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Chapter 1

Introduction
Chemical reactivity is governed by electronic motion, which occurs at an attosecond
(1 as = 10� 18 s) time scale. Until the last century, it was not possible to observe
it directly, as the shortest available laser pulses had duration in the order of
femtoseconds (1 fs = 10� 15 s), which is the scale of nuclear motion [1,2]. During
the last two decades, big advances in laser technology, such as X-ray free electron
lasers (XFELs) [3,4], have led to the experimental realization of sub-femtosecond
laser pulses, making possible real-time observation and control of electron dynamics
in molecules [5� 11]. This provided the potential for a deeper understanding of
chemical reactions, including some fundamental biochemical mechanisms such as
the early stages of photosynthesis [12,13] or DNA radiation damage [14]. In parallel
to these technological advancements, it is fundamental to carry on theoretical and
computational research that, apart from being interestingper se, is an important
tool to design innovative experiments to be performed at laser facilities and to
predict and interpret their outcomes.

The methods used to model the time evolution of electrons can be divided into
two macrocategories: real-time electronic structure theory and frequency-domain
response theory [15,16]. In real-time methods, the time-dependence of the system is
considered explicitly by evolving the time-dependent Schrödinger equation (TDSE)
in the time domain. Despite the methods to explicitly solve the TDSE began to
be applied in the �eld of nuclear physics more than half century ago [17� 21], until
recently they didn't become very popular in the electronic structure community,
mainly because of the lack of electronic correlation in the Hartree-Fock methods
and the inaccessibly high computational cost for the correlated methods [22]. This
changed with technological advancements that led to more powerful computers and
e�cient algorithms, which revived the research in real-time correlated methods like
density functional theory [23,24], multicon�gurational self-consistent-�eld [25� 27],
con�guration interaction [28� 31], algebraic diagrammatic construction [32,33] and
coupled-cluster [34� 44]. When conducting computational chemistry studies on a
system, it is essential to select an appropriate method in order to achieve a good
balance between accuracy and computational cost. This evaluation depends not
only on the nature of the system under study but also on the desired level of
accuracy and the available computational resources. Computational chemistry
methods are generally categorized as either ab initio or semiempirical. Unlike
semiempirical methods, ab initio methods rely solely on physical principles in their
calculations and do not incorporate experimental data. This characteristic makes
them extendable to higher orders of accuracy at the cost of increased computational
e�ort. On the other hand, while semiempirical methods o�er the advantage of
reduced computational cost, they are limited by their system-dependent accuracy.
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Although it is impossible to declare one method as universally superior to
another, in a speci�c situation, we can determine which method is more accurate,
computally cost-e�ective, or suitable. When modeling a chemical system, it is
often crucial to consider electronic correlation as an important aspect. It can be
classi�ed into static and dynamic correlation. Static correlation is linked to the
presence of degenerate or quasi-degenerate states and, if not negligible, makes any
description with a single determinant inadequate. On the other hand, dynamic
correlation is directly related to the electronic motion. The Hartree-Fock (HF)
method is the simplest ab initio method for electronic structure calculations. Despite
the advantage of being computationally cheap, it has the signi�cant drawback
of neglecting completely the electronic correlation e�ects, except for the Pauli
correlation. To account for dynamic correlation, post-HF methods such as coupled-
cluster (CC), con�guration interaction (CI), or Møller-Plesset perturbation theory
(MP) are necessary. Coupled-cluster, while having a high computational cost and
being nonvariational, has the advantage of being size-extensive at any truncation
level and can provide results of the desired accuracy with su�cient computational
resources. It recovers dynamical correlation well, but it cannot recover static
correlation in its more common formulations, making it unsuitable for systems
that cannot be e�ectively approximated by a single determinant wave function.
However, by employing multi-reference formulations, it is possible to overcome this
limitation and accurately capture static correlation.

In this thesis, the theoretical framework that we have chosen for the study of
attochemical phenomena is that of time-dependent coupled-cluster theory [45], as
it constitutes an accurate approach for the description of molecules in strong �elds.
In this method, the time-dependence is contained in the cluster amplitudes and
multipliers. Their time evolution is described by means of �rst-order di�erential
equations, that can be resolved using integrators like Runge-Kutta and Gauss-
Legendre. As outlined in Publication I [46] of this thesis, we have successfully
implemented these methods in eT , an open source electronic structure program with
emphasis an on coupled-cluster techniques. In particular, this represented the �rst
released implementation of a time-dependent coupled-cluster method. After the
assessment of the accuracy of our integration procedures by comparison with results
already present in the literature, we have used our code to calculate the electronic
response to a pump-probe sequence of laser pulses, with the pump being valence-
exciting and the probe being core-exciting. As higher level coupled-cluster methods
computation cost scales rapidly with the size of the system, and quickly reaches the
limits of practicability, we have chosen lithium hydride (LiH) for the convergence
tests of parameters like the basis set, the size of the time steps, and the integration
method. Then, we observed how the transient absorption spectrum of the lithium
�uoride (LiF) molecule oscillates with the time delay between the pump pulse and
the probe one. We attributed this e�ect to the quantum interference of states in
the pump-induced superposition. The detailed results of our work on pump-probe
transient absorption spectra of LiH and LiF can be found in Publication II [39] of
this thesis.

We extended the aforementioned implementation to a time-dependent equation-
of-motion coupled-cluster approach with the use of a reduced basis calculated
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with an asymmetric band Lanczos algorithm, as detailed in Publication III [47]
of this thesis. By increasing the band Lanczos chain length (i.e. the number
of iterations) and including a su�cient number of relevant states, this approach
converges to the same spectral features as the aforementioned time-dependent
coupled-cluster method, but with signi�cantly lower computational times, as we
showed for lithium �uoride. We observed the limits of core-valence separation
(CVS) approximation, showing how for the LiH molecule several peaks around
the Li K-edge were not correctly retrieved. This was because for light atoms such
as Li the energy separation between core and valence orbitals is small, so that
pure valence excitation (which would be excluded by the core-only CVS projector)
can fall within the core excitation region. Finally, we used the computational
procedure to model attosecond transient absorption by the glycine molecule, which
is a promising candidate for experimental investigations. We also modeled the
electronic Raman e�ect [5,48� 51], in particular the electronic impulsive stimulated
Raman scattering (ISXRS) [52] population transfer induced by an ultrashort laser
pulse described as a semiclassical external electric �eld in dipole approximation
by means of the time-depend equation-of-motion coupled-cluster (TD-EOM-CC)
model. As described in Publication IV [53] of this thesis, we studied it for some
small molecules, namely neon, carbon monoxide, pyrrole, andp-aminophenol, by
performing some simulations in which the frequency of the ultrashort external
electromagnetic pulse that irradiated the system corresponded to that of the lowest
allowed core excitation of the considered system. We assessed the occurrence of
the Raman e�ect by looking at the �nal population probabilities of the di�erent
states and noticing how some valence states become populated because of the
de-excitation from core excited states. We simulated the real-time evolution of the
electronic density ofp-aminophenol interacting with an external electromagnetic
�eld and visualized it through a movie showing isodensity surfaces of the di�erence
between the time-dependent electronic and the ground state density. We were
able to observe the movement of the electronic density and track its localization
over time. The signi�cance of the research work presented in this thesis lies
in the importance of developing theoretical and computational tools aimed at
improving our understanding, ability to predict phenomena, and possibility to
design experiments in the �eld of attochemistry. Perhaps the most groundbreaking
potential application of this research is the possibility to steer electrons through
the use of external electric �elds, thereby enabling direct control over chemical
reactions. This would represent a major advance in our ability to manipulate
chemical systems at the atomic scale and has enormous potential for driving
technological advancements in the years to come.
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Chapter 2

Standard electronic structure
methods

2.1 Second quantization

Second quantization is an alternative formulation of quantum mechanics that
di�ers from the traditional �rst quantization approach. In the �rst quantization,
observables are represented by operators, and states are represented by functions.
However, in second quantization, states are also represented by operators, speci�-
cally, sequences of elementary creation and annihilation operators that act on the
vacuum state. In the second quantization formulation, one of the essential concepts
is the Fock space. This is a vector space in which each element is in a one-to-one
correspondence with a Slater determinant with the orbitals in canonical order. The
vectors jki of a fermionic Fock space are de�ned as

jki = jk1; k2; :::; kM i ; kP =

(
1 � p occupied;

0 � p unoccupied;
(2.1)

where � p are elements of a basis of orthonormal spin orbitals. Creation and
annihilation operators in the fermionic case are de�ned respectively as

ay
P jk i = � kP 0� k

P jk1; :::; 1p; :::; kM i ; (2.2)

aP jk i = � kp 1� k
P jk1; :::; 0p; :::; kM i ; (2.3)

where� k
P is the phase factor, de�ned as

� k
P =

P � 1X

Q=1

(� 1)k
Q: (2.4)

The phase factor,� k
P , is introduced to ensure the correct antisymmetry of the

fermionic wave function when applying the creation and annihilation operators.
However, in practice, the anticommutation relations between these operators
automatically take care of the phase factor, making any explicit reference to it
unnecessary. The anticommutation relations between creation and annihilation
operators are h

ay
P ; ay

Q

i

+
= 0; (2.5)

h
ay

P ; aQ

i

+
= 0; (2.6)
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h
ay

P ; aQ

i

+
= � P Q : (2.7)

In second quantization, the �eld- and spin-free molecular electronic Hamiltonian in
nonrelativistic and Born-Oppenheimer approximation takes the following form

Ĥ =
X

P Q

hP Qay
P aQ +

1
2

X

P QRS

gP QRS ay
P ay

RaSaQ + hnuc ; (2.8)

where

hP Q =
Z

� �
P (x)

 

�
1
2

r 2 �
X

I

Z I

r I

!

� Q (x) dx; (2.9)

gP QRS =
Z Z

� �
P (x1) � �

R (x2) � Q (x1) � S (x2)
r12

dx1dx2; (2.10)

hnuc =
1
2

X

I 6= J

Z I ZJ

RIJ
: (2.11)

As in the Born-Oppenheimer approximation the positions of the nuclei are �xed,
hnuc is a numerical constant for a given molecular geometry. It is interesting to
notice how the terms of the Hamiltonian contain at most two electronic excitations:
this will turn out to be useful in chapter 3.

