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Introduction

In the last centuries, partial differential equations have been used to model many physi-
cal problems: the Navier-Stokes and Euler equations in fluid dynamics, the Boltzmann
and Vlasov equations in statistical mechanics, the Schrodinger equation in quantum
physics, and many other PDEs concerning, for instance, material science or meteo-
rology. The richness of mathematical structure in these equations is always reason of
surprise.

As a motivating example, we introduce the Vlasov-Poisson system. It describes
the evolution of particles under their self-consistent electric or gravitational field. It is
the continuous counterpart of the N -body problem, which describes the motion of N
mass points under the influence of their mutual attraction governed by Newton’s law
of gravity. The N -body problem has applications in astronomy and plasma physics; for
instance, it describes the solar system or the motion of galaxies. In the gravitational
models, each element of unit mass with position x and velocity v obeys the equation{

ẋ = v

v̇ = −∂xVt(x),

where Vt(x) is the gravitational potential depending on time t and position x. Collisions
between different masses are considered as an extremely unlikely event and are therefore
neglected. Since the number of involved elements in a galaxy can be of order 1010–1012,
the galaxy is described in the Vlasov-Poisson system in a statistical way rather than
keeping track of each mass point. For this reason, we introduce the quantity ft(x, v),
which describes the distribution of particles with given position x and velocity v at
time t. The density ft solves a first order conservation law on phase space

∂tft + v · ∇xft −∇xVt · ∇vft = 0 in (0,∞)× Rd × Rd, (1)

whose characteristics are the equations of motion of a single test particle. In turn, the
gravitational potential Vt is obtained from the physical density

ρt(x) =

∫
Rd
ft(x, v) dv in (0,∞)× Rd (2)

by solving the Poisson equation

−∆Vt = σρt in Rd, lim
|x|→∞

Vt(x) = 0. (3)

iii



iv Introduction

Here, σ ∈ {±1} distinguishes the gravitational (attractive) and the electrostatic (re-
pulsive) problem.

The nonlinear system of partial differential equations (1), (2), and (3) has a trans-
port structure: indeed it can be rewritten as

∂tft + bt · ∇x,vft = 0, (4)

where the vector field bt(x, v) = (v,Et(x)) : R2d → R2d is coupled to ft via the relation
Et = σcdρt ∗ (x/|x|d) and cd is a dimensional constant. Indeed, the force field Et is
obtained as −∇xVt and Vt can be written as the convolution of ρt with a singular kernel
by solving (3). Since the vector field is divergence free, it can be also rewritten as a
continuity equation

∂tft +∇x,v ·
(
btft) = 0. (5)

Solutions of (5), when considering a fixed vector field b, turn out to be obtained by
flowing the initial datum f0 along the characteristics of the vector field b. The deep
connection between the transport/continuity equation (Eulerian point of view) and the
notion of flow (Lagrangian point of view) is one of the most fascinating aspects of this
theory. It is the basis of many results regarding the continuity equation and the flows
even in a non-smooth setting, starting from the fundamental papers of DiPerna and
Lions [DPL1] and Ambrosio [A1].

Many questions regarding the Vlasov-Poisson equation are nowadays little under-
stood and some of them are deeply related to the dual, Lagrangian and Eulerian, nature
of the equation. One of the main open problems in statistical mechanics is, for instance,
the rigorous derivation of the equation. It amounts in proving that, when a sequence
of configurations with finitely many particles approximates a continuous initial distri-
bution of particles, the solutions of the approximate systems converge to the solution
of the Vlasov-Poisson equation. As well as the Boltzmann equation, the Vlasov equa-
tion has been rigorously derived only under restrictive smallness assumptions on the
time of observation, the total mass of matter, or the distance of the distribution func-
tion to equilibrium. Moreover, all derivations of the Vlasov equation assume that the
interaction at small scales is either smooth or not too singular.

As we saw above, the Vlasov-Poisson equation can be seen as a transport equation
in the phase space, coupled with a PDE which determines the gravitational field in
terms of the distribution of particles. The main scope of our thesis is a further step in
understanding some aspects of the interaction between transport equations and PDEs.
More precisely, we consider the following problems, which regard the DiPerna-Lions
theory and the regularity of degenerate elliptic equations, together with the analysis
of the interaction between these points of view in models coming from mathematical
physics.

• The Di Perna-Lions and Ambrosio theory for flows of non-smooth vector fields:
We develop a local version of the DiPerna-Lions theories for ODE’s, providing
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a complete analogy with the Cauchy-Lipschitz theory. More precisely, we prove
existence and uniqueness of a maximal regular flow for non-smooth vector fields
using only local regularity and summability assumptions on the vector field, in
analogy with the classical theory, which uses only local regularity assumptions.

• The quantitative estimates for the ODE: They constitute a different approach
to the DiPerna-Lions theory, this time relying on a priori estimates on solutions
of the ODE rather than on the connection between Lagrangian and Eulerian
structure. We apply these estimates in the Eulerian setting to obtain renormalized
solutions of the continuity equation with a linear source term; this equation is
not easily covered by the methods of DiPerna and Lions.

• The regularity of very degenerate elliptic equations: This problem comes from
a model in traffic dynamic and it is a variant of the optimal transport problem,
which takes into account congestion effects in the transportation. It leads to
different equivalent formulations; they employ in one case some concepts related
to flows of vector fields, in another case the minimization of a variational integral,
where the convexity of the integrand degenerates on a full convex set. We are
interested in the regularity of solutions.

• The Vlasov-Poisson system: This equation, introduced above, couples the trans-
port structure in the phase space (namely, the space of positions and velocities
of particles) with the Laplace equation, which describes the force field. The
existence of classical solutions is limited to dimensions d ≤ 3 under strong as-
sumptions on the initial data, while weak solutions are known to exist under
milder conditions. However, in the setting of weak solutions it is unclear whether
the Eulerian description provided by the equation physically corresponds to a
Lagrangian evolution of the particles. Through general tools concerning the La-
grangian structure of transport equations with non-smooth vector fields, we show
that weak solutions of Vlasov-Poisson are Lagrangian and we obtain global exis-
tence of weak solutions under minimal assumptions on the initial data.

• The semigeostrophic system: It was introduced in meteorology to describe at-
mospheric/ocean flows. After a suitable change of variable, it has a dual version
which couples a transport equation with a nonlinear elliptic PDE, namely the
Monge-Ampère equation. We study the problem of existence of distributional
solutions to the original system.

In the following, we give a quick overview on all these problems and an outline
of the thesis’ content, postponing a more detailed mathematical and bibliographical
description of the single problems to the beginning of each chapter. The results in this
thesis are the final outcome of several collaborations developed during the PhD studies
and have been presented in a series of papers, already published or submitted.
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Flows of non-smooth vector fields Given a vector field b : (0, T ) × Rd → Rd we
consider the ordinary differential equation{

∂tX(t, x) = b(t,X(t, x)) ∀t ∈ (0, T )

X(0, x) = x,
(6)

which is strictly related (via the method of characteristics) to the continuity equation{
∂tu+∇ · (bu) = 0 in (0, T )× Rd

u0 = ū given,
(7)

where u : (0, T ) × Rd → R. If the vector field b is Lipschitz with respect to space
uniformly in time, the Cauchy-Lipschitz theory and classical PDE arguments provide
existence and uniqueness of a solution to (6) and (7). In their fundamental papers,
exploiting the connection between (6) and (7), Di Perna and Lions [DPL4] and Ambro-
sio [A1] proved existence and uniqueness of a so called regular lagrangian flow, namely
a certain solution to (6), even in the case of Sobolev and BV vector fields. However,
the Cauchy-Lipschitz theory is not only pointwise but also purely local, meaning that
existence and uniqueness for small intervals of time depend only on local regularity
properties of the vector fields bt(x). On the other hand, not only the DiPerna-Lions
theory is an almost everywhere theory (and this really seems to be unavoidable) but
also the existence results for the flow depend on global in space growth estimates on
|b|, the most typical one being

|bt(x)|
1 + |x| ∈ L

1
(
(0, T );L1(Rd)

)
+ L1

(
(0, T );L∞(Rd)

)
,

which prevent the trajectories of the flow from blowing up in finite time. In Chapter 2,
based on a joint work [ACF1] with Ambrosio and Figalli, under purely local and natural
assumptions on the vector field, we prove existence of a unique maximal regular flow
X(t, x), defined up to a maximal time TX(x) which is positive L d-a.e. in Rd, with

lim sup
t→TX (x)

|X(t, x)| =∞ for L d-a.e. x ∈ Rd such that TX(x) < T.

We then study, in Chapter 3, the natural semigroup and stability properties of this ob-
ject; finally we analyze the blow-up of the maximal regular flow X(·, x) at the maximal
time TX(x). Surprisingly enough, indeed, the proper blow up of trajectories, namely

lim
t→TX (x)

|X(t, x)| =∞ for L d-a.e. x ∈ Rd such that TX(x) < T

happens only under a global bound on the divergence of b, whereas there are coun-
terexamples if only local bounds are assumed.
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Quantitative estimates for the continuity equation Another aspect of the the-
ory of regular lagrangian flows are the so called “quantitative estimates”, developed
in the Lagrangian case (namely, for solutions of (6)) by Ambrosio, Lecumberry, and
Maniglia [ALM], Crippa and De Lellis [CrDe]. This theory allows to prove unique-
ness and stability of flows, in an independent way with respect to the analysis of the
solutions to the continuity equation. More precisely, the fundamental a-priori estimate
is the following: given a small parameter δ > 0, if X1 and X2 are the flows of two
vector fields b1 and b2 we consider the functional

Φδ(t) :=

∫
Rd

log
(

1 +
|X1(t, x)−X2(t, x)|2

δ

)
dx,

whose time derivative is bounded independently on δ under suitable assumptions on
the vector fields. A similar functional can be employed also in the Eulerian setting to
estimate the distance of two solutions of the continuity equation (7). This approach
is followed in a joint work with Crippa and Spirito [CCS], presented in Chapter 5,
where we consider (7) with a non-smooth vector field and a linear source term, called
damping term (although its sign may be either positive or negative), namely a right-
hand side of the form cu with c : (0, T )×Rd → R. In their fundamental paper [DPL4],
DiPerna and Lions proved that, when c is bounded in space and time, the equation
is well posed in the class of distributional solutions and the solution is transported by
suitable characteristics of the vector field. Thanks to the quantitative estimates for the
solution of the continuity equation, existence and uniqueness of solutions holds under
more general assumptions on the data, for instance, assuming only integrability of the
damping term.

Regularity of degenerate elliptic PDEs In Chapter 6 and 7 we study the gradient
regularity of local minimizers of the functional∫

Ω
F(∇u) + fu, (8)

where we are given a bounded open subset Ω of Rd, a convex function F : Rd → R
which exhibits a large degeneracy set, and an integrable function f : Ω → R. Our
model function is

F(v) =
1

p
(|v| − 1)p+ ∀ v ∈ Rd, (9)

so that the degeneracy set is the entire unit ball. This problem comes from a model by
Beckmann [Be], where, given an urban area where people move from home to work,
the optimal traffic flow σ solves the minimum problem

min

{∫
Ω
F∗(σ) : σ ∈ Lp′(Ω), ∇ · σ = f, σ · ν∂Ω = 0

}
. (10)
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Here, F∗ denotes the convex conjugate of the function F ; by the choice of F in (9), we
have that

F∗(σ) = |σ|+ 1

p′
|σ|p′ ∀σ ∈ Rd

where p′ satisfies 1/p+ 1/p′ = 1. The function F is chosen so that its convex conjugate
F∗ has more than linear growth at infinity (so to avoid “congestion”) and satisfies
lim infw→0 |∇F∗(w)| > 0 (which means that moving in an empty street has a nonzero
cost).

Problem 10 is equivalent to the problem of minimizing the energy (8) with the
particular choice of F given by (9). The unique optimal minimizer σ̄ in problem (10)
turns out to be exactly ∇F(∇u), where F is defined by (9). The continuity of σ̄ is
meaningful in terms of traffic models, as shown in [CJS]. Indeed, one can consider
measures on the space of possible paths and select an optimal measure which satisfies a
Wardrop equilibrium principle: no traveler wants to change his path, provided all the
other ones keep the same strategy. According to this optimal measure, every path is a
geodesic with respect to a metric on Ω of the form g(|σ̄(x)|)Id (where g(t) = 1 + tp−1

is the so-called “congestion function”), which is defined in terms of the optimal traffic
distribution itself. The continuity of σ̄ and, therefore, of the metric allows to set and
study the geodesic problem in the usual sense.

In order to understand the regularity of minimizers of functionals as in (8), we
first recall that, when ∇2F is uniformly elliptic, namely there exist λ,Λ > 0 such that
λId ≤ ∇2F ≤ ΛId, the regularity results of u rely on De Giorgi theorem and Schauder
estimates. If the ellipticity of F degenerates at only one point, then several results are
still available. For instance, in the model case of the p-Laplace equation, that is when
F(v) = |v|p and f = 0, the C1,α regularity of u has been proved by Uraltseva for p ≥ 2,
initiating a wide literature.

With the choice of F in (9), the Lipschitz regularity of a local minimizer u follows
by standard techniques [FFM], since the equation is the classical p-Laplace equation
when the gradient is large. In general no more regularity than L∞ can be expected on
∇u. Indeed, when F is given by (6.5) and f is identically 0, every 1-Lipschitz function
is a global minimizer of (6.4). However, in Chapters 6 and 7, based on joint works with
Figalli [CF1,CF2] we prove the continuity of ∇F(∇u), extending a previous result of
Santambrogio and Vespri [SV] which holds only in dimension 2.

The Vlasov-Poisson system The structure of transport equation hidden in the
nonlinear Vlasov-Poisson system, presented at the beginning of this Introduction, has
been exploited in a huge literature, in order to obtain existence and uniqueness of
classical solutions, namely, solutions where all the relevant derivatives exist. The first
existence results were obtained in dimension 1 by Iordanskii [Io], in dimension 2 by Ukai
and Okabe [UO], in dimension 3 for small data by Bardos and Degond [BD], and for
symmetric initial data in [Ba,Wo,Ho,Sc]. Finally, in 1989 Pfaffelmöser [Pf] and Lions
and Perthame [LP] were able to prove global existence of classical solutions starting
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from general data. Moreover, the uniqueness problem has been addressed under more
restrictive assumptions on the initial datum in [LP] and [Lo3], and both proofs employ
the Lagrangian flow associated to the solution, which is regular enough under a global
bound on the space density.

In recent years, an interesting direction of research in the context of the Vlasov-
Poisson system is given by the analysis of existence, uniqueness and properties of weak
solutions. In particular, when one drops the assumption of boundedness of the initial
density (this assumption is preserved along solutions thanks to the transport structure
of the equation) and assumes only that ft ∈ L1(R2d), the term Etft appearing in the
equation is not even locally integrable. For this reason, Di Perna and Lions [DPL1]
introduced the concept of renormalized solution, which is equivalent to the notion of
weak (distributional) solution under suitable integrability assumptions on ft. In this
context, DiPerna and Lions announced global existence of solutions when the total
energy is finite and f0 log(1 + f0) ∈ L1(R2d).

In the setting of weak solutions, due to the low regularity of the density and of the
vector field, it is unclear whether the Eulerian description provided by the equation
physically corresponds to a Lagrangian evolution of the particles. In Chapter 8 (based
on a joint work with Ambrosio and Figalli [ACF2]), we investigate this problem and
we apply the general tools developed in Chapter 4 to prove that the Lagrangian struc-
ture holds even in the context of weak/renormalized solutions. We obtain also global
existence of weak solutions under minimal assumptions on the initial data and improve
the result in [DPL1], dropping the hypothesis f0 log(1 + f0) ∈ L1(R2d) and assuming
only the finiteness of energy.

The semigeostrophic system The semigeostrophic system models athmosperic/ocean
flows on large scales. The problem can be described in the case of periodic solutions in
R2, namely on the 2-dimensional torus T2


∂t∇Pt(x) +

(
ut(x) · ∇

)
∇Pt(x) = J(∇Pt(x)− x) (x, t) ∈ T2 × (0,∞)

∇ · ut(x) = 0 (x, t) ∈ T2 × [0,∞)

P0(x) = P 0(x) x ∈ T2.

(11)

where P 0 is the initial datum, J ∈ R2×2 is a rotation matrix, ut represents the velocity,
and ∇Pt is related to the pressure of the fluid.

Energetic considerations show that it is natural to assume the convexity of the
function Pt(x). The system (11) has a dual formulation obtained with a change of
variable 

∂tρt +∇ · (Utρt) = 0

Ut(x) = J(x−∇P ∗t (x))

ρt = (∇Pt)]LT2

P0(x) = p0(x) + |x|2/2,
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where P ∗t is the convex conjugate of Pt. The existence of dual solutions was proved in
1998 by Benamou and Brenier [BB], and, starting from the lagrangian solutions of the
dual equation, in [CuFe] the authors managed to build a very weak solution of (11)
of lagrangian type, by reversing the change of variables. The formal expression for the
velocity ut of the original system, given a solution (Pt, ρt) of the dual system, is given
by

ut(x) := [∂t∇P ∗t ](∇Pt(x)) + [∇2P ∗t ](∇Pt(x))J(∇Pt(x)− x). (12)

However, the existence of distributional solutions to (11) stayed as an open problem
due to the low regularity of the change of variable, since a priori ∇2P ∗t is only a matrix-
valued measure and one needs also differentiability in time of ∇P ∗t to give a meaning
to (12). The existence of Eulerian solutions is shown in joint works with Ambrosio, De
Philippis, and Figalli [ACDF1, ACDF2], thanks to the recent regularity results on
solutions of the Monge-Ampère equation [DF3], and it is the content of Chapter 9.

In the final part of this introduction, we outline other works developed during the
PhD that present some common underlying ideas and techniques with the ones outlined
above in this introduction.

Regularity of double phase variational problems Degenerate elliptic problems
arise also to model strongly anisotropic materials. Given Ω ⊂ Rd, d ≥ 2, we are
here interested in the regularity of local minimizers u : Ω→ R of a class of variational
integrals whose model is given by the functional

P(w) :=

∫
Ω

(|Dw|p + a(x)|Dw|q) dx , (13)

which is naturally defined on W 1,1(Ω), where

1 < p < q , 0 ≤ a ∈ C0,α(Ω) , α ∈ (0, 1] .

The functional P belongs to the class of functionals with non-standard growth condi-
tions, which have been widely studied in recent years. These are integral functionals of
the type

w 7→
∫

Ω
f(x,Dw) dx ,

where the integrand f : Ω×Rn → R satisfies unbalanced polynomial growth conditions
of the type

|z|p . f(x, z) . |z|q + 1 for every z ∈ Rd.

In (13), the coefficient a(x) describes the geometry of a composite, made of two different
materials, with power hardening of rate p and q, respectively. From the mathematical
viewpoint, the integrand of (13) switches between two different types (phases) of elliptic
behaviors according to the coefficient a(·). Since a interacts directly with the ellipticity
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of the problem, the presence of x is not any longer a perturbation, and this has direct
consequences on the regularity of minimizers. More precisely, the regularity of the
minimizer holds if the gap between the exponents p and q is controlled in terms of the
regularity of a by

q ≤ p+ α. (14)

This condition is sharp, as shown in the counterexample in [ELM]. In [CM2], Mingione
and I proved that bounded local minimizers of (13) under the assumption (14) have
Hölder continuous gradients, namely ∇u ∈ C0,β for some β > 0. Boundedness is
a rather common feature since it for instance follows by maximum principle when
considering solutions of Dirichlet problems involving a bounded boundary datum u0 ∈
L∞(Ω) ∩W 1,p(Ω). In a companion paper [CM1] we prove that the same regularity
holds also in the case of unbounded local minimizers, but this time we assume a different
relation between the exponents p, q and the regularity of a:

q < p+
αp

n
.

The proofs in [CM1, CM2] rely on many different technical tools, going from the
p-harmonic approximation lemma to a fractional Caccioppoli inequality. A common
underlying idea is to consider, at each scale, namely on every ball BR ⊂ Ω, an alterna-
tive according to the fact that

sup
x∈BR

a(x)

Rα
≤M

holds or not, for a threshold M to be chosen. If it holds, then at this fixed scale we are
in the p-phase and we compare our minimizer to a solution of the p-Laplace equation
in the same ball. Otherwise, we are in the (p, q)-phase and the solution is compared to
the solution of a functional like (13) with frozen coefficient a(·) = a0. The regularity
for the frozen problem has been studied in [Li].

Many questions arise from the results presented above. For instance, in collabora-
tion with Baroni and Mingione [BCM1,BCM2], we see that Harnack inequalities, in
analogy with the results of [DT], hold also for minimizers of double phase integrals and
that the regularity theory developed in [CM1] can be generalized to different ellipticity
types. In particular, we consider a functional of the type

Pln(w) :=

∫
Ω

[
|Dw|p + a(x)|Dw|pln(1 + |Dw|)

]
dx

and correspondingly, the coefficient a is allowed to have a logarithmic modulus of
continuity in order to obtain the Hölder continuity of the minimizer.

Optimal transport with Coulomb cost In some recent papers, Buttazzo, De
Pascale and Gori-Giorgi [BDG] and Cotar, Friesecke and Klüppelberg [CFK] consider
a mathematical model for the strong interaction limit of the density functional theory
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(DFT). In particular, the model for the minimal interaction of N electrons is formulated
in terms of a multimarginal Monge transport problem. Let c : (Rd)N → R be the
Coulomb cost function

c(x1, . . . , xN ) =
∑

1≤i<j≤N

1

|xi − xj |
∀(x1, . . . , xN ) ∈ (Rd)N , (15)

ρ ∈ P(Rd) be a given probability measure on Rd, and T (ρ) be the set of transport maps
T (ρ) = {T : Rd → Rd Borel : T]ρ = ρ}, where T]ρ represents the pushforward measure
of the measure ρ through the Borel map T . We consider the Monge multimarginal
problem

(M) = inf
{∫

Rd
c(x, T2(x), . . . , TN (x)) dµ(x) : T2, . . . , TN ∈ T (ρ)}

and its cyclical version

(Mcycl) = inf
{∫

Rd
c(x, T (x), . . . , T (N−1)(x)) dµ(x) : T ∈ T (ρ), T (N) = Id

}
,

which is meaningful since the cost function is symmetric. Following the standard theory
of optimal transport, we introduce the set of transport plans

Π(ρ) = {γ ∈ P(RdN ) : πi]γ = ρ, i = 1, . . . , N},

where πi : (Rd)N → Rd are the projections on the i-th component for i = 1, . . . , N , and
the Kantorovich multimarginal problem

(K) = min
{∫

(Rd)N
c(x1, . . . , xN )dγ(x1, . . . , xN ) : γ ∈ Π(ρ)

}
,

where, in contrast with (M), we allow the splitting of mass. To every (N − 1)-uple of
transport maps T2, . . . , TN ∈ T (ρ) we associate the transport plan

γ = (Id, T2, . . . , TN )]ρ ∈ Π(ρ).

We remark that the existence of an optimal transport plan, namely a minimizer of
(K), follows from the lower semicontinuity of the cost, from the linearity of the cost
of a plan γ with respect to γ and from the fact that the admissible plans form a tight
subset of the set of measures on (Rd)N . In a joint paper with Di Marino [CD], under
the sharp assumption that ρ is non-atomic, we prove that (K) = (M) = (Mcycl). In
particular, if an optimal transport map exists, it has the cyclical structure that appears
in (Mcycl). This result reduces the optimization problem (K) over measures on RNd to
the problem (Mcycl) over functions on RN and is useful in deriving numerical methods
to compute the value of (K). In a companion paper [CDD], joint work with Di Marino
and De Pascale, we address the problem of existence of optimal transport maps in
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dimension d = 1, providing an explicit construction of the optimal map. For N = 2, in
any dimension, existence follows from the standard optimal transport theory (see [Vi])
since the so called “twist condition” is formally satisfied by the Coulomb cost (15). In
the multimarginal case N ≥ 3, there is no general theory for the existence of optimal
maps and the construction in [CDD] heavily relies on the assumption d = 1. The
generalization of this result to higher dimensions is open.

Geometric characterizations of rigidity in symmetrization inequalities and
nonlocal perimeters Symmetrization inequalities are among the most basic tools
of the Calculus of Variations. They include the Polya-Szego inequality for the Dirichlet
energy, the Steiner symmetrization and its analogous in the Gaussian setting, named
Ehrhard symmetrization, which is a well-known tool in Probability Theory, arising in
the study of geometric variational problems in Gauss space.

The study of their equality cases plays a fundamental role in the explicit character-
ization of minimizers, thus in the computation of optimal constants in geometric and
functional inequalities. Although it is usually easy to derive useful necessary condi-
tions for equality cases, the analysis of rigidity of equality cases (that is, the situation
when every set realizing equality in the given symmetrization inequality turns out to
be symmetric) is a much subtler issue. Sufficient conditions for rigidity have been
known, and largely used, in the case of the Polya-Szego inequality for the Dirichlet
energy [BZ], and of Steiner inequality for perimeter [CCF]. However, these sufficient
conditions fail to be also necessary: for example, the one proposed in [CCF] fails to
characterize rigidity even in the class of polyhedra in R3. A preliminary analysis of
some examples indicates that, in order to formulate geometric conditions which could
possibly be suitable for characterizing rigidity, one needs a measure-theoretic notion
which describes when a Borel set “disconnects” another Borel set. This notion, called
essential connectedness, was first introduced in a joint paper with Cagnetti, De Philip-
pis, and Maggi [CCDM1] and it is inspired by the notion of indecomposable current
adopted in Geometric Measure Theory (see [Fe, 4.2.25]). It allows to formulate in its
terms a simple geometric condition that characterizes rigidity in Ehrhard inequality for
Gaussian perimeter. The same notion can be employed, together with a fine analysis
of the differentiability properties of the barycenter function of a set of finite perimeter
whose sections are segments, to provide various characterizations of rigidity in Steiner
inequality for Euclidean perimeter. This was done in collaboration with Cagnetti, De
Philippis, and Maggi [CCDM2].





Chapter 1

Preliminary results

The aim of this Chapter is twofold. On one side, we give an overview on the classical
results regarding flows of vector fields, the regularity of degenerate elliptic PDEs and,
in particular, the Monge-Ampère equation. These results and ideas will be fundamental
for the development of all the subsequent chapters. On the other side, we present the
classical theory according to a point of view that will be useful in the rest of this thesis,
showing refinements of the known theorems that suit the subsequent discussions.

1.1 An overview on flows of vector fields

Given a vector field b : (0, T )×Rd → Rd we consider the ordinary differential equation{
∂tX(t, x) = bt(X(t, x)) ∀t ∈ (0, T )

X(0, x) = x,
(1.1)

In the smooth setting, namely when b is locally Lipschitz with respect to the space
variable, existence and uniqueness of a solution to (1.1) is guaranteed by the Cauchy-
Lipschitz theorem.

Theorem 1.1 (Cauchy-Lipschitz). Let T > 0, b ∈ L1((0, T ); Liploc(Rd;Rd)).Then for
every x ∈ Rd there exists a unique maximal solution X(·, x) of (1.1) defined in a
nonempty maximal existence time [0, TX(x)). Moreover, the map TX is lower semicon-
tinuous, for every x ∈ Rd such that TX(x) < T the trajectory X(·, x) blows up properly,
namely

lim
t→TX (x)

|X(t, x)| =∞,

and the map X(t, ·) is locally Lipschitz in space on its finiteness domain.

The ODE (1.1) is strictly related (via the method of characteristics) to the transport
equation {

∂tu+ b · ∇u = 0 in (0, T )× Rd

u0 = ū given.
(1.2)

1
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Indeed, if u is a smooth solution of (1.2) and x ∈ Rd, we have

d

dt
ut(X(t, x)) = ∂tut(X(t, x)) + ∂tX(t, x) · ∇ut(X(t, x))

= ∂tut(X(t, x)) + bt(X(t, x)) · ∇ut(X(t, x)) = 0,

so that u is constant along the characteristics of b. Hence, given an initial datum
u0 = ū, we expect

ut(x) = ū(X(t, ·)−1(x))

to be a solution of the transport equation, and this can be easily checked by direct
computation. In the last thirty years, a huge effort has been made in order to develop
a theory of flows of vector fields in the non-smooth setting, in view of applications to
physical systems. In the following, we precise the meaning of the ODE (1.1) and of the
continuity and transport equation in a non-smooth setting. The continuity equation is{

∂tu+∇ · (bu) = 0 in (0, T )× Rd

u0 = ū given,
(1.3)

where u : (0, T )× Rd → R; in the case of a divergence-free vector field, it is equivalent
to the transport equation (1.2). We mostly use standard notation, denoting by L d the
Lebesgue measure in Rd, and by f#µ the push-forward of a Borel nonnegative measure
µ under the action of a Borel map f , namely f#µ(B) = µ(f−1(B)) for any Borel set
B in the target space. We denote by B(Rd) the family of all Borel sets in Rd. In the
family of positive finite measures in an open set Ω, we will consider both the weak
topology induced by the duality with Cb(Ω) that we will call narrow topology, and the
weak topology induced by Cc(Ω). Also, M+

(
Rd
)

will denote the space of finite Borel
measures on Rd, while P

(
Rd
)

denotes the space of probability measures.

In the non-smooth setting, given a Borel vector field b : (0, T ) × Rd → Rd, an
integral curve γ : [0, T ] → Rd of the equation ∂tγ = bt(γ) (see (1.1)) is an absolutely
continuous curve in AC([0, T ];Rd) which satisfies the previous ODE for almost every
t ∈ [0, T ]. The continuity equation is intended in distributional sense, according to the
following definition.

Definition 1.2 (Distributional solutions). A family {µt}t∈[0,T ] of locally finite signed

measures on Rd such that btµt is a locally finite measure is a solution of the continuity
equation if it solves

∂tµt +∇ · (btµt) = 0

in the sense of distributions, namely for every φ ∈ C∞c ((0, T )× Rd)∫ T

0

∫
Rd

[
∂tφt(x) +∇xφt(x) · bt(x)

]
dµt(x) dt = 0.
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The family {µt}t∈[0,T ] is a solution of the continuity equation with initial datum µ0 if

for every φ ∈ C∞c ([0, T )× Rd)∫
Rd
φ0(x)µ0(x) +

∫ T

0

∫
Rd

[
∂tφt(x) +∇xφt(x) · bt(x)

]
dµt(x) dt = 0.

When we consider possibly singular measures µt, the vector field bt has to be defined
pointwise and not only L d-a.e., since the product btµt is sensitive to modifications of bt
in L d-negligible sets. In the following, in particular with Sobolev or BV vector fields,
we will often consider only measures µt which are absolutely continuous with respect
to L d, so everything is well posed and does depend only on the equivalence class of b
in L1

loc((0, T )× Rd).
If we consider a function β ∈ C1(R) and we multiply the transport equation (1.2)

by β′(u), we see that, if u is a smooth solution of the transport equation, so is β(u).
The previous observation is encoded in the following definition.

Definition 1.3 (Renormalized solutions). Let b ∈ L1
loc((0, T );L1

loc(Rd;Rd)) be a vector
field with div b ∈ L1

loc((0, T );L1
loc(Rd;Rd)). Let u ∈ L∞loc((0, T );L∞loc(Rd)) and assume

that, in the sense of distributions, there holds

c := ∂tu+ b · ∇u ∈ L1
loc((0, T );L1

loc(Rd;Rd)). (1.4)

Then, u is a renormalized solution of (1.4) if for every β ∈ C1(R) ∩ L∞(R)

∂tβ(u) + b · ∇β(u) = cβ′(u).

in the sense of distributions. Analogously, we say that u is a renormalized solution
starting from a Borel function u0 : Rd → R if∫

Rd
φ0(x)β(u0(x)) dx+

∫ T

0

∫
Rd

[∂tφt(x) +∇φt(x) · bt(x)]β(ut(x)) dx dt = 0

for all φ ∈ C∞c ([0, T )× Rd) and all β ∈ C1 ∩ L∞(R).

The renormalization property describes a property of solutions of a wide class of
PDEs related to the transport equation (1.2); for this reason, we will introduce in the
following Chapters a few definitions of renormalized solutions that capture better the
features of each single problem. The renormalization property can be also used to give
a meaning to equation (1.3) when the boundedness (or even the integrability) of u is
not any more assumed as an assumption. Indeed, although the product btut may not
even be locally integrable if bt ∈ L1

loc((0, T )×Rd) and ut ∈ L1
loc((0, T )×Rd), the term

btβ(ut) appearing in (5.11) is always locally integrable. This will be used in Chapter 8
to give a general notion of solution to the Vlasov-Poisson equation and in Chapter 5
for the continuity equation with an integrable damping term (see Definition 8.1 and 5.3
respectively).
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If the vector field b is not assumed to be smooth, namely locally Lipschitz in space,
but only Sobolev or BV, easy one dimensional examples show that the uniqueness of
trajectories of the ODE 1.1 fails. For instance, if we consider the autonomous vector
field b(x) =

√
|x|, x ∈ R, then we have many solutions of the ODE, which start from

x0 = −c2 < 0, reach the origin in time 2c, stay at the origin for any time T ≥ 0, and
continue as (t− T − 2c)2.

However, one can still associate to the vector field b a notion of flow, made of a
selection of trajectories of the ODE. Among all possible selections, we prefer the ones
that do not allow for concentration, as presented in the following definition.

Definition 1.4. Let T > 0 and b : (0, T )×Rd → Rd a Borel, locally integrable vector
field. We say that the Borel map X : Rd × [0, T ]→ Rd is a regular Lagrangian flow of
b if the following two properties hold:

(i) for L d-a.e. x ∈ Rd, X(·, x) ∈ AC([0, T ];Rd) and solves the ODE ẋ(t) = bt(x(t))
L 1-a.e. in (0, T ), with the initial condition X(0, x) = x;

(ii) there exists a constant C = C(X) satisfying X(t, ·)#L d ≤ CL d for every t ∈
[0, T ].

It can be easily checked that the definition of regular Lagrangian flow depends on
the equivalence class of b in L1

loc((0, T )×Rd) rather then on the pointwise values of b.

The well-celebrated papers of DiPerna and Lions [DPL4] and Ambrosio [A1] pro-
vide existence and uniqueness of the regular Lagrangian flow assuming local Sobolev
or BV regularity of b, boundedness of the distributional divergence div b, and some
growth conditions on b.

Theorem 1.5. Let b ∈ L1((0, T );BVloc(Rd;Rd)) be a vector field that satisfies the
bound on the divergence (div b)− ∈ L1((0, T );L∞(Rd)) and the growth condition

|bt(x)|
1 + |x| ∈ L

1((0, T );L1(Rd)) + L1((0, T );L∞(Rd)).

Then there exists a unique regular Lagrangian flow X of b.

The previous theorem has been extended to different classes of vector fields; some
of them are listed in Remark 1.9 below. Thanks to the existence and uniqueness of a
regular lagrangian flow, it is possible to define the notion of Lagrangian solution for the
continuity and transport equation. These are solutions obtained by flowing the initial
datum according to the regular lagrangian flow of b.

The proof of the previous theorem is based on the interaction between the PDE
point of view on the continuity equation and the lagrangian techniques. In the following
two sections, we present two key ideas behind Theorem 1.5, which in turn will be
fundamental in order to develop a local version of Theorem 1.5.
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1.2 A bridge between Lagrangian and Eulerian solutions:
the superposition principle

This section is devoted to the so called “superposition principle”, which encodes the
connection between the Eulerian and the Lagrangian formulation of the continuity
equation, namely between nonnegative distributional solutions of the PDE and solu-
tions transported by a set of (possibly branching) curves. The aim of Section 1.3 is,
then, to show that, under more restrictive assumptions on the vector field, this set of
curves is given exactly by the flow of b.

Let us fix T ∈ (0,∞) and consider a weakly continuous family µt ∈ M+

(
Rd
)
,

t ∈ [0, T ], solving in the sense of distributions the continuity equation

d

dt
µt +∇ · (btµt) = 0 in (0, T )× Rd

for a Borel vector field b : (0, T )×Rd → Rd, locally integrable with respect to the space-
time measure µtdt. When we restrict ourselves to probability measures µt, then weak
and narrow continuity w.r.t. t are equivalent; analogously, we may equivalently consider
compactly supported test functions ϕ(t, x) in the weak formulation of the continuity
equation, or functions with bounded C1 norm whose support is contained in I × Rd
with I b (0, T ). If J ⊂ R is an interval and t ∈ J , we denote by et : C(J ;Rd)→ Rd the
evaluation map at time t, namely et(η) := η(t) for any continuous curve η : J → Rd.

We now recall the so-called superposition principle. We prove it under the gen-
eral assumption that µt may a priori vanish for some t ∈ [0, T ], but satisfies (1.5);
we see in Remark 1.7 that this assumption implies that there is no mass loss, namely
µt(Rd) = µ0(Rd) for every t ∈ [0, T ]. Remark 1.7 allows the reduction of the su-
perposition principle, as stated below, to [AC1, Theorem 12], which presents the
same result assuming that the family µt is made of probability measures. We men-
tion also [AGS1, Theorem 8.2.1], where a proof is presented in the even more special
case of Lp integrability on b for some p > 1∫ T

0

∫
Rd
|bt(x)|p dµt(x) dt <∞.

The superposition principle will play a role in the proof of the comparison principle
stated in Proposition 1.11, in the blow-up criterion of Theorem 3.13 and in Theorem 4.9,
where a completely local version of the superposition principle is presented.

Theorem 1.6 (Superposition principle and approximation). Let b : (0, T )× Rd → Rd
be a Borel vector field. Let µt ∈ M+

(
Rd
)
, 0 ≤ t ≤ T , with µt weakly continuous in

[0, T ] solution to the equation d
dtµt + div (bµt) = 0 in (0, T )× Rd, with∫ T

0

∫
Rd

|bt(x)|
1 + |x| dµt(x) dt <∞. (1.5)

Then there exists η ∈M+

(
C([0, T ];Rd)

)
satisfying:
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(i) η is concentrated on absolutely continuous curves η in [0, T ], solving the ODE
η̇ = bt(η) L 1-a.e. in (0, T );

(ii) µt = (et)#η (so, in particular, µt(Rd) = µ0(Rd)) for all t ∈ [0, T ].

Moreover, there exists a family of measures µRt ∈ M+

(
Rd
)
, narrowly continuous in

[0, T ], solving the continuity equation and supported on BR, such that µRt ↑ µt as
R→∞ for all t ∈ [0, T ].

Remark 1.7. We show that, if µt and bt are taken as in Theorem 1.6 then µt does not
loose or gain mass, namely

µt(Rd) = µ0(Rd) ∀t ∈ [0, T ]. (1.6)

Indeed, let R ≥ 1 and χR ∈ C∞c (B3R) be a cut-off function with 0 ≤ χR ≤ 1, χR ≡ 1 on
a neighborhood of BR and |∇χR| ≤ χB3R\BR . Since µt solves the continuity equation
and since 1/R ≤ 4/(1 + |x|) for |x| ∈ B3R \BR, we have∣∣∣ ∫

Rd
χR dµ0 −

∫
Rd
χR dµt

∣∣∣ ≤ ∫ T

0

∣∣∣ d
dt

∫
Rd
χR dµt

∣∣∣ dt
=

∫ T

0

∣∣∣ ∫
B3R\BR

bt · ∇χR dµt
∣∣∣ dt

≤ 1

R

∫ T

0

∫
B3R\BR

|bt| dµt dt

≤ 4

∫ T

0

∫
B3R\BR

|bt(x)|
1 + |x| dµt(x) dt.

Hence we deduce that

µ0(BR)− µt(B3R) ≤
∫
Rd
χR dµ0 −

∫
Rd
χR dµt ≤ 4

∫ T

0

∫
B3R\BR

|bt(x)|
1 + |x| dµt(x) dt (1.7)

and

µt(BR)− µ0(B3R) ≤
∫
Rd
χR dµt −

∫
Rd
χR dµ0 ≤ 4

∫ T

0

∫
B3R\BR

|bt(x)|
1 + |x| dµt(x) dt. (1.8)

Letting R → ∞ in (1.7) and (1.8), the right-hand sides converge to 0 by (1.5) and we
find (1.6).

The proof of the superposition principle, as stated in Theorem 1.6, can be found
in [AC1, Theorem 12], once Remark 1.7 is taken into account. The proof is based on a
clever regularization argument: we consider a family of convolution kernels {ρε}ε∈(0,1),

having integral 1 and supported on the whole Rd, and we define

µεt := µt ∗ ρε, bε :=
(bµt) ∗ ρε
µt ∗ ρε

.
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We callXε the flow of the vector field bε, so that µε solves the continuity equation and it
is transported by Xε, since bε satisfies some local Lipschitz bounds, uniformly in time.
Then, we define ηε ∈M (AC([0, T ];Rd)) as the law under µε0 of the map x 7→Xε(·, x),
namely ηε := Xε(·, x)#µ

ε
0. Assumption (1.5) (which holds uniformly also for bε and

µε) allows to conclude that the sequence ηε is tight and hence it converges to some η
(up to subsequences). Finally, one can show that

∫ ∣∣∣η(t)− x−
∫ t

0 bs(η(s)) ds
∣∣∣

1 + max[0,T ] |η|
dη(η) = 0 for every t ∈ [0, T ],

which proves that η is concentrated on integral curves of b.

The last statement in Theorem 1.6 can simply be obtained by restricting η to the
class of curves contained in BR for all t ∈ [0, T ] to obtain positive finite measures
ηR ≤ η which satisfy ηR ↑ η, and then defining µRt := (et)#η

R.

1.3 Uniqueness of bounded solutions of the continuity
equation

In Section 1.2 we saw that, under very general assumptions, nonnegative distributional
solutions of the continuity equation are transported by a set of curves. The aim of
this section is to exploit the connection between the well posedness of the continuity
equation and the fact that solutions of the continuity equation are lagrangian, namely,
are transported by the flow of b. In particular, we show in Theorem 1.12 that, if
the vector field b satisfies a local uniqueness property of solutions of the continuity
equation, then the disintegration of every representation of a bounded distributional
solution with respect to the evaluation at time 0 gives a family of deltas, which in turn
represent the regular lagrangian flow.

Given a closed interval I ⊂ R and an open set Ω ⊂ Rd, let us define the class LI,Ω of
all nonnegative functions which are essentially bounded, nonnegative, and compactly
supported in Ω:

LI,Ω := L∞
(
I;L∞+ (Ω)

)
∩
{
w : suppw is a compact subset of I × Ω

}
. (1.9)

We say that ρ ∈ LI,Ω is weakly∗ continuous if there is a representative ρt with t 7→
ρt continuous in I w.r.t. the weak∗ topology of L∞(Ω). Notice that, in the class
LI,Ω, weak∗ continuity of ρ is equivalent to the narrow continuity of the corresponding
measures µt := ρtL d ∈M+

(
Rd
)
.

For T ∈ (0,∞) we are given a Borel vector field b : (0, T )× Ω→ Rd satisfying:

(a-Ω)
∫ T

0

∫
Ω′ |b(t, x)| dxdt <∞ for any Ω′ b Ω;
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(b-Ω) for any nonnegative ρ̄ ∈ L∞+ (Ω) with compact support in Ω and any closed interval
I = [a, b] ⊂ [0, T ], the continuity equation

d

dt
ρt + div (bρt) = 0 in (a, b)× Ω

has at most one weakly∗ continuous solution I 3 t 7→ ρt ∈ LI,Ω with ρa = ρ̄.

Remark 1.8. Theorem 1.5 holds also if the local regularity of b, namely the hypothesis
b ∈ L1((0, T );BVloc(Rd;Rd)), is substituted by assumptions (a-Rd) and (b-Rd). This
can be seen from the proof of Theorem 1.5 and will be clear after the discussion in
Chapter 2.

Remark 1.9. Assumption (b-Ω) is known to be true in many cases. The following list
does not pretend to be exhaustive:

– Sobolev vector fields [DPL4], BV vector fields whose divergence is a locally
integrable function in space [Bo,CL1,CL2,A1], some classes of vector fields of bounded
deformation [ACM];

– vector fields B(x, y) = (b1(x, y), b2(x, y)) with different regularity w.r.t. x and
y [LL,Ler];

– two-dimensional Hamiltonian vector fields [ABC] (within this class, property
(b-Ω) has been characterized in terms of the so-called weak Sard property);

– vector fields arising from the convolution of L1 functions with singular inte-
grals [BC1,BC2]. In this case, the authors proved uniqueness of the regular lagrangian
flow associated to b; we outline in the next remark how to obtain the eulerian unique-
ness property (b-Ω) following their argument.

– vector fields with a particular structure, one of whose components is obtained from
the convolution of a finite measure with a singular kernel [BBC1] (see also Section 1.4).

Remark 1.10. Under the assumptions on the vector field b considered in [BC2], the
authors proved in [BC2, Theorem 6.2] the uniqueness of the lagrangian flow. In their
key estimate, the authors take two regular lagrangian flows X and Y , provide an upper
and lower bound for the quantity

Φδ(t) :=

∫
log
(

1 +
|X(t, x)− Y (t, x)|

δ

)
dx t ∈ [0, T ] (1.10)

in terms of a parameter δ > 0, and eventually let δ → 0. To show that property (b-Ω)
holds, we consider two nonnegative bounded solutions of the continuity equation with
the same initial datum which are compactly supported in [a, b] × Ω. By Theorem 1.6
there exist η1,η2 ∈ P

(
C([a, b];Rd)

)
which are concentrated on absolutely continu-

ous solutions η ∈ AC([a, b]; Ω) of the ODE η̇ = b(t, η) L 1-a.e. in (a, b), and satisfy
(et)#η

i ≤ CL d for any t ∈ [a, b], i = 1, 2. Moreover, we have that (ea)#η
1 = (ea)#η

2.
Given δ > 0, we consider the quantity

Ψδ(t) :=

∫
Ω

∫ ∫
log
(

1 +
|γ(t)− η(t)|

δ

)
dη1

x(γ)dη2
x(η) d[(ea)#η

1](x) t ∈ [a, b],

(1.11)
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where η1
x, η2

x are the disintegrations of η1 and η2 with respect to the map ea. Since
η1 and η2 are concentrated on curves in C([a, b]; Ω), to show that η1 = η2 we can
neglect the behavior of b outside Ω. Following the same computations of [BC2] with
the functional (1.11) instead of (1.10), we show that η1

x = η2
x for (ea)#η

1-a.e. x ∈ Ω
and this implies the validity of property (b-Ω).

More recently, these well-posedness results have also been extended to vector fields
in infinite-dimensional spaces (see [AF] and the bibliography therein). It is interesting
to observe that the uniqueness assumption in (b-Ω) actually implies the validity of a
comparison principle.

Proposition 1.11 (Comparison principle). If (a-Ω) and (b-Ω) are satisfied, then the
following implication holds:

ρ1
0 ≤ ρ2

0 =⇒ ρ1
t ≤ ρ2

t ∀ t ∈ [0, T ]

for all weakly∗ continuous solutions of (1.3) in the class L[0,T ],Ω.

Proof. Let ηi be representing µit := ρitL
d according to Theorem 1.6, and let ηix be

the conditional probability measures induced by e0, that is∫
F (η) dηi =

∫
Rd

(∫
F (η) dηix

)
dµi0(x) ∀F : C([0, T ];Rd)→ R bounded,

or (in a compact form) ηi(dη) =
∫
ηix(dη) dµi0(x). Defining

η̃(dη) :=

∫
η2
x dµ

1
0(x), µ̃t := (et)#η̃,

because µ1
0 ≤ µ2

0, we get η̃ ≤ η2. Moreover, the densities of measures µ̃t and µ1
t provide

two elements in L[0,T ],Ω, solving the continuity equation with the same initial condition
µ1

0. Therefore assumption (b-Ω) gives µ̃t = µ1
t for all t ∈ [0, T ], and µ1

t = µ̃t = (et)#η̃ ≤
(et)#η

2 = µ2
t for all t ∈ [0, T ], as desired. �

Theorem 1.12. Assume that b satisfies (a-Ω) and (b-Ω), and let λ ∈P
(
C([0, T ];Rd)

)
satisfy:

(i) λ is concentrated on{
η ∈ AC([0, T ]; Ω) : η̇(t) = bt(η(t)) for L 1-a.e. t ∈ (0, T )

}
;

(ii) there exists C0 ∈ (0,∞) such that

(et)#λ ≤ C0L
d ∀ t ∈ [0, T ]. (1.12)
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[]

X(·, x)

Y(·, x)

t0

Figure 1.1: The trajectories X(·, x) and Y (·, x) on which a certain λ may be concen-
trated.

Then the conditional probability measures λx induced by the map e0 are Dirac masses
for (e0)#λ-a.e. x; equivalently, there exist curves ηx ∈ AC([0, T ]; Ω) solving the Cauchy
problem η̇ = bt(η) with the initial condition η(0) = x, satisfying

λ =

∫
δηx d[(e0)#λ](x).

The simplest situation where the thesis of Theorem 1.12 does not hold is given by
a measure λ such that, for a set of positive measure A ⊆ Rd of initial positions, there
are two integral curves of b, X(·, x) and Y (·, x) on which λx is concentrated, and the
measure λx weights them equally. Up to reducing the set A, we may assume that all the
trajectories X(·, x) and Y (·, x) starting from A live in a compact set and, after some
time t0 > 0, the two sets X(t0, A) and Y (t0, B) are disjoint (see Figure 1.3). Hence,
the two solutions obtained by flowing the initial datum (e0)#λ A according to X and
Y are concentrated on disjoint sets at time t0. This contradicts the well-posedness of
the continuity equation.

Proof of Theorem 1.12. Let {An}n∈N be an increasing family of open subsets of Ω
whose union is Ω, with An b An+1 b Ω for every n. Possibly considering the re-
striction of λ to the sets{

η ∈ C([0, T ];Rd) : η(t) ∈ An for every t ∈ [0, T ]
}

it is not restrictive to assume that λ is concentrated on a family Γ of curves satisfying⋃
η∈Γ η([0, T ]) b Ω. Then, using the uniqueness assumption for uniformly bounded

and compactly supported solutions to the continuity equation, the result follows from
the decomposition procedure of [AC1, Theorem 18] (notice that the latter slightly
improves the original argument of [A1, Theorem 5.4], where comparison principle for
the continuity equation was assumed, see also Proposition 1.11 and its proof). For the
sake of completeness, we describe briefly the idea of the argument. By contradiction,
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we assume that λx are not Dirac masses in a set of (e0)#λ positive measure. Hence
we can find t0 ∈ (0, T ], two disjoint Borel sets E,E′ ⊆ Rd, and a Borel set C with
[(e0)#λ](C) > 0, such that

λx
(
{γ : γ(t0) ∈ E}

)
λx
(
{γ : γ(t0) ∈ E′}

)
> 0 ∀x ∈ C

and more precisely

0 <
λx
(
{γ : γ(t0) ∈ E}

)
λx
(
{γ : γ(t0) ∈ E′}

) ≤M ∀x ∈ C (1.13)

for some M > 0 (see [AC1, Lemma 16]). Setting f(x) the ratio in (1.13), we introduce

λ1 := λ {γ : γ(0) ∈ C, γ(t0) ∈ E}, λ2 := f(γ(0))λ {γ : γ(0) ∈ C, γ(t0) ∈ E′}

The measures (et)#λ
1 and (et)#λ

2 are the two bounded distributional solutions of the
continuity equation with the same initial datum (by the definition of f), hence they
should coincide by our assumption on the vector field. On the other hand, (et0)#λ

1

and (et0)#λ
2 are orthogonal, and this gives a contradiction.

Remark 1.13. The assumption (b-Ω) is purely local, as it is proved in Section 2.3.
Moreover, it could be reformulated in terms of a local uniqueness property of regular
lagrangian flows: for any t0 ≥ 0, x0 ∈ Ω there exists ε := ε(t0, x0) > 0 such that for any
Borel set B ⊂ Bε(x0) ⊂ Ω and any closed interval I = [a, b] ⊂ [t0 − ε, t0 + ε] ∩ [0, T ],
there exists at most one regular lagrangian flow in B× [a, b] with values in Bε(x0) (see
Definition 2.1).

Indeed, (b-Ω) implies the local uniqueness of regular lagrangian flows by Theo-
rem 1.12 applied to λ = 1

2

∫
B(δX(·,x) + δY (·,x)) dL

d(x), where X and Y are regular
lagrangian flows in B × [a, b]; on the other hand, we obtain the converse implication
through the superposition principle. This approach has the advantage to state the as-
sumptions and the results of Chapter 2, 3, and 4, and only in terms of the lagrangian
point of view on the continuity equation. On the other hand, in concrete examples it
is usually easier to verify assumption (b-Ω) than the corresponding lagrangian formu-
lation.

1.4 Uniqueness for the continuity equation and singular
integrals

In this section we deal with uniqueness of solutions to the continuity equation when
the gradient of the vector field is given by the singular integral of a time dependent
family of measures. This kind of vector fields appear when considering weak solutions
of the Vlasov-Poisson system, as in Chapter 8. The theorem is a minor variant of a
result by Bohun, Bouchut, and Crippa [BBC1] (see also [BC2], where the uniqueness
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is proved for vector fields whose gradient is the singular integral of an L1 function).
We give the proof of the theorem under the precise assumptions that we need later
on, since [BBC1] deals with globally defined regular flows (hence the authors need to
assume global growth conditions on the vector field), whereas here we present a local
version of such result.

Theorem 1.14. Let b : (0, T ) × R2d → R2d be given by bt(x, v) = (b1t(v), b2t(x)),
where

b1 ∈ L∞((0, T );W 1,∞
loc (Rd;Rd)), b2t = K ∗ ρt

with ρ ∈ L∞((0, T ); M+(Rd)) and K(x) = x/|x|d.
Then b satisfies (b) of Section 3.5, namely the uniqueness of bounded, compactly sup-
ported, nonnegative, distributional solutions of the continuity equation.

Proof. To simplify the notation we give the proof in the case of autonomous vector
fields, but the same computations work for the general statement.

It is enough to show that, given BR ⊂ Rd and η ∈ P
(
C([0, T ];BR × BR)

)
con-

centrated on integral curves of b and such that (et)#η ≤ C0L d for all t ∈ [0, T ], the
disintegration ηx of η with respect to the map e0 is a Dirac delta for e0#η-a.e. x.
Indeed, any two nonnegative, bounded, compactly supported, distributional solutions
with the same initial datum ρ̄ can be represented through the superposition principle
(see Theorem 1.6 or [AC1, Theorem 12]) by η1, η2 ∈P

(
C([0, T ];BR ×BR)

)
. Hence,

setting η = (η1 +η2)/2, if we can prove that ηx is a Dirac delta for ρ̄-a.e. x we deduce
that (η1)x = (η2)x = ηx for ρ̄-a.e. x, thus η1 = η2.

To show that ηx is a Dirac delta for e0#η-a.e. x, let us consider the function

Φδ,ζ(t) :=

∫∫∫
log
(

1 +
|γ1(t)− η1(t)|

ζδ
+
|γ2(t)− η2(t)|

δ

)
dηx(γ)dηx(η) dρ̄(x),

where δ, ζ ∈ (0, 1) are small parameters to be chosen later, t ∈ [0, T ], ρ̄ := (e0)#η, and
we use the notation γ(t) = (γ1(t), γ2(t)) ∈ Rd × Rd. It is clear that Φδ,ζ(0) = 0.

Let us define the probability measure µ ∈P
(
Rd ×C([0, T ];Rd)2

)
by dµ(x, η, γ) :=

dηx(η)dηx(γ)dρ̄(x), and assume by contradiction that ηx is not a Dirac delta for ρ̄-a.e.
x. This means that there exists a constant a > 0 such that∫∫∫ (∫ T

0
min

{
|γ(t)− η(t)|, 1

}
dt

)
dµ(x, η, γ) ≥ a.

By Fubini’s Theorem this implies that there exists a time t0 ∈ (0, T ] such that∫∫∫
min

{
|γ(t0)− η(t0)|, 1

}
dµ(x, η, γ) ≥ a

T
.

Since the integrand is bounded by 1 and the measure µ has mass 1, this means that
the set

A :=

{
(x, η, γ) : min

{
|γ(t0)− η(t0)|, 1

}
≥ a

2T

}
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has µ-measure at least a/(2T ). Then, assuming without loss of generality that a ≤ 2T ,
this implies that |γ(t0)− η(t0)| ≥ a/(2T ) for all (x, η, γ) ∈ A, hence

Φδ,ζ(t0) ≥
∫∫∫

A
log
(

1 +
|γ1(t0)− η1(t0)|

ζδ
+
|γ2(t0)− η2(t0)|

δ

)
dµ(x, η, γ)

≥ a

2T
log
(

1 +
a

2δT

)
.

(1.14)

We now want to show that this is impossible.

Computing the time derivative of Φδ,ζ we see that

dΦδ,ζ

dt
(t) ≤

∫
Rd

∫ ∫ ( |b1(γ2(t))− b1(η2(t))|
ζ
(
δ + |γ2(t)− η2(t)|

) +
ζ|b2(γ1(t))− b2(η1(t))|
ζδ + |γ1(t)− η1(t)|

)
dµ(x, η, γ).

(1.15)
By our assumption on b1, the first summand is easily estimated using the Lipschitz
regularity of b1 in BR:∫

Rd

∫ ∫ |b1(γ2(t))− b1(η2(t))|
ζ(δ + |γ2(s)− η2(s)|) dµ(x, η, γ) ≤

‖∇b1‖L∞(BR)

ζ
. (1.16)

To estimate the second integral we show that for some constant C, which depends
only on d, |ρ|(Rd) and R, one has∫∫∫

ζ|K ∗ ρ(γ1(t))−K ∗ ρ(η1(t))|
ζδ + |γ1(t)− η1(t)| dµ(x, η, γ) ≤ Cζ

(
1 + log

(C
ζδ

))
. (1.17)

To this end, we first recall the definition of weak Lp norm of a µ-measurable function
f : X → R in a measure space (X,µ):

|||f |||Mp(X,µ) := sup{λµ({|f | > λ})1/p : λ > 0}.

By [BC2, Proposition 4.2 and Theorem 3.3(ii)], there exists a modified maximal op-
erator M̃ , which associates to every function of the form DK ∗ σ, σ ∈ M+(Rd), the
function M̃(DK ∗ σ) ∈ L1(Rd) with the following properties: there exists a set L with
L d(L) = 0 such that

|K ∗ σ(x)−K ∗ σ(y)| ≤ C
[
M̃(DK ∗ σ)(x) + M̃(DK ∗ σ)(y)

]
|x− y| ∀x, y ∈ Rd \L,

(1.18)
and the weak-L1 estimate

|||M̃(DK ∗ ρ)|||M1(BR) ≤ C|ρ|(Rd) (1.19)

holds with a constant C which depends only on d and R. Applying (1.18), we see that∫∫∫ |K ∗ ρ(γ1(t))−K ∗ ρ(η1(t))|
ζδ + |γ1(t)− η1(t)| dµ ≤

∫
gt(x, η, γ) dµ, (1.20)
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where

gt(x, η, γ) := min

{
CM̃(DK ∗ ρ)(γ1(t)) + CM̃(DK ∗ ρ)(η1(t)),

|K ∗ ρ|(γ1(t)) + |K ∗ ρ|(η1(t))

ζδ

}
.

Let us fix p := d
d−1/2 ∈

(
1, d

d−1

)
, so that |K| ∈ Lploc(R

d). The last term in (1.20)

can be estimated thanks to the following interpolation inequality (see [BC2, Lemma
2.2])

‖gt‖L1(µ) ≤
p

p− 1
|||gt|||M1(µ)

(
1 + log

( |||gt|||Mp(µ)

|||gt|||M1(µ)

))
.

Then, the first term in the right-hand side above can be estimated using our assumption
(et)#η ≤ C0L d and (1.19):

|||gt|||M1(µ) ≤ 2|||M̃(DK ∗ ρ)(η1(t))|||M1(µ)

= 2|||M̃(DK ∗ ρ)(η1(t))|||M1(η)

= 2|||M̃(DK ∗ ρ)(x)|||M1(BR×BR,et#η)

≤ 2C0|||M̃(DK ∗ ρ)(x)|||M1(BR×BR,L 2d)

≤ 2C0L
d(BR)|||M̃(DK ∗ ρ)(x)|||M1(BR,L d)

≤ 2C0CL d(BR)|ρ|(Rd).
Similarly, the second term in the right hand side can be estimated using (et)#η ≤ C0L d

and Young’s inequality:

|||gt|||Mp(µ) ≤ 2(ζδ)−1‖(K ∗ ρ)(η1(t))‖Lp(µ) = 2(ζδ)−1‖(K ∗ ρ)(η1(t))‖Lp(η)

≤ 2C0(ζδ)−1‖(K ∗ ρ)(x)‖Lp(BR×BR) ≤ 2C0(ζδ)−1L d(BR)‖(K ∗ ρ)‖Lp(BR)

≤ 2C0(ζδ)−1L d(BR) ‖K‖Lp(BR)|ρ|(Rd)
≤ C(ζδ)−1,

where C depends on d, R, and |ρ|(Rd). Combining these last estimates with (1.20), we
obtain (1.17).

Then, using (1.15), (1.16), and (1.17), we deduce that

dΦδ,ζ

dt
(t) ≤ C

ζ
+ Cζ + Cζ log

(C
ζδ

)
for some constant C depending only on d, R, |ρ|(Rd), and ‖∇b1‖L∞(Rd). Integrating
with respect to time in [0, t0], we find that

Φδ,ζ(t0) ≤ Ct0
(

1

ζ
+ ζ + ζ log

(C
ζ

)
+ ζ log

(1

δ

))
.

Choosing first ζ > 0 small enough in order to have Ct0ζ < a/(2T ) and then letting
δ → 0, we find a contradiction with (1.14), which concludes the proof. �
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1.5 Optimal transport

In this section we present the basic optimal transport tools that are needed in order
to build physical solutions of the semigeostrophic system, as we will do in Chapter 9.
We refer to [Vi,AmGi] for a presentation of the topic and to [Gu] for the regularity
theory of the related Monge-Ampère equation.

Given two probability measures µ, ν ∈ P
(
Rd
)

we consider all transport maps T
that “move µ onto ν”, namely that satisfy the relation T#µ = ν. Among these maps,
we look for the minimizers for the Monge problem

inf
{∫

Rd
|x− S(x)|2 dµ(x) : S]µ = ν

}
. (1.21)

A natural relaxation of this problem is the one where we move µ onto ν and we allow the
splitting of mass. In other words, we consider as transport plan every γ ∈P

(
Rd×Rd

)
with (π1)]γ = µ and (π2)]γ = ν (here π1 and π2 are, respectively, the projections on
the first and second factor).

The relaxed minimization problem, due to Kantorovich, is

min
{∫

R2d

|x− y|2dγ(x, y) : γ ∈P
(
R2d
)
, (π1)]γ = µ, (π2)]γ = ν

}
, (1.22)

A fundamental result of Brenier says that, under mild assumptions on the initial
and final measures, the unique optimizer for problem (1.22) is given by a map, which
can be represented as the gradient of a convex function.

Theorem 1.15 (Brenier). Let µ, ν ∈P
(
Rd
)

with µ� L d and∫
Rd
|x|2dµ(x) +

∫
Rd
|y|2dν(y) <∞. (1.23)

Then there exists a unique minimizer γ in (1.22). Moreover the plan γ is induced by
the gradient of a convex function u, that is γ = (Id×∇u)]µ and thus ∇u is also a
solution to (1.21).

If we assume the function ∇u of the previous theorem to be a smooth diffeomor-
phism between two smooth densities ρ1 dx and ρ2 dx, by the change of variable formula
we see that for every test function ϕ ∈ C∞c (Rd)∫

Rd
ϕ(∇u(x))ρ1(x) dx =

∫
Rd
ϕ(y)ρ2(y) dy =

∫
Rd
ϕ(∇u(x))ρ2(∇u(x)) det∇2u(x) dx.

Hence, u solves the Monge-Ampère equation

det∇2u =
ρ1

ρ2 ◦ ∇u
in Rd.
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When the function u is simply convex, without any smoothness assumption, one may
consider different notions of solution of the Monge-Ampère equation. We give here
the definition of Aleksandrov solution, which is a key concept in order to study the
regularity of optimal maps.

In order to introduce this notion, we consider a convex domain Ω ⊆ Rd and a convex
function u : Ω→ R; we recall that the subdifferential of u is given by

∂u(x) = {p ∈ Rn : u(y) ≥ u(x) + p · (y − x) ∀ y ∈ Ω}

and we define the Monge-Ampère measure of u as

µu(E) = L d(∂u(E)) = L d
( ⋃
x∈E

∂u(x)
)

for every set E ⊂ Ω, (1.24)

where L d denotes in the previous formula the Lebesgue outer measure. The main
properties of the Monge-Ampère measure are the following:

• if u ∈ C2(Ω), the Area Formula implies µu = det∇2uL d;

• the restriction of µu to the Borel σ-algebra is a measure;

• the absolutely continuous part of µu with respect to the Lebesgue measure is
given by dµu

dL d = det∇2u 1.

Thanks to these properties, we can give the following definition.

Definition 1.16. Given an open convex set Ω and a Borel measure µ on Ω, a convex
and continuous function u : Ω → R is said an Aleksandrov solution to the Monge-
Ampère equation

det∇2u = µ,

if µ = µu as Borel measures.

We finally mention that an important connection between the optimal transport
problem and the theory of flows of vector fields is given by the Benamou-Brenier for-
mula. Under the assumptions of Theorem 1.15, we can consider the optimal map ∇u;
the optimal cost between µ and ν can be found by looking at all vector fields which
move µ onto ν and then minimizing the kinetic energy of this “dynamical transport
plan”∫
Rd
|x−∇u(x)|2 dµ(x) = min

{∫ 1

0

∫
Rd
|vt|2 dρt : ∂tρt+∇·(vtρt) = 0, ρ0 = µ, ρ1 = ν

}
.

In the next two subsections we give more precise statements on the 2-dimensional
torus T2, which are suitable for the application in Chapter 9.

1Since u is a convex function, its Hessian is a matrix-valued locally finite measure. In this case, we
denote by ∇2u the density of the absolutely continuous part of the Hessian.
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1.5.1 Existence and uniqueness of optimal transport maps on the
torus

The following theorem can be found in [Co].

Theorem 1.17 (Existence of optimal maps on T2). Let µ and ν be Z2-periodic Radon
measures on R2 such that µ([0, 1)2) = ν([0, 1)2) = 1 and µ = ρL 2 with ρ > 0 almost
everywhere. Then there exists a unique (up to an additive constant) convex function
P : R2 → R such that (∇P )]µ = ν and P − |x|2/2 is Z2-periodic. Moreover

∇P (x+ h) = ∇P (x) + h for a.e. x ∈ R2, ∀h ∈ Z2, (1.25)

|∇P (x)− x| ≤ diam(T2) =

√
2

2
for a.e. x ∈ R2. (1.26)

In addition, if µ = ρL 2, ν = σL 2, and there exist constants 0 < λ ≤ Λ <∞ such that
λ ≤ ρ, σ ≤ Λ, then P is a strictly convex Alexandrov solution of

det∇2P (x) = f(x), with f(x) =
ρ(x)

σ(∇P (x))
.

Proof. Existence of P follows from [Co]. To prove uniqueness we observe that, under
our assumption, also the convex conjugate p∗(y) := P ∗(y)−|y|2/2 is Z2-periodic. Hence,
since

P (x) = sup
y∈R2

x · y − P ∗(y),

we get that the function p(x) := P (x)− |x|2/2 satisfies

p(x) = sup
y∈R2

(
− |y − x|

2

2
− P ∗(y) +

|y|2
2

)
= sup

y∈[0,1|2
sup
h∈Z2

(
− |y + h− x|2

2
− p∗(y + h)

)
= sup

y∈T2

(
− d2

T2(x, y)

2
− p∗(y)

)
,

where dT2 is the quotient distance on the torus, and we used that p∗(y) is Z2-periodic.
This means that the function p is d2

T2-convex, and that p∗ is its d2
T2-transform (com-

pare with [Vi, Chapter 5]). Hence ∇P = Id + ∇p : T2 → T2 is the unique (µ-a.e.)
optimal transport map sending µ onto ν ( [McC, Theorem 9]), and since ρ > 0 almost
everywhere this uniquely characterizes P up to an additive constant. Finally, all the
other properties of P follow from [Co].
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1.5.2 Regularity of optimal transport maps on the torus

Theorem 1.17 can be combined with the regularity results for strictly convex Alexandrov
solutions of the Monge-Ampère equation (see [Ca1,Ca2,Ca3,Co,DF3,GT]), which
are completely local and therefore work in Rd as well as on the torus. The main
regularity results are summarized in the next theorem.

Theorem 1.18 (Space regularity of optimal maps on T2). Let µ = ρL 2, ν = σL 2 be
Z2-periodic Radon measures on R2 such that µ([0, 1)2) = ν([0, 1)2) = 1, let 0 < λ ≤
Λ < ∞ such that λ ≤ ρ, σ ≤ Λ, and let P be as in Theorem 1.17 with

∫
T2 P dx = 0.

Then:

(i) P ∈ C1,β(T2) for some β = β(λ,Λ) ∈ (0, 1), and there exists a constant C =
C(λ,Λ) such that

‖P‖C1,β ≤ C.

(ii) P ∈W 2,1(T2), more precisely for any k ∈ N there exists a constant C = C(λ,Λ, k)
such that ∫

T2

|∇2P | logk+ |∇2P | dx ≤ C

and there exist a constant C = C(λ) and an exponent γ0 = γ0(λ) > 1 such that∫
T2

|∇2P |γ0 dx ≤ C. (1.27)

(iii) If ρ, σ ∈ Ck,α(T2) for some k ∈ N and α ∈ (0, 1), then P ∈ Ck+2,α(T2) and there
exists a constant C = C(λ,Λ, ‖ρ‖Ck,α , ‖σ‖Ck,α) such that

‖P‖Ck+2,α ≤ C.

