv, (x′0, . . . , x′n)) the
algebraic simplex associated to σv. We now set, for every v ∈ V (T ),

f̂v(s) = fv(sv).

By Lemma 7.16, f̂v(s) is indeed well defined i.e. it does not depend on the choice of
sv. The following lemma rephrases in our setting the crucial observation in Lemma
4.8.

Lemma 7.20. If v is not a barycenter of σ, then f̂v(s) = 0.

Proof. If v is not a barycenter of σ, then there exists a connected component
C of Â ∩ L̃v which contains at least two vertices of σv, say xi and xj, with i, j ∈
{0, . . . , n} (Lemma 7.19). The conclusion follows from Lemma 7.16. �

We are ready to define the cochain h of K̃ as follows: for every algebraic simplex
s = (σ, (x0, . . . , xn)) ∈ Cn(K̃) we set

h(s) =
∑

v∈V (T )
f̂v(s).

By Lemma 7.19 and Lemma 7.20, the sum on the right hand side is either empty
or consists of a single term. From this we already deduce that

‖h‖∞ ≤ max
{
‖fv‖∞ | v ∈ V (T )

}
= max

{
‖fj‖∞ | j ∈ {1, . . . , k}

}
.

Since fv is alternating for every v ∈ V (T ), it follows that also h is alternating.
Moreover, it is clear from the construction that h is Γ-invariant. It follows that
h projects to a well-defined chain f ∈ Cn

b (K) such that ‖f‖ ≤ ‖h‖. To conclude,
it remains to show that f is a cocycle which vanishes on chains supported on K ′

and which restricts to fj on chains supported on Lj, for every j ∈ {1, . . . , k}. We
show equivalently that h is a cocycle which vanishes on chains supported on K̂ ′ and
which restricts to fv on chains supported on L̃v, for every v ∈ V (T ).

Assume that the simplex σ is supported on L̃v, for some v ∈ V (T ). Then we can
set sv = s, and, from Lemma 7.19 and Lemma 7.20, we deduce that h(s) = fv(s).
Therefore, we have that h indeed restricts to fv on simplices supported on L̃v. In
order to show that h defines a cocycle, let s = (σ, (x0, . . . , xn+1)) be an algebraic
(n + 1)-simplex, where σ is a (n + 1)-simplex of K̃. Let σv denote the projection
of σ on L̃v, according to the same procedure that was described for n-simplices. It
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readily follows from the construction that ∂i(σv) is a projection of ∂iσ on L̃v, hence

f̂v(∂s) =
n+1∑
i=0

(−1)if̂v((∂iσ), (x0, . . . , x̂i, . . . , xn+1))

=
n+1∑
i=0

(−1)ifv((∂iσ)v, (x′0, . . . , x̂′i, . . . , x′n+1))

=
n+1∑
i=0

(−1)ifv(∂i(σv), (x′0, . . . , x̂′i, . . . , x′n+1))

= fv(∂sv) = 0,

where the last equality follows from the fact that fv is a cocycle. Therefore we have
that

h(∂s) =
∑

v∈V (T )
f̂v(∂s) = 0,

so h is a cocycle. It remains to show that h vanishes on simplices supported on K̂ ′.
Let s = (σ, (x0, . . . , xn)) ∈ Cn(K̂ ′). By Lemma 7.20, it is sufficient to prove that
fv(sv) = 0, where v ∈ V (T ) is the barycenter of σ. We have that σ is contained in
some connected component C of K̂ ′. Observe now that C either is contained L̃v,
or it does intersect some connected components of Â. In the first case, since v is
the barycenter of σ, we can take σ = σv. It follows that σv ∈ K̂ ′ ∩ L̃v ⊆ L̂′v. In
the second case, we can clearly construct a projection σv of σ on L̂′v. In both cases,
since fv vanishes on simplices supported on L̂′v, we get fv(sv) = 0. This concludes
the proof of Proposition 7.12, hence of Theorem 8.

7.3. Gromov Equivalence Theorem for Good Pairs

In this section we establish a version of Gromov Equivalence Theorem for good
pairs (Theorem 7.21), which is based on the isometric isomorphism of Theorem
3. This is the key step in our proof of the subadditivity of simplicial volume for
aspherical manifolds (Theorem 10).

Let (X, Y ) be a pair of topological spaces. Let A ⊆ Y be the union of some
connected components of Y . We start by introducing the following one-parameter
family of seminorms on Hn(X, Y ), depending on A (see [Thu79, Section 6.5]). Let
ϑ ∈ [0,∞). We identify Cn(X, Y ) with the quotient of Cn(X) by its subspace
Cn(Y ). We want to define a norm depending on ϑ and A on the space of cycles
Zn(X, Y ) ⊆ Cn(X, Y ). Let c ∈ Zn(X, Y ). Since ∂c = 0, it follows that every cycle
b ∈ Cn(X) representing c satisfies ∂b ∈ Cn−1(Y ). There is a canonical projection
Cn−1(Y )→ Cn−1(A), and we denote by ∂b|A ∈ Cn−1(A) the image of ∂b under this
projection. We set

‖c‖A1 (ϑ) = inf
{
‖b‖1 + ϑ‖∂b|A‖1 | b ∈ Cn(X) is a representative of c

}
.