2.2 The variational principle

The variational principle is a fundamental concept in quantum mechanics, which
states that the solution of the Schrödinger equation̂H j0i = E0 j0i is equivalent to
�nding the stationary points of the energy functional

E[~0] =



~0
�
�Ĥ

�
�~0

�



~0
�
�~0

� ; (2.12)

where
�
�~0

�
is a trial wave function, Ĥ is the Hamiltonian operator, andE[~0] is the

energy associated with the trial wave function. In other words, it can be proven
that the solutions of the Schrödinger equation are in a one-to-one correspondence
with the stationary points of the energy functionalE[~0]. This principle manifests
its practical utility through what is called variational method. In this method the
wave functionjCi is expressed in terms of a set of parametersC. The goal is to �nd
which combination of parameters leads to the lowest energy possible, corresponding
to a stationary point of the function

E(C) =
hCjĤ jCi
hCjCi

: (2.13)

The wave function corresponding to that energy is the best approximation of
the ground state wave function that can be obtained from the variation of the
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aforementioned parameters. The obtained energy represents an upper bound to
the ground state energy.

2.3 Hellmann-Feynman theorem

The Hellmann-Feynman theorem provides a means to calculate the �rst-order
change in energy resulting from a perturbation� V̂ of the Hamiltonian Ĥ

Ĥ �! Ĥ + � V̂ : (2.14)

Speci�cally, according to the theorem, the derivative of the energy with respect to
� evaluated at � = 0 is equal to the expectation value of̂V with respect to the
unperturbed wave functionj	 i

dE(� )
d�

�
�
�
� =0

= h	 jV̂ j	 i : (2.15)

This theorem can also be generalized to transition expectation values [45], as follows

d
d�

h�( � )jĤ0 + � V̂ jCC(� )i
�
�
�
� =0

= h� jV̂ jCCi ; (2.16)

which will be explored further in section 3.2.

2.4 Hartee-Fock

The Hartree-Fock (HF) method serves as the basis for all post-HF models and is
the simplest ab initio wave function model. Its main de�ciency is its inability to
describe electronic correlation except for the Fermi correlation. The basic idea
behind the method is to approximate the true wave function, which exists only in
the entire multi-electron Hilbert space, with a Slater determinant, which is the
simplest representation for which the antisymmetry holds. In this representation,
aside from Fermi correlation, each electron behaves as an independent particle.
Therefore, we can formulate an e�ective one-electron Schrödinger equation for each
electron in the system. The e�ective Hamiltonian of the one-electron Shrödinger
equation is called the Fock operator and can be written as

f̂ =
X

pq

f pqEpq; (2.17)

where the matrix f , known as the Fock matrix, is symmetric. The eigenvalues of
the Fock matrix correspond to the orbital energies. Koopmans' theorem states
that in the case of closed-shell HF, the negative of the orbital energy of the highest
occupied orbital corresponds to the ionization energy of the system. However, this
only holds for closed-shell HF. The Hartree-Fock method is typically solved using
an iterative technique known as the self-consistent �eld (SCF) method. The goal of
the SCF method is to determine the best (i.e., lowest) energy achievable by varying
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the orbital coe�cients of the Slater determinant or, in second quantization, the
con�guration state function (CSF) that describes the system being studied. In
second quantization, the SCF method starts with a reference occupation number
vector as an initial guess. The Fock matrix is then constructed based on this
guess and diagonalized to obtain new orbital coe�cients. This process is repeated
iteratively until the energy converges within a certain chosen threshold. These
transformations are unitary so that the wave function can be written in the form

j� i = e� �̂ j0i ; (2.18)

wherej0i represents a reference single determinant state and�̂ is an anti-Hermitian
operator. The Hartree-Fock energy in second quantization can be expressed as

E (0) = hHFjĤ jHFi =
X

pq

Dpqhpq +
1
2

X

pqrs

dpqrsgpqrs + hnuc ; (2.19)

whereDpq and dpqrs are respectively the one- and two- density matrix elements
and are de�ned as

Dpq = hHFjEpqjHFi ; (2.20)

dpqrs = hHFjepqrsjHFi : (2.21)

whereEpq is the singlet excitation operator, de�ned as

Epq = ay
p� aq� + ay

p� aq� ; (2.22)

and epqrs is the two-electron excitation operator, de�ned as

epqrs = EpqErs � � qrEps: (2.23)

For a closed shell HF, the energy becomes

E (0) = 2
X

i

hii +
X

ij

(2giijj � gijji ) + hnuc ; (2.24)

where the one-electron term represents the kinetic energy of electrons and their
interaction with the nuclei, the two-electron term represents the interactions of the
electrons among each other andhnuc is a scalar term that represents the repulsion
among the nuclei.
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Chapter 3

The coupled-cluster model
Coupled-cluster (CC) is a powerful post-HF method that is especially well-suited
for describing systems with signi�cant dynamic correlation while it neglects static
correlation, at least in its canonical formulations. One of the key advantages of
CC is that it is size-extensive, as will be discussed in greater detail in Sec. 3.1.
Coupled-cluster is generally viewed as a great compromise between accuracy and
computational cost, to the point that its CCSD(T) (CC singles and doubles
with perturbative triples) formulation is called "the gold standard". The idea
behind coupled-cluster is to re�ne the HF description by adding contributions
from electronic excitations involving transitions from occupied to virtual orbitals.
By incorporating these additional contributions, the method is able to capture
electronic correlation e�ects. The CC wave function can be written as

jCCi = eT̂ jHFi ; (3.1)

whereT̂ is the cluster operator, which is a sum of excitation operatorŝ� � describing
excitations from occupied to virtual orbitals and their corresponding amplitudest�

T̂ =
X

�

t � �̂ � : (3.2)

The excitation operator�̂ � acting on the reference statejHFi creates an excited state
j� i by promoting electrons from occupied to virtual orbitals, and the corresponding
amplitude t � represents the weight of that virtual excitation in the description of
the state.

An excitation � is referred to as "single" if it involves the excitation of a single
electron from an occupied orbital to a virtual orbital, "double" if it involves the
excitation of two electrons from two occupied orbitals to two virtual orbitals, and so
on. The operatorT̂ can be decomposed as a sum of operators, each corresponding
to a speci�c order of excitation

T̂ = T̂1 + T̂2 + T̂3 + � � � + T̂N ; (3.3)

whereT̂1 contains only single excitation operators,̂T2 contains only double excitation
operators, and so on, withN being the number of electrons in the system. When
performing an actual computation, typically only excitations of selected orders are
included. For example, in CCS (coupled-cluster singles), only single excitations are
included in the cluster operator, so that we havêT = T̂1, in CCSD (coupled-cluster
singles and doubles) we havêT = T̂1 + T̂2, and so on. Unlike other methods like
HF or con�guration interaction (CI), the use of variational principle in order to
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determine the CC wave function results in a highly complex set of equations. The
computational cost of solving these equations is substantial, making the variational
approach unusable for CC calculations. What is done instead is to multiply the
Schrödinger equation from the left bye� T̂ and then left project it on the hHFj
state and on the excited statesh� j, obtaining the following projected equations

hHFjĤ jCCi = E; (3.4)

h� jĤ T jHFi = 0; (3.5)

whereĤ T is the similarity transformed Hamiltonian de�ned asĤ T = e� T̂ ĤeT̂ . It's
worth noting that Ĥ T is not a Hermitian operator, even though the original Hamil-
tonian Ĥ is Hermitian. This is because the similarity transformed Hamiltonian
Ĥ T involves the cluster operatorT̂ , which is not anti-Hermitian. The projection
approach used in CC leads to a much more tractable set of equations compared
to the variational principle approach. This is because the number of terms is
limited by the bielectronic nature of the Hamiltonian operator, which causes terms
containing bra and ket that di�er by more than two excitations to be equal to zero.
Equations 3.5 are solved iteratively by substituting at each iteration the value of
energy obtained from 3.4 until convergence. It is important to note that, sincêH
is a two-particle operator and due to the Brillouin theorem, the energy expression,
even when considering the full expansion of̂T, is given by

E = hHFjĤ
�

1 + T̂2 +
1
2

T̂2
1

�
jHFi ; (3.6)

meaning that amplitudes higher than double order do not contribute directly to the
energy, regardless of the applied level of truncation. Another important property of
the coupled-cluster method is thecluster-commutation condition, that states that

k > 2s�
A =) [[: : : [[Â; T̂n1 ] ; T̂n2 ] ; : : :] ; T̂nk ] = 0: (3.7)

Here s�
A is the down rank of the operatorÂ de�ned as

s�
A =

1
2

(nc
o + na

v) ; (3.8)

where nc
o is the number of creation operators inÂ for the occupied spin or-

bitals, while na
v is the number of the annihilation operators inÂ for the virtual

spin orbitals. When Â is the Hamiltonian Ĥ , the highest down rank is2, so
its Baker�Campbell�Hausdor� (BCH) expansion will be at most quartic in the
amplitudes

e� T̂ ĤeT̂ = Ĥ + [ Ĥ; T̂ ] +
1
2

[[Ĥ; T̂ ] ; T̂ ] +
1
6

[[[Ĥ; T̂ ] ; T̂ ] ; T̂ ] +
1
24

[[[[Ĥ; T̂ ] ; T̂ ] ; T̂ ] ; T̂ ] :

(3.9)
In order to determine the coupled-cluster amplitudes, several iterative methods
are available. We can view the left-hand side of Eq. 3.5 as a vector function

 � (t ) = h� je� T̂ ĤeT̂ jHFi .We can approximate the
 � (t ) by expanding it up to
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the linear term



�
t (n) + � t

� �= 
 (0)
�
t (n)

�
+ 
 (1)

�
t (n)

�
� t ; (3.10)

where

 (0)

�

�
t (n)

�
= h� je� T̂ ( n )

ĤeT̂ ( n )
jHFi ; (3.11)

is the vector function at the nth iteration while


 (1)
��

�
t (n)

�
= h� je� T̂ ( n )

h
Ĥ; �̂ �

i
eT̂ ( n )

jHFi ; (3.12)

is the Jacobian matrix. We can put 
 (0)
�
t (n)

�
+ 
 (1)

�
t (n)

�
� t = 0 neglecting all

the terms that have a higher order than linear dependence on� t . From this, we
obtain the relation


 (1)
�
t (n)

�
� t (n) = � 
 (0)

�
t (n)

�
; (3.13)

that, together with the relation

t (n+1) = t (n) + � t (n) ; (3.14)

gives to equations that can be iterated until convergence in order to obtain the
coupled-cluster amplitudes. The major problem with this procedure, calledNewton's
method, is that it is very computationally demanding as it requires solving the set
of linear equations 3.13 in every iteration. For this reason, other methods that
avoid the need for solving the set of linear equations are more commonly used to
obtain the coupled-cluster amplitudes. One such example is the algorithm called
perturbation-based quasi-Newtonmethods, which assumes the Jacobian
 (1)

��
�
t (n)

�

to be diagonally dominant, which is supported by the results of the Møller-Plesset
theory. Thus it can be approximated by putting all o�-diagonal terms to zero, so
that from equation 3.13 we can write

� t (n)
� = � � � 1

� 
 (0)
�

�
t (n)

�
; (3.15)

where the term� � represents the di�erence between the total energy of unoccupied
orbitals and the total energy of occupied orbitals for the spin orbitals in̂� � . The
convergence of this method can be improved signi�cantly by the acceleration method
known asdirect inversion of the iterative subspace(DIIS). In this framework, the
amplitudes are no longer obtained as in 3.14, but through the relation

t (n) =
n� 1X

k=1

wk t (k) + wn
�
t (n� 1) + � t (n� 1)

�
; (3.16)

where thewk are the interpolation weights. Thewk are determined by minimizing
the norm of the averaged error vector in a least-squares sense

� t ave =
nX

k=1

wk � t (k� 1): (3.17)
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The interpolation weights must sum to unity

nX

k=1

wk = 1: (3.18)

As DIIS signi�cantly reduces the iterations needed for convergence, it is used by
default in many quantum chemistry programs, including the eT program [46].