Moreover, there exist two positive constants c1 and c2, depending only on λ, Λ,
‖ρ‖C0,α, and ‖σ‖C0,α, such that

c1Id ≤ ∇2P (x) ≤ c2Id ∀x ∈ T2.

1.6 A few glimpses of classical regularity theory for ellip-
tic equations

The aim of this section is to give the basic setting and the fundamental tools for
the development of Chapters 6 and 7, which deal with the regularity theory of local
minimizers of certain variational integrals. To this end, we first provide a general
introduction to some aspects of the classical regularity theory. We also focus on some
useful ideas and lemmas, that will be employed in Chapters 6 and 7.
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As in the setting of Hilbert’s XIX problem, given an open set Ω ⊆ Rd, a convex
function F : Rd → R, and an integrable function f : Ω → R, we consider local
minimizers u : Ω→ R of the functional∫

Ω
F(∇u) + fu (1.28)

whose Euler-Lagrange equation can be written as

∇ · (∇F(∇u)) = f in Ω (1.29)

or equivalently ∂i(∂iF(∇u)) = f (here and in the following we use the Einstein’s
summation convention, omitting the summation sign).

Given bounded, measurable coefficients aij and an integrable function g : Ω → R,
we also consider solutions of the equation

∂i(aij∂jv) = ∂ig
i in Ω (1.30)

(notice that the partial derivatives ∂eu of the solution of (1.29) formally solve this kind
of equation, where the coefficients aij are taken to be ∂ijF , as it can be easily seen
differentiating the Euler-Lagrange equation with respect to ∂e).

The fundamental result of De Giorgi says that any solution to a uniformly elliptic
operator is locally Hölder continuous.

Theorem 1.19 (De Giorgi-Nash-Moser). Let Λ, λ > 0, q > d, (aij)i,j=1,...,d : B1 →
Rd×d be measurable coefficients with

λI ≤
(
aij(x)

)
≤ ΛI for L d-a.e. x ∈ B1.

Let g ∈ Lq(B1;Rd) and let v ∈W 1,2(B1) be a distributional solution of (1.30).

Then there exist constants α := α(d, λ,Λ) ∈ (0, 1) and C := C(d, λ,Λ) > 0 such
that

‖v‖Cα(B1/2) ≤ C‖v‖L2(B1).

For the sake of completeness, we also mention the regularity result of Schauder,
which assumes some regularity of the coefficients and of the right-hand side.

Theorem 1.20 (Schauder). Let λ > 0, k ∈ N ∪ {0}, α ∈ (0, 1), (aij)i,j=1,...,d ∈
Ck,α(B1;Rd×d) be such that

λI ≤
(
aij(x)

)
for every x ∈ B1.

Let g ∈ Ck,α(B1;Rd) and let v ∈W 1,2(B1) be a distributional solution of (1.30). Then
v ∈ Ck+1,α(B1/2).
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By the previous results, it follows that any minimizer of (1.28) is of class C∞loc(Ω)
as soon as we assume F , f ∈ C∞(Ω) and

λI ≤ ∇2F(x) ≤ ΛI for any x ∈ Ω,

for some 0 < λ < Λ <∞.

To conclude this introductory section, we recall the validity of weak Harnack in-
equalities for supersolutions of elliptic equations (see [GT, Theorem 8.18]) that will
play a crucial role in the proof of Lemma 6.10. A function v ∈ W 1,2

loc (Ω) is said to
be a distributional supersolution of (1.30) if for every smooth, nonnegative, compactly
supported test function ϕ ∈ C∞c (Ω), we have∫

Ω
aij(x)∂jv(x)∂iϕ(x) dx ≤

∫
Ω
gi(x)∂iϕ(x) dx.

Theorem 1.21. Let Λ, λ > 0, q > d, r > 0, let aij be measurable coefficients with

λI ≤
(
aij(x)

)
≤ ΛI for any x ∈ Br,

and let g ∈ Lq(Br;Rd). Let v ∈W 1,2(Br) be a nonnegative supersolution of

∂i(aij(x)∂jv) ≤ ∂igi in Br. (1.31)

Then there exists a constant c0 := c0(d, λ,Λ) > 0 such that

inf
{
v(x) : x ∈ Br/4

}
≥ c0

∫
Br/2

v(x) dx − r1−d/q‖g‖Lq(Br).

1.6.1 The p-laplacian

When the ellipticity condition on the hessian of F fails at one point, several regularity
results for local minimizers of (1.28) are still available. For instance, we consider the
model case is given by the p-Dirichlet energy, that is∫

Ω
|∇u|p + fu, (1.32)

whose Euler-Lagrange equation reads as

p∇ · (|∇u|p−2∇u) = f in Ω. (1.33)

The C1,α regularity of any local minimizer u (even in the vectorial case) has been
proved in a series of papers by Uraltseva [Ur], Uhlenbeck [Uh], and Evans [Ev] for
p ≥ 2, and by Lewis [Lew] and Tolksdorff [To] for p > 1 (see also [DiB,Wa]). Notice
that in this case the equation is uniformly elliptic outside the origin.
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Theorem 1.22. Let p ∈ (1,∞), q > d, g ∈ Lq(B1) and let u ∈ W 1,p(Ω) be a local
minimizer of (1.28). Then we have that u ∈ C1,α(B1/2) for some α > 0.

One cannot expect, in general, more than Hölder continuity of the gradient of
local minimizers of (1.32). Indeed, the function u(x) = |x|1+α, whose gradient is
∇u(x) = |x|αx, satisfies

p∇ · (|∇u|p−2∇u) = p∇ · (|x|(p−1)α−1x) = ((p− 1)α− 1 + n)|x|(p−1)α−1

Hence, if we choose α = (p − 1)−1, u solves the Euler-Lagrange equation (1.33) with
f = n, hence it is a local minimizer of (1.32), but it is not twice differentiable at the
origin for p > 2.

1.6.2 The non-variational problem

The following lemma concerns elliptic equations in non-divergence form

aij∂iju = f in B1. (1.34)

Although it could be stated for non-smooth viscosity supersolutions of the equation
above, for simplicity we state it as an a priori estimate on smooth solutions.

Theorem 1.23 (Alexandroff-Bakelman-Pucci estimate). Let Λ, λ > 0, (aij)i,j=1,...,d ∈
C(B1;Rd×d) be such that

λI ≤
(
aij(x)

)
≤ ΛI for every x ∈ B1.

Let g ∈ C(B1) and let u ∈ C2(B1) be a supersolution of (1.34) such that u ≥ 0 on
∂B1/2.

Then, denoting by Γu the convex envelope of u, namely the largest non-positive
convex function in B1 that lies below u in B1/2, there exists a constant C := C(d,Λ, λ)
such that

sup
B1/2

(u−)d ≤ C
∫
{x∈B1:u=Γu}

(f+)d dx.

1.6.3 A few basic lemmas

In this section we present two classical criteria to prove the Hölder regularity of a
function (or of its gradient).

Given a locally integrable function u : Rd → R, we denote its average on Br(x) by

(u)Br(x) =

∫
Br(x)

u(y) dy =
1

|Br(x)|

∫
Br(x)

u(y) dy

and its mean oscillation in Br(x) by∫
Br(x)

|u(y)− (u)Br(x)| dy.
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The first result exploits the classical equivalence between Hölder spaces and Cam-
panato spaces; the proof can be found in [Gi, Theorem 1.3, section III].

Lemma 1.24 (Campanato’s description of Hölder continuity). Let M > 0, α ∈ (0, 1),
and u ∈ L2(B1) be a function. Let us assume that for every x ∈ B1/2 and r ∈ [0, 1/2)
we have (∫

Br(x)
|u− (u)Br(x)|2

)1/2
≤Mrα.

Then u ∈ C0,α(B1/2) and [u]C0,α(B1/2) ≤ cM for some constant c := c(d).

The following lemma is a classical description of C1,α regularity of a function and
was used, for instance, in the context of the regularity theory of minimal surfaces. Its
proof can be found in [CNS, Section 1] or [DF3, Lemma 3.1] (under the assumption
that u is also convex).

Lemma 1.25. Let α ∈ (0, 1], M > 0, ρ ∈ (0, 1/2). Let u : B1 → R be a Lipschitz
function such that for every x ∈ B1/2 there exists Ax ∈ Rd such that the plane passing
through x and of slope Ax well approximates u

|u(y)− u(x)−Ax · (y − x)| ≤M |y − x|1+α ∀ y ∈ Bρ(x).

Then u ∈ C1,α(B1/2) and [∇u]C0,α(B1/2) ≤ cM for some constant c := c(d).



Chapter 2

Maximal regular flows for
non-smooth vector fields

Given a vector field bt(x) in Rd, the theory of DiPerna-Lions, introduced in the seminal
paper [DPL4], provides existence and uniqueness of the flow (in the almost everywhere
sense, with respect to Lebesgue measure L d) under weak regularity assumptions on b,
for instance when bt(·) is Sobolev [DPL4] or BV [A1] and satisfies global bounds on the
divergence. In this respect, this theory could be considered as a weak Cauchy-Lipschitz
theory for ODE’s. This analogy is confirmed by many global existence results, by a kind
of Lusin type approximation of DiPerna-Lions flows by Lipschitz flows [ACM,CrDe],
and even by differentiability properties of the flow [LL]. However, this analogy is
presently not perfect, and the main aim of this Chapter is to fill this gap.

Indeed, the Cauchy-Lipschitz theory is not only pointwise but also purely local,
whereas the DiPerna-Lions theory is an almost everywhere theory and relies on global
in space growth estimates on |b|, like

|bt(x)|
1 + |x| ∈ L

1
(
(0, T );L1(Rd)

)
+ L1

(
(0, T );L∞(Rd)

)
. (2.1)

This is in contrast with the fact that the so-called “renormalization property”, which
plays a key role in the theory, seems to depend only on local properties of b, because
it deals with distributional solutions to a continuity/transport equation with a source
term: as a matter of fact, it is proved using only local regularity properties of b.

Given an open set Ω ⊂ Rd, in this Chapter we consider vector fields b : (0, T )×Ω→
Rd satisfying only the local integrability property

∫ T
0

∫
Ω′ |b|dxdt < ∞ for all Ω′ b Ω,

a local one-sided bound on the distributional divergence, and the property that the
continuity equation with velocity b is well-posed in the class of nonnegative bounded
and compactly supported functions in Ω. Some of these assumptions have already been
introduced in Section 1.3 and, as illustrated in Remark 1.9, the last assumption is
fulfilled in many cases of interest and it is known to be deeply linked to the uniqueness
of the flow; in addition, building on the superposition principle (Theorem 1.6), it is

23
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proved in Section 2.3 that even this assumption is purely local, as well as the other two
ones concerning integrability and bounds on divergence.

Under these three assumptions we prove existence of a unique maximal regular flow
X(t, x) in Ω, defined up to a maximal time TΩ,X(x) which is positive L d-a.e. in Ω,
with

lim sup
t↑TΩ,X (x)

VΩ(X(t, x)) =∞ for L d-a.e. x ∈ {TΩ,X < T}. (2.2)

Here VΩ : Ω→ [0,∞) is a given continuous “confining potential”, namely with V (x)→
∞ as x→ ∂Ω; hence, (2.2) is a synthetic way to state that, for any Ω′ b Ω, X(t, x) is
not contained in Ω′ for t close to TΩ,X(x).

In our axiomatization, which parallels the one of [A1] and slightly differs from the
one of the DiPerna-Lions theory (being only based on one-sided bounds on divergence
and independent of the semigroup property), “maximal” refers to (2.2), while “regular”
means the existence of constants C(Ω′,X) such that∫

Ω′∩{hΩ′>t}
φ(X(t, x)) dx ≤ C(Ω′,X)

∫
Rd
φ(y) dy for all φ ∈ Cc(Rd) nonnegative

(2.3)
for all t ∈ [0, T ], Ω′ b Ω, where hΩ′(x) ∈ [0, TΩ,X(x)] is the first time that X(·, x) hits
Rd \ Ω′. Under global bounds on the divergence, (2.3) can be improved to∫

Ω∩{TΩ,X>t}
φ(X(t, x)) dx ≤ C∗

∫
Rd
φ(y) dy for all φ ∈ Cc(Rd) nonnegative (2.4)

for all t ∈ [0, T ], but many structural properties can be proved with (2.3) only.

Uniqueness of the maximal regular flow follows basically from the “probabilistic”
techniques developed in [A1], which allow one to transfer uniqueness results at the level
of the PDE (the continuity equation), here axiomatized, into uniqueness results at the
level of the ODE. Existence follows by analogous techniques; the main new difficulty
here is that even if we truncate b by multiplying it by a C∞c (Ω) cut-off function, the
resulting vector field has not divergence in L∞ (just L1, actually, when |bt| /∈ L∞loc(Ω)),
hence the standard theory is not applicable. Hence, several new ideas and techniques
need to be introduced to handle this new situation. These results are achieved in
Section 2.2.

Besides existence and uniqueness, we discuss in the next chapter the natural semi-
group and stability properties of maximal regular flows, as well as the proper blow up
of trajectories. The concepts introduced in this Chapter, together with their properties
described in Chapter 3 and 4, will be applied in Chapter 8 to describe the lagrangian
structure of weak solutions of the Vlasov-Poisson equation and to prove existence of
weak solutions with L1 summability of the initial datum.
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2.1 Regular flow, hitting time, maximal flow

Definition 2.1 (Local regular flow). Let B ∈ B(Rd), τ > 0, and b : (0, τ)× Rd → Rd
Borel. We say that X : [0, τ ]×B → Rd is a local regular flow starting from B (relative
to b) up to τ if the following two properties hold:

(i) for L d-a.e. x ∈ B, X(·, x) ∈ AC([0, τ ];Rd) and solves the ODE ẋ(t) = bt(x(t))
L 1-a.e. in (0, τ), with the initial condition X(0, x) = x;

(ii) there exists a constant C = C(X) satisfying X(t, ·)#(L d B) ≤ CL d.

In the previous definition, as long as the image of [0, τ ]×B through X is contained
in an open set Ω, it is not necessary to specify the vector field b outside Ω. By
Theorem 1.12 we obtain a consistency result of the local regular flows with values in Ω
in the intersection of their domains.

Lemma 2.2 (Consistency of local regular flows). Assume that b satisfies (a-Ω) and
(b-Ω). Let Xi be local regular flows starting from Bi up to τi, i = 1, 2, with Xi([0, τi]×
Bi) ⊂ Ω. Then

X1(·, x) ≡X2(·, x) in [0, τ1 ∧ τ2], for L d-a.e. x ∈ B1 ∩B2. (2.5)

Proof. Take B ⊂ B1 ∩ B2 Borel with L d(B) finite, and apply Theorem 1.12 with
T = τ1 ∧ τ2, m = d, and

λ :=
1

2

∫ (
δX1(·,x) + δX2(·,x)

)
dL d

B(x),

where L d
B is the normalized Lebesgue measure on B. �

If we consider a smooth vector field b in a domain Ω, a maximal flow of b in Ω would
be given by the trajectories of b until they hit the boundary of Ω. In order to deal at
the same time with bounded and unbounded domains (including the case Ω = Rd) we
introduce a continuous potential function VΩ : Ω→ [0,∞) satisfying

lim
x→∂Ω

VΩ(x) =∞, (2.6)

meaning that for any M > 0 there exists K b Ω with VΩ > M on Ω \K (in particular,
when Ω = Rd, VΩ(x)→∞ as |x| → ∞). For instance, an admissible potential is given
by VΩ(x) = max{[dist(x,Rd \ Ω)]−1, |x|}.

Definition 2.3 (Hitting time in Ω). Let τ > 0, Ω ⊂ Rd open and η : [0, τ) → Rd
continuous. We define the hitting time of η in Ω as

hΩ(η) := sup{t ∈ [0, τ) : max
[0,t]

VΩ(η) <∞},

with the convention hΩ(η) = 0 if η(0) /∈ Ω.
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It is easily seen that this definition is independent of the choice of VΩ, that hΩ(η) > 0
whenever η(0) ∈ Ω, and that

hΩ(η) < τ =⇒ lim sup
t↑hΩ(η)

VΩ(η(t)) =∞. (2.7)

Using VΩ we can also define the concept of maximal regular flow, where “regular”
refers to the local bounded compression condition (2.8).

Definition 2.4 (Maximal regular flow in an open set Ω). Let b : (0, T ) × Ω → Rd be
a Borel vector field. We say that a Borel map X is a maximal regular flow relative to
b in Ω if there exists a Borel map TΩ,X : Ω→ (0, T ] such that X(t, x) is defined in the
set {(t, x) : t < TΩ,X(x)} and the following properties hold:

(i) for L d-a.e. x ∈ Ω, X(·, x) ∈ ACloc([0, TΩ,X(x));Rd), and solves the ODE ẋ(t) =
bt(x(t)) L 1-a.e. in (0, TΩ,X(x)), with the initial condition X(0, x) = x;

(ii) for any Ω′ b Ω there exists a constant C(Ω′,X) such that

X(t, ·)#(L d {TΩ′ > t}) ≤ C(Ω′,X)L d Ω′ ∀t ∈ [0, T ], (2.8)

where

TΩ′(x) :=

{
hΩ′(X(·, x)) for x ∈ Ω′,
0 otherwise;

(2.9)

(iii) lim sup
t↑TΩ,X (x)

VΩ(X(t, x)) =∞ for L d-a.e. x ∈ Ω such that TΩ,X(x) < T .

Notice that (2.8) could be equivalently written as

X(t, ·)#(L d {TΩ′ > t}) ≤ C(Ω′,X)L d for all t ∈ [0, T ],

because the push-forward measure is concentrated on Ω′; so the real meaning of this
requirement is that the push forward measure must have a bounded density w.r.t.
L d. In turn, (2.8) is not equivalent to require that (X(t, ·)#L d) Ω′ ≤ C(Ω′,X)L d,
since trajectories may be compressed while they are outside Ω′ and then enter Ω′

again. Let us emphasize that our assumption (3.41) is not equivalent to require that
(X(t, ·)#L d) Ω′ ≤ C(Ω′,X)L d. Indeed, with our assumption trajectories may be
compressed when they are outside Ω′ and then

Indeed in our case we are only assuming that the flow has bounded compression as
long as the trajectories remain inside Ω′, while the latter assumption In turn, (3.41) is
not equivalent to require that (X(t, ·)#L d) Ω′ ≤ C(Ω′,X)L d, since trajectories may
be compressed while they are outside Ω′ and then enter Ω′ again.

Remark 2.5 (Maximal regular flows induce regular flows). Given any maximal regular
flow X in Ω, τ ∈ (0, T ), and a Borel set B ⊂ Ω such that TΩ,X > τ on B and{

X(t, x) : x ∈ B, t ∈ [0, τ ]
}
b Ω,

we have an induced local regular flow in the set B up to time τ .
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Remark 2.6 (Invariance in the equivalence class of b). It is important and technically
useful (see for instance [A2]) to underline that the concepts of local regular flow and
of maximal regular flow are invariant in the Lebesgue equivalent class, exactly as our
constitutive assumptions (a-Ω), (b-Ω), and the global/local bounds on the divergence
of b. Indeed, for local regular flows, Definition 2.1(ii) in conjunction with Fubini’s
theorem implies that for any L 1+d-negligible set N ⊂ (0, T )× Rd the set{

x ∈ B : L 1({t ∈ (0, τ) : (t,X(t, x)) ∈ N}) > 0
}

is L d-negligible. An analogous argument, based on (2.8), applies to maximal regular
flows.

2.2 Existence and uniqueness of the maximal regular flow

In this section we consider a Borel vector field b : (0, T )×Ω→ Rd such that the spatial
divergence div bt(·) in the sense of distributions satisfies

∀Ω′ b Ω, div bt(·) ≥ m(t) in Ω′, with L(Ω′, b) :=

∫ T

0
|m(t)| dt <∞ (2.10)

and which satisfies the assumptions (a-Ω), (b-Ω) of Section 1.3, namely

(a-Ω)
∫ T

0

∫
Ω′ |bt(x)| dxdt <∞ for any Ω′ b Ω;

(b-Ω) for any nonnegative ρ̄ ∈ L∞+ (Ω) with compact support in Ω and any closed interval
I = [a, b] ⊂ [0, T ], the continuity equation

d

dt
ρt + div (btρt) = 0 in (a, b)× Ω

has at most one weakly∗ continuous solution I 3 t 7→ ρt ∈ LI,Ω (defined in (1.9))
with ρa = ρ̄.

Remark 2.7. Assumption (2.10) could be weakened to m ∈ L1(0, T0) for all T0 ∈
(0, T ), but we made it global in time to avoid time-dependent constants in our estimates
(and, in any case, the maximal flow could be obtained in this latter case by a simple
gluing procedure w.r.t. time).

In order to construct a maximal regular flow, we would like to approximate the vec-
tor field b by convolution and then consider a suitable weak limit of the approximated
flows. However, due to the lack of global bounds on b, we have to exclude the possi-
bility that trajectories escape to infinity faster and faster as the convolution parameter
vanishes, because in this case the existence time of the limit trajectory would be 0.
The following a priori estimate excludes this phenomenon by showing that the blow-up
time is strictly positive almost everywhere.
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Remark 2.8 (An a priori estimate on the existence time). Let us consider a locally
integrable vector field b : (0, T ) × Rd → Rd and a maximal regular flow X defined in
the set {(s, x) : s < TX(x)}. Then for every t ∈ (0, T ) and r > 0

|{x ∈ Br/2 : TX(x) ≤ t}| ≤ 2

r
C(Br,X)

∫ t

0

∫
Br

|bs(x)| dx ds, (2.11)

where C(Br,X) is the constant appearing in (2.8). In particular, letting t → 0 in
(2.11) with r fixed, we find that for every r > 0 the existence time TX is strictly
positive L d-a.e. in Br/2.

Indeed, let us consider the existence time TBr,X defined as in (2.9) and let T ′Br,X =
min{t, TBr,X}. We notice that r/2 ≤ |X(T ′Br,X(x), x)−X(0, x)| on the set |{x ∈ Br/2 :
TBr,X(x) ≤ t}| and therefore, by the properties of the maximal regular flow, we have

|{x ∈ Br/2 : TX(x) ≤ t}| ≤ |{x ∈ Br/2 : TBr,X(x) ≤ t}|

≤ 2

r

∫
Br

|X(T ′Br,X(x), x)−X(0, x)| dx

≤ 2

r

∫
Br

∫ T ′
Br,X

(x)

0
|Ẋ(s, x)| ds dx

≤ 2

r

∫
Br

∫ T ′
Br,X

(x)

0
|bs(X(s, x))| ds dx

≤ 2

r

∫ t

0

∫
Br∩{TBr,X (x)>s}

|bs(X(s, x))| dx ds

≤ 2

r
C(Br,X)

∫ t

0

∫
Br

|bs(x)| dx ds.

This proves (2.8).

Estimate (2.11) is enough to prove local existence of a regular flow, but once this
object has been built it is not clear how to extend each trajectory up to the blow-up
time. For this reason, we first build maximal regular flows in every bounded open set
A, compactly contained in our given domain Ω, where b is integrable (in this context
“maximal” refers to the fact that a trajectory may hit the boundary of the open set
A). Then, we glue these flows together to obtain a global existence result.

We also mention that a different approach to construct maximal regular flows in
Rd, instead of building the local ones first, consists in employing the one-point com-
pactification of Rd and a “damped” stereographic projection, with damping chosen in
therms of the vector field b, as it will be done in Section 4.3. However, this method of
proof requires a global bound on the divergence of b that can be replaced with a local
bound following the approach below.

The first step in the construction of the maximal regular flow will be the following
local existence result.
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Theorem 2.9 (Local existence). Let b : (0, T )×Ω→ Rd be a Borel vector field which
satisfies (a-Ω), (b-Ω), (2.10), and let A b Ω be open. Then there exist a Borel map
TA : A → (0, T ] and a Borel map X(t, x), defined for x ∈ A and t ∈ [0, TA(x)], such
that:

(a) for L d-a.e. x ∈ A, X(·, x) ∈ AC([0, TA(x)];Rd), X(0, x) = x, X(t, x) ∈ A for
all t ∈ [0, TA(x)), and X(TA(x), x) ∈ ∂A when TA(x) < T ;

(b) for L d-a.e. x ∈ A, X(·, x) solves the ODE γ̇ = bt(γ) in (0, TA(x));

(c) X(t, ·)#(L d {TA > t}) ≤ eL(A,b)L d A for all t ∈ [0, T ], where L(A, b) is the
constant in (2.10).

Notice that since the statement of the theorem is local (see also Section 2.3, in
connection with property (b-Ω)), we need only to prove it under the assumption |b| ∈
L1((0, T )× Ω), which is stronger than (a-Ω).

We will obtain Theorem 2.9 via an approximation procedure which involves the
concept of regular generalized flow in closed domains, where now “regular” refers to
the fact that the bounded compression condition is imposed only in the interior of the
domain.

Definition 2.10 (Regular generalized flow in A). Let A ⊂ Rd be an open set and let
c : (0, T )×A→ Rd be a Borel vector field. A probability measure η in C([0, T ];Rd) is
said to be a regular generalized flow on A if the following two conditions hold:

(i) η is concentrated on{
η ∈ AC([0, T ];A) : η̇(t) = ct(η(t)) for L 1-a.e. t ∈ (0, T )

}
;

(ii) there exists C := C(η) ∈ (0,∞) satisfying

((et)#η) A ≤ CL d ∀ t ∈ [0, T ]. (2.12)

Any constant C for which (2.12) holds is called a compressibility constant of η.

The class of regular generalized flows enjoys good tightness and stability properties.
We recall that a sequence ηn ∈ P

(
C([0, T ];A)

)
is said tight if for every ε > 0 there

exists a compact set Γε ⊆ C([0, T ];A) such that ηn(C([0, T ];A) \ Γε) ≤ ε for every
n ∈ N. Equivalently, the sequence ηn is said to be tight if there exists a coercive, lower
semicontinuous functional Σ : C([0, T ];A)→ [0,∞] such that supn∈N

∫
Σ dηn <∞. We

state the tightness and stability properties in the case of interest for us, namely when the
velocity vanishes at the boundary. Notice that, in the following theorem, assumption
(2.13) requires the convergence of the vector fields in L1((0, T ) × A;Rd) and not only
in L1

loc; this allows to apply Dunford-Pettis’s theorem to prove the tightness of any
sequence of generalized regular flows with bounded compressibility constants.
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Theorem 2.11 (Tightness and stability of regular generalized flows in A). Let A ⊂ Rd
be a bounded open set, let c, cn : (0, T ) × A → Rd be Borel vector fields such that
c = cn = 0 on (0, T )× (Rd \A) and

lim
n→∞

cn = c in L1((0, T )×A;Rd). (2.13)

Let ηn ∈P
(
C([0, T ];A)

)
be regular generalized flows of cn in A and let us assume that

the best compressibility constants Cn of ηn satisfy supnCn < ∞. Then (ηn) is tight,
any limit point η is a regular generalized flow of c in A, and the following implication
holds:

((et)#η
n Γ) A′ ≤ cnL d for some cn > 0 =⇒ ((et)#η Γ) A′ ≤ lim inf

n
cnL

d

(2.14)
for any choice of open sets Γ ⊂ C([0, T ];A) and A′ ⊂ A.

In the previous theorem the assumption that all the vector fields vanish on the
boundary of A allows us to say the following: if an integral curve of cn in A hits ∂A
and stops there, then it is still an integral curve of cn on the whole A. We remark that
the previous theorem is invariant if the vector fields cn are modified on a set of Lebesgue
measure zero in (0, T ) × A, thanks to the compressibility condition (2.12) required in
A; on the contrary, the value of cn on ∂A has to be understood in a pointwise sense.

Proof of Theorem 2.11. By Dunford-Pettis’ theorem, since the family {cn} is compact
in L1(A;Rd) (recall that cn(t, ·) vanish outside of A), there exists a modulus of inte-
grability for cn, namely an increasing, convex, superlinear function F : [0,∞)→ [0,∞)
such that F (0) = 0 and

sup
n∈N

∫ T

0

∫
A
F (|cn(t, x)|) dxdt <∞. (2.15)

Let us introduce the functional Σ : C([0, T ];Rd)→ [0,∞] as follows

Σ(η) :=

{ ∫ T
0 F (|η̇(t)|) dt if η ∈ AC([0, T ];A),

∞ if η ∈ C([0, T ];Rd) \AC([0, T ];A).

Using Ascoli-Arzelà theorem, the compactness of A, and a well-known lower semicon-
tinuity result due to Ioffe (see for instance [AFP, Theorem 5.8]), it turns out that Σ
is lower semicontinuous and coercive, namely its sublevels {Σ ≤M} are compact.

Since ηn is concentrated on AC([0, T ];A) we get∫
Σ dηn =

∫ ∫ T

0
F (|η̇|) dt dηn(η)

=

∫ T

0

∫
A
F (|cn|) d[(et)#η

n] dt

≤ Cn
∫ T

0

∫
A
F (|cn|) dx dt,
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so that that
∫

Σ dηn is uniformly bounded thanks to (2.15). Therefore Prokhorov com-
pactness theorem provides the existence of limit points. Since Σ is lower semicontinuous
we obtain that any limit point η satisfies

∫
Σ dη < ∞, therefore η is concentrated on

AC([0, T ];A).
Let C := lim infn∈NCn <∞. Since (et)#η

n narrowly converge to (et)#η, we know
that for any open set A′ ⊂ A there holds

(et)#η(A′) ≤ lim inf
n→∞

(et)#η
n(A′) ≤ CL d(A′) ∀ t ∈ [0, T ].

Since A′ is arbitrary we deduce that η satisfies (2.12). A similar argument provides
its localized version (2.14). To show that η is concentrated on integral curves of c, it
suffices to show that ∫ ∣∣∣∣η(t)− η(0)−

∫ t

0
cs(η(s)) ds

∣∣∣∣ dη(η) = 0 (2.16)

for any t ∈ [0, T ]. The technical difficulty is that this test function, due to the lack of
regularity of c, is not continuous with respect to η. To this aim, we prove that∫ ∣∣∣∣η(t)− η(0)−

∫ t

0
c′s(η(s)) ds

∣∣∣∣ dη(η) ≤ C
∫

(0,T )×A
|c− c′| dx dt (2.17)

for any continuous vector field c′ : [0, T ] × A → Rd with c′ = 0 in [0, T ] × ∂A. Then,
choosing a sequence (c′n) of such vector fields converging to c in L1(A;Rd) and noticing
that ∫ ∫ T

0
|cs(η(s))− c′ns(η(s))| dsdη(η) =

∫ T

0

∫
A
|c− c′n| d(es)#η ds

≤ Cn
∫

(0,T )×A
|c− c′n| dx dt,

converges to 0 as n goes to ∞, we can take the limit in (2.17) with c′ = c′n to obtain
(2.16).

It remains to show (2.17). This is a limiting argument based on the fact that (2.16)
holds for cn, ηn:∫ ∣∣∣∣η(t)− η(0)−

∫ t

0
c′s(η(s)) ds

∣∣∣∣ dηn(η) =

∫ ∣∣∣∣∫ t

0

(
cns (η(s)− c′s(η(s))

)
ds

∣∣∣∣ dηn(η)

≤
∫ ∫ t

0
|cns − c′s|(η(s)) ds dηn(η)

=

∫ t

0

∫
A
|cns − c′s| d[(es)#η

n] ds

≤ Cn
∫ t

0

∫
A
|cn − c′| dx ds.

Taking the limit in the chain of inequalities above we obtain (2.17).
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Now we show how Theorem 2.9 can be deduced from the existence of regular gener-
alized flows in A; indeed, assumption (b-Ω) allows to prove through Theorem 1.12 that
generalized regular flows on A are induced by a proper regular flow defined on A. In
the second part of the proposition, we show that flows associated to sufficiently smooth
vector fields induce regular generalized flows (actually even classical ones, but we will
need them in generalized form to take limits).

Proposition 2.12. (i) Let b : (0, T ) × Ω → Rd be a Borel vector field which satisfies
(a-Ω) and (b-Ω), let A b Ω be an open set, and let η be a regular generalized flow in A
relative to c = χAb with compressibility constant C and that satisfies (e0)#η = ρ0L d

with ρ0 > 0 L d-a.e. in A. Then there exist X and TA as in Theorem 2.9(a)-(b) that
satisfy

X(t, ·)#(ρ0 {TA > t}) ≤ CL d A (2.18)

for all t ∈ [0, T ].
(ii) Let b ∈ C∞([0, T ] × A;Rd). Then there exists a regular generalized flow η

associated to bχA, with (e0)#η equal to the normalized Lebesgue measure in A and
satisfying

((et)#η {hA′(·) > t}) A′ ≤ eL(A′,b)

L d(A)
L d ∀ t ∈ [0, T ] (2.19)

for any open set A′ b A.

Proof. We first prove (i). Set µ0 = ρ0L d and consider a family {ηx} ⊂P
(
C([0, T ];A)

)
of conditional probability measures, concentrated on{

η ∈ AC([0, T ];A) : η̇ = ct(η) L 1-a.e. in (0, T ), η(0) = x
}

and representing η, i.e.,
∫
ηx dµ0(x) = η. We claim that µ0-almost every x ∈ A:

(1) hA(η) is equal to a positive constant for ηx-a.e. η;

(2) if TA(x) is the constant in (1), (et)#ηx is a Dirac mass for all t ∈ [0, TA(x)].

By our assumption on µ0, the properties stated in the claim hold L d-a.e. in A. Hence,
given the claim, if we define

X(t, x) :=

∫
η(t) dηx(η)

then for L d-a.e. x ∈ A the integrand η(t) is independent of η as soon as t < TA(x),
henceX(t, x) satisfies (a) and (b) in the statement of Theorem 2.9. The compressibility
property (2.18) follows immediately from (2.12).

Let us prove our claim. We notice that the hitting time is positive for µ0-a.e.
x ∈ A. For q ∈ Q ∩ (0, T ), we shall denote by Γq the set {η : hA(η) > q} and by
Σq : Γq → C([0, q];A) the map induced by restriction to [0, q], namely Σq(η) = η|[0,q].
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In order to prove the claim it clearly suffices to show that, for all q ∈ Q ∩ (0, T ),
Σq

#(ηx Γq) is either a Dirac mass or it is null. So, for q ∈ Q ∩ (0, T ) and δ ∈ (0, 1)
fixed, it suffices to show that

λx :=
1

ηx(Γq)
Σq

#(ηx Γq) ∈P
(
C([0, q];A)

)
is a Dirac mass for µ0-a.e. x satisfying ηx(Γq) ≥ δ.

By construction the measures λx satisfy λx ≤ Σq
#(ηy Γq)/δ and they are concen-

trated on curves [0, q] 3 t 7→ η(t) starting at x and solving the ODE η̇ = bt(η) in (0, q).
Therefore

λ :=

∫
{x∈A: ηx(Γq)≥δ}

λx dµ0(x) ∈P
(
C([0, q];A)

)
satisfies all the assumptions of Theorem 1.12 with T = q and Ω = A, provided we check
(1.12). To check this property with C0 = C/δ, for t ∈ [0, q] and ϕ ∈ Cc(A) nonnegative
we use the fact that λy ≤ Σq

#(ηy Γq)/δ and the fact that C is a compressibility
constant of η to estimate∫

Rd
ϕd(et)#λ ≤

1

δ

∫
Rd
ϕd(et)#(η Γq) ≤

1

δ

∫
Rd
ϕd(et)#η ≤

C

δ

∫
A
ϕdx.

Therefore Theorem 1.12 can be invoked: λx is a Dirac mass for µ0-a.e. x and this gives
that λx is a Dirac mass µ0-a.e. in {ηx(Γq) ≥ δ}. This concludes the proof of (i).

For (ii), we begin by defining η with the standard Cauchy-Lipschitz theory. More
precisely, for x ∈ A we let X(t, x) be the unique solution to the ODE η̇ = bt(η)
with η(0) = x until the first time TA(x) that X(t, x) hits ∂A, and then we define
X(t, x) = X(t, TA(x)) for all t ∈ [TA(x), T ]. Finally, denoting by L d

A the normalized
Lebesgue measure in A, we define η as the law under L d

A of the map x 7→ X(·, x).
With this construction it is clear that condition (i) in Definition 2.10 holds.

Let us check condition (ii) as well, in the stronger form (2.19). Recall that X
is smooth before the hitting time and that the map t 7→ J(t) := det∇xX(t, x) is
nonnegative and solves the ODE{

J̇(t) = J(t) div bt(X(t, x)),
J(0) = 1.

(2.20)

Now, fix an open set A′ b A, and observe that (2.19) is equivalent to prove that for
every t ∈ [0, T ]∫

A′∩{x:hA′ (X(·,x))>t}
ϕ(X(t, x)) dx ≤ eL(A′,b)

∫
A′
ϕ(x) dx for every ϕ ∈ Cc(A′).

Fix ϕ ∈ Cc(A′) nonnegative and notice that ϕ(X(t, x)) = 0 if t ≥ hA′(X(·, x)), hence
suppϕ ◦X(t, ·) is a compact subset of the open set Gt := {x : hA′(X(·, x)) > t}. By
the change of variables formula∫

Rd
ϕ(X(t, x)) det∇xX(t, x) dx =

∫
Rd
ϕ(x) dx,
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in order to estimate from below the left-hand side it suffices to estimate from below
det∇xX(t, x) in Gt; using (2.20) and Gronwall’s lemma, this estimate is provided by
e−L(A′,b). �

Remark 2.13. For the proof of Theorem 3.2 we record the following facts, proved but
not stated in Proposition 2.12: if η is as in the statement of the proposition, then for
(e0)#η-a.e. x the hitting time hA(η) is equal to a positive constant TA(x) for ηx-a.e.
η; furthermore, (et)#ηx is a Dirac mass for all t ∈ [0, TA(x)].

Proof of Theorem 2.9. By the first part of Proposition 2.12, it suffices to build a regular
generalized flow η in A relative to c = χAb with compressibility constant eL(A,b)/L d(A)
such that (e0)#η = ρ0L d with ρ0 > 0 L d-a.e. in A. By the second part of the
proposition, we have existence of η with (e0)#η equal to the normalized Lebesgue
measure L d

A and satisfying (2.19) whenever b ∈ C∞([0, T ]×A;Rd).
Hence, to use this fact, extend b with the 0 value to R×Rd and let bε be mollified

vector fields. We have that L(A, bε) are uniformly bounded (because A b Ω) and, in
addition, the properties of convolution immediately yield

lim sup
ε↓0

L(A′, bε) ≤ L(A, b) for any A′ b A open. (2.21)

If ηε are regular generalized flows associated to cε = χAbε, we can apply Theorem 2.11
to get that any limit point η is a regular generalized flow associated to c and it satisfies
(e0)#η = L d

A. In addition, given A′ b A open we have

((et)#ηε {hA′(·) > t}) A′ ≤ eL(A′,bε)

L d(A)
L d ∀ t ∈ [0, T ],

thus (2.14) and (2.21) yield

((et)#η {hA′(·) > t}) A′ ≤ eL(A,b)

L d(A)
L d ∀ t ∈ [0, T ].

Letting A′ ↑ A gives that eL(A,b)/L d(A) is a compressibility constant for η.

Using a gluing procedure in space, we can now build the maximal regular flow in Ω
using the flows provided by Theorem 2.9 in domains Ωn b Ωn+1 with Ωn ↑ Ω.

Theorem 2.14. Let b : (0, T ) × Ω → Rd be a Borel vector field which satisfies (a-Ω)
and (b-Ω). Then the maximal regular flow is unique, and existence is ensured under
the additional assumption (2.10). In addition,

(a) for any Ω′ b Ω the compressibility constant C(Ω′,X) in Definition 2.4 can be
taken to be eL(Ω′,b), where L(Ω′, b) is the constant in (2.10);
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(b) if Y is a regular flow in B up to τ with values in Ω, then TΩ,X > τ L d-a.e. in
B and

X(·, x) = Y (·, x) in [0, τ ], for L d-a.e. x ∈ B. (2.22)

Proof. Let us prove first the uniqueness of the maximal regular flow in Ω. Given
regular maximal flows Xi in Ω, i = 1, 2, by Lemma 2.2 and Remark 2.5 we easily
obtain

X1(·, x) = X2(·, x) in [0, TΩ,X1(x) ∧ TΩ,X2(x)), for L d-a.e. x ∈ Ω.

On the other hand, for L d-a.e. x ∈ {TΩ,X1 > TΩ,X2}, the image of [0, TΩ,X2(x)]

through VΩ(X1(·, x)) is bounded in R, whereas the image of [0, TΩ,X2(x)) through

VΩ(X2(·, x)) is not. It follows that the set {TΩ,X1 > TΩ,X2} is L d-negligible. Reversing

the roles of X1 and X2 we obtain that TΩ,X1 = TΩ,X2 L d-a.e. in Ω.

In order to show existence we are going to use auxiliary flows Xn in Ωn with hitting
times Tn : Ωn → (0, T ], i.e.,

(1) for L d-a.e. x ∈ Ωn, Xn(·, x) ∈ AC([0, Tn(x)];Rd), Xn(0, x) = x, Xn(t, x) ∈
Ωn for all t ∈ [0, Tn(x)), and Xn(Tn(x), x) ∈ ∂Ωn when Tn(x) < T , so that
hΩn(Xn(·, x)) = Tn(x);

(2) for L d-a.e. x ∈ Ωn, Xn(·, x) solves the ODE γ̇ = bt(γ) in (0, Tn(x));

(3) Xn(t, ·)#(L d {Tn > t}) ≤ eL(Ωn,b)L d Ωn for all t ∈ [0, T ], where L(Ωn, b) is
given as in (2.10).

The existence of Xn, Tn as in (1), (2), (3) has been achieved in Theorem 2.9.

If n ≤ m, the uniqueness argument outlined at the beginning of this proof gives
immediately that Tn(x) ≤ Tm(x), and thatXn(·, x) ≡Xm(·, x) in [0, Tn(x)] for L d-a.e.
x ∈ Ωn. Hence the limits

TΩ,X(x) := lim
n→∞

Tn(x), X(t, x) = lim
n→∞

Xn(t, x) t ∈ [0, TΩ,X(x)) (2.23)

are well defined for L d-a.e. x ∈ Ω. By construction

X(·, x) = Xn(·, x) in [0, Tn(x)), for L d-a.e. x ∈ Ωn. (2.24)

We now check that X and TΩ,X satisfy the conditions (i), (ii), (iii) of Definition 2.4.
Property (i) is a direct consequence of property (2) of Xn, (2.23), and (2.24).

In connection with property (ii) of Definition 2.4, in the more specific form stated
in (a) for any open set Ω′ b Ω, it suffices to check it for all open sets Ωn: indeed, it
is clear that in the uniqueness proof we need it only for a family of sets that invade
Ω and, as soon as uniqueness is established, we can always assume in our construction
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that Ω′ is one of the sets Ωn. Now, given n, we first remark that property (1) of Xn

yields Tn(x) = hΩn(X(·, x)) for L d-a.e. x ∈ Ωn; moreover (2.24) gives

X(t, ·)#(L d {Tn > t}) = Xn(t, ·)#(L d {Tn > t})

for all t ∈ [0, T ]. Hence, we can now use property (3) of Xn to get

X(t, ·)#(L d {Tn > t}) ≤ eL(Ωn,b)L d Ωn for every t ∈ [0, T ], (2.25)

which together with the identity Tn(x) = hΩn(X(·, x)) for L d-a.e. x ∈ Ωn concludes
the verification of Definition 2.4(ii).

Now we check Definition 2.4(iii): we obtain that lim supVΩ(X(t, x)) = ∞ as t ↑
TΩ,X(x) for L d-a.e. x ∈ Ω such that TΩ,X(x) < T from the fact that X(t, Tn(x)) ∈
∂Ωn, and the sets Ωn contain eventually any set K b Ω. This completes the existence
proof and the verification of the more specific property (a).

The proof of property (b) in the statement of the theorem follows at once from
Lemma 2.2 and Remark 2.5. �

2.3 On the local character of the assumption (b-Ω)

Here we prove that the property (b-Ω) is local, in analogy with the other assump-
tions ((a-Ω) and the local bounds on distributional divergence) made throughout this
Chapter. More precisely, the following assumption is equivalent to (b-Ω):

(b’-Ω) for any t0 ≥ 0, x0 ∈ Ω there exists ε := ε(t0, x0) > 0 such that for any nonnegative
ρ̄ ∈ L∞(Rd) with compact support contained in Bε(x0) ⊂ Ω and any closed
interval I = [a, b] ⊂ [t0 − ε, t0 + ε] ∩ [0, T ], the continuity equation

d

dt
ρt + div (bρt) = 0 in (a, b)× Rd

has at most one weakly∗ continuous solution I 3 t 7→ ρt ∈ LI,Ω with ρa = ρ̄ and
ρt compactly supported in Bε(x0) for every t ∈ [a, b].

Lemma 2.15. If the assumptions (a-Ω) and (b’-Ω) on the vector field b are satisfied,
then (b-Ω) is satisfied.

Proof. Step 1. Let η ∈ P
(
C([a, b];Rd)

)
, 0 ≤ a < b ≤ T , be concentrated on

absolutely continuous curves η ∈ AC([a, b];K) for some K ⊂ Ω compact, solving the
ODE η̇ = bt(η) L 1-a.e. in (a, b), and such that (et)#η ≤ CL d for any t ∈ [0, T ]. We
claim that the conditional probability measures ηx induced by the map ea are Dirac
masses for (ea)#η-a.e. x.

To this end, for s, t ∈ [a, b], s < t, we denote by Σs,t : C([a, b];Rd) → C([s, t];Rd)
the map induced by restriction to [s, t], namely Σs,t(η) = η|[s,t]. For (ea)#η-a.e. x ∈ Rd
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we define τ(x) the first splitting time of ηx, namely the infimum of all t > a such that
(Σa,t)#ηx is not a Dirac mass. We agree that τ(x) = T if ηx is a Dirac mass. We also
define the splitting point B(x) as η(τ(x)) for any η ∈ suppηx. By contradiction, we
assume that the set {x ∈ Rd : τ(x) < T} has positive (ea)#η measure.

For every t0 > 0 and x0 ∈ Rd let ε(t0, x0) > 0 be as in (b’-Ω). By a covering
argument, we can take a finite cover of [a, b]×K with sets of the form

It0,x0,ε(t0,x0) = (t0 − ε(t0, x0), t0 + ε(t0, x0))×Bε(t0,x0)/2(x0).

We deduce that there exist t0 > 0 and x0 ∈ Rd such that the set

E0 := {x ∈ Rd : τ(x) < T, (τ(x), B(x)) ∈ It0,x0,ε(t0,x0)} (2.26)

has positive (ea)#η measure.
For every p, q ∈ Q with a ≤ p < q ≤ b we define the open set

Ep,q := {η ∈ C([a, b];Rd) : η([p, q]) ⊂ Bε(t0,x0)/2(x0)}.

We claim that there exist a set E1 ⊂ E0 and p, q ∈ Q ∩ [a, b], p < q such that
(ea)#η(E1) > 0 and for every x ∈ E1 the measure Σp,q

# (1Ep,qηx) is not a Dirac delta.

To this end, it is enough to show that for L d-a.e. x ∈ E0 there exist px, qx ∈
Q ∩ [a, b], px < qx such that Σpx,qx

# (1Epx,qxηx) is not a Dirac delta.
Let us consider η1 ∈ suppηx; it satisfies η1(τ(x)) = B(x) ∈ Bε(t0,x0)/2(x0). Let

px, qx be chosen such that η1([px, qx]) ⊆ Bε(t0,x0)/2(x0). By definition of τ(x) we know

that Σpx,qx
# ηx is not a Dirac delta. Hence there exists η2 ∈ C([a, b];Rd) such that

η2 ∈ supp(ηx), η2(τ(x)) = B(x), η1(t) 6= η2(t) for every t ∈ [a, τ(x)], η1(t) 6= η2(t)
for some t ∈ [τ(x), qx]. Up to reducing qx, we can assume that Σpx,qx(η1),Σpx,qx(η2)
are curves whose image is contained in Bε(t0,x0)/2(x0), so that η1, η2 ∈ Epx,qx , and
which do not coincide. Moreover, since supp(Σpx,qx

# ηx) = Σpx,qx(suppηx), we deduce

that both Σpx,qx(η1) and Σpx,qx(η2) belong to the support of Σpx,qx
# (ηx) and hence

Σpx,qx
# (1Epx,qxηx) = 1Σpx,qx (Epx,qx )Σ

px,qx
# ηx is not a Dirac delta.

Let δ > 0 be small enough so that Eδ = E1 ∩ {x : ηx(Ep,q) ≥ δ} has positive
(ea)#η-measure. We introduce the probability measure η̃ ∈P

(
C([a, b];Rd)

)
η̃ := ((ea)#η Eδ)⊗

( 1Ep,q
ηx(Ep,q)

ηx

)
= ((ea)#η Eδ)⊗ η̃x,

which is nonnegative, and less than or equal to η/δ. Moreover Σp,q
# η̃ ∈P

(
C([p, q];Rd)

)
is concentrated on curves in Bε(t0,x0)/2(x0), and

Σp,q
# η̃x =

Σp,q
# (1Ep,qηx)

ηx(Ep,q)
is not a Dirac mass for (ea)#η-a.e. x ∈ Eδ.

Applying Theorem 1.12 with λ = Σp,q
# η̃, Ω = Bε(t0,x0)(x0), in the time interval [p, q],

and thanks to the local uniqueness of bounded, nonnegative solutions of the continuity
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equation in It0,x0,ε(t0,x0), which in turn follows from (b’-Ω), we deduce that the disinte-
gration Σp,q

# η̃x of Σp,q
# η̃ induced by ea is a Dirac mass for (ea)#η-a.e. x ∈ Eδ. By the

uniqueness of the disintegration, we obtain a contradiction.

Step 2. Let µ1 and µ2 be two solutions of the continuity equation as in (b) with
the same initial datum. Let η1,η2 ∈P

(
C([a, b];Rd)

)
be the representation of µ1 and

µ2 obtained through the superposition principle; they are concentrated on absolutely
continuous integral curves of b and they satisfy µit = (et)#η

i for any t ∈ [0, T ], i = 1, 2.
Since there exists a compact set K ⊂ Ω such that µit is concentrated on K for every
t ∈ [0, T ], ηi is concentrated on absolutely continuous curves contained in K for i = 1, 2.
Then by the linearity of the continuity equation (et)#[(η1 + η2)/2] = (µ1

t + µ2
t )/2 is

still a solution to the continuity equation; by Step 1 we obtain that (η1
x + η2

x)/2 are
Dirac masses for µ0-a.e. x. This shows that η1

x = η2
x for µ0-a.e. x and therefore that

µ1
t = µ2

t for every t ∈ [0, T ]. �



Chapter 3

Main properties of maximal
regular flows and analysis of
blow-up

The chapter is devoted to the properties of the maximal regular flow built in Chapter 2
under suitable assumptions on the vector field. Since these hypotheses are the natural
setting to study the semigroup and stability properties, as well as the proper blow-up
of the trajectories, we recall them here. For T ∈ (0,∞) we consider a Borel vector field
b : (0, T )× Ω→ Rd satisfying:

(a-Ω)
∫ T

0

∫
Ω′ |bt(x)| dxdt <∞ for any Ω′ b Ω;

(b-Ω) for any nonnegative ρ̄ ∈ L∞+ (Ω) with compact support in Ω and any closed interval
I = [a, b] ⊂ [0, T ], the continuity equation

d

dt
ρt + div (bρt) = 0 in (a, b)× Ω

has at most one weakly∗ continuous solution I 3 t 7→ ρt ∈ LI,Ω (defined in (1.9))
with ρa = ρ̄.

We further assume that the spatial divergence div bt(·) in the sense of distributions
satisfies

∀Ω′ b Ω, div bt(·) ≥ m(t) in Ω′, with L(Ω′, b) :=

∫ T

0
|m(t)| dt <∞. (3.1)

In Section 3.1 and 3.2, we prove a natural semigroup property for X and for TΩ,X

and the stability properties of X before the blow-up time TX with respect to per-
turbations of b. Finally, we discuss some additional properties which depend on global
bounds on the divergence, more precisely on (2.4). The first property, presented in Sec-
tion 3.3 and well known in the classical setting, is properness of the blow-up, namely

39



40 Main properties of maximal regular flows and analysis of blow-up

this enforcement of (2.2):

lim
t↑TΩ,X (x)

VΩ(X(t, x)) =∞ for L d-a.e. x ∈ {TΩ,X < T}. (3.2)

In other terms, for any Ω′ b Ω we have that X(t, x) /∈ Ω′ for t sufficiently close to
TΩ,X(x).

In Ω = Rd, d ≥ 2, we also provide an example of an autonomous Sobolev vector field
showing that (2.2) cannot be improved to (3.2) when only local bounds on divergence
are present. We also discuss the 2-dimensional case for BVloc vector fields. The second
property is the continuity of X(·, x) up to TΩ,X(x), discussed in Section 3.4, and
sufficient conditions for TΩ,X(x) = T .

3.1 Semigroup property

In order to discuss the semigroup property, we double the time variable and denote by

X(t, s, x), t ≥ s,

the maximal flow with s as initial time, so that X(t, 0, x) = X(t, x) and X(s, s, x) = x.
The maximal time of X(·, s, x) will be denoted by TΩ,X,s(x).

In the smooth setting, it is easily seen that X(·, x) solves the ODE ẋ(t) = bt(x(t))
and its value at time s is X(s, x), hence it coincides with the unique trajectory
X(·, s,X(s, x)). If b and X are as in Theorem 1.5, and a two-sided bound on the
divergence of b is assumed, an analogous argument (based also, this time, on the com-
pressibility condition) allows to show that for every s ∈ [0, T ], for L d-a.e. x ∈ Rd

X
(
·, s,X(s, x)

)
= X(·, x) in [s, T ]. (3.3)

In the context of maximal regular flows, namely under the assumptions of Theorem 2.14,
the semigroup property is a natural extension of (3.3) involving also the existence times.

The proof of the semigroup property and of the identity TΩ,X,s(X(s, x)) = TΩ,X(x)
satisfied by the maximal existence time follows the classical scheme. It is however a
bit more involved than usual because we are assuming only one-sided bounds on the
divergence of b, therefore the inverse of the map X(s, ·) (which corresponds to a flow
with reversed time) is a priori not defined. For this reason, using disintegrations, we
define in the proof a kind of multi-valued inverse of X(s, ·).

Theorem 3.1 (Semigroup property). Under assumptions (a-Ω), (b-Ω), and (3.1) on
b, for all s ∈ [0, T ] the maximal regular flow X satisfies

Ts,Ω,X(X(s, x)) = TΩ,X(x) for L d-a.e. x ∈ {TΩ,X > s}, (3.4)

X
(
·, s,X(s, x)

)
= X(·, x) in [s, TΩ,X(x)), for L d-a.e. x ∈ {TΩ,X > s}. (3.5)
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Proof. Let us fix s ≥ 0 and assume without loss of generality that L d({TΩ,X > s}) >
0. Let us fix a Borel Bs ⊂ {TΩ,X > s} with positive and finite measure, and let L d

s

denote the renormalized Lebesgue measure on Bs, namely L d
s := L d Bs/L d(Bs).

We denote by ρs the bounded density of the probability measure X(s, ·)#L d
s with

respect to L d. We can disintegrate the probability measure π := (Id ×X(s, ·))#L d
s

with respect to ρs, getting a family {πy} of probability measures in Rd such that
π =

∫
πy ⊗ δy ρs(y) dy. Notice that in the case when X(s, ·) is (essentially) injective,

πy is the Dirac mass at (X(s, ·))−1(y) for X(s, ·)#L d
s -a.e. y.

For ε > 0, let us set

πε :=

∫
{ρs≥ε}

πy ⊗ δy dy ∈P
(
R2d
)

Since επε ≤ π, the first marginal ρ̃ε of πε is bounded from above by L d
s /ε, therefore it

has a bounded density ρ̃ε with respect to L d. Moreover, since π ≤ ‖ρs‖L∞(Rd) supε>0 πε
and the first marginal of π is L d

s , we obtain

sup
ε>0

ρ̃ε(x) > 0 for L d-a.e. x ∈ Bs. (3.6)

Now, for τ > s and ε > 0 fixed, let Bτ
s := {TΩ,X > τ} and define a generalized flow

ητ,ε ∈P
(
C([s, τ ];Rd)

)
by

ητ,ε :=

∫
(x,y)∈Bτs×{ρs≥ε}

δX(·,x) dπy(x) dy =

∫
Bτs

δX(·,x) ρ̃ε(x) dx. (3.7)

For any r ∈ [s, τ ] and any φ ∈ Cb(Rd) nonnegative there holds∫
Rd
φd[(er)#ητ,ε] =

∫
Bτs

φ(X(r, x))ρ̃ε(x) dx ≤ L‖ρ̃ε‖∞
∫
Rd
φ(z) dz.

Evaluating at r = s, a similar computation gives

(es)#ητ,ε = X(s, ·)#(χBτs ρ̃ε).

By Theorem 1.12 (applied in the time interval [s, τ ] instead of [0, T ]) it follows that

ητ,ε =

∫
δηz d[(es)#ητ,ε](z). (3.8)

Now, it is clear that W (·, z) := ηz(·) is a regular flow in [s, τ ], hence (by uniqueness)
ηz = X(·, s, z) for (es)#ητ,ε-a.e. z. Returning to (3.8) we get

ητ,ε =

∫
δX(·,s,z) d[(es)#ητ,ε](z) =

∫
Bτs

δX(·,s,X(s,x))ρ̃ε(x) dx, (3.9)
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where in the second equality we used the formula for (es)#ητ,ε. Comparing formulas
(3.7) and (3.9), and taking (3.6) into account, we find that Ts,Ω,X(X(s, x)) ≥ τ and
that X

(
·, s,X(s, x)

)
≡ X(·, x) in [s, τ ], for L d-a.e. x ∈ Bτ

s . Since τ > s is arbitrary,
it follows that Ts,Ω,X(X(s, x)) ≥ TΩ,X(x) and that X

(
t, s,X(s, x)

)
= X(t, x) L d-a.e.

in Bs.

If TΩ,X(x) < T , by the semigroup identity it follows that

lim sup
t↑TΩ,X (x)

VΩ(X
(
t, s,X(s, x)

)
) = lim sup

t↑TΩ,X (x)
VΩ(X(t, x)) =∞,

and hence

Ts,Ω,X(X(s, x)) = TΩ,X(x) for L d-a.e. x ∈ Bs. (3.10)

Eventually we use the arbitrariness of Bs to conclude (3.4) and (3.5). �

3.2 Stability

This Section provides the stability of maximal regular flows in Ω. This result, which is
usually related to an analogous stability property for solutions of the continuity equa-
tion, plays an important role in applications, since it allows for instance to build weak
solutions of nonlinear systems of PDEs by approximation (see for instance Theorem 8.8
and Theorem 9.4).

A classical stability result for regular lagrangian flows in Rd is the following: if
{bn}n∈N, b satisfy the assumptions of Theorem 1.5 and

bn → b in L1((0, T )× Rd), sup
n∈N
‖bn‖L∞((0,T )×Rd) + ‖(div bn)−‖L∞((0,T )×Rd) <∞,

then the regular lagrangian flows Xn of bn converge to the regular lagrangian flow X
of b in the sense

lim
n→∞

∫
Rd

min
{

max
t∈[0,T ]

|Xn(t, x)−X(t, x)|, e−|x|2
}
dx = 0.

The proof of this statement can be found in [AC2, Theorem 33]. A similar result
under purely local assumptions on the vector field requires to localize also the thesis
of the stability property, since no control can be expected at the blow-up time (see
Remark 3.4 below). We state the result when the vector fields converge strongly in
space and weakly in time, in analogy with the classical theory (see also Remark 3.3
below).

Theorem 3.2 (Stability of maximal regular flows in Ω). Let Ω ⊂ Rd be an open set.
Let Xn be maximal regular flows in Ω relative to locally integrable Borel vector fields
bn : (0, T )× Ω→ Rd. Assume that:
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(a) for any A b Ω open the compressibility constants C(A,Xn) in Definition 2.4 are
uniformly bounded;

(b) for any A b Ω open, setting Aε := {x ∈ A : dist(x,Rd \ A) ≥ ε} for ε > 0, there
holds, uniformly w.r.t. n,

lim
h→0

∣∣χA|h|(x+ h)bnt (x+ h)− χA(x)bnt (x)
∣∣ = 0 in L1((0, T )×A); (3.11)

(c) there exists a Borel vector field b : (0, T ) × Ω → Rd satisfying (a-Ω) and (b-Ω)
such that

bn ⇀ b weakly in L1((0, T )×A;Rd) for all A b Ω open. (3.12)

Then there exists a unique maximal regular flow X for b and, for every t ∈ [0, T ] and
any open set A b Ω, we have

lim
n→∞

∥∥∥max
s∈[0,t]

|Xn
A(s, ·)−X(s, ·)| ∧ 1

∥∥∥
L1({x: hA(X(·,x))>t})

= 0, (3.13)

where

Xn
A(t, x) :=

{
Xn(t, x) for t ∈ [0, hA(Xn(·, x))],
Xn(hA(Xn(·, x)), x) for t ∈ [hA(Xn(·, x)), T ].

Remark 3.3. The convergence (3.12) and (3.11) of bn to b is implied by the strong
convergence of bn to b in space-time. It is however quite natural to state the convergence
in these terms in view of some applications. For example, the weak convergence of
(3.12) and the boundedness in a fractional Sobolev space bn ∈ L1((0, T );Wm,p(Rd)),
p > 1,m > 0, is enough to guarantee that (3.11) holds. The same kind of convergence
appears in [DPL4, Theorem II.7] to prove convergence of distributional solutions of
the continuity equation, and in [CrDe, Remark 2.11] in the context of quantitative
estimates on the flows of Sobolev vector fields.

Remark 3.4. The convergence of the flows in (3.13) is localized to the trajectories of b
which are inside A in [0, t]. This is indeed natural: even with smooth vector fields one
can construct examples where the existence time of X(·, x) is strictly smaller than the
existence time of Xn(·, x) and the convergence of Xn(·, x) to X(·, x), or to its constant
extension beyond the existence time TΩ,X(x), fails after TΩ,X(x) (see Figure 3.1).

The stability of maximal flows in Theorem 3.2 implies a lower semicontinuity prop-
erty of hitting times.

Corollary 3.5 (Semicontinuity of hitting times). With the same notation and assump-
tions of Theorem 3.2, for every t ∈ [0, T ] we have that

lim
n→∞

L d
(
{x : hA(Xn(·, x)) ≤ t < hA(X(·, x))}

)
= 0. (3.14)
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X( , x).
X
n
( , x).

x

Ω

Figure 3.1: One can build a sequence of smooth vector fields bn whose trajectories
Xn(·, x) starting from a point x is drawn in the figure. These trajectories fail to
converge to the constant extension of X(·, x) after TΩ,X(x).

In particular, there exists a subsequence n(k) → ∞ (which depends, in particular, on
A) such that

hA(X(·, x)) ≤ lim inf
k→∞

hA(Xn(k)(·, x)) L d-a.e. in A. (3.15)

Proof. For every x such that hA(Xn(·, x)) ≤ t < hA(X(·, x)) we have that

max
s∈[0,t]

|Xn
A(s, x)−X(s, x)| ≥ dist(∂A,X([0, t], x)) > 0.

It implies, together with (3.13), that (3.14) holds.

Up to a subsequence and with a diagonal argument, by (3.14) we deduce that for
every t ∈ Q ∩ [0, T ] the functions 1{hA(Xn(k)(·,x))≤t} converge pointwise a.e. to 0 in

{hA(X(·, x)) > t} and therefore for L d-a.e. x such that t < hA(X(·, x)) we have
hA(Xn(·, x)) > t for n large enough. This implies that for every t ∈ Q ∩ [0, T ], for
L d-a.e. x such that t < hA(X(·, x)) we have

t ≤ lim inf
k→∞

hA(Xn(k)(·, x)) L d-a.e. in A,

which implies (3.15).

The proof of the stability of maximal regular flows in Ω is based on a tightness
and stability result for regular generalized flows in A (according to Definition 2.10),
as the one presented in Theorem 2.11 under the assumption of the strong space-time
convergence of the vector fields.

Proposition 3.6 (Tightness and stability of generalized regular flows). Let A ⊂ Rd be
a bounded open set. The result of Theorem 2.11 holds true also if we replace the strong
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convergence of the vector fields (2.13) with the assumptions

lim
h→0

χA|h|(x+ h)cnt (x+ h) = χA(x)cnt (x) in L1((0, T )×A), uniformly w.r.t. n,

(3.16)

cn ⇀ c weakly in L1((0, T )×A), (3.17)

where Aε := {x ∈ A : dist(x,Rd \A) ≥ ε} for ε > 0 (compare with (3.11) and (3.12)).

Proof. The tightness was based on Dunford-Pettis’ theorem and it can be repeated in
this context thanks to (3.17): in particular, there exists a modulus of integrability F
such that

sup
n∈N

∫ ∫ T

0
F (|η̇(t)|) dt dηn <∞. (3.18)

We show that η is concentrated on integral curves of c, namely∫ ∣∣∣∣η(t)− η(0)−
∫ t

0
cs(η(s)) ds

∣∣∣∣ dη(η) = 0 (3.19)

for any t ∈ [0, T ]. To this end we consider cε := (cχAε) ∗ ρε, where ρε(x) := ε−dρ(x/ε),
ρ ∈ C∞c (Rd) nonnegative, is a standard convolution kernel in the space variable with
compact support in the unit ball. Notice that cε ∈ L1((0, T );C∞c (A;Rd)) and that
|cε − c| → 0 in L1((0, T ) × A) as ε → 0. Similarly, for every n ∈ N we set cn,ε :=
(cnχAε) ∗ ρε. We first prove that, for every ε > 0,∫ ∣∣∣∣η(t)− η(0)−

∫ t

0
cεs(η(s)) ds

∣∣∣∣ dη(η) ≤ ω(ε), (3.20)

where ω : (0,∞)→ (0,∞) is a nondecreasing function which goes to 0 as ε→ 0 to be
chosen later.

Since the integrand is a continuous (possibly unbounded) function of η ∈ C([0, T ];Rd)
and ηn is concentrated on integral curves of cn, by the triangular inequality we have
the estimate∫ ∣∣∣∣η(t)− η(0)−

∫ t

0
cεs(η(s)) ds

∣∣∣∣ dη(η)

≤ lim inf
n→∞

∫ ∣∣∣∣η(t)− η(0)−
∫ t

0
cεs(η(s)) ds

∣∣∣∣ dηn(η)

≤ lim inf
n→∞

[∫ ∣∣∣∣∫ t

0
[cns − cn,εs ](η(s)) ds

∣∣∣∣ dηn(η) +

∫ ∣∣∣∣∫ t

0
[cn,εs − cεs](η(s)) ds

∣∣∣∣ dηn(η).

]
To estimate the first term in the right-hand side of (3.21), we notice that

sup
n∈N
‖cn,ε − cn‖L1((0,T )×A) ≤ ω(ε)
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and ω(ε)→ 0 as ε→ 0. Indeed, consider a nondecreasing function ω0 : (0,∞)→ (0,∞)
which goes to 0 as ε→ 0 and such that

‖χA|h|(x− h)cnt (x− h)− χA(x)cnt (x)‖L1((0,T )×A) ≤ ω0(|h|) (3.21)

for every n ∈ N, which exists thanks to (3.16). We notice that∫ T

0

∫
A
|cn,ε − cn| dx dt ≤

∫
Rd
ρε(z)

∫ T

0

∫
A
|χAε(x− z)cnt (x− z)− cnt (x)| dx dt dz

≤
∫
Rd
ρε(z)

∫ T

0

∫
A

[χA|z|(x− z)− χAε(x− z)]|cnt (x− z)| dx dt dz

+

∫
Rd
ρε(z)

∫ T

0

∫
A
|χA|z|(x− z)cnt (x− z)− cnt (x)| dx dt dz

≤
∫
Rd
ρε(z)

∫ T

0

∫
Rd

[χA(x)− χAε(x)]|cnt (x)| dx dt dz + ω0(ε)

and the first term converges to 0 uniformly in n thanks to (3.17), Dunford-Pettis’
theorem and since Aε ↑ A as ε→ 0.

Hence, using the fact that cn = 0 on ∂A and the definition (2.12) of compressibility
constant Cn for ηn we get∫ ∣∣∣∣∫ t

0
[cns − cn,εs ](η(s)) ds

∣∣∣∣ dηn(η) ≤ Cn
∫

Ω

∫ t

0
|cn − cn,ε| ds dx ≤ sup

n
Cn ω(ε). (3.22)

We now estimate the second term in the right-hand side of (3.21). To this end, for
every k > 0 we consider the set of curves

Γk :=
{
η ∈ AC([0, T ];A) :

∫ T

0
F (|η̇(t)|) dt ≤ k

}
.

We notice that all curves in Γk have a uniform modulus of continuity that we denote
by ω̃k. By Chebyshev’s inequality and (3.18) we deduce that

ηn(C([0, T ];A) \ Γk) ≤
C

k

for some constant C > 0, hence in the complement of Γk we estimate the integrand
with its L∞ norm:∫

Γck

∣∣∣∣∫ t

0
[cn,εs − cεs](η(s)) ds

∣∣∣∣ dηn(η) ≤ ηn(Γck)

∫ T

0
‖cn,εs − cεs‖L∞(A) ds

≤ C

k
‖cn − c‖L1((0,T )×A)‖ρε‖L∞(A).