This indeed defines a norm on Zn(X, Y ), which is equivalent to the usual norm

‖ · ‖1 = ‖ · ‖A1 (0),

and induces a quotient seminorm on Hn(X, Y ), still denoted by ‖ · ‖A1 (ϑ).
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The goal of this section is to give a proof of the following version of Gromov
Equivalence Theorem [Gro82, Section 4.1][BBF+14, Theorem 5]. This was origi-
nally stated in [Kue15] without assumptions on higher homotopy.

Theorem 7.21 (Gromov Equivalence Theorem). Let (X, Y ) be a good pair and
let A ⊆ Y be the union of some connected components of Y . If every connected
component of A has an amenable fundamental group, then the seminorms ‖ · ‖A1 (ϑ)
on Hn(X, Y ) coincide for every ϑ ∈ [0,∞).

The previous result admits the following equivalent formulation, which is in-
spired by [Thu79, Section 6.5], and plays a fundamental role in our proof of The-
orem 10.

Corollary 7.22. Let (X, Y ) be a good pair of topological spaces. Let A ⊆ Y
be the union of some connected components of Y and assume that every connected
component of A has an amenable fundamental group. Let α ∈ Hn(X, Y ), n ∈ N≥2.
Then, for every ε ≥ 0, there exists an element c ∈ Cn(X) with ∂c ∈ Cn−1(Y ) such
that [c] = α ∈ Hn(X, Y ), ‖c‖1 ≤ ‖α‖1 + ε and ‖∂c|A‖1 < ε.

Proof. The argument is the same of [BBF+14, Corollary 6], which we present
here for the sake of completeness. Let ϑ = (‖α‖1 + ε)/ε. By Theorem 7.21, the
norm ‖ · ‖A1 (ϑ) induces the same norm as ‖ · ‖1 in homology. It follows that there
exists a representative c ∈ Cn(X) of α such that

‖c‖A1 (ϑ) = ‖c‖1 + ϑ‖∂c|A‖1 ≤ ‖α‖1 + ε,

which implies that ‖c‖1 ≤ ‖α‖1 + ε and ‖∂c|A‖1 < ε. �

Our proof of Theorem 7.21 uses the same construction of the mapping cone
complex of Section 5.2. We denote by in : Cn(Y )→ Cn(X) the map induced by the
inclusion i : Y ↪→ X. We consider the complex (C•(Y ↪→ X), d̄•), where

Cn(Y ↪→ X) = Cn(X)⊕ Cn−1(Y ), d̄n(u, v) = (∂nu+ in−1(v),−∂n−1(v)).

We denote by Z•(Y ↪→ X) the corresponding cocycles and by H•(Y ↪→ X) its
homology. For every n ∈ N and ϑ ∈ [0,∞), we endow Cn(Y ↪→ X) with the norm

‖(u, v)‖1(ϑ) = ‖u‖1 + ϑ‖v‖1.

In a similar way, we endow Zn(Y ↪→ X) with the norm

‖(u, v)‖A1 (ϑ) = ‖u‖1 + ϑ‖v|A‖1,

which induces a seminorm, still denoted by ‖ · ‖A1 (ϑ), on H•(Y ↪→ X). Consider the
chain map

βn : Cn(Y ↪→ X)→ Cn(X, Y ), βn(u, v) = [u].
The very same argument of [BBF+14, Lemma 5.1] can be used to prove the fol-
lowing.

Lemma 7.23. The map

Hn(βn) : (Hn(Y ↪→ X), ‖ · ‖A1 (ϑ))→ (Hn(X, Y ), ‖ · ‖A1 (ϑ))

is an isometric isomorphism for every ϑ ∈ [0,∞).
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The dual chain complex of (C•(Y ↪→ X), ‖ · ‖1(ϑ)) is the mapping cone complex
associated to the chain map i• : C•b (X)→ C•b (Y ) (see Section 5.2), i.e. the complex
(C•b (Y ↪→ X), δ̄•), where

Cn
b (Y ↪→ X) = Cn

b (X)⊕ Cn−1
b (Y ), δ̄n(f, g) = (δnf,−in(f)− δn−1g).

In our setting, Cn
b (Y ↪→ X) is endowed with the norm

‖(f, g)‖∞(ϑ) = max
{
‖f‖∞, ϑ−1‖g‖∞

}
.