3.1 Size-consistency and extensivity in coupled-
cluster

When assessing the validity of a computational method, one characteristic of interest
is whether or not it has good scaling properties, i.e. whether or not it provides
results of consistent quality when applied to systems of di�erent sizes. A correct
scaling is particularly important to compare results obtained for systems with
di�erent sizes, which is necessary for example, to compute the heat of reaction
from the heat of formation of the involved species [54]. Assize-consistencyand
size-extensivityare both terms related to scaling properties, there can be some
confusion between the two, to the point that they are sometimes, improperly,
used interchangeably. A method is referred to assize-consistentif, given two
non-interacting in�nitely separated subsystemsA and B of a systemAB , the sum
of the energies calculated for each subsystem separately is equal to the global
energy calculated for the whole system AB

EAB = EA + EB : (3.19)

When equation 3.19 holds, the energyEAB is said to beadditively separable. We
can choose to describe the system by means of a set of orbitals each localized
either on the subsystemA or on the subsystemB. Since the two subsystems are
non-interacting by hypothesis, the term of the Hamiltonian that accounts for the
interaction between the two subsystemsA and B is zero and we can write the
Hamiltonian of the global system as

ĤAB = ĤA + ĤB : (3.20)

In this framework, amplitudes associated with orbitals localized on distinct, non-
interacting fragments are equal to zero, thereby the cluster operator can be written
as

T̂AB = T̂A + T̂B : (3.21)
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It follows that we can write the wave function of the global system as

jCCAB i = eT̂AB jHFAB i

= eT̂A + T̂B jHFA HFB i

= eT̂A eT̂B jHFA HFB i

= eT̂A jHFA i eT̂B jHFB i

= jCCA i j CCB i :

(3.22)

A wave function that can be expressed as the product of the wave functions of two
non-interacting subsystems is referred to asmultiplicatively separable. From the
result in Eq. 3.22 it follows that

EAB jCCAB i = ĤAB jCCAB i

=
�

ĤA + ĤB

�
jCCA i j CCB i

=
�

ĤA jCCA i
�

jCCB i + jCCA i
�

ĤB jCCB i
�

= EA jCCA i j CCB i + jCCA i EB jCCB i

= ( EA + EB ) jCCAB i :

(3.23)

This implies that the energy isadditively separableas de�ned in Eq. 3.19, and
therefore that the coupled-cluster method is size-consistent. It is worth noting
that this property holds for any truncation level of the cluster operator. To check
for size-consistency in practice, one can perform an energy calculation for the
global system and compare the result to the sum of the energies obtained for each
subsystem separately.

On the other hand, a method is consideredsize-extensiveif its energy scales
linearly with N, where N is large and indicates the number of repeating units of
the system under investigation, such as nodes on a lattice. Note that to assess
size-extensivity it is not relevant whether or not the considered subsystems are
interacting, while when speaking on size-consistency they have to be non-interacting.
Additionally, size-consistency refers only to situations in which the two considered
subsystems are at in�nite distance, while size-extensivity has well-de�ned meaning
for any separation between the considered N subsystems [55]. The concept of
size-extensivity is not obviously extendable to non-periodic systems [56], but it
can be shown that connected diagrams scale proportionally to N. Therefore, any
method that satis�es the Brueckner-Goldstone linked-diagram theorem [57] - as
is the case for coupled-cluster - is size-extensive [58]. As size-extensivity lacks a
natural operational de�nition, it is di�cult to demonstrate that this property holds
for methods that do not support a diagrammatic representation, such as density
functional theory (DFT). The coupled-cluster method is both size-consistent and
size-extensive at any truncation level. This characteristic, which is missing in some
other important methods such as CI, is desirable as it allows to retain a good
scaling behavior at lower computational cost [59], which is important in many cases,
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such as for calculations regarding bigger molecules or dissociation reactions.

3.2 Lagrangian coupled-cluster

Numerous properties in quantum chemistry can be expressed in terms of energy
derivatives. When the energy is determined variationally (see Sec. 2.2), its derivative
with respect to a parameter can be expressed by means of the Hellmann-Feynman
theorem (see Sec. 2.3). Unfortunately, this is not the case for coupled-cluster
energies, that are determined by a nonvariational projection technique. However, by
paying the price of considering an additional set of parameters�t � called multipliers,
a variational reformulation of coupled-cluster energy can be done. In theLagrangian
reformulation of coupled-cluster theory[60,61], this is accomplished by writing the
coupled-cluster Lagrangian as

L (t ; �t ) = h� jĤeT̂ jHFi ; (3.24)

where the dual stateh� j is

h� j = hHFj +
X

�> 0

�t � h� j e� T̂ : (3.25)

The amplitudes and multipliers can then be determined variationally from the
stationarity conditions for the Lagrangian

0 =
@L
@�t �

= h� jĤ T jHFi ; (3.26)

0 =
@L
@t�

= hHFjĤ T j� i +
X

�

�t � h� j
h
Ĥ T ; � �

i
jHFi : (3.27)

The second stationarity condition is often expressed as

0 = � T + �tA ; (3.28)

where the elements of the vector� are

� � = hHFjĤ T j� i ; (3.29)

while the elements ofA , called Jacobian matrix, are given by

A �� = h� j
h
Ĥ T ; �̂ �

i
jHFi : (3.30)

When considering a perturbed HamiltonianĤ = Ĥ0 + � V̂ , we can write the
coupled-cluster Lagrangian as

L(�; t ; �t ) = hHFj(Ĥ + � V̂ )eT̂ jHFi +
X

�

�t � h� je� T̂
�

Ĥ + � V̂ eT̂
�

jHFi : (3.31)
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This is a variational expression that allows us to exploit the Hellmann-Feynman
theorem to obtain the �rst-order change in energy

dE
d�

�
�
�
� =0

=
@L
@�

�
�
�
� =0

= h� jV̂ jCCi : (3.32)

Note that this generalization of Hellmann-Feynman theorem to coupled-cluster
does not depend on the perturbed amplitudes and gives size-extensive �rst-order
properties.

3.3 The equation-of-motion coupled-cluster model

When dealing with excited states in the coupled-cluster framework, one might
initially consider treating each excited state separately with a calculation similar
to that done for the ground state, but with a di�erent choice of a zero-order
determinant for each state of interest. However, this approach would be very
expensive and selecting an appropriate zero-order determinant for excited states
would often be impossible. The equation-of-motion coupled-cluster (EOM-CC)
method [62� 64] is an approach that can be used to describe CC excited states. In
this framework, the right excited states are parametrized as

j	 i i = eT̂ R̂i jHFi ; (3.33)

while the left excited states are parametrized as

he	 i j = hHFj L̂ i e� T̂ ; (3.34)

whereR̂i and L̂ i are the right excitation operator and left excitation operator for
the i th state respectively. The right and left operatorsR̂i and L̂ i can be expressed
as linear expansions in a �nite set of operatorŝ� � ; �̂ y

� ,

R̂i =
X

�

�̂ � r �i ; L̂ i =
X

�

l i� �̂ y
� ; (3.35)

where the operator with index 0 is the unit operator,

�̂ 0 = �̂ y
0 = 1: (3.36)

In this model, the exponentialeT̂ describes the correlation common to both the
ground state and all of the excited states, while the parametersr �i and l i� re�ect
the di�erences between the ground state and the considered excited state. However,
this distinction is rough as the cluster operatorT̂ doesn't provide an optimal
description of the correlation of the excited states as it was optimized for the
ground state. Therefore, some of the e�ects of the correlation will inevitably be
contained in the expansion coe�cients. We assume that the EOM-CC states are
biorthonormal, which means that

�
e	 i j	 j

�
= � ij ; (3.37)
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where we introduced the notationj�) = eT̂ j�i and (�j = h�je� T̂ .
Additionally, the determinants that can be generated from the operatorŝ� � and

�̂ y
� are de�ned to be biorthonormal

(� j� ) = h� j� i = � ij : (3.38)

The reason for using biorthonormality rather than orthonormality in the usual
sense is that the latter would lead to cumbersome calculations, as there is no
commutation between the operators contained in̂T and those inT̂y. After some
mathematical manipulation, we can see that the excitation energies can be obtained
as eigenvalues of the following equations

AR j = R j � E j ; (3.39)

L T
j A = � E j L T

j ; (3.40)

whereA is the Jacobian matrix as de�ned in Eq. 3.30,� E j = E j � E0, L i� = l i�
and R�j = r �j for � > 0 and � > 0.
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Chapter 4

Electron dynamics using
coupled-cluster theory
The time evolution of quantum systems is described by the time-dependent
Schrödinger equation, which, in atomic units, can be written as

i
@	( t)

@t
= Ĥ (t)	( t): (4.1)