(3.23)

Hence, choosing k large enough we can make this term as small as we wish uni-
formly with respect to n, since ‖cn− c‖L1((0,T )×A) ≤ ‖cn‖L1((0,T )×A) + ‖c‖L1((0,T )×A) is
bounded.
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In Γk, for any N ∈ N we can use the triangular inequality, the fact that cn,ε and cε

are null on (0, T )×∂A, and the bounded compression condition (ei/N )#η
n A ≤ CnL d

for every i = 1, . . . , N , to get∫
Γk

∣∣∣∣∫ t

0
[cn,εs − cεs](η(s)) ds

∣∣∣∣ dηn(η) ≤
N∑
i=1

∫
Γk

∣∣∣∣∣
∫ tNi

tNi−1

[cn,εs − cεs](η(s)) ds

∣∣∣∣∣ dηn(η)

≤
N∑
i=1

∫
Γk

∣∣∣∣∣
∫ tNi

tNi−1

[cn,εs − cεs]
(
η
(
tNi
))
ds

∣∣∣∣∣ dηn(η)

+ ω̃k

( t
N

) N∑
i=1

∫ tNi

tNi−1

‖∇[cn,εs − cεs](·)‖L∞(A) ds

≤ Cn
N∑
i=1

∫
A

∣∣∣∣∣
∫ tNi

tNi−1

[cn,ε − cε] ds
∣∣∣∣∣ dx

+ ω̃k

( t
N

)
‖cn − c‖L1((0,T )×A)‖∇ρε‖L∞(Rd),

where tNi = it/N . Choosing N large enough we can make the second term in the
right-hand side as small as we want, uniformly in n. Letting n → ∞ in (3.24), each
term in the first sum in the right-hand side converges to 0 pointwise in x by the weak
convergence (3.12) tested with the function ϕxs (y) = 1[tNi−1,t

N
i ](s)ρε(x − y), namely, for

every x ∈ A,

lim
n→∞

∫ tNi

tNi−1

[cn,εs (x)− cεs(x)] ds = lim
n→∞

∫ tNi

tNi−1

[cns (y)− cs(y)]ρε(x− y) ds = 0.

These functions are bounded by ‖cn − c‖L1((0,T )×A)‖ρε‖L∞(Rd), thus by dominated
convergence the first sum in the right-hand side of (3.24) converges to 0. It follows
that, given ε and k, by choosing N sufficiently large we can make also this term as
small as we wish, hence (3.20) follows from (3.21). We now let ε → 0 in (3.20) and
notice that, since η satisfies (2.12) with C = lim infnCn and cε → c in L1((0, T )×A),

lim
ε→0

∫ ∣∣∣∣∫ t

0
[cs − cεs](η(s)) ds

∣∣∣∣ dη(η) ≤ C lim
ε→0

∫
A

∫ t

0
|c− cε| ds dx = 0,

proving the validity of (3.19). �

The following lemma is a standard tool in optimal transport theory (see for in-
stance [A2, Lemma 22], or [Vi, Corollary 5.23]), but we prove it for completeness.

Lemma 3.7. Let X1, X2 be Polish metric spaces, let µ ∈P
(
X1

)
, and let Fn : X1 → X2

be a sequence of Borel functions. If

(Id, Fn)#µ ⇀ (Id, F )#µ narrowly in P
(
X1 ×X2

)
, (3.24)
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then Fn converge to F in µ-measure, namely

lim
n→∞

µ({dX2(Fn, F ) > ε}) = 0 ∀ ε > 0.

Proof. Let us fix ε ∈ (0, 1). For every δ > 0 we consider a continuous map F̃ which
coincides with F up to a set of µ-measure δ. Taking the bounded continuous function
φ(x, y) = min{dX2(y, F̃ (x)), 1} for (x, y) ∈ X1 × X2 as a test function in (3.24) we
deduce that

ε lim sup
n→∞

µ({dX2(Fn, F̃ ) > ε}) ≤ lim
n→∞

∫
X1

min{dX2(Fn(x), F̃ (x)), 1} dµ(x)

=

∫
X1

min{dX2(F (x), F̃ (x)), 1} dµ(x) ≤ δ.

Therefore

lim sup
n→∞

µ({dX2(Fn, F ) > ε}) ≤ µ({F 6= F̃}) + lim sup
n→∞

µ({dX2(Fn, F̃ ) > ε}) ≤ δ +
δ

ε

which can be made arbitrarily small by taking δ small. �

Proof of Theorem 3.2. Fix A b Ω open, denote by L d
A the normalized Lebesgue mea-

sure on A, and define Xn
A as in the statement of the theorem. Then the laws ηn of

x 7→ Xn
A(·, x) under L d

A define regular generalized flows in A relative to cn = χAb
n,

according to Definition 2.10, with compressibility constants Cn = C(A,Xn).

Hence we can apply Proposition 3.6 to obtain that, up to a subsequence, ηn weakly
converge to a generalized flow η in A relative to the vector field c = χAb, with com-
pressibility constant C = lim infnCn. Let ηx be the conditional probability measures
induced by the map e0, and let XA and TA be given by Proposition 2.12; recall that
XA(·, x) is an integral curve of b in [0, TA(x)], that XA([0, TA(x)), x) ⊂ A, and that
XA(TA(x), x) ∈ ∂A if TA(x) < T ; as explained in Remark 2.13, for L d

A-almost every
x the hitting time hA(η) is equal to TA(x) for ηx-a.e. η, and (et)#ηx = δXA(t,x) for all
t ∈ [0, TA(x)]. For every t ∈ [0, T ] we set Et,A := {TA(x) > t}; since

XA(s, ·)#(L d Et,A) = (es)#

∫
Et,A

δXA(·,x) dL
d ≤ (es)#η ≤ CL d ∀ s ∈ [0, t],

we obtain that XA is a regular flow for b on [0, t]× Et. Applying Theorem 2.14(b) to
XA1 and XA2 with A1 ⊂ A2 we deduce that XA1 = XA2 on Et,A1 , and this allows us
(by a gluing procedure) to obtain a maximal regular flow for b.

To prove the last statement, we apply Lemma 3.7 with X1 = Rd, µ = (L d {TA >
t})/L d({TA > t}), X2 = C([0, t];A), Fn(x) = Xn

A(·, x), F (x) = XA(·, x). More
precisely, we consider the laws η̃n ∈ P

(
C([0, t];Rd)

)
of x 7→ Xn

A(·, x) under µ; with
the same argument as above, we know that η̃n weakly converge to η̃ and that the
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disintegration η̃x coincides with δXA(·,x) for µ-a.e. x ∈ Rd (notice that XA(·, x) is
defined in [0, t] for µ-a.e. x). The assumption (3.24) is satisfied, since for every bounded
continuous function ϕ : Rd × C([0, T ];A)→ R we have∫

ϕ(x, γ) d(Id,Xn
A(·, x))#µ(x, γ) =

∫
ϕ(γ(0), γ) dη̃n(γ)

(and similarly with η̃) and the weak convergence of η̃n to η̃ shows that

lim
n→∞

∫
ϕ(x, γ) d(Id,Xn

A(·, x))#µ(x, γ) =

∫
ϕ(x, γ) d(Id,XA(·, x))#µ(x, γ).

We deduce the convergence in µ-measure of Xn
A to XA in C([0, t];A), i.e.,

lim
n→∞

L d

({
x ∈ {TA > t} : sup

s∈[0,t]
|Xn

A(s, x)−XA(s, x)| > ε
})

= 0 ∀ ε > 0,

from which (3.13) follows easily.

3.3 Proper blow-up of trajectories under global bounds
on divergence

Recall that the blow-up time TΩ,X(x) for maximal regular flows is characterized by the
property lim supt↑TΩ,X (x) VΩ(X(t, x)) = ∞ when TΩ,X(x) < T . We say that X(·, x)

blows up properly (i.e. with no oscillations) if the stronger condition

lim
t↑TΩ,X (x)

VΩ(X(t, x)) =∞ (3.25)

holds. This property says in particular that the modulus of every unbounded trajectory
must converge to infinity. On the other hand, (3.25) does not guarantee that, even in
a bounded domain Ω, bounded trajectories have a limit as t approaches the blow-up
time (the limit belongs to ∂Ω if it exists). This fact may happen even with smooth
vector fields (see Figure 3.2); we show in Theorem 3.12 that this cannot happen if we
assume global integrability of b.

In the following theorem we prove the proper blow-up of trajectories when a global
bounded compression condition on X is available, see (3.27) below. Thanks to the
properties of the maximal regular flow the global bounded compression condition is
fulfilled, for instance, in all cases when the divergence bounds L(Ω′) in (3.1) are uni-
formly bounded. More precisely

div bt(·) ≥ m(t) in Ω, with L(Ω) :=

∫ T

0
|m(t)| dt <∞ (3.26)

implies (3.27) with C∗ ≤ eL(Ω).
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X(t, x)

x

⌦ = B1

Figure 3.2: The picture shows a bounded trajectory of a smooth vector field in Ω = B1

such that (3.25) holds but the trajectory blows up in finite time without having a limit.

Theorem 3.8. Let X be a maximal regular flow relative to a Borel vector field b sat-
isfying (a-Ω) and (b-Ω), and assume that the bounded compression condition is global,
namely there exists a constant C∗ ≥ 0 satisfying

X(t, ·)#(L d {TΩ,X > t}) ≤ C∗L d ∀ t ∈ [0, T ). (3.27)

Then

lim inf
t↑TΩ,X (x)

|X(t, x)| =∞ for L d-a.e. x ∈ Rd such that lim sup
t↑TΩ,X (x)

|X(t, x)| =∞,

and in particular limt↑TΩ,X (x) VΩ(X(t, x)) =∞ for L d-a.e. x with TΩ,X(x) < T .

Proof. Let Ωn be open sets with Ωn b Ωn+1 b Ω, with ∪nΩn = Ω. We consider cut-off
functions ψn ∈ C∞c (Ωn+1) with 0 ≤ ψn ≤ 1 and ψn ≡ 1 on a neighborhood of Ωn.

SinceX(·, x) is an integral curve of b for L d-a.e x ∈ Ω we can use (3.27) to estimate∫
Ω

∫ TΩ,X (x)

0

∣∣∣ d
dt
ψn(X(t, x))

∣∣∣ dt dx ≤ ∫
Ω

∫ TΩ,X (x)

0
|∇ψn(X(t, x))| |bt(X(t, x))| dt dx

=

∫ T

0

∫
{TΩ,X>t}

|∇ψn(X(t, x))| |bt(X(t, x))| dx dt

≤ C∗
∫ T

0

∫
Rd
|∇ψn(y)||bt(y)| dy dt

≤ C‖∇ψn‖L∞(Ω)

∫ T

0

∫
Ωn+1

|bt(x)| dx dt.

(3.28)

Hence ψn(X(·, x)) is the restriction of an absolutely continuous map in [0, TΩ,X(x)]
(and therefore uniformly continuous in [0, TΩ,X(x))) for L d-a.e. x ∈ Ω.
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Let us fix x ∈ Ω such that lim supt↑TΩ,X (x) VΩ(X(t, x)) = ∞ and ψn(X(·, x)) is

uniformly continuous in [0, TΩ,X(x)) for every n ∈ N. The lim sup condition yields that
the limit of all ψn(X(t, x)) as t ↑ TΩ,X(x) must be 0. On the other hand, if the lim inf
of VΩ(X(t, x)) as t ↑ TΩ,X(x) were finite, we could find an integer n and tk ↑ TΩ,X(x)
with X(tk, x) ∈ Ωn for all k. Since ψn+1(X(tk, x)) = 1 we obtain a contradiction.

�

Remark 3.9. Under the assumptions of the previous theorem applied with Ω = Rd,
given any probability measure µ0 ≤ CL d for some C > 0, it can be easily shown that
the measure

µt := X(t, ·)#(µ0 {TX > t}), t ∈ [0, T ] (3.29)

is a bounded (by (3.27)), weakly* continuous, distributional solution to the continuity
equation. We notice that the same statement is not true if we assume only a local
bound on div b, since the measure (3.29) can be locally unbounded, as in the example
of Proposition 3.10, and therefore we cannot write the distributional formulation of the
continuity equation.

To see that (3.29) is a distributional solution of the continuity equation, we con-
sider ϕ ∈ C∞c (Rd) and we define the function gt(x) as ϕ(X(t, x)) if t < TX(x) or
t = TX(x) = T , and gt(x) = 0 otherwise. By Theorem 3.8 we notice that gt(x)
is absolutely continuous with respect to t for L d-a.e. x ∈ Rd and that d

dtgt(x) =
1{TX (x)>t}∇ϕ(X(t, x))bt(X(t, x)) for L 1-a.e. t ∈ (0, T ), for L d-a.e. x ∈ Rd. We

deduce that the function t →
∫
{TX>t} ϕ(X(t, x)) dµ0(x) is absolutely continuous and

its derivative is given by

d

dt

∫
{TX>t}

ϕ(X(t, x)) dµ0(x) =
d

dt

∫
Rd
gt(x) dµ0(x)

=

∫
{TX>t}

∇ϕ(X(t, x))bt(X(t, x)) dµ0(x).

The proper blow-up may fail for the maximal regular flow due only to the lack of a
global bound on the divergence of b, as shown in the next example.

In the following we denote by v1, . . . ,vd the canonical basis of Rd and B
(d−1)
r (x′) ⊂

Rd−1 the ball of center x′ ∈ Rd−1 and radius r. We denote each point x ∈ Rd as
x = (x′, xd), where x′ are the first d − 1 coordinates of x. For simplicity we write TX
for TRd,X .

Proposition 3.10. Let d ≥ 3. There exist an autonomous vector field b : Rd → Rd
and a Borel set of positive measure Σ ⊂ Rd such that b ∈W 1,p

loc (Rd;Rd) for some p > 1,
div b ∈ L∞loc(Rd), and

TX(x) ≤ 2, lim inf
t↑TX (x)

|X(t, x)| = 0, lim sup
t↑TX (x)

|X(t, x)| =∞ (3.30)

for every x ∈ Σ.
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e1

248
R
d-1

I
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e1e1

Figure 3.3: The trajectories of b oscillate between 0 and ∞.

Proof. We build a vector field whose trajectories are represented in Figure 3.3. Let
{ak}k∈N be a fastly decaying sequence to be chosen later. For every k = 1, 2, . . . we
define the cylinders

Ek =

{
B

(d−1)
ak (2−kv1)× [−2k−1, 2k] if k is odd

B
(d−1)
ak (2−kv1)× [−2k, 2k−1] if k is even.

We also define
E0 = B(d−1)

a1
(2−1v1)× (−∞,−1].

Let ϕ ∈ C∞0 (B
(d−1)
1 ) be a nonnegative cutoff function which is equal to 1 in B1/2. In

every Ek the vector field b points in the d-th direction and it depends only on the first
d− 1 variables

b(x) :=


(−1)k+14kϕ

(x′ − 2−kv1

ak

)
vd ∀x ∈ Ek, k ≥ 1

4ϕ
(x′ − 2−1v1

a1

)
vd ∀x ∈ E0.

(3.31)

Notice that div b = 0 in every Ek and that b is 0 on the lateral boundary of every
cylinder Ek since ϕ is compactly supported.

For every k ≥ 1 we define the cylinders E′k ⊂ Rd as

E′k =

{
B

(d−1)
ak/2

(2−kv1)× [−2k−1, 2k] if k is odd

B
(d−1)
ak/2

(2−kv1)× [−2k, 2k−1] if k is even.
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Figure 3.4: The sets Ek, Fk, E
′
k, and F ′k and the vector field b.

For every k ∈ N we define a handle Fk which connects Ek with Ek+1 as in Figure 3.4.
It is made of a family of smooth, nonintersecting curves of length less than 1 which
connect the top of Ek to the top of Ek+1 and E′k with E′k+1. We denote by F ′k the
handle between E′k and E′k+1, as in Figure 3.4.

The vector field b is extended to be 0 outside ∪∞k=0(Ek ∪ Fk). It is extended inside
every Fk by choosing a smooth extension in a neighborhood of each handle, whose
trajectories are the ones described by the handle. The modulus of b is chosen to be
between 4k and 4k+1 in F ′k (notice that |b(x)| = 4k on the top of E′k thanks to (3.31)).

With this choice, every trajectory in F ′k is not longer than 1 and the vector field b
is of size 4k. We deduce that the handle is covered in time less than 4−k.

By the construction it is clear that b is smooth in Rd \ Rvd. We show that b ∈
W 1,p

loc (Rd;Rd) for some p > 1 by estimating the W 1,p norm of b in every ball BR. With
this estimate, one can easily see that b is the limit of smooth vector fields with bounded
W 1,p norms on BR; it is enough to consider the restriction of b to the first n sets Ek∪Fk.

Fix R > 0. The W 1,p norm of b in BR is estimated by

‖b‖W 1,p(BR) ≤ ‖b‖W 1,p(E0∩BR) +

∞∑
k=1

‖b‖W 1,p(Fk∩BR) +

∞∑
k=1

‖b‖W 1,p(Ek). (3.32)

The first term is obviously finite (depending on R); since BR intersects at most finitely
many Fk, the second sum in the right-hand side of (3.32) has only finitely many nonzero
terms. As regards the third sum, we compute the W 1,p norm of b in each set Ek. For
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every k ∈ N

‖b‖Lp(Ek) ≤ 4k(2R)1/p
∥∥∥ϕ(x′ − 2−kv1

ak

)∥∥∥
Lp
(
B

(d−1)
ak

(2−kv1)
)

= 4k(2Rad−1
k )1/p‖ϕ‖

Lp(B
(d−1)
1 )

and similarly

‖∇b‖Lp(Ek) ≤
4k(2R)1/p

ak

∥∥∥∇ϕ(x′ − 2−kv1

ak

)∥∥∥
Lp
(
B

(d−1)
ak

(2−kv1)
)

=
4k(2Rad−1

k )1/p

ak
‖∇ϕ‖

Lp(B
(d−1)
1 )

.

(3.33)

Since ak ≤ 1, the series in the right-hand side of (3.32) is estimated by

∞∑
k=1

‖b‖W 1,p(Ek) ≤ C(R,ϕ)

∞∑
k=1

4ka
(d−1)/p−1
k

and it is convergent for every p < d−1 provided that we take ak ≤ 8−pk/(d−1−p). Hence
b ∈W 1,p(BR;Rd) for every R > 0.

To check that div b ∈ L∞loc(Rd), we notice that b is divergence free in Rd\∪∞k=0Fk and
that for every R > 0 the ball BR intersects only finitely many handles Fk; in particular
b is divergence free in B1. Since b is smooth in a neighborhood of each handle, we
deduce that div b is bounded in every BR.

Finally we set Σ = Ba1/2(v1/2)×[0, 1] and we show that for every x ∈ Σ the smooth
trajectory of b starting from x satisfies (3.30). The trajectory of x lies by construction
in ∪∞k=0(E′k ∪F ′k). For every k ∈ N, the time requested to cross the set E′k is 2k/4k and,
as observed before, the time requested to cross F ′k is less than 4−k. Hence

TX(x) ≤
∞∑
k=1

2k + 1

4k
≤ 2 ∀x ∈ Σ.

The other properties in (3.30) are satisfied by construction. �

In dimension d = 2, thanks to the smoothness of the vector field built in the previous
example outside the x2-axis, there exists only an integral curve of b for every x ∈ R2 \
{x1 = 0}. Hence, thanks to the superposition principle the previous example satisfies
the assumption (b-Ω) on b and therefore provides a two-dimensional counterexample
to the proper blow-up of trajectories. On the other hand, the vector field built in the
previous example is not in BVloc(R2;R2). We show indeed in the next proposition that
for any autonomous BVloc vector field in dimension d = 2 the behavior of the previous
example (see Figure 3.3) cannot happen and the trajectories must blow up properly.
It looks likely that, with d = 2 and a non-autonomous vector field, one can build an
example following the lines of the example in Proposition 3.10.
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R

R+1

Figure 3.5: For an autonomous vector field b in the plane, we consider an integral curve
of a suitable representative of b, namely a vector field which coincides L 2-a.e. with b.
Given R > 0, the time needed for the integral curve to cross the annulus BR+1 \ BR
is greater or equal than the constant ‖ ess sup∂Br |b|‖−1

L1(R,R+1)
(see (3.36) below). For

this reason, every trajectory can cross only finitely many times the annulus in finite
time and therefore every unbounded trajectory must blow up properly, as in (3.30).

Proposition 3.11. Let b ∈ BVloc(R2;R2), div b ∈ L∞loc(R2). Then

lim
t↑TX (x)

|X(t, x)| =∞ for L 2-a.e. x ∈ R2 such that lim sup
t↑TX (x)

|X(t, x)| =∞.

(3.34)

Proof. Step 1. Let R > 0. We prove that for every vector field b ∈ BVloc(R2;R2)∫ R+1

R
ess sup
x∈∂Br

|b(x)| dr ≤ 1

2πR

∫
BR+1\BR

|b(x)| dx+ |Db|(BR+1 \BR). (3.35)

For this, let bε be a sequence of smooth vector fields which approximate b in BV (BR+1\
BR), namely

lim
ε→0
|bε−b| = 0 in L1(BR+1\BR), lim

ε→0

∫
BR+1\BR

|∇bε(x)| dx = |Db|(BR+1\BR).

Up to a subsequence (not relabeled) we deduce that for L 1-a.e. r ∈ (R,R+ 1)

lim
ε→0

bε = b in L1(∂Br;R2).

Since we can control the supremum of the one dimensional restriction of bε to ∂Br
through the L1 norm of bε and the total variation we have that

sup
x∈∂Br

|bε(x)| ≤ 1

2πr

∫
∂Br

|bε(x)| dx+

∫
∂Br

|∇bε(x)| dx.
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Hence, integrating with respect to r in (R,R+ 1), (3.35) holds for bε:∫ R+1

R
sup
x∈∂Br

|bε(x)| dr ≤ 1

2πR

∫
BR+1\BR

|bε(x)| dx+

∫
BR+1\BR

|∇bε(x)| dx.

Taking the lim inf in both sides as ε goes to 0, by Fatou lemma we deduce that∫ R+1

R
ess sup
x∈∂Br

|b(x)| dr ≤
∫
BR+1\BR

lim inf
ε→0

sup
x∈∂Br

|bε(x)| dr

≤ lim inf
ε→0

∫ R+1

R
sup
x∈∂Br

|bε(x)| dr

≤ lim
ε→0

( 1

2πR

∫
BR+1\BR

|bε(x)| dx+

∫
BR+1\BR

|Dbε(x)| dx
)

=
1

2πR

∫
BR+1\BR

|b(x)| dx+ |Db|(BR+1 \BR).

Step 2. Let R > 0 and let c : R2 → R2 be a Borel vector field such that

f(r) := sup
x∈∂Br

|c(x)| ∈ L1(R,R+ 1).

Let γ : [0, τ ] → BR+1 \ BR be an absolutely continuous integral curve of c (namely
γ̇ = c(γ) L 1-a.e. in (0, τ)) such that γ(0) ∈ ∂BR and γ(τ) ∈ ∂BR+1. We claim that

τ ≥
(∫ R+1

R
f(r) dr

)−1
. (3.36)

To prove this, we define the nondecreasing function σ : [0, τ ]→ R

σ(t) = max
s∈[0,t]

|γ(s)| ∀ t ∈ [0, τ ]; (3.37)

we have that σ(0) = R and σ(τ) = R+ 1. For every s, t ∈ [0, τ ] with s < t there holds

0 ≤ σ(t)− σ(s) ≤ sup
r∈(s,t]

(|γ(r)| − |γ(s)|)+ ≤
∫ t

s

∣∣∣∣ ddr |γ(r)|
∣∣∣∣ dr ≤ ∫ t

s
|γ̇(r)| dr.

Thus σ is absolutely continuous and σ̇ ≤ |γ̇| L 1-a.e in (0, τ). In addition, for every
t ∈ (0, τ) such that σ(t) 6= |γ(t)| the function σ is constant in a neighborhood of t,
hence σ̇ ≤ χ{σ=|γ|}|γ̇| L 1-a.e. in (0, τ). Therefore

σ̇(t) ≤ 1{σ=|γ|}(t)|γ̇(t)| = 1{σ=|γ|}(t)|c(γ(t))| ≤ f(σ(t)) for L 1-a.e. t ∈ (0, τ).
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By Hölder inequality and the change of variable formula we deduce that

1 ≤ [σ(τ)− σ(0)]2 ≤
(∫ τ

0
σ̇(t) dt

)2
≤ τ

∫ τ

0
[σ̇(t)]2 dt

≤ τ
∫ τ

0
σ̇(t)f(σ(t)) dt = τ

∫ R+1

R
f(σ) dσ,

which proves (3.36).

Step 3. We conclude the proof. Using the invariance of the concept of maximal regular
flow (see Remark 2.6) we can work with a well-chosen representative which allows us to
apply the estimate in Step 2. For this specific representation of b, we show that every
integral unbounded trajectory blows up properly.

For L d-a.e. r > 0 the restriction br(x) = b(rx), x ∈ S1, of the vector field b to ∂Br
is BV . We remind that every 1-dimensional BV function has a precise representative
given at every point by the average of the right approximate limit and of the left
approximate limit, which exist everywhere. We define the Borel vector field c : R2 → R
as

c(rx) = the precise representative of br at x ∀x ∈ S1

for all r such that br ∈ BV (S1), and 0 otherwise. Notice that, by Fubini theorem, c
coincides L 2-a.e. with b, and that sup |c(r·)| ≤ ess sup |b(r·)| for all r > 0.

Let us assume by contradiction the existence of x̄ ∈ Rd such that X(·, x̄) is an
integral curve of the precise representative c and

lim inf
t↑TX (x̄)

|X(t, x̄)| <∞, lim sup
t↑TX (x̄)

|X(t, x̄)| =∞. (3.38)

We fix R > 0 greater than the lim inf in (3.38), as in Figure 3.5 and we define f(r) :=
supx∈∂Br |c(x)|, r ∈ [R,R + 1]. Thanks to (3.35) applied to c, we deduce that f ∈
L1(R,R + 1). Therefore we can apply Step 2 to deduce that every transition from
inside BR to outside BR+1 requires at least time 1/‖f‖L1(R,R+1) > 0. Hence the
trajectory X(·, x̄) can cross the set BR+1 \BR only finitely many times in finite time,
a contradiction. �

3.4 No blow-up criteria under global bounds on diver-
gence

If one is interested in estimating the blow-up time TΩ,X of the maximal regular flow,
or even if one wants to rule out the blow-up, one may easily adapt to this framework
the classical criterion based on the existence of a Lyapunov function Ψ : Rd → [0,∞]
satisfying Ψ(z)→∞ as |z| → ∞ and

d

dt
Ψ(x(t)) ≤ CΨ

(
1 + Ψ(x(t))

)
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along absolutely continuous solutions to ẋ = bt(x). On the other hand, in some cases,
by a suitable approximation argument one can exhibit a solution µt = ρtL d to the
continuity equation with velocity field b with |bt|ρt integrable. As in [AGS1, Propo-
sition 8.1.8] (where locally Lipschitz vector fields were considered) we can use the
existence of this solution to rule out the blow-up.

In the next theorem we provide a sufficient condition for the continuity of X at
the blow-up time, using a global version of (a-Ω) and the global bounded compression
condition (3.27), implied by the global bound on divergence (3.26).

Theorem 3.12. Let b ∈ L1((0, T )×Ω;Rd) satisfy (b-Ω) and assume that the maximal
regular flow X satisfies (3.27). Then X(·, x) is absolutely continuous in [0, TΩ,X(x)]
for L d-a.e. x ∈ Ω, and the limit of X(t, x) as t ↑ TΩ,X(x) belongs to ∂Ω whenever
TΩ,X(x) < T .

Proof. By (3.27) we have that∫
Ω

∫ TΩ,X (x)

0
|Ẋ(t, x)| dt dx =

∫
Ω

∫ TΩ,X (x)

0
|bt(X(t, x))| dt dx

=

∫ T

0

∫
{TΩ,X>t}

|bt(X(t, x))| dx dt

≤ C∗

∫ T

0

∫
Ω
|bt(z)| dz dt.

Hence X satisfies (3.27). Then X(·, x) is absolutely continuous in [0, TΩ,X(x)] for L d-
a.e. x ∈ Ω. Since the lim supVΩ(X(t, x)) as t ↑ TΩ,X is ∞ whenever TΩ,X(x) < T , we
obtain that in this case the limit of X(t, x) as t→ TΩ,X(x) belongs to ∂Ω. �

In the case Ω = Rd we now prove a simple criterion for global existence, which
allows us to recover the classical result in the DiPerna-Lions theory on the existence of
a global flow under the growth condition

|bt(x)|
1 + |x| ∈ L

1((0, T );L1(Rd)) + L1((0, T );L∞(Rd)). (3.39)

As in the previous section, we will use in the next theorem the simplified notation TX
for TRd,X .

Theorem 3.13 (No blow-up criterion). Let b : (0, T ) × Rd → Rd be a Borel vector
field which satisfies (a-Rd) and (b-Rd), and assume that the maximal regular flow X
satisfies (3.27). Assume that ρt ∈ L∞

(
(0, T );L∞+ (Rd)

)
is a weakly∗ continuous solution

of the continuity equation satisfying the integrability condition∫ T

0

∫
Rd

|bt(x)|
1 + |x|ρt(x) dx dt <∞. (3.40)
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Then TX(x) = T and X(·, x) ∈ AC([0, T ];Rd) for ρ0L d-a.e. x ∈ Rd. In addition, if the
growth condition (3.39) holds, then ρt satisfying (3.40) exist for any ρ0 ∈ L1 ∩L∞(Rd)
nonnegative, so that X is defined in the whole [0, T ]× Rd.

Proof. For the first part of the statement we apply Theorem 1.6 to deduce that ρt is
the marginal at time t of a measure η ∈M+

(
C([0, T ];Rd)

)
concentrated on absolutely

continuous curves η in [0, T ] solving the ODE η̇ = bt(η). We then apply Theorem
1.12 to obtain that the conditional probability measures ηx induced by the map e0 are
Dirac masses for (e0)#η-a.e. x, hence (by uniqueness of the maximal regular flow) ρt
is transported by X. Notice that, as a consequence of the fact that η is concentrated
on absolutely continuous curves in [0, T ], the flow is globally defined on [0, T ], thus
TX(x) = T .

For the second part, under assumption (3.39) the existence of a nonnegative and
weakly∗ continuous solution of the continuity equation ρt in L∞

(
(0, T );L1 ∩ L∞(Rd)

)
can be achieved by a simple smoothing argument. So, the bound in L1 ∩L∞ on ρt can
be combined with (3.39) to obtain (3.40). �

Remark 3.14. We remark that if only a local bound on the divergence is assumed
as in Section 2.2, the growth assumption (3.39) is not enough to guarantee that the
trajectories of the regular flow do not blow up. On the other hand, it can be easily
seen that if we assume that b satisfies (a-Rd), (b-Rd), (3.1) and |bt(x)|/(1 + |x|) ∈
L1((0, T );L∞(Rd)), every integral curve of b cannot blow up in finite time and therefore
the maximal regular flow satisfies TX(x) = T and X(·, x) ∈ AC([0, T ];Rd) for L d-a.e.
x ∈ Rd.

Theorem 3.13 is useful in applications when one constructs solutions by approxima-
tion. For instance, for the Vlasov-Poisson system in dimension d = 2 and 3, this result
can be used to show that trajectories which transport a bounded solution with finite
energy do not explode in the phase space (see Theorem 8.2).

3.5 Forward and backward Maximal Regular Flows with
divergence free vector fields

The theory of maximal regular flows developed in the previous and in this Chapter
applies to study the lagrangian structure of transport equations, which in turn give
information on solutions of nonlinear PDEs such as the Vlasov-Poisson system. In
order to avoid unnecessary complications, we develop this theory under the assumption
that the vector field is divergence-free, which is satisfied in the application. In the
following, we give a notion of maximal regular flow and we state an existence and
uniqueness result that fully suits the application to the Vlasov-Poisson system, since it
deals with forward and backward flows starting at any time.

Let T ∈ (0,∞) and let b : (0, T )× Rd → Rd be a Borel vector field. The following
definition of maximal regular flow has an initial condition at time s ∈ (0, T ). Since this
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definition works only with a global bound on the divergence of b, it appears simplified
with respect to Definition 2.4 (specifically, compare (ii) and (iii)). A posteriori, however,
in the cases of interest (namely, when assumptions (a), (b), and 3.43 below are satisfied),
the two definitions are fully equivalent.

Definition 3.15 (Maximal Regular Flow). For every s ∈ (0, T ) we say that a Borel
mapX(·, s, ·) is a Maximal Regular Flow starting at time s if there exist two Borel maps
T+
s,X : Rd → (s, T ], T−s,X : Rd → [0, s) such that X(·, x) is defined in (T−s,X(x), T+

s,X(x))
and the following two properties hold:

(i) for L d-a.e. x ∈ Rd, X(·, x) ∈ ACloc((T
−
s,X(x), T+

s,X(x));Rd) and solves the

ODE ẋ(t) = bt(x(t)) L 1-a.e. in (T−s,X(x), T+
s,X(x)), with the initial condition

X(s, s, x) = x;

(ii) there exists a constant C = C(s,X) such that

X(t, s, ·)#

(
L d {T−s,X < t < T+

s,X}
)
≤ CL d ∀ t ∈ [0, T ]. (3.41)

(iii) for L d-a.e. x ∈ Rd, either T+
s,X(x) = T (resp. T−s,X(x) = 0) and X(·, s, x) can be

continuously extended up to t = T (resp. t = 0) so that X(·, s, x) ∈ C([s, T ];Rd)
(resp. X(·, s, x) ∈ C([0, s];Rd)), or

lim
t↑T+

s,X
(x)
|X(t, s, x)| =∞ (resp. lim

t↓T−
s,X

(x)
|X(t, s, x)| =∞). (3.42)

In particular, T+
s,X(x) < T (resp. T−s,X(x) > 0) implies (3.42).

The definition of Maximal Regular Flow can be extended up to the extreme times
s = 0, s = T , setting T−0,X ≡ 0 and T+

T,X ≡ T .

A Maximal Regular Flow has been built in Theorem 2.14 under general local as-
sumptions on b. Before stating the result, we recall the assumptions of this Section,
which are a particular case of the assumptions of this Chapter. For T ∈ (0,∞) we are
given a Borel vector field b : (0, T )× Rd → Rd satisfying:

(a)
∫ T

0

∫
Ω |bt(x)| dxdt <∞ for any Ω b Rd;

(b) for any nonnegative ρ̄ ∈ L∞+ (Rd) with compact support and any closed interval
I = [a, b] ⊂ [0, T ], the continuity equation

d

dt
ρt + div (bρt) = 0 in (a, b)× Rd

has at most one weakly∗ continuous solution I 3 t 7→ ρt ∈ LI,Rd (defined in (1.9))
with ρa = ρ̄.
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Since the vector fields that arise in the applications we have in mind are divergence-
free, we assume throughout the Section that our velocity field b satisfies

div b = 0 in (0, T )× Rd in the sense of distributions. (3.43)

Equivalently, div bt = 0 in the sense of distributions for L 1-a.e. t ∈ (0, T ).
The existence and uniqueness of the Maximal Regular Flow after time s, as well as

the semigroup property, were proved in Theorems 2.14 and 3.1 assuming a one sided
bound (specifically a lower bound) on the divergence. We recall that, in this context,
uniqueness should be understood as follows: if X and Y are Maximal Regular Flows,
for all s ∈ [0, T ] one has{

T±s,X(x) = T±s,Y (x) for L d-a.e. x ∈ Rd

X(·, s, x) = Y (·, s, x) in (T−s,X(x), T+
s,X(x)) for L d-a.e. x ∈ Rd.

(3.44)

Under our assumptions on the divergence, by simply reversing the time variable the
Maximal Regular Flow can be built both forward and backward in time, so we state
the result in the time-reversible case.

Theorem 3.16 (Existence, uniqueness, and semigroup property). Let us consider a
Borel vector field b : (0, T ) × Rd → Rd which satisfies (a) and (b). Then the Maximal
Regular Flow starting from any s ∈ [0, T ] is unique according to (3.44), and existence
is ensured under the additional assumption (3.43). In addition, still assuming (3.43),
for all s ∈ [0, T ] the following properties hold:

(i) the compressibility constant C(s,X) in Definition 3.15 equals 1 and for every
t ∈ [0, T ]

X(t, s, ·)#

(
L d {T−s,X < t < T+

s,X}
)

= L d
(
X(t, s, ·)({T−s,X < t < T+

s,X})
)
;

(3.45)

(ii) if τ1 ∈ [0, s], τ2 ∈ [s, T ], and Y is a Regular Flow in [τ1, τ2]×B, then T+
s,X > τ2,

T−s,X < τ1 L d-a.e. in B; moreover

X(·, s, x) = Y (·,X(τ1, s, x)) in [τ1, τ2], for L d-a.e. x ∈ B;

(iii) the Maximal Regular Flow satisfies the semigroup property, namely for all s, s′ ∈
[0, T ]

T±s′,X(X(s′, s, x)) = T±s,X(x), for L d-a.e. x ∈ {T+
s,X > s′ > T−s,X}, (3.46)

and, for L d-a.e. x ∈ {T+
s,X > s′ > T−s,X},

X
(
t, s′,X(s′, s, x)

)
= X(t, s, x) ∀ t ∈ (T−s,X(x), T+

s,X(x)). (3.47)

We finally mention that Theorem 3.13 provides, also in the context of the previous
theorem, a simple condition for global existence of the maximal flow.





Chapter 4

Lagrangian structure of transport
equations

When considering a fast growing, smooth vector field b : [0, T ] × Rd → Rd, we know
from the Cauchy-Lipschitz theorem (see Theorem 1.1) that, starting at every time
s ∈ [0, T ], we can build, forward and backward in time, the unique maximal regular
flow X(·, s, x) starting at time s from position x. This construction provides a set of
curves that “foliate” the space-time (see Figure 4.1). Correspondingly, every smooth
solution ut : [0, T ] × Rd → R of the transport equation is transported by this set of
curves, meaning that ut(X(t, s, x)) is constant with respect to t in the existence interval
of the curve X(·, s, x) for every s ∈ [0, T ] and x ∈ Rd.

A similar description is not available in the literature in the context of non-smooth
vector fields, since up to now global assumptions were always made on b to prevent the
blow-up of the flow. The aim of this Chapter is to develop the abstract theory that
connects the notion of Maximal Regular Flow and Lagrangian/renormalized solutions
for the continuity/transport equation under purely local assumptions on the vector field
and on the solution.

The whole content of this Chapter will be applied in Chapter 8 to show that the
Eulerian description of weak solutions of the Vlasov-Poisson system corresponds to a
Lagrangian evolution of particles. In view of the applications, we present the theory
in this Chapter only for divergence-free vector fields, remarking that some statements
would require more technical tools to be extended to the case of vector fields with
bounded divergence. We warn the reader that, since the theory is completely general,
we shall consider flows of vector fields in Rd and denote by x a point in Rd. Then, for
the applications to kinetic equations in the phase-space R2d, one should apply these
results replacing d with 2d and x with (x, v).

In the following, we consider four different notions of solutions of the continu-
ity/transport equation. The first two are of Eulerian nature, whereas the remaining
two are Lagrangian.

• Distributional solutions have been introduced in Definition 1.2 and regard the
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R
d

Ix 

RIt 

Figure 4.1: In the case of a smooth vector field b : R×Rd → Rd, the maximal flows give
a set of smooth curves that “foliate” the space-time. In the non-smooth setting a similar
phenomenon occurs with the maximal regular flows introduced in Chapters 2 and 3,
but measurability issues arise in considering them as a set of curves in space-time.

PDE point of view. This is the weakest possible notion of solution.

• Renormalized solutions (see Definition 4.4 below) are more rigid and encode in a
PDE language the property that solutions are transported along curves in space-
time.

• Generalized flows are weighted collections of integral curves of the vector field b
(which may go to infinity and come back in finite time, see Definition 4.1 below).

• Solutions transported by the maximal regular flow are particular generalized flows,
where the only integral curves allowed are the trajectories of the maximal regular
flow (see Definition 4.2 below).

If the vector field is smooth, all the notions of solutions are equivalent. In the following,
we show that, if the vector field b is divergence-free and satisfies (a)-(b) of Section 3.5,
and if we consider bounded nonnegative solutions, the equivalence still holds. Although
the concepts of distributional and renormalized solutions are completely local, in the
literature they have been related in [DPL4] and [A1] only by means of global assump-
tions on the vector field, that we avoid in the following. For instance, the superposition
principle, presented in Theorem 1.6, relates distributional solutions and generalized
flows under the global assumption (1.5); Theorem 1.12 relates generalized flows to so-
lutions transported by the regular lagrangian flow assuming that no blow-up is allowed
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in the curves on which the generalized flow is concentrated. In this Chapter, we present
the connection between the previous definitions under local assumptions on the vector
field and on the solution.

• Distributional solutions vs generalized flows: in Section 4.3 we prove that, under
general assumptions both on the vector field and on the solution (in particular, no
regularity or boundedness is assumed) every distributional solution can be rep-
resented as a generalized flow. This is the local counterpart of the superposition
principle, Theorem 1.6.

• Generalized flows vs solutions transported by the maximal regular flow: in Sec-
tion 4.1 we show that the well posedness of the continuity equation with vector
field b, which in turn follows usually from the regularity of b (see Remark 1.9),
implies that generalized regular flows (here, “regular” avoids concentration, see
Definition 4.1 below) are transported by the maximal regular flow.

• Solutions transported by the maximal regular flow vs renormalized solutions:
finally, this connection is exploited in Section 4.2.

4.1 Generalized flows and Maximal Regular Flows

We denote by R̊d = Rd ∪ {∞} the one-point compactification of Rd and we recall the
definition of generalized flow and of regular generalized flow in our context. This is a
generalization of Definition 2.10, which was used in open bounded sets, and it allows
the integral curves of b, on which the generalized flow is concentrated, to go to infinity
and come back.

Definition 4.1 (Generalized flow). Let b : (0, T )×Rd → Rd be a Borel vector field. The
measure η ∈M+

(
C([0, T ]; R̊d)

)
is said to be a generalized flow of b if η is concentrated

on the set

Γ :=
{
η ∈ C([0, T ]; R̊d) : η ∈ ACloc({η 6=∞};Rd) and

η̇(t) = bt(η(t)) for L 1-a.e. t ∈ {η 6=∞}
}
. (4.1)

We say that a generalized flow η is regular if there exists L0 ≥ 0 satisfying

(et)#η Rd ≤ L0L
d ∀ t ∈ [0, T ]. (4.2)

In connection with this definition, let us provide a sketch of proof of the fact that
the set Γ in (4.1) is Borel in C([0, T ]; R̊d).

First of all one notices that for all intervals [a, b] ⊂ [0, T ] the set {η : η([a, b]) ⊂ Rd}
is Borel. Then, considering the absolute continuity of a curve η in the integral form

|η(t)− η(s)| ≤
∫ t

s
|br(η(r))| dr ∀ s, t ∈ [a, b], s ≤ t
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it is sufficient to verify (arguing componentwise and splitting in positive and negative
part) that for any nonnegative Borel function c and for any s, t ∈ [0, T ] with s ≤ t
fixed, the function

η 7→
∫ t

s
cr(η(r)) dr

is Borel in {η : η([a, b]) ⊂ Rd}. This follows by a monotone class argument, since the
property is obviously true for continuous functions and it is stable under equibounded
and monotone convergence. Finally, as soon as the absolute continuity property is
secured, also the verification of the Borel regularity of the class

Γ ∩ {η : η([a, b]) ⊂ Rd}
=
{
η ∈ C([0, T ]); R̊d) : η ∈ AC([a, b];Rd), η̇(t) = bt(η(t)) L 1-a.e. in (a, b)

}
can be achieved following similar lines. Finally, by letting the endpoints a, b vary in a
countable dense set we obtain that Γ is Borel.

In the case of a smooth, bounded vector field, a particular class of generalized flows
is the one generated by transporting the initial measure along the integral lines of the
flow:

η =

∫
Rd
δX(·,x) d[(e0)#η](x).

In the next definition we propose a generalization of this construction involving
Maximal Regular Flows.

Definition 4.2 (Measures transported by the Maximal Regular Flow). Let b : (0, T )×
Rd → Rd be a Borel vector field having a Maximal Regular Flow X (according to
Definition 3.15) and let η ∈ M+

(
C([0, T ]; R̊d)

)
with (et)#η � L d for all t ∈ [0, T ].

We say that η is transported by X if, for all s ∈ [0, T ], η is concentrated on{
η ∈ C([0, T ]; R̊d) : η(s) =∞ or η(·) = X(·, s, η(s)) in (T−s,X(η(s)), T+

s,X(η(s)))
}
.

(4.3)

The absolute continuity assumption (et)#η � L d on the marginals of η is needed
to ensure that this notion is invariant with respect to the uniqueness property in (3.44).
In other words, if X and Y are related as in (3.44), then η is transported by X if and
only if η is transported by Y . Indeed, given s ∈ [0, T ] the symmetric difference between
the set in (4.3) and the corresponding set with Y in place of X is contained in

Γs,X,Y = {η ∈ C([0, T ]; R̊d) : η(s) ∈ Es},

where

Es =
{
x ∈ Rd : T−s,X(x) 6= T−s,Y (x) or T+

s,X(x) 6= T+
s,Y (x) or

X(·, s, x) 6= Y (·, s, x) in (T−s,X(x), T+
s,X(x))

}
.
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Our goal is to show that the set Γs,X,Y is η-negligible. This follows by the uniqueness
property (3.44), which says that L d(Es) = 0, and by (et)#η � L d, which implies that
η(Γs,X,Y ) = (et)#η(Es) = 0.

It is easily seen that if η is transported by a Maximal Regular Flow, then η is a
generalized flow according to Definition 4.1, but in connection with the proof of the
renormalization property we are more interested to the converse statement. As shown
in the next theorem, this holds for regular generalized flows and for divergence-free
vector fields satisfying (a)-(b) of Section 3.5.

Theorem 4.3 (Regular generalized flows are transported by X). Let b : (0, T )×Rd →
Rd be a divergence-free vector field which satisfies (a)-(b) of Section 3.5 and let X be
its Maximal Regular Flow (according to Definition 3.15). Let η ∈ M+

(
C([0, T ]; R̊d)

)
be a regular generalized flow according to Definition 4.1.
Consider s ∈ [0, T ] and a Borel family {ηsx} ⊂ P

(
C([0, T ]; R̊d)

)
, x ∈ R̊d, of con-

ditional probability measures representing η with respect to the marginal (es)#η, i.e.,∫
ηsx d(es)#η(x) = η. Then for (es)#η-almost every x ∈ Rd we have that ηsx is concen-

trated on the set

Γs :=
{
η ∈ C([0, T ]; R̊d) : η(s) = x, η(·) = X(·, s, η(s)) in (T−s,X(η(s)), T+

s,X(η(s)))
}
.

(4.4)
In particular η is transported by X.

Proof. First of all we notice that the set Γs in (4.4) is Borel. Indeed, the maps
η 7→ T±s,X(η(s)) are Borel because T±X are Borel in Rd, and the map η 7→ X(t, s, η(s))
is Borel as well for any t ∈ [0, T ]. Therefore, choosing a countable dense set of times
t ∈ [0, T ] the Borel regularity of Γs is achieved.

The fact that ηsx is concentrated on the set {η : η(s) = x} is immediate from the
definition of ηsx. We now show that for (es)#η-almost every x ∈ Rd the measure ηsx is
concentrated on the set{

η ∈ C([0, T ]; R̊d) : η(·) = X(·, s, x) in [s, T+
s,X(x))

}
. (4.5)

Notice that applying the same result after reversing the time variable, this proves the
concentration on the set Γs in (4.4).

For r ∈ (s, T ] we denote by Σs,r : C([0, T ]; R̊d)→ C([s, r]; R̊d) the map induced by
restriction to [s, r], namely Σs,r(η) := η|[s,r].

For every R > 0, r ∈ (s, T ], let us consider

ηR,r := Σs,r
#

(
η
{
η : η(t) ∈ BR for every t ∈ [s, r]

})
.

By construction ηR,r is a regular generalized flow relative to b with compact support,
hence our regularity assumption on b allows us to apply Theorem 1.12 to deduce that

ηR,r =

∫
δY (·,x) d[(es)#η

R,r](x), (4.6)
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where Y (·, x) is an integral curve of b in [s, r] for (es)#η-a.e. x ∈ Rd. Let us denote
by ρR,r the density of (es)#η

R,r with respect to L d, which is bounded by L0 thanks
to (4.2). For every δ > 0 we have that

Y (t, ·)#

(
L d {ρR,r > δ}

)
= (et)#

∫
{ρR,r>δ}

δY (·,x) dL
d(x)

≤ 1

δ
(et)#

∫
{ρR,r>δ}

δY (·,x) d[(es)#η
R,r](x)

≤ 1

δ
(et)#η

R,r ≤ 1

δ
(et)#η Rd ≤ L0

δ
L d,

(4.7)

hence Y (·, x) is a Regular Flow of b in [s, r] × {ρR,r > δ} according to Definition 2.1.
By Theorem 3.16(ii) we deduce that Y (·, x) = X(·, s, x) for L d-a.e. x ∈ {ρR,s > δ}
and therefore, letting δ → 0,

Y (·, x) = X(·, s, x) in [s, r] for (es)#η
R,s-a.e. x ∈ Rd. (4.8)

Letting R→∞ we have that ηR,r → σr increasingly, where

σr := Σs,r
#

(
η {η : η(t) 6=∞ for every t ∈ [s, r]}

)
.

By (4.6) and (4.8) we deduce that for every r ∈ (s, T ]

σr =

∫
δX(·,s,x) d[(es)#σ

r](x). (4.9)

Arguing by contradiction, let us assume that there exists a Borel set E ⊂ Rd such that
(es)#η(E) > 0 and ηsx is not concentrated on the set (4.5) for every x ∈ E, namely

ηsx

({
η ∈ C([0, T ]; R̊d) : η 6= X(·, s, x) as a curve in [s, T+

s,X(x))
})

> 0.

Since this can be rewritten as

ηsx

( ⋃
r∈Q∩(s,T+

s,X
(x))

{
η ∈ C([0, T ]; R̊d) : η 6= X(·, s, x) in [s, r], η([s, r]) ⊂ Rd

})
> 0,

for every x ∈ E there exists rx ∈ Q ∩ (s, T+
s,X(x)) such that

ηsx

({
η ∈ C([0, T ]; R̊d) : η 6= X(·, s, x) as a curve in [s, rx], η([s, rx]) ⊂ Rd

})
> 0.

In other words, for every x ∈ E there exists a rational number rx such that

Σs,rx
#

(
ηsx {η : η(t) 6=∞ for every t ∈ [s, rx]}

)
is nonzero and not multiple of δX(·,s,x).
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Therefore, there exist a Borel set E′ ⊂ E of positive (es)#η-measure and r ∈ (s, T ]∩Q
such that for every x ∈ E′

Σs,r
#

(
ηsx {η : η(t) 6=∞ for every t ∈ [s, r]}

)
is nonzero and not multiple of δX(·,s,x).

By (4.9) and (es)#σ
r ≤ (es)#η we have that∫

δX(·,s,x) d(es)#η(x) ≥ σr

=

∫
Σs,r

#

(
ηsx {η : η(t) 6=∞ for every t ∈ [s, r]}

)
d(es)#η(x).

This yields δX(·,s,x) ≥ Σs,r
#

(
ηsx {η : η(t) 6= ∞ for every t ∈ [s, r]}

)
for (es)#η-a.e.

x, and therefore a contradiction with the existence of E′. This proves that ηsx is
concentrated on the set defined in (4.5), as desired.

Finally, in order to prove that η is transported by X we apply the definition of
disintegration and the fact that for (es)#η-a.e. x ∈ Rd the measure ηsx is concentrated
on the set Γs in (4.4) to obtain that η(Γ) =

∫
ηsx(Γ) d(es)#η(x) = 1, where Γ is the set

in (4.3). �

4.2 Generalized flows transported by the maximal regular
flow and renormalized solutions

We now recall the concept of renormalized solution to a continuity equation. This was
already introduced in Section 1.1, but we prefer to reintroduce it here in its formulation
adapted to the particular situation of a divergence-free vector field, for the convenience
of the reader. To fix the ideas we consider the interval (0, T ) and 0 as initial time, but
the definition can be immediately adapted to general intervals, forward and backward
in time.

Definition 4.4 (Renormalized solutions). Let b ∈ L1
loc((0, T )×Rd;Rd) be a Borel and

divergence-free vector field. A Borel function ρ : (0, T ) × Rd → R is a renormalized
solution of the continuity equation relative to b if

∂tβ(ρ) +∇ · (bβ(ρ)) = 0 in (0, T )× Rd ∀β ∈ C1 ∩ L∞(R) (4.10)

in the sense of distributions. Analogously, we say that ρ is a renormalized solutions
starting from a Borel function ρ0 : Rd → R if∫

Rd
φ0(x)β(ρ0(x)) dx+

∫ T

0

∫
Rd

[∂tφt(x) +∇φt(x) · bt(x)]β(ρt(x)) dx dt = 0 (4.11)

for all φ ∈ C∞c ([0, T )× Rd) and all β ∈ C1 ∩ L∞(R).
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Remark 4.5 (Equivalent formulations). The definition is equivalent to test (4.10) with
compactly supported functions in the space variable (see for instance [AGS1, Section
8.1]); in other words, (4.11) holds if and only if for every ϕ ∈ C∞c (Rd) the function∫
Rd ϕ(x)β(ρt(x)) dx coincides L 1-a.e. with an absolutely continuous function t 7→ A(t)

such that A(0) =
∫
Rd ϕ(x)β(ρ0(x)) dx and

d

dt
A(t) =

∫
Rd
∇ϕ(x) · bt(x)β(ρt(x)) dx for L 1-a.e. t ∈ (0, T ). (4.12)

Moreover, by an easy approximation argument, the same holds for every Lipschitz,
compactly supported ϕ : Rd → R. This way, possibly splitting ϕ in positive and
negative parts, only nonnegative test functions need to be considered. Analogously,
by writing every β ∈ C1(Rd) as the sum of a C1 nondecreasing function and of a C1

nonincreasing function, we can use the linearity of the equation with respect to β(ρt)
to reduce to the case of β ∈ C1 ∩ L∞(R) nondecreasing.

In the next theorem we show first that, flowing an initial datum ρ0 ∈ L1(Rd) through
the maximal flow, we obtain a renormalized solution of the continuity equation. This
is, in turn, a key tool to prove the second part of the lemma, namely that any solution
transported by the maximal regular flow flow induces, with its marginals, renormalized
solutions. The proof of these facts heavily relies on the incompressibility of the flow and
therefore on the assumption that the vector field is divergence-free. A generalization of
this lemma to the case of vector fields with bounded divergence is possible, but rather
technical and long. We notice that the assumptions (a) and (b), as well as the one on
the divergence of the vector field b, are used only for the existence and uniqueness of a
maximal regular flow which preserves the Lebesgue measure on its domain of definition,
through Theorem 3.16.

To fix the ideas, in part (i) of the theorem below we consider only 0 as initial time.
An analogous statement can be given for any other initial time s ∈ [0, T ], considering
intervals [0, s] or [s, T ], with no additional assumption on b.

Theorem 4.6. Let b : (0, T )×Rd → Rd be a divergence-free vector field which satisfies
(a)-(b) of Section 3.5. Let X(t, s, x) be the maximal regular flow of b according to
Definition 3.15.

(i) If ρ0 ∈ L1(Rd), we define ρt ∈ L1(Rd) by

ρt := X(t, 0, ·)#(ρ0 {T+
0,X > t}) t ∈ [0, T ).

Then ρt is a renormalized solution of the continuity equation starting from ρ0. In
addition the map t 7→ ρt is strongly continuous on [0, T ) w.r.t. the L1

loc conver-
gence, and even strongly L1 continuous on [0, T ) from the right.

(ii) If η ∈M+

(
C([0, T ]; R̊d)

)
is transported by X, and (et)#η Rd � L d for every

t ∈ [0, T ], then the density ρt of (et)#η Rd with respect to L d is strongly con-
tinuous on [0, T ) w.r.t. the L1

loc convergence and it is a renormalized solution of
the continuity equation.
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Proof. We split the proof in four steps.
Step 1: proof of (i), renormalization property of ρt. In the proof of (i) we
set for simplicity X(t, x) = X(t, 0, x) and T+

0,X = TX . We first notice that by the
incompressibility of the flow (3.45) and by the definition of ρt, for every t ∈ [0, T ) and
ϕ ∈ Cc(Rd) one has∫

{TX>t}
ϕ(X(t, x))ρt(X(t, x)) dx =

∫
X(t,·)({TX>t})

ϕρt dx =

∫
{TX>t}

ϕ(X(t, x))ρ0 dx.

Hence, for any t ∈ [0, T ) it holds

ρt(X(t, x)) = ρ0(x) for L d-a.e. x ∈ {TX > t}. (4.13)

Let β ∈ C1 ∩L∞(R). By the incompressibility of the flow (3.45) and by (4.13) we have
that ∫

Rd
ϕβ(ρt) dx =

∫
X(t,·)({TX>t})

ϕβ(ρt) dx =

∫
{TX>t}

ϕ(X(t, ·))β(ρ0) dx (4.14)

for any ϕ ∈ Cc(Rd). In addition, the blow-up property (3.42) ensures that the map
t 7→ ϕ(X(t, x)) can be continuously extended to be identically 0 on the time interval
[TX(x), T ) (in the case of blow-up before time T ); in addition, for the same reason, if
ϕ ∈ C1

c (Rd) the extended map is absolutely continuous in [0, T ] and

d

dt
ϕ(X(t, x)) = χ[0,TX (x))(t)∇ϕ(X(t, x)) · bt(X(t, x)) for L 1-a.e. t ∈ (0, T ).

(4.15)
Therefore, using (4.14) and integrating (4.15), for all ϕ ∈ C1

c (Rd) we find that

d

dt

∫
Rd
ϕβ(ρt) dx =

∫
{TX>t}

∇ϕ(X(t, ·)) · bt(X(t, ·))β(ρ0) dx =

∫
Rd
∇ϕ · btβ(ρt) dx,

for L 1-a.e. t ∈ (0, T ), which proves the renormalization property.

Step 2: proof of (i), strong continuity of ρt. We notice that, as a consequence
of the possibility of continuously extending the map t 7→ ϕ(X(·, x)) after TX(x) for
ϕ ∈ Cc(Rd), the map [0, T ) 3 t 7→ ρt is weakly continuous in duality with Cc(Rd). Let
us prove now the strong continuity of t 7→ ρt. We start with the proof for t = 0. Fix
ε > 0, let ψ ∈ Cc(Rd) with ‖ψ − ρ0‖1 < ε, and notice that the positivity L d-a.e. in Rd
of TX gives∫

Rd
|ρt(x)− ψ(x)| dx ≤

∫
X(t,·)({TX>t})

|ρt(x)− ψ(x)| dx+

∫
X(t,·)({0<TX≤t})

|ψ(x)| dx

and that the second summand in the right hand side is infinitesimal. Changing variables
and using (4.13) together with the incompressibility of the flow, it follows that∫

X(t,·)({TX>t})
|ρt(x)− ψ(x)| dx =

∫
{TX>t}

|ρ0(x)− ψ(X(t, x))| dx,
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therefore

lim sup
t↓0

∫
Rd
|ρt − ψ| dx ≤ lim sup

t↓0

∫
{TX>t}

|ρ0(x)− ψ(X(t, x))| dx ≤
∫
Rd
|ρ0 − ψ| dx.

This proves that lim supt ‖ρt − ρ0‖1 ≤ 2ε and, by the arbitrariness of ε, the desired
strong continuity for t = 0.

We now notice that the same argument together with the semigroup property of
Theorem 3.16(iii) shows that the map t 7→ ρt is strongly continuous from the right in
L1. In addition, reversing the time variable and using again the semigroup property,
we deduce the identity ρt(x) = ρs(X(t, s, x))1{TX>t}(X(0, s, x)), therefore

lim
s↑t

∫
Rd
|ρt(x)− ρs(x)1{TX>t}(X(0, s, x))| dx = 0 ∀t ∈ (0, T ).

Hence, in order to prove that the map t 7→ ρt is strongly continuous in L1
loc, we are left

to show that for every R > 0 and t ∈ (0, T ) one has

lim
s↑t

∫
BR

|ρs(x)− ρs(x)1{TX>t}(X(0, s, x))| dx = 0. (4.16)

For this, we observe that by (4.13) and the incompressibility of the flow, we have that∫
BR

|ρs(x)− ρs(x)1{TX>t}(X(0, s, x))| dx =

∫
BR

|ρs|(x)1{TX≤t}(X(0, s, x)) dx

=

∫
Rd
|ρ0|(y)1{TX≤t}(y)1BR(X(s, 0, y)) dy.

(4.17)

Since trajectories go to infinity when the time approaches TX (see (3.42)), it follows
that

1{TX≤t}(y)1BR(X(s, 0, y))→ 0 for L d-a.e. y as s ↑ t,
so (4.16) follows by dominated convergence. This concludes the proof of (i).

Step 3: proof of (ii), renormalization property of ρt.
To prove (ii), we begin by showing that ρt is a renormalized solution of the continuity

equation. By Remark 4.5 it is enough to prove that, given a bounded nondecreasing
β ∈ C1(R) and a nonnegative ϕ ∈ C∞c (Rd), the function t 7→

∫
Rd ϕβ(ρt) dx is absolutely

continuous in [0, T ] and

d

dt

∫
Rd
ϕβ(ρt) dx =

∫
Rd
∇ϕ · btβ(ρt) dx for L 1-a.e. t ∈ (0, T ). (4.18)

To show that the map is absolutely continuous, let us consider s, t ∈ [0, T ] and let ρ̃tr
be the evolution of ρt through the flow X(·, t, x), namely

ρ̃tr := X(r, t, ·)#(ρt {T+
t,X > r > T−t,X}) for every r ∈ [0, T ]. (4.19)
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Since, by our assumption, η is transported by X, we can prove that

ρ̃tr ≤ ρr for every r ∈ [0, T ]. (4.20)

Indeed, with the notation of the statement of Theorem 4.3, since δX(r,t,x) = (er)#η
t
x

for ρt-a.e. x ∈ {T+
t,X > r > T−t,X}, for every r ∈ [0, T ] one has

ρ̃trL
d =

∫
{T−
t,X

<s}
δX(s,t,x)ρt(x) dx ≤

∫
Rd

(er)#η
t
x ρt(x) dx

= (er)#

∫
Rd
ηtx ρt(x) dx = (er)#η = ρrL

d.

Combining (4.20), the equality ρ̃tt = ρt, the monotonicity of β, and statement (i), we
deduce that∫

Rd
[β(ρt)− β(ρs)]ϕdx ≤

∫
Rd

[β(ρ̃tt)− β(ρ̃ts)]ϕdx =

∫ t

s

∫
Rd
β(ρ̃tr)∇ϕ · br dx dr (4.21)

and similarly∫
Rd

[β(ρt)− β(ρs)]ϕdx ≥
∫
Rd

[β(ρ̃st )− β(ρ̃ss)]ϕdx =

∫ t

s

∫
Rd
β(ρ̃sr)∇ϕ · br dx dr. (4.22)

We deduce that∣∣∣ ∫
Rd

[β(ρt)− β(ρs)]ϕdx
∣∣∣ ≤ ‖β‖∞ ∫

Rd

∫ t

s
|∇ϕ||br| dr dx,

which shows that the function t 7→
∫
Rd ϕβ(ρt) dx is absolutely continuous in [0, T ].

In order to prove (4.18) it is sufficient to notice that (4.21) and the strong continuity
of r 7→ ρ̃tr at r = t (ensured by statement (i)) give∫

Rd
[β(ρt)− β(ρs)]ϕdx ≤ (t− s)

∫
Rd
β(ρt)∇ϕ · bt dx+ o(t− s),

hence (4.18) holds at any differentiability point of t 7→
∫
Rd ϕβ(ρt) dx.

Step 4: proof of (ii), strong continuity of ρt. We now show that ρt is strongly
continuous on [0, T ) w.r.t. the L1

loc convergence; more precisely we show that, for every
t ∈ [0, T ) and for every r > 0,

lim
s↑t

∫
Br

|ρs − ρt| dx = 0 (4.23)

(reversing the time variable, the same argument gives the right-continuity). To this
end, let us define ρ̃t as in (4.19) for every t ∈ [0, T ]; we claim that

ρ̃ts = ρs {T+
s,X > t} for every s ∈ [0, t] . (4.24)
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Indeed, let us fix s, t ∈ [0, T ] and s ≤ t. Denoting with ηtx the disintegration of η with
respect to the map et, recalling that ηtx is concentrated on curves η ∈ C([0, T ]; R̊d) with
η(t) = x, by Theorem 4.3, we have that for L d-a.e. x ∈ Rd

1{T−
t,X

<s}(x)δX(s,t,x) = (es)#

(
ηtx

{
η ∈ C([0, T ]; R̊d) : η(t) = x and T−t,X(x) < s

})
= (es)#

(
ηtx

{
η ∈ C([0, T ]; R̊d) : η(t) 6=∞ and T−t,X(η(t)) < s

})
.

Hence we can rewrite ρ̃ts in terms of η

ρ̃tsL
d =

∫
{T−
t,X

<s}
δX(s,t,x)ρt(x) dx

=

∫
Rd

(es)#

(
ηtx

{
η ∈ C([0, T ]; R̊d) : η(t) 6=∞ and T−t,X(η(t)) < s

})
ρt(x) dx

= (es)#

(
η
{
η ∈ C([0, T ]; R̊d) : η(t) 6=∞ and T−t,X(η(t)) < s

})
.

(4.25)

By the semigroup property (Theorem 3.16(iii)) there exists a set Es,t ⊆ Rd of L d-
measure 0 such that

T±s,X(X(s, t, x)) = T±t,X(x) for every x ∈ {T+
t,X > s > T−t,X} \ Es,t,

T±t,X(X(t, s, x)) = T±s,X(x) for every x ∈ {T+
s,X > t > T−s,X} \ Es,t,

for every x ∈ {T+
t,X > s > T−t,X} \ Es,t

X
(
·, s,X(s, t, x)

)
= X(·, t, x) in (T−t,X(x), T+

t,X(x)),

and for every x ∈ {T+
s,X > t > T−s,X} \ Es,t

X
(
·, t,X(t, s, x)

)
= X(·, s, x) in (T−s,X(x), T+

s,X(x)).

Since (es)#η Rd is absolutely continuous with respect to L d (so that the set of curves
η such that η(s) ∈ Es,t is η-negligible) and η is transported by the maximal regular
flow, we have the following equalities, which hold up to a set of η-measure 0:{

η ∈ C([0, T ]; R̊d) : η(s) 6=∞ and T+
s,X(η(s)) > t

}
=
{
η ∈ C([0, T ]; R̊d) : η(s) 6=∞, η(s) /∈ Es,t, T+

s,X(η(s)) > t

and η(·) = X(·, s, η(s)) in (T−s,X(η(s)), T+
s,X(η(s))

}
=
{
η ∈ C([0, T ]; R̊d) : η(t) 6=∞, η(t) /∈ Es,t, T−t,X(η(t)) < s

and η(·) = X(·, t, η(t)) in (T−t,X(η(t)), T+
t,X(η(t))

}
=
{
η ∈ C([0, T ]; R̊d) : η(t) 6=∞ and T−t,X(η(t)) < s

}
.

(4.26)
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We deduce that

ρs {T+
s,X > t} = (es)#

(
η
{
η ∈ C([0, T ]; R̊d) : η(s) 6=∞ and T+

s,X(η(s)) > t
})

= (es)#

(
η
{
η ∈ C([0, T ]; R̊d) : η(t) 6=∞ and T−t,X(η(t)) < s

})
.

(4.27)

By (4.25) and (4.27), we proved (4.24).
In order to prove (4.23), we apply the triangular inequality to infer that∫

Br

|ρs − ρt| dx ≤
∫
Br

|ρs − ρ̃ts| dx+

∫
Br

|ρ̃ts − ρt| dx.

The second term in the right-hand side converges to 0 when s ↑ t by the strong L1
loc

continuity of ρts w.r.t. s proved in statement (i). To see that also the first term converges
to 0, we rewrite it using (4.24), ρtL d = (et)#η Rd, and the fact that η is transported
by the maximal flow to obtain∫
Br

|ρs − ρ̃ts| dx =

∫
Br

ρs1{T+

s,X
≤t} dx

=

∫
1Br∩{T+

s,X
≤t}(η(s)) dη(η)

= η
({
η : η(s) ∈ Br ∩ {T+

s,X ≤ t} and η(·) = X(·, s, η(s)) in [s, T+
s,X(η(s)))

})
.

Every curve η which belongs to the set in the last line belongs to Br at time s and
blows up in [s, t], since it coincides with the maximal regular flow and T+

s,X(η(s)) ≤ t.
Hence, for some s ≤ s′ ≤ s′′ ≤ t, it satisfies that η(s′) ∈ Br and η(s′′) = ∞ (we could
take s′ = s, but in order to guarantee the monotonicity with respect to s of the sets
below, we prefer to enlarge the set of curves in this way). We obtain that∫

Br

|ρs − ρts| dx ≤ η
({
η : η(s′) ∈ Br and η(s′′) =∞ for some s′, s′′ ∈ [s, t]

})
.

