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Introduction

It would be easy to say that the main topic of this thesis is the study of the continuity equation and of the
transport equation. It would not be an incorrect statement. However, we think that the main purpose of this
work, conveyed through the analysis of these PDEs, is to show how the Eulerian and the Lagrangian points
of view are complementary: results which seem out of reach from one perspective can often be established
by working with the other.

As we mentioned, the specific PDEs we are going to study are the continuity equation
{

𝜕𝑡𝑢 + div𝑥(𝑏𝑢) = 0 in 𝕋 𝑑 with 𝑡 > 0
𝑢(0, ⋅) = 𝑢0 for t=0

(0.0.1)

and the transport equation
{

𝜕𝑡𝜌 + 𝑏 ⋅ ∇𝑥𝜌 = 0 in 𝕋 𝑑 with 𝑡 > 0
𝜌(0, ⋅) = 𝜌0 for t=0

, (0.0.2)

where 𝑏 is a given velocity field and 𝑢0, 𝜌0 are initial data. If the velocity field 𝑏 is “regular enough” the
well-posedness theory for both equations is classical and linked to the Cauchy problem

{

𝑑
𝑑𝑡
𝛾(𝑡) = 𝑏(𝑡, 𝛾(𝑡))

𝛾(𝑡0) = 𝑥0
. (0.0.3)

To be more precise, a connection can be established via the flow of 𝑏, i.e. a map 𝑋 ∶ [0, 𝑇 ) × 𝕋 𝑑 → 𝕋 𝑑
which is a “collection” of integral curves of 𝑏, i.e. 𝑋(⋅, 𝑥) solves

{

𝑑
𝑑𝑡
𝑋(𝑡, 𝑥) = 𝑏(𝑡, 𝑋(𝑡, 𝑥))

𝑋(0, 𝑥) = 𝑥
(0.0.4)

for every 𝑥 ∈ 𝕋 𝑑 1. Namely, for every 𝑥 ∈ 𝕋 𝑑 and assuming that 𝑏 is regular, themap𝑋(⋅, 𝑥) ∶ [0, 𝑇 ) → 𝕋 𝑑
is the solution of (0.0.3), which exists and is unique by the classical Cauchy theory for ODEs. The connec-
tion between the continuity and the transport equations and the flow 𝑋 of 𝑏 can be described as follows:
the solutions 𝑢 and 𝜌 can be obtained by transporting the initial data 𝑢0 and 𝜌0 along the integral curves
𝑡↦ 𝑋(𝑡, 𝑥), a technique known in the literature as method of characteristics. Even though this description
highlights the similarity between the two equations, and in some aspects they are indeed similar, they are
also fundamentally different, as they describe the evolution of inherently distinct types of quantities. We
can summarise this difference by saying that the continuity equation describes the evolution of densities
(or, more generally, measures), while the transport equation describes the evolution of scalars. A good ex-
ample (though highly simplified) to illustrate this distinction is the following. If we introduce a drop of ink
into a river, the ink particles will follow the streamlines of the water. Over time, the drop of ink will change
shape and eventually form a blob in which different regions have different ink densities. The density of the
ink thus changes over time, which is precisely what the continuity equation describes. On the other hand,
if we throw some grains of sand into the same river, the grains will still follow the water streamlines just
like the ink did, but their density will not change: each grain is discrete and at any given time and position

1We immediately inform the reader that, throughout this thesis, we will almost always work in a 𝑑-dimensional torus 𝕋 𝑑 rather
than in ℝ𝑑 . This is only a technical assumption, as we shall explain.
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either a grain is present or it is not. In this case the initial distribution is merely rearranged, which is what
is described by the transport equation.

Outside of the regular case (i.e. when 𝑏 is not Lipschitz continuous in space) the situation remained unclear
for several years, since non-uniqueness phenomena may occur. A breakthrough was obtained by DiPerna
and Lions in their seminal paper [70], where they provedwell-posedness of (0.0.4) assuming Sobolev spatial
regularity of the velocity field 𝑏 and a control on the𝐿1

𝑡𝐿
∞
𝑥 norm of its divergence. Contrary to the strategy

followed in the classical case with the method of characteristics, they obtain the well-posedness of (0.0.4)
by first proving well-posedness at the PDE level for (0.0.1) and (0.0.2) 2. The main problem is proving
uniqueness of solutions and the strategy they use is the so-called renormalization technique. We will not
go into details here, we just give an idea using the transport equation (0.0.2) as an example, even though
the same argument applies also to (0.0.1), with minor modifications. In the regular setting, if we consider
the composition of a solution 𝜌 of (0.0.2) with a function 𝛽 ∈ 𝐶1(ℝ;ℝ), by the chain-rule 𝛽(𝜌) solves

𝜕𝑡[𝛽(𝜌)] + 𝑏 ⋅ ∇𝑥[𝛽(𝜌)] = 0. (0.0.5)

Notice that, outside the regular setting, even though the existence of a solution 𝜌 for (0.0.2) can be proved
rather easily we have no information on its regularity, so the chain-rule may not apply and 𝛽(𝜌) may not
be a solution of (0.0.5). If for every 𝛽 ∈ 𝐶1(ℝ;ℝ) it holds that 𝛽(𝜌) solves (0.0.5), then we say that 𝜌
is a renormalized solution, and it can be proved that renormalized solutions are unique. The key property
is the renormalization property for the vector field 𝑏, which states that every weak solution of (0.0.2) is a
renormalized solution, and thus unique. Notice how the focus has shifted from the solution 𝜌 to the vector
field 𝑏: we only need to prove that 𝑏 satisfies the renormalization property to have, as an easy corollary, that
weak solutions of (0.0.2) are unique. This is achieved through a regularisation scheme which shows that
vector fields satisfying certain regularity conditions (namely Sobolev regularity in the spatial variables and a
boundedness assumption on the divergence) have the renormalization property. With such well-posedness
results at the PDE level, corresponding well-posedness results at the ODE level for solutions of (0.0.4) can
also be established. In particular, it is important to point out that the notion of uniqueness for solutions
of (0.0.4) in this non-regular setting is a weak one: it is not necessarily true that for every 𝑥 ∈ 𝕋 𝑑 there
exists a unique solution 𝑋(⋅, 𝑥) of (0.0.3). A general abstract framework in which well-posedness results
at the PDE level can be automatically translated into a “weak” well-posedness for ODEs was provided by
Ambrosio [7]. In the same work, the author also extended the results in [70] by proving that vector fields
with 𝐵𝑉 spatial regularity (with a boundedness assumption on the divergence) have the renormalization
property. In particular, the appropriate notion of flow to be considered as a solution of (0.0.4) in this weaker
setting is the so-called regular Lagrangian flow. The underlying idea is that a “good” solution 𝑋 of (0.0.4)
is one which does not compress the Lebesgue measure too much; in other words, if we transport bounded
initial data via the flow 𝑋 , the boundedness is preserved. When restricting to this “good” class of flows,
uniqueness at the PDE level implies uniqueness at the ODE level.

In more recent years, the topic of numerically approximating the solutions of (0.0.1), (0.0.2) and (0.0.4)
has also been investigated. Indeed, the interest for a well-posedness theory in a low-regularity setting
was not only motivated by the will of extending the classical theory, but also to study PDEs arising from
physics (e.g. fluid mechanics) where the vector fields are often not regular enough to apply the classical
theory. However, there is a problem. The theory developed by DiPerna-Lions and Ambrosio is inherently

qualitative. Namely, if we consider a smooth approximation 𝑏𝜀
𝜀→0
←←←←←←←←←←←←←←←←←→ 𝑏 of a vector field 𝑏 for which well-

posedness of (0.0.1),(0.0.2) and (0.0.4) holds, the theory of renormalized solutions provides no rate of
convergence either for the flow𝑋𝜀 satisfying

𝜕𝑡𝑋𝜀(𝑡, 𝑥) = 𝑏𝜀(𝑡, 𝑋𝜀(𝑡, 𝑥))

or for the solution 𝜌𝜀 of

𝜕𝑡𝜌𝜀 + 𝑏𝜀 ⋅ ∇𝑥𝜌𝜀 = 0

2In fact, they prove well-posedness for a more general PDE which (0.0.1) and (0.0.2) are special cases of.
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to the regular Lagrangian flow𝑋 of 𝑏 and the solution 𝜌 of (0.0.2), respectively. Quantitative stability esti-
mates for regular Lagrangian flows were first obtained by Crippa and De Lellis [58] using completely differ-
ent techniques. It is worth noticing that, with their arguments, they can prove directly the well-posedness of
(0.0.4) without having to rely on the well-posedness at the PDE level. However, for technical reasons, their
argument needs stronger assumptions on the vector field. Indeed their proofs rely on threemain properties:

1. A pointwise inequality (which holds almost everywhere) for BV functions;

2. the boundedness of the maximal operator from 𝐿𝑝 to 𝐿𝑝;

3. a uniform lower bound on det(∇𝑥𝑋(𝑡, ⋅)).

Vector fields satisfying DiPerna-Lions (and even Ambrosio) regularity assumptions satisfy the first and third
properties, but the second one requires 𝑝 > 1. For this reason, up to now a quantitative theory (both at the
PDE and at the ODE level) is, in general, limited to 𝐿1

𝑡𝑊
1,𝑝
𝑥 vector fields with 𝑝 > 1. In particular, in [58] it

is proved that given vector fields 𝑏1 and 𝑏2 satisfying the necessary assumptions and given their regular
Lagrangian flows𝑋1 and𝑋2, then

sup
𝑡
‖𝑋1(𝑡, ⋅) −𝑋2(𝑡, ⋅)‖𝐿1

𝑥
≲ | log(‖𝑏1 − 𝑏2‖𝐿1

𝑡𝐿1
𝑥
)|−1. (0.0.6)

Once again shifting the focus from the Lagrangian/ODE point of view to the Eulerian/PDE one, using the
quantitative estimates provided in [58], Seis [144] established corresponding estimates at the PDE level,
providing quantitative stability results for solutions of (0.0.1) with respect to the Wasserstein distance.

With quantitative estimates at hand, one can devise numerical approximation schemes with explicit con-
vergence rates for solutions of (0.0.1). This was first accomplished in [142], where the authors analysed an
explicit upwind finite-volume scheme. In more recent years, other works have addressed the approxima-
tion of solutions of (0.0.1) in non-regular settings, though always adopting an Eulerian perspective on the
problem. In [56], the author of this thesis first established a numerical approximation scheme (namely, an
explicit Euler method) for approximating the regular Lagrangian flow of a vector field, proving a quantitative
estimate analogous to (0.0.6), and then used these Lagrangian estimates to derive quantitative approxi-
mation results for solutions of (0.0.1). A generalisation of these results, employing a 𝜃-method instead of
an explicit Euler method, is obtained by the author and collaborators in [46].

A very similar connection between the Lagrangian and the Eulerian points of view can be observed with the
stochastic differential equation

{

𝑑𝑋𝑡(𝑥) = 𝑏(𝑡, 𝑋𝑡(𝑥))𝑑𝑡 +
√

2𝜈𝑑𝑊𝑡

𝑋0(𝑥) = 𝑥
(0.0.7)

and the advection-diffusion equation
{

𝜕𝑡𝑢 + div𝑥(𝑏𝑢) = 𝜈Δ𝑥𝑢 in (0, 𝑇 ) × 𝕋 𝑑

𝑢(0, ⋅) = 𝑢0 if 𝑡 = 0
, (0.0.8)

since the solution 𝑢 of (0.0.8) can be represented in terms of the solution𝑋𝑡 of (0.0.7) via the Feynman-Kac
formula

𝑢(𝑡, ⋅) = 𝔼[𝑋(𝑡, ⋅)#𝑢0],

where𝑋(𝑡, ⋅)#𝑢0 denotes the push-forward of the initial datum. The basic idea is the same as the method
of characteristics: the initial datum is transported via the stochastic flow 𝑋𝑡. However, since the solution
of (0.0.7) is not deterministic, an averaging procedure is required, which explains the expected value in
the Feynman-Kac formula. The theory of well-posedness in low regularity settings for (0.0.7) and (0.0.8)
is vast and we will not treat it in detail in this thesis. We only mention that the Brownian motion has a very
strong regularising effect: heuristically, the presence of a Brownian perturbation prevents the formation of
singular measures, which is exactly what we avoid by considering regular Lagrangian flows in (0.0.4). Well-
posedness results for (0.0.7) (with 𝜈 > 0) were already known before [70] and since the Brownian motion



8 CONTENTS

prevents the formation of singularities, no regularity on the vector field is actually needed. In particular,
Veretennikov [156] proved existence and pathwise uniqueness for solutions of (0.0.7) only requiring the
vector field 𝑏 to be bounded. We point out that the connection between (0.0.7) and (0.0.8) still holds when
the vector field 𝑏 itself is random. In other words, a non-deterministic velocity field in (0.0.7) can have the
effect, at the Eulerian level, of enhancing the diffusivity 𝜈. Indeed, averaging over possible directions of
advection produces an effect analogous to a random walk, which is well known to induce diffusion.

We now briefly describe the contents of the various chapters, highlighting the original contributions of the
author. We refer the reader to the introduction of each chapter for more details.

In Chapter 1 we review classical well-posedness theory for (0.0.1), (0.0.2) and (0.0.3),(0.0.4), showing how
they are related and how usual assumptions often considered during introductory analysis courses can be
relaxed.

In Chapter 2 we present the results of DiPerna and Lions [70], establishing well-posedness at the PDE
level. We also discuss the general theory for ODEs with non-regular vector fields by introducing the general
framework developed by Ambrosio [7]. We conclude the chapter with a discussion on non-uniqueness
phenomena and their construction, ranging from classical examples by Aizenman [3] and Depauw [66] to
convex integration approaches [126, 127, 125], up to very recent results [37].

Chapter 3 is based on a paper by the author [55], where uniqueness of solutions of (0.0.1) in a low-regularity
setting is proved without using the renormalization technique. Instead, a more geometric argument is
employed, relying on currents from geometric measure theory. In particular, the key observation is to notice
that (0.0.1) can be seen as a condition on the boundary of a 1-current of a specific form.

In Chapter 4 we prove stability estimates and other results from [58]: the techniques used in the proofs will
be the blueprint for the results in the subsequent chapters. We also present a novel quantitative stability
estimate in a strong topology for the solutions of (0.0.1).

In Chapter 5 we present the results obtained by the author in [56]. We devise a numerical scheme, based
on the explicit Euler method, to approximate both the regular Lagrangian flow of a vector field and the
solution of (0.0.1) in a low-regularity setting. In Section 5.5 we also present the results obtained by the
author in collaboration with Gennaro Ciampa, Gianluca Crippa, Raffaele D’Ambrosio and Stefano Spirito in
[46]. In particular, in [46] we prove approximation results for the regular Lagrangian flow (which we also use
to prove approximation results at the PDE level) using a 𝜃-method, and we provide numerical simulations
which show the logarithmic convergence rate we predict.

In Chapter 6, which also presents mainly original results, we show how the techniques employed in Chapter
5 can be applied to the context of SDEs and the advection-diffusion equation, approximating the stochastic
flow𝑋𝑡 defined in (0.0.7) with a Euler-Maruyama scheme and using the Feynman-Kac formula to get related
approximation results for (0.0.8).

In Chapter 7, the focus is on mathematical modeling. Specifically, the objective of this chapter is to study
of how advection induced by random forces, produced by microorganisms immersed in a fluid, gives rise
to enhanced diffusion. The original contribution of the author, in collaboration with prof. Giovanni Alberti
and prof. Antonio DeSimone, is presented in section 7.4, where we devise a mathematical model to predict
the enhanced diffusion in a fluid produced by the action of an ensemble of Stokeslets above a no-slip floor.
This study is motivated by the real-world microorganism Stylonychia, which feed in a similar fashion [155].
The results in this chapter are still a work in progress, which will be finalised in [6].
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Notations

The main notations used in the thesis are listed below.

We denote by ℝ𝑑 the 𝑑-dimensional Euclidean space and by 𝕋 𝑑 = ℝ𝑑∕ℤ𝑑 the 𝑑-dimensional torus, each
one considered as a metric space with their respective standard distances. We denote by ℝ+ and ℝ+

0 the
sets of positive and non-negative real numbers, respectively. We also denote by 𝐼 an interval, often we will
have 𝐼 = [0, 𝑇 ) for some 𝑇 > 0. The 𝑑-dimensional Lebesgue measure is denoted byℒ 𝑑 , and we denote
by𝑑 the 𝑑-dimensional Hausdorff measure. For other generic measures we will typically use the letters 𝜇
or 𝜈. Given a measure space (𝑋, , 𝜇), with  a 𝜎-algebra, we will denote by(𝑋) and+(𝑋) the sets
of measures and of positive measures on the measurable space (𝑋, ), respectively. If𝑋 is a topological
space we will implicitly assume that  is the Borel 𝜎-algebra, if not otherwise specified.

Given Ω ⊂ ℝ𝑑 (or Ω ⊂ 𝕋 𝑑), we denote by 𝐿𝑝(Ω) and𝑊 1,𝑝(Ω), with 1 ≤ 𝑝 <∞, the sets

𝐿𝑝(Ω) =
{

𝑓 ∶ Ω → ℝ measurable and such that ∫Ω
|𝑓 |𝑝𝑑𝑥 < +∞

}

and

𝑊 1,𝑝(Ω) =
{

𝑓 ∈ 𝐿𝑝(Ω) such that ∫Ω
‖∇𝑥𝑓‖

𝑝𝑑𝑥 < +∞
}

.

If 𝑝 = +∞, 𝐿∞(Ω) and𝑊 1,∞(Ω) denote the spaces of measurable functions such that |𝑓 | is ℒ 𝑑 -almost
everywhere bounded and such that |𝑓 |+‖∇𝑥𝑓‖ isℒ 𝑑 -almost everywhere bounded, respectively. We may
consider generalisation of such spaces with vector-valued functions or with respect to different measures.
We denote by 𝑏 a vector field and by either𝑋 orΦ its flow. In Chapter 3 and Chapter 5 (and in the statement
of some results) we shall use the letter Φ to be consistent with the reference material [55, 56], otherwise
we use𝑋. We use log(⋅) to denote the natural logarithm.

We use personalised tags for some equations. For the reader’s convenience, we list here these tags to-
gether with where they are defined in the text.

• (CE), (TE), (DP-L) and (𝜌-TE) are defined in Chapter 2, Section 1;

• (𝜇-CE) and (ODE) are defined in Chapter 2, Section 2;

• (Hyp) and (C-CE) are defined in Chapter 3, Section 2;

• (PDE) and (MA) are defined at the beginning of Chapter 5 and in Chapter 5, Section 1, respectively;

• (ADE), (B-SDE), (SDE) and (F-K) are defined in Chapter 6, Section 1.
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Chapter 1

The classical setting

1.1 The ODE theory: existence, uniqueness and stability

1.1.1 Classical results on ODEs

In this section we will prove some of the main results of the classical theory on ODEs and we will show
how this theory can be applied to prove related results at the PDE level on the continuity and the transport
equations. Even though such results are very standard and well known, we will give detailed proofs (or
references where the interested reader can find detailed proofs) both for the reader’s convenience and
because many of the basic ideas used in the classical setting carry over, with due modifications, to the
non-classical case we are going to discuss in the next chapters.

Let 𝑏 ∶ 𝐼𝑡0 × ℝ𝑑 → ℝ𝑑 be a vector field, with 𝐼𝑡0 an open neighbourhood of 𝑡0 ∈ ℝ. We consider the
following Cauchy problem:

{

𝑑
𝑑𝑡
𝛾(𝑡) = 𝑏(𝑡, 𝛾(𝑡)) if 𝑡 ∈ 𝐼𝑡0

𝛾(𝑡0) = 𝑥0
. (1.1.1)

We will discuss existence, uniqueness and stability of classical solutions of (1.1.1). The following well-
known example shows that uniqueness of solutions is not always guaranteed:

Example 1.1.1. The square root example
Consider the following Cauchy problem on ℝ:

{

𝑑
𝑑𝑡
𝛾(𝑡) = 2

√

|𝛾(𝑡)|
𝛾(0) = 0

. (1.1.2)

It can be easily verified that, for every 𝑐 ≥ 0, the following function is a solution for (1.1.2):

𝛾𝑐(𝑡) =

{

0 if 𝑡 ≤ 𝑐
(𝑡 − 𝑐)2 if 𝑡 > 𝑐.

We now start with a list of classical theorems dealing with existence and uniqueness of solutions of (1.1.1).
We will give two versions of each theorem, showing that the continuity in time and the uniform Lipschitz
condition usually assumed in such results are not really necessary. The reason we do this is to immediately
show how the regularity in time is not the issue in these kinds of problems, especially when considering
the uniqueness of solutions 1. The first result on existence and uniqueness of solutions of (1.1.1) is one of
the most famous theorems in classical analysis:

1Once we drop the continuity assumption in time and only assume summability, issues about the well-posedness of (1.1.1) in
a pointwise sense arise. One has to consider a representative of the vector field which is defined pointwise.
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Theorem 1.1.1. Cauchy-Lipschitz-Picard-Lindelöf existence and uniqueness theorem, [57, Theorem 1.2.2]
Let 𝑏 be a continuous vector field defined on an open set of ℝ ×ℝ𝑑 containing the rectangle

𝐷 = {(𝑡, 𝑥) ∈ ℝ ×ℝ𝑑 such that |𝑡 − 𝑡0| ≤ 𝛼 and |𝑥 − 𝑥0| ≤ 𝛽}.

Assume that 𝑏 is uniformly Lipschitz continuous in the space variable with respect to time in𝐷, i.e.

|𝑏(𝑡, 𝑥) − 𝑏(𝑡, 𝑦)| ≤ 𝐾|𝑥 − 𝑦| for every (𝑡, 𝑥), (𝑡, 𝑦) ∈ 𝐷, for some𝐾 > 0. (1.1.3)

Moreover, assume that |𝑏(𝑡, 𝑥)| ≤ 𝑀 in 𝐷 for some 𝑀 > 0. Then there exists a unique solution 𝛾 ∈
𝐶1([𝑡0 − 𝑟, 𝑡0 + 𝑟];ℝ𝑑) to (1.1.1) with initial condition 𝛾(𝑡0) = 𝑥0 , where

𝑟 < min
{

𝛼,
𝛽
𝑀
, 1
𝐾

}

.

Proof. See the proof of Theorem 1.1.2.

The next alternative version of the theorem, which does not require time continuity or a uniform Lipschitz
constant, is proved in essentially the same way as the classical one 2.

Theorem 1.1.2. Cauchy-Lipschitz-Picard-Lindelöf existence and uniqueness theorem, revisited
Let 𝐼 = [0, 𝑇 ) with 𝑇 > 0 be a time interval and let 𝑏 be a vector field such that |𝑏(𝑡, 𝑥)| ≤ 𝑀 for some
𝑀 > 0 for every (𝑡, 𝑥) ∈ 𝐼 ×ℝ𝑑 . Assume that

|𝑏(𝑡, 𝑥) − 𝑏(𝑡, 𝑦)| ≤ 𝐾(𝑡)|𝑥 − 𝑦| for some𝐾 ∈ 𝐿1(𝐼) for every (𝑡, 𝑥), (𝑡, 𝑦) ∈ 𝐼 ×ℝ𝑑

and that 𝑇 is sufficiently small such that

∫

𝑇

0
𝐾(𝑡)𝑑𝑡 < 1.

Then, for every initial datum 𝑥0 ∈ ℝ𝑑 , there exists a unique absolutely continuous solution 𝛾 ∶ 𝐼 → ℝ𝑑

solving (1.1.1).

Remark 1.1.1.
Notice that in this theorem we do not assume continuity in time of 𝑏. Moreover it is easy to obtain the result
for every 𝑇 > 0 by considering 𝛾(𝑇 − 𝜀) a new initial point and applying the theorem iteratively.

Proof. Consider 𝑥0 ∈ ℝ𝑑 fixed. We will show that there exists a unique continuous curve 𝛾 ∶ 𝐼 → ℝ𝑑

such that

𝛾(𝑡) = 𝑥0 + ∫

𝑡

0
𝑏(𝑠, 𝛾(𝑠))𝑑𝑠 for every 𝑡 ∈ 𝐼,

which is the integral formulation of (1.1.1). In order to do that, we consider the metric space

𝑋 = {𝛾 ∈ 𝐶(𝐼 ;ℝ𝑑) such that |𝛾(𝑡) − 𝑥0| ≤𝑀𝑇 ∀𝑡 ∈ 𝐼 and 𝛾(0) = 𝑥0}

endowed with the supremum norm. Since 𝑋 is a closed subspace of 𝐶(𝐼 ;ℝ𝑑), it is a complete metric
space. We consider the map  ∶ 𝐶(𝐼 ;ℝ𝑑) → 𝐶(𝐼 ;ℝ𝑑) defined as

[𝛾](𝑡) ∶= 𝑥0 + ∫

𝑡

0
𝑏(𝑠, 𝛾(𝑠))𝑑𝑠,

and we notice that  maps𝑋 onto itself: given 𝛾 ∈ 𝑋 , it holds that [𝛾](0) = 𝑥0 and

|[𝛾](𝑡) − 𝑥0| =
|

|

|

|

|

∫

𝑡

0
𝑏(𝑠, 𝛾(𝑠))𝑑𝑠

|

|

|

|

|

≤ ∫

𝑡

0
|𝑏(𝑠, 𝛾(𝑠))|𝑑𝑠 ≤𝑀𝑇 for every 𝑡 ∈ 𝐼.

2We will be interested mainly in initial value problems, considering an initial time 𝑡 = 0 and going forward in time. So, instead
of a neighbourhood of 𝑡0 ∈ ℝ, we will consider a time interval 𝐼 = [0, 𝑇 ) with 𝑇 > 0.
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We now show that  is a contraction. Given 𝛾1, 𝛾2 ∈ 𝑋 it holds that for every 𝑡 ∈ 𝐼 :

|[𝛾1](𝑡) − [𝛾2](𝑡)| =
|

|

|

|

|

∫

𝑡

0
𝑏(𝑠, 𝛾1(𝑠)) − 𝑏(𝑠, 𝛾2(𝑠))𝑑𝑠

|

|

|

|

|

≤ ∫

𝑡

0
|𝑏(𝑠, 𝛾1(𝑠)) − 𝑏(𝑠, 𝛾2(𝑠))|𝑑𝑠

≤ ∫

𝑡

0
𝐾(𝑠)|𝛾1(𝑠) − 𝛾2(𝑠)|𝑑𝑠 ≤

(

∫

𝑇

0
𝐾(𝑡)𝑑𝑡

)

sup
𝑡∈𝐼

|𝛾1(𝑡) − 𝛾2(𝑡)|.

Taking the supremum over 𝑡 ∈ 𝐼 on the left-hand side:

sup
𝑡∈𝐼

|[𝛾1](𝑡) − [𝛾2](𝑡)| ≤
(

∫

𝑇

0
𝐾(𝑡)𝑑𝑡

)

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
<1

sup
𝑡∈𝐼

|𝛾1(𝑡) − 𝛾2(𝑡)| < sup
𝑡∈𝐼

|𝛾1(𝑡) − 𝛾2(𝑡)|.

This proves that  is a contraction on 𝑋 and by Banach’s fixed point theorem there exists a unique fixed
point 𝛾 ∈ 𝑋 , which is the unique solution of (1.1.1). The absolute continuity of 𝛾 simply follows by the
absolute continuity of the integral.

If one drops the Lipschitz continuity assumption on the vector field (or the weaker assumption of Theorem
1.1.2) one loses uniqueness, but existence can still hold.

Theorem 1.1.3. Peano existence theorem , [57, Theorem 1.2.4]
Let 𝑏 be a continuous vector field defined on an open set containing the rectangle

𝐷 =
{

(𝑡, 𝑥) ∈ ℝ ×ℝ𝑑 such that |𝑡 − 𝑡0| ≤ 𝛼 and |𝑥 − 𝑥0| ≤ 𝛽
}

and such that |𝑏(𝑡, 𝑥)| ≤ 𝑀 in 𝐷. Then there exists a solution to (1.1.1) in 𝐶1([𝑡0 − 𝑟, 𝑡0 + 𝑟];ℝ𝑑) with
𝑟 < min

{

𝛼, 𝛽
𝑀

}

.

Similarly to what we considered previously, there is a stronger version of the classical Peano theoremwhere
continuity in time is not required.

Theorem 1.1.4. Carathéodory existence theorem , [47, Theorem 1.1]
Let 𝑏 be a vector field defined on an open set containing the rectangle

𝐷 =
{

(𝑡, 𝑥) ∈ ℝ ×ℝ𝑑 such that 𝑡0 ≤ 𝑡 ≤ 𝑡0 + 𝛼 ≤ 𝛼 and |𝑥 − 𝑥0| ≤ 𝛽
}

.

Assume that 𝑏 satisfies, on𝐷, the following Carathéodory conditions:

1. 𝑥↦ 𝑏(𝑡, 𝑥) is continuous for almost every 𝑡 ∈ [𝑡0, 𝑡0 + 𝛼];

2. 𝑡↦ 𝑏(𝑡, 𝑥) is measurable in 𝑡 for every 𝑥 such that |𝑥 − 𝑥0| ≤ 𝛽 ;

3. |𝑏(𝑡, 𝑥)| ≤ 𝑚(𝑡) for every (𝑡, 𝑥) ∈ 𝐷, with 𝑚(𝑡) ∈ 𝐿1([𝑡0, 𝑡0 + 𝛼]).

Then (1.1.1) admits an absolutely continuous solution 𝛾 in the time interval [𝑡0, 𝑡0 + 𝑑] , where 𝑑 ≤ 𝛼 is such
that

∫

𝑡0+𝑑

𝑡0
𝑚(𝑡)𝑑𝑡 ≤ 𝛽.

Remark 1.1.2. Continuity in time: if it is not really necessary, why is it there?
We think it is appropriate to add a brief remark on why the continuity in time is often assumed in results
concerning existence and uniqueness of ODEs. There are two reasons in our opinion: one pedagogical and
the other one historical. The Cauchy-Lipschitz-Picard-Lindelöf theorem and the Peano theorem are usually
taught to students who have not been introduced to the Lebesgue integral yet, and historically such theorems
need continuity in time because they originally used the Riemann integral rather than Lebesgue’s. Indeed they
were first proved in [118] and [135] respectively, and at that time the Lebesgue integral simply did not exist: it
was invented later [112].
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We now prove a version (one of the many) of the Grönwall’s lemma [84], which will be very useful in proving
some of the subsequent results.

Lemma 1.1.1. (A version of) Grönwall’s lemma
Let 𝐼 = [0, 𝑇 ) for some 𝑇 > 0 and consider 𝑓, 𝑔, 𝐶 ∈ 𝐿1(𝐼 ;ℝ+

0 ). If for almost every 𝑡 ∈ 𝐼

𝑓 (𝑡) ≤ 𝐶(𝑡) + ∫

𝑡

0
𝑓 (𝑠)𝑔(𝑠)𝑑𝑠, (1.1.4)

then it holds that

𝑓 (𝑡) ≤ 𝐶(𝑡) + ∫

𝑡

0
exp

(

∫

𝑡

𝑠
𝑔(𝑧)𝑑𝑧

)

𝑔(𝑠)𝐶(𝑠)𝑑𝑠 for almost every 𝑡 ∈ 𝐼. (1.1.5)

If moreover 𝐶 is non-decreasing, then

𝑓 (𝑡) ≤ 𝐶(𝑡) exp
(

∫

𝑡

0
𝑔(𝑠)𝑑𝑠

)

for almost every 𝑡 ∈ 𝐼. (1.1.6)

Proof. Consider the function

ℎ(𝑡) ∶= exp
(

−∫

𝑡

0
𝑔(𝑠)𝑑𝑠

)

∫

𝑡

0
𝑓 (𝑠)𝑔(𝑠)𝑑𝑠.

Differentiating ℎ we get that for almost every 𝑠 ∈ [0, 𝑡]:

ℎ′(𝑠) = −𝑔(𝑠) exp
(

−∫

𝑠

0
𝑔(𝑧)𝑑𝑧

)(

∫

𝑠

0
𝑓 (𝑧)𝑔(𝑧)𝑑𝑧

)

+ exp
(

−∫

𝑠

0
𝑔(𝑧)𝑑𝑧

)

𝑓 (𝑠)𝑔(𝑠)

= exp
(

−∫

𝑠

0
𝑔(𝑧)𝑑𝑧

)

𝑔(𝑠)
(

𝑓 (𝑠) − ∫

𝑠

0
𝑓 (𝑧)𝑔(𝑧)𝑑𝑧

)

≤ exp
(

−∫

𝑠

0
𝑔(𝑧)𝑑𝑧

)

𝑔(𝑠)𝐶(𝑠).

Integrating the above inequality in [0, 𝑡] and since ℎ(0) = 0:

ℎ(𝑡) ≤ ∫

𝑡

0
exp

(

−∫

𝑠

0
𝑔(𝑧)𝑑𝑧

)

𝑔(𝑠)𝐶(𝑠)𝑑𝑠.

By the definition of ℎ:

∫

𝑡

0
𝑓 (𝑠)𝑔(𝑠)𝑑𝑠 = ℎ(𝑡) exp

(

∫

𝑡

0
𝑔(𝑠)𝑑𝑠

)

≤ exp
(

∫

𝑡

0
𝑔(𝑠)𝑑𝑠

)

∫

𝑡

0
exp

(

−∫

𝑠

0
𝑔(𝑧)𝑑𝑧

)

𝑔(𝑠)𝐶(𝑠)𝑑𝑠

(1.1.7)

= ∫

𝑡

0
exp

(

∫

𝑡

0
𝑔(𝑠)𝑑𝑠

)

exp
(

−∫

𝑠

0
𝑔(𝑧)𝑑𝑧

)

𝑔(𝑠)𝐶(𝑠)𝑑𝑠

= ∫

𝑡

0
exp

(

∫

𝑡

𝑠
𝑔(𝑧)𝑑𝑧

)

𝑔(𝑠)𝐶(𝑠)𝑑𝑠.

Substituting ∫ 𝑡
0 𝑓 (𝑠)𝑔(𝑠)𝑑𝑠 in (1.1.4) with the last term in (1.1.7) we get (1.1.5). If 𝐶 is non-decreasing, then

𝑓 (𝑡) ≤ 𝐶(𝑡) + ∫

𝑡

0
exp

(

∫

𝑡

𝑠
𝑔(𝑧)𝑑𝑧

)

𝑔(𝑠)𝐶(𝑠)𝑑𝑠 ≤ 𝐶(𝑡) + 𝐶(𝑡)∫

𝑡

0
𝑔(𝑠) exp

(

∫

𝑡

𝑠
𝑔(𝑧)𝑑𝑧

)

𝑑𝑠

= 𝐶(𝑡) + 𝐶(𝑡)∫

𝑡

0

𝑑
𝑑𝑠

[

−exp
(

∫

𝑡

𝑠
𝑔(𝑧)𝑑𝑧

)]

𝑑𝑠 = 𝐶(𝑡) + 𝐶(𝑡)

[

−exp
(

∫

𝑡

𝑠
𝑔(𝑧)𝑑𝑧

)

|

|

|

|

|

𝑠=𝑡

𝑠=0

]

= 𝐶(𝑡) + 𝐶(𝑡)
[

−1 + exp
(

∫

𝑡

0
𝑔(𝑧)𝑑𝑧

)]

= 𝐶(𝑡) exp
(

∫

𝑡

0
𝑔(𝑧)𝑑𝑧

)

,

and we have proved (1.1.6).
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In the classical setting there are at least two conditions which are more general than the Lipschitz one
required in Theorem 1.1.1 and that ensure uniqueness of the solution of (1.1.1). The first one is the one-
sided Lipschitz condition.

Proposition 1.1.1. One-sided Lipschitz condition
Uniqueness forward in time for (1.1.1) (i.e. two solutions 𝛾1, 𝛾2 coincide for times 𝑡 ≥ 𝑡0) holds if the Lipschitz
condition (1.1.3) in Theorem 1.1.1 is replaced by the following one-sided Lipschitz condition:

⟨𝑏(𝑡, 𝑥) − 𝑏(𝑡, 𝑦), 𝑥 − 𝑦⟩ ≤ 𝐾|𝑥 − 𝑦|2 for every (𝑡, 𝑥), (𝑡, 𝑦) ∈ 𝐷,

with ⟨⋅, ⋅⟩ denoting the standard scalar product in ℝ𝑑 .

Proof. Assume there are two solutions 𝛾1, 𝛾2 for (1.1.1). Define 𝑟(𝑡) ∶= |𝛾1(𝑡) − 𝛾2(𝑡)|2. It holds that
𝑟(𝑡0) = 0 and

𝑑
𝑑𝑡
𝑟(𝑡) = 2⟨𝛾1(𝑡) − 𝛾2(𝑡), 𝑏(𝑡, 𝛾1(𝑡)) − 𝑏(𝑡, 𝛾2(𝑡))⟩

≤ 2𝐾|𝛾1(𝑡) − 𝛾2(𝑡)|2 = 2𝐾𝑟(𝑡).

Integrating the above inequality we have 𝑟(𝑡) ≤ 2𝐾 ∫ 𝑡
𝑡0
𝑟(𝑠)𝑑𝑠, and by Grönwall’s lemma we conclude that

𝑟(𝑡) ≡ 0.

Remark 1.1.3. Non-uniform one-sided Lipschitz constant
As we extended the result of Theorem 1.1.1 to Theorem 1.1.2 assuming a time-dependent Lipschitz constant
𝐾(𝑡), the same generalisation applies here provided that𝐾 ∈ 𝐿1(𝐼).

Remark 1.1.4. Backward uniqueness
It is easy to see how assuming a lower bound like

⟨𝑏(𝑡, 𝑥) − 𝑏(𝑡, 𝑦), 𝑥 − 𝑦⟩ ≥ −𝐾|𝑥 − 𝑦|2 (1.1.8)

we can prove uniqueness also backward in time. Indeed, we can reduce the (backward) Cauchy problem
{

𝑑
𝑑𝑡
𝛾̄(𝑡) = 𝑏(𝑡, 𝛾̄(𝑡)) if 𝑡 ∈ (−𝑇 , 0)

𝛾̄(0) = 𝑥0

to the (forward) Cauchy problem
{

𝑑
𝑑𝑡
𝛾(𝑡) = −𝑏(−𝑡, 𝛾(𝑡)) if 𝑡 ∈ (0, 𝑇 )

𝛾(0) = 𝑥0

just by noticing that given a solution 𝛾 of the latter , 𝛾̄(𝑡) ∶= 𝛾(−𝑡) solves the former, and uniqueness holds
if −𝑏 has the one-sided Lipschitz property, which is precisely condition (1.1.8).

Another sufficient condition that ensures uniqueness of the solution of (1.1.1) is the so-called Osgood con-
dition [133].

Proposition 1.1.2. Osgood condition, [57, Proposition 1.2.7]
Uniqueness for (1.1.1) holds if the Lipschitz condition (1.1.3) in Theorem 1.1.1 is replaced by the following
Osgood condition:

|𝑏(𝑡, 𝑥) − 𝑏(𝑡, 𝑦)| ≤ 𝜔(|𝑥 − 𝑦|) for every (𝑡, 𝑥), (𝑡, 𝑦) ∈ 𝐷,

where 𝜔 ∶ ℝ+
0 → ℝ+

0 is a continuous non-decreasing function satisfying 𝜔(0) = 0, 𝜔(𝑧) > 0 for every
𝑧 > 0 and

∫

1

0

1
𝜔(𝑧)

𝑑𝑧 = +∞.
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Remark 1.1.5. Non-existence
While the Osgood condition ensures the continuity in the spatial variables of 𝑏, and thus up to other suitable
assumptions the existence of a𝐶1 solution by Theorem 1.1.4, this is not true for the one-sided Lipschitz con-
dition since every monotone decreasing function (possibly discontinuous) satisfies it. For instance, consider

𝑔(𝑡) =

{

𝜋 if 𝑡 < 0
𝑒 if 𝑡 ≥ 0

and the Cauchy problem
{

𝑦′(𝑡) = 𝑔(𝑦(𝑡))
𝑦(0) = 0

.

A 𝐶1 solution 𝑦(𝑡) does not exist since it can be easily verified that 𝑦 is not differentiable in 0. However, if
we consider for instance Lipschitz solutions instead of 𝐶1 ones, it is easy to see that

𝑦(𝑡) =

{

𝜋𝑡 if 𝑡 ≤ 0
𝑒𝑡 if 𝑡 > 0

is a valid solution. Namely, for almost every 𝑡 it holds that 𝑦′(𝑡) = 𝑔(𝑦(𝑡)). This is not always the case: there
are examples with 𝑔 merely bounded where no Lipschitz solutions of (1.1.1) exist. We report here a proof
proposed in [93], based on arguments from [87]. Let 𝐴 ⊆ ℝ be a Borel set of positive (but not full) measure
in each interval. The existence of such a set is proved in [141]. Let 𝐹 (𝑥) = 𝟙𝐴(𝑥) − 𝟙𝐴𝑐 (𝑥) and assume that
∃𝜑∶ (𝑎, 𝑏) → ℝ a Lipschitz integral curve for 𝐹 . The set 𝑅 = 𝜑((𝑎, 𝑏)) is an interval (by the intermediate
value property) with positive Lebesgue measure (because 𝜑′(𝑡) ≠ 0 for almost every 𝑡 ∈ (𝑎, 𝑏)). Consider
the set

𝑅̃ = {𝑥 ∈ 𝑅 such that ∀𝑡 ∈ 𝜑−1({𝑥}) ∃𝜑′(𝑡) = 𝐹 (𝜑(𝑡))}.

The set 𝑅 ⧵ 𝑅̃ has measure zero, being image of the zero-measure set

𝑁 = {𝑡 ∈ (𝑎, 𝑏) such that ∄𝜑′(𝑡) or 𝜑′(𝑡) ≠ 𝐹 (𝜑(𝑡))}

under the Lipschitz map 𝜑. Notice that for any 𝑥 ∈ 𝑅̃ there exists just one 𝑡 ∈ (𝑎, 𝑏) such that 𝜑(𝑡) = 𝑥.
Indeed, otherwise one could find distinct points 𝑡1, 𝑡2 ∈ (𝑎, 𝑏) such that𝜑(𝑡1) = 𝜑(𝑡2) = 𝑥 ∈ 𝑅̃ and𝜑(𝑡)−𝑥
has constant sign on (𝑡1, 𝑡2). Then 𝜑′(𝑡1) and 𝜑′(𝑡2) have different signs, a contradiction with the definition
of 𝑅̃. Therefore 𝜑 is injective on 𝜑−1(𝑅̃) and it is easy to show that 𝜑 is injective on the whole (𝑎, 𝑏), using
the fact that 𝜑′(𝑡) ≠ 0 for almost every 𝑡 ∈ (𝑎, 𝑏). By continuity and injectivity the function 𝜑 is strictly
monotone, hence one of the sets𝑅 ∩𝐴 or𝑅 ⧵𝐴 has measure zero (because 𝜑 cannot map a negligible set
to a set with positive measure). This contradicts the definition of 𝐴.

Remark 1.1.6. The case 𝑏 ∉ 𝐿∞

Although we will assume vector fields to be bounded in order to avoid technical complications we remark
that the typical assumption needed when working with unbounded vector fields is that |𝑏| is dominated by a
linear function. Without delving too much in technicalities, the issue is that if 𝑏 grows superlinearly a blow-up
in finite time might occur. An example, assuming 𝑏(𝑥) = 𝑥2, is the solution of

{

𝑑
𝑑𝑡
𝑦(𝑡) = 𝑦(𝑡)2

𝑦(0) = 1
,

which is 𝑦(𝑡) = − 1
𝑡−1

. A similar requirement is needed also in low-regularity settings [70, 7].

1.1.2 Classical flow of a vector field

We now want to compare solutions 𝛾1, 𝛾2 of (1.1.1) with different initial conditions 𝛾1(0) = 𝑥1, 𝛾2(0) = 𝑥2
and different driving vector fields 𝑏1, 𝑏2 (we will always assume 𝑡0 = 0 and we will consider solutions in
𝐼 = [0, 𝑇 ) for some 𝑇 > 0). For this reason, it is convenient to introduce the notion of flow of a vector
field.
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Definition 1.1.1. (Classical) flow of a vector field
Let 𝑏 ∶ 𝐼 ×ℝ𝑑 → ℝ𝑑 be a continuous and bounded vector field. The (classical) flow of 𝑏 is a map

𝑋 ∶ 𝐼 ×ℝ𝑑 → ℝ𝑑

such that it solves
{

𝜕𝑡𝑋(𝑡, 𝑥) = 𝑏(𝑡, 𝑋(𝑡, 𝑥))
𝑋(0, 𝑥) = 𝑥

for every (𝑡, 𝑥) ∈ 𝐼 ×ℝ𝑑 ,

i.e.

𝑋(𝑡, 𝑥) = 𝑥 + ∫

𝑡

0
𝑏(𝑠,𝑋(𝑠, 𝑥))𝑑𝑠 for every (𝑡, 𝑥) ∈ 𝐼 ×ℝ𝑑 .

If 𝑏 is Lispchitz continuous in the spatial variables (or if it satisfies the weaker assumptions of Theorem
1.1.2) we have existence and uniqueness of the flow𝑋 , since for every (𝑡, 𝑥) ∈ 𝐼 ×ℝ𝑑 we have that

𝑋(𝑡, 𝑥) = 𝛾(𝑡), with 𝛾 the unique solution of

{

𝑑
𝑑𝑡
𝛾(𝑡) = 𝑏(𝑡, 𝛾(𝑡))

𝛾(0) = 𝑥
.

We will now prove that under suitable assumptions the map𝑋 is Lipschitz continuous with respect to both
the time 𝑡 and the initial datum 𝑥.

Proposition 1.1.3. Stability properties of the classical flow
Let𝑋1, 𝑋2 be classical flows, as defined in Definition 1.1.1, with respect to bounded and uniformly (in time)
Lipschitz (in space) vector fields 𝑏1 and 𝑏2. Let𝐿1 and𝐿2 be the Lipschitz constants of 𝑏1 and 𝑏2 respectively,
and let 𝐿 ∶= min{𝐿1, 𝐿2} 3. It holds that, for every (𝑡, 𝑥), (𝑡, 𝑦) ∈ 𝐼 ×ℝ𝑑 :

• If 𝑏1 = 𝑏2 = 𝑏, then𝑋1 = 𝑋2 = 𝑋 and

|𝑋(𝑡, 𝑥) −𝑋(𝑠, 𝑥)| ≤ ‖𝑏‖𝐿∞|𝑡 − 𝑠| and |𝑋(𝑡, 𝑥) −𝑋(𝑡, 𝑦)| ≤ min{|𝑥 − 𝑦|𝑒𝐿𝑡, |𝑥 − 𝑦| + 2‖𝑏‖∞𝑡}.

• If 𝑥 = 𝑦, then

|𝑋1(𝑡, 𝑥) −𝑋2(𝑡, 𝑥)| ≤ 𝑡(‖𝑏1‖𝐿∞ + ‖𝑏2‖𝐿∞)𝑒𝐿𝑡.

• Assuming 𝑠 ≤ 𝑡, it holds

|𝑋1(𝑡, 𝑥) −𝑋2(𝑠, 𝑦)| ≤ ‖𝑏1‖𝐿∞|𝑡 − 𝑠| + |𝑥 − 𝑦|𝑒𝐿1𝑠 + 𝑠‖𝑏1 − 𝑏2‖𝐿∞𝑒𝐿𝑠

and

|𝑋1(𝑡, 𝑥) −𝑋2(𝑠, 𝑦)| ≤ ‖𝑏1‖𝐿∞|𝑡 − 𝑠| + |𝑥 − 𝑦| + 𝑠(‖𝑏1‖𝐿∞ + ‖𝑏2‖𝐿∞).

Proof. First, let us assume that 𝑏1 = 𝑏2 = 𝑏. In this case𝑋1 = 𝑋2 = 𝑋 and:

|𝑋(𝑡, 𝑥)−𝑋(𝑡, 𝑦)| ≤ |𝑥−𝑦|+∫

𝑡

0
|𝑏(𝑠,𝑋(𝑠, 𝑥))−𝑏(𝑠,𝑋(𝑠, 𝑦))|𝑑𝑠 ≤ |𝑥−𝑦|+𝐿∫

𝑡

0
|𝑋(𝑠, 𝑥)−𝑋(𝑠, 𝑥)|𝑑𝑠.

By Grönwall’s lemma it follows that
3As it will be clear from the proof, the main tool is the Grönwall’s lemma. Thus, there are easy generalisations possible, for

instance analogous estimates hold requiring that the Lipschitz constant 𝐿(𝑡) varies in time and 𝐿 ∈ 𝐿1(𝐼). In particular it is not
necessary for 𝐿1 and 𝐿2 to be bounded.
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|𝑋(𝑡, 𝑥) −𝑋(𝑡, 𝑦)| ≤ |𝑥 − 𝑦|𝑒𝐿𝑡.

It is trivial to see that |𝑋(𝑡, 𝑥) − 𝑋(𝑠, 𝑥)| ≤ ‖𝑏‖𝐿∞|𝑡 − 𝑠| and |𝑋(𝑡, 𝑥) − 𝑋(𝑡, 𝑦)| ≤ |𝑥 − 𝑦| + 2‖𝑏‖𝐿∞𝑡.
Similarly, assuming 𝑥 = 𝑦 but 𝑏1 ≠ 𝑏2 we get:

|𝑋1(𝑡, 𝑥) −𝑋2(𝑡, 𝑥)| ≤ ∫

𝑡

0
|𝑏1(𝑠,𝑋1(𝑠, 𝑥)) − 𝑏2(𝑠,𝑋2(𝑠, 𝑥))|𝑑𝑠

≤ ∫

𝑡

0
|𝑏1(𝑠,𝑋1(𝑠, 𝑥)) − 𝑏2(𝑠,𝑋1(𝑠, 𝑥))| + |𝑏2(𝑠,𝑋1(𝑠, 𝑥)) − 𝑏2(𝑠,𝑋2(𝑠, 𝑥))|𝑑𝑠

≤ 𝑡‖𝑏1 − 𝑏2‖𝐿∞ + 𝐿2 ∫

𝑡

0
|𝑋1(𝑠, 𝑥) −𝑋2(𝑠, 𝑥)|𝑑𝑠.

Since the argument above is symmetric in 𝑏1, 𝑏2, we have by Grönwall’s lemma:

|𝑋1(𝑡, 𝑥) −𝑋2(𝑡, 𝑥)| ≤ 𝑡‖𝑏1 − 𝑏2‖𝐿∞𝑒𝐿𝑡

with𝐿 = min{𝐿1, 𝐿2}. We finally combine the two estimates to compare𝑋1 and𝑋2 if 𝑥 ≠ 𝑦 and 𝑏1 ≠ 𝑏2
at different times. Assuming that 𝑠 ≤ 𝑡 it is sufficient to consider a third flow𝑋3 with respect to the vector
field 𝑏1 and with initial datum𝑋3(0, 𝑦) = 𝑦. Then:

|𝑋1(𝑡, 𝑥) −𝑋2(𝑠, 𝑦)| ≤ |𝑋1(𝑡, 𝑥) −𝑋1(𝑠, 𝑥)| + |𝑋1(𝑠, 𝑥) −𝑋3(𝑠, 𝑦)| + |𝑋3(𝑠, 𝑦) −𝑋2(𝑠, 𝑦)|
≤ ‖𝑏1‖𝐿∞|𝑡 − 𝑠| + |𝑥 − 𝑦|𝑒𝐿1𝑠 + 𝑠‖𝑏1 − 𝑏2‖𝐿∞𝑒𝐿𝑠.

Finally, we notice that since we assumed 𝑏1 and 𝑏2 to be bounded it holds another trivial estimate, namely:

|𝑋1(𝑡, 𝑥) −𝑋2(𝑠, 𝑦)| ≤ ‖𝑏1‖𝐿∞|𝑡 − 𝑠| + |𝑥 − 𝑦| + 𝑠(‖𝑏1‖𝐿∞ + ‖𝑏2‖𝐿∞).

If 𝑏 is more regular in space, this regularity is carried over to the associated flow. Namely, the following
holds:

Proposition 1.1.4. 𝐶1 regularity of the classical flow, [92, Theorem 3.1]
Let 𝑏 ∶ 𝐼 × ℝ𝑑 ↦ ℝ𝑑 be a bounded vector field such that 𝑏(𝑡, ⋅) ∶ ℝ𝑑 → ℝ𝑑 is 𝐶1 uniformly with respect
to time. Then, given the flow𝑋 associated to 𝑏, it holds that𝑋(𝑡, ⋅) is also 𝐶1 for every 𝑡 ∈ 𝐼 .

The above Proposition can be iterated, proving that if 𝑏 has spatial 𝐶𝑘 regularity, uniformly in time, then
also the flow𝑋 has such a 𝐶𝑘 regularity in space:

Corollary 1.1.1. Higher order regularity of the classical flow, [92, Theorem 4.1]
Let 𝑏 ∶ 𝐼×ℝ𝑑 → ℝ𝑑 be a bounded smooth vector field. Then for every 𝑡0 ∈ 𝐼 there exists a unique classical
flow𝑋 with𝑋(𝑡0, 𝑥) = 𝑥 for every 𝑥 ∈ ℝ𝑑 that is smooth in both time and space.

We now introduce the notion of backward flow, which will be relevant in the proof of the next proposition
and in the next sections.

Definition 1.1.2. Backward flow
Let 𝑏 ∶ 𝐼 × ℝ𝑑 → ℝ𝑑 be a continuous and bounded vector field. For every 𝑡 ∈ 𝐼 and for every 𝑥 ∈ ℝ𝑑 , we
define the backward flow 𝑌𝑡 ∶ [0, 𝑡] ×ℝ𝑑 → ℝ𝑑 , denoted by 𝑌𝑡(𝑠, 𝑦), as the solution of

{

𝜕𝑠𝑌𝑡(𝑠, 𝑦) = −𝑏(𝑡 − 𝑠, 𝑌𝑡(𝑠, 𝑦)) for 𝑠 ∈ [0, 𝑡]
𝑌𝑡(0, 𝑦) = 𝑦. for 𝑠 = 0

.
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It is important to remark that the above definition is motivated by the fact that (as we will prove in the next
proposition) for every 𝑡 ∈ 𝐼 the map 𝑋(𝑡, ⋅) is a diffeomorphism and 𝑌𝑡(𝑡, ⋅) = 𝑋−1(𝑡, ⋅). The idea is the
following: we know that given a flow 𝑋 , for each 𝑥 ∈ ℝ𝑑 by definition 𝑋(𝑡, 𝑥) = 𝛾(𝑡), with 𝛾 the unique
integral curve solving (1.1.1) with 𝛾(0) = 𝑥. If we now consider a point 𝑦 = 𝛾(𝑡0), what the backward flow
𝑌𝑡(𝑠, 𝑦) does is to transport back the point 𝑦 = 𝛾(𝑡0) by following the curve 𝛾 in the opposite direction for
a time 𝑠. Namely, it holds that

𝑌𝑡(𝑠,𝑋(𝑡, 𝑥)) = 𝑋(𝑡 − 𝑠, 𝑥) for every 𝑠 ≤ 𝑡, 𝑥 ∈ ℝ𝑑 .

Proposition 1.1.5. Some properties of the classical flow
Let 𝑏 ∶ 𝐼 × ℝ𝑑 → ℝ𝑑 be a smooth and bounded vector field. Then, given the (unique) flow 𝑋 of 𝑏 starting
at 𝑡 = 0, it holds that:

1. The flow𝑋(𝑡, 𝑥) satisfies a semigroup property, namely𝑋(𝑡 + 𝑠, 𝑥) = 𝑋(𝑡, 𝑋(𝑠, 𝑥)) = 𝑋(𝑠,𝑋(𝑡, 𝑥))
for every 𝑥 ∈ ℝ𝑑 and for every 𝑠, 𝑡 ∈ 𝐼 such that 𝑡 + 𝑠 ≤ 𝑇 .

2. For every 𝑡 ∈ 𝐼 , the map𝑋(𝑡, ⋅) ∶ ℝ𝑑 → ℝ𝑑 is a smooth diffeomorphism.

3. The Jacobian 𝐽 (𝑡, 𝑥) = det(∇𝑥𝑋(𝑡, 𝑥)) satisfies the following equality:

𝐽 (𝑡, 𝑥) = exp
(

∫

𝑡

0
div𝑥(𝑏)(𝑠,𝑋(𝑠, 𝑥))𝑑𝑠

)

(1.1.9)

with div𝑥(𝑏) being the divergence (with respect to the spatial variables) of 𝑏. In particular, for every
(𝑡, 𝑥) ∈ 𝐼 ×ℝ𝑑 it holds:

exp
(

−∫

𝑡

0
‖ div𝑥(𝑏)−‖𝐿∞𝑑𝑠

)

≤ 𝐽 (𝑡, 𝑥) ≤ exp
(

∫

𝑡

0
‖ div𝑥(𝑏)+‖𝐿∞𝑑𝑠

)

,

where div𝑥(𝑏)− and div𝑥(𝑏)+ denote the negative and the positive parts of div𝑥(𝑏), respectively.

Proof. The first point is trivial, and it follows by the uniqueness, for every 𝑥 ∈ ℝ𝑑 , of the solution of (1.1.1).
The second point is also proved by using the uniqueness of the flow. Fix 𝑡 ∈ 𝐼 , 𝑥 ∈ ℝ𝑑 and consider the
backward flow 𝑌𝑡 ∶ [0, 𝑡] ×ℝ𝑑 → ℝ𝑑 , which is defined as

𝑌𝑡(𝑠, 𝑦) ∶= 𝛾𝑡,𝑦(𝑠),

with 𝛾𝑡,𝑦 the (unique) solution of
{

𝜕𝑠𝛾𝑡,𝑦(𝑠) = −𝑏(𝑡 − 𝑠, 𝛾𝑡,𝑦(𝑠))
𝛾𝑡,𝑦(0) = 𝑦

. (1.1.10)

Since for every 𝑦 ∈ ℝ𝑑 the solution of (1.1.10) is unique, we can easily see that if 𝑦 = 𝑋(𝑡, 𝑥) for some
𝑥 ∈ ℝ𝑑 , then 𝑌𝑡(𝑠, 𝑦) = 𝛾𝑡,𝑦(𝑠) = 𝑋(𝑡 − 𝑠, 𝑥), by checking that 𝑋(𝑡 − 𝑠, 𝑥) solves (1.1.10). Then, for every
𝑥 ∈ ℝ𝑑 :

𝑌𝑡(𝑡, 𝑋(𝑡, 𝑥)) = 𝑋(0, 𝑥) = 𝑥.

In the same way we see that

𝑋(𝑠, 𝑌𝑡(𝑡, 𝑦)) = 𝑌𝑡(𝑡 − 𝑠, 𝑦),

thus

𝑋(𝑡, 𝑌𝑡(𝑡, 𝑦)) = 𝑌𝑡(0, 𝑦) = 𝑦.

Then 𝑋(𝑡, ⋅) is invertible with inverse 𝑌𝑡(𝑡, ⋅) and it is a diffeomorphism by the smoothness of 𝑌𝑡, which
follows by the smoothness of−𝑏(𝑡− ⋅, ⋅) and Corollary 1.1.1. As for the final point, by Jacobi’s formula [122,
Chapter 8] (we remark that ∇𝑥𝑋(𝑡, 𝑥) is invertible since𝑋(𝑡, ⋅) is a diffeomorphism) it holds:
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𝑑
𝑑𝑡
𝐽 (𝑡, 𝑥) = 𝐽 (𝑡, 𝑥) tr

(

∇𝑥𝑋(𝑡, 𝑥)−1 𝑑
𝑑𝑡

[∇𝑥𝑋(𝑡, 𝑥)]
)

,

with tr(𝐴) being the trace of a matrix 𝐴. The flow is smooth map, so we can exchange the order of the
derivatives to get

𝑑
𝑑𝑡

[∇𝑥𝑋(𝑡, 𝑥)] = ∇𝑥

[ 𝑑
𝑑𝑡
𝑋(𝑡, 𝑥)

]

= ∇𝑥[𝑏(𝑡, 𝑋(𝑡, 𝑥)] = ∇𝑥𝑏(𝑡, 𝑋(𝑡, 𝑥))∇𝑥𝑋(𝑡, 𝑥).

Since the trace of a matrix is invariant under similarity, it holds that

tr
(

∇𝑥𝑋(𝑡, 𝑥)−1 𝑑
𝑑𝑡

[∇𝑥𝑋(𝑡, 𝑥)]
)

= tr
(

∇𝑥𝑋(𝑡, 𝑥)−1∇𝑥𝑏(𝑡, 𝑋(𝑡, 𝑥))∇𝑥𝑋(𝑡, 𝑥)
)

= tr
(

∇𝑥𝑏(𝑡, 𝑋(𝑡, 𝑥))
)

= div𝑥 𝑏(𝑡, 𝑋(𝑡, 𝑥)).

The formula (1.1.9) is thus proved, while the upper and lower bounds on 𝐽 (𝑡, 𝑥) follow easily by Grönwall’s
lemma.

Remark 1.1.7. Lipschitz vector fields instead of smooth ones
In the above Proposition, a Lipschitz vector field (in the spatial variable only) and thus a Lipschitz flow would
have been enough to prove an analogous result, with the due modifications.

1.2 The PDE theory: continuity equation and transport equation

We now turn our attention to PDEs which are strictly related to the Cauchy problem (1.1.1), as we will see
shortly. We will denote with 𝐼 an interval 𝐼 = [0, 𝑇 ) with 𝑇 > 0. Given a bounded and smooth vector field
𝑏 ∶ 𝐼 × ℝ𝑑 → ℝ𝑑 and bounded smooth initial data 𝑢0, 𝜌0 4, we say that 𝑢 ∶ 𝐼 × ℝ𝑑 → ℝ is a solution of
the continuity equation if:

{

𝜕𝑡𝑢 + div𝑥(𝑏𝑢) = 0 in ℝ𝑑 with 𝑡 > 0
𝑢(0, ⋅) = 𝑢0 for t=0

, (1.2.1)

while we say that 𝜌 ∶ 𝐼 ×ℝ𝑑 → ℝ𝑑 is a solution of the transport equation if
{

𝜕𝑡𝜌 + 𝑏 ⋅ ∇𝑥𝜌 = 0 in ℝ𝑑 with 𝑡 > 0
𝜌(0, ⋅) = 𝜌0 for t=0

. (1.2.2)

Before proving existence and uniqueness of solutions, we provide a heuristic description of the scenarios
represented by these two equations 5. This will give both an intuition on the link between the equations
and the Cauchy problem (1.1.1) and it will make the formulas for the solutions of (1.2.1) and (1.2.2) easier
to interpret. We start with the continuity equation (1.2.1). This equation describes the change of mass in a
certain regionΩ ⊆ ℝ𝑑 , where we consider the mass inΩ at a time 𝑡 to be ∫Ω 𝑢(𝑡, 𝑥)𝑑𝑥. If 𝑢 satisfies (1.2.1),
then by the divergence theorem:

𝑑
𝑑𝑡 ∫Ω

𝑢(𝑡, 𝑥)𝑑𝑥 = ∫Ω

𝑑
𝑑𝑡
𝑢(𝑡, 𝑥)𝑑𝑥 = −∫Ω

div𝑥(𝑏(𝑡, 𝑥)𝑢(𝑡, 𝑥))𝑑𝑥 = ∫𝜕Ω
𝑢(𝑡, 𝑥)⟨𝑏(𝑡, 𝑥), 𝜈(𝑥)⟩𝑑𝑑−1(𝑥),

with 𝜈 being the inward normal vector to 𝜕Ω. This is telling us that the rate of change of the mass in Ω
depends on the flux of 𝑏 across 𝜕Ω. It is really convenient to think of 𝑢 as non-negative and describing
an actual physical quantity (for instance, the density of a gas inside some region Ω). If the vector field 𝑏
points inside Ω, i.e. ⟨𝑏(𝑡, 𝑥), 𝜈(𝑥)⟩ > 0, then it is “pushing” the mass 𝑢(𝑡, 𝑥) at the boundary of Ω inside of
Ω, increasing the total mass insideΩ. If instead ⟨𝑏(𝑡, 𝑥), 𝜈(𝑥)⟩ < 0, it is pushing mass from insideΩ to the

4As we showed in the previous section, even in the classical setting smoothness and boundedness of the vector field are not
really required. The same holds here, but in order to simplify the exposition we will assume 𝑢0, 𝜌0 and 𝑏 to be smooth and bounded.

5We already briefly mentioned this difference in the Introduction, but we think it is really worth repeating it here, giving more
details.
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outside, decreasing the total mass, while if ⟨𝑏(𝑡, 𝑥), 𝜈(𝑥)⟩ = 0 the vector field is tangential to 𝜕Ω and the
mass is conserved. It is worth noting that, since 𝑢(𝑡, 𝑥)multiplies the flux across 𝜕Ω, if we assume 𝑢0 ≥ 0
we cannot end up with 𝑢 < 0 in Ω. Moreover, if we consider a set Ω with null boundary the total mass
is always conserved. This physical interpretation is telling us that the continuity equation is dealing with
densities (or measures more generally), telling us how they evolve in time inside a region of space Ω. The
transport equation (1.2.2), instead, has a different physical meaning. It describes the evolution of scalar
quantities which are transported by the vector field 𝑏, but whose values remain unchanged. For instance,
consider a handful of sand. We assume the initial datum to be

𝜌0(𝑥) =

{

1 if 𝑥 is a grain of sand
0 otherwise

.

If we throw the sand into a river, assuming that the grains of sand follow exactly the flow of the water,
the evolution of 𝜌0 will follow the transport equation. In this sense, the solution 𝜌(𝑡, 𝑥) is not a density
whose value can increase or decrease, but rather 𝜌(𝑡, ⋅) is simply a “rearrangement” of the initial datum
𝜌0. In the example above, the values of 𝜌(𝑡, 𝑥) will always be either 1 if there is a grain of sand at time 𝑡 in
position 𝑥 or 0 if there is not. It is then easy to be convinced that if we are dealing with initial data which
are absolutely continuous functions with respect to the Lebesgue measure and we assume Ω = ℝ𝑑 , the
transport equation preserves both the 𝐿1 norm (i.e. the total mass) and the 𝐿∞ norm, while the continuity
equation preserves the 𝐿1 norm 6. We now prove existence and uniqueness of solutions of (1.2.1) and
(1.2.2). As we will see, having previously developed a Lagrangian theory on ODEs and flows will be crucial.

Proposition 1.2.1. Existence and uniqueness of solutions of (1.2.1) and (1.2.2)
Let 𝑏 ∶ 𝐼 × ℝ𝑑 → ℝ𝑑 be a smooth and bounded vector field and let 𝑢0, 𝜌0 be bounded smooth initial
data for (1.2.1) and (1.2.2), respectively. Then, both (1.2.1) and (1.2.2) admit a unique solution in the class
𝐶∞(𝐼 ×ℝ𝑑).

Proof. We start by proving existence and uniqueness of solutions for (1.2.2). We consider 𝑌𝑡 the backward
flow associated to 𝑏 introduced in Definition 1.1.2. We recall that 𝑌𝑡(𝑡, ⋅) = 𝑋−1(𝑡, ⋅), so by using the identity
𝑋(𝑡, 𝑌𝑡(𝑡, 𝑥)) = 𝑥 and the chain rule we easily find that

𝑑
𝑑𝑡

[𝑋(𝑡, 𝑌𝑡(𝑡, 𝑥))] = 0 and ∇𝑥[𝑋(𝑡, 𝑌𝑡(𝑡, 𝑥))] = 𝐼.

This implies:

𝑑
𝑑𝑡
𝑌𝑡(𝑡, 𝑥) = −[∇𝑥𝑋(𝑡, 𝑌𝑡(𝑡, 𝑥))]−1𝑏(𝑡, 𝑥) and ∇𝑥𝑌𝑡(𝑡, 𝑥) = [∇𝑥𝑋(𝑡, 𝑌𝑡(𝑡, 𝑥))]−1,

so

𝑑
𝑑𝑡
𝑌𝑡(𝑡, 𝑥) = −∇𝑥𝑌𝑡(𝑡, 𝑥) ⋅ 𝑏(𝑡, 𝑥).

At this point the existence follows by simply checking that the function

𝜌(𝑡, 𝑥) ∶= 𝜌0(𝑌𝑡(𝑡, 𝑥)) (1.2.3)

solves (1.2.2). To prove uniqueness, by the linearity of the equation we just need to prove that the solution
𝜌 ≡ 0 is the unique solution if the initial datum is 𝜌0 = 0. We argue by contradiction: if this were not the
case, there would be a point (𝑡0, 𝑥0) ∈ 𝐼 × ℝ𝑑 such that 𝜌(𝑡0, 𝑥0) ≠ 0. Consider now the backward curve
𝛾 ∶= 𝑌𝑡0(⋅, 𝑥0). We claim that the value of 𝜙(𝑠) ∶= 𝜌(𝑡0 − 𝑠, 𝛾(𝑠)) is constant. Indeed:

𝑑
𝑑𝑠
𝜙(𝑠) = −𝜕𝑠𝜌(𝑡0 − 𝑠, 𝛾(𝑠)) − ∇𝑥𝜌(𝑡0 − 𝑠, 𝛾(𝑠)) ⋅ 𝑏(𝑡0 − 𝑠, 𝛾(𝑠)) = 0.

Thus 𝜌(𝑡0, 𝑥0) = 𝜙(0) = 𝜙(𝑡0) = 𝜌(0, 𝛾(𝑡0)) = 0, a contradiction. As for the continuity equation, the
existence of a solution is proved by checking that

6Beware that the heuristic discussion we just had is, indeed, only heuristic. We will see in later chapters how, with non-regular
vector fields 𝑏, we will be able to find counterexamples where we have non zero solutions of (1.2.1) , (1.2.2) with a null initial datum.
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𝑢(𝑡, 𝑥) ∶=
𝑢0(𝑌𝑡(𝑡, 𝑥))

det(∇𝑥𝑋(𝑡, 𝑌𝑡(𝑡, 𝑥)))
(1.2.4)

solves (1.2.1) 7. By the linearity of the equation, the uniqueness is proved if we prove that the unique solution
of (1.2.1) with 𝑢0 = 0 as initial datum is 𝑢 = 0. Assume that it is not, then we can assume without loss of
generality that ∃(𝑡0, 𝑥0) such that 𝑢(𝑡0, 𝑥0) > 0 and we can consider a ball 𝐵𝑟(𝑥0) such that 𝑢(𝑡0, 𝑥) > 0
for every 𝑥 ∈ 𝐵𝑟(𝑥0). Consider the function

𝐸(𝑡) = ∫𝐵𝑟(𝑡)(𝑥0)
𝑢2(𝑡, 𝑥)𝑑𝑥 with 𝑟(𝑡) = 𝑟 + (𝑡0 − 𝑡)‖𝑏‖𝐿∞ and 𝑡 ∈ [0, 𝑡0].

By Reynolds transport theorem [86]:

𝑑
𝑑𝑡
𝐸(𝑡) = ∫𝐵𝑟(𝑡)(𝑥0)

2𝑢(𝑡, 𝑥) 𝑑
𝑑𝑡
𝑢(𝑡, 𝑥)𝑑𝑥 − ∫𝜕𝐵𝑟(𝑡)(𝑥0)

𝑢2(𝑡, 𝑥)‖𝑏‖𝐿∞𝑑𝑑−1(𝑥)

= −∫𝐵𝑟(𝑡)(𝑥0)
2𝑢(𝑡, 𝑥) div𝑥(𝑢(𝑡, 𝑥)𝑏(𝑡, 𝑥))𝑑𝑥 − ∫𝜕𝐵𝑟(𝑡)(𝑥0)

𝑢2(𝑡, 𝑥)‖𝑏‖𝐿∞𝑑𝑑−1(𝑥).

We can check that

2𝑢 div𝑥(𝑏𝑢) = div𝑥(𝑏𝑢2) + div𝑥(𝑏)𝑢2,

so

𝑑
𝑑𝑡
𝐸(𝑡) = −∫𝐵𝑟(𝑡)(𝑥0)

div𝑥(𝑏(𝑡, 𝑥)) 𝑢2(𝑡, 𝑥) + div𝑥(𝑏(𝑡, 𝑥)𝑢2(𝑡, 𝑥))𝑑𝑥 − ∫𝜕𝐵𝑟(𝑡)(𝑥0)
𝑢(𝑡, 𝑥)2‖𝑏‖𝐿∞𝑑𝑑−1(𝑥)

= ∫𝐵𝑟(𝑡)(𝑥0)
−div𝑥(𝑏(𝑡, 𝑥))𝑢2(𝑡, 𝑥)𝑑𝑥 + ∫𝜕𝐵𝑟(𝑡)(𝑥0)

𝑢2(𝑡, 𝑥) (⟨𝑏(𝑡, 𝑥) ⋅ 𝜈(𝑥)⟩ − ‖𝑏‖𝐿∞)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

≤0

𝑑𝑑−1(𝑥)

≤ ‖ div𝑥(𝑏)−‖𝐿∞(𝐾)𝐸(𝑡),

where𝐾 is a (𝑑+1)-dimensional truncated cone inℝ𝑡×ℝ𝑑
𝑥 with bases𝐵𝑟+‖𝑏‖𝐿∞ 𝑡0(𝑥0) at 𝑡 = 0 and𝐵𝑟(𝑥0) at

𝑡 = 𝑡0, and 𝜈 is the inward normal to 𝜕𝐵𝑟(𝑡)(𝑥0) . Since 𝑏 is smooth and𝐾 is compact, ‖ div𝑥(𝑏)−‖𝐿∞(𝐾) ≤ 𝐶
for some 𝐶 > 0, thus

𝑑
𝑑𝑡
𝐸(𝑡) ≤ 𝐶𝐸(𝑡).

Together with the fact that 𝐸(0) = ∫𝐵𝑟+‖𝑏‖𝐿∞ 𝑡0
(𝑥0)

𝑢20(𝑥)𝑑𝑥 = 0, by Grönwall’s lemma this implies that

𝐸(𝑡0) = ∫𝐵𝑟(𝑥0)
𝑢2(𝑡, 𝑥)𝑑𝑥 = 0,

a contradiction.

Remark 1.2.1. Non-homogeneous equations and stability
The existence and uniqueness of solutions of (1.2.1) and (1.2.2) can also be proved when the right-hand side
is not 0, but some function 𝑓 . Using the backward flow and Duhamel’s principle we have that

𝑢(𝑡, 𝑥) =
𝑢0(𝑌𝑡(𝑡, 𝑥))

det[∇𝑥𝑋(𝑡, 𝑌𝑡(𝑡, 𝑥))]
+ ∫

𝑡

0

𝑓 (𝑠, 𝑌𝑡(𝑡 − 𝑠, 𝑥))
det[∇𝑥𝑋(𝑡, 𝑌𝑡(𝑡 − 𝑠, 𝑥))]

𝑑𝑠

and

𝜌(𝑡, 𝑥) = 𝜌0(𝑌𝑡(𝑡, 𝑥))) + ∫

𝑡

0
𝑓 (𝑠, 𝑌𝑡(𝑡 − 𝑠, 𝑥))𝑑𝑠

are solutions of (the inhomogeneous versions of) (1.2.1) and (1.2.2).

7See Proposition 2.2.1 for the interpretation of such a formula as the push-forward of a measure.



Chapter 2

The non-classical setting

2.1 The PDE theory: DiPerna-Lions renormalization technique

We start considering the well-posedness of the continuity and of the transport equations with non-regular
vector fields. For the moment, we focus on proving existence, leaving the (considerably harder) issue of
uniqueness for later. We will work with bounded vector fields defined on the 𝑑-dimensional torus 𝕋 𝑑 . There
are two reasons for which we make these assumptions:

1. We do not want to deal with the additional assumptions and technicalities needed when 𝑏 is not
bounded (see Remark 1.1.6).

2. Working in a compact manifold without boundary, we do not have to localise our arguments, avoiding
additional technicalities in the proofs.

With the necessary additional assumptions if 𝑏 ∉ 𝐿∞ and with the due care if we work in ℝ𝑑 rather than
𝕋 𝑑 , all the arguments we are proposing can be carried over. As in the previous chapter, we will denote with
𝐼 = [0, 𝑇 ) with 𝑇 > 0 a time interval. At the cost of being redundant, we recall the continuity equation and
the transport equation in 𝕋 𝑑 , which are respectively

{

𝜕𝑡𝑢 + div𝑥(𝑏𝑢) = 0 in 𝕋 𝑑 with 𝑡 > 0
𝑢(0, ⋅) = 𝑢0 for t=0

(CE)

and
{

𝜕𝑡𝜌 + 𝑏 ⋅ ∇𝑥𝜌 = 0 in 𝕋 𝑑 with 𝑡 > 0
𝜌(0, ⋅) = 𝜌0 for t=0

. (TE)

From this point on, we will always consider weak solutions of (CE) and (TE). That is, we say that 𝑢 solves
(CE) if 1

∫

𝑇

0 ∫𝕋 𝑑
𝑢(𝜕𝑡𝜑 + 𝑏 ⋅ ∇𝑥𝜑)𝑑𝑥𝑑𝑡 + ∫𝕋 𝑑

𝜑(0, 𝑥)𝑢0(𝑥)𝑑𝑥 = 0 for every 𝜑 ∈ 𝐶∞
𝑐 (𝐼 × 𝕋 𝑑), (2.1.1)

where 𝐶∞
𝑐 (𝐼 × 𝕋 𝑑) denotes the class of smooth functions with compact support in 𝐼 × 𝕋 𝑑 . Similarly, 𝜌

solves (TE) if

∫

𝑇

0 ∫𝕋 𝑑
𝜌(𝜕𝑡𝜑+div𝑥(𝑏)𝜑+𝑏⋅∇𝑥𝜑)𝑑𝑥𝑑𝑡+∫𝕋 𝑑

𝜑(0, 𝑥)𝜌0(𝑥)𝑑𝑥 = 0 for every 𝜑 ∈ 𝐶∞
𝑐 (𝐼×𝕋 𝑑). (2.1.2)

Remark 2.1.1.
We remark that from this point on we will always consider weak solutions, thus we will often simply write
“solutions” instead of “weak solutions”. When considering different kinds of solutions such as renormalized
solutions or Lagrangian solutions, it will be specified.

1We omit explicitly writing the derivation of the formulas for the weak solutions, since it is standard.
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We now choose the class where we will work, a choice that, as we shall see, will be crucial for establishing
well-posedness. In the previous section the hypotheses on the vector field and on the initial datum were

{

𝑏 ∈ [𝐶∞(𝐼 ×ℝ𝑑) ∩ 𝐿∞(𝐼 ×ℝ𝑑)]𝑑

𝑢0, 𝜌0 ∈ 𝐶∞(ℝ𝑑)

and we proved existence and uniqueness of (strong) solutions in the class 𝐶∞(𝐼 ×ℝ𝑑). In this section we
will prove existence and uniqueness of solutions in the class

𝑢, 𝜌 ∈ 𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)),

where 𝑏 ∈ [𝐿1(0, 𝑇 ;𝑊 1,𝑝(𝕋 𝑑)) ∩ 𝐿∞(𝐼 × ℝ𝑑)]𝑑 with an additional condition on div𝑥(𝑏) we will specify
shortly and 𝑝, 𝑞 ∈ [1,+∞] such that 1∕𝑝 + 1∕𝑞 ≤ 1. First of all, let us show that we have existence of
solutions in the considered class, even without a Sobolev regularity assumption on 𝑏:

Proposition 2.1.1. Existence of solutions
Let 𝑏 ∈ [𝐿∞((0, 𝑇 ) × 𝕋 𝑑)]𝑑 and 𝑢0, 𝜌0 ∈ 𝐿𝑞(𝕋 𝑑) with 𝑞 ∈ [1,+∞]. It holds that:

1. If div𝑥(𝑏)− ∈ 𝐿1(0, 𝑇 ;𝐿∞(𝕋 𝑑)), there exists a solution of (CE) in 𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑));

2. If div𝑥(𝑏)+ ∈ 𝐿1(0, 𝑇 ;𝐿∞(𝕋 𝑑)), there exists a solution of (TE) in 𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)). If 𝑞 = +∞,
we do not need this assumption on div𝑥(𝑏)+. If 𝑞 = 1, existence holds assuming also div𝑥(𝑏)− ∈
𝐿1(0, 𝑇 ;𝐿∞(𝕋 𝑑)), i.e. div𝑥(𝑏) ∈ 𝐿1(0, 𝑇 ;𝐿∞(𝕋 𝑑)).