In order to describe time-dependent phenomena by means of the coupled-cluster
method, it is necessary to introduce time-dependence into the parametrization of
the coupled-cluster wave function. Speci�cally, in the real-time time-dependent
coupled-cluster (TDCC) approach, this is done by allowing the coupled-cluster
amplitudes t � , multipliers �t � , and phase factor� as functions of time, leading to
the following TDCC wave function [45]

jCC(t)i = eT̂ (t ) jHFi ei� (t ) ; (4.2)

whereT̂(t) =
P

� t � (t)�̂ � . Consequently, the time-dependent Schrödinger equation
(TDSE) in the coupled-cluster formulation can be written as

i
d
dt

jCC(t)i = Ĥ (t) jCC(t)i : (4.3)

We left-project Eq. 4.3 ontohHFj, obtaining

i hHFj
d
dt

jCC(t)i = hHFjĤ jCC(t)i ; (4.4)

that can be written as

i hHFj
X

�

_t � (t)�̂ � jCC(t)i � _� (t) hHFjeT̂ (t ) jHFi ei� (t ) = hHFjĤeT̂ (t ) jHFi ei� (t ) ; (4.5)

from which, using that hHFj �̂ � = 0 and hHFjCCi = 1, we obtain the time
derivative of the phase factor � (t)

_� (t) = � h HFjĤ (t)eT̂ (t ) jHFi : (4.6)

Note that the phase factor� (t) is irrelevant for the calculation of physical observables
as ei� (t ) cancels out, but the knowledge of the expression for_� (t) will be useful in
the following derivations. To obtain the di�erential equations describing the time
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evolution of each amplitudet � , we can left-multiply the coupled-cluster TDSE
by e� T̂ (t ) on both sides and then left-project it onto theh� j corresponding to the
amplitude of interest, obtaining

i h� je� T̂ (t ) d
dt

jCC(t)i = h� je� T̂ (t )Ĥ (t)jCC(t)i ; (4.7)

that can be written as

i h� je� T̂ (t )

 
X

�

_t � (t)�̂ �

!

eT̂ (t ) jHFi ei� (t ) � _� (t) h� je� T̂ (t )eT̂ (t ) jHFi ei� (t ) =

h� je� T̂ (t )Ĥ (t)eT̂ (t ) jHFi ei� (t ) :

(4.8)

After simplifying the e� T̂ (t ) operator with the eT̂ (t ) factor where possible, and eliding
the ei� (t ) factors as they are present in all of the terms of the equation, we obtain

i
X

�

_t � (t) h� j� i � _� (t) h� jHFi = h� je� T̂ (t )Ĥ (t)eT̂ (t ) jHFi : (4.9)

Considering that h� j� i = � �� and h� jHFi = 0, we obtain the time derivative of
the cluster amplitude t � (t)

_t � (t) = � i h� je� T̂ (t )Ĥ (t)eT̂ (t ) jHFi : (4.10)

Analogously, we can parametrize the time-dependence of the coupled-cluster dual
state as

h�( t)j =

 

hHFj +
X

�

�t � (t) h� j e� T̂ (t )

!

e� i� (t ) ; (4.11)

and obtain the di�erential equations describing the time evolution of the multipliers
from the TDSE for the dual state by multiplying it by eT̂ (t ) on the right and
right-projecting it on j� i obtaining

d
dt

(h�( t)j) eT̂ (t ) j� i = i h�( t)jĤ (t)eT̂ (t ) j� i : (4.12)

We can write the left-hand side (LHS) of Eq. 4.12 as

LHS =
X

�

_�t � (t) h� je� T̂ (t )eT̂ (t ) j� i e� i� (t ) �

X

�

�t � (t) h� j

 
X

�

_t � (t)�̂ �

!

e� T̂ (t )eT̂ (t ) j� i e� i� (t ) �

i _� (t)e� i� (t ) hHFjeT̂ (t ) j� i � i _� (t)
X

�

�t � (t) h� je� T̂ (t )eT̂ (t ) j� i e� i� (t ) :

(4.13)
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We simplify the e� i� (t ) factor as it is present in every term, elidee� T̂ (t ) with eT̂ (t ) ,
and note that hHFjeT̂ (t ) j� i = 0 so that we obtain

_�t � (t) �
X

��

�t � (t) _t � (t) h� j�̂ � j� i � i _� (t)�t � (t) = i
D

e�( t)
�
�
�Ĥ (t)eT̂ (t )

�
�
� �

E
; (4.14)

where
D

e�( t)
�
�
� = hHF j +

P
�

�t � (t) h� j e� T̂ (t ) . We substitute the time derivatives of
amplitudes and phase factor with their values obtained in Eqs. 4.6 and 4.10

_�t � (t) + i
X

��

�t � (t) h� je� T̂ (t )Ĥ (t)eT̂ (t ) jHFi h� j�̂ � j� i + i hHFjĤ (t)eT̂ (t ) jHFi �t � (t) =

= i
D

e�( t)
�
�
�Ĥ (t)eT̂ (t )

�
�
� �

E
:

(4.15)

We de�ne
�
�
� gCC(t)

E
= eT̂ (t ) jHF i and introduce a commutator in the right-hand

side (RHS) of Eq. 4.15

RHS = i
D

e�( t)
�
�
�Ĥ (t)�̂ �

�
�
� fCC(t)

E
=

i
D

e�( t)
�
�
�
h
Ĥ (t); �̂ �

i �
�
� fCC(t)

E
+ i

D
e�( t)

�
�
� �̂ � Ĥ (t)

�
�
� fCC(t)

E
=

i
D

g�( t)
�
�
�
h
Ĥ (t); �̂ �

i �
�
� fCC(t)

E
+ i

X

�

�t � (t)
D

�
�
�
� �̂ � e� T̂ (t )Ĥ (t)

�
�
� fCC(t)

E
;

(4.16)

so that we obtain

_�t � (t) = � i
X

��

�t � (t) h� je� T̂ (t )Ĥ (t)eT̂ (t ) jHFi h� j�̂ � j� i � i hHFjĤ (t)eT̂ (t ) jHFi �t � (t)+

i
D

e�( t)
�
�
�
h
Ĥ (t); �̂ �

i �
�
� fCC(t)

E
+ i

X

�

�t � (t)
D

�
�
�
� �̂ � e� T̂ (t )Ĥ (t)

�
�
� fCC(t)

E
:

(4.17)

We insert the resolution of identity 1̂ = jHFi hHFj +
P

� j� i h� j between�̂ � and

e� T̂ (t ) in the last term of the RHS of Eq. 4.17

i
X

�

�t � (t)
D

�
�
�
� �̂ � e� T̂ (t )Ĥ (t)

�
�
� fCC(t)

E
=

i
X

�

�t � (t) h� j� i
D

HF
�
�
�Ĥ (t)

�
�
� fCC(t)

E
+ i

X

��

�t � (t) h� j�̂ � j� i
D

�
�
�
�e� T̂ (t )Ĥ (t)

�
�
� fCC(t)

E
=

i �t � (t)
D

HF
�
�
�Ĥ (t)

�
�
� fCC(t)

E
+ i

X

��

�t � (t) h� j�̂ � j� i
D

�
�
�
�e� T̂ (t )Ĥ (t)

�
�
� fCC(t)

E
:

(4.18)
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So that inserting this result into Eq. 4.17 we obtain

_�t � (t) = � i
X

��

�t � (t) h� je� T̂ (t )Ĥ (t)eT̂ (t ) jHFi h� j�̂ � j� i � i hHFjĤ (t)eT̂ (t ) jHFi �t � (t)+

i
D

e�( t)
�
�
�
h
Ĥ (t); �̂ �

i �
�
� fCC(t)

E
+ i �t � (t)

D
HF

�
�
�Ĥ (t)

�
�
� fCC(t)

E
+

i
X

��

�t � (t) h� j�̂ � j� i
D

�
�
�
�e� T̂ (t )Ĥ (t)

�
�
� fCC(t)

E
;

(4.19)

that, by cancelling out terms with opposite sign, leads to the equation describing
the time derivative of the multipliers , _�t � (t)

_�t � (t) = i
D

e�( t)
�
�
�
h
Ĥ (t); �̂ �

i �
�
� fCC(t)

E
: (4.20)

The di�erential equations 4.10 and 4.20 can be solved using the methods presented
in Sec. 5.1.

4.1 The time-dependent equation-of-motion coupled-
cluster model

In the time-dependent equation-of-motion coupled-cluster model (TD-EOM-CC) [30,
34,65� 67], which is the time-dependent version of the equation-of-motion coupled-
cluster (EOM-CC) model described in Sec. 3.3, the time-dependence is introduced
in the coe�cients of the linear expansion of the left and right wave functions

j	( t)i =
X

i

j i i si (t); (4.21)

D
e	( t)

�
�
� =

X

i

ki (t)
D

~ i

�
�
� : (4.22)

Here the time-independent bra and ket are the ones de�ned in Eqs. 3.34 and 3.33
and the index i runs over the time-independent EOM-CC states, including the
ground state, that are parametrized as in Eqs. 3.34 and 3.33. The time derivative
of the coe�cients si (t) and ki (t) can be obtained by projecting the ket and bra
time-dependent Schrödinger equations respectively onto the bra and the ket of
EOM-CC state, obtaining

i
@sm (t)

@t
=

X

j

Hmn (t)sn (t); (4.23)

� i
@kn (t)

@t
=

X

m

km (t)Hmn (t); (4.24)
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whereH ij (t) = he i j Ĥ (t) j j i . Once the equations 4.23 and 4.24 are solved, they
can be used to calculate the time-dependent expectation value of an operatorX̂

hX̂ i (t) =
X

ij

ki (t)X ij sj (t): (4.25)

The matrix element X ij can be rewritten as

X ij = he i j X j j i

=
X

��

l i� h� j X̂ T j� i r �j

=
X

�

l i 0 hHFj X̂ T j� i r �j +
X

��

l i� h� j X̂ T j� i r �j +
�

l i 0X 00 +
X

�

l i� � X
�

�
r0j

=
X

�

l i 0 hHFj
h
X̂ T ; �̂ �

i
jHFi r �j +

X

��

l i�
�

LRAX
�� + h� j �̂ � X̂ T jHFi

�
r �j

+
�

l i 0X 00 +
X

�

l i� � X
�

�
r0j ;

(4.26)

where

X̂ T = e� T̂ X̂eT̂ ; (4.27)
LRAX

�� = h� j
h
X̂ T ; �̂ �

i
jHFi ; (4.28)

X 00 = hHFj X̂ T jHFi ; (4.29)

� X
� = h� j X̂ T jHFi : (4.30)

We can compare this expression with that for the coupled-cluster response the-
ory [68]. Let's consider the matrix elementX ij in the speci�c case where the left
vector corresponds to an excited state (i = m) and the right vector corresponds to
the ground state (j = 0). By applying these condition to Eq. 4.26, we obtain