The set in the right-hand side monotonically decreases to the empty set as s ↑ t,
therefore its η-measure converges to 0. This concludes the proof of (4.23). �

Under certain conditions on the generalized flow η, the most common being∫ T

0

∫
Rd

|bt|(x)

1 + |x| dµt(x) dt <∞, (4.28)

where µt = (et)#η Rd, one can show that η is concentrated on curves that do not
blow up. This result is in the same spirit as the no blow-up criterion of Theorem 3.13.
We state the result under a more precise assumption than (4.28) (see (4.29)), since this
will be important for the application to the Vlasov-Poisson system in Corollaries 8.3
and 8.4.
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Proposition 4.7. [No blow-up criterion] Let b ∈ L1
loc([0, T ]×Rd;Rd) be a Borel vector

field, let η ∈ M+

(
C([0, T ]; R̊d)

)
be a generalized flow of b, and for t ∈ [0, T ] let µt =

(et)#η Rd. Let η∞ denote the constant curve η ≡ ∞, and assume that η({η∞}) = 0
and ∫ T

0

∫
Rd

|bt|(x)

(1 + |x|) log(2 + |x|) dµt(x) dt <∞. (4.29)

Then η is concentrated on curves that do not blow up, namely

η
(
{η ∈ C([0, T ]; R̊d)) : η(t) =∞ for some t ∈ [0, T ]}

)
= 0.

In particular, if we assume that µt � L d for every t ∈ [0, T ] and that η is concentrated
on the maximal regular flow X associated to b, then X is globally defined on [0, T ] for
µ0-a.e. x, namely the trajectories X(·, x) belong to AC([0, T ];Rd) for µ0-a.e. x ∈ Rd.

Proof. Since η({η∞}) = 0 we know that η-a.e. curve is finite at some time. In partic-
ular, if we fix a dense set of rational times {tn}n∈N ⊂ [0, T ], we see that (by continuity
of the curves) η is concentrated on ∪n∈NΓn with

Γn := {η ∈ C([0, T ]; R̊d)) : η(tn) ∈ Rd},

so it is enough to show that η Γn is concentrated on curves that do not blow up.
By applying Theorem 4.3 with s = tn it follows that η Γn is concentrated on curves

η that are finite on the time interval (T−tn,X(η(tn)), T+
tn,X

(η(tn))) ⊂ [0, T ]. Hence, since
(et)#(η Γn) ≤ µt, by Fubini theorem and assumption (4.29) we get∫ ∫ T+

tn,X
(η(tn))

T−
tn,X

(η(tn))

∣∣∣ d
dt

[
log log(2 + |η(t)|)

]∣∣∣ dt d[η Γn](η)

≤
∫ ∫ T+

tn,X
(η(tn))

T−
tn,X

(η(tn))

|η̇(t)|
(1 + |η(t)|) log(2 + |η(t)|) dt d[η Γn](η)

=

∫ ∫ T+

tn,X
(η(tn))

T−
tn,X

(η(tn))

|bt|(η(t))

(1 + |η(t)|) log(2 + |η(t)|) dt d[η Γn](η)

≤
∫ T

0

∫
Rd

|bt|(x)

(1 + |x|) log(2 + |x|) dµt(x) dt <∞.

This implies that, for η-a.e. curve η ∈ Γn,

sup
T−
tn,X

(η(tn))≤s<τ≤T+

tn,X
(η(tn))

∣∣ log log(2 + |η(s)|)− log log(2 + |η(τ)|)
∣∣

≤
∫ T+

tn,X
(η(tn))

T−
tn,X

(η(tn))

∣∣∣ d
dt

[
log log(2 + |η(t)|)

]∣∣∣ dt <∞,
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which in turn says that T−tn,X(η(tn)) = 0, T+
tn,X

(η(tn)) = T , and the curve η cannot
blow up in [0, T ], as desired.

To show the second part of the statement, le us consider the disintegration of η
with respect to e0. By the properties of η we have that, for µ0-a.e. x, the probability
measure ηx is concentrated on the set{

η : η(0) = x, η 6=∞ in [0, T ], η = X(·, x) in [0, TX(x))
}
.

Since ηx is a probability measure it follows that this set is nonempty, that TX(x) = T ,
and this set has to coincide with {X(·, x)}, thus ηx = δX(·,x), as desired.

Remark 4.8. In Proposition 4.7, the assumption that the curve η ≡ ∞ has η-measure
0 follows easily from the property

|η|(C([0, T ]; R̊d)) ≤ sup
t∈[0,T ]

µt(Rd)

(that, as we will see in (4.30) below, is a property of the measures η built with the
generalized superposition principle, Theorem 4.9).

Assumption (4.29) of Proposition 4.7 could be replaced by∫ T

0

∫
Rd

|bt|(x)

ω(|x|) dµt(x) dt <∞,

for any nondecreasing function ω : [0,∞)→ [0,∞) with ω(0) > 0 and∫ ∞
0

1

ω(r)
dr =∞.

4.3 The superposition principle under local integrability
bounds on the velocity

In order to represent the solution to the continuity equation by means of a generalized
flow, we would like to apply the superposition principle (see Theorem 1.6). However,
the lack of global bounds makes this approach very difficult to implement. An analogous
of the classical superposition principle is the content of the following theorem.

Theorem 4.9 (Extended superposition principle). Let b ∈ L1
loc([0, T ] × Rd;Rd) be

a Borel vector field. Let ρt ∈ L∞((0, T );L1
+(Rd)) be a distributional solution of the

continuity equation, weakly continuous in duality with Cc(Rd). Assume that:
(i) either |bt|ρt ∈ L1

loc([0, T ]× Rd);
(ii) or div bt = 0 and ρt is a renormalized solution.

Then there exists η ∈M+

(
C([0, T ]; R̊d)

)
with

|η|(C([0, T ]; R̊d)) ≤ sup
t∈[0,T ]

‖ρt‖L1(Rd), (4.30)
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which is concentrated on the set Γ defined in (4.1) and satisfies

(et)#η Rd = ρtL
d for every t ∈ [0, T ].

In addition, if ρt belongs also to L∞((0, T );L∞+ (Rd)) (or ρt is renormalized), b is
divergence-free and satisfies (a)-(b) of Section 3.5, then η is transported by the Maximal
Regular Flow of X.

Remark 4.10. If, in addition to the last assumptions of the Theorem, we assume that∫ T

0

∫
Rd

|bt|(x)

1 + |x| ρt(x) dx dt <∞, (4.31)

then ρt is transported by the Maximal Flow, namely T+
0,X(x) = T , X(·, 0, x) belongs

to AC([0, T ];Rd) for L d-a.e. x ∈ {ρ0 > 0} and ρtL d = X(t, ·)#(ρ0L d).

Indeed, by Theorem 3.13 and (4.31) we know that the Maximal Regular Flow is
well defined in [0, T ] for L d-a.e. x ∈ Rd. Since η is transported by X, for η-a.e. η
we know that η = X(·, 0, η(0)) in [0, T ]. This implies that for L d-a.e. x ∈ {ρ0 > 0}
the measure ηx, obtained through disintegration of η with respect to e0, coincides with
δX(·,0,x), therefore

(et)#η =

∫
Rd

(et)#ηxρ0(x) dx =

∫
Rd

(et)#δX(·,0,x)ρ0(x) dx = X(·, 0, x)#

(
ρ0L

d
)
,

as desired.

Remark 4.11. Thanks to Theorem 4.9, one can prove that, if b : (0, T )×Rd → Rd is
a locally integrable, divergence-free vector field, then assumption (b) of Section 3.5 is
equivalent to

(b’) for any closed interval I = [a, b] ⊂ [0, T ], every bounded distributional solution
of the continuity equation

d

dt
ρt + div (bρt) = 0 in (a, b)× Rd

is renormalized (according to Definition 4.4).

Indeed, if (b’) holds then, given any couple of bounded, compactly supported so-
lutions of the continuity equation in (a, b) × Rd with the same initial datum, their
difference u is a bounded, compactly supported solution starting from 0. By (b’), it is
renormalized, and therefore

d

dt
arctan(|ut|2) + div (b arctan(|ut|2)) = 0 in (a, b)× Rd.
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0 Rd

N Sd

Figure 4.2: The map ψ “wraps” Rd onto Sd \ {N} through a diffeomorphism whose
gradient has a controlled growth at∞, in terms of a prescribed function D(r) : [0,∞)→
(0, 1]. This function will be chosen, in turn, in the proof of Theorem 4.9 in terms of
the L1 norms of the vector field b in (0, T )×Br.

Multiplying this equation by a test function ϕ(x) ∈ C∞c (Rd) which is 1 on the support
of ut, we find that ∫

Rd
arctan(|ut|2) = 0 ∀t ∈ [0, T ]

and therefore ut ≡ 0.
On the other hand, if (b) holds and u is a bounded, distributional solution of the

continuity equation, by Theorem 4.9 applied to u+‖u‖L∞((0,T )×Rd) and by Theorem 4.6
we find that u+ ‖u‖L∞((0,T )×Rd) is a renormalized solution of the continuity equation,
according to Definition 4.4; this implies that the same holds for u.

Let us first briefly explain the idea behind the proof of Theorem 4.9. To over-
come the lack of global bounds on b we introduce a kind of “damped” stereographic
projection, with damping depending on the growth of |b| at ∞, and we look at the
flow of b on the d-dimensional sphere Sd in such a way that the north pole N of the
sphere corresponds to the points at infinity of Rd (see Figure 4.2). Then we apply the
superposition principle in these new variables and eventually, reading this limit in the
original variables, we obtain a representation of the solution as a generalized flow. Let
us observe that it is crucial for us that the map sending Rd onto Sd is chosen a function
of b: indeed, as we shall see, by shrinking enough distances at infinity we can ensure
that the vector field read on the sphere becomes globally integrable.

We denote by N be the north pole of the d-dimensional sphere Sd, thought of as
a subset of Rd+1. For our constructions, we will use a smooth diffeomorphism which
maps Rd onto Sd \ {N} and whose derivative has a prescribed decay at ∞.

Lemma 4.12. Let D : [0,∞) → (0, 1] be a nonincreasing function. Then there exist
r0 > 0 and a smooth diffeomorphism ψ : Rd → Sd \ {N} ⊂ Rd+1 such that

ψ(x)→ N as |x| → ∞, (4.32)

|∇ψ(x)| ≤ D(0) ∀x ∈ Rd, (4.33)
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|∇ψ(x)| ≤ D(|x|) ∀x ∈ Rd \Br0 . (4.34)

Proof. We split the construction in two parts: first we perform a 1-dimensional
construction, and then we use this construction to build the desired diffeomorphism.

Step 1: 1-dimensional construction. Let D0 : [0,∞) → (0, 1] be a nonincreasing
function. We claim that there exists a smooth diffeomorphism ψ0 : [0,∞)→ [0, π) such
that

lim
r→∞

ψ0(r) = π, lim
r→∞

ψ′0(r) = 0, (4.35)

ψ0(r) = c0D0(0)r ∀ r ∈ [0, π/D0(0)), for some c0 ∈ (0, 1), (4.36)

|ψ′0(r)| ≤ D0(0) ∀ r ∈ [0,∞), (4.37)

|ψ′0(r)| ≤ D0(r) ∀ r ∈ [2π/D0(0),∞). (4.38)

Indeed, define the nonincreasing L1 function D1 : [0,∞)→ (0,∞) as

D1(r) :=

{
D0(0) if r ∈ [0, 1 + π/D0(0)]

min{D0(r), r−2} if r ∈ (1 + π/D0(0),∞).

We then consider an asymmetric convolution kernel, namely a nonnegative function
σ ∈ C∞c ((0, 1)) with

∫
R σ = 1, and consider the convolution of D1(r) with σ(−r):

ψ1(r) :=

∫ 1

0
σ(r′)D1(r + r′) dr′ ∀ r ∈ [0,∞).

Notice that ψ1 is smooth on (0,∞), positive, nonincreasing, and ψ1 ≤ D1 in [0,∞) (in
particular ψ1 ∈ L1(0,∞)). Moreover we have that ψ1 ≡ D0(0) in [0, π/D0(0)], hence
‖ψ1‖L1(0,∞) ≥ π and c0 := π‖ψ1‖−1

L1(0,∞)
∈ (0, 1). Finally, we define ψ0 as

ψ0(r) := c0

∫ r

0
ψ1(s) ds ∀ r ∈ [0,∞).

Since |ψ′0(r)| = c0|ψ1(r)| ≤ D1(r), taking into account that π/D0(0) > 1 it is easy to
check that all the desired properties are satisfied.

Step 2: “radial” diffeomorphism in any dimension. Let D0 : [0,∞) → (0, 1] to
be chosen later and consider ψ0, c0 as in Step 1. We define ψ : Rd → Sd \ {N} ⊂ Rd+1

which maps every half-line starting at the origin to an arc of sphere between the south
pole and the north pole:

ψ(x) := sin(ψ0(|x|))
( x
|x| , 0

)
− cos(ψ0(|x|))

(
0, . . . , 0, 1

)
.

Thanks to (4.36) and to the fact that the functions x 7→ |x|2, t 7→ sin(
√
t)/
√
t, and

t 7→ cos(
√
t) are all of class C∞, we obtain that ψ ∈ C∞(Rd;Rd+1). We also notice
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that its inverse φ : Sd \ {N} → Rd can be explicitly computed:

φ(x1, . . . , xd+1) = ψ−1
0 (arccos(−xd+1))

(x1, . . . , xd)

|(x1, . . . , xd)|

= ψ−1
0 (arcsin(|(x1, . . . , xd)|))

(x1, . . . , xd)

|(x1, . . . , xd)|
.

Writing r = |x| and denoting by Id the identity matrix on the first d components, we
compute the gradient of ψ:

∇ψ(x) =
cos(ψ0(r))ψ′0(r)r − sin(ψ0(r))

r3
(x, 0)⊗ (x, 0) +

sin(ψ0(r))

r
Id

− sin(ψ0(r))ψ′0(r)

r
(x, 0)⊗ (0, . . . , 0, 1).

It is immediate to check that |∇ψ(x)| 6= 0 for all x ∈ Rd, so it follows by the Inverse
Function Theorem that φ is smooth as well. Also, we can estimate

|∇ψ(x)| ≤ 2|ψ′0(r)|+ 2
sin(ψ0(r))

r
. (4.39)

Using now (4.37) and (4.38), the first term in the right hand side above can be estimated
with 2D0(0) for every x ∈ Rd, and with 2D0(r) for every x ∈ Rd such that r ≥ 2π/D0(0).
As regards the second term, for r ∈ [0, π/D0(0)] we have that

sin(ψ0(r))

r
=

sin(c0D0(0)r)

r
≤ c0D0(0), (4.40)

while for r ∈ [π/D0(0),∞) we estimate the numerator with 1 to get

sin(ψ0(r))

r
≤ D0(0)

π
. (4.41)

Therefore, since c0 < 1, by (4.39), (4.40), and (4.41) we get

|∇ψ(x)| ≤ 4D0(0) ∀x ∈ Rd. (4.42)

Now, for r ∈ [2π/D0(0),∞), thanks to (4.35) and (4.38) we can estimate

sin(ψ0(r))

r
=

1

r

∫ ∞
r
− cos(ψ0(s))ψ′0(s) ds ≤ 1

r

∫ ∞
r
|ψ′0(s)| ds ≤ 1

r

∫ ∞
r

D0(s) ds, (4.43)

thus by (4.38), (4.39), and (4.43) we obtain

|∇ψ(x)| ≤ 2D0(r) +
2

r

∫ ∞
r

D0(s) ds ∀x ∈ Rd \B2π/D0(0). (4.44)

So, provided we choose D0(r) := min{4−1, r−2}D(r) we obtain that (4.42) implies
(4.33). Also, by choosing r0 := 2π/D0(0) > 2, from (4.44) and because D is nonin-
creasing we deduce that

|∇ψ(x)| ≤ D(r)

2
+

1

r

∫ ∞
r

D(r)

s2
ds ≤ D(r)

2
+
D(r)

r2
≤ D(r) ∀x ∈ Rd \Br0 ,

proving (4.34) and concluding the proof. �
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Proof of Theorem 4.9. We first assume that |bt|ρt ∈ L1
loc([0, T ]×Rd) and we prove the

result in this case. This is done in two steps:
- In Step 1, based on Lemma 4.12, we construct a diffeomorphism between Rd and
Sd \{N} with the property that the vector field b, read on the sphere, becomes globally
integrable.
- In Step 2 we associate a solution of the continuity equation on the sphere to the
solution of the continuity equation ρt; this is done by adding a time-dependent mass in
the north pole. Then, the superposition principle applies on the sphere.

Once the theorem has been proved for |bt|ρt ∈ L1
loc([0, T ]× Rd), we show in Step 3

how to handle the case when ρt is a renormalized solution.

Finally, in Step 4 we exploit the results of Section 4.1 to show that ρt is transported
by the Maximal Regular Flow.

Step 1: construction of a diffeomorphism between R̊d and Sd. We build a
diffeomorphism ψ ∈ C∞(Rd;Sd \ {N}) such that

lim
x→∞

ψ(x) = N, (4.45)

∫ T

0

∫
Rd
|∇ψ(x)||bt(x)|ρt(x) dx dt <∞. (4.46)

To this end, we apply Lemma 4.12 with D(r) = 1 in [0, 1) and D(r) = (2nCn)−1

for r ∈ [2n−1, 2n), where

Cn := 1 +

∫ T

0

∫
B2n

|bt(x)|ρt(x) dx dt for every n ∈ N.

In this way we obtain a smooth diffeomorphism ψ which maps Rd onto Sd \ {N} such
that (4.45) holds, |∇ψ(x)| ≤ 1 on Rd, and

|∇ψ(x)| ≤ 1

2nCn
∀x ∈ B2n \B2n−1 , n ≥ n0, (4.47)

for some n0 > 0. Thanks to these facts we deduce that∫ T

0

∫
Rd
|∇ψ(x)||bt(x)|ρt(x) dx dt

≤
∫ T

0

∫
B2n0

|bt(x)|ρt(x) dx dt+
∞∑

i=n0+1

∫ T

0

∫
B2i\B2i−1

|∇ψ(x)||bt(x)|ρt(x) dx dt

≤
∫ T

0

∫
B2n0

|bt(x)|ρt(x) dx dt+
∞∑

i=n0+1

1

2i
<∞,

(4.48)

which proves (4.46).
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Step 2: superposition principle on the sphere. We build η ∈M+

(
C([0, T ]; R̊d)

)
such that |η|(C([0, T ]; R̊d)) ≤ supt∈[0,T ] ‖ρt‖L1(Rd), η is concentrated on curves η which
are locally absolutely continuous integral curves of b in {η 6=∞}, and whose marginal
at time t in Rd is ρtL d.

Without loss of generality, possibly dividing every ρt by supt∈[0,T ] ‖ρt‖L1(Rd), we can
assume that supt∈[0,T ] ‖ρt‖L1(Rd). Define mt := ‖ρt‖L1(Rd) ≤ 1,

ct(y) :=

{
∇ψ(φ(y))bt(φ(y)) if y ∈ Sd \ {N}
0 if y = N

(4.49)

and
µt := ψ#(ρtL

d) + (1−mt)δN ∈P
(
Sd
)
, t ∈ [0, T ].

Since ct(N) = 0 we can neglect the mass at N = ψ(∞) to get∫ T

0

∫
Sd
|ct| dµt dt =

∫ T

0

∫
Sd\{N}

|∇ψ|(φ(y))|bt|(φ(y)) dµt(y) dt

=

∫ T

0

∫
Rd
|∇ψ|(x)|bt|(x)ρt(x) dx dt <∞,

where in the last inequality we used (4.46).
We now show that the probability measure µt is a solution to the continuity equation

on Sd ⊂ Rd+1 with vector field ct. To this end we first notice that, by the weak
continuity in duality with Cc(Rd) of ρt and by the fact that all the measures µt have
unit mass, we deduce that µt is weakly continuous in time. Indeed, any limit point of
µs as s→ t is uniquely determined on Sd \{N}, and then the mass normalization gives
that it is completely determined. We want to prove that the function t 7→

∫
Sd ϕdµt is

absolutely continuous and satisfies

d

dt

∫
Sd
ϕdµt =

∫
Sd
ct · ∇ϕdµt L 1-a.e. on (0, T ) (4.50)

for every ϕ ∈ C∞(Rd+1). We remark that, since ρt is a solution to the continuity
equation in Rd with vector field bt, changing variables with the diffeomorphism ψ we
obtain that (4.50) holds for every ϕ ∈ C∞c (Rd+1 \ {N}), hence we are left to check that
(4.50) holds also when ϕ is not necessarily 0 in a neighborhood of the north pole.

Let us consider ϕ ∈ C∞c (Rd+1). By µt(N) = 1 −mt = 1 − µt(Sd \ {N}), for every
t ∈ [0, T ] we have that∫

Sd
ϕdµt =

∫
Sd\{N}

ϕdµt + ϕ(N)µt(N) = ϕ(N) +

∫
Sd

(ϕ− ϕ(N)) dµt. (4.51)

For every ε > 0 let us consider a function χε ∈ C∞(Rd+1) which is 0 in Bε(N), 1
outside B2ε(N), and whose gradient is bounded by 2/ε. Since ρt is a solution to the
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continuity equation in Rd and since χε(ϕ − ϕ(N)) is a smooth, compactly supported
function in C∞c (Rd+1 \ {N}) we deduce that

d

dt

∫
Sd
χε(ϕ− ϕ(N)) dµt =

∫
Sd\{N}

ct · ∇[χε(ϕ− ϕ(N))] dµt

=

∫
Sd\{N}

(ϕ− ϕ(N))ct · ∇χε dµt +

∫
Sd\{N}

χεct · ∇ϕdµt.

(4.52)

To estimate the first term in the right-hand side of (4.52) we use that |ϕ−ϕ(N)| ≤
ε‖∇ϕ‖∞ in Bε(N) and that |∇χε| ≤ 2/ε to get that∣∣∣∣ ∫

Sd\{N}
ct · ∇χε(ϕ− ϕ(N)) dµt

∣∣∣∣ ≤ 2‖∇φ‖∞
∫
B2ε(N)\Bε(N)

|ct| dµt,

and notice the latter goes to 0 in L1(0, T ) as ε→ 0 since |c| is integrable with respect
to µtdt in space-time thanks to (4.50). Since the second term in the right-hand side of
(4.52) converges in L1(0, T ) to

∫
Sd\{N} ct · ∇ϕdµt, taking the limit as ε → 0 in (4.52)

we obtain that t 7→
∫
Sd(ϕ − ϕ(N)) dµt is absolutely continuous in [0, T ] and that for

L 1-a.e. t ∈ (0, T ) one has

d

dt

∫
Sd

(ϕ− ϕ(N)) dµt =

∫
Sd
ct · ∇ϕdµt.

Using the identity (4.51), this formula can be rewritten in the form (4.50), as desired.

Since µt is a weakly continuous solution of the continuity equation and the integra-
bility condition (4.50) holds, we can apply the superposition principle (see Theorem 1.6)
to deduce the existence of a measure σ ∈ P

(
C([0, T ];Sd)

)
which is concentrated on

integral curves of c and such that (et)#σ = µt for all t ∈ [0, T ].

We then consider φ : Sd → R̊d to be the inverse of ψ extended to N as φ(N) =∞,
and define Φ : C([0, T ];Sd)→ C([0, T ]; R̊d) as Φ(η) := φ ◦ η. Then the measure

η := Φ#σ ∈P
(
C([0, T ]; R̊d)

)
is concentrated on locally absolutely continuous integral curves of b in the sense stated
in (4.1), and

(et)#η Rd = φ#(et)#σ Rd = φ#µt Rd = ρtL
d.

Step 3: the case of renormalized solutions. We now show how to prove the
result when div bt = 0 and ρt is a renormalized solution. Notice that in this case we
have no local integrability information on |bt|ρt, so the argument above does not apply.
However, exploiting the fact that ρt is renormalized we can easily reduce to that case.
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More precisely, we begin by observing that, by a simple approximation argument,
the renormalization property (see Definition 4.4) is still true when β is a bounded
Lipschitz function. Thanks to this observation we consider, for k ≥ 0, the functions

βk(s) :=


0 if s ≤ k,
s− k if k ≤ s ≤ k + 1,
1 if s ≥ k + 1.

Since ρt is renormalized, βk(ρt) is a bounded distributional solution of the continuity
equation, hence by Steps 1-2 above there exists a measure ηk ∈M+

(
C([0, T ]; R̊d)

)
with

|ηk|(C([0, T ]; R̊d)) ≤ sup
t∈[0,T ]

‖βk(ρt)‖L1(Rd),

which is concentrated on the set defined in (4.1) and satisfies

(et)#ηk Rd = βk(ρt)L
d for every t ∈ [0, T ].

Since
∑

k≥0 βk(s) = s, we immediately deduce that the measure η :=
∑

k≥0 ηk satisfies
all the desired properties.

Step 4: representation via the Maximal Regular Flow. If we assume in addition
that b is divergence-free and satisfies (a)-(b) of Section 3.5 and that ρt ∈ L∞((0, T )×Rd)
(resp. that ρt is renormalized), then η (resp. every ηk) is a regular generalized flow
and by Theorem 4.3 it is transported by the Maximal Regular Flow.





Chapter 5

The continuity equation with an
integrable damping term

In this Chapter we consider the Cauchy problem for the continuity equation with a
linear source term, namely{

∂tut(x) +∇ · (bt(x)ut(x)) = ct(x)ut(x)

u0(x) = ū(x)
(5.1)

where (t, x) ∈ (0, T )× Rd, ut(x) ∈ R, bt(x) ∈ Rd and ct(x) ∈ R. This kind of equation
appears in many nonlinear systems of PDEs and, in analogy with fluid dynamics, we
call damping the coefficient c. As it happens in the case c ≡ 0 (see Section 1.1), the
continuity equation (5.1) is strictly related to the ordinary differential equation{

∂tX(t, x) = bt(X(t, x)) ∀t ∈ (0, T )

X(0, x) = x
(5.2)

for x ∈ Rd. Indeed, assuming that ū, b and c are smooth and compactly supported and
denoting by X : [0, T ] × Rd → Rd the flow of b, the map X(t, ·) is a diffeomorphism.
We denote by X−1(t, ·) its inverse and we set JX(t, x) := det(∇xX(t, x)) 6= 0. A
solution of (5.1) is then given in term of the flow X by the following explicit formula

ut(x) =
ū(X−1(t, ·)(x))

JX(t,X−1(t, ·)(x))
exp

(∫ t

0
cτ (X(τ,X−1(t, ·)(x))) dτ

)
. (5.3)

Moreover, (5.3) can be equivalently rewritten as

utL
d = X(t, ·)]

(
ū exp

(∫ t

0
cτ (X(τ, ·)) dτ

)
L d

)
. (5.4)

If c ∈ L∞((0, T )× Rd), under suitable (regularity and growth) assumptions on the
velocity field ensuring the existence and uniqueness of a Lagrangian flow, DiPerna and

87
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Lions [DPL4] showed that (5.4) is the unique distributional solution of (5.1) with
initial datum ū. At a very formal level, their strategy to prove uniqueness consists in
considering the difference u between two solutions with the same initial datum, which
by linearity solves (5.1) with initial datum 0, and multiplying the equation by 2u. They
obtain

d

dt

∫
Rd
ut(x)2 dx =

∫
Rd

(2ct(x)− div bt(x))ut(x)2 dx

≤ (2‖ct‖L∞(Rd) + ‖ div bt‖L∞(Rd))

∫
Rd
ut(x)2 dx.

(5.5)

They conclude thanks to Gronwall lemma that
∫
Rd ut(x)2 dx = 0 for every t ∈ [0, T ],

which implies uniqueness.
If c ∈ L1((0, T )×Rd) then (5.4) does not make sense as distributional solution even

in the simplest autonomous cases. For instance, let bt(x) = 0, ū = 1[0,1]d , and c ∈
L1(Rd). A solution of (5.1) is given by ut(x) = ū(x)etc(x); however ut may not belong
to L1

loc(Rd) due to the low integrability of c. In this case (5.3) is not a distributional
solution of (5.1).

We notice however that, if we assume c ∈ L1((0, T )×Rd), the function u defined in
(5.3) is almost everywhere pointwise defined since the flow is assumed to preserve the
Lebesgue measure, up to a multiplicative constant, and hence∫

Rd

∫ T

0
cτ (X(τ, x)) dτ dx ≤ C

∫ T

0

∫
Rd
cτ (x) dτ dx <∞. (5.6)

In the following, we introduce a natural notion of renormalized solution of (5.1) (see
Definition 5.3) following [DPL4] and we prove that the function defined in (5.3) is a
renormalized solution of (5.10). Then we move to the more delicate problem of unique-
ness with this weak notion of solution. Here a different estimate with respect to (5.5) is
needed, since already the formal computation (5.5) fails if we assume lower summability
than L∞ for the damping c. In analogy with the logarithmic estimates introduced by
Ambrosio, Lecumberry and Maniglia [ALM], Crippa and De Lellis [CrDe] for solu-
tions to the ODE (5.2), we perform a logarithmic estimate for solutions of the PDE
(5.1). As in the computation (5.5), we consider the difference u of two solutions with
the same initial datum and we multiply (5.1) by u/(δ + u2), where δ > 0 is fixed, to
obtain

d

dt

∫
Rd

log
(

1 +
ut(x)2

δ

)
dx =

∫
Rd

div bt(x) log
(

1 +
ut(x)2

δ

)
dx

+

∫
Rd

(ct(x)− div bt(x))
ut(x)2

δ + ut(x)2
dx

≤ ‖div bt‖L∞(Rd)

∫
Rd

log
(

1 +
ut(x)2

δ

)
dx

+ 2

∫
Rd
|ct(x)|+ |div bt(x)| dx.

(5.7)
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By Gronwall lemma we deduce that for every t ∈ [0, T ]∫
Rd

log
(

1 +
ut(x)2

δ

)
dx ≤ exp

(∫ T

0
‖ div bt‖L∞(Rd) dt

)
·
∫ T

0

∫
Rd

2(|ct(x)|+ |∇ · bt(x)|) dx dt;

letting finally δ go to 0, since the right-hand side is independent on δ we obtain that
ut = 0. A justification of the estimate (5.7) in a non-smooth setting requires some
work, as the one performed in [DPL4] to justify (5.5). First, one needs to prove that
the difference of renormalized solutions is still renormalized, which is not an automatic
consequence of the linearity of the equation and of the theory of renormalized solu-
tions. Moreover, to allow general growth conditions on b, one would like to localize the
estimate. In [DPL4], general growth conditions were considered by means of a cutoff
function and by a duality argument. Instead, we refine the estimate (5.7) by means of
a decaying function.

The plan of the paper is the following. In Section 5.1 we introduce the notions of
regular Lagrangian flow and of renormalized solution; then we state our existence and
uniqueness result. Sections 5.2 and 5.3 are devoted to the proof of the main theorem.

5.1 Existence and uniqueness of renormalized solutions

We denote by Br(x) ⊆ Rd the open ball of centre x ∈ Rd and radius r > 0, shortened
to Br if x = 0. In the case of a smooth, divergence free vector field b, the solution to
the equation (5.1), given by the explicit formula (5.3) with JX(t, x) = 1, is obtained
by transporting the initial datum ū along the flow of the vector field b, together with a
correction due to the damping term c. To obtain a similar statement in the non-smooth
setting, we consider the regular Lagrangian flow of b (see Definition 1.4) and we point
out some useful properties in the remark below.

Remark 5.1. Under the assumptions of Theorem 1.5, which guarantee the existence
and uniqueness of a regular lagrangian flow, if we further assume a two-sided bound
on div b, namely div b ∈ L1((0, T );L∞(Rd)), the map X(t, ·) is almost everywhere
invertible for every t ∈ [0, T ]. We denote by X−1(t, ·) the inverse map, which satisfies
for every t ∈ [0, T ]

X(t,X−1(t, x)) = x and X−1(t,X(t, x)) = x for L d-a.e. x ∈ Rd. (5.8)

Moreover, we recall that the compressibility constant C(X) in Definition 1.4 (ii) can

be chosen as exp
( ∫ T

0 ‖ div bt‖L∞(Rd) dt
)
.

When the vector field b is divergence-free, the Jacobian of the flow is equal to 1 in
the explicit solution (5.3) of (5.1). Instead, when the vector field b is not divergence-
free, the Jacobian of the flow appears in (5.3). In the smooth setting, the Jacobian is
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defined as JX(t, x) = det(∇xX(t, x)), and satisfies the differential equation

∂tJX(t, x) = JX(t, x) div bt(X(t, x)) ∀(t, x) ∈ (0, T )× Rd.

In the non-smooth setting, we define the Jacobian through an explicit formula; we will
see in Lemma 5.7 that this object satisfies a change of variable formula.

Definition 5.2. Let T > 0, let b be a Borel, locally integrable vector field, and let X
as in Definition 1.4. Assume moreover that div b ∈ L1((0, T );L1

loc(Rd)). We define the
Jacobian of X as the measurable function JX : (0, T )× Rd → Rd given by

JX(t, x) = exp
(∫ t

0
div bs(X(s, x)) ds

)
.

Thanks to the compressibility condition (ii) in the definition of regular Lagrangian
flow and to the local integrability of div b, a computation like (5.6) shows that JX is
well defined and absolutely continuous in [0, T ] for L d-a.e. x ∈ Rd.

We present now a notion of solution of (5.1) which does not even require local
integrability of u and was first introduced in [DPL4]. This notion adapts Definition 1.3
to our context by imposing more constraints on the renormalization function β (which,
in turn, guarantee the correct integrability of every term). In the sequel of this Chapter
all the functions involved will be defined up to a set of Lebesgue measure zero.

Definition 5.3. Let ū : Rd → R be a measurable function, let b ∈ L1
loc((0, T )×Rd;Rd)

be a vector field such that div b ∈ L1
loc((0, T ) × Rd) and let c ∈ L1

loc((0, T ) × Rd). A
measurable function u : [0, T ]× Rd → R is a renormalized solution of (5.1) if for every
function β : R→ R satisfying

β ∈ C1 ∩ L∞(R), β′(z)z ∈ L∞(R), β(0) = 0 (5.9)

we have that

∂tβ(u) +∇ · (bβ(u)) + div b
(
uβ′(u)− β(u)

)
= cuβ′(u) (5.10)

in the sense of distributions, namely for every φ ∈ C∞c ([0, T )× Rd)∫
Rd
φ(0, x)β(ū) dx+

∫ T

0

∫
Rd

[∂tφ+∇φ · b]β(u) dx dt+∫ T

0

∫
Rd
φ
[

div b
(
β(u)− uβ′(u)

)
+ cuβ′(u)

]
dx dt = 0.

(5.11)

The second assumption in (5.9) is exploited to give a distributional meaning to
the right-hand side of (5.10), which becomes locally integrable despite the lack of
integrability of u.
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Remark 5.4. As precised in a similar context in Remark 4.5, in Definition 5.3, we can
equivalently test equation (5.10) with compactly supported space functions ϕ; in other
words, (5.11) holds if and only if for every ϕ ∈ C∞c (Rd) the function

∫
Rd ϕ(x)β(ut(x)) dx

coincides L 1-a.e. in (0, T ) with an absolutely continuous function Γ(t) such that Γ(0) =∫
Rd ϕ(x)β(ū(x)) dx and for L 1-a.e. t ∈ [0, T ]

d

dt
Γ(t) =

∫
Rd
∇ϕ · btβ(ut) dx+

∫
Rd
ϕ
[

div bt
(
β(ut)− utβ′(ut)

)
+ ctutβ

′(ut)
]
dx.

(5.12)

This follows by the choice φ(t, x) = ϕ(x)η(t) in (5.11) with η ∈ C∞c ([0, T )); by the
density of the linear span of these functions in C∞c ([0, T )×Rd), it is possibile to deduce
the equivalence (see for instance [AGS1, Section 8.1]). Notice moreover that, with a
standard approximation argument, we are allowed to use every Lipschitz, compactly
supported test function ϕ : Rd → R as a test function for the computation (5.12).

We now state the main result of this Chapter, namely the existence and unique-
ness of renormalized solutions to the continuity equation with integrable, unbounded
damping.

Theorem 5.5. Let b ∈ L1((0, T );BVloc(Rd;Rd)) be a vector field that satisfies a bound
on the divergence div b ∈ L1((0, T );L∞(Rd)) and the growth condition

|bt(x)|
1 + |x| ∈ L

1((0, T );L1(Rd)) + L1((0, T );L∞(Rd)). (5.13)

Let
c ∈ L1((0, T )× Rd)

and let ū : Rd → R be a measurable function. Then there exists a unique renormalized
solution u : [0, T ]× Rd → R of (5.1) starting from ū and it is given by the formula

ut(x) =
ū(X−1(t, ·)(x))

JX(t,X−1(t, ·)(x))
exp

(∫ t

0
cτ (X(τ,X−1(t, ·)(x))) dτ

)
. (5.14)

Remark 5.6. The same statement holds for vector fields b satisfying other local regu-
larity assumptions than BV ; more precisely, Theorem 5.5 holds for every b such that ev-
ery bounded, distributional solution of the continuity equation is renormalized. In turn,
this property is needed both for the existence and uniqueness of the regular lagrangian
flow (since, as it is shown in Remark 4.11, it implies property (b-Rd) of Section 1.3, and
therefore we can apply Remark 1.8 and Theorem 1.5) and for Lemma 5.9. Moreover, as
shown in Remark 4.11 when the vector field is divergence-free, the property that every
bounded, distributional solution of the continuity equation is renormalized is equivalent
to (b-Rd). Hence, to see some classes of vector fields other than BV which satisfy this
assumption, we refer to Remark 1.9 (for the sake of completeness, we also mention that
in many of these explicit examples the property that every bounded, distributional so-
lution of the continuity equation is renormalized is proven directly through commutator
estimates).
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5.2 Proof of existence

To prove existence in Theorem 5.5, we show by explicit computation that (5.3) provides
a renormalized solution to (5.1). In the case of a divergence-free vector field, the flow
X(t, ·) is measure preserving and (5.14) can be rewritten as

ut(x) = ū(X−1(t, ·)(x)) exp
(∫ t

0
cτ (X(τ,X−1(t, ·)(x))) dτ

)
.

An easy computation shows that this function is a renormalized solution of (5.1):

d

dt

∫
Rd
ϕβ(ut) dx =

d

dt

∫
Rd
ϕ(X)β(ut(X)) dx

=

∫
Rd

[
∇ϕ(X) · bt(X)β(ut(X)) + ϕ(X)β′(ut(X))ut(X)ct(X)

]
dx

=

∫
Rd

[
∇ϕ · btβ(u) + ϕβ′(ut)utct

]
dx,

(compare with (5.12)). Note that in the above calculation it has been used that when
the representation formula is considered along the flow it holds that

d

dt
(ut(X)) = ut(X)ct(X).

The computation can be made rigorous thanks to the absolute continuity of X(·, x).
The following lemma, regarding a change of variable formula and time regularity of

the Jacobian of regular Lagrangian flows, is useful in the proof when b is not divergence-
free.

Lemma 5.7 (Properties of the Jacobian). Let b as in Theorem 5.5 and let X be
the regular Lagrangian flow of b. Then, the function JX in Definition 5.2 is in
L1((0, T );L∞(Rd)) and for every t > 0 and every φ ∈ L1(Rd) satisfies the following
change of variable formula:∫

Rd
φ(X(t, x))JX(t, x) dx =

∫
Rd
φ(x) dx. (5.15)

Moreover, e−L ≤ JX ≤ eL with L =
∫ T

0 ‖ div bt‖L∞(Rd) dt, JX(·, x) and JX−1(·, x)
are absolutely continuous in [0, T ] and satisfy

∂tJX(t, x) = JX(t, x) div bt(X(t, x)) for L 1-a.e. t ∈ (0, T ), (5.16)

∂t

[
1

JX(t, x)

]
= −

(
1

JX(t, x)

)
div bt(X(t, x)) for L 1-a.e. t ∈ (0, T ) (5.17)

for L d-a.e. x ∈ Rd.
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Proof. Step 1: approximation with smooth vector fields. Let us approximate
the vector field b by convolution. In particular let bε be the convolution between b,
extended to 0 in (R \ [0, T ])×Rd, and a kernel of the form ε−d−1ρ1(t/ε)ρ2(x/ε), where
ρ1 ∈ C∞c (R) and ρ2 ∈ C∞c (Rd) are standard convolution kernels, so that

‖ div bεt‖L∞(Rd) ≤
∫
R
ρ1(t′)‖ div bt−εt′‖L∞(Rd) dt

′. (5.18)

Let Xε ∈ C∞([0, T ]×Rd;Rd) be the flow of bε; for every t > 0 the function Xε(t, ·) is
a diffeomorphism of Rd and, setting JXε(t, x) = det∇xXε(t, x), we have the change
of variable formula∫

Rd
φ(Xε(t, x))JXε(t, x) dx =

∫
Rd
φ(x) dx ∀φ ∈ Cc(Rd). (5.19)

Moreover for every x ∈ Rd the function JXε(·, x) solves the ODE{
∂tJX

ε(t, x) = JXε(t, x) div bεt (X
ε(t, x)) for any t ∈ (0, T )

JXε(0, x) = x,

hence it is given by the expression

JXε(t, x) = exp
(∫ t

0
div bεs(X

ε(s, x)) ds
)

∀(t, x) ∈ [0, T ]× Rd.

Integrating (5.18) in (0, T ), we find that

e−L ≤ JXε ≤ eL ∀(t, x) ∈ [0, T ]× Rd with L =

∫ T

0
‖ div bt‖L∞(Rd) dt. (5.20)

Step 2: pointwise convergence of Jacobians. We show that, up to a subsequence
(not relabeled) in ε, for L d-a.e. x ∈ Rd

lim
ε→0

JXε(t, x) = JX(t, x) for every t ∈ (0, T ), (5.21)

where JX is defined in Definition 5.2.
To this end, let us first prove that, up to a subsequence (not relabeled),

lim
ε→0

div bεt (X
ε(t, x)) = div bt(X(t, x)) in L1

loc([0, T ]× Rd). (5.22)

By the stability of regular Lagrangian flows (see [DPL4,CrDe,A1] or [AC2, Section
5] or Theorem 3.2 noticing that assumption (5.13) prevents finite-time blow up of tra-
jectories thanks to Theorem 3.13), for every t ∈ [0, T ] we have that, up to a subsequence
(not relabelled)

lim
ε→0

Xε(t, x) = X(t, x) pointwise for L d+1-a.e. (t, x) ∈ [0, T ]× Rd. (5.23)
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Let us consider r > 0 and let us prove the convergence in (5.22) in [0, T ]×Br. Let
R > 0 and η > 0 to be chosen later. The estimate on superlevels in [CrDe, Proposition
3.2], which depends on the growth assumptions (5.20) and on the compressibility of the
flows, implies that

L d({x ∈ Br : Xε(t, x) ∈ Rd \BR}) ≤ g(R, r), (5.24)

for a function g(R, r) which converges to 0 as R → ∞ for every r > 0 (and it is
independent on ε and t). The analogous of (5.24) holds also with X in place of Xε.

By Egorov theorem, there exists a measurable set E ⊆ [0, T ]×BR of small measure
L d+1(E) ≤ η such that

lim
ε→0

div bε = div b uniformly in
(
[0, T ]×BR

)
\ E. (5.25)

As a consequence, div bt is continuous on
(
[0, T ] × BR

)
\ E. Let us consider Et to be

the intersection of E with {t} × Rd. Letting

Etε,R = {x ∈ Br : Xε(t, x) ∈ Et ∪ (Rd \BR)} ∪ {x ∈ Br : X(t, x) ∈ Et ∪ (Rd \BR)},
we have that∫ T

0

∫
Br

| div bεt (X
ε)− div bt(X)| dx dt

≤
∫ T

0

∫
Br\Etε,R

|div bεt (X
ε)− div bt(X)| dx dt+

∫ T

0
L d(Etε,R)‖ div bεt‖L∞(Rd) dt

+

∫ T

0
L d(Etε,R) + ‖ div bt‖L∞(Rd)) dt

(5.26)
The second and the third term in the right-hand side of (5.26) can be estimated uni-
formly in ε thanks to the compressibility of Xε(t, ·) and X(t, ·), which is less or equal,
in both cases, than eL thanks to (5.20) and Remark 5.1. More precisely

L d({Xε(t, ·) ∈ Et ∪ (Rd \BR)}) ≤ L d({Xε(t, ·) ∈ Et}) + L d({Xε(t, ·) ∈ Rd \BR})
≤ eLL d(Et) + g(R, r)

and a similar computation holds for the set {X(t, ·) ∈ Et ∪ (Rd \BR)}, so that overall

L d(Etε,R) ≤ 2eLL d(Et) + 2g(R, r).

Thanks to (5.26), it implies that∫ T

0

∫
Br

|div bεt (X
ε)− div bt(X)| dx dt

≤
∫ T

0

∫
Br\Etε,R

| div bεt (X
ε)− div bt(X)| dx dt+ 2eL

∫ T

0
L d(Et)‖ div bt‖L∞(Rd) dt

+ 2eL
∫ T

0
L d(Et)‖div bεt‖L∞(Rd) dt+ 4g(R, r)

∫ T

0
‖ div bt‖L∞(Rd) dt
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which can be written as follows:∫ T

0

∫
Br

|div bεt (X
ε)− div bt(X)| dx dt

≤
∫ T

0

∫
Br\Etε,R

|div bεt (X
ε)− div bt(X)| dx dt+ 4g(R, r)

∫ T

0
‖ div bt‖L∞(Rd) dt

+ 2eL
∫
E
‖ div bt‖L∞(Rd) dx dt+ 2eL

∫
E
‖ div bεt‖L∞(Rd) dx dt.

(5.27)

The first term in (5.27) converges to 0 as ε→ 0 because div bεt (X
ε) converges pointwise

to div bt(X) in Br \ Etε,R and div b is continuous on Et:

|div bεt (X
ε)− div bt(X)| ≤ | div bεt (X

ε)− div bt(X
ε)|+ |div bt(X

ε)− div bt(X)|
≤ ‖div bεt − div bt‖L∞(BR\Et) + |div bt(X

ε)− div bt(X)|.
(5.28)

The second term goes to 0 because g(R, r) → 0 for R → ∞. The last terms, in turn,
converge to 0 as η → 0, where η has been chosen in (5.25) and is independent on ε, by
the absolute continuity of the Lebesgue integral. Indeed, each function is dominated
by

t 7→‖ div bεt‖L∞(Rd) + ‖ div bt‖L∞(Rd) ≤ (ε−1ρ1(·/ε)) ∗ ‖ div bt‖L∞(Rd) + ‖ div bt‖L∞(Rd)

and the last function converges in L1([0, T ]) to 2‖ div bt‖L∞(Rd), so that we can take the
limit in the right-hand side of (5.27) by the absolute continuity of the Lebesgue integral.
Finally, choosing first R and η small enough, and then letting ε go to 0 in (5.27), we find
(5.22). By (5.22), up to a subsequence, for L d-a.e. x ∈ Rd, div bεt (X

ε(t, x)) converges
to div bt(X(t, x)) in L1([0, T ]). Hence for L d-a.e. x we deduce (5.21).
Step 3: conclusion. Let us fix t > 0 and φ ∈ Cc(BR) with R > 0. We take the
limit as ε goes to 0 in (5.19) to get (5.15). More precisely, to show that the limit of
(5.19) is (5.15), we estimate the difference of the two terms by adding and subtracting
φ(X)JXε and using the bound on JXε given by (5.20)∣∣∣∣∫

Rd
(φ(Xε)JXε − φ(X)JX) dx

∣∣∣∣ ≤ ∫
Rd

(
|φ(X)||JXε − JX|+ eL|φ(Xε)− φ(X)|

)
dx.

The first term goes to 0 as ε → 0 by (5.21) and the dominated convergence theorem,
since the functions are nonzero only on the set {x : X(t, x) ∈ BR} and this set has
finite measure.

Regarding the second term, for every R̃ > 0 we have∫
Rd
|φ(Xε)− φ(X)| dx ≤ 2‖φ‖L∞L d({x /∈ BR̃ : X(t, x) ∈ BR or Xε(t, x) ∈ BR})

+

∫
BR̃

|φ(Xε)− φ(X)| dx.
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By choosing R̃ sufficiently big, the first term can be made as small as we want in-
dependently on ε thanks to the estimate on superlevels in [CrDe, Proposition 3.2]
(see also (5.24)). Finally, letting ε → 0 in the second term with R̃ fixed, we obtain
that it converges to 0 by dominated convergence. Hence, (5.15) holds true for every
φ ∈ Cc(Rd). Then we approximate every φ ∈ L1(Rd) with compactly supported, con-
tinuous functions {φn}n∈N and we take the limit in (5.15) applied to φn. The left-hand
side converges thanks to the bound on the Jacobian and to the bounded compressibility
of X:∣∣∣ ∫

Rd
(φn(X)− φ(X))JX dx

∣∣∣ ≤ eL ∫
Rd
|φn(X)− φ(X)| dx ≤ CeL

∫
Rd
|φn − φ| dx,

hence we obtain (5.15) with φ.
Finally, (5.16) and (5.17) are easily checked by direct computation and using the

fact that JX is absolutely continuous in the time variable.

Proof of Theorem 5.5, Existence. Let β : R → R be a function satisfying (5.9). From
the expression (5.3) we compute an equation involving β(ut(x)). Let ϕ ∈ C∞c be a test
function. By the change of variable formula (5.15) applied with φ(x) = ϕ(x)β(ut(x))
we have that∫

Rd
ϕ(x)β(ut(x)) dx =

∫
Rd
ϕ(X(t, x))β(ut(X(t, x)))JX(t, x) dx.

Thanks to the absolute continuity of X(·, x), of JX(·, x), and of 1/JX(·, x) and
since the set of bounded, absolutely continuous functions is an algebra, for every x ∈ Rd
the functions t→ ut(X(t, x)) and t→ ϕ(X(t, x))β(ut(X(t, x)))JX(t, x) are absolutely
continuous. Their derivative can be computed by the explicit formula for u given in
(5.14) thanks to (5.16) and (5.17): for L 1-a.e. s ∈ [0, T ]

∂s
[
us(X)

]
= ∂s

[ ū

JX
exp

(∫ t

0
cτ (X(τ)) dτ

)]
=

ū

JX
exp

(∫ t

0
cτ (X(τ)) dτ

)
cs(X) + ∂s

[ 1

JX

]
ū exp

(∫ t

0
cτ (X(τ)) dτ

)
= us(X)cs(X) + us(X)∂s

[ 1

JX

]
JX

= us(X)cs(X)− us(X) div bs(X)
1

JX

and therefore

∂s
[
ϕ(X(s, x))β(us(X(s, x)))JX(s, x)

]
= ∇ϕ(X) · bs(X)β(us(X))JX

+ ϕ(X)β′(us(X))∂s
[
us(X)

]
JX + ϕ(X)β(us(X))∂sJX

=
[
∇ϕ(X) · bs(X)β(us(X)) + ϕ(X)β′(us(X))us(X)cs(X)

− ϕ(X)β′(us(X))us(X) div bs(X) + ϕ(X)β(us(X)) div bs(X)
]
JX
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(for the sake of brevity we sometimes write X in place of X(s, x) and JX in place of
JX(s, x)). Hence, by Fubini theorem and by the change of variable (5.15), we have
that ∫

Rd
ϕ(x)β(ut(x)) dx−

∫
Rd
ϕ(x)β(ū(x)) dx

=

∫
Rd

∫ t

0
∂s
[
ϕ(X(s, x))β(us(X(s, x)))JX(s, x)

]
ds dx

=

∫ t

0

∫
Rd

[
∇ϕ(X) · bs(X)β(us(X)) + ϕ(X)β′(us(X))us(X)cs(X)

− ϕ(X)β′(us(X))us(X) div bs(X) + ϕ(X)β(us(X)) div bs(X)
]
JX dx ds

=

∫ t

0

∫
Rd

[
∇ϕ(x) · bs(x)β(us(x)) + ϕ(x)cs(x)us(x)β′(us(x))

+ ϕ(x) div bs(x)
(
− us(x)β′(us(x)) + β(us(x))

)]
dx ds.

Notice that the integrand in the right-hand side is in L1((0, T ) × Rd)) thanks to the
properties of β and since ϕ is compactly supported. We have therefore verified that
the function t→

∫
Rd ϕ(x)β(ut(x)) dx is absolutely continuous in [0, T ] and that (5.12)

holds; we conclude that u is a renormalized solution thanks to Remark 5.4.

5.3 Proof of uniqueness

In this section we are going to prove the uniqueness part of Theorem 5.5. In Lemma 5.9
we prove that under our assumptions the difference of renormalized solutions is still
a renormalized solution following the lines of [DPL4, Lemma II.2]. Therefore, to
prove uniqueness in Theorem 5.5 it is enough to show that every renormalized solution
starting from ū = 0 is identically 0. The following simple lemma states the property of
the particular renormalization function which allows to pass to the limit in the damping
term.

Lemma 5.8. Let β(r) = arctan(r) : R → (−π/2, π/2) and, for every M > 0, let
βM (r) = Mβ(r/M). Then we have that

|r1β
′
M (r1)− r2β

′
M (r2)| ≤ |βM (r1)− βM (r2)| ∀r1, r2 ∈ R. (5.29)

Proof. First we prove the inequality for M = 1, namely∣∣∣ r1

1 + r2
1

− r2

1 + r2
2

∣∣∣ ≤ | arctan(r1)− arctan(r2)| ∀r1, r2 ∈ R. (5.30)

Setting ti = arctan(ri), i = 1, 2, the inequality is equivalent to∣∣∣ tan(t1)

1 + tan2(t1)
− tan(t2)

1 + tan2(t2)

∣∣∣ ≤ |t1 − t2| ∀t1, t2 ∈
(
− π

2
,
π

2

)
.
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Since the left-hand side can be rewritten as | sin(2t1)/2− sin(2t2)/2| and the function
sin(2t)/2 is Lipschitz with constant 1, the previous inequality is satisfied. To prove
(5.29) with M > 0, we apply (5.30) at r1/M and r2/M to obtain∣∣∣ Mr1

M2 + r2
1

− Mr2

M2 + r2
2

∣∣∣ ≤ ∣∣∣ arctan
( r1

M

)
− arctan

( r2

M

)∣∣∣ ∀r1, r2 ∈ R.

Multiplying both sides by M we obtain (5.29).

Although the continuity equation is linear, it does not follow from its definition that
the class of renormalized solutions is linear. However, thanks to the regularity of the
vector field and to a particular choice of renormalization functions, we prove that the
difference of renormalized solutions is still a renormalized solution.

Lemma 5.9. Let us consider a vector field b ∈ L1((0, T );BVloc(Rd;Rd)) with div b ∈
L1((0, T );L1

loc(Rd)), a damping c ∈ L1
loc((0, T ) × Rd), and a measurable initial datum

ū : Rd → R. Let u1 and u2 be renormalized solutions of (5.1) with initial datum ū.
Then u := u1 − u2 is a renormalized solution with initial datum 0.

Proof. Let M > 0 and βM (r) = M arctan(r/M) for every r ∈ R. Notice that βM
satisfies (5.9), so that in the sense of distributions

∂tβM (ui) +∇ · (bβM (ui)) + div b
(
uiβ
′
M (ui)− βM (ui)

)
= cuiβ

′
M (ui) i = 1, 2.

Taking the difference between these equations and setting vM = βM (u1)− βM (u2) we
obtain that vM solves in the sense of distributions

∂tvM +∇ · (bvM ) = (c− div b)[u1β
′
M (u1)− u2β

′
M (u2)] + div b vM .

Thanks to the assumptions on b, since the right hand side of the previous equation is lo-
cally integrable, and since vM ∈ L∞((0, T )×Rd), it follows by [A1] (see also [AC2, The-
orem 35] and the discussion of Remark 5.6) that vM is also a renormalized solution,
namely for every γ which satisfies (5.9) we have

∂tγ(vM ) +∇ · (bγ(vM )) = (c− div b)γ′(vM )vM
u1β

′
M (u1)− u2β

′
M (u2)

βM (u1)− βM (u2)
+ div b γ(vM ).

This means that, since vM (0, ·) = 0, for every φ ∈ C∞c ([0, T )× Rd) we have

−
∫ T

0

∫
Rd

[∂tφ+∇φ · b]γ(vM ) dx dt =∫ T

0

∫
Rd
φ
[
(c− div b)γ′(vM )vM

u1β
′
M (u1)− u2β

′
M (u2)

βM (u1)− βM (u2)
+ div b γ(vM )

]
dx dt.

(5.31)

Then, we let M go to ∞ in the previous equation. First, we note that since βM (r)→
r as M → ∞ it follows that vM converges to u1 − u2 pointwise as M → ∞. As
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regards the left-hand side of (5.31), γ(vM ) converges pointwise to γ(u1−u2) and these
functions are bounded by ‖γ‖∞. The right-hand side of (5.31) converges pointwise to
the right-hand side of (5.32) below and by Lemma 5.8 it is bounded by the L1

loc function
(|c|+ 2| div b|)‖zγ′(z)‖L∞(Rd). Hence by dominated convergence we get

−
∫ T

0

∫
Rd

[∂tφ+∇φ·b]γ(u) dx dt =

∫ T

0

∫
Rd
φ
[
(c−div b)uγ′(u)+div bγ(u)

]
dx dt (5.32)

for every γ which satisfies (5.9).

In the following lemma we enlarge the class of admissible test functions in (5.11).
As it will be clear from the proof of Theorem 5.5, a particular Lipschitz, decaying
test function will play an important role. In particular in the proof of the uniqueness
in Theorem 5.5 the estimate (5.43) fails when only compactly supported smooth test
functions are considered.

Lemma 5.10. Let C > 0 and let b and ū be as in Theorem 5.5. Let u be a renormalized
solution of (5.1) and let ϕ ∈W 1,∞(Rd) be a function with the following decay

|ϕ(x)| ≤ C

(1 + |x|)d+1
, |∇ϕ(x)| ≤ C

(1 + |x|)d+2
for L d-a.e. x ∈ Rd. (5.33)

Then the function
∫
Rd ϕ(x)β(ut(x)) dx coincides L 1-a.e. with an absolutely continuous

function Γ(t) such that Γ(0) =
∫
Rd ϕ(x)β(ū(x)) dx and for L 1-a.e. t ∈ [0, T ]

d

dt
Γ(t) =

∫
Rd
∇ϕ · btβ(ut) dx+

∫
Rd
ϕ
[

div bt
(
β(ut)− utβ′(ut)

)
+ ctutβ

′(ut)
]
dx.

(5.34)

Proof. Although the proof is a standard argument via approximation, we sketch it
for the sake of completeness. We approximate the function ϕ by means of smooth,
compactly supported functions ϕn satisfying the same decay (5.33) with C independent
on n. By Remark 5.4, the function t→

∫
Rd ϕn(x)β(ut(x)) dx coincides for L 1-a.e. t ∈

[0, T ] with an absolutely continuous function Γn(t) which satisfies (5.12) and Γn(0) =∫
Rd ϕn(x)β(ū(x)) dx. Thanks to (5.33), to the growth assumptions on b, and to the

integrability of c, by dominated convergence we get that

lim
n→∞

d

dt
Γn(t)

= lim
n→∞

∫
Rd
∇ϕn · btβ(ut) dx+

∫
Rd
ϕn

[
div bt

(
β(ut)− utβ′(ut)

)
+ cutβ

′(ut)
]
dx

=

∫
Rd
∇ϕ · btβ(ut) dx+

∫
Rd
ϕ
[

div bt
(
β(ut)− utβ′(ut)

)
+ ctutβ

′(ut)
]
dx

(5.35)
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in L1(0, T ). Moreover by dominated convergence we have

lim
n→∞

Γn(0) =

∫
Rd
ϕ(x)β(ū(x)) dx

and for L 1-a.e. t ∈ [0, T ]

Γ(t) = lim
n→∞

Γn(t) = lim
n→∞

∫
Rd
ϕn(x)β(ut(x)) dx =

∫
Rd
ϕ(x)β(ut(x)) dx. (5.36)

Hence the functions Γn pointwise converge to an absolutely continuous function Γ :
[0, T ]→ R such that (5.34) holds, Γ(0) =

∫
Rd ϕ(x)β(ū(x)) dx, and

Γ(t) =

∫
Rd
ϕ(x)β(ut(x)) dx

for L 1-a.e. t ∈ [0, T ].

Proof of Theorem 5.5, Uniqueness. Up to taking the difference of two renormalized
solutions, which is still a renormalized solution with initial datum 0 by Lemma 5.9,
it is enough to show that if u is a renormalized solution with initial datum 0 then u = 0
in [0, T ]× Rd.

Let δ > 0. We consider the positive function

βδ(r) = log
(

1 +
[arctan(r)]2

δ

)
∀r ∈ R, (5.37)

which satisfies (5.9) and in particular, thanks to (5.29) applied with M = 1, r1 = r,
r2 = 0

|rβ′δ(r)| =
∣∣∣ arctan(r)

δ + [arctan(r)]2
r arctan′(r)

∣∣∣ ≤ 1 ∀r ∈ R. (5.38)

For every R > 0 consider

ϕR(x) =


1

2d+1
x ∈ Rd, |x| < R

Rd+1

(R+ |x|)d+1
x ∈ Rd, |x| > R.

(5.39)

We use βδ to renormalize the solution u and ϕR as a test function. Notice that ϕR ∈
L1 ∩W 1,∞(Rd) with 0 ≤ ϕR ≤ 1 and by Lemma 5.10 the function ϕR is an admissible
test function in (5.34). Hence there exists an absolutely continuous function Γδ,R :
[0, T ]→ R such that Γδ,R(0) = 0 and for L 1-a.e. t ∈ [0, T ]

Γδ,R(t) =

∫
Rd
ϕR(x)βδ(ut(x)) dx,
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d

dt
Γδ,R(t) =

∫
Rd
∇ϕR · btβδ(ut) dx+

∫
Rd
ϕR(ct − div bt)utβ

′
δ(ut) dx

+

∫
Rd
ϕR div btβδ(ut) dx

(5.40)

(here and in the following we omit the dependence of b, c, u on (t, x) and of ϕR on
x). We estimate each term in the right-hand side of (5.40). The third term can be
estimated thanks to the condition on the divergence of b∫

Rd
ϕR div btβδ(ut) dx ≤ ‖div bt‖L∞(Rd)

∫
Rd
ϕRβδ(ut) dx. (5.41)

As regards the second term, we use (5.38) to deduce∫
Rd
ϕR(ct − div bt)utβ

′
δ(ut) dx ≤

∫
Rd
ϕR(|ct|+ | div bt|) dx

≤
∫
Rd
|ct| dx+ ‖ div bt‖L∞(Rd)

∫
Rd
ϕR dx.

(5.42)

To estimate the first term, we take into account the growth condition (5.13) on b. Let
b1 and b2 two nonnegative functions such that

|bt(x)|
1 + |x| ≤ b1t(x) + b2t, b1 ∈ L1((0, T )× Rd), b2 ∈ L1((0, T )).

Notice that ∇ϕR(x) can be explicitly computed; for every x ∈ Rd with |x| < R it is 0
and if |x| > R we have that |∇ϕR(x)| ≤ (d+ 1)ϕR(x)(R+ |x|)−1. If R > 1, we have∫
Rd
∇ϕR · btβδ(ut) dx ≤ (d+ 1)

∫
Rd\BR

ϕR
R+ |x|(1 + |x|)(b1t + b2t)βδ(ut) dx

≤ (d+ 1)

∫
Rd\BR

ϕR(b1t + b2t)βδ(ut) dx

≤ (d+ 1) log
(

1 +
π2

4δ

)∫
Rd\BR

b1t dx+ (d+ 1)b2t

∫
Rd
ϕRβδ(ut) dx.

(5.43)

Setting for every t ∈ [0, T ] the L1 functions:

a(t) = ‖ div bt‖L∞(Rd) + (d+ 1)b2t,

bR(t) = ‖ct‖L1(Rd) + ‖ div bt‖L∞(Rd)‖ϕR‖L1(Rd),

cR(t) = (d+ 1)‖b1t‖L1(Rd\BR),

from (5.40), (5.41), (5.42), and (5.43) we deduce that for L 1-a.e. t ∈ [0, T ]

d

dt
Γδ,R(t) ≤ a(t)Γδ,R(t) + bR(t) + cR(t) log

(
1 +

π2

4δ

)
.
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Since Γδ,R(0) = 0, by Gronwall lemma we obtain that for every t ∈ [0, T ]

Γδ,R(t) ≤ exp
(∫ T

0
a(s)ds

)(∫ T

0
bR(s)ds+ log

(
1 +

π2

4δ

)∫ T

0
cR(s)ds

)
= exp(A)

(
BR + log

(
1 +

π2

4δ

)
CR

)
.

(5.44)

Notice that by definition

lim
R→∞

CR = (d+ 1) lim
R→∞

∫ T

0

∫
Rd\BR

b1s(x) dx ds = 0. (5.45)

We conclude finding a contradiction as in [CrDe,BC2]. Let us assume that ut is
not identically 0 for some t ∈ [0, T ]; then arctanut is not identically 0 and there exists
R0 > 0 and γ > 0 such that L d({x ∈ BR0 : [arctanut(x)]2 > γ}) > 0. Dividing (5.44)
by log(1 + γ/δ) we obtain that for every R ≥ R0

0 <
L d({x ∈ BR0 : [arctanut(x)]2 > γ})

2d+1
≤
(

log
(

1 +
γ

δ

))−1
Γδ,R(t)

≤ exp(A)
(

log
(

1 +
γ

δ

))−1(
BR + log

(
1 +

π2

4δ

)
CR

)
.

Letting δ go to 0 we find

0 <
L d({x ∈ BR0 : [arctanut(x)]2 > γ})

2d+1
≤ exp(A)CR,

which is a contradiction thanks to (5.45) provided that R is chosen big enough.



Chapter 6

Regularity results for very
degenerate elliptic equations

In the following informal discussion, we describe the connections between some traffic
models, involving in their formulation different tools such as the Lagrangian point of
view, the variational minimization and some degenerate elliptic equations. We refer to
the lecture notes of Santambrogio [San] for a wider presentation of the topic.

A Lagrangian problem. Let Ω ⊆ Rd be an open domain; in the application, it may
represent an urban area. Let µ, ν be two probability measures on Ω which may describe
the initial and final distribution of workers, commuting from their houses to the work
offices. In a continuous setting, we describe the transport pattern with a probability
measure η on the set of absolutely continuous paths AC([0, 1]; Ω), where each path
represents the choice of a traveler. We associate to η the traffic intensity iη ∈M+(Ω)
defined by duality through∫

Ω
ϕ(x) diη(x) =

∫ ∫ 1

0
ϕ(η(t))|η′(t)| dt dη(η)

for every ϕ ∈ C(Ω). Intuitively, in the smooth setting iη(x) represents at any point
x ∈ Ω the total traffic that flows through x (in any direction). In order to prescribe the
initial and final distributions µ, ν ∈P

(
Ω
)
, we consider a given convex closed subset Γ

of the set of transport plans between µ and ν

Π(µ, ν) = {γ ∈P
(
Ω× Ω

)
: (π1)]γ = µ, (π2)]γ = ν

}
.

For a measure η to be admissible, we require (e0, e1)#η ∈ Γ; the two most natural
choices for Γ are either Γ = {γ0} for some γ0 ∈ Π(µ, ν) (corresponding to the case
when each traveler chooses his initial position and final destination), or Γ = Π(µ, ν)
(this second condition is natural in long-term city planning). In the following discussion,
we make always the second choice.

103
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In order to describe the congestion effects, we consider a given nondecreasing func-
tion g(i) : R+ → R+. The case g ≡ 1 would correspond to the case where we don’t
consider congestion and it leads to a formulation of the classical Kantorovich problem
with the cost function c(x, y) = |x − y|; instead, here g is chosen to have g(0) > 0 (so
that, as we will see below, empty streets have nonzero cost) and to be unbounded (in
order to penalize congestion); our model function is g(i) = 1 + pip−1 for some p > 1.
One may allow g to depend on the point x as well and require the monotonicity only
in i variable, but for simplicity we avoid this analysis. Given a transport pattern η, we
associate to every curve η its weighted length (or traveling time) as

Lη(η) =

∫ 1

0
g(iη(η(t)))|η′(t)| dt

and we define the distance

dη(x, y) = inf{Lη(η) : η ∈ AC([0, 1]; Ω), η(0) = x, η(1) = y}.

We call geodesics the curves that minimize this distance between given points, namely
such that dη(η(0), η(1)) = Lη(η).

A plan η satisfies a Wardrop equilibrium condition if no traveler wants to change
his path, provided that all other travelers keep the same strategy. In other words, a
Wardrop equilibrium η satisfies the property to be concentrated on geodesics in the
metric induced by η itself

η
({
η ∈ AC([0, 1]; Ω) : Lη(η) = dη(η(0), η(1))

})
= 0.

Under some technical assumptions, Carlier, Jimenez and Santambrogio [CJS] show
that Wardrop equilibria can be found as minimizers of the variational problem

min
{∫

Ω
G(iη(x)) dx : (e0, e1)#η ∈ Π(µ, ν)

}
, (6.1)

where G is the primitive of g, namely G(0) = 0 and G′ = g.

Beckmann’s minimal flow problem and its dual formulation. The problem
(6.1), in turn, can be also reformulated in terms of a minimization problem over mea-
surable vector field w : Ω→ Rd. In other words, we consider the Beckmann’s minimal
flow problem

min
{∫

Ω
G(w(x)) dx : divw = µ− ν, w · ν∂Ω = 0

}
, (6.2)

where G(x) = H(|x|) for every x ∈ Rd. It is clear that the infimum in (6.1) is less
or equal than the infimum in (6.2). Indeed, given an admissible η for (6.1), we can
associate a natural flow wη defined by duality∫

Ω
ϕ(x) · dwη(x) =

∫ ∫ 1

0
ϕ(η(t)) · η′(t) dt dη(η)
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for every ϕ ∈ C(Ω;Rd). It can be easily checked that, with this definition, wη is
admissible in (6.2) and, since |wη| ≤ iη, one sees that∫

Ω
G(wη(x)) dx ≤

∫
Ω
G(iη(x)) dx.