Proof. We mollify, in spatial variables only, the vector field 𝑏 at scale 𝛿 > 0 obtaining a smooth (in the
spatial variables) vector field 𝑏𝛿. For every 𝛿 > 0, by Proposition 1.2.1 there exist solutions for (CE) and
(TE) given by the explicit formulae (1.2.4) and (1.2.3). For the time being, we assume 1 < 𝑞 < +∞. We
start with the continuity equation. A solution, for every 𝛿 > 0, is:

𝑢𝛿(𝑡, 𝑥) =
𝑢0(𝑌 𝛿𝑡 (𝑡, 𝑥))

det(∇𝑥𝑋𝛿(𝑡, 𝑌 𝛿𝑡 (𝑡, 𝑥)))
,

with 𝑋𝛿 and 𝑌 𝛿 the forward and backward flow, respectively, relative to 𝑏𝛿. We change variables setting
𝑦 = 𝑌 𝛿𝑡 (𝑡, 𝑥), so (since 𝑌 𝛿𝑡 (𝑡, ⋅) = (𝑋𝛿)−1(𝑡, ⋅)) we have:

∫𝕋 𝑑
|𝑢𝛿(𝑡, 𝑥)|𝑞𝑑𝑥 = ∫𝕋 𝑑

|

|

|

|

|

𝑢0(𝑌 𝛿𝑡 (𝑡, 𝑥))

det(∇𝑥𝑋𝛿(𝑡, 𝑌 𝛿𝑡 (𝑡, 𝑥)))

|

|

|

|

|

𝑞

𝑑𝑥

= ∫𝕋 𝑑

|

|

|

|

|

𝑢0(𝑦)
det(∇𝑦𝑋𝛿(𝑡, 𝑦))

|

|

|

|

|

𝑞
𝑑𝑦

| det(∇𝑦𝑌 𝛿𝑡 (𝑡, 𝑋𝛿(𝑡, 𝑦)))|
.

Since 𝑌 𝛿𝑡 (𝑡, 𝑋
𝛿(𝑡, 𝑦)) = 𝑦, by the chain rule and Binet theorem

| det(∇𝑦𝑌
𝛿
𝑡 (𝑡, 𝑋

𝛿(𝑡, 𝑦)))|−1 = | det(∇𝑦𝑋
𝛿(𝑡, 𝑦))|.

Substituting in the expression above:

∫𝕋 𝑑
|𝑢𝛿(𝑡, 𝑥)|𝑞𝑑𝑥 = ∫𝕋 𝑑

|𝑢0(𝑦)|𝑞
1

| det(∇𝑦𝑋𝛿(𝑡, 𝑦))|𝑞−1
𝑑𝑦. (2.1.3)

By the assumption on the divergence and Proposition 1.1.5, we have that 1∕| det(∇𝑦𝑋𝛿(𝑡, 𝑦))|𝑞−1 is uni-
formly bounded. So the sequence {𝑢𝛿}𝛿>0 is uniformly bounded in 𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)), and by extracting
a subsequence we have weak-∗ convergence to some 𝑢 ∈ 𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)) that satisfies (CE) (indeed
𝑏𝛿 → 𝑏 strongly and you can pass to the limit in every term of (2.1.1)). Considering (TE), for each fixed 𝛿
we have

𝜌𝛿(𝑡, 𝑥) = 𝜌0(𝑌 𝛿𝑡 (𝑡, 𝑥)),
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and changing variables as above:

∫𝕋 𝑑
|𝜌𝛿(𝑡, 𝑥)|𝑞𝑑𝑥 = ∫𝕋 𝑑

|𝜌0(𝑦)|𝑞| det(∇𝑦𝑋
𝛿(𝑡, 𝑦))|𝑑𝑦. (2.1.4)

By the uniform bound on the determinant, given by Proposition 1.1.5, and by the condition on div𝑥(𝑏)+, we
conclude by weak-∗ convergence in 𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)) as before. If 𝑞 = +∞, we just need to use weak-∗
compactness in 𝐿∞(𝐼 × 𝕋 𝑑) and the definition of weak solution for (TE) in (2.1.2), and no assumption on
div𝑥(𝑏) is required. We conclude similarly for (CE), where however a condition on div𝑥(𝑏)− is still needed
in order to have {𝑢𝛿} uniformly bounded in 𝐿∞(𝕋 𝑑). Finally, we consider the case 𝑞 = 1. We shall prove
weak compactness for the sequence {𝜌𝛿}𝛿>0 of solutions of (TE) with velocity fields 𝑏𝛿 in𝐿1((0, 𝑇 )×𝕋 𝑑).
To do so, we will use the Dunford-Pettis theorem [34], proving that the sequence is equi-integrable. We
recall that a family  of functions defined on a setΩ ⊆ ℝ𝑑 is called equi-integrable if for every 𝜀 > 0 there
exists 𝜀′ > 0 such that if 𝐴 ⊆ Ω with ℒ 𝑑(𝐴) ≤ 𝜀′, then

∫𝐴
𝑓𝑑𝑥 ≤ 𝜀 ∀𝑓 ∈  .

For every 𝑡 ∈ 𝐼 , by the additional assumption on div𝑥(𝑏)− we have that given a set 𝐴 ⊆ 𝕋 𝑑 :

ℒ 𝑑(𝑌 𝛿𝑡 (𝑡, 𝐴)) ≤ 𝐶ℒ 𝑑(𝐴) for some positive constant 𝐶 > 0, (2.1.5)

i.e. the flow of 𝑏 compresses sets in a uniformly bounded (both in time and with respect to 𝛿) way. This
follows easily by the bounds on the determinant we obtained in Proposition 1.1.5 and changing variables
in ℒ 𝑑(𝑌 𝛿𝑡 (𝑡, 𝐴)) = ∫𝑌 𝛿𝑡 (𝑡,𝐴) 𝑑𝑥. We have to prove that for every 𝜀 > 0 there exists 𝜀′ > 0 such that

ℒ 𝑑+1(Ω) ≤ 𝜀′ ⟹ ∫Ω
|𝜌𝛿|𝑑𝑥𝑑𝑡 ≤ 𝜀, with Ω ⊂ 𝐼 × 𝕋 𝑑 .

It holds that:

∫Ω
|𝜌𝛿|(𝑡, 𝑥)𝑑𝑥𝑑𝑡 = ∫Ω

|𝜌0|(𝑌𝑡(𝑡, 𝑥))𝑑𝑥𝑑𝑡 = ∫Ω′
𝛿

|𝜌0(𝑦)|| det(∇𝑦𝑋
𝛿(𝑡, 𝑦))|𝑑𝑦𝑑𝑡

whereΩ′
𝛿 = {(𝑡, 𝑦) such that (𝑡, 𝑦) = (𝑡, 𝑌 𝛿𝑡 (𝑡, 𝑥)) with (𝑡, 𝑥) ∈ Ω}. In the last equality we used the change

of variables (𝑡, 𝑦) = (𝑡, 𝑌 𝛿𝑡 (𝑡, 𝑥)) and that

𝑑𝑦 = ∇𝑥𝑌
𝛿
𝑡 (𝑡, 𝑥)𝑑𝑥 ⟹ 𝑑𝑥 = [∇𝑥𝑌

𝛿
𝑡 (𝑡, 𝑥)]

−1𝑑𝑦 = ∇𝑥𝑋
𝛿(𝑡, 𝑌 𝛿𝑡 (𝑡, 𝑥))𝑑𝑦 = ∇𝑥𝑋

𝛿(𝑡, 𝑦)𝑑𝑦.

We can easily see, by (2.1.5), that

ℒ 𝑑+1(Ω′
𝛿) ≤ 𝐶ℒ 𝑑+1(Ω) ≤ 𝐶𝜀′ for every 𝛿.

Since the determinant is uniformly bounded:

∫Ω
|𝜌𝛿|(𝑡, 𝑥)𝑑𝑥𝑑𝑡 ≲ sup

𝐴⊂[0,𝑇 ]×𝕋 𝑑
ℒ 𝑑+1(𝐴)≤𝐶𝜀′

∫𝐴
|𝜌0(𝑥)|𝑑𝑥𝑑𝑡 ≤ 𝜀

if 𝜀′ is chosen small enough, by the absolute continuity of the integral. So {𝜌𝛿} is weakly relatively compact
in 𝐿1((0, 𝑇 ) × 𝕋 𝑑), and it’s easy to see that a weak limit 𝜌 satisfies (2.1.2). As for th continuity equation,
the proof follows in exactly the same way. Notice though that we do not need any assumptions on div𝑥(𝑏)+
since if 𝑞 = 1 after the change of variables the determinants simplify: see (2.1.3). This is not surprising, as
we already remarked how the continuity equation (on a set with null boundary) preserves the𝐿1 norm.

We now start addressing the problem of uniqueness of solutions. Checking the proof of uniqueness in the
smooth classical case, we see that there is a problem in the strategy used for (TE). In Proposition 1.2.1 we
used a sort of method of characteristics, which relied on having a pointwise well-defined (backward) flow
for the vector field 𝑏. This was possible by the classical theory for ODEs, which requires a regularity on 𝑏
that we do not have here with merely Sobolev vector fields. Namely, we have not (yet) defined a notion of



26 CHAPTER 2. THE NON-CLASSICAL SETTING

flow for 𝑏 in this low-regularity setting. As for the uniqueness of solutions of (CE), that strategy seemsmore
promising. In Proposition 1.2.1 we prove uniqueness without relying on the flow of 𝑏, but rather on an energy
inequality which shows that, if we have some control on div𝑥(𝑏)−, then ∫𝕋 𝑑 𝑢(𝑡, 𝑥)

2𝑑𝑥 = 0 for every 𝑡 ∈ 𝐼
if 𝑢0 = 0, and thus the solution of (CE) is unique by linearity of the equation. The problem, however, is that
at the heart of the argument lies a differentiation in time of ∫𝕋 𝑑 𝑢(𝑡, 𝑥)

2𝑑𝑥 which, a priori, is not justified in
this non-regular setting. Indeed we have only proved existence of a solution 𝑢 ∈ 𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)), hence
we do not have enough regularity in time to differentiate the energy.

The idea of the renormalization technique, used in this setting for the first time in [70], is essentially to prove
that such a differentiation is possible. We now define the concept of renormalized solution and we will later
show how, if we have a renormalized solution, we also have uniqueness under suitable assumptions. We
will work, following [70] (up to the sign of the velocity 𝑏), with the equation:

{

𝜕𝑡𝜌 + 𝑏 ⋅ ∇𝑥𝜌 + 𝑐𝜌 = 0
𝜌(0, ⋅) = 𝜌0

, (DP-L)

with 𝑐 ∈ 𝐿1(0, 𝑇 ;𝐿𝑝(𝕋 𝑑)) and looking for solutions 𝜌 ∈ 𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)). Notice that if we can prove
the uniqueness of solutions of (DP-L) we automatically get uniqueness for (CE) and (TE). Namely, we just
have to choose 𝑐 = div𝑥(𝑏) and 𝑐 = 0 to reduce (DP-L) to (CE) and (TE) respectively. The existence of
solutions of (DP-L) for a general 𝑐 ∈ 𝐿1(0, 𝑇 ;𝐿𝑝(𝕋 𝑑)) follows by arguments similar to the ones used in
Proposition 2.1.1, see [70, Proposition II.1].

Definition 2.1.1. Renormalized solutions
Let 𝜌 be a solution of (DP-L). We say that 𝜌 is a renormalized solution of (DP-L) if, for every 𝛽 ∈ 𝐶1(ℝ) with
|𝛽′| bounded, 𝛽(𝜌) satisfies:

{

𝜕𝑡[𝛽(𝜌)] + 𝑏 ⋅ ∇𝑥[𝛽(𝜌)] + 𝑐𝜌𝛽′(𝜌) = 0 in (0, 𝑇 ) × 𝕋 𝑑

𝛽(𝜌(0, 𝑥)) = 𝛽(𝜌0)
, (2.1.6)

that is:

∫

𝑇

0 ∫𝕋 𝑑
𝛽(𝜌)[𝜕𝑡𝜑+div𝑥(𝑏)𝜑+𝑏 ⋅∇𝑥𝜑)]−𝑐𝜌𝛽′(𝜌)𝜑𝑑𝑥𝑑𝑡+∫𝕋 𝑑

𝛽(𝜌0)𝜑(0, 𝑥)𝑑𝑥 = 0 ∀𝜑 ∈ 𝐶∞
𝑐 (𝐼×𝕋 𝑑).

Remark 2.1.2. The heuristic idea of the renormalization technique
The idea behind the definition of renormalized solutions is, as already mentioned, to translate the validity of
the chain rule to a low-regularity setting. Indeed, if 𝜌 solved (DP-L) in a pointwise sense, then (because of
the chain rule) 𝛽(𝜌) would solve (2.1.6):

𝑑
𝑑𝑡

[𝛽(𝜌)] + 𝑏 ⋅ ∇𝑥[𝛽(𝜌)] + 𝑐𝜌𝛽′(𝜌) = 𝛽′(𝜌)𝜕𝑡𝜌 + 𝛽′(𝜌)𝑏 ⋅ ∇𝑥𝜌 + 𝑐𝜌𝛽′(𝜌)

= 𝛽′(𝜌)[𝜕𝑡𝜌 + 𝑏 ⋅ ∇𝑥𝜌 + 𝑐𝜌] = 0.

The following result is the crucial property which ultimately enables us to prove uniqueness of solutions.

Theorem 2.1.1. Renormalization property
Let 𝑏 ∈ [𝐿1(0, 𝑇 ;𝑊 1,𝑝(𝕋 𝑑)) ∩ 𝐿∞([0, 𝑇 ) × 𝕋 𝑑)]𝑑 with 𝑝 ≥ 1. Then it has the renormalization property
in 𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)) (with 𝑞 ∈ [1,+∞] and such that 1∕𝑝 + 1∕𝑞 ≤ 1), that is: every solution of (DP-L) in
𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)) is a renormalized solution.

The importance of the above theorem, whose proof we postpone, is apparent once paired with the next
result.

Theorem 2.1.2. Uniqueness of renormalized solutions
Let 𝑞 ∈ [1,+∞] and let 𝑏 be a bounded vector field such that (div𝑥(𝑏) − 𝑞𝑐)+ = max{0, div𝑥(𝑏) − 𝑞𝑐} ∈
𝐿1(0, 𝑇 ;𝐿∞(𝕋 𝑑)), with 𝑐 ∈ 𝐿1(0, 𝑇 ;𝐿𝑝(𝕋 𝑑)) and 1∕𝑝 + 1∕𝑞 ≤ 1. Then renormalized solutions of (DP-L)
in 𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)) are unique.



2.1. THE PDE THEORY: DIPERNA-LIONS RENORMALIZATION TECHNIQUE 27

It is now trivial to prove the following:

Corollary 2.1.1. Assume both Theorem 2.1.1 and Theorem 2.1.2 hold. Then, solutions of (DP-L) are unique.

Proof. Assume to have two different solutions of (DP-L). By Theorem 2.1.1 they are both renormalized
solutions, and by Theorem 2.1.2 renormalized solutions are unique, thus we have a contradiction.

We will now prove Theorem 2.1.1 and Theorem 2.1.2, starting from the latter.

Proof of Theorem 2.1.2. Let us assume that 1 < 𝑞 < +∞. By the linearity of (DP-L), we just need to
prove that any renormalized solution with initial condition 𝜌0 = 0 is identically 0. Let 𝜀 > 0 and consider
𝛽𝑀 (𝑥) ∶= max{|𝑥|𝑞,𝑀} for some 𝑀 > 0. Since by assumption 𝜌 is a renormalized solution, 𝛽𝑀 (𝜌)
satisfies:

∫

𝑇

0 ∫𝕋 𝑑
|𝜌|𝑞(𝜕𝑡𝜑 + div𝑥(𝑏𝜑) − 𝟙{|𝜌|<𝑀}𝑞𝑐𝜑)𝑑𝑥𝑑𝑡 = 0 for every 𝜑 ∈ 𝐶∞

𝑐 (𝐼 × 𝕋 𝑑), (2.1.7)

with 𝟙𝐴 being the characteristic function of a set 𝐴. Consider the function

𝑓 (𝑡) ∶= ∫𝕋 𝑑
|𝜌(𝑡, 𝑥)|𝑞𝑑𝑥.

We will have proved the thesis if we show that 𝑓 ≡ 0. Let 𝑡0 ∈ (0, 𝑇 ) be fixed and consider a sequence of
test functions 𝜑𝑡0,𝜀(𝑡, 𝑥) = 𝜑𝑡0,𝜀(𝑡) defined as

𝜑𝑡0,𝜀(𝑡) =

⎧

⎪

⎨

⎪

⎩

1 if 𝑡 ≤ 𝑡0 − 𝜀
1 − 1

2𝜀
(𝑡 − 𝑡0 + 𝜀) if 𝑡 ∈ (𝑡0 − 𝜀, 𝑡0 + 𝜀)

0 if 𝑡0 ≥ 𝑡0 + 𝜀

with 𝜀 chosen small enough so that (𝑡0 − 𝜀, 𝑡0 + 𝜀) ⊂ 𝐼 . Using these test functions in (2.1.7), by Fubini’s
theorem we have:

−⨏

𝑡0+𝜀

𝑡0−𝜀
∫𝕋 𝑑

|𝜌|𝑞𝑑𝑥𝑑𝑡 = −∫

𝑇

0

(

∫𝕋 𝑑
(div𝑥(𝑏) − 𝟙{|𝜌|<𝑀}𝑞𝑐)|𝜌|𝑞𝑑𝑥

)

𝜑𝑡0,𝜀𝑑𝑡.

Letting 𝜀 → 0 and assuming 𝑡0 to be a Lebesgue point for 𝑓 (𝑡), we have that by Lebesgue differentiation
theorem (for the left-hand side ) and dominated convergence (for the right-hand side):

−∫𝕋 𝑑
|𝜌(𝑡0, 𝑥)|𝑞𝑑𝑥 = −∫

𝑡0

0 ∫𝕋 𝑑

(

div𝑥(𝑏) − 𝟙{|𝜌|<𝑀}𝑞𝑐
)

|𝜌(𝑡, 𝑥)|𝑞𝑑𝑥𝑑𝑡 for almost every 𝑡0 ∈ (0, 𝑇 ).

Thus, in the limit for𝑀 → +∞

−∫𝕋 𝑑
|𝜌(𝑡0, 𝑥)|𝑞𝑑𝑥 = −∫

𝑡0

0 ∫𝕋 𝑑

(

div𝑥(𝑏) − 𝑞𝑐
)

|𝜌(𝑡, 𝑥)|𝑞𝑑𝑥𝑑𝑡 for almost every 𝑡0 ∈ (0, 𝑇 ),

and:

𝑓 (𝑡0) = ∫𝕋 𝑑
|𝜌(𝑡0, 𝑥)|𝑞𝑑𝑥 ≤ ∫

𝑡0

0
‖(div𝑥(𝑏) − 𝑞𝑐)+‖𝐿∞(𝕋 𝑑 )

(

∫𝕋 𝑑
|𝜌(𝑡, 𝑥)|𝑞𝑑𝑥

)

𝑑𝑡 (2.1.8)

= ∫

𝑡0

0
‖(div𝑥(𝑏) − 𝑞𝑐)+‖𝐿∞(𝕋 𝑑 )𝑓 (𝑡)𝑑𝑡 for almost every 𝑡0 ∈ (0, 𝑇 ).

Since 𝑓 (0) = 0 and by the assumptions on (div𝑥(𝑏) − 𝑞𝑐)+, we conclude using Grönwall’s lemma. If
𝑞 = +∞, we can simply choose 𝑞 = 2 and conclude as above, while if 𝑞 = 1 we can regularise 𝛽𝑀 (𝑥) =
max{|𝑥|,𝑀} (for example considering 𝛽𝑀,𝛿(𝑥) = max{

√

𝑥2 + 𝛿2 − 𝛿, M} ), and conclude passing to the
limit first in 𝛿 and then in𝑀 .
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Remark 2.1.3. Time continuity of solutions
Theorem 2.1.2 actually shows that the unique solution of (CE) and (TE) in 𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)) also belongs
to 𝐶(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)) if 𝑞 < +∞. Indeed if we have a renormalized solution it holds (2.1.8), thus 𝑓 (𝑡) =
‖𝜌(𝑡, ⋅)‖𝐿𝑞(𝕋 𝑑 ) is continuous by Grönwall’s lemma, the absolute continuity of the integral on the right-hand
side of (2.1.8) and the uniform boundedness of 𝑓 (𝑡). See [70, Corollary II.2] for more details.

Now, we just have to prove Theorem 2.1.1 to conclude.

Proof of Theorem 2.1.1. We regularise by mollification (DP-L). Let 𝜂 be a standard mollifier (in the spatial
variables only) and let 𝜌𝜀 = 𝜌 ∗ 𝜂𝜀, with 𝜂𝜀 =

1
𝜀𝑑
𝜂
(

𝑥
𝜀

)

. Then, 𝜌𝜀 solves

𝜕𝑡𝜌𝜀 + 𝑏 ⋅ ∇𝑥𝜌𝜀 + 𝑐𝜌𝜀 = 𝑟𝜀, (2.1.9)

with

𝑟𝜀 ∶= 𝑏 ⋅ ∇𝑥𝜌𝜀 − 𝜂𝜀 ∗ (𝑏 ⋅ ∇𝑥𝜌) + 𝑐𝜌𝜀 − 𝜂𝜀 ∗ (𝑐𝜌) (2.1.10)

the so-called the commutator term2. We recall that, in the distributional sense:

𝑏 ⋅ ∇𝑥𝜌 = div𝑥(𝑏𝜌) − div𝑥(𝑏)𝜌.

We assume for the moment that 𝑟𝜀 → 0 as 𝜀 → 0 in 𝐿1((0, 𝑇 ) × 𝕋 𝑑), proving it afterwards in Theorem
2.1.3. Notice that

𝜕𝑡𝜌𝜀 = −𝜂𝜀 ∗ (𝑏 ⋅ ∇𝑥𝜌) − 𝜂𝜀 ∗ (𝑐𝜌),

where

𝜂𝜀 ∗ (𝑏 ⋅ ∇𝑥𝜌)(𝑡, 𝑥) = ∫𝕋 𝑑
𝜂𝜀(𝑥 − 𝑦) div𝑥(𝑏(𝑡, 𝑦)𝜌(𝑡, 𝑦))𝑑𝑦 − ∫𝕋 𝑑

𝜂𝜀(𝑥 − 𝑦) div𝑥(𝑏(𝑡, 𝑦))𝜌(𝑡, 𝑦)𝑑𝑦

= ∫𝕋 𝑑
𝜌(𝑡, 𝑦)𝑏(𝑡, 𝑦) ⋅

∇𝑥𝜂𝜀(𝑥 − 𝑦)
𝜀

𝑑𝑦 − 𝜂𝜀 ∗ (div𝑥(𝑏)𝜌)(𝑡, 𝑥) =
[

∇𝑥𝜂𝜀
𝜀

∗ (𝑏𝜌) − 𝜂𝜀 ∗ (div𝑥(𝑏)𝜌)
]

(𝑡, 𝑥),

(2.1.11)

where we used that div𝑥(𝜂𝜀𝑏𝜌) = 𝜂𝜀 div(𝑏𝜌) + ∇𝑥𝜂𝜀 ⋅ (𝑏𝜌). In particular, 𝜕𝑡𝜌𝜀 ∈ 𝐿1((0, 𝑇 ) × 𝕋 𝑑), and
since 𝜌𝜀 is smooth in space, we conclude that 𝜌𝜀 is Sobolev in space-time. By the chain rule for Sobolev
functions (see [73, Theorem 4.4]), given 𝛽 ∈ 𝐶1 with 𝛽′ bounded:

𝜕𝑡𝛽(𝜌𝜀) = 𝛽′(𝜌𝜀)𝜕𝑡𝜌𝜀 and ∇𝑥𝛽(𝜌𝜀) = 𝛽′(𝜌𝜀)∇𝑥𝜌𝜀 almost everywhere in 𝐼 × 𝕋 𝑑 .

Multiplying (2.1.9) by 𝛽′(𝜌𝜀) ∈ 𝐿∞((0, 𝑇 ) × 𝕋 𝑑) we then have:

𝜕𝑡[𝛽(𝜌𝜀)] + 𝑏 ⋅ [∇𝑥𝛽(𝜌𝜀)] + 𝑐𝜌𝜀𝛽′(𝜌𝜀) = 𝛽′(𝜌𝜀)𝑟𝜀. (2.1.12)

The left-hand side converges, in the sense of distributions, to the left-hand side of (2.1.6) as 𝜀 → 0, while
the right-hand side converges to 0 in 𝐿1((0, 𝑇 ) × 𝕋 𝑑) since 𝛽′ is bounded and 𝑟𝜀 → 0 in 𝐿1((0, 𝑇 ) × 𝕋 𝑑)
by assumption.

Remark 2.1.4. A weaker assumption on 𝑟𝜀
Notice that, in order to prove the above theorem, it is not really necessary that 𝑟𝜀 → 0 strongly in𝐿1((0, 𝑇 )×
𝕋 𝑑) as 𝜀 → 0. What is really needed is that 𝛽′(𝜌𝜀)𝑟𝜀 → 0 in the sense of distributions: the strong conver-
gence of the commutator is a sufficient but not necessary condition.

We are now left to prove that 𝑟𝜀 → 0 in 𝐿1((0, 𝑇 ) × 𝕋 𝑑). Before doing that, we prove a technical Lemma
which is ultimately the main technical point of the whole argument (we will follow the notation of [70]).

2This name comes from the fact that 𝑟𝜀 estimates the error produced when commuting the operator 𝑏,𝑐(𝜌) = 𝑏 ⋅ ∇𝑥𝜌 + 𝑐𝜌
with the mollification.
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Lemma 2.1.1. Crucial technical lemma
Let 𝐵 ∈ [𝐿1(0, 𝑇 ;𝑊 1,𝑝(𝕋 𝑑))]𝑑 and 𝑤 ∈ 𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)) with 1∕𝑝 + 1∕𝑞 ≤ 1, and let 𝜂𝜀 be a standard
mollifier (in spatial variables only). Then:

(𝐵 ⋅ ∇𝑥𝑤) ∗ 𝜂𝜀 − 𝐵 ⋅ ∇𝑥(𝜂𝜀 ∗ 𝑤) → 0 in 𝐿1((0, 𝑇 ) × 𝕋 𝑑).

Proof. As we saw in (2.1.11), 𝜂𝜀 ∗ (𝐵 ⋅ ∇𝑥𝑤) =
∇𝑥𝜂𝜀
𝜀

∗ (𝐵𝑤) − 𝜂𝜀 ∗ (div𝑥(𝐵)𝑤). So:

[𝐵 ⋅ ∇𝑥(𝜂𝜀 ∗ 𝑤) − (𝐵 ⋅ ∇𝑥𝑤) ∗ 𝜂𝜀](𝑡, 𝑥) (2.1.13)

= 𝜂𝜀 ∗ (div𝑥(𝐵)𝑤)(𝑡, 𝑥) + ∫𝐵𝜀(𝑥)
𝑤(𝑡, 𝑦)

𝐵(𝑡, 𝑥) − 𝐵(𝑡, 𝑦)
𝜀

⋅ ∇𝑥𝜂𝜀(𝑥 − 𝑦)𝑑𝑦,

where we only integrate in a ball 𝐵𝜀(𝑥) of radius 𝜀 centered in 𝑥 since Supp(𝜂𝜀) ⊆ 𝐵𝜀(0). We focus on the
second addendum. By Hölder’s inequality:

|

|

|

|

|

∫𝐵𝜀(𝑥)
𝑤(𝑡, 𝑦)

𝐵(𝑡, 𝑥) − 𝐵(𝑡, 𝑦)
𝜀

⋅ ∇𝑥𝜂𝜀(𝑥 − 𝑦)𝑑𝑦
|

|

|

|

|

≲ ‖𝑤(𝑡, ⋅)‖𝐿𝑞(𝕋 𝑑 )‖𝑓𝑥,𝜀‖𝐿𝑝(𝐵𝜀(𝑥)),

with

𝑓𝑥,𝜀(𝑦) =
𝐵(𝑡, 𝑥) − 𝐵(𝑡, 𝑦)

𝜀
.

Let us show that ‖𝑓𝑥,𝜀(𝑦)‖𝐿𝑝(𝐵𝜀(𝑥)) is uniformly bounded as 𝜀→ 0, so that we can apply Lebesgue’s domi-
nated convergence. Indeed:

‖𝑓𝑥,𝜀‖𝐿𝑝(𝐵𝜀) =
(

∫𝐵𝜀(𝑥)

|

|

|

|

𝐵(𝑡, 𝑥) − 𝐵(𝑡, 𝑦)
𝜀

|

|

|

|

𝑝
𝑑𝑦

)1∕𝑝

≲

(

∫𝐵𝜀(𝑥)

|

|

|

|

|

∫

1

0
|∇𝑥𝐵(𝑡, 𝑥 + 𝑠(𝑦 − 𝑥))|𝑑𝑠

|

|

|

|

|

𝑝

𝑑𝑦

)1∕𝑝

≤

(

∫𝐵𝜀(𝑥) ∫

1

0
|∇𝑥𝐵(𝑡, 𝑥 + 𝑠(𝑦 − 𝑥))|𝑝𝑑𝑠𝑑𝑦

)1∕𝑝

≤ ‖∇𝑥𝐵‖𝐿𝑝(𝕋 𝑑 ).

By looking at (2.1.13), we just need to prove that

∫𝐵𝜀
𝑤(𝑡, 𝑦)

𝐵(𝑡, 𝑥) − 𝐵(𝑡, 𝑦)
𝜀

⋅ ∇𝑥𝜂𝜀(𝑥 − 𝑦)𝑑𝑦→ −[𝑤 div𝑥(𝐵)](𝑡, 𝑥) as 𝜀→ 0

to conclude. Changing variables in the integral with 𝑧 = (𝑥 − 𝑦)∕𝜀 yields:

∫𝐵1

𝜔(𝑡, 𝑥 − 𝜀𝑧)
𝐵(𝑡, 𝑥) − 𝐵(𝑡, 𝑥 − 𝜀𝑧)

𝜀
∇𝑧𝜂(𝑧)𝑑𝑧→ 𝜔(𝑡, 𝑥)∫𝐵1

∇𝑥𝐵(𝑡, 𝑥)𝑧∇𝑧𝜂(𝑧)𝑑𝑧

as 𝜀→ 0, where

∇𝑥𝐵(𝑡, 𝑥)𝑧∇𝑧𝜂(𝑧) ∶=
𝑑
∑

𝑖,𝑗=1

𝜕𝐵𝑖

𝜕𝑥𝑗
(𝑡, 𝑥)𝑧𝑗

𝜕𝜂
𝜕𝑧𝑖

(𝑧).

So

∫𝐵1

∇𝐵(𝑡, 𝑥)𝑧∇𝑧𝜂(𝑧)𝑑𝑧 =
𝑑
∑

𝑖,𝑗=1

𝜕𝐵𝑖

𝜕𝑥𝑗
(𝑡, 𝑥)

(

∫𝐵1

𝑧𝑗
𝜕𝜂
𝜕𝑧𝑖

(𝑧)𝑑𝑧
)

= −div𝑥(𝐵)(𝑡, 𝑥),

since one can check easily that considering 𝜂 a standard mollifier

∫𝐵1

𝑧𝑗
𝜕𝜂
𝜕𝑧𝑖

𝑑𝑧 = −𝛿𝑖𝑗 ,



30 CHAPTER 2. THE NON-CLASSICAL SETTING

with 𝛿𝑖𝑗 the Kronecker delta. We then have:

∫𝐵𝜀
𝑤(𝑡, 𝑦)

𝐵(𝑡, 𝑥) − 𝐵(𝑡, 𝑦)
𝜀

⋅ ∇𝑥𝜂𝜀(𝑥 − 𝑦)𝑑𝑦 → −𝑤(𝑡, 𝑥) div𝑥(𝐵)(𝑡, 𝑥) as 𝜀 → 0,

and we also have that the first term in (2.1.13) tends to𝑤(𝑡, 𝑥) div𝑥(𝐵)(𝑡, 𝑥) as 𝜀→ 0. So, for almost every
(𝑡, 𝑥), it holds that

[𝐵 ⋅ ∇𝑥(𝜂𝜀 ∗ 𝑤) − (𝐵 ⋅ ∇𝑥𝑤) ∗ 𝜂𝜀](𝑡, 𝑥) → 0 in a pointwise sense.

Since by the previous arguments it is easy to see that𝐵 ⋅∇𝑥(𝜂𝜀 ∗ 𝑤)−(𝐵 ⋅∇𝑥𝑤) ∗ 𝜂𝜀 is uniformly bounded
(with respect to 𝜀), we have the thesis by dominated convergence.

We are now ready to prove the strong convergence of the commutator term to 0.

Theorem 2.1.3. Strong convergence of the commutator
Let 𝑟𝜀 as in (2.1.10). If 𝑏 ∈ [𝐿1(0, 𝑇 ;𝑊 1,𝑝(𝕋 𝑑)) ∩ 𝐿∞((0, 𝑇 ) × 𝕋 𝑑)]𝑑 with 𝑝 ≥ 1, 𝑐 ∈ 𝐿1(0, 𝑇 ;𝐿𝑝(𝕋 𝑑))
and we assume 𝜌 ∈ 𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)) with 1∕𝑝 + 1∕𝑞 ≤ 1, then

𝑟𝜀 → 0 in the strong 𝐿1((0, 𝑇 ) × 𝕋 𝑑) norm as 𝜀→ 0.

Proof. We have that 𝑟𝜀 = 𝑟1𝜀 + 𝑟
2
𝜀, with

𝑟1𝜀 = 𝑏 ⋅ ∇𝑥𝜌𝜀 − 𝜂𝜀 ∗ (𝑏 ⋅ ∇𝑥𝜌)

and

𝑟2𝜀 = 𝑐𝜌𝜀 − 𝜂𝜀 ∗ (𝑐𝜌).

Concerning 𝑟2𝜀, it is easy to see that 𝑟2𝜀 → 0 in 𝐿1((0, 𝑇 ) × 𝕋 𝑑) since

𝑐𝜌𝜀 → 𝑐𝜌 and 𝜂𝜀 ∗ (𝑐𝜌) → 𝑐𝜌 in 𝐿1((0, 𝑇 ) × 𝕋 𝑑) as 𝜀→ 0

by standard properties of the mollifiers. The same holds for 𝑟1𝜀, by Lemma 2.1.1.

To summarise the results obtained so far, we state a theorem combining the existence and uniqueness
results for (CE) and (TE).

Theorem 2.1.4. Existence and uniqueness of solutions of (CE), (TE) with Sobolev vector fields, [70]
Let 𝑏 ∈ [𝐿1(0, 𝑇 ;𝑊 1,𝑝(𝕋 𝑑))∩𝐿∞((0, 𝑇 )×𝕋 𝑑)]𝑑 with 𝑝 ≥ 1 and let 𝑞 ∈ [1,+∞] such that 1∕𝑝+1∕𝑞 ≤ 1.
Then:

• If div𝑥(𝑏)− ∈ 𝐿1(0, 𝑇 ;𝐿∞(𝕋 𝑑)), (CE) admits a unique solution in 𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑));

• If 𝑞 ∈ (1,+∞) and div𝑥(𝑏)+ ∈ 𝐿1(0, 𝑇 ;𝐿∞(𝕋 𝑑)), (TE) admits a unique solution in𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)).
If 𝑞 = +∞ no condition on the divergence is necessary to have existence, while for 𝑞 = 1 existence
holds under the stronger assumption div𝑥(𝑏) ∈ 𝐿1(0, 𝑇 ;𝐿∞(𝕋 𝑑)).

Well-posedness has also been proved for BV vector fields and bounded densities in [7], where the author
used Alberti’s rank one lemma and local anisotropic convolution kernels inspired by [29, 50] to show that
𝑟𝜀 → 0 in 𝐿1((0, 𝑇 ) × 𝕋 𝑑), proving the analogous of Theorem 2.1.1 in the BV setting. Uniqueness then
follows by Theorem 2.1.2, where we recall no regularity on 𝑏 was needed, and Corollary 2.1.1.

Theorem 2.1.5. Existence and uniqueness with BV vector fields, [7]
Let 𝑏 ∈ [𝐿1(0, 𝑇 ;𝐵𝑉 (𝕋 𝑑)) ∩ 𝐿∞((0, 𝑇 ) × 𝕋 𝑑)]𝑑 with div𝑥(𝑏)− ∈ 𝐿1(0, 𝑇 ;𝐿∞(𝕋 𝑑)) and assume div𝑥(𝑏)
is an absolutely continuous measure with respect toℒ 𝑑 . Then 𝑏 has the renormalization property, i.e. every
solution 𝜌 of (DP-L) with vector field 𝑏 and 𝑐 ∈ 𝐿1((0, 𝑇 )×𝕋 𝑑) is a renormalized solution. In particular, (CE)
and (TE) both have a unique solution in 𝐿∞((0, 𝑇 ) × 𝕋 𝑑).
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Another extension has been proved in [21] for nearly incompressible vector fields3. Before stating the main
result of [21], we give the definition of a nearly incompressible vector field.

Definition 2.1.2. Nearly incompressible vector fields, [21]
A locally integrable vector field 𝑏 ∶ ℝ+

0 × 𝕋 𝑑 → ℝ𝑑 is called nearly incompressible if there exists a function
𝜌 ∶ ℝ+

0 ×𝕋
𝑑 → ℝ+ (called the density of the vector field) and a constant𝐶 > 0 such that𝐶−1 ≤ 𝜌(𝑡, 𝑥) ≤ 𝐶

for ℒ 𝑑+1-almost every (𝑡, 𝑥) ∈ ℝ+
0 × 𝕋 𝑑 and

𝜕𝑡𝜌 + div𝑥(𝜌𝑏) = 0 in the sense of distributions on ℝ+
0 × 𝕋 𝑑 .

Notice that, unlike in the previous cases where absolute continuity of div𝑥(𝑏) was assumed, here it is not.
In particular, Theorem 2.1.2 (which guarantees uniqueness of solutions for (CE) and (TE) in the previous
cases) cannot be applied, and actually (TE) does not even make sense distributionally since the singular
part of div𝑥(𝑏) (used to define the distribution 𝑏 ⋅ ∇𝑥𝜌, see (2.1.2)) might be non-zero. For this reason,
we need another definition of solution and of the renormalized property for nearly incompressible vector
fields.

Definition 2.1.3. 𝜌-weak solution
Let 𝐼 = [0, 𝑇 ) be a time interval and let 𝑏 be a bounded nearly incompressible vector field with density 𝜌. We
say that a function 𝑢 ∈ 𝐿∞((0, 𝑇 ) × 𝕋 𝑑) is a 𝜌 -weak solution to the transport equation 𝜕𝑡𝑢+ 𝑏 ⋅∇𝑥𝑢 = 0 if

𝜕𝑡(𝜌𝑢) + div𝑥(𝜌𝑢𝑏) = 0 in the sense of distributions in 𝐼 × 𝕋 𝑑 . (𝜌-TE)

Definition 2.1.4. Renormalized property for nearly incompressible vector fields
Let 𝐼 = [0, 𝑇 ) be a time interval. We say that a bounded nearly incompressible vector field 𝑏 ∶ 𝐼 ×𝕋 𝑑 → ℝ𝑑

has the renormalization property if, given its density 𝜌 as in Definition 2.1.2, every solution 𝑢 ∈ 𝐿∞((0, 𝑇 ) ×
ℝ𝑑) of

𝜕𝑡(𝜌𝑢) + div𝑥(𝜌𝑢𝑏) = 0

satisfies

𝜕𝑡(𝜌𝛽(𝑢)) + div𝑥(𝜌𝛽(𝑢)𝑏) = 0

for every 𝛽 ∈ 𝐶1(ℝ) with 𝛽′ bounded.

The main result proved in [21] is then:

Theorem 2.1.6. Renormalization property for nearly incompressible vector fields
Any nearly incompressible vector field 𝑏 ∈ [𝐿1([0, 𝑇 ), 𝐵𝑉𝑙𝑜𝑐(ℝ𝑑)) ∩ 𝐿∞((0, 𝑇 ) × 𝕋 𝑑)]𝑑 has the renormal-
ization property.

The existence and uniqueness of solutions of (𝜌-TE) when the vector field is nearly incompressible and
assuming the renormalization property holds is proved in [61, Proposition 3.13]. We remark that this result
has answered in the positive a conjecture proposed by Bressan [32] concerning stability of flows (this
implication is not trivial and it has been proved in [11]):

Theorem 2.1.7. Bressan’s compactness conjecture, [32]
Let 𝑏𝑛 ∶ ℝ × 𝕋 𝑑 → ℝ𝑑 , 𝑛 ∈ ℕ, be a sequence of smooth vector fields. Denote by Φ𝑛 the flow generated by
𝑏𝑛, i.e. Φ𝑛 solves

{

𝑑
𝑑𝑡
Φ𝑛(𝑡, 𝑥) = 𝑏𝑛(𝑡,Φ𝑛(𝑡, 𝑥))

Φ(0, 𝑥) = 𝑥.

Assume that ‖𝑏𝑛‖∞ + ‖∇𝑡,𝑥𝑏𝑛‖𝐿1 is uniformly bounded and there exists a constant 𝐶 > 0 such that

𝐶−1 ≤ det(∇𝑥Φ𝑛(𝑡, 𝑥)) ≤ 𝐶 for all (𝑡, 𝑥) ∈ ℝ × 𝕋 𝑑 and for all 𝑛 ∈ ℕ.

Then the sequence {Φ𝑛}𝑛∈ℕ is strongly precompact in 𝐿1.
3We cite the results in [7] and [21] considering the vector field defined in 𝕋 𝑑 , while in [7], [21] they are defined in the whole ℝ𝑑 .

This is just to keep the convention of working in 𝕋 𝑑 .
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To summarise the results, we explicitly state a theorem.

Theorem 2.1.8. Existence and uniqueness for nearly incompressible vector fields, [21, 61]
Let 𝑏 ∈ [𝐿1([0, 𝑇 ), 𝐵𝑉𝑙𝑜𝑐(ℝ𝑑))∩𝐿∞((0, 𝑇 )×𝕋 𝑑)]𝑑 and nearly incompressible. Then (𝜌-TE) admits a unique
solution in 𝐿∞((0, 𝑇 ) × 𝕋 𝑑).

We conclude this section proving the stability of solutions of (CE), (TE) when approximating the initial data
and the vector field 𝑏. As we will see in the proof, we will exploit the fact that solutions are unique by having
a unique limit for the approximating functions. For simplicity we only consider bounded initial data and we
prove the stability in the class 𝐿∞((0, 𝑇 ) ×ℝ𝑑), but the result can be generalised to 𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)) for
other values of 𝑞 provided that the vector field 𝑏 has the right 𝐿1

𝑡𝑊
1,𝑝
𝑥 regularity.

Theorem 2.1.9. Stability of solutions of (CE), (TE)
Let {𝑏𝑛}𝑛∈ℕ be a sequence of smooth bounded vector fields such that

𝑏𝑛 → 𝑏 in [𝐿1((0, 𝑇 ) × 𝕋 𝑑)]𝑑 , with 𝑏 ∈ [𝐿1(0, 𝑇 ;𝑊 1,𝑝 ∩ 𝐿∞(𝕋 𝑑))]𝑑

and
div(𝑏𝑛) → div(𝑏) in 𝐿1((0, 𝑇 ) × 𝕋 𝑑), with div𝑥(𝑏) ∈ 𝐿1(0, 𝑇 ;𝐿∞(𝕋 𝑑)).

Let {𝜌𝑛0}
∞
𝑛=1, {𝑢

𝑛
0}𝑛∈ℕ be a sequence of equibounded functions converging in𝐿1(𝕋 𝑑) to the initial data 𝜌0 of

(TE) and 𝑢0 of (CE), respectively. Then the solutions 𝜌𝑛 of (TE) with initial datum 𝜌𝑛0 and driving vector fields
𝑏𝑛 converge in 𝐿2((0, 𝑇 ) × 𝕋 𝑑) to the unique solution of (TE) with driving vector field 𝑏 and initial datum 𝜌0.
The same holds for (CE) assuming also that the sequence {‖ div𝑥(𝑏𝑛)−‖𝐿1(0,𝑇 ;𝐿∞(𝕋 𝑑 ))}𝑛∈ℕ is equibounded.

Proof. We start considering (TE). For each 𝑛, by the classical theory there exists a unique solution 𝜌𝑛 for
(TE) with vector field 𝑏𝑛 and initial datum 𝜌𝑛0, which is given by the explicit formula (1.2.3). From (1.2.3) it im-
mediately follows that the sequence 𝜌𝑛 is equibounded and thus (up to a subsequence we will not rename)
we have weak-∗ convergence to a function 𝜌 which (thanks to the uniqueness results proved previously) is
the unique solution of (TE) with vector field 𝑏 and initial datum 𝜌0. Indeed for every 𝜑 ∈ 𝐶∞

𝑐 (𝐼 × 𝕋 𝑑) if we
pass to the limit for 𝑛 → +∞ in

∫

𝑇

0 ∫𝕋 𝑑
𝜌𝑛(𝜕𝑡𝜑 + div𝑥(𝑏𝑛)𝜑 + 𝑏𝑛 ⋅ ∇𝑥𝜑)𝑑𝑥𝑑𝑡 + ∫𝕋 𝑑

𝜑(0, 𝑥)𝜌𝑛0(𝑥)𝑑𝑥 = 0

we easily obtain that 𝜌 solves

∫

𝑇

0 ∫𝕋 𝑑
𝜌(𝜕𝑡𝜑 + div𝑥(𝑏)𝜑 + 𝑏 ⋅ ∇𝑥𝜑)𝑑𝑥𝑑𝑡 + ∫𝕋 𝑑

𝜑(0, 𝑥)𝜌0(𝑥)𝑑𝑥 = 0.

If we repeat the argument with initial datum (𝜌𝑛0)
2, we have that the solutions 𝜌2𝑛 must converge to the

unique solution of (TE) with initial datum (𝜌0)2 and velocity field 𝑏. But by the renormalization property this
solution is 𝜌2. So, we have weak-∗ convergence of 𝜌2𝑛, which implies (by choosing a test function 𝜑𝜀 such
that 𝜑𝜀 ≡ 1 in [0, 𝑇 − 𝜀) × 𝕋 𝑑 and passing to the limit as 𝜀→ 0)

∫

𝑇

0 ∫𝕋 𝑑
𝜌2𝑛𝑑𝑥𝑑𝑡 → ∫

𝑇

0 ∫𝕋 𝑑
𝜌2𝑑𝑥𝑑𝑡 as 𝑛→ +∞.

Since weak-∗ convergence in 𝐿∞((0, 𝑇 ) × 𝕋 𝑑) implies weak convergence in 𝐿2((0, 𝑇 ) × 𝕋 𝑑) we have both
weak convergence in 𝐿2((0, 𝑇 ) × 𝕋 𝑑) of 𝜌𝑛 to 𝜌 and ‖𝜌𝑛‖𝐿2((0,𝑇 )×𝕋 𝑑 ) → ‖𝜌‖𝐿2((0,𝑇 )×𝕋 𝑑 ). This implies, by a
well-known result in functional analysis, that 𝜌𝑛 → 𝜌 in 𝐿2((0, 𝑇 ) × 𝕋 𝑑). The case for (CE) follows in the
same way. The boundedness condition on {‖ div𝑥(𝑏𝑛)−‖𝐿1(0,𝑇 ;𝐿∞(𝕋 𝑑 ))}∞𝑛=1 is needed in order to have that
the solutions 𝑢𝑛 of (CE) with respect to the vector fields 𝑏𝑛 are equibounded in 𝐿∞((0, 𝑇 ) × 𝕋 𝑑), using the
representation formula (1.2.4).

Remark 2.1.5. Necessity of strong convergence of 𝐝𝐢𝐯𝒙(𝐛𝐧)
Notice that in the proof of Theorem 2.1.9 the weak-∗ convergence of the solutions 𝑢𝑛 to a solution 𝑢 of
(CE) was guaranteed even if we did not assume the strong convergence of div𝑥(𝑏𝑛). Indeed, contrary to
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(2.1.2), the integral formulation of the continuity equation (2.1.1) does not contain any divergence of the
vector field and weak-∗ convergence is sufficient to pass to the limit. However, as noted in Remark 2.1.6,
strong convergence fails since the integral equation (2.1.6) solved by 𝛽(𝑢𝑛) = 𝑢2𝑛 can be rewritten as 𝜕𝑡(𝑢2𝑛)+
div𝑥(𝑏𝑛𝑢2𝑛) + div𝑥(𝑏𝑛)𝑢2𝑛 = 0, thus the product div𝑥(𝑏𝑛)𝑢𝑛 needs to converge and since we only have that
𝑢𝑛 converges weakly-∗, we need strong convergence of div𝑥(𝑏𝑛). For the same reason (at least, in principle)
one would expect that the strong convergence of div𝑥(𝑏𝑛) is required for having convergence (even weak!)
of 𝜌𝑛 to 𝜌, since in (2.1.2) there is a product div(𝑏𝑛)𝜌𝑛 which needs to converge to div𝑥(𝑏)𝜌. As we will see
in Proposition 4.2.3 this is false, and actually the weak convergence of {div𝑥(𝑏𝑛)} in 𝐿1(0, 𝑇 ;𝐿∞(𝕋 𝑑) is
enough to prove strong convergence of 𝜌𝑛 to 𝜌. We postpone this proof since we need to develop the theory
of regular Lagrangian flows in Section 2.2 and some key estimates in Chapter 4.

Remark 2.1.6. A counterexample to strong convergence of solutions
It is shown via a counterexample in [62] (see also [145, Example 3.2]) that, in general, if we have a sequence
of vector fields {𝑏𝑛}𝑛∈ℕ converging strongly to 𝑏 but whose divergences converge only weakly to div𝑥(𝑏),
then we cannot conclude that the solutions 𝑢𝑛 of (CE) with respect to 𝑏𝑛 converge to the solution 𝑢 of (CE)
relative to 𝑏 in strong 𝐿1 norm.

Remark 2.1.7. The 1D and 2D cases
It is worth mentioning that the cases 𝑑 = 1 and 𝑑 = 2 are somewhat special. If 𝑑 = 1, uniqueness of
solutions in the class 𝐿1

𝑙𝑜𝑐([0, 𝑇 ) × ℝ) has been proved in [88] for bounded nearly incompressible vector
fields (in [21], where the general case is treated, uniqueness was proved in the 𝐿∞ class). If 𝑑 = 2, in [5] the
authors characterise the existence and uniqueness of a bounded solution for (CE) in terms of a property on
the Lipschitz potential of the vector field.

2.2 The ODE theory: Ambrosio’s superposition principle

2.2.1 The general theory of regular Lagrangian flows

Before presenting the theory for ODEs relative to non-regular velocity fields, we give some relevant defini-
tions and results with smooth vector fields to fix the ideas 4. As we briefly mentioned in Section 1.2, the
continuity equation is well-posed even in more general settings; namely, we can formulate the continuity
equation as a measure -valued PDE.

Definition 2.2.1. Measure-valued continuity equation
Let (𝕋 𝑑) be the space of finite signed measures on 𝕋 𝑑 . Let 𝜇̄ ∈ (𝕋 𝑑) and 𝑏 be a bounded vector
field. We say that the family of locally finite signed measures {𝜇𝑡}𝑇𝑡=0 solves the (measure-valued) continuity
equation in 𝐼 = [0, 𝑇 ) if it solves

{

𝜕𝑡𝜇𝑡 + div𝑥(𝑏𝜇𝑡) = 0 for 𝑡 ∈ (0, 𝑇 )
𝜇0 = 𝜇̄

, (𝜇-CE)

that is if

∫

𝑇

0 ∫𝕋 𝑑
(𝜕𝑡𝜑 + 𝑏 ⋅ ∇𝑥𝜑)𝑑𝜇𝑡𝑑𝑡 + ∫𝕋 𝑑

𝜑(0, 𝑥)𝜇̄ = 0 for every 𝜑 ∈ 𝐶∞
𝑐 (𝐼 × 𝕋 𝑑).

Remark 2.2.1. The choice of the class where to prove well-posedness
We notice that in order to prove existence and uniqueness of solutions of (CE), it is crucial to specify both
a subset of (𝕋 𝑑) of admissible solutions and assumptions on 𝑏 and on 𝜇̄ such that we can prove both
existence and uniqueness in the chosen subset. Of course, there is a trade-off: if the chosen subset is bigger,
proving existence is easier. But proving the uniqueness may be harder. For instance, in Proposition 1.2.1 we
proved existence and uniqueness of solutions in the class 𝐶∞([0, 𝑇 ) × 𝕋 𝑑) under suitable assumptions on
the vector field 𝑏 and on the initial datum 𝑢0 . In Theorem 2.1.4 we asked for less regularity on 𝑏 and on the
initial datum, but we had to consider a bigger subset of (𝕋 𝑑).

4Also in this section we will state the results considering the domain to be 𝕋 𝑑 and bounded vector fields for simplicity. We
refer the reader to [10] for the unbounded case in ℝ𝑑 .
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We now prove an existence result analogous to Proposition 1.2.1.

Proposition 2.2.1.
Consider 𝑏 a smooth vector field. Then, for any initial datum 𝜇̄ ∈ (𝕋 𝑑), a solution of (𝜇-CE) is given by

𝜇𝑡 = 𝑋(𝑡, ⋅)#𝜇̄,

where𝑋 is the flow of the vector field 𝑏 and𝑋(𝑡, ⋅)#𝜇̄ denotes a push-forward via themap𝑋(𝑡, ⋅) ∶ 𝕋 𝑑 → 𝕋 𝑑
of the measure 𝜇̄. In particular, if 𝜇̄ = 𝑢0ℒ 𝑑 with 𝑢0 ∈ 𝐿∞(𝕋 𝑑), there is an explicit formula for the solution,
namely:

𝑢(𝑡, 𝑥) =
𝑢0(𝑌𝑡(𝑡, 𝑥))

det(∇𝑥𝑋(𝑡, 𝑌𝑡(𝑡, 𝑥)))
,

with 𝑌𝑡 the backward flow of 𝑏.

Proof. We simply check that the proposed measure 𝜇𝑡 is a solution in the sense of Definition 2.2.1. By the
push-forward formula:

∫

𝑇

0 ∫ℝ𝑑
(𝜕𝑡𝜑 + 𝑏 ⋅ ∇𝑥𝜑)𝑑(𝑋(𝑡, ⋅)#𝜇̄)𝑑𝑡 = ∫

𝑇

0 ∫ℝ𝑑
(𝜕𝑡𝜑(𝑡, 𝑋(𝑡, 𝑥)) + 𝑏(𝑡, 𝑋(𝑡, 𝑥)) ⋅ ∇𝑥𝜑(𝑡, 𝑋(𝑡, 𝑥)))𝑑𝜇̄𝑑𝑡

= ∫

𝑇

0 ∫ℝ𝑑

𝑑
𝑑𝑡

[𝜑(𝑡, 𝑋(𝑡, 𝑥))] 𝑑𝜇̄𝑑𝑡.

We can easily conclude by applying Fubini theorem:

∫

𝑇

0 ∫ℝ𝑑

𝑑
𝑑𝑡

[𝜑(𝑡, 𝑋(𝑡, 𝑥))] 𝑑𝜇̄𝑑𝑡 = ∫ℝ𝑑 ∫

𝑇

0

𝑑
𝑑𝑡

[𝜑(𝑡, 𝑋(𝑡, 𝑥))] 𝑑𝜇̄𝑑𝑡

= ∫ℝ𝑑
𝜑(𝑇 ,𝑋(𝑇 , 𝑥))
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟

=0

𝑑𝜇̄ − ∫ℝ𝑑
𝜑(0, 𝑋(0, 𝑥))𝑑𝜇̄ = −∫ℝ𝕕

𝜑(0, 𝑥)𝑑𝜇̄.

The validity of the representation formula if 𝜇̄ = 𝑢0ℒ 𝑑 ∈ 𝐿∞(𝕋 𝑑) has already been proved in Proposition
1.2.1.

A general theory relating the Eulerian/PDE point of view to the Lagrangian/ODE one in a non-classical setting
has been developed in [10, 57], which we refer the reader to for more details on this topic. The basic idea is
similar to what we considered in Proposition 2.2.1: the initial measure 𝜇̄ is transported via (a generalised,
weaker notion of) the flow𝑋 and the solution of (𝜇-CE) is simply the push-forward of the initial datum via
such a flow. For the sake of readability, we recall here the equation for the flow𝑋 of 𝑏:

{

𝑑
𝑑𝑡
𝑋(𝑡, 𝑥) = 𝑏(𝑡, 𝑋(𝑡, 𝑥)) if 𝑡 ∈ (0, 𝑇 )

𝑋(0, 𝑥) = 𝑥
. (ODE)

We remark that, in order to give a meaning to (ODE), even in an almost everywhere sense, we assume 𝑏 to
be defined pointwise in [0, 𝑇 ) × 𝕋 𝑑 . Also, in view of the above discussion, it is convenient to define the
notion of Lagrangian solution:

Definition 2.2.2. Lagrangian solution
Consider 𝑏 a bounded measurable vector field in 𝐼×𝕋 𝑑 , and let 𝜇̄ ∈ Ω ⊂(𝕋 𝑑) be a finite signed measure.
We say that 𝜇𝑡 is a Lagrangian solution of (𝜇-CE) in the set Ω if for every 𝑡

𝜇𝑡 = 𝑋(𝑡, ⋅)#𝜇̄,

where𝑋(⋅, 𝑥) solves (ODE) for 𝜇̄-a.e. 𝑥 ∈ 𝕋 𝑑 and it holds that𝑋(𝑡, ⋅)#𝜇̄ ∈ Ω for every 𝑡 ∈ 𝐼 .

Remark 2.2.2. Lagrangian ⟹ renormalized
It is not difficult to prove that, ifΩ = 𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)), Lagrangian solutions are also renormalized solutions
[51].
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The first result we present is a general criterion relating uniqueness of solutions of (𝜇-CE) and (ODE):

Proposition 2.2.2. [10]
Let 𝐴 ⊂ ℝ𝑑 be a Borel set. The following two properties are equivalent:

1. Solutions of (ODE) are unique for every 𝑥 ∈ 𝐴.

2. Non-negative measure-valued solutions of (𝜇-CE) are unique for any 𝜇̄ concentrated in 𝐴, i.e. such
that 𝜇̄(𝐴𝑐) = 0.

The implication 2. ⟹ 1. is rather easy: just choose 𝜇̄ = 𝛿𝑥, where 𝛿𝑥 is a Dirac delta centered in 𝑥, and
notice that different solutions 𝑋1, 𝑋2 of (ODE) induce different solutions of (𝜇-CE): 𝜇1(𝑡) = 𝛿𝑋1(𝑡,𝑥) and
𝜇2(𝑡) = 𝛿𝑋2(𝑡,𝑥). The converse implication requires a deep result known as superposition principle (first
established in [13, Theorem 8.2.1] , see also [8, Theorem 3.2] and [10, 57]), which states that every positive
solution of (𝜇-CE) can be decomposed (as a measure) along characteristic curves solving (ODE), for every
𝑥 ∈ 𝐴. Namely, it exploits the representation

∫𝕋 𝑑
𝜑𝑑𝜇𝑡 = ∫𝕋 𝑑

(

∫Γ𝑇
𝜑(𝛾(𝑡))𝑑𝜂𝑥(𝛾)

)

𝑑𝜇̄(𝑥),

obtained by disintegrating the measure (see [12, Theorem 2.28]) 𝜇𝑡 with respect to 𝜇̄, where 𝜂𝑥 are proba-
bility measures concentrated on absolutely continuous integral solutions of (ODE) with initial point 𝑥 and
Γ𝑇 = 𝐴𝐶(0, 𝑇 ;ℝ𝑑) the set of absolutely continuous curves from [0, 𝑇 ) to ℝ𝑑 . Before stating the super-
position principle and discussing its implications, we give the definition of superposition solution:

Definition 2.2.3. Superposition solution
Let 𝜂 ∈ +(𝕋 𝑑 × Γ𝑇 ) be a positive measure concentrated on the set of pairs (𝑥, 𝛾) such that 𝛾 is an
absolutely continuous integral solution of (ODE) with 𝛾(0) = 𝑥. We define the superposition solution 𝜇𝜂𝑡 as:

⟨𝜇𝜂𝑡 , 𝜑⟩ ∶= ∫𝕋 𝑑×Γ𝑇
𝜑(𝛾(𝑡))𝑑𝜂(𝑥, 𝛾) for every 𝜑 ∈ 𝐶𝑏(𝕋 𝑑).

By disintegrating the measure 𝜇𝜂𝑡 as 𝜇𝜂𝑡 = 𝜂𝑥(𝛾)⊗ 𝜇̄(𝑥) we can rewrite the definition as

⟨𝜇𝜂𝑡 , 𝜑⟩ = ∫𝕋 𝑑

(

∫Γ𝑇
𝜑(𝛾(𝑡))𝑑𝜂𝑥(𝛾)

)

𝑑𝜇̄(𝑥), for every 𝜑 ∈ 𝐶𝑏(𝕋 𝑑),

where 𝜂𝑥 are probability measures on Γ𝑇 .

Remark 2.2.3. Recovering of the push-forward formula
Notice that if 𝜂𝑥 = 𝛿𝑋(⋅,𝑥) , i.e. if there is only one absolutely continuous solution to (ODE) with initial datum
𝛾(0) = 𝑥, we have:

⟨𝜇𝜂𝑡 , 𝜑⟩ = ∫𝕋 𝑑
𝜑(𝑋(𝑡, 𝑥))𝑑𝜇̄(𝑥) = 𝑋(𝑡, ⋅)#𝜇̄,

recovering the push-forward representation of the solution of Proposition 2.2.1.

We are now ready to state the superposition principle, with which it is possible to prove the implication
1. ⟹ 2. in Proposition 2.2.2.

Theorem 2.2.1. Superposition principle, [13, 10]
Let 𝜇𝑡 ∈ +(𝕋 𝑑) be a positive solution of (𝜇-CE) with 𝑏 a bounded vector field. Then 𝜇𝑡 is a superposition
solution, i.e. there exists a measure 𝜂 ∈ +(𝕋 𝑑 × Γ𝑇 ) such that 𝜇𝑡 = 𝜇𝜂𝑡 .

We remark that Proposition 2.2.2 may seem powerful, but it is in fact quite limited: recall that when 𝑏 has
merely Sobolev spatial regularity, in order to have uniqueness for (𝜇-CE) we had to restrict to measures
𝜇 ∈ 𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)) (i.e., with a little abuse of notation, to measures which can be represented as
𝜇𝑡 = 𝑢(𝑡, ⋅)ℒ 𝑑 with 𝑢 ∈ 𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑))), which is much more restrictive than considering all non-
negative measures as in Proposition 2.2.2. On the other hand, Proposition 2.2.2 states that uniqueness in
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the whole class of non-negative measures gives a very strong pointwise uniqueness for the flows. For this
reason, it is natural to introduce a weaker notion of flow for which uniqueness, assuming (𝜇-CE) has unique
solutions in the smaller class𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)), may still hold. This is the so-called regular Lagrangian flow:
besides requiring that it solves (ODE) for almost every 𝑥 ∈ 𝕋 𝑑 , we also impose that it does not “concentrate
mass”. Before giving the actual definition, it is convenient to explain the idea behind it. Since for (𝜇-CE)
we have only proved uniqueness in a subclass of measures (namely absolutely continuous measures with
respect toℒ 𝑑 and with𝐿∞

𝑡 𝐿
𝑞
𝑥 integrability), we want that the flow𝑋 which “transports” the initial measure

𝜇̄ preserves the absolute continuity of the measure and the belonging to the𝐿∞
𝑡 𝐿

𝑞
𝑥 class: i.e. 𝑋(𝑡, ⋅)#𝜇̄ ≪

ℒ 𝑑 for every 𝑡 ∈ [0, 𝑇 ) and sup𝑡∈[0,𝑇 ] ‖𝑋(𝑡, ⋅)#𝜇̄‖𝐿𝑞(𝕋 𝑑 ) < +∞. It is possible to use the superposition
principle not only to prove that 1. ⟹ 2. in the most general (and, as we saw, quite useless) setting of
Proposition 2.2.2, but also to prove the implication 2. ⟹ 1. in the subset𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)) (for whichwe
have uniqueness) if we only consider solutions of (ODE) which are regular Lagrangian flows. In particular,
we will see how well-posedness results for (2.2.1) in the class𝐿∞((0, 𝑇 ) × 𝕋 𝑑) give well-posedness at the
ODE level for regular Lagrangian flows.

Definition 2.2.4. Regular Lagrangian flow
Let 𝑏 ∶ [0, 𝑇 ) × 𝕋 𝑑 → ℝ𝑑 be a bounded vector field. We say that a map𝑋 ∶ [0, 𝑇 ) × 𝕋 𝑑 → ℝ𝑑 is a regular
Lagrangian flow with respect to the vector field 𝑏 if:

1. For ℒ 𝑑 -a.e. 𝑥 ∈ 𝕋 𝑑 the map 𝑡 ↦ 𝑋(𝑡, 𝑥) is an absolutely continuous integral solution of 𝛾̇(𝑡) =
𝑏(𝑡, 𝛾(𝑡)) for 𝑡 ∈ [0, 𝑇 ), with initial condition 𝛾(0) = 𝑥;

2. there exists a constant 𝐶 independent of 𝑡 such that

𝑋(𝑡, ⋅)#ℒ 𝑑 ≤ 𝐶ℒ 𝑑 as measures.

The constant 𝐶 will be called the compressibility constant of𝑋.

For the sake of completeness, and since we will use it in the following, we also define the backward regular
Lagrangian flow:

Definition 2.2.5. Backward regular Lagrangian flow
Let 𝑏 ∶ [0, 𝑇 ) × 𝕋 𝑑 → ℝ𝑑 be a bounded vector field defined everywhere. For 𝑡 ∈ [0, 𝑇 ) fixed, we say that a
map 𝑌𝑡 ∶ [0, 𝑡) × 𝕋 𝑑 → ℝ𝑑 is a backward regular Lagrangian flow with respect to the vector field 𝑏 if:

1. For ℒ 𝑑 -a.e. 𝑥 ∈ 𝕋 𝑑 the map 𝑠 ↦ 𝑌𝑡(𝑠, 𝑥) is an absolutely continuous integral solution of 𝛾̇(𝑠) =
−𝑏(𝑡 − 𝑠, 𝛾(𝑠)) for 𝑠 ∈ [0, 𝑡), with initial condition 𝛾(0) = 𝑥;

2. there exists a constant 𝐶 independent of 𝑠, 𝑡 such that

𝑌𝑡(𝑠, ⋅)#ℒ 𝑑 ≤ 𝐶ℒ 𝑑 as measures.

Remark 2.2.4.
It is not difficult to see that 𝑌𝑡(𝑠,𝑋(𝑡, 𝑥)) = 𝑋(𝑡− 𝑠, 𝑥) just like in the classical case. Since we shall need a
𝐿1
𝑡𝐿

∞
𝑥 bound on div𝑥(𝑏)− to have existence and uniqueness of the regular Lagrangian flow, in order to have

also the existence and uniqueness of the backward regular Lagrangian flow we need to assume also that
div𝑥(𝑏)+ ∈ 𝐿1

𝑡𝐿
∞
𝑥 , i.e. that div𝑥(𝑏) ∈ 𝐿1

𝑡𝐿
∞
𝑥 .

We remark that Proposition 2.2.1 can be generalised to the case of regular Lagrangian flows, up to restrict-
ing the choice of the initial condition 𝜇̄ accordingly.

Proposition 2.2.3.
Consider a vector field 𝑏which admits a regular Lagrangian flow𝑋 ∶ [0, 𝑇 )×𝕋 𝑑 → ℝ𝑑 and an initial density
𝜇̄ = 𝑢0 ∈ 𝐿𝑞(𝕋 𝑑) for some 𝑞 ∈ [1,+∞]. Then

𝜇𝑡 = 𝑢(𝑡, ⋅) ∶= 𝑋(𝑡, ⋅)#𝑢0
is a solution of (𝜇-CE) in the class 𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)).
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Proof. Identical to the proof of Proposition 1.2.1.

We are now ready to state the following theorem, which relates the well-posedness of (𝜇-CE) in the class
𝐿∞((0, 𝑇 ) × 𝕋 𝑑) to the existence, uniqueness and stability of regular Lagrangian flows:

Theorem 2.2.2. Existence, uniqueness and stability of the regular Lagrangian flow, [57, Theorem 6.4.1 and
Theorem 6.4.6]
Let 𝑏 ∶ [0, 𝑇 ) × 𝕋 𝑑 → ℝ𝑑 be a bounded vector field. The following hold:

• EXISTENCE: If (𝜇-CE) admits a positive solution in 𝐿∞((0, 𝑇 ) × 𝕋 𝑑) with initial data 𝜇̄ = ℒ 𝑑 , then
we have existence of a regular Lagrangian flow associated to 𝑏.

• UNIQUENESS: Assume that, if a positive solution 𝜇𝑡 ∈ 𝐿∞((0, 𝑇 ) × 𝕋 𝑑) of (𝜇-CE) exists, it is unique.
Then the regular Lagrangian flow associated to 𝑏, if it exists, is unique.

• STABILITY: Consider a sequence {𝑏𝑘}𝑘∈ℕ of vector fields such that

‖𝑏𝑘‖𝐿∞((0,𝑇 )×𝕋 𝑑 ) + ‖ div𝑥(𝑏𝑘)‖𝐿∞((0,𝑇 )×𝕋 𝑑 ) ≤ 𝐶

for some𝐶 > 0. Assume also that, for each 𝑏𝑘, (𝜇-CE) has the uniqueness property in𝐿∞((0, 𝑇 )×𝕋 𝑑)
and that the sequence {𝑏𝑘}𝑘∈ℕ converges in 𝐿1

𝑙𝑜𝑐((0, 𝑇 ) × 𝕋 𝑑) to a vector field 𝑏 ∈ 𝐿∞((0, 𝑇 ) × 𝕋 𝑑)
with div𝑥(𝑏) ∈ 𝐿∞((0, 𝑇 ) × 𝕋 𝑑). Then the regular Lagrangian flows 𝑋𝑘 associated to 𝑏𝑘 converge
strongly in 𝐿∞(0, 𝑇 ;𝐿1

𝑙𝑜𝑐(𝕋
𝑑)) to the regular Lagrangian flow𝑋 associated to 𝑏 5.

Idea of the proof. Weonly give an idea on how to prove the uniqueness part, showing how the superposition
principle can be employed. The key technical result is the following:

Proposition 2.2.4. [57, Proposition 6.4.3]
Let 𝑏 be a bounded vector field and assume that (𝜇-CE) has the uniqueness property in 𝐿∞((0, 𝑇 ) × 𝕋 𝑑).
Consider a family of probabilities {𝜂𝑥}𝑥∈𝕋 𝑑 ⊂ (Γ𝑇 ) and assume that the measures 𝜂𝑥 are supported
on absolutely continuous integral solutions of (ODE) for ℒ 𝑑 a.e. 𝑥. Then, if the superposition solution
𝜇 = 𝜂𝑥 ⊗ 𝜇̄ belongs to 𝐿∞((0, 𝑇 ) × 𝕋 𝑑), the measures 𝜂𝑥 are Dirac deltas for ℒ 𝑑 -a.e. 𝑥.

We can argue by contradiction: consider two different regular Lagrangian flows 𝑋1, 𝑋2. Given an initial
condition 𝜇̄ ∈ 𝐿∞(𝕋 𝑑) each of them induces bounded Lagrangian solutions 𝜇1𝑡 , 𝜇

2
𝑡 of (𝜇-CE) which by the

superposition principle are superposition solutions. By Proposition 2.2.4 the measures 𝜂1𝑥, 𝜂
2
𝑥 obtained by

disintegrating 𝜇1𝑡 , 𝜇
2
𝑡 are Dirac deltas for a.e. 𝑥. It is easy to prove that 𝜂𝑥 ∶= 1

2
(𝜂1𝑥 + 𝜂2𝑥) induces the

bounded solution 𝜇𝑡 ∶= 𝜂𝑥 ⊗ 𝜇̄ of (𝜇-CE), and actually

𝜇𝑡 =
1
2
(𝜇1𝑡 + 𝜇

2
𝑡 ) ∈ 𝐿∞((0, 𝑇 ) × 𝕋 𝑑), (2.2.1)

which is a contradiction. Indeed, 𝜇̄ and 𝜂𝑥 satisfy the assumptions of Proposition 2.2.4, so for ℒ 𝑑 -a.e. 𝑥
the measure 𝜂𝑥 should be a Dirac mass, which is not the case.

Remark 2.2.5. More general classes of vector fields
If we consider vector fields with a particular structure, there are results also outside of the classes we previ-
ously considered. For instance, concerning the well-posedness of (ODE):

• In [44] it is proved existence and uniqueness of solutions if the vector field 𝑏 = (𝑉 , 𝐹 (𝑋)) has an
Hamiltonian structure and 𝐹 ∈ 𝐻3∕4(ℝ𝑑 ;ℝ𝑑) ∩ 𝐿∞(ℝ𝑑 ;ℝ𝑑).

• In [30] it is proved existence, uniqueness, quantitative stability and compactness when the gradient of
the velocity field has the structure𝐷𝑥𝑏 = 𝐾 ∗ 𝑓 , with𝐾 a singular kernel and 𝑓 ∈ 𝐿1(ℝ𝑑 ;ℝ𝑑), and
they relate such a result to the well-posedness of Lagrangian solutions of the continuity equation.

5This stability result seems very similar to Bressan’s conjecture [32] However the crucial difference that makes the latter
sensibly harder to prove is that in Bressan’s conjecture we only have a 𝐿1 uniform bound on the derivatives of 𝑏𝑘 and no 𝐿∞

control on div𝑥(𝑏𝑘), but only on the compressibility of the flows.
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• In [130] quantitative stability estimates are given for vector fields of the form 𝑏 = 𝐾 ∗ 𝑔 with 𝑔 ∈
𝐿1(ℝ𝑑 ;ℝ𝑑) and𝐾 a singular kernel.

Remark 2.2.6. DiPerna-Lions definition of regular Lagrangian flow
What we provided in Definition 2.2.4 is a definition due (at least, up to our knowledge) to Ambrosio [7]. The
original definition of regular Lagrangian flow is due to DiPerna and Lions in [70] and it is slightly different.
Most notably, they require a semigroup property for the flow (which actually follows from the two properties
we used in Definition 2.2.4) and a lower bound on 𝑋(𝑡, ⋅)#ℒ 𝑑 which is completely absent from Ambrosio’s
definition. The idea is that “compressing” too much the measure is problematic (it might induce singular
measures and, as we saw, staying inside the class where we have well-posedness for (𝜇-CE) is crucial),
whereas “diluting” it is not. We refer the reader to [57, Section 6.5] for more details. We also remark that the
strategy to prove well-posedness at the ODE level used in [70] is completely different and in a sense more
standard, using approximation arguments.

Remark 2.2.7. General theory of ℒ𝑏 Lagrangian flows
The assumptions in Theorem 2.2.2 are not sharp: for instance, only a control on the 𝐿1

𝑡𝐿
∞
𝑥 norm of the

negative part of the divergence of 𝑏 is needed in the stability result. The interested reader can find sharper
results in [10]. Moreover, in [10] a more general theory of so-called ℒ𝑏 Lagrangian flows is developed, of
which regular Lagrangian flows are only an example. The basic idea is: if (𝜇-CE) is well posed in some class
ℒ𝑏 ⊂ +([0, 𝑇 ) × 𝕋 𝑑), if we consider flows which solve (ODE), preserve the membership to ℒ𝑏 (i.e. if
𝜇̄ ∈ ℒ𝑏 ⟹ 𝑋(𝑡, ⋅)#𝜇̄ ∈ ℒ𝑏) and the class ℒ𝑏 is convex (so that we can argue as in (2.2.1)), then
uniqueness of such flows can be proved.

Remark 2.2.8. Almost everywhere uniqueness of integral curves for regular Lagrangian flows
It is quite natural to wonder if, given the unique regular Lagrangian flow𝑋 of a vector field 𝑏, it holds that for
almost every 𝑥 there is a unique integral curve of 𝑏 satisfying 𝛾 ′(𝑡) = 𝑏(𝑡, 𝛾(𝑡))with 𝛾(0) = 𝑥. We remark that
the uniqueness of the regular Lagrangian flow that we proved does not imply almost everywhere uniqueness
of integral curves. Actually, such uniqueness does not hold in general. In [36] the authors showed that there
exists a vector field 𝑏 ∈ 𝐶([0, 1];𝑊 1,𝑟(𝕋 𝑑 ;ℝ𝑑)) with 𝑟 < 𝑑 which admits a unique regular Lagrangian flow
𝑋 such that, if 𝑥 ∈ 𝐴 with 𝐴 a set of positive measure, there are at least two integral curves of 𝑏 starting
from 𝑥. See also [137] for a slight generalization. If instead 𝑟 > 𝑑 such almost everywhere uniqueness holds,
as shown in [43, Corollary 5.2]. We also cite [102] where the author constructs a continuous vector field
(both in time and space) for which uniqueness of integral curves does not hold in a set of positive Lebesgue
measure, answering a question posed by Alberti in [4]. Such a construction will be the basis of [37], where
the authors develop a new method to build non-unique solutions of (TE).

Remark 2.2.9. Is the positivity assumption really necessary?
It is natural to wonder if the positivity assumption in the superposition principle is really necessary or if it is
just a shortcoming of the theory. As it turns out, in general a signed superposition principle does not hold
simply by observing that there exist signed solutions of (𝜇-CE) even for vector fields 𝑏 which do not have
solutions for (ODE) for any 𝑥 ∈ ℝ𝑑 [87]. However, assuming some regularity on the vector field 𝑏, a signed
superposition principle does hold [9]. One may also wonder if the implication 1. ⟹ 2. in Proposition 2.2.2
really needs the non-negativity assumption. In general, the implication is false [28].

2.2.2 Applications to positive solutions of the continuity equation

The superposition principle (Theorem 2.2.1) can be used not only as a tool to prove well-posedness of (ODE)
based on the well-posedness of (𝜇-CE). It can also be used to go beyond the DiPerna-Lions framework, even
though for positive solutions only. The main result in this setting is the following:

Theorem 2.2.3. Uniqueness of positive solutions, [36]
Let 𝑑 ≥ 2, 𝑝 ∈ [1,+∞] and 𝑟 ∈ [1,+∞] be such that

1
𝑝
+ 1
𝑟
< 1 + 1

𝑑 − 1
𝑟 − 1
𝑟

.

Let 𝑏 ∈ 𝐿1(0, 𝑇 ;𝑊 1,𝑟(𝕋 𝑑 ;ℝ𝑑)) be a vector field satisfying div𝑥(𝑏) ∈ 𝐿∞((0, 𝑇 ) × 𝕋 𝑑). Then, for 𝑝 > 1,
(𝜇-CE) admits a unique solution among all non-negative, weakly continuous in time densities 𝜌 in the class
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𝐿∞(0, 𝑇 ;𝐿𝑝(𝕋 𝑑 ;ℝ+
0 )) with 𝜌(0, ⋅) = 𝜌0. When 𝑝 = 1 (i.e.𝑟 > 𝑑) uniqueness holds in the class of non-

negative weakly-∗ continuous densities 𝜌 ∈ 𝐿∞(0, 𝑇 ;+(𝕋 𝑑)) with 𝜌(0, ⋅) = 𝜌0ℒ 𝑑 . In particular every
such 𝜌 is Lagrangian, i.e.

𝜌(𝑡, ⋅)ℒ 𝑑 = 𝑋(𝑡, ⋅)#(𝜌0ℒ 𝑑),

where𝑋 denotes the unique regular Lagrangian flow of 𝑏.

2.3 Non-uniqueness phenomena

We now briefly turn our attention to counterexamples, showing how the assumptions in the previous sec-
tions are basically sharp. We will not give the full details of the counterexamples, referring the reader to
the relevant literature for more insight. As we have already done repeatedly, in this section we will also
move back and forth between the Lagrangian and the Eulerian points of views, showing non-uniqueness
phenomena for both (ODE) and (CE),(TE).

2.3.1 Beck/DiPerna-Lions and Aizenman/Depauw counterexamples

We start this discussion from a Lagrangian point of view, i.e. looking for non-uniqueness of solutions of
(ODE). Notice that we are not asking for non-uniqueness of a Cauchy problem, otherwise Example 1.1.1
would have been sufficient. We are looking for non-uniqueness of flows6 which satisfy (ODE). Historically
the first counterexamples are given in [17, 3]. In [3] in particular the author constructs uniformly bounded
divergence-free vector fields 𝑏 with any of the following properties:

• There is no measure-preserving flow generated by 𝑏;

• the vector field 𝑏 generates an uncountable number of flows;

• along integral lines, fibers are contracted to points and vice-versa points burst into fibers.

