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Introduction

It would be easy to say that the main topic of this thesis is the study of the continuity equation and of the
transport equation. 1t would not be an incorrect statement. However, we think that the main purpose of this
work, conveyed through the analysis of these PDEs, is to show how the Eulerian and the Lagrangian points
of view are complementary: results which seem out of reach from one perspective can often be established
by working with the other.

As we mentioned, the specific PDEs we are going to study are the continuity equation

du+div (bu)y =0 in T withz >0 (0.0.1)
u(0, ) = u fort=0

and the transport equation
0p+b-Vp=0 inT9 witht>0’ (0.0.2)
p(0,-) = p, fort=0

where b is a given velocity field and u,, p, are initial data. If the velocity field 5 is “regular enough” the
well-posedness theory for both equations is classical and linked to the Cauchy problem

d —
{Ey(t) = b(t,7(1)) (0.0.3)

y(@o) = xg

To be more precise, a connection can be established via the flow of b,i.e. amap X : [0,T) x T¢ — T¢
which is a “collection” of integral curves of b, i.e. X (-, x) solves

(0.0.4)

%X(r, x) = b(t, X (1, x))
X(0,x)=x

foreveryx € Td Namely, for every x € T¢ and assuming that b is regular, the map X (-, x) : [0,T) — T¢
is the solution of (0.0.3), which exists and is unique by the classical Cauchy theory for ODEs. The connec-
tion between the continuity and the transport equations and the flow X of 5 can be described as follows:
the solutions u and p can be obtained by transporting the initial data u, and p, along the integral curves
t =~ X (t,x), atechnique known in the literature as method of characteristics. Even though this description
highlights the similarity between the two equations, and in some aspects they are indeed similar, they are
also fundamentally different, as they describe the evolution of inherently distinct types of quantities. We
can summarise this difference by saying that the continuity equation describes the evolution of densities
(or, more generally, measures), while the transport equation describes the evolution of scalars. A good ex-
ample (though highly simplified) to illustrate this distinction is the following. If we introduce a drop of ink
into a river, the ink particles will follow the streamlines of the water. Over time, the drop of ink will change
shape and eventually form a blob in which different regions have different ink densities. The density of the
ink thus changes over time, which is precisely what the continuity equation describes. On the other hand,
if we throw some grains of sand into the same river, the grains will still follow the water streamlines just
like the ink did, but their density will not change: each grain is discrete and at any given time and position

'We immediately inform the reader that, throughout this thesis, we will almost always work in a d-dimensional torus T¢ rather
than in R?. This is only a technical assumption, as we shall explain.
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either a grain is present or it is not. In this case the initial distribution is merely rearranged, which is what
is described by the transport equation.

Outside of the regular case (i.e. when b is not Lipschitz continuous in space) the situation remained unclear
for several years, since non-uniqueness phenomena may occur. A breakthrough was obtained by DiPerna
and Lions in their seminal paper [70], where they proved well-posedness of assuming Sobolev spatial
regularity of the velocity field 5 and a control on the L! L norm of its divergence. Contrary to the strategy
followed in the classical case with the method of characteristics, they obtain the well-posedness of
by first proving well-posedness at the PDE level for (0.0.7) and (0.0.2) f] The main problem is proving
uniqueness of solutions and the strategy they use is the so-called renormalization technique. We will not
go into details here, we just give an idea using the transport equation (0.0.2) as an example, even though
the same argument applies also to (0.0.1), with minor modifications. In the regular setting, if we consider
the composition of a solution p of with a function g € C!(R;R), by the chain-rule g(p) solves

ALB(P] +b - V., [A(p)] = 0. (0.0.5)

Notice that, outside the regular setting, even though the existence of a solution p for can be proved
rather easily we have no information on its regularity, so the chain-rule may not apply and g(p) may not
be a solution of (0.0.5). If for every p# € C'(R;R) it holds that f(p) solves (0.0.5), then we say that p
is a renormalized solution, and it can be proved that renormalized solutions are unique. The key property
is the renormalization property for the vector field 5, which states that every weak solution of isa
renormalized solution, and thus unique. Notice how the focus has shifted from the solution p to the vector
field b: we only need to prove that b satisfies the renormalization property to have, as an easy corollary, that
weak solutions of are unique. This is achieved through a regularisation scheme which shows that
vector fields satisfying certain regularity conditions (namely Sobolev regularity in the spatial variables and a
boundedness assumption on the divergence) have the renormalization property. With such well-posedness
results at the PDE level, corresponding well-posedness results at the ODE level for solutions of can
also be established. In particular, it is important to point out that the notion of uniqueness for solutions
of in this non-regular setting is a weak one: it is not necessarily true that for every x € T¢ there
exists a unique solution X (-, x) of (0.0.3). A general abstract framework in which well-posedness results
at the PDE level can be automatically translated into a “weak” well-posedness for ODEs was provided by
Ambrosio [7]. In the same work, the author also extended the results in [70] by proving that vector fields
with BV spatial regularity (with a boundedness assumption on the divergence) have the renormalization
property. In particular, the appropriate notion of flow to be considered as a solution of in this weaker
setting is the so-called regular Lagrangian flow. The underlying idea is that a “good” solution X of
is one which does not compress the Lebesgue measure too much; in other words, if we transport bounded
initial data via the flow X, the boundedness is preserved. When restricting to this “good” class of flows,
uniqueness at the PDE level implies uniqueness at the ODE level.

In more recent years, the topic of numerically approximating the solutions of (0.0.1), (0.0.2) and (0.0.4)
has also been investigated. Indeed, the interest for a well-posedness theory in a low-regularity setting
was not only motivated by the will of extending the classical theory, but also to study PDEs arising from
physics (e.g. fluid mechanics) where the vector fields are often not regular enough to apply the classical
theory. However, there is a problem. The theory developed by DiPerna-Lions and Ambrosio is inherently

-0
qualitative. Namely, if we consider a smooth approximation b, ~ b of a vector field b for which well-

posedness of (0.0.1),(0.0.2) and (0.0.4) holds, the theory of renormalized solutions provides no rate of
convergence either for the flow X, satisfying

0,X,(1,x) = b, (1, X, (t, x))

or for the solution p, of

0ipe + b, - Vyp, = 0

2In fact, they prove well-posedness for a more general PDE which (0.0.1) and (0.0.2) are special cases of.
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to the regular Lagrangian flow X of 5 and the solution p of (0.0.2), respectively. Quantitative stability esti-
mates for regular Lagrangian flows were first obtained by Crippa and De Lellis [58] using completely differ-
ent techniques. It is worth noticing that, with their arguments, they can prove directly the well-posedness of
(0.0.4) without having to rely on the well-posedness at the PDE level. However, for technical reasons, their
argument needs stronger assumptions on the vector field. Indeed their proofs rely on three main properties:

1. A pointwise inequality (which holds almost everywhere) for BV functions;
2. the boundedness of the maximal operator from L? to L?;

3. auniform lower bound on det(V X (¢, -)).

Vector fields satisfying DiPerna-Lions (and even Ambrosio) regularity assumptions satisfy the first and third
properties, but the second one requires p > 1. For this reason, up to now a quantitative theory (both at the
PDE and at the ODE level) is, in general, limited to L} le”’ vector fields with p > 1. In particular, in [58] it
is proved that given vector fields 5, and b, satisfying the necessary assumptions and given their regular
Lagrangian flows X, and X, then

sup [1X, (1, ) = X,(t. )l 1 S 1og(llby = byll 017" (0.0.6)
t X

Once again shifting the focus from the Lagrangian/ODE point of view to the Eulerian/PDE one, using the
quantitative estimates provided in [58], Seis [144] established corresponding estimates at the PDE level,
providing quantitative stability results for solutions of (0.0.1) with respect to the Wasserstein distance.

With quantitative estimates at hand, one can devise numerical approximation schemes with explicit con-
vergence rates for solutions of . This was first accomplished in [142], where the authors analysed an
explicit upwind finite-volume scheme. In more recent years, other works have addressed the approxima-
tion of solutions of in non-regular settings, though always adopting an Eulerian perspective on the
problem. In [56], the author of this thesis first established a numerical approximation scheme (namely, an
explicit Euler method) for approximating the regular Lagrangian flow of a vector field, proving a quantitative
estimate analogous to (0.0.6), and then used these Lagrangian estimates to derive quantitative approxi-
mation results for solutions of (0.0.1). A generalisation of these results, employing a 6-method instead of
an explicit Euler method, is obtained by the author and collaborators in [46].

A very similar connection between the Lagrangian and the Eulerian points of view can be observed with the
stochastic differential equation

dX,(x) = b(t, X,(x))dt + \/2vd W,
(0.0.7)
Xo(x) =x
and the advection-diffusion equation
. B : J
ou~+div, (bu) = vA, u fn O, T)xT ’ (0.0.8)
u(0, ) = uy ifr=0

since the solution « of (0.0.8) can be represented in terms of the solution X, of (0.0.7) via the Feynman-Kac
formula

u(t9 ) = |E[X(t7 ')#uo],

where X (, -)4u, denotes the push-forward of the initial datum. The basic idea is the same as the method
of characteristics: the initial datum is transported via the stochastic flow X,. However, since the solution
of is not deterministic, an averaging procedure is required, which explains the expected value in
the Feynman-Kac formula. The theory of well-posedness in low regularity settings for (0.0.7) and (0.0.8)
is vast and we will not treat it in detail in this thesis. We only mention that the Brownian motion has a very
strong regularising effect: heuristically, the presence of a Brownian perturbation prevents the formation of
singular measures, which is exactly what we avoid by considering regular Lagrangian flows in (0.0.4). Well-
posedness results for (with v > 0) were already known before [70] and since the Brownian motion
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prevents the formation of singularities, no regularity on the vector field is actually needed. In particular,
Veretennikov [156] proved existence and pathwise uniqueness for solutions of only requiring the
vector field b to be bounded. We point out that the connection between (0.0.7) and (0.0.8) still holds when
the vector field b itself is random. In other words, a non-deterministic velocity field in can have the
effect, at the Eulerian level, of enhancing the diffusivity v. Indeed, averaging over possible directions of
advection produces an effect analogous to a random walk, which is well known to induce diffusion.

We now briefly describe the contents of the various chapters, highlighting the original contributions of the
author. We refer the reader to the introduction of each chapter for more details.

In Chapter 7 we review classical well-posedness theory for (0.0.1), (0.0.2) and (0.0.3),(0.0.4), showing how
they are related and how usual assumptions often considered during introductory analysis courses can be
relaxed.

In Chapter 2 we present the results of DiPerna and Lions [70], establishing well-posedness at the PDE
level. We also discuss the general theory for ODEs with non-regular vector fields by introducing the general
framework developed by Ambrosio [7]. We conclude the chapter with a discussion on non-uniqueness
phenomena and their construction, ranging from classical examples by Aizenman [3] and Depauw [66] to
convex integration approaches [126} 127, [125], up to very recent results [37].

Chapter 3 is based on a paper by the author [55], where uniqueness of solutions of in a low-regularity
setting is proved without using the renormalization technique. Instead, a more geometric argument is
employed, relying on currents from geometric measure theory. In particular, the key observation is to notice
that can be seen as a condition on the boundary of a 1-current of a specific form.

In Chapter 4 we prove stability estimates and other results from [58]: the techniques used in the proofs will
be the blueprint for the results in the subsequent chapters. We also present a novel quantitative stability
estimate in a strong topology for the solutions of (0.0.7).

In Chapter 5 we present the results obtained by the author in [56]. We devise a numerical scheme, based
on the explicit Euler method, to approximate both the reqular Lagrangian flow of a vector field and the
solution of in a low-regularity setting. In Section 5.5 we also present the results obtained by the
author in collaboration with Gennaro Ciampa, Gianluca Crippa, Raffaele D’Ambrosio and Stefano Spirito in
[46]. In particular, in [46] we prove approximation results for the regular Lagrangian flow (which we also use
to prove approximation results at the PDE level) using a -method, and we provide numerical simulations
which show the logarithmic convergence rate we predict.

In Chapter 6, which also presents mainly original results, we show how the techniques employed in Chapter
5 can be applied to the context of SDEs and the advection-diffusion equation, approximating the stochastic
flow X, defined in (0.0.7) with a Euler-Maruyama scheme and using the Feynman-Kac formula to get related

approximation results for (0.0.8).

In Chapter 7, the focus is on mathematical modeling. Specifically, the objective of this chapter is to study
of how advection induced by random forces, produced by microorganisms immersed in a fluid, gives rise
to enhanced diffusion. The original contribution of the author, in collaboration with prof. Giovanni Alberti
and prof. Antonio DeSimone, is presented in section 7.4, where we devise a mathematical model to predict
the enhanced diffusion in a fluid produced by the action of an ensemble of Stokeslets above a no-slip floor.
This study is motivated by the real-world microorganism Stylonychia, which feed in a similar fashion [155].
The results in this chapter are still a work in progress, which will be finalised in [6].
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Notations

The main notations used in the thesis are listed below.

We denote by R¢ the d-dimensional Euclidean space and by T¢ = R¢/Z¢ the d-dimensional torus, each
one considered as a metric space with their respective standard distances. We denote by R* and [R{(J; the
sets of positive and non-negative real numbers, respectively. We also denote by I an interval, often we will
have I = [0, T) for some T > 0. The d-dimensional Lebesgue measure is denoted by #¢, and we denote
by 74¢ the d-dimensional Hausdorff measure. For other generic measures we will typically use the letters
or v. Given a measure space (X, F, u), with 7 a o-algebra, we will denote by M(X) and M (X) the sets
of measures and of positive measures on the measurable space (X, F), respectively. If X is a topological
space we will implicitly assume that 7 is the Borel 5-algebra, if not otherwise specified.

Given Q ¢ R (or Q c T¢), we denote by LP(Q) and W »(Q), with 1 < p < o, the sets

LP(Q) = {f : Q — R measurable and such that / |f|Pdx < +oo}
Q

and

whr Q) = {f € LP(Q) such that / IV, fllPdx < +oo} .
Q

If p = 400, L*(Q) and W > (Q) denote the spaces of measurable functions such that | 7| is Z?-almost
everywhere bounded and such that | £| + ||V, . f || is Z“-almost everywhere bounded, respectively. We may
consider generalisation of such spaces with vector-valued functions or with respect to different measures.
We denote by b a vector field and by either X or @ its flow. In Chapter 3 and Chapter 5 (and in the statement
of some results) we shall use the letter @ to be consistent with the reference material [55, 56], otherwise
we use X. We use log(-) to denote the natural logarithm.

We use personalised tags for some equations. For the reader’s convenience, we list here these tags to-
gether with where they are defined in the text.

- (CE), (TE), (DP-L) and (p-TE) are defined in Chapter 2, Section 1;
* (u-CE) and (ODE) are defined in Chapter 2, Section 2;

» (Hyp) and (C-CE) are defined in Chapter 3, Section 2;
- (PDE) and are defined at the beginning of Chapter 5 and in Chapter 5, Section 1, respectively;

- (ADE), (B-SDE), (SDE) and are defined in Chapter 6, Section 1.
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Chapter 1

The classical setting

1.1 The ODE theory: existence, uniqueness and stability

1.1.1 Classical results on ODEs

In this section we will prove some of the main results of the classical theory on ODEs and we will show
how this theory can be applied to prove related results at the PDE level on the continuity and the transport
equations. Even though such results are very standard and well known, we will give detailed proofs (or
references where the interested reader can find detailed proofs) both for the reader’s convenience and
because many of the basic ideas used in the classical setting carry over, with due modifications, to the
non-classical case we are going to discuss in the next chapters.

Letb : I, X RY — R4 be a vector field, with I,, an open neighbourhood of 7, € R. We consider the
following Cauchy problem:

. .
{ Gro=by@)ifrel, (11.1)

y(ty) = xg

We will discuss existence, uniqueness and stability of classical solutions of (1.1.1). The following well-
known example shows that uniqueness of solutions is not always guaranteed:

Example 1.1.1. The square root example
Consider the following Cauchy problem on R:

d _
{%)(I):‘O 2vlrol (112)

It can be easily verified that, for every ¢ > 0, the following function is a solution for (1.1.2):

0 = 0 ift<c
T = (t—c)? ift>c.

We now start with a list of classical theorems dealing with existence and uniqueness of solutions of (1.1.1).
We will give two versions of each theorem, showing that the continuity in time and the uniform Lipschitz
condition usually assumed in such results are not really necessary. The reason we do this is to immediately
show how the regularity in time is not the issue in these kinds of problems, especially when considering
the uniqueness of solutions[T} The first result on existence and uniqueness of solutions of is one of
the most famous theorems in classical analysis:

0Once we drop the continuity assumption in time and only assume summability, issues about the well-posedness of (1.1.1) in
a pointwise sense arise. One has to consider a representative of the vector field which is defined pointwise.
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Theorem 1.1.1. Cauchy-Lipschitz-Picard-Lindelof existence and uniqueness theorem, [57, Theorem 1.2.2]
Let b be a continuous vector field defined on an open set of R x R¢ containing the rectangle
D = {(t,x) € R x R? such that |t — t,| < a and |x — x,| < f}.

Assume that b is uniformly Lipschitz continuous in the space variable with respect to time in D, i.e.

|b(t,x) — b(t,y)| < K|x—y| forevery(t,x),(t,y) € D, for some K > 0. (1.1.3)

Moreover, assume that |b(t,x)| < M in D for some M > 0. Then there exists a unique solution y €
Cl([ty —r. 1o + r]; R?) to (1.1.7) with initial condition y(t,) = x,, where

. f 1
r<min<s a, —,— o .
M K

Proof. See the proof of Theorem[l1.1.2 O

The next alternative version of the theorem, which does not require time continuity or a uniform Lipschitz
constant, is proved in essentially the same way as the classical one[]

Theorem 1.1.2. Cauchy-Lipschitz-Picard-Lindelof existence and uniqueness theorem, revisited
Let I = [0, T) with T > 0 be a time interval and let b be a vector field such that |b(z, x)| < M for some
M > 0 for every (t,x) € I x R?. Assume that

|b(t, x) — b(t, y)| < K(t)|x — y| for some K € L'(I) for every (t,x), (t,y) € I x R¢

T
/ K@)dt < 1.
0

Then, for every initial datum x, € RY, there exists a unique absolutely continuous solution y : I — R?

solving (1.1.7).

Remark 1.1.1.
Notice that in this theorem we do not assume continuity in time of b. Moreover it is easy to obtain the result
for every T > 0 by considering y(T — €) a new initial point and applying the theorem iteratively.

and that T is sufficiently small such that

Proof. Consider x, € R fixed. We will show that there exists a unique continuous curve y : I — R
such that

t
y(®) =xy+ / b(s,y(s))ds foreveryr € I,
0
which is the integral formulation of (1.1.1). In order to do that, we consider the metric space

X = {y € C(I;R?) such that |y(t) — x| < MT Vt € I and y(0) = x,}

endowed with the supremum norm. Since X is a closed subspace of C(I;R?), it is a complete metric
space. We consider the map £ : C(I;RY) — C(I;R?) defined as

LIy]1® = xg +/ b(s,y(s))ds,
0

and we notice that £ maps X onto itself: given y € X, it holds that £[y](0) = x, and

t t
|Lly](t) — xo] = '/ b(s,y(s)ds| < / |b(s,y(s))|ds < MT foreveryt € I.
0 0

2We will be interested mainly in initial value problems, considering an initial time + = 0 and going forward in time. So, instead
of a neighbourhood of 7, € R, we will consider a time interval I = [0, T) with T > 0.
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We now show that L is a contraction. Given y,,y, € X it holds that for every ¢ € I:

t t
|L[y11(0) = LIy, 10| = '/ b(s,71(s)) = b(s, yo(s))ds| < / 1b(s, y1(s)) — b(s, yo(s))|d s
0 0

t T
< / K($)|y1(s) = rp(s)lds < </ K(t)dt> SU?|V1(1) - 10|
0 0 te

Taking the supremum over ¢ € I on the left-hand side:

T
suI{) L[y 1) = Ly ]0)] < </ K(t)dt> su? ly () = (D] < SUIID ly1(®) =y, (D).
te 0 te te
—— —

<1

This proves that £ is a contraction on X and by Banach’s fixed point theorem there exists a unique fixed
point y € X, which is the unique solution of (1.1.7). The absolute continuity of y simply follows by the
absolute continuity of the integral.

U

If one drops the Lipschitz continuity assumption on the vector field (or the weaker assumption of Theorem
1.1.2) one loses uniqueness, but existence can still hold.

Theorem 1.1.3. Peano existence theorem , [57, Theorem 1.2.4]
Let b be a continuous vector field defined on an open set containing the rectangle

D = {(t,x) € Rx R’ such that |t — ty] < a and |x — x| < p}
and such that |b(z,x)| < M in D. Then there exists a solution to (1.1.1) in C'([t, — r,t, + r]; RY) with

; A
r<m1n{a,M}.

Similarly to what we considered previously, there is a stronger version of the classical Peano theorem where
continuity in time is not required.

Theorem 1.1.4. Carathéodory existence theorem , [47, Theorem 1.1]
Let b be a vector field defined on an open set containing the rectangle

D={(t,x) e RxRsuchthatty <t <ty+a <aand|x—x,| <p}.

Assume that b satisfies, on D, the following Carathéodory conditions:
1. x — b(t, x) is continuous for almost every t € [t,, 1, + al;
2. t — b(t,x) is measurable in t for every x such that |x — x| < f;
3. |b(t,x)| < m(z) for every (1, x) € D, with m(t) € L'([t,,t, + a]).

Then (1.1.7) admits an absolutely continuous solution y in the time interval [t,,t, + d], where d < a is such
that

to+d
/ m(t)dt < p.
Ty

Remark 1.1.2. Continuity in time: if it is not really necessary, why is it there?

We think it is appropriate to add a brief remark on why the continuity in time is often assumed in results
concerning existence and uniqueness of ODEs. There are two reasons in our opinion: one pedagogical and
the other one historical. The Cauchy-Lipschitz-Picard-Lindeléf theorem and the Peano theorem are usually
taught to students who have not been introduced to the Lebesque integral yet, and historically such theorems
need continuity in time because they originally used the Riemann integral rather than Lebesgue’s. Indeed they
were first proved in [118] and [135] respectively, and at that time the Lebesgue integral simply did not exist: it
was invented later [112].
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We now prove a version (one of the many) of the Gronwall's lemma [84], which will be very useful in proving
some of the subsequent results.

Lemma 1.1.1. (A version of) Gronwall’s lemma
Let I =[0,T) for some T > 0 and consider f,g,C € L'(I; IR(J;). If for almost everyt € 1

t
f<C+ / f(s)g(s)ds, (1.1.4)
0
then it holds that
t t
f(@®) <C@) +/ exp </ g(z)dz> g(s)C(s)ds foralmosteveryt € I. (1.1.5)
0 s
If moreover C is non-decreasing, then
t
f(@) < C(t)exp </ g(s)ds) for almost everyt € I. (1.1.6)
0

Proof. Consider the function

t t
h(t) :=exp <—/0 g(s)ds>'/0 f(s)g(s)ds.

Differentiating 4 we get that for almost every s € [0, 7]:

W' (s) = —g(s)exp <—/0 g(Z)dZ> </0 f(Z)g(Z)dZ> +exp <—/0 g(Z)dZ> f(9)g(s)
= exp <—/0 g(Z)dZ> g(s) <f(S)—/O f(Z)g(Z)dZ> < exp (—/0 g(Z)dZ> g(5)C(s).

Integrating the above inequality in [0, 7] and since A(0) = 0:

h(@) < / exp <—/ g(z)dz) g(s)C(s)ds.
0 0
By the definition of A:

t t t t N
/ f(s)g(s)ds = h(t) exp (/ g(s)ds) < exp </ g(s)ds) / exp (—/ g(z)dz) g(s)C(s)ds
0 0 0 0 0

(1.1.7)
t t N
= / exp </ g(s)ds> exp <—/ g(z)dz) g(s)C(s)ds
0 0 0
t t
= / exp </ g(z)dz) g(s)C(s)ds.
0 s

Substituting /; f(s)g(s)ds in (T.1.4) with the last term in (T.1.7) we get (T.1.5). If C is non-decreasing, then

t t t t
f)<CQ@) +/ exp </ g(z)dz> g(s)C(s)ds < C(t) + C(t)/ g(s)exp </ g(z)dz> ds
0 s 0 s

t t t s=t
=C(t)+C(t)/ % [—exp </ g(z)dz)] ds=C(t)+C(1) [—exp </ g(z)dz> ]

0 s s s=0

t t
—1 +exp </ g(z)dz)] = C(t)exp </ g(z)dz> ,
0 0

and we have proved (1.1.6).

=CH)+C@)
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In the classical setting there are at least two conditions which are more general than the Lipschitz one
required in Theorem and that ensure uniqueness of the solution of (1.1.7). The first one is the one-
sided Lipschitz condition.

Proposition 1.1.1. One-sided Lipschitz condition
Unigueness forward in time for (1.1.1) (i.e. two solutions y,, v, coincide for times t > t,) holds if the Lipschitz
condition (1.1.3) in Theorem|1.1.1]is replaced by the following one-sided Lipschitz condition:

(b(t,x) — b(t, y),x — y) < K|x — y|* forevery (1, x), (1, y) € D,

with (-, -) denoting the standard scalar product in R¢.

Proof. Assume there are two solutions y,,y, for (1.1.1). Define r(z) := |y,(t) — ,()|>. It holds that
r(ty) = 0 and

d
2,70 =20 = 10, b(t, 11 (1) = b(t. 7 (1)))
< 2K |1 (1) = n(01* = 2Kr(0).
Integrating the above inequality we have r(r) < 2K f[; r(s)ds, and by Gronwall’s lemma we conclude that

r(t) =0.
O

Remark 1.1.3. Non-uniform one-sided Lipschitz constant
As we extended the result of Theorem to Theorem assuming a time-dependent Lipschitz constant
K (¢), the same generalisation applies here provided that K € L'(1).

Remark 1.1.4. Backward uniqueness
It is easy to see how assuming a lower bound like
(b(t, %) = b(1,y), x — y) > —K|x — y|* (1.1.8)

we can prove uniqueness also backward in time. Indeed, we can reduce the (backward) Cauchy problem

L3 = b(1, 7(0) if 1 € (=T, 0)
7(0) = x,
to the (forward) Cauchy problem

%,,(;) = —b(—t,y(@®))ift € (0,T)
r(0) = xq

just by noticing that given a solution y of the latter, y(t) := y(—t) solves the former, and uniqueness holds
if —b has the one-sided Lipschitz property, which is precisely condition (1.1.8).

Another sufficient condition that ensures uniqueness of the solution of (1.1.1) is the so-called Osgood con-
dition [133].

Proposition 1.1.2. Osgood condition, [57, Proposition 1.2.7]
Uniqueness for (1.1.1) holds if the Lipschitz condition (1.1.3) in Theorem[1.1.1]is replaced by the following
0Osgood condition:

|b(t, x) — b(t, y)| < w(|x — y|) for every (1, x),(t,y) € D,

where w : Rg - Rg is a continuous non-decreasing function satisfying w(0) = 0, w(z) > 0 for every
z > 0and

'
/ L ore oo
0o @(z2)
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Remark 1.1.5. Non-existence

While the Osgood condition ensures the continuity in the spatial variables of b, and thus up to other suitable
assumptions the existence of a C" solution by Theorem|1.1.4] this is not true for the one-sided Lipschitz con-
dition since every monotone decreasing function (possibly discontinuous) satisfies it. For instance, consider

0 = z ift<0
8= e ift>0

and the Cauchy problem

¥0)=0

A C! solution y(t) does not exist since it can be easily verified that y is not differentiable in 0. However, if
we consider for instance Lipschitz solutions instead of C! ones, it is easy to see that

t ift<0
ﬂﬂ={” =

{ﬂm=g@m)

et ift>0

is a valid solution. Namely, for almost every ¢ it holds that y'(t) = g(y(¢)). This is not always the case: there
are examples with g merely bounded where no Lipschitz solutions of exist. We report here a proof
proposed in [93], based on arguments from [87]. Let A C R be a Borel set of positive (but not full) measure
in each interval. The existence of such a set is proved in [147]. Let F(x) = 1 ,(x) — 1 4(x) and assume that
3¢ : (a,b) — R a Lipschitz integral curve for F. The set R = @((a, b)) is an interval (by the intermediate
value property) with positive Lebesgue measure (because ¢’(¢) # 0 for almost every t € (a, b)). Consider
the set
R = {x € RsuchthatVt € ¢~ '({x}) 3¢’ (1) = F(p(1))}.

The set R\ R has measure zero, being image of the zero-measure set

N = {t € (a, b) such that A¢’(t) or ¢’ (t) # F(p(1))}

under the Lipschitz map ¢. Notice that for any x € R there exists just one t € (a, b) such that p(t) = x.
Indeed, otherwise one could find distinct points t,,t, € (a, b) such that o(t,) = (t,) = x € Rand p(t)—x
has constant sign on (t,,1,). Then ¢'(t,) and ¢'(t,) have different signs, a contradiction with the definition
of R. Therefore g is injective on ~'(R) and it is easy to show that ¢ is injective on the whole (a, b), using
the fact that ¢'(t) # 0 for almost every t € (a,b). By continuity and injectivity the function ¢ is strictly
monotone, hence one of the sets RN A or R\ A has measure zero (because ¢ cannot map a negligible set
to a set with positive measure). This contradicts the definition of A.

Remark 1.1.6. Thecase b ¢ L™

Although we will assume vector fields to be bounded in order to avoid technical complications we remark
that the typical assumption needed when working with unbounded vector fields is that |b| is dominated by a
linear function. Without delving too much in technicalities, the issue is that if b grows superlinearly a blow-up
in finite time might occur. An example, assuming b(x) = x?, is the solution of

{%ﬂo=ﬂﬁ

’

y0)=1

which is y(t) = —ﬁ. A similar requirement is needed also in low-regularity settings [70)7].

1.1.2 Classical flow of a vector field

We now want to compare solutions y,, y, of (1.1.1) with different initial conditions y,(0) = x,, 7,(0) = x,
and different driving vector fields b,, b, (we will always assume 7, = 0 and we will consider solutions in
I = [0,7) for some T > 0). For this reason, it is convenient to introduce the notion of flow of a vector
field.
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Definition 1.1.1. (Classical) flow of a vector field
Letb : I xRY — R? be a continuous and bounded vector field. The (classical) flow of b is a map

X : IxR? > R?

such that it solves

{a’X(I’ x) = b(t, X (1, x) for every (1,x) € I x R4

X(0,x)=x

ie.
t
X(t,x)=x+ / b(s, X(s,x))ds forevery (t,x) € I x R,
0

If b is Lispchitz continuous in the spatial variables (or if it satisfies the weaker assumptions of Theorem
1.1.2) we have existence and uniqueness of the flow X, since for every (¢, x) € I x R¢ we have that

Ly(1) = b1, y(1))

X (t, x) = y(t), with y the unique solution of
y(0) =x

We will now prove that under suitable assumptions the map X is Lipschitz continuous with respect to both
the time ¢ and the initial datum x.

Proposition 1.1.3. Stability properties of the classical flow

Let X,, X, be classical flows, as defined in Definition with respect to bounded and uniformly (in time)
Lipschitz (in space) vector fields b, and b,. Let L, and L, be the Lipschitz constants of b, and b, respectively,
andlet L := min{L,, LQ}E] It holds that, for every (¢, x), (t,y) € I x R4:

* If b, = b, = b, then X;, = X, = X and

|X(t,x) = X(5,%)| < ||bll |7 — s and | X (7, x) — X (¢, )| < min{|x — yle™, |x = y| + 2|15l o1}
« If x =y, then

| X, %) = Xo(t, )| < 1(11by |l o + [1boll o)™

« Assuming s < t, it holds

1 X, (1, %) = X5(5, 0] < NIbyll o)t = 5] + |x = yle"1* + sllby = byl g™

and

1 X1, %) = Xo(s, | < byl |t = 51+ [x = y] + s(llby |l Lo + 152]l L)

Proof. First, let us assume that 5, = b, = b. In this case X, = X, = X and:

t t
| X(t,x)— Xt p)| < |x—y|+/ |b(s, X (s,x))—b(s, X(s,y)]|ds < |x—y|+L/ | X (s, x)—X(s,x)|ds.
0 0

By Gronwall’s lemma it follows that

3As it will be clear from the proof, the main tool is the Gronwall’s lemma. Thus, there are easy generalisations possible, for
instance analogous estimates hold requiring that the Lipschitz constant L(z) varies in time and L € L'(1). In particular it is not
necessary for L, and L, to be bounded.
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|X(t,x) = X (1, )] < |x = yle™.

It is trivial to see that | X (r, x) — X (s, x)| < ||b]| |t — s| and | X (#, x) — X1, )| < |x — y| + 2||b|| peot.
Similarly, assuming x = y but b, # b, we get:

X600 = Xyt < | b5, X,(5,20) — oG5, X5, )
< /0’ |b;(s, X{(s,%)) — by(s, X;(s,%))| + |by(s, X{(8, %)) — by(5, X5(s,x))|ds
<tlby —byllpe + Ly /Ot | X (s, x) — X,(s,x)|ds.

Since the argument above is symmetric in b,, b,, we have by Gronwall's lemma:

|X,(t,x) = X,(t,x)| < 1]lby — by || jwe™

with L = min{ L,, L, }. We finally combine the two estimates to compare X, and X, if x # yand b, # b,
at different times. Assuming that s < r it is sufficient to consider a third flow X5 with respect to the vector
field b, and with initial datum X5(0, y) = y. Then:

|X](t’x) - X2(S9y)| S |X1(t9x) - Xl(s’x)l + |X1(Sax) - X3(S7 J’)l + |X3(S’ Y) - XZ(S9y)|

Ls

L
< |byll oo lt = 5| + |x — y|e™1* + s||by — by || pe™’.

Finally, we notice that since we assumed b, and b, to be bounded it holds another trivial estimate, namely:

1 X1t x) = X505, 9| < byl |t = 51+ 1x = y| + 5(llby [ Lo + 152]] 1)

O]

If b is more regular in space, this regularity is carried over to the associated flow. Namely, the following
holds:

Proposition 1.1.4. C! regularity of the classical flow, [92, Theorem 3.1]
Letb : I xRY — R? be a bounded vector field such that b(z,-) : R — R? js C! uniformly with respect
to time. Then, given the flow X associated to b, it holds that X (¢, -) is also C' for every t € I.

The above Proposition can be iterated, proving that if » has spatial C* regularity, uniformly in time, then
also the flow X has such a C* regularity in space:

Corollary 1.1.1. Higher order regularity of the classical flow, [92, Theorem 4.1]
Letb : IxRY — R4 be a bounded smooth vector field. Then for every t, € I there exists a unique classical
flow X with X (t,, x) = x for every x € R that is smooth in both time and space.

We now introduce the notion of backward flow, which will be relevant in the proof of the next proposition
and in the next sections.

Definition 1.1.2. Backward flow
Letb : I x R? — R9 be a continuous and bounded vector field. For every t € I and for every x € R4, we
define the backward flow Y, : [0,1] x R? — R, denoted by Y,(s, y), as the solution of

0,Y,(s,y) = —=b(t — 5,Y,(s,)) fors € [0,1]
Y,0,) = y. fors=0
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It is important to remark that the above definition is motivated by the fact that (as we will prove in the next
proposition) for every + € I the map X (z, -) is a diffeomorphism and Y,(z,-) = X~!(z,-). The idea is the
following: we know that given a flow X, for each x € R¢ by definition X (¢, x) = y(¢), with y the unique
integral curve solving with y(0) = x. If we now consider a point y = y(z,), what the backward flow
Y,(s, y) does is to transport back the point y = y(z,) by following the curve y in the opposite direction for
a time s. Namely, it holds that

Y,(s, X(1,x)) = X(t — s, x) forevery s <t, x € R%.

Proposition 1.1.5. Some properties of the classical flow
Letb : I xRY — R? be a smooth and bounded vector field. Then, given the (unique) flow X of b starting
att = 0, it holds that:

1. The flow X (¢, x) satisfies a semigroup property, namely X (¢ + s, x) = X(t, X (s, x)) = X (s, X (¢, x))
for every x € R and for every s,t € I suchthatt+s < T.

2. Foreveryt € I,themap X(t,-) : R — R? is a smooth diffeomorphism.

3. The Jacobian J(t,x) = det(V, X (t, x)) satisfies the following equality:

J(t,x) = exp </ diVx(b)(s,X(s,x))ds> (1.1.9)
0

with div,.(b) being the divergence (with respect to the spatial variables) of b. In particular, for every
(t,x) € I x R? jt holds:

t t
exp (— / [ div,C(b)-ands) < J(1,%) < exp < / [ divx<b>+||Lmds> :
0 0

where div,.(b)~ and div,(b)* denote the negative and the positive parts of div, (b), respectively.

Proof. The first point is trivial, and it follows by the uniqueness, for every x € R, of the solution of (1.1.1).
The second point is also proved by using the uniqueness of the flow. Fix ¢t € I, x € R¢ and consider the
backward flow Y, : [0,7] x R? — R¢, which is defined as

Yi(s,y) 1= 7,,(5),
with y, , the (unique) solution of

{%,y(s) = —=b(t = 5,7,,(s)) (1.1.10)

yt,y(()) = y
Since for every y € R the solution of (1.1.10) is unique, we can easily see that if y = X(z, x) for some
x € R?, then Y,(s,y) = Y1y(s) = X(t — 5, x), by checking that X (r — s, x) solves (1.1.10). Then, for every
x € RY:

Y,(#, X (7, x)) = X(0,x) = x.

In the same way we see that

X(s, Y, (1,y) =Y, (t — 5, ),
thus

X, Y,(1y)=Y,0,y) =y.

Then X(z,-) is invertible with inverse Y,(z, ) and it is a diffeomorphism by the smoothness of Y,, which
follows by the smoothness of —b(7 — -, -) and Corollary As for the final point, by Jacobi’s formula [122
Chapter 8] (we remark that VX (z, x) is invertible since X (z, -) is a diffeomorphism) it holds:
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%J(t, X) = J(t, %)t (va(r, X! % V. X(, x)]) ,

with tr(A) being the trace of a matrix A. The flow is smooth map, so we can exchange the order of the
derivatives to get

%[VXX(t, X)] =V, [%X(z, x)] = V_[b(t, X (1, X)] = V. b(t, X (1, X))V X, ).

Since the trace of a matrix is invariant under similarity, it holds that

tr (VXX(t, X! %[VXX(t, x)]) = tr (V, X (6, )"V, b(t, X(t, X))V, X (£, X))
= tr (V, b(t, X(t,x))) = div, b(t, X (1, x)).

The formula (1.1.9) is thus proved, while the upper and lower bounds on J (7, x) follow easily by Gronwall's
lemma. O

Remark 1.1.7. Lipschitz vector fields instead of smooth ones
In the above Proposition, a Lipschitz vector field (in the spatial variable only) and thus a Lipschitz flow would
have been enough to prove an analogous result, with the due modifications.

1.2 The PDE theory: continuity equation and transport equation

We now turn our attention to PDEs which are strictly related to the Cauchy problem (1.1.1), as we will see

shortly. We will denote with I aninterval I = [0, T) with T > 0. Given a bounded and smooth vector field

b : I x RY - R4 and bounded smooth initial data uo,poﬂ we say thatu : I x RY — R is a solution of

the continuity equation if:

{a,u +div(bw =0 in R with 1 >0 (121)
u(0,-) = uy for t=0

while we say that p : T x R? — R is a solution of the transport equation if

(1.2.2)

dp+b-V.p=0 inRYwitht>0
p(0,-) = p, for t=0 ‘

Before proving existence and uniqueness of solutions, we provide a heuristic description of the scenarios
represented by these two equations E} This will give both an intuition on the link between the equations
and the Cauchy problem and it will make the formulas for the solutions of and easier
to interpret. We start with the continuity equation . This equation describes the change of mass in a
certain region Q C R, where we consider the mass in Q at atime 7 to be |, u(, x)dx. If u satisfies (1.2.1),
then by the divergence theorem:

i/u(t,x)dx=/iu(t,x)dx=—/divx(b(t,x)u(t,x))dx=/ u(t, x){b(t, x), v(x))de_l(x),
dt Jo o dt Q 0

with v being the inward normal vector to 0Q. This is telling us that the rate of change of the mass in Q
depends on the flux of b across 9Q. It is really convenient to think of u as non-negative and describing
an actual physical quantity (for instance, the density of a gas inside some region Q). If the vector field 5
points inside Q, i.e. (b(z, x), v(x)) > 0, then it is “pushing” the mass u(z, x) at the boundary of Q inside of
Q, increasing the total mass inside Q. If instead (b(z, x), v(x)) < 0, it is pushing mass from inside Q to the

“As we showed in the previous section, even in the classical setting smoothness and boundedness of the vector field are not
really required. The same holds here, but in order to simplify the exposition we will assume u,, p, and b to be smooth and bounded.

SWe already briefly mentioned this difference in the Introduction, but we think it is really worth repeating it here, giving more
details.
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outside, decreasing the total mass, while if (b(z, x), v(x)) = 0 the vector field is tangential to dQ and the
mass is conserved. It is worth noting that, since u(z, x) multiplies the flux across 0Q, if we assume u, > 0
we cannot end up with u < 0 in Q. Moreover, if we consider a set Q with null boundary the total mass
is always conserved. This physical interpretation is telling us that the continuity equation is dealing with
densities (or measures more generally), telling us how they evolve in time inside a region of space Q. The
transport equation (1.2.2), instead, has a different physical meaning. It describes the evolution of scalar
quantities which are transported by the vector field 5, but whose values remain unchanged. For instance,
consider a handful of sand. We assume the initial datum to be

) 1 if xis agrain of sand
X) = .
Po 0 otherwise

If we throw the sand into a river, assuming that the grains of sand follow exactly the flow of the water,
the evolution of p,, will follow the transport equation. In this sense, the solution p(t, x) is not a density
whose value can increase or decrease, but rather p(z, -) is simply a “rearrangement” of the initial datum
po- In the example above, the values of p(z, x) will always be either 1 if there is a grain of sand at time 7 in
position x or 0 if there is not. It is then easy to be convinced that if we are dealing with initial data which
are absolutely continuous functions with respect to the Lebesgue measure and we assume Q = R, the
transport equation preserves both the L' norm (i.e. the total mass) and the L* norm, while the continuity
equation preserves the L' norm |ﬂ We now prove existence and uniqueness of solutions of and
(1.2.2). As we will see, having previously developed a Lagrangian theory on ODEs and flows will be crucial.

Proposition 1.2.1. Existence and uniqueness of solutions of (1.2.1) and (1.2.2)
Let b : I xRY — R? be a smooth and bounded vector field and let u, p, be bounded smooth initial

data for (1.2.1) and (1.2.2), respectively. Then, both (1.2.1) and (1.2.2) admit a unique solution in the class

C®(I x RY).
Proof. We start by proving existence and uniqueness of solutions for (1.2.2). We consider Y, the backward
flow associated to b introduced in Definition We recall that Y,(z, -) = X ~!(z, -), so by using the identity
X(t,Y,(t,x)) = x and the chain rule we easily find that

%[X(t, Y,(t,x))] =0and V [X (¢ Y,(t,x)] = 1.
This implies:

4

th,(t, x) = —[V X, Y,(t,x)]7'b(t,x) and V_Y,(t, x) = [V, X (1, Y,(t, x))] ",

SO

%Yt(t, X) = =V Y,(t,x) - b(z, x).

At this point the existence follows by simply checking that the function

plt,x) 1= po(¥,(t, x) (1.2.3)

solves (1.2.2). To prove uniqueness, by the linearity of the equation we just need to prove that the solution
p = 0 is the unique solution if the initial datum is p, = 0. We argue by contradiction: if this were not the
case, there would be a point (#,, x,) € I x R? such that p(t,, x,) # 0. Consider now the backward curve
v ==Y, (,x). We claim that the value of ¢(s) := p(z, — s, 7(s)) is constant. Indeed:

%(b(S) =—0,p(tg = 5,7(5)) = V. p(tg = 5,7(5)) - b(tg — 5,7(5)) = 0.

Thus p(ty, xo) = $(0) = ¢(ty) = p(0,7(ty)) = 0, a contradiction. As for the continuity equation, the
existence of a solution is proved by checking that

®Beware that the heuristic discussion we just had is, indeed, only heuristic. We will see in later chapters how, with non-regular
vector fields b, we will be able to find counterexamples where we have non zero solutions of (1.2.1), (1.2.2) with a null initial datum.
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_ up(Y;(t, x))

© det(V, X(t, Y,(t, x)))
solves ﬂ By the linearity of the equation, the uniqueness is proved if we prove that the unique solution
of with u, = 0 as initial datum is u = 0. Assume that it is not, then we can assume without loss of
generality that 3(z,, x,) such that u(z,, x,) > 0 and we can consider a ball B,(x,) such that u(z,, x) > 0
for every x € B,(x,). Consider the function

ut, x) - (1.2.4)

E@) = / W@t x)dx  With r(f) = r + (to — Dbl 1~ and ¢ € [0, 7,].
B, )(x0)

By Reynolds transport theorem [86]:

0= / 2u(t. ) 41, x)dx = / (1, ) 1Bl dH ! ()
ar Bry(x0) di 9B, y(xo)

=— / 2u(t, x) div, (u(t, x)b(t, x))dx — / u?(t, X)||bll ;e d HO ™ (x).
B,y (x0)

0B,((xg)

We can check that
2udiv (bu) = div, (bu®) + div (b)u?,

SO

0= _/ div.o (b, ) (1, ) + div (b, X (0, X)) x - / u(t, xPI1bll L d HO! (x)
B,1y(x0) 0B, (x0)

= / — div (b(r, ) (1, X)dx + / u?(t, %) ((b(t, x) - v(x)) = [1bll 1) dH (x)
By (xo) 9B, (x0) - -~ )
<0

S div (D)~ | Loy E@),
where K is a (d+1)-dimensional truncated cone in R, xR with bases B, 1 1b)l ,01,(X0) @t = 0and B, (x,) at

t = ty,and vis the inward normal to d B, ;(x,) . Since bis smooth and K is compact, || div, (b))~ || fw(x) < C
for some C > 0, thus

d
ZEU) < CE(@).

Together with the fact that E(0) = /B (x0) u(z)(x)dx = 0, by Gronwall’s lemma this implies that

r+1bll oo 1
E(ty) = / u?(t,x)dx = 0,
Br(XO)

a contradiction. O

Remark 1.2.1. Non-homogeneous equations and stability
The existence and uniqueness of solutions of (1.2.1) and (1.2.2) can also be proved when the right-hand side
is not 0, but some function f. Using the backward flow and Duhamel’s principle we have that

_ u(Y,(t, x)) /’ F(s, Y, (= s,x))
u(t,x) = + N
det[V, X (1, Y,(t, x))] o det[V, X, Y,(t —s,x))]

and

t
pt, x) = po(Y, (1, %)) + / (s, Y@t —s,x))ds
0
are solutions of (the inhomogeneous versions of) (1.2.1) and (1.2.2).