Actually, the equality between the two problems in (6.1) and (6.2) holds, but this
requires more work to be seen.

In turn, problem (6.2) can be rewritten, formally, by means of some convex analysis
tools, allowing to exchange max and min

min
w

{∫
Ω
G(w) dx : divw = ρ0 − ρ1, w · ν∂Ω = 0

}
= min

w

{∫
Ω
G(w) dx−min

u

{∫
Ω

[
(ρ0 − ρ1)u+w · ∇u

]
dx

}}
= −max

w
min
u

{∫
Ω

[
− G(w) + (ρ0 − ρ1)u+w · ∇u

]
dx

}
= −min

u
max
w

{∫
Ω

[
− G(w) +w · ∇u+ (ρ0 − ρ1)u

]
dx

}
= −min

u

{∫
Ω

[
G∗(∇u) + (ρ0 − ρ1)u

]
dx

}
, (6.3)

where G∗ denotes the convex conjugate of G and ρ0 and ρ1 denote the (smooth) densities
of µ and ν with respect to the Lebesgue measure. We notice that the minimizer w in
(6.2) can be obtained from the minimizer u in (6.3) through the formula w = ∇G(∇u)
and that u solves the very degenerate elliptic equation

div
(
∇G(∇u)

)
= ρ0 − ρ1

with Neumann boundary conditions.
Sobolev regularity of w has been proven in [BCS] and it allows to associate to w a

regular lagrangian flow. In this Chapter, we study the continuity properties of w, which
are, in turn, crucial to rigorously justify the previous formal discussion (for instance,
the equivalence between problem (6.1) and (6.2)) and to formulate the geodesic problem
presented above in a relatively nice Riemannian setting.

6.1 Degenerate elliptic equations

Given a bounded open subset Ω of Rd, a convex function F : Rd → R, and an integrable
function f : Ω → R, we consider a function u : Ω → R which locally minimizes the
functional ∫

Ω
F(∇u) + fu. (6.4)
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When ∇2F is uniformly elliptic, namely there exist λ,Λ > 0 such that

λ Id ≤ ∇2F ≤ Λ Id,

the regularity results of u in terms of F and f rely on De Giorgi theorem and Schauder
estimates (see Theorems 1.19 and 1.20). If F degenerates at only one point, then
several results are still available. For instance, in the case of the p-Laplace equation,
the C1,α regularity of u has been stated in Theorem 1.22.

More in general, one can consider functions whose degeneracy set is a convex set:
for example, for p > 1 one may consider

F(v) =
1

p
(|v| − 1)p+ ∀ v ∈ Rd, (6.5)

so that the degeneracy set is the entire unit ball. There are many Lipschitz results on u
in this context [FFM,EMT,Br]: they are based on the observation that the equation
solved by each partial derivative ∂eu is elliptic where the gradient is large and this allows
to build suitable subsolutions of an elliptic equation starting from ∂eu; in turn these
subsolutions are bounded by standard elliptic theory (see Theorem 1.21). Instead, in
general no more regularity than L∞ can be expected on ∇u. Indeed, when F is given
by (6.5) and f is identically 0, every 1-Lipschitz function solves the equation. However,
as proved in [SV] in dimension 2, something more can be said about the regularity of
∇F(∇u), since either it vanishes or we are in the region where the equation is more
elliptic.
In this Chapter we prove that, if F vanishes on some convex set E and is elliptic outside
such a set, and if u is a local minimizer of (6.4)1 then H(∇u) is continuous for any
continuous function H : Rd → R which vanishes on E. In particular, by applying this
result with H = ∂iF (i = 1, . . . , d) where F is as in (6.5), our continuity result implies
that ∇F(∇u) (the minimizer of (6.2)) is continuous in the interior of Ω.

Since we want to allow any bounded convex set as degeneracy set for F , before
stating the result we introduce the notion of norm associated to a convex set, which is
used throughout the Chapter to identify the nondegenerate region. Given a bounded
closed convex set E ⊆ Rd such that 0 belongs to Int(E) (the interior of E), and denoting
by tE the dilation of E by a factor t with respect to the origin, we define | · |E as

|e|E := inf{t > 0 : e ∈ tE}. (6.6)

Notice that | · |E is a convex positively 1-homogeneous function. However | · |E is not
symmetric unless E is symmetric with respect to the origin.

1Recall that a function u ∈ W 1,1
loc (Ω) is said a local minimizer of a function of the form (6.4) (with

f ∈ Lnloc(Ω)) if, for every Ω′ b Ω, we have∫
Ω′
F(∇u+∇φ) + f(u+ φ) ≥

∫
Ω′
F(∇u) + fu ∀φ ∈W 1,1

0 (Ω′).
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The main result of this Chapter proves that, in the context introduced before,
∇F(∇u) is continuous.

Theorem 6.1. Let d be a positive integer, 0 < λ ≤ Λ, Ω a bounded open subset of
Rd, f ∈ Lq(Ω) for some q > d. Let E be a bounded, convex set with 0 ∈ Int(E). Let
F : Rd → R be a convex nonnegative function such that F ∈ C2(Rd \E). Let us assume
that for every δ > 0 there exist λδ,Λδ > 0 such that

λδI ≤ ∇2F(x) ≤ ΛδI for a.e. x such that 1 + δ ≤ |x|E ≤ 1/δ. (6.7)

Let u ∈W 1,∞
loc (Ω) be a local minimizer of the functional∫

Ω
F(∇u) + fu.

Then, for any continuous function H : Rd → R such that H = 0 on E, we have

H(∇u) ∈ C0(Ω). (6.8)

More precisely, for every open set Ω′ b Ω there exists a modulus of continuity
ω : [0,∞)→ [0,∞) for H(∇u) on Ω′, which depends only on the modulus of continuity
of H, on the modulus of continuity of ∇2F , on the functions δ → λδ,δ → Λδ, and on
‖∇u‖∞ in a neighborhood of Ω′, such that

ω(0) = 0 and
∣∣H(∇u(x))−H(∇u(y))

∣∣ ≤ ω(|x− y|) for any x, y ∈ Ω′. (6.9)

In particular, if F ∈ C1(Rd) then ∇F(∇u) ∈ C0(Ω).

Remark 6.2. In the hypothesis of Theorem 6.1 the Lipschitz regularity of u is always
satisfied under mild assumptions on F . For instance, if F is uniformly elliptic outside
a fixed ball, then u ∈ W 1,∞

loc (Ω). In [Br] many other cases are studied. For example,
the Lipschitz regularity of u holds true for our model case (|x| − 1)p+ for every p > 1.

Remark 6.3. The regularity result of Theorem 6.1 is optimal without any further
conditions about the degeneracy of F near E. More precisely, there exist functions F
satisfying our assumptions and H Lipschitz such that H(∇u) is not Hölder continuous
for any exponent. Indeed, let us consider the minimizer of the functional (6.4) with
f = d. The minimizer can be explicitly computed from the Euler equation and turns
out to be F∗, where F∗ is the convex conjugate of F . We consider a radial function F .
Let ω be a modulus of strict convexity for F outside E, i.e.,(
∇F(x)−∇F(y)

)
·(x−y) ≥ ω(|x−y|)|x−y| ∀x, y ∈ Rd\B1, x = ty, t > 0. (6.10)

Then the function ω−1 is a modulus of continuity of ∇F∗. Hence it suffices to choose
F so that ω−1 is not Hölder continuous.
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F

�1 1 R �1 1 R

F 0

[F 0]�1

[F 0]�1

(|[F 0]�1| � 1)+

Figure 6.1: The figure shows the functions F , F ′, [F ′]−1, and (u′−1)+ =
(
[F ′]−1−1

)
+

of the 1-dimensional counterexample of Remark 6.3; since, for every α ∈ (0, 1), the
function F ′ is smaller than |x − 1|1/α in a neighborhood of 1, the inverse F ′ is not
α-Hölder continuous in a right-neighborhood of 0.

For simplicity, we construct an explicit example in dimension 1, although it can be
easily generalized to any dimension considering a radial function F . Let

G(t) :=

{
e−1/(|t|−1)2

if |t| > 1,
0 if |t| ≤ 1,

and let F ∈ C∞(R) be a convex function which coincides with G in a (−1 − ε, 1 + ε)
for some ε > 0 (see Figure 6.1). Then the function u : R→ R defined as

u(x) :=

∫ |x|
0

[F ′]−1(s) ds

solves the Euler-Lagrange equation
(
F ′(u′(x)

)′
= 1 (note that the function F ′ : R \

[−1, 1]→ R \ {0} is invertible, so u is well defined), and it is easy to check that, given
H(x) := (|x| − 1)+, the function H(u′) =

(
[F ′]−1 − 1

)
+

is not Hölder continuous at 0.

Theorem 6.1 has been proved in dimension 2 with E = B1(0) by Santambrogio and
Vespri in [SV]. Their proof is based on a method by Di Benedetto and Vespri [DV],
which is very specific to the two dimensional case: using the equation they prove
that either the oscillation of the solution is reduced by a constant factor when passing
from a ball Br(0) to a smaller ball Bεr(0), or the Dirichlet energy in the annulus
Br(0) \Bεr(0) is at least a certain value, which is scale invariant in dimension 2. Since
the Dirichlet energy is assumed to be finite in the whole domain, this proves a decay
for the oscillation.

In this Chapter we present a generalization of the result to dimension d and with
a general convex set of degeneracy, using a different method and following some ideas
of a paper by Wang [Wa] in the case of the p-laplacian. We divide regions where the
gradient is degenerate from nondegeneracy regions. The rough idea is the following:
if no partial derivative of u is close to |∇u| in a set of positive measure inside a ball,
then |∇u| is smaller (by a universal factor) in a smaller ball. If u has a nondegenerate
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partial derivative in a set of large measure, then its slope in the center of the ball
is nondegenerate and the ellipticity of the equation provides regularity of u, through
an improvement of flatness lemma, which requires in turn a compactness result for
degenerate equations presented in Section 6.2. An alternative approach of variational
nature to handle the case when u has a nondegenerate partial derivative is described
in Chapter 7 (see Corollary 7.3 and Theorem 7.6, which generalizes Theorem 6.1 by
weakening the regularity assumptions on the integrand); this time, the proof is based
on an excess decay result at nondegenerate points.

Theorem 6.1 is obtained from the following result through an approximation argu-
ment, which allows us to deal with smooth functions.

Theorem 6.4. Let E be a bounded, strictly convex set with 0 ∈ Int(E). Let f ∈
C0(B2(0)) and let q > d. Let F ∈ C∞(Rd) be a convex function, fix δ > 0, and assume
that there exist constants λ,Λ > 0 such that

λI ≤ ∇2F(x) ≤ ΛI for every x such that 1 +
δ

2
≤ |x|E . (6.11)

Let u ∈ C2(B2(0)) be a solution of

∇ · (∇F(∇u)) = f in B2(0). (6.12)

satisfying ‖∇u‖L∞(B2(0)) ≤M.
Then there exist C > 0 and α ∈ (0, 1), depending only on the modulus of continuity

of ∇2F , and on E, δ,M, q, ‖f‖Lq(B2(0)), λ, and Λ, such that

‖(|∇u|E − (1 + δ))+‖C0,α(B1(0)) ≤ C. (6.13)

The Chapter is structured as follows: in Section 6.2 we prove a compactness result
for a class of elliptic equations which are nondegenerate only in a small neighborhood
of the origin. Then, in Section 6.3, we provide a way of separating degeneracy points
from nondegeneracy points, and in Section 6.4 we prove C1,α regularity of u at any
point where the equation is nondegenerate. Finally, Section 6.5 is devoted to the proof
of Theorems 6.4 and 6.1.

6.2 Compactness result for a degenerate equation

In this Section we prove a regularity result for a class of degenerate fully nonlinear
elliptic equations. The argument follows the lines of [Sav, Corollary 3.3], although
there are some main differences: First, in [Sav, Corollary 3.3] regularity is proved in
the class of fully nonlinear equations with a degeneracy depending on the hessian of
the solution, whereas in our case the degeneracy is in the gradient. Moreover only right
hand sides in L∞ are considered there, while in our context we are allowed to take them
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in Ld. Allowing f to be in Ld introduce several additional difficulties, in particular in
the proof of Lemma 6.8. In addition, we would like to notice that the proofs of Lemmas
6.7 and 6.8 do not seem to easily adapt to the case f ∈ Ld if in addition we allow a
degeneracy in the hessian as in [Sav] (more precisely, in this latter case neither (6.22)
nor (6.32) would allow to deduce that the equation is uniformly elliptic at the contact
points).

We also notice that, with respect to [Sav], we prove a slightly weaker statement
which is however enough for our purposes: instead of showing the L∞ norm of u decays
geometrically, we only prove that its oscillation decays. The reason for this is just that
the proof of this latter result is slightly simpler. However, by using the whole argument
in the proof of [Sav, Theorem 1.1] one could replace oscu with ‖u‖∞ in the statements
of Proposition 6.6 and Theorem 6.5.

We keep the notation as similar as possible to the one of [Sav]. We assume for
simplicity that u ∈ C2 and f continuous, but these regularity assumptions are not
needed (though verified for our application) and the same proof could be carried out
in the context of viscosity solutions (as done in [Sav]).

Let S ⊆ Rd×d be the space of symmetric matrices in Rd, F : B1(0)×R×Rd×S → R
be a measurable function, and consider the fully nonlinear equation

F (x, u(x),∇u(x),∇2u(x)) = f(x). (6.14)

Let δ > 0. We consider the following assumptions on F .

(H1) F is elliptic, namely for every x ∈ B1(0), z ∈ R, v ∈ Rd, M,N ∈ S with N ≥ 0

F (x, z, v,M +N) ≥ F (x, z, v,M).

(H2) F is uniformly elliptic in a neighborhood of ∇u = 0 with ellipticity constants
0 < λ ≤ Λ: namely, for every x ∈ B1(0), z ∈ R, v ∈ Bδ(0), M,N ∈ S with N ≥ 0

Λ‖N‖ ≥ F (x, z, v,M +N)− F (x, z, v,M) ≥ λ‖N‖.

(H3) Small planes are solutions of (6.14), namely for every x ∈ B1(0), z ∈ R, v ∈ Bδ(0),

F (x, z, v, 0) = 0.

Given M ∈ S, let M+ and M− denote its positive and negative part, respectively, so
that M = M+ −M− and M+,M− ≥ 0. Applying (H2) twice and using (H3), we have

Λ‖M+‖ − λ‖M−‖ ≥ F (x, z, p,M) ≥ λ‖M+‖ − Λ‖M−‖ (6.15)

for every x ∈ B1(0), z ∈ R, v ∈ Bδ(0), M ∈ S.
In this Section we will call universal any positive constant which depends only on

d, λ, Λ.
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Theorem 6.5. Let δ > 0, F : B1(0) × R × Rd × S → R a measurable function which
satisfies (H1), (H2), and (H3), f ∈ C0(B1(0)), and assume that u ∈ C2(B1(0)) solves
(6.14). Then there exist universal constants ν, ε, κ, ρ ∈ (0, 1) such that if δ′ > 0 and
k ∈ N satisfy

osc
B1(0)

u ≤ δ′ ≤ ρ−kκδ, ‖f‖Ld(B1(0)) ≤ εδ′, (6.16)

then
osc
Bρs (0)

u ≤ (1− ν)sδ′ ∀ s = 0, ..., k + 1. (6.17)

As we will show at the end of this Section, Theorem 6.5 follows by an analogous
result at scale 1 (stated in the following proposition) and a scaling argument.

Proposition 6.6. Let δ > 0, F : B1(0)×R×Rd×S → R a measurable function which
satisfies (H1), (H2), and (H3), f ∈ C0(B1(0)), and assume that u ∈ C2(B1(0)) solves
(6.14).

Then there exist universal constants ν, ε, κ, ρ ∈ (0, 1) such that if δ′ satisfies

osc
B1(0)

u ≤ δ′ ≤ κδ, ‖f‖Ld(B1(0)) ≤ εδ′, (6.18)

then
osc
Bρ(0)

u ≤ (1− ν)δ′.

Before proving this result, we state and prove three basic lemmas. The first lemma
gives an estimate on the contact set of a family of paraboloids with fixed opening in
terms of the measure of the set of vertices. The proof is a simple variant of the one
of [Sav, Lemma 2.1].

Lemma 6.7. Let δ > 0, F , λ, Λ, f , and u be as in Proposition 6.6. Fix a ∈ (0, δ/2),
let K ⊆ B1(0) be a compact set, and define A ⊆ B1(0) to be the set of contact point
of paraboloids with vertices in K and opening −a, namely the set of points x ∈ B1(0)
such that there exists y ∈ K which satisfies

inf
z∈B1(0)

{a
2
|y − z|2 + u(z)

}
=
a

2
|y − x|2 + u(x). (6.19)

Assume that A ⊂ B1(0).
Then there exists a universal constant c0 > 0, such that

c0|K| ≤ |A|+
∫
A

|f(x)|d
ad

dx. (6.20)

Proof. Since by assumption A ⊂ B1(0), for every x ∈ A, given y ∈ K which satisfies
(6.19), we have that

∇u(x) = −a(x− y). (6.21)
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Let T : A→ K be the map which associates to every contact point x the vertex of
the paraboloid, namely

T (x) :=
∇u(x)

a
+ x.

Notice that T ∈ C1(A) and K = T (A). From (6.21) we have that, at each contact
point x ∈ A,

|∇u(x)| = a|x− y| ≤ 2a ≤ δ,
hence from (H2) the equation is uniformly elliptic at x. Moreover we have that −a Id ≤
∇2u(x), so it follows by (6.15) that

− a Id ≤ ∇2u(x) ≤ Λa+ |f(x)|
λ

Id ∀x ∈ A. (6.22)

In addition, from the change of variable formula we have that

|K| = |T (A)| ≤
∫
A

det∇T (x) dx =

∫
A

det

(∇2u(x)

a
+ Id

)
dx (6.23)

Since each eigenvalue of the matrix ∇u(x)/a + Id lies in the interval [0, (1 + Λ/λ) +
|f(x)|/(λa)] (see (6.22)), we get

det

(∇2u(x)

a
+ I

)
≤ C0

[
1 +
|f(x)|d
ad

]
for some universal constant C0. Hence, it follows from (6.23) that

|K| ≤ C0|A|+ C0

∫
A

|f(x)|d
ad

dx,

which proves (6.20) with c0 = 1/C0.

Before stating the next lemma we introduce some notation.

Given u as before, for every b > 0 we define Ab be the set of x ∈ B1(0) such that
u(x) ≤ b and the function u can be touched from below at x with a paraboloid of
opening −b, namely there exists y ∈ B1(0) such that

inf
z∈B1(0)

{
b

2
|y − z|2 + u(z)

}
=
b

2
|y − x|2 + u(x). (6.24)

In addition, given g ∈ L1(B1(0)), we denote by M [g] the maximal function associ-
ated to g, namely

M [g](x) := sup

{∫
−
Br(z)

g(y) dy : Br(z) ⊆ B1(0), x ∈ Br(z)
}
.
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Maximal functions enjoy weak-L1 estimates (see for instance [St]): there exists a con-
stant Cd depending only on the dimension such that

|{x : M [g](x) > t}| ≤
Cd‖g‖L1(B1(0))

t
∀ t > 0, ∀ g ∈ L1(B1(0)). (6.25)

Given f as before, for every b > 0 we denote by Mb the set

Mb := {x ∈ B1(0) : M [|f |n](x) ≤ bn}.

Lemma 6.8. Let δ > 0, F , λ,Λ, f and u be as in Proposition 6.6. Let a > 0,
B4r(x0) ⊂ B1(0).

Then there exist universal constants C̃ ≥ 2 and c̃, µ > 0, such that if a ≤ δ/C̃, and

Br(x0) ∩Aa ∩Mµa 6= ∅

then
|Br/8(x0) ∩AC̃a| ≥ c̃|Br(x0)|. (6.26)

Proof. Let x1 ∈ Br(x0) ∩ Aa ∩Mµa and y1 ∈ B1(0) be the vertex of the paraboloid
which satisfies (6.24) with x1. Let Py1(x) be the tangent paraboloid, namely

Py1(x) = u(x1) +
a

2
|x1 − y1|2 −

a

2
|x− y1|2.

Step 1. We prove that there exist universal constants C0, C1 > 0 such that if a ≤ δ/C0,
then there is z ∈ Br/16(x0) such that

u(z) ≤ Py1(z) + C1ar
2. (6.27)

Let α > 0 be a large universal constant which we choose later, and define ϕ : Rd → R
as

ϕ(x) :=


α−1(32α − 1) if |x| < 32−1

α−1(|x|−α − 1) if 32−1 ≤ |x| ≤ 1

0 if 1 < |x|.
(6.28)

Given x3 ∈ Br(x1) ∩Br/32(x0) we consider the function ψ : Rd → R given by

ψ(x) := Py1(x) + ar2ϕ

(
x− x3

r

)
∀x ∈ Rd.

We slide the function ψ from below until it touches the function u. Let x4 be the
contact point. Since the function ϕ is radial and decreasing in the radial direction,
from

− ar2ϕ

(
x4 − x3

r

)
≤ u(x4)− ψ(x4) ≤ min

x∈B1(0)
{u(x)− ψ(x)} ≤ −ar2ϕ

(
x1 − x3

r

)
(6.29)
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we deduce that |x4 − x3| ≤ |x1 − x3| ≤ r. In particular since |x4 − x0| ≤ |x4 − x3| +
|x3−x0| ≤ 2r and B2r(x0) ⊂ B1(0) (by assumption), the contact point is inside B1(0).
We now distinguish two cases:

- Case 1: There exists x3 ∈ Br(x1) ∩ Br/32(x0) such that the contact point x4 lies
inside Br/32(x3).

In this case we have |x4 − x0| ≤ |x4 − x3|+ |x3 − x0| ≤ r/16. In addition, the last
two inequalities in (6.29) give that u(x4)− ψ(x4) ≤ 0. Hence

u(x4) ≤ ψ(x4) = Py1(x4) + ar2ϕ

(
x4 − x3

r

)
≤ Py1(x4) + ar2‖ϕ‖L∞(Rd),

which proves that z = x4 satisfies (6.27) with C1 := ‖ϕ‖L∞(Rd) (without any restriction
on a).

- Case 2: For every x3 ∈ Br(x1) ∩ Br/32(x0) the contact point x4 satisfies 1/32 <
|x4 − x3| < 1.

At the contact point we have that

∇u(x4) = ∇ψ(x4) = −a(x4 − y1) + ar∇ϕ
(
x4 − x3

r

)
. (6.30)

Hence, if we choose C0 such that C0 ≥ 2 + ‖ϕ‖L∞(Rd) we get

|∇u(x4)| ≤ a|x4 − y1|+ ar‖ϕ‖L∞(Rd) < a(2 + ‖ϕ‖L∞(Rd)) ≤ C0a ≤ δ,

which shows that the equation (6.14) is uniformly elliptic at x4 thanks to our assump-
tions on F .

Computing the second derivatives of ψ at x4 we get

∇2ψ(x4) = −aI + a∇2ϕ

(
x4 − x3

r

)
= a

(
−I −

(
r

|x4 − x3|

)2+α

I + (2 + α)
(x4 − x3)⊗ (x4 − x3)

r2

(
r

|x4 − x3|

)4+α
)
,

hence from (H1) and (6.15) applied with M = ∇2ψ(x4) we obtain (since ψ touches u
from below at x4, we have ∇2u(x4) ≥ ∇2ψ(x4))

f(x4) = F (x4, u(x4),∇u(x4),∇2u(x4))

≥ F (x4, u(x4),∇u(x4),∇2ψ(x4))

≥ a

(
−Λ− Λ

(
r

|x4 − x3|

)2+α

+ (2 + α)λ

(
r

|x4 − x3|

)2+α
)

= a

(
−Λ + ((2 + α)λ− Λ)

(
r

|x4 − x3|

)2+α
)
.
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Choosing α big enough so that (2 + α)λ−Λ ≥ Λ + 1, and using that |x4 − x3| ≤ r, we
obtain

f(x4)

a
≥ −Λ + (Λ + 1)

(
r

|x4 − x3|

)2+α

≥ 1. (6.31)

In addition,

∇2u(x4) ≥ ∇2ψ(x4) = −aI + a∇2ϕ

(
x4 − x3

r

)
≥ a

(
−1−

(
r

|x4 − x3|

)2+α
)
I ≥ −(1 + 322+α)a Id,

so by applying the second inequality in (6.15) to M = ∇2u(x4), we get

λ‖∇2u(x4)+‖ ≤ F (x4, u(x4),∇u(x4),∇2u(x4))+Λ‖∇2u(x4)−‖ ≤ |f(x4)|+Λ(1+322+α)a,

that is
∇2u(x4)

a
≤ C2

(
1 +
|f(x4)|
a

)
Id, (6.32)

for some C2 > 0 universal.
Let us consider K the set of contact points x4 as x3 varies in Br/32(x0) (as we

observed before, K ⊆ B2r(x0)), and let T : K → Rd be the map which associates to
every contact point x4 the corresponding x3, which is given by (see (6.30))

T (x) = x− r(∇ϕ)−1

(∇u(x) + a(x− y1)

ar

)
(note that ∇ϕ is an invertible function in the annulus 1/32 < |x| < 1 and (∇ϕ)−1 can
be explicitly computed). Since T (K) = Br(x1)∩Br/32(x0), we deduce that there exists

a constant cd, depending only on the dimension, such that cdr
d ≤ |Br(x1)∩Br/32(x0)| =

|T (K)|. Therefore, from the area formula,

cdr
d ≤

∫
K
|det∇T (x)| dx (6.33)

We now observe that

∇T (x) = Id−
(
∇2ϕ ◦ (∇ϕ)−1

(∇2u(x) + a(x− y1)

ar

))−1 ∇u(x) + aI

a
,

so from (6.32) and (6.31) we get

‖∇T (x)‖ ≤ 1 + ‖(∇2ϕ)−1‖L∞(B1\B1/32)

(
1 + C2 + C2

|f(x)|
a

)
≤
(

1 + ‖(∇2ϕ)−1‖L∞(B1\B1/32) (1 + 2C2)
) |f(x)|

a
.
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Hence, combining this bound with (6.33) we get

cdr
d ≤ C3

∫
K

|f(x)|d
ad

dx ≤ C3

∫
B2r(x0)

|f(x)|d
ad

dx,

where C3 > 0 is universal. Since B2r(x0) ⊆ B3r(x1) and B3r(x1) ⊂ B1(0) (note B3r(x1)
is included in B4r(x0), which is contained inside B1(0) by assumption), we conclude

cdr
d ≤ C3

∫
B3r(x1)

|f(x)|d
ad

dx ≤ C3M [|f |d](x1)
|B3r(x1)|

ad
. (6.34)

Recalling that by assumption M(|f |n)(x1) ≤ µnan, choosing µ small enough so that
µd < cd/(C3|B3(0)|2d), we obtain

C3M(|f |d)(x1)
|B1(0)|2drd

ad
≤ C3µ

d|B1(0)|2drd < cdr
d,

which contradicts (6.34).

Step 2. We conclude the proof. From now on, we assume that a ≤ δ/C0, so that the
conclusion of Step 1 holds.

Let C4 > 0 be a universal constant which will be fixed later, and for every y ∈
Br/64(z) we consider the paraboloid

Qy(x) := Py1(x)− C4
a

2
|x− y|2.

It can be easily seen that for every y the function Qy(x) is a paraboloid with opening
−(C4 + 1)a and vertex

y1 + C4y

1 + C4
. (6.35)

Let slide Qy from below until it touches the graph of u. We claim that the contact
point x̄ lies inside Br/16(z) ⊂ Br/8(x0).

Indeed if |x̄− z| ≥ r/16 we have that

|x̄− y| ≥ |x̄− z| − |z − y| ≥ r

16
− r

64
≥ r

32
,

so, thanks to (6.27),

min
x∈B1(0)

{
u(x)− Py1(x) + C4

a

2
|x− y|2

}
≤ u(z)− Py1(z) + C4

a

2
|z − y|2

≤ C1ar
2 + C4

a

2

( r
64

)2
.

(6.36)

On the other hand, since u ≥ Py1 we have

u(x̄)− Py1(x̄) + C4
a

2
|x̄− y|2 ≥ C4

a

2

( r
32

)2
,
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which contradicts (6.36) if we choose C4 sufficiently large. This proves in particular
that

x̄ ∈ Br/16(z) ⊂ Br/8(x0). (6.37)

We now show that the contact points satisfy u(x̄) ≤ C4a. Indeed, since by assump-
tion Py1(x1) = u(x1) ≤ a and all points lie inside B1(0), we have

Py1(x̄) = u(x1) +
a

2
|x1 − y1|2 −

a

2
|x̄− y1|2 ≤ a+ 4a = 5a,

so from (6.36) we obtain

u(x̄) ≤ Py1(x̄)− C4
a

2
|x̄− y|2 + C1ar

2 + C4
a

2

( r
64

)2
≤ 5a+ C1ar

2 + C4
a

2

( r
64

)2
,

which is less than C4a provided that C4 is chosen sufficiently large.
We now observe that, as y varies in Br/64(z), the set of vertices of the paraboloids

is a ball around y1+C4z
1+C4

of radius C4r
64(1+C4) (see (6.35)). Hence, recalling (6.37) and that

u ≤ C4a at the contact points, it follows from Lemma 6.7 that

c

(
C4r

64(1 + C4)

)d
|B1(0)| ≤ |Br/8(x0) ∩AC4a|+

∫
Br/8(x0)

|f(x)|d
ad

dx.

Since the last integral can be estimated with∫
B2r(x1)

|f(x)|d
ad

dx ≤M [|f |d](x1)
|B2r(x1)|

ad
≤ µdrd|B2(0)|,

we conclude that (6.26) holds with C̃ := max{C0, C4}, provided µ is sufficiently small.

The following measure covering lemma is proved by Savin in [Sav, Lemma 2.3] in
a slightly different version.

Lemma 6.9. Let σ, r0 ∈ (0, 1), and let D0, D1 be two closed sets satisfying

∅ 6= D0 ⊆ D1 ⊆ Br0(0).

Assume that whenever x ∈ Br0(0) and r > 0 satisfy

B4r(x) ⊆ B1(0), Br/8(x) ⊆ Br0(0), Br(x) ∩D0 6= ∅

then
|Br/8(x) ∩D1| ≥ σ|Br(x)|.

Then, if r0 > 0 is sufficiently small we get

|Br0(0) \D1| ≤ (1− σ)|Br0(0) \D0|. (6.38)
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Although the proof is a minor variant of the argument of Savin in [Sav, Lemma
2.3], we give the argument for completeness. As we will see from the proof, a possible
choice for r0 is 1/13.

Proof. Given x0 ∈ Br0(0) \D0, set r̄ := dist(x0, D0) ≤ 2r0, and define

x1 := x0 −
r̄

7

x0

|x0|
, r :=

8

7
r̄.

Then it is easy to check that

Br/8(x1) ⊂ Br/4(x0) ∩Br0(0), Br(x1) ∩D0 = ∅.

In addition, since r ≤ 3r0 and |x1| < r0,

B4r(x1) ⊂ B13r0(0) ⊆ B1(0) provided r0 ≤ 1/13.

Hence, using our assumptions we get

|Br/4(x0)∩Br0(0)∩D1| ≥ |Br/8(x1)∩D1| ≥ σ|Br(x1)| = σ|Br(x0)| ≥ σ|Br0(0)∩Br(x0)|.

Now, for every x ∈ Br0(0) \ D0 we consider the ball centered at x and radius r :=
dist(x,D0), and we apply Vitali covering’s Lemma to this family to extract a subfamily
{Bri(xi)} such that the balls Bri/3(xi) (and so in particular also the balls Bri/4(xi))
are disjoint. Hence

σ|Br0(0) \D0| ≤ σ
∑
i

|(Bri(xi) ∩Br0) \D0|

≤
∑
i

|Bri/4(xi) ∩Br0(0) ∩ (D1 \D0)|

≤ |Br0 ∩ (D1 \D0)|,

from which the result follows easily.

Proof of Proposition 6.6. Let c0 be the constant from Lemma 6.7, and C̃, c̃, µ the
constants given by Lemma 6.8. Also, we fix r0 > 0 sufficiently small so that Lemma
6.9 applies, and we define r1 := r0/8.

Let ν < 1/2 andN be universal constants (to be chosen later) satisfyingNν � 1, set
a := Nνδ′, m := infB1(0) u and assume by contradiction that there exists x0 ∈ Br0/2(0)
such that

u(x0)−m < νδ′, (6.39)

and in addition

sup
Br1 (0)

u−m > δ′/2. (6.40)
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(Note that if either (6.39) or (6.40) fails, then oscBr1 (0) u ≤ (1− ν)δ′, so the statement
is true with ρ = r1).

We define the sets Aa as before but replacing u with the nonnegative function u−m,
that is Aa is the set of points where u −m is bounded by a and can be touched from
below with a paraboloid of opening −a.

Step 1. The following holds:

|Br0(0) ∩Aa| ≥
c0|Br1(0)|

2
, |Mµa| > |B1| −

c0|Br1(0)|
2

. (6.41)

To prove this, for every y ∈ Br1(0) we consider the paraboloid

Py(x) :=
a

2

(
(r0 − r1)2 − |x− y|2

)
.

We observe that
Py ≤ 0 for |x| ≥ r0

(because |x−y| ≥ |x|−|y| ≥ r0−r1), while |x−y| ≤ |x|+|y| ≤ r0/2+r1 for x ∈ Br0/2(0),
which implies (recall that a = Nνδ′)

Py(x) ≥ a

2

(
(r0 − r1)2 −

(r0

2
+ r1

)2
)
> νδ′ ≥ u(x0)−m ∀x ∈ Br0/2(0) (6.42)

provided N is sufficiently large. Moreover Py(x) ≤ a for every x, y ∈ B1(0).
Hence, let us slide the paraboloids Py from below until they touch the function

u − m. Let A be the contact set as y varies inside Br1(0). By what said before it
follows that the contact points are contained inside Br0(0). In addition, thanks to
(6.39) and (6.42), at any contact point x we have

0 > u(x0)−m− νδ′ ≥ min
z∈B1(0)

{u(z)−m− Py(z)}

= u(x)−m− Py(x) ≥ u(x)−m− a,

which proves that A ⊂ Br0(0)∩Aa. From Lemma 6.7 applied to K = Br1(0) we obtain

|Br0(0) ∩Aa| ≥ |A| ≥ c0|Br1(0)| −
∫
A

|f(x)|d
ad

dx

≥ c0|Br1(0)| −
∫
B1(0)

|f(x)|d
ad

dx

≥ c0|Br1(0)| − εd

Ndνd
,

while the maximal estimate (6.25) gives

|B1(0) \Mµa| ≤
Cd‖f‖dLd(B1(0))

(µa)d
≤ Cdε

d

µdNdνd
,
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hence (6.41) is satisfied provided ε is sufficiently small.

Step 2. There exists a constant C̄ > 0, depending only on the dimension, such that

|Br0(0) \AC̃ka| ≤ C̄(1− c̃)k provided C̃k+1a ≤ δ. (6.43)

From (6.41) it follows that

Br0(0) ∩Aa ∩Mµa 6= ∅.

Since the sets Aa and Ma are increasing with respect to k, this implies that

Br0(0) ∩AC̃ka ∩MµC̃ka 6= ∅ ∀ k ∈ N, (6.44)

where C̃ ≥ 2 is as in Lemma 6.8.
Now, for every k ∈ N such that C̃k+1a ≤ δ we apply Lemma 6.9 to the closed sets

D0 := Br0(0) ∩AC̃ka ∩MµC̃ka, D1 := Br0(0) ∩AC̃k+1a.

Since D0 is nonempty (see (6.44)), Lemma 6.8 applied with C̃ka instead of a proves
that assumption of Lemma 6.9 are satisfied with σ = c̃ > 0. Therefore

|Br0(0) \AC̃k+1a| ≤ (1− c̃)|Br0(0) \ (AC̃ka ∩MµC̃ka)|

≤ (1− c̃)
(
|Br0(0) \AC̃ka|+ |Br0(0) \MµC̃ka|

)
.

(6.45)

Applying (6.45) inductively for every positive integer k such that C̃k+1a ≤ δ and
using the maximal estimate (6.25), we obtain

|Br0(0) \AC̃ka| ≤ (1− c̃)k|Br0(0) \Aa|+
k∑
i=1

(1− c̃)i|Br0(0) \MC̃k−ia|

≤ (1− c̃)k|Br0(0)|+
k∑
i=1

(1− c̃)i
Cd‖f‖dLd(B1(0))

µdC̃d(k−i)ad
,

so by (6.18) we get (recall that a = Nνδ′)

|Br0(0) \AC̃ka| ≤ (1− c̃)k
[
|Br0(0)|+ Cdε

d

µdNdνd

k∑
i=1

1

((1− c̃)C̃d)k−i

]

≤ (1− c̃)k
[
|Br0(0)|+ Cdε

d

µdNdνd

∞∑
i=0

1

((1− c̃)C̃d)i

]
.

(6.46)

Assuming without loss of generality that c̃ ≤ 1/2, C̃ ≥ 3, and ε ≤ µNν/C−1/d
d we have

|Br0(0) \AC̃ka| ≤ (1− c̃)k
[
|Br0(0)|+

∞∑
i=0

(
2

3d

)i]
,
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which proves (6.43).

Step 3. Let E := {x ∈ Br0(0) : u(x)−m ≥ δ′/4}. Then

|E| ≥ c0|Br1(0)|
2

. (6.47)

For every y ∈ Br1(0) we consider the paraboloid

Qy(x) :=
δ′

(r0 − r1)2
|x− y|2+

δ′

4
,

and we slide it from above (in Step 1 we slided paraboloids from below) until it touches
the graph of u −m inside B1(0). It is easy to check that, since |x − y| ≥ |x| − |y|, we
have

Qy(x) > δ′ ≥ u(x)−m for |x| ≥ r0

(recall that y ∈ Br1(0) and u−m ≤ δ′ inside B1(0)), while by (6.40)

sup
Br1 (0)

Qy ≤ δ′/2 < sup
Br1 (0)

u−m (6.48)

(recall that r0 = 8r1), so the contact point lies inside Br0(0). If we denote by A′ the
contact set as y varies inside Br1(0) applying Lemma 6.7 “from above” (namely to
the function −u(x) + m touched from below by the paraboloids −Qy(x)) with a =
2δ′/(r0 − r1)2 (notice that δ′ ≤ κδ, so a ≤ δ/2 if κ is sufficiently small) we obtain

|A′| ≥ c0|Br1(0)| −
∫
A′

|f(x)|d
ad

dx ≥ c0|Br1(0)| − εd

Ndνd
. (6.49)

Moreover, it follows by (6.48) thau − m ≥ δ′/4 at every contact point. This implies
that the contact set A′ is contained in E, so the desired estimate follows by (6.49).

Step 4. Conclusion. Let k0 ∈ N be the largest number such that C̃k0+1a ≤ δ′/4. Since
δ′ ≤ δ, by Step 2 we get

|Br0(0) \AC̃k0a| ≤ C̄(1− c̃)k0 .

On the other hand, since

E ⊂
{
x ∈ Br0(0) : u(x)−m > C̃k0a

}
⊂ Br0(0) \AC̃k0a,

it follows by Step 3 that
c0|Br1(0)|

2
≤ C̄(1− c̃)k0 .

Since k0 ∼ | logC̃(Nν)| (recall that a = Nνδ′), we get a contradiction by first fixing N
large enough (so that all the previous arguments apply) and then choosing ν sufficiently
small.
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Proof of Theorem 6.5. Let ν, ε, κ, ρ ∈ (0, 1) be the constants of Proposition 6.6. With-
out loss of generality we assume that ν, ρ ≤ 1/2. We prove (6.17) by induction on s.
For s = 0 the result is true by assumption. We prove the result for s+ 1 given the one
for s. Let F̃ : B1(0)× R× Rd × S → R be

F̃ (x, z, p,M) := ρsF (x, ρsz, p, ρ−sM),

and consider the function

v(x) := ρ−su(ρsx) ∀x ∈ B1(0).

Then F̃ satisfies the same assumptions (H1), (H2), and (H3) which are satisfied by F
with the same ellipticity constants λ and Λ, and v solves the fully nonlinear equation

F̃ (x, v(x),∇v(x),∇2v(x)) = ρsf(ρsx).

By inductive hypothesis

‖v‖L∞(Bρs (0)) = ρ−s‖u‖L∞(Bρs (0)) ≤ ρ−s(1− ν)sδ′ ≤ ρ−sδ′ ≤ ρk−sκδ ≤ κδ. (6.50)

Also, by (6.16),

‖ρsf(ρsx)‖Ld(B1(0)) = ‖f‖Ld(Bρs (0)) ≤ ‖f‖Ld(B1(0)) ≤ εδ′ ≤ ερ−s(1− ν)sδ′.

Hence, we apply Proposition 6.6 to v with ρ−s(1− ν)sδ′ instead of δ′, to obtain

ρ−s‖u‖L∞(Bρs+1 (0)) = ‖v‖L∞(Bρ(0)) ≤ ρ−s(1− ν)s+1δ′,

which proves the inductive step.

6.3 Separation between degenerancy and nondegeneracy

First, we introduce some notation regarding the norm induced by a convex set E (see
(6.6)).

We denote by E∗ the ball in the dual norm

E∗ := {e∗ ∈ Rd : e∗ · e ≤ 1 ∀ e ∈ E}. (6.51)

It can be easily seen that with this definition

|e|E = sup{e∗ · e : e∗ ∈ E∗} ∀ e ∈ Rd.

We denote by dE (and dE∗ , respectively) the smallest radius such that E ⊆ BdE (0),
(E∗ ⊆ BdE∗ (0), respectively). Notice that

dE = max{|e| : |e|E = 1} (6.52)
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Similarly, we denote by d̃E the biggest radius such that B
d̃E

(0) ⊆ E. It satisfies

|e|E ≤ |e|/d̃E ∀ e ∈ Rd. (6.53)

Moreover, if E is strictly convex, then we can define map ` : ∂E∗ → ∂E, where
`e∗ := `(e∗) is the unique element of ∂E such that |`e∗ |E = e∗ · `e∗ (in other terms,
{x · e∗ = 1} is a supporting hyperplane for E at `e∗). In addition, again by the strict
convexity of E, ` is continuous in the following sense: for every ε0 > 0 there exists
η(ε0) > 0 such that

e ∈ E, e∗ ∈ ∂E∗, 1− η(ε0) ≤ e∗ · e ≤ 1 ⇒ |e− `e∗ | ≤ ε0. (6.54)

In the following lemma we prove that, at every scale, if none of the partial derivatives
of u is close to the L∞ norm of |∇u|E in a set of large measure, then |∇u|E decays by
a fixed amount on a smaller ball. As we will see in the next Section, if this case does
not occur, then the equation is nondegenerate and we can prove that u is C1,α there.

As we will see below, a key observation being the proof of the next result is the fact
that the function ve∗(x) := (∂e∗u(x)− (1 + δ))+ solves

∂i[∂ijF(∇u(x))∂jve∗(x)] ≥ ∂e∗f(x)1{1/2−ve∗ (x)>0}, (6.55)

and the equation might be assumed to be uniformly elliptic, since the values of the
coefficients ∂ijF(∇u(x)) are not relevant when |∇u(x)| ≤ 1 + δ (since at that points
ve∗ = 0). In the previous observation, the convexity of E plays a fundamental role.
Indeed, the function ve∗ vanishes, for any e∗ ∈ Rd \ {0}, when ∇u belongs to an half-
space (namely, the set {x : x · e∗ ≤ 1 + δ}); in order for the equation to be uniformly
elliptic, we need to consider only the vectors e∗ for which the half-space contains E.
On the other hand, convex sets are the only ones that can be written as intersections
of half-spaces.

Lemma 6.10. Fix η > 0, and let δ, F , E, λ, Λ, M , f , and u be as in Theorem 6.4.
For every i ∈ N set

di := sup{(|∇u(x)|E − (1 + δ))+ : x ∈ B2−i(0)},

and assume that there exists k ∈ N such that for every i = 0, ..., k

sup
e∗∈∂E∗

|{x ∈ B2−2i−1(0) : (∂e∗u(x)−(1+δ))+ ≥ (1−η)d2i}| ≤ (1−η)|B2−2i−1(0)|. (6.56)

Then there exists α ∈ (0, 1) and C0 > 0, depending only on η, M , q, ‖f‖Lq(B1(0)),

dE∗,d̃E, δ, λ, and Λ, such that

d2i ≤ C02−2iα ∀ i = 0, ..., k + 1. (6.57)
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Proof. Given e∗ ∈ ∂E∗, we differentiate (6.12) in the direction of e∗ to obtain

∂i[∂ijF(∇u(x))∂j(∂e∗u(x))] = ∂e∗f(x).

Since the function t 7→ (t − (1 + δ))+ is convex, it follows that the function ve∗(x) :=
(∂e∗u(x)− (1 + δ))+ is a subsolution of the above equation, that is (6.55) holds.

Note that, since ve∗(x) is constant where |∇u|E ≤ 1 + δ and F is uniformly elliptic
on the set {|∇u|E ≥ 1 + δ/2} (see (6.11)), we can change the coefficients outside this
region to ensure that the equation is uniformly elliptic everywhere, with constants λ and
Λ. We apply the weak Harnack inequality of Theorem 1.21 to the function d2i− ve∗(x)
(which is a nonnegative supersolution inside B2−2i(0)); notice that the right-hand side
of the equation solved by this function is not exactly a divergence, but the proof of the
weak Harnack inequality works also in this case. We obtain that there exists a constant
c0 := c0(d, λ,Λ) > 0 such that

inf
{
d2i − ve∗(x) : x ∈ B2−2i−2(0)

}
≥ c022id

∫
B2−2i−1 (0)

(d2i − ve∗(x)) dx − 2−2i(1−d/q)‖fe∗‖Lq(B2−2i (0))

We estimate the integral in the right hand side considering only the set{
x ∈ B2−2i−1(0) : ve∗(x) ≤ (1− η)d2i

}
.

There, the integrand is greater than ηd2i and the measure of the set is greater than
η|B2−2i−1(0)| (by (6.56)), hence

inf
{
d2i − ve∗(x) : x ∈ B2−2i−2(0)

}
≥ c022idη2d2i|B2−2i−1(0)| − 2−2i(1−d/q)‖fe∗‖Lq(B1(0))

≥ c0η
2d2i|B1/2(0)| − 2−2i(1−d/q))‖f‖Lq(B1(0))dE∗ .

(6.58)

We now distinguish two cases, depending whether

c0|B1/2(0)|η2

2
d2i ≥ dE∗2−2i(1−d/q))‖f‖Lq(B1) (6.59)

holds or not.
- Case 1: (6.59) holds. In this case we obtain from (6.58) that

ve∗(x) ≤
(

1−
c0|B1/2(0)|η2

2

)
d2i ∀x ∈ B2−2i−2(0).

Since e∗ ∈ ∂E∗ is arbitrary and

sup
e∗∈∂E∗

ve∗(x) =

(
sup

e∗∈∂E∗
∂e∗u(x)− (1 + δ)

)
+

= (|∇u(x)|E − (1 + δ))+ ∀x ∈ B1(0),
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we get

(|∇u(x)|E − (1 + δ))+ ≤
(

1−
c0|B1/2(0)|η2

2

)
d2i ∀x ∈ B2−2i−2(0),

that is

d2(i+1) ≤
(

1−
c0|B1/2(0)|η2

2

)
d2i. (6.60)

- Case 2: (6.59) fails. In this case we get

d2(i+1) ≤ d2i ≤ C ′2−2i(1−d/q). (6.61)

for some constant C ′ depending only on η, d, λ, Λ, dE∗ , and ‖f‖Lq(B1(0)).

Let us choose α ∈ (0, 1) such that

α ≤ 1− d/q, 1−
c0|B1/2(0)|η2

2
≤ 2−2α,

and C0 := max{M/d̃E , 4C
′} (recall that M is an upper bound for |∇u| inside B2(0)).

We prove the result by induction over i.
Since |∇u(x)|E ≤ |∇u(x)|/d̃E ≤ M/d̃E (see (6.53)), we have that d0 ≤ M/d̃E , so

the statement is true for i = 0.
Assuming the result for i, if (6.59) holds, then from (6.60) and the inductive hy-

pothesis we obtain

d2(i+1) ≤
(

1−
c0|B1/2(0)|η2

2

)
d2i ≤ 2−2α · C02−2iα,

while if (6.59) fails then (6.61) gives

d2(i+1) ≤ C ′2−2i(1−d/q) ≤ C ′2−2iα ≤ 4C ′ · 2−2(i+1)α ≤ C02−2(i+1)α.

This proves the inductive step on d2(i+1), and concludes the proof.

6.4 Regularity at nondegenerate points

In the following lemma we prove that in a neighborhood of a nondegenerate point the
function u is close to a linear function with a nondegenerate slope. In Proposition 6.13
we prove that this implies C1,α regularity of u at the nondegenerate point. The proof
is based on an approximation argument with solutions of a smooth elliptic operator,
which is stated in Lemma 6.12 and whose proof is based on the compactness result of
Section 6.2.

We recall that E∗ denotes the dual of a convex set E, and | · |E the norm associated
to E (see (6.51) and (6.6)).
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Lemma 6.11. Let δ, η, ζ > 0, and let E be a strictly convex set.

Let u : B1(0)→ R with u(0) = 0 and |∇u(x)|E ≤ ζ+ δ+ 1 for every x ∈ B1(0). Let
us assume that there exists e∗ ∈ ∂E∗ such that∣∣{x ∈ B1 : (∂e∗u(x)− (1 + δ))+ ≥ (1− η)ζ

}∣∣ ≥ (1− η)|B1(0)|. (6.62)

Then for every ε > 0 there exists η depending only on E and d, and constants
A ∈ Rd and b ∈ R, such that

|u(x)−A · x− b| ≤ ε(ζ + δ + 1) ∀x ∈ B1(0). (6.63)

In addition |A|E = ζ + δ + 1 and |b| ≤ C(ζ + δ + 1), where C depends only on E.

Proof. First of all, by standard Sobolev inequalities, there exists a constant C0 such
that for every u ∈W 1,2d(B1(0))∣∣∣∣∣u(x)−

∫
−
B1(0)

u(y) dy

∣∣∣∣∣ ≤ C0

(∫
−
B1(0)

|∇u(y)|2d dy
)1/(2d)

∀x ∈ B1(0). (6.64)

Recalling that ` : ∂E∗ → ∂E denotes the duality map, we apply (6.64) to the
function u(x)− (ζ + δ+ 1)`e∗ · x. Thus, setting m to be the average of u(x)/(ζ + δ+ 1)
inside B1(0), we obtain

∣∣u(x)−(ζ+δ+1)`e∗ ·x−m(ζ+δ+1)
∣∣2d ≤ C2d

0

∫
−
B1(0)

|∇u(y)−(ζ+δ+1)`e∗ |2d dy (6.65)

for every x ∈ B1(0). We estimate the integral in (6.65) by splitting it into two sets.

Let ε0 > 0 be a constant that we choose later. Since by assumption |∇u(x)|E ≤
ζ + δ + 1 for every x ∈ B1(0), and in addition{
x ∈ B1 : ∂e∗u(x) ≥ (1− η)ζ + δ + 1

}
⊆
{
x ∈ B1 : e∗ · ∇u(x) ≥ (1− η)

(
ζ + δ + 1

)}
,

we apply (6.54) with e = ∇u(x)/(ζ + δ + 1) to deduce that

1

|B1(0)|

∫
{(∂e∗u−(1+δ))+≥(1−η)d}

|∇u(y)− (ζ + δ + 1)`e∗ |2d dy ≤ (ζ + δ + 1)2dε2d
0 ,

provided η ≤ η(ε0).

On the other hand, since the complement has measure less than η|B1(0)|, we simply
estimate the integrand there with CE(ζ + δ + 1)2d, where CE is a constant depending
only on E.

Hence, by choosing first ε0 so that C2d
0 ε2d

0 ≤ ε2d/2, and then η ≤ η(ε0) sufficiently
small so that so that C2d

0 C2d
E η ≤ ε2d/2, from (6.65) we easily obtain (6.63).
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Lemma 6.12. Let δ > 0, and let aij ∈ C0(Rd) be bounded coefficients uniformly elliptic
in Bδ(0), namely there exist λ,Λ > 0 such that

λI ≤ aij(v) ≤ ΛI ∀ v ∈ Bδ(0).

Then, for every τ > 0 there exist σ(τ) > 0, µ(τ) > 0, which depend only on
τ and on the modulus of continuity of aij, such that the following holds: For every
θ ≤ σ(τ), f ∈ C0(B1(0)) such that ‖f‖Ld(B1(0)) ≤ µ(τ), and w ∈ C2(B1(0)) such that
‖w‖L∞(B1(0)) ≤ 1 and

aij(θ∇w)∂ijw = f in B1(0),

there exists v : B1(0)→ R such that

aij(0)∂ijv = 0 in B1(0) (6.66)

and
‖v − w‖L∞(B1/2(0)) ≤ τ.

Proof. By contradiction, there exists τ > 0 and sequences θm → 0, µm → 0 and
functions wm, fm : B1(0)→ R such that ‖wm‖L∞(B1(0)) ≤ 1, ‖fm‖Ld(B1(0)) ≤ µm,

aij(θm∇wm)∂ijwm = fm in B1(0), (6.67)

but for every function v : B1(0)→ R satisfying (6.66) we have that

‖v − wm‖L∞(B1/2(0)) ≥ τ ∀m ∈ N. (6.68)

We prove that up to subsequence (not relabeled)

wm → w∞ locally uniformly in B1(0) (6.69)

and that w∞ satisfies (6.66), which contradicts (6.68).
Consider Ω b B1(0), let dΩ = dist(Ω,Rd \B1(0)), and for every m ∈ N and x0 ∈ Ω

we consider the function

um(x) :=
θm
dΩ

(
wm(x0 + dΩx)− wm(x0)

)
∀x ∈ B1(0),

which solves

aij(∇um(x))∂ijum(x) = θmdΩfm(dΩx) ∀x ∈ B1(0).

We apply Theorem 6.5 to F (x, z, p,M) = aij(p)Mij (which satisfies all the assump-
tions) and let ν, ε, κ, ρ > 0 be the constants introduced in that theorem. Thus, if δ′ > 0
and k ∈ N satisfy

osc
B1(0)

um ≤ δ′ ≤ ρ−kκδ, ‖θmdΩfm(dΩx)‖Ld(B1(0)) ≤ εδ′ (6.70)
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then

osc
Bρs (0)

um ≤ (1− ν)sδ′ ∀ s = 0, ..., k + 1.

We want to apply it with δ′ = θm. Hence, define km to be the biggest positive
integer such that θm ≤ 2−kmκδ. Since

‖fm‖Ld(B1(0)) ≤ ε

for m sufficiently large, we get

‖θmdΩfm(dΩx)‖Ld(B1(0)) = ‖θmfm(x)‖Ld(BdΩ (0)) ≤ θm‖fm(x)‖Ld(B1(0)) ≤ εθm.

Hence (6.70) is satisfied, and we get

osc
Bρs (0)

um ≤ (1− ν)sθm ∀ s = 0, ..., km + 1

which can be rewritten in terms of wm as

osc
Bρs (0)

(wm(x0 + dΩx)) ≤ (1− ν)sdΩ ∀ s = 0, ..., km + 1. (6.71)

Let α := − logρ(1 − ν). From (6.71) we obtain that, for every m large enough, wm is

α-Hölder on points at distance at least ρ−kmdΩ, namely there exists C independent on
m such that for every m large enough

|wm(x)− wm(y)| ≤ C|x− y|α ∀x, y ∈ Ω : |x− y| ≥ 2−kmdΩ. (6.72)

Since km →∞ as m→∞, it can be easily seen, with the same proof as the one of
Ascoli-Arzela theorem, that the family {wm}m∈N of functions satisfying ‖wm‖L∞(B1(0)) ≤
1 and (6.72) is relatively compact with respect to the uniform convergence in Ω. Letting
Ω vary in a countable family of open sets compactly supported in B1(0) which cover
B1(0), with a diagonal argument we obtain (6.69).

We claim that w∞ solves (6.66) in the viscosity sense. Indeed, assume by contra-
diction that w∞ is not a supersolution of (6.66) in the viscosity sense. Then there
exists a function ϕ ∈ C2(B1(0)) and a point x0 ∈ B1(0) such that ϕ(x0) = w∞(x0),
ϕ(x) < w∞(x) for every x ∈ B1(0) \ {x0}, and aij(0)∂ijϕ(x0) > 0. Since ϕ is C2, there
exists r > 0 such that

aij(0)∂ijϕ(x) > 0 ∀x ∈ Br(x0). (6.73)

Since ϕ touches w∞ strictly at x0 and wm → w∞ uniformly, for every m ∈ N large
enough there exist cm ∈ R and xm ∈ Br(x0) such that cm + ϕ(xm) = wm(xm), and
cm+ϕ(x) ≤ wm(x) for every x ∈ Br(x0). In addition, cm → 0 and xm → x0 as m→∞.
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Let h := inf∂Br/2(x0)(w∞ − ϕ)/2 > 0. Since cm converge to 0 and wm converge to

w∞, for every m large enough h ≤ inf∂Br/2(x0)(wm + cm −ϕ). Let (wm + cm −ϕ− h)−

be the negative part of the function wm+cm−ϕ−h, and let Γm be the convex envelope
of (wm + cm − ϕ− h)− in Br(x0).

Since the function wm + cm − ϕ − h is of class C2, it is a classical fact that Γm is
of class C1,1 inside Br(x0) (see for instance [DF3]).

For every m let Em be the contact set between wm+cm−ϕ−h and Γm in Br/2(x0),
namely

Em := {x ∈ Br/2(x0) : wm(x) + cm − ϕ(x)− h = Γm(x)}.
Recalling (6.73), we see that the function wm + cm − ϕ− h solves

aij(θm∇wm)∂ij(wm + cm − ϕ− h) = fm − aij(θm∇wm)∂ijϕ

< fm − [aij(θm∇wm)− aij(0)]∂ijϕ
(6.74)

in Br(x0). In addition, since Γm is convex, has oscillation h and vanishes on ∂Br(x0),
it is easy to see that

|∇Γm(x)| ≤ 2h

r
∀x ∈ Br/2(0). (6.75)

Since at the contact points the gradient of wm − ϕ coincides with the gradient of Γm,
it follows that, for every x ∈ Em,

aij(θm∇wm)− aij(0) = aij(θm(∇ϕ+∇Γm))− aij(0).

Hence the equation (6.74) is uniformly elliptic at the contact points for m large enough
and in addition the term aij(θm∇wm) − aij(0) converges uniformly to 0 on Em as
m→∞.

Hence, applying the Alexandroff-Bakelman-Pucci estimate (see Theorem 1.23) we
obtain

h− cm ≤ sup
Br/2(x0)

(wm + cm − ϕ− h)−

≤ Cr
∥∥(fm + (aij(θm∇wm)− aij(0))∂ijϕ)+

∥∥
Ld(Em)

≤ Cr
(
‖fm‖Ld(B1(0)) + ‖aij(θm∇wm)− aij(0)‖Ld(Em)‖ϕ‖C2(B1(0))

)
,

(6.76)

where C > 0 depends only on d, λ and Λ, and letting m→∞ we get

h ≤ Cr lim inf
m→+∞

[
‖fm‖Ld(B1(0)) + ‖aij(θm∇wm)− aij(0)‖Ld(Em)‖ϕ‖C2(B1(0))

]
= 0,

a contradiction. A symmetric argument proves also that w∞ is a subsolution of (6.66).
Therefore w∞ solves (6.66) in the viscosity sense, and being (6.66) a uniformly

elliptic equation with constant coefficients, w∞ is actually a classical solution. This
fact and (6.69) contradict (6.68).
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We prove an improvement of flatness result when the gradient is nondegenerate. In
the following proposition the assumption f ∈ Lq(B1(0)) for some q > d plays a crucial
role, and this is the optimal assumption one can make. Indeed, even for the Laplace
equation ∆u = f , the C1,α regularity of the solution u is false for f ∈ Ld (since W 2,d

does not embed into C1,α).

Proposition 6.13. Let δ, F , E, λ, Λ, f , u, and M be as in Theorem 6.4. There exist
δ0, µ0 > 0, depending only on the modulus of continuity of ∇2F , and on δ, λ, and Λ,
such that the following holds:

If ‖f‖Lq(B2(0)) ≤ δ0µ0 and for any x ∈ B1/2(0) there exist Ax ∈ Rd and bx ∈ R such
that 1 + δ ≤ |Ax|E ≤M and |u(y)−Ax · y − bx| ≤ δ0 for every y ∈ B1(0), then

|u(y)− u(x)−A · (y − x)| ≤ C|y − x|1+α ∀ y ∈ B1(0) (6.77)

with α := 1− d/q, C depends only on δ, d, λ, and Λ, and A ∈ Rd satisfies

|A−A0| ≤
d̃E
4
δ. (6.78)

In particular u ∈ C1,α(B1/4(0)) (with bounds depending only on the modulus of conti-
nuity of ∇2F , on δ, d, λ, and Λ), and |∇u|E ≥ 1 + δ/2 inside B1/4(0).

Proof. We prove (6.77) for x = 0. Up to a vertical translation, we can assume without
loss of generality that u(0) = 0. It suffices to show that there exists r ∈ (0, 1) such
that, for every k ∈ N ∪ {0}, there is a linear function Lk(y) = Ak · y + bk satisfying

|u(y)− Lk(y)| ≤ δ0r
k(α+1) ∀ y ∈ Brk(0),

|Ak −Ak+1| ≤ C ′δ0r
kα |bk − bk+1| ≤ C ′δ0r

k(α+1). (6.79)

For k = 0 the result is true by assumption.
Now we prove the result for k+1 assuming it for 0, ..., k. Let us consider the rescaled

function

w(y) :=
u(rky)− Lk(rky)

δ0rk(α+1)
∀ y ∈ B1(0). (6.80)

Observe that, by the inductive hypothesis, |w| ≤ 1 inside B1(0) and w solves the
equation

∂ijF(Ak + δ0r
kα∇w(y))∂ijw(y) =

rk(1−α)

δ0
f(rky) in B1(0).

Recalling that α = 1− d/q, by a change of variable and Hölder inequality we get

‖rkf(rky)‖Ld(B1(0)) = ‖f‖Ld(B
rk

(0))

≤ |B1(0)|1/qrkα‖f‖Lq(B
rk

(0))

≤ |B1(0)|1/qrkα‖f‖Lq(B2(0)).

(6.81)
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Since ‖f‖Lq(B2(0)) ≤ δ0µ0, we get

rk(1−α)

δ0
‖f(rky)‖Ld(B1(0)) ≤ |B1(0)|1/qµ0. (6.82)

Recalling (6.53) and (6.79), by the inductive assumption we get

d̃E

k−1∑
i=0

|Ai −Ai+1|E ≤
k−1∑
i=0

|Ai −Ai+1| ≤ C ′δ0

k−1∑
i=0

riα ≤ C ′δ0

∞∑
i=0

riα ≤ d̃E
4
δ,

provided we choose δ0 small enough. Hence Ak 6∈ E, and more precisely

1+
3

4
δ ≤ |A0|E−

k−1∑
i=0

|Ai−Ai+1|E ≤ |Ak|E ≤ |A0|E+
k−1∑
i=0

|Ai−Ai+1|E ≤M+
δ

4
. (6.83)

Define aij : Rd → R as aij(v) := ∂ijF(Ak + v). Then by (6.53) and (6.83) we have

B
d̃Eδ/4

(Ak) ⊆
{
|y −Ak|E ≤

δ

4

}
⊆
{
|y|E ≥ 1 +

δ

2

}
,

so by assumption (6.11) on F we get

λI ≤ ∇2F(v) ≤ ΛI for any v ∈ B
d̃Eδ/4

(Ak),

which implies that the coefficients aij are uniformly elliptic inside B
d̃Eδ/4

(0) with con-

stants λ, Λ.
Let σ and µ be the functions provided by Lemma 6.12. If δ0 is small enough so that

δ0r
kα ≤ σ(r1+α/2), and µ0 is small enough so that |B1(0)|1/qµ0 ≤ µ(r1+α/2), Lemma

6.12 applied to w implies the existence of a function v : B1(0)→ R such that

∂ijF(Ak)∂ijv = 0 in B1(0)

and

|v(y)− w(y)| ≤ r1+α

2
∀ y ∈ B1/2(0). (6.84)

In particular, since |v(y)| ≤ |v(y) − w(y)| + |w(y)| ≤ 3/2 in B1/2(0), and v solves a
uniformly elliptic equation with constant coefficients, there exist C ′ > 0 (depending
only on d, λ,Λ) and a linear function L(y) = A · y + b, such that

|v(y)−A · y − b| ≤ C ′|y|2 ∀ y ∈ B1/4(0).

In particular, if C ′r1−α ≤ 1/2 and r ≤ 1/4, we get

|v(y)−A · y − b| ≤ C ′r2 ≤ r1+α

2
∀ y ∈ Br(0). (6.85)
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Hence, first we choose 0 < r < 1/4 such that

C ′r1−α ≤ 1

2
,

then fix δ0 such that

δ0r
α ≤ σ(r1+α/2) and C ′δ0

∞∑
i=0

riα ≤ d̃E
4
δ,

and finally take µ0 such that

|B1(0)|1/qµ0 ≤ µ(r1+α/2).

Then from (6.84) and (6.85) we get

|w(y)−A · y −B| ≤ |w(y)− v(y)|+ |v(y)−A · y −B| ≤ r1+α ∀ y ∈ Br(0),

which can be rewritten in terms of u as (see (6.80))

|u(y)− Lk+1(y)| ≤ δ0r
(k+1)(α+1) ∀ y ∈ Brk+1(0),

where
Lk+1(y) := Lk(y)− δ0r

k(α+1)L
( y
rk

)
.

It is easy to check that (6.79) holds for some C ′ large enough independent of δ0 and r,
and this concludes the proof of the inductive step.

Also, it follows from (6.79) and the definition of δ0 that

|Ak −A0| ≤
k−1∑
i=0

|Ai −Ai+1| ≤
d̃E
4
δ, (6.86)

which proves (6.78) in the limit.
Finally, the fact that (6.77) implies that u ∈ C1,α(B1/4(0)) is standard (see for

instance [DF3, Lemma 3.1]).

6.5 Proof of Theorems 6.4 and 6.1

Proof of Theorem 6.4. For any x0 ∈ B1(0) and r ∈ (0, 1), we have∫
B1(0)

|rf(x0 + rx)|p dx =

∫
Br(x0)

rp−d|f(x)|p dx ≤ rp−d‖f‖pLp(B2(0)).

Let µ0 and δ0 be as in Proposition 6.13. Fix r < 1/2 small enough such that

r1−d/p‖f‖Lp(B1(0)) ≤ δ0µ0,
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so that
‖rf(x0 + rx)‖Lp(B1(0)) ≤ δ0µ0. (6.87)

Consider now the function w : B1(0)→ R given by

w(x) :=
1

r
u(x0 + rx) ∀x ∈ B1(0),

which by (6.12) solves

∂i[∂ijF(∇w(x))∂jw(x))] = rf(x0 + rx). (6.88)

Our goal is to show that the quantity

sup
x∈B2−i (0)

{
|(|∇w(x)|E − 1− δ)+ − (|∇w(0)|E − 1− δ)+|

}
∀ i ∈ N, (6.89)

decays geometrically.
For every i ∈ N set

di := sup
x∈B2−i (0)

(|∇w(x)|E − (1 + δ))+,

and let k be the smallest value of i ∈ N such that

sup
e∗∈∂E∗

∣∣{x ∈ B2−2i−1(0) : (∂e∗w(x)−(1+δ))+ ≥ (1−η)d2i

}∣∣ ≥ (1−η)|B2−2i−1(0)| (6.90)

(k = ∞ if there is no such i). By Lemma 6.10 there exists a constant C0 > 0 and
α0 ∈ (0, 1) such that

d2i ≤ C02−2iα0 ∀ i = 0, ..., k. (6.91)

If k =∞, then there is nothing to prove. Assume then that k is finite.
For every k + 1 ≤ i ≤ 2k we estimate d2i with d2k, and from (6.91) applied to d2k

we obtain
d2i ≤ d2k ≤ C02−2kα0 ≤ C02−iα0 . (6.92)

We now scale the function w in order to preserve its gradient:

v(x) := 22k+1(w(2−2k−1x)− w(0)) ∀x ∈ B1(0).