Later, two counterexamples are provided in [70]. Given 𝑝 ∈ [1,+∞), the first counterexample consists in
an autonomous vector field 𝑏 ∈ [𝑊 1,𝑝

𝑙𝑜𝑐 (ℝ
2) ∩ 𝐿∞(ℝ2)]2 with unbounded divergence. Based on the con-

struction in [17] they define an infinite number of flows 𝑋𝜇 parametrized by positive measures in a Cantor
set. It is worth noting that each one of these flows concentrate absolutely continuous measures in singular
ones, except for the flow corresponding to the measure 𝜇 = 0. This means that this is not a counterexam-
ple for the uniqueness of regular Lagrangian flows. The second counterexample concerns an autonomous
divergence-free vector field in ℝ2 with fractional order derivatives (see [1, 69] for some general theory on
fractional Sobolev spaces). Namely, 𝑏 ∈ [𝑊 𝑠,1

𝑙𝑜𝑐 (ℝ
2)]2 for every 𝑠 ∈ [0, 1) and 𝑏 ∈ [𝐿∞(ℝ2)∩𝐿𝑝(ℝ2)]2 for

every 𝑝 ∈ [1, 2). In this case, the authors construct two different measure-preserving regular Lagrangian
flows relative to this vector field. As a byproduct, this is also a counterexample to the uniqueness of so-
lutions of (CE) when 𝑢̄ ∈ 𝐿∞(𝕋 𝑑): the push-forward with respect to the two different regular Lagrangian
flows gives two different bounded solutions of (CE). The next counterexample, up to our knowledge, was
provided (independently from each other) in [66] and [49], both building on and simplifying the idea of [3]. In
particular the construction in [66] is very simple and short (only four pages long). Contrary to the counterex-
amples in [70] and the original work [3], the focus in [66] is on the Eulerian point of view. Namely, the author
exhibits a non-zero bounded solution of (CE) with a zero initial datum. What is truly remarkable is how
close the vector field 𝑏 considered in [66] is to satisfying the assumptions in Theorem 2.1.5: it is bounded,
divergence-free and, for every 𝜀 > 0, 𝑏 ∈ 𝐿1(𝜀, 𝑇 ;𝐵𝑉𝑙𝑜𝑐(ℝ2;ℝ2)), but 𝑏 ∉ 𝐿1(0, 𝑇 ;𝐵𝑉𝑙𝑜𝑐(ℝ2;ℝ2)) (other-
wise uniqueness for (CE) would hold by Theorem 2.1.5). For the definition of the vector fields and a precise
analysis of the counterexamples in [70, 66], other than the original articles we refer the reader to [57].

6In Definition 1.1.1 we never assumed the flow to have a semigroup property, i.e. that 𝑋(𝑠,𝑋(𝑡, 𝑥)) = 𝑋(𝑠 + 𝑡, 𝑥), because it
followed by our assumptions on 𝑏. In general, the semigroup property is part of the definition of a flow, as in [17, 3]. It follows that,
in general, defining𝑋(𝑡, 𝑥) as the value at time 𝑡 of an integral curve starting at 𝑥 does not necessarily produce a flow, since such
curves may not be unique and may yield a map𝑋 lacking the semigroup property.
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2.3.2 Modena-Sattig-Szekelyhidi: convex integration

The convex integrationmethod was initially introduced in [64, 63] in the context of fluid dynamics to provide
counterexamples for Euler and Navier-Stokes equations [59, 38, 39], most notably resulting in proving a
conjecture by Onsanger [132] in [95] and in proving non-uniqueness of weak solutions for 3D Navier-Stokes
with finite kinetic energy [40]. For more details on the convex integration scheme in fluid dynamics, we refer
the reader to [41]. In the seminal works [126, 127, 125] the method was adapted to provide counterexamples
to uniqueness of bounded solutions for (CE), ultimately providing the following result:

Theorem 2.3.1. [125]
Let 𝑞 ∈ [1,+∞), 𝑝 ∈ [1,+∞) and assume that

1
𝑝
+ 1
𝑞
> 1 + 1

𝑑
.

Then there are infinitely many incompressible vector fields

𝑏 ∈ [𝐶𝑡𝐿𝑞
′(𝕋 𝑑) ∩ 𝐶𝑡𝑊 1,𝑝(𝕋 𝑑)]𝑑

for which uniqueness of (CE) fails in the class of densities 𝜌 ∈ 𝐶𝑡𝐿𝑞(𝕋 𝑑). Moreover, if 𝑞 = 1 , it holds
𝑏 ∈ 𝐶([0, 𝑇 ] × 𝕋 𝑑 ;ℝ𝑑).

Before giving the basic idea of the convex integration scheme applied to the transport equation, let us
remark that the convex integration method is a purely Eulerian technique. Namely, there is no flow involved
and we are actually in a setting where the regular Lagrangian flow of 𝑏 is unique 7. The starting point is to
notice the following fact: if 𝜌 is a solution of (CE) and the vector field is incompressible, it means it satisfies

∫

𝑇

0 ∫𝕋 𝑑
𝜌(𝜕𝑡𝜑 + 𝑏 ⋅ ∇𝑥𝜑)𝑑𝑥𝑑𝑡 + ∫𝕋 𝑑

𝜑(0, 𝑥)𝜌0(𝑥)𝑑𝑥 = 0 for every 𝜑 ∈ 𝐶∞
𝑐 ([0, 𝑇 ) × 𝕋 𝑑).

We have seen that if 𝑏 ∈ [𝐿1(0, 𝑇 ;𝑊 1,𝑝(𝕋 𝑑))∩𝐿∞((0, 𝑇 )×𝕋 𝑑)]𝑑 , solutions 𝜌 of (CE) exist and are unique
in the class 𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)) with 1∕𝑝 + 1∕𝑞 ≤ 1. The above equation however makes sense even for
𝑞′ < 𝑞, because by Sobolev embedding 𝑏 ∈ 𝐿𝑝∗(𝕋 𝑑 ;ℝ𝑑), with 𝑝∗ = 𝑑𝑝∕(𝑑 − 𝑝). The 𝑊 1,𝑝 regularity
in particular is needed only for proving the renormalization property (Lemma 2.1.1), while for existence
it is not needed at all. It is then natural to wonder whether the class where we have uniqueness can be
extended from 𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)) to some 𝐿∞(0, 𝑇 ;𝐿𝑞′(𝕋 𝑑)) with 𝑞′ < 𝑞. There is a competition: on the
one hand the Lagrangian setting is very well behaved since there is a unique regular Lagrangian flow and
thus there is only one Lagrangian solution of (CE), on the other hand the lower regularity of the density
might break the DiPerna-Lions renormalization scheme and there might exist weak solutions which are not
renormalized. As we saw in Theorem 2.2.3, if we restrict to positive solutions we have uniqueness even
outside the DiPerna-Lions setting, but in general Theorem 2.3.1 shows that we have not.

We now (very briefly) explain the idea behind the convex integration, which is an iterative scheme. We
consider a couple (𝜌𝑛, 𝑏𝑛) solving:

𝜕𝑡𝜌𝑛 + div𝑥(𝑏𝑛𝜌𝑛) = − div𝑥(𝑅𝑛),

where div𝑥(𝑅𝑛) can be thought as an error term. The goal is to define a new pair (𝜌𝑛+1, 𝑏𝑛+1) satisfying

𝜕𝑡𝜌𝑛+1 + div𝑥(𝑏𝑛+1𝜌𝑛+1) = − div𝑥(𝑅𝑛+1)

such that the new error term is smaller, and in particular we want that div𝑥(𝑅𝑛) ⇀ 0 as 𝑛 → +∞ so that
in the limit (𝜌𝑛, 𝑏𝑛) converge to a couple (𝜌, 𝑏) solving (CE). The way to define 𝜌𝑛+1 and 𝑏𝑛+1 starting from
𝜌𝑛, 𝑏𝑛 is by adding a perturbation term, namely:

𝜌𝑛+1 ∶= 𝜌𝑛 + 𝜀𝑛 and 𝑏𝑛+1 ∶= 𝑏𝑛 + 𝛿𝑛.
7In the previous counterexamples the Lagrangian point of view was used to show the non-uniqueness also at the PDE level,

and this was achieved by considering vector fields for which (ODE) admits two different regular Lagrangian flow, with which one
can define (simply by push-forward of the initial datum) two different solutions of (CE). That is: non-uniqueness of (ODE) ⟹

non-uniqueness of (CE).
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For the moment let us not specify 𝜀𝑛 and 𝛿𝑛. If 𝑏𝑛+1 and 𝜌𝑛+1 are defined like above, then they satisfy:

𝜕𝑡𝜌𝑛+1 + div𝑥(𝜌𝑛+1𝑏𝑛+1) = div𝑥(𝜀𝑛𝛿𝑛 − 𝑅𝑛) + other error terms.

The crucial point is to choose 𝜀𝑛 and 𝛿𝑛 in a way to make the error term div𝑥(𝜀𝑛𝛿𝑛−𝑅𝑛) smaller and smaller
and a way this can be achieved is by considering ad hoc functions (which we will not specify) such that

div𝑥(𝜀𝑛𝛿𝑛 − 𝑅 − 𝑛) = 𝑓𝑔𝑛,

where 𝑔(𝑥) satisfies ∫𝕋 𝑑 𝑔(𝑥)𝑑𝑥 = 0, 𝑔𝑛(𝑥) ∶= 𝑔(𝜆𝑛𝑥) and 𝜆𝑛 → +∞. Then, it is easy to see that
𝑓𝑔𝑛 ⇀ 𝑓 ⨏𝕋 𝑑 𝑔(𝑥)𝑑𝑥 = 0. The key point is to add functions with higher and higher frequencies to reduce
the error term. Of course, the argument is much more sophisticated than this, and we refer the reader to
[125] for the details, but it is relevant (especially with respect to the next subsection) to notice that at each
step the perturbations are added uniformly in space, i.e. the functions 𝜀𝑛 and 𝜌𝑛 are approximately 1∕𝜆𝑛
periodic. In the next subsection we will see how the range for non-uniqueness of Theorem 2.3.1 can be
improved by considering both a different type of flow of 𝑏 (i.e. not a regular Lagrangian flow) and using
non-uniform perturbations.

2.3.3 Bruè-Colombo-Kumar: a (non-regular) Lagrangian flow approach

We conclude the topic of non-uniqueness discussing the very recent work [37], returning once again to a
Lagrangian point of view. As we already said, if a vector field 𝑏 has Sobolev space regularity and some
bounds on the divergence, then solutions of (CE) are unique in𝐿∞((0, 𝑇 )×𝕋 𝑑) and the regular Lagrangian
flow of 𝑏 is also unique. However, if we consider the class 𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)) with 𝑞 ≠ ∞ there might
be flows satisfying (ODE) for almost every 𝑥 such that they are not the regular Lagrangian flow of 𝑏 and
yet, given an initial datum 𝜌̄ ∈ 𝐿𝑞(𝕋 𝑑), the Lagrangian solution 𝑋(𝑡, ⋅)#𝜌̄ obtained by push-forward of the
initial datum is uniformly bounded in 𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)). Namely, there might be flows which are sort of
intermediate between the regular Lagrangian flow (which preserves boundedness in 𝐿𝑞 if the initial datum
is in 𝐿𝑞 for every 𝑞 ∈ [1,+∞]) and flows like the one presented in the first counterexample of [70], where
absolutely continuous initial data are concentrated in singular measures. The goal is thus to construct a
flow𝑋 which solves (ODE) that is not the regular Lagrangian flow of 𝑏, but which still keeps the𝐿𝑞 norm of
the solution𝑋(𝑡, ⋅)#𝜌̄ uniformly bounded. The strategy of [37] is the following: using a construction based
on the one proposed in [102] they construct a (sort of) self-similar solution that belongs to 𝐿∞

𝑡 𝐿
𝑞
𝑥 (for a

range of 𝑝, 𝑞 that will be specified shortly) and which starts from the uniform distribution on a cube but
which differs from the one obtained via the regular Lagrangian flow (which is simply the constant one, since
the vector field they construct is divergence-free and supported on the aforementioned cube). We give the
statement of the main result of [37].

Theorem 2.3.2. [37]
Let 𝑑 ≥ 2, 𝑝 ∈ [1,+∞), 𝑞 ∈ [1,+∞) be such that

1
𝑝
+ 1
𝑞
> 1 + 1

𝑑 − 1
𝑝 − 1
𝑝

.

Then there exists a compactly supported divergence-free vector field 𝑏 ∈ 𝐶([0, 1];𝑊 1,𝑝 ∩ 𝐿
𝑞
𝑞−1 (𝕋 𝑑 ;ℝ𝑑))

such that (CE) admits two distinct non-negative solutions in the class 𝐶([0, 1];𝐿𝑞(𝕋 𝑑)).

We now briefly explain the idea behind this result and for simplicity we will restrict to the planar case and,
for the moment, 𝑞 = 1. We will use Figure 2.1, taken from [37], as a visual aid. Consider as initial datum
the four squares in (a), where the bigger square they are contained in is 𝑄 = [−1∕2, 1∕2]2. At each step
we want to break each one of the four squares into four smaller squares, contract them to increase the
density (but the total mass, i.e. the 𝐿1 norm will always remain constant) and separate them in order to
have smaller copies of the original problem. These are respectively the steps (b) and (c) in Figure 2.1.
Now we have four copies of the original problem and we iterate this procedure at higher and higher spatial
and time frequencies (namely, performing this splitting for smaller and smaller squares requires less and
less time). By iterating this procedure we can make the initial density concentrate more and more on a
Cantor-like set where the density explodes to +∞, but the measure of the support goes to 0. If we choose
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carefully the compression rate of the squares we can prove that in the limit 𝑡 → 1 the density converges
to the uniform distribution in 𝑄. It can also be proved that the vector field 𝑣 which provides this “cut,
compress and split” procedure is divergence-free, supported in 𝑄 and 𝑣 ∈ 𝐶(0, 1;𝑊 1,𝑝 ∩ 𝐿

𝑞
𝑞−1 (𝕋 2;ℝ2)),

so there exists a unique regular Lagrangian flow relative to it which is measure preserving. Consider now
𝑏(𝑡, 𝑥) ∶= 𝑣(1 − 𝑡, 𝑥) the time-reversal of the vector field. If we consider 𝜌̄ = 𝟙𝑄 as initial datum, then
𝜌 ≡ 𝜌̄ is a solution of (CE), since the regular Lagrangian flow of 𝑏 is measure preserving and supported
in 𝑄. At the same time, the density we constructed iteratively is also a solution, which by construction
belongs to 𝐶(0, 1;𝐿1(𝕋 2)), so we have proved non-uniqueness. If 𝑞 > 1, there is an additional problem.
We cannot perform the same steps we used in the 𝑞 = 1 case because we would have that, for every 𝑞 > 1,
sup𝑡∈[0,1] ‖𝜌(𝑡, ⋅)‖𝐿𝑞 = +∞. The problem is that the uniform (in space) splitting that worked in the 𝐿1

case produces a blow-up of the 𝐿𝑞 norms for every 𝑞 > 1. A way to solve the problem, and a fundamental
difference with respect to the convex integration method (other than one being fundamentally Lagrangian
and the other one fundamentally Eulerian), is to perform asynchronous steps in the splitting procedure, not
focusing on all the “big squares” at the same time, but considering only one at a time, choosing smaller and
smaller ones. We refer to Figure 2.2 for a visual explanation. A good analogy which helps understanding
the concept is that of a tree where the first four squares in (a) of Figure 2.1 are the nodes of first layer, the
second layer is composed of the sixteen smaller squares in (c) and so on. The goal is for us to visit each
node of the tree, where with each visit we split the square into smaller and smaller ones which in the limit
gives us the constant density 𝜌̄. While in the 𝐿1 case we could perform a breadth-first search, in the 𝐿𝑞
case a depth-first visit is needed. We can see it in Figure 2.2: the splitting always occurs on the bottom left
smaller and smaller square. Using faster and faster splittings the smaller the (single!) square gets, we can
recover the convergence to 𝜌̄, without blowing up the𝐿𝑞 norm, even with this asynchronous procedure. We
refer the reader to [37] for the rigorous proof of the result and all the details.

Remark 2.3.1. The stochastic counterpart
Before concluding, it is important to remark that problems involving the well-posedness of (ODE) have been
studied also in the setting of stochastic differential equations (SDEs). As a general fact, it is well-known
that noise can prevent non-uniqueness phenomena, for instance we mention the (by now classical) result of
Veretennikov [156]: the SDE 𝑑𝑋𝑡 = 𝑏𝑡(𝑋𝑡)𝑑𝑡 + 𝑑𝑊𝑡 has strong existence and pathwise uniqueness if 𝑏 is
merely bounded 8. Later, in [101] existence and uniqueness of strong solutions of the SDE was obtained by
requiring a Ladyzhenskaya-Prodi-Serrin integrability condition, namely:

𝑏 ∈ 𝐿𝑞𝑡𝐿
𝑝
𝑥 such that 𝑑

𝑝
+ 2
𝑞
< 1, 𝑝 ≥ 2, 𝑞 > 2.

Finally, we cite [45] where they focus on SDEs with a Sobolev drift and a multiplicative noise, proving well-
posedness in that setting. There are also works that relate the well-posedness of the SDE with the well
posedness of associated PDEs (such as the Fokker-Planck equation, see Chapter 6 for more details). One of
the first works in this direction, up to our knowledge, is [77], where the author proves a stochastic counter-
part of Ambrosio’s theory on regular Lagrangian flows, however it still assumes BV regularity for the vector
field and a 𝐿1

𝑡𝐿
∞
𝑥 condition on the divergence. A more refined version of the superposition principle in the

stochastic setting was later proved in [154]. A breakthrough on another PDE associated to the SDE (namely
a stochastic transport equation, i.e. (TE) with the addition of a multiplicative random perturbation term) was
obtained in [78] where the authors managed to prove well posedness under the assumption that the velocity
field is bounded, it has uniformly bounded Hölder regularity (in space) and the divergence is an 𝐿𝑝 function
in [0, 𝑇 ] ×ℝ𝑑 for a suitable 𝑝.

8There are various different notions of existence and uniqueness in the context of SDEs. In particular, we refer the reader to
[15] for the definitions of weak/strong solutions and to [146] for the different types of uniqueness.
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For the reader’s convenience, we conclude this chapter with tables that summarise the uniqueness results,
both at the ODE and at the PDE level, which are currently known.

1∕𝑝 + 1∕𝑞 ≤ 1 1 < 1∕𝑝 + 1∕𝑞 < 1 + 𝑝−1
(𝑑−1)𝑝

1∕𝑝 + 1∕𝑞 > 1 + 𝑝−1
(𝑑−1)𝑝

Signed
solutions Uniqueness [70] Open problem Non uniqueness [37]

Non-negative
solutions Uniqueness [70] Uniqueness [36] Non uniqueness [37]

Table 2.1: Range of uniqueness in the class 𝐿∞(0, 𝑇 ;𝐿𝑞(𝕋 𝑑)) for solutions of (CE) and (TE), assuming
𝑏 ∈ [𝐿1(0, 𝑇 ;𝑊 1,𝑝 ∩ 𝐿∞(𝕋 𝑑))]𝑑 with div𝑥(𝑏) ∈ 𝐿∞((0, 𝑇 ) × 𝕋 𝑑).

𝑝 < 𝑑 𝑝 > 𝑑
Almost everywhere

uniqueness of
trajectories

Non uniqueness [36, 137, 102] Uniqueness [43]

Table 2.2: Range of uniqueness of trajectories for almost every 𝑥 if 𝑏 has spatial𝑊 1,𝑝 regularity.

Remark 2.3.2. Some caveats
We recall that, if 𝑞 = 1, the uniqueness for non-negative solutions holds in the larger class of measure
valued functions 𝐿∞(0, 𝑇 ;(𝕋 𝑑)) [36]. If 𝑑 = 1 or 𝑑 = 2 the situation is described in detail in Remark
2.1.7. Moreover, up to our knowledge, the critical cases 1

𝑝
+ 1

𝑞
= 1 + 𝑝−1

(𝑑−1)𝑝 for non-negative solutions of
(CE), (TE) and the case 𝑝 = 𝑑 for (ODE) are completely open.
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Figure 2.1: Construction in [37] for 𝑞 = 1. A darker colour denotes a higher density. Figure kindly provided
by prof. Maria Colombo.
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Figure 2.2: Construction in [37] for 𝑞 > 1. A darker colour denotes a higher density. Figure kindly provided
by prof. Maria Colombo.
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Chapter 3

A more geometric (measure theory) approach

In this chapter we want to prove the well-posedness of the continuity and of the transport equations without
relying on the theory of renormalized solutions, but instead via a more geometric approach reminiscent of
the classical method of characteristics, using the language of currents borrowed from geometric measure
theory. The idea is to view the continuity equation in an equivalent way as a condition on the boundary
of a 1-current with a particular structure. Then the uniqueness follows by an approximation argument
using smooth vector fields and by a very simple (almost trivial) result: if the vector field is zero, then the
mass of the current is controlled by the mass of the initial datum. That is: if the velocity field is zero, the
unique solution is the constant one. The main technical point will however still be a strong 𝐿1 estimate
on the commutator, so this different point of view does not seem to yield any technical advantage over the
renormalization approach, at least for the moment. We point out that a different method for proving the
uniqueness of the continuity equation without using the renormalization technique has also been given in
[144], in which the author essentially relied on Lagrangian stability estimates provided in [58] and on results
from Optimal Transport theory. We also notice that recently a link between currents and the continuity
equation has also been proposed in [27], where the authors prove the well-posedness of a generalisation
to 𝑘-currents of the continuity and of the transport equations in ℝ𝑑 (which are obtained in the particular
cases of 𝑘 = 0 and 𝑘 = 𝑑 , respectively). For these reasons, we believe that a more geometric point of view
on the subject may be of interest for future developments. We recall for convenience that the continuity
equation we will consider in the following is

{

𝜕𝑡𝑢 + div𝑥(𝑏𝑢) = 0 in 𝕋 𝑑 with 𝑡 ∈ (0, 1)
𝑢(0, ⋅) = 𝑢0

.

Throughout this chapter we will assume without loss of generality that the final time is 1. This is clearly not
restrictive and it will avoid ambiguity since the letter 𝑇 we used in previous chapters will be reserved for
another object, namely a normal 1-current representing the solution of the continuity equation. We restrict
to the case of Sobolev bounded velocity fields defined in 𝕋 𝑑 for simplicity, but as noted in Remark 3.2.5
the same argument can be adjusted to work in the BV case, too. As in other chapters, we work in the torus
𝕋 𝑑 instead of ℝ𝑑 to avoid localisation arguments and we use Einstein’s summation convention, i.e. we
implicitly sum over repeated indices.

3.1 Preliminary definitions

In order to keep this chapter as self-contained as possible, we give here the necessary definitions. Since
we mainly work with 1-currents, we will only define them, but the interested reader may find more general
definitions in [75, 148]. Definitions are given in ℝ𝑑 , but they carry over to 𝕋 𝑑 without any modification. In
the following we will always assume 𝑈, 𝑉 ⊂ ℝ𝑑 to be open sets.

Definition 3.1.1. 1-currents
A 1-current on 𝑈 is a continuous linear functional on the space1(𝑈 ) of 1-differential forms on 𝑈 . That is,
1-currents are elements of the dual of 1(𝑈 ), and this set is denoted as 1(𝑈 ).
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Definition 3.1.2. Pull-back of a differential form and push-forward of a current
Let 𝜔(𝑥) =

∑

1≤𝑖≤𝑑 𝜉𝑖(𝑥)𝑑𝑥𝑖 be a 1- differential form in 1(𝑉 ), with 𝜉𝑖 ∈ 𝐶∞
𝑐 (𝑉 ) for every 𝑖, and let

𝜙 ∶ 𝑈 ↦ 𝑉 be a smooth map with compact support. We denote the pull-back of 𝜔 via 𝜙 by 𝜙#𝜔 ∈ 1(𝑈 ),
which is defined as

𝜙#𝜔(𝑥) ∶=
∑

1≤𝑖≤𝑑
𝜉𝑖(𝜙(𝑥)) 𝑑𝜙𝑖,

with 𝑑 ∶ 𝐶∞
𝑐 (𝑉 ) = 0(𝑉 ) → 1(𝑉 ) the differential operator. Similarly, given a 1- current 𝑇 ∈ 1(𝑈 ), we

denote the push-forward of 𝑇 via 𝜙 by 𝜙#𝑇 ∈ 1(𝑉 ), and it is defined as

𝜙#𝑇 (𝜔) ∶= 𝑇 (𝜙#𝜔) for all 𝜔 ∈ 1(𝑉 ).

Definition 3.1.3. Boundary of a 1-current
Let 𝑇 ∈ 1(𝑈 ). We define the boundary of 𝑇 as a distribution on 𝑈 (i.e. an element of the dual space of
0(𝑈 ) = 𝐶∞

𝑐 (𝑈 )) as

𝜕𝑇 (𝜉) ∶= 𝑇 (𝑑𝜉) for all 𝜉 ∈ 𝐶∞
𝑐 (𝑈 ).

Remark 3.1.1. Properties of push-forward and boundary & of pull-back and differential
It can be verified that the pull-back and the differential commute, i.e. if we consider a differential form𝜔 and
a pull-back via a smooth map 𝜙, then

𝜙#(𝑑𝜔) = 𝑑(𝜙#𝜔).

Similarly, the boundary operator commutes with the push-forward for currents, i.e. for every current 𝑇 and
for every smooth map 𝜙 it holds that

𝜙#(𝜕𝑇 ) = 𝜕(𝜙#𝑇 ).

Definition 3.1.4. Mass of a 1-current
Let 𝑇 ∈ 1(𝑈 ). We define the mass of 𝑇 as

𝕄(𝑇 ) = sup
𝜔∈1(𝑈 ) s.t.

|𝜉𝑖|≤1 for every 𝑖

𝑇 (𝜔), with 𝜔(𝑥) =
∑

1≤𝑖≤𝑑
𝜉𝑖(𝑥)𝑑𝑥𝑖.

If 𝑆 is a distribution in 𝑈 (i.e. 𝑆 ∈ 0(𝑈 )), we define its mass as

𝕄(𝑆) ∶= sup
𝜉∈𝐶∞

𝑐 (𝑈 ) s.t.
|𝜉|≤1

𝑆(𝜉).

Definition 3.1.5. Normal 1-currents
We say that a 1-current 𝑇 ∈ 1(𝑈 ) is normal if

𝕄(𝑇 ) +𝕄(𝜕𝑇 ) < +∞.

An example of a 1-current 𝑇 is

𝑇 =
∑

1≤𝑖≤𝑑
𝑓𝑖𝑒𝑖,

with 𝑓𝑖 ∈ 𝐿1
𝑙𝑜𝑐(𝑈 ) for every 𝑖. In this case, the action of 𝑇 on a 1-form 𝜔(𝑥) =

∑

1≤𝑖≤𝑑 𝜉𝑖(𝑥)𝑑𝑥𝑖 ∈ 1(𝑈 )
is defined as

𝑇 (𝜔) ∶= ∫𝑈

(

∑

1≤𝑖≤𝑑
𝑓𝑖(𝑥)𝜉𝑖(𝑥)

)

𝑑𝑥.



3.2. PROOF OF UNIQUENESS 49

Definition 3.1.6. Flat norm
Let 𝑇 ∈ 1(𝑈 ). We define the flat norm of 𝑇 as

𝔽 (𝑇 ) ∶= inf{𝕄(𝑆) +𝕄(𝐿) s.t. 𝑇 = 𝜕𝑆 + 𝐿}.

In particular, we point out that 𝑆 is a 2-current (see [75, 148]) and that 𝔽 (𝑇 ) = 0 ⟹ 𝑇 = 0.

3.2 Proof of uniqueness

Let 1 ≤ 𝑝, 𝑞 ≤ +∞ such that 1∕𝑝 + 1∕𝑞 ≤ 1. In this chapter we will always work with the following
hypotheses on the vector field 𝑏 and on the initial datum 𝑢0:

⎧

⎪

⎨

⎪

⎩

𝑏 ∈ [𝐿1(0, 1;𝑊 1,𝑝(𝕋 𝑑)) ∩ 𝐿∞((0, 1) × 𝕋 𝑑)]𝑑

div𝑥(𝑏)− ∈ 𝐿1(0, 1;𝐿∞(𝕋 𝑑))
𝑢0 ∈ 𝐿𝑞(𝕋 𝑑)

. (Hyp)

We will prove uniqueness of solutions in the class

𝑢 ∈ 𝐿∞(0, 1;𝐿𝑞(𝕋 𝑑)).

The starting point of our approach is to notice that having a weak solution 𝑢 of the continuity equation can
be written in an equivalent formulation in the language of currents.

Definition 3.2.1. Solution in the sense of currents
A function 𝑢 ∈ 𝐿∞(0, 1;𝐿𝑞(𝕋 𝑑)) is said to be a solution in the sense of currents of the continuity equation if
the associated normal 1-current 𝑇 in (−∞, 1)×𝕋 𝑑 and supported in [0, 1)×𝕋 𝑑 , defined as 𝑇 = 𝑢𝑒𝑡+ 𝑢𝑏𝑖𝑒𝑖,
satisfies

𝜕𝑇 = −𝑢0𝑑 ¬ ({0} × 𝕋 𝑑), (C-CE)

where the boundary is considered with respect to (−∞, 1) × 𝕋 𝑑 ; 𝑒𝑡 is the unitary vector in the time direction;
𝑒1, 𝑒2,… , 𝑒𝑑 are unitary vectors in the 𝑥𝑖 directions and the 𝑏𝑖’s are the components of 𝑏.

Remark 3.2.1.
Notice that we will always consider currents in (−∞, 1) × 𝕋 𝑑 and supported in [0, 1) × 𝕋 𝑑 . The reason of
this mismatch is that the definition of the boundary of a current is better given on open sets.

Remark 3.2.2.
Let us check that Definition 3.2.1 is equivalent to the notion of weak solution of the continuity equation given
in (2.1.1), i.e. 𝑢 satisfies the continuity equation if and only if it satisfies (C-CE). Assume that 𝑢 satisfies
(2.1.1) and consider its associated current 𝑇 = 𝑢𝑒𝑡 + 𝑢𝑏𝑖𝑒𝑖. We have:

⟨𝜕𝑇 , 𝜉⟩ = ⟨𝑇 , 𝑑𝜉⟩ = ∫

1

0 ∫𝕋 𝑑
𝑢[𝜕𝑡𝜉 + 𝑏 ⋅ ∇𝑥𝜉]𝑑𝑥𝑑𝑡 ∀𝜉 ∈ 𝐶∞

𝑐 ([0, 1) × 𝕋 𝑑).

Integrating by parts the first addendum:

∫

1

0 ∫𝕋 𝑑
𝑢𝜕𝑡𝜉𝑑𝑥𝑑𝑡 = ∫𝕋 𝑑

(

[𝑢𝜉]10 − ∫

1

0
𝜉𝜕𝑡𝑢𝑑𝑡

)

𝑑𝑥

= −∫𝕋 𝑑
𝑢0𝜉𝑑𝑥 − ∫

1

0 ∫𝕋 𝑑
𝜉𝜕𝑡𝑢𝑑𝑥𝑑𝑡.

As for the second addendum, we use that

div𝑥(𝑢𝑏𝜉) = div𝑥(𝑢𝑏)𝜉 + 𝑢𝑏 ⋅ ∇𝑥𝜉 in the sense of distributions,
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so

∫

1

0 ∫𝕋 𝑑
𝑢𝑏 ⋅ ∇𝑥𝜉𝑑𝑥𝑑𝑡 = −∫

1

0 ∫𝕋 𝑑
𝜉 div𝑥(𝑏𝑢)𝑑𝑥𝑑𝑡.

Using that by assumption 𝑢 satisfies the continuity equation, we easily see that

⟨𝜕𝑇 , 𝜉⟩ = −∫𝕋 𝑑
𝑢0𝜉𝑑𝑥.

If we consider 𝑇 = 𝑢𝑒𝑡 + 𝑢𝑏𝑖𝑒𝑖 satisfying (C-CE), by the same argument 𝑢 also satisfies (2.1.1), i.e. it is a
solution of the continuity equation.

We will consider a 1-current 𝑇 = 𝑢𝑒𝑡 + 𝑢𝑏𝑖𝑒𝑖 satisfying (C-CE) with null boundary in (−∞, 1) × 𝕋 𝑑 (i.e.
𝑢0 = 0), with 𝑏 satisfying (Hyp), and we shall prove that 𝑇 = 0. This is equivalent to proving uniqueness of
solutions of the continuity equation by linearity of the equation and Remark 3.2.2. The main result of the
chapter, which implies uniqueness, is the following:

Theorem 3.2.1. Mass estimate
Let 𝑏 satisfy (Hyp) and let 𝑇 = 𝑢𝑒𝑡 + 𝑢𝑏𝑖𝑒𝑖 be the 1-current associated to a density 𝑢 ∈ 𝐿∞(0, 1;𝐿𝑞(𝕋 𝑑))
solving (C-CE) in the sense of Definition 3.2.1, with 𝑢0 = 0. Then for every 𝜀 > 0 it holds that𝕄(𝑇 ) < 𝜀, i.e.
𝑇 = 0.

Before starting to prove the necessary preliminary lemmas, let us give an idea of the strategy of the proof.
The key point is that if we have a 1-current 𝑇𝛿 = 𝑢𝛿𝑒𝑡+𝑢𝛿𝑏𝑖𝛿𝑒𝑖 solving (C-CE) with null boundary in (−∞, 1)×
𝕋 𝑑 , supported on [0, 1) × 𝕋 𝑑 and with velocity 𝑏𝛿 a smooth approximation 𝑏𝛿 of 𝑏, we can represent 𝑇𝛿
(which can be easily shown to converge to 𝑇 in mass as 𝛿 → 0) as the push-forward of a time-oriented 1

1-current whose mass is controlled by the 𝐿1((0, 1) × 𝕋 𝑑) norm of a commutator term 𝑟𝛿 which tends to
0 in 𝐿1((0, 𝑇 ) × 𝕋 𝑑) as 𝛿 → 0. We stress the fact that the language of currents provides a natural setting
in which we can apply the notion of push-forward and bypass the need to use renormalized solutions. This
geometric approach may also be of help in treating cases outside of DiPerna-Lions setting. Notice that in
Theorem 3.2.1 we prove uniqueness as a consequence of the fact that 𝕄(𝑇 ) < 𝜀 for every 𝜀 > 0 fixed. In
principle we could conclude that 𝑇 = 0 even just proving, for example, that the flat norm of 𝑇 is smaller
than 𝜀 for every 𝜀 > 0, and the flat norm is weaker than the mass norm. It may be that such an estimate
can be deduced by weaker estimates on the commutator, which in turn might be obtained even outside of
the DiPerna-Lions setting, but this will require further investigations.

Let us start with a simple lemma:

Lemma 3.2.1.
Let 𝑇 be a normal 1-current such that 𝜕𝑇 = 𝑔 in (−∞, 1)×𝕋 𝑑 with 𝑔 ∈ 𝐿1((0, 1)×𝕋 𝑑) , and with Supp(𝑇 ) ⊆
[0, 1) × 𝕋 𝑑 . Then there exists a time-oriented normal 1-current𝑀 such that 𝜕𝑀 = 𝑔 in (−∞, 1) × 𝕋 𝑑 , with
support in [0, 1) × 𝕋 𝑑 and satisfying

𝕄(𝑀) ≤ ‖𝑔‖𝐿1((0,1)×𝕋 𝑑 ).

Moreover, if 𝜕𝑇 is supported in a set [0, 1) ×𝐾 for some𝐾 , so is𝑀 .

Proof. Consider

𝑀(𝑡, 𝑥) ∶= −𝐺(𝑡, 𝑥)𝑒𝑡 with 𝐺(𝑡, 𝑥) =

{

∫ 𝑡
0 𝑔(𝑠, 𝑥)𝑑𝑠 if 𝑡 > 0
0 otherwise

.

Given 𝜉 ∈ 𝐶∞
𝑐 ([0, 1) × 𝕋 𝑑):

⟨𝜕𝑀, 𝜉⟩ = ⟨𝑀,𝑑𝜉⟩ = ∫𝕋 𝑑

(

∫

1

0
−𝐺(𝑡, 𝑥)𝜕𝑡𝜉(𝑡, 𝑥)𝑑𝑡

)

𝑑𝑥.

1We refer to a 1-current completely in the 𝑒𝑡 direction as “time-oriented”.
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But

∫

1

0
−𝐺(𝑡, 𝑥)𝜕𝑡𝜉(𝑡, 𝑥)𝑑𝑡 =

=0
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
[−𝐺(𝑡, 𝑥)𝜉(𝑡, 𝑥)]10 +∫

1

0
𝜕𝑡𝐺(𝑡, 𝑥)𝜉(𝑡, 𝑥)𝑑𝑡

= ∫

1

0
𝑔(𝑡, 𝑥)𝜉(𝑡, 𝑥)𝑑𝑡,

so 𝜕𝐺 = 𝑔. If 𝑔 is supported in [0, 1)×𝐾 , it is clear from the construction that𝑀 is supported in [0, 1)×𝐾
too, and the mass norm estimate is trivial by construction.

Let

𝑏𝛿(𝑡, ⋅) ∶= 𝜂𝛿 ∗ 𝑏(𝑡, ⋅) and 𝑢𝛿(𝑡, ⋅) ∶= 𝜂𝛿 ∗ 𝑢(𝑡, ⋅) (3.2.1)

with 𝜂𝛿(𝑥) ∶= 𝛿−𝑑𝜂(𝑥∕𝛿) where 𝜂 is a standard mollifier in the spatial variables only. Consider the current

𝑇𝛿 ∶= 𝑢𝛿𝑒𝑡 + 𝑢𝛿𝑏𝑖𝛿𝑒𝑖. (3.2.2)

As already anticipated, the following commutator estimate will be crucial. Notice that contrary to [70] where
only the density 𝑢 is regularised, we regularise both 𝑢 and the velocity field 𝑏 since we will need to use the
flow of 𝑏𝛿 (see Lemma 3.2.4). However, as it will be shown in the proof, regularising also the velocity field
does not create any problem and we can reduce the proof to the one in [70].

Lemma 3.2.2.
Let 𝑢 ∈ 𝐿∞(0, 1;𝐿𝑞(𝕋 𝑑)) be a solution of the continuity equation with velocity field 𝑏 and 𝑢0 = 0, and let 𝑏
satisfy (Hyp). Define 𝑢𝛿, 𝑏𝛿 as in (3.2.1). It holds

𝜕𝑡𝑢𝛿 + div𝑥(𝑏𝛿𝑢𝛿) = 𝑟𝛿, (3.2.3)

where 𝑟𝛿 ∶= div𝑥(𝑏𝛿𝑢𝛿) − 𝜂𝛿 ∗ div𝑥(𝑏𝑢) → 0 as 𝛿 → 0 strongly in 𝐿1((0, 1) × 𝕋 𝑑). We also point out that
𝑟𝛿 = −𝜕𝑇𝛿.

Proof. Let 𝑐 ∶= div𝑥(𝑏) and 𝑐𝛿 ∶= 𝜂𝛿 ∗ div𝑥(𝑏). We can rewrite (3.2.3) as

𝜕𝑡𝑢𝛿 + div𝑥(𝑏𝛿𝑢𝛿) = 𝑟𝛿 = 𝑐𝛿𝑢𝛿 + 𝑏𝛿 ⋅ ∇𝑥𝑢𝛿 − 𝑐𝛿𝑢 − 𝜂𝛿 ∗ (𝑏 ⋅ ∇𝑥𝑢)
= 𝑏 ⋅ ∇𝑥𝑢𝛿 − 𝜂𝛿 ∗ (𝑏 ⋅ ∇𝑥𝑢) + 𝑐𝑢𝛿 − 𝜂𝛿 ∗ (𝑐𝑢)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

∶=𝑟𝛿0

+ [𝑐𝛿𝑢𝛿 − 𝑐𝑢𝛿]
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

∶=𝑟𝛿1

+ [𝜂𝛿 ∗ (𝑐𝑢) − 𝑐𝛿𝑢]
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟

∶=𝑟𝛿2

+ [(𝑏𝛿 − 𝑏) ⋅ ∇𝑥𝑢𝛿]
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟

∶=𝑟𝛿3

.

It is trivial to see that the terms 𝑟𝛿1, 𝑟
𝛿
2 go to 0 in 𝐿1 as 𝛿 → 0, while 𝑟𝛿0 → 0 as 𝛿 → 0 by [70, Theorem II.1]

(see also Theorem 2.1.3 in Chapter 2). As for 𝑟𝛿3, notice that:

𝑏𝛿(𝑡, 𝑥) − 𝑏(𝑡, 𝑥) = ∫𝕋 𝑑
(𝑏(𝑡, 𝑦) − 𝑏(𝑡, 𝑥))𝜂𝛿(𝑥 − 𝑦)𝑑𝑦 and ∇𝑥𝑢𝛿 = ∫𝕋 𝑑

𝑢(𝑡, 𝑦)
𝛿

∇𝑥𝜂𝛿(𝑥 − 𝑦)𝑑𝑦.

Thus:

‖𝑟𝛿3‖𝐿1((0,1)×𝕋 𝑑 ) = ∫

1

0 ∫𝕋 𝑑

|

|

|

|

|

(

∫𝕋 𝑑
(𝑏(𝑡, 𝑦) − 𝑏(𝑡, 𝑥))𝜂𝛿(𝑥 − 𝑦)𝑑𝑦

)

⋅
(

∫𝕋 𝑑

𝑢(𝑡, 𝑦)
𝛿

∇𝑥𝜂𝛿(𝑥 − 𝑦)
)

|

|

|

|

|

𝑑𝑥𝑑𝑡

= ∫

1

0 ∫𝕋 𝑑

|

|

|

|

|

(

∫𝕋 𝑑

𝑏(𝑡, 𝑦) − 𝑏(𝑡, 𝑥)
𝛿

1
𝛿𝑑
𝜂
(𝑥 − 𝑦

𝛿

)

𝑑𝑦
)

⋅
(

∫𝕋 𝑑
𝑢(𝑡, 𝑦) 1

𝛿𝑑
∇𝑥𝜂

(𝑥 − 𝑦
𝛿

)

)

|

|

|

|

|

𝑑𝑥𝑑𝑡.

Changing variables, setting 𝑧 = (𝑥 − 𝑦)∕𝛿:
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‖𝑟𝛿3‖𝐿1((0,1)×𝕋 𝑑 ) = ∫

1

0 ∫𝕋 𝑑

|

|

|

|

|

(

∫𝐵1

𝑏(𝑡, 𝑥 − 𝛿𝑧) − 𝑏(𝑡, 𝑥)
𝛿

𝜂(𝑧)𝑑𝑧
)

⋅
(

∫𝐵1

𝑢(𝑡, 𝑥 − 𝛿𝑧)∇𝑧𝜂(𝑧)𝑑𝑧
)

|

|

|

|

|

𝑑𝑥𝑑𝑡,

with 𝐵1 ⊂ 𝕋 𝑑 the ball of radius 1 centered in 0. Arguing as in Lemma 2.1.1 it is easy to see that, as 𝛿 → 0,
the first factor tends to

∇𝑥𝑏(𝑡, 𝑥)∫𝐵1

𝑧𝜂(𝑧)𝑑𝑧 = 0

since 𝑧𝜂(𝑧) is odd. As for the second factor it converges to

𝑢(𝑡, 𝑥)∫𝐵1

∇𝑧𝜂(𝑧)𝑑𝑧 = 0,

since ∇𝑧𝜂(𝑧) is odd. Thus, 𝑟𝛿3 → 0 in 𝐿1((0, 1) × 𝕋 𝑑) as 𝛿 → 0 and the proof is complete.

We shall now prove some lemmas regarding the “straightening” procedure for 𝑇 which will help us make
use of Lemma 3.2.1. First of all, we need the following general result on the push-forward of 1-currents.

Lemma 3.2.3.
Let 𝐹 ∶ 𝕋 𝑑 → 𝕋 𝑑 be an invertible 𝐶1 map with 𝐶1 inverse and let 𝑇 = 𝑓1𝑒1 +…𝑓𝑛𝑒𝑛 be a 1-current in 𝕋 𝑑
with 𝑓1,… 𝑓𝑛 ∈ 𝐿1(𝕋 𝑑). Then:

𝐹#𝑇 =
(

𝐷𝐹 ⋅
𝑇

det(𝐷𝐹 )

)

◦𝐹−1, (3.2.4)

with𝐷𝐹 denoting the Jacobian matrix of 𝐹 .

Remark 3.2.3.
This is, in some sense, the vector-valued case of the well-known representation formula for the push-forward
of absolutely continuous measures:

𝐹#(𝑢ℒ 𝑑) =
(

𝑢
det(𝐷𝐹 )

◦𝐹−1
)

ℒ 𝑑 . (3.2.5)

Remark 3.2.4.
We committed a slight abuse of notation in (3.2.4). In the left-hand side of the equation we view 𝑇 as a
current, while on the right-hand side we treat it as a (column) vector field, multiplying it with a matrix.

Proof. It is just a computation. Consider 𝜔 = ℎ𝑖𝑑𝑥𝑖 a 1-form. By definition of push-forward of a current

⟨𝐹#𝑇 , 𝜔⟩ = ⟨𝑇 , 𝐹 #𝜔⟩. (3.2.6)

Now,

𝐹 #𝜔 = ℎ𝑖(𝐹 (𝑥))𝑑𝐹 𝑖 =
(

ℎ𝑖(𝐹 (𝑥))𝜕𝐹
𝑖

𝜕𝑥𝑗
(𝑥)

)

𝑑𝑥𝑗 , (3.2.7)

so

⟨𝐹#𝑇 , 𝜔⟩ = ∫𝕋 𝑑
ℎ𝑖(𝐹 (𝑥))𝜕𝐹

𝑖

𝜕𝑥𝑗
(𝑥)𝑓𝑗(𝑥)𝑑𝑥

= ∫𝕋 𝑑
ℎ𝑖(𝑦) 𝜕𝐹

𝑖

𝜕𝑥𝑗
(𝐹−1(𝑦))𝑓𝑗(𝐹−1(𝑦))| det(𝐷𝐹−1(𝑦))|

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=(𝐹#𝑇 )𝑖

𝑑𝑦,
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where in the last equality we changed variables setting 𝑦 = 𝐹 (𝑥). Finally, noticing that 𝐼 = 𝐷(𝐹◦𝐹−1(𝑦)) =
𝐷𝐹 (𝐹−1(𝑦)) ⋅𝐷𝐹−1(𝑦) we have

det(𝐷𝐹−1(𝑦)) = 1
det(𝐷𝐹 (𝐹−1(𝑦)))

by Binet and so we have the thesis.

Lemma 3.2.4. Straightening lemma
Let

𝑇𝛿 = 𝑢𝛿𝑒𝑡 + 𝑢𝛿𝑏𝑖𝛿𝑒𝑖 be a 1-current in (−∞, 1) × 𝕋 𝑑

and

𝜓𝛿(𝑡, 𝑥) ∶= (𝑡,Φ𝛿(𝑡, 𝑥)),

with 𝑏𝛿, 𝑢𝛿 defined as in (3.2.1) and Φ𝛿 the flow of 𝑏𝛿. It holds that

(𝜓−1
𝛿 )#𝑇𝛿 =

[(

𝑢𝛿
det(𝐷𝑥Φ−1

𝛿 )

)

◦𝜓𝛿(𝑡, 𝑥)

]

𝑒𝑡.

Proof. By Lemma 3.2.3 the representation (3.2.4) holds with 𝐹 = 𝜓−1
𝛿 . We have:

𝐷𝜓−1
𝛿 (𝜓𝛿(𝑡, 𝑥)) =

⎡

⎢

⎢

⎢

⎢

⎣

1 0

𝜕𝑡Φ−1
𝛿 (𝑡,Φ𝛿(𝑡, 𝑥)) 𝐷𝑥Φ−1

𝛿 (𝑡,Φ𝛿(𝑡, 𝑥))

⎤

⎥

⎥

⎥

⎥

⎦

and since Φ−1
𝛿 (𝑡,Φ𝛿(𝑡, 𝑥)) = 𝑥 for every (𝑡, 𝑥) and 𝜕𝑡Φ𝛿(𝑡, 𝑥) = 𝑏𝛿(𝑡,Φ𝛿(𝑡, 𝑥)):

0 = 𝑑
𝑑𝑡

(Φ−1
𝛿 (𝑡,Φ𝛿(𝑡, 𝑥))) = 𝜕𝑡Φ−1

𝛿 (𝑡,Φ𝛿(𝑡, 𝑥)) +𝐷𝑥Φ−1
𝛿 (𝑡,Φ𝛿(𝑡, 𝑥))𝜕𝑡Φ𝛿(𝑡, 𝑥) = (3.2.8)

= 𝜕𝑡Φ−1
𝛿 (𝑡,Φ𝛿(𝑡, 𝑥)) +𝐷𝑥Φ−1

𝛿 (𝑡,Φ𝛿(𝑡, 𝑥))𝑏𝛿(𝑡,Φ𝛿(𝑡, 𝑥)).

Then we can rewrite:

𝐷𝜓−1
𝛿 (𝜓𝛿(𝑡, 𝑥)) =

⎡

⎢

⎢

⎢

⎢

⎣

1 0

0 𝐷𝑥Φ−1
𝛿 (𝑡,Φ𝛿(𝑡, 𝑥))

⎤

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎣

1 0

−𝑏𝛿(𝑡,Φ𝛿(𝑡, 𝑥)) 𝐼

⎤

⎥

⎥

⎥

⎥

⎦

and by Lemma 3.2.3:

(𝜓−1
𝛿 )#(𝑇𝛿) =

⎛

⎜

⎜

⎜

⎜

⎝

1
det(𝐷𝑥Φ−1

𝛿 )

⎡

⎢

⎢

⎢

⎢

⎣

1 0

0 𝐷𝑥Φ−1
𝛿

⎤

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎣

1 0

−𝑏𝛿 𝐼

⎤

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝑢𝛿
𝑢𝛿𝑏𝛿

⎤

⎥

⎥

⎦

⎞

⎟

⎟

⎟

⎟

⎠

(𝑡,Φ𝛿(𝑡, 𝑥))
⏟⏞⏞⏞⏟⏞⏞⏞⏟

=𝜓𝛿(𝑡,𝑥)

=

=

[(

𝑢𝛿
det(𝐷𝑥Φ−1

𝛿 )

)

◦𝜓𝛿(𝑡, 𝑥)

]

𝑒𝑡.

We are now ready to conclude.
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Proof of Theorem 3.2.1. Fix 𝛿 > 0 and consider 𝑏𝛿, 𝑢𝛿 as in (3.2.1) and 𝑇𝛿 ∶= 𝑢𝛿𝑒𝑡 + 𝑢𝛿𝑏𝑖𝛿𝑒𝑖. We have:

𝑇 = (𝑇 − 𝑇𝛿) + 𝑇𝛿. (3.2.9)

By construction 𝕄(𝑇 − 𝑇𝛿) → 0 as 𝛿 → 0. So we only need to prove that

𝕄(𝑇𝛿) → 0 as 𝛿 → 0.

In order to do that, we consider the push-forward of 𝑇𝛿 via𝜓−1
𝛿 , where we recall that𝜓𝛿(𝑡, 𝑥) = (𝑡,Φ𝛿(𝑡, 𝑥)),

and by Lemma 3.2.4 we have

(𝜓−1
𝛿 )#𝑇𝛿 =

[(

𝑢𝛿
det(𝐷𝑥Φ−1

𝛿 )

)

◦(𝑡,Φ𝛿(𝑡, 𝑥))

]

𝑒𝑡.

Consider

𝑟𝛿 ∶= 𝜕(𝜓−1
𝛿 )#𝑇𝛿 = (𝜓−1

𝛿 )#𝜕𝑇𝛿 = −(𝜓−1
𝛿 )#𝑟𝛿,

with 𝑟𝛿 defined as in Lemma 3.2.2. Using the representation formula (3.2.5) for push-forward measures we
can easily see that ‖𝑟𝛿‖𝐿1((0,1)×𝕋 𝑑 ) = ‖𝑟𝛿‖𝐿1((0,1)×𝕋 𝑑 ), indeed for every 𝑡 ∈ (0, 1) fixed:

∫𝕋 𝑑
|𝑟𝛿|(𝑡, 𝑥)𝑑𝑥 = ∫𝕋 𝑑

|𝑟𝛿|(𝑡,Φ𝛿(𝑡, 𝑥))
det(𝐷𝑥Φ−1

𝛿 (𝑡,Φ𝛿(𝑡, 𝑥)))
𝑑𝑥 = (3.2.10)

= ∫𝕋 𝑑

|𝑟𝛿|(𝑡, 𝑦)
det(𝐷𝑥Φ−1

𝛿 (𝑡, 𝑦)) det(𝐷𝑥Φ𝛿(𝑡,Φ−1
𝛿 (𝑡, 𝑦)))

𝑑𝑦 = ∫𝕋 𝑑
|𝑟𝛿|(𝑡, 𝑦)𝑑𝑦,

where we used the change of variables 𝑦 = Φ𝛿(𝑡, 𝑥) and the fact that

det(𝐷𝑥Φ−1
𝛿 (𝑡, 𝑦)) det(𝐷𝑥Φ𝛿(𝑡,Φ−1

𝛿 (𝑡, 𝑦))) = det(𝐷𝑥Φ−1
𝛿 (𝑡, 𝑦) ⋅𝐷𝑥Φ𝛿(𝑡,Φ−1

𝛿 (𝑡, 𝑦))
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=𝐼

) ≡ 1.

By Lemma 3.2.1, ∃𝑃𝛿 a time-oriented 1-current with mass controlled by ‖𝑟𝛿‖𝐿1((0,1)×𝕋 𝑑 ) = ‖𝑟𝛿‖𝐿1((0,1)×𝕋 𝑑 )
and such that 𝜕𝑃𝛿 = 𝑟𝛿. By construction (𝜓𝛿)−1# 𝑇𝛿 − 𝑃𝛿 has null boundary in (−∞, 1) × 𝕋 𝑑 and it is
completely time-oriented, so it is zero. Indeed let ℎ(𝑡, 𝑥) be such that (𝜓𝛿)−1# 𝑇𝛿 − 𝑃𝛿 = ℎ(𝑡, 𝑥)𝑒𝑡. The null
boundary condition can be written in this case as:

𝜕𝑡ℎ = 0 as a distribution ⟹ ℎ(⋅, 𝑥) constant ∀𝑥 ⟹ ℎ ≡ 0,

because the current has compact support in time. We thus have:

𝑇𝛿 = (𝜓𝛿)#𝑃𝛿 ⟹ 𝕄(𝑇𝛿) = 𝕄((𝜓𝛿)#𝑃𝛿).

We can now calculate 𝕄((𝜓𝛿)#𝑃𝛿). Consider:

• A 1-form 𝜔(𝑡, 𝑥) = 𝜏(𝑡, 𝑥)𝑑𝑡+ 𝜉𝑗(𝑡, 𝑥)𝑑𝑥𝑗 with 𝜏, 𝜉𝑗 ∈ 𝐶∞
𝑐 ((−∞, 1)×𝕋 𝑑) such that |𝜏|, |𝜉𝑗| ≤ 1 for

every 𝑗;

• A function 𝑓 ∈ 𝐿1((0, 1) × 𝕋 𝑑) such that 𝑃𝛿(𝑡, 𝑥) = 𝑓 (𝑡, 𝑥)𝑑𝑡. We refer the reader to Lemma 3.2.1
for the precise definition of 𝑓 , for which it holds ‖𝑓‖𝐿1((0,1)×𝕋 𝑑 ) ≤ ‖𝑟𝛿‖𝐿1((0,1)×𝕋 𝑑 ) = ‖𝑟𝛿‖𝐿1((0,1)×𝕋 𝑑 )
by construction.

Then:

(𝜓𝛿)#𝑃𝛿(𝜔) = 𝑃𝛿((𝜓𝛿)#𝜔) = 𝑃𝛿(𝜏(𝜓𝛿(𝑡, 𝑥))𝑑𝜓 𝑡𝛿 + 𝜉
𝑗(𝜓𝛿(𝑡, 𝑥))𝑑𝜓

𝑗
𝛿 ),

where with 𝜓 𝑡𝛿 we denote the component of 𝜓𝛿 in the direction 𝑒𝑡 and with 𝜓 𝑗𝛿 the components of 𝜓𝛿 in
the directions 𝑒𝑗 . Since 𝑃𝛿 is completely time-oriented, only the partial derivatives with respect to the time
variable will play a role (this is the so-called tangential differential), i.e.
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𝑃𝛿(𝜏(𝜓𝛿(𝑡, 𝑥))𝑑𝜓 𝑡𝛿 + 𝜉
𝑗(𝜓𝛿(𝑡, 𝑥))𝑑𝜓

𝑗
𝛿 ) (3.2.11)

= 𝑃𝛿

((

𝜏(𝜓𝛿(𝑡, 𝑥)) +
𝑑
∑

𝑗=1
𝑏𝑗𝛿(𝜓𝛿(𝑡, 𝑥))𝜉

𝑗(𝜓𝛿(𝑡, 𝑥))

)

𝑑𝑡

)

= ∫

1

0 ∫𝕋 𝑑

(

𝜏(𝜓𝛿(𝑡, 𝑥)) +
𝑑
∑

𝑗=1
𝑏𝑗𝛿(𝜓𝛿(𝑡, 𝑥))𝜉

𝑗(𝜓𝛿(𝑡, 𝑥))

)

𝑓 (𝑡, 𝑥)𝑑𝑥𝑑𝑡,

where we used that 𝜕𝑡𝜓
𝑗
𝛿 (𝑡, 𝑥) = 𝑏𝑗(𝑡,Φ𝛿(𝑡, 𝑥)) = 𝑏𝑗(𝜓𝛿(𝑡, 𝑥)) for every 𝑗 = 1,… , 𝑑. But since 𝑏 ∈

𝐿∞((0, 1) × 𝕋 𝑑) and by assumption |𝜏|, |𝜉𝑗| ≤ 1 for every 𝑗 = 1,… , 𝑑 we have that

𝕄(𝑇𝛿) = 𝕄((𝜓𝛿)#𝑃𝛿) ≲ 𝕄(𝑃𝛿) = ‖𝑟𝛿‖𝐿1((0,1)×𝕋 𝑑 ) → 0 as 𝛿 → 0, (3.2.12)

and we conclude since, by choosing 𝛿 small enough, we can make the mass of 𝑇 arbitrarily small.

Remark 3.2.5. 𝐵𝑉 velocity fields
The previous result can actually be extended to the case of a velocity field 𝑏 ∈ [𝐿1(0, 1;𝐵𝑉 (𝕋 𝑑)) ∩
𝐿∞((0, 1)×𝕋 𝑑)]𝑑 . The only difference would be in the proof of Lemma 3.2.2 where the choice of a standard
mollifier 𝜂 will not be enough to ensure that the 𝐿1((0, 1) × 𝕋 𝑑) norm of the commutator 𝑟𝛿 is small. This
can be fixed by employing ad hoc local anisotropic mollifiers, although the procedure is much more involved.
For the details, see [7].

Remark 3.2.6. The role of the divergence
Notice that we have never used the bound on div𝑥(𝑏)−. The reason is that, for proving the uniqueness, this is
not needed. However it is needed for proving existence of solutions of solutions of the continuity equation,
see Proposition 2.1.1.

Remark 3.2.7. The transport equation and the non-homogeneous continuity equation
It is obvious that, since the issue lies in proving the uniqueness of solutions and the continuity equation is
linear, the exact same approach also proves the uniqueness of

{

𝜕𝑡𝑢 + div𝑥(𝑏𝑢) = 𝑓 in (0, 1) × 𝕋 𝑑

𝑢(0, ⋅) = 𝑢0 in 𝕋 𝑑
(3.2.13)

with 𝑓 ∈ 𝐿1((0, 1) × 𝕋 𝑑). With a little additional work, this approach can also establish the uniqueness of
the solution of the transport equation, namely

{

𝜕𝑡𝜌 + 𝑏 ⋅ ∇𝑥𝜌 = 0 in (0, 1) × 𝕋 𝑑

𝜌(0, ⋅) = 𝜌0 in 𝕋 𝑑
.

In order to prove it, we will prove the uniqueness of solutions of (3.2.13) when in the right-hand side we have
a term 𝑐𝑢 with 𝑐 ∈ 𝐿1(0, 𝑇 ;𝐿𝑝(𝕋 𝑑)) and 𝑢0 = 0 (so that the equation becomes essentially like (DP-L), see
Chapter 2). Then, we have uniqueness of the solutions of the transport equation simply choosing 𝑐 = div𝑥(𝑏).
We can consider this right-hand side as a non-zero boundary term. Namely, we need to prove the uniqueness
of solutions for (C-CE) assuming that 𝑇 = 𝑢𝑒𝑡 + 𝑢𝑏𝑖𝑒𝑖 and

𝜕𝑇 = −𝑐𝑢. (3.2.14)

By repeating the same arguments of the null boundary case, when we regularise the current to have 𝑇𝛿 =
𝑢𝛿𝑒𝑡 + 𝑢𝛿𝑏𝑖𝛿𝑒𝑖, we can consider to have, on the right-hand side of (3.2.14), −𝜂𝛿 ∗ (𝑐𝑢) − 𝑟𝛿 , with 𝑟𝛿 being the
commutator term defined in Lemma 3.2.2. Following the same proof we end up having, instead of (3.2.12),
the estimate

𝕄(𝑇 ) ≤ 𝐾‖𝑐𝑢‖𝐿1((0,1)×𝕋 𝑑 ),
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for some constant𝐾 > 0which only depends on the dimension 𝑑 and on ‖𝑏‖𝐿∞ (check (3.2.11) to see where
‖𝑏‖∞ comes into play). But the mass of 𝑇 is precisely ‖𝑢‖𝐿1((0,1)×𝕋 𝑑 ) + ‖𝑏𝑢‖𝐿1((0,1)×𝕋 𝑑 ) , so we have

‖𝑢‖𝐿1((0,1)×𝕋 𝑑 ) ≤ ‖𝑢‖𝐿1((0,1)×𝕋 𝑑 ) + ‖𝑏𝑢‖𝐿1((0,1)×𝕋 𝑑 ) ≤ 𝐾‖𝑐𝑢‖𝐿1((0,1)×𝕋 𝑑 ).

We first prove that the uniqueness holds when |𝑐| < 𝜀 for some 𝜀 > 0. Indeed, choosing 𝜀 = 1∕(2𝐾) we
immediately get the thesis. If 𝑐 ∈ 𝐿∞((0, 𝑇 ) × 𝕋 𝑑) we just have to notice that for every 0 < 𝜆 < 1 we have
that the functions

𝑢𝜆(𝑡, 𝑥) ∶= 𝑢(𝜆𝑡, 𝜆𝑥) and 𝑏𝜆 ∶= 𝑏(𝜆𝑡, 𝜆𝑥)

solve
{

𝜕𝑡𝑢𝜆 + div𝑥(𝑢𝜆𝑏𝜆) = 𝑐𝜆𝑢𝜆
𝑢𝜆(0, ⋅) = 0

in [0, 1∕𝜆) × 𝕋 𝑑
𝜆
.

Then, for any given (bounded) 𝑐 we just have to choose 𝜆 small enough so that |𝜆𝑐| ≤ 1∕(2𝐾) (recall that
𝐾 only depends on 𝑑 and ‖𝑏𝜆‖𝐿∞ = ‖𝑏‖𝐿∞) to have 𝑢𝜆 = 0 in [0, 1∕𝜆) × 𝕋 𝑑

𝜆
, which implies 𝑢 = 0. The

general case assuming 𝑐 ∈ 𝐿1(0, 𝑇 ;𝐿𝑝(𝕋 𝑑)) can be achieved by a standard approximation argument.



Chapter 4

Quantitative estimates: a direct approach to
regular Lagrangian flows

In this chapter, we shall give quantitative stability estimates on regular Lagrangian flows relative to different
vector fields, and we shall use such Lagrangian estimates to prove analogous results at the level of the
continuity and transport equations. The question is the following: we know, by stability results in previous
chapters, that regular Lagrangian flows are stable with respect to their vector fields. Namely, we saw in
Theorem 2.2.2 1 that if a sequence {𝑏𝑛}𝑛∈ℕ converges strongly in 𝐿1(𝐼 × 𝕋 𝑑) to a bounded vector field 𝑏
with bounded divergence and if ∃𝐶 > 0 such that

‖𝑏𝑛‖𝐿∞(𝐼×𝕋 𝑑 )) + ‖ div𝑥(𝑏𝑛)‖𝐿∞(𝐼×𝕋 𝑑 )) ≤ 𝐶 for every 𝑛,

then the regular Lagrangian flows𝑋𝑛 of 𝑏𝑛 converge strongly in 𝐿1(𝐼 × 𝕋 𝑑) to the regular Lagrangian flow
𝑋 of 𝑏. Can we give a quantitative estimate on how close𝑋𝑛 is to𝑋 based on how close 𝑏𝑛 is to 𝑏?

In general, the answer is (for the moment at least) no. The reason is that the stability properties for the
regular Lagrangian flow are proved, both in [70] and in [7], by methods (the renormalization technique and
the superposition principle, respectively) which are inherently non-quantitative. While these techniques are
very powerful in showing well-posedness of the regular Lagrangian flow, they do not seem apt at providing
quantitative estimates. The same holds for the current-based approach of Chapter 3. The seminal work in
this direction is [58], where the authors manage to prove quantitative estimates. Their argument, however,
only works with vector fields with spatial𝑊 1,𝑝 regularity with 𝑝 > 1 because, as we shall see, the argument
crucially relies on the boundedness of the maximal function from 𝐿𝑝 to 𝐿𝑝, which only holds if 𝑝 > 1.

Using the results from [58], in [144] quantitative estimates for the solution of (CE) are derived. We also
remark that in [58] other properties of regular Lagrangian flows 2 are proved, namely:

• The Lipschitz regularity (in the spatial variables) outside a set of measure 𝜀 > 0 arbitrarily small,
with a Lipschitz constant 𝐿 = 𝐿(𝜀) → +∞ as 𝜀→ 0;

• the regular Lagrangian flow preserves some regularity 3 of the initial datum 𝑢0 of (CE);

• a mixing conjecture proposed in [33] is answered in the positive.

Since the estimates in [58] and the techniques of the proofs will be the basis for the main results of the
next chapters, we give a proof of the results of both [58] and [144]. We shall also prove (since we will use
it repeatedly later) the Lipschitz regularity result for the regular Lagrangian flow mentioned above. The
proofs are given in the case of a bounded vector field in 𝕋 𝑑 , but they hold even in ℝ𝑑 with 𝑏 unbounded
if we localise the estimates and provided 𝑏 satisfies some additional growth assumptions. We refer the
interested reader to [58] for the details.

1We also recall Bressan’s compactness conjecture [32], which has now been proved. See Theorem 2.1.7.
2A previous result on this topic was obtained in [14], where the authors proved approximate differentiability of the regular

Lagrangian flow. This property is proved again in [58] in a completely different way.
3Namely, the regularity which is preserved is a quite weak one called Lipexp𝑝 regularity, and it is a sort of weak Lipschitz

regularity, check [58] for the details.
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4.1 The key lemmas

In this brief sectionwewill simply state the threemain technical lemmaswewill need to use in the following.
Despite being only three lemmas, they are so fundamental in order to get quantitative estimates that listing
them in a section of their own seems justified. We point out that in this chapter we will only use Lemma
4.1.1 and Lemma 4.1.2. As for Lemma 4.1.3, the asymmetric estimate it provides will be used in the next
chapters. We will state the results in ℝ𝑑 to be consistent with the references, but they also hold in 𝕋 𝑑 .

Definition 4.1.1. Local maximal function
Let 𝜇 be a (vector-valued) locally finite measure in ℝ𝑑 and let |𝜇| be its total variation. For every 𝜆 > 0 we
define the local maximal function of 𝜇 as

𝑀𝜆𝜇(𝑥) ∶= sup
0<𝑟<𝜆

|𝜇|(𝐵𝑟(𝑥))
|𝐵𝑟(𝑥)|

= sup
0<𝑟<𝜆⨏𝐵𝑟(𝑥)

𝑑|𝜇|(𝑦), for 𝑥 ∈ ℝ𝑑 .

When 𝜇 = 𝑓ℒ 𝑑 , where 𝑓 is a 𝐿1
𝑙𝑜𝑐 function, we will use the notation𝑀𝜆𝑓 to denote𝑀𝜆𝜇. If 𝜆 = +∞ and

𝜇 is a finite measure in ℝ𝑑 , we denote by

𝑀𝜇(𝑥) ∶= sup
𝑟>0

|𝜇|(𝐵𝑟(𝑥))
|𝐵𝑟(𝑥)|

= sup
𝑟>0 ⨏𝐵𝑟(𝑥)

𝑑|𝜇|(𝑦), for 𝑥 ∈ ℝ𝑑

the maximal function of 𝜇. As we did for the local maximal function, we use the notation𝑀𝑓 if 𝜇 = 𝑓ℒ 𝑑

with 𝑓 ∈ 𝐿1.

Lemma 4.1.1. Key lemma 1: 𝐿𝑝 − 𝐿𝑝 boundedness of the maximal function, [149]
Let 𝑓 ∈ 𝐿𝑝𝑙𝑜𝑐(ℝ

𝑑) with 𝑝 > 1, and let 𝜆, 𝑟 > 0. Then:

∫𝐵𝑟(0)
(𝑀𝜆𝑓 (𝑦))𝑝𝑑𝑦 ≤ 𝑐𝑑,𝑝 ∫𝐵𝑟+𝜆(0)

|𝑓 (𝑦)|𝑝𝑑𝑦,

with 𝑐𝑑,𝑝 a constant depending on 𝑑 and 𝑝.

Lemma 4.1.2. Key lemma 2: symmetric pointwise inequality for BV functions, [149]
Let 𝑓 ∈ 𝐵𝑉𝑙𝑜𝑐(ℝ𝑑). Then there exists a ℒ 𝑑 -negligible set𝑁 ⊂ ℝ𝑑 such that

|𝑓 (𝑥) − 𝑓 (𝑦)| ≤ 𝑐𝑑|𝑥 − 𝑦|[𝑀𝜆|𝐷𝑓 |(𝑥) +𝑀𝜆|𝐷𝑓 |(𝑦)] for every 𝑥, 𝑦 ∈ ℝ𝑑 ⧵𝑁,

where𝑀𝜆 is the local maximal function with 𝜆 ≥ |𝑥 − 𝑦| and 𝑐𝑑 is a constant which only depends on 𝑑.

Lemma 4.1.3. Key lemma 3: asymmetric pointwise inequality for Sobolev functions, [43, Lemma 5.1]
Let 𝑓 ∈ 𝑊 1,𝑝

𝑙𝑜𝑐 (ℝ
𝑑) with 𝑝 > 𝑑. Then there exists a ℒ 𝑑 -negligible set𝑁 ⊂ ℝ𝑑 such that

|𝑓 (𝑥) − 𝑓 (𝑦)| ≤ 𝑐𝑑,𝑝|𝑥 − 𝑦|[𝑀𝜆(|𝐷𝑓 |𝑝)(𝑥)]1∕𝑝 for every 𝑥, 𝑦 ∈ ℝ𝑑 ⧵𝑁,

where 𝑀𝜆 is the local maximal function with 𝜆 ≥ |𝑥 − 𝑦| and 𝑐𝑑,𝑝 is a constant which only depends on 𝑑
and 𝑝.

4.2 Quantitative stability estimates for regular Lagrangian flows

We start this section with a theorem which will be useful in proving the spatial Lipschitz regularity of the
regular Lagrangian flow outside a set of small measure. As usual, we will state the results in 𝕋 𝑑 rather than
ℝ𝑑 for consistency with results in other chapters, but the case in ℝ𝑑 is basically identical.

Theorem 4.2.1. [58]
Let 𝑏 ∈ [𝐿1(0, 𝑇 ;𝑊 1,𝑝(𝕋 𝑑))]𝑑 be a bounded vector field with 𝑝 > 1 and let 𝑋 be the regular Lagrangian
flow associated to 𝑏. Let 𝐿 be the compressibility constant of 𝑋 , as defined in Definition 2.2.4. For every
𝑝 > 1 we define the following integral quantity:
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𝐴𝑝(𝑅,𝑋) ∶=
[

∫𝐵𝑅(0)

(

sup
0≤𝑡≤𝑇

sup
0<𝑟<2𝑅⨏𝐵𝑟(𝑥)

log
(

1 +
|𝑋(𝑡, 𝑥) −𝑋(𝑡, 𝑦)|

𝑟

)

𝑑𝑦
)𝑝

𝑑𝑥
]1∕𝑝

. (4.2.1)

Then we have:

𝐴𝑝(𝑅,𝑋) ≤ 𝐶(𝑝, 𝑑, 𝑅, 𝐿, ‖𝐷𝑥𝑏‖𝐿1(0,𝑇 ;𝐿𝑝(𝕋 𝑑 ))).

Since we assumed to work in a torus, if 𝑅 is big enough we have that 𝕋 𝑑 = 𝐵𝑅(𝑥) for every 𝑥 ∈ 𝕋 𝑑 , so we
can define

𝐴𝑝(𝑋) ∶= inf
{𝑅|𝕋 𝑑⊂𝐵𝑅(𝑥) ∀𝑥∈𝕋 𝑑}

𝐴𝑝(𝑅,𝑋).

Before proving Theorem 4.2.1, we show its application in the proof of the following proposition.

Proposition 4.2.1. Lipschitz regularity of the regular Lagrangian flow outside a small set, [58]
Let𝑋 ∶ [0, 𝑇 ] × 𝕋 𝑑 → 𝕋 𝑑 be a map. Then, for every 𝜀 > 0 and every 𝑅 > 0 we can find a set 𝐾 ⊂ 𝐵𝑅(0)
such that |𝐵𝑅(0) ⧵𝐾| ≤ 𝜀 and for any 0 ≤ 𝑡 ≤ 𝑇 it holds 4

Lip(𝑋(𝑡, ⋅)|𝐾 ) ≤ exp
(2𝐴𝑝(𝑅,𝑋)

𝜀1∕𝑝

)

.

Proof. Fix 𝜀 > 0 and 𝑅 > 0. Assuming 𝐴𝑝(𝑅,𝑋) to be finite (otherwise there is nothing to prove) we
consider

𝑀 ∶=
𝐴𝑝(𝑅,𝑋)
𝜀1∕𝑝

.

By Chebyshev’s inequality we have that for every 𝑡 > 0 and for every 𝑓 ∈ 𝐿𝑝(𝐵𝑅(0)):

ℒ 𝑑({𝑥 ∈ 𝐵𝑅(0) such that |𝑓 (𝑥)| ≥ 𝑡}) ≤ 1
𝑡𝑝 ∫𝐵𝑅(0)

|𝑓 (𝑦)|𝑝𝑑𝑦.

Choosing

𝑡 =𝑀 and 𝑓 (𝑥) = sup
0≤𝑡≤𝑇

sup
0<𝑟<2𝑅⨏𝐵𝑟(𝑥)

log
(

1 +
|𝑋(𝑡, 𝑥) −𝑋(𝑡, 𝑦)|

𝑟

)

𝑑𝑦,

we have that

𝑓 (𝑥) ≤𝑀

for every 𝑥 ∈ 𝐾 ⊂ 𝐵𝑅(0) with |𝐵𝑅(0) ⧵ 𝐾| ≤ 𝜀. Now, fix 𝑥, 𝑦 ∈ 𝐾 . It holds |𝑥 − 𝑦| < 2𝑅 and by setting
𝑟 = |𝑥 − 𝑦| we have:

log
(

1 +
|𝑋(𝑡, 𝑥) −𝑋(𝑡, 𝑦)|

𝑟

)

= ⨏𝐵𝑟(𝑥)∩𝐵𝑟(𝑦)
log

(

1 +
|𝑋(𝑡, 𝑥) −𝑋(𝑡, 𝑦)|

𝑟

)

𝑑𝑧

≤ ⨏𝐵𝑟(𝑥)∩𝐵𝑟(𝑦)
log

(

1 +
|𝑋(𝑡, 𝑥) −𝑋(𝑡, 𝑧)|

𝑟
+

|𝑋(𝑡, 𝑦) −𝑋(𝑡, 𝑧)|
𝑟

)

𝑑𝑧,

where we simply used the monotonicity of the function log(1 + 𝑥). By the elementary inequality

log(1 + 𝑥) + log(1 + 𝑦) = log(1 + 𝑥 + 𝑦 + 𝑥𝑦) ≥ log(1 + 𝑥 + 𝑦) for 𝑥, 𝑦 ≥ 0,

we have:
4In [58] the factor 2 inside the argument of the exponential is substituted by a dimension-dependent constant 𝐶𝑑 .
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⨏𝐵𝑟(𝑥)∩𝐵𝑟(𝑦)
log

(

1 +
|𝑋(𝑡, 𝑥) −𝑋(𝑡, 𝑧)|

𝑟
+

|𝑋(𝑡, 𝑦) −𝑋(𝑡, 𝑧)|
𝑟

)

𝑑𝑧

≤ ⨏𝐵𝑟(𝑥)∩𝐵𝑟(𝑦)
log

(

1 +
|𝑋(𝑡, 𝑥) −𝑋(𝑡, 𝑧)|

𝑟

)

𝑑𝑧 + ⨏𝐵𝑟(𝑥)∩𝐵𝑟(𝑦)
log

(

1 + +
|𝑋(𝑡, 𝑦) −𝑋(𝑡, 𝑧)|

𝑟

)

𝑑𝑧

≤ ⨏𝐵𝑟(𝑥)
log

(

1 +
|𝑋(𝑡, 𝑥) −𝑋(𝑡, 𝑧)|

𝑟

)

𝑑𝑧 + ⨏𝐵𝑟(𝑦)
log

(

1 +
|𝑋(𝑡, 𝑥) −𝑋(𝑡, 𝑧)|

𝑟

)

𝑑𝑧

≤ 2𝑀 =
2𝐴𝑝(𝑅,𝑋)

𝜀1∕𝑝
.

These inequalities hold uniformly in time, so for every 𝑡 ∈ [0, 𝑇 ]:

log
(

1 +
|𝑋(𝑡, 𝑥) −𝑋(𝑡, 𝑦)|

𝑟

)

≤
2𝐴𝑝(𝑅,𝑋)

𝜀1∕𝑝
⟹ |𝑋(𝑡, 𝑥) −𝑋(𝑡, 𝑦)| ≤ exp

(2𝐴𝑝(𝑅,𝑋)
𝜀1∕𝑝

)

|𝑥 − 𝑦|

for every 𝑥, 𝑦 ∈ 𝐾 , and the proof is complete.

We now give the proof of Theorem 4.2.1.

Proof of Theorem 4.2.1. For 0 ≤ 𝑡 ≤ 𝑇 , 0 < 𝑟 < 2𝑅 and 𝑥 ∈ 𝐵𝑅(0) we define the quantity

𝑄(𝑡, 𝑥, 𝑟) ∶= ⨏𝐵𝑟(𝑥)
log

(

1 +
𝑋(𝑡, 𝑥) −𝑋(𝑡, 𝑦)

𝑟

)

𝑑𝑦.

By Definition 2.2.4 we have:

𝑑
𝑑𝑡
𝑄(𝑡, 𝑥, 𝑟) ≤ ⨏𝐵𝑟(𝑥)

|

|

|

|

𝑑𝑋
𝑑𝑡

(𝑡, 𝑥) − 𝑑𝑋
𝑑𝑡

(𝑡, 𝑦)
|

|

|

|

(|𝑋(𝑡, 𝑥) −𝑋(𝑡, 𝑦)| + 𝑟)−1 (4.2.2)

= ⨏𝐵𝑟(𝑥)
|𝑏(𝑡, 𝑋(𝑡, 𝑥)) − 𝑏(𝑡, 𝑋(𝑡, 𝑦))|

|𝑋(𝑡, 𝑥) −𝑋(𝑡, 𝑦)| + 𝑟
𝑑𝑦.

We choose 𝑅̄ = 4𝑅 + 2𝑇 ‖𝑏‖𝐿∞ , so that |𝑋(𝑡, 𝑥) − 𝑋(𝑡, 𝑦)| < 𝑅̄ for every 𝑥, 𝑦 ∈ 𝐵𝑅(0) and for every
𝑡 ∈ [0, 𝑇 ]. By Lemma 4.1.2 we have:

𝑑𝑄
𝑑𝑡

(𝑡, 𝑥, 𝑟) ≤ 𝑐𝑑 ⨏𝐵𝑟(𝑥)

[

𝑀𝑅̄|𝐷𝑏|(𝑡, 𝑋(𝑡, 𝑥)) +𝑀𝑅̄|𝐷𝑏|(𝑡, 𝑋(𝑡, 𝑦))
]

|𝑋(𝑡, 𝑥) −𝑋(𝑡, 𝑦)|
|𝑋(𝑡, 𝑥) −𝑋(𝑡, 𝑦)| + 𝑟

𝑑𝑦 (4.2.3)

≤ 𝑐𝑑𝑀𝑅̄|𝐷𝑏|(𝑡, 𝑋(𝑡, 𝑥)) + 𝑐𝑑 ⨏𝐵𝑟(𝑥)
𝑀𝑅̄|𝐷𝑏|(𝑡, 𝑋(𝑡, 𝑦))𝑑𝑦.