X m0 =
X

�

lm� � X
� ; (4.31)

which is linear in the excited determinant componentlm� . When, conversely, we
consider the situation in which the left vector corresponds to the ground state
(i = 0) and the right vector corresponds to an excited state (j = n), we obtain

X 0n =
X

�

�
LR� X

� +
X

�

�t � h� j �̂ � X̂ T jHFi
�

r �n �
�

X 00 +
X

�

�t � � X
�

� X

�

�t � r �n ;

(4.32)

where
LR� X

� = hHFj
h
X̂ T ; �̂ �

i
jHFi +

X

�

�t �
LRAX

�� : (4.33)
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In Eq. 4.32, which is equivalent to Eq. (65) in Ref. [68], we can observe that, apart
from the term

P
�

LR� � r �n that is also present in the response theory [45], the other
terms are speci�c to the EOM-CC framework. Finally, we consider the case where
both left and right vectors correspond to excited states (i = m,j = n). We obtain

X mn =
X

��

lm�

�
LRAX

�� + h� j �̂ � X̂ T jHFi
�

r �n �
X

�

lm� � X
�

X

�

�t � r �n

=
X

��

lm�

�
LRAX

�� + h� j �̂ � X̂ T jHFi � � X
�

�t �

�
r �n

=
X

��

lm�

�
EOMAX

�� + � �� X 00 � � X
�

�t �

�
r �n ;

(4.34)

where

EOMAX
�� = h� j X̂ T j� i � � �� X 00

= LRAX
�� + h� j �̂ � X̂ T jHFi � � �� X 00;

(4.35)

as de�ned in Eq. (18) of Ref. [69].
We employed the asymmetric band Lanczos algorithm described in Sec. 5.2 to

construct a reduced basis for TD-EOM-CC. To assess the accuracy and reliability
of this approach, we compared the obtained results with those from TDCC (time-
dependent coupled-cluster) calculations, as discussed in detail in [47].

4.2 External electromagnetic �eld

In our studies, all the systems under investigation consisted of an atomic or
molecular system interacting with an external electromagnetic �eld. We assumed
that the only time-dependent term in the Hamiltonian was the one representing
the interaction with the external electromagnetic �eld

H (t) = H0 + V (t) : (4.36)

Here, H0 represents the time-independent part of the Hamiltonian, whileV(t)
describes the semiclassical time-dependent interaction with the external electro-
magnetic �eld written in the dipole approximation and length gauge

V (t) = � d � E(t): (4.37)

In this expression, d is the electric dipole moment operator, which is time-
independent, andE(t) is the time-dependent external electric �eld. The electric
�eld can be written as a combination of time-dependent electric �elds associated
with individual laser pulses

E(t) =
X

n

E0n cos(! 0n (t � t0n )) f n (t): (4.38)
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For each laser pulsen, E0n represents the amplitude,! 0n is the carrier frequency,t0n

is the central time of the pulse andf n (t) is the envelope function that determines
the shape of the pulse. When choosing an envelope function for the time-dependent
electric �eld, it is often desirable to use a shape that closely resembles the physical
pulse. One commonly employed choice is the Gaussian envelope

f n (t) =

(
e� (t � t0n )2=(2� 2

n ) an � t � bn ;

0 otherwise;
(4.39)

wherean = t0n � N� n and bn = t0n + N� n . The energy exchanged between the
electromagnetic �eld and the molecule is given by

� E = �
Z 1

�1
d(t) �

@E(t)
@t

dt : (4.40)

This equation can be frequency resolved by taking the Fourier transforms of the
dipole momentd(t) and electric �eld E(t)

edi (! ) =
1

p
2�

Z 1

�1
di (t)e� i!t dt ; (4.41)

eEi (! ) =
1

p
2�

Z 1

�1
Ei (t)e� i!t dt : (4.42)

The response functionS(! ) is de�ned through the expression

� E =
Z 1

0
!S (! ) d! : (4.43)

By combining this de�nition, Eq. 4.40, the Fourier transforms 4.41, and 4.42, we
can write the response function as1

S(! ) = � 2 Im
�

ed(! ) � eE
�
(! )

�
; ! > 0: (4.44)

It represents the absorption per unit frequency at a given frequency: positive
(negative) !S (! ) equals the amount of energy gained (lost) by the molecule per
unit frequency at ! .

1Here we followed the procedure of [70] but with a di�erent Fourier transform convention, so
we ended up with a response functionS(! ) with a di�erent sign.
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Chapter 5

Computational tools
This chapter serves to provide an overview of the essential computational tools
required for our calculations. We will discuss various algorithms that are instrumen-
tal in solving di�erential equations, Lanczos algorithm, and core-valence separation
(CVS) approximation.

5.1 Methods for the solution of ordinary di�erential
equations

A di�erential equation represents a relationship between a function, which is the
unknown, and its derivatives. In general, the unknown function can depend on
multiple independent variables. However, in the case of an ordinary di�erential
equation (ODE), the unknown function is dependent on only one independent
variable. Solving an ODE to obtain a closed-form expression for the unknown
function is often challenging or even impossible. However, for practical purposes,
obtaining a numerical solution given an initial condition is usually su�cient. Nu-
merical methods for ODE solving can be categorized as eitherexplicit or implicit .
An explicit numerical method allows us to approximate the value of the unknown
function at a point t + � t using an expression of the formf (t + � t) = g(f (t)) ,
where f represents the unknown function andg is a function that relies on the
speci�c numerical method employed. In contrast, animplicit numerical method
involves solving an equation of the formg(f (t); f (t + � t)) = 0 to determine the
value of f (t + � t). Here, g is a function that depends on the chosen numerical
method. The order of a numerical method is a parameter that establish how well
the method approximates the solution. Annth -order method has a local truncation
error (the error caused by one iteration) of the order ofO(hn+1 ), while the global
truncation error (the cumulative error caused by many iterations) is of the order of
O(hn ), whereh is the chosen step size. An important class of numerical methods
for the solution of ODE in the form df

dt = g(t; f ) with f (t0) = f 0 as initial condition,
is that of Runge-Kutta methodsthat in general can be schematized as

f n+1 = f n + h
sX

i =1

bi ki ; (5.1)

where theki are de�ned as

ki = g

 

tn + ci h; f n + h
mX

j =1

aij kj

!

; (5.2)
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wherem = i � 1 for explicit methods whilem = s for implicit methods, h is the
step, f n is the approximation to f (tn) where tn is t0 + nh. The aij , bi , and ci

parameters are elements of the Butcher tableau, that is de�ned for each method
and, in general, has the following form

c1 a11 a12 : : : a1s

c2 a21 a22 : : : a2s
...

...
...

. . .
...

cs as1 as2 : : : ass

b1 b2 : : : bs

=
c A

bT

It is worth noting that for explicit Runge-Kutta methods, the sum over j in the
computation of the ki values is limited to i � 1. Consequently, the coe�cient
matrix A in the Butcher tableau for explicit methods will be lower triangular. This
characteristic ensures that the computation ofki at each stage only depends on
the previously computed stages. On the other hand, this lower triangular property
does not hold for implicit Runge-Kutta methods. In implicit methods, the sum
over j extends tos, resulting in a more general coe�cient matrix A in the Butcher
tableau. The inclusion of the additional terms allows implicit methods to capture
a wider range of dynamics but at the cost of increased computational complexity
since the stages are interdependent.

The Euler method serves as the simplest form of the Runge-Kutta methods. It
is a �rst-order explicit method, and its Butcher tableau is given by

0 0

1

Despite its simplicity, the Euler method has a signi�cant drawback. Being a
�rst-order method, it often necessitates very small step sizes to achieve su�cient
accuracy. Consequently, a large number of steps is required, resulting in a substantial
computational cost. As a result, higher-order methods are typically preferred over
the Euler method to strike a balance between accuracy and computational e�ciency.

The most widely used and known Runge-Kutta method is the explicit fourth-
order method commonly referred to asthe Runge-Kutta method or RK4. It is
characterized by the following Butcher tableau

0
1
2

1
2

1
2 0 1

2

1 0 0 1
1
6

1
3

1
3

1
6

The concepts and methods discussed previously for the one-dimensional case can
be readily extended to the multidimensional case. The procedure is analogous
regardless of the number of dimensions involved.
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Gauss-Legendre methods belong to the class of implicit Runge-Kutta methods.
The Butcher tableau of the fourth-order Gauss-Legendre (GL4) method is

1
2 � 1

6

p
3 1

4
1
4 � 1

6

p
3

1
2 + 1

6

p
3 1

4 + 1
6

p
3 1

4
1
2

1
2

while that of sixth-order Gauss-Legendre (GL6) method is

1
2 � 1

10

p
15 5

36
2
9 � 1

15

p
15 5

36 � 1
30

p
15

1
2

5
36 + 1

24

p
15 2

9
5
36 � 1

24

p
15

1
2 + 1

10

p
15 5

36 + 1
30

p
15 2

9 + 1
15

p
15 5

36
5
18

4
9

5
18

In contrast to explicit methods, where the values of the di�erentki are obtained
directly, implicit methods yield a system ofm equations in which theki serve as
the unknowns. To solve this system, various algorithms can be employed, e.g. the
iterative method called�xed point iteration . The number of iterations required to
solve these equations cannot be determined in advance, as it depends on the speci�c
problem and desired level of accuracy. Consequently, the number of evaluations
needed for each time step cannot be known in advance. This characteristic often
leads to a higher computational cost compared to explicit methods. However, the
use of Gauss-Legendre methods can be justi�ed by their symplecticity, meaning
that they can reproduce many physical conservation laws (e.g. conservation of
energy) with a high degree of accuracy [41].