We denote by Z•b (Y ↪→ X) the corresponding cocycles and by H•b (Y ↪→ X) the
corresponding cohomology. Similarly, the dual chain complex of (Z•(Y ↪→ X), ‖ ·
‖A1 (ϑ)) is (Z•b (Y ↪→ X), δ̄•) equipped with the norm

‖(f, g)‖A∞(ϑ) = max{‖f‖∞, ϑ−1‖g|A‖∞}.

As above, this norm induces a seminorm, still denoted by ‖·‖A∞(ϑ), on H•b (Y ↪→ X).
Consider the chain map

βn : Cn
b (X, Y )→ Cn

b (Y ↪→ X), βn(f) = (f, 0).

In presence of good pairs, we can prove the following.

Lemma 7.24. Assume that (X, Y ) is a good pair and that every component of
A has an amenable fundamental group. Then the map

Hn(βn) : (Hn
b (X, Y ), ‖ · ‖∞)→ (Hn(Y ↪→ X), ‖ · ‖A∞(ϑ))

is an isometric isomorphism for every ϑ ∈ [0,∞).

Proof. By the very same argument of Lemma 5.12 one can deduce thatHn(βn)
is an isomorphism. In order to show that it is isometric, we need to exploit the fact
that every connected component of A has an amenable fundamental group. We
denote by B = Y \ A be the union of the remaining connected components of Y .
Consider the chain map

γ• : C•b (Y ↪→ X)→ C•b (X), (f, g)→ f,

and the chain map
h• : C•b (Y ↪→ X)→ C•b (B ↪→ X),

induced by the inclusion j : (X,B)→ (X, Y ). It is easy to verify that the composi-
tion γn ◦ hn ◦ βn : Zn

b (X, Y ) → Zn
b (X) actually takes values in Zn

b (X,B) ⊆ Zn
b (X)

and in fact it coincides with the chain map

jn : Zn
b (X, Y )→ Zn

b (X,B),

induced by j. Since the map j induces an isometric isomorphism in bounded
cohomology (Theorem 3) and since Hn(βn), Hn(hn) and Hn(γn) are norm non-
increasing, we can conclude that the isomorphism Hn(βn) is isometric for every
n ∈ N≥2. �

Proof of Theorem 7.21. We know that (C•b (X, Y ), ‖ ·‖∞) is the topological
dual complex of

(C•(X, Y ), ‖ · ‖1) = (C•(X, Y ), ‖ · ‖A1 (0))
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and (C•b (Y ↪→ X), ‖ · ‖A∞(ϑ)) is the topological dual complex of (C•(Y ↪→ X), ‖ ·
‖A1 (ϑ)). Therefore, from Lemma 7.24 and Löh Translation Principle [Löh08, The-
orem 1.1], we deduce that the map

Hn(βn) : (Hn(Y ↪→ X), ‖ · ‖A1 (ϑ))→ (Hn(X, Y ), ‖ · ‖1)
is an isometric isomorphism. In conclusion, we know from Lemma 7.23 that also
the map

Hn(βn) : (Hn(Y ↪→ X), ‖ · ‖A1 (ϑ))→ (Hn(X, Y ), ‖ · ‖A1 (ϑ))
is an isometric isomorphism. We have thus shown that the seminorms ‖ · ‖A1 (ϑ)
coincide on Hn(X, Y ) for every ϑ ∈ [0,∞), which concludes the proof. �

7.4. Additivity for Aspherical Manifolds

The goal of this section is to prove Theorem 10, which states that the simplicial
volume is additive under gluings of aspherical manifolds. We begin by setting up
some notation.

Setup 7.25. Let n ∈ N≥2. Let M1, . . . ,Mk be oriented compact triangulable
n-manifolds. Let (S+

1 , S
−
1 ), . . . , (S+

h , S
−
h ) be a pairing of pairwise disjoint boundary

components of M1, . . . ,Mk. Let M be the manifold obtained by gluing M1, . . . ,Mk

along the pairing. Let qj : Mj → M denote the quotient map. We still denote by
Mj the image of Mj in M via qj. We denote by S the union of the manifolds S±i ,
i ∈ {1, . . . , h}, understood as a subset of M . For all i ∈ {1, . . . , h}, let j±(i) ∈
{1, . . . , k} be the index such that S±i is a boundary component of Mj±(i).

We deduce Theorem 10 from a more general result stated in terms of good
pairs. Recall that the union of two aspherical CW-complexes X and Y along a
common subcomplex Z is again aspherical, provided that Z is itself aspherical and
π1-injective in X and Y [Whi78][Edm20, Theorem 3.1]. Of course, in this case
both the pairs (X,Z) and (Y, Z) are good. Building on this fact, it is immediate to
deduce Theorem 10 from the following.