Integrating in time up to time 𝑡 ∈ [0, 𝑇 ] and taking the supremum over 𝑟 ∈ (0, 2𝑅) we get:

sup
0<𝑟<2𝑅

𝑄(𝑡, 𝑥, 𝑟) ≤ 𝐶 + 𝑐𝑑 ∫

𝑡

0
𝑀𝑅̄|𝐷𝑏|(𝑡, 𝑋(𝑡, 𝑥))𝑑𝑡 + 𝑐𝑑 sup

0<𝑟<2𝑅∫

𝑡

0 ⨏𝐵𝑟(𝑥)
𝑀𝑅̄|𝐷𝑏|(𝑡, 𝑋(𝑡, 𝑦))𝑑𝑦𝑑𝑡

≤ 𝐶 + 𝑐𝑑 ∫

𝑇

0
𝑀𝑅̄|𝐷𝑏|(𝑡, 𝑋(𝑡, 𝑥))𝑑𝑡 + 𝑐𝑑 sup

0<𝑟<2𝑅∫

𝑇

0 ⨏𝐵𝑟(𝑥)
𝑀𝑅̄|𝐷𝑏|(𝑡, 𝑋(𝑡, 𝑦))𝑑𝑦𝑑𝑡

≤ 𝐶 + 𝑐𝑑 ∫

𝑇

0
𝑀𝑅̄|𝐷𝑏|(𝑡, 𝑋(𝑡, 𝑥))𝑑𝑡 + 𝑐𝑑 ∫

𝑇

0
sup

0<𝑟<2𝑅⨏𝐵𝑟(𝑥)
𝑀𝑅̄|𝐷𝑏|(𝑡, 𝑋(𝑡, 𝑦))𝑑𝑦𝑑𝑡,

where we exchanged the order of the time derivative and the supremum and we used that, for every 𝑟 > 0
and 𝑥 ∈ 𝑇 𝑑 , we have𝑄(0, 𝑥, 𝑟) ≤ log(2) = 𝐶 . Thus:
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sup
0≤𝑡≤𝑇

sup
0<𝑟<2𝑅

𝑄(𝑡, 𝑥, 𝑟) ≤ 𝐶+𝑐𝑑 ∫

𝑇

0
𝑀𝑅̄|𝐷𝑏|(𝑡, 𝑋(𝑡, 𝑥))𝑑𝑡+𝑐𝑑 ∫

𝑇

0
sup

0<𝑟<2𝑅⨏𝐵𝑟(𝑥)
𝑀𝑅̄|𝐷𝑏|(𝑡, 𝑋(𝑡, 𝑦))𝑑𝑦𝑑𝑡.

Taking the 𝐿𝑝 norm over 𝐵𝑅(0) we get

𝐴𝑝(𝑅,𝑋)

≤ 𝐶𝑝,𝑅 + 𝑐𝑑
‖

‖

‖

‖

‖

∫

𝑇

0
𝑀𝑅̄|𝐷𝑏|(𝑡, 𝑋(𝑡, 𝑥))𝑑𝑡

‖

‖

‖

‖

‖𝐿𝑝(𝐵𝑅(0))
+ 𝑐𝑑

‖

‖

‖

‖

‖

∫

𝑇

0
sup

0<𝑟<2𝑅⨏𝐵𝑟(𝑥)
𝑀𝑅̄|𝐷𝑏|(𝑡, 𝑋(𝑡, 𝑦))𝑑𝑦𝑑𝑡

‖

‖

‖

‖

‖𝐿𝑝(𝐵𝑅(0))

≤ 𝐶𝑝,𝑅 + 𝑐𝑑 ∫

𝑇

0
‖

‖

𝑀𝑅̄|𝐷𝑏|(𝑡, 𝑋(𝑡, 𝑥))‖
‖𝐿𝑝(𝐵𝑅(0))

𝑑𝑡 + 𝑐𝑑 ∫

𝑇

0

‖

‖

‖

‖

‖

sup
0<𝑟<2𝑅⨏𝐵𝑟(𝑥)

𝑀𝑅̄|𝐷𝑏|(𝑡, 𝑋(𝑡, 𝑦))𝑑𝑦
‖

‖

‖

‖

‖𝐿𝑝(𝐵𝑅(0))
𝑑𝑡

= 𝐶𝑝,𝑅 + 𝑐𝑑 ∫

𝑇

0
‖

‖

𝑀𝑅̄|𝐷𝑏|(𝑡, 𝑋(𝑡, 𝑥))‖
‖𝐿𝑝(𝐵𝑅(0))

𝑑𝑡 + 𝑐𝑑 ∫

𝑇

0
‖

‖

𝑀2𝑅(𝑀𝑅̄|𝐷𝑏|(𝑡, 𝑋(𝑡, ⋅)))(𝑥)‖
‖𝐿𝑝(𝐵𝑅(0))

𝑑𝑡.

Using the bounded compressibility 𝐿 of the regular Lagrangian flow we readily obtain:

𝐴𝑝(𝑅,𝑋) ≤ 𝐶𝑝,𝑅 + 𝑐𝑑𝐿1∕𝑝
∫

𝑇

0
‖

‖

𝑀𝑅̄|𝐷𝑏|(𝑡, ⋅)‖‖𝐿𝑝(𝐵𝑅+𝑇 ‖𝑏‖∞ (0)) 𝑑𝑡

+ 𝑐𝑑𝐿1∕𝑝
∫

𝑇

0
‖

‖

𝑀2𝑅𝑀𝑅̄|𝐷𝑏|(𝑡, ⋅)‖‖𝐿𝑝(𝐵𝑅+𝑇 ‖𝑏‖∞ (0)) 𝑑𝑡,

and we conclude applying Lemma 4.1.1 (twice on the last addendum).

Before giving a stability estimate, we will show how using Proposition 4.2.1 we can easily prove in a quite
direct way the existence and compactness of the regular Lagrangian flow, whereas in Theorem 2.2.2 the
superposition principle and the well-posedness of (𝜇-CE) was needed. We need a general real analysis
lemma whose proof we omit:

Lemma 4.2.1. [58]
Let Ω ⊂ ℝ𝑛 be a bounded Borel set and let {𝑓ℎ}ℎ∈ℕ be a sequence of maps 𝑓ℎ ∶ ℝ𝑛 → ℝ𝑚. Suppose that
for every 𝛿 > 0 there is a positive constant𝑀𝛿 < +∞ and, for every ℎ, a set 𝐵ℎ,𝛿 ⊂ Ω with |Ω ⧵ 𝐵ℎ,𝛿| ≤ 𝛿
such that

‖𝑓ℎ‖𝐿∞(𝐵ℎ,𝛿) ≤𝑀𝛿 and Lip(𝑓ℎ|𝐵ℎ,𝛿 ) ≤𝑀𝛿.

Then the sequence {𝑓ℎ}ℎ∈ℕ is precompact in measure, i.e. there is a subsequence {𝑓ℎ𝑛}ℎ𝑛∈ℕ such that
𝑓ℎ𝑛 → 𝑓 as ℎ𝑛 → +∞ in measure. That is, for every 𝜀 > 0

ℒ 𝑛({𝑥 ∈ Ω such that |𝑓ℎ𝑛(𝑥) − 𝑓 (𝑥)| > 𝜀}) → 0 as ℎ𝑛 → +∞.

We are now ready to prove, in a direct fashion, the compactness and the existence of regular Lagrangian
flows.

Corollary 4.2.1. A direct proof of compactness of regular Lagrangian flows, [58]
Let {𝑏ℎ}ℎ∈ℕ be a sequence of vector fields equibounded in [𝐿∞([0, 𝑇 ] × 𝕋 𝑑) ∩ 𝐿1(0, 𝑇 ;𝑊 1,𝑝(𝕋 𝑑))]𝑑 for
some 𝑝 > 1. For eachℎ let𝑋ℎ be a regular Lagrangian flow associated to 𝑏ℎ and let𝐿ℎ be the compressibility
constant of the flow. Assume that the {𝐿ℎ}ℎ∈ℕ is equibounded by a constant 𝐿 > 0. Then the sequence
{𝑋ℎ}ℎ∈ℕ is strongly precompact in𝐿1([0, 𝑇 ] × 𝕋 𝑑). Moreover, if 𝑏ℎ → 𝑏 ∈ [𝐿1(0, 𝑇 ;𝑊 1,𝑝(𝕋 𝑑))]𝑑 , we can
extract subsequences {𝑏ℎ𝑛}, {𝑋ℎ𝑛} such that

𝑏ℎ𝑛 → 𝑏 and𝑋ℎ𝑛 → 𝑋 in 𝐿1([0, 𝑇 ] × 𝕋 𝑑) as ℎ𝑛 → +∞,

and𝑋 is a regular Lagrangian flow of 𝑏 with compressibility bounded by 𝐿.
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Proof. Fix 𝛿 > 0 and notice that {‖𝑋ℎ‖}ℎ∈ℕ is equibounded, simply because 𝕋 𝑑 is a compact metric
space. By Proposition 4.2.1, for every ℎ we can find a Borel set 𝐾ℎ,𝛿 such that

|𝕋 𝑑 ⧵𝐾ℎ,𝛿| ≤ 𝛿 and Lip(𝑋ℎ(𝑡, ⋅)|𝐾ℎ,𝛿 ) ≤ exp
(𝐶𝐴𝑝(𝑋ℎ)

𝛿1∕𝑝

)

for every 𝑡 ∈ [0, 𝑇 ].

By the estimates in Theorem 4.2.1 and our assumptions on {𝑏ℎ}ℎ∈ℕ, {𝐿ℎ}ℎ∈ℕ, we have that 𝐴𝑝(𝑋ℎ) is
equibounded in ℎ , and so Lip(𝑋ℎ(𝑡, ⋅)|𝐾ℎ,𝛿 ) is equibounded for any fixed 𝛿. Thus, we can apply Lemma
4.2.1 to get convergence in measure of {𝑋ℎ}ℎ∈ℕ. Up to a subsequence, convergence in measure implies
convergence almost everywhere, and since {𝑋ℎ}ℎ∈ℕ is also equibounded in 𝐿∞([0, 𝑇 ] × 𝕋 𝑑) (and con-
sequently also on 𝐿1([0, 𝑇 ] × 𝕋 𝑑)) we conclude the convergence in 𝐿1 by dominated convergence. If
𝑏ℎ → 𝑏 ∈ [𝐿1(0, 𝑇 ;𝑊 1,𝑝(𝕋 𝑑))]𝑑 we can assume that, up to a subsequence which we will not rename:

𝑋ℎ → 𝑋 and 𝑏ℎ → 𝑏 in 𝐿1([0, 𝑇 ] × 𝕋 𝑑) as ℎ→ +∞.

In order to conclude, we just need to show that𝑋 is a regular Lagrangian flowwith respect to 𝑏. Assume that
condition 1. of Definition 2.2.4 is not satisfied. Then we would have a set 𝐴 of positive measure such that,
for every 𝑥 ∈ 𝐴, the map 𝑡 ↦ 𝑋(𝑡, 𝑥) is not an absolutely continuous solution of 𝜕𝑡𝑋(𝑡, 𝑥) = 𝑏(𝑡, 𝑋(𝑡, 𝑥))
with𝑋(0, 𝑥) = 𝑥, i.e.

𝑋(𝑡, 𝑥) ≠ 𝑥 + ∫

𝑡

0
𝑏(𝑠,𝑋(𝑠, 𝑥))𝑑𝑠 for every 𝑥 ∈ 𝐴 for some 𝑡 ∈ [0, 𝑇 ].

Moreover, we can assume without loss of generality that for every 𝑥 ∈ 𝐴 the above inequality holds in a
set of times of positive measure, otherwise it would be enough to redefine 𝑋 in a ℒ 1+𝑑 -null set. We thus
have:

∫

𝑇

0 ∫𝐴

|

|

|

|

|

𝑋(𝑡, 𝑥) − 𝑥 + ∫

𝑡

0
𝑏(𝑠,𝑋(𝑠, 𝑥))𝑑𝑠

|

|

|

|

|

𝑑𝑥𝑑𝑡 > 0,

but at the same time it is easy to see that

0 = ∫

𝑇

0 ∫𝐴

|

|

|

|

|

𝑋ℎ(𝑡, 𝑥) − 𝑥 + ∫

𝑡

0
𝑏ℎ(𝑠,𝑋ℎ(𝑠, 𝑥))𝑑𝑠

|

|

|

|

|

𝑑𝑥𝑑𝑡→ ∫

𝑇

0 ∫𝐴

|

|

|

|

|

𝑋(𝑡, 𝑥) − 𝑥 + ∫

𝑡

0
𝑏(𝑠,𝑋(𝑠, 𝑥))𝑑𝑠

|

|

|

|

|

𝑑𝑥𝑑𝑡

as ℎ→ 0, a contradiction. The compressibility bound is proved (up to extracting another subsequence) by
the tightness of the measures {ℒ 1

𝑡 ⊗𝑋ℎ(𝑡, ⋅)#ℒ 𝑑
𝑥 }ℎ∈ℕ and by Prokhorov’s compactness theorem.

Corollary 4.2.2. A direct proof of existence of regular Lagrangian flows, [58]
Let 𝑏 ∈ [𝐿1(0, 𝑇 ;𝑊 1,𝑝(𝕋 𝑑))]𝑑 be a bounded vector fieldwith 𝑝 > 1 and such that div𝑥(𝑏)− ∈ 𝐿1(0, 𝑇 ;𝐿∞(𝕋 𝑑)).
Then there exists a regular Lagrangian flow associated to 𝑏.

Proof. It follows easily by Corollary 4.2.1. Consider {𝑏𝛿}𝛿>0 a sequence of regularised vector fields by
convolution and consider {𝑋𝛿}𝛿>0 the respective (classical) flows. It is easy to check that both {𝑏𝛿}𝛿>0 and
{𝑋𝛿}𝛿>0 satisfy the assumptions of Corollary 4.2.1, in particular 𝑏𝛿 → 𝑏 as 𝛿 → 0 in [𝐿1(0, 𝑇 ;𝑊 1,𝑝(𝕋 𝑑)]𝑑
and we can uniformly estimate the compressibility constants 𝐿ℎ of𝑋ℎ (see Proposition 1.1.5):

𝐿𝛿 ≤ exp
(

∫

𝑇

0
‖ div𝑥(𝑏𝛿)−(𝑡, ⋅)‖𝐿∞𝑑𝑡

)

≤ exp
(

∫

𝑇

0
‖ div𝑥(𝑏)−(𝑡, ⋅)‖𝐿∞𝑑𝑡

)

,

where in the last inequality we used Young’s convolution inequality. Applying Corollary 4.2.1, up to a sub-
sequence, we find that𝑋𝛿 → 𝑋 , with𝑋 a regular Lagrangian flow for 𝑏.

We now prove the second main result of this section: a quantitative stability inequality between regular
Lagrangian flows. We slightly modify the argument of [58] to get a 𝐿𝑝 estimate and a time dependent
bound, since we will need it in the next chapters.
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Proposition 4.2.2. 𝐿𝑝 stability estimate for regular Lagrangian flows, [58, 54]
Let 𝑏 and 𝑏̃ be bounded vector fields belonging to [𝐿1(0, 𝑇 ;𝑊 1,𝑝(𝕋 𝑑))]𝑑 for some 𝑝 > 1. Let 𝑋 and 𝑋̃
be regular Lagrangian flows of 𝑏 and 𝑏̃ respectively and denote by 𝐿 and 𝐿̃ their compressibility constants.
Then, for every 𝑡 ∈ [0, 𝑇 ], we have

‖𝑋(𝑡, ⋅) − 𝑋̃(𝑡, ⋅)‖𝐿𝑝(𝐵𝑟(0)) ≤ 𝐶𝑡
|

|

|

log(‖𝑏 − 𝑏̃‖𝐿1(0,𝑡;𝐿𝑝(𝐵𝑅(0))))
|

|

|

−1
,

where 𝑅 = 𝑟 + 𝑇 ‖𝑏̃‖∞ and the constant 𝐶𝑡 only depends on 𝑡, 𝑟, ‖𝑏‖∞, ‖𝑏̃‖∞, 𝐿, 𝐿̃ and ‖𝐷𝑥𝑏‖𝐿1(𝐿𝑝).
Moreover, 𝐶𝑡 → 0 as 𝑡→ 0.

Proof. Let 𝛿 ∶=
√

‖𝑏 − 𝑏̃‖𝐿1(0,𝑡;𝐿𝑝(𝐵𝑅(0))) with 𝑅 = 𝑟 + 𝑇 ‖𝑏̃‖∞ and let

𝑔(𝑡) ∶=
[

∫𝐵𝑟(0)
log

(

1 +
|𝑋(𝑡, 𝑥) − 𝑋̃(𝑡, 𝑥)|

𝛿

)𝑝

𝑑𝑥
]1∕𝑝

.

For simplicity of notation, we will omit explicitly writing the dependence on 𝑡 and 𝑥 when this will not be
necessary. So we will often write𝑋 and 𝑋̃ in place of𝑋(𝑡, 𝑥) and 𝑋̃(𝑡, 𝑥). Differentiating in time:

𝑑
𝑑𝑡
𝑔(𝑡) (4.2.4)

= 1
𝑝
𝑔(𝑡)1−𝑝 ∫𝐵𝑟(0)

𝑝 log
(

1 +
|𝑋 − 𝑋̃|

𝛿

)𝑝−1
𝛿

𝛿 + |𝑋 − 𝑋̃|

1
𝛿
𝑋 − 𝑋̃
|𝑋 − 𝑋̃|

( 𝑑
𝑑𝑡
𝑋 − 𝑑

𝑑𝑡
𝑋̃
)

𝑑𝑥

≤ 𝑔(𝑡)1−𝑝

𝛿 ∫𝐵𝑟(0)
log

(

1 +
|𝑋 − 𝑋̃|

𝛿

)𝑝−1 1
1 + |𝑋 − 𝑋̃|∕𝛿

|𝑏(𝑡, 𝑋) − 𝑏̃(𝑡, 𝑋̃)|𝑑𝑥

≤ 𝑔(𝑡)1−𝑝

𝛿 ∫𝐵𝑟(0)
log

(

1 +
|𝑋 − 𝑋̃|

𝛿

)𝑝−1 1
1 + |𝑋 − 𝑋̃|∕𝛿

|𝑏(𝑡, 𝑋) − 𝑏(𝑡, 𝑋̃)|𝑑𝑥

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
1

+
𝑔(𝑡)1−𝑝

𝛿 ∫𝐵𝑟(0)
log

(

1 +
|𝑋 − 𝑋̃|

𝛿

)𝑝−1 1
1 + |𝑋 − 𝑋̃|∕𝛿

|𝑏(𝑡, 𝑋̃) − 𝑏̃(𝑡, 𝑋̃)|𝑑𝑥

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
2

.

Considering 1 we have, thanks to Lemma 4.1.2:

|𝑏(𝑡, 𝑋(𝑡, 𝑥)) − 𝑏(𝑡, 𝑋̃(𝑡, 𝑥))| ≤ 𝑐𝑑|𝑋(𝑡, 𝑥) − 𝑋̃(𝑡, 𝑥)|[𝑀𝑅̃|𝐷𝑏|(𝑡, 𝑋(𝑡, 𝑥)) (4.2.5)
+𝑀𝑅̃|𝐷𝑏|(𝑡, 𝑋̃(𝑡, 𝑥))]

for almost every 𝑡 ∈ [0, 𝑇 ] and (at fixed 𝑡) for almost every 𝑥 ∈ 𝕋 𝑑 , with 𝑅̃ = 𝑇 (‖𝑏‖∞ + ‖𝑏̃‖∞).

Remark 4.2.1.
Notice that the compressibility constraint in the definition of regular Lagrangian flow is crucial for (4.2.5) to
hold almost everywhere. Indeed, for almost every 𝑡 we have that 𝑏(𝑡, ⋅) ∈ [𝑊 1,𝑝(𝕋 𝑑)]𝑑 . Then (4.2.5) holds
only if𝑋(𝑡, 𝑥), 𝑋̃(𝑡, 𝑥) ∈ 𝕋 𝑑 ⧵𝑁𝑡, with𝑁𝑡 a null set, which is true since

ℒ 𝑑(𝑋(𝑡, ⋅)−1(𝑁𝑡)) ≤ 𝐿ℒ 𝑑(𝑁𝑡) = 0 and ℒ 𝑑(𝑋̃(𝑡, ⋅)−1(𝑁𝑡)) ≤ 𝐿̃ℒ 𝑑(𝑁𝑡) = 0.

Using (4.2.5):

1 ≤ 𝑐𝑑𝑔(𝑡)1−𝑝 ∫𝐵𝑟(0)
log

(

1 +
|𝑋 − 𝑋̃|

𝛿

)𝑝−1
|𝑋 − 𝑋̃|∕𝛿

1 + |𝑋 − 𝑋̃|∕𝛿
[𝑀𝑅̃|𝐷𝑏|(𝑡, 𝑋(𝑡, 𝑥))

+𝑀𝑅̃|𝐷𝑏|(𝑡, 𝑋̃(𝑡, 𝑥))]𝑑𝑥
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≤ 𝑐𝑑𝑔(𝑡)1−𝑝 ∫𝐵𝑟(0)
log

(

1 +
|𝑋 − 𝑋̃|

𝛿

)𝑝−1

[𝑀𝑅̃|𝐷𝑏|(𝑡, 𝑋(𝑡, 𝑥))

+𝑀𝑅̃|𝐷𝑏|(𝑡, 𝑋̃(𝑡, 𝑥))]𝑑𝑥

= 𝑐𝑑𝑔(𝑡)1−𝑝 ∫𝐵𝑟(0)
log

(

1 +
|𝑋 − 𝑋̃|

𝛿

)𝑝−1

𝑀𝑅̃|𝐷𝑏|(𝑡, 𝑋(𝑡, 𝑥))𝑑𝑥

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
3

+ 𝑐𝑑𝑔(𝑡)1−𝑝 ∫𝐵𝑟(0)
log

(

1 +
|𝑋 − 𝑋̃|

𝛿

)𝑝−1

𝑀𝑅̃|𝐷𝑏|(𝑡, 𝑋̃(𝑡, 𝑥))𝑑𝑥

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
4

.

For 3 , applying Hölder’s inequality with exponents 𝑝 and 𝑝∕(𝑝 − 1) yields

3 ≤ 𝑐𝑑𝑔(𝑡)1−𝑝𝑔(𝑡)𝑝−1
(

∫𝐵𝑟(0)
[𝑀𝑅̃|𝐷𝑏|(𝑡, 𝑋(𝑡, 𝑥))]𝑝𝑑𝑥

)1∕𝑝

,

and changing variables setting 𝑦 = 𝑋(𝑡, 𝑥) gives

3 ≤ 𝑐𝑑𝐿
1∕𝑝

(

∫𝐵𝑟+𝑇 ‖𝑏‖∞ (0)
[𝑀𝑅̃𝐷𝑏(𝑡, 𝑦)]𝑝𝑑𝑦

)1∕𝑝

≤ 𝑐𝑑𝑐𝑝,𝑛𝐿
1∕𝑝

‖𝐷𝑏(𝑡, ⋅)‖𝐿𝑝(𝐵𝑅′ (0))

with 𝑅′ = 𝑟 + 3𝑇 max{‖𝑏‖∞, ‖𝑏̃‖∞}, thanks to Lemma 4.1.1. With this choice of 𝑅′, it is easy to see that
with the same argument we get

4 ≤ 𝑐𝑑𝑐𝑝,𝑛𝐿̃
1∕𝑝

‖𝐷𝑏(𝑡, ⋅)‖𝐿𝑝(𝐵𝑅′ (0)).

As for 2 , we have:

2 ≤ 𝑔(𝑡)1−𝑝

𝛿 ∫𝐵𝑟(0)
log

(

1 +
|𝑋 − 𝑋̃|

𝛿

)𝑝−1

|𝑏(𝑡, 𝑋̃(𝑡, 𝑥)) − 𝑏̃(𝑡, 𝑋̃(𝑡, 𝑥))|𝑑𝑥.

First using Hölder’s inequality and then changing variables as before:

2 ≤ 𝐿̃1∕𝑝

𝛿
‖𝑏(𝑡, ⋅) − 𝑏̃(𝑡, ⋅)‖𝐿𝑝(𝐵𝑅(0)),

where we recall that 𝑅 = 𝑟 + 𝑇 ‖𝑏̃‖∞. Inequality (4.2.4) now reads:

𝑑
𝑑𝑡
𝑔(𝑡) ≤ 𝑐𝑑𝑐𝑝,𝑛

(

𝐿1∕𝑝 + 𝐿̃1∕𝑝)
‖𝐷𝑏(𝑡, ⋅)‖𝐿𝑝(𝐵𝑅′ (0)) +

𝐿̃1∕𝑝

𝛿
‖𝑏(𝑡, ⋅) − 𝑏̃(𝑡, ⋅)‖𝐿𝑝(𝐵𝑅(0)).

Thanks to the choice of 𝛿, integrating in time from 0 to 𝑡 ∈ [0, 𝑇 ] we get:

𝑔(𝑡) ≤ 𝐶𝑡 for all 𝑡 ∈ [0, 𝑇 ],

with𝐶𝑡 being a constant depending on 𝑡, 𝑟, 𝐿, 𝐿̃, ‖𝐷𝑥𝑏‖𝐿1(𝐿𝑝(𝐵𝑅′ (0)), ‖𝑏‖∞, ‖𝑏̃‖∞ and 𝑝, and it can be easily
seen that 𝐶𝑡 → 0 as 𝑡→ 0. This means that, for every 𝑡 ∈ [0, 𝑇 ]:

∫𝐵𝑟(0)
log

(

1 +
|𝑋(𝑡, 𝑥) − 𝑋̃(𝑡, 𝑥)|

𝛿

)𝑝

𝑑𝑥 ≤ 𝐶𝑝𝑡 . (4.2.6)

By Chebyshev’s inequality, for every 𝜂 > 0 there exists a set 𝐾 such that |𝐵𝑟 ⧵𝐾| ≤ 𝜂 and

log
(

|𝑋(𝑡, 𝑥) − 𝑋̃(𝑡, 𝑥)|
𝛿

+ 1
)𝑝

≤
𝐶𝑝𝑡
𝜂

on 𝐾.
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Then, on 𝐾 :

|𝑋(𝑡, 𝑥) − 𝑋̃(𝑡, 𝑥)|𝑝 ≤ 𝛿𝑝 exp
(

𝐶𝑡𝑝
𝜂1∕𝑝

)

.

Integrating over 𝐵𝑟:

∫𝐵𝑟(0)
|𝑋(𝑡, 𝑥) − 𝑋̃(𝑡, 𝑥)|𝑝𝑑𝑥 ≤ 𝜂(‖𝑋‖∞ + ‖𝑋̃‖∞)𝑝 + 𝜔𝑑𝑟𝑑𝛿𝑝 exp

(

𝐶𝑡𝑝
𝜂1∕𝑝

)

, (4.2.7)

with 𝜔𝑑 ∶= |𝐵1(0)|. Choosing 𝜂 = 2𝑝𝐶𝑝𝑡 | log 𝛿|
−𝑝 we get

exp
(

𝐶𝑡𝑝
𝜂1∕𝑝

)

= exp
(

𝑝
2| log(𝛿)|−1

)

= exp
(

−
𝑝
2
log(𝛿)

)

= exp(log(𝛿−𝑝∕2)) = 𝛿−𝑝∕2,

so (4.2.7) reads as:

∫𝐵𝑟(0)
|𝑋(𝑡, 𝑥) − 𝑋̃(𝑡, 𝑥)|𝑝𝑑𝑥 ≤ 2𝑝𝐶𝑝𝑡 (‖𝑋‖∞ + ‖𝑋̃‖∞)𝑝| log 𝛿|−𝑝 + 𝜔𝑑𝑟𝑑𝛿𝑝∕2. (4.2.8)

Taking the p-th root, and assuming that 𝛿 =
√

‖𝑏 − 𝑏̃‖𝐿1(0,𝑡;𝐿𝑝(𝐵𝑅(0))) is small enough so that | log(𝛿)|−1 ≫
√

𝛿, we conclude.

Remark 4.2.2. The choice of 𝛿
In Proposition 4.2.2 we assumed 𝛿 ∶=

√

‖𝑏 − 𝑏̃‖𝐿1(0,𝑡;𝐿𝑝(𝐵𝑅(0))) in order to bound 𝑔(𝑡) with a constant
𝐶𝑡 → 0 as 𝑡 → 0. If instead we had chosen 𝛿 = ‖𝑏 − 𝑏̃‖𝐿1(0,𝑡;𝐿𝑝(𝐵𝑅(0))) the proof would have still worked,
with 𝑔(𝑡) ≤ 𝐶 . In particular, it holds:

|

|

|

|

|

|

|

|

|

|

|

|

log

(

1 +
|𝑋(𝑡, ⋅) − 𝑋̃(𝑡, ⋅)|

‖𝑏 − 𝑏̃‖𝐿1(0,𝑡;𝐿𝑝(𝐵𝑅(0)))

)

|

|

|

|

|

|

|

|

|

|

|

|𝐿𝑝(𝕋 𝑑 )

≤ 𝐶.

As we anticipated in Remark 2.1.5, we are now ready to prove the following.

Proposition 4.2.3. Stability of solutions of (TE), revised
Let {𝑏𝑛}𝑛∈ℕ be a sequence of smooth bounded vector fields such that

𝑏𝑛 → 𝑏 in [𝐿1((0, 𝑇 ) × 𝕋 𝑑)]𝑑 with 𝑏 ∈ [𝐿1(0, 𝑇 ;𝑊 1,𝑝 ∩ 𝐿∞(𝕋 𝑑))]𝑑

and

div𝑥(𝑏𝑛) ⇀ div𝑥(𝑏) in 𝐿1(0, 𝑇 ;𝐿∞(𝕋 𝑑),

with 𝑝 > 1. Let {𝜌𝑛0}𝑛∈ℕ be equibounded functions converging in 𝐿1(𝕋 𝑑) to 𝜌0. Then the solutions 𝜌𝑛 of
(TE) with vector field 𝑏𝑛 and initial datum 𝜌𝑛0 converge strongly in 𝐿1((0, 𝑇 ) × 𝕋 𝑑) to the solution 𝜌 of (TE)
with vector field 𝑏 and initial datum 𝜌0.

Proof. We claim that the thesis follows if we prove that 𝜌𝑛 is a Cauchy sequence in 𝐿∞(0, 𝑇 ;𝐿1(𝕋 𝑑)).
Indeed, the limit function 𝜌would be the (unique) solution of (TE) since we could pass to the limit in (2.1.2).
That is, for every 𝜑 ∈ 𝐶∞

𝑐 (𝐼 × 𝕋 𝑑), if we passed to the limit for 𝑛→ +∞ in

∫

𝑇

0 ∫𝕋 𝑑
𝜌𝑛(𝜕𝑡𝜑 + div𝑥(𝑏𝑛)𝜑 + 𝑏𝑛 ⋅ ∇𝑥𝜑)𝑑𝑥𝑑𝑡 + ∫𝕋 𝑑

𝜑(0, 𝑥)𝜌𝑛0(𝑥)𝑑𝑥 = 0

we would have that 𝜌 solves

∫

𝑇

0 ∫𝕋 𝑑
𝜌(𝜕𝑡𝜑 + div𝑥(𝑏)𝜑 + 𝑏 ⋅ ∇𝑥𝜑)𝑑𝑥𝑑𝑡 + ∫𝕋 𝑑

𝜑(0, 𝑥)𝜌0(𝑥)𝑑𝑥 = 0.
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Notice that we could pass to the limit precisely because we have assumed that 𝜌𝑛 is a Cauchy sequence
with respect to the strong topology in 𝐿∞(0, 𝑇 ;𝐿1(𝕋 𝑑)). We thus need to prove that for every 𝜀 > 0 there
exists𝑁 such that

sup
𝑡∈[0,𝑇 ]

‖𝜌𝑛(𝑡, ⋅) − 𝜌𝑚(𝑡, ⋅)‖𝐿1(𝕋 𝑑 ) ≤ 𝜀 ∀𝑛, 𝑚 ≥ 𝑁.

Using the representation formula (1.2.3), we have that

𝜌𝑛(𝑡, ⋅) = 𝜌0(𝑋−1
𝑛 (𝑡, ⋅)),

with𝑋−1
𝑛 (𝑡, ⋅) the inverse at time 𝑡 of the (classical) flow𝑋𝑛(𝑡, ⋅) of 𝑏𝑛. Since weak convergent sequences

are bounded, there is a constant 𝐶 > 0 such that ‖ div𝑥(𝑏)‖𝐿1(0,𝑇 ;𝐿∞(𝕋 𝑑 )) ≤ 𝐶 for every 𝑛, i.e. the com-
pressibility of the flows 𝑋𝑛 (and of their inverses 𝑋−1

𝑛 ) is uniformly bounded 5 by 𝐶 . We now consider a
Lipschitz function 𝜌𝐿0 such that

‖𝜌𝐿0 − 𝜌0‖𝐿1(𝕋 𝑑 ) <
𝜀
4𝐶

.

Then, for every 𝑡 ∈ [0, 𝑇 ] and for every 𝑛, 𝑚:

‖𝜌𝑛(𝑡, ⋅) − 𝜌𝑚(𝑡, ⋅)‖𝐿1(𝕋 𝑑 ) ≤ ‖𝜌𝑛0(𝑋
−1
𝑛 (𝑡, ⋅)) − 𝜌𝐿0 (𝑋

−1
𝑛 (𝑡, ⋅))‖𝐿1(𝕋 𝑑 )

+ ‖𝜌𝐿0 (𝑋
−1
𝑛 (𝑡, ⋅)) − 𝜌𝐿0 (𝑋

−1
𝑚 (𝑡, ⋅))‖𝐿1(𝕋 𝑑 ) + ‖𝜌𝐿0 (𝑋

−1
𝑚 (𝑡, ⋅)) − 𝜌𝑚0 (𝑋

−1
𝑚 (𝑡, ⋅))‖𝐿1(𝕋 𝑑 )

≤ 𝐶‖𝜌𝑛0 − 𝜌
𝐿
0 ‖𝐿1(𝕋 𝑑 ) + ‖𝜌𝐿0 (𝑋

−1
𝑛 (𝑡, ⋅)) − 𝜌𝐿0 (𝑋

−1
𝑚 (𝑡, ⋅))‖𝐿1(𝕋 𝑑 ) + 𝐶‖𝜌𝑚0 − 𝜌𝐿0 ‖𝐿1(𝕋 𝑑 ),

where in the first and third addenda we changed variables and used the compressibility bound. Since 𝜌𝐿0 is
Lipschitz, we have:

‖𝜌𝐿0 (𝑋
−1
𝑛 (𝑡, ⋅))−𝜌𝐿0 (𝑋

−1
𝑚 (𝑡, ⋅))‖𝐿1(𝕋 𝑑 ) ≤ 𝐿‖𝑋−1

𝑛 (𝑡, ⋅)−𝑋−1
𝑚 (𝑡, ⋅)‖𝐿1(𝕋 𝑑 ) ≲ 𝐿| log(‖𝑏𝑛− 𝑏𝑚‖𝐿1((0,𝑇 )×𝕋 𝑑 ))|

−1

by Proposition 4.2.2. It is now trivial to conclude, we just need to choose 𝑛, 𝑚 large enough.

Remark 4.2.3.
The assumption 𝑝 > 1 is not really necessary and we assumed it for simplicity, so that we could use the
quantitative estimate on regular Lagrangian flows of Proposition 4.2.2. In fact, a slight generalisation of the
stability result of Theorem 2.2.2 gives (qualitative) stability also if 𝑝 = 1.

4.3 Quantitative estimates for solutions of the continuity equation

We now turn our attention to the PDE counterpart. Namely, we want to give an estimate of how much
different two solutions of (CE) are if they have different initial data and they are advected by different
vector fields. Just like the Lagrangian estimates in the previous section, the following result will be a sort
of blueprint for the estimates in the next chapters, so we will give a proof. For technical reasons 6, and in
order to give a result more similar to the one in [144], we consider the dual norm ‖ ⋅ ‖𝑊 −1,1(𝕋 𝑑 ). We also
give a less sharp result than [144], where a non-homogeneous continuity equation is considered, but with
a proof which is more similar to what we shall use next and which is much simpler. Before proving the
stability result let us recall the definition of dual norm of𝑊 −1,1(𝕋 𝑑).

Definition 4.3.1. Dual norm of𝑊 −1,1(𝕋 𝑑)
Let  be a continuous linear functional on𝑊 1,∞(𝕋 𝑑). The dual norm of  is denoted as ‖‖𝑊 −1,1(𝕋 𝑑 ) and
it is defined as

5Notice that the compressiblity of the inverse of a regular Lagrangian flow is controlled by the𝐿1
𝑡𝐿

∞
𝑥 norm of the positive part

of the divergence.
6For a general stability estimate which also accounts for initial data of different mass (i.e. different 𝐿1 norm in the case of

positive functions) we cannot use the Wasserstein distance (see Definition 5.3.1) as we will do in the next chapters.
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‖‖𝑊 −1,1(𝕋 𝑑 ) = sup{(𝑓 ) such that ‖𝑓‖𝑊 1,∞(𝕋 𝑑 ) ≤ 1}.

As customary we implicitly assume that each function 𝑔 ∈ 𝐿1(𝕋 𝑑) acts as an operator on 𝑊 1,∞(𝕋 𝑑) by
integration, namely

‖𝑔‖𝑊 −1,1(𝕋 𝑑 ) = sup
{

∫𝕋 𝑑
𝑓 (𝑥)𝑔(𝑥)𝑑𝑥 such that ‖𝑓‖𝑊 1,∞(𝕋 𝑑 ) ≤ 1

}

.

We have the following stability estimate:

Theorem 4.3.1. Stability estimate for solutions of (CE) (weak), [144]
Let 𝑢1, 𝑢2 be the solutions of (CE) with initial data 𝑢10, 𝑢

2
0 ∈ 𝐿𝑞(𝕋 𝑑) with 𝑞 ≥ 1 and vector fields 𝑏1, 𝑏2 ∈

[𝐿1(0, 𝑇 ;𝑊 1,𝑝(𝕋 𝑑))∩𝐿∞((0, 𝑇 )×𝕋 𝑑))]𝑑 such that div𝑥(𝑏1)−, div𝑥(𝑏2)− ∈ 𝐿1(0, 𝑇 ;𝐿∞(𝕋 𝑑)), with 𝑝 > 1
and 1∕𝑝 + 1∕𝑞 ≤ 1. Then it holds:

‖𝑢1(𝑡, ⋅)−𝑢2(𝑡, ⋅)‖𝑊 −1,1(𝕋 𝑑 ) ≤ ‖𝑢10−𝑢
2
0‖𝐿1(𝕋 𝑑 )+𝐶𝑡min{‖𝑢10‖𝐿𝑞(𝕋 𝑑 ), ‖𝑢

2
0‖𝐿𝑞(𝕋 𝑑 )}| log(‖𝑏1−𝑏2‖𝐿1(0,𝑇 ;𝐿𝑝(𝕋 𝑑 )))|−1,

with 𝐶𝑡 the constant of Proposition 4.2.2.

Remark 4.3.1.
The same result applies if 𝑢10, 𝑢

2
0 ∈ 𝐿1(𝕋 𝑑), but in that case 𝑢1, 𝑢2 must be assumed to be the Lagrangian

solutions of (CE) (since in general there is no uniqueness of weak solutions outside of the DiPerna-Lions
range).

Proof. By the assumptions on 𝑏1, 𝑢10, 𝑏2, 𝑢
2
0, the solutions 𝑢1, 𝑢2 are unique, belong to 𝐿∞

𝑡 𝐿
𝑞
𝑥 and since the

regular Lagrangian flows of 𝑏1, 𝑏2 exist and are unique by the assumptions on the vector fields, the solutions
are Lagrangian. That is, they can be represented as the push-forward via the (unique) regular Lagrangian
flow of the vector field of the initial datum. So, denoting with 𝑋1 and 𝑋2 the regular Lagrangian flows of
𝑏1 and 𝑏2 respectively, we have:

𝑢1(𝑡, ⋅) = 𝑋1(𝑡, ⋅)#𝑢10 and 𝑢2(𝑡, ⋅) = 𝑋2(𝑡, ⋅)#𝑢20 for every 𝑡 ∈ [0, 𝑇 ).

By the triangle inequality, for every 𝑡 it holds:

‖𝑢1(𝑡, ⋅) − 𝑢2(𝑡, ⋅)‖𝑊 −1,1(𝕋 𝑑 ) = ‖𝑋1(𝑡, ⋅)#𝑢10 −𝑋2(𝑡, ⋅)#𝑢20‖𝑊 −1,1(𝕋 𝑑 )

≤ ‖𝑋1(𝑡, ⋅)#𝑢10 −𝑋1(𝑡, ⋅)#𝑢20‖𝑊 −1,1(𝕋 𝑑 ) + ‖𝑋1(𝑡, ⋅)#𝑢20 −𝑋2(𝑡, ⋅)#𝑢20‖𝑊 −1,1(𝕋 𝑑 ).

By the push-forward formula, for the first addendum we have:

‖𝑋1(𝑡, ⋅)#𝑢10 −𝑋1(𝑡, ⋅)#𝑢20‖𝑊 −1,1(𝕋 𝑑 ) = sup
‖𝑓‖𝑊 1,∞≤1∫𝕋 𝑑

𝑓 (𝑥)𝑑𝑋1(𝑡, ⋅)#(𝑢10 − 𝑢
2
0)

= sup
‖𝑓‖𝑊 1,∞≤1∫𝕋 𝑑

𝑓 (𝑋1(𝑡, ⋅))(𝑢10(𝑥) − 𝑢
2
0(𝑥))𝑑𝑥 ≤ ‖𝑢10 − 𝑢

2
0‖𝐿1(𝕋 𝑑 ).

For the second addendum:

‖𝑋1(𝑡, ⋅)#𝑢20 −𝑋2(𝑡, ⋅)#𝑢20‖𝑊 −1,1(𝕋 𝑑 ) = sup
‖𝑓‖𝑊 1,∞≤1∫𝕋 𝑑

𝑓 (𝑥)𝑑𝑋1(𝑡, ⋅)#𝑢20 − ∫𝕋 𝑑
𝑓 (𝑥)𝑑𝑋2(𝑡, ⋅)#𝑢20

= sup
‖𝑓‖𝑊 1,∞≤1∫𝕋 𝑑

[𝑓 (𝑋1(𝑡, 𝑥)) − 𝑓 (𝑋2(𝑡, 𝑥))]𝑢20(𝑥)𝑑𝑥 ≤ ∫𝕋 𝑑
|𝑋1(𝑡, 𝑥)) −𝑋2(𝑡, 𝑥)| |𝑢20(𝑥)|𝑑𝑥

≤ ‖𝑢20‖𝐿𝑞(𝕋 𝑑 )‖𝑋1(𝑡, ⋅) −𝑋2(𝑡, ⋅)‖𝐿𝑝(𝕋 𝑑 ).

We just need to apply Proposition 4.2.2 and notice that the argument is symmetric in 𝑢10, 𝑢
2
0 to have the

thesis.
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We now give a result which currently is not present in the literature, but which is easily obtained by the same
techniques we already saw: a quantitative estimate for the strong 𝐿𝑝 norm of solutions of (CE). Although
the proof follows essentially by proving a result very similar to Proposition 4.2.2 (using the techniques of
[58]) and we require additional regularity on div𝑥(𝑏), we believe that such a result might still be of interest
since:

1. The only quantitative estimates in the literature are obtained with respect to very weak topologies
(e.g. 𝑊 −1,1 or Wasserstein distance);

2. Incompressible vector fields satisfy the assumptions.

For the sake of simplicity we only consider bounded solutions of (CE) and we provide a 𝐿1 estimate, but
𝐿𝑝 generalisations are possible. The key estimate we shall need is the following 7:

Proposition 4.3.1. 𝐿1 stability estimate for 𝐝𝐞𝐭(∇𝐱𝐗(𝐭, 𝐱))
Let 𝑏 and 𝑏̃ be bounded vector fields belonging to [𝐿1(0, 𝑇 ;𝑊 1,𝑝(𝕋 𝑑))]𝑑 for some 𝑝 > 1. Let 𝑋 and 𝑋̃
be regular Lagrangian flows of 𝑏 and 𝑏̃ with compressibility 𝐿, 𝐿̃ respectively and assume that div𝑥(𝑏̃) ∈
𝐿1(0, 𝑇 ;𝐿∞ ∩𝑊 1,𝑞(𝕋 𝑑)) for some 𝑞 > 1 such that 1∕𝑝 + 1∕𝑞 ≤ 1. Let 𝐽 (𝑡, 𝑥) ∶= det(∇𝑥𝑋(𝑡, 𝑥)) and
𝐽 (𝑡, 𝑥) ∶= det(∇𝑥𝑋̃(𝑡, 𝑥)). Then:

sup
𝑡∈[0,𝑇 ]

‖𝐽 (𝑡, ⋅) − 𝐽 (𝑡, ⋅)‖𝐿1(𝕋 𝑑 ) ≤
𝐶

|

|

|

log
[

| log(‖𝑏 − 𝑏̃‖𝐿1(0,𝑇 ;𝐿𝑝(𝕋 𝑑 )))|−1 + ‖ div𝑥(𝑏) − div𝑥(𝑏̃)‖𝐿1((0,𝑇 )×𝕋 𝑑 )
]

|

|

|

,

where the constant𝐶 depends on the quantities the constant in Proposition 4.2.2 depends on and additionally
on ‖𝐽‖∞, ‖𝐽‖∞, ‖ div𝑥(𝑏̃)‖𝐿1((0,𝑇 )×𝕋 𝑑 ) and ‖𝐷𝑥 div𝑥(𝑏̃)‖𝐿𝑞((0,𝑇 )×𝕋 𝑑 ).

Proof. Let 𝛿 ∶= sup𝑡∈[0,𝑇 ] ‖𝑋 − 𝑋̃‖𝐿𝑝(𝕋 𝑑 ) + ‖ div𝑥(𝑏) − div𝑥(𝑏̃)‖𝐿1((0,𝑇 )×𝕋 𝑑 ) and consider the function

𝑔(𝑡) ∶= ∫𝕋 𝑑
log

(

1 +
|𝐽 (𝑡, 𝑥) − 𝐽 (𝑡, 𝑥)|

𝛿

)

𝑑𝑥.

We know that

𝐽 (𝑡, 𝑥) = exp
(

∫

𝑡

0
div𝑥(𝑏)(𝑠,𝑋(𝑠, 𝑥))𝑑𝑠

)

and 𝐽 (𝑡, 𝑥) = exp
(

∫

𝑡

0
div𝑥(𝑏̃)(𝑠, 𝑋̃(𝑠, 𝑥))𝑑𝑠

)

,

so

𝑔′(𝑡) ≤ ∫𝐵𝑟

|𝐽 (𝑡, 𝑥) div𝑥(𝑏)(𝑡, 𝑋(𝑡, 𝑥)) − 𝐽 (𝑡, 𝑥) div𝑥(𝑏̃)(𝑡, 𝑋̃(𝑡, 𝑥))|
𝛿 + |𝐽 (𝑡, 𝑥) − 𝐽 (𝑡, 𝑥)|

𝑑𝑥

≤ ∫𝕋 𝑑

|𝐽 (𝑡, 𝑥)| | div𝑥(𝑏) − div𝑥(𝑏̃)|◦(𝑡, 𝑋(𝑡, 𝑥))
𝛿 + |𝐽 (𝑡, 𝑥) − 𝐽 (𝑡, 𝑥)|

𝑑𝑥 + ∫𝕋 𝑑

|𝐽 (𝑡, 𝑥) − 𝐽 (𝑡, 𝑥)| | div𝑥(𝑏̃)(𝑡, 𝑋(𝑡, 𝑥))|
𝛿 + |𝐽 (𝑡, 𝑥) − 𝐽 (𝑡, 𝑥)|

𝑑𝑥

+ ∫𝕋 𝑑

|𝐽 (𝑡, 𝑥)| | div𝑥(𝑏̃)(𝑡, 𝑋(𝑡, 𝑥)) − div𝑥(𝑏̃)(𝑡, 𝑋̃(𝑡, 𝑥))|
𝛿 + |𝐽 (𝑡, 𝑥) − 𝐽 (𝑡, 𝑥)|

𝑑𝑥.

The three integrals are bounded. For the first, we use that 𝐽 (𝑡, 𝑥) is uniformly bounded thanks to the
condition on div𝑥(𝑏), then changing variables (recall that the compressibility is bounded):

∫𝕋 𝑑

|𝐽 (𝑡, 𝑥)| | div𝑥(𝑏) − div𝑥(𝑏̃)|◦(𝑡, 𝑋(𝑡, 𝑥))
𝛿 + |𝐽 (𝑡, 𝑥) − 𝐽 (𝑡, 𝑥)|

𝑑𝑥 ≲ ‖𝐽‖∞
‖ div𝑥(𝑏)(𝑡, ⋅) − div𝑥(𝑏̃)(𝑡, ⋅)‖𝐿1(𝕋 𝑑 )

𝛿
.

The second integral is easier: just use that |𝐽 − 𝐽 |∕(𝛿 + |𝐽 − 𝐽 |) < 1 and change variables to get

∫𝕋 𝑑

|𝐽 (𝑡, 𝑥) − 𝐽 (𝑡, 𝑥)| | div𝑥(𝑏̃)(𝑡, 𝑋(𝑡, 𝑥))|
𝛿 + |𝐽 (𝑡, 𝑥) − 𝐽 (𝑡, 𝑥)|

𝑑𝑥 ≲ ‖ div𝑥(𝑏̃)(𝑡, ⋅)‖𝐿1(𝕋 𝑑 ).

7We give a uniform (in time) 𝐿1 estimate in the spirit of [58]. It is clear that with due modifications, like in Proposition 4.2.2,
we can localise the estimate in balls, get a 𝐿𝑝 estimate and a time dependent constant 𝐶𝑡 on the right-hand side.
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For the third one, let us denote 𝑓 (𝑡, 𝑥) = div𝑥(𝑏̃)(𝑡, 𝑥). We can use Lemma 4.1.2 and Lemma 4.1.1 to have:

∫𝕋 𝑑

|𝐽 (𝑡, 𝑥)| | div𝑥(𝑏̃)(𝑡, 𝑋(𝑡, 𝑥)) − div𝑥(𝑏̃)(𝑡, 𝑋̃(𝑡, 𝑥))|
𝛿 + |𝐽 (𝑡, 𝑥) − 𝐽 (𝑡, 𝑥)|

𝑑𝑥

≲
‖𝐽‖∞
𝛿 ∫𝕋 𝑑

|𝑋(𝑡, 𝑥) − 𝑋̃(𝑡, 𝑥)|[𝑀𝐷𝑥𝑓 (𝑡, 𝑋(𝑡, 𝑥)) +𝑀𝐷𝑥𝑓 (𝑡, 𝑋̃(𝑡, 𝑥))]𝑑𝑥

≲
‖𝐽‖∞
𝛿

‖𝑋(𝑡, ⋅) − 𝑋̃(𝑡, ⋅)‖𝐿𝑝(𝕋 𝑑 )‖𝐷𝑥 div𝑥(𝑏̃)(𝑡, ⋅)‖𝐿𝑞(𝕋 𝑑 ) ≤ ‖𝐽‖∞‖𝐷𝑥 div𝑥(𝑏̃)(𝑡, ⋅)‖𝐿𝑞(𝕋 𝑑 ).

Integrating in time we find that 𝑔(𝑡) ≤ 𝐶 for some 𝐶 . Following the proof of Proposition 4.2.2 and using
its thesis, we then find

sup
𝑡∈[0,𝑇 ]

‖𝐽 (𝑡, ⋅) − 𝐽 (𝑡, ⋅)‖𝐿1(𝕋 𝑑 ) ≲ 𝐶| log(𝛿)|−1

≈ 𝐶
| log

[

| log(‖𝑏 − 𝑏̃‖𝐿1(0,𝑇 ;𝐿𝑝(𝕋 𝑑 )))|−1 + ‖ div𝑥(𝑏) − div𝑥(𝑏̃)‖𝐿1([0,𝑇 ]×𝕋 𝑑 )
]

|

.

We can now state the stability result:

Proposition 4.3.2. Stability estimate for solutions of (CE) (strong)
Let 𝑢1, 𝑢2 be the solutions of (CE) with a bounded Lipschitz initial datum 𝑢0 and vector fields 𝑏1, 𝑏2 ∈
[𝐿1(0, 𝑇 ;𝑊 1,𝑝(𝕋 𝑑)) ∩𝐿∞((0, 𝑇 ) × 𝕋 𝑑))]𝑑 such that div𝑥(𝑏1) ∈ 𝐿1(0, 𝑇 ;𝐿∞ ∩𝑊 1,𝑞(𝕋 𝑑)) and div𝑥(𝑏2) ∈
𝐿1(0, 𝑇 ;𝐿∞(𝕋 𝑑)) with 𝑝 > 1 and 1∕𝑝 + 1∕𝑞 ≤ 1. Then it holds:

sup
0≤𝑡<𝑇

‖𝑢1(𝑡, ⋅) − 𝑢2(𝑡, ⋅)‖𝐿1(𝕋 𝑑 )

≲ log(‖𝑏1 − 𝑏2‖𝐿1(0,𝑇 ;𝐿𝑝(𝕋 𝑑 )))−1 +
1

| log
[

| log(‖𝑏 − 𝑏̃‖𝐿1(0,𝑇 ;𝐿𝑝(𝕋 𝑑 )))|−1 + ‖ div𝑥(𝑏) − div𝑥(𝑏̃)‖𝐿1([0,𝑇 ]×𝕋 𝑑 )
]

|

.

Proof. Using the push forward formula and the Lagrangian representation of 𝑢1, 𝑢2 we have:

𝑢1(𝑡, ⋅) =
𝑢0

det(∇𝑥𝑋1(𝑡, ⋅))
◦(𝑋−1

1 (𝑡, ⋅)) and 𝑢2(𝑡, ⋅) =
𝑢0

det(∇𝑥𝑋2(𝑡, ⋅))
◦(𝑋−1

2 (𝑡, ⋅)).

We also denote:

𝐽1(𝑡, 𝑥) ∶= det(∇𝑥𝑋1(𝑡, 𝑥)) and 𝐽2(𝑡, 𝑥) = det(∇𝑥𝑋2(𝑡, 𝑥)).

We have:

|𝑢1(𝑡, 𝑥) − 𝑢2(𝑡, 𝑥)| =
|

|

|

|

|

𝑢0(𝑋−1
1 (𝑡, 𝑥))𝐽2(𝑡, 𝑋−1

2 (𝑡, 𝑥)) − 𝑢0(𝑋−1
2 (𝑡, 𝑥))𝐽1(𝑡, 𝑋−1

1 (𝑡, 𝑥))

𝐽1(𝑡, 𝑋−1
1 (𝑡, 𝑥))𝐽2(𝑡, 𝑋−1

2 (𝑡, 𝑥))

|

|

|

|

|

≤
|

|

|

|

|

𝑢0(𝑋−1
1 (𝑡, 𝑥)) − 𝑢0(𝑋−1

2 (𝑡, 𝑥))

𝐽1(𝑡, 𝑋−1
1 (𝑡, 𝑥)))

|

|

|

|

|

+ ‖𝑢0‖∞
|

|

|

|

|

𝐽2(𝑡, 𝑋−1
2 (𝑡, 𝑥)) − 𝐽1(𝑡, 𝑋−1

2 (𝑡, 𝑥))

𝐽1(𝑡, 𝑋−1
1 (𝑡, 𝑥))𝐽2(𝑡, 𝑋−1

2 (𝑡, 𝑥))

|

|

|

|

|

+ ‖𝑢0‖∞
|

|

|

|

|

𝐽1(𝑡, 𝑋−1
1 (𝑡, 𝑥)) − 𝐽1(𝑡, 𝑋−1

2 (𝑡, 𝑥))

𝐽1(𝑡, 𝑋−1
1 (𝑡, 𝑥))𝐽2(𝑡, 𝑋−1

2 (𝑡, 𝑥))

|

|

|

|

|

.

Wenowuse that the determinants are bounded frombelow thanks to the assumptions on div𝑥(𝑏1), div𝑥(𝑏2),
and that the inverses of the regular Lagrangian flows satisfy the same stability inequalities (namely Propo-
sition 4.2.2 and Proposition 4.3.1) and compressibility estimates since they can be considered as backward
flows (see Definition 1.1.2). By the convexity of the exponential and since (𝑒𝑥)′ = 𝑒𝑥 we have that
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|𝑒𝑥 − 𝑒𝑦| ≤ max{𝑒𝑥, 𝑒𝑦}|𝑥 − 𝑦|,

so using the notation 𝑓 (𝑡, 𝑥) =𝑀𝐷𝑥 div𝑥(𝑏1)(𝑡, 𝑥) we have by Lemma 4.1.2:

|𝐽1(𝑡, 𝑋−1
1 (𝑡, 𝑥)) − 𝐽1(𝑡, 𝑋−1

2 (𝑡, 𝑥))| ≤ ‖𝐽1‖∞ ∫

𝑡

0
| div𝑥(𝑏1)(𝑠,𝑋−1

1 (𝑡 − 𝑠, 𝑥)) − div𝑥(𝑏1)(𝑠,𝑋−1
2 (𝑡 − 𝑠, 𝑥))|𝑑𝑠

≤ ‖𝐽1‖∞

(

∫

𝑡

0
|𝑓 (𝑠,𝑋−1

1 (𝑡 − 𝑠, 𝑥)) + 𝑓 (𝑠,𝑋−1
2 (𝑡 − 𝑠, 𝑥))| |𝑋−1

1 (𝑡 − 𝑠, 𝑥) −𝑋−1
2 (𝑡 − 𝑠, 𝑥)|𝑑𝑠

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
∶=𝜂(𝑡,𝑥)

= ‖𝐽1‖∞𝜂(𝑡, 𝑥).

Thus:

|𝑢1(𝑡, 𝑥) − 𝑢2(𝑡, 𝑥)| ≲ ‖𝐽−1
1 ‖∞|𝑋−1

1 (𝑡, 𝑥) −𝑋−1
2 (𝑡, 𝑥)| + ‖𝑢0‖∞‖(𝐽1𝐽2)−1‖∞|𝐽2(𝑡, 𝑋−1

2 (𝑡, 𝑥)) − 𝐽1(𝑡, 𝑋−1
2 (𝑡, 𝑥)|

+ ‖𝑢0‖∞‖𝐽1‖∞‖(𝐽1𝐽2)−1‖∞𝜂(𝑡, 𝑥),

with 𝐶 depending on the same quantities of the constants in Proposition 4.2.2 and Proposition 4.3.1, and
moreover depending also on ‖𝑢0‖𝐿∞ and ‖(𝐽1𝐽2)−1‖∞. Integrating over 𝕋 𝑑 and using the bounded com-
pressibility of the backward flow and Hölder’s inequality for estimating ∫𝕋 𝑑 𝜂(𝑡, 𝑥)𝑑𝑥:

sup
𝑡∈[0,𝑇 ]

‖𝑢1(𝑡, ⋅) − 𝑢2(𝑡, ⋅)‖𝐿1(𝕋 𝑑 ) ≲ sup
𝑡∈[0,𝑇 ]

‖𝑋−1
1 (𝑡, ⋅) −𝑋−1

2 (𝑡, ⋅)‖𝐿1(𝕋 𝑑 ) + sup
𝑡∈[0,𝑇 ]

‖𝐽1(𝑡, ⋅) − 𝐽2(𝑡, ⋅)‖𝐿1(𝕋 𝑑 ).

We conclude by Proposition 4.2.2 and Proposition 4.3.1.

Remark 4.3.2.
It is not difficult to see that we may obtain an equivalent result for a non-Lipschitz unbounded initial datum
and for different initial data 𝑢10, 𝑢

2
0. In the former case, we would have an additional term ‖𝑢0 − 𝑢𝐿0 ‖𝐿1(𝕋 𝑑 )

where 𝑢𝐿0 is a bounded Lipschitz function approximating 𝑢0. In the latter, we would have an additional error
term ‖𝑢10 − 𝑢

2
0‖𝐿1(𝕋 𝑑 ).



Chapter 5

Numerical approximation of regular
Lagrangian flows

In this chapter we address the problem of approximating both the regular Lagrangian flow and the solution
of the continuity equation with respect to a non-regular vector field 𝑏. In order to make this chapter more
self-contained we recall here the continuity equation: the initial value problem we consider is

{

𝜕𝑡𝑢 + div𝑥(𝑏𝑢) = 0 in (0, 𝑇 ) × 𝕋 𝑑

𝑢(0, ⋅) = 𝑢0 in 𝕋 𝑑
. (PDE)

In recent years the topic of approximating the solution of (PDE) in presence of non-Lipschitz velocity fields
with numerical methods has started to be investigated. To the best of our knowledge, the first works in this
direction have been [159] and [31], where using a discontinuous Galerkinmethod and a finite volume scheme
respectively they prove strong convergence of approximate solutions, although without quantitative rates.
It is worth mentioning that in [31] a rate of 1∕2, based on numerical simulations, is conjectured, which
matches the rate for smoother vector fields 1. The rate was proved to be optimal, although only for Lipschitz
velocity fields, in [123, 124]. The first quantitative estimate of the error in presence of a vector field with
Sobolev regularity (although only in a weak sense, i.e. in logarithmic Wasserstein distance, introduced in
this context in [144]) was obtained in [142], where an explicit finite volume upwind scheme is considered,
which requires (for technical reasons) the use of a Cartesian mesh 2 to discretise the spatial domain.
Such results have been extended to more general meshes [143] by using an implicit method, and recently
they have been adapted to include diffusion [128, 129]. Recent developments concerning the numerical
approximation of (PDE) have also been obtained in [19, 96]. In particular, in [19] the strong convergence
(i.e. convergence in the 𝐿𝑝 norm) of approximate solutions to non-linear continuity equations of the form

𝜕𝑡𝑢 + div𝑥(𝑢𝑓 (𝑢)) = 0

is proved for various approximation schemes. For instance, strong convergence of the Lax–Friedrichs
scheme [108, 113, 114] and of the upwind scheme is established. The argument relies on bounding the semi-
norms of the approximate solutions on a precise logarithmic Sobolev space [18] which embeds compactly
in 𝐿𝑝. We refer the interested reader to [19, Theorem 8] pointing out that, while not explicitly derived,
the results obtained in [19] allow to get a quantitative rate of convergence (see [19, Corollary 11] and the
discussion after that). However, as in [142], the main restriction is that the estimates are only valid in
a Cartesian mesh. The issue has been partially solved in [96], where the authors obtain similar results
for the continuity equation on non-Cartesian meshes with some additional hypotheses (they require some
periodicity condition). Moreover, in [96] the authors manage to treat a system of equations where the
density 𝑢 solving (PDE) and the velocity field 𝑏 are coupled in a non linear way [96, Theorem 1.7]. We stress
that, since the continuity equation is often part of many different physical models, studying the coupling of
(PDE) with other equations is crucial in many different problems from physics to biology. A non-exhaustive
list comprehends [81, 82] for compressible Navier-Stokes, [16, 74, 80] for compressible Stokes, [153] for
swarming and [42] for chemotaxis, see also [96] and the references therein.

1The method is actually of first order, but the rate of convergence falls to 1/2 if the initial datum is not regular [104, 67].
2I.e. a mesh whose elements are isometric axis-parallel rectangular boxes.
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To the best of our knowledge, so far every approximation scheme has employed an Eulerian point of view
of (PDE). We will instead use a Lagrangian one, managing to prove quantitative estimates, although only in
a weak topology, for non-Cartesian meshes without any regularity assumptions on the mesh, requiring only
a bound on the diameter of the cells. This seems to be the first explicit method which gives quantitative
estimates on a non-Cartesian mesh (we recall that in [143] they used an implicit scheme).

Another significant advantage of our method is the lack of a CFL condition that must be satisfied in order
to have stability. As we shall see in the proofs, the errors will be controlled either by the sum of terms which
depend on the time step Δ𝑡 and on the mesh size Δ𝑥 separately, or by terms depending on max{Δ𝑡,Δ𝑥}.
This seems to be a clear advantage of the Lagrangian point of view, since in the previously cited works,
which studied the problem from an Eulerian perspective, a CFL condition was always needed (see Remark
5.4.2). Finally, we note that a parallelisation of our method is straightforward.

5.1 Setting and main assumptions

We will work with functions satisfying the following main assumptions:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑢0 ∈ 𝐿𝑞(𝕋 𝑑)
𝑏 ∈ [𝐿1(0, 𝑇 ;𝑊 1,𝑝(𝕋 𝑑)) ∩ 𝐿∞((0, 𝑇 ) × 𝕋 𝑑)]𝑑 with 1∕𝑝 + 1∕𝑞 ≤ 1, 𝑝 > 1
div𝑥(𝑏)− ∈ 𝐿∞((0, 𝑇 ) × 𝕋 𝑑) if 1 < 𝑝 ≤ 𝑑
div𝑥(𝑏)− ∈ 𝐿1(0, 𝑇 ;𝐿∞(𝕋 𝑑)) if 𝑝 > 𝑑

. (MA)

Remark 5.1.1.
Our results are stated on the 𝑑-dimensional torus 𝕋 𝑑 for simplicity. However, with some care, they can be
extended to more general ambient spaces.

Notice that when 1 < 𝑝 ≤ 𝑑 we are asking a little more than what is asked in [70, 7] for having well-
posedness of (PDE). Namely, we are not asking that div𝑥(𝑏)− ∈ 𝐿1(0, 𝑇 ;𝐿∞(𝕋 𝑑)), but rather div𝑥(𝑏)− ∈
𝐿∞((0, 𝑇 ) × 𝕋 𝑑). This stronger assumption is technical and it will be crucial in our proof of Lemma 5.2.1.
The idea is to use Lagrangian estimates to get estimates at the Eulerian level (i.e. for the solution 𝑢 of
(PDE)). The key observation is that under the assumptions (MA) the solution 𝑢 of (PDE) is Lagrangian, i.e.
it can be represented as

𝑢(𝑡, ⋅) = Φ(𝑡, ⋅)#𝑢0,

with 𝑢0 the initial datum and Φ the regular Lagrangian flow associated to the velocity 𝑏, as defined in
Definition 2.2.4. The idea is to approximate the solution 𝑢 with

𝑢𝐸(𝑡, ⋅) = Φ𝐸(𝑡, ⋅)#𝜇,

where Φ𝐸 is an approximation of Φ and 𝜇 is an approximation of 𝑢0. This method is in principle quite
flexible, in the sense that any “good” approximation of Φ and 𝑢0 should yield a “good” approximation of 𝑢
in a sense which we shall specify more precisely later. In particular we approximate 𝑢 in two ways, using
different approximations for both Φ and 𝑢0. In the first one we consider a mesh of the domain with some
mild assumptions on the sets {𝑄𝑖}𝑁𝑖=1 of the mesh, and for every set 𝑄𝑖 we choose (according to some
probability distribution) a point 𝑥𝑖 ∈ 𝑄𝑖 and a weight 𝑀𝑖 ≥ 0 so that 𝜇 =

∑𝑀
𝑖=1𝑀𝑖𝛿𝑥𝑖 approximates

the initial datum 𝑢0. As for the approximation of the regular Lagrangian flow Φ we construct, for every
point 𝑥 ∈ 𝕋 𝑑 , a piecewise affine map Φ𝐸(⋅, 𝑥) obtained by a (sort of) explicit Euler method applied to the
velocity field 𝑏. The precise definition ofΦ𝐸 is given in Definition 5.2.1. The approximation 𝑢𝐸 is therefore
a weighted sum of Dirac deltas whose positions evolve in time in a piecewise linear fashion. We prove
that 𝑢𝐸 approximates in Wasserstein distance the solution 𝑢 of (PDE), although only in probability (see
Theorem 5.3.2, Theorem 5.3.3 and Proposition 5.3.1 for the precise statements). We do not know if, at
least in some cases, similar estimates hold for every choice of the initial positions of the Dirac deltas, i.e.
in a deterministic sense (see Remark 5.3.4). We also consider a different approximation Φ̄𝐸 of the flow
(see Definition 5.4.1) which, if 𝑝 > 𝑑 and considering an approximation of the initial datum in the strong
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𝐿1 norm, provides a deterministic approximation of 𝑢 in Wasserstein distance (see Theorem 5.4.1). The
novelty is that this an explicit method which can be performed on unstructured meshes, it does not need
to satisfy a CFL condition (see Remark 5.4.2), it provides an easily parallelisable algorithm and it uses the
Lagrangian formulation of the problem, whereas in previous works the Eulerian point of view was always
employed.

Let us now discuss briefly the organisation of this chapter. Section 5.2 is dedicated to proving Theorem
5.2.1, where we give a novel 𝐿∞

𝑡 (𝐿
𝑝
𝑥) stability estimate for the difference of the regular Lagrangian flow

Φ of a velocity field 𝑏 satisfying (MA) and an approximation Φ𝐸 of such flow, in the spirit of the stability
estimates between regular Lagrangian flows derived in [58] (see also Proposition 4.2.2). In Section 5.3
we use such a stability estimate to approximate, in Wasserstein distance, the solution 𝑢 of the continuity
equation (PDE) via the push-forward throughΦ𝐸 of suitably chosen Dirac deltas. The estimates are proved
both in 1-Wasserstein distance and logarithmic Wasserstein distance. In the latter case in particular we
show that in expected value the rate of convergence is of order 1∕2 if 1 < 𝑝 ≤ 𝑑 , as the rate obtained in
[142], and it is better than that if 𝑝 > 𝑑 (see Theorem 5.3.2 and Theorem 5.3.3 for the details). We believe
that the logarithmic rates we obtain are optimal for the range 1 < 𝑝 ≤ 𝑑 (as suggested also in [142]), but
the case 𝑝 > 𝑑 does not give any precise rate. In section 5.4 we consider, for technical reasons explained
in Remark 5.4.1, only velocity fields 𝑏 ∈ [𝐿1(0, 𝑇 ;𝑊 1,𝑝 ∩ 𝐿∞(𝕋 𝑑)]𝑑 such that 𝑝 > 𝑑 and we assume
to approximate the initial datum strongly in 𝐿1. Under these stronger assumptions and using a slightly
different approximation Φ̄𝐸 of the regular Lagrangian flow, we are able to prove approximation results for
the solution of (PDE) (similar to the ones of section 5.3) which hold deterministically. We refer the reader
to Theorem 5.4.1 for the details. In section 5.5 we give approximation results for the regular Lagrangian
flow and show numerical experiments using a 𝜃-method, i.e. a first-order method which the explicit Euler
method is a particular case of. Finally, in section 5.6 we summarise the results obtained and highlight
some open questions and future research perspectives.

5.2 Stability estimates

The main result of this section, i.e. Theorem 5.2.1, is a stability estimate in the spirit of Proposition 4.2.2
which, although interesting on its own, can be used as a tool to prove approximation results for the solution
of the continuity equation in a way similar to what we saw in Theorem 4.3.1. Let us immediately state the
main result of this section, namely a stability estimate between the regular Lagrangian flow Φ and an
approximation Φ𝐸 of this flow, which will be introduced shortly after the statement.

Theorem 5.2.1. 𝐿𝑝 stability estimate between Φ and Φ𝐸
Let 𝑏 satisfy assumptions (MA). If Φ is the regular Lagrangian flow of 𝑏 and Φ𝐸 is defined as in Definition
5.2.1 with 𝛿 =

√

Δ𝑡 if 1 < 𝑝 ≤ 𝑑 , we have

‖Φ(𝑡, ⋅) − Φ𝐸(𝑡, ⋅)‖𝐿𝑝(𝕋 𝑑 ) ≲ 𝐶𝑡| log(Δ𝑡)|−1,

where 𝐶𝑡 → 0 as 𝑡→ 0. Moreover, if 𝑝 > 𝑑 , the same estimate holds even if div𝑥(𝑏)− ∈ 𝐿1(0, 𝑇 ;𝐿𝑝(𝕋 𝑑)).

The vector fieldΦ𝐸 is explicitly constructed by a (sort of) explicit Euler method, and we now give its precise
definition.

Definition 5.2.1. Euler approximation of a regular Lagrangian flow
Let 𝑏 satisfy conditions (MA) with 1 < 𝑝 ≤ 𝑑 , and let

𝑏𝛿(𝑡, ⋅) ∶= 𝜂𝛿 ∗ 𝑏(𝑡, ⋅) (5.2.1)

for some 𝛿 > 0, where 𝜂 is a standard mollifier in ℝ𝑑 , 𝜂𝛿(𝑥) ∶= 𝛿−𝑑𝜂(𝑥∕𝛿) and the convolution is in
space only. We denote byΦ𝐸 (where “E” stands for “Euler”) the so-called Euler approximation of the regular
Lagrangian flow Φ of 𝑏, with time step Δ𝑡 and regularisation parameter 𝛿. For 𝑡 ∈ (𝑡𝑛, 𝑡𝑛+1) we define:

Φ𝐸(𝑡, 𝑥) ∶= Φ𝐸(𝑡𝑛, 𝑥) + (𝑡 − 𝑡𝑛)⨏

𝑡𝑛+1

𝑡𝑛
𝑏𝛿(𝑠,Φ𝐸(𝑡𝑛, 𝑥))𝑑𝑠, (5.2.2)
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where 0 = 𝑡0 < 𝑡1 < ⋯ < 𝑡𝑀 = 𝑇 is a partition of [0, 𝑇 ] with 𝑡𝑖+1 − 𝑡𝑖 = Δ𝑡 and Φ𝐸(0, 𝑥) = 𝑥 ∀𝑥 ∈ 𝕋 𝑑 .
If 𝑝 > 𝑑 , we define Φ𝐸 directly with 𝑏 as

Φ𝐸(𝑡, 𝑥) ∶= Φ𝐸(𝑡𝑛, 𝑥) + (𝑡 − 𝑡𝑛)⨏

𝑡𝑛+1

𝑡𝑛
𝑏(𝑠,Φ𝐸(𝑡𝑛, 𝑥))𝑑𝑠. (5.2.3)

We remark that, in order to keep the notation as light as possible, we omit explicitly writing the dependence
of Φ𝐸 on Δ𝑡 and (eventually) 𝛿.

In order to prove Theorem 5.2.1, we need some preliminary estimates. A key result is the 𝐿𝑝 stability
estimate in Proposition 4.2.2, with which we can easily prove the following:

Corollary 5.2.1. Error of regularisation
ConsiderΦ the regular Lagrangian flow of a vector field 𝑏 satisfying (MA), and letΦ𝛿 be the (classical) flow
of 𝑏𝛿 defined in (5.2.1). Then, for every 𝑡 ∈ [0, 𝑇 ]:

‖Φ(𝑡, ⋅) − Φ𝛿(𝑡, ⋅)‖𝐿𝑝(𝕋 𝑑 ) ≲ 𝐶𝑡| log(‖𝑏 − 𝑏𝛿‖𝐿1(0,𝑡;𝐿𝑝(𝕋 𝑑 )))|−1 ≤ 𝐶𝑡| log(𝛿)|−1,

with 𝐶𝑡 → 0 as 𝑡→ 0.

Proof. For the first inequality, use the 𝐿𝑝 estimate between regular Lagrangian flows in Proposition 4.2.2.
For the second one notice that denoting with 𝐵1 the ball centered in 0 and of unitary radius, using Lemma
4.1.2:

|

|

𝑏(𝑡, 𝑥) − 𝑏𝛿(𝑡, 𝑥)|| =
|

|

|

|

𝑏(𝑡, 𝑥) − ∫𝕋 𝑑
𝜂𝛿(𝑧)𝑏(𝑡, 𝑥 + 𝑧)𝑑𝑧

|

|

|

|

=
|

|

|

|

|

𝑏(𝑡, 𝑥) − ∫𝐵1

𝜂(𝑦)𝑏(𝑡, 𝑥 + 𝛿𝑦)𝑑𝑦
|

|

|

|

|

≤ ∫𝐵1

𝜂(𝑦)|𝑏(𝑡, 𝑥) − 𝑏(𝑡, 𝑥 + 𝛿𝑦)|𝑑𝑦

≲ 𝛿 ∫𝐵1

𝜂(𝑦)[𝑀𝛿|𝐷𝑢|(𝑡, 𝑥) +𝑀𝛿|𝐷𝑢|(𝑡, 𝑥 + 𝛿𝑦)]𝑑𝑦

= 𝛿𝑀𝛿|𝐷𝑢|(𝑡, 𝑥) + 𝛿[𝜂𝛿 ∗𝑀𝛿|𝐷𝑢|](𝑡, 𝑥).

Take the 𝐿𝑝 norm on both sides and conclude using Young’s convolution inequality, the boundedness of
the maximal operator, and finally integrating in time. We thus have

‖𝑏 − 𝑏𝛿‖𝐿1(0,𝑡;𝐿𝑝(𝕋 𝑑 )) ≲ 𝛿 ⟹ log(‖𝑏 − 𝑏𝛿‖𝐿1(0,𝑡;𝐿𝑝(𝕋 𝑑 ))) ≲ log(𝛿)
⟹ | log(‖𝑏 − 𝑏𝛿‖𝐿1(0,𝑡;𝐿𝑝(𝕋 𝑑 )))| ≳ | log(𝛿)|

⟹ | log(‖𝑏 − 𝑏𝛿‖𝐿1(0,𝑡;𝐿𝑝(𝕋 𝑑 )))|−1 ≲ | log(𝛿)|−1.

We now need to estimate ‖Φ𝛿(𝑡, ⋅) − Φ𝐸(𝑡, ⋅)‖𝐿𝑝(𝕋 𝑑 ) uniformly in 𝑡, but since Φ𝐸 is not properly a flow we
cannot use the stability estimate in Proposition 4.2.2. We need the following propositions as a key tool to
treat the case 1 < 𝑝 ≤ 𝑑. As we will see in the proof of Proposition 5.2.3, this will not be needed if 𝑝 > 𝑑.

Proposition 5.2.1. Compressibility estimate for Φ𝐸
Consider Φ𝐸 defined as in (5.2.2) with 𝛿 =

√

Δ𝑡. Then ∃𝑐 > 0 not dependent on Δ𝑡 such that

det(∇𝑥Φ𝐸(𝑡, 𝑥)) > 𝑐 for every (𝑡, 𝑥) ∈ [0, 𝑇 ] × 𝕋 𝑑 .

Proof. Define Φ𝑛(𝑡, 𝑥) in [0,Δ𝑡] × 𝕋 𝑑 as

Φ𝑛(𝑡, 𝑥) ∶= 𝑥 + 𝑡⨏

𝑡𝑛+1

𝑡𝑛
𝑏𝛿(𝑠, 𝑥)𝑑𝑠.

Notice that Φ𝐸 can be seen as a composition of such Φ𝑛’s, i.e. if 𝑡 ∈ [𝑡𝑛, 𝑡𝑛+1]:
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Φ𝐸(𝑡, 𝑥) = Φ𝑛(𝑡 − 𝑡𝑛,Φ𝑛−1(Δ𝑡,Φ𝑛−2(… ,Φ0(Δ𝑡, 𝑥)))… ).

Differentiating in space:

∇𝑥Φ𝐸(𝑡, 𝑥) = ∇𝑥Φ𝑛(𝑡 − 𝑡𝑛,…)∇𝑥Φ𝑛−1(Δ𝑡,…)…∇𝑥Φ0(Δ𝑡, 𝑥),

and by Binet:

det[∇𝑥Φ𝐸(𝑡, 𝑥)] = det[∇𝑥Φ𝑛(𝑡 − 𝑡𝑛,…)] det[∇𝑥Φ𝑛−1(Δ𝑡,…)]…det[∇𝑥Φ0(Δ𝑡, 𝑥)]
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

≈1∕Δ𝑡 times

.

We will uniformly bound det[∇𝑥Φ0] from below, but the argument is the same for everyΦ𝑗 (the only differ-
ence is the time interval). We have

det
(

∇𝑥Φ0(Δ𝑡, 𝑥)
)

= det
(

𝐼 + Δ𝑡⨏

Δ𝑡

0
∇𝑥𝑏𝛿(𝑠, 𝑥)𝑑𝑠

)

= det(𝐼 + Δ𝑡𝐴), where 𝐴 ∶= ⨏

Δ𝑡

0
∇𝑥𝑏𝛿(𝑠, 𝑥)𝑑𝑠.

It is known (see [85, Chapitre I ,section 3 , equations (4) and (6)]) that

det(𝐼 + Δ𝑡𝐴) = 1 + Δ𝑡[𝑡𝑟(𝐴)] +
𝑑
∑

𝑗=2
(Δ𝑡)𝑗𝜎𝑗(𝜆1,… , 𝜆𝑑),

where 𝜎𝑗 are symmetric polynomials of degree 𝑗 and 𝜆𝑖 are the eigenvalues of 𝐴. By our definition each
entry of the matrix 𝐴 is bounded by ≈ 1∕

√

Δ𝑡 since 𝑏𝛿 is 1∕
√

Δ𝑡-Lipschitz, and thus |𝜆𝑖| ≲ 1∕
√

Δ𝑡 for
every 𝑖. Then, |𝜎𝑗(𝜆1,… , 𝜆𝑑)| ≲ (Δ𝑡)−𝑗∕2. Since we also have that 𝑡𝑟(𝐴)− = div𝑥(𝑏𝛿)− ∈ 𝐿∞((0, 𝑇 )×𝕋 𝑑),
there exists 𝐶 > 0 such that:

det(𝐼 + Δ𝑡𝐴) ≥ 1 − Δ𝑡[div𝑥(𝑏)−] −
𝑑
∑

𝑗=2
(Δ𝑡)𝑗(Δ𝑡)−𝑗∕2 ≥ 1 − 𝐶Δ𝑡. (5.2.4)

Multiplying ≈ 1∕Δ𝑡 times such determinants we can estimate det(∇𝑥Φ𝐸) uniformly from below, and the
proof is complete.

Remark 5.2.1.
In the following we will always assume 𝛿 =

√

Δ𝑡. In view of the proof of Proposition 5.2.1 it is clear that
other choices are possible. However, as we shall see in Theorem 5.3.3, the choice of 𝛿 =

√

Δ𝑡will be crucial
for obtaining a rate of convergence of order 1∕2 if we consider a logarithmic Wasserstein distance, assuming
that the space discretization scale Δ𝑥 is equal to Δ𝑡.