’See Proposition for the interpretation of such a formula as the push-forward of a measure.



Chapter 2

The non-classical setting

2.1 The PDE theory: DiPerna-Lions renormalization technique

We start considering the well-posedness of the continuity and of the transport equations with non-regular
vector fields. For the moment, we focus on proving existence, leaving the (considerably harder) issue of
uniqueness for later. We will work with bounded vector fields defined on the d-dimensional torus T¢. There
are two reasons for which we make these assumptions:

1. We do not want to deal with the additional assumptions and technicalities needed when b is not

bounded (see Remark[1.1.6).

2. Working in a compact manifold without boundary, we do not have to localise our arguments, avoiding
additional technicalities in the proofs.

With the necessary additional assumptions if » ¢ L* and with the due care if we work in R¢ rather than
T4, all the arguments we are proposing can be carried over. As in the previous chapter, we will denote with
I = [0, T)with T > 0 atimeinterval. At the cost of being redundant, we recall the continuity equation and
the transport equation in T¢, which are respectively

du+div (bu)=0 inT9withz>0 (cE)
u(0, ) = u, for t=0

and
op+b-Vp=0 ianWitht>0. (T5)
p(0,-) = p, fort=0

From this point on, we will always consider weak solutions of (CE) and (TE). That is, we say that u solves

€ il

T
/ / u(0, + b -V, p)dxdt + / @(0, X)uy(x)dx =0 forevery p € C(I X ), (2.1.1)
0o Jrd Td

where C®(I x T¢) denotes the class of smooth functions with compact support in I x T<. Similarly, p
solves if

T
/ / p(at(p+divx(b)(p+b-Vx(p)dxdt+/ (0, x)py(x)dx =0 forevery ¢ € CC""(IX'[Fd). (2.1.2)
0 Td Td

Remark 2.1.1.

We remark that from this point on we will always consider weak solutions, thus we will often simply write
“solutions” instead of “weak solutions”. When considering different kinds of solutions such as renormalized
solutions or Lagrangian solutions, it will be specified.

"We omit explicitly writing the derivation of the formulas for the weak solutions, since it is standard.
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We now choose the class where we will work, a choice that, as we shall see, will be crucial for establishing
well-posedness. In the previous section the hypotheses on the vector field and on the initial datum were

be[C®( xRN LT x R4
Uy, Po (S COO(Rd)

and we proved existence and uniqueness of (strong) solutions in the class C*(I x R?). In this section we
will prove existence and uniqueness of solutions in the class

u,p € L®(0,T; LI(T?)),

where b € [L'(0, T; WP(T?) n L= x R4)]¢ with an additional condition on div, () we will specify
shortly and p,q € [1,+o0] suchthat 1/p + 1/q < 1. First of all, let us show that we have existence of
solutions in the considered class, even without a Sobolev regularity assumption on &:

Proposition 2.1.1. Existence of solutions
Let b € [L®((0,T) x T9)] and uy, py € LI(T¢) with g € [1,+o0]. It holds that:

1. If div,(b)~ € LY(0,T; L®(T%)), there exists a solution of in L®(0,T; L4(T9));

2. If div (b))t € LY(0,T; L>(T?)), there exists a solution of (TE) in L>(0,T; L1(T4)). If ¢ = +oo,
we do not need this assumption on div,(b)*. If ¢ = 1, existence holds assuming also div (b)~ €
LY(0,T; L®(T4)), i.e. div,(b) € L'(0,T; L®(T?)).

Proof. We mollify, in spatial variables only, the vector field » at scale § > 0 obtaining a smooth (in the
spatial variables) vector field 4°. For every 6 > 0, by Proposition there exist solutions for and

given by the explicit formulae (1.2.4) and (1.2.3). For the time being, we assume 1 < g < +co. We
start with the continuity equation. A solution, for every 6 > 0, is:

up(Y3(t, %)
" det(V, X5(1, Y (1, %))

u‘s(t, X)

with X° and Y the forward and backward flow, respectively, relative to 4°. We change variables setting
y =Y?(t,x),s0 (since Y°(z,-) = (X°)~!(z,)) we have:

/|u5(t,x)|qu=/
Td Td
=/W

Since Y?(z, X°(¢, y)) = y, by the chain rule and Binet theorem

w2t x) |
det(V, X3(t, Y2 (1, x)))
q
dy
| det(V, Y2 (t, Xo(t, )|

X

up(y)
det(V,X°(t, y))

| det(V, Y2 (1, X°(t, )| ™" = | det(V, X°(t, y)|.

Substituting in the expression above:

6 qddy — q 1
/T W ol /T 0O (2.13)

By the assumption on the divergence and Proposition we have that 1/| det(VyX5(t, y)[4~1is uni-
formly bounded. So the sequence {u’};. is uniformly bounded in L*(0, T; L4(T%)), and by extracting
a subsequence we have weak-* convergence to some u € L®(0,T; L4(T%)) that satisfies (indeed
b® — b strongly and you can pass to the limit in every term of (2.1.1)). Considering (TE), for each fixed 6
we have

PP (1, %) = po(Y2 (1, X)),
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and changing variables as above:

/ 15t )l x = / o)1) det(V, X°(t, y)ld. (2.1.4)
Td Td

By the uniform bound on the determinant, given by Proposition[1.1.5, and by the condition on div,(b)*, we
conclude by weak-* convergence in L®(0,T; L4(T¢)) as before. If g = 400, we just need to use weak-x
compactness in L®(I x T¢) and the definition of weak solution for in (2.1.2), and no assumption on
div,(b) is required. We conclude similarly for , where however a condition on div, (b) is still needed
in order to have {«°} uniformly bounded in L>(T¢). Finally, we consider the case ¢ = 1. We shall prove
weak compactness for the sequence {p°} 5., of solutions of with velocity fields &% in L'((0, T) x T9).
To do so, we will use the Dunford-Pettis theorem [34], proving that the sequence is equi-integrable. We
recall that a family 7 of functions defined on a set @ C R? is called equi-integrable if for every £ > 0 there
exists ¢/ > 0 such that if A C Q with Z9(A) < ¢/, then

/fdxﬁe VfeTF.
A

For every ¢t € I, by the additional assumption on div (b)~ we have that given a set A C T¢:

FUY (1, A)) < CZL?(A) for some positive constant C > 0, (2.1.5)

i.e. the flow of b compresses sets in a uniformly bounded (both in time and with respect to §) way. This
follows easily by the bounds on the determinant we obtained in Proposition and changing variables
in Z4(Y?(1, A) = /Yg(t 4+ dx. We have to prove that for every £ > 0 there exists £’ > 0 such that
M) < = / |p°|ldxdt < e, withQ c I x T,
Q

[t holds that:

/ |p°|(t, x)dxdt = / |po| (Y, (1, x))dxdt = / lpoW)|| det(V, X°(1, y))|dyd1
Q Q Q:S

where Qg = {(¢, y) such that (z, y) = (¢, Yf(t, x)) with (z, x) € Q}. In the last equality we used the change
of variables (7, y) = (1, Y? (1, x)) and that

dy=V.Y(t,x)dx = dx=[V,.Y (t,x)] 'dy =V X’ Y (t,x))dy = V,X°(t, y)dy.
We can easily see, by (2.1.5), that

FHNQ)) < cL Q) < Ce for every 6.

Since the determinant is uniformly bounded:

[eodnars sw [ pgcolaxar <
Q Ac[o,TIxT? JA
Sfd-H(A)SCE,

if ¢’ is chosen small enough, by the absolute continuity of the integral. So { p°} is weakly relatively compact
in L((0,T) x T%), and it's easy to see that a weak limit p satisfies (2.1.2). As for th continuity equation,
the proof follows in exactly the same way. Notice though that we do not need any assumptions on div ,(b)*
since if ¢ = 1 after the change of variables the determinants simplify: see (2.1.3). This is not surprising, as
we already remarked how the continuity equation (on a set with null boundary) preserves the L' norm. [

We now start addressing the problem of uniqueness of solutions. Checking the proof of uniqueness in the
smooth classical case, we see that there is a problem in the strategy used for (TE). In Proposition[1.2.1we
used a sort of method of characteristics, which relied on having a pointwise well-defined (backward) flow
for the vector field 5. This was possible by the classical theory for ODEs, which requires a regularity on »
that we do not have here with merely Sobolev vector fields. Namely, we have not (yet) defined a notion of
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flow for b in this low-regularity setting. As for the uniqueness of solutions of (CE), that strategy seems more
promising. In Proposition[T.2.Twe prove uniqueness without relying on the flow of b, but rather on an energy
inequality which shows that, if we have some control on div (b)~, then /w u(t,x)*dx = O foreveryt € I
if uy = 0, and thus the solution of is unique by linearity of the equation. The problem, however, is that
at the heart of the argument lies a differentiation in time of /Td u(t, x)*dx which, a priori, is not justified in
this non-regular setting. Indeed we have only proved existence of a solution u € L*(0, T; L4(T%)), hence
we do not have enough regularity in time to differentiate the energy.

The idea of the renormalization technique, used in this setting for the first time in [70], is essentially to prove

that such a differentiation is possible. We now define the concept of renormalized solution and we will later

show how, if we have a renormalized solution, we also have uniqueness under suitable assumptions. We

will work, following [70] (up to the sign of the velocity b), with the equation:

{0,p+b-pr+cp=0 ’ (DP-L)
pQ0,-) = py

with ¢ € L1(0, T; L?(T%)) and looking for solutions p € L®(0,T; L4(T¢)). Notice that if we can prove
the uniqueness of solutions of we automatically get uniqueness for and (TE). Namely, we just
have to choose ¢ = div,(b) and ¢ = 0 to reduce to and (TE) respectively. The existence of
solutions of for a general ¢ € L'(0,T; LP(T?)) follows by arguments similar to the ones used in
Proposition[2.1.1) see [70] Proposition I1.1].

Definition 2.1.1. Renormalized solutions
Let p be a solution of (DP-L). We say that p is a renormalized solution of (DP-L) if, for every p € C'(R) with
|#'| bounded, B(p) satisfies:

oL + b -V, [B(p)] +cpp'(p) =0in (0, T)x T* (2.1.6)
B(p(0,x)) = Plpy) ’

that is:

T
/ / ﬁ(p)[at(p+divx(b)<0+b-Vx(p)]—cpﬁ’(p)(pdde/ B(pp)p(0,x)dx =0 Vo € CXUIXT?).
0 T4 Td

Remark 2.1.2. The heuristic idea of the renormalization technique

The idea behind the definition of renormalized solutions is, as already mentioned, to translate the validity of
the chain rule to a low-regularity setting. Indeed, if p solved in a pointwise sense, then (because of
the chain rule) p(p) would solve (2.1.6):

d
PO+ bV B +cpf'(p) = F(0)0,p + [ (P)b - Vp + cpP'(p)
= (Plop+b-V,p+cpl=0.
The following result is the crucial property which ultimately enables us to prove uniqueness of solutions.

Theorem 2.1.1. Renormalization property

Let b € [LY(0,T; W'P(T?) n L®([0,T) x T with p > 1. Then it has the renormalization property
in L®(0,T; LI(T9)) (with ¢ € [1,+oc0] and such that 1/p + 1/q < 1), that is: every solution of in
L>(0,T; Li(T?)) is a renormalized solution.

The importance of the above theorem, whose proof we postpone, is apparent once paired with the next
result.

Theorem 2.1.2. Uniqueness of renormalized solutions

Let g € [1,+o0] and let b be a bounded vector field such that (div,(b) — g¢)* = max{0,div,(b) — gc} €
LY0,T; L>(T4)), with c € L'(0,T; LP(T9)) and 1/p + 1/q < 1. Then renormalized solutions of
in L®(0,T; L4(T?)) are unique.
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It is now trivial to prove the following:
Corollary 2.1.1. Assume both Theorem and Theorem hold. Then, solutions of (DP-L) are unique.

Proof. Assume to have two different solutions of (DP-L). By Theorem they are both renormalized
solutions, and by Theorem|2.1.2|renormalized solutions are unique, thus we have a contradiction. O

We will now prove Theorem and Theorem [2.1.2} starting from the latter.

Proof of Theorem2.1.21 Let us assume that 1 < g < +oo. By the linearity of (DP-L), we just need to
prove that any renormalized solution with initial condition p, = 0 is identically 0. Let ¢ > 0 and consider
B (x) := max{|x|?, M} for some M > 0. Since by assumption p is a renormalized solution, 8,,(p)
satisfies:

T
/ / |p1%(0,¢0 + div, (bg) — 1{|,j<mgcP)dxdt = O for every p € C°(I x T, (2.1.7)
0 Td

with 1, being the characteristic function of a set A. Consider the function

f® I=/ lp(t, x)|"dx.
T4

We will have proved the thesis if we show that f = 0. Let ¢, € (0, T') be fixed and consider a sequence of
test functions @11, %) = @, (1) defined as

1 ift<tr,—e
O l—é(z—to+e) ift € (1g—e,1y+€)
0 iftg >1t,+¢€

with & chosen small enough so that (¢, — €,7, + €) C I. Using these test functions in (2.1.7), by Fubini's
theorem we have:

ty+e T
47 [ oraxar=- | ( / (divx<b>—ﬂ{|,,|<M}qc)|p|‘Idx> Pry
to—e JTd 0 T4

Letting ¢ — 0 and assuming 7, to be a Lebesgue point for f(¢), we have that by Lebesgue differentiation
theorem (for the left-hand side ) and dominated convergence (for the right-hand side):

To
- / |p(ty, X)|%dx = — / / (div,(b) = Ty ,j<ay4¢) 1p(t. x)|%dxdt  for almost every t, € (0,T).
T4 o Jrd

Thus, in the limit for M = +o0

)
—/ |p(t0,x)|qu=—/ / (div,(b) — gc) |p(t,x)|%dxdt  for almost every 7, € (0,T),
Td 0 Td
and:

Ty
() = / |p(tg. )|dx < /O 1(div (6) = ge)* Il oy < / |p(t,x>|qu) di (2.1.8)
T4 Td
Ty
- / ll(divy(b) — ge)* Il poocyay S ()t for almost every 7, € (0, T).
0

Since f(0) = 0 and by the assumptions on (div,(b) — gc)*, we conclude using Gronwall's lemma. If
g = +oo, we can simply choose ¢ = 2 and conclude as above, while if ¢ = 1 we can regularise g,,(x) =
max{|x|, M} (for example considering f,, 5(x) = max{V/x? + 62 — 6, M} ), and conclude passing to the
limit first in 6 and then in M.

O
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Remark 2.1.3. Time continuity of solutions

Theorem actually shows that the unique solution of and in L®(0,T; LY(T?)) also belongs
to C(0,T; LY(T4)) if ¢ < +co. Indeed if we have a renormalized solution it holds (2.1.8), thus f(t) =
lp(t, )|l o4y iS continuous by Gronwall's lemma, the absolute continuity of the integral on the right-hand
side of and the uniform boundedness of f(t). See [70) Corollary I1.2] for more details.

Now, we just have to prove Theorem to conclude.

Proof of Theorem2.1.1 We regularise by mollification (DP-L). Let # be a standard mollifier (in the spatial
variables only) and let p, = p = n,, with, = sidﬂ (f) Then, p, solves

O,pe +b-Vyp, +cp, =r,, (2.1.9)
with

re i=b-Vp. —n. % (b-V.p)+cp. —n, % (cp) (2:1.10)
the so-called the commutator temﬂ We recall that, in the distributional sense:

b-V, p=div, (bp) —div (b)p.

We assume for the moment that », — 0 as e — 0in L1((0,T) x T¢), proving it afterwards in Theorem
[2.1.3] Notice that

atpg =Nk (b ' pr) —H * (Cp)’

where

Me % (b Vyp)t,x) = / Ne(x — y)div, (b(t, y)p(t, y))dy — / ne(x — y)div, (b(t, y)p(t, y)dy
‘H'd Td

Vi (x—y) ) V., .
= p(t, y)b(t, y) - fdy —n, * (div (b)p)(t, x) = - * (bp) — n, = (div (b)p)| (¢, x),
Td
(2.1.11)

where we used that div,(n,.bp) = 5, div(bp) + V15, - (bp). In particular, 9,p, € L'((0,T) x T¢), and
since p, is smooth in space, we conclude that p, is Sobolev in space-time. By the chain rule for Sobolev
functions (see [73 Theorem 4.4]), given g € C! with #’ bounded:

0,5(p.) = B'(p.)d,p. and V_p(p,) = p'(p.)V . p, almost everywhere in I x T¢.
Multiplying (2.1.9) by #’(p,) € L®((0,T) x T%) we then have:

A,LB(pI1 + b+ [V f(p)) +cp B (p) = B (po)re. (2.1.12)

The left-hand side converges, in the sense of distributions, to the left-hand side of as e — 0, while
the right-hand side converges to 0 in L!((0, T) x T%) since g’ is bounded and r, — 0in L'((0,T) x T¢)
by assumption.

O

Remark 2.1.4. A weaker assumption on r,

Notice that, in order to prove the above theorem, it is not really necessary that r, — 0 strongly in L'((0, T) x
T9)as e — 0. What is really needed is that p'(p,)r, — 0 in the sense of distributions: the strong conver-
gence of the commutator is a sufficient but not necessary condition.

We are now left to prove that r, — 0in L((0,T) x T¢). Before doing that, we prove a technical Lemma
which is ultimately the main technical point of the whole argument (we will follow the notation of [70]).

2This name comes from the fact that r, estimates the error produced when commuting the operator Ly (p=b-Vep+cp
with the mollification.
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Lemma 2.1.1. Crucial technical lemma
Let B € [LY(0, T; WhP(T9)]4 and w € L®(0,T; LY(T9)) with 1/p+ 1/q < 1, and let n, be a standard
mollifier (in spatial variables only). Then:

(B-V w)*n, —B-V. (n, % w)— 0in L'((0,T) x T).

Proof. As we saw in (2.1.11), n, * (B - V,w) = AEU. (Bw) — 1, * (div,(B)w). So:

12

[B-V.(n, *w)—(B-V,w)*n]tx) (2.1.13)
— 1, % (div,(BYw)(t, x) + / w(t, y)w Vo, G = )y,
B, (x)

where we only integrate in a ball B, (x) of radius ¢ centered in x since Supp(#,) C B,(0). We focus on the
second addendum. By Holder’s inequality:

< llw(t, ')lqu(Td)”f)(,g”Lp(Bg(x))’

/ w(t, y)w V. n.(x — y)dy
B,(x) €

with
fre) =

Let us show that I fx.e Ol Loca,x 18 uniformly bounded as € — 0, so that we can apply Lebesgue’s domi-
nated convergence. Indeed:
)4 1/p
dy>

)4 1/p
1ol = ( / dy) < /
B, (x) B, (x)

1/p

1

s( [/ |va<z,x+s<y—x>>|Pdsdy> <1V, Bll oy
B.(x) JO

By looking at (2.1.13), we just need to prove that

B(t,x) — B(t,y)
S e—

B(tv x) - B(ta y)
&

1
/ [V B, x+ s(y —x))|ds
0

/ w(t, y)w -V n.(x—»dy - —[wdiv,(B)](t,x) ase -0
B

(3

to conclude. Changing variables in the integral with z = (x — y) /¢ yields:

B(t,x) — B(t,x —
/ w(t,x —€z) (¢ %) e( X~ €2) V. n(z)dz = w(t, x) V. B(t,x)zV n(z)dz
B, B,

as e — 0, where

d .
0B
V B(t,x)zV n(z) == ) o

P
(t,x)z 2L (2).
ij=1""J 0z;

So

d

/B | VB(t,x)zV n(z)dz = Z g—f(r, x) < /B | z/ %(z)dz) = —div,(B)(, x),

Lj=1""1J !

since one can check easily that considering  a standard mollifier
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with §,; the Kronecker delta. We then have:

/ w(t, y)w V.. (x—=ydy - —w(t,x)div (B)(t,x) ase =0,
B &

€

and we also have that the first term in (2.1.13) tends to w(z, x) div,(B)(t, x) as e — 0. So, for almost every
(t, x), it holds that
[B-V.(n *w)—(B-V,w)*n] x)— 0inapointwise sense.

Since by the previous arguments it is easy to see that B-V (1, * w)—(B- V., w) * n, is uniformly bounded
(with respect to €), we have the thesis by dominated convergence. O

We are now ready to prove the strong convergence of the commutator term to 0.

Theorem 2.1.3. Strong convergence of the commutator
Let r_asin (21.10). If b € [LY0, T; WEP(T9)) n L2((0,T) x T9)]? withp > 1, ¢ € LY(0,T; LP(T4))
and we assume p € L*(0,T; LY(T%)) with1/p+1/q < 1, then

r. — 0in the strong L'((0,T) x T4y norm as & — 0.

Proof. We have that r, = r! + 2, with

1
ro=b-Vip,—n.x(b-V,p)

and

ri =cp, — N, * (cp).

Concerning r2, it is easy to see that r> — 0in L!((0,T) x T9) since

cp, = cp and % (cp)—>cp in L'(0,T)xT9 ase - 0

by standard properties of the mollifiers. The same holds for r;, by Lemmam O

To summarise the results obtained so far, we state a theorem combining the existence and uniqueness

results for (CE) and (TE).

Theorem 2.1.4. Existence and uniqueness of solutions of (CE), (TE) with Sobolev vector fields, [70]
Leth € [LY(0, T; WhP(T9) N L®((0,T)xT9)]¢ withp > 1andlet g € [1,+oo0] suchthat1/p+1/q < 1.
Then:

» If div, (b))~ € LY(0,T; L=(T?)), (CE) admits a unique solution in L*(0, T; LI(T9));

* Ifg € (1,+c0)and div (b)* € L'(0,T; L®(T9)), (TE) admits a unique solution in L>(0, T; LI(T4)).
If ¢ = +00 no condition on the divergence is necessary to have existence, while for ¢ = 1 existence
holds under the stronger assumption div (b) € L'(0,T; L®(T9)).

Well-posedness has also been proved for BV vector fields and bounded densities in [7], where the author
used Alberti's rank one lemma and local anisotropic convolution kernels inspired by [29]50] to show that
r, — 0in L'((0,T) x T¢), proving the analogous of Theorem in the BV setting. Uniqueness then
follows by Theorem[2.1.2} where we recall no regularity on b was needed, and Corollary[2.1.7]

Theorem 2.1.5. Existence and uniqueness with BV vector fields, |7]

Let b € [LY(0,T; BV(T9) n L®((0,T) x T4 with div,(b)~ € L'(0,T; L*(T%)) and assume div,(b)
is an absolutely continuous measure with respect to £“. Then b has the renormalization property, i.e. every
solution p of with vector field b and ¢ € L'((0, T)x T9) is a renormalized solution. In particular,
and both have a unique solution in L®((0,T) x T9).
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Another extension has been proved in [21] for nearly incompressible vector ﬁeldslﬂ Before stating the main
result of [21], we give the definition of a nearly incompressible vector field.

Definition 2.1.2. Nearly incompressible vector fields, [21]

A locally integrable vector field b : RY x T? — R is called nearly incompressible if there exists a function
p: RS xT? — R* (called the density of the vector field) and a constant C > O suchthat C~! < p(t,x) < C
for £*1-almost every (t,x) € R} x T¢ and

d,p + div,(pb) = 0 in the sense of distributions on R} x T

Notice that, unlike in the previous cases where absolute continuity of div, (b) was assumed, here it is not.
In particular, Theorem [2.1.2) (which guarantees uniqueness of solutions for (CE) and (TE) in the previous
cases) cannot be applied, and actually does not even make sense distributionally since the singular
part of div,.(b) (used to define the distribution 5 - V_p, see (2.1.2)) might be non-zero. For this reason,
we need another definition of solution and of the renormalized property for nearly incompressible vector
fields.

Definition 2.1.3. p-weak solution
Let I = [0, T) be atime interval and let b be a bounded nearly incompressible vector field with density p. We
say that a function u € L>®((0,T) x T¢) is a p -weak solution to the transport equation o,u+ b -V u = 0 if

d,(pu) + div_(pub) = 0 in the sense of distributions in I x T¢. (p-TE)

Definition 2.1.4. Renormalized property for nearly incompressible vector fields

Let I = [0, T) be a time interval. We say that a bounded nearly incompressible vector field b : I xT¢ — R4
has the renormalization property if, given its density p as in Definition|2.1.2} every solution u € L*((0,T) X
R?) of

0,(pu) + div, (pub) =0
satisfies

9,(pfw)) + div,(pp(u)b) = 0
for every p € C'(R) with g’ bounded.
The main result proved in [21] is then:

Theorem 2.1.6. Renormalization property for nearly incompressible vector fields
Any nearly incompressible vector field b € [L' ([0, T), BV},.(R%)) n L*((0, T) x T%)]¢ has the renormal-
ization property.

The existence and uniqueness of solutions of when the vector field is nearly incompressible and
assuming the renormalization property holds is proved in [61, Proposition 3.13]. We remark that this result
has answered in the positive a conjecture proposed by Bressan [32] concerning stability of flows (this
implication is not trivial and it has been proved in [11]):

Theorem 2.1.7. Bressan's compactness conjecture, [32]
Leth, : RxT¢ — R% n € N, be a sequence of smooth vector fields. Denote by ®, the flow generated by
b, i.e. ®, solves

%q)n(t, Xx) = bn(t’ q)n(t’ X))
D0, x) = x.

Assume that ||b, |, + IV, b, |l 11 is uniformly bounded and there exists a constant C > 0 such that

C~! < det(V,®,(t,x)) < C forall (t,x) € R x T and for all n € N.
Then the sequence {®,},y, is strongly precompact in L.

3We cite the results in [7] and [21] considering the vector field defined in T¢, while in [7], [21] they are defined in the whole R¢.
This is just to keep the convention of working in T¢.
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To summarise the results, we explicitly state a theorem.

Theorem 2.1.8. Existence and uniqueness for nearly incompressible vector fields, [21, 61]
Letb € [L'([0,T), BV, (RH))NL®((0, T)xT9)]¢ and nearly incompressible. Then (p-TE) admits a unique
solution in L=((0,T) x T%).

We conclude this section proving the stability of solutions of (CE), when approximating the initial data
and the vector field 5. As we will see in the proof, we will exploit the fact that solutions are unique by having
a unique limit for the approximating functions. For simplicity we only consider bounded initial data and we
prove the stability in the class L®((0, T) x R?), but the result can be generalised to L>®(0, T'; LI(T¢)) for
other values of g provided that the vector field b has the right L! WP reqularity.

Theorem 2.1.9. Stability of solutions of (CE),
Let {b,},en be a sequence of smooth bounded vector fields such that

b,— b in[L'(0,T)x T, withb e [LY0,T; W' n L®(T))*

and
div(b,) — div(b) in L'((0,T)x T¢), with div (b) € L'(0,T; L*(T%)).

Let {pg}e2 |, {ug}yen be a sequence of equibounded functions converging in L'(T?) to the initial data p,, of
and ug of , respectively. Then the solutions p,, of (TE) with initial datum p;; and driving vector fields
b, converge in L*((0, T) x T¢) to the unique solution of with driving vector field b and initial datum p,,.
The same holds for assuming also that the sequence {|| div . (b,)~ |l 1011 (T4)) } nen IS €quibounded.

Proof. We start considering . For each n, by the classical theory there exists a unique solution p,, for
with vector field b, and initial datum p{,, which is given by the explicit formula (1.2.3). From itim-
mediately follows that the sequence p,, is equibounded and thus (up to a subsequence we will not rename)
we have weak-* convergence to a function p which (thanks to the uniqueness results proved previously) is
the unique solution of with vector field » and initial datum p,. Indeed for every ¢ € C*(I x T¥) if we
pass to the limit for n - +oo in

T
/ / 0,0, +div, (b)) + b, - V @)dxdt + / (0, x)pg(x)dx =0
0 Td Td

we easily obtain that p solves

T
/ / p(0,p +div, (b)p + b -V @)dxdt + / @0, x)po(x)dx = 0.
o J1¢ Td

If we repeat the argument with initial datum (pg)z, we have that the solutions pi must converge to the
unique solution of with initial datum (p,)? and velocity field 5. But by the renormalization property this
solution is p?. So, we have weak-« convergence of p2, which implies (by choosing a test function ¢, such
that o, = 1in [0, T — ) x T¢ and passing to the limit as ¢ — 0)

T T
/ / pidxdt - / / pzdxdt asn — +oo.
0o Jre o Jrd

Since weak- convergence in L®((0, T) x T%) implies weak convergence in L2((0, T') x T¢) we have both
weak convergence in L*((0,T) x T%) of p, to p and [Ip, || ;20 7yxtey = 121l 2¢0.7)xTa)- This implies, by a
well-known result in functional analysis, that p, — pin L2((0,T) x T¢). The case for follows in the
same way. The boundedness condition on {|| div, (b))l L1 o.7: 100y } ey 18 needed in order to have that
the solutions u,, of with respect to the vector fields b, are equibounded in L*((0, T) x T¢), using the

representation formula (1.2.4).
O

Remark 2.1.5. Necessity of strong convergence of div,(b,,)
Notice that in the proof of Theorem the weak-+ convergence of the solutions u,, to a solution u of
(CE) was guaranteed even if we did not assume the strong convergence of div(b,). Indeed, contrary to
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(2.1.2), the integral formulation of the continuity equation does not contain any divergence of the
vector field and weak-+« convergence is sufficient to pass to the limit. However, as noted in Remark [2.1.6]
strong convergence fails since the integral equation (2.1.6)) solved by (u,) = ui can be rewritten as a,(uﬁ) +
div, (b,u?) + div,(b,)u?> = 0, thus the product div.(b,)u, needs to converge and since we only have that
u, converges weakly-x, we need strong convergence of div..(b,). For the same reason (at least, in principle)
one would expect that the strong convergence of div (b,) is required for having convergence (even weak!)
of p, to p, since in (2.1.2) there is a product div(b,)p, which needs to converge to div,.(b)p. As we will see
in Proposition s false, and actually the weak convergence of {div (b,)} in L'(0,T; L*(T?) is
enough to prove strong convergence of p, to p. We postpone this proof since we need to develop the theory
of regular Lagrangian flows in Section 2.2 and some key estimates in Chapter 4.

Remark 2.1.6. A counterexample to strong convergence of solutions

It is shown via a counterexample in [62] (see also [145 Example 3.2]) that, in general, if we have a sequence
of vector fields {b,},cn converging strongly to b but whose divergences converge only weakly to div,.(b),
then we cannot conclude that the solutions u,, of with respect to b, converge to the solution u of
relative to b in strong L' norm.

Remark 2.1.7. The 1D and 2D cases

It is worth mentioning that the cases d = 1 and d = 2 are somewhat special. If d = 1, uniqueness of
solutions in the class L}oc([O, T) x R) has been proved in [88] for bounded nearly incompressible vector
fields (in [27], where the general case is treated, uniqueness was proved in the L* class). If d = 2, in [5] the
authors characterise the existence and uniqueness of a bounded solution for in terms of a property on
the Lipschitz potential of the vector field.

2.2 The ODE theory: Ambrosio's superposition principle

2.2.1 The general theory of regular Lagrangian flows

Before presenting the theory for ODEs relative to non-regular velocity fields, we give some relevant defini-
tions and results with smooth vector fields to fix the ideasﬂ As we briefly mentioned in Section 1.2, the
continuity equation is well-posed even in more general settings; namely, we can formulate the continuity
equation as a measure -valued PDE.

Definition 2.2.1. Measure-valued continuity equation

Let M(T?) be the space of finite signed measures on T¢. Let i € M(T?) and b be a bounded vector
field. We say that the family of locally finite signed measures { u, }tT:0 solves the (measure-valued) continuity
equation in I = [0, T) if it solves

(u-CE)

O, +div (bu,) =0 fort € (0,T)
Ho = fi ’

that is if

T
/ / O, +b-V, p)du,dt +/ @(0,x)i=0 foreveryp € CXI X .
o Jrd Td

Remark 2.2.1. The choice of the class where to prove well-posedness

We notice that in order to prove existence and uniqueness of solutions of (CE), it is crucial to specify both
a subset of M(T) of admissible solutions and assumptions on b and on ji such that we can prove both
existence and uniqueness in the chosen subset. Of course, there is a trade-off: if the chosen subset is bigger,
proving existence is easier. But proving the uniqueness may be harder. For instance, in Proposition|1.2.7 we
proved existence and uniqueness of solutions in the class C= ([0, T) x T¢) under suitable assumptions on
the vector field b and on the initial datum uy, . In Theorem|2.1.4|we asked for less regularity on b and on the
initial datum, but we had to consider a bigger subset of M(T9).

“Also in this section we will state the results considering the domain to be T¢ and bounded vector fields for simplicity. We
refer the reader to [10] for the unbounded case in R¢.
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We now prove an existence result analogous to Proposition{1.2.1

Proposition 2.2.1.
Consider b a smooth vector field. Then, for any initial datum ji € M(T¢), a solution of (u-CE) is given by

Hi = X(t’ ')#ﬁ?
where X is the flow of the vector field b and X (¢, -).ji denotes a push-forward via the map X (¢,-) : T¢ — T4

of the measure j. In particular, if ji = uy£ with u, € L>®(T%), there is an explicit formula for the solution,
namely:

uy(Y,(t, x))
det(V X (1, Y,(t, X))

u(t,x) =

with Y, the backward flow of b.

Proof. We simply check that the proposed measure ; is a solution in the sense of Definition By the
push-forward formula:

T T
/ (0,(,0 +b-V,@)d(X(, )sit)dt = / / 0,0, X(,x)) + b(t, X(t,x)) - V, (t, X (2,x)))d jidt
0 Jrd

/ /Rd o et X(t.x))]dpdt.

We can easily conclude by applying Fubini theorem:

/ / [, X (1, x))]dpdt = / / [o(t, X(t,x))] d idt
Rd R4

=/ §0(T,X(T,X))d/«7—/ (P(O,X(O,X))dﬁ=—/ ®(0,x)d fi.
RY e —— R4 R
=0

The validity of the representation formula if ji = uy#? € L*(T) has already been proved in Proposition

L2.1 O

A general theory relating the Eulerian/PDE point of view to the Lagrangian/ODE one in a non-classical setting

has been developed in [10,57], which we refer the reader to for more details on this topic. The basic idea is

similar to what we considered in Proposition the initial measure ji is transported via (a generalised,

weaker notion of) the flow X and the solution of (u-CE) is simply the push-forward of the initial datum via

such a flow. For the sake of readability, we recall here the equation for the flow X of b:

d .

=X(t,x) = b(t, X(t, fre©,T

X, x) = b1, X(1,x)) | ( )‘ (ODE)
X0,x)=x

We remark that, in order to give a meaning to , even in an almost everywhere sense, we assume b to

be defined pointwise in [0, 7)) x T¢. Also, in view of the above discussion, it is convenient to define the
notion of Lagrangian solution:

Definition 2.2.2. Lagrangian solution
Consider b a bounded measurable vector fieldin I xT¢, and let i € Q ¢ M(T9) be a finite signed measure.
We say that u, is a Lagrangian solution of (u-CE) in the set Q if for every t

/’lt = X(I’ ‘)#ﬁ9
where X (-, x) solves (ODE) for ji-a.e. x € T¢ and it holds that X (¢, -),ji € Q foreveryt € I.

Remark 2.2.2. Lagrangian —> renormalized
Itis not difficult to prove that, if @ = L>(0, T; L1(T¢)), Lagrangian solutions are also renormalized solutions

[57].
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The first result we present is a general criterion relating uniqueness of solutions of (u-CE) and (ODE):

Proposition 2.2.2. [10]
Let A c R be a Borel set. The following two properties are equivalent:

1. Solutions of (ODE) are unique for every x € A.

2. Non-negative measure-valued solutions of (u-CE) are unique for any ji concentrated in A, i.e. such
that i(A€) = 0.

The implication 2. = 1. is rather easy: just choose i = 5, where &, is a Dirac delta centered in x, and
notice that different solutions X, X, of induce different solutions of (u-CE): 4, () = 6, and
Ha(1) = 8, The converse implication requires a deep result known as superposition principle (first
established in [13| Theorem 8.2.1], see also [8] Theorem 3.2] and [10}57]), which states that every positive
solution of can be decomposed (as a measure) along characteristic curves solving (ODE), for every
x € A. Namely, it exploits the representation

/ @du, = / < / (p(y(t))dnx(y)> d ji(x),
T T \Jr,

obtained by disintegrating the measure (see [12] Theorem 2.28]) y, with respect to ji, where », are proba-
bility measures concentrated on absolutely continuous integral solutions of with initial point x and
I = AC(0,T; R?) the set of absolutely continuous curves from [0, T') to R?. Before stating the super-
position principle and discussing its implications, we give the definition of superposition solution:

Definition 2.2.3. Superposition solution
Let n € M (T x I'y) be a positive measure concentrated on the set of pairs (x,y) such that y is an
absolutely continuous integral solution of (ODE) with y(0) = x. We define the superposition solution . as:

(u, @) = / @(y(1))dn(x,y) for every ¢ € C,(T*).
Ty

By disintegrating the measure ;' as u = n,(y) @ ji(x) we can rewrite the definition as

(u/, @) = / ( / fp(y(t»dnx(y)) dji(x), for every € C,(TY),
T4 T

T

where n, are probability measures on I';..

Remark 2.2.3. Recovering of the push-forward formula
Notice that if n, = 6. ., i.e. if there is only one absolutely continuous solution to (ODE) with initial datum
y(0) = x, we have:

(u/, @) = /d P(X (1, x))d ji(x) = X (1, )4f,
T
recovering the push-forward representation of the solution of Proposition|2.2.1

We are now ready to state the superposition principle, with which it is possible to prove the implication
1. = 2.in Proposition[2.2.2]

Theorem 2.2.1. Superposition principle, [13,10]
Let u, € M (T?) be a positive solution of (u-CE) with b a bounded vector field. Then u, is a superposition
solution, i.e. there exists a measure n € M (T¢ x T'p) such that u, = p.

We remark that Proposition|2.2.2|may seem powerful, but it is in fact quite limited: recall that when b has
merely Sobolev spatial regularity, in order to have uniqueness for we had to restrict to measures
u € L®(0,T; LY(T%) (i.e., with a little abuse of notation, to measures which can be represented as
u, = u(t,) L4 withu € L>®(0,T; L4(T9))), which is much more restrictive than considering all non-
negative measures as in Proposition[2.2.2] On the other hand, Proposition[2.2.2) states that uniqueness in
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the whole class of non-negative measures gives a very strong pointwise uniqueness for the flows. For this
reason, it is natural to introduce a weaker notion of flow for which uniqueness, assuming has unique
solutions in the smaller class L*®(0, T'; L4(T¢)), may still hold. This is the so-called regular Lagrangian flow:
besides requiring that it solves for almost every x € T¢, we also impose that it does not “concentrate
mass”. Before giving the actual definition, it is convenient to explain the idea behind it. Since for
we have only proved uniqueness in a subclass of measures (namely absolutely continuous measures with
respect to ¢ and with L LY integrability), we want that the flow X which “transports” the initial measure
ji preserves the absolute continuity of the measure and the belonging to the L® LY class: i.e. X (7, )41 <
< forevery t € [0,T) and sup,ci. 1 X (7, giill ocray < +o0. It is possible to use the superposition
principle not only to prove that 1. = 2. in the most general (and, as we saw, quite useless) setting of
Proposition but also to prove the implication2. = 1.inthe subset L*(0, T; L4(T%)) (for whichwe
have uniqueness) if we only consider solutions of which are regular Lagrangian flows. In particular,
we will see how well-posedness results for in the class L*®((0, T) x T¢) give well-posedness at the
ODE level for regular Lagrangian flows.

Definition 2.2.4. Regular Lagrangian flow
Leth : [0,T)x T¢ — R? be a bounded vector field. We say thatamap X : [0,T)x T¢ — R? is a regular
Lagrangian flow with respect to the vector field b if:

1. For £%ae. x € T¢themapt — X(t,x) is an absolutely continuous integral solution of 7(t) =
b(t,y()) for t € [0, T), with initial condition y(0) = x;

2. there exists a constant C independent of t such that

X(t, ) L9 < CZ? as measures.
The constant C will be called the compressibility constant of X.

For the sake of completeness, and since we will use it in the following, we also define the backward regular
Lagrangian flow:

Definition 2.2.5. Backward regular Lagrangian flow
Leth : [0,T)x T? — R? be a bounded vector field defined everywhere. For t € [0, T) fixed, we say that a
map Y, : [0,1) x T? — R is a backward regular Lagrangian flow with respect to the vector field b if:

1. For #%a.e. x € T the map s — Y,(s,x) is an absolutely continuous integral solution of y(s) =
—b(t — s,y(s)) for s € [0, 1), with initial condition y(0) = x;

2. there exists a constant C independent of s, t such that

Y (s, ). ZL? < CZ? as measures.

Remark 2.2.4.

It is not difficult to see that Y,(s, X (¢, x)) = X (t — s, x) just like in the classical case. Since we shall need a
L!L* bound on div,(b)~ to have existence and uniqueness of the regular Lagrangian flow, in order to have
also the existence and uniqueness of the backward regular Lagrangian flow we need to assume also that
div,(b)* € L' L™, i.e. that div,(b) € L L>.

We remark that Proposition|2.2.7|can be generalised to the case of reqular Lagrangian flows, up to restrict-
ing the choice of the initial condition jz accordingly.

Proposition 2.2.3.
Consider a vector field b which admits a regular Lagrangian flow X : [0,T)xT¢ — R and an initial density
ji = uy € LI(T?) for some q € [1,+o0]. Then

He = I/l(t, ') = X(t7 ')#uO
is a solution of (u-CE) in the class L>(0, T; L4(T4)).
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Proof. I|dentical to the proof of Proposition|1.2.1 O

We are now ready to state the following theorem, which relates the well-posedness of (u-CE) in the class
L=((0,T) x T¢) to the existence, uniqueness and stability of reqular Lagrangian flows:

Theorem 2.2.2. Existence, uniqueness and stability of the reqular Lagrangian flow, |57, Theorem 6.4.1 and
Theorem 6.4.6]
Letb : [0,T)x T — R4 be a bounded vector field. The following hold:

« EXISTENCE: If (-CE) admits a positive solution in L*((0,T) x T%) with initial data i = %4, then
we have existence of a regular Lagrangian flow associated to b.

- UNIQUENESS: Assume that, if a positive solution u, € L®((0,T) x T¢) of (u-CE) exists, it is unique.
Then the reqular Lagrangian flow associated to b, if it exists, is unique.

« STABILITY: Consider a sequence {b, },cx Of vector fields such that

154l oo 0. 1)xey + 1 AV (B Lo 0.1y < C

for some C > 0. Assume also that, for each b,, has the uniqueness property in L= ((0, T)xT?)
and that the sequence {b, },cx converges in L}OC((O, T)x T9) to a vector field b € L®((0,T) x T?)
with div,(b) € L®((0,T) x T¢). Then the regular Lagrangian flows X associated to b, converge
strongly in L>(0,T; L, (T“)) to the regular Lagrangian flow X associated to bﬂ

Idea of the proof. We only give anidea on how to prove the uniqueness part, showing how the superposition
principle can be employed. The key technical result is the following:

Proposition 2.2.4. [57, Proposition 6.4.3]

Let b be a bounded vector field and assume that has the uniqueness property in L®((0,T) x T%).
Consider a family of probabilities {n,}.ct« C P('y) and assume that the measures n, are supported
on absolutely continuous integral solutions of for &4 a.e. x. Then, if the superposition solution
u =n, ® ji belongs to L*((0,T) x T%), the measures #,. are Dirac deltas for #%-a.e. x.

We can argue by contradiction: consider two different regular Lagrangian flows X, X,. Given an initial
condition i € L*(T?) each of them induces bounded Lagrangian solutions y}, ;4,2 of which by the
superposition principle are superposition solutions. By Propositionthe measures 7., #2 obtained by
disintegrating 4/, u? are Dirac deltas for a.e. x. It is easy to prove that 5, := %(;1}( + #2) induces the

bounded solution 4, := 1, ® i of (u-CE), and actually

1 %
= 5("} +uP) € L™((0,T) x T, (2.2.1)

which is a contradiction. Indeed, z and 5, satisfy the assumptions of Proposition so for #9-a.e. x
the measure #, should be a Dirac mass, which is not the case. O

Remark 2.2.5. More general classes of vector fields
If we consider vector fields with a particular structure, there are results also outside of the classes we previ-
ously considered. For instance, concerning the well-posedness of (ODE):

- In [44] it is proved existence and uniqueness of solutions if the vector field b = (V, F(X)) has an
Hamiltonian structure and F € H3/*(R?; R?) n L*(R?; RY).

- In [30] it is proved existence, uniqueness, quantitative stability and compactness when the gradient of
the velocity field has the structure D b = K * f, with K a singular kernel and f € L'(RY;R%), and
they relate such a result to the well-posedness of Lagrangian solutions of the continuity equation.

SThis stability result seems very similar to Bressan’s conjecture [32] However the crucial difference that makes the latter
sensibly harder to prove is that in Bressan’s conjecture we only have a L' uniform bound on the derivatives of b, and no L*
control on div_(b,), but only on the compressibility of the flows.
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- In [130] quantitative stability estimates are given for vector fields of the form b = K = g with g €
L'(R?;R?) and K a singular kernel.

Remark 2.2.6. DiPerna-Lions definition of regular Lagrangian flow

What we provided in Definition is a definition due (at least, up to our knowledge) to Ambrosio [7]. The
original definition of regular Lagrangian flow is due to DiPerna and Lions in [70] and it is slightly different.
Most notably, they require a semigroup property for the flow (which actually follows from the two properties
we used in Definition and a lower bound on X (t,-)3 & which is completely absent from Ambrosio’s
definition. The idea is that “compressing” too much the measure is problematic (it might induce singular
measures and, as we saw, staying inside the class where we have well-posedness for is crucial),
whereas “diluting” it is not. We refer the reader to [57) Section 6.5] for more details. We also remark that the
strategy to prove well-posedness at the ODE level used in [70] is completely different and in a sense more
standard, using approximation arguments.

Remark 2.2.7. General theory of &, Lagrangian flows

The assumptions in Theorem are not sharp: for instance, only a control on the L! L norm of the
negative part of the divergence of b is needed in the stability result. The interested reader can find sharper
results in [10]. Moreover, in [10] a more general theory of so-called %, Lagrangian flows is developed, of
which regular Lagrangian flows are only an example. The basic idea is: if is well posed in some class
%, € M,([0,T) x T4), if we consider flows which solve , preserve the membership to &, (i.e. if
i €L, = Xt )i € L) andthe class £, is convex (so that we can argue as in (2.2.1)), then
uniqueness of such flows can be proved.