5.2 Lanczos algorithm

The Lanczos algorithm is an iterative projection method that enables the trans-
formation of a large Hermitian matrix A into a smaller tridiagonal form T . This
algorithm begins with the selection of a starting vectorv which will be used to
represent the Hermitian matrix A in the orthogonal basis for the Krylov subspace

K j (A ; v) = spanf v; Av ; A 2v; : : : ;A j � 1vg; (5.3)

in which it will assume a tridiagonal formT . At each step of the algorithm, apart
from scalar product and additions of a multiple of a vector to another, only one
matrix-vector multiplication is needed, and one row and column of the matrixT is
obtained. WhenA is a non-Hermitian matrix, the left and right eigenvectors will
be di�erent

Ax = � x and y � A = � y � : (5.4)

In contrast to the case whereA is Hermitian, when dealing with a non-Hermitian
matrix A the Lanczos algorithm requires the use of two starting vectors:v and
w. These vectors are chosen such thatv y � w = 1, which will lead to two Krylov
spaces,K j (A ; v) and K j (A ; w) respectively and to two sets of eigenvectors, left and
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right. The asymmetric band Lanczos algorithm [71] is a variation of the standard
asymmetric Lanczos algorithm that can be more advantageous in certain scenarios,
such as when dealing with matrices containing degenerate or closely clustered
eigenvalues. In this variation, instead of the starting left and right vectors,m right
(b1; : : : ; bm ) and p left (c1; : : : ; cp) starting vectors are employed. From them, the
sequences

K i (M ; b1; : : : ; bm ) = span
�

b1; : : : ; bm ; Mb 1; : : : ;Mb m ; M 2b1; : : :
| {z }

i

	
; (5.5)

and

K j (M T ; c1; : : : ; cp) = span
�

c1; : : : ; cp; M T c1; : : : ;M T cp; (M T )2c1; : : :
| {z }

j

	
; (5.6)

are generated, withi � n and j � n redundant vectors in the sequence respectively.
The goal of this algorithm is then to construct suitable left and right linearly
independent Lanczos vectorsv1; v2; : : : ; vn and w1; w2; : : : ;wn that constitutes a
basis for the subspaces spanned by the �rstj v i and w i vectors respectively.

5.3 Core-valence separation approximation

Core excitation energies are internal to the spectrum of the Hamiltonian. In
general, when using exterior eigenvalue methods such as Davidson or Lanczos
algorithms, one needs to calculate all of the valence excitations before being able to
calculate the core ones. This is really computationally demanding. The core-valence
separation (CVS) approximation allows to neglect the matrix elements arising from
an interaction between valence only excited states and excited states containing
reference to core excitation. As a result, the Hamiltonian matrix can be separated
into two distinct blocks: one block corresponds to valence-only excitations, while
the other block represents interactions between excited states containing at least
one core excitation. By diagonalizing these two blocks separately, we can focus
directly on computing the core excitations of interest. This approach signi�cantly
reduces the computational burden, as we can start the computation from the lowest
excitation involving at least one core state. By circumventing the need to calculate
all valence excitations �rst, a considerable amount of computational time is saved.
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Chapter 6

Experimental generation of
attosecond pulses
The electronic motion inside molecules occurs on a subfemtosecond time scale. Due
to the technological advances of the last decades, the generation of pulses down to
a few tens of attoseconds became possible [72]. This opened up the way towards
the possibility to follow the electronic motion in real-time in atoms, molecules,
nanostructures, and solids and to steer it in order to directly control chemical reac-
tions. This is likely to have a tremendous impact in a lot of di�erent �elds [73,74]
from material science, to biology (photosynthesis [12,13], radiation damage and
repair [75� 77], cellular respiration, electron tunneling through proteins [78]), to
physics and, of course, chemistry (from new synthetic to new spectroscopic tech-
niques). As the shortest possible pulse of a given wavelength is one cycle long,
pulses lasting exactly 1 femtosecond (fs) have a maximum wavelength of 300 nm.
Consequently, subfemtosecond pulses exhibit wavelengths that correspond to the ul-
traviolet (UV) and X-ray regions of the electromagnetic spectrum. Synchrotrons [79]
have emerged as a prominent X-ray radiation source in modern times. Over the past
three decades, this technology has played a vital role in scienti�c advancements,
reaching its pinnacle with the development of third-generation synchrotrons, which
rely on undulators. Undulators are devices constituted of a structure of dipole
magnets with alternating poles that create a static magnetic �eld that forces the
approaching electrons into a oscillating path with a period determined by the
distance between the magnets. As a consequence of this motion, the electrons emit
radiation along the undulator's axis. Usually the distance between the centers of the
magnets constituting the undulator is in the order of centimeters but, considering
that the speed of the electrons is close to the speed of light, it is perceived by the
electrons as in the order of10� 10m because of the Lorentz contraction and of the
Doppler relativistic e�ect, so the emitted radiation is an X-ray one. The undulators
�nd application also in X-ray free electron lasers (XFELs) [80,81], a technology
that, in the context of the generation of ultrashort laser pulses, represents a major
advancement with respect to synchrotrons, as it allows to obtain shorter pulses
with higher peak power (103 W for 3rd generation synchrotrons,1010 W for XFELs).
In XFELs, the electrons are �rst accelerated to almost the speed of light by a
linear particle accelerator (linac). Then, they enter inside an undulator that makes
them oscillate in the directions transverse to that of their propagation so that
they start to emit radiation. In XFELs, when a bunch of electrons is injected
into the undulator, it has uniform density distribution. As the emitted radiation
travels faster than the electrons themselves, it interacts with them, slowing down
some of them and accelerating others depending on the phase with respect to each
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other until the electrons organize themselves converging, with longitudinal density
modulation becoming more pronounced the more the electromagnetic �eld grows
intense and vice versa, with the radiation power that grows exponentially with
the distance along the undulator, in the so-called electron crystals: small clusters
called microbunchesregularly spaced apart by a distance corresponding to the
wavelength of the emitted radiation. When the modulation reaches saturation so
that the electron beam is completely bunched, the electrons emit quasi-coherent
radiation almost in phase. This phenomenon, which does not occur in synchrotrons
but only in XFELs, is called self-ampli�ed spontaneous emission (SASE) [82]. It
leads to laser-like quasi-coherent quasi-monochromatic radiation without the need
for a seed radiation that, unlike that of free electron lasers working on di�erent
wavelengths, would be di�cult to obtain for XFELs due to the lack of suitable
lasers.

The ultrafast high-intensity X-ray pulses from XFELs have proven to be an
invaluable tool for the detection of ultrafast charge migration with high temporal and
spatial resolution. One example of a simple nonlinear spectroscopic technique [83]
made possible by this new technology is the impulsive stimulated X-ray Raman
scattering (ISXRS) which has already been successfully applied for the investigation
of ultrafast charge dynamics in atomic and small molecular systems [52]. This
spectroscopic technique is based on the Raman e�ect, which occurs when the
interaction of electromagnetic radiation with a chemical system results in a change
in the system's state and the frequency of the radiation. When the radiation is an
X-ray one as in the case of ISXRS, the involved excited states are the electronic
ones. In particular, in ISXRS, we can observe the excitation of the ground state to
a core excited state followed by the decay of a valence electron in the core hole,
leading to a �nal valence excited state. These processes are initiated and driven
by the external electromagnetic �eld, which, due to its brief duration, possesses a
broad bandwidth encompassing both the excitation and de-excitation frequencies of
interest. As the pulse duration is short compared to the time scale of the evolution
of the system and as the core excitations targeted by the X-rays are sensitive to
the local electronic environment, this technique is well suited to follow the charge
migration throughout the molecule [84].

Due to these characteristics, ultrafast X-ray pulses can also be used as probe
pulses in pump-probe transient absorption spectroscopy. This technique allows
to obtain snapshots of the valence electrons' dynamics in molecules induced by a
valence-exciting pulse. All of these experimental achievements rely on an interplay
with theoretical development, that provides an irreplaceable tool for the interpre-
tation of obtained data and for the prediction and design of new experimental
schemes, which are often very demanding both from an economical and practical
point of view.
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Summary of publications

7.1 Publication I - resume: e T 1.0: An open source
electronic structure program with emphasis on
coupled-cluster and multilevel methods

Sarai D. Folkestad, Eirik F. Kjønstad, Rolf H. Myhre, Jose�ne H. An-
dersen, Alice Balbi, Sonia Coriani, Tommaso Giovannini, Linda Goletto,
Tor S. Haugland, Anders Hutcheson, Ida-Marie Høyvik, Torsha Moitra,
Alexander C. Paul, Marco Scavino, Andreas S. Skeidsvoll, Åsmund H.
Tveten, and Henrik Koch
J. Chem. Phys.152, 184103 (2020)

In this paper, we present eT 1.0, an electronic structure program that we de-
veloped. eT 1.0 is a software written in object oriented modern Fortran (2008
standard) language and released as an open source program licensed under the
GNU General Public Licence 3 (GPL 3.0). Its objective is to provide an electronic
structure code that is not only e�cient but also readily understandable, extensi-
bility, and modi�cation, empowering users to optimize existing code or introduce
novel functionalities.

The primary emphasis is placed on the utilization of spin adapted implementa-
tions of coupled-cluster techniques such as CCS, CC2, CCSD, CC3, and CCSD(T),
as well with the possibility to apply these methods in quantum mechanics/molecular
mechanics (QM/MM) calculations or in conjunction with the polarizable continuum
model (PCM).

For all CC methods, it is possible to compute the energy of ground and excited
singlet state, dipole and quadruple moments, and equation-of-motion (EOM)
oscillation strengths with an exception for CCSD(T) for which is possible to
compute only the ground state. Coupled-cluster equations are solved by means of:

ˆ Davidson method for linear and eigenvalue equations,

ˆ DIIS for nonlinear coupled-cluster equations,

ˆ Asymmetric Lanczos for nonperturbative coupled-cluster methods.

The Hartree-Fock method is also available in di�erent fashions: restricted (both
closed shell RHF and open shell ROHF), unrestricted (both standard UHF and
constrained CUHF), time-dependent TDHF, quantum electrodynamics Hartee-Fock
(QED-HF) and multilevel HF (MLHF) are present. Additionally, second-order
Møller-Plesset (MP2) and full con�guration interaction (FCI) are implemented.
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eT 1.0 relies on the following external dependencies:

ˆ Libint 2 [85], a library for the evaluation of molecular integrals,

ˆ PCMSolver 1.2 [86] library for solvation modeling,

ˆ runtest library [87] for software testing,

ˆ CMake module from autocmake [88] to �nd and con�gure BLAS and LAPACK
libraries.

Wherever possible, the routines are parallelized by means of OpenMP [89].
The release of eT 1.0 represented the �rst published implementation of explicitly

time-dependent coupled-cluster (TD-CCS and TD-CCSD), multilevel HF, and
multilevel CC2, as well as the most e�cient implementation (at the time it was
released) of Cholesky decomposition of electronic repulsion integrals [90] and
coupled-cluster singles, doubles and perturbative triples (CC3) [91]. In real-time
formulation of time-dependent CCS and CCSD, the time-dependence is contained
into the cluster amplitudes and multipliers, whose evolution in time is described
through di�erential equations that, in eT 1.0, can be solved by the following
integrators:

ˆ Euler,

ˆ Gauss-Legendre2nd-, 4th - and 6th -order (GL2, GL4 and GL6),

ˆ 4th -order explicit Runge-Kutta (RK4).