Proposition 5.2.2. Injectivity and Lipschitz continuity of Φ𝐸(𝑡, ⋅)
Let Φ𝐸 be defined as in (5.2.2) and let 𝛿 =

√

Δ𝑡. Then ∃𝐶Δ𝑡,𝑇 > 0 such that

𝐶−1
Δ𝑡,𝑇 |𝑥 − 𝑦| ≤ |Φ𝐸(𝑡, 𝑥) − Φ𝐸(𝑡, 𝑦)| ≤ 𝐶Δ𝑡,𝑇 |𝑥 − 𝑦| for all 𝑡 ∈ [0, 𝑇 ].

In particular, Φ𝐸(𝑡, ⋅) is injective and Lipschitz continuous.

Proof. Consider two points 𝑥, 𝑦 ∈ 𝕋 𝑑 , with |𝑥 − 𝑦| = 𝓁. At the first step in the definition of Φ𝐸 (i.e. up to
time 𝑡 = Δ𝑡) we have, since 𝑏𝛿 is 1∕

√

Δ𝑡-Lipschitz:

|Φ𝐸(Δ𝑡, 𝑥) − Φ𝐸(Δ𝑡, 𝑦)| ≤ |𝑥 − 𝑦| + ∫

Δ𝑡

0
|𝑏𝛿(𝑠, 𝑥) − 𝑏𝛿(𝑠, 𝑦)|𝑑𝑠 ≲ 𝓁(1 +

√

Δ𝑡).

Iterating 𝑇 ∕Δ𝑡 times we get a Lipschitz constant 𝐶Δ𝑡,𝑇 = exp(𝑇 ∕
√

Δ𝑡), and with the same argument we
get an estimate from below with 𝐶−1

Δ𝑡,𝑇 = exp(−𝑇 ∕
√

Δ𝑡). Injectivity follows immediately.
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We are now ready to prove the following proposition, whose proof which makes use of the concavity of the
logarithm is strongly inspired by the proof of [143, Lemma 6]:

Proposition 5.2.3. 𝐿𝑝 stability estimate for Φ𝛿 and Φ𝐸
Let Φ𝐸 be defined as in (5.2.2) with 𝑏 satisfying assumptions (MA), and let 𝛿 =

√

Δ𝑡. Then:

‖Φ𝛿(𝑡, ⋅) − Φ𝐸(𝑡, ⋅)‖𝐿𝑝(𝕋 𝑑 ) ≲ 𝐶𝑡| log(Δ𝑡)|−1 for every 𝑡 ∈ [0, 𝑇 ],

where 𝐶𝑡 → 0 as 𝑡→ 0 and Φ𝛿 is the flow of 𝑏𝛿. If 𝑏 ∈ 𝐿1(0, 𝑇 ;𝑊 1,𝑝(𝕋 𝑑)) with 𝑝 > 𝑑 , then

‖Φ(𝑡, ⋅) − Φ𝐸(𝑡, ⋅)‖𝐿𝑝(𝕋 𝑑 ) ≲ 𝐶𝑡| log(Δ𝑡)|−1 for every 𝑡 ∈ [0, 𝑇 ],

where 𝐶𝑡 → 0 as 𝑡 → 0 and Φ𝐸 is defined as in (5.2.3). Moreover, if 𝑝 > 𝑑 the conclusion holds even if we
only require div𝑥(𝑏)− ∈ 𝐿1(0, 𝑇 ;𝐿∞(𝕋 𝑑)).

Proof. In the first part of the proof we will work without loss of generality with Φ𝛿 with the assumption
1 < 𝑝 ≤ 𝑑 , since the argument is identical if 𝑝 > 𝑑. The difference will appear only at the end of the proof,
where we differentiate the two cases. We want to prove that

|

|

|

|

|

|

|

|

|

|

log
(

1 +
|Φ𝛿(𝑡, ⋅) − Φ𝐸(𝑡, ⋅)|

Δ𝑡

)

|

|

|

|

|

|

|

|

|

|𝐿𝑝(𝕋 𝑑 )
≤ 𝐶𝑡, (5.2.5)

with a constant 𝐶𝑡 not dependent onΔ𝑡 such that 𝐶𝑡 → 0 as 𝑡→ 0. Once we prove (5.2.5), the conclusion
follows as in the last part of the proof of Proposition 4.2.2. Notice that, by the concavity of the logarithm
and by the fact that log(1 + 𝑥) is an increasing monotone function, for every 𝑎, 𝑏 ≥ 0 it holds

log(1 + 𝑏) − log(1 + 𝑎) ≤ 𝑑
𝑑𝑥

[

log(1 + 𝑥)
]

𝑥=𝑎
|𝑏 − 𝑎| =

|𝑏 − 𝑎|
1 + 𝑎

.

In particular, let 𝑡 = 𝑡𝑛 for simplicity. We have (since the estimate is pointwise we omit the dependence on
𝑥 to keep the notation as light as possible):

log
(

1 +
|Φ𝛿(𝑡𝑛) − Φ𝐸(𝑡𝑛)|

Δ𝑡

)

− log
(

1 +
|Φ𝛿(𝑡𝑛−1) − Φ𝐸(𝑡𝑛−1)|

Δ𝑡

)

≤ Δ𝑡
|Φ𝛿(𝑡𝑛−1) − Φ𝐸(𝑡𝑛−1)| + Δ𝑡

| |Φ𝛿(𝑡𝑛) − Φ𝐸(𝑡𝑛)| − |Φ𝛿(𝑡𝑛−1) − Φ𝐸(𝑡𝑛−1)| |
Δ𝑡

≤
|Φ𝛿(𝑡𝑛) − Φ𝛿(𝑡𝑛−1) − (Φ𝐸(𝑡𝑛) − Φ𝐸(𝑡𝑛−1))|

|Φ𝛿(𝑡𝑛−1) − Φ𝐸(𝑡𝑛−1)| + Δ𝑡

=
| ∫ 𝑡𝑛
𝑡𝑛−1

𝑏𝛿(𝑠,Φ𝛿(𝑠)) − 𝑏𝛿(𝑠,Φ𝐸(𝑡𝑛−1))𝑑𝑠|

|Φ𝛿(𝑡𝑛−1) − Φ𝐸(𝑡𝑛−1)| + Δ𝑡
.

Iterating the estimate above up to 𝑡0 = 0 we get by telescopic summing:

log
(

1 +
|Φ𝛿(𝑡𝑛) − Φ𝐸(𝑡𝑛))|

Δ𝑡

)

≤
𝑛−1
∑

𝑗=0

| ∫ 𝑡𝑗+1
𝑡𝑗

𝑏𝛿(𝑠,Φ𝛿(𝑠)) − 𝑏𝛿(𝑠,Φ𝐸(𝑡𝑗))𝑑𝑠|

|Φ𝛿(𝑡𝑗) − Φ𝐸(𝑡𝑗)| + Δ𝑡
(5.2.6)

≤
𝑛−1
∑

𝑗=0

| ∫ 𝑡𝑗+1
𝑡𝑗

𝑏𝛿(𝑠,Φ𝛿(𝑠)) − 𝑏𝛿(𝑠,Φ𝛿(𝑡𝑗))𝑑𝑠| + | ∫ 𝑡𝑗+1
𝑡𝑗

𝑏𝛿(𝑠,Φ𝛿(𝑡𝑗)) − 𝑏𝛿(𝑠,Φ𝐸(𝑡𝑗))𝑑𝑠|

|Φ𝛿(𝑡𝑗) − Φ𝐸(𝑡𝑗)| + Δ𝑡

≤
𝑛−1
∑

𝑗=0

∫ 𝑡𝑗+1
𝑡𝑗

|𝑏𝛿(𝑠,Φ𝛿(𝑠)) − 𝑏𝛿(𝑠,Φ𝛿(𝑡𝑗))|𝑑𝑠

|Φ𝛿(𝑡𝑗) − Φ𝐸(𝑡𝑗)| + Δ𝑡
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

= 1

+
𝑛−1
∑

𝑗=0

∫ 𝑡𝑗+1
𝑡𝑗

|𝑏𝛿(𝑠,Φ𝛿(𝑡𝑗)) − 𝑏𝛿(𝑠,Φ𝐸(𝑡𝑗))|𝑑𝑠

|Φ𝛿(𝑡𝑗) − Φ𝐸(𝑡𝑗)| + Δ𝑡
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

= 2

.

Now, notice that by Lemma 4.1.2:
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∫

𝑡𝑗+1

𝑡𝑗
|𝑏𝛿(𝑠,Φ𝛿(𝑠)) − 𝑏𝛿(𝑠,Φ𝛿(𝑡𝑗))|𝑑𝑠

≲ ∫

𝑡𝑗+1

𝑡𝑗
|Φ𝛿(𝑠) − Φ𝛿(𝑡𝑗)| [𝑀(|𝐷𝑏𝛿|)(𝑠,Φ𝛿(𝑠)) +𝑀(|𝐷𝑏𝛿|)(𝑠,Φ𝛿(𝑡𝑗))]𝑑𝑠

= ∫

𝑡𝑗+1

𝑡𝑗

|

|

|

|

|

∫

𝑠

𝑡𝑗
𝑏𝛿(𝜏,Φ𝛿(𝜏)𝑑𝜏

|

|

|

|

|

[𝑀(|𝐷𝑏𝛿|)(𝑠,Φ𝛿(𝑠)) +𝑀(|𝐷𝑏𝛿|)(𝑠,Φ𝛿(𝑡𝑗))]𝑑𝑠

≤ ‖𝑏𝛿‖∞Δ𝑡∫

𝑡𝑗+1

𝑡𝑗
[𝑀(|𝐷𝑏𝛿|)(𝑠,Φ𝛿(𝑠)) +𝑀(|𝐷𝑏𝛿|)(𝑠,Φ𝛿(𝑡𝑗))]𝑑𝑠.

Then, since Δ𝑡∕(|Φ𝛿(𝑡𝑗) − Φ𝐸(𝑡𝑗)| + Δ𝑡) ≤ 1, we have

1 ≲
𝑛−1
∑

𝑗=0
∫

𝑡𝑗+1

𝑡𝑗
[𝑀(|𝐷𝑏𝛿|)(𝑠,Φ𝛿(𝑠)) +𝑀(|𝐷𝑏𝛿|)(𝑠,Φ𝛿(𝑡𝑗))]𝑑𝑠

= ∫

𝑇

0
𝑀(|𝐷𝑢|)(𝑠,Φ𝛿(𝑠))𝑑𝑠 +

𝑛−1
∑

𝑗=0
∫

𝑡𝑗+1

𝑡𝑗
𝑀(|𝐷𝑏𝛿|)(𝑠,Φ𝛿(𝑡𝑗))𝑑𝑠.

Considering the 𝐿𝑝 norm:

|

|

|

|

|

|

|

|

|

|

|

|

∫

𝑇

0
𝑀(|𝐷𝑢|)(𝑠,Φ𝛿(𝑠))𝑑𝑠 +

𝑛−1
∑

𝑗=0
∫

𝑡𝑗+1

𝑡𝑗
𝑀(|𝐷𝑏𝛿|)(𝑠,Φ𝛿(𝑡𝑗))𝑑𝑠

|

|

|

|

|

|

|

|

|

|

|

|𝐿𝑝(𝕋 𝑑 )

(5.2.7)

≤ ∫

𝑇

0
‖𝑀(|𝐷𝑏𝛿|)(𝑠,Φ𝛿(𝑠))‖𝐿𝑝(𝕋 𝑑 ) +

𝑛−1
∑

𝑗=0
∫

𝑡𝑗+1

𝑡𝑗
‖𝑀(|𝐷𝑏𝛿|)(𝑠,Φ𝛿(𝑡𝑗))‖𝐿𝑝(𝕋 𝑑 )𝑑𝑠

≲ ‖𝑀(𝐷𝑏𝛿)‖𝐿1(0,𝑇 ;𝐿𝑝(𝕋 𝑑 )) ≲ ‖𝐷𝑢‖𝐿1(0,𝑇 ;𝐿𝑝(𝕋 𝑑 )),

where in the last inequalities we used the 𝐿∞ bound on the compressibility to change variables in each
addendum, the boundedness of the maximal operator and Young’s convolution inequality. As for 2 , we
need to differentiate the cases 1 < 𝑝 ≤ 𝑑 and 𝑝 > 𝑑.

• If 1 < 𝑝 ≤ 𝑑 , we repeat the argument above. We have

∫

𝑡𝑗+1

𝑡𝑗
|𝑏𝛿(𝑠,Φ𝛿(𝑡𝑗)) − 𝑏𝛿(𝑠,Φ𝐸(𝑡𝑗))|𝑑𝑠

≲ |Φℎ(𝑡𝑗) − Φ𝐸(𝑡𝑗)|∫

𝑡𝑗+1

𝑡𝑗
[𝑀(|𝐷𝑏𝛿|)(𝑠,Φ𝛿(𝑡𝑗)) +𝑀(|𝐷𝑏𝛿|)(𝑠,Φ𝐸(𝑡𝑗))]𝑑𝑠,

and we can estimate |Φℎ(𝑡𝑗) − Φ𝐸(𝑡𝑗)|∕(|Φℎ(𝑡𝑗) − Φ𝐸(𝑡𝑗)|+Δ𝑡) ≤ 1. Then, after summing over 𝑗:

2 ≲
𝑛−1
∑

𝑗=0
∫

𝑡𝑗+1

𝑡𝑗
[𝑀(|𝐷𝑏𝛿|)(𝑠,Φ𝛿(𝑡𝑗)) +𝑀(|𝐷𝑏𝛿|)(𝑠,Φ𝐸(𝑡𝑗))]𝑑𝑠.

After considering the𝐿𝑝 norm the estimate goes as in (5.2.7). For the second addendum, notice that
by Proposition 5.2.2 the mapΦ𝐸 is Lipschitz and injective (so we are allowed to change variables in
the usual way) and by Proposition 5.2.1 the compressibility is controlled, thus the change of variables
does not cause any problem as in (5.2.7) when we were dealing with Φ𝛿 , and we can conclude.
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• If 𝑝 > 𝑑 , we recall that we work directly with Φ, and not with Φ𝛿. In this case we use Lemma 4.1.3
with 𝑝̃ ∈ (𝑑, 𝑝) to get:

∫ 𝑡𝑗+1
𝑡𝑗

|𝑏(𝑠,Φ(𝑡𝑗)) − 𝑏(𝑠,Φ𝐸(𝑡𝑗))|𝑑𝑠

|Φ(𝑡𝑗) − Φ𝐸(𝑡𝑗)| + Δ𝑡
≲

|Φ(𝑡𝑗) − Φ𝐸(𝑡𝑗)| ∫
𝑡𝑗+1
𝑡𝑗

𝑓 (𝑠,Φ(𝑡𝑗))𝑑𝑠|

|Φ(𝑡𝑗) − Φ𝐸(𝑡𝑗)| + Δ𝑡
(5.2.8)

≤ ∫

𝑡𝑗+1

𝑡𝑗
𝑓 (𝑠,Φ(𝑡𝑗))𝑑𝑠,

where

𝑓 (𝑠, 𝑥) ∶= [𝑀(|𝐷𝑢|𝑝̃)(𝑠, 𝑥)]1∕𝑝̃ ∈ 𝐿1(0, 𝑇 ;𝐿𝑝̃(𝕋 𝑑)). (5.2.9)

To conclude we just need to sum over 𝑗 , consider the 𝐿𝑝 norm and use the compressibility estimate
on Φ to change variables. Notice that 𝑝̃ ∈ (𝑑, 𝑝) is needed to have |𝐷𝑏𝛿(𝑠, ⋅)| ∈ 𝐿𝑝∕𝑝̃(𝕋 𝑑) with
𝑝∕𝑝̃ > 1 in order to have boundedness of the maximal operator. Notice also that in this case we do
not need any compressibility estimate for Φ𝐸 since the argument of 𝑓 is Φ(𝑡𝑗) = Φ(𝑡𝑗 , ⋅), whose
compressibility is controlled even under the weaker assumption div𝑥(𝑏)− ∈ 𝐿1(0, 𝑇 ;𝐿∞(𝕋 𝑑)).

At this point, we can conclude the proof by arguing as in Proposition 4.2.2 with Δ𝑡 in place of 𝛿.

We are ready to prove Theorem 5.2.1, whose proof is now trivial:

Proof of Theorem 5.2.1. Combine Proposition 5.2.1 and Proposition 5.2.3 if 1 < 𝑝 ≤ 𝑑. If 𝑝 > 𝑑 , we
already proved the result in Proposition 5.2.3.

5.3 Singular probabilistic approximation

The goal of this section is to use the results from Section 5.2 to approximate, in a suitable sense that we
shall specify shortly, the solution 𝑢 of (PDE). The idea is to exploit the Lagrangian representation 𝑢(𝑡, ⋅) =
Φ(𝑡, ⋅)#𝑢0 of the solution of (PDE) by constructing a vector field Φ𝐸 and a measure 𝜇 which approximate
Φ and 𝑢0 respectively, so that 𝑢𝐸(𝑡) ∶= Φ𝐸(𝑡, ⋅)#𝜇 approximates 𝑢 in some sense. Before stating the
main result of this section, let us give the definition of Wasserstein distance. For simplicity, we state this
definition and some related results in the metric space (ℝ𝑑 , dℝ𝑑 ) rather than (𝕋 𝑑 , d𝕋 𝑑 ). The same results,
however, also hold in the latter case.

Definition 5.3.1. Wasserstein distance
Consider 𝜇, 𝜈 two positive measures in (ℝ𝑑 , dℝ𝑑 ), such that 𝜇(ℝ𝑑) = 𝜈(ℝ𝑑). We define the Wasserstein
distance between 𝜇 and 𝜈 as

W(𝜇, 𝜈) ∶= inf
𝜋∈Γ(𝜇,𝜈)∫ℝ𝑑 ∫ℝ𝑑

dℝ𝑑 (𝑥, 𝑦)𝑑𝜋(𝑥, 𝑦) (5.3.1)

where Γ is the set of measures onℝ𝑑 ×ℝ𝑑 whose marginals are 𝜇 and 𝜈. If in particular dℝ𝑑 (𝑥, 𝑦) = |𝑥−𝑦|,
we denote with W1 the 1-Wasserstein distance:

W1(𝜇, 𝜈) ∶= inf
𝜋∈Γ(𝜇,𝜈)∫ℝ𝑑 ∫ℝ𝑑

|𝑥 − 𝑦|𝑑𝜋(𝑥, 𝑦). (5.3.2)

We also define a logarithmic Wasserstein distance with respect to the distance

d𝛼(𝑥, 𝑦) ∶= log
(

1 +
|𝑥 − 𝑦|
ℎ𝛼

)

for some 𝛼 ∈ [0, 1] and ℎ > 0, (5.3.3)

which we will denote by W̃𝛼. We will never explicitly write the dependence of d𝛼 and W̃𝛼 on ℎ in order to
have a lighter notation.



5.3. SINGULAR PROBABILISTIC APPROXIMATION 79

We will not use the above definition, but rather its dual formulation given by the Kantorovich-Rubinstein
duality theorem:

Theorem 5.3.1. Kantorovich-Rubinstein duality theorem, [157]
Let 𝜇, 𝜈 be positive measures with compact support on the metric space (ℝ𝑑 , dℝ𝑑 ) and with the same mass,
i.e. such that 𝜇(ℝ𝑑) = 𝜈(ℝ𝑑). Then, it holds that

inf
𝜋∈Γ(𝜇,𝜈)∫ℝ𝑑 ∫ℝ𝑑

dℝ𝑑 (𝑥, 𝑦)𝑑𝜋(𝑥, 𝑦) = sup
Lip(𝑓 )≤1∫ℝ𝑑

𝑓 (𝑥)𝑑(𝜇 − 𝜈)(𝑥),

where 𝑓 is 1-Lipschitz with respect to the distance dℝ𝑑 .

We can now state the two main results of this section, which we present in two separate theorems: one
for the 1-Wasserstein distance and the other for the logarithmic one. The reason is that a single statement
would have been too long, and while the proofs of both theorems are very similar we believe both of them
deserve to be presented in detail. Indeed while on the one hand the 1-Wasserstein distance is far more
commonly used than the logarithmic one, on the other hand the latter is more suited to precisely capture
the rate of convergence of the method. We recall that the first time such a logarithmic distance was used
(at least in the context of the continuity equation in the DiPerna-Lions setting) is in [144] and that in [142,
143] the authors use such a logarithmic Wasserstein distance to evaluate the rate of convergence of their
approximation method, so we decided to use the same distance to have a clearer comparison. We also
remark that, for the sake of simplicity, in this section we will restrict ourselves to the case 𝑢0 ∈ 𝐿∞(𝕋 𝑑)
and non-negative. The non-negativity assumption is clearly not really an issue: we can always split the initial
datum in its positive and negative parts. We will explain how to deal with the unbounded case in Remark
5.3.5. As a final note, we point out that we are forced to distinguish between bounded and unbounded initial
densities due to our choice of a uniform probability P̄, which will play a crucial role in Theorem 5.3.2 and
Theorem 5.3.3. With a different choice of P̄ this issue can be fixed and one does not need to distinguish
between the two cases. We refer to Remark 5.3.6 for a more detailed discussion on the matter. Let us now
state the two main results of this section:

Theorem 5.3.2. Singular probabilistic approximation of 𝑢 in 1-Wasserstein distance
Assume that 𝑏 satisfies (MA) and 𝑢0 ≥ 0 and bounded, and let 𝑢 be the solution of (PDE). Assume also that
the domain 𝕋 𝑑 is partitioned into sets {𝑄𝑖}𝑁𝑖=1 such that diam(𝑄𝑖) ≤ Δ𝑥 ∀𝑖 = 1,… , 𝑁 for some space
discretization scale Δ𝑥 > 0. Choose, for every set 𝑄𝑖, a random starting point 𝑥𝑖0 ∈ 𝑄𝑖 according to a
uniform probability distribution on 𝑄𝑖, and define 𝑀𝑖 ∶= ∫𝑄𝑖 𝑢0𝑑𝑥. For 𝑡 ∈ [0, 𝑇 ] consider the measure
given by:

𝑢𝐸(𝑡, 𝑥̄0) ∶=
𝑁
∑

𝑖=1
𝑀𝑖𝛿Φ𝐸 (𝑡,𝑥𝑖0)

= Φ𝐸(𝑡, ⋅)#

( 𝑁
∑

𝑖=1
𝑀𝑖𝛿𝑥𝑖0

)

, (5.3.4)

where 𝑥̄0 = (𝑥10, 𝑥
2
0,… , 𝑥𝑁0 ) and Φ𝐸 is defined as in (5.2.2) with a time step Δ𝑡 > 0 and with 𝛿 =

√

Δ𝑡
if 1 < 𝑝 ≤ 𝑑 or as in (5.2.3) otherwise. Denoting with W1 the 1-Wasserstein distance defined in (5.3.2) it
holds that, in expected value, for every 𝛼 ∈ (0, 1):

𝔼[W1(𝑢(𝑡, ⋅), 𝑢𝐸(𝑡, 𝑥̄0))] ≲ 𝐶𝑡| log(Δ𝑡)|−1 + (Δ𝑥)1−𝛼 + 𝑡𝛼−𝑝| log(Δ𝑥)|−𝑝, (5.3.5)

with 𝐶𝑡 → 0 as 𝑡 → 0. We can also estimate the variance of W1(𝑢(𝑡, ⋅), 𝑢𝐸(𝑡, 𝑥̄0)) if𝑁 ≲ (Δ𝑥)−𝑑 . In this
case:

Var[W1(𝑢(𝑡, ⋅), 𝑢𝐸(𝑡, 𝑥̄0))] ≲ 𝐶2
𝑡 | log(Δ𝑡)|

−2 + (Δ𝑥)2−2𝛼 + 𝑡𝐶𝑡| log(Δ𝑡)|−1 (5.3.6)
+ 𝑡2𝛼−𝑝| log(Δ𝑥)|−𝑝.

Theorem 5.3.3. Singular probabilistic approximation of 𝑢 in logarithmic Wasserstein distance
Consider the same setting of Theorem 5.3.2. It holds that, given the Wasserstein distance W̃𝛼 defined in
Definition 5.3.1 with ℎ ∶= max{Δ𝑡,Δ𝑥} and assuming 𝛼 = 1∕2, if 1 < 𝑝 ≤ 𝑑:
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𝔼[W̃1∕2(𝑢(𝑡, ⋅), 𝑢𝐸(𝑡, 𝑥̄0))] ≲ 1 (5.3.7)

and if𝑁 ≲ (Δ𝑥)−𝑑 , we also can estimate the variance as

Var[W̃1∕2(𝑢(𝑡, ⋅), 𝑢𝐸(𝑡, 𝑥̄0))] ≲ | log(ℎ)|. (5.3.8)

If 𝑝 > 𝑑 , it holds that for any 𝛼 ∈ (0, 1):

𝔼[W̃1−𝛼(𝑢(𝑡, ⋅), 𝑢𝐸(𝑡, 𝑥̄0))] ≲ 1 +
| log(ℎ)|1−𝑝

𝛼𝑝
(5.3.9)

and if𝑁 ≲ (Δ𝑥)−𝑑 :

Var[W̃1−𝛼(𝑢(𝑡, ⋅), 𝑢𝐸(𝑡, 𝑥̄0))] ≲ | log(ℎ)| +
| log(ℎ)|2−𝑝

𝛼𝑝
. (5.3.10)

If moreover 𝑝 ≥ 2, we have that:

Var[W̃1∕2(𝑢(𝑡, ⋅), 𝑢𝐸(𝑡, 𝑥̄0))] ≲ 1 (5.3.11)

if 1 < 𝑝 ≤ 𝑑 , and

Var[W̃1−𝛼(𝑢(𝑡, ⋅), 𝑢𝐸(𝑡, 𝑥̄0))] ≲ 1 +
| log(ℎ)|2−𝑝

𝛼𝑝
(5.3.12)

if 𝑝 > 𝑑.

Before proving Theorem 5.3.2 and Theorem 5.3.3, we will need the following simple lemma:

Lemma 5.3.1.
Let 𝜇, 𝜈 be two positive measures with compact support on ℝ𝑑 and such that 𝜇(ℝ𝑑) = 𝜈(ℝ𝑑). Let 𝜇𝑖, 𝜈𝑖
with 𝑖 = 1,… , 𝑁 be positive measures such that

𝜇 =
𝑁
∑

𝑖=1
𝜇𝑖, 𝜈 =

𝑁
∑

𝑖=1
𝜈𝑖 and𝑀𝑖 = 𝜇𝑖(ℝ𝑑) = 𝜈𝑖(ℝ𝑑) for every 𝑖.

Define also the probability measures

𝜇̄𝑖 ∶= 𝜇𝑖∕𝑀𝑖 and 𝜈̄𝑖 ∶= 𝜈𝑖∕𝑀𝑖.

Then

W(𝜇, 𝜈) ≤
𝑁
∑

𝑖=1
W(𝜇𝑖, 𝜈𝑖) =

𝑁
∑

𝑖=1
𝑀𝑖W(𝜇̄𝑖, 𝜈̄𝑖). (5.3.13)

Proof. First of all let us prove that for every 𝑖 it holds

W(𝜇𝑖, 𝜈𝑖) =𝑀W1(𝜇̄𝑖, 𝜈̄𝑖).

By definition:

W(𝜇̄𝑖, 𝜈̄𝑖) = inf
𝜋∈Γ(𝜇̄𝑖,𝜈̄𝑖)∫ℝ𝑑×ℝ𝑑

dℝ𝑑 (𝑥, 𝑦)𝑑𝜋(𝑥, 𝑦)

and given a sequence ofmeasures𝜋𝑛 realising the infimum in (5.3.1) withmarginals 𝜇̄𝑖 and 𝜈̄𝑖, themeasures
𝑀𝑖𝜋𝑛 will realise the infimum in (5.3.1) with marginals 𝜇𝑖, 𝜈𝑖, so

W1(𝜇𝑖, 𝜈𝑖) =𝑀𝑖W1(𝜇̄𝑖, 𝜈̄𝑖).

For every 𝑖 and every 𝜀 > 0 we consider 𝜋𝑖 a transport plan between 𝜇̄𝑖 and 𝜈̄𝑖 such that

∫ℝ𝑑×ℝ𝑑
dℝ𝑑 (𝑥, 𝑦)𝑑𝜋𝑖(𝑥, 𝑦) ≤ W(𝜇̄𝑖, 𝜈̄𝑖) + 𝜀∕𝑁.
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It is easy to see that 𝜋𝜀 ∶=
∑𝑁
𝑖=1𝑀𝑖𝜋𝑖 ∈ Γ(𝜇, 𝜈), since for every 𝐴,𝐵 Borel:

𝜋𝜀(𝐴 ×ℝ𝑑) =
𝑁
∑

𝑖=1
𝑀𝑖𝜋𝑖(𝐴 ×ℝ𝑑) =

𝑁
∑

𝑖=1
𝑀𝑖𝜇̄𝑖(𝐴) =

𝑁
∑

𝑖=1
𝜇𝑖(𝐴) = 𝜇(𝐴),

and similarly we see that 𝜋𝜀(ℝ𝑑 × 𝐵) = 𝜈(𝐵). Then:

W(𝜇, 𝜈) ≤ ∫ℝ𝑑×ℝ𝑑
dℝ𝑑 (𝑥, 𝑦)𝑑𝜋𝜀(𝑥, 𝑦) =

𝑁
∑

𝑖=1
𝑀𝑖 ∫ℝ𝑑×ℝ𝑑

dℝ𝑑 (𝑥, 𝑦)𝑑𝜋𝑖(𝑥, 𝑦)

≤
𝑁
∑

𝑖=1
𝑀𝑖W(𝜇̄𝑖, 𝜈̄𝑖) + 𝜀 =

𝑁
∑

𝑖=1
W(𝜇𝑖, 𝜈𝑖) + 𝜀.

We conclude since 𝜀 is arbitrarily small.

Remark 5.3.1.
Lemma 5.3.1 has an heuristic obvious “proof”. What we are doing is simply to impose that the mass of 𝜇𝑖
is sent to 𝜈𝑖 for every 𝑖, and we minimize the cost for every 𝑖 = 1,… , 𝑁 . Of course by doing this we are
imposing more constraints on 𝜋 ∈ Γ(𝜇, 𝜈), so the inequality is just a consequence of the fact that we are
considering the infimum in (5.3.1) on a smaller set than Γ(𝜇, 𝜈).

We are now ready to prove the theorems.

Proof of Theorem 5.3.2. First of all, we notice that in order to prove (5.3.5) we can work without loss of
generality with Φ𝛿. By Proposition 5.2.1, using Kantorovich-Rubinstein duality, we have:

W1(Φ(𝑡, ⋅)#𝑢0,Φ𝛿(𝑡, ⋅)#𝑢0) ≤ ∫𝕋 𝑑
𝑢0(𝑥)|Φ(𝑡, 𝑥) − Φ𝛿(𝑡, 𝑥)|𝑑𝑥 (5.3.14)

≤ ‖𝑢0‖𝐿𝑞‖Φ(𝑡, ⋅) − Φ𝛿(𝑡, ⋅)‖𝐿𝑝 ≲ 𝐶𝑡| log(𝛿)|−1 ≈ 𝐶𝑡| log(Δ𝑡)|−1.

At time 𝑡 fixed, consider 𝑥̄0 = (𝑥10,… , 𝑥𝑁0 ) a random variable in ((𝕋 𝑑)𝑁 , ((𝕋 𝑑))𝑁 , 𝑃 ), with (𝕋 𝑑) the
Borel sigma algebra on 𝕋 𝑑 and

P̄ = P1⊗P2⋯⊗ P𝑁 , with P𝑖 a uniform distribution over𝑄𝑖 for every 𝑖. (5.3.15)

We also define 𝑢𝑖0 ∶= 𝑢0
¬𝑄𝑖 and 𝑢̄𝑖0 ∶= (𝑢0

¬𝑄𝑖)∕𝑀𝑖 if 𝑀𝑖 > 0, otherwise 𝑀𝑖 = 𝑢̄𝑖0 = 0, where 𝜇 ¬𝐴
denotes the restriction of a measure 𝜇 to the set 𝐴. In the following, each time we consider an expected
value 𝔼[⋅] or a variance Var[⋅] it will be with respect to the probability P̄. We consider

𝜇𝑖 ∶= Φ𝛿(𝑡, ⋅)#(𝑢0
¬𝑄𝑖) and 𝜈𝑖 ∶=𝑀𝑖𝛿Φ𝐸 (𝑡,𝑥𝑖0)

= Φ𝐸(𝑡, ⋅)#(𝑀𝑖𝛿𝑥𝑖0),

which have the same mass, so we can apply Lemma 5.3.1. For the moment we will work in a fixed set
𝑄 = 𝑄𝑖 of the partition such that𝑀𝑖 ≠ 0, so in order to keep the notation lighter we will drop the subscript
and in the following we will implicitly assume that the measures are restricted to𝑄 and normalized, we will
also write 𝑥0 instead of 𝑥𝑖0. Since 𝑢(𝑡, ⋅) = Φ𝛿(𝑡, ⋅)#𝑢̄0, we need to estimate 𝔼[W1(Φ𝛿(𝑡, ⋅)#𝑢̄0, 𝛿Φ𝐸 (𝑡,𝑥0))].
By triangle inequality

𝔼[W1(Φ𝛿(𝑡, ⋅)#𝑢̄0, 𝛿Φ𝐸 (𝑡,𝑥0))] ≤𝔼[W1(Φ𝛿(𝑡, ⋅)#𝑢̄0, 𝛿Φ𝛿(𝑡,𝑥0))] (5.3.16)

+ 𝔼[W1(𝛿Φ𝛿(𝑡,𝑥0), 𝛿Φ𝐸 (𝑡,𝑥0))].

For the first addendum in (5.3.16), recalling that ∫𝑄 𝑢̄0(𝑥)𝑑𝑥 = 1:
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W1(Φ𝛿(𝑡, ⋅)#𝑢̄0, 𝛿Φ𝛿(𝑡,𝑥0)) (5.3.17)

= sup
Lip(ℎ)≤1

(

∫𝑄
𝑢̄0(𝑥)ℎ(Φ𝛿(𝑡, 𝑥))𝑑𝑥 − ∫𝑄

𝑢̄0(𝑥)ℎ(Φ𝛿(𝑡, 𝑥0))𝑑𝑥
)

≤ ∫𝑄
𝑢̄0(𝑥)|Φ𝛿(𝑡, 𝑥) − Φ𝛿(𝑡, 𝑥0)|𝑑𝑥.

Using Proposition 4.2.1 we can consider a set 𝐾 ⊂ 𝕋 𝑑 with |𝐾𝑐
| = 𝛼−𝑝2𝑝𝐴𝑝(𝑅,Φ𝛿)𝑝| log(Δ𝑥)|−𝑝 for

𝛼 ∈ (0, 1) such that Lip(Φ𝛿(𝑡, ⋅)
¬𝐾) ≤ (Δ𝑥)−𝛼 for every 0 ≤ 𝑡 ≤ 𝑇 . Notice that 𝐴𝑝(𝑅,Φ𝛿) does

not depend on the mollification scale 𝛿, since ‖𝐷𝑥𝑏𝛿‖𝐿1(𝐿𝑝) ≤ ‖𝐷𝑥𝑏‖𝐿1(𝐿𝑝) for every 𝛿 > 0 by Young’s
convolution inequality. Then using that |𝑥 − 𝑥0| ≤ diam(𝑄) ≤ Δ𝑥 and (5.3.17):

𝔼
[

W1(Φ𝛿(𝑡, ⋅)#𝑢̄0, 𝛿Φ𝛿(𝑡,𝑥0))
]

(5.3.18)

≤ 1
ℒ 𝑑(𝑄)

[

∫𝑄∩𝐾

(

∫𝑄∩𝐾
𝑢̄0(𝑥)|Φ𝛿(𝑡, 𝑥) − Φ𝛿(𝑡, 𝑥0)|𝑑𝑥

)

𝑑𝑥0

+ ∫𝑄∩𝐾

(

∫𝑄∩𝐾𝑐
𝑢̄0(𝑥)|Φ𝛿(𝑡, 𝑥) − Φ𝛿(𝑡, 𝑥0)|𝑑𝑥

)

𝑑𝑥0

+ ∫𝑄∩𝐾𝑐

(

∫𝑄
𝑢̄0(𝑥)|Φ𝛿(𝑡, 𝑥) − Φ𝛿(𝑡, 𝑥0)|𝑑𝑥

)

𝑑𝑥0

]

≲ (Δ𝑥)1−𝛼‖𝑢̄0‖𝐿1(𝑄∩𝐾) + (Δ𝑥 + 2𝑡‖𝑏‖∞)
(

‖𝑢̄0‖𝐿1(𝑄∩𝐾𝑐 ) +
ℒ 𝑑(𝑄 ∩𝐾𝑐)

ℒ 𝑑(𝑄)

)

,

where we used that

|Φ𝛿(𝑡, 𝑥) − Φ𝐸(𝑡, 𝑥0)| ≤ Δ𝑥 + 2𝑡‖𝑏‖∞ and that ‖𝑢̄0‖𝐿1(𝑄) = 1 by construction.

As for the other addendum in (5.3.16), we have:

W1(𝛿Φ𝛿(𝑡,𝑥0), 𝛿Φ𝐸 (𝑡,𝑥0)) = sup
Lip(ℎ)=1

(

∫𝕋 𝑑
ℎ(𝑥)𝑑𝛿Φ𝛿(𝑡,𝑥0) − ∫𝕋 𝑑

ℎ(𝑥)𝑑𝛿Φ𝐸 (𝑡,𝑥0)

)

(5.3.19)

≤ |Φ𝛿(𝑡, 𝑥0) − Φ𝐸(𝑡, 𝑥0)|.

So, considering the expected value:

𝔼[W1(𝛿Φ𝛿(𝑡,𝑥0), 𝛿Φ𝐸 (𝑡,𝑥0))] ≤
1

ℒ 𝑑(𝑄) ∫𝑄
|Φ𝛿(𝑡, 𝑥0) − Φ𝐸(𝑡, 𝑥0)|𝑑𝑥0. (5.3.20)

By Lemma 5.3.1:

𝔼[W1(Φ𝛿(𝑡, ⋅)#𝑢0, 𝑢𝐸(𝑡, 𝑥̄0))] ≤ 𝔼

[ 𝑁
∑

𝑖=1
𝑀𝑖W1

(

Φ𝛿(𝑡, ⋅)#𝑢̄𝑖0, 𝛿Φ𝐸 (𝑡,𝑥𝑖0)

)

]

(5.3.21)

=
𝑁
∑

𝑖=1
𝑀𝑖𝔼

[

W1

(

Φ𝛿(𝑡, ⋅)#𝑢̄𝑖0, 𝛿Φ𝐸 (𝑡,𝑥𝑖0)

)]

≲
𝑁
∑

𝑖=1
𝑀𝑖

(

(Δ𝑥)1−𝛼‖𝑢̄𝑖0‖𝐿1(𝑄𝑖∩𝐾) + (Δ𝑥 + 2𝑡‖𝑏‖∞)‖𝑢̄𝑖0‖𝐿1(𝑄𝑖∩𝐾𝑐 )

+ (Δ𝑥 + 2𝑡‖𝑏‖∞)
ℒ 𝑑(𝑄 ∩𝐾𝑐)

ℒ 𝑑(𝑄)
+ 1

ℒ 𝑑(𝑄𝑖) ∫𝑄𝑖
|Φ𝐸(𝑡, 𝑥0) − Φ𝛿(𝑡, 𝑥0)|𝑑𝑥0

)



5.3. SINGULAR PROBABILISTIC APPROXIMATION 83

=
𝑁
∑

𝑖=1

(

(Δ𝑥)1−𝛼‖𝑢𝑖0‖𝐿1(𝑄𝑖∩𝐾) + (Δ𝑥 + 2𝑡‖𝑏‖∞)‖𝑢𝑖0‖𝐿1(𝑄𝑖∩𝐾𝑐 )

+ ‖𝑢0‖∞(Δ𝑥 + 2𝑡‖𝑏‖∞)ℒ 𝑑(𝑄𝑖 ∩𝐾𝑐) +‖𝑢0‖∞ ∫𝑄𝑖
|Φ𝐸(𝑡, 𝑥0) − Φ𝛿(𝑡, 𝑥0)|𝑑𝑥0

)

≲ (Δ𝑥)1−𝛼‖𝑢0‖𝐿1(𝕋 𝑑 ) + 𝑡‖𝑢0‖𝐿1(𝐾𝑐 ) + 𝑡‖𝑢0‖∞ℒ 𝑑(𝐾𝑐) + ‖𝑢0‖∞‖Φ𝛿(𝑡, ⋅) − Φ𝐸(𝑡, ⋅)‖𝐿1(𝕋 𝑑 )

≲ (Δ𝑥)1−𝛼 + ‖𝑢0‖∞

(

𝑡
| log(Δ𝑥)|−𝑝

𝛼𝑝
+ 𝐶𝑡| log(Δ𝑡)|−1

)

,

where we use that ‖𝑢0‖𝐿1(𝐾𝑐 ) ≤ ‖𝑢0‖∞ℒ 𝑑(𝐾𝑐) with ℒ 𝑑(𝐾𝑐) ≈ 𝛼−𝑝| log(Δ𝑥)|−𝑝. We also have

‖Φ𝛿(𝑡, ⋅) − Φ𝐸(𝑡, ⋅)‖𝐿1(𝕋 𝑑 ) ≲ 𝐶𝑡| log(Δ𝑡)|−1 (5.3.22)

by Hölder’s inequality and Proposition 5.2.3, and thus we have proved (5.3.5). We now estimate the vari-
ance. By definition

Var[𝑋] = 𝔼[𝑋2] − 𝔼[𝑋]2.

We will simply estimateVar(𝑋) from above with 𝔼[𝑋2]. First of all we notice that, in order to prove (5.3.6),
we can work without loss of generality with Φ𝛿 instead of Φ. Indeed:

W1(Φ(𝑡, ⋅)#𝑢̄0, 𝑢𝐸(𝑡, 𝑥̄0))2 ≤ 2W1(Φ(𝑡, ⋅)#𝑢̄0,Φ𝛿(𝑡, ⋅)#𝑢̄0)2 + 2W1(Φ𝛿(𝑡, ⋅)#𝑢̄0, 𝑢𝐸(𝑡, 𝑥̄0))2, (5.3.23)

and by (5.3.14) we have

W1(Φ(𝑡, ⋅)#𝑢̄0,Φ𝛿(𝑡, ⋅)#𝑢̄0)2 ≲ 𝐶2
𝑡 | log(Δ𝑡)|

−2. (5.3.24)

We now restrict to working in a fixed set𝑄𝑖. As we did before, we omit writing the index 𝑖 and we will denote
(𝑢0

¬𝑄𝑖)∕𝑀𝑖 and 𝑥𝑖0 as 𝑢̄0 and 𝑥0. It holds:

W1(Φ𝛿(𝑡, ⋅)#𝑢̄0, 𝛿Φ𝐸 (𝑡,𝑥0))
2 ≤ 2W1(Φ𝛿(𝑡, ⋅)#𝑢̄0, 𝛿Φ𝛿(𝑡,𝑥0))

2 + 2W1(𝛿Φ𝛿(𝑡,𝑥0), 𝛿Φ𝐸 (𝑡,𝑥0))
2. (5.3.25)

For the first addendum in the right-hand side of (5.3.25), using (5.3.17), the same choice of𝐾 , the decom-
position in (5.3.18) and the elementary inequality (𝑎 + 𝑏 + 𝑐)2 ≤ 4𝑎2 + 4𝑏2 + 4𝑐2:

𝔼[W1(Φ𝛿(𝑡, ⋅)#𝑢̄0, 𝛿Φ𝛿(𝑡,𝑥0))
2] ≲ (Δ𝑥)2−2𝛼‖𝑢̄0‖2𝐿1(𝑄∩𝐾) + (Δ𝑥 + 2‖𝑏‖∞𝑡)2‖𝑢̄0‖2𝐿1(𝑄∩𝐾𝑐 ) (5.3.26)

+ (Δ𝑥 + 2‖𝑏‖∞𝑡)2
ℒ 𝑑(𝑄 ∩𝐾𝑐)2

ℒ (𝑄)2
.

For the second addendum in (5.3.25), using (5.3.19) in expected value:

𝔼[W1(𝛿Φ𝛿(𝑡,𝑥0), 𝛿Φ𝐸 (𝑡,𝑥0))
2] ≤ 1

ℒ 𝑑(𝑄) ∫𝑄
|Φ𝛿(𝑡, 𝑥0) − Φ𝐸(𝑡, 𝑥0)|2𝑑𝑥0 (5.3.27)

≤
‖Φ𝛿(𝑡, ⋅) − Φ𝐸(𝑡, ⋅)‖∞

ℒ 𝑑(𝑄) ∫𝑄
|Φ𝛿(𝑡, 𝑥0) − Φ𝐸(𝑡, 𝑥0)|𝑑𝑥0

≤
2‖𝑏‖∞𝑡
ℒ 𝑑(𝑄) ∫𝑄

|Φ𝛿(𝑡, 𝑥0) − Φ𝐸(𝑡, 𝑥0)|𝑑𝑥0.

The conclusion follows as in (5.3.21), using (5.3.26), (5.3.27) and that by Cauchy-Schwartz:

W1(𝜇, 𝜈) ≤
𝑁
∑

𝑖=1
𝑀𝑖W1(𝜇̄𝑖, 𝜈̄𝑖) ⟹ W1(𝜇, 𝜈)2 ≤ 𝑁

𝑁
∑

𝑖=1
𝑀2

𝑖 W1(𝜇̄𝑖, 𝜈̄𝑖)2.

Indeed
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𝔼[W1(Φ(𝑡, ⋅)#𝑢0, 𝑢𝐸(𝑡, 𝑥̄0))2] ≤ 𝑁
𝑁
∑

𝑖=1
𝑀2

𝑖 𝔼
[

W1

(

Φ(𝑡, ⋅)#𝑢̄𝑖0, 𝛿Φ𝐸 (𝑡,𝑥𝑖0)

)2
]

(5.3.28)

≲ 𝑁
𝑁
∑

𝑖=1
𝑀2

𝑖

(

(Δ𝑥)2−2𝛼‖𝑢̄𝑖0‖
2
𝐿1(𝑄𝑖∩𝐾) + (Δ𝑥 + 𝑡)2‖𝑢̄𝑖0‖

2
𝐿1(𝑄𝑖∩𝐾𝑐 )

+ (Δ𝑥 + 𝑡)2
ℒ 𝑑(𝑄𝑖 ∩𝐾𝑐)2

ℒ 𝑑(𝑄𝑖)2
+ 𝑡

ℒ 𝑑(𝑄𝑖) ∫𝑄𝑖
|Φ𝐸(𝑡, 𝑥0) − Φ𝛿(𝑡, 𝑥0)|𝑑𝑥0

)

≤ 𝑁
𝑁
∑

𝑖=1
𝑀𝑖

(

(Δ𝑥)2−2𝛼‖𝑢𝑖0‖𝐿1(𝑄𝑖) + (2(Δ𝑥)2 + 2𝑡2)‖𝑢𝑖0‖𝐿1(𝑄𝑖∩𝐾𝑐 )

+ (2(Δ𝑥)2 + 2𝑡2)‖𝑢0‖∞ℒ (𝐾𝑐 ∩𝑄𝑖) + 𝑡‖𝑢0‖∞ ∫𝑄𝑖
|Φ𝐸(𝑡, 𝑥0) − Φ𝛿(𝑡, 𝑥0)|𝑑𝑥0

)

≤ 𝑁
𝑁
∑

𝑖=1
𝑀𝑖

(

(Δ𝑥)2−2𝛼‖𝑢𝑖0‖𝐿1(𝑄𝑖) + (4(Δ𝑥)2 + 4𝑡2)‖𝑢0‖∞ℒ (𝐾𝑐 ∩𝑄𝑖)

+ 𝑡‖𝑢0‖∞ ∫𝑄𝑖
|Φ𝐸(𝑡, 𝑥0) − Φ𝛿(𝑡, 𝑥0)|𝑑𝑥0

)

.

By the assumption on diam(𝑄𝑖) we have 𝑀𝑖 ≲ ‖𝑢0‖∞(Δ𝑥)𝑑 for every 𝑖, and also by assumption 𝑁 ≲
(Δ𝑥)−𝑑 , so

𝔼[W1(Φ𝛿(𝑡, ⋅)#𝑢0, 𝑢𝐸(𝑡, 𝑥̄0))2]

≲ ‖𝑢0‖∞
𝑁
∑

𝑖=1

(

(Δ𝑥)2−2𝛼‖𝑢𝑖0‖𝐿1(𝑄𝑖) + 𝑡
2
‖𝑢0‖∞ℒ 𝑑(𝐾𝑐 ∩𝑄𝑖)

+𝑡‖𝑢0‖𝐿∞ ∫𝑄𝑖
|Φ𝐸(𝑡, 𝑥0) − Φ𝛿(𝑡, 𝑥0)|𝑑𝑥0

)

= ‖𝑢0‖∞

(

(Δ𝑥)2−2𝛼‖𝑢0‖𝐿1(𝕋 𝑑 ) + 𝑡2‖𝑢0‖∞ℒ 𝑑(𝐾𝑐)

+𝑡‖𝑢0‖∞ ∫𝕋 𝑑
|Φ𝐸(𝑡, 𝑥0) − Φ𝛿(𝑡, 𝑥0)|𝑑𝑥0

)

≤ ‖𝑢0‖∞

(

(Δ𝑥)2−2𝛼‖𝑢0‖𝐿1(𝕋 𝑑 ) + 𝑡2‖𝑢0‖∞ℒ 𝑑(𝐾𝑐)

+𝑡‖𝑢0‖∞ ∫𝕋 𝑑
|Φ𝐸(𝑡, 𝑥0) − Φ𝛿(𝑡, 𝑥0)|𝑑𝑥0

)

≲ ‖𝑢0‖∞
(

(Δ𝑥)2−2𝛼‖𝑢0‖𝐿1(𝕋 𝑑 ) + 𝑡2‖𝑢0‖∞𝛼−𝑝| log(Δ𝑥)|−𝑝 + 𝑡𝐶𝑡‖𝑢0‖∞| log(Δ𝑡)|−1
)

,

and together with (5.3.23) and (5.3.24) we can conclude and get (5.3.6).

Remark 5.3.2.
A simple sufficient condition to impose in order to have that𝑁 ≲ (Δ𝑥)−𝑑 is a lower bound on the volume of
the cells, i.e. |𝑄𝑖| ≥ 𝑐(Δ𝑥)𝑑 for some 𝑐 > 0 for every 𝑖.

Remark 5.3.3. The role of 𝛼
We will try to give an heuristic explanation of the role of 𝛼. It essentially takes into account the fact that
one cannot estimate 𝑢(𝑡, ⋅) better than a certain threshold even for small times, since we have a discretiza-
tion of the initial datum at scale Δ𝑥. We can check that, if 𝑡 = 0, we can consider 𝛼 = 1 and estimate
W1

(

𝑢0,
∑𝑁
𝑖=1𝑀𝑖𝛿𝑥𝑖0

)

deterministically for every choice of 𝑥𝑖0 ∈ 𝑄𝑖. Indeed, consider 𝑢𝑖0 = 𝑢0
¬𝑄𝑖. By

Kantorovich-Rubinstein duality:
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W1(𝑢𝑖0,𝑀𝑖𝛿𝑥𝑖0) = sup
Lip(𝑓 )≤1

(

∫𝑄𝑖
𝑓 (𝑥)𝑢𝑖0(𝑥)𝑑𝑥 − ∫𝑄𝑖

𝑓 (𝑥0)𝑢𝑖0(𝑥)𝑑𝑥
)

= ∫𝑄𝑖
𝑢𝑖0(𝑥)|𝑓 (𝑥) − 𝑓 (𝑥0)|𝑑𝑥 ≤ Δ𝑥∫𝑄𝑖

𝑢𝑖0(𝑥)𝑑𝑥,

and we can easily conclude applying Lemma 5.3.1.

Remark 5.3.4. The role of the expected value
If we did not consider any expected value in Theorem 5.3.2, instead of (5.3.20)wewould have had to estimate
pointwise differences between Φ𝛿 and Φ𝐸 , which we are unable to control.

Before proving Theorem 5.3.3, let us remark once again why it is more precise than Theorem 5.3.2. While
in Theorem 5.3.2 we have, for every 𝛼 ∈ (0, 1), essentially the same logarithmic rate, in Theorem 5.3.3 by
defining ℎ ∶= max{Δ𝑡,Δ𝑥} the optimal rate ℎ𝛼 for which we will be able to estimate both the expected
value and the variance will be 1∕2 for 1 < 𝑝 ≤ 𝑑 , while for 𝑝 > 𝑑 we get better estimates. Namely, if
𝑝 > 𝑑 we can estimate the W̃1−𝛼 distance, but with constants that diverge to +∞ as 𝛼 → 0. We thus do
not have a sharp rate for this case. We notice that the convergence rate of 1∕2 is likely sharp if 1 < 𝑝 ≤ 𝑑
(as shown in [142] for the upwind scheme).

Proof of Theorem 5.3.3. Since the relevant quantity will be ℎ = max{Δ𝑡,Δ𝑥} in the following, we can
assume without loss of generality that ℎ = Δ𝑡 = Δ𝑥. If 1 < 𝑝 ≤ 𝑑 , we first need to estimate the distance
W̃1∕2(Φ(𝑡, ⋅)#𝑢0,Φ𝛿(𝑡, ⋅)#𝑢0) since we want to work with Φ𝛿 in place of Φ with 𝛿 =

√

ℎ. Notice that this
will not be necessary if 𝑝 > 𝑑. By Kantorovich-Rubinstein duality

W̃1∕2(Φ(𝑡, ⋅)#𝑢0,Φ𝛿(𝑡, ⋅)#𝑢0) ≤ ∫𝕋 𝑑
𝑢0(𝑥) log

(

1 +
|Φ(𝑡, 𝑥) − Φ𝛿(𝑡, 𝑥)|

√

ℎ

)

𝑑𝑥 (5.3.29)

≤ ‖𝑢0‖𝐿𝑞(𝕋 𝑑 )
|

|

|

|

|

|

|

|

|

|

|

|

log

(

1 +
|Φ(𝑡, ⋅) − Φ𝛿(𝑡, ⋅)|

√

ℎ

)

|

|

|

|

|

|

|

|

|

|

|

|𝐿𝑝(𝕋 𝑑 )

≤ 𝐶,

where we have used the estimate of Remark 4.2.2, since ‖𝑏− 𝑏𝛿‖𝐿1(𝐿𝑝) ≲
√

ℎ, because 𝛿 =
√

ℎ. Arguing
as in Theorem 5.3.2 we restrict to working in a fixed set 𝑄𝑖 and we will omit the index for the moment to
lighten the notation, in particular 𝑢̄0, 𝑥0 and𝑄 will denote (𝑢0

¬𝑄𝑖)∕𝑀𝑖, 𝑥𝑖0 and𝑄𝑖 respectively. By triangle
inequality:

𝔼
[

W̃1∕2(Φ𝛿(𝑡, ⋅)#𝑢̄0, 𝛿Φ𝐸 (𝑡,𝑥0))
]

≤ 𝔼
[

W̃1∕2(Φ𝛿(𝑡, ⋅)#𝑢̄0, 𝛿Φ𝛿(𝑡,𝑥0))
]

(5.3.30)

+ 𝔼
[

W̃1∕2(𝛿Φ𝛿(𝑡,𝑥0), 𝛿Φ𝐸 (𝑡,𝑥0))
]

.

For the first addendum in the right-hand side of (5.3.30) it holds the analogous of (5.3.17), i.e.

W̃1∕2(Φ𝛿(𝑡, ⋅)#𝑢̄0, 𝛿Φ𝛿(𝑡,𝑥0)) ≤ ∫𝑄
𝑢̄0(𝑥) log

(

1 +
|Φ𝛿(𝑡, 𝑥) − Φ𝛿(𝑡, 𝑥0)|

√

ℎ

)

𝑑𝑥.

By Proposition 4.2.1 we can choose𝐾 ⊂ 𝕋 𝑑 such that |𝕋 𝑑 ⧵𝐾| = 4𝑝𝐴𝑝(𝑅,Φ𝛿)𝑝| log(ℎ)|−𝑝 and so thatΦ𝛿

satisfies Lip(Φ𝛿(𝑡, ⋅)
¬𝐾) ≤ 1∕

√

ℎ for every 𝑡. Notice that𝐴𝑝(𝑅,Φ𝛿) does not depend on the mollification
scale 𝛿, since ‖𝐷𝑥𝑏𝛿‖𝐿1(𝐿𝑝) ≤ ‖𝐷𝑥𝑏‖𝐿1(𝐿𝑝) for every 𝛿 > 0 by Young’s convolution inequality. Then it
holds

𝔼[W̃1∕2(Φ𝛿(𝑡, ⋅)#𝑢̄0, 𝛿Φ𝛿(𝑡,𝑥0))]
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≤ 1
ℒ 𝑑(𝑄)

[

∫𝑄∩𝐾

(

∫𝑄∩𝐾
𝑢̄0(𝑥) log

(

1 +
|Φ𝛿(𝑡, 𝑥) − Φ𝛿(𝑡, 𝑥0)|

√

ℎ

)

𝑑𝑥

)

𝑑𝑥0

+ ∫𝑄∩𝐾

(

∫𝑄∩𝐾𝑐
𝑢̄0(𝑥) log

(

1 +
|Φ𝛿(𝑡, 𝑥) − Φ𝛿(𝑡, 𝑥0)|

√

ℎ

)

𝑑𝑥

)

𝑑𝑥0

+ ∫𝑄∩𝐾𝑐

(

∫𝑄
𝑢̄0(𝑥) log

(

1 +
|Φ𝛿(𝑡, 𝑥) − Φ𝛿(𝑡, 𝑥0)|

√

ℎ

)

𝑑𝑥

)

𝑑𝑥0

]

≲ ‖𝑢̄0‖𝐿1(𝑄∩𝐾) + | log(ℎ)| ‖𝑢̄0‖𝐿1(𝑄∩𝐾𝑐 ) + | log(ℎ)|
ℒ 𝑑(𝑄 ∩𝐾𝑐)

ℒ 𝑑(𝑄)
,

where in the first addendum we used the Lipschitz estimate on Φ𝛿(𝑡, ⋅)
¬𝐾 , while for the second and third

addenda we simply estimated the logarithm as | log(ℎ)| and used that ‖𝑢̄0‖𝐿1(𝑄) = 1. For the second
addendum in (5.3.30), arguing as for (5.3.19):

𝔼[W̃1∕2(𝛿Φ(𝑡,𝑥0), 𝛿Φ𝐸 (𝑡,𝑥0))] ≤
1

ℒ 𝑑(𝑄) ∫𝑄
log

(

1 +
|Φ𝛿(𝑡, 𝑥0) − Φ𝐸(𝑡, 𝑥0)|

√

ℎ

)

𝑑𝑥0.

So, estimating as in (5.3.21):

𝔼[W̃1∕2(Φ𝛿(𝑡, ⋅)#𝑢0, 𝑢𝐸(𝑡, 𝑥̄0))] ≤ 𝔼

[ 𝑁
∑

𝑖=1
𝑀𝑖W̃1∕2

(

Φ𝛿(𝑡, ⋅)#𝑢̄𝑖0, 𝛿Φ𝐸 (𝑡,𝑥𝑖0)

)

]

(5.3.31)

=
𝑁
∑

𝑖=1
𝑀𝑖𝔼

[

W̃1∕2

(

Φ𝛿(𝑡, ⋅)#𝑢̄𝑖0, 𝛿Φ𝐸 (𝑡,𝑥𝑖0)

)]

≲
𝑁
∑

𝑖=1
𝑀𝑖

(

‖𝑢̄𝑖0‖𝐿1(𝑄𝑖∩𝐾) + | log(ℎ)| ‖𝑢̄𝑖0‖𝐿1(𝑄𝑖∩𝐾𝑐 )

+| log(ℎ)|
ℒ 𝑑(𝑄𝑖 ∩𝐾)

ℒ 𝑑(𝑄)
+ 1

ℒ 𝑑(𝑄𝑖) ∫𝑄𝑖
log

(

1 +
|Φ𝛿(𝑡, 𝑥0) − Φ𝐸(𝑡, 𝑥0)|

√

ℎ

)

𝑑𝑥0

)

≤
𝑁
∑

𝑖=1

(

‖𝑢𝑖0‖𝐿1(𝑄𝑖∩𝐾) + | log(ℎ)| ‖𝑢0‖∞ℒ 𝑑(𝑄𝑖 ∩𝐾𝑐)

+ | log(ℎ)| ‖𝑢0‖∞ℒ 𝑑(𝑄𝑖 ∩𝐾𝑐) + ‖𝑢0‖∞ ∫𝑄𝑖
log

(

1 +
|Φ𝛿(𝑡, 𝑥0) − Φ𝐸(𝑡, 𝑥0)|

√

ℎ

)

𝑑𝑥0

)

≲ ‖𝑢0‖𝐿1(𝕋 𝑑 ) + | log(ℎ)| ‖𝑢0‖∞ ℒ 𝑑(𝐾𝑐) + ‖𝑢0‖∞ ∫𝕋 𝑑
log

(

1 +
|Φ𝛿(𝑡, 𝑥0) − Φ𝐸(𝑡, 𝑥0)|

√

ℎ

)

𝑑𝑥0

≲ ‖𝑢0‖𝐿1(𝕋 𝑑 ) + ‖𝑢0‖∞
(

| log(ℎ)|1−𝑝 + 1
)

≤ 𝐶.

Combining (5.3.29) and (5.3.31) we get (5.3.7). With the same estimates used in Theorem5.3.2, we can also
recover the estimate for the variance. First of all, let us see that we can work without loss of generality with
Φ𝛿 in place ofΦ. Indeed we can use (5.3.23) and (5.3.29) with W̃1∕2 to get W̃1∕2(Φ(𝑡, ⋅)#𝑢̄0,Φ𝛿(𝑡, ⋅)#𝑢̄0)2 ≤
𝐶 . We are left to estimate W̃1∕2(Φ𝛿(𝑡, ⋅)#𝑢0, 𝑢𝐸(𝑡, 𝑥̄0)). By (5.3.25) we first estimate:

𝔼[W̃1∕2(Φ𝛿(𝑡, ⋅)#𝑢̄0, 𝛿Φ𝛿(𝑡,𝑥0))
2]

≲ 1
ℒ 𝑑(𝑄)

⎡

⎢

⎢

⎣

∫𝑄∩𝐾

(

∫𝑄∩𝐾
𝑢̄0(𝑥) log

(

1 +
|Φ𝛿(𝑡, 𝑥) − Φ𝛿(𝑡, 𝑥0)|

√

ℎ

)

𝑑𝑥

)2

𝑑𝑥0

+ ∫𝑄∩𝐾

(

∫𝑄∩𝐾𝑐
𝑢̄0(𝑥) log

(

1 +
|Φ𝛿(𝑡, 𝑥) − Φ𝛿(𝑡, 𝑥0)|

√

ℎ

)

𝑑𝑥

)2

𝑑𝑥0
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+ ∫𝑄∩𝐾𝑐

(

∫𝑄
𝑢̄0(𝑥) log

(

1 +
|Φ𝛿(𝑡, 𝑥) − Φ𝛿(𝑡, 𝑥0)|

√

ℎ

)

𝑑𝑥

)2

𝑑𝑥0
⎤

⎥

⎥

⎦

≲ ‖𝑢̄0‖𝐿1(𝑄∩𝐾) + | log(ℎ)|2 ‖𝑢̄0‖𝐿1(𝑄∩𝐾𝑐 ) + | log(ℎ)|2
ℒ 𝑑(𝑄 ∩𝐾𝑐)

ℒ 𝑑(𝑄)
,

where in the first addendum we used the Lipschitz estimate onΦ𝛿(𝑡, ⋅)
¬𝐾 and in the last two addenda we

estimated the logarithm as | log(ℎ)|. The other relevant estimate is:

𝔼
[

W̃1∕2(𝛿Φ𝛿(𝑡,𝑥0), 𝛿Φ𝐸 (𝑡,𝑥0))
2
]

≤ 1
ℒ 𝑑(𝑄) ∫𝑄

log

(

1 +
|Φ𝛿(𝑡, 𝑥0) − Φ𝐸(𝑡, 𝑥0)|

√

ℎ

)2

𝑑𝑥0 (5.3.32)

≲
| log(ℎ)|
ℒ 𝑑(𝑄) ∫𝑄

log

(

1 +
|Φ𝛿(𝑡, 𝑥0) − Φ𝐸(𝑡, 𝑥0)|

√

ℎ

)

𝑑𝑥0.

Summing over 𝑗 as in (5.3.28) we have

Var[W̃1∕2(𝑢(𝑡, ⋅), 𝑢𝐸(𝑡, 𝑥̄0))] ≲ ‖𝑢0‖∞

[

‖𝑢0‖𝐿1(𝕋 𝑑 ) + | log(ℎ)|2‖𝑢0‖∞ℒ 𝑑(𝐾𝑐)

+| log(ℎ)| ‖𝑢0‖∞ ∫𝕋 𝑑
log

(

1 +
|Φ𝛿(𝑡, 𝑥0) − Φ𝐸(𝑡, 𝑥0)|

√

ℎ

)

𝑑𝑥0

]

≲ ‖𝑢0‖∞(‖𝑢0‖𝐿1(𝕋 𝑑 ) + ‖𝑢0‖∞ | log(ℎ)|2−𝑝 + ‖𝑢0‖∞ | log(ℎ)|)
≲ | log(ℎ)|,

so we have proved (5.3.8). The stronger rate for 𝑝 > 𝑑 can be proved by noticing that we do not need
(5.3.29), since we work directly with Φ, and by defining 𝐾 such that

|𝕋 𝑑 ⧵𝐾| ≤ 𝛼−𝑝2𝑝𝐴𝑝(𝑅,Φ)𝑝| log(ℎ)|−𝑝 and Lip(Φ(𝑡, ⋅) ¬𝐾) ≤ ℎ−𝛼 for every 𝑡.

Every estimate works in the same way, but keeping track of the dependence on 𝛼 gives us (5.3.9) and
(5.3.10). Finally, if we also assume 𝑝 ≥ 2 we can keep the square in the integrand on the first line of
(5.3.32), and with the same estimates as above we can conclude that:

Var[W̃1∕2(𝑢(𝑡, ⋅), 𝑢𝐸(𝑡, 𝑥̄0))] ≲ ‖𝑢0‖𝐿1(𝕋 𝑑 ) + ‖𝑢0‖𝐿∞| log(ℎ)|2−𝑝

+ ‖𝑢0‖∞ ∫𝕋 𝑑
log

(

1 +
|Φ𝛿(𝑡, 𝑥0) − Φ𝐸(𝑡, 𝑥0)|

√

ℎ

)2

𝑑𝑥0.

Since 𝑝 ≥ 2 we can estimate the last integral using Hölder’s inequality and (5.2.5), proving (5.3.11). Esti-
mate (5.3.12) can be proved similarly, keeping track of the dependence of 𝛼 on ℒ 𝑑(𝐾𝑐).

Remark 5.3.5. The case 𝑢0 ∉ 𝐿∞(𝕋 𝑑)
As already remarked, for the sake of simplicity we assumed 𝑢0 to be bounded. In 𝑢0 is unbounded, one
can simply estimate 𝑢0 with 𝑢0𝟙{𝑢0≤𝐾}, with 𝟙𝐴 denoting the indicator function of the set 𝐴. After this first
approximation one should keep track of the dependence of the estimates on𝐾 .

Remark 5.3.6. A possible alternative choice for 𝑃
If the choice of the point 𝑥𝑖0 in the cell 𝑄𝑖 is not made according to a uniform distribution, but according to
the probability density function (𝑢0

¬𝑄𝑖)∕𝑀𝑖, we can verify that both Theorem 5.3.2 and Theorem 5.3.3 hold
without the need to distinguish between the bounded and the unbounded cases. In particular, we point out
that the crucial technical advantage lies in the fact that if 𝑥0 is picked according to the ad hoc probability
just defined, it holds:
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𝑀𝑖𝔼[W̃1∕2(𝛿Φ(𝑡,𝑥0), 𝛿Φ𝐸 (𝑡,𝑥0))] =𝑀𝑖 ∫𝑄𝑖
𝑢̄0(𝑥0) log

(

1 +
|Φ𝛿(𝑡, 𝑥0) − Φ𝐸(𝑡, 𝑥0)|

√

ℎ

)

𝑑𝑥0 (5.3.33)

= ∫𝑄𝑖
𝑢0(𝑥0) log

(

1 +
|Φ𝛿(𝑡, 𝑥0) − Φ𝐸(𝑡, 𝑥0)|

√

ℎ

)

𝑑𝑥0,

while using a uniform distribution we needed to use that 𝑀𝑖∕ℒ 𝑑(𝑄𝑖) ≤ ‖𝑢0‖∞, crucially relying on the
boundedness of 𝑢0. There are two reasons why we preferred to give the proofs using a uniform probability
distribution even though it produces less sharp results. The first one is that a uniform probability distribution
is simpler, and the second reason is that, in many practical cases, the initial distribution is bounded and the
issue is given by the low regularity of the velocity field. We also notice that while using a bounded density
we essentially only considered 𝐿1 stability estimates for the flow, if we had used the ad hoc probability
distribution just defined we would have really needed the full𝐿𝑝 stability estimate on the flows. Indeed after
summing the terms like (5.3.33) for every 𝑖 we would have needed an estimate like:

∫𝕋 𝑑
𝑢0(𝑥0) log

(

1 +
|Φ𝛿(𝑡, 𝑥0) − Φ𝐸(𝑡, 𝑥0)|

√

ℎ

)

𝑑𝑥0 ≤

‖𝑢0‖𝐿𝑞(𝕋 𝑑 )
|

|

|

|

|

|

|

|

|

|

|

|

log

(

1 +
|Φ𝛿(𝑡, ⋅) − Φ𝐸(𝑡, ⋅)|

√

ℎ

)

|

|

|

|

|

|

|

|

|

|

|

|𝐿𝑝(𝕋 𝑑 )

to conclude.

Thanks to the above results we can now prove the following proposition, which in a sort of Monte Carlo-like
method for approximating in Wasserstein distance the solution 𝑢 of (PDE). For the sake of simplicity and
since the arguments would be identical, we give the result for a specific choice of Δ𝑡,Δ𝑥, 𝛼 and only with
respect to the 1-Wasserstein distance.

Proposition 5.3.1. Monte Carlo estimate of solution of (PDE)
Let 𝑏, 𝑢0 and {𝑄𝑖}𝑁𝑖=1 satisfy the assumptions of Theorem 5.3.2. Moreover, assume 𝛼 = 1∕2, Δ𝑡 = Δ𝑥 = ℎ
for some ℎ > 0 and that 𝐶𝑡| log(ℎ)|−1 ≫

√

ℎ. Then, defining

𝑆𝑛(𝑡) ∶=
1
𝑛

𝑛
∑

𝑖=1
𝑢𝑖𝐸(𝑡)

the mean of 𝑛 realisations of 𝑢𝐸 (see Definition 5.3.4; we omit to explicitly write in every 𝑢𝑖𝐸 the dependence
on 𝑥̄0) it holds that for every 𝑘 > 1

P̄
⎛

⎜

⎜

⎝

|W1(𝑆𝑛(𝑡), 𝑢(𝑡, ⋅)) − 𝔼[𝑆𝑛(𝑡)]| > 𝑘

√

𝐶𝑡| log(ℎ)|−1

𝑛

⎞

⎟

⎟

⎠

≤ 1
𝑘2
,

where 𝐶𝑡 → 0 as 𝑡→ 0 and 𝔼[W1(𝑆𝑛(𝑡), 𝑢(𝑡, ⋅))] ≤ 𝐶𝑡| log(ℎ)|−1.

Proof. Let 𝑋𝑖 ∶= W1(𝑢(𝑡, ⋅), 𝑢𝑖𝐸(𝑡)) be a random variable with respect to the probability 𝑃 defined in
(5.3.15). By Lemma 5.3.1:

W1(𝑆𝑛(𝑡), 𝑢(𝑡, ⋅)) ≤
1
𝑛

𝑛
∑

𝑖=1
W1(𝑢𝑖𝐸(𝑡), 𝑢(𝑡, ⋅)),

so by (5.3.5)

𝔼[W1(𝑆𝑛(𝑡), 𝑢(𝑡, ⋅))] ≤
1
𝑛

𝑛
∑

𝑖=1
𝔼[W1(𝑢𝑖𝐸(𝑡), 𝑢(𝑡, ⋅))] ≲ 𝐶𝑡| log(ℎ)|

−1, (5.3.34)



5.4. DIFFUSE DETERMINISTIC APPROXIMATION 89

and we have an upper bound for 𝔼[W1(𝑆𝑛(𝑡), 𝑢(𝑡, ⋅))]. By construction the random variables𝑋𝑖’s are inde-
pendent and identically distributed, so by (5.3.6)

Var[𝑆𝑛(𝑡)] =
Var[𝑋1]

𝑛
≤
𝐶𝑡| log(ℎ)|−1

𝑛
. (5.3.35)

Finally by Chebyshev’s inequality and (5.3.35):

P̄

⎛

⎜

⎜

⎜

⎝

⎧

⎪

⎨

⎪

⎩

|𝑆𝑛(𝑡) − 𝔼[𝑆𝑛(𝑡)]| > 𝑘

√

𝐶𝑡| log(ℎ)|−1

𝑛

⎫

⎪

⎬

⎪

⎭

⎞

⎟

⎟

⎟

⎠

≤ P̄
({

|𝑆𝑛(𝑡) − 𝔼[𝑆𝑛(𝑡)]| > 𝑘
√

Var[𝑆𝑛(𝑡)]
})

≤ 1
𝑘2
.

5.4 Diffuse deterministic approximation

In the previous section we showed how, in expected value, an approximation of the initial datum by a sum
of Dirac deltas advected by the vector field Φ𝐸 led to an approximation of the density 𝑢 which solves
(PDE). The point was to prove that the analogue of the explicit Euler method applied to one of the simplest
(weak) approximation of the initial datum (i.e. a sum of Dirac deltas) works also in this low-regularity
setting. Such an approximation, however, is not well-suited for many applications where one really wants
a diffuse approximation of the density rather than a singular one (for instance when there is a coupling
between the continuity equation and other equations). Moreover, we want to also present an approximation
scheme which works deterministically. We thus consider a variation of the previous results to cover also
this important case, showing how allowing for a stronger approximation of the initial datum and a suitable
approximation of the regular Lagrangian flow Φ we can give a deterministic approximation. As we have
just pointed out there are two major problems with the method presented in Section 5.3:

1. The approximation of 𝑢 is a singular measure. Often, one would like a diffuse approximation of a
diffuse initial datum.

2. The estimates are valid only in expected value, essentially due to the high sensitivity (at least a priori,
see Remark 5.3.4) to the choice of the points 𝑥𝑖0 ∈ 𝑄𝑖.

A way to fix the above issues is to approximate the flow Φ by performing an additional averaging in space
and to consider a strong (in 𝐿1 norm) approximation of the initial datum. In this way, deterministic esti-
mates for both the 1-Wasserstein distance and for the logarithmic Wasserstein distance introduced in the
previous section will follow easily, as we will see in Theorem 5.4.1. Let us now make these ideas rigorous.

Definition 5.4.1. Definition of Φ̄𝐸
Assume the domain 𝕋 𝑑 is partitioned in sets {𝑄𝑖}𝑛𝑖=1. Let 𝑏 satisfy conditions (MA) with 𝑝 > 𝑑. For every
𝑄𝑖 fix a point 𝑥𝑖0 ∈ 𝑄𝑖. Given 𝑡 ∈ (𝑡𝑛, 𝑡𝑛+1) and 𝑥 ∈ 𝑄𝑖, we define:

Φ̄𝐸(𝑡, 𝑥) ∶= Φ̄𝐸(𝑡𝑛, 𝑥) + (𝑡 − 𝑡𝑛)⨏

𝑡𝑛+1

𝑡𝑛
⨏𝑄𝑖

𝑏(𝑠, Φ̄𝐸(𝑡𝑛, 𝑥𝑖0) + 𝑦 − 𝑥
𝑖
0)𝑑𝑦𝑑𝑠, (5.4.1)

where 0 = 𝑡0 < 𝑡1 < ⋯ < 𝑡𝑀 = 𝑇 is a partition of [0, 𝑇 ] with 𝑡𝑖+1 − 𝑡𝑖 = Δ𝑡 for some Δ𝑡 > 0 and
Φ𝐸(0, 𝑥) = 𝑥 ∀𝑥 ∈ 𝕋 𝑑 . In order to keep the notation as light as possible, we omit explicitly writing the
dependence of Φ̄𝐸 on Δ𝑡.

Before proving the stability estimate between Φ and Φ̄𝐸 , we believe it is convenient to explicitly explain
what the idea behind the definition of Φ̄𝐸 is and what approximation of 𝑢 it can yield. Since the argument
does not depend on the particular element of the partition, we drop the subscripts. Consider a point 𝑥 ∈ 𝑄.
In the time interval [0,Δ𝑡], such a point is transported by Φ̄𝐸 to
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Φ̄𝐸(Δ𝑡, 𝑥) = 𝑥 + ∫

Δ𝑡

0 ⨏𝑄
𝑏(𝑠, 𝑦)𝑑𝑦𝑑𝑠 = 𝑥 + 𝑣.

This translation by 𝑣 is applied to every point in𝑄, so in the first time step we are just translating𝑄 by the
vector 𝑣 = ∫ Δ𝑡

0 ⨏𝑄 𝑏(𝑠, 𝑦)𝑑𝑦𝑑𝑠. Let 𝑄̃ ∶= 𝑄+ 𝑣. In the second time step, we have defined Φ̄𝐸 so that it is
constant on 𝑄̃ and it acts on 𝑄̃ by translating it by ∫ 2Δ𝑡

Δ𝑡 ⨏𝑄̃ 𝑏(𝑠, 𝑦)𝑑𝑦𝑑𝑠 . Indeed, consider 𝑥̃ ∈ 𝑄̃. There
exists 𝑥 ∈ 𝑄 such that 𝑥̃ = Φ̄𝐸(Δ𝑡, 𝑥) = 𝑥 + 𝑣 ∈ 𝑄̃. Then for every 𝑥̃ ∈ 𝑄̃:

Φ̄𝐸(2Δ𝑡, 𝑥) = Φ̄𝐸(Δ𝑡, 𝑥) + ∫

2Δ𝑡

Δ𝑡 ⨏𝑄
𝑏(𝑠, Φ̄𝐸(Δ𝑡, 𝑥) + 𝑦 − 𝑥)𝑑𝑦𝑑𝑠

= 𝑥̃ + ∫

2Δ𝑡

Δ𝑡 ⨏𝑄
𝑏(𝑠, 𝑦 + 𝑣)𝑑𝑦𝑑𝑠 = 𝑥̃ + ∫

2Δ𝑡

Δ𝑡 ⨏𝑄̃
𝑏(𝑠, 𝑧)𝑑𝑧𝑑𝑠 = 𝑥̃ +𝑤

with 𝑤 not dependent on 𝑥̃. This is, in a sense, the same thing we have done when defining Φ𝐸 . The
difference is that while with Φ𝐸 we were only integrating 𝑏 in time (when 𝑝 > 𝑑) and we kept the space
variable fixed, here we also average over some translation of𝑄. To sum up, if we partition the initial datum
as:

𝑢0 =
𝑁
∑

𝑖=1
𝑢0

¬𝑄𝑖 =
𝑁
∑

𝑖=1
𝑢𝑖0,

the proposed approximation of 𝑢(𝑡, ⋅) via Φ̄𝐸 will simply be:

[Φ̄𝐸(𝑡, ⋅)]#𝑢0 =
𝑁
∑

𝑖=1
[Φ̄𝐸(𝑡, ⋅)]#𝑢𝑖0 =

𝑁
∑

𝑖=1
𝑢𝑖0(𝑥 − Φ̄𝐸(𝑡, 𝑥𝑖0)).

We now prove the stability estimate between Φ and Φ̄𝐸 .

Proposition 5.4.1.
Consider {𝑄𝑖}𝑁𝑖=1 a partition of 𝕋 𝑑 such that diam(𝑄𝑖) ≤ Δ𝑥 for every 𝑖, for someΔ𝑥 > 0. Let 𝑏 be a vector
field satisfying (MA) with 𝑝 > 𝑑 and let Φ̄𝐸 be defined as in Definition 5.4.1 with time step Δ𝑡. It holds that:

‖Φ(𝑡, ⋅) − Φ̄𝐸(𝑡, ⋅)‖𝐿𝑝 ≲ 𝐶𝑡| log(max{Δ𝑡,Δ𝑥})|−1

with 𝐶𝑡 → 0 as 𝑡→ 0.