Remark 2.2.8. Almost everywhere uniqueness of integral curves for regular Lagrangian flows

It is quite natural to wonder if, given the unique regular Lagrangian flow X of a vector field b, it holds that for
almost every x there is a unique integral curve of b satisfying y’ () = b(t, y(t)) with y(0) = x. We remark that
the uniqueness of the regular Lagrangian flow that we proved does not imply almost everywhere uniqueness
of integral curves. Actually, such uniqueness does not hold in general. In [36] the authors showed that there
exists a vector field b € C([0, 1]; W (T9; R9)) with r < d which admits a unique reqular Lagrangian flow
X such that, if x € A with A a set of positive measure, there are at least two integral curves of b starting
from x. See also [137] for a slight generalization. If instead r > d such almost everywhere uniqueness holds,
as shown in [43] Corollary 5.2]. We also cite [102] where the author constructs a continuous vector field
(both in time and space) for which uniqueness of integral curves does not hold in a set of positive Lebesgue
measure, answering a question posed by Alberti in [4]. Such a construction will be the basis of [37], where
the authors develop a new method to build non-unique solutions of (TE).

Remark 2.2.9. Is the positivity assumption really necessary?

It is natural to wonder if the positivity assumption in the superposition principle is really necessary or if it is
just a shortcoming of the theory. As it turns out, in general a signed superposition principle does not hold
simply by observing that there exist signed solutions of even for vector fields b which do not have
solutions for for any x € R? [87]. However, assuming some regularity on the vector field b, a signed
superposition principle does hold [9]. One may also wonder if the implication 1. = 2.in Propositionm
really needs the non-negativity assumption. In general, the implication is false [28].

2.2.2 Applications to positive solutions of the continuity equation

The superposition principle (Theorem|2.2.1) can be used not only as a tool to prove well-posedness of (ODE)
based on the well-posedness of (u-CE). It can also be used to go beyond the DiPerna-Lions framework, even
though for positive solutions only. The main result in this setting is the following:

Theorem 2.2.3. Uniqueness of positive solutions, [36]
letd >2,pe[l,+c]andr € [1,+co] be such that
Tl L=t
p r d-—1 r °
Letb € L'(0, T; W (T?;RY)) be a vector field satisfying div,(b) € L®((0,T) x T¢). Then, for p > 1,
(u-CE) admits a unique solution among all non-negative, weakly continuous in time densities p in the class
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L0, T; LP(T? ;RS)) with p(0,-) = p,. When p = 1 (i.e.r > d) uniqueness holds in the class of non-
negative weakly-+ continuous densities p € L®(0,T; M*(T%)) with p(0,-) = p,Z?. In particular every
such p is Lagrangian, i.e.

p(t, )L = X (1, )u(pg L),

where X denotes the unique regular Lagrangian flow of b.

2.3 Non-uniqueness phenomena

We now briefly turn our attention to counterexamples, showing how the assumptions in the previous sec-
tions are basically sharp. We will not give the full details of the counterexamples, referring the reader to
the relevant literature for more insight. As we have already done repeatedly, in this section we will also
move back and forth between the Lagrangian and the Eulerian points of views, showing non-uniqueness

phenomena for both and (CE),(TE).

2.3.1 Beck/DiPerna-Lions and Aizenman/Depauw counterexamples

We start this discussion from a Lagrangian point of view, i.e. looking for non-uniqueness of solutions of
(ODE). Notice that we are not asking for non-uniqueness of a Cauchy problem, otherwise Example [.1.1]
would have been sufficient. We are looking for non-uniqueness of flows?| which satisfy (ODE). Historically
the first counterexamples are given in [17,3]. In [3] in particular the author constructs uniformly bounded
divergence-free vector fields » with any of the following properties:

« There is no measure-preserving flow generated by b;
« the vector field » generates an uncountable number of flows;

+ along integral lines, fibers are contracted to points and vice-versa points burst into fibers.

Later, two counterexamples are provided in [70]. Given p € [1, +c0), the first counterexample consists in
an autonomous vector field » € [Wl(l)’c”(RZ) N L*(R?%)]? with unbounded divergence. Based on the con-
struction in [17] they define an infinite number of flows X , parametrized by positive measures in a Cantor
set. Itis worth noting that each one of these flows concentrate absolutely continuous measures in singular
ones, except for the flow corresponding to the measure ¢ = 0. This means that this is not a counterexam-
ple for the uniqueness of regular Lagrangian flows. The second counterexample concerns an autonomous
divergence-free vector field in R? with fractional order derivatives (see [1,[69] for some general theory on
fractional Sobolev spaces). Namely, b € [I/Vlf;cl([R@)]2 forevery s € [0, 1) and b € [L®(R?)n L?(R?)]? for
every p € [1,2). In this case, the authors construct two different measure-preserving regular Lagrangian
flows relative to this vector field. As a byproduct, this is also a counterexample to the uniqueness of so-
lutions of when i@ € L>®(T9): the push-forward with respect to the two different regular Lagrangian
flows gives two different bounded solutions of (CE). The next counterexample, up to our knowledge, was
provided (independently from each other) in [66] and [49], both building on and simplifying the idea of [3]. In
particular the construction in [66] is very simple and short (only four pages long). Contrary to the counterex-
amples in [70] and the original work [3], the focus in [66] is on the Eulerian point of view. Namely, the author
exhibits a non-zero bounded solution of with a zero initial datum. What is truly remarkable is how
close the vector field b considered in [66] is to satisfying the assumptions in Theorem[2.1.5} it is bounded,
divergence-free and, foreverye > 0,b € L'(e, T; BV,,.(R?;R?)),butb ¢ L'(0, T; BV,,.(R?; R?)) (other-
wise uniqueness for (CE) would hold by Theorem[2.1.5). For the definition of the vector fields and a precise
analysis of the counterexamples in [70}66], other than the original articles we refer the reader to [57].

%In Deﬂnitionwe never assumed the flow to have a semigroup property, i.e. that X (s, X(z, x)) = X (s + 1, x), because it
followed by our assumptions on b. In general, the semigroup property is part of the definition of a flow, as in [17)[3]. It follows that,
in general, defining X (¢, x) as the value at time 7 of an integral curve starting at x does not necessarily produce a flow, since such
curves may not be unique and may yield a map X lacking the semigroup property.
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2.3.2 Modena-Sattig-Szekelyhidi: convex integration

The convex integration method was initially introduced in [64}(63] in the context of fluid dynamics to provide
counterexamples for Euler and Navier-Stokes equations [59} 38| [39], most notably resulting in proving a
conjecture by Onsanger [132] in [95] and in proving non-uniqueness of weak solutions for 3D Navier-Stokes
with finite kinetic energy [40]. For more details on the convex integration scheme in fluid dynamics, we refer
the reader to [41]. In the seminal works [126}127,125] the method was adapted to provide counterexamples
to uniqueness of bounded solutions for (CE), ultimately providing the following result:

Theorem 2.3.1. [125]
Letg € [1,4+00), p € [1,+00) and assume that
L L
P q d
Then there are infinitely many incompressible vector fields

b e [C,LY (T nC,Wwhr(Td))

for which uniqueness of fails in the class of densities p € C,L(T¢). Moreover, if ¢ = 1, it holds
be C([0,T] x T4;RY).

Before giving the basic idea of the convex integration scheme applied to the transport equation, let us
remark that the convex integration method is a purely Eulerian technique. Namely, there is no flow involved
and we are actually in a setting where the regular Lagrangian flow of b is unique[ﬂ The starting point is to
notice the following fact: if p is a solution of and the vector field is incompressible, it means it satisfies

T
/ / p(0,@ +b -V, p)dxdt + / (0, x)po(x)dx = 0 for every ¢ € C>([0,T) x .
o JT¢ Td

We have seen thatif b € [L'(0, T; WP(T4))n L®((0, T)x T4)]¢, solutions p of exist and are unique
in the class L>(0,T; LI(T%)) with 1/p + 1/q < 1. The above equation however makes sense even for
q' < g, because by Sobolev embedding b € L?" (T%;R?), with p* = dp/(d — p). The W? regularity
in particular is needed only for proving the renormalization property (Lemma [2.1.1), while for existence
it is not needed at all. It is then natural to wonder whether the class where we have uniqueness can be
extended from L>(0, T'; L4(T%)) to some L®(0, T; L7 (T%)) with ¢’ < g. There is a competition: on the
one hand the Lagrangian setting is very well behaved since there is a unique regular Lagrangian flow and
thus there is only one Lagrangian solution of , on the other hand the lower regularity of the density
might break the DiPerna-Lions renormalization scheme and there might exist weak solutions which are not
renormalized. As we saw in Theorem if we restrict to positive solutions we have uniqueness even
outside the DiPerna-Lions setting, but in general Theorem[2.3.7]shows that we have not.

We now (very briefly) explain the idea behind the convex integration, which is an iterative scheme. We
consider a couple (p,, b,) solving:

0,p, +div (b,p,) = —div,(R,),

where div,(R,) can be thought as an error term. The goal is to define a new pair (p,, . b, ) satisfying

alpl’l+1 + divx(bn+lpn+1) = _divx(Rn+l)

such that the new error term is smaller, and in particular we want that div (R,) — 0 as n — +oo so that
in the limit (p,,, b,)) converge to a couple (p, b) solving . The way to define p,,, and b,,,, starting from
p. b, is by adding a perturbation term, namely:

Pnpl =Py teE,andb, | i=b,+6,.

7In the previous counterexamples the Lagrangian point of view was used to show the non-uniqueness also at the PDE level,
and this was achieved by considering vector fields for which admits two different regular Lagrangian flow, with which one
can define (simply by push-forward of the initial datum) two different solutions of (CE). That is: non-uniqueness of =
non-uniqueness of (CE).
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For the moment let us not specify €, and §,. If b,,; and p,,, , are defined like above, then they satisfy:

0,pps1 +div (p,,1b,.1) = div,(¢,6, — R,) + other error terms.

The crucial point is to choose ¢, and 6, in a way to make the error term div (¢, 6, — R,,) smaller and smaller
and a way this can be achieved is by considering ad hoc functions (which we will not specify) such that

div (¢,6,— R—n)= fg,,

where g(x) satisfies /w gx)dx = 0, g,(x) := g(4,x) and 4, — +oo. Then, it is easy to see that
f&, = f f74 g(x)dx = 0. The key point is to add functions with higher and higher frequencies to reduce
the error term. Of course, the argument is much more sophisticated than this, and we refer the reader to
[125] for the details, but it is relevant (especially with respect to the next subsection) to notice that at each
step the perturbations are added uniformly in space, i.e. the functions ¢, and p, are approximately 1/4,
periodic. In the next subsection we will see how the range for non-uniqueness of Theorem can be
improved by considering both a different type of flow of 5 (i.e. not a regular Lagrangian flow) and using
non-uniform perturbations.

2.3.3 Brue-Colombo-Kumar: a (non-regular) Lagrangian flow approach

We conclude the topic of non-uniqueness discussing the very recent work [37], returning once again to a
Lagrangian point of view. As we already said, if a vector field 5 has Sobolev space regularity and some
bounds on the divergence, then solutions of are unique in L*((0, T) x T¢) and the reqular Lagrangian
flow of b is also unique. However, if we consider the class L=(0, T; L4(T¢)) with ¢ # oo there might
be flows satisfying for almost every x such that they are not the regular Lagrangian flow of 5 and
yet, given an initial datum p € L4(T¢), the Lagrangian solution X (¢, -).p obtained by push-forward of the
initial datum is uniformly bounded in L*(0, T; L4(T%)). Namely, there might be flows which are sort of
intermediate between the regular Lagrangian flow (which preserves boundedness in L4 if the initial datum
isin L7 for every g € [1,+c0]) and flows like the one presented in the first counterexample of [70], where
absolutely continuous initial data are concentrated in singular measures. The goal is thus to construct a
flow X which solves that is not the regular Lagrangian flow of b, but which still keeps the L7 norm of
the solution X (z, )45 uniformly bounded. The strategy of [37] is the following: using a construction based
on the one proposed in [102] they construct a (sort of) self-similar solution that belongs to L® L] (for a
range of p, g that will be specified shortly) and which starts from the uniform distribution on a cube but
which differs from the one obtained via the reqular Lagrangian flow (which is simply the constant one, since
the vector field they construct is divergence-free and supported on the aforementioned cube). We give the
statement of the main result of [37].

Theorem 2.3.2. [37]
Letd >2,pe[l,+),q €[1,+c0) be such that
1 1 1 p-—1
—H =>4+ ——
P q d-1 p
Then there exists a compactly supported divergence-free vector field b € C([0,1]; WP n Lq_zl(Td ;RYY)
such that admits two distinct non-negative solutions in the class C([0, 1]; LY(T%)).

We now briefly explain the idea behind this result and for simplicity we will restrict to the planar case and,
for the moment, g = 1. We will use Figure[2.1 taken from [37], as a visual aid. Consider as initial datum
the four squares in (a), where the bigger square they are contained in is Q = [—1/2, 1/2]>. At each step
we want to break each one of the four squares into four smaller squares, contract them to increase the
density (but the total mass, i.e. the L' norm will always remain constant) and separate them in order to
have smaller copies of the original problem. These are respectively the steps (b) and (c) in Figure
Now we have four copies of the original problem and we iterate this procedure at higher and higher spatial
and time frequencies (namely, performing this splitting for smaller and smaller squares requires less and
less time). By iterating this procedure we can make the initial density concentrate more and more on a
Cantor-like set where the density explodes to +oo, but the measure of the support goes to 0. If we choose
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carefully the compression rate of the squares we can prove that in the limit 7 — 1 the density converges
to the uniform distribution in Q. It can also be proved that the vector field v which provides this “cut,
compress and split” procedure is divergence-free, supported in Q and v € C(0,1; WP n quil(Tz; R2)),
so there exists a unique regular Lagrangian flow relative to it which is measure preserving. Consider now
b(t,x) := v(l — t,x) the time-reversal of the vector field. If we consider 5 = 1, as initial datum, then
p = pis a solution of (CE), since the regular Lagrangian flow of b is measure preserving and supported
in Q. At the same time, the density we constructed iteratively is also a solution, which by construction
belongs to C(0, 1; L' (T?)), so we have proved non-uniqueness. If ¢ > 1, there is an additional problem.
We cannot perform the same steps we used in the ¢ = 1 case because we would have that, for every ¢ > 1,
sup,io.17 112t )llLs = +co. The problem is that the uniform (in space) splitting that worked in the L!
case produces a blow-up of the L7 norms for every ¢ > 1. A way to solve the problem, and a fundamental
difference with respect to the convex integration method (other than one being fundamentally Lagrangian
and the other one fundamentally Eulerian), is to perform asynchronous steps in the splitting procedure, not
focusing on all the “big squares” at the same time, but considering only one at a time, choosing smaller and
smaller ones. We refer to Figure [2.2] for a visual explanation. A good analogy which helps understanding
the concept is that of a tree where the first four squares in (a) of Figure[2.1are the nodes of first layer, the
second layer is composed of the sixteen smaller squares in (c) and so on. The goal is for us to visit each
node of the tree, where with each visit we split the square into smaller and smaller ones which in the limit
gives us the constant density 5. While in the L' case we could perform a breadth-first search, in the L9
case a depth-first visit is needed. We can see it in Figure[2.2} the splitting always occurs on the bottom left
smaller and smaller square. Using faster and faster splittings the smaller the (single!) square gets, we can
recover the convergence to g, without blowing up the L7 norm, even with this asynchronous procedure. We
refer the reader to [37] for the rigorous proof of the result and all the details.

Remark 2.3.1. The stochastic counterpart

Before concluding, it is important to remark that problems involving the well-posedness of have been
studied also in the setting of stochastic differential equations (SDEs). As a general fact, it is well-known
that noise can prevent non-uniqueness phenomena, for instance we mention the (by now classical) result of
Veretennikov [156]: the SDE d X, = b,(X,)dt + dW, has strong existence and pathwise uniqueness if b is
merely boundedﬁ Later, in [107] existence and uniqueness of strong solutions of the SDE was obtained by
requiring a Ladyzhenskaya-Prodi-Serrin integrability condition, namely:

beL;’Lisuchthat£+2<1,p22,q>2.
P q

Finally, we cite [45] where they focus on SDEs with a Sobolev drift and a multiplicative noise, proving well-
posedness in that setting. There are also works that relate the well-posedness of the SDE with the well
posedness of associated PDEs (such as the Fokker-Planck equation, see Chapter 6 for more details). One of
the first works in this direction, up to our knowledge, is [77], where the author proves a stochastic counter-
part of Ambrosio’s theory on regular Lagrangian flows, however it still assumes BV regularity for the vector
field and a L! L* condition on the divergence. A more refined version of the superposition principle in the
stochastic setting was later proved in [154]. A breakthrough on another PDE associated to the SDE (namely
a stochastic transport equation, i.e. with the addition of a multiplicative random perturbation term) was
obtained in [78] where the authors managed to prove well posedness under the assumption that the velocity
field is bounded, it has uniformly bounded Hélder reqularity (in space) and the divergence is an L? function
in [0, T] x R for a suitable p.

8There are various different notions of existence and uniqueness in the context of SDEs. In particular, we refer the reader to
[15] for the definitions of weak/strong solutions and to [146] for the different types of uniqueness.
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For the reader’s convenience, we conclude this chapter with tables that summarise the uniqueness results,

both at the ODE and at the PDE level, w

hich are currently known.

. p+1/g<1 | 1<1/p+1/q<1+ 20 ll)p p+1/a> 1+ 25 ll)p
Signed
solutions Uniqueness [70] Open problem Non uniqueness [37]
Non-negative
solutions Uniqueness [70] Uniqueness [36] Non uniqueness [37]

Table 2.1: Range of uniqueness in the class L*(0,T; L4(T¢)) for solutions of (CE) and (TE), assuming
be [LY0, T; Whr n Lo(T9))]4 with div (b) € L®((0,T) x TY).

p<d p>d
Almost everywhere
uniqueness of Non uniqueness [36]137,[102] Uniqueness [43]
trajectories

Table 2.2: Range of uniqueness of trajectories for almost every x if b has spatial W !* regularity.

Remark 2.3.2. Some caveats

We recall that, if ¢ = 1, the uniqueness for non-negative solutions holds in the larger class of measure
valued functions L®(0,T; M(T%)) [36]. If d = 1 or d =2 the situation is described in detail in Remark
e critical cases - + =1+ 2L fornon- negative solutions of

2.1.7) Moreover, up to our knowledge th

(CE), (TE) and the case p = d for (ODE) are completely open

(d-Dp
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Chapter 3

A more geometric (measure theory) approach

In this chapter we want to prove the well-posedness of the continuity and of the transport equations without
relying on the theory of renormalized solutions, but instead via a more geometric approach reminiscent of
the classical method of characteristics, using the language of currents borrowed from geometric measure
theory. The idea is to view the continuity equation in an equivalent way as a condition on the boundary
of a 1-current with a particular structure. Then the uniqueness follows by an approximation argument
using smooth vector fields and by a very simple (almost trivial) result: if the vector field is zero, then the
mass of the current is controlled by the mass of the initial datum. That is: if the velocity field is zero, the
unique solution is the constant one. The main technical point will however still be a strong L! estimate
on the commutator, so this different point of view does not seem to yield any technical advantage over the
renormalization approach, at least for the moment. We point out that a different method for proving the
uniqueness of the continuity equation without using the renormalization technique has also been given in
[144], in which the author essentially relied on Lagrangian stability estimates provided in [58] and on results
from Optimal Transport theory. We also notice that recently a link between currents and the continuity
equation has also been proposed in [27], where the authors prove the well-posedness of a generalisation
to k-currents of the continuity and of the transport equations in R¢ (which are obtained in the particular
cases of k = 0 and k = d, respectively). For these reasons, we believe that a more geometric point of view
on the subject may be of interest for future developments. We recall for convenience that the continuity
equation we will consider in the following is

du+div (bu) =0 inT? withr € (0,1)
u(0,-) = u, '

Throughout this chapter we will assume without loss of generality that the final time is 1. This is clearly not
restrictive and it will avoid ambiguity since the letter T we used in previous chapters will be reserved for
another object, namely a normal 1-current representing the solution of the continuity equation. We restrict
to the case of Sobolev bounded velocity fields defined in T¢ for simplicity, but as noted in Remark [3.2.5)
the same argument can be adjusted to work in the BV case, too. As in other chapters, we work in the torus
T¢ instead of R to avoid localisation arguments and we use Einstein’s summation convention, i.e. we
implicitly sum over repeated indices.

3.1 Preliminary definitions

In order to keep this chapter as self-contained as possible, we give here the necessary definitions. Since
we mainly work with 1-currents, we will only define them, but the interested reader may find more general
definitions in [75]148]. Definitions are given in R¢, but they carry over to T¢ without any modification. In
the following we will always assume U, V' c R to be open sets.

Definition 3.1.1. 7-currents
A 1-current on U is a continuous linear functional on the space D' (U) of 1-differential forms on U. That is,
1-currents are elements of the dual of D'(U), and this set is denoted as D,(U).
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Definition 3.1.2. Pull-back of a differential form and push-forward of a current

Let o(x) = Y, <4 &(X)dx; be a 1- differential form in D'(V'), with &, € C>(V) for every i, and let
¢ : U — V be a smooth map with compact support. We denote the pull-back of w via ¢ by ¢*w € D (U),
which is defined as

o) = Y E(P(x) de,
1<i<d
withd : CX(V) = D°(V) - DY(V) the differential operator. Similarly, given a 1- current T € D,(U), we
denote the push-forward of T via ¢ by ¢,T € D,(V'), and it is defined as

d.T(w) :=T(¢*w) forallw e D'(V).

Definition 3.1.3. Boundary of a 1-current
Let T € D,(U). We define the boundary of T as a distribution on U (i.e. an element of the dual space of
D(U) = C:°(U)) as

IT(&) :=T(dE) forall ¢ € CX(U).

Remark 3.1.1. Properties of push-forward and boundary & of pull-back and differential
It can be verified that the pull-back and the differential commute, i.e. if we consider a differential form w and
a pull-back via a smooth map ¢, then

¢*(dw) = d(¢* ).

Similarly, the boundary operator commutes with the push-forward for currents, i.e. for every current T and
for every smooth map ¢ it holds that

¢u(0T) = 0(p4T).
Definition 3.1.4. Mass of a 1-current

LetT € D|(U). We define the mass of T as

MT)=  sup T(o), withox)= Y &xdx,.
weD'(U) s.t. 1<i<d
|&1<1 forevery i
If S is a distribution in U (i.e. S € Dy(U)), we define its mass as
M(S) = sup  S(&).
£eC(U) st
[£1<1

Definition 3.1.5. Normal 1-currents
We say that a 1-current T € D, (U) is normal if

M(T) + M(T) < +co.

An example of a 1-current T is
T = Z f[e[,
1<i<d

with £, € L}OC(U) for every i. In this case, the action of 7" on a I-form w(x) = ¥}, ., &(x)dx; € DYU)
is defined as

T(w) := / < > f,-(x)f,(x)) dx.
U \1<i<d
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Definition 3.1.6. Flat norm
LetT € D,(U). We define the flat norm of T as

F(T) :=inf{M(S)+M(L)s.t. T =905 + L}.
In particular, we point out that .S is a 2-current (see [75(148]) and that F(T) =0 = T = 0.

3.2 Proof of uniqueness

Let 1 < p,g < +oo such that 1/p + 1/ < 1. In this chapter we will always work with the following
hypotheses on the vector field » and on the initial datum u,,:

be [LY0,1; Wlr(T4) n L=, 1) x T4
div, ()~ € L1(0,1; L®(T)) : (Hyp)
uy € LI(TY)

We will prove uniqueness of solutions in the class

ue L0, 1; LY(TY)).

The starting point of our approach is to notice that having a weak solution « of the continuity equation can
be written in an equivalent formulation in the language of currents.

Definition 3.2.1. Solution in the sense of currents
A functionu € L*(0, 1; LI(T¢)) is said to be a solution in the sense of currents of the continuity equation if
the associated normal 1-current T in (—oo, 1) x T¢ and supported in [0, 1) x T¢, defined as T = ue, +ub'e,,
satisfies

oT = —uyHL ({0} x TY), (C-CE)

where the boundary is considered with respect to (—oco, 1) X T¢; e, is the unitary vector in the time direction;
e;,e,, ..., e, are unitary vectors in the x; directions and the b'’s are the components of b.

Remark 3.2.1.
Notice that we will always consider currents in (—oo, 1) x T¢ and supported in [0, 1) x T¢. The reason of
this mismatch is that the definition of the boundary of a current is better given on open sets.

Remark 3.2.2.

Let us check that Definition is equivalent to the notion of weak solution of the continuity equation given
in (2.1.1), i.e. u satisfies the continuity equation if and only if it satisfies (C-CE). Assume that u satisfies
(2.1.1) and consider its associated current T = ue, + ub'e,. We have:

1
(0T, &) =(T,d¢&) = / / ulo, £ +b-V Eldxdt Vé e CX([0, 1) X .
0 T

Integrating by parts the first addendum:

1 1
/ / ud, Edxdt = / <[u§](l)— / zja,udr>dx
0 Td T4 0
1
=—/ uoédx—/ Edudxdt.
T4 0 Td

div, (ub&) = div,(ub)é + ub - V £ in the sense of distributions,

As for the second addendum, we use that
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SO

1 1
/ / ub -V édxdt = —/ / Ediv, (bu)dxdt.
0 T4 0 T4

Using that by assumption u satisfies the continuity equation, we easily see that

(0T, &) = —/ upEdx.
T

If we consider T = ue, + ub'e; satisfying (C-CE), by the same argument u also satisfies (2.1.1), i.e. itis a
solution of the continuity equation.

We will consider a 1-current T = ue, + ub'e; satisfying with null boundary in (—co, 1) x T (i.e.
u, = 0), with b satisfying (Hyp), and we shall prove that T = 0. This is equivalent to proving uniqueness of
solutions of the continuity equation by linearity of the equation and Remark[3.2.2] The main result of the
chapter, which implies uniqueness, is the following:

Theorem 3.2.1. Mass estimate

Let b satisfy (Hyp) and let T = ue, + ub'e; be the 1-current associated to a density u € L®(0, 1; LI(T%))
solving (C-CE) in the sense of Definition[3.2.7 with uy = 0. Then for every £ > 0 it holds that M(T') < ¢, i.e.
T=0.

Before starting to prove the necessary preliminary lemmas, let us give an idea of the strategy of the proof.
The key point is that if we have a 1-current T; = uze, +uzbje; solving with null boundary in (-0, 1)x
T4, supported on [0, 1) x T¢ and with velocity b; a smooth approximation b5 of b, we can represent T
(which can be easily shown to converge to T in mass as § — 0) as the push-forward of a time-orientedﬂ
1-current whose mass is controlled by the L!((0, 1) x T¢) norm of a commutator term r; which tends to
0in L'((0,T)x T¢) as 6 — 0. We stress the fact that the language of currents provides a natural setting
in which we can apply the notion of push-forward and bypass the need to use renormalized solutions. This
geometric approach may also be of help in treating cases outside of DiPerna-Lions setting. Notice that in
Theorem(3.2.1|we prove uniqueness as a consequence of the fact that M(T") < « for every e > 0 fixed. In
principle we could conclude that T = 0 even just proving, for example, that the flat norm of T is smaller
than ¢ for every € > 0, and the flat norm is weaker than the mass norm. It may be that such an estimate
can be deduced by weaker estimates on the commutator, which in turn might be obtained even outside of
the DiPerna-Lions setting, but this will require further investigations.

Let us start with a simple lemma:

Lemma 3.2.1.

Let T be a normal 1-current such that 0T = g in (—co, 1)xT9 with g € L'((0,1)xT¢), and with Supp(T) C
[0, 1) x T¢ . Then there exists a time-oriented normal 1-current M such that oM = g in (—oo, 1) x T¢, with
support in [0, 1) x T? and satisfying

M(M) < gl L1 ¢0.1)xT4)-
Moreover, if oT is supported in a set [0, 1) x K for some K, so is M.

Proof. Consider

/Otg(s,x)ds ift>0
0

M(t,x) 1= =G(t,x)e, With G(t,x) = { otherwise

Given & € C=([0,1) x T%):

1
(OM, &)y = (M, dE) =/ (/ —G(t,x)0,&(t, x)dt> dx.
T¢ \ Jo

"We refer to a 1-current completely in the e, direction as “time-oriented”.
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But

=0
1 —N— 1
/ —G(t, x)0,£(t, x)dt = [-G(t, x)&(, x)](1)+/ 0,G(t, x)&(t, x)dt
0 0

1
= / g1, x)&(t, x)dt,
0

s00G = g. If gis supportedin [0, 1)x K, itis clear from the construction that M is supportedin [0, 1)x K
too, and the mass norm estimate is trivial by construction. O

Let

bs(t,+) :=ns * b(t,-) and us(t, ) 1= ns * u(t,-) (3.2.1)

with 55(x) := 6~9n(x/5) where n is a standard mollifier in the spatial variables only. Consider the current

Ts := uze, + usbie;. (3.2.2)

As already anticipated, the following commutator estimate will be crucial. Notice that contrary to [70] where
only the density u is regularised, we regularise both u and the velocity field 5 since we will need to use the
flow of b, (see Lemma3.2.4). However, as it will be shown in the proof, regularising also the velocity field
does not create any problem and we can reduce the proof to the one in [70].

Lemma 3.2.2.
Letu € L>(0, 1; LY(T%)) be a solution of the continuity equation with velocity field b and u, = 0, and let b

satisfy (Hyp). Define us, b as in (3.2.1). It holds

atU5 + diVx(b5U5) = r5, (323)

where rs := div (bsuz) — ns * div, (bu) — 0as 8 — 0 strongly in L'((0, 1) x T¢). We also point out that

Proof. Let ¢ :=div,(b) and c¢s5 := n; * div,(b). We can rewrite (3.2.3) as

atu5 + divx(b§U5) = r§ = C5u5 + b§ . qu§ - Cﬁu - "]5 * (b . qu)
=b-Vyus —n5 % (b- Vyu) + cus —ns * (cu) + [csus — cusl+[n5 * (cu) — csul + [(bs — b) - V,us].

v v g v
) ) ) )
.—rO .—rl .—r2 .—r3

It is trivial to see that the terms r‘f, rg goto0in L' as § — 0, while rg — 0as 6 — 0 by [70, Theorem I1.1]
(see also Theorem in Chapter 2). As for r%, notice that:

u(t,y)

5 V. ns(x = y)dy.

bs(t,x) — b(t,x) = / (b(t, y) — b(t,x))ns(x — y)dy and V,uz; = /
Td Td

Thus:

1
1751 21 0.1y =/ / </ (b(t, y) — b(t, x)n;s(x —y)dy) _ </ u(t(;y)vx%(x _y))
0 T4 Td T
_ 1 b(t,y) —b(t,x) 1 x—y 1 iy
_/0 / </ (s >dy> ' </ it Y gVl <T>>

Changing variables, setting z = (x — y)/é:

dxdt

dxdt.
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dxdt,

: b(t,x — 6z) — b(t,
||r§||L1((0’1)XT,,) =/ / (/ (t,x ;) (¢ x)n(z)dz> . (/ u(t,x—éz)Vzn(z)dz>
0 JTd B, B,

with B, c T¢ the ball of radius 1 centered in 0. Arguing as in Lemma it is easy to see that,as 6 — 0,
the first factor tends to

V..b(, x) zn(z)dz =0
Bl

since zn(z) is odd. As for the second factor it converges to

u(t, x) V.n(z)dz =0,
B,
since V,#(z) is odd. Thus, r‘; — 0in L'((0,1) x T%) as 6 — 0 and the proof is complete.
]

We shall now prove some lemmas regarding the “straightening” procedure for T which will help us make
use of Lemma First of all, we need the following general result on the push-forward of 1-currents.

Lemma 3.2.3.
Let F : T¢ — T9 be an invertible C' map with C" inverse and let T = f,e, + ... f,e, be a 1-current in T¢
with £, ... f, € L'(T9). Then:

F,T = <DF T > oF !, (3.2.4)

" det(DF)
with DF denoting the Jacobian matrix of F.

Remark 3.2.3.
This is, in some sense, the vector-valued case of the well-known representation formula for the push-forward
of absolutely continuous measures:

Fyu2?) = Sy 3.2.5
#uL") <det(DF)° ) (3.29)
Remark 3.2.4.

We committed a slight abuse of notation in (3.2.4). In the left-hand side of the equation we view T as a
current, while on the right-hand side we treat it as a (column) vector field, multiplying it with a matrix.

Proof. ltis just a computation. Consider w = h'dx; a 1-form. By definition of push-forward of a current

(F,T,w) = (T, Ffw). (3.2.6)

Now,

F*o = h(F(x))dF' = (hi(F(x))‘;—f(x)> dx;, (3.2.7)
J
SO

(FyT, o) = / HFG) S (0 f (dx
Td Xj

= / h(y) ?(F“(y))f,(F”(ym det(DF~'(»)| dy,
Td Xj

=(FT),
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where in the last equality we changed variables setting y = F(x). Finally, noticingthat I = D(FoF~!(y)) =
DF(F~!(y)) - DF~'(y) we have

1
det(DF(F~'(y))

by Binet and so we have the thesis. O

det(DF~'(y)) =

Lemma 3.2.4. Straightening lemma
Let

Ty = uge, + usble; be a 1-current in (—co, 1) X T¢

and

W&(t7 x) = (t’ q)5(17 x)),
with by, uz defined as in (3.2.1) and @ the flow of b;. It holds that

(1//5_1)#T5 = [<$) oy,(t, x)] e.
x5

Proof. By Lemma3.2.3]the representation (3.2.4) holds with F = y/;'. We have:

T

Dy (ys(t, %)) =

0,051 (1, ®5(1,x)) | DD (1, Ds(t, x))

and since CDgl(t, ®,(1, x)) = x for every (¢, x) and 0,®4(t, x) = by(t, D4(t, x)):

0= %(@gl(t, D;5(t,x))) = 0,85 (1, Dy (1, x)) + D, @, ' (1, @y (t, X)), D (1, x) = (3.2.8)

= 0,0, (1, ®4(t, X)) + D, @, (¢, Ds(t, x))bs(t, Dy(t, X)).

Then we can rewrite:

1 0 1 0
Dy (w1, x)) =
0| D, ®;'(1, (1, x)) —bs(t, ®s(t,x)) | T
and by Lemma|(3.2.3
1 ‘ 0 1 ‘ 0
(i D(Ty) = | —— o @ w0 =
#\16) — _ s 5\t -
’ det(qu)51) M(;b(s N——
0 qu)gl —b5 I =y;(1,x)

- (t,%)
= [l ————— Joys(t, %) | e,.
det(D @) )

We are now ready to conclude.



54 CHAPTER 3. A MORE GEOMETRIC (MEASURE THEORY) APPROACH

Proof of Theorem[3.2.1 Fix 6 > 0 and consider b, u; as in (3.2.1) and T := use, + usbie,;. We have:

T = (T -Ty)+T;. (3.2.9)

By construction M(T — T) — 0 as 6 — 0. So we only need to prove that

M(T;) - 0asé — 0.

In order to do that, we consider the push-forward of T} via 1//5‘1, where we recall that y;(z, x) = (¢, @4(1, x)),
and by Lemma we have

_ u
(1/15 1)#T5 = [<qu)5—l)> O(I,q)5(t, X))] et.

Consider

Fs 1= 0wy DeTs = (wy 40T = —(wy Dyrs,
with r; defined as in Lemma Using the representation formula (3.2.5) for push-forward measures we
can easily see that [|751l 11(o.1)x1e) = 175l L10.1)xT<y, iNdeed for every ¢ € (0, 1) fixed:

/ |75, x)dx = / sl D5t ) (3.2.10)
Td e det(D, @ (1, D52, x)))

/ |r5|(t’ y)
¢ det(D, @5 (1, ) det(D, @1, D' (¢, )))

dy = / |rsl(t, y)d y,
T4
where we used the change of variables y = ®(z, x) and the fact that

det(D, @} (1, ) det(D, (1, @5 (1, ) = det(D, @, ' (1, ) - D, D5, ;' (1, »)) = 1.

v

=1
By Lemma 3P; a time-oriented 1-current with mass controlled by |[75 || 11 0.1yx1e) = 1751l L1¢0.1)%T9)
and such that 0P; = 7. By construction (y;);'T; — P; has null boundary in (—co, 1) x T and it is

completely time-oriented, so it is zero. Indeed let A(z, x) be such that (1;/5)4;1T,S — P; = h(t, x)e,. The null
boundary condition can be written in this case as:

d,h = 0 as a distribution = h(-, x) constantVx — h =0,

because the current has compact support in time. We thus have:

Ts = (ys)uPs = M(T5) = M((ws)y Ps).
We can now calculate M((y;)4Ps). Consider:

* Alform w(r, x) = 7(t, x)dt + &/ (t, x)d x; with 7,/ € C®((—0, 1) x T?) such that |z|, |&/] < 1 for
every j;

« Afunction f € L'((0,1) x T9) such that P;(t,x) = f(z, x)dt. We refer the reader to Lemma3.2.1
for the preCise definition of f, for which it holds ”f”Ll((O,l)XT‘/) < ”F(S”Ll((O,I)XTd) = ||7'5||L1((0’1)><1yd)
by construction.

Then:

(W5)s Ps() = Ps((ws)'w) = Py(r(ws(t, x))dll/é + & (s, x))dll/g),

where with - we denote the component of y; in the direction e, and with yfg the components of y; in
the directions e;. Since P; is completely time-oriented, only the partial derivatives with respect to the time
variable will play a role (this is the so-called tangential differential), i.e.
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Ps(c(ws(t, )y + & (ws(t, x)dy)) (3.2.1)

d
= P, <<f(w5(t, R W ACACENSICA x))) dr)
=1

J=
1 d .
- /0 /T . (fﬁlfa(h DR IACAENL P x))> [, x)dxdt,
j=1

where we used that a,w;(t,x) = b/(t,D4(t,x)) = b/ (w4t x)) forevery j = 1,...,d. Butsince b €
L=((0,1) x T¢) and by assumption ||, |&/| < 1 forevery j = 1, ...,d we have that

M(T5) = M((ws)y Ps) S M(Ps) = [Irsll 10, 1)x7e) = 0as 6 = 0, (3.2.12)

and we conclude since, by choosing 6 small enough, we can make the mass of T arbitrarily small.
a

Remark 3.2.5. BV velocity fields

The previous result can actually be extended to the case of a velocity field b € [L'(0,1; BV(T%) n
L>((0,1)xT%)]4. The only difference would be in the proof of Lemmawhere the choice of a standard
mollifier n will not be enough to ensure that the L'((0,1) x T¢) norm of the commutator r; is small. This
can be fixed by employing ad hoc local anisotropic mollifiers, although the procedure is much more involved.
For the details, see [7].

Remark 3.2.6. The role of the divergence

Notice that we have never used the bound on div,.(b)~. The reason is that, for proving the uniqueness, this is
not needed. However it is needed for proving existence of solutions of solutions of the continuity equation,
see Proposition[2.1.1]

Remark 3.2.7. The transport equation and the non-homogeneous continuity equation
It is obvious that, since the issue lies in proving the uniqueness of solutions and the continuity equation is
linear, the exact same approach also proves the uniqueness of

(3.2.13)

du+div, (bu)y=f in(0,1)x T9
u(0, -) = uy, in T4

with f € L'((0,1) x T%). With a little additional work, this approach can also establish the uniqueness of
the solution of the transport equation, namely

0p+b-V.p=0 in(0,1)xT?
p(0,) = py in T4 ’

In order to prove it, we will prove the uniqueness of solutions of when in the right-hand side we have
aterm cu with c € L'(0,T; LP(T¢)) and u, = 0 (so that the equation becomes essentially like (DP-L), see
Chapter 2). Then, we have uniqueness of the solutions of the transport equation simply choosing ¢ = div (b).
We can consider this right-hand side as a non-zero boundary term. Namely, we need to prove the uniqueness
of solutions for assuming that T = ue, + ub'e; and

oT = —cu. (3.2.14)

By repeating the same arguments of the null boundary case, when we regularise the current to have T; =
use, + uzbe, we can consider to have, on the right-hand side of (3.2.14), —n; * (cu) — rs, with r; being the
commutator term defined in Lemma Following the same proof we end up having, instead of (3.2.12),

the estimate

M(T) < Klleull L1¢0.1yxT4)s
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for some constant K > 0 which only depends on the dimension d and on ||b|| ;- (check (3.2.11) to see where
161l comes into play). But the mass of T is precisely ||ull 1 o1yxray + 16ull 1 (o.1)%T4) » SO We have

el L1 0.1yxrey < Null Lo, ysrey + 1164l L1o.1yxrey < Klleull Lio.1)xT4)-

We first prove that the uniqueness holds when |c| < e for some € > 0. Indeed, choosing e = 1/(2K) we
immediately get the thesis. If c € L*((0,T) x T%) we just have to notice that for every 0 < A < 1 we have
that the functions

u,(t,x) 1= u(At, Ax) and b, := b(At, Ax)

solve

ouy +div (u;b;) = clu, in[0.1/2) x T_d.
u;(0,) =0 p

Then, for any given (bounded) c we just have to choose A small enough so that |Ac| < 1/(2K) (recall that
K only depends on d and ||b,||;~ = ||b]l ;) to have u, = 0in [0,1/1) x T—;, which implies u = 0. The
general case assuming ¢ € L'(0,T; LP(T¢)) can be achieved by a standard approximation argument.



Chapter 4

Quantitative estimates: a direct approach to
regular Lagrangian flows

In this chapter, we shall give quantitative stability estimates on regular Lagrangian flows relative to different
vector fields, and we shall use such Lagrangian estimates to prove analogous results at the level of the
continuity and transport equations. The question is the following: we know, by stability results in previous
chapters, that reqular Lagrangian flows are stable with respect to their vector fields. Namely, we saw in
Theorem E]that if a sequence {b, },cn CONverges strongly in L' (I x T¢) to a bounded vector field »
with bounded divergence and if 3C > 0 such that

”bn”Loo(IX-ﬂ'd)) + || divx(bn)lle(led)) <C for every n,

then the regular Lagrangian flows X, of b, converge strongly in L' (I x T¢) to the regular Lagrangian flow
X of b. Can we give a quantitative estimate on how close X, is to X based on how close b, is to b?

In general, the answer is (for the moment at least) no. The reason is that the stability properties for the
regular Lagrangian flow are proved, both in [70] and in [7], by methods (the renormalization technique and
the superposition principle, respectively) which are inherently non-quantitative. While these techniques are
very powerful in showing well-posedness of the regular Lagrangian flow, they do not seem apt at providing
quantitative estimates. The same holds for the current-based approach of Chapter 3. The seminal work in
this direction is [58], where the authors manage to prove quantitative estimates. Their argument, however,
only works with vector fields with spatial W !-? reqularity with p > 1 because, as we shall see, the argument
crucially relies on the boundedness of the maximal function from L? to L?, which only holds if p > 1.

Using the results from [58], in [144] quantitative estimates for the solution of are derived. We also
remark that in [58] other properties of regular Lagrangian ﬂowsE]are proved, namely:

+ The Lipschitz regularity (in the spatial variables) outside a set of measure € > 0 arbitrarily small,
with a Lipschitz constant L = L(¢) - +oc0 ase — 0;

« the regular Lagrangian flow preserves some regularityE]of the initial datum u,, of (CE);

« a mixing conjecture proposed in [33] is answered in the positive.

Since the estimates in [58] and the techniques of the proofs will be the basis for the main results of the
next chapters, we give a proof of the results of both [58] and [144]. We shall also prove (since we will use
it repeatedly later) the Lipschitz regularity result for the regular Lagrangian flow mentioned above. The
proofs are given in the case of a bounded vector field in T¢, but they hold even in R¢ with » unbounded
if we localise the estimates and provided b satisfies some additional growth assumptions. We refer the
interested reader to [58] for the details.

"We also recall Bressan’s compactness conjecture [32], which has now been proved. See Theorem

2A previous result on this topic was obtained in [14], where the authors proved approximate differentiability of the regular
Lagrangian flow. This property is proved again in [58] in a completely different way.

$Namely, the regularity which is preserved is a quite weak one called Lipexp, regularity, and it is a sort of weak Lipschitz
regularity, check [58] for the details.
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4.1 The key lemmas

In this brief section we will simply state the three main technical lemmas we will need to use in the following.
Despite being only three lemmas, they are so fundamental in order to get quantitative estimates that listing
them in a section of their own seems justified. We point out that in this chapter we will only use Lemma
[4.1.7and Lemmal4.1.2] As for Lemma[4.1.3] the asymmetric estimate it provides will be used in the next
chapters. We will state the results in R? to be consistent with the references, but they also hold in T¢.

Definition 4.1.1. Local maximal function
Let u be a (vector-valued) locally finite measure in R¢ and let |u| be its total variation. For every A > 0 we
define the local maximal function of i as

B
M, u(x) := sup M = sup f d|u|(y), for x € RY.
0<r<i |Br(x)| 0<r<i J B,(x)

When u = f %, where f is a L, function, we will use the notation M, f to denote M . If 2 = +oco and
u is a finite measure in R¢, we denote by

B
M u(x) :=sup M = supf d|pu|(y), forx € R?
>0 | B.(x)] >0 J B,(x)

the maximal function of . As we did for the local maximal function, we use the notation M f if u = f £
with f € L.

Lemma 4.1.1. Key lemma 1: L? — L? boundedness of the maximal function, [149]
Let f € LY (R?)withp > 1,andlet A,r > 0. Then:

/ (M, fO)dy < ¢, / WPy,
B.(0) B,.;(0)

with c, , a constant depending on d and p.

Lemma 4.1.2. Key lemma 2: symmetric pointwise inequality for BV functions, [149]
Let f € BV,,.(R?). Then there exists a #?-negligible set N c R? such that

|f(x) = fFW] < eqlx — yIIM,|DfI(x) + M| Df|(y)] for every x,y € R \ N,

where M , is the local maximal function with A > |x — y| and c, is a constant which only depends on d.

Lemma 4.1.3. Key lemma 3: asymmetric pointwise inequality for Sobolev functions, [43, Lemma 5.1]
Let f € Wli’c”(Rd) with p > d. Then there exists a £“-negligible set N c R¢ such that

|£(x) = FO) < eqplx = YIIM,(ID f|P)(x)]'/7 for every x,y € RY \ N,

where M, is the local maximal function with A > |x — y| and c, , is a constant which only depends on d
and p.

4.2 Quantitative stability estimates for regular Lagrangian flows

We start this section with a theorem which will be useful in proving the spatial Lipschitz regularity of the
reqular Lagrangian flow outside a set of small measure. As usual, we will state the results in T¢ rather than
R for consistency with results in other chapters, but the case in R¢ is basically identical.