Proposition 7.26. In the situation of Setup 7.25, assume that the following
conditions hold for every j ∈ {1, . . . , k}:

(1) (M,∂M), (M,Mj) and (Mj, ∂Mj) are good pairs;
(2) Every connected component of S has amenable fundamental group.

Then ‖M,∂M‖ = ‖M1, ∂M1‖+ · · ·+ ‖Mk, ∂Mk‖.

We subdivide the proof of Proposition 7.26 in two steps. In the first step, the
inequality
(7.3) ‖M,∂M‖ ≤ ‖M1, ∂M1‖+ · · ·+ ‖Mk, ∂Mk‖

is deduced as an application of Gromov Equivalence Theorem for good pairs (Corol-
lary 7.22) and the Uniform Boundary Condition of Matsumoto and Morita [MM85].
Our proof follows closely the argument in [BBF+14, Remark 6.2]. In the second
step, we show how the inequality
(7.4) ‖M,∂M‖ ≥ ‖M1, ∂M1‖+ · · ·+ ‖Mk, ∂Mk‖,

can be deduced by adapting the argument presented in Section 7.2.
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Proof of (7.3). Since the pairs (Mj, ∂Mj), j ∈ {1, . . . , k}, are good, by Corol-
lary 7.22, we can choose a real fundamental cycle cj ∈ Cn(Mj, ∂Mj) ofMj such that

‖cj‖1 ≤ ‖Mj, ∂Mj‖+ ε, ‖∂ncj|Sj
‖1 < ε.

Let c = c1 + · · ·+ck ∈ Cn(M), where we identify every chain inMj with its image in
M . Since ∂cj is the sum of real fundamental cycles of the boundary components of
Mj, and since the gluing maps are orientation-reversing, it follows that ∂c = ∂b+ z
for some b ∈ Cn(S) and z ∈ Cn−1(∂M). Moreover, every connected component of
S has amenable fundamental group, hence the singular chain complex of S satisfies
the Uniform Boundary Condition in every positive degree [MM85, Theorem 2.8].
Therefore, we can assume that the following inequalities

‖b‖1 ≤ α‖∂c− z‖1 ≤ αkε

hold for some universal constant α. The chain c′ = c− b is a relative fundamental
cycle for (M,∂M). It follows that

‖M,∂M‖ ≤ ‖c′‖1 ≤ ‖c‖1 + ‖b‖1 ≤
k∑
j=1
‖Mj, ∂Mj‖+ kε+ αkε,

which implies (7.3), since ε is arbitrary. �

Proof of (7.4). We show how to adapt the argument presented in Section
7.2 to get the desired inequality. In fact, under our assumptions, we know that the
pairs (M,∂M) and (Mj, Bj) are good, for every j ∈ {1, . . . , k}. Therefore, in the
proof of Proposition 7.7, we can replace the bi-Lipschitz isomorphisms Ψn and Ψn

j

in the diagram in Figure 6 with the isometric isomorphisms

Φn : Hn
b (A(M),A(∂M))→ Hn

b (M,∂M),

Φn
j : Hn

b (A(Mj),A(Bj))→ Hn
b (Mj, Bj),

from Theorem 1. Moreover, since the action of the group G = ΠM(S) on A(M)
(resp. A(Mj)) preserves the subcomplex A(∂M) (resp. A(Bj)), we can replace the
bi-Lipschitz isomorphisms In and Inj in the diagram in Figure 6 with the isometric
isomorphisms

Hn(C•b (A(M),A(∂M))Galt)→ Hn
b (A(M),A(∂M)),

Hn(C•b (A(Mj),A(Bj))Galt)→ Hn
b (A(Mj),A(Bj)),

from Proposition 3.15. The same construction then applies and the inequality (7.4)
follows. �

Remark 7.27. In [BBF+14] the authors show that the inequality (7.4) is true
under the additional assumption that every boundary component of M1, . . . ,Mk

has amenable fundamental group. Their proof is based on the following result on
bounded cohomology: given a CW-pair (X,A) such that every connected compo-
nent of A has amenable fundamental group, then the mapHn

b (X,A)→ Hn
b (X) is an

isometric isomorphism for every n ∈ N≥2 [BBF+14, Theorem 2]. If we restrict our
attention to good pairs, their argument can be adapted verbatim to prove inequality
(7.4) in our setting, by using Theorem 3 when needed.
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7.5. Subadditivity for Partial Gluings

The goal of this section is to prove Theorem 11, which establishes the subad-
ditivity of simplicial volume under partial gluings, provided that every boundary
component involved in the gluing is amenable, and that the simplicial volume of
the gluing loci (and their complements) vanishes.