Proof. Let ℎ ∶= max{Δ𝑡,Δ𝑥}. We mimic the proof of Proposition 5.2.3 with Φ̄𝐸 in place ofΦ𝐸 . We recall
that the following is a pointwise inequality, which holds for every 𝑥, 𝑥0 ∈ 𝑄 with𝑄 ∈ {𝑄𝑖}𝑁𝑖=1 and for this
reason we write Φ(𝑡), Φ̄𝐸(𝑡) in place of Φ(𝑡, 𝑥), Φ̄𝐸(𝑡, 𝑥). We have that:

log
(

1 +
|Φ(𝑡𝑛) − Φ̄𝐸(𝑡𝑛)|

ℎ

)

− log
(

1 +
|Φ(𝑡𝑛−1) − Φ̄𝐸(𝑡𝑛−1)|

ℎ

)

≤ ℎ
|Φ(𝑡𝑛−1) − Φ̄𝐸(𝑡𝑛−1)| + ℎ

| |Φ(𝑡𝑛) − Φ̄𝐸(𝑡𝑛)| − |Φ(𝑡𝑛−1) − Φ̄𝐸(𝑡𝑛−1)| |
ℎ

≤
|Φ(𝑡𝑛) − Φ(𝑡𝑛−1) − (Φ̄𝐸(𝑡𝑛) − Φ̄𝐸(𝑡𝑛−1))|

|Φ(𝑡𝑛−1) − Φ̄𝐸(𝑡𝑛−1)| + ℎ

=

|

|

|

|

∫ 𝑡𝑛
𝑡𝑛−1

𝑏(𝑠,Φ(𝑠)) −
(

⨏𝑄 𝑏(𝑠, Φ̄𝐸(𝑡𝑛−1, 𝑥0) + 𝑦 − 𝑥0)𝑑𝑦
)

𝑑𝑠
|

|

|

|

|Φ(𝑡𝑛−1) − Φ̄𝐸(𝑡𝑛−1)| + ℎ
.

For the sake of readability, we denote:

ℎ𝑗(𝑦) ∶= Φ̄𝐸(𝑡𝑗 , 𝑥0) + 𝑦 − 𝑥0.
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By telescopic summing, as in (5.2.6), we end up having:

log
(

1 +
|Φ(𝑡𝑛) − Φ̄𝐸(𝑡𝑛))|

ℎ

)

≤
𝑛−1
∑

𝑗=0

|

|

|

|

∫ 𝑡𝑗+1
𝑡𝑗

𝑏(𝑠,Φ(𝑠)) −
(

⨏𝑄 𝑏(𝑠, ℎ𝑗(𝑦))𝑑𝑦
)

𝑑𝑠
|

|

|

|

|Φ(𝑡𝑗) − Φ̄𝐸(𝑡𝑗)| + ℎ
(5.4.2)

≤
𝑛−1
∑

𝑗=0

| ∫ 𝑡𝑗+1
𝑡𝑗

𝑏(𝑠,Φ(𝑠)) − 𝑏(𝑠,Φ(𝑡𝑗))𝑑𝑠| +
|

|

|

|

∫ 𝑡𝑗+1
𝑡𝑗

𝑏(𝑠,Φ(𝑡𝑗)) −
(

⨏𝑄 𝑏(𝑠, ℎ𝑗(𝑦))𝑑𝑦
)

𝑑𝑠
|

|

|

|

|Φ(𝑡𝑗) − Φ̄𝐸(𝑡𝑗)| + ℎ

≤
𝑛−1
∑

𝑗=0

∫ 𝑡𝑗+1
𝑡𝑗

|𝑏(𝑠,Φ(𝑠)) − 𝑏(𝑠,Φ(𝑡𝑗))|𝑑𝑠

|Φ(𝑡𝑗) − Φ̄𝐸(𝑡𝑗)| + ℎ
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

= 1

+
𝑛−1
∑

𝑗=0

∫ 𝑡𝑗+1
𝑡𝑗

|

|

|

|

𝑏(𝑠,Φ(𝑡𝑗)) −
(

⨏𝑄 𝑏(𝑠, ℎ𝑗(𝑦))𝑑𝑦
)

|

|

|

|

𝑑𝑠

|Φ(𝑡𝑗) − Φ̄𝐸(𝑡𝑗)| + ℎ
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

= 2

.

The term 1 can be estimated exactly as in Proposition 5.2.3. As for 2 , we use that diam(𝑄) ≤ Δ𝑥, so
arguing as in (5.2.8):

|

|

|

𝑏(𝑠,Φ(𝑡𝑗)) − ⨏𝑄 𝑏(𝑠, ℎ𝑗(𝑦))𝑑𝑦
|

|

|

|Φ(𝑡𝑗) − Φ̄𝐸(𝑡𝑗)| + ℎ
≤

⨏𝑄
|

|

|

𝑏(𝑠,Φ(𝑡𝑗)) − 𝑏(𝑠, ℎ𝑗(𝑦))
|

|

|

𝑑𝑦

|Φ(𝑡𝑗) − Φ̄𝐸(𝑡𝑗)| + ℎ
(5.4.3)

≲
⨏𝑄 |Φ(𝑡𝑗) − ℎ𝑗(𝑦)|𝑑𝑦

|Φ(𝑡𝑗) − Φ̄𝐸(𝑡𝑗)| + ℎ
𝑓 (𝑠,Φ(𝑡𝑗)) ≤ 𝑓 (𝑠,Φ(𝑡𝑗)),

where we used the anisotropic estimate of Lemma 4.1.3, 𝑓 is defined as in (5.2.9) and for the last inequality
we used the fact that for every 𝑦 ∈ 𝑄:

|Φ(𝑡𝑗) − ℎ𝑗(𝑦)| ≤ |Φ(𝑡𝑗) − Φ̄𝐸(𝑡𝑗)| + |𝑦 − 𝑥0| ≤ |Φ(𝑡𝑗) − Φ̄𝐸(𝑡𝑗)| + Δ𝑥. (5.4.4)

We conclude that

sup
𝑡∈[0,𝑇 ]

|

|

|

|

|

|

|

|

|

|

log
(

1 +
|Φ̄𝐸(𝑡, ⋅) − Φ(𝑡, ⋅)|

ℎ

)

|

|

|

|

|

|

|

|

|

|𝐿𝑝
≤ 𝐶𝑡,

with𝐶𝑡 → 0 as 𝑡→ 0 arguing as in Proposition 5.2.3, and given this bound on the𝐿𝑝 normwe can conclude
as in Proposition 4.2.2.

Remark 5.4.1. The restriction 𝑝 > 𝑑
The anisotropic estimate of Lemma 4.1.3 is crucial for our proof of Proposition 5.4.1, and that is the reason
why we only considered the case 𝑝 > 𝑑. If 1 < 𝑝 ≤ 𝑑 we do not have such an estimate, and we cannot
estimate 2 using Lemma 4.1.2. Indeed, contrary to what we could do withΦ𝐸 , we cannot change variables
when using Φ̄𝐸 , since it is clearly not injective. A more refined argument may solve the issue for 1 < 𝑝 ≤ 𝑑 ,
but this will need further investigations.

We can now prove the following.

Theorem 5.4.1. Diffuse deterministic approximation of 𝑢
Consider a partition {𝑄𝑖}𝑁𝑖=1 of 𝕋 𝑑 , an initial density 𝑢0 and a vector field 𝑏 such that diam(𝑄𝑖) ≤ Δ𝑥 for
every 𝑖 and 𝑏 satisfies (MA) with 𝑝 > 𝑑. Then, given Φ̄𝐸 as in Definition 5.4.1 with a time step Δ𝑡 and a
function 𝑢̄0 such that ‖𝑢̄0 − 𝑢0‖𝐿1(𝕋 𝑑 ) ≤ 𝜀 for some 𝜀 > 0, it holds that

W1(𝑢(𝑡, ⋅), [Φ̄𝐸(𝑡, ⋅)]#𝑢̄0) ≲ max{𝐶𝑡| log(max{Δ𝑡,Δ𝑥})|−1, 𝜀}.

Consider W̃1 the Wasserstein distance defined in Definition 5.3.1 with 𝛼 = 1. It holds that

W̃1(𝑢(𝑡, ⋅), (Φ̄𝐸(𝑡, ⋅))#𝑢̄0) ≲ max{𝐶𝑡, | log(max{Δ𝑡,Δ𝑥})|𝜀}.
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Proof. Let ℎ ∶= max{Δ𝑡,Δ𝑥}. By the triangle inequality we have

W1(𝑢(𝑡, ⋅), [Φ̄𝐸(𝑡, ⋅)]#𝑢̄0) ≤ W1(

=𝑢(𝑡,⋅)
⏞⏞⏞⏞⏞
Φ(𝑡, ⋅)#𝑢0,Φ(𝑡, ⋅)#𝑢̄0) + W1(Φ(𝑡, ⋅)#𝑢̄0, [Φ̄𝐸(𝑡, ⋅)]#𝑢̄0). (5.4.5)

We can estimate the first term with ‖𝑢̄0 − 𝑢0‖𝐿1 ≤ 𝜀 and the second one with

∫𝕋 𝑑
𝑢̄0|Φ − Φ̄𝐸|𝑑𝑥 ≤ ‖𝑢̄0‖𝐿𝑞(𝕋 𝑑 )‖Φ − Φ̄𝐸‖𝐿𝑝(𝕋 𝑑 ) ≲ 𝐶𝑡| log(ℎ)|−1

by Proposition 5.4.1. As for the estimate for W̃1, it follows in the exact same way. We just notice that 1-
Lipschitz functions on 𝕋 𝑑 with respect to the distance d1, defined in (5.3.3) with 𝛼 = 1, are uniformly
bounded by ≈ | log(ℎ)| so we estimate the first addendum in (5.4.5) (with W̃1 in place of W1) with
| log(ℎ)|𝜀, implicitly using Kantorovich-Rubinstein duality. In the same way we can estimate the second
addendum with:

W̃1(Φ(𝑡, ⋅)#𝑢̄0, [Φ̄𝐸(𝑡, ⋅)]#𝑢̄0) ≤ ∫𝕋 𝑑
𝑢̄0(𝑥) log

(

1 +
|Φ(𝑡, 𝑥) − Φ̄𝐸(𝑡, 𝑥)|

ℎ

)

𝑑𝑥

≤ ‖𝑢̄0‖𝐿𝑞(𝕋 𝑑 )
|

|

|

|

|

|

|

|

|

|

log
(

1 +
|Φ(𝑡, ⋅) − Φ̄𝐸(𝑡, ⋅)|

ℎ

)

|

|

|

|

|

|

|

|

|

|𝐿𝑝(𝕋 𝑑 )
≲ 𝐶𝑡

by Proposition 5.4.1, and the proof is complete.

We remark that this method is very easily implemented numerically and parallelisable. Moreover, it pro-
vides a better rate of convergence for the logarithmic Wasserstein distance than the one proved in [142]
(assuming Δ𝑡 = Δ𝑥 = ℎ∕2 for some ℎ > 0), having ℎ in the denominator in the definition of the logarith-
mic Wasserstein distance rather than

√

ℎ. We finally remark that such an improvement in the case 𝑝 > 𝑑
is in accordance with what we proved in Theorem 5.3.3.

Remark 5.4.2. The lack of a CFL condition and a time step limitation for unbounded vector fields
A usual drawback of explicit methods is the so-called CFL condition, i.e. the requirement that ‖𝑏‖∞Δ𝑡∕Δ𝑥 ≲
1. In this case, contrary to what we remarked in [56], there is no such condition. In section 5.3 we worked
essentially in a meshless setting, and the partition {𝑄𝑖}𝑁𝑖=1 had the only role of providing an approximation
of the initial datum by selecting a Dirac mass with suitable weight inside each𝑄𝑖. We had either a situation
where both the time step Δ𝑡 and the space discretization scale Δ𝑥 contributed to the total error separately
(Theorem 5.3.2) or a situation where we gave estimates with respect to the maximum of the two (Theorem
5.3.3). Similar estimates also apply to the diffuse case, where the error depends on ℎ = max{Δ𝑡,Δ𝑥}. We
remark that the lack of a CFL condition may derive from the different point of view employed: while Eulerian
methods (like the finite volume method) seem to be inherently affected by the need of a CFL condition,
Lagrangian methods may have the advantage of not needing this additional requirement. We refer the reader
to [94] for a broader discussion on such a matter (in the case of regular vector fields).

Another issue is the stability of the method at the level of flows. We proved that no condition onΔ𝑡 is needed
when 𝑏 is bounded. However, from numerical experiments (and classical numerical analysis theory) it is clear
that the situation is different when 𝑏 is not bounded. Namely, a time step too big may result in instabilities
which make the error blow up. We do not have an explicit proof in the non-regular case or bounds on Δ𝑡,
since this would require stability results at the level of approximate flows similar to the ones obtained in
[58, Section 3] where the authors drop the boundedness assumption. We believe that such estimates are
possible, with some additional work, mimicking the proofs of the bounded case.

Remark 5.4.3. Weak vs. strong approximations of 𝑢0
In Section 5.3 we worked with a sum of Dirac deltas which approximated, in a weak sense, the initial da-
tum 𝑢0. Choosing such a measure was very natural, since we wanted a “true” approximation method, in the
sense that it is truly implementable in a computer. Indeed in sections 5.2 and 5.3 we used Φ𝐸 which is not
locally constant in the space variable, so the only possibility was to use measures concentrated on points.
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In Section 5.4, working with Φ̄𝐸 which is locally constant in space, we are more free to choose the initial
datum, and actually we can compute the push-forward of every initial datum 𝑢̄0 as we explained after Defi-
nition 5.4.1. In Theorem 5.4.1 we imposed that 𝑢̄0 approximated 𝑢0 in a strong 𝐿1 sense, so it is natural to
wonder if the same result holds only assuming 𝑢̄0 to be a measure approximating 𝑢0 in a weak sense (for
instance, one could consider 𝑢̄0 to be a sum of Dirac deltas just like in section 5.3 and hope to obtain a de-
terministic result). Given W the Wasserstein distance with respect to some distance d, in order to estimate
W(𝑢(𝑡, ⋅), [Φ̄𝐸(𝑡, ⋅)]#𝑢̄0) = W(Φ(𝑡, ⋅)#𝑢0, [Φ̄𝐸(𝑡, ⋅)]#𝑢̄0) we crucially rely on the triangle inequality. Namely,
we need to estimate eitherW(Φ(𝑡, ⋅)#𝑢0,Φ(𝑡, ⋅)#𝑢̄0) orW([Φ̄𝐸(𝑡, ⋅)]#𝑢0, [Φ̄𝐸(𝑡, ⋅)]#𝑢̄0). The problem is that,
to the best of our knowledge, in general such distances can only be estimated with the𝐿1 norm of the differ-
ence between 𝑢0 and 𝑢̄0. If 𝑓 is a Lipschitz function it actually holds that W(𝑓#𝜇, 𝑓#𝜈) ≤ Lip(𝑓 )W(𝜇, 𝜈),
however neither Φ nor Φ̄𝐸 are Lipschitz. And even if we previously approximated 𝑏 with some Lipschitz
function 𝑏̃, the Lipschitz constant of the flow of 𝑏̃ would depend exponentially on both Lip(𝑏̃) and the time 𝑡,
which is clearly not ideal.

5.5 Approximation via 𝜃-method and numerical experiments

In this section we give the main results proved in [46], which consist in approximation results for the regular
Lagrangian flow via a 𝜃-method. With such estimates on the flow, as we have already seen, we can recover
stability estimates for solutions of (PDE). First of all, since it is less-known than the forward Euler method,
let us define the classical 𝜃-method.

Definition 5.5.1. The classical 𝜃-method
Let 𝑇 > 0 and let 𝑏 ∶ [0, 𝑇 ) × ℝ𝑑

𝑥 → ℝ𝑑
𝑥 be a smooth and bounded vector field. Denote with 𝑋(𝑡, 𝑥) the

flow of 𝑏 starting at 𝑥 when 𝑡 = 0, i.e. let𝑋(⋅, 𝑥) solve:

{

𝑑
𝑑𝑡
𝑋(𝑡, 𝑥) = 𝑏(𝑡, 𝑋(𝑡, 𝑥)) if 𝑡 > 0

𝑋(0, 𝑥) = 𝑥 if 𝑡 = 0
.

Given a parameter 𝜃 ∈ [0, 1] and a time step Δ𝑡 = 𝑇 ∕𝑁 for some 𝑁 ∈ ℕ, we consider the net {𝑡𝑖}𝑁𝑖=0
defined by 𝑡𝑖 ∶= 𝑖Δ𝑡 for 𝑖 = 0,… , 𝑁 . The classical 𝜃-method, which produces a sequence {𝑋𝜃

𝑖 }
𝑁
𝑖=0 approx-

imating𝑋(𝑡𝑖, 𝑥) for every 𝑖 = 0,… , 𝑁 is given by (we omit explicitly writing the dependence on 𝑥):

• 𝑋𝜃
0 ∶= 𝑥;

• for every 𝑖 = 0,… , 𝑁 − 1, given𝑋𝜃
𝑖 we find𝑋𝜃

𝑖+1 by solving

𝑋𝜃
𝑖+1 −𝑋

𝜃
𝑖

Δ𝑡
= (1 − 𝜃)𝑏(𝑡𝑖, 𝑋𝜃

𝑖 ) + 𝜃𝑏(𝑡𝑖+1, 𝑋
𝜃
𝑖+1). (5.5.1)

In particular, if 𝜃 = 0 or 𝜃 = 1 the 𝜃-method coincides with the forward Euler method and the backward Euler
method, respectively 3.

Just like the forward Euler method, if 𝑏 is not regular neither in space nor in time the definition in (5.5.1)
does not make sense. So, in the setting of vector fields with 𝐿1

𝑡𝑊
1,𝑝
𝑥 regularity (with 𝑝 > 1), we will use

an approximation of 𝑏 in space and a time average to define the iterative steps of the method. Namely, we
consider an approximating sequence {𝑏𝜀}𝜀>0 satisfying the following properties 4:

3If 𝜃 = 1∕2 the method coincides with the Crank-Nicolson method, which for 𝐶2 vector fields gives an error of order 𝑂(Δ𝑡2),
while for every other value of 𝜃 the method is only first-order accurate.

4The standard regularisation via mollification, in particular, satisfies these assumptions. Another example of an approximating
sequence is provided in [46, Appendix A].
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‖𝑏𝜀 − 𝑏‖𝐿1
𝑡𝐿1

𝑥
≤ 𝐶̄0𝜀

𝛼, (5.5.2)

‖∇𝑏𝜀‖𝐿∞
𝑡 𝐿∞

𝑥
≤
𝐶̄1

𝜀𝛽
, (5.5.3)

‖ div𝑥 𝑏𝜀‖𝐿∞
𝑡 𝐿∞

𝑥
≤ 𝐶̄2, (5.5.4)

‖𝑏𝜀‖𝐿∞
𝑡 𝐿∞

𝑥
≤ 𝐶̄3, (5.5.5)

for some 𝐶̄0, 𝐶̄1, 𝐶̄2, 𝐶̄3, 𝛼, 𝛽 > 0.

We can now define the regularised 𝜃-method and state the main results obtained in [46]. We skip the proofs
since they are similar to the ones used for the forward Euler method in previous sections.

Definition 5.5.2. Regularised 𝜃-method
For 𝑥 ∈ ℝ𝑑 , set 𝑋𝜃,𝜀

0 (𝑥) = 𝑥, and for 𝑖 = 0,… , 𝑁 − 1, given 𝑋𝜃,𝜀
𝑖 = 𝑋𝜃,𝜀

𝑖 (𝑥), compute 𝑋𝜃,𝜀
𝑖+1 = 𝑋𝜃,𝜀

𝑖+1(𝑥)
(as previously, we omit explicitly writing the dependence on 𝑥 when not necessary) by solving

𝑋𝜃,𝜀
𝑖+1 −𝑋

𝜃,𝜀
𝑖

ℎ
= (1 − 𝜃)⨏

𝑡𝑖+1

𝑡𝑖
𝑏𝜀(𝑠,𝑋

𝜃,𝜀
𝑖 )𝑑𝑠 + 𝜃 ⨏

𝑡𝑖+1

𝑡𝑖
𝑏𝜀(𝑠,𝑋

𝜃,𝜀
𝑖+1)𝑑𝑠. (5.5.6)

We define 𝑋̃ℎ,𝜃,𝜀 by interpolating the sequence {𝑋𝜃,𝜀
𝑖 }𝑁𝑖=0 ∶

𝑋̃ℎ,𝜃,𝜀(𝑡) ∶=
𝑁−1
∑

𝑖=0

(

𝑋𝜃,𝜀
𝑖 +

𝑡 − 𝑡𝑖
ℎ

(𝑋𝜃,𝜀
𝑖+1 −𝑋

𝜃,𝜀
𝑖 )

)

𝜒[𝑡𝑖,𝑡𝑖+1)(𝑡). (5.5.7)

Remark 5.5.1.
In order to prove that a solution to the regularised 𝜃-method exists when 𝜃 > 0 (i.e. when the method is not
completely explicit), we need to impose that ℎ‖∇𝑏𝜀‖∞ ≤ 1∕2 (see [46, Proposition 3.1]), although it is not
clear to us if this assumption is needed or if it is just a shortcoming of our proof.

The two main results obtained in [46] are given next:

Theorem 5.5.1. Stability estimate for the 𝜃-method, [46]
Let 𝑏 ∈ 𝐿1((0, 𝑇 );𝑊 1,𝑝(ℝ𝑑)) ∩ 𝐿∞((0, 𝑇 ) × ℝ𝑑) be a divergence-free velocity field for some 1 < 𝑝 < ∞.
For 𝜀 > 0, let {𝑏𝜀}𝜀>0 be an approximating sequence of the velocity field 𝑏 satisfying (5.5.2)-(5.5.5) and let
ℎ ∶= max{𝜀𝛼, 𝜀2𝛽}. Then, for any 𝑟 > 0, there exists a positive constant 𝐶 such that, given 𝑋̃ℎ,𝜃,𝜀 defined
as in (5.5.7):

‖𝑋̃ℎ,𝜃,𝜀(𝑡, 𝑥) −𝑋(𝑡, 𝑥)‖𝐿1(𝐵𝑟) ≤
𝐶

| logℎ|
. (5.5.8)

In particular, 𝐶 depends on 𝑑, 𝑝, 𝑟, 𝑇 , ‖𝑏‖𝐿∞ , ‖∇𝑏‖𝐿1
𝑡𝐿

𝑝
𝑥
, 𝐶̄1, 𝐶̄2.

Before stating the next result we need to introduce an approximating sequence for the backward regular La-
grangian flow of 𝑏 (see Definition 2.2.5). For every 𝑡 ∈ [0, 𝑇 ] we consider the backward regular Lagrangian
flow 𝑌𝑡 solving

{

𝜕𝑠𝑌𝑡(𝑠, 𝑥) = −𝑏(𝑡 − 𝑠, 𝑌𝑡(𝑠, 𝑥))
𝑌𝑡(0, 𝑥) = 𝑥

(5.5.9)

so that, if 𝑋 is the regular Lagrangian flow of 𝑏, we have the relation 𝑋−1(𝑡, ⋅) = 𝑌𝑡(𝑡, ⋅). With these
notations, (5.5.9) is a forward ODE which keeps track of the final time 𝑡. Then, we can write the 𝜃-method
for (5.5.9) as follows. Let 𝜃 ∈ [0, 1], and for any fixed𝑁 ∈ ℕ define the time step ℎ ∶= 𝑇 ∕𝑁 and consider
𝑡 = 𝑗ℎ for some 𝑗 = 0,… , 𝑁 . Consider the net {𝑡𝑖}

𝑗
𝑖=0 defined by 𝑡𝑖 ∶= 𝑖ℎ for 𝑖 = 0,… , 𝑗. For simplicity,

we also define

𝑏̄𝑡(𝑠, 𝑥) =

{

−𝑏(𝑡 − 𝑠, 𝑥) if 𝑠 ≤ 𝑡
0 otherwise

. (5.5.10)
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Then, we proceed iteratively as follows. Set 𝑌 𝜃,𝜀0 (𝑡, 𝑥) = 𝑥. For 𝑖 ∈ {0,… , 𝑗 − 1}, given 𝑌 𝜃,𝜀𝑖 = 𝑌 𝜃,𝜀𝑖 (𝑡, 𝑥),
we find 𝑌 𝜃,𝜀𝑖+1 = 𝑌 𝜃,𝜀𝑖+1(𝑡, 𝑥) by solving

𝑌 𝜃,𝜀𝑖+1 − 𝑌
𝜃,𝜀
𝑖

ℎ
= (1 − 𝜃)⨏

𝑡𝑖+1

𝑡𝑖
𝑏̄𝜀𝑡 (𝜏, 𝑌

𝜃,𝜀
𝑖 )𝑑𝜏 + 𝜃 ⨏

𝑡𝑖+1

𝑡𝑖
𝑏̄𝜀𝑡 (𝜏, 𝑌

𝜃,𝜀
𝑖+1)𝑑𝜏, (5.5.11)

where we omit writing explicitly the dependence on 𝑡 and 𝑥 and where 𝑏̄𝜀𝑡 is an approximating sequence
for 𝑏̄𝑡 satisfying (5.5.2)-(5.5.5). Notice that if 𝑏𝜀 is an approximating sequence for 𝑏, then 𝑏̄𝜀𝑡 is an an
approximating sequence for 𝑏̄𝑡, where 𝑏̄𝜀𝑡 is defined in the obvious way. Given the sequence {𝑌 𝜃,𝜀𝑖 }𝑗−1𝑖=0
constructed in (5.5.11), we define the function

𝑌 𝑁,𝜃,𝜀(𝑡, 𝑠, 𝑥) ∶=
𝑁−1
∑

𝑖=0

(

𝑌 𝜃,𝜀𝑖 +
𝑠 − 𝑡𝑖
ℎ

(𝑌 𝜃,𝜀𝑖+1 − 𝑌
𝜃,𝜀
𝑖 )

)

𝜒 𝑡𝑖 (𝑠), (5.5.12)

where with 𝜒 𝑡𝑖 we denote the characteristic function of the set [0, 𝑡] ∩ [𝑡𝑖, 𝑡𝑖+1],. Finally, we define the se-
quence 𝑢ℎ of approximating solutions of (PDE) (which by the divergence-free assumption on 𝑏 is equivalent
to a transport equation) as follows:

𝑢ℎ(𝑡, ⋅) ∶= 𝑢0(𝑌 𝑁,𝜃,𝜀(𝑡, 𝑡, ⋅)), (5.5.13)

where to simplify the notations we drop the superscripts 𝜃, 𝜀 on the function 𝑢ℎ. The following holds:

Theorem 5.5.2. Error estimates for the Lagrangian solution to the transport equation
Let 𝑏 ∈ 𝐿1((0, 𝑇 );𝑊 1,𝑝(ℝ𝑑))∩𝐿∞((0, 𝑇 )×ℝ𝑑) be a divergence-free velocity field for some 1 < 𝑝 <∞ and
let {𝑌𝑡}𝑡∈[0,𝑇 ) be the backward regular Lagrangian flows solving (5.5.9), for every 𝑡 ∈ [0, 𝑇 ). Define the se-
quence {𝑌 𝜃,𝜀𝑖 }𝑖,𝜀 as in (5.5.11) and𝑌 ℎ,𝜃,𝜀 as in (5.5.12), corresponding to an approximating sequence 𝑏̄𝜀𝑡 of the
backward vector field 𝑏̄𝑡, as in (5.5.10). Then, there exists a constant𝐶 = 𝐶(𝑑, 𝑝, 𝑇 , ‖𝑏‖𝐿∞

𝑡,𝑥
, ‖∇𝑏‖𝐿1

𝑡𝐿
𝑝
𝑥
, 𝐶̄1, 𝐶̄2)

such that for any 𝑢0 ∈ 𝐿1(ℝ𝑑) the sequence 𝑢ℎ defined in (5.5.13), constructed via the backward flow 𝑌 ℎ,𝜃,𝜀,
converges to the unique Lagrangian solution 5 𝑢𝐿 of (PDE), with the estimate

‖𝑢ℎ(𝑡, ⋅) − 𝑢𝐿(𝑡, ⋅)‖𝐿1 ≤ 𝐶
(

‖𝑢𝛿0 − 𝑢0‖𝐿1 +
𝐶𝛿

| logℎ|

)

, (5.5.14)

where ℎ ∶= max{𝜀𝛼, 𝜀2𝛽}, 𝑢𝛿0 is any smooth approximation of 𝑢0 with compact support and Lipschitz con-
stant 𝛿−1 and the constant 𝐶𝛿 blows up as 𝛿 → 0.

Remark 5.5.2.
We remark that the incompressibility assumption was crucial to get strong 𝐿1 estimates in the previous
theorem. If 𝑏 is not divergence-free, assumptions on𝐷𝑥 div𝑥 𝑏 seem necessary (see Proposition 4.3.2).

Let us conclude this section with selected numerical experiments. To this purpose, we consider the velocity
field

𝑏(𝑥1, 𝑥2) =
(

−2(𝛼 + 1)(𝑥21 + 𝑥
2
2)

𝛼−1
2 𝑥2, 2(𝛼 + 1)(𝑥21 + 𝑥

2
2)

𝛼−1
2 𝑥1

)

∈ 𝑊 1,𝑝
loc (ℝ

2), (5.5.15)

where 1 − 2
𝑝
< 𝛼 < 1 and 𝑝 > 2. The vector field in (5.5.15) is smooth away from the origin, where it has a

singularity, so no spatial regularisation is needed. The associated ODE system admits the explicit solution
{

𝑥1(𝑡) = 𝑟0 cos
(

𝛽0 + 2(𝛼 + 1)𝑟𝛼−10 𝑡
)

𝑥2(𝑡) = 𝑟0 sin
(

𝛽0 + 2(𝛼 + 1)𝑟𝛼−10 𝑡
) (5.5.16)

where 𝑟0 =
√

𝑥1(0)2 + 𝑥2(0)2 and 𝛽0 = arctan
(

𝑥2(0)
𝑥1(0)

)

. We apply the 𝜃-method (5.5.6) for selected values
of ℎ and 𝜃 ∈ [0, 1]. Depending on the choice of the initial condition, we observe the following behavior:

5It is not necessary for 𝑢0 to satisfy the integrability requirements needed by the DiPerna-Lions to have uniqueness of solutions.
Even outside of the DiPerna-Lions range we have convergence to the unique Lagrangian solution (see Definition 2.2.2), which may
not be the unique weak solution of (PDE).
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• When the initial condition is placed sufficiently far from the origin, the convergence rate appears
to be faster than 1∕| logℎ|, yet still slower than linear. Moreover, the trajectories obtained by the
𝜃-method are circles, in agreement with the exact solution of the system.

• When the initial datum is chosen in a small neighborhood of the origin, the observed convergence
rate aligns with the logarithmic rate predicted by our theoretical analysis.

Figure 5.1 displays the pattern of the error estimate and highlights its decay in comparison with a reference
logarithmic slope.
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(a) 𝜃 = 0.2, 𝑝 = 3, 𝛼 = 0.36.
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(b) 𝜃 = 0, 𝑝 = 3, 𝛼 = 0.35.

Figure 5.1: Error estimate computed according to (5.5.8), arising from the application of the 𝜃-method to
the velocity in (5.5.15) with initial condition (0.001, 0.001) and a final time 𝑇 = 4. The reference solution is
(5.5.16) and the displayed error decay results from the application of the 𝜃-methodwith step sizesℎ = 2𝑘ℎ0
for 𝑘 = 0, 1, 2, 3, with ℎ0 = 10−4.

In the plots, we compute the difference between the trajectory (with step sizeℎ) and the reference trajectory
given by (5.5.16). This difference is evaluated assuming a fixed initial position (0.001, 0.001), and should be
interpreted as a pointwise error between trajectories, rather than a norm-based error (such as a 𝐿1 norm).
Nevertheless, this pointwise comparison is equivalent to evaluating the error in the 𝐿∞

𝑡 𝐿
1
𝑥 norm, since

when implementing a quadrature rule to approximate a spatial integral (e.g., the 𝐿1 norm) we evaluate the
difference between the two solutions at mesh points. Thus, the pointwise distance between trajectories
at discrete times naturally corresponds to a discrete approximation of the desired norm. Concerning the
numerical trajectories, they exhibit a spiraling behavior: they move away from the origin when 𝜃 < 1∕2, and
converge towards the origin when 𝜃 > 1∕2. Instead, for 𝜃 = 1∕2, the trajectories are circles, see Figure
5.2.

(a) 𝜃 = 0.49, 𝑝 = 3, 𝛼 = 0.34. (b) 𝜃 = 0.5, 𝑝 = 3, 𝛼 = 0.34. (c) 𝜃 = 0.51, 𝑝 = 3, 𝛼 = 0.34.

Figure 5.2: Approximate trajectories (in blue) for the vector field (5.5.15) for different values of 𝜃 with step
size ℎ = 10−4, initial datum (0.001, 0.001) and integrated for a time 𝑇 = 4, versus the exact solution
(5.5.16) (in red, with a thicker line). The approximate trajectories are very dense, so the individual lines
cannot be distinguished.
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We also consider the vector fields

𝑏(𝑥1, 𝑥2) =
(

√

| sin 2𝜋𝑥2|,
√

| sin 2𝜋𝑥1|
)

∈ 𝑊 1,𝑞
loc (ℝ

2) with 1 ≤ 𝑞 < 2, (5.5.17)

and

𝑏(𝑥1, 𝑥2) =

(

log
(

1
|𝑥2|

)
1
𝑝
|𝑥2|

1− 1
2𝑝 , log

(

1
|𝑥1|

)
1
𝑝
|𝑥1|

1− 1
2𝑝

)

∈ 𝑊 1,𝑝
loc (ℝ

2), (5.5.18)

for some 𝑝 > 1 to be chosen, and initial datum in a small neighbourhood of the origin. Our numerical
procedure is as follows.

1. We fix a minimum step size ℎ0 and solve the ODE using the 𝜃-method.

2. We increase the step size and treat the numerical solution corresponding to the smallest step size
ℎ0 as our reference (exact) solution.

Figure 5.3 displays the pattern of the error estimate and highlights its decay in comparison with a reference
logarithmic slope. In the plots, we consider the error of the 𝜃-method to be given by the difference between
the trajectory obtained with step size ℎ and the reference trajectory corresponding to ℎ0. The logarithmic
slope confirms the feasibility of the error estimate of Theorem 5.5.1.
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(a) 𝜃 = 0.8, ℎ0 = 10−3.
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(b) 𝜃 = 0.7, 𝑝 = 100, ℎ0 = 10−3.

Figure 5.3: Error estimate computed according to (5.5.8), arising from the application of the 𝜃-method to
the vector fields (5.5.17) (on the left) and (5.5.18) (on the right). The reference solution is computed with
step size ℎ0 and the displayed error decay results from the application of the same method with step sizes
ℎ = 2𝑘ℎ0, with 𝑘 = 0, 1, 2, 3.

5.6 Final discussion, questions and future perspectives

We conclude by briefly summarising the results obtained, pointing out some questions and future possible
research directions. In this chapter, we proved a stability estimate between the regular Lagrangian flow of a
vector field 𝑏with Sobolev regularity in space and an approximation of such flow via a (sort of) explicit Euler
method. We gave two approximations of the flow, i.e. Φ𝐸 and Φ̄𝐸 , for which the same stability estimate
holds. We used that the solution 𝑢 of the continuity equation (PDE) is representable as a push-forward of
the initial datum 𝑢0 via the regular Lagrangian flow Φ of 𝑏 to approximate it using our approximations Φ𝐸
and Φ̄𝐸 of Φ and different approximations of the initial datum 𝑢0. In sections 5.2 and 5.3 we used Φ𝐸 to
approximateΦ and a sum of Dirac deltas to approximate 𝑢0. In this setting, we proved that the Dirac deltas,
advected by Φ𝐸 , approximate 𝑢 in suitable Wasserstein distances. However such an approximation holds
only in expected value, since a priori it strongly depends on the choice of the Dirac deltas.

Question 1. Is the estimate truly valid in expected value only, or it can be made deterministic if ℎ = Δ𝑡 = Δ𝑥
is small enough?
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In section 5.4, we used a different approximation Φ̄𝐸 ofΦ and a strong approximation 𝑢̄0 of 𝑢0 in 𝐿1 norm
to prove a deterministic estimate. However, due to technical reasons in our proof of Proposition 5.4.1, we
can prove that the crucial estimate on ‖Φ(𝑡, ⋅) − Φ̄𝐸(𝑡, ⋅)‖𝐿𝑝(𝕋 𝑑 ) holds only assuming 𝑝 > 𝑑.

Question 2. Does the stability estimate on ‖Φ(𝑡, ⋅) − Φ̄𝐸(𝑡, ⋅)‖𝐿𝑝(𝕋 𝑑 ) also hold for 1 < 𝑝 ≤ 𝑑?

Moreover, as already said in Remark 5.4.3, we do not know if a strong approximation of 𝑢0 is truly needed
in Theorem 5.4.1:

Question 3. Does Theorem 5.4.1 hold even assuming to have as initial datum a measure 𝑢̄0 approximating
𝑢0 in a weak sense (for example in some Wasserstein distance)?

Of course, it is totally possible that a better explicit approximation of Φ, that has nothing to do with either
Φ𝐸 or Φ̄𝐸 and for which there are no issues like the ones we just described above, exists. For example, in
[46] we are considering an approximation of Φ based on a 𝜃-method, which for 𝜃 > 0 should have better
stability properties even for unbounded vector fields.

To conclude, we highlight possible future research directions and recap the results we obtained. While
numerical approximation methods for the continuity equation [19, 31, 96, 142, 143, 159] and more recently
for the advection-diffusion equation [128] have received some attention, more general situations where
there is a non-linear coupling between the density and the velocity field seem less studied. In this direction
we cite [96], whose results can be applied also to some non-linear systems. However, a limitation of the
available methods is a certain “rigidity" with respect to the mesh which seems somehow unavoidable (see
[96, Example 1.1]) when considering an explicit finite volume scheme (we recall [143], where a Cartesian
mesh is not needed, but using an implicit method). For this reason the mesh needs to be either Cartesian
(as in [142]) or at least to satisfy some additional conditions (e.g. having a periodic structure [96]), which
may be problematic in some situations. Our method does not need any assumption on the mesh other than
an upper bound on the diameter of the cells and, eventually, a lower bound on their volume. Moreover it
is easily parallelisable and it does not need to satisfy a CFL condition (at least if 𝑏 is bounded), but it only
provides weak stability estimates in Wasserstein distance.

Future challenges may be the approximation of the solution of coupled systems without relying on any par-
ticular structure of the mesh, or developing methods based on a Lagrangian point of view that approximate
the solution 𝑢 of (PDE) in a stronger topology.



Chapter 6

Advection-diffusion equation

6.1 Setting and main assumptions

In this chapter wewant to showhow the Lagrangian point of view can help also in dealingwith the advection-
diffusion equation:

{

𝜕𝑡𝑢 + 𝑏 ⋅ ∇𝑥𝑢 = 𝜈Δ𝑥𝑢 in (0, 𝑇 ) × 𝕋 𝑑

𝑢(0, 𝑥) = 𝑢0(𝑥)
. (ADE)

For simplicity, we will work in the 𝑑-dimensional torus 𝕋 𝑑 and we will consider a vector field 𝑏 bounded
and incompressible. Moreover, we the assume the diffusivity 𝜈 > 0 constant, which will be a crucial
simplification (see Remark 6.3.2).

Before discussing (ADE), let us introduce some notation we will use in this chapter. We will work with a
probability space (Ω, ,P𝜔), where is a 𝜎-algebra and P𝜔 is a probability on . We will use the notations
𝔼𝜔[⋅] and Var𝜔[⋅] to denote the expected value and the variance of random variables with respect to the
probability P𝜔. We will also use the notations 𝔼𝑥0[⋅] and Var𝑥0[⋅] to denote the expected value and the
variance with respect to a probability P̄𝑥0 that we will introduce in due time. We will sometimes make
use of basic results on stochastic processes and probability, like Itô’s lemma, Doob’s maximal principle or
standard properties of the Brownian motion. Such results are can be found in every book on SDEs, see for
instance [15, 98, 131].

The interest on (ADE) (also referred to as Fokker-Planck 1 equation or convection-diffusion equation) stems
from different fields, most notably fluid dynamics and finance, with (ADE) being related to Navier-Stokes
equations and Black-Scholes equation. The study of (ADE) in presence of smooth vector fields dates back
to the classical theory developed in [105], but in practice one often has to work with lower regularity as-
sumptions, especially in physics where the velocity 𝑏 may exhibit a turbulent behaviour [52, 147], so a
mathematical theory for such settings is required. This was first addressed, to the best of our knowledge,
in [109], and later in [77, 110]. The key observation is that (ADE) is strongly connected to the following
(backward) stochastic differential equation:

{

𝑑𝑋𝜈
𝑠,𝑡(𝑥, 𝜔) = −𝑏(𝑡 − 𝑠,𝑋𝜈

𝑡 (𝑥, 𝜔))𝑑𝑠 +
√

2𝜈𝑑𝑊𝑠(𝜔), 𝑠 ∈ [0, 𝑡]
𝑋𝜈
𝑡,𝑡(𝑥, 𝜔) = 𝑥

. (B-SDE)

Notice that, if 𝜈 = 0, this is exactly the backward flow introduced in Definition 1.1.2 for the classical case
and in Definition 2.2.5 for the non-classical case. The link comes from the Feynman-Kac formula [103],
which gives a representation of the solution 𝑢 of (ADE) in terms of the solution 𝑋𝜈

𝑠,𝑡 of (B-SDE) and of the
initial datum 𝑢0 2.

1Actually, the Fokker-Planck equation has div𝑥(𝑏𝑢) in place of 𝑏 ⋅∇𝑥𝑢, but since we are working with an incompressible vector
field the two expressions are equivalent. In most of the cited papers, the equation has div𝑥(𝑏𝑢) in place of 𝑏 ⋅∇𝑥𝑢, not having the
divergence-free assumption.

2We will not enter into details, but in the non-classical setting the Feynman-Kac representation of a solution holds for the
so-called parabolic solutions, which are the same as the Lagrangian solutions for the continuity and transport equations. We will
always have assumptions that guarantee that there exists a unique weak solution of (ADE) and it is parabolic. See [26] for more
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If we consider the forward formulation of (B-SDE), i.e:
{

𝑑𝑋𝜈
𝑡 (𝑥, 𝜔) = 𝑏(𝑡, 𝑋𝜈

𝑡 (𝑥, 𝜔))𝑑𝑡 +
√

2𝜈𝑑𝑊𝑡(𝜔), 𝑡 ∈ (0, 𝑇 )
𝑋𝜈

0 (𝑥, 𝜔) = 𝑥
, (SDE)

we can also use a push-forward representation in the Feynman-Kac formula:

𝑢(𝑡, 𝑥) = 𝔼𝜔[𝑢0(𝑋𝜈
0,𝑡(𝑥, 𝜔))] = 𝔼𝜔[𝑋𝜈

𝑡 (⋅, 𝜔)#𝑢0]. (F-K)

We refer the reader to Remark 2.3.1 for a discussion on the well-posedness of (SDE) when 𝑏 is not regular,
see also [140, 120, 121]. Up to our knowledge, the first quantitative stability estimates for solutions of (ADE)
with non-regular velocity fields, in logarithmic Wasserstein distance, were provided in [115]. The authors
use techniques inspired by [58], the representation (F-K) and the regularising properties of the Brownian
motion not only to consider vector fields in the DiPerna-Lions setting, but also vector fields satisfying the
Ladyzhenskaya-Prodi-Serrin condition, asking less regularity in the spatial variables but more integrability
in the time, namely

𝑏 ∈ [𝐿𝑞(0, 𝑇 ;𝐿𝑝(𝕋 𝑑))]𝑑 with 𝑝, 𝑞 > 2 such that 𝑑
𝑝
+ 2
𝑞
≤ 1.

We refer the reader to [115, Theorem 2.2, Theorem 2.6] for the precise statements. An improvement on
the rate of convergence (still in logarithmic Wasserstein distance) in the DiPerna-Lions setting with 𝑝 > 1
(i.e. 𝑏 ∈ 𝐿1

𝑡𝑊
1,𝑝
𝑥 with 𝑝 > 1 and div𝑥(𝑏)− ∈ 𝐿1

𝑡𝐿
∞
𝑥 ) has been given in [129], where the representation

formula (F-K) is not used and the argument completely relies on deterministic methods. In particular, if
𝑢1 and 𝑢2 are solutions of (ADE) relative to different diffusivities 𝜈1 and 𝜈2, in [115] the authors give an
estimate depending on

√

|𝜈1 − 𝜈2|, while the estimates in [129] depend on |𝜈1 − 𝜈2|. For more details on
well-posedness results for (ADE) in a non-regular setting we refer the reader to [111, 26].

We want to show how we can use Lagrangian estimates on the stochastic flow which solves (SDE) and the
representation provided by (F-K) to derive estimates for the solution of (ADE), in a sense using the same
point of view of [56, 46]. The main assumptions we will have on 𝑏 are the following:

{

𝑏 ∈ [𝐿1(0, 𝑇 ;𝑊 1,𝑝(𝕋 𝑑)) ∩ 𝐿∞((0, 𝑇 ) × 𝕋 𝑑)]𝑑 with 𝑝 > 1
𝑏 is divergence-free

. (6.1.1)

Remark 6.1.1. A selection principle for the Lagrangian solution of the transport equation
We remark that, as 𝜈 → 0 and under the assumptions (6.1.1), the solution of (ADE) converges to the unique
Lagrangian solution of the corresponding transport equation (i.e. with 𝜈 = 0) even when the integrability of
the initial datum is not sufficient to be in the DiPerna-Lions range where we have uniqueness of solutions.
See [25] for more details.

We can now define the stochastic flow 3:

Definition 6.1.1. Stochastic flow
Let 𝜈 > 0 and let 𝑏 ∈ [𝐿∞((0, 𝑇 )×𝕋 𝑑)]𝑑 be a divergence-free vector field. Amap𝑋𝜈 ∶ [0, 𝑇 )×𝕋 𝑑×Ω → 𝕋 𝑑
is a stochastic flow for 𝑏 with diffusivity 𝜈 if:

• for any 𝑡 ∈ [0, 𝑇 ], for any 𝑥 ∈ 𝕋 𝑑 and for a.e. 𝜔 ∈ Ω, the map 𝑡 ↦ 𝑋𝜈(𝑡, 𝑥, 𝜔) = 𝑋𝜈
𝑡 (𝑥, 𝜔) ∈ 𝕋 𝑑 is

an absolutely continuous solution of
{

𝑑𝑋𝜈
𝑡 (𝑥, 𝜔) = 𝑏(𝑡, 𝑋𝜈

𝑡 (𝑥, 𝜔))𝑑𝑡 +
√

2𝜈𝑑𝑊𝑡(𝜔) with 𝑡 ∈ (0, 𝑇 )
𝑋𝜈
𝑡 (𝑥, 𝜔) = 𝑥

;

• for every 𝑡 ∈ [0, 𝑇 ) and for a.e. 𝜔 ∈ Ω, the map 𝑥 ∈ 𝕋 𝑑 ↦ 𝑋𝜈
𝑡 (𝑥, 𝜔) is measure preserving.

For the proof of the existence an uniqueness of the stochastic flow under the assumptions (6.1.1) and its
measure-preserving property we refer the reader to [45] and [78, Lemma 9].

details.
3Contrary to [25] we will only focus on weak estimates between solutions, whereas they considered a backward flow in order

to use (F-K) to derive strong 𝐿1 estimates.
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6.2 Stability estimates for stochastic flows

We first give a result that is the analogous of Proposition 4.2.2 for stochastic flows and which is obtained
essentially following the lines of [25, Lemma 5.3]:

Proposition 6.2.1. Stability estimate for the stochastic flow
Consider 𝑋1

𝑡 and 𝑋2
𝑡 two stochastic flows with respect to velocity fields 𝑏1, 𝑏2 satisfying (6.1.1) and with

diffusivities 𝜈1, 𝜈2. Then:

∫𝕋 𝑑
𝔼𝜔[|𝑋1

𝑡 (𝑥, 𝜔) −𝑋
2
𝑡 (𝑥, 𝜔)|]𝑑𝑥 ≲ 𝐶𝑡

⎛

⎜

⎜

⎜

⎝

4
√

|𝜈1 − 𝜈2| +
√

‖𝑏1 − 𝑏2‖𝐿1(0,𝑡;𝐿𝑝(𝕋 𝑑 ))

+ 1
|

|

|

|

log
(

√

|𝜈1 − 𝜈2| + ‖𝑏1 − 𝑏2‖𝐿1(0,𝑡;𝐿𝑝(𝕋 𝑑 )

)

|

|

|

|

⎞

⎟

⎟

⎟

⎠

.

Proof. For any 𝑡 ∈ (0, 𝑇 ), a.e. 𝜔 ∈ Ω and a.e. 𝑥 ∈ 𝕋 𝑑 we have that 𝑋1
𝑡 − 𝑋2

𝑡 satisfies the following
stochastic differential equation for 𝑠 ∈ [0, 𝑡]:

{

𝑑[𝑋1
𝑠 (𝑥, 𝜔) −𝑋

2
𝑠 (𝑥, 𝜔)] = 𝑎(𝑠, 𝑥, 𝜔)𝑑𝑠 + 𝜎𝑑𝑊𝑠(𝜔)

𝑋1
0 (𝑥, 𝜔) −𝑋

2
0 (𝑥, 𝜔) = 0

, (6.2.1)

where

𝑎(𝑠, 𝑥, 𝜔) ∶= 𝑏1(𝑠,𝑋1
𝑠 (𝑥, 𝜔)) − 𝑏2(𝑠,𝑋

2
𝑠 (𝑥, 𝜔)) and 𝜎 ∶=

√

2𝜈1 −
√

2𝜈2.

We define the function 𝑞𝛿(𝑦) ∶= log
(

1 + |𝑦|2

𝛿2

)

, and𝑄𝛿 as:

𝑄𝛿(𝑡, 𝑥, 𝜔) ∶= 𝑞𝛿(𝑋1
𝑡 (𝑥, 𝜔) −𝑋

2
𝑡 (𝑥, 𝜔)) = log

(

1 +
|𝑋1

𝑡 (𝑥, 𝜔) −𝑋
2
𝑡 (𝑥, 𝜔)|

2

𝛿2

)

. (6.2.2)

By Itô’s lemma we have that𝑄𝛿 satisfies the following stochastic differential equation:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑑𝑄𝛿(𝑡, 𝑥, 𝜔) =
[

𝑎(𝑡, 𝑥, 𝜔) ⋅ ∇𝑦𝑞𝛿
(

𝑋1
𝑡 (𝑥, 𝜔) −𝑋

2
𝑡 (𝑥, 𝜔)

)

+ 𝜎2

2 Δ𝑦𝑞𝛿
(

𝑋1
𝑡 (𝑥, 𝜔) −𝑋

2
𝑡 (𝑥, 𝜔)

)

]

𝑑𝑡

+
[

𝜎
(

∑𝑑
𝑖=1 𝜕𝑦𝑖𝑞𝛿

(

𝑋1
𝑡 (𝑥, 𝜔) −𝑋

2
𝑡 (𝑥, 𝜔)

)

)]

𝑑𝑊𝑡

𝑄𝛿(0, 𝑥, 𝜔) = 0

.

(6.2.3)

Taking the expected value on both sides of (6.2.3) and integrating over [0, 𝑡] × 𝕋 𝑑 we end up with

∫𝕋 𝑑
𝔼𝜔[𝑄𝛿(𝑡, 𝑥, 𝜔)]𝑑𝑥 = ∫

𝑡

0 ∫𝕋 𝑑
𝔼𝜔

[

𝑎(𝑠, 𝑥, 𝜔) ⋅ ∇𝑦𝑞𝛿(𝑋1
𝑠 (𝑥, 𝜔) −𝑋

2
𝑠 (𝑥, 𝜔))

]

𝑑𝑥𝑑𝑠

+ 𝜎2

2 ∫

𝑡

0 ∫𝕋 𝑑
𝔼𝜔

[

Δ𝑞𝛿(𝑋1
𝑠 (𝑥, 𝜔) −𝑋

2
𝑠 (𝑥, 𝜔))

]

𝑑𝑥𝑑𝑠,

where we use that the stochastic integral in (6.2.3) is a martingale with 0 as expected value. We can easily
check that

|

|

|

|

|

∇𝑦 log
(

1 +
|𝑦|2

𝛿2

)

|

|

|

|

|

≲ 1
𝛿 + |𝑦|

and
|

|

|

|

|

Δ𝑦 log
(

1 +
|𝑦|2

𝛿2

)

|

|

|

|

|

≲ 1
𝛿2 + |𝑦|2

, (6.2.4)
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so

∫𝕋 𝑑
𝔼𝜔[𝑄𝛿(𝑡, 𝑥, 𝜔)]𝑑𝑥 ≲ 𝜎2 𝑡

2𝛿2
+ ∫

𝑡

0 ∫𝕋 𝑑
𝔼𝜔

[

|𝑎(𝑠, 𝑥, 𝜔)|
𝛿 + |𝑋1

𝑠 (𝑥, 𝜔) −𝑋2
𝑠 (𝑥, 𝜔)|

]

𝑑𝑥𝑑𝑠.

Since 𝑎(𝑡, 𝑥, 𝜔) = 𝑏1(𝑡, 𝑋1
𝑡 (𝑥, 𝜔)) − 𝑏2(𝑡, 𝑋

2
𝑡 (𝑥, 𝜔)), by triangular inequality:

|𝑎(𝑡, 𝑥, 𝜔)| ≤ |𝑏1(𝑡, 𝑋1
𝑡 (𝑥, 𝜔)) − 𝑏2(𝑡, 𝑋

1
𝑡 (𝑥, 𝜔))| + |𝑏2(𝑡, 𝑋1

𝑡 (𝑥, 𝜔)) − 𝑏2(𝑡, 𝑋
2
𝑡 (𝑥, 𝜔))|,

so

∫𝕋 𝑑
𝔼𝜔[𝑄𝛿(𝑡, 𝑥, 𝜔)]𝑑𝑥 ≲ 𝜎2 𝑡

𝛿2
+ ∫

𝑡

0 ∫𝕋 𝑑
𝔼𝜔

[

|𝑏1(𝑠,𝑋1
𝑠 (𝑥, 𝜔)) − 𝑏2(𝑠,𝑋

1
𝑠 (𝑥, 𝜔))|

𝛿 + |𝑋1
𝑠 (𝑥, 𝜔) −𝑋2

𝑠 (𝑥, 𝜔)|

]

𝑑𝑥𝑑𝑠 (6.2.5)

+ ∫

𝑡

0 ∫𝕋 𝑑
𝔼𝜔

[

|𝑏2(𝑠,𝑋1
𝑠 (𝑥, 𝜔)) − 𝑏2(𝑠,𝑋

2
𝑠 (𝑥, 𝜔))|

𝛿 + |𝑋1
𝑠 (𝑥, 𝜔) −𝑋2

𝑠 (𝑥, 𝜔)|

]

𝑑𝑥𝑑𝑠.

For the first integral, use the measure-preserving property of the stochastic flow to get:

∫

𝑡

0 ∫𝕋 𝑑
𝔼𝜔

[

|𝑏1(𝑠,𝑋1
𝑠 (𝑥, 𝜔)) − 𝑏2(𝑠,𝑋

1
𝑠 (𝑥, 𝜔))|

𝛿 + |𝑋1
𝑠 (𝑥, 𝜔) −𝑋2

𝑠 (𝑥, 𝜔)|

]

𝑑𝑥𝑑𝑠

= ∫

𝑡

0
𝔼𝜔

[

∫𝕋 𝑑

|𝑏1(𝑠,𝑋1
𝑠 (𝑥, 𝜔)) − 𝑏2(𝑠,𝑋

1
𝑠 (𝑥, 𝜔))|

𝛿 + |𝑋1
𝑠 (𝑥, 𝜔) −𝑋2

𝑠 (𝑥, 𝜔)|
𝑑𝑥

]

𝑑𝑠

= ∫

𝑡

0
𝔼𝜔

[

∫𝕋 𝑑

|𝑏1(𝑠, 𝑥) − 𝑏2(𝑠, 𝑥)|
𝛿 + |𝑋1

𝑠 (𝑥, 𝜔) −𝑋2
𝑠 (𝑥, 𝜔)|

𝑑𝑥

]

𝑑𝑠 ≤
‖𝑏1 − 𝑏2‖𝐿1((𝑠,𝑡);𝐿1(𝕋 𝑑 ))

𝛿
.

For the second integral, we use Lemma 4.1.2 to get:

∫

𝑡

0 ∫𝕋 𝑑
𝔼𝜔

[

|𝑏2(𝑠,𝑋1
𝑠 (𝑥, 𝜔)) − 𝑏2(𝑠,𝑋

2
𝑠 (𝑥, 𝜔))|

𝛿 + |𝑋1
𝑠 (𝑥, 𝜔) −𝑋2

𝑠 (𝑥, 𝜔)|

]

𝑑𝑥𝑑𝑠

≲ ∫

𝑡

0 ∫𝕋 𝑑
𝔼𝜔

[

𝑀(|𝐷𝑏2|)(𝑠,𝑋1
𝑠 (𝑥, 𝜔)) +𝑀(|𝐷𝑏2|)(𝑠,𝑋2

𝑠 (𝑥, 𝜔))
]

𝑑𝑥𝑑𝑠

= ∫

𝑡

0
𝔼𝜔

[

∫𝕋 𝑑
𝑀(|𝐷𝑏2|)(𝑠,𝑋1

𝑠 (𝑥, 𝜔)) +𝑀(|𝐷𝑏2|)(𝑠,𝑋2
𝑠 (𝑥, 𝜔))𝑑𝑥

]

𝑑𝑠

= 2∫

𝑡

0 ∫𝕋 𝑑
𝑀(|𝐷𝑏2|)(𝑠, 𝑥)𝑑𝑥𝑑𝜏 ≲ ‖∇𝑏2‖𝐿1((0,𝑡);𝐿𝑝(𝕋 𝑑 )),

where we used the measure-preserving properties of the stochastic flow, Hölder’s inequality and Lemma
4.1.1. In the end we have:

∫𝕋 𝑑
𝔼𝜔[𝑄𝛿(𝑡, 𝑥, 𝜔)]𝑑𝑥 ≲ 𝜎2 𝑡

𝛿2
+

‖𝑏1 − 𝑏2‖𝐿1(0,𝑡;𝐿1(𝕋 𝑑 ))

𝛿
+ ‖∇𝑏2‖𝐿1(0,𝑡;𝐿𝑝(𝕋 𝑑 )) = 𝐾(𝑡, 𝛿) = 𝐾.

By Chebyshev’s inequality, there is a set 𝐴𝑡 ⊂ 𝕋 𝑑 × Ω such that if (𝑥, 𝜔) ∈ 𝐴𝑡:

𝑄𝛿(𝑡, 𝑥, 𝜔) ≤ 𝐾∕𝜂 ⟹ |𝑋1
𝑡 (𝑥, 𝜔) −𝑋

2
𝑡 (𝑥, 𝜔)| ≤ 𝛿 exp

(

𝐾
𝜂

)

and (ℒ 𝑑 ⊗ P)(𝐴𝑐𝑡 ) ≤ 𝜂. Then we have:
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∫𝕋 𝑑
𝔼𝜔[|𝑋1

𝑡 (𝑥, 𝜔) −𝑋
2
𝑡 (𝑥, 𝜔)|]𝑑𝑥 = ∫𝐴𝑡

|𝑋1
𝑡 (𝑥, 𝜔) −𝑋

2
𝑡 (𝑥, 𝜔)|𝑑𝑥𝑑 P(𝜔)

+ ∫𝐴𝑐𝑡
|𝑋1

𝑡 (𝑥, 𝜔) −𝑋
2
𝑡 (𝑥, 𝜔)|𝑑𝑥𝑑 P(𝜔) ≲ 𝛿 exp

(

𝐾
𝜂

)

+ 𝜂,

where we used that P is a probability measure and that the distance on 𝕋 𝑑 is bounded. Choosing 𝜂 =
2𝐾| log(𝛿)|−1 we end up with

∫𝕋 𝑑
𝔼𝜔[|𝑋1

𝑡 (𝑥, 𝜔) −𝑋
2
𝑡 (𝑥, 𝜔)|]𝑑𝑥 ≲

√

𝛿 + 2𝐾| log(𝛿)|−1,

and finally choosing

𝛿 ∶=
√

𝑡|𝜈1 − 𝜈2| + ‖𝑏1 − 𝑏2‖𝐿1(0,𝑡;𝐿𝑝(𝕋 𝑑 )),

we have that 𝐾 = 𝐾(𝑡) is uniformly bounded and thus

∫𝕋 𝑑
𝔼𝜔[|𝑋1

𝑡 (𝑥, 𝜔) −𝑋
2
𝑡 (𝑥, 𝜔)|]𝑑𝑥

≲ 4
√

𝑡|𝜈1 − 𝜈2| +
√

‖𝑏1 − 𝑏2‖𝐿1(0,𝑡;𝐿𝑝(𝕋 𝑑 )) +
‖∇𝑏2‖𝐿1(0,𝑇 ;𝐿𝑝(𝕋 𝑑 ))

|

|

|

|

log
(

√

𝑡|𝜈1 − 𝜈2| + ‖𝑏1 − 𝑏2‖𝐿1(0,𝑡;𝐿𝑝(𝕋 𝑑 ))

)

|

|

|

|

.

Proposition 6.2.2. Quantitative stability for solutions of (ADE)
Consider 𝑢1, 𝑢2 solutions of (ADE) with respect to the same bounded initial datum 𝑢0 but with different
diffusivities 𝜈1, 𝜈2 and velocity fields 𝑏1, 𝑏2 which satisfy (6.1.1). Then :

sup
𝑡∈[0,𝑇 ]

W1(𝑢1(𝑡, ⋅), 𝑢2(𝑡, ⋅)) ≲ 𝐶𝑡‖𝑢0‖∞

⎛

⎜

⎜

⎜

⎝

4
√

|𝜈1 − 𝜈2| +
√

‖𝑏1 − 𝑏2‖𝐿1(𝑠,𝑡;𝐿𝑝(𝕋 𝑑 ))

+ 1
|

|

|

|

log
(

√

|𝜈1 − 𝜈2| + ‖𝑏1 − 𝑏2‖𝐿1(0,𝑡;𝐿𝑝(𝕋 𝑑 )

)

|

|

|

|

⎞

⎟

⎟

⎟

⎠

.

Proof. Identical to the proof of Theorem 4.3.1. We just need to use the representation (F-K), Kantorovich-
Rubinstein duality (see Theorem 5.3.1) and Proposition 6.2.1.

We now give a series of results on stochastic flows which are practically identical to their deterministic
counterparts we saw in Chapter 4 and in Chapter 5. The reason why we can essentially copy the proofs
of the deterministic case is that under our assumptions such results are “fundamentally deterministic”.
Indeed, since we consider an additive noise, each time we subtract two stochastic flows at fixed 𝜔 ∈ Ω
(i.e. for a fixed realisation of the Brownian motion 𝑊𝑡) the noise cancels out. We also rely crucially on
the fact that, under our assumptions, the stochastic flows are almost surely (with respect to 𝜔) measure
preserving [78, Lemma 9].

Theorem 6.2.1.
Let 𝑏 satisfy (6.1.1) and let 𝑋𝜈

𝑡 be the stochastic flow associated to 𝑏 with diffusivity 𝜈 > 0. We define the
following integral quantity:

𝐴𝑝(𝑅,𝑋𝜈 , 𝜔) ∶=

[

∫𝐵𝑅(0)

(

sup
0≤𝑡≤𝑇

sup
0<𝑟<2𝑅⨏𝐵𝑟(𝑥)

log

(

1 +
|𝑋𝜈

𝑡 (𝑥, 𝜔) −𝑋
𝜈
𝑡 (𝑦, 𝜔)|

2

𝑟2

)

𝑑𝑦

)𝑝

𝑑𝑥

]1∕𝑝

.

(6.2.6)
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We have:

𝐴𝑝(𝑅,𝑋𝜈 , 𝜔) ≤ 𝐶(𝑝, 𝑑, 𝑅, 𝐿, ‖𝐷𝑥𝑏‖𝐿1(0,𝑇 ;𝐿𝑝(𝕋 𝑑 ))) for almost every 𝜔 ∈ Ω,

where the value of𝐶 does not depend on𝜔. Since we assumed to work in a torus, if𝑅 is big enough we have
that 𝕋 𝑑 = 𝐵𝑅(𝑥) for every 𝑥 ∈ 𝕋 𝑑 , so we can also define

𝐴𝑝(𝑋𝜈 , 𝜔) ∶= inf
{𝑅|𝕋 𝑑⊂𝐵𝑅(𝑥) ∀𝑥∈𝕋 𝑑}

𝐴𝑝(𝑅,𝑋𝜈 , 𝜔),

for which the same estimate holds.

Proof. For 0 ≤ 𝑡 ≤ 𝑇 , 0 < 𝑟 < 2𝑅 and 𝑥 ∈ 𝐵𝑅(0) we define the quantity

𝑄(𝑡, 𝑥, 𝑦, 𝑟, 𝜔) ∶= log

(

1 +
|𝑋𝜈

𝑡 (𝑥, 𝜔) −𝑋
𝜈
𝑡 (𝑦, 𝜔)|

2

𝑟2

)

.

We argue as in Proposition 6.2.1. Since the noise cancels by considering the difference of the stochastic
flows, we have that by (6.2.3) and the bounds in (6.2.4):

𝑄(𝑡, 𝑥, 𝑦, 𝑟, 𝜔) ≤ 𝑄(0, 𝑥, 𝑦, 𝑟, 𝜔) + ∫

𝑡

0

|𝑏(𝑠,𝑋𝜈
𝑠 (𝑥, 𝜔)) − 𝑏(𝑠,𝑋

𝜈
𝑠 (𝑦, 𝜔))|

𝑟 + |𝑋𝜈
𝑠 (𝑥, 𝜔) −𝑋𝜈

𝑠 (𝑦, 𝜔)|
𝑑𝑠.

Considering the average with respect to the 𝑦 variable over a ball 𝐵𝑟(𝑥) we have:

⨏𝐵𝑟(𝑥)
𝑄(𝑡, 𝑥, 𝑦, 𝑟, 𝜔)𝑑𝑦 ≲ 𝑐 + ∫

𝑡

0 ⨏𝐵𝑟(𝑥)

|𝑏(𝑠,𝑋𝜈
𝑠 (𝑥, 𝜔)) − 𝑏(𝑠,𝑋

𝜈
𝑠 (𝑦, 𝜔))|

𝑟 + |𝑋𝜈
𝑠 (𝑥, 𝜔) −𝑋𝜈

𝑠 (𝑦, 𝜔)|
𝑑𝑦𝑑𝑠,

and by Lemma 4.1.2

⨏𝐵𝑟(𝑥)
𝑄(𝑡, 𝑥, 𝑦, 𝑟, 𝜔)𝑑𝑦 ≲ 𝑐 + ∫

𝑡

0
𝑀𝐷𝑏(𝑠,𝑋𝜈

𝑠 (𝑥, 𝜔))𝑑𝑠 + ∫

𝑡

0 ⨏𝐵𝑟(𝑥)
𝑀𝐷𝑏(𝑠,𝑋𝜈

𝑠 (𝑦, 𝜔))𝑑𝑦𝑑𝑠.

Taking the supremum in 𝑟 and 𝑡:

sup
0<𝑡<𝑇

sup
0<𝑟<2𝑅⨏𝐵𝑟(𝑥)

𝑄(𝑡, 𝑥, 𝑦, 𝑟, 𝜔)𝑑𝑦

≲ 𝑐 + ∫

𝑇

0
𝑀𝐷𝑏(𝑠,𝑋𝜈

𝑠 (𝑥, 𝜔))𝑑𝑠 + ∫

𝑇

0
sup

0<𝑟<2𝑅⨏𝐵𝑟(𝑥)
𝑀𝐷𝑏(𝑠,𝑋𝜈

𝑠 (𝑦, 𝜔))𝑑𝑦𝑑𝑠.

We conclude taking the𝐿𝑝(𝕋 𝑑) normwith respect to the 𝑥 variable on both sides and arguing as in Theorem
4.2.1, using the fact that for a.e. 𝜔 ∈ Ω the stochastic flow ismeasure preserving to change variables when
needed, and using Hölder’s inequality and Lemma 4.1.1.

Proposition 6.2.3. Almost everywhere Lipschitz continuity of the stochastic flow outside a small set
Let𝑋𝜈 ∶ [0, 𝑇 )×𝕋 𝑑 → 𝕋 𝑑 be a stochastic flow, as in Definition 6.1.1. Then, for almost every𝜔 ∈ Ω, for every
𝜀 > 0 and every 𝑅 > 0 we can find a set (depending on 𝜔 ∈ Ω) 𝐾𝜔 ⊂ 𝐵𝑅(0) such that |𝐵𝑅(0) ⧵ 𝐾𝜔| ≤ 𝜀
and for any 0 ≤ 𝑡 ≤ 𝑇 it holds

Lip(𝑋𝜈
𝑡 (⋅, 𝜔)|𝐾𝜔) ≤ exp

(𝐴𝑝(𝑋𝜈 , 𝜔)
𝜀1∕𝑝

)

.

Proof. Identical to Proposition 4.2.1, up to considering a square root in the final step.
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6.3 Euler-Maruyama scheme and applications to the advection-diffusion equa-
tion

We now define our approximation scheme for (SDE), which is known in the literature as the Euler-Maruyama
method. We will often omit explicitly writing the dependence of the stochastic flow on 𝜔, writing 𝑋𝜈(𝑡, 𝑥)
in place of𝑋𝜈

𝑡 (𝑥, 𝜔).

Definition 6.3.1. Euler-Maruyama method
Let 𝑏 ∈ [𝐿1(0, 𝑇 ;𝑊 1,𝑝(𝕋 𝑑)) ∩ 𝐿∞((0, 𝑇 ) × 𝕋 𝑑)]𝑑 with 1 < 𝑝 ≤ 𝑑 , and let

𝑏𝛿(𝑡, ⋅) ∶= 𝜂𝛿 ∗ 𝑏(𝑡, ⋅) (6.3.1)

for some 𝛿 > 0, where 𝜂 is a standard mollifier in ℝ𝑑 , 𝜂𝛿(𝑥) ∶= 𝛿−𝑑𝜂(𝑥∕𝛿) and the convolution is in the
spatial variables only. We denote by 𝑋𝐸𝑀 (where “EM” stands for “Euler-Maruyama”) the Euler-Maruyama
approximation of the stochastic flow 𝑋𝜈

𝑡 of 𝑏 with diffusivity 𝜈 > 0, with time step Δ𝑡 and regularisation
parameter 𝛿. For 𝑡 ∈ [𝑡𝑛, 𝑡𝑛+1] we define:

𝑋𝐸𝑀 (𝑡, 𝑥, 𝜔) ∶= 𝑋𝐸𝑀 (𝑡𝑛, 𝑥, 𝜔)+(𝑡− 𝑡𝑛)⨏

𝑡𝑛+1

𝑡𝑛
𝑏𝛿(𝑠,𝑋𝐸𝑀 (𝑡𝑛, 𝑥, 𝜔))𝑑𝑠+(𝑡− 𝑡𝑛)

√

2𝜈(𝑊𝑡𝑛+1(𝜔)−𝑊𝑡𝑛(𝜔)),

(6.3.2)
where 0 = 𝑡0 < 𝑡1 <⋯ < 𝑡𝑀 = 𝑇 is a partition of [0, 𝑇 ]with 𝑡𝑖+1−𝑡𝑖 = Δ𝑡 and𝑋𝐸𝑀 (0, 𝑥, 𝜔) = 𝑥 ∀𝑥 ∈ 𝕋 𝑑
and ∀𝜔 ∈ Ω. If 𝑝 > 𝑑 , we define𝑋𝐸𝑀 directly with the vector field 𝑏, without any prior regularisation, as

𝑋𝐸𝑀 (𝑡, 𝑥, 𝜔) ∶= 𝑋𝐸𝑀 (𝑡𝑛, 𝑥, 𝜔)+ (𝑡− 𝑡𝑛)⨏

𝑡𝑛+1

𝑡𝑛
𝑏(𝑠,𝑋𝐸𝑀 (𝑡𝑛, 𝑥, 𝜔))𝑑𝑠+(𝑡− 𝑡𝑛)

√

2𝜈(𝑊𝑡𝑛+1(𝜔)−𝑊𝑡𝑛(𝜔)).

(6.3.3)
We remark that, in order to keep the notation as light as possible, we omit explicitly writing the dependence
of Φ𝐸 on Δ𝑡, 𝜔 and (eventually) 𝛿.

Proposition 6.3.1. Compressibility estimate and injectivity of𝑋𝐸𝑀

Consider𝑋𝐸𝑀 defined as in Definition 6.3.1 with 1 < 𝑝 ≤ 𝑑 and with 𝛿 =
√

Δ𝑡. Then for a.e. 𝜔 ∈ Ω there
exists a constant 𝑐 > 0 not dependent on Δ𝑡 and on 𝜔 such that

det(∇𝑥𝑋𝐸𝑀 (𝑡, 𝑥)) > 𝑐 for every (𝑡, 𝑥) ∈ [0, 𝑇 ] × 𝕋 𝑑 .

Moreover,𝑋𝐸𝑀 (𝑡, ⋅) is Lipschitz continuous for every 𝑡, and in particular it is injective.

Proof. Since the noise is additive, the proofs of the compressibility bound and of the Lipschitz continuity
(and hence of injectivity) follow exactly as in Proposition 5.2.1 and Proposition 5.2.2.

Proposition 6.3.2. 𝐿𝑝 stability estimate for𝑋𝛿 and𝑋𝐸𝑀
Let 𝑋𝐸𝑀 be defined as in (6.3.1) with 𝑏 satisfying assumptions (6.1.1) with 1 < 𝑝 ≤ 𝑑 , and let 𝑋𝜈 , 𝑋𝜈

𝛿 be
the stochastic flows of 𝑏 and 𝑏𝛿 respectively, with 𝛿 =

√

Δ𝑡. Then:

𝔼𝜔[‖𝑋𝜈
𝛿 (𝑡, ⋅) −𝑋𝐸𝑀 (𝑡, ⋅)‖𝐿𝑝(𝕋 𝑑 )] ≲ 𝐶𝑡,𝜈Δ𝑡| log(Δ𝑡)|−1 for every 𝑡 ∈ [0, 𝑇 ),

where 𝑋𝛿 is the flow of 𝑏𝛿. If 𝑏 ∈ 𝐿1(0, 𝑇 ;𝑊 1,𝑝(𝕋 𝑑)) with 𝑝 > 𝑑 , then we consider 𝑋𝐸𝑀 defined as in
(6.3.3) and it holds

𝔼𝜔[‖𝑋𝜈(𝑡, ⋅) −𝑋𝐸𝑀 (𝑡, ⋅)‖𝐿𝑝(𝕋 𝑑 )] ≲ 𝐶𝑡,𝜈Δ𝑡| log(Δ𝑡)|−1 for every 𝑡 ∈ [0, 𝑇 ).

In both cases, 𝐶𝑡,𝜈Δ𝑡 is a positive constant such that 𝐶𝑡,𝜈Δ𝑡 → 0 as 𝑡 → 0 for 𝜈Δ𝑡 fixed, and 𝐶𝑡,𝜈Δ𝑡 ≈
(1 +

√

𝜈Δ𝑡) at 𝑡 fixed.
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Proof. In the first part of the proof we will work without loss of generality with 𝑋𝜈
𝛿 with the assumption

1 < 𝑝 ≤ 𝑑 , since the argument is identical if 𝑝 > 𝑑. The difference will appear only at the end of the proof,
where we differentiate the two cases. We want to prove that

𝔼𝜔

[

|

|

|

|

|

|

|

|

|

|

log
(

1 +
|𝑋𝜈

𝛿 (𝑡, ⋅) −𝑋𝐸𝑀 (𝑡, ⋅)|
Δ𝑡

)

|

|

|

|

|

|

|

|

|

|𝐿𝑝(𝕋 𝑑 )

]

≤ 𝐶𝑡,

with a constant 𝐶𝑡 not dependent on Δ𝑡 such that 𝐶𝑡 → 0 as 𝑡 → 0. Once we prove that, the conclusion
follows as in the last part of the proof of Proposition 6.2.1, i.e. using Chebyshev’s inequality. Notice that,
by the concavity of the logarithm and by the fact that log(1 + 𝑥) is an increasing monotone function, for
every 𝑎, 𝑏 ≥ 0 it holds

log(1 + 𝑏) − log(1 + 𝑎) ≤ 𝑑
𝑑𝑥

[

log(1 + 𝑥)
]

𝑥=𝑎
|𝑏 − 𝑎| =

|𝑏 − 𝑎|
1 + 𝑎

.

In particular, let 𝑡 = 𝑡𝑛 for simplicity. We have (since the estimate is pointwise we omit writing the depen-
dence on 𝑥 to keep the notation as light as possible):

log
(

1 +
|𝑋𝜈

𝛿 (𝑡𝑛) −𝑋𝐸𝑀 (𝑡𝑛)|
Δ𝑡

)

− log
(

1 +
|𝑋𝜈

𝛿 (𝑡𝑛−1) −𝑋𝐸𝑀 (𝑡𝑛−1)|
Δ𝑡

)

≤ Δ𝑡
|𝑋𝜈

𝛿 (𝑡𝑛−1) −𝑋𝐸𝑀 (𝑡𝑛−1)| + Δ𝑡
| |𝑋𝜈

𝛿 (𝑡𝑛) −𝑋𝐸𝑀 (𝑡𝑛)| − |𝑋𝜈
𝛿 (𝑡𝑛−1) −𝑋𝐸𝑀 (𝑡𝑛−1)| |

Δ𝑡

≤
|𝑋𝜈

𝛿 (𝑡𝑛) −𝑋
𝜈
𝛿 (𝑡𝑛−1) − (𝑋𝐸𝑀 (𝑡𝑛) −𝑋𝐸𝑀 (𝑡𝑛−1))|

|𝑋𝜈
𝛿 (𝑡𝑛−1) −𝑋𝐸𝑀 (𝑡𝑛−1)| + Δ𝑡

=
| ∫ 𝑡𝑛
𝑡𝑛−1

𝑏𝛿(𝑠,𝑋𝜈
𝛿 (𝑠)) − 𝑏𝛿(𝑠,𝑋𝐸𝑀 (𝑡𝑛−1))𝑑𝑠|

|𝑋𝜈
𝛿 (𝑡𝑛−1) −𝑋𝐸𝑀 (𝑡𝑛−1)| + Δ𝑡

.

Iterating the estimate above we get, by telescopic summing:

log
(

1 +
|𝑋𝜈

𝛿 (𝑡𝑛) −𝑋𝐸𝑀 (𝑡𝑛))|
Δ𝑡

)

≤
𝑛−1
∑

𝑗=0

| ∫ 𝑡𝑗+1
𝑡𝑗

𝑏𝛿(𝑠,𝑋𝜈
𝛿 (𝑠)) − 𝑏𝛿(𝑠,𝑋𝐸𝑀 (𝑡𝑗))𝑑𝑠|

|𝑋𝜈
𝛿 (𝑡𝑗) −𝑋𝐸𝑀 (𝑡𝑗)| + Δ𝑡

(6.3.4)

≤
𝑛−1
∑

𝑗=0

| ∫ 𝑡𝑗+1
𝑡𝑗

𝑏𝛿(𝑠,𝑋𝜈
𝛿 (𝑠)) − 𝑏𝛿(𝑠,𝑋

𝜈
𝛿 (𝑡𝑗))𝑑𝑠| + | ∫ 𝑡𝑗+1

𝑡𝑗
𝑏𝛿(𝑠,𝑋𝜈

𝛿 (𝑡𝑗)) − 𝑏𝛿(𝑠,𝑋𝐸𝑀 (𝑡𝑗))𝑑𝑠|

|𝑋𝜈
𝛿 (𝑡𝑗) −𝑋𝐸𝑀 (𝑡𝑗)| + Δ𝑡

≤
𝑛−1
∑

𝑗=0

∫ 𝑡𝑗+1
𝑡𝑗

|𝑏𝛿(𝑠,𝑋𝜈
𝛿 (𝑠)) − 𝑏𝛿(𝑠,𝑋

𝜈
𝛿 (𝑡𝑗))|𝑑𝑠

|𝑋𝜈
𝛿 (𝑡𝑗) −𝑋𝐸𝑀 (𝑡𝑗)| + Δ𝑡

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
= 1

+
𝑛−1
∑

𝑗=0

∫ 𝑡𝑗+1
𝑡𝑗

|𝑏𝛿(𝑠,𝑋𝜈
𝛿 (𝑡𝑗)) − 𝑏𝛿(𝑠,𝑋𝐸𝑀 (𝑡𝑗))|𝑑𝑠

|𝑋𝜈
𝛿 (𝑡𝑗) −𝑋𝐸𝑀 (𝑡𝑗)| + Δ𝑡

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
= 2

.