Theorem 4.2.1. [58]

Let b € [L'(0,T; W'»(T%))]¢ be a bounded vector field with p > 1 and let X be the reqular Lagrangian
flow associated to b. Let L be the compressibility constant of X, as defined in Definition For every
p > 1 we define the following integral quantity:
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X(t,x)— Xt Pt/
AR, X) := [/ < sup  sup f log <1 + X, (,y)|> dy) dx] ) 4.2.7)
BR(0) \0<t<T 0<r<2R J B.(x) r

Then we have:

A (R, X) < C(p,d, R, L, [[Dyb|| L1017 Lr(Tey)-

Since we assumed to work in a torus, if R is big enough we have that T? = By(x) for every x € T¢, so we
can define

A (X) = AL(R, X).

inf
{R|T4CBg(x) Yx€T9)
Before proving Theorem[4.2.1) we show its application in the proof of the following proposition.

Proposition 4.2.1. Lipschitz regularity of the regular Lagrangian flow outside a small set, [58]
Let X : [0,T]x T4 — T4 be a map. Then, for every ¢ > 0 and every R > 0 we can find a set K C Bg(0)
such that | Bg(0) \ K| < € and for any 0 < ¢ < T it holds

24,(R, X) )

Lip(X(#,-)|x) < exp < 1/

Proof. Fix e > 0 and R > 0. Assuming A,(R, X) to be finite (otherwise there is nothing to prove) we
consider

AR X)
= T.
By Chebyshev's inequality we have that for every + > 0 and for every f € L?(Bg(0)):
Z?({x € Br(0) such that | f(x)| > 1}) < l/ lfWIPdy.
1 J Br0)

Choosing

t=M and f(x)= sup sup f 10g<1
B,(x)

X t, — X t’
| ( X) ( Y)|> / i
0<t<T 0<r<2R

r

we have that

fx)ysM

for every x € K C Bx(0) with | Bx(0) \ K| < €. Now, fix x,y € K. It holds |x — y| < 2R and by setting
r = |x — y| we have:

X -X X -X
10g<1+| (1, %) (z,y)l) :f log<l+| (1. %) (z,y)|>dZ
B,(x)NB,(y)

r r

X(t,x)— X(t, Xty — X,
Sf log<l+| (1, x) — X( z)|_|_| (1, ) — X( Z)|>dz’
B,(NB,(»)

r r

where we simply used the monotonicity of the function log(1 + x). By the elementary inequality

log(1 + x) + log(1 + y) = log(1 + x + y + xy) > log(l + x + y) forx,y >0,

we have:

*In [58] the factor 2 inside the argument of the exponential is substituted by a dimension-dependent constant C,,.
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r

X(t,x)— X X(t,y)— X(t,
f <1+| (, x) (’Z)|>dz+f 10g<1++| (t,y) ( Z)|>d
B,(x)NB,(y) F B,(x)NB,(y) r

B(x) r B,(») r

2A,(R, X)

el/p

()NB,(y) r

IA

IA

I/\

2M =

These inequalities hold uniformly in time, so for every 7 € [0, T':

X _
log <1 + X, x)

X, y>|> < AR X)
;

2A,(R, X)
D it <o (2ED)

551/1J
for every x, y € K, and the proof is complete. O

We now give the proof of Theorem|4.2.1

Proof of Theorem4.2.1 For0 <t <T,0 < r < 2R and x € Bx(0) we define the quantity

o, x,r) :=f log <1+X(I,X)—X(t,y)>d
B.(x) r

By Definition we have:

iQ(t, x,r) < f
dt Br(x)

dt

:f |b(t,X(t,X))—b([,X(t,y))ld
B |XEX)=XE | +r

X (1,x) - —(t y)‘(IX(t X)= X6+ (4.2.2)

We choose R = 4R + 2T ||b|| ;», SO that | X (,x) — X(#,y)| < R for every x,y € Bx(0) and for every
t € [0, T]. By Lemmal|4.1.2|we have:

dQ

X, x)— X,
E(t’xﬂ') < Cdf];(x) [MR|Db|(t,X(t, x))+MR|Db|(t,X(t,y))] | X @, x) (#, )

| X(t,x)— X, y)|+r

(4.2.3)

< c;Mg|Db|(t, X(t,x)) + c, M R|Db|(t, X(t,y))dy.
B,(x)

Integrating in time up to time 7 € [0, T'] and taking the supremum over r € (0, 2R) we get:

t t
sup O, x,r) < C+¢y M ;| Db|(t, X(¢, x))dt + c; sup / M ;| Db|(t, X (¢, y))d ydt
0<r<2R 0 0<r<2R JO B,.(x)
T

T
<C+g¢y M| Db|(t, X(t,x))dt +c; sup /0 . )MR|Db|(t,X(t,y))dydt
X

0 0<r<2R

T T
< C+cd/ M x| Db|(t, X(t, x))dt+cd/ sup M| Db|(t, X (¢, y))dydt,
0 0 O0<r<2RJ B.(x)

where we exchanged the order of the time derivative and the supremum and we used that, for every r > 0
and x € T¢, we have Q(0, x, r) < log(2) = C. Thus:
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T T
sup sup O(f,x,r) < C+cy / M| Db|(t, X (¢, x))dt+c, / sup M| Db|(t, X (¢, y))d ydt.
0<t<T 0<r<2R 0 0 0<r<2RJ B,(x)

Taking the L? norm over By(0) we get

A,(R, X)

SCp,R+Cd +Cd

T
/ sup M| Db|(t, X(t,y)dydt
LP(Bg(0)) 0

T
/ Mg|Db|(t, X (1, x))dt
0 0<r<2R J B,(x)

LP(BR(0)

dt
LP(BR(0))

sup M| Db|(t, X (1, y))dy

T T
<Cortey / || M &I DbI(, X (1, )| 15 (0 9t + €a /
0 0 0<r<2R J B,.(x)

T T
= p,R+cd/0 ||MR|Db|(t,X(t,x))||Lp(BR(O)) dt+cd/0 ||M2R(MR|Db|(t,X(t,-)))(x)”Lp(BR(O))dt.

Using the bounded compressibility L of the regular Lagrangian flow we readily obtain:

T
1
ASRX) S ot gL [ MADHE i 0

T
1
+cyL /P/O ||M2RMR|Db|(”')”LP<BR+T“,]”W(0)) dr,

and we conclude applying Lemmal4.1.1|(twice on the last addendum).
O

Before giving a stability estimate, we will show how using Proposition|4.2.71|we can easily prove in a quite
direct way the existence and compactness of the regular Lagrangian flow, whereas in Theorem [2.2.2)the
superposition principle and the well-posedness of was needed. We need a general real analysis
lemma whose proof we omit:

Lemma 4.2.1. [58]

Let @ c R" be a bounded Borel set and let { f}, } ,en be a@ sequence of maps f), : R" — R™. Suppose that
for every 6 > O there is a positive constant M; < +co and, for every h, a set B;, 5 C Q with |Q\ B, 5| <6
such that

Ifull LB, ) < M5 and Lip(fylp, ) < M.

Then the sequence { f),}nen IS precompact in measure, i.e. there is a subsequence { f), },, e Such that
fn, = f as h, — +oo in measure. Thatis, for every e > 0

Z"({x € Q such that | fn, () = f()] > €}) > 0as h, > +co.

We are now ready to prove, in a direct fashion, the compactness and the existence of regular Lagrangian
flows.

Corollary 4.2.1. A direct proof of compactness of regular Lagrangian flows, [58]

Let {b,,} e e a sequence of vector fields equibounded in [L®([0,T] x T¢) n L'(0, T; W »(T49))]4 for
some p > 1. Foreach hlet X, be aregular Lagrangian flow associated to b, and let L, be the compressibility
constant of the flow. Assume that the { L, },cx IS equibounded by a constant L > 0. Then the sequence
{ X}, } hen IS strongly precompact in L' ([0, T]x T¢). Moreover, if b, — b € [L'(0, T; W»(T%))], we can
extract subsequences {by, }.AX) } such that

b, —band X, — X in L'([0,T1x T%)as h, — +oo,

and X is a regular Lagrangian flow of b with compressibility bounded by L.
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Proof. Fix § > 0 and notice that {||X,||},cy iS equibounded, simply because T is a compact metric
space. By Proposition for every 4 we can find a Borel set K, 5 such that

A (X))

C
T\ K, s| < éand Lip(X,(z, Ik, ,) < exp (;1—/,,h> foreveryz € [0,T7].

By the estimates in Theorem and our assumptions on {b;,} yen, { Ly} pens We have that A (X)) is
equibounded in A, and so Lip(X,(z, Nk, ) is equibounded for any fixed 5. Thus, we can apply Lemma

4.2.7|to get convergence in measure of { X, },cy. Up to a subsequence, convergence in measure implies

convergence almost everywhere, and since { X}, is also equibounded in L ([0,T] x T¢) (and con-

sequently also on L!([0,T] x T¢)) we conclude the convergence in L' by dominated convergence. If

b, — b€ [L'(0,T; W'»(T?))]? we can assume that, up to a subsequence which we will not rename:
X, — X and b, — bin L'([0,T] x T9) as h — +co.

In order to conclude, we just need to show that X is a regular Lagrangian flow with respect to 5. Assume that
condition 1. of Definition[2.2.4]is not satisfied. Then we would have a set A of positive measure such that,
for every x € A, the mapr — X(¢, x) is not an absolutely continuous solution of 9, X (z, x) = b(z, X (1, x))
with X (0, x) = x, i.e.

t
X(t,x)#x+ / b(s, X (s, x))ds for every x € A for somet € [0,T].
0

Moreover, we can assume without loss of generality that for every x € A the above inequality holds in a
set of times of positive measure, otherwise it would be enough to redefine X in a Z!*“-null set. We thus

have:
T
Iy

but at the same time it is easy to see that

T T
()=/ / dxdt—)/ /
0 A 0 A

as h — 0, a contradiction. The compressibility bound is proved (up to extracting another subsequence) by
the tightness of the measures {Z! ® X ,(1,)4Z“} ey and by Prokhorov's compactness theorem. [

t
X(t,x)—x+/ b(s, X(s,x))ds|dxdt > 0,
0

X, x)—x+ / by(s, Xp(s,x))ds X, x)—x+ / b(s, X (s,x))ds|dxdt
0 0

Corollary 4.2.2. A direct proof of existence of regular Lagrangian flows, [58]
Letb € [L'(0, T; W'P(T9))]? be a bounded vector field with p > 1and such thatdiv, (b)~ € L' (0, T; L®(T%)).
Then there exists a regular Lagrangian flow associated to b.

Proof. It follows easily by Corollary [4.2.1 Consider {b;};., a sequence of regularised vector fields by
convolution and consider { X5} 5., the respective (classical) flows. Itis easy to check that both {5;} ., and
{ X5} 5-0 satisfy the assumptions of Corollary[4.2.1, in particular b5 — bas & — 0in [L'(0,T; W '-(T4)}¢
and we can uniformly estimate the compressibility constants L, of X, (see Proposition|1.1.5):

T T
Ls <exp </ Il div, (bs)~(t, ')Iledl> < exp </ Il div,(b)~(z, ')||L°°dt> ;
0 0

where in the last inequality we used Young's convolution inequality. Applying Corollary up to a sub-
sequence, we find that X; — X, with X a regular Lagrangian flow for b. O

We now prove the second main result of this section: a quantitative stability inequality between regular
Lagrangian flows. We slightly modify the argument of [58] to get a L” estimate and a time dependent
bound, since we will need it in the next chapters.
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Proposition 4.2.2. L7 stability estimate for regular Lagrangian flows, [58, 54]

Let b and b be bounded vector fields belonging to [L'(0, T; W -P(T%))|? for some p > 1. Let X and X
be regular Lagrangian flows of b and b respectively and denote by L and L their compressibility constants.
Then, for every t € [0, T, we have

N s -1
X )= X )l s,y < Cr [logllb - b”Ll(O,t;LP(BR(O))))| ;

where R = r + T||b||,, and the constant C, only depends on t,r,||bll o, |Bll o> L. L and || Dbl 1110,
Moreover, C, - 0ast — 0.

¢ p 1/p
gﬂ:[/ k%<HjX@m—Xmm»‘m]'
B,(0) 6

For simplicity of notation, we will omit explicitly writing the dependence on 7 and x when this will not be
necessary. So we will often write X and X in place of X (¢, x) and X (¢, x). Differentiating in time:

d
x - x1\"" ~X .
= lg(t)l_”/ plog <1 + | l) g — 1X )f (iX— iX) dx
p B,(0) 6 S+|X—-X|6|X-X| \dt dt
Hi-r X - X\"! .
< 80 / log (1 4 ') L bt X) = B, X)|dx
5 JB© 6 1+|X - X|/s
Hi-»p X_X p-1 .
< 80 / log (1 n ') L bt X) — bt, X)|dx
ni-»r X -X p-1 ~ ~ ~
4+ 80 / log <1 4 ') L b %) = B, X)\dx.
6 B.(0) o 1+|X - X]|/8

'

@

Considering @ we have, thanks to Lemmam

|b(t, X (1, x)) — b(t, X(t,x))| < cg| X(t,x) — X(t, x)|[M | Db|(t, X (¢, x)) (4.2.5)
+ M| Db|(t, X (t, x))]

for almost every ¢ € [0, T'] and (at fixed 7) for almost every x € T¢, with R = T(||b||, + ||l .)-

Remark 4.2.1.

Notice that the compressibility constraint in the definition of regular Lagrangian flow is crucial for (4.2.5) to
hold almost everywhere. Indeed, for almost every t we have that b(t,-) € [W »(T¢)]¢. Then (4.2.5) holds
only if X(t,x), X(t,x) € T? \ N, with N, a null set, which is true since

LUX@, )N < LLYN)=0 and Z4X@,)""(N,)) < LZYN,) =0.

Using (4.2.5):

~ _1 ~
|X—XU” |IX — X|/é
lo 1+ — M| Db|(t, X (t, x
g( = 1+|X_Xl/a[RlK (t, %))

+ M| Db|(t, X (t, x))]dx

@ < Cdg(l)l_p/

B,(0)
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|X - X]|

p—1
Scdg(l)l_p/ log<1+ ) [M | Db|(r, X (2, x))
B,(0)

+ M| Db|(t, X (t, x))]dx

x - X\
_ cdg(t)l—l’/ log <1 4 ') M| Db|(t, X (t, x))dx
B,0)

)
X - X\ N
+ cdg(t)l_P/ log <1 + | 5 l) M| Db|(t, X (¢, x))dx .
B,(0)

Vv

@

For @ applying Holder's inequality with exponents p and p/(p — 1) yields

(3) < cug®' )™ < /
B

and changing variables setting y = X (z, x) gives

1/p
[MﬁlDbI(t,X(t,X))]”dX) ,
,(0)

1/p
(3) < cyL'? < / [M Dbz, y)]de) < ¢4, L'PIIDB(E, Nl Loz 0y
Bri1ip) o0 (O

with R’ = r + 3T max{|||| . |5l }, thanks to Lemma With this choice of R/, it is easy to see that
with the same argument we get

@ < cq¢,, L'7|| Dbt M 2o, 0))-

As for @ we have:

1- - =l
3) < &0 ”/ log <1 41X X') |b(t, X (1, x)) - b(r, X (1, x))|dx.
B,0) J

6

First using Holder's inequality and then changing variables as before:

Li/p 7
@ < T”b(t, ) = b, I Lo(B 0

where we recall that R = r + T'||b|| . Inequality (4.2.4) now reads:

Lip
0

Thanks to the choice of 6, integrating in time from 0 to 7 € [0, T'] we get:

d . ~
Eg(t) < CyCpn (Ll/p + Ll/p) 1D, I £o(B 0y + 16(2, ) = b, )l Lo B 0))-

g(t) < C, forallr €[0,T7,

with C, being a constant dependingonz,r, L, L, || Dbl 11 (Lr(B 0> 16105 [|5]|, and p, and it can be easily
seen that C, — 0 as ¢ — 0. This means that, for every ¢ € [0, T:

v p
/ log<1+ | X(t, x) X(t,x)|> dx <’ (4.2.6)
5
B,(0)

By Chebyshev’s inequality, for every > 0 there exists a set K such that | B, \ K| < nand

14

X(@t,x)— X(t roc
log<| (’x)5 (’x)|+1> <—Lonk.
n
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Then, on K:

S C
| X(,x)— X(t,x)|P < 5P€Xp <1_tp> .
n /p

Integrating over B,

N . C
/ |X(t,x) — X(t, x)|Pdx < n(|| X || + | X|lo)” + @ 7?67 exp ( l’p ) , (4.2.7)
B.(0) n'/p

with w, := | B,(0)|. Choosing n = 2°C”|log 5|7 we get

Cip p ( p _ _
exp| — | =exp| ——— | = exp | —=1log(s ) = exp(log(677/%)) = §7P/2,
p(n”f’) p<2|log(5)|‘1) p|—7 log(®) p(log(67))

so (4.2.7) reads as:

/ |X(t,x) — X(t,x)|Pdx < 2PCP(| X |l + I X |l o)? | 10g 8|77 + w,r? 67/2. (4.2.8)
B,(0)

Taking the p-th root, and assuming that 6 = \/llb — BllLl(O’t;Lp(BR(O))) is small enough so that | log(5)|~! >
\/3, we conclude. O

Remark 4.2.2. _The choice of 5
In Proposition 4.2.2) we assumed 6 := \/ 6= Bl L1 0. L B,(0y) IN order to bound g(r) with a constant

C, — 0ast — 0. If instead we had chosen & = ||b — b|| L1 0L(BR0y) the proof would have still worked,
with g(¢t) < C. In particular, it holds:

X, — X(t, -
log| 1+ | (~ ) (&)l
16— bll 11 (0,:0(BRO))

As we anticipated in Remark[2.1.5) we are now ready to prove the following.

<C.
Lp(T9)

Proposition 4.2.3. Stability of solutions of (TE), revised
Let {b,},cn be a sequence of smooth bounded vector fields such that

b, — b in [L'((0,T) x T9)]¢ with b € [L'(0, T; W' n L*(T9))]¢
and
div, (b,) = div () in L'(0, T; L®(T?),

with p > 1. Let {p}} e be equibounded functions converging in LY(T9) to p,. Then the solutions p, of
(TE) with vector field b, and initial datum p;, converge strongly in L'((0, T) x T) to the solution p of
with vector field b and initial datum p,,.

Proof. We claim that the thesis follows if we prove that p, is a Cauchy sequence in L®(0,T; L' (T9)).
Indeed, the limit function p would be the (unique) solution of (TE) since we could pass to the limit in (2.1.2).
That is, for every ¢ € C=(I x T¢), if we passed to the limit for n — +o0 in

T
/ / 0,0, +div, (b)) + b, - V @)dxdt + / @(0, x)pg(x)dx =0
0 T Td

we would have that p solves

T
/ / p(0,0 +div, (b)p + b -V @)dxdt + / @(0, x)po(x)dx = 0.
0 T Td
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Notice that we could pass to the limit precisely because we have assumed that p,, is a Cauchy sequence
with respect to the strong topology in L*(0, T; L' (T%)). We thus need to prove that for every £ > 0 there
exists N such that

sup |[p,(t,*) = pp (&, Il p1ray <€ Vn,m > N.
t€l0,T]

Using the representation formula (1.2.3), we have that

pn(tv ) = pO(Xn_l(ta ))’

with Xn—l(t, -) the inverse at time 7 of the (classical) flow X, (7, -) of b,,. Since weak convergent sequences
are bounded, there is a constant C > 0 such that || div, ()|l L1 7.1=(rey, < C for every n, i.e. the com-
pressibility of the flows X, (and of their inverses X ') is uniformly bounded P|by C. We now consider a
Lipschitz function pg such that

L &
lpy = Poll irey < ic

Then, for every t € [0, T'] and for every n, m:

10 2) = Pt M 1cray < NP3X @) = g (X @D 1y
+ oy (X)) = pg (X @ D iy + g (X, () = o (X @ Dl Lo
< Cllpy = ol icray + log (X1 ) = py (X &) p1gray + Clloy = pg Il L rays

where in the first and third addenda we changed variables and used the compressibility bound. Since pé is
Lipschitz, we have:

IS (X1t ) = pE (X DN ey < LX) = X510 ) paeray S L1og(llb, = byl 1goryeray ™
by Proposition It is now trivial to conclude, we just need to choose n, m large enough. O

Remark 4.2.3.

The assumption p > 1 is not really necessary and we assumed it for simplicity, so that we could use the
quantitative estimate on regular Lagrangian flows of Proposition In fact, a slight generalisation of the
stability result of Theorem[2.2.2]gives (qualitative) stability also if p = 1.

4.3 Quantitative estimates for solutions of the continuity equation

We now turn our attention to the PDE counterpart. Namely, we want to give an estimate of how much
different two solutions of are if they have different initial data and they are advected by different
vector fields. Just like the Lagrangian estimates in the previous section, the following result will be a sort
of blueprint for the estimates in the next chapters, so we will give a proof. For technical reasonsﬁ and in
order to give a result more similar to the one in [144], we consider the dual norm || - Iy -117a)- We also
give a less sharp result than [144], where a non-homogeneous continuity equation is considered, but with
a proof which is more similar to what we shall use next and which is much simpler. Before proving the
stability result let us recall the definition of dual norm of W—11(T4).

Definition 4.3.1. Dual norm of W —1-1(T9)
Let £ be a continuous linear functional on W-°(T¢). The dual norm of L is denoted as LIy -11¢yay and
itis defined as

*Notice that the compressiblity of the inverse of a regular Lagrangian flow is controlled by the L! L* norm of the positive part
of the divergence.

®For a general stability estimate which also accounts for initial data of different mass (i.e. different L' norm in the case of
positive functions) we cannot use the Wasserstein distance (see Deﬂnition as we will do in the next chapters.
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1Ly -1 pay = sup{ L) such that || £ |y reocrey < 1).

As customary we implicitly assume that each function g € L'(T?) acts as an operator on W 1-(T%) by
integration, namely

gl -1.1(ray = sup {/d fG)g(x)dx such that || £y 1ee(ray < 1 } _
T

We have the following stability estimate:

Theorem 4.3.1. Stability estimate for solutions of (weak), [144]

Let u,,u, be the solutions of with initial data uy,u> € L4(T?) with ¢ > 1 and vector fields b, b, €
[L'(O,T; WlP(T4)n L®((0,T)x T4))] such that div, (b,)~, div,(b,)~ € L'(0,T; L*(T4)), with p > 1
and 1/p+1/q < 1. Then it holds:

oy (@, ) —un (-1 (pay < ||u(1)—u3||L1(Td)+C, min{ ||u(1)||Lq(1rd), ||u%||Lq(Trd)}| log(”bl—b2||L1(o,T;Lp(Td)))|_1,
with C, the constant of Proposition

Remark 4.3.1.

The same result applies if u(l), ug € L'(T9), but in that case u,,u, must be assumed to be the Lagrangian
solutions of (since in general there is no uniqueness of weak solutions outside of the DiPerna-Lions
range).

Proof. By the assumptions on bl,u(l), b,, u(z), the solutions u, u, are unique, belong to L;’°L§’C and since the
regular Lagrangian flows of b,, b, exist and are unique by the assumptions on the vector fields, the solutions
are Lagrangian. That is, they can be represented as the push-forward via the (unique) regular Lagrangian
flow of the vector field of the initial datum. So, denoting with X, and X, the regular Lagrangian flows of
b, and b, respectively, we have:

uy(t,) = X (t,)quy  and  uy(t,-) = X,(t,)yuy  foreveryr € [0,7).
By the triangle inequality, for every 7 it holds:
oy @, ) = up (2, ly-11¢ray = 1 X, (7, ‘)#U(l) - X,(1, ‘)#U(Z)HW—LI(W)
<Xt gy — Xy (gt Nl cray + 11X gy = Xo (gt -1y

By the push-forward formula, for the first addendum we have:

X2, gty — X (0, dguiglly-11ray = sup F)dX (8, )y (uy — ug)
1Al 10 <1 ST

= sup SO D) — ug())dx < Nluy — ugll 1oy
Iy 1<l ST

For the second addendum:

12X, (2, gt = Xo(t, dgtiglly-11¢pay = sup / )X (1, )gul — / F)d Xy (1, )gug
1 ly1.00<1 JTE Td

=0 [ GGE0) - S 0)lg0dx < / 1, (1, )) = X0, )] [2(0ldx
wloeo< Td Td
< ||M(2)||qud)||X1(t, ) = X5t ) pocray

We just need to apply Proposition and notice that the argument is symmetric in u(l),ug to have the
thesis. O
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We now give a result which currently is not present in the literature, but which is easily obtained by the same
techniques we already saw: a quantitative estimate for the strong L? norm of solutions of (CE). Although
the proof follows essentially by proving a result very similar to Proposition 4.2.2| (using the techniques of
[58]) and we require additional regularity on div,.(b), we believe that such a result might still be of interest
since:

1. The only quantitative estimates in the literature are obtained with respect to very weak topologies
(e.g. w~L1 or Wasserstein distance);

2. Incompressible vector fields satisfy the assumptions.

For the sake of simplicity we only consider bounded solutions of and we provide a L! estimate, but
L? generalisations are possible. The key estimate we shall need is the foIIowing[Z}

Proposition 4.3.1. L' stability estimate for det(V, X(t, x))

Let b and b be bounded vector fields belonging to [L'(0, T; W -*(T4))]? for some p > 1. Let X and X
be regular Lagrangian flows of b and b with compressibility L, L respectively and assume that div (b) €
L'(0,T; L® n Wha(T?)) for some q > 1 such that 1/p+ 1/q < 1. Let J(t,x) := det(V,X(¢,x)) and
J(t,x) = det(V, X(t,x)). Then:

) C
sup |[J(#, ) = J@ ) prray < - ) -
(o1 ’10% [1og(llb = Bll 1o Locrap)| ™ + 1 div,(B) = div, (D)l 1o, yxre)

’

where the constant C depends on the quantities the constant in Proposition depends on and additionally
on I llsos 1 llor 11 divy (DIl L1 0,7)xTe) NG 1D divy (D) Lago.7yxTe)-

Proof. Let s := sup,eqor) IX — Xl pocray + | div (b) — div (B)l 1o 1yxt4) and consider the function

(1) :=/ log (1 + |J(”x)_J(t’x)|> dx.
T 5

We know that

t

J(t,x) = exp < / divx(b)(s,X(s,x))ds> and J (¢, x) = exp < / divx(E)(s,X(s,x))ds> ,
0 0

SO

|J(t, x)div (b)(t, X (¢, x)) — J (¢, x) div_(B)(t, X (¢, x))| J
= X

B, S+ |J(@t,x)— J(t,x)]

/ |J(t,x)| | div,(b) — div, (B)|o(t, X (1, x)) / |J(t,x) = J(t,%)| | div(b)(t, X (1, X))
< — dx + — dx

Td 5+ |J(@t,x)— J(t,x)| Td S+ |J(t x)— J(t,x)|
|J(t, x)| | div, (B)(t, X (t,x)) — div, (b)(t, X (¢, x))| J
X.

T4 5+ |J(t7x)_j(t9x)|

g <

The three integrals are bounded. For the first, we use that J(z, x) is uniformly bounded thanks to the
condition on div, (b), then changing variables (recall that the compressibility is bounded):

|J (2, )| | div (b) — div (B)|o(t, X (t, x))d <1l || div, (b)(t, ) — div (B)(t, )| p17e)
= XS .
T4 5+ It x) = J(1,%)] ” 5
The second integral is easier: just use that |J — J|/(6 + |J — J|) < 1 and change variables to get

|J(t,x) — J(t,x)| | div, (B)(t, X (1, X))]|
T4 8+ |J(t,x)— J(t,x)|

dx S || div, (B)(T, )l 1 ey

"We give a uniform (in time) L' estimate in the spirit of [58]. It is clear that with due modifications, like in Propositionm
we can localise the estimate in balls, get a L? estimate and a time dependent constant C, on the right-hand side.
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For the third one, let us denote f(z, x) = div,(b)(z, x). We can use Lemma and Lemmal4.1.1/to have:

|J (@, x)| | div, (B)(t, X (t, x)) — div (b)(t, X (¢, x))| J
X

T 8+ |J(t,x)— J(t,x)|
S “J(s”m / |X(t, %) = X (@ 0lLM Do f (1, X (1,3)) + M Dy f (1, X (1, x))ldx
Td
j ~ ~ ~ ~
< e 1) = R o 1Dy v, B0 M ) < Il Dy v, B e

Integrating in time we find that g(r) < C for some C. Following the proof of Proposition |4.2.2|and using
its thesis, we then find

sup (|7 (t,-) = J(t, )l p1cray S Cllog(8)|™!
t€(0,T']

C
| log [| log(]|b — B”L'(O,T;L/’('I]'d)))l_l + |[ div,(b) — diVx(B)||L1([o,T]><1rd)] | ‘

We can now state the stability result:

Proposition 4.3.2. Stability estimate for solutions of (strong)

Let u;,u, be the solutions of with a bounded Lipschitz initial datum u° and vector fields b,,b, €
[L'(0,T; WP(T4) N L®((0,T)x T9))]¢ such that div,.(b,) € L'(0, T; L* n W 4(T9)) and div,(b,) €
LY0,T; L®(T4) withp > 1and 1/p+ 1/q < 1. Then it holds:

sup ”ul(t’ ) - u2(t, ')”Ll(‘[d)
0<t<T

1
|log [| log(|1b = bl 1o .oyl ~" + 1 div,(b) — div, ()l 1o ryxTe)) |

-1
S log(llby = byl 1o rorecray)” +

Proof. Using the push forward formula and the Lagrangian representation of «,, u, we have:

o(XT(t, ) and uy(t, ) = ——2 —o(X5(1, ).

w1, ) = det(V, X, (1, )

_ 0
—det(V, X, (t,)

We also denote:

Jy(t,x) 1= det(V, X, (1, x)) and J, (1, x) = det(V X, (1, x)).

We have:

up(X 71t X))o (t, X5, %)) = up(X5 (1, )) (1, X7 (2, X))
Ji @ X7 0) o, X5 (1, x)
Do, X5t x) = J,(t, X5 (2, %))
Ji @ X7 )@, X5 (8, X))

luy (2, x) — uy(t, x)| =

g uo(X 711, %)) — up( X5 (2, x))

- Ji(t, X7, X))

Jy(t, X7 %) — Iy, X5 x)
Iyt X7 0) (1, X5 (2, %))

Upllo

+ [lugll oo

We now use that the determinants are bounded from below thanks to the assumptions on div, (b, ), div,.(b,),
and that the inverses of the regular Lagrangian flows satisfy the same stability inequalities (namely Propo-
sition/4.2.2|and Proposition|4.3.1) and compressibility estimates since they can be considered as backward
flows (see Definition[1.1.2). By the convexity of the exponential and since (e*)’ = ¢* we have that
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le* — e’ < max{e®,e"}[x —yl,

so using the notation f(z,x) = M D, div,(b,)(z, x) we have by Lemma4.1.2

t
1, X7t 0) = 9yt X5, x))] < ||J1||oo/0 | div,(b))(s, X7\t = 5, %)) — div, (b )(s, X5 ' (t = 5, x))|ds

< il (/0 |, X7 = 5,3) + f(5, X5t = 5, )] | X0 = 5.0 — X510 - s,x>|ds>

. J/
v

1=n(t,x)

= 1 lleon (2, ).

Thus:

luy (8, ) = upy (8, )] S T oo | X T %) = X510 0]+ gl oo 1T T2) ™l o1 T2 (8, X5 %)) = Ty (1, X5 (2, %))
+ gl oo 11 o 1T T2) ™ I o2, ),

with C depending on the same quantities of the constants in Proposition and Proposition and
moreover depending also on ||ul|;« and ||(J;J,)7! |- Integrating over T¢ and using the bounded com-
pressibility of the backward flow and Holder's inequality for estimating /7, n(z, x)dx:

sup [luy(t,+) = up(t, I preray S sup X7 ) = X5 ) iy + sup (191, ) = Jo(, )l pira-
1€[0,T] 1€[0,T] 1€[0.T]

We conclude by Proposition and Proposition|4.3.1
0

Remark 4.3.2.
It is not difficult to see that we may obtain an equivalent result for a non-Lipschitz unbounded initial datum
and for different initial data u(l), u(z). In the former case, we would have an additional term ||u, — uéll LI(TY)

where ué is a bounded Lipschitz function approximating u. In the latter, we would have an additional error
term [lug — ug |l 11 ray.



Chapter 5

Numerical approximation of reqular
Lagrangian flows

In this chapter we address the problem of approximating both the regular Lagrangian flow and the solution

of the continuity equation with respect to a non-regular vector field 5. In order to make this chapter more

self-contained we recall here the continuity equation: the initial value problem we consider is

o,u + div (bu) = 0 in 0, T)x T4 . (PDE)
u(0, -) = u, inT?

In recent years the topic of approximating the solution of in presence of non-Lipschitz velocity fields
with numerical methods has started to be investigated. To the best of our knowledge, the first works in this
direction have been [159] and [31], where using a discontinuous Galerkin method and a finite volume scheme
respectively they prove strong convergence of approximate solutions, although without quantitative rates.
It is worth mentioning that in [31] a rate of 1/2, based on numerical simulations, is conjectured, which
matches the rate for smoother vector fields[T] The rate was proved to be optimal, although only for Lipschitz
velocity fields, in [123]124]. The first quantitative estimate of the error in presence of a vector field with
Sobolev regularity (although only in a weak sense, i.e. in logarithmic Wasserstein distance, introduced in
this context in [144]) was obtained in [142], where an explicit finite volume upwind scheme is considered,
which requires (for technical reasons) the use of a Cartesian meshE]to discretise the spatial domain.
Such results have been extended to more general meshes [143] by using an implicit method, and recently
they have been adapted to include diffusion [128 129]. Recent developments concerning the numerical
approximation of have also been obtained in [19,196]. In particular, in [19] the strong convergence
(i.e. convergence in the L? norm) of approximate solutions to non-linear continuity equations of the form

d,u + div, (ufw) =0

is proved for various approximation schemes. For instance, strong convergence of the Lax-Friedrichs
scheme [108][113114] and of the upwind scheme is established. The argument relies on bounding the semi-
norms of the approximate solutions on a precise logarithmic Sobolev space [18] which embeds compactly
in L?. We refer the interested reader to [19) Theorem 8] pointing out that, while not explicitly derived,
the results obtained in [19] allow to get a quantitative rate of convergence (see [19] Corollary 11] and the
discussion after that). However, as in [142], the main restriction is that the estimates are only valid in
a Cartesian mesh. The issue has been partially solved in [96], where the authors obtain similar results
for the continuity equation on non-Cartesian meshes with some additional hypotheses (they require some
periodicity condition). Moreover, in [96] the authors manage to treat a system of equations where the
density u solving and the velocity field b are coupled in a non linear way [96] Theorem 1.7]. We stress
that, since the continuity equation is often part of many different physical models, studying the coupling of
with other equations is crucial in many different problems from physics to biology. A non-exhaustive
list comprehends [81, 182] for compressible Navier-Stokes, [16} (74, 80] for compressible Stokes, [153] for
swarming and [42] for chemotaxis, see also [96] and the references therein.

The method is actually of first order, but the rate of convergence falls to 1/2 if the initial datum is not reqular [104 [67].
2|.e. a mesh whose elements are isometric axis-parallel rectangular boxes.
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To the best of our knowledge, so far every approximation scheme has employed an Eulerian point of view
of (PDE). We will instead use a Lagrangian one, managing to prove quantitative estimates, although only in
a weak topology, for non-Cartesian meshes without any regularity assumptions on the mesh, requiring only
a bound on the diameter of the cells. This seems to be the first explicit method which gives quantitative
estimates on a non-Cartesian mesh (we recall that in [143] they used an implicit scheme).

Another significant advantage of our method is the lack of a CFL condition that must be satisfied in order
to have stability. As we shall see in the proofs, the errors will be controlled either by the sum of terms which
depend on the time step Az and on the mesh size Ax separately, or by terms depending on max{A¢, Ax}.
This seems to be a clear advantage of the Lagrangian point of view, since in the previously cited works,
which studied the problem from an Eulerian perspective, a CFL condition was always needed (see Remark
[5.4.2). Finally, we note that a parallelisation of our method is straightforward.

5.1 Setting and main assumptions

We will work with functions satisfying the following main assumptions:

uy € LI(T9)

be [LYO,T; W (T n L®(0, T)x TH]Y with1/p+1/qg<1, p>1 (MA)
div (b)~ € L®((0,T) x T9) ifl<p<d ’

div (b))~ € L'(0,T; L®(T9)) ifp>d

Remark 5.1.1.
Our results are stated on the d-dimensional torus T¢ for simplicity. However, with some care, they can be
extended to more general ambient spaces.

Notice that when 1 < p < d we are asking a little more than what is asked in [70} [7] for having well-
posedness of . Namely, we are not asking that div_(b)~ € L(0, T; L®(T9)), but rather div (b)~ €
L=((0,T) x T9). This stronger assumption is technical and it will be crucial in our proof of Lemma|5.2.1
The idea is to use Lagrangian estimates to get estimates at the Eulerian level (i.e. for the solution u of
(PDE)). The key observation is that under the assumptions the solution u of is Lagrangian, i.e.
it can be represented as

u(t,-) = O(t, - )uuy,

with u, the initial datum and @ the regular Lagrangian flow associated to the velocity b, as defined in
Definition The idea is to approximate the solution u with

uE(t’ ') = q)E(z’ ')#M,

where @ is an approximation of @ and y is an approximation of u,. This method is in principle quite
flexible, in the sense that any “good” approximation of ® and u,, should yield a “good” approximation of u
in a sense which we shall specify more precisely later. In particular we approximate « in two ways, using
different approximations for both ® and u,. In the first one we consider a mesh of the domain with some
mild assumptions on the sets {Qi}f\il of the mesh, and for every set Q; we choose (according to some
probability distribution) a point x, € Q, and a weight M; > 0 so that u = Zf‘il M;5, approximates
the initial datum u,. As for the approximation of the regular Lagrangian flow ® we construct, for every
point x € T¢, a piecewise affine map ® (-, x) obtained by a (sort of) explicit Euler method applied to the
velocity field 5. The precise definition of @ is given in Definition[5.2.1] The approximation u; is therefore
a weighted sum of Dirac deltas whose positions evolve in time in a piecewise linear fashion. We prove
that u; approximates in Wasserstein distance the solution u of (PDE), although only in probability (see
Theorem Theorem and Proposition [5.3.1 for the precise statements). We do not know if, at
least in some cases, similar estimates hold for every choice of the initial positions of the Dirac deltas, i.e.
in a deterministic sense (see Remark [5.3.4). We also consider a different approximation @, of the flow
(see Definition [5.4.1) which, if p > d and considering an approximation of the initial datum in the strong
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L' norm, provides a deterministic approximation of u in Wasserstein distance (see Theorem . The
novelty is that this an explicit method which can be performed on unstructured meshes, it does not need
to satisfy a CFL condition (see Remark([5.4.2), it provides an easily parallelisable algorithm and it uses the
Lagrangian formulation of the problem, whereas in previous works the Eulerian point of view was always
employed.

Let us now discuss briefly the organisation of this chapter. Section 5.2 is dedicated to proving Theorem
where we give a novel L*(L?) stability estimate for the difference of the regular Lagrangian flow
® of a velocity field 5 satisfying and an approximation @ of such flow, in the spirit of the stability
estimates between regular Lagrangian flows derived in [58] (see also Proposition 4.2.2). In Section 5.3
we use such a stability estimate to approximate, in Wasserstein distance, the solution u of the continuity
equation (PDE) via the push-forward through @ of suitably chosen Dirac deltas. The estimates are proved
both in 1-Wasserstein distance and logarithmic Wasserstein distance. In the latter case in particular we
show that in expected value the rate of convergence is of order 1/2 if 1 < p < d, as the rate obtained in
[142], and it is better than that if p > d (see Theorem and Theorem|5.3.3|for the details). We believe
that the logarithmic rates we obtain are optimal for the range 1 < p < d (as suggested also in [142]), but
the case p > d does not give any precise rate. In section 5.4 we consider, for technical reasons explained
in Remark [5.4.1 only velocity fields b € [L'(0,T; W' n L*(T)]¢ such that p > d and we assume
to approximate the initial datum strongly in L!. Under these stronger assumptions and using a slightly
different approximation @ of the regular Lagrangian flow, we are able to prove approximation results for
the solution of (similar to the ones of section 5.3) which hold deterministically. We refer the reader
to Theorem [5.4.1| for the details. In section 5.5 we give approximation results for the regular Lagrangian
flow and show numerical experiments using a -method, i.e. a first-order method which the explicit Euler
method is a particular case of. Finally, in section 5.6 we summarise the results obtained and highlight
some open questions and future research perspectives.

5.2 Stability estimates

The main result of this section, i.e. Theorem|5.2.1} is a stability estimate in the spirit of Proposition(4.2.2
which, although interesting on its own, can be used as a tool to prove approximation results for the solution
of the continuity equation in a way similar to what we saw in Theorem Let us immediately state the
main result of this section, namely a stability estimate between the regular Lagrangian flow ® and an
approximation @ of this flow, which will be introduced shortly after the statement.

Theorem 5.2.1. L7 stability estimate between ® and @,
Let b satisfy assumptions (MA). If @ is the regular Lagrangian flow of b and @ is defined as in Definition

with6: VAtif1 < p < d, we have

101, -) = @t ) Loray S Cil log(AD)| ™,
where C, — 0 as t — 0. Moreover, if p > d, the same estimate holds even if div (b)~ € L'(0,T; LP(T9)).

The vector field @ is explicitly constructed by a (sort of) explicit Euler method, and we now give its precise
definition.

Definition 5.2.1. Euler approximation of a regular Lagrangian flow
Let b satisfy conditions (MA) with 1 < p < d, and let
bs(t,-) 1= n5 % bz, ) (5.2.1)

for some 6 > 0, where n is a standard mollifier in R¢, nz(x) := 6~9n(x/s) and the convolution is in
space only. We denote by @ . (where “E” stands for “Euler”) the so-called Euler approximation of the regular
Lagrangian flow ® of b, with time step At and reqularisation parameter 6. Fort € (t,,1,,,) we define:

tn+l
Dt x) = <I)E(tn,x)+(t—tn)f by(s, @y (t,, x))ds, (5.2.2)
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where 0 = t, < t; < --- < t,, = T is a partition of [0, T] witht,,, —t, = At and ® (0, x) = x Vx € T
If p > d, we define @ directly with b as

Tt
Op(t,x) 1= Dp(t,,x)+ (1 — t,,)f b(s, @ g(t,, x))ds. (5.2.3)

We remark that, in order to keep the notation as light as possible, we omit explicitly writing the dependence
of ® on Ar and (eventually) 5.

In order to prove Theorem [5.2.1, we need some preliminary estimates. A key result is the L? stability
estimate in Proposition[4.2.2] with which we can easily prove the following:

Corollary 5.2.1. Error of regularisation
Consider ® the regular Lagrangian flow of a vector field b satisfying (MA), and let @ be the (classical) flow
of b, defined in (5.2.1). Then, for every t € [0,T]:

1D, -) — ©s (@, ) Locrey S C;l log(|[b — b&”LJ(O,t;LI’('I]'d)))l_l < C,|log(8)™",
withC, - 0ast — 0.

Proof. For the first inequality, use the L? estimate between regular Lagrangian flows in Proposition |(4.2.2
For the second one notice that denoting with B, the ball centered in 0 and of unitary radius, using Lemma
4.1.2

|b(t, x) — bs(t,x)| = ‘b(t, X) — / ns(z2)b(t, x + z)dz
T

b(t, x) — / n(y)b(t, x + 6y)dy| < / n(»|b, x) — b(t, x + 6y)|dy
B, B,

< 5/ n(Y)[Ms|Dul(t, x) + Ms|Dul|(t, x + 6y)ldy
B,
= 0M | Du|(t, x) + 6[ns = M| Dull(t, x).

Take the L? norm on both sides and conclude using Young's convolution inequality, the boundedness of
the maximal operator, and finally integrating in time. We thus have

16— bsll 10, 0r(rayy S 6 = 1og(llb = bsll 104 Le(Tey) S 10g(S)
= [log(llb = bsll L1(0s.Lr(re))| 2 110g(6)]
= |log(|lb - b(s”Ll(O,z;Lp(wrd)))rl S log(5)|_1.

O]

We now need to estimate [|®;(z, ) — @ (2, )|l o(ray uniformly in ¢, but since @ is not properly a flow we
cannot use the stability estimate in Proposition We need the following propositions as a key tool to
treat the case 1 < p < d. As we will see in the proof of Proposition this will not be needed if p > d.

Proposition 5.2.1. Compressibility estimate for ®
Consider @ defined as in (5.2.2) with 56 = 4/ At. Then 3¢ > 0 not dependent on At such that

det(V, @ (1, x)) > ¢ for every (¢, x) € [0, T] x T¢.

Proof. Define @, (z, x) in [0, At] X T? as

tn+1
D, x) :=x+ tf bs(s, x)ds.
t

n

Notice that @ can be seen as a composition of such ®,'s,i.e.ift € [1,.7,,,]:
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Dt x) =D, (1 —1,,®, | (ALD, ,(..., Dy(AL,x)))...).

Differentiating in space:

VO (t,x)=V, ®,(t—1,,..)V.®, (Al,...)... V ®y(AL, x),
and by Binet:

det[V, @ (1, x)] = det[V, D, —1,,...)]det[V,®, (AL, ...)] ... det[V . Dy(AL, X)] .

~
~1/At times

We will uniformly bound det[V, @] from below, but the argument is the same for every @ (the only differ-
ence is the time interval). We have

At
det (V,®y(At,x)) = det (I + At f V., bs(s, x)ds>
0
At
= det(] + AtA), where A :=f V., bs(s,x)ds.
0

It is known (see [85, Chapitre | ,section 3, equations (4) and (6)]) that

d
det(I + AtA) =1+ At[tr(A)] + Y (A1 0,(4y, ..., Ag),
j=2
where o; are symmetric polynomials of degree j and 4; are the eigenvalues of A. By our definition each
entry of the matrix A is bounded by ~ 1/4/At since b, is 1/+/Ar-Lipschitz, and thus |4;| < 1/+/ At for
everyi. Then, |6;(4,..., 4] S (Ar)~//2. Since we also have that tr(A)~ = div,(b;)~ € L®((0, T)xT?),
there exists C > 0 such that:

d
det(I + AtA) > 1 — At[div,(b)"] — Z(At)j(At)'j/2 > 1 - CAt. (5.2.4)
j=2

Multiplying ~ 1/At times such determinants we can estimate det(V @) uniformly from below, and the
proof is complete. O

Remark 5.2.1.

In the following we will always assume 8 = \/At. In view of the proof of Proposition it is clear that
other choices are possible. However, as we shall see in Theoremm the choice of 5 = /At will be crucial
for obtaining a rate of convergence of order 1/2 if we consider a logarithmic Wasserstein distance, assuming
that the space discretization scale Ax is equal to At.