Since ∇v(x) = ∇w(2−2k−1x), from (6.90) we obtain that there exists e∗ ∈ ∂E∗ such
that ∣∣{x ∈ B1(0) : (∂e∗v(x)− (1 + δ))+ ≥ (1− η)d2k

}∣∣ ≥ (1− η)|B1(0)|. (6.93)

Moreover, we have that |∇v(x)|E ≤ d2k + δ + 1 ≤ M/d̃E for every x ∈ B1(0) (recall
(6.53)). Hence, from Lemma 6.11 applied to v with ε = δ0d̃E/M (with δ0 as in Propo-
sition 6.13) and ζ = d2k, there exist A ∈ Rd with |A|E = d2k+1 + δ + 1 and b ∈ R such
that

|v(x)−A · x− b| ≤ ε(d2k+1 + δ + 1) ≤ εM/d̃E = δ0 ∀x ∈ B1(0). (6.94)
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From (6.88), (6.87), and (6.94), the hypothesis of Proposition 6.13 are satisfied, so
there exists a constant C1, depending only on δ, d, λ, and Λ, such that

|∇v(x)−∇v(0)| ≤ C1|x|α1 ∀x ∈ B1/4(0),

where α1 := 1− d/q. Since the function x→ (|x| − 1− δ)+ is 1-Lipschitz, we get

|(|∇w(x)| − 1− δ)+ − (|∇w(0)| − 1− δ)+| ≤ |∇w(x)−∇w(0)|
= |∇v(22k+1x)−∇v(0)|,

for every x ∈ B2−2k−2(0). In particular, for any i ≥ 2k + 1 and x ∈ B2−2i(0) we have

|(|∇w(x)| − 1− δ)+ − (|∇w(0)| − 1− δ)+| ≤ C12(2k+1)α1 |x|α1

≤ C12(2k+1−2i)α1 ≤ C12−iα1 .
(6.95)

Setting C̄ := 2 max{C0, C1} and ᾱ := min{α0, α1}/2, from (6.91), (6.92), and (6.95),
we obtain that for every i ∈ N

sup
x∈B2−2i(0)

{
|(|∇w(x)|E − 1− δ)+ − (|∇w(0)|E − 1− δ)+|

}
≤ C̄2−2iᾱ,

namely

sup
x∈B2−2ir(x0)

{
|(|∇u(x)|E − 1− δ)+ − (|∇u(x0)|E − 1− δ)+|

}
≤ C̄2−2iᾱ,

from which (6.13) follows easily.

Proof of Theorem 6.1. Let Ω′ b Ω′′ b Ω′′′ b Ω and set M := ‖∇u‖L∞(Ω′′′) (M is finite

because u is locally Lipschitz inside Ω). Recall that F is C2 outside E, so in particular
it is C2 for |v| > dE (recall (6.53)).

We now want to find a functional G ∈ C2(Rd \ E) which coincides with F inside
BM (0) (so that F(∇u) = G(∇u) inside Ω′′′) but G is quadratic at infinity. We follow a
construction used in [AF].

Let M ′ = sup{F(v) : v ∈ BM+2dE (0)}. Let ψ : [0,∞) → R be a C∞ function such
that ψ(t) = t in [0,M ′ + 1], and ψ(t) = M ′ + 2 in [M ′ + 2,∞]. Since F is coercive, the
function ψ(F(v)) is constant outside some ball. Hence

N := sup
|v|>M+dE

|∇2[ψ ◦ F ](v)|

is finite. Let φ ∈ C2(Rd) be a convex function such that φ(x) = 0 for every x ∈
BM+dE (0), ∇2φ(x) ≤ (2N + 1) Id for every x ∈ Rd and ∇2φ(x) ≥ (N + 1) Id for every
x ∈ Rd \BM+2dE (0). Define

G(v) := ψ(F(v)) + φ(v) ∀v ∈ Rd. (6.96)
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Computing the Hessian of G, we obtain that G is convex, that ∇2G(v) ≤ (3N + 1) Id
for every |v| > M + dE and that Id ≤ ∇2G(v) for every |v| > M + 2dE . Since G = F
inside B2dE+M (0) and u solves the Euler-Lagrange equation (6.12) in the sense of
distributions, u solves also the Euler-Lagrange equation for G, and so by convexity of
G it is a minimizer for the functional∫

Ω′′′
G(∇u) + fu.

By (6.7) we have that for every δ > 0 small there exist λ′δ,Λ
′
δ > 0, depending only

on λδ/4,Λδ/4, N , such that

λ′δ Id ≤ ∇2G(v) ≤ Λ′δ Id for a.e. v such that 1 +
δ

4
≤ |v|E . (6.97)

Let ρε be a standard mollification kernel whose support is contained in Bε(0) and
let

Gε(x) := ρε ∗ G(x) + ε|x|2, fε(x) := ρε ∗ f(x),

uε := argmin

{∫
Ω′′′
Gε(∇u) + fεu : u ∈W 1,2(Ω′′′)

}
.

Note that uε ∈ C∞(Ω′′′) thanks to the regularity of Gε and fε, and thanks to the uniform
convexity of Gε. From (6.97), for every δ small there exist λ′′δ ,Λ

′′
δ > 0, depending only

on λ′δ,Λ
′
δ, N , such that, for ε ≤ δ/(4d̃E),

λ′′δ Id ≤ ∇2Gε(v) ≤ Λ′′δ Id for a.e. v such that 1 +
δ

2
≤ |v|E . (6.98)

Differentiating the Euler equation solved by uε with respect to ∂e for any e ∈ Sd−1

we obtain that

∂i[∂ijGε(∇uε(x))∂j(∂euε(x))] = ∂efε(x). (6.99)

Hence the function vε(x) := (|∇uε(x)| − (1 + dE))+ is a subsolution of the equation

∂i[∂ijGε(∇uε(x))∂jvε] ≥ ∂ef1{1/2−ve(x)>0}.

As we already observed in the proof of Lemma 6.10, this equation is uniformly elliptic
because the values of ∂ijGε(∇uε(x)) are not important when |∇uε(x)| ≤ 1+dE . Hence,
we can apply [GT, Theorem 8.17] to obtain

‖(|∇uε(x)| − (1 + dE))+‖L∞(Ω′′) ≤ C ′(1 + ‖(|∇uε(x)| − (1 + dE))+‖L2(Ω′′′))

≤ C ′(1 + ‖∇uε(x)‖L2(Ω′′′))
(6.100)

for some constant C ′ depending only on d, λδ0 ,Λδ0 ,Ω
′′,Ω′′′ (for some δ0 small).
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Since the function Gε has quadratic growth at infinity, we get

‖∇uε(x)‖L2(Ω′′) ≤ C
(

1 +

∫
Ω′′′

Gε(∇uε(x)) dx

)
. (6.101)

From the boundedness of energies of uε, (6.100), and (6.101), it follows that the func-
tions uε are M ′-Lipschitz for ε small.

Let Eδ be a strictly convex set such that E ⊆ Eδ ⊆ (1 + δ/2)E. Since{
|v|Eδ > 1 +

δ

2

}
=

{
v /∈

(
1 +

δ

2

)
Eδ

}
⊆
{
v /∈

(
1 +

δ

2

)
E

}
,

from (6.98) it follows that λ′′δI ≤ ∇2Gε(x) ≤ Λ′′δ for a.e. x such that 1 + δ
2 ≤ |x|Eδ .

Applying Theorem 6.4 to uε and Eδ, by a covering argument we deduce that there
exists a constant Dδ (independent of ε) such that

|(|∇uε(x)|Eδ − 1− δ)+ − (|∇uε(y)|Eδ − 1− δ)+| ≤ Dδ|x− y|α ∀x, y ∈ Ω′. (6.102)

Without loss of generality, up to adding a constant to uε we can assume that
uε(0) = 0. Hence, since |∇uε| ≤ M , we obtain that, up to adding a constant a
subsequence,

uε → u0 uniformly in Ω′

and

∇uε ⇀ ∇u0 weakly∗ in L∞(Ω′) (6.103)

for some Lipschitz function u0. We claim that ∇u0 = ∇u outside E and that

(|∇uε(x)|Eδ − 1− δ)+ → (|∇u(x)|Eδ − 1− δ)+ strongly in Lp(Ω′) (6.104)

for every p <∞.

Indeed, from the convergence of the energies on a sequence of local minimizers, and
thanks to the uniform convergence of Gε to G on BM ′(0), we have that∫

Ω′
G(∇u(x)) dx = lim

ε→0

∫
Ω′
Gε(∇uε(x)) dx = lim

ε→0

∫
Ω′
G(∇uε(x)) dx =

∫
Ω′
G(∇u0(x)) dx,

(6.105)
Since G is strictly convex outside E, it follows by standard results in the calculus of
variations that ∇u0 = ∇u outside E and (6.104) holds (a possible way to show these
facts, is to consider the Young measure νx generated by ∇uε, and show that νx = δ∇u(x)

for a.e. x such that ∇u(x) 6∈ E).

Hence, thanks to (6.104), we can take the limit as ε → 0 in (6.102) to obtain
(|∇u|Eδ − 1− δ)+ ∈ C0,α(Ω′). In particular, the set

Aδ :=
{
x ∈ Ω′ : |∇u(x)|Eδ > 1 + δ

}
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is open. Moreover, from the choice of Eδ, it follows easily that

Fδ :=
{
x ∈ Ω′ : |∇u(x)|E > 1 + 2δ

}
⊂ Aδ (6.106)

Since every partial derivative of u solves (6.99) (with ε = 0) which is uniformly elliptic
inside Aδ, from De Giorgi regularity theorem it follows that ∇u ∈ C0,α′(Fδ), with C0,α′

norm bounded by a constant which depends only on α, M , δ, λδ, Λδ, Aδ, and f . By
the arbitrariness of δ, we deduce that ∇u is continuous inside the open set {|∇u|E > 1}
with a universal modulus of continuity.

We also note that, since the functions (|v|Eδ −1−δ)+ converge uniformly to (|v|E−
1)+ on BM ′(0), we get that (|∇u|Eδ − 1− δ)+ converge uniformly to (|∇u|E − 1)+, so
also (|∇u|E − 1)+ is continuous with a universal modulus of continuity.

Combining this fact with the continuity of ∇u inside {|∇u|E > 1} and the fact that
H is continuous and vanishes on E, it is easy to check that H(∇u) is continuous (again
with a universal modulus of continuity) everywhere inside Ω′.





Chapter 7

An excess-decay result for a class
of degenerate elliptic equations

As in the previous Chapter, we study the local regularity of minimizers of the functional∫
Ω
F(∇u) + fu (7.1)

where Ω ⊆ Rd is an open set, F : Rd → R, f : Ω → R, and u : Ω → R. When
a uniform ellipticity condition on F holds true, the regularity results are classical, as
presented in the introductory Section 1.6. Even in the vectorial case, the picture is
well understood: for instance, partial regularity of minimizers was proved under the
uniform strict quasiconvexity assumption in [GM,AcFu] (see also the references quoted
therein).

To understand regularity for more degenerate elliptic problems, a natural idea is
to prove Hölder regularity at points which do not see too much the degeneracy of the
equation,namely points where the gradient is close to a value where the function F is C2

and uniformly convex. This scheme has been carried out by Anzellotti and Giaquinta
in [AG] under the uniform convexity assumption for elliptic systems and in [AcFu2]
if uniform strict quasiconvexity is assumed. In the latter paper it is proved that, if
u : Rd → RN (with N ≥ 1) and

lim
r→0

∫
−
Br(x0)

|∇u(y)− ξ0|2 dy = 0 (7.2)

for some ξ0 ∈ RdN and x0 ∈ Rd, F is C2 in a neighborhood of ξ0, and a uniform strict
quasiconvexity holds true around ξ0, then u is of class C1,α in a neighborhood of x0 for
every α < 1. Their proof is based on a linearization argument. They differentiate the
Euler equation

∂i(∂iF(∇u)) = f in Ω

139



140 An excess-decay result for a class of degenerate elliptic equations

(here and in the following we use the Einstein’s summation convention) with respect
to a direction e ∈ Sd−1 to obtain

∂i[∂ijF(∇u(x))∂j(∂eu(x))] = ∂ef(x) in Ω.

Then, using (7.2), they prove that the solution of the differentiated operator is close,
on smaller scales, to the solution v of a differential operator with constant coefficients

∂i[∂ijF(ξ0)∂jv(x)] = 0 in Ω.

Since F is strictly quasiconvex in ξ0, this equation is in turn nondegenerate. In this
way, they obtain regularity of u from the regularity of the linearized operator.

In this Chapter we study the regularity of minimizers of the function (7.1) in the
scalar case assuming that F is C1,1 and uniformly elliptic outside a ball, and ellipticity
may degenerate inside. Basic examples which fall under these assumptions are F(x) =
n(x)p for some p > 1 with n an elliptic norm (see Definition 7.4), and F(x) = (|x|−1)p+
for some p > 1 (notice that, since we consider Lipschitz minimizers, the behavior of F at
infinity is not relevant). The first example arises as an anisotropic generalization of the
p-laplacian, whereas the second example has been already presented in Chapter 6 and
it is related to some recent problems of traffic dynamic. In the following we assume that
F ∈ C1,1 outside the degeneracy region to prove that every locally Lipschitz minimizer
is C1,α at nondegenerate points, weakening the assumptions of Theorem 6.1 (where
F was assumed to be of class C2). When F is assumed to be C1,1 new techniques
are needed. In this respect we mention a De Giorgi type approach in a work of De
Silva and Savin [DS]; it looks possible to us that also their technique may lead to
prove our result, but we believe that our approach in this setting has its own interest.
On the contrary, the results in [AcFu2, CF1] described above assumed F ∈ C2 and
this assumption cannot be easily removed with their technique, since their proof is
based on a linearization argument which cannot work if the second derivatives of F
are not continuous, because the linearized operator has no reason to stay close to the
nonlinear one. Our approach is still based on a blow-up argument; however, we prove
that the operator can be linearized, up to subsequence, around a limit operator which is
uniformly elliptic thanks to the fact that the gradient is assumed to be mainly outside
the degeneracy. To obtain strong compactness of a rescaled sequence, we use an idea
of De Silva and Savin [DS] presented in Lemma 7.10.

The Chapter is organized as follows. In Section 7.1 we present the basic estimate
of decay of the excess function around nondegenerate points. Then we see that this
estimate can be iterated at every scale to obtain the C1,α regularity. Finally, we see that
the smallness assumption is satisfied if u is close to a linear nondegenerate function in
a certain sense, which in turn can be verified in the applications. In Section 7.2 we see
how the estimate allows to prove C1,α regularity for the solutions of the anisotropic p-
laplacian and regularity outside the degeneracy for the equations arising in the context
of traffic congestion. In Section 7.3 we collect all the proofs.
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7.1 Excess-decay result at nondegenerate points and con-
sequences

First we introduce the excess function, which measures the distance of the gradient
of a solution ∇u from its average. In terms of this quantity we express the smallness
condition which guarantees regularity. The C0,α regularity for ∇u is expressed in terms
of the decay of the excess itself, through Campanato’s Theorem.

We denote by Br(x) the open ball of center x ∈ Rd and radius r > 0, often shortened
as Br if x = 0. Given g : Ω → Rd, with the notation

∫
−Br(x)g or (g)Br(x) we mean the

average of g on the ball Br(x).

Let Ω be an open set and let f ∈ Lq(Ω) for some q > d. For every u ∈ W 1,2(Ω),
x ∈ Ω, r < d(x,Ω) we consider the excess

U(u, x, r) :=
(∫
−
Br(x)

|∇u(y)− (∇u)Br(x)|2 dy
)1/2

+ r(q−d)/(2q)‖f‖Lq(B1).

The following Theorem provides an excess-decay estimate for local minimizers of
the functional (7.1) at points where ∇u is nondegenerate. In order for the equation
to be considered nondegenerate on a certain ball Br(x), we require that the average
(∇u)Br(x) is not in the degeneracy region, that ∇u does not oscillate too much, and
that the scale r is chosen sufficiently small to make the right-hand side irrelevant. These
last two informations are encoded in the smallness of the excess. As we shall show in
the corollaries below, the result can be iterated on smaller scales to provide Hölder
regularity for the gradient around nondegenerate points.

Theorem 7.1. Let 0 < λ ≤ Λ and let f ∈ Lq(B1) for some q > d ≥ 2. Let F : Rd → R
be a convex function such that F ∈ C1,1(Rd \B1/4(0)) and

λ Id ≤ ∇2F(x) ≤ Λ Id for L d-a.e. x ∈ Rd \B1/4(0). (7.3)

Let u ∈W 1,∞(B1) be a minimizer of the functional (7.1) and let us assume that |∇u| ≤
1 in B1.

Then there exist τ0, α > 0, depending only on d, q, λ,Λ, ‖∇F‖L∞(B1), such that for
every τ ≤ τ0 there exists ε = ε(τ) for which the following property holds true: If for
some x ∈ B1/2 and r < 1/4 we have

3

4
≤ |(∇u)Br(x)| ≤ 1, U(u, x, r) ≤ ε,

then

U(u, x, τr) ≤ ταU(u, x, r).

Theorem 7.1 can be iterated to obtain the decay of the excess at every scale.
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Corollary 7.2. Let λ, Λ, q, f , F , and u be as in Theorem 7.1. Then there exist
τ0, α > 0, depending only on d, q, λ,Λ, ‖∇F‖L∞(B1), such that for every τ ≤ τ0 there
exists ε = ε(τ) for which the following property holds true: If for some x ∈ B1/2 and
r < 1/4 we have

7

8
≤ |(∇u)Br(x)| ≤ 1, U(u, x, r) ≤ ε, (7.4)

then
U(u, x, τkr) ≤ ταkU(u, x, r) ∀ k ∈ N. (7.5)

The assumption in Corollary 7.3 is satisfied in a ball if the gradient of u is aligned
in a fixed direction, as the following corollary states. This will be in turn useful to
obtain C1,α regularity at nondegenerate points in the applications of Section 7.2.

Corollary 7.3. Let λ, Λ, q, f , F , and u be as in Theorem 7.1. Then there ex-
ist η, α, C, τ, r0 > 0, depending only on d, q, λ,Λ, ‖f‖Lq(B1), ‖∇F‖L∞(B1), such that if
|∇u(x)| ≤ 1 for every x ∈ B1 and

|{x ∈ B1 : ∂vu(x) ≥ 1− η}| ≥ (1− η)|B1| (7.6)

for some v ∈ Sd−1, then

U(u, x, τkr0) ≤ ταkU(u, x, r0) ∀ k ∈ N ∀x ∈ B1/2. (7.7)

In particular, we have
‖u‖C1,α(B1/2) ≤ C. (7.8)

7.2 Applications: the anisotropic p-Laplace equation and
traffic models

The anisotropic p-Laplace equation The simplest example of degenerate elliptic
equation is given by the p-Laplace equation

∂i(|∇u|p−2∂iu) = f,

corresponding to the choice F(x) = |x|p/p in the minimization of the function (7.1);
in this case the degeneracy consists in a single point, the origin, and it is possible to
obtain C1,α regularity of the solution (see Section 1.6.1). In the following, we introduce
a generalization of the p-laplacian which involves an anisotropic norm. We consider an
open set Ω ⊆ Rd and a local minimizer for the functional∫

Ω

n(∇u)p

p
+ fu, (7.9)

where n : Rd → R+ is a positively 1-homogeneous convex function and f ∈ Lq(Ω) for
some q > d.
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To ensure the equation to be elliptic outside the origin, we need to consider only
norms which satisfy an ellipticity condition in the direction ortogonal to ∇n. For
example, the p-norms (namely n(x) = (|x1|p + ... + |xd|p)1/p for x = (x1, ..., xd) ∈ Rd)
are not included in the following definition and indeed the problem of regularity of
minimizers is, to our knowledge, open.

Definition 7.4. An “elliptic norm” n ∈ C1,1
loc (Rd \ {0}) is a convex positively 1-

homogenous function with n(0) = 0, positive outside the origin, for which there exist
λ,Λ > 0 such that

λ

∣∣∣∣τ − (τ · ∇n(v))
∇n(v)

|∇n(v)|2
∣∣∣∣2 ≤ n(v)∂ijn(v)τiτj ≤ Λ |τ |2 (7.10)

for L d-a.e. v ∈ Rd, τ ∈ Rd.1

In the following, we prove that every Lipschitz solution of the anisotropic p-Laplace
equation is C1,α.

Theorem 7.5. Let 0 < λ ≤ Λ, p > 1, Ω a bounded open subset of Rd, d ≥ 2, and
f ∈ Lq(B1) for some q > d. Let n : Rd → R be an elliptic norm and let u ∈ W 1,∞

loc (Ω)
be a local minimizer of the functional (7.9).

Then there exists α ∈ (0, 1), which depends only on d, p, q, λ, Λ, ‖∇n‖∞ such that
∇u ∈ C0,α

loc (Ω), namely for every Ω′ b Ω there exists a constant C > 0 such that

|∇u(x)−∇u(y)| ≤ C|x− y|α ∀x, y ∈ Ω′.

This constant C depends only on d, p, q, λ, Λ, ‖∇n‖L∞(Rd), dist(Ω′, ∂Ω), ‖f‖q, and
‖∇u‖∞ in a neighborhood of Ω′.

In the theorem above we assume Lipschitz regularity of the solution to prove C1,α

regularity; notice that the Lipschitz regularity follows from [EMT,Br,FFM]. To avoid
annoying details about a regularization argument, we prove the result in terms of an
a-priori estimate; hence we assume that u is smooth, and so is n outside the origin (For
more details about the regularization, see for instance the proof of Theorem 6.1).

The key idea to prove Theorem 7.5 is a lemma which provides a separation between
degeneracy and nondegeneracy; here, there is a clear analogy with the main idea behind
the proof of Theorem 6.1. The basic lemma says that the gradient of the solution ∇u
is either close to a nonzero constant, or it decays on a smaller ball. When the first case
happens at some scale, we obtain C1,α regularity of u through Corollary 7.3. Otherwise,
the decay of ∇u at every scale provides C1,α regularity of u.

1In this definition the term “norm” is used with a slight abuse of notation: indeed we are not
requiring the symmetry of n, namely n(v) = n(−v). We also observe that an equivalent formulation
for (7.10) is to ask that

λ′|τ |2 ≤ ∂ijH(v)τiτj ≤ Λ′|τ |2 ∀ v, τ ∈ Rn

for some 0 < λ′ ≤ Λ′, where H(v) :=
(
n(v)

)2
.
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As we show now the dichotomy, stated at scale one in Lemma 7.11 (compare with
Lemma 6.10), is based on the construction of suitable subsolutions to a uniformly
elliptic equation, namely (∂eu(x)−1/2)+ for every e ∈ Sd−1. Indeed, let u : B1 → R be
a Lipschitz local minimizer of (7.1) with Lipschitz constant 1; then it solves the Euler
equation

∂i

[
n
(
∇u(x)

)p−1
∂in
(
∇u(x)

)]
= f(x) x ∈ B1. (7.11)

Let us introduce the coefficients

Aij(x) := n(x)p−2
(

(p− 1)∂in(x)∂jn(x) + n(x)∂ijn(x)
)

∀x ∈ Rd. (7.12)

Given e ∈ Sd−1, we differentiate (7.11) in the direction e ∈ Sd−1 to obtain

∂i

[
Aij
(
∇u(x)

)
∂j
(
∂eu(x)

)]
= ∂ef(x).

We notice that, setting

aij(x) := (p− 1)∂in(x)∂jn(x) + n(x)∂ijn(x) ∀x ∈ Rd, (7.13)

the coefficients aij are uniformly elliptic. Indeed, ∇n is 0-homogeneous and since

n ∈ C1,1
loc (Rd \ {0}) we have that 0 < c ≤ |∇n| ≤ C <∞; therefore for every τ ∈ Rd we

obtain that

aijτiτj ≥ (p− 1)|∇n(v)|2
∣∣∣∣τ · ∇n(v)

|∇n(v)|

∣∣∣∣2 + λ

∣∣∣∣τ − (τ · ∇n(v))
∇n(v)

|∇n(v)|2
∣∣∣∣2

≥ min{c2(p− 1), λ}|τ |2,

and analogously from above. Hence the coefficients Aij are uniformly elliptic in every
compact region which does not contain the origin.

Since the function t 7→ (t− 1/2)+ is convex and Lipschitz with derivative 1{t>1/2},
it follows that the function

ve(x) := (∂eu(x)− 1/2)+ e ∈ Sd−1 (7.14)

is a subsolution of the equation

∂i

[
Aij
(
∇u(x)

)
∂jve(x)

]
= ∂ef(x)1{∂eu>1/2}(x).

Notice that the values of the coefficients Aij(∇u(x)) are only relevant when 1/2 ≤
|∇u(x)| ≤ 1. Indeed the solution satisfies |∇u(x)| ≤ 1 (by assumption), and when
|∇u(x)| ≤ 1/2 we have that ve(x) = 0. Therefore, thanks to the ellipticity assumption
on n, the equation might be assumed to be uniformly elliptic.

The idea of the proof now follows a paper by Wang [Wa], where Theorem 7.5 is
presented for the classical p-laplacian. In this case, however, the author considers a
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different subsolution, namely n(∇u)p, which solves an elliptic equation with nondegen-
erate coefficients. Indeed, given a locally Lipschitz minimizer of (7.1) with f = 0, the
coefficients aij (introduced in (7.13)) are uniformly elliptic and the function n(∇u)p

formally solves

∂i

[
aij
(
∇u(x)

)
∂j

(
n
(
∇u(x)

)p)] ≥ 0.

The choice of the subsolution in [Wa] leads to additional difficulties to pass from
a nondegenerate slope of u in modulus to closeness to a linear function. Moreover,
the regularity at nondegenerate points is carried out in [Wa] through the analysis of
the equation in nondivergence form, proving as a key lemma that any solution of the
p-laplace equation is close to the solution of the linearized problem at nondegeneracy
points. Wang’s scheme can be carried out for a general elliptic norm n only assuming
better regularity on n, namely n ∈ C2(Rd \ {0}). Hence, as we shall see in Section 7.3,
the proof of Theorem 7.5 requires the use of our Theorem 7.1.

Degenerate elliptic equations and traffic models Corollary 7.3 can be used
to prove local C0,α regularity of the gradient of the solution of a degenerate elliptic
equation outside the degeneracy region.

The following result is a generalization of Theorem 6.1 to more general functions F
(we do not require C2 regularity of F). The degeneracy region is a convex set containing
the origin, described, in coherence with the present Chapter, as the unit ball of a convex
positively 1-homogenous function which does not need to be elliptic. The variational
proof is based on Corollary 7.3, which in turn uses a different technique with respect
to the proof presented in Chapter 6, that is based on some ideas of Savin [Sav] and
Wang [Wa].

Theorem 7.6. Let 0 < λ ≤ Λ, Ω a bounded open subset of Rd, d ≥ 2, f ∈ Lq(Ω)
for some q > d. Let m : Rd → R be a convex positively 1-homogenous function with
m(0) = 0 which is positive outside the origin. Let F : Rd → R be a convex nonnegative
function such that F ∈ C1,1

loc (Rd \{m ≤ 1}), and assume that for every δ > 0 there exist
λδ,Λδ > 0 such that

λδI ≤ ∇2F(x) ≤ ΛδI for L d-a.e. x such that 1 + δ ≤m(x) ≤ 1/δ.

Let u ∈ W 1,∞
loc (Ω) be a local minimizer of the functional (7.1). Then, for any

continuous function H : Rd → R such that {m ≤ 1} ⊆ {H = 0}, we have

H(∇u) ∈ C0(Ω).

More precisely, for every open set Ω′ b Ω there exists a modulus of continuity ω :
[0,∞)→ [0,∞) for H(∇u) on Ω′, which depends only on d, the modulus of continuity
of H, the functions δ → λδ,δ → Λδ, ‖∇u‖∞ in a neighborhood Ω′′ ⊂ Ω of Ω′, and
‖∇F‖∞ in a neighborhood of ∇u(Ω′′), such that∣∣H(∇u(x))−H(∇u(y))

∣∣ ≤ ω(|x− y|) ∀x, y ∈ Ω′.
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In particular, if F ∈ C1(Rd) then ∇F(∇u) ∈ C0(Ω).

7.3 Proofs

Proof of Theorem 7.1 Before proving the result, we state some simple lemmas.
The proof of the first lemma is an easy computation which is left to the reader.

Lemma 7.7. Let p > 1, X ∈ Rd, and let v1, ...,vd ∈ Rd be a family of vectors satisfying
|vi| = 1 for any i = 1, ..., d and

∣∣det
(
v1| . . . |vd

)∣∣ > c0 > 0 (here
(
v1| . . . |vd

)
denotes

the matrix whose columns are given by the vectors v1, ...,vd ∈ Rd). Then there exists
a constant c > 0, which depends only on d and c0, such that

|X · vj | ≤ |X| ≤
1

c

d∑
i=1

|X · vi| ∀ j = 1, ..., d. (7.15)

Proof. The first inequality follows by |X · vj | ≤ |vj ||X|. To prove the second inequality
we estimate |X| with |X ·e1|+ ...+ |X ·ed|; we write each element of the canonical basis
of Rd, namely ej , as a linear combination of v1, ..., vd; we estimate each |X ·ej | with the
same linear combination of |X · vi|. Hence we proved (7.15) with a constant c that may
depend on the particular choice of v1, ..., vd. A simple contradiction argument shows
that the constant depends only on c0.

From Lemma 7.7 we deduce that, given independent unit vectors v1, ...,vd ∈ Rd
and X ∈ L2(Ω;Rd), we have

‖X · vj‖L2(Ω) ≤ ‖X‖L2(Ω;Rd) ≤
1

c

d∑
i=1

‖X · vi‖L2(Ω) ∀ j = 1, ..., d.

This implies the following lemma:

Lemma 7.8. Let Ω ⊆ Rd be an open set. Let {Xh}h∈N ⊆ L2(Ω;Rd), X∞ ∈ L2(Ω;Rd),
and let {v1, ...,vd} be a basis of Rd. Then {Xh}h∈N is precompact in L2(Ω;Rd) if and
only if {Xh · vi}h∈N is precompact in L2(Ω) for every i = 1, .., d. If this happens then
we have that

lim
h→∞

Xh = X∞ in L2(Ω;Rd) if and only if

lim
h→∞

Xh · vi = X∞ · vi in L2(Ω) ∀ i = 1, .., d.
(7.16)

Another useful lemma is the following:

Lemma 7.9. Let Λ > λ > 0 and r > 0. For every h ∈ N let Ah : Br → Rd×d be a
sequence of measurable functions such that Ah(x) is a nonnegative symmetric matrix
for L d-a.e. x ∈ Br, Ah ≤ Λ Id and

lim
h→∞

∣∣∣{Ah ≤ λ Id}
∣∣∣ = 0. (7.17)
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Then there exists a measurable function A : Br → Rd×d such that A(x) is a nonnegative
symmetric matrix for L d-a.e. x ∈ Br,

λ Id ≤ A(x) ≤ Λ Id for L n-a.e. x ∈ Br, (7.18)

and, up to subsequences,

Ah → A weakly in L2(Br;Rd×d). (7.19)

Proof. Since 0 ≤ Ah ≤ Λ Id for every h ∈ N we have that there exists a function
A : Br → Rd×d with 0 ≤ A ≤ Λ Id and such that, up to a subsequence, (7.19) holds.
By (7.17), up to a further subsequence we may assume that

∞∑
h=1

∣∣∣{Ah ≤ λ Id}
∣∣∣ <∞. (7.20)

Setting

Ik =
⋃
k≤h
{Ah ≤ λ Id} ∀ k ∈ N

we have that |Ik| → 0 by (7.20) and that, by (7.19), Ah → A weakly in L2(Br\Ik;Rd×d)
for every k ∈ N. The set {A ∈ Rd×d : λ Id ≤ A ≤ Λ Id} is convex and closed in Rd×d.
Since λ Id ≤ Ah(x) ≤ Λ Id for every x ∈ Br \ Ik and for every h > k, we take the limit
in the weak convergence as h→∞ and we obtain that λ Id ≤ A(x) ≤ Λ Id for L d-a.e.
x ∈ Br \ Ik. Since k is arbitrary, we obtain (7.18).

The following lemma is a Caccioppoli inequality for a subsolution of an ellip-
tic differental operator in terms of an a priori estimate. The proof follows an idea
in [DS, Proposition 2.3] and it is based on the variational structure of the equation
(7.22).

Lemma 7.10. Let v ∈ Sd−1, λ > 0, c > 0, and f ∈ C1(B1). Let F ∈ C2(Rd) be a
convex function such that

λ Id ≤ ∇2F(x) for all x ∈ Rd such that x · v ≥ c. (7.21)

Let u ∈ C2(B1) be a solution of

∂i(∂iF(∇u)) = f in B1 (7.22)

which is Lipschitz with constant 1 in B1. Let G : R→ R be a nondecreasing 1-Lipschitz
function which is constant on the set {t ≤ c}. Then there exists C > 0, depending only
on d and λ, such that for every η ∈ Rd∥∥∇[G(∂vu)]

∥∥
L2(B3/4)

≤ C
(
‖G(∂vu)‖L2(B1) +‖f‖L2(B1) +‖∇F(∇u)−η‖L2(B1)

)
. (7.23)
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Proof. By approximation, it suffices to prove the result when G ∈ C1.

We differentiate the equation (7.22) in the direction v to get

∂i(∂ijF(∇u)∂jvu) = ∂vf in B1.

Let ζ ∈ C∞c (B1) be a nonnegative and smooth cutoff function which is 1 in B3/4.
We test the above equation with the test function G(∂vu) ζ2, which is Lipschitz and
compactly supported, and we integrate by parts:∫

B1

∂ijF(∇u) ∂jvu ∂i[G(∂vu)] ζ2

= −2

∫
B1

∂ijF(∇u) ∂jvuG(∂vu) ζ∂iζ +

∫
B1

f ∂v[G(∂vu)] ζ2 + 2

∫
B1

f G(∂vu) ζ∂vζ.

(7.24)

We estimate each term of (7.24). As regards the left-hand side we notice that G′(∂vu) =
0 on the set {∂vu ≤ c}. Hence we apply (7.21) and the fact that 0 ≤ G′ ≤ 1 to get∫

B1

∂ijF(∇u) ∂jvuG
′(∂vu) ∂ivu ζ

2 ≥ λ
∫
B1

G′(∂vu) |∇∂vu|2ζ2

≥ λ
∫
B1

|∇[G(∂vu)]|2ζ2
(7.25)

To estimate the first term in the right-hand side of (7.24) we integrate by parts and,
for some ε to be chosen later, we have

− 2

∫
B1

∂ijF(∇u) ∂jvuG(∂vu) ζ∂iζ = −2

∫
B1

∂v[∂iF(∇u)− ηi]G(∂vu) ζ∂iζ

= 2

∫
B1

[∂iF(∇u)− ηi] ∂v[G(∂vu)] ζ∂iζ + 2

∫
B1

[∂iF(∇u)− ηi]G(∂vu) ∂v[ζ∂iζ]

≤ ε
∫
B1

|∇[G(∂vu)]|2ζ2 +
‖∇ζ‖2∞

ε

∫
B1

|∇F(∇u)− η|2

+ ‖∇[ζ∇ζ]‖2∞
∫
B1

|G(∂vu)|2 +

∫
B1

|∇F(∇u)− η|2

(7.26)

As regards the last two terms in (7.24) we have∫
B1

f ∂v[G(∂vu)]ζ2 + 2

∫
B1

f G(∂vu) ζ∂vζ

≤ ε

2

∫
B1

|∇[G(∂vu)]|2ζ2 +
1

2ε

∫
B1

f2 + ‖∇ζ‖2∞
∫
B1

|G(∂vu)|2 +

∫
B1

f2.

(7.27)
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We choose ε ≤ λ/3 and we obtain from (7.24), (7.25), (7.26), (7.27) that there exists a
constant C, depending only on d and λ, such that∫

B3/4

|∇[G(∂vu)]|2 ≤
∫
B1

|∇[G(∂vu)]|2ζ2

≤ C
(∫

B1

|G(∂vu)|2 +

∫
B1

f2 +

∫
B1

|∇F(∇u)− η|2
)
,

proving (7.23).

Proof of Theorem 7.1. With a standard regularization, presented in detail in an anal-
ogous situation in the proof of Theorem 6.1, we may assume without loss of generality
that F ∈ C2(B1), f ∈ C1(B1), and that u ∈ C2(B1) is a solution of

∂i(∂iF(∇u)) = f in B1. (7.28)

By contradiction, let τ, α > 0 to be chosen later and let us consider sequences
{xh}h∈N ⊆ B1/2, {rh}h∈N ⊆ (0, 1/4), and {uh}h∈N ⊆ C2(B1) such that uh are solutions
to (7.28) and

|∇uh| ≤ 1 in B1 ∀h ∈ N, (7.29)

U(uh, xh, rh) = λh → 0 as h→∞, (7.30)

U(uh, xh, τrh) > ταU(uh, xh, rh) ∀h ∈ N, (7.31)

(∇uh)Brh (xh) → γ∞ as h→∞, γ∞ ∈ Rd,
3

4
≤ |γ∞| ≤ 1. (7.32)

Let us define the rescaled functions

ũh(x) :=
uh(xh + rhx)

rh
x ∈ B1;

since uh are solutions to (7.28) we have

∂i(∂iF(∇ũh)) = f̃h in B1, (7.33)

where f̃h(x) := rhf(xh + rhx) for x ∈ B1. Moreover, setting γh := (∇uh)Brh (xh), we
have that γh = (∇ũh)B1 . We remark that, by a change of variables,

‖f̃h‖Lq(B1) = r
(q−d)/q
h

(∫
Brh (xh)

|f(y)|q dy
)1/q

= r
(q−d)/q
h ‖f‖Lq(Brh (xh)) (7.34)

By the change of variable formula we rewrite (7.29), (7.30), (7.31), and (7.32) in
terms of ũh:

|∇ũh| ≤ 1 ∀h ∈ N, (7.35)(∫
−
B1

|∇ũh(y)− γh|2 dy
)1/2

+ r
(q−d)/(2q)
h ‖f‖Lq(B1) = λh → 0 as h→∞, (7.36)
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(which implies that rh → 0 as h→∞ unless f ≡ 0),(∫
−
Bτ

|∇ũh − (∇ũh)Bτ |2
λ2
h

)1/2
+

(τrh)(q−d)/(2q)

λh
‖f‖Lq(B1) > τα ∀h ∈ N, (7.37)

(∇ũh)B1 = γh → γ∞ as h→∞, γ∞ ∈ Rd,
3

4
≤ |γ∞| ≤ 1. (7.38)

By Poincaré inequality and (7.36) we have that

‖ũh(x)− ũh(0)− γh · x‖L2(B1) . λh; (7.39)

therefore the functions
ũh(x)− ũh(0)− γh · x

λh

are bounded in W 1,2(B1). Hence there exists u∞ ∈ W 1,2(B1) such that, up to a
subsequence,

ũh(x)− ũh(0)− γh · x
λh

→ u∞(x) in L2(B1), (7.40)

∇ũh(x)− γh
λh

→ ∇u∞(x) weakly in L2(B1). (7.41)

The scheme of the proof is the following. In Step 1 we employ the Caccioppoli-
type inequality of Lemma 7.10 to obtain that the (suitably rescaled) partial derivatives
∂vũh(x) in certain directions v are strongly precompact in L2. In Step 2 we deduce
that (∇ũh−γh)/λh converges to ∇u∞ strongly in L2, by taking d linearly independent
directions in Step 1. Next, we would like to show that, for any v ∈ Sd−1, the function
∂vu∞ solves a uniformly elliptic PDE. Indeed, ∂vu∞ is a limit of solutions (∂vũh− γh ·
v)/λh of degenerate PDEs, whose degeneracy becomes less relevant as h → ∞ due to
the fact that ∇ũh is nondegenerate on average and the excess vanishes.

However, the equation for (∂vũh − γh · v)/λh involves the second derivatives of ũh,
and unfortunately we don’t have any strong convergence at this level. We overcome
this difficulty by finding the equation solved by the incremental quotients ∂εvũh =
[ũh(·+ εv)− ũh]/ε and taking the limit as h→∞ with ε fixed (see Steps 3-5). Finally,
in Step 6 we apply De Giorgi-Nash-Moser Theorem to obtain Hölder estimates for the
incremental quotients ∂εvu∞; this provides an excess decay for u∞ which, in turn, gives
a contradiction.
Step 1: precompactness of certain rescaled partial derivatives of ũh in L2

via a Caccioppoli-type inequality. Let v ∈ Sd−1 be such that 5/8 < γ∞ ·v (so that
1/2 < γh · v ≤ 1 for h large enough), and set

vh(x) :=
(
∂vũh(x)− γh · v

2

)
+
− γh · v

2
,

wh(x) := ∂vũh(x)− γh · v. (7.42)
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From the fact that

vh = wh on
{
x ∈ B1 : ∂vũh(x) ≥ γh · v

2

}
and

0 > vh = −γh · v
2

> wh on
{
x ∈ B1 : ∂vũh(x) <

γh · v
2

}
we obtain

‖vh‖L2(B1) ≤ ‖wh‖L2(B1) ≤ C0λh, (7.43)

which implies
lim
h→∞

‖vh‖L2(B1) = 0, lim
h→∞

‖wh‖L2(B1) = 0. (7.44)

Let σ := 2d/(d− 1). We claim that there exist constants C1, C2, C3 > 0 such that

‖∇vh‖L2(B3/4) ≤ C1

(
‖vh‖L2(B1) + ‖f̃h‖L2(B1) + ‖∇F(∇ũh)−∇F(γh)‖L2(B1)

)
≤ C2λh,

(7.45)

‖vh‖Lσ(B3/4) + ‖wh‖Lσ(B3/4) ≤ C3λh, (7.46)

lim
h→∞

∥∥∥vh − wh
λh

∥∥∥
L2(B3/4)

= 0. (7.47)

Notice that from (7.45) and (7.43) we obtain that the sequence {vh/λh}h∈N is bounded
in W 1,2(B3/4) and therefore it is precompact in L2(B3/4); from (7.47) we also obtain
that

the sequence {wh/λh}h∈N is precompact in L2(B3/4). (7.48)

We now prove (7.45), (7.46), and (7.47). By Lemma 7.10 applied with u = ũh, f = f̃h,
c = γh · v/2 > 1/4, η = ∇F(γh), and G(t) = (t− γh · v/2)+ − γh · v/2, we obtain that

‖∇vh‖L2(B3/4) ≤ C1

(
‖vh‖L2(B1) + ‖f̃h‖L2(B1) + ‖∇F(∇ũh)−∇F(γh)‖L2(B1)

)
We claim that the three terms in the right-hand side can be estimated by the excess λh
up to a constant. Indeed by (7.43) we estimate the first term; from (7.34) we deduce
that

‖f̃h‖L2(B1) . ‖f̃h‖Lq(B1) ≤ r−(q−d)/(2q)
h ‖f̃h‖Lq(B1) . λh.

Finally, for the last term we remember that |γh| ≥ 3/4, F is Lipschitz in B1 (by
convexity) and F ∈ C1,1(Rd \ B1/4). Hence, |∇F(∇ũh) − ∇F(γh)| can be estimated
thanks to the Lipschitz regularity of ∇F on the set {|∇ũh| ≥ 1/4}; on the complement
{|∇ũh| < 1/4} we estimate the quantity |∇F(∇ũh) − ∇F(γh)| by 2‖∇F‖2L∞(B1) and

we notice that on that set |∇ũh − γh| ≥ 1/8. We therefore obtain∫
B1

|∇F(∇ũh)−∇F(γh)|2 ≤ C
(
‖∇2F‖2L∞(Rd\B1/4) + ‖∇F‖2L∞(B1)

)∫
B1

|∇ũh − γh|2
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and we conclude the proof of the second inequality in (7.45).
Since W 1,2(B3/4) embeds into Lσ(B3/4), by (7.45) we have that

‖vh‖Lσ(B3/4) ≤ C4λh;

from the higher integrability of vh and the fact that γh · v/2 ≥ 1/4 we obtain∣∣∣{x ∈ B3/4 : ∂vũh(x) <
γh · v

2

}∣∣∣ ≤ ∣∣∣{x ∈ B3/4 : ∂vũh(x) <
γh · v

2

}∣∣∣4σ(γh · v
2

)σ
≤ 4σ‖vh‖σLσ(B3/4) ≤ C5λ

σ
h.

(7.49)

Then, from (7.49) and since ũh is Lipschitz with constant 1 (see (7.35)) we get∥∥∥vh − wh
λh

∥∥∥2

L2(B3/4)
≤ 4

λ2
h

∣∣∣{x ∈ B3/4 : ∂vũh(x) <
γh · v

2

}∣∣∣ ≤ 4C5λ
σ−2
h ,

which converges to 0 by (7.36) and proves (7.47).
Finally, by (7.35), (7.49), and (7.43) we have

‖wh‖σLσ(B3/4)

≤
∫
B3/4∩{∂vũh≥

γh·v
2
}
|∂vũh(x)− γh · v|σ +

∣∣∣{x ∈ B3/4 : ∂vũh(x) <
γh · v

2

}∣∣∣2σ
≤ ‖vh‖σLσ(B3/4) + C52σλσh ≤ (1 + 2σC5)λσh,

which proves (7.46).

Step 2: strong convergence of the rescaled gradients of ũh. We claim that

lim
h→∞

∇ũh − γh
λh

= ∇u∞ in L2(B3/4) (7.50)

and
‖∇ũh − γh‖Lσ(B3/4) ≤ C6λh. (7.51)

Indeed, let v1, ...,vd ∈ Sd−1 be d linearly independent vectors such that γ∞·vi > 5/8
and

∣∣det
(
v1|...|vd

)∣∣ ≥ C(d) > 0. First, we prove that the sequence (∇ũh − γh)/λh
is precompact in L2(B3/4;Rd). Thanks to Lemma 7.8 it is enough to show that
vi · (∇ũh − γh)/λh is precompact for every i = 1, ..., d, which in turn follows from
(7.48), applied with wh = ∂vi ũh(x)− γh ·vi. The characterization of the limit of a sub-
sequence of (∇ũh − γh)/λh follows from (7.41). As a consequence, it is not necessary
to consider a subsequence. Finally, from Lemma 7.7 and (7.46) we obtain that

‖∇ũh − γh‖Lσ(B3/4) .
d∑
i=1

‖vi · (∇ũh − γh)‖Lσ(B3/4) ≤ dC3λh,
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which proves (7.51).

Step 3: incremental quotients for u∞. Given a function f : B1 → R, v ∈ Sd−1,
and ε > 0, we define the discrete derivative of f as

[∂εvf ](x) :=
f(x+ εv)− f(x)

ε
x ∈ B1−ε

and the discrete gradient as

∇εf(x) :=
(

[∂εe1f ](x), ..., [∂εedf ](x)
)

x ∈ B1−ε.

We claim that, for ε sufficiently small,

‖∇εu∞‖L2(B3/4) ≤ ‖∇u∞‖L2(B1) . 1, (7.52)∫
−
Bτ

|∇u∞ − (∇u∞)Bτ |2 dx ≥
τ2α

4
, (7.53)∫

−
Bτ

|∇εu∞ − (∇εu∞)Bτ |2 dx >
τ2α

8
. (7.54)

We notice that the second inequality in (7.52) follows from (7.41) and the lower semi-
continuity of the norm. To prove (7.53), we see that from the definition of λh

(τrh)(q−d)/(2q)

λh
‖f‖Lq(B1) ≤ τ (q−d)/(2q) ≤ τα

2
, (7.55)

where in the last inequality we have assumed that α < (q−d)/(2q) and τ is sufficiently
small (depending on q, d, α).

We notice now, as a general remark, that if r ∈ (0, 1], fh, f ∈ L2(Br), and
limh→∞ fh = f in L2(Br), then

lim
h→∞

∫
−
Br

|fh − (fh)Br |2 =

∫
−
Br

|f − (f)Br |2. (7.56)

Applying (7.56) to fh := (∇uh − γh)/λh and r := τ < 3/4 (so that by (7.50) we
have that (∇uh−γh)/λh → ∇u∞ in L2(Bτ )), letting h→∞ in (7.37) and taking (7.55)
into account we obtain(∫

−
Bτ

|∇u∞ − (∇u∞)Bτ |2 dx
)1/2

= lim
h→∞

(∫
−
Bτ

|∇ũh − (∇ũh)Bτ |2
λ2
h

)1/2

≥ lim inf
h→∞

(
τα − (τrh)(q−d)/(2q)

λh
‖f‖Lq(B1)

)
≥ τα − τα

2
=
τα

2
,
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which proves (7.53).

Finally, since limε→0∇εu∞ = ∇u∞ in L2(Bτ ), we apply (7.56) to ∇εu∞ and r = τ
to deduce from (7.53) that (7.54) holds true for ε sufficiently small.

Step 4: a degenerate equation solved by ∂εvũh. Let v ∈ Sd−1 and for every h ∈ N
let wh = γh/|γh|. We claim that the function ∂εvũh solves∫

B3/4

Ah,εij (x) ∂i∂
ε
vũh(x) ∂jφ(x) dx+

∫
B3/4

∂εvf̃h(x)φ(x) dx = 0 (7.57)

for every φ ∈ W 1,2
0 (B3/4), h ∈ N, and ε ∈ (0, 1/4), for some measurable coefficients

Ah,εij : B3/4 → R with the property that Ah,ε(x) is a nonnegative symmetric matrix for
every x ∈ B3/4 and that

λ Id ≤ (Ah,εij (y)) ≤ Λ Id

∀ y ∈
{
z ∈ B3/4 : ∂wh ũh(z) ≥ 1

4

}
∩
{
z ∈ B3/4 : ∂wh ũh(z + εv) ≥ 1

4

}
.

(7.58)

Indeed, since ũh are solutions of (7.33), for every φ ∈ W 1,2
0 (B3/4) and ε < 1/4 we

have ∫
B3/4

∂iF(∇ũh(x)) ∂iφ(x) = −
∫
B3/4

f̃h(x)φ(x),

∫
B3/4

∂iF(∇ũh(x+ εv)) ∂iφ(x) = −
∫
B3/4

f̃h(x+ εv)φ(x).

Subtracting the two equations and dividing by ε we obtain

−
∫
B3/4

f̃h(x+ εv)− f̃h(x)

ε
φ(x) =

∫
B3/4

∂iF(∇ũh(x+ εv))− ∂iF(∇ũh(x))

ε
∂iφ(x)

=

∫
B3/4

Ah,εij (x) ∂j∂
ε
vũh(x) ∂iφ(x),

where

Ah,εij (x) :=

∫ 1

0
∂ijF

(
(1− t)∇ũh(x+ εv) + t∇ũh(x)

)
dt ∀x ∈ B3/4. (7.59)

Notice that, if x ∈ B3/4 is a point such that ∂wh ũh(x) ≥ 1/4 and ∂wh ũh(x+ εv) ≥ 1/4
then for every t ∈ [0, 1]

|(1− t)∇ũh(x+ εv) + t∇ũh(x)| ≥ (1− t)∂wh ũh(x+ εv) + t∂wh ũh(x) ≥ 1

4
,
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therefore (7.58) holds true thanks to (7.3).

Step 5: a uniformly elliptic equation solved by ∂εvu∞. Let v ∈ Sd−1. We claim
that, for every ε > 0 sufficiently small, the function ∂εvu∞ solves∫

B3/4

Aεij(x) ∂i∂
ε
vu∞(x) ∂jϕ(x) dx = 0 (7.60)

for every ϕ ∈ W 1,2
0 (B3/4−ε), for some measurable coefficients Aεij : B3/4 → R with the

property that
λ Id ≤ (Aεij) ≤ Λ Id ∀x ∈ B3/4. (7.61)

Indeed, let us consider the function φ(x) := ϕ(x)χ(∂wh ũh(x))χ(∂wh ũh(x + εv))
where ϕ ∈W 1,2

0 (B3/4−ε) and χ ∈ C∞(R) is a function such that χ((−∞, 1/2]) = 0 and
χ([5/8,∞)) = 1. By the identity

χ(∂wh ũh) = χ
((
∂wh ũh(x)− |γh|

2

)
+
− |γh|

2

)
and (7.45) applied to vh =

(
∂wh ũh(x)− |γh|/2

)
+

+ |γh|/2 we have that χ(∂wh ũh(x)) ∈
W 1,2 ∩ L∞(B3/4) with derivative

∂j [χ(∂wh ũh)] = χ′(∂wh ũh)∂j

[(
∂wh ũh(x)− |γh|

2

)
+

]
.

Similarly χ(∂wh ũh(x+ εv)) ∈W 1,2 ∩ L∞(B3/4) with derivative

∂j [χ(∂wh ũh(x+ εv)))] = χ′(∂wh ũh(x+ εv))∂j

[(
∂wh ũh(x+ εv)− |γh|

2

)
+

]
.

Hence φ(x) ∈W 1,2
0 ∩ L∞(B3/4). Notice also that from (7.45) it follows that∥∥∥∇(∂wh ũh(x)− |γh|

2

)
+

∥∥∥
L2(B3/4)

. λh. (7.62)

Moreover we have that, since |γh| ≥ 3/4,∣∣∣{x ∈ B3/4 : ∂wh ũh(x) < 5
8

}∣∣∣1/2
|B3/4|1/2

· 1

8
≤
(∫
−
B3/4

∣∣∣∂wh ũh(y)− |γh|
∣∣∣2 dy)1/2

.
(∫
−
B1

|∇ũh(y)− γh|2 dy
)1/2

. λh

and therefore

lim
h→∞

∣∣∣{x ∈ B3/4 : ∂wh ũh(x) ≥ 5

8

}∣∣∣ = |B3/4|. (7.63)
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Similarly

lim
h→∞

∣∣∣{x ∈ B3/4 : ∂wh ũh(x+ εv) ≥ 5

8

}∣∣∣ = |B3/4|. (7.64)

Using φ as a test function in (7.57) and dividing by λh we obtain

0 =

∫
B3/4

∂εvf̃h(x)

λh
φ(x)

+

∫
B3/4

Ah,εij (x) ∂i∂
ε
vũh(x) ∂j

[
ϕ(x)χ(∂wh ũh(x))χ(∂wh ũh(x+ εv))

]
=

∫
B3/4

∂εvf̃h(x)

λh
φ(x)

+

∫
B3/4

Ah,εij (x)
∂i∂

ε
vũh(x)

λh
∂jϕ(x)χ(∂wh ũh(x))χ(∂wh ũh(x+ εv))

+

∫
B3/4

Ah,εij (x)
∂i∂

ε
vũh(x)

λh
ϕ(x) ∂j

(
χ(∂wh ũh(x))χ(∂wh ũh(x+ εv))

)
.

(7.65)

We want to take the limit as h → ∞ in (7.65). As regards the first term in the right-
hand side, by Hölder inequality and (7.34) we have (here we can assume that f 6≡ 0, so
in particular rh → 0)

∣∣∣ ∫
B3/4

∂εvf̃h(x)

λh
φ(x)

∣∣∣ ≤ ‖∂εvf̃h(x)‖L1(B3/4)

λh
‖φ(x)‖L∞(B3/4)

.
‖f̃h(x)‖Lq(B1)

εr
(q−d)/(2q)
h ‖f‖Lq(B1)

‖φ(x)‖L∞(B3/4)

≤ r
(q−d)/(2q)
h

ε
‖φ(x)‖L∞(B3/4),

therefore

lim
h→∞

∫
B3/4

∂εvf̃h(x)

λh
φ(x) = 0. (7.66)

Then, we apply Lemma 7.9 to Ah(x) := Ah,ε(x)χ(∂wh ũh(x))χ(∂wh ũh(x+ εv)). For
this, notice that the assumption (7.17) of the lemma is satisfied thanks to (7.58), (7.63),
(7.64), and the fact that

χ(∂wh ũh(x)) = χ(∂wh ũh(x+ εv)) = 1

on the set {
x ∈ B3/4 : ∂wh ũh(x) ≥ 5

8

}
∩
{
x ∈ B3/4 : ∂wh ũh(x+ εv) ≥ 5

8

}
.
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Moreover, for every x ∈ B3/4 such that χ(∂wh ũh(x))χ(∂wh ũh(x+εv)) > 0 we have that
∂wh ũh(x) > 1/2 and ∂wh ũh(x+ εv) > 1/2 and therefore

λ Id ≤ Ah,ε(x) ≤ Λ Id.

This implies that

0 ≤ Ah,ε(x)χ(∂wh ũh(x))χ(∂wh ũh(x+ εv)) ≤ Λ Id ∀x ∈ B3/4.

Hence, applying Lemma 7.9 we obtain that there exist Aε : B3/4 → Rd×d such that
λ Id ≤ Aε ≤ Λ Id and, up to subsequences,

Ah,ε(x)χ(∂wh ũh(x))χ(∂wh ũh(x+ εv))→ Aε(x) weakly in L2(B3/4;Rd×d). (7.67)

From the equality

∂i∂
ε
vũh(x)

λh
=

1

ε

(
ei ·
(∇ũh(x+ εv)− γh

λh

)
− ei ·

(∇ũh(x)− γh
λh

))
and by (7.50) we have

lim
h→∞

∂i∂
ε
vũh(x)

λh
=
∂iu∞(x+ εv)− ∂iu∞(x)

ε
= ∂i∂

ε
vu∞(x) in L2(B3/4−ε), (7.68)

so by (7.67), (7.68), and the fact that ∂jϕ ∈ L∞(B3/4), we obtain

lim
h→∞

∫
B3/4

Ah,εij (x)
∂i∂

ε
vũh(x)

λh
∂jϕ(x)χ(∂wh ũh(x))χ(∂wh ũh(x+ εv))

=

∫
B3/4

Aεij(x) ∂i∂
ε
vu∞(x) ∂jϕ(x).

(7.69)

To estimate the last term we notice that, since

1

2
+

1

σ
+

1

2d
= 1,

by Hölder inequality we have that∣∣∣∣∣
∫
B3/4

Ah,εij (x)
∂i∂

ε
vũh(x)

λh
ϕ(x)χ′(∂wh ũh(x)) ∂j

(
∂wh ũh(x)− |γh|

2

)
+
χ(∂wh ũh(x+ εv))

∣∣∣∣∣
≤ ‖ϕ‖L∞(B3/4) ·

∥∥∥∇∂εvũh(x)

λh

∥∥∥
Lσ(B3/4)

·
∥∥∥∇(∂wh ũh(x)− |γh|

2

)
+

∥∥∥
L2(B3/4)

·
∥∥∥Ah,εij (x)χ′(∂wh ũh(x))χ(∂wh ũh(x+ εv))

∥∥∥
L2d(B3/4)

.
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Since 0 ≤ Ah,εij (x) ≤ Λ Id for every x such that χ′(∂wh ũh(x))χ(∂wh ũh(x + εv)) > 0, it
follows that∥∥∥Ah,εij (x)χ′(∂wh ũh(x))χ(∂wh ũh(x+ εv))

∥∥∥
L2d(B3/4)

≤ C(Λ)‖χ′‖∞. (7.70)

Thus, from (7.70), (7.51), (7.62), (7.70) we have that

lim
h→∞

∫
B3/4

Ah,εij (x)
∂i∂

ε
vũh(x)

λh
ϕ(x)χ′(∂wh ũh(x))

∂j

(
∂wh ũh(x)− |γh|

2

)
+
χ(∂wh ũh(x+ εv)) = 0.

(7.71)

Similarly,

lim
h→∞

∫
B3/4

Ah,εij (x)
∂i∂

ε
vũh(x)

λh
ϕ(x)χ(∂wh ũh(x))

χ′(∂wh ũh(x+ εv)) ∂j

(
∂wh ũh(x+ εv)− |γh|

2

)
+

= 0.

(7.72)

Hence, letting h→∞ in (7.57) and taking (7.66), (7.69), (7.71), and (7.72) into account,
we obtain

0 =

∫
B3/4

Aεij(x) ∂i∂
ε
vu∞(x) ∂jϕ(x).

Step 6: a contradiction based on the excess decay for u∞. We find a contra-
diction.

Since by (7.60) the functions ∂εvu∞ ∈W 1,2(B3/4) solve a uniformly elliptic equation
for ε > 0 small enough, by De Giorgi-Nash-Moser Theorem (see Theorem 1.19) there
exists α > 0 such that for every v ∈ Sd−1

‖∂εvu∞‖C0,2α(B1/2) . ‖∂εvu∞‖L2(B3/4) ≤ ‖∇εu∞‖L2(B3/4) . 1, (7.73)

where the last inequality follows from (7.52); in particular, applying the previous in-
equality to v = e1, ..., ed, we obtain that

‖∇εu∞‖C0,2α(B1/2) ≤ C7. (7.74)

Hence, by Jensen inequality and (7.74), for τ sufficiently small we have that∫
−
Bτ

|∇εu∞(x)− (∇εu∞)Bτ |2 dx ≤
∫
−
Bτ

∫
−
Bτ

|∇εu∞(x)−∇εu∞(y)|2 dx dy

≤ C2
7 (2τ)4α <

τ2α

8
,

which contradicts (7.54) and concludes the proof.
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Proof of Corollaries 7.2 and 7.3 The proof of Corollary 7.2 relies on an iterated
application of Theorem 7.1; at every scale, the assumptions are satisfied thanks to the
geometric decay of the excess on larger scales. In particular, we estimate at every step
the difference between the average of u on Bτ i−1 and on Bτ i by means of the excess in
Bτ i−1 .

Proof of Corollary 7.2. Let x ∈ B1/2 and r < 1/4; let τ0, α, τ, ε(τ) be as in Theorem
7.1. Let ε ≤ ε(τ) be a constant to be chosen later. We prove (7.5) by induction. For
k = 1 we apply Theorem 7.1 and we obtain (7.5). Assuming as inductive assumption
that

U(u, x, τ ir) ≤ ταiU(u, x, r) ∀ i ≤ k − 1, (7.75)

we prove
U(u, x, τkr) ≤ ταkU(u, x, r). (7.76)

By (7.4) and (7.75) applied with i = k − 1 we have that U(u, x, τk−1r) ≤ ε ≤ ε(τ).
In order to satisfy the assumptions of Theorem 7.1 at x with radius τk−1r we have to
show that

3

4
≤ |(∇u)B

τk−1r
(x)| ≤ 1. (7.77)

For every i ∈ N let us set γi = (∇u)Bτir(x). For every i = 1, ..., k − 1 by (7.75) we
have that

|γi − γi−1| =
(∫
−
Bτir(x)

|γi − γi−1| dy
)1/2

≤
(∫
−
Bτir(x)

|∇u(y)− γi|2 dy
)1/2

+
(∫
−
Bτir(x)

|∇u(y)− γi−1|2 dy
)1/2

≤
(∫
−
Bτir(x)

|∇u(y)− γi|2 dy
)1/2

+
1

τd/2

(∫
−
Bτi−1r(x)

|∇u(y)− γi−1|2 dy
)1/2

≤ U(u, x, τ ir) +
1

τd/2
U(u, x, τ i−1r) ≤

(
τα +

1

τd/2

)
τα(i−1)U(u, x, r).

Hence, by the triangular inequality we obtain

|(∇u)B
τk−1r

(x) − (∇u)Br(x)| = |γk−1 − γ0|

≤
k−1∑
i=1

|γi − γi−1| ≤
(
τα +

1

τd/2

)( ∞∑
i=1

τα(i−1)
)
U(u, x, r)

≤ C(τ, d, α) ε ≤ 1

8

(7.78)

where in the last inequality we have chosen ε small (depending on d, τ, α). From (7.78)
and (7.4) we obtain (7.77). So, we can apply Theorem 7.1 with radius τk−1r to obtain

U(u, x, τkr) ≤ ταU(u, x, τk−1r), (7.79)

which, together with (7.75), implies (7.76).
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v

Figure 7.1: Under the assumptions of Corollary 7.3, ∇u lies in B1 and, in particular,
in the grey area for a fraction of large measure (namely, 1− η) of points in B1.

In order to prove Corollary 7.3, we apply Corollary 7.2; its assumptions are satisfied
because the gradient of u lies close to a fixed vector v for a large fraction of points in
B1 (see Figure 7.1).

Proof of Corollary 7.3. Let x ∈ B1/2; let τ = τ0, α, ε = ε(τ0) be as in Corollary 7.2.
First we prove that, if η and r0 are chosen sufficiently small, then

7

8
≤ |(∇u)Br0 (x)| ≤ 1 U(u, x, r0) ≤ ε. (7.80)

We choose r0 < 1/4 sufficiently small so that

r
(q−d)/(2q)
0 ‖f‖Lq(B1) ≤

ε

2
. (7.81)

We estimate the first term in the excess splitting the integral over Br0(x)∩{∂vu ≥ 1−η}
and its complement. For every y ∈ Br0(x) ∩ {∂vu ≥ 1− η} we have that

|∇u(y)− v|2 = |∇u(y)|2 + |v|2 − 2∇u(y) · v ≤ 2(1−∇u(y) · v) ≤ 2η.

In the complement of Br0(x) ∩ {∂vu ≥ 1− η} we have that |∇u− v| ≤ |∇u|+ |v| ≤ 2.
Therefore we have∫
−
Br0 (x)

|∇u(y)− v|2 dy

≤ 1

|Br0 |
(
|{y ∈ Br0(x) : ∂vu(y) ≥ 1− η}|4η2 + 4|{y ∈ Br0(x) : ∂vu(y) ≤ 1− η}|

)
≤ 4η2 +

1

|Br0 |
|{y ∈ B1 : ∂vu(y) ≤ 1− η}|.

(7.82)
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Noticing that (7.6) implies that |{y ∈ B1 : ∂vu(y) ≤ 1− η}| ≤ η|B1| we obtain∫
−
Br0 (x)

|∇u(y)− v|2 dy ≤ 4η2 + η
|B1|
|Br0 |

≤ ε2

4
, (7.83)

where in the last inequality we have chosen η sufficiently small, depending only on
‖f‖Lq(B1) and ε. From (7.83) it follows that∫

−
Br0 (x)

|∇u(y)− (∇u)Br0 (x)|2 dy = inf
γ∈Rd

∫
−
Br0 (x)

|∇u(y)− γ|2 dy

≤
∫
−
Br0 (x)

|∇u(y)− v|2 dy ≤ ε2

4

(7.84)

and therefore by (7.84) and (7.81) we get the second inequality in (7.80). From (7.83)
we have ∣∣∣∫−

Br0 (x)
(∇u(y)− v) dy

∣∣∣ ≤ (∫−
Br0 (x)

|∇u(y)− v|2 dy
)1/2

≤ ε

2
;

it implies

|(∇u)Br0 (x)| ≥ |v| − |(∇u)Br0 (x) − v| ≥ 1− ε

2
≥ 7

8
,

which proves the first inequality in (7.80). Hence the assumptions of Corollary 7.2 are
satisfied and we obtain (7.7).

We are left to prove (7.8). From (7.7) and (7.80) it follows that for every k ∈ N and
x ∈ B1/2,

(∫
−
B
τkr0

(x)
|∇u(y)− (∇u)B

τkr0
(x)|2 dy

)1/2

≤ U(u, x, τkr0) ≤ ταkU(u, x, r0) ≤ εταk.

From Campanato theorem, stated in Lemma 1.24 we obtain (7.8).

Proof of Theorem 7.5

Lemma 7.11. Let η ∈ (0, 1). Let p, n, λ, Λ, u, q, f be as in Theorem 7.5 with Ω = B1.
Assume that |∇u(x)| ≤ 1 for every x ∈ B1 and

sup
e∈Sd−1

|{x ∈ B1/2 : ∂eu(x) ≥ (1− η)}| ≤ (1− η)|B1/2|. (7.85)

Then there exist constants c := c(d, p, q, λ,Λ) and C := C(d, η, p, q, λ,Λ) such that if
‖f‖Lq(B1) ≤ C then

|∇u| ≤ 1− cη2 ∀x ∈ B1/4. (7.86)
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Proof. Let us fix e ∈ Sd−1 and let ve be defined as in (7.14). We repeat the proof
of [GT, Theorem 8.18] (see also [SV, Lemma 4]) applied to the function 1/2 − ve(x),
which is a nonnegative supersolution in B1 of the equation

∂i

[
Aij(∇u(x))∂j

(1

2
− ve(x)

)]
= ∂ef(x)1{∂eu≥1/2}

(the coefficients Aij are defined in (7.12); as we mentioned before, to properly justify
this computation one needs to perform a suitable regularization argument in the spirit
of the proof of Theorem 6.1 and [Wa]). This equation can be considered to be uniformly
elliptic since the values of Aij(∇u(x)) where |∇u(x)| ≤ 1/2 are not relevant. We obtain
that there exists a constant c0 := c0(d, p, q, λ,Λ) such that a weak Harnack inequality
holds

c0‖1/2− ve‖L1(B1/2) ≤ inf
x∈B1/4(0)

{1/2− ve(x)}+ ‖f‖Lq(B1).

On the set
{x ∈ B1/2 : ∂eu ≤ (1− η)}

(whose measure is greater than η|B1/2| from (7.85)), the integrand is greater or equal
to η and we obtain

inf{1/2− ve(x) : x ∈ B1/4}

≥ c0

∫
B1/2

(1/2− ve(x)) dx − ‖f‖Lq(B1)

≥ c0η|{x ∈ B1/2 : (∂eu(x)− 1/2)+ ≤ 1− η}| − ‖f‖Lq(B1)

≥ c0η
2|B1/2| − C.

Therefore, setting c := c0|B1/2|/2 and C := c0η
2|B1/2|/2, we have

inf{1/2− ve(x) : x ∈ B1/4} ≥ cη2,

which in turn can be rewritten as

∂eu(x) ≤ 1− cη2 ∀x ∈ B1/4.

Since this argument holds true for every direction e ∈ Sd−1 we obtain (7.86).

Iterating the previous lemma on smaller scales and using the scale invariance of the
anisotropic p-laplacian we obtain the following result.