Now, notice that by Lemma 4.1.2:

∫

𝑡𝑗+1

𝑡𝑗
|𝑏𝛿(𝑠,𝑋𝜈

𝛿 (𝑠)) − 𝑏𝛿(𝑠,𝑋
𝜈
𝛿 (𝑡𝑗))|𝑑𝑠

≲ ∫

𝑡𝑗+1

𝑡𝑗
|𝑋𝜈

𝛿 (𝑠) −𝑋
𝜈
𝛿 (𝑡𝑗)| [𝑀(|𝐷𝑏𝛿|)(𝑠,𝑋𝜈

𝛿 (𝑠)) +𝑀(|𝐷𝑏𝛿|)(𝑠,𝑋𝜈
𝛿 (𝑡𝑗))]𝑑𝑠

= ∫

𝑡𝑗+1

𝑡𝑗

|

|

|

|

|

∫

𝑠

𝑡𝑗
𝑏𝛿(𝑠,𝑋𝜈

𝛿 (𝑠)) +
√

2𝜈(𝑊𝑠 −𝑊𝑡𝑗 )𝑑𝑠
|

|

|

|

|

[𝑀(|𝐷𝑏𝛿|)(𝑠,𝑋𝜈
𝛿 (𝑠)) +𝑀(|𝐷𝑏𝛿|)(𝑠,𝑋𝜈

𝛿 (𝑡𝑗))]𝑑𝑠

≤

(

‖𝑏𝛿‖∞Δ𝑡 +
√

2𝜈 ∫

𝑡𝑗+1

𝑡𝑗
|𝑊𝜏 −𝑊𝑡𝑗 |𝑑𝜏

)

∫

𝑡𝑗+1

𝑡𝑗
[𝑀(|𝐷𝑏𝛿|)(𝑠,𝑋𝜈

𝛿 (𝑠)) +𝑀(|𝐷𝑏𝛿|)(𝑠,𝑋𝜈
𝛿 (𝑡𝑗))]𝑑𝑠.
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We now consider the 𝐿𝑝 norm and we change variables to get:

1 ≲
𝑛−1
∑

𝑗=0

⎛

⎜

⎜

⎝

‖𝑏𝛿‖∞ +

√

2𝜈 ∫ 𝑡𝑗+1
𝑡𝑗

|𝑊𝜏 −𝑊𝑡𝑗 |𝑑𝜏

Δ𝑡

⎞

⎟

⎟

⎠

∫

𝑡𝑗+1

𝑡𝑗
‖𝑀(|𝐷𝑏𝛿|)(𝑠, ⋅)‖𝐿𝑝(𝕋 𝑑 )𝑑𝑠. (6.3.5)

Considering the expected value (with respect to 𝜔), the only term which still depends on 𝜔 is |𝑊𝜏 −𝑊𝑡𝑗 |.
It is a well-known fact that, up to a dimensional constant, 𝔼𝜔[|𝑊𝜏 −𝑊𝑡𝑗 |] ≈

√

𝜏 − 𝑡𝑗 . So:

∫

𝑡𝑗+1

𝑡𝑗
𝔼𝜔[|𝑊𝜏 −𝑊𝑡𝑗 |]𝑑𝜏 ≈ ∫

𝑡𝑗+1

𝑡𝑗

√

𝜏 − 𝑡𝑗𝑑𝜏 ≈ (Δ𝑡)3∕2.

So, we have

𝔼𝜔
[

‖

‖

‖

1 ‖

‖

‖𝐿𝑝(𝕋 𝑑 )

]

≲ (‖𝑏𝛿‖∞ +
√

𝜈Δ𝑡)‖𝑀(|𝐷𝑏𝛿|)‖𝐿1(0,𝑡;𝐿𝑝(𝕋 𝑑 )).

We just need to apply Lemma 4.1.1 to conclude. As for 2 , we need to differentiate the cases 1 < 𝑝 ≤ 𝑑
and 𝑝 > 𝑑.

• If 1 < 𝑝 ≤ 𝑑 , we repeat the argument above. We have

∫

𝑡𝑗+1

𝑡𝑗
|𝑏𝛿(𝑠,𝑋𝜈

𝛿 (𝑡𝑗)) − 𝑏𝛿(𝑠,𝑋𝐸𝑀 (𝑡𝑗))|𝑑𝑠

≲ |𝑋𝜈
ℎ(𝑡𝑗) −𝑋𝐸𝑀 (𝑡𝑗)|∫

𝑡𝑗+1

𝑡𝑗
[𝑀(|𝐷𝑏𝛿|)(𝑠,𝑋𝜈

𝛿 (𝑡𝑗)) +𝑀(|𝐷𝑏𝛿|)(𝑠,𝑋𝐸𝑀 (𝑡𝑗))]𝑑𝑠,

and we can estimate |𝑋𝜈
𝛿 (𝑡𝑗) − 𝑋𝐸𝑀 (𝑡𝑗)|∕(|𝑋𝜈

ℎ(𝑡𝑗) − 𝑋𝐸𝑀 (𝑡𝑗)| + Δ𝑡) ≤ 1. Then, after summing
over 𝑗:

2 ≲
𝑛−1
∑

𝑗=0
∫

𝑡𝑗+1

𝑡𝑗
[𝑀(|𝐷𝑏𝛿|)(𝑠,𝑋𝜈

𝛿 (𝑡𝑗)) +𝑀(|𝐷𝑏𝛿|)(𝑠,𝑋𝐸𝑀 (𝑡𝑗))]𝑑𝑠.

After considering the 𝐿𝑝 norm and changing variables the estimate for the first addendum follows
immediately. For the second addendum, we conclude in the same way using Proposition 6.3.1.

• If 𝑝 > 𝑑 , we recall that we work directly with𝑋𝜈 , and not with𝑋𝜈
𝛿 . In this case we use Lemma 4.1.3

with 𝑝̃ ∈ (𝑑, 𝑝) to get:

∫ 𝑡𝑗+1
𝑡𝑗

|𝑏(𝑠,𝑋𝜈(𝑡𝑗)) − 𝑏(𝑠,𝑋𝐸𝑀 (𝑡𝑗))|𝑑𝑠

|𝑋𝜈(𝑡𝑗) −𝑋𝐸𝑀 (𝑡𝑗)| + Δ𝑡
≲

|𝑋𝜈(𝑡𝑗) −𝑋𝐸𝑀 (𝑡𝑗)| ∫
𝑡𝑗+1
𝑡𝑗

𝑓 (𝑠,𝑋𝜈(𝑡𝑗))𝑑𝑠|

|𝑋𝜈(𝑡𝑗) −𝑋𝐸𝑀 (𝑡𝑗)| + Δ𝑡
(6.3.6)

≤ ∫

𝑡𝑗+1

𝑡𝑗
𝑓 (𝑠,𝑋𝜈(𝑡𝑗))𝑑𝑠,

where 𝑓 (𝑠, 𝑥) ∶= [𝑀(|𝐷𝑢|𝑝̃)(𝑠, 𝑥)]1∕𝑝̃ ∈ 𝐿1(0, 𝑇 ;𝐿𝑝̃(𝕋 𝑑)). To conclude we just need to sum over
𝑗 , consider the 𝐿𝑝 norm and use the compressibility bound on 𝑋𝜈 to change variables. Notice that
𝑝∕𝑝̃ > 1, so we can apply Lemma 4.1.1.

At this point, we can conclude the proof using Chebyshev’s inequality, as at the end of the proof of Propo-
sition 6.2.1.
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We are now ready to give the main result of this section, i.e. a probabilistic approximation of the solution
of (ADE) via the Euler-Maruyama method. The proof follows almost verbatim the one of Theorem 5.3.2.

Theorem 6.3.1. Singular probabilistic approximation of the solution of (ADE) in 1-Wasserstein distance
Assume that 𝑏 satisfies (6.1.1) and 𝑢0 ≥ 0 and bounded, and let 𝑢 be the solution of (ADE). Assume that
the domain 𝕋 𝑑 is partitioned into sets {𝑄𝑖}𝑁𝑖=1 such that diam(𝑄𝑖) ≤ Δ𝑥 ∀𝑖 = 1,… , 𝑁 for some space
discretization scale Δ𝑥 > 0. We choose, for every set 𝑄𝑖, a random starting point 𝑥𝑖0 ∈ 𝑄𝑖 according to a
uniform probability distribution on 𝑄𝑖 and we define the weights𝑀𝑖 ∶= ∫𝑄𝑖 𝑢0𝑑𝑥. For 𝑡 ∈ [0, 𝑇 ], consider
the measure given by:

𝑢𝐸𝑀 (𝑡, ⋅) ∶=
𝑁
∑

𝑖=1
𝑀𝑖𝔼𝜔[𝛿𝑋𝐸𝑀 (𝑡,𝑥𝑖0,𝜔

𝑗 )] =
𝑁
∑

𝑖=1
𝔼𝜔[𝑋𝐸𝑀 (𝑡, ⋅, 𝜔)#(𝑀𝑖𝛿𝑥𝑖0)], (6.3.7)

where 𝑥̄0 = (𝑥10, 𝑥
2
0,… , 𝑥𝑁0 ) and 𝑋𝐸𝑀 is defined as in (6.3.2) with a time step Δ𝑡 > 0 and with 𝛿 =

√

Δ𝑡
if 1 < 𝑝 ≤ 𝑑 or as in (6.3.3) otherwise. Denoting with W1 the 1-Wasserstein distance defined in (5.3.2) it
holds that, in expected value with respect to the choice of the points 𝑥̄0, for every 𝛼 ∈ (0, 1):

𝔼𝑥0[W1(𝑢(𝑡, ⋅), 𝑢𝐸𝑀 (𝑡, 𝑥̄0))] ≲ (Δ𝑥)1−𝛼 +
| log(Δ𝑥)|−𝑝

𝛼𝑝
+ 𝐶𝑡,𝜈Δ𝑡| log(Δ𝑡)|−1, (6.3.8)

with 𝐶𝑡,𝜈Δ𝑡 > 0 as in Proposition 6.3.2. We can also estimate the variance of W1(𝑢(𝑡, ⋅), 𝑢𝐸𝑀 (𝑡, 𝑥̄0)) if
𝑁 ≲ (Δ𝑥)−𝑑 . In this case:

Var𝑥0[W1(𝑢(𝑡, ⋅), 𝑢𝐸𝑀 (𝑡, 𝑥̄0))] ≲ (Δ𝑥)2−2𝛼 +
| log(Δ𝑥)|−𝑝

𝛼𝑝
+ 𝐶𝑡,𝜈Δ𝑡| log(Δ𝑡)|−1. (6.3.9)

Proof. First of all, we notice that in order to prove (6.3.8) we can work without loss of generality with 𝑋𝜈
𝛿

instead of𝑋𝜈 if 𝑝 > 𝑑. By Proposition 6.2.1 and (F-K), using Kantorovich-Rubinstein duality, we have:

W1(𝔼𝜔[𝑋𝜈(𝑡, ⋅)#𝑢0],𝔼𝜔[𝑋𝜈
𝛿 (𝑡, ⋅)#𝑢0]) ≤ ∫𝕋 𝑑

𝑢0(𝑥)𝔼𝜔[|𝑋𝜈(𝑡, 𝑥) −𝑋𝜈
𝛿 (𝑡, 𝑥)|]𝑑𝑥 (6.3.10)

≤ ‖𝑢0‖𝐿∞𝔼𝜔[‖𝑋𝜈(𝑡, ⋅) −𝑋𝜈
𝛿 (𝑡, ⋅)‖]𝐿1 ≲ 𝐶𝑡,𝜈Δ𝑡| log(𝛿)|−1 ≈ 𝐶𝑡,𝜈Δ𝑡| log(Δ𝑡)|−1.

At time 𝑡 fixed, consider 𝑥̄0 = (𝑥10,… , 𝑥𝑁0 ) as a random variable in ((𝕋 𝑑)𝑁 ,(𝕋 𝑑)𝑁 , 𝑃𝑥0), with (𝕋 𝑑) the
Borel sigma algebra on 𝕋 𝑑 and

P̄𝑥0 = P1⊗P2⋯⊗ P𝑁 , with P𝑖 a uniform distribution over𝑄𝑖. (6.3.11)

We also define 𝑢𝑖0 ∶= 𝑢0
¬𝑄𝑖 and 𝑢̄𝑖0 ∶= (𝑢0

¬𝑄𝑖)∕𝑀𝑖 if 𝑀𝑖 > 0, otherwise 𝑀𝑖 = 𝑢̄𝑖0 = 0, where 𝜇 ¬𝐴
denotes the restriction of a measure 𝜇 to the set 𝐴. In the following, each time we consider an expected
value 𝔼𝑥0[⋅] or a variance Var𝑥0[⋅] it will be with respect to the probability P̄𝑥0 . We will denote with 𝔼𝜔[⋅]
the expected value with respect to the probability space (Ω, , 𝑃 ) the Brownian motion𝑊𝑡 is defined with
respect to. We consider the measures

𝜇𝑖 ∶= 𝔼𝜔[𝑋𝜈
𝛿 (𝑡, ⋅)#(𝑢0

¬𝑄𝑖)] and 𝜈𝑖 ∶=𝑀𝑖𝔼𝜔[𝛿𝑋𝐸𝑀 (𝑡,𝑥𝑖0)
] = 𝔼𝜔[𝑋𝐸𝑀 (𝑡, ⋅)#(𝑀𝑖𝛿𝑥𝑖0)],

which have the same mass, so we can apply Lemma 5.3.1. For the moment we will work in a fixed set
𝑄 = 𝑄𝑖 of the partition such that𝑀𝑖 ≠ 0, so in order to keep the notation lighter we will drop the subscript
and in the following we will implicitly assume that the measures are restricted to 𝑄 and normalized, also
we will write 𝑥0 instead of 𝑥𝑖0. Since the solution 𝑢 of (ADE) can be represented as 𝑢(𝑡, ⋅) = 𝔼𝜔[𝑋𝜈

𝛿 (𝑡, ⋅)#𝑢̄0],
we need to estimate 𝔼𝑥0[W1(𝔼𝜔[𝑋𝜈

𝛿 (𝑡, ⋅)#𝑢̄0],𝔼𝜔[𝛿𝑋𝐸𝑀 (𝑡,𝑥0)])]. By triangle inequality

𝔼𝑥0[W1(𝔼𝜔[𝑋𝜈
𝛿 (𝑡, ⋅)#𝑢̄0],𝔼𝜔[𝛿𝑋𝐸𝑀 (𝑡,𝑥0)])] ≤𝔼𝑥0[W1(𝔼𝜔[𝑋𝜈

𝛿 (𝑡, ⋅)#𝑢̄0],𝔼𝜔[𝛿𝑋𝜈
𝛿 (𝑡,𝑥0)

])] (6.3.12)

+ 𝔼𝑥0[W1(𝔼𝜔[𝛿𝑋𝜈
𝛿 (𝑡,𝑥0)

],𝔼𝜔[𝛿𝑋𝐸𝑀 (𝑡,𝑥0)])].
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For the first addendum in (6.3.12), recalling that ∫𝑄 𝑢̄0(𝑥)𝑑𝑥 = 1:

W1(𝔼𝜔[𝑋𝜈
𝛿 (𝑡, ⋅)#𝑢̄0],𝔼𝜔[𝛿𝑋𝜈

𝛿 (𝑡,𝑥0)
]) (6.3.13)

= sup
Lip(ℎ)≤1

(

∫𝑄
𝑢̄0(𝑥)𝔼𝜔[ℎ(𝑋𝜈

𝛿 (𝑡, 𝑥))]𝑑𝑥 − ∫𝑄
𝑢̄0(𝑥)𝔼𝜔[ℎ(𝑋𝜈

𝛿 (𝑡, 𝑥0))]𝑑𝑥
)

≤ ‖𝑢̄0‖∞ ∫𝑄
𝔼𝜔[|𝑋𝜈

𝛿 (𝑡, 𝑥) −𝑋
𝜈
𝛿 (𝑡, 𝑥0)|].

Using Proposition 6.2.3, for almost every 𝜔 ∈ Ω we can consider a set 𝐾𝜔 ⊂ 𝕋 𝑑 such that |𝐾𝑐
𝜔| =

𝛼−𝑝𝐴𝑝(𝑅,𝑋𝜈
𝛿 )
𝑝
| log(Δ𝑥)|−𝑝 for 𝛼 ∈ (0, 1) such that Lip(𝑋𝜈

𝛿 (𝑡, ⋅)
¬𝐾𝜔) ≤ (Δ𝑥)−𝛼 for every 0 ≤ 𝑡 ≤ 𝑇 .

Notice that 𝐴𝑝(𝑅,𝑋𝛿) does not depend on the mollification scale 𝛿, since ‖𝐷𝑥𝑏𝛿‖𝐿1(𝐿𝑝) ≤ ‖𝐷𝑥𝑏‖𝐿1(𝐿𝑝)
for every 𝛿 > 0 by Young’s convolution inequality. Then using that |𝑥− 𝑥0| ≤ diam(𝑄) ≤ Δ𝑥 and (6.3.13):

𝔼𝑥0
[

W1(𝔼𝜔[𝑋𝜈
𝛿 (𝑡, ⋅)#𝑢̄0],𝔼𝜔[𝛿𝑋𝜈

𝛿 (𝑡,𝑥0)
])
]

(6.3.14)

≤ 1
ℒ 𝑑(𝑄)

𝔼𝜔
[

∫𝑄∩𝐾𝜔

(

∫𝑄∩𝐾𝜔
𝑢̄0(𝑥)|𝑋𝜈

𝛿 (𝑡, 𝑥) −𝑋
𝜈
𝛿 (𝑡, 𝑥0)|𝑑𝑥

)

𝑑𝑥0

+ ∫𝑄∩𝐾𝜔

(

∫𝑄∩𝐾𝑐
𝜔

𝑢̄0(𝑥)|𝑋𝜈
𝛿 (𝑡, 𝑥) −𝑋

𝜈
𝛿 (𝑡, 𝑥0)|𝑑𝑥

)

𝑑𝑥0

+ ∫𝑄∩𝐾𝑐
𝜔

(

∫𝑄
𝑢̄0(𝑥)|𝑋𝜈

𝛿 (𝑡, 𝑥) −𝑋
𝜈
𝛿 (𝑡, 𝑥0)|𝑑𝑥

)

𝑑𝑥0

]

≲ 𝔼𝜔

[

(Δ𝑥)1−𝛼‖𝑢̄0‖𝐿1(𝑄∩𝐾𝜔) +

(

ℒ 𝑑(𝑄 ∩𝐾𝑐
𝜔) +

ℒ 𝑑(𝑄 ∩𝐾𝑐
𝜔)

ℒ 𝑑(𝑄)

)]

≲ 𝔼𝜔

[

(Δ𝑥)1−𝛼‖𝑢̄0‖𝐿1(𝑄∩𝐾𝜔) +
ℒ 𝑑(𝑄 ∩𝐾𝑐

𝜔)
ℒ 𝑑(𝑄)

]

,

where we used that for some 𝐶 > 0 (since we are in a torus and 𝑢̄0 ∈ 𝐿∞):

𝑢̄0𝔼𝜔[|𝑋𝜈
𝛿 (𝑡, 𝑥) −𝑋𝐸𝑀 (𝑡, 𝑥0)|] ≤ 𝐶 and that ‖𝑢̄0‖𝐿1(𝑄) = 1 by construction.

As for the other addendum in (6.3.12), we have:

W1(𝔼𝜔[𝛿𝑋𝜈
𝛿 (𝑡,𝑥0)

],𝔼𝜔[𝛿𝑋𝐸𝑀 (𝑡,𝑥0)]) ≤ 𝔼𝜔[|𝑋𝜈
𝛿 (𝑡, 𝑥0) −𝑋𝐸𝑀 (𝑡, 𝑥0)|]. (6.3.15)

So, considering the expected value with respect to 𝑥0:

𝔼𝑥0[W1(𝔼𝜔[𝛿𝑋𝜈
𝛿 (𝑡,𝑥0)

],𝔼𝜔[𝛿𝑋𝐸𝑀 (𝑡,𝑥0)])] ≤
1

ℒ 𝑑(𝑄) ∫𝑄
𝔼𝜔[|𝑋𝜈

𝛿 (𝑡, 𝑥0) −𝑋𝐸𝑀 (𝑡, 𝑥0)|]𝑑𝑥0. (6.3.16)

Then using Lemma 5.3.1:

𝔼𝑥0[W1(𝔼𝜔[𝑋𝜈
𝛿 (𝑡, ⋅)#𝑢0], 𝑢𝐸𝑀 (𝑡, 𝑥̄0))] ≤ 𝔼𝑥0

[ 𝑁
∑

𝑖=1
𝑀𝑖W1

(

𝔼𝜔[𝑋𝜈
𝛿 (𝑡, ⋅)#𝑢̄

𝑖
0],𝔼𝜔[𝛿𝑋𝐸𝑀 (𝑡,𝑥𝑖0)

]
)

]

(6.3.17)

=
𝑁
∑

𝑖=1
𝑀𝑖𝔼𝑥0

[

W1

(

𝔼𝜔[𝑋𝜈
𝛿 (𝑡, ⋅)#𝑢̄

𝑖
0],𝔼𝜔[𝛿𝑋𝐸𝑀 (𝑡,𝑥𝑖0)

]
)]

≲
𝑁
∑

𝑖=1
𝑀𝑖𝔼𝑥0𝔼𝜔

[

(Δ𝑥)1−𝛼‖𝑢̄𝑖0‖𝐿1(𝑄𝑖∩𝐾𝜔) +
ℒ 𝑑(𝑄 ∩𝐾𝑐

𝜔)
ℒ 𝑑(𝑄)

+ 1
ℒ 𝑑(𝑄𝑖) ∫𝑄𝑖

|𝑋𝐸𝑀 (𝑡, 𝑥0) −𝑋𝜈
𝛿 (𝑡, 𝑥0)|𝑑𝑥0

]



110 CHAPTER 6. ADVECTION-DIFFUSION EQUATION

=
𝑁
∑

𝑖=1
𝔼𝑥0𝔼𝜔

[

(Δ𝑥)1−𝛼‖𝑢𝑖0‖𝐿1(𝑄𝑖∩𝐾𝜔) + ‖𝑢0‖∞ℒ 𝑑(𝑄𝑖 ∩𝐾𝑐
𝜔) + ‖𝑢0‖∞ ∫𝑄𝑖

|𝑋𝐸𝑀 (𝑡, 𝑥0) −𝑋𝜈
𝛿 (𝑡, 𝑥0)|𝑑𝑥0

]

≲ (Δ𝑥)1−𝛼‖𝑢0‖𝐿1(𝕋 𝑑 ) + ‖𝑢0‖∞𝔼𝜔[ℒ 𝑑(𝐾𝑐
𝜔)] + ‖𝑢0‖∞𝔼𝜔[‖𝑋𝜈

𝛿 (𝑡, 𝑥0) −𝑋𝐸𝑀 (𝑡, 𝑥0)‖𝐿1(𝕋 𝑑 )]

≲ (Δ𝑥)1−𝛼 + ‖𝑢0‖∞

(

| log(Δ𝑥)|−𝑝

𝛼𝑝
+ 𝐶𝑡,𝜈Δ𝑡| log(Δ𝑡)|−1

)

,

where we have used that ‖𝑢0‖𝐿1(𝐾𝑐
𝜔)

≤ ‖𝑢0‖∞ℒ 𝑑(𝐾𝑐
𝜔) with ℒ 𝑑(𝐾𝑐

𝜔) ≈ 𝛼−𝑝| log(Δ𝑥)|−𝑝, independent of
𝜔, and that by Proposition 6.3.2

‖𝑋𝜈
𝛿 (𝑡, ⋅) −𝑋𝐸𝑀 (𝑡, ⋅)‖𝐿1(𝕋 𝑑 ) ≲ 𝐶𝑡,𝜈Δ𝑡| log(Δ𝑡)|−1. (6.3.18)

We now estimate the variance. By definition

Var𝑥0[𝑋] = 𝔼𝑥0[𝑋
2] − 𝔼𝑥0[𝑋]2.

We will simply estimate Var𝑥0(𝑋) from above with the second moment 𝔼𝑥0[𝑋
2]. First of all we verify that

we can work without loss of generality with𝑋𝜈
𝛿 instead of𝑋𝜈 . Indeed by (6.3.10) we have:

W1(𝔼𝜔[𝑋𝜈(𝑡, ⋅)#𝑢̄0],𝔼𝜔[𝑋𝜈
𝛿 (𝑡, ⋅)#𝑢̄0])

2 ≲ 𝐶2
𝑡,𝜈Δ𝑡| log(Δ𝑡)|

−2. (6.3.19)

We now restrict to working in a fixed set𝑄𝑖. As we did before, we omit writing the index 𝑖 and we will denote
(𝑢0

¬𝑄𝑖)∕𝑀𝑖 and 𝑥𝑖0 as 𝑢̄0 and 𝑥0. It holds:

W1(𝔼𝜔[𝑋𝜈
𝛿 (𝑡, ⋅)#𝑢̄0],𝔼𝜔[𝛿𝑋𝐸𝑀 (𝑡,𝑥0)])

2 ≤ 2W1(𝔼𝜔[𝑋𝜈
𝛿 (𝑡, ⋅)#𝑢̄0],𝔼𝜔[𝛿𝑋𝜈

𝛿 (𝑡,𝑥0)
])2 (6.3.20)

+ 2W1(𝔼𝜔[𝛿𝑋𝜈
𝛿 (𝑡,𝑥0)

],𝔼𝜔[𝛿𝑋𝐸𝑀 (𝑡,𝑥0)])
2.

For the first addendum in the right-hand side of (6.3.20), using (6.3.13), the same choice of𝐾𝜔, the decom-
position in (6.3.14) and the elementary inequality (𝑎 + 𝑏)2 ≤ 2𝑎2 + 2𝑏2:

𝔼𝑥0[W1(𝔼𝜔[𝑋𝜈
𝛿 (𝑡, ⋅)#𝑢̄0],𝔼𝜔[𝛿𝑋𝜈

𝛿 (𝑡,𝑥0)
])2] ≲ 𝔼𝜔

[

(Δ𝑥)2−2𝛼‖𝑢̄0‖2𝐿1(𝑄∩𝐾𝜔)
+

ℒ 𝑑(𝑄 ∩𝐾𝑐
𝜔)

2

ℒ 𝑑(𝑄)2

]

. (6.3.21)

For the second addendum in (6.3.20), considering the expected value of (6.3.15) with respect to 𝑥0:

𝔼𝑥0[W1(𝔼𝜔[𝛿𝑋𝜈
𝛿 (𝑡,𝑥0)

],𝔼𝜔[𝛿𝑋𝐸𝑀 (𝑡,𝑥0)])
2] ≤ 1

ℒ 𝑑(𝑄) ∫𝑄
𝔼𝜔[|𝑋𝜈

𝛿 (𝑡, 𝑥0) −𝑋𝐸𝑀 (𝑡, 𝑥0)|2]𝑑𝑥0 (6.3.22)

≤
‖𝑋𝜈

𝛿 (𝑡, ⋅) −𝑋𝐸𝑀 (𝑡, ⋅)‖∞
ℒ 𝑑(𝑄) ∫𝑄

𝔼𝜔[|𝑋𝜈
𝛿 (𝑡, 𝑥0) −𝑋𝐸𝑀 (𝑡, 𝑥0)|]𝑑𝑥0

≲ 1
ℒ 𝑑(𝑄) ∫𝑄

𝔼𝜔[|𝑋𝜈
𝛿 (𝑡, 𝑥0) −𝑋𝐸𝑀 (𝑡, 𝑥0)|]𝑑𝑥0.

The conclusion follows as in (6.3.17), using (6.3.21), (6.3.22) and that by Cauchy-Schwartz:

W1(𝜇, 𝜈) ≤
𝑁
∑

𝑖=1
𝑀𝑖W1(𝜇̄𝑖, 𝜈̄𝑖) ⟹ W1(𝜇, 𝜈)2 ≤ 𝑁

𝑁
∑

𝑖=1
𝑀2

𝑖 W1(𝜇̄𝑖, 𝜈̄𝑖)2.

Indeed

𝔼𝑥0[W1(𝔼𝜔[𝑋𝜈
𝛿 (𝑡, ⋅)#𝑢0], 𝑢𝐸𝑀 (𝑡, 𝑥̄0))2] ≤ 𝑁

𝑁
∑

𝑖=1
𝑀2

𝑖 𝔼𝑥0

[

W1

(

𝔼𝜔[𝑋𝜈
𝛿 (𝑡, ⋅)#𝑢̄

𝑖
0],𝔼𝜔[𝛿𝑋𝐸𝑀 (𝑡,𝑥𝑖0)

]
)2

]

(6.3.23)
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≲ 𝑁
𝑁
∑

𝑖=1
𝑀2

𝑖 𝔼𝜔

[

(Δ𝑥)2−2𝛼‖𝑢̄𝑖0‖
2
𝐿1(𝑄𝑖∩𝐾𝜔)

+
ℒ 𝑑(𝑄𝑖 ∩𝐾𝑐

𝜔)
2

ℒ 𝑑(𝑄𝑖)2
+ 1

ℒ 𝑑(𝑄𝑖) ∫𝑄𝑖
|𝑋𝐸𝑀 (𝑡, 𝑥0) −𝑋𝜈

𝛿 (𝑡, 𝑥0)|𝑑𝑥0

]

≲ 𝑁
𝑁
∑

𝑖=1
𝑀𝑖𝔼𝜔

[

(Δ𝑥)2−2𝛼‖𝑢𝑖0‖𝐿1(𝑄𝑖) +ℒ (𝐾𝑐
𝜔 ∩𝑄𝑖) + ‖𝑢0‖∞ ∫𝑄𝑖

|𝑋𝐸𝑀 (𝑡, 𝑥0) −𝑋𝜈
𝛿 (𝑡, 𝑥0)|𝑑𝑥0

]

.

By the assumption on diam(𝑄𝑖) we have 𝑀𝑖 ≲ ‖𝑢0‖∞(Δ𝑥)𝑑 for every 𝑖, and also by assumption 𝑁 ≲
(Δ𝑥)−𝑑 , so𝑁𝑀𝑖 ≲ 1 for every 𝑖 and

𝔼𝑥0[W1(𝔼𝜔[𝑋𝜈
𝛿 (𝑡, ⋅)#𝑢0], 𝑢𝐸𝑀 (𝑡, 𝑥̄0))2] (6.3.24)

≲ (Δ𝑥)2−2𝛼‖𝑢𝑖0‖𝐿1(𝕋 𝑑 ) + 𝔼𝜔[ℒ (𝐾𝑐
𝜔)] + ‖𝑢0‖∞ ∫𝕋 𝑑

𝔼𝜔[|𝑋𝐸𝑀 (𝑡, 𝑥0) −𝑋𝜈
𝛿 (𝑡, 𝑥0)|]𝑑𝑥0

≲ (Δ𝑥)2−2𝛼 +
| log(Δ𝑥)|−𝑝

𝛼𝑝
+ 𝐶𝜈,Δ𝑡| log(Δ𝑡)|−1.

Estimates (6.3.24) and (6.3.19) let us conclude and get (6.3.9).

Before giving a probabilistic approximation result based on a Monte Carlo method, like the one given in
Proposition 5.3.1, we also need the following result, whichwe state in a non-sharp versionwhich is sufficient
for our needs.

Lemma 6.3.1. [79]
Let 𝜇𝑁 be the empirical distribution associated to the𝑁 -sample of a probability distribution 𝜇 in 𝕋 𝑑 . Then :

𝔼𝜔[𝑊1(𝜇, 𝜇𝑁 )] ≤ 𝐶 1
√

𝑁
and for every 0 < 𝑥 ≤ 1

𝑃 (W1(𝜇, 𝜇𝑁 ) > 𝑥) ≤ 𝐾 exp(−𝑐𝑁𝑥2)

for some constants𝐾, 𝑐, 𝐶 > 0.

Proposition 6.3.3. Monte Carlo estimate of the solution of (ADE)
Let 𝑏, 𝑢0 and {𝑄𝑖}𝑁𝑖=1 satisfy the assumptions of Theorem 6.3.1. Moreover, assume for simplicity 𝛼 = 1∕2,
Δ𝑡 = Δ𝑥 = ℎ for some ℎ > 0 and that 𝐶𝑡,𝜈Δ𝑡| log(ℎ)|−1 ≫

√

ℎ, where 𝐶𝜈,Δ𝑡 is the constant defined
in Proposition 6.3.2. With a slight abuse of notation we denote with 𝑢̄𝐸𝑀 (𝑡, 𝑥̄0, 𝜔) the measure obtained
considering a single realisation of the Brownian motion and using it in the definition of 𝑋𝐸𝑀 to advect the
Dirac deltas whose starting positions are 𝑥̄0 = (𝑥10,… , 𝑥𝑁0 ). Then, we can define:

𝑆𝑛,𝑚(𝑡) ∶=
1
𝑛

𝑛
∑

𝑖=1

(

1
𝑚

𝑚
∑

𝑗=1
𝑢̄𝐸𝑀 (𝑡, 𝑥̄𝑖0, 𝜔𝑗)

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
∶=𝑆𝑚(𝑡,𝑥̄𝑖0,𝜔̄)

= 1
𝑛

𝑛
∑

𝑖=1
𝑆𝑚(𝑡, 𝑥̄𝑖0, 𝜔̄),

where 𝜔̄ = (𝜔1,… , 𝜔𝑚). We are thus considering the average of 𝑛 realisations of 𝑆𝑚(𝑡, 𝑥̄0, 𝜔) where each
𝑆𝑚 is obtained, for each choice of 𝑥̄0 fixed, by considering the average of 𝑚 realisations of 𝑢̄𝐸𝑀 (𝑡, 𝑥̄0, 𝜔).
We recall that the probability 𝑃𝑥0 with which we choose the Dirac deltas is uniform over each cell of the mesh
{𝑄𝑖}𝑁𝑖=1, while P̄ = 𝑃 ⊗⋯⊗ 𝑃

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
𝑚 times

is the probability of the space (Ω𝑚, 𝑃 ). Then we can estimate “how close”

we can expect 𝑆𝑛,𝑚 to be to the solution 𝑢 of (ADE) in 1-Wasserstein distance:

(P̄𝑥0⊗𝑃 )

⎛

⎜

⎜

⎜

⎝

⎧

⎪

⎨

⎪

⎩

|W1(𝑆𝑛,𝑚(𝑡), 𝑢(𝑡, ⋅)) − 𝔼𝑥0,𝜔[W1(𝑆𝑛,𝑚(𝑡), 𝑢(𝑡, ⋅))]| > 𝑘

√

√

√

√𝐶

[

𝐶𝑡,𝜈Δ𝑡| log(ℎ)|−1

𝑛
+ 1
𝑛𝑚

]⎫

⎪

⎬

⎪

⎭

⎞

⎟

⎟

⎟

⎠

≤ 1
𝑘2
,
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where

𝔼𝑥0,𝜔[W1(𝑆𝑛,𝑚(𝑡), 𝑢(𝑡, ⋅))] ≲
𝐶𝑡,𝜈Δ𝑡

| log(ℎ)|
+ 1

√

𝑚

and 𝐶 > 0 is a positive constant.

Proof. By Lemma 5.3.1:

W1(𝑆𝑛,𝑚(𝑡), 𝑢(𝑡, ⋅)) ≤
1
𝑛

𝑛
∑

𝑖=1
W1(𝑆𝑚(𝑡, 𝑥̄𝑖0, 𝜔̄), 𝑢(𝑡, ⋅)).

Since each each 𝑆𝑚(𝑡, 𝑥̄𝑖0, 𝜔̄) is by construction independent and identically distributed and by triangular
inequality for the Wasserstein distance, it holds that

𝔼𝑥0,𝜔[W1(𝑆𝑛,𝑚(𝑡), 𝑢(𝑡, ⋅))] ≤ 𝔼𝑥0,𝜔[W1(𝑆𝑚(𝑡, 𝑥̄0, 𝜔̄), 𝑢(𝑡, ⋅))].

and

Var𝑥0,𝜔[W1(𝑆𝑛,𝑚(𝑡), 𝑢(𝑡, ⋅))] ≤
1
𝑛
Var𝑥0,𝜔[W1(𝑆𝑚(𝑡, 𝑥̄0, 𝜔̄), 𝑢(𝑡, ⋅))].

Using the same notation of Theorem 6.3.1, we define for any 𝑥̄0 = (𝑥10… , 𝑥𝑁0 ):

𝑢𝐸𝑀 (𝑡, 𝑥̄0) ∶=
𝑁
∑

𝑖=1
𝑀𝑖𝔼𝜔[𝛿𝑋𝐸𝑀 (𝑡,𝑥𝑖0,𝜔)

] =
𝑁
∑

𝑖=1
𝔼𝜔[𝑋𝐸𝑀 (𝑡, ⋅, 𝜔)#(𝑀𝑖𝛿𝑥𝑖0)].

By triangular inequality, for every choice of 𝑥̄0 and of 𝜔̄ = (𝜔1,… , 𝜔𝑚), it holds:

W1(𝑢(𝑡, ⋅), 𝑆𝑚(𝑡, 𝑥̄0, 𝜔̄)) ≤ W1(𝑢(𝑡, ⋅), 𝑢𝐸𝑀 (𝑡, 𝑥̄0))
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

1

+W1(𝑢𝐸𝑀 (𝑡, 𝑥̄0), 𝑆𝑚(𝑡, 𝑥̄0, 𝜔̄))
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

2

.

Since we want to bound the expected value and the variance ofW1(𝑢(𝑡, ⋅), 𝑆𝑚(𝑡, 𝑥̄0, 𝜔̄)), it will be sufficient
to bound the expected value and the variance of 1 and 2 . In particular, we will use that

Var𝑥0,𝜔[W1(𝑢(𝑡, ⋅), 𝑆𝑚(𝑡, 𝑥̄0, 𝜔̄))] ≤ 𝔼𝑥0,𝜔[W1(𝑢(𝑡, ⋅), 𝑆𝑚(𝑡, 𝑥̄0, 𝜔̄))2]

≤ 𝔼𝑥0,𝜔[|W1(𝑢(𝑡, ⋅), 𝑢𝐸𝑀 (𝑡, 𝑥̄0)) + W1(𝑢𝐸𝑀 (𝑡, 𝑥̄0), 𝑆𝑚(𝑡, 𝑥̄0, 𝜔̄))|2]

≤ 2𝔼𝑥0,𝜔[W1(𝑢(𝑡, ⋅), 𝑢𝐸𝑀 (𝑡, 𝑥̄0))2] + 2𝔼𝑥0,𝜔[W1(𝑢𝐸𝑀 (𝑡, 𝑥̄𝑖0), 𝑆𝑚(𝑡, 𝑥̄0, 𝜔̄))
2].

As for 1 , we notice that the measures 𝑢(𝑡, ⋅) and 𝑢𝐸𝑀 (𝑡, 𝑥̄0) do not depend on 𝜔, so we can use the
bounds we derived in Theorem 6.3.1. Notice that the estimate on the variance we proved in Theorem 6.3.1
was actually an estimate on the second moment, as we can clearly see from the proof. Both the expected
value and the second moment of the term 2 will be estimated uniformly for each choice of 𝑥̄0. Indeed,
by Lemma 6.3.1 we have that

𝔼𝜔[W1(𝑢𝐸𝑀 (𝑡, 𝑥̄0), 𝑆𝑚(𝑡, 𝑥̄0, 𝜔̄))] ≲
1

√

𝑚
,

independent on the choice of 𝑥̄0. As for the variance, we use the estimate on the superlevel sets given by
Lemma 6.3.1 and the layer cake formula to get

𝔼𝜔[W1(𝑢𝐸𝑀 (𝑡, 𝑥̄0), 𝑆𝑚(𝑡, 𝑥̄0, 𝜔̄))2] = ∫

+∞

0
2𝑥𝑃 (W1(𝑢𝐸𝑀 (𝑡, 𝑥̄0), 𝑆𝑚(𝑡, 𝑥̄0, 𝜔̄)) > 𝑥)𝑑𝑥

≤ 2𝐾 ∫

+∞

0
𝑥 exp(−𝑐𝑀𝑥2)𝑑𝑥 = 𝐾

𝑐𝑚
≈ 1
𝑚
.
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So, since we have chosen 𝛼 = 1∕2 and Δ𝑡 = Δ𝑥 = ℎ, by Theorem 6.3.1:

𝔼𝑥0,𝜔[W1(𝑆𝑛,𝑚(𝑡), 𝑢(𝑡, ⋅))] ≤ 𝔼𝑥0,𝜔[W1(𝑢(𝑡, ⋅), 𝑆𝑚(𝑡, 𝑥̄0, 𝜔̄)] ≲ 𝐶𝑡,𝜈Δ𝑡| log(ℎ)|−1 +
1

√

𝑚

and

Var𝑥0,𝜔[W1(𝑆𝑛,𝑚(𝑡), 𝑢(𝑡, ⋅))] ≤
Var𝑥0,𝜔[W1(𝑢(𝑡, ⋅), 𝑆𝑚(𝑡, 𝑥̄0, 𝜔̄)]

𝑛
≤ 𝐶

[

𝐶𝑡,𝜈Δ𝑡| log(ℎ)|−1

𝑛
+ 1
𝑛𝑚

]

for some 𝐶 > 0. The thesis follows by Chebyshev’s inequality, since:

(P̄𝑥0 ⊗ 𝑃 )

⎛

⎜

⎜

⎜

⎝

⎧

⎪

⎨

⎪

⎩

|W1(𝑆𝑛,𝑚(𝑡), 𝑢(𝑡, ⋅)) − 𝔼𝑥0,𝜔[W1(𝑆𝑛,𝑚(𝑡), 𝑢(𝑡, ⋅))]| > 𝑘

√

√

√

√𝐶

[

𝐶𝑡,𝜈Δ𝑡| log(ℎ)|−1

𝑛
+ 1
𝑛𝑚

]⎫

⎪

⎬

⎪

⎭

⎞

⎟

⎟

⎟

⎠

≤ (P̄𝑥0 ⊗ 𝑃 )
({

|W1(𝑆𝑛,𝑚(𝑡), 𝑢(𝑡, ⋅)) − 𝔼𝑥0,𝜔[W1(𝑆𝑛,𝑚(𝑡), 𝑢(𝑡, ⋅))]| > 𝑘
√

Var𝑥0,𝜔[W1(𝑆𝑛,𝑚(𝑡), 𝑢(𝑡, ⋅))]
})

≤ 1
𝑘2
.

Remark 6.3.1. Numerical methods for (ADE) with a Sobolev vector field
Up to our knowledge, the only other numerical method for approximating solutions of (ADE) when 𝑏 has
merely Sobolev spatial regularity has been given in [128], where the authors prove stability estimates in loga-
rithmic Wasserstein distance for a finite volume method applied to (ADE), building upon the works [142, 143]
for the continuity equation. However, there are many results (see Remark 6.3.2) which focus on approximat-
ing stochastic flows with rough velocity fields 𝑏.

Remark 6.3.2. Sharper results on stochastic flows & possible improvements
In recent years, the topic of approximating the solution of (SDE) when 𝑏 is not regular has gained more and
more interest. Such estimates hold under very mild regularity assumptions on 𝑏 (e.g. a Ladyzhenskaya-Prodi-
Serrin integrability condition) and assuming neither a regularity assumption on 𝑏 nor a condition on div𝑥(𝑏).
In this sense, we remark once again that the aim of this chapter was not to obtain the sharpest results, but to
illustrate how deterministic techniques can work in essentially the same way when dealing with stochastic
flows. This is, however, not really surprising: the biggest simplification we introduced was the assumption
of an additive Brownian motion, which has the very nice property of cancelling out when subtracting the
solution of the Euler-Maruyama scheme and of the stochastic flow at the same time 𝑡 ∈ [0, 𝑇 ). Had it been
a multiplicative noise, purely deterministic techniques probably would have failed. There are results that
use different techniques, native to the stochastic world, that can tackle such a problem and prove better
convergence rates. We refer the reader to [97] and the references therein for more details.
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Chapter 7

Diffusion by randomly forced transport: two
models in microhydrodynamics

7.1 Introduction: motivation and background

In this chapter, we focus on a modeling problem in biology that can be summarised as follows:

How does random forcing from immersed microorganisms increase diffusivity in a fluid?

Our approach will change as we move from the realm of pure mathematics to that of physics. This means
that, on the one hand, we will refrain from providing fully rigorous statements and proofs; on the other hand,
we will consider realistic physical situations which, with the necessary simplifications, we aim to model as
accurately as possible. Although the content of this chapter can be seen as a continuation of the work
presented in the rest of the thesis, the shift in focus from mathematics to physics motivates presenting it
as a self-contained study, allowing interested readers to consult it independently from the rest of the thesis.
In the first two sections, we outline the motivations and real-world background that led to the formulation
of the problem, providing also a preliminary mathematical analysis showing how a velocity field (which we
shall ultimately assume to be produced by microorganisms immersed in a fluid) which changes direction
randomly gives rise to a diffusive behaviour in the long-time regime. In Sections 7.3 and 7.4, we model two
different stirring mechanisms: in one case, the microorganisms stir the fluid by swimming through it; in the
other, they do so by anchoring to the floor and feeding.

Aquatic microorganisms inhabit environments where nutrients are scattered and, at the scales relevant to
many such organisms, molecular diffusion is typically too slow to provide them resources at a biologically
useful rate. For example, the diffusivity of dissolved organic matter in water is on the order of 10−9m2∕s
[65], implying that pure molecular transport can require hours to homogenise across millimeter scales.
This discrepancy underscores the central challenge of microbial life: how to overcome the limitations of
diffusion in a world at low Reynolds number 1. Since a passive approach where a microorganism “waits”
for nutrients to reach it is doomed to fail, active manipulation of the fluid environment is necessary to make
such encounters more likely. Through swimming, ciliary beating or flagellar motion, microorganisms gen-
erate flows that both transport food particles to their feeding apparatus and stir the surrounding medium.
This process, often called biogenic mixing or biomixing, effectively enhances the diffusivity of the fluid
beyond its molecular baseline, increasing the encounter rate between cells and nutrients [117].

We will focus in particular on two different stirring mechanisms, which are employed for instance by Volvox
and Stylonychia respectively. The Volvox is a genus of freshwater green algae that form hollow spherical
colonies (containing up to several thousands individual cells) embedded in a gelatinous wall (see Figure
7.1).

1We recall that the Reynolds number is a dimensionless quantity which quantifies the relative importance of inertial forces
with respect to viscous ones. A high Reynolds number means that inertial forces dominate and the flow is more turbulent, while
at low Reynolds number viscous forces dominate and the flow is typically more laminar. We refer the reader to [138]. In this work
the author explains (in an informal but very informative way) how motion in a fluid is fundamentally different between organisms
moving at high Reynolds number (like a human swimming in water) and organisms at low Reynolds number (like microorganisms).
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Figure 7.1: Colonies of Volvox. Each green dot on the spherical surface is a single cell. Inside each parent
colony we can see smaller daughter colonies that develop inside the parent. Image by Frank Fox via Wiki-
media Commons, licensed under CC BY-SA 3.0 Germany, now shared under CC BY-SA 4.0.

Each individual cell on the spherical surface has two outward flagella and the combined motion of such
flagella allows the whole colony to swim through water: this swimming motion stirs the neighbouring fluid.
A Stylonychia, instead, is a genus of unicellular ciliates whose feeding mechanism is fundamentally differ-
ent: they feed by anchoring to the floor and using their adoral zone of membranelles to create a fluid flow
which transports nutrients into their feeding apparatus (see Figure 7.2).

(a) Cropped photograph from above of a Stylonychia Mytilus. Photograph by Picturepest via
Wikimedia Commons, licensed under CC BY 2.0, now shared under CC BY 4.0 .

(b) Part of the drawing of a Stylonychia Mytilus walking on its cirri, viewed from one side.
Image by Deuterostome via Wikimedia Commons, licensed under CC BY-SA 4.0, now shared
under the same license.

Figure 7.2

https://creativecommons.org/licenses/by-sa/3.0/de/
https://creativecommons.org/licenses/by-sa/4.0/
https://creativecommons.org/licenses/by/2.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by-sa/4.0/


7.2. THE CONNECTION BETWEEN RANDOM TRANSPORT AND DIFFUSION 117

We will study two stirring mechanisms produced by microorganisms which either swim through water (like
Volvox) or anchor to the ground and “pump” fluid into their feeding apparatus (like Stylonychia). We will use
different models for the action of the microorganisms: the squirmer model and the regularised Stokeslet
model. The squirmer model, originally introduced by Lighthill [116] and Blake [22], idealises a swimming
microorganism as a sphere with a prescribed tangential velocity on its surface, see also [107] for a more
modern presentation. Building on this model, it is shown in [152, 117] that the enhanced diffusion produced
by randomly distributed microorganisms depends primarily on far-field stresslet contributions and on ran-
dom changes of the swimming direction. We will give a more detailed analysis of the works [152, 117] in
Section 3. In Section 4, we analyse the other stirring mechanism employed for instance by Stylonychia,
modeling the microorganisms as regularised Stokeslets [53] placed at some fixed height above a no-slip
floor. The presence of the floor greatly impacts the generated flow [23] and it breaks the three-dimensional
isotropy that was assumed in [152, 117]. For a detailed experimental analysis of the enhanced diffusion
produced by Stylonychia 2, we refer the reader to [155].

We conclude this section by noting that the importance of biomixing is not limited to the microscopic
world: at ecological scales, biomixing has been conjectured to influence processes such as the vertical
transport of nutrients in the ocean. It is argued [68, 99] that the cumulative stirring produced by zooplankton
and other aquatic swimmers could contribute significantly to ocean mixing. Although the magnitude of
this contribution remains debated [158, 83], there is broad agreement that microorganism-induced flows
reshape nutrient landscapes in ways that profoundly affect microbial community dynamics and trophic
interactions [150, 151].

7.2 The connection between random transport and diffusion

In this section, we explore how random reorientations of the velocity field driving particlesmotion ultimately
lead to an enhanced diffusion, focusing in particular on the three-dimensional case. We recall that if a
particle trajectory follows a stochastic differential equation 3 of the form

𝑑𝑋𝑡 = 𝑏(𝑡, 𝑋𝑡)𝑑𝑡 +
√

2𝜈𝑑𝑊𝑡, (7.2.1)

with 𝑏 a deterministic divergence-free velocity field and 𝑊𝑡 a 𝑑-dimensional Brownian motion, then the
probability density function 𝑝(𝑡, 𝑥) of its position 𝑥 satisfies the Fokker-Planck equation

{

𝜕𝑡𝑝 + 𝑏 ⋅ ∇𝑥𝑝 = 𝜈Δ𝑥𝑝 in (0, 𝑇 ) ×ℝ3

𝑝(0, 𝑥) = 𝑝0(𝑥)
, (7.2.2)

with 𝑝0 an initial probability distribution. We will see how, when 𝑏 “changes randomly", the transport term
in (7.2.2) is substituted (in a long-time limit we will discuss more in detail) by an additional diffusion term
−𝜅Δ𝑥𝑝, and the probability density 𝑝 can be obtained as the solution of a diffusion equation with a higher
diffusion coefficient𝐷 = 𝜅 + 𝜈:

{

𝜕𝑡𝑝 = 𝐷Δ𝑥𝑝 in (0, 𝑇 ) ×ℝ3

𝑝(0, 𝑥) = 𝑝0(𝑥)
. (7.2.3)

We recall that the symbol 𝔼𝑋[⋅] stands for the expected value of a quantity with respect to the probability
distribution of a random variable𝑋 , which will depend on the context. Namely, if𝑋 is a real-valued random
variable with probability density function 𝑓 , then for any measurable function 𝑔 ∶ ℝ → ℝ we have

𝔼𝑋[𝑔(𝑋)] = ∫ℝ
𝑔(𝑥)𝑓 (𝑥)𝑑𝑥.

2As the reader may have noticed, in [155] the study is performed on a population of Stylonychia Lemnae, while we provided
images of Stylonychia Mytilus. For our purposes, the difference is completely negligible. The two species are almost indistinguish-
able and they behave in the same way. We will thus refer to such microorganisms simply with their genus Stylonychia, without
specifying the species.

3We refer the reader which is not familiar with stochastic differential equations to [131, 15, 98] for more details, see also the
first section of Chapter 6 for a discussion on the connection between (7.2.1) and (7.2.2).
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Obvious generalisations to the 𝑑-dimensional case can be made, and we will sometimes write only 𝔼[⋅]
when there is no ambiguity about which probability measure the expectation is considered with respect to.
We notice that the solution of (7.2.2) can also be interpreted as the evolution of an initial density 𝑝0, and
(7.2.2) is also called advection-diffusion equation. However, for the moment we prefer to interpret 𝑝 and 𝑝0
as probability distributions of the position of a particle.

We shall now show how the diffusion coefficient𝐷 of (7.2.3) can be deduced by the Lagrangian behaviour
of a particle. We define the mean squared displacement of a particle at time 𝑇 as:

MSD(𝑇 ) ∶= 𝔼[‖𝑋𝑇 −𝑋0‖
2],

and we will show that

MSD(𝑇 ) = 2𝑑𝐷𝑇 (7.2.4)

holds in ℝ𝑑 . We start by considering (7.2.1) assuming 𝑏 = 0, so that (7.2.2) and (7.2.3) coincide. To keep
this discussion as self-contained as possible, we give the definition of Brownian motion and also a physical
interpretation of why the trajectories of a particle in a still fluid can be modeled as a Brownian motion.

Definition 7.2.1. Real-valued Brownian motion, [15]
A real-valued process𝑊 = (Ω, , (𝑡)𝑡≥0, (𝑊𝑡)𝑡≥0,P) is a standard Brownian motion if:

• 𝑊0 = 0 almost surely;

• for every 0 ≤ 𝑠 ≤ 𝑡 the random variable𝑊𝑡 −𝑊𝑠 is independent of 𝑠 4;

• for every 0 ≤ 𝑠 ≤ 𝑡 the random variable 𝑊𝑡 −𝑊𝑠 has law 𝑁(0, 𝑡 − 𝑠), with 𝑁(𝜇, 𝜎2) the law of a
Gaussian distribution with mean 𝜇 and variance 𝜎2.

If the stochastic process𝑊 is multiplied by some positive constant 𝐶 , we say that 𝐶𝑊𝑡 is a (real-valued)
Brownian motion.

Definition 7.2.2. Multidimensional Brownian motion, [15]
Aℝ𝑑 -valued process𝑊 = (Ω, , (𝑡)𝑡≥0, (𝑊𝑡)𝑡≥0,P) is a standardmultidimensional (also called𝑑-dimensional)
Brownian motion if:

• 𝑊0 = 0 almost surely;

• for every 0 ≤ 𝑠 ≤ 𝑡 the random variable𝑊𝑡 −𝑊𝑠 is independent of 𝑠 ;

• for every 0 ≤ 𝑠 ≤ 𝑡 the random variable𝑊𝑡 −𝑊𝑠 has law𝑁(0, (𝑡 − 𝑠)𝐼), with𝑁(𝜇, 𝜎2𝐼) the law of
a multidimensional Gaussian distribution with mean 𝜇 and covariance matrix 𝜎2𝐼 .

If the stochastic process𝑊 ismultiplied by some positive constant𝐶 , we say that𝐶𝑊𝑡 is amultidimensional
Brownian motion.

Remark 7.2.1. On the construction of a multidimensional Brownian motion
It is not hard to verify that a standard 𝑑-dimensional Brownianmotion can be constructed from the real-valued
case. Consider the stochastic process

𝑊𝑡 ∶= (𝑊 1
𝑡 ,… ,𝑊 𝑑

𝑡 )

where 𝑊 𝑖
𝑡 are independent real-valued standard Brownian motions. Then, 𝑊𝑡 is a standard 𝑑-dimensional

Brownian motion.
4(𝑡)𝑡≥0 is a filtration over the 𝜎-algebra  . This is a technical detail and the reader not familiar with stochastic processes may

safely ignore it.
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The mathematical description in the above definitions, although formally correct, may be a bit obscure
for those who are not already familiar with it, and it does not give a good physical motivation of why a
particle in a still fluid should move according to the stochastic process 𝑊𝑡 we just defined. We will try
to provide such a motivation by giving a physical interpretation of the solution 𝑝(𝑡, 𝑥) of (7.2.3) based on
probabilistic arguments first established by none other than Albert Einstein [72]. In [72] it is shown how
the small random fluctuations to which particles are subject in a fluid (described for the first time by the
botanist Robert Brown [35], hence the name Brownian motion) are caused by repeated collisions with fluid
molecules 5 and are ultimately the cause of diffusion 6. We refer the reader to [91] for a more detailed
review on the importance and the history of Brownian motion in both physics and mathematics. We now
derive (7.2.3) using basic Brownian motion theory.

First, we give a heuristic explanation of why the trajectories of a particle in a still fluid can be modeled as
a Brownian motion via its connection with random walks (see [20, 48] for a detailed analysis of random
walks in biology). Consider a particle placed at the origin of ℝ3 and assume it is immersed in a fluid
with no external forces acting on it. By Newton’s first law it would remain at rest, however fluid molecules
continuously collide with it, causing it to move. We assume that:

• Collisions occur every 𝑑𝑡 seconds.

• Each collision displaces the particle by a vector 𝑟. We assume that there is no preferential direction
of displacement, i.e. we assume isotropy, so 𝔼[𝑟] = 0 and 𝔼[‖𝑟‖2] = 2𝑑𝜈 𝑑𝑡 for some constant
𝜈 > 0 (we will explain later why the assumption on 𝔼[‖𝑟‖2] is physically justified).

• The direction of each displacement is independent of the others.

If we denote by 𝑆𝑁 the position of the particle at time 𝑇 after 𝑁 = 𝑇 ∕𝑑𝑡 ∈ ℕ collisions, its position at
time 𝑇 will be given by:

𝑆𝑁 =
𝑁
∑

𝑖=1
𝑟𝑖.

Then we can easily compute that, assuming𝑀 = 𝑇 ′∕𝑑𝑡 ∈ ℕ is smaller than𝑁 , the following properties
hold:

• 𝑆0 = 0;

• 𝔼{𝑟𝑖}𝑁𝑖=1
[𝑆𝑁 − 𝑆𝑀 ] = 0 and 𝑆𝑁 − 𝑆𝑀 is independent of 𝑆𝑀 ;

• The covariance matrix of 𝑆𝑁 − 𝑆𝑀 is

Cov(𝑆𝑁 − 𝑆𝑀 ) = (𝑁 −𝑀)𝔼[‖𝑟‖2]𝐼 = 2𝜈|𝑇 − 𝑇 ′
|𝐼.

Notice that if we had not assumed𝔼[‖𝑟‖2] to be proportional to 𝑑𝑡, the variance of𝑆𝑁 would either diverge
or converge to zero as 𝑑𝑡→ 0, which is clearly not realistic. The last step would be to show that as 𝑑𝑡→ 0
the random walk 𝑆𝑁 converge to a Brownian motion. This can be proved and it is actually a famous result
known as Donsker’s invariance principle [98]. So, we have that passing to the limit 𝑑𝑡→ 0 we can assume
the particle to move according to a three-dimensional Brownian motion

√

2𝜈𝑊𝑡. Notice that it is now trivial
to deduce (7.2.4), since:

MSD(𝑇 ) = 𝔼
[

‖

‖

‖

√

2𝜈𝑊𝑇
‖

‖

‖

2
]

= 2𝑑𝜈𝑇 .

5At the time of Einstein’s article [72] the atomic model was not universally accepted as it is today. The results in [72], later
confirmed by the experiments of Jean Baptiste Perrin [136], provided strong support for the atomic model.

6It is worth to notice that the law of diffusion was already well-known long before Einstein’s work. As early as 1855 Adolf Fick
[76] empirically formulated Fick’s laws. The first of these laws, in particular, states that particles tend to move from regions of
high concentration to regions of low concentration, moving directly opposite the concentration gradient. From this observation, it
is not difficult to derive (7.2.3). The breakthrough in [72] does not lie in the derivation of (7.2.3), but rather in the description of
the microscopic physical mechanisms causing it.
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The last thing we need to prove is that the probability density function 𝑝(𝑡, 𝑥) of the position 𝑥 of the particle
satisfies (7.2.3).

Given 𝑝(𝑡, 𝑥) the probability density function of the particle at time 𝑡, we have that at time 𝑡+𝑑𝑡 it satisfies:

𝑝(𝑡 + 𝑑𝑡, 𝑥) = ∫ℝ𝑑
𝑝(𝑡, 𝑥 − 𝑣)𝑓 (𝑣)𝑑𝑣, (7.2.5)

where 𝑣 is the displacement the particle undergoes in the time interval [𝑡, 𝑡 + 𝑑𝑡] and 𝑓 is the probability
density function of the displacements 𝑣. Namely, the probability that the particle is at position 𝑥 at time
𝑡+𝑑𝑡 is given by the integral over all possible displacements 𝑣 of the probability that the particle was at𝑥−𝑣
at time 𝑡, multiplied by the probability that it undergoes a displacement 𝑣 during the time interval [𝑡, 𝑡+𝑑𝑡].
Assuming 𝑑𝑡 is small, so will be 𝑣 (with high probability at least, since𝑊𝑑𝑡 has Gaussian distribution with
covariance matrix proportional to 𝑑𝑡). By Taylor expanding 𝑝(𝑡, 𝑥 − 𝑣) on the right-hand side:

𝑝(𝑡, 𝑥 − 𝑣) = 𝑝(𝑡, 𝑥) − 𝑣 ⋅ ∇𝑥𝑝(𝑡, 𝑥) +
1
2
𝜕𝑥𝑖𝜕𝑥𝑗𝑝(𝑡, 𝑥)𝑣𝑖𝑣𝑗 + 𝑟(𝑡, 𝑥), (7.2.6)

with 𝑟 a term containing higher-order moments. Since we know the law of 𝑣 =
√

2𝜈𝑊𝑑𝑡, it is easy to
compute that

∫ℝ𝑑
𝑝(𝑡, 𝑥 − 𝑣)𝑓 (𝑣)𝑑𝑣 = 𝔼𝑣[𝑝(𝑡, 𝑥 − 𝑣)] = 𝑝(𝑡, 𝑥) + 𝜈Δ𝑥𝑝(𝑡, 𝑥)𝑑𝑡 + 𝑜(𝑑𝑡).

By Taylor expanding the left-hand side in (7.2.5) we have

𝑝(𝑡 + 𝑑𝑡, 𝑥) = 𝑝(𝑡, 𝑥) + 𝜕𝑡𝑝(𝑡, 𝑥)𝑑𝑡 + 𝑜(𝑑𝑡), (7.2.7)

thus

𝑝(𝑡, 𝑥) + 𝜕𝑡𝑝(𝑡, 𝑥)𝑑𝑡 + 𝑜(𝑑𝑡) = 𝑝(𝑡, 𝑥) + 𝜈Δ𝑥𝑝(𝑡, 𝑥)𝑑𝑡 + 𝑜(𝑑𝑡) ⟹ 𝜕𝑡𝑝(𝑡, 𝑥) = 𝜈Δ𝑥𝑝(𝑡, 𝑥).

We now consider (7.2.1) with 𝑏 ≠ 0, and we impose the following additional assumptions:

• The velocity field 𝑏 changes randomly so that the displacements a particle undergoes in the time
intervals [𝑘𝜏, (𝑘 + 1)𝜏] are independent of each other and of zero mean;

• 𝔼[‖𝑋(𝑘+1)𝜏 −𝑋𝑘𝜏‖
2] = (𝜎2𝑏𝜏 + 2𝑑𝜈)𝜏 for some constant 𝜎𝑏 > 0, where the term 2𝑑𝜈𝜏 comes from

the term
√

2𝜈𝑊𝑡 in (7.2.1) .

We can carry out the same analysis as in the previous case, where 𝑏 = 0. Since we will be interested in the
long-time behaviour of 𝑝(𝑡, 𝑥), i.e. on 𝑝(𝑇 , 𝑥) for a time 𝑇 ≫ 𝜏 , we can rescale the time and assume 𝑇 = 1
and 𝜏 ≪ 1, so

𝑝(𝑡 + 𝜏, 𝑥) = ∫ℝ𝑑
𝑝(𝑡, 𝑥 − 𝑣)𝑓 (𝑣)𝑑𝑣, with 𝑣 = (𝑋𝑡+𝜏 −𝑋𝑡) +

√

2𝜈(𝑊𝑡+𝜏 −𝑊𝑡).

By Taylor expanding the integrand:

𝑝(𝑥 − 𝑣, 𝑡) = 𝑝(𝑥, 𝑡) − 𝑣 ⋅ ∇𝑥𝑝(𝑡, 𝑥) +
1
2
𝑣𝑖𝑣𝑗𝜕𝑥𝑖𝜕𝑥𝑗𝑝(𝑡, 𝑥) + 𝑟(𝑡, 𝑥), (7.2.8)

where 𝑟 is a remainder term containing higher-order moments and 𝑣𝑖 are the components of 𝑣. We can
easily compute that

• 𝔼[𝑣𝑖] = 0 for every 𝑖;

• 𝔼[𝑣𝑖𝑣𝑗] =
(

𝜎2𝑏 𝜏
𝑑

+ 2𝜈
)

𝜏𝛿𝑖𝑗 , with 𝛿𝑖𝑗 a Kronecker delta;

• 𝔼[𝑣𝑖𝑣𝑗𝑣𝑘] = 0;
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• higher-order moments are 𝑜(𝜏).

If we Taylor expand the left-hand side we have:

𝑝(𝑡 + 𝜏, 𝑥) = 𝑝(𝑡, 𝑥) + 𝜏𝜕𝑡𝑝(𝑡, 𝑥) + 𝑜(𝜏),

which leads to

𝜕𝑡𝑝(𝑡, 𝑥) =

⎛

⎜

⎜

⎜

⎜

⎝

𝜎2𝑏𝜏
2𝑑

⏟⏟⏟
=𝜅

+𝜈

⎞

⎟

⎟

⎟

⎟

⎠

Δ𝑥𝑝(𝑡, 𝑥) = (𝜅 + 𝜈)
⏟⏟⏟

=𝐷

Δ𝑥𝑝(𝑡, 𝑥),

so the random reorientation of the velocity field (or, to be more precise, the random displacements it pro-
duces every 𝜏 seconds) has the effect of an additional diffusion term 𝜅Δ𝑥𝑝 with 𝜅 = 𝜎2𝑏 𝜏

2𝑑 . Moreover, the
relation (7.2.4) between the diffusion coefficient𝐷 = 𝜅+𝜈 and the mean squared displacement still holds,
since (assuming for simplicity that 𝑇 = 𝑁𝜏 for some𝑁 ∈ ℕ):

MSD(𝑇 ) = 𝔼
⎡

⎢

⎢

⎣

‖

‖

‖

‖

‖

‖

(𝑁−1
∑

𝑖=0
𝑋(𝑖+1)𝜏 −𝑋𝑖𝜏

)

+
√

2𝜈𝑊𝑇

‖

‖

‖

‖

‖

‖

2
⎤

⎥

⎥

⎦

= 𝑁𝜏
⏟⏟⏟

=𝑇

𝜎2𝑏𝜏 + 2𝑑𝜈𝑇

= 2𝑑

(

𝜎2𝑏𝜏
2𝑑

+ 𝜈

)

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
=𝐷

𝑇 = 2𝑑𝐷𝑇 .

7.3 Stirring by swimmers

In this section, we study the enhanced diffusion produced by a specific stirring mechanism, i.e. swimmers
moving in randomdirections. Wewill describe themodel and the results obtained in [117], based on previous
results from [152]. We start by describing the simplermodel of [152], and later wewill use similar techniques
to study the more general case considered in [117].

In [152], the authors consider the enhanced diffusivity 𝜅 produced by an ensemble of swimmers in an
inviscid fluid, whose motion induces a potential flow [106]. The precise setting is the following. Consider
𝑀 swimmers of characteristic size 𝓁 in a volume 𝑉 ⊂ ℝ3. We assume that each swimmer moves along a
straight line with constant velocity𝑈 , with a random swimming direction which is uniformly chosen among
all possible orientations. As we saw in section 7.2, in order to calculate the enhanced diffusivity produced
by the swimmers it suffices to compute the mean squared displacement (MSD) of a generic fluid particle
advected by the vector field the swimmers produce. The main assumption in [152] (which we will always
assume, even in the next section) is that the number density 𝑛 = 𝑀∕|𝑉 | of the swimmers (where |𝑉 |

denotes the volume of 𝑉 ) is very low, so we can assume that the relevant displacements of a particle
are caused by one swimmer at a time (i.e. only when a swimmer is sufficiently near7 the particle) and at
well-separated times.

We now compute the mean squared displacement of a particle (which we will also call tracer) initially
placed at 𝑥0 ∈ 𝑉 . Without loss of generality, assuming the volume 𝑉 is sufficiently large, we can assume
𝑥0 = (0, 0, 0) ∈ ℝ3. We consider a “range of influence” of radius 𝑅 centered at the particle such that if
a swimmer’s trajectory does not intersect the ball, we assume its effect on the tracer to be negligible and
no displacement occurs. If it does intersect the ball (an event which we will call impact from now on), we

7The velocity field induced by a sphere moving in an inviscid flow can be explicitly calculated and it decays as 𝑟−3, with 𝑟 the
distance from the moving sphere, see for instance [106, Chapter 1, Section 10, Problem 2]. With this rapid decay, we can assume
that relevant displacements only occur when a swimmer and the particle are near to each other, which for number densities 𝑛 ≪ 1
occurs rarely and typically for one swimmer at a time.
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will denote with 𝑎 the “impact parameter” of the swimmer, namely the minimum distance between the line
containing the swimmer’s trajectory and the particle. After a time 𝑇 the tracer will have had 𝑁 impacts
with a swimmer and its final position 𝑥𝑇 will be the sum of𝑁 displacements, namely

𝑥𝑇 =
𝑁
∑

𝑖=1
Δ(𝑎𝑖)𝑟̂𝑖,

whereΔ(𝑎𝑖) is the length of the displacement caused by the 𝑖-th impactwith impact parameter 𝑎𝑖 ≤ 𝑅 and 𝑟̂𝑖
is a random unitary vector uniformly distributed among all possible directions. By isotropy, we can assume
that the displacementsΔ(𝑎𝑖)𝑟̂𝑖 are independent from each other. So, the mean squared displacement after
a time 𝑇 is:

MSD(𝑇 ) = 𝔼𝑎̄,𝜑̄[‖𝑥𝑇 ‖2] =
𝑁
∑

𝑖=1
𝔼𝑎̄,𝜑̄[Δ2(𝑎𝑖)] +

∑

𝑖≠𝑗
𝔼𝑎̄,𝜑̄

[

Δ(𝑎𝑖)Δ(𝑎𝑗)𝑟̂𝑖 ⋅ 𝑟̂𝑗
]

,

where the expected value𝔼𝑎̄,𝜑̄[⋅] is consideredwith respect to possible impact parameters 𝑎̄ = (𝑎1,… , 𝑎𝑁 )
and directions 𝜑̄ = (𝜑1,… , 𝜑𝑁 ) a swimmer can approach the particle from. By isotropy and independence
of the displacements directions, if 𝑖 ≠ 𝑗:

𝔼𝑎̄,𝜑̄
[

Δ(𝑎𝑖)Δ(𝑎𝑗)𝑟̂𝑖 ⋅ 𝑟̂𝑗
]

= 𝔼𝑎𝑖,𝜑𝑖[Δ(𝑎𝑖)𝑟̂𝑖]
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟

=0

𝔼𝑎𝑗 ,𝜑𝑗 [Δ(𝑎𝑗)𝑟̂𝑗]
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟

=0

= 0 (7.3.1)

and

𝑁
∑

𝑖=1
𝔼𝑎̄,𝜑̄[Δ2(𝑎𝑖)] = 𝑁𝔼𝑎,𝜑[Δ2(𝑎)],

so

MSD(𝑇 ) = 𝑁𝔼𝑎,𝜑[Δ2(𝑎)] = 𝑁𝔼𝑎[Δ2(𝑎)],

wherewe can consider a fixed𝜑 since the normof the displacements only depends on the impact parameter
𝑎 and not on the direction 𝜑 the swimmer comes from. We now estimate the number of impacts 𝑁 . In
order to do that, we consider a swimmer initially at distance 𝐿 ≫ 𝓁 from the particle (see Figure 7.3).

Figure 7.3: A swimmer 𝑆 coming from a distance 𝐿 with impact parameter 𝑎. The particle is in 𝑃 with an
interaction disc of radius 𝑅.

The probability of a swimmer at distance𝐿 to collide with the particle (i.e. to intersect the interaction disc
of radius𝑅) can be approximated as𝑅2𝜋∕(4𝐿2𝜋) = 𝑅2∕(4𝐿2). Since the number density is 𝑛, the average
number of swimmers in a shell of radius 𝐿 is 4𝜋𝐿2𝑛𝑑𝐿, so the probability that a swimmer at distance 𝐿
impacts the fluid particle is 𝜋𝑅2𝑛𝑑𝐿, and integrating from 0 to𝑈𝑇 (we recall that each swimmer’s velocity
is 𝑈 ) we have that



7.3. STIRRING BY SWIMMERS 123

𝑁 = 𝜋𝑅2𝑈𝑛𝑇 .

Thus:

MSD(𝑇 ) = 𝜋𝑅2𝑈𝑛𝑇𝔼𝑎[Δ2(𝑎)] = 𝜋𝑅2𝑈𝑛
(

∫

𝑅

0
𝑝(𝑎)Δ2(𝑎)𝑑𝑎

)

𝑇 ,

where 𝑝(𝑎) is the probability density function of the impact parameter 𝑎. The probability of the impact
parameter 𝑎 being less than 𝑥 (assuming an impact occurs and the swimmers is moving horizontally from
left to right) can be approximated with

P({𝑎 ≤ 𝑥}) = 𝑥2𝜋
𝑅2𝜋

= 𝑥2

𝑅2
,

hence

𝑝(𝑥) = 𝑑
𝑑𝑥

P({𝑎 ≤ 𝑥}) = 2𝑥
𝑅2
.

So we have:

MSD(𝑇 ) = 2𝜋𝑈𝑛𝑇 ∫

𝑅

0
𝑎Δ2(𝑎)𝑑𝑎,

and sinceΔ(𝑎) decays very fast in the far field we can send𝑅→ +∞ without any noticeable effect on the
integral and get

MSD(𝑇 ) = 2𝜋𝑈𝑛𝑇 ∫

∞

0
𝑎Δ2(𝑎)𝑑𝑎. (7.3.2)

The diffusivity 𝜅 in three-dimensions can be found using the relation (7.2.4), i.e.

MSD(𝑇 ) = 6𝜅𝑇 .

By making (7.3.2) non-dimensional, e.g. changing variables with 𝑟 = 𝑎∕𝓁 and dividing and multiplying
Δ2(𝑎) by 𝓁2, we find

MSD(𝑇 ) =
(

2𝜋 ∫

∞

0
𝑟
Δ2(𝓁𝑟)
𝓁2

𝑑𝑟
)

𝑈𝑛𝓁4𝑇 .

In the case of spherical swimmers, it is computed in [152] that 𝜅 = 0.266𝑈𝑛𝓁4. Moreover, the dominant
contribution comes from head-on collisions, since:

∫

∞

0
𝑎Δ2(𝑎)𝑑𝑎 ≈ 0.254𝓁4 and ∫

𝓁

0
𝑎Δ2(𝑎)𝑑𝑎 ≈ 0.250𝓁4.

For more details (like the two-dimensional case or the case of cylindrical swimmers) we refer the reader
to [152]. In [117], the previous analysis is generalised to viscous fluids with 𝑀 swimmers which move at
constant speed 𝑈 for a fixed length 𝜆, which we assume to be much bigger than the characteristic length
𝓁 of the swimmers 8, before stopping and changing the direction of swimming. In this viscous case the
swimmers are modeled as squirmers, i.e. spherical bodies with a prescribed velocity field on the boundary
that allows them to swim. The squirmermodel is also used formicroorganismswhose swimming apparatus
is not a collection of cilia on their body, but elongated flagella. There are two main mechanisms with which
a squirmer can move, that can summarised as pushing the fluid or pulling it (see Figure 7.4). Since we are
assuming that no external forces are present and that the swimmers move in free space, the net force on
the fluid must be zero and in the far field the squirmers can be represented as force dipoles (stresslets [107]
to be precise) with a given strength 𝛽. The parameter 𝛽 (positive for pullers and negative for pushers) will
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Figure 7.4: A pusher (on the left) and a puller (on the right) swimming by moving their flagella. In red we
represent the thrust force and in black the drag of the fluid. Since they are equal in magnitude but opposite
in direction, they give rise to a force dipole. Examples of pullers are the algae Volvox and Chlamydomonas
Reinhardtii; examples of pushers are Escherichia Coli and sperm cells.

be crucial in estimating the enhanced diffusion produced by the squirmers. For a precise derivation of the
squirmer model and more details we refer the reader to [116, 22, 107].

As in the previous case we consider an interaction disc of radius 𝑅 centered in a fluid particle initially
positioned at 𝑥0 = (0, 0, 0) ∈ ℝ3. The position 𝑥𝑇 of the particle after a time 𝑇 is given by the sum of
𝑁 displacements Δ𝜆, each caused by its impact with a single squirmer (we still assume a low number
density) which crosses the interaction disc. So:

𝑥𝑇 =
𝑁
∑

𝑖=1
Δ𝜆(𝑎𝑖, 𝑏𝑖)𝑟̂𝑖,

where 𝑎𝑖 is an impact parameter defined as in [152]: it is the minimum distance between the swimmer’s
trajectory and the particle position. The parameter 𝑏𝑖 is the distance (with sign) between the starting
position of the swimmer’s trajectory and its point of closest approach to the fluid particle, while 𝑟̂𝑖 are
independent uniformly distributed unitary vectors (see Figure 7.5). We need to compute the mean squared
displacement of the particle, averaging over all possible impact parameters 𝑎, 𝑏 and directions of approach
𝜑. As in the previous case, by isotropy and independence of the displacements the mixed term are zero,
i.e. it holds:

MSD(𝑇 ) = 𝑁𝔼𝑎,𝑏,𝜑[Δ2
𝜆(𝑎, 𝑏)] +

∑

𝑖≠𝑗
𝔼𝑎,𝑏,𝜑[Δ𝜆(𝑎𝑖, 𝑏𝑖)Δ𝜆(𝑎𝑗 , 𝑏𝑗)𝑟̂𝑖𝑟̂𝑗]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=0

= 𝑁𝔼𝑎,𝑏[Δ2
𝜆(𝑎, 𝑏)],

Where in the last term we do not average over 𝜑 since the norm of the displacements depends only on
𝑎, 𝑏 and not on the direction of approach 𝜑, which we can assume to be horizontal from left to right, as in
Figure 7.5. In order to compute the average number of impacts 𝑁 in a time 𝑇 , we assume for simplicity
that all swimmers change directions at the same time. That is, at time 0 they all start moving with the same
velocity𝑈 and once they have traveled a distance 𝜆 they stop, change direction and start swimming again.
The time it takes the swimmers to travel a distance 𝜆 is 𝜆∕𝑈 , and in that time the probability that there is
an impact is

𝑀
|𝑉 |

∫Λ
𝑑𝑥 =

𝑀|Λ|
|𝑉 |

, (7.3.3)

8This assumption may seem arbitrary, but it is actually very physical. Quoting verbatim from [138]:“At low Reynolds number
you can’t shake off your environment. If you move, you take it along; it only gradually falls behind”. That is, if a microorganism
wants to explore “new” parts of the fluid looking for more food, it has to travel a relatively long distance.



7.3. STIRRING BY SWIMMERS 125

Figure 7.5: Impact parameters 𝑎 and 𝑏, displacement Δ = Δ𝜆(𝑎, 𝑏) and swimming path length 𝜆. Notice
that when 𝑏 is positive the swimmer has yet to pass the point of closest approach to the particle, while for
negative 𝑏 it starts its motion past that point. The interaction disc of radius 𝑅 is also shown. Image from
[117], reproduced with permission; it is not included under the CC BY 4.0 license of this thesis.

where Λ ⊂ 𝑉 is the volume of the fluid “explored” by a single swimmer during a flight of length 𝜆. Notice
that an impact occurs if and only if the tracer belongs to one of the volumes Λ explored by the swimmers
(see Figure 7.6), whose collective volume we assume to be 𝑀|Λ|, since intersections are unlikely under
the hypothesis of low number density.

Figure 7.6: An example of volume Λ, which consists of a cylinder of height 𝜆 with circular base of radius
𝑅, with a half-sphere of radius 𝑅 attached to each end. The swimmer starts its path from 𝐴 and it arrives
to 𝐵. It impacts the particle (assuming an interaction disc of radius𝑅) if and only if the particle lies inside
Λ.

We can rewrite the volume integral in (7.3.3) as a function of the impact parameters 𝑎, 𝑏 and since for each
swimmer there are 𝑈𝑇 ∕𝜆 flights of length 𝜆 in a time 𝑇 , the average number of impacts is

𝑈𝑇
𝜆

𝑀
|𝑉 |

∫

𝑅

0 ∫

𝜆+
√

𝑅2−𝑎2

−
√

𝑅2−𝑎2
2𝜋𝑎 𝑑𝑏 𝑑𝑎 = 2𝜋𝑛𝑈𝑇

𝜆 ∫

𝑅

0 ∫

𝜆+
√

𝑅2−𝑎2

−
√

𝑅2−𝑎2
𝑎 𝑑𝑏 𝑑𝑎.