Proposition 5.2.2. Injectivity and Lipschitz continuity of @ .(z, -)
Let @ be defined as in (5.2.2) and let 5 = \/At. Then 3C,, - > 0 such that

Crirlx =y S|@p(t,x) = @p(t, y)| < Cp, rlx — yl forallt € [0,T].
In particular, ® (¢, -) is injective and Lipschitz continuous.

Proof. Consider two points x, y € T¢, with |x — y| = £. At the first step in the definition of @ (i.e. up to
time ¢ = Ar) we have, since b; is 1/4/Ar-Lipschitz:

At
|® (AL, x) = Pp(AL y)| < [x -y +/ |bs(s, x) = bs(s, Mlds S £(1 + VAD).
0

lterating 7'/ At times we get a Lipschitz constant C,, r = exp(T'/+/ At), and with the same argument we
get an estimate from below with C;}T = exp(=T /+/ At). Injectivity follows immediately. O
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We are now ready to prove the following proposition, whose proof which makes use of the concavity of the
logarithm is strongly inspired by the proof of [143] Lemma 6]:

Proposition 5.2.3. L7 stability estimate for ®; and @,
Let @ be defined as in (5.2.2) with b satisfying assumptions (MA), and let 5 = \/ Ar. Then:

|Ds(, ) = @, )l ocray S Cil log(An)|~" for every € [0,T1,
where C, — 0 as t — 0 and @ is the flow of bs. If b € L' (0, T; W -P(T4)) with p > d, then

192, ) = @t )| Lorey S €l log(An)|~" for every t € [0, T,
where C, - 0 ast — 0 and @ is defined as in (5.2.3). Moreover, if p > d the conclusion holds even if we
only require div (b)~ € L'(0, T; L*(T4)).

Proof. In the first part of the proof we will work without loss of generality with @ with the assumption
1 < p < d, since the argument is identical if p > d. The difference will appear only at the end of the proof,
where we differentiate the two cases. We want to prove that

<C, (5.2.5)

D(t,) —DPp(t,-
Lr(T4)

At
with a constant C, not dependent on Az such that C, — 0 as # — 0. Once we prove (5.2.5), the conclusion
follows as in the last part of the proof of Proposition Notice that, by the concavity of the logarithm
and by the fact that log(1 + x) is an increasing monotone function, for every a, b > 0 it holds

b —
log(1 + b) — log(1 + a) < & [log(l + x)] b—al =224
dx x=a 1+4+a
In particular, let r = ¢, for simplicity. We have (since the estimate is pointwise we omit the dependence on

x to keep the notation as light as possible):

log <1 N |d>5(tn)—<I>E(tn)l> —log <1 + |¢5(’n—1)—®E(tn_1)l>

At At
< At | 1P5(1,) = Ppt,)] = |Ps(t,-1) = Pp(t,- ) |
T Ds(t,_)) — Pp(t, )| + Ar At

I(I)5(tn) B (I)é(tn—l) - ((I)E(tn) - (DE(tn_1))|
a |Ds(t,_1) — Pp(t,_))| + At

| /" bs(s, @5(5)) = by(s, @p(t,_))ds|
- |Ds(t,_1) — Pp(t,_| + At

Iterating the estimate above up to ¢, = 0 we get by telescopic summing:

_ n=t | [ b(s, By(s)) — by(s, D p(t))ds]
1g<1+|‘1’6(fn> ‘DE(fn>>|> Sy Bl @5 o R (5.2.6)

<2

3
|

1 |/,:f'+l bs(s, Dy(s)) — by(s, Dy(t;))ds| + | /,;f“ bs(s, @;(t;)) — bs(s, @p(1,))ds]|
|Ds(1)) — Pp(t))]| + At

1/,/’/‘“ |b5(s, Dy(s)) — bs(s, D5t )lds -1 /t;f“ |b5(s5, g(1,)) — bs(s, p(t))lds

+
|@5(1;) = Pp())| + At = |@5(t;) = Pp())| + At

J/ \ J/

IA

~.
Il
o

3
|

IA
M

[~
<I|:

% %

Now, notice that by Lemma|4.1.2
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Tjti
/ |bs(s, @s(s)) — bé(s,CD(;(tj))lds
t

J

S / 7 105(5) = 50| [M(IDB; )5, @5(5) + M(IDby1)(s, @5(1)1d's

J

/’j+1
1.

J

/S bs(r, Ds(r)dT

J

[M (| Db;|)(s, @s(s)) + M (| Dbs|)(s, Ps(t;))]d s
Liti
< ||b5||ooAf/ [M(|Dbs|)(s, @s(s)) + M (| Dbs|)(s, Ps(1)))]ds.

Then, since At/(|®;(t;) — @ (¢;)| + Af) < 1, we have

nleny
OF > /t [M (| Dbs|)(s, @s(s)) + M (| Dbs|)(s, ®s(t;))lds
J=0"1;

T n—1 tj+1
=/ M (| Dul)(s, @s(s))ds + Z/ M| Dbs|)(s, @s(t)))ds.
0 j=0"1;

Considering the L? norm:

T n-1 it
H/O M(|Du|)(s,q)5(s))ds+2/ M (| Dbs|)(s, Dy(t))ds (5.2.7)
j=0"71;

Lp(Td)
T nlooey
< / | M (| Dbs|)(s, q)a(s))“Lp(W) + Z/ |M (| Dbs|)(s, (D(S(tj))”LP("[Fd)dS
0 i—0Jt;
Jj=01%j
S ||M(Db5)||L1(0,T;Lp(1rd)) S ||D”||L1(0,T;Lp(1rd)),

where in the last inequalities we used the L*> bound on the compressibility to change variables in each

addendum, the boundedness of the maximal operator and Young's convolution inequality. As for @ we
need to differentiate the cases 1 < p <d and p > d.

 If 1 < p < d, we repeat the argument above. We have

Tjt1
/ 1b5(5. ®5(1,) — by(5, P(1,)]ds

J

Liti
S [Dy(t5) — Pp(r))l / [M (| Dbs|)(s, @s(1)) + M (| Dbs|)(s, Pg(1)))]ds,

and we can estimate |®,(t;) — @ (7))|/(|P(t;) — Pg(t;)| + Ar) < 1. Then, after summing over j:

n-boer
OR)) / [M (| Db |)(s, @s())) + M(|Dbs|)(s, @ p(t))lds.
J=0-1

After considering the L? norm the estimate goes as in (5.2.7). For the second addendum, notice that
by Propositionthe map @ is Lipschitz and injective (so we are allowed to change variables in
the usual way) and by Proposition[5.2.1jthe compressibility is controlled, thus the change of variables
does not cause any problem as in when we were dealing with @, and we can conclude.
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« If p > d, we recall that we work directly with @, and not with ®;. In this case we use Lemma|4.1.3
with p € (d, p) to get:

[ 1b(s, @) = b(s, @t Dlds  |D(1;) = Dty [ fs,D(t;)ds]
J < J

< (5.2.8)
|D(1,) — Dp(t))] + At |D(t;) — Pp(t))| + At
< / " fs.0()ds,
where
f(s,x) := [M(|DulP)(s, x)]'/? € L'(0, T; LP(T?)). (5.2.9)

To conclude we just need to sum over j, consider the L? norm and use the compressibility estimate
on @ to change variables. Notice that 5 € (d, p) is needed to have | Dby(s,-)| € LP/P(T9) with
p/p > 1in order to have boundedness of the maximal operator. Notice also that in this case we do
not need any compressibility estimate for @ since the argument of f is @(z;) = @(t;, -), whose
compressibility is controlled even under the weaker assumption div,(b)~ € L'(0, T; L®(T9)).

At this point, we can conclude the proof by arguing as in Proposition|[4.2.2| with Az in place of 6. O
We are ready to prove Theorem|5.2.1) whose proof is now trivial:

Proof of Theorem[5.2.1 Combine Proposition and Proposition[5.2.3|if 1 < p < d. If p > d, we
already proved the result in Proposition|5.2.3 O

5.3 Singular probabilistic approximation

The goal of this section is to use the results from Section 5.2 to approximate, in a suitable sense that we
shall specify shortly, the solution « of (PDE). The idea is to exploit the Lagrangian representation u(z, -) =
D(t, -)4u, of the solution of by constructing a vector field @ and a measure x which approximate
® and u, respectively, so that ug(r) := ®g(t,-),u approximates u in some sense. Before stating the
main result of this section, let us give the definition of Wasserstein distance. For simplicity, we state this
definition and some related results in the metric space (R¢, dg.) rather than (T¢, dy.). The same results,
however, also hold in the latter case.

Definition 5.3.1. Wasserstein distance
Consider u, v two positive measures in (R¢, dga), such that u(R¢) = v(R9). We define the Wasserstein
distance between y and v as

W(u,v) := inf //de(x,y)dfc(x,y) (5.3.1)
xel'(u,v) R4 JRd

where I is the set of measures on R? x R whose marginals are y and v. If in particular dga(x, y) = |x—y|,
we denote with W, the 1-Wasserstein distance:

W,(u,v) := inf / |x — yldz(x, y). (5.3.2)
mel(uy) Jpa Jga
We also define a logarithmic Wasserstein distance with respect to the distance
. [x -yl
d,(x,y) :=log| 1+ P forsomea € [0,1]and h > 0, (5.3.3)

which we will denote by W,,. We will never explicitly write the dependence of d, and W,, on h in order to
have a lighter notation.
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We will not use the above definition, but rather its dual formulation given by the Kantorovich-Rubinstein
duality theorem:

Theorem 5.3.1. Kantorovich-Rubinstein duality theorem, [157]
Let u, v be positive measures with compact support on the metric space (R“, dp.) and with the same mass,
i.e. such that u(R9) = v(R9). Then, it holds that

inf //de(x,y)dﬂ(x,Y)= sup S(X)d(u — v)(x),
7el(uv) Jpd JRa Lip(f)<1 J R4

where f is 1-Lipschitz with respect to the distance dya.

We can now state the two main results of this section, which we present in two separate theorems: one
for the 1-Wasserstein distance and the other for the logarithmic one. The reason is that a single statement
would have been too long, and while the proofs of both theorems are very similar we believe both of them
deserve to be presented in detail. Indeed while on the one hand the 1-Wasserstein distance is far more
commonly used than the logarithmic one, on the other hand the latter is more suited to precisely capture
the rate of convergence of the method. We recall that the first time such a logarithmic distance was used
(at least in the context of the continuity equation in the DiPerna-Lions setting) is in [144] and that in [142,
143] the authors use such a logarithmic Wasserstein distance to evaluate the rate of convergence of their
approximation method, so we decided to use the same distance to have a clearer comparison. We also
remark that, for the sake of simplicity, in this section we will restrict ourselves to the case u, € L®(T9)
and non-negative. The non-negativity assumption is clearly not really an issue: we can always split the initial
datum in its positive and negative parts. We will explain how to deal with the unbounded case in Remark
As afinal note, we point out that we are forced to distinguish between bounded and unbounded initial
densities due to our choice of a uniform probability P, which will play a crucial role in Theorem and
Theorem 5.3.3] With a different choice of P this issue can be fixed and one does not need to distinguish
between the two cases. We refer to Remark[5.3.6]for a more detailed discussion on the matter. Let us now
state the two main results of this section:

Theorem 5.3.2. Singular probabilistic approximation of u in 1-Wasserstein distance

Assume that b satisfies and u, > 0 and bounded, and let u be the solution of (PDE). Assume also that
the domain T is partitioned into sets {Q,-}fi ) such that diam(Q,) < Ax Vi = 1, ..., N for some space
discretization scale Ax > 0. Choose, for every set Q,, a random starting point xf) € Q, according to a
uniform probability distribution on Q,, and define M, := /Q,- uydx. Fort € [0,T] consider the measure
given by:

N N
ME(I, XO) = Z Mi&CDE(f»xé)) = ¢E(t7 -)# <2 Mi6X£)> N (534)
. i=1

i=1 i=

where Xy = (x,x, ..., x)) and @ is defined as in (5.2.2) with a time step At > 0 and with 56 = /At
if 1 < p < dorasin (5.2.3) otherwise. Denoting with W, the 1-Wasserstein distance defined in (5.3.2) it
holds that, in expected value, for every a € (0, 1):

E[W, (u(t, ), up(t, %) < C,|1og(AD|™" + (Ax)' ™ + 1a?| log(Ax)| 7, (5.3.5)

with C, — 0 ast — 0. We can also estimate the variance of W, (u(t, -), ug(t, %,)) if N < (Ax)79. In this
case:

Var[W, (u(t, -), ug(t, %))] S C?1log(AN| ™2 + (Ax)*™>* + 1C,| log(Ar)| ™! (5.3.6)
+ 2a7P| log(Ax)|P.
Theorem 5.3.3. Singular probabilistic ai i roximation of u in logarithmic Wasserstein distance

Consider the same setting of Theorem It holds that, given the Wasserstein distance W, defined in
Definition [5.3.7\with h := max{At, Ax} and assuming « = 1/2,if 1 < p < d:



80 CHAPTER 5. NUMERICAL APPROXIMATION OF REGULAR LAGRANGIAN FLOWS

E[W, /o (u(t, ), ug(t, )] S 1 (5.3.7)

and if N < (Ax)~9, we also can estimate the variance as

Var[W1/2(u(t, D up(t, xo))] S |log(h)]. (5.3.8)
If p > d, it holds that for any a € (0, 1):

| log(h)|'~?

EIW ot ), ug (@ )] $ 1+ —— (5.3.9)
and if N < (Ax)™4:
B log(h)|>~?
Var[W,_ (u(t, ), up(t, %)] S | log(h)| + %. (5.3.10)
If moreover p > 2, we have that:
Var[W o (u(t, ), up(t, %)] < 1 (5.3.11)
if1 <p<d, and
~ 2-p
Var[W,_, (u(t, ), ug(t, )] S 1+ “Ong)' (5.3.12)
(04

ifp>d.
Before proving Theorem|5.3.2|and Theorem [5.3.3] we will need the following simple lemma:

Lemma 5.3.1.
Let u,v be two positive measures with compact support on R¢ and such that u(R¢) = v(R?). Let u;, v,
withi =1, ..., N be positive measures such that

N N
p=Y w. v=Y v and M, =R =vR) foreveryi.
i=1 i=1
Define also the probability measures
g; i=u;/M;and v; :=v;/M,.
Then
N N
W(u,v) < Z W, v,) = Z M, W(ii,, 7). (5.3.13)
i=1 i=1
Proof. First of all let us prove that for every i it holds
Wn;,vi) = MW, (5, V).

By definition:

n€l'(j;,v;)

W(i;, v;) = inf / dga(x, y)d7z(x, y)
RxR4

and given a sequence of measures z, realising the infimum in (5.3.1) with marginals j; and v,, the measures
Mz, will realise the infimum in (5.3.1) with marginals 4;, v;, so

Wi(u;, v) = M; Wi (i;, v;).

For every i and every ¢ > 0 we consider z; a transport plan between j; and v; such that

/d dde(x7y)dﬂ’-i(xay)Sw(ﬁi"_/i)+6/N'
R4xR
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It is easy to see that z¢ := Zfil M;x; € T'(u,v), since for every A, B Borel:

N N N
T (AXRY) = Y Mm(AxR) =Y M (A) = p(A) = u(A),
i=1 i=1 i=1

and similarly we see that z¢(R¢ x B) = v(B). Then:

dwRd

N
W, v) < / dga(x. )dz(x,y) = Y. M, / dga(x, y)dm;(x, y)
RYxR4 e R

N N
<) MW, v,)+¢e= ZW(,ui,vi)+£.
i=1 i=1

We conclude since ¢ is arbitrarily small. O

Remark 5.3.1.

Lemma has an heuristic obvious “proof”. What we are doing is simply to impose that the mass of y;
is sent to v, for every i, and we minimize the cost for every i = 1, ..., N. Of course by doing this we are
imposing more constraints on = € T'(u, v), so the inequality is just a consequence of the fact that we are
considering the infimum in (5.3.1) on a smaller set than T'(u, v).

We are now ready to prove the theorems.

Proof of Theorem[5.3.21 First of all, we notice that in order to prove (5.3.5) we can work without loss of
generality with ®;. By Proposition using Kantorovich-Rubinstein duality, we have:

W (D, -)pug, Ds(t, )gug) < /d ug(x)|D(t, x) — Dy(t, x)|dx (5.3.14)
T
< lugll L 191, +) = D52, )l 1o S Cyl10g(B)| ™! & C,| log(An)| ™.
At time ¢ fixed, consider x, = (x(l), ,x(])V) a random variable in (TN, (B(T9)N, P), with B(T?) the
Borel sigma algebra on T¢ and
P=P, ®P, - ® Py, with P, a uniform distribution over Q, for every i. (5.3.15)

We also define uj := uyL Q; and & := (uyL Q;)/ M, if M; > 0, otherwise M; = & = 0, where L A
denotes the restriction of a measure y to the set A. In the following, each time we consider an expected
value E[-] or a variance Var[-] it will be with respect to the probability P. We consider

Mi = ®§(t’ ')#(uo L Ql) and Vi = Mi5®E(t,x6) = @E(I, ')#(Miéxé))’

which have the same mass, so we can apply Lemma For the moment we will work in a fixed set
Q = Q, of the partition such that M, # 0, so in order to keep the notation lighter we will drop the subscript
and in the following we will implicitly assume that the measures are restricted to Q and normalized, we will
also write x instead of x;. Since u(r,-) = ®;(1, -)4ii, we need to estimate E[W (@5(t, )4ilg, 6g, (1.x,)]-
By triangle inequality

EIW (@5t Yyl 6 1,50)] SEIW (@5 (1. gl 1)) (5.3.16)
+ [E[Wl (5<I>5(t,x0)’ 5@E(t,xo))] :

For the first addendum in (5.3.16)), recalling that jQ dy(x)dx = 1:
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W (@5, )ity 6o, (1,x,)) (5.3.17)
= sup (/ ﬁo(x)h((Dg(t,x))dx—/L?O(x)h(cbé(t,xo))dx>
Liptm<t \Jo )
< / i (x)|Ds(t, x) — Dy(t, xo)|dx.
0
Using Proposition we can consider a set K C T with |K°| = a772P A (R, ®5)"|log(Ax)|~* for
a € (0, 1) such that Lip(®;(t,-)L K) < (Ax)™* for every 0 < ¢ < T. Notice that A (R, ®;) does

not depend on the mollification scale 6, since || D, bsl1z» < Dbl 110 fOr every 6 > 0 by Young's
convolution inequality. Then using that |x — x| < diam(Q) < Ax and (5.3.17)

E [W1 (D5, )yl 5q>§(;,x0))] (5.3.18)

1 _
< Sig) [ /Q . < /Q . i1y (x)| @4 (2, x) — D51, xo)ldx> dx,

+ / </ L_lo(.x)l(b&([, x) - (I)g(t, Xo)ldx> de
OonK OonK¢

+ / </ it (x)|Dy(t, x) — Dy(t, xo)ldx> dxo]
OnKe o

l—a1i = _
S (Ax) ~lapll p1onk) + (Ax + 21]|b]| ) <||u0”L1(QnK¢') +

Z0n Kc)>
i )’

where we used that

|®;(t, x) — @E(t, xp)| < Ax + 2¢]|b||, and that || 1o, = 1 by construction.
As for the other addendum in (5.3.16), we have:

Wl(éq)ﬁ(l,xo)’ 5<DE(I!XO)) = Lis(l;lll))ZI </ﬂ—d h(x)déq)&(,,x()) - 4/]; h(x)d5d>5(t,x0)> (5319)

S |q)5(t7 x()) - QE(L x())l‘

So, considering the expected value:

1
EIW 10, 1,x0)> O (1,x0))] < gd—@/g |@5(2, x0) — PE(1, xp)|dx. (5.3.20)
By Lemma[5.3.7;
N
E[W (D, )gutg, up(t,%y))] < E !Z M; W, <<I>5(t, -)#126,6@5(,’%0] (5.3.21)
i=1
N

- MI[E [Wl <CI)5(T, ')#ﬁg’ 6¢E(I’x6)>]
i=1
N
S22 M, <(Ax)l_a||ﬁ6||L1(Q,~mK) + (A + 21[1Bll )1 10,0k

=

Z0NnK°) 1

+ (Ax + 2t]|b]| ) 24(0) Z40))

/ |D (1, xp) — D1, Xo)|dxo>
Q;
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N

=y ((Ax)l-“||ug||L1(Q,nK) + (x4 2118l il 110,k
i=1

+ [lug |l o (Ax + 21[|b]| )L (Q; N K©) +||u0||00/ |® (1, x0) — Dy(1, x0)|dxo>
oF
S (AX)I_a””o”Ll(W) + tllupll ke + Hlugll oL (K) + llugll o 1P5 (2, ) — (2, M prera

_ | log(Ax)|™” _
S (A" + lugll (’T +C | log(An|™" ),

where we use that ||ugl| 1k < llugll o2 (K€) With Z9(K€) &~ a?| log(Ax)| . We also have

152, ) = @£t Ml 1 ray S Cillog(AD| ™! (5.3.22)

by Holder’s inequality and Proposition and thus we have proved (5.3.5). We now estimate the vari-
ance. By definition

Var[X] = E[X?] - E[X]>.

We will simply estimate Var(X) from above with E[ X2]. First of all we notice that, in order to prove (5.3.6),
we can work without loss of generality with @ instead of ®@. Indeed:

W (@1, )iy, up(t, %)) < 2W (DL, Vyllg, Dy (t, Vi) + 2 W (D8, gl up (1, Xp))*,  (5.3.23)
and by (5.3.14) we have

W (@, )yitg, D1, -)yiig)” S C7 | log(An)| 2. (5.3.24)

We now restrict to working in a fixed set Q,. As we did before, we omit writing the index i and we will denote
(gL Q;)/ M, and x{ as iz, and x,,. It holds:

W (@51, Yyitgs 8, 1x,))° S 2 W (P51, Dyl Sy 1,0)” + 2 W1 B ,x) Beb 1,00 (5.3.25)

For the first addendum in the right-hand side of (5.3.25), using (5.3.17), the same choice of K, the decom-
position in (5.3.18) and the elementary inequality (a + b + ¢)? < 4a* + 4b* + 4c%:

ELW (D51, il Sy 1601 S (A 2o l1, ooy + (B + 200D NI, ey (5:3-26)
d K¢ 2
+ (Ax+ 2ljpll g L2 OKD)
Z(0)
For the second addendum in (5.3.25), using (5.3.19) in expected value:
2 1 2
EIW B .51 30,00)°) < Ty /Q 0502, x0) — ® 0, x0)Pdlx, (5.3.27)

< |®s(, ) — P, )l
Z4(0)

Wt [ 10 0 o it e
= Z40) Ql st xg) — Pp(t, xo)|dx.

The conclusion follows as in (5.3.21), using (5.3.26), (5.3.27) and that by Cauchy-Schwartz:

/ |Ds(t, xg) — P (2, x9)|dxg
o

N N
W](M’ V) < Z Miwl(ﬁi’ ‘_/i) - W](//‘, V)z <N Z M,2 Wl(ﬁi, \_/i)z'

i=1 i=1

Indeed
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N , 2
ELW, (@(t, Yyttg, up (1, 5P < N Y, M2E [wl <q>(z, Vel B 1 )) ] (5.3.28)

i=1

N

2 2-2a )i |12 2N |1

S NZMI‘ <(Ax) ”u0”L1(Q,~nK) +(Ax+1) “uOHLl(Q,ﬂK”)
i=1

A , 20, N K)? t o o 4
+ ( X + t) gd(Qi)z + gd(Ql) 0 | E(t’ XO) - 5(1, XO)l XO

N
<N Z M, <(Ax)2_2“||u6||L1(Qi) +(2(8%)% + 2 lupll 11, nkce)
i=1

-HﬂAm2+m%WﬂwzuvnQ»+ﬂmmm/ﬁ¢ﬂnm»4%ammwm)
0,

N
<N 2 M, <(Ax)2_2“||u6||L1(Qi) + (4(AX)? + 4 ||lupll o Z (K€ N Q;)
i=1
+ t||u0||oo/ |q)E(t’ xO) - (1)5(1, XO)lde> .
o,

By the assumption on diam(Q;) we have M; < |luyll,(Ax)? for every i, and also by assumption N <
(Ax)™¢, s0

E[W,(Ds(t, attg, up(t, %p))*]

S Nluplleo i <(AX)2_20||UE)||L1(Q,) + P lugll o Z (K N Q)
i=1
+1lull oo /Q. [P g (1, xo)—‘Dg(t,xo)ldx())
=wwm<mm%mwwuqn+ﬂwwmzﬂKﬁ
+t]|upll o /ﬂ'd | DL (t, xy) — D2, xo)ldx())

< luplleo <(AX)2_2(X||UO||L1(W) + P lugll o 2 (K©)

+lupll o /d |D (2, xo) — Ds(2, X0)|dxo>
T

S Mgl oo ((AxY* 7 Nugll 11 cray + P llugll o1 10g(AX)| ™7 + 1C,llugl | log(AD| ") ,

and together with (5.3.23) and (5.3.24) we can conclude and get (5.3.6). O

Remark 5.3.2.
A simple sufficient condition to impose in order to have that N < (Ax)~¢ is a lower bound on the volume of
the cells, i.e. |Q;| > c(Ax)“ for some ¢ > O for every i.

Remark 5.3.3. The role of «
We will try to give an heuristic explanation of the role of «. It essentially takes into account the fact that
one cannot estimate u(t, -) better than a certain threshold even for small times, since we have a discretiza-

tion of the initial datum at scale Ax. We can check that, if t = 0, we can consider « = 1 and estimate
W, (uo, Zfi | M,.(Sxa) deterministically for every choice of x;, € Q,. Indeed, consider u; = uyL Q;. By

Kantorovich-Rubinstein duality:
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WG Mis) = sup ( /Q f oty (x)dx — /Q f(xo>ug<x>dx>

Lip(f)<1

= /Q up(x)| f(x) = f(x)ldx < Ax / up(x)dx,

i

and we can easily conclude applying Lemmal(5.3.7

Remark 5.3.4. The role of the expected value
If we did not consider any expected value in Theorem instead of (5.3.20) we would have had to estimate
pointwise differences between ®z and ® ;, which we are unable to control.

Before proving Theorem let us remark once again why it is more precise than Theorem While
in Theorem5.3.2|we have, for every « € (0, 1), essentially the same logarithmic rate, in Theoremby
defining 2 := max{Ar, Ax} the optimal rate ~* for which we will be able to estimate both the expected
value and the variance will be 1/2 for 1 < p < d, while for p > d we get better estimates. Namely, if
p > d we can estimate the W,_, distance, but with constants that diverge to +co as a — 0. We thus do
not have a sharp rate for this case. We notice that the convergence rate of 1/2 is likely sharpif 1 < p < d
(as shown in [142] for the upwind scheme).

Proof of Theorem[5.3.3] Since the relevant quantity will be 2 = max{Az, Ax} in the following, we can
assume without loss of generality that » = Ar = Ax. If 1 < p < d, we first need to estimate the distance
\7\'1/2(@(:, D, @5 (1, )4uy) Since we want to work with @ in place of ® with 5 = \/Z Notice that this
will not be necessary if p > d. By Kantorovich-Rubinstein duality

(1, x) = By (t, )| > ix (5.3.29)

Vh
log <1 L o) - @, -)|>
Vh

where we have used the estimate of Remarkm since [|b—bsll p1(1r) S \/Z because § = \/E Arguing
as in Theorem [5.3.2| we restrict to working in a fixed set Q; and we will omit the index for the moment to
lighten the notation, in particular &, x, and O will denote (uyL Q;)/ M;, x; and Q; respectively. By triangle
inequality:

VNVl/z(‘D(L Dathg, P (2, )yup) < /d up(x) log <1 +
T

<cC,

Lr(TH)

< luoll acra)

E [\'Tvl 12(@(1, )4, 6¢E<t,xo>)] <E [\'Tvl (@51, )yl 5%(,,,‘0))] (5.3.30)
+E [W1/2(5®5(t,x0)’ 5(1>E(t,x0))] .

For the first addendum in the right-hand side of (5.3.30) it holds the analogous of (5.3.17), i.e.

|, (t, x) — @y(t, x,)| ) .
X
Vh

By Proposition|4.2.1we can choose K C T¢ suchthat |[T¢\ K| = 474 (R, ®;)?| log(h)|* and so that @,

satisfies Lip(®,(z, -)L K) < 1/\/Zfor every z. Notice that A (R, @;) does not depend on the mollification
scale &, since || D, bsll11cz» < |IDybll 1110 fOr every 6 > 0 by Young's convolution inequality. Then it
holds

V~V1/2(<1>5(t, Vigllos 8 (1,x,)) < / iiy(x) log <1 +
0

E[W | /2(@5(1, )gily, O (1,x,))]
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1 _ |Ds(2, x) — Py (2, x0)|
< — I 1 d d
< g | o (L s (1 2022200 ) 0
+ / (/ iig(x) log (1 + [s(t, ) = 0500, x| > dx> dx
onk \ Jonke Vh
+ / ( / fig(x) log (1 4 195 ) = @51, xo)| > a’x> dx(,]
onke \ /o NG

Z90NK°)
Z4(Q)
where in the first addendum we used the Lipschitz estimate on ®,(z, -)L K, while for the second and third

addenda we simply estimated the logarithm as |log(h)| and used that ||| ;1) = 1. For the second
addendum in (5.3.30), arguing as for (5.3.19):

S Naoll ronky + og(M| gl L1 onke) + [ 1og(h)]

>

|51, x0) — P (1, x,)] > .
xo-
N

v 1
EIW1/2000(,x,) 0o o(1.x,))] < Zi0) /Qlog <1 +

So, estimating as in (5.3.21):

N
ELW /2 (@5, Dy, up(t, X))l < E [2 MW, ), <c1>5(;’ ')#L_‘f),%E(z,xg))] (5.3.31)
i=1

N
Z MIIE [W1/2 <q)§(l, ')#L_lé), 5(1)E(tﬂx£))):|

—

N
S

M; <Ilﬁ6IIL1(Q,-nK) + | log(MW| 1yl 1¢0,nke)

Z0;nK) 1 / |P5(t, x0) = P (1, x0)|
log(h 1 1 d
+[ log(hn)] Zio) T 740 /o, og| I+ NG X0

N
< 2 <||“6||L1(Qin1<) + | log(M)] llugllZ(Q; N K©)
i=1

+ | IOg(h)l ”uolloogd(Qi n KC) + ”u()”oo / IOg <1 + |‘I)5(l, XO)\;—(I)E(I, xo)l > dx0>
h

|1, x0) — P (1, x,)| ) .
X0
Vh

—

i

S Nugll piray + 1og(M) Nluglle LK) + ||uo||oo/d 10g<1 +
T

S Nuoll Lreray + Mol o (| log(h)|'~? + 1) <C.

Combining (5.3.29) and (5.3.31) we get (5.3.7). With the same estimates used in Theorem[5.3.2} we can also
recover the estimate for the variance. First of all, let us see that we can work without loss of generality with
@, in place of ®. Indeed we can use (5.3.23) and (5.3.29) with V~V1/2 to get V~V1/2(<I>(t, Vb, @(t, )yilg)? <
C. We are left to estimate WI/Z(CI)&(t, allg, (1, X0)). By we first estimate:

EIW, /o (@5(1, Vyilys B (1.1)°]

2
1 _ |Ds(t, x) — Ds(t, x0)|
S 1 1+ d d
Z40) /an </W“O(x) ° < NG > x) 0
2
+ / / dy(x)log | 1+ P51, ) = Dt X)) dx,
onk \ Jonke Vh
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2
+ / (/ ao(x)log(l L 1850 %) _CD‘S(t’xO)l)dx) dx,
onke \Jo Vh

lZEZ"(Q N K°¢)
Z4(0)

where in the first addendum we used the Lipschitz estimate on ®4(z, -)L K and in the last two addenda we
estimated the logarithm as | log(h)|. The other relevant estimate is:

2
1 |Ds(1, xo) — Pp(t, )|
1 1 d 5.3.32
gd(Q)/Qog<+ v ) xy  (5:3.32)

| log(h)| |D;(1, x9) — Pp(t, X)|
< 240) Qlog<1+ \/Z >dx0.

Summing over j as in (5.3.28) we have

S gl L1 onky + 11021 gl 11one + | log(h)

B

|E [W1/2(5¢5(,,x0), 6‘1)5(”"0))2] S

Var[Wl/z(u(t, D, up, Xo)] S lluplleo [”%”LI(W) + [ log(h)*[lug |l L (K©)

|D;(t, xo) — Pp(t, x)]
Hiog(h) ol [ 1og<1+ (.30 =0l o
Td \/Z
< Mgl ool 1 vy + Nt o 102 + gl 1102 )1)
< log(hl,

so we have proved (5.3.8). The stronger rate for p > d can be proved by noticing that we do not need
(5.3.29), since we work directly with ®, and by defining K such that

T\ K| < a P27 A (R, ®)’| log(h)| ™" and Lip(®(z,-)L K) < h™* for every 1.

Every estimate works in the same way, but keeping track of the dependence on « gives us (5.3.9) and
5.3.10). Finally, if we also assume p > 2 we can keep the square in the integrand on the first line of
5.3.32), and with the same estimates as above we can conclude that:

Var[W1/2(u(t, D up(t, o)1 S llugll ey + llugll oo log(h)|*™”

2
D.(t,x)) — Dp(t, x
+||u0||oo/ log 1 4 [PsltX0) = Pt xo)| dx,.
Td \/Z

Since p > 2 we can estimate the last integral using Holder's inequality and (5.2.5), proving (5.3.11). Esti-
mate (5.3.12) can be proved similarly, keeping track of the dependence of & on Z9(K¢). O

Remark 5.3.5. The case u, ¢ L>(T9)

As already remarked, for the sake of simplicity we assumed u, to be bounded. In u is unbounded, one
can simply estimate u, with uy1,, <k, with 1, denoting the indicator function of the set A. After this first
approximation one should keep track of the dependence of the estimates on K.

Remark 5.3.6. A possible alternative choice for P

If the choice of the point xg in the cell Q; is not made according to a uniform distribution, but according to
the probability density function (uyL Q,)/M,, we can verify that both Theorem|5.3.2]and Theorem|[5.3.3|hold
without the need to distinguish between the bounded and the unbounded cases. In particular, we point out
that the crucial technical advantage lies in the fact that if x, is picked according to the ad hoc probability
just defined, it holds:
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|Ds(1, xo) — Pp(t, x()|

Vh

Mi[E[Wl/Z(SCD(I,xO)’ b0, (1.x0))] = Mi/Q o(xp) log <1 +

_ / uo(x0)10g<1+ |<D5<z,xo>—<I>E<z,xo>|> ax.
0, Vh

while using a uniform distribution we needed to use that M,/ #(Q,) < |luyll, crucially relying on the
boundedness of u,. There are two reasons why we preferred to give the proofs using a uniform probability
distribution even though it produces less sharp results. The first one is that a uniform probability distribution
is simpler, and the second reason is that, in many practical cases, the initial distribution is bounded and the
issue is given by the low regularity of the velocity field. We also notice that while using a bounded density
we essentially only considered L' stability estimates for the flow, if we had used the ad hoc probability
distribution just defined we would have really needed the full L? stability estimate on the flows. Indeed after
summing the terms like for every i we would have needed an estimate like:

/ i (xg) 10g <1 + |®5(2, xo) — (2, xp)| > dxy <
Td Vh

log <1 L 15t — @ ->|>
Vh

> dx,  (5.3.33)

||u0||Lq(1rd)

Ll’('ﬂ'd )
to conclude.

Thanks to the above results we can now prove the following proposition, which in a sort of Monte Carlo-like
method for approximating in Wasserstein distance the solution « of (PDE). For the sake of simplicity and
since the arguments would be identical, we give the result for a specific choice of Az, Ax, « and only with
respect to the 1-Wasserstein distance.

Proposition 5.3.1. Monte Carlo estimate of solution of (PDE)
Let b, uy and {Q;} fi | satisfy the assumptions of Theorem Moreover, assume a = 1/2, At =Ax =h

for some h > 0 and that C,|log(h)|~! > \/ﬁ Then, defining

S (f) 1= % IAG)
i=1

the mean of n realisations of u (see Definition we omit to explicitly write in every u', the dependence
on X,) it holds that for every k > 1

_ | €| log(h)|-!
Pl W,(S,®),u, ) - ELS,®O] > k % < %

where C, - 0 as t — 0 and E[W (S, (), u(t, )] < C,| log(h)|~'.

Proof. Let X; = W, (u(t, -),u"E(t)) be a random variable with respect to the probability P defined in

(5.3.15). By Lemma
1\ ;
W (8,0, u(z, ) < — ; W, (o (1), ut, ),
so by (5.3.5)

E[W (S, (), u(?,))] <

S |

D EIW, (0. ut, D] S G log(m)| ™, (5.3.34)
i=1
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and we have an upper bound for E[W,(.S,,(¢), u(t, -))]. By construction the random variables X;'s are inde-
pendent and identically distributed, so by (5.3.6)

VarlX,] _ Gl log()|”!
n - n '

Var[S, (1] =

Finally by Chebyshev’s inequality and (5.3.35):

_ C.|log(h)|! _
P(115,0 — ELS, 01 > Ky % <P ({15,0) = ELS, 01l > ky/Var[S, 001 } )

(5.3.35)

5.4 Diffuse deterministic approximation

In the previous section we showed how, in expected value, an approximation of the initial datum by a sum
of Dirac deltas advected by the vector field @, led to an approximation of the density u which solves
(PDE). The point was to prove that the analogue of the explicit Euler method applied to one of the simplest
(weak) approximation of the initial datum (i.e. a sum of Dirac deltas) works also in this low-regularity
setting. Such an approximation, however, is not well-suited for many applications where one really wants
a diffuse approximation of the density rather than a singular one (for instance when there is a coupling
between the continuity equation and other equations). Moreover, we want to also present an approximation
scheme which works deterministically. We thus consider a variation of the previous results to cover also
this important case, showing how allowing for a stronger approximation of the initial datum and a suitable
approximation of the regular Lagrangian flow ® we can give a deterministic approximation. As we have
just pointed out there are two major problems with the method presented in Section 5.3:

1. The approximation of u is a singular measure. Often, one would like a diffuse approximation of a
diffuse initial datum.

2. The estimates are valid only in expected value, essentially due to the high sensitivity (at least a priori,
see Remark 5.3.4) to the choice of the points x; € Q.

A way to fix the above issues is to approximate the flow ® by performing an additional averaging in space
and to consider a strong (in L! norm) approximation of the initial datum. In this way, deterministic esti-
mates for both the 1-Wasserstein distance and for the logarithmic Wasserstein distance introduced in the
previous section will follow easily, as we will see in Theorem[5.4.] Let us now make these ideas rigorous.

Definition 5.4.1. Definition of ®
Assume the domain T¢ is partitioned in sets {Q;})_,. Let b satisfy conditions (MA) with p > d. For every
Q, fix a point x; € Q. Givent € (t,,1,,,) and x € Q,, we define:

tn+l _ . .
@pt,x) 1= Dp(t,,x)+ (t — tn)f f b(s, @g(t,, x,) +y — x)dyds, (5.4.1)
tn Qi

where 0 = 1, < t; < -+ < tp, = T is a partition of [0, T] with t,., — t; = At for some At > 0 and
®.(0,x) = x Vx € T In order to keep the notation as light as possible, we omit explicitly writing the
dependence of @ on At.

Before proving the stability estimate between ® and @, we believe it is convenient to explicitly explain
what the idea behind the definition of @ is and what approximation of « it can yield. Since the argument
does not depend on the particular element of the partition, we drop the subscripts. Consider a point x € Q.
In the time interval [0, A¢], such a point is transported by @ . to
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At
éE(At,x)=x+/ fb(s,y)dyds=x+v.
0 (0]

This translation by v is applied to every point in Q, so in the first time step we are just translating Q by the
vector v = fOA’ fQ b(s,y)dyds. Let O := Q + v. In the second time step, we have defined @ so that it is
constant on O and it acts on O by translating it by fAZtA’ fQ~ b(s, y)dyds . Indeed, consider ¥ € Q. There
exists x € Q such that x = ®(At, x) = x + v € Q. Then for every x € O:

2At

@ (2A1,x) = D (AL, x) + / f b(s, @ (A, x) +y — x)dyds
A (0]

t

2At 2At
=i+/ fb(s,y+v)dyds=fc+/ fb(s,z)dzds=i+w
At 0 At 0

with w not dependent on X. This is, in a sense, the same thing we have done when defining ®. The
difference is that while with @, we were only integrating 5 in time (when p > d) and we kept the space
variable fixed, here we also average over some translation of Q. To sum up, if we partition the initial datum
as:

N

N
u0=2uoLQi= Uy,
=1

i=1 i
the proposed approximation of u(z, -) via @ will simply be:

N N

[éE(t, ')]#UO = Z[éE(I’ ')]#u:) = 2 l/lé)(x - (_DE(t9 xé)))

i=1 i=1

We now prove the stability estimate between ® and @ .

Proposition 5.4.1.

Consider {Q;} f\z’ a partition of T¢ such that diam(Q,) < Ax for every i, for some Ax > 0. Let b be a vector

field satisfying (MA) with p > d and let @ ;; be defined as in Definition with time step At. It holds that:
10z, ) = Dy (t, )l 1» S C;|log(max{At, Ax})|™!

withC, —» 0ast — 0.

Proof. Let h := max{At, Ax}. We mimic the proof of Proposition|5.2.3|with @ . in place of @ .. We recall
that the following is a pointwise inequality, which holds for every x, x, € Q with O € {Qi}l,’\z’] and for this
reason we write ®(z), @ ;(¢) in place of ®(z, x), ® ;(z, x). We have that:

h
< h | |®(t,) = Pp(t,)| = |O,_y) — Ppt,_ | |
T @, y) = Pp(t,_ )| + A h
< |D(1,) — D(t,_1) — (Pp(t,) — Pp(t, )|
- |®(t,_1) — Pp(t,_ | + A

St 05, ) = ( £ b5, ity %) + v = Xy ) ds

|D(t,_1) — Pp(t,_ )|+ h

For the sake of readability, we denote:

h;(y) = d_)E(tj,xO) +y—Xxo.
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By telescopic summing, as in (5.2.6), we end up having:

S b5, () = ( £ b5, B,y ) ds

(5.4.2)

= n—1
log <] N |D(,) — cDE(I,,))I) < Z

h = (1)) — B (2] + h
w1 17 s, @(5) = bls, @G 5| + |77 b(s, 0 = ( £ b5, hy(9)dy ) ds
Sj=o |D(1;) = Dp(t)| + h
o J b, @5 — b5, DU lds izt 7 [ps D) = (£ s Ay )| d
SZS @) = D)l + A +j=0 |D@t;) — Pt +h

' '

IS @

The term @ can be estimated exactly as in Proposition As for @ we use that diam(Q) < Ax, so
arguing as in (5.2.8):

|5, @t))) = £ bls, N3] £ [bls, () = bis, )| dy
U~ Bl h [0y~ Bl 4 h

. fo |@(t) = h;(»ldy

TD()) - Ppt) +h

(5.4.3)

F(5,0(1)) < f(5,D(1))),

where we used the anisotropic estimate of Lemma f isdefined as in (5.2.9) and for the last inequality
we used the fact that for every y € O:

D) — h,()] < D)) = Dpt)] + [y = xol < (1)) — Bp(t)] + Ax. (5.4.9)

We conclude that

sup
t€[0,T]

S Ct7
Lr

|Dp(t, ) - @1, -)I)

1 1+
0g< .

with C, - 0asr — Oarguing as in Proposition and given this bound on the L? norm we can conclude
as in Proposition[4.2.2] O

Remark 5.4.1. The restriction p > d

The anisotropic estimate of Lemmal4.1.3]is crucial for our proof of Proposition and that is the reason
why we only considered the case p > d. If 1 < p < d we do not have such an estimate, and we cannot
estimate @ using Lemma@ Indeed, contrary to what we could do with ® 5, we cannot change variables
when using ®, since it is clearly not injective. A more refined argument may solve the issue for 1 < p < d,
but this will need further investigations.

We can now prove the following.

Theorem 5.4.1. Diffuse deterministic approximation of u
Consider a partition {Q,}" | of T, an initial density u, and a vector field b such that diam(Q;) < Ax for
every i and b satisfies (MA) with p > d. Then, given ® as in Definition with a time step At and a
function i, such that ||y — ug|| ;1(7e) < € for some € > 0, it holds that

W](u(t’ ')a [éE(I’ ')]#ﬁo) § max{ctl log(maX{At9 Ax})l_l ’ E}‘

Consider W, the Wasserstein distance defined in Definition|5.3.1with a = 1. It holds that

Wl(u(t, 9, (@E(t, Naily) S max{C,, | log(max{Az, Ax})|e}.
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Proof. Let h := max{At, Ax}. By the triangle inequality we have

=u(t,")
— / \ -

We can estimate the first term with ||, — || ;1 < € and the second one with

/d iy| P — @pldx < ||ﬁo||Lq(1rd)||CD - ci)E”Lpard) S Gl log(h)l_l
T

by Proposition As for the estimate for v~v1, it follows in the exact same way. We just notice that 1-
Lipschitz functions on T¢ with respect to the distance d,, defined in (5.3.3) with « = 1, are uniformly
bounded by ~ |log(h)| so we estimate the first addendum in (5.4.5) (with W, in place of W,) with
| log(h)|e, implicitly using Kantorovich-Rubinstein duality. In the same way we can estimate the second
addendum with:

| D@, x) — ‘i)E(f,x)|> J
h X

|t ) — Dt ')I)

Wl((b(l, ')#Izo, [(_DE([, ')]#110) S / IZO(X) log <1 +
Td

sC

~ >t

Lp(T49)

< Naoll pacray 7

log<1+

by Proposition|[5.4.1} and the proof is complete. O

We remark that this method is very easily implemented numerically and parallelisable. Moreover, it pro-
vides a better rate of convergence for the logarithmic Wasserstein distance than the one proved in [142]
(assuming At = Ax = h/2 for some A > 0), having £ in the denominator in the definition of the logarith-
mic Wasserstein distance rather than \/Z We finally remark that such an improvement in the case p > d
is in accordance with what we proved in Theorem(5.3.3

Remark 5.4.2. The lack of a CFL condition and a time step limitation for unbounded vector fields

A usual drawback of explicit methods is the so-called CFL condition, i.e. the requirement that ||b|| , At/Ax S
1. In this case, contrary to what we remarked in [56], there is no such condition. In section 5.3 we worked
essentially in a meshless setting, and the partition {Q; }fi had the only role of providing an approximation
of the initial datum by selecting a Dirac mass with suitable weight inside each Q,. We had either a situation
where both the time step At and the space discretization scale Ax contributed to the total error separately
(Theorem|5.3.2) or a situation where we gave estimates with respect to the maximum of the two (Theorem
[5.3.3). Similar estimates also apply to the diffuse case, where the error depends on h = max{At, Ax}. We
remark that the lack of a CFL condition may derive from the different point of view employed: while Eulerian
methods (like the finite volume method) seem to be inherently affected by the need of a CFL condition,
Lagrangian methods may have the advantage of not needing this additional requirement. We refer the reader
to [94] for a broader discussion on such a matter (in the case of regular vector fields).