We consider the situation of Setup 7.6, which we recall briefly. Let n ∈ N≥2. Let
M1, . . . ,Mk be oriented compact connected n-manifolds with non-empty boundary.
Let

(S+
1 , S

−
1 ), . . . , (S+

h , S
−
h )

be a pairing of some oriented compact connected pairwise-disjoint submanifolds of
∂M1 t · · · t ∂Mk

of codimension 0. LetM be the manifold obtained by gluingM1, . . . ,Mk along some
orientation-reversing homeomorphisms fi : S+

i → S−i , i ∈ {1, . . . , h}. We denote by
S the union of the manifolds S±i , i ∈ {1, . . . , h}, understood as a subset of M . Let
Bj be the compact (n− 1)-submanifold of Mj whose interior is the complement in
∂Mj of the gluing loci. We have that ∂Bj = ∂S∩∂Mj. We recall for the convenience
of the reader the assumptions of Theorem 11:

• Every connected component of ∂Mj has amenable fundamental group;
• Every connected component of ∂S has amenable fundamental group;
• ‖S±i , ∂S±i ‖ = 0 and ‖Bj, ∂Bj‖ = 0.

Our strategy to prove Theorem 11 is to construct an efficient cycle computing the
`1-norm of the fundamental class of M by suitable modifying fundamental classes
of Mj. The construction closely follows the one of Lemma 7.13. The amenability of
the boundaries is key in this operation to use the Uniform Boundary Condition of
Matsumoto and Morita [MM85] and the version of Gromov Equivalence Theorem
established in [BBF+14].

Proof of Theorem 11. In the following, with an abuse of notation, we iden-
tify any chain in Mj and S with the corresponding chain in M via the correspond-
ing inclusions. Let wj ∈ Cn(Mj) be relative fundamental cycles of Mj, and let
w = w1 + · · · + wk ∈ Cn(M). We need to modify w in order to get a fundamental
cycle ofM with controlled norm. Let ε ∈ R>0. Since every connected component of
Mj has amenable fundamental group, by Gromov Equivalence Theorem [BBF+14,
Corollary 6], we can assume without loss of generality that

‖wj‖1 ≤ ‖Mj, ∂Mj‖+ ε, ‖∂wj‖1 ≤ ε.

Let now σ+
i ∈ Cn−1(S+

i ) be a relative fundamental cycle of S+
i , and let

σ−i = −(fi)∗(σ+
i ) ∈ Cn−1(S−i )

be the corresponding fundamental cycle of S−i . Let βj ∈ Cn−1(Bj) be a relative
fundamental cycle of Bj. We denote by σj the sum of the σ±i where i ∈ {1, . . . , h}
is such that S±i ⊆ Mj. Since ‖S±i , ∂S±i ‖ and ‖Bj, ∂Bj‖ vanish by assumption
for every i ∈ {1, . . . , h} and every j ∈ {1, . . . , k}, we can assume without loss of
generality that

‖βj‖1 ≤ ε, ‖σj‖1 ≤ ε,

which in turns imply that ‖∂βj‖1 ≤ nε and ‖∂σj‖1 ≤ nε. Moreover, the amenability
of ∂Bj ensures that the chain complex C•(∂Bj) satisfies the Uniform Boundary
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Condition in every positive degree [MM85]. Let K ∈ R>0 be the UBC-constant for
C•(∂Bj) in degree n−2. Since ∂σj and ∂βj represent opposite classes in Hn−2(∂Bj),
it follows that there exists dj ∈ Cn−1(∂Bj) such that

∂dj = ∂σj + ∂βj, ‖dj‖1 ≤ K‖∂dj‖1 ≤ 2nKε.

Therefore bj = dj−βj is a fundamental cycle of Bj, and cj = σj−bj ∈ Cn−1(∂Mj) is a
fundamental cycle of ∂Mj. Since every connected component of ∂Mj has amenable
fundamental group, then also the chain complex C•(∂Mj) satisfies the Uniform
Boundary Condition in every positive degree. Let L ∈ R>0 be the UBC-constant
for C•(∂Mj) in degree n−1. Since ∂wj and cj represent the same class in homology,
there exists uj ∈ Cn(∂Mj) such that

∂uj = cj − ∂wj, ‖uj‖1 ≤ L‖∂uj‖ ≤ 2nKLε+ 3Lε.

We set now zj = wj + uj ∈ Cn(Mj), which is a fundamental cycle of Mj such that
∂zj = σj−bj. It follows from the construction then z = z1+· · ·+zk is a fundamental
cycle of M such that

‖z‖1 ≤
k∑
j=1
‖zj‖1 ≤

k∑
j=1
‖Mj, ∂Mj‖+ kε(1 + 3L+ 2nKL).

Since ε was arbitrary, we conclude that

‖M,∂M‖ ≤
k∑
j=1
‖Mj, ∂Mj‖.