Lemma 7.12. Let p, n, λ, Λ, u, q, f be as in Theorem 7.5. Let η > 0 be sufficiently
small, c and C as in Lemma 7.11, δ = cη2, and k ∈ N. If |∇u(x)| ≤ 1 for every x ∈ B1,

sup
e∈Sd−1

|{x ∈ B2−2i−1(0) : ∂eu ≥ (1− η)(1− δ)i}| ≤ (1− η)|B2−2i−1 | ∀ i = 1, ..., k,

(7.87)
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and ‖f‖Lq(B1) ≤ C, then we have that

|∇u(x)| ≤ (1− δ)i ∀x ∈ B2−2i ∀ i = 1, ..., k + 1. (7.88)

Proof. We prove the result by induction on i. Assuming (7.87) with i = 0 we obtain
(7.88) with i = 1 from Lemma 7.11. Let us assume that the result holds true for i and
let us prove it for i+ 1. Thanks to the homogeneity of the anisotropic p-laplacian, the
function

v(x) :=
22iu(2−2ix)

(1− δ)i x ∈ B1

satisfies by inductive assumption |∇v| ≤ 1 in B1 and it is a minimizer of∫
B1

n(∇v)p

p
+ f̃v, (7.89)

where

f̃(x) :=
2−2i

(1− δ)i(p−1)
f(2−2ix).

Hence the norm of f̃ is estimated by

‖f̃‖qLq(B1) =
2−2i(p−d)

(1− δ)i(p−1)q

∫
B2−2i

|f(y)|q dy ≤ 2−2i(q−d)

(1− δ)i(p−1)q
‖f‖qLq(B1).

Therefore, provided that δ is chosen small enough so that 2−2(q−d)/(pq−q) ≤ 1− δ, we
obtain that ‖f̃‖Lq(B1) ≤ ‖f‖Lq(B1) ≤ C. The assumption (7.87) can be rewritten as
(7.85) applied to v instead of u; therefore, Lemma 7.11 gives us that

|∇v(x)| ≤ 1− δ ∀x ∈ B1/4,

which implies (7.88) with i+ 1 in place of i.

Proof of Theorem 7.5. By a covering argument, it is enough to show that, if u : B1 → R
is Lipschitz, then

sup
x∈B2−2i

|∇u(x)−∇u(0)| ≤ C02−2αi ∀ i ∈ N, (7.90)

for some α ∈ (0, 1), C0 > 0 which depends only on d, p, λ, Λ to be chosen later. Let
η > 0 to be fixed later; let c, C, δ = cη2 as in Lemma 7.12. Up to changing u with

u(r0x)− u(0)

r0‖∇u‖L∞(B1)
∀x ∈ B1

thanks to the homogeneity of the anisotropic p-laplacian we can assume that

u(0) = 0, |∇u(x)| ≤ 1 ∀x ∈ B1, and ‖f‖Lq(B1) ≤ C.
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Let k ∈ N ∪ {∞} be the largest index for which (7.87) holds true. Let α1 ∈ (0,∞) be
such that 2−2α1 = 1− δ. If k =∞ we have that by Lemma 7.12

sup
x∈B2−2i

|∇u(x)| ≤ (1− δ)i = 2−2α1i ∀ i ∈ N;

hence (7.90) is satisfied. If k <∞ set

v(x) :=
22(k+1)u(2−2(k+1)x)

(1− δ)k+1
.

By the maximality of k we have that there exists e ∈ Sd−1 such that

|{x ∈ B1/2 : ∂ev(x) ≥ 1− η}| ≥ (1− η)|B1|. (7.91)

Thanks to Lemma 7.12 applied to u we obtain that

sup
x∈B2−2i

|∇u(x)| ≤ (1− δ)i = 2−2α1i ∀ i = 1, ..., k + 1. (7.92)

and
|∇v(x)| ≤ 1 ∀x ∈ B1.

We choose η > 0 so that Corollary 7.3 applies to v with F(x) = n(x)p/p (notice
that assumption (7.3) is not a restriction since |∇v| ≤ 1); we obtain that there exist
α2, C2 > 0 such that for every i ∈ N

1

2−α1(k+1)
sup

x∈B2−2i

|∇u(2−2(k+1)x)−∇u(0)| = sup
x∈B2−2i

|∇v(x)−∇v(0)| ≤ C22−2α2i,

which can be rewritten, setting α = min{α1, α2}, as

sup
x∈B

2−2(i+k+1)

|∇u(x)−∇u(0)| ≤ C22−2α2i+α1(k+1) ≤ C22−2α(i+k+1). (7.93)

From (7.92) we deduce that for every i = 1, ..., k + 1

sup
x∈B2−2i

|∇u(x)−∇u(0)| ≤ 2 sup
x∈B2−2i

|∇u(x)| ≤ 2 · 2−2α1i ≤ 2 · 2−2αi,

which, together with (7.93), proves (7.90) when k <∞ with C0 = max{2, C2}.

Proof of Theorem 7.6 Since the proof of this theorem is a modification of the proof
of Theorem 6.1, we just outline the differences.

First we remark that all results in Section 7.1 hold replacing B1 and B1/4 with sets
{m < M} and {m < m} for some 0 ≤ m < M (indeed, the statements and the proofs
can easily be adapted to this setting with easy modifications).

Then we regularize the equation by approximation, reducing ourselves to prove an
a-priori estimate on a regular solution as in the proof Theorem 6.1. Finally, to prove
regularity at nondegenerate points we use Corollary 7.3 instead of Lemma 6.11 and
Proposition 6.13.



Chapter 8

The Vlasov-Poisson system

The d-dimensional Vlasov-Poisson system describes the evolution of a nonnegative dis-
tribution function f : (0,∞)×Rd×Rd → [0,∞) according to Vlasov’s equation, under
the action of a self-consistent force determined by the Poisson’s equation:

∂tft + v · ∇xft + Et · ∇vft = 0 in (0,∞)× Rd × Rd

ρt(x) =

∫
Rd
ft(x, v) dv in (0,∞)× Rd

Et(x) = σ cd

∫
Rd
ρt(y)

x− y
|x− y|d dy in (0,∞)× Rd.

(8.1)

Here ft(x, v) stands for the density of particles having position x and velocity v at time
t, ρt(x) is the distribution of particles in the physical space, Et = −σ∇(∆−1ρt) is the

force field, cd > 0 is a dimensional constant chosen in such a way that cddiv
(

x
|x|d

)
= δ0,

and σ ∈ {±1}. The case σ = 1 corresponds to the case of electrostatic forces between
charged particles with the same sign (repulsion) while σ = −1 corresponds to the
gravitational case (attraction).

This system appears in several physical models. For instance, when σ = 1 it
describes in plasma physics the evolution of charged particles under their self-consistent
electric field, while when σ = −1 the same system is used in astrophysics to describe
the motion of galaxy clusters under the gravitational field. Many different models
have been developed in connection with the Vlasov-Poisson equation: amongst others,
we mention the relativistic version of (8.1) (where the velocity of particles is given
by v/

√
1 + |v|2) and the Vlasov-Maxwell system (which takes into account both the

electric and magnetic fields of the Maxwell equations). The latter can be written as

∂tft + v · ∇xft + (Et + v ×Bt) · ∇vft = 0 in (0,∞)× R3 × R3

∂tEt −∇×Bt = −jt, ∇ · Et = ρt in (0,∞)× R3

∂tBt +∇× Et = 0, ∇ ·Bt = 0 in (0,∞)× R3

jt =

∫
R3

vft dv, ρt =

∫
R3

ft dv in (0,∞)× R3.

(8.2)

165
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Regarding the existence of classical solutions of the Vlasov-Poisson system, namely,
solutions where all the relevant derivatives exist, the first contributions were given by
Iordanskii [Io] for the existence of solutions in dimension 1, by Ukai and Okabe [UO]
in dimension 2, and by Bardos and Degond [BD] in dimension 3 for small data. For
symmetric initial data, more existence results have been proven in [Ba, Wo, Ho, Sc]
(see also the presentation in [Re] for an overview of the topic and the references quoted
therein). Finally, in 1989 Pfaffelmöser [Pf] and Lions and Perthame [LP] were able
to prove global existence of classical solutions starting from general data. In [LP] the
authors consider an initial datum f0 ∈ L1∩L∞(R6) with finite moments |v|mf0(x, v) ∈
L1(R6) for some m > 3, and, thanks to an a priori estimate on the propagation of
moments, they show the existence of a distributional solution f ∈ C((0,∞);Lp(R6)) ∩
L∞((0,∞);L∞(R6)) for every 1 ≤ p <∞. Moreover, in [LP] the problem of uniqueness
is also addressed; under more restrictive assumptions on the initial datum, the authors
show that there is uniqueness in the class of solutions with bounded space densities in
[0,∞)×R3. Uniqueness is achieved by considering the Lagrangian flow associated to the
vector field bt(x, v) := (v,Et(x)), which is regular enough under a global bound on the
space density (see also [Lo3] for a different proof based on stability in the Wasserstein
metric).

As one can see, the above results require strong assumptions on the initial data.
However, it would be very desirable to get global existence of solutions under much
weaker conditions. In the classical paper [Ar], Arsen’ev proved global existence of
weak solutions under the assumption that the initial datum is bounded and has finite
kinetic energy (see also [IN]). This result has then been improved in [HH], where the
authors relaxed the boundedness assumption on an Lp bound for some suitable p > 1.

Notice that these higher integrability assumptions are needed even to give a meaning
to the equation in the distributional sense: indeed, when ft is merely L1 the product
Etft does not belong to L1

loc (when d = 3, for the term Etft to belong to L1
loc one needs

to have ft ∈ Lp with p ≥ (12 + 2
√

5)/11, see for instance [DPL1]). To overcome this
difficulty, in [DPL1] the authors considered the concept of renormalized solutions and
obtained global existence in the case σ = 1 under the assumption that the total energy
is finite and f0 log(1 +f0) ∈ L1 (in the case σ = −1 they still need some Lp assumption
on f). Also, under some suitable integrability assumptions on ft, they can show that
the concepts of weak and renormalized solutions are equivalent.

In order to conclude this general introduction about the Vlasov-Poisson system,
we mention a surprising regularizing effect of the equation, that was used in a similar
context, namely for the Vlasov-Maxwell system (8.2), to build distributional solutions.
Indeed, given an equation of the type

∂tft + v · ∇xft = ∇v · g in (0,∞)× R3 × R3

where f ∈ L2(R × R3 × R3) and g ∈ L2(R × R3 × R3;R3), a velocity averaging
lemma [DPL3] says that the velocity averages of ft with respect to all smooth weight
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functions ψ(v) ∈ C∞c (R3) gain a fractional derivative, namely∫
Rd
ft(x, v)ψ(v) dv ∈ H1/4(R× R3).

Similar results were first proved in [GPS,GLPS,Ge].
A velocity average lemma was used, together with the transport arguments pre-

sented below in the context o the Vlasov-Poisson system, to show existence of weak so-
lutions of the Vlasov-Maxwell system (8.2). More precisely, Di Perna and Lions [DPL3]
proved that, given arbitrary initial data f0, B0, E0 with finite mass and total energy,
there exists a distributional solution of the Vlasov-Maxwell system (8.2) with initial
data f0, B0, and E0. The assumptions on the initial data are the following: f0 ≥ 0,∫

R6

(1 + |v|2)f0 dx dv <∞,
∫
R6

f2
0 dx dv +

∫
R3

(
|E0|2 + |B0|2

)
dx <∞,

together with the compatibility conditions

divB0 = 0, divE0 =

∫
R3

f0 dv.

It is important to observe that the Vlasov-Poisson system has a transport structure
which allows one to prove that, when the solutions is sufficiently smooth, ft is trans-
ported along the characteristics of the vector field bt(x, v) = (v,Et(x)). However, when
dealing with weak or renormalized solutions, it is not clear that such a vector field
defines a flow on the phase-space and, at least a priori, one loses the relation between
the Eulerian and Lagrangian picture.

The goal of this Chapter is twofold: on the one hand we show that the Lagrangian
picture is still valid even for weak/renormalized solutions, and secondly we obtain global
existence of weak solutions under minimal assumptions on the initial data. Both results
rely on a combination of the following tools:
(i) the local version of the DiPerna-Lions theory developed in Chapters 2, 3, and 4;
(ii) the uniqueness of bounded compactly supported solutions to the continuity equa-
tion for a special class of vector fields obtained by convolving a singular kernel with a
measure (see Section 1.4);
(iii) the fact that the concept of Lagrangian solution is stronger than the one of renor-
malized solution (see Section 4.2);
(iv) a general superposition principle stating that every nonnegative solution of the
continuity equation has a Lagrangian structure without any regularity or growth as-
sumption on the vector field (see Section 4.3).

The above machinery, developed in the first four chapters of this thesis, was needed
to prove Theorem 4.9, a general result on the renormalization property for solutions of
transport equations which is crucial in our proof. However, from a PDE viewpoint all
we shall need is the statement of Theorem 4.9 and the renormalization property, which
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will be presented again in the context of the Vlasov-Poisson equation (see Definition 8.1
below). Therefore, we keep the presentation as much as possible independent of the
heavy machinery of Chapters 2, 3, and 4, so that the statements of the next section
and the PDE proofs can be read with the sole reference to Theorem 4.9.

8.1 Statement of the results

As already observed in the introduction, the Vlasov-Poisson system has a transport
structure: indeed we can rewrite it as

∂tft + bt · ∇x,vft = 0, (8.3)

where the vector field bt(x, v) = (v,Et(x)) : R2d → R2d is divergence-free, and is coupled

to ft via the relation Et = σcdρt ∗ (x/|x|d). Recalling that cddiv
(

x
|x|d

)
= δ0, the vector

field Et can also be found as Et = −∇xVt where the potential Vt : (0,∞) × Rd → R
solves1

−∆Vt = σρt in Rd, lim
|x|→∞

Vt(x) = 0. (8.4)

Notice that, because the kernel x/|x|d is locally integrable, the electric field Et belongs
to L1

loc(Rd;Rd), therefore bt ∈ L1
loc(R2d;R2d).

Now, since bt is divergence-free, the above equation can be rewritten as

∂tft + divx,v(btft) = 0.

In order to apply the theory of flows of vector fields to this equation, however, one
needs to face three difficulties.

• The equation can be reinterpreted in the distributional sense provided the product
btft belongs to L1

loc. Unfortunately, as mentioned before, this is not true if ft is
merely L1.

• The vector field bt is not in general Lipschitz, so one cannot use the standard
Cauchy-Lipschitz theory to construct a flow for such a vector field, and not even
W 1,1

loc or BVloc, the regularity assumptions of the DiPerna-Lions and Ambrosio
theory.

• The theory of flows of non-smooth vector fields requires usually the a priori as-
sumption that the trajectories of the flow do not blow up in finite time, which is
expressed in terms of the vector field by the following global hypothesis:

|bt|(x, v)

1 + |x|+ |v| ∈ L
1
(
(0, T );L1(R2d)

)
+ L1

(
(0, T );L∞(R2d)

)
. (8.5)

1This description is correct in dimension d ≥ 3 since the fundamental solution of the Laplacian decays
at infinity, while in dimension 2 the function Vt is given by the convolution of ρt with − 1

2π
log |x|.
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For Vlasov-Poisson (or more in general for any Hamiltonian system where bt(x, v)
is of the form (v,−∇Vt(x))) the above assumption is satisfied if and only if

Et = −∇Vt ∈ L1
(
(0, T );L∞(Rd;Rd)

)
.

Unfortunately this is a very restrictive assumption, as it requires both some in-
tegrability and moment (in v) conditions on ft.

To overcome the first difficulty, one notices that if ft is a smooth solution of (8.3)
then also β(ft) is a solution for all C1 functions β : R→ R; indeed

∂tβ(ft) + bt · ∇x,vβ(ft) =
[
∂tft + bt · ∇x,vft

]
β′(ft) = 0,

or equivalently (since divx,v(bt) = 0)

∂tβ(ft) + divx,v(btβ(ft)) = 0. (8.6)

This motivates the introduction of the concept of renormalized solution of the Vlasov-
Poisson system [DPL1], which requires to interpret the first equation of (8.1) in a
renormalized sense.

Definition 8.1. A function f ∈ L∞([0, T ];L1(R2d)) is a renormalized solution of the
Vlasov-Poisson system (8.1) (starting from f0) if, setting

ρt(x) :=

∫
Rd
ft(x, v) dv, Et := σ cd

∫
Rd
ρt(y)

x− y
|x− y|d dy, bt(x, v) := (v,Eeff

t (x)),

for every β ∈ C1∩L∞(R) we have that (8.6) holds in the sense of distributions, namely,
for every φ ∈ C∞c ([0, T )× R2d),∫

R2d

φ0(x, v)β(f0(x, v)) dx dv

+

∫ T

0

∫
R2d

[
∂tφt(x, v) +∇x,vφt(x, v)bt(x, v)

]
β(ft(x, v)) dx dv dt = 0. (8.7)

Notice that because β is bounded by assumption, β(ft) ∈ L∞ so btβ(ft) ∈ L1
loc

(recall that bt ∈ L1
loc) and (8.7) makes always sense.

In order to deal with the second difficulty listed above, by a modification of the
argument in [BBC1], we proved in Section 1.4 that for any vector field of the form
(v, µt ∗ x/|x|d) with µt a time-dependent measure there is uniqueness of bounded com-
pactly supported solutions of the continuity equation (see Theorem 1.14). By Re-
mark 1.8, this property is enough to replace the regularity assumption on the vector
field in Theorem 1.5.

In Chapters 2, 3, and 4, we developed a local version of the DiPerna-Lions’ theory
under no global assumptions on the vector field, and this will be a crucial tool for
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us to give a Lagrangian description of solutions and to overcome the third difficulty.
More precisely, in Theorem 4.9 we proved that every bounded nonnegative solution
of a continuity equation can be always represented as a superposition of mass trans-
ported along integral curves of the vector field (and these curves cannot split/intersect
by the regularity of the vector field). Combining these facts we can show that all
bounded/renormalized solutions of Vlasov-Poisson are Lagrangian.

As mentioned before, to express the fact that solutions are Lagrangian we need
the concept of Maximal Regular Flow. Roughly speaking, the reader of this Chapter
who is not familiar with the first part of this thesis may think that the (uniquely
defined) incompressible flow on the phase-space is composed of integral curves of bt
that “transport” the density ft (notice that, since trajectories may blow-up in finite
time, mass of ft can disappear at infinity and/or come from infinity, but it has to follow
the integral curves of bt).

Our first main result shows that bounded or renormalized solutions of Vlasov-
Poisson are Lagrangian. As shown in Theorem 4.6, the concept of Lagrangian so-
lutions is stronger than the one of renormalized solutions, as all Lagrangian solutions
of Vlasov-Poisson are renormalized. We recall the notation L1

+ to denote the space
of nonnegative integrable functions and that by weakly continuous solutions we mean
that the map t 7→

∫
R2d ft ϕdx dv is continuous for any ϕ ∈ Cc(R2d).

Theorem 8.2. Let T > 0 and ft ∈ L∞((0, T );L1
+(R2d)) be a weakly continuous func-

tion. Assume that:
(i) either ft ∈ L∞((0, T );L∞(R2d)) and ft is a distributional solution of the Vlasov-
Poisson equation (8.1);
(ii) or ft is a renormalized solution of the Vlasov-Poisson equation (8.1) (according to
Definition 8.1).
Then ft is a Lagrangian solution transported by the Maximal Regular Flow associated
to bt(x, v) = (v,Et(x)). In particular ft is renormalized.

The next corollary provides conditions in dimension d = 2, 3, 4 in order to avoid the
finite-time blow up of the flow that transports ft. The finiteness of kinetic energy is
usually satisfied when we consider the repulsive case and the energy is assumed to be
finite at time 0.

Corollary 8.3. Let d ≤ 4, T > 0, and let ft ∈ L∞((0, T ); (L1
+ ∩ Lq+)(R2d)) be a

renormalized solution of the Vlasov-Poisson equation (8.1) (according to Definition 8.1)
with

q =

{
1 if d = 2 or d = 3,
2 if d = 4.

(8.8)

Let us assume that the kinetic energy is integrable in time, that is∫ T

0

∫
R2d

|v|2 ft(x, v) dx dv dt <∞, (8.9)
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Then the flow associated to bt(x, v) = (v,Et(x)) is globally defined on [0, T ] (i.e.,
trajectories do not blow-up) for f0-a.e. (x, v) ∈ R2d. In particular ft is the image of f0

through an incompressible flow, hence, for all ψ : [0,∞)→ [0,∞) Borel,

[0, T ] 3 t 7→
∫
R2d

ψ
(
ft(x, v)

)
dx dv

is constant in time.

The next statement improves the exponent q of the previous Corollary in the case
d = 4, by further assuming the finiteness of the potential energy.

Corollary 8.4. Let T > 0 and let ft ∈ L∞((0, T );L1
+(R8)) be a renormalized solution

of the Vlasov-Poisson equation (8.1) (according to Definition 8.1). Let us assume that
the kinetic energy and the potential energy are integrable in time, that is∫ T

0

∫
R8

|v|2 ft(x, v) dx dv dt+

∫ T

0

∫
R4

|Et(x)|2 dx dt <∞, (8.10)

Then, as in Corollary 8.3, the flow associated to bt(x, v) = (v,Et(x)) is globally defined
on [0, T ].

Remark 8.5. The energy is formally conserved along solutions of the Vlasov-Poisson
system; whether this property holds also for distributional/renormalized solutions is
an important open problem in the theory. However, many weak solutions built by
approximation satisfy that the energy at time t is at least controlled from above by
the initial energy. Hence, when σ = 1 the validity of (8.9) is often guaranteed by the
assumption on the initial datum∫

R2d

|v|2 f0 dx dv +

∫
Rd
H ∗ ρ0 ρ0 dx <∞,

where H(x) := cd
d−2 |x|2−d (see also Corollary 8.9 below). In the case σ = −1 a bound

on the total energy does not provide in general a bound on the kinetic energy, since
the potential energy is negative. For instance, when d = 3 and σ = −1 one needs
the additional hypothesis that f0 ∈ L9/7(R6) (see [DPL2, Equation (38)]). A similar
result can also be given when d = 4, σ = −1 and f0 ∈ L2(R8), while in the case
d = 2, σ = −1 and f0 ∈ L logL(R4) one would need to slightly change the form of the
electric field (see Remark 8.10 below). Indeed, in dimension 3 the solution Vt = H ∗ ρt
of the equation ∆Vt = −ρt satisfies, by Calderón-Zygmund estimates and the Sobolev
embedding, ‖Vt‖L6(R3) ≤ C‖D2Vt‖L6/5(R3) ≤ C‖ρt‖2L6/5(R3)

. Thanks to this fact, Hölder

inequality, and Lemma 8.15 below applied with α = 0, q = 9/7, p0 = 6/5, we estimate

1

4π

∫
R3

H ∗ ρt ρt dx ≤ C‖H ∗ ρt‖L6(R3)‖ρt‖L6/5(R3) ≤ C‖ρt‖2L6/5(R3)

≤ C‖ft‖3/2L9/7(R6)

(∫
R6

|v|2ft dx dv
)1/2

,

(8.11)
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where C is a universal constant. If the total energy is bounded by a constant C0, we
deduce that

C0 ≥
∫
R6

|v|2ft dx dv −
1

4π

∫
R3

H ∗ ρt ρt dx

≥
∫
R6

|v|2ft(x, v) dx dv − C
(∫

R6

|v|2ft dx dv
)1/2

,

where C depends only on supt∈[0,∞) ‖ft‖L9/7(R6), which in turn is often bounded (for
instance, on solutions built by approximation) by ‖f0‖L9/7(R6). Hence if the energy at
time t is bounded, we deduce a bound on the kinetic part of the energy.

In dimension d = 4, the same argument works except for the fact that the estimate
of the potential energy in terms of the kinetic energy (8.11) uses different exponents

1

4π

∫
R4

H ∗ ρt ρt dx ≤ C‖H ∗ ρt‖L6(R3)‖ρt‖L4/3(R3) ≤ C‖ρt‖2L4/3(R3)

≤ C‖ft‖3/2L2(R6)

(∫
R8

|v|2ft dx dv
)1/2

.

Remark 8.6. Since we proved in Theorem 8.2 that all bounded distributional solutions
are renormalized, one may wonder when the converse is true, namely if renormalized
solutions are also distributional solutions. This happens basically as soon as we ask
enough integrability for the term Etft to belong to L1

loc(R2d): for instance, in dimension
d = 3 it is enough to consider solutions f ∈ L∞((0, T );Lq(R6)) with q = (12 + 2

√
5)/11

(see [DPL1, Theorem 1], whose proof is based on Lemma 8.15 below applied with
α = 0).

Our second result deals with existence of global Lagrangian solutions under minimal
assumptions on the initial data. In this case the sign of σ (i.e., whether the potential is
attractive or repulsive) plays a crucial role, since in the repulsive case the total energy
controls the kinetic part, while in the attractive case the loss of an a priori bound of the
kinetic energy prevents us for showing such a result. However we can state a general
existence theorem that holds both in the attractive and repulsive case, and then show
that in the repulsive case it gives us what we want.

The basic idea is the following: when proving existence of solutions by approxima-
tion it may happen that, in the approximating sequence, there are some particles that
move at higher and higher speed while still remaining localized in a compact set in
space (think of a family of particle rotating faster and faster along circles around the
origin). Then, while in the limit these particles will disappear from the phase-space
(having infinite velocity), the electric field generated by them will survive, since they
are still in the physical space. Hence the electric field is not anymore generated by the
marginal of ft in the v-variable, instead it is generated by an “effective density” ρeff

t (x)
that is larger than ρt(x).



8.1 Statement of the results 173

So, our strategy will be first to prove global existence of Lagrangian (hence renor-
malized) solutions for a generalized Vlasov-Poisson system where the electric field is
generated by ρeff

t and then show that, in the particular case σ = 1, if the initial datum
has finite total energy, then ρeff

t = ρt and our solution solves the classical Vlasov-Poisson
system.

We begin by introducing the concept of generalized solutions to Vlasov-Poisson.
We use the notation M+ to denote the space of nonnegative measures with finite total
mass.

Definition 8.7 (Generalized solution of the Vlasov-Poisson equation). Given f ∈
L1(R2d), let ft ∈ L∞((0,∞);L1

+(R2d)) and ρeff
t ∈ L∞((0,∞); M+(Rd)). We say that

the couple (ft, ρ
eff
t ), is a (global in time) generalized solution of the Vlasov-Poisson

system starting from f if, setting

ρt(x) :=

∫
Rd
ft(x, v) dv, Eeff

t := σ cd

∫
Rd
ρeff
t (y)

x− y
|x− y|d dy, bt(x, v) := (v,Eeff

t (x)),

(8.12)
ft is a renormalized solution of the continuity equation with vector field bt starting
from f ,

ρt ≤ ρeff
t as measures for L 1-a.e. t ∈ (0,∞), (8.13)

and

|ρeff
t |(Rd) ≤ ‖f0‖L1(R2d) for L 1-a.e. t ∈ (0,∞). (8.14)

Notice that since ‖ρt‖L1(Rd) = ‖ft‖L1(R2d), it follows by (8.13) and (8.14) that

whenever the mass of ft is conserved in time, that is ‖ft‖L1(R2d) = ‖f0‖L1(R2d) for L 1-

a.e. t ∈ (0,∞), then ρeff
t = ρt and generalized solutions of the Vlasov-Poisson system

are just standard renormalized solutions.
We prove here that generalized solutions of the Vlasov-Poisson equation exist glob-

ally for any L1 initial datum, both in the attractive and in the repulsive case.

Theorem 8.8. Let us consider f0 ∈ L1
+(R2d). Then there exists a generalized solu-

tion (ft, ρ
eff
t ) of the Vlasov-Poisson system starting from f0. Moreover, ft belongs to

C([0,∞);L1
loc(R2d)) and it is transported by the Maximal Regular Flow associated to

bt(x, v) = (v,Eeff
t (x)).

As observed before, if ρeff
t = ρt then ft is a renormalized solution of the Vlasov-

Poisson system. When σ = 1 (i.e., in the repulsive case) the equality ρeff = ρt is
satisfied in many cases of interest, for instance whenever the initial energy is finite
(namely |v|2f0 ∈ L1(R2d) and E0 ∈ L2(Rd), see Corollary 8.9 below), or in the case
of infinite energy if other weaker conditions are satisfied as it happens in the context
of [ZW] and [LP] (see Remark 8.25).

The following result improves the result announced in [DPL1], generalizing their
statement to any dimension and with weaker conditions on the initial datum.
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Corollary 8.9. Let d ≥ 3, and let f0 ∈ L1
+(R2d) satisfy∫

R2d

|v|2f0 dx dv +

∫
Rd
H ∗ ρ0 ρ0 dx <∞,

where ρ0(x) :=
∫
Rd f0(x, v) dv and H(x) := cd

d−2 |x|2−d. Assume that σ = 1. Then there

exists a global Lagrangian (hence renormalized) solution ft ∈ C([0,∞);L1
loc(R2d)) of

the Vlasov-Poisson system (8.1) with initial datum f0.
Moreover, the solution ft, the associated density ρt, and the electric field Et satisfy

the following properties:

(i) the density ρt and the electric field Et are strongly continuous in L1
loc(Rd);

(ii) for every t ≥ 0, we have the energy bound∫
R2d

|v|2ft dx dv +

∫
Rd
H ∗ ρt ρt dx ≤

∫
R2d

|v|2f0 dx dv +

∫
Rd
H ∗ ρ0 ρ0 dx; (8.15)

(iii) if d = 3 or d = 4 the flow is globally defined on [0, T ] (i.e., trajectories do not
blow-up) and ft is the image of f0 through an incompressible flow.

According to the definition of generalized solution of the Vlasov-Poisson system (see
Definition 8.7), the function f and the densities ρ and ρeff are defined only for L 1-a.e.
t. In Theorem 8.8 we build solutions with better properties, namely with ft strongly
continuous in L1

loc(R2d). At the level of generality of this result, we cannot say the
continuity of ρeff. Assuming also the finiteness of energy, instead, the function ρeff = ρ
turns out to be strongly L1

loc(Rd) continuous, as well as the force field. This justifies
the fact that the energy bound (8.15) holds not only for L 1-a.e. t ≥ 0, but for all
t ≥ 0.

Remark 8.10. In dimension d = 2, even with an initial datum f0 ∈ C∞c (Rd), the
electric field E0 cannot belong to L2 (this is due to the fact that the kernel x/|x|d does
not belong to L2 at infinity) and therefore the initial potential energy, which coincides
with ‖E0‖2L2(Rd)

is not finite. However, one can show that an analogous statement of

Corollary 8.9 holds also for solutions of a slightly modified equation, which has the
form 

∂tft + v · ∇xft + Et · ∇vft = 0 in (0,∞)× Rd × Rd

ρt(x) =

∫
Rd
ft(x, v) dv in (0,∞)× Rd

Et(x) = σcd

∫
Rd

(ρt(y)− ρb(y))
x− y
|x− y|d dy in (0,∞)× Rd,

(8.16)

where ft, ρt, Et play the same role as in the standard Vlasov-Poisson equation (8.1),
and ρb ∈ L1

+(Rd) represents a fixed background satisfying∫
Rd
ρb(x) dx =

∫
Rd
ρ0(x) dx.
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This allows for cancellations in the expression for the L2 norm of E0, which turns out
to be finite if ρb and ρ0 are sufficiently nice.

Remark 8.11. When d = 3, the above result can be generalized to the attractive case
σ = −1 under the additional assumption f0 ∈ L9/7(R6). Indeed, as already mentioned
in Remark 8.5, this allows one to prove the the kinetic energy is uniformly bounded in
time, and then by standard interpolation inequalities one obtains that also the potential
energy is bounded.

In [BBC2], Bohun, Bouchut, and Crippa gave a different proof of Corollary 8.9 in
dimension d = 2 and d = 3. Their proofs are outlined in the remarks below. In both
cases, the basic idea is to prove an a priori estimate on solutions with bounded energy,
which shows that the flow cannot blow up in finite time. This, in turn, allows to apply
the classical DiPerna-Lions theory (with the further difficulty that the vector field is
not W 1,1

loc ), instead of the theory of maximal regular flows developed in the first part of
this thesis.

Remark 8.12. In dimension d = 2, the key observation is that any solution of the
modified Vlasov-Poisson system (8.16) with σ = 1 and finite energy (more precisely, it
is enough to require E ∈ L∞((0,∞);L2(R4))) satisfies the standard growth conditions
on the vector field in (8.5), which prevent the finite-time blow-up of the flow. Indeed,
clearly

|v|
1 + |x|+ |v| ∈ L

1
(
(0, T );L∞(R4)

)
and, decomposing Et as

Et(x)

1 + |x|+ |v| =
Et(x)1{|v|≤Et(x)}

1 + |x|+ |v| +
Et(x)1{|v|>Et(x)}

1 + |x|+ |v| =: E1t(x, v) + E2t(x, v)

we have that E2t(x, v) ∈ L∞(R4) uniformly in t and∫
R4

|E2t(x, v)| dx dv ≤
∫
R2

|Et(x)|
∫
{|v|≤|Et(x)|}

1

|v| dv dx = 2π

∫
R2

|Et(x)|2 dx

for every t ≥ 0. Hence, we see that

|bt|(x, v)

1 + |x|+ |v| ≤
|v|+ |Et(x)|
1 + |x|+ |v| ∈ L

1
(
(0, T );L1(R4)

)
+ L1

(
(0, T );L∞(R4)

)
.

Remark 8.13. In dimension d = 3 any solution of the Vlasov-Poisson system with
σ = 1 and finite energy satisfies the following property: any regular lagrangian flow
X : [a, b]× R6 → R6 relative to bt(x, v) = (v,Et(x)), where [a, b] ⊂ [0,∞), verifies the
inequality (a kind of local equi-integrability)

L 6
(
Br \ {(x, v) ∈ R6 : |X(t, x, v)| ≤ λ}

)
≤ g(r, λ) (8.17)
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for every r, λ > 0 and for a function g(r, λ) which converges to 0 as λ→∞ at fixed r.
This property of the vector field b can replace the assumption (8.5) and it is enough to
guarantee a stability property of the regular lagrangian flow in the classical DiPerna-
Lions setting. The proof of (8.17) is obtained by showing that for every r > 0∫

Br

sup
s∈[a,b]

(
1 + log(1 + |X2(s, x, v)|)

)α
dx dv <∞,

where α ∈ (0, 1/3) and X = (X1,X2) ∈ R3 × R3. This estimate is based on the
finiteness of energy, which in turn implies by the Sobolev embedding that the potential
Vt belongs to L6(R3).

Remark 8.14. In this Chapter we restricted ourselves to the Vlasov-Poisson equation
but the argument and techniques introduced here generalize to other equations. For
instance, a minor modification of our proofs allows one to obtain the same results in
the context of the relativistic Vlasov-Poisson system.

The proofs of Theorems 8.2 and 8.8 and Corollaries 8.3, 8.4, and 8.9 are given in
the next sections.

8.2 The flow associated to Vlasov-Poisson: proof of The-
orem 8.2 and Corollaries 8.3 and 8.4

Before proving the result, we recall a classical interpolation lemma (see for instance [DPL1],
where the lemma is stated in the case α = 0).

Lemma 8.15. Let α ∈ [0,∞), f ∈ L1
+(R2d), and assume that f ∈ Lq(R2d) for some

q ≥ 1 and that |v|2f ∈ L1(R2d). Set pα := d(q−1)+(2+α)q
d(q−1)+2+α . Then ρα(x) :=

∫
Rd

f(x,v)
(1+|v|)α dv

belongs to Lpα(Rd) and there exists a constant C > 0, depending only on n, α and q,
such that

‖ρα‖Lpα (Rd) ≤ C‖|v|2f‖θαL1(R2d)
‖f‖1−θα

Lq(R2d)

where θα ∈ [0, 1] is given by θα = d(q−1)
d(q−1)+(2+α)q .

Proof. We prove here the case q <∞, the case q =∞ being completely analogous.
By Hölder’s inequality, for every x ∈ Rd and R > 0 we estimate

ρα(x) =

∫
{|v|<R}

f(x, v)

(1 + |v|)α dv +

∫
{|v|≥R}

f(x, v)

(1 + |v|)α dv

≤ Rd(q−1)/q
(∫

Rd
f(x, v)q dv

)1/q
+

1

R2+α

∫
Rd
|v|2f(x, v) dv.

Minimizing the right-hand side with respect to R, for every x ∈ Rd we deduce that

ρα(x) ≤
(∫

Rd
f(x, v)q dv

) 2+α
d(q−1)+(2+α)q

(∫
Rd
|v|2f(x, v) dv

) d(q−1)
d(q−1)+(2+α)q

.
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Taking the Lpα-norm of ρα and using Hölder’s inequality, we find the result.

We can now proceed with the proof of Theorem 8.2. Notice that the vector field b
satisfies assumption (a) of Section 3.5 and is divergence-free. Also, by Theorem 1.14 it
satisfies assumption (b). Therefore by Theorem 4.9 we deduce that ft (resp. β(ft) with
β(s) = arctan(s) if ft is not bounded but is renormalized) is a Lagrangian solution. In
particular Theorem 4.6 ensures that ft is a renormalized solution.

Proof of Corollary 8.3. We assume that (8.9) holds and that ft ∈ L∞((0, T );Lq(R2d))
with the choice of q given by (8.8). By Theorem 8.2, the solution is transported by
the maximal regular flow associated to bt. In order to prove that trajectories do not
blow up, we apply the criterion stated in Proposition 4.7 to gt := 2π−1 arctan ft :
(0, T ) × Rd → [0, 1]. Since ft is a renormalized solution of the continuity equation
with vector field b, by definition of renormalization gt is a solution of the continuity
equation; we need to verify that∫ T

0

∫
R2d

|bt(x, v)|gt(x, v)

(1 + (|x|2 + |v|2)1/2) log(2 + (|x|2 + |v|2)1/2)
dx dv dt <∞. (8.18)

To this end, let p be the integrability exponent provided by Lemma 8.15

p =
d(q − 1) + 2q

d(q − 1) + 2
=

{
1 if d = 2 or d = 3,
4/3 if d = 4.

(8.19)

In the rest of the proof we denote by C any constant which depends only on d, on the
quantity in (8.9), and on the norm of ft in Lq(R2d). Thanks to Lemma 8.15 applied
with α = 0, for L 1-a.e. t ∈ (0, T ),we have that

‖ρt‖Lp(Rd) ≤ C‖|v|2ft‖θ0L1(R2d)
‖ft‖1−θ0Lq(R2d)

≤ C. (8.20)

By (8.20), Sobolev inequality, and Calderón-Zygmund estimates (see for instance [GT, Corol-
lary 9.10]) we deduce that, for L 1-a.e. t ∈ (0, T ),

‖Et‖Ldp/(d−p)(Rd) ≤ C‖∇Et‖Lp(Rd) ≤ C‖ρt‖Lp(Rd) ≤ C. (8.21)

Then we consider γ ∈ (0, 2) to be fixed later and, by Young inequality with exponents
γ/2 and (2− γ)/2, we estimate

|Et|gt
(1 + |v|) log(2 + |v|) =

|Et|
(1 + |v|)1+γ log(2 + |v|)

(
(1 + |v|)γgt

)
≤
( |Et|

(1 + |v|)1+γ log(2 + |v|)
)2/(2−γ)

+
(

(1 + |v|)γgt
)2/γ

.
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For every γ ∈ (0, 2), by gt ≤ arctan ft ≤ min{ft, 1}, we have that g
2/γ
t ≤ ft. Hence, the

last term in the right-hand side of the previous display has finite integral since ft has
finite kinetic energy (by (8.9))∫ T

0

∫
R2d

(1 + |v|)2g
2/γ
t dx dv dt ≤

∫ T

0

∫
R2d

(1 + |v|)2ft dx dv dt <∞

As regards the first term, we rewrite it with Fubini’s theorem∫ T

0

∫
R2d

( |Et|
(1 + |v|)1+γ log(2 + |v|)

)2/(2−γ)
dx dv dt

=
(∫

Rd

1

(1 + |v|)2(1+γ)/(2−γ) log(2 + |v|)2/(2−γ)
dv
)(∫ T

0

∫
Rd
|Et|2/(2−γ) dx dt

) (8.22)

and we choose γ as

2

2− γ =
pd

d− p ⇐⇒ γ =
2(pd+ p− d)

pd
.

With this choice, thanks to (8.21) the second integral in the right-hand side of (8.22)
is finite. Recalling the choice of p in (8.19), in dimension d = 2, 3, and 4 it is easily
checked that γ = 1, 2/3, and 1 respectively. In all three cases, we see that the first
integral in the right-hand side of (8.22) is finite with these choices of d and γ. Hence,
since |bt(x, v)| ≤ |v|+ |Et(x)|, we find that∫ T

0

∫
R2d

|bt|gt
(1 + (|x|2 + |v|2)1/2) log(2 + (|x|2 + |v|2)1/2)

dx dv dt

≤
∫ T

0

∫
R2d

ft dx dv dt+

∫ T

0

∫
R2d

|Et|
gt

(1 + |v|) log(2 + |v|) dx dv dt

≤
(∫

Rd

1

(1 + |v|)2(1+γ)/(2−γ) log(2 + |v|)2/(2−γ)
dv
)(∫ T

0

∫
Rd
|Et|2/(2−γ) dx dt

)
+ 2

∫ T

0

∫
R2d

(1 + |v|)2ft dx dv dt

As explained above, each term in the previous sum is bounded by our choice of γ. This
proves (8.18). By the no blow-up criterion stated in Proposition 4.7, it follows that
the Maximal Regular Flow X of b is globally defined on [0, T ], namely its trajectories
X(·, x, v) belong to AC([0, T ];R2d) for f0-a.e. (x, v) ∈ R2d, and ft = X(t, ·)#f0 =
f0 ◦X(t, ·)−1. In particular, for all Borel functions ψ : [0,∞)→ [0,∞) we have∫

R2d

ψ(ft) dx dv =

∫
R2d

ψ(f0) ◦X(t, ·)−1 dx dv =

∫
R2d

ψ(f0) dx dv,

where the second equality follows by the incompressibility of the flow.
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Remark 8.16. In the previous proof, the logarithm in the denominator of (8.18) is
needed only to deal with the case d = 4, q = 2. In all other cases (namely, d = 2 or 3
and p = 1, d = 4 and q > 2), it would have been enough to verify the condition∫ T

0

∫
R2d

|bt|(x, v)gt(x, v)

1 + (|x|2 + |v|2)1/2
dx dv dt <∞.

Remark 8.17. Another strategy to prove Corollary 8.3 which leads to worse bounds on
q with respect to (8.8). More precisely, in this Remark we sketch a proof of Corollary 8.3
when we assume that ft ∈ L∞((0, T );Lq(R2d)) with the choice of q given by

q =


23 +

√
145

24
≈ 1.46 if d = 2,

10 +
√

37

7
≈ 2.30 if d = 3,

13 + 3
√

17 ≈ 25.37 if d = 4.

Let

p =
d(q − 1) + 2q

d(q − 1) + 2
=


≈ 1.31 if d = 2,
≈ 1.44 if d = 3,
≈ 1.48 if d = 4,

and

r =
d(q − 1) + 3q

d(q − 1) + 3
=


≈ 1.35 if d = 2,
≈ 1.56 if d = 3,
≈ 1.72 if d = 4.

With this choice, the integrability exponent pα provided by Lemma 8.15 is precisely p
if α = 0 and r if α = 1. In addition, by the choice of q in (8.8), with some elementary
computations one can check that, for d = 2, 3, 4, the exponents p and r satisfy the
relation 1 + d−1 = p−1 + r−1.

Thanks to Lemma 8.15 applied with α = 0 and α = 1, we have that ‖ρt‖Lp(Rd) ≤ C
(as in (8.20)) and

‖ηt‖Lr(Rd) ≤ C‖|v|2ft‖θ1L1(R2d)
‖ft‖1−θ1Lq(R2d)

≤ C,

where ηt :=
∫
Rd

ft(x,v)
1+|v| dv. As in (8.21) we deduce that ‖Et‖Ldp/(d−p)(Rd) ≤ C for L 1-a.e.

t ∈ (0, T ). Thus, noticing that our choices of p and r imply r
r−1 = dp

d−p , using Hölder’s
inequality we find that, for every t ∈ [0, T ],∫

R2d

|Et(x)|ft(x, v)

1 + |v| dx dv =

∫
Rd
|Et(x)|ηt(x) dx ≤ ‖Et‖Lr/(r−1)(Rd)‖ηt‖Lr(Rd)

= ‖Et‖Ldp/(d−p)(Rd)‖ηt‖Lr(Rd) ≤ C.
(8.23)
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Integrating (8.23) with respect to time, we get∫ T

0

∫
R2d

|bt|ft
1 + (|x|2 + |v|2)1/2

dx dv dt ≤
∫ T

0

∫
R2d

ft dx dv dt+

∫ T

0

∫
R2d

|Et|
ft

1 + |v| dx dv dt

<∞.

We finally apply Proposition 4.7 to deduce that the Maximal Regular Flow X of b
is globally defined on [0, T ].

Proof of Corollary 8.4. As for the proof of Corollary 8.3, setting gt := 2π−1 arctan ft,
we need only to verify (8.18) to prove that trajectories do not blow up. The proof is a
simple variant of the proof of Corollary 8.3; this time we don’t employ the information
Et ∈ Ldp/(d−p), coming from the higher integrability of ρt and from the Sobolev em-
bedding, but we know that Et ∈ L2 by the finiteness of potential energy. We observe
that g2

t ≤ arctan ft ≤ ft; hence∫ T

0

∫
R2d

|bt|gt
(1 + (|x|2 + |v|2)1/2) log(2 + (|x|2 + |v|2)1/2)

dx dv dt

≤
∫ T

0

∫
R2d

ft dx dv dt+

∫ T

0

∫
R2d

|Et|
gt

(1 + |v|) log(2 + |v|) dx dv dt

≤
∫ T

0

∫
R2d

ft dx dv dt+

∫ T

0

∫
R2d

( |Et|2
(1 + |v|)4 log2(2 + |v|) + (1 + |v|)2g2

t

)
dx dv dt

≤
(∫

Rd

1

(1 + |v|)4 log2(2 + |v|) dv
)(∫ T

0

∫
Rd
|Et|2 dx dt

)
+ 2

∫ T

0

∫
R2d

(1 + |v|)2ft dx dv dt.

We notice that, if d ≤ 4, ∫
Rd

1

(1 + |v|)4 log2(2 + |v|) dv <∞.

By the finiteness of kinetic and potential energy, each term in the previous sum is
controlled by the total mass and energy of ft, which is bounded by (8.10). This proves
(8.18) also in this case.

8.3 Global existence for the Vlasov-Poisson system: proof
of Theorem 8.8 and Corollary 8.9

In this section we shall prove Theorem 8.8 and Corollary 8.9.

Proof of Theorem 8.8. To prove existence of global generalized Lagrangian solutions
of Vlasov-Poisson we shall use an approximation procedure. Since the argument is
rather long and involved, we divide the proof in five steps that we now describe briefly:
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In Step 1 we start from approximate solutions fn, obtained by smoothing the initial
datum and the kernel, and we decompose them along their level sets. Exploiting the
incompressibility of the flow, these functions are still solutions of the continuity equation
with the same vector field and, when n varies, they are uniformly bounded. This allows
us to take their limit as n → ∞ in Step 2, and show that the limit belongs to L1. In
Step 3 we introduce ρeff as the limit as n → ∞ of the approximate densities ρn, and
we motivate its properties. In Step 4 we show that the vector fields En converge to the
vector field obtained by convolving ρeff with the Poisson kernel. Finally, in Step 5 we
employ the stability results for the continuity equation and the results of Section 4.3 to
take the limit in the approximate Vlasov-Poisson equation and show that the limiting
solution is transported by the limiting incompressible flow. We now enter into the
details of the proof.

Step 1: approximating solutions. Let K(x) := σcd x/|x|d and let us consider
approximating kernels Kn := K ∗ ψn, where ψn(x) = ndψ(nx) and ψ ∈ C∞c (Rd) is a
standard convolution kernel in Rd. Let fn0 ∈ C∞c (R2d) be a sequence of functions such
that

fn0 → f0 in L1(R2d). (8.24)

Let fnt be distributional solutions of the Vlasov system with initial datum fn0 and kernel
Kn 

∂tf
n
t + v · ∇xfnt + Ent · ∇vfnt = 0 in (0,∞)× Rd × Rd

ρnt (x) =

∫
Rd
fnt (x, v) dv in (0,∞)× Rd

Ent (x) = σ cd

∫
Rd
ρnt (y)Kn(x, y) dy in (0,∞)× Rd.

(see [Do] for this classical construction based on a fixed point argument in the Wasser-
stein metric, and [Re]). Notice that since Kn is smooth and decays at infinity, both
Ent and ∇Ent are bounded on [0,∞) × Rd (with a bound that depends on n). Hence
bnt is a Lipschitz divergence-free vector field, and by standard theory for the transport
equation we obtain that, for every t ∈ (0,∞),

fnt = fn0 ◦Xn(t)−1 (8.25)

where Xn(t) : R2d → R2d is the flow of the vector field bnt (x, v) = (v,Ent (x)), and

‖ρnt ‖L1(Rd) = ‖fnt ‖L1(R2d) = ‖fn0 ‖L1(R2d). (8.26)

Assuming without loss of generality that L 2d({f0 = k}) = 0 for every k ∈ N (otherwise
we consider as level sets the values R+ k in place of k for some R ∈ [0, 1]), from (8.24)
we deduce that

fn,k0 → fk0 := 1{k≤f0<k+1}f0 in L1(R2d). (8.27)

We then consider fn,kt := 1{k≤fnt <k+1}f
n
t for every k, n ∈ N, and by (8.25) we notice

that, for every t ∈ (0,∞),

fn,kt = 1{k≤fn0 ◦X
n(t)−1<k+1}f

n
0 ◦Xn(t)−1 (8.28)
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is the image of fn,k0 := 1{k≤fn0 <k+1}f
n
0 through the flow Xn(t), that fn,kt is a distribu-

tional solution of the continuity equation with vector field bnt (x, v), and that

‖fn,kt ‖L1(R2d) = ‖fn,k0 ‖L1(R2d) for every t ∈ (0,∞). (8.29)

Step 2: limit in the phase-space. By construction the functions {fn,k}n∈N are
nonnegative and bounded by k + 1 in L∞((0,∞) × R2d), hence there exists fk ∈
L∞((0,∞)× R2d) nonnegative such that, up to subsequences,

fn,k ⇀ fk weakly* in L∞((0,∞)× R2d) as n→∞ for every k ∈ N. (8.30)

Moreover, for any K compact subset of R2d and any nonnegative function φ ∈ L∞(0,∞)
with compact support, using the test function φ(t)1K(x, v)sign(fkt )(x, v) in the previous
weak convergence, by Fatou’s Lemma, (8.29), and (8.27), we get∫ ∞

0
φ(t)‖fkt ‖L1(K) dt ≤ lim inf

n→∞

∫ ∞
0

φ(t)‖fn,kt ‖L1(K) dt

≤ lim inf
n→∞

∫ ∞
0

φ(t)‖fn,kt ‖L1(R2d) dt

= lim inf
n→∞

∫ ∞
0

φ(t)‖fn,k0 ‖L1(R2d) dt

=

∫ ∞
0

φ(t)‖fk0 ‖L1(R2d) dt.

(8.31)

Hence, taking the supremum among all compact subsets K ⊂ R2d, this proves that

‖fkt ‖L1(R2d) ≤ ‖fk0 ‖L1(R2d) for L 1-a.e. t ∈ (0,∞), (8.32)

so, in particular, fk ∈ L∞((0,∞);L1(R2d)).

Thanks to (8.32), we can define f ∈ L∞((0,∞);L1(R2d)) by

f :=
∞∑
k=0

fk in (0,∞)× R2d, (8.33)

where, for L 1-a.e. t ∈ [0,∞), the global bound on the L1-norm of ft comes from

‖ft‖L1(R2d) ≤
∞∑
k=0

‖fkt ‖L1(R2d) ≤
∞∑
k=0

‖fk0 ‖L1(R2d) = ‖f0‖L1(R2d). (8.34)

We now claim that, for every T > 0,

fn ⇀ f weakly in L1((0, T )× R2d), (8.35)
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that is, for every ϕ ∈ L∞((0, T )× R2d),

lim
n→∞

∫ T

0

∫
R2d

ϕfn dx dv dt =

∫ T

0

∫
R2d

ϕf dx dv dt. (8.36)

Indeed, noticing that fn =
∑∞

k=0 f
n,k and f =

∑∞
k=0 f

k, by the triangle inequality we
have that, for every k0 ≥ 1,∣∣∣ ∫ T

0

∫
R2d

ϕ(fn − f) dx dv dt
∣∣∣ =

∣∣∣ ∞∑
k=0

∫ T

0

∫
R2d

ϕ(fn,k − fk) dx dv dt
∣∣∣

≤
∣∣∣ k0−1∑
k=0

∫ T

0

∫
R2d

ϕ(fn,k − fk) dx dv dt
∣∣∣

+

∞∑
k=k0

∫ T

0

∫
R2d

|ϕ||fn,k| dx dv dt+

∞∑
k=k0

∫ T

0

∫
R2d

|ϕ||fk| dx dv dt.

Using (8.29) and (8.32), the last two terms can be estimated

∞∑
k=k0

∫ T

0

∫
R2d

|ϕ||fn,k| dx dv dt+
∞∑

k=k0

∫ T

0

∫
R2d

|ϕ||fk| dx dv dt

≤ T‖ϕ‖∞
∞∑

k=k0

∫
R2d

|fn,k0 | dx dv + T‖ϕ‖∞
∞∑

k=k0

∫
R2d

|fk0 | dx dv

≤ T‖ϕ‖∞
∫
{fn0 ≥k0}

|fn0 | dx dv + T‖ϕ‖∞
∫
{f0≥k0}

|f0| dx dv

= T‖ϕ‖∞
(
‖fn0 1{fn0 ≥k0}‖L1(R2d) + ‖f01{f0≥k0}‖L1(R2d)

)
.

Notice that, thanks to (8.27) and (8.24), it follows that

fn0 1{fn0 ≥k0} → f01{f0≥k0} in L1(R2d),

so by letting n→∞ and using (8.30) we deduce that

lim sup
n→∞

∣∣∣ ∫ T

0

∫
R2d

ϕ(fn − f) dx dt
∣∣∣ ≤ lim sup

n→∞

∣∣∣ k0−1∑
k=0

∫ T

0

∫
R2d

ϕ(fn,k − fk) dx dv dt
∣∣∣

+ 2T‖ϕ‖∞‖f01{f0≥k0}‖L1(R2d)

= 2T‖ϕ‖∞‖f01{f0≥k0}‖L1(R2d).

Finally, letting k0 →∞ we deduce (8.36), which proves the claim.

Step 3: limit of physical densities. Since by (8.26) the sequence {ρn}n∈N is bounded
in L∞((0,∞); M+(Rd)) ⊂

[
L1((0,∞), C0(Rd))

]∗
, there exists

ρeff ∈ L∞((0,∞); M+(Rd))
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such that
ρn ⇀ ρeff weakly* in L∞((0,∞); M+(Rd)). (8.37)

Moreover, by the lower semicontinuity of the norm under weak* convergence, using
(8.26) again we deduce that

ess sup
t∈(0,∞)

|ρeff
t |(Rd) ≤ lim

n→∞

(
sup

t∈(0,∞)
‖ρnt ‖L1(Rd)

)
= lim

n→∞
‖fn0 ‖L1(R2d) = ‖f0‖L1(R2d).

(8.38)
Now, let us consider any nonnegative function ϕ ∈ Cc((0,∞) × Rd). By (8.37) and
(8.35) we obtain that, for any R > 0,∫ ∞

0

∫
Rd
ϕt(x) dρeff

t (x) dt = lim
n→∞

∫ ∞
0

∫
Rd
ρnt (x)ϕt(x) dx dt

= lim
n→∞

∫ ∞
0

∫
R2d

fnt (x, v)ϕt(x) dv dx dt

≥ lim inf
n→∞

∫ ∞
0

∫
Rd×BR

fnt (x, v)ϕt(x) dv dx dt

=

∫ ∞
0

∫
Rd×BR

ft(x, v)ϕt(x) dv dx dt,

so by letting R→∞ we get∫ ∞
0

∫
Rd
ϕt(x) dρeff

t (x) dt ≥
∫ ∞

0

∫
R2d

ft(x, v)ϕt(x) dv dx dt =

∫ ∞
0

∫
Rd
ϕt(x) dρt(x) dt.

By the arbitrariness of ϕ we deduce that

ρt ≤ ρeff
t as measures for L 1-a.e. t ∈ (0,∞), (8.39)

as desired.

Step 4: limit of vector fields. Set Eeff
t := K ∗ ρeff

t and bt(x, v) := (v,Eeff
t (x)). We

claim that
bn ⇀ b weakly in L1

loc((0,∞)× R2d;R2d) (8.40)

and that, for every ball BR ⊂ Rd,

[ρnt ∗Kn](x+ h)→ [ρnt ∗Kn](x) as |h| → 0 in L1
loc((0,∞);L1(BR)), uniformly in n.

(8.41)
To show this we first prove that the sequence {bn}n∈N is bounded in Lploc((0,∞)×

R2d;R2d) for every p ∈ [1, d/(d− 1)). Indeed, using Young’s inequality, for every t ≥ 0,
n ∈ N, and r > 0,

‖ρnt ∗Kn‖Lp(Br) = ‖(ρnt ∗ ψn) ∗K‖Lp(Br)

≤ ‖(ρnt ∗ ψn) ∗ (K1B1)‖Lp(Br) + ‖(ρnt ∗ ψn) ∗ (K1Rd\B1
)‖Lp(Br)

≤ ‖(ρnt ∗ ψn) ∗ (K1B1)‖Lp(Rd) + L d(Br)
1/p‖(ρnt ∗ ψn) ∗ (K1Rd\B1

)‖L∞(Rd)

≤ ‖ρnt ‖L1(Rd)‖ψn‖L1(Rd)‖K‖Lp(B1) + L d(Br)
1/p‖ρnt ‖L1(Rd)‖ψn‖L1(Rd)‖K‖L∞(Rd\B1)
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hence, up to subsequences, the sequence {bn}n∈N converges locally weakly in Lp. In
order to identify the limit, we claim that for every ϕ ∈ Cc((0,∞)× Rd)

lim
n→∞

∫ ∞
0

∫
Rd
ρnt ∗Kn ϕt dx dt =

∫ ∞
0

∫
Rd
ρeff
t ∗K ϕt dx dt.

Indeed, by standard properties of convolution,∣∣∣ ∫ ∞
0

∫
Rd
ρnt ∗Kn ϕt dx dt−

∫ ∞
0

∫
Rd
ρeff
t ∗K ϕt dx dt

∣∣∣
=
∣∣∣ ∫ ∞

0

∫
Rd
ρnt ϕt ∗Kn dx dt−

∫ ∞
0

∫
Rd
ρeff
t ϕt ∗K dxdt

∣∣∣
≤
∣∣∣ ∫ ∞

0

∫
Rd

(ρnt − ρeff
t )ϕt ∗K dxdt

∣∣∣+
∣∣∣ ∫ ∞

0

∫
Rd
ρnt (ϕt ∗K − ϕt ∗K ∗ ψn) dx dt

∣∣∣
≤
∣∣∣ ∫ ∞

0

∫
Rd

(ρnt − ρeff
t )ϕt ∗K dxdt

∣∣∣
+
(

sup
t∈(0,∞)

‖ρnt ‖L1(Rd)

)
‖ϕt ∗K − ϕt ∗K ∗ ψn‖L∞((0,∞)×Rd).

Letting n→∞, the first term converges to 0 thanks to the weak convergence (8.37) of
ρnt to ρeff

t and thanks to the fact that ϕ ∗K = ϕ ∗ (1B1K) +ϕ ∗ (1Rd\B1
K) is a bounded

continuous function, compactly supported in time and decaying at infinity in space.
The second term, in turn, converges to 0 since the first factor is bounded by (8.38) and
ϕt ∗K ∗ ψn converges to ϕt ∗K uniformly in (0,∞)× Rd.

This computation identifies the weak limit of ρnt ∗Kn in L1
loc([0, T ]×R2d), showing

that it coincides with ρeff
t ∗K and proving (8.40).

We now prove (8.41). First of all, since K ∈ Wα,p
loc (Rd;Rd) for every α < 1 and

p < d/(d− 1 + α),2 using Young’s inequality we deduce that, for any t ∈ (0,∞),

‖ρnt ∗Kn‖Wα,p(BR;Rd) = ‖(ρnt ∗ ψn) ∗K‖Wα,p(BR;Rd) ≤ C(R)‖ρnt ∗ ψn‖L1(Rd).

Since ‖ψn‖L1(Rd) = 1, thanks to (8.26) we deduce that the last term is bounded inde-
pendently of t and n, that is, for every R > 0,

sup
t∈(0,∞)

sup
n∈N
‖ρnt ∗Kn‖Wα,p(BR;Rd) <∞.

Hence, by a classical embedding between fractional Sobolev spaces and Nikolsky spaces
(see for instance [KM, Lemma 2.3]) we find that, for |h| ≤ R,∫

BR

|ρnt ∗Kn(x+ h)− ρnt ∗Kn(x)|p dx ≤ C(p, α,R, ‖ρnt ∗Kn‖Wα,p(B2R;Rd))|h|αp,

from which (8.41) follows.

2 This can be seen by a direct computation, using the definition of fractional Sobolev spaces.
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Step 5: conclusion. Thanks to (8.40) and (8.41), we can apply the stability result
from [DPL4, Theorem II.7] (which does not require any growth condition on the vector
fields, see also Theorem 3.2 for the stability of the associated flows) to deduce that,
for every k ∈ N, fk is a weakly continuous distributional solution of the continuity
equation starting from fk0 . Since the continuity equation is linear, we deduce that also
Fm :=

∑m
k=1 f

k is a distributional solution for every m ∈ N.

Since Fm is bounded, Theorem 4.9 gives that Fm is a renormalized solution for
every m ∈ N. Letting m → ∞, since Fm → f strongly in L1

loc((0,∞) × R2d), also f
is a renormalized solution of the continuity equation starting from f0 with vector field
b. Together with (8.39), (8.34), and (8.38) this proves that (ft, ρ

eff
t ) is a generalized

solution of the Vlasov-Poisson equation starting from f0 according to Definition 8.7.

Finally, the fact that f is transported by the Maximal Regular Flow associated to bt
simply follows by the fact that each density fk is transported by Maximal Regular Flow
associated to bt (thanks to Theorem 8.2) and that f =

∑∞
k=0 f

k is an absolutely con-
vergent series (see (8.34)). Finally, this implies that ft belongs to C([0,∞);L1

loc(R2d))
by Theorem 4.6.

Remark 8.18. We remark that the existence of global solutions for the Vlasov-Poisson
equation starting from regular initial data is known only in dimension up to 3 (see for
instance [Re, Theorem 6.1]). Therefore, the smoothing of the kernel K performed in
the proof of Theorem 8.8 is essential in order to be able to build smooth solutions of the
approximating problems in dimension d ≥ 4; in dimension d = 2 or 3 one could avoid
this part of the approximation argument. Indeed the stability of the scheme allows to
prove that the solutions obtained by smoothing only the initial datum (and not the
kernel) converge, when d = 2 or 3, to a generalized solution of the Vlasov-Poisson
equation.

The proof of existence of renormalized solutions in Corollary 8.9 is an easy adap-
tation of the proof of Theorem 8.8, obtained by approximating the initial datum with
a sequence of smooth data with bounded energy. In turn, this bound ensures that the
approximating sequence of phase-space distributions is tight in the v variable uniformly
in time, allowing us to show that ρeff

t = ρt for L 1-a.e. t ∈ (0,∞). The approximation
of the initial datum with a smooth sequence having uniformly bounded energy is a
technical task that we describe in the next lemma.

Lemma 8.19. Let d ≥ 3, let ψ be a standard convolution kernel, and set ψk(x) :=
kdψ(kx) for every k ≥ 1. Let f0 ∈ L1(R2d) be an initial datum of finite energy, namely∫

R2d

|v|2f0(x, v) dx dv +

∫
Rd

[H ∗ ρ0](x) ρ0(x) dx <∞,

where ρ0(x) :=
∫
Rd f0(x, v) dv and H(x) := cd(d − 2)−1|x|2−d for every x ∈ Rd. Then

there exist a sequence of functions {fn0 }n∈N ⊂ C∞c (R2d) and a sequence {kn}n∈N such
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that kn →∞ and, setting ρn0 (x) =
∫
Rd f

n
0 (x, v) dv,

lim
n→∞

(∫
R2d

|v|2fn0 dx dv+

∫
Rd
H ∗ψkn ∗ ρn0 ρn0 dx

)
=

∫
R2d

|v|2f0 dx dv+

∫
Rd
H ∗ ρ0 ρ0 dx.

(8.42)

Proof. We split the approximation procedure in three steps. We use the notation L∞c
to denote the space of bounded functions with compact support.

Step 1: approximation of the initial datum when f0 ∈ L∞c (R2d). Assuming that
f0 ∈ L∞c (R2d), we claim that there exists {fn0 }n∈N ⊂ C∞c (R2d) such that

lim
n→∞

(∫
R2d

|v|2fn0 dx dv+

∫
Rd
H∗ρn0 ρn0 dx

)
=

∫
R2d

|v|2f0 dx dv+

∫
Rd
H∗ρ0 ρ0 dx. (8.43)

To this end, consider smooth functions fn0 which converge to f0 pointwise, whose
L∞ norms are bounded by ‖f0‖L∞(R2d), and whose supports are all contained in the
same ball. By construction the densities ρn0 are bounded as well and their supports
are also contained in a fixed ball; moreover, the functions H ∗ ρn0 are bounded and
converge to H ∗ ρ0 locally in every Lp. These observations show the validity of (8.43),
by dominated convergence.

Step 2: approximation of the initial datum when f0 ∈ L1(R2d). Assuming that
f0 ∈ L1(R2d), we claim that there exists a sequence of functions {fn0 }n∈N ⊂ C∞c (R2d)
such that (8.43) holds.

Indeed, by Step 1 it is enough to approximate f0 with a sequence in L∞c (R2d) and
converging energies. To this aim, for every n ∈ N we define the truncations of f0 given
by

fn0 (x, v) := min{n, 1Bn(x, v)f0(x, v)} (x, v) ∈ R2d.

Since H ≥ 0 the integrands in the left-hand side of (8.43) converge monotonically,
hence the integrals converge by monotone convergence.

Step 3: approximation of the kernel. We conclude the proof of the lemma. In order
to approximate the kernel, we notice that, given the sequence of functions fn0 ∈ C∞c (Rd)
provided by Steps 1-2, for n ∈ N fixed we have

lim
k→∞

∫
Rd
H ∗ ψk ∗ ρn0 ρn0 dx =

∫
Rd
H ∗ ρn0 ρn0 dx.

Hence, choosing kn sufficiently large so that∣∣∣ ∫
Rd
H ∗ ψkn ∗ ρn0 ρn0 dx−

∫
Rd
H ∗ ρn0 ρn0 dx

∣∣∣ ≤ 1

n
,

we conclude the proof of the approximation lemma. �
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Proof of Corollary 8.9, existence of renormalized solutions. Given f0 of finite energy,
let {fn0 }n∈N ⊂ C∞c (R2d) and {kn}n∈N be as in Lemma 8.19. Also let K := cd x/|x|d
and Kn := K ∗ ψkn . Applying verbatim the arguments in Steps 1-3 in the proof of
Theorem 8.8 we get a sequence fn of smooth solutions with kernels Kn such that

fn ⇀ f weakly in L1([0, T ]× R2d) for any T > 0, (8.44)

and

ρn ⇀ ρeff weakly* in L∞((0, T ); M+(Rd)), (8.45)

where ρnt (x) :=
∫
Rd f

n
t (x, v) dv.

In addition, the conservation of the energy along classical solutions gives that, for
every n ∈ N and t ∈ [0,∞)∫
R2d

|v|2fnt dx dv+

∫
Rd
H∗ψkn ∗ρnt ρnt dx =

∫
R2d

|v|2fnt dx dv+

∫
Rd
H∗ψkn ∗ρn0 ρn0 dx ≤ C,

(8.46)
Hence, since H ≥ 0 we deduce that

sup
n∈N

sup
t∈[0,∞)

∫
R2d

|v|2fnt dx dv ≤ C, (8.47)

and by lower semicontinuity of the kinetic energy we deduce that, for every T > 0,∫ T

0

∫
R2d

|v|2ft dx dv dt ≤ lim inf
n→∞

∫ T

0

∫
R2d

|v|2fnt dx dv dt ≤ CT. (8.48)

We now want to exploit (8.47) and (8.48) to show that ρeff = ρ, where ρt(x) :=∫
Rd ft(x, v) dv ∈ L∞((0, T );L1(Rd)). For this, we want to show that for any ϕ ∈
Cc((0,∞)× Rd)

lim
n→∞

∫ ∞
0

∫
Rd
ϕρnt dx dt =

∫ ∞
0

∫
Rd
ϕρt dx dt. (8.49)

To prove this, for every k ∈ N we consider a continuous nonnegative function ζk : Rd →
[0, 1] which equals 1 inside Bk and 0 outside Bk+1, and observe that∫ ∞

0

∫
Rd
ϕ(ρnt − ρt) dx dt =

∫ ∞
0

∫
R2d

ϕt(x)fnt (x, v)(1− ζk(v)) dx dv dt

+

∫ ∞
0

∫
R2d

ϕt(x)(fnt (x, v)− f(x, v))ζk(v) dx dv dt

+

∫ ∞
0

∫
R2d

ϕt(x)ft(x, v)(ζk(v)− 1) dx dv dt.