Another issue is the stability of the method at the level of flows. We proved that no condition on At is needed
when b is bounded. However, from numerical experiments (and classical numerical analysis theory) it is clear
that the situation is different when b is not bounded. Namely, a time step too big may result in instabilities
which make the error blow up. We do not have an explicit proof in the non-reqular case or bounds on At,
since this would require stability results at the level of approximate flows similar to the ones obtained in
[58] Section 3] where the authors drop the boundedness assumption. We believe that such estimates are
possible, with some additional work, mimicking the proofs of the bounded case.

Remark 5.4.3. Weak vs. strong approximations of v

In Section 5.3 we worked with a sum of Dirac deltas which approximated, in a weak sense, the initial da-
tum u,. Choosing such a measure was very natural, since we wanted a “true” approximation method, in the
sense that it is truly implementable in a computer. Indeed in sections 5.2 and 5.3 we used @, which is not
locally constant in the space variable, so the only possibility was to use measures concentrated on points.
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In Section 5.4, working with ® . which is locally constant in space, we are more free to choose the initial
datum, and actually we can compute the push-forward of every initial datum i, as we explained after Defi-
nition In Theorem [5.4.1 we imposed that &, approximated u,, in a strong L' sense, so it is natural to
wonder if the same result holds only assuming i, to be a measure approximating u, in a weak sense (for
instance, one could consider i, to be a sum of Dirac deltas just like in section 5.3 and hope to obtain a de-
terministic result). Given W the Wasserstein distance with respect to some distance d, in order to estimate
W(u(t, ), [®g(t, )yity) = W(D(L, -)yug, [P (1, -)4idy) we crucially rely on the triangle inequality. Namely,
we need to estimate either W(®(t, -)uug, ®(t, -)yity) OF W([D (2, ) uttg, [® (2, -)]sily). The problem is that,
to the best of our knowledge, in general such distances can only be estimated with the L' norm of the differ-
ence between u, and i, If f is a Lipschitz function it actually holds that W( fuu, f4+v) < Lip(f) W(u,v),
however neither ® nor @ are Lipschitz. And even if we previously approximated b with some Lipschitz
function b, the Lipschitz constant of the flow of b would depend exponentially on both Lip(b) and the time ,
which is clearly not ideal.

5.5 Approximation via 6-method and numerical experiments

In this section we give the main results proved in [46], which consist in approximation results for the regular
Lagrangian flow via a 8-method. With such estimates on the flow, as we have already seen, we can recover
stability estimates for solutions of (PDE). First of all, since it is less-known than the forward Euler method,
let us define the classical 6-method.

Definition 5.5.1. The classical 6-method

LetT > 0andletb : [0,T) X IRZ - Rf be a smooth and bounded vector field. Denote with X (¢, x) the
flow of b starting at x whent = 0, i.e. let X (-, x) solve:

%X(I,x) =b(t,X(t,x)) ift>0
X(0,x) =x ift=0"

Given a parameter & € [0, 1] and a time step At = T /N for some N € N, we consider the net {t,.}l?i 0
definedbyt, :=iAtfori =0, ..., N. The classical 6-method, which produces a sequence { X f’ }f\i o approx-
imating X (z,, x) foreveryi = 0, ..., N is given by (we omit explicitly writing the dependence on x):

e YO _ -
XO =X,

» foreveryi =0,...,N — 1, given X we find X!, | by solving

x¢ - Xx?
% = (1 - 0)b(t;, X?) + 0b(t,,1. X°. ). (5.5.1)

In particular, if ® = 0 or & = 1 the 8-method coincides with the forward Euler method and the backward Euler
method, respectively[]

Just like the forward Euler method, if b is not reqular neither in space nor in time the definition in (5.5.1)
does not make sense. So, in the setting of vector fields with L] WP reqularity (with p > 1), we will use
an approximation of 4 in space and a time average to define the iterative steps of the method. Namely, we
consider an approximating sequence {b, },., satisfying the following propertiesﬂ

3If & = 1/2 the method coincides with the Crank-Nicolson method, which for C? vector fields gives an error of order O(Af?),
while for every other value of 6 the method is only first-order accurate.

“The standard regularisation via mollification, in particular, satisfies these assumptions. Another example of an approximating
sequence is provided in [46] Appendix Al.
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16e = bll1p1 < Coe”, (5.5.2)
C

IVbell s < =5 (5.5.3)
X 8

I divy bell oo < G, (5.5.4)

1l Lo < Cs, (5.5.5)

for some C,, C,, C,,C5, a, f > 0.

We can now define the regularised #-method and state the main results obtained in [46]. We skip the proofs
since they are similar to the ones used for the forward Euler method in previous sections.

Definition 5.5.2. Regularised 0-method
For x € RY, set X\“(x) = x, and fori = 0,...,N — 1, given X\* = X*(x), compute X** = X?* (x)
(as previously, we omit explicitly writing the dependence on x when not necessary) by solving

0. 0.
Xi+61 — Xi ¢ tir) 0. Liv) 0.
= (1-0) b (s, X")ds + 0 be(s, X2 )ds. (5.5.6)
t; t;
We define X" by interpolating the sequence { X" AP
N-1 " "
ChOE - 0, —Li o 0,
XME@0 = Z <Xi 4 T’(XH‘E1 - X; £)> Xt ) (- (5.5.7)
i=0

Remark 5.5.1.

In order to prove that a solution to the regularised 6-method exists when 6 > 0 (i.e. when the method is not
completely explicit), we need to impose that h||Vb, ||, < 1/2 (see [46] Proposition 3.1]), although it is not
clear to us if this assumption is needed or if it is just a shortcoming of our proof.

The two main results obtained in [46] are given next:

Theorem 5.5.1. Stability estimate for the 6-method, [46]

Letb € L'((0,T); WIP(R?)) n L*((0, T) x R?) be a divergence-free velocity field for some 1 < p < co.
For e > 0, let {b, },. be an approximating sequence of the velocity field b satisfying (5.5.2)-(5.5.5) and let
h := max{e%, €*#}. Then, for any r > 0, there exists a positive constant C such that, given X% defined

asin (5.5.7):
C

o 1.0,
IXM00 30 = X0 < o

(5.5.8)

In particular, C depends on d, p,r, T, ||bll o, VIl 117, C,,GC,.

Before stating the next result we need to introduce an approximating sequence for the backward regular La-
grangian flow of b (see Definition|2.2.5). For every ¢ € [0, T'] we consider the backward regular Lagrangian
flow Y, solving

(5.5.9)

0,Y,(s,x) = —=b(t — s, Y,(s, X))
Y,(0,x) =x

so that, if X is the regular Lagrangian flow of b, we have the relation X~!(z,-) = Y,(z,-). With these
notations, is a forward ODE which keeps track of the final time 7. Then, we can write the #-method
for as follows. Let & € [0, 1], and for any fixed N € N define the time step 4 := T/ N and consider
t = jhforsome j =0,..., N. Consider the net {t,-}{:O defined by 7, :=ihfori =0,..., j. For simplicity,

we also define
- —b(t — ifs <
b(s,x)= 4 T8 fs<r (5.5.10)
0 otherwise
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Then, we proceed iteratively as follows. Set Yo‘g’ﬁ(t, x)=x. Fori € {0,...,j — 1}, given Y = Y*(t,x),

O, _ v 0¢ .
we find Y7 =Y, (7, x) by solving

Y0,£ _ Yﬁ,e

i i Tit1 _ fiv1 _
i+1 - L =(1- o)f bi(z, Yio,e)df + of b; (z, Yii’f)dr, (5.5.11)
7 t;

i

where we omit writing explicitly the dependence on 7 and x and where 5¢ is an approximating sequence
for b, satisfying (5.5.2)-(5.5.5). Notice that if b, is an approximating sequence for b, then ¢ is an an

approximating sequence for b,, where b¢ is defined in the obvious way. Given the sequence {Yi"’g}f:'g
constructed in (5.5.11), we define the function

N-1

- -1

YN,H,E(t’ s,x) = 2 (17;9,8 + %(Y;ii _ }71.9,5)> ),/it(s)’ (5512)
i=0

where with y/ we denote the characteristic function of the set [0,7] N [#;,;,],. Finally, we define the se-
quence u” of approximating solutions of (PDE) (which by the divergence-free assumption on b is equivalent
to a transport equation) as follows:

u'(t, ) = uy (YN0, ), (5.5.13)
where to simplify the notations we drop the superscripts 6, £ on the function »”. The following holds:

Theorem 5.5.2. Error estimates for the Lagrangian solution to the transport equation
Leth € L'((0,T); WP(R?))nL®((0, T)x R?) be a divergence-free velocity field for some 1 < p < o and
let {Y,},c0.r be the backward regular Lagrangian flows solving (5.5.9), for every t € [0, T). Define the se-

quence {Yl."’f }i.e asin (5.5.11) and Y9 as in (5.5.12), corresponding to an approximating sequence b¢ of the
backward vector field b,, as in (5.5.10). Then, there exists a constantC = C(d, p, T, ||b||L;x, VBl g2, €L Cy)

such that for any u, € L'(R?) the sequence u” defined in (5.5.13), constructed via the backward flow Y -9,
converges to the unique Lagrangian solutionE]uL of (PDE), with the estimate

C
@, ) —u"(@t, ) < C (IIMS —upllpr + HO—;M> ) (5.5.14)

where h := max{e®, 2/}, ug is any smooth approximation of u, with compact support and Lipschitz con-
stant 5! and the constant C; blows up as 6 — 0.

Remark 5.5.2.
We remark that the incompressibility assumption was crucial to get strong L' estimates in the previous
theorem. If b is not divergence-free, assumptions on D, div, b seem necessary (see Proposition .

Let us conclude this section with selected numerical experiments. To this purpose, we consider the velocity
field

b(xy, %y) = (—2(a + D2+ x0T xy, 2a + D + x%)aT_l)q) e WP (R, (5.5.15)

loc

where 1 — % < a < landp > 2. The vector field in (5.5.15) is smooth away from the origin, where it has a
singularity, so no spatial regularisation is needed. The associated ODE system admits the explicit solution

{xl(t) = rocos (fo +2(a+ Drg~'1) (5.5.16)

X5(t) = rysin (ﬂo + 2(a + 1)rg_lt)

where ry = 1/x,(0)? + x,(0)? and f, = arctan <x28 ) We apply the #-method (5.5.6) for selected values
X1
of A and 0 € [0, 1]. Depending on the choice of the initial condition, we observe the following behavior:

SItis not necessary for u, to satisfy the integrability requirements needed by the DiPerna-Lions to have uniqueness of solutions.
Even outside of the DiPerna-Lions range we have convergence to the unique Lagrangian solution (see Definition|2.2.2), which may
not be the unique weak solution of (PDE).
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+ When the initial condition is placed sufficiently far from the origin, the convergence rate appears
to be faster than 1/|log A, yet still slower than linear. Moreover, the trajectories obtained by the
0-method are circles, in agreement with the exact solution of the system.

+ When the initial datum is chosen in a small neighborhood of the origin, the observed convergence
rate aligns with the logarithmic rate predicted by our theoretical analysis.

Figure[5.T displays the pattern of the error estimate and highlights its decay in comparison with a reference
logarithmic slope.

0.2 T T T T T T 0.16 —
0.15 PR 0d2b-""
0.1¢ q 0.08 -
0.05 1 0.04 - 1
—s—error estimate
- - reference slope — — reference slope
0 : ' : ' : ' 0 : : : : : :
0 0.5 1 1.5 2 25 3 3.5 2 4 6 8 10 12 14
x10° 107
(a)0=02,p=3a=0.36. (b)) =0,p=3,a=035.

Figure 5.1: Error estimate computed according to (5.5.8), arising from the application of the §-method to
the velocity in with initial condition (0.001, 0.001) and a final time T = 4. The reference solution is
and the displayed error decay results from the application of the #-method with step sizes 2 = 2%h,,
for k =0, 1,2,3, with by = 1074,

In the plots, we compute the difference between the trajectory (with step size /) and the reference trajectory
given by (5.5.16). This difference is evaluated assuming a fixed initial position (0.001, 0.001), and should be
interpreted as a pointwise error between trajectories, rather than a norm-based error (such as a L' norm).
Nevertheless, this pointwise comparison is equivalent to evaluating the error in the L;’°L)1C norm, since
when implementing a quadrature rule to approximate a spatial integral (e.g., the L! norm) we evaluate the
difference between the two solutions at mesh points. Thus, the pointwise distance between trajectories
at discrete times naturally corresponds to a discrete approximation of the desired norm. Concerning the
numerical trajectories, they exhibit a spiraling behavior: they move away from the origin when 6 < 1/2, and
converge towards the origin when 6 > 1/2. Instead, for 6 = 1/2, the trajectories are circles, see Figure

"2 a5 a4 05 0 05 1 15 2 45 Al 05 0 05 1 15
%10 x10% x10%

(@) 9 =0.49,p=3,a=0.34. (b)0=0.5p=3,a=0.34. ()9 =051,p=3,a=0.34

Figure 5.2: Approximate trajectories (in blue) for the vector field for different values of 6 with step
size h = 1074, initial datum (0.001,0.001) and integrated for a time T = 4, versus the exact solution
(5.5.16) (in red, with a thicker line). The approximate trajectories are very dense, so the individual lines
cannot be distinguished.
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We also consider the vector fields

b(xy, Xy) = <\/| sin 27,1, /I sin 27rx1|> e WR) with 1 < ¢ <2, (5.5.17)

and

1 1
1 \» _1 1 \7 _1
b(xy,x;) = (log <m> |x,]' " log (m) 1! 2”) € W, (R, (5.5.18)
2 1

for some p > 1 to be chosen, and initial datum in a small neighbourhood of the origin. Our numerical
procedure is as follows.

1. We fix a minimum step size A, and solve the ODE using the 9-method.

2. We increase the step size and treat the numerical solution corresponding to the smallest step size
hy as our reference (exact) solution.

Figure[5.3|displays the pattern of the error estimate and highlights its decay in comparison with a reference
logarithmic slope. In the plots, we consider the error of the #-method to be given by the difference between
the trajectory obtained with step size 4 and the reference trajectory corresponding to 4. The logarithmic
slope confirms the feasibility of the error estimate of Theorem|5.5.1

0.25 : T . T ! T - 0.25 T _
02t -7 ] 02t =TT
-7 —e—error estimate _--"
L-7 - - reference slope L~
0.15 q 0.15¢
0.1F 1 0.1
0.05 | 1 0.05r 1
——error estimate
— — reference slope

2 4 6 8 10 12 14 16 2 4 6 8 10 12 14 16
%1078 %1073

(@) 6 =0.8,hy=1073. (b) 6 =0.7, p =100, hy = 1073.

Figure 5.3: Error estimate computed according to (5.5.8), arising from the application of the §-method to
the vector fields (on the left) and (on the right). The reference solution is computed with
step size h, and the displayed error decay results from the application of the same method with step sizes
h= 2kh0, withk =0,1,2,3.

5.6 Final discussion, questions and future perspectives

We conclude by briefly summarising the results obtained, pointing out some questions and future possible
research directions. In this chapter, we proved a stability estimate between the reqular Lagrangian flow of a
vector field » with Sobolev regularity in space and an approximation of such flow via a (sort of) explicit Euler
method. We gave two approximations of the flow, i.e. ®, and @, for which the same stability estimate
holds. We used that the solution « of the continuity equation (PDE) is representable as a push-forward of
the initial datum u,, via the regular Lagrangian flow @ of b to approximate it using our approximations @,
and @, of @ and different approximations of the initial datum w,,. In sections 5.2 and 5.3 we used @, to
approximate @ and a sum of Dirac deltas to approximate u,,. In this setting, we proved that the Dirac deltas,
advected by @, approximate « in suitable Wasserstein distances. However such an approximation holds
only in expected value, since a priori it strongly depends on the choice of the Dirac deltas.

Question 1. /s the estimate truly valid in expected value only, or it can be made deterministic if h = At = Ax
is small enough?
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In section 5.4, we used a different approximation @ . of @ and a strong approximation i, of u in L' norm
to prove a deterministic estimate. However, due to technical reasons in our proof of Proposition|5.4.1, we
can prove that the crucial estimate on | ®(z, -) — @ (1, | Lorey holds only assuming p > d.

Question 2. Does the stability estimate on ||®(z,-) — ® (1, )| re(rdy a@lso hold for 1 < p < d?

Moreover, as already said in Remark we do not know if a strong approximation of u, is truly needed
in Theorem[5.4.

Question 3. Does Theorem hold even assuming to have as initial datum a measure @, approximating
u, in a weak sense (for example in some Wasserstein distance)?

Of course, it is totally possible that a better explicit approximation of @, that has nothing to do with either
@ or @ and for which there are no issues like the ones we just described above, exists. For example, in
[46] we are considering an approximation of ® based on a #-method, which for # > 0 should have better
stability properties even for unbounded vector fields.

To conclude, we highlight possible future research directions and recap the results we obtained. While
numerical approximation methods for the continuity equation [19, 37, 96} 142] 143] 159] and more recently
for the advection-diffusion equation [128] have received some attention, more general situations where
there is a non-linear coupling between the density and the velocity field seem less studied. In this direction
we cite [96], whose results can be applied also to some non-linear systems. However, a limitation of the
available methods is a certain “rigidity" with respect to the mesh which seems somehow unavoidable (see
[96, Example 1.1]) when considering an explicit finite volume scheme (we recall [143], where a Cartesian
mesh is not needed, but using an implicit method). For this reason the mesh needs to be either Cartesian
(as in [142]) or at least to satisfy some additional conditions (e.g. having a periodic structure [96]), which
may be problematic in some situations. Our method does not need any assumption on the mesh other than
an upper bound on the diameter of the cells and, eventually, a lower bound on their volume. Moreover it
is easily parallelisable and it does not need to satisfy a CFL condition (at least if 5 is bounded), but it only
provides weak stability estimates in Wasserstein distance.

Future challenges may be the approximation of the solution of coupled systems without relying on any par-
ticular structure of the mesh, or developing methods based on a Lagrangian point of view that approximate

the solution u of in a stronger topology.



Chapter 6

Advection-diffusion equation

6.1 Setting and main assumptions

In this chapter we want to show how the Lagrangian point of view can help also in dealing with the advection-

diffusion equation:

du+b-Vu=vAu in©0,T)xT? . (ADE)
u(0, x) = up(x)

For simplicity, we will work in the d-dimensional torus T¢ and we will consider a vector field » bounded
and incompressible. Moreover, we the assume the diffusivity v > 0 constant, which will be a crucial

simplification (see Remark|6.3.2).

Before discussing (ADE), let us introduce some notation we will use in this chapter. We will work with a
probability space (Q, F,P,), where F is a o-algebra and P, is a probability on 7. We will use the notations
E,[-]1and Var,[-] to denote the expected value and the variance of random variables with respect to the
probability P,,. We will also use the notations E,,[] and Var, [] 10 denote the expected value and the
variance with respect to a probability P, that we will introduce in due time. We will sometimes make
use of basic results on stochastic processes and probability, like It6’s lemma, Doob’s maximal principle or
standard properties of the Brownian motion. Such results are can be found in every book on SDEs, see for
instance [15, 98, [131].

The interest on (ADE) (also referred to as Fokker-PIanckequation or convection-diffusion equation) stems
from different fields, most notably fluid dynamics and finance, with (ADE) being related to Navier-Stokes
equations and Black-Scholes equation. The study of (ADE) in presence of smooth vector fields dates back
to the classical theory developed in [T05], but in practice one often has to work with lower regularity as-
sumptions, especially in physics where the velocity » may exhibit a turbulent behaviour [52, 147], so a
mathematical theory for such settings is required. This was first addressed, to the best of our knowledge,
in [109], and later in [77,AT0]. The key observation is that (ADE) is strongly connected to the following
(backward) stochastic differential equation:

dX? (x,0) = =b(t = 5, X! (x,0))ds + V2vdW (@), s €[0,1] (8-5DE)

Xtv,t(x, W) =X
Notice that, if v = 0, this is exactly the backward flow introduced in Definition for the classical case

and in Definition for the non-classical case. The link comes from the Feynman-Kac formula [103],
which gives a representation of the solution « of (ADE) in terms of the solution X!, of (B-SDE) and of the

initial datum u, [}

TActually, the Fokker-Planck equation has div_ (bu) in place of b- V_u, but since we are working with an incompressible vector
field the two expressions are equivalent. In most of the cited papers, the equation has div, (bu) in place of b - V u, not having the
divergence-free assumption.

2We will not enter into details, but in the non-classical setting the Feynman-Kac representation of a solution holds for the
so-called parabolic solutions, which are the same as the Lagrangian solutions for the continuity and transport equations. We will
always have assumptions that guarantee that there exists a unique weak solution of and it is parabolic. See [26] for more
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If we consider the forward formulation of (B-SDE), i.e:

dX¥(x,0) = b(t, X} (x, 0))dt + \2vdW, (@), 1€ (0,T) (SDE)
XOV(x, w) =X ’
we can also use a push-forward representation in the Feynman-Kac formula:
u(t,x) = [Ew[uO(X(;J(x, )] = E, [ X (-, 0)yu). (F-K)

We refer the reader to Remark|[2.3.1|for a discussion on the well-posedness of when b is not regular,
see also [140,120,127). Up to our knowledge, the first quantitative stability estimates for solutions of
with non-regular velocity fields, in logarithmic Wasserstein distance, were provided in [115]. The authors
use techniques inspired by [58], the representation (F-K) and the regularising properties of the Brownian
motion not only to consider vector fields in the DiPerna-Lions setting, but also vector fields satisfying the
Ladyzhenskaya-Prodi-Serrin condition, asking less regularity in the spatial variables but more integrability
in the time, namely
d\\1d i d 2
b e [LY0,T; LP(T*)]* with p,q > 2 such that ; + 5 <l1.

We refer the reader to [115, Theorem 2.2, Theorem 2.6] for the precise statements. An improvement on
the rate of convergence (still in logarithmic Wasserstein distance) in the DiPerna-Lions setting with p > 1
(i.e. b € L}WXI"’ with p > 1 and div, (b))~ € L!L>) has been given in [129], where the representation
formula is not used and the argument completely relies on deterministic methods. In particular, if
u; and u, are solutions of relative to different diffusivities v, and v,, in [115] the authors give an
estimate depending on +/|v, — v,|, while the estimates in [129] depend on |v, — v,|. For more details on
well-posedness results for in a non-regular setting we refer the reader to [111} 126].

We want to show how we can use Lagrangian estimates on the stochastic flow which solves (SDE) and the
representation provided by (F-K) to derive estimates for the solution of (ADE), in a sense using the same
point of view of [56}46]. The main assumptions we will have on b are the following:

(6.1.1)

be [LYO0,T;WlP(T4))n L0, T) x TH1¢ withp > 1
b is divergence-free '

Remark 6.1.1. A selection principle for the Lagrangian solution of the transport equation

We remark that, as v — 0 and under the assumptions (6.1.1), the solution of converges to the unique
Lagrangian solution of the corresponding transport equation (i.e. with v = 0) even when the integrability of
the initial datum is not sufficient to be in the DiPerna-Lions range where we have uniqueness of solutions.
See [25] for more details.

We can now define the stochastic flow Bt

Definition 6.1.1. Stochastic flow
Letv > Oandletbh € [L®((0, T)xT%)]? be a divergence-free vector field. Amap X" : [0, T)xT¢xQ — T¢
is a stochastic flow for b with diffusivity v if:

« foranyt € [0,T), forany x € T and fora.e. w € Q, themap 1 — X"(1,x,w) = X(x,w) € T? is
an absolutely continuous solution of

dX}(x,w) = b(t, X} (x,w))dt + \/2vd W (w) witht € (0,T)
X! (x, ) =x
- foreveryt € [0,T)and fora.e. w € Q, themap x € T? X (x,w) is measure preserving.

For the proof of the existence an uniqueness of the stochastic flow under the assumptions (6.1.1) and its
measure-preserving property we refer the reader to [45] and [78, Lemma 9].

details.
3Contrary to [25] we will only focus on weak estimates between solutions, whereas they considered a backward flow in order
to use (F-K) to derive strong L' estimates.
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6.2 Stability estimates for stochastic flows

We first give a result that is the analogous of Proposition for stochastic flows and which is obtained
essentially following the lines of [25, Lemma 5.3]:

Proposition 6.2.1. Stability estimate for the stochastic flow
Consider X! and X? two stochastic flows with respect to velocity fields b,, b, satisfying (6.1.1) and with
diffusivities v, v,. Then:

/TT EL[1X(r, @) = XP(x )[1dx S C | Vv = val + V181 = ball 0oy

1
log (\/ [vi = val + by — bzllLl(O,t;LP(T‘l)>‘

Proof. Foranyr € (0,T),a.e. w € Qand a.e. x € T¢ we have that X! — X? satisfies the following
stochastic differential equation for s € [0, 7]:

+

d[Xsl(x, w) — st(x, w)] = a(s,x,w)ds + cd W (w) (6.2)
X (x,0) = X2(x,0) =0 ’ o
where
a(s, x,w) = bl(s,XSl(x,a))) - b2(s,X32(x,a))) and ¢ :=1/2v; — 1/ 2v,.
We define the function g5(y) := log (1 + ';-';) and Q? as:
Xl , _ XZ , 2
Qé(t,x,a)) = q(s(X,](x,a))—th(x,co))=log<1+ | t(x (0) > t(x C())l > (622)

By Ito's lemma we have that Q° satisfies the following stochastic differential equation:
2
4071 x,@) = |alt,x,0) - V,5(X) (x.0) = X2x,0)) + S A,05(X] (x.0) = X2x, )|

) +[6< Z:;j=1 ayiqé(th (x, ) — th(x,a))) )]dVVt

0°0,x,0) =0
(6.2.3)

Taking the expected value on both sides of (6.2.3) and integrating over [0, t] x T we end up with

/ E,[Q°(1, x, w)]dx = / / E, [a(s.x,®) - V q5(X ! (x, ) = X2(x,w))| dxds
g 0 J1d

2 t
+Z / / E, [Ags(X! (x, @) — X2(x, )] dxds,
2 o Jrd °

where we use that the stochastic integral in (6.2.3) is a martingale with 0 as expected value. We can easily

check that
|y|2> Iylz) 1
V. olog [ 1+ 2 Adog(1+2 )| —,
! g( = PRV )| T e

1

S
o+ |yl

and (6.2.4)
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SO

t
E_[0%(t,x,w)]dx < 2L+/ / E laCs, x, )] dxds.
/W W@t x-Oldx 507 m+ | ) Fo 5+ X1 (x, 0) — X2(x, )|

Since a(t, x, w) = b(t, th (x, w)) — by(2, th(x,w)), by triangular inequality:

la(t, x, w)| < |by(t, X/ (x,0)) = by(t, X, (x, )| + |by(t, X, (x, ) — by (1, X} (x, )],

SO

5 2L ! |b1(s,Xs1(x,a)))—b2(s,XS1(x,a)))|
/W E,[0°(t, x,w)]dx S o 5 +/0 /W E, [ 5+ X1 (. 0) — X2(x, ) dxds  (6.2.5)

! b (SaXl(x9a)))_b (SaXz(xea)))
+'//[Ew|2 . 2 . Idxds.
0 Jrd 6+ X1 (x, ) = X2(x, )|
For the first integral, use the measure-preserving property of the stochastic flow to get:
! 1b,(s, X 1(x, ) — by(s, X! (x, w))|
E, 1 3 dxds
0 T4 5+|XS(X,CU)—XS(X,CO)I
' by (s, X! (x, @)) — by(s, X (x, w))|
= E, ! 3 dx| ds
0 T 0+ |X{(x,m) - Xi(x, @)
! by (s, x) — by(s, by = byl :
_ / E, / | 1(18 X) z(szx)l dx| as < = Pllieoany
0 Td5+|Xs(x,a))—Xs(x,a))| 6
For the second integral, we use Lemma to get:
! |by(s, X 1(x, ) — by(s, X2(x, w))]|
/ / E, g oy dxds
0 Td 6+|XS(X,CU)—XS(X,CO)|

t
S / / E,, [M(IDb,|)(s, X (x,®)) + M(|Db,|)(s, X2(x, w))| dxds
0 JT4

t
- / E, [ / M(|Db2|)(s,Xsl(x,a)))+M(|Db2|)(s,XS2(x,a)))dx] ds
0 Td

t
B 2/ / M(IDb,|)(s. x)dxdz S Vbl Ligo oty
0 T

where we used the measure-preserving properties of the stochastic flow, Holder’s inequality and Lemma
[4.11 In the end we have:

6y = byl 10,51 Ty
5

t
/d |Ew[Q6(t, X, a))]dx S 625 + + ||Vb2||L1(O,I;LF(Td)) = K(t, 5) =K.
T
By Chebyshev's inequality, there is a set A, ¢ T¢ x Q such that if (x,w) € A;:

0%t x,w) < K/n = |Xt1(x,a)) - Xf(x,a;)| < oexp <§>

and (Z7 ® P)(A¢) < n. Then we have:
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/ E, [l X} (x, 0) — X}(x,0)[ldx = / | X! (x, ) — X}(x,»)|dxd P(w)
T A,

+ |Xt1(X,CU)—th(x,a))ldXdP(a))S5exp <£) +7,
A n
where we used that P is a probability measure and that the distance on T¢ is bounded. Choosing n =
2K |log(8)|~! we end up with

/"Ewnxxx¢w-Xﬁx¢wudxs &+ 2K|log(8)| ™",
Td

and finally choosing

6 = thVl — V2| + ”bl — b2”L1(O,I;LP(Td))’

we have that K = K(z) is uniformly bounded and thus

/ E,[1X/(x,0) — X}(x,w)|1dx
T4

Vbl 10,1012y
S Vv = vl + \/||b1 = bollisrecray + ‘
log <\/t|v1 =Vl + by - b2||L1(0,t;LP(Td)))'

d

Proposition 6.2.2. Quantitative stability for solutions of (ADE)
Consider u,,u, solutions of (ADE) with respect to the same bounded initial datum u, but with different
diffusivities v,, v, and velocity fields b, b, which satisfy (6.1.1). Then :

sup W (u (1, ), uy(1,-)) S Cilluglle | V/1vy — val + \/”bl = byl L1 s.i.Lo Ty

t€[0,T]

1
log (\/ lvi = vo| + |6y — bzllLl(O,t;LP(T‘l)>‘

Proof. Identical to the proof of Theorem We just need to use the representation (F-K), Kantorovich-
Rubinstein duality (see Theorem[5.3.1) and Proposition|[6.2.1 O

+

We now give a series of results on stochastic flows which are practically identical to their deterministic
counterparts we saw in Chapter 4 and in Chapter 5. The reason why we can essentially copy the proofs
of the deterministic case is that under our assumptions such results are “fundamentally deterministic”.
Indeed, since we consider an additive noise, each time we subtract two stochastic flows at fixed w € Q
(i.e. for a fixed realisation of the Brownian motion W) the noise cancels out. We also rely crucially on
the fact that, under our assumptions, the stochastic flows are almost surely (with respect to @) measure
preserving [78, Lemma 9].

Theorem 6.2.1.
Let b satisfy (6.1.1) and let X be the stochastic flow associated to b with diffusivity v > 0. We define the
following integral quantity:

1

X} (x,0) — X} (3, )| I

AR, XY, w) = / sup supf log| 1+ dy ) dx .
Bg(0) \ 0<t<T 0<r<2R J B,(x) 72

(6.2.6)
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We have:

A (R, X", ) < C(p,d, R, L, | D,bll 110 7:1r(T2)) for almost every w € Q,

where the value of C does not depend on w. Since we assumed to work in a torus, if R is big enough we have
that T? = By(x) for every x € T¢, so we can also define

AX" ) = inf AR X", @),
{R|TYCBg(x) Vx€T4}

for which the same estimate holds.

Proof. For0 <t <T,0 < r < 2R and x € Bg(0) we define the quantity

| XY(x,0) — X¥(y,0)|?
o, x,y,r,w) := log<1+ ! > ! )
,

We argue as in Proposition Since the noise cancels by considering the difference of the stochastic

flows, we have that by (6.2.3) and the bounds in (6.2.4):

" 1b(s, X{(x, w)) — b(s, X{(y, @))]

o, x,y,r,0) <00, x,y,r,w) + ds.
0 r+ |X;/(xaw)_X;/(y9a))|

Considering the average with respect to the y variable over a ball B,(x) we have:

! |b(s, X} (x, m)) — b(s, X} (y, m))|
Q(t,x,y,r,w)dy56+/ f = a dyds,
B,(x) 0 JBw rtlXj(x o) —-X(y o)l

and by Lemma|4.1.2

t 1
o, x,y,r,ow)dy Sc+ / M Db(s, X! (x,w))ds + / M Db(s, X} (y, w))dyds.
0 0

B,(x) B,(x)

Taking the supremum in r and #:

sup  sup o, x,y,r,w)dy
0<t<T 0<r<2R J B,(x)

T T
Sec+ / M Db(s, X! (x,w))ds + / sup M Db(s, X} (y,w))dyds.
0 0 0<r<2RJ B.(x)

We conclude taking the L?(T¢) norm with respect to the x variable on both sides and arguing as in Theorem
using the fact that for a.e. w € Q the stochastic flow is measure preserving to change variables when
needed, and using Holder’s inequality and Lemmal4.1.1 O

Proposition 6.2.3. Almost everywhere Lipschitz continuity of the stochastic flow outside a small set
Let XV : [0,T)xT¢ — T beastochastic flow, as in Definition[6.1.1) Then, for almost every » € Q, for every
€ > 0and every R > 0 we can find a set (depending on w € Q) K, C Bg(0) such that |Bx(0)\ K| < ¢
and forany 0 <t < T it holds

A, (XY, w))

— .
Lip(X} ()l ) < exp ( 7

Proof. I|dentical to Proposition up to considering a square root in the final step. O
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6.3 Euler-Maruyama scheme and applications to the advection-diffusion equa-
tion

We now define our approximation scheme for (SDE), which is known in the literature as the Euler-Maruyama
method. We will often omit explicitly writing the dependence of the stochastic flow on w, writing XV(z, x)
in place of X(x, w).

Definition 6.3.1. Euler-Maruyama method
Letb e [LY(O, T; WhP(T9) n L®((0,T) x T4)]? with 1 < p < d, and let

bs(t,-) := nz * b(t,") (6.3.1)

for some 6 > 0, where  is a standard mollifier in R¢, n5(x) := 6~%n(x/&) and the convolution is in the
spatial variables only. We denote by X .,, (where “"EM” stands for “Euler-Maruyama”) the Euler-Maruyama
approximation of the stochastic flow X of b with diffusivity v > 0, with time step At and regularisation
parameter §. Fort € [t,,1,,,] we define:

Tt
Xemtx,0) = Xy, x,0)+(—1t,) f bs(s, Xpp(t,, x,0))ds+(t =1, )V2v(W, (0)=W, (@),
tn

(6.3.2)
where0 =ty < t, < --- <t,, = Tisapartitionof [0, T]witht,,,—t;, = Atand X ;,(0, x,®) = x Vx € T¢
and Vo € Q. If p > d, we define X, directly with the vector field b, without any prior regularisation, as

XEM(t’ X, Cl)) = XEM(tn’ X, Cl))+ (t - tn)f . b(S9 XEM(tn’ X, a)))ds+ (t - tn)\/;(uftnﬂ(w) - I/I/tn(a)))
tl‘l

(6.3.3)
We remark that, in order to keep the notation as light as possible, we omit explicitly writing the dependence
of ®; on At,w and (eventually) 6.

Proposition 6.3.1. Compressibility estimate and injectivity of X ,,,

Consider X ), defined as in Definition with 1 < p < d and with 6 = \/At. Then for a.e. w € Q there
exists a constant ¢ > 0 not dependent on At and on w such that

det(V X g5, (t,x)) > ¢ forevery (t,x) € [0,T] x T.
Moreover, X ,,(t, -) is Lipschitz continuous for every t, and in particular it is injective.

Proof. Since the noise is additive, the proofs of the compressibility bound and of the Lipschitz continuity
(and hence of injectivity) follow exactly as in Proposition and Proposition|(5.2.2 O

Proposition 6.3.2. L stability estimate for X ; and X .,
Let X i, be defined as in (6.3.1) with b satisfying assumptions (6.1.1) with 1 < p < d, and let X", X} be

the stochastic flows of b and b, respectively, with 6 = \/ At. Then:

E, X}t ) = X par(t, Ml poray] S Cryail log(An)| ™" for every t € [0, T),

where X is the flow of b;. If b € LY(0,T; W-P(T9)) with p > d, then we consider X .,, defined as in

(6.3.3) and it holds

Eo[I1X" (1, ) = X par ()l pocray] S Cpyarl log(An)| ™ for every 1 € [0,7).

In both cases, C, ,, is a positive constant such that C, ,,, — 0ast — 0 for vAt fixed, and C, », =
(1 + \/vAr) att fixed.
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Proof. In the first part of the proof we will work without loss of generality with X} with the assumption
1 < p < d, since the argument is identical if p > d. The difference will appear only at the end of the proof,
where we differentiate the two cases. We want to prove that

[Ew [ ] S Ct’
Lr(T9)

with a constant C, not dependent on At such that C, — 0 ast — 0. Once we prove that, the conclusion
follows as in the last part of the proof of Proposition[6.2.1} i.e. using Chebyshev's inequality. Notice that,
by the concavity of the logarithm and by the fact that log(1 + x) is an increasing monotone function, for
every a,b > 0 it holds

|X;(I, ') - XEM(I’ ')l
)

log (1 +

|b—al
l+a’

In particular, let ¢ = ¢, for simplicity. We have (since the estimate is pointwise we omit writing the depen-
dence on x to keep the notation as light as possible):

log(1 + ) — log(1 + a) < -&- [log(l + x)] b—al =
dx x=a

log <1 N |X5@,) - XEM(tn)|> ~log <1 N | X5t — XEM(tn—1)|>

At At
- At [ 1X5@,) = Xppn @Dl — 1 X5, = Xpp (D] |
S IX) = X pa (o) + A1 At

| X5() = X5(t1) = Xpa(t,) = Xpp (1)
| X5(t—1) = Xpp @, )] + A1
|7 535, X35 = by(s. X pay (1, 1))
) | X5(t1) = Xpp o )] + A1

Iterating the estimate above we get, by telescopic summing:

(6.3.4)

1XX(t,) = X par ()] ) n=L | [ by, X3() = bis(s, X pag (1 )ds|

A <2 XU — X o () + A
t | X)) em@)| + At

log <1 +
Jj=0

n

t; t.
1 /f,“' bs(s, X}(5)) — bs(s, X}(1,))ds| + | /t,”' bs(s, X3(1,)) = bs(s, X gpr(2)))ds|

tiy tiy
_! /,j’ Vbs(s, XY(5)) = bs(s, X} (t))|ds =] /,j’ "bs(s, X (1)) — bs(s, X gpr(2))Nds
| X5@) — Xpp (1)) + At = | X5(1) — Xpp (1)) + At

J . J/

IA
.M'

~
Il
o

3

I\

=0

<.

5 %

Now, notice that by Lemmal4.1.2

Tj+l
/ |bs(s, X5(5)) — bs(s, X3(@;)|ds

J

Tj+1
S / | X5(s) = X5 )| [M(|Db;[)(s, X5(s)) + M(|Db;|)(s, X(1;))lds

J

/tj+1
t.

J

/ ba(s, X3(5)) + VW, = W, )ds
t

J

[M (| Dbs|)(s, X5(5)) + M(|Db;|)(s, X5(t;))]ds

lj+1 ljt1
< <||b5||oom +V2v / W, - W,,ldr> / [M(IDb;1)(s, X5(5)) + M(IDbs|)(s, X} (2,)]ds.
7 1
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We now consider the L? norm and we change variables to get:

tiy
- Vv [ W= W ldT

O (L1 X [ M08 D Mrads. 639)
=0 ! ‘

J

Considering the expected value (with respect to w), the only term which still depends on w is |W, — W,j |.
It is a well-known fact that, up to a dimensional constant, E_[| W, — W, 11~ /T —1;.S0:

L it
// [Ew“WT—VV,deT%/ ‘/T—tde%(At)yz,
t tj

J

So, we have

£ ||

We just need to apply Lemma to conclude. As for @ we need to differentiate the cases 1 < p < d
and p > d.

S (bl + VVADIM (| Dbs DIl L1(0.4:Lro(TeY)-

Ll’('ﬂ'd)]

* If 1 < p < d, we repeat the argument above. We have

Lj+1
/ |bs(s, X5(t)) — bs(s, Xpp(t;)ds

J

SIXLE) = Xt / "M (Db, )5, X2(2)) + M(IDby1)(s, X 1 )1ds,
1

and we can estimate IX3(t) = Xppn@DI/(UX, () = Xpp )] + A < 1 Then, after summing
over j:

ey
O / [M(IDby1)(s. X2(t,)) + M(IDbg (s, X gt 1.
j=071;
After considering the L? norm and changing variables the estimate for the first addendum follows
immediately. For the second addendum, we conclude in the same way using Proposition|6.3.1

» If p > d, we recall that we work directly with X, and not with X" In this case we use Lemmam
with p € (d, p) to get:

S 1B, X (20) = b(s, X pag (i) lds X)) = Xey ) S (s XV s

6.3.6
|XV(@t;) = Xpm (@) + At - | XV (@t;) = Xpm (@) + At (636)

Tj+1
S / f(S,XV(tj))dS,
]

where £ (s, x) := [M(|Du|?)(s,x)]"/? € L'(0,T; LP(T%)). To conclude we just need to sum over
J, consider the L? norm and use the compressibility bound on X" to change variables. Notice that
p/p > 1, so we can apply Lemma}4.1.1

At this point, we can conclude the proof using Chebyshev's inequality, as at the end of the proof of Propo-
sition[6.2.1 O
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We are now ready to give the main result of this section, i.e. a probabilistic approximation of the solution
of (ADE) via the Euler-Maruyama method. The proof follows almost verbatim the one of Theorem|5.3.2

Theorem 6.3.1. Singular probabilistic approximation of the solution of (ADE) in 1-Wasserstein distance

Assume that b satisfies (6.1.1) and u, > 0 and bounded, and let u be the solutlon of (ADE). Assume that
the domain T4 is partitioned into sets {Q, }i= such that diam(Q,) < Ax Vi = 1, ..., N for some space
discretization scale Ax > 0. We choose, for every set Q,, a random starting point xg € Q; according to a
uniform probability distribution on Q; and we define the weights M, := /Q[_ uydx. Fort € [0,T], consider

the measure given by:

N N
upm(t,) 1= ) ME[8y, (i )] = D Eul X ppr(ts - )y(M;8,0)], (6.3.7)
i=1 i=1
where X, = (x(l), x(z), ....x)N)and X, is defined as in (6.3.2) with a time step At > 0 and with 6 = +/ At
if 1 < p < doras in (6.3.3) otherwise. Denoting with W, the 1-Wasserstein distance defined in (5.3.2) it
holds that, in expected value with respect to the choice of the points %, for every a € (0, 1):

| log(Ax)|™?
1174

W (ut, ) gy (1 X)) S (Ax) % + + C, arl log(An)| !, (6.3.8)
with C, 5, > 0 as in Proposition [6.3.2 “ We can also estimate the variance of W, (u(t, -), ug (¢, %)) if
N < (Ax)~9. In this case:

| log(Ax)|™P

Var, [W,(u(t, ), ugp(t, X)) S (Ax)22 4 -

+C, ] log(An)| ™", (6.3.9)

Proof. First of all, we notice that in order to prove 6 3.8) we can work without loss of generality with X}
instead of X" if p > d. By Proposition[6.2.1and (F-K), using Kantorovich-Rubinstein duality, we have:

W (E, [ X", )supl, [Ew[X;(t, Jatip]) < / uy(x)E, [ XV(t,x) — X;(t, x)|ldx (6.3.10)
T4

< Nlugll =B LIX (2, ) = X5, )11 S Cpynel 10g(B) ™! & €,z Tog(AD)] 7

At time ¢ fixed, consider x, = (x(l), ,x(])V) as a random variable in (T9)N, B(T4)N, PXO), with B(T?) the
Borel sigma algebra on T¢ and

P, =P, ®P,-- ®Py, with P; auniform distribution over Q;. (6.3.11)

We also define uj) := uyL Q; and iy := (uyL Q;)/ M, if M; > 0, otherwise M; = @ = 0, where uL A
denotes the restriction of a measure y to the set A. In the following, each time we consider an expected
value E, Jlora variance Var, an it will be with respect to the probability P, . We will denote with E_[-]
the expected value with respect to the probability space (Q, F, P) the Brownian motion W, is defined W|th
respect to. We consider the measures

Hi = [Ea,[X;(t, Ja(ugL Qplandyv; = Mi[Ew[éXEM(t,xg)] =E, [ XEep(, -)#(Ml-éxg)],

which have the same mass, so we can apply Lemma For the moment we will work in a fixed set
O = Q, of the partition such that M; # 0, so in order to keep the notation lighter we will drop the subscript
and in the following we will implicitly assume that the measures are restricted to O and normalized, also
we will write x instead of xg. Since the solution u of (ADE) can be represented as u(z, -) = Eo, [ X5, yig],
we need to estimate E, [W,(E,[X} (7, )4itg), E,[0x ., ¢.x,)])]- BY triangle inequality

E o (W (B Xt gligh BB, 1 D] SE [W (B LX (8, glig E [0 D) (6.3.12)
+ B [Wi(Eo0x:(1,x0))s Ealdx yt.xp) DI
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For the first addendum in (6.3.12), recalling that /Q dy(x)dx = 1:

Wi [X 5, )yitg], B[S x50 ]) (6.3.13)
= sup </ ﬁo(x)ﬂfw[h(Xg(t,x))]dx—/L'to(x)[Ew[h(X(‘;(t,xO))]dx>
o (o]

Lip(h)<1

S ||ﬁ0”oo/Em[lxg(t’x)_Xg(t’xO)l]
0

Using Proposition for almost every @ € Q we can consider a set K, c T such that |K¢| =
a P A, (R, X{)P|log(Ax)|7? for @ € (0,1) such that Lip(X}(#,-)L K,,) < (Ax)™* forevery0 <t < T.
Notice that A,(R, X;) does not depend on the mollification scale 6, since || D, bsll 11 < I Dy b||L1 L,,)
for every 6 > 0 by Young's convolution inequality. Then using that |x — x| < diam(Q) < Ax and (6.3.13):

E,, [wl([Ew[Xg(t, Vo], [Ew[5xg(t’x())])] (6.3.14)
1 ] y y
< —gd(Q)[E“’ [/Qan (/QQ& uo(x)lXé(t, x) — Xé(t, xo)ldx> dx,

+/ </ (0| X ) (1, x) — X}, xo)ldx> dx,

OnkK, OnK¢

+ / </ o ()| X5 (1, x) — X (1, xo)ldx> dx()]
onks \Jo

ZYQnKp)
SE, [(AX)I_(I”%“LI(Qan) + <“(Zd(Q NK,)+ T@)]

Z90nKE)
SE, [(Ax)' ||z +——",
" [( ) " Naoll Lronk,) Z4(0)
where we used that for some C > 0 (since we are in a torus and i, € L*):
i E L[| X5t x) — Xgpr(t, x0)|1 < C and that ||| 11, = 1 by construction.
As for the other addendum in (6.3.12), we have:

WiEo0xvxp)) Eoldx,y1xp))) S Eoll X5 x0) = Xpar (1, xo) |1 (6.3.15)

So, considering the expected value with respect to x:

1 v
Wl([Ew[éX;(t,xO)]’ [Ea)[éXEM(t,xo)])] < gd—(Q) /Q [Ea)[lxg(t’ xO) - XEM(t’ xO)l]dXO‘ (6316)

Then using Lemma(5.3.1

E o [W1(E,[X5 (1 Dyl upp (1, %)) < By [ZMWI( (X}, )#uO] [5XEM(,’XB)]>] (6.3.17)

N

> ME, [ ([Ew[x;(z, el ], [Ew[éXEM([’xg)])]

—_

N d K¢
ZMz xEw (Ax)l a||14 71 KTt Zen o) + ! | X gar(t, x0) — X5 (2, x)|dx
0 e AEI0)) 240, Jo 2

i=1
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N
=) E.E, [(Ax)l‘“llugllu@,.mﬁ||u0||m3d(Q,-nK;,)+||uo||oo / | X e (1, %) — X3 (2, X0)|dxg
o;

i=1

S (A " Nugll 1 ey + Mgl Eu L (KT + llugll o E LIX 5 (7, x0) = X g (8, X0) I 170y
_ | log(Ax)| ™7 _
S (A0 + lugll o, (gT +Cpyarl log(an| ™ ),

where we have used that [|ugll 1k, < lluglloZ9(KE) With Z9(K¢) ~ a~?|log(Ax)| ™7, independent of
w, and that by Proposition|6.3.2

X3 = Xppr () iy S Cruarl log(AD] ™ (6.3.18)
We now estimate the variance. By definition
Var, [X]=E, [X’]-E, [X].