�

Remark 7.28. In the Proof of Theorem 11 we use the version of Gromov’s
Equivalence Theorem established in [BBF+14]. To this end, we need to assume
the technical assumption from [BBF+14] that also the boundary components which
remain unglued need to have amenable fundamental group. One could avoid this
by using the version of Gromov’s Equivalence Theorem for good pairs (Theorem
7.21) instead. The price to pay are stronger assumptions on higher homotopy.

7.6. Beyond Amenability

Most additivity results for the simplicial volume of manifolds obtained by gluings
require some amenability condition on the gluing loci. The goal of this section is to
present a combination theorem for generalized Lusternik-Schnirelmann categories
which has been obtained by the author in collaboration with Kevin Li and Clara
Löh in [CLL25]. As an application, we discuss vanishing results for the simplicial
volume of manifolds obtained by gluings along not necessarily amenable boundaries.

In Gromov’s Vanishing Theorem, as well as in its relative versions (Theorem
6), the vanishing of the comparison map is typically expressed in terms of the
multiplicity of some amenable open cover. However, the condition on multiplic-
ity can equivalently be reformulated in terms of the cardinality of the open cover
(Proposition 7.32). This reformulation is inspired by the classical notion of the
Lusternik–Schnirelmann category, which is defined as the minimal cardinality of an
open cover by contractible subsets.
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Definition 7.29. Let X be a path-connected topological space. The amenable
category catAm(X) of X is defined as the minimum n ∈ N such that there exists an
open cover {U0, U1, . . . , Un} of X by amenable subsets. If such an integer does not
exists, we set catAm(X) =∞.

Let G be a group. We define the amenable category of G as
catAm(G) = catAm(BG),

where BG is a classifying space for G. If there exists a π1-isomorphism X → Y ,
then pulling back open covers shows catAm(X) ≤ catAm(Y ). In particular, catAm(G)
is well-defined and we have

catAm(X) ≤ catAm(π1(X)).
We have catAm(G) = 0 if and only if G is amenable. Moreover, catAm(G) = 1

if and only if G is not amenable and G is the fundamental group of a graph of
groups whose vertex groups (and hence also edge groups) are amenable [CLM22,
Proposition 5.3]. In the literature [CLM22, LM22] also a different normalization
is used, producing values that are larger by 1 than ours.

Remark 7.30. We have that catAm(X) ≤ dim(X) for every simplicial complex
X. Indeed, the cover of X by the open stars of the first barycentric subdivision
yields an open cover by contractible (hence amenable) subsets, whose cardinality is
equal to dim(X). Since every CW-complex is homotopy equivalent to a simplicial
complex, and since catAm is homotopy invariant, then the same inequality holds for
CW-complexes. In particular, for every group G, we have that

catAm(G) ≤ gd(G),
where gd(G) is the minimal dimension of a CW-model for the classifying space BG.

Of course, every open cover of cardinality n ∈ N has multiplicity at most n.
On the other hand, the following lemma shows that also the converse implication
holds, at least for topological spaces admitting partitions of unity subordinated to
every open cover.

Lemma 7.31 ([CLOT03, Lemma A.4]). Let X be a topological space and let
n ∈ N. Let U be an open cover of X of multiplicity n + 1 with a partition of unity
subordinate to the cover. Then there exist an index set B and an open covering{

Viβ
∣∣∣ i ∈ {1, . . . , n+ 1}, β ∈ B

}
of X refining U such that Viβ ∩ Viβ′ = ∅ for all β 6= β′.

It follows from Lemma 7.31 that Gromov’s Vanishing Theorem (Theorem 6.2)
admits the following equivalent formulation in terms of the amenable category.

Proposition 7.32. Let X be a CW-complex. Then the comparison map
compn : Hn

b (X)→ Hn(X)
vanishes for every n ≥ catAm(X).

We prove a combination theorem for the amenable category of groups. Our
argument follows the classical strategy to modify open covers while controlling the
multiplicity (see the proof of Theorem 6.8).
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Theorem 7.33 ([CLL25, Corollary 1.5]). Let G be the fundamental group of a
finite graph of groups with vertex groups (Gv)v∈V and edge groups (Ge)e∈E. Then

catAm(G) ≤ max
{

sup
v∈V

catAm(Gv), sup
e∈E

(
gd(Ge) + 1

)}
.