We can estimate the mean squared displacement in a very similar fashion. Indeed, we computed𝑁 as

𝑁 = 𝑀
|𝑉 |

𝑈𝑇
𝜆

𝔼𝑎,𝑏[𝟙Λ̄],

i.e. “counting” the number of impacts between the tracer and a swimmer. We can computeMSD(𝑇 ) not by
counting the average number of impacts, but rather the mean squared displacement per impact, namely:

MSD(𝑇 ) = 𝑀
|𝑉 |

𝑈𝑇
𝜆

𝔼𝑎,𝑏[𝟙ΛΔ2
𝜆(𝑎, 𝑏)] =

2𝜋𝑛𝑈𝑇
𝜆 ∫

𝑅

0 ∫

𝜆+
√

𝑅2−𝑎2

−
√

𝑅2−𝑎2
𝑎Δ2

𝜆(𝑎, 𝑏) 𝑑𝑏 𝑑𝑎.

https://creativecommons.org/licenses/by/4.0/
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Since Δ𝜆(𝑎, 𝑏) decays rapidly for large values of 𝑎, 𝑏 (the velocity field induced by a squirmer with 𝛽 ≠ 0
decays as 𝑟−2, with 𝑟 the distance from the squirmer) we can assume 𝑅→ +∞, and we obtain

MSD(𝑇 ) = 2𝜋𝑛𝑈𝑇
𝜆 ∫

∞

0 ∫

+∞

−∞
𝑎Δ2

𝜆(𝑎, 𝑏) 𝑑𝑏 𝑑𝑎. (7.3.4)

We can rescale (7.3.4) to have a non-dimensional integrand and derive scaling laws. If we use the variables
log(𝑎∕𝓁) and 𝑏∕𝜆 and we divide and multiply by 𝓁4 the squared norm of the displacement:

MSD(𝑇 ) =

(

2𝜋 ∫ℝ2

𝑎2Δ2
𝜆(𝑎, 𝑏)

𝓁4
𝑑 log(𝑎∕𝓁) 𝑑(𝑏∕𝜆)

)

𝑈𝑛𝓁4𝑇 . (7.3.5)

In Figure 7.7, we show the plot of the integrand in (7.3.5) for both the potential flow case and the viscous
case with fixed parameters.

Figure 7.7: Integrand 𝓁−4𝑎2Δ2
𝜆(𝑎, 𝑏) from (7.3.5) due to (a) a swimmer in potential flow and (b) a squirmer

with 𝛽 = 5. It is clear how the far-field contribution is dominant in the second case, with head-on collisions
being barely visible in the plot. The inset on figure (b) represents the integrand corresponding to only the
far-field contribution of the flow, i.e. considering the squirmer as a pointwise stresslet of strength 𝛽. The
computations are performed assuming 𝑈 = 𝓁 = 1 and 𝜆 = 100. Image from [117], reproduced with
permission; it is not included under the CC BY 4.0 license of this thesis.

It can be observed that, while in the potential flow case most of the contribution to the integral comes
from head-on collisions, in the viscous case it actually comes from the far field. Moreover, in the viscous
case the integrand is almost two orders of magnitude larger and an additional phenomenon, absent in the
potential flow case, further increases the diffusivity. This phenomenon is known as Darwin drift [60, 71, 160]
and it consists in the formation of closed regions behind the swimmer (for 𝛽 > 0; otherwise they form in
front), where vortices capture a particle and drag it along the entire displacement length 𝜆 9 (see Figure
7.8). Finally, in [117] it is also found that for large stresslet parameters 𝛽 the enhanced diffusivity is more
and more dominated by far-field effects, and it behaves like

𝜅 ≈ 2.1𝛽2𝑈𝑛𝓁4 (7.3.6)

(see Figure 7.9), while for 𝛽 → 0 we recover the potential flow case, with 𝜅 ≈ 0.266𝑈𝑛𝓁4.

9This is an oversimplification, as noted in [117] in practice there are boundary phenomena and turbolence which make particles
enter and exit the wake.

https://creativecommons.org/licenses/by/4.0/
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Figure 7.8: Streamfunction contours for a pusher with 𝛽 = 5 in a comoving reference frame. We can
observe the formation of a closed bubble behind the squirmer where particles remain trapped. Image from
[117], reproduced with permission; it is not included under the CC BY 4.0 license of this thesis.

Figure 7.9: (a) The solid line is the enhanced diffusivity 𝜅 computed by numerical integration of (7.3.4).
The dashed line is the enhanced diffusivity due only to the stresslet term. (b) The solid line is the mean
squared displacement computed with 2 × 106 realisations of 10 squirmers with 𝓁 = 𝑈 = 1, 𝜆 = 100
and 𝛽 = 5. The dashed line is the mean squared displacement predicted by (7.3.6) with a number density
𝑛 = 10−8. Image from [117], reproduced with permission; it is not included under the CC BY 4.0 license of
this thesis.

7.4 Stirring by Stokeslets

7.4.1 Fixed encounter time 𝑡𝑝

We now consider a different stirring mechanism. We assume that an ensemble of microorganisms (which
from now on we will call actuators) lives on a flat surface. The way such actuators stir the fluid is funda-
mentally different from the one described in the previous section. While previously the stirring was caused
by a swimming motion of zero net force, here we consider microorganisms that crawl on the surface, then
stop and anchor themselves to the floor to “pump” fluid into their feeding apparatus. The action of an ac-
tuator creates a non-zero net force which can be modeled as a regularised Stokeslet [53]. We recall that a
Stokeslet is a fundamental solution of the Stokes equation10 [100]:

{

−∇𝑥𝑝 + 𝜇Δ𝑥𝑏 + 𝐹𝛿(𝑥) = 0 in ℝ3

∇𝑥 ⋅ 𝑏 = 0
, (7.4.1)

10The motion of incompressible fluids is, in general, described by the incompressible Navier-Stokes equations. In our case we
can neglect the advection term (𝑏 ⋅∇)𝑏 and 𝜕𝑡𝑏 because both the Reynolds number and the oscillatory Reynolds number are small.
See [107, Chapter 2] for more details.

https://creativecommons.org/licenses/by/4.0/
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where 𝛿(𝑥) is a Dirac delta centered at (0, 0, 0) ∈ ℝ3, 𝐹 ∈ ℝ3 is a force vector and 𝜇 is the dynamic
viscosity of the fluid. The solutions 𝑏, 𝑝 (which are the induced velocity field and pressure in the fluid,
respectively) are

𝑏(𝑟) = 1
8𝜋𝜇

(

𝐼
|𝑟|

+ 𝑟 ⊗ 𝑟
|𝑟|3

)

⋅ 𝐹 and 𝑝(𝑟) = 𝐹 ⋅ 𝑟
4𝜋|𝑟|3

, (7.4.2)

where 𝑟 is the position vector, (𝑟⊗𝑟) ⋅𝐹 = (𝐹 ⋅ 𝑟)𝑟 and 𝐼 is the identity matrix. A regularised Stokeslet [53]
is the solution of the same equation where instead of a Dirac delta (which is numerically hard to treat) we
use a smooth function 𝜑𝛿 supported on a ball of radius 𝛿 to approximate the Dirac delta in distribution (a
so-called “mollifier” in mathematics). We will consider the parameter 𝛿 to be the radius of the regularised
Stokeslet. In fact, we will not use the velocity field in (7.4.2): the presence of a floor (where we impose
a no-slip condition) drastically changes the solution of (7.4.1) both for a Stokeslet and for a regularised
Stokeslet placed at height ℎ above the floor. We refer the reader to [23] and [2] for the details and explicit
formulas. We just point out that a fundamental difference between a Stokeslet in free space and a Stokeslet
whose force is parallel to a no-slip floor is the different decay of the velocity fields they generate. If 𝑑 is the
distance from a Stokeslet, the magnitude of the velocity field inℝ3 decays like 1∕𝑑 in the far field, while in
presence of a no-slip floor it decays like 1∕𝑑2. Similarly, a squirmer in ℝ3 generates a velocity field whose
magnitude decays like 1∕𝑑2 in the far field, while in presence of a no-slip floor it decays like 1∕𝑑3 [23, 24].

We now describe more in detail the situation we aim to model, together with our main assumptions and
objectives. We assume that each actuator can be in two possible states: either active or inactive. When it
is active, it is anchored to the floor and it acts as a regularised Stokeslet exerting a force 𝐹 on the fluid;
when not active, it crawls on the floor and we neglect the flow it generates on the fluid 11. We assume that
at any moment the number of active actuators (from now on, when considering actuators, we will always
implicitly assume they are active) is a given number𝑀 and we consider a large surface𝐴 on the floor such
that the number density of actuators is always 𝑛 = 𝑀∕|𝐴 ≪ 1, with |𝐴| the area of 𝐴. Such actuators
share common features, namely:

• The strength 𝑓 = |𝐹 |∕𝜇 of the Stokeslet they produce, with |𝐹 | the modulus of the force acting on
the fluid and 𝜇 the dynamic viscosity;

• the characteristic size 𝓁 of the actuators, the height ℎ at which they exert the force 𝐹 on the fluid,
which we assume to be parallel to the ground12, and the radius 𝛿 of the regularised Stokeslet.

Remark 7.4.1. Force and strength of a Stokeslet
We refer to 𝑓 as the “strength” of a Stokeslet, namely the quantity 𝑓 = |𝐹 |∕𝜇, where |𝐹 | is the modulus
of the force acting on the fluid and 𝜇 is the dynamic viscosity. Instead, when considering 𝐹 we will call it
“force”.

Remark 7.4.2. Dependence of the displacement on 𝑓𝑡𝑝
Since the velocity field generated by a Stokeslet (both singular and regularised and both in free space and in
presence of a no-slip floor) is the solution of a time-independent PDE which is linear in 𝑓 = |𝐹 |∕𝜇, it is not
difficult to verify that the displacement after a time 𝑡𝑝 depends only on the product 𝑓𝑡𝑝, assuming a given
direction for the force 𝐹 . That is, a particle is displaced equally by Stokeslets of strength 𝑓∕𝑐 acting for a
time 𝑐𝑡𝑝 for every positive constant 𝑐 > 0.

We will also make the following assumptions:

• The carpet of actuators refreshes completely every 𝑡𝑝 seconds. That is, at time 0 there are𝑀 active
actuators which stay active up to time 𝑡𝑝, when they all stop pumping and a completely new carpet
activates. The positions of the actuators are independent from each other and uniformly distributed;

11The specific microorganisms we considered when developing our theoretical model, i.e. Stylonychia, do not stop feeding
even while moving. However, the force they generate while feeding and the hydrodynamic drag they experience while moving are
approximately of the same magnitude but opposite in direction. Hence, they act as a moving stresslet, whose overall effect on
the fluid is much less impactful than the one produced by a stationary Stokeslet [155].

12The assumption that the force 𝐹 is parallel to the ground is not really necessary and we only assume it for simplicity. All the
arguments carry over to the case of forces with non-zero 𝑧 components if their component in the 𝑥𝑦-plane is uniformly distributed.
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• the tracer particle always remains near the floor, andwe assume that only the nearest actuator (which
we will also call nearest neighbour) affects it 13. When a tracer is advected by the action of its nearest
neighbour, we say that the tracer and the actuator have an encounter;

• the nearest neighbour remains the same until the carpet refreshes. In other words, the actuators are
typically spread far enough so that the displacement produced by a Stokeslet of strength 𝑓 acting for
a time 𝑡𝑝 is unlikely to bring the tracer particle closer to a different actuator than the initially nearest
one. This hypothesis will be relaxed in the next subsection, where we allow the encounter duration
between a tracer and an actuator to be random, whereas under the current assumptions we have that
an encounter always lasts for a time 𝑡𝑝;

• the direction of the force 𝐹 , which we recall we assume to be planar, is uniformly distributed.

As in the previous section, we will work assuming a small number density 𝑛 of active actuators, but there
is an additional difficulty to overcome. Namely, while in the squirmer’s case the problem was completely
isotropic, now there is a dependence on the height of the tracer: if a particle starts at height 𝑧1, after a
given time 𝑇 its height will have changed randomly, and the action of a Stokeslet at different heights varies
greatly. For this reason we will not compute the three-dimensional mean squared displacement, but rather
the following quantities:

• MSD𝑥𝑦(𝑇 , 𝑧1), i.e. the mean squared displacement, with respect to the 𝑥 and 𝑦 coordinates only, of
a tracer initially placed at (0, 0, 𝑧1) after a time 𝑇 ;

• 𝑝𝑧(𝑧, 𝑇 , 𝑧1), i.e. the probability distribution, after a time 𝑇 , of the height 𝑧 of a tracer initially placed
at (0, 0, 𝑧1).

Once we have derived 𝑝𝑧(𝑧, 𝑇 , 𝑧1) we can also compute the mean squared displacement in the 𝑧-direction
MSD𝑧(𝑇 , 𝑧1) as

MSD𝑧(𝑇 , 𝑧1) = ∫

+∞

0
(𝑧 − 𝑧1)2𝑝𝑧(𝑧, 𝑇 , 𝑧1)𝑑𝑧.

It is not difficult to see that the total mean squared displacement is simply the sum of the two components:

MSD(𝑇 , 𝑧1) = MSD𝑥𝑦(𝑇 , 𝑧1) + MSD𝑧(𝑇 , 𝑧1)14.

We consider a particle starting at position 𝑥0 = (0, 0, 𝑧1), for some 𝑧1 > 0. Under the above assumptions,
in a time 𝑇 = 𝑁𝑡𝑝 there are 𝑁 encounters between a tracer and an actuator: contrary to the approach
used in [152, 117] for squirmers, there are no fictitious interaction discs involved. Rather, as we already
remarked, we assume that at each activation of the carpet of actuators the tracer is under the effect of
only its nearest neighbour, an assumption which we recall is only feasible if 𝑛 is small. Denoting (with a
little abuse of notation) as 𝑥𝑥𝑦(𝑇 ) the 𝑥𝑦 coordinates of the tracer at time 𝑇 , we have:

𝑥𝑥𝑦(𝑇 ) =
𝑁
∑

𝑖=1
Δ𝑥𝑦(𝑟𝑖, 𝜑𝑖, 𝜃𝑖, 𝑧𝑖) =

𝑁
∑

𝑖=1
Δ𝑖𝑥𝑦,

where Δ𝑥𝑦(𝑟, 𝜑, 𝜃, 𝑧) is the displacement in the 𝑥𝑦 components of a particle at height 𝑧 caused by the
action of an actuator whose polar coordinates, relative to the projection on the plane {𝑧 = 0} of the
particle, are (𝑟, 𝜑) and which is acting on the fluid with a horizontal force 𝐹 in direction 𝜃. See Figure 7.10
for a visual representation. Notice that, contrary to the previous section whereΔ andΔ𝜆 denoted the norm
of the displacement, here we consider Δ𝑥𝑦(𝑟𝑖, 𝜑𝑖, 𝜃𝑖, 𝑧𝑖) = Δ𝑖𝑥𝑦 to be the displacement produced by the
𝑖-th encounter. Moreover, we consider 𝑧𝑖 as a random variable which depends on the values of 𝑟𝑘, 𝜑𝑘, 𝜃𝑘
for every 𝑘 < 𝑖 and on 𝑧1. Namely, the height of the particle at the 𝑖-th encounter depends on its starting
height 𝑧1 and on the sequence of encounter parameters {(𝑟𝑘, 𝜑𝑘, 𝜃𝑘)}𝑖−1𝑘=1.

13If the particle were far from the floor a far-field approach, where the collective action of all actuators is considered, would be
more suited. This situation has been investigated in [89].

14From now on we will often omit explicitly writing the dependence on the initial height if it is not necessary to specify it.
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Figure 7.10: Example of an encounter with parameters (𝑟, 𝜑, 𝜃, 𝑧). We can see a particle𝑃 at height 𝑧which
is advected by an actuator𝐴with relative position (in polar coordinates) (𝑟, 𝜑) that acts on the fluid with an
horizontal force 𝐹 , which forms an angle 𝜃 with the 𝑥-axis. Illustration courtesy of Anastasiia Kovalskaia.

Averaging over all possible encounter parameters 𝑟̄ = (𝑟1,… , 𝑟𝑁 ), 𝜃̄ = (𝜃1,… , 𝜃𝑁 ) and 𝜑̄ = (𝜑1,… , 𝜑𝑁 ):

MSD𝑥𝑦(𝑇 ) = 𝔼𝑟̄,𝜑̄,𝜃̄[‖𝑥𝑥𝑦(𝑇 )‖2] =
𝑁
∑

𝑖=1
𝔼𝑟̄,𝜑̄,𝜃̄[‖Δ𝑖𝑥𝑦‖

2] +
∑

𝑖≠𝑗
𝔼𝑟̄,𝜑̄,𝜃̄[Δ𝑖𝑥𝑦 ⋅ Δ

𝑗
𝑥𝑦]. (7.4.3)

We show how the second sum is equal to zero. In the previous section we could use isotropy and indepen-
dence of displacements, while in this case we already noticed how the presence of a floor breaks isotropy
and independence: the displacement a particle undergoes during the second encounter with an actuator
depends on the first encounter since it modifies its height. So, while it is easy to see (since isotropy in the
𝑥𝑦-directions is maintained) that for every 𝑖

𝔼𝑟̄,𝜑̄,𝜃̄[Δ𝑖𝑥𝑦] = 0,

we cannot conclude the same for the scalar product 𝔼𝑟̄,𝜑̄,𝜃̄[Δ𝑖𝑥𝑦 ⋅Δ
𝑗
𝑥𝑦] by independence. However, the sum

of mixed terms is still zero. Indeed, without loss of generality, assume that 𝑗 > 𝑖. We consider a sequence
of encounter parameters {(𝑟𝑘, 𝜑𝑘, 𝜃𝑘)}

𝑗
𝑘=1 which produce, at the 𝑖-th and 𝑗-th encounters, horizontal dis-

placements Δ𝑖𝑥𝑦 and Δ𝑗𝑥𝑦 respectively. Now consider a different sequence {(𝑟𝑘, 𝜑̃𝑘, 𝜃𝑘)}
𝑗
𝑘=1 which differs

from the previous one only in the last entry, namely:

(𝑟𝑘, 𝜑̃𝑘, 𝜃𝑘) = (𝑟𝑘, 𝜑𝑘, 𝜃𝑘) for every 𝑘 = 1,… , 𝑗 − 1

and

(𝑟𝑗 , 𝜑̃𝑗 , 𝜃𝑗) = (𝑟𝑗 , 𝜑 + 𝜋, 𝜃𝑗 + 𝜋).

Since the angles𝜑, 𝜃 are uniformly distributed, the two sequences are equally likely; however, in the second
case, the 𝑗-th displacement will beΔ𝑥𝑦(𝑟𝑗 , 𝜑̃𝑗 , 𝜃𝑗) = −Δ𝑗𝑥𝑦. Thus, since we are integrating an odd function:

𝔼𝑟̄,𝜑̄,𝜃̄[Δ𝑖𝑥𝑦 ⋅ Δ
𝑗
𝑥𝑦] = 0 for every 𝑖 ≠ 𝑗

and

MSD𝑥𝑦(𝑇 ) =
𝑁
∑

𝑖=1
𝔼𝑟̄,𝜑̄,𝜃̄[‖Δ𝑖𝑥𝑦‖

2].

Since the angles 𝜃, 𝜑 are uniformly distributed by assumption, we only have to derive the probability density
functions of 𝑟𝑖 and 𝑧𝑖. We start from the former. We recall that by assumption the only actuator acting on
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the particle is its nearest neighbour, so we have to compute the probability density function of the minimum
distance 𝑑 of the projection of the tracer on {𝑧 = 0} from𝑀 actuators uniformly distributed over an area
𝐴. The probability of 𝑑 being greater than a given 𝑟 > 0 is the probability that, independently selecting
𝑀 points uniformly distributed in 𝐴, each of them lies outside a circle of radius 𝑟 centered in the tracer’s
projection. Thus:

P({𝑑 > 𝑟}) =
(

|𝐴| − 𝑟2𝜋
|𝐴|

)𝑀

=
(

1 − 𝑟2𝜋
|𝐴|

)𝑀

≈ exp(−𝑛𝑟2𝜋).

We can approximate the probability density function 𝑝𝑟 with

𝑝𝑟(𝑟) =
𝑑
𝑑𝑟

P({𝑑 ≤ 𝑟}) = 𝑑
𝑑𝑟

[1 − P({𝑑 > 𝑟})] = 2𝜋𝑟𝑛 exp(−𝑛𝑟2𝜋). (7.4.4)

Before deriving the probability density functions of the variables 𝑧𝑖 for 𝑖 = 1,… , 𝑁 , we notice how the
computation can be simplified by avoiding averaging over 𝜑. Indeed, we will see that there are two rele-
vant quantities for our analysis: one is of course ‖Δ𝑥𝑦(𝑟, 𝜑, 𝜃, 𝑧)‖2 and the other one will be the vertical
displacement Δ𝑧(𝑟, 𝜑, 𝜃, 𝑧). We notice that both of them depend only on the difference 𝜃 − 𝜑 rather than
on the individual values of 𝜃 and 𝜑. That is, for every 𝑧:

‖Δ𝑥𝑦(𝑟, 𝜑, 𝜃, 𝑧)‖2 = ‖Δ2
𝑥𝑦(𝑟, 0, 𝜃 − 𝜑, 𝑧)‖

2 and Δ𝑧(𝑟, 𝜑, 𝜃, 𝑧) = Δ𝑧(𝑟, 0, 𝜃 − 𝜑, 𝑧),

so

𝔼𝑟,𝜑,𝜃[‖Δ𝑥𝑦(𝑟, 𝜑, 𝜃, 𝑧)‖2] = ⨏

2𝜋

0

(

∫

∞

0 ⨏

2𝜋

0
‖Δ2

𝑥𝑦(𝑟, 𝜑, 𝜃, 𝑧)‖
2𝑝𝑟(𝑟)𝑑𝜃𝑑𝑟

)

𝑑𝜑

= ⨏

2𝜋

0

(

∫

∞

0 ⨏

2𝜋

0
‖Δ𝑥𝑦(𝑟, 0, 𝜃 − 𝜑, 𝑧)‖2𝑝𝑟(𝑟)𝑑𝜃𝑑𝑟

)

𝑑𝜑

= ⨏

2𝜋

0

(

∫

∞

0 ⨏

2𝜋

0
‖Δ𝑥𝑦(𝑟, 0, 𝜃, 𝑧)‖2𝑝𝑟(𝑟)𝑑𝜃𝑑𝑟

)

𝑑𝜑

= ∫

∞

0 ∫

2𝜋

0
‖Δ𝑥𝑦(𝑟, 𝜃, 𝑧)‖2

𝑝𝑟(𝑟)
2𝜋

𝑑𝜃𝑑𝑟 = 𝔼𝑟,𝜃[‖Δ𝑥𝑦(𝑟, 𝜃, 𝑧)‖2],

where from now on we will omit writing the dependence ofΔ𝑥𝑦 on𝜑 since, for our purposes, we can always
assume 𝜑 = 0 15.

We now find the probability density functions of the heights 𝑧𝑖. We notice that, contrary to other impact
parameters which are identically distributed for every encounter, the probability distribution of the height
𝑧 changes with time, i.e. each 𝑧𝑖 has a different distribution 𝑝𝑖𝑧(𝑧). The key point is to notice that {𝑧𝑖}𝑁𝑖=1
can be considered a discrete-time Markov chain with an uncountably infinite state space [139]. Namely, the
probability distribution of 𝑧𝑖+1 only depends on the value of 𝑧𝑖, and not on the ones before. In general, given
a probability distribution of heights 𝑝𝑖𝑧(𝑧) for the 𝑖-th encounter (which in the case of the first encounter is
simply a Dirac delta centered in 𝑧1) the following holds:

• The mean squared displacement (in the 𝑥𝑦 variables) of the 𝑖-th encounter can be computed as

𝔼𝑟,𝜃,𝑧𝑖[‖Δ𝑥𝑦(𝑟, 𝜃, 𝑧𝑖)‖
2] = ∫

∞

0
𝑝𝑖𝑧(𝑧)

(

∫

∞

0 ∫

2𝜋

0
‖Δ𝑥𝑦(𝑟, 𝜃, 𝑧)‖2

𝑝𝑟(𝑟)
2𝜋

𝑑𝜃𝑑𝑟

)

𝑑𝑧

= ∫

∞

0
𝑝𝑖𝑧(𝑧)𝔼𝑟,𝜃[‖Δ𝑥𝑦(𝑟, 𝜃, 𝑧)‖

2]𝑑𝑧;

15In light of this discussion, it can be easily verified that the assumption of 𝜃 being uniformly distributed is not really necessary.
Assuming that the actuators are uniformly distributed, the same holds for 𝜑, and it is sufficient that for every 𝜑 the distribution
𝑝𝜃−𝜑 of the difference 𝜃 − 𝜑 is the same (not necessarily uniform). With this assumption, it still holds that 𝔼[Δ𝑖

𝑥𝑦] = 0 and
𝔼[Δ𝑖

𝑥𝑦 ⋅ Δ
𝑗
𝑥𝑦] = 0 if 𝑖 ≠ 𝑗 , and as we just saw ‖Δ𝑥𝑦‖

2 and Δ𝑧 (and as we shall see the probability distributions {𝑝𝑖𝑧}𝑖∈ℕ) only
depend on 𝜃 − 𝜑.
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• we can find the probability distribution 𝑝𝑖+1𝑧 of 𝑧𝑖+1 as the density of the following probability:

P({𝑧𝑖+1 ∈ 𝐴}) = ∫

∞

0
𝑝𝑖𝑧(𝑧)

(

∫

∞

0 ∫

2𝜋

0
𝟙𝐴(𝑧 + Δ𝑧(𝑟, 𝜃, 𝑧))

𝑝𝑟(𝑟)
2𝜋

𝑑𝑟𝑑𝜃

)

𝑑𝑧 (7.4.5)

for every 𝐴 ⊂ [0,+∞) Borel measurable. Namely, the probability that the particle’s height at the
(𝑖 + 1)-th encounter lies within a given set 𝐴 is obtained by considering the probability the particle
was at height 𝑧 at the 𝑖-th encounter, multiplied by the probability that the displacement Δ𝑧(𝑟, 𝜃, 𝑧)
results in a new height 𝑧 + Δ𝑧 falling within 𝐴, integrated over all possible values of 𝑟, 𝜃 and 𝑧 with
their respective probability densities.

We have thus found the probability density 𝑝𝑖𝑧 for every 𝑧𝑖. We recall that, by assumption, the 𝑖-th encounter
starts exactly at time (𝑖 − 1)𝑡𝑝, so we can define the probability density 𝑝𝑧(𝑧, 𝑇 , 𝑧1) for every time 𝑇 > 0
by interpolation. We can also find MSD𝑥𝑦(𝑇 , 𝑧1). Assuming 𝑇 = 𝑁𝑡𝑝 for some 𝑁 > 0, the particle will
have undergone𝑁 encounters. Thus:

MSD𝑥𝑦(𝑇 , 𝑧1) =
𝑁
∑

𝑖=1
∫

∞

0
𝑝𝑖𝑧(𝑧)

(

𝑛∫

∞

0 ∫

2𝜋

0
‖Δ𝑥𝑦(𝑟, 𝜃, 𝑧)‖2𝑟 exp(−𝑛𝑟2𝜋)𝑑𝜃𝑑𝑟

)

𝑑𝑧 (7.4.6)

=
𝑁
∑

𝑖=1
∫

∞

0
𝑝𝑖𝑧(𝑧)𝔼𝑟,𝜃[‖Δ𝑥𝑦(𝑟, 𝜃, 𝑧)‖

2]𝑑𝑧.

If 𝑇 is not an exact multiple of 𝑡𝑝 we can define MSD𝑥𝑦(𝑇 , 𝑧1) by interpolation. Namely, if 𝑇 ∈ ((𝑁 −
1)𝑡𝑝, 𝑁𝑡𝑝), we define

MSD𝑥𝑦(𝑇 , 𝑧1) =
𝑁−1
∑

𝑖=0
∫

∞

0
𝑝𝑖𝑧(𝑧)𝔼𝑟,𝜃[‖Δ𝑥𝑦(𝑟, 𝜃, 𝑧)‖

2]𝑑𝑧

+
|𝑇 −𝑁𝑡𝑝|

𝑡𝑝 ∫

∞

0
𝑝𝑁−1
𝑧 (𝑧)𝔼𝑟,𝜃[‖Δ𝑥𝑦(𝑟, 𝜃, 𝑧)‖2]𝑑𝑧

+
|𝑇 − (𝑁 − 1)𝑡𝑝|

𝑡𝑝 ∫

∞

0
𝑝𝑁𝑧 (𝑧)𝔼𝑟,𝜃[‖Δ𝑥𝑦(𝑟, 𝜃, 𝑧)‖

2]𝑑𝑧,

where we define 𝑝0𝑧 = 0. Notice that the derivation we followed does not rely on the specific choice of
the initial distribution. Indeed, if we replaced a Dirac delta centered at 𝑧1 with a generic distribution 𝑝1𝑧,
the same argument would still apply. We now make the integral in (7.4.6) dimensionless to derive some
scaling laws. We choose as non-dimensional variables 𝜌 = 𝑟∕𝓁 and 𝜁 = 𝑧∕ℎ, with ℎ the height of the
Stokeslet. As for Δ𝑥𝑦, since the magnitude of the velocity field induced by the Stokeslet is proportional to
|𝐹 |∕(𝓁𝜇) (with 𝜇 the dynamic viscosity of the fluid, see (7.4.2)) we divide and multiply the displacement
by |𝐹 |𝑡𝑝∕(𝓁𝜇) = 𝑓𝑡𝑝∕𝓁. We have:

MSD𝑥𝑦(𝑇 ) =

[ 𝑁
∑

𝑖=1
∫

∞

0
ℎ𝑝𝑖𝑧(ℎ𝜁 ) I𝑥𝑦(ℎ𝜁 )𝑑𝜁

]

𝑛𝑓 2𝑡2𝑝, (7.4.7)

with

I𝑥𝑦(ℎ𝜁 ) =

(

∫

∞

0 ∫

2𝜋

0

‖Δ𝑥𝑦(𝓁𝜌, 𝜃, ℎ𝜁 )‖2𝓁2

𝑓 2𝑡2𝑝
𝜌 exp(−𝑛𝓁2𝜌2𝜋)𝑑𝜃𝑑𝜌

)

.

Since𝑁 = 𝑇 ∕𝑡𝑝, we can infer that the scaling of MSD𝑥𝑦(𝑇 ) behaves like:

MSD𝑥𝑦(𝑇 ) ≈ 𝑛𝑓 2𝑡2𝑝𝑁 = 𝑛𝑡𝑝𝑓
2𝑇 .

However this estimate can only be valid under certain assumptions, namely thatΔ𝑥𝑦 is of the order 𝑓𝑡𝑝∕𝓁,
which is only valid for moderate values of 𝑓𝑡𝑝 (see Remark 7.4.2) where the displacement Δ𝑥𝑦 can be rea-
sonably estimated as the product of the velocity magnitude and 𝑡𝑝, otherwise there is a non-linear relation
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between the displacement and the product 𝑓𝑡𝑝. Since in the following we will discuss numerical simula-
tions to validate our model, it is convenient to briefly describe how we implemented (7.4.5). We consider
an initial distribution 𝑝1𝑧. We start by discretising every variable, choosing both a maximum height 𝑍 and
a maximum distance 𝑅. While 𝑍 depends on the context (ideally, if we consider a time interval [0, 𝑇 ], it
should be high enough such that it is practically impossible for a particle starting in the support of 𝑝1𝑧 to
arrive at height 𝑍 in a time 𝑇 ), we can choose 𝑅 so that the probability of the nearest neighbour being
more distant than 𝑅 is less than a threshold value 𝜀. So, fixing 𝜀 > 0 (for instance, we always assume
𝜀 = 0.001 in numerical simulations) we have:

P({𝑑 > 𝑅}) = exp(−𝑛𝑅2𝜋) ≤ 𝜀 ⟹ 𝑅 ≥
√

| log(𝜀)|
𝑛𝜋

⟹ 𝑅 =
√

| log(𝜀)|
𝑛𝜋

.

We now explain how we discretise the probability density functions 𝑝𝑖𝑧(𝑧) and how to find 𝑝𝑖+1𝑧 (𝑧) given
𝑝𝑖𝑧(𝑧) using a finite state Markov chain. First, we partition the interval [0, 𝑍] in 𝐾 subintervals 𝐼1,… , 𝐼𝐾
such that

[0, 𝑍] =
𝐾
⋃

𝑗=1
𝐼𝑗 ,

and we consider the midpoints {𝑧̄𝑗}𝐾𝑗=1 of each interval. We will approximate {𝑧𝑖}𝑁𝑖=1 with a finite Markov
chain with states {𝑧̄𝑗}𝐾𝑗=1. We consider a row vector

𝑤1 =
(

𝑤1
1,… , 𝑤𝐾

1
)

of length 𝐾 , and the mass assigned to each 𝑧̄𝑗 is given by

𝑤𝑗
1 = ℙ({𝑧1 ∈ 𝐼𝑗}) = ∫𝐼𝑗

𝑝1𝑧(𝑧)𝑑𝑧.

We can now find an approximation of the distribution 𝑝2𝑧 by working with 𝑤1. We consider the transition
probabilities from every state 𝑧̄𝑖 to every other state 𝑧̄𝑗 , obtaining a stochastic matrix Π whose entries are

Π𝑖𝑗 = Probability that, after an encounter, a tracer initially at height 𝑧𝑖 arrives at height 𝑧𝑗 .

We compute the transition matrix in the following way. We consider a mass-splitting map

𝑆 ∶ [0, 𝑍] → [0, 1]𝑘

defined as follows:

• If 0 ≤ 𝑧 ≤ 𝑧̄1, then 𝑆(𝑧) = (1,… , 0);

• if 𝑧 ≥ 𝑧̄𝐾 , then 𝑆(𝑧) = (0,… , 1);

• if 𝑧 ∈ [𝑧̄𝑗 , 𝑧̄𝑗+1] for some 𝑗 = 1,… , 𝐾−1, then𝑆(𝑧) =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0,… ,
|𝑆(𝑧) − 𝑧𝑗+1|
|𝑧𝑗+1 − 𝑧𝑗|
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟

𝑗-th position

,
|𝑆(𝑧) − 𝑧𝑗|
|𝑧𝑗+1 − 𝑧𝑗|
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
(𝑗+1)-th position

,… , 0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

.

We can compute each row of the matrix Π as 16

Π𝑖 = ∫

𝑅

0 ∫

2𝜋

0
𝑆(𝑧𝑖 + Δ𝑧(𝑟, 𝜃, 𝑧𝑖))

𝑝𝑟(𝑟)
2𝜋

𝑑𝜃𝑑𝑟. (7.4.8)

Given𝑤𝑖, we can compute𝑤𝑖+1 simply as

𝑤𝑖+1 = 𝑤𝑖 ⋅ Π.

16We also need to discretise 𝑟 and 𝜑, but we omit writing it to keep the notation lighter since it is a standard discretisation.
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7.4.2 Random encounter times

We now consider a more general model in which the duration of each encounter, previously assumed to be
a fixed value 𝑡𝑝, is treated as a random variable with a given probability density 𝑝𝑡. We also assume that
the duration of each encounter is identically distributed and independent of all others. While the previous
setting could be described in terms of an ensemble of actuators which simultaneously refresh after a
given time 𝑡𝑝, it is now more convenient to adopt exclusively the tracer’s point of view, assuming that each
encounter lasts for a random time 𝑡. Once this time has elapsed, the particle immediately falls under the
influence of the next nearest actuator, characterised by new encounter parameters (𝑟, 𝜃, 𝑧, 𝑡). In particular,
we do not specify any behaviour of the actuators: we only assume their positions and the direction of the
force 𝐹 they exert to be uniformly distributed.

By the same arguments of the previous case, assuming the tracer’s initial position is (0, 0, 𝑧1), we can com-
pute the evolution of the distribution of heights 𝑝𝑖𝑧 = 𝑝𝑖𝑧(𝑧, 𝑧1), as well as the mean squared displacement
in the 𝑥𝑦-directions produced during the 𝑖-th encounter, which we denote by MSD𝑖𝑥𝑦 = MSD𝑖𝑥𝑦(𝑧1). As
in the previous case, we will omit writing the dependence on 𝑧1 if it is not necessary. Given a probability
density 𝑝𝑖𝑧 for the height of the particle at the 𝑖-th encounter, we can find the density 𝑝𝑖+1𝑧 of the (𝑖 + 1)-th
encounter as the density of the probability P defined as:

P({𝑧𝑖+1 ∈ 𝐴}) = ∫

∞

0
𝑝𝑖𝑧(𝑧)

(

∫

∞

0 ∫

∞

0 ∫

2𝜋

0
𝟙𝐴(𝑧 + Δ𝑧(𝑟, 𝜃, 𝑧, 𝑡))𝑝𝜃(𝜃)𝑝𝑟(𝑟)𝑝𝑡(𝑡)𝑑𝜃𝑑𝑟𝑑𝑡

)

𝑑𝑧 (7.4.9)

for every 𝐴 ⊂ [0,+∞) Borel measurable. Similarly, we have that

MSD𝑖𝑥𝑦 = ∫

∞

0 ∫

∞

0 ∫

∞

0 ∫

2𝜋

0
‖Δ𝑥𝑦(𝑟, 𝜃, 𝑧, 𝑡)‖2𝑝𝜃(𝜃)𝑝𝑟(𝑟)𝑝𝑡(𝑡)𝑝𝑖𝑧(𝑧)𝑑𝜃𝑑𝑟𝑑𝑡𝑑𝑧. (7.4.10)

Themean squared displacement in the𝑥𝑦 variables after𝑁 encounters, whichwewill denote byMSD𝑥𝑦(𝑁),
is the sum of the mean squared displacements at each encounter:

MSD𝑥𝑦(𝑁) =
𝑁
∑

𝑖=1
MSD𝑖𝑥𝑦 . (7.4.11)

Notice that, under our assumptions on the activation times (i.e. that they are independent and identically
distributed) mixed term in (7.4.3) vanish by the same argument we have already considered in the case
𝑡 = 𝑡𝑝. Unlike the previous case though, there is now no deterministic relation between the total elapsed
time 𝑇 and the number of encounters 𝑁 a particle has undergone. However, under our assumptions, we
can compute the probability density function of the number of encounters𝑁 occurring within a given time
𝑇 . Indeed, the total time passed after𝑁 encounters is given by

𝜏𝑁 = 𝑡1 +⋯ + 𝑡𝑁 ,

where each 𝑡𝑖 is by assumption an independent random variable with distribution 𝑝𝑡. Thanks to the inde-
pendence assumption we can explicitly compute the density function of 𝜏𝑁 , which is the convolution of𝑁
copies of 𝑝𝑡, i.e.:

𝑝𝜏𝑁 = 𝑝𝑡 ∗ ⋯ ∗ 𝑝𝑡
⏟⏞⏞⏞⏟⏞⏞⏞⏟

𝑁 times

.

We can now assign a weight 𝑤𝑖(𝑇 ) ∈ [0, 1] to each MSD𝑖𝑥𝑦 according to the probability that a tracer
undergoes at least 𝑖 encounters before time 𝑇 . We can define such weights as

𝑤𝑖(𝑇 ) = P({𝑡1 +… 𝑡𝑖 < 𝑇 }) = P({𝜏𝑖 < 𝑇 }) = ∫

𝑇

0
𝑝𝜏𝑖(𝑠)𝑑𝑠. (7.4.12)

Thus, we define MSD𝑥𝑦(𝑇 ) as
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MSDxy(T) =
∞
∑

𝑖=1
𝑤𝑖(𝑇 )MSD𝑖𝑥𝑦 . (7.4.13)

Similarly, the probability density function 𝑝𝑧(𝑧, 𝑇 ) of the height of the tracer at time 𝑇 depends on the num-
ber of encounters a particle has undergone. However, the contributions do not simply add up. Therefore,
for each𝑁 , we estimate the probability that the particle undergoes exactly𝑁 encounters by time 𝑇 , and
we give a weight to each 𝑝𝑁𝑧 according to such a probability. Assuming 𝑁 > 1, the probability that the
particle has undergone exactly𝑁 encounters by time 𝑇 is:

P({𝑡1 +… 𝑡𝑁−1 < 𝑇 and 𝑡1 +… 𝑡𝑁 > 𝑇 }) = P({𝜏𝑁−1 < 𝑇 and 𝜏𝑁−1 + 𝑡𝑁 > 𝑇 }),

which can be easily proved to be 𝑤𝑁−1(𝑇 ) − 𝑤𝑁 (𝑇 ). Indeed, since we know that 𝜏𝑁−1 has distribution
𝑝𝜏𝑁−1

and 𝑡𝑁 has distribution 𝑝𝑡:

P({𝜏𝑁−1 < 𝑇 and 𝜏𝑁−1 + 𝑡𝑁 > 𝑇 }) = P({𝜏𝑁−1 < 𝑇 and 𝑡𝑁 > 𝑇 − 𝜏𝑁−1})

= ∫

𝑇

0
𝑝𝜏𝑁−1

(𝑡)
(

∫

∞

𝑇−𝑡
𝑝𝑡(𝑠)𝑑𝑠

)

𝑑𝑡 = ∫

𝑇

0
𝑝𝜏𝑁−1

(𝑡)
(

1 − ∫

𝑇−𝑡

0
𝑝𝑡(𝑠)𝑑𝑠

)

𝑑𝑡

= ∫

𝑇

0
𝑝𝜏𝑁−1

(𝑡)𝑑𝑡
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟

=𝑤𝑁−1(𝑇 )

−∫

𝑇

0
𝑝𝜏𝑁−1

(𝑡)∫

𝑇−𝑡

0
𝑝𝑡(𝑠)𝑑𝑠𝑑𝑡

= 𝑤𝑁−1(𝑇 ) − ∫

𝑇

0
𝑝𝜏𝑁−1

(𝑡)∫

𝑇

𝑡
𝑝𝑡(𝑠 − 𝑡)𝑑𝑠𝑑𝑡

= 𝑤𝑁−1(𝑇 ) − ∫

𝑇

0 ∫

𝑇

0
𝑝𝜏𝑁−1

(𝑡)𝑝𝑡(𝑠 − 𝑡)𝑑𝑡𝑑𝑠

= 𝑤𝑁−1(𝑇 ) − ∫

𝑇

0

(

∫ℝ
𝑝𝜏𝑁−1

(𝑡)𝑝𝑡(𝑠 − 𝑡)𝑑𝑡
)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=𝑝𝜏𝑁−1

∗𝑝𝑡(𝑠)=𝑝𝜏𝑁 (𝑠)

𝑑𝑠 = 𝑤𝑁−1(𝑇 ) −𝑤𝑁 (𝑇 ).

If𝑁 = 1, we have to account for the possibility that the first encounter lasts more than 𝑇 . That is:

P({𝑡1 ≥ 𝑇 }) = 1 − P({𝑡1 < 𝑇 }) = 1 −𝑤1(𝑇 ) = 𝑤0(𝑇 ) −𝑤1(𝑇 ),

where we set by definition𝑤0(𝑇 ) = 1. Thus, we define:

𝑝𝑧(𝑧, 𝑇 ) ∶=
∞
∑

𝑖=1
(𝑤𝑖−1(𝑇 ) −𝑤𝑖(𝑇 ))𝑝𝑖𝑧(𝑧). (7.4.14)

We also note that the same non-dimensionalisation as in (7.4.7) can be performed, substituting 𝑡𝑝 with
the expected duration of an encounter 𝔼[𝑡] and estimating the number of encounters in a time 𝑇 to be
≈ 𝑇 ∕𝔼[𝑡].

7.4.3 Evolution of a density advected by randomly forced velocity fields

In this subsection we present some ways to pass from the Lagrangian point of view to a Eulerian one,
approximating the average evolution of a density (or, equivalently, of the probability density of the position
of a tracer) evolving under the stirring mechanism we considered. We present three possible approaches,
assuming the density is initially concentrated at a point mass at 𝑟1 = (𝑥1, 𝑦1, 𝑧1). The density at time 𝑡 will
be denoted by 𝑢(𝑡, 𝑟, 𝑟1), with 𝑟 = (𝑥, 𝑦, 𝑧). If the initial condition is not a Dirac delta centered at 𝑟1, but
rather a diffuse density 𝑢0 inℝ2×[0,+∞), we can find the density 𝑢̄(𝑡, 𝑟) at time 𝑡 simply by superposition,
i.e.:

𝑢̄(𝑡, 𝑟) = ∫[0,+∞)×ℝ2
𝑢0(𝑟1)𝑢(𝑡, 𝑟, 𝑟1)𝑑𝑟1. (7.4.15)
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We also notice that, by isotropy in the 𝑥𝑦 variables, it holds that

𝑢(𝑡, 𝑟, 𝑟1) = 𝑢(𝑡, (𝑥 − 𝑥1, 𝑦 − 𝑦1, 𝑧), (0, 0, 𝑧1)), (7.4.16)

i.e. we can assume without loss of generality that 𝑟1 = (0, 0, 𝑧1). It would be interesting to derive a density
𝑢 using a purely Eulerian approach. In this case, 𝑢 might be obtained as the solution of a PDE of the form

{

𝜕𝑡𝑢 = 𝐹 (𝑧,𝐷𝑢,𝐷2𝑢)
𝑢(0, ⋅) = 𝑢0

. (7.4.17)

At the moment, we do not know how to derive a density 𝑢 from a PDE like (7.4.17), but this is still a work in
progress.

First approach: Markov chain

The first approach is based on extending the argument previously applied to the variable 𝑧 to the pair (𝜌, 𝑧),
where 𝜌 =

√

𝑥2 + 𝑦2 denotes the distance from the origin in the 𝑥𝑦-plane. Since the tracer particle is
initially located at 𝑟1 = (0, 0, 𝑧1), isotropy in the 𝑥𝑦 variables implies that the density 𝑢(𝑡, 𝑟, 𝑟1) is radially
symmetric and can therefore be represented as a function of (𝜌, 𝑧) =

(

√

𝑥2 + 𝑦2, 𝑧
)

. We then treat (𝜌, 𝑧)
as a Markov chain with initial state (0, 𝑧1). Given the distribution 𝑝𝑖(𝜌,𝑧) at the 𝑖-th encounter, the distribution
at the (𝑖 + 1)-th encounter is obtained as the density of the following probability:

P({(𝜌𝑖+1, 𝑧𝑖+1) ∈ 𝐴 × 𝐵})

= ∫[0,+∞)4 ∫

2𝜋

0
𝟙𝐴(‖(𝜌, 0) + Δ𝑥𝑦(𝑟, 𝜃, 𝑧, 𝑡)‖)𝟙𝐵(𝑧 + Δ𝑧(𝑟, 𝜃, 𝑧, 𝑡))𝑝𝜃(𝜃)𝑝𝑟(𝑟)𝑝𝑡(𝑡)𝑝𝑖(𝜌,𝑧)(𝜌, 𝑧)𝑑𝜃𝑑𝑟𝑑𝑡𝑑𝑧𝑑𝜌.

Notice that, by isotropy, at each step we can assume that if the tracer is at distance 𝜌 from the origin, its
𝑥𝑦 coordinates are (𝜌, 0). The density at a given time 𝑡 can be found arguing as for (7.4.14), i.e.

𝑝(𝜌,𝑧)(𝑡, 𝑟, 𝑟1) =
∞
∑

𝑖=1
[𝑤𝑖−1(𝑡) −𝑤𝑖(𝑡)]𝑝𝑖(𝜌,𝑧)(𝜌, 𝑧, 𝑟1), (7.4.18)

with the weights𝑤𝑖(𝑡) defined as in (7.4.12). By radial symmetry we define 𝑢(𝑡, 𝑟, 𝑟1) as

𝑢(𝑡, 𝑟, 𝑟1) =
𝑝(𝜌,𝑧)

(

𝑡,
√

𝑥2 + 𝑦2, 𝑧, 𝑧1
)

2𝜋
√

𝑥2 + 𝑦2
. (7.4.19)

In general, if 𝑟1 = (𝑥1, 𝑦1, 𝑧1), the density 𝑢 can be found by (7.4.16), i.e.

𝑢(𝑡, 𝑟, 𝑟1) =
𝑝(𝜌,𝑧)

(

𝑡,
√

(𝑥 − 𝑥1)2 + (𝑦 − 𝑦1)2, 𝑧, (0, 0, 𝑧1)
)

2𝜋
√

(𝑥 − 𝑥1)2 + (𝑦 − 𝑦1)2
. (7.4.20)

This approach might be computationally demanding, since it is necessary to compute the transition prob-
abilities from every possible state (𝜌, 𝑧) to every other possible state (𝜌′, 𝑧′). In particular the transition
matrix Π may be sparse, but the density 𝑢 has to be supported within the domain 𝐼(𝑥1,𝑦1) × [0, 𝑍], with
𝐼(𝑥1,𝑦1) a neighbourhood of (𝑥1, 𝑦1).

Second approach: Monte Carlo

The second approach relies on a Monte Carlo approximation of the probability density function of (𝜌, 𝑧).
After discretising the encounter parameters (𝑟, 𝜃, 𝑧, 𝑡), we save the displacementsΔ(𝑟, 𝜃, 𝑧, 𝑡) with respect
to every possible set of encounter parameters. Then, we proceed as follows. Given the initial position
𝑟1 = (0, 0, 𝑧1), we select the values of 𝑟, 𝜃, 𝑡 according to their respective probability densities. The tracer
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will then be displaced to (𝑥2, 𝑦2, 𝑧2) = 𝑟1 + Δ(𝑟, 𝜃, 𝑧1, 𝑡). We compute the value of 𝜌2 =
√

𝑥22 + 𝑦
2
2 and

iterate the procedure up to the𝑁 -th encounter. Averaging over many realisations gives an approximation
of the probability density 𝑝𝑖(𝜌,𝑡) of the couple (𝜌𝑖, 𝑧𝑖) at the 𝑖-th encounter for every 𝑖 = 1,… , 𝑁 , which
arguing as in (7.4.18) gives the density 𝑝(𝜌,𝑧)(𝑡, 𝑟, 𝑟1) and thus an approximate density 𝑢(𝑡, 𝑟, 𝑟1) defined as
in (7.4.19) and (7.4.20). We remark that, a priori, a Monte Carlo approach can be used also to approximate
MSD𝑥𝑦(𝑡, 𝑧1) and 𝑝𝑧(𝑡, 𝑧, 𝑧1), that we explicitly derived in the previous subsection.

Third approach: martingale central limit theorem

We consider a tracer particle initially placed at 𝑟1 = (0, 0, 𝑧1). The third approach does not require a direct
approximation of the probability density function of 𝜌 =

√

𝑥2 + 𝑦2, since it only makes use of the mean
squared displacement in the 𝑥𝑦 variables after 𝑁 encounters, i.e. MSD𝑥𝑦(𝑁, 𝑧1), defined in (7.4.11). Its
applicability, however, is limited to the long-time regime, where many encounters between the tracer and an
actuator have occurred. Moreover, we approximate only the probability density 𝑢(𝑡, (𝑥, 𝑦), 𝑟1) of the tracer’s
position projected onto the𝑥𝑦-plane, thus neglecting the variable 𝑧. This approach is based on an extension
of the classical central limit theorem for independent and identically distributed random variables to the
case of martingales.

Definition 7.4.1. Martingale, [15]
A ℝ𝑑 -valued process𝑀 = (Ω, , (𝑖)𝑖∈ℕ, (𝑀𝑖)𝑖∈ℕ,P) is a (discrete time) martingale if for every 𝑖, 𝑗 ∈ ℕ
such that 𝑖 ≥ 𝑗 it holds

𝔼[𝑋𝑖 | 𝑗] = 𝑋𝑗 , (7.4.21)

where 𝔼[𝑋𝑖 | 𝑗] denotes the conditional expectation with respect to 𝑗 .

We state here a non-sharp version of the theorem, which suffices for our purposes. A more general formu-
lation can be found in [90, Theorem 3.2].

Theorem 7.4.1. Martingale central limit theorem, [90, Theorem 3.2]
Let {𝑋𝑛}∞𝑛=0 be a ℝ𝑑 -valued martingale with bounded increments and such that𝑋0 = 0. Let

𝜎2𝑛 ∶= 𝔼[‖𝑋𝑛 −𝑋𝑛−1‖
2
| 𝑋𝑛−1,… , 𝑋0] with 𝜎20 ∶= 0,

and assume that the components𝑋𝑖
𝑛 are independent and identically distributed , with 𝔼[𝑋𝑖

𝑛] = 0, for every
𝑖 = 1,… , 𝑑 and for every 𝑛 ≥ 0. Let

𝜈𝑛 ∶=
1
𝑑

𝑛
∑

𝑖=0
𝜎2𝑖 .

Then,𝑋𝑛∕
√

𝜈𝑛 converges in distribution to the 𝑑-dimensional Gaussian distribution𝑁(0, 𝐼) as 𝑛→ +∞.

The total displacement𝑆𝑁 in the 𝑥𝑦 variables of a tracer particle after𝑁 encounters is amartingale, which
satisfies the assumptions of Theorem 7.4.1. Indeed, considering the natural 𝜎-algebra 𝑗 = 𝜎(𝑆𝑗 ,… , 𝑆1)
generated by the process, condition (7.4.21) is equivalent to

𝔼[𝑆𝑁 − 𝑆𝑁−1 | 𝑁−1] = 0 ∀𝑁 ≥ 1.

Since 𝑆𝑁 =
∑𝑁
𝑖=1Δ

𝑖
𝑥𝑦, we have that 𝐸[𝑆𝑁 − 𝑆𝑁−1 | 𝑁−1] = 𝐸[Δ𝑁𝑥𝑦 | 𝑁−1] = 0, because knowing all

the previous history of 𝑆𝑁 does not yield any information on the𝑁 -th step 17, whose direction is uniformly
17To be precise, we need to use the tower property of the conditional expectation. Let𝑅𝑁 be the norm of the𝑁 -th displacement

and let 𝑈𝑁 be its direction. Since the norm of the displacement depends on the height of the particle, 𝑅𝑁 is not independent of
𝑁−1. However:

𝔼[Δ𝑁
𝑥𝑦 | 𝑁−1] = 𝔼[𝑅𝑁𝑈𝑁 | 𝑁−1] = 𝔼[𝔼[𝑅𝑁𝑈𝑁 | 𝜎(𝑁−1, 𝑅𝑁 )],𝑁−1]

= 𝔼[𝑅𝑁𝔼[𝑈𝑁 | 𝜎(𝑁−1, 𝑅𝑁 )],𝑁−1] = 𝔼[𝑅𝑁 𝔼[𝑈𝑁 ]
⏟⏟⏟

=0

,𝑁−1] = 0.



138 CHAPTER 7. DIFFUSION BY RANDOMLY FORCED TRANSPORT

distributed. We assume that the time 𝑇 is sufficiently large, so that the minimum number of encounters is
high enough to apply Theorem 7.4.1, where

𝜈𝑁 =
MSD𝑥𝑦(𝑁, 𝑧1)

2
.

We therefore approximate the probability distribution of the position (in the 𝑥𝑦 variables) of the tracer after
𝑁 encounters, assuming 𝑟1 = (0, 0, 𝑧1), as

Φ𝑁 (𝑥, 𝑦, 𝑧1) =
1

𝜋MSD𝑥𝑦(𝑁, 𝑧1)
exp

(

−
𝑥2 + 𝑦2

MSD𝑥𝑦(𝑁, 𝑧1)

)

,

with MSD𝑥𝑦(𝑁, 𝑧1) defined as in (7.4.11). From the distributions Φ𝑁 , we can argue as in (7.4.14) and
(7.4.18) to approximate the distribution at time 𝑡 as

Φ(𝑡, 𝑥, 𝑦, 𝑧1) =
∞
∑

𝑖=1
[𝑤𝑖−1(𝑡) −𝑤𝑖(𝑡)]Φ𝑁 (𝑥, 𝑦, 𝑧1), with𝑤𝑖(𝑡) defined as in (7.4.12).

We approximate the probability distribution at time 𝑡 with

𝑢(𝑡, (𝑥, 𝑦), 𝑟1) = Φ(𝑡, 𝑥, 𝑦, 𝑧1).

In the general case of 𝑟1 = (𝑥1, 𝑦1, 𝑧1), by (7.4.16) we have:

𝑢(𝑡, (𝑥, 𝑦), 𝑟1) = Φ(𝑡, 𝑥 − 𝑥1, 𝑦 − 𝑦1, 𝑧1).

7.4.4 Numerical experiments

In this final subsection, we present the results of numerical simulations that support the validity of the
model. We start with the description of the numerical simulations we used to validate the case with a fixed
encounter time 𝑡𝑝. We will leave for later the description of the benchmark simulations for the more general
case of random encounter times.

At time 𝑡 = 0, we generate𝑁𝑝 actuators whose positions are uniformly distributed within a disc of radius𝑅
centered at the origin, and whose forcing directions are also uniformly distributed. The radius𝑅 is chosen
so that𝑅2𝜋𝑛 = 𝑁𝑝, for a prescribed number density 𝑛. Each actuator ismodeled as a regularised Stokeslet
with radius 𝛿, located at a height ℎ above a no-slip floor, which exerts a force 𝐹 parallel to the ground on
the fluid. The velocity field generated by each actuator is defined according to the formulas derived in [2],
with all Stokeslets having the same strength 𝑓 (see Remark 7.4.1). After a time interval 𝑡𝑝, which we will
refer to as activation time, the entire carpet of actuators is regenerated following the same rules described
above. We also specify the dynamics followed by a tracer, whose initial position is (0, 0, 𝑧1) for a given
initial height 𝑧1 > 0. The tracer is either advected by the velocity field resulting from the collective action
of all𝑁𝑝 actuators, or it moves under the flow generated by its nearest neighbour only (determined at the
time of carpet formation and assumed not to change during the particle’s motion). We will show that, under
the assumption of small number density 𝑛, the two dynamics are essentially the same.

We will keep some of the quantities fixed in almost all numerical simulations, if not otherwise stated. In
particular, we will always implicitly assume 𝛿 = 0.215, ℎ = 0.25 and 𝑓 = 30. These values are not
arbitrary, as we will see they derive from real measurements on a population of Stylonychia [155]. We can
see in Figure 7.11 that themean squared displacement and the height distribution produced by the collective
action of the actuators and by the nearest neighbour only are practically the same, and they are in good
agreement with the model predictions.
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Figure 7.11: (Up) The mean squared displacement in the 𝑥𝑦 variables (MSD𝑥𝑦) up to time 𝑇 = 200 s
considering a number density 𝑛 = 0.005, a fixed activation time 𝑡𝑝 = 2 s and an initial height for the
tracer 𝑧1 = 0.75. We compare the model prediction (in black) with the MSD𝑥𝑦 obtained by averaging
2000 realisations where the tracer particle is either advected by its nearest actuator only (in blue) or by the
collective flow (in red) produced by 𝑁𝑝 = 200 actuators which refresh simultaneously every 𝑡𝑝 seconds.
(Down) The distribution of heights after 𝑇 = 200 s predicted by the model (in black) or by averaging over
2000 realisations of the numerical simulations just described.

We can also examine how the initial height of the tracer affects the mean squared displacement. In Figure
7.12 we see that, for a starting height of 𝑧1 = 0.05, the mean squared displacement is four times smaller
than for a particle starting at 𝑧1 = 0.75. We also observe that most of the times a tracer particle remains
near the floor, with probability densities very concentrated near 𝑧1 = 0.05. This is caused by the no-slip
boundary condition. Once again, we see how themodel predicts with good accuracy both themean squared
displacement and the distribution of the heights.
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Figure 7.12: (Up) The mean squared displacement in the 𝑥𝑦 variables (MSD𝑥𝑦) up to time 𝑇 = 200 s
considering a number density 𝑛 = 0.005, a fixed activation time 𝑡𝑝 = 2𝑠 and an initial height for the
tracer 𝑧1 = 0.05. We compare the model prediction (in black) with theMSD𝑥𝑦 obtained by averaging 2000
realisations where the tracer particle is either advected by its nearest neighbour only (in blue) or by the
collective flow (in red) produced by 𝑁𝑝 = 200 actuators which refresh simultaneously every 𝑡𝑝 seconds.
(Down) The distribution of heights after 𝑇 = 200 s predicted by the model (in black) or by averaging over
2000 realisations of the numerical simulations just described. The blue and the red lines, in particular, are
almost indistinguishable.

One might wonder if the displacements in the 𝑧 variable can be neglected and if we could estimate the
mean squared displacement after a time 𝑇 simply assuming 𝑧 = 𝑧1 fixed. In Figure 7.13, we can see that in
general this is not the case. When 𝑇 is moderate, assuming a fixed height might provide a good estimate of
MSD𝑥𝑦(𝑇 ); however, for larger 𝑇 , this is not true. The problem is that, after a sufficiently long time 𝑇 , the
particle will, on average, have spread over different heights. In particular, when particles are far from the
floor the displacement they experience becomes smaller. As time passes, the slope of the curve changes,
so MSD𝑥𝑦 and 𝑇 are, in general, not linearly dependent as in (7.2.4).
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Figure 7.13: (Up) The mean squared displacement in the 𝑥𝑦 variables (MSD𝑥𝑦) up to time 𝑇 = 200 s
considering a number density 𝑛 = 0.005, a fixed activation time 𝑡𝑝 = 8𝑠 and an initial height 𝑧1 = 0.75. We
compare the model prediction (in black) with the prediction by the samemodel assuming the height 𝑧 = 𝑧1
to be constant (in red). We also plot the MSD𝑥𝑦 obtained by averaging over 2000 realisations where the
tracer particle is advected by its nearest neighbour only (in blue), considering𝑁𝑝 = 200 actuators which
refresh simultaneously every 𝑡𝑝 seconds. (Down) The same as the upper graph, with the only difference
that 𝑇 = 2000 s. We can see how assuming 𝑧 = 𝑧1 does not give a good prediction of MSD𝑥𝑦 for large
times.
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The model manages to predict with good precision the height distribution even after long times, see Figure
7.14.

Figure 7.14: Height distributions of a tracer after 𝑇 = 2000 s, assuming a number density 𝑛 = 0.005, a
fixed activation time 𝑡𝑝 = 2 s and an initial height 𝑧1 = 0.75. We compare the model prediction (in red)
with the distribution obtained averaging over 2000 realisations where the tracer particle is advected by its
nearest neighbour only (in blue), considering 𝑁𝑝 = 200 actuators which refresh simultaneously every 𝑡𝑝
seconds.

The effect of the initial height can also be seen in Figure 7.15, where we compute equivalent diffusion
coefficients after various periods of time and assuming different initial heights of the tracer. By “equivalent
diffusion coefficient” we mean a diffusion coefficient 𝜈𝑇 that yields, after a given time 𝑇 , the same mean
squared displacement. We can clearly see from Figure 7.15 that equivalent diffusion coefficients depend
more on starting heights for moderate values of 𝑇 , but for longer times this difference becomes smaller
and smaller. Since in our model the height 𝑧 is treated as a Markov chain, its probability density converges,
as time passes, to its (unique) stationary probability distribution 18. Thus, it is not surprising that diffusion
coefficients tend to converge to the same value as time passes, since the height distribution will converge
to the stationary one. In any case, we recall that our model is based on the assumption that the effect of
the nearest neighbour on the tracer is dominant, and this can only be valid assuming the tracer is near the
floor. Otherwise, a far-field approach where the action of all the actuators is considered is more suited [89].

18This is a classical result: irreducible and aperiodic Markov chains are ergodic, and they have the property of having a unique
stationary distribution to which they converge for every initial datum.
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Figure 7.15: Different equivalent diffusion coefficients, assuming 𝑛 = 0.005 and 𝑡𝑝 = 2 s, computed using
the relation MSD𝑥𝑦(𝑇 ) = 4𝜈𝑇𝑇 , where we use our model to compute MSD𝑥𝑦(𝑇 ). We consider different
initial heights 𝑧, and for each starting height we compute the equivalent diffusion coefficient 𝜈𝑇 after a
time 𝑇 . We consider 𝑇 = 80 s (in blue), 𝑇 = 200 s (in red), 𝑇 = 800 s (in yellow) and 𝑇 = 2000 s (in
purple). We can see how, as 𝑇 becomes larger, the effect of the starting height on the equivalent diffusivity
gradually decreases. We discretise the height in an interval [0, 10] to avoid possible interferences of the
upper boundary.

We now employ our model to estimate the enhanced diffusion generated by a feeding population of Sty-
lonychia. In contrast to the previous numerical experiments, we can rely on real laboratory data as a bench-
mark. Before proceeding, we briefly summarise the experimental setup described in [155], which provides
the benchmark data we use.

The experiment was performed on a culture of Stylonychia within a Petri dish whose glass plates were
separated by a𝐻 = 3mm gap. As we will see, Stylonychia typically exert forces at a height ℎ ≈ 50 µm,
and for values𝐻∕ℎ > 8 the effect of the ceiling on the flow can be neglected [119]. The movements and
the direction of the force 𝐹 of each Stylonychia are measured using specialised laboratory equipment and
MATLAB programs. See [155, Supporting Information, Section 2.A] for more details.

We consider the Dataset S01 provided in [155, Supporting Information]. Such data contain the 𝑥𝑦 coordi-
nates and the direction of the force 𝐹 of 485 Stylonychia, sampled at time intervals Δ𝑡 ≈ 0.043 s. The
data are quite noisy: coordinates are often saved as NaN (i.e. not a number). The reason is that, at the
moment the coordinates were measured, the microorganism was moving too fast, exceeding a threshold
velocity of 𝑣max = 500 µms−1. This value was established in [155] as the threshold speed above which
microorganisms act on the fluid as moving stresslets rather than Stokeslets, whose effects are negligible
compared to still actuators which act with a non-zero net force. For this reason, we decide to only retain
coordinates of Stylonychia which do not “move too much”, in particular we will only consider Stylonychia
whose coordinates have less than 30% of NaN. From now on, we will call actuators the 176members of this
specific subset of the population of microorganisms, neglecting the others. For each actuator, we consider
its 𝑥𝑦 coordinates, and when a NaN value is encountered we assign a position using linear interpolation
between the nearest non-NaN value before and the nearest non-NaN value after it. We perform the same
interpolation for the directions of the force. We thus have a set of 𝑥𝑦 coordinates and force directions
for a subset of the Stylonychia, which we model as regularised Stokeslets. The benchmark for testing the
model consists of computing themean squared displacement in the 𝑥𝑦 variables and the distribution of the
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heights at the final time 𝑇 = 210 s of a tracer particle advected by the collective action of the actuators.
Before running the numerical simulations, there are some issues we need to address. First, the number
density of the actuators we consider may be too high for our model. We always crucially assumed a low
number density, so that interactions between actuators could be neglected. As we can see in Figure 7.16,
where we consider the initial positions of the actuators, they seem too crowded. Moreover, we cannot
always consider a tracer with a fixed initial position (0, 0, 𝑧1), since positions and orientations of Stylonychia
are given and the displacement would be deterministic. We solve both of these problems as follows. In
the numerical simulations, we will only consider actuators which lie inside a given circle of radius 𝑅 and
center 𝐶 for the whole time 𝑇 = 210 s. For each simulation, we randomly select 𝑀 actuators chosen
between the ones which stay inside the circle, and we only consider the flow they generate. Moreover,
to increase randomness, we consider the tracer’s initial position to be (𝑥, 𝑦, 𝑧1), with 𝑧1 fixed and (𝑥, 𝑦)
uniformly chosen in a circle with center 𝐶 and radius 𝑟 < 𝑅.

Figure 7.16: The black crosses denote the initial positions of the actuators. In numerical simulations, we
select randomly 𝑀 = 10 of the 46 actuators which always stay inside the red circle, with center 𝐶 =
(45, 35) and radius 𝑅 = 25. We also choose a random starting position (with a prescribed height) for the
tracer particle inside the blue circle, which has center𝐶 and radius 𝑟 = 15. With these choices, the number
density of the actuators in numerical simulations is 𝑛 ≈ 0.005.

We nowneed to specify the parameters of the actuators, namely the strength𝑓 of the regularised Stokeslets
they generate, its radius 𝛿 and the height ℎ at which thy exert the force 𝐹 . Such parameters are measured
in [155] and they are (we will neglect the measure uncertainty and directly consider the mean value):

𝐹 = 1200 pN, ℎ = 50 µm, 𝛿 = 43 µm.

We will use, as unit of measure for length, the typical body size of the actuator, which is 𝐿𝑐 = 200 µm.
Since we are interested in the strength 𝑓 of the Stokeslet, we also need to divide𝐹 by the dynamic viscosity
of water, i.e. 10−3 Pa s. We find the values (we omit writing the units of measurement):

𝑓 = 30, ℎ = 0.25, 𝛿 = 0.215.

We are now ready to run simulations, but we still miss some of the data needed for our model. Namely,
we need to specify the probability distributions 𝑝𝑟, 𝑝𝜃 and 𝑝𝑡. As for 𝑝𝑟, since we randomly select a fixed
number𝑀 of actuators in a circle of radius 𝑅, we can assume 𝑝𝑟 to be the probability distribution of the
distance from the nearest neighbour (7.4.4) assuming a number density 𝑛 =𝑀∕(𝑅2𝜋), while for 𝑝𝜃 , since
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we assume isotropy, we consider a uniform distribution. In order to find 𝑝𝑡, we first need to specify when
we consider an actuator to stop being active, i.e. to stop exerting a force in a given direction. There are
two events which we consider to stop this process:

1. The actuator moves too fast, i.e. it is swimming away from its current position;

2. the actuator changes the direction of the force. Indeed microorganisms as Stylonychia, when sur-
rounded by food, perform so-called side stepping reactions (SSR). These are fast movements where
the microorganism does not change position, but reorients itself in order to pump water into its
feeding apparatus from a different direction.

In our model, we consider both of these events to interrupt an encounter, i.e. the motion of a tracer particle.
We also assume, for simplicity, that activation times can only be natural numbers. Then we simply look at
positions and orientations 1 s apart. If the actuator has not moved more than 2.5 (we recall that the thresh-
old velocity is 𝑣max = 500 µms−1 and the unit of length we consider is the typical size of a Stylonychia,
i.e. 𝐿𝑐 = 200 µm) and the angle of the force dos not change “too much” (we consider a threshold value
of 𝜋∕6, since SSR often change the angle more than that, see [155]), we assume it is still active. When
one of the two events occur, we reset the time. In this way, we can find an empirical distribution 𝑝𝑇 (𝑇 ) for
the total activation time 𝑇 of an actuator. We point out that this distribution is not the one needed in our
model. Indeed, we need to find the distribution 𝑝𝑡 of the duration 𝑡 of an encounter from the point of view
of the tracer, while 𝑝𝑇 is the distribution of the total activation time from the point of view of an actuator.
The distribution 𝑝𝑡 can however be derived from 𝑝𝑇 . First, we derive the conditional probability 𝑝̂𝑇 of total
activation times for actuators which we assume to have an encounter with the tracer. To summarise:

• 𝑝𝑡 is the distribution of encounter durations from the point of view of the tracer;

• 𝑝𝑇 is the distribution of the total time an actuator stays active, regardless of the tracer;

• 𝑝̂𝑇 is the distribution of the total time an actuator stays active, conditioned on having an encounter
with the tracer.

The distribution 𝑝̂𝑇 is length-biased [134], i.e. a tracer is more likely to encounter actuators which stay
active for longer, and it is proportional both to 𝑇 and to 𝑝𝑇 (𝑇 ). Normalising the probability, we get

𝑝̂𝑇 (𝑇 ) =
𝑇 𝑝𝑇 (𝑇 )
𝔼[𝑇 ]

,with 𝔼[𝑇 ] = ∫

∞

0
𝑇 𝑝𝑇 (𝑇 )𝑑𝑇 .

We can now derive 𝑝𝑡 from its cumulative distribution. Namely, let 𝑠 be the duration of an encounter and
let 𝑡 be the total time that the actuator associated to such encounter stays active. Then, given 𝑆, 𝑇 > 0:

P({𝑠 > 𝑆}) = ∫

∞

𝑆
P({𝑠 > 𝑆|𝑡 = 𝑇 }) P({𝑡 = 𝑇 })𝑑𝑇 = ∫

∞

𝑆

𝑇 − 𝑆
𝑇

𝑝̂𝑇 (𝑇 )𝑑𝑇 .

Differentiating with respect to 𝑆 the cumulative function P({𝑠 ≤ 𝑆}) = 1 − P({𝑠 > 𝑆}), we find that

𝑝𝑡(𝑡) =
∫ ∞
𝑡 𝑝𝑇 (𝑇 )𝑑𝑇

𝔼[𝑇 ]
.

We can see in Figure 7.17 and Figure 7.18 a comparison between the model prediction and numerical sim-
ulations, which are in good agreement, assuming different starting heights 𝑧1 = 0.25 and 𝑧1 = 0.75 for
the tracer. In the figures we also report linear fits to represent the slope of the mean squared displacement
MSD𝑥𝑦 predicted by the model (constants are added to avoid overlaps). According to (7.2.4) the slopes,
divided by 4, give the enhanced diffusion coefficient 𝜅 generated by the action of the actuators. Converting
the results to standard units of measurement (we recall that we assumed the characteristic size 𝐿𝑐 of a
Stylonychia as the unit of length, with 𝐿𝑐 = 200 µm), we obtain

𝜅 ≈ 3.8 × 10−10m2 s−1 if 𝑧1 = 0.25𝐿𝑐 = 50 µm and 𝜅 ≈ 6 × 10−10m2 s−1 if 𝑧1 = 0.75𝐿𝑐 = 150 µm.
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It is numerically computed [155, Section 5.A] that the ensemble of Stylonychia our dataset refers to, as-
suming tracers initially placed at height 𝑧1 = 150 µm, generates an enhanced diffusion whose maximum
diffusion coefficient is 𝐷𝐹 𝑙𝑥𝑦 ≈ 6 × 10−9m2 s−1. This result seems in accordance with our predictions:
the enhanced diffusion we compute assuming 𝑧1 = 150 µm is ten times smaller than𝐷𝐹 𝑙𝑥𝑦, but this was
to be expected since in each realisation we only consider a small subset of actuators. We also test our
model assuming a higher number density 𝑛 = 0.02, randomly selecting 40 actuators instead of 10 for each
realisation, see Figure 7.19. Since the slopes of the mean squared displacement curves obtained from
numerical experiments and from the model differ, the enhanced diffusion predicted by the model is incor-
rect. This discrepancy suggests that the number density is likely too high for the model’s assumptions to
remain valid. Finally, in Figure 7.20 we consider the full experiment analysed in [155] 19, without selecting
additional subsets of actuators. However, we remark that we shall still select only actuators which do not
“move too much”. As we already noticed, this results in the total number of Stylonychia considered to drop
from 485 to 176. To compute the number density 𝑛 of actuators to assume in our model when considering
the action of all 176 actuators, we exploit the fact that, under the assumption of a uniform distribution of
microorganisms, the number density 𝑛 and the average minimum distance 𝔼[𝑟] between actuators satisfy
the following relation:

𝑛 = 1
4𝔼[𝑟]2

. (7.4.22)

We compute that the average minimum distance between the 176 actuators considered is 𝔼[𝑟] ≈ 2.9,
which gives 𝑛 ≈ 0.03. Using such a value in our model, we find MSD𝑥𝑦(𝑡) as in Figure 7.20. We also plot
linear fits approximating the slope of MSD𝑥𝑦(𝑡) at different times, since its behaviour is not linear. The
resulting diffusion coefficient 𝜅 is in the range 1.2 × 10−9 − 2.6 × 10−9m2 s−1. While smaller than the
coefficient𝐷𝐹 𝑙𝑥𝑦 computed in [155], we believe that such a mismatch is justifiable. Indeed:

• We only considered a fraction of actuators, neglecting those that were “moving too much”, where
we imposed an arbitrary limit to how much we allowed an actuator to move before neglecting it (i.e.
we did not considered actuators whose position vectors contained more than 30% NaN entries).
Although we justified this assumption by noting that, above a threshold speed 𝑣max, the effect of a
crawling Stylonychia can be approximated as that of a moving stresslet (whose influence on the fluid
is negligible compared to static Stokeslets), we did not consider the possibility that the microorgan-
ism’s speed might greatly exceed 𝑣max. In such a case, the drag force could exceed the force exerted
on the fluid by the feeding Stylonychia [155, Figure 3D], so that the overall effect is that of a moving
Stokeslet, which might not be negligible;

• a crucial assumption of our model is that a tracer particle is effectively displaced by one actuator
at a time, with two actuators never interacting with each other. While this assumption is justifiable
assuming a small number density, it is not when the actuators are too crowded. The situation con-
sidered in [155] appears to correspond to the latter case, since hydrodynamic interactions between
individual feeding flows is observed [155, Section 4] and Figure 7.19 shows that even for 𝑛 = 0.02
the model fails to accurately predict the mean squared displacement.

To conclude, we pose two open questions.

1. What is the critical height 𝑍𝑐 above which our model is no longer valid? We recall that, assuming
𝑧 ≫ ℎ, a collective approach has already been investigated [89].

2. What is the critical number density 𝑛𝑐 above which our model is no longer valid? In other words, can
we quantify the assumption of “low number density”, which was also made in [152, 117]?

While we do not know how to answer the first question, we propose a possible criterion for roughly estimat-
ing the range of number densities 𝑛 to which our model applies. Consider a tracer at height 𝑧1 and denote
by 𝔼[𝑟] the average distance of its projection onto the plane {𝑧 = 0} to its nearest neighbour. By (7.4.22),
it holds that 𝔼[𝑟] = 1∕(2

√

𝑛). Let max{[‖Δ𝑥𝑦(𝑧1)‖} denote the maximum norm of the displacement, in

19To be more precise, the Dataset S01 we use corresponds to the case considered in Movie S16; see [155, Supporting Informa-
tion] for more details.
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the 𝑥𝑦 variables only, of the tracer assuming an actuator acts on it for a time 𝑡 = ∫ +∞
0 𝑡𝑝𝑡(𝑡)𝑑𝑡. Then, a

possible criterion might be 20:

max{‖Δ𝑥𝑦(𝑧1)‖} < 𝔼[𝑟] ⟹ 𝑛 < 1
4max{‖Δ𝑥𝑦(𝑧1)‖}2

. (7.4.23)

Figure 7.17: (Up) The mean squared displacement in the 𝑥𝑦 variables (MSD𝑥𝑦) up to time 𝑇 = 210 s
considering a number density 𝑛 = 0.005, the empirical probability distribution 𝑝𝑡 for activation times and
an initial height 𝑧1 = 0.25. We compare themodel prediction (in red) with theMSD𝑥𝑦 obtained by randomly
selecting 10 actuators in a circle of radius 𝑅 = 25 and center 𝐶 = (45, 35), and a random initial position
(in the 𝑥𝑦 variables) for the tracer inside a circle of center 𝐶 and radius 𝑟 = 15. The mean squared
displacement is computed over 5 × 104 realisations. The dotted black lines give the slopes of the curves.
(Down) The height distribution at time 𝑇 = 210 s given by themodel prediction (in red) and by the numerical
experiments described above (in blue).

20We remark that, in our numerical simulations, 𝑡 ≈ 7.6 s and the maximum norms of displacements for a tracer at heights 0.25
and 0.75, considering 𝐿𝑐 = 200 µm as the unit of measurement, are of 3.4 and 4.2. So, the right hand side of (7.4.23) is equal to
0.02 and 0.014 respectively, which are bigger than the number density 𝑛 = 0.005 when considering only 10 actuators. Instead,
the inequality does not hold when considering 40 actuators and a number density 𝑛 = 0.02, and indeed Figure 7.19 shows that
the model fails in predicting the mean squared displacement.
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Figure 7.18: (Up) The mean squared displacement in the 𝑥𝑦 variables (MSD𝑥𝑦) up to time 𝑇 = 210 s
considering a number density 𝑛 = 0.005, the empirical probability distribution 𝑝𝑡 for activation times and
an initial height 𝑧1 = 0.75. We compare themodel prediction (in red) with theMSD𝑥𝑦 obtained by randomly
selecting 10 actuators in a circle of radius 𝑅 = 25 and center 𝐶 = (45, 35), and a random initial position
(in the 𝑥𝑦 variables) for the tracer inside a circle of center 𝐶 and radius 𝑟 = 15. The mean squared
displacement is computed over 5 × 104 realisations. The dotted black lines give the slopes of the curves.
(Down) The height distribution at time 𝑇 = 210 s given by themodel prediction (in red) and by the numerical
experiments described above (in blue).
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Figure 7.19: (Up) The mean squared displacement in the 𝑥𝑦 variables (MSD𝑥𝑦) up to time 𝑇 = 210 s
considering a number density 𝑛 = 0.02, the empirical probability distribution 𝑝𝑡 for activation times and an
initial height 𝑧1 = 0.75. We compare the model prediction (in red) with the MSD𝑥𝑦 obtained by randomly
selecting 40 actuators in a circle of radius 𝑅 = 25 and center 𝐶 = (45, 35), and a random initial position
(in the 𝑥𝑦 variables) for the tracer inside a circle of center 𝐶 and radius 𝑟 = 15. The mean squared
displacement is computed over 104 realisations. The dotted black lines give the slopes of the curves.
(Down) The height distribution at time 𝑇 = 210 s given by themodel prediction (in red) and by the numerical
experiments described above (in blue).
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Figure 7.20: Model prediction of the mean squared displacementMSD𝑥𝑦 up to time 𝑇 = 210 s considering
a number density 𝑛 = 0.03, the empirical probability 𝑝𝑡 for activation times and an initial height 𝑧1 = 0.75.
The dotted black lines give the slopes of the curve.
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