As time-dependent amplitudes and multipliers are in general complex [92], the dif-
ferential equations that need to be solved in real-time propagation are implemented
with complex variables. In eT 1.0, real-time calculation can provide as output the
time evolution of amplitudes, multipliers, density matrix, energy, electric �eld, and
dipole moment. It is also possible to obtain spectra by means of the fast Fourier
transform (FFT) of the time-dependent dipole moment, implemented as a modi�ed
version of FFTPACK 5.1 [93]. Furthermore, time-dependent density can be printed
as output in .plt or .cube �les that are readable by visualization software (such
as Chimera) in order to obtain a movie of the evolution of electronic density in
time. The external electromagnetic �eld can be speci�ed in input as a sum of any
number of classical electromagnetic pulses within the length gauge and the dipole
approximation.
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7.2 Publication II - resume: Time-dependent coupled-
cluster theory for ultrafast transient absorption
spectroscopy

Andreas S. Skeidsvoll, Alice Balbi, and Henrik Koch
Phys. Rev. A102, 023115 (2020)

In this paper, we use our implementation of spin-adapted TDCC model present
in the eT program [46] to simulate the response of small molecular systems to a
pump-probe sequence of ultrashort laser pulses.

As a �rst step, we assess the accuracy of our integration procedures by com-
parison with results already present in literature for He and Be atoms [41]. The
goal is to study the response of the lithium �uoride dimer (LiF) to a pump-probe
sequence of ultrafast laser pulses, with a valence-exciting pump and a core-exciting
probe. As higher level coupled-cluster methods computation cost scales rapidly
with the size of the system and quickly reaches the limits of practicability, we
have chosen a smaller system with an analogous structure, the lithium hydride
dimer (LiH), for the convergence tests of the absorption spectra for parameters
like the level of theory, the basis set, the size of the time steps, and the integration
method. From the performed tests we notice how, in our calculations, there is
no need for the use of computationally expensive symplectic integrators such as
Gauss-Legendre (that we test at second, fourth, and sixth-order) as the deviations
with respect to an integrator with a lower computational cost such as explicit
fourth-order Runge-Kutta are negligible. We also observe the deviations related
to the time step size, which in general doesn't appear to have a major impact
on the results. The changes in the basis set, on the other hand, give rise to very
relevant di�erences. We examine how the outcomes vary as we increase the size of
the Dunning basis sets: cc-pVDZ, cc-p(C)VDZ, aug-cc-pVDZ, aug-cc-p(C)VDZ
plus the corresponding triple zeta basis sets. We observe how the inclusion of core
correlation functions a�ects substantially the position of probe absorption peaks
while they leave una�ected the pump absorption peaks. Also, triple zeta functions
have an impact on the position of the peaks in the probe absorption region, but
their use increases substantially the computational cost of the calculation. We
also compare the results obtained from TDCCS and TDCCSD calculation and
note the very relevant di�erence in position and intensity of the peaks in both
of the regions of the spectrum. Considering that the cost of the calculation in-
creases quickly with the growth of the basis set and the level of theory, while it
scales linearly with the time step, and keeping in mind that explicit Runge-Kutta
methods require fewer evaluations than the Gauss-Legendre ones while providing
comparable results, given the results obtained for the LiH dimer, we determine the
TDCCSD/aug-cc-p(C)VDZ integrated with RK4 with 0:005a:u: time steps to be
the best compromise between accuracy and computational cost to use for the study
of the LiF dimer.

In order to determine the frequency to use for the pump and probe pulses acting
on the LiF dimer, we characterize the �rst eight valence excited states and the
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�rst eight core excited states of this system at the EOM-CCSD level of theory
combined with an aug-cc-p(C)VDZ basis set. For the calculations relative to the
core excited states, the core-valence separation approximation is applied. We use
the obtained values of energy to tune the frequency of the pump pulse to the value
corresponding to the energy di�erence between the �rst valence excited state and
the ground state, and the frequency of the probe pulse corresponding to the energy
di�erence between the �rst core excited state and the ground state. Both pulses are
polarized along the internuclear axis of the system. We repeat the calculation for
various temporal distances between the central times of the pump and probe pulses.
We obtain the reference absorption spectrum in which we observe two regions of
absorption: one corresponding to the energy range of valence excitations and one
to the core ones. We compute the normalized transient absorption as

� S0(!; � ) = Nprobe� S(!; � )

= Nprobe

�
S(!; � ) � Sprobe(! )

�
;

(7.1)

whereS is the response function de�ned as

S(! ) = � 2 Im
�

ed(! ) � eE
�
(! )

�
; ! > 0: (7.2)

We note the presence of a peak in the core region with energy lower than the
lowest ground state core excitation energy. This peak is the result of the creation
of a valence-hole state created by the pump pulse that is in turn excited by the
core-exciting probe. We observe how the peaks of the transient probe absorption
spectrum of the lithium �uoride dimer oscillate with the time delay between the
pump pulse and the probe one. Some of the oscillations are rapidly dumped for
pump-probe delays lower than40 a:u:, which we attribute to the decreasing overlap
between pump and probe pulses. For pump-probe delays higher than40 a:u:, which
present a negligible pump-probe overlap, no dumping of the oscillations is observed.
We select the �ve peaks for which the biggest amplitude of oscillation is observed
and categorize the states involved in the transitions. Two of the transitions involve
the Ac

1� + state, one starting from the ground stateX 1� + and one from the
valence excite stateBv

1� + . We observe how the oscillation of the peaks relative to
these two transitions can be �tted, through the least-square �tting procedure, by
a sinusoidal function of the formA sin(! A t + � A ) + C with ! A corresponding to
the energy di�erence between the ground stateX 1� + and valence excited state
Bv

1� + . We interpreted this oscillation as due to the quantum interference between
these two states [94]. Also, the oscillations of the other peaks that we took into
consideration can be explained in terms of quantum interference between one of
the states involved in the excitation with other states of the system.
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7.3 Publication III - resume: Simulating weak-�eld
attosecond processes with a Lanczos reduced
basis approach to time-dependent equation-of-
motion coupled-cluster theory

Andreas S. Skeidsvoll, Torsha Moitra, Alice Balbi, Alexander C. Paul,
Sonia Coriani, and Henrik Koch
Phys. Rev. A105, 023103 (2022)

In this paper, we extend the implementation of TDCC discussed in [46] and [39]
to a TD-EOM-CC approach with the use of a reduced basis calculated with an
asymmetric band Lanczos algorithm. The goal is to provide a method that, thanks
to its lower computational cost, enables the study of larger systems.

We use the asymmetric band Lanczos algorithm to generate approximate eigen-
values ~! and the corresponding lefteL n and right eR n approximate eigenvectors of
the asymmetric Jacobian matrixA (0) . These eigenvectors represent the coe�cients
of respectively the left and right excitation operators of EOM-CC needed for ob-
taining the valence and core excited states to use in the di�erential equations that
need to be solved to obtain a time-dependent description of the system.

When using the Lanczos algorithm, we �rst calculate the valence states, using
starting vectors based on the ground state. Then, we calculate the core states,
constructing starting vectors based on the previously obtained valence states
together with the ground state. The choice of starting vectors is important as it
can simplify the calculation of operator matrix elements, it can direct the algorithm
towards states that are useful to represent the interactions and allow an a�ordable
calculation of the transition strengths, that in turn is used, together with the
excitation energies, to automatically select the reduced basis.

We assess the reliability of this method by a comparison of the TD-EOM-CC
absorption spectrum of lithium �uoride dimer (LiF) calculated with the Dormand-
Prince 5(4) [95] integration scheme at various Lanczos chain lengths (i.e. number
of iterations) with the results already obtained for lithium �uoride in [39]. The
core states are calculated within the CVS approximation while the valence states
are calculated in full projection space.

By increasing the band Lanczos chain length and taking a su�cient number of
relevant states into account, the TD-EOM-CC with Lanczos approach converges to
the same spectral features as TDCC but with much lower computational times. In
these calculations, only the states accessible by absorption of one photon from the
pump pulse and one photon from the probe pulse were considered. This means
that spectral features due to the absorption of two photons from the pump pulse
like the smaller peaks below 6.9 eV, as claimed by us in [39] and con�rmed later on
in [43], cannot be reproduced. We show that by including in the calculation as well
the valence states accessible by the absorption of two pump protons and the core
states accessible by the interaction with a further probe photon, with su�ciently
high chain length a spectrum indistinguishable from the TDCC one is obtained,
con�rming that the process is in fact due to a two pump photon absorption and
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shows how the TD-EOM-CC with reduced basis can provide accurate results even
in case of nonlinear interactions.

We show how a speedup in the convergence can be obtained by the use of the
valence-only CVS projector to calculate the valence states. Thanks to the reduction
in dimension, a smaller Lanczos chain length is su�cient to retrieve all of the
spectral features as for the case of valence states calculated in the full projections
space.

We observe the limits of CVS approximation, showing how for the LiH molecule
several peaks around the Li K-edge are not correctly retrieved. This is due to the
fact that for light atoms such as Li the energy separation between core and valence
orbitals is small so that pure valence excitation (which would be excluded by the
core-only CVS projector) can fall within the core excitation region. In the LiF
calculations, this problem is not encountered as the pulse is tuned with the F K
edge so the core and valence orbitals have a better separation.

When calculating the TD-EOM-CC spectrum of ethylene with az dipole
operator, we notice how a peak present in the TDCC spectrum is missing in the
TD-EOM-CC one. We attribute this peak to a two photon absorption process and
we manage to obtain its presence in a TD-EOM-CC spectrum using a procedure
that emulates the physical process in play: we include a starting vector constructed
from the z2 quadrupole operator in the valence state-calculation. We capture a
two photon absorption phenomenon for ethylene using a procedure that emulates
the physical process in play.