Proof. We present the argument for amalgamated products. The same strat-
egy can be easily adapted to the case of HNN extensions, and more generally, to
arbitrary graphs of groups. Let G denote the amalgamated product of G1 and G2
along a common subgroup G0. Then a model for the classifying space BG can be
constructed as

BG = BG1 ∪ (BG0 × [0, 1]) ∪BG2,

where BG0 × {0} is glued to BG1 and BG0 × {1} is glued to BG2 via the map
induced by the subgroup inclusion. Let U1 = {Ui1 | i1 ∈ I1} and U2 = {Ui2 | i2 ∈ I2}
be open covers of BG1 and BG2, respectively, by amenable subsets and of minimal
cardinality. The index sets I1 and I2 should be understood to be disjoint.

After realizing BG0 as a simplicial complex of dimension n = gd(G0), we may
take iterated barycentric subdivisions so that the open cover of BG0 by open stars is
a refinement of both the open covers induced by U1 and U2 on BG0. More precisely,
there exists an open cover V = {Vj | j ∈ J} of BG0 by contractible subsets such
that, for every j ∈ J there exists i1(j) ∈ I1 and i2(j) ∈ I2 such that Vj×{0} ⊆ Ui1(j)
and Vj × {1} ⊆ Ui2(j). Moreover, the multiplicity of V is at most n. By Lemma
7.31, up to taking further refinements of V , there exists a map

c : J → {0, . . . , n}
such that c(j) 6= c(j′) whenever Vj ∩ Vj′ 6= ∅. We consider positive real numbers ε
and ak, k ∈ {0, . . . , n}, such that

0 < ε < a0 < · · · < an < 1− ε < 1
and ak−1, ak+1 /∈ (ak − ε, ak + ε). For every i1 ∈ I1, we set

J(i1) = {j ∈ J | i1(j) = i1},
and, in the same way, we define J(i2). For every i1 ∈ I1, we set

Wi1 = Ui1 ∪ ((Ui1 ∩ (BG0 × {0}))× [0, ε)) ∪
⋃

j∈J(i1)
Vc(j) × [0, ac(j) + ε),

and, for every i2 ∈ I2, we set
Wi2 =

⋃
j∈J(i2)

Vc(j) × (ac(j) − ε, 1] ∪ ((Ui2 ∩ (BG0 × {1}))× (1− ε, 1]) ∪ Ui2 .

It is easy to check that W = {Wi1 | i1 ∈ I1}∪ {Wi2 | i2 ∈ I2} is an open cover of BG
by amenable subsets. Moreover, the multiplicity of W is bounded from above by

max {catAm(G1), catAm(G2), gd(G0) + 1} ,
hence the same estimate holds for the amenable category of G by Lemma 7.31. �

Remark 7.34. Theorem 7.33 is deduced in [CLL25] from the following more
general statement. For every group G and every (non-equivariantly) contractible
G-CW-complex X, we have that

(7.5) catAm(G) ≤ max
{

sup
v∈Σ0

catAm Gv, sup
σ∈Σ≥1

(
gd(Gσ) + dim(σ)

)}
,
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where Σ0 and Σ≥1 denote the sets of all 0-cells and all positive dimensional cells
of X, respectively, and Gσ denotes the stabilizer of the cell σ. Theorem 7.33 clearly
follows from (7.5) by considering the action on the Bass-Serre tree. Instead of
constructing open covers explicitly, as done in our proof of Theorem 7.33, the
estimate (7.5) is derived in [CLL25] using an equivalent characterization of the
amenable category, formulated in terms of the dimension of G-CW-complexes with
amenable isotropy [CLM22, Lemma 7.6], together with dimensional estimates for
G-pushouts arising in the construction of classifying spaces. We also underline
the fact that the upper bound (7.5), hence Theorem 7.33, works more generally for
generalized Lusternik-Schnirelmann categories with more general constraints on the
fundamental group.

We now turn our attention on applications of Theorem 7.33 to the vanishing of
simplicial volume of manifolds obtained by gluings (Theorem 13). We first establish
a relative version of the Vanishing Theorem in presence of control over the geometric
dimension of boundary components.

Lemma 7.35. Let M be an oriented compact connected n-manifold with non-
empty boundary. Assume that:

• Every boundary component of M is π1-injective in M ;
• Every boundary component of M has fundamental group of geometric di-
mension ≤ n− 2;
• catAm(π1(M)) ≤ n− 1.

Then ‖M,∂M‖ = 0.