We will simply estimate Var, (X)) from above with the second moment E, [X?]. First of all we verify that
we can work without loss of generality with X instead of X". Indeed by (6.3.10) we have:

W (E,, [X (¢, )giig), E, [X} (1, )yiig)* S CF o, | log(AD)| 72 (6.3.19)

t,vAt

We now restrict to working in a fixed set Q. As we did before, we omit writing the index i and we will denote
(uyL Q;)/M; and x{, as &, and x,. It holds:

WAL LX U Mgl Ey By, ) < 2 W (ELXLE, Nyl Eq B0 (6.3.20)
+2 Wl ([Ew[éXg(t,xo)]’ [Ew[éXEM (I,Xo)])z'

For the first addendum in the right-hand side of (6.3.20), using (6.3.13), the same choice of K ,, the decom-
position in (6.3.14) and the elementary inequality (a + b)* < 2a* + 2b*:

290N K.Y

Zior (6.3.21)

IEXO [Wl(lEa)[Xg(t’ ')#I’_l()]’ IEa)[(SX(‘;(t,xO)])Z] S [Ea) [(Ax)z_za”a()”il(QnKm) +

For the second addendum in (6.3.20), considering the expected value of (6.3.15) with respect to x:

2 1 v 2
o [Wi(Eoldx: 100 ) Ealdx DT < Z90) /Q E,[1X5(t x0) = Xpar(t, x0)|1dxy  (6.3.22)

X5 ~ X )l
= 240

1 \%
S Z4(0) /Q Eo[1X 5@ x0) — X gpr (1, x0)1d X

/ E,l1 X5, x0) — X (7, x)|1d x
o

The conclusion follows as in (6.3.17), using (6.3.21), (6.3.22) and that by Cauchy-Schwartz:

N N
Wi v) < ) MW (5, 7) = Wi v)P <N DY MPW, (G, 7).

i=1 i=1

Indeed

N . 2
E [W1(E LX)t Ygttglupps (1. %) 1 < N Y MPE,, [Wl (Ew[xg(z, el ], [Ew[éxEM(,’xg)]) ]
i=1

(6.3.23)
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N d )2
: ZU0;nKE) 1
< 2 2—2a 15 112 ! (2] _yvV
SN 2 M’E, [(Ax) 12051 0,0k ) * 20r T 7o) /Q[ | X g (1, x0) = X5 (2, x0)dxg

i=1

N
SN ) ME, [(Ax)Z'Z“nugnLl(Q,.) +Z(K5 0 0) + llugll s / REVGENED. ¢(3 xo>|dxo] :
i=1 o,

By the assumption on diam(Q;) we have M; < |luyll,(Ax)? for every i, and also by assumption N <
(Ax)™,s0 NM; 5 1 forevery i and

E., [W(E,[X} (2, Dgugl, uppr (1, %)) ] (6.3.24)
S (AX)? 2wl ey + ELLL (K] + llugl o /Td Eol1X £ (2, x0) — X5 (1, x)[1d x
S (A2 + llog(a% +C, a| log(An)| 7.

Estimates (6.3.24) and (6.3.19) let us conclude and get (6.3.9). O

Before giving a probabilistic approximation result based on a Monte Carlo method, like the one given in
Proposition we also need the following result, which we state in a non-sharp version which is sufficient
for our needs.

Lemma 6.3.1. [79]
Let uy be the empirical distribution associated to the N-sample of a probability distribution y in T¢. Then :

E [W, (4, )] < C—=

VN

and forevery0 < x <1

P(W (4, puy) > x) < K exp(—cNx?)

for some constants K, c,C > 0.

Proposition 6.3.3. Monte Carlo estimate of the solution of (ADE)
Let b, uy and {Q; }i"; | satisfy the assumptions of Theorem Moreover, assume for simplicity « = 1/2,

At = Ax = h for some h > 0 and that C, | log(h)|™" > \/h, where C, a; is the constant defined
in Proposition With a slight abuse of notation we denote with i, (t, X, @) the measure obtained
considering a single realisation of the Brownian motion and using it in the definition of X ,, to advect the
Dirac deltas whose starting positions are x, = (x(l), e xév ). Then, we can define:

n m n
1 1 _ i 1 i -
Sn,m(t) = ; Z (; ZuEM(t’ xoawj)> = ; Zl Sm(t7 XO’ (D)a
i=

i=1 j=1
. v
'

=8, (1,%,0)
where @ = (w, ... ,w,,). We are thus considering the average of n realisations of .S,,(t, Xy, w) where each
S, is obtained, for each choice of x,, fixed, by considering the average of m realisations of iz, (t, X, w).
We recall that the probability PXO with which we choose the Dirac deltas is uniform over each cell of the mesh
{0, }l?i . WhileP = P ® --- ® P is the probability of the space (Q", P). Then we can estimate “how close”
——

m times

we can expect S, ,, to be to the solution u of (ADE) in 1-Wasserstein distance:

_ Coarllogm)=t
(Px0®P) | W] (Sn,m(t)’u(t’ )) - lExO,w[Wl(Sn,m(t)’ l/l(t, ))]l >k C|—— + —

IA

1
n nm K2’
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where

Ct,vAt 1

[Tog™] * \/m

E ol W1(Sym(®), ut, )] S

and C > 0 s a positive constant.

Proof. By Lemma|5.3.1

W (S, (), 1, ) < % ; W, (S,,(t, X, @), u(t, ).

Since each each S, (t, )?6,6)) is by construction independent and identically distributed and by triangular
inequality for the Wasserstein distance, it holds that

Exo,w[WI(Sn,m(t)’ u(t7 ))] S uzxo,a)[wl(Sm(t’ -)_C07 d))? u(t7 ))]

and

Var, o [W(S,,(0). u(t, )] < % Var, o, [W,(S,,(t, %o, @), u(t, ).

Using the same notation of Theorem we define for any x, = (x(l) ,xé"):

N N

uppy(t,Xo) 1= Z Mi[Ew[‘sXEM(z,xf),w)] = Z E [ XEm(, '70))#(Mi5x6)]-
i=1 i=1

By triangular inequality, for every choice of x, and of @ = (@, ..., ®,,), it holds:

W, (u(t, ), S, (1, X0, @) < W (ut, ), upp (%)) + W (g p (8, %0)s Siy(t, X, @)) -

v v

@ @

Since we want to bound the expected value and the variance of W, (u(z, -), S, (t, Xy, @)), it will be sufficient
to bound the expected value and the variance of (1) and @ In particular, we will use that

Var, [Wu(,-), S, %, @) < E, ,[W,u(t, ), S,,(1, %o, ))*]
S lExo’a)[l W](u(ta ')’ MEM(I’ -)_CO)) + WI(MEM(I’ -)_CO)v Sm(t’ )_C()a C_o))lz]
< 2E, o[W it ), uppg (1, %)) T+ 2E, ,[W (g (8, %)), Syt X, @)1

As for @ we notice that the measures u(z, -) and ug,, (¢, X,) do not depend on w, so we can use the
bounds we derived in Theorem[6.3.1} Notice that the estimate on the variance we proved in Theorem[6.3.1
was actually an estimate on the second moment, as we can clearly see from the proof. Both the expected
value and the second moment of the term @ will be estimated uniformly for each choice of x,,. Indeed,
by Lemma[6.3.1we have that

- - 1
le[W](uEM(ta Xo), Sm(t’ Xo,CO))] S =

m
independent on the choice of x,. As for the variance, we use the estimate on the superlevel sets given by
Lemma|6.3.1/and the layer cake formula to get

+o0
[Eco[wl (uEM(t7 xO)? Sm(t’ )_CO’ (D))z] = / 2XP(W1 (MEM(I’ )_CO)’ Sm(t7 )_CO’ d))) > x)dx
0

+o0 K 1
< ZK/ xexp(—chz)a’x = — x —.
0 cm m
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So, since we have chosen a = 1/2 and At = Ax = h, by Theorem[6.3.7

- - 1
Ey ol W1(S,n®), u(t, D] < By ,[W,u(t, ), S, (1, %, @] S C,yp log()| ™! + —

\/E

and

Varxo,w[wl(Sn,m(t)v Ll(l, ))] <

n n nm

Vs, oW1t ), Syt S0, @1 [c,,vmuog(h)rl L ]

for some C > 0. The thesis follows by Chebyshev’s inequality, since:

Cronillog™t
n nm

(Py, ® P IW (S, ult, ) = Ey o[W (S, (1), ult, D] > k\J C [— +—

< By, ® P) ({1 WS, 0,10, ) = By o [W (S0 1, DI > ey [Var ([ W1(S, (0,0, )] })
1

< .
=@

O]

Remark 6.3.1. Numerical methods for with a Sobolev vector field

Up to our knowledge, the only other numerical method for approximating solutions of when b has
merely Sobolev spatial regularity has been given in [128], where the authors prove stability estimates in loga-
rithmic Wasserstein distance for a finite volume method applied to (ADE), building upon the works [142,143]
for the continuity equation. However, there are many results (see Remark [6.3.2) which focus on approximat-
ing stochastic flows with rough velocity fields b.

Remark 6.3.2. Sharper results on stochastic flows & possible improvements

In recent years, the topic of approximating the solution of when b is not regular has gained more and
more interest. Such estimates hold under very mild regularity assumptions on b (e.g. a Ladyzhenskaya-Prodi-
Serrin integrability condition) and assuming neither a regularity assumption on b nor a condition on div (b).
In this sense, we remark once again that the aim of this chapter was not to obtain the sharpest results, but to
illustrate how deterministic techniques can work in essentially the same way when dealing with stochastic
flows. This is, however, not really surprising: the biggest simplification we introduced was the assumption
of an additive Brownian motion, which has the very nice property of cancelling out when subtracting the
solution of the Euler-Maruyama scheme and of the stochastic flow at the same time ¢ € [0, T). Had it been
a multiplicative noise, purely deterministic techniques probably would have failed. There are results that
use different techniques, native to the stochastic world, that can tackle such a problem and prove better
convergence rates. We refer the reader to [97] and the references therein for more details.



14 CHAPTER 6. ADVECTION-DIFFUSION EQUATION



Chapter 7

Diffusion by randomly forced transport: two
models in microhydrodynamics

7.1 Introduction: motivation and background

In this chapter, we focus on a modeling problem in biology that can be summarised as follows:
How does random forcing from immersed microorganisms increase diffusivity in a fluid?

Our approach will change as we move from the realm of pure mathematics to that of physics. This means
that, on the one hand, we will refrain from providing fully rigorous statements and proofs; on the other hand,
we will consider realistic physical situations which, with the necessary simplifications, we aim to model as
accurately as possible. Although the content of this chapter can be seen as a continuation of the work
presented in the rest of the thesis, the shift in focus from mathematics to physics motivates presenting it
as a self-contained study, allowing interested readers to consult it independently from the rest of the thesis.
In the first two sections, we outline the motivations and real-world background that led to the formulation
of the problem, providing also a preliminary mathematical analysis showing how a velocity field (which we
shall ultimately assume to be produced by microorganisms immersed in a fluid) which changes direction
randomly gives rise to a diffusive behaviour in the long-time regime. In Sections 7.3 and 7.4, we model two
different stirring mechanisms: in one case, the microorganisms stir the fluid by swimming through it; in the
other, they do so by anchoring to the floor and feeding.

Aquatic microorganisms inhabit environments where nutrients are scattered and, at the scales relevant to
many such organisms, molecular diffusion is typically too slow to provide them resources at a biologically
useful rate. For example, the diffusivity of dissolved organic matter in water is on the order of 10~°m?/s
[65], implying that pure molecular transport can require hours to homogenise across millimeter scales.
This discrepancy underscores the central challenge of microbial life: how to overcome the limitations of
diffusion in a world at low Reynolds numberﬂ Since a passive approach where a microorganism “waits”
for nutrients to reach it is doomed to fail, active manipulation of the fluid environment is necessary to make
such encounters more likely. Through swimming, ciliary beating or flagellar motion, microorganisms gen-
erate flows that both transport food particles to their feeding apparatus and stir the surrounding medium.
This process, often called biogenic mixing or biomixing, effectively enhances the diffusivity of the fluid
beyond its molecular baseline, increasing the encounter rate between cells and nutrients [117].

We will focus in particular on two different stirring mechanisms, which are employed for instance by Volvox
and Stylonychia respectively. The Volvox is a genus of freshwater green algae that form hollow spherical
colonies (containing up to several thousands individual cells) embedded in a gelatinous wall (see Figure

7).

"We recall that the Reynolds number is a dimensionless quantity which quantifies the relative importance of inertial forces
with respect to viscous ones. A high Reynolds number means that inertial forces dominate and the flow is more turbulent, while
at low Reynolds number viscous forces dominate and the flow is typically more laminar. We refer the reader to [138]. In this work
the author explains (in an informal but very informative way) how motion in a fluid is fundamentally different between organisms
moving at high Reynolds number (like a human swimming in water) and organisms at low Reynolds number (like microorganisms).
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Figure 7.1: Colonies of Volvox. Each green dot on the spherical surface is a single cell. Inside each parent
colony we can see smaller daughter colonies that develop inside the parent. Image by Frank Fox via Wiki-
media Commons, licensed under CC BY-SA 3.0 Germany, now shared under CC BY-SA 4.0.

Each individual cell on the spherical surface has two outward flagella and the combined motion of such
flagella allows the whole colony to swim through water: this swimming motion stirs the neighbouring fluid.
A Stylonychia, instead, is a genus of unicellular ciliates whose feeding mechanism is fundamentally differ-
ent: they feed by anchoring to the floor and using their adoral zone of membranelles to create a fluid flow
which transports nutrients into their feeding apparatus (see Figure[7.2).

(a) Cropped photograph from above of a Stylonychia Mytilus. Photograph by Picturepest via
Wikimedia Commons, licensed under CC BY 2.0} now shared under/CC BY 4.0|.
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(b) Part of the drawing of a Stylonychia Mytilus walking on its cirri, viewed from one side.
Image by Deuterostome via Wikimedia Commons, licensed under CC BY-SA 4.0, now shared
under the same license.

Figure 7.2


https://creativecommons.org/licenses/by-sa/3.0/de/
https://creativecommons.org/licenses/by-sa/4.0/
https://creativecommons.org/licenses/by/2.0/
https://creativecommons.org/licenses/by/4.0/
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We will study two stirring mechanisms produced by microorganisms which either swim through water (like
Volvox) or anchor to the ground and “pump” fluid into their feeding apparatus (like Stylonychia). We will use
different models for the action of the microorganisms: the squirmer model and the regularised Stokeslet
model. The squirmer model, originally introduced by Lighthill [116] and Blake [22], idealises a swimming
microorganism as a sphere with a prescribed tangential velocity on its surface, see also [107] for a more
modern presentation. Building on this model, it is shown in [152}[117] that the enhanced diffusion produced
by randomly distributed microorganisms depends primarily on far-field stresslet contributions and on ran-
dom changes of the swimming direction. We will give a more detailed analysis of the works [152}117] in
Section 3. In Section 4, we analyse the other stirring mechanism employed for instance by Stylonychia,
modeling the microorganisms as regularised Stokeslets [53] placed at some fixed height above a no-slip
floor. The presence of the floor greatly impacts the generated flow [23] and it breaks the three-dimensional
isotropy that was assumed in [152] [117]. For a detailed experimental analysis of the enhanced diffusion
produced by Stylonychia El we refer the reader to [155].

We conclude this section by noting that the importance of biomixing is not limited to the microscopic
world: at ecological scales, biomixing has been conjectured to influence processes such as the vertical
transport of nutrients in the ocean. Itis argued [68,/99] that the cumulative stirring produced by zooplankton
and other aquatic swimmers could contribute significantly to ocean mixing. Although the magnitude of
this contribution remains debated [158] [83], there is broad agreement that microorganism-induced flows
reshape nutrient landscapes in ways that profoundly affect microbial community dynamics and trophic
interactions [150] 151].

7.2 The connection between random transport and diffusion

In this section, we explore how random reorientations of the velocity field driving particles motion ultimately
lead to an enhanced diffusion, focusing in particular on the three-dimensional case. We recall that if a
particle trajectory follows a stochastic differential equationE]of the form

dX,=b(t,X,)dt + \V2vdW,, (7.2.1)

with » a deterministic divergence-free velocity field and W, a d-dimensional Brownian motion, then the
probability density function p(z, x) of its position x satisfies the Fokker-Planck equation

, (7.2.2)

op+b-V.p=vA p in(0,T)xR}
p(0,x) = py(x)

with p, an initial probability distribution. We will see how, when b “changes randomly", the transport term

in (7.2.2) is substituted (in a long-time limit we will discuss more in detail) by an additional diffusion term

—x A p, and the probability density p can be obtained as the solution of a diffusion equation with a higher
diffusion coefficient D = k + v:

d,p = DA in (0,T) x R3

{ tp xp I ( ) X ) (723)

p(0,x) = py(x)

We recall that the symbol E , [-] stands for the expected value of a quantity with respect to the probability
distribution of a random variable X, which will depend on the context. Namely, if X is a real-valued random
variable with probability density function £, then for any measurable function g : R — R we have

Eylg(X)] = / (0 S ()dx.
R

ZAs the reader may have noticed, in [155] the study is performed on a population of Stylonychia Lemnae, while we provided
images of Stylonychia Mytilus. For our purposes, the difference is completely negligible. The two species are almost indistinguish-
able and they behave in the same way. We will thus refer to such microorganisms simply with their genus Stylonychia, without
specifying the species.

3We refer the reader which is not familiar with stochastic differential equations to [131) [15} 98] for more details, see also the
first section of Chapter 6 for a discussion on the connection between and (7.2.2).
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Obvious generalisations to the d-dimensional case can be made, and we will sometimes write only E[-]
when there is no ambiguity about which probability measure the expectation is considered with respect to.
We notice that the solution of can also be interpreted as the evolution of an initial density p,, and
(7.2.2) is also called advection-diffusion equation. However, for the moment we prefer to interpret p and p,
as probability distributions of the position of a particle.

We shall now show how the diffusion coefficient D of (7.2.3) can be deduced by the Lagrangian behaviour
of a particle. We define the mean squared displacement of a particle at time T as:

MSD(T) := E[|| X; — X, 1%,

and we will show that

MSD(T) = 2d DT (7.2.4)

holds in R?. We start by considering (7.2.) assuming b = 0, so that (7.2.2) and (7.2.3) coincide. To keep
this discussion as self-contained as possible, we give the definition of Brownian motion and also a physical
interpretation of why the trajectories of a particle in a still fluid can be modeled as a Brownian motion.

Definition 7.2.1. Real-valued Brownian motion, [15]
A real-valued process W = (Q, F, (F;),»0, (W,);>0. P) is a standard Brownian motion if:

* W, = 0almost surely;
+ for every 0 < s < t the random variable W, — W, is independent of F [}

- for every 0 < s < t the random variable W, — W, has law N(0,t — s), with N (u, c>) the law of a
Gaussian distribution with mean u and variance o>.

If the stochastic process W is multiplied by some positive constant C, we say that CW, is a (real-valued)
Brownian motion.

Definition 7.2.2. Multidimensional Brownian motion, [15]
ARY-valuedprocess W = (Q, F, (F));s0. (W))1=0, P) is a standard multidimensional (also called d-dimensional)
Brownian motion if:

* W, = 0almost surely;
« forevery 0 < s <t the random variable W, — W is independent of F_;

- for every 0 < s < t the random variable W, — W has law N (0, (t — s)I), with N (u, c*I) the law of
a multidimensional Gaussian distribution with mean . and covariance matrix 1.

Ifthe stochastic process W is multiplied by some positive constant C, we say that CW, is a multidimensional
Brownian motion.

Remark 7.2.1. On the construction of a multidimensional Brownian motion
Itis not hard to verify that a standard d-dimensional Brownian motion can be constructed from the real-valued
case. Consider the stochastic process

W, =W, ..., w9

where Wl" are independent real-valued standard Brownian motions. Then, W, is a standard d-dimensional
Brownian motion.

4(F,),so is a filtration over the o-algebra F. This is a technical detail and the reader not familiar with stochastic processes may
safely ignore it.
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The mathematical description in the above definitions, although formally correct, may be a bit obscure
for those who are not already familiar with it, and it does not give a good physical motivation of why a
particle in a still fluid should move according to the stochastic process W, we just defined. We will try
to provide such a motivation by giving a physical interpretation of the solution p(z, x) of based on
probabilistic arguments first established by none other than Albert Einstein [72]. In [72] it is shown how
the small random fluctuations to which particles are subject in a fluid (described for the first time by the
botanist Robert Brown [35], hence the name Brownian motion) are caused by repeated collisions with fluid
moIecuIesE]and are ultimately the cause of diffusion |ﬂ We refer the reader to [91] for a more detailed
review on the importance and the history of Brownian motion in both physics and mathematics. We now
derive (7.2.3) using basic Brownian motion theory.

First, we give a heuristic explanation of why the trajectories of a particle in a still fluid can be modeled as
a Brownian motion via its connection with random walks (see [20] /48] for a detailed analysis of random
walks in biology). Consider a particle placed at the origin of R and assume it is immersed in a fluid
with no external forces acting on it. By Newton's first law it would remain at rest, however fluid molecules
continuously collide with it, causing it to move. We assume that:

+ Collisions occur every dt seconds.

+ Each collision displaces the particle by a vector 7. We assume that there is no preferential direction
of displacement, i.e. we assume isotropy, so E[F] = 0 and E[||F||*] = 2dv dt for some constant
v > 0 (we will explain later why the assumption on E[||7]|?] is physically justified).

+ The direction of each displacement is independent of the others.

If we denote by .S the position of the particle at time T" after N = T'/dt € N collisions, its position at
time T will be given by:

N
SN = Zri.
i=1

Then we can easily compute that, assuming M = T’ /dt € N is smaller than N, the following properties
hold:

"By [Sy = Sul=0 and S, — S, is independent of S,;

* The covariance matrix of Sy — ), is

Cov(Sy — Sy) = (N — ME[||7||*1T = 2v|T = T'|1.

Notice that if we had not assumed E[||7]|?] to be proportional to dt, the variance of .S, would either diverge
or converge to zero as dt — 0, which is clearly not realistic. The last step would be to show that as dz — 0
the random walk S, converge to a Brownian motion. This can be proved and it is actually a famous result
known as Donsker’s invariance principle [98]. So, we have that passing to the limit 4z — 0 we can assume

the particle to move according to a three-dimensional Brownian motion 1/2vW,. Notice that it is now trivial

to deduce (7.2.4), since:

MSD(T) = E [”\/EWTHZ] = 2dVT.

SAt the time of Einstein's article [72] the atomic model was not universally accepted as it is today. The results in [72], later
confirmed by the experiments of Jean Baptiste Perrin [136], provided strong support for the atomic model.

®It is worth to notice that the law of diffusion was already well-known long before Einstein's work. As early as 1855 Adolf Fick
[76] empirically formulated Fick’s laws. The first of these laws, in particular, states that particles tend to move from regions of
high concentration to regions of low concentration, moving directly opposite the concentration gradient. From this observation, it
is not difficult to derive (7.2.3). The breakthrough in [72] does not lie in the derivation of (7.2.3), but rather in the description of
the microscopic physical mechanisms causing it.



120 CHAPTER 7. DIFFUSION BY RANDOMLY FORCED TRANSPORT

The last thing we need to prove is that the probability density function p(z, x) of the position x of the particle

satisfies (7.2.3).

Given p(z, x) the probability density function of the particle at time ¢, we have that at time 7 + dr it satisfies:

p(t+dt, x) = / p(t,x —v) f(v)duv, (7.2.5)
R4

where v is the displacement the particle undergoes in the time interval [z, ¢ + dt] and f is the probability
density function of the displacements v. Namely, the probability that the particle is at position x at time
t+dtis given by the integral over all possible displacements v of the probability that the particle was at x—v
at time ¢, multiplied by the probability that it undergoes a displacement v during the time interval [z, 7 + d¢].
Assuming dr is small, so will be v (with high probability at least, since W/, has Gaussian distribution with
covariance matrix proportional to dt). By Taylor expanding p(z, x — v) on the right-hand side:

p(t,x —v) = p(t,x) — v -V p(t,x) + %dxiaxjp(t, xX)v;0; + r(t, X), (7.2.6)

with r a term containing higher-order moments. Since we know the law of v = \/2vW,,, it is easy to
compute that

/ p(t,x —v)f(v)dv = E, [p(t, x — v)] = p(t,x) + VA _p(t, x)dt + o(d?).
R4
By Taylor expanding the left-hand side in (7.2.5) we have

p(t + dt, x) = p(t,x) + 0,p(t, x)dt + o(dt), (7.2.7)
thus

p(t,x)+ 0,p(t, x)dt + o(dt) = p(t,x) + VA p(t, x)dt + o(dt) => 09,p(t, x) = VA, p(t, X).
We now consider (7.2.1) with b # 0, and we impose the following additional assumptions:

* The velocity field 5 changes randomly so that the displacements a particle undergoes in the time
intervals [k, (k + 1)7] are independent of each other and of zero mean;

* EUIX k1) — X 1= (afr + 2dv)z for some constant ¢;, > 0, where the term 2d vz comes from

the term v/2vW, in (7.2.1) .

We can carry out the same analysis as in the previous case, where b = 0. Since we will be interested in the
long-time behaviour of p(z, x), i.e. on p(T, x) for atime T > 7, we can rescale the time and assume 7" = 1
and r <« 1, so

plt+7,x) = / p(t.x — v) f(V)dv, With v = (X, — X,) + V2u(W,,. — W)
R

By Taylor expanding the integrand:

p(x —v,1) = p(x,t) — v -V p(t,x) + %vivjdxi()xjp(t, x) + r(t, x), (7.2.8)

where r is a remainder term containing higher-order moments and v, are the components of v. We can
easily compute that
* E[v;] = 0 forevery i;

2
O'bT

* Elyv;] = <7 + 2v) 76, With 6,; a Kronecker delta;

* Elv,v;01 =0;
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+ higher-order moments are o(z).
If we Taylor expand the left-hand side we have:
p(t+t,x) = p(t,x)+ 70,p(t, x) + o(7),

which leads to

o2

T
0,p(t, x) = ﬁ +v | A p(, x) = (k + v) A p(t, x),
N——" =D

=K

so the random reorientation of the velocity field (or, to be more precise, the random displacements it pro-
2

duces every z seconds) has the effect of an additional diffusion term kA _p with x = %. Moreover, the

relation (7.2.4) between the diffusion coefficient D = x +v and the mean squared displacement still holds,
since (assuming for simplicity that T = Nz for some N € N):

2

MSD(T) = E = Nt o;t+2dvT

N-1
<Z X([+1)T - Xir> +V 2VVVT
i=0

2d O-ZT T =2dDT
= g +v = .

N—_——
=D

=T

7.3 Stirring by swimmers

In this section, we study the enhanced diffusion produced by a specific stirring mechanism, i.e. swimmers
moving in random directions. We will describe the model and the results obtained in [117], based on previous
results from [152]. We start by describing the simpler model of [152], and later we will use similar techniques
to study the more general case considered in [117].

In [152], the authors consider the enhanced diffusivity ¥ produced by an ensemble of swimmers in an
inviscid fluid, whose motion induces a potential flow [106]. The precise setting is the following. Consider
M swimmers of characteristic size # in a volume V' ¢ R3. We assume that each swimmer moves along a
straight line with constant velocity U, with a random swimming direction which is uniformly chosen among
all possible orientations. As we saw in section 7.2, in order to calculate the enhanced diffusivity produced
by the swimmers it suffices to compute the mean squared displacement (MSD) of a generic fluid particle
advected by the vector field the swimmers produce. The main assumption in [152] (which we will always
assume, even in the next section) is that the number density n = M /|V| of the swimmers (where |V|
denotes the volume of V) is very low, so we can assume that the relevant displacements of a particle
are caused by one swimmer at a time (i.e. only when a swimmer is sufficiently near[]the particle) and at
well-separated times.

We now compute the mean squared displacement of a particle (which we will also call tracer) initially
placed at x, € V. Without loss of generality, assuming the volume V" is sufficiently large, we can assume
xo = (0,0,0) € R3. We consider a “range of influence” of radius R centered at the particle such that if
a swimmer's trajectory does not intersect the ball, we assume its effect on the tracer to be negligible and
no displacement occurs. If it does intersect the ball (an event which we will call impact from now on), we

"The velocity field induced by a sphere moving in an inviscid flow can be explicitly calculated and it decays as =3, with r the
distance from the moving sphere, see for instance [106] Chapter 1, Section 10, Problem 2]. With this rapid decay, we can assume
that relevant displacements only occur when a swimmer and the particle are near to each other, which for number densities n < 1
occurs rarely and typically for one swimmer at a time.
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will denote with a the “impact parameter” of the swimmer, namely the minimum distance between the line
containing the swimmer's trajectory and the particle. After a time T the tracer will have had N impacts
with a swimmer and its final position x, will be the sum of N displacements, namely

N
xp =) Ala)#,
i=1

where A(q;) is the length of the displacement caused by the i-th impact with impact parametera; < Rand 7,
is a random unitary vector uniformly distributed among all possible directions. By isotropy, we can assume
that the displacements A(q;)#; are independent from each other. So, the mean squared displacement after
atimeT is:

N
MSD(T) = g, llxr 171 = Y Eg5[A%@)] + Y Egp [ Ala)A(a))F, - 7]
i=1 i#j

where the expected value E, ;[-]is considered with respect to possible impact parameters a = (ay, ..., ay)
and directions @ = (¢, ... , @ y) @ swimmer can approach the particle from. By isotropy and independence
of the displacements directions, if i # j:

Eap [ A@)A@)F; - 7] = B, o, [A@FIE, , [Aa)?;]=0 (7.3.1)
—_—
and
N
3 E,5[A%a)] = NE, ,[A%@)],
i=1
SO

MSD(T) = NE, ,[A*(@)] = NE,[A*(a)],

where we can consider a fixed ¢ since the norm of the displacements only depends on the impact parameter
a and not on the direction ¢ the swimmer comes from. We now estimate the number of impacts N. In
order to do that, we consider a swimmer initially at distance L > ¢ from the particle (see Figure[7.3).

Figure 7.3: A swimmer .S coming from a distance L with impact parameter a. The particle is in P with an
interaction disc of radius R.

The probability of a swimmer at distance L to collide with the particle (i.e. to intersect the interaction disc
of radius R) can be approximated as R’z /(4L*z) = R*/(4L?). Since the number density is n, the average
number of swimmers in a shell of radius L is 4z L?nd L, so the probability that a swimmer at distance L
impacts the fluid particle is 7 R?nd L, and integrating from 0 to UT (we recall that each swimmer's velocity
is U) we have that



7.3. STIRRING BY SWIMMERS 123

N = zR*UnT.

Thus:

R
MSD(T) = zR*UnTE [A%*(a)] = zR*Un < / p(a)Az(a)da> T,
0

where p(a) is the probability density function of the impact parameter a. The probability of the impact
parameter a being less than x (assuming an impact occurs and the swimmers is moving horizontally from
left to right) can be approximated with

X27Z' x2
P({a < ===
(Hasxh = =1
hence
d 2x
p(x) = EP({a <x}= R
So we have:

R
MSD(T) = 2zUnT / aA*(a)da,
0

and since A(a) decays very fast in the far field we can send R — +oo without any noticeable effect on the
integral and get

MSD(T) = 2zUnT / aA*(a)da. (7.3.2)
0
The diffusivity « in three-dimensions can be found using the relation (7.2.4), i.e.

MSD(T) = 6kT.

By making (7.3.2) non-dimensional, e.g. changing variables with » = a/# and dividing and multiplying
AZ%(a) by £2, we find

0 2
MSD(T) = <2n’ / rA;fr)dr> Unt*T.
0

In the case of spherical swimmers, it is computed in [152] that ¥ = 0.266Unz*. Moreover, the dominant
contribution comes from head-on collisions, since:

) 4
/ aA*(a)da ~ 0.254¢* and / aA*(a)da ~ 0.250¢*.
0 0

For more details (like the two-dimensional case or the case of cylindrical swimmers) we refer the reader
to [152]. In [117], the previous analysis is generalised to viscous fluids with M swimmers which move at
constant speed U for a fixed length 4, which we assume to be much bigger than the characteristic length
¢ of the swimmersﬂ before stopping and changing the direction of swimming. In this viscous case the
swimmers are modeled as squirmers, i.e. spherical bodies with a prescribed velocity field on the boundary
that allows them to swim. The squirmer model is also used for microorganisms whose swimming apparatus
is not a collection of cilia on their body, but elongated flagella. There are two main mechanisms with which
a squirmer can move, that can summarised as pushing the fluid or pulling it (see Figure[7.4). Since we are
assuming that no external forces are present and that the swimmers move in free space, the net force on
the fluid must be zero and in the far field the squirmers can be represented as force dipoles (stresslets [107]
to be precise) with a given strength . The parameter g (positive for pullers and negative for pushers) will
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Figure 7.4: A pusher (on the left) and a puller (on the right) swimming by moving their flagella. In red we
represent the thrust force and in black the drag of the fluid. Since they are equal in magnitude but opposite
in direction, they give rise to a force dipole. Examples of pullers are the algae Volvox and Chlamydomonas
Reinhardtii; examples of pushers are Escherichia Coli and sperm cells.

be crucial in estimating the enhanced diffusion produced by the squirmers. For a precise derivation of the
squirmer model and more details we refer the reader to [116} 22} 107].

As in the previous case we consider an interaction disc of radius R centered in a fluid particle initially
positioned at x, = (0,0,0) € R>. The position x; of the particle after a time T is given by the sum of
N displacements A ,, each caused by its impact with a single squirmer (we still assume a low number
density) which crosses the interaction disc. So:

N
xp =) Aya;, b)F,
i=1

where q; is an impact parameter defined as in [152]: it is the minimum distance between the swimmer's
trajectory and the particle position. The parameter b, is the distance (with sign) between the starting
position of the swimmer’s trajectory and its point of closest approach to the fluid particle, while 7, are
independent uniformly distributed unitary vectors (see Figure[7.5). We need to compute the mean squared
displacement of the particle, averaging over all possible impact parameters a, b and directions of approach
@. As in the previous case, by isotropy and independence of the displacements the mixed term are zero,
i.e. it holds:

MSD(T) = NEq o [A3@.5)] + 3yl (@ )0 (a5, 7))

J
i#j
. _/
v

=0

= NE,,[A%(a, b)],

Where in the last term we do not average over ¢ since the norm of the displacements depends only on
a, b and not on the direction of approach ¢, which we can assume to be horizontal from left to right, as in
Figure[7.5 In order to compute the average number of impacts N in a time 7', we assume for simplicity
that all swimmers change directions at the same time. That is, at time 0 they all start moving with the same
velocity U and once they have traveled a distance A they stop, change direction and start swimming again.
The time it takes the swimmers to travel a distance A is A/U, and in that time the probability that there is
animpact is

ﬂ/m: MIAL (7.3.3)
V1 Ja V]

8This assumption may seem arbitrary, but it is actually very physical. Quoting verbatim from [138]:"At low Reynolds number
you can't shake off your environment. If you move, you take it along; it only gradually falls behind”. That is, if a microorganism
wants to explore “new” parts of the fluid looking for more food, it has to travel a relatively long distance.
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swimmer .

Q 1o -
Figure 7.5: Impact parameters a and b, displacement A = A ,(a, b) and swimming path length A. Notice
that when b is positive the swimmer has yet to pass the point of closest approach to the particle, while for

negative b it starts its motion past that point. The interaction disc of radius R is also shown. Image from
[117], reproduced with permission; it is not included under the CC BY 4.0/ license of this thesis.

Y

where A C V is the volume of the fluid “explored” by a single swimmer during a flight of length A. Notice
that an impact occurs if and only if the tracer belongs to one of the volumes A explored by the swimmers
(see Figure[7.6), whose collective volume we assume to be M |A|, since intersections are unlikely under
the hypothesis of low number density.

Figure 7.6: An example of volume A, which consists of a cylinder of height A with circular base of radius
R, with a half-sphere of radius R attached to each end. The swimmer starts its path from A and it arrives
to B. It impacts the particle (assuming an interaction disc of radius R) if and only if the particle lies inside
A.

We can rewrite the volume integral in (7.3.3) as a function of the impact parameters a, b and since for each
swimmer there are UT /A flights of length A in a time T, the average number of impacts is

VR =22 +VR=a?
urmMm / / 2za db da 2’”’UT / / a db da.
AV N N

We can estimate the mean squared displacement in a very similar fashion. Indeed, we computed N as

MUT
=W apl TR,
i.e. “counting” the number of impacts between the tracer and a swimmer. We can compute MSD(T') not by

counting the average number of impacts, but rather the mean squared displacement per impact, namely:

A+VR2—a2
MSD(T) = IAVII UAT [1,A2(a, b)] = 2””UT / / ah(a, b) db da.
\/Rz_az
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Since A, (a, b) decays rapidly for large values of a, b (the velocity field induced by a squirmer with g # 0
decays as r~2, with r the distance from the squirmer) we can assume R — +oo, and we obtain

] +00
MSD(T) = 22T aA(a,b) db da. (7.3.4)
r Lo /o A

We can rescale (7.3.4) to have a non-dimensional integrand and derive scaling laws. If we use the variables
log(a/¢) and b/ A and we divide and multiply by #* the squared norm of the displacement:

a*A’(a, b)
MSD(T) = | 2= / leog(a/f) d(b/A) |Unt*T. (7.3.5)
RZ

In Figure[7.7} we show the plot of the integrand in (7.3.5) for both the potential flow case and the viscous
case with fixed parameters.
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Figure 7.7: Integrand £~*a? A% (a, b) from due to (a) a swimmer in potential flow and (b) a squirmer
with g = 5. Itis clear how the far-field contribution is dominant in the second case, with head-on collisions
being barely visible in the plot. The inset on figure (b) represents the integrand corresponding to only the
far-field contribution of the flow, i.e. considering the squirmer as a pointwise stresslet of strength . The
computations are performed assuming U = # = 1 and 4 = 100. Image from [117], reproduced with
permission; it is not included under the CC BY 4.0 license of this thesis.

It can be observed that, while in the potential flow case most of the contribution to the integral comes
from head-on collisions, in the viscous case it actually comes from the far field. Moreover, in the viscous
case the integrand is almost two orders of magnitude larger and an additional phenomenon, absent in the
potential flow case, further increases the diffusivity. This phenomenon is known as Darwin drift [60}71,160]
and it consists in the formation of closed regions behind the swimmer (for g > 0; otherwise they form in
front), where vortices capture a particle and drag it along the entire displacement length /lﬂ(see Figure
[7.8). Finally, in [T17] it is also found that for large stresslet parameters g the enhanced diffusivity is more
and more dominated by far-field effects, and it behaves like

k ~2.1p2Unt* (7.3.6)

(see Figure , while for § — 0 we recover the potential flow case, with ¥ ~ 0.266U n£*.

%This is an oversimplification, as noted in [T17] in practice there are boundary phenomena and turbolence which make particles
enter and exit the wake.
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—— O“

Figure 7.8: Streamfunction contours for a pusher with § = 5 in a comoving reference frame. We can
observe the formation of a closed bubble behind the squirmer where particles remain trapped. Image from
[117], reproduced with permission; it is not included under the CC BY 4.0/ license of this thesis.
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Figure 7.9: (a) The solid line is the enhanced diffusivity x computed by numerical integration of (7.3.4).
The dashed line is the enhanced diffusivity due only to the stresslet term. (b) The solid line is the mean
squared displacement computed with 2 x 10° realisations of 10 squirmers with # = U = 1, A = 100
and p = 5. The dashed line is the mean squared displacement predicted by with a number density
n = 1078, Image from [117], reproduced with permission; it is not included under the CC BY 4.0 license of
this thesis.

7.4 Stirring by Stokeslets

7.4.1 Fixed encounter time t

We now consider a different stirring mechanism. We assume that an ensemble of microorganisms (which
from now on we will call actuators) lives on a flat surface. The way such actuators stir the fluid is funda-
mentally different from the one described in the previous section. While previously the stirring was caused
by a swimming motion of zero net force, here we consider microorganisms that crawl on the surface, then
stop and anchor themselves to the floor to “pump” fluid into their feeding apparatus. The action of an ac-
tuator creates a non-zero net force which can be modeled as a regularised Stokeslet [53]. We recall that a
Stokeslet is a fundamental solution of the Stokes equation|!"| [T00]:

-V A b+ Fé(x)=0 inR3
{ <P+ pAb + Fo(x) - (7.4.1)

V,-b=0

0The motion of incompressible fluids is, in general, described by the incompressible Navier-Stokes equations. In our case we
can neglect the advection term (5- V)b and 9,b because both the Reynolds number and the oscillatory Reynolds number are small.
See [107] Chapter 2] for more details.
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where 6(x) is a Dirac delta centered at (0,0,0) € R?, F € R3 is a force vector and u is the dynamic
viscosity of the fluid. The solutions b, p (which are the induced velocity field and pressure in the fluid,
respectively) are

-

1 F-r
R 4r|F]P’
where 7 is the position vector, (®7) - F = (F -7)7 and I is the identity matrix. A regularised Stokeslet [53]
is the solution of the same equation where instead of a Dirac delta (which is numerically hard to treat) we
use a smooth function ¢; supported on a ball of radius 6 to approximate the Dirac delta in distribution (a
so-called “mollifier” in mathematics). We will consider the parameter § to be the radius of the regularised
Stokeslet. In fact, we will not use the velocity field in (7.4.2): the presence of a floor (where we impose
a no-slip condition) drastically changes the solution of both for a Stokeslet and for a regularised
Stokeslet placed at height  above the floor. We refer the reader to [23] and [2] for the details and explicit
formulas. We just point out that a fundamental difference between a Stokeslet in free space and a Stokeslet
whose force is parallel to a no-slip floor is the different decay of the velocity fields they generate. If 4 is the
distance from a Stokeslet, the magnitude of the velocity field in R* decays like 1/d in the far field, while in
presence of a no-slip floor it decays like 1/42. Similarly, a squirmer in R3 generates a velocity field whose
magnitude decays like 1/d? in the far field, while in presence of a no-slip floor it decays like 1/43 [23]24].

b = ——

7.4.2
= (7.4.2)

<I +r®r)-F and p(¥) =

We now describe more in detail the situation we aim to model, together with our main assumptions and
objectives. We assume that each actuator can be in two possible states: either active or inactive. When it
is active, it is anchored to the floor and it acts as a regularised Stokeslet exerting a force F on the fluid;
when not active, it crawls on the floor and we neglect the flow it generates on the ﬂuidm We assume that
at any moment the number of active actuators (from now on, when considering actuators, we will always
implicitly assume they are active) is a given number M and we consider a large surface A on the floor such
that the number density of actuators is always n = M /|A < 1, with |A| the area of A. Such actuators
share common features, namely:

* The strength f = | F|/u of the Stokeslet they produce, with | F| the modulus of the force acting on
the fluid and x the dynamic viscosity;

« the characteristic size # of the actuators, the height 4 at which they exert the force F on the fluid,
which we assume to be parallel to the groundﬂ and the radius 6 of the regularised Stokeslet.

Remark 7.4.1. Force and strength of a Stokeslet

We refer to f as the “strength” of a Stokeslet, namely the quantity f = |F|/u, where |F| is the modulus
of the force acting on the fluid and u is the dynamic viscosity. Instead, when considering F we will call it
“force”.

Remark 7.4.2. Dependence of the displacement on f1,

Since the velocity field generated by a Stokeslet (both singular and regularised and both in free space and in
presence of a no-slip floor) is the solution of a time-independent PDE which is linear in f = |F|/u, itis not
difficult to verify that the displacement after a time ¢, depends only on the product ft, assuming a given
direction for the force F. That is, a particle is displaced equally by Stokeslets of strength f /c acting for a
time ct , for every positive constant ¢ > 0.

We will also make the following assumptions:

» The carpet of actuators refreshes completely every ¢, seconds. That is, at time 0 there are M active
actuators which stay active up to time #,, when they all stop pumping and a completely new carpet
activates. The positions of the actuators are independent from each other and uniformly distributed;

"The specific microorganisms we considered when developing our theoretical model, i.e. Stylonychia, do not stop feeding
even while moving. However, the force they generate while feeding and the hydrodynamic drag they experience while moving are
approximately of the same magnitude but opposite in direction. Hence, they act as a moving stresslet, whose overall effect on
the fluid is much less impactful than the one produced by a stationary Stokeslet [155].