The second term in the right-hand side converges to 0 by the weak convergence of fn

to f in L1, while the other two terms are estimated by the finiteness of energy (8.47)
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and (8.48) as∣∣∣ ∫ ∞
0

∫
R2d

ϕfnt (x, v)(1− ζk(v)) dx dv dt
∣∣∣ ≤ ‖ϕ‖∞

k2

∫ T

0

∫
R2d

fnt (x, v)|v|2 dx dv dt

≤ CT‖ϕ‖∞
k2

,

and similarly ∣∣∣ ∫ ∞
0

∫
R2d

ϕft(x, v)(1− ζk(v)) dx dv dt
∣∣∣ ≤ CT‖ϕ‖∞

k2
.

Letting k → ∞, this proves (8.49). Thanks to this fact, the conclusion of the proof
proceeds exactly as in Steps 4 and 5 in the proof of Theorem 8.8 with ρeff

t = ρt.

The proof of the energy inequality (8.15) is based on the conservation of energy
along approximate solutions and on a lower semicontinuity argument. In the following
basic lemmas, we prove some properties of the potential energy, namely the lower
semicontinuity and an estimate from below. A formal integration by parts, rigorously
justified in the case that µ has smooth, compactly supported density with respect to
the Lebesgue measure, suggest that for every µ ∈M+(Rd)∫

Rd
H ∗ µ(x) dµ(x) =

∫
Rd
|∇H ∗ µ(x)|2 dx (8.50)

(meaning that, if one of the two sides is finite, than so is the other and they coincide).
This would immediately imply the convexity of the potential energy and its lower
semicontinuity with respect to the weak* convergence of measures. However, since
the justification of (8.50) seems to require some work, we prove directly the lower
semicontinuity with a simpler trick.

Lemma 8.20. Let H(x) := cd(d− 2)−1|x|2−d for every x ∈ Rd. Then the functional

F(µ) =

∫
Rd
H ∗ µ(x) dµ(x) µ ∈M+(Rd)

is lower semicontinuous with respect to the weak∗ topology of M (Rd).

Proof. Given a sequence of nonnegative measures µn weakly converging to µ in M (Rd),
the measures µn(x)µn(y) ∈ M (R2d) weakly converge to µ(x)µ(y). Hence, since the
function H(x, y) = cd(d − 2)−1|x − y|2−d is lower semicontinuous and nonnegative in
R2d, we deduce that∫

Rd

∫
Rd

1

|x− y|d−2
dµ(x) dµ(y) ≤ lim inf

n→∞

∫
Rd

∫
Rd

1

|x− y|d−2
dµn(x) dµn(y).

This proves the lower semicontinuity.
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The following lemma adapts the previous one to the time-dependent framework and
its proof is very similar to the previous one. In particular, it takes care of a further
approximation of the kernel in the right-hand side of (8.51) below and involves the
time dependence of the functional. We need this kind of lemma since, at the level of
generality of Theorem 8.8, the weak convergence of the approximating solutions is not
pointwise in time, but it happens only as functions in space-time.

Lemma 8.21. Let T > 0, φ ∈ Cc((0, T )), let ψ be a standard convolution kernel, and
let ψn(x) := ndψ(nx) for every n ≥ 1.

Then for every sequence {ρn}n∈N ⊆ L∞((0, T ); M+(Rd)) converging weakly* in
L∞((0, T ); M+(Rd)) to ρ ∈ L∞((0, T ); M+(Rd)), we have∫ T

0
φ(t)

∫
Rd
H ∗ ρt(x) dρt(x) dt ≤ lim inf

n→∞

∫ T

0
φ(t)

∫
Rd
H ∗ ψn ∗ ρnt (x) dρnt (x) dt. (8.51)

Proof. We notice that ψn ∗ ρnt dt weakly* converges to ρt dt in M ((0, T ) × Rd) and
therefore the sequence of nonnegative measures ψn ∗ ρnt (x)ρnt (y)dt ∈ M ((0, T ) × R2d)
weakly* converges to ρt(x)ρt(y)dt. Since the function φ(t)cd(d−2)−1|x−y|2−d is lower
semicontinuous and nonnegative in (0, T )× R2d, we have∫ T

0

∫
Rd

∫
Rd
φ(t)

1

|x− y|d−2
dρ(x) dρ(y) dt

≤ lim inf
n→∞

∫ T

0
φ(t)

∫
Rd

∫
Rd

1

|x− y|d−2
d(ψn ∗ ρn)(x) dρn(y) dt,

which proves (8.51).

In the following lemma we establish an inequality, under no assumptions on ρ,
between the potential energy and the L2-norm of the force field. It will be used to
show the third property in Corollary 8.9.

Lemma 8.22. Let H(x) := cd(d − 2)−1|x|2−d for every x ∈ Rd. Then for every
nonnegative ρ ∈ L1(Rd) we have∫

Rd
H ∗ ρ(x) dρ(x) ≥

∫
Rd
|∇H ∗ ρ(x)|2 dx. (8.52)

Proof. We split the approximation procedure in three steps.

Step 1: Proof of the equality between the quantities in (8.52) for smooth,
compactly supported ρ. Let ρ be a smooth, compactly supported function. For
every R > 0, the integration by parts formula gives∫

BR

H ∗ ρ ρ dx =

∫
BR

|∇H ∗ ρ|2 dx−
∫
∂BR

H ∗ ρ∇(H ∗ ρ) · νBR dHd−1.
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Letting R→∞ the boundary term in the previous equality disappears for d ≥ 3, since
H ∗ ρ and ∇H ∗ ρ decay as R2−d and R1−d, respectively, when evaluated on ∂BR. This
proves that ∫

Rd
H ∗ ρρ dx =

∫
Rd
|∇H ∗ ρ|2 dx.

Step 2: Proof of (8.52) for ρ ∈ L∞c (Rd). Let ρ ∈ L∞c (Rd) and let us approximate
ρ with a sequence {ρn}n∈N obtained by convolution. By construction the densities ρn

are bounded as well as their supports; moreover, the functions H ∗ ρn are bounded and
converge to H ∗ ρ locally in every Lp. Hence, by Step 1 we have∫

Rd
H ∗ ρ(x)ρ(x) dx = lim

n→∞

∫
Rd
H ∗ ρn(x)ρn(x) dx = lim

n→∞

∫
Rd
|∇H ∗ ρn(x)|2 dx.

Therefore, the sequence {∇H ∗ ρn}n∈N is bounded in L2(Rd) and hence it weakly
converges to ∇H ∗ ρ. By the lower semicontinuity of the norm with respect to weak
convergence, we find (8.52).

Step 3: Proof of (8.52) for ρ ∈ L1(Rd). Let ρ ∈ L1(Rd) and for every n ∈ N consider
the truncations of ρ given by ρn := min{n, 1Bnρ} in Rd. Since H ≥ 0, by monotone
convergence and Step 2∫

Rd
H ∗ ρ(x)ρ(x) dx = lim

n→∞

∫
Rd
H ∗ ρn(x)ρn(x) dx ≥ lim

n→∞

∫
Rd
|∇H ∗ ρn(x)|2 dx.

Hence the sequence {∇H ∗ ρn}n∈N weakly converges in L2(Rd) to ∇H ∗ ρ; the lower
semicontinuity of the norm with respect to weak convergence implies (8.52).

Proof of Corollary 8.9, properties of renormalized solutions. In order to prove (8.15)
we perform a lower semicontinuity argument on the energy. Since the convergence
of the approximate solutions fn to f is only in space-time, in Step 1 we obtain the
energy inequality integrated in time, and therefore we deduce that (8.15) holds for
L 1-a.e. t ∈ [0,∞). Then, in Step 2, 3, and 4, we employ the bound on the kinetic
energy to prove the strong L1

loc continuity of ρt and Et in time. We remark that this
does not imply, by itself, the conservation of mass of ρt in time, since we don’t have any
information on the compactness of ft in the x variable, but only in v (see Remark 8.23
below). In Step 5, we use again the lower semicontinuity of the energy to deduce that
the energy inequality (8.15) holds for every t ∈ [0,∞). Finally, in Step 6 we show
the existence of a global measure-preserving flow associated to our solution ft; this
implies in particular the conservation of mass, namely that ρt(Rd) = ρ0(Rd) for every
t ∈ [0,∞).

Step 1: bound on the total energy for L 1-almost every time. Let us consider
T > 0 and a nonnegative function φ ∈ Cc((0, T ]). Testing the weak convergence
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(8.44) of fn with φ(t)|v|2χr(x, v), where χr ∈ C∞c (R2d) is a nonnegative cutoff function
between Br and Br+1, we find that for every r > 0∫ ∞

0

∫
R2d

φ(t)|v|2χr(x, v)ft dx dv dt = lim
n→∞

∫ ∞
0

∫
R2d

φ(t)|v|2χr(x, v)fnt dx dv dt

≤ lim inf
n→∞

∫ ∞
0

φ(t)

∫
R2d

|v|2fnt dx dv dt.

Taking the supremum in r, we deduce that∫ ∞
0

φ(t)

∫
R2d

|v|2ft dx dv dt ≤ lim inf
n→∞

∫ ∞
0

φ(t)

∫
R2d

|v|2fnt dx dv dt. (8.53)

As regards the potential energy, from Lemma 8.21 we deduce that∫ ∞
0

φ(t)

∫
Rd
H ∗ ρt ρt dx dt ≤ lim inf

n→∞

∫ ∞
0

φ(t)

∫
Rd
H ∗ ψkn ∗ ρnt ρnt dx dt (8.54)

Adding (8.53) and (8.54), by the subadditivity of the lim inf and by the energy bound
on approximating solutions (8.46) we find that∫ ∞

0
φ(t)

(∫
R2d

|v|2ft dx dv +

∫
Rd
H ∗ ρt ρt dx

)
dt

≤ lim inf
n→∞

∫ ∞
0

φ(t)
(∫

R2d

|v|2fnt dx dv +

∫
Rd
H ∗ ψkn ∗ ρnt ρnt dx

)
dt

= lim
n→∞

∫ ∞
0

φ(t)
(∫

R2d

|v|2fn0 dx dv +

∫
Rd
H ∗ ψkn ∗ ρn0 ρn0 dx

)
dt

=
(∫ ∞

0
φ(t) dt

)(∫
R2d

|v|2f0 dx dv +

∫
Rd
H ∗ ρ0 ρ0 dx

)
.

By the arbitrariness of φ, we deduce that (8.15) holds for L 1-a.e. t ∈ [0,∞).

Step 2: boundedness of the kinetic energy for every time. We show that

sup
t∈[0,∞)

∫
R2d

|v|2ft dx dv ≤
∫
R2d

|v|2f0 dx dv +

∫
Rd
H ∗ ρ0 ρ0 dx. (8.55)

To this end, let t ≥ 0 and tn → t be a sequence of times such that the energy bound
(8.15) holds for every tn. The strong convergence of ftn to ft in L1

loc implies that for
every r > 0∫

Br

|v|2ft dx dv = lim
n→∞

∫
Br

|v|2ftn dx dv ≤ lim inf
n→∞

∫
R2d

|v|2ftn dx dv.

Taking the supremum in r, we deduce that∫
R2d

|v|2ft dx dv ≤ lim inf
n→∞

∫
R2d

|v|2ftn dx dv. (8.56)
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This proves (8.55).

Step 3: strong L1
loc-continuity of the physical density. We prove that ρt is

strongly L1
loc-continuous, namely that for every sequence of times tn → t we have

lim
n→∞

ρtn = ρt in L1
loc(Rd).

This, in turn, implies that ρt is weakly* continuous in time (as measures in M (Rd)).
Let r > 0. For every R > 0, noticing that |ftn − ft| ≤ |v|2R−2(ftn + ft) when

|v| > R, we have that∫
Br

∫
Rd
|ftn − ft| dv dx ≤

∫
Br

∫
BR

|ftn − ft| dv dx+

∫
Br

∫
Rd\BR

|v|2
R2

(ftn + ft) dv dx

Letting first n → ∞ in the previous equation, by the strong L1
loc continuity of ft the

first term goes to 0. Letting then R→∞, we deduce that

lim
n→∞

∫
Br

∫
Rd
|ftn − ft| dv dx = 0.

Step 4: strong L1
loc-continuity of the force field. We prove that the force field Et

is strongly L1
loc-continuous with respect to time.

The force field Et = K ∗ ρt is weakly L1
loc(Rd) continuous since, by Step 3, ρt is

weakly* continuous in time (as measures in M (Rd)).
Since, as observed above, K = ∇H ∈ Wα,p

loc (Rd;Rd) for every α < 1 and p <
d/(d− 1 + α), a simple computation shows that, for every R > 0 and t ∈ (0,∞),

‖ρt ∗K‖Wα,p(BR;Rd) ≤ ‖ρt‖L1(Rd) sup
y∈Rd

‖K‖Wα,p(BR(y);Rd) ≤ C(R).

Hence, for every R > 0,

sup
t∈(0,∞)

sup
n∈N
‖ρt ∗K‖Wα,p(BR;Rd) <∞.

The strong continuity of the force field Et = K ∗ ρt in L1
loc(Rd) follows then from the

fractional Rellich theorem, which provides the compact embedding of the fractional
space Wα,p(BR;Rd) in L1(BR;Rd).
Step 5: bound on the total energy for every time. In order to conclude the
proof of (8.15), we observe that both the kinetic and the potential energy are lower
semicontinuous with respect to strong L1

loc(R2d)-convergence of f and weak convergence
(as measures) of ρ, respectively. Indeed, the first has been observed in Step 2 and the
second is proved in Lemma 8.21. Then by Step 1 the total energy is bounded by the
initial energy for L 1-a.e. time and the lower semicontinuity of the total energy implies
that the same property holds for every time.
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Step 6: global characteristics in dimension 3 and 4. In order to prove that
trajectories do not blow up, we apply Corollary 8.3 and 8.4. The assumptions of these
Corollaries are satisfied thanks to the finiteness of energy of Step 5, the fact that
Et = ∇(H ∗ ρt), and Lemma 8.22.

Remark 8.23. In Corollary 8.9 we did not prove that ‖ft‖L1(Rd) = ‖f0‖L1(Rd) for
every t ∈ [0,∞). Indeed, although the energy bound prevents mass from escaping in
the v variable, one would need more assumptions on the initial datum (for instance, the
finiteness of a momentum in the x variable) to prevent a mass loss. The conservation of
the L1-norm of ft holds along solutions whose flow is globally defined (see Theorem 8.2);
in this case, the solution belongs also to C([0,∞);L1(R2d)).

Remark 8.24. In the case σ = −1, Theorem 8.8 allows to show the existence of
generalized solutions starting from any finite L1 datum. The existence of renormalized
solutions starting from an L1 datum of finite (kinetic and potential) energy follows
as in Corollary 8.9 provided that on the approximating sequence the kinetic energy
is bounded by a fixed constant. This last fact, in turn, cannot be deduced by the
boundedness of the energy itself, since in this case the potential energy is not positive
any more as in the repulsive case. Hence it can be either assumed on the approximating
sequence, or it follows under further integrability assumptions on the initial datum, for
instance if d = 3 and f0 ∈ L9/7(R6) (see Remark 8.5).

Remark 8.25. The construction in Theorem 8.8 provides distributional solutions of
the Vlasov-Poisson system if further assumptions are assumed on the initial datum such
as finiteness of the total energy, as shown in Corollary 8.9. Still, there are examples
of infinite energy data such that the generalized solution built in Theorem 8.8 is in
fact distributional. For instance, in [Pe] Perthame considers an initial datum f0 ∈
L1∩L∞(R6) with (1 + |x|2)f0 ∈ L1(R6) and infinite energy, and he shows the existence
of a solution f ∈ L∞([0,∞);L1 ∩ L∞(R6)) of the Vlasov-Poisson system such that the
quantities

t1/2‖Et‖L2 , t3/5‖ρt‖L5/3 ,

∫
R6

|x− vt|2
t

ft(x, v) dx dv (8.57)

are bounded for all t ∈ (0,∞).

It can be easily seen that, under Perthame’s assumptions, the construction in the
proof of Theorem 8.8 provides a solution of the Vlasov-Poisson equation as the one
built in [Pe]. In particular, thanks to the a priori estimate (8.57) on the approximating
sequence, it is easy to see that ρeff = ρ, therefore providing a Lagrangian (and therefore
renormalized and distributional) solution of Vlasov-Poisson.

Similarly, under the assumptions of [ZW], a similar argument shows that the gen-
eralized solutions built in Theorem 8.8 solve the classical Vlasov-Poisson system.
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Remark 8.26. A stability result holds for renormalized solutions of the Vlasov-Poisson
system (see [BBC2, Theorems 8.2 and 8.3]). For instance, when σ = 1, d = 3, if fk is
a sequence of renormalized solutions with

sup
k∈N

sup
t∈[0,∞)

‖fkt ‖L1(R6) <∞, sup
k∈N

sup
t∈[0,∞)

∫
R6

|v|2fkt dx dv +

∫
R3

H ∗ ρkt ρkt dx <∞

(where H(x) := cd
d−2 |x|2−d), then up to subsequences fk ⇀ f weakly in L1([0, T ]×R6)

for any T > 0 and f is a renormalized solution of Vlasov-Poisson. Moreover, if fk0 → f0

in L1(R3), then fk → f strongly in C([0, T ];L1(R6)), Ek → E in C([0, T ];L1
loc(R3)) for

any T > 0 and f is a renormalized solution of the Vlasov-Poisson system starting from
f0. The proof of this fact is an easy consequence of the stability of regular lagrangian
flows since by Remark 8.13 the maximal regular flows associated to the solutions fk

do not blow up in finite time. Generalizing this result to any dimension may require
some work, because under the assumptions of Corollary 8.9 it is not guaranteed that
the maximal regular flows do not blow up in finite time.





Chapter 9

The semigeostrophic system

The semigeostrophic equations are a simple model used in meteorology to describe large
scale atmospheric flows. As explained for instance in [BB, Section 2.2] and [Lo2, Sec-
tion 1.1] (see also [Cu] for a more complete exposition), the semigeostrophic equa-
tions can be derived from the 3-d incompressible Euler equations, with Boussinesq and
hydrostatic approximations, subject to a strong Coriolis force. Since for large scale
atmospheric flows the Coriolis force dominates the advection term, the flow is mostly
bi-dimensional. For this reason, the study of the semigeostrophic equations in 2-d or
3-d is pretty similar, and in order to simplify the presentation we focus here on the
2-dimentional periodic case, though the results have been extended to three dimensions
and can be found in [ACDF2].

The semigeostrophic system on the 2-dimensional torus T2 is given by
∂tu

g
t (x) +

(
ut(x) · ∇

)
ugt (x) +∇pt(x) = −Jut(x) (x, t) ∈ T2 × (0,∞)

ugt (x) = J∇pt(x) (x, t) ∈ T2 × [0,∞)

∇ · ut(x) = 0 (x, t) ∈ T2 × [0,∞)

p0(x) = p0(x) x ∈ T2.

(9.1)

Here p0 is the initial datum, J is the rotation matrix

J :=

(
0 −1
1 0

)
,

and the functions ut and pt represent respectively the velocity and the pressure, while
ugt is the so-called semi-geostrophic wind. Clearly the pressure is defined up to a (time-
dependent) additive constant. In the sequel we are going to identify functions (and
measures) defined on the torus T2 with Z2-periodic functions defined on R2.

Substituting the relation ugt = J∇pt into the equation, the system (9.1) can be
rewritten as 

∂tJ∇pt + J∇2ptut +∇pt + Jut = 0

∇ · ut = 0

p0 = p0

(9.2)

197
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rP ⇤
t

rPtT2 T2

LT2 ⇢tLT2

Figure 9.1: The dual change of variables.

with ut and pt periodic.

Energetic considerations (see [Cu, Section 3.2]) show that it is natural to assume
that pt is (−1)-convex, i.e., the function Pt(x) := pt(x) + |x|2/2 is convex on R2.
If we denote with LT2 the (normalized) Lebesgue measure on the torus, then ρt :=
(∇Pt)#LT2 satisfies the following dual problem:

∂tρt +∇ · (vtρt) = 0

vt(x) = J(x−∇P ∗t (x))

ρt = (∇Pt)#LT2

P0(x) = p0(x) + |x|2/2.

(9.3)

Here P ∗t is the convex conjugate of Pt, namely

P ∗t (y) := sup
x∈R2

(y · x− Pt(x)).

Indeed, an easy formal computation allows to obtain (9.3) from (9.2). Taking
into account the definition of Pt, the identities J2 = −Id, ∇pt(y) + y = ∇Pt(y),
∇2pt(y) + Id = ∇2Pt(y) and the fact that ut is divergence-free, for every test function
ϕ we obtain

d

dt

∫
T2

ϕ(x) dρt(x) =
d

dt

∫
T2

ϕ(∇Pt(y)) dy =

∫
T2

∇ϕ(∇Pt(y)) · d
dt
∇pt(y) dy

= −
∫
T2

∇ϕ(∇Pt(y)) ·
{

(∇2pt(y) + Id)ut(y)− J∇pt(y)
}
dy

= −
∫
T2

∇
[
ϕ(∇Pt(y))

]
· ut(y) dy +

∫
T2

∇ϕ(∇Pt(y)) · J(∇Pt(y)− y) dy

=

∫
T2

∇ϕ(x) · J(x−∇P ∗t (x)) dρt(x) =

∫
T2

∇ϕ(x) · vt(x) dρt(x).
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Notice that this formal derivation holds independently of u (only the divergence-free
condition of u is needed), and that u does not appear explicitly in (9.3).

Since Pt(x)− |x|2/2 is periodic, we observe that

∇Pt(x+ h) = ∇Pt(x) + h ∀x ∈ R2, h ∈ Z2. (9.4)

Hence ∇Pt can be viewed as a map from T2 to T2 and ρt is a well defined measure
on T2. One can also verify easily that the inverse map ∇P ∗t satisfies (9.4) as well.
Accordingly, we shall understand (9.3) as a PDE on T2, i.e., using test functions which
are Z2-periodic in space. One may wonder if it is convenient to rewrite the original
system (9.2) as an equation for the function Pt instead of pt, that would look like

∂t∇Pt + (ut · ∇)∇Pt = J(∇Pt − x)

∇ · ut = 0

P0 = p0 + |x|2/2.
(9.5)

Rewriting the system in these terms happens to be a good choice for the corresponding
system in 3-space dimensions. However, since we are on the torus and since the map∇Pt
has to be understood with values in T2, it becomes complicated to give a distributional
meaning to (9.5). Indeed, there is no natural notion of duality with test functions for
maps with value in a manifold. For this reason, we prefer to deal with pt and the
system (9.2) rather than with Pt and (9.5). Regarding the dual equation, the problem
of interpreting∇Pt (or∇P ∗t ) as a map with values in the torus does not appear. Indeed,
the only occurrence of the functions Pt and P ∗t in the dual equation happens in the
formula vt(x) = J(x −∇P ∗t (x)); with this definition, vt is a well defined, Z2-periodic
vector field in R2.

The dual problem (9.3) is nowadays pretty well understood. In particular, Benamou
and Brenier proved in [BB] existence of weak solutions to (9.3), see Theorem 9.4 below.
On the contrary, much less is known about the original system (9.2). Formally, given a
solution ρt of (9.3) and defining P ∗t through the relation ρt = (∇Pt)#LT2 (namely the
optimal transport map from ρt to LT2 , see Theorem 1.17) the pair (pt,ut) given by1{

pt(x) := Pt(x)− |x|2/2
ut(x) := [∂t∇P ∗t ](∇Pt(x)) + [∇2P ∗t ](∇Pt(x))J(∇Pt(x)− x)

(9.6)

solves (9.2). Here, the velocity field ut has been obtained by substituting the expression
for pt in the first equation of (9.2) and solving for ut. However, being P ∗t just a convex
function, a priori ∇2P ∗t is just a matrix-valued measure, thus as pointed out in [CuFe]
it is not clear the meaning to give to the previous equation.

1Because of the many compositions involved in this Chapter, we use the notation [∂tf ](g) (resp.
[∇f ](g)) to denote the composition (∂tf) ◦ g (resp. (∇f) ◦ g), avoiding the ambiguous notation ∂tf(g)
(resp. ∇f(g))
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rP ⇤
t

rPt

X(t, x)
x

T2 T2

Y(t, y) =
rPt(X(t,rP ⇤

t (y)))

y = rP ⇤
t (x)

Figure 9.2: The flow of the velocity field in physical and dual variables.

The formal correspondence between solutions of the dual and of the original equa-
tion given by (9.6) appears also when one adopts the Lagrangian point of view. Indeed,
we may expect that each particle in the physical space moves along a trajectory and
that this trajectory corresponds to a characteristic of the dual velocity vt when read
in the dual variables. Reversing the point of view, given the flow Y (t, x) of vt in the
dual variables, we may look at each characteristic Y (·, y) in the physical variables by
performing the change of variables back

X(t, x) := ∇P ∗t (Y (t,∇P0(x)))

(see Figure 9.2). With this definition, a simple computation shows that X(t, x) is,
formally, the flow of the velocity field ut defined in (9.6):

d

dt
Xt = [∂t∇P ∗t ]

(
Yt(∇P0)

)
+ [∇2P ∗t ]

(
Yt(∇P0)

) d
dt

Yt(∇P0)

= [∂t∇P ∗t ]
(
Yt(∇P0)

)
+ [∇2P ∗t ]

(
Yt(∇P0)

)
J
[
Yt(∇P0)−∇P ∗t

(
Yt(∇P0)

)]
= [∂t∇P ∗t ](∇Pt(Xt)) + [∇2P ∗t ](∇Pt(Xt))J(∇Pt(Xt)−Xt).

In this Chapter we prove that (9.6) is a well defined velocity field, and that the
couple (pt,ut) is a solution of (9.2) in a distributional sense. In order to carry out
our analysis, a fundamental tool is a recent result for solutions of the Monge-Ampère
equation, proved by De Philippis and Figalli in [DF1], showing L logk L regularity on
∇2P ∗t (see Theorem 1.18(ii)).

Thanks to this result, we can easily show that the second term appearing in the
definition of the velocity ut in (9.6) is a well defined L1 function (see the proof of
Theorem 9.2). Moreover, following some ideas developed in [Lo1] we can show that
the first term is also L1, thus giving a meaning to ut (see Proposition 9.6). At this
point we can prove that the pair (pt,ut) is actually a distributional solution of system
(9.2). Let us recall, following [CuFe], the proper definition of weak Eulerian solution
of (9.2).
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Definition 9.1. Let p : T2× (0,∞)→ R and u : T2× (0,∞)→ R2. We say that (p,u)
is a weak Eulerian solution of (9.2) if:

- |u| ∈ L∞((0,∞), L1(T2)), p ∈ L∞((0,∞),W 1,∞(T2)), and pt(x)+|x|2/2 is convex
for any t ≥ 0;

- For every φ ∈ C∞c (T2 × [0,∞)), it holds∫ ∞
0

∫
T2

J∇pt(x)
{
∂tφt(x) + ut(x) · ∇φt(x)

}
−
{
∇pt(x) + Jut(x)

}
φt(x) dx dt

+

∫
T2

J∇p0(x)φ0(x) dx = 0; (9.7)

- For L 1-a.e. t ∈ (0,∞) it holds∫
T2

∇ψ(x) · ut(x) dx = 0 for all ψ ∈ C∞(T2). (9.8)

We can now state the main result.

Theorem 9.2. Let p0 : R2 → R be a Z2-periodic function such that p0(x) + |x|2/2
is convex, and assume that the measure (Id +∇p0)#L 2 is absolutely continuous with
respect to L 2 with density ρ0, namely

(Id+∇p0)#L 2 = ρ0L
2.

Moreover, let us assume that both ρ0 and 1/ρ0 belong to L∞(R2).
Let ρt be the solution of (9.3) (given by Theorem 9.4 below), let Pt : R2 → R be the

(unique up to an additive constant) convex function such that (∇Pt)#L 2 = ρtL 2 and
Pt(x)− |x|2/2 is Z2-periodic, and let P ∗t : R2 → R its convex conjugate.

Then the couple (pt,ut) defined in (9.6) is a weak Eulerian solution of (9.2), in the
sense of Definition 9.1.

Although the vector field u provided by the previous theorem is only L1, as ex-
plained in Section 9.3 we can associate to it a measure-preserving Lagrangian flow.
In particular we recover (in the case of the 2-dimensional periodic setting) the result
of Cullen and Feldman [CuFe] on the existence of Lagrangian solutions to the semi-
geostrophic equations in physical space.

Many problems regarding the semigeostrophic equation and its dual formulation
are nowadays open. Are the distributional solutions of (9.2) and of (9.3) unique? Is
the lagrangian flow associated to ut unique? (we remark that the lagrangian flow
associated to the dual equation is unique thanks to Theorem 1.5). Does there exist
a regular solution for all times if the initial datum is sufficiently smooth? This was
proven by Loeper [Lo2] for short times, but any global result is missing.
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The Chapter is structured as follows: in Section 1.5.1 we recall some preliminary
results on optimal transport maps on the torus and their regularity. Then, in Section 9.1
we state the existence result of Benamou and Brenier for solutions to the dual problem
(9.3), and we show some important regularity estimates on such solutions, which are
used in Section 9.2 to prove Theorem 9.2. In Section 9.3 we prove the existence of a
regular lagrangian flow associated to the vector field u provided by Theorem 9.2.

9.1 The dual problem and the regularity of the velocity
field

In this section we recall some properties of solutions of the dual system (9.3), and we
show the L1 integrability of the velocity field ut defined in (9.6).

Remark 9.3. The dual system (9.3) is made by a continuity equation with an instan-
taneous coupling between the velocity field and the density through a time independent
elliptic PDE (the Monge-Ampère equation). A similar structure was already observed
in the Vlasov-Poisson system (8.1), but in this case we needed to consider the equa-
tion in the phase space rather than in the physical space. Another equation of this
form is the 2-dimensional incompressible Euler equation in the vorticity formulation in
(0,∞)× R2 

∂tωt +∇ · (vtωt) = 0

vt = J∇ψt
ωt = ∆ψt.

(9.9)

Existence and uniqueness (in the class of solutions with bounded vorticities) was proved
for this equation by Yudovich [Yu]. As we will see in Theorem 9.4, despite the non-
linearity of the coupling in the dual semigeostrophic system (which is given by the
Monge-Ampère equation and not by the Poisson equation as in (9.9)), we can still prove
existence of solutions for the dual semigeostrophic system (9.3). The uniqueness prob-
lem, instead, remains open, since the argument of Yudovich cannot be easily adapted.
The connection between the 2-dimensional incompressible Euler equation in the vortic-
ity formulation and the dual semigeostrophic system (9.3) is also confirmed by Loeper
in [Lo2]: if we “linearize” (9.3) writing ρt = 1+εωt+o(ε) and P ∗t = |x|2/2+εψt+o(ε)
and we rescale the time variable according to t → t/ε, then, formally, ω and ψ solve
(9.9).

We know by Theorem 1.17 that ρt uniquely defines Pt (and so also P ∗t ) through the
relation (∇Pt)#LT2 = ρt up to an additive constant. In [BB] (see also [CuFe]), the
authors prove the existence of distributional solutions to the dual equation by means
of an approximation argument, based in turn on the well-posedness and stability of
solutions of the transport equation presented in Chapter 1. To be precise, in [BB,CuFe]
the proof is given in R3, but actually it can be rewritten verbatim on the 2-dimensional
torus, using the optimal transport maps provided by Theorem 1.17.
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Theorem 9.4 (Existence of solutions of (9.3)). Let P0 : R2 → R be a convex function
such that P0(x)−|x|2/2 is Z2-periodic, (∇P0)#LT2 � LT2, and the density ρ0 satisfies
0 < λ ≤ ρ0 ≤ Λ < ∞. Then there exist convex functions Pt, P

∗
t : R2 → R, with

Pt(x) − |x|2/2 and P ∗t (y) − |y|2/2 periodic, uniquely determined up to time-dependent
additive constants, such that (∇Pt)#LT2 = ρtLT2, (∇P ∗t )#ρt = LT2. In addition,
setting vt(x) = J(x−∇P ∗t (x)), ρt is a distributional solution to (9.3), namely∫ ∫

T2

{
∂tϕt(x) +∇ϕt(x) · vt(x)

}
ρt(x) dx dt+

∫
T2

ϕ0(x)ρ0(x) dx = 0 (9.10)

for every ϕ ∈ C∞c (R2 × [0,∞)) Z2-periodic in the space variable.
Finally, the following regularity properties hold:

(i) λ ≤ ρt ≤ Λ;

(ii) ρtL 2 ∈ C([0,∞),Pw(T2));2

(iii) Pt−
∫
−T2Pt, P

∗
t −

∫
−T2P

∗
t ∈ L∞([0,∞),W 1,∞

loc (R2))∩C([0,∞),W 1,r
loc (R2)) for every

r ∈ [1,∞);

(iv) ‖vt‖∞ ≤
√

2/2.

Sketch of the proof of Theorem 9.4. We prove the existence of a distributional solution
to (9.3) by approximation. We introduce a time discretization with parameter 1/n,
n ∈ N, and we split (0,∞) in intervals of the form ((k − 1)/n, k/n) for k ∈ N, each of
length 1/n.

We define the approximate solutions (Pnt )∗ and ρnt inductively on k, where (Pnt )∗ are
a time-dependent family of convex functions and ρnt are bounded, Z2-periodic densities
with λ ≤ ρnt ≤ Λ. In each interval ((k − 1)/n, k/n) we consider the transport map
between the density at the beginning of this interval and the Lebesgue measure; we
define (Pnt )∗ to be equal to this map (provided by Theorem 1.17) in the entire time
interval [

∇(Pnk/n)∗
]
#
ρn(k−1)/n = LT2 , ∇(Pnt )∗ := ∇(Pnk/n)∗.

This transport map induces a velocity field (constant in time in ((k − 1)/n, k/n), as
also (Pnt )∗) through the relation

vnt := J
(
x−∇(Pnt )∗

)
= J

(
x−∇(Pnk/n)∗

)
.

Finally, we let the density at the beginning of our time interval, namely ρn(k−1)/n, evolve

according to this velocity field for time 1/n. In other words, for t ∈ ((k − 1)/n, k/n)
we let ρnt be the solution of{

∂tρ+∇ · (vnt ρ) = 0 in ((k − 1)/n, k/n)× R2

ρ(k−1)/n = ρn(k−1)/n in R2.
(9.11)

2Here Pw(T2) is the space of probability measures on the torus endowed with the weak topology
induced by the duality with C(T2)
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We remark that the well posedness of the continuity equation (9.11) is guaranteed the
results described in Chapter 1 (and in particular by the main result of [A1]) and by the
fact that vnt is an authonomous, divergence-free, BV vector field in ((k−1)/n, k/n)×T2.
Finally, a solution to (9.3) is obtained by taking the limit as n → ∞ in the discrete
scheme presented above; the compactness of the functions (Pnt )∗ −

∫
−T2(Pnt )∗ and ρnt

and the equation solved in the limit are studied in [BB], where the scheme is performed
with a careful regularization of the initial data in order to avoid the use of the results of
Chapter 1 on the solutions of the continuity equation with non-smooth vector fields.

Observe that, by Theorem 9.4(ii), t 7→ ρtLT2 is weakly continuous, so ρt is a well-
defined function for every t ≥ 0. Further regularity properties of ∇Pt and ∇P ∗t with
respect to time will be proved in Propositions 9.6 and 9.10.

In the proof of Theorem 9.2 we will need to test with functions which are merely
W 1,1. This is made possible by the following lemma.

Lemma 9.5. Let ρt and Pt be as in Theorem 9.4. Then (9.10) holds for every
ϕ ∈ W 1,1(T2 × [0,∞)) which is compactly supported in time. (Now ϕ0(x) has to be
understood in the sense of traces.)

Proof. Let ϕn ∈ C∞(T2 × [0,∞)) be strongly converging to ϕ in W 1,1, so that ϕn0
converges to ϕ0 in L1(T2). Taking into account that both ρt and vt are uniformly
bounded from above in T2 × [0,∞), we can apply (9.10) to the test functions ϕn and
let n→∞ to obtain the same formula with ϕ.

The following proposition, which provides the Sobolev regularity of t 7→ ∇P ∗t , is
our main technical tool. Notice that, in order to prove Theorem 9.2, only finiteness of
the left hand side in (9.12) would be needed, and the proof of this fact involves only a
smoothing argument, the regularity estimates of [DF1] collected in Theorem 1.18(ii),
and the argument of [Lo1, Theorem 5.1]. However, the continuity result in [DF2]
allows to show the validity of the natural a priori estimate on the left hand side in
(9.12).

Proposition 9.6 (Time regularity of optimal maps). Let ρt and Pt be as in The-
orem 9.4. Then ∇P ∗t ∈ W 1,1

loc (T2 × [0,∞);R2), and for every k ∈ N there exists a
constant C(k) such that, for L 1-a.e. t ≥ 0,∫

T2

ρt|∂t∇P ∗t | logk+(|∂t∇P ∗t |) dx

≤ C(k)

(∫
T2

ρt|∇2P ∗t | log2k
+ (|∇2P ∗t |) dx+ ess sup

T2

(
ρt|vt|2

) ∫
T2

|∇2P ∗t | dx
)
. (9.12)

Remark 9.7. Under the assumptions of the previous proposition, one could actually
prove a slightly stronger statement, showing that the map ∇P ∗t belongs to W 1,γ0

loc (T2×
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[0,∞);R2) for some γ0 > 1. More precisely, there exist constants C, γ0 > 1, depending
only on λ, such that, for almost every t ≥ 0,∫

T2

ρt|∂t∇P ∗t |
2γ0

1+γ0 dx ≤ C

(∫
T2

ρt|∇2P ∗t |γ0 dx + ess sup
T2

(
ρt|vt|2

) ∫
T2

|∇2P ∗t | dx
)
.

(9.13)

This estimate, however, is less powerful than (9.12) when dealing with the semi-
geostrophic system in a non-periodic setting (for instance, see [ACDF2], where the
semigeostrophic system is studied in R3), since in the localized version of (1.27) and
(9.13) the exponent γ0 depends also on the set where the estimate is localized, whereas
in (9.12) the modulus of integrability of |∂t∇P ∗t | (namely, the function t → t logk+(t))
does not depend on the set. For this reason we prefer to keep this version of Proposi-
tion 9.6.

To prove Proposition 9.6, we need some preliminary results.

Lemma 9.8. For every k ∈ N we have

ab logk+(ab) ≤ 2k−1

[(
k

e

)k
+ 1

]
b2 + 23(k−1)a2 log2k

+ (a) ∀ (a, b) ∈ R+ × R+. (9.14)

Proof. From the elementary inequalities

log+(ts) ≤ log+(t) + log+(s), (t+ s)k ≤ 2k−1(tk + sk), logk+(t) ≤
(
k

e

)k
t

which hold for every t, s > 0, we infer

ab logk+(ab) ≤ ab
[
log+

(
b

a

)
+ 2 log+(a)

]k
≤ 2k−1ab

[
logk+

(
b

a

)
+ 2k logk+(a)

]
≤ 2k−1

[(
k

e

)k
b2 + 2kab logk+(a)

]

≤ 2k−1

[(
k

e

)k
b2 + b2 + 22(k−1)a2 log2k

+ (a)

]
,

which proves (9.14).

Lemma 9.9 (Space-time regularity of transport). Let k ∈ N∪{0}, and let ρ ∈ C∞(T2×
[0,∞)) and v ∈ C∞(T2 × [0,∞);R2) satisfy

0 < λ ≤ ρt(x) ≤ Λ <∞ ∀ (x, t) ∈ T2 × [0,∞),
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∂tρt +∇ · (vtρt) = 0 in T2 × [0,∞),

and
∫
T2 ρt dx = 1 for all t ≥ 0. Let us consider convex conjugate maps Pt and P ∗t such

that Pt(x)−|x|2/2 and P ∗t (y)−|y|2/2 are Z2-periodic, (∇P ∗t )#ρt = LT2, (∇Pt)#LT2 =
ρt. Then:

(i) P ∗t −
∫
−T2P

∗
t ∈ Liploc([0,∞);Ck(T2)) for any k ∈ N.

(ii) The following linearized Monge-Ampère equation holds:

∇ ·
(
ρt(∇2P ∗t )−1∂t∇P ∗t

)
= −∇ · (ρtvt). (9.15)

Proof. Let us fix T > 0. From the regularity theory for the Monge-Ampère equation
(see Theorem 1.18) we obtain that Pt ∈ C∞(R2), uniformly for t ∈ [0, T ], and there
exist universal constants c1, c2 > 0 such that

c1Id ≤ ∇2P ∗t (x) ≤ c2Id ∀ (x, t) ∈ T2 × [0, T ]. (9.16)

Since ∇P ∗t is the inverse of ∇Pt, by the smoothness of Pt and (9.16) we deduce that
P ∗t ∈ C∞(R2), uniformly on [0, T ].

Now, to prove (i), we need to investigate the time regularity of P ∗t −
∫
−T2P

∗
t . More-

over, up to adding a time dependent constant to Pt, we can assume without loss of
generality that

∫
T2 P

∗
t = 0 for all t. By the condition (∇P ∗t )#ρt = LT2 , for any

0 ≤ s, t ≤ T and x ∈ R2 it holds

ρs(x)− ρt(x)

s− t =
det(∇2P ∗s (x))− det(∇2P ∗t (x))

s− t

=
2∑

i,j=1

(∫ 1

0

∂ det

∂ξij
(τ∇2P ∗s (x) + (1− τ)∇2P ∗t (x)) dτ

)
∂ijP

∗
s (x)− ∂ijP ∗t (x)

s− t .

(9.17)

Given a 2×2 matrix A = (ξij)i,j=1,2, we denote by M(A) the cofactor matrix of A. We
recall that

∂ det(A)

∂ξij
= Mij(A), (9.18)

and if A is invertible then M(A) satisfies the identity

M(A) = det(A)A−1. (9.19)

Moreover, if A is symmetric and satisfies c1Id ≤ A ≤ c2Id for some positive constants
c1, c2, then

c2
1

c2
Id ≤M(A) ≤ c2

2

c1
Id. (9.20)

Hence, from (9.17), (9.18), (9.16), and (9.20), for any 0 ≤ s, t ≤ T it follows that

ρs − ρt
s− t =

2∑
i,j=1

(∫ 1

0
M(τ∇2P ∗s + (1− τ)∇2P ∗t ) dτ

)
∂ij

(
P ∗s − P ∗t
s− t

)
, (9.21)
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with
c2

1

c2
Id ≤

∫ 1

0
Mij(τ∇2P ∗s + (1− τ)∇2P ∗t ) dτ ≤ c2

2

c1
Id

Since ∇2P ∗t is smooth in space, uniformly on [0, T ], by classical elliptic regularity
theory3 it follows that for any k ∈ N and α ∈ (0, 1) there exists a constant C :=
C(‖(ρs − ρt)/(s− t)‖Ck,α(T2×[0,T ])) such that∥∥∥∥P ∗s (x)− P ∗t (x)

s− t

∥∥∥∥
Ck+2,α(T2)

≤ C.

This proves point (i) in the statement. To prove the second part, we let s→ t in (9.21)
to obtain

∂tρt =
2∑

i,j=1

Mij(∇2P ∗t (x)) ∂t∂ijP
∗
t (x). (9.22)

Taking into account the continuity equation and the well-known divergence-free prop-
erty of the cofactor matrix∑

i

∂iMij(∇2Pt
∗(x)) = 0, j = 1, 2,

we can rewrite (9.22) as

−∇ · (vtρt) =

2∑
i,j=1

∂i
(
Mij(∇2P ∗t (x)) ∂t∂jP

∗
t (x)

)
.

Hence, using (9.19) and the Monge-Ampère equation det(∇2P ∗t ) = ρt, we finally get
(9.15).

Proof of Proposition 9.6. We closely follow the argument of [Lo1, Theorem 5.1], and
we split the proof in two parts. In the first step we assume that

ρt ∈ C∞(T2 × R), vt ∈ C∞(T2 × R;R2) , (9.23)

0 < λ ≤ ρt ≤ Λ <∞ , (9.24)

∂tρt +∇ · (vtρt) = 0 , (9.25)

(∇Pt)#LT2 = ρtLT2 , (9.26)

and we prove that (9.12) holds for every t ≥ 0 (in this step, we assume Ut to be given,
namely we do not assume any relation between Ut and Pt). In the second step we prove
the general case through an approximation argument.

3Note that equation (9.17) is well defined on T2 since P ∗t −P ∗s is Z2-periodic. We also observe that
P ∗t − P ∗s has average zero on T2.
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Step 1: The regular case. Let us assume that the regularity assumptions (9.23),
(9.24), (9.25), (9.26) hold. Moreover, up to adding a time dependent constant to Pt,
we can assume without loss of generality that

∫
T2 P

∗
t = 0 for all t ≥ 0, so that by

Lemma 9.9 we have ∂tP
∗
t ∈ C∞(T2). Fix t ≥ 0. Multiplying (9.15) by ∂tP

∗
t and

integrating by parts, we get∫
T2

ρt|(∇2P ∗t )−1/2∂t∇P ∗t |2 dx =

∫
T2

ρt∂t∇P ∗t · (∇2P ∗t )−1∂t∇P ∗t dx

= −
∫
T2

ρt∂t∇P ∗t · vt dx.
(9.27)

(Since the symmetric matrix ∇2Pt
∗(x) is nonnegative, both its square root and the

square root of its inverse are well-defined.) From Cauchy-Schwartz inequality it follows
that the right-hand side of (9.27) can be rewritten and estimated with

−
∫
T2

ρt∂t∇P ∗t · (∇2P ∗t )−1/2(∇2P ∗t )1/2vt dx

≤
(∫

T2

ρt|(∇2P ∗t )−1/2∂t∇P ∗t |2 dx
)1/2(∫

T2

ρt|(∇2P ∗t )1/2vt|2 dx
)1/2

.

(9.28)

Moreover, the second factor in the right-hand side of (9.28) can be estimated with∫
T2

ρtvt · ∇2P ∗t vt dx ≤ max
T2

(
ρt|vt|2

) ∫
T2

|∇2P ∗t | dx. (9.29)

Hence, from (9.27), (9.28), and (9.29) it follows that∫
T2

ρt|(∇2P ∗t )−1/2∂t∇P ∗t |2 dx ≤ max
T2

(
ρt|vt|2

) ∫
T2

|∇2P ∗t | dx. (9.30)

We now apply Lemma 9.8 with a = |(∇2P ∗t )1/2| and b = |(∇2P ∗t )−1/2∂t∇Pt∗(x)| to
deduce the existence of a constant C(k) such that

|∂t∇P ∗t | logk+(|∂t∇P ∗t |)
≤ C(k)

(
|(∇2P ∗t )1/2|2 log2k

+ (|(∇2P ∗t )1/2|2) + |(∇2P ∗t )−1/2∂t∇P ∗t |2
)

= C(k)
(
|∇2P ∗t | log2k

+ (|∇2P ∗t |) + |(∇2P ∗t )−1/2∂t∇P ∗t |2
)
.

Integrating the above inequality over T2 and using (9.30), we finally obtain∫
T2

ρt|∂t∇P ∗t | logk+(|∂t∇P ∗t |) dx

≤ C(k)

(∫
T2

ρt|∇2P ∗t | log2k
+ (|∇2P ∗t |) dx+

∫
T2

ρt|(∇2P ∗t )−1/2∂t∇P ∗t |2 dx
)

≤ C(k)

(∫
T2

ρt|∇2P ∗t | log2k
+ (|∇2P ∗t |) dx+ max

T2

(
ρt|vt|2

) ∫
T2

|∇2P ∗t | dx
)
,

(9.31)
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which proves (9.12).

Step 2: The approximation argument. First of all, we extend the functions ρt
and vt for t ≤ 0 by setting ρt = ρ0 and vt = 0 for every t < 0. We notice that, with
this definition, ρt solves the continuity equation with velocity vt on R2 × R.

Fix now σ1 ∈ C∞c (R2), σ2 ∈ C∞c (R), define the family of mollifiers (σn)n∈N as
σn(x, t) := n3σ1(nx)σ2(nt), and set

ρn := ρ ∗ σn, vn(x) :=
(ρv) ∗ σn
ρ ∗ σn .

Since λ ≤ ρ ≤ Λ then
λ ≤ ρn ≤ Λ.

Therefore both ρn and vn are well defined and satisfy (9.23), (9.24), (9.25). Moreover
for every t > 0 the function ρnt is Z2-periodic and it is a probability density when
restricted to (0, 1)2 (once again we are identifying periodic functions with functions
defined on the torus). Let Pnt be the only convex function such that (∇Pnt )#LT2 = ρnt
and its convex conjugate Pn∗t satisfies

∫
T2 P

n∗
t = 0 for all t ≥ 0. Since ρnt → ρt

in L1(T2) for any t > 0 (recall that, by Theorem 9.4(ii), ρt is weakly continuous in
time), from standard stability results for Alexandrov solutions of Monge-Ampère (see
for instance [DF2]) it follows that

∇Pn∗t → ∇P ∗t in L1(T2) (9.32)

for any t > 0. Moreover, by Theorems 1.17 and 1.18(ii), for every k ∈ N there exists a
constant C := C(λ,Λ, k) such that∫

T2

ρnt |∇2Pn∗t | logk+(|∇2Pn∗t |) dx ≤ C,

and by the stability theorem in the Sobolev topology estabilished in [DF2, Theorem
1.3] it follows that∫

T2

ρnt |∇2Pn∗t | logk+(|∇2Pn∗t |) dx→
∫
T2

ρt|∇2P ∗t | logk+(|∇2P ∗t |) dx, (9.33)

∫
T2

|∇2Pn∗t | dx→
∫
T2

|∇2P ∗t | dx. (9.34)

Finally, since the function (w, t) 7→ F (w, t) = |w|2/t is convex on R2×(0,∞), by Jensen
inequality we get

‖ρn|vn|2‖∞ = ‖F (ρnvn, ρn)‖∞ ≤ ‖ρ|v|2‖∞. (9.35)

Let us fix T > 0 and φ ∈ C∞c ((0, T )) nonnegative. From the previous steps and
Dunford-Pettis Theorem, it is clear that φ(t)ρnt ∂t∇Pn∗t weakly converge to φ(t)ρt∂t∇P ∗t
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in L1(T2×(0, T )). Moreover, since the function w 7→ |w| logk+(|w|/r) is convex for every
r ∈ (0,∞) we can apply Ioffe lower semicontinuity theorem [AFP, Theorem 5.8] to the
functions φ(t)ρnt ∂t∇Pn∗t and φ(t)ρnt to infer∫ T

0
φ(t)

∫
T2

ρt|∂t∇P ∗t | logk+(|∂t∇P ∗t |) dx dt

≤ lim inf
n→∞

∫ T

0
φ(t)

∫
T2

ρnt |∂t∇Pn∗t | logk+(|∂t∇Pn∗t |) dx dt.
(9.36)

By Step 1 we can apply (9.12) to ρnt ,v
n
t . Taking (9.33), (9.34), (9.35) and (9.36) into

account, by Lebesgue dominated convergence theorem we obtain∫ T

0
φ(t)

∫
T2

ρt|∂t∇P ∗t | logk+(|∂t∇P ∗t |) dx dt

≤ C(k)

∫ T

0
φ(t)

(∫
T2

ρt|∇2P ∗t | log2k
+ (|∇2P ∗t |) dx+ ess sup

T2

(
ρt|vt|2

) ∫
T2

|∇2P ∗t | dx
)
dt.

Since this holds for every φ ∈ C∞c ((0, T )) nonnegative, we obtain the desired result.

It is clear from the proof of Proposition 9.6 that the particular coupling between the
velocity field vt and the transport map Pt is not used. Actually, using Theorem 1.18(ii)
and [DF2, Theorem 1.3], and arguing again as in the proof of [Lo1, Theorem 5.1], the
following more general statement holds (compare with [Lo1, Theorem 5.1, Equations
(27) and (29)]):

Proposition 9.10. Let ρt and vt be such that 0 < λ ≤ ρt ≤ Λ < ∞, vt ∈ L∞loc(T2 ×
[0,∞),R2), and

∂tρt +∇ · (vtρt) = 0.

Assume that
∫
T2 ρt dx = 1 for all t ≥ 0, let Pt be a convex function such that

(∇Pt)#LT2 = ρtLT2 ,

and denote by P ∗t its convex conjugate.
Then ∇Pt and ∇P ∗t belong to W 1,1

loc (T2 × [0,∞);R2). Moreover, for every k ∈ N
there exists a constant C(k) such that, for almost every t ≥ 0,∫

T2

ρt|∂t∇P ∗t | logk+(|∂t∇P ∗t |) dx

≤ C(k)

(∫
T2

ρt|∇2P ∗t | log2k
+ (|∇2P ∗t |) dx+ ess sup

T2

(
ρt|vt|2

) ∫
T2

|∇2P ∗t | dx
)
, (9.37)

∫
T2

|∂t∇Pt| logk+(|∂t∇Pt|) dx

≤ C(k)

(∫
T2

|∇2Pt| log2k
+ (|∇2Pt|) dx+ ess sup

T2

(
ρt|vt|2

) ∫
T2

|∇2P ∗t | dx
)
. (9.38)
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Proof. We just give a short sketch of the proof. Equation (9.37) can be proved follow-
ing the same line of the proof of Proposition 9.6. To prove (9.38) notice that by the
approximation argument in the second step of the proof of Proposition 9.6 we can as-
sume that the velocity and the density are smooth and hence, arguing as in Lemma 9.9,
we have that Pt, P

∗
t ∈ Liploc([0,∞), C∞(T2)). Now, changing variables in the the left

hand side of (9.30) we get∫
T2

∣∣∣([∇2P ∗t ](∇Pt)
)−1/2

[∂t∇P ∗t ](∇Pt)
∣∣∣2 dx ≤ max

T2

(
ρt|vt|2

) ∫
T2

|∇2P ∗t | dx. (9.39)

Taking into account the identities

[∇2P ∗t ](∇Pt) =
(
∇2Pt

)−1
and [∂t∇P ∗t ](∇Pt) + [∇2P ∗t ](∇Pt)∂t∇Pt = 0

which follow differentiating with respect to time and space ∇P ∗t ◦ ∇Pt = Id, we can
rewrite (9.39) as∫

T2

|(∇2Pt)
−1/2∂t∇Pt|2 dx ≤ max

T2

(
ρt|vt|2

) ∫
T2

|∇2P ∗t | dx.

At this point the proof of (9.38) is obtained arguing as in Proposition 9.6.

9.2 Existence of an Eulerian solution

In this section we prove Theorem 9.2.

Proof of Theorem 9.2. First of all notice that, thanks to Theorem 1.18(i) and Proposi-
tion 9.6, it holds |∇2P ∗t |, |∂t∇P ∗t | ∈ L∞loc([0,∞), L1(T2)). Moreover, since (∇Pt)#LT2 =
ρtLT2 , it is immediate to check that the function u in (9.6) is well-defined4 and |u|
belongs to L∞loc([0,∞), L1(T2)).

Let φ ∈ C∞c (R2× [0,∞)) be a Z2-periodic function in space and let us consider the
function ϕ : R2 × [0,∞)→ R2 given by

ϕt(y) := J(y −∇P ∗t (y))φt(∇P ∗t (y)). (9.40)

By Theorem 1.17 and the periodicity of φ, ϕt(y) is Z2-periodic in the space vari-
able. Moreover ϕt is compactly supported in time, and Proposition 9.6 implies that
ϕ ∈ W 1,1(R2 × [0,∞)). So, by Lemma 9.5, each component of the function ϕt(y)
is an admissible test function for (9.10). For later use, we write down explicitly the

4Note that the composition of ∇2P ∗t with ∇Pt makes sense. Indeed, by the conditions (∇Pt)#LT2 =
ρtLT2 � LT2 , if we change the value of ∇2P ∗t in a set of measure zero, also [∇2P ∗t ](∇Pt) will change
only on a set of measure zero.
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derivatives of ϕ:

∂tϕt(y) = −J [∂t∇P ∗t ](y)φt(∇P ∗t (y)) + J(y −∇P ∗t (y))[∂tφt](∇P ∗t (y))+

+ J(y −∇P ∗t (y))
(
[∇φt](∇P ∗t (y)) · ∂t∇P ∗t (y)

)
,

∇ϕt(y) = J(Id−∇2P ∗t (y))φt(∇P ∗t (y)) + J(y −∇P ∗t (y))⊗
(
[∇Tφt](∇P ∗t (y))∇2P ∗t (y)

)
.

(9.41)

Taking into account that (∇Pt)#LT2 = ρtLT2 and that [∇P ∗t ](∇Pt(x)) = x almost
everywhere, we can rewrite the boundary term in (9.10) as∫

T2

ϕ0(y)ρ0(y) dy =

∫
T2

J(∇P0(x)− x)φ0(x) dx =

∫
R2

J∇p0(x)φ0(x) dx. (9.42)

In the same way, since vt(y) = J(y −∇P ∗t (y)), we can use (9.41) to rewrite the other
term as∫ ∞

0

∫
T2

{
∂tϕt(y) +∇ϕt(y) · vt(y)

}
ρt(y) dy dt

=

∫ ∞
0

∫
T2

{
− J [∂t∇P ∗t ](∇Pt(x))φt(x) + J(∇Pt(x)− x)∂tφt(x)

+ J(∇Pt(x)− x)
(
∇φt(x) · [∂t∇P ∗t ](∇Pt(x))

)
+ J(Id−∇2P ∗t (∇Pt(x)))φt(x)J(∇Pt(x)− x)

+ J(∇Pt(x)− x)⊗
(
∇Tφt(x)∇2P ∗t (∇Pt(x))

)
J(∇Pt(x)− x)

}
dx dt

(9.43)

which, taking into account the formula (9.6) for u, after rearranging the terms turns
out to be equal to∫ ∞

0

∫
T2

{
J∇pt(x)

(
∂tφt(x) + ut(x) · ∇φt(x)

)
+
(
−∇pt(x)− Jut(x)

)
φt(x)

}
dx dt.

(9.44)
Hence, combining (9.42), (9.43), (9.44), and (9.10), we obtain the validity of (9.7).

Now we prove (9.8). Given φ ∈ C∞c (0,∞) and a Z2-periodic function ψ ∈ C∞(R2),
let us consider the function ϕ : R2 × [0,∞)→ R defined by

ϕt(y) := φ(t)ψ(∇Pt∗(y)). (9.45)

As in the previous case, we have that ϕ is Z2-periodic in the space variable and ϕ ∈
W 1,1(T2×[0,∞)), so we can use ϕ as a test function in (9.8). Then, identities analogous
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to (9.41) yield

0 =

∫ ∞
0

∫
T2

{∂tϕt(y) +∇ϕt(y) · vt(y)} ρt(y) dy dt

=

∫ ∞
0

φ′(t)

∫
T2

ψ(x) dx dt+

∫ ∞
0

φ(t)

∫
T2

{
∇ψ(x) · ∂t∇Pt∗(∇Pt(x))

+∇Tψ(x)∇2P ∗t (∇Pt(x))J(∇Pt(x)− x)
}
dx dt

=

∫ ∞
0

φ(t)

∫
T2

∇ψ(x) · ut(x) dx dt.

Since φ is arbitrary we obtain∫
T2

∇ψ(x) · ut(x) dx = 0 for L 1-a.e. t > 0.

By a standard density argument it follows that the above equation holds outside a
negligible set of times independent of the test function ψ, thus proving (9.8).

9.3 Existence of a regular lagrangian flow for the semi-
geostrophic velocity

We recall the notion of regular lagrangian flow of a Borel vector field on the 2-dimensional
torus, introduced in Definition 1.4 in Rd; as observed in Section 1.1, this definition does
not require any regularity of b and, by Fubini’s theorem, it does not depend on the
choice of the representative of b in the Lebesgue equivalence class.

Definition 9.11. Given a Borel, locally integrable vector field b : T2×(0,∞)→ R2, we
say that a Borel function X : T2 × [0,∞)→ T2 is a regular lagrangian flow associated
to b if the following two conditions are satisfied.

(i) For almost every x ∈ T2 the map t 7→ X(·, x) is locally absolutely continuous in
[0,∞) and

X(t, x) = x+

∫ t

0
bs(X(s, x))dx ∀t ∈ [0,∞). (9.46)

(ii) For every t ∈ [0,∞) it holds X(t, ·)#LT2 ≤ CLT2 , with C ∈ [0,∞) independent
of t.

A particular class of regular lagrangian flows is the collection of the measure-
preserving ones, where (ii) is strengthened to

X(t, ·)#LT2 = LT2 ∀t ≥ 0.
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We show existence of a measure-preserving regular lagrangian flow associated to the
vector field u defined by

ut(x) = [∂t∇P ∗t ](∇Pt(x)) + [∇2P ∗t ](∇Pt(x))J(∇Pt(x)− x), (9.47)

where Pt and P ∗t are as in Theorem 9.2. Recall also that, under these assumptions,
|u| ∈ L∞loc([0,∞), L1(T2)).

Existence for a weaker notion of Lagrangian flow of the semigeostrophic equations
was proved by Cullen and Feldman, see [CuFe, Definition 2.4], but since at that time
the results of [DF1] were not available the velocity could not be defined, not even as a
function. Hence, they had to adopt a more indirect definition. We shall prove indeed
that their flow is a flow according to Definition 9.11. We discuss the uniqueness issue
in the last section.

Theorem 9.12. Let us assume that the hypotheses of Theorem 9.2 are satisfied, and
let Pt and P ∗t be the convex functions such that

(∇Pt)#LT2 = ρtLT2 , (∇P ∗t )#ρtLT2 = LT2 .

Then, for ut given by (9.47) there exists a measure-preserving regular lagrangian flow
X associated to ut. Moreover X is invertible in the sense that for all t ≥ 0 there
exist Borel maps X−1(t, ·) such that X−1(t,X(t, x)) = x and X(t,X−1(t, x)) = x for
L 2-a.e. x ∈ T2.

Proof. Let us consider the velocity field in the dual variables vt(x) = J(x−∇P ∗t (x)).
Since P ∗t is convex, vt ∈ BV (T2;R2) uniformly in time (actually, by Theorem 1.18(ii)
vt ∈ W 1,1(T2;R2)). Moreover vt is divergence-free. Hence, by the theory of regular
lagrangian flows associated to BV vector fields of Theorem 1.5 (notice that, since we
are on the torus, no growth conditions are required and trajectories cannot blow up),
there exists a unique measure-preserving regular lagrangian flow Y : T2 × [0,∞)→ T2

associated to v.
We now define (see also Figure 9.1)5

X(t, x) := ∇P ∗t (Y (t,∇P0(x))). (9.48)

The validity of property (b) in Definition 9.11 and the invertibility of X follow from
the same arguments of [CuFe, Propositions 2.14 and 2.17]. Hence we only have to
show that property (a) in Definition 9.11 holds.

Let us define Qn := B∗σn, where B is a Sobolev and uniformly continuous extension
of ∇P ∗ to T2×R, and σn is a standard family of mollifiers in T2×R. It is well known

5Observe that the definition of X makes sense. Indeed, by Theorem 1.18(i), both maps ∇P0 and
∇P ∗t are Hölder continuous in space. Morever, by the weak continuity in time of t 7→ ρt (Theorem
9.4(ii)) and the stability results for Alexandrov solutions of Monge-Ampère, ∇P ∗ is continuous both
in space and time. Finally, since (∇P0)#LT2 � LT2 , if we change the value of Y in a set of measure
zero, also X will change only on a set of measure zero.
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that Qn → ∇P ∗ locally uniformly and in the strong topology of W 1,1
loc (T2 × [0,∞)).

Thus, using the measure-preserving property of Y (t, ·), for all T > 0 we get

0 = lim
n→∞

∫
T2

∫ T

0

{
|Qnt −∇P ∗t |+ |∂tQnt − ∂t∇P ∗t |+ |∇Qnt −∇2P ∗t |

}
dy dt.

= lim
n→∞

∫
T2

∫ T

0

{
|Qnt (Y (t, ·)−∇P ∗t (Y (t, ·))|+ |[∂tQnt ](Y (t, ·))− [∂t∇P ∗t ](Y (t, ·))|

+ |[∇Qnt ](Y (t, ·))− [∇2P ∗t ](Y (t, ·))|
}
dx dt.

Up to a (not re-labeled) subsequence the previous convergence is pointwise in space,
namely, for almost every x ∈ T2,

lim
n→∞

∫ T

0

{
|Qnt (Y (t, x))−∇P ∗t (Y (t, x))|+ |[∂tQnt ](Y (t, x))− [∂t∇P ∗t ](Y (t, x))|

+ |[∇Qnt ](Y (t, x))− [∇2P ∗t ](Y (t, x))|
}
dt = 0.

(9.49)

Hence, since Y is a regular lagrangian flow and by assumption

(∇P0)LT2 � LT2 ,

for almost every y we have that (9.49) holds at x = ∇P0(y), and the function t 7→
Y (t, x) is absolutely continuous on [0, T ], with derivative given by

d

dt
Y (t, x) = vt(Y (t, x)) = J(Y (t, x)−∇P ∗t (Y (t, x))) for L 1-a.e. t ∈ [0, T ].

Let us fix such an y. Since Qn is smooth, the function Qnt (Y (t, x)) is absolutely
continuous in [0, T ] and its time derivative is given by

d

dt

(
Qnt (Y (t, x))

)
= [∂tQ

n
t ](Y (t, x)) + [∇Qnt ](Y (t, x))J(Y (t, x)−∇P ∗t (Y (t, x))).

Hence, since J(Y (t, x)−∇P ∗t (Y (t, x))) = vt(Y (t, x)) is uniformly bounded, from (9.49)
we get

lim
n→∞

d

dt

(
Qnt (Y (t, x))

)
= [∂t∇P ∗t ](Y (t, x)) + [∇2P ∗t ](Y (t, x))J(Y (t, x)−∇P ∗t (Y (t, x)))

:= wt(y) in L1(0, T ).

(9.50)

Recalling that

lim
n→∞

Qnt (Y (t, x)) = ∇P ∗t (Y (t, x)) = X(t, y) ∀ t ∈ [0, T ],
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we infer that X(t, y) is absolutely continuous in [0, T ] (being the limit in W 1,1(0, T ) of
absolutely continuous maps). Moreover, by taking the limit as n→∞ in the identity

Qnt (Y (t, x)) = Qn0 (Y (0, x)) +

∫ t

0

d

ds

(
Qns (Y (s, x))

)
ds,

thanks to (9.50) we get

X(t, y) = X(0, y) +

∫ t

0
ws(y) ds. (9.51)

To obtain (9.46) we only need to show that wt(y) = ut(X(t, y)), which follows at once
from (9.47), (9.48), and (9.50).
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[AM] L. Ambrosio & J. Malý: Very weak notions of differentiability. Proc. Roy. Soc.
Edinburgh Sect. A 137 (2007), 447–455.

[AG] G. Anzellotti & M. Giaquinta: Convex functionals and partial regularity. Arch.
Rational Mech. Anal. 102 (1988), 243–272.

[Ar] A. A. Arsen’ev: Existence in the large of a weak solution of Vlasov’s system of
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Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 7 (1968), 184–222.

[Wa] L. Wang: Compactness methods for certain degenerate elliptic equations. J. Differ-
ential Equations 107 (1994), 341–350.

[Wo] S. Wollman: Global-in-time solutions of the two-dimensional Vlasov-Poisson sys-
tem. Comm. Pure Appl. Math. 33 (1980), 173–197.



BIBLIOGRAPHY 227

[Vi] C. Villani: Optimal transport, old and new. Grundlehren des mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences], 338, Springer-
Verlag, Berlin-New York (2009).

[Yu] V. I. Yudovich: Nonstationary flow of an ideal incompressible liquid. Zhurn. Vych.
Mat. 3 (1963), 1032–1066.

[ZW] X. Zhang & J. Wei: The Vlasov-Poisson system with infinite kinetic energy and
initial data in Lp(R6). J. Math. Anal. Appl. 341 (2008), 548–558.


	Introduction
	Preliminary results 
	An overview on flows of vector fields
	A bridge between Lagrangian and Eulerian solutions: the superposition principle
	Uniqueness of bounded solutions of the continuity equation
	Uniqueness for the continuity equation and singular integrals
	Optimal transport
	Existence and uniqueness of optimal transport maps on the torus
	Regularity of optimal transport maps on the torus

	A few glimpses of classical regularity theory for elliptic equations
	The p-laplacian
	The non-variational problem
	A few basic lemmas


	Maximal regular flows for non-smooth vector fields 
	Regular flow, hitting time, maximal flow
	Existence and uniqueness of the maximal regular flow
	On the local character of the assumption (b-)

	Main properties of maximal regular flows and analysis of blow-up 
	Semigroup property
	Stability
	Proper blow-up of trajectories under global bounds on divergence
	No blow-up criteria under global bounds on divergence
	Forward and backward Maximal Regular Flows with divergence free vector fields

	Lagrangian structure of transport equations 
	Generalized flows and Maximal Regular Flows
	Generalized flows transported by the maximal regular flow and renormalized solutions
	The superposition principle under local integrability bounds

	The continuity equation with an integrable damping term 
	Existence and uniqueness of renormalized solutions
	Proof of existence
	Proof of uniqueness

	Regularity results for very degenerate elliptic equations
	Degenerate elliptic equations
	Compactness result for a degenerate equation
	Separation between degenerancy and nondegeneracy
	Regularity at nondegenerate points
	Proof of Theorems 6.4 and 6.1

	An excess-decay result for a class of degenerate elliptic equations
	Excess-decay result at nondegenerate points and consequences
	Applications: the anisotropic p-Laplace equation and traffic models
	Proofs

	The Vlasov-Poisson system
	Statement of the results
	The flow associated to the Vlasov-Poisson system
	Global existence for Vlasov-Poisson

	The semigeostrophic system
	The dual problem and the regularity of the velocity field
	Existence of an Eulerian solution
	Existence of a regular lagrangian flow for the semigeostrophic velocity

	Bibliography