Proof. By duality (Lemma 3.1), the simplicial volume of (M,∂M) is zero if
and only if the comparison map

Hn
b (M,∂M)→ Hn(M,∂M)

vanishes. Let S1, . . . , Sh be the boundary components of M . Let π1(S) denote
the collection (π1(Si))i of subgroups of π1(M). By the Mapping Theorem [FM23,
Theorem 5] and the Five Lemma, it suffices to show that the comparison map for the
group pair (π1(M), π1(S)) vanishes in degree n. We consider the following diagram⊕h

i=1H
n−1
b (π1(Si)) Hn

b (π1(M), π1(S)) Hn
b (π1(M))

⊕h
i=1H

n−1(π1(Si)) Hn(π1(M), π1(S)) Hn(π1(M))

where the rows are portions of the long exact sequences of pairs and the vertical
maps are comparison maps. Since gd(π1(Si)) ≤ n − 2 for all i ∈ {1, . . . , h}, the
lower left module is trivial. Since catAm(π1(M)) ≤ n − 1, the right vertical map
vanishes by the Vanishing Theorem (Proposition 7.32). It follows that the middle
vertical map vanishes, as desired. �

We consider now the situation described in Setup 7.25, where some oriented
compact connected n-manifolds M1, . . . ,Mk are glued along a pairing

(S+
1 , S

−
1 ), . . . , (S+

h , S
−
h )

of some of their boundary components. We denote by M the glued manifold. We
know that, if all boundary components are amenable, then the simplicial volume is
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subadditive (Theorem 7.2). In particular, the simplicial volume of the gluing is zero
if the simplicial volume of all pieces is zero. We prove a similar vanishing result.
While our assumptions on the pieces are stronger than the vanishing of simplicial
volume, so is our conclusion on the gluing. The advantage of our result is that the
boundary components need not be amenable. Theorem 13 directly follows from the
following slightly more general result.

Theorem 7.36. In the situation of Setup 7.25, suppose that the following hold:
• For all i ∈ {1, . . . , h}, the subspace S±i is π1-injective in Mj±(i);
• For all i ∈ {1, . . . , h}, we have gd(π1(S+

i )) ≤ n− 2;
• For all j ∈ {1, . . . , k}, we have catAm(π1(Mj)) ≤ n− 1.

Then catAm(M) ≤ n − 1. Moreover, if every boundary component of the Mj is
π1-injective and has fundamental group of geometric dimension ≤ n − 2, then
‖M,∂M‖ = 0.

Proof. Since catAm(M) ≤ catAm(π1(M)), we will prove the stronger statement
catAm(π1(M)) ≤ n − 1. Since M is constructed as a gluing along π1-injective
boundary components, π1(M) is the fundamental group of a finite graph of groups
with vertex groups π1(Mj) and edge groups π1(S+

i ). Then the claim follows from
Theorem 7.33. The vanishing of simplicial volume follows from Lemma 7.35. �

We give a concrete application of our results in the case of twisted doubles.
Let (M,∂M) be an oriented compact connected manifold with non-empty boundary.
Let f : ∂M → ∂M be an orientation-preserving self-homeomorphism. The twisted
double Df (M) of M along f is the oriented closed connected manifold defined as

Df (M) = M ∪f −M,

where −M is a copy of M with the opposite orientation. For the identity f = id
on ∂M , one obtains the (untwisted) double Did(M) of M . In this case, since the
gluing is performed via the identity, any relative fundamental cycle of M can be
juxtaposed with its reversed copy (which is a fundamental cycle of −M), thus
yielding a fundamental cycle of Did(M). It follows that the inequality
(7.6) ‖Df (M)‖ ≤ 2 · ‖M,∂M‖

holds when f = id. Moreover, by Theorem 7.2, if every boundary component of
∂M has amenable fundamental group, then (7.6) holds for every gluing map f . In
this case, if ‖M,∂M‖ = 0, then the simplicial volume of Df (M) vanishes. However,
(7.6) does not hold in general [BBF+14, Remark 6.4]. As an application of Theorem
7.36, we obtain the following vanishing criterion for the simplicial volume of twisted
doubles.

Corollary 7.37. Let M be an oriented compact connected n-manifold with
non-empty boundary. Suppose that the following hold:

• Every boundary component of M is π1-injective in M ;
• Every boundary component of M has fundamental group of geometric di-
mension ≤ n− 2;
• catAm(π1(M)) ≤ n− 1.

Then the simplicial volume of Df (M) vanishes for every orientation-preserving self-
homeomorphism f : ∂M → ∂M .
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Example 7.38. Let n ∈ N with n ≥ 4. Let V be an oriented compact (n− 1)-
manifold obtained by removing an open ball from an aspherical closed connected
(n− 1)-manifold. The boundary ∂V is an (n− 2)-sphere. Consider the n-manifold
that is the boundary connected sum

M = (V × S1)\(V × S1)
of two copies of V ×S1. The boundary ∂M is homeomorphic to the connected sum
(Sn−2×S1)#(Sn−2×S1) and ∂M is π1-injective inM . Since π1(∂M) is a free group
of rank 2, we have gd(π1(∂M)) = 1. Moreover, we have catAm(π1(M)) ≤ n − 1 by
Theorem 7.33 and a standard estimate for catAm of products [CLM22, Proposition
2.7]. Then Corollary 7.37 shows that the simplicial volume of every twisted double
of M is zero.
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