Finally, we use the computational procedure to model attosecond transient
absorption by the glycine molecule, which is a good candidate for experimental
investigations. We get 17 converged valence excited states and 20 converged core
excited states. We note that all of the converged valence states have an energy
that is lower than double the carrier frequency, meaning that spectral features due
to two-photon absorption may be not properly represented in the obtained spectra.
We calculated di�erent absorption spectra varying the value of the pump-probe
time delay and then subtracted from them the ground state probe absorption
spectra to obtain the di�erence spectra. In them, we note the presence of negative
peaks, which indicates ground state bleaching. We also note that the peaks that
are more sensitive to the variation of pump probe delay are those that are not
energetically accessible from the ground state. We numerically integrated the
probe absorption di�erence

R
� SC (! )d! as a function of pump probe delay and

the dipole induced by the pump pulse in the direction from the center of mass
to the N atom hdi N as a function of time. We note how the dominant period of
the integrated absorption and that of the generated dipole are very similar. This
seems to indicate a correlation between the transient absorption and the charge
migration induced by the pump, indicating that both quantities provide insight
into the dominant time scale of the coherent superposition, as has been previously
demonstrated for instantaneous pulses [96,97].



Chapter 7. Summary of publications 43

7.4 Publication IV - resume: Coupled-cluster sim-
ulation of impulsive X-ray Raman scattering

Alice Balbi, Andreas S. Skeidsvoll, and Henrik Koch
Submitted | arXiv: 2305.19942 [physics.chem-ph]

Raman scattering is a light-matter interaction phenomenon that consists in the
absorption of a photon by a molecular system, causing and excitation of the sys-
tem, and subsequent emission of a photon with frequency di�erent from that of
the �rst one, causing a de-excitation of the system. When the involved states
are the electronic ones, we speak aboutelectronic Raman scattering [5, 48� 51].
We used the TD-EOM-CC method to simulate the electronic Raman scattering
induced by ultrashort laser pulses in small molecules. In particular, we focused on
ISXRS, which is the extension to the impulsive limit of stimulated X-ray Raman
scattering (SXRS). We directed our attention towards the scenario where the
excitation involved is a core excitation that is transformed into a valence excited
state when a valence electron decays into a core vacancy. Core excitations can be
described as con�ned to a particular atomic site and are highly responsive to the
nearby electronic surroundings, which makes them valuable for the local triggering
of charge migration. For the study of core excitations, we use the core-valence
separation scheme, that is detailed in section 5.3. Additionally, in our calculations,
we use pulses with pulses large enough to include both the energy di�erences in
play, so that a single pulse can be responsible for both the core-excitation and
the stimulated emission to a valence excited state. [98] A similar procedure was
recently performed experimentally for the �rst time at the Linac Coherent Light
Source [52].

In order to follow the Raman process in our simulations, we calculated the
population of an eigenstatej i i of the �eld-free Hamiltonian as

Pi (t) = he	( t)j i i h e i j	( t)i

= bi (t)ci (t):
(7.3)

To avoid the occurrence non-stationary population that would make harder the
interpretation of the TD-EOM-CC state, we diagonalize the Jacobian in the basis
of all of the CVS and non-CVS (valence) states.

At �rst we performed some benchmark calculations choosing Ne as the system to
investigate. This choice of the system is convenient as it is small, so the calculation
maintain an acceptable computational cost even when the employed basis set
is large, and has a spherical symmetry, so the results are independent from the
direction chosen for the external electric �eld. We investigated the convergence
of the �nal population of the Bv

1D valence-excited state, the lowest-eigenvalue
valence-excited state with a signi�cant �nal population, for di�erent choices of
Dunning basis set and di�erent levels of theory (CCS and CCSD). We observed
how the choice of level of theory had a profound impact on the results and how
the basis set convergence was reached with the aug-cc-pV5Z basis set. We also
performed a series of calculations with di�erent number of considered core excited
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states with a �xed number of valence excited states and vice versa, to determine
the number of states to include in order to reach convergence.

We then moved on to study ISXRS in carbon monoxide, a molecular system
belonging to theC1 v symmetry point group. As it is linear, it adds a further
layer of complexity: now we expect the response of the system to depend on the
direction of the electric �eld. From our calculations we can see how having the �eld
perpendicular to the internuclear axis instead of along it, for symmetry reasons,
switches of completely o� the pathways that would populate the valence state
under examination. For this system we also observe how the inclusion of about 30
core excited states is necessary to reach the convergence and how obviously the
�nal populations are a�ected depending on whether the pump pulse is tuned with
the C K-edge or with the O K-edge.

We further increased the complexity by moving on to study pyrrole, which has
a geometry belonging to theC2v symmetry point group. We can notice how when
the direction of the pulse is perpendicular to the plane of the molecule only few
states become populated as other are inaccessible due to symmetry reasons. When
changing the direction of electric �eld to include also other symmetries, more states
becomes accessible. We also show how the obtained �nal populations varies when
changing the tuning of the pump pulse from N K-edge to C K-edge.

Finally, we studied a bigger system: thep-aminophenol, belonging to theCs

symmetry point group. We have chosen this system as we expect to observe the
core excitation to be followed by a long range charge migration from one functional
group to the other located at opposite side of the aromatic ring. This is indeed what
we obtained from our simulations, which we made visually accessible by displaying
two chosen isodensity surfaces, one positive and one negative.

These results will be submitted for publication in the near future. We believe
that the toolkit that we developed will be useful for further research about the
control of chemical reactivity by means of external electromagnetic �eld.
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Chapter 8

Conclusion and outlook
All chemistry, at a fundamental level, is a consequence of electronic motion. Until
recently, it wasn't possible to observe and control electron dynamics directly on its
own time scale, as the best available temporal resolution was that of nuclear motion,
that occurs on a femtosecond time scale. This changed with the development of
ultrafast laser technology and spectroscopy, which led to the emergence of a new
research �eld called attochemistry: the ability to steer the electrons in a molecular
system opened up the possibility to indirectly control the force �eld experienced
by the nuclei and thus the chemical reactivity itself. Such control over matter
would have a tremendous impact on basically every research �eld linked with
molecular sciences including biology, material science, and medicine. In particular,
the most exciting perspective is to utilize these achievements to directly control
chemical reactivity inside molecules and to understand deeply phenomena like
photosynthesis or DNA electron damage, which was not possible to understand
completely with the femtosecond temporal resolution. These groundbreaking
technological achievements have stimulated the theoretical development of methods
to describe these phenomena as accurate modeling is crucial for both planning
experiments and interpreting the obtained results. Real-time simulations are now
possible by evolving the time-dependent Schrödinger equation, which was previously
impractical due to the limited computing power available for calculations involving
electronic correlation e�ects. The advancements in computational power have
enabled the utilization of correlated methods such as DFT, MC-SCF, CI, ADC,
and CC in attochemistry, allowing for new insights and discoveries to be made in
this �eld.

This thesis research focuses on implementing methods for real-time simulations
of the behavior of molecular systems. Speci�cally, the study examines through
time-dependent coupled-cluster theory how small- and medium-sized molecular
systems react to ultrashort laser pulses modeled as external semiclassical electro-
magnetic �elds in dipole approximation. To begin this research, we implemented
in the eT program package [46] the time-dependent coupled-cluster at the CCS
and CCSD level of theory, as well as Gauss-Legendre and explicit Runge-Kutta
integrators necessary for solving the di�erential equations for time-evolution of
cluster amplitudes and multipliers. To validate this implementation, we compared
the results for some small systems to those already established in the existing
literature. To establish convergence, we performed calculations on the computa-
tionally inexpensive LiH system with di�erent levels of theory, basis sets, choices of
integrator, and integration steps. Using these results, we investigated pump-probe
transient absorption [39], with a valence-exciting pump and core-exciting probe
in LiF, a system with an analogous structure but a higher computational cost.
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This calculation was performed at di�erent pump-probe delays, enabling us to
observe how the spectral peaks oscillated with the variation of this quantity. The
oscillation frequency was found to be correlated with quantum interference among
the involved states.

We further expanded our toolkit by including into the eT program package an
implementation of TD-EOM-CC and asymmetric band Lanczos, with the purpose of
using them in combination [47]. First, we assessed the validity of this methodology
by comparing its results for LiF with that already obtained through TDCC. We then
observed how, when taking into account two-photon absorption, even the smaller
features of the TDCC spectrum were reproduced correctly. We then proceeded to
study LiH: as for light elements the energy di�erence between valence and core
excited states is small, some of the peaks around the Li K-edge were not retrieved
while using the core-only CVS as they were due to valence-only excitations.

We demonstrated the signi�cance of selecting physically meaningful start vectors,
highlighting the convergence of ethylene valence excited states, that are dark to
one-photon transitions, when constructing starting vectors from both dipole and
quadrupole operators. As a �nal application of this protocol, we modeled the
transient absorption spectrum of the glycine molecule as a function of pump-probe
delay. Our results show a correlation between the transient absorption and the
charge migration induced by the pump pulse.

Finally, we employed TD-EOM-CC to model ISXRS. We started with an
evaluation of convergence of the �nal population of neon valence states with respect
to various calculation parameters such as the level of coupled-cluster theory, the
basis set, and the total number of valence excited states and core excited states. We
determined a set of satisfactory parameters and extended the analysis to two other
systems, carbon monoxide, and pyrrole, evaluating the convergence of the �nal
population of their states with respect to the number of included core-excited states.
We also showed that the �nal populations of both carbon monoxide and pyrrole
states are in�uenced by the polarization of the external electric �eld. Additionally,
the impact of tuning the external electric �eld to the K-edge of di�erent atoms
was assessed. Lastly, we studied the time evolution of the electronic density of
p-aminophenol during ISXRS and observed a rapid construction of a valence
wavepacket, followed by subsequent charge migration in the molecule.

One possible improvement of our models is to facilitate calculations on bigger
systems by the use of larger and adaptive time steps. The description can also be
upgraded by including the representation of the electronic continuum in the basis
set, e.g. through B-splines as demonstrated in [99]. This would enable us to model
ionization and investigate additional phenomena that are relevant to attochemistry,
such as the Auger e�ect. Another natural next step would be to include the nuclear
motion in the model, which for instance can be done using the approach in [100].

In addition to the above-mentioned improvements, a crucial step would be to
create experimental data for comparison with our theoretical results. This would
help to validate our models and improve the understanding of the behavior of
molecular systems subjected to ultrashort laser pulses. Moreover, we are convinced
that the investigation of �eld-induced charge migration in molecular systems has
tremendous potential for advancing our understanding and control of chemical
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reactions. Consequently, future research endeavors could be directed toward
applying our methods to increasingly larger and more complex molecular systems,
exploring novel strategies for manipulating chemical reactions through external
�elds, and designing materials with tailored properties. These e�orts could open
up new frontiers in attochemistry, and pave the way for practical applications of
our research �ndings.
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