"2The assumption that the force F is parallel to the ground is not really necessary and we only assume it for simplicity. All the
arguments carry over to the case of forces with non-zero z components if their component in the xy-plane is uniformly distributed.
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« the tracer particle always remains near the floor, and we assume that only the nearest actuator (which
we will also call nearest neighbour) affects it@ When a tracer is advected by the action of its nearest
neighbour, we say that the tracer and the actuator have an encounter;

« the nearest neighbour remains the same until the carpet refreshes. In other words, the actuators are
typically spread far enough so that the displacement produced by a Stokeslet of strength 1 acting for
atimer, is unlikely to bring the tracer particle closer to a different actuator than the initially nearest
one. This hypothesis will be relaxed in the next subsection, where we allow the encounter duration
between a tracer and an actuator to be random, whereas under the current assumptions we have that
an encounter always lasts for a time ty

« the direction of the force F, which we recall we assume to be planar, is uniformly distributed.

As in the previous section, we will work assuming a small number density » of active actuators, but there
is an additional difficulty to overcome. Namely, while in the squirmer’s case the problem was completely
isotropic, now there is a dependence on the height of the tracer: if a particle starts at height z,, after a
given time T its height will have changed randomly, and the action of a Stokeslet at different heights varies
greatly. For this reason we will not compute the three-dimensional mean squared displacement, but rather
the following quantities:

* MSD, (T, z,), i.e. the mean squared displacement, with respect to the x and y coordinates only, of
a tracer initially placed at (0,0, z,) after a time T,

* p,(z,T,z)),i.e. the probability distribution, after a time T', of the height z of a tracer initially placed
at (0,0, z,).

Once we have derived p,(z, T, z;) we can also compute the mean squared displacement in the z-direction
MSD, (T, z,) as

+oo
MSD(T, z,) = / (z—z))’p,(z. T, z))dz.
0

It is not difficult to see that the total mean squared displacement is simply the sum of the two components:

MSD(T', z;) = MSD, (T, z;) + MSD(T, z; ||

We consider a particle starting at position x, = (0,0, z,), for some z, > 0. Under the above assumptions,
inatime T = Nt, there are N encounters between a tracer and an actuator: contrary to the approach
used in [152 117] for squirmers, there are no fictitious interaction discs involved. Rather, as we already
remarked, we assume that at each activation of the carpet of actuators the tracer is under the effect of
only its nearest neighbour, an assumption which we recall is only feasible if » is small. Denoting (with a
little abuse of notation) as x,,(T) the xy coordinates of the tracer at time 7', we have:

N N
x,(T) = Z Ay(ris @i, 05, 2)) = ) AL
i=1 i=1
where A (r, @, 6, z) is the displacement in the xy components of a particle at height z caused by the
action of an actuator whose polar coordinates, relative to the projection on the plane {z = 0} of the
particle, are (r, @) and which is acting on the fluid with a horizontal force F in direction 6. See Figure[7.10
for a visual representation. Notice that, contrary to the previous section where A and A, denoted the norm
of the displacement, here we consider A (r;, ¢,.6;,z;) = A’ to be the displacement produced by the
i-th encounter. Moreover, we consider z; as a random variable which depends on the values of r,, ¢,, 6,
for every k < i and on z,;. Namely, the height of the particle at the i-th encounter depends on its starting
height z, and on the sequence of encounter parameters {(r;, @, 9,()};;‘1.

BIf the particle were far from the floor a far-field approach, where the collective action of all actuators is considered, would be
more suited. This situation has been investigated in [89].
™From now on we will often omit explicitly writing the dependence on the initial height if it is not necessary to specify it.
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X

Figure 7.10: Example of an encounter with parameters (r, ¢, 6, z). We can see a particle P at height z which
is advected by an actuator A with relative position (in polar coordinates) (r, @) that acts on the fluid with an
horizontal force F, which forms an angle @ with the x-axis. lllustration courtesy of Anastasiia Kovalskaia.

Averaging over all possible encounter parameters 7 = (ry, ..., ry), 0 = (0, ...,05) and @ = (@y, ..., @y):

N
MSD, (T) = E, 5 5llIx, (DIIP1 = Y ErpalIAL 1P+ D Erppldl - AT L (7.43)
i=1 i#j
We show how the second sum is equal to zero. In the previous section we could use isotropy and indepen-
dence of displacements, while in this case we already noticed how the presence of a floor breaks isotropy
and independence: the displacement a particle undergoes during the second encounter with an actuator
depends on the first encounter since it modifies its height. So, while it is easy to see (since isotropy in the
xy-directions is maintained) that for every i

[Ef,(p,é [Al y] = 0,

X

we cannot conclude the same for the scalar product [Emg[A;y . A{Cy] by independence. However, the sum
of mixed terms is still zero. Indeed, without loss of generality, assume that j > i. We consider a sequence
of encounter parameters {(r,, (pk,ek)}j€=1 which produce, at the i-th and j-th encounters, horizontal dis-

placements A;y and A{Cy respectively. Now consider a different sequence {(7;, @,, ék)}{{=1 which differs
from the previous one only in the last entry, namely:

and

Since the angles ¢, 0 are uniformly distributed, the two sequences are equally likely; however, in the second
case, the j-th displacement will be A, (7}, &, éj) = —AJ,. Thus, since we are integrating an odd function:

[Ew’g[A;y . A{Cy] =0 foreveryi#j
and
N
MSD, (T) = Y E; 5l AL II7].
i=1

Since the angles 6, ¢ are uniformly distributed by assumption, we only have to derive the probability density
functions of r; and z;. We start from the former. We recall that by assumption the only actuator acting on
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the particle is its nearest neighbour, so we have to compute the probability density function of the minimum
distance d of the projection of the tracer on {z = 0} from M actuators uniformly distributed over an area
A. The probability of d being greater than a given » > 0 is the probability that, independently selecting
M points uniformly distributed in A, each of them lies outside a circle of radius r centered in the tracer’s
projection. Thus:

2\ M M
P({d > r}) = <IAI|#> - (1 — %) ~ exp(—nriz).

We can approximate the probability density function p, with

p,(r)=— P({d <r)h= d [1 —P({d > r})] = 2xrnexp(—nrr). (7.4.4)
Before deriving the probablllty density functlons of the variables z, fori = 1,..., N, we notice how the
computation can be simplified by avoiding averaging over ¢. Indeed, we will see that there are two rele-
vant quantities for our analysis: one is of course ||A, (r, @, 6, z)||? and the other one will be the vertical

displacement A_(r, @, 0, z). We notice that both of them depend only on the difference 8 — ¢ rather than
on the individual values of  and ¢. That is, for every z:

1Ay, (r, 0.0, )| = 1A2 (0,0 = . 2> and  A,(r,9,6,2) = A.(r,0,0 — ¢, 2),
SO

00 2r
Epalllay (. 0.0, 217 = £ < 4 ||A§y(r,(p,e,z>||2pr<r>d9dr>d(p
0

271.' ) 2r
< / f |A,,(r,0,0 — ¢, z)||2p,(r)d9dr> do
0
2z o 2
= f / f ”Axy(r’ O,Q,Z)Hzpr(l‘)dedr d(l’
0 0 0

e 2 2pr(r) i
_ /0 /0 18,00, 202 e = E, 18,0, I,

where from now on we will omit writing the dependence of A, on ¢ since, for our purposes, we can always
assume ¢ = 0[]

We now find the probability density functions of the heights z,. We notice that, contrary to other impact
parameters which are identically distributed for every encounter, the probability distribution of the height
z changes with time, i.e. each z, has a different distribution p (z). The key point is to notice that {z; }N1
can be considered a discrete-time Markov chain with an uncountably infinite state space [139]. Namely, the
probability distribution of z;; only depends on the value of z;, and not on the ones before. In general, given
a probability distribution of heights p’ (z) for the i-th encounter (which in the case of the first encounter is
simply a Dirac delta centered in z,) the following holds:

« The mean squared displacement (in the xy variables) of the i-th encounter can be computed as

o $) 2 p(r)
E.o. 1A (r,9,zi)||2]=/ p,(2) / / A, (r. 0, 2> —=—d0dr | dz
0 0 0 2z

. / PLDE, ollIA,, r, 0, 2)|P1dz;
0

n light of this discussion, it can be easily verified that the assumption of 6 being uniformly distributed is not really necessary.
Assuming that the actuators are uniformly distributed, the same holds for ¢, and it is sufficient that for every ¢ the distribution
po_, Of the difference 6 — ¢ is the same (not necessarily uniform). With this assumption, it still holds that [E[Aiy] = 0 and
[E[Aj(y . Aiy] = 0ifi # j, and as we just saw ||Axy||2 and A, (and as we shall see the probability distributions {p’},) only
depend on 0 — ¢.
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+ we can find the probability distribution p*! of z,, | as the density of the following probability:

0 [+ 2r
i pr(r)
P({z;,, € A}) = / p(2) / / 14(z+ A, 6. 2)= —drde | dz (7.4.5)
0 0 0

T

for every A C [0, +oo) Borel measurable. Namely, the probability that the particle’s height at the
(i + 1)-th encounter lies within a given set A is obtained by considering the probability the particle
was at height z at the i-th encounter, multiplied by the probability that the displacement A (r, 8, z)
results in a new height z + A, falling within A, integrated over all possible values of r, § and z with
their respective probability densities.

We have thus found the probability density p’ for every z;. We recall that, by assumption, the i-th encounter
starts exactly at time (i — 1)¢,, so we can define the probability density p.(z, T, z,) for every time T > 0
by interpolation. We can also find MSD, (T, z,). Assuming T = Nt, for some N > 0, the particle will
have undergone N encounters. Thus:

N ) ) 2
MSD, (T, z,) = Z /O pL(2) (n /0 /0 ||Axy(r,0,z)||2rexp(—nr27r)d9dr> dz (7.4.6)
i=1

N (o]
=X [ @18, 0. 21z
i=1 /0

If T is not an exact multiple of 7, we can define MSD, (T, z,) by interpolation. Namely, if T € (N -
t,, Nt,), we define

N-1 )
MSny(T7 z]) = Z ’/0 plz(z)[Er,H[”Axy(rs 9’ Z)llz]dz
i=0

T — Nt,| o

+——L | PN U, fllIA,, (. 0, 2)|P1d 2
t 0 Y

. IT — (N = 1),

t

/ Py (2)E, gll1A,(r. 6, 2)]1*1dz,
P 0

where we define p% = 0. Notice that the derivation we followed does not rely on the specific choice of
the initial distribution. Indeed, if we replaced a Dirac delta centered at z; with a generic distribution p;,
the same argument would still apply. We now make the integral in dimensionless to derive some
scaling laws. We choose as non-dimensional variables p = r/# and ¢ = z/h, with & the height of the
Stokeslet. As for A, , since the magnitude of the velocity field induced by the Stokeslet is proportional to
| F|/(¢u) (with u the dynamic viscosity of the fluid, see (7.4.2)) we divide and multiply the displacement
by [Flt,/(Zu) = ft,/¢. We have:

N [«
MSD,,(T) = [Z /0 hp;(hC)Ixy(hC)d(:] nf?e, (7.4.7)
i=1

with

© 2% ||A, (£p. 0, hO)|*C?
L, (k) = / / Y % pexp(—nt2p*n)dodp .
o Jo re

Since N = T /t,, we can infer that the scaling of MSD, (T') behaves like:

MSD, (T) ~ n f2t§N =nt,f°T.

However this estimate can only be valid under certain assumptions, namely that A, is of the order f7,/7,
which is only valid for moderate values of f, (see Remark|7.4.2) where the displacement A, can be rea-
sonably estimated as the product of the velocity magnitude and z,, otherwise there is a non-linear relation



7.4. STIRRING BY STOKESLETS 133

between the displacement and the product f7,. Since in the following we will discuss numerical simula-
tions to validate our model, it is convenient to briefly describe how we implemented (7.4.5). We consider
an initial distribution p;. We start by discretising every variable, choosing both a maximum height Z and
a maximum distance R. While Z depends on the context (ideally, if we consider a time interval [0, T'], it
should be high enough such that it is practically impossible for a particle starting in the support of pi to
arrive at height Z in a time T'), we can choose R so that the probability of the nearest neighbour being
more distant than R is less than a threshold value . So, fixing e > 0 (for instance, we always assume
€ = 0.001 in numerical simulations) we have:

P({d > R}) = exp(-nR’z) <& => R >4/ | log(e)] — R=1/ |10g(5)|.
nz nr

We now explain how we discretise the probability density functions p’(z) and how to find pf'z“(z) given
p;(z) using a finite state Markov chain. First, we partition the interval [0, Z] in K subintervals I, ..., Ix
such that

K
0, z1=J1,

j=1
and we consider the midpoints {zj}f(:1 of each interval. We will approximate {z,.}fi1 with a finite Markov
chain with states {z; }J’.‘zl. We consider a row vector

wy = (w},... ,w{()

of length K, and the mass assigned to each z; is given by
w) =P({z, € I,}) = / pl(z)dz.

We can now find an approximation of the distribution p by working with w,. We consider the transition
probabilities from every state z, to every other state Z;, obtaining a stochastic matrix IT whose entries are

IT;; = Probability that, after an encounter, a tracer initially at height z, arrives at height z;.
We compute the transition matrix in the following way. We consider a mass-splitting map

S :[0,7] - [0,11F
defined as follows:
« If0 <z < z,then S(z) =(1,...,0);
* if z > zg, then S(z) = (0, ..., 1);

|S(z) - Zj+l| |S(z) - Zjl

. ifze[zj,zj+1]forsomej=1,...,K—1,thenS(z): o0,..., ,
121 = 2,1 12501 = 25
. S \A S

P
Jj-th position (j+1)-th position

We can compute each row of the matrix IT as|[™

R 2r
I, = / / S(z, + 8,00, 2" doar. (7.4.8)
0 0 2r

Given w;, we can compute w;,_, simply as

Wiy = w; - L

6We also need to discretise » and ¢, but we omit writing it to keep the notation lighter since it is a standard discretisation.
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7.4.2 Random encounter times

We now consider a more general model in which the duration of each encounter, previously assumed to be
a fixed value ¢, is treated as a random variable with a given probability density p,. We also assume that
the duration of each encounter is identically distributed and independent of all others. While the previous
setting could be described in terms of an ensemble of actuators which simultaneously refresh after a
given time #, it is now more convenient to adopt exclusively the tracer’s point of view, assuming that each
encounter lasts for a random time 7. Once this time has elapsed, the particle immediately falls under the
influence of the next nearest actuator, characterised by new encounter parameters (r, 0, z, t). In particular,
we do not specify any behaviour of the actuators: we only assume their positions and the direction of the
force F they exert to be uniformly distributed.

By the same arguments of the previous case, assuming the tracer’s initial position is (0, 0, z,), we can com-
pute the evolution of the distribution of heights piz = p;(z, z,), as well as the mean squared displacement
in the xy-directions produced during the i-th encounter, which we denote by MSD;y = MSD;y(zl). As
in the previous case, we will omit writing the dependence on z, if it is not necessary. Given a probability
density p’ for the height of the particle at the i-th encounter, we can find the density pi*! of the (i + 1)-th
encounter as the density of the probability P defined as:

) 00 00 2z
P({z;,, € A}) = / piz(z) (/ / / T,(z+ A (r,0,z, t))p(,(9)pr(r)pt(t)d9drdt> dz (7.4.9)
0 o Jo Jo

for every A C [0, +00) Borel measurable. Similarly, we have that

00 00 00 2
MSD! = / / / / 1A,,(r. 0, z, H12pe(0)p,(r)p,()p.(2)d0drdtdz. (7.4.10)
0 0 0 0

The mean squared displacement inthe xy variables after N encounters, which we will denote by MSD, (N),
is the sum of the mean squared displacements at each encounter:

N
MSD, (N) = Z MSD., . (7.4.11)
i=1
Notice that, under our assumptions on the activation times (i.e. that they are independent and identically
distributed) mixed term in (7.4.3) vanish by the same argument we have already considered in the case
t = t,. Unlike the previous case though, there is now no deterministic relation between the total elapsed
time T and the number of encounters N a particle has undergone. However, under our assumptions, we
can compute the probability density function of the number of encounters N occurring within a given time
T. Indeed, the total time passed after N encounters is given by

TN =tl+"'+tN,

where each ¢, is by assumption an independent random variable with distribution p,. Thanks to the inde-
pendence assumption we can explicitly compute the density function of z,;, which is the convolution of N
copies of p,, i.e.:

pTN :pt*...*pt'
H,—J

N times

We can now assign a weight w;(T") € [0, 1] to each MSD;y according to the probability that a tracer
undergoes at least i encounters before time 7. We can define such weights as

T
w(T)=P{t;+...t;, <T}H) =P({r; < T} = / P, (s)ds. (7.4.12)
0

Thus, we define MSD, (T) as
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MSD, (T) = Z w,(T)MSD', . (7.4.13)
i=1
Similarly, the probability density function p,(z, T') of the height of the tracer at time 7" depends on the num-
ber of encounters a particle has undergone. However, the contributions do not simply add up. Therefore,
for each N, we estimate the probability that the particle undergoes exactly N encounters by time T, and
we give a weight to each p¥ according to such a probability. Assuming N > 1, the probability that the
particle has undergone exactly N encounters by time 7 is:

which can be easily proved to be wy_;(T) — wy(T). Indeed, since we know that z,,_, has distribution
P-,_, and z has distribution p,:

P{zy_y <Tandzy_;+ty >T})=P({zy_; <Tandty >T —75_;})

T &) T T—t
= / Pey_, < / pt<s)ds> di = / pr_1<t><1— / p,<s)ds> dt
0 T—-t 0 0
T T T—t
= / Pey_, (Dd1 - / Pey () / p(s)dsdt
0 0 0

— —
=wy(T)

T T
=wyn_(T) - /0 PTN_I(t)/ p,(s — t)dsdt
t
T T
=wyn_(T) - / / pr_l(t)pt(S —t)dtds
o Jo

T
=wy_(T) - [) <'/RP1N_1(1)Pz(S - f)df> ds=wy_(T) —wy(T).

- J

~
=Pry_ #P(8)=Pry (5)

If N =1, we have to account for the possibility that the first encounter lasts more than 7. That is:

P({1; 2T)) = 1 = P({t; < T} = 1 —w,(T) = wy(T) - w,(T),

where we set by definition w,(T') = 1. Thus, we define:

p.(z.T) := Z(wi_l(T) — w(T))P'(2). (7.4.14)
i=1
We also note that the same non-dimensionalisation as in (7.4.7) can be performed, substituting ¢, with
the expected duration of an encounter E[¢] and estimating the number of encounters in a time T to be
~ T /E[1).

7.4.3 Evolution of a density advected by randomly forced velocity fields

In this subsection we present some ways to pass from the Lagrangian point of view to a Eulerian one,
approximating the average evolution of a density (or, equivalently, of the probability density of the position
of a tracer) evolving under the stirring mechanism we considered. We present three possible approaches,
assuming the density is initially concentrated at a point mass at 7, = (x;, y;, z;). The density at time z will
be denoted by u(z, 7, 7)), with 7 = (x, y, z). If the initial condition is not a Dirac delta centered at 7}, but
rather a diffuse density u, in R? x [0, +00), we can find the density i(z, 7) at time ¢ simply by superposition,
ie.

[0,400)xR2
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We also notice that, by isotropy in the xy variables, it holds that

u(t9 ?7 ?1) = Ll(t, (x - xl’ y= yl’ Z)9 (0’ 0’ Zl))9 (7416)

i.e. we can assume without loss of generality that 7, = (0,0, z;). It would be interesting to derive a density
u using a purely Eulerian approach. In this case, u might be obtained as the solution of a PDE of the form

{a,u = F(z, Du, D*u) (7.4.17)

u(0, ) = u,

At the moment, we do not know how to derive a density u from a PDE like (7.4.17), but this is still a work in
progress.

First approach: Markov chain

The first approach is based on extending the argument previously applied to the variable z to the pair (p, z),

where p = 1/x2 + 2 denotes the distance from the origin in the xy-plane. Since the tracer particle is
initially located at 7, = (0,0, z,), isotropy in the xy variables implies that the density u(z, 7, 7)) is radially

symmetric and can therefore be represented as a function of (p, z) = <\/x2 + 32, z) We then treat (p, z)

as a Markov chain with initial state (0, z,). Given the dlstrlbutlonp 22) at the i-th encounter, the distribution
at the (i + 1)-th encounter is obtained as the density of the foIIowmg probability:

P({(pis1>2i41) € AX B})

2
= / 4 / 1410 0) + A, (. 0. 2. DID1 (2 + A (. 6. 2. 0)pg(O)p,(p, (P! _ (p. 2)dOd rdedzd p.
[0,400)* JO

Notice that, by isotropy, at each step we can assume that if the tracer is at distance p from the origin, its
xy coordinates are (p, 0). The density at a given time ¢ can be found arguing as for (7.4.14), i.e.

p(/),Z)(t’ ?’ ?1) = z[wi—l(t) - wi(t)]pép’z>(p9 z, ?1)9 (7418)
i=1

with the weights w;(¢) defined as in (7.4.12). By radial symmetry we define u(z, 7, 7)) as

p(p,z) <t’ V X2 + yz, z, Zl)

u(t, 7, 7)) = . (7.4.19)

271'\/)6274-)/2

In general, if 7, = (x,, y,, z), the density u can be found by (7.4.16), i.e.

Pip2) (t, V0 —x)? + (v — y)% 20,0, zl)>
u(t,r, 7)) = . (7.4.20)
2m\/(x — x> + (v — y)?
This approach might be computationally demanding, since it is necessary to compute the transition prob-
abilities from every possible state (p, z) to every other possible state (o', z’). In particular the transition
matrix IT may be sparse, but the density « has to be supported within the domain Iy y X [0, Z], with
I(y, ,) @ neighbourhood of (x,, yy).

Second approach: Monte Carlo

The second approach relies on a Monte Carlo approximation of the probability density function of (p, z).
After discretising the encounter parameters (r, 9, z, t), we save the displacements A(r, 9, z, t) with respect
to every possible set of encounter parameters. Then, we proceed as follows. Given the initial position
7, = (0,0, z,), we select the values of r, 6, 7 according to their respective probability densities. The tracer
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will then be displaced to (x,, y,, z,) = 7| + A(r, 0, z;, ). We compute the value of p, = \/xg + y% and
iterate the procedure up to the N-th encounter. Averaging over many realisations gives an approximation
of the probability density pép N of the couple (p;, z;) at the i-th encounter for every i = 1, ..., N, which

arguing as in (7.4.18) gives the density p,, ,,(¢,7,7,) and thus an approximate density u(z, 7, 7,) defined as
in (7.4.19) and (7.4.20). We remark that, a priori, a Monte Carlo approach can be used also to approximate
MSD, (7, z;) and p,(t, z, z;), that we explicitly derived in the previous subsection.

Third approach: martingale central limit theorem

We consider a tracer particle initially placed at 7, = (0,0, z,). The third approach does not require a direct
approximation of the probability density function of p = 1/x2 + 2, since it only makes use of the mean
squared displacement in the xy variables after N encounters, i.e. MSD, (N, z)), defined in . Its
applicability, however, is limited to the long-time regime, where many encounters between the tracer and an
actuator have occurred. Moreover, we approximate only the probability density u(z, (x, y), F,) of the tracer’s
position projected onto the xy-plane, thus neglecting the variable z. This approach is based on an extension
of the classical central limit theorem for independent and identically distributed random variables to the
case of martingales.

Definition 7.4.1. Martingale, [15]
A Re-valued process M = (Q, F,(F,)ien» (M;);en» P) is a (discrete time) martingale if for every i, j € N
such that i > j it holds

ELX, | Fjl=X,, (7.4.21)
where E[X; | F;] denotes the conditional expectation with respect to F;.

We state here a non-sharp version of the theorem, which suffices for our purposes. A more general formu-
lation can be found in [90] Theorem 3.2].

Theorem 7.4.1. Martingale central limit theorem, [90, Theorem 3.2]
Let { X, }, be a R?-valued martingale with bounded increments and such that X, = 0. Let
o, =EllX, - X, (|° | X

and assume that the components X' are independent and identically distributed , with E[X"] = O, for every
i=1,...,d and forevery n > 0. Let

. Xol  witho] :=0,

n—1s+++

n

v, :=§20i2.

i=0
Then, X,/ \/ﬂ converges in distribution to the d-dimensional Gaussian distribution N (0, I) as n — +oo.
The total displacement S, in the xy variables of a tracer particle after N encounters is a martingale, which

satisfies the assumptions of Theorem|/.4.1, Indeed, considering the natural c-algebra 7, = 6(S;, ..., S})
generated by the process, condition (7.4.21) is equivalent to

Since Sy = Zfil A;y, we have that E[Sy — Sy_; | Fy_11 = E[Ai"y | Fx_11 =0, because knowing all
the previous history of .S, does not yield any information on the N-th stepm whose direction is uniformly

"To be precise, we need to use the tower property of the conditional expectation. Let R, be the norm of the N-th displacement
and let U, be its direction. Since the norm of the displacement depends on the height of the particle, R, is not independent of
Fn_,- However:

[E[Aivy | Fyo ] =E[RNyUy | Fy_(1 =E[E[RNyUy | 6(Fy_1, Ry)] Fa_il

=E[RNE[Uy | 6(Fy_;, R)LFy_1 =E[Ry E[UN], Fy_;1=0.
——

=0
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distributed. We assume that the time T is sufficiently large, so that the minimum number of encounters is
high enough to apply Theorem where

MSD, (N, z,)
vy = —

We therefore approximate the probability distribution of the position (in the xy variables) of the tracer after
N encounters, assuming 7, = (0,0, z,), as

1 x2 + y2
®N b 9 = e _—— 5
(.7, 21) #MSD_ (N, z)) Xp( MSny(N,z1)>

with MSD, (N, z)) defined as in (7.4.11). From the distributions ®", we can argue as in (7.4.14) and
(7.4.18) to approximate the distribution at time 7 as

D1, x,y,2) = Y [10,_1 (1) = w()]ON (x, y, 2;), With w,(¢) defined as in (7.4.12).
i=1

We approximate the probability distribution at time ¢ with

u(t, (x,y),r)) = O, x,y,2).
In the general case of ¥, = (x;, y,, z;), by (7.4.16) we have:

u(tv(xay)>71) = (D(t’x_xl’y_ yl’Zl)‘

7.4.4 Numerical experiments

In this final subsection, we present the results of numerical simulations that support the validity of the
model. We start with the description of the numerical simulations we used to validate the case with a fixed
encounter time 7,. We will leave for later the description of the benchmark simulations for the more general
case of random encounter times.

Attime s = 0, we generate N, actuators whose positions are uniformly distributed within a disc of radius R
centered at the origin, and whose forcing directions are also uniformly distributed. The radius R is chosen
sothat R?zn = N, fora prescribed number density ». Each actuator is modeled as a regularised Stokeslet
with radius &, located at a height # above a no-slip floor, which exerts a force F parallel to the ground on
the fluid. The velocity field generated by each actuator is defined according to the formulas derived in [2],
with all Stokeslets having the same strength / (see Remark [7.4.1). After a time interval 7,, which we will
refer to as activation time, the entire carpet of actuators is regenerated following the same rules described
above. We also specify the dynamics followed by a tracer, whose initial position is (0,0, z;) for a given
initial height z; > 0. The tracer is either advected by the velocity field resulting from the collective action
of all N, actuators, or it moves under the flow generated by its nearest neighbour only (determined at the
time of carpet formation and assumed not to change during the particle’s motion). We will show that, under
the assumption of small number density #, the two dynamics are essentially the same.

We will keep some of the quantities fixed in almost all numerical simulations, if not otherwise stated. In
particular, we will always implicitly assume 6 = 0.215,~ = 0.25 and f = 30. These values are not
arbitrary, as we will see they derive from real measurements on a population of Stylonychia [155]. We can
see in Figure[/.17|that the mean squared displacement and the height distribution produced by the collective
action of the actuators and by the nearest neighbour only are practically the same, and they are in good
agreement with the model predictions.
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Figure 7.11: (Up) The mean squared displacement in the xy variables (MSD,,) up to time 7" = 200s
considering a number density » = 0.005, a fixed activation time 7, = 2 and an initial height for the
tracer z; = 0.75. We compare the model prediction (in black) with the MSD, , obtained by averaging
2000 realisations where the tracer particle is either advected by its nearest actuator only (in blue) or by the
collective flow (in red) produced by N, = 200 actuators which refresh simultaneously every 7, seconds.
(Down) The distribution of heights after T = 200 s predicted by the model (in black) or by averaging over
2000 realisations of the numerical simulations just described.

We can also examine how the initial height of the tracer affects the mean squared displacement. In Figure
[7.12)we see that, for a starting height of z; = 0.05, the mean squared displacement is four times smaller
than for a particle starting at z; = 0.75. We also observe that most of the times a tracer particle remains
near the floor, with probability densities very concentrated near z, = 0.05. This is caused by the no-slip
boundary condition. Once again, we see how the model predicts with good accuracy both the mean squared
displacement and the distribution of the heights.
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Figure 7.12: (Up) The mean squared displacement in the xy variables (MSD,,) up to time 7" = 200s
considering a number density » = 0.005, a fixed activation time #, = 2s and an initial height for the
tracer z; = 0.05. We compare the model prediction (in black) with the MSD, , obtained by averaging 2000
realisations where the tracer particle is either advected by its nearest neighbour only (in blue) or by the
collective flow (in red) produced by N, = 200 actuators which refresh simultaneously every 7, seconds.
(Down) The distribution of heights after T = 200 s predicted by the model (in black) or by averaging over
2000 realisations of the numerical simulations just described. The blue and the red lines, in particular, are
almost indistinguishable.

One might wonder if the displacements in the z variable can be neglected and if we could estimate the
mean squared displacement after a time 7" simply assuming z = z, fixed. In Figure[/.13] we can see that in
general this is not the case. When T is moderate, assuming a fixed height might provide a good estimate of
MSD,.(T); however, for larger T, this is not true. The problem is that, after a sufficiently long time T, the
particle will, on average, have spread over different heights. In particular, when particles are far from the
floor the displacement they experience becomes smaller. As time passes, the slope of the curve changes,
so MSD, , and T are, in general, not linearly dependent as in (7.2.4).
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Figure 7.13: (Up) The mean squared displacement in the xy variables (MSD, ) up to time T = 200s
considering a number density » = 0.005, a fixed activation time z, = 8s and an initial height z; = 0.75. We
compare the model prediction (in black) with the prediction by the same model assuming the height z = z,
to be constant (in red). We also plot the MSD, , obtained by averaging over 2000 realisations where the
tracer particle is advected by its nearest neighbour only (in blue), considering N, = 200 actuators which
refresh simultaneously every ¢, seconds. (Down) The same as the upper graph, with the only difference
that T = 2000s. We can see how assuming z = z, does not give a good prediction of MSD, ,, for large
times.
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The model manages to predict with good precision the height distribution even after long times, see Figure

14
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Figure 7.14: Height distributions of a tracer after T = 2000s, assuming a number density n = 0.005, a
fixed activation time 7, = 2s and an initial height z; = 0.75. We compare the model prediction (in red)
with the distribution obtained averaging over 2000 realisations where the tracer particle is advected by its
nearest neighbour only (in blue), considering N, = 200 actuators which refresh simultaneously every 7,
seconds.

The effect of the initial height can also be seen in Figure where we compute equivalent diffusion
coefficients after various periods of time and assuming different initial heights of the tracer. By “equivalent
diffusion coefficient” we mean a diffusion coefficient v, that yields, after a given time T, the same mean
squared displacement. We can clearly see from Figure[7.15|that equivalent diffusion coefficients depend
more on starting heights for moderate values of 7', but for longer times this difference becomes smaller
and smaller. Since in our model the height z is treated as a Markov chain, its probability density converges,
as time passes, to its (unique) stationary probability distributionm Thus, it is not surprising that diffusion
coefficients tend to converge to the same value as time passes, since the height distribution will converge
to the stationary one. In any case, we recall that our model is based on the assumption that the effect of
the nearest neighbour on the tracer is dominant, and this can only be valid assuming the tracer is near the
floor. Otherwise, a far-field approach where the action of all the actuators is considered is more suited [89].

8This is a classical result: irreducible and aperiodic Markov chains are ergodic, and they have the property of having a unique
stationary distribution to which they converge for every initial datum.
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Figure 7.15: Different equivalent diffusion coefficients, assuming n = 0.005 and ¢, = 25, computed using
the relation MSD, (T') = 4v; T, where we use our model to compute MSD, (T). We consider different
initial heights z, and for each starting height we compute the equivalent diffusion coefficient v, after a
time T. We consider T = 80s (in blue), T = 200s (in red), T = 800s (in yellow) and T = 2000 (in
purple). We can see how, as T becomes larger, the effect of the starting height on the equivalent diffusivity
gradually decreases. We discretise the height in an interval [0, 10] to avoid possible interferences of the
upper boundary.

We now employ our model to estimate the enhanced diffusion generated by a feeding population of Sty-
lonychia. In contrast to the previous numerical experiments, we can rely on real laboratory data as a bench-
mark. Before proceeding, we briefly summarise the experimental setup described in [155], which provides
the benchmark data we use.

The experiment was performed on a culture of Stylonychia within a Petri dish whose glass plates were
separated by a H = 3 mm gap. As we will see, Stylonychia typically exert forces at a height 2 ~ 50 ym,
and for values H /h > 8 the effect of the ceiling on the flow can be neglected [119]. The movements and
the direction of the force F of each Stylonychia are measured using specialised laboratory equipment and
MATLAB programs. See [155, Supporting Information, Section 2.A] for more details.

We consider the Dataset S01 provided in [155, Supporting Information]. Such data contain the xy coordi-
nates and the direction of the force F of 485 Stylonychia, sampled at time intervals At ~ 0.043s. The
data are quite noisy: coordinates are often saved as NaN (i.e. not a number). The reason is that, at the
moment the coordinates were measured, the microorganism was moving too fast, exceeding a threshold
velocity of v,,,, = 500 pms~'. This value was established in [155] as the threshold speed above which
microorganisms act on the fluid as moving stresslets rather than Stokeslets, whose effects are negligible
compared to still actuators which act with a non-zero net force. For this reason, we decide to only retain
coordinates of Stylonychia which do not “move too much”, in particular we will only consider Stylonychia
whose coordinates have less than 30% of NaN. From now on, we will call actuators the 176 members of this
specific subset of the population of microorganisms, neglecting the others. For each actuator, we consider
its xy coordinates, and when a NaN value is encountered we assign a position using linear interpolation
between the nearest non-NaN value before and the nearest non-NaN value after it. We perform the same
interpolation for the directions of the force. We thus have a set of xy coordinates and force directions
for a subset of the Stylonychia, which we model as regularised Stokeslets. The benchmark for testing the
model consists of computing the mean squared displacement in the xy variables and the distribution of the
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heights at the final time T" = 210 s of a tracer particle advected by the collective action of the actuators.
Before running the numerical simulations, there are some issues we need to address. First, the number
density of the actuators we consider may be too high for our model. We always crucially assumed a low
number density, so that interactions between actuators could be neglected. As we can see in Figure[7.76}
where we consider the initial positions of the actuators, they seem too crowded. Moreover, we cannot
always consider a tracer with a fixed initial position (0, 0, z,), since positions and orientations of Stylonychia
are given and the displacement would be deterministic. We solve both of these problems as follows. In
the numerical simulations, we will only consider actuators which lie inside a given circle of radius R and
center C for the whole time T = 210s. For each simulation, we randomly select M actuators chosen
between the ones which stay inside the circle, and we only consider the flow they generate. Moreover,
to increase randomness, we consider the tracer’s initial position to be (x, y, z;), with z, fixed and (x, y)
uniformly chosen in a circle with center C and radius r < R.
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Figure 7.16: The black crosses denote the initial positions of the actuators. In numerical simulations, we
select randomly M = 10 of the 46 actuators which always stay inside the red circle, with center C =
(45,35) and radius R = 25. We also choose a random starting position (with a prescribed height) for the
tracer particle inside the blue circle, which has center C and radius r = 15. With these choices, the number
density of the actuators in numerical simulations is n ~ 0.005.

We now need to specify the parameters of the actuators, namely the strength f of the regularised Stokeslets
they generate, its radius 6 and the height £ at which thy exert the force F. Such parameters are measured
in [155] and they are (we will neglect the measure uncertainty and directly consider the mean value):

F=1200pN, h=50pm, &=43pm.

We will use, as unit of measure for length, the typical body size of the actuator, which is L, = 200 ym.
Since we are interested in the strength 1 of the Stokeslet, we also need to divide F by the dynamic viscosity
of water, i.e. 103 Pas. We find the values (we omit writing the units of measurement):

f =30, h=025 6=0.215.

We are now ready to run simulations, but we still miss some of the data needed for our model. Namely,
we need to specify the probability distributions p,, p, and p,. As for p,, since we randomly select a fixed
number M of actuators in a circle of radius R, we can assume p, to be the probability distribution of the
distance from the nearest neighbour assuming a number density n = M /(R?x), while for p,, since
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we assume isotropy, we consider a uniform distribution. In order to find p,, we first need to specify when
we consider an actuator to stop being active, i.e. to stop exerting a force in a given direction. There are
two events which we consider to stop this process:

1. The actuator moves too fast, i.e. it is swimming away from its current position;

2. the actuator changes the direction of the force. Indeed microorganisms as Stylonychia, when sur-
rounded by food, perform so-called side stepping reactions (SSR). These are fast movements where
the microorganism does not change position, but reorients itself in order to pump water into its
feeding apparatus from a different direction.

In our model, we consider both of these events to interrupt an encounter, i.e. the motion of a tracer particle.
We also assume, for simplicity, that activation times can only be natural numbers. Then we simply look at
positions and orientations 1 s apart. If the actuator has not moved more than 2.5 (we recall that the thresh-
old velocity is v,,,, = 500 ums~! and the unit of length we consider is the typical size of a Stylonychia,
i.e. L, = 200 pum) and the angle of the force dos not change “too much” (we consider a threshold value
of z/6, since SSR often change the angle more than that, see [155]), we assume it is still active. When
one of the two events occur, we reset the time. In this way, we can find an empirical distribution p(T') for
the total activation time T of an actuator. We point out that this distribution is not the one needed in our
model. Indeed, we need to find the distribution p, of the duration 7 of an encounter from the point of view
of the tracer, while p; is the distribution of the total activation time from the point of view of an actuator.
The distribution p, can however be derived from p;.. First, we derive the conditional probability 5, of total
activation times for actuators which we assume to have an encounter with the tracer. To summarise:

* p, is the distribution of encounter durations from the point of view of the tracer;
* pr is the distribution of the total time an actuator stays active, regardless of the tracer;

« pr is the distribution of the total time an actuator stays active, conditioned on having an encounter
with the tracer.

The distribution p;. is length-biased [134], i.e. a tracer is more likely to encounter actuators which stay
active for longer, and it is proportional both to 7" and to p,(T"). Normalising the probability, we get

Tpp(T)
E[T]

We can now derive p, from its cumulative distribution. Namely, let s be the duration of an encounter and
let 7 be the total time that the actuator associated to such encounter stays active. Then, given S, T > 0:

pr(T) =

,with E[T] = / " Tp(T)dT.
0

o0 o0 T _ S R
pr(T)dT.

P({s > S|t =T} P({t = T})dT = /

S

HU>SD=/
S

Differentiating with respect to .S the cumulative function P({s < S}) = 1 — P({s > S'}), we find that

J.7 pr(DdT

E[T]
We can see in Figure[7.17/and Figure[7.18]a comparison between the model prediction and numerical sim-
ulations, which are in good agreement, assuming different starting heights z, = 0.25 and z; = 0.75 for
the tracer. In the figures we also report linear fits to represent the slope of the mean squared displacement
MSD,, predicted by the model (constants are added to avoid overlaps). According to the slopes,
divided by 4, give the enhanced diffusion coefficient x generated by the action of the actuators. Converting
the results to standard units of measurement (we recall that we assumed the characteristic size L, of a
Stylonychia as the unit of length, with L, = 200 pm), we obtain

pz(t) =

xk~3.8x107m?s7ifz; =0.25L, =50pym and x~6x 107 9m*s7!if z; = 0.75L, = 150 ym.
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It is numerically computed [155] Section 5.A] that the ensemble of Stylonychia our dataset refers to, as-
suming tracers initially placed at height z; = 150 pm, generates an enhanced diffusion whose maximum
diffusion coefficient is Dy, ~ 6 x 107 m*s™!. This result seems in accordance with our predictions:
the enhanced diffusion we compute assuming z; = 150 ym is ten times smaller than D, , but this was
to be expected since in each realisation we only consider a small subset of actuators. We also test our
model assuming a higher number density » = 0.02, randomly selecting 40 actuators instead of 10 for each
realisation, see Figure [7.79] Since the slopes of the mean squared displacement curves obtained from
numerical experiments and from the model differ, the enhanced diffusion predicted by the model is incor-
rect. This discrepancy suggests that the number density is likely too high for the model’s assumptions to
remain valid. Finally, in Figurewe consider the full experiment analysed in [155] m without selecting
additional subsets of actuators. However, we remark that we shall still select only actuators which do not
“move too much”. As we already noticed, this results in the total number of Stylonychia considered to drop
from 485 to 176. To compute the number density » of actuators to assume in our model when considering
the action of all 176 actuators, we exploit the fact that, under the assumption of a uniform distribution of
microorganisms, the number density » and the average minimum distance E[r] between actuators satisfy
the following relation:

1
"R
We compute that the average minimum distance between the 176 actuators considered is E[r] ~ 2.9,
which gives n ~ 0.03. Using such a value in our model, we find MSD,(¥) as in Figure[7.20] We also plot
linear fits approximating the slope of MSD,,(¥) at different times, since its behaviour is not linear. The
resulting diffusion coefficient « is in the range 1.2 x 107 — 2.6 x 10~ m? s~!. While smaller than the
coefficient Dpyy, computed in [155], we believe that such a mismatch is justifiable. Indeed:

(7.4.22)

+ We only considered a fraction of actuators, neglecting those that were “moving too much”, where
we imposed an arbitrary limit to how much we allowed an actuator to move before neglecting it (i.e.
we did not considered actuators whose position vectors contained more than 30% NaN entries).
Although we justified this assumption by noting that, above a threshold speed v,,,, the effect of a
crawling Stylonychia can be approximated as that of a moving stresslet (whose influence on the fluid
is negligible compared to static Stokeslets), we did not consider the possibility that the microorgan-
ism’s speed might greatly exceed v,,,. In such a case, the drag force could exceed the force exerted
on the fluid by the feeding Stylonychia [155, Figure 3D], so that the overall effect is that of a moving
Stokeslet, which might not be negligible;

« a crucial assumption of our model is that a tracer particle is effectively displaced by one actuator
at a time, with two actuators never interacting with each other. While this assumption is justifiable
assuming a small number density, it is not when the actuators are too crowded. The situation con-
sidered in [155] appears to correspond to the latter case, since hydrodynamic interactions between
individual feeding flows is observed [155, Section 4] and Figureshows that even for n = 0.02
the model fails to accurately predict the mean squared displacement.

To conclude, we pose two open questions.

1. What is the critical height Z, above which our model is no longer valid? We recall that, assuming
z > h, a collective approach has already been investigated [89].

2. What is the critical number density n, above which our model is no longer valid? In other words, can
we quantify the assumption of “low number density”, which was also made in [152, 117]?

While we do not know how to answer the first question, we propose a possible criterion for roughly estimat-
ing the range of number densities n to which our model applies. Consider a tracer at height z; and denote
by E[r] the average distance of its projection onto the plane {z = 0} to its nearest neighbour. By (7.4.22),
it holds that E[r] = 1/(2\/2). Let max {[||A,,(z))||} denote the maximum norm of the displacement, in

9To be more precise, the Dataset SO1 we use corresponds to the case considered in Movie S16; see [155] Supporting Informa-
tion] for more details.
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the xy variables only, of the tracer assuming an actuator acts on it for a time 7 = /O+°° tp,(t)dt. Then, a
possible criterion might be 2%}

< 1 2‘
4 max{[|A,,(z))}

max{||A,,(zDll} <E[r] = n (7.4.23)
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Figure 7.17: (Up) The mean squared displacement in the xy variables (MSD, ) up to time T = 210s
considering a number density n = 0.005, the empirical probability distribution p, for activation times and
aninitial height z; = 0.25. We compare the model prediction (in red) with the MSD  , obtained by randomly
selecting 10 actuators in a circle of radius R = 25 and center C = (45, 35), and a random initial position
(in the xy variables) for the tracer inside a circle of center C and radius r = 15. The mean squared
displacement is computed over 5 x 10* realisations. The dotted black lines give the slopes of the curves.
(Down) The height distribution at time 7" = 210 s given by the model prediction (in red) and by the numerical
experiments described above (in blue).

20We remark that, in our numerical simulations, 7 =~ 7.6 s and the maximum norms of displacements for a tracer at heights 0.25
and 0.75, considering L, = 200 pm as the unit of measurement, are of 3.4 and 4.2. So, the right hand side of is equal to
0.02 and 0.014 respectively, which are bigger than the number density » = 0.005 when considering only 10 actuators. Instead,
the inequality does not hold when considering 40 actuators and a number density n = 0.02, and indeed Figure [7.19] shows that
the model fails in predicting the mean squared displacement.
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Figure 7.18: (Up) The mean squared displacement in the xy variables (MSD, ) up to time T = 210s
considering a number density n = 0.005, the empirical probability distribution p, for activation times and
aninitial height z; = 0.75. We compare the model prediction (in red) with the MSD, , obtained by randomly
selecting 10 actuators in a circle of radius R = 25 and center C = (45, 35), and a random initial position

(in the xy variables) for the tracer inside a circle of center C and radius r =

15. The mean squared

displacement is computed over 5 x 10* realisations. The dotted black lines give the slopes of the curves.
(Down) The height distribution at time T = 210 s given by the model prediction (in red) and by the numerical

experiments described above (in blue).
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Figure 7.19: (Up) The mean squared displacement in the xy variables (MSD, ) up to time " = 210s
considering a number density n = 0.02, the empirical probability distribution p, for activation times and an
initial height z; = 0.75. We compare the model prediction (in red) with the MSD_ , obtained by randomly
selecting 40 actuators in a circle of radius R = 25 and center C = (45, 35), and a random initial position

(in the xy variables) for the tracer inside a circle of center C and radius r

15.

The mean squared

displacement is computed over 10* realisations. The dotted black lines give the slopes of the curves.
(Down) The height distribution at time T = 210 s given by the model prediction (in red) and by the numerical

experiments described above (in blue).
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Figure 7.20: Model prediction of the mean squared displacement MSD, , up to time T = 210's considering
a number density n = 0.03, the empirical probability p, for activation times and an initial height z, = 0.75.
The dotted black lines give the slopes of the curve.
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